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~~.HINH TRU

~. Ly thuyét
1. Hinh tru
Khi quay hinh chi* nhat 4B0'0 mét vong quanh canh OO' ¢d dinh ta dwgc mot
hinh tru.

- Hai d4y 1a hai hinh tron (O) va (O') bang nhau va nam

e
\d

trong hai mat phang song song.

- Puong thang OO' goi 1a truc ctia hinh truy.

- ~a

\
[

~
A

- AB la mot duong sinh. Prong sinh vudng goc vdi hai

Q
WA

mat phang day. P9 dai duong sinh 1a chiéu cao ctia hinh tru.
2. Cdt hinh tru
e Cat hinh tru boi mdt mat phang song song véi ddy thi mat cat 1a mot hinh tron
bang hinh tron day.
e Cat hinh tru boi mdt mat phang song song véi truc thi mat cat 1a mot hinh chir
nhat.
3. Dién tich xung quanh cua hinh tru

S,, =27Rh ;

S, =27xRh+2zR* hay S, =2zR(h+R)

(R labankinh day; 4 la chiéu cao).
4. Thé tich hinh tru

V=Sh =zRh.

F~. Bai tap

Bai 1. Tt mot tam ton hinh chit nhat, kich thudc 50cm x 189cm ngwoi ta cudén

tron lai thanh mat xung quanh cia mot hinh tru cao 50cm. Hay tinh:
a) Dién tich ton d€lam hai day;

b) Thé tich ctia hinh tru dwoc tao thanh.
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189

50

Hudng dan giai
a) Vi chiéu cao ctia hinh tru la 50cm nén chu vi hinh tron day 1a C = 189cm.

Tacd C=2zR :>R:£:@z30(cm)
2 2x

Vay ban kinh hinh tron day la 30cm.
Dién tich ton d€ lam hai day la: S = 27R* = 2.7.30* = 18007 (cm?).
b) Thé tich hinh tru la: ¥V =zR*h =7.30°.50 = 450007 (cm3).
Nhin xét: D€ tra 101 hai cau hoi cta bai toan, ta can biét ban kinh ctia dwong tron day.
Muén vay, phai xac dinh canh nao cua tdm ton can gitt nguyén dé€ lam chiéu cao cta
hinh try, canh nao phai cu¢n lai. Ttt cong thttc tim chu vi ctia hinh tron suy ra cach tim
ban kinh.
Bai 2. Mot hinh tru ¢6 chiéu cao 1a 25c¢cm va dién tich toan phan la 12007 cm?.
Tinh thé tich ctia hinh tru d06.
Huéng dan giai
Goi ban kinh day hinh tru 1a R, chiéu cao hinh tru 1a h.
Vi dién tich toan phan cta hinh tru la 12007 cm? nén 27R(h + R) = 12007.
Suy ra R(25 + R) = 600 < R*+ 25R — 600 = 0 .
Phuong trinh ¢6 hai nghiém: R = 15 (chon); R, = —40 (loai).
Vay ban kinh day hinh tru Ia 15cm.
Thé tich hinh trula: V =zR*h =7.15°25 = 56257 (cm3)

Nhin xét: Ta da biét chiéu cao nén muon tinh thé tich hinh tru chi can tim ban kinh day.

Do d6 ta tim ban kinh day tir cong thikc tinh dién tich toan phan cta hinh tru.
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Bai 3. Mot hinh tru véi ABCD 1a mot mit cit song song vai truc. Dién tich mat
cat 1a 96cm?, AB = 8cm. Biét tam O cach AB la 3cm. Tinh dién tich xung quanh va thé
tich cua hinh tru.

Huwéng dan giai
Mit cit ABCD 1a mét hinh chit nhat. Dién tich mét cit 1a 96cm?2 nén
AB.AD =96cm2. B

96 _96_ (4
Suy ra AD = TR =12(cm) 5

Vay chiéu cao ctia hinh tru la 12cm.

Trong mit phang day, vé OH L AB.

Tacd6 HA=HB=8:2=4 (cm).

Xét AAOH vuong tai H c6 04’ = OH* + AH? = 3°+ 4* = 25 .

Suy ra OA = 5cm. Vay ban kinh day la 5cm.

Dién tich xung quanh caa hinh tru la: S, = 2zRh = 2.2.5.12 = 1207 (cm?).
Thé tich cua hinh tru la: ¥V =zR’h =7.5°12 = 3007 (cmd).

Nhin xét: D€ xac dinh dang chiéu cao va ban kinh day cta hinh tru trong vi du nay, ta
dua vao mat cit ABCD. Tir s6 do dién tich 13 96cm?2 va AB = 8cm, ta tim ra chiéu cao.

Tt khoang cach OH = 3cm ta tim dwoc ban kinh nho dinh i Py-ta-go.

Bai 4. Mot hinh tru c6 dién tich toan phan bang 4327 ¢cm? va chiéu cao bang 5

lan ban kinh ddy. Chttng minh rang dién tich xung quanh bang 10 an dién tich d4y.
Huéng dan giai

Goi ban kinh day va chiéu cao hinh tru lan lwgt 1a R va h.

Vi chiéu cao bang 5 [an ban kinh d4y va dién tich toan phan bang 4321 cm? nén ta c6

hé phuong trinh

h=5R (1)
2zR(h+R)=4327 (2)

Giai hé nay bang phuong phap thé:
Thé h = 5R vao phuwong trinh (2) ta duoc:
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27R(5R + R) = 4327 < R?=36 < R=16. Gia tri R=—-6 bi loai.

R=6

Vay {h ~30

Dién tich xung quanh cta hinh tru la: S, = 2z7Rh = 2.7.6.30 = 3607 (cm?).

Dién tich day cta hinh try la: § =zR* =7.6> = 367 (cm?).

S, 3607

Ta thdy =10 (Tan).
T

Do d6 dién tich xung quanh gép 10 lan dién tich day.

Bai 5. Cho hinh tru c¢6 ban kinh day la 10cm va dién tich xung quanh la 420~
cm?2. Vé mot duong sinh PQ ¢ dinh. Ly diém M trén duong tron day, c6 chia diém
Q. Xac dinh vi tri ctia diém M dé€ PM 16n nhat. Tinh gid tri 16n nhat do.

Huwéng dan giai

Goi ban kinh hinh tru la R va chiéu cao hinh tru la h. ’

. S
Taco: S = 27Rh suyra h=—"--= 4207 =21(cm)
! 2zR 27x-10

Ta c6 PQ la dwong sinh nén PQ = 21cm va PQ vudong goc voi mat

phang day. Suy ra PQ L QM. Q
Xét APQM vuodng tai Q, ta co:

PM?=PQ?+ QM2 =212+ QM2 =441 + QM2

Do dé PM 16n nhéat < QM 16n nhédt < QM la duong kinh

< QM =20cm.

Vay max PM =+/441+400 = /841 =29(cm) khi QM la duong kinh ctia dwong tron day.
Lwu yj: Trong hinh try, dwong sinh vudng goc véi ddy nén vudng goc voi moi duong
thang nam trong day, do d6 PQ 1L QM.

Bai 6. Mot hinh tru c6 thé tich 1a V (m?) va dién tich toan phan la S (m?). Goi R la ban

4 4 N\ \ \ AA 2 4 - A \}/ 1 Ve .
kinh day hinh tru va h la chiéu cao cua no. Biét thwong %bang E(m), chtmg minh

rr?m l+i—l
& h R
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Huwéng dan giai

Ta c6 V = 1R?%h; S = 27R(h + R). Theo dé bai ta c6: %:%

2
Suy ra _#Rh 1 < Rh=R+h ol= R+h P
27R(h+R) 2 Rh h R
N e A \ 7 7 ’ 7 M 2 VN g \ 2 M A
Bai 7: Mot hinh tryu c6 ban kinh ddy bang 5 chiéu cao. Cat hinh tru nay bang mot

mat phéng chtra truc ta dwoc mot mat cit c6 dién tich 14 80cm2. Tinh dién tich toan phan
cua hinh tru.

Huo6ng dan giai
Goi ban kinh day va chiéu cao cta hinh tru Ian luot la R va h.

Miit cit chika truc 1a mot hinh chi nhat cd mot canh 12 2R va canh Ké 14 h.

2
’ aA « A A N e , R = —h 1
Theo cac diéu kién trong dé bai ta co: 5 W)
2R-h=80 (2)

ThéR ttr (1) vao (2) ta dwoc: Z%h-h =80 hay 4h? =400 = h = £10.
Gia tri h = -10 bj loai. Vay chiéu cao ctia hinh tru la 10cm.
Bén kinh dédy 1a R = 10% _ 4(cm)
Dién tich toan phan ctia hinh tru la: S, =27R(k + R)=27.4(10+4)=1127 (cm?).
Bai 8: Mbt hinh tru cé chidu cao bang % duong kinh day. Biét thé tich ca no la
768z cm?. Tinh dién tich xung quanh cua hinh tru.
Huéng dan giai
Goi ban kinh day va chiéu cao hinh tru lan lwgt 1a R va h.

Vi chiéu cao bang % duong kinh nén chiéu cao bang % ban kinh day.

Vay h :%R
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Tacd V =zR*h ma h:%R nén Vz;rRZ%R:%ﬁR3

Theo dé bai ta co: %mﬁ =786 = R*=512 = R=13/512 =8 (cm).

Vay h:S%:lz(cm).

Do d6 dién tich xung quanh cua hinh tru la: S, = 27Rh = 27.8.12 = 1927 (cm?).
Bai 9: Mot hop banh hinh tru ¢é chiéu cao nho hon ban kinh déy la 1,5cm. Biét
thé tich cua hop la 8501 cm3, tinh dién tich vo hop.
Huwéng dan giai
* Tim hwong gidi
Dién tich vé hop chinh 1a dién tich toan phan cta hinh tru. Tim dwoc ban kinh day sé
tim duoc chiéu cao do dé sé tim dugc dién tich toan phan.
* Trinh bay loi gidi
Goi R va h lan lwot 1a ban kinh day va chiéu cao cta hop banh hinh tru.
Tacdo h = R-1,5.
Vi thé tich ctia hop 1a 8507 cm?® nén: zR’h = 8507.
Suy ra R*(R - 1,5) =850 < R3®-1,5R? -850 =0 < 2R3 -3R2-1700=0
< 2R3 -20R?+ 17R?-170R + 170R - 1700 = 0
< 2RY(R-10) +17R(R - 10) +170(R - 10) =0
< (R-10)2R2+17R +170) =0

R-10=0 (1)
=
2R*+17R+170=0 (2)

Phwong trinh (1) c6 nghiém R =10 (thoa man).
Phuwong trinh (2) vo nghiém.

Vay ban kinh day hop la 10cm.

Chiéu cao cua hop la: 10— 1,5=8,5 (cm).

Dién tich vo hop 1a: S=2pR(h+R)=2.7.10(8,5+10)=3707 (cm?).
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Bai 10: Mot hinh tru ¢6 dién tich toan phan gap hai lan dién tich xung quanh. Biét
ban kinh day hinh try 1a 6cm. Tinh thé tich hinh tru.

Hudng dan giai
Goi ban kinh day hinh try 1a R va chiéu cao hinh tru dé la h.
Vi dién tich toan phan bang hai lan dién tich xung quanh nén 2zRh + 27R* = 47Rh.
Suy ra 2zR* = 27Rh = R=h=6cm.
Thé tich cua hinh tru la: ¥V =zR’h =7.6°.6 = 216z (cm?3).

Bai 11: Mot chau hinh tru cao 20cm. Dién tich ddy bang nira dién tich xung
quanh. Trong chau cé nuwdc cao dén 15cm. Hoéi phai thém bao nhiéu nudc vao chau dé
nudc vira day chau?

Hud6ng dan giai
Goi R 1a ban kinh ddy chau va h la chiéu cao ctia chau.

Vi dién tich day bang ntta dién tich xung quanh nén zR> = %.27rRh

= R=h=20cm.

Thé tich ctia chau la: V' =zR’h =7.20°.20 = 8000z (cm3).

Thé tich nudc trong chdu la: ¥, =7.20°.15 = 6000z (cm?).

Thé tich nudc phai thém vao chau la: ¥, =V -V, =8000z — 60007 = 20007z (cm?).

Bai 12: Mot hinh tru cé thé tich la 200cm?. Giam ban kinh day di hai lan va tang

chiéu cao 1én hai lan ta dwgc mot hinh tru méi. Tinh thé tich cta hinh tru nay.
Hudng dan giai
Goi ban kinh day va chiéu cao hinh tru lan lwgt 1a R va h.
Thé tich cta hinh tru nay la: ¥V, = zR%h.
Néu giam ban kinh ddy di hai [an va tang chiéu cao lén hai lan thi ban kinh day la %

va chiéu cao la 24 .

7Z'R2h 200 (cm3 )

2
Theé tich hinh tru vé sau la: V, = 7[(%) -(2h) = === 100
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Bai 13: Mot vién than t6 ong ¢6 dang hinh try, dwong kinh day la 114mm, chiéu
cao 1a 100mm. Vién than nay c6 19 16 “t8 ong” hinh tru cé truc song song vdi truc ctia
vién than, mdi 16 c6 dwong kinh 12mm. Tinh thé tich nhién liéu da duoc nén cuia moi
vién than (lam tron dén cm3).
Hudng dan giai
Thé tich vién than (k& ca 19 10) la:
V, = zR}h = 757°.100 ~ 1020186 (mm’ ) ~ 1020 (cm’)
Thé tich 1916 “t5 ong” 1a:
V, =197R5h =19.76°.100 ~ 214776 (mm’ ) ~ 215(cm”)
Thé tich nhién liéu da duoc nén ctia mdi vién than la:
V =Vi1-V2=1020 - 215 =805 (cm?).
Bai 14: Mot cay gd hinh tru c6 duong kinh day 1a 4dm va dai 5m. T cay gb nay
nguoi ta xé thanh mot cay cot hinh lang tru ding ¢ day la hinh vudng 16n nhat. Tinh
thé tich phan g6 bi loai bo di.

Hudng dan giai

Thé tich cAy g6 hinh tru 1a: ¥, = zR*h = 3,14.22.50 = 628 (dm?).
Dién tich ddy hinh vudng cta hinh lang tru ding la:
2 2
s=—ap =A< & _g(dm2).
2 2
Thé tich hinh lang tru ding la: V2=S.h = 8.50 = 400 (dm?).

o N R L Tt T g 13 Hinh 23.9
Thé tich phan g6 bi loai bo di la:

V = Vi = V2 =628 — 400 = 228 (dm?).
Bai 15: Hai mat cia mot cong vom thanh c¢6 c¢é dang hinh ch@ nhat, phia trén la
mot nira hinh tron c6 dudng kinh bang chiéu rong ctia cdng. Biét chiéu rong ctia cong
1a 3,2m, chiéu cao ctia c6ng (phan hinh chit nhat) bang 2,8m va chiéu sau cta cong
bang 3,0m. Tinh thé tich phan khong gian bén trong cong (lam tron dén phan muoi

m3).

Hudng dan giai
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Phan khong gian bén trong cong gom mot hinh hop chit nhat va mot
ntra hinh tru.

Thé tich phan hinh hop ch nhatla: Vi=3,2.2,8.3,0=26,9 (m?).
Thé tich phan ntra hinh tru la:

v, %nth %3,14.(1,6)2.3,0 =12,1(m?).

Thé tich phan khong gian bén trong cong la:

V=Vi+V2=269+12,1=39,0 (m).
Bai 16: Mot hinh tru cé thé tich bang 1251 cm?. Biét dién tich xung quanh bang
hai [an dién tich day. Tinh ban kinh day va chiéu cao ctia hinh tru nay.

Hudng dan giai

Goi R va h Ian luot la ban kinh day va chiéu cao ctia hinh tru.
Vi dién tich xung quanh bang hai [an dién tich day nén ta cé:
27Rh = 27R* = h = R. Theo dé bai, thé tich hinh tru béng 1251 cm3 nén 7R*h = 1257.
Suy ra nR®=125n (vih =R). Do d6 R3=125 = R =5cm.
Vay h=5cm.
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~.HINH NON
~. Ly thuyét
1. Hinh non

Khi quay tam giac vuong AOB mot vong quanh canh goc vuong OA 6 dinh ta

duwoc mot hinh nén:
- Pay 1a hinh tron (O) ban kinh OB.
- Mit xung quanh do canh OB quét nén. Mbi vi tri ctia OB
goi la mot duong sinh.
- A goi la dinh; AO la dwong cao.
2. Dién tich xung quanh ciia hinh non
S, =7RI;
S,=7zRl +7R* hay S, =7zR(l + R)
(R 1a ban kinh ddy; / la dweong sinh).
3. Thé'tich hinh nén

V= %ﬂ'th (h 1a chiéu cao).

4. Hinh non cut
Cat hinh nén boi mdt mt phang song song véi ddy thi phan mat phang nam
trong hinh nén la mot hinh tron.

Phan hinh nén nam gitta mit phang néi trénva mat phang ddy duoc goi 1a hinh
non cut.

5. Dién tich xung quanh va thé tich hinh nén cut
S,=x(R+R)l; V =§7rh(Rf +R;+R/R,)

(R1, Rz 1a cac ban kinh; 1 la dwong sinh; h 1a chiéu cao).
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~. Bai tap
Bai 1: Mot hinh nén c6 duong cao bang 24cm va thé tich bang 800z cmd. Tinh
dién tich toan phan ctia hinh nén nay.

Huwéng dan giai

S
Goi R la ban kinh day va h la chiéu cao cua hinh nén. ]
Ta b V=1zRh Suy ra R’ _3V_3800m 100(cm2) ’
3 rh  7.24 '

Do d6 R =10cm. Vay ban kinh day hinh non la 10cm.

—————

>
1
1
:
1
tre-r---

Puong sinh ctia hinh nén nay la:

o

SB=+/SO> +0B® =~/24* +10* = 26(cm)
Dién tich toan phan ctia hinh nén la:

S, =7R(I+R) =7.10(26+10)=3607 (cm?).
Nhin xét: Mau chdt trong bai toan nay la tim duwoc ban kinh day, tir d6 tinh duoc
dwong sinh va do dé tinh dwoc dién tich toan phan ctia hinh nén.
Bai 2. Mt cit chika truc ctia mot hinh nén 13 mot tam giac déu co dién tich la
93 cm2. Tinh thé tich ctia hinh nén do.

Huwéng dan giai

* Tim hwong gidi A
D¢ tinh thé tich hinh ndn ta can biét ban kinh ddy va chiéu cao cta
né. Vi mit cit chita truc 1a mot tam giac déu nén néu biét canh ctua

tam giac déu la tinh dwgc tat ca.

w
o

* Trinh bay loi gidi

Goi mat cat 1a tam giac déu ABC.

Ta dat AB = AC =BC = a thi ban kinh ddy hinh non la R :% va
a3

chiéu cao hinhnén la 7 = "

2
Vi dién tich ctia tam gidc déu 1a 9+/3 cm? nén ta co: a f =93 =a>=36=a=6(cm).
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63

Vay béan kinh day 1a R = 3cm va chiéu cao hinh nén 1a 4 =-—- =33 (cm).

2

Thé tich cua hinhnén la V = 7R%h = 7333 =93 (em’)

Bai 3.

Khai trién mot hinh nén theo mdt dudng sinh réi trai phang ra ta duoc

mot hinh quat tron ¢6 ban kinh 10cm va cé dién tich la 60n cm?

a) Tinh s6 do cung cuia hinh quat;

b) Tinh s& do nra goc & dinh ctia hinh nén.

Huwéng dan giai f N

C' \

a) Goi s0 do cuia cung hinh quatla »° . ‘
A
Vi dién tich hinh quat la 607 c¢cm?nén A
10
2
7ACn ne 60.3260 =216 (d9). 5
360 0 T—

b) Vi dién tich xung quanh hinh nén la 607 cm? nén

n.HC.AC = 60x :HCz%:acm)

Goi a la s6 do nira goc ¢ dinh cta hinh noén.

;. HC
Taco sinag=—=—
AC

Bai 4.

160 =0,6~sin36'52° Do d6 a~36°52".

Cho tam giadc vudng tai A, AB =12cm, AC = 16cm. Quay tam gidc nay mot

vong quanh canh BC. Tinh dién tich toan phan cta hinh tao thanh.

Tam giac ABC vudng tai A, AB =12cm, AC = 16cm

= BC =+/122 +16% = 20(cm)
Vé AH 1 BC. Ta ¢c6 AH.BC = AB.AC

= AH :ﬂ:9,6(cm)
20

Huoéng dan giai

Khi quay AABC mot vong quanh canh BC ¢ dinh thi hinh tao thanh goém hai hinh
noén chung day, ban kinh la 9,6cm. Dién tich toan phén ctia hinh tao thanh la:
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S, = m.AH.(AB + AC)=7.9,6(12 + 16) =268,87 (cm?).
Nhin xét: Khi quay mot tam giac vudng quanh mot canh ¢d dinh thi hinh tao thanh
phu thudc vao truc quay.

- Néu quay theo mot canh goc vuong thi hinh tao thanh 1a mét hinh nén.

- Neéu quay theo canh huyén thi hinh tao thanh 1a hai hinh nén chung day.
Bai 5. Mot hinh nén cut ¢é cac ban kinh ddy la 21cm va 49cm. Biét dién tich
xung quanh ctia nd la 37107 cm?, tinh theé tich ctia hinh nén cut.

Hudéng dan giai
Goi mit cit chita truc cia hinh nén cut 1a hinh thang can ABCD.
Trong mit phang nay vé BH L CD.
Ta dat O'B =Ri; OC=Rz; OO'=hvaBC=1.
Ta c6 BH=00'=h; HC=R2-R1=49 - 21 =28 (cm).

Vi dién tich xung quanh ctia hinh nén cut la 37107 cm? nén
7(R + R,)l = 3710z

Suyra 1= (370 _ 53(cm)
7(21+49)

Xét ABHC vuong tai H, ta c6: BH = JBC? —HC? =+/53? —28 = 45(cm)
Thé tich ctia hinh noén cut la:
_ 1 2 2 _ 1 2 2 _ 3
\Y% —Eﬂh(Rl +R2 +R1R2)—§7z.45(21 +49° +21.49) = 580657 (cm’ )

Nhin xét: Viéc vé BH L CD gitp ta gan két dwoc cac ban kinh ctia hinh nén cut, duong
sinh, chiéu cao ctia né vao mot tam giac vudng. Nho dinh li Py-ta-go ta c6 thé giai
quyét duoc van de.
Bai 6. Mdt hinh nén c6 ban kinh ddy bang 6cm, chiéu cao bang trung binh cong
ctia ban kinh ddy va duong sinh. Chting minh rang hinh nén nay cé s do dién tich
toan phan (tinh bang cm?) ding bang s& do thé tich (tinh bang cm?).

Hudng dan giai

Goi R la ban kinh day, h 1a chiéu cao va l la duong sinh ctia hinh nén.
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Ta co R = 6cm, h:RT+1 = [=2h-6.

Maét khac /=+vA*+R* Suyra 2h-6=+h*+R* (h>3).
Binh phuong hai vé'ta c6: 4h° —24h+36 =h* +36

h = 0(loai)
h =8(chon)

< 3h2-24h=0<3hh-8)=0 @[

Vay chiéu cao ctia hinh nén 1a 8 cm; dwong sinh bang 2.8 — 6 =10 (cm).
Dién tich toan phan ctia hinh nén la: S, =zR(I + R)=7.6(10 + 6) = 967z (cm?).
Theé tich cua hinh nén la: V= %ﬁth = %7[62.8 =967 (cm’)
Vay s do dién tich toan phan tinh bang cm? dting bang s3 do thé tich tinh bang cm?.
Bai 7: Mot hinh nén ¢é ddy la hinh tron ngoai ti€p tam gidc déu canh a. Biét
chidu cao ctia hinh nén bang %\/E Tinh dién tich toan phan cta hinh nén.

Hudng dan giai

Béan kinh ddy hinh nén chinh la ban kinh ctia duwong tron ngoai

ti€p tam giac déu ABC.
Taco R = N ‘a O:a\/g
. 180 2sin 60 3
2sin——

n

Xét ASOA vuong tai O ta co

2 2
SA’ =SO” + 0A’ :(%JEJ +££]

3

< SA2=32= SA =a.

2
Dién tich toan phan ctia hinh nén la: S, = 7R(1+R) = 7. a\f {a + a\fj = ﬂgl (3 +1)

Bai 8: Mot hinh nén dinh S c6 ban kinh ddy bang 9cm va chiéu cao SO = 21,6cm.
Cat hinh nén béi mdt mat phang song song voi ddy tao ra mot hinh nén cut ¢ chidu

cao 12cm. Tinh dién tich xung quanh ctia hinh noén cut.

Hudng dan giai
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* Tim hwong gidi

Dé tim dién tich xung quanh ctia hinh nén cut, can biét cac ban kinh
day va duong sinh. C6 thé tinh duwgc ban kinh con lai nho dinh 1i Ta-
1ét. Co thé tinh dwgc do dai duong sinh nho dinh 1i Py-ta-go.

* Trinh bay loi gidi

Xét mit cit qua truc cua hinh nén la ASAB can tai S.

Trong mit phang SAB c6 O'C // OB.

Theo dinh li Ta-1ét ta c6 o€ _s0 Dods 2C-20 _ gy (cm).
OB SO 9 21,6

Trong mat phang SAB vé CH L AB, ta duwoc
CH=00'=12em , BH=9-4=5 (cm).
Suy ra BC= J122 152 =13 (cm).
Dién tich xung quanh ctia hinh nén cutla: S, =z(R + R)l =7(9 + 4).13 = 1697 (cm?).
Bai 9: Mot x6 bang ton cé cac ban kinh ddy 1a 17cm va 10cm, chiéu cao 24cm.
Tinh dién tich ton dé lam xo0.
Hudng dan giai

Xét mit cit qua truc cua hinh nén cut, d6 la hinh thang

can ABCD.

Trong mat phang nay ta vé CH L AB.

Ta c6 CH=00'=24cm; O'H=0C = 10cm;
BH=0B-OH=7cm.

Suy ra BC = J242 177 = 25(cm)

Dién tich xung quanh cta x0 la:

S, =7(R +R)l =x(17+10).25=6757 (cm?).
Dién tich day x6 la: S, =7.10° = 1007 (cm?).

Vay dién tich ton dé€lam x6 la: 6757 +1007 = 775z (cm?).
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Bai 10: Mot hinh nén c6 dién tich ddy bang 144z cm? va dién tich toan phan bang
5887 cm? Tinh thé tich hinh nén.

Hudng dan giai
Goi R 1a ban kinh day hinh nén va 1la dwong sinh ctia no.

Tacd 7R’ = 1447 = R =12(cm). S

Dién tich xung quanh ctia hinh nén 1a: S, = 5887 —1447 = 4447 (cm?).

4447

Suy ra nRl=444n =1 5= 37(cm)

Chiéu cao ctia hinh nén la: SO =+/37* —=12% =35(cm)

Thé tich ctia hinh nén 1a: V = %nth _ §n122.35 — 16807 (cm?).

Bai 11: Mot chiéc coc hinh nén dung ruou dén % chiéu cao cta cdc. Biét thé tich

cta regu trong coc la 2cm?3. Tinh thé tich ctia cdc.
Hudng dan giai

Phan ruou trong cdc c6 dang hinh nén.

Goi r 1a ban kinh day ctua phan regu hinh nén trong cde.

Suy ra ban kinh miéng coc 1a 3r (do dinh 1i Ta-1ét).

Thé tich phan ruou trong coc la: V, = %ﬂrzh

Thé tich cua cocla: V, = %72’(31‘)2 -(3h) = %zr.27r2h

v, =1n(3r)2.(3h) _ L o7,
3 3
1,
—zr'h
Do dé &:ﬁ—:L Suy ra 2_1 = V2=54 (cm?).
v, 5”27 o 27 v, 27

Vay theé tich cua cdc la 54cm?
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Bai 12: Cat hinh nén cut bang mot mat phang chita truc ta dwoc mot hinh thang
can c6 goc 6 day bang 45° va do dai day 16n gap doi dd dai day nho. Biét dién tich mat
cat nay 1a 27cm2. Tinh thé tich hinh nén cut.

Huwéng dan giai
Goi mait cit chita truc 1a hinh thang can ABCD.
bat O'B = a th1 OC = 2a.
Vé BH L OC ta duoc
OH=0B=avaHC=a.

Tam gidc HBC vudng can nén
BH=HC=ava BC=ay2

_(AB+CD)BH (2a+4a)-a _
2

3a®

Dién tich hinh thang can ABCD la: §

Theo dé bai ta cé: 3a2 =27 = a = 3(cm).
Thé tich ctia hinh non cut la:

A% =%7rh(R12 +R; +R1R2) =%-7ra(a2 +4a’ +2a2) =%7ra3 =%.7r33 = 637r(cm3)

Bai 13: Mot dong cat hinh nén ¢é chu vi day la 12,56m. Nguoi ta dung xe cai tién
dé ché d6ng cat d6 di 10 chuyén thi hét. Biét moi chuyén cho duoc 250dm3. Tinh chigu
cao cua dong cat (lam tron dén dm).

Huwéng dan giai
Goi R la ban kinh day dong cat va h la chiéu cao cua dong cat.

1256 ) oy
T

Vi chu vi day dong cat1a 12,56m nén 2zR = 12,56 =R

Thé tich cua dong cat la: V = 250x20 = 5000 (dm?) =5 (m?).

Tacod V=szRh=h=—""~>2> <1 2(m)
3 R 72
Bai 14: Mot chao den c6 dang mat xung quanh ciia mot hinh nén cut. Cac ban

kinh day Ian lwot 1a R1 = 5cm; Rz = 13cm. Biét dién tich xung quanh cta chao deén la

3067 cm?2. Tinh chiéu cao ctia chao den.
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Huwéng dan giai
Goi mat cit chita truc cta chao den 1a hinh thang can ABCD.
Chiéu cao OO' = h va dwong sinh BC = 1.
Vi dién tich xung quanh ctia chao den la 306 cm? nén ta cd

Z(R + R) = 306x = z(5 + 13)/ = 306z

= 1=17(cm).
Trong mat phang ABCD ta vé BH L CD.
Taco BH=00O'=h; OH=0B =R1, do d6 HC =R2 - R1 = 8cm.

Xét ABHC vudng tai C, ta ¢ BH? =BC? —HC? =17 -8 =15 (cm).
Vay chiéu cao cta chao den la 15cm.
Bai 15: Mot hinh nén cé mit cit chiza truc 1la mot tam giac déu. Chirng minh réng
dién tich xung quanh bang hai Ian dién tich day.

Huoéng dan giai
Goi ban kinh day hinh nén la R va dwong sinh hinh nén 1a 1.
Vi mit cat chiza truc la tam gidc déu ABC nén
AB=BC=CAsuyral = 2R

— 7R . (1)

Tacod S

day
S, =7Rl =7R2R = 27R* . (2)

Tk (1)va(2)suyra S, =28

day*
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. HINH CAU
~. Ly thuyét
1. Hinh ciu
¢ Khi quay ntra hinh tron (O; R) mét vong quanh duong kinh AB ¢6 dinh thi

dwoc mot hinh cau tam O, ban kinh R.

e Ntra duwong tron khi quay tao nén mat cau.

2. Céit hinh ciu

e Khi cit hinh cAu boi mot mit ph:fmg thi mit cit 1a mét

~-a -

hinh tron;

- QS

e Khi cit mit cAu ban kinh R boi mot mét ph:fmg ta duwoc
mot dweong tron:

- C6 ban kinh R (goi 1a dueong kinh 16n) néu mit cat di
qua tam;

- C6 ban kinh nhé hon R néu mat cat khong di qua tam.
3. Dién tich mdt ciu

S=4zR* hay S =zd®>  (Rlaban kinh; d 1a duong kinh mat cau).
4. Thé tich hinh ciu

v=2r
3

~. Bai tap
Bai 1. Hai hinh cau c6 hiéu cac ban kinh bang 3cm va hiéu céc thé tich bang
13327 cm3. Tinh hiéu cac dién tich cua hai mat cau.
Huéng dan giai
* Tim hwong gidi
Dé tinh duoc hiéu dién tich ctia hai mat cau ta can biét cac ban kinh ctia hai mat cau.
* Trinh bay 1oi gidi
Goi ban kinh ctia hinh cau 16n 1a R va ban kinh ctia hinh cau nho lar.
Tacd R—r=3 hay R=r+3.
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Thé tich hinh cau 16n Ia: V, = g;ﬂv Thé tich hinh cu nhé 1: V, = %ﬁ
ViV, - V, = 1332z (cm3) nén %;z(zf -r')=13327 < R =1’ =999

Dodé (r +3)' ~ ' = 999+ 3r — 108 = 0.

Giai ra dwoc 1, =-12 (loai); r, =9 (chon).

Vay ban kinh hinh cau nho la 9cm. Ban kinh hinh cau 16n 1a 12cm.

Dién tich mat cau 1én la: S, = 4zR* = 4.72.12° = 5767 (cm?).

Dién tich mat cdu nho la: S, =47r° =4.7.9° =324z (cm?).

Hiéu cac dién tich cua hai mat cau la: S=S5,-S, =576z — 3247 =252z (cm?).

Bai 2. Mot hinh cau ndi tiép mot hinh nén ban kinh day béng 6cm va dueong

sinh bang 10cm. Chitng minh rang dién tich ddy hinh nén bang dién tich mat cau.
Huo6ng dan giai

Vi hinh cau ndi tiép hinh nén nén OH L BC, OD L AB.

Ta cd AH =~/ AB> — BH* =~/10* —6? =8(cm)

Goi ban kinh day hinh nén 1a R, ban kinh hinh cau lar.
Taco BH=BD =R =6cm; OH=0D =r.
AD=AB-BD=10-6=4cm.

oD _AD
BH AH

AAOD” AABH (g.g) =

, 4
Do do izi:>r:3(cm)£=—:>r=3(cm).
6 8 6 8

Dién tich day hinh nén 1a: S, = zR* = 7.6> = 36z (cm?).

Dién tich mat cau la: S, = 477’ = 4.2.3° = 36z (cm?).

Vay dién tich day hinh nén bf?mg dién tich mat cau.

Bai 3. Cho tam giac ABC can tai A ndi ti€p duong tron duong kinh AD. Goi H la

giao diém cua AD va BC. Quay hinh vé mét vong quanh duong kinh AD ¢6 dinh ta
duoc hai hinh nén ndi ti€p mot hinh cau. Biét AH = 24cm; DH = 6cm, hay tinh:
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a) Thé tich ctua hinh cau duoc tao thanh;
b) Thé tich hinh nén dinh A day la hinh tron duong kinh BC.

Huwéng dan giai

A
a) Tam gidc ABC can tai A, AD la duwong kinh nén AD 1 BC.
Ta ¢ ABD=90" (vi AD la dudng kinh).

¢
Xét AABD vuong tai B ta co:
BH® = HAHD =24.6 =144 . Suy ra BH = 12(cm). B = C
X~

Ban kinh ctia dwong tron ngoai tiép AABCla R =(24+6):2=15(cm). D

Thé tich cta hinh céu tao thanh Ia: V; =S 7R" = J 715" =45007 (cm’)

b) Thé tich cita hinh non dinh A la: V, = 7r'h = 71224 11527 (enr’)
Bai 4. Cho mot hinh cau néi tiép mét hinh tru. Chitng minh rang:

a) Thé tich hinh cau bang % thé tich hinh try; %

b) Dién tich mat cau bang % dién tich toan phan hinh tru. v

Hudng dan giai
* Tim hwong gidi
Can tim mdi quan hé gitra ban kinh hinh cau vdi ban kinh day hinh tru va chiéu cao
hinh tru.
* Trinh bay loi gidi
Goi ban kinh hinh cau la R thi ban kinh ddy hinh try 1a R va chiéu cao cta hinh tru 1a
2R.

a) Thé tich hinh cau 1a: V, = %m

Thé tich hinh tru la: V, = zR*h = 2zR’.
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b) Dién tich mat cau la: S, = 4zR* .

Dién tich hinh tru la: S, =27R(h+R)=27R(2R+R)=67R’.

2
Taco 2= 4”R2 2
S, 6zR” 3
Bai 5. Cho doan thang AB = 24cm. L&y diém C nam gitra A va B. Vé vé cling

mot phia cia AB ba ntta duong tron duong kinh AB, AC va BC. Quay toan bo hinh vé
mot vong quanh duong kinh AB ¢§ dinh ta duoc ba hinh cau. Tim thé tich 16n nhat
cta phan khong gian duoc gidi han boi ba hinh cau.

Hudng dan giai
* Tim hwong gidi
Can tim mdi quan hé gitra cac ban kinh cta ba ntra hinh

tron, tir d6 tim dwoc quan hé gitra thé tich ctia ba hinh cau.

* Trinh bay loi gidi A C B
bat AC=2x thi BC =24 - 2x.
Ban kinh ctia ntta duwong tron duong kinh AB 1a 12cm.
Ban kinh cua ntta duong tron duong kinh AC 1a x.
Ban kinh ctia nita duong tron dueong kinh BC 1a 12 - x.
Thé tich ctia ba hinh cau duong kinh AB, AC va BC Ian luot la:
4

—rl2%; i7rx3 va i72'(12—)c)3
3 3 3
Thé tich phan khong gian giéi han bdi ba hinh cau la:
4
V=2304r——n| x> +(12-x)’
S H2-%)" ]
= 23047:—%7[()(3 +1728-432x +36x” —x' ) = 23047 — 487 (x* —12x +48)
Vimax < (x* = 12x + 48) min < (x — 6)° + 12 min < x = 6.
Khi d6 max V' = 1728z cm? khi AC = 12cm hay khi C la trung diém cua AB.

Bai 6: CAt hinh cau tAm O bdi mot mit ph:fmg ta dwgc mot hinh tron tam K, duong
kinh AB. Biét OK = 9cm va dién tich hinh tron tdm K béng 16% dién tich mat cau. Tinh

dién tich mat cau.
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Huwéng dan giai
Xét AAOB can tai O c6 KA = KB nén OK 1L AB.
Goi R 1a ban kinh hinh cau, r la ban kinh hinh tron (K).
Xét AKOA vuong tai K ta cé: »* =R*-OK* =R* -81.
Dién tich hinh tron (K) 1a: S, = zr* = z(R* — 81).

Dién tich mat cau la: S, = 4zR* .

Vi S1=16%S2 nén 7Z'(R2 —81) = £.47rR2
100

Thu gon phuong trinh nay ta duoc 36R* = 8100 . Suy ra R* = 225 .
Do d6 dién tich mat caula S = 4zR* = 9007z (cm?2).
Bai 7: Nguoi ta cat mot qua dia cau cii bang mot mat phang theo mot vi tuyén
va duwgc mot phan ¢ dang hinh chao, duwong kinh miéng chao la 24cm va do sdu nhat
cta chao la 8cm. Tinh dién tich bé mat ctia qua dia cau.

Hudng dan giai
Mit cat qua tam 1a hinh tron tam O véi AB la duong kinh miéng chao.
Vé ban kinh OC L AB tai K. Ta c6 KA=KB=24:2=12 (cm).
Goi R la ban kinh qua dia cau. 0
Xét AKOA vuong tai K ta co: K

A . B
OA*=0K*+AK* = R* =(R — 8) +12° \\/

C
= R*= R*-16R+64+144 = 16R =208

= R =13 (cm).
Dién tich bé méat qua dia cau la:
S=47R’ =4.7.13* = 6767 (cm?).
Bai 8: Mot hinh cau ndi tié€p mot hinh 1ap phuong canh 12cm. Tinh thé tich phan
khong gian bén ngoai hinh cau va bén trong hinh 1ap phwong.
Hudng dan giai

Vi d¢ dai canh cua hinh lap phuong la 12cm nén ban kinh hinh cau néi tiép la 6cm.
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Thé tich hinh 1ap phuong la: ¥, =12° =1728 (cm3). 12
Thé tich cua hinh cau la: Vv, = 46 2887 (cm3). / \
3 6
o ________

Thé tich phan khong gian bén ngoai hinh cau va bén trong hinh
lap phuwong la: V =V, -V, =1728 —2887 ~824 (cm?).
Nhin xét: Ta co h 288z 7

v, 1728 6

Tong quat, ta ¢ thé chtiing minh duoc réng néu mot hinh cau ndi ti€p mot hinh lap
phuong thi ti s thé tich ctia chung 1a %
Bai 9: Mot hinh cau c6 ban kinh bang ban kinh d4y ctia mét hinh nén. Biét duong sinh
ctia hinh nén bang 12cm va dién tich xung quanh ctia hinh nén bang dién tich mat
cau. Tinh thé tich hinh cau.

Huwéng dan giai
Goi ban kinh hinh cau cling nhu ban kinh day hinh nén la R.
Dién tich xung quanh hinh nén la: zRI = 12zR .
Dién tich mat cau la: 4zR* .
Vi dién tich xung quanh hinh nén bang dién tich mat cau nén: 12zR = 4zR*> = R =3
(cm).

Thé tich hinh cau la: V= ng3 =§-7z33 =36z (cm?).

Bai 10: Mot hinh cau ngi tiép mot hinh tru. Biét dién tich toan phan hinh tru la
384n cm?. Tinh thé tich hinh cau.

Huwéng dan giai

Goi ban kinh hinh cau 1a R thi ban kinh day hinh tru la R va chiéu cao hinh tru la 2R.
Vi dién tich toan phan hinh tru la 384z cm?nén ta cé:
27R(2R + R)=384r = 6zR* = 384r = R =8 (cm).

Thé tich hinh cau la: V= gﬂv _ gﬂgs _ 20487

(cm?).
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Bai 11: Mot chiéc thuyén thung c6 dang ntra hinh cau, cé khoi lwong 45kg, nguoi
cheo thuyén khdi lwgng 65kg. Biét duong kinh ctuia thuyén la 1,2m va trén thuyén co
thém 2,4 ta ca, hoi nuede c6 ngap dén mép thuyén khong? Biét khoi luong riéng ctia nude
la1kg/dm3

Hudng dan giai
Ban kinh ctia thuyén thung la: 1,2:2=0,6 (m) = 6 (dm).

7R =

Thé tich cua thuyén la: V =

W |
W |

% % 76’ =1447 (dm3) ~ 425dm3.

Tong Khoi luong cta thuyén, nguoi va ca la: 45+ 65 + 240 = 350 (kg)

Khoi luong riéng ctia thuyén la: 350 : 452 = 0,8 (kg/dm?)

Khoi lugng riéng ctia nuwdcla: 1kg/dmd

Vay khoi lugng riéng cua thuyén nho hon khdi lwong riéng ctia nudc nén nudc khong
ngap dén mép thuyeén.

Nhan xét: Hoc sinh can ghi nhé cong thic d =% ( m la hoi luong riéng, m khoi lugng,

V la thé tich)
Bai 12: Cho hinh cau tdm O, ban kinh OA =10+/3 cm. Cit mit cau boi mdt mit
phang vudng gdc véi OA tai trung diém M cua OA ta dugc mot duong tron. Tinh &6
dai ctia dwong tron nay.

Hudng dan giai
Xét AOBC c6 OB = OC va OM L BC nén MB = MC.
Ta c6: MC? =0C> —OM?> = (104/3)> - (54/3)* = 225
Suy ra MC = 15(cm).
D6 dai cua duong tron (M) la: 21.15 = 30n (cm).

Bai 13: Mot binh thuy tinh hinh tru chita nudc. Trong binh c6 mot vat rin hinh
cau ngap hoan toan trong nudc. Khi nguoi ta 18y vat ran d6 ra khoi binh thi muc nuée
trong binh giam di 48,6mm. Biét duwong kinh bén trong ctia day binh la 50mm, tinh
béan kinh ctia vat hinh cau.

Huéng dan giai
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Goi r la ban kinh ctia vat hinh cau.

Thé tich cua vét hinh cau la: V, = gﬂf

Thé tich khéi nuwdce rut xudng la: v, =7.50°.48,6 = 1215007 (mm3).
Ta c6 phuwong trinh: %zﬁ =1215007 =1’ =91125

Do d6 r=3/91125 =45 (mm).

Bai 14: Vi d6 ctia Thanh Hod 1a 20° Bac. Tinh d6 dai vi tuyén qua Thanh Hoa biét
ban kinh Trai D4t 1a 6370km.

Hudng dan giai c

Goi R 1a ban kinh Trai Dat, goi r 1a ban kinh cua r la ban

kinh ctia vi tuyén 20° qua Thanh Hoa. Vi tuyén 20° . r B
Ta ¢4 HBO = AOB =20’ xich dao L

Xét AHBO vudng tai H c6: » = HB = OB c0s20° = Rcos20° .
Do d6 d¢ dai cua vi tuyén 20° la:
27r = 27Rcos20° = 27.6370.cos20° ~37590 (km).
Bai 15: Mot hinh cau c6 s do thé tich (tinh béng m?) br:fmg sO do dién tich mat cau
(tinh bang m2). Tinh d6 dai ctia duong tron 16n.
Hudng dan giai
Goi ban kinh ctia hinh cau la R.
Vi s8 do thé tich bang s6 do dién tich mat ciu nén ta c6: §ER3 =47R*= R =3 (m).

Do dai cia duong tronlénla: C = 2zR = 27.3 = 67 (m).
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7~. BAI TAP TONG HOP
Bai 1. Tinh dién tich toan phan ctia hinh nén ¢6 chiéu cao h =16 cm va ban kinh
duwong tron ddy r = 12cm.

Huwéng dan giai

Do dai duong sinh cua hinh nén:

I =~J1 +7r7 =167 +12% = /400 = 20(cm)
Dién tich toan phan ctia hinh nén:
Sy, = mrl+xr’ = 11220+ 7.12* = 3847 (cm’)
Bai 2: Cho tam giac vudng ABC (A=90°); AB = 4 cm; AC =3 cm. Quay tam gic vudng

ABC mot vong xung quanh canh AB ¢d dinh. Tinh th€ tich cta hinh nén duoc tao
thanh?

Hudng dan giai
Theo cong thitc tinh thé tich cia hinh nén V = %nth

Trong d6: R=3 (cm); h=4 (cm)
Vay: V =zR’h =z.3°4 = 127 (cmd)

Bai 3: Mot hinh tru c6 thé tich 1a 20ndm?, chidu cao bang 5dm. Tinh dién tich xung
quanh cta hinh try do.

Hudng dan giai
Hinh tru c6 thé tich 1a V =201 dm3, chiéu cao h= 5dm nén ta co:
V=rnr2h =20n hay nr2.5=20n =>r>=4 =>r=2
Do d6:5xq= 2n.rth=27.2.5=207 (dm?)
Vay dién tich xung quanh ctia hinh tru la 20 (dm?)

Bai 4: Mot hinh tru cé chiéu cao bang duong kinh day, Néu ban kinh day bang 6 cm .
Hoi dién tich xung quanh ctia hinh tru la bao nhiéu cm? ?

Hud6ng dan giai

Taco R=6cmmah=d =12cm
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Khi d6
S ,=27Rh=27.6.12=1447x (cm’)
Bai 5: Mot hinh tru c6 dién tich xung quanh 1a 40m? va chiéu cao cta hinh tru bang
5m. Thé tich ctia hinh tru d6 bang bao nhiéu?
Huwoéng dan giai
Ban kinh ctia hinh tru do la:

Ta co S, =27Rh=40=27R5=R :i
V4

2
Thé tich ctia hinh tru dé 1a:V = zR*h = ﬂ[ij 5= &(m3)
T T

Bai 6: Cho AABC vuong tai A. Canh AB =3 cm; AC=4 cm. Quay AABC moét vong
quanh canh AC . V& hinh, tinh dién tich xung quanh va thé tich ctia hinh dwoc sinh ra?

Huwéng dan giai
Vé duang hinh: Hinh sinh ra la hinh non
Tinh dwoc BC =5 cm

Tinh duwoc S, = 7rl=7.3.5=157 = 47,1 (cm®)
Tinh dwoc V = %72’.32.4 =127 ~37,68 (cm’))

Bai 7: Tinh dién tich toan phan ciia mét hinh nén ¢é chiéu cao h = 16 cm va ban kinh
duwong tron day la r=12cm ?
Huwéng dan giai

Do dai duong sinh cua hinh nén:

1 =~1? +7* =16 +12% =+/400 = 20(cm)
Dién tich toan phan ctia hinh nén:

ST

P

=arl+rrt =7.1220+7-12% = 38477(cm2)
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Bai 8: Cho hinh nén ¢é dinh S, duong kinh 2R chiéu cao SH = R\/3 . Tich thé tich cta
hinh nén

Huwéng dan giai
Theo dé bai chiéu cao ctia hinh nén SH = Ry3, duong kinh 2R = ban kinh day 1a R
72'}"2\/7

Thé tich hinh nén V= gﬂth ﬁ—_ 7R R3 =
Bai 9: Cho hinh chi* nhat ABCD c6 AB =4cm, BC = 5cm. Quay hinh chit nhat dé moét
vong quanh canh AB dwgc mot hinh try. Tinh thé tich hinh try.
Hudéng dan giai
Hinh try nhan dwoc c6 ban kinh day la BC = 5(cm), chiéu cao AB =4 (cm)
Thé tich hinh tru: V = 7.AB.BC* =1007 cm’
Bai 10: Mot hinh cau c6 thé tich béng 9727 cm3. Tinh dién dién tich cia mat cau d6?
Hudng dan giai
Bén kinh cita mét cau d6 la: %m@ ~9727 =R = 9cm

Dién tich cia mat cau d6la: S = 47R* = 3247 cm?.

Chilc cdc em hoc sinh 6n tdp tot!
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