SO GIAO DUC VA DAO TAO PE THI CHON HOC SINH GIOI
NAM DINH NAM HOC 2022 - 2023
— Mbn: Toan - Lop: 9 THCS.
Thoi gian lam bai: 150 Phut.
) bé thi gbm: 01 trang.
Cau 1. (3,0 diém)

1) Cho a, b, cla cac sb thyc dwong thoa mén LU D Chutng minh
a b ¢ abc

bc+1 ac+1 ba+1
+ + =3
a+1 b +1 *+1
2)  Chodathic P(x)=(x+1)(x+2)(x+3)..(x+2022). Khi khai trién da thtc P(x) ta dugc

2 2021 2022 , .7 . 5 < R )
P(x)=a,+ax+a,x" +...+ a0, X" + ay,,x*** . Tinh gi4 tri cua bicu thue

S:al+a3+as+...+azo21 3 a,
ay+a, +a, +..+ay,, 2(a1 +a; +a; +...+a2021)
Céu 2. (5,0 diém)
1) Giai phuong trinh (x+1)(3x+\/x+1 —3) —4x’ -2

x(y+1)+y:3
\/5—2(x+y)+\/2—x2y2 =2

2) Giai hé phuong trinh

Céu 3. (3,0 diém)

1) Tim tat ca cac sd nguyén té p, ¢ sao cho p* —¢* (p2 +q* + 1) = (q2 + 1)2

2) Cho m, n, p, q 1a cac s6 nguyén thoa man (m +n+p+ q)§30 . Chimg minh rang

(m5 +n’+p’ +q5)§30
Céu 4. (7,0 diém) Cho tam gidc nhon ABC vé6i AB < AC ndi tiép dudng tron(0) . Goi BH va CQ la hai
duong cao cua tam giac ABC . Tiép tuyén tai B vatai C cta duong tron (O) cit nhau tai M . Poan thang
OM cit BC va cat dudng tron (O) lan lugttai N va D. Tia AD cit BC tai F; AM cdt BC tai E va
cat duong tron (O) tai diém tht hai 1a K (K khéc 4).

1) Chung minh rang: AB.KC = AC.KB va ABM = AHN .
2) Goi I 1atam duong tron ngoai tiép tam giac AFN . Chig minh IOM + ADN =180°.
3) Qua E ké duong thang vudng goc voi BC cat OH tai G. Ching minh ba diém 4, G, N thang hang.

Cau 5. (2,0 diém) ‘ ‘
1) Lay 2018 diém phan biét & mién trong cua mdt ngii giac 161 cung véi 5 dinh cua ngii gidc do ta dugce

2023 diém phan biét sao cho khong c6 ba diém nao thang hang. Biét dién tich ctia ngii giac 1a 1 don vi.
Chtrng minh rang ton tai mot tam giac c6 3 dinh ldy tir 2023 diém da cho c6 dién tich khong vuot qua

; don vi.
4039
2) Xét a, b, ¢ 1a cac sb thuc duong théa man a+b+c >3 . Hiy tim gia tri 16n nhit cta biéu thirc
1 1 1
2 + 2 + 2
a +b+c a+b +c a+b+c

Hét




Ciu Pap an Piém
1.1 Cho a,b,cla céc s6 thuwe dwong thoa min l+l+l—L Chirng minh
({5 o ) 8 a b ¢ abc’ & 1,5)
diém) bc+1 ac+1 ba+1
a+1 b +1 P+l
Ta co
l+l+l=L<:>ab+bc+ac=1
a b ¢ abc
0,25
Ta co
bc+1_bc+ab+bc+ac_b(a+cyﬂia+b)_ b c
a+1 a*+ab+bc+ac (a+cﬂa+b) a+b a+c 0,5
Chung minh tuong tu:
ac+l  a N c va ab+1 a N b
b*+1 a+b b+c *+1 a+c b+c 0,25
Do d6:
bc+1 ac+1 ba+1 b c a c a b
—t——+——= + + + + +
a+l b"+1 c¢°+1 a+b a+c a+b b+c a+c b+c
=( b +-4 j+( c 49 j+( b +—< j=1+1+1=3
a+b a+b at+c a+c b+c b+c 0.5
Vay b§+1+af+1+b?+1:3 khil+l+l:L va a,b,c>0
a+1 b"+1 " +1 a b ¢ abc
1.2 Cho da thire P(x)=(x+1)(x+2)(x+3)..(x+2022). Khi khai trién da thirc P(x) ta
1,5 . 1,5
dge:m) duge P(x)=a,+ax+a,x’ +...4 a,,,x""”* . Tinh gia tri ciia bi¢u thirc (15)
S ata;tastotay, a,
Ay +ay+a,+..+ayy, 2(a +a,+as+..+ay, )
Ta co:
P(x)=ay+ax+a,x" + ...+ @y, X = (x+1)(x+2) (x +3)...(x+2022)
= P(1)=a,+a,.1+a,.1> +...4 a4y, 177 = (141)(1+2)(1+3)...(1+2022)
= P(1)=a,+a,+a, +...+ ay,, =2023! 0,5
Lai co
P(=1)=ay+a.(~1)+ay (1) +.ct ayn . (<1)" = (~141) (=14 2)...(=1+2022)
:P(—l):ao—al+a2—...+a2022:O
=a,+a,+.tayy, =0+ 0+ a5+ F gy,
Ma
Ay +a, +a, +...+ a,y,, =2023!
2023!
=a,+a,+.tay, =a,+a;+..+ayy, =——0 05

Ta co
P(0)=a,+a,.0+a,.0° +...+ ay,.0°" = (0+1)(0+2)...(0+2022)

= P(O) =a, =2022!
Do do

0,5




_ g taytast.tay,, a, 2022! 2022!

S =1-

Ay + Oy +a,+.t Gy, 2(a,+ay+a5+...+ ayy,) ) 20231 20231
)
12022
2023 2023
(2215 Gidi phuong trinh (x+1)(3x+x+1-3)=4Jx’ -2 (2,5)
dgiém) | . x+120
m) | Bidu kién xéc dinh:{ L ©xz0
x 20 0.25
Khi d6 phuong trinh da cho tuong duong véi
3x? +3x-3x -3+ (x+1)J(x +1) =4x/x -2
<:>3x2—4x\/;+x+(x+1) (x+1)—(x+1)=0
& x(3r=avr 1)+ (e 1) (f(x+1) -1) =0 0.5
x+1)x
& x(3x—4Jx+1 +(—=o
( ) Nx+1+1
1
S x 3x—4\/;+1+Lj=0
[ Vx+1+1 0,5
x=0
= x+1
3x—4x +1+——=0 0,25
Vx+1+1
Ta thay:
1 X+2++x+1
3x—4\/;+1+L:3x—4\/;+—
Nx+1+1 Nx+1+1
2
:3(f_zj JXF24x+l 4
3 Vx+1+1 3
2
:3(\/;_3) L Ox+4-2Jx+1
3) 6(Vx+1+1) 0,25
2
o (Vxrl-1) +5x+2
:3(&——) + >0
6(x+1+1) 0.5
V6i x =0 thoa man dicu kién 0,25
Viy tat ca cac nghi¢m cia phuong trinh da chola x=0.
2.2 x(y+1)+y=3
(2,5 Giai h¢ phwong trinh — . 2,5)
diém) S-2(x+p) +42-x7y* =2
5
N 5-2(x+y)=0 <=
Biéukién:{ sz )20 x+yss
2-x"y" 20 X2 <2
Két hop v6i phuong trinh trong hé ta dugc diéu kién %Sxyﬁx/z 05
Tt phuong trinh x(y+1)+y:3©xy+x+y=3<:>x+y=3—xy thé vao phuong trinh
\/5—2(x+y)+\/2—x2y2 =2 ta dugc \/5—2(3—xy)+\/2—x2y2 =2
S 5-6+2xy +4/2-x"y* =2
S J2xy—1+42-x%y* =2 0,5




©m+m:2

e4-2y-1-22-xy* =0

& 2y —1-22y— 1 +1+2-x2)> = 22=x°y” +1+x°)> —2xp+1=0
@(m—1)2+(m—1)2+()€y—1)2 )

0,5
(szy - 1)
V(’)’i%éxyéx/ithi ( 2-x*y’ )
(xy 1)220
2
Do d6 phuong trinh (\/2xy 1- 1)2+(«/2—x2y2 —1) +(xy—1)2:O
(szy 1= 1) \2xy—1=1
= ( 2-x’y’ ) =012-xY =l xy=1
=1
1y’ =0 i
(o -1) 0.5
Véi xy =1 két hop voi x+y=3-xp taduoc
{x+y:2©{x=2—y - X=2—y -
x=y=
xy=1 (2—y)y:1 (y_1)2:
V6i x=y=1 thod man didu ki¢n. Vay h¢ phuong trinh c6 nghiém duy nhét la (x;y)=(1;1) | 0
(31; Tim tét ca cac s nguyén té p,q sao cho p* —g° (p2+q2+l):(q2+1)2. 1,5)
diém) | Ta co: 2 2
p4—q2(p2+q2+1):(q2+1) <:>p4—(q2+1) —qz(p2+q2+l):0
<:>(p2+q2+l)(p2—qz—l)—qz(p2+q2+1)20
<:>(p2+q2+1)(p2—2q2—1):0 0,5
<:>(p2+q2+1)(p2—2q2—1)20<:>p2—2q2—1=O (do p,qla cac s6 nguyén to)
c>[92—1=2c]2c:>(p—1)(p+l)=2q2 0,25
Néu p=2=(2-1)(2+1)=2¢" = ¢ zg ( Loai do ¢ 1a s6 nguyén td) 0.25
Néu p>3, mapnguyéntdthi p—1 va p+11acac s6 chan do do
(p-1)(p+1)i4=2¢"4=¢’:2, ma g nguyén td = ¢ =2
Thay ¢ =2 vao p°—1=2¢" = p> =9= p =3 thod man
. . . =3
Vay tht c4 cdc sb nguyén tb p,q 1a {5 - 0.5
3.2 | Cho m,n, p,q 1a cic sd nguyén thod man (m+n+ p+g):30. Chimg minh ring 1,5)
1,5 :
cg‘iém) (m5+n5+p5+q5):30
Ta co: m5—m—m(m4—1):m(m—1)(m+l)(m2+1)
—m m— 1 m+1 (m2+1)
=m(m—1)(m+1)(m* —4+5)
= ( )(m+l)(m 2)(m+2)+5m(m—1)(m+1) 0,25




Tacé m(m—1)(m+1)(m—2)(m+2) latich cua 5 s6 nguyén lién tiép nén chia hét cho 2, 3 va
5
Sm(m —1)(m + 1) 1 tich ciia 5 va 3 s6 nguyén lién tiép nén chia hét cho 2, 3 va 5

Ma UCLN(2,3,5)=1 nén m(m—1)(m+1)(m—2)(m+2):30 va 5m(m—1)(m+1):30.Dodo6 | 0,5
m(m—=1)(m+1)(m—2)(m+2)+5m(m—1)(m+1):30 = (m* = m):30
(n5 —n)530
Chimng minh tuong tu ta dugc ( p - p)§30
(4°-q):30 0.25
Do d6 (m5+n5+p5+q5)—(m+n+p+q)f30 ma (m+n+p+q):30.
Vay <m5+n5+p5+q5)f30 0,5
4 Cho tam gidc nhon ABC véi AB < AC nji tiép duong tron(0). Goi BH va CQla hai | (7,0)
dudng cao ciia tam gidc ABC. Tiép tuyén tai B va tai C ciia dwong tron (O) ciit nhau
tai M . Poan thing OM ciit BC va cit dwong tron (O) 1an lugt tai N va D. Tia 4D
cit BC tai F; AM cit BC tai E va ciit duong tron (O) tai diém thi hai1a K khac 4.
X
B
0
A
E
G
E H
4 S
M D N 0
C
?22 Chirng minh rang: AB.KC = AC.KB va ABM = AHN . (2,5)
didm ) | Trong (O) co: MBK = BAK ( goc ndi tiép va goc tao boi tia tiép tuyén va ddy cung chin BK
) ——— ——— ———
Xét AMBK va AMAB ¢6: MBK = BAK va chung BMK = AMBK va AMAB dong dang.
BK MB 0,5
=2 ) ’
AB MA
. 3 CK MC
Tuong tu chirng minh dugc AMCK va AMAC dong dang. > —=——- (2
gt g : gdang. =-—==—— (2) 0.5
Do MB; MC 1 tiép tuyén ctia duong tron (O) nén MB=MC (3) 0,25
BK CK
Tu (1), (2) va(3) suyra —=——= AB.CK = AC.BK
(1), (2) va (3) suy 1B AC 0,5
0,25

Trong (O) co: ACB = ABx ( goc ndi tiép va goc tao boi tia tiép tuyén va day cung chén AB
)

Cod MB=MC;0B=0C = OM 1a dudng trung truc cia BC = N 1a trung diém cta BC




Do BH 1a dudng cao ciaAABC nén ABHC vudng tai H, ma N 1a trung diém ctia BC nén

NB=NC = NH nén ANHC cin tai N = NHC = ACB . Do d6 NHC = ABx 0,25
Ta c6 NHC + AHN =180°; ABx+ ABM =180°; NHC = ABx = AHN = ABM 0,25
;225 Goi / 1a tam duwdng tron ngoai tiép tam giac AFN . Chirng minh IOM + ADN =180° (2,5)
dicm) | Ké tia MO cit duong tron (O) tai diém thit hai 1a S khac diém D => SN L BC => FNS =90°
n \ \ \ , 0,5
= N thudc duong tron duong kinh FS
Trong (O) co: DAS =90° ( goc ndi tiép chén nira duong tron) hay FAS = 90°
= A thugc duong tron duong kinh FS 05
Do d6 4 diém 4,F,N,S cung thuoc duong tron duong kinh FS . Suy ra tim / ctia dudng tron
ngoai tiép AAFN 1a trung diém cia FS 0,5
Trong ADFS c¢6 I 1a trung diém cta FS ; Ola trung diém ctia DS = OI 1a duong trung binh | 0,5
= OI//DF = OI//AD = IOM + ADN =180° 0,5
4.3 Qua £ ké dwong thing vudng goc véi BC cat OH tai G.Chirng minh ba diém 4,G,N | (2,0)
(2,0 | thang hang.
diém) A A :
Goi G'la giao diém cua AN va QH
AH AB
Chimg minh dugc AABH va ABMN dong dang = ——=-—"— ma NB=NH
BN BM’
= AR =£ ma AHN = ABM suy ra AAHN va AABM d6ng dang.
NH BM
Do d6 NAH = MAB hay G'AH = EAB  (4) 0.5
AQ AC . A
Chung minh dugc AAQC va AAHB dong dang = — ="— suy ra AAQH va AACB dong
AH AB 0.5
dang. Do d6 AHO = ABC hay AHG'= ABE (5) ’
Tir (4) va (5) suy ra AAHG'va AABE dong dang = 4G = AH ma AR _ AN (do AAHN
AE  AB AB  AM
AG' AN .
va AABM ddng dang ) = ——=-"" . Theo dinh li Ta-1ét dao suy ra EG'//MN 0,5
AE  AM
Tacdé EG//MN (vicung vudng goc v6i BC). Do d6 E,G,G'thang hang, ma G,G'e QH suy
ra G' va G tring nhau. Vay ba diém 4,G, N thiang hang. 0,5
5.1 | Lay 2018 diém phan biét & mién trong ciia mjt ngii giac 10i cung v6i 5 dinh cua ngii giac
(1,0 | ta dwoe 2023 diém phén biét sao cho khong c6 ba diém nao thang hang, Biét dién tich ciia
diém) | ngi giac 1a 1 don vi. Chirng minh rang ton tai mot tam giac c6 3 dinh Iy tir 2023 diém da | (1,0)
cho c6 dién tich khong vuot qua don vi.
Noi cac diém trong 2023 diém d3 cho tao thanh cac tam giac d6i mot chi chupg nhjéu nhat mot
canh, phu vura kin ngii gidc. Gia st ¢6 n tam giac dugc tao thanh. Khi d6 tong tat ca cac goc
cua n tam giac nay 13 ».180° 0,25
Tong trén c6 thé tinh thong qua nhiing téng sau :
-Tong cac goc xung quanh mot diém trong ngii gidc 1a 360° ma c6 2018 diém trong ngii giac
do d6 tong sb do 1a 2018.360°.
- Tong céc goc tai 5 dinh clia ngil giac 1a 3.180° 0,25
Do d6 ta c6 n.180° =3.180" +2018.360° = n = 4039 0,25
Nhu vay ta co 4‘039 tam giac d61 mot chi chung nhiéu nhat mot canh tao thanh tir 2023 diém
phan biét nhu deé bai phu kin hinh ngii gidc. Vi dién tich cua ngii giac 1a 1 don vi nén luén ton | 0,25

tai mot tam giac c¢6 dién tich khong vuot qua don vi.




5.2 | Xét a,b,c 1a cac sb thwe dwong théa man a+b+c > 3. Hiy tim gia tri 16n nhét cia biéu
(10 | e PSSR BN 1,0)
diém) a’+b+c a+b’+c a+b+c’

Taco: x(y—l)220 vol x,y >0
:xyz—2xy+xZO:>xyz+)622xy::>x2+yz+xy2+x2(x+y)2
:yz(x+1)+x(x+1)2(x+y)2:>(y2+x)(x+1)2(x+y)2
= 21 < x+12.D§ngth1'rcxéyrakhiy:1

y +Xx (x+y) 0,25
Viy < ) wixyso
y +x (x+y)
Ap dung BDT (*) ta c6 : — g bredl
a +b+c (a+b+c)
1 < a+c+1 .
a+b’+c (a+b+c)2
1 < b+a+l
atb+c’ " (a+b+c)
Cong theo vé ba bat ding thirc trén ta dugc
1 1 1 2(a+b+c)+3
- T 2 + 7 S 2 0,25
a+b+c a+b +c a+b+c (a+b+c) ,
) . 2(a+b+c)+3
Ta chiing minh —<1
(a+b+c)
. . 2(a+b+c)+3 2
That vay : > Sl<:>(a+b+c) —2(a+b+c)—320
(a+b+c)
< (a+b+c+1)(a+b+c—3)>0 luon ding do a+b+c>3
1 1 1 2(a+b+c)+3
Suyra Q=— + —+ =< —<1 0,25
a’+b+c a+b +c a+b+c (a+b+c) ’
a+b+c-3=0
a=1
Vay GTLN cua Qla 1 khi Sa=b=c=1
b= 0,25
c=1
Chu y:

- Néu thi sinh lam dung ma cdch giai khac véi dép dn va phi hop kién thirc ciia chwong trinh THCS thi 16
cham thong nhat cho diém thanh phan dam bao tong diém nhuw hudng dan quy dinh.
- Tong diém toan bai khong lam tron.

Hét




	SỞ GIÁO DỤC VÀ ĐÀO TẠO
	ĐỀ THI CHỌN HỌC SINH GIỎI 
	NAM ĐỊNH
	NĂM HỌC 2022 - 2023
	Môn: Toán – Lớp: 9 THCS.
	 Thời gian làm bài: 150 Phút. 

