Chuyén dé: BAT PANG THUC

A.MUC TIEU:
1-Hoc sinh nam virng mot sé6 phuong phap chimg minh bat dang thirc.
2-Mot s6 phuong phép va bai todn lién quan dén phwong trinh bac hai sir dung cong
thirc nghi€m s€ cho hoc sinh hoc sau.
3-Rén k¥ ning va pp chirng minh bt dang thuc.
B- NOI DUNG ’ ‘
PHAN 1 : CAC KIEN THUC CANLUU Y

1- Pinh nghia
2-Tinhchat
3-Moét s0 hang bat dang thic hay dung

PHAN 2:MOT SO PHUGNG PHAPCHUNG MINH BATBANG THUC
1-Phuong phap dung dinh nghia
2- Phuong phdp dung bién do6i tuong duong
3- Phuong phdp dung bat dang thitc quen thudc
4- Phuong phdp st dung tinh chat bac ciu
5- Phuong phap dung tinh chat ti s6
6- Phuong phap lam trdi
7- Phuong phép ding bat dang thic trong tam gidc
8- Phuong phdp doi bién s6
9- Phuong phap dung tam thitc bac hai
10- Phuong phap quy nap
11- Phuong phap phan chiing

PHAN 3 :CAC BAI TAP NANG CAO

PHAN 4 : UNG DUNG CUA BAT BANG THUC
1- Dung bat dang thtc dé tim cuc tri
2-Dung bat dang thitc dé giai phuong trinh va bat phuong trinh
3-Dung bat dang thitc giai phuwong trinh nghiém nguyén

PHAN | : CAC KIEN THUC CAN LUU Y



1-DINHNGHIA

A2B&< A-B=0
A<B&< A-B<0

2-TINH CHAT

+ A>S B e B<A

+ A>SBvaB>C < A>C

+ A>B = A+C>B+C

+A>Bva C>D = A+C>B+D
+A>BvaC>0 = A.C>B.C
+A>BvaC<0 = A.C<B.C
+0<A<Bva0<C<D = 0<A.C<BD
+A>B>0 = A">B" vn

+A>B = A">B" véinlé

+|4 >|B = A" >B" véinchan
+m>n>0vaA>1 = A" > A"

+m>n>0val0<A<]l] = A"< A"

tA<BVAAB>0 = st
A B

3-MOT SO HANG BAT DANG THUC

+A? >0v6i VA (ddu=xayrakhi A=0)

+ A">0 v6ivA (ddu=xayrakhi A=0)
+|A|20 v6i VA (dau=xdyrakhiA=0)

+ -|A <A <[4

+ |A+B|2|A|+|B| (d&u=xay rakhi A.B>0)
+ |A-B|<|A-|B| (d&u=xay rakhi A.B<0)

PHAN Il : MOT SO PHUONG PHAP CHUNG MINH BAT DANG THUC

PHUGNG PHAP 1 : DUNG DINH NGHIA

KIEN THUC : Dé ching minh A > B
Ta ching minh A -B >0
Luu y dung hing bat dang thic M? > 0 v6ivV M

Vidul V x,y,zching minh rang :



)X’ +y’+2z2° > Xy+yz+2zx
b)x* +y’ +2z° > 2xy—2xz + 2yz
)X’ +y +z2°+3 22 (X+y+72)

Giai:

a) Ta xét hiéu

X*+y’+2*-Xy—yz-2zX
1

2.2 AX?+y? +2°-Xy—yzZ—17X)

=% [(x— W +(x—2)> +(y— z)2]2 0 ding véi moi x;y;ze R
Vi (x-y)? 20 v6iVx ; y Dau bing xay ra khi x=y
(x-z)* 20 v6iVx ; z Dau bang xay ra khi x=z
(y-z)* 20 v6iV z; y Dau bing xay ra khi z=y
Vay x> +y’ +2° > Xy+yz+zx
Dau bang xay ra khi x =y =z
b)Ta xét hiéu
X +y?+2z2°-(2xy—2xz+2yz)
=X’ +y’+2z°- 2xy +2xz -2yz
=(X—y +2z)* >0 ding véi moi x;y;ze R
Vay x* +y* +z* > 2xy — 2xz + 2yz ddng véi moi X;y;ze R
Dau bang xay ra khi x+y=z
¢) Ta xét hiéu
X*+y’+z27+3-2(x+y+z)
=X*-2Xx+1+y* 2y +1+2z°-2z+1
= (x-1)*+ (y-1) *+(z-1)°>2 0

Dau(=)xay ra khi x=y=z=1
Vi du 2: chiing minh rang :

2 2 2 2 2 2 2
a) a“+b 2(a+bj b) a +b +c 2(a+b+cj

2 2 3 3
c) Hay tong quat bai toan

2 2 2
a) Taxéthieu & F° -(“;bJ
_2(az+l72)_az+2ab+b2

4 4

(2a® +2b> —a® —b* —2ab)

5=

(a-b)’ 20

S



2 2 2
Vay a +b 2(a+bj

2 2
Dau bang xay ra khi a=b
b)Ta xét hiéu
a2+b2+c2_ a+b+cY
)

=sla=bp 4 =P +(c-ay]20

Vay

a’*+b*+c? >(a+b+cj2
3 B 3

Dau bang xay rakhi a=b =c
¢)Téng quat

Tém lai céc bude dé chitng minh A>B tho dinh nghia
Bué6c 1: Taxéthiéeu H=A -B
Buéc 2:Bién d6i H=(C+D)?hoic H=(C+D)?+....+(E+F)?
Buéc 3:Két luan A > B

Vi du:(chuyén Nga- Phap 98-99)
Chitng minh Vm,n,p,q ta déu c6
m’+n’+p’+q°+1=m(n+p+q+l)
Giai:

2 2 2 2
m ) m ) m ) m
S|—-mn+n° |+|—-mp+p’ |+|—-mg+q° |+|—-m+1[>0

2 2 2 2
m m m m A 4
(:)(E_nj +(3—pj +(5_qj +(3—1j >0 (ludn dung)

%—nzo nm
m 2
. -~ r=0 _m m =
Déu bing xay ra khi { 2 & p_2<:>{

M _4=0 m n=p=q=1
2 q=-

m 2

—=1=0 m=2

2

PHUONG PHAP 2 : DUNG PHEP BIEN Dél TUGONG DUONG
LUU Y:




Ta bién déi bat dang thiic can chiing minh twong duong véi bat ding thiic diing
hodc bat dang thic di duoc ching minh 13 ding.
Chii y cdc hing dang thiic sau:
(A+B)’ = A> +2AB+B®
(A+B+C) =A>+B*+C*+2AB+2AC +2BC
(A+B) = A* +3A’B+3AB*> + B’
Vidul:
Cho a, b, ¢, d,e 1a cdc s0 thuc chiing minh ring
a) a’ +£ > ab
b)a’+b>+1>ab+a+b
Q) a*+b*+c*+d* +e* 2alb+c+d+e)

Giai:
b2
a) a’+—=>ab
4
& 4a’ +b° 24ab < 4a” —4a+b*> 20
& (2a-b) 20 (bt dang thic nay luon ding)
2
Vay a* +b7 >ab (ddu bang xay ra khi 2a=b)
b) a’+b*+1>ab+a+b
& 2a* +b*+1 )>2ab+a+b)
& a’—2ab+b’+a’>-2a+1+b>-2b+120
S a-b)+@-D*+bB-1)*=20 Bat dang thiic cudi ding.
Vay a* +b’ +12ab+a+b
Dau bang xay ra khi a=b=1
) a+b’+ci+d*+e*2alb+c+d+e)
S 4 a?+b+cP+d*+e* )2dalb+c+d+e)
& (0> —4ab+4b? )+ (a® —dac+4c?)+ (0> — 4ad + 4d° )+ (@® —dac +4c*)= 0
& (a-2b) +(a—2¢) +(@-2d) +(a-2¢) =0
Bat dang thifc diing vay ta c6 diéu phai chiing minh
Vi DU 2:
Chimg minh ring: (@ +5")a® +5)= (a® +b*fa* +5*)
Giai:
(@ +6"°)a® +52)2 (@® +6*fa* +5*) & a” +a"b> +ab"° +b" 2a"” +a®b* +a*b® +b>
& a*(a®-b*)+a bt (b2 —a?)20
& a’bi(@’-b?)(a%b%= 0 < a’b*(a’-b*)*(a*+ a’b*+b*) >0
Bat dang thitccudi ding vay ta c6 diéu phai chiing minh

Vi DU 3: chox.y =1 vax.y



2 2
Ching minh X2~ >22

xX=y
Giai:
2 2
XY 5902 vixx)y nén x-y ) 0 =x3y2> 2V2 ( x-y)

x=y
= xXH4y*- 242 x+242y 20 x4y +2- 242 x+2/2y -2 20
& XP+y+(V2)% 242 x+24/2y -2xy 20 vi x.y=1 nén 2.x.y=2
= (x-y-+/2)*> > 0 Diéu nay luon luon diing . Vay ta c6 diéu phai chitng minh
Vi DU 4:
1)CM: P(X,y)=9x’y* +y> —6xy-2y+1>0 Vx,ye R
2)CM: Va® +b* +c* <la|+[p| +¢] (Goi y :binh phuong 2 vé)
3)choba so6 thuc khac khong x, y, z thoa man:
xy.z=1
I 1 1
St —<x+y+z
Xy z
Chiing minh rang :c6 ding mot trong ba s6 x,y,z 16n hon 1
(dé thi Lam Son 96-97)
Giai:
Xét (x-1)(y-1)(z-1)=xyz+(Xy+yz+zx)+x+y+z-1

1 1 1 .
=(Xyz—1)+(x+y+z)—xyz(l+l+l)=x+y+z -(—+—+-)>0 (Vll+l+l< x+y+z theo
Xy z X y z X y z

gt

—2 trong 3 s6 x-1,y-1,2z-1 am hoic céa ba s6-1 , y-1, z-1 1a duong.
Néu truong hop sau xay ra thi x, y, z>1 —x.y.z>1 Mau thun gt x.y.z=1 bit budc
phai xay ra truong hop trén tic la cé ding 1 trong ba s6 x ,y ,z 1a s6 16n hon 1

PHUGNG PHAP 3: DUNG BAT DPANG THUC QUEN THUOC

A/ MOT SO BAT BANG THUC HAY DUNG
1) CAc bat dang thic phu:
a) x> +y> >2xy
b) x2+y22| Xy | ddu(=)khix=y=0

¢) (x+y) >4xy

d)£+222
b a
2 L ta,+a, +..+a, n ”
2)Bat dang thic Co sy: HT9 74 D> Jaa,as...a, V6 a, >0

n
3)Bat dang thitc Bunhiacopski
(a22 +a; +...+a )(xf +x; +....+§)2 (alx1 t+a,x, +...+ax, )2
4) Bat dang thiic Tré- bu-sép:



» as<b<c aA+bB+cC _a+b+c A+B+C
Néu > i

= =
A<SBZC 3 3 3
. {aSbSc aA+bB+cC _a+b+c A+B+C
Néu = < .
Az2B=>C 3 3 3
D4u bang xdy ra khi{ a=b=c
A=B=C
B/ CAC Vi DU
Vi DU 1 Cho a, b ,c 1a cdc s6 khong am ching minh ring
(a+b)(b+c)(c+a)>8abc
Giai:
Cach 1:Dung bat dang thic phu: (x+y)* > 4xy
TacO (a+b) =4ab; (b+c) 24bc ; (c+a)’ =4ac

= (a+b)’ (b+c)’ (c+a)’ = 64a’b*c* = (8abc)’
= (a+b)(b+c)(c+a)=8abc
Dau “="xayrakhia=b=c
Vi DU 2(tu giai): 1)Cho a,b,c>0 va atb+e=1 CMR: 1+1+1ls9  (403-1001)

a b ¢
2)Cho x,y,z>0 va x+y+z=1 CMR:x+2y+z2>4(1-x)(1- y)(1-2)
3)Cho a>0 , b>0, c>0
b c 3

CMR: L + >
b+c c+a a+b 2

4)Cho x> 0,y>0 thdéa man 2vx —,[y =1 :.CMR: X+y2%

ViDU 3: Choa>b>c>0 va a”+5b* + ¢ =1ching minh ring

3 3 3
a b c 1
- + >—
b+c a+c a+b 2

Giai:

Do a,b,c d6i xing ,gia st a>b>c = { a_ _ b c
b+c a+c a+b
ap dung BDT Treé- bu-sép ta co

, a , b , C a2+b2+c2( a b c j 13 1
a’. +b". +c”. > ) + + = T =—
b+c a+c a+b 3 b+c a+c a+b) 32 2
.a b’ 1 . s , . 1
Vay + + >— Dau bang xay ra khi a=b=c=—
b+c a+c a+b 2 J3
Vi DU 4:

Cho a,b,c,d>0 va abcd =1 .Ching minh ring :
a’* +b*+c?+d* +alb+c)+blc+d)+d(c+a)=10
Gidi:



Tacd a’>+b*>>2ab
¢t +d?* >2cd

1

Do abcd =1 nén cd =L (dung x+12 )
ab x 2

Tacod a® +b° +¢* zz(ab+cd)=2(ab+ib)z4 (1)
a

Mat khéac: alb+c)+b(c+d)+d(c+a)
=(ab+cd)+(ac+bd)+(bc+ad)

=(ab+ij+(ac+ij+(bc+ij22+2+2
ab ac bc

Vaya® +b> +c* +d* +alb+c)+b(c+d)+d(c+a)>10
ViDU 5: Cho 4 s6 a,b,c,d bét ky ching minh ring:
J@a+c) +(b+d)’ <\a* +b* +c* +d?
Gidi: Duing bat ding thiic Bunhiacopski
tac6 ac+bd<a® +b> Nc? +d?
ma (a+c¢) +(b+d) =a®>+b*>+2(ac+bd)+c* +d>
<(@®+b?)+2Ma® +p> e +d? +c* +a>
= \/(a+c)2 +(b+d)? <Na>+b> +c? +d?
ViDU 6: Ching minh ring
a’+b>+c’> =ab+bc+ac
Gidi: Dung bat dang thitc Bunhiacopski
Cach 1: Xét cap so (1,1,1) va (a,b,c) tacod
(2 +12+12Ka® +b> +c*) 2 (la+1b+1c)
= 3(a2+b2+cz)2a2+b2+c2+2(ab+bc+ac)
= a’ +b*> +c* 2 ab+bc+ac Diéu phai chiing minh Dau bang xay ra khi a=b=c

PHUGNG PHAP 4: sUJ DUNG TINH CHAT BAC CAU

LUUY: A>BvaB>Cthi A>C
O<x <1 thi x*<x
ViDU 1:
Cho a, b, ¢ ,d >0 thdoa man a> c+d , b>c+d
Chitng minh rang ab >ad+bc
Gidi:
,{a>c+d {a—c>d>0
Taco =
b>c+d b—d>c>0

= (a-c)(b-d) > cd
& ab-ad-bc+cd >cd



& ab>ad+bc (diéu phai chiing minh)
ViDU 2.

Cho a,b,c>0 thoa man a’+b’+c’ =

W | W

Ching minh ++1+lo 1

a b ¢ abc
Giai:
Ta c6 :( a+b- ¢)’= a’+b*+c’+2(ab—-ac—bc) ) 0

— ac+bc-ab (%( a?+b*+c?)

= ac+bc-ab s%( 1 Chia hai v€ cho abc >0 tacd l+l—l< L

a b ¢ abc
vibU 3
Cho0O<a,b,c,d <1 Chitng minh riang (1-a).(1-b) ( 1-¢).(1-d) > 1-a-b-c-d
Giai:
Ta c6 (1-a).(1-b) = 1-a-b+ab
Do a>0, b>0 nén ab>0
= (1-a).(1-b)>1-a-b (1)
Doc<lnénl-c>0tacéd
=(1-a).(1-b) (1-¢) > 1-a-b-c
= (1-a).(1-b) ( 1-¢).(1-d) > (1-a-b-c) (1-d)
=1-a-b-c-d+ad+bd+cd
= (1-a).(1-b) ( 1-¢).(1-d) > 1-a-b-c-d
(Diéu phai chitng minh)
viDU 4
1- Cho 0 <a,b,c <1 . Chitng minh rang
2a° +2b° +2¢° <34+ a’b+b’c+cta
Giai :
Doa<l = a’<1 va
Tacé (1-a*)1-b)<0 = 1-b-a’+a’b>0
= 1+a’b>>a’ +Db
mal<ab<l = a*>d’, > >0’
Tu (1) va(2) = 1+a’b°> a’+b°
Vay a’+b° <l1+a’b’
Tuong tu b*+c’ <1+b’c
c*+a’< 1+c’a
Cong céc bat dang thiic ta c6 :
2a° +2b° +2¢° <34+ a’b+b’c+cta
b)Ching minh riang : Néu a’ +b*> = +d* =1998 thi
(Chuyén Anh —98 —99)
Tac6 (ac+bd)> + (ad—bc)?> =a’*c?> +b*d?* +2abcd +a’d *> +b°c*-2abcd =
= a’(cP+dH)+b*(c*+d?) =(c*+d?).( a’+ b?) = 1998

ac+bd | =1998



16 rang (ac+bd)? < (ac+bd)’ +(ad —bc)’ =1998>

= |ac +bd| <1998

2-Bai tap : 1, Cho céc so thuc :
=1

ching minh rang : a’+al +al +...+ak,,

2003- 2004 Thanh hoéa )
2,Cho a;b;c >0 thoa man :a+b+c=1(?)

Chiing minh rang: (l— 1).(1— 1).(1— )>8
a b c

PHUGNG PHAP 5:

KIEN THUC
1) Cho a, b ,c 1a cac s6 duong thi

a—Néu %>1 thi 4>4*¢
b b+c

a+c
b+c

b—Néu L<1 thi 4<
b b

2)Néu b,d >0 thi tur
a ¢ _a a+c
b d b b+d

<
d

ViDU 1:
Cho a,b,c,d >0 .Chiing minh rang

a; aya; ..

a b c d
+

2y; théaman: a+ a,+a; + ...+,

> 1

dé thi vao chuyé h4
5003 (' de thi vao chuyén nga phip

DUNG TiNH CHATCUA TY SO

<2

1<
a+b+c b+c+d

Giai :
Theo tinh chat cta ti 1€ thic ta c6
a+d

+
c+d+a d+a+b

a+b+c a+b+c
a a

Mat khéc :
a+b+c a+b+c+d
Tu (1) va(2)tacd

a+d

a+b+c+d

(1
2)

a < a
a+b+c+d a+b+c

Tuong tu ta c6
b b b+a

< <
a+b+c+d b+c+d a+b+c+d
c c b+c

a+b+c+d c+d+a

at+b+c+d

3)

a+b+c+d

4
)

10



d d d+c
<

< (6)
a+b+c+d d+a+b a+b+c+d
cong v€ véi vé cua (3); (4); (5); (6) tacd
e @ b e L4 5 didu phai chiing minh
a+b+c b+c+d c+d+a d+a+b
VIDU 2:
Cho:£<< vab,d>0 .Ching minh ring ﬁ<ab+ccf<£
b d b*+d d
Giai: Tl\Ig<£:>a—l;<C—(§ :>a—l:<—af+af<c—i:£
b d b d b b +d d d
b+cd s 0. )
Va aaprea ¢ diéu phai chiang minh
Y b b*+d* d P &

Vi DU 3 : Cho a:b:c:dla cdc s6 nguyén duong théa man : a+b = c+d =1000

tim gia tri 16n nhat cual +§
C

GIAL: Khong mit tinh tdng quat ta gia sir : < <P omga b ja avd b
c d c d c c+d d
2<1 viath=c+d
C
" . b a b
a, Néu:b <998 thi —<998 = —+—=< 999
d c d
b_1 999

b, Néu: b=998 thi a=1 -4

c d ¢

7Dat gia tri 16n nhat khi d= 1; ¢=999

Vay gid tri 16n nhat cia % +2 =999+ L khi a=d=1; c=b=999
c d 999

PHUONG PHAP 6: PHUGNG PHAPLAM TROI
LUU Y:
Diing c4c tinh bat dang thic dé dua mot vé chia bat dang thic vé dang tinh duogc
tong hitu han hoic tich hitu han.
(*) Phuong phdp chung d€ tinh tong hitu han :
S=u+u,+..+u,

Ta c6 ging bién doi s6 hang tong qudt u, vé hiéu cuia hai s6 hang lién tiép nhau:
U =a; =y,
Khi dé :
S= (a1 _az)"'(az _a3)+""+(an _an+1): a,—a,,
(*) Phuong phdp chung vé tinh tich hitu han
P=uu,..u,
Bién d6i céc s6 hang u, vé thuong cuia hai s6 hang lién ti€p nhau:

a

u,=
ak+1

11



Khids P= 4 % 4 _ 4

a, a; a

ViDU1:
V6i moi s6 tu nhién n >1 chiing minh ring

1 1 1 1 3
—< + +...t <—

2 n+l n+2 n+n 4

Gidi:
s Lol i k=123....n1

n+k n+n 2n

Ta co

Do doé:

1 1 1 1 1 n 1
—t fot—>—F. t—=—=—
n+l n+2 2n  2n 2n 2n 2

ViDU 2 :
Chiing minh rang:
1 1 1 . .
I+ —4+—+..4—>2Wn+1-1 Vi n la sO6 nguyén
2 i In ( n ) guy
Gidi :

1 2 2
Ta co ﬁ:2ﬁ>ﬁ+Jk+1:2(M—\/z)

Khi cho k chay tir 1 dén n ta cé

1>2(2-1)
1
ﬁ>2(\/§_\/§)

1
ﬁ>2(M—\/;)

Cong ting vé cdc bat dang thic trén ta c6

1+%+%+”..+%>2(\/ﬁ—1)

ViDU3 :
Ching minh rang Ziz <2 Vne Z
Tacs et -1 1

k(=1 k-1 k
Cho k chay tir 2 dén n ta c6

12



227 2

1 11

32 2 3

1_ 1 1

n’ n-1 n

1

:>F+3—2+...+—2<1
N |
Vay ZF<2

- PHUONG PHAP 7:
DUNG BAT BDANG THUC TRONG TAM GIAC

LUU Y: Néu a;b;cla s6 do ba canh cua tam giac thi : a;b;c> 0
Valb-cl<a<b+c ;la-cl<b<a+c ;la-bl<c<b+a

Vi DU1: Cho a;b;cla s6 do ba canh ctia tam gidc ching minh rang
a, a’+b’+c’< 2(ab+bc+ac)

b, abc>(a+b-c).(b+c-a).(c+a-b)

Giai
a)Vi a,b,c 1a s6 do 3 canh ctia m(f)tta_m gidc nén ta co
O<a<b+c a’* <a(b+c)
O<b<a+c = b* <b(a+c)
O<c<a+b c* <cla+b)

Cong ting vé cdc bat dang thic trén ta c6
a’+b*+c’< 2(ab+bc+ac)
b)Tacé a>|bc| =a>>a>-b-c)’>0
b>lac| = p>p*-(c-a>0
c>|a-b | = *>c*—(a-b)*>0
Nhan vé c4c bat dang thic ta dugc
= a’bh’c’ > la2 —(b—c)zllb2 —(c—a)zjl ?—(a —b)2J
= a’b’c’ > (a+b—c)2(b+c—61)2(c+61—l))2
= abc>(a+b—c)(b+c—a)lc+a-D)

vibu2: (404-1001)

1) Cho a,b,c 1a chiéu dai ba canh ctia tam gidc
Chiing minh ring  ab+bc +ca < a® +b* +¢* < 2(ab +bc + ca)

13



2) Cho a,b,c 1a chiéu dai ba canh cua tam gidc c6 chu vi bang 2
Chiing minh rang  a*+b* +c¢* +2abc <2

PHUONG PHAP 8: D3I BIEN SO

Vi DU1:

Cho ab,c >0 Ching minh ring —*—+-2 4+ ¢ >3 (1)
b+c c+a a+b 2
Giai :
Dit x=b+c ; y=c+a ;z= a+b tacéa=% : b= z+32c—y ;c=x+;_Z

tach (l) o 2FizX ztx-y xty=z .3
2x 2y 27 2
PER A PR PR %

X X y oy Z Z

s(2+H+E+H+E+D 20
Xy X z y z

Bt ding thic cudi cing ding vi (Z2+X>2; £+2X>2; £1+2>2néntacé didu
Xy

Xz y oz
phai chiing minh
Vi DU2:
Cho a,b,c >0 va a+b+c <1
Chidng minh rang
1 1 1 >9 (1)

2 + 2 + 2 -
a +2bc b +2ac c¢ +2ab

Giai:
batx=a’>+2bc ; y=b*+2ac ; 2= ¢’ +2ab
Tacé x+y+z=(a+b+c) <l
() @l+l+129 Véi x+y+z<1 vax,y,z>0
Xy z
Theo bat dang thitc Cosi ta c6

x+y+z23.3/xyz
l+l+123. .3 1
X y z xyz

= (x+y+z).(l+l+lJ29
Xy z
Ma x+y+z < 1

Vay l+i+129 (dpcm)
Xy z

Vi DU3:

14



Cho x>0 ,y>0 théaman 2Vx-.y=1 CMR x+y2§

Goi y:
Piat Vx=u , \Jy=v =2u-v=1vaS=x+y=u’+v>=v=2u-1 thay vao tinh S min

Bai tap
16b c

1)Choa>0.b>0,c>0  CMR: 24,190, ¢ ¢
b+c c+a a+b

2)Téng quat m, n, p, q, a, b >0

CMR
ma nb pc 1 3
b+c+c+a+a+b = 2(M+\/;+\/;)Z (mntp)
PHUONG PHAP 9: DUNG TAM THUC BAC HAI
LUU Y :
Cho tam thitc bac hai f(x)=ax® +bx+c
Néu A<0 thi a.f(x)>0 Vxe R
Néu A=0 thi a.f(x)>0 o
a
Néu A>0 thi a.f(x)>0 VOl x<x, hodc x>x, (x,>x)
a.f(x)<0 VOl x, <x<x,
Vi DU1:
Chitng minh rang
flx,y)=x>+5y* —4xy+2x—6y+3>0 (1)
Giai:

Tacod (1) & x*-2x(2y-1)+5y*=6y+3>0
AN=02y-1F-5y*+6y-3
=4y*—4y+1-5y*+6y-3
=—(y-1)-1<0

Vay f(x,y)>0 v6imoix,y
Vi DU2:

Chiing minh ring
Floy) =2yt +2(% +2) ) +4xy + 47 > dxy’
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%ﬁt dang thitc can chitng minh tuong duong véi
x*y? +2(x2 +2)y2 +4xy+ x> —4xy° >0
& (P +D) x +4y(1-y) x+4y* >0
Tacéd A =4y*(1-y*f -4y*(y2+1f =-16y> <0
Via=(y2+1f >0 vay f(x.y)>0 (dpcm)

PHUONG PHAP 10: DUNG QUY NAP TOAN HOC

KIEN THUC:
Pé chiing minh bt diang thic ding v6i n > n, ta thuc hién cic budc sau :
1 — Kiém tra bat dang thic ding v6i n=n,
2 - Gia stt BDT diing vé6i n =k (thay n =k vao BDT cén chitng minh dugc goi la gia
thi€t quy nap )
3- Ta ching minh bat dang thic ding véi n=k +1 (thay n = k+1vao BPT can
chiing minh rdi bién d6i dé dung gia thiét quy nap)
4 — két luan BDT dung v6i moi n > n,

Vi DU1:
Ching minh rang
1 1 1 1
— bt —<2—— Vne N;n>1 1
> 2? n’ n ()
Giai :

V6in =2 ta c6 1+i< 2—% (diing)

Vay BDT (1) dung v6in =2
Gia st BDT (1) ding véi n =k ta phai chiing minh
BDT (1) ding v6in = k+1
That vay khi n =k+1 thi
1 1 1

1) e iz+i2+....+—2+ S <2-
| k= (k+1) k+1
Theo gia thiét quy nap
I 1 1 1 1 1 1
& S+ o+ttt > <2-—+ > <2-—
2 kK> (k+1) ko (k+1) k+1
1 1 1 1 1
= <—

R < +
1’ (k+1)*  k+1 (k+1) &k
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l(‘:;;zl < % & k(k+2) < (k+1)? & kK+2k<k+2k+1 Diéu nay ding .Vay bt
dang thitc (1)duoc chitng minh

VibUu2: Cho ne N vaa+b>0

(1)

Giai

Ching minh rang (az—erJ < 4 ;b

Ta thay BDT (1) ding vé6i n=1

Gia su BDT (1) ding v6i n=k ta phai chitng minh BDT ding véi n=k+1
That vay v61 n =k+1 ta co

(1) o (a_l_bjkﬂ y ak+1+bk+l
—2 < ——

2
k k+1 k+1
<:>(a+bJ .a+b < a’+b @)
2 2 2
k k k+1 k k k+1 k+1 k+1
o VE trii Q) < a +b .a+b:a +ab" +a'b+b Sa +b
2 2 4 2
k+1 k+1 k+1 k k K+l
a’+b _a +ab"+a’b+b >0

2 4
s (@ =" )a-b)z0  (3)
Ta chitng minh (3)
(+)Gidstr a>b vagidthi€tcho a>-b & a > |y
o d2p 2t = (@ -b)a-b)20
(+) Gia stra < b va theo gid thiét - a<b o |d| <b* o d* <b* & (a* —b*a—b)20
Vay BDT (3)ludn ding ta c6 (dpcm)

PHUONG PHAP 11:  CHUNG MINH PHAN CHUNG

LUV Y:

1) Gia st phai chitng minh bat dang thitc ndo d6 diing , ta hdy gia st bat dang thiic
do sai va két hop v6i cac gia thiét dé suy ra diéu vo ly , diéu vo 1y c6 thé 1a diéu trai voi
gia thiét , c6 thé 1a diéu trai ngugc nhau .Tir d6 suy ra bat dang thiic cin chitng minh 1
ding

2) Gia st ta phai ching minh luan dé “G = K”

phép toan ménh de cho ta :

Nhu vay dé phu dinh luan dé ta ghép tat ca gia thiét cta luan dé vé6i phi dinh két

luan cua né .
Ta thuong dung 5 hinh thic chitng minh phan chiing sau :
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A - Ding ménh dé phan ddo: K = (5

B — Phu dinh r6i suy trai gia thiét :

C — Phu dinh r6i suy trdi v6i diéu ding

D — Pha dinh r6i suy ra 2 diéu trdi nguoc nhau
E — Phu dinh r6i suy ra két luan :

Vi DU 1:
Cho ba s0 a,b,c thdoa man a +b+c >0, ab+bc+ac >0, abc >0
Ching minh ranga>0,b>0,¢>0
Giai :
Giasra < Othithtabc >0 = a# 0dodéa<0
Maabc>0vaa<(0 = cb<0
Tur ab+bc+ca >0 = a(b+c) >-bc >0
Via<Omaab+c) >0 = b+c<0
a<0vab+c<0 = a+b+c <0 trai gia thiét a+b+c >0
Vaya>0tuongtutacob>0,c>0

ViDu 2:
Cho4s6a,b,c,dthéaman di€u kién
ac > 2.(b+d) .Ching minh rang c¢6 it nhat mot trong cac bat dang thitc sau 1 sai:
a’<4b , c*<4d

Giai :
Gia st 2 bat dang thifc : a®> <4b , ¢*<4d déu ding khi d6 cong cic vé ta dugc
a’+c?<4(b+d) (1)
Theo gia thiét ta c6 4(b+d) < 2ac  (2)
Tu (1) va(2) = a*+c*<2ac hay (a-c)’<0 (voly)
Vay trong 2 bat dang thitc a*> <4b va ¢? <4d c6 it nhat mot cac bat dang thic sai

Vvibu 3:
Cho x,y,z> 0 va xyz = 1. Ching minh rang

Néu x+y+z > LY thics mot trong ba s6 nay 16n hon 1
X y z

Gidi :
Ta c6 (x-1).(y-1).(z-1) =xyz — xy-yz+ x + y+ z—1

I 1 1 N
=x+y+z—(;+;+z) vixyz =1

theo gia thi€t x+y +z > LR
Xy z
nén (x-1).(y-1).(z-1) > 0
Trong ba s6 x-1,y-1,2z-1 chi cé mot s6 duong
That vay néu ca ba s6 duong thi x,y,z> 1 = xyz > 1 (trdi gia thiét)
Con néu 2 trong 3 s6 d6 duong thi (x-1).(y-1).(z-1) <0 (vo 1y)
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Vay c¢6 mot va chi mot trong ba s6 x , y,z 16n hon 1

PHAN IIl :  CAC BAI TAP NANG CAO

1/DUNG DINH NGHIA

2
1) Cho abc =1 vd 4’ >36. . Chitng minh réng%+b2+cz> ab+bc+ac

Giai

2
2 1A a
Ta c6 hiéu: ?+b2+02— ab- bc — ac

2 2
a a

==+ =+ b+c* ab-bc —ac
4 12

2 2
= (%+ b2+c2- ab— ac+ 2bc) +i’—2- 3bc

_(g_b_ o) + a’ —36abc
2 12a
a’ —36abc

=(%-b- )+ >0 (viabc=1 vaa®>36 nén

2
Vay : %+b2+c2> ab+bc+ac Diéu phai chiing minh

2) Ching minh rang
a) x'+y '+ +122x(xyt —x+2z+1)
b) v6i moi sO thuc a, b, ctacd
a*+5b> —4ab+2a-6b+3>0
Cc) a*+2b°-2ab+2a-4b+22>0
Giai :
a) Xét hiéu
H= x"+y*+2>+1-2x>y> + 2x* = 2x7 - 2x
= (x2 —yz)2 +(x—z) +(x—-1)
H>0 ta c6 diéu phai chiing minh
b) V& trai cé thé viét
H= (a-2b+1 +(b-1)* +1
= H >0 ta c6 diéu phai chiing minh
c) V€& trdi c6 thé viét
H= (a-b+1V+(-1)
= H > 0 ta ¢6 diéu phai chiing minh

Il / DUNG BIEN DOI TUGNG DUONG
1) Cho x >y va xy =1 .Chitng minh rang
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Giai :
Taco x*+y’=(x—yf+2xy=(x-yf+2 (vixy=1)

= (x2 + yz)2 = (x—y)4 +4.(x— y)2 +4

Do d6 BDT can chiing minh tuong duong véi

(x— y)4 +4(x— y)2 +4>8(x— y)2

& ()c—y)4 —4(x—y)2+420

& [(x—y)2 —2]2 >0
BDT cu6i ding nén ta ¢6 di€u phai chiing minh

2) Cho xy > 1 .Chdng minh rang
1

1 S 2
1+x* 1+y> 1+xy
Giai :
Ta co ! + L, 2

1+x* 1+y> 1+xy

1 1 1 1
= - = - |+ - = >0
I+x° 14y I+y" 14+xy

xy —x° P y?
(1+x2).(1+xy) (1+y2).(1+xy)

x(y—x) yx—y)
(1+x2).(1+xy) (1+y2).(1+xy)

(y—x) (xy-1)
(1+x2).(1+ yz)(1+xy)
BDT cu6i nay ding do xy > 1 .Vay ta c6 diéu phdi chiing minh

Il / DUNG BAT BANG THUC PHU

=0

>0

>0

1) Choa,b,claciacsothucvaa+b+c=1
Ching minh rdng a*+b* +¢’ 2%
Giai :
ap dung BDT BunhiaCopski cho 3 s6 (1,1,1) va (a,b,c)
Ta c6 (lLa+lb+lc) <(1+1+1)(a>+5% +c2)
& (a+b+c) < 3.(a2 +b° +c2)

p—

& a+b+¢? 25 (vi atb+c =1) (dpcm)

2) Cho a,b,c la cac s6 duong
Chitng minh rang (a+b+c).[l+%+lj29 (1)
a

c
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Giai :

(1) o 1+ﬁ+ﬁ+2+1+é+£+£+129
b ¢ a c a a

& 3+(g+éj+(g+£j+(é+£j29
b a c a c b
4p dung BDT phu f+%z 2 Véixy>0

y
Ta c6 BDT cuoi cung luoén ding

Vay (a+b+c).(l+l+ljz9 (dpcm)
a b c

IV / DUNG PHUGNG PHAP BAC CAU
1) Cho 0 < a, b,c <1 .Chiing minh réng :
2a° +2b° +2¢° <3+a’b+b’c+cta
Giai :
Doa<l = a°<1 va b<l
Neén (1-a*)(1-5%)>0=14+a’b—a’>—b>0
Hay 1+a’b>a’+b (1)
MiatkhacO<ab<l = a°>d’ ; b>b’
= l+a*>a’+b’
Vay da’ +b° <1+a’b
Tuong tu ta c6

b+’ <1+b’c

a+c’<l+c’a
= 2a’+2b°+2c’ <3+a’b+b’c+cia (dpcm)
2) Sosanh 31" va 17"
Giai :
Tathdy 31" < 32" =(2°) =2% <2%
Mt khic 2% =24 = (2*)" =16" <17"
Voy 31" < 17"  (dpcm)
v/ DUNG TiNH CHAT Ti s6

1) Cho a,b,c,d >0 .Ching minh rang :

a+b b+c c+d d+a
2< + + + <3

a+b+c b+c+d c+d+a d+a+b

Giai :
Via,b,c,d>0néntacod
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a+b a+b a+b+d
< <

1
a+b+c+d a+b+c a+b+c+d ()
b++c b+c b+c+a
< < (2)
a+b+c+d b+c+d a+b+c+d
d+a d+a d+a+c
< < 3)
a+b+c+d d+a+b a+b+c+d
Cong cac vé cua 4 bat dang thic trén ta c6 :
9 < a+b N b+c N c+d N d+a <3 (QNHD

a+b+c b+c+d c+d+a d+a+b

2) Cho a ,b,c Ia s6 do ba canh tam giac
Chidng minh rang

1<a+b+c<2

b+c c+a a+b

Gidi :
Via,b ,clas6 do ba canh ctia tam gidc nén ta ¢6 a,b,c >0
Vaa<b+c ; b<a+c ;c< atb
Tr (1) = a < ata _ 2a
b+c a+b+c a+b+c
a a

Mat khac >
’ b+c a+b+c

Vay ta co 4 2 Tuong tu ta co b b 2
a+b+c b+c a+b+c a+b+c a+c a+b+c
c c 2c

a+b+c b+a a+b+c
Cong tirng vé€ ba bat dang thic trén ta c6 :
1<% 4 b +—C <2 (dpcm)
b+c c+a a+b

V/ PHUONG PHAP LAM TROI :

1) Chitng minh BDT sau :
1 1 1 1
a) —+—+..+ <—
1.3 3.5 2n-1).2n+1) 2
b) 1+L+ ! +..+ ! <
1.2 123 1.2.3....n
Giai
a) Taco
1 :l(ZkH)_(Zk_l):l( 11 j
(2n-1).(2n+1) 2" 2k-1.2k+1) 2\ 2k-1 2k+1

Cho n chay tr 1 dén k .Sau d6 cong lai ta c6

1 1 1 1 2 1
—t—+..+ :—.(1— j<— (dpcm)
13 35 Qn-D.2n+1) 20U 2n+1) 2

b) Ta c6
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1 1 1 1 1 1

—+ +..+ <l+—+—+.....+
1.2 123 1.2.3...n 1.2 123 (n—l).n
S5 P T S (e [ (S ) P S (dpcm)
2 2 3 n-1 n n

PHAN IV : UNG DUNG CUA BAT BANG THUC
1/ DUNG BAT BDANG THUC BE TIM CUC TR
LUU Y
- Néu f(x) > A thi f(x) c6 gia tri nho nhat 1a A
- Néu f(x) < B thi f(x) c6 gia tri 16n nhat 1a B
Vidul:
Tim gia tri nho nhat cua :
T = Ix-11 + Ix-2] +Ix-3| + x-4]
Gidi :
Tacod Ix-11+Ix-4l = Ix-11 + 14-xI > Ix-1+4-x| = 3 (1)
Va  |x-2/+[x=3=|x-2/+[3-x2|x-2+3-x =1 (2)
Vay T = Ix-11 + Ix-2] +Ix-31 + Ix-4] > 143 =4
Tacotir (1) = DAdu bang xay rakhi 1<x<4
(2) = D4u bang xdy rakhi 2<x<3
Vay T c6 gid tri nho nhat 12 4 khi 2<x<3

Vidu?2:
Tim gia tri 16n nhat cta
S = xyz.(x+y).(y+2).(z+x)  v6i Xx,y,z>0 va x+y+z =1
Gidi :
Vi x,y,z > 0 ,ap dung BDT Cosi ta c6

X+y+2z 233 xyz

1 1

3 <= <

TN RS

ap dung bat dang thic Cosi cho x+y ; y+z ; x+ztacé
(x+3).(y+2).(z2+x) 23Y(x+).(y+2).(x+2)

=223y (x+y).(y+2).(z+x)

Dau bang xay ra khi x=y=z=%
27 27 729

ey . 8 . 1
Vay Sc6 gia tri 16n nhat 1a —— khi x=y=z=—
4y Sco gid tri 16nnhatla - khi x=y=z=_

Vidu3: Cho xy+yz+zx = 1
Tim gia tri nho nhat cia  x* + y* +*
Giai :
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Ap dung BDT Bunhiac6pski cho 6 s6 (x,y,z) ;(X,y,z)
Ta co (xy+yz+zx)2S(x2+y2+z2)2
:>1S(x2+y2+z2)2 (1)
Ap dung BDT Bunhiacopski cho (7, y%,z%) va (1,1,1)

. (YD) <@+ +y 2
Ta co
—>()cz+yz+z2)2 S3(x4+y4+z4)
Tu (1) va (2) =>1<3(x* +y* +z%)

1
:>x4+y4+z4S§

Vay x*+y*+z* c6 gia tri nho nhat 1a % khi x=y=z=i\/35
Vidu4:

Trong tam gidc vuong c6 cuing canh huyén , tam gidc vuoéng nao c6 dién tich
16n nhat
Giai :
Goi canh huyén ctia tam giac la 2a
Duong cao thuoc canh huyén 1a h
Hinh chiéu cic canh géc vuong 1én canh huyén la x,y
Tacéd S =%.(x+ y)h=ah= aR = a.\/g
Vi a khong d6i ma x+y = 2a
Vay S 16n nhat khi x.y 16n nhat < x=y

Vay trong cdc tam gidc c6 cung canh huyén thi tam gidc vuong can cé dién tich 16n
nhat

Il/ DUNG B.D.T BE GIAI PHUONG TRINH VA HE PHUONG TRINH
Vidul:
Giai phuong trinh sau

A3 +6x+19 +4/5x2 +10x+14 = 4—2x— x°
Giai :

Tacd 3x* +6x+19 =3.(x* +2x+1)+16

=3.(x+1)>+16216
55 +10x+14=5.(x+1)"+9>9

Vay 438 +6x+19 +4/5x° +10x+14 22+3=5
Dau (=) xayrakhix+1=0 = x=-1
VAy  4V3x2 +6x+19 ++/5x8 +10x+14 =4—2x— x*

Vay phuong trinh ¢6 nghiém duy nhat x = -1
Vidu?2:

khix =-1
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Giai phuong trinh
x+N2-xt =4y +4y+3
Giai :
ap dung BDT BunhiaCopski ta co6 :
xN2- 27 VP 12 +(2-2%) <4242 =2
Dau (=) xay rakhi x = 1
Mat khdc 4y’ +4y+3=(2y+1) +222

Dau (=) xay rakhi y= —%

Vay x++2-x* =4y’ +4y+3=2 khix=1véy=-%

x=1
Vay nghiém cua phuong trinh 1a 1
=73
Vidu3:
Giai hé phuong trinh sau:

x+y+z=1
xt+ y4 +7' = xXyz
Giai : 4p dung BDT Cosi ta ¢c6

4 4 4 4 4 4
X + +z Z +x
Y +y "
2 2 2
2x2y2+y2z2+zzx2

X'yt 4t =

2.2, .22 22, 22 22, 22

Xy +yzt Y4z X7 +Hyx

SXY Tyz zY n Y
2 2 2

2> yzxz + zzxy + xzyz
> xyz.(x+y+2)
Vix+y+z=1)
Nén x* +y*+z* 2 xyz

Ddu (=) xdy rakhi x=y = =§

. x+y+z=1 . A
Vay 4§ , 4y .y conghiém x=y=z=
X +y +z7 =xyz

W | =

Vidud4: Giai hé phuong trinh sau
lxy—4[=8-y> (D
xy=2+x (2)

T phuong trinh (1) =8-)>>0 hay |y|<+8
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T phuong trinh (2) = x* +2=|x|.[y|<2V2 |4
:>x2—2\/§|x|+\/2_2S0
= (] -~2)* <0
:>|x|=\/§
= x=%2

Néu x = /2 thiy =22
Néu x = -2 thiy=-22

Vay hé phuong trinh ¢6 nghiém { e va
y

IIl/ DUNG B.D.T BE GIAl PHUONG TRINH NGHIEM NGUYEN

1) Tim cac s6 nguyén X,y,z thoa man
X +y +7 <xy+3y+2z-3
Giai :
Vi x,y,z la cac s6 nguyén nén
K +y +7 <xy+3y+2z-3
SxX+y +z7—xy-3y—-2z+3<0
2 2

3y
| P —xy+i |+ =3y 43 |+(22—22+1) <0
( v+ [ T3 )

2 2

=
|
Il
)

(:»(x—l +3| 21| +(z-1)"<0 (%)
2 2
2 2
Ma (x—% +3 %— +(z—1)220 Vx,ye R
2 2
@(x—l +3[ 2-1] +(z=1)° =0
2 2
4
2

¢-1=0 =1
x=1
Cac sO x,y,zphai timla 1 y=2
z=1

Vidu 2:
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Tim nghiém nguyén duong cua phuong trinh
I 1 1
—+—+—=2
X y z
Giai :
Khong mat tinh tong quat ta gia st x> y>z
Ta co 2:l+l+ls§: 27<3
X Yy z z
Ma znguyén duong vay z=1
Thay z = 1 vao phuong trinh ta dugc LR
Xy

.9 2 A 1
Theo giasu x>ynén 1 = —+— <

LI N y<2 may nguyén duong
Xy )
Nény=1hodacy=2
Vé6iy =1 khong thich hop

Véiy=2tac6x=2
Vay (2 ,2,1) 1a mot nghiém cta phuong trinh
Hodn vi céc s6 trén ta dugc ciac nghiém cua phuong trinh
la (2,2,1);(2,1,2); (1,2,2)

Vidu3:
Tim cac cap sO nguyén thoa man phuong trinh

Vrtdx=y (%)
Gidi :

(*) V6ix <0,y <0 thi phuong trinh khong c6 nghia
(*) V6ix>0,y>0
Tacé Jx+/x =y o x+/x=y
e Jx= y—x>0
DPat Vx=k (k nguyén duong vi x nguyén duong )
Tacé k(k+1)=y’
Nhung k> <k(k+1)<(k+1)°
=Sk<y<k+l
Ma giita k va k+1 1a hai s6 nguyén duong lién ti€p khong ton tai mot s6 nguyén
duong nao ca
Nén khong c6 cap s6 nguyén duong nao thoa man phuong trinh .
x=0

Vay phuong trinh ¢6 nghiém duy nhat Ia : { 0
y =
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