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— - Mon thi: Toan
DE CHINH THUC Thoi gian 1am bai: 180 phit (khong ké thoi gian phat dé)

(Dé thi ¢6 01 trang)

Céu 1. (4,0 diém)
o x , . . 2017 ol . ..
Cho day so (xn) xac dinh boi: z, = 2017z = — Zxk (n > 1). Tim gidi han:

n =0

2017
n?y 2"z, +5
k=0

—2018n> +4n —3

L =1lim

Céu 2. (4,0 diém)
Tim tat ca cac ham s f: R — R thoa mén diéu kién:
zf(z +zy) = af(z) + f(2*) f(y), Y2,y €R.
Cau 3. (5,0 diém)

Cho tam giac ABC ndi tiép duong tron (O), c6 truc tim H. Goi M, N, P la trung
diém ciia BC,CA, AB. Puong tron duong kinh AH va duong tron (O) cat nhau tai T = A.
AT cit BC tai Q. NP cit tiép tuyén tai A ctia dwong tron (O) tai R.

a) Chirng minh ring QR vudng goc OH.

b) Puong thang dbi ximg véi HM qua phan giac trong goc BHC' cat doan thang BC
tai 1. Goi K 14 hinh chiéu ctia A trén HI. Chting minh rang dudng tron ngoai tiép tam giac
MIK tiép xtic véi duong tron (O).

Cau 4. (3,0 diém)

(3n)!

nl(n+1)!(n+2)!

Tim tat ca céac gia tri ty nhién cua n dé biéu thirc A = co gia tri
nguyeén.
Céu 5. (4,0 diém)

a) Cho S 1a tap gdm 2017 s6 nguyén t6 phan biét va M 1a tap gébm 2018 s tu nhién
phan biét sao cho mdi s6 trong M déu khong 1a s6 chinh phuong va chi co udc nguyén tb
thuéc S. Chirng minh ring c6 thé chon ra trong M mot sb s6 co tich 1a mot sé chinh phuong.

b) C6 32 hoc sinh tham gia 33 cau lac bd, mdi hoc sinh c6 thé tham gia nhiéu ciu lac bd
va moi cau lac bo c6 diing 3 hoc sinh tham gia. Biét réng khong c6 2 cau lac bd nao c6 3 hoc
sinh gidong nhau. Ching minh rang c6 2 cau lac b chung nhau dung 1 hoc sinh.

Hét

Thi sinh khong duwoc su dung tai liéu. Can bo coi thi khong giai thich gi thém.
Hovatén thi Sinh:...........ccc..ooooeveeeeiiieieeiiieeeeeeiee e, S6 béo danh : ...
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Tim tat cd cac ham s6 f:R — R thoa mén diéu kién
X (x+xp) =xf (x)+ f(x*) (), Vx,y € R.

4,0

Trong (1) cho z = y = 0 ta dugc f(0) = 0.
Trong (1) cho y = —1 tacéd af(x) + f(z°)f(—1) = zf(0) = 0,Vz € R. (2)

Trong (2) cho x = —1 tacod f(1)f(—1) — f(—1) = 0= f(—1) =0 hoac f(1)=1.

0,5

- Néu f(—1) =0 thitir (2) tasuy ra zf(z) = 0Vz € R trdo suyra f(z) = 0,Vz € R.

0,5

- Néu f(1) =1, trong (2) cho = = 1 ta thu dugc f(—1) = —1. Tir d6 (2) trd thanh
f(a*) = 2f(z), Vo €R. (3)

Trong (1) ta cho y =1 ta c6 zf(2z) = xf(z) + f(2*)f(1),Vr € R& f(22) = 2f(z),Vz € R.

0,5

Tur (1) va (3) ta duoe f(z + zy) = f(z) + f(2)f(y),Vz,y € R. (4)

Trong (4)ldy 2 =1 taco f1+y) =1+ f(y),Vy € R.

Trong (4)ldy 2 = —1 taco f(—1—y) = —1— f(y),Yy € R.

Dodé f(—1—1y)=—f(1+9)Vy € R hay f la ham so I¢.

Trong (4) thay y bdi —y va st dung tinh 1é ctia ham s ta co

[z —zy) = f(z) + f(2)f(—y) = f(z) = f(2)f(y),Yz,y €R (5)

Cong theo vé (4), (5) tacod f(z + zy) + f(z — ay) = 2f(z) = f(2z),Vz,y € R.
Hay f(a +b) = f(a) + f(b)Va,b € R (6).

That vay: (6) hién nhién ding v6i a + b = 0.

a+b
o r+ay=a , T = 5
Véimoi a,b ma a+ b = 0 tacohé c6 nghiém la , tr do
r—axy=>= y_a—b
a+b

f(a)+ f(b) = f(a +b). Do do (6) dung.

Taco f((z+1)°)=(z+1)f(x +1) = (z +1)(f(z) + 1)

Va f((x + 1)) = f(2* + 22 +1) = f(2°) + f(2z) + f(1) = af(z) + 2f(z) + 1.
TU hai diéu trén ta ¢6 zf(z) + 2f(2) + 1= (z +1)f(z) + 2 +1 Yz € R hay
flz)=zVx e R

2,0

Thir lai ta c6 f(z) = 0Vz € R hodc f(z) = zVz € R 1a tat ca cac ham s can tim.

0,5




Cho tam gidc ABC noi tiép duong tron (O), ¢6 truc tim H . Goi M, N, P la trung diém
cia BC,CA, AB. Puong tron duong kinh AH va duong tron (O) citnhautai T # A. AT
cit BC tai Q. NP cit tiép tuyén tai A cta dudng tron (O) tai R.

a/ Chimg minh rang OR vuéng goc OH. 5,0
b/ Pudng thang d6i xting véi HM qua phan giac trong goc BHC cit doan thang BC tai [.

Goi K 1a hinh chiéu cia A4 trén HI. Ching minh rang duong tron ngoai tiép tam giac

MIK tiép xtic véi dudng tron (O).

a/ Goi A, B,C| la chan duong vudng

goc ké tir 4, B, C cua tam giac ABC.

Khi d6 AT, BC, B,C, dong quy tai O

( do tinh chét tam dang phuong ciia

ba duong tron (0),(AH),(BC). (ki

hiéu (AH),(BC) la duong tron 1,0
duong kinh AH, BC)

Tacdo RA*> = RP.RN va QT.QA = QB.QC, dodo R,Q co cung phuong tich dbi voi duong

tron (O) va dudng tron Euler ( duong tron 9 diém qua P, N, B,C)). 1,0
Ta da biét tim duong tron Euler 1a trung diém OH nén RQ L OH. 1.0
b/ Ta chung minh bai todn trong truong hop nhu hinh vé, cac truong hop khac ching minh
tuong tu.

Goi AH cit (O) tai D khac 4, AE 1a duong kinh cta (O).

Truge tién ta c6 H va D d6i xtng nhau qua BC va t gidc HBEC 14 hinh binh hanh dong thoi

cac diem 7, H, M, E thang hang.

Taco HIA = HAK = KTH = KTM do d6 T, I, M, K cung thuoc mot dudng tron.

Ta chimg minh 7, /, D thang hang. That vay goi 7D cit BC tai J. Khi d6 do tinh ddi xtmg thi 20

BHJ = BDJ = BDT = BET = BEH = FHC , do d6 J trung véi 1.

Goi Tx la tiép tuyén tai T cta (0). Khi d6 «TD = TED = TMI do d6 Tx ciing 1a tiép tuyén
cta dudng tron ngoai tiép tam gidc 7M1 hay Tx 1a tiép tuyén ctia dudng tron ngoai ti€p tam giac
MIK.

Hay Tx 1a tiép tuyén chung ciia hai dudng tron (O) va duong tron ngoai t iép tam giac MIK, ta
c6 dieu phai chung minh.




(3n)!

Tim tit ca cAc gia tri ty nhién cua 71 dé biéu thirc 4 = c6 gia tri nguyén. 3,0
nl(n+1)(n+2)!
RO rang n = 0,1,2,3 khong thdéa man.
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Vay tat ca sO tu nhién ™ can tim1a 7 = 4




a/ Cho S 1a tap gdm 2017 s nguyén td phan biét va M 1a tap gdm 2018 sb tu nhién phéan biét
sao cho mdi sd trong M déu khong 1a s6 chinh phuong va chi ¢ udc nguyén té thuoc S.
Chung minh rang co thé chon ra trong M mot s6 s o tich 1a mot s6 chinh phwong.

b/ C6 32 hoc sinh tham gia 33 cau lac bo, mdi hoc sinh ¢ thé tham gia nhiéu cau lac bd va moi
ciu lac b co ding 3 hoc sinh tham gia. Biét ring khong c6 2 cau lac bd nao c6 3 hoc sinh
gidng nhau. Chirmg minh ring c¢6 2 ciu lac bd chung nhau dung 1 hoc sinh.

4,0

a/ S tap con phan biét khac tap rong cia M 1a 2" 1.

Goi cac tdp condo l1a M|, M,,...M ., va a; latich phan tir cia M.
Gia strcac phantircia S 1a p, < p, <...< Pyys-

NT L kK, K, ,
Ta viet céc tich a; dudi dang a, =bp" p,*...py1y trong d6 k, € {0;1}.

Taco 2°° —1 bd (k, .k, ,....k, ), vado k, €{0;1} nén c6 t6i da 2*"" bd phan biét.

0.5

Do d6 ton tai 2 bd trung nhau, gia st 2 b d6 tmg vé1 hai tich a,,,a, .

Khi do tich a,.a, 1a sO chinh phuong. Bay gio ta chi can bo cac phan tir thudc giao ciia M , va

M tacon lai cac phan tir khac nhau ma tich 1a mot sé chinh phuong.

Do do6 bai toan dugc ching minh.

1,0

b/ ,Gié §fr khong c6 2 cau lac bd nao chung nhau dﬁng 1 hoc sinh N

Neéu moi hoc sinh tham gia dung 3 cau lac b0 thi c6 tat ca 32 cau lac by, mau thuan.

Suy ra c6 hoc sinh tham gia nhi€u hon 3 cau lac bd, gia sir la A tham gia cau lac b thu 1, 2, 3
va4

0,5

Xét cau lac bo dau tién c6 A, B va C.

Cau lac bd thir 2 c6 dang 1 trong B hoac C, gid st la A, B va D.

Néu cau lac bo thtr 3 khong c6 B thi phai ¢6 ca C va D, nghia 13 c6 A, C va D.
Khi d6 khong tdn tai cach chon ciu lac bo thi 4.

Suy ra cau lac bd thtr 3 c6 B, khi dé c6 A, B va E.

Lap luan tuong tu ta suy ra cau lac bd co6 A thi c6 B va nguoc lai ¢6 B thi co A.

1,0

Gia su A tham gia k cau lac bg thi B ciing tham gia k& cau lac bo.

MB&i hoc sinh con lai chi tham gia nhiéu nhét 1 trong k ciu lac bo nay va néu hoc sinh d6 cing
cau lac bd voi A, B thi khong tham gia cau lac bo nao nira (néu C tham gia 1 cau lac bd khac
thi cau lac b d6 chung véi A, B, C dung 1 hoc sinh C, trai gia su).

Ltc nay con 30 — & hoc sinh tham gia 33 — & cau lac bd.

Lap luan lai tir ddu (do 30 — k nho hon 33 — k), ton tai hoc sinh tham gia nhiéu hon 3 cau lac bo.
Qua trinh dién ra vo han, diéu nay 1a vo 1i do ta c¢6 hitu han hoc sinh va hitu han cau lac bd.

Bai todn ¢é thé téng quat: Co n hoc sinh tham gia n + 1 cau lac bo, maéi hoc sinh ¢ thé tham
gia nhiéu cdu lac bg va méi cdu lac bé c6 ding 3 hoc sinh tham gia. Biét rang khong cé 2 cdu
lac bé nao ¢é 3 hoc sinh giong nhau. Chirng minh rdang cé 2 cau lac bé chung nhau ding 1 hoc
sinh.

1,0

1. Huéng dan chim nay chi trinh bay so luoc mot cach giai. Bai 1am ctia hoc sinh phai chi tiét, 1ap luan

chit ché, tinh toan chinh x4ac méi dugc tinh diém tdi da.

2. Véi cac cach giai diing nhung khac dap an, t6 chim trao doi va thong nhét diém chi tiét nhung khong

3. Diém toan bai 1a tong so diém cua cac phan da cham, khong lam tron diém.

dugc vuot qua sd diém danh cho bai hodc phan d6. Moi van d& phat sinh trong qua trinh chim phai duoc trao
doi trong to cham va chi cho diém theo sy thong nhat cua ca to.
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