" CHUYEN PFE: PHUONG TRINH NGHIEM NGUYEN

A. Kién thic cdn nhé
1. Giai phwong trinh nghiém nguyén.

Giai phuong trinh f(x, y, z, ...) = 0 chta cdc an x, y, z, ... véi nghiém nguyén 1a tim tat
ca cac by s6 nguyeén (x, y, z, ...) thoa man phwong trinh do.
2. Mot s6 luu y khi giai phwong trinh nghiém nguyén.

Khi giadi cac phuong trinh nghiém nguyén can van dung linh hoat cac tinh chat vé
chia hét, dong du, tinh chin 1¢,... d&€ tim ra diém dic biét cua cac an sd cting nhu cac biéu
thitc chira an trong phuong trinh, tir d6 dwa phuong trinh vé cac dang ma ta da biét cach
giai hodc dwa vé nhiing phuong trinh don gian hon. Cac phuong phap thuwong dung dé
giai phuong trinh nghiém nguyén la:

e Phuong phap dung tinh chat chia hét

e Phuong phap xét sO du tirng vé

e Phuong phép st dung bat dang thiic

e Phuong phdp dung tinh chat cua s6 chinh phwong

e Phuong phap lui vo han, nguyén tic cuc han.

B. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN

I. PHUONG PHAP DUNG TiNH CHIA HET
7~ Dang 1: Phat hién tinh chia hét cia mgt an

Bai toan 1. Giai phuong trinh nghiém nguyén 3x+17y =159 (1)

Hudng dan gidi
Gia str X, y la cac sd nguyén thoa man phuong trinh (1). Ta thdy 159 va 3x déu chia hét cho
3nén 17y:3=y:3 (do 17 va 3 nguyén td cung nhau).
Dat y = Bt(t € Z) thay vao phuong trinh ta duwoc 3x+17.3t =159 < x+17t =53.
x=53-17t
y =3t
Vay phuong trinh ¢6 nghiém (x, y) = (53 - 17t, 3t) véi t la s6 nguyén tuy y.

Do doé: { ( te Z) . Thtr lai ta thdy théa man phuong trinh da cho
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© Baitoan 2. Tim nghiém nguyén ctia phuong trinh 2x+13y =156 (1).

Hudng dan gidi
- Phwong phap 1: Ta ¢6 13y:13 va 156:13 nén 2x:13 = x:13 (vi(2,3) =1).
bat x=13k (k€ Z) thay vao (1) ta duwgc: y =-2k+12

~13k
X (keZ).

Vi hi 5n clia ph trinh la:
ay nghiem nguyen cua phuwong trinh la {Y=_2k+12

156 -1 1
- Phwong phap 2: Tk (1)= x =¥ = 78—%,

13 .
Dé’xez:Tyez Ma (13,2) = 1= yi2 Dt y =2t(t e Z) = x =78 -13t

. n . L. |x=78-13t
Vay nghiém nguyén ctua phuong trinh la: { ot (teZ).

Chit yj: Phwong trinh cé dang ax+by =c vdi a,b,c la cdc s6 nguyén.
* Phuwrong phdp gidi:
- Phwrong phdp 1: Xét tinh chia hét cua cdc hang tir.

- Phwrong phdp 2: Khir dn, st dung tinh chia hét tim diéu kién dé'mot phan s6'tré thanh s’
nguyeén.

Bai toan 3. Giai phuwong trinh nghiém nguyén 23x+53y =109,

Hudng dan gidi

Tacs x= 105y _BU-29)+17-Ty _, o 177y
23 23 23

Ta phai bién d6i tiép phan s6 dé sao cho hé s6 cua bién y 1a 1.

Phdn tich: Ta thém, bét vao tir s6 mot boi thich hop cta 23
17-7y _17-7y+46-46 _709-y)-46 __, 7(9-y)
23 23 B 23 B 23
79-y)
2

. 9-
Tir dé x=2-2y+ PExeZ= 23yeZ,do(7,23)=1.

Dat 9-y =23t (teZ)=y=9-23t

=9-23t
Vay nghiém nguyén ctua phuong trinh la: x (teZ).
y =53t-16
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Bai toan 4. Tim nghiém nguyeén cua phuong trinh 11x+18y =120 (1)

Hudng dan gidi
Ta thdy 11x:6 = x}6 suy ra x =6k(k € Z) thay vao (1) rat gon ta dugc: 11k +3y =20
20-11k

Bi€u thi an ma hé s6 ctia nd c6 gia tri tuyét d6i nho (la y) theo k ta duoc:y =

Tach riéng gia tri nguyén ctia biéu thttcc nay: y =7 -4k + %

Lai dat: %:t(teZ):k=3t+1 .

Do d6: y=7-4(3t+1)+t=3-11t; x=6k=6(3t+1)=18t+6

Thay cac biéu thtrc trén vao phuwong trinh (1) thdy thoa man
Vay nghiém ctia phung trinh la (x, y) = (18t + 6; 3-11t) véit € Z

Chit y: a) Néu dé bai yéu cau tim nghiém nguyén duwong cia phirong trinh (1) thi sau khi
tim dwoc nghiém tong qudt ta co thé gidi diéu kién:

18t+6>0 1 3
oS ——<t<—
3-11t>0 3 11

Do dé t =0 do t la s6'nguyén. Nghiém nguyén dwong cua (1) la (x, y) = (6, 3).

Trong truwong hop tim nghiém nguyén dwong cua (1) ta con cd thé gidi nhw sau: 11x + 18y = 120
Do y =1 nén 11x<120-18.1=102.

Do x nguyén nén x<9 . Mat khic x:6 va x nguyén diong nénx=6=>y =3

20-11k

b) Co nhiéu cich tach gid tri nguyén cia biéu thikc y = , ching han:
y=7-4k+ k; (cich 1)
1+2k
y=7-3k-—"" (cich 2)

2(1-k) |
y:6—3k+T (cdch 3)
Ta thdy: - Cich 1 gon hon cdch 2 vi ¢ cdch 1 hé sd' ctia k trong phdn thiec bang 1, do dé sau khi dit
k-1 . .
—5 " t ta khong can thém mot an phu nao nira

- Trong cdch 3, nho ddt dwoc thiea s6 chung ma hé s ciia k ciia phiin phdn s6'bang -1, do dé sau khi

1-k
dat =3 - t ciing khong cin diung thém thira s6'phu nao nita.
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Bai toan 5. Tim nghiém nguyén duwong cta phuong trinh: 6x° +5y* =74

Hudng dan gidi
Ta co: 6x° +5y° =74 < 6(x* —4)=5(10-y*}(2)
Tur (2) suy ra 6(x* —4):5 , mit khéc (6,5)=1=>(x* —4)i5 =x* =5t+4(teN)

Thay x* -4 =5t vao (2) ta c6: 30t =5(10-y )< y* =106t

4
5t+4>0 |73

f—
10t-6>0 5

<:>—é<t<§,teN Suy ra: te{O;l}
5 3
t<—
3

Ta c6: x2>0,y2>0<:>{

Vi t = 0 khong thdéa man yéu cau bai toan.
. L xP=9  x=#3 A A
Voit=1taco:y, <« . Mét khac x, y nguyén duong nén x =3, y =2.
y =4 y=12

Vay phuong trinh c6 nghiém (x, y) = (3, 2).
7~ Dang 2: Phuwong phap dua vé phuong trinh wdc s6
* Co s6 phuong phap:

Ta tim cich dwa phwong trinh dd cho thanh phwong trinh c6 mgt vé'la tich cic biéu thirc co
gid tri nguyén, vé'phdi la hing so nguyén.

Thuee chat la bién d6i phirong trinh vé dang: A(x;y).B(x;y)=c trong dé A(x;y),B(x;y)
la cic biéu thirc nguyén, ¢ la mot s6 nguyén.

Xét cdc trwong hop A(x;y), B(x;y) theo wéc ciia c.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 2xy —x+y =3

Hudng dan gidi
2xy —x+y =3

< 4xy -2x+2y =6
< 2x(2y-1)+(2y-1)=6-1
& (2y-1)(2x+1) =5.

Ta goi phuwong trinh trén 1a phuong trinh wéc s6: v€ trai la mot tich cac thira s6
nguyén, vé trai 1a hang s6. Ta c6 x va y la cac s8 nguyén nén 2x + 1 va 2y — 1 1a cac s
nguyeén va la wdc cua 5.

(2x + 1) va (2y - 1) 1a cac wdc s6 cta 5 nén ta co:

2x +1 1 -1 5 -5
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2y - 1 5 -5 1 -1

Vap phuong trinh c6 cac nguyén nguyén la (x, y) = (3, 0); (-1, -2); (2, 1); (-3, 0).

Kinh nghiém gidi: Dé dwa vé trdi 2xy —x +y V€ phuong trinh dang tich, ta bién doi
1 : ) <
thanh X(2y—1)+5(2y—1) bang cdch nhin 2 vé'ciia phwong trinh véi 2 roi bét 1 ca 1 dé dua vé

phuong trinh woc s6. Luyén tdp kinh nghiém nay bang vi du 2 sau day.

Bai toan 2. Tim nghiém nguyén cta phuong trinh: 5x -3y =2xy —11.

Hudng dan gidi

5x—3y=2xy—11:>X(5—2y)+%(5—2y)—1?5+11:0

3)_—7 2x+3 _7
<:>(5—2y)[x+5j=7<:>(2y—5). X2+ =E<:>(2y—5)(2x+3):7 *)

(2x +3) va (2y - 5) la cac wdc s6 cta 7 nén ta co:
2x+3 1 -1 7 -7
2y -5 7 -7 1 1

Vap phuong trinh c6 cac nguyén nguyén la (x, y) = (-1, 6); (-2, -1); (2, 3); (-5, 2).

Nhdn xét: Doi voi nhiéu phwong trinh nghiém nguyén viéc dwa phwong trinh da cho thanh
phuong trinh cé mot vé'la tich cdc biéu thirc c6 gid tri nguyén, vé phdi la hing s6' nguyén la rat kho
khdin ta co thé dp dung mot so'thi thuit dwoc thé hién trong vi du 3 sau day.

Bai toan 3. Tim nghiém nguyén ctia phuong trinh: x* —2xy +3y —5x+7 =0.

Hudng dan gidi

2 2
X2~ 2xy + 3y —5x+7 =0 & —x(2y +5) + 2L, (2Y4+5)

2 _ 2 B 2 2 _
@(X_2y2+5] , ~4y' 20y 425+12y+28:o©(x_2y2+5j 4y +48y 3

+3y+7=0

2 2_ 2 B
@[X_zwa _4y+)) 7=0©(X_2y2_+5j _(y+1)2=77

2 4
2x—2y—52 7
@%—(y+1)2 =T<:>(2x—2y—5)2 ~4(y+1) =-7

& (2x=2y-5-2y-2)(2x—2y -5+2y +2) =7 < (2x -4y -7)(2x-3)=-7 (¥

Vix, y nguyén nén tir PT(*) ta cd cac treong hop sau:
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2x—4y-7=1 x=-2 2x—4y-7=-7 x=2
= 2) =
2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 X=>5 2x—-4y-7=7 x=1
3) = 4) &
2x-3=7 y=1 2x-3=-1 y=-3
Vay cac nghiém nguyén (x;y) cia phwong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).
*Nhidn xét: Trong cich gidi trén ta di st dung phwong phdp bién d6i tam thikc bic hai
(ax2 +bxy+cy2,ax2+bx+c) ): trueée hét ta chon mot bién d¢ dwa vé hang ding thirc (Binh
phwong cua mot tong, hodc mdt higu) chita bién dé: & day ta chon bién x la :

2 (2y +5)* o . o i
X —x(2y+5)+T, phin con lgi cua da thiec ta lgi lam nhw vdy voi bién y:

_ 2 2 _ 2 _
(2y+5) +3y+7 =_4y +8y -3 =_4(y+1) 7.
4 4
Cic ban c6 thé’ tw duy tim hwéng gidi nhw sau:
x* —2xy +3y —5x+7 =0 x* —(2y +5)x+3y+7+a=a (*)
Xét phuong trinh: x* —(2y +5)x+3y+7+a=0 (**)
Vi a la s6 chua biét can thém vao, xac dinh a nhw sau:
2
Ay =(2y+5) —4(3y +7 +a)
= 4y* +20y +25—-12y —28—4a
=4y’ +8y-3-4a

Chona dé A,,, laso chinh phuwong nén -3-4a=4=a= _Z7 khi d6 .

)
A —4(x+1) S, - 2y +5-2(x+1) =§,x2 _ 2y +5+2(x+1) _4y+7
() 2 2 2 2

Vay: (*)<:>(x—%)(x—4y2+7j:—£<:>(2x—3)(2x—4y—7):—7

Vix, y nguyén nén ta co6 cac treong hop sau:

2x—-4y-7=1 X=-2 2x—4y-7=-7 x=2
1) & 2) =

2x-3=-7 y=-3 2x-3=1 y=1

2x—4y-7=-1 x=5 2x—-4y-7=7 x=1
3) = 4) =

2x-3=7 y=1 2x-3=-1 y=-3

Vay cac nghiém nguyén (x;y) cia phwong trinh la: (-2; -3); (2; 1); (5; 1);(1; -3).

Bai toan 4. Tim nghiém nguyén ctia phuong trinh x* +12x =y? (1)

THCS.TOANMATH.com TAI LIEU TOAN HOC




Hudng dan gidi

Phuong trinh twong duong voi :
X +12x=y? = (x+6) ~y> =36 & (x+y+6)(x—y+6)=36
Suy ra (x +y +6) va (x —y + 6) la wdc ctia 36.
Ma 36 ¢6 18 wdc nén: (x+ y+ 6) € {il; +2;43;+4;+6;+9;+18; i36}
Két qua ta tim dwgc cac nghiém nguyén la: (0,0);(—12,0);(—16,8);(—16,—8);(4,8);(4,—8)
Nhan xét: Phwong phdp diwea vé phwong trinh wdoc s6'cé 2 budc: Phan tich thanh woc va xét
cdc trieomg hop. Hai bwéc nay cd thé' khong khé nhieng trong trieomg hop hang so phdi xét cé nhiéu
wéc 80 chiing ta cin dwa vao tinh chdt cia bién (vi dy: tinh chin 16, s6" dw tirng vé) dé giam s’
trieong hop cin xét.
Trong truwong hop vi du 4 ta c6 thé' nhin xét nhw sau:
Do y ¢6 s6 mii chan nén néu y la nghigm thi — y ciing 1a nghi¢m nén ta gid siv y >0 . Khi d6

X+6-y<x+6+y tagidam dwoc 8 truong hop

{x+6+y:9 {x+6+y:—9 {x+y+6:—1

x+6-y=4" |x+6-y=-4" |x+y-6=-36
X+y+6=36 | x+6+y=-2 X+y+6=18
{x—y+6:1'{x+6—y:—18' {x+y—6:2
X+6+y=-3 X+y+6=12 |x+y+6=-6
{x+6—y=—12' {x+y—6=3' {x+y—6=—6
X+y+6=6

{x+y—6=6

Bdy gior ¢ 10 trwong hop, ta lai thiy (x+6+y)+(x+6-y)=2y nén (x+6+y),(x+6-y)cd
cing tinh chin 16.Do d6 ta con 4 truong hop:

X+6+y=-2 X+y+6=18 |[x+y+6=-6 |Xx+y+6=06
Xx+6-y=-18" | x+y-6=2 "|x+y-6=-6" |x+y-6=6

hai phwong trinh nay déu cé nghiém

+y+6=-6 +y+6=6
Tiép tuc xét hai phwong trinh {X y {X y

X+y-6=-6" |x+y-6=6
y=0tacé xét y =0 ngay tir diu. Ta c6 phwong trinh ban diu: x(x+12):y2 , xét hai kha ning:
Néuy=0thix=0hodcx=-12
Néu y#0 thi x+6-y <x+6+Yydp dung hai nhin xét trén ta chi phai xét 2 trieong hop
{x+6+y=—2 {x+y+6=18

x+6-y=-18" | x+y-6=2

Gidi va két ludn phieong trinh c6 4 nghiém (0,0);(~12,0);(-16,8);(-16,-8);(4,8);(4,-8)
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~ Dang 3: Phuwong phap tach ra cac gia tri nguyén.
* Co s0 phuwong phap:

Trong nhiéu bai todn phwong trinh nghiém nguyén ta tach phwong trinh ban diu thanh cic
phiin ¢6 gid tri nguyén dé dé dang dinh gid tim ra nghiém, da s6’cdc bai todn st dung phuwong phip
nay thwong rit mot an (cé bic nhit) theo dn con lai.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong cta phuwong trinh sau: Xy —2y -3y +1=0

Hudng dan gidi

Taco xy—2y-3y+1=0=y(x-3)=2x-1.

Ta thiy x =3 khong la nghiém nén x =3 do dé: y:zx_31
X_
. oA e 2X=1 A
Tach ra ¢ phan thitc cac gia tri nguyén:
-1 2(x-3)+5
_2x-1_2(x=3)+5 5
x—3 xX—3 X—3

Do y la s6 nguyén nén cting la s6 nguyén, do d6 (x — 3) 1a wéc cta 5.

+H)x-3=1thix=4,y=2+5=7
+H)x-3=-1thix=2,y=2-5=-3 (loai)
+)x-3=5thix=8,y=2+1=3

+) x — 3 = -5 thi x = -2 (loai)

Vay nghiém (x, y) 1la (4,7), (8, 3).

Bai toan 2. Tim cac s6 nguyén x va y thoa man phuong trinh: x> +xy -2y -x-5=0

Hudng dan gidi
Nhan xét: trong phuong trinh nay dn y ¢ bac nhat nén rut y theo x.
Ta cd: x> +xy—2y—-x-5=0< y(x—Z):—x2 +x+5 (*)
Vé6ix=2thi: (*)<0=3 (vo1y)

2
Véi x #2 taco: (*)<:>y= X +X2+2+ 32:—x—1+ 5
X — X — X —

D€y nguyén thi 3i(x—2) . Vay (x -2) la wéc ctia 3 do do:
(x-2)e{-3,-1,1,3} = xe{-1,1,3,5}

Vay phuong trinh c¢é nghiém: (x, y)=(3; - 1); (5;-5); (1; -5); (-1, - 1)
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Bai toan 3. Tim cac s6 nguyén duong x, y sao cho 6x+5y+18=2xy (1)

Hudng dan gidi
Ta co:
x=_:}:—;}1’8<:>2x=_160_y—2_;6
<:>2x=_66+5(6_2y) _ =6 +5<:>2x=ﬁ+5

6-2y _6—2y 3-y

Nhu vay x mudn nguyén duwong thi (3 — y) phai la wdéc cta — 33. Hay
(3-y)e{£1;43;+11;433}. Laido y>1=3-y<2=ye{+1;-3;-11;-33} . Ta c6 bang sau:

3-y 1 1 3 11 33
y 4 2 6 14 36
X 19 -14 8 4 3

Tht lai ta dwoc cac cap théa man la (19, 4); (8, 6); (4, 14); (3, 36).

Nhin xét: - Dé xdc dinh dwgc phwong phdp dé gidi bai todn nay, khi biéu dién x theo y
—5y-18
6-2y
tie s6'1a — 5y mdu s6'la -2y, do dé manh dan nhin 2 vao tir s6'dé xudt hién 2y giong mau.

dwoc x = . Ta thdy biéu thirc nay khé phdn tich nhw 2 vi du trén, tuy nhién dé'y ta thiy

- Bai todn c6 thé gidi bang phwong phdp diwa vé phwong trinh wéc so. Do 6 bai todn trén dd
nhin 2 ¢ x dé bién déi, do do phdi cé bwdc thir lai xem x, y ¢6 théa man phwong trinh da cho hay
khong.

Bai toan 4. Tim nghiém nguyén ctia phuong trinh: 2y*x+x+y+1=x> +2y” + xy

Hudng dan gidi
Ta cd: 2y°x+x+y+1=x"+2y° +xy < 2y’ (x—l)—x(x—l)—y(x—1)+1=0 (1)
Nhan thay x = 1 khong la nghiém cua phuong trinh (1).

1
Chia ca 2 v& ctia (1) cho (x — 1) ta duoc: 2y’ —x—y+—1 =0 (2)
X_

1

PT c6 nghiém x, y nguyén, suy ra

1 nguyénnén x—1e {1;—1} =

Thay x =2 va x = 0 vao phwong trinh va d€ y dén y nguyén ta duocy = 1.

Vap phuong trinh da cho c6 2 nghiém la (2; 1) va (0; 1).

II. PHUONG PHAP SU DUNG TINH CHAN LE CUA AN HOAC XET SO DU
TUNG VE
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* Co s0 phuwong phap:

Chung ta dga vao tinh chdn I ctia &n hodc xét s6 dw hai vé& ctia phuong trinh
nghiém nguyén véi mét s6 nguyén nao d6 roi dung ludn luan de giai bai toan.
* Vi du minh hoa:

I~ Dang 1: St dung tinh chén 1é

Bai toan 1. Tim x, y nguyén t6 thoa man y* —2x> =1

Hudng dan gidi
Tacd y*-2x*=1=y’=2x"+1=y lasdlé
baty =2k +1 (véi k nguyén).Ta co (2k + 1)2=2x2+1
& x2=2k?+2k = x chdn, ma x nguyén t6 = x =2,y =3

Vay nghiém cta phuong trinh la (x, y) = (2, 3).

Bai toan 2. Tim nghiém nguyén dwong cua phwong trinh

(2x+5y+1)(2"“ +y+x° +x)=105

Hudng dan gidi
Ta c6: (2x+5y+1)(2‘x‘ +y+x° +x) =105

Ta thdy 105 1é = 2x + 5y + 11¢ = 5y chdn = y chan, 2X/+y + x2 + x =2 + y + x(x+ 1) 1é
cd x(x+ 1) chadn, y chdn = 2'x ¢ 22X =1=>x=0

Thay x =0 vao phuong trinh ta dwoc
2
Gy +1)(y+1)=105 < 5y + 6y — 104 = 0=y =4 hodcy = —?6 (loai)

Thtt lai ta c6 x = 0; y = 4 la nghiém ctia phuwong trinh.
Vay nghiém ctua phuong trinh la (x, y) = (0, 4).

I~ Dang 2: Xét tinh chan 1€ va xét s6 du tirng vé

Bai toan 1. Chiing minh rang cac phuong trinh sau khong c6 nghiém nguyeén:
a) x*—y>=1998 b) x> +y* =1999

Hudng dan gidi
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a) Do x la s6 nguyén nén x =2k hodc x=2k+1 (ke Z) do d6 x* =4k* v x* =4k* +4k +1
vi thé x* chia 4 ludn dw 1 hodc 0. Twong tw ta cing cé y* chia 4 ludn du 1 hodc 0
Suy ra: x> —y? chia cho 4 luén du 1 hodc 0 hodc 3. Ma 1998 chia cho 4 du 2 do d6 phuong
trinh da cho khong c6 nghiém nguyeén.
b) Nhu chiig minh ciu a ta ¢é: x*,y? chia cho 4 luon dw 0 hodc 1 nén x> +y* chia cho 4
luon du 0 hoac 1 hoac 3. Ma 1999 chia cho 4 du 3 do d6 phuong trinh da cho khong co6
nghiém nguyeén.

Chit y: Chiing ta cin lwu y két qua ¢ bai todn nay:
*)x* —y? chia cho 4 khong dw 2
*Yx* +y? chia cho 4 khong duw 3

Bai toan 2. Tim nghiém nguyén cua phwong trinh: 9x+2=y* +y

Hudng dan gidi
Ta cé: 9x+2 =y’ +y<:>9x+2:y(y+1)
Ta thay v€ trai phuong trinh la s6 chia cho 3 du 2 nén y(y + 1) chia cho 3 du 2
Do d6 chi c6 thé y =3k +1 va y =3k+2(keZ)
Khi d6: 9x+2=(3k+1)(3k+2) < 9x =9k* +9k < x =k(k+1)
Thtt lai: x = k(k + 1), y =3k +1 thoa man phwong trinh da cho.

Vay nghiém ctia phrong trinh la (x,y) = (k(k + 1),31( + 1) voi keZ

Bai toan 3. Tim x, y la s6 tu nhién thoa man x> +37 = 3026

Hudng dan gidi
Xét y=0=x"+3"=3026 = x*=3025 . Max € N=x=55

Xéty >0= 3’ chia hét cho 3, x2 chia cho 3 du 0 hodc 1= x2 + 3 chia cho 3 du 0 hodc 1
ma 3026 chia cho 3 du 2 (loai)
Vay phuong trinh c6 nghiém duy nhat (x,y) = (55,0)

Bai toan 4. Chting minh rang phuong trinh x* -7y = 51 khong c6 nghiém nguyén

Hudng dan gidi

Xét x=7k(keZ) thi x’:7.
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Xét x=7k+1(keZ) thi x* chia cho 7 dw 1 hoac 6.
Xét x=7k+2(keZ) thi x* chia cho 7 dw 1 hoac6.

Xét x = 7kir3(k € Z) thi x° chia cho 7 du 1 hoac 6.

Do d6 vé trai phuwong trinh chia cho 7 du 0 hoac 1 hodc 6 con vé phai ctia phuong
trinh chia 7 du 2. Vay phuong trinh da cho vo nghiém.

Bai toan 5. Tim nghiém nguyén ctia phuong trinh x*> —5y* =27

Hudng dan gidi

Do x la s& nguyén nén ta cé thé biéu dién x dwéi dang: x =5k hoac x=5k*1 hoac
x=5k*2 véi keZ

- Xét x =5k thi x* —5y” =27 & (5k)” —5y* =27 < 5(5k* —y* ) =27

Diéu nay la vo ly vi v€ tréi chia hét cho 5 véi moi k va y nguyén con vé phai khong
chia hét cho 5.

-Xét x=5k1 thi x* -5y* =27 & (5k£1) ~5y* =27

& 25K +10k +1-5y” =27 < 5(5k* 2k - y* ) =23

Diéu nay la v ly cling vi vé€ trai chia hét cho 5 véi moi k va y nguyén con vé€ phai
khong chia hét cho 5.

-Xét x=5k+2 thi x* -5y* =27 & (5k+2) ~5y° =27

© 25k* £10k +1-5y* =27 & 5(5k* £ 4k - y* ) =23

biéu nay la vo ly cling vi v€ trai chia hét cho 5 vdi moi k va y nguyén con vé€ phai
khong chia hét cho 5.

Vay phuong trinh da cho v6 nghiém.

. PHUONG PHAP DUNG BAT PANG THUC
7~ Dang 1: St dung bat dang thitc cd dién
* Co s0 phuwong phap:

Trong nhiéu bai todn ta thiwong sir dung bat ding thitc d¢ chitng minh mot vé khong nhé
hon (hodc khong 16n hon) vé'con lai. Mudn cho phwong trinh c6 nghiém thi ddu bang ctia bit ding
thiec phai xay ra do la nghiém ctia phwong trinh.

Mot s6'bat ding thire CO diéhn thirong duwoc sie dung nhe:

1. Bat dang thirc Cauchy (tén quoc t&'la AM — GM)
a,+a,+a,+...+a_

Néu a,,a,,a,,....,a_ lacdc so thwc khong am thi: >./a,.a,.a
n
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Déng thirc xay ra khi ton tai so thuec k (k # O) sao cho a, =kb, véii=1,2,3,..., n.

* Vi du minh hoa:

Bai toan 1. Tim cac s6 nguyén duong x, y thoa man phuong trinh: (x2 + 1)(x2 + yz) =4x’y

Hudng dan gidi
Ap dung bét dang thitcc AM-GM ta c6:
x*+1>2x D4au “="xay rakhix=1.

“_rr

x* +y?>>2xy Dé&u“=" xay rakhix=y.
Do x, y duong nén nhan 2 vé ctia bat dang thiic trén ta duoc (x2 - 1)(x2 +y’ ) > 4x’y

D&u bang xay ra khi va chi khix=y=1.

Bai toan 2. Giai phuong trinh nghiém nguyén duong sau:

x* +2° —15x’z2 =3x"y’z —(y2 + 5)3 (1)
Hudng dan gidi

Ta co: (1) x84z Jr(y2 +5)3 =15x’z+3x’y’z < x° +2° +(y2 +5)3 = 3x2z(y2 +5)
Ap dung bat dang thitc AM-GM ta c6: x° + 2° +(y2 + 5)3 > 3xzz(y2 + 5)

Dau “=” xay rakhi x> =y’ +5=2

T x* —y* =(x—y)(x+y)=5 giaira duwoc nghiém (x,y, z) = (3, 2, 9).

Bai toan 3. Giai phuong trinh nghiém nguyén sau (x +y+ 1)2 = 3(x2 +y° + 1)

Hudng dan gidi
Ap dung bét dang thirc Bunhiacopxki ta co: (1+1+ 1)(x2 +y°+ 1) >(x+y+ 1)2
Ddu “=" xay ra khi l:l:1<::>x:y:1
x y 1
Vay nguyém nguyén cua phuong trinh la (x, y) = (1, 1).
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* Bai toan 4. Tim nghiém nguyén ctia phuong trinh: x> +xy +y”> =x’y>.

Hudng dan gidi
Véi [ 22 va |y|>2ta cé:
2.2 >4 2 AM-GM
{;(2;’2 ;4;2 = x’y’ 22(x2 +yz)=x2 +y X7 +y? > XA +y? +2|xy| >x* +y° +xy.

Vay |x|£2 hoac |y|£2

Néu x = -2 hoac x = 2 thi phuong trinh khong c¢6 nghiém nguyén.

Thtt x =-1, 1, 0 ta thdy phuong trinh ¢6 3 nghiém (0;0), (1; - 1), (-1; 1).

I~ Dang 2: Sap xép thi tu cac an

* Co s0 phuwong phap:
Khi phwong trinh d6i xténg véi cac dn X,y,z,..., ta thuong gia st x<y<z<.. dé
gidi han mién nghiém cta phuong trinh va bat dau di tim tir nghiém bé nhat tro di

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duwong cta phwong trinh: 2xyz=x+y+z

Hudng dan gidi
Gidstt x<y<z .Taco: 2xyz=x+y+z<3z
Chia 2 vé& cho z duwong ta dugc 2xy <3 =>xy<1=xy=1

Do d6 x =y = 1. Thay vao phuwong trinh ban dau ta dwgc: 2z=z +2 hay z=2.
Vay nghiém cta phueong trinh da chola (x, y,z)=(1, 1, 2); (1, 2, 1); (2, 1, 1).

Bai toan 2. Gidi phuong trinh nghiém nguyén duong: 1 + 1 + 1_ 1
X y z
Hudng dan gidi

Do x, y, z cd vai tro nhi nhau nén ta giad st: x<y<z

Khi do: 1:l+l+lsézx£3:>xe{1;2;3} (do er*)
X y z X
Véi x =1 phreong trinh da cho vo nghiém.
. . 1.1 1 _1 2 N
V01x=2taco:1=—+—+—£—+—:>y£4.Matkhacny:Z:ye{Z,BA}
2y z 2y

+) y = 2 thi phwong trinh v6 nghiém.
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+)y=3thiz=6

+H)y=4thiz=4

. . 11 1 1 2 . ,

Véix=3tacd: 1=—+—+—<—+—=y<3.Matkhac y2x=3=y=3=2z=3
3y z 3y

Vay phuong trinh c¢é nghiém 1a (x, y, z) = (2, 3, 6); (2, 4, 4); (3, 3, 3).

Bai toan 3. Giai phuong trinh nghiém nguyén duong: 1 + 1 z.
<

Hué6ng dan gidi

Bién d6i thanh: xyz=x+y.
Do ddi xting ctia x va y nén c6 thé gia thiét rang x<y . Ta cd
XyZ=X+y<y+y=2y =>xz<2.
Ta Iwa chon nghiém trong cac treong hop sau: x=1,z=1;x=2,z=1,x=1,z=2
Ta suy ranghiém (x,y, z) la (1, 1, 2) va (2, 2, 1).
Nhdn xét: O bai todn nay do vai tro ciia x, y, z la khong binh ding nén ta khong c6 thé gidi sir
x<y<ztachicthégiisit x<y

Bai toan 4. Tim nghiém nguyén duong ctia phuong trinh:

S5(x+y+z+t)+10=2xyzt

Hudng dan gidi
Tagiasex>y2z>t>1
Taco:5(x+y+z+t)+10=2xyzt

eo=2 42,2, 5 10 30 s imtvi=2
yzt xzt xyt xyz xyzt t

Véit=1taco:
5(x+y+z+1)+10=2xyz
5 5 5 15 _30

<:>2=_+—+—+—§—2:>zzS15:>z={1,'2;3}
VZ Xz Xy XyZ z

=35 =9
Néu z=1 ta cd 5(x+y)+20 = 2xy < (2x—5)(2y—5)=65:>{x V{X
y=3 ly=5
Ta dwoc nghiém (35,3, 1, 1) ; (9, 5, 1, 1) va cac hoan vi cua ching.
Véi z =2, z=3 phuong trinh khong cé nghiém nguyén.

Voit=2ta co:
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5(x+y+z+1)+20=4xyz

5 5 5 20 35 35
<:>4=;+;+;+X—YZS?:>ZZSZS9(Z2t22):>(8x—5)(8y—5)=265

Dox>y2z2>22nén8x-528y-52>11

= (8x —5) (8y —5) =265 v0 nghiém

Vay nghiém ctia phrong trinh la b (x, y, z)=(35; 3; 1; 1); (9;5; 1; 1) va cac hoan vi.

~ Dang 3: Chi ra nghiém nguyén

* Co s0 phuwong phap: Chung ta xét tiing khoang gid tri ctia an con dwgc thé hién duwdi
dang: chi ra mot hoac vai s6 la nghiém cta phuong trinh, réi chitng minh phuwong trinh

khong con nghiém nao khéc

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén duong ctia phuong trinh sau: 3" +4" =5

Hudng dan gidi
s \ N 3) (4)
Chia hai vé ctia phwong trinh cho 5" ta duoc: (gj + [—J =1

Th thay x = 1 khong la nghiém ctia phwong trinh trén.
Vi x =2 thi VT = VP =1 thoa man bai toan.

s =(2] 2] o 2] 48] -] 24

Vay x =2 la nghiém duy nhat ctia phuong trinh.

Bai toan 2. Tim nghiém nguyén duong cta phuong trinh sau: 2* +3* =35

Hudng dan gidi
Thtt thdy x =0; x = 1; x =2 khong thoa man 2* + 3* =35
Véix =3 thi 2° +3° =35 (dung)
Véix23thi 2° +3°>35
Vay x =3 la nghiém ctia phuong trinh.
7~ Dang 4: St dung diéu kién A > o d€ phuwong trinh bic hai ¢4 nghiém
* Co s0 phuwong phap:

Ta viét phuong trinh fix, y) = 0 dudi dang phuong trinh bac hai d6i véi mot an, chang
han d6i voi x khi d6 y la tham s6. Diéu kién dé€ phuwong trinh c6 nghiém nguyénla A > o
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* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuwong trinh x* +y* —2x+y =9.

Hudng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
x’ —2x+(y2 +y—9) =0
b€ phuong trinh da cho c6 nghiém thi :
A'20e1-(y*+y-9)20< y* +y-10<0
S 4y’ +4y-40<0 = (2y+1) <41

Do do: (2y+1)2 € {1; 9;25}. Ta co:

2y+1 1 -1 3 -3 5 -5
2y 0 2 2 4 4 6
y 0 1 1 2 2 3
X Loai | Loai Loai Loai |3va-1| 3va-1

Vay nghiém cta phuong trinh la (x, y) = (3, 2); (-1, 2); (3, -3); (-1, -3).

Bai toan 2. Giai phurong trinh nghiém nguyén x* +2y* =2xy +2x+3y (*)

Hudng dan gidi
Ta xem phuwong trinh da cho 1a phuwong trinh an x tham sd y, ta viét lai nhu sau:
x*=2(y+1)x+2y* -3y =0
Taco: A'=(y+1) —(2y*-3y) =y’ +2y +1-2y* +3y =—y’ + 5y +1

bé phuong trinh c6 nghiém nguyén thi:

A'20<:>—y2+5y+120<:>—@£y—§£@
5-+/29 54429 5-6 5+6
Py > SyS > Rt > <Y<T

Viynguyénnén y e {0,1,2, 3, 4,5} thay vao phuong trinh ta tinh dwoc gia tri caa x.

Giai ra ta deoc nghiém cuia phuong trinh 1a (x, y) = (0, 0); (0, 2).
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Nhdn xét: O vf dy nay minh da c6'tinh tinh A’ cho cdc ban thdy ring khi tinh A hogc A’
c6 dang tam thirc bic 2 : f(x)=ay* +by+c vgia<0 taméi dp dung phwong phdp nay, néu a> 0

thi chuing ta dp dung phwong phdp dwa vé phwrong trinh woc so.

IV. PHUONG PHAP DUNG TINH CHAT CUA SO CHINH PHUONG
7~ Dang 1: Dung tinh chat vé chia hét ctia s6 chinh phuong

* Co s0 phwong phap:

- S8 chinh phuong khong thé c6 chit tan cling bang 2, 3, 7, 8;

- S8 chinh phuong chia hét cho s6 nguyén t& p thi ciing chia hét cho p?

- S0 chinh phwong chia cho 3 ¢6 s6 dw 1a 0 hoac 1;

- S0 chinh phwong chia 4 c6 s6 dw 1a 0 hodc 1;

- S chinh phuwong chia cho 8 ¢6 s6 dw 1a 0, 1 hodc 4.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 9x+5 = y(y + 1)

Hudng dan gidi
Ta co:
9% +5= y(y + 1)
< 36x+20 =4y” +4y
& 36x+21=4y* +4y+1
= 3(12x+7) = (2y +1) .
SO chinh phuong chia hét cho 3 nén ciing chia hét cho 9, ta lai ¢6 12x + 7 khong chia
hét cho 3 nén 3(12x + 7) khong chia hét cho 9. Do d6 phuong trinh v6 nghiém.
Cach khac:
Ix+5= y(y + 1)
Sy +y-9x-5=0
A=1+4(9x+5)=36x+21=3(12x+7)

Taco , chia hét cho 3 nhung khong chia hét cho 9 nén khong la s6 chinh phuong
do d6 khong ton tai y nguyén. Vay phuong trinh v6 nghiém.
7 Dang 2: Bién d6i phuwong trinh vé dang aA’+a,A’+..+a,A>=k, trong d6

A(i=1..,n) 1a cic da thitc hé s6 nguyén,a, 1a s6 nguyén duwong, k 1a s6 tw nhién

* Co s0 phuwong phap:
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Str dung hing dang thitc dang nhé (a+b)?, dwa phwong trinh vé dang trén. Sau d6
dya vao tinh chat cdc a, A dé€ phan tich thanh k =ak; +ak; +..+a,k? (véi k €Z),
dan dén giai hé phwong trinh

A12:k12
A =k;
K-

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh x* +y* —x—y =8

Hudng dan gidi
Ta c6:
24yt —x—y =8 4x7 +4y’ —dx—4y =32
& (4 —ax-1)+(4y? -4y +1) =34 & (2x-1) +(2y-1) =34
olex-1 +2y-1f =32+5°
Ta thdy 34 chi c6 duy nhat mot dang phén tich thanh hai s§ chinh phuong 1a 3> va 5° .
(-1 =3 [(jax-1/=3
(2y-1)' =5° _ {|2y—1| =5
(2x-1)} =52 {|2x—1| =5
(2y-1)'=3 L [2y-1=3

Do dé:

Giai ra ta dwoc 4 nghiém (x, y) = (2, 3); (-1, -2); (-2; -1); (3, 2).

Bai toan 2. Giai phuwong trinh nghiém nguyén x* —4xy +5y” =2(x-y).

Hudng dan gidi
Tacd x°—4xy+5y° =2(x—y) < x* —4xy +5y° =2x+2y =0

<X =2x2y + 1) +(2y +1)* = (2y +1)* + 5y +2y =0
& (x=2y -1 +y? —2y—1=0 & (x=2y —1)? +(y =1)* = 2(*)

Xét phwong trinh (*) ta c6: (x—2y —1)2 >0 Vx,y = (y—l)2 <2
Ma x nguyén nén (y —1)2 € {0,1}

*Voi (y—~1)° =0 thi (x—2y-1)" =2 (loai)
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o e [y-1=1 _[y=2
Véi (y-1) _1:{},_1:_14:{

-y=2 :>(x—4—1)2=1::>[x_5:1 :{X:6

2 x-1=1 [x=2
-y=0=(x-0-1) =1:{ :{X .

Vay phuong trinh da cho ¢ 4 nghiém: (x,y)=(6,2);(4,2);(2,0);(0,0) .

Bai toan 3. Giai phuwong trinh nghiém nguyén 5x* —2xy +y* =17.

Hudng dan gidi
Tac6 5x* ~2xy +y> =17 & (x—y) +4* =17 & (x—y)* =17-4x* (%)

17
Xét phuong trinh (*) ta co (x —y)2 >0,Vx,y=17 —4x*>0=>x* < Z

Ma x la s6 nguyén nén x*  {0;1;4}
-Véi x> =0= (x—y)*> =17 (loai).
-Véi x> =1= (x-y)* =13 (loai)
-V6i X =4 o x=%2,

2-y=1 =1
Véi x=2=(2-y) =1 y o7
2-y=-1 y=3

2ty=1 _
+y Q[y

Véi x=-"2=2+y) =1
2+y=-1 y=-3

Vay nghiém nguyén cua phuong trinh la: (2; 1), (2; 3), (-2; -1); (-2; -3).

Bai toan 4. Tim nghiém nguyén ctia phuong trinh x +y +xy = x> +y*

Hudng dan gidi
Bién doi: x+y+xy =x>+y’ < (x—l)2 +(y—1)2 +(x—y)2 =2,
Tong ctia ba s8 chinh phuwong bang 2 nén ton tai mot s& bang 0.
Truong hop: x — 1 =0 ta duwoc (1; 0), (1; 2)
Truong hop: y — 1 =0 ta dwoc: (0; 1), (2; 1)
Truong hop x — y =0 ta duoc: (0; 0), (2; 2)
Vay phuong trinh c6 nghiém (x, y) = (1; 0), (1; 2), (0; 1), (2; 1), (0;0), (2; 2).

Bai toan 5. Tim nghiém nguyén ctia phwong trinh 2x* +4x =19 - 3y”.
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Hudng dan gidi
2x* +4x=19-3y’
o2(x+1) =3(7-y) (%)
Tathay 3(7-y*)2=7-y* 2=y 1
Talai cé 7 -y* > 0nén chi c6 thé y2 =1
Khi d6 (*) c6 dang 2(x+1)" =18,
Ta duoc: x4 1=+3dodox, =2;x, =—4.
Cac cap s6 (2; 1), (2;-1), (-4; 1), (-4; -1) thdéa man (2) nén 1a nghiém cua phwong trinh da cho
~ Dang 3: Xét cac s6 chinh phuong lién tié€p
* Co s6 phuong phap:
Phwong phap nay dwa trén nhin xét sau:
1. Khong ton tai n e Z thoa man: a’> <n’? < (a+1)2 véiaeZ
2.Néi a> <n’ <(a +2)2 v6i a,neZthin=a+1. Twong tw vdi liiy thira bic 3
3. Néu x(x+1)...(x+n) < y(y+1)...(y+n) < (x+a)(x+a+1)...(x+a+n)
Thi y(y+1)..(y+n)=(x+i)(x+i+1)..(x+i+n) vdi ie{1,2,.,a-1}

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: 1+x+x* +x° =y’ (1)
Hudng dan gidi
Ta co:
1Y 3 1Y 19
X2 +x+1=| x+=| +=>0; 5x* +11x+7 =5/ x+— | +—>0
2 4 10 20

Neén
(1+x+x2+x3)—(x2 +x+1)<1+x+x2 +x° <(1+x+x2 +x3)+(5x2 +11x+7).
Do do: x° <y° <(x+2) =y =(x+1)’.

x=0

Két hop voi (1) ta co: (X+1)3 =1+x+x°+x° :>x(x+1)=0:{ .
X=-

Nghiém ctia phuong trinh la: (0;1) va (-1;0).

THCS.TOANMATH.com TAI LIEU TOAN HOC



Bai toan 2. Giai phuong trinh nghiém nguyén: x* -y’ -2y* -3y -1=0 (2)

Hudng dan gidi
(2) x> =y’ +2y*+3y+1 (3)
Ta co: y* 20;5y* +2>0nén
(y3+2y2+3y+1)—(5y2+2)<y3+2y2+3y+1£(y3+2y2+3y+1)+y2.
Do do: (y—l)3 <x’ S(y+1)3 = x’ =y® hodc x° =(y+1)3.
Néu x° =y’ kéthop véi (3) tacd: 2y*+3y+1=0=>y=-1=x=-1.
Néu x* =(y+1)". Ph&i hop véi (3) ta cé y> =0=y =0 , lacdé x = 1.

Vay nghiém cta phwong trinh da cho la (-1; -1) va (1; 0).

Bai toan 3. Giai phuong trinh nghiém nguyén: x* +(x+1)* =y* +(y +1)*

Hudng dan gidi
Bién d6i phuwong trinh vé dang
x> +x+1=y (y+1)* +2y(y+)+1=(y* +y+1)’ =k* keZ (1)
-Néu x> 0= x* <x* +x+1<(x+1)* = x* <k <(x+1)* khong cé sd nguyén k théa man.

L |x=0 )
- Néu >y +y+l1=+1
x=1
Ta c6 cac nghiém nguyén cta phwong trinh la (0; 0), (0; -1), (-1; 0); (-1; -1).

-Néu x<-1= (x+1)> <x* +x+1< x> = (x+1)* <k? <x* khong c6 s& nguyén k théa man.

Bai toan 4. Giai phuwong trinh nghiém nguyeén

x'+x*—y* +y+10=0 (6)

Hudng dan gidi
(6) = y(y-1)=x"+x>+10 (7)

Ta cé: x* +x* <x4+x2+10<(x4 +x7 +1O)+(6x2 +2).
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Do dé: x? (x2+1)<y(y—1)<(x2 +3)(x2 +4):[

2

Két hop vdi (7) ta suy ra: X ,
X =

T do: x=42, x=%1
Do d6 ta c6 thé tim duoc nghiém cua phwong trinh (6)
[~ Dang 4: St dung diéu kién , 1a s6 chinh phwong

* Co s0 phuwong phap:

Vi phwong trinh nghiém nguyén cé dgmgf(x,y) =0 co thé viét dwéi dang phwong trinh
béc 2 d6i véi mét trong 2 dn chang han dn x, ngoai dieu kién A>=0 d¢ phuong trinh cé nghiém
nguyén thi A phdi la s6 chinh phwong. Vin dung diéu nay ta c6 thé gidi dwoc bai todn.

Chii y: A la 6 chinh phwong chi la diéu kién cin nhwng chwa du dé phwong trinh co
nghiém nguyén, do do sau khi tim duwgc gid tri cin thw lai vao phirong trinh ban diu.

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén 3x* + y* + 4xy + 4x+2y +5=0

Hudng dan gidi

Ta cé: 3x* +y* +4xy +4x+2y+5=0

ey +2(2x+1)y+3x* +4x+5=0 (1)
Coi phuong trinh (1) 1a phuong trinh an y tham sd x ta cé:
A'=(2x+1) —(3x? +4x+5) =4x? +4x+1-3x* —4x—5=x"—4
Dé phuong trinh cé nguyén nguyén thi A' phai la s§ chinh phwwong hay A'=x*—-4=n’
voi neN
(x—n)(x+n) =4 giai ra ta dwoc x =2 hoac x =-2.
Véix=2thiy=3
Véix=-2thiy=-5
Vay phuong trinh cé 2 nghiém (x, y) = (2, 3) ; (-2, -5).

Bai toan 2. Giai phurong trinh nghiém nguyén xy* —xy = x* +2y*. (1)

Hudng dan gidi
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Phuong trinh da cho viét lai: (x2 - Z)y2 —xy—-x"=0 (2)
Do x nguyén nén (x2 - 2) #0 coi phuwong trinh (2) la phuong trinh dn y tham sd x ta cé:
A=x>+4x° (x2 —2) =x’ (4x2 —7).
Pé phuong trinh c6 nguyén nguyén thi A phai la s6 chinh phuong.
-Xét x =0 thi ttr (1) suy ray =0.
-Xét x#0 thi (4x2 —7) phai 14 s6 chinh phiong do d6 4x*> -7 =m’véi m 1a s6 nguyén, ta
co (2x—m)(2x+m) =7 ta tim dwoc x =2 hoacx =-2
V6ix =2 thay vao (2) ta duoc: y* +y-2=0=y e{L;-2}.
V6i x =-2 thay vao (2) ta duoc: y* —y-2=0=ye{-1,2}.
Nghiém nguyén ctia phuong trinh la (x, y) = (2, 1); (2, -2); (-2, -1); (-2, 2).
7~ Dang 5: St dung tinh chat: Néu hai s6 nguyén lién tiép c6 tich 1a mot s6 chinh
phuong thi mot trong hai s nguyén lién tiép d6 bang 0
* Co s0 phuwong phap:
Gidsira(a+1)=k* (1) véi a e Z,k e N.
Gidgistra#0,a+1+#0 thi k2 + 0. Do k la s6 tw nhién nén k> 0.
Tir (1) suy ra: a> + a =k
= 4a’ +4a=4Kk> = 4a’ +4a+1=4K> +1= (2a+1) =4K* +1 (2)
Dok>0nén 4K* <4k®+1<4K’ +4k+1  (3)
Tr (2) va (3) suy ra (2k) <(2a+1)" <(2k+1)°, valy

Vay néu a(a + 1) = k? thi ton tai mot trong hai s6 a, a + 1 b?mg 0.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén ctia phuong trinh: x* + xy + y* = x’y?

Hudng dan gidi
A \ s N2 2 2 2 2 %
Themxyvaohalve: X +2Xy+y =Xy +Xy <= (X+y> ZXY(XY+1) ( )
Ta thay xy va xy + 1 la hai s6 nguyén lién ti€p, c6 tich 1a mot s6 chinh phuong nén ton tai
mot s§ bang 0.
Xétxy =0.Tr (1) cOx?+y>=0nénx=y=0
Xétxy+1=0.Tacdxy=-1nén (x,y)=(1;-1), (-1, 1)
Thtt lai ba cap s6 (0; 0), (1; -1), (-1; 1) déu la nghiém ctua phwong trinh da cho.
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Bai toan 2. Tim nghiém nguyén ctia phuong trinh: x* +2xy =5y +6 (1)

Hudng dan gidi

Taco (1) X +2xy+y’ =y  +5y +6 < (X+1)2 =(y+3)(y+2)

Do (y +3) va (y + 2) 1a 2 sO nguyén lién ti€p ma c6 tich 1a mot s6 chinh phwong nén
mot trong 2 s6 phai bang 0.

Néuy+3=0thi y=-3,x=-1.

Néuy+2=0thiy=-2,x=-1

Vay phuong trinh c¢6 nghiém nguyén la (x, y) = (-3, -1); (-2, -1).
7~ Dang 6: St dung tinh chat: Néu hai s6 nguyén duwong nguyén td ciing nhau c6 tich la
moét s8 chinh phwong thi moi s6 déu 1a sé chinh phwong

* Co s0 phuwong phap:

Gid stz ab = c2 (1) véi a,b,ce N*,(a,b) =1.

Gia st trong a va b ¢6 mot so, chang han a, chita thiva s6” nguyén t0'p véi s’ mii lé thi so” b
khong chira thira s6'p nén c? chira thiea s6'p voi s6 mil lé, trdi voi gia thiét ¢ la s6'chinh phuwong.

* Vi du minh hoa:

Bai toan 1. Tim nghiém nguyén dwong ctia phwong trinh: Xy = z° (1)

Hudng dan gidi
Trude hét ta c6 thé gia st (x, y, z) = 1. That vay néu bod ba s (X,,¥,,Z,) théa man
(1) va ¢6 UCLN bang d, gia stt x, =dx,,y, =dy,,z, =dz, thi (X,,¥,,2,) ciing 1a nghiém
ctua phuong trinh (1).
Véi (x,y, z) =1 thix, y, z d6i mdt nguyén td cung nhau, vi néu hai trong ba sd x, y, z
c6 wéc chung la d thi sd con lai ciing chia hét cho d.
Tacoz’=xyma (x,y)=1nénx=a% y=b>vli 3, be N’
Suy ra z2=xy = (ab)?, do d6 z = ab.
x = ta’
y = tb
Nhuw vay: |2=tab véit1a s6 nguyén dwong tiy y.
Dao lai, hién nhién cac sd x, y, z c6 dang trén thoa man (1).

Cong thitc trén cho ta cong thitc nghiém nguyén duong caa (1).
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© Bai toan 2. Tim t4t ca céc cip s8 nguyén (x; y) thoa man

x*=2x° +6x* —4y* =32x+4y +39=0

Hudng dan gidi

Ta co:

x* =257 +6x* —4y* —32x+4y +39=0
<=>x"=2x> +6x* —32x+40 =4y’ -4y +1
<=>(x=2)’(x* +2x+10) = 2y - 1)?
Viylasonguyénnén2y—1#0= x#2
Vi (2y — 1)? va (x — 2)* 1a s chinh phuong khac 0 nén x2 + 2x + 10 1a s6 chinh phuong.
Datx?+2x+10=m?>(meN’) suy ra (x+1)*+9=m* < (x+1-m)(x+1+m)=-9(*)

Do (x+1+m)>(m+1-m)nén
[(x+1+m=9 (x=3
x+1l-m=-1 m=>5

() {x+1+m=1 - {x:—S

Xx+1-m=-9

x+1+m=3 x=-1
x+1-m=-3 m=3

ex=3=(2y-1)?=25=y=3hoicy=-2
ex=-5=2y-1)2=1225=y=18 hoacy =-17
ex=-1=>2y-12=8l1=>y=5hodcy=—4

Vay cac bd (x;y) nguyén thoa yéu cau bai toan la (3;3),(3;-2),(-5;18),(-5,-17),(-1,5),(-1,—4)
V. PHUONG PHAP LUI VO HAN, NGUYEN TAC CUC HAN

~7 Dang 1: Phuwong phap lui vo han
* Co s0 phuwong phap:

Diing dé chitng minh phwong trinh fx, y, z, ...) ngoai nghiém tim thuwong
x=vy=z=0 thi khong con nghi¢m nao khdc. Phwong phdp nay dién gidi nhw sau:

Giai st (xo,yo,zo,...) la nghiém cua phwong trinh f(x, y, z, ...), nho phép bién déi suy ludn
ta tim dwoc b nghiém khac (xl,yl,zl,...) sao cho cdc nghiém nay cé quan hé voi nghiém ban diu
ty s6'k nao do. Vidu x, =kx,,y, =ky,,z, =kz, ;...

ROi tie b6 (x,,Y,,2,,...)c0 quan hé v6i (x,,y,,2,,...) béi ty s6'k nio do.

Vidux, =kx,,y, =ky,,z, =kz,. Qud trinh nay din dén x,,y,,z,,..chia hét cho k* v6 s la s6'tw

nhién tuy vy, diéu nay xdy ra khi x =y =z = 0. Chiing ta di dén vi du cu thé' nhw sau:

THCS.TOANMATH.com TAI LIEU TOAN HOC




* Vi du minh hoa:

Bai toan 1. Giai phuwong trinh nghiém nguyén sau x* +y* = 3z

Hudng dan gidi

Goi (xo,yo,zo)lé nghiém cta phuong trinh trén. Xét (mod 3) ta chttng minh X, y,
chia hét cho 3. That vdy rd rang v€ phai chia hét cho 3 suy ra (x,+y,):3 . Ta ¢6
X = 0;1(m0d3);y§ = O;1(mod3) do d6 (xé +y§)§3 =x13,y5:3

biat x, =3x,;y, =3y,;2, =3z, th€ vao rut gon ta duoc 3(xf +yf) =z, =12,:3
=z,=3z,.

Thé z, =3z, vao 3(xf - yf) =z, varat gon ta duoc: x; +y’ =z> . Do d6 néu
(xo,yo,zo)lé nghiém ctia phuwong trinh thi (X1/ o zl)cﬁng la nghiém cua phwong trinh
trén. Tiép tuc suy luan nhu trén dan dén x,,y,,z,:3" diéu nay xay ra khi x, =y, =z, =0

Vay phuong trinh c6 nghiém duy nhat (x, y, z) = (0, 0, 0)

Bai toan 2. Giai phuong trinh nghiém nguyén sau: x* +y” +z° = 2xyz

Hudng dan gidi

Goi (x,,¥,,2,)1a nghiém cua phuong trinh trén, ta c6 x +y; + 2z =2x,y,z, suy ra
(xg +yo+ zf)) chén (do 2x,y,z,) nén c6 2 truong hop xay ra:
Trudng hop 1: C6 2 s6 1é mot s& chn khong mat tinh tdng quat gia s x,,y, 1, z, chan.
Xét mod 4 ta c6: x; +y; +z; =2(mod 4)con 2x,y,2,:4 (do z, chin) = Vo ly/
Trudng hop 2: Ca 3 58 dé chdn. Dat x, =2x,,y, =2y,,z, =2z, thé vao rat gon ta co:
X2 +y: +27° =4x,y,z, 1ap ludn nhw trén ta dwoc x,,y,,z,chan.
Qua trinh tiép tuc dén x,,y,,z,:2" (k € N*)dféu do6 xay rakhi x, =y, =2z,=0

Vay phuong trinh ¢6 nghiém duy nhat (x, y, z) = (0, 0, 0)
7~ Dang 1: Nguyén tic cwc han
* Co s6 phwong phap:

Vé hinh thttc phwong phdp nay khac véi phuong phap lui vo han nhung vé y
twong st dung thi nhuw nhau, déu chitng minh phwong trinh ngoai nghiém tam thuong
khong con nghiém nao khac.
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Phuong phap bat dau bang viéc gia st (xo,yo,zo,...) la nghiém cua phuong trinh
f(x, y, z, ...) voi diéu kién r:?mg budc véi bo (XOIYO'ZO""). Vi du nhu X0 nhoé nhat hodc
Xy*Yo+Zy+- nhd nhat . Bang phép bién ddi s6 hoc ta tim dwoc bd nghiém khac
(X,,¥1,21,++) trdi v6i didu kién ring budc trén. Vi du khi tim duoc bd (XorYorZor) voi Xo
nho nhat ta lai tim dwoc bd (Xl’YI’Zl’”') thoa man Xi <X, tir d6 dan téi phuong trinh da
cho c6 nghiém Xo =Y, =%, =0

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh nghiém nguyén sau 8x* +4y* +2z* =t* (1)

Hudng dan gidi
Giai str (XO VorZ )lé nghiém cua phwong trinh trén véi diéu kién x, nho nhat.
Tt phwong trinh (1) suy ra t la sd chdn. Dat t=2t, thé vao phuwong trinh (1) va rat gon ta
duoc: 4x; + 2y, +z; =8t! 10 rang z, chan. Dat z, =2z, = 2x} +y, +8z; =4t! =y, chan.
Dat y, =2y, = x} +8y! +4z} =2t! = x, chan.
Dit x, =2x, = 8x} +4y; +2z] =t} = (x,;y,;z,;t,) cling la nghiém ctia phuong trinh
trén va dé thdy x, <X, (vo ly) do ta chon x,nhé nhat. Do d6 phuong trinh trén cé nghiém

duy nhat (x, y,z,t) = (0,0,0,0).

Téng két: Mot bai todn nghiém nguyén thuong cd thé gidi bang nhiéu phwong phdp, ban
doc nén tim nhiéu cdch gidi cho mot bai todn dé’ren luyén ki nang cuia minh. Sau ddy minh sé gidi
mot bai todn bang nhiéu phwong phdp dé’ tong két.

Bai toan. Tim nghiém nguyén cua phuong trinh sau: x* +xy +y* =x’y* (1)

Loi giai

Cach 1. Dua vé phwong trinh woc s’
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x> +xy +y° =x"y?

& 4x7 +4xy +4y° =4x7y?

S 47 +8xy +y’ =4x’y’ +4xy

& (2x+2y) =(2xy+1) -1

& (2xy +1) —(2x+2y) =1

& (2xy+2x+2y +1)(2xy +1-2x-2y) =1

Sau d¢ giai phuong trinh wéc sd

Cach 2. Dung tinh chdt s6'chinh phwong va phwong trinh wéc s

4x* +4xy +4y* = 4x7y?

o (2x+ y)2 +3y° =4x’y?

o (2x+y) =y (4x*-3)

Néu y =0 thi x =0 ta c6 (0, 0) la nghiém ctia phwong trinh.

Néu y #0 thi 4x* -3 phai la s chinh phuong .

Ta c6: 4x* -3=Lk*(keN) dua vé (2x+k)(2x-k)=3

Ta tim dugc x =1 va x =-1 tir d6 tim duocy
Cach 3. Duwa vé phwong trinh bic 2 doi voi x

(y2—1)x2—yx—y2=0 (2)

Xéty =1 thi (2) c6 dang: -x—1=0 duwocx =-1.

Xéty=-1thi(2) co dang x-1=0dwocx=1.

Xét y # %1 thi (2) la phwong trinh bac hai d6i vdi x cé:

A=y’ +4y’ (y2 —1) =y’ (4}12 —3).

Ta phai c6 A 1a s6 chinh phuong .

Néuy =0 thit (2) suyrax=0

Néu y #0 thi 4y* —3 phai la s& chinh phuong.

Ta o6 4y° -3=k*(keN)=(2y+k)(2y-k) =3 ta duoc y =+1 do dang xét y = =1
Cach 4. Sir dung bit dingthiec

Khong mat tinh tong quat gia st [x|<|y| , thé'thi x* <y?,xy < |xy| <y’
Do dé: xX’y? =x*> +xy+y’> <y’ +y’ +y’ <3y’

Néu y =0 thi x =0.

Néu y #0 chia hai v& cho y* ta dwoc x* <3 . Do d6 x* =1=>x=+1

Vay phuwong trinh ¢é ba nghiém (1, -1), (-1, 1), (0, 0)
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Cach 5. Str dung tinh chat sd chinh phuwong
Thém xy vao hai v& x* +2xy +y* = x’y* +xy < (x+ y)2 =xy(xy +1)
Ta thdy xy va (xy + 1) la hai s& nguyén lién ti€p c6 tich 1a mét sd chinh phwong nén
ton tai mot sO b:?mg 0
Xétxy =0t (1) cod x¥*+y*=0=>x=y=0
Xétxy=-Inénx=1,y=-lhodcx=-1,y=1
Tht lai thdy phwong trinh ¢6 ba nghiém (0, 0); (1, -1); (-1, 1).
C. BAITAP AP DUNG
Bai 1: Tim nghiém nguyén ctia phwong trinh 2xy —x—y =1.
Bai 2: Tim nghiém nguyén cta phuong trinh X’ +X+2009 = y* |
Bai 3: Tim nghiém nguyén cta phuwong trinh x* +5y? +62% + 2xy —4xz =10.
Bai 4: Giai phuwong trinh nghiém nguyén 3x* —2xy + y —5x+2=0.
Bai 5: Tim nghiém nguyén ctia phwong trinh (x* + y)(x+ y?) = (x—y)°.
Bai 6: Giai phwong trinh nghiém nguyén x° - y° = 2xy +8.
Bai 7: Tim nghiém nguyén duong ctia phwong trinh 5(x+ y + z) + 3 = 2xyz.
Bai 8: Tim nghiém nguyén ctia moi phwong trinh
a) 1+ x+ x>+ X +x* = y*;
b) 1+ x+ x>+ x* =y°.
Bai 9: Giai phwong trinh nghiém nguyén 4x+9y =48.
Bai 10: Tim nhiing s6 tw nhién 1é N d€ 26n+17 1a s6 chinh phuong.
Bai 11: Tim cdc s6 nguyén x,y,z sao cho x*+y*+z*=2012.
Bai 12: Tim nghiém nguyén duong ctia hé phwong trinh {XZ +213y2 - Z:
13x°+y° =t°.
Bai 13: Tim nghiém nguyén ctia phuong trinh x* —3y*-9z° =0,
Bai 14: Tim nghiém nguyén ctia phuwong trinh
X2 +2y*+22° —2xy—2yz—41 =4,
Bai 15: Tim nghiém nguyén ctia phuwong trinh
(x2 +1)(y2 +4)(z2 +9) = 48xyz.

Bai 16: Tim nghiém nguyén ctia hé phwong trinh

x*+2*=9
y>+1t> =16
Xt+yz=12.

Bai 17: Tim nghiém cta phuong trinh: x* +y° - x’y —xy” =5
Bai 18: Tim cdc nghiém nguyén ctia phuwong trinh : x(x + 1)(x +2)(x +3) =y2 (1)
Bai 19: Tim tat ca nghiém nguyén ctia phwong trinh: (x2 - y)(yz - x) = (x - y)3
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Tim tat ca cac sO x, y nguyén duong thoa man phuong trinh: l+l = 61%
X

Giai phuwong trinh nghiém nguyén duwong l-l-l 1 trong do p la sd nguyén to.
Xy

‘s . A A : . 11 1 1

Bai 22: Tim nghiém nguyén duong ctia phwong trinh: —+ —+—=—
X y 6xy 6

Bai 23: Tim nghiém nguyén cta phuong trinh 6x+15+10z=3
Bai 24: Chiing minh rang phuwong trinh sau khong c6 nghiém nguyeén:
x> +y* +2z> =1999 (1)

Bai 25: Tim nghiém dwong ctia phuong trinh Jx + \/§ = /50.

Bai 26: Giai phuwong trinh nghiém nguyén: y = \/ X+2Vx—=1+ \/ x—=2vx-1

Bai 27: Giadi phuwong trinh trén tap s6 nguyén X = \/ y(y+D(y+2)(y+3)+1
(Chuyén Quang Trung — Binh Phuwoc 2015)
Bai 28: Tim s6 tu nhién x va s6 nguyén y sao cho 2* +3 =y’
Bai 29: Tim céc s6 ty nhién x, y théa man: (2% +1)(2" +2)(2* +3)(2* +4)-5" =11879.
Bai 30: Tim tat ca cac cap (X, y, z) la cac s6 nguyén thoa man hé phuong trinh:

X+y+z=3
x3+y3+z3 =3

Bai 31: Tim s6 nguyén x, y, z thoa man cac dang thtic: { ) XTyrz=2 (1)
2x" —xy+x-2z=1 (2)
Bai 32: Tim s6 thuc a d€ cac nghiém cua phuong trinh sau déu la s6 nguyén:
xz—ax+(a+2):0 (1)
Bai 33: Tim cac s6 nguyén dwong x va y thoa man phuwong trinh:
(3 +4y® +28) ~17(x* +y*) =238y” +833.
(Chuyén Nguyén Trai — Hii Dwong 2016 —2017)
Bai 34: Tim tat ca cac cdp sO tw nhién x, y thoa man: 2*x* =9y” + 6y +16
(Chuyén Ha N¢i 2016 —2017)
Bai 35: Tim nghiém nguyén ctia phuong trinh: x*y* (x+y)+x+y =3+xy
(Trich dé vao 16p 10 chuyén DPHKHTN, DHQGHN nim 2014)
Bai 36: Tim t4t ca cac cap s6 nguyén duong (x; y) thdéa man (x+ y)3 = (x— y —6)2 .
(Trich dé thi vao 16p 10 Chuyén Lé Hong Phong- Nam Dinh 2014-2015)
Bai 37: Tim nghiém nguyén ctua phuong trinh x* —y* = xy +8
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(Trich dé vao Chuyén Binh Dwong 2017)
Bai 38: Tim nghiém nguyén ctua phuong trinh x° +1=4y”.
(Trich dé vao Chuyén Lé Hong Phong — Nam Dinh)
Bai 39: Tim nghiém nguyén ctua phuong trinh sau x* +y? +5x°y* + 60 = 37xy
(Trich dé vao Chuyén bac Liéu 2017)
Bai 40: Giai phuong trinh nghiém nguyén y° —2x-2=x (x + 1)2 . (1)
(Trich dé vao Chuyén Hung Yén 2017)
Bai 41: Giai phuong trinh nghiém nguyén x* +2y* —2xy —4x+8y+7=0 (1)
(Chuyén Lwong Thé'Vinh — Dong Nai 2017)
Bai 42: Tim X, y nguyén sao cho Jx+ \/9 =18
(Chuyén Binh Dinh 2015)
Bai 43: Tim cac s6 nguyén x va y thoa man phuong trinh9x+2 =y’ +y
(Chuyén Phan Boi Chiu — Nghé¢ An 2014)
Bai 44: Tim cdp s6 nguyén (x;y) thoa man phuwong trinh: 2015(x” +y*) —2014(2xy +1) = 25
(Chuyén TP. H6 Chi Minh 2014)
Bai 45: Tim nghiém cta phuong trinh: x* +y° —x’y —xy” =5
(Chuyén Lam Son 2014)
Bai 46: 1) Tim tat ca cac s6 nguyeén td p va cac s6 nguyén duong x,y thdéa man
p—1=2x(x+2)
{P2 —1=2y(y+2)

2) Tim tat ca cac sd nguyén duong n sao cho ton tai cac sO nguyén duong X, y, z thoa man
xX*+y°’+2° =nx’y’z?

(Chuyén Ha Noi Amsterdam 2014)
X+y=z

X3+y3 :ZZ

Bai 47: Tim nghiém nguyén duong ctia hé phuwong trinh: {
(Chuyén Hoang Vin Thu - Hoa Binh 2015)
Bai 48: Tim nghiém nguyén cua phuong trinh: x* —2y(x—y) =2(x+1)
(Chuyén Hung Viwong Phii Tho 2015)
Bai 49: Tim céc sd nguyénX, y thoa man x* +x* —y* -y +20=0.
(Chuyén Nguyén Trai Hdai Duong 2015)

Bai50: a) Chiing minh khong ton tai cdc b s6 nguyén (x, y, z) thoa man x* +y* =7z*+5

b) Tim tat ca cic nguyén nguyén thoa man dang thiic (x + 1)4 - ( X— 1)4 =y’
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(Chuyén KHTN Ha N¢i 2011)
Bai 51: Tim tat ca cac cip s8 nguyén (x;y) thoaman 2x° +5y° = 41+ 2xy.
(Chuyén Nam Dinh 2018-2019)

Bai 52: Tinh tat ca cac cap sO nguyén duwong (X; y) thoa man: X =y -y _y*® 42

(Chuyén Lam Son — Thanh Hoa 2018-2019)
Bai 53: Cho phwong trinh x°+2y° +42° =91(1) v6i x;y;z1a &n va 9! LA tich cac s& nguyén
duong lién tiép tir 1 dén 9
a) Chttng minh rang néu c6 cac s6 nguyén x; y; z théa man (1) thi x, y, zdéu chia hét cho 4
b) Chttng minh rdng khong ton tai cac s6 nguyén x, y, zthoa man (1).
(Chuyén Vinh Phiic 2018-2019)
Bai 54: Tim cdc nghiém nguyén ctia phwong trinh X=Xy +2=X+Y
(Chuyén Bén Tre 2018-2019)
Bai 55: Tim c4c s8 nguyén x,y,z thoa man dong thoi: X* +4y? +2° +2xz+4(x+12) =396 va
x> +y>=3z.
(Chuyén Dk Lik 2018-2019)
Bai 56: Tim c4c cip s& nguyén (X; y)thoa man didu kién 2x* —4y® —2xy -3x-3=0
(Chuyén Dong Nai 2018-2019)
Bai 57:Tim nghiém nguyén ctia phuwong trinh: 3x* —2Xy+Yy-5x+2=0
(Chuyén Tuyén Quang 2018-2019)
Bai 58: Tim x, y nguyén duong théa man: 16(X3 - y3) =15xy +371
(Chuyén Thai Nquyén 2018-2019)
Bai 59: Tim cip s& nguyén x, y théa man x> -2y’ =1
(Chuyén Bic Ninh 2018-2019)
Bai 60: Tim nghiém nguyén ctia phwong trinh x* —xy+y® =2x-3y -2
(Chuyén Vinh Long 2018-2019)
Bai 61: Tim tat ca cic cgp s6 nguyén (x ; y) théa man dang thic x2y2 —x?- 6y2 =2xy.
(Chuyén Quang Nam 2018-2019)
Bai 62: Tim tat ca cdp s6 nguyén x, y thoa man y2+2xy-3x-2=0
(Chuyén Lao Cai 2018-2019)
Bai 63: Tim tat ca bd sd nguyén (a;b) thoa man 3(a2 + bz)— 7(a+b)=—4

(Chuyén Binh Phwoc 2018-2019)

Bai 64: Tim tat ca cac cip sd nguyén (x ; y) thbaman y*+y=x"+x"+x*+X.
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(Chuyén Todn Lam Son — Thanh Héa 2019-2020)
Bai 65: Tim t4t ca cac nghiém nguyén ctia phwong trinh: x> —xy —5x+5y+2=0

(Chuyén Tin Lam Son — Thanh Héa 2019-2020)
Bai 66: Tim tat ca cac nghiém nguyén duong ctia phwong trinh

xy? —(y —45)* + 2xy + x — 220y + 2024 =0.
(Chuyén Hung Yeén 2019-2020)

Bai 67: Tim tat ca cac s6 tu nhién n d€ phuong trinh x> —n*x+n+1=0 (4n sd X) ¢6 cac
nghiém la s6 nguyén.

(Chuyén Binh Thugdn 2019-2020)

\ e N A 2 4 v ~ A 2 ~ X2 + y2 85
Bai 68: Tim tat ca cac cap sO nguyeén (x, y) théa man =—
x+y 13

(Chuyén Phii Yén 2019-2020)

ST A A .~ |n*=a+b
Bai 69: Tim cac sO0 nguyén khong am a, b, n thoa man: ’ .
n’+2=a’+b’
(Chuyén Quang Nam 2019-2020)
Bai 70: Tim tat ca cdp s nguyeén (x; y) théa man 2020(x> +y*)-2019(2xy +1) =5
(Chuyén Cin Tho 2019-2020)
Bai 71: Tim t4t ca cac nghiém nguyén duong cta phuong trinh 2x’y—1=x*+3y.
(Chuyén Dik Nong 2019-2020)
Bai 72: Tim nghiém nguyén dwong ctia phwong trinh X+ y+3+1= Jx + ﬁ
(Chuyén Quang Ngai 2019-2020)
Bai 73: Giai phuong trinh nghiém nguyén 4y” =2++199 —x* - 2x
(Chuyén Binh Phuéc 2019-2020)
Bai 74: Tim tat ca cdc cap sO nguyén duong (az; y) thoa man: (xy +x+ y)(x2 +y’+ 1) =30.
(Chuyén Bdc Ninh 2019-2020)
Bai 75: Tim tat ca cac cap s6 nguyén (X; y) thoa man
(2x +5y +1)(2X‘1 +y+xi+ x) =65
(Chuyén Tién Giang 2019-2020)
Bai 76: Tim tat ca cac cdp sO nguyén duong (m;n) thoa man phuong trinh
2m.m?=9n? -12n +19.
(Chuyén Ba Ria Viing Tau 2019-2020)
Bai 77: Tim tat ca cic cdp s6 nguyén thoa man (x* —x+1)(y* +xy) =3x -1
(Chuyén Ha N¢i 2019-2020)
Bai 78: Tim t4t ca cdc cdp sd nguyén (x;y) thoa man Xy’ —4x*y+y* +4x* -3y* +1=0.

(Chuyén Sw pham Ha Ngi 2019-2020)
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// Bai 79: Tim X, y thoa mén: |2 (Vx + y—z) - Wy
(HSG Lép 9 An Giang nim 2015-2016)
Bai 80: Tim tat ca cac nghiém nguyén cua phuong trinh x> +xy +y* =x’y’
(HSG Lép 9 Thanh Hoa nam 2015-2016)
Bai 81: Tim tat ca cac cdp sd nguyén (x;y) thoa man x° +y” =xy” +1
(HSG Lép 9 TP. Bic Giang niam 2016-2017)
Bai 82: Tim céc sd nguyén duong x, y, z thoa man: 3x*> —18y” +2z> +3y’z* —18x =27 .
(HSG Lép 9 Hdi Dwong nam 2014-2015)
Bai 83: Tim nghiém nguyén ctia phuong trinh x*y* (x+y)+x=2+y(x~-1).
(HSG Lép 9 Thanh Hoa 2018-2019)
Bai 84: Tim tat ca cac nghiém nguyén duong ctia phuwong trinh:
xy? +2xy —243y +x =0
Bai 84: Tim s6 nguyén x, y thda man dang thite x> =y* + \/m
Bai 85: Giai phuong trinh nghiém nguyén y* =1++9—x* —4x
Bai 86: Tim s0 nguyén a d€ phuong trinh sau ¢6 nghiém nguyén duong |4 - 3a| =5-a
Bai 87: Tim t4t ca cac cap (x;y) nguyén thoa man
Py +(x—2)" +(2y-2) —2xy(x+2y -4)=5.
(HSG Lép 9 Lang Son ndam 2018-2019)
Bai 88: Tim nghiém nguyén duong cta phuong trinh : 4y* +6y”* —1=x.
(HSG Lép 9 Binh Phwéc ndam 2018-2019)
Bai 89: Tim tat ca cac cdp s6 nguyén (x; y) thoa man phuong trinh
(x=y-1)(x+1-y)+bxy+y*(2-x-y)=2(x+1)(y +1).
(HSG Lép 9 Nam Dinh ndm 2018-2019)
Bai 89: Tim tt ca cc cdp s6 nguyén (x; ¥) thoa man: (x—2018)2 =y' -6y’ +11y* -6y
(HSG Loép 9 Hung Yén nam 2017-2018)
Bai 90:Tim nghiém nguyén ctia phuong trinh y* -5y +62 = (y —2)x* +(y* -6y +8)x.
(HSG Lép 9 Thanh Héa ndm 2017-2018)
Bai 91: Tim c4c cdp sO nguyén (X;y) thoa man: 2x* +2y” +3x -6y = 5xy 7.
(HSG Lép 9 Hai Dwong nam 2016-2017)
Bai 92: Tim t4t ca cdc nghiém nguyén ctia phuwong trinh 3x—16y —24 =v9x” +16x+32.
(HSG Lép 9 Hung Yén nim 2016-2017)
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Bai 93: Tim cac sd nguyén x, y thod man phuong trinh (x + y)(x + 2y) =x+5
(HSG Lop 9 TP. H6 Chi Minh ndm 2016-2017)
Bai 94: Tim cac cdp sd nguyén (x;y) thoa man: X(x2 +X+ 1) =4 -1.
(HSG Lép 9 Vinh Phiic nim 2015-2016)
Bai 95: Tim nghiém nguyén duong ctia phuong trinh: 3* +171=y".
(HSG Lép 9 Nghé An nam 2015-2016)
Bai 96: Tim cac nghiém nguyén (x;y) cua phuong trinh: 54x +1=y’.
(HSG Lép 9 Thanh Héa nam 2015-2016)
Bai 97: Tim cac nghiém nguyén (x; y) ctia phuong trinh: 5(x2 +Xy + yz) =7(x+2y)
(HSG Lép 9 Thanh Héa nam 2014-2015)
Bai 98: Tim c4c cap s nguyén (x;y) thoa man: x(1+x+x2) =4y(y-1).
(HSG Lép 9 Vinh Phiic nim 2014-2015)

Bai 99: Tim c4c s6 nguyén duong x, y, z thda man x* =2x+yzz4.
(HSG Lép 9 Khdnh Hoa nim 2014-2015)
Bai 100: Tim x,y,z €N thdéa man \/x+2\/5 = \/§+\/;

(HSG Lép 9 Thanh Héa nam 2012-2013)
Bai 101: Tim nghiém nguyén cua phwong trinh: ~ 2xy*+ X + y + 1= x*+ 2y*+ xy

(HSG Lép 9 Binh Dinh nim 2018-2019)
Bai 102: Tim c4c s6 nguyén X, Y thoaman 4 =1+3".

(HSG Lép 9 Quang Tri nim 2018-2019)
Mot s6'bai todn tir dé thi hoc sinh giéi todn 16p 10!

Bai 103. Tim tat ca cac s6 ty nhién x, y thoa man phuong trinh:

(vx—y) =3361-+/11296320

(Dé dé nghi THPT TP. Cao Lanh — Dbng Thip)

Bai 104. Tim nghiém nguyén ctia phwong trinh: |4X _%_ 6y| =313 (1)
X" +y

(Dé dé nghi THPT Bac Luwu)

Bai 105. Tim nghiém nguyén cua phuong trinh: x* +x+1=2xy+y

(Dé dé nghi Chuyén Lé Khiét — Quang Ngai)
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Bai 106. Chitng t6 ring s6: 444444-+303030V/3 khong viét dudi dang (x+y+3) voi
x,yeZ
(Dé dé nghi Chuyén Quang Trung — Binh Phwéc)
Bai 107. Tim tat ca cac s6 nguyén duong X, y thoa man phuong trinh:
9(x* +y* +2)+2(3xy 1) =2008
(Dé dé nghi THPT Hing Vieong — Lé Lai)
Bai 108. Tim nghiém nguyén ctia phuwong trinh: x° + X’y +xy’ +y° = 8(x2 +Xy+y° + 1)
(D¢ dé nghi Chuyén Lwong Vin Chdnh — Phii Yén)
Bai 109. Tim nghiém nguyén cia phuong trinh
x* +17y® + 34xy +51(x +y) =1740
Bai 110. Tim tat ca cac cdp (x, y, z) la cac s6 nguyén thdéa man hé phuong trinh

X+y+z=3
x3+y3+z3 =3

Bai 111. Tim tat ca cac sd nguyén X, y, z théa man phuong trinh:
3x* +6y° +2z° +3x’y* —18x—6 =0.
Bai 112. Tim tat ca cac cgp sd nguyén duong (a,b) thoa man dang thiic:
a’ — b’ +3(a’ —b?)+3(a—b) = (a+1)(b+1)+25.
Bai 113. Tim t&t ca cac cip s8 nguyén duong (x; y) thoa man phwong trinh:
(x* +4y* +28) =17(x* +y* +14y> +49)
MG{t s6'bai todn phirong trinh nghiém nguyén trong tap tri todn hoc tudi tré
Bai 114. Tim moi nghiém nguyén ctia phuong trinh x*(y —5)—xy =x-y+1.

Bai 115. Tim cac b s6 nguyén (a.b, c,d) thoa man hé {a:d_f::j::
Bai 116. Mot tam giac c6 s6 do 3 canh la cac s6 nguyén x, y, z thoa man
2x% +3y” +27° —4xy +2xz—20 =0.

Chting minh tam giac d6 la tam gidc déu

Bai 117. Chting minh rdng phuong trinh sau khdng c6 nghiém nguyén duong
X +y’ =(x+ y)2 + (xy)2
Bai 118. Tim nghiém tyt nhién cua phuong trinh
Xy’ —4xy’ +y? +x* -2y -3 =0.

THCS.TOANMATH.com TAI LIEU TOAN HOC



X+y=Z

X3+y3 :ZZ

Bai 119. Tim nghiém nguyén duong ctia hé phuong trinh {

Bai 120. Tim nghiém nguyén ctia phwong trinh % 3
X" =xy+y- 7

HUONG DAN GIAI - PAP SO

CHUONG III. CAC BAI TOAN VE SO CHINH PHUONG
Bai 1:
Bién d6i phuwong trinh thanh 4xy —2x—2y =2
< 2x(2y-1)-(2y-1)=3< (2x-1)(2y-1) =3.
Vi X va y la cac s6 nguyén nén 2x-1 va 2y -1 la cac s6 nguyén.
Do vai tro ctia X, y nhu nhau, khong giam tong quat gia st x>y nén 2x-1>2y-1.
Ma 3=3.1=(-3)(-1) nén xay ra hai treong hop
2x-1=3 X=2
1) = ;
2y-1=1 y=1
2x-1=-1 x=0
2) =
2y-1=-3 y=-1
Vay phuong trinh ¢6 bon nghiém (x;y) la (2;2),(%2),(0;-1),(-10).
Nhin xét. Bang cach nay ta c6 giai dwoc phuong trinh dang ax+by+cxy =d , trong
dé a,b,c,d la cac sd nguyén.
Bai 2: Ta cd x*+ x+2009 = y*(y e N)
& (2x+1)* - (2y)? =-8035
< (2x+2y+1)(2x -2y +1) =-8035.
Do yeN nén 2x+2y+1>2x-2y+1, va ching déu la s6 nguyén.
Ta c6 sy phan tich —8035 =1607.(-5) = (~1607).5 = 1.(~8035) = (—8035).1.
Vi vay xay ra bon truong hop
2X+2y+1=1607 4x +2=1602 x =400
= <
2X—2y+1=-5 4y =1612 y = 403
{ZX +2y+1=-1607 {4x +2=-1602 {x =-401
< <

1)

2
) 2x—2y+1=5 4y =1612 y = 403,

2x+2y+1=1 4x + 2 =-8034 x =—-2009
3) S

=
2x—2y+1=-8035 |4y =8036 y = 2009.

2X+2y+1=-1 4x +2=28034 x = 2008
4) = =
2x—2y+1=8035 4y =8036 y =2009.

Bai 3: Bién d6i nhw sau
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[X* +2x(2y —22) +(y—22)°]-(y—22)* +5y* +62° =10
& (X+y-22)° +4y* +4yz+27° =10
< (X+y—-22)*+(2y+12)*+z° =10.
Nhan thay x,y,z 1a cdc s nguyén va 2y +z+z=2(y+2) 1a s6 chdn, nén (2y+2)° va
z° 1a hai s6 chinh phwong cling tinh chan 1é, nén viét
10=0%+3* +1%
Xay ra cac kha nang sau
(x+y-22)*=0
)1 (Qy+2)* =3
2’ =1

Tim dwoc cac nghiém (x;y;z) la

1D, (4-2D,(-42,-1), (-1 -1 -1). ™)
(x+y-22)*=0
2): (2y+12)* =17
7° =3

Tim dwoc cac nghiém (x;y;z) la
(7:-13),(8,-2;3),(-8;2,-3), (- 7,1, -3). **)
Vay co tat ca 8 bd (x;y;z) thoa man duwge mo ta ¢ (*) va (**).
Bai 4: Cich 1. Phuong trinh nay chi chita bac nhat d6i véi y nén ta ¢ thérat y theo X.
Tacd (1-2x)y =-3x*+5x—2.
Do X nguyénnén 1-2x#0. Suy ra
3x* —5x+2 12x* -20x+8 1
= ey =— " -

y 6X+7+ .
2x-1 2x-1 2x-1

Do x,y la cac sd nguyén suy ra 1 la s& nguyén, nén 2x-1le{;-1}. T d6 tim

duoc (x;y) la (10),(0;2).
Cdch 2. Coi phwong trinh bac hai d6i véi X, ta co
3x*—(2y-5)x+y+2=0.
A=(2y+5)*-12(y+2)=4y* +8y+1.
Nén phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phuwong, tiec la
4y* +8y+1=k’*(k eN)
< (2y+2)° -k’ =3
< (2y+k+2)(2y—-k+2)=3.
Tt d6 cling tim dwoc cadc nghiém nhw trén
Nhin xét. Bang cach nay ta c6 giai dugc phuong trinh dang
ax® +bxy + cx+dy =e, hodc (ay* +bxy+cx+dy=e)
Trong do6 a,b,c,d,e la cac s6 nguyén.

Bai 5: Bién doi phuong trinh vé dang
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y[2y® + (x> —3X)y + x+3x°]=0.
Néu y =0 thi X séla s6 nguyén tuy y.
Xét y =0 thi 2y?+(x* =3x)y + x+3x* =0. )
Ta coi (1) 1a phuong trinh bac hai theo an vy, ta tinh
A = (X* —3x)* —8(x+3x%) = x(x+1)*(x—8).
Truwong hop X=-1 thi A=0, nghiém kép cua (1) la y=-1.
Truong hop X# -1, d€ phuong trinh c¢6 nghiém nguyén thi A phai la s6 chinh
phuong, tic la
X(x—8)=k’(k e N) & (x—4—-k)(x-4+k) =16.
Vi keN nén Xx-4-k<x-4+k va (x—-4-k)+(x—-4+k)=2(x—4) nén
X—4-k,x—4+k cing chdn.Lai c6 16=2.8=4.4=(-4).(-4) = (-2).(-8). X4y ra bon

treong hop
x—4-k=a .
vdi (a;b) =(2;8),(4;4),(-4;-4),(-2;-8).
X—4+k=b
Vay phuong trinh da cho cd cac nghiém nguyén (x;y) la (-1-1),(8;-10),(0;k) véi
k eZ.

Luu 3. Trong treong hop F(x,y) la da thirc ¢6 hé s6 nguyén vdi bac cao hon 2 theo bién X
va y, ta cling c6 thé dua vé mot trong hai treong hop trén bang cach dat an phu.
Bai 6: Ta c6 thé duwra vé dang phuong trinh bac hai an y bang phép dat Xx=y+a (véi a
nguyén). Khi do ta c6 (3a-2)y*+(3a’-2)y+a’*-8=0.
Do a nguyénnén 3a-2#0, tinh
A=(3a*-2)*-4(3a-2)(a’-8)
=-3a* +8a°—12a’ +96a—60
=—(a’ -4a-2)* -2a(a’ —56) - 56.
D& cho A>0 suy ra 2a(a®~56) <0< 0<a<%/56. Vi a nguyén nén a chi nhan gia
tri 1,2,3.Thtt chon chi ¢ a =2 1a thich hop va tim dwoc (x;y) la (0;-2),(-2;0).
Bai 7: Do vai tro x,y,z nhu nhau, khong giam tong quat gia s 1<x <y <z. Chia hai v&
cta phuong trinh cho xyz ta c6

5 5 5 4 18
2=—+—+—+—<—.
Xy Xz yz Xyz X

Do vay 2x* <18 = xe{L,2,3}.

1) V6i x=1 thitaco 5(y+z)+8=2yz < (2y-5)(2z-5) =41.

Vi y,z nguyén duong va y<z nén -3<2y-5<2z-5, va 41=141

2y-5=1 y=3
=

2z-5=41 z2=23.

2) V6i x=2 thitacd 5(y+2)+13=4yz < (4y-5)(4z-5)=T77.

Vi y,z nguyén duong va 2=x<y<z nén -3<4y-5<4z-5 va 77=11.7.

Chi xay ra treong hop {
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4y-5=7 y=3
&

47-5=11 X=4.

3) Véi x=3 thitacd 5(y+2)+18=6yz < (6y-5)(6y—5) =133. *)

Mait khac y,z nguyén duong va 3<y<z nén 15<6y-5<6z-5

suy ra (6y—5)(6y —5) =15 = 225. (Mau thuan véi (*)).

Vay phuong trinh cé cac nghiém nguyén dwong (x;y;z) la (1,3;3),(2;3;4) va cac

Xay ra truong hop {

hoan vi ciia né.
Nhan xét. V6i cach lam tuong tu, ta 6 thé tim nghiém nguyén duong cta phuong
trinh dang a(X + X, +...+X,) +b =¢xX,...X,, trong do6 a,b,c,n la cac sd nguyén duong

va n>2.

Bai 8: a) V6i x=0 thay vao phuong trinh tim duoc y =1 hoac y=-1.

Véi Xx=-1 thi y=1 hodc y=-1.

Véi x>0 thi x* <y* <(x+1)*, diéu nay vo Ii.

Véi x<-1thi (x+1)* <y* <x*, diéu nay vo Ii.

Vay phuong trinh da cho c6 bon nghiém nguyén (x;y) la
(0:1),(0;-1), (=11), (=L -1).

b) Véi Xx=0 thi y=1.

Vé6i x=-1 thi y=0.

Véi x>0 thi x* <y’ <(x+1)°, diéu nay vo Ii.

Voi x<-1thi (x+1)® <y® <x®, diéu nay vo 1i.

Vay phuong trinh da cho c6 hai nghiém nguyén (x;y) la (0;1),(-10).

Nhin xét. V6i cach 1am tuong tu nhu trén, ta c6 thé tim nghiém nguyén duong cua

phuong trinh dang 1+ x+X* +...+ X" = y" véi n la sd nguyén duong.

Bai 9: Gia xtt x,y la cac s6 nguyén théa man phuong trinh da cho.

Ta thdy 48 va 4X chia hét cho 4 nén 9y chia hét cho 4, ma (9;4) =1 nén y:4.
Dat y =4t(teZ), thay vao phuong trinh dau ta dugc 4x+36t =48

< x=12-9t va y =4t (*). Thay cac biéu thic cua x,y o (*) thdy thoa man.
Vay phuong trinh c6 v6 s6 nghiém (x;y)=(12-9t;4t) véi te Z.

Bai 10: Gia st 26n+17 =k? (v6i K tw nhién 1&). Khi dé

26n+13=(k-2)(k+2)<=13(2n+1)=(k-2)(k+2).
Do 13(12n+1)i13 nén (k—2)13 hogc (k+2)i13.

2— —_—
Néu (k—2)13 thi k =13t+2 (t 18), khi do n:w.
2 _—
Néu (k+2)13 thi k =13t-2 (t 18), khi d6 n:13t+—24t1_
2
+ 4t —
Vay s0 te nhién 1é N can tim c6 dang 13t——24t1(t 18).

Bai 11: Gia st ton tai cac s6 nguyeén ¥, Y,z thoa man phuwong trinh.
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Nhan thdy x*,y*,z* chia cho 16 dw 0 hodc 1, nén x*+y*+z* chia cho 16 c6 s dw la
mot trong cacs6 0, 1, 2, 3.
Trong khi d6 s6 2012 chia cho 16 dw 12. Hai diéu nay mau thuan véi nhau.
Vay khong ton tai cac sd nguyén x,y,z thdéa man dé bai.
Bai 12: Gia st tim duoc bd s& nguyén duong (x,y,z,t)=(a,b,c,d) thoa man diéu kién bai
a®+13p® =c’
13a* +b* =d°.
Goi UCLN(a,b)=m(meN¥*), suy ra cim va d:m.
Dit a=ma,,b=mb,c=mc,,d =md,, véi a,b,c,d, la cdc s6 tw nhién va (a,b,)=1.

ra, ta co {

Suy ra 14(a’+b*)=c’+d* < 14(af +b’)=c/ +d/. Suy ra ¢} +d/i7, do d6 ¢,i7 va

d,:7, dan dén a’ +b’:7 nén a7 va b, 7. Diéu nay mau thuan véi (a, b )=1.

Nhin xét. Bang cach lam tuong tu ta c6 thé chitng minh dugc hé phuong trinh

2 n 2 — 2
{X :_ y2 :2 véi N+l ¢6 wde nguyén t6 dang 4k+3 va (n+1, p2)=1 khong c6
nx* +y* =

nghiém nguyén duong.

Bai 13: Gia st (X,, Y,,Z,) 1a nghiém cta phuong trinh.
Khi d6 x,:3, dat x, =3x, (vdi x, € Z) ta co 9%’ —ys —3z; =0.
Khi d6 y,:3, daty, =3y, (véi y,€Z)tacod 3% -9y, —z5 =0.
Khi d6 z,:3, dat z, =3z (v6i z,€Z) tacd X} -3y, -9z’ =0.

Nhu vay (X, Y:.Z;) :(%%%J cting la nghiém nguyén cua phuong trinh. Qua
\ L n A fo1n o~ % Yo 2y . ~ \ A
trinh ti€p tuc nhu vay ta suy ra cac bo so (3—n,3—n,3—nj moi NeN cing la nghiém

cua phuong trinh. Diéu nay xay ra khi va chi khi x, =y, =z, =0,
Vay phuong trinh c6 duy nhat nghiém nguyén (x;y;z)=(0;0;0).
Nhdn xét. Ta goi phuong phap giai trong vi du trén la phwong phap lui vo han cta
Fermat, thwong dung d€ chiing minh phuong trinh c6 nghiém duy nhét hoac vo
nghiém.

Bai 14: Bién d6i phuong trinh vé dang
(x2 —2xy + y2)+(y2 —-2yz+ 22)+(z2 ~4z +4):0

Xx—y=0
S(x-y)+(y-2)+(z2-2)' =0 y-z=0x=y=2=2.
z2-2=0

Vay phuong trinh ¢6 nghiém duy nhét (x;y;z)=(2;2;2).
Bai 15: Nhan thay néu (X,;Yy;2,) la mot nghiém nguyén cta phuong trinh thix, Y,, 2,

cung duong hodc cé hai s6 am va mot s6 duwong.
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Ngoaira (—X5;—Yo: o)+ (Xoi =Yoi=Z0 ) (—Xo; Yoi —Z) cling la nghiém.
Do d6 trudc hét ta di tim nghiém nguyén duong.
Ap dung bat d:?mg thirc Co-si cho hai s6 khong am, ta c6
X2 +1>2x>0;y*+4>4y>0;2+9>62>0.

Suy ra (X* +1)(y? +4)(2° +9) = 48xyz.

Déng thitc chi xay ra khi va chi khi x=1,y=2,z=3.

Vay nghiém nguyén (X;y;z) ctia phuwong trinh la

(1,2;3),(-1-2;3),(5,-2-3),(-12;-3).

Nhdn xét. Bang cach nay ta c6 thé tim nghiém nguyén ctia phuong trinh dang

(% +a7) (%6 +87)..(X2 +a)) =2"X%,..X,.82,..2, V6i &,n la céc s§ nguyén duong.
Bai 16: Ap dung bat déng thitc Bu-nhia-kdp-xki cho hai bd s8 (x,z) va(t,y) tacé

9.16 = (X" +2°)(y* +t*) 2 (xt + yz)' =122,

suy ra (x2 + zz)(y2 +t2) =(xt+ yz)2 khi va chi khi xy = zt.

T x*+2°=9< x=0,2=+3 hodc x=43,z=0.

Néu x=0 thi t=0, khi d6 y?=16,yz=12. VAy y=4,2=3 hodc y =4,z = -3.

Néu z=0 thi y=0, twong tu tim duwoc x=3,t =4 hoac x=-3,t =-4.

Vay nghiém nguyén (Xx;y;z;t) ctia hé la

(0;4;3,0),(0;-4;-3,0),(3;0;0;4),(~3;0,0 - 4).
Bai 17:
Ta co:
x3 +y3 -x’y —xy’> =5
(x2 —Xy+Yy ) xy(x+y)=>5

2

x+y (x 2xy +y )

= (xry)(x-y) =

Do (x - y)?=0 va x y thudc Z nén xay ra hai treong hop:

_{x+y=5 _{x=3
Thl: y2 = *7Y & y
(x—y) =1 {x+y:5 {x=2

| (x-y=-1 |[|y=3

x+y=1 x+y=1
Th2: , = (loai)
(x—y) =5 x—y:i\/g

Vay phuong trinh ¢6 hai nghiém nguyén (X;y) €{(3;2);(2;3)}
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Bai 18: Néu y thoa man phuwong trinh thi - y cling thoa man phuong trinh, do d6 ta cé ta
giasa Y20,
Khi do: (1) < (x2+3x)(x2 + 3x + 2) =y?
bat t=x2+3x+1 duoc:
(t—l)(t+1)=y2 sti-1=y° <:>(t—y)(t+y)=1:> t+ty=t-y=>y=0
Thay y =0 vao (1) ta dwoc: x=0,-1, -2, - 3.
Vay phuong trinh cé nghiém (x, y) = (0, 0); (-1, 0); (-2, 0); (-3, 0).
Bai 19: Ta cé:
(¥ =y)(y* =)= (x-y)

<Xy -y’ =X +xy =x° =3’y +3xy’ -y’

< 2x° = x’y? —=xy =3x’y +3xy” =0

= x(2x2 +(—y2 —3y)x—y+3y2) =0
Néu x =0 thi y bat ki thudc Z.
Néu x#0 suy ra: 2x* +(—y2 —3y)x—y+3y2 =0
Coi day la phuong trinh dn x ta cé: A= (y2 + E’;y)2 —8(3y2 - y) = (y—l)2 y(y+8)
bé phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phwong tic la:
y(y+8)=a’ <::>(y+4)2 —a’=16 < (y+4+a)(y+4-a)=16 (aeN)

Vi (y+4+a)>(y+4-a)va(y+4+a)+(y+4-a)lasdchdnnén taco cic treong hop:

y+4+a=8 y+4+a=4
y+4-a=2 y+4—a:4’
y+4+a=-8 y+4+a=—4
y+4-a=-2 y+4-a=-4

Giai ra ta dwoc nghiém cuia phuong trinh la:
(1,1),(10,-8),(6,-9),(21,-9),(0;k) véi ke Z
Bai 20: Ta co

1 1 1 x+y 1
—_ = = -

X y 617 Xy 617
& (x-617)(y -617) =617°

& Xy —617(x+y)=0< Xy —617x—617y +617% = 6177

Vix, y nguyén duong nén x — 617 va 'y — 617 la woc 16n hon —-617 ctia 6172

Do 617 la s6 nguyén t& nén xay ra 3 truong hop:
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[ (x—617 =617

{y—617:617
(617 <1 x=y=1234

{ , & | x=618;y=381306
y-b1r= 6172 X = 381306; y = 618
X—617 =617

_{y—617=1

Vay tat ca cac cap (x;y) nguyén duong can tim la
(1234;1234) , (618; 381306), (381306; 618)
Bai 21: Ta ¢6: xy = px+py = (x—y)(y-p)=p".
Vi p 1a s6 nguyén t6 nén wdc s6 nguyén ctia p* chico théla:  £1,+p,+p® . Thir lan lugt
vGi cac wdc trén ta dwgc cdc nghiém (x, y) la: (p +1,p+p° );(2p,2p); (p +p’,p+ 1).
Bai 22: Ta ¢6: (1)< 6y +6x+1=xy < x(y—6)-6(y—6)=37 < (x-6)(y—6)=37

Do vai tro ctia x, y binh dang gia st: x2y21=x-62y-62-5

x—6=37 x =43
=

y-6=1 y=7

Vay phuong trinh cé 2 nghiém la (x, y) = (43, 7); (7, 43).

Bai 23: Ta c6: 10z:3 = z:3 . Dat z=3k ta duwgc 6x+15y+30k =3 < 2x+5y +10k =1

Chi c6 mot treong hop la {

Pua vé phuwong trinh hai an x, y véi cac hé s6 tuwong ting 2 va 5 la hai s6 nguyén t6

1-10- 1-
cung nhau 2x+5y:1—101<:>x:ﬂ:—5k—2y+7y
y=1-2t
o 17y
bat — =t(teZ) taduoc 1 x=-5k-2(1-2t)+t=5t-5k-2
z =3k

Vay phuong trinh c¢6 nghiém la (x, y, z) = (5t - 5k - 2, 1 — 2t, 3k) v6i k, t la s6 nguyén tuy y.
Bai 24: Ta biét rdng s& chinh phuiong chén thi chia hét cho 4, con s6 chinh phuong 1é thi
chia cho 4 duw 1 va chia cho 8 du 1.

Téng x*+y”+z* lasd1énén trong ba sd x*;y?;z* phai ¢d: hodc c6 mot s6 1é, hai s6
chan; hodc ca ba sd 1é.

Truong hop trong ba s8 x*;y*;z* ¢ mot s8 1¢, hai s6 chdn thi vé tréi ctia (1) chia
cho 4 dw 1, con vé€ phai la 1999chia cho 4 du 3, loai.

Trong truong hgp ba s6 x*;y?; z° déu 1é thi v€ tréi cta (1) chia cho 8 du 3, con vé€
phai la 1999 chia cho 8 du 7, loai.

Vay phuong trinh (1) khong c6 nghiém nguyén.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Bai 25: Ta thay ngay 0<x,y <50. Tir [y =v/50 —/x ta c6

y =50+ x—24/50x =50 +x—10v/2x

Vix, y nguyén nén 10v/2x nguyén. Ta biét rang véi x nguyén thi 10v/2x hogic 1a s6 nguyén
hoic 1a s v ty. Do d6 d& 10v2x nguyén thi 2x phai 1a s8 chinh phuong tic 1a 2x = 4k

= x =2k’ keZ véi 2k* <50 = k* <25= k chi ¢6 nhéan cac gia tri: 0, 1, 2, 3, 4, 5. Lita chon
k trong cac s6 trén d€ thdéa man phuong trinh ta dwgc cac nghiém (x, y) 1a (0, 50); (2, 32); (8,
18); (18, 8); (32, 2); (50,0).

Bai 26: Didu kién: x >1
y=y(x=1)+1+2¢x 1+ J(x~1)+1-2vx1
) i)
=m+1+\m_1\
Véix=1thiy=2
V6i x22thi y=vx-1+1+x-1-1=2x~1 .Do dé: y* =4(x~1)

Do x =2 nén c6 thé dat: x — 1 = £ v4i t nguyén duong.

Do d¢ ta co: {X=1+t2
y =2t
Vay phuong trinh c6 nghiém la (1, 2); (1 + 3, 2t) vdi t nguyén duong.
Bai 27: X = \[y(y +)(y +2)(y +3) +1 (1)
Co y(y +D(y+2)(y +3)=[y(y +3) | [((y +D(y +2) | = (y* +3y)(y” +3y +2)

bit t=y*+3y+1= y(y+1)(y+2)(y+3)=t* -1 (t€Z, 221)

X _1>0

1) &x*-1=t" -1
( ) {(X2015 _1)2 — t2 _1(2)

Vi x, tla s6 nguyén ta cé:

(2) & (" =1+t)(x* ~1-t) =1

[ (2015
{x2015—1+t=1 T
X7 =1-t=-1
P = X2015=1
X2015_1_t=1 t__
x=1
V6i x5 =t=1=1 <4ly=0
y2+3y+1=1
y=-3
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K205 _ 1 x=1 x=1
Véi{t . :>{ 2 av a1 y=-1
=— y +3y+1=- y =
Tht lai ta thay cac cap (1,-3), (1;-2), (1,-1), (1,0) thdéa man dé bai
Vay c6 4 cip (xy) can tim 1a (1;-3), (1;-2), (1;-1), (1,0)

Bai 28: Lan luot xét cac gia tri ty nhién cta x:

Néux=0thi y’=4=y=+2
Néu x =1 thi y* =5, khong cé nghiém nguyén
Néux =2 2thi 2*:4 , do d6 vé€'trdi chia cho 4 du 3, con y 1é nén vé phai chia cho 4
dw 1. Mau thuan.
Két luan: Nghiém ctua phuwong trinh 1a (0 ; 2), (0; -2).
Bai 29: (2" +1)(2" +2)(2"+3)(2" +4) -5’ =11879.
(27 +52 +4)(2 +52' +6)-5' =11879 (1)
Ditt =27 +5.2" +5,t e N*, ta co:
(1) < (t-1)(t+1) -5’ =11879
< t? -5 =11880(2)
Xét cac TH sau:
eTHl:y>2= 5" :25
Tir (2) suy ra t2: 5 = 2 25. Do d6 tir (2) = 11880 : 25 (v5 li)
eTH2:y=1
(2) © t2=11885 (loai vi 11885 khong phai 1a s6 chinh phuong)
¢ TH3:y =0
(2) © t2=11881 = t=109
=27 4+5.2° +5=109 = 2 +5.2* 104 =0
- 2" =8(tm)
2" =-13(L)
Vay x =3, y =0 1a cac s6 ty nhién can tim.
Bai 30: Ta co:
(x+y+z)3 —(x3 +y° +z3) 3(x+y)(y+z)(z+x)
©27-3=3(x+y)(y+2)

+z)(z+x)
<:>(x+y)(y+z)(z+x) 8 *)
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Xx+y=aeZ
Dat y+Z=beZ.KMd@(ﬁc;dx:8:>mhceﬁ$i2i£iﬂ
z+Xx=ce”Z

Vix, y, z vai tro binh déang nén ta giai st: x<y<z=axb>c

Khi d6 ta co: a+b+c=2(x+y+z)=2.3:6:>a22

oSx=y=z=1

. . |b+c=4 b=2
Véia=2taco:

=
bc=4 c=2

g . Jbre=2 . A A
Véia=4taco: { (khdng c6 nguyén nguyén)

bc=1

S x-5y=4,z=4.

. . |b+c=-2 b=-1
Véia=8taco:

bc=1 c=-1

Vay hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).
Bai 31: Ttz (1) ta dwgc z =2 + y — x thay vao (2) ta duogc:

2x* —xy+x—4-2y+2x=1<2x* +3x—5=y(x+2)

Do x = - 2 khong thoa man phwong trinh trén nén:

2 —
_ 27 +3x 5:2x—1— 3
X+2 X+2

x+2=41

& Xe {—1;—3;1;—5}
X+2=%43

y nguyén nén (x + 2) 1a wdc ctia 3. Suy ra: {

Tt d6 suy nghiém ctia h¢ la: (x, y,z) = (1; —6; —3),(—3; —4;1),(1; 0;1),(—5,' -10; —3)

Bai 32:

Goi x;,X, langhiém ctia phuong trinh (1) . Theo dinh ly Vi-et ta c¢: {
Do do: x,x, —(xl +x2) =2&x, (x2 —1)—(x2 —1) =3 (x1 —1)(x2 —1) =3
Suy ra (x1 —1) va (x2 —1) la wdc cuaa 3.

Giai s: x; 2x, = x, —1>x, -1 . Khi d¢é:
-1=3 =4
a) {Xl @{Xl .Khi déa=6.
X, =2
-1=-1 =0
b) {Xl @{Xl . Khidéa=-2
X 2

Thay gia tri cua a vao phuong trinh (1) tht lai va két luan.
Bai 33: Ta co:
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(3 +4y> +28) —17(x* +y*)=238y* +833
& [xz +4(y2 +7)2}2 = 17[x4 +(y2 +7)2}
e 16x'-8x (y2 +7)+(y* +7) =0

= [4x4 —(y2 +7)}2 =0

oS4 -y =7=0
<:>(2x+y)(2x—y)=7 (1)

Vi x,yeN = 2x+y>2x—-yva 2x+y>0 Dod(’):{ xry {X

2x-y=1 y=3

Két luan: (x, y) = (2, 3) thoa mai yéu cau bai toan.

Bai 34: Ta c6: 9y” +6y +16 =(mod 3) = 2*.x* =1(mod 3). Ma
2*=1(mod3

XZEO;I(mOd3):> , ( )
X 51(m0d3)

Néu x 1é dat: x=2k+ 1(1( € N) —=2"=24"= 2(mod 3)(sai) , suy ra x 1é loai.

Néu x chdn dit: x=2k(keN)= 2" =4" =1(mod3) (dung).

Do d6 khi x chén thi

22 =9y* +6y +16 & (2k2") =(3k+1)’ +15 < (2k.2* -3y ~1)(2k +3y +1) = 15.
Vi y,keN=2k2"+3y+1>2k2"-3y-1>0.

Vay ta co cac treong hop:

{ 2k.2X -3y -1=1 {2k.2k -8
+ R

. =keN (loai)
2k.2"+3y+1=15 3y+1=7

2K -3y-1= 2k = k=1
N 21<2k 3y-1 3<:> 2k.2 4: Vay (x, y) = (2; 0).
2k.2*+3y+1=5 3y+1=1 0

Bai 35: D4t x + y = a; xy = b. Phuong trinh trd thanh: ab’ +a=3+b

Xétb=3suyra: a =% (Voly)

b* -9 -10
=1+
b*+1 b*+1

Ta phai c6 (b*+ 1) phai la u6c duong ctia 10 do d6: b* +1e{1;2;5;10} = b € {0;£1;+2; -3}

<:>a(b—3):

Xét b#3 ta co: b2a+a=3+b<:>a(b2+1):3+b<:>a: 3+b
b°+1

Néub=0thia=3.Tacd: x+y=3,xy=0=>x=0,y=3 vax=3,y=0
Néub=1thia=2.Tacé x+y=2,xy=1=>x=1y=1
Néu b=-1thia=1
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1+45  1-5 1-5 1445
y YT VaxXTT Y

Taco:x+y=1,xy=-1x= = (loai)

Néub=2thia=1.Tacéd:x+y=1vaxy=2khong ton tai x, y.
, o1
Néu b = -2 thi a=g (vo 1y).

Néu b=-3 thia=0. Ta co: x+y =0 va xy =-3 khong ton tai x, y nguyén.
Vay phuong trinh ¢ 3 nghiém la (x, y) = (0, 3); (3, 0); (1, 1).

Bai 36:

X +y -3xy=1

<=>(x+Yy)*-3xy(x+y)-3xy=1

Datx +y=avaxy=Db (a, bnguyén) ta co:

a’-3ab-3b=1

<=>(a+1)(a’*~a+1)-3b(a+1) =2

<=>(a+)(@’-a+1-3p)=2

=>4, _-1(L)

at+l=1 a=0
) <
a-—a+l1-3pb=2 b

arl=2 e T L0 s SN
2){az—a+1—3b=1<_>{b=O(TM)<_>{xy=0 = () 0D L0

a+l=-1 a=-2 X+y=-2
3 <=> M) <=> = (X; %)
){az—a+1—3b=—2 {b:B (TM) {xy:S (x:y)e
a+l=-2 a=- +y=-3
4 <=> M) <=> => (X; %)
){az—a+1—3b=—1 {b:4 (TM) { —4 (x:y) e

Vay (x;y) €{(0;1); (L, 0)}
Bai 37: Phuong trinh da cho tuong duong x* —xy — (y2 + 8) =0

Coi phuwong trinh trén la phuwong trinh 4n x c¢6 y la tham s6 ta co:
A:y2+4(y2+8):5y2+32

Ta c6 A chia cho 5 du 2 nén c6 tan cung la 2 hoac 7. Do d6, Akhong la s6 chinh phuong
vay phuong trinh da cho vo nghiém.

Bai 38: Ta c6: x° +1=4y” < (2y-1)(2y +1)=x’
Do (2y-1,2y+1)=1 chonén 2y+1=a’,2y-1=b’(a,be Z)

Suy ra: a’ -b’ :2<::>(a1—b)(a2 +ab+b2):2
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) a=1

2 2
- a“+ab+b _1<:> . \/g

a-b=1 - 6
a’+ab+b’ =2 b _3++/33
-

Do a, b la s6 nguyén nén chi nhan duoc gid tria=1vab=-1suyray=0vax=-1
Vay phuong trinh c¢é nghiém (x, y) = (-1, 0)
Bai 39: Ta co: x* +y? +5x*y? +60 = 37xy
< X2 =2xy +y’ =-5x"y? +35xy — 60
o (x-y) =-5(xy? +7xy-12) (1)
Do (x—y)2 203—5<x2y2 +7xy—12)20 .batt=xy (teZ )tacot:
—5(t +7t-12)20¢>3<t<4 . Matlas§ nguyénnén t =3 hodc t =4

2
Khi t=3ta cd {(X -y) 3_ 0 < x* =y* =3 (khong ton tai gia tri nguyén cta x, y)
Xy =

2
Khit=4tacéd (x—y) _O<:>x=y=2hoéc X=y=-2
xy =4

Vay phuong trinh cé hai nghiém la (x, y) = (2, 2); (-2, -2).
Bai 40: Ta co: (1)< y’ =x°+2x% +3x+2

2
Do 2x2+3x+2:2[x+2j +§>0:>y3 >x°

Xét [x|>1 thi: y* =x* +2x* +3x+2 :(x+1)3 +1-x7 <(x+1)3
Do do x° <(y+1)3 <(x+1)3
Vix, y nguyén nén phwong trinh khong c6 nghiém.

Xét

x| <1 thi do x nguyén nén x =1 hoac x=-1 hoacx=0
Véix=-1tadugcy=0
Véix=1thiy=2
Véix=0thiy=32 (loai)
Vay phuong trinh cé 2nghiém (x, y) = (-1, 0); (1, 2).
Baidl: Tac6 (1) (x—y-2) +(y+2) =1
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Dodétact: (y+2) sl -1<y+2<le 3<y<-l1=yel-3,-2.-1}
Véi y =-3 thay vao phuong trinh ta dugc: x* +2x+1=0<x=-1
V6i y =-2 thay vao phuong trinh ta duoc: x* -1=0< x =11

Véi y =-1 thay vao phuong trinh ta dwgc: X* —2x+1=0< x=1
Vay phuong trinh c6 4 nghiém (x, y) = (-1, -3); (1, -2); (-1, -2); (1, -1).
Bai 42: Ta c6 :x +4/y =v/18(x > 0;y > 0)

Pt vigt: vx +1Jy =3v2(1)(0 < x <3v2;0 <,fy <3v2)

Pt viét:

Vx =32 =y 20<=> (Vx)* = (32 —\[y)* <=> 6,2y =y -x+18

-x+18

2 . >
<= 2Y236Q<=>2Y=azeQ<:>{a sNViZyezvaazl

a:?2
a=2m(m e N)
—> 2y =(2m)* <=> y = 2m? <=> [y = mV2.TT => x =n\/2

Pt (1) viét:nv/2 + m~/2 =342 <=>m +n=3(m;n e N)

n=0 x=0
=>
m=3 y =18
n=1 x=2
=>
m=2 y=38
n=2 x=8
=>
m=1 y=2
n=3 x=18
=>
_£n=0 {y=0

A < . . |Xx=0 |x=2 |[x=8 [x=18
Vay Pt da cho c6 4 nghiém ; ; ;
y=18 |y=8 |y=2 |y=0

Bai 43: Phuong trinh da cho tuwong duong véi9x = (y —1)(y +2)(1)

Néuy -1 i3 thiy+2=(y—1)+3i3=> (y-1)(y+2):9

Ma 9x 19 ¥x € Znén ta ¢ mau thuan.

Suy ray -1 :3, do d6: y -1 =3k(k € Z)=>y=3k+1(ke Z)
Thay vao (1) ta c6:9x = 3k(3k + 3) => x = k(k +1)
x =k(k+1)

y=3k+1 (ke2)

Vay phuong trinh c¢6 nghiém: {
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Bai 44:
2015(x* +y*)—2014(2xy+1) =25
<=>2014(x—y)* +x* +y* =2039
batt=Ix-y| , te Ndo x, y nguyén
Xét cac treong hop:
TH1: t =0, tic x =y = phuong trinh v6 nghiém
TH2:t=1, taclax -y =+1
+Vo6ix—-y=1hay x=y + 1, phwong trinh tré thanh:
(y+1)?+y* =25<=>y*+y-12=0
<2,
Véiy=3thix=4;véiy=—4thix=-3
+Vdix -y =-1hay x =y - 1, phuong trinh tré thanh:
(y=1)+y*=25<=>y* -y-12=0
- B -
Véiy=-3thix=—4;véiy=4thix=3
TH3:t>2, VT > VP = phuong trinh v6 nghiém
Vay céc cap (x;y) thoa la (4;3), (-3;-4), (-4;-3), (3;4)
Cach khac: Str dung phwong phap bién doi phuwong trinh vé dang vé trai la tong ctia cac
binhphuong. V& phai l1a tong ctia cac sd chinh phuong, hoac cach diéu kién c6 nghiém cta
phuongtrinh bac hai cling c6 thé giai ra dap so.
Bai 45:

X’ +y’ =X’y —xy’ =5

<= (x+y)(X* —xy +y") —xy(x+y) =5

<=>(x+y)(*-2xy +y’)=5

<=>(x+y)(x-y)’' =5

Do (x-y)?*=0 va x y thudc Z nén xay ra hai treong hop:

X+y=>5 x=3
-5 x—y=1_ ly=2
Thi: {“y = Y Y
(x-y) = X+y=>5 — x=2
x-y=-1 y=3
=1 +yv=1
mh: YT S L)
(x-y) =5 x—y=i\/g

Vay phuong trinh ¢ hai nghiém nguyén (x;y) €{(3;2);(2;3)}
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Bai 4e6:

1) Tim t&t ca cac s6 nguyén td p va cac s6 nguyén duong X,y thoa man {pz— 1=2x(x+2)
p -1=2y(y+2)

Tt (1) = p - 114 58 chdn = p 1a s& nguyén & 1é.

Trte tiing v€ cua (2) cho (1) ta duoc

p’—p=2y’ -2x* +4y —4x < p(p-1) =2(y = x)(y +x+2)(*)

= 2(y-x)(y +x+2)ip. Ma (2;p) =1nén xay ra 2 TH:

ey-xip=>y-x=kp(k €N¥

Khi d6 tir (*) = p—1=2k(x +y+2) = kp —k = 2k¥(x +y +2) = y - x — k = 2k¥(x +y +2)

(loaivix+y+2>y-x-k>0;2k>1=2kX(x+y+2)>y-x-k)

ey+x+2ip=>x+y+2=kp(k €N¥

Te(*)=>p-1=2k(y-x) > kp-k=2k¥(y -x) = x+y +2 -k =2kXy - x) (**)

Ta chiing minh k=1. That vay nfu k 22 thi tle (**) = x +y =2k (y = x) +k =22 8(y —x) (Vi y

-x>0)

> 27y =>7y<l4x=>y<2x

Do d6 tir (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x + 2) < 4x(2x +4) = 8x(x +2) = 4(p - 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p <3, mau thuan véi p la s6 nguyén td 1é.
Do doé k=1, suy ra

X+y+2= X+y+2= X+y+2= =3x+1
{p—i’:Z(y}jx)Q{x+§+1:§(y—x)©{y :};x+1 pQ{}};—1:4x+2
Thay p-1=4x+2vao (1) tacd: 4x+2=2x(x+2) & 2x+1=x"+2x = x* =1=>x=1
=y =4, p="7 (thoa man)
Vayx=1,y=4vap=7.
2) Tim tat ca cac sd nguyén duong n sao cho ton tai cac s nguyén duong X, y, z thoa man
X’ +y’ +2z° =nx’y’z® (1)
Gia st n la s6 nguyén duong sao cho ton tai cac s6 nguyén duong x,y,z thoa man (1)
Khong mat tinh tong quat, gia sk x>y 2z >1.
Te(1)=20<y’+2° =x*(ny’z’ - 1) = ny’z° -1>0=>ny’z* -1>1
=y’ +2° =x*(ny’z> —1) > x*(*)
Vix2y2znén3x’ >x’+y’+z° =nx’y’z’ = ny’z’ = 9x* >n’y’'z*

3

Két hop véi (*) ta c69 (y3 + z3) >9x* >n’y'z! = 9(1 +Z—3J >n’yz*
y
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. 7’ z’
MayZz:>—3£1:>n2yz4 <9 1+— |<18(*)
y y

Ta c6: ()= 7* 318:{:1

eNéuz=2:(**) =>16n’y<18=>n=y=1 (loai viy < z)

eNéuz=1:(*) =>n’y<18=>n’<18=>n<4

Ta chitng minh n € {2;4}. That vay,

*Néun=4 thi tirny <18 = 16y <18 = y = 1. Tir (1) = x* + 2 = 4x2= x3(4 — x) = 2 = x2 [a wéc
cia?2 =

x =1 (khong thoa man)

*Néun=2thitrn?y <18suyrady<18=1<y<4.
+y=1:D)=>x"-2x*+2=0=>x*(x-2)=-2<0=>x<2=>x=1(L)
+y=2:(1)=>x’-8x*+9=0=9=x*(8—x). Suy ra x21a wdc cia 9. Ma x2 2 y? = 4 nén x=3
(khong thoa

man)

+y=3:(1)= x> -18x> +28 =0 = x*(18 —x) = 28. Suy ra x2 la wGc ctia 28. Ma x2> y? =9 nén
khong ton tai x thoa man.

+y=4:(1)=x"-32x> +65 =0 = x* 1a wdc ctia 65 (loai vi 65 khong cé wdc chinh phuwong)
Vay n & {2;4}. Do d6 n € {1,3}

Thtt lai véin =1, ton tai bo (x;y;z) nguyén duong chang han (x;y;z) = (3;2;1) thoa man (1)
vdin =3, ton tai bd (x;y;z) = (1;1;1) thoéa man (1).

Vay tat ca cac gia tri n thoa man bai toan la n € {1;3}

y=4:(1)=x>-32x* +65=0= x" 1a wdc cta 65 (loai vi 65 khong c6 wdc chinh phuwong)
Vay n & {2;4}. Do d6 n € {1,3}

Tht lai v6in =1, ton tai bd (x;y;z) nguyén duwong chéng han (x;y;z) = (3;2;1) thoa man (1)
véin =3, ton tai bo (x;y;z) = (1;1;1) thoa man (1).

Vay tat ca cac gia tri n thoa man bai toan la n € {1;3}

Bai 47: Ta co: xX° +y° =(x+y)’ <=> (x+y)(xX* —xy +y° —x—y) =0

Vix, y nguyén duong nén x+y >0, ta c6: x> —xy +y° —x—-y =0
<=>2(x*—xy+y’-x-y)=0

<=>(x—y) +(x=17+(y-1)*=2

Vix, y nguyén nén co6 3 treong hop:
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x-y=0

+ Truong hop 1:9(x-1)* =1<=>x=y=2,z=4
(y-1*=1
x=1=0

+ Truong hop 2:4 (x—y)? =1<=>x=1,y=2,z=3
(y-1) =1
y—-1=0

+ Trueong hop 3:4 (x-y)’ =1<=>x=2,y=1,z=3
(x-1)* =1

Vay hé c6 3 nghiém (1,2,3);(2,1,3);(2,2,4)

Bai 48: Ta co:

X2 = 2y(x—y) = 2(x +1) <=> x* —2(y + 1)x +2(y* —1) = 0(1)

Dbé phuong trinh (1) ¢ nghiém nguyén x thi A' theo y phai la s6 chinh phuong
TacOA' =y’ +2y+1-2y* +2=—-y* +2y+3=4—(y-1)* <4

A'chinh phuong nén A” €{0;1;4}

+Néu A'=4=>(y-1)> =0<=>y =1thay vao phuong trinh (1) ta c6 :

) X
X" —4x=0<=>x(2-4) <=>
+Néu A'=1=>(y-1>=3<=>y¢Z

y=3
y=-1

+Néu A'=0=>(y-1) :4<=>[
+ Vi y = 3 thay vao phuong trinh (1) ta cé: x> =8x+16 =0 <=> (x—4)* =0 <=>x =4
+V6i y =1 thay vao phuong trinh (1) ta cé:x* =0<=>x=0
Vay phuong trinh (1) ¢6 4 nghiém nguyén : (x;y) €{(0;1);(4;1);(4;3);(0;-1)}
Bai 49:
Taco (1) @x* +x*+20=y’ +y
Ta thay x* +x* <x* +x* +20 < x* +x* + 20+ 8x*
X+ <y(y+1) < (X* +4)(x* +5)
Vix, y €Z nén ta xét cac truong hop sau
+THL y(y+1) = (¢ +1)(x* +2) & x* +x7 +20 = x* +3x* +2
o2 =18 x* =9 x=13

V6ix* =9 ,tacdy’ +y=92+9+20 < y* +y-110=0

THCS.TOANMATH.com TAI LIEU TOAN HOC




< y=10;y =-11(t.m)

+TH2.y(y+1) = (¢ +2)(x* +3) & x* +x* +20 =x* +5x* + 6

odl—lbex =1 (loai)
2

+TH3. y(y+1)=(x* +3)(x* +4) < 6x* =8 & x° =§ (loai)

+THA. y(y +1) = (x> +4)(x* +5) < 8x* =0 <= x> =0 <> x =0

V6ix* =0, ta Oy’ +y=20y’+y-20=0<y=-5y=4

Vay PT da cho c6 nghiém nguyén (x;y) la :

(3,10), (3;-11), (-3; 10), (-3;-11), (0; -5), (0;4).

Bai 50:

a) Giai st ton tai (x, y, z) thdaman x* +y* =7z* +5 < x* +y* +2* =82" +5 (*)

x* +y4 +2z=0,1,2,3 (mod 8)

Tacéd a* =0,1 (mod 8) véi moi sd nguyén a =
( ) s { 8z*+5=5(mod 8)

Mau thuan véi (*) vay khong ton tai (x, y, z) thoa man dang thtic.
b) Phuong trinh twong duwong véi
(1) (x=1) || (1) = (x=1) | =y e (22 +2) dx=y" > 8 +8x ="
Néu x>1=8x’ <8x’ +8x <(2x+ 1)3 =S (2x)3 <y’ <(2x+ 1)3 (mau thuan véi y nguyén)
Néu x < -1 va (x, y) la nghiém, ta suy ra (-x, -y) cling la nghiém ma —x>1= mau thuan
Néu x =0 thiy = 0 (mau thuan)
Vay (x, y) = (0, 0) 1a nghiém duy nhat
Bai 51:
Phuong trinh da cho tiong duwong 2x° —2xy +5y? —41=0. (1)
82
Tacd a', =82-9y*>0= y* < ' Mt khéc tie (1) ta 6 Y? 14 s6 16, nén yl e {1; 9}

Véi y=1=2x*-2x-36=0= x ¢ Z.
Véi y=-1=2x*+2x-36=0=>x¢ Z.
s . 2 X:].
Véi y=3=2x"-6x+4=0=
X=2.
s . 2 X:_l
Voi y=-3=2x"+6x+4=0=>
X =-2.
Vay c6 4 cdp s6 nguyén (X; y) thoa man la: {(1; 3),(2;3),(-L,-3),(-2; —3)}.

Bai 52:
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P=a;y" =b(abeZ)

Phurong trinh da cho trd thanh: a® =b® —b? —b+2(*)

=a’=b’-3b*+3b—1+2b*—4b+3=(b-1)" +(2b° ~4b+3) > (b-1)

Lai c6: a° =b° +6b° +120+8-7b” —130-6=(b+2)" —(7b* +130-6) < (b + 2)’

T (1) va (2) ta cé: (b-1)’ <a®<(b+2)’ =>b-l<a<b+2

a=>b

ViabeZ=
a=b+1

+) Véi a =bta co: (*)<:>b3=b3—b2—b+2
< b?+b-2=0<(b-1)(b+2)=0
b=1 a=b=1
= &
b=-2 a=b=-2
X8 = Yo7 =1 X =y =1(tm)
= =
X =y = 2| x=y ="-2(ktm)
+)Véi a=b+1:>(*)<:>(b+l)3 =b’-b’-b+2

<b*+3b2+3b+1=b*-b*-b+2
< 4b® +4b-1=0

b 1+\/_

(ktm)
1 J_

b= (ktm)

Vay (xy)= (1:1)
Bai 53:

a) Chitng minh rang.....

Ta co: 91=1.2.34.5.6.7.8.91as5 chin = X* 2= Xi2=>x=2m (MeZ)

=8m’+2y*+47° =91 4m® + y* + 27° =1.3.4.5.6.7.8.914 s5 chdn

=>y'i2=y2=y=2n (neZ)
= 4m* +8n®+27z°=1.3.4.5.6.7.8.9
<2m* +4n®+ 22 =1.2.3.5.6.7.8.914 s6 chin
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=17'2=12:2=1=2p(pelk)

= 2m°® +4n® +8p°®=1.2.3.5.6.7.8.9
o mi+2n°+4p®=1.3.56.7.8.9

m:2 X=2m:4
Chiing minh hoan toan twong tu ta ciing c6 n:2 (m; n,pe Z) = y=2n:4
p:2 z=2p:4
Vay ta c6 diéu phai chiing minh
b) Chitng minh rang khong ton tai.....
Theo ¥ a) ta ¢6 thé dat x =4a;y =4b;z = 4c (a;b;ceZz)

|
a4 20 4 4C° = % _1:23456789 4 556791388 chin

43
—ai2=>a=2u (ueZ)
= 8u®+2b°+4c®=1.35.6.7.9 < 4u’ +b* +2¢*=1.3.35.79=1.5.7.3"
Lai co:
(15.7.3%):3" = (1.5.7.3"):9
x*=0;#1  (mod9)(xeZ)
= a;b;ci9= (4u’ +b° +2¢°):9°
Nhung do 1.5.7.3* khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Bai 54:
XXy +2=x+yoxX-xy-x-y=2
e X(x*-1)-y(x+1)=-2

= (x+1)(x2 —x—y)=—2
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[ (x=-3
tm
{ e
=1
{ {X_l(tm)
ViX,yezZ= = Y=
X+1=1 x=0
{ (tm)
XP—X—y=-2 y=2
= — :_2
X+1=-1 {x (tm)
X -x-y=2 [ly=4

Vay hé phuong trinh c6 cdc nghiém nguyén (X;y) = {(=3:11);(51);(0;2);(-2:4)}

Bai 55:
Tim cac sO nguyeén x,y,z thoa man dong thoi:
X2 +4y* + 22 +2x2+4(x+2) =396 va X +y*=3z.
Tw diéu kién X*+Yy? =3z suy ra X’ +Y’ chia hét cho 3 hay x,y déu chia hét cho 3.
X2+ 4y + 22+ 2x2+4(x+12) =396 < (X +2+2)* =4(100-y?).
Suy ra: 100- y* 1a s8 chinh phuong va y?<100. Mit khic yi3 nén y’e {0;36}

= ye{0;6,—6} .
2 2
Xéty=0 2 = 3 v 3
(x+2z+2)" =400 X+2+2=20 |[x+z+2=-20

Tim dwgc x=6,z=12hodc x=-9,z=27.
x> +36=3z
(x+z+2)" =256

NG x?

z2=—+12 z=—+12
3 v 3

X+z2+2=16 |[X+z+2=-16
Gidira x,z¢Z. Vay (x;y;z) 1a (6;0;12) hodc (-9;0;27).

Xét y=6 hoac y=-6: {

Bai 56:

2x* —4y* —2xy—3x-3=0

N (2x2 —4xy—2x)+(2xy—4y2 —2y)—(x—2y—1) =4
< 2x(x—-2y-1)+2y(x-2y-1)—(x—-2y-1)=4

o (x-2y-1)(2x+2y-1)=4 (¥

Do X,y € Z,2x+ 2y —11é nén ta co6 cac treong hop sau day:
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(x=1
(2x+2y-1=-1 [ ([2x+2y=0 {y:_l(tm)
X—=2y-1=-4 X—2y=-3 7
(*) = =S <l x=L
2X+2y-1=1 2X+2y=2 3 (ktm)
X-2y-1=4 X—-2y=5 -4
L L y:?

Vay nghiém nguyén cua phuong trinh da cho la (1; —1)
Bai 57:

Ta co:

Phuong trinh da cho twong duong véi

3x* —2xy+y-5x+2=0

& 3X2—5X+2=2xy-Yy

< 3x* =5x+2=y(2x-1)

2_
= yz%(DO...XEZSZX—lqﬁ 0)
X_

Do x, y nguyén nén:

(3x* —5x+2)i(2x-1)
{3(2x—1)23(2x—1)
=N [4(3x2 —5X+ 2)—3(2x—1)2}§(2x—1)
& [-20x+8-3(-4x+1) |i(2x-1)
< (-8x+5)i(2x-1)
& [-8x+5+4(2x-1) i(2x-1)

< 1i(2x-1)

2x-1=1 X=1:>y:0
= =

2x-1=-1 X=0=>y=-2

Vay cac nghiém nguyén (X; y) ctia phueong trinh da cho la (l; 0) ; (O; —2)
Bai 58:
Vi x, y nguyén duong nén VP >0do d6 VT >0nén x>y

X3
Ta c6: 15xy :16(X3 - y3) —3711a s61é nén x,y déu 1é, do vay : {

Xét x =3thi y =1 thay vao phuong trinh thoa man
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Xét X>5
Ta c6:
x-2>y=16(x"~y’) 216 X’ - (x~2)" | =16(6x* ~12x+8)

15xy +371<15x(x — 2) +371=15x> —30x + 371

16(6x* —12x +8) — (15x" —30x +371) =81x* ~162x — 243 =81(x* - 2x—3)

Taco: X*—2x—-3>0,¥x25=16(x’ - y°) > 15xy +371

Vay truong hop nay vo nghiém
Vay phuong trinh ¢é cap nghiém nguyén duong duy nhat (X; y) = (3; 1)
Bai 59:
Ta ¢ 1 s6 chinh phuong khi chia cho 3 sé nhan dwgc s6 dw 1a 0 hodc 1 nén ta co:
(3k)? =9k?
(3k +1)* =9k* + 6k +1=1(mod3)
(3k +2)" =9k +12k + 4 =1(mod3)
Néu x,y > 3thi x,y khong chia hét cho 3 do d6 s6 du cua Vé trai cho31a 1-2.1=-1 chia 3
dw2voly do x> —2y? =1
= trong hai s6 x, y phai c6 mot s3 bang 3
Xx=3=29-2y’=1=y’ =4 y=2(y>0)
y=3=x"-29=1x*=19=xcQ
Vay céc cdp sd nguyén (x;y)=(3;2)
Bai 60:
X2 —xy+y?=2x-3y-2 X" —(y+2)x+y*+3y+2=0 (1)
A=(y+2)2 —4(y2 +3y+2):—3y2—8y—4
D& phuong tinh (1) ¢ nghiém thi A>0
= -3y°-8y-4>03y*+8y+4<0 & -2< ys-%
Viynguyénnén Yy =-2 hoac y=-1.
Véi y=-2, (1) = x*=0 < x=0.

x=1

Véi y=-1, (1) =>x-x=0 < [x—o
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Vay nghiém ctia phwong trinh: (0;-2),(0;-1),(L-1).

Bai 61:
-Véi y=0,tacé x=0.
-Véi y#0, taco:

2
xzy2 —)cz—6y2 :2xy<:>x2y2—5y2 =(x+y)2 @x2_5:@:a2 (an).
y

X=3
X=-3

X|+[a] =5

=3
-l =1~ <

xz—a2=5<:>{

y=-1

Khi x:3:>3y2—6y—9=0<:{

y=1
y=-3

Vay (xy) < {(0:0):(3-1): (33):(-32):(-3-3)}

Bai 62:
Coi phwong trinh da cho la phuwong trinh bac 2 an y c6 tham s6 x
Taco: A=4x"+12x+8
Vi X,y € Z = Ala sd chinh phuong

= AX® +12Xx+8=k?* < 4x* +12x+9-k* =1
& (2x+3)" —k? =1
< (2k+3-k)(2k+3+k)=1

[ (2x+3-k =1 [(x=-1
(tm)
2X+3+k=1

=S
2x+3-k=-1 X=-2
(tm)
| [2x+3+k=-1 |
Thay vao phuong trinh dé
V6i x=-1= (*) & y? -2y +1=0s(y-1) =0= y =1(tm)

Khi x=-3:>3y2+6y—9=0<:{

Véi x=-2=(*) < y2—4y+4=0<:>(y—2)2 =0< y=2(tm)
Vay tap nghiém cta phueong trinh da cho la (X; Y) = {(—1; 1) ; (—2; 2)}
Bai 63:

Nhaén ca hai v€ ctia phuong trinh véi 12 ta duoc:

36(a”+b°)-84(a+b)=-48 < (6a—7) +(6b—7) =50=5"+5" =1°+ 7’
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(6a-7=5
6b—7=5
6a—-7=-5
6b—7=5 [a=b=2(tm)
6a-7=5  |a=1 p_omkm)
6b-7=-5 3
{Ba— -5 a=2,b=%(ktm)
6b—7=-5
1, 1
~ a=—=;b==(ktm)
~7=1
(6a-7p=25 || 303
: 6h—7=7 aslty :z(ktm) )
(6b—-7)" =25 {Ga— =-1 3 {Ei:)
6b—7)" =49 -7=
2 {6b— =7 ib:O(ktm) a=0
(6a—7)" =49 3 b=1
(6 7)2 . {6a— =-1 |a=Lb=0 -
- e )
{6a—7:7 3
6b—7-1 a:% =f(ktm)
6a—-7=-7 4
6b—7=1 a= gb 1(ktm)
6h—7=-1
6a—-7=—7
|6b-7=-1

Vay tap nghiém ctia phuong trinh da cho la (a; b) = {(0;1);(1; O);(2; 2)}
Bai 64:
Tacd Y2 +y=x'+ X+ x>+ X 4y* +4y +1=4x" +4x> +4x* + 4x +1
(2y+1)° =(2x* +x) +(Bx+1)(x+1)
- {(Zy +1)% = (2x2 + x+1)2 —X(x+1)
Ta thdy : néu X <-lhodc X>2thi (3x+1)(x+1) >0 vax(x—2)>0nén t (1) va (2) ta suy ra
(2x2 + x+1)2 >(2y+1)° > (2x2 + x)2 (*) Loai vi khoéng ¢ s6 nguyén y thoa man.

Tedésuyra -1<x<2=xe{-10,12}
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Xét x=2=>y°+y=30=>y=5y=-6

Xét x=1= y*+y =4 loai

Xét x=0=y’+y=0=y=0,y=-1

Xét x=-1=y*+y=0=>y=0,y=-1

Vay hé da cho c6 6 nghiém 1a (0,5)(2--6)(0:0), (0;—1), (~1,0), (-1, ~1)
Bai 65:

T x> —Xy —5x+5y=2

< X(x-y)-5(x-y)=2

< (X-y)(x-5)=2

Vi2=12=21=(-1).(-2) =(-2).(-1) nén ta c6 4 treong hop sau:

-y=1 =6
Truong hop 1: {i—;:Z {;{:7(TM)

_y=2 -4
Truong hop 2:{§ g—l <:>{X_6(I'M)

. X—y=-1 y=4
T hop 3: M
Feong op {X—5=—2 {x=3(r )
. X—y=-2 y=>6
T hop 4: M
reong hop {X—5=—1 {x=4(T )

Vay c6 4 cap (x,y) théaman la: (7; 6); (6; 4); (3; 4); (4; 6).
Bai 66:
Ta cod xy> —(y—45) +2xy+x—220y+2024 =0 <= (y+ D(xy + x —y—129) =128 = -2’
= y+1e{24:8,16:32:64128) = y € {1:3:7:1531:63;127} = (x;y) € {(33:1),(25:3),(15:7)}..
Bai 67:
Xét phwong trinh:  x* —n’x+n+1=0 (4n sd x) (1)
Dé phuong trinh (1) cé nghiém thi A>0=n‘-4n-4>0=n¢{0;1} (do neN)
Goi x1, x2 la hai nghiém ctia phuwong trinh (1).
] o X, +X,=n’
Ap dung hé thitc Vi-et, ta duoc:

XX, =n+1
=X, +X,-X,X,=n"—n—1

< x (1-x,)-(1-x,)=n’-n-2

& (x, ~1)(1-x,) = (n-2)(n+1)
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& (x,-1)(x,—1)=(2-n)(n+1)
VéineN,ng{0;1} thi {zif;nlzj;

Do d6 x, 2L;x, 21= (x, —1)(x,-1)20=(2-n)(n+1)>0
=2-n20(don+1>0,vneN)=>n<2

Ma n e N,n ¢ {0;1} = n =2.Khi d6, phuong trinh (1) tr& thanh:
X’ —4x+3=0<(x-1)(x-3)=0

[X—I:O X=1(t/mer)
= =
X—3 x:3(t/mer)

Vay v6i n € N, d€ phuwong trinh da cho c6 cac nghiém la s& nguyén thi n = 2.
Bai 68:
ViX,yeZ=X+Y, X’ +YeZ
2 2
_ Xty 85

= — &85(x+ y)=13(x* + y*)>0
x+y 13

=>x+y>0.

2
Ap dung BDT: x*+y?> @ < (Xx—y)*=0 (ludn diang)
Ta co:

85(x + y)=13(x* + y2)2§( x+Yy) =x+y< %: X+y<13

Mat khac:
X+y>0 .
X+ Y=13=X"+y =85
X+Yy:13
Suy ra:
[ (x=6
M
{x+y=13 {y=13—x {y=7(r)
=3 =
x?+y2=85 |x?+(13-x) =85 X=7
(13-x) )6 ™)

Vay nghiém cua PT la: (x; y) =(6;7); (7; 6)
Bai 69:
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Cé: (8.+b)2 < 2(a2 +b2) suy ra n* < 2(n3 +2), hay n’(n-2)-4<0.
Néu n>3 thi n°(n-2)-4>n*-4>0 (Loai). Dodé n=0;1; 2.
Vé6i n=0; 1 chirakhong ton tai a;b thoa man dé bai.
Véi n=2 chira a=1b=3 hodc a=3;b=1 thoa man dé bai roi két luan.
Bai 70:
2020(x” +y*)—2019Q2xy+1)=5
&2019(x—y) +x*+y* =2024 (1)

2024
2019

=2019(x—y)> <2024 = (x —y)* <

Px—ﬂ=0
=
|x—y|:1

Néu [x—y|=0=x=y, tir (1) = 2x° =2024 = x* =1012 (v6 nghiém nguyén)

=0<(x-y) <1=0<|x—y<1

4 \ x_ :1 :x_l \ AY
Néu [y—y[=1thi |~ ° 7 |’ vate (1) =2+ =5 (2)
X— 1 y=x+1

(x=—1 =2
Thay y=x-1 vao (2) ta duoc: = X’ +(x-1)’ =5’ -x-2=0< * :{y

[x=1 =2
Thay y=x+1 vao (2) taduoc = x> +(x+1)} =5 2 +x-2=0| :{y

Vay phuong trinh cé 4 nghiém nguyeén: (x;y) = (-1;2);(-2;1);(1;-2);(2;—1)
Bai 71:
2(2x°y-x*-3y-1)=0<(2x* -3)(2y-1)=5 (*)

2y-1=1 =1
Suy ra 2y-1€U(5)={+1+5} ma 2y-1>-1Vy>0 nén { y @[y

2y-1=5 "|y=3"
x=2(n)

Véi y =1 thay vao (*) ta dugc 2x* -3=5< x2=4c{ 21
X=—

Véi y =3 thay vao (*) ta duogc 2x* -3=1< x> =2 X = +2 (loai).
Vay céc s6 nguyén duong thoamanla x=2,y =1.

Bai 72:
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\/x+7y+3+1:«/;+\/§
<X+ y+3+2\/x+7y+3+1=x+2\/ﬁ+y
o Jry 3=y -2
< X+ y+3:xy—4\/W+4
Xy—X—y+1
4
Néu xy 1a s6 khong chinh phuong thi VT la s6 vo ti con VP la s6 httu ti, vo 1y

Vay xy =k* = /xy =k
Ta co x+ y+3:xy—4\/ﬁ+4<:>x+ y+2\/x—y:xy—2\/ﬁ+1<:>(\/;+\/§)2 :(\/x_y+1)2

eVx+y =y -1
ey =k-1-Vx o y=(k-1) =2(k-1)Vx +x

S JXy =

(k—1)2+x— .
QIZZ(TD)/ vi (k>2)

Néu x la sd khong chinh phuong thi VT 1a s6 v ti con VP la s6 hitu ti, vo ly
Vay x la s6 chinh phuong, Ly luén twong ty thi y la s6 chinh phuong
Pat x=a%*;y=>b’
T (*) a+b=ab+1<(a-1)(b-1)=2
Ta tim duoc (a;h)=(2;3);(3;2) = (X ¥)=(4,9);(%4)
Bai 73:
PK:199 — 4 —20 >0 & (¢ +1) <200 = € {~15-14-13;..;1213} (Viz € 2)

Tacoidy’ =2+199 —a* — 22 =2+ /200~ (¢ +1) <2412 = 0<y’ <4, mayez

Suyra: y € {—2;—1;1;2} .

. r=—15 ) r=—15 5 z=-3
=1= ; =-1= ; =—a= ;
Y =13 y z=13 Y r=1
r=-3
y=2=
€Tr =

Vay tap hop cac cdp s6 (a:; y) nguyén thoa man dé bai la:

S = {(13;—1),(13;1),(—15;—1),(—15;1),(—3;2),(—3;—2)(1;2),(1;—2)}

Bai 74:
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Vi 2,y nguyén duong va (x; y) = (1; 1) khong thdéa man phuwong trinh nén
*+y +1>3ay+z+y>3.Suyra ay + 1 +y 1a wdc nguyén duong 1én hon 3 cta 30
gom: 5;6

Néuzy +z+y=5<« (:v + 1)<y + 1) = 6 ta duoc cac truong hop

r+1=2 r=1 N
+) & (thoa man diéu kién dau bai)
y+1=3" |y=2

r+1=3 T =2 N
+) & (thoa man diéu kién dau bai)
y+1=2 y=1

Néuzy+z+y=6< (x+1)(y+1): 7 khong thoa man

Vay céc cap so (x;y) thoa man la (1;2),(2;1) .

Bai 75:

Vié51énén 2X+5y+11eva 2" 4y +x2 +x 18

Ma 2X+11é nén 5y chén, suy ra y chén

Mit khac X* + X = X(X +1) chinnén 2" e, suy ra |X| -1=0 & x=11
Véix=1=(5y+3)(y+3)=65=>y=2

Véi x = -1 = (5y + 3)(y + 3) =65<5y*+4y—-66=0 Phuong trinh nay khong c6
nghiém nguyeén.

vay: (xy)=(12)

Bai 76:

Ta c6 2m.m? =9n? -12n +19 < 2m.m? = (3n-2)? +15

Néumlé = m=2k +1, ke N

=2m.m?=2.4km? = (3+1)k 2m? = 2m? (mod3) ma m?=0;1 (mod3) nén 2.4x.m? =0;2 (mod3).
Mat khac (3n-2)? +15 =1 (mod3)

Vay truong hop nay khong xay ra

Néu m chdn= m=2k, ke N  thi ta 6 phuong trinh

2%m? - (3n-2)2=15 < (2m +3n-2) (2.m -3n+2) = 15 (*¥)

Vim,n € N nén 2<m +3n-2 > 2k.m -3n+2 va

2km +3n-2 >0 = 2<m -3n+2 >0

2*m+3n-2=5
2*m-3n+2=3

2*m+3n-2=15
Do dé (*) & ¥ hoac
2*m-3n+2=1
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2, 3n-2=15 Kok =
THL: (- = 22K 8(V6 nghiém)
1 2m-3n+2=1 n=3
[2*m+3n-2=5 kok = k=1 [m=2
TH2: ¥ o Zk=4 -
2*m-3n+2=3 n=1 n=1 n=1

Vay phuong trinh da cho c6 nghiemm=2,n=1

Bai 77:

T biéu thitc (x° —x+1)(y* +xy) =3x—1 ta nhéan thay 3x-1 phai chia hét cho (x2—x + 1)
ta co (3x - 1)(3x - 2) =9x2- 9x +2 =9(x2— x + 1) - 7 cling phai chia hét cho (x*—x + 1)
suy ra 7 chia hét cho (x*- x + 1)

(x?-x+1)=1hoac?7

Thay x =0,1,3 va -2 lan lwgt vao ta c6 y => (x,y) = (1,1),(1,-2) va (-2,1)

Bai 78:

Phuong trinh da cho c6 thé duoc viét lai thanh x?(y —2)° +y° —3y? +4=3

hay (y—2)2(x2 + y+1)=3.

Suy ra (y-2)° =1 va X’ +y+1=3. Gidi ra, ta duwoc x=+1 va y=1. Vay c6 hai cip s8 nguyén
(x;y) thoa man yéu cau cta dé baila (1) va (-11).
Bai 79:
biéu kién: x>0;y 2;vx+y—-220
Véi diéu kiéu kién trén binh phuwong 2 vé'ta c6
2(vx+y-2)=vxy @ (2-y)-2(2-y) =0 = (2-y)(vx -2) =0
Sy=2vx=4
Két hop voi diéu kién ta co6: x=0,y=2 va x=4,y >0
Bai 80:
Ta cd x2 + xy +y? = x%y?
< (x+y)P=xy(xy+1)
+Néux+y=0= xy(xy+1)=0& [xyzo
xy =-1
Véixy=0.Kéthop véix+y=0 = x=y=0
x=1 x=-1

Voixy =-1. Kéthop véix+y=0 = {y=—1 hoac {yzl

+Néux +y=#0 = (x +y)?laso chinh phwong
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xy(xy + 1) la hai s6 nguyén lién ti€p khdac 0 nén ching nguyén td cung nhau. Do dé khong
thé cting la s6 chinh phuwong
Vay nghiém nguyén cua phuong trinh la (x; y) = (0; 0); (1; -1); (-1; 1)
Bai 81:
Tacd X’ +y’ =xy’ +1 < (x5 —1)—(xy2 —y2)=0

@(X_l)(x‘*+x3+x2+x+1)—y2(x—1)=0<:>(x—1)(x4+x3+x2+x+1—y2)=0

x-1=0
=
X+ X+ +x+1=y?

*Néux—-1=0=x=1tacd 1+y”> =y’ +1 dling vdi moi y nguyén
Vay ngiém cua PT 1a (1;y e Z)

Néu x* +x° +x* +x+1=y? = 4x* +4x° +4x* +4x+4 = (2y)’

Ta co

(Zy)2 —(2x2 +x)2 =4x* + 4 + 47 +Ax+4—4xF -4 - X
2
=3x’ +4x+4=3[x+3j 220
3 3

Vay taco (2x° +x)? <(2y) *

Tac6 (2 +x+2) ~(2y) =5x* 20, Véy ta cd (2y)’ > (2% +x+2) **
Tir* va ** ta c6

(@ +x) <(2y)" <(2¢ +x+2) = (2y) =(2¢ +x+1) ;
(2y)" =(2x¢ +x+2)

Néu (2y) =(2¢ +x+1)* & - +2x+3=0 x> ~2x-3=0

@(x+1)(x—3)=o@[z:_l

+tnéu x=-1=y’=1=y=+1

+Néu x=3=>y’ =121=> y=+11

Néu (2y) =2 +x+2) & 5’ =0 x=0=>y> =1=y==1.

Két luan (x, y) = (-1, 1); (-1, -1); (3, 11); (3, -11); (0, 1); (0, -1); 1 (Ly € Z).
Bai 82:

Gi4 thiét < 3(x-3) ~18y? +22° +3y°2> =54 (1)

+) Lap luan dé€ z*:3=2z:3=2"19=12"29 (%)
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(1)< 3(x—3)* +22> +3y*(2> —6) =54 (2)

(2)= 54 =3(x-3)* +22" +3y*(z* —6) = 3(x—3)* +2.9+ 3y>.3
(x=3)*+3y* <12

=y’ <4=y’ =1y =4 viynguyén duong

Néu y* =1« y=1 thi (1) c6 dang:

3(x—3)2 +52> =72 = 52> <72 = 7° S7—52:>z2 =9=z=3(vi c6(*))

Khi dé 3(x —3)2 =27= (x —3)2 =9, x nguyén duong nén tim duogc x=6

Néu y* =4 < y =2 (viy nguyén duong) thi (1) ¢6 dang;:

3(x—3) +142% =126 = 142> <126 = 2’ <9 = 7’ =9 = z = 3 (vi z nguyén duong)

x=3 |[x=6
Suy ra (x—3)* =0= x =3 (vi x nguyén duong) . Ddp s6 {y=2;1y=1
z=3 |z=3
Bai 83:
bat a=x+y,b=xy(a,beZ) va a’ >4b
\ ) \ 2 2+b
Phuong trinh (1) tro thanh: b .a+a=2+b<:>a:b2 n
+

Do d6: (2+b)i(b*+1)=a’ —4ib’ +1=(a’ +1)-5ib* +1=5ia’ +1

:>a2+le{1;5}:>ae{0,4}:>ae{0;—2;2}

. xy =0
Véi a=0:>b=2:>{x+y:2<:>(x,y)e{(0;2),(2;0)}

o 5
g Xy =2 y=—2 s A
Véia=-2=b=0= = (loai vi khong théa man x, y nguyén)

x+y=0 {x=—\/§
Ly=v2

Véia=2=b= % (loai vi b khong nguyeén)
Vay nguyén (x, y) = (0, 2); (2, 0).
Bai 84:
Ta c6: xy* +2xy 243y +x =0 & x(y+1)° =243y
243y

Vi y+1#0 néntacod: x = 5
(y+1)
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Do (y,y +1)=1nén (y+1)" laudc ciia 243 . Mjt khdc: 243=3°

Do dé: (y+1) =3*v(y+1) =3*

Véi: (y+1) =3 = y=2,x=54

Véi: (y+1) =3' = y=8,x=24

Vay nghiém dwong cuia phuong trinh la: (x, y) = (54, 2); (24, 8)

Bai 84: Xét phuong trinh x* =y’ + \/m VOl x,yeZ'

Xéty =0 thi x* =1 do x nguyén dwong nén x = 1

Xét y=21=x2=3. Ta co: (x+y)2 (x—y)2 =y+1:>(y+1)5(x+y) (vo ly)
Do d6 s6 nguyén khong am phai tim la (x, y) = (1, 0).

Bai 85: Ta c6 y° =1+,[13—(x* +4x+4) =1+[13-(x+2)" <1+13

Suyra 1<y®<4

Véi y* =1=13=(x+ 2)2 khéng c6 nghiém nguyén.

V6i v =4=3=/13-(x+2) & (x+2) =4 & x=0vx=—4

Vay phuong trinh ¢6 4 nghiém (-2, 0); (-2, -4); (2, 0); (2; - 4).
Bai 86:
Ta co: |4—3x| =5-a (1)

4 -1
Xét x <— , ta duwoc x=2"2
3 3

a-1_4
b€ x nguyén duwong va thudc khoang dang xét ta giai hé A 3 3=a=4
a-1:3
Khi d6 x=1.
Xétx>é,tadu>ocx:9_a.
3 3
9;a>_ a<b
Gidihé: { 3 3@{ .. &a=3k voi k<1,
. a:3
9-a:3
Khi dé x=3 -k

Vay ta can a = 4 hodc a = 3k véi k nguyén, k<1.
Bai 87: Ta co:
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x2y2+(x—2)2+(2y—2)2 —2xy(x+2y-4)=
P x2y2+x2—4x+4+4y2—8y+4—2X2y—4Xy2+8Xy:5

<:>(X2y2—4xy2+4y2)+(X2—4x+4)+(—2x2y+8xy—8Y)= -
& yz(x2 —4x+4)+(x2 —4x+4)—2y(x2 —4x+4)=1

<:>(x2—4x+4)(y2+1—2y)=1<:>(x—2)2(y—1)2=1
TH1:(x-2)=(y-1)=1lex=3va y=2
TH2: (X 2) ( - )=—1<:>X=1 va y=0
TH3: (x—=2)=—(y-1)=1<>x=3 va y=0
THA4: ( ) (y 1)——1<:>X=1Vé y=2
Vay phuong trinh ¢6 cac cdp (X;y) nguyén la: (3;2);(13;,0); (3;0);(12).
Bai 88:
Pat Vx=a,a>0, y’=h,b>0.
4y* +6y° —1=x
& 4b® +6h-1=a’
< 16b* +24b—4 =43’
< 16b* +24b+9-4a° =13
& (4b+3)° -4a® =13
<> (4b+3-2a)(4b+3+2a)=13

Lap bang
4b+3-2a 1 13
4b+3+2a 13 1
a 3 -3
b 1 1

Nhan Loai

X 9
y 1

Vay phuong trinh c6 nghiém nguyén la (x;y) la (9;1).

Bai 89:

Tacd (x-y-1)(x+1-y)+6xy+y*(2-x—-y)=2(x+1)(y+1)
& (x—y) —146xy—y2 (x+y-2)=2(x+y+xy+1) & (x+y) —y?(x+y-2)=2(x+y)+3
e (x+y)(x+y-2)-y (x+y-2)=3 <(x+y-2)(x+y-y*)=3
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Vix, yeZ nén X+y-2; x+y—-y® 1a cic uwdc cua 3

4 X+y-2=1 y> =0 X=3
= = .
x+y-y’=3 |[x+y=3 |y=0

{x=3 {X=7
X+y-2=-1 2 = =-2 X+y-2=3 2= =-2
o [prym2=t Jyea fly==2 g rye=s e fly=2
X+y-y’ =-3 x+y=1 Xx=-1 X+y-y =1 X+Yy=5 x=3
y=2 y=2

_o—_ 2 _
R IS e
Vay cac cdp s6 nguyén (x; y) la (3,0); (3;-2); (-12); (7;-2); (3;2); (-1,0).
Bai 89:

Ta co

(x—2018)" +1=y* +9y* +1-6y° —6y + 2y’ = (y* —3y +1)

2

<:>(y2 —3y+1)2 —(x—2018)2 :l<:>(y2—3y+1+x—2018)(y2—3y+1—x+2018):1

(y*-3y+1+x-2018)=-1 (x=2018 x=2018
TH1 : <:>{ ) &4ly=1
(y?-3y+1-x+2018)=-1 [y —-3y+2=0 _
y=2
(y?-3y+1+x-2018)=1 (x=2018 x=2018
TH2 : =R <<ly=0
(y?-3y+1-x+2018)=1 [y —-3y=0 y=3

Véy phuong trinh 6 nghiém (x;y) € {(2018;0);(2018;1);(2018;2);(2018;3)}.
Bai 90:
Taco ()= (y-2)(y-3)+56=(y-2)x*+(y-2)(y—4)x
<:>(y—2)[x2+(y—4)x—(y—3)]:56
< (x-1)(y—-2)(x+y—3)=56.
Nhén thdy (y—2)+(x—1)=x+y—3, nén ta phai phan tich s6 56 thanh tich ctia ba s&

nguyén ma tong hai s6 dau bang sd con lai.

Nhu vay ta co
+)56=1.7.8=(xy)=(2;9).
+)56=7.1.8=(x;y)=(8;3).

+) 56 =(-8).1.(-7)=(x;¥)=(-7;3)
+) 56 =1.(-8).(-7)=(x;y) =(2;,-6)
+) 56 =(-8).7.(-1) = (x;¥) =(-7;9)

+) 56 =7.(-8).(-1)=(x;y) =(8;-6).
Vay phuong trinh c6 6 nghiém nguyén nhu trén.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Bai 91:

Taco 2X* +2y? +3x -6y =bxy -7 < (x-2y)(2x -y +3) =7
Xét cac truong hop ta c6 (X;y) =(3;2);(-5;-6);(—7;—4);(L 4).

Bai 92:

Dé phuong trinh c6 nghiém thi 9x* +16x + 32 phai la mot s& chinh phuong.
Khi d6 9x* +16x+32 = t*(t € N). Phuong trinh trén twong duong voi
81x* +144x +288 =9t <> 81x” +2.9.8 + 64 +224 =9¢t°
© (9x+8-3t)(9x+8+3t) =224 =-2"14 = -2°28 = 2756 = —2.112
=2'(-14)=2°(-28)=2%(-56)=2.(-112)
Tacé xeZ;te Nnén Ix+8+3t>9x+8-3t 9x+8-3t;9x+8+3t cung tinh chan lé.
Lai thdy 9x+8+3t va 9x+8-3tdéu chia 3 du 2 khi d6 ta c6 cac truong hop sau.

O9x+8+3t=14 9x+8+3t:56. I +8+3t=8 _9x+8+3t:2
Ix+8-3t=-4" Ix+8-3t=-112

9x+8-3t=-16" 9x+8-3t=-28"

Giai cac treong hop trén ta dwoc x {—7 ;—2;-1; 2}

+V6i x=-1=-27-16y =5 = y = -2 (thoa man).
+Voi X=—2:>—30—16y=6:>y=—%(loai).

+Véi X=2:>—18—16y=10:>y=£ (loai)

+V6i x=-7 = -45-16y =19 = y = -4 (thoa man)
Vay nghiém nguyén cua phuong trinh la (x; y) = (—1,' —2),(—7; —4).

Bai 93:

THCS.TOANMATH.com

Phuong trinh tiong dwong véi x° +3xy +2y” —x—5=0. nhan thay day la phrong
trinh c6 bac la hai nén ta sé st dung delta d€ giai phwong trinh nghiém nguyén nay.
Phurong trinh twong duong voi x* +3xy +2y* —x-5=0 <> x* +(3y —1)x+2y* -5=0
Xem phuong trinh la phurong trinh bac 2 an x ta dwoc
A=(3y-1) -4(2y*-5)=y* ~6y+21=(y-3) +12
b€ phuong trinh trén cé nghiém la nghiém nguyén thi A la s6 chinh phuong.
bat A =(y—3)2 +12=a’ < (a—y+3)(a+y—3)=12 véi ala s6 nguyén.

Vi a-y+3 va a+y-3 clung tinh chdn 1é nén ta ¢4 bang sau

a-y+3 2 6 -2 -6
a+ty-3 6 2 -6 -2
a 4 4 —4 —4
y 5(TM) | 1(TM) | 1(ITM) | 5(TM)
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Thay y =5 vao phuong trinh da cho ta dugc x* +14x +45 =0 < x € {-9; -5}
Bai 94:
Taco X(X +x+1) =4 -1 (x+1)(x* +1) =4
Do X,YeZ=X,y2>0
-Néu x=0=y=0=(x;y)=(0;0) la nghiém ctia phuwong trinh da cho.
-Néu X>0=y>0=x+1 chdn, dat x=2k +1(k =0)
Khi d6 (k+1)(2Kk* +2k +1) = 4"
Do 2k*+2k +1 1a s8 1é nén suyra k=0=>x=1=y=1=(xy)=(L1)
Vay phuong trinh da cho ¢6 nghiém (x;y)=(0;0);(11)
Bai 95:
Viét phuong trinh da cho vé dang: 9.(3 -2 +19) = 12 (x=2). D€ y 1a s6 nguyén thi diéu
kién can va da 1a 3¢-2 + 19 = z2 1a s0 chinh phuwong (z la s6 nguyén duong)
Néu x —2=2k+11as01é thi 3%**1+19 = (3%+1 + 1) + 18 = 4.B + 18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la sd chinh phuwong.
Do d6 x — 2 =2k 1a s6 chan

Tacd3*-2+19 =22 <:>(Z—3k)(z+3k):19. Vi 19 1a s6 nguyén t0 va 7-3<z+3“nén

7-3=1 z=10 z=10
{z+3" =19 Q{sk =9<:>{k:2
Vay x =6 vay = 30.
Bai 96:
Néu x=0= y =1 thoa man
Néu y =0= x ¢ Z khong thoa man
Xét x#0;y #0 phuong trinh da cho cé dang
4545 (541 +1) = 4.54x%.y° < (427% +1) = (6xy)’ +1
Dat 4.27x° =a;6xy =b ta duoc phwong trinh
(a+1)2 =(b+1)(b2 —b+1) (*)
T (*) tathdy b+1>0. Goi UCLN(b+1Lb*-b+1)=d
b+1:d , . :
:>{b2 bl =b’-b+1=b(b+1)-2(b+1)+3:d = 3id
Mat khac (a+1)"=(4.27%°+1)khong chia hét cho 3 nén 3 khong chia hét
d=d=1=(b+Lb’~b+1)=1
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Tt (*)nhan thdy tich hai s6 nguyén td cing nhau la mot s6 chinh phuwong nén phai
c {b:l: m’ , (m;n e N*:m > 2:m? 24)
b*—b+1=n
Ta 6 n® =(m? -1} —(m?~1)+1
o n?= (m2 —1)2 —(m2 —2) (1);n? :(m2 —2)2 +(m2 —1) (2)
T (1) va (2) = (mz - 2)2 <n’< (m2 —1)2 v0 ly suy ra phuong trinh (*) vo nghiém.
Vay phuong trinh c6 nghiém duy nhat (x;y)=(0;1).
Bai 97:
Taco: 5(X* +xy+Y*) =7(x+2y) (1)
— T(x+2y):5 = (X+2Y):5. pst x+2y =5t (2) (teZ) thi
(1) trothanh X +Xy+y° =Tt (3).
T (2)= X =5t —2Y thay vao (3) ta duoc 3y? —15ty + 25t -7t =0 (*), coi day la
PT béc hai ddi véiy co: A =84t —75t°
D& (%) ¢ nghiém <> A > 0.« 84t — 75t >0 @oas%

ViteZ =1t=0 hoic t=1.Thay vao (*):
+Véit=0=>Yy,=0=x =0
=3=Xx,=-1
+Vc’yit=1:>{y2 ?
Y, =2=> X, =1

Vay phuong trinh cé 3 nghiém nguyén (x, y) 1a (0; 0), (-1; 3) va ( 1; 2)
Bai 98:

Tac x(1+x+x*)=4y(y-1) < (X +X*)+ x+1=4y’ —4y +1

e (x+1)(¥ +1)=(2y-1)" (1)

Vi x,yeZ:>(2y—1)2 >0 nén ttr (1) suy ra X=0 va x chén.

2

Giadu (x+Lx°+1)=d=d léva {Xz_ 2= d-1
X“+1:d
Vi (X +1)(X2 +1)1;‘a sO chinh phuong ma (X+1; X’ +1)=1 nén (x+1) va (X2 +1)
cting la hai s6 chinh phwong.
Do x>0 = x2 <X’ +1<(x+1)’ = x* +1=(x+1)" = x=0
y=0
y=1
Vay hai cdp s6 nguyén(x;y)=(0;0);(0;1)

Khi x=0:>4y(y—1)=0:>[
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Bai 99:
Ta c X* = 2X+Y2zd & (X -1)° =yz25; x,y, z<Z' va ¥,2€{12;..;9}
Suy ra X—1 ¢6 dang ab
Do d6 yzz5=a5 = (10a+5)% =100a(a +1) + 25
Suyraz=2=y+z+z+5=y+9
Vi (x-1)° = ﬁ 1a s8 chinh phuong va cé tdng cac chit s8 bang y+9 nén ﬁ
chia cho 9 du 0,1,4,7. Do d6 y €{1;4;7}
Khi d6 tim duoc (X,Y,2) € {(36;1;2);(66;4;2);(86;7;2)} .

Bai 100:
Ta co \x+23 =\Jy +47 & x+24B3=y+2+2\/yz
& (x—y-2)+243=2yz = (x-y -2 +4J3(x—y-2)+12=4yz (1)

2
TH1. N&u x—y—z+0 Ta c6 3o dyrmlxmy—2) 12 2) vo 1y
4x-y-2)

(do x,y,ze N nén vé€ phai cua (2) la sd hitu ty ).

X—y-2z=0
TH2. x—y -z =0 khi d6 (1)@{ y 3)
yz=3
X=4 Xx=4
Giai (3) ra ta dwgc 1Y =1 hodc 1y =3 thit lai thoa man
z=3 z=1

Bai 101:

22+ X+ y +1=x+2y°+ xy o X - x(2y -y +1)+ 2y’ -~y -1=0 ()

Dit 2y’ — y +1=a, khi d6 PT (1) tro thanh < x*—ax+a—-2=0 (2)

Phuong trinh (2) c6 A =a?~4a +8=(a—2) + 4

Phuong trinh (1) c6 nghiém nguyén < Phuong trinh (2) c6 nghiém nguyén

= A la s6 chinh phuong

Pit (a-2) +4=k> (keN ) o k’-(a-2)=4 o (k+a-2)(k-a+2)=4

Vi (k+a-2)+(k-a+2)=2k lasd chdn va co tich cling 1a s6 chan nén (k+a-2) va
(k-a+2) la sd chan.

|lk+a-2=2 k+a-2=- k=2 k=-2
Do dé6 hoac = hoac
= a=2 a=2
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a+vk? 2+2

= 2
Vay phuong trinh (2) c6 2 nghiém la 2 2
a-vk® 2-2
= = =0
2 2
Tacd 2y’ —y-1=a=2< 2y°-y-1=0 ©2y°-2y+y-1=0
y=1
< (y-1)(2y+1)=0«|  1.Tachon y=1(viy € 7)
Y773
Vay nghiém nguyén (x ; y) cua phuong trinhla (2; 1) va (0; 1)

Bai 102:
Xét x=1=>y=1.

Xét x> 2 thi 4%i8. Néu y chin, dat y=2k(keN)=1+3" =1+9" =2(mod8),
vo li
Néu y ¢ y=2k+1(keN')=1+3" =1+9"3=4(mod8), v5 .

Vay X=Y =1 thoa man yéu cau bai toan.

Bai 103.

Nhian thay x, y 1 cic s6 nguyén khong am va 11296320 = 2°.414/105 1a s8 v6 ty.
Phuong trinh da cho c6 thé viét lai:

(x+y) +4xy—3361=4(x+y)\xy —328v105 (1)

V& trai cua (1) la s6 hitu ti nén diéu kién can va du d€ phuong trinh c6 nghiém nguyén la
ctia vé& trai va v& phai ctia (1) déu bang 0. Khi d6 ta c6 hé phuong trinh:
(x+y) +4xy—3361
4(x+y)yfxy 328105 =0
S*+4P-3361 (2)

SVP =824/105  (3)

bat S=x+y,P =xy ta c6 hé phuwong trinh: {

822105

Tt (3) rut ra dwoc: P= —
S

Thay vao (2) thu gon ta duoc:

S*-3361.5" +4.82.105=0 < S* =1681v S* =1680 = 41°
Do do: S=41,P =420.
Suy ra x, y la nghiém ctia phuong trinh:
) t=20
t°-42t+420=0 <
t=21

Vay phuong trinh c6 2 nghiém (20 ; 21) va (21 ; 20).
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Bai 104.
Ta thdy (x, y) = (0, 0) khong 1a nghiém ctia phuwong trinh.

Véix, y khac 0: (1) < [4x—6y|+[9x—6y|=[313(x* +y?)

Ta dé dang chiimg minh duoc: |A|+|B|= {|A+ Bl (A.B>0)
|A-B| (AB<0)
Néu (4x-6y)(9x—6y)=0 thi
(2) & [13x-12y| = [313(x¢ +y?) & 1445 +2.13.12xy +169y* =0 & 12x + 13y =0
Vi (13,12) = 1 nén (x,y)=(13k;-12k) véi ke Zva k=0
Néu (4x-6y)(9x—6y)<0 thi
(2) & [5x|=[313(x* +y?) > 288x* +313y* =0 (VN)
vay phuong trinh c6 nghiém (x,y)=(13k;-12k) v6i ke Z va k=0
Bai 105.

A 1
Phwong trinh da cho duoc viét dwdi dang: y = ATV N SN 4y =2x+1 +i
2 4 4(2x+1) 2x+1

Vi x,yeZ=2x+1 la wéc cua 3 :>2x+1e{1;—1;3;—3}
Vay nghiém cta phuong trinh la: (0;1),(-1;-1),(1;1)(-2;-1)
Bai 106.

Néu (A+B\/§)z =C+Dv3 thi C=A> +3BZ,D=2AB:>(A—B\/§)2 —C-D\3
Do d6 néu (x+yJ§ )2 = 444444 + 30303043

2
Thi ta ciing c6: (x—y+/3) =444444-303030\3 (v6 1)

Do 444444 —303030+/3<0.

Bai 107.

Dats=x+y, p=x.ykhidd s,pe N .Luc dé phuong trinh tr6 thanh:
3s =4p+664 (1)

Néup=1thi s¢ N (mau thuan)

Vivay p22 va 3s* 2672 =" 2224 (2)

Mit khéc tir diéu kién: s* > 4p , ta c6 3s® —664 <s’. Vivay: s> <332 (3)

Tix (2) va (3) ta c6: s* € {256,324/
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a) s°=256=>s5=16,p=26=>x¢N'.

b) s* =324=5=18,p=77=(x,y)=(117);(7,11).
Vay phuong trinh ¢é 2 nghiém (x, y) = (11, 7); (7,11).
Bai 108.

Ta cé:

x>+ Xy +xy’ +y° =8(x2 +Xy+y° +1)

c>x(x2 +y2)+y(x2+y2)=8(x2+y2)+8xy+8
<:>(x2+y2)(x+y—8):8xy+8 (1)

Suy ra: x, y chung tinh chin 1é va (x +y - 8) 1a s6 chan.

2
X+ 2
Né&u X+y-826 thi x*+y? 2%2%%

Suy ra: (x2 +y2)(x+y—8) > 6(x2 +y2> > 2(x2 +y2)+8xy > 8+ 8xy, phuong trinh (1) khong
thoa.

Néu x+y—-8<—4 thi (x2 +y2)(x+y—8)s—4(x2 +y2)S8xy<8+8xy , phuong trinh (1)
khong thoa.

_2 _8
N&u X+y-8=2thi (1) x2+v2 =4xy+4 . Khidé: x+v=10xy =161« ~vi¥
y y* =4xy y y A

Néu x+y-8=0thi (1) < 8xy+8=0< xy+1=0, phuong trinh khong c6 nghiém nguyén
vi x+y=8

Néu x+y-8=-2thi (1)< x* +y* +4xy+4=0 . Khi do: x+y =6,Xy =-20khong c6
nghiém nguyeén.

Két luan: Nghiém nguyén ctia phuwong trinh la (x, y) = (2, 8) ; (8, 2).

Bai 109.

Phuong trinh da cho ¢ dang: x* + 17[}72 +2xy +3(x+ y)] =1740

Chti y rang véi s x nguyeén, x c6 thé c6 dang nhuw sau:

x=17k*r véire{0,1,2,3,4,5,6,7,8} vakeZ

Tir d6 suy ra: x* € {17k, 17k +1,17k +4,17k+9,17k +8,17k +16,17k + 2,17k +15,17k +13}.

Nhan thdy rang v& phai 1a 1740 khi chia cho 17 ¢6 s dw 1a 6. Tron khi d6 vé tréi khi chia
cho 17 trong moi treong hop déu khong c6 s6 du 1a 6. Vay phuong trinh da cho khoéng ¢
nghiém nguyeén.

Bai 110.

Ta co:
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(x+y+z (x +y +z3):3 x+y)(y+z)(z+x)
©27-3=3(x+y)(y+2)(z+x)
(x+y)(y+z)(z+x) 8 (*)

X+y=aeZ
bat y+z:beZ.KMd@(ﬂczdx=8:>mhce@$ili&iﬁ
z+x=ce”l

Vix, y, z vai tro binh dédng nén ta giai st: x<y<z=axb2c

Khi d6 ta co: a+b+c:2(x+y+z):2.3:6:>a22

. , |b+c=4 b=2
Voia=2taco: = Sx=y=z=1
bc=4 c=2
s . /4 b+C=2 Pay V4 N P
Véia=4taco: { bee1 (khdng c6 nguyén nguyén)
CcC=

S x-5y=4,z=4.

.. , |b+c=-2 b=-1
Véia=8taco: =

bc=1 c=-1

Véy hé da cho c6 4 nghiém: (x,y,z)=(1,1,1);(4,4,-5);(4,-5,4);(-5,4,4).

Bai 111.

Ta cé:

3x* +6y> +22° +3x’y* —18x-6=0

& 3(x* —6x+9)+6x* +22° +3y’2* =33

©3(x-3) +(3y* +2) (22 +2) =37

Dé dang thay: 3(x —3)2 <3B < (x —3)2 <11

Suy ra: (x—3)2 IS {0,1,4,9}

+V6i (x-3) =0= (3y?+2)(2* +2) =37

Nhan xét: 3y* +2>2 va z°+222 (%)

Vay truong treong hop nay phuong trinh vo nghiém

+V6i (x-3) =1=(3y’ +2)(#*+2)=34 . Do () nén {3y2+2=17v{33’2+2=2

z2+2=2 z2+2=17
Khong ton tai gia tri nguyén cua X, y nén trong trueong hop nay phuwong trinh vo nghiém.

3y2+2=5

G (-3 =42 (37°2)(+2) 5. Do e 712
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Khong ton tai gia tri nguyén cua x, y nén trong trueong hop nay phuwong trinh vo nghiém.

+V6i (x-3)" =9:

3y*+2=2 |3y*+2=5 =1 =-1
}; * v }; * = y vV y
z°+2=5 z°+2=2 z=0 z=0

:>(3y2+2)(zz+2)=10c>{

Két luan phwong trinh da cho c6 4 nghiém nguyén:

(x,y)=(6,1,0);(6,-1,0);(0,1,0);(0,-1,0)

Bai 112.

Tim tdt cd cic cip s6 nguyén duwong (a,b) théa min dang thirc:
a’-b’+3(@’-b*)+3(a-b)=(a+1)(b+1)+25.

a® —b* +3(a? —b?)+3(a—b)=(a+1)(b+1)+25

o (@ +3a*+3a+1)— (b’ +3b° +3b+1)=(a+1)(b+1)+25

e @+1)’ —(b+17° =(@+1)(b+1)+25 (*)

bat x=a+l,y=b+1(x,yeZ;x,y>2).

Khi d6 (*) tro thanh: x° —y® =xy +25 < (x—y)(x> +xy +y*) = xy +25 (**)

+ T (*)suy ra x>y =>Xx-y =1, ma x> +xy+y”’ >0 nén:

x> +xy+y’ <xy+25=x"+y’> <25=x<4 (1).

+Honntta: X >y va X,y >2 nén Xy 26.

Suyra X’ -y’ =xy+25>31=x>>31=x>3 (2)

Tix (1) va (2) suy ra: x=4.Do X>y va y>2 nén ye{2;3}.

=4 =3 [ v
+ Thtr lai, chi co {X thoa (**). Suy ra {E 5 la cap sO can tim.

Bai 113.

PT [ x* +4(y*+7)] =17[x4 +(y? +7)2}
& 16x =8x* (y2 +7)+(y* +7) =04 —(y? +7)}2 =0
Sl -y -7=0=(2x+y)(2x-y)=7

Do X,y nguyén duwong nén 2x+y 22x-y va 2x+y >0

. |2x+y=7
Vay {2x—y=1 <:>(x;y):(2;3)

Vay phuong trinh c6 nghiém (x; y) = (2; 3)
Bai 114.
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)y =y 1y (x5 ey B o
X =X= X" =X+

Do x2—x+1=(x—1)2+§>0 va x* —x+1=x(x-1)+1lasdlé
4
Mit khdc y la s6 nguyén nén phai c6 (3x—2)§(><2 —x+1) hay (3)(2 —ZX)E(X2 —x+1)
Lai c6: 3(x2—x+1)3<x2—x+1).8uy ra: (x—3)5(x2—x+1):>(3x—9)5(x2—x+1)
—9)i(x2 —
Ta c6: (5 9).()( X+1):>7§(x2—x+1)
(3x—2)3(x2—x+1)

Néu x'-x+l=1¢< [X . ta dwoc nghiém (0, 1); (1, 7)
X

Néu x* -x+1=7 < {xx=_—2

Vi x = -2 thi y khong nguyén

Véix=3thiy=7.

Vay phuwong trinh cso 3 nghiém (x, y) = (0, 1); (1, 7); (3, 7).
Bai 115.

Ta c6: 25=(ac-3bd) +(ad +bc) =8(bd) +(ac—bd)’ +(ad—bc) <8(bd)’.
2 25 . A A
Suy ra (bd) < ry <4 ma bd nguyén nén |bd| <1
Véibd =0 thi ta tim dwgc cac bd so (a, b, ¢, d) nhu sau
(1,0,4,3),(-1,0,-4,-3),(4,3,1,0),(—4,-3,-1,0)
Bai 116.
Ta co: 2x* +3y” +22° —4xy +2xz—20=0.
= (x—y+z)2 +(x—y)2 +(y+z)2 =20.
Ta thdy 20 chi c6 mot dang phéan tich thanh tdng binh phuong 3 sd do6 la:
20=0"+2>+4* Do x-y+z>0,y+z>0=>x-y=0
Tt day ta giai ra duwge nghiém x =y =z = 2 tirc la tam giac déu
Bai 117.
Gia stt phwong trinh c6 nghiém dwong (x, y)
Vi cac s6 duong a, b ki hiéu (a, b) 1a wéc chung 16n nhat cia a va b.

Dat (x,y):d taco x=dx,,y =dy, véi x,,y, eN" va (xl,y1)=1. Khi do:

(1)<::>d(xf+yi’):(x1 +y1)2 +(x1y1)2 (2)
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Véiluu ¥ rang (xly1 )2 E(x1 + yl) (3)
T (xl,yl) =1 suy ra (x1yl,xl + yl) =1. Két hop voi (3) ta duoc x,y, E(x1 + yl) va d6 doé
X, +y, =1, mau thuan véi x,,y, e N’
Vay phuong trinh da cho khong cso nghiém nguyén duong.
Bai 118.
Xét phuong trinh:
Xy’ —4xy’ +y* +x* -2y -3=0
c»x?(xy3+1)—4(xy3+1)+(y2—2y+1):0
o (xy' +1)(x*-4)+(y-1) =0 (2)
Ta thay voi x, y 1a sO tie nhién thi :
xy?+1>0, (y-1)20
Do d6 x*-4<0 . Nghia la x chi c6 thé 14y cac gia tri 0, 1, 2
Véi x =0 thay vao (2) ta dwgc: y?2—2y —3 =0 hay y =-1 (loai) hoacy = 3.
Véix =1 thi3y®*+3 - (y -1)2=0 (v0 nghiém)
Véix=2thiy=1
Vay phuong trinh da cho c6 2 nghiém la (2, 1) (0, 3).
Bai 119.
Ta co: X° +y° =(x+y)’ <=> (x+y)(X* =xy +y* —=x—y) =0
Vix, y nguyén duong nén x+y >0, ta c6: x> —xy+y° —x—y =0
<=>2(x*-xy+y’-x-y)=0
<=>(x-y) +(x-1)7>+(y-1)*=2

Vix, y nguyén nén co6 3 treong hop:

x—-y=0

+ Truong hop 1:4(x—1) =1<=>x=y=2,z=4
(y-1*=1
x-=1=0

+ Truong hop 2:4 (x-y)’ =1<=>x=1,y=2,z=3
(y-1)7"=1
y—-1=0

+ Truong hop 3:4 (x—y)’ =1<=>x=2,y=1,z=3
(x-1)* =1

Vay hé ¢6 3 nghiém (1,2,3);(2,1,3);(2,2,4)
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Bai 120.

Ta c6: X’ —xy +y” =%(X+Y)2+%(X—Y)2

X7y 3 9 3
oy 7 STy =X oy @ 7 (xy)= gy ) + ()

Dat p=x+y,q=x-y

Khi d6 ta co: 28p=3(p2+3q2) (2) , tir d6 suy ra 28pi3=p:i3 . Dat p=3k (keZ)
Thay gia tri cta p vao (2) ta co: 28k:3(3k2+q2) (3)

Suy ra k53:>k=3m(meZ) .

Thay k =3m vao (3) ta duoc:
28m:27m2+q2:>m(27m—28):—q2SO:OSmS%:m:Ovm:I
Véim=0thiq=p=0suyrax=0,y=0 (loai)
Véim=1thip=9vaq=1hoacq=-1.

Tt dosuyrax=5y=4hodcx=4,y=5

Vay phuong trinh c6 2 nghiém (x, y) = (5, 4); (4, 5).
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