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Chii dé 1. CHUNG MINH MOT BIEU THUC LA SO TOI GIAN

* Phwong phap: ) ) ‘ N
Dé chirng minh phén s6 da cho t61 gian, ta s&€ chimg t6 rang tir va mau chi co UCla *1
- Mot s0 tinh chat can stir dung khi ching minh:
+Néunéud = UCLN(a; b) thi a:dva b:d, khi d6 ta co: (atb)id
+Néu a‘dthika :dvaa"id
e Bai tap ap dung

, , 342 .,
Bai 1. Chitng minh véi moi sé nguyén n thi phin s6 ——~"— la phan sé téi gian.
n +3n"+1
HD:
Pé chirng minh phan s6 da cho toi gian, ta sé chirng t6 rang tr va mau chi co UC 1a +1
Goi d 1a wdc chung ciia n’ +2n va n* +3n” +1.
Ta co: n3+2nfd:>n(n3+2n)fd:>n4+2n2§d (1)
n4+3n2+1—(n4+2n2)=n2+1 : d:>(n2+1)2 =n*+2n°+1:d (2
Tir (1) va (2) suy ra: (n*+2n° +1)—(n*+2n*)id=>1id=>d==1
3
Vay % 1a phan sb t6i gian
n" +3n" +1
Bai 2. Chirng minh voi moi so nguyén dwong n thi:
n*-1 R S, fe ., bn+1 . .. < .z ..
a) ———— la phin so khong toi gian. b) la phan so toi gidn.
n+n+1 8n+1
HD:
n-1)(n’+n+1 n-1)(n’+n+1 n-1)(n’*+n+1
a) Tac()( )( )— ( )( ) — ( )( )

n’—n’+n’+n+l1 _nZ(n3—l)+(n2+n+l) _(n3—n2+1)(n2+n+1)
5113—_1 1a phan s6 khong t6i gian.

vi v6i s6 nguyén duong n thin® +n+1>1 nén
n’ +n+1

b) Pat UCLN(6n+1;8n+1)=d v6ide N’
= 6n+1:d=24n+4:d
8n+1:d = 24n+3:d
= (24n+4)-(24n+3)id o lid=d=1.
= UCLN(6n+1; 8n+1)=1=> Phan s6 da cho 1a phan s0 toi gian.

2

Bii 3. ChoP =" +54 véi n la s6 tw nhién. Hay tim tit cd cdc so tw nhién n trong khodng tiv 1
n+
dén 2020 sao cho gid tri ciia P chwa ti gidn.
HD:
2
Ta co: P == +4=n—5+ voin e N
n+5 n+5
Dé phan s6 P chua t6i gian thi UCLN(29; n+5)=d (d#1)
Khidon+5:d va29:d=d=29=n+5:29
Hayn+5=29k(keN")=n=29-5
Bién soan: Trdn Pinh Hoang 0814000158
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Ma 1<n <2020 =1<29k -5<2020 < 29k <2025

-0 k<0 Ske {1,2,3.....69}
29 29

Vay cac sb ty nhién n can tim c6 dang n =29k -5vdi ke {1; 2; 3;....;69}

la phén thirc téi

Bii 4. Cho phéin sé % la phén thirc téi gian. Chirng minh phéin so p—
gidn.

HD: Gia sir m, n 14 cac s6 nguyén va UCLN(m, n) = 1 (vi % ti gian)
Goid=UCLN(m, m +n),khidotaco: (m+n):dvim:d=[m+n)-m]=n:d

= d€eUC(m,n)=>d=1(vi2 tigian).
n

cling 1a phan thtc tbi

A X A , m \ A , A .o \ A i
Vay néu phan thuc — 1a phan thirc t61 gian thi phéan thirc
n

m-+n
gian.
L. , . N . . X . n o 100’ +9n+ 4 .
Bai 5. Chirng minh rang voi moi so tw nhién n thi phan so > t0i gidn
20n" +20n+9

HD: Goidla UCLN cta 10n* +9n+4va 20n’ +20n+9
{10n2+9n+4§d {2On2+18n+83d

: . : .
20n’+20n+9:d 20n*+20n+9:d

Mitkhac: 2n+1:d=4n* +4n+1'd=20n*+20n+5:d=>4:d, mad1énénd=1
Vay phan sb trén tdi gian

= 2n+1:d= dlasd ty nhién 1é

e Bai tap tw gidi:

7 2
Bai 1. Chirng minh rang phén sé 118+—n4-]1 khéng toi gican véi moi s6 nguyén dwong n
n +n+
Bai 2. Chirng minh rang cdc phdn sé sau téi gian véi moi sé tw nhién n.

2) 3n+1 b) 12n+1 5 2n2+1 d) 3n+1
Sn+2 30n+2 2n" -1 Sn+2
—n—+3 2n+1 3n—2 2n+5

e) f) g h)

n—4 5n+3 4n -3 3n+7

. 3n . 2n-—1 Sn+7

i) ) k)
3n+1 4n° -2 Tn+10

Chii dé 2. TINH GIA TRI CUA PHAN THUC DAI SO
Dang 1. Tinh gid tri biéu thirc théa man diéu kién cho trwde ciia bién.
a. Phwong phdp: Bién d6i diéu kién roi thay vao biéu thirc da cho hoic bién doi biéu thirc da
cho lam xuat hién biéu thirc ctia diéu kién.

b. Bai tdp dp dung

. 1 . s
Bai 1. Tinh gid tri biéu thirc A = X+ —» biét rang:
X

a) X+l=3(X¢O) b)%+x2=14(x;t0).
X X

Bién soan: Trdn Pinh Hoang 0814000158
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HD:
a) Ap dung HDT: A +B’=(A+B)’ ~3AB(A +B) bS: A=18
b) Ap dung HDT: A*+B” =(A+B) -2AB va A’+B’=(A+B)(A’+ AB+B’)

1, (1 Y 1Y 1
Tadugc: 5 +x"=|—+x | -2=| —+x | =16=>—+x =44
X X X X

Voi x <02 Lt x = —4thi 4+ x = —4.(14-1) =52
X X

Véi x>0:l+x:4thi L3+x3 :4.(14—1):52
X X
2

Bai 2. Tinh gid tri biéu thirc A = x° —1—% via B=x’ +—
X X

X N A > ~ P on 1
Cho biét x la so thue dwong théa mén dieu kién x* + —5=1.
X
2

1 1 1 1
HD: Tu x2+—2:7<:>x2+2+—2:9<:>[x+— =9=x+—=3 (vi x>0)
X

X X X

Ta c6 {x+l][xz+L2]:3.7<:>x3—|—%+x+l:2lz>x3+L3+3:21:>A:18
X X X X X

Ta co: {xz +i2][x3 +L3]:7.18<:)x5+%+x+l:126
X X X X

:>XS+L5+3:126:>B:123
X

Bii 3. a) Cho a +b=2va a’ +b’ = 20. Tinh gid tri ciia biéu thirc M = a* + b*

b) Cho a+b+c=0va a’ +b’ +c’ = 14. Tinh gid tri ciia biéu thirc N =a* +b* +¢*
HD:

a) Tir a’+b>=20=(a+b) ~2ab=20 < 4-2ab=20=ab=-8
M=a'+b'=(a+b) —3ab(a+b)=2"-3.(-8).2=56

b) Tir > +b”+¢’ =14 = (a’ +b% +¢?) =196
=a'+b'+c' =196-2(a’b’ +b’c’ +c%a’)
Ta lai c6: a+b+c:0:>(a+b+c)2=0:>a2+b2+cz+2(ab+bc+ca):0
:>ab+bc+ca:—7:>(ab+bc+ca)2:49
= a’b’ +b’c’ +c’a’ +2abc(a+b+c) =49 = a’b’ +b’c’ +c’a’ =49
Do d6: N=a*+b* +c¢* =196—2(212b2 +b*c? +02a2):196—2.49:98

Bii 4. a) Cho a—b = 7. Tinh gid tri ciia biéu thitc M = a* (a+1)—b2 (b—1)+3ab2 —2ab—-3a’b

b) Cho x* + x =1. Tinh gid tri biéu thirc Q = x° +2x° +2x* +2x° +2x* +2x +1
¢) Cho hai s6 x, y théa min: x* + x*y* -2y =0vax* +2y* —4y+3=0.Tinh Q=x"+y’

Bién soan: Trdn Pinh Hoang 0814000158
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HD:
a) M=a’+a’-b’-b’ +3ab(b—a)—2ab:(a—b)(a2 +ab+b2)+a2 +b” +3ab(-7)—2ab

=7(a’ +ab+b’)+a’ +b*—23ab=8(a—b)’ =8.7° =392
b) Ta co: Q=X2.(X4+2X3+X2)+(X4+2X3+X2)+X2+X+X+1
zxz(x2+x)2+(x2+x)2+x+2:x2+x+3:4 Vay Q=4

0 T X +x%y’ —2y=0=x>= 22y <1=-l1<x<1 (1)

y +1
42y —4y+3=0=>x’ =-1-2(y-1) <-1=>x<-1 (2

Tr(HvaR)=>x=-1=x"=1

x* =1 5
. =Sy -2y+1=0=>y=1=y =1.Vaiy Q=x"+y’ =1+1=2
Ta co: {x2+x2y2—2y=0

> X ’
Bii 5. a) Tinh gid tri ciia biéu thire P=""2_ Biér x* —2y'=xy(x+y=0,y=0)
xX+y

b) Cho a va b théa man: a + b = 1. Tinh gid tri ciia biéu thitc B =a* +b* +3ab
HD:
a) Tu gia thiét x> —2y” = xy < x* —xy —2y° =0<:>(X+y)(x—2y)=0
Vix+y#0nén x-2y=0& x=2y

Khids p=2Y"Y_Y _1

2y+y 3y_§
b) Ta co: B:a3+b3+3ab=a3+b3+3ab.1=a3+b3+3ab.(a+b):(a+b)3 =1
b
Bii 6. a) Cho 4a’ +b* = Sabva 2a > b> 0. Tinh P=ﬁ
a —
b) Choa>b>0vi 2(a* +b) =5Sab Tinh gid trj ciia bidu thirc: P=2=">
2a+b
HD:
s , b=4a
a) Bitn doi dugc: 4a” +b” =5ab < (4a-b)(a—-b) =
=a
. R . a’ 1
Ma2a>b>0=4a>2b>bnéna=>b. Vay taduogc: P:4 —— =§
a’—a
e 2 12 2 2 b=2a
b) Bién doi duoc: Z(a +b )=5abc>(2a —4ab)+(2b —ab)=0c>
a=2b

Truong hop b =2a. (Loai) via>b>0
3a-b_6b-b_,

Truong hgp a=2b. Tacéd: P=

2a+b 4b+b
Bii 7. a) Cho a > b > 0 théa min 3a’ + 3b> = 10ab. Tinh gid tri ciia biéu thirc P =2 _z
a+
, co . 2x? - 3xy
b) Cho 2x+y=11z;3x—y=4z. Tinh giatri Q =————.
x +3y
Bién soan: Trdn Pinh Hoang 0814000158
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2 2
0) Cho a, b thia man 5a*+2b* = 11ab vi b>2a>0. Tinh GT ciia bidu thire A="5—>"-
a +za
HD:
o Xeét P = (a-b)" a’-2ab+b> 3a’+3b>—6ab 10ab—6ab 1
(a+b)’ a’+2ab+b> 3a’+3b’+6ab 10ab+6ab 4

Via>b>0:>P>O:>P=%

b) Tu2x+y=11zva3d3x—y=4z suyraSx=152=x =3z
Tu2x+y=1lzvax=3zsuyray=>5z

2x* -3xy 182" —452° -9

x* 43y’ T 92 +7522 28

5a=b (théa min)

Thay vao biéu thirc Q ta dugc: Q =

¢) Tirgia thiét: 5a” +2b° =1lab < (5a—b)(a—2b)=0 < [

a =2b (loai)
2 2
Thay Sa=b vao A ta duqc:A:M:—ll
a“+10a
Bai 8. Cho a’ +a+ 1= 0.Tinh gid trj ciia biéu thirc P =a>"" +—
a

HD:
a) Tra’+a+1=0 véi a=1 taco: (a—l)(a2+a+1)=0:>a3—l=O:>a3=1

o 671
Talai co a*" = (a3)

1 1
Do d6: P=a" + o =(a3)671 +W:1+1 =2

Bidi 9. Cho biét 10x* +5x = 3. Tinh gid tri biéu thirc A= 2x-1 5-x (véi x;til)
3x-1 3x+1 3
HD:
TacézA:(2X—1)(3X+1)+(5—X)(3X—1):6x2+2x—3x—1+15x—5—3x2+x
(3X —1)(3X + 1) 9x* -1
3 415x-6_3(x7-5x-2) )
9x* -1 9x* -1

Tir diéu kién10x? +5x +3 = 5x =3—10x" thay vao (1) ta dugc:
3(x*+3-10x"-2)  3(1-9x%)

9x? —1 9x? —1

2016x+2017y

Bai 10. Cho 0 <x <y va2x*+2y’ =5xy. Tinh gid tri ciia P = Tx—2
X—zy

HD:
Phéan tich: Quan sat, ching ta nhan théy gia thiét chira da thirc bac hai dbi véi bién x, y, con
két luan 13 phan thirc ma tir va mau 13 da thirc bac nhat dbi voi bién x, y. Do vay chung ta
tim moi quan hé gita x va y tir gia thiét dé biéu dién x theo y hoic nguoc lai. Vi suy nghi
4y, chung ta phén tich da thtrc thanh nhan tir tir didu kién thi hai.
Ta ¢6: TUr 2x° +2y” =5xy < 2x° —5xy+2y> =0

Bién soan: Trdn Pinh Hoang 0814000158
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2x2—4xy—xy+2y2=O<:>(2X—y)(x—2y)=0
Tacoy>x>0=2y>x=2>x-2y<0=2x-y=0=>y=2x

Tir d6 ta co: p = 210X #20172X _ 55
3x —2.2x
.. . £ X 2 ~ s Y , x?
Bai 11. Cho biét ——— — = —. Hay tinh gia tri ciia biéu thirc: Q = ————
x'—-x+1 3 x +x"+1
HD:
Ap dung HPT: x*+y’ =(x+ y)2 - 2xy
2
Tu 2;=23X¢0,d0d('):X—XH=§<:>X+1—1=§:>X+1=§
x —x+1 3 X 2 X 2 x 2
2 4 2 2
Ta ¢6: Q:%SLZL);H:X2+%+12(X+1J =2
x'+x"+1  Q X X X 4
2
X 4
Suyra Q=—f——5—=—
A T T
. . e 2 , x’—Txy+52
Bai 12. Cho x, y thoamanx” +2y  +2xy—6x—-2y+13=0. Tinh H = —.
xX-y
HD:
Tir gia thiét suy ra x* +2xy+y> +y* —6x -2y +13=0.
<:>(x+y)2—6(x+y)+9+y2+4y+4:0<:>(x+y—3)2+(y+2)2:0
X+y-3=0 [x=5 25-7.5.(-2)+52
= = =H-= =21.
y+2=0 y=-2 5+2
4 _ 3 _
Bii 13. ) Cho x théa man——>— =X Tinh gid trj biéu thire p == =3% +18x"1
X —x+1 2 x'=2x"+7x+1
2 J—
b) Cho x,y théa min x* —2xp+ 2y’ —2x + 6y +5 = 0. Tinh gid tri ctia biéu thirc N = 3x4y 1
Xy
HD: a)TfIgiéthié't:zL:lsuyraxz—x+1:2x<:>x2—3x+1=0
X" —-x+1 2

Ta co: x* —3x° +18x—1=(x2 —3x+1)(x2 —1)+15x.
x> —2x* +7x+l:(x2—3x+l)(x+l)+9x

V6ix® —3x+1=0 tacc')P=(X2_3X+1)(X2_1)+15X x5
(x* =3x+1)(x+1)+9x  9x 3

b) Tacod: x* —2xy+2y" —2X+6y+5=0 x° —2xy+y +y —2x+2y+4y+5=0
<:>(x—y—l)2+(y+2)2:0
Déu bang xay rakhix —y—1=0 viy+2=0hayy=-2;x = —1.
3(-1)"(-2)-1
Tir do suyraN = ( )( ) =—7

412 8

Bién soan: Trdn Pinh Hoang 0814000158
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x'°-1
(x + 1)(x2 + 1)(x4 + 1)(x8 + 1)
b) Cho (x+3y) —6(x+3y)’ +12(x+3y)=—19. Tim gid trj ciia biéu thirc P =x + 3y

voix=2011

Bai 14. a) Tinh gid tri ciia biéu thirc sau:

HD:
a) Taco: X16—1=(x—1)(x+1)(x2+1)(x4+1)(xg+1)
e e )
(X+1)(X2+1)(X4+1)(X8+1) X+1 (X +1) Y )(X +1)
Thay x = 2011 ta duoc két qua 2010
b) Taco: (x+3y) —6(x+3y)" +12(x+3y)-8=-27
& (x+3y-2) =(-3) = x+3y-2=-3=x+3y=-1
Bai 15. Cho x,y, zthéamin x+y+z=T; x’+y*+7°=23; xyz=3
Tinh gid tri ciia biéu thirc H = L + L + 1
xy+z-6 yz+x—-6 zx+y—6
HD: Vix+y+z=T7T=z=-Xx-y+7=>z-6=1-x-y
:>Xy+z—6:xy+l—x—y:(xy—x)—(y—l):(x—l)(y—l)
Tuong tu ta co: yz+x—6=(y—1)(z—1); Zx+y—6=(z—1)(y—1)
R 1 1 1 z—-1+x-1+y-1
B ) R [P A P R I Ce R )
(x+y+2z)-3 B 7-3 B 4

- xyz—(xy+yz+xz)+(x+y+z)—1 _3—(xy+yz+xz)+7—l _9—(xy+yz+xz)

Ta lai co: (x+y+z)2 =)(2+y2+z2+2(xy+yz+xz):>72 =23+2(xy+yz+xz)

4
=>xy+yz+xz=13 Viy H=——=-1
yty ay 9_13
‘. PN , .1 1 1
Bai 16. Cho x, y, 7 doi mgt khac nhauva —+—+—=0
X y z
Tinh gid tri ciia bidu thive: A= —2— 4 =4
X" +2yz y +2xz "+2xy
11 1 Xy +yZ+XZ
HD: Tacé: —+—+—=00—"—=0xy+yz+x2=0=>yz=—Xy—Xxz
X y z Xyz

x2+2yz=x2+yz+yz:x2+yz—xy—xz=x(x—y)—z(x—y):(x—y)(x—z)
Tuong tu: y° +2xz=(y—x)(y—z); 7’ +2xy=(z—x)(z—y)

Do do: A = AL + Xz + Xy =1

(x=y)(x-2) (y=x)(y-2) (z=x)(z-y)
Bii 17. Cho ba $é x, y, z déi mét khdc nhau, théa man x> +y° + 73 = 3xyz vi xyz # 0.
16(x+ y) N 3(y+2) 3 2038(z+ x)
< X y )

Tinh gid tri ciia biéu thirc: B =

Bién soan: Trdn Pinh Hoang 0814000158
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HD: Taco: xX’+y +7° =3xyz (X#y#z;Xyz#0)
<:>(x+y)3—3xy(x+y)+z3—3xyz=0
<:>(x+y+z)3—3z(x+y)(x+y+z)—3xy(x+y+z):0

<:>(X+y+z)(x2+y2+22—xy—yz—zx)=0

x+y+z=0 X+y=-z
<:>l(x+y+z)[(x—y)2+(y—z)2+(Z—X)2}=O<:> Y= P
2 y—z=0 Z+X=-y
z—x=0 x =y =2z (loai)
Vay B = 16(x +y) N 3(y+z) 2038(z+Xx) _ 16(—2) N 3(=x) 2038(-y) 5019
z X y z X y
Bai 18, Tinh M=— 20048 b . € pistabe=2004

ab+2004a+ 2004 bc+b+2004 ac+c+1
HD:

Thay 2004 = abc vao M ta dugc:
a’be b c a’be b c
= - + + = + +
ab+a’bc+abc bc+b+abc ac+c+1 ab(l+ac+c) b(c+l+ac) ac+c+1

ac 1 C ac+1+c
l+ac+c c+1+ac ac+c+1 1l+ac+c

=1

Bai 19. Cho a, b, c la ba sé doi mot khdac nhau thoa man: (a +b+ c)2 =a’+b*+c?
a’ b? ¢’
2 + 2 + 2
a +2bc b"+2ac c¢” +2ab
HD: Tu (a+b+c)2 —a’+b’+c’ < ab+ac+bc=0

Tinh gid tri ciia biéu thirc: P =

a’ a’ a’ b’ b’
= = .T : ;
a’+2bc a’—ab-ac+bc (a-b)(a—c) uong e b? + 2ac (b a)(b—c)

2 2
¢

< +2ac (c—a)(c—b)

a’ b’ ¢’
av P =
Ve 2’ +2bc b+ 2ac | o +2ab
@ B¢ (ab)ae)b-o)
“(a=b)(a—c) (a=b)(b—c) (a=c)(b—c) (a=b)(a—c)(b—c)
Bai 20. Cho l+1+—=0( z;t()) Tinh gid tri ciia biéu thirc — yz —i —':)
X y z x* y oz
111 1 [1 1}
HD: Vi—+—+4+—=0=>—=—| —+—
X y z z Xy
Bién soan: Trdn Pinh Hoang 0814000158
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Bai 21. Choa+b +c=0va abc # 0, tinh gid tri ciia biéu thirc:

HD:

1 1 1
+

P= +
b+c*—a’® at+c*-b at+b* -t

Tir gia thiét a+b+c=0 % a= —(b+c)hoicb=—(a+c)hoic c=—(a+b)

P 1 N 1 N 1
a’+c’—b* a’+b*-¢’

b’ +c?—a’

1 1 1
= +

1 1 1

2 2 2 2 2 2+ 2 2 2
b’+c’—(b+c) a’+c’—(a+c) a’+b’—(a+b)

—2ab —2ac -2ab

Bai 22. Cho a, b, ¢ la cdc s6 khdc 0 théa man: a’b® +b°c® + ca® = 3a*b’c?

HD:

Tinh gid tri bibu thirc P=(1+£j[l+éj[l+£j
b c a
bitab=x;bc=y;ca=z
Tacéd: a’b’ +b’c’ +c’a’ =3a’b’c’ & x’ +y’ +7° =3xyz
<:>(x+y+z)(x2+y2+zz—xy—yz—xz):0
& X+y+z=0hoic X’ +y* +z° —xy—yz—-xz=0
THi: x+y+z=0

Sir dung hang dang thc : (X+ y+z)3 X' -y -7 = 3(X+ y)(y+z)(x+z)

= —xyz=(x+y)(y+z)(x+2)
Ta cé: —a’b’c’ = (ab+bc)(be+ca)(ca+ab)

b
C

a

—abc:(a+b)(b+c)(c+a):P:(1+%j(l+—j(l+£j:—l

THy: x*+y° +72° —xy—yz—xz=0

:>(x—y)2+(y—z)2+(z—x)2=O:>X=y=z:>ab=bc=ca:>a=b=c:>P=8

Bai 23. Cho x, y héa man dang thirc: x* + y* +10=2(x—3y). Tinh gid tri biéu thirc:

xX+y

2

2 2 2
LYoy J

Xy xy+y2 'x2+xy+y

Bién soan: Trdn Pinh Hoang
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HD: V61 x#0;y#0; x #—-ytaco:
b 2. Cy-( -y )(x+y)-xy’ ] x4y
X xy(x+y)

X 4xy+y’

_2 xy(x—y)=(x=y)(x+y)’  x+y

X xy(x+y) X 4xy+y’
_3+(X—Y)(X2+XY+Y2) X+y _g+x—y_x+y
X xy(x+y) X +xy+y’ X Xy Xy

Ta co: X2+y2+10=2(x—3y)<:>x2—2x+1+y2+6y+9=0

x=1

3 (tm)

& (x=1) +(y+3)’ :o:{

X+y=1+(—3)_2

Nén thay x =1; y = -3 vao biéu thiuc P =

Xy 1.(—3) 3
x-3x° +3x —x*+2020
xt—x*—3x7—3x+2020

Bai 24. Cho biéu thirc x* — x —1=0. Tinh gid tri Q =

HD:
Ta khong thé tim x dé roi thay vao biéu thirc duoc, boi két qua x khong phai sd hitu ti, thay
vao Q tinh rat phtrc tap. Do vay ta c6 hai dinh hudng:
e Hudng suy nghi thir nhit, viét tir thirc va mau thire dusi dang (x* —x —1).q(x) +r(x)
* Huong suy nghi thir hai, ching ta quan sat thdy c6 dang hing dang thirc, bién doi gia thiét
khéo 1éo dé xuat hién thanh tir thirc va mau thurc.
Cich 1. Ta c6: x° =3x" +3x* =x* +2020 = (x* —x —1)(x* = 2x* + 2x* —=x +1) + 2021
x®—x’=3x7 = 3x+ 2020 = (x* = x —1)(x* + x* +2x7 +2x +1)+2021
e 2 o X1 x 2 . 2021
Vo1 x“ —x—1=0thi tr s6 1a 2011; mau so 1a 2021. VaYQZMZL
Cich 2. Taco:x’ —x-1=0=x* =x +1=>x° =(x +1)’
=x’=x’ +‘3x2 +3x+1=>x"—x’-3x"-3x =1
Suy ra mau so bang: 1+ 2020 = 2021.
f.u2 2 2 3 6 5 4 3
Taco:x"—x—-1=0=x —x:1<:>(x —x) =l=>x" -3x"+3x" —-x =1
Suy ra tir s6 bang: 1+2020 =2021. VayQ _202t_
2021
Bai 25. Cho a, b, ¢ doi mot khdac nhau théa man: ab + bc + ca = 1
2 2 2
(a+b)" (b+c) (c+a)
(1+a®)(1+b7)(1+¢)

Tinh gid tri ciia biéu thirc A =

HD:
Tacod: 1+a’ =ab+bc+ca+a’ :a(a+b)+c(a+b)=(a+b)(a+c)

Tuong ty: 1+b”> =(b+a)(b+c) va I+c¢* =(c+a)(c+b)

Bién soan: Trdn Pinh Hoang 0814000158
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b A = (a+b)2(b+c)2(c+a)2 _
Do de A D) (arc)(b+a)(brc)(cra)(crb)

2 2 2
Bai 26, Cho X+ X 1% =2 (1) va £+2—|-£:2 (2). Tinh D:[ﬁ] +[_] +[_]
a b c X y z X
HD:
Twr (1) suy ra bex +acy +abz=0 (3)
al (b (cV ab ac bc
Tir (2) suy ra [—] +[—] +[—] +2[—+—+—]:4
X y z Xy Xz Yyz

2 2 2
- z2] o
X y z Xy Xz yz
Thay (3) vao (4)taco D=4-2.0=4
Bai27. a) Choa+b+c=1va l+%+1=0. Tinh P=a* +b* +¢*
a c
byChoa+brc=200dva ——+ L 4 L 1T -4 , b ¢
a+b a+c b+c 2014 b+c a+c a+b

HD:
a)Tacé:l+l+l:0<:>w=0<:>bc+ac+ab=0 @
a b c abc
a+b+c:l<:>(a+b+c)2:1<:>a2+b2+c2+2(ab+ac+bc):1 (2)
Kéthop (1) va (2)suyra P=a’+b’ +c* =1

b) Ta co: 1+1+1:1
a+b a+c b+c 2011

a+b+c=2014=2a=2014—(b+c);b=2014—(a+c); c=2014—(a+b)
2014-(b+c) 2014—(a+c) 2014—(a+b) 2014 _ 2014 . 2014
+ + = -1+ -1+ -
b+c a+c a+b b+c a+c a+b

Do d6: S = 1

=2014.( ! + ! + ! ]—3=2014.L—3=1—3=—2 Vay S=-2
b+c a+c a+b 2014
Bai 28. Cho 3 sé thuc x, y, z théa min x+y+z=0 va xyz = 0.
2 2 2
Tinh gid tri ciia biéu thirc: P = —— +—7 +—=

y+z2_x2 z2+x2_y2 x2+y2_z2'
HD: Tux+y+z=0=x’+y +7 =3xyz
Tur gia thiét, ta cOy +z=—x & y> + 2> —x* = —2xy.
Lam tuong tu, thay vao P, ta duogc:
P x N y’ z’ :X3+y3+z3:3xyz :—_3
—2yz -2xz —2Xxy —2xyz —2xyz 2

1 1 1
+ + :
x+1 y+1 z+1

Bai 29. Cho ax+by=c;by+cz=a;cz+ax=bvaa+b+c+#0. Tinh P=

Bién soan: Trdn Pinh Hoang 0814000158
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Cho a, b théa min 4a* + 25" —Tab=0 va 4a* —b* 0. Tinh; 4= >0—2  Sb=3a
, 2a-b  2a+b
HD: a) Tur gia thiét suy ra:
a+b+c=2(ax+by+cz):>a+b+c=2(c+cz)=2c(l+z)
Nén: ! = 2 . Tuong tu: ! = 22 ; ! = 2b .
z+1 a+b+c x+1 a+b+c y+z a+b+c
Suy ra: P = N 1 N | =23+2b+20=2
x+1 y+1 z+1 a+b+c
2 _ 2 1 _ 2 14 _ 2
b) Ta cb: A=6a +ab-b +2 Oatz) 6a +3ab: ab 6b2 _
4a” —b 7ab—-3b
2 2 22 . 8 8 8 8
Bai 30. Cho biét ~ Y+ ~Y__ 3 Tinh gid tri ciia biéu thice: M =2+ * "V
X -y x+y x'-y x"+y
, X2+22+X2—22 2(x* +vy* vt
HD: Tfrgiéthiét:( zy)z (2 Z) =3©w=3:>"4+y4=3
(x -y )(x +y) X -y x' -y 2
2 2
4 4 4 4 x4+y4 " x4—y4
Tacc'):§+g:X ry +X Y :( ) ( )

73 X4_y4 X4+y4 (X4—y4)(x4+y4)
3 2 2(x*+y") x4yt 31 13 13 12 313
St T > =t =——>M=—rt —=—
2 3 x'-y xX*-y" 4 3 12 12 13 156
Bai 31. Cho hai 56 thuc a, b théa diéu kién ab=1, a+b = 0. Tinh gid tri ciia biéu thirc:

p:#[lJrl]jL;[lJri]Jr 6 [1+1]

(a+b)'\a® b') (at+b)'\a® b)) (at+b)\a b

HD: Véiab=1,a+b=0,taco:

a’ +b’ 3(a°+b°) 6(a+b)

(a1b) (ab)]  (a+b)'(ab)  (a+b) (ab)

a’ + b 3(a2+b2) 6(a+b) a’+b>—1 3(a2+b2) 6

= T+ T 5 = 2 T 4

(a+b) (a+b) (a+b) (a+b) (a+b) (a+b)

(a”+b —1)(a+b) +3(a’+b’)+6 (a’+b*—1)(a’ +b*+2)+3(a’+b’)+6

(a+b)’ (a+b)’
2
_(a2+b2)2+4(a2+b2)+4_(a2+b2+2)2_(a2+b2+2ab)2_[(a+b)2}
a (a+b)’ ~ (a+b)  (a+b)  (a+b)'
VayP=1,voiab=1,a+b=0.
2 2 2 2 (p )2
Bai 32. Cho x:b—;%; y:%. Tinh gid tri bibu thire P—= xy+ x+ y
¢ +c) —a

HD: Tacod: P=xy+x+y=(x+1)(y+1)—1

Bién soan: Trdn Pinh Hoang 0814000158
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b’ +2bc+c’—a’> (b+c) —a® (b+c—a)(bt+c+ta)

Xeét x+1= = =
2bc 2bc 2bc
2 2 2 2
Xét y+1:b +2bc+c”—b” +2bc—c _ 4bc
(b+c—a)(b+c+a) (b+c—a)(b+c+a)
b+c—a)(b
V@zP:< +c—a)(b+c+a) 4bc 911
2bc (b+c—a)(b+c+a)
Bai 33. Gid sirx, y, 7 la cdc sé thwe khdc khong, théa man hé ding thive:
1 1 1 1 1
R B R ot e AP 1
Yy z 7 X X y . Hay tinh gia tri cua biéu thirc: P—=——+
'y 4 =1

HD:

1 1
_+_
y z

Phan tich. Bai toan nay thudc dang tinh gia tri biét diéu kién cua bién sb. Quan sat, nhan
thiy bai toan c6 hai diéu kién nhung c6 ba bién s6 (sb bién nhiéu hon s diéu kién). Do diéu
kién hai don gian, khong phan tich tiép duoc. Vi diéu kién thir nhét, ching ta bién ddi va
nhén thdy phan tich thanh nhan tir duoc, tim duoc mdi quan hé giira hai trong ba bién. Tir d6

tim duoc cach giai sau.

11 11
—+=|+y|—+—
y

V4 z X

Tir dang thie: x =-2

1 1
+z|—+—
Xy
Taco: 2xyz+x’z+ X’y +y'z+ 2y +z’x =0

= (xyz + xzz) + (xyz + yzz) + (xzy + yzx) + (22x + zzy) =0

x+y=0
<:>(X—|—y)(y+z)(z+x):0<:> y+z=0
z+x=0
Khong mat tong quat, gia st x +y=0=x"+y’ =0
Te X 4y 47 =1 th 2 =1=z=1.Vay p=tq i Lo XEY I o0y
X y z Xy |
6 6 6
Bii 34, Chox,y, z théaman x+y+z=2+L 110 vaxys=1 Timh M= XY T2
X y z X' +y +z
HD: Tacod: x+y+z=0&x+y +72 =3xyz=3 (vixyz=1) (1)
1 1 1
—+—+—=O¢>xy+yz—|—ZX:O<:)X3y3+y3z3—|—z3x3:3xy.yz.u:3(xyz)2:3
X y z
X4y 42 =(x+y+7 P o(xy -y — 2%} ) =0-23=3. 2
y y y —Yy

Két hop (1) va (2) suy raM = 1

2010

Bai 35. a) Cho x, y duwong va x

+y2010 — x2011 +y2011 — x2012 +y2012. Tl’nh S — x2020 +y2020

b) Cho a, b du__o,ng vd a2000 +b2000 :a2001 +b2001 :a2002 +b2002. Tl’nh M :a2011 +b2011

HD:
a) Ta co x2°12+y2012 =(X2°”+y2°“)(x+y)—(xzow+y2010).xy (1)

Bién soan: Trdn Pinh Hoang 0814000158
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DO X,y lé. hal 56 du’(mg Vél X2010 + y2010 2011 + y2011 — X2012 + y2012

Nén dét m:X2010+y2010 2011+y2011 2012+y2012

x=1

2010 __ 12011 2011 2010 2011

+y" <y =y =y=1hodc y=0(loai)

(1)<:>m=m(x+y)—mxy<:>1=X+y—xy<:>(x—1)(1—y)=0<:>{

Voi x=1taco: 17" +y

2010 2011

Voi y=1=x < x =1 hodc x =0 (ktm)

Vay cé hai truong hop ta déu c6: S=x"" +y** =1+1=2
b) Ta co: (aZOOI +b2°°1)(a+b)—(a2°°°+b2°°°)ab=a2°°2 4 p2002
a=1
:>(a+b)—ab:1<:>(a—1)(b—1):O<:>L |
b=1(tm)
b =0 (ktm)
a=1(tm)
a =0 (ktm)
Viya=1;b=1=>M=a""+b*"=2

Véia=1=b""=p" = {

Véib=1=2a"" =" = {

2015 2015 2015

Bai 36. Cho x+y+z=1va X’+y’+7°=1. Tinh A=x""+y*"" +7
HD:
Tu X+y+z=1<:>(x+y+z)3=l Max’+y' +7 =1

3

= (xryaz) ~(x ey ez) =00 (nry ) -2 - (x4y) =0

<:>(x+y+z—z)[(x+y+z)2+(x+y+z)z+zz]—(x+y (x —xy+y’)=0

<:>(x+y)(x +y + 22Xy +2yZ+2XZ+ XZ+yZ+Z +Z — X+ Xy -y ):0
<:>(x+y)(322+3xy+3yz+3xz)=0<:>(x+y)3(y+z)(x+z):0
x+y=0 X=-y
S|ly+z=0&|y=-2
x+z=0 X=-2Z
*Néu x=-y=>z=1=A=x"""+y*" +77 =1
*Néuy=-z=>x=1=A=x""+y" +2" =1
*Néu x=—z=>y=1=2A=x""+y*" +77 =1
Bai 37. Cho a* +b* +c* =a* +b* +* =1.Tinh S = a* + b** + "
HD:
Taco: a’+b’+c¢’ =a’+b’+¢’ =1= a;b;ce[-1]]
:>a3+b3+c3—(a2+b2+c2)=a2(a—1)+b2(b—1)+c2(c—l)SO
=a’+b’+c’<1=a;b;c nhan hai gia tri 1a Ohoic 1
b2012:b2;C2013:CZ:S:az+b2012+CZOI3:1
Bién soan: Trdn Pinh Hoang 0814000158
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Bai 1. Cho ba sé x, y, 7 théa min 4x* +2y* + 27> —4xy —4xz+2y7-6y—107+34=0,
Tinh gia tri ciia biéu thirc T =(x-4)"" +(y-4)"" +(z-4)"".
HD: Taco
4x* +2y° +2z° —4xy —4xz+2yz— 6y —10z+34 =0

<:>[4x2—4X(y+z)+(y+z)2}+(y2+z2—6y—102+34):0
<:>(2x—y—z)2+(y—3)2+(z—5)2=0<:>y=3; z=5; x=4
Khido T=(4-4)"" +(3-4)"" +(5-4)"" =2.

Bai 38. Cho a’ +b* +c* =a’ +b* +c’ =1. Tinh S =a’ +b™" + "

HD:

Taco: a’ +b’+c¢” =a’ +b’ +c’ =1=a; b; ce[-1;1]
:>a3+b3+c3—(a2+b2+c2)=a2(a—1)+b2(b—1)+c2(c—1)SO
=a’+b’+c’ <1=a;b;cnhan hai gia tri Ia Ohoicl
:>b2012 :bZ,CZOIS ZCZ,:S:a2+b2012+02013 :1

Bai 39. Cho 3 56 a, b, c khac 0, thoa mdn (a+b+c)(l+%+lj:1. Tinh gia tri cua biéu thirc
a c
M:(a2015+b2015)(b2017 +czo17)(c2019 +a2019)
HD:
Taco: c)(a+b+c) l+l+lj=1<:>(a+b+c).ab+bﬂ=l
a b ¢ abc
a+b=0
< (a+b+c)(ab+bc+ac)—abc=0< (a+b)(b+c)(c+a)=0<|b+c=0
c+a=0

Néu a+b=0:>a:—b:>(a2°15+b2°15)=0:>M:0
Néu b+c=0:>b=—c:>(b2°17+c2°l7)=0:>M=O

Néua+c=0=a=-c=a"""+c""=0=>M=0
Bii 40. Cho cdc sé nguyén a, b, ¢ théa min (a —b)3 + (b —c)3 + (c —a)3 =210
Tinh gid tr ciia biéu thirc B =|a—b|+|b—c|+|c—d|

HD:
bata-b=x; b-c=y;c—a=z=>x+y+z=0=>z=—(x+Yy)
Tacod: X’ +y +72° =210 x° +y° —(x+y)3 =210 < —3xy(x+y) =210 < xyz=70
Do x, y,z la s6 nguyén cé tong bang Ova Xyz=70=(—2).(—5).7
nén {x;y;z} €{-2,-57} = A=|a—b|+|b—c|+|c—a|=14
Bai 41. Cho cdc so thuc x, y, 7 théa mén diéu kign: x* + y+7 +i2+i2+l2 =6.
—_— x" y oz
TlrnhP:xZOZO +y2020 +z2020
HD:
Bién soan: Trdn Pinh Hoang 0814000158
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Tur gia thiét chuyén ve, ta co:

x2+y2+z2+L2+L2+L2=6<:>X2—2+L2+y2—2+L2+22—2+i2=0
X* y oz X y z
1
X=—
1 , l X 1 5 )1( X2=1 X2020=1
@(x——j +(y——j +(Z__j =0 y=—=1y' =1y =1 = P=1+1+1=3.
X y z y 2 =1 72020 _q
1
z=—
V4

a2016 +b2016 +c2016

Bai 42. Cho a +b +c #0vaa’+ b’ + 3 =3abc. Tinh N = )2016

(a+b+c
HD: Ta co:
a’+ b’+c’= 3abc=a’+b’+c¢’ —3abc=0

:>a3+b3+3ab(a+b)+c3—3ab(a+b)—3abc=0:>(a+b)3+c3—3ab(a+b+c)=0
= (a+b+c)a*+2ab+b’> —ac—bc+c’)—3ab(a+b+c)=0
= (a+b+c)a’+b*+c’—ab—ac—bc)=0
=a’+b’+c’—ab—ac—bc=0 (via+b+c=0)
=2a’ +2b° +2¢” —2ab—2ac —2bc =0
:>(a—b)2+(b—c)2+(c—a)2:0:>a—b=0Véb—c=0Véc—a=0 =a=b=c
Vi (a—b)zzo Va, b; (b—c)ZZO vb,c: (c—a)2 >0 Va, c.
Maa+b+c# 0=a=b=c= 0(*)

a2016 +a2016 +a2016 3a2016 332016 1

Thay (*) vao Ntaco: N = = = =
(a ta+ a)2016 (3a)2016 (33)2016 32015

Dang 2. Tinh gid tri biéu thirc so bang cdach bién doi tiv cong thirc tong qudt.
3+r 55+2° 7743 100 +50°

Bai 2. Tinh gid tri ciia bidu thire: A = + + +ot———
SaLe fnR s PP ¥_2 £-3 51 —50°

HD: Xét phan thtrc tong quat:
(20+1) +n° (n+1)[(20+1) =n(20+1)+0° | (3n+1)(3n" +3n+1)

3 = 5 = > =3n+1
(n+1) -n’ 3n" +3n+1 3n" +3n+1

Do d6: A =(3.1+1)+(3.2+1)+(3.3+1)+...+(3.5+1) =3(1+2+3+...+50)+ 50 = 3875.

I'+4 5 +4 9+4 17" +4
344 7411 +4 19 + 4

Bai 3. Tim tich: M =

HD:
Nhan xét duge: n* +4 = (n=1)"+1 | (n+1)+1].
Do s M 1(2°+1) .(42+1).(62+1) ...... (162+1).(182+1)= L
(27 +1).(4 +1) (6 +1).(87+1) (187 +1).(20*+1) 20°+1 401
Bién soan: Trdn Pinh Hoang 0814000158

17



Boi dwérng hoc sinh gidi todn 8

Bai 4.

HD:

Bai 5.
HD:

Bai 6.

HD:

(et D500 )
EEI e A

2
Ta xét biéu thirc tong quat: a* +% = (az +%) —a’= (az +a +%j(a2 —a+ —j

Khi cho a cac gia tri chay tir 1 dén 30 véi a thi:
T thic viét duoc thanh

12+1+l 12—1+l 32+3+l 32—3+l ...... 292+29+l 292—29+l
2 2 2 2 2 2

Mau thire viét duoc thanh

SANUER CENEIE PENPINED FESIINLE S 30° 430+ |[ 302 =30+~
2 2 2 2 2 2

Mt khac (k+1)2—(k+1)+%= ............. =k’ +k+—.

Tinh gid tri ciia biéu thirc A =

Do d6: 22—2+l=12+1+l; 32—3+l=22+2+l; 42—4+l=32+3+l; .......
2 2 2 2 2 2

1861

Tinh tong S = L + L + 12+ 44+ ssvéix:\/i
1-x 1+x 1+x° 1+x° 1+x

Vay A=(12 —1+%j:(302+30+%j:

Ta co:
1 1 1 1 8

S= + + ~+ +
1-x 1+x 1+x

2 2 4 8 4 4 8 8 8 16
= >t >t 7t g + + = + =
1-x 1+x 1+x 1+x 1-x

Thay x = J2ta duogc két qua

2
Cho a,,a,..a, dwoc xdac dinh boi cong thicc: a, = % vOi moi k >1
k™ +k

Hay tinh gid tri ciia tong: 1 +ta,+a,+.+a,.

Phén tich. Bai toan co6 tinh quy luat, thay s6 vao tinh 1a khong kha thi. Do vy chung ta
nghi dén viéc tdch moi phéan thirc thanh hiéu cta hai phan thtrc, ro1 khur lién tiép. Nhan thay
3k*+3k+1=(k+ 1)3 —k*, nén chung ta c6 10i giai sau:
, 3k +3k+1 (k+1)—k* 1 1
Taco:a, = T =5 3
(k2+k) k*(k+1) k™ (k+1)

Do d6: S=1+a,+a,+...+a :1+(1—i3j+[%—i3j+...+(i}—%j=2—%=@.
’ 2 2”3 9 10 10° 1000

Bién soan: Trdn Pinh Hoang 0814000158
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Chii dé¢ 3. RUT GON BIEU THUC
Dang 1. Riit gon biéu thirc bang cdch sir dung tinh chit co bin ciia phan thirc
Bai 1. Rit gon biéu thirc:
2x° 7%’ —12x+45 (a—1)' ~11(a—1)" +30

b) N =
Y 3 19x7+ 3359 : 3(a—1)"-18(a’ -2a)-3
HD:
2) 2% =7x* —12x+45  2x*—6x> —x”+3x-15x+45 (2x+5)(x-3) 2x+5
30 —19x7 +33x -9 3x’ —9x? —10x> +30x +3x -9  (3x—1)(x-3) 3x-1
by no (a1 = Ti(a=1)"+30 :[(3_1)2_51(3_1)2_6}:az—2a—5

3(a-1)'-18(a’—2a)-3  3(a-1)'-18(a-1)'-15 32’ —6a

Bai 2. Rt gon biéu thire:

n'+2n* -1 X -2x*+2x*-4x*-3x+6
a) A=— 5 ; b) M = >
n +2n"+2n+1 x +2x-8
HD:
a) A= n’+2n’-1 3 n’+n’+n’-1 B nz(n+1)+(n—l)(n+l) _n2+n—1
n’+2n’+2n+1 n’+n’+n’+n+n+l nz(n+1)+n(n+1)+n+1 n‘+n+1
b) M_x5—2x4+2x3—4x2—3x+6_X4(X—2)+2X2(X—2)—3(x—2)_(X2—1)(X2+3)
x> +2x—-8 (x—2)(x+4) x+4
Bai 3. Rt gon biéu thirc:
xy2+y2(y2—x)+1 x°=2x* +2x° —4x* -3x+6
a) N=—— YR b) A= 2
Xy 2y  +x"+2 x"—x-2
HD:
2 2 2
Xy +y -x)+1 4
) N (V-x)+1 oyt

x2y4+2y4+x2+2_(x2+2)(y4+1) x> +2
b) Tacé:A:X4(X_2)+2X2(X_2)_3(X_2)=(X_2)(X4+2X2_3) :(X2+3)(X—1)

(x+l)(x—2) (x+l)(x—2)

x3 _y3 _z3 _3xyz

Riit gon biéu thirc B = > > 3
Baii 4. (x4 9y +(p=2) +(x+2)

Bién soan: Trdn Pinh Hoang 0814000158
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-3 -2 Iy =(x-3) +3n5(s-3)-7 ~3nye
:(X_y—z)3+3(x—y)z(x—y—z)+3xy(x—y—z)
:(x—y—z)[(x—y—z)z+3XZ—3yZ+3xy}

2

:(X—y—z)(x +y2+22+xy—yz+xz)

"‘)(X—i-y)2 +(y—z)2 +(X -l—z)2

:Xz+2xy+y2-|—y2—2yz+zz+xz+2xz+zz=2(X2

+y2+zz+xy—yz+xz)

Vay B = =
2(X2+y2+zz+xy—yz+xz)

(x—y—z)(x2+y2+22+xy—yz+xz) X—y-2
2

Bai 5. Rut gon biéu thivc:

_abc+a+b+c—(ab+bc+ca+1) 1+ x* +xP+..+x¥

P b =
Y a2b+1—(a2+b) )¢ 1+x* +x* + .+ x™
HD:
abc—bc+a-l-ab+b-ac+c (a—1)(bc+1-b-c) (a-1)(b-1)(c—-1) c-1
a) P: = = = .
a’b-a’—b+1 (b-1)(a’-1)  (b-1)(a+1)(a=1) a+l
4 8 2020
b) Ta c6:Q = I+x"+x"+...+x

(l+x4 +x° +...+>;2°2°)+(x2 +x°+x" +...+x2°22)

I+ x* +x¥+... +x2% 1

(1+x2)(1+x4+x8+...+x2°2°) 1+x°

1+1+2a+4a3+8a7
a-b a+b a*+b* a*+b* ad+b*

Bai 6. Rt gon biéu thivc: B =

HD:
Phén tich. Quan sat cac phan thire, chung ta nhén thay khong co mau cia hang tir nao phan
tich dugc thanh nhan tr nén viéc quy dong mau thuc tat ca cac hang tir 1a khong kha thi.
Nhéan thay mau cua hai phan thirc dau c6 danga—bvaa + b, thu:c hién trudce tong cua hai
phan thirc nay cho ta két qua gon.Véi suy luan ay, chiung ta ti€p tuc cong két qua ay voi
phén thue tiép theo.
2a 2a 4a’ 8a’
Taco:B= + + +
a’-b> a’+b> a*+b* a*+b’
4a’ 43’ 8a’ 8a’ 8a’ 16a"”
=B= + + = B= + =>B=——
a-4 _ b4 3.4 + b4 a8 + b8 aS _ b8 a8 + bS alﬁ _ b16
’ 20x* +120x+180  5x* 125 2x+3) —x?
Bai 7. Riit gon bidu thire: A == a > | )

(3x+5) —4x*  9x*—(2x+5)" 3(x’+8x+15)

: o 20(x+3)" 5(x=5)(x+5) (x+3)3.(x+1)
s a0 A= S 5 (x v D) " S(x e 1)(x=3)  3(x+3)(x+5)

Bién soan: Trdn Pinh Hoang 0814000158
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4(x+3)2 x+5_x-|-1_4();-1—3)2+(x+5)2—(x+1)2

TS (x+1) x4l x+5 (x+1)(x+5)
_4X2+24X+36+X2+10X+25—X2—2X—1
- (x+l)(x+5)

B 4x% +32x+60 ~ 4(X+3)(x+5) B 4(X+3)

- (x+5)(x+l) - (x+5)(x+1) T x+1
2x+3y 3 6—xy _x2+9
xp+2x-3y-6 xy+2x+3y+6 x*-9

Bii 8. Rt gon biéu thive: A =

HD:
, 2x 43y 6 —xy x*+9
T A= - -
o x(y+2)—3(y+2) X(y+2)+3(y+2) (X—3)(X+3)
2x +3y 6 —xy x*+9

(y+2)(x—3) (y+2)(x+3) (X—3)(X+3)
_ (2x+3y)(x+3)—(6—xy)(x—3)—(x2 +9)(y+2)
(x—3)(x+3)(y+2)
_ 2x% +6x +3xy +9y — 6x +18 + X’y —3xy —x’y —2x°* — 2y — 18 _
(x—3)(x+3)(y+ 2)

2
1 1
e
p_y y

0

Bai 9. Riit gon biéu thirc

yoox |y «x
2 2 2
X 4y +xy|x—y
) ) 2 4 4 2 2
o xy xy ) Xaxy+y (xoy) Xy (X 4y )xy
HD: Taco: P= > > > — = — O
Xi_‘_yi_x +y Xy Xy Xy
y? x> xy
X txy+y (xoy) Ky Xy -yx
Xy : X2}]2 : X2y2
_ X txy+y (x—y) Xy’ _ L
Xy Xyt (x—y)(xX’-y') xy

(x2 +a)(1+a)+azx2 +1

(¥ —a)(1-a)+a’x’ +1 Khang phy thuge vo bien x

Bai 10. Chirng minh gid tri biéu thirc P =

HD:
(x*+a)(1+a)+a’x+1 x2tax®+ata’+a’x’+1
Taco:P=-— > 2 - 2 2 2, 2.2
(x —a)(l—a)+ax +1 x*-ax’-a+a’+a’x’+1
Bién soan: Trdn Pinh Hoang 0814000158
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_(1+X2)+(1+X2)a+(1+xz)az _(1+X2)(1+a+a2) B l+a+a?
_(1+X2)—(1+X2)a+(1+x2)a2 _(1+x2)(1—a+a2) Cl-a+a’

Vay gié tri biéu thirc P khong phu thudc vao gié tri cia x.

e Bai tap tw gidi

Bai 1. Rit gon cdc phdn thivc sau véi n la sé tw nhién:

(n+1)! n! (n+1)=(n+2)!
) T b) —— c)
n!(n+2) (n+1)l-n! (n+1)H(n+2)!
Bai 2. Rt gon biéu thirc
2 2 2
2 A= 2 2,2 +(a—b) +(b—c) +(c—a)
a-b b-c c-a (a-b)(b—c)(c—a)
1 1 1 1 1 1
b) B:(ab+bC+Cﬁ)(;'ﬁ'g'ﬁ'z]—abC(?'F?ﬁ'c—zj
o A= Lo 1 1 1 1

2 2 + 2 + 2 + 2
a“+a a"+3a+2 a"+5a+6 a"+7a+12 a " +9a+20

Dang 2. Riit gon biéu thirc théa mén diéu kién cho truwéc ciia bién.

. 2+ 2+ 2
Bai I. Cho= =Y =2 Rt gon bibu thirc: P= =" "%
a b c (ax+by +cz)
HD: Détizlzzzk suy ra:x = ak; y =bk; z=ck.
a b ¢
21,2 29,2 21,2 2(g2 2 2
k k k k'(a"+b"+c
Tu dotacOP = a b +C 7= ( )2 Suyra P=%
(2K’ +b°k* +c7k%) K (a’ +b*+¢7) a’+b +c
. b 2
Bii 2. Cho abe = 2; riit gon bidu thive A=—% P
ab+a+2 bc+b+1 ac+2c+2
HD: Taco:
_ a ab 2¢ a ab 2c
= + + = + +
ab+a+2 abctab+ta act2c+2 ab+a+2 2+abta ac+2c+abc
a ab 2¢ a ab 2 _ab+a+2_1

_ab+a+2+2+ab+a+c(a+2+ab):ab+a+2+2+ab+a+a+2+ab_ab+a+2_
Bai 3. Cho x +y + z = 1. Chirng minh rang gida tri biéu thirc sau khong phu thugc vao gia tri
(x+y) (p+32) (s+x)
xy+z yit+x w+y

cua bién so: P =

HD:
Phan tich: Khai thac diéu kién bai toan, nhan théy véi diéu kién nay chung ta co thé can
bang bac & mau va phan tich thanh nhan tir duoc xy+z=xy+z (x+y+z)=(z+x)(z+Yy).
Do vay ching ta c6 161 giai sau:
Loi giai
Thay 1 =x+y +2z vao mau so, ta dugc:

Bién soan: Trdn Pinh Hoang 0814000158
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Boi dwérng hoc sinh gidi todn 8
xy+Z:xy+z(x+y+z):(z+x)(z+y)
Tuong tu ta c6: yz+x=(x+y)(x+z)
zx+y:(x+y)(y+z)
(x+y) (y+z) (z+x)

(x+2z)(y+2) (x+y)(x+2) (x+y)(y+2)
Vay gia tri biéu thire M khéng phu thudc vao gia tri cta bién.

T désuyra: P= =P=1

Cho a, b, ¢ d6i mét khdac nhau théa mén ab + be + ca = 1. Riit gon biéu thirc sau:
(a2 +2bc — 1)(b2 +2ca— 1)(cz+2ab —~ 1)

(a=b)"(b=c)"(c—a)’

HD:
Thay 1=ab+ bc+ca, ta dugc:
32+2bc—l:a2+bc—ab—ca—a(a—b)— (a—b)=(a—c)(a—b)
Tuong ty: b’ +2ca—1=(b—c)(b—a); ¢’ +2ab—1=(c—a)(c—b)
2
i (a-b)(a—c)(b-a)(bc)(e-a)(e=b) _—(a-b)(b-c)'(c-a)’
ay 2 2 2
(a—b) (b-c) (c—a) (a—b) (b- c) (c- a)
Bai 5. Cho a, b, ¢ doi mgt khdac nhau thoa man ab + bc + ca =1
, z (a+b) (b+c) (c+a)
Rut gon biéu thirc A = > 2 AR
(1+a )(1+b )<1+c )

HD: Phén tich: Nhin thdy mau thirc c6 thé phan tich thanh nhan tir bang cach st dung gia thiét.
Do vay nén thay 1 = ab+ be+ca vao mau va phan tich da thirc thanh nhan tir. Nhing bai toan
rut gon co diéu kién, chuing ta nén van dung va bién d6i khéo 1éo diéu kién.

Loi giai
Thay 1=ab +bc + ca, ta duoc 1+a” =a’+ab+bc+ca=(a+b)(a+c)
Tuong tu:1+b* =(b+c)(c+a); 1+c¢* =(c+a)(c+b)
2 2 2
Viy A = (a+b) (b+c) (c+a) ~
(a+b)(a+c)(b+a)(b+c)(c+a)(c+b)
. a’ b? ot

Bai 6. Cho a + b + ¢ = 0; rut gon biéu thirc B = JERTIRpE +b2—c2 — +c2 g

HD: Tra+b+c=0%a =—(b+c)=a’=b’+c’+2bc=a’—b>—c’=2bc
Tuwong ty ta c6: b> —a” —c¢®> =2ac; ¢®—b* —a’ =2ab (Hoan vi vong quanh), nén

2 2 2 3 3 3
B:a+b+c:a+b+c 0
2bc 2ac 2ab 2abc
at+b+c=0=a’+b’+c’=3abc (2)
3 3
Thay (2) vao (1) ta c6 B =2 Z:bjc ZEZ = (Vi abe # 0)
Bién soan: Trdn Pinh Hoang 0814000158
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a(b2 +c2)+b(a2 +c2)+c(a2 +b2)

Bii 7. Cho a + b+ ¢ = abc. Chitng minh rang:
ab+bc+ca-3

=abc.

HD: Xét t thirc ta co:
ab* +ac’ +a’b+bc’ +a’c+b’c

(ab2 +a’®+ abc) + (ac2 +a’c+ abc) + (bc2 +bc’ + abc) —3abc

ab(a+b+c)+ac(a+b+c)+bc(a+b+c)—3abe
(a+b+c)(ab+ac+bc)—3abe = abe(ab +ac +be —3)
a(b2+cz)+b(a2 +c2)+c(a2+b2)

ab+bc+ca—3

Vay suy ra:

= abc. (dpcm)

Bii 8. Cho a + b + ¢ = 0. Chitng minh rang tich sau khéng phu thujc vao bién so:

2 g2 2
ay M= be—a dcab dab—c b)N:[1+3].[1+2].[1+5
bc+2a° ca—+2b° ab+2c b

c a
HD:
—a? —~ (b’ —2bc+c’ —(b—c)
2) Ta cb: 4bc a2: 4bc2 (b+c) _ ( : c+c ): (b—c) 0
bc +2a bc+a —a(b—l—c) bc+a“—ab—ac (a—b)(a—c)
2 . . 2
Tuong tu ta co: 4ca—b2 = (C a) (2)
ca+2b> (b—a)(b—c)
4ab — ¢? _ —(a—b)2 3)

ab + 2¢? (c—a)(c—b)
4bc—a’ 4ca—b’ 4ab—c’ —(a—b)
bc+2a® ca+2b> ab+2¢> —(a—b)

Viy gia tri biéu thire M khéng phu thudc vao gia tri cta bién.

[\ S)
—~
(on
|
o
SN——
[\ 8)
—~
o
|
[
SN———
[\ S)

T (1) va(2),(3)taco: M=

[\ S)
—~
(on
|
o
SN——
[\ 8)
—~
o
|
)
SN———
[\ e)

|

—c)(—a)(—b
b Tacts {1214 2|1 b b ae ()
b c a b c a abc
Viy gia tri biéu thirc N khong phu thudc vao gia tri cia bién.
] x*+y 477 )(at + b+
Bai 9. Cho ﬁ4—14—£¢0.Rt2tg.0n biéu thirc A:< Y >( > )
a b c (ax +by +cz)
Xy zZ
HD: bDat —+E—|——:k¢O:>X:ka; y=kb; z=kec
a c
2.2 21.2 2.2 2 2 2 2 2 2 2 2
) (ka+kb+kc)(a+b+c) k(a+b—|—c)
Taco: A= > =— 5 =1
(aka + bkb + ckc) k*(a’ +b* +¢’)
2 2 2 2 2 az b2 02
Bai 10. Cho(a+b+c) =a’ +b* +c*. Rut gon biéu thirc: P =— +— +— .
a +2bc b"+2ac ¢ +2ab
HD:
Phén tich. Nhén thdy néu quy dong mau tryc tiép la khong kha thi boi cac mau hién tai
khong phén tich thanh nhan tor dugc va néu quy dong thi bicu thirc rat phirc tap, mat khac
Bién soan: Trdn Pinh Hoang 0814000158
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chua khai thac duoc gia thiét. Phan tich gia thiét ta dugc ab+be+ca = 0, khai thac yéu t6
ndy vao mau thirc ta duoc: a’+2bc=a’+2bc—ab—bc—cava phan tich thanh nhan tu
dugc. Do vay ta ¢ 101 gidi sau:

Loi giai:

Tl‘r(a+b+c)2 =a’+b’+c’ < a’+b’+c’+2(ab+bc+ca)=a’ +b’ +c?
nénab+bc+ca=0

Xét a®+2bc=a’+2bc—ab—bc—ca=a’—ab—ca+bc=(a-b)(a—c).

Tuong ty ta c6:b” +2ac = (b—a)(b—c);c’ +2ab —(c—a (c—b).

a’ b’

Do 0 e = ) ame)  (b-a)(o-0) " (c-a)(e—D)
:P:_az(b—c)+b2(c—a)+ *(a- b) _(a=b)(b-c)(c—a) 1
(a-b)(b—c)(c-a) (a=b)(b—c)(c-a)

2
Bai 11. Cho ax + by + ¢z = 0. Riit gon phn thiic: A— _ax’ by’ ez :
be(y—z) +ac(x—z) +ab(x—y)

HD:
Ap dyng HPT: (x +y+z)2 =x’+y’ +2° +2(xy + yz +xz)
ax + by +cz=0= (ax + by +cz) = 0= a’x’ +b’y’ 4 ¢’z +2(axby +axcz + bycz) = 0
= a’x’ +b’y’ 4 ¢’z = —2(axby + axcz + bycz) )
Bién doi mau thirc:
be(y—z) +ac(x —z) +ab(x—y)’
= bey” + bez” +acx® +acz’ +abx’ +aby’ —2(abxy +acxz + beyz)  (2)
Thay (1) va (2) thi mau thirc bang
(bcy2 +acx® + szz) + (bcz2 +abx’ + bzyz) + (acz2 +aby’ + azxz)
= c(by2 +ax’ +sz) +b(cz2 +ax’ +by2> —Hl(cz2 +by’ +ax2)

:(czz—l—byz—i—axz)(a—l—b—l—c)
Vay A = :
a+b+c
Bai 12. Rit gon bibu thire A— x| [yrx 2 yex 2
wl| o o w2
] . x'=25  Xx'-25
Trong do x> 5 vay_T—m’z_T—i—Z'S
X+ X+
X x—5
HD:
Ta cé y:(X—5>(X—|—5>:X(X—S)(X2+5>:X(X—5>
x+10x+35 (X+5) (X+5)
X
Bién soan: Trdn Pinh Hoang 0814000158
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(x=5)(x+5) _ (x=5 (x+5)_(x=5)

7 = = g

x> —5x +15x +25 (X+5)2 X+5
x—5
2
-5
Tur d6 suy ra: xy:M
X+5
x* —5x x> —5x—x*—5x —10x
y—X: —_ —= =
Xx+5 Xx+5 X+5
:>y—x_—10x_X2(X—5)_—10x x+5  —10

Xy x+5 x45 X—|—5'X2(X 5)_X(X—5)
x> —5x « x> —5x +x° +5x 2x’
x+5 x+5 X+5
y+x  2x? x’(x=5) 2x*  x+5 2
=== : = S =
y x+5 x+45 X+5 x (x 5) X—35
| —10 || 2 2(x+3)|, 2 2(x+5)
+ — 5 + >
‘X(X—5>‘ ‘X—S (X_S) ‘ Xx—35 (X_S)
10 [2(x=35)—2(x+5)]  2(x—5)+2(x+5)
+ 2 + 2
x(x—5) ‘ (x—5) ‘ (x—5)
_ 20 +| -20 |_|_ 4x _ 20 n 20 n 4x
x(x=5) (x5 (x-5 x(x=5) (x-5) (x-5)

20(x—5)+20x+4x>  4x> 440x —100

y+x=

Dovay A=2

X(X—S)2 B x(x—5)2
Dang 3. Rut gon cdc biéu thire c6 tinh quy ludt
Bai 1. Riit gon biéu thirc P = L L+ L+ vt !
1.3 3.5 5.7 2n-1)2n+1)

Nhan xét:
LR ¥ R O L O Y
1.3 2 3)’ 35 2\3 5 57 2\5 7

1 1 1 1
= =— _
(2n—-1)(2n+1) 2(211—1 2n+1j
Cong cac dang thirc trén vé theo vé ta duoc két qua:

1 1 1 1 n
L(n )—— — ...+ =
1.3 35 5.7 2n-1)(2n+1) 2n+l1
11 1
Bai 2. Riit gon biéu thitc M = + ot
5 5. 9 9.13 (4n—-3)(4n+1)
HD: Nhan xét: — :l —l L l—l L:l L
. 4 5 45 9 9.13 419 13
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= ! = y_r 1 Cong vé theo cac dang thirc trén ta dugc:
(4n-3)(4n+1) 4\4n-3 4n+1

1 1 1 1 n
=—+—+ +..t+ =
15 59 9.3 (4n-3)(4n+1) 4n+1
Bai 3. Rt gon cdc biéu thirc

150 150 150 150 1 1 1 1
Vs e e T a0 P =123 234 545 T R n ) (n )
HD:a)C= 150 ﬂ+ﬂ+ ...... +ﬁ=150.l.(l—l+l—i+ ...... +L—i):45
58 811 11.14 47.50 305 8 8 11 47 50
b) Nhan xét:
1_1(1 1] 1_1(1 1} 1_1(1 1]
123 212 23 234 2\23 34 345 2134 45

1 1 1 1
~ a(m+Dn+2) _E(n(n+l) - (n+1)(n+2)J

11 1 1 1 1 1 11 1

—_— et ———+ ..+ - ==
2(12 23 23 34 n(n+1) (n+1)(n+2)J 2(2 (n+1)(n+2)j
I 1 i 1

Bai 4. Riit gon biéu thirc D = + + Fot
1234 2345 3.4.5.6 n(n+1)(n+2).(n+3)

HD: Taco

R TR T (A T T T T T
1234 3123 234)° 2345 3(234 345)7 3456 3345 456

1 1 1 1
T am+Dm+2)n+3) g(n(n +)(n+2) (n+D)(n+2)n+ 3)]

1 1 _ n(n’+6n+11)
3(123 (m+D@+2)(n+3)) 18(n+1)(n+2)(n+3)

3 5 2n+1

>+ st ——
(12)° (2.3) [n(n+1)]
HD: Ta tach tirng phan thirc thanh hiéu cta hai phan thtrc rdi dung phuong phap khir lién tiép, ta
duoc:

o+l (n+l) -k 11

nz(n+1)2_ n2(n+1)2 0’ (n+l)2

Bai 5. Riit gon biéu thirc: B =

+2
DOdO’B:iZ_LZ+L2_i2+-N+L2_ 1 . =1_ 1 _ :l’l(n 2)
ro2r 203 n° (n+l) (n+1)°  (n+1)
L. , .2 , 2 2 2 2 re ;
Bai 6. Rut gon biéu thirc A=|1+—||1+—|(1+—|...|1+————| v0i n nguyén dwong:
1.4 25 3.6 n(n+3)

HD: Phéan tich. Vi phép nhén cac biéu thire theo quy luat, chung ta thuong xet phan thic co
dang tong quat. Sau d6 phan tich thanh nhan tir ca tir va mau dang tong quat dy. Cudi cliing
thay cac gia trj tir 1 dén n vao biéu thirc va rit gon.
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2 K43k+2  (k+1)(k+2)

k(k+3)  k(k+3)

Thay k =1; 2; 3;...;n ta duoc:

233445 (n+1)(n+2):

k(k+3)

234..(n+1) 345..(n+2) 3(n+1)

14725367 n(n+3)
Bai 7. Rut gon cdc biéu thirc

123.n  456..(n+3) n+3

1 1 1 1 r3 8 n’
a)A (1—?} (1—3—2j (I—Fj ........ (I—FJ b) B_22_142_162_1(n+1)2_1
HD:
2 —
a) Taco 1—%:k ;1:(k+l>gk 1).Néntacé:
Kk k

132435 (n—1)(n+1) 132435 .(n—1)(n+1)

T 234 0

123..(n—1) 345.(n+1) 1 n+1 n+l

" 234.(n—1)n  234.n 0 2 2n

b) Taco: 2°-1=13, 4°-1=3.5,

Suyra B=———-.

2 3 5 n’
13 3557 " n(n+

Bai 8. Rt gon cdc biéu thirc

a) A=

321 7-1 11° =1 43* -1

HD:
a) A=

b) Xét n’ +4=(n +2) —4n’ =(n
(07 +1)(27 +1) (42+1)(62+1)

(2
(27 +1)(4° +1) (62+1)(82+1) (

Do d

Bai 9. a) Cho A=

b) A=

HD: @) Ta co A:nT_+

521 921 132 -1 451

24 68 1012 4244 2

6*~1=5.7 ,..., (n+1)" =1=n(n+2)
135 n 1
2) 357 n+l n+2

(1*+4)(5* +4)(9* +4)..(21" + 4)

(3 +4)(7* +4)(11* +4)..(23* +4)

1

4.6 8.10 12.14 4446 46 23

o0: P=

—2n+2)(n +2n

[ }[ n+1)2+1J

+2)
+1)(22° + ) 11
+1)

24% + ) 247+1 557

nln2, ., L L L Y fimnacs
n—2 n—l 2 3 4 n
L + L +..+ L + L ; B=14+—+...+
1.(2n-1) 3.(2n-3) (2n-3).3 (2n-1).1 n-
02, o) oo
n-2 n—1
SN UL PP P 1 [ i +———(n-1)
1 2 n-2 n ~ n-—
L Y +1j nB VayA:B=n
2 3 n—-1 n n
0814000158
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b) Ta co: ;:L(l+ ! ).Dod(')

1 1 1 1 1 1 1
A= —||1+ +| =+ +..+ +— |+ +1
2n 2n-1 3 2n-3 2n-3 3 2n-1
1 1 1 1 1 1 1
=—/||1+=—+...... + + + + +onn +—+1
2n 3 2n-1 2n-3 2n-1 2n-3 3

:L.Z 1+l+ ...... + ! + ! :L.Z.B :é:l
3 2n-1 2n-3 2n B n

Chii dé¢ 4. CHUNG MINH PANG THUC CHUA PHAN THUC PAI SO
Dang 1. Bién déi vé nay thanh vé kia

n 3 44 2n—-1 n’
4+1° 4+3 7 4q(2n-1)' 4n’+1
HD: Phén tich. Quan sat dang thuc, chung ta nhan thdy vé trai 13 tong nhirng phan thire Vlet theo
quy luat va vé trai dai, phtre tap hon vé phai. Nhimng bai toan c6 mot vé phue tap va mot Ve don
gian, chung ta bién ddi vé phirc tap thanh vé don gian. Do d6 ching ta dinh hudng bién d6i vé trai
thanh vé phai.
Nhan thdy néu vé trai 1 tong nhiing phan thirc viét theo quy luat, thi chung ta tich mdi phan
thirc thanh hiéu hai phan thtrc dé khr lién tiép.

Tacod: 4+ m’ = (m4 +4m’ +4) —4m?® = (m2 —|—2)2 —(Zm)2

Bii 1. Vi n nguyén dwong. Chirng minh ring:

:<m2 +2m—|—2)(m2 _2m+2):[(m+1)2 +1H(m—1)2 +1]

Thay m =2k - 1 ta c6: 4+ (2k—1)" =|(2k)" +1]|(2k—2)" +1]

Nén 11 (k) 41-(2k—2) -1 4(2k-1)
(2k—2)Y +1 (2k)" +1 44 (2k—1)' 4+(2k—1)"
k-1 1 1 R
4+(2k—1)  4|(2k—2) +1 (2k)' +1
Chok=1,2,3,...,ntaduogc:
2
vro L1 1 1 1 1 1 | n

4

— + — ot =
0°+1 2°+1 2241 4 +1 (2n—2)"+1 (2n) +1| 1+4n°
Suy ra VT = VP. Diéu phai chimg minh.

2 2
Bai 2. Vi moi n nguyén dwong, chitng minh ring: i+l+£+,,, montl_mA2n
12 23 34 n(n+1) n+1
2
HD: Ta co: k +k+1:1+ 1 :1+1_L
k(k+1) k(k+1) k k41

Thay lan luot k =1,2,3,...,n ta dugc:
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2
VT:[1+1—1]+1+1—1+1+1—1+ +1+l— Llongp L den
2 2 3 3 4 n+1 n+1 n+1
k2+k+l

Nhén xét. Ta ciing c6 thé bién ddi bai toan nhu sau: ————— — = 1 + Kk
k(k+1) k k+1

Thay lan luot k =1,2,3,...,n ta duogc:
1 1 2 1 3
VT =|14+=|+|=F+=|+|=+—
2 3 3 4

1 1 abc

2
Bai 3. Chirng minh rang: LI + = Biét a+b+c=2p.
p—a p-b p-c p(p—a)p-b)(p—c)
o A e 1 1 1 p—b+p—a p-p+c
HD: Xétvétra: VT = + + =
p—a p-b p-c (p—a)(p—b) p(p—c)
c e _cplp=c)+(p-a)(p-d)

“(p-a)p-b) p(p—c) plp-a)p-b)pc)

C[sz—p(a+b+0)+ab]: abc
p(p—a)(p—b)(p—c)  p(p—a)(p—b)(p—c)
1 1 [1 1 1]2

Bii 4. Cho a, b, ¢ khdc 0 théa man a+ b+ ¢ = 0. Chirng minh rang: i4—b2 +—= —+;+—
a C a c

2
1 n ]:n—i— n n +2n

+...+[_+ _
n n-+l1 n—+1 n—+1

2
HD: That vay, ta co: {l+%+1] :L_|_ ! + 1 —+— 2 4+ = 2 _|_£
a

c b’ ab bc ca
:L+%+L % L—#é—{—— (via+b+c=0)([Dpcm)
Nhan xét. Néu a, b, ¢ 13 cac s hitu ti thi i~|— % —|—% 14 s6 hitu ti nén ban c6 thé chirng minh
dugc bai toan sau: Cho a, b, ¢ 13 cac s hitu ti khac 0 thoa man a +b+c = 0. Ching minh:
L + b12 + L 1a binh phuong ctia mot sb hiru ti.
Neudat a=x—y; b=y—z; c=z—x thitadugc bai toan hay va kho sau:
Chtrng minh rang ! ~+ ! ~+ ! - 1a binh phuong ctia mét s6 hitu ti.

(x=y) (y=2) (2=x)
Bai 5. Chobasoa,b cthéamin b=c;a+b=c va a* +b* = (a+b c)
Chiing minh déng thirc a’+(a _c)z _a-c
b*+(b—c) b—c
HD: Tua’+b’ = (a—i—b—c) :>212:(a—|—b—c)2—b2 b = (a—i—b—c) —a’
a +(a—c) _(a+b—c)2—b2—|—(a—c) _ (a+2b—c)(a—c)+(a—c)
bz—i—(b—c)2 (a~|—b—c)2—212+(b—(:)2 (b+2a—c)(b—c)+(b—c)

2

Suyra VT =

2
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_(a—c)(2a+2b—2¢c) a-—c
(b—c)(2a+2b—2¢c) b-—c

Bdi 6. Cho a* +b* +c* = (a+b+c)'. Chirng minh ring:
a’ b’ ¢ be ca ab

2 +-5 +— =1 b) 2 +-5 +— =
a +2bc b"+2ac ¢ +2ab a +2bc b +2ac c” +2ab

= VP

a)
HD:
Tfra2+b2—1—c2:(a+b—|—c)2:>a2+b2+cz:az+b2+c2+2(ab—|—bc+ca)
Suyra ab+bc+ca=0
Xét32+2bc:az+2bc—ab—bc—ca—a2—ab—ca+bc—(a—b)(a—c)
Tuong tw ta cd b® +2ac=(b—c)(b—a);c’ +2ab=(c—a)(c—b)
a) Xét vé trai ta co:

a’ b’ ¢’ a’ b’ ¢’
a?12bc b +2ac & +2ab (a_b)(a—c) (b-c)b_a) (c_a)lc_b)
_a’(b—c)+b’(c—a)+c’(a—b) a’(b—c)+b’c—ab’ +ac’ —bc’

gy e ey PR ey s
_@(o—o) +belb—c)-a(b-ro)(p—c) _(b-e)(s" +be—sb e
QS ] e s R ey s | oy

b) Xét vé trai, ta co:
bc ca ab bc ca ab

a’ 4 2bc * b* +2ac * ¢’ +2ab (a—b)a—c) (b—c)(b—a) * (c—a)(c—b)
_ be(b—c)+ac(c—a)+ab(a—b) _ be(b—c)+ac’ —a’c+a’b—ab’
(a—b)(a—c)(b—c) (a—b)(a—c)(b—c)

_be(b—c)+a’(b—c)—a(b—c)(b+c) _(b—c)(bc+a’ —ab—ac)

=1

= =1
a—b)a—c)b—c) a—bJa—c)b—c)
Bai 7. Cho a, b, ¢ doi mgt khac nhau va khdac 0 thoa mana+b+c=10
Chitng minh ring: 212 |2=2 b_c+c_“] 142
a—-bla+b b+c c+a abc
HD: Bién ddi vé trai:
Ta co: VT:a+b.a—b+a+b[b—c+c—a]
a—b a+b a—blb+c c+a
¢ (c=b a—c ¢ [bc—=b*+a’*—ac
=1+ + =1+
b—a[ a b ] b—a{ ab ]
—b b— — —b)(—c— 3
e (abatboo) e fab)e—e) 2 | 2

) . ,b—a' ‘ab a—b ab ab abc
Veé trai bang vé phai, ta c6 diéu phai chirng minh.

Dang 2. Bién déi cd hai vé cing bang biéu thirc thir ba
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a’+3ab 2a*—5ab—3b>  a’+ab+ac+bc

Bai 1. Chitng minh ding thirc: —
& & a’ —9p* 6ab—a’ —9b* 3bc —a* —ac+3ab

HD:
Phin tich. Dang thirc ndy nhén thay Ve phai cé ¢, vé trai khong co c. Tirc la co thé bién doi
rat gon nham triét tiéu c. Vé trai 1a tong hai phan thire, vé phai 1a mot phan thic, do vay ta
c6 thé bién doi vé trai thanh mot phan thirc va rat gon.
Nhirng bai toan hai vé déu phirc tap, ching ta c6 thé bién doi ca hai v€, va ching to cung
bang biéu thirc thur ba.
(a+b)(a+c)  (a+b)latc) a+b
3b(c+a)—alat+c) (a+c)(3b—a) 3b—a
a(a+3b) (a—3b)(2a+b)
(a—3b)(a+3b) —(a—3b)’
__a 2a+b_-—a-b_a+b @)
o a—3b a-3b a-3b 3b-a
Twr (1) va (2) ta co6 vé trai bang vé phai, suy ra diéu phai chirng minh.

e Bién doi vé phai. VP =

(1)

e Bién doi vé trai. VT =

Bai 2. Cho a, b, ¢ doi mgt khic nhau va cdc da thirc: Ching minh ring: P*(x)=Q(x). Biét
. :a(x—b)(x—c) (x—a)(x—c) c(x—a)(x—b)
) = o) T ey b=c) T (e—a)(c—b)
x:az(x—b)(x—c) ,(x—a)(x—c) cz(x—a)(x—b)
o) =) P mae—a) " a)e=b)
b(x—a)((x—c) c(x—a)(x—b)

a—c) (b—a)b—c i (c—a)(c—b)

—b(x—a)(x—c)(b—a)+c(x—a)(x—b)(b—a)

—

P(x) (x—c)(c—b)[a(x—b)—b(x—a)]—(x—a)b—a)[b(x—c)—c(x—b)]
(a—b)(a—c)(c—b)
P(X):(x—c)(c—b)(ax—bx)—x(x—a)(b—a)(b—c):X(a—b)(c—b)(a—c)
PR ey PR PRy
. Xé X:az(x—b)(x—c) b’(x—a)(x—c) c’(x—a)(x—b)
T T b (eoae D)
Q(x)— a’(x—b)(x—c)(c—b)+b*(x—a)(x—c)(a—c)+c’(x—a)(x—c)(b—a)

’ (a—b)(a—c)(c—b)
Xeét tir so:

a’(x—=b)(x—c)(c—b)+b*(x—a)(x—c)(a—c)+c’(x—a)(x —c)(b—a)
=a’(x—b)(x—c)(c—b)—b*(x—a)(x—c)(c—b)—b*(x—a)(x—c)(b—a)+c*(x—a)(x—b)(b—a)
=(x —c)(c—b)[az(x—b)—b2(x—a)]—(x—a)(b—a)[bz(x—c)—cz(x—b)]

Bién soan: Trdn Pinh Hoang 0814000158
32

=X




Boi dwérng hoc sinh gidi todn 8

=(x—c)(c— b)(a—b)(ax+bx—ab)—(x—a)(b—a)(b—c)(bx—i—cx—bc)
=(a—b)(c— b)[(x ax+bc—ab)—(x—a)(bc—|—cx—bc)]

:(a b)(c b)[ax +bx* —abx —acx — bex + abe — bx® —cx” + bex + abx + acx —abc
:(a b)(c b)[ax —cx ] 2(a—b)(c—b)(a—c)

x*(a—b)(c—b)la—c) _ . 3
= = VA P =
Q(x) la—b)(a—c)(c_b) X ay suy ra P?(x)=Q(x)
Dang 3. Tir diéu kién tgo ra thanh phan mét vé
2 2 2
Bai I. Cho —%—+ b P ) Chirng minh rang: 2 4 b +—< =0
b+tc c+a a+b b+c c+a a+b

Y

HD:
Phan tich. Quan sat ki phan gia thiét va phan két luan. Chung ta thay c¢6 phan giéng nhau
va phan khac nhau. Tu gia thiét chiing ta c6 thé tao ra vé trai cua dang thirc. Do vay tu gia
thiét chiing ta cin nhan vé6i bo phan thich hop dé tao ra vé trai cua ding thire, sau d6 bién
doi phﬁn con lai triét tiéu.

a+b=— b
Nhin xét: Néua+b+c=0 =>{at+c=-b= 2 + + C —_3
b+c c+a a+b
ct+a=-b
Vaya+btc =0
A Lo, a b C L.
Nhan ca 2 vé cua + + =1vdia+b+c ta duoc:

b+c c+a a+b
a(a+b+c)+b(a+b+c)+c(a+b+c)

=a+b+c
b+c c+a a+b
2 2 2 2 2 2
= +a+ +b+ ¢ +c=a+b+ce a + b + ¢ =0
b+c c+a a+b b+c c+a a+b
1 a’+b’
Bai 2. a) Biét a® —3ab* =5va b’ —3a°b=10. Tinh M =
2018
, . N a b C
b) Cho abc =1. Chirng minh rang + + =1

ab+a+1 bc+b+1 ac+c+1
HD:

a) Tira’—3ab’ =5=a’—6a'b>+9a’b* =25 (1)
b’ -3a’b=10=b’—6a’b* +9a*b>* =100  (2)

Cong (1) va (2) vé theo vé ta dugc: a®+3a*b? +3a’b* +b° =125 < (a2 +b’? )3 =5

2 2
:3(ﬁ+bﬁ:5¢>a+b _ 0 .V@ﬁMz—é—
2018 2018 2018
b) Ta co: a + b + ¢ = ac + 5 abe + ¢

ab+a+1 bc+b+1 ac+c+1 abc+ac+c abc”+abc+ac ac+c+1

B ac N abc N c _abc+ac+1

l+ac+c c+l+ac ac+c+1 abc+ac+1
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x___y  2Ax-y)
3 T3 T
y-1 x -1 x7y +3
HD: Taco: x+y=1=y=1-xhay—y=x—-1va —x=y-1

y _x'-x-ytay _ (X-y)-(x-y)

=0

Bii 3. Cho x+ y=1 va xy #0. Chirng minh ring: P =

Bien doi y -1 X -1 (y3 —l)(x3 —l) - xy(y2 +y+l)(x2 +X+1)
~ (x—y)(x+y)(x2+y2)—(x—y)
- Xy(X2y2+y2x+y2+yx2+xy+y+x2+x+1)
B (x—y)(x2 +y2—1) *)
- xy:xzy2 +Xy(x+y)+x2 +y’ +Xy+2J
:(ij)(xz_x-kyz_y):(x—y)[x(x—l)+y(y—1):| (%)
xy| xX’y” +(x +y)2 +2} XY(X2Y2 +3)
)X +y()] (=) (2xy)  2(x-y)
xy(xzy2 +3) Xy(x2y2 +3) X’y +3
Suy ra P:—Z(X_y) + 2(x—y) =0 (dpcm)

Xy’ +3  x’y*+3
Chii y: O bube (**) ta dd thay x + y = 1 vao biéu thue x° + y2 -1 va xy(x + y) & budc (*) dong thoi ap

dung HPT: x° +y’ = (X + y)2 —2xy

b 3
Baid. Cho £+2+5=0va X+2+21. Chirng minh rang: x—2+y—2+z—2=1
X y z a b c a b ¢
HD:
Tu3+E+E:0<:>ayz+bxz+cxy:O<:>ayz+bxz+cxy=0
X y z Xyz

2 2 2 2
Taco: oa L+ 2 (24,2 _z.(&&ﬂj:l_z.ny+bxz+ayz=1_2.0=1
a~ b ¢ a b ¢ ab ac bc abc
Bai 5. a) Chitng minh rang: Néu x* + y* + 7" =xy+yz+zx thix=y =7
2 2 2
. b b
b) Cho ba s6 a, b, ¢ khic 0 théa min : “—+-~+—=21512 CMR:a=b=c
b ¢ a ¢ b a

HD:

a) Taco: X +y> +7° =xy+yz+2zx = 2x° + 2y’ + 27" = 2xy + 2yz + 27X
:>(X2—2xy+y2)+(y2—2yz+zz)+(zz—2zx+xz)=()
:>(x—y)2+(y—z)2+(z—x)2=0 D

Ta co: (x—y)2 20,(y—z)2 ZO,(Z—X)2 >0
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x—y=0
Dodo y—z=0=>x=y=z
z—x=0
b’ b
b) Ta co: —+—2 —2——+ +—oa'c’+b'at+ 4b2=abc(azc+cza+bzc)
b’ a- ¢ b a

Dit x =a’c, y=b’a, z=c’b.Tadugce: x* +y* +7° =Xy +yz+2zx
Ap dung két qua cau a ta duoc:
2 2 2
(x—y) +(y—z) +(z—x) =0=>x=y=z
—a’c=b’a=c’b=ac=b’*; bc=a’; ab=c>’=a=b=c
1

Bai 6. Chirng minh rang: Néu l+1+l:2 va a+b+c =abcthita co iz+i2+—2:2
a b c a b ¢

HD: Theo gia thiét: l+%+l:2nén a%0;b#0;c#0
a C

2
Ta co: l+l+l:2:>(l+%+—j :4<:>L2+L+L2+2(L+L+Lj:4
c

a b c a a® b ¢ ab bc ca
:L+%+%+2(a+b+cj=4
a~ b ¢ abc
a+b+c 1 1 11 1
Via+b+c=abc= =l S+S5+5+2=4 S +—+— dpcm
abe a2 b ol a2 2 2 (dpem)
Bii 7. Cho a, b, ¢ d6i mét khdc nhau va khdc 0. Chirng minh ring:
Néua+b+c:0thiP=(a_b+b_c+c_aj,( c @ b j=9
c a b a-b b-c c-a
HD: Dta b _x: b_C:y; c-a___ ¢ :l; a :l, b 1 M
c a b a-b x b-c y c-a
1 1 1
SuyraP<:>(x+y+z) —+ +— =9
Tacc’):(x+y+z)(l+ +—j= [ Xtz X+yj (2)
X z
Ta lai co: y”:( j _b'—hcrac—a® e
X ab ‘a-b
(a b)( b)_c(c—a—b)_C[ZC—(a+b+C)]_202
ab(a— b) ab ab ab
2 2
Tuong ty ta co: X+z=2a : X+y=2b
y bc z ac
2 2 2
(x+y+z) LR £ 2 _342 (a3+b3+c)
X y z ab bc ac abc
Via+b+c=0=2a’+b’+c’ =3abc
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Do dé: (x+y+2) 111 :3+i.3abc=3+6:9
X y z abc

Bai 8. Chol+l+1:2 (1) va LZ—FLZ—F%:Z (2). Chirng minh r&ng:a+b+c= abc
a b c a b c
HD:
T (1) suy ra

iz+i2+%+2.(L+L+LJ=4:>2.(L+L+Lj=4—(%+L+ij

a b c ab bc ac ab bc ac a b*
:>L+L+L=1<:>a+b+czl<:>a+b+c=abc
ab bc ac abc
Bdi9.Choa+b+c:1;a2+b2~|—c2:1vd£:%:£Chd’ngminhwing:xy+yz+zx:0
a ¢

HD: Ta+b+c=1=(atb+c) =1=a’+b’+c*+2(ab+bc+ca)=1
Ma a’=b>+c*=1nén ab+bc+ca=0
Détizlzzzksuyrax:ak;y:bk;z:ck

a b ¢
Xét xy + yz+zx = abk’ + bek® + cak® =k’ (ab+bec+ca) =k*.0=0

Bai 10. Cho a, b, ¢ khdc 0 va théa mén a + b + ¢ = 0. Chitng minh ring:
2 b2 b2 2 2 2 3 b3 3
a + n +c¢° ¢ +a :a_+_+c_

a+b b+c cta bc ca ab

HD:
Tugiathiét a+b=—c=a’=b>+2ab=c>=a’ +b’ =c’—2ab

a’+b*> c¢*—2ab 2ab
Suy ra = =—Cc+—
a+b —C c
2 2 2 2
Tuong tu ta co: b te :—a—l—z—bc;c ta :—a+@
+c a c+a b
Tir d6 suy ra vé trai 1a:
2(a’b* +b’c’ +c’a’
VT:—a—b—c+2ab—|—2bc+2ca: ( ) )
c a b ach
Mit khac ta co: (a+b+c)2 =0=a’+b’+c’=—-2(ab+bc+ca)

Binh phuong hai vé ta dugc:
at +b* +ct + 2(&2b2 +b’c* + czaz) =4a’b’ +4b°c® +4c’a’ + 8abc(a +b+ c)
=a'+b = 2(32b2 +b%c’ + czaz) (2)
Twr (1) va (2) suy ra di€u phai chirng minh.
x* =3y y'—3x

Bai 11. Cho = voi x;y:cO;x;yzl;x:cy. CMR : l—kl:x—ky—l—§
x(1—3y) y(1—3x) 3 x y 3

HD:
Tir gia thiét suy ra (xz — Sy)(y —3xy)= (y2 — 3X)<X —3xy)
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& x’y —3x’y =3y’ +9xy’ = xy’ —3xy’ +9x’y
& 8xy’ —8x’y +3xy’ —3x’y -3y’ +3x* =0
& (y—x)(8xy +3xy)(y+x)—3(x+y)=0
Do x =y nén 8xy+3xy(y+x)—3(y+x):0 :>3(y—|—x):3xy(y+x)+8xy

Chia c4 hai vé cho 3x; y khac 0, ta duoc: 1 + 1 =X+y —|—§ (dpcm)
Xy

Bai 12. Chitng minh ring néu ba sé x, y, z théa man x + y +z = 2020 va 1—1—14—12L
x y z 2020
thi it nhat mét trong ba so x, y, z phdi bang 2020.
HD: Tur gia thiét ta co: l—i—l—i—l:;
X 'y z X+y+tz
<:>(yz+xz+xy)(x+y—|—z):xyz
& Xyz+ yzz—l—yz2 +x’z+ xyz—l—x22 + x2y+xy2 + XyzZ = Xyz
= xyz+yzz—|—yz2 —I—xzz+xyz—|—xz2 —I—xzy+xy2 =0
<:>yz(x—|—y)—|—22(X+y)+xz(x+y)+xy(x+y):0

(X—i—y)(yz+zz—|—xz+xy):O<:>(X—|—y)(y+z)(z+x):0

x+y=0
Suyra [y+z=0
x+z=0

Néux+y=0 thitr x4+ y+z=2020= z=2020
Néuy +z=0thi tir x+y+2z=2020= x = 2020
Néu x +z=0thi tir X +y+z=2020=z=2020
Suy ra diéu phai chimg minh
Bai 13. Cho cdc sé thuwc a, b, ¢ khdc nhau tirng déi mét va théa mén diéu kién
a’* —b=>b'—c=c’—a. Chitng minh ring: (a+b-+1)(b+c+1)(c+a+1)=-1

HD:
Tra’—b=b’-c=a’-b’=b—c=(a=b)(a—b)=b—c

satb=2"Caypr1=2=C (1)

a—b a—
Tuong tu, tir az—b:cz—a:>a+c+1:b_C (2)

a—c

2 2 b—a
b"—c=c —a:>b—|—c+1:b 3)

—c

Tir (1), (2) va (3) nhan timg vé ta duge: (a+b+1)(b+c+1)(c+a+1)=—1

Bai 14. Cho x, y, 7 khdc khong, khdc nhau tieng déi mét va zx = 1; yz =1 théa man diéu kién:

2 2
r oW _ Yo . Chitng minh ring x—i—y%—z:l—I—l—kl
X

x(1—yz) y(1—xz) y z

HD:
Tur gia thiét, 4p dung tinh chét day ti s bang nhau ta co:
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x> —yz B y’ —xz . X’ —yz—y’ +xz _ (X—y)(x—l—y+z)
X—Xyz Y—Xyz X—XyzZ—Yy-+Xyz X—y
X’ —yz B Yy’ —xz _ X’y —y’z B xy’ —x’z _ X’y —y'z—xy’ +x’z

=x+y+z (1)

X—XyZ y—XyZ Xy—Xy'z xy—xzyz_xy—xyzz—xy+x2yz

_XY(X—Y)—I-Z(Xz_yZ)_(x—y)(xy—l—xz+yz)_xy+xz—|—yz_l+l+l @)
B x'yz —Xy’z B (x —y)xyz B XyZ Xy z
Tir (1) va (2) suyra x+y+z=— 4+ 4+

X y z

Bai 15. Cho x, y la hai sé thwc khdc 0 sao cho x +l;y + 1 la cdc s6 nguyén.
X

Chirng minh rang X’y + ez

x3y3

1
ELSXy+—€EZ
Xy

HD: Tugia thiét, suy ra [x + l][y + l
y X

Xét X'y’ + T
Xy Xy Xy Xy

2
[Xy +i] =3
Xy

1 1 1
xy—l——][xzy2 + o —1]:[xy+—]

Suyra x'y’ + € 7, diéu phai chting minh.

X3y3
Bai 16. Gid sirx, y, 7 la cdc sé thwe dwong théa mén diéu kign x + y + 7 = xyz.
2y 3z xyz(Sx+4y+3z)

Chiing minh ring: —> + + =
d ol 1y 1+ (x+yp)(y+z)(z+x)

HD:
. Xyz Xyz Xyz
T . = = = 1
60 14x* yz+x2yz yz—i—x(x+y+z) (x—l—y)(x—i—z) )
2y 2xyz
T tu: = 2
Hong it 1+y*  (y+z)(y+x) ®
3z 3xyz
pu— 3
14+ 2° (z+x)(z+y) 3
Tir (1), (2) va (3); cong vé véi vé, ta co:

X n 2y n 3z _ XyzZ 2xyz 3xyz
1+x> 1+y" 147 (X—i—y)(x+z) (y+z)(y+x) (Z+X)(z+y)
Cxyzly+z+2(z+x)+3(x+y)] | xyz(Sx+4y+32)

(x+y)(y+2)(z+x) (x+y)(y+2)(z+x)
4 4
Bai 17. Cho a, b, x, y théamian *—+2— =1 ya x* 4y =1
a b a+b
. xZn 2n 2 B
Chirng minh rang — +~—= — v0i n la s0 nguyén duong.
a b"  (a+b)
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2
. x* y4 (X2+y2) 2
HD: Tugidthiéttaco —+2-—=—"—" o b(a+b)x*+ala+b)y' =(x>+y°) ab
s a b atb (a+b)x" +afa+b)y* =(x"+¥)
& abx® +b’x* +a’y* +aby’ =abx® 4 2abx’y’ +aby’ < b’x* —2abx’y* +a’y* =0

2 2

a b
2 2 2 2
Theo tinh chét day ti s bang nhau, ta cé: XY _ X4y !
a b a+b a+b
X2n y2n 1 X2n 2n 2
= ﬂ: n: n:> n n: n
a”  b"  (a+b) a" b"  (a+b)
.. sy A , . .~ 1 1 1 Xy zx
Bai 18. Cho x, y, z la 3 so thuc khdc 0 théa man —+—+—=0. CMR: —-+—+—=3
X y z 7y x

HD: Tu gia thiét, suyraxy + yz+zx=0. Patxy =a; yz=b; zx =c, khi do:
Tacod a’ +b’ +¢’ =3abc
3 3 3
Suyrax—z]+y—f+%:m:3(dpcm)
z X"y abc
X y z : x’ y? z
Bai 19. Cho + + = 2. Chirng minh rang: + + =x+y+z
y+z zt+x x+y y+z z+x x+y

+ y
y+z ZzZ+X X+Yy

2 2 2

XLyt z=2x+2y+22
y+z Z+X X+y
X2 y2 ZZ
& + + =X+ y+2z (dpcm)
y+z zZ+X X+Yy

Bai 20. Cho% + b +£ = b —1—%4— a4 (1). CMR : trong ba sé a, b, ¢ ton tai hai so bang nhau
c a a c

HD: T gia thiét suy ra

.(x—l—y+z):2(x—|—y+z)

=

HD:
Tu (1) :>azc+ab2+b2c:bzc+ac2+azb:>a2(b—c)—a(c2—b2)+bc(c—b):0
= (c—b)@>—ac=ab+bc)=0 = (c—b)a—-b)(a—c)=0 = dpcm
Bai 21. Cho (az —bc)(b—abc): (bz —ac)(a—abc); abc # Ovaa+ b

Chirng minh rang: 1%—l—kl:a—kb—kc
a b c
HD:
Te GT =a’b-—b’c— a’bec+ab’c’ =ab” —a’c—ab’c +a’bc?

@(azb—ab2)~|—(a2c —bzc):abc2 (a—b)+abc(a—b)(a—|—b)

& (a—b)(ab+ac+bc)=abc(a—b)(a+b+c)

sabtactbe  prealililoaiern

abc a b ¢
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Bai 22. Cho a+b+c:x+y+z:£+2+£:O,' Chirng minh rang: ax’ + by’ + cz> =0
X y z
HD:
T x—l—y—I—Z:O:>x2:(y—l—z)2;yzz(x+z)2;22:(y+x)2
ax2+by2+022:a(y+z)2+b(x+z)2+c(y+x)2:...
=(b+c)x’+(a+c)y’ +(a+b)z’ +2(ayz+bxz+cxy) (1)
Tr a+b+c=0=—-—a=b+c; —b=a+c; —c=a+b (2)
Te 2+ b +%-0 > ayz + bxz + cxy = 0 (3). Thay (2), (3) vao (1)
X y z
Taco: ax” +by’ +cz° = —(ax2 +by” +CZ2)aX2 +by* +cz° =0

Bai23. Cho —*—+- % + € 0. Chingminhring: —*— 4+ P L€ _

b—c c—a a-—b (b—c)2 (c—a)2 (a—b)2

HD:
a b c a b c b’ —ab+ac—c’
Tu + + =0= = + =
b—c c¢c—a a-b b—c¢c a—-c b-a (a—b)(c—a)

a b* —ab+ac—c? VS|
= = 1 han hai vé véi
b—of @ beapg OO b—c’
Tuong tu, ta co:

b ¢ —bctab—a’ _ ¢ a’—actcb—c?
cma) @b-ab-—< O by @ be-ap-o

Cong timg vé (1), (2) va (3) ta c6 dpcm

a’+b*+c —3abe

2

— =2009
a +b"+c"—ab—ac—bc

Bai 24. Cho a + b + ¢ =2009. Chirng minh ring

Dang 4. Phwong phdp bién déi twong dwong
Bai 1. Véi a, b, c la cc s thuce khdc 0 théa man ding thire (a +b)(b+c)(c +a)= 8abc.
b c 3 ab bc ca

Chii inh S . a ——
Hng Mt rang a+b+b+c+c—|—a 4+(a_|_b><b+c)+<b+c)(c+a)+(C+a)<a+b)

HD:
Phin tich. Bai toan nay 14 ching minh dang thirc c6 diéu kién. Bai toan nay co thé van
dung diéu kién va bién d6i ca hai vé cling bang biéu thic thi ba.
Tuy nhién, trong vi du nay ching ta s dung phuong phap bién d6i twong duong. Phuong
phap bién d6i twong duong 1a mudn chung minh A=B, la ching ta ching
minhA=B< C=D=..X=Y. Néu x = y hién nhién dung hoic 13 gia thiét, thi changta
kétluanA=B.
Bién ddi twong dwong:

a n b n c 3 n ab n bc n ca

a+b b+c c+a 4 (a+b)(b+c) (b+c)c+a) (c+a)(a+b)
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a [ b ] b [ c ] c [ a ] 3

o UL UL § R IS _2

a+b b+c) b+c ct+a) cH+a a+b 4
- ac n ba n cb :i
(a+b)(b+c) (b+c)(c+a) (c+a)(a+b) 4

(:>ac(a+c)+ba(b+a)+cb(c+b):%(a+b)(b+c)(c+a)

& ac(a+c)+ba(b+a)+cb(c+b)=6abe
&ac(a+c)+b(a+b+c)(a=c)=8abc
@(a+c)(ac+ab+b2+bc):8abc
& (a+c)(b+c)(b+a)=8abc
Déng thirc nay diing nén diéu phai chung minh 1a dung.
Bai 2. Gid sir x, y la nhitng sé thwe dwong phén biét théa man
y 2y’ 4y* 8y°
x+y+x2+y2 x4_|_y4+x8_y
) 4y (x* —v*) 4+ 8v®
HD: Taco: 4= Y + 22y >+ y4(x 4y2 ZI
x+y X' +vy (x +y )(x —y)

s =4. Chieng minh rang:5y = 4x

y 2y 4y v ("= y")+4y"
& ta Tt T e4= 2 2\[e2 , 2
X+y X 4y X —y X+y (X -y )(X +y)
2v? X —vy)+2y?
PNy + 2y 2:y< zy) 5 Y (:)4:L<:>4x—4y:y<:>4x:5y
Xty X —y X" —y X—y

Dang 5. Phwong phdp doi bién so
Bai 1. Vi a, b, c la cdc s6 thuc khic 0 théa mén dang thire (a +b)(b+ c)(c +a)=8abc.
Chirng minh rang: 2 4 b < = i+

a+b b+c c+a 4

ab bc ca
(atb)brc) (brec)cta) (cta)(atd)

HD:
Phén tich. Vi du nay, trong phan trudc ching ta di chirmg minh bang phuong phap bién dbi
trong duong. Trong phan nay, ching ta s dung phuong phap 601 bién dé giai. Quan sat
phan két luan, chung ta nhan thdy hai vé clia dang thirc c6 phan gidng nhau: vé trai 1a tong
ba phén thtrc, phan bién vé phai 1a tich cua tirng cip hai phan thirc trong ba phan thirc dy, do
d6 chung ta nghi téi dat bién phu: Bat x = 2 ;Y= b ;Z= ©  vachicin chirng
a+b b+c c+a

minh x+y—|—z:%—|—xy+yz+zx.Do vay ta c6 101 giai sau:

b c NPTy 1

;Y= ; 2= . Tur gid thiét, suy ra xyz =—

a+b b+c ct+a 8
2 _ b gy b l—z=1-——=_12
a+b a+b b+c b+c c+a c+a

Twr d6 suy ra: xyZ:(l—x)(l—y)(l—z) <:>2xyz:1—(X—|—y—|—z)+(xy—l—yz+zx)

bat x =

Taco: 1—x=1—
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3
<:>x+y+Z:Z—|—xy—|—yz+zx

Vay a n b n c _ 3 n ab n bc n ca (dpem)
" a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)
Bii 2. Cho a, b, ¢ la ba sé thwe phén biét. Chirng minh rang:

(2a+b)(2b+c) (2b+c)(2c—|—a)+(2c+a)(2a+b) B 2a—|—b+2b+c 2c+a

3+ =
(a—b)(b—c) (b—c)(c—a) (c—a)(a—b) a—b b—c c—a
HD: \ r r r \
Phén tich. Quan sat phan két luén, ching ta nhan thay hai v€ cta dang thirc ¢6 phan giong
nhau: vé phdi la tong ba phéan thirc, phan bién vé trai 1a tich cua tirng cap hai phan thic
trong ba phan thic ay. Do d6 cling nhu vi du trudc ching ta nghi téi dat bién phu: Dat
:2a+b; :2b+c;z:2c+a va chi can chimg minh 34+ xy+yz+zx =x+y+z.
a—b b—c c—a
Do vay ta c6 101 gidi sau:
5 2a+b 2b+c 2c+a
Pat x = ;Y= 1z =
a—b b—c c—a
Khido x+1=—2 1 yp1=—0 . 41
a— —c c—a
Vax—2=—0 .y -3¢ ., ,_ 3¢
a—b b—c c—a
Trdosuyra (x +1)(y+1)(z+1)=(x—2)(y—2)(z—2)
Khai trién va rat gon ta duogc:
9—1—3(xy—|—yz+zx):3(x+y—|—z)<:>3+xy+yz+zx:x+y—|—z
Suyra:3+<2a+b)(2b+c) (2b+c)(2c+a)+(2c+a)(23+b):2a+b 2b+c 2c+a
(a—b)(b—c) (b—c)(c—a) (c—a)(a—b) a—b b—c c—a
Bai 3. Cho a+b + ¢ = 0. Chibng minh: [”_b+b_c+c_“][ < “« b l_g
c a b la—b b—c c—a
HD:
., a—b b—c c—a c 1 a 1 b 1
Dat =X, =Yy, =7= — =—; = _
c a b a—b xXx b—c y c—a z
() & (x+y+z) l+1+1J=9
X 'y z
Ta co: (x+y+z[l l+%=3+[y+z+x+z Xerj(z)
X 'y z X y
2
Ta lai 6 Y :[b C—I—C a]. c :b bc +ac a. c
X a b )a—b ab a—b
cfa—b)(c—a—b) c(c—a— b) [2c—(a~|—b—|—c)] 2¢’ 3)
ab(a—b B ab ab ab
2 2
Tuong tu, ta co: xtz 220 4) ; Xty 26 (%)
y bc
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Thay (3), (4) va (5) vao (2) ta co:
2 2 2
(x+y+z)| Ll llige 20, 20 20 3 2 sipicy (6
X y z ab  bc ac abc
Tr a+b+c=0 = a’+b’>+c*=3abc (7)

X 'y z abc

Thay (7) vio (6) ta ¢: (x+y+z)[l+l+lj=3 + 2 3abc=3+6=9

Dang 6. Phdén tich di lén tir két lugn

2 2 2 2 2 2 2 2 2
Bai I. Cho ba sé a, b, ¢ khic 0 théa min hg thire: 7€ % ([ @+ =b a’+b —¢
- 2bc 2ca 2ab
Chitng minh rang:
a) Trong ba s6 a, b, c ton tai mét sé bang tong hai sé con lai.
b) Trong ba phén thirc trén, ton tai hai phan thirc bing 1, mét phén thivc bang -1.

HD:
Phan tich. Doc k§ phan két luan cau a, chung ta nhin thiy phan ching minh twong duong
voi:a=b+choacb=c+ahodc c=a+b< b+c—a=0 hoidc c+a—b=0 hoac
atb—c=0«(b+c—a)(c+a—b)(a+b—c)=0. V&i suy nghi 4y, ching ta bién doi
gia thiét va dinh hudng bién d6i phan tich da théc thanh nhan to dé dwa vé
(b+c—a)(c+a—b)a+b—c)=0.
Loi giai
. at+b*—=c¢* b*4+ctf—a’ cF+at-b’
Tu gia thiét: =1
2) Tugiathic 2ab * 2bc * 2ac
2 2 2 2 2 2 2 2 2
@a +b"—c _1+b +c" —a _1+c +a —b L1—0
2ab 2bc 2ac
2 2 2 2 2 2
@(a—b) —c +(b—c) —a +(zH—c) -b 0
2ab 2bc 2ac
(a—b—c)(a—b—l—c)+(b—c—a)(b—c—|—a)+(a+c—b)(a~|—c—|—b)_0
2ab 2bc 2ac N
&c(a—b—c)la—b+c)+a(b—c—a)(b—c+a)+blat+c—b)latc+b)=0
@(a—b+c)( a—b—c)— (b—c—l—a)—l—b(a+b+c)) 0
@(a—bJrc)(ac—bc—c —a(b—c+a)+ab+b2+bc):0
& (a— b+c)(ac+ab+b2 2 a(b—c+a)):O

a—b+c=0 at+c=b
&(a—b+c)(at+b—c)(b+c—a)=0 <{a+b—c=0&{at+b=c
b+c—a=0 b+c=a

Vay trong ba sb a, b, ¢ c6 mot s6 bé“mg téng hai s6 con lai.

b) Khong giam tinh tong quat, gia st a=b+c
a’+b’—¢c* (b—l—C)2 +b>—c¢*  2bc+2b’

- Xeét = = =1
2ab 2(b+c)b 2bc +2b
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. b>+cP—a’ b +c’—(b+c)  —2bc

- Xé = —1;
2bc 2bc 2bc

Xt G +a’—b ¢ H(b+c) —b 267 +2be 4
2ac 2(b + c).c 2¢* +2bc

Viy trong ba phan thirc c6 mot phan thirc bang —1; hai phan thirc con lai bang 1.
Dang 7. Phwong phap tach hang tir

b’ —c? ct—dt a’—b’ _b—c c—a a-b

+ + =
(a+b)(a+c) (b+c)(b+c) (c+a)(c+b) b+c c+a a+b
Biét a = —b,b=—c,c=—a.

Bai 1. Chirng minh rang:

HD:

Phan tich. Quan sat déng thirc nay, ching ta c6 thé c6 ba cach giai:

Cich 1. Bién ddi ca hai vé cung béng biéu thtrc thir ba. Cach nay tuy dai nhung cho ching ta két
qué 1a biéu thic thir ba rat dep.

Cach 2. St dung phuong phap d6i bién. Nhan théy hai vé ¢6 phﬁn mau c6 thé dit bién phu duoc.
bata+b=z a+c=y; b+c=x, sau do bién ddi tir thic theo x, y, z. Ta c6 101 giai
hay.

Cich 3. Nhan thiy rang, vé trai ctia dang thirc c6 thé tach tir thirc dé dua mdi phan thic thanh tong
ctia hai phan thirc ¢6 mau thic trang voi hai trong ba mau thtrc ciia vé phai. Véi cach suy
luan nhu vay chung ta c6 101 giai hay.

Loi gidi:

b2 2 2 _ga? a? _b?
+ +
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
b’ +b’c—bc’—c’ +c’+ac’ —a’c—a’+a’+a’b—ab’—b’

Cdch 1. Xét vé trai:

(a+b)(a+c)(b+c)
:bc(b—c)—a(b+c)(b—c)+a2(b—c):(b—c)(c—a)(b—a) "
o o)+ oo+ @ o)ate)(o )
o % ... b-c c—a a-b (b—c)(ct+a)+(c—a)b+c) a—b
XeLve phai: b+c+c+a at+b (b+c)(c+a) a+b
__bc+ab—c’—ac+bc+c’—ab—ac a—b
B (b+c)(c+a) a+b
_ 2bc—2ac Jral—b_2c(b—a)(aer)Jr(a—b)(bJrc)(cha)
_(b+c)(c—|—a) at+b (a+b)(b+c)(c+a)
aaewrbec) poae-ab-e)
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
Tir (1) va (2) suy ra: b"—c¢ c —a a”—b b—c c¢c—a a-—b

+ + S LR
(a+b)(a+c) (b+c)(b+c) (c+a)(c+b) b+c c+a a+b
Cach 2. Pit a+b=2z;a+c=y; b+c=x

Piang thirc duoc ching minh twong dwong voi:
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yZ XZ Xy n y Z X

Bién d6i vé trai ta co:
XZ— X Xy —YVZ 7 — XZ X X
y XY“yz ¥y _X_ X

x(z=y) y(x=2z) zy=X) _x-z y-x z-y

+E_E:Z_Y+X_Z+Y_Z:(Vp)
yz Xz Xy y z Xy X y X

b* —¢? b*—a’ a’—¢’ b—a a—c
Cach 3. Ta co: = —
s e (a+b)(a+c) (a+b)(a+c)+(a+b)(a+c) atc ath
¢’ —a’ c—b b-—a

- 4

(b+c)(b+a) b+a+b—|—c @
a’—b’ a—c c—b

(c+a)(c+b):c+b+c—|—a ®)

Tir (3) (4) va (5) cong vé voi vé, ta co diéu phai chimg minh.

+

y_y
zZ X

G @

Tuong tu, ta co:

Bai tip tw luyén
Deho -+ L+ L_0;tinh gia trj biéu thwe A = Y2 + X2 4 XY
X 'y z X y z

XYz XVyzZ n
}; + }; ;vandunga+b+c=0 = a’ + b’ +¢? = 3abc
VA

HD: A= 22+
oy
b c

2) Cho a* + b® + ¢ = 3abc ; Tinh gia tri biéu thirc A = (% + 1)(— + 1)(— + 1)

c a
+z x+z x+
YTz, +27Y 13-0

3) Cho x + y + z = 0; ching minh rang:
X y z

4)Choa+b+c=a2+b2+c2=1;3=E=E.Ch1'rngminhxy+yz+xz =0
X y z

Chii dé 5. BAI TOAN TONG HQP
x*-5x"+4
x'-10x*+9
a) Rut gon A b) TimxdéeA=10
¢) Tim gid tri ciia A khi |2x—-1|=7
HD:
a) bKXD: x #+£1 va x£3

Bai 1. Cho biéu thirc A =

Véix #+ 1;x =+ 3 thi Ao B
X +

b) A=0 & x=%2
¢) [2x-1]=7 < x=4hodcx=-3
o V('rix=4thiA=%
e Véix =-3 thi A khong xac dinh
2x° —7x* —12x+ 45
3x’—19x° +33x-9 )
a) Rut gon B b) Timxdé B>0
HD:

Bai 2. Cho biéu thirc
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a) DKXD:X¢3V2‘1X¢%

2x* —7x*—12x +45 _ (x=3)'(2x+5) _2x+5
3x* —19x% +33x -9 (X_3)2(3X_1) 3x—1

b) Véix £ 3 vax ¢% Thi

1
2x+5 X>§

¢) B>0 < >0

x—1
X <—=

Bai 3. Cho bidu thirc C:( 1,2 5—XJ.1—2x

1-x x+1 1-x*) x*—1

a) Riit gon biéu thirc C

b) Tim gia tri nguyén cua x dé gid tri cua biéu thirc B la so nguyén
HD:

+
C:( 1,2 _S—xj_l—Zx_ 1+x+2(1-x)=5 | (x=D(x+1) -2
l-x x+1 1-x*) x* -1 (1-x)1+x) | 1-2x 2x—1

b) B c6 gia tri nguyén khi x 14 s6 nguyén thi 5
X

c6 gia tri nguyén
2x—-1=1 X=
2x-1=-1 x=0
2x—-1=2 < x=15
2x-1=-2 x=-1
Dbi chiéu DPKXD thi chi ¢6 x = 0 thoa min
x*+xt—2x
x|x+2|—x"+4
a) Riit gon biéu thirc D b) Tim x nguyén dé D cé gid tri nguyén
¢) Tim gia tri cua D khix =6
HD:
a) Néu x +2>0thi |x+2/=x+2nén

o 2x-11a0Q2)

Bai 4. Cho biéu thirc D =

B X’ + x> —2x B X’ + x> —2x _xz—x
_x\x+2]—x2+4_x(x+2)—x2+4_ 2
Néu x+2<0thi |x+2[=—(x+2)nén

B x*+ x> —2x B x* x> —2x =X
_X|X+2|—X2+4_—X(X+2)—X2+4_7
Néux+2=0 < x=—2 thibiéu thic D khong xac dinh

X2—X

A oo A s < X A
b) Dé D co gia tri nguyén thi hodc Y cO gi1a trl nguyén

2 _x: —1):2
X X.2<:>{X(X )

2
X —X
°

c6 gia tri nguyén <
X>—-2 X>—2
Vi x(x — 1) 1a tich cua hai s6 nguyén lién tiép nén chia hét cho 2 v&i moi x > —2
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ox=2k(keZ;k<-1)

—X ., .. . {xf2 Jlx:2k
© - cogid tri nguyén < =N

X <=2 X <=2

x*+2 x2 -1 x’+3
p +

Bai 5. Cho biéu thirc M = VR T 2
- x+1 x"—-x"4+41 x"+4x"+3

a) Rutgon M
b) Tim gid tri I6n nhit ciia M
HD:
4 2 2
a)M:2 )(-:22 4_4){21_2x+32
(x +1)(x -X +l) X —x"+1 (x +1)(X +3)
x*'+2 x* -1 1

:(X2+1)(X4—X2+1)+X4—X2+1_X2+1

~ <t 1 x> B Xz.(X2+1) B X2 Véy M- Xz
(x2+1)(x4—xz+l) (X2+1)(X4—X2+1) x'—x*+1 ' xt—x?+1
b) Taco: Mo X
' x'—x*+1
- Néeux=0tacoM=0
, ~ 1
- Neéu x #0, chia ca tir va mau cua M cho x*taco: M = I
2
X +—-1
<2

o, 1 s 1 1 1Y
Ta co: x +—2—1= X —2.X.—+—2 +l=|x——| +121
X X X X

Nén ta co: M=;1£1.Déu "="xayrakhix=1
T
x =1

Vay MaxM =1 khix =1

. 1-2x 1-2
Bii 6. Cho x,y la sé hivu ti khdc I théa min + Y -1
1-x 1-y
Chirng minh M = x* + y* — xy la binh phwong ciia mét so hivu ty.
HD:

Taco 22X 172¥

=l (1-2x)(1-y) +(1-2y)(1-x) = (1-x)(1-y)
3xy +1
2

. 2 o 2 3xy+1 ? 3xy—1 ?
Taco:M=x"+y’ —xy=(x+y) —3xy= 5 —3xy=..= 5

I-x 1-y

Sl-y-2x+2xy+1—-x-2y+2xy=1-X—-y+Xy<> X+y=

3xy—1

Vi x,y € Q nén 13 s6 hiru ty , Vay M la binh phwong ctia mot sd hitu ty.

Bii 7. Cho cdc sé a, b, ¢, d nguyén dwong déi mét khdac nhau va thod man:
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2a+b 2b+c 2c+d 2d-+a
+ + +
at+tb b+c c+d d+ta

—6. Chirng minh A = abcd la sé chinh phwong

HD:
Ta co: 2a+b+2b+c+2c+d+2d+a:6 <=1+ a +1+ b +1+ ¢ +1+ d =6
a+b b+c c+d d+a a+b b+c c+d d+a
a b, e, d g @ by e 4
a+b b+tc c+d d+a a+b b+c c+d d+a

b b d d b(c—a) da—c)
= - + - =0 + =
a+b b+c c+d d+a (a+b)b+c) (c+d)d+a)
< bc+d)(d+a)—d(a+b)(b+c)=0 <>abc—acd+bd’ —b’d =0
< (b—d)(ac—bd)=0<>ac-bd=0<>ac=bd (vib#d)
Vay A =abed = (ac)’1a s6 chinh phuong

; 2 x’ X! : X+
Bai 8. Cho biéu thirc : P=——[ 5 + 4 R oo D) 4 > voi x#0,y#0,x#—y.
x (x"+xp xy xy+y ) x"+xy+y

a) Riit gon biéu thirc P.
b) Tinh gid tri ciia biéu thirc P biét x, y théa mén ding thivc: X° +y* +10=2(x—3y).
HD:
Vo1 x#0,y#0, x #—y taco:

P:3_(X2y—(xz—y2)(X+y)—Xy2) Xty _2 X-y_x+y

X xy(x +Yy) XP+xy+y. X Xy Xy
Ta co: )(2+y2+10=2(x—3y)c:>xz—2X+1+y2+6y+9=0c:>(x—1)2+(y+3)2 =0
Lap ludnsuyra x=1; y=-3
Ta thiy x = 1; y = — 3 thoa méin diéu kién: x #0, y#0, x # —ynén thay x = 1; y =—3 vao

2 I+(-3
biéu thic P:X—-i_y ta duoc: P:M:g
Xy 1.(—3) 3
2 2
Bai 9. Cho bidu thire P=—> "% -[“H 1 .2 xj

x2-2x+1

x x-1 x*-x
a) Tim diéu kién xdc dinh va rit gon biéu thirc P.

2 -1
b) Timxde P = 2
¢) Tim cdc gid tri nguyén cia x dé P nhdn gid tri nguyén.
d) Tim gia tri nho nhdt cua P khi x>1.

HD:
x#0
a) bKXD: {x=#1
x#—1
+1 +1 — :
b) P=X(X 2): x+1 :X(X 2).X(X 1)= X :_l<:>le
(x—l) x(x—1) (X_l) x+1 x—1 2 2
2 2
¢ P= X =(X 1)+1=(X 1)(X+1)+1=X+1+_
x—1 x—1 x—1 x—1
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Véix € Z = x +1€ Z. Dé P nguyén thi Ll nguyén
X_

=x-1laudccual. =>x-le{-1;1}
2

d) P= X =X+1+L=X—1+L+2 Vix>1nénx—1>0va >0
x—1 x—1 x—1 x—1
Ap dung bt dang thirc Co-si cho 2 s6 duong x — 1 va Ll’
X_
Taco x—-1+ >2 (x—l)-L=2:>P24
x—1 x—1

Déng thirc xdy ra khi x —1= S(x-1)=1 o x-1=1(ix-1>0)

x—1
< x =2 (TMbK)
Vay gia tri nho nhat cia P la 4 khix =2

Bai 10. Cho biéu thirc : P = .

x2+x x+1 1 2— x?
> : - +
x" =2x+1

X 1-x x'—-x
a) Riit gon biéu thirc P
b) Tim xdéP<1
¢) Tim gid tri nhé nhdt ciia P khi x > 1
HD:
a) DKXD: x#0;x#1; x#-1
2

Rut gon P ta co: P = X
x—1

-3)
2 2 2 X_j T
b) P<l< T cle X —1<O<:>X—X+1<O<:>#
x—1 x—1 x—1 x—1
Vayvoix<lva x#0;x#=-1thi P<1

x2 B x> —1+1

<0ex-1<0ex<l

=x+1+ =x—1+L+2

¢) Taco: P=
x—1 x—1 x—1 x-1

Khi x >1; x —1> 0.Ap dung bat dang thirc C6 si ta co: X—1+——>2. Dhu " ="xay ra khi

x—1
va chi khi x = 2. Vay MaxP =4 khi x =2
e Bai tdp tw luyén
2 2
Bi 1. Cho A — x—1 2_1 33X+X 1 X +2x+1
3x+(x—1) x”—1 1-x x -1
a) Tim diéu kién xac dinh va rat gon biéu thirc A4
s : 2 o .
b) Tim céc gia tri thuc cia x dé A va XCé gia tri 1a s nguyén.
Bii 2. Chobiéu thic A=[2-% 37X, 27X . f; X
x+3 x+4+2 x"+5x+6 x—1
a) Rut gon A
b) Timxde A=0; A>0
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3y’ =7y* +5y-1
2y’ —y’ —4y+3

Bai 3. Cho biéu thitc B =

a) Rat gon B
b) Tim sé nguyén y dé

co gia tri nguyén
213 gia tr1 nguy
¢) Tim sé nguyény dé B > 1
3x° —14x” +3x +36
3x*—19x* +33x -9
a) Tim gia tri cua x d¢ biéu thac A xac dinh
b) Tim gia tri cua x d€ biéu thirc A ¢ gia tri bang 0
¢) Tim gia tri nguyén cua x dé bieu thirc A c6 gia tri nguyén.
. 2 + 4x° 2 - 2.3
Bai 5. Cho biéu thic: A = SEE LR = ===
2 - x x~ -4 2 + x
a) Tim DKXD roi rit gon biéu thirc A ?
b) Tim gia tri cua x dé A > 0?
c) Tinh gia tri ctia A trong truong hgp : [x — 7| = 4.
2
Bai 6. Cho bidu thirc A= -+ 2 4y 1 J:fx2410°%
x"—4 2-x x+42 X+2
a) Ruat gon biéu thirc A

Bai 4. Cho biéu thiic A =

e > 1
b) Tim gia tri cua A, biét |x| = )

¢) Timgiatriciax dé A <0
d) Tim céc gia tri nguyén cua x dé A c¢o6 gia tri nguyén

2 2 2
Bai 7. Cho biéu thie Q= X 2%, 2 X TXZ2) Ui x % 0vA x #2.
2x"+8 x'(x—-2)+4(x-2)

X
a) Rt gon biéu thirc Q.

b) Tim gié tri cua x dé Q co gia tri 1a %

Bai 8. Cho biéu thirc P = i—i.(”l—x—lj X~
3x  x+1

a) RatgonP
b) Tim xe Zdé P ¢o gia tri nguyén
¢) Tim x dé P<1

2_
Bii 9. ChobiéuthﬁcA:[zon—zom 2014+2016j_x 4

x—1 x+1 x* -1 Tx’ -1

a) Tim diéu kién cta x dé gia tri ctia biéu thirc dugc xac dinh

b) Rut gon biéu thirc A

¢) Timx dé A >0va biéu dién tap cac gia tri tim dugc cua x trén truc sb
d) Tim tit ca cac sb nguyén x dé A c6 gia tri 1a s6 nguyén
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