CAC HANG PANG THUC PANG NHO VA UNG DUNG

A. Mot s6 kién thitc can nhé

1. Nhdc lai nhiing hiang ddng thitc ding nhé
Binh phuong cua mot tng: (A+B) = A>+2AB+B’ =(A-B) +4AB
Binh phuong cua mot hiéu: (A-B) =(B—~A) = A’ -2AB+B’> =(A+B) —4AB
Hiéu cua hai binh phuong: A*-B* =(A-B)(A+B)
Lap phuong clia tdng: (A+B) = A’ +3A’B+3AB? + B’ = A” + B’ + 3AB(A+B)
Lap phuong ctia hiéu: (A—B) = A®~3A’B+3AB* - B’ = 3AB(A-B)

Tong hai 1ap phuong: A’ +B® =(A+B)(A?~AB+B*)=(A+B) -3AB.(A-B

)
Hiéu hai 1ap phuong: A’ - B’ =(A-B)(A”+AB+B?)=(A-B) +3AB.(A-B)

2. Mot s6 hing ding thifc tong qudt
a"-b" = (a—b)(a“*1 +a"?b+...+ab"? +b“*1)

—b* =(a=b)(a™ ! +a* 'b+...+a" b’ +b*")
a2kl p2k (a+b)( — 2% 4 g2 2p2 —...+b2k)

(a+b+c)2 =a’+b*+c*+2ab+2bc+2ca

3. Nhi thitc Newton

(a+b)n:an +Cla" 'b+C2a" b’ +...+ C'ab" ' +b"

n(n—l)(n—Z)...[n—(k—l)}

1.2.3..k

Trong d6 CX =

Cach xac dinh hé s6 ctia khai trién Newton.

n(n—l)(n—Z)...[n—(k—l)]

1.2.3..k

e Cach 1. Diing cong thire CX =

Chéng han hé s8 ctia hang tir a*b’ trong khai trién ctia (a+ b)7 1a
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+C =— N u6iquy wée 01=1.
n!(n—k)!
+Tacé C& =C*  nén C:=C, _765 35
toor 3!
¢ Cach 2. Dung tam giac Patxcan

Dinh 1
Dong 1 (n = 1) 1 1
Dong 2(11 = 2) 1 2 1
Dong 3(n = 3) 1 3 3 1
Dong 4(n = 4) 1 4 6 4 1
Dong 5(n =5) 1 5 10 10 5 1
Dong 6(n=6) 1 6 15 20 15 6

Trong tam giac hai canh bén gom cac s6 1 va dong k+1 dwgc thanh 14ap tir dong
k (k>1).

Véin=4 thitaco (a +b)4 =a* +4a’b+6a’b’ +4ab’ +b*

V6in=5 thitacé (a+b) =a’ +5a*b+10a’b? +10ab’ + 5ab* + b’

V6in=6 thitacs (a+b) =a’+6a’b+15a"b? +20a’b’ +15a°b* +6ab’ +b°
B. M6t s6 vi di minh hoa.

V6i cic hiang dang thirc ding nhé ciing nhw cic hing diang thitc mé rong ta cé
the dp dung khi gidai mot s6’dang bai tdp todn nhw sau.

+ Ap dung truc tiép cic hang dang thire dé’ thuec hién tinh phép tinh, tinh gid tri
cdc biéu thirc s6.

+ Ap dung cic hing dang thirc d¢’thu gon biéu thiec va chitng minh cic ding
thikc.

+ Ap dung cic hing ding thite d¢ gidi bai todn tim gid tri ciia biéh. Xdc dinh hé
s0cuia da thirc.

+ Bai todn tinh gid tri biéu thirc véi cdc bién cé diéu kién.



+ Chitng minh bt dang thirc va bai todn tim gid tri 16m nhat, gid tri nho nhat
ctia biéu thirc dai so.

+ Ap dung cic hing diang thire d¢ gidi mot s6'bai todn so hoc va t6 hop.

Bai 1. Thuc hién phép tinh.

a) (3-xy?) —(2+xy?) b) 9x* —(3x—-4)’

0) (a-b*)(a+D?) d) (a*+2a+3)(a’ +2a-3)
e) (x-y+6)(x+y-6) f) (y+2z-3)(y—2z-3)
g) (2y-3) h) (2-y)

i)(2y—5)(4y” +10y +25) j) (3y+4)(9y* -12y +16)
k) (x-3) +(2-x)’ D (x+y) =(x-y)

e Dinh hudng tw duy. Str dung cic hing ding thitc dé'khai trién cdc hang tir rdi thu gon
da thikc
Loi giai

a) (3-xy?) —(2+xy?) =9-6xy* +x%y* —4—dxy> —xy* =5-10xy>

b) 9x* —(3x—4) =(3x—3x+4)(3x+3x—4)=4(6x~4)=24x~16

o) (a-b*)(a+b*)=a”-b’

d) (a®+2a+3)(a® +2a-3)=(a+2a) ~9=a'+4a’ +4a> -9

e) (x—y+6)(x+y—6)=x*~(y-6) =x*—y* +12y 36

f) (y+22-3)(y-22-3)=(y-3) —42*> =y* 6y —42> +9

g) (2y-3) =8y’ -36y° + 54y -27

h) (2-y) =8-12y +6y* -y’

i) 2y - 5)(4y? + 10y + 25) = 8y° — 125

j) (3y +4)(9y*~12y +16) =27y +64




k) (x=3) +(2-x)" =(x=3+2-x)| (x=3)" - (x-3) (2-x) +(2-x) |
=—(x* = 6x+9-2x+X* +6-3x+4—4x+x" ) = -3x" +15x +19

1) (x+y)3 —(X—y)3 =x" +3xy +3xy’ +y° —=x +3x°y = 3xy’ +y’ =6xy +2y°

Bai 2. Rt gon cac bi€u thirc sau.

a) (xz —2x+2)(x2—2)(x2+2x+2)(x2+2)

b) (x+1)2—(x—1)2+3x2—3x(x+1)(x—1)

o) (2x+1) +2(4x* -1)+(2x-1)

d) (m+n)2—(m—n)2+(m—n)(m+n)

e) (3x+1) —2(3x+1)(3x+5)+(3x+5)

f) (a—b+c)2—Z(a—b+c)(c—b)+(b—c)2

g) (2x=5)(4x* +10x+25)(2x+5)(4x* = 10x +25) - 64x"
h) (a+b)3+(a—b)3—2a3

i) (x+y+z)2 +(x—y)2 +(x—z)2+(y—z)2—3(x2+y2 +zz)

Loi giai
e Dinh huéng tw duy. Ruit gon biéu thirc la cach goi khdc ciia thuwc hién phép tinh, do do
ta str dung cic hang dang thirc dé’khai triéh cic hang tie r6i thu gon biéu thikc.
Loi giai
a) <x2 —2x+2)<x2 —2)<x2 +2x+2)(x2 +2) = [(x2 + 2)2 —4x2}(x4 —4)
= (X! +4x7 +4-4C)(x" —4) =(x" +4)(x" -4) =x"-16
b) (x+1)2 —(x—l)2 +3x° —3x(x+1)(x—1):(x+1—x+1)(x+1+x—1)+3x2—3x(x2—1)
=4x+3x* =3x° +3x = — 3x” +3x” +7x

Q) (2x+1)" +2(4x* ~1)+(2x-1)" =4x* +4x+1+8x* ~2+4x* ~dx +1=16x’




& (m+n)' ~(m-n)’ +(m-n)(m +n)
—(m+n-m-+n)(m+n+m-n)+m’ —n’=4mn+m? -n’
e) (3x+1) —2(3x+1)(3x+5)+(3x+5) =(3x+1-3x-5) =16
f) (a-b+c) ~2(a-b+c)(c-b)+(b-c) =(a~b+ct+b-c) =a
g) (2x=5)(4x* +10x+25)(2x+5)(4x* = 10x +25) - 64x"
= (8%’ ~125)(8x" +125) = 64x° ~125°
h) (a+b)’ +(a-b) -2a’ =a’ +3a’b+3ab’> +b’ +a’ ~3a’b + 3ab> ~b’ ~2a° = 6ab’

2 2

i) (x+y+z)2+(x—y)2+(x—z) +(y—z) —3(x2+y2+z2)

=x2+y2 + 77 +2xy+2yz+2zx+x2—2xy+yz+x2—22X+z2 +y2—2yz
+2°=3x*-3y*-32" =0

Bai 3. Tim x biét.

a) (x=3) = (x=3)(x*+3x+9)+9(x+1) =15 b) 4x* ~81=0
0) x(x=5)(x+5)—(x=2)(x* +2x+4)=3 d) 25x* -2=0
e) (x+2) =(2x-1)" f) (x+2) —x+4=0

g) (XZ —2)2 +4(x—1)2 —4(x2 —2)(x—1)=0

e Dinh huéng tw duy. Bai todn tim x la mgt dang bai tdp tim gid tri cua bién khi biét gid
tri ctia biéu thikc. V6i cdc bai tdp trén dé tim dwoc x trieée hét ta cin sie dung cic hang diang
thitc d¢ khai trién cic hang tiv v0i thu gon biéu thirc r6i méi di tim gid tri ctia x tir dang
thirc don gian cudi ciing.

Loi giai
a) (x=3) —(x=3)(x* +3x+9)+9(x+1) =15

<:>x3—9x2+27x—27—x3+27+9x2+18x+9:15<:>45x:6<:>x:£

15

b) 4X2—81=0<:>X2=%<3X=i2




1
— -_ - 2 = 3— — 3 = = = —
C) x(x 5)(x+5) (x 2)(x +2x+4) 3ex -25x-x"+8=3=25x=5<x z

d) 25x2—2=0<:>x2=£<:>x=i£
25 5
x=3
2 2 X+2=2x-1
+2) =(2x-1) & =
¢) (X ) (X ) L+2:—2x+1 x:—1
3
3) 23
f) (x+2)2—x+4:0©x2+4x+4—x+4:0<:>x2+3x+8:0<:>[x+EJ +Z:O.

2

2
Do (x+%j +2743 >0 nén khong c6 gia tri théa man (x+%} +% =0 hay khong co
gia tri thoa man (x+2)2 -x+4=0.

g) (x2-2) +4(x-1)" ~4(x* ~2)(x~1) =0 &(x* ~2-2x+2) =0

<:>x2(x—2)2 Sx=0;x=2

Bai 4. Tinh gia tri cac biéu thirc sau

_ 135* +130.135+ 65
135% —65°

a) A=123(123+154)+77 b) B

c) D=1>-2>+3%-4%+...- 2018 +2019°

d) D=(2+1)(2*+1)(2" +1)(2°+1)(2" +1)(2” +1)-2"

o Dinh huéng tw duy. Quan sdt cic biéu thirc ta thdy cé bong ding cua cdc hing
dingthitc ddng nhé. Do d6 ta sie ste dung cdc hang dang thire ddng nhé dé'biéh doi cic biéu
thirc.

Loi giai

a) Ta c6 A=123(123+154)+77% =123? +2.123.77 +77% = (123+77)" =200 =40000

b) Ta ¢co
B 135”7 +130.135+ 65> 135% +2.135.65 + 65°
135° —65° 135° —65°
2 .
~ (135+65) _135+65 200 20

(135-65)(135+65) 136-65 70 7

c) Ta co



A=T1"-2°+3-4"+...-2018% +2019°
=1+(87-27)+(5" =47 ) +...+(2019* - 20187
=1+(3+2)(3-2)+(5+4)(5-4)+...+(2019+2018)(2019 - 2018)

(1+2019).2019

=1+2+3+4+5+...+2019+2019 = =1010.2019
b) Ta co
B=(2+1)(2° +1)(2° +1)(2° +1) (2" +1) (2% +1)-2°
= (22 —1)(22 +1)(24 +1)(28 +1)(216 +1)(232 +1)—264
= (24 —1)(24 +1)(28 +1)(216 +1)(232 +1)—2"’4
=...=(232—1 (232 +1)—264 —2% _1-2% -1
Bai 5.

a) Cho x—y =7. Tinh gia tri biéu thttc: A=x(x+2)+y(y—2)—2xy
B=x"-3xy(x-y)-y’ —-x"+2xy -y’

b) Cho x+2y=5. Tinh gid tri biéu thitc: C=x" +4y”* —2x+10 +4xy —4y.

o Dinh huong tw duy. Quan sdt gid thiét ciia bai todn ta thdy cé hai hwéng
+ Huong 1. Bién doi biéu thirc lam xudt hién cdc hang tw ¢6 dang x—y va x+2y.
+ Huéng 2. Thay x=y+7 va x=5-2y twong 1tng vdo cdc biéu thirc roi thu gon biéu
thirc.

Cd hai hieéng trén ta déu cin sie dung biéi doi d¢ dwea vé cic hang ding thirc ding
nhé hodc khai trién cdc hing ding thiec ding nhu.

Loi giai

a) A=x(x+2)+ y(y-2)-2xy =x"+2x+y’ -2y —2xy :(x—y)2 +2(x-y)

Thay x—y =7 vao bi€u thiic A ta dwgc A=7>+2.7=63
B=X3—3xy(x—y)—y3—X2+2xy—y2 =(X—y)3—(x—y)2

Thay x—y =7 vao biéu thtrc ta dwoc B=7°-7> =294

b) C=x* +4y® —2x+10+4xy -4y =(x+2y) -2(x+2y) (3)

Thay x+2y=>5 vao biéu thtic C ta dugc C=5"-25=15.




Bai 6. Chitng minh ding thitc:
a) (a2 +b2)(c2 +d2) = (ac+bd)2 +(ad—bc)2

b) (a+b+c)2 +a’+b’ +c? :(a+b)2 +(b+c)2+(c+a)2

o Dinh huéng tw duy. Quan sdt cic dang thirc cin chitng minh ta thiy c6 hai hwéng
+ Hudng 1. Khai trién vé'trdi ciia dang thiec r6i sie dung hing dang thirc dé’bién doi biéu
thitc vé vé phai.
+ Huéng 2. Ste dung hing dang thitc biéh d6i dong thoi cd hai vé'r6i so sanh két qud.
Loi giai
a) (a® +b”)(c?+d?) =(ac+bd)" +(ad - bc)’
Loi giai 1.
VT = (a2 +b’ )<C2 +d? ) =a’c’ +a’d’ +b’c® +b*d?
= (azc2 +b*d* + 2abcd) + (a2d2 +b’*c” - 2abcd) =(ac+ bd)2 +(ad- bc)2 =VP
Loi gidi 2. Ta c6 (a2 +b? )(c2 +d2) =a’c® +a’d’ +b*c® +b*d*. Lai ¢6
(ac+ bcl)2 +(ad- bc:)2 = (azc2 +b*d* + 2abcd) + (512d2 +b%c® - 2abcd)
=a’c’ +a’d’* +b’c® +b’d?
/ 2 12)( -2 4 g2 2 2
Do do ta duoc (a +b )(c +d )= (ac+bd) +(ad—bc)
b) (a+b+c)2 +a’+b*+c? :(a+b)2 +(b+c)2 +(c+a)2
Ta co

2
(a+b+c) +a’+b*+c?=a’+b*+c?+2ab+2bc+2ac+a’+b%+c?

:(a2 +b? +2ab)+(b2 +c2+2bc)+(a2+c2+2ac)=(a+b)2+(b+c)2+(c+a)2

Bai 7. Chttng minh rang néu (a +b+ c)2 = 3(ab+bc+ca) thia=b=c

o Dinh huéng tw duy. Quan sdt gid thiét ta thiy cé hang ding thitc ding nhé. Do do ta
ste st dung cic hing ding thiec ding nhé dé biéh d6i gia thiét ciia bai todn. Ngoai ra dé'y
ring téng cdc binh phirong bang 0 thi cdc binh phwrong dé bang 0 nén ta bién doi gid thiét

ctia bai todn vé tong cdc binh phwong biang 0.




Loi giai
Bién ddi tuong duong dang thikc da cho ta duoc

(a+b+c)2 :3(ab+bc+(:a)c:>a2+2ab+b2+2bc+2ac+c2 =3ab + 3bc+ 3ac
sal+b*P+c*—ab-bc—ac=0< 2a*+2b* +2c¢* —2ab—2bc—2ac=0

<:>(a—b)2+(b—c)2+(C—a)2 =0 a-b=b-c=c-a=0<a=b=c

Bai 8. Cho a, b, ¢, d 1a cac s6 thuc khac 0 théa man a+b=c+d va a’+b* =c* +d>.

Chttng minh rang;: Q%1 4 P28 = 018 4 g8

o Dinh huong tw duy. Quan sdt gid thiét ciia bai toin va dang thitc cin chitng minh ta du
dodn rang a=c;b=d hojc a=d;b=c. Nhw vdy ta di chitng minh a=c hodc a=d,
diéu nay dong nghia véi (a —c)(a —d) =0.
Loi giai

Tt a+b=c+d ta dwoc (a+b)2 :(C+cl)2 < a’+b*+2ab=c*+d*+2cd.
Két hop voi a® +b* =c® +d” ta dugc ab=cd.
Cing ttt a+b=c+d ta duwgc b=c+d—a, thay vao ab=cd ta dwoc

a(c+d—a):cd<:>ac+ad—a2 :cd<:>a2—ac—ad+cd=0<:>(a—c)(a—d)=0
+Néu a—c=0 ta duwoc a=c, suy ra b=d. Khi d6 ta duwoc a™"® +b**"® = c** +d**"*

+Néu a—d =0 ta dugc a=d, suy ra b=c. Khi d6 ta duoc a*"® +b*"® = ™" +d*"*

Vay bai toan duoc chtirng minh hoan tat.

Bai 9. Cho a, b, ¢, d 1a cac s6 thuwe khac 0 thoa man cac diéu kién a+b=c+d va

a’+b’=c’ +d’. Chting minh rang a®" +b*"” =c*" +d*"

Loi giai
T a® +b® = +d° ta duoc (aer)(a2 —ab+b2) =(c+d)(c2 —cd+d2). Ta xét hai
treong hop sau:
e Trwong hop 1. Khi a+b=c+d =0 tasuy ra dugc a=-b va c=—d.
Khi d6 d thdy a®® + b =™ +.d*° = 0.
e Truong hop 2. Khi a+b=c+d=0.Khi d6 ta duoc a’—ab+b* =c*—cd+d>.

Tt a+b=c+d ta duoc (a+b)2 =(c+d)2 <a’+b*+2ab=c*+d*+2cd.




Két hop voi a® —ab+b” =c” —cd +d?* ta dugc ab=cd.
Cing tt a+b=c+d ta dwoc b=c+d-a, thay vao ab=cd ta duoc
a(c+d—a):cd<:>ac+ad—a2:cd<:>a2—ac—ad+cd=0<:>(a—c)(a—d)=0

+Néu a—c=0 ta dugc a=c, suy ra b=d. Khi d6 ta duoc a™” +b*" =" +d*"

+Néu a—d =0 ta dugc a=d, suy ra b=c. Khi d6 ta duwoc a*” +b*" =" +d*"

Vay bai toan duoc chirng minh hoan tat.

Bai 10. Cho a, b, c 1a cic so thuc thoa man (a —b)2 +(b—c)2 +(c—a)2 =6abc. Ching

minh rang: a’+b’+c’ =3abc(a+b+c+1)

o Dinh hudng tw duy. Quan sdt bai todn ta thdy cd gid thiét va dang thirc cin chitng
minh déu phitc tap. Trong gid thiét va ding thirc cin ching minh déu 6 cdc hang ding
thite ding nhé. D€y ring(a —b)2 +(b- c)2 +(c— a)2 = 2(a2 +b’+c*—ab-bc— ca) . Nhw
vdy ta cin bién d6i dang thirc cin chitng minh lam xudt hign dai luong nhw trén.
Loi giai
o A A% o A? 7 \ A, 7. 2 2 2
Bién doi biéu thirc va két hop voi (a —b) +(b —c) +(c—a) =6abc ta duoc

a’+b’+c®—3abc=a’ + b’ +3a’b + 3ab” + c® —3a’b —3ab? — 3abc

=(a+b)3+c3—3ab(a+b+c):(a+b+c)(a2+b2+c2—ab—bc—ca)
1 2 2 2 1
—E(a+b+c)[(a—b) +(a—c) +(c—a) }—E(a+b+c).6abc—3abc(a+b+c)
Nhu vy ta dugc a’ +b’ + ¢’ —3abe =3abc(a+b+c) hay

a’+b*+¢? =3abc(a+b+c+1)

Bai 11. Cho a, b 12 hai s6 thuc Ian lwot thda man cac hé thic a® —3a*+5a—17 =0 va

b® —3b> +5b+11=0. Chting minh rang a+b=2.

e Dinh huéng tw duy. Gid thiét bai todn cho hai biéu thitc bdc 3 ciia hai bién a va b. Quan
st hai biéu thiec d6 ta thdy cé cdc hang tie ctia mot hing ding thitc bic 3. Nhw vdy d¢
chitng minh dugc a+b=2 ta cin chitng minh dwgc a® =(2-b) . Tir d6 ta c6 cic 10i gidi
nhw sau.

Loi giai




+ Loi giai 1. Tir b>~3b +5b+11=0 ta duoc
b’ ~3b* +5b+11=0<> (b’ —6b* +12b—8)+3(b* —4b+4)+5(b—2)+17 =0
& (b-2) +3(b-2) +5(b-2)+17=0 & —(2-b) +3(b-2) ~5(2-b)+17=0
& | (2-b)"=3(b-2)"+5(2-b)-17 |0 & (2-b) ~3(b-2) +5(2-b)-17 =0
Tt d6 két hop vdi a’ —3a® +5a—17 =0 ta suy ra dugc
a’—3a’+5a-17=(2-b) —3(b—2) +5(2-b)-17=0
Do vy tacé a=2-b hay a+b=2
+ Loi giai 2. Xét a=2—b thay vao v€ trdi ctia a’ —3a’ +5a—17 =0, ta ¢4

a’~3a’+5a-17=(2-b) ~3(2-b) +5(2-b)-17
=8-12b+6b>—b*—12+12b—-3b>+10-5b—17
=-b’+3b* ~5b—11=—(b>~3b> +5b+11) =0

Diéu nay dan dén a=2-b théa man a®-3a’ +5a—-17=0. Tt dé suyra a+b=2.

e Loi gidi3. Taco a’~3a’ +5a-17=a’ ~3a’ +3a—1+2a-16=(a~1) +2(a-1)-14.

Dit x=a-1, khi d6 két hop véi gia thiét ta duwoc x° +2x—14=0

Ta ciing ¢ b’ ~3b% +5b+11=b’~3b* +3b-1+2b+12=(b-1) +2(b-1)+14

Dit y=b-1, khi d6 két hop vdi gia thiét ta duoc y’ +2y+14=0. Két hop hai két

qua ta dwoc
x3+2x—14+y3+2y+14:0<:>x3+y3+2(x+y):0<:>(x+y)(x2—xy+y2+2):0

2 2 2 2
Dé thdy x° —xy+y2+2=x2—xy+yz+3%+2=(x+%j +3%+2>0.

Do d6 ta dugc x+y =0 hay a—1+b—-1=0 nén a+b=2.

e Loi giai 4. Cong theo v€ cac hé thirc da cho ta dugc



a’-3a’+5a—-17+b’ -3b* +5b+11=0
o (a+ ) ~3ab(a+b)- 3(a+b)2+6ab+5(a+b)—6:0
@[(a+b 2(a+b) } [a+b a+b)}—3ab(a+b—2)+3(a+b—2):0
& (a+b) (a+b-2)-(a+b)(a+b-2)-3ab(a+b-2)+3(a+b-2)=0
& (a+b-2)| (a+b) ~(a+b)-3ab+3|=0

Dé'y rang (a+b)2 —(a+b)—3ab+3:%(a—b)2 +%(a—1)2+%(b—1)2 +2>0.

Do d6 tir dang thitc trén ta dugc a+b-2=0 hay a+b=2.

Bai 12. V4i a, b, c 1a cac sO thuce thoa man:
(3a+3b+3c)3 = 24t+(3a+b—c)3 +(3b+c—a)3 +(3c+a—b)3

Chtrng minh réng (a+2b)(b+2c)(c+2a)=1

o Pinh hudng tw duy. Gid thiét bai todn cho ta cic hing ding thitc bic ba nén ta hoan
toan co thé khai trién gia thiét va bién déi vé hé thirc cin chitng minh. Tuy nhién dé'yj ta
nhin thidy c6 thé doi bién 3a+b—c=x; 3b+c—a=y; 3c+a—b=z r6i moi khai trién
hing ding thikc thi phép khai triéh sé bot di sw phikc tap.

Loi giai
Truwde hét ta chimg minh x° +y° +2° :(x+y+z)3 =3(x+y)(y+z)(z+x).
That vay, khai trién hang dang thitc bac ba ta co

3

(x+y+z)3 :(x+y)3+3(x+y)zz+3(x+y)z+z
:x3+y3+3xy(x+y)+3(x+y)2z+3(x+y)zz+z3
=x3+y3+Z3+3(x+y)(xy+xz+yz+z2)
=X’ +y’+2° +3(x+y)(y+z)(z+x)

Do vay ta duge x° +y° +2° :(x+y+z)3—3(x+y)(y+z)(z+x).

bat 3a+b-c=x; 3b+c—a=y; 3c+a-b=z.Taco




(3a+3b+3c)3 :24:+(3a+b—c)3+(3b+c—a)3+(3c+a—b)3
& (xty+z) =24+ +y° +2°
<:>(x+y+z)3 :24+(x+y+z)3 —3(x+y)(y+z)(z+x)
©24-3(x+y)(y+2)(z+x)=0<24-3(2a+4b)(2b+4c)(2c+4a)=0
< 24-24(a+2b)(b+2c)(c+2a)=0< (a+2b)(b+2c)(c+2a)=1

Vay ta c6 diéu can chitng minh.

Bai 13. C4c s8 thuc a, b, ¢ thoa man dong thoi cac dang thiic sau:
i. (a+b)(b+c)(c+a)=abc ii. (a3 +b3)(b3 +C3)(C3 +a3) =a’b’c’

Chttng minh rang abc=0.

e Dinh huong tw duy. Bién doi gia thiét thir hai ciia bai todn ta thu dwgc

abc(a2 —aberz)(b2 —bc:+c2)(c2 —ca+a2) =a’b’c’
Do d6 ta thu dwoc abc=0 hodc (a2 —ab+b2)(b2 —bc+cz)(c2 —ca+a2) =a’b’c®. Néu
abc=0 thi xem nhw bai todn dwoc chitng minh. Néu abc=0 thi ding thizc thit hai phai
xdy ra. Chit y rang néu diang thiec thie hai xdy ra thi ta c6 a=b=c. Két hop véi gid thiét
ctia bai todn thi ta dwoc a=b=c=0, diéu nay mau thudn véi abc=0. Do d6 ding thirc
thit hai khong thé xdy ra, tirc la ta ¢6 diéu cin chitng minh.
Loi giai
Tt hé thiee (a3 +b3)(b3 + C3)(C3 +a3) =a’b’c® ta duoc
(a+b)(b+c)(c+a)(a2 —ab+b2)(b2 —bc+c2)(c2 —ca+a2):a3b3c3
Két hop vdi hé thiee (a +b)(b + c)(c+a) =abc ta duwoc

abc(a2 —ab+b2)(b2 —bc+c2)(c2 —ca+a2):a3b3c3
abc=0
@ (a2 —ab+b2)(b2 —bc+cz)(c2 —Ca+az)=a2bzc2

Néu abc =0 khi d6 ta dwoc (a2 —ab+b2)(b2 —bc+c2)(c2 —Ca+a2) =a’b’c?

D@ thdy a® —ab+b” >|ab

:b* —bc+c? Z‘bc

;c*—ca+a’ Z‘ca‘




Do d6 ta duoc (a2 —ab+Db? )(b2 —bc+c? )(c2 —ca+a’ ) >a’b’c?. Két hop vdi hé thic

trén ta dwgc a=b =c, thay vao hé thitc thit hai ta dwgc 8a’ =a’ <>a=0=abc=0,
Diéu nay mau thuan véi abc #0.

Vay abc=0.

Bai 14. Cho x, y, z thoa man x* +2y” +z° —2xy —2y —4z+5=0. Tinh gi4 tri bi€u
thirc:

A _ (X_1)2018 + (y_1)2019 +(Z _1)2020

o Dinh huéng tw duy. Quan sit gid thiét ta thiy cé bong ding ctia cic hang dingthirc
ddng nhé. Do d6 ta sir str dung cdc hang dang thirc ddng nho dé'bién doi gid thiét ciia bai
todn. Ngodi ra dé'yj ring téng cdc binh phwong bang 0 thi cdc binh phwong dé bang 0 nén
ta bién doi gid thiét ciia bai todn vé tong cdc binh phwong bang 0. Lai A&’y dén biéu thikc
can tinh gid tri A ta dy dodn rﬁng x—1,y—=1,z—1 nhin mot trong cdc gid tri —=1;0;1.
Loi giai
Ta co
x* +2y* +7> —2xy -2y —4z+5=0
= (x2 —2xy+yz)+(y2 —2y+1)+(z2 —4Z+4) =0
<:>(x—y)2 Jr(y—l)2 +(z—2)2 =0eox=Ly=15z=2

2020

Do d6 ta duoec A=(1-1)"" +(1-1)"" +(2-1)"" =1.

Bai 15. Cho ba s0 thuc x, y, z thdéa man cac diéu kién x+y+z=0 va xyz#=0

X2 yz Z2
Tinh gia tri biéu thitc P= —————+——"—+—5—5——
V' +z'-X z°4+X -y X 4y -z

e Dinh huong tw duy. Quan sit gid thiét va biéu thirc P ta thdy cin bién doi biéu gid thiét
& lam xudt hign cic mdu thirc. D'y tir gid thiét ta c6 x+y =—z nén (x+ y)2 =7, do dé
ta dwpc xX* +y° —z° =-2xy. Nhw vdy chi cin dp dung twong tw va quy dong ta thi ta thu

X’ +y°+2° y
dwgec P==—2—"— Lgi chil y rang v6i x+y+z=0 tacé X’ +y’ +2z’ =3xyz. Tir dd ta

Xyz

tinh dwoc gid tri ciia biéu thirc P.




Loi giai
Dé tinh duoc y* +2z° —x* ta d€'y dén gia thiét x+y+z=0<> y+z=—x. Khi d6 thuc

hién binh phuong hai v€ ta dugc y* +2z° +2yz=x" <y’ +2° —x* =-2yz.

2 2 2
AY 14 7 - A Ae X X X
Ttr &6 ta cd bién doi — =

vy +2z° =% _y2+zz—y2—zz—2yz :—Zyz

2 2 2 2

y _y . z z

Hoan toan twong tu ta ciing co = ; = .
&% & P 2zx  xXP+yt-Zz 2xy

z2+x* -y

Chu y rang xyz # 0 nén cong theo vé ta dugc

2 2 2 2 2 2
X Z X Z

P= > 2 272 yz x T + z +
y +z —X Z +X —y

X’ +y? -z T 2yz  -2xz | -2xy

3 3 3 3 3 3 3 3 3 _
__ L[ x4yHz | LX Ay +Z 4 a1 Xty 42 -3xyz g
2 Xyz 2 XyZz 2 Xyz
(x+y+2) (X2 +y? +22 - xy - yz—2x
1| (xryrz)(ry y-y )+3]_§
Xyz

3
Vay P=—=.
ay >

Bai 16. Cho cc s0 thuc a, b, c thda man a+b+c=6 va a’+b”+c”* =12. Tinh gia tri
biéu thitc:

A _ (a _3)2019 +(b_3)2020 +(C_3)2021

e Dinh huwong tw duy. Do vai tro cua cic bién a, b, ¢ trong bai todn nhw nhau nén ta dw
dodn a=b=c=2. Ngoai ra dé'y rang tong cdc binh phirong bang 0 thi cic binh phwong
d6 bang 0 nén ta bién doi gid thiét ciia bai todn vé tong cdc binh phirong bang 0. Nhw vdy ta
ciin biéh d6i gid thiét vé dang (a—2)" +(b—-2) +(c—2) =0.
Loi giai

Tt a+b+c=6 ta duoc (a+b+c)3 =36.

A 2 2 2, 2
Nhu vay ta duoc (a+b+c) :3(a +b%+c )

Nhu vay ta dugc a=b=c. Két hop véi a+b+c=6 suy ra a=b=c=2, thay vao

biéu thitc A ta duoc

2019

A=(2-3)" +(2-3)" +(2-3)™ = (1) 4 (-1)™ 4 (-1)™ =1




Bai 17.
a) Cho a+b+c=0va a’+b’+c*=14.Tinh A=a*+b* +c*

b) Cho x+y+z=0 va x> +y* +z’ =a’. Tinh B=x"+y* +z* theo a.

o Dinh huéng tw duy. Cdc bai tip trén ciing la mot dang 1eng dung khdc ciia cic hang
ding thitc ding nhé. D& tinh A ta cin binh hai vé' cia a*> +b* +c* =14. Ngoai ra ta ciing
cé moi lien hé (a +b+ c)2 =14+ Z(ab +bc+ ca) v (ab +bc+ ca)2 =a’b* +b’c® +c?a’.
Tir do ta tinh dwgc biéu thirc A va hoan toan twong tw véi biéu thirc B.

Loi giai
a) Ta c6 14° = (a2 +b® +c? )2 =a'+b*+c' = 196—2(a2b2 +b*c? +c2a2)

2 2 2
Laicd a+b+c=0 nén (a+b+c)2 =0 hay ab+bc+ac=—$=—7

Do d6 ta duoc(ab+bc+ac)2 =49 nén a’b’ +b’c® +a’c® + Zabc(a +b+ c) =49

Nén a’b® +b’c® +a’c® =49. Vay A=a"*+b* +c* =196-2.49=98

b) Ta c6 x=—(y+z) nén ta c6 x° :(y+z)2 hay ta duoc x* —y* -z’ =2yz, do d6
suy ra (x2 —y* -2 )2 =4y’z* . Do dd suy ra x* +y* +z* =2x°y” +2y°z* +2x°7".

4

Suy ra 2<x4+y4+z4)=(x2+yz+zz)2 =a" hay B=a?.

Bai 18. Cho céac s0 thuc a, b, c sao cho a+b+c=3;a’+b*+c* =29 va abc=11. Tinh

gid tri ctia biéu thiec P=a’ +b’ +c’.

Loi giai
Ta c6 ab+bc+ca=%[(a+b+c)2—(a2+b2+c2)}:%(9—29)=—10.
Do d6 ta cd a’b? +b*c? +c%a? :(ab+bc+ca)2 —2abc(a+b+c) = (—10)2 -211.3=34.
Lai cé a3+b3+c3—3abc=(a+b+c)(a2+b2+c2—ab—bc—ca)=3(29+10)=117.

Do d6 ta dwoc a® +b° +c® =117+33=150. Ttr &6 dan dén
(a2 +b*+ cz)(a3 +b? +c3) =a’+b’+c° +a’b* +a’c? +bla? +b’c? + c*a’ + c’b?

=a’+b’+¢° +(a2b2 +b?c? +C2a2)(a+b+c)—abc(a+b+c)




Hay ta duoc 150.29 =a’ + b’ +¢” + 34.3-11(-10).

Do d6 a°’ +b’ +¢c° =4138

Bai 19. Cho a, b, c 1a ba s6 thue thoa man a+b+c=0 va a* =2(a+c+1)(a+b—1).

Tinh gia tri biéu thiec A=a’+b*+c*.

Loi giai
Do a+b+c=0néntacé b+c=-a hay (b+c) =a’.
Ciing tir a+b+c=0 taduoc a+b=—c va a+c=-b.
Két hop véi a* =2(a+c+1)(a+b-1) ta dugc
(b+c) =2(1-b)(-c~1) & b*+c*+2bc=-2(1+c~b-bc)
&b+’ -2b—-2c+2=0< (b*~2b+1)+(c* ~2c+1)=0

& (b-1) +(c-1) :Oc{b—lzo {b=1

=
c-1=0 c=1

Matacd a+b+c=0 nénsuyra a=0.Dovay A=a’+b’+c’ =2.

Bai 20. Xac dinh cic hé s6 a va b 3¢ da thtrc P(x) =x*-2x’+3x* +ax+b 1a binh

phuong cia mot da thiec.

o Dinh huéng tw duy. Ta thiy da thirc P(x) c6 bic 4 nén khi viét thanh binh phwong ciia
mot da thirc thi da thirc do6 phai c6 bdc hai. Chu y dén hé so’ ciia hang tir bdc bon ta suy ra
da thwc bdc hai phdi ¢6 hé s6 cao nhit la 1. Nhw vdy da thiec bdc hai phai c6 dang
x* +mx+n. Dén ddy ta c6 hai hwong xir Iy bai todn.
+ Huong 1. Viet P(x)=(x* +mx-+n) rdi khai trién hai vé. Sau d6 dong nhit h s6'hai v&
dé’tim hé so.
+ Hudng 2. Bigh d6i da thire P(x)=(x* +mx-+n) +A(x) sau dé xic dinh h¢ s dé da
thitc A(x) la da thikc 0.

Loi giai
Loi giai 1. Do da thitc P(x) c6 bac 4 v6i hé s§ cao nhatla 1.

Gia st P(x) = (x2 +mx+n)2 )




2
Hay ta duoc P(x) = (x2 +mx+n) =x*+2mx° +(rn2 +2n)x2 +2mnx+n?.
Ttr d6 ta dwoc x* —2x° +3x* +ax+b =x* +2mx° +(m2 +2n)x2 +2mnx+n’

Pong nhat hé so hai vé ta dugc

2m=-2 m=-1 m=-1
m?>+2n=3 2n=2 n=1
= =
a=2mn a=-2n a=-2
b=n’ b=n’ b=1

Vay da thire da cho la P(x)=x* —2x> +3x* —2x+1.
o Loi giai 2. Bién ddi da thizc da cho nhw sau
P(x)=x*-2x"+3x* +ax+b =x* -2x>+3x* = 2x+1+(a+2)x+(b-1)
=(X4—x3+x2)—(x3—x2+x)+(x2—x+1)+(a+2)x+(b—1)
=(x —x+1) +(a+2)x+(b-1)
D& P(x) la binh phuong ctia mot da thiec khac thi ta can ¢ (a+2)x+(b-1)=0 véi

moi x. Do vay tacd a+2=b-1=0 hay a=-2;b=1 thoa man yéu cau bai toan.

Bai 21. Cho da thic f(x) =x*+ax+b vdia, blacicso nguyeén .

Chtmg minh ring ton tai s6 nguyén k dé f(k)=£(2019).f(2020)

e Dinh huéng tw duy. Trwéc hét ta can tinh dwoc gid tri f(2019).f(2020). Tiép theo ta
clin bién déi £(2019).£(2020) vé dang K* +ka+b.

Dé thiiy ngay £(2019).£(2020) =(2019° +2019a+b)(2020* +2020a +b) va chil y
rang 2020 =2019+1 ta bién doi duwoc

£(2019).£(2020) = (2019 +2019a +b (20207 +2020a + b
= (2019 +2019a + b+2019) +a(2019 +2019a+b-+2019)+ b
Nhuw vdy chi cin dit k =2019 +2019a+b+2019 thi bai toin dwgc chitng minh.
Loi giai

Ta c6 £(2019)=2019%+2019a +b va £(2020) = 2020 +2020a +b.

D€y rang 2020 =2019+1 ta c6 khi d6 ta c6




f(2020) =2020° +2020a +b =2019* +2019a +b +2.2019 +a +1

Do d6 ta duoc

£(2019).£(2020) = (2019 +2019a + b ) 2020” +2020a + b
2019” +2019a+b)(2019* +2019%a +b+2.2019+a+1)

—(2019> +2019a+b)2 +2.2019(20192 +2019a+b)+a(20192 +2019a+1o)+20192 +2019a+b

(
(
[(20192 +2019a+b)2 +2(20192 +2019a+b)2019+20192}+a(20192 + 2019a+b+2019)+b
(

=(2019? +2019a+b+2019)2 +a(20192 +2019a+b+ 2019)+b = f(20192 +2019a+b+ 2019)
Suy ra £(2019).£(2020) = £(2019* +2019a +b +2019).

Nhu vay néu chon s6 nguyén k=2019 +2019a+b+2019 thi ta dugc
f(k)=£(2019).£(2020)
e Nhan xét.

+ D&y riing k=2019* +2019a+b+2019 =£(2019)+2019 . Do d6 ta dugc:
£(£(2019)+2019) =£(2019).£(2019+1)
+ Bai todn tong qudt. Cho da thirc f(x) =x’+ax+b vdia, bla cic sdnguyén . Chitng

minh rang: f(f(x)+x)=f(x).f(x+1)

Bai 22. Cho hai s8 thiee phan biét a, b théa man a’ +b’ =a’b’ (ab — 3) . Tinh gia tri

cua biéu thtc: T=a+b-ab

Loi giai
Gia thiét cua bai toan dwoc viét lai thanh
a’+b’ =a’b’(ab-3) <> a’ +b’ +(—ab)3 =3ab(-ab).
Dit c=—ab, khi d6 ta c6 a’ +b> +c® =3abc. Bién ddi dang thirc gia thiét ta duoc
a’ +b’ +3a’b+3ab” + ¢’ —3abc—3a’b—3ab’ =0
=S (a+b)3 +c’~3ab(a+b+c)=0
& (a+b+c)|(a+b)’ ~(a+b)c+c’ |-3ab(a+b+c)=0
=S (a+b+c)(a2 +b* +c? —ab—bc—ca)zO

<:>%(a+b+c)[(a—b)2+(b—c)2 +(C—a)1:0




Do a, b 1a hai s6 phan biét nén (a—b)2 +(b—c)2 +(C—a)2 >0.

Do d6 ta suy ra duoc a+b+c=0<a+b=—c=ab.Suyra T=a+b—-ab=0.

Bai 23. Cho cac sO thuc a, b, ¢ d6i mot khac nhau thoa man a® +b®+¢® =3abc va
abc #0. Tinh gia tri bi€u thic

ab’ bc? ca’
P= s 12 2 ti2 2 2T 2 5 a2
a~+b"—c® b°+c"—-a" ¢ +a -b

Lo giai
Ta cé a’ +b’ + ¢’ =3abc < (a+b+c)(a2 +b*+c —ab—bc—ca) =0
Ta ludn c6 a® +b” +c* >ab+bc+ca. Tuy nhién vi a,b,c d6i mot khac nhau nén
khong xay ra dang thc.

a=-b-c
Dodosuyraa+b+c=0=1b=-c—a. Tkt do ta duoc

c=—-a-b
P ab’ . bc? . ca’
a2+b2—(—a—b)2 b2+cz—(—b—c)2 c2+az—(—c—a)2
ab> bc*  ca’ a+b+c
= + + =— =0
—2ab —-2bc —2ca 2

Vay P=0

Bai 24. Cho ba s6 thuc a, b, ¢ khac 0 thoa man 2ab+bc+2ca=0. Tinh gia tri cua

biéu thitc:
bc ca ab
A=—+—+—.
8a> b ¢
Loi giai
<~ . N 1 1 1
Do a, b, cla cac so thuwe khac 0 nén ttir 2ab+bc+2ca =0 ta dwoc 2—+E+—:0.
a C
o 1 1 1 .y VI , .
Datx:z—;yzg;z=—,khldotathuduocx+y+z:O.Tav1etb1euthu:cA1a1
a C
thanh

= =+
8a® b* & 2

2

A bc ca ab_l(bc 2ca 2&1bj_1(x2 y’ z_zJ_x3+y3+z3

8a? 4a’® " b? " c? 2
yz zx Xy Xyz

Tt x+y+z=0 ta cd bién doi




x+y=—zc>(x+y)3 =—z° <:>x3'+y3+z3+3xy(x+y)=0<::>x3+y3+z3 =3xyz

Doddsuyra A= xyz_3

2xyz 2

Bai 25. Cho céc s6 thuc X, y, z thoa man dong thoi cac hé thic
x+y+2=6 va (x=1) +(y-2) +(z-3) =0
Tinh gid tri ctia biéu thiec sau: T = (x - 1)zml + (y - 2)2n+1 + (z - 3)2“1 voinla

mot sO ti nhién

Loi giai
bit a=x-1L,b=y—-2;c=2z-3. Gia thiét cua bai toan duoc viét lai thanh
a+b+c=0va a’+b’+c® =0. Khi d6 ta can tinh T=a>""" +b™™"' + >
Tt a+b+c=0 ta suy ra dugc a’ +b’ +c’ =3abc. Ma ta ¢6 a’ +b’ +c’ =0 nén
abc=0 hay a=0 hodc b=0 hoac c=0. Do vai tro cua a, b, c nhu nhau nén ta
xét treong hop a=0, cac treong hop khac hoan toan tuong tur.

Khi a=0 tasuyra b+c=0 hay ta duoc b=—c.

2n+1

Thay vao biéu thite T ta dugc T=b""+(-b)" =0.

Vay véi x, y, z thoa man yéu cau bai toan ta duwgc T =0.

Bai 26. Cho a, b, c la cac s0 thuc bat ki. Chiing minh réng:

a’+b2+c2+d%+e? 2a(b+c+d+e)

o Dinh huéng tw duy. Bat dang thitc cin chitng minh 6 hinh thitc tuong tw nhw cdc bat
ding thitc trén, ta c6 thé gidi bang cdch xét hiéu vé trdi va vé phdi ¥oi phan tich thanh tong
cic binh phwong. DE dwoc cic tich ab, ac, ad, ae vao trong binh phwong ta cin ghép a
v6i b, ¢, d, e, va vi vai tro cua b, ¢, d, e nhw nhau nén ta cé thé nghi dén viéc bién A6 nhw
sau
a’+b’+c’+d* +e’ 2a(b+c+d+e)
<:>(a—l<b)2 +(a—kc)2 +(a—kd)2 +(a—l<e)2 >0
Trong trieong hop trén ta c6 thé’chon k =2, tirc la ta phdi nhin hai vé véi 4.
Loi giai

Xét hiéu hai vé& ctia bt dang thikc




a2+b2+c2+d2+e2—a(b+c+d+e)

4(512 +b? +¢? +d2+e2)—4(ab+ac+ad+ae)

4
(a2 —4ab+4b2)+(a2 —4ac+4c2)+(a2—4ad+4d2)+(a2—4ae+4e2)
- 4
B (a—2b)2 Jr(a—Zc)2 +(a—2d)2 +(a—2e)2
- 7 >
Suy ra a’+b*+c’+d’+e’ 2za(b+c+d+e)

Vay bat dang thiic duoc chitng minh. Déng thitc xy ra khi va chi khi
a=2b=2c=2d=2e.

Bai 27. Cho a, b, c 1a cac s8 thuc dwong thoa man a® +b® =a—b. Chitng minh rang;

a’+b*+ab<1

o Dinh huéng tw duy. Quan sit bit ding thitc cin chitng minh ta thdy c6 biéu thikc
a’ +b’ +ab. Trong khi d6 gid thiét lai xudt hi¢n biéu thitc a—b. Viy moi lién hé ciia hai
biéu thitc nay nhw thé nao? DE thay dwoc hing ding thikc (a—b)(a2 +b? +ab) —a’-b’.

Do d6 mot cdch rat tw nhién ta nhin hai vé'ciia gid thiét v6i biéu thitc a® +b’ +ab dé'lam

a’-b°
a’+b®’

xudt hién a®> —b®> va a’>+b’ +ab, khi dé ta dwoc a*+ab+b* = T6i ddy chi cin

3 3

chirng minh D <1 Ia xong.
Loi giai
Bién d6i gia thiét ta dwoc
a’+b’ :a—b<:>(a3 +b3)(a2 +ab+b2>:(a—b)(a2 +ab+b2)
a’-b’
a’+b’

<:>(a3+b3)(a2+ab+b2)=a3—b3 <a’+ab+b’=

Ta can chiing minh dwoc

a’-b’

a’+b°

<lea’-b’<a’+b>=0<2b° < 0<b

Do b >0 hién nhién dting. Nén bat dang thitc dwoc chiing minh.

Bai 28. Cho a, b, c 1a cac s8 thuc duong tuy y. Chting minh rang:

at+b*+¢* 2abc(a+b+c)




o Dinh huéng tw duy. Bat ding thiec trén la mét bat dang thikc co bin c6 vé'trdi L cic lily

thiea bic chin. D€y ta thiy abc(a+b+c) =ab.bc+bc.ca+ca.ab, do dé rat tw nhién ta

2

nghi dén viéc bién doi b

Ay

dt diang thiec thanh tong ciia cdc binh phuwong.
Loi giai
B4t dang thitc can chitng minh tuong duong véi
a* +b* +c* —a’bc—b’*ac—c’ab >0 < 2a* +2b* +2c* —2a’bc —2b’ac—2c’ab > 0
=N (a2 -b’ )2 +2a’b” + (b2 —c’ )2 +2b%*c” + (c2 -a’ )2 +2a’c* —2a’bc—2b’ac—2c’ab >0
= (a2 —bz)2 +(b2 —02)2 +(C2 —a2)2 +(ab—bc)2 +(bc—ac)2 +(ab—ac)2 >0
Suy ra a* +b*+c* >abc(a+b+c)

Vay bat dang thiic dwgc chitng minh. Dang thitc x4y ra khi va chikhi a=b=c

Bai 29. Chiing minh r:?mg v&i moi so thuc a, b ta co:

ab(a—2)(b+6)+12a* —24a+3b” +18b+36 >0

o Dinh huéng tw duy. Quan sit bat ding thic ta nhdn thdy vé trdi cia c6 sw xudt hién
7 . N ’ ’ A A a 2 \

cac dai lwong a(a—Z); b(b+6) va chi y thém ta nhdn thay a(a—2)+1=(a—1) v
b(b+6)+9=(b+3) . Dén ddy ta thiy c6 hai y tuéng chitng minh bt ding thitc trén.

+ Hurong 1. Bién d6i twong dwong lam xudt hién cdc binh phwong (a—l)2 , (b +3)2 .

+ Huéng 2. Dit biéh phu x=a(a—2); y =b(b+6) va sit dung diéu kién ciia bién
phu dé chitng minh.

Loi giai

Cach 1. Goi P 1a v€ tréi ctia bat dang thitc da cho, ta c6

P=ab(a—-2)(b+6)+12a° —24a+3b” +18b+36
=a(a-2)[b(b+6)+12]+3[b(b+6)+12]
~[b(b+6)+12][a(a~2)+3]=| (b+3)"+3] (a-1)"+2|>0

Vay bat dang thitc duoc chitng minh.
Cach 2. Bat dang thtec can chting minh twong dwong véi

ab(a—2)(b+6)+12(a—1)" +3(b+3) ~3>0




y {X—a(aZ) X+1=(a—1)220
bat & 5
y=b(b+6)  |y+9=(b+3)' >0

Khi d6 bat dang thitc duoc viét lai thanh
xy +12(x+1)+3(y+9)-3>0 < (x+3)(y+12)=0
Bat dang thitc cudi cing luén dung vi x+1>0; y+3>0.

Vay bat dang thiic dwoc chitng minh.

Bai 30. Cho a, b la cac s thuc duong, tim h??mg sO k 16n nhat thoa man bat d:fmg
thirc.

k 1 1>8+2k
20 2 8 (ar)
(a+b)

o Dinh huéng tw duy. Vi vai tro cia a, b nhw nhau nén ta dy dodn ddu dang thirc xdy ra
tai a=b, do do khi biéh d6i bit ding thirc ta cin lam xudt hign nhdn tir (a—b)z. Khi dé
bit diing thikc tré thanh (a —b)2 [(a2 +4ab+b2)(a2 +b2)—ka2b2} >0. Dé'tim k 16n nhit

ta cho a=b, khi dé ta dwoc 12a* —ka*>0=k<12. Dén ddy ta chi cin chirng minh
k =12 bat ding thirc diing la duoc.

Loi giai
Bat dang thitc can chiing minh twong dwong véi

k 1 1 _ 8+2k
R

a’+b*> a® b’ (a+b)2
k 2k 1 4 1 4

—k(a-b)’ ,(b-a)(b+3a) (a-b)(3a+b)
(a*+b*)(a+b)  a’(a+b) b*(a+b)’
(a—b)z(a2+4ab+b2)_ k(a—b)2 S0

a’b*(a+b)’ (a*+b?)(a+b)’

& (a-b)’[(a® +4ab+b?)(a* +b?)-ka’b? |20

Vi (a—b)’ 20 nén bat déng thirc dtng khi va chi khi

(a2 +4ab+b2)<a2 +b2)—ka2b2 >0




Cho a=b thi bat dang thiic trén trd thanh 12a* —ka* >0=k<12. Ta chtng
minh k =12 1a hang s6 16n nhat thoa man bat dang thitc da cho
That vay, ta xét cac truong hop sau
+V6i k<12 thi ta duoc (a”+4ab+b’ )(a® +b”)—ka’b* >0.
+V6i k=12 thi bat déng thirc (a* +4ab+b*)(a’ +b*)—ka’b’ 20 tr thanh

(a2 +4ab +b2)(a2 +b2)—12a2b2 >0
2 1.2\ 21,2 2, 1.2 2 12)? 2
<:>(a +b ) —4a’b +4ab(a +b —2ab)20 = (a -b ) +4ab(a—b) >0

Bat dang thitc cudi cting hién nhién dtng. Vay hang s& k 16n nhat 1a 12.

Bai 31. Tim cdc gia tri nho nhat caa biéu thikc:

A =10x> +y2 + 477 +6x—4y—4xz+2024

e Dinh huong tw duy. Quan sdt biéu thirc A ta thidy biéu thirc co dang tirong tw nhw cic
biéu thirc cho trong cdc bai todn tim gid tri biéu thitc c¢6 diéu kién & trén. Do do ta sé sir
dung hiang ding thitc A& phin tich thanh cdc binh phwong. Chii v rang cdc binh phuwong
khong dm nén ta co thé' suy ra dwoc Qid tri nho nhadt cia A.

Loi giai
Bién doi biéu thitc A da cho ta duoc

A=10x"+y* +47° +6x—4y —4xz+2024 =10x* + y* +47° + 6x — 4y —4xz +5+2019
= (9% +6x+1)+(y* —4y +4)+(42” —4xz+x*)+2019
:(3x+1)2 +(y—2)2 +(2z—x)2 +2019

2

Déy rang (3x+1)2 > 0;(y—2) > O;(2z—x)2 >0 nén ta suy ra duoc A>2019.

3x+1=0 . .
D&u bang xdy ra khi va chi khi 1y -2=0 <:>x:—§;y:2;z:%.
2z-x=0

Vay gia tri nho nhét cua A 14 2019 dat dugc tai x = —%;y =2;z =%1.

Bai 32. Cho hai s8 x,ythoa man diéu kién (x2 -y’ )2 +4x*y? +x* —2y* =0. Tim gid

tri 16n nhat va gid tri nho nhat cua biéu thie A =x"+y?.

Loi giai




Bién d0i gia thiét ctia bai toan ta dwgc
(x2 —yz)2 +4X°y? +x% =2y° =0 < x* +yt = 2x°y? +4x°y7 +x7 -2y7 =0
<:>(x4 +2x7y? +y4)+x2 -2y’ =0< (x2 +yz)2 —2(x2 +y2)+1 =-3x*+1

(X +y -1) =-3x*+1
2 7 N A A 2
D€y rang x* >0 nén ta duwoc 1-3x* <1 nén (x2 +y2—1) <1.

Do vay ta duge -1<x*+y*—1<1 hay 0<x*+y*<2 nén 0<A<2.

x=0

2

S x=y=0.
x> +y*=0 Y

Ta c6 A>0 nén gia tri nho nhat cua A la 0, dat dwoc tai {

x=0 x=0
Tacd A <2 nén gia tri 1én nhat cia Ala2, dat dwoctai ¢ , =9,
X +y =2 y© =

Bai 33. Tim gia tri nho nhat cta biéu thikc:

B =xy(x—2)(y+6)+12x* —24x+3y” +18y + 2045

Loi giai
Déy rang ta c6 x* —2x+1= (x—l)2 >0 nén suy ra x* —2x+3>2 v6i moi s6 thuec x.
Talaico y* +6y+9= (y+3)2 >0 nénsuy ra y> +6y+12 >3 véi moi s8 thuc y. Bién
doi biéu thite B ta dwoc
B =xy(x—2)(y+6)+12x* —24x+3y” +18y +2049

=(x*=2x)(y’ +6y)+12(x* =2x)+3(y +6y ) +36 +2013

= (x2 —2)()(}72 +6y+12)+3(y2 +6y+12)+2013

=(x* =2x+3)(y* +6y +12)+2009
Két hop voi két qua trén ta duwgc B>2.3+2013=2019.
Dau bang xdy ra khi va chi khi x=1,y =-3.

Vay gia tri nhé nhat cta biéu thiee B 1a 2019, dat dugc tai x=1y=-3.

Bai 34. Cho x, y, z 1a cac s6 nguyén duong phan biét. Chttng minh rang:

A=(x—y)5 +(y—z)5 +(Z—X)5 chia hét cho BzS(X—y)(y—z)(z—x)




e Dinh huong tw duy. Dé chitng minh dwoc A chia hét cho B ta cin bién doi biéu thirc A
vé dang kB. Chil y rﬁng bai todn cho cic nhi thirc bic 5 nén ta c6 thé siw dung nhi thirc
Newton dé'khdi trién. Lai thiy z—x=—(x—y+y—z) nén dé gidm bét di sy phikc tip ta 6
thé'doi bien a=x—y;b=y—z.
Loi giai

Dat a=x—-y;b=y~-z khi dd ta duoc z—x = —(a+b).
Bai toan quy vé chirng minh (a+b)5 —a’—b’ chia hét cho 5ab(a+b). Ta c6
(a+ b)5 —a’ -b’ =5a*b+10a’b* +10a’b’ +5ab* = 551b(a3 +2a’b+2ab” +b’ )

= 5ab[(a3 +b3)+(2a2b+2ab2 )} = 5ab[(a+b)(a2 —ab+b2)+2ab(a+b)]

= 5ab(a+b)(a2 +ab+b2)
D& thay 5ab(a+b)(a’ +ab+b”):5ab(a+b).
Do d6 (aer)5 —a’ —b’ chia hét cho 5ab(a +b) .

Vay ta duoc (x—y)5 +(y—z)5 +(z—x)5 chia hét cho 5(x-y)(y-z)(z-x).

Bai 35. Cho day s0 49;4489;444889;44448889;.... Day s0 trén duwoc xay dung b%mg
cach thém s6 48 vao gitta s§ diing trueéc néd. Chitng minh rang tat ca cc s6 ctia day

trén déu la s6 chinh phuwong.

e Dinh huong tw duy. Dé chirng minh day sé trén la ddy s6’ chinh phwong ta cin chitng
minh s tong qudt ctia diy la s6’ chinh phwong. Mudn vdy ta phin tich s’ dé thanh binh

phwong ctia mot s6'tw nhién khdc. Chii y dén bién déi 999 ... 9 =10" —1. Ta chuyén so'tong
nc/s 9

qudt trén vé dang lity thira ctia 10 v0i ste dung hiang ding thitc dé¢ phin tich binh phwong.
Loi giai

Xét s6 hang tong quat ctia day s0 trén la A =444...4888...89. Ta c6
Y

nc/s4 n-1c/s8




A =444..4888..89=444..4.10" +888...88+1=4.111...1.10" +8.111...1+1
N — — — —

nc/s4 n-1c/s8 nc/s4 nc/s8 nc/sl nc/s8

— 1{4.999...9.10“ +8.999...9+9J — 1[4(10“ —1).10“ +8.(10“ —1)+9}
9 nc/s9 nc/s8 9
n 2
_ 1(4.102“ +410" +1) :1(2.10“ +1)2 - (Mj
9 9 3

Dé thay réng 2.10" +1:3 nén ta co % la mot s6 tw nhién. Do vay ta duoc A la

mot s6 chinh phwong. Vay bai toan dwgc chiing minh.

Bai 36. Cho 5=123+234+..+n(n+1)(n+2) véinlasd ty nhién khéc 0. Chting

minh rang 4S+1 1a s§ chinh phuong.

n(n+1)(n+2)(n+3)

 Dinh huong tw duy. Truéc hét ta tinh dwoc S = . Nhu vdy dé¢

4S+1 la sdchinh phuwong ta ciin phin tich dwoc n(n+1)(n+2)(n+3)+1 védang binh
phitong ctia mot tong.
Loi giai
Tir S=12.3+234+...+n(n+1)(n+2) tacé
45=1234+234.(5-1)+3.45.(6-2)+...+n(n+1)(n+2)[ (n+3)-(n-1)]

=1234+2345-..+n(n+1)(n+2)(n+3)-(n-1)n(n+1)(n+2)
:n(n+1)(n+2)(n+3)

Do do ta duoc
4S+1=n(n+1)(n+2)(n+3)+1=(n’+3n)(n’ +3n+2)+1
=(nz+3r1)2 +2(r12 +3n)+1=(n2 +3n+1)2

Vay 4S+1 la s6 chinh phuong.

Bai 37. Cho 2 s6 nguyén a, b thoa man a’ +b’ +1=2(ab+a+b). Chting minh a va b

la hai s chinh phuong lién tiép.

Loi giai
Ta c6 a2+b2+1=2(ab+a+b)<:>a2+b2+1—2ab+2a—2b=4a<:>(a—b+1)2 =4a

1a s8 chinh phuong suy ra a la sd chinh phuong a =x" (x 1a s6 nguyén).




Khi d6 ta duoc (x* ~b+1) =4x* & x* ~b+1=2x & b=(x~1)’

Vay a va b la hai s6 chinh phuong lién tiép

Bai 38. Cho p, q, 1, s la cac s& nguyén t8 16n hon 3. Chiing minh p® —q* +r” —s? chia

hét cho 24.

Loi giai
Trude hét ta chimg minh véi p la s6 nguyén t6 16n hon 3 thi p* -1 chia hét cho 24.
That vdy, ta c6 p*—1=(p-1)(p+1). Do p la s8 nguyén t5 16n hon 3 nén p-1 va
p+1 12 hai s8 chan lién ti€p. Suy ra ta dwoc p> 1= (p—l)(p+ 1) chia hét cho 8.
Mt khac ta lai c6 (p—1)p(p+1) chia hét cho 3, ma p 1a s8 nguyén t& 16n hon 3 nén
p khong chia hét cho 3. Do d6 p* —1=(p-1)(p+1) chia hét cho 3.
béyla (3;8) =1 nén ta dwgc p* —1= (p—l)(p+1)chia hét cho 24.
Chtrg minh hoan toan twong tw thi ta dugc q° —1;1* —1;s* -1 ciling chia hét cho 24.
Tacd p*—q* +r’ —¢’ :(p2 —1)—(q2 —1)+(r2 —1)—(52 —1).

Do d6 ta duwoc p* —q° +1° —s” chia hét cho 24.

Bai 39. Tim tét ca céc cip s8 nguyén td (p;q) sao cho p* —2q° =1.

Loi giai
Tk p* -2q* =1 ta duge p*> =2q° +1. Do d6 ta suy ra duoc p la sd nguyén t6 1é.
Tt d6 ta dat p=2k+1 véi k la s6 nguyén duong.
Khi d6 ta duge (2k+1) =2¢> +1 6 4k* +4k +1=2q% +1 < 2k (k+1)=¢?
Do d6 q° 1a s8 chdn nén q la s6 chdn. Ma q la s6 nguyén td nén q=2.
Thay vao p>—2q* =1 ta suy ra duwoc p=3.

Vay cdp s6 nguyén t6 (p;q)=(3;2) thoa mam yéu cau bai toan.

Bai 40. Tim tat ca cac sO ti nhién cé bon chit s6 biét rang s6 d6 bang lap phuong

cua tong cac chit sO cua no.

Loi giai




Goi s0 tir nhién can tim l1a abed v6i a,b,c,deN va 1<a<9;0<b,c,d <9. Theo bai
ra ta co zﬁi=(a+b+c+d)3 .

Ta c6 nhdn xét. Mot 6ty nhién va tong cdc chi s6'ciia né khi chia cho 9 cé ciing so’due.
Dat m =a+b+c+d(m € N*), khi d6 abed vam c6 cung s6 duw khi chia cho 9.
Tt d6 ta duoc abed —m:9 hay ta duoc abcd —m =9k(k € N*).

Ma ta co M:(a+b+c+d)3 nén ta dugc m’ -m =9 < (m-1)m(m+1)=9k
Do d6 (m-1)m(m+1):9. Ta biét rang trong ba s3 tw nhién lién tiép c6 duy nhat
mot sd chia hét cho 3 ma tich ctia chiing chia hét cho 9 nén trong ba sd dé c6 duy

nhat mot so chia hét cho 9.

Ta cé 1000 < abed <9999 = 1000 <m® 9999 = 10<m <21

Do d6 ta dugc 9<m-1<20;11<m+1<22. Ta xét cac treong hop sau:

e Trudng hop 1. Néu m:9, khi d6 m =18. Do d6 ta dugc abed =18° =5832.

Thit lai ta thdy 5832=(5+8+3+2) dung.

e Truong hop 2. Néu m+1:9, khi d6 m+1=18 nén m=17.

Do d6 ta duoc abed =17° =4813. Thut lai ta thdy 4913=(4+9+1+3)  ding.

e Truong hop 3. Néu m—-1:9, khi d6 m—-1=18 nén m=19.

Do d6 ta dugc abed =19° =6859 . Thur lai ta thay 6859 =(6+8+5+ 9)3 khong dung.

Do d¢6 treong hop nay loai.

Vay cac s6 thoa man yéu cau bai toan la 5832 va 4913.

Bai 41. Tim s0 chinh phuong ¢ bon chit s6 khac nhau sao cho khi viét s6 d6 theo
thr tw nguoc lai ta duwoc mot sd c6 bdn chit s6 cling la sd chinh phuong va chia hét

cho sd ban dau.

Loi giai

Goi s0 can tim 1a abed = x> vdi a, b, ¢, d 1a cac chit s6 va x 1a mot s6 tw nhién. S&
.« A/ aA < 1\ 2 7. \ A ~ oA N 2 . A PA 4
viét theo chiéu nguoc lai la dcba =y” vdi y la mot so tu nhién. Vi c4 hai s6 déu co

bon chit s6 nén ta suy ra duoc a>0;d >0.




Theo bai ra ta ¢ y* =kx* véi k la mot s6 tu nhién 16n hon 1.

Vi a, d 1a cac chit s tan cung cta sd chinh phuong nén a,d e {1,'4; 5; 6;9} (*)

Mit khic do k>2 va dcba =y* ¢4 bon chit sd nén a=1 hodc a=4. Ta xét cic

treong hop sau

e Truong hop 1. Voi a=1, khi d6 ta duoc dcbl =k.1bcd. Ttr d6 suy racad va k
déu la s6 1é. két hgp voi (*) ta suy ra duoc d=9 va k=9.

Do do ta c6 9cb1=9.1bc9 nén ¢c=89b+8 =b=0;c=8.

Do d6 s6 can tim 1a abed =1089 =33% va dcba =9801=99%;9801 =9.1089 .

e Truwong hop 2. Véi a=4, khi d6 ta duoc dcb4 =k.4bced . Nhan thdy khong ton tai

chir s8 tan cling d thda man (*) va dang thitc dcb4 = k.dbed . Vay truong hop nay
khong cé s nao thoa man.

Két Iuan sb can tim 1a 1089.

Bai 42. Chia 18 vat c6 khdi luong 20167; 2015°; 2014%; ...; 1999%(gam) thanh ba

nhém c6 khéi lugong bang nhau(khéng dwgc chia nho cac vat do).

Loi gidi
Ta x6 nhan xét
n®+(n+5) =2n%+10n+25=X+25
(n+1) +(n+4) =2n* +10n+17 =X +17
(n+2) +(n+3) =2n*+10n+13=X+13
Lan tht nhat chia 6 vat c6 khdi luong 1999?,2000%,2001%,2002%,2003%,2004? thanh ba
phéan nhu sau

1999° +2004> =1999% +(1999 + 5)° =2.1999% +10.1999 + 25 = A +25
20007 +2003% = (1999 +1) +(1999 +4)° =2.1999> +10.1999 +9 = A +17
2001° +2002> = (1999 +2)" +(1999+3)" =2.1999* +10.1999 +13 = A +13

Lan thit hai chia 6 vat c6 khdi luong 2005%,2006%,20077,2008,2009%,2010° thanh ba

phan gom




2005 +2010° =2005% +(2005+5) =2.2005% +10.2005+25 = B+25
2006% +2009° =(2005+1)" +(2005 +4)" =2.2005 +10.2005+17 = B+17
2007% +2008* = (2005 +2)" +(2005+3) =2.2005> +10.2005+13 =B +13

Lan thit ba, chia 6 vat ¢ khdi lwong 20117,2012%,2013,2014,2015,2016° thanh ba
phan nhu sau

2011 +2016* = 2011* +(2011+5) =2.2011% +10.2011+25 = C +25

2012 +2015% = (2011+1)° +(2011+4) =2.2011> +10.2011+17 =C+17

2013 +2014° =(2011+2) +(2011+3)  =2.2011* +10.2011+13=C+13
Nhan thay

A+25+B+17+C+13=A+17+B+13+C+25=A+13+B+25+C+17=A+B+C+55

Do d6 ta chia theo ba nhom gom

+ Nhom 1: A+25+B+17 +C+13=1999% +2004> +2006> +2009° +2013* +2014°
+ Nhom 2: A+17 +B+13+C+25=2000” +2003” +20077 +2008> +2011* + 2016
+Nhom 3: A+13+B+25+C+17 =2001" +2002* +2005> +2010 +2012* +2015°

Khi d6 khéi lugng ctia mdi nhém déu bang A+B+C+55 gam.

Bai 43. Cho p la sd nguyén t6 16n hon 3 va n la s6 tw nhién khéc 0. Chting minh
rang p" khong thé 1a tdng cta hai 1ap phuong ctia hai s8 nguyén dwong khac

nhau.

Loi giai
Gia st n la s6 nguyén duong nhoé nhat sao cho p" 1a tong cta hai lap phuong cta
hai s6 nguyén duwong khac nhau. Tiic 1a ta ¢ p" =a’ +b’ v6i a,beZ'. Khi d6 ta

duwoc p" :(a+b)(a2 —ab+b2).

a+b=p"

n-k °

Do p la s6 nguyén td nén tir p" =(a+b)(a*—ab+b?) ta dwoc
pla s6 nguy p" =(a+b)( ) ta du {az_ab_i_bz:p

Dé thdy a+b>2 nén k>0. Lai thdy a*> —ab+b” >ab>1, do d6 ta dwgc n—k >0
hay n>k. Lai c6 3ab=(a+b) —(a’ —ab+b?)=p™ —p"*, do d6 ta dwoc 3ab chia

hét cho p. Do p la s6 nguyén td nén a chia hét cho p hodc b chia hét cho p. Ma ta lai




c6 a+b=p" nén ta dugc a va b cuing chia hét cho p. Dit a=a,p;b=b,p vdi
a;b, e N, khidé tir p" =a’ +b’ ta dugc p"° =a] +b], diéu nay trai vdi gidi sten la
sO tu nhién bé nhat thoa man yéu cau bai toan.

Vay khong thoa man sd ty nhién n thoa man yéu cau bai toan.

MOT SO BAI TAP TU LUYEN
Bai 1. Tinh gia tri cac biéu thic sau
a) A=3"—(27*+1)(9°-1)
b) B=85%+75% +65° +55> —45% — 35> —25% —15
Bai 2. So sanh céc sO sau.
a) A=2018.2020+2019.2021 va B=2019*+2020% -2
b) A=10.(9°+1)(9" +1)(9° +1)(9"° +1)(9” +1) va B=9" -1

2

—_— 2_
A=Y pap=_X"Y

voi x>y >0

X+y x> +xy +y°
3
+ 2 2
d)Az(X2 y)2 véB:wvé’ix>y>0.
X -y X-y

Bai 3. Cho a+b+c+d=0.Chiing minh rang a’ +b’ +c’ +d’ =3(ab—cd)(c+d)

Bai 4. Cho a+b+c=4m. Chiing minh rang:

2 2 2
a+b-c N b+c-a N ct+a-b a4 bl 4 —dm?
2 2 2

Bai 5. Cho x, y la c4c s6 thuc thoa man x* +x’y* +y* =4 va x* +x*y* +y* =8.

Tinh gia trj ctia biéu thite A =x" +x’y”* +y*.

Bai 6. Cho x, y la cac s6 thuc tdéa man x+y =1. Tinh gia trj cac bi€u thic sau:
a) A=3x*-2x+3y’ —2y+6xy—100
b) B=x"+y’ —2x* -2y’ +3xy(x+y)—4xy+3(x+y)+10
o) C=x"+y° +3xy(x2 +y2)+6x2y2 (x+y)

Bai 7. Cho a’ +b® +¢® =m. Tinh gi4 tri cta biéu thizc sau theo m.



A=(2a+2b-c) +(2b+2c-a) +(2c+2a-b)’
Bai 8. Pon gian biéu thic sau: A = (x+y+z)3 —(x+y—z)3 —(y+z—x)3 —(z+x—y)3.
Bai 9. Cho x+y=a;xy=b (a2 > 4b). Tinh gia tri cua cac biéu thirc sau :
a) x> +y’ b) X’ +y° o x*+y* d) X’ +y’
Bai 10. Chting minh cac hiang dang thtic :

a) a’+b’ +c’ —3abc = (a+b+c)(a2 +b* +¢’ —ab—bc—ca)
b) (a+b+c)3 ~a’-b’-c’=3(a+b)(b+c)(c+a)
Bai 11. Cho x+y+z=0. Chting minh rang 2(x5 +y° +25) =5xyz(x2 +y’ +zz)
Bai 12. Cho x+y+z=0 va xy+yz+zx=0. Tinh gia tri ctia biéu thic:
B=(x- 1)2018 +y*" +(z +1)2020
Bai 13. Cho a’* -b” =4c’. Chting minh ring (5a—3b+8c)(5a—-3b—8c)=(3a —5b)2.
Bai 14. Cho c4c biéu thirc sau

A=(x=y) +(y=2)" +(z=x)
B=(xry-22) +(y+2-2x) +(2+x-2y)’

Chting minh rang A =B khi va chi khi x=y=2z.
Bai 15. Cho x+y+z=0. Chttng minh rang:
5(x3 +y° +23)(x2 +y’ +Z2) = 6(x5 +y° +z5)
Bai 16. Chttng minh cac hang dang thic sau :
a) (a+b+c)2 +a’+b’+c? :(a+b)2 +(b+c)2 +(c+a)2
b)x* +y* +(x+y)4 :2(x2 +xy+y2)2.
Bai 17. Cho cac sO a, b, ¢, d thoa man a® +b? +(a+b)2 =c*+d? +(C+d)2.

Chting minh rang a* +b* +(a+b)4 =c*+ d* +(c+d)4



Bai 18. Cho x+y =3 va x* +y* =5. Tinh gid tri cia cac bi€u thirc sau

a) X3 +y3 b) X4 +y4 C) X5+y5 d) X6 +y6 e) X2019 +y2019

Bai 19. Cho a+b+c=0. Tinh gia tri ctia cac biéu thttc sau :

N S B
a’+b’—c* b*+c*-a’ *+a’-b?

Bai 20. Cho cdc s0 a, b, ¢ khac 0 thoa man diéu kién a® +b°® + ¢’ =3abc. Tinh gid tri

ctia biéu thitc A :(1+3j(1+9J[1+5j.
b c a

Bai 21. Cho a, b, c la céc s6 thye thoa man a+b+c=9 va a’ +b* +c* =53. Tinh gid
tri cila A=ab+bc+ca.

Bai 22. Cho a, b, c1a cic so thuc thoaman a+b+c=7 va ab+bc+ca=9. Tinh
a’+b’+c”
Bai 23. Cho a, b, cla cac s0 thuc duong thoa man:

a’+b*+c =(a—b)2 +(b—c)2 +(C—a)2 va ab+bc+ca=9

7 Y 2
Tinh a® +b? +c2 va (a+b+c)

Bai 24. Cho a, b, c 1a c4c s6 thuc khac 0 thoa man a+b+c=1 va 1+1+1=0.Tinh

a b c
gid tri biéu thite A=a’ +b”> +c’.
.. o , , ~ .11 1
Bai 25. Cho a, b, cla cac s6 thue khac 0 thoa man a+b+c=abc va —+B+—=2.
a C
4 . 7 . ]- 1 1
Tinh gia tri a—2+§+c—2.
Bai 26. Cho cc s8 thuc a, b, ¢ va x, y, z khac 0 thoa man cac hé thic 5+%+5=1 va
a C
2 2 2
E+E+E=O.TinhgiéltlricﬁaA=X—2+y—2+—2.
X 'y z a- b ¢

Bai 27. Cho a, b, c la cac s0 thuc théa man a+b+c=0 va ab+bc+ca=0. Tinh gia

tri biéu thiec A = (a - 1)2018 +b* + ™.



Bai 28. Cho a, b, c1a cic so thuc thoa man a+2b+3c=0 va 2ab+6bc+3ca =0.

(a_1)2018 _(1_b)2019 +(3b _1)2020

Tinh gia tri biéu thtic A =
(a+ 1)2018 +2(b- C)2019 +c?%

Bai 29. Cho a, b, ¢ 14 céc s thuc khéc 0 théa man ~+ % +1-0. Tinh gi4 tri ciia bi€u
a C

thirc A=b—f+%+§.
a- b° c

Bai 30. Cho a, b, ¢ 1a cac so thuc khac 0 thoa man (a +b+ C)2 =a’ +b’ +c’. Chting

minh ran l+l+l—i
ga3 b> & abc

Bai 31. Cho céc s6 thiec a va b thoa man a’ —3ab”> =10 va b’ -3a’°b=5. Tinh
M=a’+b’.
Bai 32. Cho x* +y? =2 va biéu thie M=(x* 1) +(y*~1) +2x**. Chiing minh
rang gia tri ctia biéu thitc M khong phu thudc vao gia tri ctia bién s6 x va y
Bai 33. Tim cac s6 nguyén X,y théa man dang thitc x° +2x* +3x+2=y".
Bai 34. Cho a, b, c la cac s0 thuc bat ki. Chiing minh réng:

a(b—c)(bﬁtc—a)2 +C(a—b)(a+b—C)2 :b(a—c)(ajtc—b)2 .

ab
43> -b*’

Bai 35. Biét 4a® + b’ =5ab véi 2a>b>0. Tinh gid tri biéu thic C=
Bai 36. Cho 10a® = 10b” +c*. Chitng minh rang;
(7a-3b-2c)(7a-3b+2c)=(3a-7b)’

Bai 37. Cho ba sO a,b,cthdéa man a+b+c=0. Chiéng minh réng ab+bc+ca<0.
‘e .~ ~ , - 3 3 3 ,

Bai 38. Cho cac s6 nguyén a, b, ¢ thoa man (a —b) +(b—c) +(c—a) =210. Tinh

gia tri cua biéu thtic A = |a —b| + |b - c| + |c - a| :

Bai 39. Cho a, b, c la cdc s8 thue thoa man a® +b” +c” =a+2b+3c=14. Tinh gid tri

cua biéu thitc T =abc.

Bai 40. Cho a+b+c=0. Chttng minh rang a* +b* +c* =%(a2 +b’ +C2)2



Bai 41. Cho ba s thuc a, b, cthdaman b#c;a+b#c va a>+b’ =(a+b—c)2.

a’ +(a—c)2

:a_
b?+(b-c) b-

Chitng minh rang Z .
Bai 42. Cho céc s6 thuc x, y, z d6i mot khac nhau thoa man cac diéu kién
x° =3x-1; y3 =3y-1; 7z =3z-1

Chitng minh rang x> +y* +2z*> =6.
Bai 43. Cho x, y la hai s0 thiec thoa man ax+by =c;bx+cy =a;cx+ay =b. Ching
minh rang a’ +b’ +c® = 3abc.
Bai 44. Gia st a, b la hai s8 thyc phan biét thoa man a’+3a=b*+3b=2

a) Chitng minh rang a+b=-3

b) Chting minh rang a® +b® =45

Bai 45. Cho a, b 1a s6 hitu ti thoa man (a2 +b’ —2)(a er)2 +(1-ab)? =—4ab.

Chting minh rang +/1+ab 1a s& hitu t

1*+4 5*+4 9*+4 17*+4

Bai 46. Tim tich M = 7 = = -
3*+4 7°+4 11°+4 19" +4

Bai47. Cho a>b>0

2) Biét 3a® +3b =10ab. Tinh P = 2=0
a+b
b) 2a®+2b? = 5ab. Tinh Q=a+E.
a_

Bai 48. Chtrng minh rang cac sd sau day la s& chinh phuong:

A=111...1+444...4 +1
— Y

2nc/s1 nc/s4

B=111...1+111...1+666...6+8
%/_J

H_J H_/
2nc/s1 n+lc/s1 nc/sé6

C=444...4+222...2+888...8+7
_ ) Y

2nc/s4 n+lc/s?2 nc/s8

Bai 49. Cho a, m, n 1a cac s nguyén dwong véi a # 1. Chiing minh rang (am - 1)

chia hét cho (a“ —1) khi va chi khi m chia hét cho n.



Bai 50. Chir s6 hang don vi trong hé thap phéan ctia s§ M=a’+ab+b*(véi a, b la
cac sd ty nhién khac 0)1a 0

a) Chitng minh M chia hét cho 20. b) Tim chit s6 hang chuc cua M.
Bai 51. Cho hai s6 nguyén duwong x, y v6i x >1 thoa man diéu kién 2x* —1=y".
Chting minh rang x chia hét cho 15.
Bai 52. Cho cac sO tw nhién a, b, c théa man a’ +b? +¢* = (a —b)2 +(b— c)2 +(C —a)2 )
Chtrng minh rgmg cac s6 ab;bc;ca va ab+bc+ca la cac sO chinh phuwong.

Bai 53. Chttng minh r:?mg vGi moi s6 nguyén to p thi p’ + PT—l khong phai la tich

cua hai s6 tu nhién lién tiép.

Bai 54. Tim s0 ty nhién abed thoa mandiéu kién abed +72 1a mét s& chinh phwong

va abd =(b+d—2a)’

3 .
Bai 55. Tim cac chit s0 a, b, ¢, d thda man aa...abb...bcc...c+1= (dd...d + 1) , biét rang

s0 Jan xuat hién cua a, b, ¢, d trong cac biéu thirc trén la nhu nhau.
Bai 56. Cho a, b, c la cac s0 thuc bat ki. Chiing minh ré”mg:
1019a* +18b* +1007¢* > 30ab” +6b*c +2008ca
Bai 57. Cho a, b 1a cac s8 thuc dwong, tim hang s& k 16n nhat thoa man bat dang
thtrc
k 1. %

16 +4k
+ >
a’+b®> a’

- (aer)3

Bai 58. Cho a, b, c 1a cc s8 thuc duong ty y. Chiing minh rang:

2<a3+b3+c3) 9(a+b+c)2
= >33
abc a“+b +c

Bai 59. Cho a, b, c 1a cac s8 thyc tuy y. Chitng minh rang:

(a+b+c)4+(b+c—a)4 +(c+a—b)4+(a+b—c)4 S28(a4+b4+c4)

Bai 60. Cho a, b, c la cac sd thuc bat ki. Chirng minh réng:

a) a°+b*+c*>ab+bc+ca
b) a*+b*+c*+3>2(a+b+c)




Bai 61. Cho a, b, c 1a c4c s8 thurc bat ki. Chiing minh rang;

a’+b’+c? _[a+b+c ’
3 B 3

Bai 62. Tim gia tri nho nhat ctia bi€u thite A =x> +4y” +z° —2x+8y —6z+15.
Tacd A=x>—2x+1+4y> +8y +4+2° —62+9+1=(x~1) +(2y +2) +(z-3) +121.
Do d6 gia tri nho nhat caa A la 1, dat duoc tai x=1y=-1;z=3.
Bai 63. Tim gia tri nho nhat cta biéu thiee

a) A=x*+4y* +2° +4x+4y +8z+22

b) B=x*+4y” +92> —2x—12y —12z+199%4

Bai 64. Tim X, y thoa man dang thiic |x* —2xy +y” +3X—2y—1‘+4 = 2X—‘X2 —3X+2‘.

HUONG DAN GIAI
Bai 1. Tinh gia tri cac biéu thitc sau
a) A=3"—-(27* +1)(96 ~1)=3" (3" +1)(312 —1) =3 (3" —1) =1
b)

B=85"+75"+65" +55" —45" —35" —25" ~15
= 85" 45" +75° —35° +65° —25° +55” —15°
=(85+45)(85-45)+(75+35)(75-35)+(65+25)(65-25) +(55+15)(55—15)
=130.40+110.40 +90.40 +70.40 = 40(130 + 110+ 90 + 70 ) = 40.400 = 16000

Bai 2. So sanh cac so sau.
a) A =2018.2020+2019.2021 va B= 2019% +2020° -2

Str dung hing dang thtrc dang nhé dang a® —b* =(a—b)(a+b) ta o

B =2019 —1+2020° —1=(2019-1)(2019 +1)+(2020-1)(2020+1)
=2018.2020 +2019.2021 = A

b) A=10.(9+1)(9* +1)(9° +1)(9" +1)(9¥ +1) va B=9" -1
Taco A=(9+1)(9*+1)(9*+1)(9° +1)(9* +1)(9” +1)

Str dung hing dang thirc dang nhé dang a* —b* =(a—b)(a+b) ta o




8A

(9-1)(9+1)(9* +1)(9* +1)(9° +1)(9" +1)(97 +1)
(97 -1)(97 +1)(9* +1)(9° +1) (9" +1) (9 +1)

(9 =1)(9" +1)(9°+1)(9" +1)(97 +1)
(9°-1)(9°+1)(9" +1)(9% +1)

(9 -1)(9" +1)(9” +1)=(9” -1)(9” +1)=9% -1=B

O

Do vay ta dugc 8A=B.

2

—_— 2_
(:)A=X yVéB:% voi x>y >0
X+y X" +Xy+y

2

X_y_ X2_y2 _ XZ_y
X+y (x+y)2 x> +2xy +y°

Do x>y>0néntacd A=

Do x>y>0nén x*—y*> >0 va X’ +2xy+y’ >x" +xy+y~.

Do d6 ta duwoc A<B.

3
d) A:(X+y) v B:m
2 2

voi x>y >0.
X -y X-y

Do x>y>0néntacé x—y>0 va x*-y*>>0.

(x+y)3 _(x+y)(x2+2xy+y2) X H2xy +Y
2 2 -

Taco A= =
X" -y (x+y)(x—y) X—y

Do x>y >0 nénsuy ra x> +2xy+y> >x> —xy+y> >0 nénsuy ra A >B.
Bai 3. Tt a+b+c+d =0 ta duwoc a+b:—(c+d) hay ta duoc
(a+b) =—(c+d) < a’+b’ +3ab+3ab’ =—(c’+d’+3c’d +3cd?)

sat+bP+’+d? :—3ab(a+b)—3cd(c+d)
sal+bP+’+d? :3ab(c+d)—3cd(c+d)(:)aS+b3+c3+d3 :3(ab—cd)(c+d)

Vay dang thitc dugc chitng minh.
Bai 4. Ta co

=a’+b*+c?+2ab—-2bc—2ca

—a’+b*+c?—-2ab-2bc+2ca

( )
(b+c—a)2 =a’+b’+c*—2ab+2bc—2ca
( )
( ) —a’+b*+c*+2ab+2bc+2ca

Do do ta duoc



2 2 2
(2t et

a’+b*+c*+4m* =a’+b* +¢? +%(a+b+c)2 :i[3(a2 +b? +c2)—2(ab+bc+ca)}

+b > b+ ? +a-bY)
Vay ta duoc [a Z_Cj +( C_aj +(C a j:a2+b2+c2—4m2

2 2
Bai 5. Ta co (x4 +xy? +y4)(x4 —x’y? +y4) :<x4 +y4)2 —(XZy2 )2 =x’ +x'y* +y® =8.
Do dé suy ra x* —x’y* +y* =2. Két hop véi x* +x*y* +y* =4 ta duwoc x* +y* =3
va xy*=1.Tirdo ta c6
A=x2+x’y? +y? = (x4 )3 +(y4 )3 +xX°y* = (X4 +y4)(x8 +y° —x4y4)+x2y2
=3{(x4+y4)2 —3x4y4}+x2y2 =3(3*-3.1)+1=18+1=19
Bai 6. Cho x, y la cac s6 thuc tda man x+y =1. Tinh gid trj cac biéu thuc.
a) Ta c6 A:3x2—2x+3y2—2y+6xy—100:3(x+y)2—2(x+y)—100:—99
b) Ta ¢co

B=x"+y’ —2x* —2y” +3xy(x+y)—4xy +3(x+y)+10
=(x+y) —2(x+y) +3(x+y)+10=12
c) Ta c6
C=x"+y+3xy (X’ +y*)+6x°y’ (x+y)

= (x+ y)3 —3xy(x + y) + 3xy[(x + y)2 —2xy} +6><2y2
=1-3xy +3xy -6x’y* +6x°y* =1

Bai7. Tacd A=(2a+2b+2c—3c) +(2a+2b+2c—3a) +(2a+2b+2c—3b)’

bat x=a+b+c khi dé ta cod
A=(2x-3c) +(2x-3a) +(2x~3b)’
=4x° —12xc+9c” + 4x*> —12xa +9a” + 4x*> —12xb +9b*
:12x2—12x(a+b+c)+9(a2+b2+c2):9(a2+b2+c2):9m
Bai 8. Dat a=x+y-zb=y+z-x;c=z+x-y.Khidotacé a+b+c=x+y+z.Do

d6 A=(a+btc) —a’~b’—c* =3(a+b)(b+c)(c+a)=24xyz



Bai 9. Cho x+y=a;xy=b (a2 > 4b). Tinh gia tri cua cac biéu thirc sau :

x> +y? )2 -2x’y* =a* —4a’b +2b’

d) xX’+y’ = (x3 +y3)(x2 +y2)—x2y2 (x+y)=a’—5a’b+5ab’
Bai 10.

a) Bién d6i vé trai ctia dang thikc can chiing minh ta duegc

a’+b’+c®-3abc= (a3 +b® +3a’b +3ab? ) +¢® —3a’b-3ab”* —3abc

~(a+b)'+c*=3ab(a+b+c)=(a+bec) (a+b) ~(a+b)c+c? |-3ab(a+borc)

:(a+b+c)[(a+b)2 —(a+b)c+c2—3ab}:(a+b+c)(a2+b2+c2—ab—bc—ca)

b) Bién d6i vé trai ctia dang thitc can chiing minh ta dwoc
(a+b+c)3 ~a’-b’-¢°

:(a+b+c—a)[(a+b+c)2 +(a+b+c)a+a2}—(b+c)(b2 —bc+c2)

= (b+c)(3a2 +3ab+3bc+3ca) =3(a+b)(b+c)(c+a)

Bai 11.

+Loi giai 1. Tkt x+y+2z=0 ta dugc x+y =-z. Do d6 st dung nhi thitc Newton ta

c6 bién doi
(x + y)5 =-7> & x" +5x'y +10x°y? +10x°y’ +5xy* +y° =~z
SxX+y +7° +5xy(x3 +y3)+10x2y2 (x+y)=0
X +y +2° +5xy[(x+ y)(x2 +y’ —xy)}—lezyzz =0
SxXC+y +2° —5><yz(><2 +y? —xy)—10x2yzz =0
o x+y’ +25—5xyz(x2+y2+xy)=0
<2(x+y’ +z5)—5xyz[2(x2 +y2)+2xy} =0

(
<:>2(x5+y +z —5xyz[x2+y2+(x+y)2}20
( (

Vay dang thitc dwoc chitng minh.



+ Loi giai 2. Ta c6 cac hang dang thirc quen thudc
Oy’ 420 =3xyz = (x+y+2) (X +y’ +2” —xy—yz—2x)
(x+y+z)2 :x2+y2+z2+2(xy+yz+zx)

x> +y*+2°

5 :—(xy+yz+zx) .Ta cod

Tt x+y+2z=0 ta duoc x3+y3’+z3 =3xyz va
(X3+y3+23)(X2 +yz+zz):3xyz(x2 +y’ +zz)
X +y +2° + Xy (x+y)+ Y2 (y+2)+ 2% (2+X) = 3xyz (x> +y* +2°)
=3% +y5+zS—xyz(xy+yz+zx):3xyz(x2+y2+zz)

x> +y® +2°

X +y +2° +xyz. :3xyz(x2+y2+z2)

@2(x5+y5+25):5xyz(x2+y2+zz)
Bai 12. Tkt x+y+z=0 va xy+yz+2zx=0 ta duoc

(x+y+z)2 =0 X +y’ +27+2(xy+yz+zx) =0 X +y’ +2° =0 x=y=2=0

2020

Do d6 ta dugc B=(0-1)" +0* +(0+1)"" =2
Bai 13. Bién d6i v€ tréi cua biéu thire két hop véi gia thiét ctia bai toan ta duoc
(5a-3b+8c)(5a-3b-8c)=(5a~3b) —(8c) =(5a~3b) ~16(2¢)’
=(5a-3b)  ~16(a” ~b*) = 25a” ~30ab+9b* ~16a” +16b*
=9a” ~30ab +25b* = (3a—5b)’
Vay ta duoc (5a—3b+8c)(5a-3b-8c)=(3a—5b) .
Bai 14. Dé thdy rdng néu x=y =z thi A=B=0.
Nhu vay ta can chitng minh néu x =y =z thi ta c6. That vay, xét hiéu
B-A=(x+y—22) +(y+2-2x) +(z4x-2y) —(x=y ) ~(y-2) ~(2-x)

Str dung hing dang thtic dang nh¢ c6 dang A’ —B* =(A-B)(A+B) tacé

(2Z
z

(x+y—22)2 —(X—y)2 =(2x—22)(2y—2z)=4(x—z)(y—z)
(y+z—2x)2 —(y—z)2 :(2y—2x)(22—2x)=4(y—x)(z—x)
(z+x—2y)z—(z—x)2= —2y)(2x—2y)=4(z—y)(x—y)
Nhu vay ta duoc B—A:4[(x—z)(y— )+(y—z)(z—x)+(y—z)(z—x)}



Mat khac ta lai co

(x=2)(y-2)+(y-x)(z=x)+(z-y)(x~y)

=Xy —ZX—2Zy +Z° +yZ—ZX - Xy + X’ +ZX—Xy —yz+ Yy’
:x2+y2+z2—xy—yz—zx:%[(x—y)z+(y—z)2+(z—x)2}
Do vay B-A=2|(x-y) +(y-2) +(2-x)’ | Mataco A=B nén B-A=0.
Suy ra (x—y)2+(y—z)2+(z—x)2 =0 nén ta suy ra dugc x=y==z.
Vay bai todn duoc chitng minh.
Bai 15. Do a+b+c=0 nén ta dé dang ching minh dwoc x* +y* +z* = 3xyz.
Do d6 suy ra 5(x‘°’+y3+z3)(x2 +y° +Z2)=15XYZ<X2 +y° +zz)
Clng tit x+y+2z=0 ta dugc x+y =-z. Do d6 stt dung nhi thitc Newton ta co

(x+ y)5 =-7" & x" +5x'y +10x°y? +10x°y° +5xy* +y° = -2’
X +y +2° +5xy[(x+y)(x2 +y? —xy)}—lezyzz -0
oSxX+y +2° —5xyz(x2 +y’ —xy)—lezyzz =0

X’ +y’ JFZS)—Sxyz[Z(x2 +y2)+2xy]:O

x5+yS+25):5xyz(x2 +y? +zz)

<:>2(

& 2(x5 +y° +25)—5xyz(x2 +y’ +z2):0

<:>2(

Nhuw vay ta duoc 6(x5 +y° +25) = 15xyz(x2 +y’ +zz).

Két hop hai két qua trén ta dwoc dang thikc dwoc chiing minh.

Bai 16.

a) Taco
(a+b+c)2 +a’+b*+c’ =2(a2 +b’ +c2)+2(ab+bc+ca)
(a+b) +(b+c) +(c+a) =2(a’ +b*+c”)+2(ab+bc+ca)

Do vay (a+b+c) +a’+b* +c? =(a+b) +(b+c) +(c+a) .

b) Ta co



x* +y* +(x+y)4 =x'+y* +x + 4y +6x°y? +Axy’ +y!
= 2(x4 +y*' +x°y? + 2y + 2x°y? +2xy3) = 2(x2 +xy +y’ )2
Do vay ta dwoc x* +y* +(x+y)zJL = 2(x2 +xy+y2)2.
Bai 17. Bién d6i gia thiét ctia bai toan ta duoc
a2+b2+(a+b)2 =c2+d2+(c+d)2 o a’+b’+a’+2ab+b’ =c’ +d* +c* +2cd +d?

@2(a2+b2+ab):2(c2+d2+cd)<:>a2+b2+ab:c2+d2+cd
Tuwong te nhuw bai todn trén ta chitng minh duoc

a4+b4+(a+b)4 :2(a2+ab+b2)2 va ¢t +d*+(c+d)’ :2(C2+Cd+d2)2
Do vay ta duoc a4+b4+(a+b)4 =c*+ d* +(c+d)4
Bai18.Tacd x+y=1+2 va x’+y* =1 +2%.
Ttr d6 ta chitng minh duwoc x" +y" =1" +2". Do vay ta duoc

a) x3+y3:13+23:9

b) x* +y*=1"+2"=17

Q) X +y’=1"+2=33

d) x*+y°=1°+2°=65

e) X2019 +y2019 — 12019 +22019 — 1+22019

Bai19. Do a+b+c=0néntacd a+b=-c suyra a’+b*+2ab=c’.

1 1 C

Tt d6 ta dwgc a® +b* —c* =—2ab. Nén ———— = =— )
a“+b°—c~ —2ab 2abc

Hoan toan tuwong tw ta duoc

Ao 1 N 1 N 1 =_a+b+c=O

a’+b*-c* b*+c*-a’> *+a*-b’ 2abc

Bai 20. Bién doi gia thiét cuia bai toan ta dwoc

1
2 4b’ 4 =3abc<:>5(a+b+c)[(a—b)2 +(b—c)2+(c—a)2}=0



Do d6 ta dwoc a+b+c=0 hoac a=b=c.

+Néu a+b+c=0 thita duoc a+b=-—c;b+c=-a;c+a=-b.Khido P=-1.
+Néu a=b=c thi ta duwoc P=8.

Bai 21. Tacd a+b+c=9 nén (a+b+c)2 =81 hay a* +b* +c” +2(ab+bc+ca)=81.
Ma ta ¢6 a’ +b* +c” =53 nén suy ra ab+bc+ca=14.

Bii22. Tacé a+b+c=7 nén (a+b+c) =49 hay a’ +b* +c* +2(ab+bc+ca)=49 .
Ma ta ¢ ab+bc+ca=9 nén ta duoc a’ +b* +c* =31.

Bai 23.

T a>+b* +c* =(a—b)2+(b—c)2+(c—a)2 ta duoc a’+b* +c? :2(ab+bc+ca)

Ma ta cd ab+bc+ca=9 nénsuyra a’+b’+c*=19.

Ciing tir a’ +b® +¢* =2(ab+bc+ca) ta duoc (a+b+c)2 =4(ab+bc+ca)=36.

Bai 24. Do 1+1+1=0 nén ta duoc MzO hay ab+bc+ca=0.
a b c abc

Tt a+b+c=1tadugc a’+b’+c*+2(ab+bc+ca)=1 hay A=a’+b’+c* =1.

Bai 25. Tir a+b+c=abc ta duwoc i+i+i=1.
ab bc ca

Tt 1+1+1=2tadu>cyc iz+l2+l2+2 l+l+l =4.
a b c a~ b” ¢ ab bc ca
‘ 1 1 1
Do do suy ra a—2+§+c—2:2
'l < X y_ z s AT .11 1
Bai 26. Dat m = —;n ==p=—.Khi do ta c6 gia thie¢t m+n+p=1va —+—+—=0.
a b" ¢ m n p

Va biéu thtic can tinh gia trila A=m?’+n’ +p°.

T l+1+1=0 ta duoc mn+np+pm=0.
m n p

Khi d6 A=m?®+n’+p’ :(m+n+p)2 =1
Bai 27. Tt a+b+c=0 va ab+bc+ca=0 tasuy ra duwgc a=b=c=0.

bén day ta dugc A=1
Bai 28.



bdt x=a;y =2b;z=_3c. Khi d6 gia thiét tro thanh x+y+z=0 va xy+yz+zx=0.

Twong tue nhu trén ta suy ra dugc x=y=z=0 nénsuyra a=b=c=0. Do dé thay

(_ 1)2018 120 (_ 1)2020

12018

vao biéu thitc A duoc viét A = =1.

Bai 29. Dt x =Ly =~z
a b C

. Khi d6 gia thiét dugc viét lai thanh x+y+z=0. Biéu

, VI bc ca ab X +y’+2°
thitc A duoc viét lai thanh A=—+—+—= xryrz
a~ b” c XyZ

Tt x+y+2z=0 dé dang chiing minh dwgc x* +y° +7° =3xyz.
Do do ta duwoc A=3

Bai 30. T (a+b+c)2 =a’+b’*+c” suyra ab+bc+ca=0 nén 1+%+1=O.
a c

N |

Dit x=1;y=%;z= . Khi d6 gia thiét duoc viét lai thanh x+y+2=0. Tt

a
x+y+z=0 dé dang chitng minh duoc X’ +y° +7z° = 3xyz.

1 1
Do vay ta duwgc —+—+—=—
Y T a’ b’ ¢ abce

Bai 31. Tir a’~3ab’ =10 ta duoc (a’ - 3ab’ )2 ~10% <> a° —6a*b® +9a’b* =100

2

Tir b®—3a?b =5 ta duoc (b3 - 3a2b) 52 < b° —6a’b* +9a*b* = 25.

Ti d6 d€'y rang a” +b*> >0 ta duoc
a® —6a’b? +9a’b* +b°® —6a’b* +9a'b? =125
& a®+3a'b? +3a%b! +b° =125 & (a2 +b*) =125 2’ +b7 =5
Vay ta duoc a® +b® =25.
Bai 32. Ta c6
2 2
M=(x" =1} +(y* =1) +2x%y* =x* =2x* +1+y" =2y’ +1+2x7y”
:(X4+2x2y2+y4)—2(x2+y2)+2:(x2+y2)2—2(x2+y2)+2:22—2.2+2:2

Vay gia tri ctia biéu thite M khong phu thudc vao gia tri cua bién sd x va'y



2
Bai 33. Taco y° —x° =2X2+3X+2=2(X+ZJ +§>O nénsuyra x<y.

2
Lai ¢4 (x+2)3—y3 :4x2+9x+6:(2x+%j +1—2>0 nénsuy ra y <x+2.

Nhu vay ta co x<y<x+2.Matacodx vay lacacsdnguyénnén y=x+1.
Thay y =x+1 vao dang thitc ban dau ta duwoc (x;y) = (—1;0) .

Vay (x;y)=(-10) thoa man yéu cau bai toan.

Bai 34. Dang thttc can chitng minh dwoc viét lai thanh

a(b—c)(b+c—a2)+c(a—b)(a+b—c2)—b(a—c)(a+c—b2):0

< N + X + +z
bat x=a+b-cy=b+c—a;z=a+c—b nénta duoc a= Xzz;bz y;c= y .

Khi d6 ta c6
a(b—c)(b+c—a2)+c(a—b)(a+b—c2)—b(a—c)(a+c—b2)

:X+Z.[X+Y_Y+ZJ_YZ+Y+Z.(X+Z_X+y)x2—%(x+y)(x—y)zz

2 2 2 2 2 2
=X;Z.X;Z.yz+y;Z.Z;y.x2—i.(x2—y2)zz

1 2 2 2 1 2 2 2 1 2 2 2 1 2 2 2 1 2 2 2
=Z(X -z )y +Z(Z -y )x _Z(X -y )z ZZ(X -y )z _Z(X -y )z =0

Vay dang thitc dwoc chitng minh

Bai 35. Bién ddi gia thiét ta dugc

4a2+b2=5ab<:>(a—b)(4a—b)=0©{a_bzo {a:b

=
4a-b=0 a=4b
ab a’ 1

Do 2a>b>0nén 4a=Dbloai. Nhwvady a=bthi C=—— 5 =———=—
4a”-b” 4a"-a"~ 3

Bai 36. Ta c6 (7a—3b—2c)(7a—-3b+2c)=(7a-3b) - 4c? =49a® ~42ab +9b* - 4c?
Vay ta dugc (7a—3b-2c)(7a—3b+2c)=(3a-7b)’

Bai 37. Tachd a> +b* >2ab;a” +c* > 2ac;b* +c* > 2ac
Suy ra 2a’ +2b” +2¢” > 2ab+2ac+2bc <> a’ + b’ +¢* >ab+ac+bc.

Ma do a+b+c=0 nén ta duoc



a’+b*+c*+2ab+2ac+2bc=0< —a’> —b* —c* =2ab+2ac+2bc
Do vay ta duoc 3ab+3ac+3bc <0< ab+bc+ca<0.
Vay bai toan dugc chitng minh.
Bai 38. Dat a—b=x;b—-c=y;c—a=z nénsuy ra x+y+z=0 hay z:—(x+y).
Tac X' +y’ +2° =210 & x +y’ —(x+y) =210 = -3xy(x+y) =210 & xyz =70
Do x, y, z la cac s6 nguyén c6 tong bang 0 va thoa man xyz="70=(-2).(-5).7 nén

ta duwoc x,y,ze{—2;—5;7} . Do vay A:|a—b|+|b—c|+|c—a|:|x|+|y|+|z| =14.

. Suy ra ta dwoc

2 b2 2:14 2 bZ 2:14
Bai 39. Ta c {a AT SRR

a+2b+3c=14  |2a+4b+6c=28
a*+b*+c*—2a-4b-6c=- 14 & (a-1) +(b-2) +(c-3) =0=a=Lb=2;c=3
Viy ta duoc T=abc=6
Bii 40. Tt a+b+c=0 ta dugc b+c=-a (b+c) =a’ & b*+2bc+c* =a’.
Do d6 suy ra
a’—b? —c? =2bc = (a? b7 2} =4b’c® = a’ +b + ¢ =2a%b? +2b%C +2c%"
=2(a +b*+ct)=(a2+ b7+
Vay ta dugc a' +b' +c' =+(a? b7+
Bai4l. Tacé a’=(a+b—c) ~b*=(a+b—c+b)(a+b-c—b)=(a+2b-c)(a-c).
Tuong tu ta ciing ¢6 b* +(b—c) =(2a+b—c)(b—c).

Do ds 2 H@=c) _(a+2b=c)(a=c)+(a=c)] _(2a+2b-2c)(a—c) a-
b*+(b-c)’ (2a+b-c)(b-c)+(b-c)’ (2a+2b-2c)(b-c) b-

c
"
Bai 42. Ta ¢6 x° =3x-1;y’ =3y-1; 2" =3z—1 nén ta dugc

X~y =3(x-y) xX* +xy+y> =3

y' -z =3(y—z)<:> y +yz+z> =3

z3—x3:3(z—x) zZ2+7zx+x* =3

Dén day ta duge x* —z" +xy-yz=0< (x—y)(x+y+z)=0< x+y+z=0.



Cong theo v& cac dang thuic trén ta dugc
3 1
2(x2 +y? +z2)+(xy+yz+zx) -9 E(XZ +y’ +zz)+5(x+y+z)2 =9

D&y rang x+y+z=0 ta duoc x* +y” +2° =6.
Bai 43. Ttr ax+by =c;bx+cy =a;cx+ay =b ta duoc
(a+b+c)x+(a+b+c)y=a+b+c:(a+b+c)(x+y—1)=0
Ttr d6 ta duwoc a+b+c=0 hoac x+y=1.
+Vo6i a+b+c=0 thi ta thu dwoc
(a+b+c)(a2+b2+c2—ab—bc—ca):0<:>a3+b3+c3:3abc
+V6i x+y =1 ta dugc y=1-z. Thay vao gia thiét ctia bai toan ta duwoc a=b=c.
Do vay ta cling c6 a’ +b’ +¢’ =3abc.
Vay bai todn duoc chitng minh.
Bai 44.
a) Gia st a, b 12 hai s thuc phan biét thoa man a® +3a=b” +3b=2. Khi d6 ta duoc
a’-b’+3(a-b)=0<(a-b)(a+b)+3(a-b)=0<(a-b)(a+b+3)=0
Do a va b khac nhau nén tlr dang thiic trén ta duoc a+b+3=0 hay a+b=-3
b) Tt a+b=-3 ta duoc (a+b)3 =27 hay a’+b’+3ab(a+b)=-27.
Twr d6 két hop véi a+b=-3 ta duoc a’ +b’ —9ab =-27
Do a2+3a+b2+3b=4<:>(a+b)2—2ab+3(a+b)=4c>ab=—2
Do vay ta duoc a’ +b’ =—45
Bai 45. Bién doi gia thiét cta bai toan ta duoc
(a2 +b*~2)(a+b)" +(1-ab)* =4ab < (a + b)' ~2(ab+1) | (a-+ b +(1+ab)’ =0
<:>(a+b)4—2(a+b)2(1+ab)+(1+ab)2:0<:>[(a+b)2—(1+ab)}2:0

:(a+b)2—(1+ab):0<:>(a+b)2 :1+ab<:>‘a+b‘:\/1+ab

Do a vabla cac s6 hit ti nén suy ra ¥1+ab la s6 hitu ti.



Bai 46. Nhan xét duoc n*+4=| (n=1)"+1|(n+1) +1). Do do ta duoc

L(22+1)  (#+1).(6°+1) (16°+1).(18+1) 4 1

M= . - -
(22+1).(42+1) (62+1).(82+1) (182+1).(202+1) 202+1 401
Bai 47.
2 Xét p? =[ 270 * a’-2ab+b® 3a’+3b’-6ab _10ab-6ab 1
a+b a’+2ab+b> 3a’+3b*+6ab 10ab+6ab 4

Ma P>0:>P=%.

b) Twong tu ta xét B> =9 =E=3

2 2 2
Bai 48. Két qua A:[m;z] B:(10 +8} C:[z.m +7]

Bai 49.

» Diéu kién can. Gia str (a™ ~1)i(a" 1), Do a, m , n la cc s6 nguyén duong vdi
a=1nénsuyra a™-120.

Do d6 tir (a™ ~1)i(a” 1) ta suy ra duoc (a™ ~1)>(a"~1) nén m>n.,

Dit m=qn+r v6i qreN,0<r<n.

Do dé a™—1=a™" ~1=a"(a™ -1)+(a’ ~1).

Nhan thay (a™ ~1)i(a" 1) va (a™ ~1)i(a” ~1) nén ta suy ra duoc (a’ —1)i(a" -1).
Matacé 0<r<n nén 0<a’'-1<a"—1nénsuyraa —1=0=r=0.

Vay ta dugc m =qn hay m chia hét cho n.

o Diéu kién du. Gia st m chi hét cho n. Khi d6 dat m =nq vdi q 1a s8 tw nhién.
Tac a”~1=a"-1=(a") ~1=(a" —1>[<a“ (@) () +...+1}

Tt d6 suy ra (a™ ~1)(a" - 1).

Vay bai toén dugc chiing minh.

Bai 50.

a) Vi chit s6 tan cung ctia M la 0 nén M chia hét cho 5. Xét cac treong hop sau



+Caavabdéulasdlénén a® va b> déulasdlé suy ra M la sd 1é, trudong hop nay
khong xay ra

+ Mot trong hai s8 a va b c6 mot s§ chdn va mot s6 1¢, khong mat tinh tong quét ta
gia stralasd1é, b la sd chan. Khi d6 a* 1a s6 1é va b” 1a s& chdn nén M la s& 1,
treong hop nay cling khong xdy ra.

Do d6 ca hai s6 a va b déu la sd chan. Khi d6 M chia hét cho 4, tir d6 suy ra M chia

hét cho 20

b) Ta c6 (a2+ab+b2)(a—b)=a3—b3§5:>(a3—b3)(a3+b3)55

Laicéd a®—a*=a’ (a—l)(a+1)(a2 +1)55, tuwong twr ta c6 b° —b*:5

Do d6 ta duogc a®> —b?:5, tir d6 ta duoc ab(a—b)fS nén ta cé
ab(a—b)(a—b)§5<:>ab(a2—2ab+b2)55

Suy ra abM:5. Ttr d6 suy ra ab.3ab:5=ab:5

Tacé M=a’+ab+b’:5=bM=ab(a+b)+b’:5 ma ab(a+b):5 nén b’:5=b:5

Suy ra a® =M-b(a+b):5=a’:5=ai5 nén Mi25

Lai c6 4 va 25 la hai sd nguyén t& cung nhau nén M:100 hay chit s6 hang chuc ctia

Mla 0.

Bai 51. Chti y rang 15=3.5 va (3,5) =1, nén ta quy bai toan vé chitng minh x chia

hét cho 3 va cho 5.

e Chting minh x chia hét cho 3.

Dat y° =a vdi a 1a s6 nguyén duong. Khi d6 ta ¢ 2x* —1=a’ hay

2x* :(a+1)(a2—a+1).

+1:d
Goid=(a+1,a2—a+1),khid()tacé a2 .
a-—a+1:d

Tt @6 ta dwoc a’ —a+1—(a+1)(a—2)§d nén 3:d, suy ra d=1 hodc d=3.

2 2

a+1=2 a+1=x?
a"—a+1l=x

+Néu d=1 thi ttr 2x° :(a+1)(a2 —a+1) ta duoc hoac
a’-a+1=2

Dé thdy a* —a+1=2<>a’—a—1=0 khong cé nghiém nguyén duong.



2

., ja+l=2 a=1_ . . s
Do do ta co , & , loai vi khong thdéa man x>1.
a"—a+l=x X

+Néu d =3, khi do tir 2x2 :(a+1)(a2 —a+1) ta duoc 2x*19 nén x*19=x:3.
e Chuting minh x chia hét cho 5.

Dat y° =b, vdi b la s6 nguyén dwong,.

Khi d6 ta c6 2x* ~1=b’ hay 2x* =(b+1)(b* -b>+b* ~b+1).

_ 4 1a o , b+1:d
Goi d=(b+1,b'~b’+b’~b+1). Dodé taduoc | , | ,
b*-b’+b" -b+1:d
Khi d6 (b* b’ +b* ~b+1)—(b+1)(b* ~2b* +3b—4):d nén 5id, suy ra d=1 hogc
d=5.
+Néu d=1 thi tir 2x* = (b+1)(b* ~b* +b* ~b+1) ta duoc

b+1=2 . |b+1=x?
4 3 2 2 hoac 4 3 2
b*—-b’+b " -b+1=x b*-b’+b " -b+1=2

Dé thay b* —b’ +b’ —~b+1=2 < b* ~b’ +b’ ~b—1=0 khdng c6 nghiém nguyén

duong

) . |b+1=2 b=1 A s
Dodotacoy , ., . , & , loai vi khong thoa man x>1.
b*-b’+b" -b+1=x X

+Néu d=5, khi d6 tir 2x* =(b+1)(b* ~b’+b” —b+1) ta dwoc 2x*25 nén xi5.
Vay ta duoc x:15. Bai toan duoc chitng minh.

Bai 52.

Twr gia thiét a® +b* +¢* = (a—b)2 +(b—c)2 +(c—a)2

Suy ra a’+b’ +c* = Z(a2 +b’ +c2)—2(ab+bc+ca)

Hay ta duoc a’ +b*+c* =2(ab+bc+ca) < (a+b+c)2 =4(ab+bc+ca)

Do d6 4(ab+bc+ca) la s chinh phuong, ma 4 1a s6 chinh phuong nén suy ra

ab+bc+ca la s6 chinh phuwong.

Ciing tir a® +b* +¢* =2(ab+bc+ca) ta duoc



a’ +b’ +c’ +2ab—2bc—2ca =4ab < (aer—c)2 =4ab
Tl d6 suy ra ab la s6 chinh phuwong.
Hoan toan tuong tu ta cling duoc be; ca la cac sd chinh phwong.
Vay cac s ab;bc;ca va ab+bc+ca la cac s6 chinh phuwong.
Bai 53. Do p 1a s6 nguyén t6 nén khi p 12 s8 chdn thi p=2, con néu p la s6 1¢ thi p
co cac dang p=4k+1 hodc p=4k+3. Khi do ta xét cac trrong hop sau

e Truong hop 1. Néu p=2 suyra p’ + PT—l khong nguyén

o Truong hop 2. Néu p=4k+1, khi d6 ta dugc p° +p7_1=(4k+1)3 +2k lass1é
p-1

nén p’ + e khong thé'1a tich cta hai s6 ty nhién lién ti€p.

p-1

e Trudng hop 3. Néu p=4k+3. Gia st p’ + 14 tich ctia hai s6 tu nhién lién
tiép

Khi d6 ta c6 p’ +pT_1 =x(x+1) < 2p(2p2 +1) = (2x+1)2 +1 véi x 1a s6 tu nhién.
Ttr d6 suy ra (2x+1)2 +1:p voli vi p=4k+3.

Ttr cac treong hop trén, ta c6 diéu phai chitng minh.

Bai54. Taco 1<a<9va 0<b,c,d<9.Tirddsuyra b+d—-2a<16.
Ma ta lai ¢6 ;Ei:(b+d—2a)2 nén suy ra 10> <abd <16°.
Suy ra ta duoc abd e {10%;11%;12%;13%14%;15% 167}

Hay ta duoc abd e {100;121;144;169;196;225; 256}

Do abcd +72 1a mdt s8 chinh phuwong nén dit abed +72 =k* v6i ke N .

Cac s0 chinh phwong c6 chir s6 tan cung la 0; 1; 4; 5; 6; 9 nén suy ra

de {2;3;4;7;8;9}.

Két hop véi abd e {100;121;144;169;196;225;256 ta suy ra duoc abd =144 hoic

abd =169.



+V6i abd =144, khi d6 ta duoc a=1;b=d=4. Ma ta lai thdy 144 (4 +4-2.1)
nén abd =144 khong thoa man yéu cau bai toan.

+V6i abd =169, khi d6 ta duoc a=1,b=6;d=9. Ma ta lai thdy 169=(6+9-2.1)

nén abd =169 thdéa méan yéu cau bai toan.
Ttr d6 ta dwoc 16c9+72 =k* nén k* lasd1é, do dd k 1a so lé.
Mt khac ta ¢6 1609+72 <16¢9+72<1699+72 nén suy ra 41° <k* <43’.

T d6 suy ra k> =41% hay 16¢9+72 =41 =16c9=1609 = c=0.

Vay s6 can tim 1a abed =1609.
Bai 55. Goi s0 [an xudt hién cua cac chit s6 a, b, ¢, d trong déng thic trén la n. Khi
do ta xét cac treong hop sau

3

o Truong hop 1: Néu n =1, khi d6 dang thtic trén trd thanh abc+1= (d + 1)
Vi 101< (d +1)3 <1000 nén ta suy ra dugc 4 <d <9. Khi d¢é ta cho d nhan cac gia tri

4; 5; 6;7; 8;9 thi ta duoc cac so abc tuong tng boi bang sau

d 4 5 6 7 8 9

abc+1 | 125 | 216 | 343 | 512 729 | 1000

abc 124 215 342 511 728 999

R — 3
e Truwong hop 2: Néu n =2, khi d6 dang thiec trén tré thanh aabbec+1= (dd + 1)

— 3
Vi 100001 < (dd +1) <1000000 nén ta suy ra duge 5<d <9. Khi d6 ta cho d nhan

cac gia tri 5; 6; 7; 8; 9 thi ta thay chi c6 d =9 thoa man. Ttr d6 ta duoc a=b=c=9.

o Truong hop 3: Néu n >3, khi d6 ta dat x=111..1=9x+1=10". Ttr d6 ta duoc

n

aa..abb..bcc..c+1=ax.10" +b.x.10" +cx+1=d°’x® + 3d*x* + 3dx +1
o ax(9x + 1)2 + bx(9x + 1) +ox =d°x® +3d%x? +3dx

= [81ax2 +(18a+9b)x]—(d3x2 +3d2x) = 3d—(a +b+c)
Ttr d6 suy ra 3d—(a+b+c)fx .

Ma talai c6 x 2111 va 3d—(a+b+c)<26. Tir d6 ta dugc 3d—(a+b+c)=0.



Lap luan teong tw ta dwge 3d’ —(18a + 9b) =0 va d>-81la=0.

Ttr d6 ta dwge d°:81=d =9. Dén day ta suy ra dugoc a=b=c=9.

Vay cac b s (a,b,c,d) thoa man yéu cau bai la
(1,2,4,4);(2,1,5,5);(3,4,2,6);(5,1,1,7);(7,2,8,8) khi mdi chit s8 a, b, ¢, d xuat hién
mot Ian va (9,9,9,9) véi mdi chir sd a, b, ¢, d xuat hién n nguyén duong lan.

Bai 56. Bat dang thiic can chirng minh twong dwong véi

1019a* +18b* +1007¢* > 30ab? + 6b*c +2008ca
N 15(a2 —2ab? +b2)+3(b4 —2b2c+c2)+1004(c2 —2ca+a2)2 0

&15(a~b?) +3(b* ~c) +1004(c-a)’ >0
Vat bat dang thiic duwoc chitng minh. Dang thikc x4y ra khi va chi khi a=b? =c.

Bai 57. Bién ddi twong dwong bat dang thitc can chitng minh ta duoc

k 1 1 _16+4k
2
a’+b®> a® b’ (a+b)3
k 4k 1 8 1 8

— + + >0
TT (arb) @ (arb) P (atb)

a—b (7b2 +4ab+a’ _7a2 +4ab+b2]_31<(a—b)2 (a+b) S0

=N >
(a+b)3 b’ a’ (a3 +b3)(a+b)3
(a b (a4 +5a’b+12a’b* + 5ab’ +b4) 3k(a—b)2 -

< a’b’ Ca?—ab+b®

& (a=b)’| (a* +5a’b+12a’b* + 5ab® +b* )(a” ~ab+b’) ~3ka’b’ |> 0
Vi (a~b)’ 20 nén bét déng thitc dting khi va chi khi
(a* +5a’b+12a’b” +5ab> +b*)(a’ —ab+b* ) -3ka’b’ 20

Cho a=b thi bat dang thitc trén tré thanh 24a° —3ka® >0=k <8. Ta ching
minh k =8 1a hang s8 16n nhat thoa man bat dang thitrc da cho. That vay, ta xét cac
treong hop sau
+V6i k<8 thi (a* +5a’b+12a’b” +5ab’ +b*)(a’ —ab+b? ) -3ka’b’ > 0.
+Voi k=8 thibat déng thirc trén duoc viét lai thanh

<a4 +5a’b+12a’b? + 5ab® + b* )(a2 —ab+Db? ) —24a°b* >0



Ta cé a* +b* >2a’b*; a® +b* >2ab nén

a* +5a’°b+12a’b* +5ab’ +b* =a* +b* + 5ab (a2 +b” ) +12a’b” > 24a’b’
Va a’—ab+b*>ab
Do d6 ta ¢ (a4 +5a°b+12a’b* +5ab’ +b* )(a2 —ab+ bz) > 24a’b’

Suy ra bat ding thitc dwoc chiing minh. Vay hang s6 k 16n nhat 1a 8.

Bai 58. Bat dang thiic can chitng minh tong dwong véi

Z(a3 +b° +C3)—6+9(a+b+c)2

-27>20
abc a’+b?*+c?

2(a3+b3+c3) 9(a+b+c)2

—6+ 2750
abc a‘+b°+c
2(a+b+c)(a2+b2+c2—ab—bc—ca) 18(a2+b2+c2—ab—bc—ca)
= - >0
abc a’+b’+c”
<:>2(a2+b2+c2—ab—bc—ca) atb+c - 92 = (=0
abc a‘+b°+c

@[(a—b)z +(b—<:)2 +(C—a)2}[(a+b+c)(a2 +b? +C2)—9abc]20
Do (a—b)2 +(b—c)2 +(C—a)2 >0 nén ta chi can chitng minh
(a+b+c)(a2 +b? +c2)—9abc20
sa’+b’+c —3abc+a(b2 +c2)+b(c2 +a2)+c(a2 +b2)—6abc >0
B4t dang thitc nay ding vi ta c6

(a+b+c)[(a—b)2 +(b—c)2+(c—a)2}

2

a’+b®+c®—3abc= >0

Va a(b?+c?)+b(c* +a?)+c(a?+b?)—6abc=a(b-c) +b(c—a) +c(a-b) 20
Vay bat dang thiic duoc chiing minh. Dang thikc xay ra khi va chikhi a=b=c
Bai 59. D& dang chiing minh duoc (x—y)" +(x+y) =2(x* +6x’y* +y*)
Ap dung héng dang thtec trén ta dwoc
(a+btc) +(brc-a) =2| (b+c) +6a*(bc) +a’ |
(c+a=b)"+(a+b=c)' =2| (b=c)' +6a* (b-c) +a' |

(b+c)4 +(b—c)4 =2(b4 +6b°c? +C4)



Do do ta duoc
(a+b+c) +(b+c-a) +(c+a-b) +(a+b—c)’
=4(a' +b*+c*)+24b°C* +12a° [(b re) +(b—c)2]
= 4(a4 +b*+c* ) + 24(a2b2 +b%c® +c%a’ )
Nhu vay ta can chiing minh
4(a4 +b* +c4)+24(a2b2 +b*c? +c2a2)§ 28(a4 +b* +C4)
< a’b?+b’c? +cfa’ <a*+b* + ¢
B4t dang thitc cudi cling 1a mot bat dang thiec ding.
Vay bat dang thiic duoc chitng minh. Déng thitc xay ra khi va chi khi a=b=c
Bai 60.
a) Xét hiéu hai vé& ctia bat dang thitc

a’—2ab+b*+b*—2bc+c*+c*—2ca+a’
2

_ (a—b)2+(b—c)2+(c—a)2 50
2

(a2 +b? +c2)—(ab+bc+ca)=

Suy ra a’+b’+c* >ab+bc+ca
Vay bat dang thiic duoc chitng minh. Déng thitc xay ra khi va chi khi a=b=c
b) Xét hiéu hai v& ctia bat dang thtrc
(a2+b2+c2+3)—2(a+b+c)=a2—2a+1+b2—2b+1+c2—2c+1
=(a-1) +(b-1) +(c-1) 20
Suy ra a’+b*+c*+322(a+b+c)

Vay bat dang thiic duwoc chiing minh. Dang thikc x4y ra khi va chi khi

Bai 61. Xét hiéu hai v& ctia bat dang thitc

2ib?ic® (aibtc 2_3(a2+b2+cz)—(a+b+c)2
T3 _( 3 J 9
(a—b)2+(b—c)2+(c—a)2
9

2 2 2 2
Suy ra a“+b +c Z(a+b+cj

3 3

Vay bat dang thiic duoc chitng minh. Déng thitc xay ra khi va chi khi a=b=c.



Bai 62.

Tacd A=x>-2x+1+4y’ +8y+4+22—6z+9+1=(x—1)2+(2y+2)2+(z—3)2 +1>1.
Do d6 gia tri nho nhat ctia A la 1, dat duoc tai x=1Ly=-1,z=3.

Bai 63.

a)Tacd A=x* +4x+4+4y° +4y+1+2° +82+16+1=(x+2) +(2y +1) +(z+4) +1>1.

Gia tri nho nhat ctia A la 1, dat duoc tai x=-2;y = —%;z =4

b) Twong tw nhu trén ta co

B=x*-2x+1+4y’ —12y +3+9z> —12z+4+1986
=(x~1)" +(2y-3) +(3z-2) +1986 21986

Gia tri nho nhat cta B 1a 1986, dat duoc tai x=1y = %,‘ z zé

Bai 64. Bién ddi dang thirc da cho ta duoc
x? —2xy+y2 +3x—2y—1‘+4 = 2X—‘X2 —3x+2‘

= (x—y+1)2 +x—2‘+‘(x—1)(x—2)‘:2x—4

Do ‘(x—y+1)2+x—2 +‘(x—1)(x—2)‘20 nénsuy ra 2x-420<2(x-2)20 < x22
Véi x > 2thi ‘(x—y+1)2+x—2‘:(x—y+1)2+x—2;‘(x—1)(x—2)‘:x2—3x+2

Khi d6 dang thtkc trén ta duoc
(x=y+1) +x-2+(x-1)=2(x-2) & (x—y+1) =(x-2)(2-x+1-1)=—(x-2)°

(x—y+1)2:0©{x—2:0 @{x:2

2 2
& (x-y+1) +(x-2) _OQ{(X—z)Zo iy i120 1y =3

Vay (x; y) = (2; 3) thoa man yéu cau bai toan.





