PHONG GD & PT YEN THANH PE THI THU HQC SINH GIOI LOP 9
CUM CHUYEN MON SO 6 NAM HOQC 2023-2024
Mon: Toan hoc. Thoi gian lam bai 120 phut.
Céu 1 (4,0 diém).
a) Ching minh rang: n* + 6n® + 8n chia hét cho 48 vé6i n 13 s6 nguyén chén.
b) Cho 2 sd tu nhién a va b. Ching minh rang néu tich a.b 1 s chan thi ludn ludn
tim duogc 86 nguyén ¢ sao cho a + b? + ¢2 12 s6 chinh phuong.

Céu 2 (6,0 diem). ‘
a) Cho ba s6 duong a, b, c théa man a+b+c=1.Chiing minh rang :

\/ ab \/ be \/ ac 3
+ + <=
ab+c bc+a ac+b 2
b) Giai phuong trinh: \x—1+2Vx-2 +x+1=5vx-2

¢) Tim céc cip s6 nguyén (x;y) thoa man x* +y° +1="5xy

Ciu 3 (2,0 diém).

Tim gi4 tri nho nhat ctia biéu thic: P = (3 + 1 l)(3 L l)(3 L l)
a b b ¢ c a

L . A e A 1en 3
Trong d6 céac s6 duong a, b, ¢ thoa man diéu kién a+b+c < )

Ciau 4 (7,0 diém).

Cho tam giac ABC nhon. Cac duong cao AD; BE; CF cit nhau tai H. Goi M 1a
trung diém cta HC; N 1a trung diém ctia AC. AM cat HN tai G. Puong thang qua M
vudng goc véi HC va duodng thing qua N vudng goc véi AC cit nhau tai K. Ching
minh rang:

a) Tam giac AEF ddng dang véi tam giac ABC.

Tir d6 hiy suy ra Sarr = Sapc. cos2BAC
b) BH.KM = BA.KN

4 +GB’® +GH’®
0 \/G5+G 5+G a2
GM® + GK® + GN

Céu 5 (1,0 diém). ‘ ‘

Cho bang 6 vudng kich thudc 10cm x10cm gom 100 6 vudng don vi. Bién vao
mbi 6 vudng cuia bang ndy mot s6 nguyén duong khong vuot qua 10 sao cho hai s6 &
hai 6 vudng chung canh hoic chung dinh nguyén t6 cung nhau. Chtrng minh rang trong
bang 6 vudng di cho c6 mot s6 xuat hién it nhat 17 lan.




HUONG DAN CHAM

Cau Noi dung Pié¢m
4,0
Ta co:
A =n’+6n*+8n 0.5
=n( n’+ 6n+ 8) ’
=n(n?>+4n+2n + 8)
I |=n[n(n+4)+2(n+4)] 0,5
a = nn+2)(n+4)
Thay n = 2k 0.5
Taco: A=n(n+2)(n+4)=8kk+ 1)k +2) ’
Vi8:8 va k(k+1)(k+2): 6
nén A = 8k(k+1)(k+2) :48 0,5
Pit A = a? + b? + c2 Do tich a.b chin nén ta xét cac truong hop sau:
TH1: Trong 2 $b a,bcol sb chdn va 1 s6 1¢. 0,5
Khong mat tinh tong quat, gia st a chin, b 1¢
=a’:4;b2:4dul =>a’+b%:4dul
b = a2+b2=4m+ 1 (m € N) 0,5
Chon ¢ =2m = a> + b? +¢? =4m? +4m + 1 = (2m + 1)? (thoa man) (1)
TH2: Ca2sba,b cung chan. 0,5
= a’+b2:4=a>+b>=4n(n e N)
Chonc=n-1=a’+b>+c? =n’+2n+1=(n+ 1)?(thod min) (2)
Tu (1) va (2) ta luén tim ¢ € Z thod man bai toan. 0,5
6,0
\/ ab \/ bc \/ ac 3
+ + <=
ab+c bc+a ac+b 2
Tathéy\/ b __ ab - ab Ll a b 0,5
ab+c ab+c(a+b+c) (b+c)a+c) 2 a+c b+c
2Tu:0’ngtu: be slc+b)° e slc+a 1
“Nbc+a 2 a+c b+a  Nac+b 2 b+c b+a
Cong vé theo vé cac bat dang thirc trén ta dugc :
ab bc ac 3
ENeNE .
ab+c bc+a ac+b 2 ’
b 0,25

Phuong trinh: y/x—1+2Vx—2 +x+1=5Jx-2 Diéukién: x>2

Ta co:

0,5




AVX=14+240x-2 +x+1=5Vx-2
o r—2+42Jx—2 41+ x+1=5Jx—2

0,5
& (\/x—2 +1)2 +x+1-5+x-2=0
SVx-2+1+x+1-5Jx=-2=0 0,5
Sx—-2-4Jx-2+4=0 0,25
& (fx-2-2)*=0< x=6(tmdk)
Vay nghi¢ém cua ptla: x=6
X+ +1=5xy
< (x+y) =3xp(x+y)+1=5xy 0,25
biat x+y=a,xy=btaduoc a’ -3ab+1=5b <= a’ +1=b3a+5)
\ 0,25
.\ . a +1
Vi3a+b#0v01 YaeZSuyra b=
3a+5
3 3 2
Tacod a’ —4b=(x-y)* >0Vx,y Suyra a2—4a +42 :MZO 0,25
3a+5 3a+5
Néu a>5=-a’+54°-4=a*(5-a)-4<0;3a+5>0
Suy ra: e tda o4 (loai)
3a+5 0,25
Néu a<-2=a*(5-a)228=-a’ +5a° -4 >0;3a+5<0
Suy ra: R Py (loai)
3a+5
X . A A A g 0,25
Néu -2 <a <5ma anguyén nén a nhan céac gia tri: -1; 0; 1; 2; 3; 4; 5
3
Do b nguyén va b= 3a +; nén tim dugc cac cdp so (a;b) thod man: (-1;0) ; (3;2) | 0,25
a+
Véia=-1;b=0, tim dugc céc cap (x;y) thod man: (0;-1); (-1;0)
Véia=3;b=2, tim dugc cac cap ( x;y) thoa man: (1;2); (2;1) 0.25
Vay céc cap sb (x;y) thoa man: (0;-1); (-1;0); (1;2); (2;1) 0,25
2,0
I 1 1 1 1 1
bat —+—=x; —+—=y; —+—=z2=(x,y,2z>0)
a b b c c a 0,25

S P=(3+x)3+y)3+2)
=27 +3(xy+ yz+zx) + 9(x + y+ z) + Xyz




> 27 +93(xyz)* +273xyz + xyz (%)

Lai c6: xyz = l+l l+l l+l Zi (via,b,c>0)
a b/\b c/\c a) abc

0,5

0,5
3 1
ma —>a+ b+ c>33/abc = —></abc
2 2 0,25
1 8 8
=S abc<—=>—2>64=>xyz>2—2>64
abc abc
Thay vao (*) ta duge: P> 27 +93/64% + 27364 + 64 0,25
=27 +144 + 108 + 64 =343
. 1 1
Dau=cokhia=b= :E:>Pmin:343Khia:b:C:E 0,25
4 7,0
0,5
A . " — AE
a) |AAEB vuong tai E nén cosBAE = T 0,5
N S A P— AF’
AACF vudng tai F nén cos CAF = c 0,5
Tu d6 chimg minh dugc tam gidc AEF ddng dang voi tam giac ABC (c.g.c) 0,5
Vi tam gidc AEF dong dang voi tam giac ABC nén: 0,5
2

0,5

SAJ:A_EZZCOSZER’ =S op =S pe-COS° BAC
SABC




b) |A4BH va AMNK ¢6 BAH = NMK ; ABH = MKN (Goc cb canh tuong img song song) 0,5
) 0,5
Suy ra AAHB d6ng dang véi AMNK ( g.g)
Suy ra: 0,5
B4 _BH _ gy KN =BHKM 0.5
KM KN
AAHB dbong dang véi AMNK nén AB _ AT 2( Vi MN la duong TB cua tam giac 0,5
o) MK~ MN
., AG HG \ " , .
AHC); Laic6: —=2; — =2 (/G la trong tdm cua tam gidcAHC) 0,5
MG NG
:>£:A—G:2.M§1tkhéc BAG = GMK ('so le trong)
MK 1 G 0,5
= AABG dong dang vai tam giac AMKG (c.g.c)
GB GA GH GB® GA GH> GB’+GA +GH’
= = = =2= 5 5 5 5 5 5 0,5
GK GM GN GK> GM GN° GK’+GM’ +GN
GB’ + GA’ + GH’
\/ 5 5 5 = 4\/5
GK>+GM’> +GN
1,0
Xét hinh vuong canh 2x2, do hinh vudng nay co modi hinh vuong nho ludn
chung canh hodc chung dinh nén ton tai nhiéu nhat 1 s6 chan, nhiéu nhat 1 s 0,25
0,25
5 chia hét cho 3 do dé c6 it nhat 2 s6 1é khong chia hét cho 3. Bang 10x10 dwoc
chia thanh 25 hinh vudng cé canh 2x2 nén c6 it nhat 50 s6 ¢ khong chia hét | (75
cho 3. Tt 1 dén 10 c6 3 s6 1é khong chia hét cho 3 1a 1, 5, 7. Ap dung nguyén li
Dirichlet ta dwgc mot trong ba s6 trén xuat hién it nhat [%} +1=17 lan 025




