CHUYEN DE
BAI 7: TINH CHAT PUONG TRUNG TRUC CUA MOT POAN THANG
Muc tiéu
% Kién thire
+ Phat biéu duoc dinh 1i thuin va dao vé tinh chit cac diém thudc duong trung tryc.
+ Kining
+ Van dung dugc cac dinh li dé giai toan.

+ Ung dung trong mot s6 bai toan thyc té.
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I. Li THUYET TRONG TAM
Pinh i 1
Diém nam trén dudng trung tryc cia mot doan thang thi cach déu
hai mut ctia doan thang do.
Pinh li 2
Piém cach déu hai mit cia mot doan thiang thi nam trén dudng
trung tryc ctia doan thang do.
MA = MB < M thudc duong trung tryc cia AB.
Tap hop cac diém cach déu hai diu mut ciia mot doan thang la

dudng trung truc cia doan thang dé.

II. CAC DANG BAI TAP
Dang 1: Vin dung tinh chét ciia dwong trung truc

4+ Phuwong phap giai

A =l }
” B

d 1l AB, HA=HB.

Med < MA=MB.

Str dung dinh 1i 1: Vi du: Cho hai diém 4, B nim trén duong trung truc cia
“Piém nam trén duong trung tryc cia doan thang CD.
mot doan thang thi cach déu hai mut Ching minh ACAB = ADAB.
ctia doan thang do”. Huong din gidi
A

C

AR D

Vi 4, B nam trén dudng trung truc cia doan thang CD (gia

thiét).
AC = 4D

=
BC=BD

thang).

Xét ACAB va ADAB c6
AC=A4D

(tinh chét duong trung tryc cua mot doan

BC=BD = ACAB = ADAB (c.c.c)

AB chung

4+ Vidu miu
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Vi du. Cho géc vuong x/O; . Trén cac tia Ox, Oy lan luot 13y hai diém 4, B (khong tring v6i O). Puong
trung tryc cia cac doan théng OA va OB ¢t nhau & H.

a) Ching minh ring 4, H, B thang hang.

b) Chirng minh H 1 trung diém cua 4B.

Huwéng dén gidi "
a) Ta c6 H thude trung truc cia OA, OB
= HA=HO = HB = AAHO, ABHO can tai H B
AHO=180° —240H , 3 = H
=>4 ____ (tong ba gdc trong tam giac)
BHO =180° -2BOH ol —

— AHB = AHO + BHO
~180° —2A0H +180° —2BOH
=360° —2(2071“3/0?1)
=360° —240B =360° —2.90° =180°.
Vay 4, H, B thang hang.
b) Tir két qua cdu a) c6 HA = HB va ba diém A4, H, B thang hang nén H 13 trung diém ctia AB.

<+ Bai tip tu luyén dang 1

Cau 1: Cho AMNP vuong tai M cé P =30°. Trén tia déi cta tia MP ldy diém O sao cho MO =MP .
Tinh sb do @ .

Pap an N
Tacd MQ=MP (gia thiét)
= M la trung diém ctia PQ. (1)
Lai c6 AMNP vudng tai M Q : E o
— NM L MP hay NM LPO. () M

Tir (1), (2) suy ra NM la trung tryc cia PQ => NQ = NP (tinh chit duong trung truc)
= ANQP can tai N (dinh nghia tam giac can).

L — — o~

— NOM = NQP = NPQ = NPM =30°.

Cau 2: Cho xOy =40°. Trén tia Ox liy diém 4, trén tia Oy liy diém X
B. Lay diém C sao cho OB la dudng trung truc cua AC.
a) Chiing minh AOAB = AOCB.
b) Tinh s6 46 AOC.
o0 L ’ y
Pap an

a) Ta co OB l1a dudng trung tryc ciia AC (gia thiét)
= 0A=0C, BA=BC (tinh chat dudng trung tryc cua mot
doan thang).
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Xét AOAB va AOCB co
0A=0C, BA= BC (chiing minh trén); OB canh chung.
Do @6 AOAB =AOCB (c.c.c)
b) Tur cau a) suy ra AOB = BOC = 40°
= AOC =80°.
Cau 3: Cho AABC vudng tai 4 co C = 60°. Trén tia déi cua tia AC liy diém D sao cho AC = 4D .
a) Chirg minh ABCD 1a tam giac déu.
b) Biét BC =2+/3 . Tinh d¢ dai céc canh AB, AC.
Pap an
a) Taco AC = AD (gia thiét). d

Ma BA L DC (AABC vuodng tai A) nén AB la duong
trung truc cua DC

— BD = BC (tinh chit dudng trung truc cia mot doan
thang). . 2.3

= ABCD can tai B.

Mit khéc C =60° (gia thiét) = ABCD ddu. B 60°
b) Ta c6 ABCD déu (chiing minh trén)

:CDchzzﬁ:CAz%)zﬁ.

Xét AABC vuong tai 4, ta cod
AB’ + AC* = BC? (dinh ly Pi-ta-go)

— AB=~/BC? - AC? :1/(2\/5)2 —(\/5)2 =J12-3=+9=3.

Dang 2: Chirng minh mét diém thudc dwong trung trwc. Chirng minh mot dwong thang 1a dwong
trung truc ciia mot doan thzzmg

+ Phwong phap giai

- Pé ching minh diém M thudc dudng Vi du: Cho doan thing 4B. Dung cic tam giac PAB
trung truc cua doan théng AB, ta dung dinh can tai P, tam giac QAB cén tai O (P, O nam khac
1i 2: “Piém cach déu hai mut ciia mot doan phia so véi AB). Chimg minh rang;

thang thi ndm trén dudng trung truc cia a) Piém P thuc dudng trung truc ciia AB.

doan thing d6” hoic dung dinh nghia b) PO la dudng trung truc cua AB.

duong trung tryc. Huéng déin gidgi

- Pé ching minh dudng thing d 1a duong
trung truc ctia doan thing 4B, ta ching
minh d chira hai diém cach déu 4 va B,

hodc dung dinh nghia dudng trung truc.
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Q
a) Ta c6 APAB can tai P nén PA= PB
= P thudc duong trung truc ciia AB (tinh chét duong
trung truc cia mot doan thing) 1
b) Lai c6 AQAB cén tai O nén QA4 =0B
= O thudc trung truc clia 4B (tinh chat dudng trung
truc cia mot doan thang). )

Tu (1), (2) suy ra PQ la duong trung truc cua 4B.

4+ Vidu miu

Vi du. Cho géc xOy (0° < xOy <90°), Ot la tia phan gidc ctia xOy va H 1a mot diém bét ki thudc tia Or.
Qua H lan lugt v& duong thang d va d' thoa méan d vudng goc voi Ox tai A, cit Oy tai C va d’ vudng goc
v6i Oy tai B, cat Ox tai D. Chirng minh rang;

a) OH 1a duong trung tryc ciia AB.

b) Piém H thudc dudng trung truc ciia CD.

Huéng din gidi

a) Xét AHAO va AHBO co Y

HAO = HBO =90° (vi HA L Ox, HB L Oy); ¢

HOA= HOB (do OH 1a phan giac x/O; );

OH canh chung. 0
\ A X
Do d6 AHAO = AHBO (canh huyén — goc nhon) D\

{OA =OB

= cac canh tuong Un
HA:HB( : g img)

= OH 14 trung truc ciia 4B (tinh chat dudng trung tryc ctia mot doan thang).
b) Xét AOAC va AOBD c6

OAC =0BD=90° (vi HA L Ox, HB L Oy);
OA = OB (ching minh trén); 0 chung.

Do @6 AOAC = AOBD (g.c.g) = OD =OC (hai canh tuong ing).
Xét AODH va AOCH co
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OD = OC (chung minh trén); HOD = HOC (do OH 1a phan giac @ ); OH canh chung.
Do d6 AODH =AOCH (g.c.g) = HD = HC (hai canh tuong tng)

= H thudc duong trung truc ciia CD (tinh chat duong trung truc ctia mot doan thang).

4+ Bai tip tu luyén dang 2
Céu 1: Cho ADEF can tai D. Liy diém K nam trong tam giac sao cho KE = KF . Ké KP vudng goc Vi
DE (P e DE), KQ vuong goc voi DF (Q € DF). Chirg minh
a) K thudc duong trung truc cia EF va PQ.
b) DK la duong trung truc cua EF va PQ. Tu d6 suy ra PQ // EF .
Pap an
a) Ta co KE = KF (gia thiét)

= K thudc duong trung tryc ctia EF (tinh chat duong trung truc ciia mot doan thang).

Xét ADEK va ADFK co D
DE = DF (ADEF can tai D);
KE = KF (gia thiét); DK canh chung. 112

Do 46 ADEK =ADFK (c.c.c) = D, =D, (hai goc

tuong ung). P Q
Xét ADPK va ADQK c6

DPK =DOK =90° (KP L DE, KQ L DF);
DK canh chung; Z)\l = l/)\2 (chtrng minh trén).
Do d6 ADPK = ADOK (canh huyén — goc non)
= KP = KQ (hai canh tuong tng).

= K thudc dudng trung tryc ciia PO (tinh chit duong trung truc ctia mot doan thang).

b) Ta co {DE _DF (gia thiét)= DK 1a duong trung tryc ctia EF (tinh chat dudng trung tryc ciia

mot doan thang)= DK 1 EF . (D

. , o DP=DQ , N
Lai c6 ADPK = ADQK (ching minh trén) = KP=KO (c@p canh twong ung) = DK la dudong
trung tryc cia PO (tinh chit duong trung tryc ciia mot doan thiang) = DK 1 PQ. (2)

Tur (1) va (2), suy ra PQ // EF (tir vudng goc dén song song).
Cau 2: Cho doan thang 4B =5cm. V& duong tron tdm A ban kinh 4cm va duong tron tim B ban kinh
3cm. Hai dudng tron nay cit nhau tai D, E. Chimg minh rang:

a) Piém 4 thudc duong trung truc ctia DE.

b) 4B 1a duong trung tryc ctia DE.
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Pap an

a) Tacd AD = AE (D, E thudc duong tron tam 4) ===, 8

= A4 thudc dudng trung tryc ciia DE (tinh chat duong -l
trung truc ciia mot doan thfmg).

b) Twong ty cdu a), ta c6 diém B thudc dudng trung 5

true cua DE.

Vay 4B la duong trung truc cua DE. : ;

Dang 3: Xac dinh vij tri ciia diém théa méin yéu cau deé bai AET

4+ Phuwong phap giai
Str dung dinh 1i 2: “Piém cach déu
hai muat cia mdt doan théng thi nam
trén duong trung truc cia doan thing
d6” dé xac dinh mot diém nam trén

duong trung tryc ciia doan thang.

4+ Vidu miu

e

-
.....

Vi du: Cho hai diém 4, B nam cing phia v6i duong thang d.
Biét duong thang d va duong thing 4B cit nhau. Xéc dinh vi
tri diém M trén dudng thang d sao cho M cach déu hai diém
A4, B.

Huwéng dén gidgi

Vi diém M cach déu hai diém A va B nén M thudc duong
trung truc cta doan thang AB.

Gia sir trung tryc xy ctia AB cat d tai M.

Khi d¢6 M 1a giao diém cia dudng thing d v6i dudng trung

tryc ciia AB va M 1a diém duy nhat.

Vi du. Cho AABC c6 AB < AC . Xac dinh vi tri diém D trén canh AC sao cho DA+ DB = AC.

Huéng dén gidgi

V& xy 1a trung truc ciia BC cit AC tai D

= D la diém can xac dinh.

That vay DB = DC (do D thugc trung truc ctia BC) D

= DA+ DB=DA+DC.

Ma AC = DA+ DC (vi D nam giira A va C)




= DA+ DB =AC.

4+ Bai tap tu luyén dang 3
Cau 1: Mot con dudng qudc 16 cach khong xa hai diém dan cu. Hay tim bén duong d6 mot dia diém dé
xay dung mot tram y t€ sao cho tram y t€ nay cach déu hai diém dan cu.
Pap an
Goi 4 va B 1a hai diém dan cu, C 1a diém dat tram y t&, d' 1a d
duong quoc 19.
Vi C cach déu AB nén C thudc dudng trung truc ciua AB (tinh
chat duong trung truc ciia mot doan thang).
Ma Ced' nén C la giao diém cia d' va dudng trung truc d cua
AB. £
Do d6 dé xay dung tram y té & bén dudng cach déu hai diém dan / ¢
cu thi tram y t€ d6 phai 1a giao diem gilta con duong va duong
trung tryc cuia AB.
Cau 2: Cho AABC can tai A. Trén canh 4B léy diém D, trén canh AC léy diém E sao cho BD = AE .
Chimg minh dudng trung truc cta DE ludn di qua mot diém cé dinh.

m—n—E—u—b

Pap an
Goi H 1a giao diém ciia ba duong trung tryc cia A4BC A
= HA = HB (tinh chat duong trung tryc ciia mot doan thang)
AABH can tai H (dinh nghia tam giac can) =
— HBA = HAB (tinh chat tam giac can) (D G
Vi AABC cén tai 4 nén duong trung truc AH dong thoi 1a H
dudng phan gidc cua goc 4 D
= HAB = HAC. (2) B A} C

Tir (1), (2) ta 6 HBA= HAC hay HBD = HAE .

Xét AHBD va AHAE c6

HA = HB (chung minh trén); HBD = HAE (chting minh trén);

BD = AE (gia thiét).

Do d6 AHBD = AHAE (c.g.c)= HD = HE (hai canh tuong ung)

= H thudc trung tryc ciia DE (tinh chat duong trung truc ctia mot doan thang).

Ma H cb dinh nén duong trung truc cua DE luén di qua mot diém ¢ dinh.
Céu 3: Cho AABC cb dinh, dudng phan gidac AI (I € BC). Trén doan thing IC ldy diém H. Tu H ké
duong thang song song vai A7, cat AB kéo dai tai £ va cat AC tai F. Chimg minh rang;

a) Puong trung truc cua EF luon di qua dinh 4 cuia AABC.

b) Khi H di dong trén doan thang IC thi duong trung tryc ciia doan thang EF ludn ¢d dinh.
Pap an

a) Vi HE// AI nén E= :4\1 (hai goc dong vi) va I*A] = 1/4; (hai goc so le trong).
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Ma :4\1 =;1; (do AI'1a phan giac cua n ) nén EzFl

~

= AAEF cén tai A (tinh cht tam giac cAn) = AE = AF . =

Suy ra 4 thudc dudng trung truc ciia EF (tinh chat duong trung

trure cia mot doan thfmg).

Vay duong trung truc cua £F luon di qua dinh A4 cua tam giac

ABC.

b) Vi EF // AI nén dudng trung truc cia EF vudng goc voi Al

(moi quan h¢ gitra vudng gdc va song song).

Két hop két qua cau a), suy ra duong trung truc ciia EF ludn di

qua dieém A4 va vudng goc voi A1 ¢o dinh.

Vay dudng trung tryc cta doan thang EF ludn cb dinh.

Dang 4: Sir dung tinh chit dwong trung truc vao bai toan vé cuec tri

4+ Phuwong phap giai
- St dung tinh chat dudng trung truc
dé thay do6i d6 dai mot doan thing
béng do6 dai mot doan théng khac
bang no.
- Str dung bét dang thic tam giac dé

tim gia tri nho nhit, gia tri lon nhét.

Buéce 1. Xay dung cip tong do dai

doan thang trung gian.

Budc 2. Lap luan dé xac dinh vj tri

diém can tim.

Vi du: Hai diém 4, B cing nam trén nira mit phang c6 bo 1a
duong thang d. Tim vi tri ciia diém C trén dudng thang d sao
cho gia tri ctia tong CA+ CB 1a nh6 nhit.

Huwéng dén gidgi

D
Lay D la diém d6i xtg v6i 4 qua d. Theo tinh chat duong
trung truc,tacd CA=CD.
Do dé CA+CB=CD+CB.
Goi M 1a giao diém cta BD va d.
Néu C khong tring voi M thi xét ABCD, ta c6
CB+CD > BD hay CA+CB > BD. (1)
Néu C trung v6i M thi
CA+CB=MA+MB =MD+ MB=BD. (2)
Tu (1) va(2) suyra CA+CB>BD.
Do d6 khi C trang M hay C 1a giao diém cia BD va d thi gia
tri cia tong CA+ CB nho nhat.
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< Vidu miu
Vi du. Cho AABC c6 AB=15cm, AC =17cm. Trén tia d6i tia AC lay diém N sao cho AN = AB. Qua
A ké duong thang d vudng goc voi BN. M 1a diém bat ki trén duong thang d.
a) Chung minh MB+ MC > NC.
b) Tim vi tri diém M trén duong thing d sao cho MB+MC dat gi tri nho nhét va cho biét gia tri

do 1a bao nhiéu?

Huéng déin gidgi
a) Goi H la giao diém cta duong thang d v6i BN N
— AH 1 BN . (1) » v
Xét AAHN va AAHB cb (
AHN = AHB =90° (AH L BN ); r
AN = AB (gia thiét);
AH canh chung. B c
Do 6 AAHN = AAHB (canh huyén — canh goc vudng)
= HN = HB (hai canh tuong ung). 2)

Tu (1), (2) suy ra AH 1a dudng trung truc cua BN
= M thudc duong trung truc cuia BN = MN = MB
= MB+MC=MN+MC.

Néu diém M khong trung diém A4, xét AMNC ¢6

MN +MC > NC nén MB+MC > NC. 3)
Néu diém M tring diém 4, khi d6
MB+MC = AB+ AC = AN + AC = NC . 4)

Tu (3) va (4) suy ra MB+MC > NC.
b) Tir cau a) ta thay khi diém M trung diém A thi MB+ MC dat gia tri nho nhat.
Khi d6 MB+MC =NC =AB+ AC =15+17=32(cm).
4+ Bai tip tu luyén dang 4
Céu 1: Hai nha may dugc xay dung tai hai dia diém 4 va B cing
nam vé mot phia ctia khiic song thang. Tim trén bo song mot dia
diém C dé xay dung tram bom sao cho tong chiéu dai duong dng
dan nude tir C dén 4 va dén B nho nhat.
Pap an

Lay D la diém déi xtng voi 4 qua a.

Theo tinh chat dudng trung tryc cia mot doan thang ta co
MA=MD.

Do d6 MA+ MB =MD+ MB. D

Goi C 1a giao diém cta BD va a.
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Theo tinh chat duong trung truc ctia mot doan thang ta c6 CA=CD.

Néu M khong trung v6i C, xét AMBD ¢6

MA+MB =MD+ MB > BD (bit ding thic tam giac). (1)

Néu M trang C thi

MA+MB=CA+CB=CD+CB=BD. 2)

Tu (1), (2) tacd MA+MB > BD.

Dau "=" xayrakhi M =C.

Vay diém M 1a giao diém ciia duong thang a va BD thi duong dng din nudc phai dung 13 ngin

nhat.
Ciu 2: Puong thang a 1a duong trung truc ciia doan thang 4B. Trén dudng thang a liy diém M bat ki.
Trén ntra mdt phang chira diem A4 bo 1a duong thang a lay diém C bat ki (C # A).

a) Hay so sanh d¢ dai cua M4+ MC véi d6 dai doan CB.

b) Tim vi tri ctia M trén duong thang a d& MA+ MC 1a nho nhat.

Pap an
a) M nam trén duong trung truc cia AB = MA = MB. D v
Xét ACMB c6 MC+ MB > BC (bat dang thuc tam giac). (2) c
Tu (1), (2)tacdo MA+MC > BC. M
b) Véi ba diém A4, B, C co dinh thi doan thing 4B c6 dinh nén
duong trung tryc ctia 4B ciing cd dinh.
Goi M' 1a giao diém cua BC véi duong thing a. AE——1 B
Diém M di dong trén duong thang a thi MB+MC > BC . a

MB + MC nho nhét 13 bang d6 dai BC khi M =M’ hay tbng MA+MC nhé nhét 1 bang do dai
BC khi M 1a giao diém cua dudng thing a voi BC.

Ciau 3: Cho diém 4 nam trong goc nhon x/O\y .
a) Tim hai diém M, N thudc Ox va Oy sao cho AM + AN nho nhét
b) Tim hai diém B, C thudc Ox va Oy sao cho A4BC c6 chu vi nhé nht.

Dap an
a)TuAveé AM 1 Ox, AN L Oy (M €Ox,N € Oy).
Ta c6 AM nhé hon cac doan tir 4 &én Ox va AN nhé hon
cac doan tir 4 dén Oy (dudng vudng goéc nhé hon moi
duong xién).
Vay dé AM + AN c6 gia tri nho nhat thi M, N 1an luot 1a
hinh chiéu cta 4 1én Ox; Oy.
b) Lay D ddi xtmg voi 4 qua Ox, lay E ddi ximg véi A

qua Oy.

Suy ra Ox, Oy lan lugt 1a duong trung truc ciia 4D, AE.

Puong thang DE cit Ox, Oy lan luot tai B, C can tim.
That vay, 1y hai diém B’,C’ bt ki 1an luot thudc Ox, Oy.
Ta can ching minh AB+BC+CA< AB'+B'C'+C'A.
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Vi B,B' € Ox nén AB = BD; AB' = B'D (tinh chat diém thugc dudng trung tryc).

Vi C, C' €Oy nén AC =CE; AC' = C'E (tinh chét diém thudc dudng trung truc).

Do d6 AB+BC+CA=DB+BC+CE=DE; (1)
AB'+B'C'+C'A=DB'+B'C'+C'E )

Ap dung bét dang thirc tam giac, ta co

{DE <DB'+BE

— DE<DB'+B'C'+CE . 3)
BE<BC+CE

Tu (1), (2),(3)suyra 4B+ BC+CA=DE<DB'+B'C'+C'E=AB'+B'C'+(C'A.

Viay chu vi AABC ludén nho hon hodc bang chu vi A4B'C’ .

Vay B, C 12 hai diém thoa man yéu cau dé bai.
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