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PE CHINH THUC

Cau 1 (4 diém). Cho day s6 (u,, )::1 bi chan trén va thoa méan diéu kién

U, g.um + g.un, Vn=1,2,3,..

Chimg minh rang diy (un ) 6 gidi han hitu han.

Céu 2 (4 diém). Cho A4BCc6 dudng tron noi tiép (1) tiép xic véi BC, CA, AB & D, E, F.
DPuong thing qua A song song BC cit DE, DF lan luot tai M, N. Pudng tron ngoai tiép tam giac
DMN cit duong tron(7) tai diém L khéc D.

a) Chung minh 4, K, L thang hang.

b) Tiép tuyén véi dudng tron ngoai tiép tam giac DMN tai M, N cit EF tai U, V. Chimg minh
rang dudng tron ngoai ti€p tam giac UVL tiép xuc voi dudng tron ngoai tiep tam gidc DMN.

Cau 3 (4 diém). Tim tat ca cac da thiac P(x) € Z[x] sao cho véi moi s6 n nguyén duong, phuong

trinh J'ix) = 3% c6 nghiém nguyén.

Ciu 4 (4 diém). Cho p 1a s nguyén t6 c6 dang 12k +11. Mot tip con S cuia tap
M={;23..;p-2; p-1}

dugc goi la “t6t” néu nhu tich cua tat ca cac phan tir ciia S khong nho hon tich ciia tit ca cac phan

tircia M\ S. Ky hiéu A, hi¢u ciia hai tich trén. Tim gié tri nho nhét cta s du khi chia A cho p

R o I f s -1 % .
x€ét trén moi tdp con tot cia M c6 chira ding P phan tur.

Cau 5 (4 diém). Cho da giac 16i n dinh 4)4,...4, , (n>2). MOi canh va duong chéo cua da giac
duoc t6 boi mot trong k mau sao cho khong c¢6 hai doan thing nao cliing xuat phét tir mot dinh cing

mau. Tim gia tri nho nhat cua k.

HET

(Thi sinh khong dwoc sir dung tdi liéu va may tinh cam tay Cdn bé coi thi khéng gidi thich gi thém)
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Pé xuit ciia treomg THPT chuyén Bién Hoa, Ha Nam
Cho day s (2, ),~, bichin trén va thoa man diéu kién
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un+2 e g'unﬂ + g'un’

Vn=1,2,3,..

Chimg minh rang diy (un ) 6 gidi han hitu han.

4,0

Tacou,, > zuw1 +§un S, Jréun+1 u,, +§un, vn=1,2,3,... (1)
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Vi day so (u,),-, bichin trén nén ton tai so M sao cho u, <M, Yn=1,2,3,... suyra

wSM+%M=§M,WFLL$” 3)

Tir (2) va (3) ta thiy ddy (v,) khong giam va bi chan trén. Do d6, n6 1a diy hai tu.

0,5

Dat limv, =a va b= %a. Ta s& chimg minh limu, = b.

A . e . £
Thét vy, vi limv, =a nén Ve >0 nho tiy y, 3n, € N sao cho |v, —d|<=, Vn2n,
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Tur su kién nay ta suy ra
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hay
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Do d6 |u, ., —b‘ <evoikdulon ticla |u, —b|<evéindilén va £ >0 nho tuy y. Vay
limu, =b
o 0,5
Hay day (u, ) c6 gi6i han hitu han (dpcm).
Pé xuit ciia trueomg THPT chuyén Lao Cai, tinh Lao Cai
Cho AA4BC c6 duong tron ndi tiép([ ) tiép xtc v6i BC,CA,AB & D,E,F . Puong thiang
qua A song song BC cit DE,DF lan luot tai M,N . Pudng tron ngoai tiép tam giac
DMN cit dudng tron(/) tai diém L khac D. 4.0
b

a) Chung minh 4,K,L thang hang.

b) Tiép tuyén voi dudng tron ngoai tiép tam giac DMN tai M, N cat EF tai U,V .
Chimg minh duong tron ngoai tiép tam giac UVL tiép xtic véi dudng tron ngoai tiép
tam giac DMN .




a) Trudc hét ta chimg minh K la triec tdm AMDN . That viy:
Do AN || BC nén ANF = FDB.
Do D,E.F la tiép diém cua (1) trén BC,CA, AB nén BD = BF

— BDF = BFD = ANF = BFD = AFN => AANF cantai A= AN = AF .
Chung minh tuong tu ta cO AM = AE ma AE = AF nén

AN = AF = AE = AM = ANEM vudng tai E; ANFM vudng tai F

= NE L MD;MF 1 ND ma NE(\MF =K suyra K la trgc tam AMDN

1,0

-Bdy gio ta chirmg minh A,K,L thang hang:
+Goi T 1a tam duong tron ngoai tiép tam giac DMN . Goi D' 1a diém ddi ximg

cua D qua T.Tacd ND'||KM (vicung vuong goc voi ND), MD'|| KN (vi cung
vudng goc v6i MD). Do &6 ND'MK 1a hinh binh hanh. Do A 14 trung diém MN

nén K ciing 13 trung diém KD’.

Do d6 D’, A, K thang hang. (1)

+ Hon nira, tir giac DFKL ndi tiép duong tron duong kinh DK nén DL vudng
goc voi LK. Mit khac DD’ 1a dudng kinh duong tron ngoai tiép tam giac DMN
nén DL vudng goc voi LD’. Do d6 L, K, D’ thang hang.  (2)

Tir (1) va (2) suy ra 4, K, L thang hang (dpcm).

1,0

b) Goi P lagiaocua UL va (DMN)(P=L); Q lagiao LV va (DMN)(Q#1L).
Do MU tiép xuc (DMN) tai M nén DMU = DNM . Lai ¢6 MEU = FNM (do

NMEF ndi tiép duong tron dudng kinh MN) nén UME =UEM = AUME cén tai

1,0




U=UM =UE.

Tac6 UM* =UPUL = UPUL =UE* = % = U—é = AUEP ~ AULE (c.g.c)

— UPE = UEL = 180° —~UPE =180° ~UEL = EPL = LEF (3)

Lai 6 LEF =180° — LDF (do LEFD ndi tiép) va LPN =180° — LDN (do LPND
ndi tiép) nén LPN = LEF (3).

T (3) va (4) suy ra LPN = EPL = P,E;N thang hang.

Chung minh tuwong tu ta ¢ Q;E;M thang hang.

Do MNQP ndi tiép nén ZW\Q = ]VP\Q

Do NMEF ndi tiép nén NMF = NEF .

Do d6 NEF = NPOQ = EF || PO = UV || PO.

L (dpcm).

Do dé (LOP) tiép xtic v6i (LUV) tai L suy ra (UVL) tiép xic véi (DMN) tai

1,0

Pé xuit ciia truong THPT chuyén Lé Quy Pon, tinh Quang Tri

Tim tat ca cac da thirc P(x} € Z[x] sao cho voi moi s6 n nguyén duong, phuong trinh

P(x) m 27 c6 nghiém nguyén.

4,0

RG rang deg(P) > 0. Pat deg(P)=m va a 12 hé s6 bic cao nhit cua P, khong mat tong
quat, coi @ = f,

Goi x,, 1a nghiém nguyén lon nhét cua phuong trinh P () m 27,

Dé théy limx, = 4+ nén '.imﬁ—:iit m ], vado do limﬁ-?‘- = W,
5

1,0

Hon nita, do &g = & 18 udc ciia Py} — PO nén g =, = 2%, v6i k, 12
sO ty nhién nao 6. Suy ra
gl 3P

L -] h—
Jg A
i

. Y ghny &I -
va (WZ=1) -lim(ﬁﬂ) = I - a2,

1,0

Do do, day (. k, =) phai hoi tu dén ] (nguyén) nao do. Kéo theo
(HZ - 1:[.'-';? = @,2'. Do d6, m phai bang 1.

1,0

tuy y.

Dat POx) m gx + . T @y — a0y} = 2 ta suy ra g s 41, 43, Tr do, ta tim duoc tat ca
cac da thirc P(x) thoa mén 12 P(x) m @(x = k) vOi ¢ m <=1, 43 va k 1a mot s6 nguyén

1,0

Pé xuit ciia truong THPT chuyén Binh Long, tinh Binh Phudéc

4,0




Cho p 1a s6 nguyén t6 c6 dang 12k +11. Mot tip con S cua tap
M={;23..;p-2; p-1}
duoc goi 1a “t6t” néu nhu tich ciia tat ca cac phan tir ciia S khong nho hon tich ciia tat ca cac

phén tir cia M\ S. Ky hidu A hi¢u cua hai tich trén. Tim gi4 tri nho nhat cta sé du khi chia

r A s A A 5 r , , _1 A 5
A, cho p xét trén moi tap con tot cua M c¢6 chira ding p 5 phan ttr.

: +1 p+3 .
Trudce hét, xét tdp con S = {pT,pT,...,p -2,p— 1} thi r6 rang S 1a tap con tot va
p-1
~(p-1 p-1 p-1
Ag=(-1)? | —|I-| — ['=-2| — [!=2a (mod p), 1,0
B R R ,
-1
trong d6 a = —(ij! va théa man p|a®—1 theo dinh Iy Wilson.
Ta xét cac truong hop:
-Néu a =1 (mod p) thi Ay =2 (mod p).
-Néu a =-1 (mod p) thi trong tip con S, thay p;l bdi p2—1 = —p;1 (mod p) thi 1,0
d& thiy dau ctia A s& dugc thay d6i thanh 2. Khi do, trong ca hai trudng hop, ta déu chi ra
dugc tap con tbt co Ag =2 (mod p).
Ta s& chimg minh rang khong ton tai S t6t sao cho A ¢ =1 (mod p). Xét mot tap con t6t S bt
ky va goi a,a’ 1an luot 14 tich cac phan tir cua S,M \ S. Theo dinh Iy Wilson thi 1,0
aa'=(p-1)!=-1 (mod p).
Khi d6, néu a=a’ (mod p) thi p|a®+1, vo Iy vi ta di biét a” +1 khong c6 udc nguyén td
dang 4k +3. Connéu a—a' =1 (mod p) thi (2a —1)* =-3 (mod p), ciing vo 1y vi (_—J =-1 L0
p )
do theo gia thiét thi p =11 (mod12).
Vay gia tri nho nhat can tim 1a 2.
Pé xuit ciia truong THPT chuyén Lé Quy Pon, tinh Binh Pinh
Cho da gidc 16i n dinh 4 4,...4, , (n=2). M&i canh va dudng chéo clia da gidc dugc o boi
mdt trong k mau sao cho khong c6 hai doan thiang nao ciing xut phat tir mot dinh cing mau.
Tim gi4 tri nho nhat cua k.
D@ thiy k_ >n—1, boi vi k <n -1 thi hién nhién c6 hai doan thing xuat phat tir mot 0.5
dinh duoc t6 cung mot mau. ’
THI1. Néu n 14 s6 chin thi €01 cac mau cantd 13 0,1,...,n—2. Ta t6 mau nhu sau:
AA; td mau i+ j(mod(n-1)) (0<i,j<n-2)va 44, t6 mau 1,0
2i(mod(n—1)) (0<i<n-2)
Céch t6 mau nay thoa man dé bai. That vay 0,5




+Néu 44,44, (04, j,k<n—2)td cung mau thi j=k(mod(n—1)). Vo 1i !
+Néu 44, ,44,(0<i,j<n-2)td cing mau thi i = j(mod(n—1)). Vo 1i !

n—1%*7

+ Néu Ad, A4, (0<i,j<n-2) cling mau thi
2i=2j(mod(n-1)) & i=j(mod(n—1)).Vo1i!

Vay cach nhu trén thoa méan yéu cau bai toan.

Nhu vay k. =n-1.(1)

TH2: Néu n la s6 1¢ thi gia st td v6in— 1 mau 1a 0,1,...n—2 . Khi d6, tat ca cac doan

thang c6 mau 1,..,n—2 x6a hét chi con lai cdc doan thang déu c6 mau 0. Suy ra

n—1 . 0 , N A ¥4 A \ A 17 1 0
deg4, =1 do d6 ) deg4 =ni2 ( Vitong so bac bang 2 lan s6 canh). Diéu nay vo li. |
i=0
Do d6 & >n.
Véi k = n ta chi t6 mau nhu sau: Goi n mau céan t6 1a 0,1,...n—1 thi A4A; t6 mau
i+ j(modn). Cach t6 nay thoa man yéu cau bai toan . That vay A.A4;, 4,4, to cung mau
thi i = j(modn) vo li. 10

Nhu vay k, =n. (2)

Tur (1) va (2) suy ra k.. =2{”2‘1}+1.




