SO GD&DPT QUANG BINH KY THI CHON HSG LOP 11 NAM HQC 2022-2023

VA CHON DQI DU TUYEN DU THI CHON HSG
PE CHINH THUC QUOC GIA NAM HOC 2023-2024

Khoéa ngay 04 thang 4 nam 2023
Moén thi: TOAN
BAI THI THU NHAT
SO BAODANH:............... Thoi gian: 180 phat (khong ké thoi gian giao dé)

Dé gom c6 01 trang va 04 cdu

Cau 1 (2,5 diém):
a. Giai phuong trinh: 4sin’ % —J3cos2x =1+2cos> (x —377[] .

2 2

X Y
+ —
b. Giai h¢ phuong trinh: § (y + 1)2 (x+ 1)2 2.

3xy=x+y+1
Cau 2 (2,5 diém):

— 3 _
a. Tinh gi6i han: lim J4+4x —3/8+12x +1—cosx .
x—0 \/3)(,‘2 +4 _2

b. Chirng minh rang voi moi tham sb thue m, phuong trinh x® —65+mi/2—x = m(l —Jx- 1)

luén c6 nghiém.

Cau 3 (1,5 diém):

a. Cho (H) 1a mot da gidc déu c6 252 dudng chéo. Chon ngiu nhién mot tam gidc c6 ba dinh

la ba dinh cia (H ) . Tinh x4c suat dé tam giac duoc chon 13 mot tam giac vudng khong can.

b. C6 bao nhiéu s6 tu nhién c6 ba chir s6 d6i mot khac nhau dong thoi téng lap phuong cia ba

chit s6 @6 chia hét cho 3.

Cau 4 (3,5 diém):

Cho hinh chép S.4BC va diém M di dong trén canh AB (M khéc 4,B). Mit phing (a)

luén di qua M ddng thoi song song vai ca hai dudng thang S4 va BC .

a. X4c dinh thiét dién khi cit hinh chép S.4BC béi mit phang («). Tim vi tri clia diém M dé

thiét dién c6 dién tich 16n nhat.

B4 BC 23

b. Piém N nam trén canh BC thoa min ——+—="=_ Ching minh rang: mit phang

BM BN 5
(SMN) luén chira mot duong thang c6 dinh khi M di dong.

¢. Chung minh ring: (SA+BC)’ +(SC+ AB)" > (SB+ AC)’.

HET




SO

HUONG DAN CHAM

GD&PT QUANG BINH KY THI CHON HSG LOP 11 NAM HOC 2022-2023
VA CHON POI DU TUYEN DU THI CHON HSG

QUOC GIA NAM HQC 2023-2024
Khoéa ngay 04 thang 4 nam 2023
Mon thi: TOAN

BAI THI THU' NHAT
Dap dan nay gom co 07 trang

YEU CAU CHUNG ‘
* Ddp an chi trinh bay mét loi giai cho méi cau. Trong bai lam cua hoc sinh yéu cau phai

lap ludn logic chat che, day d, chi tiét va ré rang.

* Trong moi cau, néu hoc sinh gidi sai ¢ buéc gidi trude thi cho diém 0 doi véi nhitng buéce

gidi sau co lién quan.

* O cdu 4 néu hoc sinh khéng vé hinh hodc vé hinh sai & phan nao thi cho diém 0 & phan

do.

* Diém thanh phan ciia moi cdu dwoc chia dén 0,25 diém. Doi véi nhitng phan dwoc chia
dén 0,5 diém thi t6 giam khdo thong nhat dé chia dén 0,25 dzem ,
* Hoc sinh ¢6 101 gidi khdc dap dn (néu ding) van cho diém téi da tuy theo mirc diém ciia

timg cau. ) ‘ ’ ’
* Piem cua toan bai la tong diem (khong lam tron so) cua diém tat ca cdac cau.
Cau Noi dung Piém
1a | Giai phwong trinh luwgng gidc: 4sin’ g —J3cos2x =1+2cos> (x —%) . 1,0
Ta co: 4sin2§—\/§cos2x =1+ 2cos’ (x—%[)
; 0,25
o 2(1—cosx)—\/§cos2x =1+1+cos(2x—7ﬁ]
= 2—2cosx—\/§cos2x =2-—sin2x
0,25
3cos2x—sin2x =-2cosx
3 1 .
< —C0S2x——SIn2x =—CoSXx
2 2
0,25
o cos(2x+%] = cos(7z —x)
2
& . , kel
X = —?ﬂ- +k2r 0’25

Sr

3

Vay phuong trinh c6 hai hg nghiém la: x = I + k— va x = —7? +k2rm, kel.




2 2

x y 1
+ =—
1b | Giai hé phwong trinh: (y+1)2 (x+1)2 2 (%), 1,5
3xy=x+y+1
L xz-—1
biéu kién: { . 0,25
y#-—I ’
2 2
() ()
Tacs: (¥)e{ YT/ T 0.25
xy 1
(x+1)(y+l) 4
X 1
u= uy = —
pat{ 7" (¥) tro thanh: 4 0,25
2 2
y=— u +v =—
x+1 2
utv=l1 u+v=-1
< 1 hoac 1 0,25
uy =— uy =—
4 4
x 1
utv= TH2 [2x—y-
Véi | Su=v= Y ox=y=1(TM) 0,25
uv:z y _1 2y—x=1
x+1 2
Vi
X 1
utv=-1 1 | yr1 2 (2rey=-1
1 Su=v=—-= Y SxX=y=—-— (TM)
uv=- 2 y _ 1 2y+x=-1 0,25
x+1 2
A 1A ) s A1 1 1
Vay hé phuong trinh c6 hai nghiém la: (1;1) va __;_E )
_3 f—
2a | Tinh gidi han: lim\/4+4x Y8+12x +1 cosx 13
550 N3 +4-2
J4+4x—i/8+12x+1—cosx
o AJA+dx —8+12x +1-cosx . 2 2
Ta co: lim =lim 0,25
0 V3P +4 -2 0 V3xi+4-2
2
X




sin sin” —
I I—-cosx —ll' _1y 1
pt) X2 _2x1—>0 x* _2x1£13 ) 0,25
4 2
. N3x*+4-2 3x* +4-4 . 3 3
li - = =li =7 0,25
=0y =0 xz(\/?’xz 14 +2) =0 (\/sz 14 +2) 4 ’
Ta c6: /4 -+4x —3f8+12x = (Va+4x —(x+2))+((x+2) - 8+12x)
~ —x’ . X’ +6x° 0,25
VA4 X2 (14 2) 4 (x+2) VB 12x +/(8+12x)
_ 3
Do do: lim YA+ 4% 2\/8+12x
x—0 X
0,25
. -1 x+6
=lim + ; =
PO VA A X2 (x4 2) 4 (x4 2) P8+ 120 + (8 +12x)
-1 6 1
=t —=—
4 12 4
1 1
242 0,25
. AA+ax—3B+12x+1-cosx 473
Vay lim = =1.
0 V35 +4 -2 3
4
Chirng minh ring véi moi tham sé thwe m, phwong trinh
2b | 665 +ma/2—x = m(l —\/x—l) ludn c6 nghiém. 1,0
Diéu kién: x>1.
Taco: x°=65+m 2-x =m(1-x=1) & x* =65+ m(2—x +/x-1-1] =0. 0.25
Xét ham sé f(x)=x° —65+m(\3/2—x +/x-1 —1) lién tuc trén nira khoang
0,25
[1;+00) nén no lién tuc trén doan [2;10].
Lai co: f(2)=-1<0, f(10)=10°-65>0. 025
Suy ra: f(2).f(10)<0 nén phuong trinh dd cho c¢6 it nhat mdt nghiém trén
khoang (2;10). 0,25
Vay phuong trinh di cho luén c6 nghiém véi moi tham sb thuc m.
3 Cho (H ) 12 mjt da giac déu c6 252 dwong chéo. Chon ngiu nhién mot tam
a 1,0

gidc c6 ba dinh 12 ba dinh cia (/). Tinh xdc suit dé tam gidc dugc chon Ia

3




mot tam giac vuong khong can.

Goi n 1a s6 dinh cua (H) (neN va n>3).
86 dudng chéo ctia (H) 1a: C2 —n.

-1
Do dé: cj—n=252@——n=252@M—n=252 0,25
2.(n - 2)! 2
) n=24(TM) ,
on'-3n-504=0< .So dinh cua (H) 1a: n=24.
n=-21(KTM)
Goi bién c¢b A4 1a: “tam giac duoc chon 1a mot tam gidc vudng khong can”.
. x 0,25
Khong gian mau 1a: n, = C,, = 2024
Goi dudng tron tim O 1a duong tron ngoai tiép ( H ) . Ta thiy s6 dudng chéo cia
(H) diqua O la: 12.
Hai dinh nam trén mdi dudng chéo cia (H ) di qua O két hop v6i mdi dinh trong 0.25
22 dinh khéng ndm trén dudng chéo d6 tao thanh 22 tam gic vudng, trong d6 c6 ’
hai tam gidc vuong cén.
Do d6: tng véi mdi duong chéo cua (H ) c6 20 tam giac vuong khong can.
S6 phan tir thuan loi ctia bién ¢b 4 1a: n, =12.20 = 240.
. A x 0,25
Vay xéc suat ciia bién co 4 la: P(4)= 30 .
n, 253
35, | €6 bao nhiéu s0 tw nhién c6é ba chir s6 ddi mot khac nhau dong thoi tong lap 0.5
phwong ciia ba chir s6 dé chia hét cho 3. ’
Goi sb cin tim 1a abc (véi a#0,a#b# c,(a3 +b° +c3)53)
Vid+b’ +c’ = (a +b+c)3 —3(a+b)(b+c)(c+a) nén (a3 +b’ +c3)f3
<:>(a+b+c)3§3 < (a+b+c)i3
bat 4={3;6;9}, B={1;4;,7}, C={2;5;8] 0,25
TH1: Mdi chit s6 a,b,c thudc mot tap khac nhau trong ba tap 4,B,C. S6 cach
chon la: 31.3.3.3 =162 (cach)
TH2: Ca ba chit s6 a,b,c thudc cung mét tdp A4 (hodac B hoac C). S6 cach chon
la: 31.3=18 (céch)
TH3: Tap {a;b;c} chira chir s6 0 va hai phﬁn ttr con lai thude A. S6 cach chon 1a:
2.4; =12 (céch)
0,25

TH4: Tap {a;b;c} chira chir s6 0, mot phﬁn tir thudc B va mot phﬁn tir thude C.
86 cach chon la: 2.(2.3.3) =36 (c4ch)




Vay c6 162 +18+12+36 =228 s6 thoa man bai toan.

Cho hinh chép S.4BC va diém M di dong trén canh 4B (M khac A4,B).
Mt phing (a) luén di qua M ddng thoi song song véi ca hai dwong thing
S4 va BC.

a. X4c dinh thiét di¢n khi ciit hinh chép S.4ABC béi mit phing (). Tim vj tri

ciia diém M dé thiét dién c6 dién tich 16m nhit.

4 3,5
b. Piém N nim trén canh BC théa min ﬁ+£ = 2 Chirng minh ring:
BM BN 5
mit phing (SMN) ludn chira mét dwong thing c6 dinh khi M/ di dong.
¢. Ching minh ring: (S4+BC)" +(SC+ 4B)’ > (SB+ AC)’.
4 Xic dinh thiét dién khi ciit hinh chép S.4BC béi mp(a). Tim vj tri ciia diém 20
a . , , ’
M dé thiet dién co6 dién tich 16n nhat.
S
0
c
A
M
B
Trong mp(SAB),ké MK || SA (K € SB).
Trong mp(ABC),ké MP|| BC (PeAC). 0,5
Trong mp(SAC),ké PQ||S4(QeSC).
Thiét dién khi cét hinh chop S.4BC bdi mp(«a) 1a tir gidc MPOK . 0,25
Ta c6: MP || QK (vicung song song véi BC) va MK || PO (vi cung song song voi
SA). Do dé, tit gidc MPOK 13 hinh binh hanh. 0,25
pat M _ (0<x<1).
AB
Xét tam giac ABC c6 MP|| BC nén ta co: MP _AM x= MP=x.BC.
BC 4B 0,25
Xét tam giac SAB c6 MK || SA nén ta co:
MK _BM _AB-AM _y - Mk =(1-x).54.
SA  AB AB
Dién tich thiét dién MPOK la:
Syrox = MP.MK sin (MP; MK ) = x(1 - x).SA.BC.sin (54, BC). 0.5




4
1
x=l-xx=—. 0,25
2
T o x AM 1 ‘ L
Vay dién tich MPQK 16n nhat khi B = ) hay M la trung diém cua AB.
Piém N nim trén canh BC théa man ﬁ+£ = 23 . Chirng minh rang
4b B BN 5 0,75
mp(SMN ) ludn chira mot dwong thiang c6 dinh khi M di dong.
s
c
A
M N
B
Goi / 1a trung diém cua AC, J 1a giao diém cua hai doan thing MN va BI .
oo Ssaws _BM B _ 2,y BM B/
Sy BA BI Sose BA BI
ABCI A4BC
Tu (1),(2) suy ra:
28w , 2Suw _ BM BJ BN BJ _ Sy I(BM BN)BJ 3)
Sy se  Suse BA BI  BC BI Suse 2\ BA BC
Mait khéc: Sapy _ BM BN (4)
Suse BA BC
Tu (3),(4) suy ra: 0,25
I(BM BN)BJ BM BN _ BI 1( BA BC] BI 23
+ — s — + o —
2\ B4 BC)BI BA BC BJ 2\BM BN BJ 10
. o 2 4. .~ BI 23
Vi J thudc doan thang B/ va théa man 27 = T nén J 1a diém cb dinh khi M
di dong. 0,25

Vay mp(SMN) ludn chita duong thang SJ ¢ dinh khi M di dong (dpcm)




4c

Ching minh ring: (S4+ BC) +(SC+4B)" >(SB+ AC) .

0,75

Goi D,E,F,G,0 lan luot la trung diém ciia cac doan thang S4, 4B, BC,SC,SB.
Ta thdy: t&t gidc DEFG 1a hinh binh hanh va O khéng thude mp(DEFG) (5)

Ta c6: (SA+BC) =(20E +20G)’ va (SC+ AB)’ =(20F +20D)’ (6)

Ap dung bit dang thirc tam giac: OF + OG > EG va OF +OD > DF (theo (5)) (7)

—_—2  ——2 _— ——\2 —_  ——\2
EG*+DF*=EG +DF =(ED+EF) +(DE+DG)
=2DE2+2EF2+2ﬁ(ﬁ—ﬁ):%(SB2+AC2) (8)

Tu (6), (7), (8) suy ra:
(S4+BC)’ +(SC+ 4B)’ > 4(EG* + DF*)=2(SB* + AC*) > (SB+ AC)’.

Vay (SA+BC) +(SC+ AB)" >(SB+ AC)’ (dpem)




SO GD&DPT QUANG BINH KY THI CHQN HSG LOP 11 NAM HQC 2022-2023

‘ VA CHOQN DPQI DU TUYEN DU THI CHQN HSG

PE CHINH THUC QUOC GIA NAM HOQC 2023-2024
Khoéa ngay 04 thang 4 nam 2023
Moén thi: TOAN
_ BAI THI THU HAI
SO BAODANH:............... Thoi gian: 180 phat (khéng ké thoi gian giao dé)
Dé gom c6 01 trang va 04 cdu

Cau 1 (2,5 diém):
a. Cho ba s6 thuc duong a,b,c¢ thoa man abe =1. Ching minh rang:

l+%+l+122\/a+b+c+1.
a C

b. Cho tép hop 4=1{1;3;5;..;2n—1} (véi neN"). Tim sb nguyén duong n nhd nhat sao cho
tdn tai 12 tap con B,,B,,...,B,, cua A théa man déng thoi cac diéu kién sau:
i) B,NB, =@ (véi k=112, =512,k # j);
i) BUB,U..UB,, = 4;
iii) Tong cac phan tir trong mdi tap B, (v6i k = m) bang nhau.

Cau 2 (2,5 diém):
oy _ |u, =2023
Cho day s0 (u,) thoa man 5 .
Tu,.,=u, +u,+9, VneN

a. Ching minh rang: lim u,=+0.
~ * 1

b. V6imoi ne N, dat v, :Z

k=1 uk +4

. Tim gi6i han ctia day s6 (v,).

Cau 3 (1,5 diém):
a. Tim tit ca cac s ty nhién n thoa min n° +n+1 chi c6 mot wde sb nguyén té duy nhat.
b. Cho a,b 14 hai sb tu nhién 16n hon 1 théa man @ =5">. Tim a khi b 14 s nho nhét.
Cau 4 (3,5 diém):
Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (0) va cd truc tam H .
AD, BE, CF 1a ba dudng cao (D eBC,EecCA,F e AB). Goi M la trung diém cua BC, N
14 hinh chiéu vuong géc cua H trén AM . AD cit BN tai P, AM cat CF tai 0.
a. Ching minh rang: ba duong thing BC, EF, HN dong quy tai diém 7.
b. Chirng minh rang: duong thing PQ song song véi duong thang BC .
c. Tiép tuyén ctia (0) tai 4 cat BC tai K, L 1a diém d6i xtmg cia K qua T'.
Chung minh ring: MONL 1a tt giac ni tiép.
HET




SO

GD&PT QUANG BINH KY THI CHON HSG LOP 11 NAM HOC 2022-2023
VA CHON POI DU TUYEN DU THI CHON HSG

HUONG DAN CHAM QUOC GIA NAM HOQC 2023-2024

Khoéa ngay 04 thang 4 nam 2023
Mbén thi: TOAN
BAI THI THU HAI
Pdp an nay gom cé 06 trang

YEU CAU CHUNG

* Pdp dn chi trinh bay mét 101 gidi cho méi cau. Trong bai lam ciia hoc sinh yéu cau phdi
Idp ludn 16gic chdt ché, day du, chi tiét va ro rang.

* Trong moi cau, néu hoc sinh gidi sai ¢ buéc gidi trude thi cho diém 0 doi véi nhitng buéce
giai sau co lién quan.

* O cdu 4 néu hoc sinh khong vé hinh hodc vé hinh sai thi cho diém 0.

* Piém thanh phan cia méi cdu dwoce chia dén 0,25 diém. Doi véi nhitng phan dwoc chia
dén 0.5 diém thi t6 giam khao théng nhdt d@é chia dén 0,25dié‘)m.

* Hoc sinh ¢6 101 gidi khdc dap dn (néu ding) van cho diém téi da tuy theo mirc diém ciia
fung cau.

* Diém ciia toan bai la tong diém (khong lam tron sé) ciia diém tat cd cdc cau.

Noi dung Piém

Cho ba s6 thue dwong a.b,c¢ théa min abc =1. Chieng minh ring:

1,5
l+%+l+122x/a+b+c+l. ’
a C

11 1 ab+bc+ca
Tacé: —+—+—+1=——"—+1
a b c abc 0,5

=ab+bc+ca+1=(ab+bc)+(ca+1) (1)

Ap dung bat ddng thitc Cauchy cho hai s duong (ab+bc) va (ca+1) ta
co: (ab + bc) + (ca + l) > 2\/(ab + bc)(ca + l)

0,25
= 2\/a2bc +abc? +ab +be

=2Ja+c+ab+bc :2\/a+c+b(a+c) (2)

Khong mét tinh tong quat ta giasat a >b>c.

Tacd: @’ >abc>c = a’>1>=a>1>¢

= (a-1)(c-1)<0=a+c>ac+1

=b(a+c)>abc+b=b(a+c)=b+1 (3)




Déu "=" xéyrakhi{ a=b=c=1.
a=c=1

Cho tip hgp 4 ={1;3;5;..;2n—1} (vé6i n e N"). Tim s6 nguyén dwong » nhé
nhit sao cho ton tai 12 tip con B,B,,...,B, cia 4 théa man dong thoi cac

dieu Kién sau:

1b i) B, B, =@ (véi k=1;12,j =12,k # ); 1,0
i) BUB, U..UB),=4;
iii) Tong cac phan tir trong mdi tip B, (v6i k=112) bang nhau.
Gia sir ton tai s6 nguyén duong n thoa man bai toan.
.z 5 0,25
Tong tat ca cac phan tir cua tap 4 1a: 1+3+5+...+(2n—-1)=n".
Vi téng cac phan tir ciia mbi tap B, (v61 k=112) bang nhau nén tong cic phan
2
5 o X+ /A & 1.1~ \ n
tor cia moi tap B, (voi k=1;12) la: o 0.25
n2
Do d6: EEN*:n=6m, meN".
Khi d6 tong cac phan tir cia mdi tap B, (voi k = ;12) 1a: 3m?.
Véi n=6m=2n—-1=12m~1 thudc mot tdp B, nao d6 = 12m—1<3m’ 0,25
>m24=>n=24.
Khi n=24= A={1;3;5;..;47} .
Lic do: B, = {1;47},1?2 ={3;45},B, ={5;43},...,B,, ={23;25} 1a 12 tAp con cua 0.25
A théa man yéu cau de bai.
Viy sb nguyén duong n nho nhat can tim 1a: n=24.
, u, =2023
Cho diy s0 (u,) théa man ) -
Tu,,=u, +u,+9, VneN
2 a. Chirng minh ring: limu, =+c0. 2,5
b. V6i mdi ne N, dit v, = . Tim gi6i han cia day s6 (v,).
k=1 uk +
2a | Chirng minh ring: limu, =+c0. 1,25
Chimg minh bang quy nap: u, >3,VneN" (1)
That vay,
0,25

Vé6i n=1 tacod: u, =2023>3 nén (1) ding.

Gia st (1) dang véi n=k >1 hay u, >3,véi n=k>1.




-3 +4
Ta c6: u,,, ~3= (1 =3) (1 +4) | 0=>u,, >3 nén (1) ding véi n=k+1.
7 0,25
Do d6: u, >3,VneN'.
- I3 (un _3)2 * *
Mit khac: u,,, —u, = o> 0,vneN =u,  >u,VneN . 0,25
Nén (u,) 1a day s6 tang.
0,25
Gia str limu, = L (voi L >u, =2023).
Lic do: lim(7u,,,)=1im(u +u,+9) e (L-3) =0 L=3<u, (v01).
0,25
Vay limu, =400 (dpcm)
2b | V6imdi neN ,datv, =) . Tim giéi han cia diy s6 (v,). 1,25
k=1 uk +
u —3)(u,+4 .
Ta co: un+1—3=( ), ),VneN 0,25
| 7 5 s *
& = ,VneN (Viu, >3,VneN)
u, ., —3 (un —3)(un )
1 1 .
= = — ,VneN 0,25
u,,—3 u, -3 u, +
= ! = ! - ,VneN
u +4 u -3 u,
o1 < 1 1
Do dé: v, =Y = ( - J 0,25
ou, +4 S\ u, -3 u,, -3
1 1 1 | .
— — = — ’vn (S N 0,25
-3 wu,, -3 2020 u, -3
N A 1 . 1 | 1
Vi limu, = +o0 nén limvy, =lim - =
2020 u,_ -3) 2020
0,25
Vay limv, :L.
2020
35 | Tim tit ca cac sO tw nhién » théa mén »° +n+1 chi c6 mdt wéc so6 nguyén 1.0
t6 duy nhat. ’
Pit n’ +n+1=p" (véi re N va p 13 sb nguyén t6).
Ta co: 0,25

n5+n+1:n3(n2+n+1)—n2(n2+n+1)+(n2+n+1):(n2+n+1)(n3—n2+1).




Do d6: (n2+n+1)(n3—n2+l):p’.

TH1: ” +n+l=1van’—n*+1=p . Suyra: n=0=n"+n+1=1 (KTM).

0,25
TH2: n”’ +n+l=p " van —n"+1=1.Suyra: n=1=n"+n+1=3 (TM).
TH3: i’ +n+l=p" van’ —n’ +1=p"* (v6i mke N ;m+k=r).
+V6i n=2=n’+n+1=35KTM).
0,25
+ Véi n23:>n2—n>n+1:>n(n2—n)>n(n+1):>n3—n2+1>n2+n+1.
Do do: k>m.
Ma p* =n3—nz+1=n(n2 +n+1)—2(n2+n+1)+n+3=n.p'"—2.p'"+n+3
A m k—m m
nén p”. = n—-2)+n+3.
ppt " =p"(n-2) 0.25
Do d6: n+3 chiahétcho p" nén n+3>n*+n+lon* <2 (Vo lyvi n>3).
Vay n=1 1a gi tri can tim.
3b Cho a,b 12 hai s6 tw nhién 16n hon 1 théa man ™ =5, Tim « khi b la 0.5
s6 nhé nhét. ’
B6 dé: Néu x,n 1a hai s6 nguyén duong va y 13 sb hiru ti théa mén y" = x thi
y 1a sé nguyén.
Thét viy, goi ¥ = — (V6i a,b e Z,b#0,(a,b)=1).
b 0,25
Vi (a,b)=1= (a",b")=1.
Tr y"=x=a" =xb" nén b" laudccia ¢" ma (a",b")=1=b"=1=b=1
hay y=aeZ
"""""""""""""""""""""""""""" a2022
Tro lai bai toan: a** =™ < (Zj =b.
Ap dung bb d? ta cé: %EN* :%:k,keN* —a=kbkeN .
0,25
T do taco: b=k,
Vi b 14 s6 ty nhién nhé nhat 16n hon 1 nén & 1a sb tw nhién nho nhét 16n hon 1
hay k=2=b=2",
Vay a= 92023
Cho tam gi4c nhon ABC (4B < AC) ndi tiép duomg tron (O) va c6 tryc
4 |tAm H. AD, BE, CF 1a ba dwdng cao (DeBC,EcCA, FeAB).Goi M la 15

trung diém ciia BC, N la hinh chiéu vudng géc ciia H trén AM . AD cit

BN tai P, AM cit CF tai Q.




a. Chig minh ring: ba dwong thing BC, EF, HN ddng quy tai diém T .

b. Chirng minh rang: dwdng thang PO song song véi dwong thang BC .

c. Tiép tuyén ciia (O) tai 4 ciit BC tai K, L 1a diém doi ximg ciia K qua
T . Chig minh ring: MONL la t& giac ndi tiép.

4a

Chirng minh riang: ba dwong thiang BC, EF, HN ddéng quy tai diém 7T .

1,5

Ta quy udc: (XYZ) 1a dudng tron ngoai tiép tam gidc XYZ; (XY) la dudng
tron duong kinh XY .

Gia st cac gia thiét cua bai todn ¢6 hinh bi¢u dién nhu hinh vé.

Ta c6: 4,E,F,H,N cung thugc duong tron (AH );D,M,E,F cung thudc
dudng tron Euler (DEF) cua tam gidc ABC; D,M,N,H cing thudc dudng
tron (HM ).

Suy ra: DM 1a tryc ddng phuong cua hai dudng tron (DEF ) va (HM ) Hay
BC la tryc dang phuong cua hai duong tron (DEF) va (HM).

EF 14 tryc ddng phuong cua hai dudng tron (DEF) va (AH).

HN 1a tryc ddng phuong cta hai duong tron (AH ) va (HM ).

Vi 4B < AC nén BC ludn cit EF tai diém 7. Do d6: T 1a tim ding phuong
ciia ba duong tron (DEF),(AH),(HM).

Suy ra: ba truc dang phwong BC,EF,HN cua ba dudng tron
(DEF),(AH),(HM) dbng quy tai tim dang phuong T (dpcm)

0,5

4b

Chirng minh rang: dwong thang PQ song song véi dwong thang BC.

1,0

5




BDHF 14 tir gidc ndi tiép = AF.4B = AH.AD (1)

DHNM 14 tir gidc ndi tiép = AN.AM = AH.AD (2) 02
Tu (1), (2) suyra: AF.AB = AN.AM = BFNM ndi tiép = P/N\Q = BFM (3) 0,25
Ma BFM = DBF (vitam giac MBF cantai M ) va DBF = PHQ (vi BDHF

noi tiép) (4) 0,25
Tir (3), (4) suy ra: PNQ = PHO = PONH 1a tit giac néi tiép

— HPO = HNO =90" = PQ L AD (5) 025
Két hop (5) v6i gia thiét AD 1L BC ta c6: BC|| PQ (dpcm)

4c Tiép tuyén cﬁa‘ (O) tai 4 cat BC tai K, L 1a diém ddi xtng ciia K qua 7. 1.0

Chirng minh rang: MONL la ti giac néi ti€p.

Goi J, A" 1an luot 1a giao diém cia 40 véi EF va (0); I 1a diém doi xtmg 025
cua A qua J.

D& thdy A0 L EF va ACA'=90" = CEJA' ndi tiép (7) 0,25
Tir(7)va BFNM , BCEF ngitiépsuyra: |
ALA0 = 2A_J%A_A' _ 4J AA' = AEAC = AF AB = AN AM 0.25

= M,N, 1,0 cung thuoc mot duong tron (8)
‘Mitkhic: AK L A0 = AK||JT.Ma J,T latrung diémcia Al va KL nén |

IL doi xung voi AK qua JT .

Do d6: IL|| AK = MLI = MKA = OAD =90° — DAK = MOA' (vi AD||OM) 0,25

= M,0,1,L cing nam trén mot duong tron (9)

Tir (8), (9) suy ra: MONL 1a tir giac ndi tiép (dpem)
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