PUONG TRON

CHU PE 1: SU XAC PINH CUA PUONG TRON

Pinh nghia: Duong tron tim Obén kinh R >0 1a hinh gdm cac diém cach
diém omét khoang R ki hiéu Ia (O;R) hay (O)

+ Pudng tron di qua cac diém A, A,,.., A goi la dwong tron ngoai tiép da
giac AjA,..A,

+ Pudong tron tiép xGc véi tat ca cac canh cia da giac A,A,..A_ goi la
duong tron noi tiép da giac do.

Nhitng tinh chit dic biét can nhé:

+ Trong tam giac vudng trung diém canh huyén 1a tm vong tron ngoai tiép
+ Trong tam giac déu , tim vong tron ngoai tiép la trong tim tam giac do.
+ Trong tam giac thuong:

Tam vong tron ngoai tiép 1a giao diém caa 3 duong trung truc caa 3 canh
tam giac do

Tam vong tron noi tiép 1a giao diém 3 dudng phan gi4c trong cua tam giac
do

PHUONG PHAP: Dé ching minh cac diém A, A,,..,A_ clng thuoc mot
dudng tron ta chiing minh cac diém A, A,,.., A, cach déu diém O cho

trude.

Vi du 1) Cho tam giac déu ABCc6 canh bang a. AM,BN,CP la cac duong
trung tuyén. Chang minh 4 diém B,P,N,C cling thuéc mot duong tron. Tinh
ban kinh duong tron do.

Giai:
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Vi tam gidc ABC déu nén céc trung tuyén dong thoi ciing 1a dudng cao .
Suy ra AM, BN, CP lan luot vudng goc véi BC,AC, AB.

Tur do ta co cac tam giac BPC,BNC la tam giac vudng
Vi BC la canh huyén, suy ra MP =MN =MB =MC
Hay: Cac diém B,P,N,C cuing thudc dudng tron
buong kinh BC=a, tam duong tron la

Trung diém M cia BC

Vidu 2) Cho ti gidc ABCD c¢6 C+D=90°.Goi M,N,P,Q lan luot 4 trung

diém cia AB,BD,DC,CA . Ching minh 4 diém M,N,P,Q cing thudc mot
duong tron. Tim tdm dudng tron do .

Giai:

D C
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Kéo dai AD,CB cit nhau tai diém Tthi tam giac TCD vuong tai T.
+ Do MN la duong trung binh cta tam giac ABD nén NM//AD

+ MQ la duong trung binh cua tam gidc ABC nén MQ/ /BC. Mat khac
AD 1 BC=MN 1L MQ . Chtirng minh tuong ty ta cling co:
MN L NP,NP 1 PQ. Suy ra MNPQ la hinh chir nhat.

Hay cac diém M,N,P,Q thudéc mot duong tron c6 tam 1a giao diém O cua
hai duong chéo NQ,MP

Vi du 3) Cho tam gidc ABC cén tai A noi tiép duong tron (O). Goi M la
trung diém cua AC

G latrong tam cua tam gidc ABM. Goi Q 1a giao diém cua BM va GO.
Xac dinh tim dudng tron ngoai tiép tam gidc BGQ.

Giai:

Vi tam gidc ABC can tai A néntdm O cua vong tron ngoai tiép tam giéc
nam trén dudng trung truc cua BC.Goi K 1a giao diém cua AO va BM

Dung cac duong trung tuyén MN, BP cua tam gidc ABM cét nhau tai trong
tam G.Do MN//BC=MN L AO. Goi K la giao diém cua BM va AO thi
K la trong tdm cua tam giac ABC suy ra GK//AC.
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Mat khac ta cO OM L AC suy ra GK L OM hay K la trgc tdm cta tam giac
OMG = MK 1 OG. Nhu vay tam giac BQG vuéng tai Q. Do d6 tam vong
tron ngoai tiép tam giac GQB 1a trung diém I cia BG.

Vi du 4). Cho hinh thang vudng ABCD ¢6 A=B=90°.BC=2AD=2a, Goi
H 14 hinh chiéu vudng géc caa B 1én AC

M 14 trung diém ctia HC. Tim tdm va ban kinh duong tron ngoai tiép tam
gidc BDM

Giai:

Goi N la trung diém cua BH thi MN 1a duong trung binh cua tam giac
HBC suy ra MN L AB, mat khac BH L AM=> N la truc tdm ctia tam giac
ABM suy ra AN_LBM.

Do MN/ /=%BC:>MN/ /= AD nén ADMN I4 hinh binh hanh suy ra

AN/ /DM. Tur @6 ta c6: DM L BM hay tam gidc DBM vudng tai M nén
tam vong tron ngoai tiép tam gidc DBM la trung diém O cua BD.
_aV5

Taco R:MO:%BD:%JAB2+AD2:%x/4a2+a2_ =

Bai toan twong tw cho hoc sinh thir sirc.

Cho hinh chir nhat ABCD, ké BH vudng goc voi AC. Trén AC,CD ta liy
cac diém M,N sao cho %:%_ Chang minh 4 diém M,B,C,N nam

trén mot duong tron.
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Gei y: BCN =90, hdy ching minh BMN =90°

Vi du 5).Cho luc giac déu ABCDEF tdm O. Goi M,N la trung diém cua
CD,DE. AM cét BN tai I. Ching minh ring cac diém M,1,0,N, D ndm
trén mot duong tron.

Giai:
B c £ N D
M Hi Ky
y K
A D
0
N
F E B

Do ABCDEF la lyc giac déu nén OM L CD,ON L DE=>M,N,C,D nam trén
duong tron duong kinh OD. Vi tam gidc AOBN =AOAM nén diém O cach
déu AM,BN suy ra OI la phan gi4c trong cua goc AIN.

OH L AM R i
é = DH, =20H (Do OH la duong trung binh cua tam giac
DH, 1L AM
DAH,
OK L BN .
¢ = DK, =20K (Do oK _Jo_1 VGi J=ADNNB)
DK, L BN DK, JD 2

Do OK =OH < DH, =DK,; suy ra D cach déu AM,BN hay ID la phan

giac ngoai cua AIN = OID =90" . Vay 5 diém M,1,0,N,D cling nam trén
mot duong tron duong kinh OD.

Vi du 6) Cho hinh vudng ABCD. Goi M 14 trung diém BC,N 1a diém
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thudc duong chéo AC sao cho AN = iAC . Ching minh 4 diém M,N,C,D

nam trén cing mot dudng tron.

Giai:

Ta thiy tir gidc MCDN ¢6 MCD =90° nén dé chirng minh 4 diém

M, N, C,D cling nam trén mot dudng tron ta s& chang minh MND =90°
Céch 1: Ké duong thang qua N song song véi AB cat BC,AD tai E,F. Xét

hai tam giac vudbng NEM va DFN EM =NF = iAB, EN =DF = iAB tu do

suy ra ANEM =ADFN do d6 NME = DNF, MNE = NDF = MNE + DNF = 90"
Hay tam gi4ac MND vuéng tai N . Suy ra 4 diém M,N,C,D cing nam trén
duong tron duong kinh MD

Céch 2: Goi K 1a trung diém cua ID véi I 1a giao diém cia hai duong
chéo. D& thay MCKN I hinh binh hanh nén suy ra CK//MN. Mit khac do
NK L CD,DK L CN =K la truc tdm cua tam giac

CDN= CK LND< MN _LND.

E M

Vi du 7) Trong tam gi4c ABC goi M,N,P lan luot la trung diém cua
AB,BC,CA. A,B;,C, lan luot 1a cac chan duong cao ha tir dinh A,B,C dén
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céc canh ddi dién. A,,B,,C, la trung diém cua HA,HB,HC . Khi d6 9 diém
M,N,P,A,,B,;,C,,A,,B,,C, cling nam trén mot duong tron goi 1a duong
tron O le cta tam giac

Giai:

a). That vay ta cO MN = A,C, ||=%AC, MA, [=NGC, ||=%BH ma BH_L AC

suy ra MNGC,B, la hinh chir nhat, twong tu ta c6 MPB,C,, NPA,B, la hinh
chir

nhat nén 9 diém M,N,P,A,,B,,C,;,A,,B,,C, clng nam trén mot dudng tron

c6 tam la trung diém cia cac dudng chéo cua 3 hinh chir nhat trén. Tir d6 ta
suy ra tim duong tron O le 13 trung diém Q cua HI

Vi du 8) Cho tam gidc ABC noi tiép dudng tron (O)

AD la duong kinh caa (O). M 1a trung diém cia BC,H Ia truc tdm cua tam
giac. Goi X,Y,Z lan luot 1a hinh chiéu vudng goc cua diém D lén
HB,HC,BC . Chtng minh 4 diém X,Y,Z,M cung thuéc mot dudng tron
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Giai:

Phan tich: M 1a trung diém BC=M ciing l4 trung diém ciia HD (Bai toan
quen thudc). X,Y,Z lan luot 1a hinh chiéu vudng goc cua diém D Ién
HB,HC,BC két hop tinh chit diém M lam ta lién tudong dén duong tron O
le cia mét tam giac: Tu nhitng co s& d6 ta c6 1oi giai nhu sau:

+ Gia st HB cat DY tai I, HC cit DX tai K,J 1 trung diém cua IK.

Ta dé chirng minh dugc BHCD la hinh binh hanh suy ra hai

duong chéo HD, BC cat nhau tai trung diém M caa mdi duong. Vi

DX LHI, DI L HC suy ra K latryc tim cua tam giac IHD nén
KDI=KHI=HCD (chiy HI//CD) va CHD =KID (cung phu véi goc
HDI). Tur d6 suy ra AKID ~ ACHD ,

+ Mat khdc CM, DJ la hai trung tuyén twong (tng cia tam giac CHD va
KID, nhu vay ta cO ADIJ ~ ACHM = JDI =HCM. Tur d6 suy ra DJ L BC tai
Z hay Z thudc duong tron duong kinh MJ . Theo bai toan ¢ vi du 6, duong
tron duong kinh MJ 1a duong tron O le cua tam gidc THD. Tur do ta co:
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X,Y,Z M déu cing nam trén dudng tron duong kinh M. D6 1a diéu phai
chung minh.

Vi du 9) Cho tam gidc ABC c¢6 tryc tdm H. Ly diém M,N thudc tia BC
sao cho MN =BC va M nam giira B,C. Goi D,E lan luot 12 hinh chiéu
vudng goc cua M,N [én AC, AB. Ching minh cacdiém A,D,E,H clng
thuoc mot duong tron.

Giai:

Gia sir MD cat NE tai K. Tacé HB//MK do cing vudng goc véi AC suy
ra HBC =KMN ( goc ddng Vi) .

Tuong tu ta ciing c6 HCB=KNM két hop véi gia thiét BC=MN

= ABHC = AKMN < S,511c = Saeun = HK //BC. Mit khéc ta c6 BC LHA

nén HK L HA hay H thudc dudng tron dudng tron duong kinh AK . Dé
thiy E,D e(AK) nén cacdiém A,D,E,H clng thuoc mot duong tron.

Vi du 10) Cho tam gidc ABC. P 1a diém bat ky PA,PB,PC cit duong tron
ngoai tiép tam gidc ABC tai A,,B,,C,.Goi A,,B,,C, la cac diém ddi xung
V6i A;,B,,C, qua trung diém ciia BC,CA,AB. Chung minh rang: A,,B,,C,
va tryc tdm H cua tam giac ABC cung thugc mot duong tron.

Giai:
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+ Goi G la trong tam cua tam giac ABC ,theo bai toan quen thudc vé duong
tron O le thi G thudgc doan OH va OG=§OH. Goi A,,B,;,C, lan luot la
trung diém ctia BC,CA, AB. Theo gia thiét A, la trung diém cua A A, , viy
G latrong tam ctia tam giac ABC va AA,A,. Goi A,,B,,C, lan luot la
trung diém ctia AA,,BB,,CC,. Vi G latrong tim cua tam giac AA,A, nén

GA,
GA,

L Goi K la trung diém ciia OP vi AA, la day cung cua

3
(O)=0A, L AA, = A, thugc duong tron tdm K duong kinh OP hay
KA, =2 (2

+ Goi I 1a diém thudc tia d6i GK sao cho (é—lf =% (3). Tur (1) va (3) suy ra
IH/ /KO va IH=2KO=0P. Tur (2) va (3) ta d& thay 1A, / /KA, va
IA, =2KA, =OP. Tir d6 suy ra 1A, =TH hay A, (L;IH). Tuong tu ta c6
B,,C, €(LIH). Hay A,,B,,C,,H thudc duong tron tam I ban kinh

IH=OP ta c6 diéu phai chirng minh.

VI TRi TUONG POI CUA PUONG THANG VA PUONG TRON
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1.Khi mot duong thang c6 hai diém chung A,B véi dudng tron (O) ta n6i
duong thang cat duong tron tai hai diém phan biét. Khi d6 ta c6 nhirng két
quéa quan trong sau:

+ OH L AB= OH <R,HA =HB =R? ~OH? . Theo dinh Iy Pitago ta c¢:
OH? =MO? - MH? Mit khac ta ciing c6: OH? =R? — AH? nén suy

ra MO? -MH? =R? - AH? & MH? - AH? =MO? -R?

< (MH- AH)(MH + AH) = MO?* -R?

+ Néu M nam ngoai doan AB thi MA MB=MO? —-R?

+ Néu Mnam trong doan AB thi MA.MB =R? - MO?
o, , AB?

Moi lién hé khoang cach va day cung: R“ =OH” + ——

2. Khi mot duong thang A chi c6 mot diém chung H véi duong tron (O), ta

no6i duong thang tiép xdc véi duong tron, hay A 1a tiép tuyén cua duong

tron (O). Biém H goi la tiép diém cua tiép tuyén véi duong tron (O)

Nhu vay néu A latiép tuyén cua (O) thi A vudng goc véi ban kinh di qua

tiép diém

Tac6 OH=R

Néu hai tiép tuyén ctua duong tron cit nhau tai mot diém thi
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+ Piém d6 cach déu hai tiép diém
+ Tia ké tir diém d6 dén thm O la tia phan gi4c goc tao bai 2 tiép tuyén

+Tia ké tir tim di qua diém do 1a tia phan giac goc tao boi hai ban kinh di
qua cac tiép diém

+ Tia ké tir tam di qua diém d6 thi vudng goc v6i doan thang néi hai tiép
diém tai trung diém cua doan thang do.

) <4

A —e B

3. Khi mot duong thang A va duong tron (O) khéng c6 diém chung ta ndi
duong thang A va duong tron (O) khong giao nhau. Khi d6 OH>R

H A

4. Puong tron tiép xtc vai 3 canh tam giac 1a dudng tron noi tiép tam giac

Puong tron noi tiép c6 tam la giao diém 3 duong phan giac trong cia tam
giac
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5. Puong tron tiép xdc véi mot canh cia tam giéc va phan kéo dai hai canh
kia goi 1a duong tron bang tiép tam giac

Tam duong tron bang tiép tam giac trong goc A 1a giao diém cua hai duong
phén gi&c ngoai géc Bva goc C

MJdi tam gidc c6 3 duong tron bang tiép.

A

N E

Puong tron ndi tiép AABC Puong tron bang tiép trong goc A

CAC DANG BAI TAP CO BAN

Vi du 1) Cho hinh thang vuéng ABCD (A=B=90") ¢6 O la trung diém

cia AB va goc COD=90°. Chiing minh CD Ila tiép tuyén ciia duong tron
duong kinh AB.

Giai:
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Kéo dai OC cit BD tai E vi COD=90° suy ra EOD =90°. Xét tam giac
COD va AEOD ta co OD chung

OoC OA
oD OB
ECD can tai D. Ké OH L CD thi AOBD=AOHD =OH=0B ma

OB=0A =0OH=0B=0A hay A,H,B thuc duong tron (O). Do d6 CD la

tiép tuyén caa dudng tron duong kinh AB.

1= 0C=0D = ACOD = AAEOD . Suy ra DC =DE hay tam giac

Vi du 2) Cho hinh vuéng ABCD c¢6 canh bang a. Goi M,N 1a hai diém
trén cac canh AB,AD sao cho chu vi tam giac AMN bang 2a . Chang minh
duong thang MN luén tiép xtc véi 1 dudng tron cb dinh.

Giai:

Trén tia d6i ciia BA ta lay diém E sao cho BE=ND. Ta c6
ABCE = ADCN = CN = CE. Theo gia thiét ta co:
MN+AM+ AN = AB + AD =

AM+MB+AN+DN= AM+AN+MB+BE. Suy ra MN=MB+BE=ME.

Tur d6 ta suy ra AMNC = AMEC = CMN =CMB. Ké CH L MN =
CH=CB=CD=a. Vay D,H,B thudc duong tron tdm C ban kinh CB=a
suy ra MN luén tiép xtc voi duong tron thm C ban kinh bang a.
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Vi du 3) Cho tam gidc ABC can tai A duong cao BH. Trén nira mit phang
chira C bd AB V& Bx L BA cét duong tron tim B ban kinh BH tai D.
Chang minh CD 14 tiép tuyén cua (B)

Gii: A

\

4\

Vi tam gidc ABC céantai A néntaco: B=C=a. Vi
Bx LBA=B, +a.=90°. Mit khac ta ciing c6 B, +a.=90° =B, =B, . Hai
tam giac BHC va ABDC c6 BC chung, B, =B, , BH=BD=R suy ra

ABHC = ABDC(c.g.c) Suy ra BHC = ABDC =90° . NGi cach khac CD la tiép
tuyén cua duong tron (B)

Vi du 4) Cho tam giac ABC vudng tai A (AB<AC)

duong cao AH. Goi E 1a diém d6i xtng véi B qua H . Pudng tron tam O
duong kinh ECcat AC tai K. Chang minh HK la tiép tuyén cua duong
tron (O).

Giai:

H E
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Vi tam giac EKC ¢6 mot canh EC 1a duong kinh cua (O) nén EKC=90°.
Ké HI L AC=BA//HI//EK suy ra AI=IK tir d6 ta c6 tam gidc AHK can
tai H. Do d6 K, =B (cling phu véi goc hai goc bang nhau 1a BAH,IHK ).
Mat khéc ta cling co: K, =C; (do tam giac KOC cén tai O). Ma

B+C; =900 = K, +K, =90° suy ra HKO=90° hay HK la tiép tuyén cua
©).

Vi du 5) Cho tam giac ABCvubng tai A duong cao AH. V& duong tron
tam A ban kinh AH ké céc tiép tuyén BD,CE Véi (A) (D,E la cac tiép
diém khac H). Chirng minh DE tiép xdc véi dudng tron dudng kinh BC.

Giai:

Theo tinh chét cua hai tiép tuyén cat nhau ta c: DAB=HAB,CAH =CAE.
Suy ra DAB+CAE =HAB+CAH =BAC=90" hay

DAB+ CAE+HAB+CAH=180° = D, A, E thang hang. Goi O 1a trung diém
ciia BC thi O 1a tim dudng tron ngoai tiép tam gidc ABC. Mat khéc
AD=AE nén OA la duong trung binh cua hinh thang vudng BDEC suy ra
OA L DE tai A.Noi cach khac DE la tiép tuyén ciia dudng tron (O).
buong kinh BC
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Vi du 6) Cho tam gidc ABC ngoai tiép duong tron tdm 1 ban kinh r. Gia sir
(I;r) tiép xtc véi cac canh AB,BC,CE lan luot tai D,E,F. Dit
AB=c,BC=a,AC=b,AD=x,BE=y,CF=2z.

a) Hay tinh x,y,z theo a,b,c

b) Chung minh S=pur (trong d6 S la di¢n tich tam giac p la nira chu vi
tam giac, r 12 ban kinh vong tron ngoai tiép tam giéc.
, T B | 1 1 . A N
c) Chang minh: ==—+—+— trong d6 (h,;h,;h.) lan lugt la
r h, h, h,

duong cao ké tir cac dinh A,B,C caa tam giac A,B,C.

Giai:

a). Tur gia thiét tac6 AF=AD=x,BD=BE=y,CE=CF=z. Tir d6 suy ra

X+y=c
y+z=a . )
z+x=b . Lan luot trir tirng vé phuong trinh (4) cta hé cho cac
a+b+c
X+y+z=
2
a+b-c
= =p-c
2
phuong trinh ta thu duoc: {y =2+ Z_ b b
b+c-a
X = =p-a
2
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c). Tacod

VI TRi TUONG POI CUA HAI PUONG TRON.
Xét hai duong tron (O;R),(O';R")

A). Hai dwong tron tiép xtic nhau:

Khi hai duong tron tiép x(c nhau, thi c6 thé xay ra 2 kha nang.
Truong hop 1: Hai duong tron tiép x(c ngoai:

+ Piéu kien R+R'=00'". Tiép diém nam trén duong ndi tm cua hai duong
tron. Puong ndi tdm 4 truc d6i xing cua hai duong tron.
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Vi du 1: Cho hai dudng tron (O) va (O") tiép xic ngoai tai A.Qua A ké
mot cét tuyén cit (O) tai C, cat dwong tron (O') tai D

a) Chung minh OC//O'D
b) Ké tiép tuyén chung ngodi MN , goi P, Q lan lugt Ia cac diém ddi
xung vai M,N qua OO'. Chuang minh MNQP la hinh thang can va

MN +PQ=MP +NQ

¢) Tinh géc MAN . Goi K 1a giao diém cua AM Véi (O"). Ching
minh N,0O'K thang hang.

Giai:

a). Do hai duong tron (O) va (O") tiép xdc ngoai tai Anén A nam trén
O0'.Tacd CAO=DAQ'. Lai c6 OCA=0AD,O'AD=0'DA Vi cac tam
gidc ACOA,ADO' A la tam giac can. Tur do suy ra
OCA=0'DA<=0C//O'D

b). + Vi MP L OO',NQ L OO = MP/ /OO’ =MNQP Ia hinh thang . Vi M
dbi xtiing véi P qua OO', N ddi xang véi Q qua OO' va O ludn dbi xing
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véi O qua OO' nén OPM =OMP =90°. Mat khac MPQ,PMN cuing phu véi
cac goc OPM =OMP nén MPQ=PMN suy ra MNQP la hinh thang can.

(Cha y: Tir déy ta ciing suy ra PQ la tiép tuyén chung cua hai duong tron)

+ Ké tiép tuyén chung qua A cua hai duong tron cit MN,PQ tai R,S thi ta
c6: RM=RA =RN,SA =SP=5Q suy ra MN+PQ=2RS. Mat khdc RS cling
la duong trung binh caa hinh thang nén MP + NQ=2RS hay

MP +NQ=MN+PQ

c). Tuclu b tacO AR=RM=RN nén tam gidc MAN vubng tai A, tir do
suy ra NAK =90° = KN la duong kinh caa (O, hay N,O',K thang hang.

Vi du 2: Cho hai dudng tron (O;R) va (O;R’) tiép xUc ngoai tai A voi
(R >R’). Pudng ndi thm OO’ cit (0),(O') lan luot tai B,C. Day DE cua
(O) vubng goc véi BC tai trung diém K caa BC

a) Chang minh BDCE la hinh thoi
b) Goi I la giao diém cua EC va (O'). Ching minh D,A,I thiang hang

¢) Chang minh KI 12 tiép tuyén cua (O').

Giai:
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Vi BCvudng géc véi duong thang DE nén DK =KE, BK =KC (theo gia
thiét) do do tir giac BDCE la hinh binh hanh, lai c6 BC L DE nén la hinh
thoi.

b) Vi tam giac BDA ndi tiép duong tron (O,) ¢6 BA la dudng kinh nén
ABDA vudng tai D. Goi I' 1a giao diém cua DA véi CE thi AI'C=90° (1)
(Vi so le trong véi BDA). Lai c6 AAIC ndi tiép duong tron (O,) c6 AC la
duong kinh nén tam giac AIC vuong tai 1, hay AIC=90° (2).

T (1) va (2) suy ra I=1'. Vay D,A,I thang hang.

¢) Vi tam gi4c DIE vuodng tai I ¢6 IK la trung tuyén tng véi canh huyén
DE nén KD=KI=KE=D, =1, (1). Laico D, =C, (2) do cung phu voi
DEC va C, =C; (3), Vi O,C=0,I la ban kinh cua dwong tron (O,).

T (1),(2),(3) suy ra I, =I; = I, +I; =I5 + 1, =90° hay KIO, =90° do d6 KI
vudng goc véi ban kinh O,1 ciia duong tron (O,). Vay KI la tiép tuyén cua

duong tron (O,).

Vi du 3) Chang minh rang: Trong mot tam giac tam vong tron ngoai tiép
Otrong tim Gtruc thm H nam trén mot duong thang va

HG =2GO (Puong thang O le) . Goi R,r,d lan luot 1a ban kinh vong tron
ngoai tiép noi tiép va khoang cach gitra hai tam ching minh d? =R? —r?
(Hé thace O le)

Giai:
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B

+ K¢ duong kinh AD cuaa duong tron (O) thi ACD=90° < DC 1 AC mit
khac BH L AC = BH//DC, tuong ty ta c6: CH//BD=BHCD la hinh binh
hanh do d6 hai dudng chéo cit nhau tai trung diém cua mdi duong. Suy ra
OM la duong trung binh cua tam gidc AHD. Gia st HONAM=G thi

CM_OM _1_ 4 la trong tdm tam giac ABC va HG=2GO

GA HA 2

Nhan xét: Néu kéo dai dudong cao AH cat (O) tai H' tasé ¢ H,H' ddi
xang nhau qua BC. Suy ra tim dudng tron ngoai tiép tam giac ABC ddi
xung véi tim duong tron ngoai tiép HBC qua BC.

+Taco : IAIF=R?-d? (Xem phan tinh chat tiép tuyén, cat tuyén). Mat
khac AF la phan giac trong géc A=FB=FC=FI . Ké duong kinh
FN = FCN =90° = FNC =FAC =%A. Tam giac TAK,FNC la hai tam giac

vudng ¢ goc nhon bang nhau nén déng dang voi nhau. Tir d6 suy ra
IA _IK

< IAFC=FNIK = IAFC=2Rr. Hay d* =R? -
FN FC

B. Hai dwdng tron cit nhau:
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Khi hai duong tron (O,),(0,) cat nhau theo ddy AB thi 0,0, L AB tai trung
diém H cua AB.Hay AB la duong trung truc cia 0,0,

Khi giai toan lién quan day cung cua dudng tron, hodc cat tuyén ta can cha y
ké thém duong phu 1a duong vubng goc tir tim dén céc day cung.

Vi du 1. Cho hai dwong tron (O;;R),(O,;R) cat nhau tai A,B(0O,;,0, nam
khéc phia so voi duong thing AB). Mot cét tuyén PAQ xoay quanh A
(Pe(0,),Qe(0,)) sao cho A nam giira P va Q. Hay xac dinh vi tri cia

cat tuyén PAQ trong mdi truong hop.
a) A latrung diém cia PQ
b) PQ c6 d6 dai 16n nhit
¢) Chu vi tam giac BPQ 16n nhat

d) Suspo 16N nhat.

Lot giai:
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a) Gia sir da xac dinh duoc vi tri cua cat tuyén PAQ sao cho PA=AQ.

Ké O,H vudng géc véi day PA thi PH:HA:%PA.

Ké O,K vudng goc vai day AQ thi AK:KQ:%AQ.

Nén AH=AK.

Ké Ax//O,H//O,K cit O, O, tai I thi O,1=10, va Ax L PQ. Tir d6 suy
ra cach xac dinh vi tri cua cat tuyén PAQ d6 1a cat tuyén PAQ vudng goc
V6i TA tai A V6i I 1a trung diém cia doan ndi tim 0,0, .

b) Trén hinh, ta thdy PA=HK.

Ké O,M L O;H thi tir giac MHKO, c6 ba goc vudng nén la hinh chir nhat
do d6 HK =MO, . Lac ¢6 O,M la duong vudng goc ké tir O, dén duong
thang O,H,0,0, 14 dudng xién ké tir O, dén duong thang O,H .

Nén O,M <0,0, hay PQ=2HK =20,M < 20,0, (khong doi). dau dang
thirc xay ra <M=0 hay PQ//0,0, . Vay & vi tri cat tuyén PAQ/ /0,0,
thi PQ c6 d6 dai I6n nhat.

c) Qua A ké cat tuyén CAD vudng goc Véi BA .

Thi tam gidc ABC va ABD vudng tai A lan luot noi tiép cac duong tron
(01), (O,) nén O, la trung diém cua BC va O, la trung diém cua BD.
Liac d6 0,0, la duong trung binh ctaa tam giac BCD nén O,0, //CD suy
ra PQ<20,0, (1) (theo cau b).

Lai cO BQ<BD (2), BP<BC (3). Tt (1),(2),(3) suy ra chu vi tam giac
BPQ C=PQ+BQ+BP<2(0,0, +R; +R, ) (khong doi). Dau bang c khi
P=C,Q=D.
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Vay chu vi tam gidc BPQ dat gié tri I6n nhat khi céat tuyén PAQ vudng goc
Vi day BA tai A.

d) Ké BN LPQ thi BN<BA.
Y 1 1 A 2
Lic d6 Sgpg = EBN.PQ < EBA.CD khong doi.

VAy Sy, dat gid tri 1on nhét khi cat tuyén PAQ vuong géc vai day chung
BA tai A.

Vi du 2. . Cho hai dudng tron (O;;R),(O,;R) cat nhau tai duong thang
O,H cit (O,) tai K,Cit (O,) tai B, O,H cit (O;) tai C,cit (O,) tai D.
Chung minh ba duong thing BC,BD,HK dong quy tai mot diém.

E
Lot giai:
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Goi giao diém cua AC véi BD la E. Céc tam giac ACH,AKH ndi tiép
duong tron (O;) c6 canh HA la duong kinh nén tam giac ACH vuong tai
C, tam giac AKH vuong tai K suy ra DC L AE (1), HK L AK (2).

Lai c6 tam giac HKD,HBD néi tiép duong tron (O,) ¢6 canh HD la duong
kinh nén tam giac HKD vudng tai K, tam giac HBD vudng tai B suy ra:

HK LKD (3), AB_LDE (4).
Tir (2) va (3) suy ra A,K,D thang hang nén HK L AD (5).
Tu (1) va (4)suy ra H la truc tdm cua tam giac AED, do d6 EH L AD (6).

Tur (5) va (6) suy ra HeEK (vi qua H ¢ ngoai duong thang AD chi ké duoc
mot dudng thang vudng goc voi AD).

Vay AC,BD,HK dong quy tai E 1a giao diém cua AC va BD.
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