RUT GON PHAN THU'C
I. TOM TAT LY THUYET
Dé rit gon phan thirc cho trudc ta 1am nhu sau:

Buée 1. St dung cac phwong phdp phén tich da thire thanh nhédn tir ¢ bién ddi ca tir va miu cua

phan thtc;

Buée 2. St dung céc tinh chat co ban ciia phdn thire d3 hoc dé rut gon phan thirc di cho.
II. BAI TAP VA CAC DANG TOAN

A.DANG BAI MINH HOA

Dang 1. Rit gon phan thire

Phuwong phap giai: Thuc hién theo hai budc:

Buée 1. Phan tich tir thirc va mau thirc thanh nhan ti;

Burée 2. Rut gon bang cach triét tiéu nhan tir chung.

Bai 1: Rt gon phan thire

3_4 2 2
A:17x)3/i g xy2 c-* 2?
34x°y°z 4xy—Ty Sx—x
2 —xy— 45x(3—x 2 _x?
D:x2+xz Xy —yz £ ( )2 G=— g} X _
X+ xz+xy+yz 15x(x-3) X =3x"y+3xy° -y
Bai 2: Rt gon phan thire
4 4 3 2 2 _
de sz ax2 g X +3x 6x C 2a” —2ab
a +ax+x X" —4x ac+ad —bc—bd
B (x+a)2—4x2 E_y(2x—x2)(y+2) F:x2—3x+2

© @® +9x* +6ax _x(2y+y2)(x—2) ¥ -1



Bai 3: Rat gon phan thire

_ X’ —5x% +6x B X’ =3xy+2y° (a+b)2—cz
—4x* +10x—4 X +2x°y—xpt =2y’ - a+b+c
*+b’ - +2ab —¢) +(c—a) +(a-b)
D:az_b2 c2 a P 2(b ¢) +(2c a) +(a2 b)
a +c” +2ac a’(b—c)+b’(c—a)+c*(a—b)

Dang 2: Chirng minh déng thirc.

Phwong phdp gidi: Thuwc hién tuwong tw cdc bude chitng minh dang thire dd hoc trong CD 1 va
CD2.

Bai 4: Chirng minh ding thirc.

3 3x+6
2x-3 2x*+x-6

a)

2 2x* +6x

b =
)x+4 X +7x%+12x

Bai 5: Chirng minh déng thirc.

x -1

x+1

=x'+xX +x " +x+1

a)

2% +xy—y° Xty

2x*=3xy+y> x—y
Dang 3: Rut gon biéu thirc v6i diéu kién cho trudc.

Buée 1. St dung cac phirong phdp phan tich da thire thanh nhédn tir 3 bién doi ca tir va mau cua

phan thtc;

Buée 2. St dung céc tinh chat co ban ciia phdn thire d3 hoc dé rut gon phan thirc dé cho.

2 2 2 2 2 2
X X +y +z7)la+b" +c
Bai 6: Cho = =2 =Z %0 . Rt gon biéu thirc (4072 : )
a b c (ax+by+cz)

Bai 7: Cho ax+ by +cz =0 . Rat gon phan thire



ax’ + by’ +cz’
bc(y—z)2 +ac(x—z)2 +ab(x—y)2

A=

Dang 4: Chirng minh biéu thire khong phu thugc vao bién x.

Buée 1. St dung cac phirong phdp phan tich da thire thanh nhéan tir 3 bién doi ca tir va mau cua
phan thuec;

Bu6e 2. St dung céc tinh chadt co ban cia phdn thire d3 hoc dé rat gon phan thtrc da cho sao cho
khong con cac an ( X,y ...d& bai yéu cau khong phu thudc )

Bai 8: Chirng minh biéu thirc khéng phu thudc vao bién x.

w2 - yz
(x+y)(ay—ax)

A=

B 2ax—-2x-3y+3ay
4ax+6x+9y +6ay

Bai 9: Chirng minh biéu thirc khong phu thudc vao bién x, y.

2
9x 1+3xy 3x+2y 2;x¢l;y¢1
1-3x y—1 3

Dang S: Bai toan ning cao.

2 2

X — X —
y< 2 yz
X+y Xx +y

Bai 10: Cho x> y >0 .Chitrng minh ring



Dang 1: Rit gon phan thire.

HUONG DAN

Bai 1:
4 17xy°z" _ yz’ _ y:—xy C:x2—25
34x’y’z 2x° 4xy-7y° 5x—x°
B —y(x—y) y-x :(x+5)(x—5):x+5
_y(4x—7y)_4x—7y —x(x—S) —X
x>+ xz—-xy—yz 45x(3-x) 3 ' —x
D=~ E= 2= G= 3 2.2 23
X +xz+xy+yz 15x(x—3) 3—x X =3x"y+3xy -y
_(x+2)(x-y) _x-y () (x-y)  —x—y
(x+z)(x+y) x+y (x—y)3 (x—y)2
Bai 2:
4 4 3, .2 2
A:M I +3x 6x O 2a* —2ab
a +ax+x x —4x ac+ad —bc—bd
ax(x3—a3) x(x2+x—6) 3 2a(a—b)
A tax+x - x(x2—4) a(c+d)—b(c+d)
ax(x—a)(a2+ax+x2) x(x—2)(x+3) 3 2a(a—b)
B a’+ax+x* :x(x+2)(x—2) (c+d)(a—b)
=ax(x—a) Y43 _ 2a
:x+2 c+d
B (x+a) —4x y(2x—x2)(y+2) F:x2—3x+2

@’ +9x% +6ax
3 (x+a+2x)(x+a—2x)

a’ +6ax+9x*
3 (3x+a)(a—x)
(3x+a)2

_ (a=x)

N (3x+a)

x =1

(x-1)(x-2)

(x—l)(x2 +x+1)

(x-2)

(x2+x+1)




Bai 3:

X =5x7 +6x x> =3xy+2y° (0z+b)2—c2
- 2 B=— 2 2 3 C=——"FT——
—4x” +10x -4 X +2x7y—xy" -2y a+b+c

B x(x2—5x+6x) (x=y)(x—2y) _(a+b+c)(a+b-c)

—2(2x2—5x+2) _xz(x+2y)—y2(x+2y) B a+b+c
x(x-2)(x-3) _ (x=y)(x-2y) satvbre
T 22(2x-1)(x-2) (x+2y) (¥ =)
:—x(x—3) _ (x—y)(x—Zy)

2(2x-1) (x+2y)(x-y)(x+y)

_ (x—2y)
(x+2y)(x+y)

D_a2+b2—cz+2ab P (b—c)3+(c—a)3+(a—b)3

T2 —b+ P +2ac

B a’+2ab+b* —¢°
a’+2ac+c* —b

(a+b)2 ~c

(a+c)2—b2

3 (a+b+c)(a+b—c)

_(a—b+ch+b+c)
:a+b—c
a-b+c

az(b—c)+b2 (c—a)+c2 (a—b)
Mau :az(b—c)er2 (c—a)+02 (a—b)

=q’ b—c)+bzc—bza+acz—bc2

b—c)3+(c—a)3+(a—b)3

—(a—b)(b—c)(c—a)

Ta c6 nhan xét

Néu x+y+z=0=>x"+y* +2° =3xz

Pat b—c=x;c—a=y;a—b=1z thi

x+y+z=0

_x3+y3+z3 _ 3xyz

=F -3

—Xyz —Xyz




Dang 2: Chirng minh déng thirc.
Bai 4: Chirng minh ding thirc.

3 3x+6
2x-3 2x°+x-6
3x+6 3(x+2) 3

VP = = = =
2x° +x-6 (x+2)(2x—3) 2x-3

a)

1z

2 2x"+6x
x+4 X +7x*+12x
Vp - 32x2-l-6x _ 2x(x+3) _ 2x(x+3) _ 2 T
7 H12x x(x+7x+12) x(x+4)(x+3) x+4

b)

Bai 5: Chirng minh ding thirc.

x =1

x+1

a) =x"+x +x> +x+1

Thure hién phép chia da thirc

x —1=(x+1)(x4+x3 +x? +x+1)

2x% +xy—y° Xty

2x*=3xp+y> x—y

_ 2 Hxy—yt 2+ 2xp-xyp—y7 (x4 )(2x-y) x4y
26 =3xy+y* 27 —2xy—xy+)’ (x—y)(Zx—y) r=y

VT =VP = dpcm

7

Dang 3: Rut gon biéu thirc v6i diéu kién cho trudc.

Bii 7: Cho X = % =240 . rit gon biéu thirc
a C

(x2 +y2 +Zz)(a2 +b? +cz)

(a)c+by+cz)2

Pit f:%:@kio:x:ka;y:kb;z:kc
a



(xz +y2 +zz)(a2 +b? +cz)
(ax+by+cz)2
(k2a2 + kb +k2c2)(a2 +b? +c2)
(aka +bkb +cke)’

k? (a2 +b+ )2
k? (a2 +b+ )2

=1

Bai 8: Cho ax+by+cz=0 . rat gon phan thirc

ax’ +by* +cz’

A= 2 2 2
be(y—z) +ac(x—z) +ab(x—y)

Ap dung hiing déng thirc (x+y +z)2 =x>+y" +2° +2(xy+yz +2x)

ax+by+cz=0:>(ax—i—by-|—cz)2 =0=>a’x’ +b°y* +c° 2 +2(axby+axcz+bycz):0

= a’x’ +b’y’ + ¢z’ ==2(axby + axcz +bycz)(1)
Bién doi mAu thirc
2 2 2
bc(y—z) +ac(x—z) +ab(x—y)
=bcy’ +bcz’ +acx’ +acz’ +abx® +aby® — Z(abxy +acxz + bcyz) (2)
Thay (1) vao (2) thi miu thirc bﬁng
(bcy2 +acx’ +c’z’ ) + (bcz2 +abx® +b*y’ ) + (acz2 +aby’ +a’x’ )
= c(by2 +ax’ +czz)+b(cz2 +ax’ +by2)+a(cz2 +by* +ax2)

:(czz+by2 +ax2)(a+b+c)

Dang 4: Chirng minh biéu thirc khong phu thudc vao bién x.

Bai 9: Chirng minh biéu thirc khdng phu thudc vao bién x .



B 2ax—2x-3y+3ay
4ax+6x+9y+6ay

_ (a-1)(2x+3y)

(2x+3y)(2a+3)

a—1

2% 43

Bai 10: Chirng minh biéu thirc khéng phu thudc vao bién x, y

2
Ox —1_|_3xy—3x+2y—2;x;tl;y;t1
1-3x y—1 3
B (3x+1)(3x—1)+3x(y—1)+2(y—1)
o —(3x-1) y-1
)

=—(3x+1)+—(3)H_2)(y_1

y-1

=-3x—-1+3x+2

=1

Dang S: Bai toan nang cao.

_ 2 .2
x y<x2 y
X+y x4y

Bai 11:cho x > y >0 .chirng minh rang 5

Do x>y>0nén x+y=#0

Theo tinh chit co ban ciia phan thirc, ta c6

2 2

x—y _(x=y)(x+y) ¥ -y X -y

= 1
X+y (x+y)(x+y) (x+y)2 x2+2xy+y2()



Miit khac vi x> y>0nénx” +2xy+ > > x>+’

2 2

X’ - y
< 2
Vay x> +2xy+y° x*+)° 2
(H(2) = dpcm

)Cz—y

B.PHIEU TU LUYEN
Dang 1: Rit gon phan thire.

Bai 1: Rat gon cac phan thuce sau.

14x°)"2? b 25x7y(x+1)’ o 3x(5-x) 60xy (3x—2)’

? 300y (x+1) 12(x-5) 45x7 (2-3x)

21x%ytz

Bai 2: Rut gon cac phan thtrc sau.

L 6x+l2 b y(2x-x*) o By g 48r=12y° 3y

24x% +48x x(2y+y2) x* +xy y +64
Bai 3: Rut gon cac phan thirc sau.

5(x-3) by 3x3)(3x-5) o BEwoxmy 2oy =2y

x*—4x+3 25-9x° X —xy—x+y Yy +3y°—y-3
Dang 2: Chirng minh diing thirc.
Bai 4: Ching minh dang thuc.

b +2b+1 b+l (x+a) -4x  a—x X -3x+2  x-2
a) — 2 T L2 2 2 = c) 3 ~ 2

3b” +3b 3b a +9x"+6ax a+3x x -1 X +x+1
Bai 5: Chimg minh déng thirc.

Xy+x—-2y—-2 y+l 2x° +3xy+ ) 1

a) b)

4—4x+x>  x-2 2x3+x2y—2xy2—y3_x—y

dxy’ —4x°y +x° _2xy-x"—2y+x

Bai 6: Cho hai phan thuc P = 2
4x—4x

va Q

Vol x#0x#1L,x#2
4x’ —8xy Y

Chtng minh rang P = Q.



Dang 3: Rut gon biéu thirc v6i diéu kién cho trudc.
Bai 7: Tinh gia tri cia cac biéu thirc.

2 2
_ 32m 2m tai m =8 b) B = 3n +Zn+6
Om~—12m+4 n+6n —n—=6

a) A tai n =1000001

Bai 8: Cho a, b, ¢ 1a d dai cac canh ctia mot tam gidc, hay tinh.

_ [az—(b+c)2}(a+b—c)
(a+b+c)[(a—c)2 —sz

Dang 4: Chitrng minh biéu thirc khong phu thudc vao bién.
Bai 9: Chirg minh gia tri cia cic phén thirc sau ludn 13 hang s6.

2.2 —5x— S 2
ayM=—2>r "7 b) N =303 3Kk 13 hing s6 khdc —2 )
(x+y)(3x-3y) 25kx +15x+9y +15ky 5

X+ x+1

o+ 2xt —x+1

Bai 10: Cho phan thic 4=

a) Thu gon biéu thic A.
b) Chirng minh A ludn khong am véi moi gia tri cua x.
Dang S: Bai toan nang cao.

Bai 11: Tim gid tri nguyén cua u de tai do gia tri cia moi bieu thurc sau 1a mét so nguyén.

2 - —
2) —— v6i u#2 by 22 iy T
u-2 3u+1 3
2
Bai 12: a) Tim i trj nho nhit cia 4=>"27201% (i 150,
X
2
b) Tim gié tri 16n nhit ciia B = 3x2+9—x+17
3x"+9x+7
HUONG DAN

Dang 1: Rit gon phan thire.



Bai 1: Rut gon céac phan thic sau

]4x5y322 _ 2x3z b) 25x2y(x+1)3 _ 5x(x+1)2
2%z 3y 30xy(x+1) 6
3x(5-x)  -3x(x-5)  —x 60xy(3x-2)"  —4(3x-2)’
12(x=5)" 12(x=5)"  4(x-5) 45xy* (2-3x) 3y
Bai 2: Rat gon cac phan thic sau
6x + 12 6(x+ 2) 1 av?—wvx® xvlv+ x)(yv—x)
a S = =— )/ = . = y({v—x)
24x2 4+ 48x 24x(x+2) 4x . x(x+v)
v(2x—x*) yx(2-x) 2-x 48y — 12y7 L 3973 3v(16 — 4y L v7) 3y
b <= = d) - = =
x(2v+v?) av(2+v) 24w vi+opd (v+4)(16—4v+v?) v+4
Bai 3: Rut gon cac phan thic sau
5(x—3) 5(x—3) 5 it axv—x—v (x+v)x—-1) =x+v
d - — — = = =
x?—4x+3 (x—3)x—-1) =x—1 ) xl—xv—x+yv (x—vilx—1) =x—v
o (B3x+3)(3x—5) (Bx+3)(3x—5) 3x +3 2y —y?—2y1+1 (y*-1)(2v-1) 2y-—1
b _ _ _ _

25— 9x?
Dang 2: Chirng minh diing thirc.

Bai 4: Chimg minh dang thirc

T (5-30)(5+3x) 5-+3x

vEE3ypi—y =3  (vI-1)(v+3) v+3

2 b*+2b+1 b+1 (x+a) —4x  a-x 0 X’ =3x+2  x-2
b+1)° b+1 a—w)(a+ 3x 4 — 3 (x—2)(x—1) x
VT = (ﬂ ) — —=VP yr— (a—=x)(a+3x) _a7% _ vp VT = - =
363(b+ 1) 357 2 + 3% (x—1)(x*+x+1) =x%4

Bai 5: Chimg minh dang thirc

(a+ 3x)°



a) Xy+x-2y-2 y+l 233 +3x+y° 1

= b =
4-4x+x’ X-2 ) 2X° +x°y=2xp° =y’ x-y

VT = (x — 2)(1.: 1) _ ‘. 1 —vp o 2e(x+v)+ (v+x) _ 1 _p
(2—x) x— 2 2(2x+v)—vI2x+v) x—v
.. , dxy’ —4x°y+x° 2xy—x>=2y+x .
Bai 6: - Co: P= va Q= Vol x #0;x #1;x #2y

4x’ —8x’y 4x—4x°

_x(2y— x)? _x—2y
T 4x(x—2v) 4x

C(2y-x)(x—-1) x—-2y
o 4x(1—x) 4x

—=P=Q
Dang 3: Riit gon biéu thirc véi diéu kién cho truéec.

Bai 7: Tinh gia tri cua cac biéu thuc

2 2
a) A= "2 i =g b) B=— " T10 i~ 1000001
Im” —12m+4 n+6n —-n—-=6
- m(3m-2)  m _(n+1)+e) 1
T (3m—-2)? 3Im-2 T (n+6)nf-1) n-—1
Thay m=-8 vao A ta dugc: Thay n=1000001 vao B ta duogc:
—3 4 1 1
A== E = =
3.(-8)-2 13 1000001—1 1000000

Bai 8: Cho a, b, c 1a ¢ dai cac canh cua mot tam giac, hay tinh
[az —(b+c)2](a+b—c)
- (a+b+c)[(a—c)2 —bz}

_(a=b-clla+b+c)latb—¢)
S (atbte)a—c+b)(a—c—h)

C



C=1
Dang 4: Chirng minh biéu thirc khong phu thudc vao bién.
Bai 9: Chirg minh gia tri cia cic phén thirc sau ludn 13 hang s6

2 2 N ,
A M=—""Y b) (v6i k 12 hang sé khac —3)
(x+y)(3x—3y) 5

_ Skx—5x-3y+3ky
25kx+15x+9y +15ky

M=

W =

_ (k=1)(5x+3y)
~ (5x +3v)(5k+3)

r

o T

E—1
N =
Bk +3
Khi do
N = k_ig 1a hang s6.

e+ x+1

Bai 10: Cho phan thuc 4 =
P X=X 2t —x+1

a)Thu gon biéu thirc A.

4o ¥ x+1)+ (x+1) :[1'—1):
4 P —xt1)+ (22— x+ 1) )

b) Chirng minh A luén khong am véi moi gia tri cua Xx.
Co(x+1)° =0 VxR
x*+1=1VvxeR

(x + 1)°
= Ad=——==0 Yac Rk
¥x==+1

Dang S: Bai toan nang cao.

Bai 11: Tim gia tri nguyén cua u dé tai d6 gia tri cia moi bi€u thirc sau 1a mdt s6 nguyén.

a) VOl u # 2

u—2



bé

nguyénthi 3: u—2 = u—2€ W(3) ={=1; +3}

Ta c6 bang
u-2 -1 1 -3 3
u 1 (TM) 3 (TM) 5 (TM) -1 (TM)
Vay x € {1;3;5;—1]} thi nguyén.
u f—

2 f— f—
by 22 iy

3u+1 3
Fut —2ut+1 2
————=u—1-

Sut+1l Ju+1
 3u’ —2u+1
pé M T ouyenthi 2 3u+1 = 3u+1 e U(2) = {+1; +2)
3u+1

Ta c6 bang

3u+l -1 1 -2 2

-2 —1
- 0 -1 -
u 3 3
(KTM) (TM) (TM) (KTM)
2 p—
Bai 12: a) Tim gia tri nho nhat cia 4 = L;QON voi x>0.
X
_ 2019x7 — 2.x.2019 + 2019° _ (x —2019)* 2018x° (x—2019)® 2018
- 2019x3 © 2019x2 2019x2  2019x2 2019
(x—2019)° (x —2019)* 2018 2018

M—>0Vx=0 = — + =

2019x2 2019x2 2019 ~ 2019

Dau “=" xay ra khi x- 2019= 0 = x=2019




Vay MinA = == khi x=2019

3x2+9x+17

b) Tim gié tri 16n nhat ctia B = 5
3x"+9x+7

33X+ 9x+17 10 10

) =1+ =1+ 2
3x"+9x+7 3x"+9x+7 ( 3) 1
3x+— | +—

-

j + 2 1hho nhét

I =

Dé B 16n nhat = 3. (x +

.

Ba | a1

Maa.fx—i]:—izz%,_via.[x—i]: =0vx R

. =S T =

A X - 3
Dau“="xayrakhi x +-=0 = x = —

Vay MaxB =41 khi x = —

-



