CUNG CHUA GOC
A.TRONG TAM CAN PAT
I. TOM TAT LY THUYET

1. Quy tich cung chira géc

V6i doan thang 4B va goc a (0° < a < 180°) cho trude thi quy tich cac diém M thoa méan AMB = a1 hai

cung chtra goc a dyng trén doan 4B.
Chu y:

- Hai cung chtra gbc @ néi trén 1a hai cung tron doi xitng nhau qua AB. Hai diém 4, B duoc coi 1a thude

quy tich.

- Quy tich cac diém M nhin doan thing 4B cho trudc dudi mot goc vudng 1a duong tron duong kinh AB.
2. Cach vé cung chira géc a

- V& duong trung truc d cua doan thang AB;

- V@ tia Ax tao voi AB mdt goc a,

- V& dudng thing Ay vudng goc véi Ax. Goi o 1a giao diém cua Ay voi d.

- V& cung AmB , tam O, ban kinh OA4 sao cho cung nay nim & nira mit phang bo AB khong chua tia Ax.
Cung AmB duoc v€ nhu trén 1a mot cung chira goc a.

3. Cach gidi bai toan quy tich

Mubdn chimg minh quy tich (tdp hop) cac diém M thoa man tinh chat T 1a mot hinh H nao do, ta phai

chimg minh hai phan:

Phan thudn: Moi diém c6 tinh chat T déu thudc hinh H.

Phan dao: Moi diém thudc hinh H déu c6 tinh chit 7.

Tir d6 di dén két luan quy tich cac diém M c6 tinh chat 7'1a hinh H.
II. BAI TAP VA CAC DANG TOAN

Dang 1. Quy tich la cung chira goc o

Phuwrong phap giai: Thuc hién theo ba budc sau:

Buéc 1. Tim doan ¢6 dinh trong hinh v§;
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Buée 2. Nbi diém phai tim véi hai dau doan thang c6 dinh d6, xac dinh goc a khong doi;
Buée 3. Khang dinh quy tich diém phai tim 1a cung chtra goc a dung trén doan cb dinh.

1.1. Cho tam gidc ABC c¢6 BC ¢6 dinh va goc 4 bang 50°. Goi D 1a giao diém ctia ba duong phan giac

trong ctia tam giac. Tim quy tich diém D.

1.2. Cho tam giac ABC vudng tai 4, ¢6 canh BC ¢6 dinh. Goi I 13 giao diém cia ba dudng phan giac
trong. Tim quy tich diém 7 khi diém 4 thay doi.

Dang 2. Chirng minh nhiéu diém thudc duwong tron

Phuwong phdp giai: Chimg minh nhiéu diém cing thudc nira mat phang bo 1a AB va cung nhin doan ¢

dinh 4B dudi mot goc khong doi.

2.1. Cho nira dudng tron duong kinh AB. Goi M 1a diém chinh giita ciia cung 4B. Trén cung AM lay diém
N. Trén tia d6i cta tia MA 1ay diém D sao cho MD = MB, trén tia d6i cua tia NB lay diém E sao cho NA =
NE, trén tia d6i cua tia MB lay diém sao cho MC = MA. Chtng minh 5 diém 4, B, C, D, E cing thudc

mot dudng tron.

2.2. Cho , O lan lugt 1a tim dudng tron noi tiép, ngoai tiép ctia tam giac ABC voi 4 = 60°. Goi H 1a truc

tam cia A4ABC. Chitng minh cac diém B, C, 0, H, I cung thudc mot duong tron.

Dang 3. Dang cung chira goc

Phirong phdp gidi: Thyc hién theo bon budc sau:

Budc 1. V& dudng trung truc d ctia doan thang AB;

Budce 2. VE tia Ax tao vdi AB mot goc a;

Budc 3. V& dudng thang Ay vudng goc vdi Ax. Goi O 1a giao diém cua Ay véi d.

Budc 4. VE cung AmB , tim Om ban kinh OA sao cho cung nay nam & nira mit phiang bd AB khong chta
tia Ax. Cung AmB dugc v€ nhu trén 1a mdt cung chira goéc a.

3.1. Dung mét cung chira goc 55° trén doan thing AB = 3cm.

3.2. Dung tam gidc ABC, biét BC = 3em, AB = 3,5cm va A4 = 50°.
II1. BAI TAP VE NHA

4. Cho hinh vuéng ABCD. Trén canh BC ldy diém E, trén tia ddi ctia tia CD lay diém F sao cho CE = CF.
Goi M la giao diém cua hai duong thang DE va BF. Tim quy tich ctia diém M khi E di dong trén canh

BC.
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5. Cho tam gidc ABCD vudng tai A, phan giac BF. Tir diém I nam giita B va F v& duong thang song song
v6i AC cat AB, BC lan luot tai M va N. V& duong trong ngoai tiép tam giac BIN cat Al tai D. Hai duong
thang DN va BF cit nhau tai E. Chirg minh:

a) Bébn diém A, B, D, E cung thudc mot duong tron;
b) Nam diém A, B, C, D, E cung thudc mot duong tron. Tir 6 suy ra BE vudng goc véi CE.
6. Dung cung chira goc 45° trén doan thang AB = 5cm.

HUONG DAN VA DAP SO

1.1. Taco A=50" = B+C =130"

A

DBC+DCB=65"= BDC =115"
= Quy tich ctia diém D 1a hai cung chira goc 115° dung trén
doan BC.
1.2. Tuong tu 1.1.
Tinh duge BIC =135°

: I

A 7 Loy

= Quy tich cua diém I 14 hai cung chtra goc 135° dyng trén

doan BC.

2.1. Céc tam gidc AANE,AAMC va ABMD vuodng can

= AEB= ADB= ACB = 45"

Ma AB c6 dinh nén cac diém A, B, C, D, E clng thudc mot

duong tron.

2.2. Chitng minh duoc BIC =120".

— BOC =2BAC =120"va = BHC =180" —60° =120° (goc

noi ti€p va gdc o tam)
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= H, I, O cung nhin BC duéi goc 120°nén B, C, O, I, H

cung thuoc mot duong tron.

3.1. Buoc 1. Vé doan thfmg AB = 3cm, dung trung truc d cua

Buéc 2: VE tia Ax tao v6i AB goc 559 o

Buée 3: V& Ay L Ax catd o O;

Buoc 4: VE cung AmB tam O, ban kinh OA sao cho cung
nay nam trén nira mit phang bo AB khong chira tia Ax.

—

AmB 1a cung can ve.

3.2. HS tu thuc hién. Bai toan c6 2 nghi¢m hinh A B

E M
4.Chirng minh duogc:
CBF + BEM = MDF + DEC =90’ D C F

= BMD =90° nén M thudc dudng tron duong kinh BD. Ma

E € BC nén quy tich cta diém M 1a 1a cung BC cia duong

tron duong kinh BD.
D
B

5. a) Chimg minh ABE = ADE . «
b) Chimg minh dugc: ACB =BNM (ddng vi)

M . N
= C, D, E nhin AB dudi goc béng nhaunén A, B,C,D, E
cung thudc mot duong tron.

=
— BC la dudng kinh = BEC =90° E

6. Tuong tu 3.1
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B.NANG CAO PHAT TRIEN TU DUY
HUONG DAN

Bai 1. Tur diém M ndm ngoai duong tron tim O. Ké cat tuyén MAB di qua O va céc tiép tuyén MC, MD.
Goi K 1a giao diém cua AC va BD. Chirng minh rang:

a) Bén diém B, C, M, K cung thudc mot dudng tron.
b) MK vudng goc véi AB.

Bai 2. Cho tam gidc ABC dudng cao AH, dudng trung tuyén AM (H, M phan biét va thudc canh BC)

théa man BAH = MAC . Chirng minh rénglgél\c =90°

Bai 3. Cho duong tron tam O va day AB c6 dinh (O khong thudc AB), P 1a diém di dong trén doan AB (P
khac A, B). Qua A, P v& dudng tron tam C tiép xuc voi (O) tai A. Qua B, P v& dudng tron tam D tiép xtc
v6i (O) tai B. Hai dudng tron (C) va (D) cit nhau tai N (khac P).

a) Chung minh: ANP = BNP
b) Chuing minh: PNO =90°
¢) Ching minh khi P di dong thi N luén ndm trén mot cung tron c¢d dinh.

Bai 4. Cho tam giac EFG c6 FEG 1 goc ti. Xéc dinh duong tron c¢6 ban kinh nho nhat sao cho khong co

dinh nao cua tam gidc EFG nam bén ngoai dudng tron.
Bai 5. Cho duodng tron (O; R) va day cung BC = R3. Dung diém A € (O; R) sao cho tam gidc ABC c6

(AB+AC).AC =3R?

Bai 6. Cho tam giac nhon ABC c6 duong cao AH. Goi M, N lan luot 1a cac diém doi xung cua H qua AB
va AC. Goi giao diém ciia MN v6i AB va AC lan luot 1a F va E. Ching minh rang:

a) Nam diém A, M, B, H, E cung thudc mot duong tron.
b) Ba duong thang AH, BE va CF dong qui.

Bai 7. Cho tir giac ABCD. Liy mdi canh lam duong kinh v& mot nira hinh tron vao trong tir giac. Ching

minh rang bon ntra hinh tron d6 phu kinh tir giac.

HUONG DAN
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Bai 1. Tir diém M nam ngoai duong tron tim O. Ké cat tuyén MAB di qua O va céc tiép tuyén MC, MD.
Goi K 1a giao diém ctia AC va BD. Ching minh rang:

a) Bébn diém B, C, M, K cung thudc mot duong tron.
b) MK vuong goéc véi AB.

Loi giai

a) Dé dang chimg minh AB L CD nén AC=4D

Do d6 ACM = ABD (goc tao boi tia tiép tuyén véi ddy va goc ndi
tiép chan hai diy cung bang nhau)

Tac laKCM = KBM .

T gidc BCMK c6 cac diém B va C cung nhin KM dudi hai goc

bang nhau nén bon diém B, C, M, K thudc cliing mot duong tron.

b) Tir cau a suy ra BMK = BCK =90°. Vay KM L AB,

Bai 2. Cho tam gidc ABC dudng cao AH, dudng trung tuyén AM (H, M phan biét va thudc canh BC)

théa man BAH = MAC . Chiing minh réngB//Rf =90°
Loi giai
Goi E 1a trung diém AB.

Taco I/{\l = BAH = MAC :]T/[\1 nén bén diém A, M, H, E thudc

cung mot duong tron.

Suy ra AEM = AHM =90°

Do EM // AC nén BAC = 90°

Bai 3. Cho dudng tron tam O va day AB c6 dinh (O khong thudc AB), P 1a diém di dong trén doan AB (P
khac A, B). Qua A, P v& dudng tron tam C tiép xuc véi (O) tai A. Qua B, P v& dudng tron tim D tiép xtc
vé6i (O) tai B. Hai dudng tron (C) va (D) cét nhau tai N (khéc P).

a) Chung minh: ANP = BNP
b) Chuing minh: PNO =90°

¢) Ching minh khi P di dong thi N luén ndm trén mot cung tron c¢d dinh.
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Loi giai
a) Vi (0) va(C) tiép xuc trong tai A nén A, C, O thang hang.

Vi (0) va (C) tiép xtic trong tai B nén B, D, O thing hang.

Xét (C) coZMD:%Z@
Tam gidc ACP can tai C, tam giac AOB can tai O nén suy ra: APC = @(z @) = CP//OB
ACP = 0B = m:%@(l)

Tuong tu ta c6 DP//OA:@’:,@:W):%@(Z)

Tir (1) va (2) suy ra ANP = BNP

b) Goi H 1a giao diém cta NP va CD;

I 1a giao diém cua OP va CD.

Theo chung minh trén ta c6: CP // OB; DP // CO.

Suy ra tr gidc CPDO 1a hinh binh hanh.

Do d6 10 = IP. (C) va (D) cit nhau tai p va N suy ra CD L NP (3)

HN = HP do d6 HI la duong trung binh cua tam giac PNO nén: HI // NO hay CD // NO (4)
Tir (3) va (4), suy ra: NO L NP < PNO = 90°

¢) Theo chung minh trén ta co: ANB = ANP + PNB = ANB = AOB (khong d6i) Dé thay N, O thudc nira
mit phang by AB.

Suy ra diém N thudc cung chira goc AOB dung trén doan thang AB nén N thudc cung tron c¢b dinh.

Nhén xét. Dya vao két qua cau a, ching ta chirmg minh dugc: Khi P di dong thi NP luén di qua mot diém

c0 dinh.

Bai 4. Cho tam giac EFG c6 FEG la goc tl. Xéac dinh duong tron c6 ban kinh nho nhat sao cho khong co

dinh nao cua tam giac EFG nam bén ngoai duong tron.

Loi giai
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Goi O 1a trung diém FG = EO < FO =GO o

E A
Xét duong tron (O) duong kinh FG Suy ra cac dinh ctia tam giac EFG khong // \\
nam bén ngoai cua (O). [
F r 0 j G
Goi (O; R) 1a dudng tron tily ¥ sao cho cac dinh ciia tam gidc EFG khong nam /
bén ngoai cua (O; R) \\ //

Suy ra F, G ndm trén hodc nam bén trong cua (O; R)= FG< 2R
Vay (J) 1a dudng tron c6 ban kinh nho nhat thoéa man diéu kién dé bai.

Bai 5. Cho duong tron (O; R) va day cung BC = R3. Dung diém A e (O; R) sao cho tam gidc ABC c6
(AB+AC).AC =3R?

Loi giai

* Xét A thude cung 16n BC.

a) Phén tich. OD cit (O) tai E, F va E nam giita O va D.

Gia st dung dugc A thudc cung 16n BC sao cho(AB + AC).AC =3R?
Trén tia d6i ciia tia AB 1ay D sao cho 4D = AC;BC = R3

= BC la canh cia tam giac déu ndi tiép (O; R)

— sd BC =120° = BAC = 60° = BDC = %.60" =30°

AAFD ~ AEBD(vi D chung, \

D4_DF

AFD =EBD)= o — DA.DB = DE.DF

Mi DA= AC;DB=AB+AD = AB+ AC
DE.DF =(OD~OE)(0OD+OF)=(0D~R)(OD +R) = OD* — R*
Do d6 (AB+AC).AC =3R* < OD* —R* =3R* < OD* =4R* < OD =2R

Do d6 D 1a giao diém cua (O; 2R) va cung chira goc 30° dung trén doan BC. D xac dinh dugc = A xéc
dinh duoc.

b) Cach dung.
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- Dung duong tron (O;R).

- Dung cung chtra goc 30° dung trén doan BC

Goi D 1a giao diém ctia (O; 2R) va cung chira goc trén.

Dung doan th'fmg BD:; BD cét (O; R) tai A.

Chu y: C6 thé nhén ra rang A la diém do6i xtng ciia B qua O.

¢) Chtrng minh.

Chimg minh dugc DA.DB = OD* — R* =3R?* (Xem & phan phén tich)
BAC =60° ADC =30°

Do d6 ACD = 60°—30° = 30°. AADC cén tai A (vi ADC = ACD =30°)
= AD = AC. Do d6 (AB+ AC).AC = (AB + AD).AD =BD.DA=3R’
d) Bién luan.

Trén cung 16n BC ¢6 mot diém A sao cho (AB + AC).AC =3R’

« Ban doc hay xét truong hop diém A nam trén nhé cung BC.

Bai 6. Cho tam giac nhon ABC c6 duong cao AH. Goi M, N lan luot 1a cac diém ddi xing cua H qua AB
va AC. Goi giao diém ctia MN v6i AB va AC lan luot 1a F va E. Chimg minh rang:

a) Nam diém A, M, B, H, E cung thuoc mét duong tron.

b) Ba dudng thang AH, BE va CF dong qui.

Loi giai

a) AAMB = AAHB (c.c.c) nén AMB = AHB = 90°

Suy ra M. H cung thudc duong tron duong kinh AB (1)

Ta c6 AM = AN (= AH) nén AAMN can tai A do &6 AMN = ANM
Mi AAEH = AAEN (c.c.c)=> ANE = AHE

Suy ra AME = AHE , H va M 14 hai dinh lién tiép cung nhin AE duéi

mot goc bang nhau
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= A, M, H, E cung thuéc mot duong tron (2)

Tu (1) va (2) suy ra nam diém A, M, B, H, E cung thudc mdt duong tron.

b) Tacé A, M ,B, H, E cung thugc duong tron duong kinh AB nén AEB =90° hay BE L AC (3)
Chimg minh tuong ty ta ¢ ndm diém A, F, H, C, N cung thudc mot dudng tron duong kinh AC nén
AFC =90° hay CF L AB. (4)

Tir (3) va (4) ta c6 BE, CF cung 1a dudng cao trong tam giac ABC nén AH, BE, CF dong qui.

Bai 7. Cho tir giac ABCD. Liy mdi canh lam duong kinh v& mot nira hinh tron vao trong tir giac. Ching

minh rang bon ntra hinh tron d6 phu kinh tir giac.
Loi giai
Ta ching minh bang phan chimg.

Gia str O 1a diém nam trong ttr giac ABCD ma khong bi pht boi mot B

ntra hinh tron nao. A
Khi d6 diém O nam ngoai ca bon ntra hinh tron.

Do d6 A0B < 90°: BOC < 90°:COD < 90°, DOA < 90°

Suy ra AOB +BOC +COD + DOA < 360° (v6 1i)

Vay bbn nira hinh tron pha kin ca ti giac.

C.TRAC NGHIEM REN LUYEN PHAN XA

Cau 1. Quy tich cac diém M nhin doan thang AB cho trudc dudi mot goc vuong 1a.

A. Buong tron duong kinh AB . B. Ntra duong tron duong kinh AB .
. e AB . s
C. Duong tron duong kinh - D. Puong tron ban kinh AB .

Cau 2. Puong tron duong kinh CD 14 quy tich ctia diém nao dudi day?

A. Quy tich cic diém P nhin doan thang CD cho trudc dudi mot goc 60°. B. Quy tich cac diém N nhin
doan thang CD cho trudce dudi mot goc 45°.

C. Quy tich cac diém M nhin doan thang CD cho trudc dudi mot goc vuong.

D. Quy tich cac diém @Q thudc duong trung truc cia CD .
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Céu 3. Véi doan thing AB va goc o (0° < a < 180°) cho trudc thi quy tich cac diém M théa man

AMB = « la:

A. Hai cung chtra goc o dung trén doan AB . Hai cung nay khong ddi ximg nhau qua AB .
B. Hai cung chita goc o dung trén doan AB va khong 1ay doan AB .

C. Hai cung chira goc o dung trén doan AB . Hai cung nay déi xtrng nhau qua AB .

D. Mdt cung chtra géc o dung trén doan AB .

Cau 4. Cho tam gidc ABC ¢6 BC cb dinh va goc A bang 50°. Goi D la giao diém ctia ba dudng phan

gidc trong cia tam giac. Tim quy tich diém D .
A. Mot cung chira goc 115° dung trén doan BC'.
B. M6t cung chira goc 115° dung trén doan AC .
C. Hai cung chtra goc 115° dung trén doan AB .
D. Hai cung chtra goc 115° dung trén doan BC'.

Céu 5. Cho tam giac ABC ¢6 BC c¢b dinh va goc A bang 60°. Goi D 1a giao diém cia ba dudng phan

giac trong cia tam giac. Tim quy tich diém D .
A. Hai cung chtra goc 120° dyng trén doan BC'.
B. Mot cung chtra goc 120° dung trén doan AC' .
C. Hai cung chura goc 60° dung trén doan AB .
D. Hai cung chtra goc 115° dung trén doan BC'.

Cau 6. Cho cac hinh thoi ABCD ¢6 canh AB ¢b dinh. Tim quy tich giao diém O ctia hai dudng thing

chéo nhau cta hinh thoi do.

A. Quy tich diém O 1a 2 cung chira goc 120° dung trén AB .

B. Quy tich diém O 1a ntra duong tron duong kinh AB , trir hai diém A va B.
C. Quy tich diém O 1a 2 cung chira goc 60° dung trén AB .

D. Quy tich diém O 1a 2 cung chira goc 30° dung trén AB .
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Cau 7. Cho cac hinh vuong ABCD c¢6 canh AB cb dinh. Tim quy tich giao diém O ctia hai dudng

chéo cua cac hinh vuéng do.

A. Quy tich diém O 1a 2 cung chira goc 120° dung trén AB .

B. Quy tich diém O 14 nira duong tron duong kinh AB | trir hai diém A va B.
C. Quy tich diém O 1a 2 cung chira goc 60° dung trén AB .

D. Quy tich diém O 1a 2 cung chira goc 30° dung trén AB .

Cau 8. Cho nira duong tron duong kinh AB . Goi M 1a diém chinh giira ctia cung AB . Trén cung AM
lay diém N . Trén tia ddi cta tia MA lay diém D sao cho MD = MB, trén tia d6i ctia tia NB ldy diém
E sao cho NA = NE, trén tia d6i ciia tia MB lay diém C sao cho MC = MA . Cac diém nao dudi day

thugc mot duong tron?
A. AB,C,M,E. B. M,B,C,D,N .
C. ABC,DE. D. A B,C,D,N .

Cau 9. Cho hinh vuéng ABCD . Trén canh BC lay diém E , trén tia ddi cua tia CD 1dy diém F sao
cho CE = CF . Goi M 1a giao diém cta hai dudng thing DE va BF . Tim quy tich ctua diém M khi E
di dong trén canh BC'.

A. Nura duong tron duong kinh BD . B. Cung BC' cua dudng tron duong kinh BD .
C. Cung BC cua duong tron dudng kinh BD trir diém B,C. D. Puong tron duong kinh BD .
Céu 10. Cho tam giac ABC déu. Tim quy tich cac diém M nam trong tam giac d6 sao cho

MA* = MB* + MC"®.

A. Quy tich diém M 1a hai cung chira goc 150° dung trén BC, trir hai diém B va C .

B. Quy tich diém M 14 duong tron duong kinh BC'.

C. Quy tich diém M 1a duong tron duong kinh BC' trir hai diém Bva C .

D. Quy tich diém M 1a 2 cung chira goc 150° dung trén BC .

Céu 11. Cho tam gidc ABC déu. Tim quy tich cac diém M nam trong tam giac d6 sao cho

MB® = MA* + MC®.

A. Quy tich diém M 12 hai cung chira goc 150° dung trén BC', trir hai diém B va C'.

B. Quy tich diém M 14 hai cung chita goc 150° dung trén AC , trir hai diém A va C'.



C. Quy tich diém M la duong tron duong kinh BC' trir hai diém B va C' .
D. Quy tich diém M 1a 2 cung chira goc 150° dung trén AC .

Cau 12. Cho tam giac ABC vudng can tai A. Tim quy tich cac diém M nam trong tam giac d6 sao cho

IMA* = MB* — MC*.

A. Quy tich diém M 1a cung chira goc 135" dung trén AC, trir hai diém A va C .
B. Quy tich diém M 1a duong tron duong kinh AC' .

C. Quy tich diém M 1a duong tron dudng kinh AC' trir hai diém A va C'.

D. Quy tich diém M 1a cung chtra goc 135" dung trén AC .

Céu 13. Cho tam giac ABC vudng cin tai B . Tim quy tich cac diém M nim trong tam giac d6 sao cho

2MB* = MA* — MC”.

A. Quy tich diém M 1a cung chtra goc 135" dung trén BC'

B. Quy tich diém M 1a duong tron duong kinh BC' .

C. Quy tich diém M 1a duong tron dudng kinh BC' trir hai diém B va C' .

D. Quy tich diém M 1a cung chtra goc 135" dung trén BC , trir hai diém B va C

Cau 14. Cho hinh binh hanh ABCD , hai duong chéo cit nhau tai I. Tir A ké cac duong vudng goc voi
BC,CD,DB tht tutai H, F, K . Xét cac khfmg dinh sau:

L. Bén diém A, H,C,E nim trén mot dudng tron.
II. Bén diém A, K,D,E nam trén mot duong tron.
III.  Béndiém A, H,K,B nam trén mot duong tron.

IV. Béndiém K,I,E,H nim trén mot dudng tron.

Chon khang dinh dung.
A. Ca bdn khang dinh déu sai. B. Ca bén khing dinh déu dung.
C. C6 it nhat mot khing dinh sai. D. C6 nhiéu nhat mot khang dinh sai.

Céu 15. Cho dudng tron duong kinh AB ¢ dinh, M 1a mot diém chay trén duong tron. Trén tia dbi cua

tia MA lay diém I sao cho MI = 2MB . Quy tich cac diém I la:

A. Quy tich diém I 13 2 cung chira goc 30° dung trén AB

13. TOAN HQC SO PO - THCS.TOANMATH.com



B. Quy tich diém I 1a 2 cung chita goc a’ dung trén AB véi tana = 2 .
~ 7 < R \ , r 0 A ,e ].
C. Quy tich diém I 1a 2 cung chira goc a” dung trén AB voi tana = 3

D. Quy tich diém I 1a 2 cung chira goc 60° dung trén AB

Céu 16. Cho tam giac ABC, goi I 1a tim duong tron ndi tiép tam gidc, P 1a mot diém trong tam giac

thoa min PBA+ PCA = PBC + PCB . Xét cic khing dinh sau:
. P nhindoan BC dudi mét goc 90° + %134\0.

1I. I nhin doan BC duéi mot goc 90° + %B/A\C .
Két luan nao sau day ding?
A. Ca hai khang dinh déu sai. B. Ca hai khing dinh déu dung.
C. Chi c6 I dung va II sai. D. Chi c¢6 I sai va II dung.
Céu 17. Cho tam giac ABC cantai A, M 1a diém trén canh day BC . Qua M
ké cac dudng thang song song v6i hai canh bén cat hai canh d6 tai D va E . Goi

N 1a diém déi xtimg cua M qua DE . Quy tich cac diém N la:

—

A. Quy tich cac diém N 14 cung chira goc bang BAC' dung trén doan BC'.

JE——

B. Quy tich cac diém N la cung chira goc bang %BAC dung trén doan BC'.

C. Quy tich cic diém N 1a cung chira goc bang 2BAC dung trén doan BC .

D. Quy tich cac diém N 14 cung chira goc bang 180" — BAC' dung trén doan BC .

Céu 18. Cho doan thing AB c6 dinh va diém C di chuyén trén dudng tron tim B ban kinh BA . Dyng
hinh binh hanh ABCD , goi O 1a giao diém cua hai dudng chéo hinh binh hanh. Tim quy tich cac diém
O khi C' di chuyén trén dudng tron (B; BA).

A. Quy tich diém O 1a 2 cung chira goc 120° dung trén AB .

B. Quy tich diém O 1a dudng tron duong kinh AB

C. Quy tich diém O 1a 2 cung chtra goc 60° dung trén AB.

AT ANSLAIN LAV UNS ISV T LA LAV U A NSLALINIVALL L L.V ULLL



D. Quy tich diém O 1a duong tron duong kinh AB , trir hai diém A vaB.

Cau 19. Cho doan thing AB = 10c¢m , M 1a trung diém cua AB . Quy tich cac diém C trong mit phing
thoa man tam gidc ABC c6 CA* + CB® =100 la:

A. Nua duong tron duong kinh AB | B. Buong tron tam M ban kinh 10em |
C. Buong tron tam M ban kinh 5em . D. Buong tron tam M duong kinh 5em |
HUONG DAN

Cau 1. Pap an A.

Quy tich cac diém M nhin doan thing AB cho trudc dudi mot goc vudng 1a dudng tron duong
kinh AB.

Cau 2. Pap an C.

Quy tich cac diém M nhin doan thing CD cho trude dudi mot goc vudng la
duong tron duong kinh CD .

Cau 3. Pap an C.

V6i doan thang AB va goc o (0° < o < 180°) cho trude thi quy tich cac diém M thoéa

man AMB = « la hai cung chtta goc o dung trén doan AB.

Hai cung chita goc o néi trén 1a hai cung tron d6i xtng nhau qua AB . Hai diém A, B dugc coi 1a thudc
quy tich.

Cau 4. Pap an D.

— —— 130° —

Taco A=50° = B+ C =130° nén BDC + DBC = —65° = BDC = 115°

Quy tich ctia diém D 1a hai cung chira géc 115° dung trén doan BC' .
Cau 5. Pap an A.
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Tacd A=60° = B+ C =120° nén BDC + DBC = — 60° = BDC = 120°

Quy tich ciia diém D 1a hai cung chira goc 120° dung trén doan BC .
Cau 6. Pap an B.

A
/%
B\ﬂJO D
C

Xét hinh thoi ABCD c¢6 hai duong chéo AC' va BD vudng gbc véi nhau tai trung diém ctua mdi duong.

Suyra AO L BO = AOB = 90"
Taco AOB = 90° khong di ma A, B cb dinh

= Quy tich diém O la nira duong tron dudng kinh AB trir hai diém A va B.
Cau 7. Dap an B.

A
/%
B\ﬂ_lo D
C

Xét hinh vuéng ABCD c¢6 hai dudng chéo AC va BD vudng goc v6i nhau tai trung diém ciia mdi

duong.
Suyra A0 L BO = AOB = 90"

Ta co z@ = 90" khong d6i ma A, B ¢b dinh=- Quy tich diém O 1a nira dudng tron duong kinh
AB trirhai diéem A va B.
Cau 8. Pap an C.
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Céc tam giac AANE,AAMC,ABMD lan luot vudng can tai N, M, M

nén AEB = ADB = ACB = 45° Ma AB ¢6 dinh nén cac diém A, B,C,D,E cung thuoc mot dudng
tron.

Cau 9. Dap an B.

— -

Tacé ADEC = ABFC(c—g—c)= EDC = EBM

— EDC + DEC = EBM + BEM = EMB — 90°

e

Hay BMD = 90° nén M thudc duongtron dudng kinh BD . Ma E € BC' nén quy tich cta diém M 1a
cung BC ctia duong tron duong kinh BD
Cau 10. Pap an A.

V& tam gidc BMN déu (N khac phia CC dbi voi BM ).
Xét ABNA va ABMC' co:

BN = BM (vitam giac BMN déu)

BA = BC (vitam gidc ABC déu)

NBA = MBC' (vi cing bang 60° — ABM)
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Suy ra ABNA = ABMC(c.g.c) néntacé NA= MC .

Ta co: MA? = MB® + MC”> = MN? + NA® nén MNA = 90°.

Suy ra BNA = 90" 4 60° = 150° , do d6 BMC = BNA = 150",

B,C' ¢b dinh = Quy tich diém M 1a hai cung chtra goc 150° dung trén BC', trir hai diém B va C'.
Cau 11. Dap an B.

V& tam giac AMN déu (N khac phia C' ddi voi AM ).
Xét ABNA va AAMC co:

AN = AM (vitam gidc AMN déu)

BA = BC (vitam giac ABC déu)

—

]@ = MAC (vi cing bang 60° — BAM )
Suy ra AANB = AAMC(c.g.c) néntacdé NB = MC.

e

Tacé: MB®> = MA® + MC*? = MN® + NB®> nén MNB = 90°

Suy ra BNA = 90" +60° =150 , do d6 AMC = BNA = 150"
B,C ¢b dinh=Quy tich diém M 14 hai cung chira goc 150° dung trén AC , trir hai diém A va C .
Cau 12. Pap an A.

B

V& tam gidc MAD vudng cantai A (M va D khac phia d6i véi AC).
Xét ABAM va ACAD cé:

AM = AD (vitam giac MAD vudng cantai A)

BA = AC (vitam giac ABC vuong cantaiA )
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MAB = CAD (vi cing bing 90° — MAC)
Suy ra ABAM = ACAD(c —g—¢) néntacé BM = CD.

Taco: 2MA? = MB?* — MC?

2
— OMA 4 MC? = MB® = (MA\/E) L MC? = CD* = MD* + MC* — CD?

—
—

nén DMC =90", Suyra AMC =135".
Ma A,C cb dinh = Quy tich diém M la cung chtra goc 135° dung trén AC', trir hai diém A vaC'.
Cau 13. Pap an D.

A

V& tam gidc MBD vudng cantai B (M va D khac phia dbi véi BC).
Xét AABM va ACBD cé:

BM = BD (vitam giac MBD vudng can tai B)

BA = BC' (vitam gidc ABC vudng can tai B)

]\/43\A = (71;7) (vi ciing bang 90° — MBC')
Suyra AABM = ACBD(c—g—c) néntaco AM =CD.

Taco: 2MB?* = MA* — MC*

2
— OMB® + MC® = MA® = (MBx/E) 4 MC? = CD® = MD? + MC® = CD

— —  —

nén DMC = 90°. Suyra BMC = BMD + DMC = 45° +90° = 135" Ma B,C c¢b dinh = Quy tich

diém M 1a cung chira goc 135° dyng trén BC' , trir hai diém B vaC .
Cau 14. Dap an B.

L 4

B H C
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AH 1 BC,AE 1 CD = bén diém A, H,C,E nam trén duong tron duong kinh AC , I 1a trung diém

cia AC = I latam duong tron duong kinh AC

— HIE = 2HAE = 2 = 2(90" — ACB + 90" — ACE)
=2(180° — BCD)(HAC + EAC)
Laic6 AH 1 BC,AK L BD,AE L CD nén bbn dinh A, K,E,D nam trén duong tron duong

kinh AD va bbn dinh A; K; H; B nam trén dudng tron dudng kinh AB = EKD = EAD

va BKH = BAH

— HKE = 180" — EKD — BKH — 180" — EAD — BAH
— 90" — EAD +90° — BAH = ADC + ABC = 2(180° — BCD)

Suyra K va I cung nhin doan HE duéi mot goc 2(180° — BCD).
Vay K,I,E,H nam trén mot duong tron.

Cau 15. Pap an C.

o — o —

Tam giac AMB vudng tai M ,ta AMB = 90". Mit khac ta c6: AMB + IMB = 180°, suy
ra @ = 90" hay tam gidc BMI vudng tai M Trong tam gidc vuong BMI ta

co tan]\//ﬂ?ﬁ’:@:l
MI

Suy ra MIB = a" khong d6i hay AIB = o khong doi.
Ma A, B ¢ dinh = Quy tich diém I 1a 2 cung chira goc o dung trén AB véi tana = %

Cau 16. Dap an B.
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AN

Theo gia thiét ta co:

B C

—_—

PBA + PCA = PBC + PCB = PBA + PCA + PBC + PCB = 2PBC + PCB)

—_— —

9(PBC + PCB) = B + C = 2(180° — BPC) = B + € = 180° — BAC

:»ﬁ*:gou%ﬂ\c.
1 —_— —_—

Mit khic BIC = 180" — (IBC + ICB) = 180" — 5 (ABC + ACB)

Suyra P va I luén nhin doan BC vé cling mét phia dugi cing mot goc 90° + %BA C.

Cau 17. Dap an A.

A

— BDM = A = MEC = DB = DM, EC — EM.
Tacd MD / JAC,ME | /AB

. = DN = DM; EM = EN.
M,N doi xung nhau qua DE

= D la tam duong tron ngoai tiép tam giac BMN

= BNM = %BDM = %fl (g6c ndi tiép bang nira goc ¢ tam cung chian cung BM ).

Tuong ty, £ 1 tim dudng tron ngoai tiép tam giac CMN .

:>MNC:%MEC:%A:>BNC:BNM+MNC:A

Suy ra N nhin doan BC dudi mot goc bang BAC' khong doi.

Nén quy tich cac diém N 13 cung chtra goc bing BAC' dung trén doan BC .

21. TOAN HOC SO PO - THCS.TOANMATH.com



Cau 18. Pap an B

;
>

Do ABCD 1a hinh binh hanh c6 hai canh ké bang nhau nén 14 hinh thoi, do d6 hai dudng chéo AC

va BD vuong gbc voi nhau tai O

Suyra AO L BO = AOB =90°

Taco AOB = 90 khong dbi, A, B ¢b dinh=> Quy tich diém O Ia dudng tron duong kinh AB.
Néu C = A thi O = A nén A thudc quy tich.

Néu C dbi xtmg voi A qua B thi O = B.

Viy hai diém A, B ciing thudc quy tich.

Cau 19. Pap an C.

Vi CA* + CB* =100 = AB’* nén AABC latam giac vuong tai C' hay diém

C ludn nhin doan AB mét goc 90°.

Do d6 quy tich cac diém C 1a duong tron duong kinh AB = 10e¢m hay duong tron tim M ban

kinh 5em .

D.PHIEU BAI TU LUYEN CO BAN VA NANG CAO

Bai 1: Cho ba diém cb dinh M, N, P khong thing hang. Tim quy tich cac dinh cua tam giac déu co cac
canh theo thir ty di qua M, N,P.

Bai 2: Cho nira duong tron (0) duong kinh AB. € 1a mot diém chuyén dong trén nira dudng tron. Trén
tia AC iy D sao cho AD = BC. Tim tap hop cic diém D.

Bai 3: Cho duong tron (0;R); BC 1a mot day cung ¢b dinh (BC = 2R). A 1a diém chuyén dong trén
cung 16n BC . Xac dinh vi tri cia A dé chu vi tam giac ABC 16n nhat.

Bai 4: Cho duong tron (O;R); BC 1a mot day cung c¢d dinh. A 1a diém chuyén dong trén cung 1on BC .
I 1a tam duong tron noi tiép tam giac ABC . Xac dinh vi tri ciia A dé chu vi tam gidc /BC 16n nhat.
Bai 5: Dung tam giac ABC biét ban kinh dudng tron ngoai tiép R, ban kinh dudng tron noi tiép r va
C=a.
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Bai 6: Dung hinh thang ABCD biét ban kinh duong tron ngoai tiép 1a R . D9 dai ddy CD =1 va goc tao
boi hai duong chéo 1a o .

Bai 7: Cho tam gidc ABC' ndi tiép dudng tron (O; R), goi H 1a tryc tam, I vaO la tim duong tron noi
tiép va ngoai tiép tam giac ABC , dong thoi AH bang ban kinh duong tron ngoai tiép tam giac ABC'.
Ching minh ba diém O, H, I nam trén cung tron nhin vé mét phia cia BC' duéi goc 120°

Bai 8: Cho nira duong tron duong kin AB, diy MN c¢6 do dai bang ban kinh R

ctia duong tron, M thudc cung AN . Cac tia AM va BN citnhau & I, diy

AN va BM citnhau ¢ K . Véi vi tri ndo cia ddy MN thi dién tich tam giac

IA B 16n nhat? Tinh dién tich d6 theo ban kinh R.

HUONG DAN

Bai 1:

a) Phan thudn:

Goi A, B,C 1a cac dinh cua mot tam giac déu co cac canh di qua ba diém M,N,P.

R3 rang A=B=0C=60" hay PAM = MBN = NCP = 60°. Ta thiy diém A nhin doan thang c¢6 dinh
B

MP du6i mot goc khong doi bang 60°.

Do d6 A thudc cung chita goc 60° dung
trén doan thang MP . Chirng minh tuong

tu ta cd B thudc cung chira goc

60° dung trén doan thang MN va C

thudc cung chira goc 60° nhan NP lam day cung.

b) Phan do:
Lay mot diém A bat ky thudc cung MAP
N&i AM cét cung MBN tai B'. Cac dudng A’P va B'N cit nhau tai C’. Ta thiy: A’ thudc cung

MAP ¢6 s6 do bang 60°. Tuong ty B’ thudc cung MBN nén c6 s6 do bang 60° = C =60". Do do ¢
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nam trén cung chira goc 60° dung trén doan thang NP, do d6 AA'B'C’ 1a tam giac déu.

Két lugn:

Qui tich cac dinh cta tam giac déu ABC c¢6 cac canh di qua ba diém M, N, P cho trudc 1a ba cung chira
cac goc 60° phia ngoai tam gidc MNP .

Bai 2:

a) Phan thudn:

vé tia tiép tuyén Az cua nira duong tron (0), tia Az

ndm trén nira mit phiang bd Ab c6 chira nira dudong

tron (O), trén tia Az lay ba diém E sao cho

AE = AB = E cb dinh.

Xét AABC va AEAD co:

AB = AB,ABC = EAD E

(hé qua goc tao boi tia tiép tuyén va day cung) C

BC =AD D

Do d6: AABC = AEAD (c.g.c) A {uj B

Suy ra: ZC\B = E/'Djél

—

Ma ACB = 90" (gbc ndi tiép chan nira dudng tron (0))

Do d6: EDA = 90° , AE c¢b dinh.
Vay D thudc duong tron c6 dinh duong kinh AE .

e (Gidi han:

KhiC=Athi D=F
Khic=Bthi D=4

Vay D chuyén dong trén nira duong tron duong kinh AE nam trén nira mat phang bo chira tia Az ¢6

chira diém B (loai trir A).

b)  Phan dao:
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Lay diém D bat ky thudc nira duong tron ban kinh AE (D = A), AD cat (0) tai C.

JE——

Ta cé: ADE = 90°,

o —

ACB = 90° (gobc ndi tiép chan nira dudng tron)

Xét AABC (C =90") va AEAD(D = 90°)

N

Taco: AE — AB,ABC = EAD

Do d6: AABC = AEAD

Suyra: BC = AD

Vay tap hop cac diém D 1a nira duong tron duong kinh AE (trir A)

(v6i E thudc tia tiép tuyén Az cua (0), AE = AB), nam trén nira mit phang bo chira tia Az ¢6 chia
diém B.

Bai 3:

CV(ABC)= AB+ AC + BC = BC khéng d6i

Trén tia d6i cua tia AB lay diém D sao cho AD = AC
AADC cantai A

B\\/C
— BAC = 24DC

BAC khong dbi

—

= ADC khong doi

—

BDC khong d6i, BC cb dinh

= D thudc cung chita goc c6 s6 do isd@ BC cua (0) dung trén doan thang BC
CV(ABC) 16n nhat < (AB + AC) 16n nhét

& (AB + AD) 16n nhat

BD la duong kinh cua cung chira gbc noéi trén

Khi d6 BCD = 90"
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Ma ABC + BDC = ACB + ADC = 90’

BDC = ACD(AC = AD)

Do dé: ABC = ACB & AB=AC & A la trung diém cung 16n BC

Vay khi A 1a trung diém cung 16n BC' thi chu vi tam giac ABC 16n nhat .

Bai 4:
Ta c6: IBC = %B (BI 1a phan gidc ABC)

—_— 1

ICB:EC (CI 1a phan giac ACB)

& BIC ¢6 BIC =180° — (IBC + ICB) = 90" +§ (khong dbi)

BIC = 90" + g — o (khéng déi), BC cb dinh

Do d6 I chuyén dong trén cung chira goc o dung trén doan
thang BC

ma CV(IBC) = IB + IC + BC , BC khong ddi

Do d6: CV(IBC) 16n nhét.

& IB + IC 16n nhét

& I latrung diém BC cua cung chira goc o dung trén doan thang BC .

& A 1a trung diém cung 16n BC (van dung bai toan 158)
Bai 5:

a) Phan tich:

Gia sir tam giac ABC da dung dugc théa man:

- Noi tiép trong duong tron (O; R)

- C6 duong tron ndi tiép (I;7) va goc C = a = AOB = 2.

Do tam giac ABC dung duoc .
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Ta lai co: TAB + IBA — %(1800 —a)
Va TAB + IBA = 180° — AIB

Vay AIB = 90° +% khong doi

A, B ¢b dinh nim trén cung chtra goc 90° + = .

Vay I xac dinh.
b) Cach dung:
- Dung tam gidc AOB ¢6 OA=0B =R va AO0B =20
- Dung cung chira goc 90° + % ve trén doan AB
- Dyng dudng thing XY | AB va cach AB mot khoang bang r
- Dung duong tron (O; R); tia Bt hgp véi BI mdt goc Ibe = ABI .Tia Bt cit (O;R) tai C . Ta dugc
AABC can dung.

¢) Chung minh:
Tam giac ABC 16 rang ndi tiép trong (O; R)

—_—

Val=a :A%. Ta co I nam trén tia phan gidc goc B va
ZITB=90“+%=90°+%:»I7179=90°—A;Czg

Vay I nam trén duong phan giac goc A.
Do d6 I 1a tam duong tron ndi tiép tam giac ABC ban kinh r .
d) Bién lugn:

Bai toan c6 mot nghiém hinh néu XY néu cung chira goc 90° + % ve trén doan AB.

Bai toan c6 hai nghiém hinh néu XY ti€p xtc véi cung chira goc trén.

Bai toan vo nghiém khi XY khong cit cung chia goc do.

Bai 6:
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a) Phdn tich:
Gia st hinh thang ABCD dung dugc thoa man cac diéu kién:

- Nbi tiép duong tron (O;R), ddy CD = 1. Hai duong chéo AC

p——

va BD cat nhau tai I sao cho: CID = «.

Nhdn thdy:

CD =1 nén hai dinh C, D xac dinh dugc ngay can x4c dinh hai dinh B va A. Viéc xac dinh A va B
dua vé xac dinh I .

- Dé noi tiép duong tron (O; R) thi hinh thang phai can, do d6 I thudc duong trung truc ctia CD . Mit
khac CID = a nén I thudc cung tron nhin CD dudi mot goc bang « .

b) Cach dung:

- Trong duong tron (O; R) dung day C/’B =1

~

- Dung cung chr géc nhin CD dudi mot goc bang a
- Dung duong trung truc d cua CD

- Lay I la giao diém ctia d va cung chira goc o
-Kéo dai CI, DI cit duong tron (O;R) tai A va B.
c) Chitng minh: Hién nhién theo cach dung.

d) Bién luan:

- [ < 2R bai todn c6 2 nghiém hinh

- [ = 2R bai toan c6 1 nghiém hinh

- | > 2R bai toan vo nghiém.

Bai 7:
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Goi D 1a trung diém cia BC . Suyra OD 1 BC'.

Kéo dai OC cht duong tron tai diém G taco: CBG = 90" = BG L BC = BG | JAH

= 0D = %B G (tinh chat duong trung binh).

—

Tacé: CAG =90' = AG L AC < AG / /BH = AHBG la hinh binh

hanh = BG = AH = AH = 20D
Theo gia thi¢t AH = R = R = OB = 20D
Tam gidc OBD 14 tam gidc vudng c6 OB = 20D = OBD = 30° = BOC = 120° = BAC = 60"

—

H 1a truc tdm cua tam giac ABC = CH 1 AB,BH | AC = BHC =120".

BIC = 180" —%(ABC + ACB) = 180" —%(1800 ~ BAC) = 90" +%EE‘ — 120"

—

Ta thdy BOC = BHC = BIC =120° nénba diém O, H, I nim trén cung tron nhin vé mot phia cua

BC duéi goc 120° ( DPPCM)
Bai 8:

Goi H 1a chan duong cao ké tir I dén canh AB.
Khidétaco: S, = %IH.AB.

Ta co AB la duong kinh = S, . Max < IH Maz < H trang v6i O.
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M N

o]

Khi H tring véi O thi OI vira la duong cao vira la duong trung tuyén cuia tam gidc = AIAB can tai [

Lai co % = % = % = MN la duong trung binh cta tam giac AABC = MN / /BC.

Xét AMON ¢6 MO = ON = MN = R = AMON la tam giac déu.

Tam giac IAB cantai I ¢6 MN la duong trung binh = M va N lan luot 1a trung diém cia AM va
AB.

Lai c6 O 1a trung diém cia AB= OM; ON ciing 13 hai dudng trung binh ctia tam giac JAB .

ON / /IM

OM | /IN = tir gidc IMON la hinh binh hanh.

Lai c6 hai duong chéo OI va MN vudng goc véi nhau (do MN / JAB;OI L AB).
= IMON lahinh thoi = MI = IN = OM = R = [A=2IM = 2R .
Xét tam giac AOI vudng tai O ta co:

OI =\ 14> — 04> = JAR* — R* = R\3.

~ 8 =L01.4B=1R3.2R =R\,
2 2

..................... Toin Hoc So Db
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