CHUYEN PE BAT PANG THUC
DANG 1: TONG LUY THUA

Phuong phap:
So sanh cac so hang trong tong vai cac so hang trong tong lién tiép dé tim moi quan hé, Néu muon
chirng minh 16n hon 1 gia tri k nao do, ta can so sanh véi s6 hang ¢ mau Ién hon, va nguoc lai

.- . : 1 1 1 1

Bai 1: Chang minhrang: A= S+ S+ +..+——<1

g g 22 3 4 1002
HD: ) i i

Ta thay bai toan co dang tong cac Ity thtra bac hai, nén ta sé phan tich tong A nhu sau:
1 1 1 1 1
=t —t+—+..+ +
22 33 44 99.99 100.100

Dén day ta s& 50 sanh véi phan sé c6 mau nho hon, vi yéu cau bai toan la ching minh nho hon.

1 1 1 1 1 11 1 1 11 1 1 1 1
<.+ + =l - ]| == ] == | ——— || ———

1.2 23 3. 98.99 99.100 (1 2) (2 3) (3 4) (98 99} (99 100)
A<1—i<1

1 100

.. . : 1 1 1 1 1 1
Bai 2: Ching minhrang: = <=+ —+—+...+

g g 6 5% 6% 7° 100% 4
HD:

O bai toan nay, ta phai ching minh hai chiéu, chiéu thir nhit ta can ching minh:
A=i2+i2+i2+...+i2+ 12 va Chang minh A>1
5 6° 7 99 100 6

. 1 1 1 1 1 1 1 1 1 1
Tacd: A=—+—+—+...+ >—+—+—+...+ +
55 6.6 7.7 99.99 100 100 56 6.7 7.8 99.100 100.101
1 1 _96 dén day, ta s& so sénh 96 Voi 1 nhu sau:
5 7101 505 505
9% 96 1 1
Taco: — >—— == bang cach ta nhan ca tir va mau cta phan sé = véi 96 dé duoc hai phan sé
505 576 6 6
cling tir roi so sanh khi d6 ta co: A> % > % _1 (1)
505 567 6

1 1 1 1 1

Chiéu thir hai, ta can ching minh: A=i2+—2+—2+...+—2+—2<—
6" 7 99" 100" 4

Ta lam tuong tu nhu sau :

1 1 1 1 1 1 1 1 1 1
A=—+—+—+...+ + <—+—+—+...+ +
55 6.6 7.7 99.99 100.100 45 56 6 98.99 99.100
Al L Loy
4 100 4

Tu (1) va(2)taco: %< A<%

Bai 3: Chirng minh rang i+i+i+ 1 <§

ot
¥ 4 100> 4

HD :

e 1011 1 1 1 1 1 1 1
Tabiéndoi: A==+—+—+...+ + <S4 —+—+—+..+
4 33 44 99.99 100.100 4 23 34 45 99.100

11 1 3 1 3
<=

4 2 100 4 100 4
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. . : 1 1 1 1 1
Bai 4: Chang minhrang: A= =+ -+ +...+ <=
d g 22 4% 6° 100 2
HD: r 2 r ~ N 2
Nhan thay bai nay la tong cung llly thira nhung co so lai chan, nén ta s& dua ve tong Ity thira hai lién
tiép nhu sau :
1 1 1 1 1 1 1 1 1 1
A== lt Sttt t—7 |<o| I+t —+ -+ —+. . +—
2 2° 3 4 50 4 12 23 34 49.50
:>A<1 1+1_ij:1_i<1
4 50) 2 200 2
Bai 5: Chitng minh rang: A:%+§+%+...+?—£<2
HD :

Nhan thay bai ndy c6 dang tong lity thira cing co sd, nén ta sé& thuc hién phép tinh tong A _y
Vigc tinh chinh xac dugc tong A s€ giam bat su sai so, tuy nhién khdng phai tong nao ciing c6 thé
tinh dugc,

TatlnhtongAnhusau 2A = 1.,.2_,_ 3 s 4 99 100

22 +F+ 2%
Sau d6 1ay 2A trir A theo vé va nhdm céc phan sé ¢6 cliing miu ta dugc :

A—§ 12+i3+...+% 1?0?,dtB—1 13+14+ = L va tinh tong B theo cach nhu trén ta
2 2° 2 2 2 22 20 2 2%
_ 1 1 3 1 1 100
dIIO'C BZE—Zgg,thayVaOAtad]IO'C A_E E—F—W<2
Bai 6: Ching minh rang: A=%+3—22+3—33+...+;%<%
HD :
Tinh tugng tu nhu bai 5, ta c6: 2A= 1+1+ 1 +%+...+%—%,
¥ 3 9” 3
Dit B_1+i2+i3+ + %9 , Va tinh B rdi thay vao tong A ta dugc
3 3 3 3
:l—igg:>2A:1+1—L99—1%?—>2A<1+£:3_>A<§
2 23 2 237 3 2 2 4
Bai 7: Ching minh rang: N |
22 32 42 n2
HD :
) 1 1 1 1 1 1 1 1
Tacd: A=—+—+—+.. +—<—+—+—+..+ =1--<1
22 33 44 nn 12 23 34 (n-1)n n
Bai 8: Chiing minh rang: A:i2+—2+i2+...+i2<1
4° 6° 8 (2n)° 4
HD :
11 1 1 1 11 1 1 1 1 1 1 1 1
Taco: A== | S+S5+—F+.+— |[<o| —=+——=+..+ =—|l-—|==—-—<=
22\ 2° 3 4 n 4(1.2 23 (n-1)n) 40U n) 4 4n 4
Bai 9: So sénh A=i2+i2+i2+...+i2 Vai 1
2° 4 6 (2n) 2
HD :
A= 121+i2+13+ +i 11+1—1 :1—i<1
2 2° 2 n”) 4 n) 2 4n 2
Bai 10: Chung minh ring voi sé ty nhign n>2 thi A= =+ >+ 201 v 1 \hang 1a s6 ty nhign
1 20 3 4
HD :
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1 1 .
Taco: A<1+E+_+"'+ <2 mit khac ta thay A>1 vay ta cd : 1<A<2

2.3 (n-1)n

1 1 2004
—2+—2+...+ 7 < —
3 4 2005 2005

Bai 11: Chang minh rang: A:%+

HD :

1 1 1 1 1 2004
A<—+—+—+.+———=1-——=——
12 23 34 2004.2005 2005 2005

Bai 12: Ching minh rang: A=£2+i2+i2+...+ : > » 100
1 2° 3 100 101

HD :
A>1>@
101
Bai 13: Ching minh rang: —<;+52 :3 .+25(2)Tll?<%
HD:
4A:1+(%+?+...+52%j ?011? , it tong trong ngoac bang B rdi tinh B ta ¢d :
1 1 1 \ .
4B=1—W=>B=Z—m,thayVa0Ataduf0'C
1 1 2016 5 5 5 1
JA=1l+-————-———<—=>A<—>—== 1
4 5%° 55X 4 16 15 3 @)
Mat khéc : A=1+£2+...+%>1+3=l>1=1 )]
5 5 5 5 25 25 28 4
Tu (1) va (2) ta dugc BPCM
N s 1 2 3 4 99 100 _ 3
Bai 14: Ching minh rang: A=§—?+§—§+...+3gg 70 <16
HD :
Tinh tong A , ta duoc : 4A=(1—%+3i2—3—13+ . %)—%,Bm téng trong ngoac bang B
3 1 3 1 100 3 3
= =4A=——————— < —=> A< —
4 43% 4 3P4 3 4 16
Bai 15: Chiring minh rang: A= 1222 + 2;532 + 32.742 ot 92.11902 <1
HD :
Taco: A—22_12+32_22+ +102_92— R Y I Y
' 12> 223 7 92100\ 22) \22 ) (9?10
1
A=1-—<1
10°
‘s 3 5 7 4019
Bai 16: CMR : + + +.t+ <
1222 223 34 2009%.2010?
HD :

2212 P22 43 2010° — 2009?

Taco: A= + + +.t
12.2? 223 3%4° 200920102
1 1 1 1 1 1 1
:—2——2+—2——2++ 2— 2:1— 2<1
1 20 2 3 2009 2010 2010
N o 1 1 1 1 1 1 1
HD :
1 1 1 1 1 1 1 S 55 1 1 1 1
ZOTy T e e T T w7
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Bai 18: Chirng minh ring: B =%+3—12+%+...+%<%
HD :

1 1 1 1 1 1 2B 1 1 1_ 1
§B=?+§+3_4+“.+W:> B—§B=?=§—W<§—> B<E
Bai 19: Chiing minh rang: M =%+3—22+%+...+% c0 gia tri khdng nguyén
HD :

Tinh M =>M <% nén M <1vaM >0 vay M khodng co gié tri nguyén

Bai 20: Ching minh rang: A=%+%+%+...+%<%
3 5 7 2007° 2008

HD :
2 2 2 2 1 1 1003
A<=+ =4 24— —-_ - _— 2
24 46 6.8 2006.2008 2 2008 2008

Bai 21: Chiing minh rang: S _3,3 .43
1.4 47 n(n+3)

S= 1—l + 1—1 +..+ 1— 1 =1- 1 <1A
4 4 7 n n+3 n+3

<1

HD :

Bai 22: Ching minh rang: B:l—iz—iz—iz—...—iz>i
2° 3 4 2004° 2004
HD:
B —1—(i+i+i+ +Lj Pit tong trong ngac bang B ta co:
22 3 4 77 20047) ' '
A<i+i+i+...+;<l—i:>—A>—1+L
12 23 34 2003.2004 2004 2004
B>1-A=1-1+ :>B>i
2004 2004
. , . s 01 1 1 1 1
Bai 23: Chtrng minh rang: 57 o ?—...+W—W<O,2
HD:
1 1 1 1 1 1 1 1 1 1
%<1=>A<%:O.2
Bai 24: Chirng minh rang: A=i2+i2+...+i2 thi T<ac
3 4 50 4 9
HD:
- 1 1 1 1 1 1 1 1 1 48
Taco: A=—+—+—+. +———>—+—+.t——="—-—=—>
33 44 55 50.50 34 45 5051 3 51 153 192 4
Mat khéac :
1 1 1 1 1 1 1 1 1 1 191 200 4
=t —F—tt——<—F—Ft—F.F———=—f——— =< —— =
3.3 4 55 5050 9 34 45 4950 9 3 50 450 450 9

4.
Vay 1< A<ﬂ
4 9
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Bai 25: Cho A= —— 42 4 41 CMR: L<p<2
1.2 34 99.100 12 6
HD:
CMR: A_i 1+...+i=>A (1+i+ +i)+(i+i+ +i)
51 52 100 51 52 75 76 77 100
THI: A>i 25+i 25—l l ! TH2: A<i25+i25—1 l
75 100 3 4 12 50 75 2 3
BAi 26:Cho A= -+ 1 1 + 1 CMR:A<2
12 22 50
HD:
Ta co: A:1+i+i+ +—<1+i+—+i+ +L: —i<2
1 22 33 50.50 1.2 23 34 49,50 50
Bai 27: CMR:
111 1 1 1 1 1 2 3 4 99 100 3
2 4 8 16 32 64 3 3 3F 3 3 37 37 16
HD:
a, Ta co: A_l—1+l—i+i—i: 2A= 1—1 11,11
2 4 8 16 32 64 2481632
Nén 2A+A:3A:1—i<1z> A<1
64 3
1 1 1 1 1 100
bTaCO 3A+ A=4A=1- 3 32 33+3—4— _E_?,]'T
1 1 1 1 1 3 1
bat B= 1—5 ¥—§+3—4— g~ B=7 3399,ThayvaoAtadu0C
3 1 100 3 3
dA=" - P S A D
4 34 3100 4 16
. 21 1 1 1 1
Bai 28: CMR : ?—74'...4'%—% %
HD:
- 1 1 1 h
bat A:?—7—4+ +W —0 Nhan 49 A => 50A=1-—<1=>A<—
1 1 1 1 1 1 1
Bai 29: Cho A_?_F-FF_F +ﬁ 7100,CMR A<%
Bai 30: CMR : 3 + > + l +..+ 4019 <
' T122% 0 223 B4 2009°.2010°
Bai 31: CMR: A—1+ L + 13+ +%<l
5 5 5 5 4
Bai 32: CMR: 1< 2012 + 2032 + 2012 4+t 22012 <
2011°+1 2011°+2 2011°+3 2011° + 2011
HD:
Tach 2012 <2012 2012 <2012 . o b vAY -
: , , tuong tw nhu vay :
20117 +1 2010 ' 2012 +2 20122 & Y
2012 2012 2012 2012.2011 2012
< —+ et ~ = — = <2=>A<2
2011 2011 2011 2011 2011
2012 2012 2012 2012
Mat khac , Tuong tu nhu vay:

20112 +1 20112 12011 ' 2010 +2 20117 +2011°

2012 2012

2012

2012.2011

2012.2011

> + +
2011 +2011 2011%* +2011
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20117 +2011 20117 +2011 2011(2011+1)



1

1.2 +—=+ +i>10
/RN RN - RRN;Tre

Bai 33: CMR: CMR:

HD:

Taco: 1, 1.1 1' .1 —ivéy

J‘ oJ’ 0""J100 10

1,1 1 1 1,1 1 _100_

ﬁﬁﬁ \/01010"'1010
Bai34:CMR: E=S 48,15, 249 g

49 16 2500

HD:

Bai 35: Cho A= i — + L CMR: —<A<—
12 34 7 99.100° 112 6
HD:
1.1 1 1 1 1 1 1 1
CMR: A=—+—+.+—=> A=| — 4+ — 4 — || —+— 4. +—
51 52 100 0 ° (51+52+ +75j+(76+77+ +100]
1 1 1 1 7 1 1 11
cA>—254+ —25="4+_=— s A<—254+—25="4+"=
THi 75 100 3 4 12 TH2 50 75 2 3
1
Bai 36: CMR : 1+ — —>45
f f 202
Bai 37: CMR: 1+ —= <100
J’ f \/' \/250
HD:
2
Xét s6 hang tong quat: \/_
v R g 2 0=
Do d6: 1+—= <2\/_ 1442 -1+1-40
FE" 0 ( o )
Vi n=2500tacod; A=1+— < 24/2500 =100
AR
1 1 1 1 1

Bai 38: Chirng minh rang: A= + + o ———— <=
123 234 345 18.19.20 4

HD:

1.2 19.20 4 1940 4
36 36 36 36
+ + +..+ <3
1.35 357 579 25.27.29

2A= (i—i] =C= 1—i<l

Bai 39: Chirng minh rang: D =
HD:

D=9 4 + 4 + 4 +..+ 4 =9 i—i 3—i<3
1.35 357 5.79 25.27.29 1.3 27.29 3.29

Bai 40: CMR: i+i+i+ WLL<§
' " 22 3% 4% 77 1900° 4
99 1 1 1 1 1 99

Bai4l:CMR: —<—+—+—+...+ + <
' 202 22 @ 4 997 1007 100
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DANG 2: TONG PHAN SO TU NHIEN

Phuong phap:
Véi tong phan so tu nhién, véi chuong trinh 16p 6 -7 ta nén cho hoc sinh 1am theo cach nhom dau
CUoi va so sénh gitta cac nhdm vaéi nhau, dé tao ra cac ngoac co cung ti, roi so sanh binh thuong

1 1 1 1 1 1 1 1
Bail:CMR; -~ +—+—+—+ <=
4 16 36 64 100 144 196 2

HD:

1,1, .11
PR VO
11 1 1 1 1 1 1
Bai2.CMR: -+ —+—+—+—+—+—=-<
5 13 25 41 61 8 113 2

HD:
<1+i i 1 1 1 1 1 1 i_l
5 12 12 12 60 60 60 5 4 20 2
11 1 1 1 1 1 3
Bai3:CMR: —=<—+—+—+..+—+—<—
15 21 22 23 5 60 2
HD:
1 1 1 1 1 1
<—+—+..+— hodc > —+—+..+—
20 20 20 60 60 60

. 1 1 1 1 1_7
Bai4:CMR: —+—+—+..+——+—>—
41 42 43 79 80 12

HD:
Nhém thanh 2 ngoac: Khi d6 ta c6: VT = L —+— L +— L +...+i + i+i+i+...+i
41 42 43 60 61 62 63 80
1 1 1 1 1 1) 20 20 1 1 7
VI > —+—+.+— [+ =+ —+.+— |=—F+—=—+—=—
60 60 60 80 80 80) 60 80 3 4 12
Bai 5: So sanh A va B biét : p= 2010 2011, 2012 va =i i1, 1
2011 2012 2010 3 45 17
HD:

1 1 2 1 1 1 1
=1-—— |+ 1— |[+| 1+ —— | =3+ — + — >3
( ZOllj ( 2012) ( 2010) (2010 2011) (2010 2012)

P SIS Y S 1 S Ol Tong B c6 15 s6
3 7 8 12 13 17) 3 8 10

1 1 1 1
Bai6:Cho M=—+—+—+...+— ,CMR: M<2
5 6 7 17

HD:

, 111111 101 1 1 . , .
Tacod: —+—-+-+-+=-<=-5=1va —+—+..+—=<-.8=1Tong M c6 13 s
6 7 9 5 8

5 10 11 17
3 3,3 3 3

Bai7:Cho S=—+—+—+—+ ,CMR: 1<S§<?2
10 11 12 13 14"

HD:

3 3.3 3 3_3 3 3 3 3 15
—t—t—F—F—>—F—F—F+—+—=—=1=>5>1
10 11 12 13 14715 15 15 15 15 15

3,3,3,83.83.3,3.3.3.3 15 o, <,

— b+ —<—F—F+—F+—+
10 11 12 13 14 10 10 10 10 10 10
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5 5 5 5
Bai8: Cho S=—+—+—+...+— , CMR: 3<5<8
e N0 S =y 1 22 a9

HD: ,
Téng trén ¢6 30 s6 hang:
Taco: S >£+£+...+£:30.£=3z> S>3
50 50 50 50
5 5 5 5 5
N lai: S< —+—+—+..+—=30.—=>S5<8
guoclal: S < o0 20 20t 20 M 20
Bai 9: Ching minh rang: A=— L L + L +.+ L thi§<A<§
101 102 103 200 8 4
HD: i ) )
Ta thay tong A ¢06 100 so, nhu vy ta s¢ nhom thanh 50 ngodc, méi ngodc s& c6 hai phan so,
gom 1 phén s6 ding dau va 1 phan s6 ding cuoi, cir nhu vay don sau vao trong tong
1 1 1 1 1 1 301 301
= —+ + + totH| —+—|= + +.+ (50 ngoac)
101 200 102 199 150 151) 101.200 102.199 150.151
A=301 L + L +ot L lGc nay ta s& so sanh tat ca voi chung 1 phan s6 dau
101200 102.199 " 150.151) Y S Al ca VOTEning = phan 56 ¢4
hozc cudi,
TH1: Ta ching minh A>g thi ta co:
A>30L 1 N 1 . 1 301 50 301 300 300 5 )
150.151 150.151 150.151 150.151 453 453 480 8
TH2: Ta ching minh A<% ta co:
A<301. L + L +..+ L =301. >0 301 03 _3 2
101.200 101.200 101.200 101.200 404 404 4
Tu (1) va (2) => DPCM
Bai 10: Chirng minh rang: ’ i+i+ L +...+i
12 101 102 103 200
HD:
1 1 1 T ..
Nhan thdy tong A= —+ ..+—— chinh la tong bai 1
101 102 200
R , . 5 .5 7 7
Nén ta chung minh dugc A>=,ma =>—=>A>—
8 8 12 12
Bai 11: Cho A—i+i+i+ +— Chting minh rang: ﬂ<A<§
11 12 13 70 3 2
HD :

Thay rang tong A c6 60 sb hang
TH1: Ta chung minh A >% bang cach nhém 2 sé mot ngoic thong thudng

Ta co: A:(l-i_i}-l_(i-i_ij-l_"'-i_(i-i_ij:i-l_i-l_"' i (30 nQOaC)
11 70 12 69 40 41) 11.70 12.69 40.41
S 81 N 81 - 81 8130 243 240 240 4
40.41 4041 40.41 4041 164 164 180 "3

TH2: Tuy nhién dé ching minh A< g, néu chiing ta lam nhu trén thi s& khong chimg minh duoc
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Ly do: vi viéc chang minh nho hon ma chung ta so sanh 16n hon luong du thira, dan dén tong A Ién

hon g , do d6 dé giam b6t lwong du, tiiy vao bai toan, chiing ta nén nhom thanh 6 ngoic

1 1 1 1 1 1 1 1 1 1
= =+ =+t = [+ == [+ == [+ =+ = |+ + =+ =

11 12 20 21 30 31 40 50 61 70

A J
1 1. 1) (1 1) (1 1 L1 1 1
A<l —+—+..— |+ =+ +— |[+| —+..+— + +..+ +..+—=
(11 11 11) (21 21) (31 31] (41 ( 51] (61 61]

1 11
E+E+E+E+E+E<1+1+1+1+l+l—(1+—+—+ j+(z+—j:2+0,5:g

11 21 31 41 51 61 2 3 4 5 6 2 3 6 5
Bai 12: Cho S—i+i+i+ +i Chiang minh rang: §<S<ﬂ
31 32 33 60 5 5
HD:

Nhom tong S thanh 3 ngoic

= i-|-...+i + i+...+i + i+...+i <10+E E <10+£+E=1+1+1 <ﬂ

31 40 41 50 51 60/ 31 41 51 30 40 50 3 4 5 5
Mat khac: S > E E+E l+l+1>§
40 50 60 4 5 6 5

Bai 13: Cho A=1—1+1—1+ Jri—i Chuang minh rang: 0,2 <A<0,4
2 3 45 98 99
HD:

Téch tong A thanh:

1111 11 1 1) 13 12 1
———t——= || ==t t—=———=|=—+..>—===0(,2
6 7 98 99) 60 60 5

. 11111 11 1 1 1 1 1 9
Va: A=| ——=+—-—=4+=-|-| == |- | =0-——= |- | =———= |-—<==0,4
23456 7 8)\9 10) 7 97 98) 99°5
Bai 14: Chiing minh rang: —< L +— L + +L<

3
5 2004 2005 4006 4

HD:
Thay ring tong A c¢6 2003 sb hang, s6 hang ¢ giira la Wlos

1 1 1 1 1 1 1
TH1. A= + + + ot + +
[2004 4006) (2005 4005) (3004 3006) 3005

1 1 1 1
=6010 + +..+ +
2004.4006 2005.4005 3004.3006 ) 3005
A 6010, 1 10014+ 1 6010 1001 1 2002 1803 3
3004.3006 3005 3005.3005 3005 3005 3005 5
TH2:  A<6010. 1 1001+ 1 6012.1001 3003 3003 _ 3

2004.4006 3005 2004 4006 4006 4004 4

Bai 15: Cho A_5il+i+i+ +i Ching minh ring —< A<£

52 53 100 40
HD:

Téng A c6 50 s6 hang

Ta co: A:(i+ij+(i+ij+...+(i+ij:151( L + L +..+ L ](25ngoéc)
51 100 52 99 75 76 51.100 52.99 75.76 '

151 25 151 155 155 31 1)
“51.100 204 204 200 40
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Mat khac: A>151, 22 - 121 150 150 _3 )
7576 228 228 250 5

Tu (1) va (2) ta c6 DPCM

Bai 16: Cho A—i+i+i+ +— Chang minh rang: 1< A <2

21 22 23 80

HD:
Tong A 6 60 sb hang: A= 1 L +i+i+ + L 1 (30 ngoic)
ong ohang: A= St e 1M 279 )T H s T god
1 1 30 303 101 112
A=101 + +..+ 101, ——— —_— =2
(21.80 2279 50.51)< 2180 168 56 56
Mat khac: A>101. i=@
50.51 255
Bai 17: Ching minh rang: A_§+§+E+...+2499 48
49 16 2500
HD:

Nhan thay cAc mau ctia tong A 1a binh phuong cau cac sb tu nhién lién tiép, con tir sé kém mau sb 1a
1
nén ta tach A nhu sau:

A:(l—lj+(l—1j+...+[l—ij:49—(%+£2+i2+...+i2j
4 9 2500 2° 3 4 50

Ma B= (212 3—12+...+%j<1:>—8>—1:>A:49—B>49—1:48
Bai 18: Chirng minh rang: P W 20116 . 2016
2 3 4 277 -1 2
HD :
Nhan thiy tong A c6 phan sé cudi ¢6 dang % , Nén mudn Chang minh tong A 16n hon 1 sé ta nhém
sao cho phan sb c6 dang % & cudi ngoic
1 (1 1 1111 1 1 1
Taco: A= 1+2+ 3+4 + g+6+7+8 +..+ mﬁ‘...'ﬁ‘w _22006
1 (1 1 1 1 1 1 1 1 1
A>1+2+ ?+? = §+§+23 +..+ 22006+ .+22006 o
A>1+;+22i+22%+ 4 279%, 221006—%
11 1 1 1 1 2016 1 2016
A>1+E+E+...+2 A =1+ 20162 SHE T (1——22016J 5
Bai 19: Cho: A= 1+;+;+411+ +21001 , chitng minh rang A>50 va A<100
HD :

Nhan thiy tong A gidng véi bai 10, mubn chitng minh 16n hon ta dé phan sé dang 2—1[1 & cudi ngoic :

A= 1+1+(1+1J+(£+£+1+1j+ +(L+ +ij—i
2 \34)\56 7 8)  \2%+1 = 2%) 2@

1 1 1 1 1 11 1 1 100 1
A>1+2+22—+22§+ ZQQW—Zmo :1+§+§+"'+§_W o I_W >0
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Mt khac muén ching minh A <100, ta nhém sao cho phan sé ¢é dang Zi” nam ¢ dau ngoac :

1 1) (1.1 1 1) (1 1 1 1
A=1+| - R B e e el o e T e B T
2 3) 456 7)\8 15 2> 27 -1

A<1+2;+222i+23%+ A+ 2%, 21 =1+1+1+..+1=100 vay A<100
Bai 20: Chirng minh rang: 1+1+1+1+ +i>4
3 4 64
HD :
1 (11 1111 1 1
A=lt+—+| 4= |+ -+t |ttt o+t
2 \3 4 5 6 7 8 2°+1 2
Sy i+22i3+ I RE N I S
2 2° 2 2° 2 2 2
Bai 21: Cho A= 455 + 454 + 453 +...+i+L , So sanh A vai 2007
1 2 3 454 455
HD:
Tacd: A= 454+1 + @H +...+ L+1 +1
2 3 455
:456+456+... 456 456 =456 1+1+...+L =456.B
2 3 455 456 2 3 456
Xét
1 1 I (1 1 1 1 1 1 1 1 1 1
B=—+— +—=—+| =+ — |[+| =+ =+ =+ |+..+ Fot— |+ —+—+
2 3 456 2 \3 4 5 6 7 8 2" +1 28 257 258
1 (1 1 I 1 1 1 1 1 1 1
>—+| —F+— |+ =+t=+—=+—= |+ | =+t = |+ —+.+—
2 4 4) 22 22 22 2 28 2% ) 456 456

+..+—+— +—=4+—=
2 22 2 28 456 456 456 456

Khi do: A > 456. %—2024 2007

1 2 2° 27 200 (1 1 1) 200 200 2024
=—+—=+— = §+E+... — =4 =—

Bai 22: Chirng minh rang ludn ton tai s6 ty nhién n dé: 1+%+%+...+1 >1000

n
HD :

Chon n =2 Khi do : A= 1+;+§+ +22—1000>&200=1000
1 1 1
Bai23:Cho B=1+=+=+=+...+ 99,SosanhBchISO
2 3 4 2
HD :
1 (11 1 1 1 1 1
B=1+Z+|24= |+t p—Ft = P14+ +2. 5+ 425 5
2 \3 4 2 +1 2 2 2 2
:1+1+£+...+1:1 %>50
2 2 2 2
Bai 24: Chirng minh rang: A—1+i+i+ +1 >1
n n+l n+2 n’
HD :

1 1 1 1 .
A=—+(n—+1+m+...+?j, c6 n’—(n+1)+1=n*-n s6 hang

GV: Ngb Thé Hoang_ THCS Hop Puc 11
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1 1 1 1 n*-n 1
_+ —_
n n

11— =1 vay A>1
n n n n

Bai 25: Chitng minh rang: A—i 1 1 +...i>1
12 13 14 144
HD: q ]
Tong nay la 1 truong hop cua bai 15: Ap dung cach lam bai 15 ta co:
1 1 1 1 1 1 1 1 1 12°-12
==t Attt >ttt = — =
12 \13 14 12 12 12° 12 12 12 12
Bai 26: Ching minh rang: 1+1+1+ +i>1
6 7 8 36
HD: 7
Tuong tu tong nay c6 dang caa bai 15, nén ta co:
2_
_1 (£+1+...+%J>l+6—26:1:>A>1
7 8 6 6 6
hi h 1 11 1
Bai 27: Chtng minh rang: 1+2+3+4+ -+ S <2016
HD:
1 1 1111 1 1 1
Taco: A=1+| = 5 5 + Z+§+6+? ot 2201&.)+...+22016_1 +22016
A<l+2. ;+222i+23%+ 4270, 22%15+221016 <1+1+1+..+1+ 221015 _2015+22%15 <2016

. . \ 1 11 1
Bai 28: CMR ludn ton tai s6 tu nhién n dé 1+§+§+Z+"'+ﬁ>1000

HD:
Chon n=2"%

Bai 29: CMR: 1+;+;+ ot — I > 1000

21999

VT—1+1+ l+l + l+l+l+l +..+ #+ +L
2 3 4)(5 6 7 8) 2941 T 2¥
>1+;+22i+22i+ poeem 1 =1+%.1999>1000

23 21999

HD:

.. 1 1 1 1
Bai 30: CMR: 1+2+ +=4+..+——<5

3 4 2016
BAi 31: CMR: A=1-2+5-24 10 2013
' ' 2 4 6 2000 18892
HD:
1 3 5 7 1999 1999 1997
A=1-—4—-———4—— +— — |
2 4 6 8 2000 2000 1998
2 2 2 2 1 5 5473 2365 2013 2013
=l+—F+—4+—+...+ +—=—=
8 60 112 2000. 1998 4 4 4.473 1892 1892 18892
Bai32:CMR: L, 1 . 1
58 8.11 (3n+2)(3n+5) 15
.. 1 1 1 1 13
Bai 33: CMR: + + +o.+t—>—,Vn=>2

n+l n+2 n+3 2n 14
GV: Ngb Thé Hoang_ THCS Hop Puc 12



DANG 3: TICH CUA 1 DAY

Phuong phap:
Véi dang tich ta sir dung tinh chat: %<1=>§< S+m véi m>0, va nguoc lai
+m
Bai1:Cho A=2468 200 Chang minh ring: 14 < A < 20
1357 199
HD:
Ta thay: Phan sb N+l DL D2 e tacor
n n n+1
2.4.6...200)(3.5.7...201
As357 201 s prs ) ) o A5 2015106214 = A>14
2'4°67200 (1.3.5...199)(2.4.6...200)
Mat khéc : n—+1<L néntaco:
n n-1
2.4.6...200)(2.3.5.7...199
A<2357 19945 ) ) o A <2002 20° = A<20
1247677198 (1.2.4.6..198)(1.3.5.7...199)
Bai 2: Cho A= 4 710 208 Chang minh rang A< £
36912 210 25
HD :
£ . n n n-1 n-1
Tathay A c0 dang —— <1=> < < ,
n+2 n+2 n+l1 n
1.4.7.10....208)(1.3.6...207
A<1.§§ ..... &=>AZ<( I ):> 2 < t _ 1 P =>A<i
347 208 (3.6.9...210)(3.4.7...208) 3.210 630 625 25
Bai3:Cho A=+ 32 9 Chting minh rang Loact
246 100 15 10
HD :
Acodang —— <1=> " M o taco
n+1 n+l1 n+2
1.3.5...99)(2.4.6...100
Ac2 46 100 s pe I ) opo 1 a1
3577101 (2.4.6..100)(3.5.7...101) 101 100 10
Mat khac :
1.3.5..99)(1.2.4...98
124 98 0o | ) LI SR CIE SR S SN
235 99 (2.4.6...100)(2.3.5.7...99) 200 200 225 15 15
Bai 4: Chung minhring A=1,2 7 10 244 1
36912 246 27
HD :
A<1_§_§_i"_ﬁz> A2<(1.4.7......244)(1.3.6......243) I TS S SR §
34710 244 (3.6.9...246)(3.4.7....244) 3.246 738 277 27
Bai 5: Ching minh rang: P _ 1357 19 Chang minh rang P2 <l
2468 200 201
HD :
1.3.5.....199)(2.4.6...200
Tacé:P<g.ﬂ ...... @=>P2< ( ) ) =>P2<i
3'577" 201 (2.4.6......200)(3.5.7.9.....201) 201
Bai 6: Cho S :E.ﬂ.g...@ Chang minh rang: 101< S? < 400
135 199
HD :

GV: Ngb Thé Hoang_ THCS Hop Puc 13



Taco: s<235 190 5 (246..200)(235.199)
12747198 (1.35.7..199)(1.2.4.6...198)

Matkndc: s>3.5.7. 2L g2 (246..200)(857..201)
247677200 (135.....199)(2.4.6....200)

4
.. 1 1 1 1 . o1
Bai 7: Cho A=(?— J(?_lJ(F_1]"'(10OZ - JSO sénh A véi -

HD :

~-101 0 101 1 -101

1 )1 1 1.3 24 99.101
A=|=-1]|==1]..... 1= =2 = Ma: o>t T
4 10000 2.2'33777100.100 ) 200 200~ 2 200

GV: Ngb Thé Hoang_ THCS Hop Puc 14
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DANG 4: BAT PANG THUC CHU

Phuong phap: o
V&i chuong trinh 16p 6-7 c&c dang bai todn chirng minh bat dang thac chir, ta thuong st dung tinh
4. a a a+m - . PO x
chat: —<1=>—-< ,m> 0 hoac nguoc lai va dua vé cung mau
b b+m
Bai 1: Cho a, b, ¢ > 0, Chitng minh rang: M = a_, b + c6 gia tri khdng nguyén
a+b b+c c+a
HD:
a___ a a a+c
a+b a+b+c a+b a+b+c
.. b b . b b+a . X oa LA Al o n )
Ta co0: > va , Cong theo ve cac bat dang thurc trén ta co:
b+c a+b+c b+c a+b+c
C C C c+b
> <
c+a a+b+c c+a a-+b+c
a + b + ¢ <M < a+b + b+c + c+a ,hay 1<M <2,
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c
Vay M khong nguyén
Bai 2: Cho X, Y, z, t 1a 56 tu nhién khac 0, Chting minh rang:
M= X + y + z + t c06 gia tri khdng nguyén
X+Yy+Z X+y+t y+z4+t X+z+t
HD:
X X X X+t
> <
X+y+2 X+y+z+t X+y+Z X+y+z+t
y o y y _Y+z
, X+Yy+t X+y+z+t | X+y+t X+y+z+t .
Ta co: va , Cong theo ve ta duoc:
. z zZ____ Z#X
y+z+t X+y+z+t y+z+t X+y+z+t
t t t t+y
> <
X+z+t X+y+z+t X+Z+t X+Yy+z+t

1<M <2, Vay M khong nguyén

Bai 3: Cho a, b, ¢, d Chiing minh rang: A= a_. b +—C d Co gia tri khéng
a+b+c a+b+d b+c+d a+c+d
nguyén
HD:
a S a a a+d
a+b+c a+b+c+d a+b+c a+b+c+d
b N b b - b+c
Ta co: a+b+d a+b+c+d va a+b+d a+b+c+d Cong theo vé ta duoc:
C N c c - c+a
b+c+d a+b+c+d b+c+d a+b+c+d
d . d d - d+b
a+c+d a+b+c+d a+c+d a+b+c+d

1< A<2 Vay A c0 gia tri khdng nguyén
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Bai 4: Cho a, b, ¢ 1a cac s6 dwong, va tong hai s6 ludn 16n hon sé con lai. Chirng minh rang:

a b c
+ +
b+c c+a a+b

HD:

<2

Chng ta c6 thé 1am theo cach & trén, hoic 1am theo cach tht hai nhu sau:
Giast: a>b>c=>a+b>a+c>b+c

_,a _a
b+c b+c
Khidé:L<L,c©ngtheovétaduqc: VT<a+b+C:1+ a <1+1=2
c+a b+c b+c b+c
° ._°
a+b b+c
Bai 5: Cho a, b, ¢, d > 0. Chiing minh ring: 1< — 2+ b, ¢ . d .
a+b+c b+c+d c+d+a d+a+b
HD:
a S a a - a+d
a+b+c a+b+c+d a+b+c a+b+c+d
b S b b - b+a
Tacs: Pte+d a+b+c+d , Db+c+d a+b+c+d Cong theo Vé ta duoc: 1< A<?2
c c - c+b
c+d+a a+b+c+d c+d+a a+b+c+d
d S d d - d+c
d+a+b a+b+c+d d+a+b a+b+c+d
Bai 6: Cho a, b, ¢, d > 0, Chiang minh rang: 2 < a+b __b+c  _c+d d+a 4
a+b+c b+c+d c+d+a d+a+b
HD:
Ta co:
a+b - a+b - a+b+d
a+b+c+d a+b+c a+b+c+d
b+c - b+c - a+b+c
a+b+c+d b+c+d a+b+c+d
c+d - c+d - c+d+b
a+b+c+d c+d+a a+b+c+d
d+a - d+a d+a+c

a+b+c+d a+b+d<a+b+c+d

Cong theo Vé ta duoc: 2<A<3

Bai 7: Cho céc sb x,y,z nguyén duong, CMR: 1< A |

HD:

X+y Y+zZ Z+X

Ngoai hai canh nhu trén, ta ciing ¢6 thé huéng dan hoc sinh 1am theo canh nhu sau:

L X
Taco: Y

X+y Vy+<Z

Z X

z ~ ,
+ >1, Tuong tu ta cling co: y + + >1

Z+X

X+Y Y+Z Z+X

Ma( X + y
X+y Yy+z

GV: Ngb Thé Hoang_ THCS Hop Puc

T )+( y (2 JzBN@] X Y .z o
Z+X X+y Y+z Z+4X X+Y Y+Z zZ+X

16



Bai 8: Cho cac sb x,y,z nguyén duong, CMR: 1< X + y + Z_ 2

X+y y+zZ Z+X

HD:
. X z N , z X
Ta co: + y + >1, Tuong tu ta cling co: y + + >1
X+Y Yy+2Z zZ+X X+Y Yy+2z zZ+X

Ma[x+y+zj+{y+z+xj:3Nén X Y 2 o
X+y Y+Z Z+X X+y Y+Z Z+X X+Yy Y+Z Z+X

Bai 9 : Cho a,b,c 1a ba canh cua 1 tam gidc : CMR : 2(ab+bc+ca)>a’ +b*+c”
HD : i
Trong tam giéc, tong do dai hai canh I6n hon canh con lai nén ta co :
b+c>a=>a(b+c)>a’=>ab+ac>a’
Tuong tu ta co :
bc+ba>b* va ac+cb > c?
Cong theo vé ta dugc : 2(ab+bc+ca)>a’ +b? +c?
a b c

Bai 10: Cho ba s6 dwong 0<a<b<c<1,CMR: + <
bc+1 ac+1 ab+1

HD:

a-1<0
b-1<0
< 1 —s c < C |
ab+1 a+b ab+1 a+b

Ma c < 2C ( >O):> c < 2C
a+b a+b+c ab+1 a+b+c

Chung minh tuong tu ta co: b < 2b va 2 < 22
ac+1 a+b+c bc+1 a+b+c

N b C <2a+2b+20
bc+1 ac+1 ab+1 a+b+c

=>(a-1)(b-1)>0 =>ab-a—b+1>0

(c>0)

Vi 0£a£b§c§1:>{

=>ab+1>a+b=>

Cong theo vé ta duoc: =2 (PPCM)
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