HE THUC LUQNG TRONG TAM GIAC VUONG

Hé thikc vé canh va duwdng cao

KIEN THUC CO BAN
Khi giai cac bai toan lién quan dén canh va duong cao trong tam giéc
vubng, ngoai viéc nam viing cac kién thirc vé dinh ly Talet, vé cac trudng
hop ddng dang cua tam giac, can phai nam viing céc kién thirc sau:

Tam giac ABC vubng tai A, duong cao AH , ta co:

1) a* =b+c.

2) b* =ab';c’ =ac'

)R =0b'c
4) a.h =b.c.
a
1 1 1
] 2
6) L=
a a

Chu y: Dién tich tam giac vuong: S = %ab

Vi du 1. Cho tam giac ABC vudng tai A, duong cao AH . Biét
AB: AC =3:4va AB+ AC = 2lcm.

a) Tinh cac canh cua tam giac ABC'.

b) Tinh d6 dai cac doan AH, BH,CH .
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Giai:

a). Theo gia thiét: AB: AC =3:4,

B H c

=3.Dodo AB=33=9 cm ;

AB AC AB+ AC
4 3+4
AC=34=12 cm .

suy ra

Tam giac ABC vubng tai A, theo dinh ly Pythagore ta co:
BC® = AB* + AC* =9 +12° =225, suy ra BC =15c¢m.

b) Tam giac ABC vubdngtai A,tac6 AH.BC = AB.AC,suy ra
ABAC  9.12
BC 15

AH =

=72 cm .
AH®> = BH.HC .Pat BH =z 0 <z <9 thi HC =15—z, taco:

72 =g 15—2 o2 —152+51,84 =02 2—54 =96 £ —54 =0
& r—54 £—-96 =0« =54 hoac z = 9,6 (loai)
Vay BH = 5,4cm . Tirdo HC — BC — BH — 9.6 ¢m .

Chuy: C6 thé tinh BH nhu sau:

2 2
AB —9—:5,4 cm .

AB? = BH.BC suyra BH = =
BC 15

Vi du 2: Cho tam giac can ABC c6 day BC = 2a, canh bén bang
bb>a .

a) Tinh dién tich tam giac ABC

b) Dung BK 1 AC.Tinhty s fl_[(;’(
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Giai:
a). Goi H la trung diém cua BC'. Theo dinh Iy Pitago ta co:

AH? = AC* —HC® =" —a’ A

Suyra S,,. = %BC.AH = %a\/b2 —a’

= AH =+b* —a* K
b). Tacé = BC.AH — 2 BK.AC = §

). aco5 ) =5 BK. =5 50 5 HH c
Suy ra BK = BiéH = %a\/bQ —a* . Ap dung dinh ly Pitago trong tam
giac vudng AKB tacé:

2
40> b — 24’
AK’ =AB*—BK’ =b"—— 0" —a* =————.Suyra
b b?
b> —2a° b> — 2a°
AK = ‘ do do AK = ‘
AC b

Vi du 3: Cho tam gidc ABC' véi cac dinh A, B,C va céc canh dbi dién véi
cac dinh twong tng la: a,b,c.

a) Tinh dién tich tam gidc ABC theo a

b) Chang minh: a® +b° 4+ ¢ > 4435

Giai:
a). Tagia sir goc A 1a goc I6n nhit caa tam giac
ABC = B,C lacéac géc nhon. Suy ra chan

duong cao hatir A 1én BC' 1a diém
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H thudc canh BC.

Taco: BC = BH + HC'. Ap dung dinh Iy

Pi ta go cho cac tam giac vudng

AHB,AHC taco: AB° = AH® + HB*,AC® = AH*> + HC"
Trir hai dang thuc trén ta co:

¢ —b"=HB>—-HC’ = HB+ HC HB—-HC =a. HB—HC

2 72
— HB—HC =< b ta cling co:
a
a+c b . .
HB+ HC =a= BH = o Ap dung dinh ly Pitago cho tam
a
gi&c vudng

AHB — AH® — ¢ — M]Q:[C_a2+cz—b2][c+a2+02—b2]

2a 2a 2a

2

a+02—b > — a—c at+b+c a+c—b b+a—c b+c—a

2

2a 2a 4a°

bat 2p =a + b+ ¢ thi

16p p—a p—b p—c pp—a p—b p—c
AH? = P 4 4 :>AH:2\/

4a? a

Tl‘rd(')tinhdu’(_rCS:%BC.AH:\/p p—a p—b p—c

b). Tir cAu ) ta co: S:\/p p—a p—b p—c .Apdung bit dang thic

3
:p—.Suy

Cositaco: p—a p—b p—c <
b b b > o7

3
p—a-l—p—b-l—p—c]
3

P P’ a+b+c ’ ) N )
ra s <. p— .Hay S < ——— . Mat khéc ta dé ching minh

27 33 1243
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duoc: a+btc <3 a+b 4+ suyra

3a°+b +¢
S < <:>a2+b2+0224«/55

1243

D4u bang xay ra hki va chi khi tam gidc ABC' déu.

Vi du 4. Cho tam gidc nhon ABC duong cao CK ; H la tryc tdm cta tam
giac. Goi M lamot diém trén CK sao cho AMB =90". S,5,,S, theo thu
ty 1a dién tich cac tam giac AMB, ABC va ABH . Chting minh rang
§=s.5,.

Giai:
Tam giac AMB vubng tai M cé
MK 1 AB nén MK® = AK.BK (1).

AAHK ~ ACBK Vi co

AKH = CKB =90"; KAH = KCB

(cung phu véi ABC'). Suy ra AK = HK ,dodd AK.KB=CK.KH (2)
CK BK

Tu (1) va (2) suy ra MK® = CK.HK nén MK = CK.HK ;

S

AMB

Vay § = /5.5, .

- %.AB.MK - %AB:\/CK.HK - \/%AB.CK.%AB.HK — /S8, .

Vi du 5. Cho hinh thang ABCD c0
A=D =90",B =60",CD = 30cm,CA 1 CB. Tinh dién tich cta hinh
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thang.

Giai:

Tacod CAD = ABC = 60" (cung phu v6i CAB), vi thé trong tam giac
vuéng ACD tacd AC =2AD.
Theo dinh ly Pythagore thi: AC* = AD? 4+ DC? hay

94D = AD? + 30?

Suy ra 3AD° =900 < AD* = 300 nén AD =10V3 cm .

Ké CH 1 AB.Tugidc AHCD lahinhchixnhatvicé A= D = H = 90",
suyra AH = CD = 30cm;CH = AD =10V3 c¢m .

Tam giac ACB vudng tai C,tacd: CH® = HA.HB, suy ra

2
, 1043
HB:CH = :300210 cm , do do
HA 30 30

AB=AH + HB=30+10=40 c¢m .

S :%CH AB+CD %.10\/5 40 +30 = 35073 em? .

ABCD

Vay dién tich hinh thang ABCD bing 3503/3cm? .
Ti s6 lrong giac cia géc nhon
KIEN THU'C CO BAN
1. C4c ti s6 luong giac cua goc nhon « (hinh) duge dinh nghia nhu sau:

. AB AC AB AC
sina = B—C;cosa = —tana = ——;cota

BC AC " AB
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+ Néu o 1a mét goc nhon thi

0 <sina <1;0 <cosa <1 Canh déi Canh huyén

tana > 0;cota > 0

Canh ké
2. Véi hai goc o, 3 ma o+ 3 =90°,

ta co: sin v = cos (3;cos o = sin B;tan o = cot B;cot v = tan 3.

Néu hai goc nhon a va 8 ¢6 sina = sin 8 hodc cosa = cos 3 thi

a=[.
3. sin” v + cos” @ = L;tga.cot g = 1.

4. Vi mot s6 goc dac biét ta co:
2

sin 30° = cos60’ = %;sin 45° = cos45’ =

J3 1

cos 30" = sin60° = 7;cot 60° = tan 30" = —=

&

tan45” = cot45” = 1;cot 30° = tan60" = \/5

Vi du 1. Biét sina = % . Tinh cosa, tan« va cotar.

Giai:
C
Cach 1. Xét AABC vubng tai A.
bat B = «. Taco: sinozzﬂ :E
BC 13
Ai—l o

suyraﬂzB—C:k,dodé
5 13
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AC = 5k,BC = 13k. Tam gid&c ABC vubng tai A nén:
AB' = BC* —AC? = 13k — 5k — 144k, suyra AB — 12k

. AB 12k 12,
Vay cosaq = — = — = —;
BC 13k 13

AC bk 5 AB 12k 12

tana =—=—=—;c0td = — = — = —

AB 12k 12 AC bk 5

Cach 2. Tacd sina _2 suy ra sin® « :%, ma sin® a + cos’a =1,

do do 0052a:1—sin2a:1—§:%,suyra cosax = —.
169 169 13

sin « o 12 5 13
tana = =—: =—.—=

cosae 13 13 1312 12
cosa_12.£_12 13 12

sina 13 13 13°5

cota =

O céch giai thi nhat ta biéu thi do dai cac canh cua tam giac ABC theo dai
lugng & rdi sir dung dinh nghia ti s6 lugng giac cia goc nhon dé tinh

2
A

cos v, tan o, cot ov. O cach giai thir hai, ta str dung gia thiét sin o — % dé

tinh sin® o rdi tinh cos o tir sin® o + cos® o = 1. Sau d6 ta tinh tano va

cot v qua sina va cos .

Vi du 2. Cho tam giac nhon ABC' hai duong cao AD va BE cit nhau tai
H.Biét HD: HA=1:2. Chang minh rang tgB.tgC = 3.

Giai: A
AD AD >
Taco: tgB = —;tgC = —.
BD CD
2
AD c

Suy ra tan B.tanC' = (1) B 5

BD.CD
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HBD = CAD (cung phuvéi ACB); HDB = ADC = 90°.

Do d6 ABDH ~ AADC (g.9), suy ra DA = @ do d6
DC AD
BD.DC = DH.AD (2). Tu (1) va (2) suy ra
2
tan B.tanC — 22 _ AD (3). Theo gia thiét HD 1 suy ra
DH.AD DH AH 2
HD = 1 hay HD = 1 ,suy ra AD = 3HD . Thay vao (3) ta
AH+ HD 2+1 AD 3

3HD

duoc: tan B.tanC' = 3.

Vi du 3. Biét sina.cosa = % . Tinh sin «,cos «v.

Giai:

. 120 a0 . Ao A
Bict sina.cosa = % beé tinh sin «, cos v ta can tinh sina + cos « roi
giai phuong trinh véi an 12 sin v hoic cos o
Ta co:

2 12 4
sina +cosa =sin®a +cos’ o +2sina.cosar =1 +2.—= = 49

25 25

) 7 .. 7 <, ,
ra sina + cos« :g nén sin o :g—cosa.Tu’dotaco:

7 5 12
cosa|l——cosa|l=— < —cosa —cos”" o = —
5 25 5 25
< 25cos’ v —35cosav +12=0 < 5cosa Heosae —4 —3 Hecosae—4 =0

&< Hcosae—4 Hcosa—3 =0.Suyra cosazg hoac cosazg.

+ Néu cosa:éth\l sinozzgz—:§.
5 25 5
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+ Néu Cosa:§thi sinozzgzﬁz—.
5 25 5 5

A 3 4 . 4 3
Vay sina = —, cosa = — hoac sina = —,cosav = —.
5) ) ) )

Hé thirc vé canh va goc trong tam giac vudng.
KIEN THUC CO BAN
1. Trong mot tam giac vudng, mdi canh géc vudng bang:
a) Canh huyén nhan véi sin goc ddi hay nhan véi cosin goc ke.
b) Canh géc vudng kia nhan voi tan caa goc dbi hay nhan véi cot cia goc
ké.
b=a.sin B=acosC;c =a.sinC = a.cos B;b = c.tgB = c.cot gC;

¢ =btgC =b.cot gC

2. Giai tam giac vudng la tim tat ca cac canh va cac goc chua biét cua tam
giac vudng do.

Vidu 1. Cho tam giac ABC ¢6 AB =16,AC =14 va B =60".

a) Tinh d¢ dai canh BC

b) Tinh dién tich tam giac ABC'.

Giai:
a). Ké duong cao AH .

Xét tam gidc vudng ABH , ta c0:
BH = AB.cos B= AB.cos60" = 16.% =8 B/N\60° [T
H

AH = AB.sin B = AB.sin60° = 16.73 — 843 . Ap dung dinh Iy

Pythagore vao tam giac vuéng AHC' ta co:
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2
HC? = AC* — AH* =14> — 83 =196 —192 = 4. Suyra HC = 2.
Viy BC = CH + HB =2 +8 = 10.

b)Cachl. S, = %BC.AH - %.10.8\@ — 40v3 (dvdy)

B

Cich2. S, = %BC.BA. sin B = %.10.16.73 — 403 (dvd)

Vi du 2: Tinh dién tich tam giac ABC biét ABC = 45°, ACB = 60" ban kinh
duong tron ngoai tiép tam giac ABC 1a R.

Giai:

Gia thiét c6 cac goc cb sb do dic biét , nhung tam
gidc ABC'la tam giac thuong nén ta sé tao ra tam

giac vudng bang cach. Dung cac dudng

thang qua C, B lan luot vubng goc Voi
AC,AB.Goi D la giao diém cia hai duong
thang trén. Khi d6 tam giac ABD va ACD la céc tam giéc

vudng va 4 diém A, B,C, D cing nam trén duong tron duong kinh
AD =2R.

Taco: AB = AD.sin60" = AD.;3 = R\/g. Ké duong cao AH suy ra

H e BC.Tuac la: BC = BH + CH . Tam giac AHB vubng goc tai H nén

a2 _ 3 2 RVG

—.— = —— . Mat khac tam
2 2 2 2

AH = BH = AB.sin45’ =
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giac ACH vudngtai H nén AC® = AH* +CH® = CH =

R1++2 R 3+
= BC = —————. Tu d6 tinh duoc dién tich S =

i
5
5
= .

Vi du 3: Cho tam gidc ABC' véi cac dinh A, B,C va céc canh dbi dién véi
cac dinh tuwong tng 1a: a,b,c. Chitng minh rang:

a) a® =0b>+c* —2bccos A

b) Goi D la chan duong phén giéc trong géc A. Chang minh:

2be. cos [A]
2

b+c
Giai:
B
a). Dung duong cao BH cua tam giac
ABC ta co: ¢ S
Céach 1: Gia sir H thudc canh AC' .
g
Taco: AC = AH + HC. A H b C

Ap dung dinh ly

Pi ta go cho cac tam giac vudng

AHB,BHC taco: AB’> = AH* + HB*, BC* = BH* + HC"
Trir hai dang thac trén ta co:

¢ —a*=HA* —HC* = HA+ HC HA—-HC =b. HA—HC

2 2
cC —a

= HA—HC = ta cling co:
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2 2 2
HA+HC =b= AH = bz# . Xét tam giac vudéng AHB ta co:

AH b+ —a’
AB 2bc

Sa>=b 4+ ¢ —2bccos A.

cos A =
Céach 2: Xét tam giac vubng CHB ta c0:

BC? = BH? + HC* = BH* + AC —AH = BH? + AH* + AC* —2AC.AH
Taco: AH = CB.cos A suy ra

BC® = BH? + AH® + AC® —2AC.CB.cos A hay

< BC? = BA* + +AC? —2AC.CB.cosA < a®> =b* + ¢ —2bccos A

b). Bé chitng minh bai toén ta can két qua sau:

+ sin 2 = 2sin ov. cos «

+ S = %absinC’

*) That vay xét tam gic vudong ABC, A = 90°, goi M 1a trung diém cua
BC, dung duong cao AH.DPat ACB =« = AMB =2«

TaC(')sincyzsinC':A—H:ﬁ
AC b
cosa:cosCzﬂz_
BC a
sin2a:sinAMH:A—H:ﬁ:%
AM . a
2

Tur do ta suy ra: sin2a = 2sino.cosa.

*) Xét tam giac ABC . Dyng duong cao BE ta co:
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s —lppac— %BE.b (1)

ABC 5
Mat khéac trong tam giac vuéng AEB
tacd:sinA = BE = BE =c.sinA
AB
thay vao (1)

Taco: S = %absinC’

Tré lai bai toan:

Taco SABD = %AD.ABSinA1 = %AD.@. sin [g

S, =~ ADACsinA =+ ADb.sin [é]
2 2 2

ACD

B

Suyra §,,, =S5

ACD + SABD -

= 1ADsin[é][c +b]. Matkhac S, = 1bcsinA =
2 2 ’ 2

. 2bc cos —
ADSiH[é][C—Fb]:bCSinA@AD: besinAd 2
2 . [A] c+b

b+ c sin 5

Chu y rang: Ta ching minh dugc két qua sau:

cos2a =2cos’a—1=1—2sin’ a.

That vay xét tam giac vuéng ABC, A = 90", goi M 1a trung diém cua

BC', dung duong cao AH.bat ACB=a = AMB = 2«.
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Taco: cosa:cosCzﬂzﬁ
BC a
SinOé:SinC:ﬁ:E,
BC a
2 2 o 2
cos2a = cos AMH = AM” + MB" — AB
2AM.MB

désuyra cos2c =2cos’a—1=1-2sin’«a

Ap dung a* =b* +¢* —2bccos A = a’> =b> + ¢ —2bc[2cosQ§—I].

2 2 2 P2
chosQé:qul@cosQé:W—G.Thayvaoc()ng
2 2bc 2 4bc
thae duong phan giac ta co:
b—l—c2 a’
AD:%CCOSSZ%C W:Jﬁ\/b+c—a b+eta
c+b b+c b+c

Ap dung bat dang thic C6 si ta co:

b+c—a b+c+a
\/Egb—gcéADg\/ = \p(p —a) Voi

2
2p=a+b+c.

Ap dung cbng thirc: @ = b° + ¢ — 2bccos A . Ta ciing ching minh dugc
hé thirc rat quan trong trong hinh hoc phing ( Dinh 1y Stewart) do 1a:

“’Cho diém D nam trén canh BC' cua tam gidc ABC khi d6 ta co:
AB*CD + AC*.BD = BC AB® + BD.DC >
A
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+ That vay :Tagiaké AH 1 BC

khéng mat tinh tong quat,

ta gia st D nam trong doan

HC . Khi d6 ta co:

AB®* = AD* + BD* —2AD.BD.cos ADB = AD* + BD* —2DB.DH (1)

Tuong ty ta c6: AC® = AD’ + DC* +2DH.DC (2). Nhan dang thic (1)
véi DC' dang thtc (2) véi BD rdi cong lai theo vé ta co:

AB>.CD + AC*.BD = BC AB’ + BD.DC

Vi du 3. Khong ding may tinh va bang s hdy chang minh rang

sin 75" = —\/g + \/5 .
4
Giai:
A
V¢ tam giac ABC vubng tai A
v6i BC =2a (a lamot do dai tuy y)
B
, C =15, suyra B="175". H !

Goi I 1a trung diém cua BC, ta co

IA=1IB=1C =a. Vi AIB lagoc ngoai tai dinh I cua tam giac can
IAC nén AIB=2C = 30".Ké AH 1 BC thi

IH = Al.cos30° = a\/_  AH = Al cos30° =
a\/g a 2+\/§
CH=Cl+1IH=a+ = 5 )
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Tam giac AHC vuéng tai H , theo dinh ly Pythagore, ta c6:

2
@ 24\3 2 @ 4+4fB4341
LETN d

ACQ = CH2 _|_AH2 —

4 4
40’ 2+ 3

T=a2 243 , Suy ra AC:a\szr\/g_
sin75°:sinB:AC:‘“/?JM/g :\/2+«/§ :\/4+2\/§

Bl G BB G
NV
6+ 2

1 .

Vay sin 75’ =
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