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1. MOT SO KIEN THUC CAN NHO.
1. Pinh nghia phép chia.

Cho hai s6 nguyén a va b trong d6 b # 0 ta luén tim duwoc hai sO nguyén q var
duy nhét sao cho a=bq+r, véi 0<r< |b| . Trong d6 a la s6 bi chia, b la s6 chia, q la
thuong, r 1a s6 du.

Khi a chia chob thicdcso du re {0;1,' 2:;3;...

b}
e Néu r=0 thi a=bq, khi d6 ta néi a chia hét cho b hay b chia hét a. Ky hiéu: a:b
hay bla.
Vay a chia hét cho b khi va chi khi ton tai s6 nguyén q sao cho a=bq.
e Néu r=0,khidétandiachiabcecosddular.
2. Mot so tinh chat can nhé
e Tinh chat 1. Moi s6 nguyén khac 0 ludn chia hét cho chinh né.
e Tinh chdt 2. S6 nguyén a chia hét cho sO nguyén b va s6 nguyén b chia hét cho s&
nguyén c thi s nguyén a chia hét cho s6 nguyén c.
e Tinh chat 3. S6 nguyén a chia hét cho sd nguyén b va nguoc lai thi a=+b.
e Tinh chat4. Néu a.b:m va (b,m)=1 thi a:m.
o Tinh chat 5. Néu hai s6 nguyén a va b cling chia hét cho m thi (a+b)im.
o Tinh chat 6. Néu a chia hét cho m va n, trong d6 (m,n)=1 thi aimn.
e Tinh chat 7. Néu s nguyén a chia hét cho sd nguyén b va s6 nguyén c chia hét cho
s0 nguyén d thi tich ac chia hét cho tich bd.
e Tinh chat 8. Trong n s6 nguyén lién ti€p ludn ton tai mot s6 nguyén chia hét cho n.
e Tinh chdt9. Néu a—b =0 vdi a, b 1a cac sO tw nhién thi a" —b" (n IS N) chia hét cho
a-b.
e Tinh chat 10. Néu a+b =0 vdia, b 1a cdc sO ti nhién va n la sO ty nhién 1é thi
a" +b" chia hétcho a+b.
3. M6t s6 dau hiéu chia hét

bat A=a a

n n-1°

.a,aa,, voia_a, ,;..;a,;a,;;a, lacicchit s6. Khi d6 ta c6 cac dau
hiéu chia hét nhu sau.

e Dau hiéu chia hét cho 2: SO ti nhién A chia hét cho 2 khi va chi khi

a, e {O,' 2;4; 6;8}
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e Dau hiéu chia hét cho 5: S6 ty nhién A chia hét cho 5 khi va chi khi a, € {O; 5}

Tt d6 suy ra A chia hét cho 10 khi va chi khi a, =0.
e Dau hiéu chia hét cho 4 va 25: S6 tw nhién A chia hét cho 4(hodc 25) khi va chi khi
a,a, chia hét cho 4 (hodc 25).

¢ D&u hiéu chia hét cho 8 va 125: S8 ty nhién A chia hét cho 8(hodc 125) khi va chi
khi a,a,a, chiahét cho 8 (hoac 125).

¢ Dau hiéu chia hét cho 3 va 9: S6 tw nhién A chia hét cho 3(hoac 9) khi va chi khi
tong cac chit s6 ctia sd A chia hét cho 3(hodc 9).
¢ Dau hiéu chia hét cho 11: S6 tw nhién A chia hét cho 11 khi va chi khi hiéu gitra
tong cac chir s6 & hang 1é va tdng cac chit s6 & hang chin 1a mot sd chia hét cho 11.
Il. CAC DANG TOAN THUONG GAP
~ Dang 1: Chitng minh tich cic s6 nguyén lién tiép chia hét cho mot s6 cho
truedc
Co s6 phuwong phap: Day la dang toan co ban thuwong gap khi chiing ta méi bat
dau hoc chiing minh cac bai toan chia hét. St dung cac tinh chét co ban nhu: tich
hai s6 nguyén lién ti€p chia hét cho 2, tich ctia ba sd nguyén lién ti€p chia hét cho 6.
Chang ta van dung linh hoat cac tich chat co ban nay dé€ giai cac bai toan chiing
minh chia hét vé tich cac s6 nguyén lién tiép.
*Thi du 1. Chttng minh rang:
a) Tich ctia 3 s6 nguyén lién ti€p chia hét cho 6
b) Tich ctia 2 s8 chan lién tiép chia hét cho 8
c) Tich ctia 5 s6 nguyén lién tiép chia hét cho 120
Loi giai
a) Trong 3 s6 nguyén lién ti€p c6 mot s chia hét cho 3 va mdt s chia hét cho 2 nén
tich ctia 3 sO nguyén lién ti€p chia hét cho 6 (do (2, 3) = 1)
b) Hai s8 chan lién ti€p c6 dang 2n va (2n+2) véi ne Z
Do d6 tich hai sd nguyén lién ti€p c6 dang 4n(n + 1)
Do n van +11a hai s§ nguyén lién ti€p nén n(n+1):2

Vithé 4n(n+1)i8

¢) Tac6120=358
Do 5 s nguyén lién ti€p c6 3 s6 lién tiép nén theo y a) ta co tich 5 s6 nguyén lién

ti€p chia hét cho 6.
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5 58 nguyén lién ti€p c6 2 s6 chan lién tiép nén theo y b) ta cé tich 5 s8 nguyén lién
ti€p chia hét cho 8.
Mt khac 5 s6 nguyén lién ti€p ludn c6 mét s6 chia hét cho 5 nén tich ching cling
chia hét cho 5.
Vay tich cua 5 s6 nguyén lién ti€p ludn chia hét cho 120
*Thi du 2. Chitng minh rang tich ctia 3 s8 chan lién ti€p chia hét cho 48
Loi giai

Ba s6 chan lién ti€p c6 dang 2n, (2n +2) va (2n +4) véi ne Z

Do d6 tich hai sd nguyén lién ti€p c6 dang 8n(n + 1)(n + 2)

Don, (n+1) va (n+2)la 3 sd nguyén lién ti€p nén n(n+1)(n+2)56

Vithé€ n(n+1)(n+2)=6m (meZ)

Do d6 tich ctia 3 s6 chdn lién ti€p 1a 8n(n+1)(n+2)=48m:48

Vay bai toan duoc chitng minh
~7 Dang 2: Phan tich thanh nhan tw
C6 s6 phwong phap: D€ chiing minh A(x) chia hét cho p ta phan thich A(x) = D(x).p,

con néu khong thé dua ra phan tich nhuw vay ta c6 thé viét p = k.q
- Neéu (k g)=1 ta chiting minh A(x) chia hét cho kvag.
- Néu (k,q)#1 taviét A(x) = B(x).C(x) rdi chting minh B(x) chia hét cho k va C(x)
chia hét cho g.
* Thi du 3. Chté'ng minh v4i moi s6 nguyén n thi n° —n chia hét cho 6
Loi giai
a) Ta co:
n’—n= n(n2 —1) =(n-1)n(n+1)
Biéu thtic la tich ctia 3 sO nguyén lién ti€p nén mot trong 3 sd chia hét cho 2, va mét
trong 3 s8 chia hét cho 3 ma (2, 3) =1 nén (n3 —n)56
*Thi du 4. . Chting minh n° —n* —n* +1 chia hét cho 128 v¢in la st 1é
Loi gidi
a) Ta co:
n®—-n*-n’+1=n* (n2 —1)—(712 —1) = (n2 —1)(114 —1) = (n2 —1)2 (n2 +1)

Vinlasdlénén datn=2k+1 (keN) Ta co:
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(1 -1)" =| (2k+1) —1}2 — (4k + 4k)’ =[4k(k+1)]
2
Ta cO k(k + 1) chia hét cho 2 nén nén [4k(k+1)} 64

Mt khéc: 1 +1=(2k+1)" +1=4k" +4k+2 =2(2k> + 2k +1):2

Dodo  n®—n'—n*+1=(r? ~1) (n* +1):128 (dpem)

Chii j: Binh phuong ctia mot s6 1é la sd 1é

*Thi du 5. Cho 3 s6 nguyén duong x, y, z. Chting minh rang:
(x—y)5 +(y—z)5 +(z—x)5 chia hét cho 5(x—y)(y—z)(z—x)

Dat a=x—y,b=y—z:>z—x=—(a+b)
Do d6 ta can ching minh: a° +b° —(a +b)5 chia hét cho —5ab(a+b)
Tac6: @° +b° —(a+b) =—(5a'b+10ah +10a°b" + 5ab" )
= —5ub(u3 +b° +2a’b + 2ab’ )
= —5ab[(a+b)(a2 —ab+b2)+2ab(a+b)}
= —5ab(a+b)(a2 +ab+b2)
Do d¢6 bai toan dugc chitng minh.
7~ Dang 3: St dung phuwong phap tach tong
Co s6 phuong phap: D€ chirng minh A(x) chia hét cho p ta biét doi A(x) thanh tong
cac hang ttr r6i chitng minh mdi hang ti chia hét cho p.
*Thi du 6. Chirng minh m, n la s6 nguyén ta cé:
a) n(n2+11)§6 b) mn(mz—n2)§6 c) n(n+1)(2n+1)§6
a) Tacé: n(n*+11)=n’ +11ln=n’—n+12n=(n—1)n(n+1)+12n
Dé ching minh: (n—1)n(n+1)6, 12ni6(neZ)
Do dé6: n(n’ +11):6
b) Ta co: mn(m2 —nz) = mn[(m2 —1)—(112 —1)] = mn(m2 —1)—mn(n2 —1)

Do: mn(m2 —1) =n(m—1)m(m+1)§6, mn(n2 —1) = m(n—l)n(n+1)§6
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Do d6: mn(m2 —n2)56
c) Taco: n(n+1)(2n+1):n(n+1)(n+2+n—1):n(n+1)(n+2)+(n—1)n(n+1)
Do: n(n+1)(n+2)56, (n—l)n(n+1)§6
Do d6: n(n+1)(2n+1):6
*Thi du 7. Ching minh rang: n van®cé chit s8 tan ciing giong nhau véin 1a sd tw
nhién.
Loi giai
D€ chirng minh 1 van® cé chir s6 tan cung giéng nhau ta chiing minh (n5 —n)ElO
That vay:
n—-n= n(n4 —1) = n(n2 —1)(112 +1) = n(n2 —1)[(112 —4)+5]
= n(n2 —1)(112 —4)+5n(n2 —1) =(n-2)(n-1)n(n+1)(n+2)+5(n-1)n(n+1)
Nhan xét: (n—2)(n—1)n(n+1)(n+2) la tich cia ndm s tw nhién lién ti€p nén chia
hét cho 2 va 5 do d6 chia hét cho 10.
Mat khac (n—l)n(n + 1)151 tich cua 3 s0 ty nhién lién ti€p nén chia hét cho 2 nén
5(n—1)n(n+1) chia hét cho 10.

Do d6 (n5 — n)flO vay bai toan duoc chiing minh.

5 3
*Thi du 8. a) Chting minh rang % + % + Z—g la s6 nguyén véimoi neZ

2 3

b) Chitng minh rang %+§+ﬂ 12 s6 nguyén v4i moi n 1a s& nguyén chdn
Loi giai
a) Ta co: E:n—S—n:n_E_E
15 15 5 3
. n’on’ n o’ o nn n’-n n’-n
Dodé: —+—+—=—+—+n————= + +n
5 3 15 5 3 5 3 5 3

Tt cac thi du trén ta dé dang chiing minh dwoc: (n5 - n)55, (n3 - n)53 do do bai
toan duoc chirng minh.
b) Do nla sd nguyén chdn nénn=2m (v6i meZ)
TR 2 m 3 2 m(m+1)(2m+1
Dods: Lty it 2 w3 _ e )(om+1)
12 8 24 6 2 3 6 6
Theo y c) thi du 6 ta co n(n+1)(2n+1)36 do d6 bai toan duwoc chirng minh
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*Thidu9. Chtng minh r??mg ax* +bx+ceZ,VxeZ khiva chikhi 2a,a+b,ceZ

Loi giai

Ta c6: ax2+bx+c=ax2—ax+(a+b)x+c=2a.

+(a+b)x+c.

x(x—l)
2

. x(x-1
De thay: % €Z vix va (x —1) lahai sO nguyén lién tiép.
Do d6: ax? +bx+ceZ,Vx e Z khiva chi khi 2a,a+b,ceZ.
I~ Dang 4: S&t dung hiang dang thitc
C6 s6 phuwong phap: Néu g4, b la cac sd nguyén thi:
a"—b" chiahétchoa—-bvdinlasdtenhiénva a=b.
a" —b" chia hét choa+b véinlasd tu nhién chidnva a=—-b.
a"+b" chiahétchoa+bvdinlasdtenhiénléva a=-b.
(a +b)n =ka+b" véikla sd nguyén, n la s6 ty nhién.
(a+1)n =ac+1 (a—l)n :ac+(—1)n , n1a sO tw nhién.
*Thi du10. Véinla s6 tu nhién chdn. Chitng minh rang: 20" +16" —3" —1:323.
Loi giai
Ta c6: 323=17.19. Ta bién d6i 20" +16" —3" —1=(20" 1)+ (16" -3")
Ta cé: (20" —-1):(20-1) = (20" ~1):19
Mt khéc n 1a s6 chin nén (16" 3" )i(16+3) = (16" -3"):19
Do d6 (20" 1)+ (16" -3")i19 = (20" +16" -3" ~1)i19 (1)
Ta bién d6i 20" +16" —3" ~1=(20" -3" )+ (16" ~1")
Ta c6: (20" -3"):(20-3) = (20" ~1)i17
Mgt khac n 1a s8 chén nén (16" —1")i(16+1) = (16" —3"):17 (2)
Do (17, 19) =1 nén ttr (1) va (2) suy ra: 20" +16" —3" —1:323.
*Thi du11. Chiing minh rang véi moi s§ ty nhién n ta c6:
a) 11"2 +12°":133 b) 5™ +26.5" +8"" 159 c) 7.5 +12.6" 119

Loi giai
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a) Ta cé: 11M2 +12°"" =112.11" +12.12™" =121.11" +12.144"
=(133-12).11" +12.144" = 133.11" +12(144" —11")
Do d6 133.11":133 va 12(144" —11" );(144—11) hay 12(144" —~11"):133
Nén 133.11" +12(144" -11") = 11" +12°"" 1133 (dpcm)
b) Tacé: 57 +26.5" +8" =25.5" +26.5" +8.8°" =51.5" +8.64"
=(59-8).5" +8.64" =59.5" +8(64" 5"
Vi (64" 5" )i(64—5) = (64" ~5" )59
Nén 59.5" +8(64" —5" )59 = 5% +26.5" + 8" 159 (dpcm)
) Tacd: 7.5 +12.6" =7.25"+(19-7).6" =19.6" +7 (25" -6")
Vi (25" -6")(25-6) =7(25" 6" )i19
Nén 19.6" +7(25" —6"):19 = 57.5"" +12.6" {19 (dpem)
*Thi du12. Chiéing minh rang A =1993"" +1997"*:30
Loi giai

Str dung tinh chét (a +b)n =ka+b"vdik1a s6 nguyén, n la s6 tw nhién.

Ta co:

1993

A=1993"7 +1997'" =(1980+13) " +(2010-13)
=1980c+13"” +2010d - 13"
=1980c+2010d +13" (13*)

=30(66¢+67d +952.13"" ):30.
*Thi du 13. (Chuyén sw phgm Ha N§i 1997 —1998)
Chiing minh ring C=5"(5"+1)-6"(3"+2"):91 (neN).
Loi gidi
Str dung tinh chat (a+b) =ka+b", (a+1) =ac+1,  (a-1) =ac+(-1) véikla
sO nguyén, n 1a s6 tw nhién

Ta co:
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C=25"+5"-18"-12"
=(21+4) +5" —(14+4) —(7+5)’
=2lc+4"+5"~14d 4" —7e-5"
=7(3c—2d-e):7.

Mat khac:
C=(26-1)" +5"—(13+5)" - (13-1)"

=26f+(-1)" +5"-13g—5"-13h—(-1)’

=13(2f-g—h)i13.
Vi(13,7)=1nén C:7.13=91.
*Thi du14. (Chuyén sw pham Ha Ngi 2001)
Chting minh rang véi moi s§ nguyén n tacé: A =1°+2°+3° +...+n° chia hét cho

B=1+2+3+...+n.
Loi giai

n(n+1)

Ta c6 cOng thitc quen thudéc B=1+2+3+...+n= 5

Lai co: 24 =(n® +1)| (n=1) +2° || (n-2) 43" [+t (1407)

Nhan thay mdi s6 hang déu chia hét cho (n +1) nén 2A5(n + 1) (1)

Lai c6 2A-2n° = [(n—l)5 +15}+[(n—2)5 +25} +...chia hét cho n

Do 2n’innén 2Ain  (2)

Do 2n’innén 2Ain (2)

Tt (1) va (2) suy ra 2A chia hét cho n(n+1) do d6 2A:2B = A:B (dpcm)
~ Dang 5: St dung phuong phap xét s6 dw

Co so phwong phap: D€ chiing minh A(n) chia hét cho p ta xét s6 n c6 dang n = kp
+r voire {0;1;2;...; p-1 }

*Thi du 15. Chig minh réng v6i moi s6 tu nhién 7 ta c6: n(Zn +7)(7n +1) chia hét cho 6
Loi gidi

Trong 2 s8 n va (7n + 1) phai ¢6 mét s8 chdn nén n(2n+1)(7n+1):2
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Ma (3, 2) = 1 nén ta chi can chtitng minh n(2n+1)(7n+1):3
Xét 3 treong hop:
- Truong hop 1: n=3k thi n(2n+1)(7n+1)=3k(6k+1)(21k+1):3

- Truong hop 2: n=3k +1thi 2n+7 =(6k+9):3=n(2n+7)(7n+1):3
- Truong hop 3: n=3k +2 thi 7n+1=(21k+15):3=n(2n+7)(7n+1):3

Tt 3 truong hop trén suy ra n(2n + 7)(7n + 1) chia hét cho 6.

*Thi du16. Chox,y, zla cac s6 nguyén théa man (x—y)(y—z)(z—x) =X+y+z (*)

Chiing minh rdng (x+y + Z) chia hét cho 27

Loi giai
Ta xét cac treong hop sau:
- Néu 3 s6 x, y, z chia cho 3 ¢6 s6 du khac nhau thi (x - y), (y — 2), (z - x) s€ déu
khong chia hét cho 3 do dé (x — y)(y — z)(z — x) s€ khong chia hét cho 3. Nhung khi
d6 tong chia 3 s6 (x +y + z) sé chia hét cho 3 diéu nay trai véi diéu kién (*) cua bai
toan, vi thé truong hop nay khong thé xay ra.
-Néu 3s6 x, y, z c6 2 s6 khi chia cho 3 ¢6 cung s dw thi (x - y), (y - z), (z - X) sé ¢
mot hiéu chia hét cho 3 do d6 (x - y)(y — z)(z — x) s€ chia hét cho 3. Nhung khi d6
tong ctia 3 s6 (x +y + z) sé khong chia hét cho 3 diéu nay trai véi diéu kién (*) cua
bay toan, vi thé truong hop nay khong thé xay ra.
Vay 3 s0 x, y, z chia cho 3 phai cung s0 du, khi d6 (x —y), (y — z), (z — x) sé déu chia
hét cho 3 nén tich (x — y)(y — z)(z — x) s€ chia hét cho 27. Mat khéc theo gia thiét (*) ta
O (X —y)y —z)(z-x)=x+y+znén (x +y + z) chia hét cho 27. Vay bai toan dugc

chirng minh.

I~ Dang 6: S& dung phuwong phap phan ching

Co s6 phuong phap: D€ chirng minh A(x) khdng chia hét cho n ta gia sit A(x) chia
hét cho n sau d6 dung lap ludn d€ chi ra mau thuan d€ chi ra diéu gia st la sai.
*Thi du 17. Chitng minh réng n” +n—16 khdng chia hét cho 25 véi moi s6 ty nhién
n.

Loi giai
Gia st n* +n—16 chia hét cho 25.
Do n?+n-16 chia hét cho 25 nén ciing chia hét cho 5.

Ta cé: n* +n-16=(n+3)(n-2)-10
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Do n”> +n—-16 va 10 chia hét cho 5 nén (n + 3)(n - 2) chia hét cho 5 (1)
Mit khac (n + 3) va (n — 2) ¢6 hiéu bang 5 nén chiing cting chia hét cho 5 hoic ciing
khong chia hét cho 5, lai do (1) nén (n + 3) va (n - 2) cung chia hét cho 5 suy ra ta c6
(n + 3)(n - 2) chia hét hét cho 25.
Ttcla n’+n-16 chia cho 25 du 15 mau thuan véi gia stt, vay bai toan dwoc ching
minh.
*Thi du 18. Chitng minh rang véi moi s6 tu nhién 1, n® chia hét cho 3 thi n ciing
chia hét cho 3

Loi giai
Gia stt n khong chai hét cho 3. Khi d6 n c6 dang n =3k +1 hodcn =3k +2 (véi k 1a sd
tw nhién)

Néun=3k+1thi n’=(3k+1)’ =27k’ +27k* +9k +1khong chia hét cho 3

Néun=3k+2thi n’=(3k+2) =27k’ +54k* +36k+4 khong chia hét cho 3
Ca hai treong hop déu mau thuan suy ra n phai choa hét cho 3 vay bai toan dwoc
chtrng minh.
*Thi du 19. Chting minh 2 s dwong c6 tdng binh phwong chia hét cho 3 thi mdi s§
déu phai chia hét cho 3

Loi giai
Gia st 2 s8 nguyén duong a, b ¢ it nhat mot s& khong chia hét cho 3, chang han s
do1a a. Khi d6 a=3k + 1 hodc a=3k + 2 vdi k 1a s6 tu nhién, ta céa® =31+1 néusd b
chia hét cho 3 hodc khong chia hét cho 3 thi a* +b® lu6n c6 dang 3m + 1 hodc 3m +2,
nghia 1a khong chia hét cho 3, mau thuan.

Vay bai toan dwoc chitng minh.

~ Dang 7: S& dung phuwong phap quy nap

Co s6 phuwong phap: D€ kiém tra ménh dé dung v6i moi s6 ty nhién n>p ta lam
nhu sau:
1) Kiém tra ménh dé dung véin=p.
2) Gia stt ménh dé dung mdi n =k chiing minh ménh dé dang véin=k+ 1.
*Thi du 20. Chitng minh rang n(2n2 +7) chia hét cho 3 v6i moi s6 nguyén duong
n.

Loi giai

Véin=1thitaco: n(2n*+7)=1.(2+7)=9:3, do d6 bai toan ding véin =1
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Giai st bai todn ding dénn=kvéi k>1,keN ticla:
k(2k*+7):3 hay k(2k*+7)=3x(xeN’),
ta sé can chitng minh bai toan dung véi n =k + 1. That vay:
(k+1)| 2(k+1)"+7 | = (n+1)(207 +4n-+9)
=2n°+4n* +9n+2n”* +4n+9
=(2n*+7n)+(6n”+6n+9)
=3x+3(2n” +2n+3)=3yi3

Do d6 n(2n2 +7) chia hét cho 3 véi n=k+1

Vay bai toan duoc chitng minh.
*Thi du 21. Chting minh rdng A =4n”+15n-1 chia hét cho 9 véi moi ne N’
Loi giai
Véin=1 thita co: A=18 chia hét cho 9, do d6 bai toan dting véin=1
Giai st bai todn diing dénn=kvdi k>1,keN tacla:
4K* +15k —1:9 hay 4k* +15k—1=9x (x € N*) < 4k? =9x—15k+1,
ta sé can chtiing minh bai toan dung véi n = k + 1. That vay:
471 +15(k+1)-1=4.4" +15k+14
=4(9x—15k+1)+15k +14
=36x—-45k+18:9
Do d6 A=4n”>+15n-1 chia hétcho9 véi n=k+1

Vay bai toan dugc chitng minh.

~ Dang 8: S&t dung nguyén ly Dirichlet

Co s6 phuong phap: Dau tién ta ta phai nam duoc nguyén ly Dirichle: “Nhé&t m =
kn + 1 con tho vao k (k < n) chudng thi ton tai mot chudng co it nhatn +1 con thd”
Ap dung nguyén ly Dirichle vao bai todn chia hét nhu sau: “Trong m =kn +1 s8 c6
itnhatn +1 sd chia hét cho k ¢6 cing s6 du”
*Thi du 22. Chiing minh trong 101 s& nguyén bat ki c¢6 thé tim dwgc hai sd c6 2
chit s6 tan cung giong nhau.

Loi giai
Lay 101 s6 nguyén bat ki chia cho 100 thi theo nguyén ly Dirichle ¢ ¢ it nhat 2 s6
c6 cung s6 du khi chia cho 100. Suy ra trong 101 s& da cho ton tai it nhat 2 s6 c6 2

chit s tan cung gidng nhau.
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*Thi du 23. Cho 2014 s6 ty nhién bat ki X;,X,,X;,...., Xy, . Chting minh réng ton tai
mot sO chia hét cho 2014 hodc tong mot s6 s6 chia hét cho 2014.

Loi giai
Xét 2014 s0: S, =x;S, =X, +X,;...;S

=X, +X, +...+X

2014 2014

Néu ton tai S, voii=1, 2, 3, ..., 2014 chia hét cho 2014 thi bai toan duoc chiing
minh.
Néu khong ton tai S, véii=1, 2, 3, ...., 2014 chia hét cho 2014. Dem 2014 s6 nay chia
cho 2014 nhan dwoc 2014 s6 dw. Gia tri ctia cac s6 dw nhan dwgc thudc vao tap hop
{1, 2,3,..., 2013} . Vi 2014 s6 du ma chi c6 2013 gia tri nén theo nguyén ly Dirichlet
c6 2 58 du bang nhau.
Kihiéuhais6 d61a S_,S. c6 cung s6 du khi chia cho 2014
{m,neN,1<n<m<2014
Thi hiéu: Sm =Sy =X + X0 T+ X, chia hét cho 2014

7~ Dang 9: Xét dong dw
Tém tit Iy thuyét vé dong du:
Pinh nghia: Cho g, b 1a s6 nguyén (n 1a s6 nguyén duong). Ta ndi a dong du véi b
theo modun n va ki hiéu a=b (mod n)né'u avab c6 cung s6 dw khi chia cho n.
Nhu vay: a=b (mod n) = (a —b)fn .Vidu: 2019=9 (mod 5)
Mot s6 tinh chat co ban:
1) V6i moi sd nguyén a ta cd: a=a (mod n)
2) asb(mod n)@bsa(mod n)
3) a=b (mod n) va bzc(mod n):uzc(mod n)
4) a=b (mod n) vac=d (mod n) :>(aic) E(bid)(mod n)
Hé qua cta tinh chat 4)

a,=b, (mod n),az =b, (mod n), ...... ,a,=b (mod n)

= (a,+a,+..+a, )=b +b, +...+b, (modn)
5) a=b (mod n) vac Ed(mod n):a.czb.d(mod n)

Hé qua cta tinh chat 5)

THCS.TOANMATH.com TAI LIEU TOAN HOC




6) azb(mod m)<:>a”zb” (mod m) VneN

7)Néu a=b (mod m) va d la wdc chung ctia a va b sao cho (d, m)=1 thi

(mod m)

QS
Qs

8) Néu a=b (mod m) va dla wdc chung ctuaa, b, m thi% = g (mod %j

9) Néu a=r (mod m) va 0<r <m,thir chinhla s du ctia phép chia a cho .
Co s6 phuong phap: S& dung dinh nghia va cac tinh chét caa dong du thic d€ giai
bai toan chia hét.
*Thi du 24. Chiing hais6: A=6""" -1 va B=6'""+1
Chitng minh rang A va B déu la boi s6 ctia 7
Loi giai

1000

Tacé: 6=—1(mod7)=6""=(-1)" (mod7)=6""=1(mod7)=6""-1:7
Vay A laboictia 7.
Tir 6 =1 (mod7)=6"" =6(mod 7)
Ma 6=-1 (mod7)=>6""" =-1(mod 7) = 6'"" +1:7
Vay B la bdi cua 7.
*Thi du 25. Tim s8 dw ctia phép chia: 1532° -1 cho 9.
Loi gidi
Ta c6: 1532 =2(mod9) = 1532" =2° (mod 9)
Ma 2° =5(mod9)=>1532° =5(mod 9) =1532° ~1=4(mod 9)

Vay s8 du ctia phép chia 1532° —1 cho 9 1a 4.

*Thi du 26. Chitng minh rang: A =7.5""+12.6" chia hét cho 19.
Loi giai

Tacd: A=75"+12.6"=7.25" +12.6"

D025=6(mod 19) = 25" =6" (mod 19) =7.25" =7.6" (mod 19)

=7.25"+12.6" =7.6" +12.6" (mod 19)
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Ma 7.6" +12.6" =19.6":19 =7.25" +12.6" 119 = A=7.5"" +12.6" 19

Vay bai toan duoc chitng minh.

7~ Dang 10: St dung tinh chat chia hét va 4p dung dinh 1y Fermat nho

Co s6 phuong phap: St dung tinh chat chia hét va ap dung dinh ly Fermat nho dé
giai toan.

Pinh ly Fermat nhé: V6i moi sO nguyén a va sO nguyén t6 p thi 4’ =a (mod p).
Chitng minh:

Ta co: a’ =a (mod p) = a(a”_l —1)5p

+) Néua:p thibai toan dwgc chitng minh.

+) Néu a khong chia hét cho p thi ta ¢6 24, 34, 4a,..., (p-1)a cing khong chia hét cho p
Goir,,1,,1,,...., o lan lwot 1a s6 du khi chia cho 4, 24, 34, 44,...,(p-1)a cho p thi ching
thudc tap hop {1, 2,3,...,p —1} va d6i mot khac nhau. Vi chang han 7, =7, thi

(3a —a)fp hay 2a‘p thi p chicé thébang 2 ma p=2 thibai toan khong dtng.

Do do: r.r

115

e, =123 (p 1),
Ta co:

a=r, (mod p)

2a=r, (mod p)

(p—l)a =r, (mod p)

Nhan theo v&suy ra:  1.2.3....(p-1).a"" =r.1,1,...r , (mod p)=a"" =1 (mod p)

-
ViUCLN (a, p)=1nén a’ =a (mod p)
Vay v6i moi s6 nguyén a va s& nguyén t& p thi 4’ =a(mod p).
Céch phat biéu khac cua dinh ly Fermat nho nhu sau:
V6i moi s6 nguyén a va s6 nguyén t6 p, UCLN(a, p) =1 thi 4" =1(mod p).
*Thi du 27. Cho p va q la hai s§ nguyén t§ phan biét. Chitng minh rang
p™' +¢"" =1 chia hét cho pq.
Loi giai
Vi q la s6 nguyén t6 nén theo dinh ly Fermat nho ta cé:

p"' =1 (mod q)
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Do d¢: p™' +4"" =1 (modq)
Vi vai tro ctia p, q binh dang nén ta dé dang suy ra: p’" +4"' =1 (mod p)
Do UCLN(p,q) =1nén p""+4"" =1(mod pq) hay p"" +4"" —1 chia hét cho pq.

*Thi du 28. (Dé thi HSG lop 9 TP Hai Phong 2014-2015)

2p

Vi p la s6 nguyén t6, dat n= . Tim tat ca cac s6 nguyén t6 p sao cho 2" -2

khong chia hét chon.
Loi giai
Véip=2,tacdé n=5=2"-2=30:5
Véip=3,taco n=21=2"-2=8-2/7=2"-2=8-2/21

4(2x —13)’(210—1 +1)

Véip>3, tacs 2"—2=2(2""~1) ,n-1=
p la s6 nguyén t8 16n hon 3nén 2°' =1 (mod 3) (1)
Theo dinh ly Ferma nho ta ¢6 2°' =1 (mod p) (2)
T (1), (2) va (p,3)=1suyra 2" —1:3p mat khdcn—1:2p =2""'—1:2* —1in
2% -1in=2""-1in=2"-2in.
Vay p =3 la gia tri phai tim .
7~ Dang 11: Céc bai toan quan hé chia hét véi da thitc
*Thi du 29. DPa thitc f(x) =4x> +ax + b chia hét cho cac da thttc x—2;x+1.
Tinh 2a-3b
Loi giai
Da thtrc f(x) =4x> +ax +b chia hét cho cac da thitc x—2;x+1nén:
£(2)=0=32+2a+b=0(1)
f(-1)=0=-4-a+b=0 (2)
Tt (1) va (2) ta im dwoc a=-12;b=-8
Vay 2a-3b=0
*Thi du 30. Tim da thitc f(x) biét rang: f(x) chia cho x+2duw 10, f(x) chia cho
x—2duw 24, f(x) chia cho x* —4 dwoc thwong la —5x va con dw
Loi giai

Gia st f(x) chia cho x* —4 duoc thrwong la —5x va con dw ax+b
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Khi d6 : f(x) = (x2 —4).(—5x)+ax+b

Theo dé Cau, ta co:

{f(2)=24 {2a+b=24 a=’
R

£(2)=10" |—2a+b=10"], 2
(=2)= —eathb= b=17

Do d6 : f(x) =(x* —4).(—5x)+%x+17
Pay ’ ALY \ ’ 3 47
Vay da thtec f(x) can tim c6 dang: f(x) = -5x +7x +17

*Thi du 31. Chttng minh rang: f(x)= (x2 +X —1)2018 + (x2 -x+ 1)2018 —2 chia hét cho
g(x)=x* —x
Loi giai
Pa thite g(x)=x* —x=x(x~-1)cd hai nghiém Ia x=0 v x=1
Ta co f(O) = (—1)2018 +1*® -2 =0=x=0 la nghiém cta f(x)
= f(x) chita thira s6 x
Tac f(1)=(1+1-1)" +(1*~1+1)" ~2=0=x=11a nghiém ctia f(x)
= f(x) chita thira s6 x—1ma cac thira s§ x va x —1khong c6 nhan tir chung do d6
f(x) chia hét cho x(x —1)

201

Vay f(x) = (x2 +x—1)2018 +(x2 —x+1) ® _2 chia hét cho g(x) =x*—x
7~ Dang 12: Tim diéu kién bién d€ chia hét
*Thi du 32. Tim anguyén dé a’ —2a’ +7a—7 chia hét cho a” +3
Loi giai
Thuc hién phép chia a® —2a* +7a~7 cho a’ +3 duoc két qua:
a’ —2a’ +7a-7 =(a’ +3)(a—2)+(4a—1)
D€ phép chia hét thi 4a—1phai chia hét cho a®+3
(4a-1)i(a* +3)
= (4a-1)(4a+1)i(a*+3)(acZ=4a+1e7Z)
= (16a*-1)i(a’ +3)
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:>49§(a2+3)

a’+3=7
~ | a? +3=49 (loai)

-l

Thr lai ta dwgc a =2 va a =- 2 déu thoa man.

a=2
a=-2

*Thi du 33. Tim s8 tw nhién n d& n’ +(n+1)" +(n+2)" +(n+3) chia hét cho 10.

Ta cd: A=n? +(n+1)2 +(n+2)2 +(n+3)3 :2(2n2+6n+7)

A10 < 2n2 +6n+7:5 < 2n? +6n+255<:>2(n2 +3n+1)25

on?+3n+1:5

Do dé n(n + 3) c6 tan cung la 4 hodc 0 hay n c6 tan cung la 1 hodc 6

Loi giai

*Thi du 34. Tim s6 nguyén duong n dé€ (n + 3)(n +4) chia hét cho 3n.

Ta cé: (n+3)(r1+4:)§3r1<::>r12 +7n+12:3n<=n*+n+12:3n

{nZ +n+12in

n’+n+12i3  (2)

Loi giai

Tix (1) suy ra: 12in=ne{1,2,3,4,6,12} (3)

Tt (2) suy ra: n(n+1)53:{

n =3k
n=3k+2

(keN)

Loai cac s6 c6 dang n =3k +1 ¢ (1) ta duoc:

n 2 3 6 12
3n 6 9 18 36
n+n+12 18 24 54 168

Chi cd n=2 van =6 thi n®>+n+12 chia hét cho 3n do d6: (n+3)(n+4)53n

Vayn=2van=6.
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TONG KET CAC PHUONG PHAP THUONG AP DUNG

Dé'lam giai tot cac bai toan vé chia hét, chung ta can stt dung linh hoat cac phuong
phap da néu trén, & nhiéu bai toan chia hét ching ta c6 thé giai bang nhiéu phuong
phap, nhung c6 khi cling mot bai toan nhin cé vé twong tu nhu vay nhung chi co
mot phuwong phap c6 thé giai quyét. D€ mo phong vé diéu nay tdi sé trich mot bai
viét ctia tac gia Nguyén Ditc T4n trén tap chi Toén hoc va tudi tré:

Bai toan: Chting minh rang véi moi s8 nguyén n thin® +n+1 khdng chia hét cho 9.
Cach 1: (S dung phirong phdp xét so duw)
Ta xét cac treong hop sau:
- Truong hop 1: n= 3k(k € Z) thi n® +n+1= 31<(k+1)+1
- Truong hop 2: n=3k+1 (ke Z)thi n’ +n+1=9k(k+1)+3
- Trudng hop 3: n=3k +2 (ke Z)thi n’ +n+1 =3(31<2 +5k+2)+1
Ttr 3 treong hop trén suy ra #° +n+1 khong chia hét cho 9 véi moi s6
nguyeén n.
Cach 2: (Str dung phwong phdp tdch téng)
Ta c: i +n+1=(n—-1)(n+2)+3
Do (n+2)—(n-1)=3 nén (n+2)va(n—-1) dong thoi hoac khong dong thoi chia
hét cho 3
Néu (n+2)3;(n-1)i3=(n—1)(n+2):9 nén (n—1)(n+2)+3sékhong chia hét cho 9.
Néu (n+2) va(n—-1) dékhong chia hét cho 3 thi (n—1)(n+2)+3sé khong chia hét
cho 9.
Vay n* +n+1 khong chia hét cho 9 véi moi s6 nguyén .
Cach 3: (Str dung phwong phdp phan chirng)
Gia st (112 +n+1)§9.Dz§t n”+n+1=9m (m eZ):>n2 +1n+1-9m=0 (*)
Phuong trinh (*) c6 A =36m—3=3(12m—1)
Ta thdy A khong thé 1a sd chinh phuong do chi chia hét cho 3 ma khong chia hét cho 9
nén (*) khong c6 nghiém . Vo ly!
Vay n” +n+1 khong chia hét cho 9 v6i moi s6 nguyén .

Cach4: Tacé: 4(112 +n+1) =(2n+1)2 +3

Néu (2n+1)i3=(2n+ 1)2 19 nén (2n+ 1)2 + 3 sé khong chia hét cho 9.
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Néu (211 +1) khong chia hét cho 3 thi (2n+1)" khong chia hét cho9nén (2n+1) +3

sé khong chia hét cho 3 vi thé cling sé khong chia hét cho 9.

Vay 4(112 +n+ 1) khong chia hét cho 9 nén 7” +n+1sé khong chia hét cho 9 véi moi
sO nguyeén 1.

Cdc ban ren luyén kha ning st dung cdc phwong phdp trong chitng minh cdc bai todn vé chia

hét thong qua cdc bai todn twong tw sau:

1) Chting minh: r* +11n+39 khong chia hét cho 49.

2) Chiing minh: 7 +3n+5 khong chia hét cho 49.

3) Chtng minh: #n° +5n+16 khong chia hét cho 169.

Tuy nhién véi bai toan:

Chting minh: 91° +91° +3n—16 khong chia hét cho 343 vi moi s6 nguyén .

Ta dé thiy vdi cdc cich 1, 2, 3 ¢d Ié chiing ta phdi bé tay, khai thic cdc gidi 4 chii y 343 =7°
ta cd 1oi gidi that “dé thuong” sau:

9n° +91 +3n-16=(3n+1) —49.

Néu (3n+1)i7 = (3n+1) i7° =343 nén (3n+1) 49 s& khong chia hét cho 343.
Neéu (3n+1) khong chia hét cho 7 thi (3n + 1)3 —49 khong chia hét cho 7 nén
(3n+1)’ —49 khong chiahét cho 343=7" .

Vay 91’ +9n” +3n—16 s khong chia hét cho 343 v&i moi s6 nguyén 7.

Do d6 dé’giéi todn chiing ta cin linh hogt va ndm vieng cdc phuwong phdp gidi dé'cé thé'vin

dung t6t ¢ cic bai todn khic nhau!
IIL. BAI TAP LUYEN TAP TONG HOP

Cau 1. Ching minh rang a’ -ai30 (aeZ)

Cau 2. a) D3t A=n’+3n”+5n+3.Ching minh rang A chia hét cho 3 v6i moi gia
tri nguyén duong cta n

b) Néu a chia 13dw 2 va b chia 13dw 3 thi a + b chia hét cho 13

Cau 3. Chting minh rang: A = {rﬁ (n2 —7)2 - 36n}37 voi VneZ.

Cau 4. Chting minh rang n® —28n chia hét cho 48 véi moi nla s6 nguyén chan

Cau 5. Cho nla sé tw nhién lé. Chtrng minh n® —n chia hét cho 24
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Chitng minh 1° +171 chia hét cho 6 v6i moi n€Z

Chting minh rang: Q=n’ +(n+1)3 +(n+2)359véi moi ne N*¥

Cau 8. Chttng minh rang : 2009°™ +2011*" chia hét cho 2010
Cau 9. Chtng minh rang
a) 8 +2"chiahét cho 17
b) 19" +69" chia hét cho 44
Cau 10. (Dé thi HSG 16p 9 huyén Thiy Nguyén 2018-2019)
Chting minh rang A =n’+n+2 khong chia hét cho 15 v6i moi s8 nguyén n.
Cau 11. (Dé thi HSG I6p 9 huyén Thanh Ha 2016-2017)
Chttng minh rang véi moi ne N thi: n* +6n° +11n” +30n—24 chia hét cho 24.

Cau 12. (Dé thi HSG I6p 9 huyén Kinh Mén 2013-2013)

Cho a, b 14 s8 nguyén thoa man: 2a® +3ab+2b* chia hét cho 7. Chitng minh rang
a’—b” chia hét cho 7.

Cau 13. (D& thi HSG 16p 9 huyén Vii Quang 2018-2019)

Cho n la s8 nguyén khong chia hét cho 3. Chitng minh rang P =3 +3" +1 chia hét cho 13.
Cau 14. (Dé thi HSG Thanh Phd Hdi Phong 2018-2019)

o« A? Vs s. \ s n A
Cho biéu thitc P=a, +a, +a, +...+a,,, vOi a a,;a,;..;a,,, la cac sO nguyén duong

va P chia hét cho 30. Chiing minh réng Q=a’ +aJ +a’ +...+aj,, chia hét cho 30.

Cau 15. (Dé thi Chon HSG Iép 9 THCS Hiép An 2018-2019)

3 X2

Cho x 1a s8 ti nhién chdn. Chiing té rang biéu thitcc M = )2(—4+§+% o gia tri la

sO nguyeén.
Cau 16. (Deé thi HSG l6ép 9 huyén Phit Ninh 2013-2014)
Chitng minh rang véi moi s6 ty nhién n ta c6: A =7.52+12.6" chia hét cho 19
Cau 17. Chttng minh rang véi moi s6 ty nhién nthi: A=5"?+26.5"+8"":59

Cau 18. Cho a,,a,,........,a,, la cac sO tw nhién cd tong chia hét cho 3

Chiing minh rang: A =a’+a’ +......+a, chia hét cho 3.
Cau 19. a) Chizng minh rang néu tdng ctia hai s6 nguyén chia hét cho 3 thi téng cac
lap phuwong cta chung chia hét cho 9
b) Tim céc s6 nguyén n d€ n’ +1 chia hét cho n’ +1
Cau 20. (D& thi hoc sinh gidi I6p 9 huyén Hoang Héa niam 2014-2015)

Tim tét ca cac cdp sO nguyén (x ; y) véix>1, y > 1 sao cho
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(3x +1) : y dong thoi 3y +1) : x.

Cau 21. (Dé thi HSG I6p 9 huyén Hodng Héa 2015-2016)

Tim s& nguyén duong n bé nhat d€ F = n® + 4n? — 20n — 48 chia hét cho 125.
Cau 22. (dé thi hoc sinh gioi I6p 9 huyén Thanh Oai 2012-2013)

Tim tat ca cac cap s6 nguyén duong a,b sao cho: a + b? chia hét cho a?b - 1.
Cau 23. (Dé thi HSG I6p 9 huyén Vinh Ljc 2016-2018)

Cho cac s& nguyén dwong x, y, z théa man x* +y* =z’
Chting minh A = xy chia hét cho 12
Cau 24. (Dé thi HSG I6p 9 huyén Hoai Nhon 2018-2019)

Chitng minh rang s8 tw nhién A =1.2.3....2017.2018.| 1+ 1 + 1 + +L + 1
2 3 2017 2018

chia hét cho 2019.
Cau 25. Tim sd du trong phép chia cua da thic (x+2)(x+4)(x+6)(x +8)+2010

cho da thitc x> +10x+21
Cau 26. Tim a,bsao cho f(x) =ax’ +bx” +10x —4 chia hét cho da thttc
g(x)=x"+x-2
Cau 27. Cho da thie f(x) =x> —3x* +3x—4.V4i gia tri nguyén nao ctia x thi gid tri
ctia da thie f(x) chia hét cho gia tri cua da thire x* +2
Cau 28. (De thi hoc sinh gioi I6p 9 trwong Trin Mai Ninh nam 2012-2013)
Gia str f(x) 1a da thiic bac 4 véi hé s6 nguyén.
Chting minh rang: Néu f(x) : 7véi Vx e Z thi tling hé s& ctia f(x) cling 7
Cau 29. Tim s8 dw trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho
x* +12x+30
Cau 30. Tim da thtkc f(x) biét rang : f(x) chia cho x+2dw 10, f(x) chia cho x-2duw
26, £(x)chia cho x* -4 duoc thuong 1a —5x va con du

Cau 31. (dé thi hoc sinh gi6i I6p 9 huyén Thach Ha 2016-2017)

Cho da thirc P(x) = ax® + bx®> + cx + d véi a, b, ¢, d la cac hé s6 nguyén. Ching
minh réng néu P(x) chia hét cho 5 vdi moi gid tri nguyén cta x thicachésd a, b, ¢, d
déu chia hét cho 5

Cau 32. (Dé thi HSG 16p 9 huyén Luc Nam 2018-2019)

Cho p 1a s8 nguyén t6 16n hon 5. Chtrng minh p* —1 chia hét cho 100
Cau 33. (Dé thi HSG Iop 9 TP Thanh Héa 2016-2017)

Cho a, b, cla cac s6 nguyén khac 0 thoa man diéu kién:
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Chttng minh rang: a® +b® +¢’ chia hét cho 3.

Cau 34. (D@ thi HSG huyén Lé Ninh 2018-2019)
Cho N =k*+2k®-16 k? - 2k +15, k 1a s0 nguyén. Tim diéu kién cta k d€ s6 N chia
hét cho 16.
Cau 35. Cho hai s6 nguyén, s6 tht nhét chia cho 5 du 1, s6 tht hai chia cho 5 du 2.
Hoi tong binh phuong cta ching cé chia hét cho 5 khong ?

Cau 36. Chting minh rang véi moi s6 nnguyén duong thi:
5" (5" +1)-6" (3" +2"):91
Cau 37. Chting minh rang A =1+ 3+ 32+ 3% + ..+ 31 chia hét cho 40.
Cau 38. Tim da thic f (X)bié’t: f (X) chia cho X—2dw 5; f(X)chia cho X—3duw?7;
f (X) chia cho (X — 2)(X - 3) duoc thuwong 1a X* —1va da thite dw bac nhat véi X
Cau 39. Cho sd te nhién n > 3.

Chting minh ring néu 2" =10a+b(a,b e N,0<b <10)thi tich ab chia hét cho 6

Cau 40. (Dé thi HSG lop 9 TP Hai Phong 2017-2018)

Cho a, b 1a cic s6 nguyén duong thoa man p=a’+b* la s6 nguyén t& va p—5
chia hét cho 8. Gia st cdc s8 nguyén X,y théa man ax’ —by? chia hét cho p.Chting
minh rang ca hai s6 x,y déu chia hét cho p.

Cau 41. (Trich dé Chuyén todn Sw Pham Ha N§i 2019-2020)

Cho ba s0 nguyén duong a, b, ¢ théa man a®+b®+c® chia hét cho 14. Chirng minh

rang abc ciing chia hét cho 14.
Cau 42. (Trich dé Phd Thong ning khiéu H6 Chi Minh 2019-2020)
a) Tim tat ca nhitng s6 ty nhién n sao cho 2" +1 chia hét cho 9.

b) Cho n 1a s6 te nhién n>3. Chting minh rang 2" +1 khong chia hét cho 2" -1 véi
moi sO ty nhién m sao cho 2<m<n.

Cau 43. (Trich dé Chuyén Quang Nam 2019-2020)

Chting minh rang véi moi s8 nguyén duwong n, s6 M =9.3"" —8.2*" +-2019 chia hét
cho 20.
Cau 44. (Trich dé Chuyén Nam Dinh 2018-2019)
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C6 bao nhiéu s6 tu nhién n khong virot qua 2019 thoéa man n® + 2019 chia hét cho 6.
Céu 45. (Trich dé Chuyén KHTN Ha N6i 2018-2019)

Cho x, yla cdc s8 nguyén sao cho X* —2xy — y?; Xy —2y® —x déu chia hét cho 5.
Chting minh 2X* + y? +2X + Yy cling chia hét cho 5

Cau 46. (Trich dé Chuyén Nam Dinh 2016-2017)

Tim tat ca cdc s6 nguyén khong am a,b,C thoa man

(a—b)" +(b—c)’ +(c—a)’ =6abc va a®+b®+c*+1 chiahét cho a+b+c+1.
Cau 47. (Trich dé Chuyén Binh Dinh 2018-2019)

Cho n 1a 56 tw nhién chan, chitng minh rang s§ 20" —3" +16" —1chia hét cho s& 323
Cau 48. (Trich dé Chuyén Lam Son 2018-2019)

Cho n s6 nguyén duwong tuy y, véi mdi s6 nguyén k ta dat S, =1 +2" +.....+n
Chting minh rang S, 'S,

Cau 49. (Trich dé Chuyén Vinh Phiic 2018-2019)

Cho phuong trinh x* +2y° +4z° =91(1) véi x;y;z1a dn va 9! La tich cic s6 nguyén
duong lién tiép tir 1 dén 9

a) Chiing minh rz‘?mg néu b cac s6 nguyén X;y;zthoa man (1) thi x,y,zdéu chia
hét cho 4
b) Chttng minh rang khdng ton tai cic s6 nguyén x, y,zthéa man (1).

Cau 50. (Trich dé Chuyén Bén Tre 2018-2019)

Cho plas6 nguyén t6 16n hon 3. Chting minh rang p” —1chia hét cho 24

Cau 51. (Trich dé Chuyén Phan Boi Chau 2018-2019)

Cho s6 tu nhién n>2va sd nguyén t6 p thdoa man p—1chia hét cho ndong thoi
n® —1chia hét cho p.Chiing minh rang n+ pla mot s& chinh phuong

Cau 52. (Trich dé Chuyén Lam Dong 2018-2019)

V6i n 1a s8 tw nhién chén, chiig minh rang: (20" +16" —3" —1):323

Cau 53. (Trich dé Chuyén Hai Dwong 2018-2019)

Dt N=a,+8, .ot 8y, M =87 +8 +.oovoees+ B35 (8,5 0By € Z7 ) . Chiing
minh rang néu N chia hét cho 30 thi M ciing chia hét cho 30

Cau 54. (Trich dé Chuyén Tuyén Quang 2018-2019)

Cho a, b,c 1a c4c s& nguyén. Chirtng minh néu a”*® +b*" +¢**® chia hét cho 6 thi
a*® +b*" +¢*® cling chia hét cho 6

Vay ta c6 diéu phai chiing minh

Cau 55. (Trich dé Chuyén Hai Dwong 2016-2017)
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Tim dang tong quat cta sd nguyén duong n biét: M = n.4" + 3 chia hét cho 7.

Cau 56. (Trich dé Chuyén Quang Ngai 2018-2019)
Chitng minh r::fmg vHi moi sO tiy nhién # thin khong chia hét cho 81.
Cau 57. (Trich dé Chuyén Lao Cai 2018-2019)

Cho m,nla cac s6 nguyén thoa man 4(m+n)’ —mn chia hét cho 225. CMR : mn ciing

chia hét cho 225
Cau 58. (Chuyén toan Thanh Hoa 2018-2019)

Cho n 1a s6 nguyén duwong tuy y, véi mdi s nguyén duong k dat
S, =1°+2" +...+n“. Chting minh S, ‘S, .
Cau 59. (Trich dé Chuyén Hoa Binh 2015-2016)

Chitng minh rang néu p va (p+2) 1a hai s8 nguyén t& 16n hon 3 thi tong ctia chting
chia hét cho 12.
Cau 60. (Trich dé Chuyén Phii Tho 2015-2016)

Chting minh rang néu s& nguyén n 16n hon 1 thoa man n? + 4 va n2 +16 la cac s&
nguyén td thi n chia hét cho 5.
Cau 61. (Trich dé Chuyén Binh Phwdéc 2017-2018)

Chting minh biéu thite $ =n?(n+2)" +(n+1)(n®~5n+1)—2n-1 chia hét cho 120, v&i

n la s6 nguyén.
Cau 62. (Trich dé Chuyén Quang Nam 2015-2016)

Cho A= 2(12015 +2°8 4+ n2°15) véin la s6 nguyén duwong. Chitng minh rang A chia

hét cho n(n + 1)
Cau 63. (Trich dé Chuyén Quang Nam 2016-2017)

Cho biéu thiec Q=a"+2a°—16a* —2a+15. Tim tat ca cic gid tri nguyén cua a d€ Q
chia hét cho 16.
Cau 64. Chitng minh rang trong ba s8 chinh phuong tity y luon ton tai hai s ma
hiéu cta chiing chia hét cho 4.
Cau 65. (Trich dé thi HSG Iop 9 tinh Dong Nai 2019)

1

Cho a, b, c1a ba s6 nguyén khac 0 thoa 1_ % += . Chttng minh rang: abc chia hét
a c

cho 4.
Cau 66. (Trich dé thi HSG I6p 9 tinh Nghé An Bing A 2019)

Chting minh rang A= 22" +4" +16 chia hét cho 3 voi moi sO nguyén duong .
Cau 67. (Trich dé thi HSG I6p 9 tinh Nghé An Bang B 2019)
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Chting minh rang A= 4" +17 chia hét cho 3 véi moi s8 nguyén duwong 7.
Cau 68. (Trich dé thi HSG I6p 9 tinh Thanh Héa 2019)

Cho ne N". Chting minh réng néu 21 + 1 va 3n + 1 1a cac s8 chinh phuwong thi 1
chia hét cho 40.
Cau 69. (Trich dé thi HSG 16p 9 tinh Binh Phuwéc 2019)

Chting minh rang véi moi s8 nguyén n chdn thi: n® +20n+96 chia hét cho 48.
Cau 70. (Trich dé thi HSG I6p 9 tinh Khanh Hoa 2018)

Cho p 1a mdt s8 nguyén 3 théa man p=a’—b’ véi a,b 1a hai s6 nguyén duong
phan biét. Chitng minh rang néu 13y 4p chia cho 3 va loai bé phan duw thi nhan duoc
mot s6 la binh phuong cia mot s6 nguyén 1é.

Cau 71. (Trich dé thi HSG Iép 9 tinh Thanh Hoa 2018)

Cho &, bla cac s6 nguyén duong thoa man p=a’+b” la s nguyén t6 va p—5 chia
hét cho 8. Gia st X,y la cdc sd nguyén thoa man ax® —by” chia hét cho p. Chung
minh rdng ca hai s§ x,y chia hét cho p.

Cau 72. (Trich dé thi HSG I6p 9 tinh Thanh Héa 2017)

1. Cho p la s6 nguyén t& 16n hon 5. Chiing minh p*'® -1 chia hét cho 60.

’ 7 A A \ 3 3 3 . A,
2. Cho X, Y, z la cac s6 dwong khac nhau d6i mét va X +Y +Z chia hét cho

222 3,53 53,222
XY Z . Tim thuong cua phép chia X +y +Z X'y Z

Cau 73. (Trich dé thi HSG Iop 9 tinh Quang Nam 2017)

Cho hai s6 nguyén a va b théa 24a® +1=Db’. Chting minh rang chi c6 mot s§ a
hodc b chia hét cho 5.

Cau 74. (Trich dé thi HSG 16p 9 tinh Vinh Long 2016)

Cho p va q la cac s6 nguyén t6 16n hon 3 va thoa man p=q+2. Tim s6 dw khi chia
p+q cho 12.
Cau 75. (Trich dé thi HSG I6p 9 Thanh Pho'Ha N¢i 2016)

Cho c4c nguyén a, b, ¢, d thoa man diéu kién a’ +b° = 2(c2 —-8d? )

Chting minh rang a+b+c+d chia hét cho 3.
Cau 76. (Trich dé thi HSG 16p 9 tinh Phii Tho 2015)

Chting minh rang véi ba s3 tw nhién a,b,c trong d6 c6 ding mot s 1é va hai s§
chén taludén c6 (a+b+c)’ —(a+b-c)’ —(b+c—a)’ —(a—b+c)’ Chia hét cho 96
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HUONG DAN GIAI

Cau 1. Ta cé:

a’-a= a(a4 —1) = a(a2 —1)(&12 +1) = a(a+1)(a—1)[(a—4)2 +5}
=a(a+1)(a—1)(a—2)(a+2)+5a(a+1)(a—1)

Do tich ctia s6 nguyén lién tiép thi chia hét cho 5 va trong 5 s6 nguyén lién tiép
ludn c6 ba s6 nguyén lién ti€p ma tich cta ching chia hét cho 6 va (6,5)=1
Suy ra a(a+1)(a—1)(a—2)(a+2)530vé 5a(a+1)(a—1)530.

Vay a’—a:30

Cau 2. a) Taco:

A=n’+3n*+3n+1+2n+2=(n+1) +2(n+1)=...

:n(n+1)(n+2)+3(n+1)

Khi do: 3(n+1)53; n(n+1)(n+2)lé tich ctia 3 s6 nguyén duong lién tiép nén chia
hétcho3 = A:3

b) Ta co:
a=13k+2,b=13n+3

a’+b? =(13k+2) +(13n+3)" =...=13(13k" +4k+13n’ +4n+1) 13
Cau3.Tacd: A= [nB’ (n2 —7)2 —361’1}

n[n(n2 —7)—6J[n(n2 —7)+6} :n<n3 —7n—6)(n3 —7n+6)

m(n3 —11—611—6)(1'13 —r1—6r1+6)=n[(n2 —1)—6(I1+1)][n(1r12 —1)—6(n—1)]
=1r1(n+1)(n2 —r1—6)(r1—1)(n2 +n—6) =n(n+1)(n+2)(n—3)(n—1)(n—2)(n+3)

Do d6 Alatich ctia 7 s8 nguyén lién tiép = A7 VneZ

Cau 4. Tacd: n=2k, voi k a s8 nguyén; n’ —28n=(2k)’ —28(2k) =8k’ - 56k
=8k(k*~7)=8k(k’ -1-6)

=8k (K —1)-48k = 8k (k—1)(k+1)-48k

k(k~1)(k+1)la tich ba s8 nguyén lién tiép nén chia hét cho 6 nén

8k (k—1)(k+1)—48k chia hét cho 48

Cau5. Tacd: n’—n=n(n-1)(n+1)

Vi n—1;n;n+1 1a ba s6 tu nhién lién ti€p nén c6 mot trong ba s6 d6 chia hét cho 3.

Do déonlénénncéd dang n=2k+1 (keN)
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Taco: n’ —n=n(n-1)(n+1)=(2k+1).2k.(2k+2) =4.k.(k+1)(2k+1)

Vik va (k + 1) 1a 2 s6 ty nhién lién tiép suy ra:
k(k+1)i2=4k(k+1)(2k+1)i8=(n’—n)i8

Vi 3 va 8 1a hai s6 nguyén t3 cing nhau nén két hop véi (1);(2) suy ra

(n®-n)i24  (dpem)

Céu 6. Ta c6:

n’+17n=n’-n+18n=n(n-1)(n+1)+18n

Vi n(n-1)(n+1)la tich ba s§ nguyén lién tiép nén chia hét cho 2 va 3, (2,3)=1nén
chia hét cho 6

18n:6 , suy ra diéu phai chiing minh

Cau 7. Ta cé:

Q=n° +(n+1)3 +(n+2)3

=n’ +(n3 +3n° +3n+1)+(n3 +6n° +12n+8)

=3(n’+3n’ +5n+3)

bit C=n’+3n*+5n+3=n’+n’*+2n°*+2n+3n+3
=n’(n+1)+2n(n+1)+3(n+1)

=n(n+1)(n+2)+3(n+1)

Ta thdy n(n+1)(n+2)chia hét cho 3( vi tich 3 s6 tw nhién lién tiép)
Va 3(n+1)§3 = Cchia hét cho 3

Nén Q=3C chia hét cho 9

Cau 8. Taco: 2009™” +2011°" =(2009™" +1) + (2011 -1}
Vi 2009 +1=(2009+1)(2009"” +-......):2010 (1)

2011 —1=(2011-1)(2011* +....):2010(2)

Tt (1) va (2) ta c6 dpem.

Cau 9.

a) Ta c6: 8°+2" =(2° )5 +2" =2 42" =2" (2" +1)=2".17 chia hét cho 17
b) Ta co:

19" +69" =(19+69)(19" ~197,69 +....+ 69" ) =88.(19"° ~19",69 +.... + 69" )

chia hét cho 44
Cau 10.
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Néu n=3k(keZ) thi A=9k*+3k+2 khong chia hét cho 3.

Néu n=3k+1(keZ) thi A=9k*+9k+4 khong chia hét cho 3.
Néu n=3k+2(keZ) thi A=9Kk>+15k+8 khong chia hét cho 3.
Do d6 A khong chia hét cho 3 véi moi sd nguyén n.
Vay A khong chia hét cho 15 v6i moi sd nguyén n.
Caul1l.Tacd: n* +6n° +11n* +30n—24
=(n*+6n’+11n’ +6n)+(24n—24) =n(n’+6n’ +1In+6)+24(n—1)
=n[(n3 +1z12)+(5n2 +5n)+(6n+6)}+24(n—1) = r1(1n+1)(n2 +5n+6)+24(n—1)
= n(n+1)(n+2)(n+3)+24(n-1)
Vin;n+1;n+2;n+3;1abdn sd ty nhién lién tiép nén tich cua ching chia hét cho 3.
Mt khdc trong 4 s6 ti nhién lién ti€p ludn ton tai 2 s6 chdn lién tiép nén cé mot s6
chia hét cho 2, moét s6 chia hét cho4 . Vay n (n +1)(n + 2)(n +3) chia hét2.3.4=24 va

24 (n - 1) chia hét cho 24 nén n* +6n° +11n° +30n — 24 chia hét cho 24.
Cau 12. Ta c6: 2a* +3ab+2b*:7

= 2(a® +b? —2ab) + 7ab:7 = 2(a—b)’ + 7ab:7
Do7abi7 (a,beZ)=2(a—b)"i7do(2,7)=1
Ttr d6 ta c6a’ —b* = (a—b)(a+b):7
Vay (a’-b?)i7
Cau 13. Vi n la s6 nguyén khong chia hét cho 3nén n=3k +1 hodc n=3k+2 (ke Z).
-Xét n=3k+1 ta co: 3" =37 3% 3 ()" 9= 27%.9=9 (mod 13)
3 =3 =343 (3) 3=273=3,
Suy ra: P=3"+3"+1=9+3+1=13=0 (mod 13).
SXét n=3k+2 taco: 3 =372 = 3% 3 ()" 81=27%81=81=3 (mod 13)
3 =32 g% = () 9=279=9,
Suy ra: P=3"+3"+1=3+9+1=13=0 (mod 13)

Vay, véi n 1a s6 nguyén khong chia hét cho 3 thi P =3"+3" +1 chia hét cho 13.
Cau 14. Xétz la s6 nguyén duong, ta thay

X’ —x = x(x—l)(x+1)(x2 +1) 16 (1) (vi chtta tich ctia ba s§ nguyén lién tiép)
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Véi x=5q (qu+) thi x> —x:5

V6i x=5q+1(qeZ,) thi X’ —xi5
V6i x=5q+2 (qeZ,) thi x’-x}5
Suy ra x*-xi5(2) ma (5,6)=1 (3)
Tix (1), (2), (3) suy ra x* —x i 30
Xéthiéu Q—P=(a;] —a, )+(a; —a, )+ (a3 —a, )+...+ (a3, —axy )
Vi x° —x 30 nén Q-P 30
Ma theo bai ra P:30 nén Q :30
Cau 15. Viala s6 tu nhién chdn nén a =2k (k € N)

8k> 4K? 21<_1<_“‘+1<_2 k

Dodo M = —+—+—=
24 8 12 3 2 6

B 2k3 +3k2 +k _ k(k+1)(2k+1)
- 6 - 6
Taco: k(k+1)i2 = k(k+1)(2k+1):2

Ta can chiing minh k(k+1)(2k+1)§3

+Néuk=3n (v6in e N) thi k(k+1)(2k+1):3

+Néuk=3n+1(véin e N) thi 2k+1:3

+Néuk=3n+2(v6in e N) thi k+1:3

Nhu vay V k € N ta co k(k+1)(2k+1)1u6n chia hét cho2vacho3.Ma (2,3)=1=
k(k+1)(2k+1)i6

Vay A c6 gia tri nguyén.

Cau16. Véin=0tacd A(0)=19: 19

Gia st A chia hét cho 19 véin =k nghiala: A(k)=7.5 +12.6:19

Ta phai chitng minh A chia hét cho 19 véin =k + 1 nghia la phai chiing minh:
A(k+1)=75"" 112,619

Taco: A(k+1)=7.5"" +12,61:19
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7.5%5% +12.6".6
=75%6+75%19+12.6".6
=8.A(k)+7.5.19:19

Vay theo nguyén ly quy nap thi A =7.5 + 12.6" chia hét cho 19 v6i moi s tw nhién n
Cau 17. Ta co:
572 +26.5" +8°"! =25.5" +26.5" +8.8™"
=5"(59-8)+8.64" =59.5" +8(64" ~5")
59.5"159 va 8.(64" ~5")i(64—5)=59
Vay 5™ +26.5" +8>"":59
Cau 18. D@ thdy a’—a=a(a—1)(a+1)la tich ctia 3 s6 tw nhién lién tiép nén chia hét
cho 3
Xét hiéu:
:(a1 —a1)+(a§ —a2)+ ...... +(a§016 —a2016)
Cac hiéu trén chia hét cho 3, do vay A chia hét cho 3
Cau 19. a) Goi2 s0 phaitimla ava b, ta cd a+bchia hét cho 3
Tacéd: a’ +b’ :(a+b)(a2 —ab+b2) = (a+b)[(a+b)2 —3ab]
Vi a+bchia hét cho 3 nén (a +b)2 —3ab chia hét cho 3.
Do vay, (a +b)[(a+b)2 —3ab} chia hét cho 9
b) n’ +1E(n3 +1) <:>(n5 +n’-n’ +1)5(n3 +1)
on’ (n3 +1)—(n2 —1)5(n3 +1)
= (n—l)(n+1)§(n+1)(n2 —n+1)
on-1lin’-n+1
=n(n-1)in’-n+1
Hay n’-nin’-n+l1= (n2 —n+1)—15(n2 —n+1)
=1in’-n+1
Xét hai treong hop:

=0
+) n2—n+1=1<:>n2—n=0<:{n
n=1
+) n’—n+1=-1<n’>-n+2=0,khdng co gia tri ciia n théa man

Cau 20.
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Dé thay x#y . Khong mat tinh tng quat, gia st x >y.

T By +1) i x =3y+1=px (peN’).
Vix>ynén3x>3y+1=px. = p<3.Vay pe{l;2}
. Voip=1: =>x=3y+1=3x+1=9y+4: y= 4y
May >1nénye{2;4}
+ Véiy=2thix=7.
+ Véiy=4thix=13.
J Véip=2: =2x=3y+1=6x=9y +3=2(8x+1)=9y +5
Vi3x+1:ynén9y +5:ysuyra 5y, may>1nény=5,
suy ra x = 8.
Tuong tw v6i y > x ta cling dwgc cac gia tri trong tng.
Vay céac cdp (x; y) can tim la: (7;2);(2,7);(8;5);(5;8);(4;13);(13;4);
Cau2l. Taco: F=n®+4n2-20n-48 = (n—4)(n + 2)(n + 6).
Thtt v6i n=1; 2; 3 thi F déu khong chia hét cho 125.
Thtr véi n =4 thi F = 0 chia hét cho 125.
Vay s6 nguyén duong bé nhat can tim la: n = 4.
Cau 22. Theo dé bai c6: a+b” = k(azb—l) (k € N*)
a+k=b(ka’-b)<a+k=mb (1)
Vi ka2—b:m(meN*):m+b:ka2 (2)
T (1) va(2)cdé(m-1)(b-1)=mb-b-m+1
=a+k-ka*+1=(a+1)(k+1-ka) (3)
Vim>0theo (1) nén (m-1)(b-1)>0. Twr (3)
=k+1-ka20=>k+12ka=>12k(a-1)
:{k(a—l):oz{ a=1
k(a-1)=1 |a=2k=1
*Néua=1tr (3)=>(m-1)(b-1)=2=>b=2hodcb=3
=>(a; b) =(1;2) va (1; 3)
*Néua=2,k=1=(m-1)(b-1)=0
Khim=1ttr (1) => (a; b) = (2; 3)
Khib=1=>(a;b)=(2;1)
Thr lai ta ¢ dap s6 (a,b) = (1,2),(1,3), (2,3),(2,1)
Cau 23.
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- Xét phép chia ctia xy cho 3
Néu xy khong chia hét cho 3 thi
x = +1(mod 3)
y =+1(mod 3)
? =1(mod
=" (mod3) (V6 1i)
y~ =1(mod 3)
=7z’ =x* +y’ =2(mod 3)
Vay xy chia hét cho 3 (1)
- Xét phép chia ctia xy cho 4
Néu xy khong chia hét cho 4 thi
x =t1(mod 4)
THI:
y =+1(mod 4)
x*> =1(mod 4)
=
y? =1(mod 4)
=z’ =x>+y’ =2(mod4) (vdli)
TH2: Trong hai s0 x,y mot s6 chia 4 du 2, mot s chia 4 duw 1 hodc -1. Khong mat
tinh tong quat gia str
x =x1(mod 4)
y =2(mod 4)
x* =1(mod 8)
=
y? = 4(mod 8)
= 7" =x" +y’ =5(mod8) (vd i)
- Vay xy chia hét cho 4 (2)
- Tt (1) va (2): Vay xy chia hét cho 12
Cau 24.

Ta co

B =1.2.3.....n.(1+%+%+...+1j (*) 1a s6 tw nhién. That vay:
n

Véi n=1 thi B=1eN suy ra (*) dung.
Vé6i n=2 thi B=3eN suy ra (*) dung.

Gia st (*) dung khi n=k, nghia la B:1.2.3.....k.(1+%+%+...+%)eN.
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Can chiing minh (*) dting khi n=k +1, nghia la

B=1.2.3...(k+1). 1+E+E+...+ 1 eN
2 3 (k+1)

Ta co:

B=1.23....(k +1).(1+%+£+...+ !

=1.2.3.....(1+1+£+...+lj(k +1)+1.2.3...k
37 (k+1) 273 Tk

1.2.3..... 1+£+£+...+1 eN
2 3 k

Cod<{k+1eN = BeN.
1.23....keN

Vay 1.2.3.....n.(l+%+%+ ot lj 1a so ty nhién.
n

Suy ra, véi n=2k thi 1.2.3.....2k 1+1+l+...+i va 1.23...k 1+£+£+...+1
2 3 2k 2 3 k

1a cdc sO tu nhién.

Suy ra ST S (k+1)(k+2).....2k cling la cac sd tu nhién.
k+1 k+2 2k

Ap dung cac chitng minh ta c6: 1.2.....1009. it
2 1009

L+i+...+L .1010.1011.....2018 cling la cac s0 tw nhién.
1010 1011 2018

 (1011:3 .
Ta c6 =1010.1011.....1342.....2018: 2019
1342:673

=1.2.....1000. 1+1+...+L .1010.1011....1342.....2018:2019.
2 1009

3:
Va . =1.2.3....673.....1009: 2019
673:673

=1.2.....10009. i+i+...+L .1010.1011.....2018:2019.
1010 1011 2018

Vay s0 tw nhién A=1.2.3....2017.2018.[1+%+%+...+ L +Lj chia hét cho

2017 2018
2019.

Cau 25. Ta co:
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P(x) =(x+2)(x+4)(x+6)(x+8)+2010

= (x* +10x+16)(x* +10x+24)+2010

Dit t =x* +10x+21, bidu thite P(x) duoc viét lai:
P(x)=(t—5)(t+3)+2010 = t* 2t +1995

Do d6 khi chia t* —2t+1995 cho t ta c6 s& dw 1a 1995

Cau 26. Ta c6: g(x)=x" +x—2=(x—1)(x+2)

Vi f(x) =ax’ + bx® +10x —4 chia hét cho da thitc g(x)=x" +x—2
Nén ton tai mot da thiee q(x) sao cho f(x) = g(x).q(x)

=ax’ +bx* +10x—4 = (x+2).(x—1).q(x)

Véi x=1=a+b+6=0=b=-a-6 (1)

Véi x=—2=2a-b+6=0 (2

Thay (1) vao (2), tacd: a=2;b=4

Cau27. Chia f(x) cho x* +2dugc thuwong la x-3 dw x+2
D€ f(x) chia hét cho x* +2 thi x+2 chia hét cho x> +2

= (x+2)(x—2) chia hét cho x* +2

= x” —4chia hét cho x* +2

= x* +2—6 chia hét cho x* +2

= 6 chia hét cho x* +2 ma x* +222= x> +2€{3;6} = x e {+1; 42}
Thtt lai ta thdy x=1;x=-2thoa man

Vay voi x=1;x=-2thi f(x) chia hét cho x* +2

Cau 28. Gia st f(x) =ax’ +bx’ +ox’ +dx+e

Do f(0)=enén e:7

Mit khac: f(1)=a+b+c+d+e:7 . a+c:‘7
f(-1)=a—-b+c—-d+e:7 b+d:7

f(2)=16a+8b+4c+2d+e:7 - da+c:7
f(-1)=16a—8b+4c—2d+e:7  |4b+d:7

a+c:7 3a:7 a:7 . |b+d:7 3b:7 b:7
= =3 . =>4+ . va = A
4da+c:7 c:7 c:7 4b+d:7 d:7 d:7

Vay cac hé s6 caa f(x) déu chia hét cho 7.
Cau 29.
Ta c6: (x+3)(x+5)(x+7)(x+9)+2083 =.... = (x* +12x+27 ) (x* +12x+35) +2033
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Dt x* +12x+30=t, ta c6: (x+3)(x+5)(x+7)(x+9)+2033 =(t-3)(t+5)+2033
=% +2t—-15+2033 =t (t+2)+2018
Vay ta e (x+3)(x+5)(x+7)(x+9)+2083 = (x* +12x+30)(x* +12x+32)+2018
Vay s6 dw trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho x* +12x+301a 2018.
Cau 30. Gia st f (x) chia cho x* —4 duoc thuong la —5x va con du 1a ax+b. Khi d6
f(x) = (x2 —4).(—5x)+ax+b
Theo dé Cau, ta co:
£(2)=26  [2a+b=26 _ [a=4
{f(2)=10©{—2a+b—10©{b—18
Do d6 f(x)= (x2 —4).(—5x)+4x+18
Vay da thirc f(x)can tim la f(x) = (x2 —4).(—5x)+4x+18
Cau 31.Tacd: P(0)=d: 5
P(l)=a+b+c+d:5=>a+b+c:5 (1)
P-1)=-a+b-c+d:5=-a+b-c:5 (2
Te(l)va(2)suyra2b:5=>b:5vi(25)=1,suyraa+c:5
P(2)=8a+4b+2c+d:5=>8a+2c:5=>a:5=>c:5
Cau 32.
Taco p*—1=(p*-1)(p*+p®+p°+p*+1).
Do p lasdnguyén td16n hon5nén p la motsd lé.
= p®+1va p®-11acacsd chin
= p”* =1 chia hét cho 4
= p® -1 chia hét cho 4
Vi p las6 nguyén t6 1én hon 5 = p 1la mot sd khong chia hét cho 5.
Lap luan ta dwgc p* -1 chia hét cho 5.
Lap luan ta dwgc p* + p” + p®+ p* +1 chia hét cho 5.
Suy ra p* -1 chia hét cho 25.
Ma (4;25)=1nén p*-1. (dpcm)

2
Cau 33. Tt gia thiét (1+%+1j =i+i+l<:>2(i+i+ij=0
a c

Via,b,c #0néna+b+c=0
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=a+b=-—
= (a+b)3 =(—c)3
=a’+b’ +3ab(a+b)=-c’

=a’+b’+c® =3abc
Vay a’+b’+c’i3 vdia, b,ce’

Cau 34. Taco:
N= k# + 23 — 16K — 2k +15 = (k*- k2)+(2k® — 2k)- (15k2 - 15)
= (k2-1)(K2 + 2k — 15) = (k-1)(k+1)(k-3)(k+5)
Ta thdy rang véi k 1a s6 nguyén 1é thi N 1a tich ctia 4 thita s&
(nhan tt ) chdn. Do d6 N chéc chan chia hét cho 16
Vay k phai la s6 nguyén 1é
Cau 35.

Vi s6 thit nhat chia cho 5 du 1 nén ¢6 dang 5a+1, s6 thit hai chia cho 5 dw 2 nén c6
dang 5b+2(a,beZ)

Ta c6 tong binh phuong hai s6 d6 la:

(5a+1)" +(5b+1)" =252 +10a+1+25b” +10b+4=5(5a" +5b” +2a+2b+1):5
Vay tong binh phuong cta hai s6 chia hét cho 5

Cau 36. Tacd: A=5"(5"+1)-6"(3"+2")=25"+5"-18" ~12"

A= (25“ -18" ) —(12“ —5“).A chia hét cho 7
A= (25“ ~12" ) —(18“ —5“).A chia hét cho 13
Do (13,7)=1nén A chia hét cho 91

Cau 37. Ta co:

A=1+3+3+3 +..+3"
=(1+3+3+3%+ (3*+3°+3° + 37)+ (3% + 3°+ 310 + 31)
=(1+3+3+3%)+3%L (1+3+3+3%+3%1+3+3++ 3
=40 + 3%40 +3840
=40, (1+34+39) ! 40
Vay A 40
Cau 38. Goi du trong phép chia f (X) cho X* —11a ax+b
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Ta c6: f(x):(x—2)(x—3)(x2—1)+ax+b

Theo baira: f(2)=5nén tacs: 2a+b="5; f(3)=7nén 3a+b=7
=a=2b=1

Vay da thtec can tim 12 f(x)=(x—2)(x—3)(x2—1)+2x+1
Cau39.Tacéd: 2"=10a+b=hb:2=abh:2 @

Ta chmg minh abi3 (2)

That vay , tit dang thitc 2" =10a+b = 2"c6 chit s6 tan cing 1a b
pat n=4k +r(k,reN,0<r<3) tacs: 2" =16°2"

Néu r=0thi 2" - 2" = 2r.(16k —1)310:) 2"tan cing 1a 2"
Suyra b=2"=10a=2"-2"=2"(16" -1):3=>ai3=ab:3
Tw (l)vé (2)suy ra ab:6

Cau 40.

Theo gia thiét p—5 chia hét cho 8 nén dat p =8k +5 (kla s& tw nhién)
Ta Cé |:(aX2 )4k+2 B (by2 )4k+2:| E (aX2 . byz) — a4k+2.X8k+4 _ b4k+2.y8k+4 E p

— (a4k+2 + b4k+2 ) X8k+4 . b4k+2 (X8k+4 + y8k+4) : D

M a4k+2 N b4k+2 _ (az )2k+1 +(b2 )2k+1E a2 4 b2 = p vab< p= X8k+4 + y8k+45 P (*)

Néu trong hai s6 X,y c6 mot sd chia hét cho p thi tit (*) ta suy ra s6 thit hai cling
chia hét cho p.

Neéu ca hai khong chia hét cho p, theo dinh ly Fec-ma ta ¢

X% = y¥t =1(mod p) = x*** + y*** = 2(mod p) mau thuan véi (*)

Vay ca hai sd x, y cung chia hét cho p.

Cau 41. Do a*+b*+¢® chdn nén trong cacsd a, b, ¢ cd it nhat mot s6 chdn. Tir d6
suy ra tich abc chia hét cho 2. (1)

Gia st trong ba s a, b, ¢ khong c6 s6 nao chia hét cho 7. Ta thay rang, véi moi x

nguyén khong chia hét cho 7 thi x=+1,+2,+3(mod7), suy ra x’=+1(mod7).

Do d6 a*=+1(mod7), b’®=+1(mod7), ¢*=+1(mod7).
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Suy ra a’+b’+c®=-3-1,13(mod7), tic a®+b’+c® khong chia hét cho 7, mau

thuan. Vay trong ba s3 a, b, ¢ phai c6 it nhat mot s& chia hét cho 7.
Tt d6 suy ra tich abc chia hét cho 7. (2)

Tt (1) va (2) véichuy (27)=1, tacod abc chia hét cho 14.

Cau 42.

a) n=3k suy ra 2" +1=8“+1=(-1)' +1(mod9). Suy ra k 1&, k=2t+1.
Suy ra n=3(2t+1)=6t+3.

Néu n=3k+1 ta c6 2" +1=38 +1=(-1)".3+1(mod9) suy ra 2" +1 khong chia hét cho
9.

Vay voi n=6t+2, voi t la s6 tw nhién la cac sd can tim.

b) Céch 1: Ta ¢ 2" -1:2" —1. Tix 2™ =(2" +1)(2" -1).

bidt 2n=km+q(0<q<m).

Khi d6 22" —1=2""9 _29 429 _1=2¢ (2'““ —1)+2q -1 chia hét cho 2" -1, suy ra 2°-1 chia
hét cho m ma 0<2-1<2" -1, suy ra q=0.

Do d6 2" =km.

Truwong hop 1: Néu m 1¢, suy ra k chdn, k=2k', suy ra n=k'm, 2" +1=2""+1
=2"-1+2 chia hét cho 2" -1, suy ra 2 chia hét cho 2" -1 v ly.

Truong hop 2: Néu m chdn m=2m' nén n=km', suy ra 2" +1 chia hét cho 2" -1, ma
2" -1 chia hét cho 2™ -1 nén 2" +1 chia hét cho 2™ -1, suy ra 2 chia hét cho 2" -1
vOoly vi m'>1.

Cach 2: Taco 2"" (Zm —1)22m -1,suyra 2"-2"":2"-1, ma 2"+1:2" -1 suy ra 2"" +1
chia hét cho 2" -1.

Ly ludn tuong tu ta c6 2" +1 chia hét cho 2" -1.

Gia st n=km+q,0<g<m.

Chon k nhu trén, ta ¢ 2°+1 chia hét cho 2"-1. Ma q<m nén 2°+1=2"-1, giai ra

q=1m=2 (voly).
Cau 43.
M =9.3""-8.2"" +2019 =9.81" —8.16" + 2019

Ta co:
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81=1(mod4) = 81" =1(mod 4) = 9.81" =9=1(mod 4)
8.16" = 0(mod 4)
= M =1-0+2019 = 2020 = 0(mod 4)

hay M :4 )
Lai co:
81=1(mod5) = 81" =1(mod5) = 9.81" =9 = 4(mod5)

16 =1(mod5) = 16" =1(mod5) = 8.16" =8 = 3(mod5)
= M =4-3+2019 = 2020 = 0(mod5)

hay M5 )
Tw (1) va (2) = M :BCNN(4,5) hay M :20 (dpcm)
Cau 44.

D4t n=6q+r, r{0,1,2,3,4,5} . Khi d6 n°+2019 chia hét cho 6 khi r®+3 chia hét
cho 6.

Néu r chan thi r’+3 18, do d6 r°+3 khong chia hét cho 6. Suy ra r € {1,3,5}.
V6i r =1=>r® +3 =4 khong chia hét cho 6.

Véi r=3=r°+3=30:6.

Véi r =5=>r® +3=128 khong chia hét cho 6.

Suy ra N=60+3.Ma 0<n<2019=0<qg<336.

Vay c6 tat ca 337 s6 tw nhién n thoa man dé bai.

Cau 45. Ta cé:

(x* —2xy—y)+(xy—2y* —x) =x* —xy - 2y* - X

=x2+xy—(2xy+ yz)—(x+ y)=(x+y)(x-2y-1)

Lai c6: X* —2xy — Y, Xy — 2y* — X chia hét cho 5

= (X+Y)(X—2y —1)chia hét cho 5

THI1: Néu X+ Y chia hét cho5 thi y =—-x(mod5)

= 0=x*—2xy—y = X" +2x* + x=X(3x+1)(mod5), do vay Xchia hét cho 5 hodc

chia 5 du 3.
+)Néu Xchia hét cho 5 thi Y cling vay, bai todn dugc chitng minh
+)Néu Xchia cho 5 dw 3 thiy chia 5 dw 2, thi
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2X% + Y2 +2X+y=2.9+4+2.3=30=0(mod5)

Ta cling c6 diéu phai chitng minh.

TH2: Néu x—2y —1chia hét cho 5 thi x =2y +1(mod5)

=0=x"-2xy—Y E(2y+1)2 —-2y(y+1) -y =y+1(mod5)

Do d6 ychia 5 dw 4 va Xciing chia 5 du 4 nén:

2x* +y? +2x+y=2.16+16+2.4+4=60=0(mod5)

Vay ta c6 diéu phai chiing minh.

Cau 46. Gia st @;b;C la cac s6 nguyén khong am thoa man dé bai, ta co:
(a—b)’ +(b—c)’ +(c—a)’ =6abc < a® +b*+c? —ab—bc —ca=3abc (1)

Phan tich a°+b° +¢® —3abc=(a+ b+c)(a2 +b*+c*—ab —bc—ca) )

Tir(1)va(2) a’+b®+c®—3abc=3abc(a+b+c) hay
a’+b’+c’®=3abc(a+b+c+1).

Do @ +b?® +¢®+1 chiahét cho @a+b+C+1 nén ta dwoc 1 chiahét cho a+b+c+1
Suyra a=b=c=0.

Thir lai: @=b=C=0 théa man. Vay c6 duy nhat bo s (a;b;c)=(0;0;0) thoa
man dé bai.

Cau47. Tacod: a"—b"=(@a-b)@"*+a" *b+a" b’ +...+ab" * +b" ")
=a"-b"=m(a-b) (a, b, n,meN) (¥

Vinla sty nhién channénn=2k (keN) = A=
20" —3" +16" —1=400" —9" + 256" -1
Ap dung (*), co:
A = (400% —1¢) + (256% — 9°) = 399 + 247y =19 21x +19.13y (X, y € N)
= A19 véi moi s6 ty nhiénn chan (1)
va co:
A = (400% —9) + (256* —1°) = 391p + 255 =17-23p+17-15q (p,q € N)
= Ai17 v6imois6 tu nhién n chan  (2)
ma 17 va 19 1a hai s6 nguyén t6 cung nhau nén ttr (1) va (2) suy ra: A:17-19 voéi
moi s6 tw nhién n chan
Vay 20" -3"+16" —1:323 v4i moi s8 ty nhién n chdn

Cau48. Tacongay: S, =1+2+3+....+Nn=
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n+1

Ta sé€ chiing minh S,,4chia hét cho Nva

N Lt SR ,
Gia str n e thi nguyén. Stt dung khai trién Newton ta co:

a®" +b*" = (a+b)(a®™ —a®™ b +....+b™)i(a+b)

Do vay:
2(12019 L%, 2019) (12019 n2019 ) (22019 n (n _1)2019 ) - (n2019 I 12019) (n n 1)
2(10 + 27 4+ n2°19) (12019 ~1)*" ) + (22019 +(n-2)" ) bt ((n —1)" 412 ) +2.n%

Do (n;n+1)=1nén 2(1%%* +2°* +....+n**) chia hét cho n(n+1)
Do vay S,yq:S,

Vay ta c6 diéu phai chiing minh.
Cau49. a) Chiéng minh ring.....

Taco: 91=1.2.34.5.6.7.891a s chin =X’ i2=xi2=>x=2m (meZ)
=8m®+2y°® +47° =91 4m® + y* + 27° =1.3.4.5.6.7.8.91a 56 chin

> y'i2=>yi2=>y=2n (neZ)

= 4m® +8n° +22° =1.3.4.5.6.7.8.9

< 2m* +4n® +7° =1.2.3.5.6.7.8.91a s6 chin
=>22=17:2=>12=2p(peZ)

= 2m°+4n®+8p°=1.2.3.5.6.7.8.9

om*+2n°+4p®=1.356.7.8.9

m:2 X=2m:4
Chting minh hoan toan tuong tu ta cling ¢6 {n:2 (M;n;peZ)=>1y=2n:4
p:2 z=2p:4
Vay ta co diéu phai chimg minh
b) Chitng minh rang khong ton tai.....
Theo y a) ta c6 thé dat x =4a;y =4b;z=4c (a;b;ceZ)
=a’+2b’+4c’ = % = 1'2'3'4';6'7'8'9 =1.3.5.6.7.9 12 56 chan

—ai2=>a=2u (ueZ)
= 8u® +2b% +4c¢® =1.35.6.7.9 < 4u® +b* +2¢* =1.3.35.7.9=15.7.3
Lai co:
(15.7.3'):3" = (1.5.7.3°):9
{x350;i1 (mod9)(xe Z)
= a;b;ci9 = (4u’ +b® + 2¢*):9°
Nhung do 1.5.7.3"khong thé chia hét cho 9°nén ta c6 diéu vo ly
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Vay ta c6 diéu phai chttng minh
Cau 50.

Ta c6 nhan xét sau: Néu p la s nguyén t& 16n hon 3 thi p® =1(mod 24)
Lai c6: ~1=23(mod24)  (2)

Cong vé theo v€ cua (l) ; (2) ta duogc: p? —1=24(mod24) = O(mod 24)
Vay p®—1 chia hét cho 24 véi p 1a s6 nguyén t8 16n hon 3.

Cau 51.

n’—1=(n-1).(n° +n+1)ip

(p-1)in=p-1>n=p=n+l

Vi p>n+1=(n-1)khoéng chia hét cho p

Do dé: (n-1)(n* +n+1)ip < (n*+n+1)ip

bat: p—-1=kn, k>1=p=kn+l (¥

= (n*+n+1)i(kn+1) = kn+1<n’+n+1

skn<n®+nek<n+l

k(n2+n+1)—n(kn+1)5(kn+1)

:>[(k—1)n+k]§(kn+l)

k>1=(k-1)n+k>0

= (k-1)n+k=>kn+1

=k>n+1

—k=n+1=p=kn+l=n*+n+1

=n+ p=n2+2n+1=(n+1)2

Vay n+ pla mot s6 chinh phuong.

Cau 52. +) Chitng minh hang dang thtic

(a-b)(a™ +a"’b+a" b’ +...+a’b" " +ab™* +b"")

=a"+a"b+a"bi+...+ab" P +ah"*+ab"t - (a”’lb +a" b +....+ab"*+ab"t +h" )

— an _bn
+) Vi nla sd chan, dat n=2k,k e Nta co:
20" +16" —3" —1=20* +16% —3%* —1=400 + 256 —9* —1

D¢ chiing minh (20n +16" -3" —1)5323, ta can chiing minh (20n +16" —-3" —1) chia

hét cho 19 va 17
Ta co:

@
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400" —1* =(400-1)(400*" + 400" 2.1+ 400" °.1% +.....+ 400.1 * +1°*)
= 399.(400“1 +40021+400“31% +.....+ 400.1 +1k-1)
=19.21.(400"* + 400" *.1+ 400 °.1° +.....+400.1* +1*):19

256" —9* =(256—9)(256"* +256* 2.9+......+ 9" 2.256 + 9" )
=247.(256"" + 256" 29+ .......+ 9 %.256 + 9 )

=13.19(256 " + 256 2.9+.......+ 9 2.256 + 9" *):19

= (400" -1 + 256 - 9" 19)

Tuong tw ta cling co:
400* —9“ = (400 —9)(400“1 +400%29+.....+ 92400 + 9“)

=17.23(400" " + 400" %9 +.....+ 92400 + 9" ):17
256" —1=(256—1)(256" ' + 256" *.1+......+256.1 * +1*)
=17.15(256" " + 256" 2.1+......+ 256.1 * + 1 )17

= 400" —9“ + 256" —1:17
Nhu vay ta co:

20" +16" -3"—1= (400k + 256 — 9 —1)319

__=(20"+16"-3" -1)i(19.17)
20" +16" —3" —1= (400k +256% —9¢ —1):17
= (20" +16" -3"-1):323

Nhuw vay ta c6 diéu can chirng minh.

Cau53.Taco: N=a +a, +.+ 3y s M =27 +25 +...... +a§’018(a1;a2 ...... azomeZ*)

Xét hiéu

= (a15 —a1)+(a§’ —a2)+ ...... +(a§’018 —azom)

Tacé a’—a=a(a'-1)=a(a’ +1)(a*~1)=a(a’*+1)(a-1)(a+1)
30=2.3.5v6i 2,3,5déu la cac sd nguyén t6

Ta co: a(a2 +1)(a—1)(a+1) c6 tich ctia 3 s8 tu nhién lién tiép a—1a;a+1nén
a(a-1)(a+1)sé chiahétcho2va3

Néu a chia cho 5 du 0,1 hodc 4 thi [an lwot a,a—1,a+1sé chia hét cho 5
Néu achi5 duw 2 hodc 3 thi a+1sé chia hét cho 5

Vay a(a2 +1)(a —1)(a +1) sé chia hét cho ca 2;3;5 nén sé chia hét cho 30
Do vay M — N chia hét cho 30 do dé M ciing chia hét cho 30

Ta c6 diéu phai chitng minh
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Cau 54. Ta co:

q2018 | p2019 | 2020 _ ( 2016 | 2017 4 C2018)

_ a8 (a2 ~1) + b (b7 1) + ¢ (c? -1)
=aa(a-D(@+1)+b*°.(b-1)(b+1)+c* c(c-D(c+1)
Ta c6 tich 3 s tw nhién lién tiép sé chia hét cho 6, do cé 1 s8 chdn va 1 s chia hét

cho 3. Do vay:
a(a-(a+1);b(b-1)(b+1);c(c—1)(c+1) déu chia hét cho 6 nén

|:a2018 4L PP | 200 _ ( g6 | y2017 | 2018 )]56

Vay ta c6 diéu phai chiing minh
Cau 55.

+) n =2k (k nguyén dwong): M = 2k.4%* + 3% = 2k.16* + 9. Ta cd: 16* va 9* cung du vdi
2k chia 7.

= M cung du voi (2k.2F + 2F) = 28,(2k + 1) chia 7=> (2k + 1) chia hét cho 7=k chia 7
du3,hayk=79+3 =>n=149+6 (g € N).

+)n =2k +1 (k nguyén duong): M = (2k + 1).4%+1 + 321 = 4(2k+1).16* + 3.9

=M cung dw voi (k +4).2k+3.2k= (k +7).2% chia 7.

=k chiahétcho7=k=7p (p € N).

Vay n=14q + 6 hodacn=14p + 1, v6i p va g 1a cac s6 te nhién.

Cau 56.

Chting minh rang véi moi s6 tw nhién 7 thin khong chia hét cho 81.
Gia st ton tai sO tu nhién n dé€ n® —9n + 27 : 81,
suyran®—9n+27:3hayn:

=>n=3k khi d6 n

mand—9n+27:81nénk

Nhung k khong chia hét cho 3 v6i moi k.
Vay v6i moi s6 ty nhién n thi khong chia hét cho 81.
Cau 57.

DPat A:4(m+n)2 —mn

TAI LIEU TOAN HOC



:>4A:16(m+n)2—4mn:16(m+n)z—[(m+n)2—(m—n)z]
=15(m+n)2+(m—n)2
m-n):3 m-n)’:9
(n-n)i3_ [(m-ny
(m—n):5 (m-n)~i25
(m+n):3  [(m-n)i15 [mi5
= =
(m+n):5 (m+n)i15 n:15
Vay 4(m+n)2 —mn chia hét cho 225 thi MN cling chia hét cho 225
Cau 58.

A5225=152:>{ = (m-n)*:225

:>(m+n)2515:>{ = mn:225

Tacod S, =1+2+..+n= n(n2+1) .

D€ chiing minh bai toan ta chi can chiing to 2S,,,4:n(N+1).

Ta c6 nhén xét sau: V6i a,b nguyén duong bat ki thi (a** +b**)i(a+h).

That vay :
a2019 + b2019 — (a + b)(a2018 _ a2017b +..— ab2017 + bZOlB) (a+ b)
Xét hai treong hop:

+) Néu n lé: Tt nhan xét trén ta co
282019 —on®o 2[12019 +(n _1)2019] i 2[22019 +(n— 2)2019] n

n—l 2019 n+1 2019 .
+2 T + T :n

282019 = 2(12019 + n2019) + 2[22019 + (n —1)2019] +

s Kn__ljzmg . (n—_'_?)jzolg:| N l:(n_"'ljzm N (n__'_l)zolg :| 5 (n . 1)
2 2 2 2

Mit khac n va n+1 nguyén t6 cung nhau nén 2S,,, : n(n+1).
+) Néu n chan: Ta ¢6
25 — 2021 4 2[12019 + (n _1)2019] + 2[22019 + (n _ 2)2019] +

2019 —
[ n— 2)2019 ( n+ 2)2019 ( n )2019 ( n jzolg ] .
2| — +| — +|| = +| = :n
2 2 2 2 |

282019 = 2(12019 + n2019) + 2[22019 + (n —1)2019] +

N 2|:(n—_2j2019 +(n—+4j2019:| N Zl:(ﬂjzolg +(”L2j2019 E(n +1)
2 2 2 2 |

Suy ra 2S,, : N(N+1).
Vay S,y 'S,
Cau 59.

Ta cé: p+(p+2)=2(p+1)
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Viplénén (p+1):2=>2(p+1:4 (1)

Vip, (p+1), (p+2) la 3 s ty nhién lién ti€p nén cd it nhat mot s6 chia hét cho 3, ma p
va (p+2) nguyén to nén (p+1):3 (2)

Tte (1) va (2) suy ra [p+(p+2)]:12 (dpcm)

Cau 60.

Ta c6 v6i moi sO nguyén m thi m? chia cho 5 dw 0, 1 hoac 4.
+Neéun2chiacho5du1thi n>=5k+1=>n>+4=5k+5'5keN".
Nén n*+4 khong la s6 nguyén t&

Néu n? chia cho 5 dw 4 thi n* =5k +4=>n”+16 =5k +20:5;k e N".
Nén n*+16 khong la s6 nguyén to.

Vayn?: 5hayn :5

Cau 61.

Ta co

S =n(n*+5n°+5n* ~5n—6)

n[(n2 ~1)(n® +6)+5n(n’ —1)]

= n(n2 —1)(n2 +5n+6)

=n(n-1)(n+1)(n+2)(n+3)

=(n-1)n(n+1)(n+2)(n+3)

Ta c6 S 1a tich ctia 5 s6 nguyén tw nhién lién ti€p chia hét cho 5! nén chia hét cho

120.
Cau 62.

Vi 2 s6 nguyén duong a, b bat ki ta co:

a2015 + b2015 — (a+ b)(a2014 + 812013b +. .+ ab2013 + b2014) — a.2015 + b2015 :(a+ b)
+ Xét truong hop nla so 1é

Ap dung khéng dinh trén ta c6:

2 [12015 +(n _1)2015 ] n

2[22015 n (n . 2)2015]5 n

N_1\2I5 1)
2{(—2j +(_2j }n

Suy ra
n 12015 n+1 2015
A=n®" 1 2[17% 4 (n-1)%* |+ 2] 22 + (n=2)*" |+...+2 (Lj +(—j ‘n
[ %24 (n-0)*° |+2[ 2% +(n—-2)™* ] [2 ,
Twong tw

THCS.TOANMATH.com TAI LIEU TOAN HOC



2015 2015 2015 2015
A= 2017 + n*™) + 2[22015 +(n —1)2015]+...+ 2[(%) +(—n;3j }+[(n7+1j +(_n;rlj }(n-

Mit khacn van + 1 nguyén t0 cing nhau nén A : n(n + 1)
Tuwong ti v6i treong hop n chdn ta ciing ¢ A i n(n+1)
Cau 63. Ta co:

Q=a"+2a’-16a*-2a+15=(a" +2a®—2a—-1)—(16a*-16)

=(a-1)(a+1)°-16(a’ -1).

Véiale, a=2k+1 keZ.

Khi d6: (a—1)(a+1)° = 2k(2k +2)° =16k (k +1)*:16.

Ma 16(a’ —1):16nén Q chia hét cho 16.

Véiachdn, a=2k, keZ.

Khi dé: (a-1(a+1)° =(2k —1)(2k +1)° la s6 1é nén khong chia hét cho 16. Do d6 Q
khong chia hét cho 16.

Vay a la s6 nguyén lé.

Cau 64.

+) Vi mot s& nguyén bat ky phai 1a s6 chan hodc 1a s6 1é. Do d6 theo nguyén ly
Dirichlet trong 3 s8 nguyén bat ky lu6n chon ra dwoc 2 s6 ¢d cling tinh chén lé.

+) Ap dung ta c6 trong 3 s& chinh phwong bat ky ludn chon ra duwegc hai s6 ¢6 cting
tinh chdn 1é. Goi 2 s8 chinh phuong dugc chon ra d6 la a’® va b?.Khi dé6 ta cd
a’—b*=(a—b)(a+b).

+) Vi @’ va b? cuing tinh chan Ié nén a, b ciing cling tinh chan 1é. Do &6 a—b 1a s&
chdn va a—b cling 1a s6 chdn a*—b’ =(a-b)(a+b):4, (dpcm).

Chii y:

Ta cé thé'gidi bai todn nay bang cdch vén dung tinh chat sau ciia s6'chinh phwong: “Mg§t s6°
chinh phwong chia cho 4 thi sé c6 s6’dw la 0 hac 1. Khi d6 1dp lugn nhw cdch lam trén ta
thu dwgc diéu phai chitng minh. Tuy nhién trong khi lam bai thi néu van dung tinh chat
nay thi hoc sinh phai chirng minh lai.

Binh luan: Véi cach lam trén ngan gon, day du song mot s8 hoc sinh cam thay hoi
triru tugng ( do nguyén i Pirichlet hoc sinh it dn tap khong nam trong chuong
trinh SGK ma & sach tham khao). bai toan trén cé thé trinh bay nhu sau:

Trong ba s6 nguyén tuy y ludn ton tai hai s6 hodc chdn hoc 1é

Goi hai s8 chinh phuirong chon ra la a* va b?(a, b nguyén)

+TH1: a, b cing chdn: suy ra a® —b® = (2k;)* — (2k,)* = 4(k* —k,?) ¥chia hét cho 4
KK, €Z:

+TH2: a, b cling 1é: suy ra a* —b? = (2k, +1)* — (2k, +1)* = 4(k* + k, —k,” —k,) ¥chia hét
cho 4;k,k, eZ

Vay trong ba s6 chinh phuong tuy y ludn ton tai hai s6 ma hiéu ctia chung chia hét
cho 4.

Cau 65.
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Cach 1: 1:l+l<:>bc:a(b+c) (1)
a b c

TH1: Néu a la s& nguyén chan, suy ra a(b+c):2, theo (1)Suy ra: b.c:2

Vay abc chia hét cho 4

TH2: Néu a 1a s6 nguyén 1é. V6i b va c 1a hai s6 ciing 1é thi: b+c:2=a(b+c):2
Ma a.0.C khéng chia hét cho 2 (vi a, b, ¢ déu 1¢). Suy ra mau thuan.

Vay trong hai 8, b, ¢ ton tai it nhat 1 s8 chén.

+V6ib chdn, ma a 1é nén c chan (vi b.c chdn nén a(b+c) chdn suy ra c chan, vi a I@)
Suy ra abc chia hét cho 4

+ Vi c chén, twong tw abce chia hét cho 4

Cach 2: 1:%+1<::>bc:a(b+c) < abc=a’*(b+c¢) (2)
a c

Ta thay a, b, c khong thé déu 1a s& 1é vi néu vay thi abc 1a s8 1é, con b+c 1a s6 chén.
Vay trong 3 s8 ton tai it nhat 1 s8 chan.

Néu a chén thi a?chia hét cho 4, tir (2) suy ra abc chia hét cho 2.

Néu b chén, do a 1é nén b + ¢ chan (vi abc chén) suy ra ¢ chan.

Vay abc chia hét cho 2.

Tuwong tw cho triedong hop c chan.

Cau 66.

Tacs A=2% +4"+16 =(2° ~1)+(4"-1)+18

pat 2% = 2% (k EN*) suyra 22 —1=2% —1=4K_1:3

Do d6 v6i moi n nguyén duong ta co: 22 -1:3:4"-1:3,18:3
= A=2" +4"+16 : 3

Cau 67.

Taco A=4"+17 =(4"-1)+18

Véi moi n nguyén duong ta cé: 4" —1:3; 18:3

= A=4"+17 : 3

Cau 68.

Giast 2n+1=m’,3n+1=k* (mkeN") =m’lasdlée > mlasdle.
=2n=m’-1=(m-1)(m+1):4 , Suy ra:n chan, k 1¢
Viklas61énén k—1,k+1 1a hai s& chdn lién tiép va (3, 8) = 1 nén
Tir 3n+1=k*=3n=k*-1=(k-1)(k+1)i8=ni8 (1)

Khi chia m¢t s6 chinh phuong cho 5 thi sd du chi ¢6 thé1la 0; 1 ; 4. Ta xét cac
treong hop:

Néu n chia cho 5 dw 1 thi 2n + 1 chia cho 5 du 3. (vo 1i)
Néu n chia cho 5 duw 2 thi 3n + 1 chia cho 5dw 2. (vo i)
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Néu n chia cho 5 duw 3 thi 2n + 1 chia cho 5dw 2. (vo 1i)
Néu n chia cho 5 dw 4 thi 3n + 1 chia cho 5dw 3. (vo i)
Vay ni5  (2)

Vi (5, 8) =1 nén tx (1) va (2) suy ra n chia hét cho 40.

Cau 69.

Chting minh rang véi moi s8 nguyén n chdn thi: n’ +20n+96 chia hét cho 48.
Tacé n chdn =>n=2k,keZ.Suy ra

n® +20n+96 = (2k)’ +40Kk +96 =8(Kk* +5k) +96 =8| (k* —k ) + 6k | +96 =8(k* —k) + 48k +48.2

Do k—Lk;k+11a3 s6 nguyén lién tiép nén (k —1).k.(k+1) chia hét cho 6
=k®—k=(k-1)k.(k+1):6 =8(k®~k):48,Vk e Z.

Vay véi moi s6 nguyén n chéan thi n°+20n+96 chia hét cho 48.

Cau 70.

Tacép=a’ -b’ =(a—b)(a2+ab+b2).

Via, bla cc s6 nguyén duwong nén, ta cé a* +ab+b" > 1.

Do pnguyén tdnén a—b=1=a=b+1= p=3b"+3b+1

= 4p =3(4b> +4b +1)+1:3(2b+1)2+1(dpcm).

Cau 71.
Do p-5:8 nén p=8k+5 (keN)
Vi (axz)4k+2 ~(by? )4k+2 i(ax® —by?):p nén a%2.x* _pHez.yHetip

Nhén thé,y a4k+2 . X8k+4 _b4k+2 . y8k+4 _ (a4k+2 + b4k+2) X8k+4 _ b4k+2 (X8k+4 + y8k+4)

Do a2 +b%2 = (a )" +(b?""*i(a2 +b7) = p va b< p nén X +y**ip (¥

Néu trong hai s6 X, y c6 mot s6 chia hét cho p thi tir (*) suy ra s6 thit hai cling chia
hét cho p.

Néu ca hai s6 x, y déu khong chia hét cho p thi theo dinh li Fecma ta c6 :

x¥* = xP* =1(mod p), y¥*** =y =1(mod p)

= x¥** 4+ y*** =2(mod p) . Mau thuan véi (*).Vay ca hai s6 X va y chia hét cho p.
Cau 72.

1.Tacod:

p** —1=(p*)™ -1 =(p* -1).A=(p-D(p+D(p*+D.A (1) (AeN)
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Vi P la s6 nguyén t6 16n hon 5 nén p 1a s6 1¢, suy ra p — 1, p +1 1a hai s8 chdn lién
ti€p
=(p-D(p+D:4 (2
Vip -1, p, p+1 1a ba s tu nhién lién tiép nén (P —1) p(p+1):3. Nhung p khéng
chia hét cho 3nén (p—1)(p+1):3 (©))
Vi p khong chia hét cho 5 nén p c6 mét trong cac dang 5K =1, 5k £2
“Néu p=5k+1thi p®>=25k?+10k +1=5n+1
_Néu p=5K+2thi p®=25k*+20k+4=5l-1

Ca hai treong hop trén déu cho ta p* —1=5q:5 (4) ((n,l,geN)

Vi 3, 4, 5 1a cac sO nguyén t0 cung nhau ting déi mot nén tu (1), (2), (3), (4) suy ra
p**® —1 chia hét cho 4.3.5 tiic 1a chia hét cho 60

2. Vi vai tro ctia X, y, z binh dang nhau, khac nhau d6i mot nén ta cé thé gia st

X<Y<Z.Khido, goitlathwong ctia phép chia X +y +2° 1 xy?z’, Suy ra:

3 3 3 3
2y222<:>z:tx2y2—xz%y>tx2y2—x jg =tx’y? —x—-y ()

Xy

XX +y + 2% =1tx

-Néu tx°y* —x—y <0 (¥ thit<i2+é<2:>t=1
Xy Xy

Thay t=1 vao (*), ta duoc X’y —Xx—-y<0=xy-x-y<0= (x-1(y-1) <1
=>x=1

=y -y<0sy(y-D)<0 (voly)

Vay tX’y* —x—-y>0 (2)

-Tie (1), 2) suy ra: 2> > (tx’y* —x—y)* (3)

-Mitkhacvi X2+ y* + 28 =tx°y?z° nén X3+ V122 = X3 +y3 > 22 (4)
-Te (3) va(4) suy ra:

XX+ vy > (tX°y? —x—y)*

S Xy >ty -2y (X +Y) + XE A+ 2XY + Y

2
= x>+ y? + 2ty (x + y) > t2x'y?
X2+ Y2+ 2t°y? (X + Y)

y°

<:>txy<2(l+lj+i+i3

S txy <

5
x y) X ty ©)

-Néu x> 2 thi y23:>txy26>2(l+lj+i3+i3>2 £+£ +i3+i3
2 2) t2° t2 X y) tx’ ty
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Diéu nay mau thuan véi (5).
Vay x = 1. Khi d6 (5) tro thanh :
ty<2+g+1+i3 (6)
y t by

- Néu y24thity24>2+z+1+i322+—+—+—3.
t t4 y t ty

Diéu nay mau thuan vai (6).

Vay ye{2;3} (Viy>x=1)

[x°+y® =972

+Néuy=2thi{ x<y<z <<x=Ly=22z=3.

x=Ly=2

X +y® =287

+Néuy=3thi{ x<y<z .(Loai)

x=Ly=3
- Thir lai ta thay (x, y, z) = (1, 2, 3) va cac hoan vi cua n6 thoa man.
Vay thuong ctaa phép chia XC+y +2° Xy =1

Cau 73.

Cach 1:
24a’ +1=b* = 25a° +1=2a’ +b* = a* +b* =1(mod5) (1)
. [a=0,%1,+2(mod5)
Ta co:
b=0,4+1,+2(mod5)
{az =0,1,4(mod5)
-

(2
b? =0,1,4(mod5)

. . a®=0(mod5) . _ [a®=1(mod5)
Tt (1) va (2) suy ra: hoac

b? =1(mod5) b? =0(mod5)
Suy ra chi mot s a hodc b chia hét cho 5.
Cach 2:
24a® +1=b*> = 25a° +1=a’+b* = a’+b*=5k+1 (1)
VYneZ=n=5l+r (I eZ,re{O;];2;3;4})
=n* =5l + 17 (L eZ,r’ €{0;14}) @)
2 2
Tt (1) va (2) suy ra: 2" =5l +1 hodc a" =5k,
b? = 5k, b? =5k, +1

Suy ra chi mot s a hodc b chia hét cho 5.
Cach 3:
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24a% +1=b* <> 24a’ —b* =1 khong chia hét cho 5 nén a va b khong dong thoi
chia hét cho 5.

+ Gia st a va b déu khong chia hét cho 5.

a* =1(mod5)
b* =1(mod5)
Néu a® +b* =0(mod5) thi 25a° +1=a’ +b* =0(mod5) ( vo 1i).

Suy ra a*—b’ =0(mod5) = 23a% +1=b*—a? =0(mod5) (*)

Vi a khong chia hét cho 5 nén a=+1,+2(mod5).

Véi a==+1(mod5) = a® =1(mod5) = 23a* +1=-1(mod5) ( trai véi (*))

Theo dinh ly Fermat ta c6 { = (a°® +b*)(a®* —b*) = 0(mod 5)

V6i a=+2(mod5) = a® = 4(mod5) = 23a* +1=3(mod5) ( trai vdi (*))
Vay diéu gia st 1a sai. Tt d6 suy ra diéu can chirng minh.

Cau 74.
Do q la s6 nguyén t6 16n hon 3 nén q c6 dang 3k +1 hodc 3k+2 vdi ke N,
+Néu q=3k+1, khid6 do p=q+2 nén p=3k+3 chia hét cho 3, truong hop nay
loai do p khong phai la s6 nguyén t6.
+Néu q=3k+2, khidé do p=q+2 nén p=3k+4. Do pla s6 nguyén t6 nén k
phai la s8 tw nhién lé. Khi d6 ta dwoc p+q=6(k+1)i12. Vay s8 du khi chia p+q
cho121a0.

Cau 75.
Tir gia thiét a’ +b° =2(c’ -8d’) ta 6
a’+b’ +3ab(a+b)+(c3 +d3)+3cd(c+d) =3ab(a+b)+3cd(c+d)+3c’~15d°
& (a+b) +(c+d) =3ab(a+b)+3cd(c+d)+3c’~15d°
Dé thdy 3ab(a+b)+3cd(c+d)+3c’~15d> chia hét cho 3 nén ta duoc
(a+b) +(c+d)’ chiahét cho 3.
Mit khac talai 6 (a+b) +(c+d) =(a+b+c+d) ~3(a+b)(c+d)(a+b+c+d)

Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho 3 nén suy ra (a+b+c+d)3 chia hét cho

3.

Do vay a+b+c+d chia hét cho 3.

Chti y: Ban chat bai todn trén chinh 1a bai todn co ban: Néu x° +y° chia hét cho 3 thi
x+y chia hét cho 3.

Cau76. bata+b-c=zb+c-a=x;a+c-b=ythix+ty+z=a+b+c
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Ta c6 (x+y+z)3 —x’ =y’ =2’ =3(x+y)(y +z)(x+2z) =3.2c.2a.2b =24abc

Do 38 a, b, c ¢ 2 s6 chdn nén abc chia hét cho 4 do d6 24abc chia hét cho 24.4 = 96
Vay bai todn duoc chitng minh.
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