CHUYEN PE 3. QUAN HE GIUA CAC YEU TO TRONG TAM GIAC.
CAC PUONG PONG QUY TRONG TAM GIAC
BAI 4. TINH CHAT BA PUONG TRUNG TUYEN CUA TAM GIAC
Muc tiéu

% Kién thirc

+ Phat biéu dugc dinh nghia dudng trung tuyén cua tam giac.

+ Phat biéu duoc tinh chét ba dudng trung tuyén cua tam giac.
+ Kining

+ V& duogc cac duong trung tuyén cia tam giac.

+  Van dung duogc cac dinh nghia va tinh chit vé dudng trung tuyén.
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I. Li THUYET TRONG TAM
Tinh chit dong quy ciia ba dwdng trung tuyén
- Ba dudng trung tuyén ctia mot tam giac cung di
qua mot diém.
- Piém gip nhau ciia ba duong trung tuyén goi la
trong tam cua tam giac.
Vi tri ciia trong tAm trén dwong trung tuyén

- Trong tdm clia tam giac cach moi dinh mot
5 < 2 A e \ A .
khoang bang 3 d6 dai duong trung tuyén di qua

dinh ay.

II. CAC DANG BAI TAP
Dang 1: Sir dung tinh chét trong tAm tam giac
4+ Phuwong phap giai
- Ba duong trung tuyén cta tam giac dong quy tai
mot diém. Piém nay goi 1a trong tim cla tam gidc.

- Trong tim clia tam giac cach mdi dinh mot
khoang bang % d6 dai duong trung tuyén di qua

dinh ay.

Bude 1. Xac dinh trong tim ndm trén duong trung
tuyén nao.
Budce 2. St dung linh hoat ti 1€ khoang cach tir

trong tim dén hai dau doan thang trung tuyén.

Ta c6 G la trong tam tam giac ABC thi

GA :gAD; GB :§BE; GC :§CF

AG_BG_CG 2

hay = = =—.
AD BE CF 3

Vi du: Cho tam giac ABC c6 hai dudng trung tuyén
BM, CN cat nhau tai G. Chimg minh rang

BM +CN >§BC.

A

B C

Huéng din giai

Xét tam gidc ABC c6 hai duong trung tuyén BM va
CN cit nhau tai G. Suy ra G 1a trong tdm tam gidc
ABC

:>BG:§BM; CGz%CN
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:BM:%BG; CN:%CG.

Do d6 ta phai chung minh %BG+%CG>%BC
hay BG+CG > BC. (1)

Bét dang thirc (1) luén dang vi trong mdt tam giac

téng d6 dai hai canh 16n hon d¢ dai canh con lai.
Vay BM +CN > %BC . (diéu phai ching minh).

4+ Vidu miu
Vi du 1. Cho tam giac ABC cén tai 4 ¢6 hai duong trung tuyén BD va CE cét nhau tai G.
a) Ching minh BD =CE.
b) Ching minh tam giac GBC la tam giac can.
¢) Chung minh GD + GE > %BC.
Huéng din giai
a) Ta c6 AABC cantaiA = AB=AC ma AB=2BE,
AC =2CD (vi E, D theo thur tu 1a trung diém cua AB, A
AC).
Do do6 ta c6 2BE =2CD hay BE =CD.
Xét ABCE va ACBD cb = D
BE =CD (chting minh trén); ﬁ?c = D/C\B; BC la canh
chung.

Do d6 ABCE = ACBD (c.g.c) B* °C

= CE = BD (hai canh tuong ung).

b) Ta c6 G la trong tdm tam giac ABC nén BG :gBD
. 2 ] £ A
va CG = ECE (tinh chat trong tam).

Ma CE=BD (phin a) nén %CEz%BD hay

CG = BG.
Vay tam giac GBC can tai G.

c) Taco
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GBz%BD:GD:%BD:GB:ZGD:GD :%GB
. 1
Chimg minh twong ty, ta c6 GE :EGC.

Do dé GD+GE =-GB+1GC :l(GB+Gc).
2 2 2

Ma GB+GC > BC (trong mot tam giac tong do dai hai

canh 16n hon canh con lai).

Do d6 GD +GE > %BC (diéu phai chimg minh).

Vi du 2. Cho tam gidc 4BC. Trén canh BC lay

diém G sao cho BG =2GC. V& diém D sao cho C

1a trung diém cua 4D. Goi E 1a trung diém cua BD.

Chiing minh

a) Ba diém 4, G, E thang hang. B
b) Pudng thang DG di qua trung diém cua 4B.

Huéng din giai

a) Xét tam giac ABD c6 C la trung diém cua canh AD = BC la trung tuyén clia tam giac ABD.
Honnita G € BC va GB=2GC = GB = %BC = G la trong tdm tam giac ABD.

Lai c6 AE 1a duong trung tuyén ciia tam giac ABD nén A, G, E thing hang.
b) Ta c6 G la trong tdm tam gidc ABD = DG la dudng trung tuyén ciia tam giac ndy. Suy ra DG di qua

trung diém cta canh 4B (diéu phai chimg minh).

4+ Bai tap tu luyén dang 1
Céu 1: Cho tam giac ABC can & A, dudng trung tuyén AM.
a) Chimg minh AM 1 BC
b) Tinh AM biét ring AB =10cm, BC =12cm.
Céu 2: Cho tam gidc ABC c6 ba duong trung tuyén AX, BY, CZ cit nhau tai G. Biét GA =GB =GC.
Ching minh GX =GY =GZ.
Cau 3: Cho tam gidc ABC c6 hai duong trung tuyén AD va BE vudng goc véi nhau tai G. Biét
AD =4,5¢m, BE = 6¢cm. Tinh d0 dai AB.
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Céu 4: Ching minh rang trong tam giac tong do dai ba dudng trung tuyén nho hon chu vi nhung 16n hon

% chu vi tam giac do.

Dang 2: Chirng minh mét diém la trong tim tam giac
<+ Phwong phap giai
St dung tinh chit trong tim. Chang han dé chimg Vi du: Cho tam giac ABC c6 dudng trung tuyén AD,
minh G 13 trong tim tam giidc ABC, c6 ba duong trén doan thing AD lay hai diém E, G sao cho
trung tuyén 4D, BE, CF thi ta ching minh AE =EG =GD. Ching minh G la trong tam tam
2 giac ABC.
Cach 1. Ge AD va GA=—AD; ~
3 Huéng dan giai

A

hodc G € BE va GB = %BE;

hodc G e CF va GCz%CF.

Cach 2.
Chting minh G 13 giao diém cua hai trong ba

duong trung tuyén cta tam giac ABC. G

B D C

Taco AD=AE+EG+GD ma AE = EG =GD nén
AD =3AE

1 2
:>AE:EG=GD:§AD:>AG=§AD.

Vi 4D la duong trung tuyén va AG :gAD nén G

la trong tam tam giac ABC.

4+ Vidu miu
Vi du. Cho tam gidc ABC, D la trung diém cta AC. Trén doan BD liy diém E sao cho BE =2ED. Piém
F thudc tia ddi ctia tia DE sao cho BF =2BE. Goi K 1a trung diém cua CF va G 1a giao diém cua EK véi
AC.
a) Chiing minh G la trong tam tam giac EFC.
b) Tinh céc ti s6 %; %

Huéng din giai
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a) Taco BF =2BE = BE =EF.

Ma BE =2ED nén EF =2ED = D la trung diém A

cua EF = CD la duong trung tuyén cua tam giac

EFC. F

Vi K 14 trung diém ciia CF nén EK 1a duong trung D

tuyén cia AEFC. K
AEFC c¢b hai duong trung tuyén CD va EK cit

nhau tai G nén G la trong tam ciia. AEFC. B 2

b) Ta c6 G la trong tam tam gidc EFC nén g—g :§ va GE = %EK

:>GK=1EK:>GE=2GK:>@=2.
3 GK

+ Bai tap tu luyén dang 2

Ciau 1: Cho tam giac 4BC, diém M thudc doan thang BC sao cho BM =2MC. Trén tia d6i cua tia CA lay
diém D sao cho CD = CA. Goi E la giao diém cua AM va BD.

a) Chiing minh M 1a trong tdm tam giac ABD.

b) Chimg minh AM di qua trung diém ctia BD.

Cau 2: Cho tam gidc ABC c6 hai duong trung tuyén BD, CE cit nhau tai G. Trén tia d6i cua tia DB lay
diem M sao cho DM = DG. Trén tia d0i cua tia EG lay dieém N sao cho EN = EG. Chiing minh rang:

a) BG=GM; CG =GN.

b) MN =BC va MN // BC.

Dang 3. Puong trung tuyén ciia tam gic cin, tam giac déu, tam giic vudng
4+ Phwong phap giai
Chu y dén tinh chat ctia tam gidc can, tam giac déu va tam giac vuong.
4 Vidu miu
Vi du. Cho tam giac déu ABC c6 ba dudng trung tuyén
AD, BE, CF cat nhau tai G. A
Chiing minh
a) AD =BE =CF.
b) GA=GB =GC. F E
Huéng din giai
a) Ta c6 BE; CF 1a cac dudng trung tuyén cta tam giac

1 1 B D *C
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Vi AC = AB nén %AC:%AB hay CE = BF.

Xét tam giac BCE va tam giac CBF c6

BC chung; B/CTE = C/'B\F (do tam giac ABC can & A);
CE = BF (chtng minh trén).

Do d6 ABCE = ACBF (c.g.c)

= BE =CF (2 canh tuong Gng).

Chtng minh tuong tu ta c6 AD = BE.

Tir d6 suy ra AD = BE = CF (diéu phai chimg minh).

b) Vi G la trong tam tam giac ABC nén AGz%AD;

BG :§BE; CcG :§CF.

Vi AD = BE =CF (theo a) nén %AD :§BE :§CF hay

AG = BG = CG (diéu phai chimg minh)

<+ Bai tap tu luyén dang 3

Céu 1: Cho tam giac ABC c6 hai duong trung tuyén BE va CF cit nhau tai G. Biét BE = CF Chimg minh
AG L BC.

Céu 2: Ching minh rang trong mot tam giac, duong trung tuyén (mg voi mot canh bang nira canh ay thi

tam giac do6 1a tam giac vuong.

PAP AN VA LOI GIAI BAI TAP TU LUYEN
Dang 1. Sir dung tinh chit trong tim tam giac
Cau 1.
a) AM 1a dudng trung tuyén cua tam giac ABC = MB = MC.
Xét AAMB va AAMC cé
AB=AC (tam giac ABC can & A); AM la canh chung;
MB=MC.
Do d6 AAMB = AAMC (c.c.c)

= A/JVHS = IEW\C' (hai goc tuong Umg).

Mi  AMB+AMC=180° (hai goc k& bd) nén 7T~ M 7

— —— 180°

AMB = AMC = =90°
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Hay AM 1 BC (diéu phai chimg minh).

b) Ta co BM=B2—C=%=6cm

Ap dung dinh li Pi-ta-go vao tam giac vudéng AMB (A/Z\E = 900), taco

AB?> = AM* + MB> = AM* = AB> — MB’.
Thay AB =10cm, MB = 6¢m, ta duoc AM?* = 64.
Suy ra AM =8cm.

Cau 2.
Tacd GA= %AX; GB = %BY; GC = %cz (tinh chét trong A
tam).
Suy ra GX:lAX; GY:lBY; Gz-tcz 7 Y
3 3 3 G
Do d6 GA=2GX; GB =2GY; GC =2GZ.
Lai c6 GA=GB=GC (gia thiét) nén 2GX =2GY =2GZ
hay GX = GY = GZ (diéu phai ching minh). B ¥ C
Cau 3.
Xét AABC c6 AD va BE 1a hai duong trung tuyén cit
nhau tai G A
= G latrong tam cua AABC
Ta c6 AG = %AD; BG = %BE (tinh chat trong tam F =
tam giac).
Thay AD =4,5¢m; BE = 6¢cm vao, ta dugce ¢
AG =3cm; BG =4cm. B g

Ap dung dinh i Pi-ta-go vao tam giac vuong 4GB, ta
co

AB’ = AG’ +BG®* = AB* =3’ +4° =25= AB = 5cm.
Chu y:

Goi F 14 giao diém ctia CG va AB = FA=FB

Ta c¢6 thé mo rong bai toan va tinh dugec CF

Tam gidc AGB vudng tai G co trung tuyén tng voi canh huyén 4B 1a GF = GF = FA=FB = Az—B = %cm.
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Ma GF :%CF (do G la trong tdim AABC) = CF =3GF =17,5cm.

Cau 4.
Xét tam giac ABC c6 trung tuyén AD, BE, CF va trong tim G. A
Xét AGBC c6 GB+GC > BC (bat dang thirc trong tam giac)
2 2 , £ A F E
= EBE + ECF > BC (tinh chat trong tam)
G
:>BE+CF>%BC. (1) 8 D =

Chimg minh tuwong ty ta dugc

AD +BE > AB. (2)
2

AD +CF > AC. (3)
2

Cong (1)(2)(3) vé theo vé ta duoc

2(AD+BE+CF) >§(AB+BC+CA)
2

:>AD+BE+CF>§(AB+BC+AC). (*)
4

Béy gid ta can ching minh AD + BE + CF < AB+ BC + CA.
Trén tia AD lay diém A’ sao cho DA’ = DA.

Xét AADB va AA'DC ¢6

BD =CD; ADB=ADC; AD=AD.

Do d6 AADB=AA'DC (c.g.c) = AB=A'C. (hai canh tuong
ung)

Lai c6 AA’' < AC + A'C (bat dang thirc trong tam gidc AAA'C).
Suy ra AA'<AC+AB hay 2AD<AB+AC hay

AB+AC
<T.

AD

Ching minh twong tu ta duogc BE<M

CA+BC
<T.

CF

Cong vé theo vé ba bat déng thire trén lai, ta co

AD +BE+CF < AB+BC +CA (**)
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Tu (*) va (* *) suy ra diéu phai chimg minh.

Dang 2. Chirng minh mét diém 13 trong tim tam giac
Cau 1.

a) Xét AABD c6 AC =CD = BC la trung tuyén

cua tam giac ABD.

Ma BM =2MC nén BMz%BC

= M la trong tam cua tam giac 4BD.
b) Vi M la trong tam cua AABD nén AM di qua

trung diém ctia BD.

Cau 2.

a) Tacé DM = DG = GM =2GD.

Ta lai c6 G=BDNCE = G la trong tdm cua

tam giac ABC

= BG =2GD N

Suy ra BG =GM.

Chiing minh tuong tu ta dugc CG =GN .
b) Xét tam giac GMN va tam giac GBC ¢o
GM = GB (chung minh trén);

MGN = BGC (2 gbc dbi dinh);

GN = GC (chung minh trén).

Do d6 AGMN = AGBC (c.g.c)

= MN = BC (hai canh tuong ung).

Theo chung minh trén

AGMN = AGBC = NMG = CBG (hai goc tuong
ung).

Ma NMG va CBG ¢ vi tri so le trong nén
MN /1 BC.
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Dang 3. Puwong trung tuyén ciia tam gidc cn, tam giac déu, tam giac vudng
Cau 1.
Goi D la giao diém ctia AG va BC = DB=DC.

Tacod BG = %BE; CG= %CF (tinh chét trong tam).
Vi BE =CF nén BG =CG = ABCG can tai G F
— GCB =GBC.

Xét ABFC va ACEB co

CF = BE (gia thiét); (?C\B = 51-92’ (chting minh trén); BC la
canh chung.

Do d6 ABFC =ACEB (c.g.c) = 1?132’ = E(;B (hai goc tuong
ung)

= AABC cantaid = AB=AC.

Tu d6 suy ra AABD =AACD (c.cc) = A/D\B = A/D\C (hai
gbc tuong Ung)

Ma ADB+ADC =180° = ADB = ADC =90° = AD 1 BC
hay AG L BC.

Cau 2.

Xét AABC c6 trung tuyén

AM:%BC:AM=M8=MC(=%BCJ.

Khi d6 tam gidc AMB can tai M va tam giac AMC can tai

M. B

Suy ra @\79:17371 va AqA\C:Aﬁ
Do d6

— -

MBA +MCA = MAB+ MAC

hay CBA+ BCA = BAC.
Xét tam gidc ABC co

BAC + CBA + BCA = 180°.
Ma CBA + BCA = BAC nén
2BAC =180° = BAC =90°,
Vay tam giac ABC vudng ¢ A.
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