NHONG PINH LY HINH HOC NOI TIENG

1. Puwong thang Euler

1.(Pwong thang Euler). Cho tam gidc ABC'. Chting minh rang trong tam G, truc
tam H va tam dudng tron ngoai tiép O cling nam trén mot dudng thang. Hon nita
GH

0 2. Puong thiang ndi H,G,0 goi 1a dudng thang Euler cua tam giac ABC.

Chirng minh:

Céch 1: Goi E,F lan luot |a trung diém cuia BC,AC . Taco EF la duong
trung binh cua tam giac ABC nén EF / /AB. Talaic6é OF / /BH (cung

vubng goc voi AC'). Do d6 OFFE = ABH (g0c c6 canh twong tng song
song). Chirng minh twong ty OFF = BAH .

Tuwdé c6 AABH ~ AEFO (g.9) = AH _AB = 2(do EF la duong
OE EF
trung binh cua tam giac ABC'). Mat khac GG la trong tdm cua tam giac
ABC' nén E—2 Do do AG _AH — =2,laico HAG = OEG (s0 le
GE FG  OF

trong, OF / /AH )= AHAG ~ AFEOG (c.g.c) = HGA = EGO. Do

EGO+ AGO =180" nén HGA+ AGO = 180" hay HGO = 180"
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Vay H,G,O thang hang.

Céch 2: Ké duong kinh AD cia duong tron (O) tacé BH 1. AC (Tinh
chat tryc tam) AC L CD (Gdc néi tiép chan nira duong tron) suy ra

BH / /CD. Tuong tu ta cing c6 CH / /BD nén tix gidc BHCD la hinh
binh hanh, do 6 HDcat B(C 'tai trung diém ciia mdi duong. Tir d6 ciing suy

raOM | | = %AH (Tinh chit dwdng trung binh tam giac ADH ). Néi

AM cat HO tai G thi GO _OM 1 4 G la trong tam cua tam giac
GH AH 2
ABC .

Céch 3: sir dung dinh ly Thales :Trén tia d5i GO lay H' sao cho
GH'=2GO. Goi M latrung diém BC'. Theo tinh chat trong

tam thi G thuoc AM va GA =2GM .
Ap dung dinh ly Thales

vao tam giac GOM dé suy ra

AH'/ JOM (1).Mat khac do O

1a tam duong tron ngoai tiép tam giac
ABC, M latrung diém BC nén OM 1 BC (2).

T (1) va(2)suyra AH' 1 BC, tuongte BH' 1| CA.Vay H'= H la
tryc tam tam gidc ABC'. Theo cach dung H' ta c6 ngay két luan bai toan.

Chu y ring: Néu ta kéo dai AH cit duong tron tai H' thi AH'D =90°
(G6c ndi tiép chin nita dudng tron) nén EM 1a dudng trung binh caa tam
giac HH'D suy ra H ddi xang véi H' qua BC. Néu goi O' la tam vong
tron ngoai tiép tam giac HBC thitacé O' d6i xung véi O qua BC.

Puong thang di qua H,G,0 dwoc goi la dwong thang Euler cia tam
giac ABC. Ngoai ra ta con c6 OH=30G.
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*Pudng thang Euler c6 thé coi 1a mot trong nhitng dinh Iy quen thugc nhat
cua hinh hoc phang. Khai niém duong thiang Euler trude hét lién quan dén
tam giac, sau d6 duoc ma rong va tng dung cho ti giac noi tiép va ca n -
giac noi tiép, trong chuyén dé ta quan tim dén mot sb van dé co lién quan
dén khai niém nay trong tam giéc.

1.1. (Mé rong dwong thiang Euler) Cho tam giac ABC. P 1a diém bat ky
trong mit phing. Goi A', B',C"' lan luot 1a trung diém cua BC,CA, AB.
G latrong tam tam gidc ABC'.

a) Chizng minh ring cac duong thang qua A, B,C' lan luot song song véi
PA',PB',PC" dong quy tai mot diém H,, honnita H,,G, P thing hang

GH,
va
GP

= 2.

b) Ching minh ring cac duong thiang qua A', B',C"' lan luot song song véi
PA,PB,PC dong quy tai mot diém O, , honnita O,,G, P thang hang va

GO, 1
GP 2
Giai:

a) Ta thay rang két luan caa bai toan kha ric rdi, tuy nhién y tuéng cua loi
giai cau 1 giup ta tim dén mot loi giai rat ngin gon nhu sau:

Lay diém Q trén tia d6i tia GP sao
cho GQ = 2GP . Theo tinh chat trong

tam ta thay ngay G thuoc AA'

va GA =2GA'. Vay ap dung dinh ly

Thales vao tam giac GPA' désuyra AQ / /PA'. Chitng minh
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tuong ty BQ / /PB',CQ / /PC"' . Nhu vay cac

duong thang qua A4, B,C lan luot song song véi PA', PB', PC'' d6ng quy
tai Q = H,. Hon nira theo cach dung @ thi H,,G,0 thang hang va
GH

P — 2. Tac6 ngay cac két luan bai toan.
GO

b) Ta c6 mot 1oi giai tuong ty. Lay diém R
trén tia doi tia GP sao cho GR = %GP .

Theo tinh chét trong tam ta thdy ngay G

thugc AA' va GA =2GA". Vay éap dung

dinh ly Thales vao tam gidc GPA dé suy ra

AR / /PA . Chliing minh twong tu BR / /PB,CR / /PC . Nhu vay cac
duong thang qua 4, B,C' lan luot song song véi PA, PB, PC ddng quy tai
R =0, . Honniratheo cach dung R thi O,,G,P thang hang va

GP

—— = 2. Taco ngay cac két luan bai toan.
GO,

Nhan xét: Bai toan trén thyuc sy 1a mé rong cua duong thang Euler.

Phan a) Khi P = O tam duong tron ngoai tiép cua tam giac ABC ta co
ngay H, = H latryc tam cua tam giac ABC'. Ta thu dugc noi dung cua

bai toan duong thang Euler.

Phan b) Khi P = H tryc tdm cua tam giac ABC thi O, = O tam duong
tron ngoai tiép tam giac ABC.

1.2. Cho tam gidc ABC truc thm H . Khi d6 duong thang Euler cua cac
tam giac HBC, BC HCA, HAB dong quy tai mot diém trén duong thang
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Euler cua tam giac ABC'.

Giai:
Dé giai bai toan nay chlng ta can hai b6 dé quen thudc sau:

Bo6 dé 1. Cho tam giac ABC tryctdm H.Thi HBC , HCA , HAB lan
luot d6i xing véi ABC qua BC,CA,AB.

Chirng minh: Goi giao diém khac A cua HA
v6i ABC 1a A'. Theo tinh chat

truc tdm va goc noi tiép dé thay

HBC = HAC = A'BC'. Do d6 tam giac

HBA' cantai B hay H va A' ddi xang

nhau qua BC dod6 HBC dbixang ABC .
Tuong ty cho HCA , HAB |, ta c6 diéu phai ching minh.

Bo6 dé 2. Cho tam gidc ABC, truc thm H , tim dudng tron ngoai tiép O,
M 14 trung diém thi HA =20M .

Chirng minh: A
Goi N la trung diém ciia CA dé thay
OM / /HA do cung vudng goc véi BC H

va OM / /HB do cung vudng goc voi

CA nén ta c6 tam giac AHAB ~ AOMN
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ty s6 AB 9 Dodo HA =20M ,
MN

d6 1a diéu phai ching minh.

Tré lai bai toan. Goi O, latam HBC
theo b6 d& 5.1 thi O, ddi xing véi O

qua BC két hop vai bo dé 2 suy ra

OO, song song va bang OH

nén tir giac AHO A la hinh binh hanh
nén AO, di qua trung diém E cua OH .

Tuy nhién dé thay A 1 truc tam tam gidc HBC' do dé duong thang Euler
cta tam giac HBC' la AO, diqua E . Tuong tu thi duong thang Euler caa
cac tam giac HCA, HAB ciingdi qua E nam trén OH 1a dudng thang
Euler ciia tam giac ABC' . B¢ 1a diéu phai chiing minh.

Nhan xét: Piém déng quy E 1a trung diém OH ciing chinh 14 tim duong
tron Euler cua tam giac ABC

1.3. Cho tam gidc ABC' tam duong tron ndi tiép 1. Khi d6 duong thang
Euler ciia cac tam giac IBC,ICA, IAB dong quy tai mot diém trén duong
thang Euler cua tam giac ABC..

Hwéng dan giai:

Ta str dung cac bd dé sau:
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B6 dé 3. Cho tam giac ABC ndi tiép duong tron O , tim dwdng tron noi
tiép 7. IA cat O tai diém D khac A thi D la tim duong tron ngoai tiép
tam giac IBC'.

Giai:
Str dung tinh chat gdc noi tiép

va goc ngoai tam giac ta co:

IBD = IBC + CBD =

IBA+IAC = IBA+ IAB = BID

Vay tam giac IDB cantai D.

Tuong ty tam gidc ICD céntai D do d6 DI = DB = DC.Vay D latam
duong tron ngoai tiép tam giac . (Xem thém phan goc véi duong tron)

Bo6 d@é 4. (Pinh ly Menelaus). Cho tam giac ABC mét duong thang cat ba

! ! !
canh BC,CA,AB tuongungtai A',B',C"' thi A'B B'C ¢4 =1

AB B'A C!
Dinh ly da dugc ching minh chi
tit trong (Cac dinh Iy hinh hoc néi g
tiéng) °
I G
Tré lai bai toan. Goi O latam ABC N T

G

M
N B C
IA giao ABC taidiémO, khéac A. “y

(0]
Goi G, G, lan luot I3 trong tam tam gidc ABC,IBC . Goi M la trung diém
BC, GG, cat 00, tai E.
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Theo b6 dé 3 va c4c tinh chét co ban ta thiy O, 14 trung diém cung BC

khong chira A cia O do dé OO, vudng goc véi BCtai M.

1G OF
2 AG 2 e GG,/ /AO, suyra —4 _2 (1). Hon nira
M AM 3 oM 3
G,E 10 co ,
= _—4=—4 (2).Goi G,0,(duong thang Euler cua tam giac

GG IA 1A
IBC) cit OG (duong thang Euler cua tam giac ABC tai ). Ta sé& ching
minh rang S ¢ dinh. Goi N 1a hinh chiéu cua I 1én AB. Do

AIB = BCO, nén hai tam giac vuéng JAN va O ,CM dong dang. Do d6

A IN r o,
~ — hay r =
0C MO, MO, MO, .IA

Ap dung dinh ly Menelaus vao tam giac GOE ¢6 S, G,,0, thang hang, ta
. SG 00 GE SG R (O, _SG 2R

@)

= 0E GG 503 A 50 o VW
N 4 §.OAM SO 2r
% = ﬁ, do d6 S cb dinh. Tuong ty, cac dudng thang Euler cia tam

giac ICA,IAB ciing di qua S nam trén duong thang Euler caa tam giac
ABC'. Ta c¢6 diéu phai ching minh.

Nhan xét. Diém dong quy S thudng dugc goi la diém Schiffer cia tam giac
ABC.

1.4 Cho tam giac ABC' . Buong tron I tiép xdc ba canh tam giac tai
D, E, F . Khi d6 duong thang Euler cia tam giac DEF di qua tam dudng
tron ngoai tiép O cua tam giac ABC.

Huwéng dan giai:
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Goi A',B',C" lan luot 1 giao diém khéc A, B,C cua IA,IB,IC Véi
dudng tron ngoai tiép O Khido A' 1a trung diém cung BC khéng chua
Acia O dodd OA' 1 BC suyra OA'/ /ID. Goi giao diém cua A' D
véi OI 1a K , 4p dung dinh ly Thales vao tam giac KOA'ta thiy ngay
KD KI _ ID

KA' KO OA'
noi tiép va ngoai tiép tam giac. Do d6 K ¢6 dinh, twong ty B'E,C'F di

= % trong d6 r, R lan luot 1a ban kinh dudng tron

qua K .Lay diém H thudc doan KO sao cho % = % Ap dung dinh ly
Thales
trong tam gidc K7A' ta thiy

BH_ KD ing bang ©)
KI KA R

nén DH / /IA'. Bang tinh chat

phan giac va tam giac can dé

thdy 7A'= AT | EF do d6

DH 1 EF'.Ching minh tuong

tw FH | DF,FH 1 ED hay H latruc tdm cuatam giac DEF . Tachuy

rang I chinh 1a tam duong tron ngoai tiép tam gidc DEF di qua O. Taco
diéu phai chang minh.

Nhan xét. 1.4 1a mot két qua rat hay gap vé duong thiang Euler, nho d6 ta co
thé chang minh dugc két qua thi vi khac nhu sau

1.5 Cho tam gidc ABC cac dudng cao AA', BB',CC"' ddng quy tai H .
Goi D, E, F lahinh chiéucua H I1én B'C',C'A',A'B'. Khi d6 dudng
thang Euler cua tam giac DEF vatam giac ABC' triing nhau.
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Giai:

Ta da biét mot két qua quen thude do 1a tryc tam H cua tam giac ABC
chinh 14 tim dudng tron noi tiép tam giac A'B'C'. Khi d6 theo 1.4,
duong thang Euler cia tam giac DEF chinh 1a duong thang néi H va N,
trong 46 N 1a tam duong tron ngoai tiép tam giac A' B'C'. Mat khac tam
N dudng tron ngoai tiép tam gidc A' B'C'' chinh 13 tim dudng tron Euler
cua tam gidc ABC do &6 NH ciing chinh 1a dudng thing Euler caa tam
giac ABC . b6 1a diéu phai chiing minh.

Chay. Ap dung két qua 1.5 ta lai co két qua thi vi khac

1.6. Cho tam giac ABC . Buong tron noi tiép tiép xic BC,CA, AB tai
D, E, F . Tam céac dudng tron bang tiép 1_,1,,1_. Ching minh rang dwong
thang Euler cta tam giac DEF va tam giac I_I,1_ tring nhau.

Chirng minh:

Ta ap dung két qua 1.5 vao tam giac 1.1, I_, tachdyrang 1 chinh la truc

tam tam giac I_1,1_ ta c6 diéu phai ching minh.

1.7. Cho tam giac ABC duong tron néi tiép (1) tiép xdc véi BC,CA, AB tai
D,E,F. A,B",C" lan luot la trung diém ciia EF,FD, DE . Chiang minh
rang cac duong thang lan luot qua A',B',C' va vudng goc véi BC,CA, AB
dong quy tai mot diém trén duong thang Ol trong d6 O 13 tam dudng tron
ngoai tiép tam giac ABC .

Ta dé thay ID, IE, IF lan luot vubng
goc voi BC,CA, AB nén cac duong

thang lan luot qua A',B',C" va vudng
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goc vai BC,CA, AB sé teong trng song

song voi 1D, IE, IF . Ta suy ra cac duong

thing nay déng quy tai mot diém trén 1G

vai G latrong thm cua tam giac DEF . Tuy nhién IG ciing chinh la duong

thang Euler cia tam giac DEF . Theo 1.5, IG di qua O. Nhu vay diém
d6ng quy nam trén 10 . Ta c6 diéu phai chang minh.

1.8. Cho tam gidc ABC duong tron noi tiép I tiép xic BC,CA, AB tai
D,E.F anluotgoi DP,EQ, FR 1a duong kinh caa I , ching minh rang

AP,BQ,CR d6ng quy tai mot diém nam trén duong ndi I vatrong thm G
cua tam giac ABC'.

Bo dé 5. Cho tam gia ABC', dudng tron noi tiép I cua tam giac tiép xdc

BC tai D.Goi DE 1aduong kinhcua I. AE cit BC tai F thi
BD =CF.

Chirng minh: Goi giao diém cua tiép tuyén tai £ cia I véi AB,AC lan
A
luotla K,L.Goi r labankinhcaa I .

TachGyrang KI,LI lan luot 1a phan K

giéc cua cac goc BKL,CLK . T do |

ta dé thdy AKEI ~ AIDB (g.9) suy

D F
ra KE.BD — ID.IE — r* . Tuong tw EL.DC — ID.IE = r* do dé
KEBD — ELDC . Suyra 2 - BE _ PLAKE KL -y paipsy

BD DC DB+DC BC

KL / /BC . Theo dinh ly Thales ta c6 EL _ AL _ KL (@)
FC AC BC
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Tir (1) va (2) ta dé suy ra BD = FC, ta chitng minh duoc bo dé.

Tré lai bai toan.

Goi giao diém cua AP voi BC
la A va trung diém BC la A,.

Theo bé d&& BD = CA vay 4,

ciing 1a trung diém DA, I la

trung diém DP do d6 suy ra

1A,/ JAA . Tuong tw ¢6 B,B,,C.,C, thi IB, / /BB,IC, ] /CC..

Tir d6 ta 4p dung cau 2 a) véi diém [ tasuy ra A4, BB,,CC, dong quy tai

mot diém N nam trén duong ndi I vatrong tam G cua tam giac ABC
hon nita GN = 2GI . Ta c6 diéu phai chitng minh.

Qua dwong thiang O le va mdt sé két qua mé rong ta thy viéc khai thac
cac dinh ly, tinh chat hinh hoc 1a chia khda quan trong dé kham pha
cac vé dep tiém an trong “’Hinh hoc phang’’. Hy veng cac em hoc sinh
tiép tuc phat trién, dao siu suy nghi dé tim ra cac bai toAn méi hay hon,
phong phii hon.D6 1a cach dé hoc gisi bd mon hinh hec phang.

2. Puong thang Simmon

Cho tam gidc ABC noi tiép duong tron O M 1a mot diém bat ky trén
duong tron. Ké MH, MI, MK lan lugt vudng goc véi AB,BC, AC . Chiing
minh rang ba diém H,I, K thang hang.

Chwng minh: A
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Ta giac MIBH ¢6 BHM + BIM = 90° +90° = 180° nén la tt giac noi
tiép = MIH = MBH (cung chan cung HM ), ma tir giac ABMC' noi tiép
nén MBH = KCM ,do d6 MIH = KCM.

Mt khac tir giac KCMI noi tiép (vi MIC = MKC = 90°) nén

KCM + MIK =180" = MIH + MIK = 180" = HIK = 180".

Vay H,I,K thang hang.

Puong thing di qua H,I, K duoc goi 1a duong thang Simson cua diém M .
Ch0 y: Ta c6 bai toan dao vé bai toan Simson nhu sau: Cho tam giac ABC
va mot diém M nam ngoai tam giac. Chirng minh rang néu hinh chiéu cua

M 1én ba canh cua tam giac ABC' 1a ba diém thang hang thi A/ nam trén
duong tron ngoai tiép tam giac ABC'.

3. Puwong thing Steiner

Cho tam giac ABC noi tiép duong tron O , M 1a diém bat ky thudc
duong tron. Goi N, P,Q theo thu ty 1a cac diém ddi xang véi M qua
AB,BC,CA . Chitng minh ring N, P,Q thang hang.

Chwng minh:




Goi H,I,K theo thtr ty 1a hinh chiéu cua M 1én AB,BC, AC'; thé thi
H,I,K thang hang (duong thang Simson). Dé thay IH 1a duong trung
binh cua tam giac MNP . Tuong ty IK / /PQ. Theo tién dé O-clit va do
H,I,K thang hang nénsuy ra N, P, thang hang.

Puong thang di qua N, P,Q duoc goi 1a duong thang Steiner cua diém M .
Cha y:

a) Ta cd thé ching minh ba diém N, P,Q thang hang bang cach ding phép
vi tu: Cac diém N, P,Q lan luot 12 anh caa H,I, K trong phép vi tu tam
M tis62, ma H,I,K thing hang nén N, P,Q ciing thang hang. Nhu vay
duong thang Steiner 1a anh cua duong thang Simson trong phép vi ty tam
M tiso 2.

b) Puodng thang Steiner di qua truc tdm cua tam giac ABC . That vay, goi
D 1a tryc tAm cua tam gidc ABC;BD,CD cit O lanluotd E,F . D&

dang chimg minh dwoc E ddi xang véi D qua AC, F dbi xang véi D
qua AB (Xem phan chiing minh duong thang O le cach 2). Tac6 FDMN

|a hinh thang can nén £ = N, ma E, = B, = H, (Tinh chit goc noi tiép) ,

dodd N, = H,.Suyra ND / /HK . Tuong ty QD / /HK .

Vay N, D, thing hang hay duong thang Steiner di qua truc tdm ciia tam
giac ABC'.

Cach khéc:

THCS. TOANMATH.com



Goi AS,BJ,CR la cac duong cao cua tam giac ABC', D latruc tm. Ta
c6 ANB = AMB (tinh chat d6i xting). Lai c6 AMB = ADJ (ctng bl voi
SDJ).Suy ra ANB = ADJ nén ADBN la t& giac ni tiép, do d6

NAB = NDB.Ma NAB = MAB = NDB = MAB. Chiing minh tuong
twu CDQ = CAM . Tacod

NDB + CDQ = MAB 4+ CAM = BAC

= NDQ = NDB + BDC + CDQ = BAC + BDC =180°.

Vay N, D, thing hang hay duong thang Steiner di qua tryc tdm ciia tam
giac ABC.

4. Pwong tron Euler

Cho tam giac ABC ¢6 dudng cao AD, BE,CF dong quy tai H . Goi

M, N, P lan luot 1 trung diém cua BC,CA,AB; S,R,Q lan luot la trung
diém cia HA, HB, HC' . Chang minh rang chin diém
D,E,F,M,N,P,S,R,Q cung nam trén mot duong tron.

Chwng minh:

E
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Trong tam gidc ABH thi PR la duong trung binhnén PR/ /AH

va PR = %AH. Trong tam gidc ACH thi N@ la duong trung binh nén

NQ/ JAH va NQ:%AH. Dodé PR/ /NQ va PR = NQ nén

PNQR la hinh binh hanh. Mat khac PR / /AH ma AH 1 BC nén

PR 1 BC,laicé PN / /BC (PN laduong trung binh cua tam giac
ABC).Suyra PN | PR,dod56 PNQR la hinh chir nhat. Goi I la giao
diém cia PQ va RN thi IP = IN = IR = I . Chiing minh tuwong tu ta
cO0 IS=IM =IN =1IR.Taduoc IP=1Q=IN=IR=1S=1IM.

Tam giac FPQ vudng tai F c6 I 1a trung diém cia PQ nén

IF =P =1Q.Tuongty I[E =IR=1IN; ID= 1S = IM.Suyra
ID=IF=IF=IM=IN=IP=1S=1IR= IQ.V@ychindiém
D,E,F,M,N,P,S,R,Q cung nam trén duong tron tm I . Puong tron di
qua chin diém duoc goi 1a dudng tron Euler caa tam giac ABC..

Chuy:

a) Tam dudng tron Euler nam trén duong thing Euler.

That vay, goi G va O theo thir t 12 trong tam va tdm duong tron ngoai tiép
tam gidc ABC'. Ta chimg minh duoc OM — %AH — SH , lai ¢

OM / /SH = OMHS la hinh binh hanh. Ma I 1a trung diém cua SM nén

ciing 14 trung diém cua OH .
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Nhu vy bén diém H,I,0,G thang hang, ti 13 tam dudng tron Euler nam
trén duong thang Euler.

b) Ban kinh dudng tron Euler bang g (Vi R la ban kinh duong tron ngoai
tiép tam giac ABC'). That vay, tacd IS 1a duong trung binh cia AAHO

nén IS:O—AZE.
2 2

5. Piém Miquel

Cho ta gidc ABCD ¢ E la giao diém cua AB va CD, F 1a giao diém
cia AD va BC'. Chitng minh rang dudng tron ngoai tiép cua tam giac
EBC,FCD,EAD,FAB dbng quy.

Chwng minh:

Goi M 1a giao diém thtr hai cia hai duong tron ngoai tiép tam giac EBC
va FCD.

Tacd6 EMD = EMC + CMD = ABF + AFB =180" — EAD
= FAD + EMD = 180" . Do ta gidc EMDA noi tiép hay M thudc
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dudng tron ngoai tiép tam gidc FAD. Ching minh tuong tw M ciing thudc
duong tron ngoai tiép tam giac FAB.

Viy dudng tron ngoai tiép cua cac tam giéc EBC,FCD,EAD, FAB dbng
quy tai M.

Piém M dugc goi 1a diém Miquel.

6. Pwong tron Miquel

Cho ta gidc ABCD ¢ E 1a giao diém cua AB va CD, F 1a giao diém
cua AD va BC.Goi M ladiém Miquel va 0,,0,,0,,0, lan luot la tam
duong tron ngoai tiép cua cac tam giac EBC,CDF, EAD, ABF . Chiing

minh rang ndm dicm M,0,,0,,0,,0, cung nam trén mot duong tron.

Chwng minh:

Goi H,I,K theo thtr ty 1a trung diém cua FM, BM,CM . Cac dudng tron
0, va O, cit nhau tai M va C' nén 0,0, 1a duong trung truc cua MC,
do do 0,0, vuodng goc véi MK tai K. Tuong tw O,0, vudng goc voi M1
tai I, 0,0, vuong goc v6i MH tai H.

Noi cach khac H,I,K theo tha tu 1a hinh chiéu cia M trén cac canh
0,0,,0,0,,0,0, cua tam giac 0,0,0,. Déthay IK / /BC va IH | /FB

ma F, B,C thing hang nén H,I,K thing hang.
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Theo bai todn dao vé dudng thang Simson (xem muyc 2), tacoé M,0,,0,,0,
cling nam trén mot dwong tron. Tuong ty M, 0,,0,,0, cung nam trén mot

duong tron. Vay nam diem M,0,,0,,0,,0, cung nam trén mot duong tron.

Duong tron di qua nam diém M,0,,0,,0,,0, duoc goi 1a dudng tron
Miquel.

7. Dinh ly Miquel

Cho tam giac ABC

cac diém D, E, F lan luot nam trén cac canh BC,CA, AB . Chiang minh
rang dudng tron ngoai tiép cua cac tam giéc AEF, BDF,CDE dbng quy.

Chirng minh:

Goi M 1a giao diém khac D cua dudng tron ngoai tiép hai tam giac
BFD,CDE . Tacbé AFM = BDM va AEM = CDM (do
BFMD, DMEC 1a c4c ti giac noi tiép). Do d6
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AEM + AFM = BDM + CDM = 180" nén tir giac AEMF noi tiép hay
M ciing thudc duong tron ngoai tiép tam giac AEF .

Viy dudng tron ngoai tiép cua tam giéc AEF, BDF,CDE dong quy tai M
(dpcm).

8. Pinh ly Lyness

Cho tam giac ABC ndi tiép duong tron O . Pudng tron O' tiép xuc
trong voi O tai D vatiép xtc véi AB,AC & E,F . Chang minh rang
EF di qua tim duong tron noi tiép tam giac ABC..

Chwng minh:

V& tia phan gi4c caa BDC' cat EF tai I;goi M, N 1a giao diém cua
DF,DFE véiduong tron O . Taco O'FD = OMD = ODM nén
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O'F//OM maO'F 1. AC = OM 1. AC = M la diém chinh giita cua
cung AC,dodo FDC = %AB(] (1). Tam gidc AEF cantai A( Do

s g ik O A 180° -4 .,
AE,AF lacactieptuyencua (O')) nén E, = F, = — mat khac

0 —_— r r
IDC = IDB = BDC¢ _ 180 A (Tinh chat goc noi tiep cua ta giac

ABDC)nén IDB = IDC = E = F .Ma EDF = F [: %sdEF]
= IDC = EDF = IDE = FDC (2).Vi E, = IDB nén IEDB lata
giac noi tiép = IDE = IBE (3). Tu (1),(2) va(3) tacd IBE = %ABC ,

do @6 IB latia phan giac cua ABC'.
Do IDC = IDB ma IDE = FDC nén BDE = IDF . Tt giac IF'CD noi
tiép (Vi E = IDC).

= IDF = ICF = ICF = BDE (4). Mit khac, do N 1a diém chinh gitra

ciia AB (chimg minh tuong tu & trén) = BDE — %A(JB (5). Tir (4) va

(5)suyra ICF = %AC’B, do @6 IC latiaphén gidc cuia ACB. Vay I la

tam dudng tron noi tiép tam giac ABC' (dpem).

Cach khéc:
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V& tia phan gi4c cia ABC cat EF tai I, tachang minh IC 14 tia phan
giac cia ACB. Vétiép tuyén chung Dz cia O va O' . Tuong ty nhu

cach trén, goi M 1a giao diém caa DF véi O thi M 1a diém chinh giira

cia AC, do d6 B,I,M thang hang.

Tac6 IED = IBD = DM nén t gidc IEDB noi tiép

0_
= IDB=E, :w,ma BDC =180" — A, do d6
180° — A L i .
IDC = — = F =t giac IDCF noiticp = ICF = IDF'. Ta lai

180' —A ABC _ACB
2 2 2

do d6 IC latia phan giac cua ACB (dpcm).

ACB

co IDF = IDC — FDC = = ICF =

9. Pinh ly Lyness mé réng (bd dé Sawayama)

Cho tam giac ABC ndi tiép duong tron O M 1a mot diém bat ky trén
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canh AC . Puongtron O' tiép xdc véi dudng tron O tai D va tiép xdc
véi MB,MC lan luot & E,F . Chitng minh rang tam duong tron noi tiép
tam giac ABC' nam trén EF .

Dé chitng minh dinh IV nay ta cin hai b dé sau:

Bo6 dé 1: Cho AB laday cia duong tron O . Pudngtron O' tiép xic
v6i O tai T vatiép xic voi AB tai K .Chtng minhrang TK di qua
diém chinh giira cia cung AB va MA®> = MK.MT (véi M 1a diém chinh
gittacua AB).

Chang minh M 1a diém chinh gitra cia cung AB. Tac

O'KT =OMT =OTM nén O'K / JOM ma

O'K L AB = OM L AB = M la diém chinh giita ciia cung AC,
Bay gio ta chung minh MA® = MK.MT .

That vay, tacO MTA = MBA = MAK = AMKA ~ AMAT (9.9)
MK MA

- 20 0 MA® = MK.MT.
MA  MT

THCS. TOANMATH.com




B dé 2: Cho tam giac ABC' nai tiép noi tiép duong tron O va M 1a

diém chinh giira cia AB khong chia C'. Trén MC' lay I sao cho
MI = MB. Ching minh rang I 1a tim dudng tron noi tiép tam giac
ABC.

SN

M

That vay, goi I' 1a tim dudng tron noi tiép tam giac ABC' thi I' 14 giao
diém caa duong phan giac trong géc B véi MC'. Taco

I'BM =1'BA+ ABM = I'BC + BCM = BI' M suy ratam giac MBI
cantai M hay MI'= MB.

Do dd MI = MI' hay I =1'.Vay I la tim dudng tron noi tiép tam giac
ABC.

Chéng minh:

Goi N giao diém cia DF véi O thi N 1a diém chinh gitra cia AC' va
NC? = NF.ND (theo b dé 1). Goi Dz latiép tuyén chung cia O va
O' tai D,I lagiao diém cua BN va EF .Tacd IED = IBD = zDN

nén tr giac TEBD la tir giac noi tiép = DIB = DEB. Ma DEB = DFI

nén DIB = DFI, do &6 NID = NFT (cung ké b véi hai goc bang nhau).

Tur d6 ching minh dugc ANFIT ~ ANID (9.9)
THCS.TOANMATH.com



N _NL NP NFND = NC? = NI = NC'. Theo b dé 2, ta
NI ND
c6 I 1a tam dudng tron noi tiép tam giac ABC' (dpcm).

x

10. Mt h¢ qua cia dinh ly Lyness mé rong

Cho duong tron O hai diém A va B nam trén duong tron

diém C' nam trong dudng tron O . Puongtron O' tiép xlc trong véi
O tai R vatiép xtc voi CA,CB theo thaty & P,Q. Goi I 1a tim duong

tron ndi tiép tam gidc ABC'. Ching minh rang I nam trén duong tron
ngoai tiép tam giac APR.

Chéng minh:

Goi D la giao diém cia BC véi O , K la tdm duong tron noi tiép caa
tam giac ADB.Tacé B,I, K thang hangva K nam trén PQ (theo bo dé
Sawayama). D& thay A, P, K, R cung nam trén mot duong tron (xem muc 8)
(1). Do I 1a tam dudng tron ndi tiép tam giac ABC' nén
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AIB=90+Ag.TaIai co

0o _
APK =180" — CPK = 180" — M =90" +

ACB
Do d6 AIB = APK nén A,P,K,I cing nam trén mot duong tron (2)

Tu (1) va(2)suyra A, P,R,K,I cung trén mot duong tron.
Vay I thudc duong tron ngoai tiép tam giac APR.

11. Pinh ly Ptolemy cho tir gi4c ndi tiép

Cho tir giac ABCD ndi tiép trong duong tron O . Chang minh rang
ABCD + AD.BC = AC.BD.

Chirng minh:
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Trén AC lay diém E sao cho ADE = BDC'. Khi d6 ta cé:
AAED ~ ABCD (9.9). Nénsuy ra AD.BC = AE.BD (1)

AD DE N AD  BD
DC DC DE DC
AADB ~ AEDC = AB.DC = DB.EC (2). Tt (1), (2) tasuy ra:
AB.DC + AD.BC =BD EC+ AE = DB.AC . Taco6 dpcm.

Mat khac, ta cling C0: . Tuw do suyra

Cach 2.

T C V& CE L AD,CF | BD,CG | AB E € AD,F € BD,G ¢ AB .
Theo dinh ly Simson, tacé G, F, E thang hang. Ta c6: GF + FE = GE.
Ap dung dinh ly ham sé sin ta co:

GF = BC.sin B;EF = DC.sin D;GE = AC.sin A;sin B = g—g

Y

sin D = ﬁ;sinA = BD . Tu trén ta suy ra:
2R 2R

BOAD  ABDC _ BDAC

2R 2R
(dpem)

Vaytacé: BD.AC+ AB.DC = BD.AC

12. Pinh ly Ptolemy cho tir giac bat ky

Cho ta gidc ABCD. Chitng minh raing AB.CD + AD.BC > AC.BD.

Chirng minh:
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Bén trong tir gidc ABCD ly diém M sao cho MAD = CAB va

MDA = ACB.Tacd6 AADM ~ AACB (g9.9)

= j—g = % = AD.BC = AC.DM (1). Do MAD = CAB nén
DAC = MAB.

Xét tam giac ADC va MAB, c6: DAC = MAB (ching minh trén)

AD _AM- 40 AAMD ~ AACB) nén AADC ~ AAMB (c.9.)
AC  AB

DC _AC . ABeD = ACMB (2). Tir (1) va (2) suy ra

MB  AB
ABCD + AD.BC = AC BM + DM > AC.BD.

bang thirc xay ra khi M nam trén duong chéo BD, luc d6 ta giac ABCD
noi tiép.

Vi du 1) Cho tam gidc ABC vubngtai A. AB < AC . Goi D la mot diém
trén canh BC E la mot diém trén canh BA kéo dai vé phia A sao cho

BD = BE = CA. Goi C lamot diém trén AC sao cho E, B, D, P thudc
cling mot duong tron Q 1a giao diém thir hai cia BP voi dudng tron ngoai
tiép tam giac ABC'. Chitng minh rang AQ + CQ = BP .

Giai:

Vi tir gidc BEPD, AQCB noi

tiép nén CAQ = CBQ = DEP.

Mit khac AQC = 180" — ABC = EPD
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(1). Ap dung dinh ly Pt —I&- mé cho
tir giac BEPD tacd PE.BD + PD.EB + DE.BP (2)

Tu (1) va(2)suyra AQ.BD + QC.EB = CA.BP . Mat khac
BD=FEB=CAnén AQ + QC = BP.

Vi du 2) . Cho tam gidc ABC ¢6 I 1a tam dudng tron ndi tiép O 1a tam

duong tron ngoai tiép va trong thm G . Gia sir ring OIA = 90" . Chuing
minh rang /G va BC' song song.

Giai:

Goi E 1a giao diém thir hai khac
A cta AI véiduongtron O .
Khi @6 E 1a diém chinh gita
cung BC (cung khong chua A).

Tacd FB=FEI = EC = IA.

Theo dinh ly Pt6-16-mé ta c6
EABC = EC.AB+ EB.AC dod6 2BC = AB+ AC.

Theo tinh chit duong phan giac trong tam giac ta co:

AB Al AC AB+AC AB+AC Al :

BD ID DC BD+DC BC AD

M 1a trung diém canh BC', khi d6 AG :ﬁ.vay GI / /BC.
GM ID

13. Pinh ly Brocard

Cho tir giac ABCD nai tiép duong tron O . Goi M 1a giao diém cua AB
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va CD; N lagiao diém cua AD vaBC'; I 1a giao diém cia AC va BD.
Chuang minh rang I 14 tryc thm ciia tam giac OMN .

Chwng minh: N
Goi E la giao diém khac I
cua hai duong tron ngoai A

tiép tam giac AID va BIC'. B

Tacd DEC =

360" — DEI + IEC

= 360" — 180" — DAI 4 180" — CBI

= DAI + CBI = sdCD = DOC, do @6 tir giac DOEC noi tiép.Ta c6

AEB = AIFE + BEI = ADI + BCI = sdAB = AOB nén AOEB cling
|a tir giac noi tiép. Goi E' 1a giao diém cua OM 1a dudng tron ngoai tiép
tam giac DOC'.

Thé thi ME'.MO = MC.MD, ma MC.MD = MA.MB nén

ME'".MO = MAMB. Tir d6 chimg minh duoc t& gidc AOE' B nai tiép.
nhu vay E' 1a diém chung khac O cua hai dudng tron ngoai tiép tam giac
AOB va DOC .Do @6 E = E"' hay M, E,O thang hang.

Tuong tu N, I, E thang hang.Ta ¢6: IEO = AEI + AEO = DAI + OBA
(1). IEM = IEB + BEM = BCI + OAB (2). Lai ¢ DAI = BCI va
OBA = O0AB (3). T (1),(2) va (3) tacé IEO = IEM , ma

IEO + IEM = 180" nén IEO = IEM = 90° hay NI 1 OM.
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Tuong ty goi F 1a giao diém khac I cua hai duong tron ngoai tiép tam giac
AIB va DIC thi N,I,F thanghangva MI | ON.Vay I latruc tdm cua
AOMN .

14. Pinh ly con buwém véi dwong tron

Cho duong tron O day AB. Goi I 1a trung diém cua day AB vé cac day

CD,EF diqua I (C va E nam vé mot phiacua AB). Goi giao diém cua
CF,DE véi AB la M, N . Chtng minh rang IM = IN .

Chwng minh:

Céach 1: Vé day E'F' dbi xang voéi tia EF qua OI . Ti giac CE'F'F noi
tiép nén MCE'+ F'=180". Ma FF'/ /AB nén F' = MIE", do d6
MIE'+ MCE' =180°

=t gidc MCE'I noitiép = C, = E,. Matkhac E, =C, nén E, = E, .

Talai c6 IE = IE"; MIE' = NIE (tinh chat d6i xang). Tir &6 chitng minh
dugc AMIE' = ANIE (g.c.Q) = IM = IN .
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Céch 2: Ké OH 1 CF,0K | DE thi H,K lan luot 13 trung diém cua
CF,DE.Taco AICF ~ AIED (g.9) c6 IH,IK la cac trung tuyén tuong
. . IH IC CF HC
ungnén — = — = — ="
IK [FE DE KFE
(1). Céc tir gidc OIMH,OINK ndi tiép (tong hai goc dbi) nén

= AICH ~ AIEK (c.cc) = H, =K,

O,=H,0,=K (2).Tu(1)va(2)co O, = O, néntam giac MON can tai
O.Vay IM = IN .

Céch 3:

Ké MM, NN, 1 CF;MM,,NN, | DE.

MM
Tac6 AIMM, ~ AINN, = I _ - 1 AIMM, ~ AINN,;
1
MM MM
ﬁ%: 22 ACMM, ~ AENN, = 1:C—M?);
IN NN, NN,  EN
MM, FM

AFMM, ~ ADNN, =

NN DN 4 Tu (1),(2),(3) va (4) suy ra:

2
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IM* MM MM, CM.FM _AM.MB

= = = . bat
IN*  NN.NN, ENDN BNAN
IM =m,IN =n,JA=1IB =a.Taco
m_?_ a—m a+m_a2_m2_m2+a2_m2_1
n’ a—n a-+n at —n’ n2+a2—n2

=m’=n">=m=n.Vay IM = IN.

Chay: Néu goi P,Q 1a giao diém cua CE, DF voi dudng thang AB thi ta
cling ¢6 IP = IQ . Thatvay, ké OS | DF,0J L EC vachang minh

tuong tu nhu cach 2.

15. Pinh Iy con bwém mé réng véi dwong tron

Cho duong tron O day AB va I 1a mot diém bat ky thuoc day AB. V&

cac day CD,EF diqua I (C' va E nam vé mot phia cua AB). Goi giao
diém ctia CF,DE véi AB la M, N . Chting minh rang
1 1 1 1

A N T

Chwng minh:
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AM.IB _ BN.IA

Trudc hét ta chiing minh rang
IN

*)

That vay, vé dudng tron ngoai tiép tam giac CMD cat AB & K . Theo hé
thae lugng trong duong tron, ta cé IM.IK = IC.ID va IC.ID = IA.IB
nén IM.IK = IAIB

AMIB

= IM IB+BK = AM+IM IB = IM.BK = AM.IB = BK

(1). Vi K, =C, = E, nénttgiac EIDK noi tiép, twong tu nhu trén ta c6
IN.NK = EN.ND = AN.NB= IN NB+ BK = [A+IN BN

= IN.BK = IA.BN = BN.IA

= BK (2). Tu(1)va(2)suyra

AMIB  BN.IA

, (*) da dugc chung minh.
M IN

a—mb b—n a
Dit IA = a,IB = b,IM = m,IN = n, ti (*) ta co =
m

n
= a—m bn= b—n am = abn —bmn = abm — amn . Chia hai vé cho

abmn ta dugc l_l:l_1:>1+l:1+l hay

m a mn b a m b m
1 1 1 1

— 4+ — =— 4+ — . Ghicha: B6 d& (*) duoc goi 1a b6 d& Haruki.
IA IN IB IM

16. Pinh 1y con buém véi cip dwong thiang
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Cho tam giac ABC ¢6 I 1a trung diém cua canh BC'. Qua I V& duong
thang tha nhat cat AB, AC & M, P ; duong thang thir hai cat AB, AC &
Q,N . MN,PQ cit BC lan luot tai E,F . Ching minhrang IE = IF .

Chirng minh:

Ap dung dinh ly Menelaus cho tam gidc ABC' véi cat tuyén IPM vaNIQ,
ta co:
IB PC MA _ | _ PC MA_,  PC_ MB

——— =l ——=1l=—=— (1)
1C PA MB PA MB PA MA

IBNCQA_ | NCQA | QA NA
IC NA QB NA @B QB NC
Lai 4p dung dinh ly Menelaus cho tam giac ABC' véi cét tuyén MNE va
PF(Q), ta duoc:

IB PC Q4 _ (), ZC M4 N4 _
FC PA @B EB MB NC

FB_EC _FB _EC
FC T BB BC  BC

1(4). Tir (1),(2),(3) va (4) suy ra

= FB=F(C.Laico IA=1IB nén [E = IF.

17. Binh ly Shooten

Cho tam giac déu ABC' ndi tiép duong tron O . Chang minh rang véi moi
diém M bat ky nam trén dudng tron O thi mot trong ba doan

MA, MB, MC ¢6 mot doan c6 do dai bang tong do dai hai doan kia.

Chéng minh:
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Xét diém M nam trén cung nhé BC'.

Ap dung dinh ly Ptolemy cho t& giac noi tiép ABMC, ta co
MABC = MBAC + MC.AB.

Vi AB= AC = BC nén MA= MB+ MC'.

Tuong ty néu diém M nam trén cung nho AC va AB thi ta lan luot ¢6
MB = MC + MA va MC = MA+ MB.

Suy ra dpcm.

Ciach khac dé chieng minh:
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MA = MB + MC (trwong hop diém M nam trén cac cung AB,AC

tuong tu).

Trén MA lay diém I sao cho MI = MB, ta can chiing minh MC = Al .
That vay, taco BMI = ACB = 60" ma MB = MI nén tam gidc BMI
déu, do d6 BI = BM va IBM = 60°.

Talaic6 ABC =60° nén ABC = IBM , suyra CBM = ABI .

Dé dang chirg minh duoc ABCM = ABAI (c.g.c) nén MC = Al .

18. Hé thirc Van Aubel

Cho tam giac ABC ¢6 AD,BE,CF dbng quy tai K (D, E, F theo thi tu

AK_AE+AF
KD EC FB’

thudc céc canh BC,CA, AB).Chang minh rang

Chirng minh:

Qua A V& duodng thang song song véi BC cit BE,CF tai M,N taco

AK_AM_AN_AM+AN_AM+AN_AM+AN_AE+AF
KD BD CD BD+CD  BC  BC BC EC FB
19. Dinh ly Ce’va

Cho tam giac ABC va cac diém D, E, F' lan lugt nam trén canh
BC,CA, AB . Chiing minh rang diéu kién can va da dé AD, BE,CF dong
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DB EC FA

quy la ta co hé thuc . .
DC FA FB=1

*)

Chwng minh:

Diéu kién can: Ta chiing minh rang néu AD, BE,CF dong quy thi c¢6 (*)

Goi K 1a diém dong quy cua ba doan AD, BE,CF . Qua A vé& dudng thing
song song v6i BC' cat BE,CF & M, N . Theo dinh ly Ta-lét ta c6

DB AM EC BC FA AN
DC AN'EA AM’'FB BC
DB EC FA AM BC AN
DC EA'FB AN AM BC

,do do

=1 (dpcm)

Diéu kién du: Ta chang minh riang néu c6 (*) thi AD, BE,CF d6ng quy.
That vay, goi K 1a giao diém cua BE va CF, AK catcanh BC tai D'.

Theo chiing minh & diéu kién can ta c6
D'B EC FA_ _D'B_DB
D'C EA FB D'C DC
trong doan BC' theo ciing mot ti sé nén D' = D. Vay AD, BE,CF dbng
quy.

Hai diém D va D' déu chia

Ch y: Bai toan van dung trong truong hop cac diém D, E, F nam trén cac
duong thang BC,CA, AB trong d6 c6 ding hai diém nam ngoai tam giéc.
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20. Pinh ly Menelaus

Cho tam giac ABC' va cac diém M, N, P theo thi tu nam trén cac duong
thang BC,CA, AB . Chitng minh rang diéu kién can va du dé M, N, P

thing hang 12 ta c6 hé thic 218 NC PA 1 ey
MC NA PB

Chirng minh:

Diéu kién can: Goi a,b, ¢ theo thu tu 12 khoang cach tir A, B,C dén cét
tuyén MNP .

Tacs MB _bNC _¢ PA_a o4 MB NCPA _beca_,
MC ¢ NA o' PB b MO NAPB cab
(dpcm)

Diéu kién du: Gia sir ¢6 (**) va PN cit canh BC tai M'.

] !
ThéthiMB.NC.PA:1:>MB MB = M'=M.
M'C NA PB M'C  MC

Vay M,N,P thang hang (dpcm).
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