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I. LY THUYET
1. Dinh nghia
% M. duoc goi la GTLN cua f(x,y,...) trén mién xac dinh D néu 2 diéu kién sau dé)ng thoi thoa
man :
. f(x,y,...) <M v(xy,..) € D
2. 3 (X0, yo,...) € D sao cho f(xo, yo...) = M.
Ky hiéu : M = Max {(x,y,..) = fmax V01 (X,y,...) € D
< M. dugc goi 1a GTNN cua f(x,y,...) trén mién D dén 2 diéu kién sau ddng thoi thoa mén
1. f(x,y,...) > M Y(x,y,..) € D
2. 3 (X0, Yo,...) € D sao cho f(xo, yo...) = M.
Ky hiéu : M = Min f(x,y,..) = fmin V01 (X,y,...) € D
2. Cic kién thirc thuwong ding
2.1. Luy thvra:
a)x’>0 VxeR =>x*>0VxeR kez = -x*<0
Toéng quat : [f(x)]*>0 Vx e R,kez= - [f(X)]*<0
Trxdoésuyra: [f(x)]*+m>m VxeR kez
M - [fX)]* <M
b) Vx 20 Vx>0 = (Jx *>0 Vx>0;kez
Téng quat: (VA)* >0 VY A>0 (Alal biéu thirc)
2.2 Bit dang thirc chira diu gid tri tuyét doi:
a)[x| >0 ¥V xeR
b) [x +y| < [x| + |y| ; néu"=" xdy ra <= x.y > 0

¢) [x —y[2[x] = |y ; néu
2.3. Bdt dang thirc cosi:
a, +a, +..+a

xdy ra < x.y > 0 va [x| > |y|

Vai>0; 1= 1,n : ~ >1la,.a,....a, VYneN,n2=2.

n

dau"="xayra < ar =ar=..=ap
2.4. Bit ding thirc Bunhiacopxki :
Vé&in cip sb bat ky a1, az,..., an ; b, bz, ...,.bnta c6 :

(atbi+ asby +..+ anbn)? < (a} + @l +....+a’).(b] +b; + ... +b])
2 —..=% _ Const = Const
b, b

Néu bi = 0 xem nhu ai =0
2.5. Bit ding thirc Bernonlly :

Véia>0:(1+a)* >1+na Vn eN.

Dau"="xayra< a=0.

e , a
Dau"="xayra< - =
1

n
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II. MOT SO PHUONG PHAP CO BAN

Phwong phdp 1. Str dung phép bién déi dong nhit

Bﬁng cach nhom, thém, bdt, tach cac hang tr mét cach hop 1y, ta bién ddi biéu thirc da cho vé
tong cac biéu thie khong am (hoic khong dwong) va nhitng hang s6 . Tir do :
1. Dé tim Max f(x,y,...) trén mién D ta chira :

f(x,y..)<M
sao cho f(xo,y0,...) =M
3(xp,¥p--)ER
2. PBé tim Min f(x,y,...) trén mién D ta chira :
f(x,y...)=>m
{ (X.y-..) sao cho f(xo,y0,...) =m
A(x,, Y, € R

> Phwong phdp gidi cdc bai todn tim gid tri Ién nhdt, nhé nhét ciia mét biéu thirc dai sé
bang cdch dwa vé dang A(x) >0 { hodc A(x) < 0}
— Pé tim gi4 tri nho nhét ctia mot biéu thirc A(x) ta can:
+ Chimg minh rang A(x) > k v6i k 14 hang sb.
+ Chi ra ddu "=" c6 thé xay ra.
— DPé tim gi4 trj 16n nhit cia mot biéu thire A(x) ta can:
+ Chimg minh rang A(x) < k véi k 14 hang sb.
+ Chi ra dau "=" c6 thé xay ra.
Dang 1. Tim GTNN va GTLN cua da thirc bdc hai don gian

Phwong phdp: Ap dung hang dang thirc binh phurong clia mot tong va hiéu
Bai 1. Tim gid tri nhé nhit ciia cdc da thirc sau:

a) A=x’+4x+7 b) R=3x2-5x+3 ¢) M=x>+x+1

d) A=x2+2x+y*+1 e) A(X)=x"—4x+24 f) B(x)=2x>-8x+1
g) C(x)=3x>+x-1 h) A=(2x+1) =(3x=2) +x-11 ) P=24x—x>

i) Q=4x*44x+11 k) N=x?—4x+1 ) D=3x>—6x+1
m) K=x?—2x+y?’—4y+6 n) B=x+y>+2xy+4 0) Q=4x>+3x+2
p) M=5x>—|6x—1]|—1 qQ) A=9x>-6x-43x-1|+6

r) B=2(x+1)" +3(x+2) —4(x+3)’
HD:
q) Pat 3x—1|=t% t*=9x>—6x+1% A=t —4t+5=(t-2)" +121

x=1
Déu“Z”xéyrakhitZZE|3X—1|=2° x——l'
3
Bai 2. Tim gid tri l6n nhét ciia cdc da thirc sau
a) A=—x*>+6x-15 b) B= -5x*-4x +1 c) C=—x>+4x-5<0
d) D=dx-10-x &) E=2+x-x2 f) F=-5x>—4x+1
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g) G=-3x"+x+1 h)y H=-x"-4x-7 i) K=-5x"+7x-3
i) L:_%Xz—x—l k) M:—%x2+2x—5 ) N=—x-x-1

Bai 3. Tim gia tri nho nhdt cua cac biéu thirc sau:

a) B=2x"-2y’ +5y° +5 b) D(x)=2x"+3y +472° - 2(x+y+2z)+2
c) A=x’+4y’—4x+32y+2018 d) A=3x’+y’ +4x-y

e) A=x"+2x+3+4y* +4y f) B=4x’+y’ +12x+4y+15

g) C=5x>+y +7° +4xy+2xz h) D=x>+17+4y’ +8x +4y

i) E=16x"+5+8x—4y+y’ ) F=x>+y +2x—-6y-2

k) I=x>+4xy+5y’ —6y+11 ) M=x’-2xy+2y’ —2y+1

m) R =x* +2y” +2xy -2y n) A=4x’+5y’ —4xy—16y+32

0) B=x’+5y’+52" —4xy—-4yz—4z+12  p) C=5x"-12xy+9y’ —4x +4

qQ) E=x’+5y’ —4xy+2y-3 1) Q=x"+4y’+7° -2x+8y—6z+15=0
s) A=2x"+y’—2xy-2x+3 t) B=2x"+y’ +2xy—8x+2028
Bai 4. Tim gid tri I6n nhét ciia cdc biéu thirc sau:
a) B=2-5x"—y’ —4xy+2x b) A=-4x>-5y’+8xy+10y+12
) A=x+y+z—(x’+2y’ +47°) d) B=-3x"-16y’ —8xy+5x +2
e) N=—x’—4y’ +6x—-8y+3 f) P=-3x"-5y*+2x+7y-23
g) R=-7x>-4y* —8xy+18x+9 h) Q=xy+yz+zx - xX*-y*-7
HD:

h) Taco:Q=xy+yz+zx — x>—y* -z = — % (2x2+ 2y? + 27% - 2xy - 2yz —2x7)

Q=- % [(x—y)? + (y-2)* + (z-x)] <0 Vx,y,z

=>MaxQ=0<=x=y=z Viy:MaxQ=0&x=y=z

y > ~ N 2 2
Bai 1. Tim gid tri nhé nhdt ciia cic biéu thirc sau bing cich dwa vé HDT (a+b) ; (a+b=*c)

a) A=x’-2xy+2y’ +2x-10y+17 b) B=x’—xy+y’ —2x-2y

¢c) C=x’+xy+y’ -3x-3y d) D=x>-2xy+6y’ —12x +2y+45
e) E=x’—-xy+3y’—2x-10y+20 ) K=x’+y’ —xy+3x+3y+20
g) N=x’-2xy+2y’—x h) A=x’-2xy+3y’ —2x+1997

i) Q=x’+2y’-2xy+2x-10y 1) G=X2+Xy+y2—3(x+y)+3
k) Hx)=x>+y" —xy—-x+y+1 ) D=2x’+2xy+5y’ —8x—-22y
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m) E =2x’+9y’ —6xy —6x —12y +2004 n) Q=a’+ab+b>-3a-3b+3
0) A=x’+6y’+147° —8yz+6zx —4xy p) B(x)=x’+xy+y’ -3x-3y
Q) C(x)=2x>+3y’ +4xy—8x—2y+18 1) B(x)=2x>+8xy+1ly’ —4x -2y +6

s) C=a+ab+b?—3x—3b+1989 ) A=3x+4y?+4xy +2x — 4y + 26
u) A=x>+2y?+2xy +2x -4y +2013 v) A=5x>+9y? - 12xy + 24x — 48y + 82
w) B=x"+2y’ +32° —2xy +2xz—2x — 2y — 8z + 2000
x) G=(x—-ay) +6(x—ay)+x’+16y’ —8ay +2x —8y +10
y) F=2x?+6y> + 522 — 6xy + 8yz — 2xz + 2y + 4z + 2
z) B=3x>+3y? + 2>+ 5xy — 3yz—3xz-2x -2y +3
aa) B = 2x% + 2y? + 7z + 2xy — 2xz — 2yz — 2x — 4y
HD:
a) A=x"-2xy+2y’ +2x-10y+17

A=x’ —2)((y—1)+2y2 —10y+17 =x? —2)((y—1)+(y—1)2 +[2y2—10y+17—(y—1)2}

A:(x—y+1)2+(y2—8y+16):(x—y+1)2+(y—4)2

b) B=x’—xy+y’ —2x-2y

2 2
Bzxz—x(y+2)+y2—2y:{x2—2.x.y;2+y +jy+4}+y2—2y—y?—y—l
4B=(x—y-2) +4y’~8y—y’ ~4y—d=(x-y-2) +3y’ ~12y -3

=(x-y-2) +3(y*~4y)-3=(x-y-2) +3(y-2) -152-15

%BZ—%

¢) C=x’+xy+y’ —3x-3y

— 2 _ 2
C:XZ+X(Y—3)+y2—3y={x2+2.x.y23+y Zy+9}+y2—3y——y Zy+9

4C=(x+y-3) +[4y’ ~12y -y’ +6y 9]
d) D=x’-2xy+6y’ —12x+2y+45
D=x"-2x(y +6)+ 6y’ +2y+45
=X"=2X(y+6)+(y+6) +6y> +2y +45—(y’ +12y +36)
=(x-y—6)+5y’ =10y +9=(x—y—6) +5(y —1)* +4 >4
e) E=x"—xy+3y’ -2x—-10y+20
E:xz—x(y—2)+3y2—10y+20

=x2—2x.y22+y jy+4+3y2—10y+20—w
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4E =(x—y+2) +(12y* =40y +80)—(y* ~4y+4) =(x—y +2) +(11y* -36y+76)
) K=x"+y’ —xy+3x+3y+20

4K=4x2+4y2—4>qy+12x+12y+80:[4x2 —4x(y—3)+(y—3)2}{4y2 +12y+80—(y—3)2}

4K =(2x—y +3) +3y* +18y +71
g) N=x’-2xy+2y’ —x

X.2y+1+(2y+1)2 +2y2_(2y+1)2

N=x’—x(2y+1)+2y* =x* -2
(2y+1)+2y 2 4 4

AN=(x-2y-1) +8y’ —(dy’ +4y+1)
h) A=x’-2xy+3y’ —-2x+1997
A:x2—2x(y+1)+3y2+1997=x2—2x(y—1)+(y—1)2+3y2+1997—(y2+2y+1)
i) Q=x>+2y"-2xy+2x-10y
Q:x2—2x(y—l)+2y2—10y:x2—2x(y—1)+(y—1)2+2y2—10y—(y2—2y+1)
J) G=X2+Xy+y2—3(x+y)+3
4G =4x> +4xy +4y> —12x —12y +12
4G:4x2+4x(y—3)+(y—3)2+(4y2—12y+12)—(y2—6y+9)
4G =(2x+y-3) +3y’ ~6y+3=(2x+y-3) +3(y-1) 20
k) Hx)=x"+y’ —xy—x+y+1
H(x)=x"+y’ —xy—-x+y+1
= 4H(x) =(2x)* - 2.2x.y+y +3y’ —4x +4y+4
=(2X—y)2—2(2X—y)+3y2+2y+3+1=(2x—y—1)2+3(y2+§y+1)

1 8_8
=2x-y-1)’+3(y+=) +=>—
(2x—y-1)"+3(y 2) 373

= Min4H(x) :§<:> X =§;y = _?1: MinH(x) :%

) D=2x"+2xy+5y" —8x—-22y
2D =4x +4xy +10y° —16x —44y = 4x +4x(y—4)+10y° —44y
2D = 4%’ +2.2x(y—4)+(y—4)2 +10y> —44y —y> +8y—16

m) E =2x* + 9y’ —6xy —6x —12y + 2004
2E = 4x* +18y’ —12xy —12x — 24y + 4008

2E = 4x° —12x(y+1)+9(y+1)2 +18y* —24y +4008—9(y* +2y +1)
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2E=(2x—-y—1) +9y° —42y +3999

n) Q=a’+ab+b’-3a-3b+3
4Q=2’-2ab+b’+3(a’ +b’)+4+2ab—4a-4b=(a~b) +3(a+b-2) >0

0) A=x’+6y’+147° —8yz+6zx —4xy
A=x’ —2)((2y-i-3z)+6y2 —147’
A=X2—2X(2y+3z)+(2y+3z)2+6y2—1422—(4y2+12yz+922)
A=(x-2y-3z) +2y’ ~12yz-237

p) B(x)=x>+xy+y -3x-3y
B(x)=(x"-2x+D)+(y -2y +D)+x(y-D)—(y-1)-3=(x-1) > +(y -1’ +(x-1)(y-1)-3
= (=20 =Dy =D+ B - D (-1 -3

=[x—1+y2 1} _Y iy+1+y2—2y+1—3

q C(x)=2x"+3y” +4xy—8x—2y+18
C(x) =2x" +4xy +2y" +y” —8x =2y +18 =2 (x +y)’ =2(x +y)2+4 |+ (y* + 6y +9) +1

=2(x+y-2) +(y+3) +1>21=>minA=1<y=-3;x=5
r) E(x)=2x"+8xy+11y’ —4x -2y +6
E(x) = 2(x” +4xy +4y”) +3y’ —4x =2y +6 = 2(x +2y)’ —4(x +2y) +2 |+ 3y’ + 6y + 4
) 5 x+2y—-1=0 x=3
=2(x+2y-1) " +3(y+) +121< =
y+1=0 y=-1
s) C=a’+ab+b’>—3x-3b+1989
b-3 (b-3)

b-3)
C=a2+a(b—3)+b2—3b+1989=a2+2.a. 5 + Z +b2_3b+1989_(T)

4C = 4a’ +4ab+4b* —12a —12b +7956
=[ 42 +4a(b-3)+(b=3)" |+ 4b*~12b+ 7956~ (b -3
=(2a+b-3)" +3b> —6b+7947
t) A =4y’ +(4xy—4y)+3x’ +2x+26
=4y’ +22y.(x 1)+ (x ~1)" |+3x" +2x+ 26— (x~1)’

A=(2y+x-1) +2x> +4x+25=(x+2y 1) +2(x* +2x +1)+23> 23
u) A=x’+2y° +2xy+2x—4y+2013
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A =x’4+2y° +2xy +2x —4y +2013

=x" +2x(y+1) +(y+1)* +(y—3)” +2003 > 2003

Sx=-4;y=3

V) A=5x"+9y’~12xy+24x — 48y +82

A =5%"+9y°—12xy + 24x — 48y +82

=9y’ —12y(x +4) + 4(x +4)" —4(x +4)* +5x° +24x + 82

16

2[3}’—2(X+4)]2+(X—4)2+222VX,yeR<:>x:4;y:?

w) B=x"+2y’ +32° —2xy +2xz—2x — 2y — 8z + 2000
B=x*—2x(y—z+1)+2y’ +32" —2y —82+2000
:x2—2x(y—z+1)+(y—z+1)2+2y2+322—2y—21+2000—(y2+Z2+1—2yz—22+2y)

2

=(X—y+z—1 +(y2+222—4y+2yz+1999)

X—y+z-— 1) + (y—z—2)2+(zz—4z+1995)
X)

)
(x y+z-— 1)2+[y2—2y(z+2)+(z+2)2}+222—(22+4z+4)+1999
= ) +
x—ay) +6(

y) +

a X —ay)+x’+16y’ —8ay +2x -8y +10
ay) 6(x ay)+9} (x2+2x+1)+16y2—8ay—8y

G=(
G= [(x
G= (X ay+3) ()(Jrl)z+16y2—8y(a+1)+(a+1)2—(a%—l)2
G= (x ay+3) (x+1)2+(4y—a—1)2—(a+1)2Z—(a+1)2
y) F(x)=2x>+6y" +52° —6xy +8yz—2xz+2y +4z+2
F(X)—2X2+6y2+522—6xy+8yz—2xz+2y+4z+2

F(x) =2x" —2x(3y+z)+2( ) +6y° +52° +8yz— ( ) +2y+4z+2

=2(x—3y+z)2+§(y2+myz+£z2)+lzz+2y+4z+2
2 3 9 3
3y+z, |3 5 . 5 2 1, 2 1
=2X——) +|=(y+=2) +2(y+=2)+= |+ (zz"+—z+)+1]
( 2)[2@3) (y3)3}(3 3 3)
_3y+z=0
3005 2, 1 52 2 X!
=2(.)+=(y+=z+2)  +=(x+1)’ +121 < y+=z+==0<{y=1 = minA=1
()2(y33)3() y+37+3 y
z=-1
z+1=0

z) B=3x"+3y’+z" +5xy-3yz—3xz-2x -2y +3

B= {Z——(thy)} +2 (x+-‘3/ i) +2(y=2)+1>1

aa) G(x)=2x"+2y’> +7° +2xy —2xz—2yz—2x — 4y
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G(x)=2x*>+2y* +7° +2xy —2xz—2yz—2x — 4y
=(x-1)’+(y=-2)  +(x+y-2)°-5>-5
ox=ly=2;z=3

r > N N 2 2
Bai 2. Tim gid tri 16n nhit ciia cdc biéu thirc sau bing cich dwa vé HDT (a+b) ; (atb=xc)

a) H=—x"+xy—y —2x+4y+11 b) D=—x’—y’ +xy+2x+2y
c) A=5-2x’-4y’ +4xy—8x—12y d) A=5-2x>-4y’ +4xy—8x—12y
e) F=—x2+2xy—4y?+2x+ 10y -3 f) E=—x’—y’+xy+2x+2y
HD:
a) H=—x"+xy—y’ -2x+4y+11
—Hzxz—xy+y2+2x—4y—11:x2—x(y—2)+y2—4y—11
y=2 y' -4y+4 (y-2)
-H=x*-2x. + +y =4y —-11--"—"
2 4
1 _ 2 2 2
Vo—4H =(x—y+2) +4y’ —16y—44—(y’ -4y +4)

b) D=—x’-y’ +xy+2x+2y
—D=x"+y —xy-2x -2y =x’ —x(y+2)+y’ -2y

2
—D=X2—2x.y+2+(Y+2) +y2—2y_—y2+4Y+4

2 4 4
) A=5-2x"-4y’ +4xy—-8x—12y
—A =2x"+4y* —4xy +8x +12y - 5=2x’ —4)((y—2)+4y2 +12y -5
=2[x2 —2X(y—2)+(y—2)2}+4y2 +12y-5-2(y-2)

d) A=—x’-y’ +xy+2x+2y

—A=x2+y2—xy—2x—2y:X2—(xy+2x)+y2—2y:x2—x(y+2)+(y2—2y)

2 2 2 2
A= X2—2X.y+2+y +4Y+4 —|—y2—2y_ w = X_y_+2 + 3L_3y_1
2 4 4 2 4

2x-y-1Y 3( , 4
A=|Z20 12 Y —dy+d-— 4
( 2 j 4(y TS j

e) F=—x"+2xy—4y’ +2x+10y-3

—F=x*-2xy+4y’ —2X—10y+3:X2—2x(y+1)+4y2—10y+3
—F=xz—2x(y+1)+(y+1)2 +4y° —10y+3—(y+1)2

f) E=-x"—y +xy+2x+2y
E=-x" -y +xy+2x +2y = 4E = -4x”> -4y’ + 4xy + 8x + 8y

Bién soan: Tedn Pinh Fboang 0874000158 9
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E=—4x" +4x(y+2)—(y+2)’ +(y+2)° =4y’ +8y
=—(2x-y—-2) -3(y’ —4y)+4=-(2x-y-2)" -3(y—-2)> +16<16
2x-y-2=0 =2
X—-y - X
y=2

=E<4 s
y—2=0

Dang 2. Tim GTNN va GTLN ciia da thive bic bon don giin
Phwong phap:
a) Phan tich thanh cac biéu thirc twong ddng dé dit 4n phu.
b) Str dung phuong phap nhom hop 1y 1am xuét hién nhéan tr dé dat an phu.

¢) Str dung cac hang ding thirc (a + b)2 ,(a +b+ 0)2 .
Dang 2.1 Biéu thivc ¢6 dang ax4 + bx3 +cx2 +dx +e

Bai 1. Tim GTNN ciia cdc biéu thire sau:

a) C(x)=x"—4x"+9x>-20x +22 b) D(x)=x"-6x’+11x* +12x +20
c) A(x)=x"'-6x"+10x>-6x+9 d) B(x)=x"-10x’+26x>—-10x +30
e) C(x)=x"—-2x"+3x>—4x+2017 f) A(x)=a*-2a’-4a+5
g) D(x)=x*-x*+2x+7

HD:

a) Bién d6i bicu thirc vé dang (a + b)2
C(x)=(x"—4x’ +4x7)+5(x* —4x +4)+2=x"(x=2) +5(x-2) +2>2
b) D(x)=x'-6x’ +11x* —12x +20 = x*(x* —6x+9) +2x> —12x + 20
=x’(x=3) +2(x* —6x+9)+2=x"(x-3)* +2(x=3)* +2>2
¢) A(x)=x"-6x’+10x>-6x+9
Ax)=x"—6x" +10x> —6x +9 = (x* —6x’ +9x°) + (x> —6x +9)
=(x"=3x)"+(x-3)*>0 Vx

?-3x=0
=>MinAx)=0< X X &x=3
x-3=0
d) B(x)=x"-10x"+26x> -10x +30
4 3 2 2 2 2 x*=5x =0
B(x)=x"-10x" +26x" -10x+30=(x"-5x)"+(x-5)" +5=>25 < s_0 & x=5
X—-5=

e) C(x)=x"-2x"+3x*-4x+2017

C(x)=x (x> +2)=2x(x* +2)+ (x> +2)+ 2015 = (x> +2)(x =1)* + 2015 > 2015 < x =1
f) A=a*-2a’—-4a+5

A=a’(a’+2)-2a(a’+2)+(a’ +2)+3 = (a’ +2)(a’ ~2a+1)+323 déu bing khia= 1

g) D(x)=x"—x"+2x+7

Bién soan: Tean Pinh Fboang 0874000158
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DX)=x"-2x"+1+x* +2x +1+5=(x* -1’ +(x +1)’ +5=5 < x =1
Dang 2.2 Biéu thirc ¢é dang (x+ a)4 + (x+ b)4 +...

4

a) D=(x+8)" +(x+6) b) F=2-3(x+1) =3(x-5)
¢) F=2-3(x+1)' -3(x-5)’ d) G=(x+3)" +(x-7)
HD:
a) Pat: x+7=y % D=(y+1)" +(y-1)" =2y +12y* +2>2
b) Dbit: x+3=y
¢) F=2-3(x+1) -3(x-5)’
Pit x-2=t % F=2—3(t+3)4—3(t—3)4
—F=3(t2+6t+9)2+3(t2—6t+9)2—2=6t4+324t2+484:6(t4+54t2)+484
2
F=—6(t2+27) +3890 < 3890
d) G=(x+3)" +(x-7)
Pat x-2=t % G=(t+5) +(t-5)’ =(t2+10t+25)2+(t2—10t+25)2
G =2t* +300t> +1250 = 2(t4 +2.75¢ +5625)—104 - 2(t2 +75)2 ~10* > -10*
Dang 2.3 Biéu thirc c6 dang x(x+a)(x+b)(x+c)(x+d)(x+e)+...

Bai 1. Tim GTNN ciia cdc biéu thirc sau

a) B:(x+1)(x+2)(x+3)(x+4) b) B:(x—l)(x—3)(x2—4x+5)
©) A=x(x+2)(x+4)(x+6)+8 d) D=(x+1)(x*—4)(x+5)+2014
&) A=(x>+x-6)(x'+x+2) D C=(x-1)(x+2)(x+3)(x+6)
g) D:(2x—1)(x+2)(x+3)(2x+1) h) C:(x+1)(x+2)(x+3)(x+4)+2011
i) G=(x-1)(x+2)(x+3)(x+6)—2006 ) A=x(x-7)(x-3)(x—4)
HD:

a) B=(x+1)(x+2)(x+3)(x+4)
B=(X+1)(X+4)(X+2)(X+3)=(X2+5X+4)(X2+5X+6)
Dit x* +5x +5=t, Khi d6:B=(t-1)(t+1) =t 1> -1

5445

2

Diau“=“khi t2=0° x>+5x+5=0° x=

b) B=(x-1)(x-3)(x*—4x+5)
B=(x"—4x+5)(x’ —4x+5) ,Pat x’ —4x+4=0 . Khi dé:

Bién soan: Tean Pinh Fboang 0874000158
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B=(t-1)(t+1)=t"—1>-1,Dau*“=“khi £ =0° x’—4x+4=0° t=2
¢) A=x(x+2)(x+4)(x+6)+8
A=x(x+6)(x+2)(x+4)+8=(x"+6x)(x* +6x+8)+8
Dit X’ +6x+4=t .Khido: A=(t—4)(t+4)+8=t"-16+8=t"-8>-8
Dau“=“Khidé: t*=0° x> +6x+4=0"° l:x:—3+\/§
x=-3-+/5
d) D=(x+1)(x"—4)(x+5)+2014
D =(x+1)(x+2)(x—2)(x +5)+2014 = (x* +3x —10)(x* +3x +2) +2014
Pt x> +3x—4=t.Khid6: D=(t—6)(t+6)+2014=t>+1978
Déau “=“xdyrakhi: t*=0° x>+3x-4=0° {XZI
x=—4
e) A=(x2+x—6)(x2+x+2)
Dit x’ +x—2=t.Khido: A=(t—-4)(t+4)=t"-16>-16
Déu“=“xayrakhi: t=0° x’+x-2=0° {le
x=-2
f) C=(x-1)(x+2)(x+3)(x+6)
C=(x-1)(x+6)(x+2)(x+3)=(x"+5x=6)(x* +5x +6)
Dit x> +5x =t . Khi d6: C=(t—6)(t+6)=t-36>-36

x=0

Diu“=“khi t=0° x’>+5x=0° {
Xx=-5

2) Dz(2x—1)(x+2)(x+3)(2x+1)
D =(2x-1)(x+3)(x+2)(2x+1) =(2x* + 5x - 3)(2x’ + 5x +2)
2
bat 2x* +5x =t , Khi do: D:(t—3)(t+2)=t2—t—6z(t—%) —%2_725
Déu “ = “ khi: t=l° 2X2+5X=l° X=_5i@
2 2 4

h) C=(x+1)(x+2)(x+3)(x+4)+2011
=(x+1)(x+4)(x+2)(x+3)+2011 = (x* +5x +4)(x” +5x +6) +2011
Dit x*+5x+5=t.Khidé: C=(t-1)(t+1)+2011° x*+5x+5=0° x:_5§£
i) G(x)=(x—D)(x +2)(x +3)(x + 6) — 2006
Bien soan: Tran Pinh Foang 0874000158
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=0
G(x) = (x* +5x = 6)(X* +5x +6) — 2006 = (x* +5x)” —2042 > 2042 < {X

X=-5

D A=x(x-7)(x-3)(x—4) (X2—7X)(X2—7X+12),

Dit x> - 7x+6=1¢ Khi d6: A=(r—6)(1+6)=1*-36>-36

Diu“="khi t°=0° x’-7x+6=0° {
X

Vay Min A = —36 khix=1hodacx=06
Bai 2. Tim GTLN ciia biéu thirc sau E = 5+(1—x)(x+2)(x+3)(x+6)

HD:
E =5—(x—1)(x+6)(x+2)(x+3) =—(X2 +5x—6)(x2 +5X+6)+5

bit x> +5x =t .
Khi do: E=—(t—6)(t+6)+5=—(t"-36)+5=—t> +41<41

x=0

Diu“=“Khi t2=0° x>+5x=0° {
Xx=-5

Bai 3. Tim gid tri nhé nhit ciia cdc da thirc sau
C=x-DEx-4)(x-5)(x-8)+ 2002
Gidi:
Taco: C= (x—1)(x-4)(x-5)(x-8) +2002
= (x-1Dx-8)(x—-4)(x-5) +2002
=(x? - 9x + 8) (x* — 9x +20) + 2002
=[(x2- 9x + 14) —6].[(x>~ 9x + 14) + 6] + 2002
=(x>-9x + 14)> — 36 + 2002
= (x2-9x + 14)? + 1966 > 1966 vi (x>~ 9x + 14)* > 0 Vx

x=2

x=7

= MinC = 1966 < x*-9x + 14 =0 < { Vay MinC = 1966 < {x
x

Bai 4. Tim s6 nguyén m I6n nhit sao cho BPT luén diing véi moi x: (x +1)(x + 2)2 (x + 3) >m
HD:
VT =(x+1)(x+3)(x+2)" =(x"+4x+3)(x* +4x +4)

bit x* +4x =t, Khi d6:

VT =(t+3)(t+4) =t +7t+12 =t + 2t.—+—+12—— = —->—
2 4 4

7 49 49 (t 7)2_1 -1
47 4

Bién soan: Tean Pinh Fboang 0874000158
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Dang 3. Tim GTNN va GTLN ciia biéu thirc dang %

Dang 3.1 Biéu thirc dang A= v6i m la hang sé hodc m di xdc dinh dwoc am

ax’ +bc+c
hoac dwong:
Phwong phap gidi:

1. Biéu thic dang A = khido A < (ax’+bc+c) . hodc A < (ax’+bc+c)

ax’+bc+c

2. Bén canh viéc bién ddi vé tong cac binh phwong, ta sir dung thém tinh chét nghich dao:
Néuazb% 1<t
a b

3. Sir dung ca biéu thirc Denta dé tim GTNN hodc GTLN rdi méi bién ddi thém bét.
4. Viét biéu thirc A thanh tong ctia mot s6 voi mot phan thirc khong am.

= Ta dua vé dang; A=m+g (gzoj
D \D

Bai 1. Tim Min cua cdc biéu thirc sau:

2 1 -3
a) A=——— b)B=——— c)C=——"7—
) 6x —5-9x° ) x> —4x+9 ) x> =5x+1
6 2 1
dD=———— e) K= HMA=——
) —x*+2x-3 ) x> +8 ) 9x* —12x +10
2 5 1
B=—" hYA=——— i) B=———M—
&) x’+x+4 ) x> =2x-5 ) x> —4x +11
2 2
k) A 3y (x£0) 1)C= Y (x # 0)

B ~25x* +20xy -5y’ 9x* —12xy + 5y”

HD:
a) Ta co: —9x2+6x—5=—(9x2—6x+1+4)=—(3x—1)2—4s—4

v, 2 = 2 : >2 Ly asZl phnc=rkni x=1
6x —5-9x —(3X—1) 4 -4 2 2 3
2
y .
k) C= x#0 Taco: y=0=A=0
) 9%’ —12xy + 5y’ ( ) Y
Ty —— Pat t=2
9% 12545 y
y y
=— ! = 12 <leot=—&x=—y
9 —12t+5 (3t—2)°+1 3 3
I) Taco:y=0=A=0
y£0= A= . 3 (Pit t=2)
255 42055 y
y y
Bién soan: Tran Pinh Fboang 0874000158
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Vi A= 23 = _32 <SlmA>3ot=2ox=2y
2562 420t—5 (5t—2)*+1 5 5
Dang 3.2 Phwong phdp gidi cdc bai todn tim gid tri I6n nhét, nhé nhat ciia mét biéu thivc
ax’ +bx+c

dai so dang 5
a'x"+b'x+c'

Phwong phap gidi:
1. Thuyc hién phép chia tir thirc cho miu thirc dé dua biéu thic vé dang m+

dua biéu thirc vé dang AKX +c¢ voi AK) >0 véi moi x
B(x) B(x)

————— hoic
a'x“+b'x+c'

p

2. Bién d6i biéu thic vé dang m+ 5
ax+b (ax+Db)

ro1 dat an phu doi voi phan thirc c6 mau

thirc 1 binh phuong ctia mot da thirc bac nhat

Dang 3.2.1 Thuwe hién phép bién déi dwa phén thivc vé dang m +

a'x*+b'x+c¢'

2
Bai 1. Tim gid trf Ién nhét ciia bidu thire dai 56 A(x) =20 +10
X +2x+3
HD:
2
Tir A(X):3x2+6x+10
X" +2x+3
2 2
TacéA(x)=A(x)=3X 2+6x+9+1:3(x 2+2x+3)+1:3+ 12
X +2x+3 X +2x+3 (x+1)"+2
Vi(x+1)? 2 0v6i Vxnén (x+ 1)>+2>2 voi Vx.
Dodo;;23l VéyA(x):3+;2£3+l:3l
x+1)"+2 2 (x+1)"+2 2 2

Max A(x) = 3% khi x+1)72=0 < x= -1

Bai 2. Tim Min hoac Max cuia cdac biéu thurc sau:

2x” —16x +41 3x* —6x +17
a) B(x)=———— vdi xeR b) Q=—57———
) B = T e ) = s
HD:
2 2 _
2) TfIB(x)=B(x)=2X2 16X+41=2(X : 8x +22) 3=2_ 32
X" —8x+22 X" —8x+22 (x—4)"+6
Vi(x—4)? > 0 v6i Vx nén (x-4)>*+6 > 6.
Nen 331
x-4)"+6 6 2
3 1 3 . 3, s
=>BXx)=2-——5— 22-—=— Min B(x) = = khi(x-4)"=0 <x=4
(x—4)"+6 2 2 2
b) Taco: Q=3+, ma X' —2x+5=(x—1) +434% — = <=_1
X" —2x+5 X =2x+5 4 2
Bai 3. Tim Min hodc Max cua cdc biéu thirc sau:
Bién soan: Tran Pinh Fboang 0874000158
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2 2
a)F=3X2 12x+10 b)A=6X 2+2x+19
X" —4x+5 3X+x+7
2_
HD: a)Tac():F:3X2 12X+10=3— 5 > =3- 52 >3-5=-
X —4x+5 X" —4x+5 (x-2)"+1
Do (x-2)’+121=————>-5&x=2
(x=2)"+1
2 2
b) Ta c6: A=6x 2+2x+19=2(3x 2+X+7)+5=2+ : 5
3X“+x+7 3x“+x+7 3x“+x+7
Dt M=3x> 4+ x+7=3(x 40P 4+ 053 o 1
6 12 12 6
:>Amax:Mmin:>Amax_2+i_2@ :__1
83 83 6
12
Bii 4. Tim min hodc max ciia cdc biéu thirc sau:
2x* —16x+71 2x% +4x+9
a)I:X2—X b) N= X2 X
X —8x+22 X +2x+4
HD:
s 27 ) 2
a) Haphépchiatadugc: [=2+—————,max —8X+22=(x—4) +6>6
X —8x+22
b) Ha phép chia ta dugc : N =2 +— ,ma x* +2x+4=(x+1) +323
X +2x+4
Bai 5. Tim min hodc max ciia cdc biéu thirc sau:
P —6x+2 2 —12x+1
a)A=X2 6x+23 b)C=3X2 x+10
x —6x+10 X —4x+5
4x* —6x +3 x’
) 2x* —3x+2 ) x'+x7+1

HD:

13 13

a) Taco: A=1+

-5 -5

2 :1+ 2
X" —6x+10 (x=3)"+1

b) Taco: C=3+

2x* —=3x+2

2
X

¢) Taco: G=2+

v L

d) Taco:D=—; ~

x*+x?+1

=3+
X’ —4x+5 (x—2)" +1

1 .
=x’ +F+123 (Ap dung Cosi )

Dang 3.2.2 Phan thirc ¢6 méu la binh phwong ciia mét nhi thirc

Bai 1. Tim Min hoac Max cuia cdc biéu thurc sau:

2x* —6x+5 2x* —10x -1
) Q x*=2x+1 ) x> —2x+1 (x=1)
Bién soan: Tean Pinh Fboang 0874000158
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HD:
a) Taco: Q=24 2x¥3 _p ~2x#3 _, k-bal_, 2 1
X =2x+1 x-1 x-1 x—1 (x-1
1 .
Dét—lzt,khldétacc'):Q:t2—2t+2:(t—1)2+121
X_
2 2
b) Ta c6: M= 2x2 10x—1 _ 2(x"-2x+1) ?(x 1) 9:2_ 6 9 :
x —2x+1 (x-1) x-1 (x-1)
bat 11:t,khid()tacé:M:—9t2—6t+2=—(3t+1)2+3g3
X_
Bai 2. Tim Min hodc Max ciia cdc biéu thirc sau:
2x% +4x +4 P—d4x+1 4
a) A:% b) B:% c)HZLI2
X X (X2+1)
HD:
, 4 4 1 ] ) )
a) Taco: A=2+—+—,Dat —=t 2 A=4t" +4t+2=2t+1) +121
X X X
, 4 1 1 , 2
b) Taco: K=1-—+—,dat —=t % K=t -4t+1=(t-2) -32-3
X X X
t*—2t+1+1 2 2
¢ Pat X’ +1=t% x’=t—-1% x*=t>-2t+1, khi d6 Hzt—zzl—?+t—2

Dét%:ayz H=2a’-2a+1

Bai 3. Tim Min hoac Max cuia cdc biéu thurc sau:

4x> —6x +1
a) A= — b)B=— ) C=—=
(2x+1) (x+10) (x+2016)
2 _2x +2000 2 _2x+2015
4 D="""" @) =27 ) . —
X 2015x (x+2000)
HD:
-1 22t+1
a) Pat 2x+1=t 7 x:t %xzz%,Khidé:
t?=2t+1-3(t-1)+1 ¢>*—
A= 2( ) =t 52t+5=1—§+22,f){;1tl=a1/2A=1—Sa+532
t t t ot t
b) Pat x+10=t % x=t—10 % B:t;m:%—lt—? , bat %:a% B=-10a’+a
¢) Pat x+2016=t% x=t-2016 % C:t—iom:%_z(zzm,
Deflt%za*/z C=a-2016a’
Bien soan: Trin Dinh Fooang 08714000158
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d) Tacod: D:1—3+&?O , bt l:211/2 D =1-2a+2000a’
X X X
P _2x+2015 2 2015
¢) Taco: 201SE="——" "2 1= =2
X X X
N . .2 1
bat —=a %2 2015E=1-2a+2015a" % E=a“ - a+
X 2015 2015
t—2000 1 3 2000 1

f) bat x+2000=t% F= bat —=a % F=a-2000a

t’ t 7t
Bii 4. Tim Min hodc Max ciia cdc biéu thirc sau

2_ 3x* 8% +6
a)B:XZ—X-i-1 b) EZXZ—X
X +2x+1 X —2x+1
HD:
2_
a) Taco:B=> "1 gt x+l=t% x=t-1% x*~2t+1
(x+1)
t* —3t+3 33
BB=L 201 200 by loav B3 -3l
t t t t
3x*—8x+6 3x*—-8x+6
b) Taco:E= X TOXTO _Ox TOX Pit x—-1=t% x=t+1% x* =t +2t+1

X =2x+1  (x-=1)

3(t2+2t+l)—8(t+1)+6 3t -2t+1 3 7 1

t? t? t ot

>

bat: %:aVz E=a2—2a+3=(a—1)2+222

Bai 5. Tim Min hoac Max cua: E=%
(x"+1)
HD: Taco:
=4x4—X2—1=4(x4+2xz+l)—9(x2+1)+4=4_ 9o ., 4
(x> +1)° (x* +1)° xX*+1 (x> +1)

x2+1 t?

2
bat t= ! ,taduch:4—%+i:(2t—2j _§+4
Taco: x*+1>1 Y% t<1
2
:>2t—2£2—2:_—1:>(2t—2j ZL:EZL—H:—Ictzlax:O
4 4 4 4 16 16 16
Loi giai khac
4 2
Taco: E+1=22 "% 505 A> 1eox=0
(x"+1)

4x* B x> +1
(><2+1)2 (X2+1)

Bai 6. Tim Min hodc Max cua cdc biéu thirc sau

Cach khac: E =

>20-1=-1<x=0

Bién soan: Tean Pinh Fboang 0874000158
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2x* +4x +4
2) A= X 2X b)Ezzle
X X
HD:
, 4 4 o1 5
a) Taco: A=2+—+— ,Dit —=a'2 A=4a" +4a+2
X X X

b) Taco: E:%+L2,Détl:a1/z E=a’+2a
X

X X
2
Bai 7. Tim Min hoac Max cua: B:x2+—x11
X =2x+1
HD: Taco:
B_—X2+X—11_—X2+2X—1—X+1—11_—(x—1)2—(x—1)—11__1_ 111
x> —2x+1 (x-1) (x -1y x—-1 (x-=1)
DétL y = A=—1-y-1ly* =—(1ly* +y+1)=— | 11(y* +2. t,tr 1,1
T y-1ly” vy 2yt T
11y +—) BB ety oy oo
44| a4 227 7 44 22
Bai 8. Tim Min hogc Max ciia: C=—————— (x =-5)
X" +10x+25
HD: Taco:
X _ X (x+5H-5_1 5

TXI110x425  (x+57  (x+5)7  x45 (x+5)
I

2
biat t= =>-A=5t"-t=5t-——| —~——>—
X+5 10 20 20
SASLQtZLQ ! — < x=5
20 10 x+5 10
Bai 9. Tim Min hodc Max cua: D:w x=1
x =2x+1
HD: Ta co:
D_x2+4x—14_(x2—2x+1)+(6x—6)—9_1+ 6 9
x> —2x+1 (x -1y x-1 (x-1)°
bat t=L1 Yo D=1+6t—9t" =—(3t—-1)"+2<2
X_
Cach khac: bat t = Yo x:l+1
x—1 t

2
:AZtZKHS +4(1+%)—14}=(t+1)2+4t(t+1)—14t2 =—3t-1)+2<2

2
I
Bai 10. Tim Min hodic Max ciia: A =>—"""" (x 1)
(x+1)
HD: Ta co:
Bién soan: Tran Pinh Fboang 0874000158
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_x2+x+1_(X2+2X+1)—(X+1)+1_1_ 1 . 1
(x +1)° (x+1) x+1 (x+1)°
1 1Y 3.3 3 1
Pity=—— % A=l-y+y’ =|y——| +=>2"2 A =~ y=—x=1
AR ARSI yy(y2j44 min = 7Y =5

Bai 11. Tim Min hoac Max cuia cdc biéu thurc sau:

2 2, 2
2 B=X 33 (L b) A= Y
(x-1) X +2xy+y
HD:
2 2 _ _
2) Taco: B X 3x-i—3:(x 2x +1) gx 1)+l:1_ 1 N 1 :
(x-1) x-1 x—-1 (x-1)
1 1y 3.3 1
bat y= “B=y —y+l=|y——| +=2>y=—<x=3
R R (y 2} 1747772
1 2 2
2oy o (xFy) H(x-y) —y)
b) A= 2x ty 2=2[ > }:l+l.(x y)zz—:>minA=—<:>x=y
X +2xy+y (X+y) 2 2 (X+y)
Bai 12. Tim min hodc max ciia cdc biéu thivc sau
P —4x+1 4x* — 1
a)Bz% b)C:X—6X;'
x (x-2)
4x* +22x+19 9x* +30x —7
¢) B= X2 X d) F= X2 X
X +4x+4 Ox” +6x+1

HD:

a) B=1—f+i2 , dat l:t1/213=t2—4t+1=(t—2)2—32—3
X X X

41> +10t+5 10 5
—2:4+_+_

b) Pat x—2=t% x’=t"+4t+4 ,khidé: C= t g

Pt %:a o C=5a"+10a+4

OX+3  bat x+2-1% oy A3, 69
(x+2) t

¢) E=4+

bit %:aVz [=-9a°+6a+4

24x -8 s
d) F=l+—2"2 dat 3x+1=t% dx=t-1% F=1+2>5_1,3 11

(3x+1) t t

Diat 1=a s K=-11a" +3a+1
t

Bién soan: Tean Pinh Fboang 0874000158
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.z \ A A
Dang 3.2.3 Thuwc hién bién doi dwa phdn thirc vé dang %+ c (voi A®) >0)
X

x? —2x+2011

X2

Bii 1. Tim gid tri ciia x dé biéu thirc A = (véi x > 0) dat gid tri nhé nhit

HD:
X2 —2x+2011  2011x* —2.2011x +2011> _ (x —2011)* +2010x>
x> B 2011x> B 2011x>
A (x—2011)* +2010x"> _ (x—2011)> 2010 - 2010
2011x> 2011x? 2011~ 2011
Bii 2. Tim Min va Max ciia cdc biéu thirc sau:

Taco: A=

2(x2+x+1) X +x+1

C= b) N=
2) ) x> +1

x* +1
HD:
2P +x+1) (P24 D+ (D) (x+1)
5 = 5 =— +121
X +1 x +1 x +1

a) Taco: C=

2
2(x +x+1) (x*12x-D+GBx+3) —(x-1)
x> +1 x> +1 x> +1

Mat khac : C= +3<3

XC4+x+1 (X +2x+ D+ +1D)  (x+1)° +l
X +1 2x% +1) 2x +1) 2

b) Tacd: N=

2
x+l (X +2x-D+3x2+3  —(x-1)
x> +1 2(x> +1) 2(x2 +1)

Mat khac : N =

Bai 3. Tim cd Min va Max ciia cdc biéu thirc sau
x +1 Xx°+9

a) K=

HD:
a) Nhap dé nhdm GTLN va GTNN néu c6 :
3-4x
a= 2
X +1

=-1

a
—ax’+a=3-4x Yo ax’+4x+a-3=0,Xét A=16—-4a>+12a=0 % {
a

—1>-1,Diu«=»khi x=-2

2 2

2
Khidétacé:K:(?’ 4X+1j_1:w
X" +1 x +1

+4<4 ,Dau « = » khi x=_71

2 2

2
Mat khac : K:(3 4X_4j+4zw
X +1 x +1

b) Nhap : a=%yz ax’+9a=27-12x ¥ ax’+12x+9a—-27=0
x* +
a=4

Co A'=36-a(9a—-27)=0"% { |
a=—

Bién soan: Tean Pinh Fboang 0874000158
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- —4x° — - —(2x-3)’
Khidétacé:M:(zci—4J+4: L e (f ) i4<y
X" +9 X" +9 X" +9
_ 2_ —6)
Matkhac:Mz(zcﬁﬂj—l:X 12x+36 ) _(x=6)
X" +9 X +9 X" +9
Bai 4. Tim ca Min va Max cua: P=8X2—+3
4x” +1
HD:
, 8x+3 5 )
Nhip: a=——"72 dax +a=8x+372 4ax -8x+a-3=0
4x° +1
Co A':16—4a(a—3)1/za=4;a=—1
_16x% +8x — —(4x-1Y’
Khi d6 : 1):(8"2+3 —4}+4=%+4:¥+4s4
4x-+1 4x” +1 4x+1
2 4(x+1)
Mit khc : P:(8X2+3 +1j—1=4X T8 (X2 ) 15
4x-+1 4x” +1 4x+1
Bai 5. Tim GTNN ciia cdc biéu thirc sau:
a)A=8X2+12 b)B=4)2(+2 c)C=(X+2)(X+8)(x>O)
X +4 X" +2 X
HD:
2 e2 2
a)A=8X2+12=X +8x4;16 X 4=_1+(X2+4) > lesx—d
X +4 x +4 X" +4
2 (2 2
b)B:4>2(+2:(x +4x+24) (x +2):(x2+2) 1> x=
X" +2 X" +2 X" +2
_ 2
o c=CFE) (o) B gr 18 x=4
X
Bai 6. Tim GTNN, GTLN ciia cdc biéu thirc sau:
2x+1 4x +3
a) B= b) C=
) x*+2 ) x* +1
HD:
2 _ 2 2 _ _
2) B:2§<+1= 4><2+2 =(x +4x+24) (x +2)= (xer2) _12_1:>Bmm=_1<:>X=_2
X +2 2(x"+2) 2(x"+2) 2(x°+2) 2 2 2
2 _ 2 _ _1\2
:2§<+1: 4x2+2 _ X ;|-2x 1 x2+2: (); 1) FI<IS A —lox=l
X +2 2(x"+2) X" +2 X" +2 X +2
2 u2 2
b) C=4)§+3=X +4X-2|-4 X 1=(X2+2) 1>l x=2
X +1 X +1 X" +1
_ 2 _ 2 _ _1\2
C:4);+3: 4x +4x2 1+4x +4: (22{ 1) +4£4<:>x:l
X +1 X +1 x“+1
Bién soan: Tran Pinh Fboang 0874000158
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Bai 7. Tim GTNN, GTLN cua cdac biéu thire sau:
2;{ -1 b) B = 6)2( -8
X +2 X" +1

a) A=

HD:

a) Nhap: a= 2x 1

- Yo ax’—2x+2a+1=0,
X" +2

cod A'=1—a(2a+1)=1—2a2—a1/z a=—a=-1

D | —

2
_ —x? _ —(x-2
Khidé:A:(#—ljJrl: x x4, 1 (2 ) 1.1
X42 2) 2 2(xX+2) 2 2(x+2) 272
2x -1 2pox4l | (x+1)
Matkhdc: A=| 241 |-1=2 320 3 0T 5
X +2 X +2 X“+2
b) Nhap : .91=6)2(_8 Y2 ax’—6x+a+8=0,co:
X
A'=9-a(a+8)=—a’-8a+9=0% a=l;a=—9
. 6x -8 X 46x-9 . —(x-3)
Khido: B=| —o——1|+1=—"—" "2 41=2"_" 41<]
X +1 X +1 X +1
2 (3 +1)2
— X
Mitkhac: B=| X789 g2 HOx+l o T 45 9
X +1 X +1 X +1
Bai 8. Tim GTNN, GTLN cua cdac biéu thire sau:
a)M:41<+1 by P = £2x+13
X +3 X +2x+3
HD:
a) Nhap : a:4?+1 Yoax’—4x+3a—-1=0,co A':4—a(3a—1):O1/z a:—l;a:i
X +3 3
b) Nhip:a=—"13 4/ 4 2ax+3a-12x-13=0,
X +2x+3
Co A'=(a-6) ~a(3a-13)=0% a=—dia=2
2
3x° +4x+8
Bai 9. Tim ci Min va Max ciig: N=—— "
X +3
HD:
3x>+9+4x —1 4x -1 -
Taco: N= 2T 3 M7 Nhp:a="2"19 ax’—4x+3a+1=0
X" +3 X +3 X +3
Co A'=4-a(3a+1)=0"% a=lia=—+
3
Bien soan: Trdan Pinh Jboang 0874000158
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—(x2 —4x + 4)

x> +3

4x —1

x* +3

Khidc')tac():Nz( —1j+1+3= +4<4

- 2 2x +3)’
MétkhécN:(élz( 1+ij_ﬂ+3:w+§:¥+ézé
x’+3 3) 3 3(x +3) 3 3(x*+3) 33
Bai 10. Tim GTNN ciia cdc biéu thirc sau:
2 2
a) B=X—X—21(X¢1) b) A= 273’ 4xy .
(x-1) X" —2xy+2y
HD: a) Taco:

_xz—x+1_4x2—4x+4_x2+2x+1+3x2—6x+3_ (x+1)°
(x—1)° 4(x-1)° 4(x-1)° 4x-17°  4x-1y
b) biéu kién (x,y) # (0,0)

+§2§<:>x:—1
4 4

x’—6xy+9y°  (x-3y)’
x-y)’+y  (x-y)+y’
—(y2 +4xy — 4X2) —-(2x - y)2
=y’ +y  (x—yy+y
Bai 11. Tim GTNN, GTLN ciia cdc biéu thirc sau

A+1=

>0=>A>2-1<x=3y=#0

A-4=

S0=>A<4ox=Ly=2

4x 3(x+1)
a) E= b)f) A=———
) 4x* +1 ) 1) X +x*+x+1
HD:
2 _ 2_ _ 2
a) E= 42x =4X +1 42x 1+4X=1_(2X2 ) Qe xot
4x- +1 4x- +1 4x- +1
(A2 2 2 _
_ 42x _ (4x +1)+§4x +4X+1):—1+(2X2+1) S lesx o 1
4x* +1 4x° +1 4x* +1
by A= —CFD 3 3 _0mA, =3ex=0
X +x +x+1 x"+1
Bai 12. Tim GTNN ciia cdc biéu thirc sau:
2
2) D:2010>;+2680(X€R) b) A:X +15x+16(X€R+)
x“+1 3x
HD:
2 _ 2_
a)Tac(,):Dz2010);+2680=335(26X+8)=335(X +6)2<+9 x =1
x°+1 x“+1 x“+1
2
J3BEEI 3355 3350 x=-3
x“+1
2 —4)
b) Ta co: Azw(xeR+)=(X ) +§Z§:>minA=2<:>X=4
3x 3x 3 3 3
Bai 13. Tim GTLN ciia cdc biéu thirc sau:
2 2 2
Xy +y (y —x)+1 x2
a) A= x,yeR b)) A=———
) x2y4+2y4+x2+2( yeR) AT
Biéen soan: Trdan Pinh %adnq 0874000158
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HD:
Y (v x)+1 y*+1
a) Taco: A=—— yE— = >
Xy +2y"+x"+2 (y +1)(X +2)
Vi y* +1#0 Vx nén chia ca tir va mau cho y* +1 ta duge: A = 21 5
X"+
VixX’20Vx=>x>+222Vx=>A= ! 1<:>x 0;yeR
x*+2 2
b) Xét x =0= A =0 gia tri nay khong phai gia tri 1on nhat ciia A vi v6i x 20 = A >0
Xét x#0 dafltP:L:Am@Pmin
A
4 2
Taco P=> "Xt _ o b lsonpsaii=3op, =3ox=1
X X X
Bai 14. Tim GTNN hodc GTLN ciia cdc biéu thirc sau:
-2 > —2x +201 42
a)A=X 2X+3(X¢O) b)D=X x2+ 016 C)C=x+2X+3
X X X" +2
HD:
2 2
2) A_X 22x+3:3(x 22x+3) (x— 3) <:>x 3o AL :2@);:3
X 3x 3x 3 3
2 2 2 2
b) C=2(X +22X+3)=X +24X+4+ x2+2 =l+@__ ‘=D
2(x°+2) 2(x"+2)  2(x"+2) 2 2(x"+2) 2
2 2 2 2 2
c_X +22X+3=2X x2+2x+3=2(x +2) jl X +2X+3=2 (X 1)* <resx=]
X +2 X +2 X +2 x> +2
2 2 2 2
0 DX 2x2+2016:2016x 2x.20126+2016 _(x 201?) +201522015<:>x=2016
X 2016x 2016x 2016 2016
2
Bai 15, Tim GTLN ciia cic bibu thire: A =25 2419
3X“+x+7
HD:
6x*+2x+19 203x°+x+7)+5 5
A: > = 3 :2+ >
3x"+x+7 3" +x+7 3x“+x+7
Pat M =3x"+x+7=3(x+ —) +§>§c:>x=_—1
12 12 6
:>Amax:Mmin:>Amax:2 i_2@ :__1
83 83 6
12
Bai 16. Tim GTLN, GTNN ciia cdac biéu thire sau:
2 2 Ay 2
2) A=3X 4;2X+3 b)B=X2 2x -2 0 C=3x2+6x+10
x“+1 X +x+1 X +2x+3
HD:
2 2 2 2
2) A:3X -|;2x+3:2(x2 +1)+(x2+1) :2+(X2+1) S s x ]
x“+1 x +1 X" +1 X +1
Bién soan: Tran Pinh Fboang 0874000158
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_3X2+2X+3 B 4X2+4_(X2—2X+1) _4_()(—1)2

A = <4 x=1
x> +1 x> +1 x> +1 x> +1
2 Ay 2 2 2
b) B:X2 2x 2=3X (22X +2X+2)= 23x < D enx=0
X +x+1 X +x+1 X +x+1
2
Vi x20m A= 2= O omAxd 2o2mioTlayoo
X" +x+1 1+l+i 3 2 X
X x° 4
¢) Taco: A=3+ ! 3 ! !

2 =5+ 2 :>Amaxc>[ 2 ]max
X +2x+3 x+1)"+2 (x+1)"+2
S[(x+1)7 +2]
:%slax:—lemﬂ:Z@x:—l
x+) " +2 2 2
Bai 17. Tim min hodc max cua:

SE+)+2=2ex=-1

min

x®+512 x> -1
D=—— b) D=
2) x> +8 ) x> +1
x®+27 4x* +16x° +56x° +80x +356
c) E=— 3 > d) F= 2
X —=3x"+6x"-9x+9 X +2x+5
HD:
¢) Ha phép chia ta dugc : B=X4—8X2+64=(X2—4)2+48248
2+1-2 2
d) Tac():H:X 5 =1-—
X +1 x“+1

e) Ha phép chia ta dugc : E=x"+3x+3
256
X +2X+5°

Dit x> +2x+5=t % F=4t+§22,/4t-¥=18 (Cauchy)

Bai 18. Tim min hodc max cua cdc biéu thirc sau:

f) Ha phép chia ta dugc: F = 4()(2 +2x +5)+

- ? P+2
) A= 5 b) B=—— ) C=— "2
3x"+2 x —2x+2010 X +X+2
HD:
. ) ; 8 8
a) Taco:3x"+222 72 A=— <—=
3x“+2 2
b) Ha phép chiata dugc: B=1+ 22X_2010 ,
x —=2x+2010
Nhap: a= 22X_2010 Y ax’—2ax+2010a-2x+2010=0
X —=2x+2010
Co A':(a+l)2—a(2010a+2010):0 Y% a=—l;a=——
2009
) xXX+2 ) )
¢) Nhap: a=—; V2 ax ++2a—-x"—-2=0,
X +x+2
+
c6 A=a’—4(a—1)2(a—1)% a= 8—§ﬁ Lam tuong ty nhu céc bai trén
Bién soan: Tran Dinh Fboang 0874000158

26



Chuyén dé béi dwéng hoc sinh gidi todn 8

Bai 19. Tim min hodc max cua cdc biéu thirc sau:

2 4+2x+3 3x*+4 3x? —2x+3
5 A=K T2+ by B=3X o co 3243
X —2x+3 X +4 X +1
HD:
2
a) Nhap : azﬂ% ax’—2ax+3a-x"-2x-3=0,
X =2x+3

o A'=(a+1) —3(a-1)(a~1)=-2a>+8a-2=0%a=2%3
Lam nhu céc bai trén.

+12-
b) Ta co: B=M=3— 28 >1
X +4 X +4
+3-2 -2
¢) Taco: C:w:%— 5 X
x +1 X +1
Bai 20. Tim min hodc max cua cdc biéu thirc sau:
X2y+xz(xz—y)+1 3x° —6x+17
a) G= 5t 42 2 b)}lz__z_______
X +Xy +y +2 X —=3x+5
HD:
2) Taco: G = Xy+x'-x’y+1 x*+1 1

2xt+xty +y 42 _2(x4+1)+y2(x4+1) - yi +2

Nhap: a = _22X1 o ax’+2x+a=0,c6 A'=1-a"=0"a=+l1
X"+

2
Khide: C=| 2% 41| 143=2"2% 559
X +1 X +1
2 ( +1)2
— —x?—2x— —(x
Mit khac: C = 22" -1 +1+3=#+4=2—+4<4
x +1 x +1 x +1
. . 3x+2
b) Ha phép chia ta dugc : H=3+—F———
X —3x+5
. 3x+2 2
Nhip:a=————"2 ax"-3ax-3x+5a-2=0,
X —3x+5
+ ’
Co A=9(x+1) —4a(5a—2)=-11a*+26a+9=0 Y% az%,
Bai 21. Tim min hodc max ciia cdc biéu thirc sau
2x* —16x+71 ?
a) == 2T b) P=—
X —8x+22 X +1
HD:
. . 27 o 2
a) Ha phép chia ta duge: [=2+— ,md x* —8x+22=(x-4) +626
X —8x+22

1
b) Nhap : bat x> =t % a= ! 11/2 at’ —t+a=0% a=+—

t2

2
: 4 2 x*+1 _
Khidé:Pz(x—Jrl)_%—w 1_(+1) 1 -1

X12) 20 o(x'+) _5_2(x4+1)_5_ 2’

Bién soan: Tean Pinh Fboang

0874000158
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Khong xay ra diu bang %2 ko c6 gié tri nho nhat

2
2 4 2 .|
PP (S N S~ e ) 9
xX'+102) 20 2(xt41) 20 2(xt+l) 272
Bai 22. Tim min hodc max ciia cdc biéu thirc sau:
x> —2x+1999 X x*=2x+2
a) Q: 2 : 2 2 b) F: 2
X =3x+2 x"-3x"+2x X +2x+2
HD:
—-2x+1999 2 1999
a) Thuc hién phép tinh ta duogc : Q=¥—l—— 5
X X X
Datl:t% Q=1999t> -2t +1
X
, —4x , —4x 2
b) Taco: F=1+———— Nhip: a=————"2 ax" +2ax+4a+2a=0,
X +2x+2 X +2x+2

0 A'=(a+2) —a2a=0% a=2+22

Bai 23. Tim min hodc max cua cdc biéu thirc sau:

’+1 3x*—6x+14
g A=t by N 3K —6x 414
X —x+1 2X°+5
HD:
, X
a) Taco: A=l+———
X —=x+1
. X 1 2 , 2 ) -1
Nhip: a=———"2 ax" —ax—x+a=0,co A=(a+1) —4aa=0% a=lla=—
X —x+1 3
2 (1)
_ _ X —
Khido: A=l+| 5 —1]s1=p4| X F2"1_5 V7)o
X —x+1 X —x+1 X —x+1
2
Mit khac : A =1+ %Jrl 12 x+2x+1 2
xX*—x+1 3) 3 3 3(x2_x+1) 3
3x° —6x+14
b) Nhap : a=—— " % 2ax>+5a—3x +6x—14=0
2X"+5
e 1 33
Co A'=9-(2a-3)(5a—14)=0"% a=la=""
10

Bai 24. Tim gid tri Ion nhit ciia N—j_ \/_ —Jx - \/§ voix,y >0

HD: Ta cd:
R Y e e et et LR et D S D
Jy v o "
N Y-S SO
T Jxy
= Nmin=0 Jx-\Jy =0 <x=y
Vay :Nmin= 0 < x=y >0

Bién soan: Tean Pinh Fboang 0874000158
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Bai 25. Tim min hodc max cua biéu thirc:

2x* —2xy +9y’ 5y —3x x’ -4y’
a) H="0 Q=" "N gR=
X" +2xy+35y X" —3xy+4y 3x° —4xy+ 5y
HD:
2 2
a) Chia c4 ttr va mau cho y?ta dugc: H:[2.X—2—2.§+9j:[x—2+2.§+5j
y y y y
2
Deitizt% H:2t2 2t+9:2_ 26t+1
y t"+2t+5 t°+2t+5
Nhap: a=- o+l Y at’ +2at+5a+6t+1=0,

t* +2t+5

Co: A’ :(a+3)2 —a(5a+1) =0"% a:—l;a:%, lam gidng cac bai trén

5-3.2
. o o N x ) X y - X_ 1 _ 5_3t
b) Chia ca tr va mau cho y- ta dugc: Q = —5————, diat — =t V2 Q=5—7—
X X y t"—3t+4
—-—3.—+4
y
, 5_3t 1 2
Nhép: a=———— 72 at” —3at+4a+3t-5=0,
t"—3t+4
co: A:9(a—1)2—4a(4a—5):01/z a=—1;a=2
7
2
X
x . X t’—4
¢) Chia ca tir va mau cho y’ ta dugc: R:zy_,Dét —=t¥ R=———
X X y 3t —4t+5
3.—5-4.—+5
y y
2_
Nhap: a=——+—— ¥ 3at’ —dat+5a—-t*+4=0 ,

3t —4t+5
Co A'=4a’—(3a—1)(5a+4)=0"% a=—1;a=%

Bai 26. Tim min hodc max cua biéu thirc:
2

2 2 2
2) B = y b) D 3y o) H = 3x"=2xy+y

9x* —12xy + 5y’ B —25x” +20xy - 5y’

S ox3- 6xy + 2y’

HD:
. > o \ X 2 1 - X 1 1
a) Chia cd tir va mau cho y”ta dugoc: B=———, Dat — =t Y2 B=———
X X y Ot" —12t+5
97—12*4'5
y y
R 3 X 3
b) Tuong tu cdu a) ta duwgc D = 5 , bat —=t 2 D= 5
X X t =25t +20t-5
25— +20—-5
y y
Bién soan: Tran Pinh Fboang 0874000158
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2

3% 2%
o2 2 _
¢) Chia ca tir va mau cho y’ ta dugc: szz—y,f)ét i:t1/zH:w
X X y Ot" —6t+2
972—6*4'2
y y
3t -2t +1
Nhép a:m 1/29at2—6at+2a—3t2+2t—120 ,
" —0t+
1 2
co: A'=Ba-1"—-(9a-3)2a-1)=0"% a=§;a=—
Bai 27. Tim min hodc max ciia biéu thirc:
2) M = x* =5xy + 2y’ b)R_x2+Xy+y2
2x* —10xy + 7y’ X' —xy+y’
HD:
2
5,2 X £ —5t+2
a) Chiacét&vém?luchoyztaduqc: M=—2 y ,Dét—=t1/zM=2—
X X y 2t° —10t+7
2—-10—+7
y y
t* —5t+2
Nhép azm % 2at2—10at+7a—t2+5t—2
" —10t+
2 1 17
c6: A=25(2a-1) —4(2a-1)(7a-2), A=0% a=—a=—
2 22
2 2
b) Chia ca tir va mau cho y* ta duoc: R=(X—2+§+1]:(X—Z—E+IJ
y |y y  y
2
bit i=t1/zR=t2+t+1=1+ 5 2 Nhap : a=— Y at’ —at+a—2t=0,
y tT—t+1 tT—t+1 tT—t+1
-2
co A=(a+2)2—4a.a=01/z a=2a=—
) 3
Bai 28. Tim min hodc max cua biéu thirc:
2) N=22xz—58xy+73y2 b) P=8X2+6xy
x* —4xy + 4y’ x*+y’
HD:
2
2% —58% 173
a) Chia ca tr v mau cho y®ta dugc: N = y2 Y ,
X X
——4—+4
y y
2
Dejtizﬂ/zszztz 58t+73:22+30t 125
y t"—4t+4 (t—2)
30(a+2)-15
Pita=t-2 %N=22+¥=22+303—j%=22+£+4—2§
a a a a
szltl:sz N =22+30b +45b*
a
Bién soan: Tran Pinh Fboang 0874000158
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X 8t* + 6t 6t—8
—_ = 5 :8+ 5
y t"+1 t"+1

2
b) Chia ca tir vi mau cho y’ta dugc: P = yz—
X

Nhap: a= ot

t2

_f Y at’ +a—6t+8=0, cd A':9—a(a+8)=01/z a=1l;a=-9
+

Dang 4. Tim Min, Max ciia biéu thirc cé diéu kién ciia bién
Phwong phap gidi:
> Doén bién tir diéu kién roi thay vao biéu thirc.
> Bién d6i biéu thirc thanh cac thanh phan c6 chira diéu kién dé thay thé.
> Sir dung thém mot s6 bat dang thirc phu:
e a+b>2Jab (Déhu=khia=Db, véia,b khong am)

o @ +b"22ab (Diu=khia="b)

a+L>2 (Dhu=khia=1)
a

Mot sé Bit dang thirc don gian thudng gip duoc suy ra tir bat dang thirc (A + B)? > 0.

a) a,bsy b) 1.1, 4 c)2(a’?+b?)>(a+b) d) (a+b)> > 4ab
b a b a a+b

Bat dang thirc Bunhiacopxki

Véin cap sb bat ky ai, az,..., an ; b1, bo, ....bntacod :

(atb1+ asby +..+ anbn)? < (af + @l +....+a’).(b] +b; + ... +b])

n

2
bZ

Néu bi = 0 xem nhu ai = 0

n

=..= 4 _ Const
b

n

z \ a
Dau"="xayra < — =
1

Dang 4.1 Dén bién tir diéu kién réi thay vao biéu thirc.

Bai 1. Tim Min hodc Max cua cdc biéu thirc sau:

a) A=3x"+y biét 3x+y=1 b) B=xy biét 3x+y=1
¢c) A=a’—b’—ab biét:a—b=1 d) B=ab biét: 3a+5b=12

HD:

a) Tir 3x+y=1% y=1-3x% A=3x"+(1-3x) =12x> ~6x+1
b) Taco: y=1-3x Y2 A=x(1-3x)=-3x>+x
¢) Taco: a=b+1% A=(b+1) ~b’—(b+1)b=2b+2b+1

12—5bj:—_5b2+2b
3 3

d) Tir gia thiét ta co: a =

, thay vao B =b[

Bai 2. Tim Min hoac Max cuia cdc biéu thuc sau:

a) A=x’+y +xy biét: x+y=1 b) B=x"+2y” biét: x+2y=1
¢) C=2x"+5y’ biét: 4x -3y =7 d) D=x"+2y’ biétx + 2y =3
Bién soan: Tran Pinh Fboang 0874000158
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HD:
a) Tu gia thiét 2 y=1—x thay vao A ta dugc: A=x3+(1—x)3+xy=2x2—2x+l

b) Tur gia thiét ¥ x =1-2y thay vao B=(1-2y)" +2y* =6y> —dy +1

¢) Tur gia thiét V2 y =

2
thay vao C ta duoc: C=2x>+5y’ =2x" + 5(4){3—7)

d) Tirgia thiét ¥2 x =3 -2y thay vao D ta CIU:(_)CD:(3—2y)2+2y2 =6y’ —12y+9
Bai 3. Tim Min hodc Max ciia cdc biéu thirc sau:
a) A=xX’+y +2xy, biétx +y =2 b) A =2xy+yz+2zx, biét 2x +2y+z =4
¢) A=xy+2yz+3zx, man: x+y+z=6 d) A =xy+yz+zx,biét x+y+z=3
HD:
a) Tur gttacd: y=2—x thay vao A ta duoc : A:x3+(2—x)3+2x(2—x)
b) Tir gia thiét 2 z=4—-2x -2y thay vao A ta duoc :
A=2xy+y(4-2x-2y)+x(4-2x-2y)=-2x" -2y’ —2xy +4x +4y
¢) Tur gia thiét 2 z=6-x—y thay vao A:xy+2y(6—x—y)+3x(6—x—y)
d) Tirgia thiét 2 z=3-x—y thay vao A ta dugc:
A=xy+y(3—x—y)+x(3—x—y)=X2—yz—xy+3x+3y
Bai 4. Tim Min hodc Max ciia cdc biéu thirc sau:
a) A=—xy+3yz+4zx,biet: x+y+z=3 b) B=—-xy+yz+2zx,biét:2x+3y—z=4
¢) C=12xy—3yz—4zx, biét: 2x+3y—z=4 d) D=2(x3+y3)—15xy+7,biét: X+y=-2
HD:
a) Torgttaco: z=3-x-y 2 B=—xy+3y(3—x—-y)+4x(3-x-y)
b) Tir gia thiét Y2 z=2x +3y—4 thay vao A:—Xy+y(2x+3y—4)+x(2x+3y—4)
¢) Tur gia thiét Y2 z=2x+3y—4 thay vdo B:12xy—3y(2x+3y—4)—4x(2x+3y—4)
d)Tox+y=-2,taco: X +y :(x+y)3—3xy(x+y):—8+6xy thay vao A ta dugc:
A=2(—8+6xy)—15xy+7=—3xy—9vé y = -2 —x thay vao A=—3x(—2—x)—9
Bai 5. Tim Min hodc Max ciia cdc biéu thirc sau:
a) Cho cac s0 x, y, zthéa man: x +y + z= 1, Tim max cia: A =2xy+3yz+4zx
b) Chox,y € R, thdéa man: x + 2y = 1, Tim max ctua: P =x.y
¢) Chox,y > 0,x+y=1, Tim min, max cua: A =x"+y’
d) Cho cac sd x, y, z thda min: 3x+ y+2z =1. Tim min max cia: P=x"+ )y’ +2°
HD:
a) Turgt %2 z=1-x-y thay vao A ta dugc: A =2xy +3y(1-x—y)+4x(1-x—y)
A =3y-5xy -3y’ +4x — 4x°
b) Tirgt ¥ x =1-2y thay vao P ta dugc: P =y(1-2y)

Bién soan: Tean Pinh Fboang 0874000158
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¢) Tugt ¥ y=1-x thay vao A ta duoc: A=X2+(1—X)2
d) Turgttacd: y=1-3x—2z % y* =1+9x* +4z° — 6x +12xz— 4z khi d¢:
P=10x>+52" +12xz - 6x -4z +1
Bii 6. Tim Min hodc Max ciia cdc biéu thirc sau:
a) Cho x, y thoa man: (11x+6y+2015)(x—y+3)=0, Tim min cta: P = xy—5x +2016
b) Tim GTNN cua biéu thic A = x* +y° +xy, biét x, y thoa méan dicu kién x +y =1
HD:
a) Tugttaco: 11x+6y+2015=0 hodc x—y+3=0

THI: Taco: 11x+6y+2015=0 % y:% thay vio P

TH2:taco: x—y+3=07"% y=x+3 thay vao P
b) Tacox+y=17%2 x=y—-1
¢) Tugttacd A=X+y)x —xy+y)+xy=x"+y’

1 11 1 1.1

A=(-y)+y =2y’ -2y +1=2(y’ ——y2+———)+1=2(y—=) +=—> —

(y)yyy(y2y44) (y2)22
Diu ‘¢ =" xa rax—l' —l
y 5 Y=5

Bai 7. Tim Min hodc Max ciia cdc biéu thirc sau:
a) Tim GTNN cia biéu thirc B = 5x* + y*biét x, y thoa mén diéu kién: x +y =1
b) Tim GTNN cua biéu thitrc C =x? +2y?, biét x, y thoa mén diéu kién: x +2y =1
HD:
a) Tu gia thiét x+y=1%y=1-x

:>B=5X2+(1—X)2=6X2—2X+1=6(X2—%X+é)
1, 5.5 1 5
=6(x—— +—Z—<:>X:—’ = —
= 6% 6" 6

b) Tu gia thiét x +2y=1%x=1-2y % C=x>+2y’ =6y’ —4y+1

Bii 8. Tim Min hodc Max ciia cdc biéu thirc sau:
a) Tim GTNN cua biéu thirc D = 2x>+5y?, biét x, y thoa mén diéu kién: 4x —3y =7
b) Cho céc sb thuc x, y théa man: x + y =2. Tim GTNN cta A =x’ +y’ +2xy

HD:

4x -7

a) Tu gia thiét 4x -3y=7=y=

= D=2x’ +5($)2 = 9D =98x” —280x + 245 =2(7x —10)* + 45> 45

:minD:5<:>x:&;y:_—3
7 7

b) Taco: A=x’+y’ +2xy=(x+y) —3xy(X +y)+2xy

Bién soan: Tean Pinh Fboang 0874000158
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Theo gia thiét x +y=2=y=2-x

=>A=2"-6x(2-x)+2x(2-Xx)=4x" -8x+8=4(x-1)’+4>4VeR o x=y=1

Bai 9. Choa+b=1. Tim GTNN ciia A= a(a” +2b)+b(b* —a)
HD:

Céoa+b=1% b=1-a
= A=a(a’+2b)+b(b°—a)=a’+2ab+b’ —ab
=a’+b’+ab=a’+(1-a)’+a(l-a)=2a>-2a+1
:2(212—a+l):2(21—1)2+121Va<:>a:b:l
2 2 2 2
Bai 10. Cho cdc so thuc x, y, 7 thoa man: x +y +z=6. Tim GTLN ciia A= xy+2yz+3xz
HD:
Tir gia thiét = z=6-x—-y
= A=xy+2zQ2y+3X) =xy+(6-x—-y)(2y+3x) =-3x" -2y’ —4xy +18x +12y
= 3A =-9x* - 6y’ —12xy + 54x + 36y = -9x* — 6x(2y —9) — 6y *+36y
=—(3x+2y—-9)°-2y* +81<8l

3x+2y-9=0 x=3
=>AL2T = =z=3

y=0 y=0

Dang 4.2 Bién déi biéu thivc thanh cdc thanh phén cé chiva diéu kién dé thay thé.

Bail. Choa,b>0vaa+b=4, tim GTLN cua P:(l—lj(l—%]
a

HD:

Taco: P=1- l+l +L=1_a+b+ l_, 4 i 1 3
a ab ab ab ab ab ab

Do a,b>0% a+b=4>2ab % @s%:z% ab<4

. —4
Khide: > >3 1 1-2<1-221 Diu=xayrakni 12T°=%0 4_po2
ab 4 ab 4 4 a=b>b

Bai 2. Tim Min, Max cuia cdc biéu thirc sau:
1

2 2
—j +(1+%) ,bit:a+b=1vaa, b>0

a) Tim min cua: F = (1 +
a

b) Cho x,y > 0 thoa mén: x +y = 1, Tim Min cta: A = (4x2 +3y)(4y2 + 3X) +25xy
HD:

2 2 2 2 2
a) Taco: (1+a+bj +(1+a+bJ =(2+E) (2+ j —8+4( b} a_+b_2 >18
a b a b a a
b) Tacod: A =16(xy)” +12x> +12y° +9xy +25xy = 6x°y +12(x y3)+34xy
Vix+y=1nén X3+y3:(x—|—y)(x2

—Xy+y2) :(X+y) —3xy =1-3xy, thay vao A

Bién soan: Tean Pinh Fboang 0874000158
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Ta duge A =6x7y’ +12(1—3xy) +34xy, Ditxy =tkhido: A =6t —2t+12

Bai 3. Tim Min, Max cuia cdc biéu thirc sau:

a) Cho x, y 1a cac s6 thuc théa man: x +y = 1Tim Min cta C = (X2 +4y)(y2 +4x)+ 8xy
b) Tim max cua: A :2(x3 —i—y3)+3(x2 +y2)+10xy biét x,y théa méin: x+y+4=0
HD:
a) Taco: Cz(x2 +4y)(y2 +4x)+8xy =x’y’ +4x° +4y’ +16xy +8xy = x’y’ +4(x3 +y3)+24xy
Do x+y=1% x’+y’ =(x+y)3—3xy(x+y)=1—3xy Thay vao C ta duogc :

C=x"y* +4(1-3xy)+24xy =x"y’ +12xy +4 = (x2y2 +2xy.6+36)—32 = (xy+6)2 —32>-32

Déu = xdy ra khi va chi khi {::y-:; v {?i , hoic {;;z
b) Taco: x+y=-4,nén x’ +y’ =(x+y)3 -3xy(x+y)=—64+12xy,
x> +y’ :(x—i-y)2 —2xy =16—-2xy thay vao A = 2(—64+12xy)+3(16—2xy)+10xy
Bai 4. Tim Min, Max ciia cdc biéu thirc sau:
a) Tim min cﬁaB:x“+y4—x3—y3+2x2y2+2xy(x2+y2)+13xy biét x,y thoa man: x +y=-2
b) Cho hai s6 thyc x, y thoa man: x +y =5, Tim max ciia: A =x’+y° —S(X2 +y2)+xy+2
HD:
a) Tux+y=-2tacod: x* +y* = [(x + y)2 —2xy}2 —2x%y’ = (4—2xy)2 -2x%y?
X’ +y =6xy—8, X’ +y’ =4-2xy, Thay vio B ta dugc :
B=x'+y'—-x’ -y +2x’y’ +2X}/(X2 +y2)+13xy
= (4—2Xy)2 - 2x%y’ —(6xy—8) +2x%y? +2xy(4—2xy) +13xy = —xy+24
Thay y=-2-x %2 B=x"+2x
b) Vi x+y=5nén x’+y =125-15xy va x> +y’ =25-2xy thay vao A ta dugc:
A:125—15xy—8(25—2xy)+xy+2:—73+2xy
Mitkhic x+y=5% y=5-x% B=-2x>+10x-73
Bai 5. Tim Min, Max ciia cdc biéu thirc sau:
a) Tim max cua: B=x"+y’ —4(x3 +y3)—20(x2 +y2)—2)<2y2 +xy, bidtx +y=35.
b) Cho x,y 14 hai s thyc thoa man: x* +y’ —xy =4, Tim min va max ctia: A =x"+7y’
HD:
a) Vix+y=5nén x*+y* :(25—2xy)2 —2x%y?, X +y =125-15xy, X +y’ =25-2xy
B=x"'+y' —4(x3 +y3)—20(x2 +y2)—2xzy2 + Xy
=(25- 2xy)2 —2x%y* —4(125-15xy)—-20(25-2xy)—2x’y’ + Xy

b) Taco: x*+y’ —xy=4 % 2x* +2y° —2xy =8 ¥ (X—y)2+x2+y2:8

Bién soan: Tean Pinh Fboang 0874000158
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Yo x> +y* <8 hay A<8

Mitkhac: x* +y° —xy=4° 2x*+2y’ —2xy=8

Yo 2x7 +2y° =8+2xy Y% 3x2+3y2=8+(x+y)2281/z x2+y22§hayA2§

2

, b
Bai 6. Cho hai so thuc a,b # 0, théa mén: 2a° +— +— =4, Tim min, max cia: S = ab+2017
a

HD:

2 2
Tu gttacod : 2a2+b?+i2=4° (a2+i2—2j+[a2+b7—abj+ab+2=4
a a

2 2 2 2
° (a—lj +(a—Ej +ab+2=4° (a—lj +(a—hj +ab=2
a 2 a 2

Y2 ab<2 7% ab+2017 <2019 72 S<2019

)
a a

2 2 2 2
° (a—lj +(a—hj —ab+2=4° [a—lj +(a—hj —ab=2
a 2 a 2

Y2 —ab<2% ab>-27% ab+2017>2015 %2 S>2015

2 2
Mat khac : 2a2+%+ ! =4° (a2+%—2j+[a2+%+abj—ab+2=4

2
Bai 7. Tim GTLN, GTNN cua S = ab + 2009, voi a, b, la hai Y thwe khdac 0va 2a° +%+L2=4
a
HD:
, 2 1 2 b2 1 2 b 2
Taco: 4=a"+—-2+a"+——ab+ab-2=(a——) +(a——) +ab+ta>ab+2
a 4 a 2
1
a_gzo a=-1;b=-2
=ab<2=S<2011< =
b a=1;b=2
a—-—=0
2
1Y bY
Ta lai co: 4=(a——j +(a+5j —ab+2>-ab+2=ab>-2=S2>2007
a
a-——=0
a a=1;b=-2 . ,
= = Vay GTNN cua S =2007 < (a,b) =(£1;£2)
a=-1;b=2
a+—=0
2
y2
Bai 8. Cho hai so x,y khac 0 thoa man: X +—2+?=8, Tim min, max cua: A= xy+2024
X
HD:
2 2 2
Taco X+ 43 =87 2x2 4194 Y 160 (x2+¥—8j+ X2+ Lt xy |[-xy+8=16
X 8 X 4 X 4
Bién soan: Tran Pinh Fboang 0874000158

36



Chuyén dé béi dwéng hoc sinh gidi todn 8

2 2
V2 (x—ij +(X+%j —xy+8=16% —xy+8<16 /2 xy>-8° A =xy+2024>2016
X

2 2 2
Mat khac : (Xz+¥—8j+[x2+%—ny+Xy+8=16° (X—ij +(x—%j +xy—-8=16
X X

V2 xy—8<16 Y2 xy <8 V2 S=xy+2024 <2032
Bai 9. Tim Min, Max ciia cdc biéu thire sau:
a) Cho x, y <R khac 0 biét: 8x> +y* + % =4, Tim x, y ¢ B = x.y dat min va dat max.
X

2

b) Cho x, y théa man: 2x* +— +% =4, Tim max cua: A= x.y
X

HD:

a) Taco: 8x2+y2+%=4° (4){2+L2—2j+(4x2+y2—4xy)+4xy+2=4
4x 4x

2
° (2){—%) +(2X—y)2+4xy+2:41/z 4xy+2<4 7% B:xyS%
X

2
Mat khac: 4=(2X—2L] +(2X+y)2—4xy+2 V2 —4xy+2<47% B=Xy2_71
X

2 2 2
b) Tu gt ta co: 4=(X2+i2—2j+(x2+y7—xy]+xy+21/2 4=(x—1j +(X—%j + Xy +2

X X
V2 xy+2<4%2 xy<2
Bai 10. Tim Min, Max cua cdc biéu thire sau:
a) Cho x, y € R thoaman: x*+2xy+7(x+y)+2y’+10=0, Tim min va max cia: S=x+y+3

2

b) Cho cac s6 thyc m, n, p thoa man: n* +np+p’ =1— , Tim min, max cia: A=m+n+p

HD:
a) Tugttacd x> +2xy+7x+7y+2y  +10=0

2

2
2y+7 :
Va x2+2x(2y2+7j+( y4 ) +2y2+7y+10—@=0% (x+}’+%) +y2—%=0

Va —%Sx+y+%£%1/z—5éx+y£—21/z -2<x+y+3<1

2

b) Theo gia thiét co: n’ +np+p”> =1— 3m = 2n’+2np+2p° +3m’ =2

< m’+n’ +p’ +2mn+2np +2mp+m’ —2mn+n’ +m’ —2np +p° =2
< (m+n+p)’ +(m-n)’+(m-p)’ =2
= m+n+p)<2= - 2Sm+n+p3\/§hay—\/5SAS\/§

m-n=0

A:—\/§<:> m—-p=0 <:>m=n:p=¥
m+n+p:—\/§
Bien soan: Tran Pinh Fboang 0874000158
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m-n=0
A=< m-p=0 @mznzng
m+n+p=+2
Bai 11. Tim Min, Max cua cdc biéu thire sau:
a) Cho x, y, z 1 céc s thuc thoa mén: x* +y” +2z’ =3, Tim min, max cia: P=x+y+2z

b) Cho céc s thuc x,y thoa min: 7x° +9y” +12xy —4x —6y—15=0.
Tim min, max cua: A =2x+3y+1
¢) Cho céc s6 thuc X, y, z thoéa man: 3x° +2y’ +52° +4xy —2xz+2yz=35.
Tim min max cua: P=x+y
HD:

a) Tacod: P2=(x+y+2z)2:xz+y2+4z2+2xy+4yz+4xz,néntanhén6Vé0gt:
18=6x"+6y” + 62" :(x2 +y’ +4z7° +2xy+4yz+4zx)+(5x2 +5y° +27° —2xy—4yz—4zx)
18=(x+y+22)2+(x—y)2+(2X—z)2+(2y—z)21/2 (x+y+22)2S18
- 18£x+y+22£\/ﬁ

b) Tirgt ¥ (2x)" +(3y)" +2.2x3y —2.2x ~2.3y +1+3x> =16 % (2x+3y+1)’ +3x* =16

¢) Tu gttaco: (x2 +y° +2xy)+(2x2 +y’ +52° +2xy—2xz+2yz) =5
Yo (x+y)2+(X2+y2+zz+2xy+2yz+2zx)+(4zz—4xz+x2):5
V2 (X+y)2S51/z —\/gﬁx+yﬁx/§

Bai 12. Tim Min, Max cua cdc biéu thirc sau:
a) Tim min max cua: P =x +y+z, biét: y2+zz+yz:l—%x2

b) Cho x* +3y” +2xy—10x =14y +18 =0, Tim min, max clia: S=x +y
HD:

a) Tugt 2y’ +27° +2yz=2-3x" V2 3x* +2y’ +27° +2yz =2
Ya (X2+y2+22+2xy+2yz+22x)+(2x2+y2+22—2xy—22x)=2
Ya (X+y+z)2+(x—y)2+(x—z)2=21/2 (x+y+z)2£2
b) Turgt ¥ x*+2x(y—5)+(y=5) +3y* —14y +18—y* +10y 25 =0
Yo (x+y—5)2+2(y2—2y+1)=91/2 (x+y—5)2 <9% -3<x+y-5<3

Bai 13. Tim Min, Max cua cdac biéu thire sau:
a) Cho a, b, ckhéng:émthéamﬁn: 3at+2c=51vac+5b=21, TimmaxcuaA=a+b+c
b) Cho a,b,c 1a cac s0 khong am théa man: 2a + b =6 — 3¢ va 3a + 4b = 3¢ + 4, Tim min cua
E=2a+3b—4c
¢) Cho a+b=2,Tim max cua: A = alb(a2 +b2)
HD:
a) Cong theo vé gia thiét ta dugc : 3a+3c+5b=72% 3(a+b+c)=72-2b<72
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Do b>0"7% a+b+c§73—2=24

4
. a=4-3c 3 >0
b) Cong theo vé tadugc: a+b=2 7% Ve 3 do a
b=3c-2 2 |b20
3

Khi do: E=2(4-3c)+3(3c-2)-4c=2-c
¢) Taco: a+b=2% a’+b’ =4—2ab %2 A =ab(4—2ab)=-2a’b’ +4ab
A=—(a’b’-2ab+1)+2<2, Max A =2

Bai 14. Tim Min, Max cua cdac biéu thire sau:
a) Cho x,y,z>0,2x+7y=2014,3x +5z=3031, Tim GTLN cua biéu thuc : A=x+y+z
b) Cho3sdx,y,zthéamin: x+y+z=3, Tim GTLN cua : B = xy + yz + zx
HD: )
a) Cong theo vé cua gtta co: 5x+5y+5z2=5045-2y <5045 do y >0 nén
5(x+y+2)<5045° x+y+2z<1009

b) Taco: B:xy+z(x+y):xy+[3—(x+y)](X+y)

2
B=xy+3(x+y)—(x+y)2 =—X2—y2—xy+3x+3y=—(x+y7_3j +T(y—l)2+3ﬁ3

Bai 15. Tim Min, Max cua cdc biéu thire sau:
a) Tim GTLN ctia A =2(x* +v°)+3(x* + y*) +10xy, biét x, y théa man : x +y + 4 = 0.
b) Cho cic s6 thuc x, y thoa man: x*+y* —xy =4. Tim GTLN, GTNN cia P = x? +y?
HD:
a) Taco: A=2(x"+y)+3(x* +y)+10xy = 2(x +y)’ —6xy(x +y) +3(x +y)” — 6xy +10xy
=28xy —80 = 28x(—4 —x)—80 = —28(x” +4x +4) +32
= A=-28x+2)+32<N2x="2>y=-2
b) Taco: x> +y’ —xy=4=8=x"+y" +x" +y’ —2xy

x—-y=0
:x2+y2+(x—y)22x2+y2:>PS8<:>{X2+yy2_Xy_4<:>x:y:i2
5 q X=y=2
Vay GTLN cia P=-2 <
X=y=-2
Mit khac: 8 =2(x* +y°)—2xy =3(x’ +y°) - (x - y) S3(x2+y2):>P>§
Xy 2 2 Ly = -2
x+y=0 RN Y SN
= 2y2 = V3 VayGTNNcuaP— \/5 3
Xhyoxy=4 | 2 3 2y 2
NG 3

Bai 16. Tim GTLN ciia biéu thirc A= 2xy + yz + zx, biét x, y, 7 théa man: 2x+2y+z = 4.
HD:

Tu gia thiét: 2x +2y+z=4=2z=4-2x -2y
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= A=2xy+y(4-2x-2y)+x(4-2x —2y) = -2x" -2y’ - 2xy + 4x + 4y
= 2A = —4x7 — 4y’ —4xy +8x +8y = —4x* —4x(y+2) - (y—-2)* +(y—2)’ -4y’ +8y

2
:—(2X+y—2)—3(y2—iyj+4:—(2x+y—2)—3(y—2] -i-ESE:ASE
3 3 3 3 3
=2
= 33Z=£
2773
Y73

Bai 17. Tim Min, Max cua cdac biéu thire sau:
a) Cho cac s6 thyc x, y thoa man: x* +2xy+7(x +y)+2y° +10=0. Tim GTNN A =x+y+3

b) Chox,y, zla cac sd thuc thoa man : x> +y* +2z*> =3. Tim GTLN, GTNN A =x +y+2z
HD:

a) Tu gia thiét x> +2xy+7(x +y)+2y° +10=0= 4x* + 8xy + 28x + 28y + 8y’ +40 =0
S 2x+2y+7)Y +4y° =9 = (2x+2y+7)* <9
= 2x+2y+7|<3=> 3<2x+2y+7<3 < 5<x+y< 2o -2<A<]
A=l x=-2y=0
A=-2x=-5y=0
b) T X’ +y* +2° =3 6x° +6y° +62° =18
S (x+y+2z)  +(x—-y)Y +(2x—-2)" +(2y—2z)’ =18
=S x+y+2z<18=-3/2<A<32
x-y=0
2x-z=0 xzyzﬁ ﬁ
2

=

Az—3x/§<:> IS 2 VayA:3\/§<:>x:y:
2y—-z=0
2=—2

7=
X+y+2z=0
Cho cdc sé thwe m, n, p théa man: 2m* +2n>+4p* +3mn +mp + 2np _3 1)

Bai I8, 7 2
Tim GTLN, GTNN cua biéu thirc: A=m +n +p
HD:

(1) < 4m” +4n* +8p” + 6mn + 2mp + 4np =3

& 3(m* +n° +p° +2mn +2np + 2pm) + (m’> —4mp + 4p° )+ (n* —2np+p°) =3
& 3(m+n+p) +(m-2p) +(n—-p)° =3
=3(m+n+p) <3=>-1<m+n+p<l
m-2p=0 | |

4
m+n+p=-1

m—-2p=0
m+n+p=1
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Bai 19, Chox+y+2=3; A=x"+)"+2"; B=xy+yz+2x
a) Tim GTNN cua A b) Tim GTLN cua B

¢) Tim GTNN cua A + B
HD:

a) Tugt: x+y+z=3° (X+y+2)°=9° x*+y +z°+2xy+2yz+2xz=9
Tacod: X’ +y° +2° 2xy+yz+2X = 9=x"+y’ + 2> + 2(xy + yz+zx) < 3(x* +y* + Z°)
SI9I<3A A>3 x=y=2z=1

b) Taco: 9=(x"+y’+2z°)+2(xy + yz +zx) > 3(xy + yz + zx) = 3B
=>B<3ox=y=z=1

., |[A+2B=9
¢) Taco: B<3 =>A+B=9-B26cx=y=z=1

Dang 5. St dung cdc bt ding thirc co bin:

Ta biét rang : Tir mot bat dang thirc, bang cach chuyén vé bao gio ta cling dua vé 1 bt dang
thitc co ban va cac phép bién d6i trong dwong ma mot vé 1a hing sb. Vi vay : Str dung cac bat
dang thirc co ban va cac phép bién doi tvong duong ta cé thé tim dugc cuc tri ciia 1 biéu thirc ndao
do.

Bai l. Chox,y >0vax+y=1. Tim gid tri nhé nhit va lén nhit cia P=x? +y*.
HD:

Dox;y>0vax+y=1=0<x;y<1=>x*<x,y?<y
x=1

=0
:>P=x2+y23x+y=1:>MaxP=1<:>{x hoéc{
y:

y=1
Mitkhdc: x +y = 1% (x + y)2 = 1=1=(x.1 + y.l)ZS(X2+ yz)(12+ 12)

2 1<2(x* +y°) Y2 (x> +y?) 2% = MinP = % khix=y= % (BDT Bunhiacopxki)
. x=0 x=1 . 1 1
Vay : MaxP=1<:>{ ; { MinP= - o x=y=—
y=1 y=0 2 2
Bai 2. Choa>b>0. Tim GTNN ciia B, =a+ !
b(a-b)
HD:
Taco: B, =a+ =b+(a-b)+ ! >33 b(a-b) (theo Cési cho 3 50).
b(a—b) b(a—-b) b(a—b)
. 1 a=2
Bi23=Bimn=3< b=a-b= =
b(a—b) b=1
) a=2
Véy:B1m1n=3<:>{
b=1
Bai 3. Cho a,b>0vda+b=1.TimGTNNcﬁaB=L+ 21 5
ab a” +b
HD:
Bién soan: Tran Pinh Fboang 0874000158
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2
Tu BDT l+12 4 o a+b2 4 %LZ 2 szL24do atb=1vaa,b>0
a b a+b ab a+b ab a+b ab

‘ I o101 A e A .
Ap dung bat dang thirc —+—2> va két qua trén ta co :

a b a+
1 1 2 1 1 1 1 4 4
B=—+——13= t + Ll e e
ab a“+b 2ab a“+b~ 2ab \2ab a“+b 2 2ab+a“+b
B>2+ 4 :6doa+b=1:>Bmin=6<::>a=b=l
(a+b)’ 2

Véy:Bmin=6<:>a=b=%

Bii 4. Cho xy + xz +yz =4. Tim GTNN ciia B; =x* +y* + 7*

HD:

Doxy+xz+yz=4=16=(xy +xz+yz)* < (x>*+ y*+ 22) (x> + y* + 2%)
(Theo Bunhiacopxki) < 16 < (x> + y2+ 22> < (x* + y* + z%) (12 + 12+ 1?)
:>B3=x4+y4+z42? = Bsmin = 16 oSx=y=z=+% %
Y}

Véy:B3min=?<:>x=y=z 3

Bii 5. Tim gid tri nhé nhit ciia

HD:

B = (1+x% +xy*)?"" — 2001 xy (x+y) + 2001 véi X’y +xy* >0

Theo BDT Becnully ta c6 : (1 +x%y +xy?)?%! > 1 +2001 (x%y + xy?)
B (1+ %y + xy?P™ — 2001 xy (x+y)+2001 > 1+ 2001 xy(x+y) — 2001xy(x +y)+ 2001

x=0
& B> 2002 < B min = 2002 < xy(x+y) = 0 < y=0
x=—y
x=0
Vay:Bmin=2002 < <y =0
x=-y
Bai 6. Cho xyz=1vax+y+z=23. Tim GTNN ciia Bs = x'6+y!®+ 716
HD:
Cach 1 :
Taco: (a-b2+(®b-cP+(c-2a)Y=0 Va,b,c
< al+b>+c?>ab+ac+be (1)
Ap dung bt dang thic (1) ta co :
Bs= x4 y16+ 7216 = (x8)2 + (y¥)2 + (282 > xByS + y828 + 28x8
< Bg > x8y? + y82% + 288
< Bs > (x4 + (y*zh)? + (2% = xty4 yizt xAyt 2 o yrzt 2
& Bs > x*y87* + x8yzt + xtyi
Bién soan: Tran Pinh Fboang 0874000158
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& Bs > (x3y*22) + (x*y222) + (x2y224)2 > xOyz* + xOy*76 + xtybz6
& Bs > (Y322 + (Y 2) + (Cy2) 2 x5y07 + x5y7 + x3y78
< Bs > (xyz) . x + (xyz)’.y + (xyz)’z=x+y+z=3 (doxyz=1lvax+y+z=23)
= Bsmin=3ox=y=z=1
Cich 2: (Khong str dung gia thiét xyz = 1)
Ap dung bit dang thirc bunhiacopxki nhiéu 1an ta 6 :
3=x+y+z=9=(xty+z)?<(x*+y*+2%)3
SIS AY+HA) SIS+ +H 2P S (xP+Hyt+ 243
S3<xt+ryt+ e ISP Hy A < (B Hy8 + 283
S3<B+HYH+ o 9+ Y+ < (x10+y16 +219)3
S Bs=x104+y0+79>3 = Bsmin=3<x=y=z=1
Vay:Bsmin=3 <o x=y=z=1
Bai 7. Cho |a| <1; |b| <I va |a + b| = \/3. Tim GTLN ciia Bs= \1-a* +1-b
HD:

2 2 2
Tacé:(a—b)>>0 Vaib= 2 ;b z(“;bj 1)
Ap dung (1) taco :
2
Ji—a? +1-5? edrlopt 2-@ b | at b
2 - 2 2 2

2 2 2 2
Do * ;b z(“;bj :[ﬁj :% (do|a+b|=+3)

:>(\/1—a2 +1-b2 <1)

2
2 2
:(\/l—a ;\/1—19 } oy

1
4

= Bs= \/1—a2 +\/1—b2 <l =>BiMax=1<a=b= ?

Véy:B4Max=1<:>a=b=g

II1. Mot s6 bai tap dé nghi :
Bai I. Choa,b,c>0vaa+b+c=1Tim GTNN ciia A = (1+1) (1+%) a+5
a C

Bai2. Choab,>0via+b=1 Tim GTNN ciaB= = + —°>
ab a4’ +b°

Bai 3. Choa,b,c>0
a) Tim GTNN cua C =

a b c
+ +
b+c c¢c+a a+b
a b c b+c c+a a+b
+ + + + +
b+c c+a a+b a b c

b) Tim GTNN cua D =

Bai 4. Cho x,y,z 2—%Véx+y+z=1.TimGTLN E= Jax+3+4dy+3 + 4z 13
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Bai 5. Choa,b,c>0vaa+b+c=1.TImGTLN ctaF= Ja+b+a+c+/b+c

Bai 6. Cho 0<x < % _Tim GTLN ciia G = 4x2 — 33

Bai 7. Cho 0<x<3;Cho 0<y<4 Tim GTLN H=(3 —x).(4 —y).(2x + 3y)
Bai 8. Chox,y,z,t>0va2x+xy+z+yzt=1. Tim GTLN cua I = x?y?z*.t
Bai 9. Chox,y,z, t>0vaxt+xy+z+yzt=1.Tim GTLN cua K = xyzt
Dang 6. Tim Min, Max bing cdch si dung bét ding thirc c6 chiva diu gid tri tuyét doi
Phwong phap gidi:
, . [|[4=4ae4=0
Dinh nghia:
|[d|=-4< 4<0

Tinh chit
* VAeR=|d|20;d4|>4
o Vx,yeR=l|x+y|<|x|+]|y] e xy20
° Vx,yeR:>|x—y|2|x|—|y|c>x.y20
Bai 1. Tim GTNN ciia cdc biéu thirc sau
a)A=|X—3|+|x—7| b)B=|X—l|+|X—2|+|X—3|
c)C=|X—1|+|X—2|+|X—3|+|X—4| d)D=|X+5|+|x+2|+|x—7|+|x—8|
e) E =[x +1|+|x +2|+|x +3|+[x + 4|+ |x + 5|+ |x + 6
HD:
a) A =|x-3|+[x=7|=|x=3|+|7-x|2|x -3+7 -x|=|4]| =4
=>A24 x-3)(7T-x)20=3<x<7
b)B:|x—l|+|X—2|+|x—3|
Taco: B=|x—1|+|x=3|=[x-1|+]3-x[22" = (x-D(3-x)20=1<x<3
Ma: |x-2[20=x=2P=C22&x=2
©) C=|x—1|+[x —2|+|x = 3|+[x - 4|
x=1|+|x=3|=|x-1|+]3-x|22 = 1<x <3;
x=2|+[x—4|=|x-2[+[4-x|22=2<x<4
=>C24=>minC=4<2<x<4
d) D =|x+5+|x +2|+|x = 7| +|x - §|
Ap dung bét dang thic [M|>M VM eR

Taco:

Ta co : D=|x+5|+|x+2|+|7—x|+|8—x|ZX+5+X+2+7—X+8—X=22 Vx eR

X+520 X =>-5

. x+2>0 x=>-2
=>mnD=22& = & -2<x<7

T7T—-x20 x <7

8—x=>0 X <8

€) E =[x +1|+|x+ 2|+ |x + 3|+ |x + 4|+ |x + 5| +|x + 6|
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=[x =1+ [-x = 2|+ |-x = 3|+ [x + 4|+ |x + 5|+ [x + 6
=2E>—xXx-1-Xx-2-Xx-34+Xx+44+Xx+5+x+6=9 VxeR=>=minE=9 4<x<-3
Bai 2. Tim gid tri nhé nhit ciia Bs=|x + 7|+ | x — 1995
HD:

Tacod: [x|+|y|>|x+y| diu"="xayra < x,y >0

Dovay:Bs=|x+7|+|x — 1995|=|x+7|+] 1995 — x| > |x + 7 + 1995 — x|=2002

= BsMin=2002 < (x + 7).(1995 - x) 20 < -7<x <1995

Vay : BeMin = 2002 < -7 <x <1995

Bai 3. Tim gid tri nhé nhit ciia biéu thirc. B;=|x+2000|+|x+y+4|+|2x+y — 6|
HD:

Taco: B7=|x+2000|+|x+y+4/+2x+y — 6
B7=|x+2000|+|x+y+4|+]|6 — 2x+y)]
B7>|x+2000+x+y+4+6 —-2x —y| =2010

= Bymin = 2010 < (x + 2000); (x +y + 4) ; (6 — 2x + y) cung dau

Vay : Bymin = 2010

Bii 4. Cho sé thuwe x. Tim GTNN ciia cdc biéu thirc sau :

a)A:|X+3|+|x—2|+|x—5| b)B:|x—2|+|x—3|+|x—4|+|x—5|+|x—6|
HD:
a)A=|X+3|+|x—2|+|x—5|=|X+3|+|x—2|+|x—5|2|X+3|+|5—x|2X+3+5—X=8VXGR
x+32>0 X >-3
Diu‘=" & {x-2=0cx=2 &x=2
5-x20 x <5

b) B:|x—2|+|x—3|+|x—4|+|x—5|+|x—6|:|X—2|+|x—3|+|x—4|+|5—x|+|6—x|
B2|x—2|+|x—3|+|5—x|+|6—x|Zx—2+x—3+5—x+6—x:6VxeR©x:4
Bai 5. Cho sé thwe x. Tim GTLN cua cdc biéu thire sau :
a)A=|X+5|—|x—2| b)B=|X—2|—3|x—5|—|X—4|
HD:
a) A =|x+5|—|x-2|
Ap dung bat dang thuc : |x|—|y|£|x—y| Vx,yeR & y(x-y)=0
A=|x+5|-|]x-2|<|x+5-(x-2)|=7 VxeR
D> maxA=7<X-2)X+5-x+2)20=x2>2
b) B=|X—2|—3|x—5|—|x—4|
Vi—|x-5|<0=>B<|x—2|-|x—4|<[x—2-x+4]=2
x-5=0 x=35
Q{(X—4)(X—2—X+4)ZO®{ S x=3

Bii 6. Cho sé thue x. Tim GTLN ciia cdc biéu thive sau :

a) A=|x+3|+[x—2/+2012 b) A=|x+3|+[x—1|+|x-4|-3
Bién soan: Tran Pinh Fooang 08714000158
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HD:

a) TacoA =|x+3|+|x—2|+2012=|x +3|+ |2 —x|+2012
Laicé:|x+3|2x+3<:>x2—3
Ma 2-x|>2-x < x<2= A=|x+3|+[2-x[+2012> x+3+2-x+2012=2017
Vay MinA =2017 < -3<x<2

b) Taco A =|x+3|+[x—1|+[x —4|-3 =|x+3|+|[x - 1|+ ][4 —x|-3

|x—1|20<:>x=1;

., |x+3|2x+3c>x2—3;

Laico
|4—X|24—X<:>X£4
=>A>2x+3+0+4—-x-3=4

Vay MinA =4 < x =1
Bai 7. Tim GTNN ciia cdc biéu thirc sau:

a) A=|5x+3+[2x-3|-x+1 ¢) C=[4x+3|+|5x = 7| +[2x = 9|15
b) B=|x —1|+|x —2[+|x = 3|+ |x - 4] d) D=(2x-1)" -3]2x -1|+2
HD:
a) Taco A=|5x+3|+|2x—3|—x+1=2x+%+3 x+%+|2x—3|—x+1
Mat khac 2X+3 ZO<Z>X=_—3;3X+—Z3(X+EJC>XZ_—3
5 5 5 5

Lai ¢6 |3—2x|z3—2x@xs%:B20+3(x+§j+3—2x+1=25—9

b) MinB=4<2<x<3
¢) Taco MinC:_—1<:>X:Z
5 5
J— -1 5 -1
d) Taco MinD=—<< x=— hay x =—
4 4 4

Bai 8. Tim GTNN ciia cdc bibu thirc sau:

a) A=|x—1|+[x =2/ +[x =3|+..+[x ~199§ ¢) € =[x/ = 6]+ [x3/2 +1[+ 2x+2017
b) B:‘x 3+2‘+‘x\/§—7‘+‘x\/ﬁ—9‘
HD:

a) Tacod Min.A =999 < 999 < x <1000 hay x = Tl

b) Ta co MinBzi(\/l_—\/g+\/§)<:>x=% hay X:_Tl

V11 J11
¢) Tacd Min.A = 2018\/§+\/§_2<Z>X=_—1 hay x:_—1
V2 V2 4

Bai 9. Tim GTNN ciia cdc biéu thirc sau:

a) A=vx—1-2Vx-2 +/x+7-6x+2
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b) BoyXx—4+2Vx—5 +x —1-4/x-5(x>5)
) C=x—2vX -1 +5yx+3—4vx -1 +4/x +8—6x 1 (x> 1)

HD:
a) Pt t=vx-2 (t20)=>t’=x-2=>x=t"-2

= A= = 2t+1 4 —6t+9 = (1 —1)> +4/(t=3)?
t-120

3 t>0c:>1£t£3<::>1§\/x—2£3<:>3£x£11

:|t_1|+|3—t|2t—1+3—t:2<:>{

b) Pit t=vx-5 (t=20)=>x=t"+5

= B=J(t+1)’ +JQ2-t)° =[t+1[+2—t|=t+1+]2— | > t+1+2 -t =3
B=3&2-t200t<28Vx-5<265<x<9

¢) Pit t='x-1(t=20)=>x=t>-1
= C=J(t=1)? +5{(t=2) +/(t=3)* =|t—1|+ 5|t 2|+ p—{

t—-120
Clt-1|+B-t|2t-143-t=2e1t=2 ot=2oVx-1=2¢<x=5
t<3

Phwong phdp 2. Phwong phdp chon diém roi

1. Ly thuyét vé phwong phdp chon diém roi:

Chon diém roi chinh 1 viéc du doan diu béng xay ra tai cac gia tri cua bién.

Néu biéu thice c6 diéu kién rang budc thi GTNN hodc GTLN thuong dat tai vi tri bién. Thong

thudng voi cac biéu thire d6i xtng thi ddu bang xay ra khi cc bién bang nhau.
2. Diém roi ciia biéu thive déi xikng vdi cdc bién

1 1 1
+ +

2x+y+z x+2y+z x+y+2z

Cho biéu thirc P =

Néu ta hoan dbi vai trd clia x, y, z cho nhau thi biéu thirc P khong thay doi nén ta noéi biéu thic
P 1 biéu thirc dbi xtmg vdi vai trd cac bién binh ding nhau.
Viay diém roi dat dugc khi cac bién c6 gi tri bang nhau, tic latai x =y =z
3. Phwong phap gidai

Ky thudt chon diém roi hay con dwoe goi kj thudt diéu chinh va lwa chon tham sé.
K§ thuat chu yéu ¢ day thuong 1a cac gia tri trung gian dugc xac dinh theo cach chon dic biét
dé tat ca cac dau dang thuc dong thoi xay ra. Tham sb phu dua vao mot cach hop 1y dé phuong
trinh x4c dinh chiing c6 nghiém
Ta du doan ding thirc xay ra (trc chon diém roi) tai gia tri cac bién bang nhau roi ghép timg
cap ap dung BDT Cauchy.

VDI: Cho a, b> 0. Ta co %+§22.Khid() ta c6 hé thirc v6i a > 0 thi a+§22

R& rang v4i bai toan trén 1a két qua cua bat dang thirc Cauchy

Néu thay diéu kiéna >0 bdia > 1 hay a =2 hay a >9... thi 161 giai bai toan trén nhu thé nao?

Bién soan: Tean Pinh Fboang 0874000158
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Ta xét cac bai toan sau day:

Bai 1. Cho a >3. Tim GTNN ciia biéu thirc P =a +l
a

Phén tich
+ Sai lam thwong gdp: Néu voi vang, ta din dén 101 giai sai nhu sau:

St dung BDT Cauchy cho hai s6 dwong a va 1 ta duoc:

a
P=a+122,/a.l=2.
a a
Dau bang xay ra khi a=—° a=1<3.Mau thuan véi gia thiét a >3 nén 101 giai sai.
a

Tir d6 viée du doan ddu “=" x4y ra (trc chon diém roi) 1 v6 cing quan trong.
Viy 1oi giai dung 1a nhu thé nao?
+ Xdc dinh diém roi:
Ta thir 1ap bang gia tri ctia P tai cac gia tri tvong (mg ciia a ting dan nhu sau:

a 3 4 5 6 7 8
Poatt | 31 4L 51 6 74 31
a 3 4 5 6 7 8

Ta nhén thiy khi a ting thi P cang 16n nén dan dén du doan khi a = 3 thi P nhan GTNN Do d6
ta chon diém roi la a=3

Véia=3thi a# lnén dé sir dung bat dang thirc Cauchy ta phai thém hé s6 k > 0 sao cho tai
a

2 . ‘ 1 .
diém roi a = 3 thi cdp s6 ka va — phai bang nhau:
a

Khi d6 ta bién ddi biéu thirc P nhu sau; P=a +- = (l+ ka] +(a—ka)
a a
1
X T , —=ka | 1
Tim k dya trén dau “=" xayra °© Ja V2 3k=="% k=§
a=3

V6i hudng phan tich trén, ta c¢6 101 giai chi tiét nhu sau:

poaili(l 2], 82, /1.3+Q=& v MinP = 2 khia=3
a a 9 9 a9 9 3 3

Ngoai cach phan tich trén, ta con c6 nhiéu hudng tu duy khac nhu sau:
Huong 2:
Ta co: P=a+l=(a+2j—§22\/a.72—§=6—§=E Y2 MinP = 10 khia=3
a a) a a 3 3 3 3
Huéng 3: Dua vao két qua da biét & cach giai trén ta c6 cach giai sau:
10 1 1o:3a2—10a+3:3(a—3)2+8(a—3)>0

Xéthiéu: P-—=a+———
3 a 3 3a 3a

Bién soan: Trin Dinh Tooang 08714000158
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VZ: PZ?. Dau dang thirc xdy ra khi a = 3. Vay MinP = ? khia=3
Tuong tu, véia >4,a >5 haya >9 .... thi ta c6 c6 101 giai nhu trén.
Bai 2. Cho a >2. Tim gid tri nhé nhdt ciia biéu thirc Q =a + iz
a

Phan tich
+ Xac dinh diém roi: Ta chon diém roi tai a =2

Ta co: Q:a+%:(ka+%j+(a—ka)
a

a
ka—L 1 |
Déu “=" xay ra ° a? ¥ 2k=—" k=—
a=? 4 8

Tuy nhién vé&i cach phan tich sau day lai din dén sai lam nhu sau:

Q—3+L—(E+LJ+E>2 E.L+E—L+E>L+E—2
a> (8 a’ 8 V8 a> 8 Jsa 8 82 8 4

Ao N 9
Vay véi a =2 thi MinQ = 2
+ Nguyén nhan: Loi giai trén mic sai 1am & viéc danh gia mau sb: “Néu a>2 thi

2 2 = 2 1a danh gia sai”. Boi vi dé sir dung duoc BPT Cauchy thi ta phai 1am sao khir hét

—_ 2

J8a /82 4

bién sb a & tr va mau.
+ Loi giai dung:

Ta co: Q:a+%:(%+i+ij+6_a233 i.i.iz +3_a:
a

Vay MinQ = % taia=2

Ngoai cach gidi trén ta con c6 nhiéu hudng gidi khac nhu sau:
Huong 2:

1 a a 4 3 aa 4 3 3 9
Taco: Q=a+—=| —+—+— ——23,3/ —————— —=3-—==
Q a’ (2 2 azj a’ 2 2a a’ 4 4

Vay MinQ = % taia=2

Huéng 3: Dua vao két qua da biét & cach giai trén ta c6 cach giai sau:
1 4a’ -9a’ +4 ~2)(4a* —a-2
a+—2—2= a 9221 =(a ) a2 a )ZO
a- 4 4a 4a

Xét hiéu Q—2=
4

1 9 = ’ . - A . _ 9 P

/2 QZZ.Dangthu:c xay ra taia=2. Vay MinQ = 2 taia=2

. .7 . > A > e R , 1
Bai 3. Cho a >2. Tim gid tri nhé nhat ciia biéu thirc A =a” +—
a

Phan tich

Bién soan: Tean Pinh Fboang 0874000158
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+ Xdc dinh diém roi: Ta chon diém roi tai a =2

Taco: A=a’ +l:(ka2 +lj+(a2 —kaz)
a a

» 1

. ka® =—
Dau “=" xay ra ° e a1/24k=l1/2 k=l
a2 2 8

Véi cach phén tich nay dan dén 15i giai sai 1am nhu sau:

A=a’+lo a—+— +—>2/__ 7a’ \/3 7.2
a 8 8 a

Vay MinA = taia=2
+ Nguyén nhéan: Ciing nhu bai toan 2.1, 10i giai trén 1a 10i giai sai. Boi vi dé sir dung dugc

BDT Cauchy thi ta phai lam sao khtr hét bién sb a & tr va mau.
Tuy nhién ching ta ciing ko thé phan tich:

2 2 2
Aogr d (2 1,1 +7i_l>33/_.l.l+7i_l_3\ﬁ 72 1.9
a 8 a a 8 a 8 a a 8 a 8 8 2 2

+ Loi giai diing: V6i bai toan nay ta cling c¢6 nhiéu hudng giai khac nhau:
Huong 1:

. . « X . X 4 .2 . . . £ \ 1
+ Xdc dinh diém roi: Ta dé thay diém roi dat tai a =2 cho cip s6 a’ va k—

a
1
, X k._=a
Ta c6: Dau “=" xay ra ° a vz 2k 4% k=8
a=2
Khi d6 ta bién d6i biéu thitc M nhu sau:
A:az+l:(az+§+§ 15 g2 88 15 4, 159
a a a a aa a 2 2

Vay MinA = % taia=2

Huwong 2: Taco:
2
A:a2+l: L+L+a 15 2> 3_ ______ 4—__
a (2a 2a \/23 2a 16 V
A 9 .

Vay MinA = 5 taia=2
Huwéng 3: Dua vao két qua da biét ta c6 cach giai sau

Xéthigu A—Seg?s L 2 2 -9+2 (@-D@a+da-D) 50,

2 a 2 2a 2a

Ding thirc xdy ra khia =2

Huéng 4: Ta c6 thé bién d6i biéu thirc da cho nhu sau:
A=a2+l=(a—2)2+(4a+ﬁj—g—4
a a a

Bién soan: Tran Dinh Fboang 0874000158
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Ap dung BDDT Cauchy cho hai s6 duong 4a va 16 voi diém roi 1a a = 2 ta dugce
a

A=a +——(a 2)? +(4 +Ej—§—4>0+2 /4 .5, 2J_4———4_2
a a a a 2

Ding thirc xay ra khia =2

. . 1
Bai 4. Cho hai so dwong a va b théa méan a+b<1. Tim gid tri nho nhdt cua S = ab +—b
a

Phin tich
+ Sai lAm: Néu khong chu y dén diéu kién ctia a va b thi dan dén sai 1am nhu sau

S:ab+L22 Y2 MinS =2

ab
R n o 1 ; a+b 1, 1,y
+ Nguyén nhian: Min =2 ab=—b=1/2\/£S SE/ZISE(VOII)
a
+ Loi gidi dung
N 1 1
bitt=— % t=—2>2—"—>
ab ab (a+b]
2

Dén day ta quay vé “Bai toan 17
.y . 5 A 5 s R . 1
Cho t >4, Tim gia tri nho nhat cta biéu thuc S=t+—
t

+ Ta théy Diém roi dat tai t = 4

1
. kt = —
Ta c6: Dau “=" xay ra ° t 1/z4k=l Va k=i
16
t=4
Ta co: S:t+1: i+l +15t >2 _.14_@:1_,_1_5:1_7
t 16 t) 16 16 1 2 4 4

Véit =4 hay a=b=% thiMinSZIT7

Ta c6 thé trinh bay 101 giai cho bai toan trén nhu sau:

D0t=4za=b=%néntac6:

S:ab+L:(ab+ : j+ 15 =2 /ab. : + 15 > 21—7
ab 16ab ) 16ab 16ab 16[a+bj 4
2

a+b+ \/E
\/E a+b

Ding thirc xay rakhia=b= %

Bai 5. Cho a, b > 0. Tim GTNN ciia biéu thirc P =

Bién soan: Tean Pinh Fboang 0874000158
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+b,ﬁ

+ Nhén xét: Ta nhan thay \/_ iy 1a hai biéu thirc nghich dao ctia nhau

D@ dang giai bai toan trén bang cach dua bai toan vé dang nhu “Bai toan 17
+ Loi giai

bat t:ﬂ.Tac(): t a+h >2\/E

JJab “Jab  ab

Khi d6 ta co: P:t+% voit >2

=2 (Ap dung BDT Cauchy cho hai s6 a va b)

+ Xdc dinh diém roi: Ta chon diém roi tai t =2
Tacod: P :(kt+%j+(t—kt)

1

. kt=-
Dau “=" xay ra = t1/22k=%1/2 k=

t=2

Tacé:P=t+1= 1+l 2>2/£1+£=2_1+§=§
t 4 t) 4 4 4 2 2 2

VéyMinP=§tait=2za=b>O

Bii 6. Cho a >10; b >100; ¢ >1000. Tim gid tri nhé nhit ciia biéu thirc
P=a+b+c+ l+l+l
a b c

Phan tich
Cababiéna,b, ¢ khong rang budc nhau béi diéu kién nao, do d6 co thé x4y ra ban chit cua bai
toan la:

NP R SR I .
+ Tim gia tri nhé nhatcta P1=a+ — vdia >10
a

+ Tim gié tri nho nhét cia P, =b + % v6ib >100

N TP S I .
+ Tim gia tri nhé nhat cia P3 =c + — vgic 21000
c

Ap dung BDT C6 - si ta co Pr= —-q+| -4 +1 >210+2/ L o4t
100~ (100 @)~ 100 100 10

Suy ra minP; = 10 + %, dat duoc khi va chi khi a = 10.
Tuong ty minP, = 100 + ﬁ , dat dugc khi va chi khi b= 100

minP3 = 1000 + ﬁ, dat dugc khi va chi khi ¢ = 1000

Do @6 Min P = min P; + min P> + min P3 = 1110% dat duoc khi va chi khi a= 10,

b =100, c = 1000

Bién soan: Tean Pinh Fboang 0874000158
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Bai 7. Tim GTNN ciia bidu thire A =" ygix > 0
\/§+2

Bai 8. Cho sd thuc a> 6. Tim GTNN cua biéu thirc A =a’ +§
a

Phan tich

2

Ta cb: A:X+4\/;+5:(x+4\/;+4)+1:(\/;+2) 1 ey |
Jx +2 Jx+2 Jx+2 Jx +2
+ Sai 1Am:

Phan tich dén day néu ta vdi vang sé dan dén sai lam sau:

22\/(\/;+2)-\/_1+2 2
X

A:\/;+2+

1
Jx +2
+ Nguyén nhan
1

DAu “=" xay ra khi vx +2 =
Y \/;+2

o (x+2)=1% Vx+2=1% Jx=-1 (vd 1y)

+ Loi gidi dung:
Patt=Vx+2 % t>2

% A= t+% (Nhu viy ta da bién di A v& dang nhu Bai todn 1)

Luc nay ta dé dang nhan thay diém roi dat tai t = 2 cho cap s6 kt va %
Déu “=" xay ra = t° 2k==—"'2k=—
2 4

Nhu vay A:t+%:(_+_j+

VeininAz%khit=2Ex=O

1

Bai 9. Tim GTNN ciia biéu thirc B =x"+— 5
X"+

Phwong phdp 3. Sir dung phwong phdp dt bién phu

1. Phuwong phap
Bang cach dit bién phu va st dung cac phép bién dbi twong duong. Str dung cac bat ding thirc
co ban ta c6 thé chuyén bién thirc da cho vé biéu thitc don gian hon, dé xac dinh cuc tri hon.
1I. Bai tap vdan dung
Bai 1. Tim GTNN ciia C; =x*+6x° + 13x? + 12x + 12

HD:
Ci=x*+6x>+13x>+12x + 12
Ci=(x*+6x>+19x>+30x +25) - 6 (x> +3x +5)+ 17
Bién soan: Frdan Pinh Fboding 08714000158
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Ci=x*+3x+5)? -6 (x*+3x+5)+17
Pat:x>+3x+5=a
Ci=a>-6a+17=a>+6a+9+38
Ci=(a-3) +8>8 do(a—-32>0 Va.

-1
= Cimin =8<:>a—3=0<:>a=3<:>x2+3x+220<:>{x_

=-1
Viy : Cimin =8 & {x
y=-2

2 2
Bai 2. Tim GTNN ciia C2=2.(x—2+y—2j - 5(i+1]+6 Vi x, y > 0
y X y X
HD
2 2
pit: X+ X =a>2 :>x—2+y—2=a2—2
y X y X
= C,=2(a’-2)-5a+6=2a%>-5a+2
Tathdy:a>2=Cy=2a> - 5a+2>0
=>Cmin=0a=2< x=y>0
Vay:Comin=0&<x=y>0
Bai 3. Tim GTNN ciia C3 = > + 2 — 3JE—3\P +2004 voix,y>0
y X y X
HD
Dét:\/z+\/z=a22
y X
sy l=a_2
y X
Khi d6 : Cs;=(a® - 2) - 3a+2004
Cs;=a%? - 3a+2004=a> — 3a+2+2002
Cs=(a-1)@-2)+2000
Dotaco:a>22=a-1>0;a-220=>(a-1)(a-2)=0
= C3=(a-1)(a-2)+2000 > 2000
=>Cmn=2000a=2<x=y;xy>0
Viay C3 min = 2000 < x =y vaxy >0
Jx Jy Vz
Bai 4. Cho x,y, z>0. Tim GTNN ciia C4= + +
B Jy+vz Jxedz Jx+y
HD
Pit:a= .y +vz ; b=x +4z ; c=+x +y
= x4y ez = L
N x=—a+b+c ;\/yza—b+c ;\/;:a+b—c
2 2 2
Bién soan: Tran Pinh Fboang 0874000158
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—a+b+c a-b+c a+b-c
+ +
2 2 2

Khi do6 : Cs=
1\ a b b ¢ a c
Ci=—=|(-+)+(—+)+ (—+—)-3
! 2{(13 a) (c b) (c a) }
Theon)siVéia,b,c>Otacc'):£+222; £+£22; 2+£22

b a c a c b
1 3
= C42 E(2+2+2_3):E

:>C4min=%<:>a=b=c<:>xzy=z>0. VélyC4min=%<:>X:y=z>O.

22N 2.2
Bai 5. Tim GTLN, GTNN ciia Cs =~ X277
_ A+x7)"A+y)

HD:
2 _ _ 2
Ta c6 : % >ab(l) Vab va %s @b (2)  Vab

2 2 22
Pat: — Vg ITYY
A+x7)(A+y7) 1+ x2)(1+ y?)
Khido: Cs=a.b
2 2
Theo (1) va(2)tacé: _@ SCSZabS(a—;b)
22 2. 272 22 EIERE
<:>_l > yz 1+x2y SCsﬁl ad y2+1 xzy
4L A+x0)d+y7) 40 1+xM)(1+)7)
e -naed)| o ety T
ALa+xHa+y) ] T 7T AL+ N+ )
1 2 12 1(1=12 2
o | X <os< |22
4\ x*+1 411+ y?
2 -1) =2 Y
Ta co OS( ]g] : OS( ylj <1
Do do —lsl x2 ! gcsgll yz Sl
4 4\ x°+1 4{1+y 4
= CSmiH:—%<:>(x2—1)2=(x2+1)2<:>xzo

Csmax = i e -yP=(1+y)Pecy=0
Viy : Csmin = —% <x=0
Csmax = % &y=0
II1. Bai tap tw luyén

1. TimGTNNcia A =x2+4-x+ -
x"—x+1

Bién soan: Tean Pinh Fboang 0874000158
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2. Tim GTLN cta B = Va+1++2a-3++/50-3a véiaec B?}

3.Choaz-l;b2-l;cz-l vaatb+c=1
2 2 2

Tim GTLN cua C = v2a+1 + vJ2b+1++2c+1

2 2
4. Cho x,y > 0. Tim GTNN cta D = x—2+y—_3(i+lj+4

y )C2 y X

Phurong phdp 4. Sir dung biéu thirc phu

1. Phwong phap
Dé tim cyec tri ciia 1 biéu thirc nao do, doi khi nguoi ta xét cyc tri ciia 1 bi€u thire khac cé thé so

sanh dugc véi nd, néu bicu thirc phu dé tim cyc tri hon.

s Ay . 5 + R ) 7. , A r . 5 R ’ 1
Vi du : Bé tim cuc tri cua bi€u thirc A vo1 A > 0, ta co thé xét cuc tri cua biéu thire : E -A,

kA, k+ A, |A|, A? (k1 hing sd).
11. Bai tap vdn dung

2
X

Bai I. Tim GTLN ciia A = —————
x'+x 41
HD:

a) Xétx =0 = A =0 gi4 tri nay khong phaila GTLN cta A vi vdix #0tacd A> 0.

b) Xét x # 0 dat P = % khi d6 Amax <> Prnin

x4+ xt+1 , 1
—=x +—+1
X X

tacod: x>+ %221/)&% =2 (theo cosi)
X X

=>P22+1=3=Pmin=3<x=1

voicach dattréntaco: P =

Dodd: Anx=— < x=1

W | =

Bai 2. Tim GTNN cua B = voi x>0

- X
(x +2002)
HD:
batP1= - B nhu vdy Pimax < Mmin

Taco:P1= ——— voix>0=P>0
(x +2002)

bat P, = i >0 voi x > 0 khi @6 P2 min < P1 Max
1

L= (x+2002)°  x? +2.x.2002 + 2002°
X X
x? —2.x.2002 + 2002> + 4.x.2002
X

P

Py=

Bién soan: Tean Pinh Fboang 0874000158
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_ 2
p,= 720027 42002 > 42002 = 8008
X
_ 2
(do 729027 5 6 vx > 0)
X

= P2 min = 8008 < x = 2002

s Pl = —— > x = 2002
800

& Buin= - —— <x=2002.  ViyBun= - —— < x=2002
3008 8008

Bai 3. Cho a,b, c dwongvaa+b+c=3

Bai 4. Chox,y, z,t> 0. Tim GTNN ciua D =

HD:

Tim GTLN ciia C = \/5a+4b +x/5b+4c +x/50+4a

Doa,b,c>0=C>0
Dét:PZCz khi @6 ",PMax < Cwmax

Taco:p=(V3a+4b+5h+4c +5c+4a

& P<(12+1%2 +1%) (5a+4b + 5b + 4c + 5c + 4a) theo Bunhiacopxki
P<39(a+b+c)=81 doat+b+c=3
=Pux=8l<a=b=c=1
< Ch.=8lea=b=c=1
S Cux=9 < a=b=c=1
Viy Cuax =9 < < a=b=c=1
b |y+t+ y +t+x+ t +x+y

y+tl X t+x y xX+y t
batP=2Dtaco:

2x I2(y+t)Jr 2y Jr2(t+x) 2t 2(x+y)
y+tl X t+x y x+y

p= 2x +y+t N 2y Jrt+x N 2t x+y y+t t+x x+t
y+t  2x t+x 2y x+y t

p= 2x Jry+t N 2y +t+x N 2t +x+y +§

y+t  2x t+x 2y xX+y 2¢ 2

3

6

P> 2 + 2 + 2 +

P:

P>15=Puwn=15x=y=t>0

:>D1vm=%<:>x=y=t. Vé.yDMin:§<:>X:y:'[
Bai 5. Chox,y>0va7x+ 9y =63 Tim GTLN cua E =x.y
HD:
bat: P=63.Etaco:
Bién soan: Tran Pinh Fboang 0874000158
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P = 63xy = 7x.9y < (7)‘ . oy

2
j (theo cosi)

p<[63) 23969 _ p 3969
= 2 4 ax = 4

63

: —4,5
Dau"="xdyra < 7x =9y = > & {X

y=3,5
3969 63 {x =45

= EmMax= — :63=— &
4 4 y=35

Bai 6. Cho x> +y*=52  Tim GTLN cua F = 2x + 3y

HD:

Xét: Pi=[F|khidoPi=[2x +3y|
bat: P>= P12 khi d6 P> = (2x + 3y)?
Theo Bunhiacopxky : P> < (4 +9) (x> +y?) =13.13.4

— Prviax = 13.13.4 < {x hoiic {x
y=06 y=-6

—4
:>P1Max=26.DoFS|F|=P:>FMax=26<:>{x )
y:
x=4

Vﬁy FMax =26 @{
y=0

4 4 2 2

Bii 7. Chox,y>0. Tim GTNN ciia G = ~——+ 2 -~ Y, = . 2

HD:

4 2 2

yrooxt oy xT y x

4 4 2 2

4 2 2

2 2 2 2 2 N2
G G
y X y X Xy

=>Puin=0x=y>0.VayGun=2<x=y>0

1I1. Bai tap vin dung

1.Chox,y,z >0vax®?+y>+22=1. TimGTNN ctia A =2 + Y2 &

z x Yy
8 4
2. Cho x #0. Tim GTNN cia B= * 7 *1
X
8
3.Chox #0. Tim GTLN cia C = ———
x° +x 41
4.Choa®?+b?>+¢*=1. Tim GTLN ctia D =a + 2b + 3¢
Bién soan: Tran Pinh Fboang 08714000158
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5.Choa,b>0véa+b=2.TimGTNNcﬁaEZ(

6.Choa,b,c,d>0. Tim GTNN cua F =

a+b

)

b+c c+d d+a

b+c+d:c+d+a

d+a+b a+b+c

7.Cho a,b € |R. Tim GTNN ctia G = +Ja’ + (1-b)*> +4/b> +(1—a)’

Phwong phdp 5. Phwong phdp mién gid tri

1. Phwong phap
Trong mdt so truong hop dac biét, bicu thirc dai s6 da cho chi c6 thé c6 mot hodc hai bién so

va dua duoc vé dang tam thirc bac 2 thi ta c6 thé sir dung kién thirc vé mién gia tri cia ham so

deé giai va thay rat hiéu qua.

% Puwong 16i chung 1a :

Giai str ta phai tim cuc tri ctia ham s6 f(x) c6 mién gia tri D. Goi y 1a mot gia tri nao d6 cia f(x)

v6i x € D. Piéu ndy c6 nghia 1a diéu kién dé phwong trinh f(x) =y ¢6 nghiém. Sau d6 giai diéu
kién dé phuong trinh f(x) = y c6 nghiém (x 1 bién, coi y 1a tham sb).

Thudng dua dén biéu thic sau : m <y <M
Tu d6 = Min f(x) =m
= Max f(x)=M

véi x € D.

voix € D.

1I. Bai tap vdan dung
Bai 1. Tim GTNN ciia f(x) =x*+4x + 5

HD:

Goi y la mot gid tri cua f(x) .
y=x>+4x+5
& x2+4x+5 - y=0 (c6 nghiém)
& AN=4-5+y>0
& oyl

Taco:

VayfxX) vn=1 < x= -2

Bai 2. Tim GTLN cuia f(x) = -x>+2x - 7

HD:

Bai 3. Tim GTLN, GTNN cua f(x) =

HD:

Goi y la mot gid tri cua f(x) .
y=-x*+2x - 7
& X -2x+y+7T
& AN=1-y-120
& y<-6

Taco :

(c6 nghiém)

Véy f(X)MaX =-6x=1
X2 +4x+6
x*+2x+3

Goi y 1a mot gia tri cua f(x) .

Bién soan: Tean Pinh Fboang
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Bai 4.

HD:

Bai 5.

HD:

x> +4x+6

. Syx?+2yx+3y - x2 - 4x - 6=0
X" +2x+3

Taco:y=
Sy -DxE+2(y -2)x+3y —6=0 (c6nghiém)
*Néuy:1:>x=—%

*Néuy=1=A'=(y -2 +By - 6)(1 —y)>0

Sy —dy+4 -3y +3y+6y - 620 -2y’ +5y+220 <

Tathdy: — <1<2

1
2
Do vay : f(x) min = % &S x=-3

2
Tim GTNN ciia f(x) = "2 *¢
x°=2x+1
Goi y 1a mot gia tri cua f(x) .
x> +2x+6

Taco: =
Y x*=2x+1
Syl +2yx+y -x2 -2x - 6=0

Sy-Dx2-2(y+1D)x+y -6 =0 (c6nghiém)
*Néuy=1=x= —%
*Néuyzl=>A=Fy+1)2-(y-1)y-6)>0

eyl toy+l —y2+6y+y—620<:>9y—520<:>y2§

Do 2 < 1néntacod Yuin= > < x=——. Vay f(x) win = > <> x =
9 9 2 9
xt+2
xt+1

N

Tim GTLN cua f(x) =

Goi y 1a mot gia tri cua f(x).
2

Taco:y= x2 f Syt+ty-x>-1=0(y-Dx*+y-2=0
x* +

Sy -Dx2=2-y (c6 nghiém)
* Néu y = 1 = Phuong trinh v nghiém

*Néuy=1=x2= 222 (1)
y-1
, . 2—y
(1) c6 nghiém < T >0 1<y<2
y—

= Yvin=2<x=0. Va}’f(X)MaXZZQX:O

Bién soan: Tean Pinh Fboang 0874000158

60



Chuyén dé béi dwéng hoc sinh gidi todn 8

II1. Bai tap tw luyén
1. Tim GTNN cua :

A)A=5C+x+7 ;b)B=— > 1)C= 22
—4x" +4x -7 x” +4—4x
2. Tim GTLN cua :
— 2 _
a)A=-x>+x+2;b)B=— 11 ) C= 7); +74x —196
x"—4x+18 x° —10x+25
3. Tim GTLN va GTNN cua :
2 2
a)A: X —2i-x+1’b)B: 4.)26+3’ C)C: 8x2+6_)zcy
x° +1 x°+1 X +y

Phwong phdp 6. Phuwong phap xét tirng khoang gia tri

I. Phwong phap o o
C6 nhi€u bai toan néu ta chi st dung cac phép bién doi tuong duong, cac bat dang thirc co ban
phuong phap doi bién hay biéu thirc phy, tham chi ngay ca khi sir dung phwong phap mién gia
tri ham s, viéc tim cuc tri van gap rat nhiéu kho khan c6 khi khong thé tim duogc. Nhiing khi ta
biét cach xét timg khoang hop 1y (c¢é su du dodn) thi viée tim dugc cuc tri trd nén don gian.
1. Bai tdp vdn dung
Bai 1. Cho m, n € N*. Tim GTNN cua A =|36™ — 5"
HD:
Do m e N* =36™ c6 chit sd tin cing 13 6
n e N* = 5™ ¢4 chit s tin cung 1a 5
Vi vy : Néu 36™ > 5™ thi A ¢6 chir s6 tan cung 1a 1
Néu 5™ > 36™ thi A c6 chit s6 tin cing 13 9
a) XétA=1taco:36™ — 5"=1 (khong xay ra) vi (36™ — 1):7 con 5™:7
b) Xét A=9taco: 5™ — 36™ =09 (khong xay ra) vi (5™ — 36™):9con 9:9
c) XétA=11 ,xéyra,chénghan m=1,n=2
Vay Amin =11l om=1;n=2

2
Bai 2. Cho m € N*. Tim gia tri lon nhat cia B = Z—n

HD:
Véin=1 taco:B = %<l
Véin=2 taco:B=1
Véin=3 tacé:B=§>1
Véin=4 taco:B=1
. , 25
Véin=15 taco:B=—"7= <1
32
Véin=6 tacé:B=ﬁ=i<l
64 16
Biéen soan: Trdn @inh?ﬁadnq 0874000158
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Ta dy dodn rang véin>5,n e NthiB< 1
That vay : Ta chimg minh dy doan bang phuong phap quy nap.

2
a)GiéstnZS,neNtac()BZZ—n<1(*)

Ta can phai ching minh cong thirc (*) dung véi (n+1) nghia 1a phai chimg minh :

<1 o@m+1)P< 2 (1)

Tu (*) ta c6 : n? <20 <> 2n? < 207! ()
Dé chimg minh (1) ta chimg minh (n + 1)> < 2n?

sn+2n+1<2n ©n?-2n-1>0< (- 1) -2>0 (dung vi>5)
2

b) Két lun : B=Z—n<1 Vn>5,n eN*
A 9
Vameax=§ <& n=3
.. . . . ab
Bai3. Choa,b,c,d e N* vaia+b=c+d=20. Tim GTNN va GTLN ciia T = hd
ac
HD:
A as 1 c d
DoT#0néndatP=— = —+—
T b a
Nhu vay :  Twmin < Pmax TMax < Pwmin
Doa,b,c,de N* vaa+b=c+d=20<1<a,b,c,d<19
b +d 20
*Xéta=b=10lcd6oP= — + — = — = == —
10 10 10 10
* Xét b <a (truong hop b > a tuong tu)
b<l0<ahayl1<b<19;11<a<19
Ta xét 3 truong hop sau :
a;) 1<b<10=c=d<a<l19
Khido:p=S 4+ 410,10 10
b a b a 1
4, c d 19
a2) 13c$b<10<a£d£19.Kh1d0:P=Z+—<1+ﬁ<3
a
a3) 1sdsb<10<a3cs19Né'ub>1thiPs% +1 <11
. 19 1 1
Néub=1thiP<— + — =19 + —
1 19 19
£ , . £ 1 172
Két hop cé 3 truong hop ta thay Pumax =19+5 T
Dod(')TMin=£<:>a=19,b=1,c=19,d=1
172
Bién soan: Tran Dinh Fboang 0874000158
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b) Bay gio ta tim Tmax = Pmin vO1 1 <b <9 ;11 <a<19

c d ¢ 20-c¢ (l lj 20
P=—+—=—+ =|—=—lc + —
b a b a b a a
1 1 1 1
Taco: ———>0;datA=— — —
b a b a

Taco: P=A.C+ 22
a

ViA>0nénPuinvoi C=1
*XétP:l_l+2_O=l+Q=l+—19

b a a b a b 20-b
1 19
— +
b 20-b
*XétPpi1 —Pp 2 1<b <9 ;beN

18b° +58h — 380
b(b+1)(19 - b)(20 - b)

Tacéd:b(l+1)(19 - b)(20 — b)>0 V1<b<9,beN
Do vay : Xétt= 18b% + 58b — 380 *)

bat= Py, =

Pyi1 — Py =

Nghiém duong to ctia (*) 1a t = —”j—g V7681
Ta c6 bang xét diu :
b | - —29 +~7681 —29 + 7681 N
18 18
t + 0 _ O "

Véi 0<b<bothit<0= Pup+1 <Py
b>Dbothit>0 = Pvs1 > Py
Lu6n ludn chimg minh dugce 3 <b, <4

Xét P3 :§+g 212
: ; = P3>Py
Ps=1+ — = 1—
16 16
Nén:a=16,b=4,c=1,d=19 thi Pmin -2 o Tmax:&
16 23
16 19

Vﬁy :TMax = — ) TMmin = —
2 172

II1. Bai tdp vin dung
1. Tim GTNN cta A =|11™ - 5™ véi m,n € N*

a b
2.Ch0a,b,c,dEN*Véa+b=c+d=IOOO.TimGTLNcﬁaBZZ"‘E
3.Chomy,ne Nval<m;n< 1981 va(n’>-mn-m?? = 1

Bién soan: Tedn Pinh Jboang 0874000158
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Tim GTLN cua C = m? + n?

Phwong phdp 7. Phwong phdp hinh hoc

Trong cac bai toan xét cuc tri cua biéu thirc dai sb néu biéu thirc & dang la téng hiéu cua can
bac hai ctia cac tam thuc thi ta co thé dua bai toan xét cuc tri cta cac biéu thirc dai sd sang xét do
dai cua cac doan théng bé“mg viéc chon cac diém co toa do thich hop chira cac doan théng do.

% Ly thuyét can vin dung.

+ Néu A(x1, y1); B (x2, y2) = AB = {J(x, = ;)" + (3, = )’
+V6i3 diém M, A, B batky ta co :
IMA — MB| < AB<MA + MB
¢ Bai tdp vin dung

Bii I. Cho f(x) = ‘\/xz “4x+5—/x? —10x+ 5o|. Hay tim gid tri I6n nhét ciia f(x) .

HD:

Ta ¢6 : f(x) = ‘\/(x—2)2 F1—yJ(x-5) +25|
Chon trong mit phang toa d6 3 diém : A (2,1); B(5, 5); M (x, 0)
Taco:MA=[(x-2) +12; MB=.[(x-5)?+5%; AB=+32+4> = 425 =5
Mit khac ta c6 : [MA - MB| < AB hay |/(x—2)* +1* — {/(x=5)> +5>| <5
Vay gia tri 16n nhat cia f(x) =5 khi va chi khi 3 diém M, A, B thing hang.

4 5

Ta lai c6 phuong trinh cta dudng thing qua A vaBla:d= Ex -3

d cit ox tai M (% -0). Vay gié tri 16n nhit ctia f(x) = 5 dat tai x =

Ao

Bai 2. Cho f(x) = +/5x +20 +/5x> —32x + 64 +~/5x> —40x + 100 +/5x> —8x +16
Tim gia tri nho nhét cua f(x) (1)

HD:
Ta co : V57 420 = |J(x—4)* +(2x—2)?
V5x> —40x +100 = /x> + (2x —10)’
ChonA(4,-2)  ;B(x,2x) ;C(0,10)
= AB = \/(x—4)’ +(2x+2)? ; BC= {/x* + (2x-10)* ; AC = 410
Taco: AB+BC=>AC
— \5x2 +20 + +/5x> —40x +100 > 4410 (2)
Talaico:  +/5x> —32x+64 =[x’ +(2x—8)’
V5x? —8x+16 =+/(x —4)* + (2x)°
chon D (x, 8); E (0, 2x) ; F (x-4, 0)
DE= /x’ +(2x—8)’ ; EF= ,/(x—4)? + (2x)? ; DF = 445
ta co : DE + EF > DF
Bién soan: Tran Dinl Foang 0814000158
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S x? +(2x-8)7 +/(x—4)’ +(2x)* 245 (3)
Cong (2) va(3)taco :

VT > 4(4/5+4/10)

VT = 4(~/5++/10 ) khi va chi khi

A,B,C thiang hang PT duodng thing di qua AB nhan C (0, 10) 12 nghiém
&
,E,F thing hang PT dudng thing di qua DE nhan F (x-4, 0) 1a nghiém
< Giai diéu kién ta tim dwoc x = 2.

Viy gié tri nhé nhét cia f(x) =4 (J/5++/10) tai x = 2.
Nhén xét : Van dung phuong phap nay dé tim cuc trj ciia biéu thire, doi hoi ngudi giai phai

rat tinh t& khi chon diém dé thao man nhimg yéu cdu  bai toan.

Bai tap tham khéo :
Bai 1 : Tim gi4 tri nho nhét cua f{(x) = Vx> —2x+5 +/x” + 2x+10

Bai 2 : Tim gi4 tri 16n nhat cta f(x) = v4x? + 2x +1 —v4x> - 2x +1
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