BO GIAO DUC VA PAOTAO  KY THI CHQN HQC SINH GIOI QUOC GIA THPT

~ NAM HQC 2020 - 2021
PE THI CHINH THU'C Moén: TOAN

Thi gian: 180 phit (khong ké thoi gian giao dé)
Ngay thi thir nhat: 25/12/2020

Bai 1 (5,0 diém)

Cho ddy s6 thye (x,) ¢ x, € (0,-:_12—] va x,, =3x> —2nx} véimoi n21.

a) Chimg minh limx, =0.

b) Véi méi n21 dit y, =x, +2x, ++--+nx,. Chimg minh ring day (y,) c6 gidi han

hitu han.
Bai 2 (5,0 diém)
Tim tit ca cdc ham s6 f:R — R thoa man
S =fy-D+xf(y)+3f(x) Vx,yeR

Bai 3 (5,0 diém)
Cho tam gi4c nhon khéng cin ABC cé tryc tim H va D, E,F lan luot 1a chin dudng cao
ha tir cac dinh 4, B,C. Goi (I) 12 dudng tron ngoai tiép tam gidc HEF véitam I va K,J
lan lugt 12 trung diém BC,EF. Cho HJ cétlai (J) tai G, GK citlai () tai L.

a) Chimg minh ring AL vudng goc v6i EF.

b) Cho AL cit EF tai M, IM cétlai dudng trdn ngoai tiép tam giac JIEF tai N, DN
cit AB, AC lén lugt tai P,Q. Chimg minh ring PE,QF, AK ddng quy.

Bai 4 (5,0 diém)

Véi sb nguyén n 22, goi s(n) 1a tdng céc s6 nguyén dwong khéng vugt qué 7 va khong
nguyén td ciing nhau véi ».

a) Chirng minh s(n) = -;—(n +1-¢(n)), trong d6 @(n) 1 s6 c4c sb nguyén duong khong

vugt qua 7 va nguyén té cing nhau véi n.

b) Chimg minh ring khong ton tai s6 nguyén n >2 théa man s(n) = s(n +2021).

* Thi sinh khdng dugc st dung tai ligu va mdy tinh cdm tay,
* Gidm thj khong gidi thich gi thém,



BQ GIAO DYC VA DAO TAO  KY THI CHQN HQC SINH GIOI QUOC GIA THPT
NAM HQC 2020 - 2021
DE THI CHINH THUC Mon: TOAN

Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi thir hai: 26/12/2020
Bai 5 (6,0 didm)
Cho da thirc P(x)=a,x*' +a,x +:-+a,x+a, cb cic h¢ sb thudc (1011,2021]. Bit
ring P(x) c6 nghiém nguyén vi ¢ 1A mdt sb duomg sao cho |a,,, —a,|<c v6i moi
ke{0,l,...,19).
a) Chimg minh ring P(x) c6 ding mdt nghiém nguyén.

1]
b) Chimgminh Y (ay,., -a, ) <440¢%.
kul)

Bai 6 (7,0 diém)
Mot hoc sinh chia tét ca 30 vién bi vao 5 cdi hdp dugc dinh sb 1, 2, 3, 4, 5 (sau khi chia c6

thé c6 hop khdng cé vién bi ndo).

a) Hoi c6 bao nhiéu céch chia céc vién bi vao cac hop (hai céch chia 14 khic nhau néu cb
mdt hdp c6 sb bi trong hai céch chia 1a khéc nhau)?

b) Sau khi chia, hoc sinh nay son 30 vién bi d6 bdi mdt sé mau (mdi vién duge son ding
mdt mau, mdt mau cbd thé son cho nhitu vién bi), sao cho khéng c6 2 vién bi ndo
trong cing mdt hip c6 mau giéng nhau va tir 2 hdp bét ki khéng thé chon ra duge 8
vién bi dugc son bdi 4 miu. Chimg minh rﬁng véi moi céch chia, hoc sinh dédu phéi
ding khéng it hon 10 mau 8¢ son bi.

c) Hay chi ra mdt céch chia sao che véi diing 10 mau hoc sinh c6 thé son bi théa mén
cac didu kién & clu b).

Bai 7 (7,0 diém)
Cho tam giéc nhon khdng cin 4ABC ndi tiép dudmg trdn (0). Goi D la giao didm hai tiép
tuyén cia (O) tai B va C. Dudng tron di qua A va tiép xic véi BC tai B cit trung tuyén
di qua A clatam gisc 4BC tai G. Cho BG,CG lan lugt cit CD, BD tai E, F.
a) Dudng thdng di qua trung diém cia BE va CF lan lugt cit BF,CE tai M,N.
Chimg minh ring cic diém A, D, M, N cing thudc mdt dudng trdn.
b) Cho AD,AG lin lugt cit lai dudng tron ngogi tiép céc tam gise DBC,GBC ti
H,K. Trung tryc cie HK, HE, HF Wn lugt cit BC,CA, AB i R,P,Q. Chimg
minh ring cic diém R, P,Q thiing hang.

HET
* Thi sinh khing dugc sir dung 1Gi ligu va mdy tinh cdm tay.
* Gidm thj khdng gidi thich gi thém.




LJi gidi va binh ludn dé thi VMO 2020

NGUYEN TANG VU - LE PHUC LU - NGUYEN CONG THANH

§1 Dé thi ngay 1 (ngay 25/12/2020)

2 z 1
Bai 1 (5 diem). Cho day so thuc (x,) c¢6 z1 € (O, 5) VA Ty = 322 — 2nad voi moi
n>1.

a) Ching minh lim z, = 0.

b) V6i moéi n > 1 dat y, = z1 + 222 + - - - + na,. Ching minh rang day (y,) ¢6 gidi
han httu han.

Bai 2 (5 diém). Tim tat ci cac ham s6 f: R — R théa man

f@)fy)=flzy—1)+zf(y) +yf(2)
v6i moi so thue z, .

Bai 3 (5 diém). Cho tam gidc nhon khong can ABC ¢6 tryc tam H va D, E, F lan lugt
1a chan duong cao ha tit cac dinh A, B, C. Goi (I) 1a duong tron ngoai tiép tam gidc
HEF véi tam I va K, J lan lugt 1a trung diém BC, EF. Cho HJ cat lai (1) tai G, GK
cat lai (I) tai L.

a) Chitng minh rang AL vuong goc véi EF.

b) Cho AL cit EF tai M, IM cat lai duong tron ngoai tiép tam giac IEF tai N,
DN cat AB, AC lan lugt tai P, Q. Chiing minh rang PE, QF, AK dong quy.

Bai 4 (5 diém). V6i s6 nguyén n > 2, goi s (n) 14 tong céc sd nguyen duong khong vugt
qua n va khong nguyén t6 ciing nhau véi n.

a) Chiing minh s (n) = g (n+1—¢(n)), trong d6 ¢ (n) la s6 cac s6 nguyen duong

khong vugt qua n va nguyén té cing nhau véi n.

b) Chiing minh ring khong ton tai s6 nguyén n > 2 théa man s (n) = s (n + 2021).

§2 Dé thi ngay 2 (ngay 26/12/2020)

Bai 5 (6 diém). Cho da thitc P (2) = ana?! + aypr® + -+ + a1z + ap ¢6 cac hé s6
thuoc [1011,2021]. Biét rang P (z) c¢6 nghiem nguyen va ¢ 1a mot sd duong sao cho
lagro — ap| < ¢ v6imoi k € {0,1,...,19}.

a) Chiing minh rang P (x) c6 ding mot nghiém nguyeén.
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10
b) Ching minh > (agks1 — agk)Q < 440c2.
k=0

Bai 6 (7 diém). Mot hoc sinh chia tat cd 30 vién bi vao 5 cai hop dugc danh s6
2, 3, 4,

1, 5 (sau khi chia c¢6 thé c6 hop khong cé vien bi nao).

a) Hoi c6 bao nhiéu cach chia cic vien bi vao cdc hop (hai cach chia la khac nhau néu
c6 mot hop ¢6 s6 bi trong hai cach chia 1a khac nhau)?

b) Sau khi chia, hoc sinh nay son 30 vién bi d6 bdi mot s6 mau (mdi vien duge son
ding mot mau, mot mau cé thé son cho nhiéu vién bi), sao cho khong cé 2 vién bi
nao trong cling mot hop c¢6 mau giéng nhau va tit hai hop bat ki khong thé chon
ra duge 8 vien bi dugce son bdi 4 mau. Chitng minh rang véi moi cach chia, hoc
sinh déu phai ding khong it hon 10 mau dé son bi.

¢) Hay chi ra mot cach chia sao cho véi ding 10 mau, hoc sinh ¢6 thé son bi thda
man cac diéu kién & cau b).
Bai 7 (7 diém). Cho tam giac nhon khong can ABC ndi tiép duong tron (O). Goi D 1a
giao diém hai tiép tuyén ctia (O) tai B va C. Dudng tron di qua A va tiép xtc véi BC
tai B cat trung tuyén di qua A ctia tam gidc ABC tai G. Cho BG, C'G lan lugt cat CD,
BD tai E, F.

a) Duong thang di qua trung diém ctia BE va CF lan lugt cit BF, CE tai M, N.
Chitng minh ring cac diem A, D, M, N cing thudoc mot duong tron.

b) Cho AD, AG lan lugt cit lai dudng tron ngoai tiép cac tam giac DBC, GBC
tai H, K. Trung triyc ctia HK, HE, HF lan luot cat BC, CA, AB tai R, P, Q.
Chitng minh ring cac diem R, P, @) thing hang.
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§3 Ldi giai chi tiét va binh luan

Bai 1l

p 1
Cho day s6 thuc (z,) c¢6 x; € (O,

5) VA Ty = 322 — 2nz3 v6i moi n > 1.

a) Ching minh limz, = 0.

b) V6i mdi n > 1 dat y, = x; + 229 + - - - + nw,. Chiing minh rang day (y,) c6
gi6i han hitu han.

Lo gidi.
1
2(n—1)

1
c6 wy = 373 — 223 = 23(3 — 215) < nén xét f (x) = 3x? — 223 tren |0, 5}, ta co

a) Ta sé ching minh 0 < z,, < v6i moi n > 2 bang quy nap. That vay, ta

f'(z) =6x(1—2x) >0 véi moi x € [O,%},nénO:f(O)<(xn)<f(%) :%,

1
hay0<x2<§.

1 1
GléSﬁO<In<mVéln22 Xét g(x):3x2_2nx3 trén |:0,mj|,
tac60<as<— <X neng (2) = 62 (1—na) >0
a Co i — nen xTr) = 0T — N suy ra

0= g(0) < g (a) < !

= Ty — .
g(0) <g 9\ 35
Ma

1 1 1 2n —3 (n—2)(2n* —4n+1)
(5 7) - ="

m T\2tmn-1) " dm—1F  anm-1)

1 1
v6i moi n > 2 nén ta suy ra 0 < g (z,) < 2 hay 0 < x,41 < . Theo nguyén 1i
n n

1
quy nap, ta c6 0 < x,, < — v6i moi n > 2.
2(n—1)
Tw do, cho n — 400, ap dung nguyén li kep ta c6 ngay lim x,, = 0.
. 2n ,
b) Tu cau trén, ta thay 3 — 2nz,, > 3 — m > (0 v6i moi n > 2 nén theo bat
n —

dang thitc AM - GM, ta c6

2

1
Ty = 22 (3 —2nx,) = — (nxn)2 (3 —2nz,) < — 3
n

n2

1 <na:n—|—nxn+3—2xn)3_ 1
n

v6i moi n > 2. Vi (n —1)* — 3(n +1)® 1a mot da thiic bac 4 theo bién n nen ton
tai s6 ti nhien m > 2 di 16n dé (n —1)* > 3 (n + 1) v6i moi n > m. Lic nay, véi
moi n > m, ta co

3 1

Tpi1 < 322 < < .
o (n—1%" " (n+1)°
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Twu do ta co

1 1
yn<z k’l‘k +1) +<m+2)2+"'+ﬁ
v6i moi n > m.
Tuy nhién
1 1 1 1 1 1
(m+1)2+(m—|—2)2+”'+_<ﬁ+22+ ”+ﬁ
1-2 2.3 n-(n+1)
:1+<1_1)+<1_1)+...+(1_ 1 )
2 2 3 n n+1
=2 L <2
n+1

nén ta co y, < »_ (kxy) + 2 v6i moi n > m, tic 1a (y,) bi chin trén. Mat khéac, dé
k=1
thay (y,) 14 day tdng ngit nen theo dinh 1y Weierstrass, ta c6 (y,,) hoi tu.

Nhan xét. O cau a, ta con cach danh gia khac la chi ra z,, < 2% Huéng x1t 1y nay c6
thé thyc hién tuong tu bang quy nap, vi & cau b, chi can udc luong don gidn chuyén ti
2" — n3 1a dudgc.

Bai 2
Tim tat cid cac ham s6 f : R — R thoa man

f@) fy)=flzy—1)+zf(y) +yf(2)

v6i moi s6 thuc z, y.

Loi giai. Gia st f : R — R thoa man
f@) fly)=fley—1)+af(y)+yf ()

vdi moi s6 thuce x, 1.
Thé y = 0 vao déng thic tréen, ta c6

fx) f0) = f(=1)+zf(0).

Vi vay néu f(0) # 0 thi f (x) phai c6 dang x + k, v6i k 1a s6 thuc nao d6. Tuy nhién,
khi d6 heé s clia zy trong vé trai ctia phuong trinh dé cho 13 1, trong khi hé s6 ctia zy &
vé phai 1a 3, vo li. Vay f (0) = 0, do d6 tit dang thitc trén, ta ciing c¢6 f (—1) = 0.

T d6, thé y = —1 vao phuong trinh dé cho, ta suy ra f (z) = f (—x — 1). V6i tinh chat
nay, thé y bdi —y — 1 vao phuong trinh dé cho, ta thu dugc

f@)fy)=Ffly+z)+zf(y)+(-y—1)f(x).
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Déi chiéu dang thiic trén véi phuong trinh dé cho, ta c6
flay+z)=flay—1)+ 2y +1) f(2).

2 . . A 2.0 1 7z
Tu dang thiic nay, véi moi x # 0, thé y b6i — ta co
x

fern=(2+1) @ 1)

v6i moi x # 0.
Thé x bdi z + 1, y bdi 1 vao phuong trinh dé cho, ta cé

fle+rD)f)=f@)+ @@+ f)+f@+1),

hay 1a

(SO =Dfe+1)=[f(x)+f(1)(z+1). (2)
Tiép tuc thé = y = 1 vao phuong trinh dé cho, ta c¢6 f (1) = 2f (1) nén f (1) = 0 hodc
f(1)=2.

e Néu f (1) =0 thi két hop (2) va (1) ta c6
f@ == (241) 1)

v6i moi x # 0. Tu d6, véi cha § f(0) =0 ta suy ra f (z) =0.

e Néu f (1) =2 thi ciing tir (2) va (1) ta c6
f@)+2(x+1)=f(z+1)= (%—1—1)]“(93)

v6i moi x # 0. Suy ra f(z) = x(x+1) v6i moi  # 0. Ma f(0) = 0 nén
f(x) =z (x+1) v6i moi x.

Thay lai vao phuong trinh dé cho, dé thay f(z) =0 va f (x) = z (x + 1) déu théa man

yéu cau. O

Nhan xét. Ngoai cach xtt Iy nhu trén, ta c6 thé dit g(x) = f(z) — z thi thay vao sé duge
ngay g(x)g(y) = g(xy — 1) + 22y — 1. Bai toan sé gon gang hon nhiéu.

Bai 3

Cho tam gidc nhon khong can ABC c6 triyc tam H va D, E, F lan luot 13 chan
duong cao ha tit cac dinh A, B, C. Goi (I) la dudng tron ngoai tiép tam gidc HEF
v6i tam I va K, J lan lugt 1a trung diém BC, EF. Cho HJ cat lai (I) tai G, GK
cat lai (1) tai L.

a) Chiing minh rang AL vuong goc v6i EF.

b) Cho AL cat EF tai M, IM cat lai dudng tron ngoai tiép tam giac [EF tai N,
DN ciat AB, AC lan lugt tai P, Q. Chitng minh ring PE, QF, AK dong quy.
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Loi gidi. Ta thay (HEF) la duong tron dudng kinh AH nén I 1a trung diém AH, kéo
theo (IEF) la duong tron Euler cia tam giac ABC nén né di qua D, K.

a) Dé thay [E = IF va KE = KF, do d6 IK la trung triuc EF nén di qua J, tu d6
c6 dugce S
JI-JK=JFE-JF=JH-JG

nén HKGI 1a t1t gide noi tiép. Suyra ZHIK = /ZHGK = /ZHAL, do d6 IK || AL.
MaIK 1 EF nén AL 1 EF.

A

b) Ta c6

MA-ML=ME-MF =MI-MN

nén ti gidc AILN noi tiép, suy ra
LANI = L/ALI = /IAL = /DIK =90° — ZIKD = 90° — ZIND

nén ZAND = 90°.

Néu DN || EF thi AN L EF, ma AM 1| EF nén MN di qua A, suy ra A, I, M
thang hang nen Al 1 EF, kéo theo EF || BCO, didu nay khong thé x4y ra vi tam
giac ABC khong can. Do d6, DN va EF khong song song, va gid st chiing cat
nhau tai diém 7.

Ta thay N thuoc duong tron duong kinh AD va hai duong tron duong kinh AD,
AH tiép xtic nhau nén T'A 1a tiép tuyén chung ctia hai duong tron néi trén, vi T
chinh la tam ding phuong ctia ching va (IEF). Do d6 TA 1 AD, hay AT || BC.
Goi S 1a giao diém ctia PE va QF, ta c6 chim didu hoa co ban A (TS, BC) =
A(TS,PQ) =—1, ma AT || BC nén AS chia doi BC, tic AS di qua K, hay AK,
PE, QF dong quy. Ta c6 diéu can chitng minh.

O
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Nhan xét. Bai todn c6 ¥ thit nhat kha nhe nhang, con cé thé dugc tiép can bing cach st
dung kién thic vé tit gidc diéu hoa va duong ddi song.

Y thit hai ciing khong qua kho, tuy nhien viéc tiép can bing nhing huéng khong st dung
kién thitc vé chiim diéu hoa 13 kha kho6 khan nén nhin chung, cic thi sinh khong nim viing
phan nay sé gip phai tré ngai nhat dinh 6 ¥ b). Khi chuyén mo hinh dudng tron Euler vé
mo hinh dudng tron bang tiép, c6 thé thiy ZAND = 90° 1 tinh chat khé kinh dién trong
mo6 hinh duong tron noi tiép, duong tron bang tiép.

Bai 4
Véi s6 nguyén n > 2, goi s (n) 1a tong cic s6 nguyén duong khong vugt qua n va
khong nguyén t6 cting nhau véi n.

a) Chiing minh s (n) = g(n +1—¢(n)), trong d6 ¢ (n) 1a s6 cac sd nguyen

duong khong vuct qua n va nguyén té cling nhau véi n.

b) Chitng minh rang khong ton tai s6 nguyén n > 2 thda man s (n) = s (n + 2021).

Loi gidi.

a) Voi mdi s6 d € {1,2,...,n} va ged(d,n) = 1, ta cling thay riang ged(n — d,n) = 1.
Ngoai ra, v6i n > 2 thi ¢(n) chfn nén cac s6 nguyén t6 cing nhau véi n nhu trén sé duge
chia thanh cac cip c6 dang (d,n — d) v6i tong la n. Tt d6 suy ra tong cac s6 nguyén tod

cung nhau véi n va khong vugt qua n sé la ngpz(n) Do do6

ne(n) _n
2 2
b) Gia st phan ching rang ton tai s6 n > 2 théa man s(n) = s(n + 2021). Ta c6

s(n) = 5( + 1 — (n)) nén thay vao dang thic trén, ta dugc

sn)=14+2+---+n— (n+1—¢(n)).

3

(n+2021)(n + 2022 — p(n +2021)) =n(n+1—p(n)).
Ta xét cac truong hgp sau

1. Néu 2021 t n va ged(n,2021) = 1 thi dé thay ged(n,n + 2021) = 1 va c¢6 ngay
n + 2021 | 2s(n 4 2021) = 2s(n) nén n(n + 2021) | 2s(n) < n(n + 1), vo ly.

2. Néu 2021 f n va ged(n, 2021) > 1 thi chi § rang 2021 = 43 - 47 nén dé don gian, ta
thay 2021 béi tich hai s6 nguyéen t6 1é p, q.
Gia stt rang p | n thi dat n = pk véi ged(k, q) = 1.Thay vao
(pk + pq)(pk + pq + 1 — ¢(pk + pq)) = pk(pk + 1 — ¢(pk))

hay
(k+a)(k +pg+ 1 — (p(k + q))) = k(pk + 1 — ¢(pk)).
Do ged(k + ¢, k) = 1 nén dat pk + ¢ — p(pk + pq) = ck v6i ¢ € ZT, ¢ < p nén
pk + 1 — @(pk) = c(k + ¢). Trit hai dang thitc trén, vé theo vé, ta co
q(p + ) = (pk + pg) — (pk).

Lai ¢6 vé phai chia hét cho p — 1 nen p — 1 | ¢(¢ + p) hay ¢ = p — 2. Suy ra
e(p(k +q)) =2k + pg+ 1 va o(pk) =2k — (p — 2)g + 1.
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e Néu p | k thi p? | pk nén p | ¢(pk), kéo theo p | (p — 2)q + 1, dé thay vo 1y khi
(p,q) = (43,47), (47,43). Tuong tu néu p | k + q.

e Néu ged(k,p), ged(k + ¢, p) = 1 nén theo tinh chdt ham nhan tinh thi

(p—Dp(k+q) =2k+pg+1, (p—1)p(k) =2k — (p—2)qg+ 1.

Trit hai ding thitc trén, vé theo vé, ta c6 p(k + q) — ¢(k) = 2¢, khong chia
hét cho 4. Do d6, mot trong hai s6 ¢(k + q), (k) khong chia hét cho 4. Ta ¢
bo dé quen thuoc sau (suy ra tryc tiép tit cong thiic ctia ham phi Euler).

Bo dé
V6i n > 5 la s6 nguyén duong thoa ¢(n) khong chia hét cho 4 thi n = a™
hodc n = 2a™ véi a 1a s6 nguyeén to 1é va m € Z*.

Ap dung vao bai toan, ta thiy ring néu k = a™ thi ¢(k) = ™ '(a — 1) nén
(p—1)a™*(a—1)=2a"—(p—2)g+1<2a™hay (p—1)(1—-1) <2, dé
thay vo ly.

Tuong ty néu k = 2a™ hosc k +1 = a™ hoac k + 1 = 2a™.
Do d6, truong hgp nay dude gidi quyét hoan toan.

3. Néu 2021 | n thi ky hiéu nhu trén, dit n = pgk v6i k € Z* thay vao dang thic
trén, ta duge

(k4 1)(pgk +pq + 1 — (pq(k + 1)) = k(pgk + 1 — @(pqk)) (*)

Do ged(k,k+1) =1nén k+1 | pgk + 1 — ¢(pgk). Dat pgk + 1 — o(pgk) = c¢(k + 1)
v6i ¢ € Z*, ¢ < pq thi thay vho dang thic (*) dugc

pak +pg+ 1 — o(pg(k + 1)) = ck.

Trit xudng ta dude ¢ + pg = ¢(pg(k + 1)) — @(pgk) chia hét cho (p —1)(¢ — 1) va
c<pgnén cod c=pq—2p—2q+ 2. Do do

pgk +1— p(pgk) = c(k + 1) hay p(pgk) = 2(p+q— 1)k —c+ 1.

Tuong tu ¢(pg(k+1)) = 2(p+q—1)k+pg+1. Néu nhu ged(k, pq), ged(k+1,pq) > 1
thi dé thay vo 1y tuong tu (2). Do do, ta lai 4p dung tinh nhan tinh, ta c6

(p—1D(g—Dpk+1)=2(p+q—1)k+pg—1
(p—1)(q—Dp(k)=2(p+q—1)k—pg+2p+2¢—1

nén trit xuéng c6 p(k+1) — p(k) = 2. Suy ra mot trong hai s6 ¢(k+1), (k) khong
chia hét cho 4. Dén day thuc hién tuong tiy trén.

Vay trong moi truong hgp déu khong ton tai s6 nguyen duong n théa man dé bai. [

Nhan xét. Qua 15i gidi trén, ta thay rang bai toan van ding néu thay 43,47 bdi cac sd
nguyén t6 p < ¢ sao cho pf2q—1va qf2p— 1.
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Bai 5

Cho da thitc P (z) = a2 + agz® + - - - + a1 + ag ¢6 céc he s6 thuoe [1011,2021].
Biét ring P (x) c6 nghiém nguyén va ¢ 1a mot s6 duong sao cho |ag, o — ax| < ¢ vé6i
moi k € {0,1,...,19}.

a) Chiing minh rang P (x) c6 ding mot nghiém nguyeén.
10

b) Ching minh (aops1 — CLQk)Q < 440¢2.
k=0

Loi gidi.
a) Do P(z) la da thiic ¢6 he s6 toan la s6 duong nén nghiém ctia né phai am. Ta c6 bo dé
quen thuoc sau (chitng minh theo kiéu bat dang thic tri tuyét doi va lam troi don gidn):

.. N
Bo dé

Cho da thiic he s6 thitc P(z) c¢6 dang P(x) = Y a;2" véi a, # 0 va c6 nghiem z = xg
i=0
thi

|zo] < 1+ max

0<i<n | ay,
.
Theo bo dé thi |zg| < 1+ fg% < 3 nén xyg = —1 hodic xg = —2. Gia stt P(—2) = 0 thi ta
co
a212%" + 192" + - 4+ 012 = a202%° + 0152"° + -+ - + ap.
Ta thay
222 1
VT >1011(2 +2° + - +2°1) = 2022 5
22 1"
VP <2021(1+2° +--- 4 2%) = 2021 o7
Dén day suy ra diéu vo Iy, vay nén xy = —1 la nghiém nguyén duy nhat cia da thiic.

b) Theo cau a ta c6

g+ as +---+agg =ay +as+ ---+ as;.
10 N N
Do d6, dat b; = agi+1 — a9 v6i 0 < i < 10 thi ta c¢6 ngay > b; = 0 va can chi ra rang
i=0

10

S= b7 <440
=0

Ta sé danh gia cic gia tri by — by va bg — big thong qua bs, chu y ring

|bs — bs| = |(a11 — a10) — (a9 — as)| < |arn — ag| + |aip — as| < 2¢

(b5 — by)® < 4c? = b2 < 4c? 4 2bybs — b2 < 4P + 2bybs.
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Tuong tu ta ciing c6
by < 4c* + 2bgbs.

Tiép theo thi

|bs — bs| = |(a11 — a10) — (a7 — ag)|
< |ay; — ag| + |arg — ag| + |ag — az| + |ag — ag| < 4c

(bs — bs)® < 16¢% — b2 < 16¢2 + 2b4b5 va b2 < 16¢2 + 2b7bs.
Tong quat lén thi bgik < 4k% 4 2bsbsyy v6i 1 < k < 5. Ct nhu thé, ta dudc

S <24 (124224 +5%)% + 2bs(bg + by + - -+ + byg) = 440¢°.

vé 5O 6 vi tri chinh gitta.

Nhan xét. Cau a clia bai toan c6 thé lam tryc tiép chi khong can thong qua bo dé, tuy
nhién néu ap dung bd dé vao thi bude xit Iy sé sang stia hon nhiéu. Riéng ¥ b 1a mot bai
bat déng thic khé lien quan dén danh tri tuyet déi, buéc quan trong la ¥ tudng don bién

]

Bai 6
chia c6 thé c6 hop khong c6 vién bi nao).

néu ¢6 mot hop c6 s6 bi trong hai cach chia la khac nhau)?

chia, hoc sinh déu phai ding khong it hon 10 mau dé son bi.

man cac diéu kién & cau b).

Mot hoc sinh chia tat ca 30 vien bi vao 5 cai hop duge danh s6 1, 2, 3, 4, 5 (sau khi
a) Hoi c6 bao nhiéu cach chia céc vién bi vao cac hop (hai céch chia 1a khéc nhau

b) Sau khi chia, hoc sinh nay son 30 vién bi d6 bdi mot s6 mau (méi vien duge
son ding mot mau, mot mau cé thé son cho nhidu vien bi), sao cho khong c6 2
vién bi ndo trong cling mot hop c6 mau giong nhau va tit hai hop bat ki khong
thé chon ra dugdc 8 vién bi dugc son béi 4 mau. Chitng minh riang v6i moi cach

c¢) Hay chi ra mot cach chia sao cho vé6i ding 10 mau, hoc sinh c¢6 thé son bi tha

Loi gidi.

a) Ap dung bai toan chia keo Euler cho trudng hop 30 vien keo va 5 em bé, trong d6

khong nhat thiét em nao ciing c6 keo, ta c6 ngay dap sb la
C:?Oii*lf)fl = C§4-

b) Goi m 1a s6 mau can phai diing dé son bi.

Theo gia thiét thi 2 hop sé khong thé chon ra 8 vién bi duge son bdi 4 mau, ma 2 bi
cung hop thi phai khac mau nén ta suy ra 2 hop sé khong ¢6 cac vién bi duge son chung
4 mau. Néi cach khac, v6i 2 hop bat ky, sé6 mau dude son chung cho bi ctia hai hop sé
khong vugt qua 3. Ta dém s6 bo S ¢6 dang ({A, B}, C) trong d6 hop A, B ¢6 bi duge

son cung mau C.

10
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CAcH 1. Dém {A, B} trudc, ta c6 C2 = 10 cach. Chon C thi c6 khong qua 3 cach. Do d6
S <10-3=30.

CAcH 2. Goi ay, as, ..., ay, la sd hop c6 bi dude son béi mau 1,2,...,m. Do mdi mau
chi duge diing mot lan trong moi hop nén c6 ngay

Ta cb

Theo bat dang thitc Cauchy-Schwarz thi

1 2 4
so L (B )y,
2\ m m

Vi thé nén 150
30 > — — 15 nén m > 10.
m

Do d6, s6 mau can dung khong nhé hon 10.

c¢) Dé xay dung cach t6 cho m = 10 mau, ta thay ring cdc danh gia ¢ trén déu phai xay
ra dau bang, tic la:

e Moi mau duge t0 cho 3 hop.
e Moi hop ¢6 6 vién bi va duge t6 bdi ding 6 mau.
e Hai hop bat ky c¢6 chung nhau dang 3 mau.

Ta ¢6 bang bén dudi mo ta cach t6 thoéa man.

Hop| 1|2 |3 |4 |5|6|7]8|9] 10
1 X | X | X | X | x| X
2 X | X | X X X | X
3 X X | X X | X | X
4 X X X | X | X X
5 X X | X | X | x| X
Bai toan dugc giadi quyét. O

Nhan xét. Tuy phat biéu cong kénh va c6 ba doi tugng (hop-mau-bi) dé gay nhiéu nhung
day van la mot bai toan kha nhe nhang cho hai ky thuat quen thudc la: chia keo Euler va
dém bang hai cach; ngay ca khi hai § b, ¢ dugc gop lai (tic 1a khong c6 goi ¥ chan duéi
clia s6 mau 1a 10).

11
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Bai 7

Cho tam giac nhon khong can ABC nai tiép duong tron (O). Goi D la giao diem
hai tiép tuyén ctia (O) tai B va C. Duong tron di qua A va tiép xtc véi BC tai B
cat trung tuyén di qua A ciia tam giac ABC tai G. Cho BG, CG lan lugt cat CD,
BD tai E, F.

a) Dudng thang di qua trung diém ctia BE va CF lan lugt cat BF, CFE tai M,
N. Chitng minh rang céc diem A, D, M, N cing thuoc mot duong tron.

b) Cho AD, AG lan lugt cét lai duong tron ngoai tiép cac tam gidc DBC, GBC
tai H, K. Trung truc cia HK, HE, HF lan lugt cat BC, CA, AB tai R, P,
Q. Chitng minh ring cac diém R, P, () thing hang.

)

Lai gidi.

a) Goi T, I, J lan lugt la trung diém BC, BE, CF. Ta c¢6 (GBA) tiép xtc BC
nén TC? = TB%? = TG - TA, suy ra (GCA) ciing tiép xic véi BC. Tt d6 ta c6
/FBA = /ZACB = /TGC = ZAGF nén ti gidc AGBF noi tiép. Chiing minh
tuong tu ta ciing c6 AGCE 1a t1 giac noi tiép, do d6 ton tai phép vi tu quay tam
A bién F thanh C va bién B thanh E.

Ta thay qua phép bién hinh trén, J bién thanh 7, mad F B giao EC tai D va F'B giao
JI tai N nén ta c6 FACD va FAJN noi tiép, kéo theo ZANJ = LAFJ = LZADC
nén AN DM noi tiép.

b) Ta can c¢6 bo dé sau

B6 dé 1

Cho tam P la mot diém ndm bat ki trong tam gidc ABC. Goi X, Y, Z lan
lugt 1a diém déi xing v6i P qua trung diem BC, CA, AB. Khi d6 AX, BY,
CZ dong quy tai trung diém mdi duong.

12
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Chiing minh. Dé y PBXC, PCY A va PAZB la cac hinh binh hanh nén dé thay
AX, BY, CZ dong quy tai trung diém mdi dudong. O

Bo dé 2

Cho P la mot diém nam bat ki trong tam gidc ABC. Duong thang qua P
vuong goc véi PA, PB, PC lan luct cat BC, CA, AB tai X, Y, Z. Khi do
X, Y, Z thang hang.

Chiing minh.

Ta thdy X, Y Z thing hang khi va chi khi trung diém ctia AX, BY, CZ thang
hang, tic 1a 3 duong tron duong kinh AX, BY, CZ dong truc. Tuy nhién diéu nay
13 ding vi dé thay 3 dudng tron trén dong truc PH, v6i H 1a truc tam tam giac
ABC. ]

TrG lai bai toan.
Goi S 1 giao diém thit hai cia AD v6i (O), ta thiay H chinh 1a trung diém ctia
AS va ABSC 1a ti giac dieu hoa.

Tu do ta co

LACH = /BCS = /BAS = /TAC = Z/GCB
nén CH va CG dang giac trong géc ACB, mat khac ta ciing c6 AH va AG ding
gidc trong goc BAC nén H va G 1a hai diém lien hgp dang gidc trong tam giéc
ABC.

13
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Tit tinh chét trén, ta sé hoan tat bai toan bing cach ching minh két qua tong quat
hon nhu sau.
Khang dinh — Cho tam gidgc ABC ¢6 P, Q 1a hai diém lien hop ding giéc.
Goi R la giao diém tht hai ctia PA véi dudng tron ngoai tiép tam giac PBC.
Tren BC lay A; sao cho A;R = A;Q. Xac dinh cac diém B, C; tuong tu. Khi
d6 A;, By, C; thang hang.

Chaing minh. Goi QA, @B, QC giao (O) lan nita tai A’, B', C'. Lay A, doi xiing

Q qua B'C’. Trung truc A’A, cit B'C’ tai Ay. Xéac dinh Bs, Cj tuong tu. Ap dung
b6 dé 1 va bo dé 2, ta suy ra As, By, Cs thing hang.

Ay

Ta cb
/RBC = /RPC = /PAC + /PCA =/A'AB+ /C'CB = ZC'B'A’.

Chtng minh tuong tu ta cing ¢6 ZRCB = ZA'C'B’ nén hai tam giac RBC' va
A'B'C" dong dang. Hon nita, ZA,B'C' = /B'C'C = /B'BC = ZQBC, tuong tu

LAC'B' = /ZQC B, nén ta suy ra 4B = A?’B/. T do, chi ¥ rang As, Bs, Cs
) A]_O ASC/ ) ) 7

thing hang nén ta cé

AlB BlC 0114 . AgB/ Bgc/ CgA/ _1
AC BiA CiB  AC' ByA' CsB'

Theo dinh 1i Menelaus, ta c6 A;, By, C; thing hang.

Bai toan dugce chitng minh hoan toan.

Nhan xét. Y thit nhat clia bai toan kha dé chiu véi mo hinh diém Humpty, ¢6 thé dudc
gidi quyét nhe nhang bing bién doi géc. Tréi lai, ¥ b) thuc syt vo ciing thit thach, phiic
tap ca veé mit ¥ tudng lan hinh vé, c6 thé coi 1a ¥ khé nhat trong ca ki thi.

14
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