CHUYEN PE: GIA TRI LON NHAT, GIA TRI NHO NHAT CUA BIEU THUC
A. Gia tri Ién nhat, gia tri nhé nhat cia mot biéu thic

Khai niém: Néu véi moi gié tri caa bién thudoc mot khoang xac dinh nao d6 ma gia tri cua
biéu thirc A ludn ludn 16n hon hoic bang (nhod hon hodc bang) moét hang sé k va ton tai mot
gia tri cua bién dé A c6 gia tri bang k thi k goi 1a gia tri nhé nhét (gia tri Ion nhét) cua biéu

thirc A tng véi cac gia tri caa biéu thirc thudc khoang xac dinh noi trén
Xét biéu thiac A(x)

+) Tandi A(x) cO giatri Ion nhat la M, néu

A(X)<MVx Vva c0 gid tri Xo sao cho A(x,)=M (Chira 1 gia tri 1a dugc)
+) Tanéi A(x) cO gia tri nhé nhat 1a m, néu

A(X) >mvx Va cl gia tri Xo sao cho A(x,)=m (Chira 1 gia tri 1a dugc)
Nhuw vay :

a) Dé tim gié tri nho nhat caa A, ta can :

- Chang minh A=k Vvéi k 13 hing sb

- Chi ra dau “ =" c6 thé xay ra vai gid tri nao do6 cua bién

b) Bé tim gié tri 16n nhat cua A, ta can :

- Chitng minh A<k vai k 1a hang s6

- Chi ra ddu “ =" c6 thé xay ra vai gid tri nao d6 cua bién

Ky hiéu: Min A 1a gia tri nho nhat ciia A va Max A 1a gia tri 16n nhat cia A

Vi du: Sai 1am



A(X) = 2x2 —2x+3=x2 +(x—1)° +2>2=GTNN =2 ( Khong chi ra duoc dau =)

bép an ding 1a : A(x):Z(X—%)2+gzg:GTNN :g<:> x:%

B. Cac dang toan

Dang 1: Tim GTLN, GTNN cua tam thic bac hai ax*+bx+c

Phuong phap: Ap dung hang dang thirc s6 1 va s 2

Bai 1: Tim GTNN cua cac biéu thirc sau
a. A(X)=x*—4x+24 b. B(x) =2x*-8x+1

C.C(X)=3x"+x-1

Loi giai
a. AX)=X* —4x+24=(x—-2)*+20>20vXx=min A(X) =20 & x =2
b. B(X) =2x* —8x+1=2(x* —4x+4)-7=2(x—-2)*-7>-7=minB=-7 < x=2

C. C(x) :3x2+x—1:3(x+1)2—52_—13<:> x=_1
6 12 12 6

Bai 2: Tim GTLN cua cac biéu thirc sau

a. A(X)=-5x"—4x+1 b. B(x) =-3x* +x+1
Loi giai
a. A(x):—5x2—4x+1=—5(x2+ﬂx—1):—5(x+3)2+gsgc>x=_—2
5 5 5 5 5 5
b. B(x):—3x2+x+1:—3(x—1)2+5£5<:>x:1
6 12 12 6



Dang 2: Tim GTLN, GTNN cua da thic cO bac cao hon 2

Phuong phap: Ta dua vé dang tong binh phuong

Bai 1: Tim GTNN cua cac biéu thirc sau

a. A(X)=x*—6x>+10x> —6x+9 b. B(x) = x* —10x® + 26x* —10x+30
C. C(x)=x"—2x>+3x* —4x+2017 d. D(X) =x*—x*+2x+7
e. E(x) =x*—4x> +9x* —20x + 22 f. F(x)=x(x=3)(x—4)(x-7)

g. G(X) = (Xx=1)(x+2)(x+3)(X + 6) — 2006

Léi gidi

a. A(X) =x"'—6x°+10x* —6Xx+9=(X* —6X° +9x%) + (x> =6x+9) = (X* —=3X)* +(x—3)* > 0WX

2— =
= minA(xX)=0< X=X 0c>x:3
x-3=0
x*—5x=0
b. B(x):x4—10x3+26x2—1Ox+30:(x2—5x)2+(x—5)2+525<:>{ 50 < x=5
X—o=

C. C(X) =X*(X* +2) —2X(X* +2) +(X* +2) + 2015 = (X* + 2)(x—1)* +2015> 2015 <= x =1
d. D(X)=x*—2x* +1+X* +2X+1+5=(x* -1)° + (Xx+1)* +5>5 <= x=-1
€. E(X)=x"—4x3 +9x* =20+ 22 = (X" —4x* +4x?*) +5(X* —4x+4) +2=(X* = 2X)* +5(x - 2)* +2>2 <> x =2

f. F(X) =x(x=3)(x=4)(x=7) = (X’ = 7X)(X* = 7x+12) = y* -36>-36 <> y =0 <—{

x=0

g. G(X) = (X2 +5X —6)(X* +5X+6) — 2006 = (X +5X)° — 2042 > —2042 <> {X e
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Dang 3 : Pa thirc 6 tir 2 bién tré 1én

Phuong phap: Pa s céc biéu thirc c6 dang F(xy)=ax’+by” +cxy+dx+ey+h(ab.c=0)(1)

- Ta dua dan céc bién vao trong hing dang thic (a® +2ab+b*)=(a+b)" nhu sau
F(xy)=mK[x; y]2 + nG[y]2 +r(2) hoac F(xy)=mK[x; y]2 +nH [x]2 +r(3)

Trong d6 G[y],H[x] la biéu thirc bac nhat dbi véi bién, con K[x;y]= px+ay+k ciing 1a biéu
thirc bac nhat dbi vai ca hai bién x vay

Cu thé:

Ta bién d6i (1) dé chuyén vé dang (2) nhu sau véi a=0;4ac—b? 0

Ta co 4aF(x;y)=4a’x’ +4abxy +4acy’ + 4adx +4aey + 4ah = 4a°x* +b*y* +d* + 4abxy + 4adx + 2bdy

(4ac—b*)y* +2y(2ae—bd )+ 4ah—d?

2ae—hd 2ae —bd
—(2ax+by+d)’ +(4ac—b? - |+4ah-d?*-
(220 by + )+( )(er4ac—b2j+ (4ac—b2j

Vay ¢0 (2) voi

1 b? —4ac 2ae —bd d> (2ae-bd)’
m=—F(x;y)=2ax+by+d;n=— G(y)=y+—;r=h——————~—
4a () Y 4a W)=y 4ac—b? 4a  4a(4ac-b’)

+) Néu a>0;4ac—b? >0=>m>0,n>0=(2): F(x;y)>r(*)
+) Néu a<0;4ac—b? >0=m<0,n<0=>(2): F(xy)<r(**)

+) Néu m > 0, n > 0 thi ta tim duoc gié tri nho nhat

+) Néu m < 0, n <0 thi ta tim duoc gia trj 16n nhat




D& thay rang luén ton tai (x; y) dé c6 dau cua dang thirc, nhu vay ta s& tim dugc cyc tri cua da

thire da cho

Trong ca hai truong hop trén:

- Néu r = 0 thi phuong trinh F(x; y) = 0 ¢6 nghiém

- Néu F(xy)>r>0 hoic F(xy)<r<0 thi khong c6 (x;y) nao thao man F(x; y) =0

+) Néu a>0;4ac—b? <0;r =0=(2):F(x;y) phan tich duoc tich cta hai nhan tir, gitp ta giai

dugc cac bai toan khac

Bai 1: Tim gi4 tri nho nhat cua

a. A=x>+2y* —2xy—4y+5 b. B=2x*-2y*+5y°+5

Loi giai
a) Taco A(x):x2+2y2—2xy—4y+5:(x2—2xy+y2)+(y2—4y+4)+1:(x—y)2+(y—2)2+1

X—-y=0
= A>21lVx,yeR=2"="< oSXxX=y=2
y-2=0

Vay minA=1<x=y=2

b) B:2x2—2y2+5y2+5:(x2—4xy+4y2)+(x2+2xy+y2)+ y2+5:(x—2y)2+(x+ y)2+525

{X—Zy:O

=Xx=y=0
X+y=0 y

Bai 2: Tim gi4 tri nho nhat cua

a. A(X)=2x"+Yy* —2xy —2x+3 b. B(X)=x*+xy+Yy*—3x—-3y
C. C(X) =2x* +3y* +4xy —8x—2y+18 d. D(X)=2x* +3y* +47* —2(x+y+2)+2
e. E(X) =2x* +8xy+11y* —4x—2y+6 f. F(X)=2x*+6Yy*+52> —6xy+8yz—2xz+2y +4z+2
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0. G(X) =2X* +2y° + 2% + 2xy — 2x2 — 2yz — 2X— 4y h. HX)=x*+y* —xy—x+y+1

Loi giai
a. AX)=2X"+ Y —2xy —2X+3=(X* =2xy + Y )+ (X* =2x+) + 2=(X—y)* +(x-1)* +2>2 =>x=y=1
b. B(X)=(x* —2x+1)+(y* -2y +D) +x(y D —(y-D) -3=(x-D* +(y-1)* + (x-1(y-1) -3
2

:(X—l)z+2(x—1).%.(y—1)+(y7_1 2—(y7_1)2+(y—1)2—3:[x—1+ yz_l} y —jy+1

+y?—-2y+1-3

1

2 2

_ _ 1+ = x=1
={x—1+y21} +3(y41) -3>2-3< X—iF 2 0<:>{

C. C(X)=2X> +4xy+2y*+y* —8x—2y+18:2[(x+ y)? —2(x+ y)2+4]+(y2 +6y+9)+1
=2(Xx+y-2+(y+3)’+1>1=minA=1<y=-3;x=5

d. D(x)=2x*+3y* +42> —2(X+y+2)+2=2(x* —X) + (3y* —2y) +(42° —22) + 2
=2(x* —x+%)+3(y2 —§y+é)+{(22)2 —2z+ﬂ+2 ______

1 1 1 11 11 1
=2(Xx=2)+3(y -2+ (22— + === (X, Y,2) = (=;
( 2)+(y 3)+( 2)+2 > (y)(2

€. E(X)=2(X" +4xy+4y”)+3y —4x—2y +6 = 2(x+2y)’ —4(x+2y) +2|+3y’ + 6y +4

2y-1=0 =3
:2(x+2y—1)2+3(y+1)2+121<:>{xJr y @{X

y+1=0 y=-1
f. F(X)=2x* +6Yy* +52> —6xy +8yz — 2xz + 2y + 4z + 2(kho)

F(x)=2x*-2x(3y+2)+2(

3erZ)2 +6y° +52° +8yz—(3erZ

242y +472+2
> > ) +2y



3y+z,, 3, , 10 25 ,. 1,
=2X——) " += (Y +—=Yyz+—2°)+=7"+2y+471+2
( 5 ) 2(y 3 V2t ) 3 y
3y+z,, |3 5 5 2} 1., 2 1
=2X——) +| = (y+=2) +2(y+=-)+—=- [+ (=2 +=-z+2)+1
( 2){2@3) (y+32)+2 |+ T2
X_3y+z:O
3, 5 2, 1 522 x=1
=2(.)+=(Y+=2+=) P+ (x+D)’ +121l<y+-72+==0={y=1 = minA=1
() 2(y 3 3) 3( ) y+32+3 y
z=-1
z+1=0

0. G(X)=2%* +2y* +2° +2xy —2x2 —2yz - 2X -4y = (X—-1)* + (Y- 2)* + (X+ Y- 2)*~5> -5 x=Ly=2;7=3

h. HX) =x*+y* —xy—X+Y+1=4H(X) =(2X)* —=2.2x.y + y* +3y* —4x+4y +4

:(2x—y)2—2(2x—y)+3y2+2y+3+1=(2x—y—1)+3(y2+§y+1)=(2x—y—1)+3(y+%)2+%2§
:>min4A:§<:>x:g;y:_—1:> minA:g
3 3 3 3
Bai 3: Tim GTLN cua c4c biéu thuc sau
a. A=-4x"—5y*4+8xy +10y +12 b, —x* —y24+xy+2x+2y

Loi giai
a. A=—4x*—5y*+8xy +10y +12 =—4x* +8xy — 4y’ — y? +10y — 25+ 37 =—4(x—y)* - (y —5)* +37 <37
{X=5
=
y=>5
b. A=—x*—y2xy +2x+2y = 4A=—4x* —4y” +4xy +8x +8y

A=—4x* +4x(y+2)—(y+2)* +(y+2)* —4y* +8y

IX—y-2=0 [x=2
=—(2x—y—2)2—3(y2—4y)+4:—(2x—y—2)2—3(y—2)2+16$16:>A§4c>{ XY {X

y—2=0 y=2




Bai 4: Tim GTNN cua cac biéu thuc sau

a. A=5x*+9y*—12xy+24x—48y +82 b. B=3x*+3y*+z° +5xy —3yz —3xz—2X—2y+3

Loi giai
a. A=5x*+9y*—12xy + 24X —48y +82 =9y* —12y(X +4) + 4(X+4)* —4(X+4)* +5x° + 24x+82

=[3y—2(X+4)]2+(X—4)2+222VX,ye R<:>x=4;y:%

3
b. B={z—§(x+y)} +=(x +3—§) += (y 2% +1>1

Bai 5: Tim GTLN cta A=x+y+z—(x*+2y*+4z°%)

Léi gii

-7 _ -7 7 1 1 1

—A=(x—2)"+2(y-= +22—— ——>— = A< —ox==y=S52==
( ) by ) ( ) 16 16 16 2y 4

Bai 6: [ HSG — Yén Diing — Bic Giang ] . Tim GTNN caa A= x2+2y? +2xy +2x—4y + 2013

Loi giai
A=X>42y" +2xy +2Xx—4y + 2013 = X* + 2x(y +1) +(y +1)* + (y—3)* +2003> 2003 = x =—4; y =3

BAI TAP TU LUYEN

Bai 1: Tim GTNN cua: A=x*-2xy+2y* +2x-10y+17

Hudéng dan

A=x2—2x(y—1)+2y2—10y+17=x2—2x(y—1)+(y—1)2+[2y2—10y+17—(y—1)2}

=(x—y+1)2+<y2—8y+16)

Bai 2: Tim min cua: B=x*—xy+Yy* —2x—2y




Huoéng dan

2 Yy +4y+4 ¥
B=x'—x(y+2)+y*—2y=|x*-2x.2 24 +yt—2y—2 —y-1
(y+2)+y -2y { 5 n V' =2y=y
2 2 2
4B=(x-y-2) +4y’ —8y-y’ —4y—4
Bai 3: Tim min cua: C=x*+xy+Yy*—3x—3y
Huéng dan

2 2
C=x2+x(y—3)+y2—3y:{x2+2.x.y 3+y 6y+9}ry2—3y—w

2 4

4C=(x+y—3)2+[4y2—12y—y2+6y—9]

Bai 4: Tim min cua: D=x*—2xy+6y* —12x+2y +45

Hudéng din

D=x2—2x(y+6)+6y2+2y+45=x2—2x.(y+6)+(y+6)2+6y2+2y+45—(y2+12y+36)

=(x-y—-6) +5y° ~10y+9

Bai 5: Tim min cta: E=x*-xy+3y*-2x-10y+20

Huwéng dan

y —4y+4

y—2+y2—4y+4

E=x"—x(y-2)+3y* =10y +20=x" - 2x. +3y* =10y +20—

4E=(x—y+2)2+(12y2—40y+80)—(y2—4y+4) =(x—y+2)" +(11y* =36y +76)

Bai 6: Tim max cua: F =-x*+2xy—4y*+2x+10y—-3

Huwéng dan

—F =x* =2xy+4y’ —2x—10y+3=x"—2x(y+1)+4y* ~10y+3

—F=x*=2x(y+1)+(y+1) +4y* —10y+3—(y+1)’

Bai 7: Tim min cua: G =(x—ay)2+6(x—ay)+ x? +16y° —8ay + 2x—8y +10

Huwéng dan




G:|:(x—ay)2+6(x—ay)+9}+(x2+2x+1)+16y2—8ay—8y
G:(x—ay+3)2+(x+1)2+16yz—8y(a+1)+(a+1)2—(a+1)2

G=(x—ay+3) +(x+1) +(4y—a—-1) —(a+1) 2 ~(a+1)

Bai 8: Tim max cia: H =—x*+xy—y*—2x+4y+11

Huéng dan

—H=x"—xy+ ) +2x—4y—11=x" —x(y-2)+y’ —4y-11

2
_ 2 _ -2
H=x’—2x2"2.7 4y+4+y2_4y_11_M
2 4 4

:>—4H=(x—y+2)2+4y2—16y—44—<y2—4y+4)

Bai 9: Tim min cua: | =x*+4xy+5y* -6y +11

Hudéng dan

I=(x2+4xy+4y2)+y2—6y+11

Bai 10: Tim min cua: K =x*+y* —xy+3x+3y+20

Huwéng dan

4K:4x2+4y2—4xy+12x+12y+80:[4x2—4x(y—3)+(y—3)2}+[4y2+12y+80—(y—3)2}

4K =(2x—y+3) +3y” +18y+71

Bai 11: Tim min cua: M =x* —2xy+2y* -2y +1

Huwéng dan

M=(x2—2xy+y2)+(y2—2y+l)

Bai 12: Tim min cua: N =x*—-2xy+2y*—x

Huwéng dan

2 4 4

Nzxz_x(2y+1)+2y2=x2—2x.2y+1+(2y+1)2+2 2 M
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AN =(x—2y—1) +8y" — (4> +4y+1)

Bai 13: Tim min cua: A=x*—2xy+3y* —2x+1997

Huéng dan

A=x2—2x(y+1)+3y2+1997=x2—2x(y—1)+(y—1)2+3y2+1997—(y2+2y+1)

Bai 14: Tim min cta: Q=x*+2y* —2xy+2x—10y

Huéng dan

Q=x2—2x(y—1)+2y2—10y=x2—2x(y—1)+(y—1)2+2y2—10y—(y2—2y+1)

Bai 15: Tim min cua: R=x*+2y* +2xy -2y

Hudéng din

R=x>+2y" +2xy—-2y=x"+2xy+y +y —2y+1-1 =()c+y)2 +(y—1)2 -1>-1

Bai 16: Tim min cua: A=4x"+5y* —4xy—16y+32

Hudéng dan

A=4x"+5y° —4xy 16y +32 = (4x" —dxy+y’ )+ (4y* ~ 16y +32)

Bai 17: Tim min cta: B=x*+5y*+52° —4xy—4yz —4z+12

Huwéng dan

B=(x"—4xy+4y" )+ (" —4yz+42°)+ (2’ —42+4)+8

:(x_zy)2+(y—2z)2+(z—2)2+828

Bai 18: Tim min cua: C=5x"-12xy+9y* —4x+4

Hudéng dan

C=(4x*=22x3y+9y" )+ (x* —4x+4)= (2x-3y) +(x-2) 20

Bai 19: Tim max cua: D=—-x*—y* + Xy +2X+2y

Huwéng dan

11




—D:x2+y2—xy—2x—2y:x2—x(y+2)+y2—2y

2
D= —2x y+2+()’+2) 5 Y +4y+4
"2 4 4

Bai 20: Tim min cua: E=x*+5y*—4xy+2y—3

Hudéng dan

E:x2—4xy+4y2+y2+2y+1—4=(x—2y)2+(y+1)2—42—4

Bai 21: TIMMGTNNcua A=a>+ab+b*-3a-3b+3

Hudéng din

Taco: 4P=a’~2ab+b’+3(a* +b*)+4+2ab—4a—4b =(a—b) +3(a+b-2) 20

Bai 22: Tim min cta: G=x*+xy+y*—3(x+y)+3

Hudéng dan

4G =4x" +4xy+4y" —12x—12y+12
4G =4x> +4x(y=3)+(y=3) +(4y> —12y+12)—(»* =6y +9)

4G=(2x+y-3) +3y° —6y+3=(2x+y-3) +3(y-1) 20

Bai 23: CMR khong co gia tri x, y, z théa man: x* +4y* +z* - 2x+8y-6z+15=0

Huwéng dan

(x* —2x+1)+ (4> +8y+4)+ (2’ = 62+9)+1>1

Bai 24: Tim min cia: A=2x*+y*—2xy—2x+3

Huwéng dan

A:x2—2xy+y2+x2—2x+1+2:(x—y)2+(x—1)2+222

Bai 25: Tim min cua: B=x*—2xy+2y* +2x—10y +17

Hudéng dan

B=x2—2x(y—1)+(y—1)2+2y2—10y+17—(y2—2y+1) =(x—y+1)2 +(y2—8y+16)

Bai 26: Tim min cua: D=2x*+2xy+5y> —8x—22y

192
Iz



Hudéng dan

2D =4x7 +4xy+10y° —16x — 44y = 4x° + 4x(y—4)+10y” — 44y

2D=4x2+2.2x(y—4)+(y—4)2+10y2—44y—y2+8y—16

Bai 27: Tim min cta: E =2x*+9y* —6xy—6x—12y+ 2004

Hudéng dan
2F =4x* +18y” —12xy —12x — 24y + 4008

2F =4x° —12x(y+1)+9(y+1)2 +18y? —24y+4008—9(y2 +2y+1)

2E = (2x—y—1) +9y> —42y+3999

Bai 28: Tim min cua: F =x*—2xy+6y* —12x+12y+45

Hudéng dan

F:x2—2x(y+6)+(y+6)2+6y2+12y+45—(y2+12y+36) =(x—y—6)2 +5y°+9>9

Bai 29: Tim GTNN cua biéu thic : a2 +ab+b?>-3a—3b+3

Huéng dan

P=a?+ab+b*~3a—3b+3=>4P=(a-b)’ +3(a+b-2)">0

Bai 30: Tim min cta: A=x*+6y*+14z° —8yz +62x—4xy

Huéng dan
A=x"=2x(2y+3z)+6y° —142" = A=x’ —2x(2y+3z)+(2y+3z)2 +6y> —147 —(4y2 +12yz+9z2)

:>A:(x—2y—3z)2 +2y* —12yz-237°

Bai 31: Tim min cta: B=x*+2y* +32> —2xy + 2xz — 2X— 2y —8z + 2000

Huwéng dan

B=x"-2x(y-z+1)+2y"+32’ —2y—82+2000

=x2—2x(y—z+1)+(y—z+1)2+2y2+312—2y—21+2000—(y2+Z2+1—2yz—2z+2y)
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2

=(x-y+z-1) +(y2+2z2—4y+2)’Z+1999)

(x—y+z—1)2+|:y2—2y(z+2)+(z+2)2:|+2z2—(zz+4z+4)+1999

2

=(x—y+z—1) +(y—z—2)2+(z2—4z+1995)
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Dang 4: Tim GTLN, GTNN ciia biéu thirc c6 quan hé rang bugc giira cac bién

Phwong phap :

- D6n bién tir diéu kién rdi thay vao biéu thic.

- Bién d6i biéu thuc thanh cé4c thanh phan c6 chuaa diéu kién dé thay thé.
- Str dung thém mét sé bat dang thic phu :

+ a+b>2Jab (DAu =khia=bh, véia, b khong am)

+ a*+b*>2ab (DAau =khia=b)

+a+1>2 (Ddu=khia=1)
a

Bai 1: Tim GTNN cua cac biéu thuc sau

a. A=X+y +xy;x+y=1 b. B=5x"+y*x+y=1
C. C=x*+2y*;x+2y=1 d. D=2x*+5y*4x-3y=7
Loi giai

a A=(X+Y)(C=xy+y)+xy=x>+y°

CoO: x+y=1=x=1-y=>A=(1-y)’+V° :2y2—2y+1:2(y2—%y.2+%—%)+1:2(y—%)2+%2%

1 1 1
Dau ¢ =" xayra x==;y==
y 2y 2
b. Co
1 1 1 5 5 1 5
X+y=1=y=1-Xx=>B=5x"+(1-X)? =6X* —2X+1=6(X* —=Xx+=)=6(x—=)?+=>Z = x=2:y==
y=1l=y (1-x) (36)(6)66 Y%

C. C=x2+2y2:6y2—4y+1:>minC=§<:> y:x:%

X7 pooy +5(4X—3_7)2 — 9D = 98x% — 280 + 245 = 2(7x—10)% + 45> 45

d. 4x-3y=7=y=

15




:>minD:5<:>x:§;y:—

Bai 2: [ HSG — BG - 2011 ]

Choa+b=1. Tim GTNN cua A=a(a’+2b)+b(b*—a)

Loi giai
Coa+b=1
=b=1-a= A=a(@*+2b)+b(b*—-a)=a’+2ab+b’—ab=a’+b*+ab=a’+(1-a)’ +a(l-a)=2a’—2a+1

:2(612—a+l):Z(a—l)z+123Va<:>a:b:1
2 2 2 2 2

Bai 3: [ HSG — HN — 2006 - 2007 ]

Cho céc s6 thuc x, y théa man: x + y = 2. Tim GTNN ctia A=x>+y°+2xy

Loi giai
A= +y° +2xy = (X+Y)° =3xy(X+Y) +2xy

Theo gia thiét
X+y=2=y=2-X=>A=22—6X(2—X)+2X(2—X) =4x* —8x+8=4(x-1)*+4>4VecR=>x=y=1

Bai 4: Cho céc s thuc x, y théaman : x +y + 4 =0. Tim GTLN cua

A=2(x*+y*)+3(x* + y*) +10xy

Loi giai
Taco: A=2(¢ +y*)+3(x* +y*) +10xy = 2(x+ ) —6xy(X+ y) +3(X + y)* — 6xy +10xy

= 28Xy —80 = 28X(—4— X) —80 = —28(X’ + 4X+4) + 32 = A=—28(Xx+2)> +32< 32> X=—2 —> y =2

Bai 5: [ HSG — HN — 1996 - 1997 ]

Cho céc s6 thuc x, y thoa man: x*+y?—xy=4. Tim GTLN, GTNN caa P=x*+y?

1o



Léi giai

Ta co:

Xx-y=0
x2+y2—xy=4:>8:x2+y2+xz+y2—2XY=X2+y2+(X—y)22X2+Y2:>P38<:>{ 2 ’ 2
X“+y —xy=4

S X=y=12

Vaayc;TLNcaaP:-z@[X:y:2
X=y=-2
Mat khéc:
X==-y= 2
:O - Y~
B=20¢ +y) - 2xy =30 + ¥)~(x~y) <3¢+ y) P22 - V3
3 [X+yroy=4 | _ 2
X__y_ﬁ
x=2:y="2
vayGTNNcﬁaP:§@ 43 f
X=—,y=—=
NN
Bai 6: Cho cac s6 thyc X, y, z théa man: 2x+2y+z=4. Tim GTLN cua biéu thic
A=2Xy+ yz+2X
Loi giai

Tir gia thit: 2x+2y+z=4=7=4-2x—2y = A=2xy + y(4—2X—2y) + X(4— 2X — 2)
= 2% —2Yy* —2Xy +4X+4Y => 2A=—4X* —4y® —4xy +8X+8Y = —4X* —4X(y +2) — (Y —2)* +(y—2)* —4y* +8y

=—(2x+ y—2)—3(y2—%y)+4:—(2x+ y-2)-3(y—=)+—<—= A< — o

2
2., 16 16 16 "3
3 373 3 2

3

Bai 7: Cho cac s thuc X, y, z théa man: x +y + z = 6. Tim GTLN ctia A= xy+2yz +3xz

Lai giai
17



Tir gia thiét = z=6-—x—y = A=xy+2(2y+3%) = xy + (6— X — y)(2y +3X) = —3x2 — 2y — 4xy +18x+12y

= 3A=-9x* —6y>—12Xy +54x+36Yy = —9x* —6X(2y —9) -6y *+36y = —(3x+2y —9)* —2y* +81<81

=17=3

3Xx+2y-9=0 X=3
= AL27T < =

y=0 y=0

Bai 8: Cho céc s thuc X, y théa man: x2+2xy+7(x+y)+2y? +10=0. Tim GTNN A=x+y+3

Léi giai

T gia thiét
X2 42Xy +7(X+Y) +2y* +10 =0 =>4x* +8xy + 28X+ 28y +8y* +40=0 <= (2x+ 2y + 7)* +4y* =9

= (2X+2y+7)? <9=[2x+2y+7|<3=>-3<2x+2y+7<3<-5<x+y<-2<-2<A<1
+) A=l x=-2y=0

+) A=2<x=-5y=0

, 2
Bai 9: Tim GTLN, GTNN ciia § ~ab+2009, Vi &, b, I2 hai s6 thyc khac 0 va 2a% +2-+— =4
a

Lol giai
Ta co:
1
o1 b 1, . by, a0
4=a"+—=-2+a +:I—ab+ab—2:(a——)+(a—§)+ab+a2ab+2:>abs2:>s§2&u¢>
a a a——=0
2
a=-1b=-2
S
a=Lb=2
1
a-—=0
. a=1b=-2
Takuco:4:(a—if+(a+9f—ab+22—ab+2:>ab2—2:>szzmﬁ<3 a
a 2 a=-1b=2
a+E:O
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Vay GTNN caa S = 2007 <« (a,b) = (+L+2)

Bai 10: [ Tuyén sinh vao 10 — TH — 2009 — 2010 ]

3m?

Cho céc s6 thuc m, n, p théa man: n +np+ p? =1— > Tim GTNN, GTLN cua A=m+n+p

Léi giai

Theo gia thiét co:

2

n2+np+p2=1—32 =20 +2np+2p° +3m’ =2 < m?* +n’ + p° +2mn+2np + 2mp +m? —2mn+n’ + m* — 2np

+pP=2o M+n+p)P+(Mm-n)l+M-p)?=2=(M+n+p)’<2=-2<m+n+p<V2=-L2<m+n+p<2

m-n=0
2

+) A=—2 = {m-p=0 Sm=n=p=—-
Mm+n+p=—/2

m-n=0
+) A=J2={m-p=0 om=n=p-=

V2
3
m+n+p=+2

Bai 11: Cho X, y, z 1a c4c sb thuc thoa man : x2+y?+z°>=3. Tim GTLN, GTNN A=x+y+2z

Loi giai
T x*+y*+72° =3 6X* +6Yy° +62° =18 <> (X+ Y+ 22)* +(Xx—y)* +(2x—2)* +(2y —2)* =18

—X+y+22<18=-3J2<A<3\2

Xx—y=0

2x-2=0 x:y::\—/Z
+) A=-32 < o 2

2y—-2=0 N

X+y+2z2=0 B

19



+) A:3«/§<:>x:y:§;z:\/§

Bai 12: Cho céc s thuc m, n, p théa man : 2m? +2n°+4p?+3mn+mp + 2np :g(l)

Tim GTLN, GTNN cua biéu thtc A=m+n+p

Léi giai

(1) & 4m* +4n* +8p° +6mn+2mp +4np =3 < 3(M* +n° + p° +2mn+2np + 2 pm) + (M*> —4mp + 4 p*) +
(N*=2np+p?)=3<=3M+n+p)*+(M-2p)°+(n—-p)*=3=3(M+n+p)’<3=>-1<m+n+p<1

m-2p=0
-1 -1
+) A=-1<<in-p=0 <:>m:?;n: :Z
m+n+p=-1
m-2p=0
1 1
+) A=1l<<n—p=0 <::>m:5;n:p=Z
m+n+p=1

Bai13: Chox+y=z=3; A=xX"+y°+7°;B=xy+Yyz+12X

a. Chung minh A>B b. Tim GTNN cia A
c. Tim GTLN cua B d. Tim GTNN cua A +B
Loi giai

a. Xet A—B:%[(x—y)2+(x—z)2+(y—z)2]20:> A>Bo x=y=12

X2+ Yy +2°+2(xy+yz+2x) =0

D. (x+y-+2)7 :9@{ =9=X"+y*+2°+2(xy + yz+2X) <3(X* + y* + 2%)

X2+ Y2 +2% > Xy + yz+2X
< 9<3A= A>3 x=y=2=1

C. 9=(X*+y*+2°)+2(xy+yz+2X) > 3(xy +yz+2X) =3B=B <3< x=y=z=1
20




, |A+2B=9
d. Co: = A+B=9-B>6ox=y=2=1
B<3

Bai 14: Cho a,b,ce[-12] théa man: a+b+c=0. TiIm GTLN cua P=a’+b*+c?

Loi giai
V6i xe[-1,2], tach: x>-Lx<2=(X+D)(X—2) 0= x*—X—2<0< x> < X+2

Apdung: P=a?+b?+c*<a+2+b+2+c+2=a+b+c+6=6=>(a,b,c)=(-L-12)=GTLN =6

Bai 15: Cho a,b,ce[-12] théamén a+b+c=1. Tim GTLN cta P=a*+b’+c?

Loi giai

Taco: (a+1)(b+1)(c+1)>0=abc+ab+bc+ca+a+b+c+1>0
(2—-a)(2-b)(2-c)>0=8-4(a+b+c)+2(ab+bc+ca)—abc>0=3(ab+bc+ca)+9-3(a+b+c)>0
<> 3(ab+bc+ca)> -6« ab+bc+ca>-2=P=(a+b+c)*—2(ab+bc+ca) =1-2(ab+bc+ca) <5
Dau ¢ ="’ x4y ra < (a,b,c) =(-1,0,2) = maxP=5

BAI TAP TU LUYEN

Bai 1: Tim min cia: A=3x*+Yy? biét 3x+y=1

Hudéng din

Tu 3x+y=1=>y=1-3x= A=3x* +(1-3x)" =12x* - 6x* +1

Bai 2: Tim min cua; A=xy biét 3x+y=1

Huwéng dan

Taco 3x+y=1= y=1-3x=>A=x(1-3x)=-3x*+X

Bai 3: Tim min cua: A=a®—b®—ab biét:a—b =1

Huwoéng dan
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a=b+1=>A=(b+1)’ —b*~(b+1)b =2b+2b+1

Bai 4: Tim max cua: B=ab biét: 3a+5p=12

Hudéng dan

12-5b 3) 12

12-50 thay vao B =b(Tj=_—b2 L2y

Tugttaco: a=
3 3

Bai 5: Tim min ctia: C=x>+y°+xy biét: x+y=1

Hudéng dan

Tu gt =>y=1-x thay vao C ta dugC: C=x* +(1-x) +xy =2x* —2x+1

Bai 6: Tim min cia: D=x?+2y? biét: x+2y=1

Hudéng din

Tu gt =>x=1-2y thay vao D=(1-2y)’ +2y?

Bai 7: Tim min cua: E=2x?+5y? biét: 4x—3y=7

Hudéng dan

4x -7

Tugt=>y= thay vao E va lam tiép

Bai 8: Cho a, b>0 va a+b=4. tim GTLN cua P - (1_%(1_1}

Huwéng dan

Ta co: P:1—(1+%J+i=1—a+b+izl—i+i=1—i

a ab ab ab ab ab ab

DO a.b>0=>a+b=4>2ab = ab£g=2:>ab£4

<1 4 . . b=4
Khldo:iz§=>1—is1—§=l,dau:xayrakhl ar <=>a=b=2
ab 4 ab 4 4 a=
1Y 1V s
Bai 9: Tim min cua; F=(1+—j +(1+Bj cbiet:a+b=1vaab>0
a

Huwoéng dan
Cach 1:
22




2 2 2 2 2 2
Ta co: (1+a_+bj +(1+a_+bj :(2+9j +(2+Ej =8+4(E+9)+ a_2+b_2
a b a b b a b a

>8+4.2+2=18
Cach 2:

2 2
Tachd: F= 1+%+L2 + 1+2+L2 _oso[ Lid )y L2+L2 I LA jf
a a b b a b a b ab ab

2 d+b

F=2+—"+— (1)
a

Ma a+b=1=>a’+b* =1-2ab thay vao (1) ta dwoc: F=2+=+1 2% _5, L
ab ab ab

Lai cO: a+b=1>2ab => ab£%=>ab£i=>a2b2£L

16
1 16
= azbz__=>F=2+a25222+16:18
X N . . b=1
D4u = khivachikhi 147°7 s uop=1
a=>b 2

2

Bai 10: Cho x, y thoa méan: 2x? +%+yI =4, tim Max cta: A= X.y

Huwéng dan
2

2 2
Tugttacod: 4=(x2+i2—2j+(x2+y7—xyj+xy+2=>4=(x—£j +(x—%) +XY+2
X X

=>Xy+2<4=>xy<?2

2
Bai 11: Cho hai so6 thuc a,b =0, théa man: 2a’ +%+é=4, Tim min, max cua: S =ab+2017

Hudéng dan
‘ . , 1 ) b? 1Y b
Tugttaco: 4=|a +¥—2 +|a +Z—ab +ab+2= a—g + a—E +ab+2

=>ab+2<4=>ab+2017<2019=>S <2019
e , 1 , b? 1Y b’
Mat khac : 4=| a +?—2 +|a +Z+ab —ab+2= a—g + a—E —ab+2
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=>-ab+2<4=ab>-2=>ab+2017>2015=>S > 2015

2
Bai 12: Cho hai s6 X,y khac 0 théa mén: x2+%+y§=8, Tim min, max cta: A= xy+ 2024
Hudéng dan
2 2 2
Tugttacd: 8:x2+%+y—:>16:2x2+2+y—:(x2+¥—8j+ x2+y—+xy —Xy+8
X° 8 X° 4 X 4

2 2
=>8:(x—ﬂj +(x+%j —Xy+8=>—-Xy+8<16=>xy>-8=> A= xy+2024> 2016
X

2 2 2
Mat khac : 16:[x2+$—8)+(x2+y7—ny+xy+8:(x—ﬂJ +(x—%) +xy—8
X X

=>xy—-8<16=>xy <8=>S =xy+2024 <2032

Bai 13: Cho X, y <R khéc 0 biét: 8x* +y? +4_i2:4, Tim x, y dé B=xy dat min va dat max

Hudéng dan

Taco: 4=8X2+y2+i2:[4x2+i2—2j+(4x2+y2—4xy)+4xy+2
4x 4x

2
4 :(ZX—Zij +(2x—y)2+4xy+2:>4xy+2§4:> B:xyS%
X

2
Mat khac : 4:(2x—2ij +(2x+y) —dxy+2=>-4xy+2<4=>B= xyz%l
X

Bai 14: Cho x,y >0thoamén: x +y =1, Tim min ctia: A=(4x"+3y)(4y” +3x)+25xy

Hudéng din

Taco: A:16(xy)2+12x3+12y3+9xy+25xy:6x2y2+12(x3+y3)+34xy
Vix+y=1nén x*+y°=(x+ y)(x2 — Xy + yz):(x+ y)2 —3xy =1-3xy, thay vao A

A=6xy? +12(1-3xy)+34xy, Bat xy = t khi d6: A=6t>-2t+12

Bai 15: Cho X, y la cac s6 thyc théa man: x +y =1Tim min caa biéu thic:

C= (x2 +4y)(y2 +4x)+8xy
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Huwéng dan

Taco: Cz(x2 +4y)(y2 +4x)+8xy:x2y2+4x3+4y3+16xy+8xy:x2y2+4(x3+y3)+ 24 xy
Do x+y=1=>x"+y’ :(x+y)3—3xy(x+y):1—3xy Thay vao C ta duoc :

C=x2y2+4(1—3xy)+24xy:x2y2+12xy+4:(x2y2+2xy.6+36) =(xy+6) —322—32

A ” - N ” - :1 = o :—2
MinC=—32 , DAu = xay ra khi va chikhi 1" "7 =12 1¥=3  hoae |*
xy =—6 y=-2 y=3

Bai 16: Cho x, y 1a hai s6 thuc théa man: x + 2y = 3 tim min cia: A= X’ +2y?

Hudéng dan

Tur gt tacd: x=3-2y thay vao A=(3—2y)2+2y2 =6y?-12y+9

Bai 17: Cho X, y 1 hai s6 thuc théa man: x?+y?>—xy =4, Tim min va max caa: A=x’+Yy?

Hudéng din

Tach: x+y?—xy=4=>2x>+2y* —2xy =8=>(x—y) +x* +y* =8

=x*+y*<8 hay A<8

mat Khac : 8=2x2 +2y? —2xy => 2x> +2y* =8+ 2xy =>3x* +3y* =8+ (x+y) >8 =>x2+y22%

8
hay Azg

Bai 18: Cho x,y théa man: x+y =2, Tim min cta: A=x>+y*+2xy

Hudéng din

Tugttacod: y=2-x thay vao A ta duoc : A:x3+(2—x)3+2x(2—x)

Bai 19: Cho céc so thuc x, y thoa man: x+y+4=0, Tim max cia:

A=2(x*+y*)+3(X* +y*)+10xy

Huwéng dan
Tach: x+y=-4,nén x* +y* =(x+y) —3xy(x+y)=-64+12xy,
x2+y? =(x+y) —2xy=16-2xy thay vao A=2(-64+12xy)+3(16—2xy)+10xy

25




Bai 20: Cho x, Y, z € R, thoa mén: 2x+2y+z =4, tim max caa: A=2xy+ yz+zx

Hudéng dan
Tir gia thiét = z = 4-2x—2y thay vao A ta duoc :

A=2xy+y(4-2x-2y)+X(4-2x-2y)=-2x>—2y* —2xy + 4x + 4y

Bai 21: Cho X, Y,z € Rthéaman: x+y+z=6. Tim max cua: A=xy+2yz +3zx

Hudéng dan

Tugt=>z=6-x-y thay vao A=xy+2y(6—x—y)+3x(6—x—y)

Bai 22: Cho X,y € R théa mén: x*+2xy+7(x+y)+2y*+10=0, tim min va max cua:

S=X+y+3

Hudéng din

Tugttaco: x°+2xy+7x+7y+2y*+10=0

2y +7) 2 ?
:>x2+2x(2y2+7J+( y: ) +2y2+7y+10—@=0 :>(x+y+%) +y2—%:0

:—g£x+y+££gz>—5£x+y£—2:>—2£x+y+3£1

2
Bai 23: Cho céc s6 thuc m, n, p théa man: n®+np+ p? :1—3%. Tim min, max cua:

A=m+n+p

Huéng dan
Tugttaco: 2n*+2np+2p° =2-3m* =>3m* +2n* +2p* +2np =2

=> (M’ +n” + p +2mn+ 2np + 2mp) +(2m” +n* + p* —2mn—2mp ) = 2

=>(m+n+ p)‘2+(m—p)2+(m—n)2 <2=>_2<m+n+p<2

Bai 24: Cho X, V, z 1a c4c s thuc thoa man: x? +y?+z% =3, Tim min, max cia: P=x+y+2z

Huwéng dan

Tach: PP =(x+y+2z)° =x2+y? +42% +2xy+4yz+4xz, nén ta nhan 6 vao gt :
18=6x"+6y’ +62° = (X + Yy +42° +2xy + 4yz +42x) + (5% +5y° + 22" — 2xy — 4yz — 42X
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18=(x+y+22)2+(x—y)2+(2x—z)2+(2y—z)2=>(x+ y+22)2 <18

— 183x+y+22£J1_8

Bai 25: Cho céc s6 thuc m, n, p théa man: 2m? +2n? +4p? +3mn +mp + 2np =g,

Tim min max cua: B=m+n+p

Hudéng dan
Tu gttaco : 4m* +4n° +8p” +6mn+2mp+4np=3

=>3(m”+n”+ p*+2mn+2mp+ 2np) + (M’ +n’ +5p* —4mp—2np) =3

=>3(m+n+ p)2+(2p—m)2+(n— p)2 =3=>3(m+n+ p)2 <3=>-1<m+n+p<l

Bai 26: Cho x, y, z théa man: x+y+z=3, Tim min max cua: A=xy+ yz+ zx

Huwéng dan

T gt=>z=3-x-y thay vao A=xy+y(3-x—y)+x(3-x-y)=x*—y? —xy+3x+3y

Bai 27: Cho x,y, ztheaman: x +y +z = 3, Tim min max cia: B =—xy+3yz +4zx

Huwéng dan
Tugttacd: z=3-x-y =>B=—xy+3y(3—x—y)+4x(3-x-Y)

= B=—4x* -3y’ —16xy +9y +12x

Bai 28: Cho cac s6 thuc x,y,z théa man: 2x+3y-z=4, Tim min max cua A=—xy+ yz+ zx

Hudéng din

Tu gt =>z=2x+3y—4 thay vao A=—xy+y(2x+3y—4)+x(2x+3y—4)

Bai 29: Cho cac s6 thuc X,y,z théa man: 2x+3y -z =4, tim min max cia: B =12xy —3yz — 4zx

Huwéng dan

Tugttacd: z=2x+3y—4 thay vao B=12xy—3y(2x+3y—4)—4x(2x+3y—4)

Bai 30: Cho hai s6 thyc X,y théa man: x+y=—-2, tim min cua: A=2(X’+Yy*)-15xy+7

Huwéng dan
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Tux+y=-2,tacl: x*+y* =(x+y)’ —3xy(x+y)=-8+6xy thay vao

A=2(-8+6xy)-15xy+7=-3xy—9 Vay = - 2 - X thay vao A=-3x(-2-x)-9

Bai 31: Cho hai s6 thuc x, y thoa man: x+y=-2, Tim min cta

B=x"+y'—x®—y>+2x°y? +2xy(x2 +y2)+13xy

Hudéng dan

B:x4+y4—x3—y3+2x2y2+2xy(x2+y2)+13xy

Tux+y=-2taco: x* +y* :[(x+ y)2 —2xy}2 —2x%y? :(4—2xy)2 —2x%y?
X} +y®=6xy—8, X*+Yy* =4-2xy, Thay vao b ta duoc :

B =(4-2xy)’ —2x%y? —(6xy —8)+2x2y? + 2xy (4—2xy) +13xy

B=-xy+24,thay y=-2—-x=>B=x"+2x

Bai 32: Cho hai s6 thyc X, y thoa man: x+y=5, tim max cua: A:x3+y3—8(x2+y2)+xy+2

Huwéng dan
Vi x+y=5 nén x*+y®=125-15xy va x*+y* =25-2xy thay vao
A=125-15xy —8(25—2xy )+ Xy + 2

Bai 33: Cho hai s6 x,y théa man: x +y = 5, Tim max cua:

B:X4+y4—4(X3+ys)—ZO(X2+y2)—2X2y2+xy

Hudéng din
B:x4+y“—4(x3+ys)—ZO(x2+y2)—2x2y2+xy
Vix+y=5nén x*+y* =(25-2xy)" -2x?y?, X’ +y* =125-15xy, X*+y? = 25—2xy

B= (25—2xy)2 —2x%y? —4(125-15xy)—20(25—2xy ) — 2x*y* + Xy

Bai 34: Cho hai s6 x, y théa man: X' +y*=7=xy(3-2xy), Tim min max cta: P = xy

Hudéng dan
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3)2 121
16

T gt =>x* +y* —3xy +2x°y° :7=>(x4 —2x2y? +y“)+4x2y2 —3xy=7=>(x2 —y2)2 +(2xy—z

2
(o3 2

Bai 35: Cho cac s6 thuc X, y thoa man: 7x? +9y? +12xy —4x—6y—15=0, Tim min max cia:

A=2Xx+3y+5

Hudéng dan

T gt =>(2x)" +(3y)” +2.2x.3y —2.2x— 2.3y +1+3x* =16 =>(2x+3y+1)’ +3x* =16

Bai 36: Cho cac so thuc X,y,z théa man: 3x? +2y? +5z +4xy —2xz +2yz =5, Tim min max cia:

P=x+y

Hudéng din

Tur gt ta co: (x2 +y° +2xy)+(2x2 +y® +52° +2xy—2xz+2yz):5
=>(x+ y)2 +(x2+y2+22+2xy+2yz+22x)+(422—4xz+x2)=5

=>(x+y)2£5:>— 5<x+y<5

Bai 37: Cho céc s6 X, y, z thoa man: 3x+y+2z=1. Tim min max cia: p=x*+y?+2

Huéng dan
Tugttaco: y=1-3x—2z =>y* =1+9x* +47° —6x+12xz—4zkhi do :

P=10x*+52z* +12xz—6x—4z +1

Bai 38: Cho cac s6 X, y, z théaman: x +y + z = 1, Tim max cua: A= 2xy+3yz + 4zx

Huéng dan

Tugt=>z=1-x-y thay vao A=2xy+3y(1-x—y)+4x(1-x-y)

Bai 39: Chox,y eR, theaman: x + 2y =1, Timmax cua: P=X.y

Hudéng dan

Tu gt =>x=1-2y thay vao P=y(1-2y)

Bai 40: Chox,y > 0, x+y =1, Tim min, max cua: A=x*+y’
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Huwéng dan

Tugt=>y=1-x thay vao A=x+(1-x)’

Bai 41: Tim min max cia; P=x+y+z, biét: y2+2%+yz =1—gx2

Hudéng dan
Tu gt =>2y? +272° +2yz2 =2 -3 = 3X° +2y* +27° + 2yz =2

=>(x2+y2+zz+2xy+2yz+22x)+(2x2+y2+22—2xy—22x):2

=>(x+ y+z)2+(x—y)2+(x—z)2 =2=>(x+y+ z)2 <2

Bai 42: Cho x*+3y*+2xy—10x—14y+18=0, Tim min, max cua: S=x+y

Huwéng dan

T gt =>x%+2x(y-5)+(y—5)" +3y> ~14y +18—y* +10y —25=0

=>(x+y—5)2+2(y2—2y+1):9:>(x+y—5)2 <9=>-3<x+y-5<3

Bai 43: Cho a, b, ¢ khéng &m thoa mén: 3a + 2c =51 va c + 5b = 21.

TimmaxcaaA=a+b+c

Huéng dan

Cong theo vé gia thiét ta dugc : 3a+3c+5b=72=>3(a+b+c)=72-2b<72

Do b20:>a+b+cs7—32=24

Bai 44: Cho a, b, ¢ la cac s6 khong am thoa mén: 2a + b = 6 - 3c va 3a + 4b = 3c + 4.

Tim min E=2a+3b—4c

Hudng dan

4

, a=4-3c 3 a>0
Cong theo vé ta dugc : a+b=2=> => 3 do
b=3c-2 2 |b>0
3

Khi d6: E=2(4-3c)+3(3c—-2)-4c=2-c
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Bai 45: Cho x,y,z>0,2x+7y =2014,3x+5z =3031, Tim GTLN cua biéu thac A=x+y+z

Hudéng dan
Cong theo vé cua gt ta co: 5x+5y +5z =5045—2y <5045 O y >0

Nén 5(x+y+2z)<5045=>x+y+z<1009

Bai 46: Cho a+b=2,Tim max cua: A=ab(a2+b2)

Hudéng dan
TacO: a+b=2=>a’*+b’=4—-2ab=> A:ab(4—2ab):—2a2b2 +4ab

A:—(a2b2—2ab+1)+2§2, Max A=2

Bai 47: Cho X, y théa man: (11x+6y+2015)(x—y+3)=0, Tim min cua: P =xy—5x+2016

Hudéng din
Turgttacod: 11x+6y+2015=0 hodac x-y+3=0

TH1: Tacd : 11x+6y+2015=0=> y:% thay vao P

TH2: taco: x—y+3=0=>y=x+3 thay vao P

Bai 48: Cho 3 sb X,y,zthoaman : x+y+z=3, Tim GTLN cua : B =xy+yz+zx

Huwéng dan

Taco: B=xy+z(x+y)=xy+[3—(x+y)](x+y)

2
=xy+3(x+y)—(x+ y)2 =-X*—y* —xy+3x+3y = _(x+y7_3j +_73(y—1)2+3£3

Bai 49: Cho x?+xy+3y? =5, tim Min hoic max cua biéu thic : P =x?—2xy +2y?

Huwéng dan

2 2
Tach: b X —20y+2y
5 X“+xy+3y
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Dang 5: Phuong phap ddi bién so

Phwong phap:
- Phan tich thanh céc biéu thirc trong dong dé dat an phu.
- Sir dung phuong phap nhoém hop 1y 1am xuat hién nhan tir ¢é dit an phu.

- Sir dung cac hang dang thic (a=b)",(a+b+c)’.

Bai 1: Tim GTNN cua biéu thirc A=(x—1)? +(x—3)>

Léi giai

Pat y=x—2=A=(y+1)*+(y-1)° =2y’ +2>22=>minA=2 < y=0=>x=2

Bai 2: Tim GTNN cua A= (x—-1)(x—4)(x—5)(x—8)

Loi giai
A=(x=D(x—4)(x=5)(x—8) = (x* —9x +8)(x* —9x+20)

X=2

Pat t=x>-9x+8= A=t(t+12) =t* +12t = (t+6)*-36> 36 =>t=6 < x2—9x+14=0<:{x_7

2 2_
Bai 3: Tim GTNN cua biéu thirc A:%}”(xﬂ)

Loi giai

A=1—ﬂ+i2:1—4y+ yz(yzl):>A:(y—2)2—32—3<:> y=2& x:%
X X X

Bai 4: Tim GTNN cua: A=x(x—3)(x—4)(x-7)

Lai giai

A:x(x—7)(x—3)(x—4):(x2—7x)<x2—7x+12),dét x> —Tx+6=t,khi do:
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A:(t—6)(f+6)=t2—362—36, dau “ =" khi t2:0<=>x2—7x+6:0<=>{x_

Vay Min A =-36 khix=1hoacx=6

Bai 5: Tim GTNN cua: B:(x—l)(x—B)(x2—4x+5)

Loi giai
B:(x2—4x+5)<x2—4x+5) ,bat x> —4x+4=0 . Khi do:

B:(t—l)(t+1):t2—12—1  Dau“=“khi A =0<=>x"—dx+4=0<=>1=2

Bai 6: Tim min cia: A=x(x+2)(x+4)(x+6)+8

Loi giai
A=x(x+6)(x+2)(x+4)+8:(x2+6x)(x2+6x+8)+8 ,Pat x> +6x+4=¢ . Khi do:
A=(t-4)(1+4)+8=r-16+8=r-82-8 , Dau *“ =" Khi dé:

x=—3+\/§
x:—3—\/§

P=0<=x"+6x+4=0<=>

Bai 7: Tim GTNN cua: B=(x+1)(x+2)(x+3)(x+4)

Loi giai
B:(x+1)(x+4)(x+2)(x+3):(x2+5x+4)(x2+5x+6) , bat x* +5x+5=¢, Khi d6:

5445
2

B:(t—l)(t+1):t2—12—1  Dau“=“khi ? =0<=> x> +5x+5=0<=>x =

Bai 8: Tim GTNN cua: A:(x2+x—6)(x2+x+2)

Loi giai
Dt x* +x-2=1. Khido: A=(r-4)(r+4)=r-162-16

Al [T - =1
Dau “ = Xayrakhl.t=0<=>x2+x—2=0<=>{x
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Bai 9: Tim GTNN cua : C=(x-1)(x+2)(x+3)(x+6)

Loi giai

C

x—1)(x+6)(x+2)(x+3)=(x>+5x-6)(x*+5x+6) , Dat x> +5x=r . Khi do:
(x=1)(xr+6)(x+2)(x+3)=( I )

x=0
x=-5

C

(t—6)(t+6)=t2—362—36 . DAu “ =" khi t=0<=>x2+5x=0<=>|:

Bai 10: Tim GTNN cua: D =(2x—1)(x+2)(x+3)(2x+1)

Lai giai
D=(2x—1)(x+3)(x+2)(2x+1) = (24" +5x-3)(2x* +5x +2) , Dt 2’ +5x=¢ , Khi do:

D=(t-3)(t+2)=r"-1-6= [—%j ——>_—25 . DAu “ = “ khi:

t:l< = 2x? +5x—l<—>x—
2 2

Bai 11: Tim min cta: C=(x+1)(x+2)(x+3)(x+4)+2011

Loi giai
C=(x+1)(x+4)(x+2)(x+3)+2011 = (x> +5x+4)(x* +5x+6)+2011, Dat x* +5x+5=1

5445
2

Khi do: C=(t—1)(t+1)+2011<=>x2+5x+5=0<=>x=

Bai 12: Tim max cua: E=5+(1-x)(x+2)(x+3)(x+6)

Loi giai
E=5—(x=1)(x+6)(x+2)(x+3)=—(x"+5x—6)(x*+5x+6)+5 , dat x" +5x=1 .

Khi d6:E =—(1-6)(t+6)+5=~(=36)+5=~*+41 <41

x=0

DA4u “ = “ Khi t2=0<=>x2+5x=0<=>{ 5
xX=-

Bai 13: Tim GTNN cua: M =(x—1)(x+2)(x+3)(x+6)
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Loi giai
M=(x—1)(x+6)(x+2)(x=3)=(x2+5x—6)(x2+5x+6) ,bat x> +5x=1¢ .

x=0

x=-5

Khi d6: M =(t—6)(t+6)=1-362-36 , Dau “ =" khi t=0<=>x2+5x=0<=>|:

Bai 14: Tim min ctia: D = (x+1)(x* —4)(x+5)+2014

Lai giai
D=(x+1)(x+2)(x—2)(x+5)+2014:(x2+3x—10)(x2+3x+2)+2014 ,Pat ¥’ +3x—4=1¢

Khi d6: D=(t-6)(t+6)+2014=¢>+1978 , Dau “= “ xay ra khi:

x=1

t2=0<:>x2+3x—4:0<:>{

Bai 15: Tim GTNN cua; C =x*-6x®+10x*> —6x+9

Lai giai

C :(x“—2.3x2.x+9x2)+(x2 —6x+9):(x2 —3x)2 +(x-3)">0

Bai 16: Tim GTNN cua: D=(x+8)"+(x+6)’

Lai giai

bat: x+7=y= D=(y+1)4+(y—1)4 =2y  +12y* +2>2

Bai 17: Tim max cua: F =2-3(x+1)' -3(x-5)"

Loi giai
Dit x—2=1=>F=2-3(t+3) -3(r-3)'
~F=3( +6t+9)2 #3(7 —61+9) ~2=6r* +3241> + 484 = 61" + 541> + 484

F=-6(+ 27)2 +3890 < 3890

Bai 18: Tim min cta: G =(x+3)" +(x-7)"
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Loi giai
Pat x-2=1=>G=(1+5)"+(1-5)" =( +100+25) + (> ~10r +25)

G =21* +30072 +1250 = 2(:4 +2.75¢% +5625)—104 - 2(r2 +75)2 ~10* >-10*

Bai 19: Tim min cua; I = x* —6x%+11x%> +12x + 20

Lai giai
1=x4—6x3+11x2—12x+20=x2(x2—6x+9)+2x2—12x+20

I=x2(x—3)2+2(x2—6x+9)+2:x2(x—3)2+2(x—3)2+222

Bai 20: Tim sb nguyén m I6n nhat sao cho BDT ludn diing véi moi X: (x+1)(x+2)°(x+3)>m

Loi giai
VT=()C+1)(X+3)(X+2)2 =(x2+4x+3)(x2+4x+4) , bat x> +4x=r , Khi do:

2
VT=(t+3)(t+4):t2+7t+12:t2+2.t.z+£+12—£: A I S
2 4 4 2
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Dang 6 : Sir dung bat diang thirc c6 chira dau gia tri tuyét doi

|A=Ae A0

a. Pinh nghia:
|Al=-As A<O

b. Tinh chat

+) VAeR=|A=0;|A > A
+) WX,y eR=|x+y|<|X+|y| < xy =0

+) VX, yeR=|x—y|2|X-]y| < (x—y).y =0

Bai 1: Tim GTNN cua cac biéu thirc sau
a. A=|x—3+|x—7| b. B=|x-1+|x—2|+|x-3
C. C=|x—1+|x—2/+|x—3|+|x—4| d. D =|x+5|+|x+2|+|x—7|+|x—§|

€. E=|X+1+|x+2|+|x+3+|x+4|+|x+5+|x+6|

Loi giai

A A=|x=3+|x—=7|=|x-3+[7T-X=[x=3+7-X/=[4=4= A>4 < (x-3)(7T-X) 20<=>3<x<7
b. B=|x-1+|x—2/+|x-3

Taco: B=|x—1+[x—-3=|x-1+[3-x22(1) < (x-1)(3-x) 20<=1<x<3

Ma: |x-220x=22)=>C22<x=2

C. C=|x—1+[x—2]+|x—3|+|x—4|

Taco: [x—U+|x—3=|x-1+B-X22<=1<x<3|x—2|+|x—4|=|x—2|+[4-X|2 2= 2< x<4

=C>4=minC=4<2<x<4
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d. D=|x+5+|x+2+|x—7|+|x—§
Ap dung bat dang thirc [M|>MvM eR

Taco: D=|x+5+|x+2+[7—X+[8—X/ = X+5+X+2+7-x+8-x=22VxeR

X+5>0 X>-5
X+22>0 >
=
7—x>0 X<7
8—-x=>0 X<8

=>mnD=22<

€. E=|X+1+|X+2|+|X+3+|X+4|+|x+5+|X+ 6 =|-Xx =1 +|-Xx— 2|+ |-Xx— 3+ |x+ 4|+ |x + 5|+ |x + 6|

=E>-X-1-X—2—-X—34+X4+44+X+54+X+6=9VXeR=MNE=9«< 4<x<-3

Bai 2: Cho sé thuc x. Tim GTNN cua cac biéu thirc sau

a. A=|x+3+[x—2/+|x-5 b. B=|x—2|+|x—3+|x—4|+|x—5+|x—6|

Loi giai

a. A=|x+3+[x—2|+|x -5 =|x+3+|x—2|+|x—5/ =[x +3 +[5—X| = x+3+5-x=8VxeR
Xx+3>0 X>-3

Dau ‘=" «{x-2=0={x=2 < x=2
5-x=0 X<5

b. B =|x—2|+|x—3+|x—4|+|x—5|+|x—6]| =[x — 2| +|x 3|+ |x — 4]+ [5— x| +|6 — |

>|x—2|+|x—3+[5—X|+|6—X>x—2+X—-3+5-Xx+6—-x=6VxeR<>x=4

Bai 3: Cho sé thuc x. Tim GTLN cua cac biéu thic sau

a. A=|x+5—|x—2| b. B=|x-2|-3|x—5/-|x—4|
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Loi giai

a. A=|x+5—|x—2|

Ap dung bt dang thuc : IX|—|y| <[x—y| VX, yeRe= y(x—y) =0
A=|x+5/—|x—2|<|x+5-(x—2)|=7vxe R=>max A=7 < (X—2)(X+5-Xx+2) >0 <> x>2

b. B=|x—2|-3|x—5/-|x—4|

. Xx-5=0 Xx=5
Vi —|x—5|£0:>Bs|x—2|—|x—4|s|x—2—x+4|:2<:>{ <:>{ < x=5
(x=4)(x-2-x+4)>0 X >

Bai 4:[ Chuyén LHP — 2003 ] Cho sé thuc x. Tim GTNN cua
A=X—1-2Jx—2 +/x+7—6x+2

Léi giai

Dit t=Yx—2(t>0) > t? =x—2=> x=t2 = 2= A=t? — 2t + 1+t =6t +9 =/t —1)? +/(t —3)’

t-1>0

3 t>0<:>1£t£3<:>1£\/x—2 <3< 3<x<11

:|t_q+|3—t|zt—1+3—t:2@{

Bai 5: Cho sé thuc x. Tim GTNN cua cac biéu thirc sau

A A=yX—4+2Jx—5 ++/x—1—4Jx—5(x>5)

D, B=X—2X—1+5{x+3—4/x—1 +yx+8—6Jx—1(x>1)

Léi giai

a.Pat t=Jx-5t>0)=>x=t?+5= A:\/(t+1)2 +\j’(2—t)2 =t+1+[2—t|=t+1+[2—t|>t+1+2-t=3

A=32-t>0t<2YX-5<2<5<x<9
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b. Pat t =J/x-1(t>0) = x=t? ~1= A=[(t-1)? +5\/(t—2)? ++/(t—=3)? =[t -1+ 5[t — 2| +[3—1|

t-1>0
>[t-1+[3-t|2t-1+3-t=2{t=2 ot=2x-1=2ox=5=>minA=2<x=5
t<3

Bai 6: (HSG Tinh Séc Trang nam 2014 —2015) Tim GTNN cua A=|x+3/+|x—2/+2012

Loi giai

Taco A=|x+3+|x—2+2012=|x+3+|2—x|+2012

LaicO: |x+3=x+3<x2-3

Ma [2-X|22—x < x<2=> A=|x+3+[2—X|+ 2012 > X+ 3+ 2—x+ 2012 = 2017

Vay MinA=2017 <-3<x<?2

Bai 7: (HSG Tinh Quang Ngai nam 2015 —2016) Tim GTNN cua A=|x+3+|x—1+|x—4]-3

Loi giai
Taco A=|x+3+[x—1+|x—4—3=|x+3|+|x—1+|4—x-3
Lai cO [x—1>0< x=L|x+3=x+3<=x>-3[4-x>4-x = Xx<4= A>Xx+3+0+4—Xx—-3=4

Vay MinA=4 < x=1

Bai 8: (Tap chi Toan hoc va tudi tré s6 420) Tim GTNN cua
A=|x—a|+|x—a,|+...+|x—a,|+2017(a <&, <..<a,)

Léi giai

- Truong hop n=2k = A=|x—a|+|x—a,|+...+|x—a|+|au, = X|+|au, = X|+...+|a, — x|+ 2017
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Taco [x—a|>x-a < x=avi=1kla,-x>a,, -x<x<a, Vj=1k

= A>X—a +X—8, +..+ X—8 +8,, — X+, — X+t 8y —X+2017 =(8,, + 8, ..+ By )~

(a,+a,+...+a )+2017 < a, <x<a,

- Truong hop
N=2k+1=> A=|x—a|+|Xx—a,|+..+[x—a|+[X—ay| +[ac, — X +[as = X|+...+|ay — X|+ 2017

Taco: [x-a |20 x=2a,,;

a.;—Xza.,-xex<a,Vi=1k
Lai c0 |x-a|2x-a < x>avi=1kifa,; - X>a.;-x<x<a, Vj=1k
= A=X—a +X—a,+.+X—8 +0+8, —X+..4 8y, —X+2017 = (8, + 8,5 +...+ Byey ) —

(a,+a,+..8,)+2017 = MinB=(a,,, +8 3 +...+ &y, ) —(& +a, +..8,)+2017 < x =28,

Bai 9: (HSG Tinh Yén Bai ndm 2015 —2016) Tim GTNN cta A=[5x+3+|2x—3—x+1

Loi giai
, 3 3
Ta co A=[5x+3+[2x -3 -x+1=2 x+§ +3 X+§ +[2x—3-x+1
Mat khac 2 x+§ 20<:>x:_—3;3 x+§ >3 x+§j<:>x2_—3
5 5 5 5 5

Lai c6 |3—2x|23—2x<:>x£g:> BzO+3(x+gj+3—2x+1:§:> MinB=%©x=%3

BAI TAP TU LUYEN

Bai 1: (Chuy&n Toan Quang Ngai nam 2014 — 2015) Tim GTNN cua
A=|4x+3+|5x—7|+|2x—9|-15

Léi giai
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Taco MinAz_—1<:>x=Z
5 5

Bai 2: Tim GTNN cia A=|x—1+|x—2|+|x—3+|x—4|

Léi giai

Tacd MinA=4<=2<x<3

Bai 3: Tim GTNN cua A=(2x-1)° -3[2x~1+2

Lai giai

Tacd Min.A=_—1<:>x=§ hay x=_—1
4 4 4

Bai 4: Tim GTNN cua A=|x—1+|x—2|+|x—3+...+|x—1998|

Lai giai

Ta co MinA=999% < 999 < x <1000 hay x = ‘71

Bai 5: (Chuyén Toan Quang Ngii nim 2015 — 2016) Tim GTNN cua
A=‘x«/§+2‘+‘x 5—7‘+‘x\/1_1—9‘

Léi giai

Lo 9 9 -1
Taco Mln.A:ﬁ(\/ﬁ—'\/g‘i‘\/g)@X:ﬁ hay X:T

Bai 6: (Chuyén Toan Quang Tri nam 2015 — 2016) Tim GTNN cuaa

A:‘x 5—6\+\x\/§+4+2x+2017
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Loi giai
2018J§+J§—2©X:—_; hay Xz_Tl

7 7

TacO MinA=
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Dang 7: Dang phan thic

A. Phan thic c6 tir 14 hang sé, miu Ia tam thirc bac hai

Phuong phap: Biéu thuc dang nay dat gia tri nho nhat khi mau dat gia tri 16n nhat

A= m

2
=—— = A < (ax“+bc+c
ax’*+bc+c Aun < ( s

Bai 1: Tim GTLN hoic GTNN cua cac biéu thic sau

1 2
a) A=—r——— byp=—2%
) 9x* —-12x+10 ) X2+ X+4
y2
C) C= X0
) 9x* —12xy +5y° (x=0)
Lot giai
PO S ST SN POV
Ox2—12x+10 (3x—2)>+6 6 6
b B: 2 = 2 Sizﬁ BmaX:_<:>X:__
2 4
2
=— y > (x=0)
Ox* —12xy + 5y
+) y=0=>A=0
A e vl e e
oX _pX, 5 M -l2AS Ty (-2
y y
Bai 2: Tim GTNN hogzc GTLN ctia biéu thuc sau
1 2 3y*
a) y= b =— C) A= Xx=0
)Y X+ X +1 )y 6x—5-9x’ ) —25x2+20xy—5y2( )
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Léi gidi

LA A 1 1
a)Taco the viet: y= =
) Y i ( 1j2 3
X+=| +=
2
2
Vi (x+1j +§2§:>y<£<:>x=_—1
2 4 4 3 2
. , 4, . -1
Vay GTLN cua y=3 tal X=—
b) y= 2 > = _22 ;(3X—1)2+424VX3;2£E:_—222__2:__1<:>le
6x—5-9x> (3x—1)>+4 (Bx-1%+4 4 (Bx-1%+4 4 2 3
C) y=0=A=0
3 3 -3
)Y 2 25t +20t—5 (5t—2)°+1

25X 420X -5
Yoy

Vi (5t—2)220:>;2£1:> A2—3<:>t:2<:>x=gy
(5t—2)7 +1 5 5

Bai 3: Tim GTLN cua biéu thirc sau

5 1
Q) A= > by B=——
) x?—2x-5 ) x?—4x+11
Lot giai
a) A=—; > 52 — maxA= > & x=1
X —2Xx-5 (x—l) -6 6

b) BZZ;S1<:>X=2
X —4x+11 7
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B. Phan thitc c6 miu 1a binh phwong ciia 1 nhi thirc
Céch 1: Tach tir thanh cac nhdm c6 nhan tir chung véi mau

Cach 2: Viét biéu thirc A thanh téng cua mot sé véi mot phan thie khong am

—Ta dua vé dang: A:m+%(%20)

Bai 1: Tim GTNN cua cac biéu thuc sau

2 2
a A= X 8X¥0 ) b. B=X "Xty
X" —2x+1 (x-1)
2 -
c. c= X =X+l Lo d. p=2X “1ox+al, g
(x=2) X* —8X+22
4 2 2
e. E:% £ F:3X2 12x+10
(x*+1) X —4x+5
Loi giai
2 2 2 o2
a. A:3Xz 8—X+6(X¢1):2(X 2X2+1)+(X 4X1_4)=2+—(X 2)2 >2<x=2
X°—=2x+1 (x=1) (x-1) (x=1)
, , 2_ 3(x* —2x+1)-2(x-1)+1
Céch khac: A=X =0, _1)- ( ) 2( )Jtl_2 1 :
X°—2x+1 (x-1) X—1 (X—l)

bat y:il:A:B—Zijyz:(y—1)2+222:>minA:2<:> y:1<:>i1:1<:>x=2
X_

b X —x+1 AX* —4x+4 X*+2x+1 3x*-6x+3 (x+1)*> 3_3
B=——gsr(x2]) = — = —+ — = St—2— <& X=
(x-1) 4(x-1) 4(x-1) 4(x-1) 4x-1)° 4 4
1 1 2 1 2 1 2 2 2
C. t=—2:>x=2+¥:>A=t 4(2+¥) _6(2+E)+1 =4(2t+1)° —-6t(2t+1) +t° =5(t+1)" -1>-1
X_

St=-1=x=1
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2 2 _
d. D:2X2 16x+41(XeR):2(x : 8x+22) 3:2_ 32
X —8x+22 X —8x+22 (x—4)° +6
Vi (x—4)2 20— (x—4)2 +626=— > <>_1
(x—4)°"+6 6 2
Dzz—%zz—lzﬁz/\m=§@(x—4)2=0@x=4
(x—4)"+6 2 2 2
4 2 4 2 _Ofy2
e E=4X : X 21:4(x +2X +21) 92(x +1)+4:4_ 29 N 24 4t ot At = 21 )
(x*+1) (x*+1) X“+1 (x°+1) X“+1
E:(2t—g)2—8—1+4
4 16
Ta co0: t£1:>2t—g£2—g:_—1:>(2t—9)2Zi: Axt M ieto1ex=0
4 4 4 4 16 16 16
Loi giai ngan gon hon
4 2
E+1=2X "X 50 A> 1o x=0
(x*+1)
4 2
Céach khac: E=—2X X * 50 41— 1ex=0
(x+D)° (x*+1)
2_
fpXtexdl0 5 5 3 S 35-
X —4x+5 X —4x+5 (x=2)"+1
Do (x-2)*+1>1=>——>—>-5&x=2
(x=2)"+1
Bai 2: Tim GTLN cua c4c biéu thuc sau
2 _y2 _
a. A:W(X?ﬁl) b. B:)§+—Xll(x¢1)
X°+2X+3 X°—2x+1
2 —
C.C=——2 —(x#-5) d. p=X 1L
x? +10x + 25 X" —2x+1
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Léi gidi

3X*+6x+10 3(x*+2x+3) 1 1
& A=—3 T2 + 7,5 °F 2
X +2X+3 X +2x+3  (x+1)°+2 (x+D)“+2

1 <£:>A=3+%=£:AW=Z<:>X=—1

Co: (x+1)°20= (x+1)*+222=>——<
(x+D)°+2 2 2

b B X x=11 X 42x-1-x+1-11 —(x-1)?—(x-1)-11 g1 11

Cox2-2x+1 (x-1)° - (x-1)° - x—=1 (x=1)°
- 1 1 1 1
bat — =y=A=-1-y-11y* =—(11y* +y+1 11(y? +2. +—
at - — =y yy(yy){(y yzzzzzzzzﬂ}
43| -43 1 —43 -1
11 +—2 — 1(y+ )P s—eoy=—x=-21
[ y ) 44:' 44 y 22) 44 y 22
C.Cor X (xpg=X XI5 5 4 5ol
X +10x+25 (X+5)°  (x+5)?  X+5 (X+5) X+5
=-A= 5t2—t—5('[——) —i —]':A_igt_lc;) 1 :icx 5
20 20 20 10 x+5 10
2 J—
d. DZW(x;tl).Dét
X —2x+1
t=i1:»x 1+1:>A tz[(1+ )2+4(1+) 14} (t+1)7 + 4t(t+1)—14t2 = —(3t—1)2 +2< 2
X_

D:2<:>t:%<:>x=4

2
Bai 3: Tim GTNN, GTLN ciia A=Y 49
X°—=2xy +2y

Léi gidi

biéu kién (x, y) # (0,0)
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x> —6xy+9y*  (x—3y)’
=y +y (=) +y?

+) A+l=

y2+4xy—4x%)  —(2x-y)?
x=y)’+y*  (x-y)+y’

+) A-4= m

>0=>A>-1<x=3y=0

0= A4 e x=1y=2

X%+ X+1
——— (x#-1);

Bai 4: Tim GTNN cua biéu thuc A= g
(x+1)

X* —3x+3
=w(“1)

Léi giai

XX+l (P +2x+D)-x-1+41 1 L1
(x+1)° (x+1)° X+1  (x+1)?

1 3.3 1
A:(y—§)2+ZZZ:>Am=—<:>y=5<:>x=1

_x2—3x+3_(x2—2x+1)—x+1+1_1 1 1

+) B= 2 2 - + 2
(x-1) (x-1) x=1 (x-1)

1 3.3 1
B:(y—§)2+ZZZ<:>y:E<:>X:3

1
=l-y+y(y=—"2)

X+1

1
=y —y+l(y=—")
x-1

NPT, r o i A , X°+y*
Bai 5: Tim GTNN cua biéu thuc A=—————
X +2xy+Yy
Lot giai
X2+ 2 1[(x+y)2+(x—y)2} 1 1 (X_y)z 1 1
Taco: A= y 2:2 - ==+=. ~>Z=>mnA==<x=y
X“+2Xy+Y (x+y) 2 2 (x+y) 2 2
e 2_ p—
Bai 6: Tim GTNN caa biéu thirc A= 2% ~10X1, 1)
X —2x+1
Lot giai
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2_10x-1 2(x*-2x+1)-6(x-1)-9
Ta co: A:2X2 10x-1_ ( ) 2( ) _p. 8 9 2:—(
X —2x+1 (X—Q x—1 (x—n

2
+q +3<3
1

2
Vi —(i+1] <OVX#1= maxA:3<:>i+1=O<:> X=-2
x-1 x-1
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C. Tim GTLN, GTNN cuaa phan thirc c6 dang khéac
Céch 1: Tach tir thanh cac nhdm c6 nhan tir chung véi mau
Cach 2: Viét biéu thirc A thanh téng cua mot sé véi mot phan thie khong am

1. Bac cuia tir nhé hon bac ciia miu

Bai 1: Tim GTNN cua cac biéu thuc sau

a A:8X2+12 b, B:4§+2

X +4 X" +2
c. c= XA+ o)

X
Loi giai
2 2 2

a A:8x2+12:x +8Xt16 X 4:_1+(x2+4) S s x—-a

X +4 X +4 X +4

2 —(x2 2
b B=4Z(+2=(x +4X+24) (x +2)=(X2+2) 1>l x=-2
X“+2 X“+2 X" +2

_ 2
c. o XA+ gy XD 1gs15e x4
X X

Bai 2: Tim GTNN, GTLN cua cac biéu thirc sau

a. [ HSG — Thanh Chuong — 2011] A=3_%¥ b, g 2X+L
X +1 X“+2
C. C=4)2(+3 d D= 8X2+3
X“+1 4x° +1
_ 4x
T AxE+1
Loi giai
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a. [ HSG — Thanh Chuong — 2011]

C3-4x X —Ax+4-x2-1  (x-2)°

A = ~1>-1lex-2=0x=2

X4l X2 +1 X2 +1
_ 2 _ 2 _ 2 _
¥) A:324X=4X +4 24x 4x 1:4_(2>;+1) 54:>Anax=4<:>xz—1
X“+1 X“+1 X“+1 2
b, B:22X+1: 4x2+2
X“+2 2(x°+2)
2 _ 2 2 _ _
¥) B:22X+1= 4x2+2 :(x +4x+24) (x +2): (XJZrZ) _32_1:”%“:_1<:>X:_2
X“+2 2(x°+2) 2(x°+2) 2(x°+2) 2 2 2

22X+l Ax+2 X +2x-1 X242 —(x-1)°

+)B_2 Y = 2 2 =72
X“+2 2(x°+2) X“+2 X“+2  X°+2

+1<1= A, =1lex=1

CAx+3 X+ AX+4-xX2 -1 (x+2)?

c.C = -1>-1x=-2

XA+l x* +1 X% +1
2 _ 2 _ _ 2
¥) C=4>2<+3=—4x +4x2 1+4x +4= (2;( 1) +4§4c>x:1
X“+1 X“+1 X“+1 2

2 _ 2 2
d D= 8x2+3 _ (4x +8x+24) (4x +1):_1+w2_1©x:_1
4x°+1 4x°+1 4x°+1
2 _ 2_ _ 2
+) D= 8x2+3 :16x +4 (126x 8x+1):4_(4x2 1) s4<:>x=l
4x° +1 4x° +1 4x° +1 4
2 _ 2_ _ 2
e E- ix :4x +1 zix 1+4x:1_(2x2 1) §1<:>x:1
4x°+1 4x°+1 4x°+1 2
(A2 2 2 .
) E= éix _ —(4x +1)+2(4x +4x+1)=_1+(2x2+1) 2—1<:>x:—1
4x°+1 4x°+1 4x°+1 2

Bai 3: [ HSG — Yén Phong — 14/04/2014 ]

3(x+1)

Tim GTLN cua biéu thac A=——"=
X+ X +Xx+1
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Léi gidi

Ao 30x+D) 3

- = <3< x=0> =3 x=0
X+x2+x+1 x2+1 Anas

Bai 4: [ HSG — Yén Phong — 2016 — 2017 ] Tim GTNN cua céc biéu thuc sau

Do 2010>2<+ 2680 (x<R)
X +1
Loi giai
2 2 2
DZM(XGR)=335(26X+8)=335(X +6;<+9 X 1)=335(2x+3) 335> _335 e x = _3
X +1 X +1 X +1 X +1

. 2
Bai 5: Tim GTNN cua biéu thac sau A:%(Xe R*)
X
Loi giai
. X2 +15X +16 (x-4) 23_23 . 23
Ta co: Az—(xeR*)z 2> aminA=Z e x=4
3x 3x 3 3 3

2 2 2
- ~ .2 _ 1
Bai 6: Tim GTLN cia biéu thirc sau A= (v )+

R
X y“+2y“+x2+2(x’ye )

Loi gidi
) xy? +y* (Y —x)+1 v+l
Taco: A=———7——(xyeR)=— 2
XY +2y" + X7+ 2 (y +1)(x +2)
Vi y*+10vx nén chia ca tir va miu cho y* +1 ta duoc: A= X21+2

Vi X2>0Vx= x2+2>2Vx= A=

2

Sicx:o;yeR
X*+2 2

X2

4

Bai 7: Tim GTLN cua biéu thiic sau A= ———
X"+ X" +1
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Loi giai
+) Xét x=0= A=0 gia tri ndy khdng phai gia tri I6n nhat cua A Vi V3i x=0=>A>0

+) Xét x=0 dat P:%:AW@PM

4 2
Taco P:X+—)§+1:x2+%+];x2+i222(Cosi):>P22+1:3:> P.,=3cx=1%1
X X X

Bai 8: Tim GTNN cua biéu thirc sau A=———(x>0)
(x+2017)

Léi gidi
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2. Bac cuaa tir bang bac cia mau

Bai 1: Tim GTN N cua cé4c biéu thirc sau
—2x+3 X? —x+1
a.. A——(X O) . :W(X;tl)
X* +2x+3 X* —2x+ 2016
“C e d D="——0—
Loi giai
2 2
a. A=XZXFe 22X+3(x¢0)=3(x 322X+3) (X3 :23) §>3<:>X 3:>Amn—§<:>x=3
X X X
b B_xz—x+1(X )_4x2—4x+4_x2+2x+1+3x2—6x+3_ (x+1)? 3.3 .
' (x-1) 4(x—1)? 4x-1?°  4(x-1D* 4A(x-1? 4 4
c C—2(X2+2X+3)—X2+4X+4+ X2 +2 _1, (x+2)? D
' 2(x% +2) 202 +2)  2(x*+2) 2 2(x*+2) 2
4 DX —2x+2016 _2016x*—2x2016+2016 _ (x—2016)° 2015 2015 ...
' X’ 2016x° X’ 2016 2016
Bai 2: Tim GTLN cua céc biéu thirc sau
3 A_6x2+2x+19 b B_x2+2x+3
' 3%+ x+7 ' X2 +2
Loi giai
3 A_6x2+2x+19_2(3x2+x+7)+5_ 5
' 3%+ x+7 3x% + X+7 3x% + X+7
Dat M =3x% +x+7= 3(x+—) », 83,8 _t

5 60
SX=—= =M_. = =2+—==2—
12 12 6 Anax min Anax
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2 2 2 2 A2 _1\2
b g_X +22x+3:2x x2+2x+3:2(x +2) 24 X +2x+3:2_(x2 1) <2 xol
X +2 X +2 X +2 X +2
Bai 3: Tim GTLN, GTNN cia cAc biéu thic sau
2 2 _
a A +2x43 b, X -2X-2
X°+1 X“+x+1
Loi giai
2 2 2 2
a A=3x J;2x+3=2(x2 +1)+(x2+1) =2+(X2+1) 59 esxo 1
X“+1 X“+1 X +1 X“+1
2 2 2 _\2
¥) A=3X Jg2x+3:4x2 +4 (X 22x+1):4_(x2 1 eyl
xX°+1 xX“+1 X +1 xX°+1
2 oy 2 2 2
b, B=X2 2X 2:3x (22x +2x+2): 23x < Denx—D
X“+Xx+1 X“+X+1 X“+xX+1
2
+) Vai X¢O:A:2L—2:%—2
X°+x+1 1+= 4+
X X
Ta lai co: 1+1+i2:§+(1+l) 2 §:> AZE—Z:Z:E:_—Q X=-2
X x° 4 2 x4 3 X
4
2
Bai 4: Tim GTLN cua A= X *0x+10
X°+2X+3
Loi giai
A=3+ 1 34—t S>A S [——]. [(x+D)*+2],, © (X+])*+2=2<=x=-1
X2 +2x+3 (X+1)% +2 T (x4 427™ i

1 1

:>—2£—<:>x:—1:>AnaX:Z<:>x:—1
x+D)°+2 2 2
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3x? +6x+10

Bai 5: Tim GTLN cua biéu thic sau A== (xeR)
X +2x+3
Lot giai
2
Ta co: AzW:3+%s3+E:Z©x:—l
X“+2X+3 (x+1) +2 2 2
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