MQT SO TIEU CHUAN NHAN BIET TU GIAC NQI TIEP
Tiéu chuin 1. Diéu kién can va du dé bon dinh caa mot tir giac 16i nam trén
cling mot duong tron 1a tong sb do cua hai goc tir giac tai hai dinh di dién
bang 180°.

Diéu kién dé tu giac 16i ABCD nai tiép 1a: A+C=180° hoic B+D=180°
Hé qua: Ta gidc ABCD néi tiép duoc BAD = DCx
M@t s6 vi du

Vi du 1: Cho tam giac ABC vubng tai A.Ké duong cao AH va phan giac
trong AD cta géc HAC. Phan giac trong géc ABC cit AH,AD lan luot tai
M, N . Chtitng minh rang: BND =90° .

Phan tich va hwéng din giai: A

Taco MHD =90°. Néu MND =90°

thi tir giac MHDN noi tiép. Vi vay

thay Vi truc tiép chi ra goc

BND =90° ta s& di chitng minh B H D C
tr gidc MHDN noi tiép. Tuc 1a ta chimg minh AMN = ADH .

That vay tac6 AMN = BMH =90° -MBH, NDH =90° -HAD ma

MBH :%ABC,HAD :%HAC va ABC=HAC do cung phu véi goc BCA tur

d6 suy ra AMN =ADH hay t& giac MHDN néi tiép= MND = MHD =90°
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Vi du 2: Cho tam gidc ABC ¢6 3 gdc nhon néi tiép duong tron (O) ¢6 truc
tam 1 diém H. Goi M 1a diém trén day cung BC khong chira diém A ( M
khéc B,C). Goi N,P theo thir ty 14 cac diém ddi xing cia M qua Cac
duong thang AB,AC

a) Chung minh AHCP la tt giac noi tiép

b) N,H,P thang hang.

¢) Timvi tri caa diém M dé do dai doan NP 16n nhat.

Phan tich va huéng dan giai:

T

‘Q
N 8 N\
W
M
a). Gia sir cac dudng cao cua tam giac 1a AK,CI . Bé ching minh AHCP la

"

tir giac noi tiép ta s& chung minh AHC + APC =180° .Mt khéc ta c6

AHC =IHK ( déi dinh), APC = AMC =ABC ( do tinh déi xang va gdc noi
tiép clng chan mot cung). Nhu vay ta chi can ching minh ABC +IHK =180°
nhung diéu nay 1a hién nhién do tir giac BIHK la tir gi4c noi tiép.

b). Bé chitng minh N,H,P thang hang ta s& chirng minh NHA + AHP =180°
do d6 ta s& tim céach quy hai géc nay vé 2 goc dbi nhau trong mot tir giac noi
tiep. That vay
ta c6: AHP = ACP (tinh chét gdc noi tiép), ACP=ACM (1) (Tinh chat dbi
xung) . Ta thiy vai trd tir gidc AHCP giéng v6i AHBN nén ta ciing d&
ching minh dugc AHBN la tir giac noi tiép tir 46 suy ra AHN = ABN , mat
khéc ABN=ABM (2) (Tinh chit ddi xing) . Tir (1), (2) ta suy ra chi can
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ching minh ABM + ACM =180° nhung diéu nay Ia hién nhién do t& giac
ABMC noi tiép. Vay NHA + AHP =180° hay N,H,P thang hang.

Chu y: Puong thing qua N,H,P chinh 1a dudng thing Steiners cua diém
M. Théng qua bai todn nay cac em hoc sinh can nh¢ tinh chit. Puong thing
Steiners cua tam giac thi di qua truc tm cua tam giac d6 . (Xem thém phan
“Céc dinh ly hinh hoc ndi tiéng””).

c). TacO MAN =2BAM, MAP = 2MAC = NAP =2BAC . Mat khéc ta co
AM=AN= AP nén cac diém M,N,P thudc dudng tron tim A ban kinh
AM. Ap dung dinh ly sin trong tam gidc NAP ta co:

NP =2R.sinNAP = 2AM.sin2BAC . Nhu vady NP 16n nhat khi va chi khi
AM 6n nhat. Hay AM la duong kinh cia dudng tron (O)

Vi du 3: Cho tam gi4c ABC va duong cao AH goi M, N lan luot I trung
diém cua AB,AC. Puong tron ngoai tiép tam giac BHM cat dudng tron

ngoai tiép tam gidc CNH tai E. Chang minh AMEN la t&r giac noi tiép va
HE di qua trung diém cua MN . A

Phén tich, dinh hwéng cich giai: il

Pé chirng minh AMEN

4 tir giac noi tiép ta s& M | N
chiing minh: MAN + MEN =180°.
Ta can tim su lién hé caa cac goc
MAN; MEN Vi cac goc co san
cua nhirng ti giac noi tiép khac.

Taco
MEN = 360° — (MEH + NEH) ~360° — (1800 — ABC+180° — ACB) - ABC+ ACB

=180° - BAC suy ra MEN + MAN =180". Hay ti giac AMEN |la tir giac noi
tiép.

Ké MK L BC, gia sit HE cit MN tai I thi TH la cat tuyén cua hai duong
tron (BMH), (CNH). Lai c6 MB=MH=MA (Tinh chat trung tuyén tam
giac vudng). Suy ra tam giac MBH cén tai M= KB=KH=MK lu6n di qua
tam dudng tron ngoai tiép tam giac MBH . Hay MN la tiép tuyén caa
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(MBH) suy ra IM? =IE.IH, tuong tu ta ciing c6 MN | tiép tuyén cua
(HNC) suy ra IN* =IEIH do d6 IM=IN.
Xem thém phéan: “’Céc tinh chat cua cét tuyén va tiép tuyén’’

Vi du 4) Cho tam giac cAn ABC (AB=AC) P la diém trén canh day BC.
K¢ cac duong thang PE,PD lan lugt song song véi AB, AC(E e AC,D < AB)
goi Q 1a diém ddi xing v6i P qua DE . Chirng minh bén diém Q,A,B,C
cung thugc mot duong tron.

A

Phin tich dinh hwéng giai: D
Bai toan cd 2 gia thiét can luu .

D6 1a cac duong thang song song

Vi 2 canh tam giac , va diém Q

d6i xting véi P qua DE. H
Do do ta sé c0: AD=EP=EC=EQ B I~
va DP =DQ( Pay la chia khéa dé ta giai bai toan nay) P

Tur dinh hudng do ta c6 10i giai nhu sau: Do AD//PE,PD//AE = ADPE la
hinh binh hanh

— AE=DP=DQ. Mat khéc do P,Q ddi xing nhau qua

DE = AD=PE=EQ. Suy ra DAQE la hinh thang cdn = DAQ=AQE. Kéo
dai DE cit CQ tai H tac6 DAQ=AQE=PEH. Nhu vay dé ching minh
ABCQ néi tiép ta can ching minh: PCH + PEH =180° < PEHC I t&r giac
noi tiép. Mit khac ta c6: ECQ=EQC (do tam gidc EQC can),

EPH =EQH (Do tinh di xitng ) suy ra ECH = EPH «< EPCH & t& giac noi
tiép.
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Vi du 5) Cho tam giac ABC noi tiép duong tron (O). Dung dudng tron qua
B va tiép xdc véi canh AC tai A dyung dudng tron qua C va tiép xuc Véi
AB tai A hai duong tron ndy cit nhau tai D. Chang minh ADO =90°

Phan tich dinh hwéng giai:
Ta thay rang ADO=90° thi cc diém
A,D,O cling ndm trén dudng tron
duong kinh OA .Ta mong muén tim
ra dugc mot goc bang ADO=90°.
Diéu nay lam ta nghi dén tinh chat
quen thudc “’Puong kinh di qua trung
diém caa mot day cung thi vudng goc
vé6i day d6”. Vi vay néu ta goi M,N
1a trung diém ctia AB,AC thi ta s& co:
OMA =ONA =90°. Do d6 tir gidc OMAN noi tiép. Cong viéc con lai la ta
ching minh AMDO hoic ANOD hoic DMAN |a tir gidc noi tiép. Mat
khéc ta c6: ABD =CAD va ACD =BAD (Tinh chat géc tao bai tiép tuyén va
day cung) = ABDA va AADC dong dang nén ta suy ra DMA = DNC
= DMA + DNA = DNC + DNA =180° = AMDN nJdi tiép suy ra nam diém
A,M,D,O,N nam trén duong tron duong kinh OA = ADO = 90°

Vi du 6: Cho tam giac ABC vudng can tai A mot duong tron (O) tiép xdc
véi AB,AC tai B,C. Trén cung BC nam trong tam giac ABC lay mot diém
M (M#B;C). Goi L, H,K lan lugt Ia hinh chiéu cia M trén BC;CA;AB va
P 1a giao diém cua MB véi IK, Q 1a giao diém cua MC véi IH. Ching
minh PQ//BC.

Phan tich dinh hwong giai:
Dé ching minh PQ/ /BC

ta chirng minh MPQ =MBC
nhung tir gidc BIMK ndi tiép
nén MBC = MKI. Mat khac
AC latiép tuyén ciia (O) nén

ta c6: ACK=MBC va CIMH n
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ndi tiép nén ACK =MIH Nhu vay dé chitng minh PQ//BC ta can chang
minh MIH=MPQ. Tic Ia ta can chitng minh tir gidc MPIQ noi tiép . Déy
ring BMC =KMH =135°, PIQ=PIM +IMQ
=KBM+KCH=%sd(BM+MC)=450 suy ra dpcm.(Cac em hoc sinh ty
hoan thién loi giai)

Tiéu chuin 2: Tir gidc ABCD ngi tiép ADB = ACB

A
D

Vi du 1. Trén cac canh BC,CD cuia hinh vuéng ABCD ta lay lan luot cac
diém M, N sao cho MAN =45" . Puong thang BD cat cac duong thang
AM, AN tuong ung tai cac diém P,Q.

a) Chizng minh ring cac tir gilc ABMQ va ADNP noi tiép.

b) Ching minh ring cac diém M,N,Q,P,C nam trén cling mot dudng tron.

Loi giai: A B
a). Goi E la giao diém cia AN va BC. P
Cac diém M va Q nam trén hai canh M

EB va EA cuatam gidc EBA, nén tu giac
ABMQ 12 16i. Cac dinh A va B cling
nhin doan thang MQ dudi mot goc 45° .
Vi vay tt gidc ABMQ ndi tiép. D N C
Lap luan twong tu ta suy ra tir gidc ADNP noi tiép.

b) Tur két qua cu a, suy ra

ADP = ANP =45°, QAM = QBM =45 = NP L AM,MQ L AN . Tap hop cac
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diém P,Q,C nhin doan MN dudi mot goc vudng, nén cac diém nay nam
trén duong tron duong kinh MN..

Vi du 2). Cho diém M thudc cung nhd BC cia dudng tron (O). Mot duong
thing d & ngoai (O) va vudng goc véi OM; CM,BM cit d lan luot tai
D,E . Chitng minh riang B,C,D,E cling thuéc mot dudng tron.

Loi giai:
Ké duong kinh AM cit d tai N. Tacd ANE=ABE =90 nén ti giac
ABNE ndi tiép, suy ra BEN = BAN .

Mait khac BAN =BCM, A

do d6 BCM =BEN hay BCD =BED.

Vay B,C,D,E cung thuoc mot duong tron.

0
B C
§ E % E
N
D

Vi du 3) Cho tam gi4c ABC c6 cac duong cao AD,BE,CF dong quy tai H.
Goi K la giao diém cua EF va AH, M la trung diém caa AH. Ching
minh rang K 1a tryc tam cua tam giac MBC.

A

RBE=MSE (1).
Lai c6 KSC=CHD = AHF = AEK nén tir gidc KSCE ciirfg noi tiép, do do
MSE =RCE (2).Tur (1) va (2) suy ra RBE =RCE nén t& giac RBCE ndi tiép.

Lot giai:
Ly diém S d6i xang véi H qua AN
BC, R la giao diém cua KC véi MB.
Vi ME =MA =MH (Tinh chit trung F L/ K
tuyén), két hop tinh ddi xung cua diém H
S tac6 MSB=BHD = MHE = MEB
o s B c
nén tir giac MESB noi tiép. Suy ra \V
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Tir d6 suy ra BRC = BEC=90°. Trong tam giac MBC, ta c6 MK L BC va
CK LMB nén K la tryc tdm cua tam gidc MBC.

Vi du 4) Cho tam gidc ABC néi tiép dudng tron tam O . Pudong tron (O')
tiép xUc véi cac canh AB,AC tai E,F tiép xdc véi (O) tai S. Goi I latam
duong tron noi tiép tam giac ABC.Chung minh BEIS,CFIS la cac ti giac
noi tiép.

Loi giai:
Nhan xét: bai toan nay thuc chat 1a

dinh ly Lyness duoc phat biéu

theo cach khac;(Xem thém phan:

*Cac dinh ly hinh hoc néi tiéng’”)

Kéo dai SE,SF cit dudng tron (O)

tai E,F. Tacl cac tam giac OMS,

O'EF can tai O,0' nén
O'ESSFOMS=O0O'E//OM=0OM L AB
hay M 1a diém chinh giira cua cung AB.
Ké duong phan gi4c trong géc ACB cit
EF tai I, ta chitng minh I 1a tim dudng tron noi tiép tam giac ABC.

That vay ta c6: C,,M thang hang va ICS=MCS =MSx va IFS = EFS = MSx
nén ICS = IFS = tir gi4c IFCS | ttr giac noi tiép = EIS =SCF . Mt khac ta

gidc ACSB ndi tiép nén ACS+ ABS =180° = EIS+ ABS =180° hay tu gi4c
EISB noi tiép.

Cong viéc con lai la chung minh: 1B la phan giac trong cua goc ABC.

Vi EBI =ESI ma

0-A e -2 C_B pg

churng to 1B la phén giac trong cia géc ABC . Hay 1 la tdm vong tron noi
tiép tam gidc ABC

Chu y: Néu thay gia thiét diém I 1a thm vong tron noi tiép tam giac thanh.
Céc dudng tron ngoai tiép tam gidc FCS, SBS cit nhau tai 1 thi hinh thic
bai toan khac di nhung ban chét van 1a dinh ly Lyness. D& y rang: AAEF can
tai A nén ta dé dang suy ra duoc: I 1 trung diém ctia EF

ESI =1ISB - ESB = AEF —MSB =
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Vi du 5) Cho hai duong tron (O,),(0,) tiép x(c ngoai voi nhau. Ké duong
thang 0,0, cat hai dwong tron (0,),(0,) lan lugt tai A,B,C ( B latiép
diém ). Puong thiang A 14 tiép tuyén chung cua hai dudng tron vai cac tiép
diém tuong tng la D,,D, . Puong thang (A') 1a tiép tuyén véi (O,)qua C.
Puong thing BD, cit (A') tai E. AD, cit ED, tai M, AD, Cit BD, tai H.

Chung minh AE L MH. M
Phin tich dinh hwéng giai: N
+ Vi ED, LMA do géc AD,B
la goc noi tiépvchén nira dudng A D, | N
tron. Vi vay dé chitng minh AE 1 MH 22 |
ta phai chung minh AD, L ME, tuc la
tg f:hﬁng minh H la tryc t,élm cuatam , 5 5; c
giac MAE. Khi d6 ta sé co:
AD,E = AD,E
hay tir gidc AD,D,E 4 tr gidc ni tiép.
+ Goi N la giao diém ciia CD, va AM.

Xét tiép tuyén chung ctia (O;) va (O,) qua B cat (A) tai 1. Khi d6 ta cé:
ID, =IB=1ID, = ABD;D, vudng tai B, D;E//CN (cung vudng goc voi

BD, ). Do d6 BAD, =BD,D, (Goc tao héi tia tiép tuyén va day cung), mat
khac BD,D, =D;D,N (so le trong). Suy ra CAD, =ND,D, = AD,D,C la ttr
giac noi tiép. (1) Xét tur giac ED,D,C ta co:
ED, //CD,,BEC=IBD; ( goc dong vi). Suy ra ED,D, =D,EC suy ra tu giac
ED,D,C la hinh thang can nén noi tiép duoc (2). Tir (1), (2) tasuy ra 5
diém A,D,,D,,C,E clng thugc mot duong tron. Suy ra tir gidc AD,D,E noi
tiép duoc.

Vi du 6) Cho tam gidc ABC c6 hai dudng cao BD,CE cit nhau tai H goi I
| trung diém cua BC. Hai dudng tron ngoai tiép tam gi4c BEI va CDI cét
nhau & K, DE cit BC tai M. Ching minh t& gidc BKDM nai tiép.

Phan tich dinh hwéng giai:

Ta thiy ngay duong tron ngoai tiép cac tam gidc ADE,BEI,CDI s& cit nhau
tai diém K (Pinh Iy Miquel). Nhu vay ta sé thdy AEKD la ti giac noi tiép,
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mat khac tir gia thiét ta cling c6: AEHD la tir giac noi tiép. Nén suy ra 5
diém A,E,HK,D thuoc mot dudng tron duong kinh AH. Pay chinh 1a chia
khoa dé giai quyét bai toan .

Lai giai: Trudce tién ta chieng minh: tir gidc AEKD nai tiép (Ban doc c6 thé
tham khao & phan ’Céc dinh ly hinh hoc néi tiéng”*) Ta co:

A +B+C+EKC+ EKI + IKD =540°. Theo gia thiét

B+EKI=IKD+C=180" = A+ EKD =180" = tt gidc AEKD ndi tiép

= ADE = AKE, BD 1 AC,CE L AB= t& gidc BEDC ndi tiép = ADE=B.
Két hop v6i ADE = AKE duoC B = AKE = EKI + AKE = EKI + B =180°

= A,K,I thang hang.

ABDC la tam giac vudng nén ID=IC,IKDC la ti giac noi tiép nén ta co:
IKC=IDC=ICD, IKC=KAC+ACK (Tinh chit géc ngoai ),

ICD =1CK + KCD = KAC=ICK, ma KAD =DEK (chan cung DK)

= ICK = DEK => tir gidc MEKC ndi tiép = MEC = MKC . Theo két qua trén
suy ra IKC = AED = MEB, MEC = MEB + 90", MKC = MKI + IKC = MKI = 90°
= MK LKI= A,E,H,D,K nam trén duong tron duong kinh

AH =HK L Al =M,H,K thing hang.

Tu gidc DEHK noi tiép = HEK = HDK , ttr gidc MEKC noi tiép

= KEC = KMC = KMC = HDK = KMB = BDK = tir gidc BKDM ndi tiép.

Vi du 7) Cho hai duong tron (O,),(O,) cat nhau tai A,B. Kéo dai AB vé
phia B lay diém Mqua M ké hai tiép tuyén ME,MF véi dudng tron (O,)
(E,F la céc tiép diém) diém F,O, nam cuing phia so v6i AB. Buong thang
BE, BF cat dudng tron (O,) tai P,Q goi I 1a giao diém ciia PQ va EF.
Chang minh T 1a trung diém cua PQ.

Phan tich dinh hwéng giai:
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Pé y rang: Puong thang EFI cét ba canh tam giac BPQ lan luot tai IE,F.
QI EP FB
IP EB’ FQ

diém cua PQ ta s& chitng minh: % %—1. Bay gio ta s& tim cach thay thé

Theo dinh ly Menelauyt ta co: — =1.P¢é chang minh 1 la trung

cac dai lugng trong % % =1 (*) thanh cac dai luong twong duong dé
thong qua do ta co thé quy vé viéc chung minh tir giac noi tiép, hodc tam
giac dong dang. Xét dudng tron (O,) Vi cat tuyén M,B, A va hai tiép tuyén

FA _ EA

ME, MF . Ta c6 tinh chét quen thuoc: —— (Xem phan chim bai tap cat

tuyén va tiép tuyén). Tir d6 suy ra g = % thay vao (*) ta quy bai toan vé

churng minh: ED %=1<:> EP _EA < AEPA ~ AFQA nhung ta co:
FQ EA FQ FA

EPA =FQA g0c noi tiép chan cung AB. AEP = AFQ (tir giac AEBF noi
tiép) . Qua do ta c6 két qua can ching minh:
Céac em hoc sinh ty hoan chinh 1oi giai dya trén nhirng phan tich dinh hudng
ma tac giai vua trinh bay.
Néu khéng dung dinh Iy Menaleuyt ta c6 thé gisi theo cic khic nhw
sau:
Vi MF la tiép tuyén cia duong tron (O,) nén ta cd: MFB=FAB (Tinh chat
g6c tao boi tiép tuyén va day cung). Suy ra AMFB,AMAF dong dang

MF _FB

=>— Tuong tu ta cling c6: AMEB,AMAE ddng dang suy ra
MA FA

_ ME_EB 3 ME-MFo E:@ (1) , mat khdc AFE=ABE (chin
MA EA FA

cung AE) va ABE=AQP (do ta giac ABPQ noi tiép). Suy ra
AFE = AQP = AFIQ |a ttr gi4c ndi tiép, suy ra AFQ=AIQ= AFB=AIP, ta

BF PI()

cling c6: ABF=APQ suy ra AFBA,AIPA dong dang suy ra — AT AT
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QI _BE

Tuong tu ta chimg minh dwoc: AABE,AAQI ddng dang suy ra A AE
Ql :E<:>IP:IQ

(3).Tur (1), (2), B)suyra o=+

Vi du 8) Cho tam giac ABC. Duong tron (O) di qua Ava C cit AB,AC

theo thir ty tai K va N . Duong tron tm I ngoai tiép tam giac ABC va
duong tron thm J ngoai tiép tam giac KBN cat nhau tai B va M. Chang

minh BIOJ & hinh binh hanh tir d6 suy ra OMB vuéng.

Phin tich dinh hwéng giai:
Dé chiang minh BIOJ 1a

hinh binh hanh ta chieng minh
BI//OJ,BJ//OI.

Mt khac dé thay OI la trung
truc cua AC nén OI L AC.

Ta can chting minh BJ L AC,
viéc tim lién hé truc tiép 1a tuong
d6i kho vi vay ta nghi dén huéng
tao mot duong thang <*dac biét”’
vudng goc va4i BJ sau d6 chung
minh duong thang ndy song song véi AC tir d6 ta nghi dén dung tiép tuyén
Bx cua duong tron ngoai tiép tam giac BKN .

Khi d6 ta c6 : Bx L BJ va KBx =BNK (Tinh chit goc tao bai tiép tuyén va
mot day). Mit khac AKNC ndi tiép = BAC = BNK = MKx=A = Bx//AC.
Tt do suy ra BJ//OI.

Tuong tu: Tir B ké tiép tuyén By vai duong tron ngoai tiép AABC, ching
minh nhu trén ta c6: BI/ /O] = ta giac BIOJ la hinh binh hanh.

Goi Q la giao diém BO va I = QO =QB, IJ la trung truc BM (Tinh chat
duong ndi thm cua hai duong tron cit nhau).

— QM =QB = QM =0QB=Q0 = ABMO la tam giac vudng = OMB =90°.

Vi du 9) Cho hai duong tron (O,) va (O,) tiép xdc trong tai M (duong
tron (O, ) nam trong). Hai diém P va Q thudc dwong tron (O,) qua P ké
tiép tuyén véi (O,) cit (O;) tai B va D qua Q ké tiép tuyén véi (O,) cat
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(0;) tai Ava C. Chiing minh ring tm dudng tron ndi tiép cac tam giac

ACD,BCD nam trén PQ.

Phan tich dinh hwéong giai:
Vi gia thiét hai duong tron tiép xdc trong véi nhau tai digm M nén ta nghi
dén viéc tiép tuyén chung Mx

dé tan dung cac yéu té vé goc:

Bai toan nay lam ta nghi dén

dinh Iy Lyness ndi tiéng

( Xem thém phan cac dinh ly

hinh hoc ndi tiéng

(Pinh ly Lyness mé rgng) va cac
tinhchét quen thudc lién quan dén
chirg minh dinh ly nay la: MP la

’ . X M L
phan giac goc DMB, kéo dai MP cat (O,) tai E thi E la trung diém cua

BD ...
Tor nhitng dinh hwong trén ta suy ra cach gidi cho bai todn nhw sau:
+ Dung tiép tuyén chung Mx ciia hai dudng tron (O,),(0,) khi d6 ta co:

DPM =PMx = %sdPM y DBM =DMXx = %SdDM ma DPM =PMB +PBM (tinh

chat g6c ngoai cua tam giac), PMx=PMD+DMx =PMD=PMB =MP la
phan giac DMB, goi E 1a giao diém MP véi (O,) thi E 1a trung diém cia
BD = CE la phéan giac BCD.

+ Goi I 1a giao diém cia CE va PQ ta can ching minh DI la phén giac

cuan BDC.

Mt khac néu 1 1a tdm vong tron noi tiép tam gidc BCD thi ta s& co:
EI=ED=EB (Tinh chit quen thudc lién quan dén tdm vong tron noi tiép,
ban doc c6 thé xem thém phan ’gdc > & phan dau ) .

+Tacéd

ICM = %sdEDM - %(sdDM + sdDE) _ %(sdDM + sdEB) — DPM = EPB =

IQM = IQCM ndi tiép suy ra MIC =MQC ma MQC =MPQ =%deQ
(Tinh chét gdc tao bai tiép tuyén va day cung) suy ra
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MIC = MPQ = EPI = EIM = AEIM ddng dang AEPI = EI> =EP.EM, Tuong
tu ta ciing chimg minh dugc DPIM |4 tir giac noi tiép va ADEP ddng dang
V6i AMDE = ED? =EP.EM = ED=EI=EB = EDI=EID =1 14 tim dudng
tron ndi tiép ABCD.

+ Tuong tu, tAm caa dudng tron noi tiép AACD nam trén PQ.

Nhan xét: Di véi cac bai toan co gia thiét hai duong tron tiép xdc trong
vé6i nhau thi viéc ké tiép tuyén chung dé suy ra cac goc bang nhau va tir 6
phét hién ra cac ta giac noi tiép 1a mot huéng quan trong dé giai toan

Vi du 10) Cho tam giac vudng ABC(A = 900) va B <C tiép tuyén véi

duong tron ngoai tiép tam gidc ABC tai A cit canh BC kéo dai tai D

goi E la diém d6i xang cua A qua BC, H la hinh chiéu cia A trén BE.
Goi I 1a trung diém ciia AH duong thang BI cat duong tron ngoai tiép tam
gidc ABC tai K. Ching minh rang BD la tiép tuyén cua duong tron ngoai
tiép tam gidc ADK.

Phan tich dinh hwong giai:

Dé ching minh mot duong thang 1 tiép tuyén cua dudng tron thong thuong
ta chimg minh duong thang d6 vudng goc véi mot ban kinh tai tiép diém.
Muén lam duoc didu nay diéu kién can 1a phai xac dinh rd tam duong tron.
Nhung viéc lam nay 1a khdng dé& néu tam duong tron khong phai 1a diém
dic biét. Pé khic phuc kho khin nay ta thuong chon cach ching minh theo
tinh chét cua gdc noi tiép va gac tao bai tiép tuyén va day cung.

Tré lai bai todn: Bé chang minh BD la tiép tuyén cua dudng tron (AKD) ta

phai chirng minh: KDB=KAD.
+ Vi E la diém ddi xang cia A qua BC = DE la tiép tuyén cua duong tron
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ngoai tiép AABC = AE L BC va MA =ME. Theo gia thiét IA=IH nén
IM/ /BE = KIM = KBE =KAE = A,I, M,K nam trén mot duong tron
=IAM =IKM ; BAH = BAE -HAE = BKE-IKM = MKE (1)

Mit khac, ABE =EAD (chin cung AE);

BAH =90° - ABH=90" ~-EAD=ADM =EDM (2)

+ Tur (1) va (2) suy ra MKE = EDM = bdn diém M,K,D,E nam trén mot
duong tron = KDM = KEM =KEA =KAD = BD |4 tiép tuyén caa duong tron
ngoai tiép tam gidc ADK.

Tiéu chuan 3) Cho hai dwong thang A, A, cat nhau tai diém M. Trén hai
duong thang A, A, lan luot liy cac diém A,B va C,D khi d6 4 diém
A,B,C,D cung thugc mot duong tron khi va chi khi MA.MB =MCMD

Vi du 1) Cho dudng tron tam (O) duong kinh AB va duong thang A nam
ngoai duong tron (O) vudng goc VGi AB tai C. Ké cat tuyén CMN Voi
duong tron (O) , AM, AN cét A tai D,E. Chitng minh MNED néi tiép
duoc:

Phan tich dinh hwong giai:

0
B M

A E
C D
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Vi AMB =90° = BCDM |a tr giac noi tiép , suy ra AB.AC=AMAD (1) .
Tuong tu Vi g6¢ ANB =90° = BNE = BCE =90° hay tt gidc BCNE noi tiép,
tir d6 suy ra AB.AC=AN.AE (2). Két hop (1), (2) ta co:
AM.AD = AN.AE = MNED & tir giac noi tiép.

Vi du 2) Cho tam giac cAn ABC(AB=AC, A <90°) c6 duong cao BD. Goi
M,N,I theo thir ty 13 trung diém cia cac doan BC,BM,BD. Tia NI cit canh
AC tai K. Chitng minh céc tir gi&c ABMD, ABNK ndi tiép va

3BC% =4CA.CK

Giai: A
Do tam gidc ABC céntai A

nén AM 1 BC mat khac

BD L AC= ABMD la tir gi4c noi tiép.

Vi NI//:%MD:KchDMC,ta

cling c6 DMC =KAB (Tinh chit tir gi4c
ndi tiép) suy ra KNC = KAB
hay ABNK 4 tir giac noi tip. |
Ta co: By /-y
. N M

BC? = CA.CK < 3BC? =4CA.CK .

CA.CK =CN.CB ma CN:%CB:%

Vi du 3) Cho tir giac 16i ABCD c6 giao diém 2 dudng chéo 13 M . Puong
phan gi4c trong géc ACD cét BA tai K.
Gia st MAMC +MA.CD=MBMD. Chirng minh BKC =CDB

Phan tich dinh hwéng giai: K
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Tagoi N la giao diém cua CK va BD theo tinh chat duong phén giac trong

taco: NP D _ o MCEDN thay vao biéu thirc
NM CM M
MAMC +MA.CD=MBMD ta c0:
MC.DN MD

MB.MD = MAMC + MA.

= MA.MC.W < MAMC=MBMN. Do
M nam trong tir gidc ABCN theo tiéu chuin 3 ta c6: ABNC la ti giac noi
tiép nén ABD = ACK =KCD . Theo tiéu chuan 2 ta c6: BCDK Ia tir giac noi
tiép. Suy ra BKC = CDB

Vi du 4) Cho tam giac ABC. Buong tron (O) di qua Ava C cit AB,AC

theo thr ty tai K va N . Duong tron tm I ngoai tiép tam giac ABC va
duong tron thm J ngoai tiép tam giac KBN cat nhau tai B va M. Chung

minh OMB vudng. (IMO 1985)

Phin tich dinh hwéng giai:

Goi P la giao diém cua cac duong thang AC va KN.

Tacod KMA = BMA - BMK = BCA - BNK =KPA nén 4 diém M,P,A, K nam
trén mot duong tron. Ngoai ra ta cling ¢o

AMP = AKP =180 - ACB =180 - AMB (do ACNK la tir gi4c noi tiép) nén ta
suy ra diém M nam trén doan BP. Goi R la ban kinh cua duong tron (0)
Ta c6: BM.BP = BN.BC = BK.BA = BO* -R?va

PM.PB = PN.PK = PA.PC = PO? —-R? c¢dng ting vé hai dang thuc trén ta thu
dugc: BM.BP + PM.BP = BO? + PO? - 2R? < BP? = BO? + PO? —2R? . Khi d6
ta co:

2 2
2 _R2 2 _R2 2 2 op2 2 ~p2
BM2 — PM2 :(BO R J _[OP R J :(BO +PO* —2R*)(BO“ —OP”)

BP BP BP?
= BO? —OP?. Tir d6 suy ra OM L BP.
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o

Avc P

Chu y: Bé ching minh OM L BP ta da dung két qua: Cho tam giac ABC va
diém H nam trén canh BC. Khi d6 AH 1a duong cao khi va chi khi

AB? - AC? =HB? -HC?

That vay:

Néu AH 1a duong cao thi ta ludn c6: AB? — AC? =HB? —HC? (Theo dinh ly
Pitago). Nguoc lai: Néu ta cd: AB? — AC? =HB? —HC? (*), goi M 1a diém
trén BC sao cho AB? — AC? = MB? —-MC?. Tur d6 ta co:

HB? -HC? = MB? -MC? hay

(HB + HC)(HB — HC) = (MB + MC)(MB — MC) < BC.(HB — HC) = BC(MB - MC)
<HB-HC=MB-MC<M=H suy ra diéu phai chirng minh:

Ban doc c6 thé tham khio cach gii khac & vi du 8 Dau hiéu 2
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