MOQT SO PHUONG PHAP GIAI HE PHUONG TRINH

I. HE POI XUNG LOAI 1:

a) Mot he phuong trinh n x, y duogc goi 1a hé phuong trinh dbi xtmg loai 1
néu mdi phuong trinh ta d6i vai tro ctia x, y cho nhau thi phwong trinh d6
khong dbi

b) Tinh chét

Néu (xy, 7, ) 12 mot nghiém thi hé (,,x,) cling 1 nghiém

S=x+ 5 5
c) Céch giai: bat {P d diéu kién S*> >4P quy hé phuong trinh vé 2
=X.y

an S,P

Chii y: Trong mot s hé phuong trinh d6i khi tinh dbi xtémg chi thé hién
trong mot phuong trinh. Ta can dua vao phuong trinh d6 dé tim quan hé
S,P tird6 suyraquahé x,y.

Vi du 1: Giai cac h¢ phwong trinh sau:

{x+y+2xy:2 {x3+y3=19
a) b

X+ =8 (x+y)(8+xy):2

x+y (\/ y+\/xy) d) x—l—y—\/E::S
Ix+3y=6 Vx+l+4y+1=4

Giai:

S=x+ 5
a) bat {P Y diéu kién S*> >4P hé phuong trinh di cho trg thanh:
=Xy
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{S+2P:2 P=—
2 _g " 6-38
S(S —3P)_8 SESZ_—jzg
2
= 28° 435> ~65-16=0 (5-2)(25° +75+8) =0 S =2= P=0

Suy ra x, y la hai nghiém cua phuong
trinh: X* -2X =0 X =0,X =2

x=0 [x=2
\Y
y=2 (y=0

S=x+ 5
b) Pit {P ¥V idu kién S* > 4P hé phuong trinh da cho tr thanh:
=Xy

S(s*-3P)=19 (SP=-8S {SP:—8S {5:1
S, 9 s ==
S(8+P)=2 §*-3(2-85)=19  [$°+245-25=0

Suy ra x, y 1a hai nghiém cta phuong trinh:
X -X-6=0=X,=3;X,=-2
Vay hé da cho c6 hai cap nghiém (x;y) =(-2;3),(3;-2)

2(a3+b3):3(a2b+b2a)

¢) Pat a=3/x,b =3[y hé da cho tro thanh:
a+b==6

_|S=a+b ., . 2 VA as b 1
diéu kién S° > 4P thi h¢ da cho tro thanh.

Dat
P=ab

2(8°-385P)=3SP _ [2(36-3P)=3P {S=6
e <~ .
S=6 S=6 P=8

Suy ra a,b 1a 2 nghiém cia phuong trinh:
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) a=2=x=8 a=4=x=64
X -6X+8=0= X =2,X,=4=

v
b=4=y=64 |b=2=y=8

Vay hé da cho c6 hai cap nghiém (x;y)=(8;64),(64;8)

Y didu kién S* > 4P hé phuong

3o x=20 | S=x+
d) biéu kién: bat

x,y=-1" P=xy

trinh da cho tré thanh:

S—JP=3 §>3;P=(S-3)

=
S+24+2JS+P+1=16 2,/S+(S—3)2+1:14—S
3<85<14,P=(5-3) 3<S<14;P=(5-3)
4(S*+85+10)=196-285+S>  |S*+305-52=0

= S Vay hé da cho c6 nghiém (x;y)=(3;3)
: X; ;3).
P 9 . y 3 < ¥ g v ’y >

Vi du 2: Giai cac h¢ phwong trinh sau:

2xy
Jx2 4+ 17 +42xp =842 Xyt =1
a){ X +y xy =82 0 tty

\/;+\/;:4 m:xz_y
+y)| 1+ ! =5
b (x y) ; B ; {XSy(1+y)+x2y2(2+y)+xy33020
) N )
(x2+y2)[1+ : 2j=9 X y+x(l+y+y )+y—ll—0
Xy
Giai:

a) Pit Vx =a,\[y =b didukién a,6>0.
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. Ta viét lai hé

4 4 _
H¢ phuong trinh tr¢ thanh: {m +2ab =82

a+b=4

phuong trinh thanh: {J(a +b)* —4ab(a+by +2a’b* +2ab =82
a+b=4

. |S=a+b S*>4p N L
bat diéu kién thi hé da cho trg thanh.
P=ab S,P>0

b

S S=P=4ca=b=2cx=y=4

{\/256—64P—6P2 2P =82
S—4

Ngoai ra ta cling c6 thé giai ngan gon hon nhu sau:
2(x7 +*) +24xy =16
x+y+2xy =16
= 2(x2+y2)=x+y<:>(x—y)2=O<:>x:y<:>2\/;:4<:>x:4
Vay hé c6 mot cip nghiém duy nhét (x;5)=(4;4)
b) Diéu kién: x+y>0.

Bién d6i phuong trinh (1):

2% :1©(x+y)2—1+ 2%
xX+y x+y

X'+ +

—2xy=0

bat x+y=S,xy =P taco phuong trinh: Sz+2?P—2P—1:O

&8 +2P-25P-S=0< S(S*—1)=2P(S—-1)=0 < (S—1)(S* +S—2P) =0

Vi §*>4P,S>0 suyra S°+S-2P>0.Dod6 S=1
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Vi x+y =1 thay vio (2) tadugc: 1=(1-y) -~y < y=0,y=3

2xy
xX+y

Xétx+y+1= Sx+y+l=1-x"-y* © x> +y* +x+y=0(khong
thoa man diéu kién).
Vay hé da cho c6 nghiém (x;y)=(1;0),(-2;3).

c) Piédu kién: xy #0.

H¢ da cho tuong duong:

1 1
x+y+l+l:5 (x+—j+£y+—j=5
x y X y
=N

SRR S 1Y 1Y '
X4y +—=+—==9 xX+—| +|y+—| =9
X y x y

5 x+l=2;y+l:3
{S -2P=9 X y

x+—=3y+—=2

X Y
3+4/5
x=Ly=——
& 2 . Vay hé da cho c6 nghiém:
3+4/5
X = 2 ;v=1

(35 ) (3245
ot
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xy(x+y)(x+y+xy):30

d) H¢ twong duong voi : .
xy(x+y)+x+y+xy:ll

bat xy(x+y)=a;xy+x+y=b. Ta thu dugc hé:

xy(x+y)=5
ab =30 a=5b=6 Xy+x+y=06

= = .
a+b=11 a=6;b=5 {xy(x+y):6

xy+x+y=5

THI: {xy(x+y):6@
xy+x+y=5

xX+y= - X 2 y 2
Xy = 54421 5421

| (x+y=5 * 2 4 2

TH2: {xy(x+y):5c>
xy+x+y=6

{
{
_{xyzs (L) :S—x/ﬁ; :5+\/ﬂ
{

Vay hé co nghiém: (x;y)= (1;2),(2;1),( 5

Si\/ﬁ.sj—ux/ﬁJ
2 '

1) HE POI XUNG LOAI 2

Mot h¢ phuong trinh 2 an x, y dugce goi la dbi xung loai 2 néu trong hé¢
phuong trinh ta d6i vai tro x, y cho nhau thi phwong trinh tré thanh
phuong trinh kia.

+ Tinh chit.: Néu (x,;),) 1a 1 nghiém ctia hé thi (y,;x,) cling 1a nghiém

+ Phuong phap giai:
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Trir vé véi vé hai phuong trinh cua hé ta dugc mot phuong trinh ¢6 dang

x—y=0

(x—y)l:f(x;y):|=0D{f(x;y)zo-

Vi du 1: Gidi cac hé phwong trinh sau:

X +x =2y (x—l)(y2+6):y(x2+1)
) {y2+\/;:2x ®) {

) ¥ 4+3x—1+2x+1=y
C
Y 43y—1+2y+1=x

Giai:

a) Diéu kién: x, y > 0. Trir hai phwong trinh cta hé cho nhau ta thu duoc:

x2+x/;—(y2+\/;):2(y—x)
C)(\/;—\/;)[(\/;+\/;)(x+y)+1+2(\/;+\/;):|=0

Vi (x/;+\/;)(x+y)+l+2(\/;+\/;)>0

nén phuong trinh da cho tuong duong véi: x=y.

Hay

x2—2x+x/;=0<:>x2+x/;:2x<:>x/;(x/;—l)(x+\/;—l)=0<:> by

2

3-45 3—6}

Vay hé co 3 cap nghiém: (x;y)= (O;O),(l;l),(—;T
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2 2 2
Xy +6x—y —6=yx" +
b) Hé di cho <> 1™ 4 ey
X +6y—x"—6=xy" +x

Trir vé theo vé hai phuong trinh cta hé ta dugc:

2xy(y—x)+7(x—y)+(x—y)(x+y):0<:>(x—y)(x+y—2xy+7):0

xX=y
e
x+y-=2xy+7=0

+ Néu x =y thay vao hé ta cé: x2—5x+6=0<:>{ B _3
x:y:

+ Néu x+y-2xp+7=0< (1-2x)(1-2y) =15.
Mat khéc khi cdng hai phuong trinh ctia hé da cho ta duogc:

x2+)/2—5x—5x+12:0<:>(2x—5)2+(2y—5)2 =2.Dbat
a=2x-5b=2y-5

a+b=0
Ta o a’+b*=2 - (a+b)2—2ab=2C> ab=-1
a co:
(a+4)(b+4)=15 ab+4(a+b):—l a+b=-8
ab=31
a+b=0
Truomg hop 1: {ab:—l < () =(3;2).(2:3)
Truong hop 2: {a;b;—8 vO nghiém.
a =

Vay nghiém cua h¢ da cho la: (x;y) = (2;2),(3;3),(2;3),(3;2)

X 1 1
c) biéukién: x>——;y>——
) . X
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Péyring x=y= —% khong phai 1a nghiém.

Ta xét truong hop x+ y #—1
Trur hai phuong trinh cua h¢ cho nhau ta thu dugc:

x3+3x—1+\/2x+1—(y3+3y—1+,/2y+1):y—x
2(x~7)

V2x+1+2y+1

<::>(x—y)[x2 +xy+y2]+4(x—y)+

2
V2x+1+42y+1

<:>(x—y)|:x2+xy+y2+4+ :|:O<3x:y

Khi x =y xét phuong trinh:

X +2x—14V2x+1=0= x> +2x+/2x+1-1=0

x(x* +1)+ =O<:>x[x2+1+ }:O<:>x=0

2x 2
V2x+1+1 NV2x+1+1

Tom lai hé phwong trinh ¢6 nghiém duy nhat: x=y=0
HE CO YEU TO PANG CAP PANG CAP

+ La nhitng hé chta cac phuong trinh ding cip

+ Hoac cac phuong trinh cua h¢ khi nhan hodc chia cho nhau thi tao ra
phuong trinh dang cép.

Ta thuong gép dang hé nay ¢ céc hinh thirc nhu:

N ax’ +bxy+cy’ =d
ex’+gxy+hy’ =k ’
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N ax’ +bxy+cy’ =dx+ey
gx’ + hxy +ky’ :lx+my’

N ax’ +bxy+cy’ =d
gx’ +hx’y +kxy® +1y° = mx +ny

Mot sb hé phuong trinh tinh dang cap dugc gidu trong cac biéu thirc chta
can doi hdi nguoi giai can tinh y d€ phat hi¢n:

Phuong phap chung dé giai hé dang nay 1a: Tir cac phuong trinh ctia hé
ta nhan hodc chia cho nhau dé tao ra phuong trinh déng cip bac »:

k

ax"+ax""*y . +ay =0
Tt do ta xét hai truong hop:
y =0 thay vao dé tim x
+ y=#0 taddt x=¢y thi thu dugc phuong trinh: a,t" +a,t""...+a, =0

+ Giai phwong trinh tim ¢ sau d6 thé vao hé ban dau dé tim x, y

Chu y: ( Ta ciing c6 thé dat y = tx)

Vi du 1: Gidi cac h¢ phuong trinh sau:

X —8x=)"+2y
) X =3=3(y"+1)

5x*y—4xy* +3y° =2(x+y)=0

b) (x,y € R)

JC)/()62+)/2)+2:()C+)/)2

Giii:
. 49’ =8x+2

a) Tabiéndding: {* 7 T T
x*+3y° =6
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Dé ¥ rang néu nhan chéo 2 phuong trinh cta hé ta co:

6(x* +°) = (8x+2y)(x* +3y*) day la phuong trinh dang cap béac 3: Tir
do ta co 101 giai nhu sau:

Vi x =0 khong la nghiém ctia h¢ nén ta dat y =#x. Khi do hé thanh:

¥ —8x=£x"+20x xz(l—l‘3)=2t+8 1-£  t+4
f— =>—F
x2—3=3(t2x2+1) x2(1—3t2)=6 -3 3

1
t=—
3(1=£)=(t+4)(1-32) = 127 —t—1=0 3
= ( ) (t+ )( )c> = tz_l
4
2 2\ _
| x(1—3t)—6 {x:i3
* f=—= X }
3 y:g y=i1
478
AT
¥ f=—— .
4| V18
T

Suy ra h¢ phuong trinh c6 céc cap nghiém:

N J%],{_w% _ﬂ}
’ 13 7 13

13 713

(x;p) = (3,1);(—3,—1);(

b). Phuong trinh (2) ctia hé c6 dang:

THCS.TOANMATH.com



xy(x2 +)/2)+2=)c2 +y2+2xy<::>(x2 +y2)(xy—l)—2(xy—1)=0
<:>()cy—l)(x2 +y° —2)=0

xy=1
=
X' +y' =2

55y —4x° +3v - 2(x+y)=0 =1 =—1
THL: (3540 3y = 2xy) =0 [x=1 [
xy=1 y

y:
TH2:
5x°y—4xy® +3y° —2(x+y):O 5x°y—4xy® +3y° :2(x+y) (*)
=
X' +y =2 X +y =2

Néu ta thay x* + y* =2 véao phuong trinh (*) thi thu dwoc phuong trinh
dang cap bac 3: 5x°y—4xy? +3)° = (x2 +y2)(x+y)

Twr d6 ta co 101 gidi nhu sau:

Ta thidy y =0 khong la nghiém cia hé.

5t2y3 —4ly3 +3y3 =2(ly+y)

Xét y#0 dat x =7y thay vao hé ta co:
£y’ +y* =2

Chia hai phuong trinh cta hé ta dugc:

2
Sl 3 4t1+3 =tJ1rl S -4 +5t-2=0
+

t= =Y {le {x:—l 5 5
2= 1< 1 < v v v :
t=o |x=gy =l ly=-l y_JE y__JE

J5 J5

Vi du 2: Gidi cac h¢ phuong trinh sau:
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X +2y+3+2y-3=0

a)
2(2y" +x°)+3y(x+1) +6x(x+1)+2=0

1 +2x_x+\/;

b) 43x 3y 254y

2(2x+\/;)=\/M—y

Giai:
a) Pidu kién: x> +2y+3>0.

Phuong trinh (2) twrong duong:
2(2° +x7 )43y (x+1) +6x° +6x+2=02(x+1) +3y(x+1) +4y’ =0

Pay 1a phuong trinh déng cip gitta y va x+1.

+ Xét y =0 hé vd nghiém

+ Xét y=0.DPat x+1=1¢y tathu dugc phuong trinh: 2¢£* +3> +4=0
Suyrat=-2&x+1=-2y

Thay vao phuong trinh (1) ta dugc:

\/xz—x+2:x+4<:>x:—%:>y=i.

18
A TA A . 14 5
Vay h¢ c6 mdot cdp nghiém: (x;y) = _?;ﬁ .

b) D& thay phwong trinh (1) cta hé 13 phuong trinh ding cip cia x va \/;
Didu kién: y>0;—-3<x#=0.
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1 2
Pit \[y =x= y =£*x* thay vao (1) ta duogc: =t X __ X+

3°x° 22X +1°X°
Rt gon bién x ta dua vé phuong trinh 4n ¢:
(t-2) (P +t+1)=0 =2y =2x20.
Thay vao (2) ta dugc:

4x* +8x=+/2x+6 < 4x° +10x+?:2x+6+\/2x+6+%

2

o(203) (Ve ea].

NI7-3__13-317

Gidi ra ta dugc x = y
4 2
Vay nghiém cta hé (x;y) = (Jz_3 ; 13 _zﬁ]

Vi du 3: Giai cac h¢ phwong trinh sau:

1
3x' =y = 2y +1-2xy-2x=1
2) Xty b) {’: yrimemet
Xiyt=1 X =3x-3xy=6

Giai:

(3x3 —y3)(x+y):1

x2+y2:1

a) Ta co thé viét lai hé thanh: { (1)

Ta thiy vé trai cta phuong trinh (1) 12 bac 4. Dé tao ra phuong trinh dang
cép ta s& thay vé phai thanh (x* + y*)?.
Nhu vay ta co:
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(33 =2 )(x+¥) = (¥ +1?) & 26 +3x7y =2y — 0’ =2y* =0

xX=y
<:>(x—y)(x+2y)(2x2+xy+y2):0<:> x=-2y
2x> +xy+y° =0

2
+ Néu 2x2+xy+y2:O<:>%x2+(x+%J =0< x =y =0 khong thoa
man.

NG

+ Néu x=y tacod 2x2:1®x:i7

5

+ Néu x:—2y<:>5y2=1<:>y:i?

Toém lai h¢ phuong trinh c6 céc cdp nghiém:

(o)LL) (2 (28,25 (255

o272 )P0 27 2L 57 5 5 75

2y+1-2x(y+1) =1

b) Piéu kién y >—1. Ta viét lai hé thanh:
¥ =3x(y+1)=6

Ta thay cac phuong trinh ctia hé déu 1a phuong trinh dang cap béac 3 d6i

VOl X,y +1

D@ thdy y =—1 khong phai la nghiém ctia hé phuong trinh.

Xét y>—1.Dbat x=¢,/y+1 thay vao hé ta co:

(y+1) [ =2t]=1

(y+1)'[£-3t]=6

<:>t3—3t—6(t2—2t)=0c>[

+ Néu ¢=0 thi x=0.Khong thoa man hé
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+ Néu 1=30 27y +1) 9y +1) =6<:>y=%—1:>x:3/§

Vay hé ¢6 1 cip nghiém duy nhét (x;y) = (%/5 ;% - 1}

Vi du 4: Giai cac h¢ phwong trinh sau

2) {xy—i—xz\/;:Z

2x)° +(X +2x-3)y+x =3

X +xy+x+3=0

(x+1)° +3(y+1)+2(xy—«/x2y+2y)20

Giai:
a) Diéu kién: y > 0. Phuong trinh (2) ciia hé c¢6 dang:

2xp(y+ D)+ X’ (y+1) =3(y+) = 4 5
2xy+x =3

Trudng hop y =—1 khong thoa man diéu kién

2xy+x° =3

Trudng hop 2xy+x° =3 ta c6 hé: :
xy+x2\/;:2

Vé trai ciia cac phuong trinh trong hé 1a phuong trinh déng cap bac 3
d6i v6i x,4/y . Dé thidy y>0. Tadit x=¢/y thi thu dugc hé:

=

SQt+£)=3 2
Jree) S22 3 Lo im0

1
1
P a+r)=2 t+1 2 t=>

+ Néut=1thi x=/y & x=1=y=1
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1 1 4
+ Neut=—thix=—y o y=hror=—crx=—Fr=Dy=—r
2V BT
. S1A . 1 4
Tém lai hé co cac nghiém: (x;y)=(1;1), G,G

b) Piéu kién: x*y+2y>0< y>0.

Tir phuong trinh thir nhét ta c6: xy = —x* —x—3 thay vao phuong trinh
thr hai ta thu duogc:

(x+1)>+3(y+1)—-2x" —2x-6-2Jp(x*+2) =0
S +2-3y+2p(x*+2) =0
Day la phuong trinh dang cap béc 2 dbi véi \/; va \Vx*+2

t=1

Pat [y =1,/(x* +2) ta thu duge: 37 21 -1=0 ¢ r=—§(L)

Khi =1 tacod: y=x>+2 thay vao phuong trinh thi nhit ctia hé ta thu
dugc: x=-1=y=3

Tém lai hé phuong trinh c6 mot cap nghiém (x; y) =(1;-3)

Vi du S: Giai cac hé phwong trinh sau

x2+y2+8xy =16
X+y
) b)
x’ 2x _ X Xy

8y 3 \3y 4 2

{x2y3x1=3x\/;(\/1x1)3

\/8x2 —3xy+4y° +\/E:4y

Giai:
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3 2
a) Diéu kién: y;tO,x+y¢O,x—+—20.
3y 4

Phuong trinh (2) twrong duong:

2 3 2 2 2
R e e ]
8y 6 12y 16 8y 6 8y L6 6

2
Day la phuong trinh dang cap dbi voi ;— va 4x ; 3y
y
: x? 4x+3 :
Ta thay phuong trinh c6 nghi¢m khi va chi khi ™ va J cung dau
y
2
hay 2> 0,23 5 ¢
8y 6
2
Pit 2 =g, 4x+3y =bsuyra a’+b*=2ab<a=b
8y 6
=6
x> 4x+3y r=ny
—= & 2 .
8y 6 X= 3 y

TH1: x =6y thay vao (1) ta co:

28 168
=——=x=——(L
T 37D

24

gy2+y2—16y=16<:>
=—x=—
4 7

TH2: x= —%y thay vao (1) ta co6:

12
-2
y 13()

gy2+y2—16y=16<:> .
y=12=x=-8(TM)

THCS.TOANMATH.com



Vay hé c6 nghiém (x;y)= (%;gj,(—&u) .

xy =0
U x,y20
b) Piéu ki¢n: {x<1 <
x<I
y=0
Dé ¥ rang phuong trinh thir hai cua hé la phuong trinh dang cap dbi voi
x,y. Tathdy néu y =0 thi tr phuong trinh thir hai cua hé ta suy ra
x =0, cap nghiém nay khong théa man h¢.

Xét y>0. Ta chia phuong trinh thtr hai cua hé cho y ta thu dugc:

2
\/8(£j —3£+4+\/E:4. bat \/Z:t ta thu dugc phuong trinh
y y y y

<4 {tﬁ4

8t -3 +4=4-t P ) 9
8" -3t +4=1t"—-8t+16 8t -4t +8—-12=0

t<4 t<4
S = ; 5 St=1

2t —t"+2t-3=0 -2 +2t°+t+3)=0
Khit=l=x=y .
Phuong trinh tht nhat cua hé tré thanh: x° —3x—1=3Vx(V1-x —1)’.
Diédu kién: 0<x<1.Tathidy x =0 khong thoa man phuong trinh.

Taxét 0 < x<1. Chia bat phuong trinh cho x* >0 ta thu dugc phuong

3
trinh: 1—%—%=3£,/l—1—L] . bat l=t:>t21 phuong trinh tré
X x X Jx X
thanh: t3+3t2—1:3(\/;—x/t—1)3 <:>(t3+3t2—1)(\/z+\/t—1)3 =3

Xét f(t)=(t3+3t2—1)(x/;+x/t—1)3 D& thdy f(1)> f(1)=3 suyra
phuong trinh c6 nghiém duy nhit 1 =1< x =1
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Tém lai hé phuong trinh ¢6 nghiém (x;y)=(1;1)

Chu ¥: Ta ciing ¢ thé tim quan hé x, y dwa vao phwong trinh thi hai cia
hé theo cach:

Phuong trinh c6 dang:

\/8x2—3xy+4y2 —3y+\/5—y=0c> (x—y)Bx+5y) +(x—y)y=0
\/8x2—3xy+4y2 +3y \/E*Fy

xX=y
= 8x+5y y (3). Vi x,y >0 nén tasuyra
+ =0
\/8x2—3xy+4y2 +3y \/E‘*‘y
X=y

PHUONG PHAP BIEN POI TUONG PUONG

Bién doi tuwong dwong la phwong phép gidi hé dwa trén nhing ky thudt
co ban nhu: The, bién doi cac phwong trinh vé dang tich,cong trir cdc
phuwong trinh trong hé dé tao ra phwong trinh hé qua co dang dac biét...

* Ta xét cac vi du sau:

Vi du 1: Giai cac hé¢ phwong trinh sau

N {\/Hl+,/4—2y+\/5+2y—(x—1)2 =5 (1)

3P+ (x—y)Y =6x"y+)’ (2)

b) ¥ —12x=y’ -6y +16
X+ Y +xy—4x-6y+9=0
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2xy—x+2y=3
¢ 3 3 2
X +4y =3x+6y" -4

Y =Tx=6—=3y(x—6) =
\/2(x V) +6x—2y+4— J_ Jx+1

Giai:
x2>-1

a). Piéu kién | y <2
542y >(x-1)

Xuét phat tir phwong trinh (2) ta co:

3x' -6’y +(x—y) —y* =0
x=0

<:>3x3(x—2y)+x(x—2y):O<:>x(x—2y)(3x2+1):O<:>[ 5
x=2y

V6i x =0 thay vao (1) ta c6:
1+J4-2y +J4+2y =5 J4-2y + J4+2y =4

Theo bat dang thirc Cauchy-Schwarz ta c6

2
(Va-2y +f4+2y) <2(4-2p+4+2y) =16 = J4-2y + [4+2y <4
Déu = xay ra khi: 4—2y=4+2y < y=0
H¢ c6 nghiém: (0;0)

Véi: x =2y. Thay vao phuong trinh trén ta dugc

Vx+1+/4—x+5+x—(x-1) :5<:>\/x+1+\/4—x+\/(x+1)(4—x) =5
(*)
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t* =5
2
t=-5
=3

bat t=vx+1+v4—-x>0=>Vx+1Jd—x =

2

. Thay vao phuong

trinh ta co: £+

:5<:>t2+2t—15=0<:>[

Khi t=3:>\/x+1.\/4—x:2<:>—x2+3x:0<:>|:x
X

Tém lai hé co nghiém (x;y)= (0;0),(3;%j

Nhin xét : Diéu kién ¢ >0 chua phai la diéu kién chat cua bién ¢
That vy taco: t=vx+1+vV4—x =2 =5+2(x+1)(4-x) = >5
Mit khac theo bat dang thirc C6 si ta ¢6

2Jx+D(A-x) <51 310@ze[£;M}

¥ —12x=(y-2) -12(y-2)

b) Hé viét lai dudi dang 4", )
x +x(y-4)+(y-3)" =0

batr=y-2.Tacohé:

¥ —12x =1 —12t - (x=0)(xX*+£ +xt-12)=0 (*)
X Ax(t=2)+(t-1’=0 |X++xt-2x+0)+1=0 (2%)

XA +xt—12=0 (3%

Tu (*) suy ra {
- V6i x=t thay vao (2*)ta c6 phuong trinh 3x* —4x+1=0

Tir ddy suy ra 2 nghiém cua hé 1a (x;y) = (1;3),(%;%)
- Véi (3%) két hop véi (2%) ta c6 hé
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13
X+t=—
) —xt—12=0
(et )2 * & 2 (VN) . Do (x+t)2 <4xt
(x+1)" —xt=2(x+1t)+1=0=0 xt=121
4

Vay h¢ phuong trinh da cho c6 2 nghiém: (x; y)

e

¢) Pua hé phuong trinh vé dang:
(x+DH2y-1)=2

(x+1)° +%(2y—1)3 =3(x+1)° +%(2y—1)—5

bit: a=x+1; b=2y-1
Khi do ta thu dugc h¢ phuong trinh:

ab=2 ab=?2

=N
@ +%b3 =347 +%b—5 { 2a° +b’ =6a> +3b-10

Tir hé phuong trinh ban dau ta nham dugc nghiém 1ax = y =1nén ta s&
c6 hé nay c6 nghiém khi: a=2; b=1

(a—2)b=2(1-b)

Do d6 ta s& phan tich hé vé dang: 5 5
(a=2)(a+)=(b-1)"(b+2)

2(1-b)
b

Vi ta ludn c6: b # 0 nén tr phuong trinh trén taratra a —2 =

Thé xubng phuong trinh dudi ta dugc:

A(b—1)

b2

(a+1)=(b-1’(b+2) < (b-1)[4a+)-b(b+2)|=0
{ h=1
=
4a+1)=b*(b+2)
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Voi: b=1=a=2 ,suyra:x=y=1; .

Véi 4(a+1)=b>(b+2). Talai co:

ab:2<:>b(a+1):b+2<:>a+1:b%2.

Thé 1én phuong trinh trén ta co:

I
b=—2=a=—le>x=-2; y=—t
_ B (b+2) TasTieaETaYyET

4b+2)
b b’ =4 (Khong TM)

Vay hé da cho c6 2 nghiém la: (x;y) =(1;1), (_2;_%j

d) biéu kién: {x ; 0 Ta viét lai hé phuong trinh thanh:
y=

J2(—y) +6x—2y+4—Jy =[x+1

& \J2(x—y)* +6x—2y+4 =Jy +</x+1 . Binh phuong 2 vé ta thu
duoc:

2x% —4xy+2y* +6x-2y+4=x+y+1+2p(x+1)

<::>2[(x—i—1)2 —2y(x+1)+y2]+(x+l+y)=2\/y(x+1)

x+l=y
S2(x+1-y)Y +(Wx+1-yy) =0 Sx+l=y
W Jeri=y

Thay vao phuong trinh (2) ta c6:

VY =Ty +1=3Yy(y=7) =1y =Ty +1=3p(y-7) +1.
bat a =3/y(y—7) tacod phuong trinh:
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a>-1
3 a>-1 a=0
Vo' +l=a+l<y =
a—-—a —-2a=0 a=-1
a=2
. y=0=>x=-1
V61 a=0=>
y=T=>x=6
7-3J5 5-35
YT TR T,
Véia=-1=1y’"-Ty+1=0<
7+3\/§ 5+3\/§
= —> X =
2 2
=-1 L
V(’)’ia:2:>y2—7y—8:0<:>[y @)
y=8=>x=7

H¢ phuong trinh da cho c6 nghiém 1a :

5—3@7—3@} (5+3\B.7+3\E
2 b b b

5 5 5 ;}(7;8)

(x;7)=(=10),(6; 7),(

Vi du 2: Giai cac h¢ phwong trinh sau

2) X —(2y+2)x-3y> =0
x4+ 2x)° —(y+3)x—2y"—6y° +1=0

b) X' =2xp+2y"+2y=0
X =X y+2y"+2y-2x=0

0 x’ =3y —4yx* —y+3x> =0
‘ 3y —y* +3xy+1=0

Giai:
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a) Cach 1: Liy phuong trinh thtr hai trir phuong trinh thir nhat theo vé ta
duoc:2xy” —(y+3)x—2y" —6" +1+(2y+2)x+3y° =0

< 2x° +xy -2y’ -3y’ +1—x:0c:>x(2y2 +y—l)—2y3 -3y +1=0
S +HD)R2y-D(x—-y-1)=0.

+ Néu y =—1thay vao phuong trinh (1) ta c6: x> =3 < x =13

+ Néu y :% thay vao phuong trinh (1) ta co:

+
4x2—12x—3:0<:>x=3_2\/§

+ Néu y = x—1thay vao phuong trinh (1) ta co:

x*=2x" =3(x—-1> =0 < —4x” +6x-3=0. V6 nghiém.

Két luan: (x;y) = (\/5;1),(—\/5;1)’[3_2\/5 ;1]{34'2\/5 l]

2 72 2 72
* Cach 2: Phuong trinh thir hai phan tich duge: (2y° +x)(x—y—3)+1=0

Phuong trinh thtr nhat phan tich dugc: (x— )’ —2(x+2y*)=0

2_2b=0
Dit a=x—y,b=x+2y" tacd hé: “
(a=3)b+1=0

b) Lay phuong trinh thir hai trir phwong trinh thtr nhét, ta duoc:
¥ —x*=x’y+2xy—2x=0, hay (¥’ —x* —2x)— y(x* —2x) =0.

Do x’ —x*> —2x = (x+1)(x> —2x) nén tir trén, ta c6
(x> =2x)(x+1-y)=0.

£ y=0
+ Néu x=0=>
y=-2
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y=0
+ Néu x=2= 4

y=3

+ Néu y=x+1 thay vao phuong trinh (1) ta thu duoc: 1+2y* +2y=0v0
nghi¢m.

Két luan:
H¢ phuong trinh c6 céac cdp nghiém la:

(x;7)=(0;0),(0; —2),(2;0),(2;3

¢) Hé duoc viét lai nhu sau:

(xy2 —y)+(3x2 —3x3y):4x2yc> (xy—y)(y—3x2)=4x2y
3x°y—y* +3xy+1=0

3x* = > +3xy+1=0
Xét voi y =0 thay vao ta thay khong 1a nghiém ciia hé .

V6i y # 0 ta bién d6i hé thanh :

(x—%j(y—3x2)=4x2 (x—lj(y—3x2)=4x2

1 - ’ 1
3x -y +3x+—=0 3 —y+——x=—4x
y y
G_X—i b=4x"
Pit : v Khid6 hé tro thanh ha : 14~
) a+b=4x
b=y-3x

Theo Viets thi ta c6 2 s6 a va b 1a nghiém cua phuong trinh :
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2 2 2 2x=x-—
" =4xt+4x < (t-2x) =0&t=2x < y o
2x=y-3x"
y=-= _
= —— x:—l
x1 Y . @{ »
2x=—=-3x" 3¢ +2x%+1=0 '~
X

Vay hé c6 1 nghiém (x;y) = (—1;1)

Vi du 3: Giai cac h¢ phwong trinh sau

){ﬁ+\/§2
a

8 3 3y 4

6x° —3x°y+2xy+4=7y" +4x+6x>

X =2x"y—15x=6y(2x—-5-4y)

b) 2 9 3 2
xz—y4+9y:x(9+y—y3) L L S

3x—632x—-4=43y-9-2y Cy-8y* +3x%y =4
c) d) ,
2xy+y—-y =2

Giai:

a) Tu phuong trinh (2) cua hé ta co:

x2—y4+9y=x(9+y—y3)©(x—y)(x+y3—9)20@[

Viy<lval+x+l-y=2nénJl+x<2<x<7

Dodd x+)°-9<—-1<0 nénx+y’ —9=0 vo nghiém.

xX=y
x+y°=9=0

Ta chi can giai trudng hop x = y. Thé vao phuong trinh ban dau ta

duge:Y1+x +1-x=2. Pt a=J1+x;b=1-x(b>0) thi
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b=2
{a+ 3613+(2—a)2 =2<:>a3+a2—4a+2:0<:>(a—1)(a2+2a—2):0

a+b*=2

Tir d6 suy ra nghiém cua phuong trinh ban dau
x=0;x=—11+6V3;x=-11-6y/3

Vay hé di cho c6 3 nghiém la
x:y:O;x:y:—ll+6\/§;x:y:_11_6\/§

b) Phuong trinh thir nhat ctia hé
2y=x
e Qy-x) (¥ -12y-15)=0< 2-15
T

TH1: y= al 1_215 thay vao phuong trinh thir hai ctia hé ta dugc:

3x? 2x 4x° x> x*=15

2(x2—15) 3 \x*-15 4 24

o 362 —12\/ X (x* +16x-15) +(x* +16x-15) =0
x*—15 x*—15

x*+16x-15>0 x> +16x-15>0

= e = 2 ,
6| ———= = (¥’ +16x-15)  [36——=x"+16x-15
x —15 x =15

x> +16x-15>0
@ 36x" =(x* ~15)(x* +16x—15)(*)

Xét phuong trinh (¥) 36x” =(x* —15)(x* +16x-15)

THCS.TOANMATH.com



Vi x = 0 khong phai 12 nghiém. Ta chia hai vé phuong trinh cho x* ta
co:

36 = (x—l—sj(x—i-m—l—sj bat
X X

=2
x—l—S:t:>t2+16t—36:0<:>
x t=-18

X 15 2 x=5
+ Neu =2 x—=2&x" -2x-15=0&= = x=5
X

+ Néut=-18

x=-9-4/6

o x=-9-4J6
x=-9+46

<:>x—1—5:—18<:>x2+18x—15:0<:{
X

Nghiém cua h¢ da cho la: (x;y) = (5;%}[_9 _4\/8;%]

TH 2: x =2y Thay vao phuong trinh thir hai cua h¢ ta co:

2 3 2 2
X 2 ,/2i+x——1@1x= ,/“" & x =0 (loai) (do didu kién
4x 3 3x 4 4 6 12

y#0)

KL: Nghiém cua hé da cho la: (x;y)= (5;%}[_9 N/ 27 +;2\/EJ

x=>2

¢) biéu kién
y>3
Phuong trinh (2) cua hé tuong duong véi:

y=2x-2

2x-2-y)B3x*+y-2)=0&
(2x-2-)(3x +y-2) {y:2_3x2
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+ Véi y=2x-2 thé vao phuong trinh (1) ta duogc:

()= Tx—6J2x—4 —4J6x—-15-4=0 (3)

Dén day str dung bét ding thire C6 si ta co:

62x—4 =32/2(x~2) < 3x
{ J V2x-2) s 6\2x— 4+ 46x—15 < Tx—4

4J6x 15 =2.2.3(2x=5) <2(2x-2)
Dau "=" xay ra khi chi khi x =4
Twr (3) suy ra x =41a nghi¢m duy nhét. Vay hé c6 nghi€ém (x;y)=(4;6)
- Vé6i y=2-3x% <2 hé vd nghiém do diéu kién y >3
Vay hé da cho chi c6 1 nghiém (x; y) = (4;6)

d) Thé phuong trinh 2 vao phuong trinh 1 ctia hé ta dugc phuong trinh :
xy-8y'+3x’y=2Q2xy+y-1y’) (x3 -8y’ +3x2)y =(—4x—-2+2y)y

Vi y =0 khong 1a nghiém ctia hé. Chia ca hai vé cho y ta dugc phuong
trinh x’ —8)° +3x> =—4x—-2+2y < x* +3x" +4x=8)" +2y -2

bat: z=x+1= x=z-1.Khi d6 ta c6 phuong trinh :

2 +z=8y"+2y & (z-2y)(’ +4y2+2zy)=0[do (22 +4y? +2zy)>0]
Sz=2y=>x+1=2y=>x=2y-1
Thé vao phuong trinh 2 cua hé ta dugc phuong trinh:
y=1 =>x=1
3y —y-2=0| 2 7

== —Sx=—
7 3
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H¢ phuong trinh da cho c6 hai nghiém (x;y)=(l; 1);(%;%)

Vi du 4: Giai cac h¢ phwong trinh sau

Y {3y2+1+2y(x+1)—4y1/x2+2y+1

y(y—x):3—3y

) 2x+(3-2xy)y* =3
2x° —x'y=2x"y" ~Txy+6

) x4+2xy+6y—(7+2y)x2 =-9
C
2yx* —x* =10

Giai:
a) Picu kién: x> +2y+1>0.

Phuong trinh (1) twrong duong:

47" 4> 42y +1+ X2+ 2y +1=x" = 2xp + )’

X2 42y+1=3y—
<:>(2y—«/x2+2y+1)2=(x—y)2<:> o e
X2y +l=x+y

TH1: \/x* +2y+1=3y—x. Binh phuong hai vé phuong trinh ta dugc:

3y>x 1oy —
3y>x 6y N x=Ly=WTM)
it <3 0xy = -2yl 415 17
¥ +2y+1=9y" —6xy +x° 4 2y 4 x=——:y=—(TM)
xy=y +3y-3 51 3
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TH2: \/x* +2y+1=x+ y. Binh phuong hai vé phuong trinh:

x+y=>0 =Ly=
x+y20 . y 2 , 1 X—l,y—l
PN xy=—v>+ +1<& 41
ey y= 42y =2 o T
Vi b conaiem (x3) (1), 12,17

b) Tir phwong trinh (1) ta thay: 2x(1—y3) = 3(1—y2) .
TH1: y =1 thay vaio 2)tacod: X’ —7x+6=0<x=1x=3;x=-2.

. . | 2x+2xy+2xy* =3+3y (*)
TH2: Két hop voi (2) ta cd hé méi: .
2x° —x'y=2x"y" -Txy+6 (3)
Phuong trinh (3) twong duong véi: (xy— 2)(2xy +x - 3) =0.

+ Néu: xy =2 thay vao (*) ta co:

2x+4+4y=3+3y:>x=_lT_y:>y(1+y)=—4.

Phuong trinh nay vo nghiém nén hé vé nghiém.
+ Néu 2xy=3-x* thay vao (*) ta co:
2 2 2
2x+3-x +y(3—x ):3+3y:y:——1
X

:>2x(g—1j:3—x2 Sx=Ly=1
X

Vay hé co nghiém (x;y)=(1;1),(3;1),(-21).
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¢) Phuong trinh (1) twong duong:

x4—7)c2+9—2y(x2 —x—3):0<:>(x2 —x—3)(x2 +x—3)—2y(x2 —x—3)=0

1-+13 79+~13
2 36
_Le13 79413

2 YT 36

THI: ¥’ -x-3=0<

TH2: 2y* = x> + x—3 thay vao (2) ta co:

(x2 +)c—3))¢2—x3 =10

x:—\/§:>y=l+§
Vay hé c6 nghiém
(x;y):(l—;/ﬁ;m;g/ﬁj [1+f 793fj [Il_iM s IJ

Vi du 5: Giai cac h¢ phwong trinh sau

xy—x—y=1 b xy—x+2y=4
4y’ —12x* +9x ==y  +6y+7 ~ |4x’ +24x> +45x=—y +6y 20

) 3
x
C d
: : 1 4 : i . A
(xp+2) +=5=2y+— x+y-1
x x

Giai:
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. 3xy-3x-3y=3
a) H¢ tuong duong: ; 5 5 .
4x" =12x"4+9x=-y +6y+7

Trir hai phuong trinh cho nhau ta dwoc: 4(x— 1)3 =—3’ +3xyp+3y

<::>4(x—1)3 +4y° =3y +3xp+3y

(x+y 1):(x—1)2—(x—1)y+y2::3y(y2+x+l)
(x+y 1):(x—1)2—(x—1)y+y2::3y(y2+xy—y—1+1)
<:>4(x+y l):(x—l)z—(x—l)y+y2:=3y2(x+y—l)

<:>(x+y—1)(2x—2—y)2:0

Véi y=1-x thay vao (1) ta duoc: x* —x+2=0 (v nghiém).

5-17
4

54417

4

S—x/ﬁ_l—x/ﬁJ (5+«/ﬁ‘l+x/ﬁ)

x:
Véi y=2x-2 thay vao (1) ta dugce: 2x” —5x+1=0<

X =

V@yhécénghiém(x;y)=( L) PR

6y—3x+3xy—-12=0

b) Hé twvong duong: .
) e s s {4x3+24x2+45x=—y3+6y—20

Trur hai phuong trinh trén cho nhau ta dugc:
4x° +24x7 +48x+32=—y" +3xp+12y
= 4(x+2)3 +4y° =3y’ +3xp+12y

c:>4(x+y+2)|:(x+2)2 —(x+2)y+yz}:3y(y2 +x+4)
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Thé x =xy+2y—4 vao VP ta duogc:
4(x+y+2)[(x+2)2—(x+2)y+y2}:3y(y2+2y+xy—4+4):3y2 (x+y+2)

<:>(x+y+2)(4(x+2)2—4(x+2)y+y2):O.

Véi y=—x—2 thay vao (1) ta dugc: x* —5x+8=0 (vd nghiém).

177
V6i y=2x+2 thay vao (1) ta dugc: 2x> —Tx+4 =0 < 4
_\/ﬁ+7
4
N f71+f ﬁ+71f
Vay hé co nghiém (x;y)= 1 5 J 5

¢) DPiéu kién: x#0.
Phuong trinh (2) twrong duong:

2
[y+2—lj =O<:>xy=l—2<:>yziz—z.
x X X x

Thay vao (1) ta duogc:

1 Y 11 (1 2Y 1
(7—1] ;—5 (7—;j @(t2—1)3+t—5:(t2—2t)3
e (2-1)(6r' =126 +26* + 41 +3) = 0.

THI: t=%:>x=2:>y=——
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2
TH2: 6t4—12t3+2t2+4t+3:0@6(t2—t—§j =—% (vo 1y)

Vay nghiém cia hé (x;y)= (2;—%} :
d) Piéu kién: x+ y # 1. Phuong trinh (2) tvong duong:

(x2 —4y2)(x+y—l)+2xy:—(x+y—1).

Phan tich nhan tir ta duoc: (x+2y—1)(x* —2y” —xp+y+1)=0.

TH1: x+2y—1=0 thay vao (1) dé dang tim dugc:

(x.y)ZE—l—Z\/ﬁ.3+\/ﬁj [2\@_1.3_@)

5 5 5 2

; g a e X 2Y xy
TH2: Két hop véi (1) ta cd hé moi: .
¥ +y +x=3

Giai bang cach:
PT(1)-PT(2) = 3y° +xy+x—y—4:0<:>(y+1)(x+3y—4)=0.

Vay nghiém cua hé

5 5 5 2 11°10

(x.y){—l—z\/ﬁ_u\/ﬁ] (2@—13—@} ( 10_17) (1), (1) (2

Vi du 7) Giai hé phuong trinh v&i nghiém 1a sb thyc:

Y +xy+5x-7=0

) X +2y° +2x+8y+6=0 b) 2% +2xy+y-5=0
a
X +xy+y+4x+1=0
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Giai:

X=u+a
thay vao phuong trinh (1) cua h¢ ta co:

* Cach 1: bat {
y=v+b

(u+a) +2v+b)Y +2w+a)+8(v+b)+6=0
S w2 +2(a+Du+4v(b+2)+a’> +2b* +2a+8b+6=0.

Ta mong mudn khong c¢6 s6 hang bac nhét trong phuong trinh nén diéu
a+1=0 {a =-1

kién la: &
b+2=0 b=-2

Tur d6 ta c¢6 cac h dit 4n phu nhu sau: Dat { 5 thay vao h¢ ta co:
y=v-

w+2v'=3 P
day 1a h¢ dang cap.

uw +uv=2
Tur hé ta suy ra
2(u2 +2v2)=3(u2 +uv)<:)u2 +3uy — 4’ :0<:>B 4y
Cong viée con lai 1a kha don gian.

* Céach 2:Ta cong phuong trinh (1) véi k 1an phuong trinh (2).

x2+2y2+2x+8y+6+k[x2+xy+y+4x+1]:0
S+ +Q2+4k+ky)x+2y" +8y+ky+k+6=0

Taco
A=Q+4k+ky)’ —4(k+1)2y* +8y+ky+k+6)

= (k* =8k =8y +(4k* =32k —32)y +12k> —12k =20 .
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Ta mong mubn A c¢6 dang (Ay+B)* < A =0 cb nghiém kép:

2

& (4k7 =32k -32) —4(k* -8k —8)(12k* —12k —20) =0 <> k=2
2

Tir d6 ta c6 céach gidi nhu sau:

Lay 2 lan phuong trinh (1) trir 3 1an phuong trinh (2) cta hé ta c6:

2(x2 +2y° +2x+8y+6)—3(x2+xy+y+4x+1):O

=

—x* =3xy—8x+4)’ +13y+9=0 x* +(3y+8)x—(4y” +13y+9) =0

Tacd A=(3y+8) +4(4y” +13y+9)=25y" +100y+100 = (5y+10)’
o 3y+8—-(5y+10) e

Tu do6 tinh duoc: 2
‘o 3y+8+(5y+10)

2

=4y+9

Phan viéc con lai la kha don gian.

b) Ly phuong trinh (1) trir phwong trinh (2) ta thu dugc:

2x2+2xy+y—5—(y2+xy+5x—7):O<:>2x2+(y—5)x—y2+y+12=0

=2t
= 2
x=—y+2

Nhén xét: Khi gap cac hé phuong trinh dang:

{a1x2+a2xy+a3y2 +a,x+a;y+a, =0

bx* +b,xy+b,y’ +bx+by+b, =0
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+ Tadit x=wu+a,y=v+b sau do6 tim diéu kién dé phuong trinh khong co
) hang bac 1 hodc khong co ) hang tu do .

+ Hoic ta cong phuong trinh (1) véi k 1an phuong trinh (2) sau d6 chon &
sao cho c6 thé biéu dién dugce x theo y . Bé c6 dugc quan hé nay ta can
dua vao tinh chét. Phuong trinh ax” + bx +c biéu dién duoc thanh dang:
(Ax+B)’ < A=0

P6i voi cac hé dai sé béc 3:
Ta c6 thé van dung cac hudng giai
+ Bién doi hé dé tao thanh cac hing ding thirc

+ Nhan cac phuong trinh voi mét biéu thirc dai sé sau d6 cong cac phuong
trinh dé tao ra quan hé tuyén tinh.

Vi du 8) Giai hé phuong trinh véi nghiém 1a s6 thuc:

{x3 +3xy> =—49 {x3 +3x°y =6xy—3x—49
a) c)

x> —8xy+y> =8y—17x x> —6xy+y° =10y —25x-9

b x -y =35 ; xy(3x+y)=4
2x* +3y* =4x-9y 7%’ +11=3(x+y)(x+y+1)(1)

Giai:

X +3x°+49=0

a) Phan tich: Ta viét lai hé nhu sau:
P +8(x+D)y+x>+17x=0

A LA s ~3y* +48=0
Nhéan thay x =—1 thi h¢ tr¢ thanh: , S y=14
y° —=16=0

T doé ta co6 1oi giai nhu sau:

Lay phuong trinh (1) cong v6i 3 1an phwong trinh (2) cua hé ta co:
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x’ +3xy° +49+3(x2 —8xy+y° —8y+l7x) =0
e (x+1)[ (x+1) +3(y—=4)* |=0
Tur d6 ta d¢ dang tim dugc cac nghiém cia hé: (x;y)=(-14),(-1-4)

b) Lam tuong tu nhu cau a

Lay phuong trinh (1) cong voi 3 1an phuong trinh (2) thi thu dugc:
(x+1)[ (x+1)* +3(y=5)" |=0 . Tir d6 d& dang tim dwoc céc nghiém cita
hé.

¢) Ly phuong trinh (1) trir 3 1an phuong trinh (2) ta thu dugc:
(x=2Y=(y+3) ©x=y+5

Thay vao phuong trinh (2) ta c6:

=-3
2(y+5)°+3y° :4(y+5)—9y©5y2+25y+30=0©{y 5
y=-

Vay hé phuong trinh ¢6 cdc nghiém la: (x;y)=(2;-3),(3;-2)

d) Lay 2 lan phuong trinh (2) trir di phwong trinh (1) ta thu duoc:
(x—l)[y2 —(x+3)y+x’ —x—2] =0

Truong hop 1: x =1 hé vo nghi¢m

Y= (x+3)y+x"—x-2=0

Truong hop 2: {
X4yt =(x=-y)y-1)
Lay 2 lan phuong trinh (2) trir di phuong trinh (1) ta thu duoc:

(2x+1)[ )’ = (x=Dy+x"—x+2]|=0

34345

4

. 1
+ Néu x=—5:>y:
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2 2
A —(x=-1D)y+x"—x+2=0
+ Neu p* —(x—1)y+x>—x+2=0 taco hé: v -e=hy .
yz—(x+3)y+x2—x—2:0

Trir hai phuong trinh cho nhau ta c6: y =—1 thay vao thi hé vd nghiém

1'3”\/3} (_1_3—3&]

27 4 27 4

KL: Nghiém cua hé 1a: (x;y)= (—
d).

Ta co: (1) < 7x* +3xy(3x+y) =1+3(x+y)(x+y+1)
& Tx +3xy(4x+2y—x—y)=1+3(x+y)(x+y+1)
& 8x° +y3+6xy(2x+y)=x3 +y +3xy(x+y)+3(x+y+1)(x+y)+l

<::>(2x+y)3 :(x+y)3+3(x+y)(x+y+1)+13 =(x+y+1)3
S 2x+y=x+y+lex=1.

Vay h¢ phuong trinh da cho twong duong voi:
x=1 {x =1 {x =1
= v .
y(y+3):4 y=1 |y=—4

PHUONG PHAP PAT AN PHU

Dit 4n phu 14 viée chon cac biéu thue f(x, y); g(x, y) trong hé phuong
trinh dé dat thanh cac an phu méi 1am don gian cu trac ctia phuong
trinh, h¢ phuong trinh. Qua d6 tao thanh cac h¢ phuong trinh mai don
gian hon, hay quy vé cac dang hé quen thudc nhu déi xtng, dang cép. ..

D& tao ra an phu ngudi giai can xur 1y linh hoat cac phwong trinh trong
hé thong qua cac ky thuat: Nhom nhan tir chung, chia cac phuong trinh
theo nhitng s6 hang c6 sin, nhom duya vao cac hang dang thirc, di bién
theo dac thu phuong trinh...
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Ta quan sat cac vi du sau:

Vi du 1: Giai cac hé¢ phwong trinh sau

2x> —2xy—y° =2 x'—4x*+y* —6y+9=0
a) b)

2%’ =3x" =3xy" =y’ +1=0 X y+x°+2y-22=0

Giai:

a) Ta viét lai hé phuong trinh thanh:

3 —(x+y) =2 3 —(x+y)’ =2
= .
3 +3x°y—(x+y)’ =3x* =-1 3P (x+y)—(x+y) -3x> =-1
5 5 . . a-b*=2
bat a =3x",b=x+ y ta thu dugc hé phuong trinh: < .
ab-b'—a=-1

Tur phuong trinh (1) suy ra @ =b” +2 vao phuong trinh thit hai ctia hé ta
thu dugc: (b”+2)b—b"— (b’ +2)=-1< b’ -2b+1=0b=1=>a=3

{le
= 2 _ =0
Khi {a 3:{x ! & 4
x+y=1 x=-1
{y=2
Tém lai hé phuong trinh ¢6 2 cap nghiém: (x;y)=(1;0),(-1;2)
(x*-2) +(y-3) =4

b) Ta viét lai hé phuong trinh thanh:
X y+x +2y-22=0

Dit a = x> —2;b = y—3. Ta c6 hé phuong trinh sau:
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a’+b* =4 o a’+b* =4 o (a+b)’ —2ab=4
(a+2)(b+3)+a+2+2(b+3)=22 ab+4(a+b)=8 ab+4(a+b)=8

{a+b=2
(a+b)2+8(a+b)—20=0<:> ab=0
ab+4(a+b)=38 a+b=-10
(L)
ab =48

, a+b=2 a:2,b:0
Xét <
ab=0 a=0,b=2

. =+

+ Néu: a=0,p=2=1" 2
y=5
x=12

+ Néu a:2,b:O:>{
y=3

Tém lai hé co cac cap nghiém: (x;y)= (\/5;5),(—\/5;5),(2;3),(—2;3)

Vi du 2: Giai cac hé¢ phwong trinh sau

) (x2+y2)(x+y+l):25(y+1)
a
X +xy+2y° +x-8y=9

x>+ y* +6xy—

1 5
x-y 4

2y—

Giai:

a) Dé y rang khi y = —1 thi hé v6 nghiém
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(x2+y2)(x+y+1)=25(y+1)

Xét y #—1. Ta viét lai hé thanh: .
x2+y2+x(y+l)+(y+l) :10(y+1)

Chia hai phuong trinh ctia h¢ cho y+1 ta thu dugc:

2 2
2 2 X +y
X +y
x+y+1)=25
y+1 (x+y+1) =N -

Xyt x(y+1)+(y+1) =10(y+1)

2 2

bat Xty =a;x+y+1=>b.Taco:
y+1

=3’ =1
ab =25 oy =5(y+1) |7
{ <:>a=b=5<:>{ Y (y )<:{ 3 11-

b=10 = -y =_
a+ x+y=4 X 2,y >
A 1A s . 311
Vay hé c6 nghiém (x;y)= (3;1),(—5;?j .

b) Piéu kién: x# y.

H¢ da cho twong duong:

1 2
2(x+y)2—(y—x)2— 75 =0 2(x+y)2—(y—x+ ! JJrg:
y-x) y-x
=
(y—x—i— j+(x+y)+§=0 (y—x-i— j+(x+y)+—=0
y—x y-x
bit x+y=a;y—x+ ! = b;|b| > 2 h¢ thanh:
-X
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N
5 ’ 4 13 3
a+b=—> a=2 flmx=2 |e=Tiy=-2
25C> 5<:> 5 < 7 3
8 2 | 8 8
—_X=——
7 2
7 3)(13 3
Vay hé ¢6 nghiém ( x; ==
g ghiém (x;7) = (8 8)(8 8)

Vi du 3: Giai cac hé¢ phwong trinh sau

b)

17 —4x* + p,19-9)* =3
a
V17-4x% +,/19-9)* =10-2x -3y

(x2+x)y2—4y2+y+1:0
xy+x°y° +l—(4—x3)y3 =0

Giai:

7 _ N7 JE<<19.

= ) = s

2 3 3

N\ﬁ

a) Dbiéu kién: —

DPéy x+17-4x* lién quan dén 2x va \/17 — 4y’ ,y\/l9 —9y” lién quan
dén 3y va /19-9y* . Va tong binh phuong ctia chung 1a nhiing hang
5.

Dit 2x+/17-4x> = a;3x+ y/19-9y> =b . Hé da cho twong duong:

a+b=10
a*-17 b*-19 C{
+ =3
4 6

a=5b=5
a=3b=7
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1
X=—
2 2
- {2x+ 17—4x* =5 ;
: S X = .
2_
3y+4/19-9y° =5 5413
y:
6
TH? 2x++17-4x* =3 (Ioai)
: oai).
3y+4/19-9y* =7
Vay hé c6 nghiém
(xi7)= 15+4413)(15-V13) [, 5+413 ), 5-V13
5y 2’ 6 b 29 6 9 b 6 M b 6 .

2 2 2
£ X +x +y+1=4
b) Ta viét lai hé nhu sau: ( )y Y Y
xy+x Y +1+x°y’ =4y°

Tathdy y =0 khong thoa man hé.Chia phuong trinh dau cho »*,

y+l_,

(x2 + x) +
. , Y
phuong trinh tht 2 cho ° ta dugc: ,
X X 3
—+—+1l+x =4

vy
1 1
x2+—2+xer =4 x2+i2:2
Viét lai hé duéi dang: 4 1 4 No© ly
(x2+—2J(xy+ j:4 x+—=2
y y y
a+b=4
it 2+ =a, 2 2 p ta 06 he moi Sa=b=2
y y ab=4
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= 4 Y Y = Sx=y=1
1 1 X
X+—=2 x+—=2 —=1
y y Y
Vay h¢ c6 mdt cap nghiém duy nhét x=y=1
Vi du 4: Giai cac h¢ phwong trinh sau
X S5y
6x4—(x3—x)y2—(y+12)x2=—6 xz—y+x+y2_4
Y Sxt—(x*=1) p? ~11x* =5 ? X’ =5y
ro\x o4 r= Sx+y+ o =5

Giai
a) Nhén thay x =0 khong 13 nghiém cta hé.
Chia hai vé phuong trinh cho x* ta cé:

6 1 ?
e e I G S G L

e .
2 2 2
X X X X

{6612 —ay’—y=0

bat x—l:a . Hé thanh:
54’ —a’y*—1=0

X

. .z 1 .
Chia hai vé cho a” va dit y+—=X,X=Y giai ra ta dugc
a a
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Vay hé co nghiém (x;y)= (

b). Pidukién: x,y # 0;x = —y*; y = x°.
Phuong trinh (2) twrong duong:

X Sy x+y’ x'—y
y+—+5x-——=5& +5. =5
y X X X

X =y x+y’
bat a, =b.

X X

Vay hé c6 nghiém (x;) {—%3}(1%}[%%}

Vi du S: Giai cac hé phwong trinh sau
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2x
(xy+3)2+(x+y)2 =8 \/9x+1+2\/y+—:4
a) X Vo 1 b) 5
P+l y 4l 4 (%—1}(%—9J:18

Giai
a) Trién khai phuong trinh (1)
(1) © X"y +6xy+9+x"+2xp+)y° =8 x’y  +x* +y° +1=—-8xp
& (x2 +1)(y2 +1) =—8xy.

Nhan thdy x =0,y =0 khong 12 nghiém cua hé.

2 2
Phurong trinh (1) khi do 1a: -1 21 _ g
y
.X y o e .
bat ——=a;———=5b. H¢ da cho tuong duong véi:
x +1 vy +1
— 1 r X __l
=7y 2+l 2
1 y _1 x=-1
atb=—-1|b=7, Vil 4 y=2%3
= & = .
L:_g a:l x 1 x=2+43
ab 4 X414 .
po_L y _ 1~
L 2 [+l 2
Vay hé c6 nghiém

(553)=(-1:2=V3),(-1:2++3),(2-3:-1),(2+43;-1).
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b) Phuong trinh (2) tuong duong:
(2x—y2)(y—9x2) =18x"y> & 9x*y* +18x° + )’ =2xy

2 2

PSR Y

Xy y X

<:>9x(y+2—xj+l(y+2—xJ:4c>(9x+lj(y+2—xj:4.
y) x y X y

Dit a 2(9x+1j;b:(y+2—xj. Hé thanh:
X

922183 3
<:>xy+ x+y

y
Y
29
a+2b=4 9x+x 9x* +y =4x
Sa=2b=1<
ab=2 y+§ 1 Y +2x=y
y
y=4x-9x’ x=0(L)
(4X—9X2)2+ZX=4X—9X2 x:ljy:_
9 3
A LA s A 11
Vay hé c6 nghiém (x;y)= 5,5 )
Vi du 6: Giai cac h¢ phwong trinh sau
x\/x2+6+y\/x2+3=7xy 2x°y+y° =2x" +x°
a b 2
x\/x2+3+y\/y2+6:x2+y2+2 (x+2){y+1=(x+1)
Giai
Giai hé:.

H¢ phuong trinh twong duong voi :
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[ VX 43+ )
(x\/y2+6+y)+y( x2+3+x):9xy y2+6+y+( * * _9

= y x

x(M—x)+y( Y +6— ):2 x(\/m-x)er(\/m—y):Z

6,3 o |a=2ib=1

Hé thanh: 15 @ < ; N
a+b=1 a=—;b=—

37773

=
—_—
=
LS}
+
(8]
|
=
~—
I
—
=
I
[—

THI: = 1
y y2+6—y)=1 =3
2
x(\/x2+3—x):z x:ﬁ
TH2: 34@ .
y( y S EE N -

Vay nghiém cia hé (x;y)= (1;%),(%;2\/%} ,

PHUONG PHAP DPUA VE HANG PANG THUC:

THCS.TOANMATH.com



Piém mau chét khi giai hé bing phwong phap bién di theo cac hing
dang thirc:

Ta xét cac vi du sau:

Vi du 1: Gidi cac h¢ phwong trinh sau

(3—x)\/2—x—2y 2y—-1=0 b) 2x°y+y’ =2x* +x°
Yxr2+2y+2=5 (x+2)\y+1=(x+1)

Giai

a) Picu kién: x<2,y> % . Phuong trinh (1) twong duong:

(2-x)V2—x +V2-x=(2y-1)2y -1+ 2y -1

bit a=+2-x,b=+/2y—1.Tacod phuong trinh: @’ +a=5b"+b
<:>(a—b)(a2 +ab+b’ +1)=0. Do

2 2
a’+ab+b’ +1:(a+%] +%+1>0 suy ra phuong trinh cho ta @ =b

J2y-1=+2—x & x=3-2y thay vio taco: f5-2y +2/y+2 =5 < Dit
a=3/5-2y;b=./y+2 taco6 hé phuong trinh sau:

a=1b=2 y=2
a+2b=5 —3-65 . 23+465 233+234/65
s g oas b= o |y=m
a’+2b* =9 4 8 32
L _Nes-3 ,_ 23-465 233-2365
i 4 8 - 32
Vay h¢ c6 nghiém

THCS.TOANMATH.com




23165185 233—23@] (_ 23165 +185 233+23\/5]

. — _12
(%)= ’)’[ 16 32 16 32

b) Piéu kién: y>-1.
Ta viét lai phuong trinh (1) thanh: y° —x° +2x? ( y—x ) =0
y=x

<:>(y—x2)(y2+yx2+x4+2x2)=0<:>L:y:0

D@ thdy x = y =0 khong phai la nghiém. Khi y = x* thay vao (2) ta duogc:

(s 2:> 4 2 1) = (x4 4<::> x:\/g,y=3
(X+2)\/ﬁ—(x 1) = (x+2)"(x" 1) = (x+1) L:_ﬁ,y:3

(thoa man). Vay hé c6 nghi¢m (x;y) = (i\/§;3).

Vi du 2: Giai cac hé¢ phwong trinh sau

Xyt =04y
a)

Vax+5+4y*+8=6

27 —4x? +3x—1=2x" (2-y)3-2y
b)
Nx+2=314—x3-2y +1

Giai

a) Diéu kién: x> —% .

Ta thdy y =0 khong la nghiém cuia hé. chia hai vé ciia (1) cho y° ta

duoc:
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5
[ij +2 =" +y.Dit a=2 taco phuong trinh: @’ +a ="+ suyra
Y Y y
(a—y)(a“+c13)/+612)/2+ay3Jr1)=0(:)y:a<:>x=y2
Vadx+5+x+8=6<= x=1= y=+1. Tu d6 tinh dugc y=+1
Vay hé da cho c6 nghiém (x;y) = (1;£1).
b) Piéu kién: x> -2; yS%.Ta thay khi x =0 thi hé khong c6 nghiém.

Chia phuong trinh (1) cho x* #0:

4 3 1
()& 2-—+F-—=(4-2y)\3-2y

X X X

@El—%f +(1—3:(\/3—2y)3+\/3—2y.

Pat a=1-+ b= 3-2y.Tacé
X

ad+a=b+b=a=b< 3—2y=1—l.
X

Thay vao (2) ta duogc:
x+2-Y5-x=1x+1=15-x & x’ +3x* +4x-14=0.

111 111
& x=7= y=——--:.Vay hé co nghiém (x;y)=|7;,— |.
Y=g .y.g.(y)(ggj
Vi du 3: Giai cac hé¢ phwong trinh sau
) (17 -3x)5-x+(By—14)J4—y =0 1)
a
22x+y+5+33x+2y+11=x"+6x+13 (2)

THCS.TOANMATH.com



x(x+y)+\/m=\/§( 2y° +1)

b)
x’y—5x° +7()c+y)—4:63 xy—x+1
Giai
x<5
EU y<4
a)bicu kién:
2x+y+520
3x+2y+1120

Bién d6i phuong trinh (1) ta c6:
[3(5-x)+2]V5-x=[3(4-y)+2]4-y Pita=5-x,b=4-y ta

c6” 3a’ +2a=3b"+2b < (a—-b)(3a’ +3ab+3b +2)=0< a=b

SVS—x=4-y & y=x-1

Thay vao (2) ta co: x> +6x+13=2/3x+4+3/5x+9  (4)

Diéu kién xac dinh cta phuong trinh (4) 1a: x> —g

(4) <:>x2+x+2(x+2—x/3x+4)+3(x+3—\/W):0
2(x2+x) . 3(x2+x) _
x+2+3x+4  x+3+/5x+9

S Hx+

2 3
(X +x (1+ + )=O
( ) Xx+2++3x+4 x+3++5x+9
X +x=0
=
I+ 2 + 3 =0

x+2+3x+4 x+3+5x+9

) x=0=>y=-1
*) x+x=0 =
x==l=>y=-2
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Tacd 1+ 2 + 3 >0 do diéu kién xZ—%

x+2+3x+4 x+3++/5x+9

Két luan: (x;)=(0;-1),(-L-2)

b)Piéu kién: y>0,x+y>0.
Nhan thdy y =0 thi hé v6 nghiém. Ta xét khi y >0

Tt phuong trinh (1) ta st dung phuong phép lién hop:

PT(1)<:>x2+xy—2y2=\/E—Vx+y©(x_y)(x+2y)=\/j(+x— :/3:1)}

Rérang x+2y=x+y+y>0; ,tudosuyra x=y.

-1
Thay vao (2) ta dugc: x° —5x> +14x—4=63/x> —x+1.
Bién d6i phuong trinh d3 cho twong duong:
x*+3x% +6x+4=8x" —8x+8+3/8x" —8x+8

& (x+1) +3(x+1)=8x* ~8x+8+33/8x* —8x+8..

Dit a=x+1,h=:/8x> —8x+8 suy ra

a'+3a=b+3b < (a—b)(d* +ab+b*+3)=0<>a=b

x+1=38x*-8x+8 = x=1y=1.

Vay hé co nghiém (x;y)=(1;1).

KHI TRONG HE CO CHUA PHUONG TRINH BAC 2
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THEO AN x, HOAC y

Khi trong hé phuong trinh ¢ chira phuong trinh bac hai theo an x hodc
y ta co thé nghi dén cac hudng xir 1y nhu sau:

* Néu A chin, ta giai x theo y rdi thé vao phuong trinh con lai ciia hé dé

glai tlép
* Néu A khong chin ta thuong xir 1y theo cach:

+ Cong hoac trur cac phuong trinh cua hé dé tao duogc phuong trinh bac hai
¢6 A chin hoic tao thanh cac hing ding thirc

+ Dung di€u kién A >0 dé tim mién gia tri cua bién x, y . Sau do danh gia
phuong trinh con lai trén mién gia tri x, y vua tim dugc:

Ta xét cac vi du sau:

Vi du 1: Giai cac hé¢ phwong trinh sau

{xy+x+y=xz—2y2 1
a)

x@—y\/x—l =2x-2y (2)

b 2x> + 1> =3xp+3x-2y+1=0
4x2—y2+x+4:\/2x+y +\/x+4y

Giai
Xét phuong trinh (1) cua h¢ ta co:

xy+x+y=x"-2y" & x*—x(y+1)-2y>—y=0. Ta coi diy 1a phuong
trinh bac 2 cia x thitacé: A=(y+1)>+8y* +4y =3y +1)*. Tir d6 suy
ra
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x_y+l—(3y+l)__
2
p=ZHFOYHD 50
2
Trudng hop 1: x =—y . Tir phuwong trinh (2) cta hé ta c6 diéu kién:

x21
suy ra phuong trinh vd nghiém
y=0

Truong hop 2: x =2y +1 thay vao phuong trinh thur hai ta co:

Qy+ D2y —y2y =2y +2 & 2y +2y =2(y +1)

@(y+1)(\/5—2)=0@y=2:x=5
Vay hé c6 mot cap nghiém: (x; y) = (5;2)
b) Xét phuong trinh (1) ctia hé ta co:
257+ =3ay+3x-2y+1=0=2x" +x(3-3y)+ y* =2y +1=0.
Coi day la phuong trinh bac 2 cua x ta co:

A=(3-3y) =8(y* -2y +1)=)" —2y+1=(y-1)

Loy =3-0-h _ y-l
4 2
x:3y—3z(y—1) y

Suy ra
-1

Truong hop 1: y = x+1 thay vao phuong trinh (2) ta thu dugc:

3xP —x+3=3x+1+/5x+4
3% =Bx+(x+1-V3x+1)+(x+2—~/5x+4) =0

@(xz—x){3+ : : }:0

+
x+1+\/3x+1 x+2+x/5x+4
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1
Do xZ—g nén

3+ ! + ! >0:>x2—x:0<:{

x+1+3x+1 x+2++/5x+4

Truong hop 2: y =2x+1 thay vao phuong trinh (2) ta thu dugc:

3-3x=dx+1++/5x+4 < Vdx+1++/5x+4+3x-3=0
Giai tuong tu nhu trén ta dugc x=0.

Két luan: Hé phuong trinh ¢ 2 cdp nghiém: (x;y) = (0;1),(1;2)

Vi du 2: Gidi cac h¢ phwong trinh sau

x+3=2 (3y—x)(y+1) )

3y-2- _x—2|-5 =xy—2y-2 (2)

\/2y2—7y+10—x(y+3)+ y+l=x+1
b)

y+1+i:x+2y
x+1

{\/4x—y—\/3y—4x =1
c)

2{3y—4x+y(Sx—-y)=x(4x+y)-1

Giai

biéu kién: y>—;x>-3;3y>x.

w | o

Phuong trinh (1) twong duong (x+3)* =4(y +1)3y —x)

S +6x+9=12y" +12y —4xy—4x = x° +2x(5+2y)-12y* =12y +9=0
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Coi day la phuong trinh bac 2 cua x ta co:
A'=(Q2y+5) +12y* +12y -9 =(4y +4)’

x=-5-2y—-(4y+4)=-6y-9
suy ra

x=-5-2y+(4y+4)=2y-1
Truong hop 1: x=—6y-9.

Do x>-3= —6y—-9>-3 < y <-1 suy ra phuong trinh v6 nghi¢m.

Truong hop 2: x =2y —1 thay vao phuong trinh 2 cua hé ta co:

2(y—2)

3y—2—Jy+2=2y"-3y-2 =(2y+1)(y-2

V3y-2-\y+2=2y"-3y YTy (2y+1)(y-2)
2 3 7

Ta co: <—=;2y+1>—.

e By-2+y+2 2 T3

Nghiala VP>VT ,suyra y=2=x=1.
Vay hé c6 nghiém (x;y)=(1;2).
x+1#0

b) Piéu kién: { y+1>0
2y° —7y+10—x(y+3)20

Ttr phuong trinh d& thiy dé phuong trinh c¢6 nghiém thi:
x+1>20= x>-1.

Ta viét phuong trinh thir nhat dudi dang:

\/2y2—7y+10—x(y+3) =x+1-4y+1.

Dé binh phuong dugc ta can diéu kién: x+1>y+1 < x* +x>y.
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Ta binh phuong hai vé dugc:

2y° —8y+8—x(y+3) =x’ +2x—2(x+1)\/y+1 (1).

Ta dua phuong trinh (2) vé dang: (x+1)y/y+1=x"+x+2xy+2y -3
(2).

Thé (2) vao (1) ta duoc:

2y° —8y+8—x(y+3)=x2 —i—2x—2(x2 +x+2xy+2y—3)

&2y =4y +243xp+x>=3x=0

i ) e B o x+y-1=0
e x’+3x(y-1)+2(y-1) =0 (x+y-1)(x+2y 2)—0©{x+2y_2:0

* Voi x+y—-1=0& y=1—x, tacod thém x <2 thay vao phuong trinh (2)
ta co: (erl)\/Z—x:—Hx—x2 <:>x2—x+1+(x+1)\/2—x:O.
Vi —1<x<2,tadéthdy: VT >0, nén suy ra phuong trinh v6 nghiém.
. 2-x . .
* Voi x+2y—2=0<:>y=T, thay vao phuong trinh (2) ta dugc:

4—x 3

+——=2.DPat u=x+1 khi d6 ta thu dugc phuong trinh:
2 x+1
w +3u” —24u+18=0
S—u
=2-—< 3 Su=3x=2=y=0.
2 u u>=

2

H¢ c6 mot cdp nghiém duy nhét: x=2; y=0

£x£3y.

c). Dibukién ")

N

THCS.TOANMATH.com



Ta viét phuong trinh (1) thanh: /4x — y =1+./3y —4x . Binh phuong 2

vé ta thu duoc: 24/3y —4x =8x—4y—1. Thay vio phuong trinh (2) cia

hé ta co:

4x* —4x(y+2)+y° +4y=0. Ta coi day la phuong trinh bac 2 ctia x thi
20424y

4 2

A'=4(y+2) —4(* +y) =16 suy ra

(y+2) =407 +) Y 2+ +4_y+a
4 2

Truong hop 1: y =2x thay vao phuong trinh (1) ta c6: v2x =—12 vo
nghiém

Truong hop 2: y =2x—4 thay vao phuong trinh (1) ta thu dugc:

24/2x-12 :15®x=%,y:%

Vay hé phuong trinh ¢6 1 cap nghiém: (x;y) = (%,%)

PHUONG PHAP DANH GIA

Dé giai dugc hé phuong trinh bang phuong phap danh gia ta can nim chic
cac bit ding thirc co ban nhu: Cauchy, Bunhicopxki, cac phép bién d6i
trung gian giita cac bat dang thirc, qua d6 dé danh gia tim ra quan hé x, y

Ngoai ra ta cling c6 thé dung ham sé dé tim GTLN, GTNN tir d6 ¢6 hudng
danh gid, so sanh phu hop.
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Vi du 1: Giai cac hé¢ phwong trinh sau

1 1 2
+ =

Ve 142y Jl+2xp

2

\/x(1—2x)+\/y(l—2y) )

x(xz—yz)+x2 =2 (x—yz)3

76x% —20y° +2 = ,3/4x(8x+1)

b)

Giai
2 ea 1
a) Diéu kién: OSx,ySE.

]
Dit a=2x,b =2 ;a,be{o;— .
Y NG

Tacod: VT = ! + ! <./2 12+ lzj.
Ji+a®  1+5 I+a™ 1+b
Ta stir dung bd d& v6i a,b>0 va ab<1 ta co bat déng thire:

[ SR SN (a—bY (ab-1)
l+a> 140> 1+ab (1+ab)(1+a2)(1+b2)

<0 (dung).

Ping thirc xay ra khi x = y . Thay vao(2) ta tim dugc nghiém cta
phuong trinh.

Nghiém cua hé (x;y) :( 36 36 36 36

9—@,9—@} [9+Jﬁ9+\/§)
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b) Pidu kién: x>y’ >0.
. 3 2 2\
Phuong trinh (1) twong duong: x +x(x—y )—2 (x—y ) =0.
Dit /x—y*> =u phuong trinh (1) thanh:
YAxu' -2 =0 x=usy =x—x" .

Thay vao (2) ta dugc: 96x” —20x +2 =~/32x" + 4x .

2
Ta c6 96x° —20x+2 = 332x* +4x = 3/1.1.(32x2 +4x) < w

©3(96x* =20x+2) <32’ +4x+2 = (16x-2) <O x =

. . 1
Tir do ta c6 cac nghiém cia hé 1a: Vay hé c6 nghiém (x;y) = Lg, i%} .

Vi du 2: Gidi cac h¢ phwong trinh sau

2xy

2
—=x"+y(1
Jx*=2x+9 () .
a) vol x,y =0
2xy
v+

2
—3'—);2 2519 =y +x(2)

3x+10/xy —y =12

b) 6(x3+y3)
x+—2 3

X +)Cy+y

X+

- 2(x2+y2)S3'

Giai
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a) Hién nhién x = y =0 1a mot nghiém ciia hé. Ta xét x=0 va y=0.

Cong theo vé hai phuong trinh trong hé ta duoc

2xy + = x>+ y*. Cha y rang

V61 xy >0 tacd 2xy <2xy<x’+y°.

1 N 1
{/(x—1)2+8 {/(y—1)2+8

Dau dang thire xay ra khi va chi khi x =y =1. Véi xy < 0. Kha ning nay
khong thé xay ra. That vay, khong 1am mat tinh tong quat gia sit x <0, y >0
thi 10 rang dang thtrc (1) khong thé xdy ra. Vay hé c6 hai nghiém (x;y) 1a

(0;0),(1;1).

b) Theo bat dang thirc AM —GM taco :

\/ng;y:>12:3x+10\/E—y£3x+5x+5y—y=8x+4y:2x+y23

Ta s€ chirng minh:

6 3 3
x+xz(—|)—€x—)_|/—j—}y)2_ 2(x2+y2) >22x+y
3 3
@%2 2(x2+y2)+x+y(*).
y+y

Tacod: x+y <42(x* +y*) Dé chimg minh (%) ta s& chimg minh bat
, 6(x’+y°
dang thirc manh hon la: M >2,/2(x" + %) (1)

X +xy+y
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2 2
X"+ n - , . X
5 Y nén (1) s& dugc ching minh néu ta

Mat khéc ta cling c6: xy <

chi ra duoc:
6(x* +y°
: (2 xyziyz >2./2(x% +17) & 2(x° + %) = (3% + Y W27 + 1)
Xy

S x+y° +4x’y =37y (X + %)= 0(2)
Viy >0 chia hai vé cho »° dit £ =2 >0 bét déng thic (2) tro thanh.
y

=3t +4 -3 +1>0
Nhung bat dang thirc nay hién nhién dung do:

=3t +48 =32 +1=(t =1 (" +26 +2t +1)
6(x’+y’°
Z>X+M—1/2(X2+y2)23
X +Xy+y

Két hop tit ca cac van dé vira chi ra ta thay chi c6 bo s6 x,y thoa méan
x,y>0
diéu kién {2x+ y =3 < x =y =1 la nghiém cua hé

xX=y

Vi du 3: Giai cac hé¢ phwong trinh sau

o AL 134400 .
a) 2 2x+y vol x,y >0

X +5xy+6y=4y" +9x+9

2 2 2 2
\/x -02-)/ +\/x +xy+y = x+y

X+/2xy+5x+3 =4xy—-5x-3

b)
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Giai

a) Phuong trinh (1) tuong duong: \/82(x2+ 1 ]:6+80x'
2x+y 9
Ta co:
'r= (12+92)(x2+ 1 j>9x+ 1 >9x+ 3 >9x+
2x+y N2x+y \/9(2x+y) 2x+y+9

6+80x 6
= >
9 2x+y+9

S 3x=2x" —xp+6y>0 (*)

Lay (*) cong voi PT(2) ta dugc:

x4 dxy—4y? +12y —6x-9>0 —(x—2y+3) 20 x+3=2y.
Pé dau bang xay ra thi x=y=3.

Vay hé c6 nghiém (x;y)=(3;3).

b) Ta cod

4yt () (xop)

_ .\ N T
2 4 4 4 2 2
Pyt () o) (o) | [Pyt )
3 4 12 4 3 2

2 2 2 2
+ +xy+
Tir d6 suy ra \/x 2y +\/x x;z Y 2|x+y|2x+y

Dau bang xay ra khi va chi khi x=y>0
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Thay x = y vao phuong trinh con lai ta c6: x+/2x” +5x+3 =4x’ —5x -3

Dé y rang x =0 khong phai 1a nghiém. Ta xét x > 0, chia phuong trinh

cho x* thi thu duoc: ‘/2+§+%=4—(§+%)Dét
X X X X
5 3 . )
t=,/2+—+— >0 tac6 phuong trinh:
X X
3 5

t2+t—6=0c>t=2<:>2+£+%=4<:>—2+——2=0<:>x=3
X X X X

Véy hé phuong trinh c6 nghiém duy nhét (x;y)=(3;3)

Vi du 4: Giai cac hé¢ phwong trinh sau

) Jx+34B32-x-3*+3=0
a
Yx+32-x+6y-24=0

Jora-n(o-2)+x =y v

(x+1)[y+ xy+x(1—x)}:4 (2)

Giai

0<x<32

a) Diéu kién:
y<4

Cong hai phuong trinh vé theo vé ta co:
x+B32—x+¥x+432-x = y* —6y+21 (%)
Taco:y? —6y+21=(y-3) +12>12.

Mit khac theo bat dang thirc Bunhiacopxki ta c6:
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Vx+432-x < J(1+1)(x+32-x) =8
= 4x+\4/32—x£\/(1+1)(\/;+\/E) =4

Vay Vx +432—x +4x +432—x <12. Tir d6 suy ra hé c6 nghiém khi

Jx=\32-x
=16
va chi khi x, y phai théa man: {4/x :\4/32—x<:>{x ;
y:
y=3=0

Véy hé phuong trinh ¢6 1 nghiém duy nhat (x;y) = (16;3)

x,y=>0

b) Diéu kié¢n: {xy+(xy)(\/52)>0

Chuyén vé va binh phuong & phuong trinh thr nhit cta hé ta thu duoc:

W+ (x =) =2) = (y+fy —x)?
& (=) -2+ x =2y +y -Vx)=0 3)

Tur phuong trinh (1) cta h¢ ta co

2y+\/;—\/;=y+\/xy+(x—y)(\/§—2)20.

Tt phuong trinh (2) ta co:

+ D) =x* —x+4=(x+2)(x =1’ +2(x +1) 2 2(x +1) = y+/xy 22

Két hop voi (3) tasuyra x=y
Thay vao phuong trinh (2) ta c6:
(x+D[2x+x(1-x)]=4 & x* -2x* -3x+4=0= x=1
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Két luan: Hé co nghiém duy nhét x = y=1

Nhan xét: Viéc nhin ra dugc quan hé x = y 1a chia khoa dé giai quyét bai

toan. Pay 1a kj nang dic biét quan trong khi giai hé bang phuong phap
danh gia cling nhu chtrng minh bat dang thirc.

MOQT SO BAI TAP REN LUYEN PHAN HE PHUONG TRINH

1)

2)

3)

4)

5)

6)

7

X+ =2x . .
( Trich dé tuyén sinh vong 1- 16p 10 THPT Chuyén

(x —l)3 +y =1
DHQG Ha Nai 2008) .
{2x2y —y’x=

8x’ =y’ =7
DHQG Ha No6i1 2008) .

X’ - y2 +xy=1 , A z . \ . n
( Trich dé tuyén sinh vong 1- 16p 10 THPT Chuyén
3x+y=1>+3

1 N
( Trich dé tuyén sinh vong 2- 16p 10 THPT Chuyén

DHQG Ha Nai 2009) .

{3’; o fy TH120=23 b 4 tuyén sinh vong 1- 16p 10 THPT
XT+y =2

Chuyén PHQG Ha No¢i 2010) .
5x*+2y° +2xy =26
{3x+(2x—y)(x—y):11

THPT Chuyén PHQG Ha N¢i 2010) .
'+’ =2x"y’
{(x—i—y)(l + xy) =4x"y

Chuyén PHQG Ha No¢i 2011) .
¥ +y +2y=4
{2)6 +y+xy=4

( Trich dé tuyén sinh vong 2- 16p 10

, (Trich d€ tuyén sinh vong 2- 16p 10 THPT

( Trich dé tuyén sinh vong 2- 16p 10 THPT

Chuyén DPHQG Ha N¢i 2012) .
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X’ +y2 —xy=1 , A X \ .
8) ( Trich dé tuyén sinh vong 1- 16p 10 THPT
X +xy+2y° =4

Chuyén PHQG Ha N¢i 2014) .
2x* =3y* +xy =12 vz
gy |<F TV TV ( Trich d& tuyén sinh vong 2- 16p 10
6x+x°y=12+6y+y°x
THPT Chuyén PHQG Ha N¢i 2014) .
2x+3y=5xy X ..
0 , , (Trich d€ tuyén sinh vong 1- 16p 10 THPT
4x"+y” =5xp
Chuyén BPHQG Ha N¢i 2015) .
2x+2y+xy=5
27(x+y)+y3 +7=26x"+27x" +9x
16p 10 THPT Chuyén PHQG Ha N¢i 2015) .
x(4y+1)—2y =3
12) 2 2 2
X (¥ =12y)+4y” =9
Amsterdam va Chu Van An nam 2014)
x2 . yZ _l
13) 1 (y+1)° (x+1)" 2(Trich dé thi tuyén sinh vao 16p 10 chuyén

( Trich dé tuyén sinh vong 2-

. ( Trich dé thi tuyén sinh vao 16p 10 chuyén

3xy=x+y+l1
Phan B6i Chau — Nghé An 2014)
Jx+2y=4—x—
14 d 4
Ux+6+2y=2
Lam Son Thanh Hoa 2014)
2x* +3xy—2y" =5(2x—y) =
15) y=2y"=5(2x-y)
x*=2xy-3y"+15=0

( Trich dé thi tuyén sinh vao 16p 10 chuyén

0 X .
( Trich dé thi tuyén sinh vao 16p 10

chuyén Thai Binh 2014) .

16) {xy(3x+y) =4

7x3+ll:3(x+y)(x+y+1)
17) X +yt =2x"y’
y+8x*y+3x=5x"+7xy
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1)) WY
2y"=x+y

x+y =X
(xy+1) Xy+1—my
Y +1=xy

[\®]
(FS]
~

x +y =
xt+yt+6x7 YT +8xy =16
+y°+ 3
2y ¥ TV W=
27x° +6yx 2+y +30xy
4x +y :5

25) 115x°

26) 1 [L

27) 1—

sy | Y- = 76
lzx\/ﬁ+4\/§m =5xy

THCS.TOANMATH.com



29) X’ +y” +6xy K}

8xy +l7 Xy =2
y X 4

Jx-16+y-9=7
Jx=3+ 13-y =25

30) {\y-3+13-z =25

Jz=3+J13-x =25

31 {x3 +7y:(x+y)2 +x’y+Tx+4

32) {

33)

34)

35)

36)

3x* + 1> +8y+4=8x

3\/x+2y+\/3—x—y =5

(x,ye]R)
2\J3—x—y—2x+3y+4=2

—~

x=2 (2y—1):x3 +20y-28

2(m+y):x2+x
S R s

x* =16 =2+.y-3x

<_

<

(x,yeR)

(98]

y(9y2 +1):(x—2y+1)1/x—2y
X+4x=2y =x+3y-2

X+4/x" =" _9_x
PN
x 3x+5
v 30-6y
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(X431 +8y+20+ (y+4Vx* +6x+10=0

A(x+5)7+6y+11=332y+5

37)

2x +xp’ + x> -2y =4

38) (x,yeR)

2% +xy+2y° +2y=4

39)

y\/a—«/By +y+1

x—xy—4

—2xy+—:2

X' =y +3y° -3x=2

41)

{2y(x+3)(2y+3) X2y +12x% +11y +8

X +\/1 X —3\/2y y =2

2x° —4x” +3x-1=2x" (2-y)3-2y
Nx+2=314—x3-2y +1

2 2 7
9 (207 -1)(2y —1):5xy

X +y +xy—Tx—6y+14=0

44 {16x3+24x2+14x+3—(2y3)«/)}2

Yax+2+2y+4=6

42)

JI3x+4y +2=2x+y -5
45) 4 4
N2x+y+x-2y=2

8x’y’ +27=18y°
46) 177 4
4x°y+6x =y’
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47)

i/x+2+2\/y+2 =5

{(3—x)\/2—x—2y\/2y—1:0

(x+m)(y+m):l
y 35

+\/x2—1 12

(xy+3)2+(x+y)2:8
49) < R
x’+1 y*+1 4

48)

xt=x’+3x°—4y-1=0

50) \/x2+4y2 +\/x2+2xy+4y2
2 3

=x+2y

X' =122 +48z-64=0
51) <y’ —12x> +48x—64=0
x' —12y" +48y-64=0

x2+2+(y2—y—1)\/x2+2—y3+y=0
2x+xy+2+(x+2)0y +4x+4=0

J3x+y +/2x+7=10

( x+\/_)[\/x+3y \/3xl+yJ:2

2y —(x+4)y* +8y+x> —4x=0

‘/I_Tx+1/x+2y+3 = 4(x—1)’ +8y—%

52)

53)

54)
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(x=p)(x+y+37)=x(y+1)

3Wx +4x =y  +4y+7

55)

2y —(x—4)y* +4y—-x*-2x=0
Jx—1+3f4(x— y+1)) (x+1)° =8(y-1)

|
!
{g(x b )y +
|

56)

> ~=13
(x+y)

x\/2 y +y\/2 x’ =2
(x+y) =12(x=1)(y=1) +/xy =9

59) x4y’ +7(x+y)xy:8xy1/2(x2 +y2)

Jy —V2x-3=6-2x

HUONG DAN GIAI CAC BAI TAP REN LUYEN

1) Ta viét lai hé phuong trinh thanh: {( dita=x-1ta

s @y =] S

c6 hé méi .Suyra —1<a,y <1.Mit khéc ta cling co:
a+y =1

a3=1—y3=(l—y)(l+y+y2)20:>0£a£1.Tu:o’ngtl_rtacﬁngcé
a>a s

O<y<lI=9 | 3:czzvtyz2a3+y3=1.Déluba“mgxéyrakhiVa‘lchikhi
yzy

a=1,y=0 hoac a=0,y=1. T d6 suy ra cac nghiém cua h¢ la:

(x;3)=(11),(2:0).

2) Hé phuong trinh c6 dang gan d6i xtng tir hé ta suy ra
8x3—y3:7(2x2y—y2x)<:>8x3—14x2y+7xy2—y3:O<:>(x—y)(4x—y)(2x—y):
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y=x
< | ¥ =2x thay vao mdt phuong trinh ta tim dugc nghiém la:
y=4x

(x;y)=(1;1),(—%;_2j

Ta c6 thé giai nhanh hon nhu sau: Liy phuong trinh (2) trir 6 1an phuong
trinh (1) thi thu dugc: (2x—y) =1=2x—y=1e y=2x-1.

3) Tuhé phuong trinh suy

¥ -l+xy=y> ) .
ra =>x -l+xy=3x+y-3<x +(y-3)x—y+2=0.Day
3x+y-3=)"
1a phuong trinh bac 2 cua x ¢6 A:yz—6y+9—4(—y+2):(y—1)2 tir o

tinh duwgc x =1 hodc x =2 -y thay vao ta tim dugc cac nghi¢m la

(%) =(50),(L1),(5-3)
Chu ¥ ta c6 thé giai cach khac:
x2—1+xy=3x+y—3<:>y(x—1)+x2—3x+2:0<3(x—l)(y+x—2):0.

4) Nhan xét: C6 thé dwa hé vé dang dang cap:Tir hé ta suy ra
2(3x2 +8y° +12xy) = 23()62 +y2)<:> 17x> =24xy+7y" =0 &< (x—y)(l7x—7y) =0

x=y
= 7 . Gidi hé v6i 2 truong hop ta suy ra
X=—y
17
7 17 7 17
. =(1:1 —1:—1 L. .
() =(L1), (-1 )’(13’13]’( 13’ 13}

Cach khéc: Cong hai phuong trinh cua h¢ ta thu duogc:

2 2x+3y=5 . \ 3R as n
(2x+3y) =25= 16i thay vao dé gidi nhu trén.

2x+3y=-5
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3 5x° +2y% +2xy =26
5) Ta viét lai h¢ da cho thanh: { XTk2y +2xy

3x4+2x7 —xy—y* =11

Nhén hai vé cta phuong trinh: (2) véi 2 r6i cong véi phuong trinh (1) ta

x=2
duoc: 9x* +6x =48 < (3x+ 1)2 =48 & g thay vao ta tim duoc
X=—=
3
y=1hoac y=-3.
Cach khac: Ta viét lai hé thanh:
2x+y) +(x—y) =26 +b* =26 .
(25 0) +(x=) =1 day 13 hé déi
(2x+y)+(x—y)+(2x+y)(x—y):11 a+b+ab=11
xung loai 1.

6) Nhan xét x =y =0 la nghiém cua hé. Xét x,y # 0. Ta chia 2
phuong trinh cho x°y°

1 1 2
—+—5=2 (l+1J 2,
x y) xy

3272

1 1 2 ab=8 ,
—+— |=a;| 24+— |=b thu duogc 5 =>a =8=a=2;b=4.Tu
Xy xy a —-b=0

d6 tim dugc nghiém Ia (x;y)=(1;1).

. Dat

7) Ta viét lai hé phuong trinh thanh:

{x2+(y+1)25 {a2+b2=5
=

day 1a hé dbi
x+x(y+1)+y+1=5 |a+b+ab=5

Xtmg loai 1, ta dé tim dugc a=2,b=1 hodc a =1,b=2. Tl d6 giai duoc
x=y=1hodc x=2;y=0.
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Céach khac: Ta viét lai hé thanh:

2 2 —
{z:xi)z}yizz);y_jgéxz+y2+2xy+4(x+y)=12<:>(x+y)2+4(x+y)_12:0

8) Tuhétasuyra

X2+ xy+2y° =4(x2 +yz—xy)<:>3x2 —5xp+2y° =0 (x—y)(3x-2y)=0

Gidi hé ung véi 2 truong hoptacod: x=y=Lx=y=-1,

L2 W2

2 9

7 7 7 7

9) Ta viét hé di cho thanh:
(x—y)(2x+3y)=12
{(x—y)(xy+6):12
(x—y)(2x+3y—6—xy):0<:>(x—y)(x—3)(y—2):0.Giéi3tru(‘)'nghop
ta thu dugce: (x;)=(3;-1),(3;2).(-4;2).
10) Ttr h¢ ta suy ra

2xy+3y° =5x°
4x* +y* =5xy°

:>(x—y)(2x+3y):(x—y)(xy+6)

S 2y+3y°  =4x’+ )’ ©4x’ -2xy -2y =0 (x—y)(4x+2y

. Giai 2 truong hop ta thu dwoc (x;y) =(0;0),(1; ),(%;—%} .

(x+2)(y+2):9

11) Ta viét lai hé da cho thanh: X
27(x+y)+y3 +x° +8:(3x+1)

Chu ¥ rang: 27(x+y):3(x+2)(y+2) suy ra

27(x+y)+y3 +x3+8=(3x+1)3 = +y3+3(x+2)(y+2)(x+y)+8:(3x+1)3
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& (x+y+2) =(3x+1) @ x+y+2=3x+1 y=2x-1 thay vio ta tim
duoc: (x;y):(l;l),(—%;—8j.
12) H¢ da cho tuong duong voi:

x2(4y+l)=2y—3 x2(4y+1)(2y+3):4y2—9
=
xz(xz—12y)=9—4y2 xz(xz—12y):9—4y2

Cong theo vé hai phuong trinh ta duoc: xz(x2+8y2+2y+3)=0
2[ 2 2 2 _ _ _3
x|\ x T+ Ty +(y+l) +2 —0<:>x—0:>y—5 (tm)

Vay hé c6 nghiém (x;y)= (O;%j .

Didu kién: x = —1;y = —1.

2 2 1

X yoo
1) (+1) 2
13) H¢ phuong tinh da cho tuong duong: Y .
X y _1
y+1 x+1 4
I
bat u = Y - , hé thanh: 2
y+1 x+1 1
uy =—
4

u+vi +2uv=1 (u+v) =1
= 5 ) =
u +v- —-2uv=0
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Suyrau=v=% hoac u=v=—%.Néu u=v=l thi x=y=1 (tm). Néu

1 1
u=v=——thi x=y=—-—— (tm).
5 y 3( )

x+2y=0

y2

rat’+3t-4=0=1t=1=>x+2y =1 thay vao phuong trinh (2) ta cé:

MJr\/Z:ZDét\/5=a20:>2y=a2.Thayvéophu’o’ngtrinhta
a=0

c6: V8-2a° =2—a<a’—8a’ +12a=0<| a=2. Tir d6 tim duogc cic
a==6

nghiém cua hé 1a (x;y) = (1;0),(—3;2),(—35;18)

15) Phuong trinh (1) cta hé c6 thé viét lai nhu sau:

(2x—y)(x+2y—5):0:[

14) Biéu kién { .Pat 1=/x+2y >0 tir phuong trinh (1) suy

y=2x
x=5-2y

Thay vao phuong trinh (2) cua h¢ ta tim dugc cac nghiém la
(x0)=(L2),(-1-2),(-3:4).

16) Tur phuong trinh ( 2) ta co:
7x° +3xy(3x+y) :1+3(x+y)(x+y+1)

Hay 7x° +3xy(4x+2y—x—y):1+3(x+y)(x+y+l)
Hay 8x” + 3’ +6xy(2x—i—y):)c3 +y° +3xy(x+y)+3(x+y+l)(x+y)+1

Hay (2)c+y)3 :(x+y+1)3 = 2x+y=x+y+1=x=1. Thay vao phuong
trinh dau tim duoc nghiém cua hé 1a: (x;y)=(1;1),(1;,—4).

17) D& théy hé c6 nghiém (0;0).
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1
'%+—7=2
. X

Néu x,y #(0;0) hé phuong trinh tuong dwong voi: | J; . s
—+—————=-8
X xy x y

bat l = u;l =v va cong hai phuong trinh cua h¢ ta thu duoc:

X y

w+vi =2
u’ +3uv—Tu+5v=-8
= 2u’ +v' +3uv—Tu+5v+6 =0 < (u+v—2)(2u+v-3)=0.Ta dugc:

u+v=>2
{uz+v2 =2
2u+v=3
{u2+v2 =2

18)

Ta co:

2y° :(x+y).1:(x+y)(x2—xy+yz):x3+y3 =y’ =x" o x=y .Hé

)=V x=y=1
tuong duong voi { 5 5 <:{ .
X =xy+y =1 x=y=-1
19) H¢ tuong duong:
(x+y)(x2+y2)=15 (x+y)(x2+y2)=15
=
15(x—y)=15y" (x+y)(x2+y2)(x—y)=15y4

@{(x+y)(x2+y2):15@{(x+y)(x2+y2)=15

x4_y4=15y4

x=2y
+) . =15y’ =15 y=1;x=2
(x+y)(x +y ):15
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x=-2y
-5y° =15 ==3;x=2%3
Jr){(x+y)(x2+y2)=15:> Y <Y =233

Vay nghiém cua hé: x=2;y=1, x:23/§;y=—3/§.
20) Ta co: 2x° :(x+y)(x4+y4+x2y2—xy(x2+y2)):x5+y5 Sx=y

A=Y x=y=1
Ta thu duoc h¢ tuong duong: s & .
xy(x +y):2 x=y=-1
(x4 p) +(x=p) = (x+y)(x-p)=1

21) H¢ da cho tuong duong: { 3
2(x+y) =(x+y)+(x-y)

bat u =x+ y;v=x—y, sau do gidi nhu bai 18.
22)Néu y=0 suyra 1=0 (loai)

Chia c hai vé cho y* #0,y* #0 ta duogc:

at — =1t ta duoc: , sau do
t+tt=x

1 1 y
—+—4=x
B

gidi nhu bai 19

(e o1

23) Taco: 16=x"+y' +4xy(x* +)° )+ 6x°y" = (x+y) = x+y =12

x=1

y=1

2

x+y=2
+){ - :>x2+(2—x)2:2<:>2x2—4x+2:O:>{
X +y =2

1
1

xX+y=-2
+){ g :>x2+(x+2)2=2©2x2+4x+2=0:>{

X
y
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Vay nghiém cua hé c¢6 2 cdp nghiém la (1;1),(—1;—1).
24)TacH: PT2 & 27x° -y’ =27x*y+9y°x=x" + > +3y°x +3x"y
& (3x—y)3 = (x+y)3 & x = y. Hé da cho twong duong:

3 3
—+ =
o Y @x:y: .
X=Yy

25)Tacod: PT2 < 15x* +y* +12x°y? =40xy = 8xy(4x2 +y2)

= 16x" +y* —8xy(4x2 +)/2)+12)c2y2 =x"

2 — = =
<:>(2x—y)4:x4<:>|:x e <:>[x 4

2x—y=-x 3x=y
) 4’ +y° = X=y=
xX=y x=y=-1
4’ +y* =5
R IR A 1 =5 X = \/E;3 , —\/E;—3\/E :
3x=y 13 13 13 13

26) Piéu kién: x,y #0.

. 1 1 1 2 I 1 1

NN TR N SN (A S

(x+y) \x" ¥ ) (x+y)\x »y) xy

x(x+2y):8 {xy:i4
=

H¢ da cho twong duong vdi he: 5
X +2xy=28

x’y* =16

xy =4 L |y =4 :
Xét hé: R . khi d6 R . H¢ nay vo nghiém.
X +2xy=8 X" =
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xy =-4
Xét hé: J;
x =16

Hé¢ nay c6 nghiém (4;-1) va (—4;1).

Vay hé da cho c6 hai nghiém (4;-1) va (—4;1).

x*+y*=9
27) Ta co: 1-x?
)Tacod : X 2+1—y2=2
(1+xy) —(x+y)
X+’ =9 1-y =1
Hé nay tuong tu v6i hé 1-x* P en® x’+y°=9
_y —
(1+xy)2—(x+y)2 x,y#=*l

Khi do, hé¢ c6 nghiém (-3;0) va (3;0).
28) Piéu kién: x>2,y >4
Vi 12xy[y—4 <3x(y—4+4)=3xy va 4/20x -2 <2p(x—2+2)=2xp

Cong hai bat déng thue trén vé theo vé, ta dugce:

Sxy:12x,/y—4+4\/§y\/x—2 <3xy+2xy =5xy

__9

Do vy dau phai xay ra. Khi d6 x =4,y =8.
Kiém tra lai, ta thdy x =4, y =8 la nghiém duy nhat cta hé phuong trinh.
29) Piéu kién: x>16,y>9.

Khi do: L+1—7 0 =2,Datz=1+122 XY _5
£+Z+6 8 y x 4 y X y X

y X
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Tur sy danh gia qua bat dang thirc dudi day:

1 1
6=i+—7t+3:i+—(t+6)+2t22+2.2=6,suyra t+6=8 hay

t+6 8 4 t+6
r=2.

Vay ¢ = x >16.Xét phuong trinh v ty Vx—16 +Vx—9 =7 v6i x>16.
Binh phuong hai vé va gian uéc duoc: /(x—16)(x-9) =37-x

Tur day suy ra x=25.

Kiém tra lai, ta théy x =25,y =25 langhi¢m duy nhét cia hé phuong trinh.

30) biéu kién: 3< x, v,z <13. Cong ba phuong trinh vé theo vé, ta

duoc:

Vr=3+V1B3—x+y-3+ 13-y +/z-3+13-2=65.

Xét: T=~t-3++13-¢ véi t €[3;13]

Vi T =vi=3+V13-1 < J(1+1)(r=3+13-1) =245

__%

Theo bat dang thirc Bunhiacopxki va diu xdy ra khi 1 =8.

Vay h¢ phuong trinh c6 mgt nghiém x=y=z=8.

31) Bién doi hé phuong trinh thanh:
xz(x—y)=(x+y)2+7(x—y)+4 )
4==3x"—y* +8(x—y) ()

Thue hién phép thé (2) vao (1) ta co:
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x* (x—y):(x+y)2 +7(x—y)—3x2—y2+8(x—y)
o x° (x—y):—Zx2 +2xy+15(x—y)
o x’ (x—y):—2x(x—y)+15(x—y)<:>(x—y)(x2 +2x—15):0

TH1: x = y. Thay vao phuong trinh (2) c6 ngay: 4x” +4 =0. Phuong

trinh nay vo nghiém.

=-1
5 x=3=y"+8y+7=0& Y
TH2: x*+2x-15=0< y==7

x=-5=3"+8y+119=0(VN)

Vay hé da cho c6 cac nghiém sau: (3;-1),(3;-7)

u=42x+y x+2y=u’ y=u"+v"-3
= =
v=4/3-x-y 3—x—y=V’ x=6-u’-2v’

=2x+3y+4=u> -V +7

32) Dit {

3u+v=>5

Khi d6 h¢ ban dau tré thanh:
{ZV—\/uz V' +7 =2(%)
Thé v =5-3u vao phuong trinh (*) giai im dugc u =1, tir d6 v =2

=>x=-3;y=2

33) PT thu hai cia hé

S x+2y+2x+2y +1:x2+2x+1<:>(«/x+2y +1)2 :(x+1)2 S N\Jx+2y=x
hodc \Jx+2y =—x-2

x>0 .
THI: (x+2y =x< 5 thay vao phuong trinh thtr nhat ta
2y=x"—x
duoc 13x* -11x-30=0
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x+2<0
TH2: \(x+2y =—x-2< { thay vao phuong trinh thur

2y=x"+x+1
nhét ta duoc bac hai theo x
34) Dicukién: x>4;y>0;x> > y;4x > y; y > 3x
Phuong trinh (1)
S2-20x—y=dx—y 2’ —y=y-2x > y=4x-4vy=0

Néu y =0 thi khong thoa man do diéu kién y >3x>12

Néu y =4x—4 thay vao phuong trinh (2) ta thu dugc:

VxT =16 =2+Jx—4 o x =16 -3=~/x—-4 -1

- x* =25 . x—=5 <:>(x—5)( x+5 3 1 J_O

VX*—-16+3 Nx-4+1 VXP =16 +3 Nx-4+1

x+5 1
S x=5v — =0
VX' =16+3 ~x—-4+1

Voi x=5=y=16

, x+5 1 2
Xét =O<:>(x+5)\/x—4+x+2— x —-16=0.

2 —16+3 Jx—4+1

D& thdy x+2-vx> =16 =+/x? +4x+4 /x> —16 >0 véi moi x> 4 nén
phuong trinh v6 nghiém

Tém lai h¢ c6 nghiém duy nhéat: (x;y) = (5;16)

35).bK: x>2y,x+/x—-2y >0

a=3y
bat {b > phuong trinh (1) cua h¢ da cho twong duwong voi:
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a(a2+1):b(b2+1):>(a—b)(a2+ab+b2+l)=0 .
Do a* +ab+b’ >0(Va,b):a:b
Hé

JX—=2y =3y y20

& = x=9y"+2y

X+x—2y =x+3y-2
4 4 V9V +2y+3y =9y> +2y+3y-2

5 R t>2
biat r=9y +5y,pt<:>\ﬁ=t—2<:> 5 =>t=4.
t"=5t+4=0

4
Do y>20=y=—=x=—
y y 9 3

Két lugn: Hé c6 nghiém duy nhét: (x;y) = (g,g]

36) Tu phuong trinh (1) ta rat ra duoc:

2
2 2
(X+Vx Y ) Ox  2x +2xyx’ =)y +x’=)" Ox

(x— xz—yz)(erm)_?@ v 5
(*)

Tir phuong trinh 2 ta c6 két qua: 9% = ox -1

y

Thay vao (*) ta c6:

237 +2xyx’ =y’ —y*  6x x=0

5 =12 +2x/x -y =y & \/ﬁ
X+4x" =y =3y

y y

Néu x =0 v6 nghiém.
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Néu x++/x° —y =3y x’ -y =3y—x

3y—=x20
3y—-x20 y=0 5
S R T , , & S y==x.
X -y =9y " —6xy+x 5 3
y==x

Thay vao ta tim dugc: (x;y)=(5;3)
KL: H€ c6 nghiém: (x;y)=(5;3)
37) Bién d6i phuong trinh (1)
3N+ +a ==+ +3T+1 ()
+ x=-3= y=—4 ta thdy khong thoa man.
+ x#-3= y#—4 thi binh phuong hai vé phuong trinh (*)

+3)(¥y+4)<0
{(x (v +4) S y+4=-2(x+3) = y=-2x-10

(y+4) =4(x+3)’
Thay vao phuong trinh (2) va rat gon ta dugc:
4x* +28x+51+3/4x+15=0
© 4(x* +8x+16)+34x+15 - (4x+13) =0
3

27(4x+15)—(4x+13)

=0
03/(4x+15)" +3(4x+13)dx+15 +(4x+13)’

<:>4(x+4)2 +

16(4x+7)(x+4)
93/(4x+15)" +3(4x+13)/4x +15+(4x+13)’

o d(x+4) - =0
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4(4x+7)

o (x+4)|1- =0
93/(4x+15)" +3(4x+13)/dx +15 +(4x+13)’
1_ 4(4x+7) o
03/(4x+15)" +3(4x+13)Ydx+15 +(4x+13)’

x=-4

- Voi x=-4=y=-2
g 4(4x+7)

- V6 1- =0 (3

93/(4x+15)" +3(4x+13)/4x +15+(4x+13)’
Ta s€ chung minh phuong trinh nay v6 nghiém nhu sau:
D@ thdy v6i moi x thi 4x” +28x+51>0
Do do6 phuong trinh(**)c6 nghi¢m khi 3Y4x+15<0= x < —% . Turdo
suy ra vé trai ctia (3) luon dwong, dan dén phuong trinh nay vé nghiém.
KL: (x;y)=(-4;-2)

38) Tu phuong trinh (2) ta thu duge: > =2-x>—y —%

Thay vao phuong trinh (1) ta co:

2
2x° +x(2—x2 —y—%}+x2 2y=4=x +2x—xy—x2y

+x=2y=4

S (x=2)(X* +2x+4) + x(x> +2x+4)— p(x> +2x+4)=0
S 28 +2x° +4x-x"y—2xy—4y =8
& (3 —8)+ (0 +2x% +4x) - Py + 2xy +4y) = 0= (2x -2 - y)(x* +2x+4) =0
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S y=2x-2

Thay y =2x—2 vao phuong trinh (2)va rtt gon ta dugc

x=0=>y=-2
x(6x-7) =0 7 1
X=— =>y=—
6 3
A A ) . n 7 1
Vay hé phuong trinh ¢6 2 nghiém (x;y) = (O;—2),(€;§j

39) V6i diéu kién x > 0hé phuong trinh da cho twong duong voi hé:

x’y? +8xy> —6xy—12y° -7y +8=0
139> +y+1-6x° =0

Lay (1) + (2) ta c6 duoc phan tich sau:
X'y +2x0° + " —6xy—6y+9=0[p(x+ D] —6y(x+1)+9=0

Ta duoc y(x+1)=3c>19y2—17y+1=0

- Véiy

_17+\/213.x_49—3\/213
38 7T

2

. 17-+213 49 +34/213
- V61 y= ;X =
38 2
Vay h¢ phuong trinh da cho c6 bd nghiém la:

(£:3) _[49—3\/213 '17+\/213j [49+3\/213 . 17—\/213j
’ - 2 s s s

38 2 38

40). Diéu kién: y = 0
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2
WX ot
Vi A 221 a X \ Y Xy
61 y #0 tabién doi h¢ phuong trinh thanh

2x——2xy+y3 =2
y

2
bat a= X ;b =xy hé phuong trinh trén tr¢ thanh
y

2a—b=i
b

2
2a—2b+b——
a

2ab-b* =4 (3)
P
5 2a> —2ab+b* =2a (4)

Cong (3) va (4) theo vé va thu gon ta dugc
a=-1

a=2
THl:a=-1=b*+2b+4=0 (VN)

az—a—2:0<:>[

2
- == [x=i
TH2:a=2= b=2taco6 h¢ phuong trinh § y =
xy=2 y:%/E

Vay hé phuong trinh da cho c¢6 nghiém duy nhat (x;y) = (Q/Z 2 )

S [1=x*>0 ~1<x<1
41) Diéu kién:

=
2y—y*>0 ([0<y<2

Cach 1: Bat r =x+1,0<¢<2. Luc do hé pt thanh:

£-3+2=y"-3y"+2 £ -3t =y’ -3y’
=
x2+\/1—x2 —3\/2y—y2:—2 x2+\/1—x2 —3\/2y—y2=—2
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Tu phuong trinh (1) ta suy ra: (z‘—y)(t2 +y+y° —3(t+y)) =0 Vi
£ +y+y’ =3(t+y)=01+(y-3)r+y’-3y=0co

A=(y-3)" -4(y" -3y)=(y-3)(y-3-4y)=-3(y-3)(y+1)<0 nén
phuong trinh nay vé nghiém.

Vay t=y=x+1=y.Thay x+1=y vao phuong trinh (2) co:

oo =2 e 1-x2 42 1—x2—3:0@(\/1—%—1)(\/1—)&+3)=0

Vay hé pt c6 1 nghiém duy nhat 1a (x;»)=(0;1)

Cich 2: Phuong trinh 2) < x> +4/1-x" +2=32y-)" & f(x)=g(»).

Xét f(x) trénmién [-1;1] taco 3< £(x) S%

Talaic6: g(v)=3y(2—y) <2720 3.

2

y:
x=+L,x=0

Vay f(x)=g(y). Déu bang xdy ra khi {
Thay vao phuong trinh (1) c6 nghiém (x; y) = (0;1) (thoa man)
Vay hé c6 nghiém (x;y)=(0;1).

42) Vi x=0 khong phai 1a nghiém cua hé chia phuong trinh (1) cho x’
ta thu dugc: 2x° —4x” +3x—-1=2x*(2-y)4/3-2y

@(1—%)3+(1—%j:\/(3—72y)3+m
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bat a=l—l,b= 3—2y suyra
y

a3+a:b3+b©(a—b)(a2+ab+b2+1)20©a=b.

Thay vao pt thir 2 ta duoc:
(Vr+2-3)-(V15-x-2)=0 7, X7 =0
VX+243 3f(15-x) +215—x +4
ox=T= _1I
KT

43) D& thdy xy =0 khong thoa mén hé.

1 7

| o 2x-— | 2y-=|=5

V61 xy # 0 viét lai hé dudi dang: X y) 2
X+ +xy—Tx—6y+14=0

Piéu kién dé phuong trinh x* + y* +xy—7x—6y+14=0 (4n x) co

nghiém la A =(y—7)2 —4y° +24y—56zo@ye[1;ﬂ

Diéu kién dé phuong trinh x* + y* +xy—7x—6y+14=0 (any) co

nghiém 1a: A, =(x—6)" —4x* +28x-56>0 = x € [2&}
3

Xéthamsé f(t)=2t —% dong bién trén (0;+) nén
= f(x)f(»)2/(2).f ()=

. . X=
Két hop voi phuong trinh thir nhat ta duoc: { | l1a nghiém cua hé.
y =
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“P¢ ching minh ham s6 f (x) d6ng bién trén mién x4c dinh D ta lam nhu

sau: Xét hai gia tri x, # x, eD. Ching minh:

Ngugc lai dé chimg minh ham s6 £ (x) nghich bién trén mién xé4c dinh D
ta lam nhu sau: Xét hai gia tri x, # x, €D . Chung minh:

f(x)-f(x)

X=X,

<079

44) Diéu kién xac dinh x> _71; y>2.

2(2x+1) +2x+1=(2y-3)\[y-2
Yax+2+2y+4=6

Ta viét lai hé thanh: {

Dit a=2x+1,b=4/y—2 suyra 2a’ +a=2b>+b < a=b. T phuong

trinh thi nhat ciia hé ta c6: < 2x+1=./y—-2

Thay vao phuong trinh tht hai ta dugc: {‘/4y -8+ \/Zy +4 =6(%)
Dit t=4/2y+4 thi 2y =¢*—4 thay vao taco: V2t —16=6-t=>t=4
= y =6 . Vay hé c6 nghiém duy nhat I3 (x;y):(%;6j

Bx+4y20 _ ¥2-73

45) Diéu kién:
2x+y 20

xZ—l

bat a =/13x+4y,b=/2x+ y . Khi d6 ta dugc h¢ phuong trinh:
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S5—x
a* —4b* =5x a-2b=x sz O

a+2b=5 <©<a+2b=5 S<a+2b=5 (2)
b+x-2y=2 b+x-2y=2 b+x-2y=2 (3)

8y+3

Thé (1) vao (3) ta duoc: x = (4) . Thé (4) vao phuong trinh

3
/ _ <=
\2x+y+x—2y=2 tadugc: 19);+6=3 2y<:> 4 2

3 437 =69y -19=0

69 —3+/545
8

Gidira y= tur do tinh duge x =24 —+/545

Thit lai ta thiy (x;y)= [24 - VS45;%J 1a nghiém can tim.

46) Tatim cach loai bé 18)°. Vi y =0 khong 1a nghiém ctia phuong trinh
(2) nén twong duong 72x°y*> +108xy =18)".

Thé 18)° tir phuong trinh (1) vao ta thu duoc:

R
Y=

8x’y’ —=72x°y* —108xy +27=0 xyz%.

21495
xy=T

Thay vao phuong trinh (1) ta tim duogc x, y.
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8 4
8(xy g 27
- (3+5)
Vay h¢ da cho c6 nghiém

(x;y):G(s-ﬁ);-é(ﬁ-s)),&@+J§);—§(3+J§)j.
47) Piéu kién: x < 2,y> % .

Phuong trinh (1) twong duong:

(2-x)V2-x+ 2—x:(2y—1)\/2y—1+\/2y—1<:>f(x/2x—1):f( 2y—1)
bit a=V2-x,b=2y-1=a’+a=b"+b=>a=b.

V2-x=2y-1 x=3-2y thay vio ta co:

%/5 5 2\/ 5 _s a+2b=5
-2y + +2=5<
Y Y a+2b* =9
a=1h=2 y=2
_3- f 23+f 23342365
S S|ly="r—=7-—-7-—.
32
L J_ 3.,.23- J_ 233-23.65
i 4 8 7 32
Vay h¢ c6 nghiém
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()= (~1:2) [23\/5—185 . 233—23@] (_ 23165 +185 233+23\/5]

16 32 16 32

48) biéu kién: x> >1.
Ta c6 (1) tuong duong

(x+m)(y+\/y2+l)(\/y2+l—y):\/ﬁ—y
PN e B e

Trdotaritra x=—y.

Thay vao (2) ta dugc: y TR S E
y -1 12

Binh phuong hai vé (diéu kién y >0). Khi d6 ta co:

2 (35J2©y4—y2+y2+ 2y’ :(ﬁjz_

+ + ==
Yo v 2 1 o 2

bat J; =t > 0. Phuong trinh tuong duong:
y -1

25 [EEEY)

49 5
t=——(L =+
t2+2t—(35j2:0<:> 12( )<:> g 25<:> g 4.
5

12 3

Déi chiéu diéu kién chi 14y 2 gia tri duong.
) 55 55
Vay hé co nghiém (x;y)=|——;—|,| ——;— |.
dy hé co nghi (y)(44)(33j
49) Trién khai phuong trinh (1)
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(e XY +6xy+9+x> +2xp+1’ =8 x* Y +x° +y* +1=-8xy
<:>(x2+1)(y2+1):—8xy.
Nhan thdy x =0,y =0 khong 1 nghiém cua hé.

x*+1 yP+l

y

Phuong trinh (1) khi d¢ la: =-8.

bat 2x =a; 2y =b. H¢ da cho tuong duong:
x +1 vy +1

_ | x 1
a:_E x*+1 2
1 y _1 x=-1
atb=-2 | b=7 Vil 4 y=2%3
= = = .
L:_g a:l X :l x=2+i\/§
ab 4 x*+1 4 |y=-1
b:—l 2y _ 1
i 2 |y +l 2
Vay hé c6 nghiém

(553)=(-1:2=V3),(-1:2++3),(2-3:-1),(2+43;-1).

50) Ta co:

2 2 By )

Mat khéc ta cling co:
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X7 +2xy+4y° _ 3(x+2y)2+()c—2y)2 S (x+2y)2
3 12 4
j\/x2+2xy+4y2 Z|x+2y|
3 2

2 4 2 2 2 4 2
Tt d6 suy ra \/x +2y +, ]2 al )2}4_ Y 2|x+2y|2x+2y

Dau bang xay ra khi va chi khi x=2y>0

Thay vao phuong trinh con lai ta thu duogc:

xt=xP +3x7 —2x—l=0<:>(x—1)(x3 +3x+1)=0<:>x:1:>y:%

Hg¢ c6 mot cap nghiém: (x;y)= (1;%}
51) Cong theo vé cac pt cua hé ta dugc: (x—4)3 +(y —4)3 +(z —4)3 =0(*)

Tir d6 suy ra trong 3 s hang ¢ tong nay phai c6 it nhit 1 s6 hang khong
am, khong mat tinh tong quat ta gia str: (z— 4)3 >0=>z>4

Thé thi phuong trinh tha nhét cia hé tvong duong:
X -16=12(z-2) 2122 = x> 4
Thé thi phuong trinh thir hai ctia hé tuong duong:

¥ -16=12(x-2) 212.2° = y>4

Do vay tir (x—4) +(y—4) +(z-4) =0(*) > x=y=z=4 thu lai

thoa man.

Vay (x; V; z) = (4; 4;4) la nghiém cua hé.
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52) Phuong trinh (1) cua hé c6 dang: (\/x2 +2 —y)(\/)c2 +2+y° —1) =0
Do Vx*+2+3)*—1>0 nénsuyra Vx’ +2—y=0<> y=+/x"+2 thay

vao phuong trinh (2) ta co:

(x+2)+ (x+ 2 (x+2)* +2 = —x—xy/(—x)" +2
:>x+2=—x©x=—1:y=\/§
Viy hé ¢6 nghiém duy nhét (x; )= (—1;\5 )

53) Theo bét dang thirc ¢b si ta co:

X X Xty 1 x X+y
= +
x+3y x+y x+3y 2 x+y x+3y x+\f
+
2 x+y 2

y o [t2y _1f1 2y Ja+3y
x+3y \2x+3y 22 x+3y

+
Tuong ty ta cling co: \/_ +
y+3x "2l xt y 2

Tl‘rd(')suyra( x+\/_)[\/x+3y \/3:+yJ£2.Déub5ngxéyrakhi

x =y thay vao phuong trinh thir nhét ta dugc: x=y =4
2y —(x+4)y* +8y+x> —4x=0

I_Tx+,/x+2y+3 =4(x—1)2+8y—%

1-x>0

54) biéu kién:
x+2y+320

Phuong trinh thur nhét cta hé duge viét lai thanh:
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x —(y2 +4)x+2y3 —4y2 +8y=0
= A=(y" +4)7 —4Q2y —4y* +8) =()* ~4y+4)

x=2y
Tur d6 ta tinh duoc: )
x=y -2y+4

Vi x=3>-2y+4=(y-1)*+3>1 nén khong théa min

Thay x =2y vao phuong trinh thir hai ta dugc:

I_Tx+\/2x+3 = 4% —4x+%

Ta co: 4x2—4x+1=(2x—1)2+§z§;
2 2 2

/I_Tx+\/2x+3 :%\/2—2x+\/2x+3 s\/G+1j(2—2x+2x+3) :%

Vay hé c6 nghiém khi va chi khi cac dau bang dong thoi xay ra.

Suyra x = 1,1
y > Y 4
55) Tu phuong trinh (2) ta suy ra x>0

Phuong trinh (1) duoc viét lai nhu sau:
x2+(y2—y—1)x—y3—y2 :0:>A:(yz—y—1)2+4(y3+yz):(yz+y+1)2

1,2
Tu do6 tinh duoc: ¥=-y <0
x=y+1
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Thay y = x—1 vao phuong trinh ta thu dugc: 3/x(x* +4) = x> +4+2x.

Chia phuong trinh cho x* +4 ta co: 3,| 2x =1+ 22x
X" +4 x +4

t=1
bat 1=, | >0 tacod 2’ -3t+1=0< 1
2

x +4 t=

Véi t=1<x"—x+4=0 vonghiém
. 1
Vi t=5<:>x:2:>y:1

Vay hé c6 nghiém duy nhét (x;y)=(2;1)

56) Diéukién: x>1
Ta viét lai phuong trinh (1) thanh: x* +()* +2)x—2y° —4y* —4y =0
Tinh duoc

x=2y

2 2
A=(y*+2) +8V° +16y* +16y=(1* +4y+2) =
(»*+2) +8y" +16y” +16y =()" +4y+2) o 2y-2<0

Thay y =§ vao phuong trinh ta thu dugc:

3(\/x—1 +2/2x+4) = %% —2x+9(*%)
Theo bat dang thirc Cosi ta co:

3(\/x—1+\3/2x+4):i.2 1.(x—l)£%(l+x—l):%x

2

x+10
2

332x+4 :%{/4.4.(x+2) S%(4+4+x+2)=
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Tir d6 suy ra 3(\/x—1+\3/2x+4)S%x+x+210 —2x+5

Mat khac ta ¢6: x> —2x+9—(2x+5)=(x-2)" 20

Tir d6 suy ra phuong trinh (*) c6 nghiém khi cac dau bang dong thoi xay
rax=2.

Suy ra hé phuong trinh c6 nghiém duy nhat (x;y)=(2;1)
Mat khac ta théy x=2;y=3 la mdt nghiém cua hé

Vay (x;)=(2;3) langhiém duy nhét cta hé.

57) DPita=x+y+ b=x-y<

X+

5{(x+y)2+ ! 2}+3(x—y)2:13
A (x+y)

Hé | nén ta co:
(x+y+—)+x—-y=1
x+y
5(a2—2)+3b2:13© 54° +3b* =23
a+b=1 a+b=1
5
a=-—
e a=4 2
Giai hé nay ta tim duogc va
b=-3 b—z

Twr d6 ta tim dugc nghiém cua hé:
—1++/3 5+/3) (3 11)(3
(x)= ; | === =52
2 2 4 4 2

58) Tir phuong trinh (2) ta suy ra xy >0 < x, y cing dau. Tir phuong trinh

(I)tasuyra x,y>0.
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Ap dung bét dang thirc Cosi ta co:

X' +2-y° Jry2+2—x2

5 5 =2 . D4u bang xay ra khi va

x\/2—y2 er\/2—x2 <

chikhi x*+y)° =2.

Bai toan tr¢ thanh: Giai hé phuong trinh:

X +y =2
(x+y) —12(x-1)(y=1)+~/xy =9

Ta co:
(x+3) =12 =Dy =1 +xy =9 = (x + y)* +12(x + y) = 21-12xy +Jxp

bat tzx+y:>t£,[2(x2+y2)=2 ta thu dugc

(x+y)2—2xy:2<:>x+y= 2(t2+1).Tac():

(x+y)3+12(x+y)—21—12xy+\/5S

(x+y)2—(x2+y2)+(x+y)
2 2

Taco t3—6t2+12l‘—8=(t—2)3 <0.Khi =2 thi = x=y=1 langhiém

duy nhat ctia hé.

(x+») +12(x +y)-21-12 =t -6’ +12¢-38.

59). Tt phuong trinh 2 ctia hé ta suy ra x, y > 0. Xét phuong trinh:

X+ +7(x+y)xy=8xy,/2(x2 +y2)

Ta co:

x4y +7(x+y)xy = (ery)(x2 +y° +6xy) = (x+y)[(x+y)2 +4xy]
Theo bat dang thirc C6 si ta cé: (x+y)2 +4xy > 2«/(x+y)2 A4xy . Suy ra

X4y +7(x k) 2 4w (x4 )y (x4 ) =4y (x+ )" Taco

(x+y)2 :(x2 +y2)+2xy22 (x2 +y2).2xy.
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Suyra x* +y* +7(x+ y)xy > 8xy, /2(x2 + yz) . D4u bang xay ra khi va chi

khi x = y. Thay vao phuong trinh (2) ta thu dugc:

Vx—+/2x-3 :6—2x<:>\/2x—3—\/;:2(x—3)<:>%:2(x—3)

1 .
Suy ra x =3 hodc:v/2x-3 +\/_:§ Do ng nén pt nay vo nghiém.

Tém lai: HE c6 nghiém: x=y=3.
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