SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI CAP TINH

LANG SON LOP 12 NAM HQC 2021 - 2022
Mon thi: TOAN 16p 12 CHUYEN ‘
PE THI CHINH THUC Thoi gian: 180 phut (khong ké thoi gian giao dé)

(Dé thi gom 01 trang, 05 cdu)

(mﬂc)(m—y):l

Céu 1 (4 diém). Giai hé phuong trinh .
3Jx+2y—2+xx-2y+6 =10

u,=a>0
Céu 2 (4 diém). Cho ddy sb dc dinh boi '
au 2 (4 diém) 0 day so (un) Xac dinf bot un+1:23 ,VnzlneN
+u

a) Chimg minh rang |u, —1|< %|a —1| véimoi n>1,neN vaday sé (u,) co gioi han.

b) Tim tatcéac gia tricua a d€ u,,,, >u,, , va u,, , <u,, vé6imoi k>1Lk eN.

Céu 3 (4 diém). Cho ham sé f:R — R théa man:
f(xf(x)+f(y))=y+f2(x) véimoi x,yeR (1).
a) Giastrrang f(0)=0, ching minh rang f(x) la song 4nh.

b) Tim f(0) va tat ca cdc ham s6 thoa man (1).

Cau 4 (6 diém). Cho tam giac ABC c¢6 ba duong cao AD,BE,CF cat nhau tai H. Goi S,T lan
luot 1a trung diém cua AB, AC. Puong thflng ST cat BE,CF lan luot tai M, N .
a) Ching minh rang duong thing ndi tdm hai dudng tron ngoai tiép cac tam giac
MTH ,NSH vubdng gbéc véi AH .
b) Goi P,P' lan luot 1a anh ddi xung cia B,E qua CH . Goi Q,0' lan luot 13 anh ddi xung
ciia C,F qua BH . Ching minh rang P,Q, P',Q" dong vién.
¢) Chtng minh rang tam duong tron ngoai tiép tam giac HPQ nam trén duong thang Euler

cua tam giac ABC.

CAu 5 (2 diém).
a) Cho so nguyén duong n. Tim sO nguyén duong k& nhd nhat thoa man tinh chat: khi lay ra
k phan tir phan biét bat ki tir tip hop {1;2;3;...;2n} (gdm 27 sb nguyén duong lién tiép)
thi ludn c¢6 2 phéan tir dugc 1y ra ma sé nay chia hét cho sd kia.
b) Ching minh rang ton tai vo han s6 nguyén duong n sao cho udc nguyén t 16n nhat cia
n* +116nhon 2n.
Het
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HUOGNG DAN CHAM THI MON TOAN LGP 12 CHUYEN
(Huong dan cham gom 05 trang)

Chi y: Nhirng cach giai khac HDC ma ding thi cho diém theo thang diém da dinh.

Noi dung

Piem

(\/erx)(m—y):l (1)

3Jx+2y-2+xx-2y+6=10 (2)
x+2y-2>0
x=2y+620

Nhan xét tir (1)c6 /1> +1-y>0VyeR.

Vay (1) <:>\/x2+1+x=\/2_;=,/y2+1+y
y+l-y

Didu kién {

1,0

Xéthamsd f ()= +1+¢
N+

Cof'(1)= ml >0,VteR= f(t) laham s6 dong bién, lién tuc trén R.

Vay phuong trinh f(x) =f(y) Sx=y

1,0

Khi 46(2) < 3V3x=2+x/6-x =10 < 3(\3x-2-2)+(x-2)V6-x +2(V6-x-2)=0

©%+(“2)m+\7é—f—ﬁzo

9 2
) g 0 O

1,0

9
V3x—2+2

Pidukién: x<6=3x-2+2<6= z%.

Mat khic ——— <2 1.

J6—-x+2 2

DodéL+ 6—x2%>12 2

N3x—-2+2 NO—x+2
9 2 3
> ——+J6—x——=—>0,Vxe| ;6.
V3x—-2+2 NO—x+2 {2 }

Tir d6: (3) < x=2=y (TMDK). Vay hé c6 nghiém duy nhat (2;2).

1,0

@a

u=a>0

Cho day s6 (u, ) xéc dinh boi 3
u

,Vn>l,neN

n+l

:2+un
1

S la—1| véimoi n21,neN vaday sb (u,) c6 gioi

a) Chimng minh rang u, -1 <

han.
b) Tim tatcac giatricua a dé u,,,, >u,, , va u,,,, <u,, voimoi k>1,keN.




a/ D@ thy rang u,>0,vneN,n>1.

. 3 u, -1 1 . 1,0
Tacou,, —1= 2ru —1,suyra |u,, —1|=un—+2|35 u, —l| (viu,>0)
-1
Do d6 un+l—1|=:‘:—+2|g%un—1| S2—12un_1—1|s. S2—1}1u1—1|=%|a—1| suy ra
1 1,0
u, —1|SF|G—1| (*)
Luuy v6i a=1=>u, =1,Vn>1 thi bat dang thirc vin ding tré thanh déng thirc |u, —1|=0.
Ta thiy ring lim%|a —1| =0, theo (*) va nguyén li kep thi suy ra
o 1,0
1im|un—1|=0:1imun =1.
b/ D& thiy
3 3 6+3a 6+3a 2a*—4a+6 —2(a-1)(a+3)
Uy =——;3uU, = = U, —u, = —a= =
2+a 24 3 T+2a 7+2a 7+2a (7+2a) 0,5
2+a
Do d6 u; >u; & —2(a-1)(a+3)>0=a<l .
Xétham sd f(x)= 3 = f'(x)= —;2 <0,Vx >0 nén ham s6 nghich bién.
2+x (2+x)
Viu,, =f(u,)nénsuyra u, = f(u,)<f(u,)=u,.
Gia sir rang u,,,, > u,, ,;i,, <i,, , thisuy ra 0,5
Uypin :f(“2n+1)<f(“2n71):“2n
, th én li ap thi ta co o > Uy 3 Uy, <
{HZM () > S () =10 eo nguyén li quy nap thi ta co u,,,, >y, 3y, <i,,
véimoi k e N,k >1. Vay a e(0;1) 1a diéu kién can tim.
3 | Chohimsé f:R—R vathéaman f(xf (x)+f(y))=y+/>(x) véimoi x,y R (1).
4d . .
“a a) Gia st rang f(O) =0, ching minh rang f(x) la song anh.
b) Tim tit cd cac ham s6 thoa man (1).
a/ Cho x =0 vao (1) ta duoc f(f(y))=y+f2(0)=y (*), 1o rang 1a y chay khip R nén Lo
/ 14 toan 4nh. ’
Giasitco f(x)=f(y)=f(f(x))=/(/(»)) két hop véi (*) thi suy ra x=y,viy f I L0
don anh. Do do6, f* 1a song anh. ’
b/ Cho x=0 vao (1) thi taduge f(f(y))=y+/>(0) (**). Suyra f la toan 4nh nén ton
tai ¢ sao cho f(7)=0.
Thay x=0;y=1¢ vao (1) thi ta duoc f(0)=¢+ /7(0). 1,0
Thay x=y=¢ vao (1)suyra f(f(t))=t+ /" (¢)=t.
Do d6 t:f(f(t)):f(0)2t+f2(0) suy ra f(0)=0.
Vay thi (**)suyra f(f(»))=y. Thay x boi f(x) vao (1) thi ta dugc
SN+ ) =y+[F(F )] = £ (f (x)+ £ (7)) =x*+y. 50 sanh v6i (1) | 0.5

suyra f7(x)=x". Tir ddy dén dén 2 truong hop f(1)=1 hodc f(1)=-1.




TH1: Néu f(1)=1, thay x =1 vao (1) ta dugc f(1+f(y))=1+y,do dé

(1+y)2=fZ(1+f(y)):(l+f(y))2 =1+21(»)+ /7 (y)=1+21(y)+)*, s0 sanh dau va
cubi clia day dang thirc thi f(y)=y.

TH2: Néu f(1)=—1, thay x=-1 vao (1) thi ta dugc f(-1+ f(y))=1+y, dodo 0,5
(1+y)2 zfz(—1+f(y)):[—l+f(y)]2 :1—2f(y)+f2(y):1—2f(y)+y2, so sanh dau
va cudi cua day dang thie thi f(y)=-y.
Do do, f(x) =x hoac f(x) = —x 14 tit ca cac ham s thoa mén bai toan.
4 Cho tam giac ABC c6 ba duong cao AD,BE,CF cat nhau tai H. Goi S,T lan luot 1a
©d trung diém ctia AB, AC . Puong thang ST cat BE,CF lan lugt tai M,N .
a) Chimg minh ring dudng thing ndi tdm hai duong tron ngoai tiép cac tam giac
MTH,NSH vuong goc voi AH .
b) Goi P,P' lan luot 1a anh dbi xtmg cua B,E qua CH . Goi 0,Q" lan luot 13 anh dbi
xtng ciia C,F qua BH . Ching minh rang P,Q, P',Q" dong vién.
¢) Chtng minh ring tdim dudng tron ngoai tiép tam giac HPQ nam trén duong thang
Euler ctia tam giac ABC .
1,0
a/ Dé thay rang ttr giAc BFHD ndi tiép nén FHD =180" - B.
Vi NS | BC nén NSD=180°—BDS .
D? théy tam gidc ABD vubng tai D nén SB =SD=SA= BDS=B. Lo
Do d6, NHD = NSD =180° — B nén tit gidc NSHD ndi tiép.
Tuong tu tl}i MTHD ndi tiép. Vay thi 4H la tryc dang phuong cia (MTHD),(NSHD) tic 10
la duong noi hai térp s€ vudng gboc voi AH . 9 ’
b/ Theo tinh chat doi xung truc CH , vi B, H,E thang hang nén anh doi xiing cua chung la
P',H, P thang hang. Tuong tu cho bd Q',H,Q thing hang 1.0
Theo tinh chat phép d6i ximg truc HP'= HE; HP = HB; HQ'= HF; HQ = HC . Chi y rang
BFEC ndi tiép, ta c6 HP.HP'= HB.HE = HC.HF = HQ.HQ' suy ra P,Q,P',Q' dong vién. | 1,0




¢/ D& thy rdng phép nghich dao tam H 1a I(H;HB.HE): P+> P',Q+> Q' nén dudng tron
(HPQ) bién thanh P'Q". Dé chimg minh tim ciia (HPQ) nim trén OH ta chi can chira
rang P'Q' L OH (*) 1a xong.

Chuyrang EF = FP'=EQ'; F,D,P' thang hang va E,D,(Q' thang hang, H 1a tam ndi
tiép tam giac DEF . Nén ta phat bicu lai (*) ¢ dang bai toan sau day:

Bé dé: Cho tam gidc ABC ndi tiép (O) va ngoai tiép (7). Ldy M, N trén céc tia CA, BA
sao cho CN = BM = BC . Khi d6, MN vudng goc vé1 Ol .

0,5
Chirng minh bé dé: Goi V' 1a trung diém ctia cung BC chira A.
Dé thay ABVM = ACVN suy ra VNC = BMV nén tir gidc AMVN noi tiép (7). Goi Q la
trung diém cung BC khong chira 4. Dé thay QI = QC, goi H la trung diém cia BC.
Ta co IQ/b = NCV . Chu ¥ hé thirc lwong tam gidc va O, H 14 trung diém cia QV,CB nén
o1 :QC:QC.CV:CH.QV:2 CH:Q:C_N_
Q0 QO QocCcv Qocv cv o crv o cr
Do do AIQO~ANCV:IO/\Q=]VV\C(1).Déth5y VAC =VBC =VCB = MAV nén suy ra 0.5

VM =VN va AVMN ~ AVBC.

Vay phép vi tw quay tdm ¥ bién M,N,(J ) B,C,(O) tic 1a JVO = NVC (2).

Két hop (1) va (2) suy ra JVO = 100 nén V7 || 10. Hon nita, 22 =YC YO _ o1 —yy,
ol VN VJ

do d6 VJIO 1a hinh binh hanh nén VJ || OI .

Tam giac VMN cannén MN LVJ . Vay thi MN L OI. )

Ap dung bo @€ cho tam giac DEF voi H 1a tam ndi tiép, tdm ngoai tiép 1a tdm Euler tuc la

trung diém cua OH . Suyra P'Q' L OH .

(e

a) Cho sb nguyén duong ». Tim sd nguyén dwong & nho nhat thoa mén tinh chét: khi lay
ra k phan tir phan biét bat ki tir tp hop {1;2;3;...;2n} (gdbm 27 s6 nguyén duong lién
tiép) thi ludn co 2 phan tir duge l1dy ra ma sé nay chia hét cho s kia.

b) Chimg minh rang ton tai vo han s6 nguyén duong n sao cho udc nguyén té 16n nhat
cta n* +1 16n hon 2n.




a/ Ta chira v6i k£ =n+1 thi luén thdéa man. That vay, viét cac sd tir 1 dén 2n & dang 2'.j
voi j 1€ voi j tu 1 dén 2n, vay chi ton tai dung »n so 1¢ j. Theo nguyén li Dirichlet thi
n+1 s6 dugc lay ra bat ki thi ludn ¢6 2 s6 c6 cung j tirc 1a 2 s6 nay c6 dang 2° j;2 j, néu
a>b thi2°ji2";.

0,5

S6 k<n+1 sé khong thoa man, cu thé trong tap {1; 2;...;2n} ta léy n phén tor la

{n +1n+ 2;...;2n} thi khong co s6 nao chia hét cho sd con lai, that vay xét hai s6 bat ki
n+a;n+b véi 1<a<b<n,giast n+b=k(n+a) véi k >2 thisuyra
k(n+a)£2n<:>(k—2)n+kaS0:>k<2 (vo 1y).

0,5

b/ Goi Q 1a tap cc wéc nguyén té ciia n +1 voi tat ca cac sd nguyén duong .
Néu tap Q 1a hiru han va chi gom céc uéc nguyén té p,, p,,.., p, thita xét so

A= (pl.pz...pk )4 +1, rd rang wdc nguyén tb p ciia s6 A nay khong thé tring véi cac

Dys Py P, VI A khOng chia hét cho Di» Dy P, - DO d0 tap Q 12 vO han.

0,5

Véi uéc nguyén to 1é p € Q ta ldy s m tuong timg dé m* +1: p, goi r 14 s6 du khi chia m

cho p,rdrangla O0<r<p.

Vi m* +1=0(mod p) = r* +1=0(mod p) (1), do d6 (p—r)' +1=0(mod p) (2)

Lay n 14 50 bé nhat trong 2s6 » vi p—r,chuyrang r# p—r vi p 1é, thisuyra
r+p-r

n<T=§ hay 1 p > 2n, hon nita theo (1) va (2) thita c6 n*+1=0(mod p).

Vi tdp Q 1a vo han nén suy ra ton tai v han »n.

0,5




