CHUYEN PE BAT PANG THUC
DANG 1: SU DUNG PINH NGHiA: A>B TA XET HIEU A-B >0, CHU Y BPT A’>0

Bai 1: CMR : véi moi X,y,z thi X* +y* +2% > Xy + yz + 2X
HD:
Xét hiéu ta co:
2(x2+y2+22—xy—yz—zx)20<:>(x—y)2+(y—z)2+(z—x)2 >0
DAu bang xay rakhix =y =z
Bai 2: CMR : véi moi x,y,z thi X* +y* +2% > 2xy + 2yz — 22X
HD:
Xét hiéu ta co:
x2+y2+22—2xy—2yz+22x20<=>(x—y+z)2 >0
DAu bang xay ra khi x+z=y
Bai 3: CMR : v6i moi x,y,z thi X’ +y?+2* +3>2(X+y+2)

HD:
Xét hiéu ta co:
(x—l)2 +(y—1)2 +(z —1)2 >0
Déu bang khi x=y=z=1
2 2 2
Bai 4: CMR : véi moi a,b ta ¢6 : 2 ;b z(a;bj
HD :

Xét hiéutaco:

a’+b®> a’+2ab+b’
2 4

<=>a’+2ab+Db? 20<:>(a+b)2 >0

DAu bang khi a=b

>0 <:>2a2+2b2—(a2—2ab+b2)20

Bai 5: CMR : vgimoia,b,ctaco:

a’+b?+c? >(a+b+cj2
3 - 3
HD:

Ta co:
a®+b%+c? S a®+b%+c?+2ab+2bc + 2ac

3 B 9
<=>3a’+3b%+3c? —(a2 +b? +c?+2ab+2bc+ 2ac) >0
<=>2a’+2b*+2c?—2ab-2bc—2ac >0
<=>(a-b)’ +(b—c)’ +(c—a)’ >0, Diu bing khi a=b=c
(a+b+c)2

3

Bai 6: CMR : @’ +b*+c?>
HD:
Ta co:
3a’®+3b%*+3c? > a’ +b? +c? + 2ab+2bc + 2ca
<=>2a%+2b*+2c*-2ab—2bc—2ac >0
<=>(a-b)’ +(b—c)’ +(c—a)’ >0, Diu bing khi a=b=c
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) (a+b)2
Bai 7: CMR : a®+b? sz 2ab
HD:

a+hb)’
Ta chang minh:a2+b22( +b)

<=>2a’+2b*>a’+2ab+b?
<=>a’+b*-2ab>0 <:>(a—b)2 >0
DAu bang khi a=b

b 2
Ta chang minh w >2ab

<=>a’+2ab+b®>4ab<=> (a—b)2 >0
D4u bang khi a=b

2
Bai 8: Cho a,b,c la cac s6 thuc, CMR: a? +bZ > ab

HD:
Ta co:
4a® +b* —4ab <=> (2a—b)2 >0
DAu bang khi b=2a

Bai 9: Cho a,b,c la cac s6 thuc, CMR : a®>+b®+1>ab+a+b
HD:

Ta co:
a’+b*+1-ab—-a-b>0
<=>2a’+2b*+2-2ab-2a-2b>0
<:>(a2—2ab+b2)+(a2—2a+1)+(b2—2b+1)20
<=>(a—b)2 +(a—1)2+(b—1)2 >0
Déu bang khi a=b=1
Bai 10: Cho a,b,c,d la cac sé thuc : CMR : a® +b® +c* +d* +e” >a(b+c+d +e)
HD:
Ta co:
a’+b*+c*+d*+e’—ab—ac—ad—ae>0
<=>4a% +4b* + 4c? + 4d? + 4e* —4ab—4ac —4ad —4ae >0
<=>(a’—4ab+4b”)+(a’ —4ac+4c’ )+ (a” —4ad +4d°) +(a* - 4ae+4e*) 2 0
<=> (a—2b)2+(a—2c)2+(a—2d)2+(a—2e)2 >0
Déu bang xay ra khi a=2b=2c=2d=2e

Bai 11: Cho a,b théa man: a+b =1, a>0, b>0 CMR: (1+ EJ(H%)
a

tacd: VT :(1+ a+bj(1+a+bj:[2+9j(2+gj:4+2[§+9j+1
a b a b b a

=5+2(§+9j25+2.2=9
b a

\Y

9
HD:

Dau be‘ing khi %=9=>az+b2 <:>a:b:%
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2
Bai 12: Cho x,yzo,CMR:(XLzyj > xy

HD:

Ta c0:

X2+ Y2 +2xy > 4xy <=> X2 —2xy + y? > 0 <=> (x—y)’ >0, D4u bang khi x=y
Bai 13: Choa>0,b >0, CMR: a®+b*>a’b+ab’
HD:

Ta c0:

(a3—a2b)+(b3—ab2)20<=> a’(a-b)-b*(a-b)>0

<=>(a—b)(a2—b2)20<:>(a—b)2(a+b)20

D4u bang khi a=b

1 1 S 2

Bai 14: Cho a>b>1, CMR: 5+ 5>
1+a° 1+b° 1+ab

HD:
Xét hiéu:
(12_ 1}{ 12_ 1)20
1+a® 1+ab 1+b° 1+ab
— a(b-a) b(a-b)

+ >
(1+a*)(1+ab) (1+b*)(1+ab)
(b—a)z(ab—l) .
(1+ ab)(a2 +1)(b2 +a) -
DAu bang khi a=b hoic a=b=1
Bai 15: CMR : véi moi s6 thuc X,y,zt ta ludn c6 : x> +y? + 2%+t 2 x(y + 2 +t)
HD:

Ta co:
X2y +72 +tP —xy—xz—xt >0
<=> AX* +4y° +47° + 4% —4xy —4xz —4xt >0
<=> (X* —Axy +4y* )+ (X* —4xz +42°)+(X* —Axt+4t* )+ X* 20
DAu bang khi x= 2y=2z=2t=0
2

Bai 17: CMR : %+b2+c2 >ab—ac+2bc

HD:
Ta co:
a’+4b%*+4c* —4ab+4ac—8bc>0
<=>a? —4a(b—c)+4(b2 +c? —2bc)20
<=>a? —4a(b—c)+4(b—c)2 >0
<=> (a—2a+20)2 >0
Bai 19: CMR : X* +y* +7° > 2xy — 22X+ 2yz
HD:
Ta co:
X2+ Yy +2°—2xy—2yz+22x>0
X' =2x(y—z)+y*—2yz+2°>0

x2—2x(y—z)+(y—z)2 20<=>(x—y+z)2 >0
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Bai 20: CMR : x* +y* +z* +1> 2x(xy2 —x—z+1)
HD:
Ta c0:
X'yt + 20 +1-2x°y% + 27 —2x2-2x >0
(x*+y =2x°y*)+(X* —2xz+ 2 )+(x* = 2x+1) 2 0
(xz—y2)2+(x—z)z+(x—1)220
Dau bang khi x=z=1, y=+1
Bai 21: CMR : @’ +b*+c* >ab+bc+ca
HD:
Taco:
a’+b*+c’—ab-bc-ca>0
<=>2a’+2b*+2c*—2ab—-2bc—2ca>0
<=>(a-b)’ +(b—c)’+(c—-a)’ >0
Bai 22: CMR : a’+b%*>ab
HD:
ta co:

2 2 2 2
a’+b’-ab>0 <=> a2—2a.g+b?+%20<:>(a—g) +%20

Bai 23: CMR : X* +xy+Yy*>0
HD:
Ta co:
2 2 2 2
x2+2x.l+y—+3lzo<:>(x+lj Yo
2 4 4 2 4
Bai 24: CMR : a(a+b)(a+c)(a+b+c)+b’c?>0
HD:
<=>a(a+b+c)(a+b)(a+c)+b*c*>0
<=> (a2 +ab+ac)(a2 +ab+ac+bc)+b2c2 >0
2 _
- {a +ab+ac=x
bc=y
Khi d6 ta co: X(X+Y)+y*=0<=>x*+xy+y’> >0
Bai 25: CMR : (a2+b2)(a4+b“)2(a3+b3)2
HD:
Ta co:
a®+a’b* +a’b?+b® >a’+2a’h* +b®
<=> (a“b2 —a3b3)+(a2b4 — a3b3) >0
<=>a’v’(a—b)+a’’(b-a)=0
<= (a—b)(a3b2 —a2b3) >0<=>a%’(a-b)" >0
Bai 26: CMR : (a+b)(a’+b’)<2(a* +b*)
HD:
Ta co:
a‘+ab®*+a’h+b* <2a*+2b* <=>a*—-ab*+b*-a*h>0
<=>a’(a-b)+b’(b-a)>0 <=>(a’-b*)(a-b)=0<=>(a-b)"(a’+ab+b*)>0
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Bai 27: Choa,b >0, CMR : 2(a’ +b*)> (a+hb)(a’ +b*)
HD:
Ta co:
2a®+2b®>a*+ab?+a*h+b°
<=>a’-a’h+b*-ab*>0
<=>a’(a-b)+b*(b—a)=0
<=> (a—b)z(a+b)20
Bai 28: Choa, b >0, CMR: 4(a°+b°) > (a+b)’
HD:
Ta co:
4a® +4b° > a® + 3a’b + 3ab? +b®
<=>3a®-3a’h+3b®-3ab?*>0
<=>3a’(a-b)+3b*(b-a)20<=>3(a-b)(a’-b*)20
<=> 3(a—b)2(a+b)20
Bai 29: Cho a,b,c >0, CMR: a’+b*+abc>ab(a+b+c)
HD:
Ta co:
a®+b*+abc >a’h+ab? +abc
<=>a’*-a’h+b*—ab?>0
<=>a’(a-b)+b*(b—a)>0
<=> (a—b)z(a+b)20
Bai 30: CMR: (a?+b?) 2ab(a+b)’
HD:
Ta co:
a‘ +2a%?+b* > ab(a2 +2ab +b2) =a% +2a’b? +ab®
<=> (a“ —a‘”’b)+(b4 —ab3) >0
<=>a’(a-b)+b’*(b-a)>0
<=>(a3—b3)(a—b)20<:>(a—b)2(a2+ab+b2)20
Bai 31: CMR: a’+b*+c*>a(b+c)
HD:
ta co:
a’+b*+c?—ab—ac>0
<=> 4a’ +4b* + 4c* —4ab—4ac >0
<=> (a2—4ab+4b2)+(a2—4ac+4c2)+2a220
<:>(a—2b)2+(a—2c)2+2a220
Bai 32: CMR: a’+b*+c’+d*>a(b+c+d)
HD:
a?+b*+c*+d?—ab—ac—ad >0
<=>4a® +4b* + 4c* + 4d?* —4ab—4ac—4ad >0
<=> (a2—4ab+4b2)+(a2—4ac+4cz)+(a2—4ad +4d2)+a220

<=> (a—2b)2 +(a—2c)2 +(a—2d)2 +a’>0
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Bai 33: CMR: a*+b* +¢? +§2(a+b+c)

HD:
Ta co:

4
) (23] (o3
<=>|a-=|+/b-=] +|c—=
2 2 2

Bai 34: CMR: a*+b*+2>4ab

HD:
ta co:
a‘+b*—4ab+2>0
<=>a*+b*-2a*h?*+2a*h*—4ab+2>0
<=>(az—b2)2+2(a2b2—2ab+1)20
<=>(a2—b2)2+2(ab—1)220

Bai 35: CMR: x*—4x+5>0

HD:
ta co:
(x4—4x2+4)+(4x2—4x+1)>0
<=>(x-2) +(2x-1) >0
Khong xay ra diu bang

Bai 36: CMR: x4—x+%>0

HD:
Ta co:

(x4—x2+lj+(x2—x+1J20
4 4
2 2
<=> (xz—lj +(x—1j >0
2 2

Bai 37: CMR: x®+4x+1>3x*(x>0)
HD:
taco: x®—3x°+4x+1>0
<=> x(xz—x+4)+x2+1>0

<=> x(x—2)2 +x*+1>0,Vix>0
Bai 39: CMR: (x—1)(x—2)(x—3)(x—4)>—
HD:

|

(x-1)(x—4)(x—2)(x-3)+1>0
<=> (x2 —5x+4)(x2 —5x+6)+120

bit x? —5x+5=t
Khi d6 ta c6: (t—1)(t+1)+1>0
<=>1? >0, D4u bang khi t=0
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Bai 40: CMR: x* +x*+x*+x+1>0
HD:
Tacod: X°(x+1)+(x+1)+x* >0
:>(x+1)(x3+1)+x2>0x
<=> (x+1)2(x"'—x+1)+x2 >0 ( DPPCM)

Bai 41: CMR : a? +4b? + 4c? > 4ab+8bc —4ac
HD:
Ta co:
a? +4b? + 4c* —4ab—8bc +4ac >0
<=>a’+(2b)" +(2c)’ —2.a2b-2.2b.2c +2.a.2c >0
=> (a—b+c)2 >0
Bai 42: CMR : 8(a3+b‘°’+c3)2(a+b)3+(b+c)3+(c+a)3 Vai a, b, ¢ >0
HD:
Ta co:
8a® +8b° +8c® > 2a® + 2b* + 2¢® + 3a’b + 3ab? + 3b%c + 3bc? + 3a’c + 3ac?
<=> 6a’ +6b* +6¢® —3a’h—3ab? —3b%*c —3bc? —3a’c—3ac?* >0
<=>(3a’-3a’b)+(3a"~3a’c)+ (30" —30%a)+(3b —3b’c)+(3c® ~3bc? ) +(3¢* —3ac®) = 0
<=>3a’(a—b)+3a’(a—c)+3b*(b—a)+3b*(b—c)+3c*(c—b)+3c*(c—a)=0
<=> 3(a—b)(a2 —b2)+3(a—c)(a2 —c2)+3(b—c)(b2 —cz) >0
<=> 3(a—b)2(a+b)+3(a—c)(a+c)+3(b—c)2(b+c)20
Bai 43: CMR: (a+b+c)3 >a®+b’+c + 24abc vaiab,c>0
HD:
Ta co:
a’+b’+c*+3(a+b)(b+c)(c+a)=a’+b’+c’ +24abc
<=>3(a+b)(b+c)(c+a)>24abc

a+b22@

Vi {b+c > 2bc , Nhan theo vé ta dugc PPCM
c+a> 2\/5
2 2

Bai 44: CMR: V&i moi x, y # 0 ta c6: X—+y—+4>3( yj
X y X
HD:
Ta co:
X' +y*+4x°y* 2 3xy (X +Y°)
=> (x2+y2)2—xy(x2+y2)+2x2y2—2xy(x2+y2)20
X +y?)(X*+y? —xy)+2xy (xy —x* —y*) 20

2

(
> (X +y? —xy)(x* +y* —2xy) 20
(x— )( —xy+y2)20

<=>

<

<

>
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Bai 45: CMR : Néu a+b>1, thi a®+b® z%

HD:
Ta co:
b>1-a=>b*>1-3a+3a°-a°

2
<=>a’+b*>3a’ —3a+1:3(a—1j +£2l
2 4 4

Bai 46: Cho ab,c >0, CMR : ab+bc+ca<a’+b*+c?

HD:
Ta co:
a’+b’>+c’—ab—-bc-ca>0
<=> (a—b)2+(b—c)2+(c—a)220
2
Bai 47: CMR : & F8%1
a‘—-a+l
HD:
Ta co:
) ) 1) 3
a‘+a+l=|a“"+a+— |+—>0,Va
4) 4
a2—a+1:(a2—a+1j+§>O,Va
4) 4
Néen VT >0
Bai 48: CMR : 4a(a+b)(a+1)(a+b+1)+b2 >0
HD:
Ta co:

4a(a+b+1)(a+1)(a+b)+b*>0
a’+ab+a=x

<=>4(a’+ab+a)(a’+ab+a+b)+b*>0. dat
b=y

<=>4X(x+Yy)+y*=0
<=>4x* +4xy+y> >0

L 2a(a+1
<=>(2x+ y)2 >0, Dau bang khi 2x =—y =>2a’ +2ab+2a=-b :>b:—M
2a+1
N 2y yes (XHY)
Bai 49:CMR : x“+y ZTZZW
HD:
Ta cé:
(x+y)
X2 +y?> 2y <:>2x2+2y22x2+y2+2xy<:>(x—y)220
(X"'Y)Z 2,2 2
> > 2xy => X° +y° +2Xy 2 4xy <=>(x—y) =0
Bai 50: CMR:£+EZL,V6i a,b>0
a b a+b
HD:
Ta cé:
a+b
( )zi<z>(a+b)224ab<:>(a—b)220
ab a+b
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Bai 51: CMR : a* +b* 2ab(a2+b2)

HD:
Taco: a*+b*—a’h—-ab®*>0
<=>a’(a-b)+b’*(a—b)=0
<=>(a—b)2(a2+ab+b2)20
4 4 4
Bai 52: CMR : & 1P z(‘”bj
2 2
HD:

Ta co:

8a* +8b* > a* +b* +4a’b? + 2a’b? + 4a’b + 4ab®

<=>7a* +7b* —4a%b? —2a’h® —4a°b—4ab® >0
<=>(a*+b*+2a’h?)+(6a’ +6b*)—4ab(a’ +b*)-8a’h* 20
<=> (a2 +b2)2 —4ab(a2 +b2)+4a2b2 +6(a4 +b“)—12a2b2 >0
<=> (a2 +b? —2ab)2 +6(a4 +b* —2a2b2) >0

<=> (a—b)4 +6(a2 —b2)2 >0

Bai 53: Cho a+b+c=0, CMR : ab+hc+ca<0
HD:

Taco: a’+b*+c’+2(ab+bc+ca)=0
<=>2(ab+bc+ca)=—(a>+b*+¢*)<0
Déu bang khi a=b=c=0
Bai 54: Choxy,z € R, CMR : (x—y)’ +(y—2)"+(z-x)’ 33(X2+y2+22)
HD:
Ta co:
2X2 +2y% +27° —2xy —2yz — 22X < 3x* +3y? +37°
<= X2+ Y+ 72+ 2Xy+2yz+22x >0
<=>(x+y+z)2 >0
XG
y

6
Yy
X2

Bai 55: CMR : Véi moi x,y khac 0, ta ludn ¢ : x* +y* <=+

HD:
Taco: Xy’ (x* +y*)<x+y"
<=> X +y? —x°y* —x?y* >0
<=>x* (X’ —y*)-y* (X’ =y*)20
<=>(x6—y6)<x2—y2)20
<=> (¥ —y?)(x* +x°y* +y*)(xX* = y*) = 0
<:>(xz—yz)z(x4+x2y2+y4)20

Bai 56: CMR : 2a* +b® +c*>2a(b+c)

HD:
Taco: 2a® +b®+c*—2ab—2ac>0
<=>(a’-2ab+b*)+(a*—2ac+c*)20

<=>(a-b)"+(a—c)’>0
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Bai 57: CMR : a* +a’h+ab*+b* >0
HD:
ta co:
a’(a+b)+b*(a+b)=0
<=> (a3+b3)(a+b)20
<=>(a+b)’(a®—ab+b*)>0
Bai 58: CMR : a* —2a’h+2a’h*—2ab®+b* >0
HD:
Ta co:
(a“ —2a%ab +a2b2)+(b4 —2abb’ +a’h?)>0
<=>(a’~ab) +(b*-ab) 20
Bai 59: CMR : a* +b* +c” +1>2a(ab’ —a+c+1)
HD:
Ta co:
a*+b* +c?+1-2a’h?*+2a’-2ac—2a>0
<=> (a“ +b* —2a2b2)+(a2 —2ac+cz)+(a2 —2a+1) >0
<=> (a2 —bz)2 +(a—c)’ +(a-1)">0
Bai 60: CMR : (ab+bc+ca)2 >3abc(a+b+c)

HD:
Ta co:
a’b? +b?c? + ca® + 2ab’c + 2abc? + 2a’bc — 3a’bc —3ab’c —3abc® > 0
<=>a’b? +b?c® +c?a® —ab’c—abc? —a’bc >0
ab=x
it {bc=y => X+y +2°—xy—yz—2x>0
ca=z

<=> (x—y)2+(y—z)2+(z—x)2 >0

Bai 61: CMR : y[l+1j+l(x+z)s(l+lj(x+z),V('yi 0<Xx<y<z
X X z

z) 'y
HD:
Ta co:
2
y(x+z)+x+z_(x+z) <0
Xz y Xz

<=>y*+xz-y(x+2)<0
<=> Yy’ +x2-Xy—yz>0
<=(y-x)(z-y)=0
. L2 1 1 4
Bai 62: Cho a,b duongcotongl,CMR : —+—2>—
a+l b+1 3
HD:
Ta co:
Quy dong <=>3(a+b+2)=4(a+1)(b+1)
<=>4(ab+a+b+1)<9<=>1>4ab <=>(a+b)2 > 4ab

<=>(a—b)’ >0 ( dung)
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2 2
Bai 63: CMR : Véi ab,c > 0 thi %+b_>9+9

a’ b a
HD:
2 2
Ta co: a—2+b—2—2(§+9j+(§+9j20
b a b a b a
2 2
<=>VT 2> a_2+b_2 —2(E+Ej+2
b a b a
2 2
<=> a—2—2.g+1 + b—2—2.9+1 >0
b b a a
) a+®+c® 1 1 1
Bai 64:CMR: ————>=+=+>,(a,b,c>0)
a’b°c a b c
HD:
Taco: a®+b?+c®>a'h’ +b'c* +c'a’ = (azb2 )2 n (bzc2 )2 v (cza2 )2
VT >a’b'c? +b’c'a’ +a'b’c’ = a’b’c’ (a’ +b” +¢*) > a’h’c’ (ab+bc +ca)
a®+b®+ct a®+b®+c® 1 1 1
<=>T2ab+bc+ca<=>T — 4 —4+—
a‘bc a’b’c a b c
Bai 65: CMR : (a1°+bl°)(a2 +b2)2(a8 +b8)(a“+b4)
HD:

Taco: a +a%? +a®h +b¥ > a + a’b? +a'h? +b”
<= (alob2 - a8b4)+(a2b1° —ap® ) >0

+a%® (b2 —az) >0
2 )(a6 - b6) >0

<=> a’h’ (a2 —b2)2 (a4 +a’b? +b4) >0

<=>a®h? (a2 —b?
b

<=>a’h? (a2 —

Bai 66: Cho a,b,c duong c6 abc=1, va a+b+c >§+%+%, CMR: (a—l)(b—l)(c—1)>0

HD:
Taco: a+b+c>ab+bc+ca,

Xét (a—1)(b—1)(c—1)=abc—(ab+bc+ca)+(a+b+c)-1
= (a+b+c)—(ab+bc+ca)>0
Bai 67: Cho a,b>0, théaman: a®*+b®*=a—-b,CMR: a®+b*+ab<1
HD:
Ta co:
a3+b3>a3—b3=(a—b)(a2+ab+b2)
<=>(a—b)>(a—b)(a2+b2+ab) <=>a’+b’+ab<1
Bai 68: CMR : 2(a8+b8)2(a3+b3)(a5+b5)
HD:
Taco: 2a® +2b® >a® +a’h® +a’b® +b°
<=> (a8 —a5b3)+(b8 —a3b5) >0
<=>a°(a’-b’)-b°(a’-b*)20
<=> (a5 —b5)(a3—b3)20, Giaseta>b=>a’*>bh%a’>b> = PPCM
Néu a<b => a®* <b® a° <b® =>PbPCM

GV: Ngb Thé Hoang _ THCS Hop Btic
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Bai 79: CMR : 3(a8+b8+c8)z(a3+b3+c3)(a5+b5+c5)
HD:
Ta co:

(a +b8) (a +b3)(a +b5)

2(b®+¢%) = (° +c*)(b° +c°)

2(c*+a’)> (a +c*)(a®+c*)
Cong theo vé ta dugc:
4(a+b° +c%)2(a’ +b° +¢*)+a’(a® +b° +c°)+b° (a® +b° +¢*)+c* (a® +b° +¢°)
<:>3(a8+b8+08)2(a3+b3+c3)(a5+b5+05)

Bai 70: Cho a+b=2, CMR : a® +b® >a’ +b’

HD:
Ta co: 2(a8+b8)2(a+b)(a7+b7)=a8+b8+ab7+a7b
<=>a+b’—a’b-ab’ 20<=>(a-h)(a’-b’")20
) a-b>0 , a-b<0
Giast a>b=> Néu a<b=>
a’-b">0 a’-b" <0
Bai 71: CMR : a°+b° +c® >a’b+b°c+c®a,(a,b,c>0)
HD:
Ta co:
a5(a—b)+b5(b—c)+c5(c—a):(a—b)(a5—b5)+(c—a)(c5—b5)20
] c—-a<0 . la=b>0
Giasa:a=b>c=> => PPCM
{CS—b5<O {as—b5>0
2 2 2
Bai 72: CMR : V&i moi a,b,c > 0 thi 2a >+ 2b >+ ZC 5> a + b + ¢
b +c° c°+a°~ a"+b° b+c c+a a+b
HD:
et a® a :az(b+C)—a(b2+C2):ab(a—b)+ac(a—c)
b>+c* b+c (b+c)(b2+cz) (b+c)(b2+cz)

Gia st a>b >c=> Céc ngoic déu duong => DPCM

Bai 73: Cho a, b la hai 6 dwong, CMR : (a+b)(a’+b®)<2(a* +b*)
HD:
Taco: 2a* +2b* —a*—ab’—a’h—-b* >0
<=>(a*-a’h)+(b*-ab’)>0
<=>a’(a-b)-b’(a—b)=0
Bai 74: Cho a,b 14 hai s6 duwong, CMR : (a+b)(a4 +b4) > (a2 +b2)(a3 +b3)
HD:
Taco: a®+ab*+a'b+b°—a°—a’’—a%*-b°>0
= (a'b—a’h?)+(ab* —a’h®)=0
<=>a’h(a—b)+ab’(b—a)=0
= (a—b)(a’b—ab®)>0 <=>ab(a—b)(a’-b*)>0

12
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Bai 75: CMR : @’ +b*+4>ab+2(a+b)
HD:
Ta co:
a?+b*+4—-ab-2a-2b>0
<=>2a’+2b*+8-2ab—-4a—-4b>0
<=> (a2—2ab+b2)+(a2—4a+4)+(b2—4b+4)20
Bai 76: Cho a,b 1a hai s6 c6 téng bang 2, CMR : a* +b* > a® +b’
HD:
Ta co:
2(a4+b4)2(a+b)(a3+b3)
<=>2a*+2b*-a*-ab®-a*h-b*>0
<=>(a*-a’)+(b*-ab’)>0<=>a"(a—b)+b*(b—a)20<=>(a-b)(a*~b*)20
Bai 77: Cho a,b,c 1a ba sé thoa méan : a+tb+c=3, CMR : a* +b* +c*>a®+b®+¢?
HD:
Ta co:
3(a4+b4+c4)2(a+b+c)(a3+b3+c3)

<=>(a-b)’ Ka+%)2 +%b2}+(b—c)2 (b? +bc+cz)+(c—a)2 (c*+ac+a®)20

Bai 78: Cho 0<x,y,z<1,CMR: 0<X+y+z—xy—yz—zx<l1l

HD:
Taco:
Xéttich (1-x)(1-y)(1-z)=—(xyz—xy—yz—2X+x+y+2-1)>0
X > Xy
May>Yyz=>X+y+zZ—Xy—yz—zx<l-xyz
Z> X

ma 0<xyz<l<=>1-xyz<1
Bai 79: Cho —1<x,y,z<2 vax+y+z=0,CMR : X*+y*+7°<6

HD:
Ta co:
(x=2)(x+1)<0 x> —x-2<0
Xét {(y-2)(y+1)<0<=>1y*-y-2<0, Cong theo vé ta co:
(z-2)(z+1)<0 7°-7-2<0
X +y +72°—6<0<=>x"+y*+7°<6
N . . 1 1 1 1 y = 2 2 2 5
Bai 80: Chox>0,y>0,z>0,CMR: —+———<— VI X" +y°+2° ==
X Yy Z Xyz 3
HD:
Ta cé:

(x+y—z)2 >0<=> X+ Yy’ +2°+2xy—2yz—22x>0
<:>2+2(xy—yz—zx)20

<=> 2(xy—yz—zx)2_?5<:> yz+zx—xy£%sl

111 1
<= 4T

X Yy z Xyz

GV: Ngb Thé Hoang _ THCS Hop Btic
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Bai 81: Cho0O<ab,c<1,CMR: 2a®+2b*+2c® <3+a*h+b’c+c’a
HD:

Do a<l=>a’<1b<1
=> (1—a2)(1—b)>0<=>1+a2b—a2—b>0 <=>1+a’b>a’+b
Mat khac: 0< a, b<1=> a?’>a’,b>h®=a’+b>a’+b’
Vay 1+a’b < a®+b*, Chimg minh twong ty => DPPCM
Bai 82: CMR : a*+b* +c* 2abc(a+b+c)
HD:
Chuyén vé taco: a*+b*+c* —a’bc—ab’c—abc? >0
<=> (a2 —bz)2 +2a%b? +(b2 —02)2 + 2b%c? +(02 —a® )2 +2a’c? — 2a’bc — 2b%ac —2abc® >0
<=>(a’ —bz)2 +(b? —cz)2 +(c? —az)2
+(a2b2 —2a%c+ a2c2)+(a2b2 - 2abzc+b2c2)+(a2b2 —2ab’c +b%c? )+(a202 — 2abc? +b?c? ) >0
Bai 83: Cho a,b,c,d >0théamén: a>c+d, b>c+d,CMR: ab>ad +bc
HD:

 la>c+d a-c>d>0
Taco: = =>(a—c)(b—d)>cd, Nhén vao ta dugc DPCM
b>c+d b-d>c>0

Bai 84: Cho 0<a,b,c,d <1,CMR: (1-a)(1-b)(1-c)(1-d)>1-a—b—c—d
HD:
Tacé: (1-a)(1-b)=1-a—b+ab>1-a—b (doab>0)
Do c<1=>1-c>0=>(1-a)(1-b)(1-c)>(1-a—b)(1-c)>1-a-b-c
Chung minh tuong ty => DPPCM
Bai 85: Cho a.b.c=1, a* >36, CMR : %Zer2 +c¢’>ab+bc+ca
HD:

a’> a’ a’ a’
Xét hieu — +—+b*+c*—ab—-bc—ac>0 <=>| —+b?+c*—ab—ac+2bc |[+——-3bc>0
4 12 4 12

2 3_ 3_
<=> (E—b—cj +ﬂ,Do a >36:>L6abc>0 PPCM
2 12a 12a

Bai 86 : Chuing minh rang : Néu a* +b* +c¢* +d* = 4abcd vaa)b,c,d 1a cac sé duong thi
a=b=c=d

2
Bai 87: Cho hai s6 a, b théa man: a+b =0, Chang minh rang: @’ + b’ +[ab++b1j >2
a

HD:

ab+1
a+b

2
Taco: a’ +b* +( ] >0 <=> (a2 +b2)(a+b)2 +(ab+1)2 22(a+b)2

<=>(a+b 2[(a+b)2—2ab}—2(a+b)2+(ab+1)2 >0

0
\Y
—_
Q
+
S
~—

v}
|
Q
S
|
[E—
| I—
™
v
=)
—
)
)—U
@
<
~
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B2i 88: Cho x>y >0 hdysosinh: A=""> vap==_—2
xX+y X +y

HD:
Vix>0,y>0=>x+y#0
ey (xm0)(xe)
Xty (x+y)2

aico: X +y* +2xy> x>+, x* —y* >0

2 2 2 2
=>A=—— 2y 2<x2 yzzB
2xy+x"+y x“+y

Bai 89: Cho x, y > 0 thoa man diéu kién: x> +y* > x> +y* , Ching minh rang: x> +y* <2 , Dau bang xay
ra khi nao?
HD: )
Ap dung BDT c6si cho hai s6 duong ta c6:
x+x>=2x%,y*+y* =2y’ , Do vay
x4+ +y 4y 2 2x7 42y = x+y° 2(x2 +y3)+(x2+y3—x3—y4)2x2 +y (P +y>x+y%)
Ma: x* +1>2x,y" +1>2y" ,nén 1+ x> +1+y* >2x+2y* 22x° + 2y’ 2 x> +y’ +x° +y*
Dovay x’ +y’ <2
DAau bang xay rakhi: x=y=1
Bai 90: Ching minh BDT sau: x* +y* —xy>x+y—1
HD:
Ta co: x2+y2—xy2x+y—1<:>2(x2+y2—xy>22(x+y—1)

<=> 207 +2)7 20y 2 2x 42y -2 <=> (¥ =2y +3 )+ (¥ = 2x+ 1)+ (y* ~2y+1) 20

Bai 91: Cho a, b 1a cac s6 duong thoaman: @’ +b° =a’ +b° , Chang minh rang: @’ +b° <1+ab
HD:

Taco: @’ +b* <l+ab<=>a*+b*—ab<1<=> (a+b)(a2+b2 —ab)Sa+b
<=d+b<a+b<=> (a3 +b3)(a3 +b3)£ (a+b)(a5 +b5)<:> 2a°h> < ab’ +a’b
<=>ab(a* - 20 +1*) 20 <=> ab(® ~*) 20,Ya,b>0

Bai 92: Cho cac s a, b, ¢ €[ 0;1] , chiing minh rang: a+b” + ¢’ —ab—bc—ca<1
HD:
Do a, b,c e[O;l] . nén:
(l—a)(l—b)(l—c)20:>1—a—b—c+ab+bc+ca—abc20
=a+b+c—ab—bc—ca<l—abc<1
Do a,b,ce[0;1]=>b* <b,c’<c , tirdo ta co:

a+b*+c—ab-bc—ca<a+b+c—ab—bc—ca<l

15
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DANG 2 : SUDUNG BAT PANG THUC PHU

Cac BDT phu hay dung :

(a+b)2

a’+b®> (x+y)224xy

Bai 1: Choat+b>1,CMR: a* +b* >%

HD:
a’+b*+2ab>1
Ta cé: (a+b)2>1:> <:>612+b2>l
a’+b*-2ab>0 2

1
a‘ +b* +2a%h* > =

=> (a2+b2)2>1=> 4=>2a4+2b4>%
a’ +b®-2a’n*>0

vay a* +b* >%

Bai 2: Choatb=1, CMR: a’+b? 2%

HD:
a’+2ab+b*=1
Taco: (a+b)2:1=> :>2a2+2b221=>612+b221
a’-2ab+b*>0 2
Bai 3: Choat+th>2,CMR: a>+b*>>?2
HD:
a’+2ab+b’>4
Ta co: (a+b)2>4:> =2a’+2b*>4=>a’+b*>2
a’—2ab+b*>>0

Bai 4: Cho a°+b*<2,CMR: a+b<?2
HD:
Ta co:
a’+b*<2
a’+b?>2ab=>2ab<a’*+b*<?2
Cong theo Vé ta duoc: a2+b2+2abs4<=>(a+b)2s4=>a+bsz
Bai 5: Cho a,b,c 1a d dai ba canh cua 1 tam gidc, CMR: a* +b? +c* < 2(ab+bc+ca)
HD:
Ta co: Via,b,c 1a d6 dai ba canh cua 1 tam giac nén ta co:
a<b+c a’<ab+ac
b<a+c=>1b*<ab+bc =>a’+b’+c* <2(ab+bc+ac)

c<a+b ¢’ <ac+bc

BAi 6: Cho a,b I hai sé thuc bit ky ¢6 téng bing 1, CMR: a® +b? 2%
HD:
Tacd: a+b=1=b=1-a=>Db° :(1—a)3

=> a’+b*=a®+1-3a+3a°-a*=3a*-3a+1

2
=3(az—a+%+%)=3(a—lj ci1

16
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Bai 7: Cho X,¥,220,CMR : (x+Y)(y+2)(z+x)=>8xyz

HD:
x+y22\/ﬁ
Taco: Jy+z 22\/y_z, Nhan theo vé ta duoc: (x+y)(y+2)(z+x)>8xyz
z+x22\/§
Bai 8: Choab,c >0, CMR - a® +bg+ abc ' b7 +C;L+ abc ' ¢ +a3+ abc a:)c
HD:

Taco: a®+b° :(a+b)(a2—ab+b2)2(a+b)ab, Do a’—ab+b?>ab
Khi d6 *+b*+abc>(a+b)ab+abc=ab(a+b+c)

Chang minh tuong tu ta co:
b®+c®+abc>bc(a+b+c) va c®+a’+abc>ac(a+b+c)
1 [1 1 1) 1 a+b+c 1

Khi @6 ta co: VT < S o=
ab bc ca

a+b+c T atbtc  abc abc
Bai 9: CMR: Véi moi a,b,c > 0 thi (a+b+c)[£+%+l)29
a c
HD:
Tacé: a+b+c>3¥abc va 1+£+1233/i
a b ¢ abc
N 1 , 1 1 1
Nhan theo Vé ta co: (a+b+c) 424229
a b c
BAi 10: Choabc>0 CMR: & 4+ 2 4 ¢ 53
b+c c+a a+b 2
HD:
Ta co:
X=a+b
. 1 1 1 .
Tu (Xx+y+2z)| =+=+=|29,Pat cy=b+c
X z
y z=Cc+a

=> 2(a+b+c)( 1b+b1 + ! j29
a+ +Cc c+a

a+b+c a+b+c a+b+c_ 9 C a b 9 3

<=> + + >—=> + + >——3=—

a+b b+c c+a 2 a+b b+c c+a 2 2
.. a b 1 3
Bai 11: Choa,b>0,CMR : >=

+ + >
b+1 a+l1 a+b 2
HD:

Taco: | 2 +1|+ L+1 + L+1 +3=(a+b+1) ! + ! + ! _329_3:
b+1 a+l a+b a+b a+1 b+1 2 2

a’ b? c® _a+b+c
+ >

Bai 12: Cho a,b,c 1a ba sb duong, CMR : >
b+c c+a a+b 2

HD:

. a> b+c b> c+a c® a+b) a+b+c
Taco: VT = + + + + + —
b+c 4 c+a 4 a+b 4 2

a+b+c a+b+c
2 2

VT >a+b+c— VP

GV: Ngb Thé Hoang _ THCS Hop Btic



Bai 13: Choa,b,c >0, CMR : a + b + ¢ si(l+1+1j

a’+b* b*+c® c*+a® 2\a b c
HD:
a’+b?>2ab
Taco: {b?+¢? > 2bc =>VT <>+ b . ¢ :i+i+i:1(1 1 lj
. 2a8b 2bc 2ca 2b 2c 2a 2\a b ¢
c‘+a“ >2ca

2 2 2

Bai 14: CMR: véi a,b,c > 0 thi : a—+—+—2a+b+c
b ¢ a

HD:

2 2 2
Ta co: [%+bJ+(%+cJ+(%+a)—(a+b+c) >2a+2b+2c—(a+b+c)=a+b+c=VP

Bai 15: CMR : a2+b2+cz+%2—a—b—c

HD:
, ) 1 ) 1 ) 1
Taco: |a“+a+— |+| b +b+=|+|c+c+=|>0
4 4 4

Bai 16: Cho a,b,c duong c¢6 tong 14 1, CMR : §+%+% >9
HD:

Vi (a+b+c):1:>(a+b+c)[1+%+lj29
a c
Bai 17: Cho a,b,c 1a cac s6 khong am va a+b+c<3,CMR :
a b c 3 1 1 1

+ + <—-<
1+a’ 1407 1+ 2 1ta 14b 1+c
HD:
1+a®>?2a
Taco: {1+b*>2b => a2+ b2+ C2£i+£+£:§
) 1+a° 1+b® 14+c® 2a 2b 2a 2
1+c°>2c
l+a=x
< 1 1 1_3
bat <1+b=y=>x+y+z=a+b+c+3<6 => B=—+—+—2>—,
Xy z 2
l+c=z
Khi d6: (x+y+2) 1,11, 9 29=§
Xy z X Yy Z X+y+z 6 2
4 4 2 2
BAi 18: Choxyz>0,CMR: =+ X X Y X, Y55
y x 'y X ¥y X
HD:
4 4 2 2
Ta co: X—4+y—422,Tu0’ngtu Xidsova- x_2+y_2 <2
y X y X y© X
Cong theo vé ta co: VT >2+2-2=2
Bai 19: Cho a,b la cac so duong théa mén: a+b < ab, CMR : a+b >4
HD:
Ta cé:
(a+b) > 4ab >a—+b>i Do a+b<ab >a_+b<a_b_l >1>i—>a+b>4
ab a+b ab ab a+b
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Bai 20:
HD:

Bai 21:
HD:

Bai 22:

HD:

Bai 23:

HD:

Bai 24:
HD:

3 3 3
a

Choabc>0,CMR: —+—+—>ab+bc+ca
b ¢ a

Ta co:

3 3 3
(%+b2j+(%+ch+(%+az)—(a2+b2+c2)

a’+b® ab(a+h)
b b

Ma: =a(a+b)=a’*+ab

3 3

b c
Tuong ty => — +¢° >b*+bc,—+a” >c*+ca
C a

Khi d6 VT 2(a2+b2+c2)+(ab+bc+ca)—(a2+b2+cz):ab+bc+ca

Cho a,b,c thoa man: a?+b?+c?=3, CMR: ab+bc+ca+a+b+c<6

a’+b®>2ab
Ta c6: <b?+c® > 2bc =>2(a” +b* +c*) 2 2(ab+bc+ca)=>2.3>2(ab+bc+ca)
c’+a’>2ac
=> ab+bc+ca<3 1)
a’+1>2a
Mat khéc: <b®+1>2b =>3+3>2(a+b+c)=>a+b+c<3 (2)
c’+1>2c
Cong (1) va (2) theo vé ta dugc DPPCM

X y? 1 .. o
CMR: T+ 7 < —, VoI moi X,y la so thuc
1+16x" 1+16y" 4

XZ

1+16x*

Taco: 1+16x* > 2.4/16x* =2.4x* =8x* = g% (1)

2 2
y" .y 1 )

Tuong tu: <===
S 1i16y" 8y’ 8

Cong theo vé ta dugc: VT < %

CMR véi a,b,c > 0 thi bf+%+a?b2a+b+c

Ta co: E+%:c E+E > 2c, Tuong tu ta co: %+a—b22a,a—b+E22b
a b a b ¢ cC a

Cong theo Vé ta dugc : VT = 2VP =>VT >VP
2 2
CMR: véiab>0vaa>b>0th 22 & 0
a+b a“+b

_ 2 12
a-h_(a b)(ajb):a bz,Ma a’+2ab+b?* > a’ +b?
a+b (a+b) (a+b)
a’-b’
a’ +b?

Ta co:

Khi do VT <

19

GV: Ngb Thé Hoang _ THCS Hop Btic



Bai 25: Cho 3 s a,b,c dwong thod mén: a+b+c =4, CMR : a+b>abc
HD:

Ta co: (a+b)2 > 4ab => [(a+b)+c]2 >4(a+b)c =>16>4(a+b)c

=>42(a+b)c:>4(a+b)2(a+b)2c=>4(a+b)2(2\/%)2c=4abc
=> a+b>abc
Bai 26: Cho 2 s6 x,y > 0 theamin: x*+y*=x—y,CMR: x*+y* <1
HD:
Taco: X’ +y°>0=>X-y>0<=>X +y* <l<=>(x=y) (¥ +y*)<x*+Yy’

<= X437 =Xy =y <4y <=> 27+ Xy —xy” > 0<=> y(2y7 + X0 = xy) >0
Bai 27: Cho a+b = 1, CMR: a2 +b? 2%

HD:
a’+2ab+b*=1
Ta cé: (a+b)2:1=> <=>2a’+2b*>1<=> az+b22l
a’—2ab+b*>0 2

Bai 28: Cho a+b=1, CMR: a* +b* 2%

HD:
a’+2ab+b%*=1
Ta cé: <=>2a’+2b*>1=>a’+b? 21
a’—2ab+b*>0 2

1
a'+b*+2a%h* >=
Mat khac: 4 <=>2a"+2b*> % <=a'+b'> %

a*+b*-2a*h*>0

Bai 29: Cho 3 s6 x,y,z >0, CMR: XY 253
y Z X

HD:

X2 =yz
Ta co: 5+X+5233 .X.

X z
y z X y z

< | N

z X
y 7> = xy
Bai 30: Cho a,b,c thoa mén: a*+b’ +c? =1, CMR: abc+2(1+a+b+c+ab+bc+ca)=0
HD:
Vi @ +b? +c? =1=>|al,|b|, || <1=>-1<x,y,z<1
Khi do:
(a+1)(b+1)(c+1)>0<=>abc+ab+bc+ca+a+b+c+1>0 (1)
ma (a+b+c+1)2=(a+b+c)2+2(a+b+c)+120
<=>a’+b?+c?+2(ab+bc+ca)+2(a+b+c)+1>0
<=>ab+bc+ca+a+b+c+1>0 2
Cong (1) va (2) theo vé ta dugc: abc+2(ab+bc+ca+a+b+c+1)>0
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DANG 3: BAT PANG THUC COSI VA SCHAWRZ

BDT C6 Si: Véi hai s6 a,b khdng am ta c6: a+b>2yab, Dau = xay ra khi a=b
Mg rong ta co: a+b+c>3%abc

; a+b)’ 3
Co si nguoc dau: a_bg% va abcg[a+g+cj

BDT Schwarz: —+= > 2 vsi X,y >0,Dau=khix=y

X Yy X+y
Mér@ng:1+£+12 J ,dau=khix=y=1z
X Yy Z X+y+z
. , : 11 4
Bai 1: Cho x, y>0. Chiing minh BBT : —+—>—
X Yy X+y
HD :
Ta cd: gt <=>ﬂ2i<:>(x+ y)2 24xy<=>(x—y)2 >0
Xy Xty
Déu ¢ = * khi x=y
BaiZ:CMR:l+1+£2 J
X Yy Z X+y+z
HD :
Taco: <:>(x+y+z)[i+£+1]29
X y 2
2 2 2
Bai 3: CMR: a_2+b_2+c_223+9+§
b ¢ a~ b a ¢
HD:
a2 2 a 2 2 b 2 a2 C
Tacd: —+—=>2.—,tuongty: —+—>2.—,Vad —+—>2.—
b> ¢ ¢ SO a> b® b

Cong theo Vé ta duoc : 2VT >2VP => VT> VP
Bai 4: Cho a,b,c 1 ba s6 duwong, CMR: (a+b+c)(1+1+1) >9

a b c
HD:
Tacd: a+b+c>3¥abc va 1+1+1233i
a b c abc
R £ 1 1 1
Nhan theo vé ta duoc : (a+b+c) _+B+_ >9
a c
L. \ Z a b C 3
Bai 5: Cho a,b,c la ba s6 duong, CMR: + + >—
b+c c+a a+b 2
HD:

Ta c6 : Ap dung bat dang thac :(x+y+z)(1+1+ljz9
X y z

X=a+b

Pt y:b+c:>2(a+b+c)[a1b+blc+claj29
+ + +

Z=Cc+a
a+b+c a+b+c a+b+c_ 9 a b C 9 3
<=> + + >— <=> + + >——-3=—
a+b b+c c+a 2 b+c c+a a+b 2 2
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Bai 6: Cho a,b,c 1a d6 dai ba canh cua 1 tam giac, CMR: + + >+

1 1 1 1
a+b-c b+c-a c+a-b a
HD : .
Via, b, ¢ la ba canh caa 1 tam giac nén cac mau déu duong
1 4 2
>

Ap dung BDT schawzr ta c6 : + 2—==
a+tb-c b+c-a 2b b
Tuong tu ta cling c6 : ! + L Zg va ! + L 22
b+c—-a c+a-b ¢ c+a-b a+b-c a

Cong theo Vé ta duoc diéu phai chirng minh
Bai 7: Cho X,¥,220, CMR: (x+Y)(y+2)(z+Xx)>8xyz

HD:
x+y22\/ﬁ
Taco: {y+z>2,/yz, Nhantheo vé ta duoc : (x+y)(y+2)(z+x)>8xyz
z+x22\/§
Bai 8: Cho x>0,y >0,x+y <1, CMR: 21 + 21 >4
X“+Xy Y Xy
HD:
Ap dung BDT schawzr ta ¢6 :

21 + 21 >_ 4 224,Vix+y£1:>(x+y)zslz> -
XTEXYy YT EXY  (x+y) (x+y)

Bai 9: Cho a,b,c duong c6 tich bang 1, CMR: (a+1)(b+1)(c+1)>8
HD :

a+l>2Ja
Taco: 1b+1>2vb =>(a+1)(b+1)(c+1)>8abc =8
c+1>2\c
Bai 10: Cho a,b khong am, CMR: (a+b)(ab+1)>4ab

HD :
i a+b22\/£
Taco:
ab+122\/£

Bai 11: Cho a,b,c.d dwong c6 tich bang 1, CMR:a” +b*+¢* +d*+ab+cd > 6
HD :

=>(a+b)(ab+1)>4ab

a’+b%>2ab
Taco: =a’+b’+c*+d*+ab+cd 23(ab+cd)23.2«/abcd =6
c*+d?>2cd

2
Bai 12: CMR: (aTer+¥j >(a+c)(b+d)
HD :

2
Tacod: VT :[_a;chr_b;dj 24—(a+c)‘$b+d) =(a+c)(b+d)

Do 4p dung BPT : (a+b)’ > 4ab
Bai 13: CMR: 8(a* +b*)>(a+b)’
HD :
Taco:a*+b* > 2a%? <=> 2(a“+b“)2(a2+b2)2 (1)

GV: Ngb Thé Hoang _ THCS Hop Btic
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2
Mit khac : a +b? > 2ab <=> 2(a2 +b2)2(a+b)2 <=>a’+b’ 2@
(a+b)4

4

<=> (a2 +b? )2 > (a+b)’

, Thay vao (1) ta dugc : 2(a4 +b4) >

Bai 14: CMR: a* +b* +c¢* +d* > 4abcd
HD :

Vi a*,b*,c*,d* 134 s6 dwong => a* +b* +c* +d* > 4,4/(abcd )4 = 4abcd

Bai 15: Choab >0, CMR: &+ 2 , 1 .3
b+1 a+l1l a+b 2

HD :
VT:(i+1j+(L+1j+(i+lj—3:(a+b+l)( t .1 j—
b+1 a+1 a+b b+1 a+1 a+b
=1[(a+1)+(b+1)+(a+b)J 1 + ! + ! —329—3=§
2 a+l b+1 a+b 2 2
2 2
Bai 16: CMR; a—2+b—+c—2_g+b+E
b? ¢ a> b a c
HD :
2 2 2 2 2 2
Taco: a—2+b—22§, Tuong tu ta cé : —2+C—222—b va C—+a—2§
b c c c- a a a“~ b b
Cong theo vé ta co :
2NT = 2V/P
Bai 17: Cho a,b,c > 0, CMR: %C %+%b>a+b+c
HD :
Tacé:E+%: (b aj>20 Tuong tu ta co : ca a_b:a(c bj>2ava
a b a b b c b c
ab, be_ b( szb
c a cC a
Cong theo vé ta duoc : 2VT > 2VP
Bai 18: Cho a,b,c>0, CMR: %+%+%21+l+1
b ¢ a° a b ¢
HD :
i+122
b? a b
Tacoh: %+123=>VT+—+1+122(1+1 1)—>DPCM
cc b ¢ a b c¢ a b c
%_{_EZE
a- ¢ a
.. 1 1
Bai 19:Choa,b>0,a+h=1,CMR: —+—5—2>
ab a‘+b
HD :
Tacé:( 21 >+ lj+ ! > 4 -+ 1 — 4+ 1
a‘+b° 2ab /) 2ab (a+b) 2ab 2ab
Talaico: 1= a+b>2«/_b< >1>4ab_>i_1_>i>2
4ab 2ab

Khi d6 VT >4+2=6
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Bai 20: CMR vai moi a,b > 0 thoa man: ab=1, ta c6 BDT: 1+1+i>3

a b a+b
HD :

a+b 2 2 a+b
Taco: <_>—+—:a+b+ = +
ab a+b a+b 2

2

a+b j 2./ab
a+b

Bai 21: Cho a,b,c 1a ba sé duong théa man: a+b+c=4, CMR: (a+b)(b+c)(c+a) >a’b’c?

HD :
Ap dung BPT : (a+b)2 > 4ab :>(a+b+c)2 >4(a+b)c<=>16>4(a+b)c
<:>4(a+b)2(a+b)2c24abc<=>a+b2abc
Tuong twtacd : b+c>abc,c+a>abc

Khi d6 nhan theo vé ta dugc : (a+b)(b+c)(c+a)=>abc.abc.abe = (abc)3
ab bc ca a+b+c

Bai 22: CMR: vdi a,b,c > 0 thi

a+b b+c c+a 2
HD : )
Ap dung BDT :
(a+b)224ab<:>(a+b)(a+b)24ab=>a—bsaLb
a+b 4
Tuong tu ta co : be $b+c, ca sc+a,C©ngtheovéta duoc BbPCM
b+c 4 c+a 4
2 2 2
BAi 23: Choabc >0, CMR: &4 2, ¢ ,a+b+c
b+c c+a a+b 2
HD :
2 2 2
Taco: | -2 b+c >a, Tuong tytacod: T Y +a—+bzc
brc 4 c+a 4 a+b 4
Cong theo Vé ta duoc :
VT+a+b+C2a+b+c:>VT2a+b+C
Bai 24: Cho a,b khong am, CMR: (a+b)(ab+1)>4ab
HD :
a+h>2
Tach: /ab >(a+b)(ab+1)>4ab
ab+1>2J_
B 25: Cho a,b,¢ > 0, CMR: ——— + 4+ < 3¥b+C
a“+bc b°+ac c +ab 2abc
HD :

Co si cho hai sb : a?,bc, Ta duoc:

a +bc > 2a\bc = 1 1 2 gl(iJrij

a’+bc” 2avbc  a’+bc” 2\lab bc
Tuong tu ta co :
2 1/1 1 R 2 1/1 1
b-+ac 2\ab bc c+ab 2\ca cb
Cong thoe Vé ta duoc : 2VT<i+i+i a+b+c=>VT_a+b+C
ab bc ca abc 2abc

GV: Ngb Thé Hoang _ THCS Hop Btic
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Bai 26: CMR: Trong tam giac ABC ta co: a__, b L >3
b+c-a c+a-b a+b-c

HD :

abc
(b+c-a)(c+a-b)(a+b-c)

Lai co: (b+c—a)+(c+a—b)22\/(b+c—a)(c+a—b)

Taco: VT 23i/

= 2c22\/(b+c—a)(c+a—b),Tuong tu ta co :
az\/(c+a—b)(a+b—c) va bz\/(b+c—a)(a+b—c)

abc
=> abc>(b+c—a)(c+a-b)(a+b—-c) => >1=>VT >331=3
( I I ) (b+c-a)(c+a-b)(a+b—c) W
Bai 27: Cho a, b 14 céc sb thuc khdng nhé hon 1, CMR: a + b > 4
2a-1 2b-1 1+ab
HD :
“ 2 2 a 1
Tacd: 2a<a“+1=>2a-1<a” => >—==
2a-1 a a
Chung minh tuong tu ta cd :
b Llovrelils 4y a,b>1=>(a-1)(b-1)=0
2a-1 Db a b a+b
:>ab—a—b+120<:>a+bsab+1:>iz 4
a+b ab+1
2 2 2
Bai 28: Cho a,b,c duong thoa mén: abc =1, CMR: 2 +S &9 59
a b c¢ 2(a+b+c) 2
HD :
2 2 2
Taco: a—+c22a, b—+a22b,c—+b220
c a b
Kido VT 2a+b+c+ 9 :a+b+c+ a+b+c+ 9 29
2(a+b+c) 2 2 2(a+b+c) 2
3,
VTZ3 abc+£:§+3:g
2 2 2 2
Bai 29: Cho 1+l+1:4,CMR: L + 1 + 1 <
a b c 2a+b+c a+2b+c a+b+2c
HD :
Ap dyung BDT : 1+12i
X y a+y

Déu ="’ xay ra khi a:b:c:%=>2a:b+c

Khiddtaco:
1 4 1( 1 1 1(1 1/1 1 1(2 1 1
S| = || =+ | == =+
4\2a+b+c) 4\2a b+c) 4(2a 4\b 16la b c
tuong tu ta co : i
1/ 1 1 111 1(1 1 1(2 1 1
Sl —— | =+ || = =+
4 2b a+c) 4|2b 4\a c 6\b a c

laars)
4\ a+2b+c 1
4 |t 2+1+l ,KhidéVTSi ﬂ+E+ﬂ =1
4\ a+b+2c) 16\c a b 16la b ¢

IN
IN

IN
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a+3c c+3a 4b
+ +

a+b b+c c+a
3(b+C)+4a+3c+12(b—C)

Bai 30: Cho a,b,c 1a c4c s6 thuc duong, Tim GTNN cua: P =

Bai 31: Cho a,b,c 1a cac s6 thuc dwong, Tim GTNN cua: P =

2a 3b 2a+3c
. 4(a+b
Bai 32: Cho a,b,c la cac so thuc duong, CMR: b+c + 2ab+c + ( ) >9
a+c
. 25(4a+16¢c) 64(4a+9b
Bai 33: Cho a,b,c la cac so thuc duong, Tim GTNN cua : P = 9 +16¢ + ( . ) + ( )
a c
N .. < g A . 1 1 1 3
Bai 34: CMR véi a,b,c la cac so thuc duong théa man abc=1, thi: — +— +— >—
a’(b+c) b’(c+a) c’(a+b) 2
Bai 35: Gia sir c6: 2015 sb nguyén duong: a;a,;...8,, thoa man: l+i+...+ 1 =1008, CMR cd it
, ) i a & 015
nhat 2 trong 2015 s6 nguyén duong da cho bang nhau
Bai 36: Cho a®+b®+c®=0, CMR: a’0®+2b%® +2b°c® +3a%c* <0
HD:
Tu: 8 +b*+c*=0=b’+c* =-a%a’+b’ =-°
Do do .
a’h® +20°c° +3c’a® = a%h® + ¢’ + 2c%a’ + 20’ =a® (b* +¢*) + 2¢° (a° +b*) = —a® — 2c° <0
Bai 37: Cho hai s6 a,b khéc 0 va trai diu nhau trong dé: a”® =b** . x4c dinh déu cua mdi sé
HD:
Vi a=0 nén a®® >0 nén b®° >0 maa,b trai diu nén a <0

Bai 38: Chox>y>0va x’+y>=x—y,CMR: x*+y* <1

HD:
Vi x>y>0=>x - y>0, X° —y° <X° + ¥, x* + Xy + X°y? +xy° +y* > x* + y*
Dodo: (x=y)(x +y*)<(x=y)(x* +X°y+ X’y +x7° +y*) = x* = y* <X* +y° =x—y
=> (x—y)(x4+y4)<x—y=> x*+yt<1
Bai 39: Choa, b,c>0thoaman: a+b+c=1,CMR: L+L216
ac bc
HD:

Cach 1:
Ta co: 1:(a+b+c)2 =[(a+b)+c]2 24(a+b)c
Vi (a—b) 205 d® +b* 22ab = (a+b) 2 4ab

Khi d6: 124(a+b)c©(a+b)24(a+b)2c , Ma: (a+b)224ab:>a+b24.4ab.c

arb>16abe =T 5160 =L s q6e =>1[1+1J216=>i+i216

ab a b c\a ac bc
Cach 2
Taco L.’.L:l l_}_l Zl 4 :l i: 24
ac ¢ c\la b ca+b c¢cl-c —-c"+c
2
, ., 1 1 1 R
Mat khac ta lai c6: —c*+c=-|c—=| +—<—= Nén %216,
2 4 4 —c“+c
Déu =" khi c=+.a=b=—
2 4
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. . . 1 1 1
Bai 40: Cho a,b,c >0,a+b+c <1, Chitng minh rang:

+ +
a’ +2bc  b*+2ac ¢’ +2ab
HD:

x=a’+2bc
bat y=b2+2ac=>x+y+z=(a+b+c)2Sl , Khi dé:
z=c>+2ab

X y z

Ap dung BPT Cési ta co:
X+y+z2 3.«3/xyz , DT xay ra khi x=y=z

I 1 1 ,1 :
<=>—+—+—23.3—,f)Txalyrakhll=l=l
Xy z Xyz Xy z

1

=>(x+y+z)(l+l+lj29 , ma x+y+z£1=>l+—+129 , bang thic xay ra khi :

X y z Xy z

X = —z—l —>a—b—c—l
YEET3 3
a+b c+b S

Bai 41: Cho a, b,c la ba sé duong va 1.1 % ,CMR :

. + 2
a c¢ 2a—b 2c-b
HD:
Ta co: l+l=%=>2a—b=a—b va 2c—b:E
a ¢ b c a
. a+b+c+b:a+b+c+b:£+£+ﬁ+g244/a_fz4
2a—-b 2c+b ab bc b a b c b

c a
Ap dung BDT co si cho ba sé duong a, b, ¢, D4u bang xay ra khi a= b=c

GV: Ngb Thé Hoang _ THCS Hop Btic
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DANG 4: SAP SEP CAC BIEN VA BPT TAM GIAC:

Bai 1: Cho a.b.c 1a do dai ba canh ciia 1 tam gic, CMR: ——+—2+ S <2

b+c c+a a+b

HD :
Tach: — <1=> < 28
b+c b+c a+b+c
Tuong ty ta cb: —— <1=>—— <20 _C__ cong theo vé VT < 281010 _,
c+a c+a a+b+c a+b a+b+c a+b+c
a b c

Bai 2: Cho a,b,c >0, CMR: 1< + + <2
a+b b+c c+a
HD :

a a a+c R b b b+a R c c c+b
< < va < <

a+b+c a+b a+b+c a+b+c b+c a+b+c a+b+c c+a a+b+c
Cong theo ve ta duoc :

Taco:

a b C a+b b+c c+a
+ + <M < + +
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c
2(a+b+c
61+t)JFC<M <w<:>1<M <2
a+b+c a+b+c
.. a b C d
Bai 3: Choa,b,c,d >0, CMR: 1< + + + <2
a+b+c b+c+d c+d+a d+a+b
HD :
, a a a+d . b b a+b
Taco: < < < <
a+b+c+d a+b+c a+b+c+d a+b+c+d b+c+d a+b+c+d
c - c - c+b . d d d+c

< <
a+b+c+d’ c+d+a a+b+c+d a+b+c+d d+a+b a+b+c+d
Cong theovetaco:

a+b+c+d 2(a+b+c+d)
- <M<
a+b+c+d a+b+c+d

Bai 4: Choabcd>0, CMR: 2< 22 b+c  c+d d+a
a+b+c b+c+d c+d+a d+a+b

<=>1<M<?2

HD :

a+b - a+b a+b+d

a+b+c+d a+b+c a+b+c+d
Chirng minh tuong ty :

Taco:

b+c - b+c - b+c+a c+d - c+d - c+d+b
a+b+c+d b+c+d a+b+c+d’ a+b+c+d c+d+a a+b+c+d
d+a d+a d+a+c

< <
a+b+c+d d+a+b a+b+c+d
Cong theo vé ta co :
2(a+b+c+d) 3(a+b+c+d)
<M<

a+b+c+d a+b+c+d

Bai 5: Cho a.b.c 1a do dai ba canh cia 1 tam gidc, CMR:1< ——+—2 4+ ¢ 2

b+c c+a a+b

HD :
, a a at+a b b b+b . c c c+cC
Tacohd: < < va < < < <

a+b+c b+c a+b+c a+b+c c+a a+b+c a+b+c a+b a+b+c

, a+b+c 2(a+b+c

Cong theo ve ta dugc : ——— <M < Q

a+b+c a+b+c
28
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BAi 6: CMR néu abc>0thi & 4+ 2 . ¢ .3
b+c c+a a+b 2

HD :
111 b+c=x
ApmmgBDT:(x+y+ﬂ(;+—+;)29,Dﬂ c+a=y=>x+y+z=2(a+b+c)
y a+b=z
KMdémcé:ﬂﬁ+b+Q( t .2 j29<— ,atbrc atbrc atb+c, 9
a+b b+c c+a a+b b+c cra 2
= PpPCM
Bai 7: Cho a.b.c 1a do dai ba canh ciia 1 tam gide, CMR: — & 42 € 53
b+c-a a+c-b a+b-c
HD :

b+c—a=x X+y=2C
bat: ta+c-b=y=Jy+z=2a,Khido: 2A=
a+b-c=z z+a=2b

z[z+zj+[z+zj{z+1}6:>Azg
y X X z y 2

Bai 8: Cho a,b,c 1a d6 dai ba canh cua 1 tam giéc,

CMR: 1 1 + 1 1+11
a+bcb+cac+ab a b c

HD :
Ap dung BDT Schawzr :

+Z X+Z X+
y+tz, L XY
X y z

1
a+b—c b+c-a

>4_2
2b b
Tuong tuta co :

1 1 2 . 1 1 2 ,
+ >—va + >—, Cong theo v¢ ta dugc : BPPCM
b+c—-a c+a-b ¢ c+a-b a+b-c a

Bai 9: CMR véi a,b,c 1a d6 dai ba canh cta 1 tam giac va p la nura chu vi cta tam giac d6 thi:
1+1+1>2(111J

p—a p-b p-c a b c
HD :
Tach: ! + ! > 4 :ﬂ
p—a p-b 2p-a-b ¢
Tuong tu ta co : L+i2ﬂ va i+i2ﬂ
p-b p-c a p—-c p-a b

Cong theo vé ta dugc diéu phai chirng minh

Bai 10: Cho tam giac ABC c¢6 d¢ dai ba canh la a,b,c chu vi la 2p, CMR: a?bcz(p—a)( p—b)(p—c)
HD :

taco: (p—a)+(p-b)>2(p-a)(p-b)=>c>2/(p-a)(

Chumg minh twong twtacd : a>2,/(p—b)(p—c) vab>2 (p—a)(p—c)
Nhan theo vé ta duoc : abc>8(p—a)(p—b)(p-c)

GV: Ngb Thé Hoang _ THCS Hop Btic
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Bai 11;
HD :

Bai 12:
HD :

Bai 13:
HD :

Bai 14:
HD :

Bai 15:
HD :

Bai 16:
HD :

Bai 17:
HD :

CMR: Néu a,b,c la chiéu dai ba canh ctia tam giac thi: ab+bc+ca<a’® +b® +c® <2(ab+bc+ca)

Ta chang minh : a® +b”*+c¢® > ab+bc+ca
Chuyén vé ta duoc : a2+b2+c2—ab—bc—ca20<:>(a—b)2+(b—c)2+(c—a)220
Tachung minh : a* +b” +¢? <2(ab+bc+ca)
a<b+c |a®<ab+ac
Taco: {h<a+c=><b><bc+ba , Cong theo vé ta dugc : @ +b’ +c® <2(ab+bc+ca)
c<a+b ¢’ <ac+hbc

Cho a,b,c 1a d6 dai ba canh cua 1 tam giac, CMR: abc = (a+b—c)(b+c—a)(c+a—b)

Taco: (a+b—c)+(b+c—a)22\/(a+b—c)(b+c—a) => 2b22\/(a+b—c)(b+c—a)

Tuong tu tacd : 2¢> 2\/(b+c—a)(c+a—b) va 2a> 2\/(a+b—c)(c+a—b)
Nhan theo vé ta duoc PPCM
Cho a,b,c 1a d6 dai ba canh cua 1 tam giac, CMR: a* +b* +c* < 2(a2b2 +b?c? +cza2)

Taco:a*+b*+c’—2a’h® —2b*® —2c%a* <0<=>a’ +b* +c* + 2a’h® - 2b*c* —2c*a* —4a’h’ <0
<=>(@® +b? —c?)’ —(2ab)’ <0 <=>(a? +b* —c? +2ab)(a® +b? —c* - 2ab) <0
<=>(a+b+c)(a+b—c)(a—b+c)(a—b—c)<0 (Ludn dung)

b ¢ a_a

Cho a,b,c 1a d6 dai 3 canh cua 1 tam giac, CMR: —+—+—2—+9+E Vi a=b>c
a b c¢c b c a

Nhan 2 vé véi ab,c taco : b’c+c’a+a’h>a’c+ab? +hc?
<=>¢(b*-a’)+a(c’ —b*)+b(a’ —¢*) >0 <=> (c-a)(b—c)(b—a)>0 Diing

CMR véi a,b,c 1 d¢ dai ba canh cia 1 tam gidc thi: 4a’b® > (a? +b? —c? )’

Xét hisu : 4a%h? —(a2 +b*—¢?)>0<=>(2ab+a’ +b’ —cz)(2ab—a2 —b2+cz)>0
<=>(a+b+c)(a+b—c)(c+a—b)(c—a+b)>0 ding

Cho a,b,c 1a do dai ba canh cua 1 tam giac, CMR: a(b—c)2 +b(c—a)2 +(:(a+b)2 <a*+b*+c?

Ta xét : a(b—c)2 -a’ =a[(b—c)2 —az]za(b—c—a)(b—c+a)<0
Chumg minh tuong ty ta ¢ : Tong cua 3 s6 &m 14 1 s6 am

Cho a+b+c=1,CMR:a?+b?+c? 2%

1 , , 2 1
a=X+= a’=x'+=X+=
3 3 9

b= P b? = 2,201
Pt -y 3 -y 3.y 9 Cong theo vé ta duoc :
1 , L, 2 1
C=7+= CC=z"+-z2+=
3 3 9
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a2+b2+cz:(x2+y2+22)+§(x+y+z)+% (1)
Ma: a+b+c=Xx+y+z+1=>Xx+y+2z=0, Thay vao (1)
=> a2+b2+c2:x2+y2+22+£21
3 3
Bai 18: Cho a,b,c 1a do dai ba canh cua 1 tam giac, CMR: a® +b® +c? < 2(ab+bc +ca)
HD :
a<b+c [a*<ab+ac
Taco: {b<c+a=>{b?<ab+bc, Cong theo vé ta dugc DPCM
c<a+b |c*<ac+bc

1 1 1

Bai 19: Cho a,b,c 1a d6 dai ba canh cua 1 tam giac, CMR: , ,
a+b b+c c+a

, cling 1a d6 dai 3 canh cua 1
tam giac
HD :

1 1 1 2 2 1

+ > + = > =
a+b b+c a+b+c a+b+c a+b+c (a+c)+(a+c) a+c
1 1 1 o1 1 1

+ > va + >
b+c c+a a+b c+a §1+b b+c
Bai 20: Cho a,b,c 1a d6 dai ba canh cua 1 tam giac cé chu vi bang 2, hdy so sanh a,b,c véi 1,
CMR: a® +b*+c® +2abc< 2
HD :

Giaisu: a=zb>c=>a<b+c=>2a<a+b+c=2=>a<l=>b,c<l

Khi d6: (1-a)(1-b)(1-c)>0=>ab+bc+ca>1+abc

lai cO:

(a+b+c)2:a2+b2+CZ+2(ab+bc+ca)>a2+b2+cz+2(1+abc)

Ta can chiing minh :

Tuong tu ta cling co :

<=>4>a*+b*+c?+2+2abc<=>a’+b’+c*+2abc< 2
Bai 21: Cho a,b,c 1a d6 dai ba canh cua 1 tam giéac,
CMR: abc >(a+b—c)(b+c—a)(c+a—b)
HD :
Taco :(a+b—c)+(b+c—a)22\/(a+b—c)(b+c—a) = 2b22\/(a+b—c)(b+c—a)

Tuong tyta co : 2022\/(b+c—a)(c+a—b) va 2a22\/(a+b—c)(c+a—b)

Nhan theo vé ta dugc PPCM
Bai 22: Cho a,b,c 1a d9 dai ba canh cua 1 tam giac, CMR : ab+bc+ca<a’®+b*+c? <2(ab+bc+ca)
HD :

Ta chung minh : a® +b* +c* > ab+bc+ca

Chuyén vé ta duoc : a>+b*+c® —ab—bc—ca20<:>(a—b)2 +(b—c)2 +(c—a)2 >0

Ta chung minh : a* +b? +¢* <2(ab+bc+ca)

tacd:

a<b+c |a’<ab+ac

b<a+c=>{b* <bc+ba, Cong theo Vé ta duoc : a*+b” +c? <2(ab+hc+ca)
c<a+b c? <ac+bc
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Bai 23: Cho a,b,c 1a chiéu dai ba canh cta 1 tam giac c6 chu vi bang 2,CMR: a* +b® +¢* + 2abc < 2
HD :
Gidise: a=b>c=>a<b+c=2a<a+b+c=2=>a<l=>b,c<l
Khi d6: (1-a)(1-b)(1-c)>0=>ab+bc+ca>1+abc
lai c6:
(a+b+c)2:a2+b2+cz+2(ab+bc+ca)>a2+b2+cz+2(1+abc)
<=>4>a*+b*+c*+2+2abc<=>a*+b’+c*+2abc< 2
3a+b 3b+c 3c+a>

Bai 24: Cho a,b,c la ba canh cua 1 tam giac: CMR: + + >
2a+c 2b+a 2c+b

HD :
Tac():VT<=>[3a+b—1j+(3b+c—1j+(30+a—1j21
2a+cC 2b+a 2c+b
<:>a+b—c+b+c—a+c+a—b21,Laicé:
2a+c 2b+a 2c+b
2 2 2
— (a+b—c) . (b+c-a) . (c+a-h) N
(2a+c)(a+b-c) (2b+a)(b+c—a) (2c+b)(c+a—b)
2
— (a+b+c) 1

(2a+c)(a+b-c)+(2b+a)(b+c—a)+(2c+b)(c+a-b)

Bai 25: Cho a,b,c > 0 thoa man: §+%+%£a+b+c,

1 N 1 N 1
2+a? 2+b* 2+c?
HD :

2 2 2 2 2 2
Taco: 2T = 1—?— + 1—2b— +|1- ZC =3— Za + 2b + ZC —3-A
a-+2 b +2 c°+2 a‘+2 b°+2 c¢c°+2

Schawzr ta c6 :

(a+b+c)2 a’+b*+c?+2(ab+bc+ca)
Az 2 12 2 = 2 12 2 (1)

a‘+b“+c°+6 a-+b“+c°+6

Ma : abc(a+b+c)2ab+bc+ca=>(ab+bc+ca)223abc(a+b+c),Tu chitng minh

Tim Maxcua: T =

=> (ab+bc+ca)2 > 3(ab+bc+ca) =>ab+bc+ca>3 thay vao (1) ta dugc :

A>1=2T <2=>T<1
Bai 26: Cho a,b,c la d6 dai ba canh cua 1 tam giac: CMR :

2016 b2016 2016

a c

+ + 2 3.2015 + b2015 + C2015
b+c—a c+a-b a+b-c
HD :

Xét hiéutaco:

a’ _ s :azms( a _1j:a2015 (a_b)+(a_c)
b+c—a b+c—a b+c-a

Tuong tu ta cling co :

bm{(b—amb—c)J " szs((c—aw(c—b)j

c+a-b a+b-c
Khi @6

b+c—a c+a-b c+a-b a+b-c b+c—a a+b-c

2015 2015 2015 2015 2015 2015
VT:(a—b)( a b ]+(b-c)[ b : j+(a—c)( a c
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Giastr: a=b>c=> Ngoac2,3 >0
a2015 b2015 C (a2015 _b2015) +( a—b) (a2015 +b2015)

ta cé ac 1= — = >0, bPCM
Ac0 NGOt (b+c—a) (c+a-b) (b+c—a)(c+a—b)

Bai 27: Cho a+b+c=1CMR:a?+b?+c? 2%

HD :

1 , , 2 1
a=X+= a’=x'+=X+=
3 3 9

b= y+1:> b? = y2+2.y

bat 3 3779 Congtheo vé ta dugc :
C=z+= =" +=z+=
3
2 W2, A2 2 2,2\, 2 1
a’+b*+c :(x +yi+z )+§(x+y+z)+§ (1)

ma: a+b+c=x+y+z+1=>x+y+2z=0, Thay vao (1)
=> a2+b2+c2:x2+y2+zz+%2%

a b C
+ + >
b+c—-a a+c-b a+b-c

Bai 28: Cho a,b,c 1a d6 dai ba canh cua 1 tam giac, CMR:

HD :
b+c—a=x X+Yy=2C
bat: ta+c-b=y=Jy+z=2a,Khido: 2A=
a+b-c=z z+a=2b

:(§+XJ+[E+EJ+(E+X]26:>A23
y x) \x z) \y z
Bai 29: Cho ab.c.d>0, CMR: &+ 2 ¢ , d -,

‘b+c c+d d+a a+b
Bai 30: Ching minh véi ba s6 a, b, ¢ d6i 1 khac nhau thi :

+Z X+z X+
y+tz LXEY
X y z

a3 b3 C3
(ab)(ac) (p-c)(b-a) (c—a)ie—b) “7"*¢
Bai 31: Cho a, b, ¢ d6i 1 khac nhau thoa man : a + b + ¢ =0,CMR:
b-c c¢c—a a-b
a b c

>+ >+ =0
(b—c) (c—a) (a—b)

Bai 32: Tim tat ca cac tam giac vudng cd s6 do cac canh 1a cac sé nguyén duong va sb do dién tich bang

chu vi
HD:

Goi cac canh cia tam giac vuong 13 x, y, z trong d6 canh huyén 1a z (X, y, z la cac sb nguyén
duong)

Ta c0: xy=2(x+y+z) Dva x*+y' =7 (2
Tu (2) = z2=(x+y)2—2xy , thay vao (1) ta co:
z2:(x+y)2—4(x+y+z)<:>z2+4z:(x+y)2—4(x+y)

z2+4z+4:(x+y)2—4(x+y)+4<:> (z+2)2 =(x+y—2)2

GV: Ngb Thé Hoang _ THCS Hop Btic
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=>7+2=x+y-2<=>z=x+y—4 ,thay vao (1) ta dugc :
xy=2(x+y+x+y—4)<=>xy-4x—4y=-8<=>(x-4)(y-4)=8=1.8=24
Tir do ta tim dwoc cac gid tri cia X, y, z 11 (5:12;13):(12:5;13):(6:8:10):(8:6:10)
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DANG 5, TIM PIEM ROI CUA BPT CO SI:

Bai 1: Cho a>2,CMR: a+;>g
HD:
. PO . 1 1 1
Tacd:Daubangkhia=2=> ~===ka=k2=>k==
a 2 4
Khi d6 taco :
VT_1 E+§>2 a 3a =1+ 3_a>1 3_3
a 4 4 4a 4 4 2 2

1_2a
D4u bing khi <a 4
a=2

Bai 2: Cho a,b >0, a+bsl,CMR:a+b+%+%25

HD :
L a+b=1
Tac6: Daubingkhi 1270 " sachetoslooklokoa
a=b 2 a 2

Khi d6: VT :(1+aj+(1+bj:(1+4aj+(1+4bj—3(a+b)
a b a b
3

> 244 +2/4-3(a+b), Ma a+b<1=>-3(a+b)>-
=>VT 24+4-3=5

s . . X* +y?
Bai 3: Cho x>2y >0, Tim GTNN cua: P =
Xy
HD :
Taco: P=1+X dat X—a=>a22=>P=a+1
y X y a
DAu bang khi a= 2—>i:1=k.2=>k—1—>P 1 a 3a
a 2 4 a 4 4
P_i+£:1+§—§
N/ 2 2
Bai 4: Choa>3, Tim GTNN cua: S =a+§
HD :
Tacé:De”iub%mgkhia:3:>£=1:k.3=>k:1
a 3 9
(1aj8a 2 83 2 8 10
S=| =+=-|+—>—F— ———+—:—
9 o 3 3 3
Vay Min S_E
3
Bai 5: Cho x>1, Tim Min cua: A:3x+2i
X
HD :
Ta c6 : Dau bang khi x=1=>+ -1 pgosp=1
2X 2 6
Khi do6 : A:(i+%J+§Zi+5_'1:1+§:Z
2x 6 ) 2 Ja 2 2 2
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Bai 6: Cho x,y la cac s¢ thuc duong théa méan: x+y>6, Tim Min caa: P :5x+3y+g+§

Xy
HD : o
D4u bang khi x =y, Du doan s& ¢6 cac cap (X ;y) 1a (1:5),(2;4), (5:1) va (4 ;2)
va nhan thay cap (2 :4) thi P ¢6 gié tri nho nhét
Khidétaco:
X=2 >£_5 k.5.2 >k-£,,§:2:3.4.hz>h:E
X 2 4 6
=>P- (10 5X]+ 8 3,25y 5054224262
X 2 y 6 22 2
Bai 7: Cho a,b,c 1a cac sb thuc duong thoa man : a+2b+3c > 20,
Tim Min cua: P:a+b+c+§+i+f
a 2b c
HD :

Dau bang khi a=2, b=3, c=4
Khido: P= (3 3aj+(i+9j+(ﬂ+gj+§+9+§
a 4 2b 2) \c 4) 4 2 4

P23+3+2+%(a+2b+3c)28+%.20

Bai 8: Choa>2, Tim Min cua: S :a+%
HD :
s ) 1 1 1 . ,
Dau bang khi a=2=> —===h2=>h==,Khidotaco:
a- 4 8
6_9
4 4

(a a 1} 3a , 32 3
S= —+— [+— 23— +—=—+
8 8 a 4 64 4 4
Bai 9: Cho 0<a£%,T‘|m Min cua: S:2a+é

HD ;
fos 11 1 e
Daubangkhla=§=>¥=4:k.2.E=>k=4,Khldotaco:

S :(iz+8a+8aj—14a23§/a—14a, ma as%=> -14a>-7=>S5>34-7=5
a

Bai 10;: Cho a>10, b>100, ¢>1000, Tim Min cua: A=a+1+b+l+c+1

a b c
HD :
Loy _ 1 1 1 s
Dau bang khi a=10=>—=-—=k.10=>k =—, Tuong tu véi b va c,
a 10 100
Khiddtaco:
1 a 99a 2 99 10 _101
=| =+ , Twong tu véi b vac
a 100 100 \/10 10"
Bai 11: Cho a,b,c 1a ba s6 thyc duong thoa man: a+b+c <1, Tim Min cua: P:a+b+c+§+%+%
HD :

Dau bang khi a:b:C:%, Khi d6 P=(l+9aj+(%+9bj+(l+9cj—8(a+b+c)
a c

P>24/9+29+2V9-8(a+b+c) Ma a+b+c<1=>-8(a+b+c)>-8
Vay P>6+6+6—-8=10
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Bai 12: Cho a,b,c 1 ba sé thuc thoa man: a+b+c=1, Tim Max cua; P :%+§/E+i‘/a
HD :

a+b+1

Taco : Dau bang khi a=b= c=3 L 4fap- \/_3ab—<\/_

b+ c+1 c+a+1

Tuong tu ta co : x/_ x/_ 3 \/_a<«/_

Cong theo Vé ta dugc : P < %(erlj = iﬁ

3 3

Bai 13: Cho a,b,c 1a ba sb thuc duong thoa man: a+b+csg, Tim Min cua: P=a+b+c+1+%+l
a c

HD :
e 1 1 1 1
Dau bang khi a:bzc:§=>P:(—+4aj+(5+4bj+[—+4c)—3(a+b+c)
a C

P>4+4+4- 3§=E
2 2

Bai 14: Cho a,b,c 1a ba s6 thuc duong théa man: a+b+c <1,

Tim Min cua: P:a+b+c+2(1+1+1)

a b c
HD :
JE , 1 2 2 2
DAau bang khi a:b:c:§:>P: 18a+= |+ 18b+B +[18c+= |-17(a+b+c)
a C
=>P>19
Bai 15: Cho a,b,c 1a ba s6 thyc duong thoa mén: a+b+c=1,, Tim Min cia:
a’ b c’
A= +

(t-ay (@-by (¢

HD :
Déu bing khi a=b=c=% Khi do -

a l1-a 1-a_3 ., b 1-b 1-b_3
>+ + 2 —a, Tuong tu ta cling ¢0 : >+ + >—
(1-a) 8 8 4 (1-b) 8 8 4
3
c 1-¢c 1-c_ 3

=+ + >
(1-c) 8 8 4

[

Cong theo vé ta dugc : A> %(a+b+c) =

NG|

Bai 16: Cho a,b la cac s6 thyc duong thoa méan: a+b<1, Tim mincua: S = ab+ib
a

HD :
Al . 1 1
Ta c6 : Dau bang khi a=b=§=>£=4=16ab

Khidotaco: S = (16ab ¥ ibj —15ab > 2/16 —15ab
al

ma a+b22\f£:>12 2\/%:>ab£——> 15ab>%
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Bai 17;
HD :

Bai 18:
HD :

Bai 19:
HD :

Bai 20:

Vay S>24-2_g DU
2 °" 22

1

Lz Y n R ., 1
Cho a,b la cac so6 thuc théa man: a+b <1, Tim min cua A=a+b+¥+F

DAu bang khi azb:% = A:(8a+8a+§j+(8b+9b+b—12)—15(a+b)

=>52>34+34-151=9

Cho a,b,c 1a c4c s thuc duong théa man: a+b+csg, Tim Min P=a+b+c+i2+bi2+i2
a C

Déu bing khi a=b=c =+

=N

Khi doa : P:(8a+8a+—2]+(8b+8b+i2j+[8c+80+%j—lS(a+b+c)
a b C

PZ3.4+3.4+3.4—15.g=36—£=z

2 2
L, \ ~ 3 . . > .0 o, 1 11
Cho a,b,c 1a cac so thuc duong thoa mén: a+b+c£§, Tim Min: A=a“+b“+c +_+B+_
a C

Dau bang khi: a=b=c=

, 1 1 , 1 1 , 1 1) 3/1 11
=P=la"+—+— |+| b +—+— |[+|C+—+— |+ | =+ —+—
8a 8a 8b 8b 8 8/ 4\a b ¢
P2§+§+§+§( 9 jzz
4 4 4 4(a+b+c 4

Cho x,y 1a cac s thuc duong thoa man: x+y <1

N |-

Tim Min cua; A:(l—izj[l—izj
X y

HD :

Bai 21;

HD :

DAu bang khi : x:y=%:> A=9, Tacan chang minh A>9

Xét (1—%][1—%}29@4% ~1)(y*-1)29x°y?
=>1>x*+y*+8x%y?, do 1> (x+y)”, Nén ta can ching minh :

(x+ y)2 > X +y? +8x’y? <=>2xy(1-4xy) >0

2
X . .
BDT nay ding do: O<Xyﬁ%£%:> Min.A=9 khi x:y:%

Cho a,b>0 Tim Min cua: P :aLb+@
Jab a+b
a+b \/ﬁ
DAu bang khi : {mJab a+b=>m=4
a=b
Khi do6 ta co :
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a+b J_3a+b 132J_ 32 5

P= >2 1+—=—
2Jab  a+b 4 Jab NE 4 2

1 N 1
a’+b®> ab

Bai 22: Cho a+b<1 vaa,b>0, Timmincua: P=

HD :
Déu bing khi a=b=%

Khid():Pz( 1 1} 1, 4 1

-+ + > >+
a‘+b® 2ab) 2ab (a+b) 2ab
Pt 2, 4 .2 0 .4
(a+b)” 4ab (a+b)" (a+b)” (a+b)
1 N 1
1+a*+b? 2ab

Bai 23: Cho a,b>0va a+b<1, Tim Mincua: P=
HD :
1 1

Déubéngkhi:a:bzi.Khidé: =
2 1+a“+b° 3.2ab

1 1 1 4 1 _ 4 1
=P = ——+ + 2 —— + =Pp> > +
1+a’+b*> 6ab) 3ab (a +b +6ab+1) 3ab (a+b) +4ab+1 3ab

Mat khac : a+b>2ab >ab<—_>P>i+i:§
4 2+1 3= 3

1

4
1+a®+b*=6ab

Déu biing khi {a=b —a=b=1
a+b=1 2

Bai 24: Cho a,b>0, a+b <1, Tim Min cua: P:%+i+4ab
a’+b* ab

HD :
Dau bang khi a:b:%

Khi dé : P:( t 1 }{ 1 +4abjz 4 (4ab+ij+i

a?+b? 2ab 2ab (a+b) ab /) 4ab
a’+b® =2ab
p>_4 S +2. 4ab 1 > 7. D4u bang khi ah’=L sa=b=i
(a+by V4ab ,1 16 2
4 a+b=1
1 1 1

Bal 25 ChO a,b>0 Vé. a+b£1, Tim M|n Cﬁa: S:ﬁ‘i‘T‘f——z
+b° ab ab
HD :
DAu bang khi a:b:% va a® +b’ +3a’b+3ab? = (a+b)’
111
a®+b® 2a’h 2ab®
1 1 1 1 1 25
=3 e tooan T PP 5 2 3
a’+b’ 2a’h 2ab® 2a’ 2ab® (a+b)’+ab(a+b)

Khi do:

39
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25

b)’ _—
S> -, Vi 4ab<(a+b)’ aabs% =>S > 20, Dau bang khi a:b=%

(a+b)

b3
(a+b) + 2

Bai 26: Cho a,b,c>0 va a® +b*+c* =1, Tim Min caa: P =a+b+c+%
abc

HD :
Dau bang khi a=b=c=—=, Khi d6: —:3J§,a:—
| 3 abc J3
Tim m sao cho : =a=b=c:>m=i
m.abc J3
8

F’=(a+b+c+ L )+ 8 244/ abc
9abc ) 9abc 9abc 9abc
2%+—8 , Talaicé: a+b?+c?>3§/(abc)” <=>1>33(abc)’ => a’h’c? <

9
=0%aht—=—F+=>—"->—=—"F
33 3 9abc 3 3 Jg B f

Bai 27: Cho x,y,z>0 va 1+£+1=4,T‘|m Max cua: P = ! + ! !

+
X Yy z 2X+Y+2Z X+2yYy+Z X+y+2z

HD :
Dau bang xay ra khi x:y=2:§:>2x:y+z:>#:1 1,11
4 2X+y+Z X Yy z X
1.1
z7 1

. 11 1 1 1) 1(1 1 1 1) 1(1 1
Néen: P<—| —+—+—+—[+—| —+—4+—+— |+ —| —+—+—+
16\x x vy z) 16\x y y z) 16{x vy

1(4 4 4
<—|—+—+—1|=1
16\x y z

Bai 28 : Cho a,b,c 1a cac sé thuc duong va a+b+c=1, CMR: Ja+b++vb+c+vJc+a <6
HD :

Déu bang khi : a:b=c=%:>a+b=b+c:c+a=§

2
Khi do ta c6 : \/g(a+b)+\/g(b+c)+\/g(c+a)32 s /2(a+b)33+a+b,
3 3 3 3 2

g+a+b g+b+c: g+c+a

Tuongtu’tacé:VTS?’ + +3 =2
2 2 2
Bai 29: Cho a,b,c duong thoa man: a+b+c=1, Tim Max cia A=%a+b+3b+c+3c+a
HD :

DAu bang khi: a=b= c—£—>a+b b+c= c+a—§

22 a+b+ +
Nén : \/a+ _d:3 a+b §§<\/7

Tuong tuta co :

9 b+c+g+g 9 a+c+g+g
Yb+c Si/;# va {c+a Si/g%
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. 2(a+b+c)+4
Cong theo ve ta duoc : Psi/g. ( 3 ) =318
2 2 2
Bai 30: Cho x,y,z>0 va xyz=1, CMR: X + y + z 2§
1+y 1+z 1+x 2
HD :
2
Tacé Diubing khi x=y=z=1=> 0
1+y 2 «
2 2 2
Khi do: +1+—y2x,t1rongt1_rtacé: y +1+—22yva L X,
1+y 4 1+z 4 1+x 4
A X 1 3 3 3 6
Cong theo vé ta dugc : P2(x+y+z)—Z(x+y+z)—Z:Z(x+y+z)—Z:Z

Bai 31: Cho x,y,z la cac s6 thyc duong thoa man : xy +yz+zx =5, Tim Min cua : P =3x* +3y? + 72

HD :
x>+ y? > 2xy

Taco: §2x° +%22 >2xz , Cong theo vé ta dugc : P >2(xy +yz+2x)=10

2y? +%z2 >2yz

DAu bang khi x=y=1, z=2
Bai 32: Cho x,y la cac s6 thuc duong thoa man : x+y+xy =8, TimMincia: P=x*+Vy’
HD :

—~~

2 2
X+
Taco: 8=X+y+Xy<x+y+ 4y) <:>tz+t28:>ts—8 hoac t>4

—~
+
<
~
N

Hay (x+ y)2 >16=>P=x*+y°> X

X+y=4
DAu bang khi {x=y =>xX=y=2
X+Yy+Xy=8
Bai 33 : Cho a,b 1a cac sb thuc théaman ;: 0<a<3,8<b<11 vaa+h=11,
Tim Max cua: P=ab

HD :
Déau bang khi a=3,b=8=>8a=3b
2 2
Khi d6 : P =i(8a.3b)si.M=i.[3(a+b)+5a]2 si(3.11+5a)2 (38458 o
24 24 4 96 96 96
Bai 34: Cho x,y >0, Xx+Yy>6,CMR: A=x(x—1)+y(y-1)>12
HD :
Déau bang khi x=y =3
Khid6: A=(x"+y*)—(x+y)=(x"+9)+(y*+9)—(x+y)-18
A>2.3x+2.3y—(x+Yy)-18=>A>6(x+Yy)—(x+y)-18=5(x+y)-18>30-18=12
Bai 35: Cho a,b,c >0, Théamin :a+b+c=1,CMR:S =+a+b++b+c++c+a<16
HD :
A N - 1 2
Dau bang khi a:b:c:§:>a+b:b+c=c+a:§
41
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2
5 §+a+b
Co si nguoc ta co : 3(a+b)

—+b+c —+c+a
Tuong tu ta co : 4, b+C ,/ c+a
2(a+b+c
Cong theo vé ta dugc : \/;S<l % 2=> S<2\/§ J6

Bai 36: Choa,b > 1, CMR: avb—1+bJa-1<ab
HD :

Déu bang khi:b-1=a-1=1=>a=b=2
Co singuoc ta co :
b-1)+1
a (b—l).lga.(—):a—b
2 2
a-1+1_ab

b -1).1<h.
@) 2

Cong theo Vé ta duoc :

a\/b 1+b\/a 1 512b azb ab

2 2 2
Bai 37: Cho x,y,z > 0, x+y+z = 2, tim GTNN cia; P=——+ - 1~
V+Z X+Z X+

HD :
Déu bing khi X=y=z=§

Khi do:

X_  y+z
y+12 4
X+y+2

Nén :

> X, Tuong tu ta co :

X+y+1z

P+ =1

>X+y+z=>P2>

Bai 38: Chox,y>1, CMR :

y-1 x-1
HD : o
Dau bang khi x =y, Thay vao ta duoc :
X2 2
1 x-1

2

X Y
4(y-1)>4 4(x-1)>4
—~+ (y-1)=4x va x—1+ (x-1) =4y

=8=>Xx=y=2

Khi do

VT >4(x+y)-4(y-1)—4(x-1)=8
a b

Bai 39: Cho a,b,c >0, thoa mén: a® +b* +c? =1, CMR: — + +
b +c +C
HD :

DAu bang khi a=b=c=

&l
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2 2 2 2 4 4 2
Khidé:(2a2j= a - 2a.2a2 222a _27a Za?n/ﬁ
b%+c (1-a%) (1-a%)(1-a%)2a> 8 4 2
27
Tu:ongtt_rtacé:VT2a2.3\2/§+b2.3\2/§+02.3\2/§=3\2/§(a2+b2+c2)=§
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BAT PANG THU'C CHUA SOAN

BAI 1:CNo a+b=x+y,a+5% =x*+* , Chang minh ring : ™ +5™"* =™ + y°
HD:
Tra+b=x+y=>a—-x=y-b
Ngtmmacf+b2:x2+y2:>a2—x2:yz—bz:>(a+xxa—x):(y+be—b)

—x=0,(D)
=> (a+x)(a—X)=(Y+b)(a_x)=> Z+i=b+y,(2)

. la=x=0
le S b — y S a2010 + bZOlO — x2010 + yZOlO
a+b=x+y

Cla+b=x+
Vi y —Sa=y=>b=c=> 2010 | p2010 _ 2010 y2010
a+x=b+y

Bai 2 : Cho x+y=2, CMR: X*®" + y?*" <x*%2 4 y?o

HD :
Xét (X2012 +y2012)_<X2011+y2011):X2011(X_1)+y2011(y_1):X2011 (1_ y)+y2011(y_l)
Do x-1=1-y
Vay (Xzolz+yzolz)_(X2011+yzo11):(1_ y)(xzon_yzon)
Giasir: x>y=>x""2y™ va x, 21>y dodo: (1-y)(x*" - y***)=0(dpcm)
Tuong tu néu ldy y>x=>y**>x"" va y>1>x do do (1-y)(x*" - y***)=0(dpcm) déu =
khi x=y=1
B4i 3: CMR: A= — > 4 b +—° >3
b+c-a a+c-b a+b-c
HD:

biat b+c—a=x>0,c+a-b=y>0,a+b—-c=2z>0, tur do:

= y—Z’b:X+Z’C=x+y thay vao A ta duoc
2 2 2

A:erZer+Z+X+y:l XJFE +(§+Ej+ X+£ 21(2+2+2)23
2X 2y 2z 2|\x vy Z X z Yy 2

Bai 4: CMR: néu a, b, ¢ 1a d6 dai c4c canh cta 1 tam giac thi A<O
HD:

a

Ta co:

b+c-a>0
b+c+a>0
b-c—-a<0
b—c+a>0 Vay A<0

Bai 5: Cho a,b,c,d > 0, Chtng té rang: N = a_, b R cé gia tri khong
a+b+c b+c+d c+d+a d+a+b

nguyén

Bai 6: Tim céc s nguyén x, y, z thoa man: x> +y* +2z? <xy+3y+2z—4

HD:

2 2
Ta c6 gt=> (x—%) +3(%-1} +(z-1) <0=>

44
GV: Ngb Thé Hoang _ THCS Hop Btic



1 1 1

Bai 7: Cho a,b,c>0 va a+b+c<1, CMR: — +— +— >
a“+2bc b“+2ac c°+2ab

HD:
DPit x=a”+2bc, y =b* +2ac,z=c* +2ab

Khi dé x+y+z=(a+b+c)2 <lva 1+1+129 VoI Xx+y+z<1

X y z

) . . 1 1 1 [1
Ap dung Co sicho3s: x+y+z>33xyz tadugc =+=+=>33/—
X y z Xyz

=>(x+ y+z)(£+1+£]29 ma X+y+z<1=> 1+i+129 dang thac xay ra khi x:y:z:%
z

Xy X Yy 1z
Bai 8: Cho a, b, ¢ 1a cac s6 khdng am va khong 16n hon 2 théa man: atb+c=3. CMR: a?+b?+c? <5
HD:
Theo gia thiét ta c6: (2—x)(2—b)(2-¢)=0<=>8+2(ab+bc+ca)—4(a+b+c)—abc=0
Cong hai vé véi a® +b* +¢? sau d6 thu gon ta duoc:
(a+b+c)2 >a’ +b*+c*+abc+4<=>a’+b*+c? +abc <5, Ma abc >0=>a*+b’+c* <5
Ding thire xay ra khi trong ba sé a,b,c ¢6 1 s6 bang 0, mot s6 bang 2 va 1 s6 bang 1
Bai 9: Cho x,y >0 thoa man: x> +y®>x*+y*, CMR : x*+y* <2, du bang xay ra khi nao ?
HD:
Ap dung BDT c6 si cho hai s6 duong ta c6: X+ x> >2x?,y* +y* >2y® do vay
X+X° 4y +y <2 42y = x4y 2 (K +y =X -yt ) 2+ Y
Do X*+y*>x*+y*. Ma x> +1>2x, y* +1>2y* Nén
14+ X +14+ Y 2 2%+ 2y? 2 22 +2y° > X* + y* +x® + y* dovay x*+y® <2 dau bang khi x=y=1
Bai 10: CM: X +y* —xy>x+y-1
HD:
X+ y? =Xy 2 X+ y—1=>2(x* + y* = xy) 2 2(x+y 1) => 2% + 2y* — 2xy > 2X+2y -2
=>(x—y)" +(x-1)" +(y~-1)" >0 luén dung, d4u bang khi x=y=1

Bai 11: CMR khong c0 gia tri nao cua x théa mén: —; -5>0
X —2X+2

HD:

Taco: <0,-5<0=>dpcm

(x—1)2+1_5 1
Bai 12: Cho a, b 1a c4c s6 duong thoa man: a®+b®=a® +b®>, CMR: a’ +b’ <1+ab
HD:
Taco: a’ +b’ <l+ab=>a’+b’-ab<1=>(a+b)(a’+b’-ab)<a+b=>a’+b’<a+b
=> (a’+b’)(a’+b°)<(a+b)(a’ +b°*) => 2a%° <ab® +a’b
=> ab(a*-2a’’ +b*)>0=>ab(a”~b*) >0 luén diing do a, b dwong
Bai 13: Cho cac sb a, b, ce[0;1], CMR: a+b?+c®—ab—bc—ca<1

HD:
Do ab,c €[0;1]Nén (1-a)(1-b)(1-c)>0=>1-a—b—c+ab+bc+ca—abc>0

=>a+b+c—ab—bc—ca<l-abc<1, Doab,ce[0;1] nén b*<b,c’<c, tr d6 ta co:
a+b?’+c®—ab-bc—ca<a+b+c—-ab—bc-ca<l
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Bai 14: Cho a>0, b>0 va a+bh=1, CMR: L+i2ﬂ
a+l b+1 3

HD:
1 1

> % =>3(a+1+b+1)>4(a+1)(b+1)=>9>4(ab+a+b+1) doatb=1

a+l b+1
=> 9>4ab+8=>1>4ab=>(a+b)’ >4ab=> (a—b)’ >0 ding vdi moi a, b
Bai 15: Cho a, b, ¢ Ia ba s6 dwong va 4+~ =2, CMR: 2r2  C+P o
a ¢ b 2a—b 2c-b
HD:
1+1=3:>2a—b:a—bvz‘;120—b=E
a c b C a

. a+b c+b_a+b+c+b_c+£+§+§244,a_(2:24
a b c b

2a—b  2c+b ab " bc D
c a

Ap dung BDT C6 si cho 3 s a, b, ¢ dwong , dau bang khi a=b=c
Bai 16: Cho a,b,c 1a cac s6 thoa man hai diéu kién sau: 0<a <b,ax? +bx+c =0 vd nghiém,

a+b+c
b-a

CMR: =3

HD:

R , a+b+c
Do O<a<b néntacéd

>3=>a+b+x>3(b—-a)=>4a+c>2b (*)

Vi phuong trinh ax® +bx+c=0 v0 nghiém nén b? < 4ac

2 b2 b2
=>Cc>—=>4a+c>4a+—>2,/4da— =2b tur
4a 4a 4a

a+b+c

do suy ra: (*) dang hay >3

Bai 17: Cho a, b 1a c4c s6 nguyén duong thoamén : a®+b*=a-b,CMR: a>+b’ +ab<1
Bai 18: Cho X,y,z la ba canh ciia 1 tam giac: CMR: A=4x"y* —(X* +y*+2°)>0

Bai 19: CMR : x* +2012x* —2011x + 2012 > 0 v&i moi X

Bai 20: Cho a, b, ¢, d thoa man: —2<a,b,c,d <5 va a+2b+3c+5d =10. CMR:

a®+2b? +3c?+5d° <140

| 1 | (1 1

X +yz Y+xz +xy 2\xy ¥z

Bai 21 : CMR : + + <_[_+_+Lj

HD :

1 1

X2

Taco: x2+yz22«/x2yz=2x vz Khido: VTS—[

(y+Z+X+Z+X+yj
2 2 2
VT% <1(MJZL(L+

xyz 2 xyz 2\ yz
. s . 1 1
Bai 22 : CHing minhrang neu: x, +—=x,+—=x, +
xz X3
hoac : |x,.x,.x,...x |=1
a+b b+c

2 x\yz yixz  z4fxy

2

L1 le{ yz+\){y%+\/EJ

1 1 ,
—+—j, Dau ="’ khi x=y=z
X Xy
1 1 .
—=..=x,+— ,thi X =X, =X, = .= X,
Xy X )
c+d d+a

Bai 23:Choa, b,c,d>0,CMR: 2< +
a+b+c b+c+d

GV: Ngb Thé Hoang _ THCS Hop Btic
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i s . L .11 1 . .
Bai 24: Ching minh rang néu a, b, ¢ la cac sé thuc thoa man: _+Z+_ =2 va a+b+c=abc, thi
a C

%+%+c1—2:2

Bai 25: Cho a+b+c=2p ,CMR: 2bc+b* +c* —a’ =4p(p—a)

Bai 26: Cho x+y=a,x>+y*=b,x’+y’ =c , CMR: @’ =3ab+2c=0

Bai 27: Cho a+b+c=0,a> +b* +c* =1, Tinh gia tri cia: M =a* +b* +¢*

Bai 28: Cho a, b, ¢ ddi 1 khac nhau thoaman: (a+b+c) =a*+b> +c* , CMR:
a b? c’

2 T3 T -
a +2bc b +2ac ¢ +2ab

b+c c+a a+b
+ +

I 1 1
Bai 29: Cho —+—+—=0 , tinh giad tri cua: M =
a b c a b c

b 2 2 2
Bai 30: Cho a + + ¢ =1 ,CMR;: a 4 b +-€ =0
b+c c+a a+b b+c c+a a+b

ax’+by’ +c.z’
bc(y——z)24—ac(x——z)24—ab(x——y)2

Bai 31: Cho a.x+b.y+c.z=0 ,Rltgon: A=

B&i 32: Cho a+b+c=0x+y+2=02+24C 20, CMR: ax?+by* +c2® =0
X y z
. b
BAi 33:Cho ——+——+——=0,cMR: — % 4 b, ¢ _g
b-c c-a a-b (b—c) (c—a) (a—b)

Bai 34: Chiring minh rang néu: x+y+z=-3 thi:
Bai 35: C(x+1)3+(y+1)3+(z+1)3 :3(x+1)(y+1)(z+1) hoa,bthéamin: a>1,b>1,CMR:
1 1 2
+ >
l1+a> 1+b> 1+ab
Bai 36: Cho a, b khong am thoa man: @™ +5™" = a™ + 5™, Tim GTLN cia: P=(a+1) +(b+1)’

HD:
Ta co: P:a2+b2+2(a+b)+2£4+2(a+b),

Bai 37: Cho a, b, ¢ & c4c s6 thoa man hai diéu kién 0 < a < b,a.x* +bx+c =0 vo nghiém,
at+b+c

Chuang minh rang: >3
—da

HD:
a+b+c

Do 0<a<b , nén bét dang thic: >3=>a+b+c>3(b—a)=>4a+c>2b

Vi phuong trinh: ax’ +bx+c=0 vo nghiém nén b* < 4ac
2 2 2
:>c>é—:>4a+c>4a+é—22 4&3—:2b
da 4a 4a

a+b+c

Tur d6 suy ra: >3

—da
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