CHUYEN PE .CHU SO TAN CUNG
A.TRONG TAM CAN DAT
I. TOM TAT LY THUYET
1. Tim 1 chir s6 tan cung

Tinh chit 1:

a) Cac s6 co chir s6 tan cung 1a 0, 1, 5, 6 khi nang 1én liy thira bac bat ki thi chit sé tin cung van
khong thay dbi.

b) Cac sb c6 chir sb tan cung 13 4, 9 khi nang 1én lity thira bac 1é thi chir s6 tdn cung van khong
thay doi.

¢) Céc s6 c6 chit s6 tan cung 1a 3, 7, 9 khi nang 1én liiy thira bdc 4n n € N thi chit s6 tan cing
lai1.

d) Cac sb co chir sb tan cung 1 2, 4, 8 khi nang Ién lily thira bdc 4n n € N thi chir s tin cung
126.

m

Chii y: Mudn tim chir sé tin cing ciia sé tw nhién z = a”, trwée hét ta xac dinh chir sé tin
cung cda a :

- Néu chir sé tan cung ctia @ 12 0, 1, 5, 6 thi = ciling c6 chit s6 tin cing 1a 0, 1, 5, 6.

- Néu chir s6 tan cung cua a 143, 7, 9:

Phan tich: a” =a"""" =a" .a" v6i r=0,1,2,3

T tinh chit 1c = chir s6 tin cling ctia z chinh 1a chit s6 tan ciing cua a’.

- Néu chir s6 tan cling ctia o 1a 2, 4, 8: ciing nhu truong hop trén

T tinh chat 1d = chif s tan cing ctia z chinh 14 chif s tan cung ctia 6a” .

Tinh chét 2:

Mot sb tu nhién bat ki, khi nang 1én liiy thira bac 4n+1 n € N thi chit s6 tan cing van khong

thay doi.
Chir s6 tan cung ciia mot tong cac lily thira duoc x4c dinh bang cach tinh téng cac chir s6 tan cing

clia ting liy thira trong tong.



Tinh chit 3:
a) S6 c6 chir s6 tan cung 1a 3 khi nang 1én liiy thira bic 4n +3 s& ¢6 chir s tan cing 1 7; s6 ¢o chi
s6 tan cuing 1a 7 khi nang 1én lily thira bic 4n+ 3 s& c6 chit sb tan cung 1a 3.
b) S ¢6 chit s6 tan cung 13 2 khi nang 1én lity thira bac 4n +3 s& co chit sé tan cing 13 8; sb ¢o chit
s6 tan cung 1a 8 khi nang 1én lily thira bic 4n+ 3 s& c¢6 chit sb tan cung 14 2.
¢) Céc s c6 chit s6 tan cung 140, 1, 4, 5, 6, 9 khi nang lén liy thira bic 4n +3 s& khong thay
d6i chir s6 tan clng.
Tinh chét 4:
NéuaeNva a,5 =1 thi ¢ —1 chia hét cho 125.
Chirng minh:
Do a” —1 chia hét cho 25 nén a®, o™, a®, a® khi chia cho 25 ¢6 cing s6 du 1a 1
=a” 4+ a” + a” + ¥ + 1 chia hét cho 5.
Viya® — 1 = a® -1 a*+ a4+ a” 4 a® + 1 chiahétcho 125.
* Phwong phap dung ciu tao sé dé tim chir s6 tan cung ciia sé6 A = n" véi n,k € N.

k
-Gia st A=10g+r.Khido, A*= 10¢+r =10"p+r" véi reN;0<r <9

~ A A+ N 5 ’ \ ~ A A+ N 5 A k
Suy ra, chir s6 cuoi cung ciia A chinh 1a chir s6 cudi cung cia so 7.

-Néu A=100a + be =abe thi be 14 hai chit s6 cubi cungcua A.

- Néu A=1000a +bed = abed thi bed 13 ba chit sb cubi cung cua A.

-Néu A=10"a_+a . a =a ..aa, thia a la m chitsocudicungcia A.
m m—1...70 m 170 m—1...70

2. Tim hai chir s tin cing

Viéc tim hai chir sé tin cing ciia sé tw nhién z chinh la vi¢c tim s6 dw ciia phép chia z
cho 100.

Phuong phap tim hai chir s6 tan cung cua s6 tu nhién z = a”:

Trudce hét, ta ¢ nhan xét sau:

2* =76 mod 100

3% =01 mod 100



6° = 76 mod 100

7* =01 mod 100

Ma: 76" = 76 mod 100 vé&i n >1,

5" =25 mod 100 voi n > 2.

Suy ra két qua sau voi k € N*

a® =00 mod 100 néu ¢ =0 mod 10 ,

a® =01 mod 100 néua=1;3;79 mod 10 ,
a® =25 mod 100 néu ¢ =5 mod 10 ,

™ =76 mod 100 néu a =2;4;6;8 mod 100 .

Vay dé tim hai chir s6 tan cing ctia " ta ldy sé mii » chia cho 20.
Dang 1.

- Céc s6 co tan cung bang 01; 25; 76 nang 1én luy thira nao (khac 0) ciing tdn cling bang
01; 25; 76

- Cac s6 3% (hoac 81°); 7*; 51* ; 997 ¢6 tan cing bang 01.

- Cac s6 2%; 6°;18%; 24%; 68"; 74 ¢o tan cing bang 76.

-S6 26" n>1 cotan cung bang 76.
- Céc sb c6 chir s tan cung 1a 01;25;76 khi nang 1én lily thira bac bat ki khac 0 thi hai chit s6 tdn
cung van khong thay doi. (1)
- Cac s6 32;7%:9'°:51%81°:99 ¢6 chir s6 tan cung 12 01. (2)
- Cac s6 4";6°;18;24%;68";74% ¢6 chir s6 tan cung 1a 76. (3)

n

-8626" (n > 1) c6 chir sb tan cung 1a 76. (4)

Nhu vay, mudn tim chit s6 tan cung cua s6 tuw nhién z = a™, trude hét ta xac dinh chit s6 tan cung
cua a.

Dang 2. CHU Y:

- 4'°¢6 2 chir s6 tan cung 1a 76.

- 5°¢6 2 chir s6 tan cung 14 25.



- 8% ¢6 2 chit s6 tan cung 1a 76.

- 9'¢6 2 chir s6 tan cung 14 01.

3. Tim ba chir s6 tin cing tré 1én

Viéc tim ba chir sé tin cung ciia s tw nhién z chinh la viéc tim s6 dw cia phép chia z

cho 1000.
Gia st » =100k +r vdi 0 < r <100, khi do: o" = o™ = &' ..

Gidsuta=2x mod 10 ,z€ 0,1,2,...,9

Taco: ¢ = 10k+z =2 mod 1000

Vay 3 chit s6 tan cung ciia o' ciing chinh 14 3 chir s6 tan cung cta ™.
Dung quy nap v&i moi n > 1, ta co:

625" = 625 mod 1000 ,
376" = 376 mod 1000 .

-Néu z =0 thi ' =000 mod 1000

Néugz=5thiz' =5 =625 =2 = 5' =625 mod 10°

-Néu 2z = 1; 3; 7; 9 ta c6 tuong tng:

20 = 1:81:2401; 6561 =1 mod 40 = ' — 40k+1 =1 mod 10°

-Néu z =24; 6;8 thi z'° 2§,

Taco: z,125 =1nén z'” =1 mod 125 (DPinh li Euler).

Gia str 3 chit s6 tan cung cia 7' 12 abe ta co:

2% — 1000k + abe = abc:8 va abe =1 mod 125

Trong céac s6 1; 126; 376; 501; 626; 751; 876 (cac s co 3 chit s6 chia cho 125 du 1) chi ¢6 duy nhét

mot s6 chia hét cho 8 14 376. Vay ' = 376 mod 1000 .
Do d6 ta c6 két qua sau:

'™ =000 mod 10° néu a=0 mod 10

0™ =001 mod 10° néua=1;3;7:9 mod 10



'™ =625 mod 10° néu a=5 mod 10
0™ =376 mod 10° néu a =2;4;6;8 mod 10

Viy dé tim ba chit s6 tin cung cua a” ta tim 2 chit s6 tan cung cua sé mil 7 .
Dang 3. Mt sé trwong hop cu thé vé 3 chir sé tin cung
0 Céc sb co tan cung bang 001; 376; 625 nang 1én luy thira nao (khac 0) ciing tin cing bang
001; 376; 625.
0 Céc s o tan cung bang 0625 nang 18n luy thira nao (khac 0) ciing tin cing bang 0625.
II. CAC DANG TOAN
Dang 1: Tim 1 chir s6 tin cling
Vi du 1.1: Tim chif s6 tdn cing cua cac s sau:
a)32% b) 2018%% )27% d) 2019
Phan tich:

- Ta biét rang cac sd tan cing 1a 2;4;6;8 khi nang 1én lily thira 4n déu cho tan cing 13 6.
Con cac sb tan cung 13 1;3;7;9khi nang 1én liy thira 4n déu cho tan cing 13 1.
- Pé dua vé lily thira 4n thi em can viét s6 mil dudi dang cong thiic ctia phép chia c6 du véi s6 chia
la 4.
- Pé tim chit s tan cling cia mdi lily thira trén ta chi can tim chi s tan ciing cta hang don vi.
Loi giai

A ~ A A <\ 5 4 \ ~ A A <\ 5 4
a) Bé tim chit s6 tan cung ctia 32% ta tim chit s6 tan cung cua 2"

Taxét 2° taco 2 =240 — 6

Vay 32" ¢6 chit s6 tan cung 13 6.

2019 2019
8 8

b) Dé tim chit s tan cing cua 201 ta tim chit sb tan cung cua

Taxét tacd 82 — 82 8 — . 6 x8 =..8

Vay 2018*" ¢6 tan cung 1a 8.

~ A A \ 5 50 |~ A ~ A LA \ ” 50
¢) Chir so tan cung ctua 27 cling la chir so tan cung cua 7°

Tacd 7° =72 x 72 = .1 x49=..9



Vay chir s6 tan cung ciia 2712 9.

92020 92020

d) Chit s6 tan cung cua 201 ciing 1a chit s6 tan cing cia

Ta Cé 92020 — 94.505 — 1
Vay chir sb tan cung cia 2019™ 13 1.
Binh luin:
Vi phan d) ta c6 thé giai nhu sau:
Vi chir s6 tan cing 13 9 ma khi nang 1én lily thira chin s& ra tan cung 1a 1, do vay 2019 ¢6 tan
cungla 1.

- cae o \ \ LR A 4 A M e 2021
Vi cach giai ndy ta hoan toan c6 thé mé rong sé cho phan d), chang han s6 2019

1
2050

2019 ...
Vi du 1.2: Tim chif s tan cing caa 3

Phan tich:
Pé tim dugc chit s6 tan clng cua sb trén ta phai dua vé s6 c¢6 tan cung 13 1 hodc 6.

Loi giai

Tathdy 3" = 81, s6 tan cing bang 1 nang 1én béc lily thira nao ciing c6 chit sb tan cing bang 1
nén ta phan tich 3 = 3*% = 81°",
Vay s6 3™ ¢6 chir s6 tan cliing bang 1.
Vi du 1.3: Tim chif s tan cling cua cac sd sau

=24

a)26”

42015 05152

b)2013*" ¢)78°

Phan tich:

Trong bai ndy ta khong thé viét ngay s mii ¢ dang 4n , dé cho d& biéu dién ta dung dong du thirc

dé tim du cta phép chia s6 mii cho 4.

Loi giai
a) Trudc hét ta tim s6 du ctia phép chia 25°* khi chia cho 4.

Tac6 25=1 mod4 =25 =1 mod4d =25* =4k +1kc N



Suy ra, 267" = 26"+ — 26" x 26 = .6 %26 = ...6

Vay 26%" ¢ tan cing 14 6.

Nhdn xét: Trong phan nay 1 rang dua vao nhan xét ‘S ¢o tin cing 1a 6 khi nang 18n lily thira bét
ky lubn 6 tan cung 1 67 thi 10i giai rat don gian.

b) Twong tu, ta tim sd du khi chia sé mi cua 2013 cho 4.

2014 =2 mod4 = 2014*" = 2% mod4
Ta Cé 22015 — 22.1002 % 2 — 41002 % 2

= 2014"° =4k ke N *

= 2014*" =0 mod 4

42()15

Do do 201324 = 2013% = 2013% = .1

Vay 2013°" ¢4 tan cung la 1.
¢) Trudce hét ta tim sé du trong phép chia 50°"" khi chia cho 4.

Tacd 50 =2 mod4 ; 50° =0 mod4 ; 50" =0 mod4 &k >2
Suyra 50" =0 mod4d neN

Ma 517 1a s 16 nén 50°” =0 mod4 = 50°" = 4m(m € N)

Tir dé ta c6 78" = 78" — 78" — 6

- 52
Vay 78" ¢6 tan cung 1a 6.
Binh luén:
Vi bai toan ¢ dang liiy thira tang thi ta luén cht ¥ tim cach viét sé mil duéi dang cong thirc ctia
phép chia c6 du véi sb chiala 4. Tuy nhién, néu tan cung la mdt trong céc sb dic biét nhu:
0;1;5;6 thi ta nhan xét ngay ma khon can quan tdm dén gié tri ctia s6 mii. Con néu tan cing la 4
gay g q g g
hodc 9 thi ta c6 thé xem xét tinh chén 1¢ ciia s6 mil dé suy ra két qua.
Vi du 1.4: Tim chif s6 tan cing ctia

a) 789 o 481 b) 22014.91955

Loi giai



a) Taco: 7% = 7*°.7 = 7.2401*' nén sb nay co sb tan cing bang 7.
4% = 4 4 = 16".4 nén s6 nay c6 s6 tan cliing bang 4.
Vay s6 7% — 4% ¢6 chit s6 tan cung bang 3
b) Taco: 27 =2 2> =16°".4 nén sb ndy c6 sb tan cing bang 4.
9'%% = 9297 9 = 81°.9 nén sb nay co sd tan cung bang 9.
A A 2014 (1955 .~ ~ A A \ =
Vayso 27797 co6 chir so tan cung bang 6.

Vidu 1.5: Tim chir sO tdn cung cua cac tich sau:

20

a)267.27% b) 1.3.5...2019

¢) 8.18.28.38...198 d) 1.3.9.11.13.17...2019

Phan tich:

beé tim chit s0 tan cung cua tich ta cé the tim chir so tan cung cua tirng thira s6 hoac nhém céc thira

r
A

SO.

Loi giai
a) Ta thiy 26 co tan cung 1a 6, ma s tan cung 14 6 ning 1én liy thira bao nhiéu van tan cung 13 6.
Do d6, 26° ¢6 tan cung 1a 6.

5C6 27% — 27 — .1

Suyra 26 x27* =...6x...1=...6
Vay tich c6 tan cung 1a 6.
Khai thac: - Vi tich co tan cling 12 6 nén ta ¢6 thé yéu cau khac nhu sau:

. , 2 27 2 28 4 ,
Chtrng minh rang so 0 Xlg + la sO tu nhién.

- Néu dé y dén cong thic lity thira ctia mt tich ta c¢6 thé lam nhu sau:

4x6+3

267 x 277 — 267 x 277 x 27 = 26x27 . x27T = .2 x2T

4x6 — 3 —_—

— 2 X .2 X2T=.6x.8x2T=.6




) Ta biét riang tich ctia 5 v6i bit ky sb 1é nao ciing c6 tan cung 13 5, do do tich 1x 3 x5 x... x 2019

s& ¢6 tan cung 1a 5. Mit khéc, s6 ¢6 tan cung 1a 5 khi nang 1én liiy thira bat ky van tan cing 13 5.
n 2020 R R

Vay 1x3x5x...x2019 cotancungla 5.

Khai thac: Ta biét rang tich cua hai sé ty nhién lién tiép s& c6 tan cung 13 1 trong cac s6 sau:

0;2:6 do do, ta c6 thé ra bai toan nhu sau:

Tim tat ca cac soO tu nhién n sao cho:

2020 2020

a)yn’ +n= 1x3x5x..x2019 b) 2n+1 2n+2 = 1x3x5x...x2019

C) Pat A =8x18x28 x 38 x...x198. Sé thira s6 cua tich nay 1a: 198 —8 :10+1 =20 (s6

hang) (1)

Ta thdy tich 4 thira s6 6 tan ciing 1a 8 s& ¢6 tan cung 1a 6. Vi co 20 thira s6 ta két hop dugc 5

nhém mdi nhém cé 4 thira s6, tich mdi nhom nay cé chit s6 tin cing 1a 6. Do d6 két qua cua tich A

¢6 chir s6 tan cung 1a 6. Ma s6 ¢6 tan cing 1 6 nang 1én lily thira bat ky s& c6 tan cing 1a 6, suy ra

A s& 6 tan cling 14 6.

Vay iy thtra cua tich c6 tan cung 1a 6.

Khai thac: - Ta dé y, chir s6 tan cing ctia A ciing 12 chit s6 tin cing cia 8 x 8 x 8 x... x 8 (20 thira
£ , e TR . , 200202

s8), do d6 ta c6 thé quy vé viéc tim chit s tan cung cua 82

- Ta c6 mé rong bai toan bang cach cho tang s6 luong cac thira s6 cua tich.

- Hoan toan tuong tu, ta ciing c6 thé thay doi chir s6 tan cung ctia mdi thira s6 trong tich boi mot

chir so khac.
Chang han, tim chi s6 tan cung cia cac so sau:

2020

A= 2x12x22x...x2022

0‘200

B= Tx17x27x..x2017 '

d) Ta dé ¥ ring cdc nhom 1x 3x 7 x 9,11 x 13 x 17 x 19;...;,2011 x 2013 x 2017 x 2019 d&u ¢6 tan

cung giéng nhau, nén ta di tim chit s6 tan cing cua 1 nhém.

Tacd 1x3x7x9=..9

C6 s6 nhém 1a: (2011 —1): 10 + 1 = 202 (nhém)



Suyra

— 202 4x50+-2 4x50

— 2
Ix3x7Tx9x11x13x17x...x2019 = ...9 = ..9 = .9 X .9 =..1x...1=..

— 100 _

100
Vay Ix3x7Tx9x11x13x17x..x2019 = ..1 =..1néncétancungla 1.
Khai thac: Ta thdy tat ca cac thira sé cua tich déu khong chia hét cho 5, nén ta c6 thé thay d6i cach
phat biéu bai toan nhu sau:
Chosb A= 1x3x5x7x9x11x13x15x...x2019 , sau khi gachbététcécéc s6 chia hét cho

5 A 2 ~ A A \ 5 1
5 cia A, ta dugc so B. Tim chir so tan cung ciia B o
- Bai toan trén co thé thay doi cac thira s6 1€ bang cac thtra s6 chan, chang han: Tim chir s6 tn cung

2019

ciasd B= 2x4x6x8x12x14x16x...x2018

Vi du 1.6: Tim chit s6 tan cung cua cic tong sau:
S =2"4+ 3+ 4"+ ... + 2004™".
Phan tich:
Trong dang bai ndy ta phai tim dugc quy luat cta tong, quy luat & day chinh 1a s6 mii cta cac s6
hang trong S, cac sb mii nay déu chia 4 du 1. Ma ta biét cac s6 khi nang 1én Iy thira dang 4n + 1
s& co tan cung khong doi.
Loi giai:
Nhén xét: Moi liiy thira trong S déu c6 sé mii khi chia cho 4 thi du 1 (cac liy thira déu co
dangn'" * "', n thuoe 2:3:4...:2004 )

Theo tinh chat, suy ra moi I{ly thtra trong S va cac co so tuwong g déu c6 chir s6 tan cung giong

nhau, bang chir sé tan clng ciia tong:
2434+...+9 +199. 1+2+...4+9 +14+2+34+4=2001+2+...4+9 +9=9009.

Vay chit s6 tan cung cua tong S 1a 9.
Téng quat héa:

4 n—2+1

Tim chir s6 tan cung cia tong sau: S =2' + 3+ 4°+ ... + n

Vi du 1.7: Tim chit s6 tn cing cua tong T = 2° + 37 + 4" 4 ... +2004*",

Loi giai:

1



Nhdn xét: Moi lily thira trong T déu c6 s6 mii khi chia cho 4 thi du 3 (cac lily thira déu c6 dang
n'" P thude 253;4...;2004 )

Theo quy tic 3 thi 2° c6 chir s6 tin cung 12 8; 37 o chit s6 tan cing 1a 7; 4" ¢ chit s6 tan cing
la 4;

Nhu vay, tong T c6 chit s6 tan cing bang chit s6 tin cing cia tong:

84+74+44+54+6+3+24+9) +199.1+8+7+4+54+6+3+2+9)+1+8+7+4
=200.14+8+74+44+5+6+3+2+9+8+7+4=9019

Vay chit s6 tan cung cua tong T 12 9

Twong tw hoa:

Tim chit sé tin cingcia § =2° + 37+ 4"+ ... + n'"*"
Vi du 1.8: Tim sb du cua phép chia:

a) Q=2"+3"+4° +... 42003 cho 5

b) R =2’ + 3" +4" 4...2003"" cho 5

Loi gidi:
a) Nhdn xét: Moi lity thira trong S déu c6 s6 mii khi chia cho 4 thi du 1 (cac lily thira déu c6 dang
n'" P thude 2;3;4...;2003 )
Theo quy tic 2, Chir s tan clng ctia tong Q céc lily thira bang cach tinh tong cac chir s tan cing
clia timg lily thira trong tong S.

Mot liiy thtra trong Q va céac co sO tuong ung déu c6 chir so tan cung giong nhau, bang chit so tan

clng cua tong:

24+3+...4+9)+199.(1+2+...+9) +1+2+3=2001+2+... +9) +5 = 9005

Vay chit s6 tan cung cua tong Q 1a 5 nén chia 5 khong c6 du.

b) Nhdn xét: Moi lity thira trong R déu c¢6 sb mil khi chia cho 4 thi du 3 (céc lity thira déu c6 dang
n'" P n thuge 253;4...;2003 )

Theo quy tic 3 thi 2* ¢6 chit s6 tin cing 1a 8 37 ¢6 chir s tdn cung 12 7; 4" ¢6 chit s tin cing

la 4



Nhu vay, tong R c6 chit s tan cung bang chir sb tin cung cia tong:
84+74+44+5+6+3+24+9)+199.14+84+7+4+54+6+3+24+9)+1+8+7
=200.1+8+74+4+54+64+3+24+9+8+7=9015

Vay chir sb tan cung cia tong R 12 5 nén chia 5 khong c6 du.
Vidu1.9: Cho H =1234567891011121314151617.......dugc viét boi cac sb tu nhién lién tiép
va c6 121 chir s6. S6 H™ ¢6 chir s6 tan cung 1a chir sb nao?

Phan tich:
Trude hét ta phai tim dugc chir s6 tan cung cua H, mubn vay ta phai tinh xem v6i 121 chi s6 thi
chir s6 cudi ciing duogc viét 1a chit s ndo. Ta dwa vao bai todn ngugc ciia bai toan “Danh sb trang
sach”.

Loi giai:

Tacotir 1 dén 9 c6 9 sd, mdi s6 gom 1 chir s6.

Tir 10 dén 99 ¢6 90 s6, mdi s6 gdm 2 chir s6 nén khi viét chung lién tiép ta c6 90.2 = 180 (chir

sO).
Ma 9 < 121 < 180nén chir s6 tin cing ctia H phai ¢ s6 ¢6 hai chit sd.
S chir s6 cua cac s6 ¢6 2 chir sd viét ¢ H 1a: 121 — 9 = 112 (chit sd)
S6 céc s6 ¢6 2 chir s viét viét s H1a 112:2 = 56
S6 thir 56 ké tir 10 ¢0 2 chir s 1a: 104 56 —1 = 65
suy ra chit s6 tan cung ctia H 1a chit s 5 (1a chit s6 hang don vi cta s 65).
Mit khac, 5" ¢6 tan cung 13 5. Vay chir s6 tan cung ctia H*"'"1a chit s6 5.
Téng quat héa:
Bai toan ¢ thé mé rong cho sb cac chit s6 cua s da cho.
Cho H =1234567891011121314151617.......dugc viét bdi cac sb ty nhién lién tiép va c6 n chir
s6 (n € N *).S6 H™ ¢6 chir s6 tan cung 1a chit s6 nao?
Véi mbi gid tri ctia n ta duoc mot bai todn moi.
Vi dy 1.10: Tim sé tw nhién x théa man 10x A+ —=14"" + 9% 4 2% voi A 1a sb tu nhién

khac 0.
Phan tich:



R& rang ta khong thé tinh dugc gia tri vé phai, dé y rang x chinh 1a chit s6 tan cing cua biéu thirc
10 X A + = nén ta suy nghi theo hudng tim chit sb tan cung cua vé phai.

Loi giai
Ta biét rang, s6 c6 tan cung 1 4 (hodc 9) khi nang 1én lily thira chin cho tan cing 1a 6 (hodc 1),

con khi nang 1én liy thira 1é s& tan cung khong d6i.

Ie 14 \ ~ YA N N 9 N
Do d6, chir s6 tan cung ctia 14 14 6, chir s6 tan cung ctia 9° 14 9

Mit khac, 2 = 25 — b0+ _ b Lo guo_ o

J 4
suy ra chir so tan cung cua 2° 12 2.

Do vay, chif sb tan ciing ctia vé phai gidng chir s tan cing cia 6 +94+2 =17, tic1a 7.
X A 2 A N N A ,
Tathdy 10X A + 2 cotdncingla = nén 10x A + z ~c6 tan ciing bang tin cing cla z°

Vi khong c6 s6 nao lity thira bac 2 1én dé c6 tan cung 1 7, nén khong tim duge = thoa man.
Vay khong c6 z thoa man.
Binh luin:
Viéc phat hién ra 13 chit s6 tan cung cua biéu thirc trong ngodc 1a mau chét dé giai bai toan.
Téng quéat hoa:

Vi khong co s6 nao Iy thira voi s6 mii khac 4n + 1 hodc 4n + 3 lai c6 tan cung la 7, nén ta cod thé

tong quat bai toan nhu sau:

V&1 moi so tu nhién 7, hdy tim s0 ty nhién z thoa man:

4n+2 1414 99 3t ,. . X Cn ,
a) 10xA+=x =147 +9 +2° vbi A laso tu nhién khac 0.

b) 10xA+z  =14"" +9% +92¥ véi A 1a 6 tu nhién khic 0.

Vidu 1.11: Ching minh N =2012"" +2013"" +2014"" +2015" khong phai 1a sé chinh
phuong v6i moi n 13 s6 nguyén dwong.

Loi giai
Taco 2012 = (...6)" nén s6 nay c6 so tan ciing bang 6

2013" = (...1)" nén s6 nay c6 so tan ciing bang 1

2014" = (...6)" nén s nay co sb tan cung bang 6



2015*" sb nay c6 sb tan cung bang 5
Suy rasé N co chit sd tan ciing bang 8 , ma sd chinh phuong khong c6 chit sd tan ciing bang 8.
Vay sé6 N khong 1a sb chinh phuong.
Vidu 1.12:  Tbn tai hay khong s6 tu nhién n sao cho n* +n + 1 chia hét cho 1995*"

Loi giai:
1995 tan cung boi chir s 5 nén chia hét cho 5. Vi vay, ta dit van dé 1a liéu n° + n + 1 ¢6 chia
hét cho 5 khong?
Tacd n’ +n=mn n+1 latich cua hai sd tuy nhién lién tiép nén chit sb tan cung cua n® + nchico
thé 1a 0;2;6 = n”> + n + 1 chi c6 thé tan cung 1a 1;3;7= n’ + n + 1 khong chia hét cho 5.

Vay khong ton tai sb tu nhién n sao cho n* 4+ n + 1 chia hét cho 1995™"

St dung tinh chét: “ mét sé chinh phwong chi ¢é thé tin ciing boi cdc chir sé 0;1;5:6;9 ”, ta c6 thé

giai dugc bai toan sau:

Vidu 1.13:  Cho p 1a s6 nguyén t6 16n hon 5. Chting minh rang p*" + 3.p*™ — 4 chia hét cho 5.
Loi giai:

Theo tinh chét trén, ta c6 p 1a s6 nguyén t6 16n hon 5 vay chit s6 tan cing cta p 1a cac chir sb

1;3;7;9, cac lily thira ciia p c6 dang 4n = Chir s6 tan cung ciia p®;p™" 12 1.
Vay chit s6 tan cing ciia p*" + 3.p*" — 414 0 nén chia hét cho 5 (dpcm).

Dang 2: Tim hai chif s6 tin cling
Vi du 2.1: Tim hai s6 tan cung cta 2"

Loi giai
Chu y rang: 2'° = 1024 binh phuong ciia s6 ¢6 tan cting bang 24 thi tin cliing bang 76, sd ¢6 tan
cuing bang 76 thi nang 1én lily thira ndo (khac 0) ciing tan cung bang 76.

5 [

10 5
Dod6 2" = 2"  =1024" = 1024° = ..76 =..76

Vay hai chit s6 tan cung cta 2' 12 76.

Vi du 2.2: Tim hai chit s6 tan cung cua 7'

Loi giai



Ta thdy: 7' = 2401, s6 co tan cung bang 01 ning 1én lily thira nao ciing tdn ciing bang 01.

497 E— _

Dodé: 79 — 78 — 7t T s4s 01 343 — ..01.343 — .43,

Vay 7" ¢6 hai chit s6 tan cung 1a 43.
Bai toan twong tw
Tim hai chit s6 tin ciing cta:
a) 517 b) 99°"; c) 6°°;

Huéng dén:

25 —_—

51 2 B _ _
a) b1” = 51° 5H1= ...01 .51 =...51.

k k
=99 = 99> 99 = ...01 .99= ...99 .

999

b) 99’

06 — 6 6= .76 .6—=...56.

50

d) 147160 = 14.16 " =224 — 2242 " 224 — .76 .224

= .76 224 =...24.
Vi du 2.3: Tim 2 chif s6 tan cung cta 1976°°.2015"
Loi giai
Ta thay:
Chir s tan cung cta 1976 ciing 1a chit s6 tan cung cua 76°° ma 76 = ...76

Chir s6 tan cung ciia 20157 ciing 1a chit s tan cling

d) 14101-16101

cia 157ma 157 = 3.5 = 3757 =303 ET 37 0] 95 — .63 ..

Suy ra: 1976.2015" = ...76 . ...75 = ...00.

Vay 1976°°.2015 ¢6 2 chir s tan ctng 1a 00.

Vi du 2.4: Tim hai chit s6 tan cung cua s6 C = 2*°

Loi giai



Taco: 29 +1=1024 +1=1025:25 suyra 2° ~1= 2" +1 2" -1:25

50
Talaico 2" —1= 2 —1:2* —1suyra 2" —1:25
Do d62"" chir s6 tan cing 1a 26;51; 76 nhung 2'" 14
Suy ra2'" tan cung 1a 76 = 2°” tan cung 1a 38 hoac 88 vi 2°” 14

Vay 2°” tan cung la 88
Vay C = 2% ¢6 hai chit s6 tan cung 1a 88.
Vi du 2.5: Tim hai chit s6 tin cung cia cac tong
a) S — 12002 + 22002 + 32002 + . + 20042002

1
b) S — 12003 + 22003 + 32003 + . _|_ 20042003

2

Phan tich:
Trong bai tip nay ta sir dung tinh chat sau:
Néua€ Nva a,5 =1thia® —1:25.(%)
Loi giai

a) D& thy, néu a chin thi a” chia hét cho 4 ; néu a 1 thi a'” —1 chia hét cho 4 ; néu a chia hét cho

5thi a” chia hét cho 25.

Mit khac, tir tinh chat (*) ta suy ravéimoi a € Nva a,5 =1taco o' —1:25.
Vay véimoi a € Ntaco o’ o' —1 :100.

Do do S, =1 4+ 2% 2° —1 4 ... 42004 2004*™ —1 +2° + 3° 4 ... 42004

Nén hai chif s tan cting ctia tong S1 ciing chinh 1a hai chit s tan clng ciia tong
1? +22 +3° 4 ... 4+ 2004%

nn+1l 2n+1
6

Taco: 1> +2°+3° +...+n* =

= 17 + 2% +... +2004° = 2005.4009.334 = 2684707030, tan cung la 30.



Vay hai chir s6 tan cing cta tong S1 12 30.
b) Hoan toan tuong tuy nhu cau a,

S, =1 125 9 1 4420047 2004 —1 +2° + 3% +2004°.
Nén hai chit sb tin cung cua tong Sz ciing chinh 1 hai chit sb tin cung cua tong

12 4+2° +3% + ... 4+2004°

2
2

. f f f nn-+1
Apdung cong thircc: 1° +2° +.. . +n* = 14+24+..4+n =|—

2

1% £ 2° 4. +2004° = 2005.1002 = 4036121180100, tan cung 1a 00.

Vay hai chit s6 tan cung cua tong Sz 12 00.
Vi du 2.6: Tim 2 chif s tan cing caa 4°™

Loi giai
Do 4 12 s6 chdn nén ta tim s6 n nho nhit dé 4" —1: 25. Ta tim duge n = 10théa man.

Mit khac 2004 = 10.200 + 4.

NEn 42004 — 41020044 _ g4 [(410)200 _1] +44 — 100k + 256

Vay chit s6 tan cung caa 4”12 56.
Vi du 2.7: Tim 2 chir s6 tan cing cua 51*"
Loi giai
Taco 2020 = 2.1010nén 51 = (51%)"® = 2601'""". Khi d6 theo quy tac (1) chir s6 tan cliing cia
51713 01.
Vi du 2.8: Tim 2 chit s6 tan cliing cua a) 7 b) 57%
Loi giai
@) Taco: 7' = 2401 nén 7% = 740855 — (74Y% 7% = 2401°%.343 = (...01).343 = ...43
. 2015 |
Chir s6 tan cung ciia 7 1243,

b)tacd 57 = (57")'"°.57* =(...01)"°.3249 =...49



Binh luin:
O vi du nay ta da ap dung tinh chit:

Néu A ¢6 2 chit s6 tn ciing 1 ab va B ¢6 2 chit s6 tan cung 1a c¢d thi 2 chit s6 tan cing ciia A.B 1a 2

chir sb tan cung cua tich abva cd
Vi du 2.9: Tim 2 chit s6 tan ciing cua
a) 2098'% b) 1996

Phan tich:
+ Ta thiy 2 chit s6 tn ciing ctia 2098'* ciing 14 2 chir s6 tan cung ctia 98'*
+ twong ty ta thiy 2 chir s6 tdn cung cta 1996 cling 1 2 chit s6 tan cung cua 96" .
Loi giai
a)Taco: 98" =(49.2)"* = 492" ma:
49" = 49> =2401".49 = (...01).49 = .....49
2% = 20018 — (2°)°.2° = (....76)°’.8 = ...... 08
= 98" =(49.2)"” = 492" =(.....49).(....08) = .....92
Vay 2 chir s tan cing ctia 2098 14 92.
b) ta Cé 96192 — 96361 — (32 3)361 — 32361 3361 — (25)361 3361 — 21805 3361
Ma
21805 — 220.90+5 — (220 )90 25 — ( 76)90 32 — 32
3361 — 320.18+1 — (320)18 3 — ( 01)18 3 — 03
= 06" = 96" = (32.3)"" = 32733 = (2°)% 3% — 2155 3% — (__ 32).(....03) =....96
Vay 2 chit s tan cling ctia 1996 12 96.
Dang 3: Tim ba chir sb tan cing

Vi du 3.1: Tim 3 chit s6 tan cing cua 123"

Phan tich:

Nhan thay ring (123, 5) =1 nén ta s& ap dung tinh chat 4, khi d6 chia hét cho 125.



Loi giai:

+ Vi (123, 5) =1nén ap dung tinh chét ta ¢ 123" —1 chia hét cho 125. 1)
+ Ta lai c6 chia hét cho 8 (2)
Vi (8;125)=1 va két hop (1),(2) ta c6 chia hét cho 1000
Khi d6
Vay 3 chit s6 tan cung cua la 123
Vi du 3.2: Tim 3 chit s6 tan ciung ctua 2004>"

Phan tich:

Céach 1: Ta d& dang chimg minh dugc chia hét cho 8, khi d6 ta s& tim 3 chi s6 tan cling bang cach
gian tiép: tim du phép chia s6 d6 cho 125 tir d6 suy ra cac kha nang 3 chit sd tan ciing , cudi cling

kiém tra diéu kién chia hét cho 8
+ Ta c6 nén suy ra chia hét cho 8

+ Ta lai c6 (2014,5) = 1 nén 2004"° =1 mod125 => 2004™ =1 mod125

Hay (2004*° —1) chia hét cho 125 khi d6 s6 2004™ c6 cac kha nang 3 chir s tan cling 1a
126;251;376;501;626;751;876

Vi 2004 chia hét cho 8 nén s6 d6 co chit s6 tan cung 1a 376

Cach 2.

Ta thdy 2004 =4 mod10 khi d6 2004™ = 2004*'" = 376 mod1000

Vay s6 d6 c6 chit s tan cung 1a 376
Tir bai toan trén ta cé bai toan tong quat:
Cho A 1a mot s6 chan khong chia hét cho 10. Tim 3 chit s6 tan cung cia A
Phan tich:
Vi A 1a m6t s6 chin khong chia hét cho 10 nén (A,5)=1. Khi d6 ta ap dung tinh chét ta c6 A" —1
chia hét cho 125.
Loi giai:

201

+ Do A 1a mot sé chdn nén A*™ = 2n " g0 0 0 mod8 (véine N va (n;5)=1)



Suy ra A* chia hét cho 8 1)
+ Vi A 1a mot s6 chdn khong chia hét cho 10 nén (A,5)=1. Khi d6 4p dung tinh chét ta co
A" =1 mod125 => A* =1 mod125

Hay (A* —1) chia hét cho 125 khi d6 s6 A c6 cac kha nang 3 chir s tan cuing la
126;251;376;501;626,751,876
Vi A™ chia hét cho 8 nén s6 d6 c6 chit s tan cung 1 376
Binh luin:

Bai toan tong quét nay ciing c6 thé coi la phan chimg minh y (4) trong phan cht y
Vi du 3.3: Tim 3 chif s tn cliing ctia 27"

Loi giai
- Tim 2 chif s6 tan cung cua 9*%

Taco 9™ = 9%.9°% — 9% (3%) =29 mod100

~Khi do taco 27 = 210K+ _ 92 910k — 919 376 = 912 mod1000

Vay 3 chit s6 tan cing 1a 912

721&

Vi du 3.4: Tim 3 chit s6 tan ciing cia 3

Loi giai
2% .
Tach 7?8 =785 = 7 7 =157 =7 =7 mod100
Khidé 37 = 307 _ 3100k 37 — 1 37 — 187 10d1000

Vay 3 chit s6 tin cing cia 3 12 187

101 ¢iing bang ba chit s6 tan

Vi du 3.5: Cho (a, 10) = 1. Chting minh rang ba chit s6 tdn ciing ctia a
cung cua a.
Phén tich:

0

Dé chitng minh ba chit s6 tan cung cua a®? cling bang ba chit s6 tin cung cua a thi ta can dua ra

dang a'®' = 100k + a.

Ta thiy (a,10)=1 thi a chi c6 thé 14 cac sb 1¢ tan cing khéc 5



Loi gidi.
+ Do (a,10)=1 nén khi do tacé a = 1;3;7;9 mod10
Ap dung cha ¥ phan (2) ta c6 a'® =1 mod1000

Taxét a'™ =a'™a=1a modl000 =a modl000 => a'" =1000k +a (véike N')
Diéu nay c6 nghia ba chit s tan cing cua a'® ciing bang ba chir sb tan cing cua a. (dpem)
51992

Vi du 3.6: Tim ba chit s6 tan ciing cua

Loi giai
1992 4 498 498 498

57 =5 = 625" =0625"" = ...0625

Vay bon chir s6 tan cung cta 57 13 0625

Vi du 3.7: Tim ba chir s6 tan cing cta s6 T = 5"
Loi giai

Taco 5° c6 ba chir s6 tan cing 1a 125

Suy ra T = 5%6 = (5%)%15 5=( 1,125 )%5.5= m125 .5= 1625
(Voin,m,t € N)

Vay T = 5" ¢6 ba chit s6 tan cung 1a125.

Vi du 3.8: Tim ba chit s6 tan cing cta so: P = 5"

Loi giai
Ta co:
5' = 0625 tan cung la 0625 ; 5° tan cung la 3125; 5° tan cung 145625
5" tan cuing 148125 ; 5° tan cung 140625 ; 5 tan cung 1a 3125
5" tan cung la 5625; 5" tan cung 1a 8125; 5 tan cung la 0625
Chu ky lap 1a 4.
Suy ra:
5" tan cung la 0625 ; 5" tan cung 1a 3125
5% tan cung 1a 5625 5" tan cung la 8125

Ma 1994 c¢6 dang 4m + 2, do d6 M = 5" ¢6 4 chir s6 tan cung 125625,
Vi du 3.9: Tim ba chit s6 tan ciing cua s6: R = 123"

Loi giai



Do 123,5 =1=-123" —1 chia hétcho 125 (1).

Mit khac: 123" —1= 123® —1 123® +1 123" +1 = 123'"" —1 chiahétcho 8 (2).
Vi 8,125 =1 ,tir(1)va(2)suyra: 123" —1 chi hét cho 1000

= 123" =123 123" —1 +123 = 1000k +123 kNN .

Vay 123" ¢6 ba chit s6 tan cung 14123 .
Vi du 3.10: Tim ba chit sé tan cung cua 3%

Loi giai
Do 9,5 =1=-9"" —1 chihétcho 125 (1).

Tac6 9" —1 chia hétcho 8 (2).
Vi 8125 =1 ,tir(1)va(2)suyra: 9" —1 chia hét cho 1000

= 3399“98 — 9199“.9 — 9100p+99 — 999 9100p _ 1 + 999 — 1000q + 999 P,q c N .

3399...98

A ~ A A <\ 5 ~ ’ \ ~ A A \ 5 99
Vay ba chir so tan cung cia cling chinh 1a ba chir so tan cung cua9™ .

Lai vi 9" —1 chia hét cho 1000 = ba chit s6 tan cing cua 9" 12001 ma 9% =9 : 9
= ba chit s6 tan cing ctia 9%° 1a 889 (dé kiém tra chit s6 tan cing ctiia 9%° 14 9, sau d6 dwa vao phép
nhan ??79x9 =...001 dé xac dinh??9 =889 ).

Viy ba chir sb tan cing ctia 33%°-% 3 889.
Vi du 3.11: Tim ba chit s6 tdn cung ctia 2004™"
Loi gidi
Do 2004,5 =1
= 2004 chia cho 125 du 1

2
= 2004*™ = 2004  chia cho 125 du 1

= 2004 chi co thé tan cing 14126,251, 376,501,626, 751, 876..

Do 2004 chia hét cho 8 nén chi c6 thé tan cung 1a 376.

Vi du 3.12: Tim ba chi s tan cing ctia tong S = 2' 4+ 3° +4° ... +2004™”.
Loi giai

Nhan thay: liiy thira trong S déu c¢6 s6 mii khi chia cho 4 thi du 1

k—

(c4c liiy thira déu co dangn' " | k thude 2,3,...,2004 ).



Moi lliy thira trong S déu c6 chit s6 tan cung 1a chit sO tdn cung cua co sO twong ung:
= Chir s6 tan cung cua tong S 1a chit s6 tan cung cua tong:

24+3+...4+9 +199. 04+14+2+4+...4+9 +1+2+3+4

=200 1+24...4+49 +9=9009.

Vay ba chit s tan cung s& 1a 009

Vi du 3.13: Tim ba chir sd tdn cung cua tong T = 2° + 37 + 4" + ... +2004%""
Loi giai

Moi lity thira trong T déu c6 s6 mii khi chia cho 4 thi du 3 (cac liy thira déu c6 dang n' " ,

n thuoc 2,3,...,2004 ).
2% ¢6 chit sb tan cung 1a 8;3" ¢6 chit sb tan cungla7; 4" ¢6 chir s6 tan cungla4; ...
Nhu vay, tong T co chit s6 tan cting bang chit s6 tan cing cia tong:

BT 445648240 £109. 1484 T H445+6 43249 F1H847+4
a
— 200 14+8474+4+54+6+3+2+9 +8+7+4=09019. o

ba chif s6 tan cing cua tong T 13 019.

Dang 4: Vin dung chirng minh chia hét, chia cé dw

Vi du 4.1: Chirng minh rang 8% - 21% chia hét cho 10
Loi giai

Ta thiy céc s 6 tan cling bang 2 hodc 8 nang 1én luy thira 4 thi dugc s6 c6 tan cing 1a 6. Mot s ¢6

tan cuing bang 6 nang 1én luy thira nao (khac 0) ciing tin cung bang 6.

Do d6 ta bién dbi nhur sau:

8102 =(8%)25.82 = (....6)%.64=(....6).64 = .. .4

2102 =(249%22=16° 4 =(...6).4= .. .4

Vay 892 -2192 tan ciing bang 0 nén chia hét cho 10

Vi du 4.2: Ton tai hay khong s tu nhién n sao cho n? + n + 1 chia hét cho 1995%0%°,
Loi giai

Theo tinh chdt 1a => 1995 tan cung bai chit s6 5 nén chia hét cho 5.

Vi vay, ta dat van d& 1a liéu n? + n + 1 ¢6 chia hét cho 5 khong ?

Tacon?+n=n(n+ 1), latich cua hai s6 tu nhién lién tiép

=> Chir s6 tan cung cian® + nchicothé1a0;2:6

=>n’+n+1 chicéthéténcﬁnglé 1;3;7

=>n? + n + 1 khong chia hét cho 5.

Vay khong ton tai s6 tw nhién n sao cho n? + n + 1 chia hét cho 19952°%°,



Vi du 4.3: Chimg minh rang 26*°"° chia hét cho 8
Loi gidi
Ta thay:26°= 11881376 ,s ¢o tin cling bang 376 nang 1én luy thira nao(khac 0) ciing co tan cung
bang 376.Do do:
261°70=(26°)31=(...376)%1=(...376)
Ma 376 chia hét cho 8
Mot sb co ba chir s6 tin cung chia hét cho 8 thi chia hét cho 8
Vay 2627 chia hét cho 8
Vi du 4.4: Chimg minh rang véi moi sb tu nhién n.
a) 7" —1 chia hét cho 5;
b) 3""*" + 2 chia hét cho 5;
c) 2" + 3 chia hét cho 5;
d) 2" 41 chia hét cho 5;
e) 9" +1 chia hét cho 10.
Loi giai
a) 7" —1=(7")" —1=2401" —1=..=..1—1, tan cing bing 0.
Vay 7" —1:5.
b) 31 42 =(3")".3+2=81"3+2=..13+2, tan cing bing 5.
Vay 3" 4215,
c) 2" +3=02")2+3=16"2+3= L6243 , tAn cling bang 5.
Vay 2" + 315,
d) 2'"** +1 tan cing bang 5 nén chia hét cho 5.
€) 9" 4+ 1=(9%)".9+1=81"9+1=..1.9 +1, tan ciing bing 0.
Vay 9" +1 chia hét cho 10.
Vi du 4.5: Chirng minh rang 26" chia hét cho 8
Loi giai

Ta thiy:26°= 11881376, s6 co tan cing bang 376 nang 1én lily thira

Nao (khac 0) ciing 6 tan cung bang 376. Do dé:

261570 = (26%)314 = (...376)%14 = (...376)

Ma 376 chia hét cho 8

Mot s6 c6 ba chit s tan cung chia hét cho 8 thi chia hét cho 8



Vay 267 chia hét cho 8
Vi du 4.6: Ton tai hay khong s tu nhién n sao cho s n? + n + 1 chia hét cho 2005%°%
Loi giai
S5 2005%°% ¢6 tan cung 13 5. nén né chia hét cho 5
Tacon?+n+1=n(n+1)+1 chi co thé co cac chit sd tn cing 1a 1, 3, 7. nén n6 khong chia hét cho
5
Viy khong ton tai n.
Vi du 4.7: Cho P 1a s6 nguyén t6 16n hon 5. chimg minh rang ( P®" + 3p*" - 4):5.
Loi giai
ViPlasd nguyén t6 16n hon 5 nén tan cung cua p chi co thé 1a cac chit sb: 1;3;7: 9
Néu P ¢6 tan cung 1a 1 thi P& + 3p* — 4 ¢6 tan cung 13 0 nén no chia hét cho 5
Néu P ¢6 tan cung 1a 3 thi p*" = 10k+ 3*" = 10k + 81" ¢6 tan cing 1a 1. p® ¢6 tan cung 13 1. nén: P®"
+ 3p*" — 4 ¢6 tan cung 1a 0. nén né chia hét cho 5
Néu p c6 tan ciing 1a 7 thi twong ty. tan cing ctia p*" va p®” ciing c¢6 tan cung 13 1. nén téng chia hét
cho5
Néu p c6 tan cting 1a 9 thi:p*" = 10k + 9*" = 10k + 81%" ¢6 tan cung 1 1va p® = (p'")? c6 tan clng
lal
Nén tong trén ciing chia hét cho 5.
Tom lai voi p nguyén t6 16n hon 5 thi tong ludn chia hét cho 5
Nhén xét chung vé phuong phap:
1. Tach a" dudi dang (10k + a1)" véi a1 = {0, 1,.....9}
2. Viétn dudi dangn=4q+r(r=0,1,2,3)
3. Str dung nhan xét 1, 2, 3 da chirng minh ¢ trén.
Vi du 4.8: Chirng minh rang n® va n ¢é chir s6 tan cung giéng nhau
Loi giai
Pé chirmg minh n®va n ¢ cing chir sb tan cung 1a di chimg minh n® —n : 10
Ta co: A =n°—n =n(n*1).(n*+1) = (n-1).n(n+1).(n?+1)
Tac6 10 =2.5va (2.5)=1
(n-1), n, n+1 12 céc sb tu nhién lién tiép
SuyraA: 2
Ching minh A : 5néun: 5thiA:5
Néu n:5dulsuyran-1:5 = A5
n: 5 du 2 suy ra n?+1 = (5k+2)?+1 = (5k)?+20k+4+1:5 = A5
n: 5 du 3 suy ra n? +1 =(5k+3)?+1 = (5k)?+30k+9+1:5 = A5



n:5du4suyrantl : 5 =A:5
Viy AI2VAAI5E < A 10
Vay n® va n ¢ cung chit s6 tin cing.

Dang 5: Van dung chir s6 tin cing vao bai toan chinh phwong
Vidu 5.1: Cho n = 2016 + 2017 4+ 2018> — 2019”. Chtrng minh » khong 1a s6 chinh phuong.

Phan tich:

DPé chimg minh n khéng la s6 chinh phwong ta chi ra sé nay c¢é chir sé tdn cing la 2,3, 7, 8.
Loi giai
Taco
2016° c6 chir s tan cung 12 6
2017%c6 chir s6 tan cung 14 9
2018 ¢6 chir s6 tan cung 14 4
2019 ¢6 chir s tan ciing 1a 1

= 2016° +2017° +2018° —2019° c6 chir sb tdn cung giébng véi chit s6 tan cing cla
64+9-+4—-1=18.

= 2016 4 2017° + 2018> — 2019 ¢6 chir s6 tan cing 12 8.
= 2016" +2017° +2018> — 2019° khong phai 1a sé chinh phuong.
Binh luén:

Bai toan ndy gido Vién co thé thay doi cdc co sé tuy thich sao cho tong hiéu cdac chit sé tin ciing

cua cac so trong tong hiéu la mot so co chir so tan cung la 2, 3, 7, 8.

Viéc chirng mot so n khong la so chinh phwong con co mot so cach khac:

0 Chitng minh ™ khéng viét dwoc duwdi dang K’ (kez).
0 Duwa vao phép chia cho 3,4,5,8.
3 ’ ’ 2
0 Chi ra n nam giita hai so6 chinh phwong lién tiép, ticc lak® <n < k+1 , ke N.

Vidu 5.2: Cho n =1.3.5.7...2021. Ching minh ring n + 3 khong 14 s6 chinh phuong.

Phan tich



Dé y ta thdy rang n 1a tich ctia cac s ty nhién 1& tir 1 dén 2021 nén n 1a sb 1¢, ma n chia hét cho
5 do don co6 chir sb tan cing 1 5. Vi thé bai toan ndy co6 thé van dung chir sb tan cing dé ching

minh n + 3 khong 1a s6 chinh phuong.
Loi giai
n:5,n 1é = chir sd tan cing cua n 12 5.
= n + 3¢6 chit s6 tn cung 1a 8.
= n + 3khong 13 sb chinh phwong.
Binh luan:

Bai toan nay co thé sir dung tinh chat mot sé chia hét cho 3 ma khong chia hét cho 9 thi s6 d6 khong

phai 13 s6 chinh phuong.
That vay, n:3 va n:9
= n + 33 nhung n 4+ 3/9

= n + 3 khong 14 s6 chinh phuong.

Vidu 5.3: Biét a € N va a > 2. Tim a sao cho a(a —1).a(a —1) = (a —2)aa(a —1).

Loi giai

” , 2
bang thirc da cho dugc viét lai nhu sau: a(a —1) = (a —2)aa(a —1).
Do vé trai 1a mot s6 chinh phuwong nén vé phai ciing 1a mot sé chinh phuong.

Mot s6 chinh phuong chi ¢ thé tan ciing bai mot trong cac chit s6 0,1,4,5,6,9 nén a chi co thé tan

cling boi mot trong céc chir s6 1,2,5,6,7,0 (1)
Do a 14 chit s6 nén a <9, két hop voi didu kién dé baitacoé a e N va 2 <a <9 (2)

Tur (1) va (2) suyra a c6 thé nhan duoc mot trong cac gia tri 5,6,7.

Thir tryc tiép voi @ = 5,6,7 chi co v6i a = 7 thi (a —2)aa(a —1) = 5776 = 76”.
Vi du 5.4: Tim s6 chinh phuong c6 4 chit s, biét rang chir s6 hang nghin bang chir sb hang don vi
va s6 chinh phuong d6 viét dudi dang (5n +4)* véi n € N.

Loi giai

S6 5n + 4 tan cing bang 4 hodc 9. Xét hai truong hop:



Trudng hop 5n + 4 tan cung bang 4 thi (5n + 4)’ tan cung bang 6. Can tim s6 c6 dang

6 **6 1a binh phuong ctia mot sO tan cung bang 4. Khong ¢ sd nao thoa man di€u kién trén vi

74 = 5476 < 6 * *6 < 7056 = 84°.

Truong hop 5n + 4 tan cing bang 9 thi (5n + 4)’tan cung bang 1. Can tim s6 ¢ dang

1**1 1a binh phuong cua mot sd tan cing bang 9. Ta thay 29° = 841 < 1 * *1 < 2401 = 49°, con
39” = 1521.
Vay s6 chinh phuong phai tim 1a 1521.
Vi du 5.5: Tim tét ca cac s6 nguyén duong n sao cho n! 42019 1a mot s6 chinh phuong. (O day
n!=1.23...n)

(Dé thi IMSO 2019)

Phan tich:

Bai toan yéu cau tim tat ca cac s nguyén duong n sao cho n! +2019 1a mot s6 chinh phuong nén
cac s6n 1a hitu han. Do d6 ta c6 thé tim tat ca cac cac s6 nguyén duong n sao cho n! +2019
khong 1a s6 chinh phuong, sau d6 thir tryc tiép cac gia tri n con lai vao n! +2019 dé tim ra n
thoa man yéu cau bai toan.

Loi gii
Dua vao nhan xét mot sb ¢ 2 chit sb 16 tan cung khong la s6 chinh phuong.
Néu n >5thi n!=1.2.3.4.5...nc6 hai chir s tdn cing 1a y0 trong d6 yla chit sd chin nén

n! +2019¢6 hai chir s6 1é tan cing nén khong 1a s chinh phuong.
Thir truc tiép véi n = 1,2,3,4 chico véi n =3 thi n! +2019 = 2025 = 45>,
Binh luan:

Bai toan nay ¢ thé sir dung tinh chat chia hét va chia c6 du.

[1Dya vao nhan xét mot s chia hét cho 3 nhung khong chia hét cho 9 thi khong 1a s6 chinh

phuong.

Néu n > 6thi n! =1.2.3.4.5.6...nchia hét cho 9.

Do 2019:3 nhung 2019/9



Nén véi n > 6 thi n! +2019 chia hét cho 3 nhung khong chia hét cho 9 nén khéng 1a sé chinh
phuong.

Thur truc tiép véi n = 1,2,3,4,5 chi co v6i n =3 thi n! +2019 = 2025 = 45°

[JDya vao nhan xét mot sb chia hét cho 4 du 3 khong 1a sb chinh phuong.
Do 2019chia hét cho 4 du 3 nén véi n >4 thi n! =1.2.3.4...n chia hét cho 4 va n! +2019chia
cho 4 du 3 nén khong 14 sé chinh phuong.
Thir truc tiép véi n = 1,23 chi co véi n = 3 thi n! 42019 = 2025 = 45 .
1. Pinh nghia s6 chinh phuong:
S6 chinh phuong 13 s6 bang binh phuong dung ctia mot s6 nguyén
2. Tinh chat s6 chinh phuong (tinh cht lién quan dén chit s6 tin clng)
- Sb chinh phuong chi co thé c6 chit s6 tan cung béng 0; 1; 4; 5; 6; 9 khong thé c6 chit s6 tan cung
bang 2; 3; 7; 8.
- S6 chinh phuong c6 chit s6 tan cung bang 1; 4 hodc 9 thi chit s6 hang chuc 1a chir sé chin.
- S6 chinh phuong c6 chit s6 tan cung bang 6 thi chir s6 hang chuc 14 chir s6 1é.
- S6 chinh phuong c¢6 chif s tan cling bang 5 thi chi s6 hang chuc 1a 2.
Vi du 5.6: Tim sb chinh phuong c6 4 chir sé gdm cac chit s6 0; 2; 3; 5

Loi giai

Mot s6 chinh phuong co chit s tan cing khong thé 1a 2 hodc 3.
Néu s chinh phuong c6 chir s6 tn cung 13 0 thi chit s6 hang chuc ciing 14 0.
Do d6 sb chinh phuong can tim c6 chit sé tan cung 1a 5.
Ma s6 chinh phurong c6 chit s tan cting bang 5 thi chir s6 hang chuc 14 2
Nén s chinh phuong can tim chi ¢ thé 1a 3025

Thir lai: 3025=55

Viy chinh phuong can tim 1a 3025

Vi du 5.7: Tim sb tu nhién c6 hai chir s6 biét rang khi nhan s6 d6 véi 135 ta duoc mot sb chinh

phuong.

Loi giai



Goi sb tu nhién can tim 1a ab 9<a_b<100; a;b<10
Theo d& bai ta c6 ab.135 14 s6 chinh phuong

C06 9.135< cﬁ. 135<100.135

= 1215 < ab.135<13500

C6 ab.135 la s chinh phuong chia hét cho 135 nén ab.135 14 s6 c6 chir s6 tan cung la 0 hodc 5

zz—1.22—1=2-22z2x z—1
—ab.135 € 35%:40%;45%;50%; 55%;60%:65°; 70°; 75°;80%; 85°; 90°;95*;100°;105%; 110*;115°
Ma ab.135 1a sb chinh phuong chia hét cho 135nén ab.135 € 45%90°

— ab € 15,60

Vay sb phai tim 13 15:60

Vi du 5.8: Tim s6 tu nhién n>1sa0 cho A=114214+3!+....4+n! 1a mot s6 chinh phuong.
Loi giai

Véi n=1 thi A=1!=1=1" la s6 chinh phuong

+) Vi n=2 thi A=1!+2!=3 khong 1 s6 chinh phuong

+) Véi n=3 thi A=1!42!43!=9=3 1a s6 chinh phuong

+)Voi n>4taco 1!+2!+3!+4! =33

Ma 51;61;7!;...;n! déu c6 tan cung 1a 0 do d6 A 1a sb c6 chir s6 tan cing 1a 3 nén A khong 1a sd
chinh phuong.

Viay n=1n=3



Vi du 5.9: Cho 5 sb chinh phuong bét ky c6 chir s6 hang chuc khac nhau con chir s6 hang don vi
déu 13 6. Chtrng minh rang tong céac chir sé hang chuc cia 5 s6 chinh phuong d6 1a mét sb chinh

phuong.
Loi gidi
S6 chinh phwong c6 chit s6 hang don vi 4 6 thi chir s6 hang chyc cua sé d6 1a sb 1¢.
Ma chit s6 hang chuc caa 5 s chinh phwong dé cho khac nhau
Vi vay chit s6 hang chuc cta 5 sé chinh phwong di cho 13 1; 3; 5; 7; 9 do d6 tong cua ching 1a:

14+3+547+9=25=5 1a s6 chinh phuong.

Vidu 5.10: Chimg minh rang N =2012"" +2013"" 4+-2014"" +2015"" khong phai 13 s6 chinh
phuong
Loi giai
Taco 2012" ¢o chir sé tan cing bang 6 nén 2012"" ¢6 chir s6 tan cung bang 6
C6 2013" ¢6 chir s6 tan cung bang 1 nén 2013"" ¢6 chit s6 tan cung bang 1
C6 2014" ¢6 chir sb tan ciing bang 6 nén 2014"" ¢6 chit s6 tan cing bang 6
Ma 2015"" ¢6 chit s6 tan cling bang 5

Do d6 N =2012"" +2013"" +2014"" 4-2015"" ¢6 chi s tan clng bang 8

Mit khac, khong c6 s6 chinh phuong nao co chit sb tan cing bang 8.
Vay N khong 1a s6 chinh phuong.
I11. BAI TAP
Bai 1: Tim chit s6 tin cung cua cac sd:
a) 799 b) 141414 C) 4567
Loi giai:

a) Trude hét, ta tim s6 du ctia phép chia 99cho 4 :

99 — 4'24 + 3 = 799 — 796+3 — 74.24+3 — 74.24.73
Tir két luan (II) = chir s6 tan cing ciia 7% chinh 1a chir s6 tan cing ciia 7° = 343 12 3.

b) Chit s tan cing cua 14 1a 4



Taco: 1414 = 4.353 +2

14" = 14" = 14*% 14° tir két luan (III) = Chit s6 tan cing cta 14" 13 chir s6 tan cing cia
12 6.

c) Taco: 567 = 4.141 + 3

477 = 4 — 443ty két Tuan (III) =Chit sO tan cung cia 4°7 1a chir sd tan cung
cia6.4’ =384 1a 4.
Bai 2: Tim chit s6 tin cling cua cac sd:
a) 187%. b) 127, c) 14,
Loi giai
a) Ta thiy cac s6 co tan cing bang 7 nang 1én luy thira bac 4 thi dugc s ¢ tan cung bang
1. Cac sb c6 tan cung bang 1 nang 1én luy thira nao (khac 0) ciling tan cung bang 1.

— 81 -

Dodé 187 = 187" " = .1 =..1

Vay chif s6 tan clng ciia 187 1a 1.
b) Taco: 1222 = 22,22
Nhén thay: 6' co tan cungla 6;
6> co tan cungla 6;
6° c6 tan cung 1a 6;
Vay 6" c6 tan cung 1a 6 suy ra 6 ¢6 tan cung 1a 6.
Lai co: 2" =16 c6 tan cung 1 6;
Suyra 222 — 20" —16™ ¢4 tan cing 1a 6

Vay 1220 — 6220920 _ 6 6 — 6 c6tancing la 6.

c) Ta thay: 14> = 2.7,

505

Ma: 22% — 9! 16™ = .6 ¢6 tan cing 13 6.

101

0 505 i
VarT™® =7 =49""= 49° =2401"" =...1 cotancungla 1.



Vay 147 = 6. ..1 cotan cingla 6.
Bai 3: Tim chit s6 tin cling cua cac sd:
al 77 b/ 144" o/ 3"
Loi giai
a/C6: 9" = 841 —=dk+1,v6i ke N
= 7" = 7% = 7.7% = 7.49% ¢6 chir sd thn cung 1a 7.1 =7.
b/ Taco 14" = 196" = 49.4 =4k voi ke N
= 14"" = 2% 7% —16".2401" nén c6 chir sd tan cing 12 6.

/C65 = 441" —4k+1véikeN

— 3" — 311 — 3.3% — 381" c6 tan cung 14 3.1 = 3.
Bai 4: Chung minh rang:

a/ 8'” —2'” chia hét cho 10.

b/ n* +n +1 khong chia hét cho 2015 véimoi n € N.

¢/ p*" + 3p*" —4 chia hét cho 5 véi p 1a sé nguyén td 16n hon 5 va n € N.

Loi giai

a/ Ta thay céc s 6 tan cling bang 2hodc 8 nang 1én luy thira 4 thi dugc s6 ¢6 tan cling 1a
6. Mot sb ¢6 tan cung bang 6 nang 1én luy thira nao (khac 0) ciing co tan clng bang 6.

Do d6 ta bién d6i nhu sau:

25 — 2% — —

87 = 8" &= .6 .64= ..6.64=..4cotancungla 4.

20 _ 91" 92 1684~ 6 .4=. 4 cotincungla 4.

Vay 8% —2'% ¢6 tan cung bang 0 nén chia hét cho 10.
b/ Ta thay so 2015™ ¢6 chir s6 tan cung 13 5, nén né chia hét cho 5
Taco n® +n+1=n n+1 +1 chicothéco cic chit sd tan cung 1a 1,3,7 (Vi n n+1

c6 tan cung 1a 0,2,6), nén n6 khong chia hét cho 5



Vay n’ +n + 1 khong chia hét cho 5 véimoi n € N.

¢/ Vi p 1a sd nguyén t6 16n hon 5 nén tdn cing cta p chi c6 thé 1a cac chir s6: 1;3;7;9.
-Néu p co tan cing 1a 1 thi p*" + 3p™ — 4 6 tan cing 1a 0 nén no chia hét cho 5;
-Néu p co tan ciing 1a 3 thi p*" =10k + 3*" = 10k + 81" c6 tan cing 1a 1;

p*" 6 tan ciing 1a 1, nén: p™ + 3p™ —4 ¢6 tan cing 1a 0, nén no chia hét cho 5.

4an

-Néu p co tan ciing 1a 7 thi tuong ty: tin cung ciia p*" va p™ ciing co6 tan cung 1a 1, nén

tong o chia hét cho 5.
-Néu p co tan ciing 13 9 thi: p* =10k + 9" = 10k + 81>" c6 tan ciing 1 1 va

4dn N . Z
p* = p*  cotancungla 1, nén tong trén cling chia hét cho 5.

Tom lai voi p 1a sb nguyén t6 16n hon 5thi p*" 4 3p™ — 4 ludn chia hét cho 5, véi
neN.
Bai5: Tim hai chit s6 tan cing cua 5"
Loi giai
Vi 25 lily thira bao nhiéu 1én ciing c6 tan cung la 25 nén ta tim cach tach 5" thanh tich cia lily

thira c6 co s6 25 va mot bo phan con lai: 5" = 505 = (5%)™.5 = 25"".5

Vi 25" ¢6 hai s tn cung 1a 25 ma 25.5 = 125 nén 25°”.5 ¢6 hai s6 tan cung 1a 25
Bai 6: Tim hai chif s6 tan cliing cua 247

Loi gia
Vi 24*" 1a mot sb tu nhién chén nén dit 24%* = 2k ( k 1a s ty nhién du 16n), tir d6

247" = 247 = (24*)" = 576"
Vi nhing s6 tu nhién c6 tan cung bang 76 thi lily thira 1én bao nhiéu ciing 13 sb c¢6 tn cung bang 76
nén hai chit sé tan cung cua 24> la 76
Bai 7: Tim hai chif s tan cing cia 45™° 4+ 11
Loi giai

Taco



452 — 45 " 2025 — .25
= 45" +11=......... 36

Hai chir s6 tan cung cia 45™° +11 1236
Bai8: Cho A=2+2"+2° +....+2%
Tim hai chit s6 tan cing cua A
Loi giai
A=2+2"+2° +....+2%

2A=2"4+2"+......... +2%
A=2"_2

Co 2V = 2% g 1048576, ma nhitng s co hai s6 tan cing 1 76 nang 1én lily thira khac 0 déu
bang s6 tw nhién co hai s6 tan cung 1a 76 nén 2" ¢6 hai s6 tan cung 14 76. T d6 A = 2" —2 ¢6
hai s6 tan cung 1a 74
Bai 9: Tim hai chit s tn cing cta 7%
Loi giai
TN =77 = (71)"7.343 = (2401)7.343 = .....01.343 = .....43
Vay hai chit s6 tan ctng cta 71991 13 43
Bai 10: Tim hai chit s6 tin cing ctua 51

Loi giai

51" = 51°.51 = (51°)*.51 = (.....0)® .51 = .......0L51 = .....51
Vay hai chit s6 tan ciing cia 517" 12 51
Bai 11: Tim hai chir sb tan cing cia 99%"

Loi giai

Vi 99% 1a's6 1é nén dat 99” = 2k +1. Tacod

99 . k
99%" = 99*""" = 99°".99 = (99°)".99 = .9801 .99 = ......01.99 = ....99

Vay hai chit s6 tan cung cua 99™” 1399



Bai 12: Chung minh rang 45 + 11 chia hét cho 4
Loi giai
Taco

4550 = 45° . 2025'"% = ....25
=455 4+ 11 =......... 36

Vi ¢6 hai chit s6 tan ciing 1a 36 ma 36 chia hét cho 4 nén 45™° 4 11 chia hét cho 4
Bai 13: Tim hai chir s6 tan cing cia cac sb:
a) 2 b) 77

Phan tich:

a) Do 2 1a s6 chén, ta tim sb tu nhién n nho nhét sao cho 2" ':25.
Viét m = p" +q p;qg € N , trong d6 q 1a s6 nho nhat dé a% : 4 ta co:
T = 22003 — 2q (2])% o 1) _|_ 2(]
trong d6 27(2" —1):100
b) Néu 7° 1¢, goin 1a sb tu nhién sao cho 7"':100.
Vietm=u"+v wweN,0<v<n taco z=7" =7"(7" —1) +7".
Trong do 7°(7"" —1):100

Loi giai:
a) Tacd
2" =1024 =2 +1=1025 : 25 =2* —1= 2" 4+1 2" —1:25
=2° 2 —1:100
Miat khdc: 22 = 23(22 1) 4 2% = 29[(2°)® —1]4+2° =100k +8 (k€ N).
Vay hai chir sb tan cung cta 2°™* 12 08.

b) Cach 1: Taco 7" = 2401 = 7' —1 = 2400:100
Mit khac: 9" —1: 4 = 9’ =4k +1(k €N)

Vay 79 = 7" = 7(7% —1)+7 =100¢ 4+ 7 (g € N). Vay hai chit s6 tan cing cia 7° 12 07.



Cach 2: Taco 7* = 2401, s o tan cung bang 01 nang 1én liiy thira nao ciing ¢é tan cung bang 01.
Do do

9 k :
7o ot e o401 7= 01T =..07

Vay hai chit 6 tan cling caa 7% 13 07.

Bai toan twong tu:
Tim hai chit s6 tan cing cia cac sb:
a) 37 p) 7T
Bai 14: Tim hai chir s6 tan ciing cia cac s6:
a) 2 b)3¥

Loi giai:

a) Cach 1: Ta thay rang 2" = 2'"° : 2. Mit khac ta c6:
+) 2% chia 25 du 1, do d6 hai chit s6 tan cung cta 2" ¢6 thé 1a 01;26;51;76
+) 2" 13 boi cua 4

21000

Suy ra ¢6 hai chit s6 tan cung phai la 76.

Nhu vay hai chir s6 tan cung ctia 2 ¢6 thé 1a 38 (= 76 : 2) hodc 88 (= 176 : 2). Nhung do 2"
cling 1a boi ctia 4 nén hai chit s6 tin cling cta né 1a 88.

Céch 2: Taco 2'° = 1024, binh phuong cta hai s6 ¢ tan cting bang 24 thi tin cing bang 76, s6 c6
tan cuing bang 76 thi nang 1én iy thira nao (khac 0) cling c6 tan cung 1a 76. Do d6

50

100 50
900 _ 910 " 1904 ™ = 10242 " = 76" = .76

Lam tiép tuc lam nhu Céch 1

b) Taco

3' = 81 = —19(mod 100);
3° =19° = 61(mod 100)

3" = 61.9 = 49(mod 100)
3" = 49" = 01(mod 100)



Nghia 12 hai chir s6 tan cing caa 3" 12 01. Vi 3" 13 boi cua 3, nén chir s6 hang trim cta nd khi
chia cho 3 phai cho sb du 1a 2 (chia tiép thi s6 201 chia hét cho 3, néu s6 du 14 0 hay 1 thi s6 001,
101 khéng chia hét cho 3). Vay sé 3" = 3" : 3¢6 hai chir sb 1an cung 1a 76 (=201:3).
Bai 15: Tim hai chit s6 tin clng cua tong:

G =120 4 9202 4 32002 4y 90047

Loi gii:

Dé théy, néu a chin thi a® chia hét cho 4 ; néu a 16 thi o' — 1 chia hét cho 4 : néu a chia hét cho
5thi a” chia hét cho 25.
Mit khic, véi moi a € Nva (a,1) =1(a,5) =1tacda™ —1 : 25 =a' -1} 25,
Vay voimoi a € Ntacda®(a'” —1):100.
Do d6 § = 1" +2%(2° —1) +... +2004%(2004™° —1) +2* +3° +... +2004 .
Vi thé hai chir s6 tn cting ctia tong S ciing chinh 14 hai chit s6 tin cing cta
tong1” 4+ 2° + 3° +... 42004 . ap dung cong thirc:

nn+1l 2n+1
6

12 +2% + 3% + ... +2004° =

=17 427 + 3 4 ... + 2004 = 2684707030
Vay hai chit s6 tan ciing cua tong S 1a 30.

Bai toan twong tu:

Tim hai chit s6 tan cung cta tong: S = 17 4+ 2°°% 4+ 3%% 1 4+ 2004*""
Tim hai chit s6 tan cling caa 2°°° + 220 42717

Loi gidi:
Ta C(’) 22015 _'_ 22016 _'_ 22017 — 22000 (215 + 216 + 217) .

Ta lal Cé 22000 — (220 )100 .

100 e
Vi 2% =76 mod100 nén 2 = 76(mod100)hay 2" c6 hai chir s6 tan cung la 76. Tir d6
suy ra hai chit s6 tdn cling ctia tong trén 14 hai chit s6 tan cung cua tich 76.76 12

Bai 16: Tim ba chir sb tan cing cia 3%,

Loi giai:



Do 9,5 =1=>9""-1: 125 (1)

Ma 9" - 1:8 2.

Laico 8, 125 =1,

tur (1) va (2) suy ra:

9" —1 11000 => 3¥*= gWI= girTN_ g¥gwr _1) 4 9¥

= 1000¢ + 9 p, ¢ € N .

Vay ba chit s6 tan cung ctua 3*°*. cling chinh 1a ba chit s6 tan cung cua 9”.

Laivi 9" — 1 : 1000 => ba chir s6 tan cung cta 9' 12001 ma 9% = 9'" :9 => ba chir s6 tan

cung cua 3** 12 889 (d& kiém tra chir s6 tan cung cia9” 14 9, sau d6 dya vao phép

nhan 779.9= ..001??97.9=...001" dé xé4c dinh ??79=889779 =889 ).

Vay ba chit s tan cung ctiia 3*7* 1a 889.
Tim 3 chir s tan cing ciia A = 3.7.11...2011
Loi giai:
Goi z1a 3 chirsb tan cung ciia A, tacé A = 2(mod1000)va z 1¢.

Vi trong A chtra 15, 35, 55 nén A: 125 = z:125 = x € 125;375;625;875

Ta co:
A=3711..2011 = 3.(4.1 + 3)(4.2 + 3)...(4.502 + 3)
= 3.7 3.7..37.3=5.5...5.3=1.1...1.5.3 = 7(mod 8)

251

251

= 2 = 7(mod8) = x = 375
Vay 3 chit s6 tan cung cua Ala 375
Bai 17: Tim 3 chit s tan clng 1 tich A ctia 11 s6 nguyén dwong dau tién.
Loi giai:
Tacé: A=1.234...11
Trong biéu thirc A c6 thira s6 2; 5; 10 nén A chia hét cho 100

Viy 2 chit s6 tin cing cua A 1a 00.
Ta co: A 134678911 =26789.11
a co: 100 ....... = 4.0./(.0.Y.

=2.7.8.9.11=4.8.9.11=2.9.11 = 8.11 = §(mod 10)

Viy 3 chit s6 tan cung cua A la 800.
Bai 18: Chimg minh rang 8% - 21%2 chia hét cho 10



Loi giai
Ta thay cac sb c6 tn cung bang 2 hodc 8 nang 1én luy thira 4 thi duoc sd ¢6 tan cing 1a
6.Mot sb c6 tan cung bang 6 nang 1én luy thira nao (khac 0) ciing tan cung bang 6.
Do d6 ta bién ddi nhu sau:
8102 =(8%)2°.82 = (....6)%.64=(....6).64 = .. .4
2102 =( 2425 22=16%4 =(...6).4=...4
Vay 8192 -2192 tap cung bang 0 nén chia hét cho 10
Bai 19: Ton tai hay khong sb tu nhién n sao cho n? + n + 1 chia hét cho 199520%,
Loi giai
Theo tinh chat 1a => 1995%°% tan cung bai chit s6 5 nén chia hét cho 5.
Vi vay, ta dat van dé 1a liéu n® + n + 1 ¢6 chia hét cho 5 khong ?
Tacon?+n=n(n+ 1), 1a tich ctia hai s6 tu nhién lién tiép
=> Chir s6 tan cung cian® + nchicothé1a0;2 ;6
=>n+n+1 chicéthéténcfmglél 1;3;7
=>n?+n+ 1 khong chia hét cho 5.
Vay khong ton tai s6 tu nhién n sao cho n? + n + 1 chia hét cho 19952°%,
Bai 20: Chung minh rang 26*°7 chia hét cho 8
Loi giai
Ta thdy:26°= 11881376 , s6 co tan cling bang 376 nang 1én luy thira nao(khac 0) ciing c6 tan
cung bang 376.Do dé:
261°70=(26°)31=(...376)%1=(...376)
Ma 376 chia hét cho 8
Mot s6 o ba chit s6 tan cung chia hét cho 8 thi chia hét cho 8
Vay 26'°0 chia hét cho 8
Bai 21: Chung minh s6 n = 2004 4 2003” + 2002> — 2001” khong phai 14 s6 chinh phuong.
Phan tich:

S6 chinh phuong chi c6 chit sé tan cung 1a 0,1,4,5,6,9 néu cac s6 tan cung 1a 2,3,7,8 thi khong
phai 14 sé chinh phuong.

Loi giai
Ta thiy chir s6 tan cling cua cac s6 2004%,2003%,2002%,2001% lan lugt 1a 6,9,4,1. Do d6 s6 n co

chir s6 tan cing 1a 8 _8nén n khong phai 1a s0 chinh phuong.

Bai 22: Ching t6 ring A = 14" 497 2% khong phai 14 sé chinh phuong.



Phan tich:

- 86 ¢6 chir 56 tdn cing la 3 khi ndng lén lily thira bdc 4n + 3 sé ¢6 chit s6 tdn cung la 7 ; s6 c6

chi s6 tn cing la T khi nang lén lily thira bdc 4n + 3 s€ c6 chik s6 tdn cing la 3 .

- SO ¢0 chir so tan cung la 2 khi nang lén liiy thira bdc 4n + 35€ co chit so tan cung la 8 | 5O co

chit s6 tn cing la 8 khi ndng lén lily thira bdc 4n + 3 s€ c6 chik s6 tan cing la 2.
- Cdc $6 ¢6 chir so tan cing la 0,1,4,5,6,9, khi ndng lén liy thira bdc 4n + 3 sé khéng thay doi
chir s6 tdn ciing.
Loi giai

A=14"" 197 427
Taco: 14" ¢6 chit sb tan cung 13 6

9% ¢6 chit sé tan cung 14 9

2% ¢6 chir sd tan cung la 2
Suyra Acochirsdtancingla 64+9+2 =..7
Vay A khong phai 1a s6 chinh phuong.

Bai 23: Chung to rang C = 5+ 5> +5° + 5" +... + 5" khong phai 1a s6 chinh phuong.

Loi giai

C=5+5+5+5"+...+5"
Tacd: 5+5" +5° +5" +...+55
5 +5° +5" +...+ 57725
C =5+5 45" +5" 4 ... + 5 khong chia hét cho 25

Vay C khong phai 14 s§ chinh phuong.



Bai 24: Ching minh 1234567890 khong phai 1a s6 chinh phuongLoi giai

Ta thdy s& chia hét cho vi chir s6 tan cting 13 nhung lai khong chia hét cho vi hai chit s6 tan ciing

1a . Vi vdy, s6 khong phai 1a s chinh phuong.

Loi giai
Ta thay s6 1234567890 chia hét cho 5 vi chir s6 tan ciing 12 0 nhung lai khong chia hét cho 25 vi
hai chir s6 tan cing 13 90. Vi vy, s6 1234567890 khong phai 13 s6 chinh phuong.

Bai 25: Cho B=1+3+45+7 +... +2021 ching t6 B 1a s6 chinh phuong.

Loi giai
B=14+3+5+7+...42021
38 6 hang: 2021 -1 L1— 202;-1—1
2
Téng B— 2021+1.2021+1 _ 2021 +1 10112
2 2
Vay B 1a sb chinh phuong.
Bai 26: Cho A =200. 9% 492 4 9*" ... + 9> +9 41 . Chimg minh rang A + 25 la
s6 chinh phuong.
Loi giai
bat B =9"" 497 49" .. +9°4+9+1
= 9B =9 49" 4 . +9 +9°+9
92014 1

=8B=9"-1=B=
92014_1

= A = 200.B = 200. —25. 9% 1
2
= A+ 25 =259 = 597

Vay A+25 1a s6 chinh phuong.



B.BAI TOAN TRONG DPE THI HSG VA CHUYEN TOAN 6
Bai 1.

a) Tim hai chit s tan cling caa cac s6 sau: 2'%; 74

b) Tim 4 chit s6 tn cing cta sé sau: 5%
Bai 2. Tim chit s tan clung cua cac sd sau:
a) 571999 b) 931999
Bai 3.
Cho S=1+3+3+3+...+3%+3"%
Tim chit s6 tan cing caa S
Bai 4. (Pé HSG 6 trieong Lé Quy Pén niam 2014-2015)
Tim hai chit s6 tan cing cta 2'%?
Bai 5. (DéHSG 6 truong V6 Thi Sau nim 2014-2015)
Cho A=2+22+23+2%+ ...+ 2% Tim chir s6 tan clng cua A.
Bai 6.
Tim chir s6 tan cung ciia cac sd sau:
a) 57201 b) 9319%
Bai 7. (Pé HSG 2019-2020)
Tim chir s6 tan clng cia cac sb sau:
a) 57 b) 931
Bai 8. (Pé HSG 2017-2018)
Cho A=5+5%+......+ 5%. Tim chit s6 tn cung ctia A
HUONG DAN
Bai 1.
a) Tim hai chir s6 tan cing caa cac sé sau: 2'°; 7%
b) Tim 4 chir s6 tan cuing cua sb sau: 5%
Léi giai
a) *Tim hai sé tan cung cua 2'%°
2'° =1024, binh phuong cta hai s6 ¢6 tan cung 1a 24 thi tan cing bang 76, ¢6 s6 tan cung bang 76

nén nang 1én liiy thira nao ciing bang 76.

10

Do dé: 2% =(2°)" =(1024?)’ =(....76)" =.....76

Vay hai s6 tan cing caa 2'®1a 76.

*Tim hai chit s6 tan cung cua 7



Tathdy 74 = 2401, s6 c6 tan clng bang 01nang 1én lity thira nao ciing bang 01.

497

Do dé: 7% =7%.7° =(7*)"" 343=(...01)" .343=(...01).343=......43

71991

Vay 7" ¢4 hai s6 tan cuing bang 43.

b) Tim 4 sb tan cung cua 5%

498

Taco: 5°% =(5') " =0625"" =....0625

Bai 2. Tim chit s tin cing cta cac sb sau:

a) 571999 b) 931999

Loi giai

a) Taco: 7% =(74)" .7° = 2401*%.343 = nén chir s tin cing 14 3

71999

Vay so 5 c6 chir 0 tan cung la 3

b) 39 = (34 )499 .3 =81 27nén c6 chir s tan cung 1a 7
Bai 3.
Cho S=1+3+3"+3+....+3%+3%
Tim chit s6 tan cung caa S
Lo gii

S=(1+3+3 +3")+ (3" +3°+3° +3")+ ...+ (3" +3%+3° +37)+ 3% +3%
Céc tong 4 sé hang déu chia hét cho 10, do d6 tan cuing bang 0
Mat khac: 3® +3% =37 +3%3=..1+...1.3=...4
Vay S c6 tan cing bang 4
Bai 4.(Pé HSG truong Lé Quy Pén nam 2014-2015)
Tim hai chit s6 tan cliing cua 2'%?

Lo giai
Taco: 2°0=1024; 2 =(2°)" =1024° =(1024?)’

Ma 10247 c6 hai chit s6 tan cung 1a 76
=>(1024%)% ¢6 hai chir s6 tan cung 13 76

2'% ¢6 hai chit s6 tan cung 1a 76

Vay
Bai 5.(Pé HSG 6 trirong VO Thi Sdu niam 2014-2015)
Cho A=2+22+2%+2%+ ...+ 2% Tim chir s6 tan cling cua A.

Loi giai
A2=0Q2+22+23+2%+ .. . +2%0).2=22+28+24+25+ ... +2%,



Nén A2 - A=2%1-2

=>A=2%2-2

Taco: 22l = 245+ = (2%5 . 2 = 16 .2

.. 16° co tan cling 12 6 . Nén 16° . 2 ¢0 tan cung 1a 6. 2 c6 tan cling 1a 2.

Vay A c6 tan cung la 2.

Bai 6.

Tim chit s6 tan cung cua cac sb sau:

a) 57201 b) 931999

Loi giai

a) Tim chi s tan cling cta s6 57201

Xét 79011 ta c6: 720U = (7459273 = 2401592, 343

Suy ra chif s tan cing bang 3

Vay s6 571 ¢6 chir sb tan cing 1 3.

b) Tim chif s6 tan cling cua s6 939

Xét 3199: ta co: 31999 = (34499, 33 = 81499 27

Suy ra chif s tan cing bang 7

Vay s6 319% ¢ chir s6 tan cung 13 7.

Bai 7. (Pé HSG 2019-2020)

Tim chir s6 tan clng cia cac sb sau:

b) 57 b) 93

Loi gidi

a) Taco: 7% =(7¢)".7° = 2401*%.343 = nén chir s6 tan cing 14 3

Vay s6 57" ¢6 chir s6 tan cing 1a 3

b) 3% = (3*)™.3° =81*".27 nén ¢6 chi s6 tan cling 14 7

Bai 8. (Pé HSG 2017-2018)

Cho A=5+5% +......+5%. Tim chit s tdn cing ctia A
Loi gidi

A=5+5"+....+5° =5A=5"+5"4 ... +5° +5¥

97
:>5A—A=5‘”—5:>A=5 5

Ta co: 57 ¢o chit s6 tan cung 1a 5= 5% —5¢6 chir sb tan cung 13 0

Vay chif s tan clng ctia A 13 0.



