CHUYEN DE
BAI 8. TINH CHAT BA PUONG TRUNG TRUC CUA TAM GIAC
Muc tiéu
% Kién thire
+ Nim dugc tinh chat duong trung tryc ciia tam giac can.
+ Nam dugc tinh chat ba dudng trung tryc tam giac.
+ Kining

+  Van dung tinh chit ba duong trung tryc ciia tam giac dé giai toan.
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I. Li THUYET TRONG TAM

Tinh chit ba dwong trung truc ciia tam giac
+ Trong mot tam giac, duong trung truc cia mdt canh
duoc goi la mot dudng trung truc cia tam giac do.
+ Ba duong trung truc cua tam giac cung di qua mot
diém. DPiém nay cich déu ba dinh cta tam gidc do.
Diém nay chinh 13 tAm dudng tron di qua 3 dinh cua
tam giac (ta goi duong tron nay la duong tron ngoai

tiép tam giac).

Puwong trung trwe ciia tam gidc dac biét
+ Trong mot tam giac can, dudng trung truc Uing voi
canh day dong thoi 1a duong trung tuyén, dudng phan
giac xuét phat tir dinh ddi dién.
+ Trong mot tam gidc, néu hai trong ba duong (dudng
trung tuyén, duong phan giac xuat phat tir mot dinh
va dudng trung tryc tng voi canh ddi dién cua dinh

nay) trung nhau thi tam giac do can.

II. CAC DANG BAI TAP

Dang 1: Xac dinh tim dwong tron ngoai tiép tam giac

4+ Phuwong phap giai
Sir dung tinh chat:

+ Giao diém cac dudng trung tryc trong tam giac
thi cach déu ba dinh cua tam giac do.

+ ba dudng trung tryc trong tam giac cat nhau tai
mot diém.

Do d6 dé xac dinh tim duong tron ngoai tiép tam
giac, ta di xac dinh giao diém cta hai duong trung

truc.

Chirng minh ba dwong trung truc cua tam
gidc cung di qua mét diém:
Goi O la giao diém cua hai dwong trung triec
ung voi cdac canh AB va AC cia AABC.

A

(o]
B | c

Vi O nam trén dwong trung truc AB nén
OA=0B.

Vi O nam trén dwong trung triee ciia AC nén
04=0C.

Twr (1) va (2), ta co OB =0C (= OA).

Suy ra O nam trén dwong trung truc cia canh
BC (tinh chdt dwong trung truc)

Vay ba dwong trung truc cua AABC cung di
qua diém O va OA=0B=0C.

Vi du: Cho AABC ¢6 AB=6cm, BC=8cm.
Xac dinh tim duong tron ngoai tiép AABC.

Huéng dén gidi

3cm

B e E  4cm c
Lay D la trung diém ctia AB
= BD=3cm.

Qua D ké duong thang d, 1 4B.
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Lay E 14 trung diém ctia BC = BE =4cm.
Qua E ké duong thang d, 1 BC.
d, cit d, tai O thi O chinh 1 tim dudng tron

ngoai tiép AABC.

i

Vi du miu
Vi du. Chiing minh ring trong tam giac vudng, giao diém cta ba dudng trung tryc 1a trung diém cia canh
huyén.

Huéng din gidi

Xét tam gidc ABC vuodng tai 4, ta cod B+C=90°.

Goi D 1a giao diém cua cac duong trung truc canh AB
va AC.

Ta co EA=EC . Khi d6 DE ciing la duong trung tuyén
AADC nén AADC céan tai D.

—D,=D,=90°-C va AD=DC.

FA=FB va FD 1 AB = ADAB cantai D

—D,=D,=90°—-B va AD=BD.

Dodé D, + D, + D, +D, =2(90° - B)+2(90° ~C)

~2(180° - B—C)=2(180°~90°) = 180°

= B, D,C thang hang=> D nam trén BC.

Ma BD=AD va AD=DC nén BD=DC = D la trung diém ctua BC hay giao diém cua ba

dudng trung tryc cia AABC nam trén trung diém canh huyén.

4+ Bai tip tu luyén dang 1

Cau 1: Cho AABC ¢6 4 la goc ti. Cac duong trung truc ciia 4B va ciia AC cit nhau & O va cit BC theo
thatu & D va E.

a) Cac AABD, AACE 1a tam giac gi?

b) Puong tron tim O ban kinh O4 di qua nhiing diém

nao trong hinh v&?
Pap an

a) Goi M, N lan luot 1a trung diém cua AB va AC.

Xét ADAB ¢6 DM la trung truc cia AB

= ADAB can tai D

Tuong tu ta c6 AEAC cén tai E.

b) Xét AOAB c6 OM la trung truc cia 4B = AOAB cén tai O
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=04=0B (1)

Tuong tu ¢c6 AOAC cantai O = 04=0C (2).

Tir (1) va (2), ta cd 04 = OB = OC = Puong tron tim O ban kinh 04 di qua ba diém 4, B, C.
Céu 2: Cho A4ABC vudng tai 4. Trén nira mat phiang bo 1a BC, khac phia véi 4 1y diém D sao cho
BD 1 CD. Hiy xéc dinh tdm duong tron ngoai tiép AABD .
Pap an D

Goi O la trung diém ciia BC.

Xét AABC ¢6 BAC =90°. g
Theo chiing minh ¢ vi du 1 thi O 1a tam dudng tron ngoai
tiép AABC,taco OA=0B=0C. (1) M O
Xét ADBC c6 BDC =90° nén OB=0C=0D. (2)
Tu (1) va(2),taco O4=0B=0D.
A C

Viy O la tam dudng tron ngoai tiép AABD .
Cau 3: Cho AABC cén tai 4, trung tuyén AM. Pudng trung truc ciia 4B cit AM & O. Chimg minh ring
diém O cach déu ba dinh ciia A4BC.

Pap an A
Xét AOAB vi OI 1a trung truc cua AB nén OA=O0B. D
Vi AABC cén tai 4 nén duong trung tuyén AM ddng thoi 1a duong |
trung tryc cua BC. o
Ma dudng trung truc ctia AB cit AM tai O nén O la giao diém cia 3
duong trung tryc. B I C

Vay O cach déu ba dinh cia A4BC.

Dang 2: Vin dung tinh chat ba dwong trung truc trong tam giic dé giai quyét cac bai toin khac

4+ Phuwong phap giai

Sir dung tinh chat Vi du: Cho AABC déu. Goi D 1a diém nam giira 4 va
Trong mot tam giac, giao diém cia hai B, E la diém nam giita 4 va C sao cho BD = AE .
duong trung tryc thudc duong trung tryc Chtng minh rang khi D va E thay d6i trén cac canh 4B
con lai cua tam giac do. va AC thi duong trung tryc cta doan thing DE luén di

qua tim dudng tron ngoai tiép AABC.

Huéng din gidi
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4+ Vidu miu

Goi O la tim duong tron ngoai tiép
AABC = 04A=0B=0C.

Ta c6 AO la duong trung truc Gmg véi canh BC dong
thoi la duong phan giac cta goc 4.

— — 60°

Suy ra BAO =0OAC = S

Tuong ty, ta co OCE =30°.

Vi AABC déunén AB= AC=BC.
CE = AC - AE

Laic6 { AD=AB—BD = CE = AD.
AE = BD

Xét AOAD va AOCE

c6 OA=0C; OAD = OCE =30°; CE = AD (ching
minh trén)

AOAD = AOCE (c.g.c) = OD=0E

= AODE can tai O.

Vay duong trung truc cua doan DE ludn di qua diém
c6 dinh O.

Vi du 1. Cho A4BC, M la trung diém ciia BC. Cac dudng trung truc ctia AB va AC cat nhau tai O. Tinh

sédoO/Aﬁi’.

Huéng dén gidgi

Vi OF 1a trung truc nén OA = OB.
Vi OF la trung truc nén OA4 = OC'.

Suy ra OA=O0B=0C = AOBC can tai O ma M 1a trung diém BC

= OM la duong trung tryc cia AOBC = OM 1 BC = OMB =90°.

Vidu 2. Cho AABC can tai 4, c6 4 =50°. Puong trung truc ciia AB cit BC & D.
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a) Tinh CAD.
b) Trén tia dbi cia tia AD 1ay diém M sao cho AM =CD .
Chiing minh ABMD 1a tam giac cén. A

M

Huéng déin gidgi
a) Xét ADAB c6 DH la trung truc cua AB nén ADAB céan
tai D (H € AB)

— AD=BD va BAD = ABD. B D
Tacé AABC cintaidco A =50°

—  — 180°-BAC _180° —50°

= ABC =ACB = 2 =65°

= BAD = 65° = CAD = BAD - BAC = 65° —50° =15°.

b) Xét ABAM va AACD cé

AB = AC (do AABC can tai 4);

BAM =180° — BAD =180° —65° =115°. (1)

DCA=180°— ACB=180°-65"=115°.  (2)

Tu (1) va (2) suy ra BAM = ACD.

Laico MA=CD.

Do @6 ABAM = AACD (c.g.c) = BM = AD.

Mat khac 4D = BD = BD = BM = ABMD can tai B.
Vi du 3. Cho AABC vudng tai A. Trén canh BC lay hai diém D va E sao cho BD=BA va CE=CA.
Chimg minh tim O ctia dudng tron ngoai tiép AADE 1a giao diém ctia cdc dudng phén giac cia AABC.

Huéng dén gidgi

B = 5 Cc
Goi O 1a tam duong tron ngoai tiép AADE = OA=0D = OF .
Xét AOBA va AOBD co
AB = BD, O4=0D, OB chung.
Do d6 AOAB =AODB (c.c.c)
— OBA = OBD (hai géc twong tmg) = BO la phan giac cia goc ABC. D
Tuong tu ta c6 AOAC = AOEC (c.c.c)
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— OCA =OCE = CO la phan gidc cia ACB.  (2)
Tur (1) va (2), ta c6 O 1a giao cua ba dudong phan giac cua AABC.
L+ Bai tip tw luyén dang 2
Cau 1: Cho AABC ¢6 AB< AC, léy E trén canh CA sao cho CE = BA, cac dudng trung truc cla cac
doan thang BE va CA cat nhau & 1.
a) Chimg minh AAIB = ACIE .
b) Chung minh A/ 1a tia phan giac cia goc BAC.
Pap an
a) Xét AIBE c¢6 IM la trung truc cua BE = AIBE céan
tai /| => IB=1IE.
Xét AIAC c6 IN 1a trung tryc cia AC= AIAC can tai /
=14=1IC.

Xét AAIB va ACIE c6 IA=1C; AB=CE; IB=1IE.
Do @6 AAIB = ACIE (c.c.c)

b) Vi AIAC can tai Inén IAC = ICA. (1)
AAIB = ACIE = IAB = ICE = ICA. )

Tir (1) va (2) ta cé6 IAC = IAB = AI 1a tia phan gidc cua goc BAC.
Cau 2: Cho AABC cb ba goc nhon, O 1a giao diém hai dudng trung truc ctia AB va AC. Trén tia ddi cia
tia OB lay diém D sao cho OB=0D .
a) Chung minh O thudc duong trung truc cia AD va CD.
b) Chirng minh cac tam giac ABD, CBD vudng.
¢) Biét ABC =170°. Hay tinh sb do goc ADC?
Pap an
a) Vi O 1a giao diém hai dudng trung truc ctia AB va AC
nén O4A=0B=0C.
Vi OD = OB nén OD =04 = O thudc duong trung truc M,
cua AD. (D)
Vi OD = OB nén OD =0OC = O thudc dudng trung truc
cua CD. 2)

B il &
Tir (1) va (2) ta ¢6 O la giao diém cuia ba duong trung truc tam gidc ACD.

b) Xét AOAB cén tai 0= OAB = OBA =30 — 408

Xét AOAD can tai O= 04D = ODA :M
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:@3+0717):1800_@+1800_@ :180"—@:180"—18200 =90°
= BAD =90° = AABD vudng tai 4.

Xét AOCD cantaiO:o/cT):O/D\czm.

Xét AOBC cﬁntaiO:O/C??zaB\fzm.
@+@:180°—D/0\C+180°—B/0\c:1800_507,*;5073:1800_1820° o0

— BCD =90° = ACBD vuéng tai C.

c) Ta c6 AABD vudng tai 4 nén ADB =90° — ABD .

Tacé ABCD vudng tai C nén BDC =90° - CBD.

Suy ra ADO+0DC =180° —(Zﬁu@\o) =180° — ABC =180° —70° =110° = ADC =110°.
Cau 3: Cho AABC c¢6 O la giao diém cac dudng trung truc ciia tam giac. Biét BO 1a tia phan giac cua
gbc ABC. Chung minh rang:

a) ABOA=ABOC

b) BO la duong trung truc cua AC.
Pap an

a) Vi O 1a giao diém cac duong trung truc cia AABC nén O4=0B=0C.

— e~ -

Suy ra AOAB, AOBC can tai O= OAB = OBA; OBC = OCB . (1)

Do OB la tia phan giac cta goc ABC nén OBA=0BC. (2)

Tir (1) va (2) ta c6 AOB = BOC. f

Xét ABOA va ABOC co

04 =0C; AOB = BOC va OB chung.

Do @6 ABOA=ABOC (c.g.c).

b) Vi ABOA=ABOC = AB = BC (hai canh tuong ung) -

= ABAC can tai B; B C

Ma OB 1a tia phan giac cua goc ABC nén OB la trung truc ctua AC.
Ciu 4: Cho AABC, B=75", C =45°. V& dudng trung truc d ciia BC ¢it BC tai M. Goi E 1 diém thudc d
va thudc nira mat phang bd BC chira diém A4 sao cho EBC =30°. Chtng minh rang:

a) ABEC cantai E;

b) BAC = ABE + ACE ;
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¢) AEB=90°.
Pap an
a) Xét ABEC c6 EM la trung tryc cua canh BC
= EB=FEC = ABEC cantai E.
b) Vi ABEC cén tai E nén EBC + ECB =30°.

ABE = ABC — EBC =75° —30° = 45°; &

ACE = ACB - ECB = 45° —30° =15°;

Trong AABC ta cé BAC =180° — ABC — ACB =180° —75° —45° = 60°.
Ma ABE + ACE =45° +15° =60° nén BAC = ABE + ACE .

¢)Néu AEB >90°, trong AABE cb ABE =45° = 4 =180° — ABE — AEB < 180° —45° —90° = 45°.
— A < ABE = AE > BE = AE > EC.

Trong AEAC ¢6 AE > EC = 4, < ACE =15°

— A+ A, <45°+15° =60°.

Pidunay voly vi 4, +4, =60°. (1)

Néu AEB <90°, 1ap luan tuong ty, ta cd AE < EC; A + A, > 45° +15° = 60°.

Pidunay volyvi 4 +4, =60°. (2

Tir (1) va (2) ta c6 AEB =90°.

Dang 3: Chirng minh ba dwong thing déng quy, ba diém thing hang
4+ Phwong phap giaii

St dung tinh chat: “Ba duong trung Vi du: Cho A4BC can & A. Goi M la trung diém ciia BC.
tryc trong tam giac cat nhau tai mot Céc dudng trung tryc ctua AB va AC cit nhau & E. Chimg
diém”. minh rang ba diém A4, E, M thing hang.
Huéng dén gidgi
A
E
S A\
B Sy C

Xét AMAB va AMAC c¢6
AB = AC (vi AABC céan tai A);
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BM = MC (vi M 1a trung diém BC);
AM chung.
= AMAB = AMAC (c.c.c)

— AMB = AMC (hai géc tuong tmg)

Mt khac AMB+ AMC =180° = AMB = AMC =90°

= AM 1 BC = AM 1a trung tryc ung voi canh BC cua
AABC

= Giao diém E cta cac duong trung truc phai thuoc AM

hay 4, E, M thang hang.

+ Vidu miu
Vi du 1. Cho goc x/O\y =a°, A 1a mot diém di dong & goc trong goc do. V& cac diém M va N sao cho
duong Ox 1a duong trung tryc ciia AM, duong thang Oy 1a dudng trung truc cia AN.
a) Ching minh rang dudng trung tryc ctia MN ludn di qua mot diém cb dinh.
b) Tinh gié tri ciia & dé O 1a trung diém cua MN.
Huéng dén gidgi
a) Xét AAMN c6 Ox 1a trung truc cua AM, M
Oy 1a trung tryc cia AN
Vay O la giao diém ctia ba duong trung truc cia AAMN .
Trung truc cia MN ludn di qua O ¢6 dinh khi 4 di dong
(vi 3 duong trung tryc trong tam giac luén déng quy tai mot (@)
diém). y
b) Vi O thuéc MN nén O, M, N thang hang
= XOM + xOA+ yOA + yON =180°. N

_ |xoM=x04
Matkhac <
yON = yOA

:2({071+y/071)=180°:2@:180":{0}:90" = a=90°.

Vi du 2. Cho AABC can tai A. Trén nira mit phang bd BC khong chira diém A4, dung tam giac can BCD.
Chtg minh rang cac dudng trung truc ctia AB va AC dong quy v6i duong thang 4D.

Huéng din gidi

Goi /1a trung diém cua BC thi IB=IC..

Ma AABC cantai A nén AB = AC = AI la trung truc cua BC.

Suy ra Al 1a dudng trung truc cta BC.

Tuong tu, ta cd6 AABD cén tai D nén DI la trung truc cua BC.
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= A, D, I thang hang hay AD 1a trung truc ctia BC.
Khi d6 AD la duong trung truc cia AABC.
Vay cac duong trung truc ciia AB va AC dong quy véi AD tai O.
4+ Bai tap tw luyén dang 3
Cau 1: Cho AABC cén tai 4. Trén nira mit phang bd BC khong chira diém 4, dung tam giac can BCD.
Chiing minh rang cac duong trung tryc ciia 4B va AC dong quy véi duong thang AD.
Pap an A

Goi /1a trung diém cua BC thi IB=IC.

Ma AABC cén tai A nén AB = AC = Al 1a trung truc

cua BC.

Tuong tu, ta c6 AABD cén tai D nén DI la trung truc cua

= : \

= A, D, I thang hang hay 4D la trung truc ctia BC.

B
Khi d6 AD la duong trung truc cia AABC. D
Vay cac duong trung truc ciia AB va AC ddng quy véi AD tai O.
Ciu 2: Cho AABC déu. Trén cac canh 4B, BC, CA léy theo thtt tw ba diém M, N, P sao cho
AM = BN =CP.
a) Ching minh tam gidc AMNP 1a tam giac déu.
b) Goi O 1a giao diém cac dudng trung truc.
Pap an
a) AABC déunén AB= AC = BC.

S / gs‘ P
2

Taco nén AP=CN . f‘
PC=BN
AC=BC = . > -

Xét AMAP va APCN ¢6

AM = CP (gia thiét); MAP = PCN = 60° (gia thiét); AP =CN (chémg minh trén).

Do @6 AMAP = APCN (c.g.c) = MP = PN (hai canh tuong ung). @)

Tuong tu ta c6 ANBM =APCN = MN = PN (hai canh tuong ing). )

Tir (1) va (2) tacé6 MN = MP = PN = AMPN déu.

b) Vi O 14 giao diém cac duong trung truc cia AABC = OA=0B=0C.

Mit khac AABC déu nén ta cé OAM = OAP = OCP = OCN = OBN = OBM =30°.

Xét AMAO va ANBO c6 MA = NB; MAO = NBO =30°; OA = OB

AMAO = ANBO (c.g.c) = MO = NO (hai canh twong tng). 3)

Tuong ty ta co NO = PO. 4

Tir (3) va (4) ta c6 O 1a tAm dudng tron ngoai tiép AMNP = O 1a giao diém cua cac dudng trung

truc AMNP .
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