Chuong
3 Goc v6i dudng tron

@Géc & tam. S6 do cung

Q Tém tit li thuyét
N\

Dinh nghia 6. Géc c¢6 dinh trung véi tam duong tron duge goi la gbe & tam.

B

Trong hinh vé trén AOB I mot goc 6 tam, AmB la cung nho, AnB la cung 16n.
Pinh nghia 7. & S6 do ciia cung nhé biang s6 do clia géc ¢ tam chan cung do.

@ S6 do clia cung 16n bang higu gitta 360° va s6 do ciia cung nhé (c6 chung hai mit véi cung
16n).

@ S6 do clia nita duong tron bang 180°.
/\ 29. Chi ¥

& Cung nhoé c6 s6 do nhé hon 180°.
& Cung 16n c6 s6 do 16n hon 180°.

& Khi hai mat clia cung tring nhau, ta c6 “cung khong "véi s6 do 0° va cung cd dudng tron
c6 s6 do 360°.

Dinh nghia 8. Trong mot duong tron hay trong hai duong tron bang nhau:
@ Hai cung dudc goi 1a biang nhau néu ching c6 s6 do bang nhau.
@ Trong hai cung, cung nao c6 s6 do 16n hon duge goi 1a cung 16n hon.
Dinh li 13. Néu C la mot diém ndm trén cung AB thi sdAB = sdAC + sdCB.
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X
AV

—
Trong hinh trén AB = @; EF > GH.

-

M0 Vi du 1. Cho duong tron (O; R) va day cung AB = Rv/2. Tinh s6 do ciia hai cung AB. }

@ Ld&i giai.

Xét tam giac AOAB ta co B

AB? = 9R? = OA2 + OB? k
nén tam gidc vuong tai O. u A

Suy ra AOB = 90°. Vay s6 do do cung nhé AB 1a sdAB = 90°.
Va s6 do cung 16n AB 1a sdAB 16n = 360° — 90° = 270°.

O
@0 Vi du 2. Cho duong tron (O; R) va day cung MN = R+/3. Tinh s6 do ciia hai day cung
MN.
@ L&i giai.
Ké OH 1. MN tai H. N
= HM = HN (dinh 1i vé dudng kinh vuong géc day cung).
Do d6 HM = HN = MQN R;/_ |.
MH 253 M
T HMO = = —.
a co: cos 0= i O 7 5

Nén HMO =30° = MON = 120°
Suy ra s6 do cung nho sdMN = MON = 120°
Va s6 do cung lén sAMN 16n = 360° — sdMN = 360° — 120° = 240°. -

M Vi du 3. Trén duong tron (O; R) lay ba diém A, B, C sao cho day cung AB = R,
BC = R+/?2 va tia BO nam giita hai tia BA va BC. Tinh s6 do cac cung nhé AB, BC va
AC.

@ Ldi giai.
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Chuong 3. Go6c véi dudng tron @
B

AAOB déu nén A/O\B = 60°.

ABOC vudng can tai O nén BOC = 90°. ,
Suy ra sdAB = sdAOB = 60°. C 4
sdBC = sdBOC = 90°. 0>

sAAC = sdAB + sdBC = 60° + 90° = 150°. 4

U

M Vi du 4. Hai tiép tuyén tai B va C cia nia duong tron (O; R) cit nhau tai A. Biét
OA = Rv/2. Tinh s6 do ctia cung BC.

@ L&i giai.

CoS AOB = OB R L

OA TRVZ V2

MI&

= AOB = 45°.
C

Suy ra BOC ﬂ l
Vay sdBC' = BOC' = 90°. ‘ \
V

O
'a N\
M Vi du 5. Trén day cung AB clia dudng tron (O) lay hai diém H va K sao cho AH =
HK = KB. Vé ban kinh OD qua H va ban kinh OC' qua K. Chiing minh réng:
1. AD = BC;
2. AD < DC.
- _/

@ L&i giai.

D C
1. Tam giac AOB can tai O nén OAH = OBK. m
A B

Do d6 AOAH = ANOBK (c.g.c).

. 707 = FOR = 3D = 70, )
2. V& duong kinh AFE clia dudng tron (O). Ta thay OH la duong ©

trung binh cua tam glac NAKE nen OH || KE.
— AOH = OEK HOK = OKE

Xét AOEK 6 OK < OF = OEK < OKE.

= AOH < HOK = AD < DC.

Q@ Luven tp
A\

= Bai 1. Cho duong tron (O; R) va mot diém A nim ngoai dudng tron sao cho OA = 2R. Tt A
ké hai tiép tuyén AB, AC t6i duong tron (B va C la cac tiép diém). Tim s6 do cung 16n BC' clia
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518 1. Géc & tam. S6 do cung

dudng tron (O).
@ Lai giai.
OB R

1 —
COSAOB_OA ﬁ:§:>AOB:6O

C
Suy ra BOC’ — 120°. Nén sdBC nhé = BOC = 120°.
Vay sdBC' I6n = 360° — 120° = 240°.
O % '
B

O
(= Bai 2. Cho dudng tron (O) dudng kinh AB va day cung AC. Chiing minh ring
— 1 —_
BAC = ésdBC’ :
(£ Loi giai.
Mat khac BOC 1a gbc ngoai ctia tam gidc can OAC. C
Nén BOC = 20AC. Suy ra BAC = §BOC’ = §sdBC.
A B
(0]
O

[ Bai 3. Cho tam giac ABC c6 B =170°,C = 50°. Dudong tron (O) noi tiép tam giac do6 tiép xtc
v6i cac canh AB, BC', C'A theo thi tuy tai D, E, F. Tinh s6 do cic cung DE, EF va FD.
@ Loi gidi.

Tt gidgc BFID c6 FID = 360° — 90° — 90° — 70° = 110°. A

Nén s6 do cung nho sdFD = 110°.

Tt gidsc IDCE ¢6 EID = 360° — 90° — 90° — 50° = 130°.

Nén s6 do cung nhé sdED = 130°.

Tt d6 suy ra s6 do cung nho E

sdBEF = 360° — 110° — 130° = 120°.

(= Bai 4. Cho mot nira dLIdng tron (O) va hai day cung AB // C'D nam trong nita duong tron
d6. Chitng minh rang AC = BD.
(' Lai giai.
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Goi H la trung diém ctia CD ta c6 OH L CD. Ma AB /| CD nén
OH 1 AB. Hai tam giac OAB, OCD déu can tai O nén

A/O\H - B/O\H' —_— —_— —_— — —

= A0OH-COH = BOH—-DOH = AOC = BOD. D

COH = DOH

C B

Do d6 AC = BD. A

0

(= Bai 5. Cho ntta duong tron tam (O) duong kinh 20 cm, C 1a diém chinh gifta cia ctia nita
duong tron. Lay diem H thudc OA sao cho OH = 6 cm. Duong vuong géc véi OA tai H cit nita
duong tron tai D. Vé day AFE song song véi C'D. Goi K 1a hinh chiéu ctia E trén AB. Tinh dién
tich tam gidc AEK.

@ L&i giai.

Theo bai toan trén, vi DC' JJ AE = AD = CE = O, = O,.
Vi OC [ EK nén Oy = OEK (hai géc so le trong).

= AHOD = AKFEO (canh huyén — géc nhon). 5
= OK = DH va EK = OH =6 (cm).
Ma DH? = AH - HB =4-16 = 64 = DH = OK = 8 (cm). 1

AK - EK 10+8)-6 A . ' B
Sapkx = _ (10486 _ 54 (cm?). H 0] K

2 2
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590 2. Lién hé giita cung va day

Q Lién hé gitra cung va day

Q Tém tit Ii thuyét
N\

Dinh li 14.
V6i hai cung nhé trong mot duong tron hoisic trong hai dudng tron bang
nhau.
D
1. Hai cung bang nhau cing hai day bang nhau. A\ o
2. Hai day bang nhau ciang hai cung bang nhau. A‘
Nghia 12 AB = CD < AB = CD. A
Dinh li 15.

V6i hai cung nhé trong mot duong tron hoiic trong hai dudng tron bang
nhau.

1. Cung I6n hon cang day 16n hon.

2. Day 16n hon cang cung 16n hon.

Nghia la AB <CD < AB < CD.
Tinh chét 4. Trong mot duong tron.

1. Hai cung bi chan giita hai day song song thi bang nhau. D /\ c

2. Duong kinh di qua diém chinh gitta ctia mot cung thi di qua
trung diém ctia day cang cung ay va ngudc lai.

3. Dudng kinh di qua diém chinh gifta cia mot cung thi vuong A v B
géc véi day cang cung ay va ngudc lai.

M Vi du 1. Cho hai duong tron bang nhau (O) va (O’) cat nhau tai hai diém A va B. Ké
cac duong kinh AOC, AO'D. Goi E la giao diém thit hai ctia AC véi duong tron (O').

1. So sanh cac cung nhé BC, BD.

2. Ching minh ring B la diém chinh gitta ctia cang EBD (tic la diém B chia cung EBD
thanh hai cung bang nhau BE = BD).

@ Ldi giai.
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1. Vi ABAC va ABAD ndi tiép trong nita duong tron nén ching la nhiing tam gidc vuong
tal B.
Xét hai tam gidc vuong ABAC va ABAD ¢6 {AC =AD duong kmh.
AB canh chung
Vay ABAC = ABAD. Suy ra BC = BD.
Mat khac, hai duong tron (O) va (O’) bang nhau nén hai day bang nhau sé cang hai day
bing nhau. Vay BC = BD.

2. Vi diém E nim trén dudng tron duong kinh AD nén AED = 90°. N
Do BC = BD (cau a) nén EB la dudng trung tuyén ctia tam giac vuong EC'D (E = 90°).
Suy ra BE = BD.
Trong (O') ta ¢c6, BE = BD suy ra BE = BD hay B la diém chinh gitta ctia cung EBD.

O
'a N\
@M Vi du 2. Cho tam gidc ABC. Treén tia déi ctia tia AB lay mot diém D sao cho AD = AC.
Vé duong tron tam O ngoai tiép tam giac DBC. Tt O lan lugt ha cac duong vuong goc
OH, OK véi BC va BD (H € BC, K € BD).
a) Ching minh raing OH > OK. b) So sanh hai cung nhé BD va BC.
G /
@ Lai giai.
C

1. Trong tam gidc ABC, theo bat ding thiic tam giac, ta co /
BC < AB+ AC = AB+ AD = BD hay BC < BD. 7

Theo dinh 1i vé day cung va khoang cach dén tam suy ra

OH > OK. ,

2. \ﬁBC<BDtasuyra§5<BT).

O

M) Vi du 3. Cho tam gidc déu ABC. Trén nita mat phang bs BC khong chia A dung
nita dudng tron (O) duong kinh BC. Trén nita dudng tron lay cac diém D, E sao cho
BD = DE = EC. Céc dudng thing AD, AF cit doan thing BC tai M va N. Ching minh
rang BM = MN = NC.

@ L&i giai.
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599 2. Lién hé giita cung va day

Tit BD = DE = EC suy ra dudc BD = DE = EC. Do d6 theo tinh chat A

gbc G tam suy ra BOD = 60° = AOBD la tam giac deéu.
Ta c6 AAMC  ADMB (g.8) AC MO
a co g:8) suy ra mo = 4.
Mat khac, AC = 2BD suy ra MC =2MB, BC = BM + MC
= BC' = 3BM.

B C
Tuong tu, BC = 3CN. Vay BM = MN = NC. ‘“'

D E
U
N

W) Vi du 4. Cho tam giac AABC khong can, tit dinh A ké duong cao AH, phan giac AD,
trung tuyén AM.

1. Chiing minh riang diém D nim gita H va M.

2. Gia st tam giac ABC nhon, chiing minh rang MAD < DAH.

@ L&i giai.

B

A v c
1. Khong mat tinh tong quat gia st AC > AB, dudng tron ngoai tiép tam gidac ABC cat duong
phan giac AD tai [ = BI =1C = BI = IC.
Tam gidgc ABC khong can, suy ra H, D, M la ba diém phan biét.

Mit khac, D nam gita A va I, AM 1a trung tuyén = IM 1 BC, AH la dudng cao
= AH | BC. Do d6 D nam gitta H va M.

2. Tam gidc ABC nhon = BAC < 90° = BC nhé hon nita dudng tron.
= M nam gitta O va I = AM nam gitta hai tia Al va AO.
MAD<OAI:>(7A\I:O/L\4.
OA=0I
Ma AH J/ IM = OIA = [AH. Vay MAD < DAH.

Q@ Luvén tap
Al

(= Bai 1. Cho dudng tron (O). Goi I la diém chinh gitta ctia cung AB (khong phai 1a cung nita
dudng tron) va H la trung diém ctia day AB. Chiing minh ring dudng thang IH di qua tam O

cua duong tron.
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@ L&i giai.

Vi I la diém chinh giita cung AB nen TA = TE, suy ra [A=1B.
Mit khac, OA = OB = R ban kinh. Do do, 10 la duong trung trirc ctua B I
doan AB. v
Lai ¢c6 H la trung diém ctia AB nén H thuoc 0. ‘A
Vay IH di qua tam O ctia duong tron.

/L

O

= Bai 2. Cho duong tron tam O ban kinh R. Vé goc 6 tam AOB = 80°, vé gbc & tam BOC = 120°
ke v6i AOB. So sanh va sap xép do dai AB, BC, C' A theo thit tu ting dan.

(&' Loi giai.
Ta c6 AOB = 80° va BOC = 120° ké nhau nén suy ra AOC = 160°. B
Vi s6 do ctia cung bi chén bang s6 do ctia gbc 6 tam nén suy ra AB < BC <
P y
A

(= Bai 3. Cho tam giac ABC ¢6 AB > AC. Trén canh AB lay mot diem D sao cho AD = AC.
Vé duong tron tam O ngoai tiép tam giac DBC. T O lan lugt ha cac duong vuong goc OH, OK
v6i BC va BD (H € BC, K € BD).

a) Chitng minh ring OH < OK. b) So sanh hai cung nhé BD va BC.

@ L&i giai.

1. Trong tam giac ABC, theo bat déng thic tam giac, ta c6
BC > AB — AC = AD + AB = BD hay BC > BD.
Theo dinh 1i vé day cung va khoang cach dén tam, tit BC' >
BD suy ra OH < OK.

2. Tit bt ding thitc vé day cung BC' > BD suy ra BC' > BD.

(= Bai 4. Cho hinh thoi ABCD. Vé duong tron tam A ban kinh AD. Vé duong tron tam C, ban
kinh CB. Lay diém E bat ki trén duong tron tam A (khong tring vé6i B va D), diém F trén
duong tron tam C' sao cho BF song song véi DE. So sanh hai cung nho DE va BF.

(&' Lai giai.
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M 2. Lién hé giita cung va day

Theo gia thiét ta co EDB = F/BB, suy ra EDA=TFBC.
Tu d6 hai tam gidc can ADE va CBF biang nhau, suy ra
EAD = BCF. Vay hai cung DE va BF bang nhau.

(= Bai 5. Cho duong tron tam O. Trén nita dudng tron duong kinh AB lay hai diém C, D. Tit
C ké CH vuong goc v6i AB, né cat duong tron tai diém thit hai 1a E. Tt A ké AK vuong goc
v6i DC', né cat dudng tron tai diém tht hai 1a F. Ching minh ring:

1. Hai cung nhé CF va DB bang nhau.
2. Hai cung nhé BF va DFE bang nhau.

3. DE = BF.
@ L&i giai.

1. CD va FB déu u vuong goc v6i AK nén CD | FB.
Suy ra CF =DB (hai cung bi chdn gitta hai day song song).

(1)

2. Do tinh chat déi xing qua dudng kinh AB ta c6 BC =
BE (2)
Cong ting vé ctia (1) va (2) ta dugc
BC + CF = DB + BE (tinh chat cong hai cung) hay
BF =DE (3).

&

D
A n Q jB
H\_/
E

3. Véi (3) ta suy ra BF = BE.
O

(= Bai 6. Trén day cung AB clia mot dudng tron O, lay hai diéem C va D chia day nay thanh ba
doan thang bing nhau AC' = CD = DB. Céac ban kinh qua C va D cét cung nhoé AB lan lugt tai
E va F. Chtng minh rang:

a) AE = FB. b) AE < EF.
@ Ld&i giai.

1. Tam giac can AOB ¢6 OAB = OBA.
Mat khac, AAOC = ABOD (c.g. c) vi co OA OB, OAB =
OBA AC = BD. Tu do6 suy ra AOC = BOD suy ra AE =
FB.
2. Tam giac OC'D la tam giac can (OC = OD do AAOC = A G B
N

ABOD) nén ODC < 90°, tit d6 suy ra CDF > 90°.

Mat khac, trong tam giac CDF c6 CDF > CFD suy ra
CF > CD hay CF > CA.

Xét AAOC’ va AC’OF c6 OA =0F,0C chung, nhung C'F' >
AC suy ra COD > AOC. Tit d6 suy ra EF > AE.
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3. Goéc noi tiép

@Géc ndi tiep

Q Tém tit Ii thuyét
N\

Pinh nghia 9. Gé6c noi tiép 1a géc c¢6 dinh ndm trén duong tron va hai canh 13 hai day cung.
Cung ndm bén trong goéc duge goi 1a cung bi chan.

Dinh li 16. Trong mot duong tron, sé do clia goc noi tiép bang mot nita sé do cung bi chan.

Dinh 1li 17. Trong mot duong tron:
1. Céc gbc noi tiép bang nhau chan cac cung bang nhau.
2. Céc goc noi tiép chan cuing mot cung ho#ic hai cung bang nhau thi bang nhau.

3. Goc ndi tiép (c6 86 do nhd hon 90°) ¢6 s6 do bang mot nita sd do géc ¢ tam chan bdi cung
do.

4. Goc noi tiép chan nita duong tron 1a géc vuong.

Cac vi du

@

@ Vi du 1. Cho duong tron (O) va hai duong kinh AB, C'D vuong goéc v6i nhau. Lay mot
diém M trén cung nhé AC rdi vé tiép tuyén véi dudng tron (O) tai M. Tiép tuyén nay cat
dudng thang CD tai S. Chting minh rang M SD = 2 - M BA.

@ Lai giai.

Vi SM la tiép tuyén ctia (O), nén ta c6
OMS = 90°, do d6 Oy + OSM = 90°. s
Mat khac 02 + Ol = 90°. C
T do suy ra

OSM = 0. (1) M

—_ —— —_— 1 ——

Lai c6 Oy = sd AM va MBA = §sd AM, nén ta )
¢6 . A 2N 9 B

0, — 231 BA. ()
Titu (1) va (2) ta c6 MSD = 2 - MBA.

D
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Chuong 3. Go6c véi dudng tron 5o

O

'a N\
B Vi du 2. Cho duong tron tam O, dudng kinh AB va S 1a mot diém ndm ngoai dudng
tron. Cac duong thang SA va SB lan lugt cat (O) tai diém thi hai M, N. Goi H la giao
diém ctia AN va BM. Chting minh ring

1. SH L AB. 2. HM -HB=HN - HA.

@ Loi giai.

1. Tac6 M, N nam trén duong tron duosng kinh AB,
nén ta co6 S

AMB = ANB = 90° goc noi tiép chdn nita dudng tron). M

Suy ra BM 1 AS, AN 1 SB nén H la tryc tam
tam gidc SAB. Suy ra SH 1 AB.

2. Xét hai tam giac HMA va HNB ¢6 A B
MHA = NHB (déi dinh) va
MAH = NBH (gbc noi tiép cuing chan cung M N).
HM HA
AHMA ~ ANHNB, =
Suy ra do dé N = OB’
hay HM - HB = HN - HA.

0
N

M Vi du 3. Cho tam gidc ABC' can tai A, noi tiép duong tron (O). Phan giac trong goc B
va C cét (O) tai E va D.

1. Chiing minh AACE = AABD.

2. Goi I la giao diem ctia CD va BE. Tt giac ADIE 1a hinh gi? Tai sao?

@ L&i giai.

Ta ¢6 tam giac ABC' can tal A nén @ ;lt’ Lai ¢6
C'D la phan giac cta goc ACB nén ACD = BCD hay A
AD = BD. Tuong tu AD = BD do do

AD = BD = AD = BD. D B

Suy ra AD = BD = AF = CE.
Xét hai tam giac ACE va ABD c6 AC = AB, AD =

AE, BD = CE nén AAEC = AADB (c-c-c). B v ¢

2. Ta c6 AD = §sdAD, ACE = §SdCE. Ma AD = CFE nén ta c6 ACD = CAE, suy ra

CD /| AE, hay DI /| AE. Ching minh tuong tu EI /| AD, két hop v6i AD = AFE ta c6
ADIFE la hinh thoi.

/ Tai licu Toan 9 nay 1a clia: ....ooooeviviiiiiiiiieeiiii,
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598 3. Goéc noi tiép

B Vi du 4. Cho hai duong tron (O; R) va (O'; R') cat nhau tai A va B. Vé cat tuyén CAD
vuong goc véi AB (C € (0), D € (0)). Tia CB cat (O') tai F, tia BD cat (O) tai F.
Chitng minh rang CD? = CB-CE + BD - CF.

(&' Lai giai.
Xét tam giac CDB va CEA c¢6 goc C chung.
Trong duong tron (O'), ta cd

@:@:%sd@,@:@:%sd@.

Suy ra CDB = @, do d6 ACDB «~ ACFEA. Suy ra
cp _cp
CE CA

Chtng minh tuong ty, ta cing ¢6 DA - DC' = DB - DF. Do d6
CB-CE+DB-DF =CD-CA+ DA-DC = DC(CA+ AD) = CD?.

& CD-CA=CB-CE.

M Vi du 5. Cho tam giac déu ABC nai tiép dudng tron (O) va M 1a mot diém ndm trén
cung nhé BC. Ching minh rang MA = MB + MC.

@ L&i giai.

Tacém‘—%sd@—moo, d6 BM, CN < BC < A
AM. Trén doan AM lay diém N sao cho BM = MN. Do

BMN = BMA = %sd AB = 60°, nen ABMN déu, hay

BM = BN = MN.

Xét hai tam giac ABN va CBM c¢6 AB = BC, BN = BM
va

ABN = ABM—NBM = ABM—60° = ABM—ABC = CBM. B C
Do d6 AABN = ACBM nén ta c6 CM = AN. Tit dé ta c6 W

ducc M

BM +CM = MN + AN = AM.
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Chuong 3. Go6c véi dudng tron 590

B Vi du 6. Cho tam gidac ABC nai tiép duong tron (O). Trén cung nhé BC cia dudng
tron (O), lay diém M. Goi D, E, F lan lugt 1a hinh chiéu vuong goc ctia M lén céc dusng
thang BO, CA, AB. Chitng minh ring ba diém D, E, F thang hang.

@ Ldi gidi.
Trong dudng tron (O) ta c6
ABM + ACM = ESd ACM + §sd ABM = 3 360° = 180°.

Lai c6 ABM + FBM = 180°, nén ACM = FBM.

Do d6 BMF = CME. (1)
Ta c6 MFB = MDB = 90°, nén bén diéem B, D, M, F nim A
trén duong tron duong kinh BM, do d6 BMF = BDF =
1 —
554 BF. 2)
Ching minh tuong tu CDE = CME. (3)
Tit (1), (2) va (3) tac6 BDF = CDE, suy ra E, D, F thang
hang. D b
ang B o
F /
M
U
( ™\
B Vi du 7. Cho hai dudng tron (O; R) va (O'; R') (R > R') tiép xtc trong tai A. Mot tiép
tuyén ctia duong tron (O') tai M cit dudng tron (O) tai hai diém B, C. Dudng thing BO’
cat duong tron (O) tai diém thit hai D va cat duosng thang AM tai E. Goi F la giao diém
thit hai ctia duong tron ngoai tiép tam giac ADE v6i AC. Chiing minh rang DF la phan
giac ctia goc BDC.
(. /

@ L&i giai.

Goi N la giao diém tht hai cia AM vé6i duong tron
(O). Ta c6

AMO' = O'AM = OAN = ANO,
suy ra O'M J| MN. Ma O'M 1 BC|, nén ta cing c6
ON L BC, hay N la diém chinh giita cung BC. Mt
khac NAC = NDC = §NC', BDN = §sd BN nén
BDN = NAC = EAF. (1)

Trong duong tron (AED) ta c6

EAF = EDF = BDF., (2)
Tit (1) va (2) ta ¢c6 BDF = BDN, suy ra D, F, N thang hang. Tit d6 ta c6 BDN = NDC, hay
DF la phan giac ctia goc BDC'. O
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Q Luyén tap
N\

(= Bai 1. Cho tam gidc ABC c6 duong tron ngoai tiép (O). Tt diém M nam chinh gitta cung AB
vé day cung M N song song v6i BC cat AC tai S. Chiing minh ring SM = SC va SN = SA.
(&' L&i giai.

Ta c6 MN /| BC, nen NMC = MCB. A

Ma COIN — 1sd OF va 1B - Lsa B, N
Suy ra C’N BM Mat khac M la M la trung die diém clia cung AB M S N
nen A AM = BM ON Suy ra AC'M C’MN hay

B v C

SMC = SCM, MNA = NAC’, hay SAN = SNA.
O

Tu d6 ta c6 SM = SC va SA = SN.
(= Bai 2. Cho tam giac ABC can tai A, A < 90°. Vé duong tron dudng kinh AB cat BC tai D,
cat AC tai E. Chting minh rang:

1. ADBE can. 5. CBE — LBAC.
2
(&' Loi giai.
1. Tacoé D, E nam trén duong tron duong kinh AB, nén A

ADB = AEB = 90°, hay AD L BC va BE L AC.
Ma AABC can tai A nén D la trung diém BC'. Trong
tam giac vuong BEC ta ¢c6 DE = DB = DC, hay
ABDE can tai D.

2. Ta c6 AD la phan giac cua goc A, nén &
BAD = CAD = EA.
4 C

Mat khéc

@:@:@:%sdﬁ.

T do, suy ra CBE = BAD = %B/R’
0]
(= Bai 3. Cho tam giac ABC (AB < AC) noi tiép duong tron (O). Vé dudng kinh M N vuong
goc véi BC' (M thuoc cung BC' khong chita A). Chiing minh rang AM, AN la phan gidc trong
va ngoai cua goc BAC.
(&' Loi giai.
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Goi I 1a giao diém ctia M N véi BC, ta c6 I la trung diém
canh BC, nen ta c6 B = IC hay BM = CM. a N
Ma BAM = §sd MB, CAM = §sd MC' nén ta c6

BAM = CA/\M, hay AM la phan giac trong ctia BAC.

Lai ¢c6 M N la duong kinh nén AM 1 AN, nén AN la phan
gidc ngoai cua goc BAC.

M

O

(= Bai 4. Cho dudng tron (O; R) va mot diém M beén trong dudng tron do6. Qua M ké hai day
cung AB va C'D vuong géc v6i nhau (C' thude cung nhé AB). Vé dusng kinh DE. Chiing minh
rang:

1. MA-MB=MC-MD.
2. Tt giac ABEC' 1a hinh thang can.

3. Tong M A% + MB? + MC? + MD? c6 gi4 tri khong doi khi M thay doi vi tri trong dudng
tron (O).

@ L&i giai.

1. Xét hai tam gidac MAC va MDB c¢6 AMB =
g —_— —_— 1 —_—
BMD =90°, ACM = DBM = _sdAD. Do d6

MA  MC C u D
AMAC ~ AMDB = w2 =+,

hay MA-MB = MC - MD.

2. Vi DE la duong kinh nén ta ¢6 CE L CD. Ma E
AB 1 CD, nén AB [/ CFE, suy ra ABEC la hinh
thang. Hon nita bén dinh ctia hinh thang nam trén
duong tron, nén ABFEC' la hinh thang can.

3. Ta ¢c6 ABEC la hinh thang can nén AC = BF va
ADBE vudng tai B, nén ta c6

MA*+M B*+MC*+MD? = AC*+BD? = BE*+BD? = ED* = 4AR?.
Tt d6 ta c6 diéu phai ching minh.
[= Bai 5. Cho tt gidc ABC'D noi tiép duong tron (O). Chiing minh réng

AC-BD =AB-CD+ AD - BC.
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@ L&i giai.

Trén doan AC, lay diém M sao cho A/]W\B B/C’B

Xet hai tam glac AMB va DCB c¢6 AMB BC’D BAM = C
BAC = BDC (goéc noi tiép chén cung BC) Suy ra AAM B
AM  DC

ADCB, nén ta co 1B — DB’ ,hay AM-BD = AB-CD. (1) B M
Lai ¢6

B S . D

BCD + BAD = §sdBAD + isdBC’D = 180°,

BMC + BCD = BMC + BMA = 180°. L
[

— _— — — 1 —_ ~
Suy ra BMC = BAD. Ma BCM = BDA (: ésdAB), nén ta c6 ABMC «~ ABAD, dan t6i

BC  BD

Si¢ = ip = BC-AD=BD-CM. (2)

T (1) va (2) ta co
AB-CD+ AD-BC =AM -BD+CM -BD = AC - BD.

[ Bai 6. Cho tam gidc ABC nhon véi cac duong cao AA’, BB’, CC'. Chiing minh ring AA’ 1
phan giac ctia géc B’A'C".
(&' L&i giai.

Goi H la tryc tam tam giac ABC. A
Ta c6 BC'"H = BA’H = 90°, nén bén diem B, A, H, C'
S —_ —_— ]_ —_—
nam trén duong tron. Do d6 HA'C' = HB(C" = ESd HC".

Ching minh tuong tu, ta ciing c¢6 HAB = HCB'. B’
Ma HBC' = HCB (cung phu véi fﬂ\C’), nén ta c6 ¢
i — BT o
Tt do, ta c6 AA’ 1a phan giac cua goc B'A'CY.
B ot C
U

= Bai 7. Cho duong tron (O) dudng kinh AB, C la diém c6 dinh nim trén dudng tron va M 1a
diém di dong trén (O) sao cho M, O, C khong thang hang. CM va AB cit nhau tai D. Chiing
minh ring duong tron ngoai tiép tam gidc ODM luon di qua mot diém c6 dinh.

@ Lo giai.
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Ta c6 EMO + EDO = §sd EDO + §sd EMO = 180°,

M
EDA+ EDO = 180°. Suy ra EDA = EMO. (1)
Lai ¢c6 CDA = MDO (déi dinh) va MDO = MFEO = E
%sd 5_]\\/[, nen CDA = OEM. Ma AMOE can tai O nén
EMO = MEO, do d6 CDA = EMO. 2 4 -

T (1) va (2) ta co EDA = @, nén C' va E dbi xing
nhau qua AB, do dé E la diém c6 dinh.

Vay duong tron ngoai tiép tam giac OM D luon di qua diém
E c6 dinh.
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Q Tém tit Ii thuyét
N\

Dinh nghia 10.

Duong thang xy 1a tiép tuyén ctia duong tron (O) tai A. -
AB la day cung.
Géc BAx duge goi 1a gée tao bdi tiép tuyén va day cung.

AB
(7

Dinh 1i 18. S6 do clia goc tao béi tia tiép tuyén va day cung bang nita s6 do ciia cung bi chén.
2 _ 1 —_
Cu thée nhu hinh trén, ta c6 BAx = ésd AB.

Hé qud 5.

Trong mot dudng tron, goc tao bdi tia tiép tuyén va day cung va
gbéc noi tiép ciing chan mot cung thi bang nhau.
Cu thé BAx = BCA.

@) Vi du 1. Cho duong tron tam O, duong kinh AB. Lay diém P khac A va B trén dudng
tron. Goi T 1a giao diém ctia AP véi tiép tuyén tai B clia dudng tron. Chitng minh APO =
PBT.

@ Ldi giai.
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Tacé@:%Sd@vﬁi@:%sd@nén@:@.

AOAP can tai O nén A/P\O — PAB.
Vay APO = PBT (dccm).

j ;PQT
A B
!/
]

M\ Vi du 2. Cho hai duong tron (O) va (O') cit nhau tai A va B. Tiép tuyén ké tu A do6i
v6i duong tron (O') cat (O) tai C' va déi v6i duong tron (O) cat (O') tai D. Chiing minh
CBA = DBA.

@ L&i giai.

Xét hai tam giac ABC' va DBA c6

ACB = DAB (gbc tao bdi tia tiep tuyén va day cung va
gbc noi tiép cling chan cung AB).

BAC = BDA (goc tao bdi tia tiep tuyén va day cung va
gbc noi tiep cling chan cung AB).

Suy ra ABC = ABD (dcem).

@M Vi du 3. Cho duong tron tam O duong kinh AB. Mot tiép tuyén clia duong tron tai
P thuoc duong tron cit dusng thang AB tai T (diém B nam gitta O va T'). Chitng minh
BTP+2-TPB =90°.

@ Ldi gidi.
BPT = PAB (goc tao bdi tia tiep tuyén va day cung va goc p
noi tiép cling chan cung PB).
POB = 2BPT (méi lien he gitta gbc noi tiép va goc & tam m\
cuing chan mot cung PB).
Suy ra BOP = 2BPT (1) A 0 B T
Tam gidc POT vudng tai P nén OPT + TOP = 90°. (2)
(1),(2) = BTP +2-TPB = 90°. (dccm)
O
'a N\

B Vi du 4. Gid st A va B 1a hai diém phan bigt trén dudng tron (O). Cac tiép tuyén ciia
duong tron (O) tai A va B cit nhau tai M. Tt A ké dudng thang song song v6i M B, cat
(O) tai C. MC cat duong tron (O) tai E. Cac tia AE va M B cit nhau tai K. Chitng minh
rang

1. MK? = AK - EK.

2. MK = KB.

G /
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@ L&i giai.

1. MK? = AK - EK.

— M
Do MB  AC nen BIC = ACH
ACM = ACE = M AF (cing chén cung AFE). K

Suy ra AKME ~ AKAM (g-g)

j@:%hayMK2:AK'EK(dCCm). ‘B
AK MK A .

2 MK =KB.
Ta ¢c6 FAB = EBK (cung chan cung BE).
Suy ra AEBK «~ ABAK (g-g)
BK EK
—— = —— hay BK? = AK - EK.
~ AK _ BK ¥
Suy ra MK? = KB? hay MK = KB (dccm).

@m0 Vi du 5. Cho dudng tron (O; R) va day cung BC' = R. Hai tiép tuyén cia dudng tron
(O) tai B,C cat nhau tai A. Tinh ABC va BAC.

@ L&i giai.

AOBC déu nén BOC = 60°.
@:%m@:@:%m%sm

Trong tit gide OBAC ¢6 BOC + OBA + BAC + ACO = 360°
= BAC = 360° — (BOC + OBA + ACO) = 120°.

0]
4 N
W) Vi du 6. Cho tam gidc nhon ABC' ¢6 triyc tam H va BAC = 60°. Goi M, N, P theo thu
tur 1a chan cac dudng cao ké tit A, B, C' ctia tam gidc ABC va I 1a trung diém ctia BC.
1. Chting minh rang tam giac INP déu.
2. Goi F va K lan lugt la trung diém ctia PB va NC. Chting minh ring cac diém
I, M, E, K cung thuoc mot duong tron.
3. Gia st I A 1a phan giac ctia goc NIP. Tim s6 do goc BC'P.
(. v

@ L&i giai.
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A
N
P
E
=
B M T C

1. Chitng minh rang tam giac /NP déu.
) 1
Tu gia thiet, ta c6 IN = 1P = §BC’ nén tam giac IN P can tai [I.

Vi B, P, N,C cung nam trén dudng tron tam I, du’dng kinh BC nén theo moi lien hé gitia

géc noi tiép va géc & tam ciing chan mot cung, ta c6 PIN = 2PBN = 60°.
Vay tam giac INP deu.

2. Goi E va K lan lugt 1a trung diém ctia PB va NC. Chitng minh ring céc diém I, M, E, K
cung thudéc mot duong tron.
R6 rang bén diém I, M, E va K ciing ndm trén duong tron dusng kinh AT

3. Gia st I A 1a phan giac ctia goc NIP. Tim s6 do goc BCP.
Tu dieu kién deé bai ta c6 Al 1a tia phan gidc clia goc BAC véi BAC = 60°, ma I 1a trung
diém ctia BC' nén tam gidc ABC' déu. Suy ra BC'P = 60°.

Q Luyén tap
N\

(= Bai 1. Cho hinh vuong ABCD c¢6 canh dai 2 cm. Tinh ban kinh ctia duong tron di qua A va
B biét rang doan tiép tuyén ké tit D dén duong tron dé bang 4 cm.

@ Loi giai.
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E
K O
M
H
A B
D C

Goi (O) la duong tron can tim. Kéo dai DA cit duong tron (O) tai E.
Xét ADAM va ADME c¢6
{b\ chung

— ) = ADAM ~ ADME.
DMA = DEM cung chan cung M A

DA DM DM?
= DFE =

Goi H, K lan lugt 1a trung diem cta AB va AE. Khi d6 ta ¢c6 OK 1L AE, OH 1 AB ma
1

AE 1 AB nén OK AH la hinh chit nhat. T d6 suy ra OK = AH = §AB =1 cm.

Xét AOK A vuong tai K ¢c6 R=0A =OK?2+ KA? = /12 + 32 = /10 cm. O

(= Bai 2. Cho tam gidc ABC noi tiép duong tron (O). Tiép tuyén tai A cat BC & I.

N IB AB?
1. Chq inh rang — = —.
Ching minh rang 70 = Ace
2. Tinh I A, IC biét raing AB = 20 cm, AC = 28 cm, BC' = 24 cm.
@ Loi giai.
A
@)

1. Xét ABAI va NACI c6
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T chun
{ & — ABAI v AACI (g.9).

BAI = ICA cuing chin cung AB

IB AB?* IB?

AC IAIZ A?jl: I AB? IB? IB
Sl —_— = 2: . o pumm = -
Vi AABI AAC[:>[A [C:>IA IB - IC nén 10: 1510~ Ic

T do suy ra

2. bat A=z, IC =y. Ta co

Al BI AB = wy—24 20 5
ANABI ~ NACl = — = —=— = — = = —=_.
TCI Al CAy & w7
R Tr = by 3bx = 25y Tr = by x =3D
Tu dé ta c6 hé & = &
br =T(y — 24) 35 = 49(y — 24) y =49 y =49.

Vay IA =35 cm, IC =49 cm.

[= Bai 3. Cho tam giac ABC'. Vé dudng tron (O) di qua A va tiép xtc véi BC tai B. Ké day BD
song song v6i AC. Goi I la giao diém ctia C'D véi dudng tron. Chiing minh rang IAB =IBC =
ICA.

(&' Lai giai.

A

B

P = TAB = IBC = ICA. O

IAB =IDB = IBC cuing chian cung IB
Ta c6
IDB = ICA so le trong

[= Bai 4. Cho duong tron (O’) tiép xic véi dudng tron (O) tai A. Day BC' clia duong tron 16n
tiép xtic véi duong tron nhé tai H. Goi D, E theo thit tu la giao diém (khac A) ctia AB, AC véi
duong tron nhé. Chitng minh ring

1. DFE song song véi BC'. 2. AH la tia phan giac ctia goc BAC.

@ Loi giai.
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Xz

1. Ké tiép tuyén chung Az ctia hai duong tron. Ta c6 B = ADE (cing bang @) nén
DFE J| BC.

9. DE J/ BC ma BC L O'H nén DE | O'H = HE = HD, do 46 BAH = CAH. Vay AH la
tia phan giac cia BAC.
0

(= Bai 5. Cho duong tron (O) duong kinh AB. V& dudng tron tam A cit duong tron (O) & C' va
D. Ké day BN ctia duong tron (O), cat dudng tron (A) tai diém E & bén trong dudng tron (O).
Chitng minh rang

1. CEN = EDN.
2. NE®> = NC-ND.

@ L&i giai.
C
N
A B
19
D

1. TacéC/E\N:E/C’EnLC/BE:@\E—FC@TV:ﬁV.

2. Talai c6 CNB = DNB (do sdBC = sdBD).
Xét ACEN va AEDN c6

CEN = EDN
= NACEN-AEDN (g.g),suyraE:N—OﬁNEQZNC“ND.
CNE = DNE ND NE

O

(= Bai 6. Cho A ndm ngoai dudng tron (0). Qua A ké 2 tiép tuyén AB va AC vé6i (O) (B, C la
cac tiép diém). Ké cat tuyén AMN véi (O) (M niam gitta A va N).
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1. Chitng minh AB? = AM - AN.
2. Goi H la giao diém ctia AO va BC. Chitng minh: AH - AO = AM - AN.

3. Doan AO cat duong tron tai I. Chiing minh I 13 tam duong tron noi tiécp AABC.

(£ Lo giai.
B
A
I H 0
C
1. Xét ANAMB va NABN cb6
A chun AM  AB
— g/\:>AAMBmABN:>—:—<:>AB2:AM-AN.
MBA = ANB AB AN

2. Dé thay AO L BC tai H nén AABO vuong tai B va nhan BH la duong cao.
Theo hé thic lugng trong tam giac vuong ta c6 AB%? = AH - AO.
Mat khac AB? = AM - AN = AH - AO = AM - AN.

3. AABC can tai A nén I nim trén phan gidc clia géc A.
— 1 .= 1 . — —= N ,
Mat khac ACT = §sdIC’ = §SdIB = ICB nén [ ciing nam trén phan gidc goc C. Diem

I 13 giao diém ctia hai dudng phan giac géc A va goc C ciia tam giac ABC nén I 1a tam
duong tron noi tiép AABC.

U
(= Bai 7. Cho hai dudng tron (O) va (O’) nam ngoai nhau. Dudng ndi tam OO’ cit cac dudng
tron (O) va (0') tai cac diem A, B, C, D theo thit ti trén duong thing. Ké tiép tuyén chung
ngoai EF, E € (0), F € (0'). Goi M la giao diém ctia EB va FC. Chitng minh ring
1. MNEF la hinh cht nhat.
2. M N vuodng goc v6i AD.
3. ME-MA=MF-MD.

@ L&i giai.
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1. Theo tinh chat géc noi tiép ta c6
A= 501, D = 50, ma 0:+0; = 180° (vi OF /| O'F) nén A+D = 90°. Do do AMD = 90"
Talai 6 MEB = 90°, MFC = 90°.
T giac MENF ¢6 ba goc vudong nén la hinh cht nhat.

2. Theo tinh chit hinh chit nhat M, = E,. L
Theo tinh chat clia géc noi tiép va goéc tao bdi tia tiép tuyén va day cung, ta c6 A = FEj.
Suy ra M; + A =90°. Dodo MN 1 AD.

3. Xét AMFE va AMAD c6

=/ AMFFE ~/ AMAD =

A=FE,=MFE
o ME _ME g MA=MF-MD.
M chung MA  MD

]
(= Bai 8. Cho nita duong tron (O) duong kinh AB va mot diem C' trén nita duong tron. Goi D
14 1 diém trén dudng kinh AB. Qua D ké duong thang vuong géc v6i AB cat BC 6 F, cat AC &
E. Tiép tuyén ctia nita duong tron ¢ C' cit EF & I. Chitng minh
1. I 1a trung diém ctia EF.
2. Duong thang OC la tiép tuyén clia duong tron ngoai tiép AECF.
@ Loi gidi.

F

@)
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1. Vi C thuoc nita duong tron duong kinh AB nén ACB = 90°.
— ]_ —_
ICE = —sdCA o
Tacoy %4 _ =ICE=ABC.
ABC = Ssd0A
Ma TEC = AED (2 goc déi dinh) va AED = ABC' (cimg phu véi CAB). Tit d6 suy ra

ICE = IEC = AIEC can tai I = IE = IC. (1)
CFI =CEI = 90°

Lai ¢6 { FCT = ECT = 90° = CFI = FCT = ACFI can = IF = IC. (2)
ECI = CEI

Tit (1) va (2) tac6 IC = IE = IF = 1 la trung diém ctia EF.

2. Vi IE = IF = IC nén duong tron ngoai tiécp AECF la duong tron tam I, ban kinh IC.
Ma ICO = 90°, suy ra OC la tiép tuyén clia duong tron ngoai tiép tam gidc ECF.

U
[= Bai 9. Cho duong tron (O, R), hai duong kinh AB va C'D vuong goc v6i nhau. Trén tia doi
ctia tia C'D lay diém S. SA cit dudng tron tai M, tiép tuyén ctia dudng tron tai M cat CD 6 O,
BM cat CD & T. Chiing minh
1. PT-MA=MT-OA.
2. PS=PM = PT.

3. Biét PM = R, tinh TA - SM theo R.

@ L&i giai.
A
M
D
S prl\c 19
B

PTM — tsaBb
L{ % = PMT=MAO (1)
MAO = JsdBM
MTS + MST = 90°(AM ST vuong tai M)
C6 { OAM = MST = 90°(AAOS vuong tai O) = MTS = OMA. 2)
OAM = O/]\Zél(AOAM can tai O)

PT A
Tu (1) va (2) suy ra APMT «~ AOMA (g.g), suy ra O
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2. Ta co

OAD = @(AOMB can tai M)
OMB = PMS (cung phu véi m) — PMS = PSM = APMS can tai P.
MSP = MBO (cling phu véi A)

PMS + PMT = 90°
Ma { PSM + STM = 90° = PMT = PTM = APMT can tai P.
PMS = PSM
Cac tam giac PM S va PMT can tai P nén PM = PS = PT.
3. Diém T nam trén trung truc ctia AB nén ATAB can tai 7.
Mit khac APMS can tai P va ¢6 PSM = TBA (cung phu véi A) néen ATAB «~ APMS.

SM  PM 2
E_ﬂ:>SM-TA—PM-AB—2R.

Suy ra
O

= Bai 10. Cho (O) va diém C nam ngoai dudng tron. Qua C ké 2 tiép tuyén CA, OB v6i dudng
tron (A, B la cac tiép diém). Ve (O) di qua O, tiép xtc v6i AB tai B, ciat (O) tai M. Chiing
minh rang duong thing AM di qua trung diém ctia BC.

@ Loi gidi.

A

Ve
<]

Tia AM cat (O') tai H. Ta c6

(

@zgsdm:m

— 1 —— . . —_— _
ABM = §sdBM (g6c tao bdi tiép tuyén va day cung) = CAH = BHA = AC || BH.

BHA - %sdBAM (trong (O'))
\

Tuwong tw AB J/ CH = tit gidc ABHC la hinh binh hanh suy ra AM di qua trung diém ctia BC.
O

(= Bai 11. Tit diém A nam & bén ngoai duong tron (O), ké cac tiép tuyén AB, AC véi dudng
tron. Goi BD la day ctia duong tron song song véi AC, E la giao diém ctia AD v6i duong tron,
I 1a giao diém clia BE vi AC. Chitng minh rang I la trung diém ctia AC.

(' Lai giai.
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T I8

Ta c6 IC la tiép tuyén ctia duong tron (O) nén IC? = [E - IB.
Theo tinh chat clia géc noi tiép va goc tao béi tia tiép tuyén va day cung, ta c6 EBD = Dl, ma

= A (so le trong, BD // AC) nén EBA = A4,.

IA IB
TlrdosuyraA[BA ANTAE (g.g) nenﬁ—ﬁélfﬁzlE-IB. O

Q Cac bai toan nang cao
A\

(= Bai 12. Tam giac ABC vuong tai A noi tiép duong tron (O) duong kinh 5 cm. Tiép tuyén véi
duong tron C cét tia phan gidc ciia géc B tai K. Tinh do dai BK, biét rang BK cat AC tai D
va BD =4 cm.

@ Loi giai.

A

B ‘O

Goi M la giao diém ctia DK vé6i nita duong tron. Dé thay ACDK can. Dat DM = MK =z > 0.
2

27 3v6
Ta c6 BM-BK = BC? & (zr+4)(2z +4) =25 & 22+ 6x +9 = 5 & (r+3)? = (%) :

3V6 —6
Nghiém duong ctia phuong trinh la z = \/_T Do d6 DK = 3v/6 — 6 cm, BK = 3v/6 — 2 cm.
U
(= Bai 13. Cho hai dudng tron (O) va (0’) cat nhau 6 A va B. Ké tiép tuyén chung CC’ (C € (0),
C' € (0")), ké duong kinh COD. Goi E, F theo thtt ty 1a giao diém ctia OO’ véi C'D, CC'. Chiing

minh rang
1. EAF = 90° (A, C, C" ndm cung phia doi véi OO').
2. F'A la tiép tuyén ctia duong tron ngoai tiép tam giac CAC".

@ Loi giai.
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» 4. Géc tao bdi tia tiép tuyén va day cung

D
1. Goi R, R’ 1a ban kinh ctia dudng tron (O), (O’). Diém E chia trong doan O0’, diém F chia
ngoai doan OO’ theo cling mot ti sd g Do d6 AF la dusng phan giac trong, AF' la duong
phan giac ngoai cia AAOO'. Suy ra EAF = 90°.
2. Ké ban kinh O'K song song va ciing chiéu véi OA. Goi F' la giao diém ctia AK véi OO’

o OK R . R
Theo dinh 1i Ta-;et ta ¢6 = — hay F' chia doan OO’ theo ti s6 —
F=F".

FFO ~ A0 R R
Ta c6 COA = C"O'K nén O'CA = C"AK. Tit 46 AF 1a tiép tuyén cia dudng tron ngoai
tiép tam giac CAC".

nhu vay

0

(= Bai 14. Cho hai duong tron (O), (O') cit nhau 6 A va B, trong d6 tiép tuyén chung C'D song
song véi cat tuyén chung EBF, C va E thuoc (O), D va F thuoc (0'), B nam gita F va F. Goi
M, N theo thit ti 1a giao diém ctia DA, CA véi EF. Goi I 1a giao diém ctia EC va FD. Chiing
minh rang

1. AICD = ABCD.

2. IB la duong trung tryc cia M N.
(&' L&i giai.
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1. Tacé BCD = E = ICD. Tuong tu BDC = IDC. Do d6 AICD = ABCD (g.c.g)
2. Tu cau a) dé dang chiing minh duge C'D la trung truc ctia IB. Ta lai ¢c6 CD J/ EF nén

IBLEF (1)
o KC KD, . AK
Goi K la giao diem ctia BA va CD. Ta c6 BN = BM (cung bang E)

Ta lai ¢6 KC = KD (cung bang VKA - KB) nen BN = BM. (2)
T (1) va (2) suy ra IB la dudng trung truc cua M N.
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Gé6c c6 dinh & bén trong dudng tron. Géc cé
dinh & bén ngoai dudng tron

Q Tém tit Ii thuyét
N\’

Quan sat hinh bén ta thay géc BEC c6 dinh E nam bén
trong duong tron (O). Ta néi goc BEC 1a goc c6 dinh 6
bén trong duong tron.

Nguoi ta quy uée: Moéi goc ¢6 dinh 6 bén trong dudng
tron chan hai cung, mot cung nam bén trong goéc, cung
kia nam bén trong géc doi dinh ciia no.

Theo d6, trén hinh vé ta c6 gobc BEC chan cung BnC va
cung 577’7%1 Ta ¢6 dinh li sau

Dinh 1i 19. S6 do ctia goc c6 dinh & bén trong dudng tron bing nita tong sé do hai cung bi chén.

sdBnC 4+ sdAmD

BEC =
¢ 2

Go6c ¢6 dinh bén ngoai duong tron la goc c¢6 hai dic
diém sau

& Dinh nam ngoai dudng tron.

@ Céc canh déu c¢6 1 hodc 2 diém chung véi
duong tron.

Mobi gée ¢6 dinh 6 bén ngoai dusng tron cé hai cung
bi chan. Hai cung d6 ndm beén trong géc. Goc BEC
& hinh bén c6 hai canh cat duong tron, hai cung bi
chan 13 hai cung nho AD va BC. S6 do clia gbe ¢
dinh 6 bén ngoai duong tron duge xac dinh qua dinh
Ii:
Dinh li 20. S6 do ctia géc c6 dinh 6 bén ngoai dudng tron bang niia hiéu sé do hai cung bi chan.

sdéz' — sd@
5 .
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Q Cac vi du
&

549

@M Vi du 1. Cho dudng tron (O) va hai day AB, AC bang nhau. Trén cung nho AC' 1ay mot
diém M. Goi S la giao diém ctia AM va BC. Chiing minh ASC = MCA.

@ Ldi gidi.
Ta c6 ASC 1a goc ¢6 dinh & bén ngoai (O) nén
—_— 1 — —
ASC = §(sdAB —sdMC). (1)
Ta ¢6 goc MCA 1a goc noi tiép trong (O) chdn cung B
AM nén .
MCA = §sdf4]\7. (2)

Theo gia thiét, ta c6 AB = AC = AB = AC. Thay
vao (1), ta ¢

ASC = %(sd@—sdm)

_ %sd@. (3)
Tu (2) va (3) suy ra ASC = MCA.

M Vi du 2. Cho tam giac ABC vuong tai A. duong tron duong kinh AB cat BC & D. tiép
tuyén 6 D cat AC' ¢ P. Chiing minh PD = PC.

(&' Ldi giai.
Géc C ¢6 dinh & ben ngoai dudng tron nén

sdAmB —sdAD _ sdADB — sdAD

¢= 2 2
. sdBD
dodo C =2 (1).
Ta lai c6 CDP = BDx (2),
— BD
BDz = Sd2 (3).

Tt (1), (2) va (3) suy ra C = CDP hay tam gisc CPD can, do d6
PD = PC.
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M Vi du 3. Trén duong tron (O) cho cac diem A, B, C, D theo thit tu dé. Goi Ay, By,
C, va D; lan lugt 1a diém chinh gitta ctia cac cung AB, BC, CD va DA. Chting minh céc
duong thang A;C; va By D, vudng goéc véi nhau.

@ L&i giai.

Goi I la giao diém ctia A;C; va B1Dy, o, B, 7, §
theo thit tu 1a s6 do clia cic cung AB, BC, CD,
DA. Khi d6 a+ B+ + 6 = 360°.

Xét goc m la gbc c6 dinh trong duong tron
(O) ta c6

—

AIB, = %(sd@ +sdCLDDy)
= %(sd@ +sdBB, +sdCyD + sdD D)
_ i(a+5+7+5) — 90°.

Nghia la A;C; L By D;.

O

( N\
@ Vi du 4. Cho tam giac déu ABC noi tiép duong tron tam O. Diém D di dong trén cung
AC. Goi E la giao diém ctia AC vh BD, goi F la giao diém ctia AD va BC. Ching minh
rang:

1. AFB = ABD;

2. Tich AE - BF khong doi.

@ L&i giai.

Theo tinh chat goc c6 dinh ¢ bén ngoai
duong tron ta co

AFB - %(sd@ _sdCD). (1) A
Theo tinh chat goc nai tiép \ D
ABD - %sd@ _ %(sd@—sd@). 2)
B v C

Tu (1) va (2) suy ra AFB = ABD. F

9. AAFB vi AEBA ¢6 AFB = E/B\A, FBA = BAE = 60° nén ching dong dang, suy ra
AB BF
—— =——.Dodo AE - BF = AB?.

AE  AB’
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O
4 N\
M0 Vi du 5. Trong tam gidc ABC, dudng phan gidc goc BAC cit canh BC tai D. Gia st
(T) 1a duong tron tiép xtc v6i BC tai D va di qua diem A. Goi M la giao diém thit hai ctia
(T) va AC, P la giao diém thit hai ctia (T) va BM, E 1a giao diém ctia AP va BC.
1. Chitng minh EAB = MBC.
2. Chitng minh BE? = EP - EA.
G /
(&' Loi giai.
1.
Goi N la giao diém thit hai ctia AB v6i dusng tron (7). A
Do AD la phéan giac cua goc BAC nensdDM = sdDN.
Ta co A\ (T)
—_— —_— 1 —_—— —
MBC = MBD = §(sdDM —sdDP)
1 —_— —
= E(sdDN —sdDP) N M
1 —_ — —
= sINP =NAP = EAB. ‘
B E D C
2. Tit két qui cau a) ta thiy EBP = EAB. Tit d6 AEBP « AEAB suy ra
BE FEA
——=——-& BE*=FEP-EA.
EP _ BE
O
4 N\
M Vi du 6. Trén dudng tron (O) ta lay cac diém A, C1, B, A;, C, By theo thi tu do.
1. Chiing minh rang néu cac duong thing AA,, BBy, CC; la cac dudng phan giac trong
cua tam giac ABC' thi ching la cac duong cao cua tam giac A B1C.
2. Chitng minh ring néu cac dudng thing AA,, BB;, CC, la cac duong cao ciia tam giac
ABC thi ching la cac dusng phan giac trong ctia tam gidc A; B;C}.
3. Gid st (Ty) va (T3) 1a hai tam giac noi tiép duong tron (O), dong thoi cac dinh clia
tam giac (72) 1a cac diém chinh giita ctia cac cung cia dudng tron bi chia bdi cac dinh
clia tam giac 7). Chiing minh rang trong hinh luc giac 1a giao clia cac tam giac (7})
va (Ty) cac dudng chéo ndi cdc dinh ddi dien nhau song song véi cac canh ciia tam
giac (T}) va dong quy tai mot diém.
- v

@ L&i giai.
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Ta ching minh AA; 1 BB;. That vay, goi M la
giao diém ctia AA; va B,C; ta ¢o

AMB, = —(sdAB, +sdA,BC))

1
2

1 —_— —_ —_
= §(SdAB1 4+ SdAlB -+ +SdBCI)
— ABB, + A, AB + BCC,

1 — — —
= 5(ABC + CAB + BCA) =90°

Chtng minh tuong tu ta cing ¢6 BBy L ACh;
CCl 1 AlBl' Al

2. Goi M, la giao diém ctia BB, va AC ta c6

_ 1 —_——

BMlA = 5((8(1140184‘8(11410)

—

= BCA+ACC. (1)

Lai c6

—_— 1 —_

BMQA = 5((SdAClB+SdBlc)

—

— BCA+B,C,C. (2)

Béi vi BM, A = BMyA = 90° neén tit (1) va (2) suy ra 4,C,C = B,C1C tite 1a CC, 1a phan
giac ctia goc A;C1B;. Chiing minh tuong tu ta cling thu duge AA; la phan giac cia goc
B1A,C1; BBy la phan giac cua goc A1 B1Ch.

3. Ki hiéu cac dinh ctia tam giac (Ty) 1a A, B, C; Ay, By, C; la diém chinh gitta cic cung BC,
CA, AB tuong ting. Khi d6 (Ty) 1a tam gidac A;B,C;. Cac duong thang AA,, BB;, CC,
chita cdc dudng phan giac clia tam giac (T}) nén ching dong quy tai diem I. Gia st K 1a
giao diém ctia AB va B,C;. Ta chi can chiing minh IK // AC. That vay, ta thay tam giac
AB4I can tai By nén tam giac AI K can tai K. Tu dé KIA=KAI = I/AE’ nén IK /| AC.

M Vi du 7. Cho tam gidc ABC nai tiép duong tron (O), cac diem M, N, P la diém chinh
gitta ctia cac cung AB, BC, CA. Goi D la giao diém ctia MN va AB, E la giao diém ctia
PN va AC. Chiing minh rang DE song song véi BC.

@ Ldi giai.
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Goi I la giao diém ctia CM va PB. Ta ¢6 A, I, N thing
hang. Vi PIC' = PCT nén PI = PC. Tuong tw, NI = NC.
Do d6 PN la duong trung tryc cua IC, suy ra [E = C'E nén
Ch=1,. Talaico C; = ICBnen I, = ICB, do d6 IE J| BC.
Chitng minh tuong tu, ID // BC. Suy ra I, D, E thang hang
va DFE || BC.

Q Luyén tap
N\

= Bai 1. Cho dudng tron (O) va hai day AB, AC. Goi M, N 1an lugt 1a diém chinh gitta ciia AB
va AC. Duong thing M N céat day AB tai E va cat day AC tai H. Chting minh tam gidc AEH
can.

@ L&i giai.

Vi AHM va AEN la cac géc ¢6 dinh 6 bén trong (O) nén A
ta c6 . N

AHM = %(Sdmﬂdﬁé). (1)

M
]_ —_— —_—
= 5(dMB+sdAN). (2) ¢
Theo gia thiét ta co MA = MB va NA = NC. Thé vio
(2) ta dugc
. B
AEN = 5@&?1]\7 +sdNC). (3)
So sanh (1) va (3) ta dugc AHM = AEN hay tam giac AEH can. O

(= Bai 2. Cho A, B, C la ba diém thuoc dudng tron (O) sao cho tiép tuyén tai A cat tia BC tai
D. Tia phan gidc cia BAC cat duong tron & M, tia phan giac ctia D cit AM & I. Chitng minh
DI 1 AM.

@ L&i giai.
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Goi giao diém ctia AM va BC la N, ta ¢

A
AND — (4T + sdB30). /7

m D
Nhung BM = CM nén
1 1 . ¢
Mat khac, NAD = isdAM. (2)
So sanh (1) va (2) ta c6 AND = NAD hay tam

M

giac DAN can tai D. Suy ra tia phan giac DI

dong thoi 1a duong cao. Do d6 ID 1. AM. -

> Bai 3. Tréen mot duong tron, lay lién tiép ba cung AC, CD, DB sao cho sAAC = sdC'D =
sdDB = 60°. Hai duong thing AC va BD cit nhau tai E. Hai tiép tuyén ciia dudng tron tai B
va C' cit nhau tai 7. Chitng minh ring:
1. AEB = BTC;
2. C'D la tia phan giac ctia BCT.
@ Lo giai.

1. Chiing minh AEB = BTC.
Ta c6 AEB la goc ¢6 dinh 6 bén ngoai duong tron E T
(O) nén

—

AEB = 5 (sdAB —sdCD) =  (180° — 60°) = 60° (1)

N | —
N | =

Ta cling c6 BTC la goc co dinh & bén ngoai duong X
_ 1 — —
tron (0), nen BTC = (sdBAC —sdBDC) \
1 \
=3 [(180° 4 60°) — (60° + 60°)] = 60° (2) \

Tu (1) va (2) suy ra AEB = BTC, (dpcm). 0

2. Ching minh C'D la tia phan giac cia BOT.

Vi DCT 1a géc tao béi tiép tuyén va day cung nén
60°

— 1 —_—
DCT = 3sdCD = —- = 30°. (1)

Va DCB la goc ndi tiép trong (O) chan cung BD nén

60°
2

T (1) va (2) suy ra DCT = DCB. Vay CD la tia phan giac cia BCT. O
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(= Bai 4. Cho bén diém A, B, C, D theo tht ty d6 ndm trén duong tron tam O duong kinh
AB = 2R (C va D nam vé cung phia so v6i AB). Goi E va F' theo thi ty 14 hinh chiéu vuong
gbc clia A va B trén duong thdng C'D. Tia AD cit tia BC tai I. Biét ring AE + BF = R\/3.

1. Tinh s6 do AIB.
2. Trén cung nhé C'D lay diem K. Goi giao diém ctia KA, KB v6i CD lan lugt 1a M, N. Tim
gia tri 16n nhat cia M N khi K di dong trén cung nho COD.
(&' Loi giai.

a) Ké OH 1 CD vé6i H thuoc doan thang C'D, ta thay
OH la duong trung binh ctia hinh thang ABFE, suy
1 Rv3
ra OH = 2 (AE + BF) = T\/_
T d6o AOCD déu, suy ra sdCOD = sdCK D = 60°.
Ta thay géc AIB c6 dinh ndm ngoai duong tron (O)
nén

— 1 — ——
sdAIB = 5 (sdAmB — sdCK D) = = (180° — 60°) = 60°.

DN | —

b) Ta thiy AAEM «~ ANFB suy rta EM - NF = AE -
BF, (khong d6i). Do d6 M N 16n nhat khi va chi khi
EM + NF nhé nhat. Theo trén EM - NF khong doi
nén KM 4+ NF nhoé nhat khi EM = NF = AFE - BF.
Vay gia tri 16n nhat cia M N bang EF — 2/ AE - BF.

O
[= Bai 5. Cho tam gidc ABC nai tiép duong tron (O; R). Goi I 1a tam dudng tron noi tiép tam
gidc d6; M, N, P theo thit ty la tam cac dudng tron bang tiép trong cac goc A, B, C. Goi K 1a
diém déi xiing v6i I qua O. Chiing minh ring K la tam duong tron ngoai tiép tam giac M N P.
(&' Ldi giai.

Goi D la giao diém ctia AM véi dudng tron (O). Ta chiing minh dudc cac tam giac DBI va DBM
can suy ra DI = DM. Do d6 OD la duong trung binh cia AMIK, suy ra KM = 20D = 2R.
Vay M thudc duong tron (K;2R). Tuong tu doi v6i cac diem N va P.
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/\ 30. Duong tron (O) di qua chan ba duong cao cia AMN P nén la dudng tron O-le ctia tam
gidc d6. Theo tinh chét ciia duong tron O-le, trung diém H ctia N P thuoc duong tron. T d6 suy
ra "Trung diém ctia doan thang ndi tam ciia hai duong tron bang tiép tam giac ndm trén duong
tron ngoai tiép tam giac do".

O
= Bai 6. Qua diém A nim bén ngoai dudng tron (O) vé hai cat tuyén ABC va AMN sao cho
hai duong thing BN va CM cit nhau tai mot diém S ndm bén trong dudsng tron. Chitng minh
A+ BSM = 2CMN.

(&' L&i giai.

Ta c6 CAN la g6c G bén ngoai dusng tron (O) nén

~ 1 —_— —_—
A=3 (sdCN —sdBM) (1)
Gée BSM 1a goc ¢6 dinh trong duong tron (O) nén

—

SM = % (SACN +sdBM) (2)

Sy

Cong (1) va (2) vé v6i vé ta ¢
A+ BSM = sdCN (3)

Ta c6 CMN la géc noi tiép ciia (O) chan CN nen

—_— 1 —— — —_—
CMN = sdCN & sdCN = 2. CMN (4)
Thé (4) vao (3) ta dugdc A+BSM =2-CMN.

= Bai 7. Cho tam giac ABC nai tiép dusng tron (O). Biét P, Q, R theo thit tu 1a cac diém
chinh gitta cac cung bi chan BC, CA , AB bdi cac goc A, B, C.
1. Ching minh AP 1 QR.

2. AP cat CR tai I. Chiing minh tam giac CPI can.

(£ Lai giai.
a) Goi K la giao diém ciia AP va QR. Ta c6 AKR la
gbc ¢6 dinh 6 bén trong dudng tron (O) nén A
—_— 1 —— e
AKR = 5(sdAR +sdQC P) R 0
1 —_—— —_— —_—
= é(sdAR +sdQC +sdCP)
= — | =sdAB+ =sdA —sdB )
2(25(1 +28d C—|—25d C
1 — — —_— ° B
= —(sdAB +sdBC +sdAC) = 007 gge. ¢
4 4
Vi AKR = 90°. Suy ra AP 1 QR (dpcm). p
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b) Ta c6 CIP la goc ¢6 dinh 6 bén trong dusng tron nén
—_— 1 — —
CIP = (saCP +sdAR) . (1)

Ta c6 PCT la gbc noi tiép trong duong tron (O) chin cung PR nén

—

—_— ]_ —_—— —_—
PCI = JsdPBR = (sdBP +sdBR) . (2)

1
2
Theo gia thiét ta c6 AR = RB va PC = PB.

— 1 —_ —_ —
Thay vao (2), ta dugc PCI = §(st’P +sdAR) =CIP.
Diéu nay chiing té tam giac CIP can tai P.
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@ Cung chira géc

Q Tém tit Ii thuyét
N\

1.1 Bai toan quy tich cung chirta géc

Dinh 1i 21. Quy tich nhing diém nhin doan thing AB dudi mot goc khong doi o (0° < o < 180°)
14 hai cung chita goc a vé trén doan AB (quy tich co ban).

M
/\ 31.

«
@ Hai cung chita géc o néi trén 1a hai cung tron doi
xung nhau qua AB.
™ Hai diem A va B dudgc coi la thude quy tich. ) 5
& Khi o = 90° thi hai cung chita géc « 1a hai niia
duong tron dusng kinh AB. Nhu vay quy tich cac
diém nhin doan thang AB cho trudc dudi mot goc
vuong la duong tron duong kinh AB. a
M
1.2 Cach vé cung chira goc
Dé vé cung chita géc o ta thic hién cac bude sau
m M m M

@ Vé dusng trung truc d clia doan thing AB.

@ Vé tia Az tao véi doan thang AB mot goc a.
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™ V& tia Ay vuong goc véi Ax. Goi O la giao diém ciia Ay véi d.

& Vé cung AmB, tam O, ban kinh OA sao cho cung nay nim & nita mat phing bo AB khong
chua tia Ax.

AmB vé dugc nhu trén la cung chita goc a.

1.3 Cach giai bai toan quy tich

Muén chitng minh quy tich (tap hop) diém M thoéa méan tinh chat .7 1a mot hinh H nao do, ta
phai chting minh hai phan

@ Phan thuan: Moi diém c6 tinh chit .7 déu thuoc hinh .
@ Phan dao: Moi diém thuoc hinh H déu cé tinh chat 7.

& Két luan: Quy tich (hay tap hgp) cac diém M c6 tinh chat .7 1a hinh H.

B Vi du 1. Cho tam gidc ABC vuong tai A c6 canh BC ¢6 dinh. Goi I la giao diém ctia
ba dudong phan giac trong. Tim quy tich I khi diém A thay déi.

@ L&i giai.
Ta co
BIC = 180° - (ICB+ IBC) =180° — E+§ A
1= 4 90°
= 180° — 5(3 +C) =180° — = 135°.
Ta thay ring B, C ¢b dinh, A thay ddi, / luon nhin B C

canh BC' dudi mot goc 135°.
Vay quy tich diém I 1a cung chita géc 135° dyng trén
canh BC dbi xting nhau qua BC.

O

B Vi du 2. Cho hai diém A, B c¢6 dinh. Tit A vé cac tiép tuyén véi duong tron tam B c6
ban kinh khong 1én hon AB. Tim quy tich cac tiép diém.

@ L&i giai.
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Theo tinh chat tiép tuyén ta c6 AT L BT.
Do d6 A, B ¢6 dinh, T nhin AB du6i mot
goc vuong.

Vay quy tich diém 7 la duong tron duong
kinh AB.

M) Vi du 3. Cho I, O lan lugt la tam dudng tron noi tiép, tam dudng tron ngoai tiép clia
tam gidac ABC véi A = 60°. Goi H la giao diem ctia cac dudng cao BB’ vi CC’. Ching
minh cac diém B, O, C, H, I cing thudoc mot dudng tron.

@ L&i giai.

Xét i giac AB'HC', ta c6
B'HC' = 360° — (A+ B+ (")
= 360° — (60° +90° 4+ 90°) = 120°.
= BHC = B'HC' = 120°.
Xét ABIC ta co

BIC = 180° — (IBC + ICB)

B C 1 N
— 180° — (— + —) = 180° — 5 (180° — 4) = 120°. B

2 2

Mit khac, AABC nai tiép trong duong tron (O) nén

goéc noi tiép BAC trong dudng tron (O) c¢6 s6 do la
1 — ]

60° = BAC = isdBC = §BOC = BOC = 120°.

Tu d6 suy ra H, I, déu nam trén cung chita géc 120°

dung tren BC'. Vay cac diém B, O, C, H, I cuing thudc

mot duong tron.

[ W) Vi du 4. Dung cung chita goc 60° trén doan AB = 4 cm. ]

@ Ldi giai.
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Ta lan lugt thuc hién
& Dung doan thing AB = 4 cm va dudng trung m
truc d cua AB.
Y

™ Dung tia Az sao cho 2AB = 60°.
™ Dung tia Ay vuong goc v6i Ax cit d tai O.

® Dung duong tron (O,0A) va chi lay phan cung
cung phia vé6i O, ki hiéu 1a AmB.

W Lay doi xting cung AmB qua AB va ki hieu 1a
AmlB.

Vay hai cung AmB va Am;B la cung chita géc can
dung.

[ m Vi du 5. Dyng tam giac ABC biét BC = 6 cm, A=40° va duong cao AH = 4 cm. ]

(&' Loi giai.
Phan tich

W Gia sit dung duge AABC théa man diéu kien
BC =6 cm, A=40°, AH =4 cm.

@ Khi d6, diem A nam trén dudng thing d song
song v6i duong thing BC va cach BC mot doan Ay Ay

bang 4 cm. !
@ Mat khac, BAC = 40° nén A nim trén cung
chita goc 40° dung trén BC.
Cach dung B C
@ Duyng doan thing BC = 6 cm.
® Dung cac duong thang di / A va dy /| A va
cach A mot khoang 4 cm. do

A4 A3

@ Dung cac cung chita goc 40° dyng tréen BC' 13
BmC' va BnC'. Hai cung nay lan lugt cat d; va
d2 tal A17 A27 A37 A4'

Vay AA,BC, AA,BC, AAsBC. AA,BC 1a céc tam
gidc can duyng. -

B Vi du 6. Cho trudc diém A trén dudng thing d va hai diem C, D thuoc hai nita mat
phéng déi nhau, b d. Hay dyng mot diém B trén d sao cho ACB = ADB.

@ L&i giai.
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Phan tich -

Gia st dung dude diem B trén d sao cho ACB =

ADB. Goi D' 1a diém déi ximg cfia D qua d. Khi

d6 ADB = AD'B, vay ACB = AD'B C
Suy ra C' v D’ cling nam trén mot cung chita goc

dung trén doan AB. Tut d6 ta thay giao diém ctia

d v6i duong tron ngoai tiép AACD'. . D
Cach dung <
& Dung diem D’ la diém déi xtng ctia D qua
dudng théng d. Dung duong tron ngoai tiép - p
tam gidc ACD'. A

™ Dung giao diém B cta dudng thing d véi
duong tron (ACD’).

Chtng minh: Ro6 rang vé6i cach dung trén | ta co ACB = AD'B = ADE.

Bién luan: Néu ba diém A, C, D khong thang hang, hodc néu ba diém nay thang hang nhung C'D
khong vuong goc véi d thi bai toan ¢6 mot nghiém hinh.

Néu ba diém A, C, D thang hang va d la dudng trung triyc ctia doan C'D thi bai toan cé vo sb
nghiem hinh. Néu ba diém A, C, D thang hang, d 1. C'D nhung d khong phai la duong trung tric
cia C'D thi bai toan khong c6 nghiém hinh.

O

Q Luyén tap
-

(= Bai 1. Dung tam giac ABC biét:
1. BC =3 cm, AB =2 cm va A = 50°.
2. BC =6 cm, A=45° v trung tuyén AM =5 cm.

@ L&i giai.
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Phan tich: Gia st da dyng duge AABC théa man
yéu cau bai toan, ta c6

& BAC = 50° nén A nim trén cung chita goc
50° dung trén doan théng BC.

@ AB = 2 cm nén A nam trén duong tron tam
B ban kinh 2 cm.

Céach dung. Ta lan lugt thuyc hién

& Dung doan BC = 3 cm.
& Dung cung chita géc 50° dung trén doan BC.

& Dung duong tron tam B ban kinh 2 cm cat
cung chita gbc G trén tai A.

W N6i AB, AC ta duge AABC phai dung.

Ching minh. Ta c6 ngay

& BC = 3 cm theo cach dung.
& A =50°+vi A nim trén cung chita géc 50° dung trén canh BC.
@ AB =2 cm, A nam trén duong tron tam B duong kinh 2 cm.
Vay tam gidc ABC thoéa man diéu kién bai toan.
Bien luan: Ta dyung dudce hai tam giac thdéa man yéu cau la AABC va AA’BC, nhung hai

tam gidc nay bang nhau (ddi xing qua BC) nén bai toan nay chi ¢6 mot nghiem hinh (bai
todn nay 1a bai toan dyng hinh vé kich thudc).

Phan tich: Gia st dung duge AABC thdéa man
diéu kien dé bai, ta c6

@ A nam trén cung chia goc 45° dung trén
doan BC.

@ A nam trén duong tron tam M béan kinh 5
cm véi M 1a trung diém BC.

Vay A la giao diém ctia dudng tron tam M ban
kinh 5 cm v6i cung chita goc 45°.
Cach dung

& Dung doan BC = 6 cm.

& Duyng duong tron tam M ban kinh 5 cm cit
cung chita goc 45° tai A.

W Né6i AB, AC ta dugec AABC can dyng.
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Chitng minh: Ta ¢6 BC' = 6 c¢m theo cach dung.
A =45° vi A ndm trén cung chita géc 45° dung trén doan BC. Mat khac AM =5 cm vi A
thuoc duong tron tam B ban kinh 5 cm. Vay AABC thoéa man yéu cau bai toan.
Bien luan: Dé x4c dinh xem bai toan c6 bao nhiéu nghiém hinh ta can tinh do dai AyM,
trong d6 Ay 1a diém chinh giita cung chita géc 45°. Trong AAyBM vudng tai M, ta co:
_— 1~
BAMN = JA =225,
AgBM = 90° — BAM = 67,5°.
AoM = BM tan AgBM = 3tan 67,5° ~ 7,24 > AM.

Do d6 duong tron tam M ban kinh 5 cm cit mdi cung chita géc tai hai diém phan biét.
Vay bai toan c6 hai nghiém hinh.

O
= Bai 2. Xét cac tam gidgc ABC c6 BC = 6 cm cb dinh, A = 120°.
1. Tim quy tich cac diém A.
2. Diém A & vi trf nao thi tam gidc ABC c6 dién tich 16n nhat? Tinh gia tri 16n nhat doé.

@ L&i giai.

Phan thuan: Do BC' ¢6 dinh, BAC = 120° nen A A

di chuyén trén hai cung chita géc 120° dyng trén m
BC. 120°

Phan dio: Lay diém A thuoc cung chita goc 120° B ¢
dyng trén BC, ta thay ngay 120°. \—/
Két luan: Quy tich diém A la hai cung chtia goc

120° dung trén doan BC.

Ha AH vuodng goc véi BC, ta c6 ngay

1

SABC = éAH - BC.

Do d6, Sapc c6 gid tri 16n nhat khi AH 16n nhat /J\
B - C

& A la diém chinh gitta cung chita goc.

Khi d6 xét AABH vuong tai H, ta c6

AH

BAH = 60° = AB =
cos 60°

= 2AH.

2
AB? = AH? + BH? & (2AH)? = (BQ—C> & 3AH? =9 AH = /3,

1
Do d6 Sapc = 5\/§~ 6 = 3v/3 cm?.

Nhat xét: Trong vi du trén, viéc chi ra quy tich ctia diém A dudc suy ra ngay tit gia thiét,
do d6 cac bude thire hieén 1a rat don gidn. Tuy nhién, trong nhiéu trudng hop chiing ta can
chi ra duge cung chita géc trong hinh vé.

0
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(= Bai 3. Cho hinh thang can ABCD (AB J/ CD). Chiing minh ring bén diém A, B, C, D clng
thuéc mot duong tron.

(&' Lai giai.
Xét hai tam giac AABD va ABAC, ta c¢6
AB chung
BAD = ABC A B

AD = BC (canh bén hinh thang can)
= ANABD = ABAC (c.g.c)
= ADB = ACB.
Vay cac diem C, D nim cling mot phia déi véi AB
va théa man ADB = ACB nén bén diém A B,C, D D ¢
thudc cing mot duong tron.

l

(= Bai 4. Cho tam giac ABC c¢6 A= 60°, noi tiép duong tron (O). Trén cung nhé AC 1ay mot
diém D. Tren day BD lay diém M sao cho DM = DC.

1. Chting minh rang tam giac M CD la tam giac deu.
2. Tim quy tich cac diém M khi diém D di dong trén cung nho AC.
(&' Lai giai.

1. Xét AMCD, ta c6 DM = DC vi CDM = CDB = CAB = 60°. Do d6 AMCD la tam
giac deéu.

Phan thuan: Tt két qua cau trén ta co6

BMC = 180° — CMD = 180° — 60° = 120°.

Do BC ¢6 dinh, BMC = 120° nén M di chuyén
trén cung chita goc 120° dung trén BC.

Gid6i han: Vi D chi chay trén cung AC nen M chi
chay trén mot cung chita goc 120° dyng trén BC
thuoc ntta mit phang b BC' c6 chita diem A.
Phan do: Lay diém M thudc cung chita goc 120°
dung tréen BC thudc nita mit phing bs BC cé
chita diém A. Ta chiing minh DM = DC.

That vay, xét AMCD, ta c6

= AMCD la tam giac déu.

CDM = CAB = 60°
CMD = 180° — BMC = 180° — 120° = 60°

= DM = DC.
Két luan: Quy tich diem M 1a mot cung chita géc 120° dung trén BC' thudc nita mit phang
bd BC chita diém A.

0

= Bai 5. Cho tam giac ABC vuong tai A. Vé hai nita duong tron duong kinh AB va AC ra phia
ngoai clia tam gidc. Qua A vé cat tuyén MAN (M thuoc nita duong tron duong kinh AB, N
thudc nita duong tron dusng kinh AC).
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1. T gidc BCNM 1a hinh gi?

2. Tim quy tich trung diém I ctia M N khi cat tuyén M AN quay quanh A.
(£ Loi giai.

1. Xét ti gidc BONM, ta c6

& AMB = 90°, gbc noi tiép chan nita duong tron = BM L MN.
& ANC = 90°, géc nodi tiép chan nita duong tron = CM L MN.

= BM /| CN. Vay ti giac BCNM la hinh thang vuong.

2. Phan thuan: Goi E la trung diém BC, ta c6

ET 1a duong trung binh ctia hinh thang BOCNM C
= EI [/ CN = EI L MN < AIE = 90°.

Vay diém I ndm trén duong tron dusng kinh AE.
Gi6i han: Ta c6

@ NeuM=B=N=A=1=PIlatrung
diém ctia AB. Q E

W NeuM=A= N=B=1=Q latrung
diém ctia AC.

Do d6 I chi nim trén cung PQ ciia dudng tron P

duong kinh AFE. A B
Phin dio: Lay diém I nim trén cung PO ciia
duong tron duong kinh AE. No6i AT cat (AB) va
(AC) theo thi tu tai M va N. Ta ching minh
MI=NI.

That vay, ATE = 90°, géc noi tiép chin nita dwong tron < EI | MI. < EI J) BM = EI
la duong trung binh ctia hinh thang BONM = MI = N1.

Két luan: Quy tich cac dém I nim trén cung PQ ctia dudng tron dudng kinh AE.

M

O

= Bai 6. Cho tam giac ABC ¢6 B va C la cac géc nhon, duong cao AH, trung tuyén AM thoa
man BAH = MAC. Goi E la trung diéem AB.

1. Tam giac AEH la tam giac gi? Vi sao?
2. Ching minh A, F¥, H, M cung thuoc mot ducng tron.

3. Chiing minh tam giac ABC vuodng.

& Loi giai.
A
E
B - C
H M

GIA0 VIBIL: vevneeeeeeeeee e, \



Chuong 3. Go6c véi dudng tron

967

1 . N
1. Xét AABH vuong tai H, ta ¢c6 FH = §AB, trung tuyen tng véi canh huyen & EFH =
FA < AFAH can tai E.

2. Nhan xét rang

A/IE = E@ do AEFAH can tai E
EAH = MAC theo gia thiét
MAC = AME (hai goc so le trong do ME | AC)

Suy ra AH E = AME. Vay cac diem M, H nim cing mot phia déi v6i AE va thoéa man
AHE = AME nén bén diém A, E, H, M thudc cung mot dudng tron.

3. Tt két qua cau trén, ta suy ra AEM = AHM = 90° (géc noi tiép cling chan cung m)
= MFE 1 AB. Mat khac ta ciing c6 ME J| AC, suy ra AB 1. AC = AABC vuong tai A.

O
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Q T giac ndi tiép

Q Tém tit li thuyét
N\

1.1 Dinh nghia va tinh chéat

binh nghia 11. Mot ti gidc c6 bén dinh nim trén mot duong

tron duge goi 1a tit gide noi tiép dudng tron (goi tat 1a tii gide noi B

tiép).

Dinh 1i 22. ¢

1. Trong mot ti giadc noi tiép, tong sé do hai géc db6i nhau bing
180°.

2. Néu mot tit giac c6 tong s6 do hai goc dbi nhau bang 180° A b
thi t gide d6 noi tiép duge duong tron. v

/\ 32. T dinh Ii trén ta co

1. Véi A, B, C, D la bén dinh ctia mot t¢ gidc thi:

A+C =180°

ABCD noi tiép < —~
B+ D = 180°.

2. Hinh thang nai tiép dugc trong mot dusng tron khi va chi khi né 1a hinh thang can.
1.2 DaAu hiéu nhan biét ti¥ gidc noi tiép
& Dua vao dinh nghia clia tit gidc noi tiép.

@ Chiing minh tit gidec d6 ¢6 hai goc ddi bu nhau (hodic tit gide d6 ¢c6 mot goc bang goe ngoai
tai dinh d6i dién).

™ Dua vao khai niem cung chita géc: Tt giac c6 hai dinh lien tiép nhin doan thang ndi hai
dinh con lai dué6i hai goc bang nhau thi tit giac dé noi tiép dude mot dusng tron.

/\ 33.

Tap hop tat ca cac diém nhin doan AB cho truée dusi mot goc vuong 0
la duong tron ducong kinh AB. P
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Q Cac vi du
&

@ Vi du 1. Cho dudng tron dudng kinh AB va D la mot diém thudc duong tron. Trén tia
ddi ctia tia BA lay diém C. Duong thing vuong goc véi BC tai C' cét duong thing AD tai
M. Chitng minh t¢ giac MCBD noi tiép duge duong tron, xac dinh tam duong tron do.

969

@ L&i giai.

Ta ¢6 ADB = 90° (goc noi tiép chin nita dudng tron)

— MDB = 90°,
Lai c6 MCOB = 90° (MC L BO),
Do d6 MDB + MCB = 180°. 2
T giac MCBD ¢c6 MDB+MCB = 180° nén MCBD
noi tiép duge duong tron.
-
C B (0] A
0
M) Vi du 2. Cho tam giac ABC co A< 90°, cac duong cao AD va BE cit nhau tai H (D
thuoc BC, E thuoc AC). Chitng minh cac tit giac DHEC va ABDE noi tiép duge duong
tron.
@ L&i giai.
Ta c6 HDC = 90° (AD la duong cao), A
Lai c6 HEC =90° (BE la dudng cao),
= HDC + HEC = 180°.
Vay ttt giac DHEC nai tiép duge dudng tron.
Ta c6 ADB = 90° (AD la dudng cao), s
Lai ¢c6 AEB = 90° (BE la duong cao),
— ADB = AEB = 90°. -
Tt giac ABDE c6 E, D 1 hai dinh lién tiép va ADB = AEB B :) o
nén noi tiép duge duong tron.
U
W) Vi du 3. Cho tam giac ABC vuong tai A, duong cao AH. Ké HD 1 AB tai D, HE |
AC tai E. Chitng minh ring ti gidc BDEC noi tiép.
@ L&i giai.
Tt gide ADHE ¢6 DAE = ADH = AEH = 90°.
= ADHE 1a linh chit nhat. S B
~ AED — AHD. o
Ma AHD = ABC (cung phu BAH) nén AED = ABC.
Suy ra ti giac BDEC noi tiép. D
B H c
O
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( I

W\ Vi du 4. Cho tam giac ABC vuong 6 A (AB < AC), dudng cao AH. Trén nita mit
phéng bs BC chita diém A, vé nita duong tron duong kinh BH cét AB tai F, nita duong
tron duong kinh HC cat AC tai F.

1. Ching minh tit gidc AFHFE la hinh chit nhat.

2. Chitng minh tt giac BEFC la t1i giac noi tiép dudng tron.

(&' Loi giai.
1. Ta c6:

& BEH = 90° (goc noi tiép chan nita duong tron duong kinh BH) = AEH = 90°.
& CFH = 90° (goéc nai tiép chan nita duong tron duong kinh CH) = AFH = 90°.
& EAF = 90° (do tam giac ABC vuong tai A).

Tt gide AEHF c6 EAF = AEH = AFH = 90° nén AEHF 1a hinh chit nhat.

2. AEHF la hinh chit nhat nen AEHF noi tiép A
duong tron duong kinh AH. 3
S i -

Ma AHF = ACB (cung phu v6i CAH) nén
ABF = B, i
Vay tit giac BEEFC nai tiép.

B H C
O

@) Vi du 5. Cho tam giac ABC nhon noi tiép duong tron tam O. Vé dudng théng d song
song vdi tiép tuyén Az clia dudng tron va cat hai day AB,AC lan lugt tai Mva N (M khong
trung v6i B va N khong trung véi C'). Ching minh tit gisac BM NC' noi tiép.

@ L&i giai.

Goi E, F la giao diém ctia d v6i dudng tron (O).
Vid /| Ax nén sdAE = sdAF. Do do6:

AMN = %(stFHdE'E)
— %(sd@Jrsd@)

= %Sd@ = A/C-’\B

Mit khac BMN + AMN = 180° (hai goc ké bit).
Suy ra BMN + NCB = 180°. E
Vay tit giac BM NC nai tiép duge duong tron.

) O

( M Vi du 6. Hay tim s6 do cac goc cia ti gidc ABCD trong hinh vé sau.
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@ L&i giai.

Dit 2 = BCE = DCF. Xét ABCE ta c6 EBC = 180° — 40° — x = 140° — x.
T tit giac ABCD noi tiép va tinh chat goc ngoai cia ADCF ta c6

140° — 2 = EBC = ADC = DFC + 2 = 20° + 1 < z = 60°.

Do do
ADC = DCF +z = 20° +z = 80°.
ABC = 180° — ADC = 100° (do ABCD noi tiép)
BCD = 180° — DCF = 180° — x = 120°.
BAD = 180° — BCD = 60° (do ABC'D nai tiép).
p

Ul
=~

B\ Vi du 7. Cho nita duong tron tam O duong kinh AB. C la mot diém nam gitta O va A.
Duong théng vuong goc véi AB tai C' cit nita duong tron trén tai I. K 1a mot diém bat ky
nam trén doan thang CT (K khac C' va I), tia AK cat ntta duong tron (O) tai M, tia BM
cat tia CT tai D. Goi E d6i xiing véi B qua C.

1. Ching minh ACM D 1a ti giac noi tiép duong tron.
2. Chiing minh AABD «~ AMBC.

3. Chitng minh AKDE la tit gidc noi tiép.

(¢ Loi giai.
1. Chitng minh ACM D 1a t gidc noi tiép duong tron.
(O)/C(’)\A/]W\B noi tiép chian nita duong tron. D
= AMB = 90°.

Vi CI 1 AB nen ACD = 90°,
Tu glac ACMD c6 C, M la hai dinh ké nhau va

ACD = AMD = 90° nén ACMD noi tiép.

2. Chiing minh AABD ~ AMBC.
Xét NABD va AMBC ¢6

ABD chung e
ADB = MCB (vi ACM D noi tiép.)

= ANABD ~ AMBC (g-g

) ' E A C 0] B
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3. Ching minh AKDE 1a tit giac noi tiép.
Vi E déi xiing v6i B qua C nén C la trung diém ctia EB.
Ma DC 1 EB tai C nén DC la trung truc cia EB.
= DFE =DB = ADEB can tai D.
S %poam
Ma AKC = ABD (cung phu CAK) nén AED = AKC.
= AKDFE noi tiép.

[
2
M0 Vi du 8. Cho tam gidc ABC' ¢6 ba gbc nhon noi tiép duong tron (O) véi tryc tam 1a H.

Gia stt M 1a mot diem trén cung BC khong chita A (M khac B, M khac C). Goi N, P theo
thit tu 1a diém déi xting ctia M qua cac dudng thing AB, AC.

1. Chting minh ti gidc AHCP noi tiép.
2. Chiing minh ba diém N, H, P thing hang.

3. Tim vi tri cia M dé do dai doan théng NP 16n nhat.

@ L&i giai.

1. Goi I la giao diém ctia CH va AB, K la giao diém ctia AH va BC.
Ta c6 IBK = AMC (cung chin AC), AMC = APC (do P d6i xing véi M qua AC)

= IBK = APC. (1)
Ta thay BIHK noi tiép nen IBK + AHC = 180°. (2)
T (1) va (2) suy ra AHC + APC = 180° = Tt gidc AHCP noi tiép.

2. Do ti gidc AHCP noi tiép nén A
AHP = ACP (cting chan @)

06 ACP = ACM (tinh chét déi
xuing).

Suy ra AHP = ACM. (3)
Twong tu ta ching minh dugc t giac
AHBN noi tiép, nen AHN = ABN
(ciing chin AP).

06 ABN = ABM (tinh chat déi
xting).

Suy ra AHN = ABM. (4).
Vi 1t gise ABMC noi tiép nen ACM + ABM = 180°. (5)

Thay (3), (4) vao (5), ta duge AHP + AHN = 180°. Vay ba diém N, H, P thing hang.
3. Tit MAN = 2BAM; MAP = 2MAC (tinh chat déi xing), suy ra
NAP =2 (BAM + MAC) = 2BAC (khong déi).

Ta c6 NP = 2AP - sin BAC' = 2AM - sin BAC. Do d6 NP 16n nhét khi va chi khi AM 16n
nhat, lic d6 AM la duong kinh ctia duong tron (O).
Vay NP 16n nhat khi va chi khi M 14 diém déi xting ctia A qua O.

0
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W Vi du 9. Cho tit giac ABCD c6 hai dinh B va C trén cuing mot nita dudng tron duong
kinh AD tam O. Hai duong chéo AC va BD cat nhau tai E. Goi H 13 hinh chiéu vuong goéc
ctia B xuéng AD va I 1a trung diém ctia DE. Chitng minh rang

1. T gidc ABEH, DCEH nai tiép duge duong tron.
2. E la tam duong tron noi tiép ABCH.

3. Nam diém B, C, I, O, H cung thuoc mot duong tron.

@ Loi gidi.
1. T gidc ABEH, DCEH nai tiép duge duong tron.
Tac6 ABD = ACD = 90° (goc noi tiép cling

chin nta (0)). ¢
Lai ¢6 AHE = DHE = 90° (H 1a hinh chiéu
vuong goc ctia E xudng AD). B

Tt gisc ABEH 6 ABE + AHE = 90° +
90° = 180° néen ABEH n01 tlep

T giac DCEH c¢6 DCE + DHE = 90° +
90° = 180° nén DC'EH nai tiép.

2. E la tam duong tron noi tiép ABCH.
| ECH = EDH (vi DCEH ndi tiép)
Tacoq , e
BCE = EDH (vi cung noi tiep (O) va chan AB).
= ECH = BCE.
= C'E la duong phan giac cia ABCH.
Chiing minh tuong tu ta ¢6 BE ciing la duong phan gidc cia ABCH.
Ma FE la giao diém ctia BE va CE nén F la tam duong tron noi tiécp ABCH.

3. Nam diém B, C, I, O, H cing thuoc mot dudng tron.
Ta c6 I 1a tam duong tron ngoai tiép tam giac EC'D vuong tai C' nén BIC = 2BDC' (goc

noi tiép va géc & tam ciing chin CE). (1)
(O) ¢c6 BOC = 2BDC (gbc noi tiép va goc ¢ tam cung chan BC'). (2)

Vi E la tam du’dng tron noi tiép ABCH nén HE la phan giac clia BHC.
= BHC’ = 2EHC’
Ma EHC = BDC (DCEH noi tlep) nén BHC’ —2BDC. (3)

Tu (1), (2) va (3) ta ¢ BIC = BOC = BHC.
Vay nam diem B, C, I, O, H cung thudoc mot dudng tron.

0

M Vi du 10. Cho dudng tron (O; R) va dudng thing zy cach tam O mot khodng OK = a
(0 < a < R). Tt mot diem A thudc zy nam bén ngoai duong tron (O), vé hai tiép tuyén
AB va AC dén duong tron (O) (B, C 1a cac tiép diém; O va B nam cung phia véi zy)

1. Chiing minh 5 diém O, A, B, C, K cing nim trén mot dudong tron. Xac dinh tam cla
duong tron nay.

2. BC cat OA va OK theo thi tu tai M va S. Chitng minh ti gidc AM K S nai tiép duge
trong mot duong tron.
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L 3. Chitng minh cac tit giac BOKO noi tiép. J

@ L&i giai.

1. Ta c6 ACO = ABO = 90° (TC tiép tuyén), AKO = 90° (zy cach O mot khoang OK).
= (', B, K thudc duong tron duong kinh AO
= 0, A, B, C, K cing nam trén duong tron duong kinh AO, tam I la trung diém AO.

2. Taco AC = AB, OC =0OB S

= AO la trung tlgc\cﬁa BC
= AO L BC = AMS = 90°.
C6 AKS = 90° (zy cach O mot khoang
OK). o
Tt giac AMKS c6 K, M 1a hai dinh ké Y
nhau vi AMS = AKS = 90° nen AMKS K
noi tiép.
A M
3. Taco: g x 0
CKA = COA (goc noi tiép cung chin AC
cta (1)),
AKB = AOB (gbéc noi tiép cling chan AB
ciia (1)) B

= CKB = COB.
Tt gidc BCKO c6 K, O 13 hai dinh ké nhau va CKB = COB nén BOKO noi tiép.

Q@ Luvén tap
Al

(= Bai 1. Cho tam gidc ABC noi tiép duong tron (O) duong kinh AB. Dudng thang vuong goc
v6i AO tai trung diém I ctia AO cit AC tai M va cat tiép tuyén tai C' cia dudng tron ¢ E. Chiing
minh OCEI, IMCB la céac ti gidc noi tiép, xac dinh tam cac duong tron do.

@ L&i giai.

v Ta co OIE = 90° (gi4 thidt); E
OCE = 90° (tlnh chat tiép tuyen)

Tt giac OCFEI c6 OITE+OCE = 180° nén OCEI
noi tiép. C

& Ta c6 OIM = 90° (gia thiét);
BOM = 90° (goc nai tiép chan nita duong tron)
Tt gidge IMCB ¢6 OIM + BOM = 180° nén
IMCB nai tiép.

-
A I 0] B

O
(= Bai 2. Trén nita duong tron tam (O) duong kinh BC lay diém A (AB > AC > 0). Goi H 1a
hinh chiéu vuong goc ctia A trén canh BC. Duong tron duong kinh AH lan lugt cat AB, AC tai
M va N. Chitng minh t giac BONM noi tiép.
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@ Lai giai.
Xét duong tron dusng kinh AH ta co: A
— 1 —_— —_——
MBC = (sdAH — deH)
1 —
= —sdAM
2
— ANDM. N
Vay tit giac BONM noi tiép. B >3 c

O

(= Bai 3. Trén dudng tron tam (O) c6 mot cung AB va S la diém chinh giita clia cung d6. Trén
day AB lay hai diém E va H. Céac dudng thing SH va SE cit dudng tron theo tht tu tai C va
D. Ching minh EHCD 14 mot ti gidc noi tiép.

(&' Loi giai.

Vi S la diém chinh gifta ctia cung AB nén sdSA = sdSB.

—_— 1 ——— P
DCH = §stAD (g6c nai tiep)

1 —_ —_
= 3 (sdSA +sdAD)
1 —_ —_—
= 3 (sdSB +sdAD)
-~ SEB (g6c ¢6 dinh bén trong dudng tron)

Vay tt gidc EHC'D noi tiép.

N
&
Qe 95)
=
Q
Sy

U

(= Bai 4. Cho bon diém A, B, C, D theo thit ty d6 nam trén dudng tron tam O (AB < CD); I
la diém chinh gifta ciia cung nhé AB. Goi E la giao diém ctia IC va AD;F la giao diém ctia DI
va C'B. Chiing minh tit gidc CDEF noi tiép.

(&' Lai giai.

Vi I 1a diém chinh gitta ctia cung nhé AB nén sdI A = sdI B.

D
Ta c6
. NN
CED = (sd@—sdﬁx) ‘ .
— 1 (saCD - salB) b‘
— CFD. ’

Vay tit giac CDEF noi tiép.

N =N =

|

= Bai 5. Cho tam giac can ABC c¢6 day BC va A = 20°. Trén nita mit phéng b AB khong
chita diém C' lay diém D sao cho DA = DB va DAB = 40°. Goi E la giao diém ctia AB va CD.
Chitng minh t giac ACBD la tit gidc noi tiép.
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576
(&' L&i giai.

AABC can tai A nén ABC = M = 80° D
Vi DA = DB nén AADB can tai D
= ABD = BAD = 40°. B
Ta co:
CBD ABC’ + ABD = 80° + 40° = 120°. e
CAD = CAB + BAD = D = 20° +40° = 60°.
T giac ACBD c6 CAD + CBD = 180° nen ti gidc e A
ACBD noi tiép. C % A

U
(= Bai 6. Cho duong tron (O; R) duong kinh AB. Day BC = R. Tu B ké tiép tuyén Bz véi
duong tron. Tia AC cit Bz tai M. Goi E 1 trung diém ctia AC. Chiing minh tit gidc OBME
noi tiép duong tron.

@ L&i giai.

(O) ¢6 E la trung diém ctia day cung AC nén OF 1 AC tai E.

M
OBM = 90° (Bx L AB). C
T giac OBME ¢6 OBM + OEM = 90° + 90° = 180° néen OBM E noi
tiép.
A B
w

= Bai 7. Cho nita dudng tron tam O duong kinh AB, diém M bat ki trén ntta dudng tron (M
khac A, B). Trén nita mat phang bd AB chiia nita dudng tron ké tiép tuyén Ax. Tia BM cit Az
tai I, tia phan giac clia goc IAM cat ntta dudng tron tai F, cat tia BM tai F. Tia BE cat Az
tai H va cit AM tai K. Chiing minh ring EFM K 1a ti giac noi tiép.

@ L&i giai.
(O) c6 AEB va AMB noi tiép chan nita dudng tron. I
~ AEB — 1B = %" r

= KEF = AMB = 90°.
= EFMK nai tiép.

O

(= Bai 8. Cho ntta dudng tron tam O dudng kinh AB. Ké tiép tuyén Bz va lay hai diém C va
D thuoc nita duong tron. Cac tia AC' va AD cat Bz lan lugt 6 E, F (F 6 gita B va E). Chiing
minh CEFD la t1 giac noi tiép.

@ L&i giai.
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LY
(0) ¢6 ACB noi tiép chin nita duong tron. E
= AC/B\: 900'/'\ —
s CEF = ABC' (vi cung phu BAC') C
O —_— —_— —_——
ADC = ABC (vi cing noi tiép (O) chin AC) FlD
_cEF-dpC.
Tt gidc CEFD ¢6 CEF = ADC nén CEFD noi tiép.
B A

@)
U

[= Bai 9. Cho duong tron (O; R); AB va CD la hai duong kinh khac nhau ctia duong tron. Tiép
tuyén tai B ctia duong tron (O; R) cat cac duong thang AC, AD theo thit tu tai E va F.

1. Chiing minh tit giac ACBD la hinh chit nhat.

2. Chiing minh AACD = ACBE.

3. Ching minh t& gidc CDFE noi tiép duge dudng tron.
(&' Loi giai.

1. Chitng minh t gidc ACBD la hinh chit nhat.
Tt gidc ACBD c6 O la trung diém ctia AB va CD.
= ACBD la hinh binh hanh. A
Ma AB = CD nén ACBD la hinh chit nhat. )

2. Chiing minh AACD -~ ACBE.
6 ACD = ABD vi cung noi tiép (O) chdn AD
O — o — —
CBE = ABD vi cung phu ABC.
= ACD = CBE.
Xét AACD va ACBE ¢6
CAD chung
ACD = CBE (cmt)
= ANACD ~ ACBE (g-g).

3. Chitng minh t giac CDFE noi tiép duge dusng tron.
Tt gidc CDFE ¢6 ADC = AEF (AACD ~ ACBE).
= CDFE noi tiép.

E
U

(= Bai 10. Tt mot diém A ndm ngoai duong tron (O; R) ta vé hai tiép tuyén AB, AC v6i dudng
tron (B, C la tiép diém). Trén cung nhé BC lay mot diem M, vé MI 1. AB, MK 1 AC (I € AB,
K e AC).
1. Chiing minh ATM K 14 t gidc noi tiép duong tron.
2. V6 MP 1 BC (P € BC). Chting minh CPMK la tt gidc noi tiép.
@ Loi gidi.

1. Chiing minh AIMK 1a t gidc noi tiép duong tron.
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578
Tit gidc ATMK c6 AIM +AKM = 90° +90° = 180° B
nén AIMK nai tiép. I
2. Ve MP 1 BC (P € BC). Chiing minh CPMK la
ti gidc noi tiép. 4

Tt gidgc CPMK c6 CPM+CKM = 90°+90° = 180°
nén CPMK noi tiép.

C
U

= Bai 11. Cho ntta duong tron tam O duong kinh AB = 2R va tia tiép tuyén Az cling phia véi
nita dudng tron déi véi AB. Tit diem M trén Az ké tiép tuyén thit hai MC véi nita dudng tron
(C 1a tiép diem). AC cat OM tai E, M B cét ntta dudng tron (O) tai D (D khéac B). Chitng minh
AMCO va AMDE la cac tit giac noi tiép duong tron.

@ Lo giai.
Tt gide AMCO c6 OAM + OCM = 90° + 90° = 180° nén v
AMCO nai tiép.
Hai tiép tuyén AM va C'M c&t nhau tai M nén MA = MC. D
Ma OA = OC = R nén OM la trung tryc cia AC.
= ABM = 90" _
ADB noi tiép va chan nita (O) néen ADB = 90°. o
Tt gide AMDE ¢6 E, D ké nhau va AEM = ADM = 90°.
= AMDE nai tiép. 5 % A

O
= Bai 12. Cho ntta dudng tron tam O dudng kinh AB. Lay diéem M thuoc doan thang OA, diém
N thuoc ntta duong tron (O). Tt A va B vé cac tiép tuyén Ax vad By. Dudng thing qua N va
vuong goc véi NM cat Az, By lan luct tai C' va D.

1. Chitng minh ACNM va BDN M 1a céc ti gidc noi tiép duong tron.

2. Goi I la giao diém ctia AN va CM, K la giao diém ctia BN va DM. Chitng minh AANB
dong dang v6i ACMD tit d6 suy ra IMK N 1a tit gidc noi tiép.
(&' Lai giai.
1. Chiing minh ACNM va BDN M 1a céc ti gidc noi tiép duong tron.
Tt giac ACNM c6 MAC + MNC = 90° + 90° = 180° nén ACNM nai tiép.
T giac BDNM ¢6 MBD + MND = 90° 4+ 90° = 180° nén BDN M noi tiép.

2. Ching minh AANB dong dang véi

ACMD tu d6 suy ra IMKN la ti giac C
noi tiép.

Ta c6 AN B noi tiép va chin nita (O) nén N
ANB = 90°. Xét AANB vi ACMD c6
{W = MCD (vi ACNM noi tiép)

NBA = MDC (vi BDNM noi tiép).

= AANB « ACMD (g-g). K g
—~ CMD = ANB = 90°.
= CMD + ANB = 180°.
= IMKN noi tiép. B o M A
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O

= Bai 13. Cho hinh vuéng ABCD canh a. Trén hai canh AD va CD lan lugt lay cac diem M
vav N sao cho M BN = 45°. BM va BN cat AC theo thit tu tai E va F.

1. Chitng minh cac ti gidc BENC va BFM A nai tiép duge trong mot duong tron.
2. Chitng t6 MEF N la tit gidc noi tiép.
(&' Loi giai.

1. Chiing minh céac tit gidc BENC va BFM A noi tiép dudce trong mot dudng tron.

Vi ABC'D la hinh vudng nén MAF = ECN = 45°. B C
Tt giac BENC ¢6 B, C ké nhau vi EBN = ECN =
45° nén BENC nai tiép.

Tt giac BEMA ¢6 A,Bkénhauvam:J\TB\F: b
45° nén BF M A noi tiép.

2. Chiing t6 M EFN la ti glac noi tlep N
BENC nai tiép = MEN BC'N = 90°. 5
BF M A nai tiép = MFN = BAM = 90°.
Tit gidse MEFN c6 E, F ké nhau vi MEN = MFN =
90° nén M EFN nai tiép. A M D
]

[ Bai 14. Cho tam gidc ABC c6 ba géc nhon; AD va CE 13 hai dudng cao cat nhau tai H; O la
tam dudng tron ngoai tiép tam giac ABC. Goi M la diém déi xitng ctia B qua O, I la giao diém
cia BM va DE, K 1a giao diém ctia AC va HM.

1. Chting minh rang cac ti giac AEDC va DIMC nai tiép.
2. Chiing minh OK 1 AC.
3. Cho AOK = 60°. Ching minh tam gidc HBO can.

(&' Loi giai.

1. Ta c6 AEC = ADC = 90° (AD, CFE la du’dng cao cla AABC)

Tt giac AEDC c6 hai dinh D, E ké nhau va AEC = ADC = 90° nén AEDC noi tiep duge
duong tron.

Vi tit giac AEDC noi tiép nén BAC = BDI (cting bu véi E/D\C’)
Mat khac BAC = BMC (géc noi tiép cung chin BC') suy ra BDI = BMC, do d6 tit gidc
DIMC noi tiép.
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2. Tu gia thiét BM 1a duong kinh, ta c6 MA L A
AB, lai co CH L AB,suy ra AM J/ CH. (1)
Do CM L BC, AD L BC nen AH Jj CM. (2)
Tu (1) va (2) suy ra tu gidc AHCM 1a hinh binh
hanh. Tt d6 K 1 trung diém ctia AC. Suy ra

OK 1 AC. h \M
3. ANAKO vuodng tai K c6 AOK = 60°, suy ra
OAK = 30°, dan dén OK = %OA - %OB. Lai ©
do OK la dl{éng trung binh cta tam giac BHM 5 l; c
nén OK = §BH.
Tw d6 BH = OB, hay ABHO can tai O.
O

= Bai 15. Tt mot diém A ngoai dusng tron (O), ké céc tiép tuyén AB, AC véi dudng tron (B,
C 1a cac tiép diém). Tréen tia ddi cta tia BC, lay diem D. Goi E la giao diém ctia DO va AC.
Qua E, vé tiép tuyén thit hai v6i dudng tron (O), c6 tiép diém la M; tiép tuyén nay cit dudng
thing AB ¢ K.

1. Chitng minh bén diém D, B, O, M cing thuoc mot dudng tron.
2. Chting minh D, B,O, M, K cung thudoc mot duong tron.
(&' Ldi giai.

— — 1 —
1. Ta ¢6 OF la tia phan giac cia MOC = MOFE = §MOC’.
— 1/\ . L,
Lai ¢c6 MBC = 5]\/[00 (g6c nai tiep va goc ¢ tam cung chan M C).
Do d6 MOE = MBC = MOD = MBD.

Tt giac DBOM c6 O, B ké nhau va MOD = MBD nén DBOM noi tiép.
Vay bon diém D, B, O, M cung thuoc mot duong tron. (1)

2. Ta ¢6 OMC = OBK = 90° (tinh chat tiép tuyén).
Tt gihc BOMK ¢6 OMC + OBK = 180° nén BOM K noi tiép. (2)
Tit (1) va (2) suy ra nam diém D, B,0, M, K cing thudoc mot dudng tron.
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@Du’b’ng tron ngoai tiép. Dudng tron ndi tiép

Q Tém tit Ii thuyét
N\

Dinh nghia 12. © Duong tron di qua tat ca cac dinh ctia mot da giac goi 1a duong tron ngoai
tiép da gidc va da gidc dude goi 1a da gidc noi tiép duong tron

& Duong tron tiép xic vdi tat ci cac canh ciia da giac dugde goi 1a dudng tron noi tiép da gidc
va da gidc goi 1a da gidc ngoai tiép duong tron.

Dinh li 23. Bat ki da gidc déu nao ciing c6 mot va chi mot dudng tron ngoai tiép, c6 mot va chi
mot duong tron noi tiép.

/\ 34. Trong da gidc déu, tam clia dudng tron noi tiép trung véi tam cia dudng tron ngoai tiép
va dugce goi la tam ciia da giac déu.

Q Cac vi du
N4

MW\ Vidu 1. 1. Vé dudng tron tam (O), ban kinh 2 cm.

2. Vé hinh vuong nai tiép duong tron (O) & cau a).

3. Tinh ban kinh r dudng tron noi tiép hinh vuong 6 cau b) roi vé duong tron (O;r).

- /
(' Ldi giai.
B
1. .
2.
3. ABCD la hinh vuong c¢6 dudng chéo AC' =4 (cm) A C
A
= AB = \/g = 24/2. Vay hinh vuong c¢6 canh 2v/2.
Duong tron noi tiép hinh vuong ABC'D c6 ban kinh v
AB

T = T = 2 cm. D

O

M Vi du 2. Cho mot da giac déu n canh c6 do dai méi canh 13 a. Hay tinh ban kinh R cia
duong tron ngoai tiép va ban kinh r ctia duong tron noi tiép da gidc déu do.

@ L&i giai.

/ Tai licu Toan 9 nay 1a clia: ....ooooeviviiiiiiiiieeiiii,




o982

8. Dudng tron ngoai tiép. Pudng tron noi tiép

Goi A, B 1a 2 dinh lién tiép ctia da giac déu n canh. Goi O 1a tam da giac

deu. 360°
Ta c6 AOB = .

n
Ké OH vuong goc AB, H € AB. Ta ¢c6 AOH A vuong tai H va

Ha-AB _a
2 2
HdnnﬁatacéﬁO\A:AOTB: 180 .
n
Khi do
P N . VRS HA
@ Ban kinh duong tron ngoai tiép bang R = OA = — -
sin ==~

n

Ly 180°
& Ban kinh duong tron noi tiép bang r = OH = H A cot .
n

[ M Vi du 3. Tinh dién tich luc gidc déu noi tiép duong tron ban kinh R.

@ Ldi giai.

Ta c6 AB = R nén suy ra tam giac OAB déu. Tuong ti ta co cic

tam giac OBC, OCD, ODE, OEF, OAF la cac tam giac deu canh B_——C
ﬁéy dién tich luc giac ABCDEF la
6‘SOAB:6'R24\/§:3\/2§R2- A D
F ~—_ B
[

Ve

rang

1. DIBC' la hinh binh hanh;

2. DI* = Al - AD.

@ Vi du 4. Cho ngti giac déu ABCDE. Goi I la giao diém ctia AD va BE. Chiing minh

@ Ldi giai.
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Chuong 3. Go6c véi dudng tron

L. Tacd EID = 5 (sdAB + sdDE) = 5sdEC = EBC.
Suy ra AD J/ BC, chitng minh tuong tu, ta ¢6 BE [/ CD.

A
%\
Vay DIBC la hinh binh hanh. E B
O L]
D C

2. Xét tam giac AIE va tam giac AED, ta c6

™ Goc A chung;
® AEI = ADE.

Al AFE
= ANAIE «~ ANAED (g - g) suy ra TE = Ap SWra
Al - AD = AE® - BC® = DI? -
M Vi du 5. Cho ttt giac ABCD noi tiép mot dudng tron va ngoai tiép mot duong tron
khac. Goi céc tiép diém véi duong tron noi tiép theo thi ty la M, P, @, N. Chting minh
rang QM vuong goc PN.
@ Ldi gidi.
Ta 6 sdPM = 2AMP = 180° — A. (1)
sdQN =2QNC = 180° — C. (2)
Lai c6 ABCD noi tiép suy ra A + C' = 180°. (3) A M B
T (1), (2) va (3) suy ra sdPM + sdQN = 180° do
d6 QM 1 PN.
D ~0"
C
U

@ Luven tap

A\

= Bai 1.
1. Ve AABC déu canh a.
2. V& duong tron (O; R) ngoai tiécp AABC. Tinh R.
3. V& duong tron (O;r) noi tiecp AABC. Tinh r.

4. Vé tam giac deu IJK ngoai tiép (O; R).
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;) 8. Dudng tron ngoai tiép. Pudng tron noi tiép

@ L&i giai.

I

[l

(= Bai 2. Cho dudng tron tam O ban kinh R va diém M nim bén ngoai dudng tron dé. Qua
diém M ké hai tiép tuyén M A, M B véi (O). Qua diem M ké cat tuyén MC'D vé6i duong tron (O)
(dudng thang qua M céat (O) tai C, D). Goi I la trung diém day C'D. Khi d6 ngi giac M AOIB
c6 phai la ngit giac noi tiép khong?

@ Li giai.

A

N

B

Ta c6 M A, MB la hai tiép tuyén ctia (O) suy ra MAO = MBO = 90°;
Xét duong tron (O),

& OI 1a mot phan duong kinh;
& CD la day;
& IC=1ID

= OI L CD = OIM = 90°. Vay MAIOB noi tiép duong tron duong kinh OM. 0

(= Bai 3. Cho hinh thang vuong ABC'D (21 =D= 90°) ngoai tiép duong tron (O), OB = 15 cm
va OC = 20 cm.

1. Chting minh rang ABOC vuong;
2. Tinh ban kinh R cta duong tron (O);

3. Tinh do dai cac canh AB va C'D.
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Chuong 3. Go6c véi dudng tron

585
@ L&i giai.
A B
K
O
D C
1. Ta c6 BA, BC la hai tiép tuyén ctia (O)
— 1 ——
= BO la phan giac géc BOC suy ra BOC = §ABC. (1)
]
Ching minh tuong tu ta ¢c6 BCO = §BC’D. (2)
Lai ¢6 it gidc ABCD 1a hinh thang nén ABC' + BCD = 180°. (3)

Tit (1), (2) va (3) ta c6 BOC + BCO = 90°. Vay tam gidc BOC vuong tai O.

2. Tam giac OBC vuong tai BC? = OB? + OC? = 625. Do d6 BC = 25.
Goi K 1a hinh chiéu ctia O len BC. Xét tam gidac OBC vuong tai O, ta c6

OB-0OC 15-20

OB-0C =0K - -BC = 0K = BC 5%

12.
Vay R = 24.

3. Goi H 1a hinh chiéu ctia B len CD. Ta ¢c6 BH = AD = 2R = 24.
Tam gidc BHR vuong tai H, ta c6 HC = /BC? — BH? = /252 — 242 = 7.
Taco HC =CD — AB. Suyra CD — AB =1.
Tt gidc ABCD ngoai tiép néen AB + CD = AD + BC suy ra AB + CD = 49. Do d6
AB =21, CD = 28.

l

[ Bai 4. Cho mot luc giac déu ban kinh R. Ké cac duong chéo ndi cac dinh cdch nhau mot dinh.
Tinh dién tich luc gidc c6 dinh la giao diém ciia cac dudng chéo dé.

@ L&i giai.

B C

I
P K

A D

N L

M
F E

/ Tai licu Toan 9 nay 1a clia: ....ooooeviviiiiiieiieiiii,



8. Dudng tron ngoai tiép. Pudng tron noi tiép

586

Ki hi¢u cac dinh nhu hinh bén. Ta ¢c6 AAMN déu (vi cac goc bang 60°).
AANB can vi ABN = BAN = 30°; tuong tu ta ¢c6 AAMF céan do d6

FM—MN=Np=BE_ &
3 V3
X . MN? 2
MNPQ 1a luc gisc déu c6 dien tich bing T\/g =B 2\/5 O

= Bai 5. Duong tron tam O nai tiép hinh vuéng ABCD, tiép diém trén AB la M. Mot tiép
tuyén véi (O) cit cac canh BC, C'D lan lugt 6 E, F. Chu’ng minh rang

1. Céac tam giac DFO va BOE dong dang.

2. M FE song song véi AF.

@ L&i giai.
A M B
0
E
N
D F C

1. Xet tam giac ADFO, ta c6 DOF DOF + DFO + ODF = 18(0°
= DOF + DFO = 145° (do ODF = 45°). (1)
Xét tu giac DBEF, ta co D+B+E+F =360°= DEF + BEF = 270°.
Mat khac ta co FO, EO lan luot 1a phan giac goc DFE va BEF nén ta c6

ﬁv\():%ﬁﬁvaﬁ\oz%@

Suy ra DFO + BEO = 145° (2)
Tu (1) va (2) suy ra DOF = BEO.
Xét tam giac DOF' va tam giac BEO, ta c6

& ODF = OBE = 45°
& DOF = BEO (ching minh trén).
— ADOF ~ ABEO (g - g).

DF DO BD* AB?
2. ADOF «~ ABE = DF-BE =D0O-BO = = =BM - AD.
© 0= BO  BE ©-BO 4 2
BM BE
DF " AD

Xét tam giac ADF va EBM, ta c6
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w BM _BE
DF  AD
Suy ra AADF «~ AEBM = BME = AFD.
Mit khéc ta ¢c6 BAF = AFD (AB /| CD).
Duy ra BME = BAF suy ra MFE || AF.

U
(= Bai 6. Cho hinh thang can ABCD (AB /| CD) ngoai tiép dudng tron (O;r) va CD = 4AB.
1. Goi H la hinh chiéu ctia O len AD. Chiing minh rang HD = 4H A;

2. Tinh AB va CD theo 7.

(&' Lai giai.
1. Goi I, K lan lugt 1& hinh chiéu ctia O léen AB va CD. Ta A ! B
AB CD

6 Al = —; DK = —. 1
AT SRS e
Theo tinh chat hai tiép tuyen cat nhau, ta c6 HA = Al, )
HD = DK. (2)
Lai ¢6 CD = 4AB. (3)
Tt (1), (2) va (3) suy ra HD = 4H A. D I ¢

2. Tam giac AOD vuong tai O c¢6 duong cao OH, ta c¢6

2—_0OH?=HA-HD =4- HA?.

<

Vay HA =

N3

U

= Bai 7. Cho tam giac ABC, cac duong trung tuyén BD va C'E cat nhau tai 1. Cho biét tit giac
ADIE ngoai tiép dugc mot duong tron. Ching minh rang tam giac ABC' can.
(&' Lai giai.

Ta c6 ADIFE 1a tit gidc ngoai tiép suy ra AD + [E = AE +ID.
Khong méat tinh tong quat gid stt AB < AC khi d6 ta chiing minh
dugc BD < CE suyra ID < IE. Dodo AE+ 1D < AD + EI
(mau thuan). Vay AB = AC.
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@ 9. Do dai dudng tron, cung tron

QD@ dai duong tron, cung tron

Q Tém tit ly thuyét
w7/

1.1 Do dai dudsng tron

1. Do dai duong tron (hay “Chu vi hinh tron”) duge ki
hiéu la C.

2. Do dai C ctia mot duong tron ban kinh R duge tinh
theo cong thiic

C = 27R.

3. Néu goi d la duong kinh ctia dudng tron (d = 2R) thi

C=mnd.
Trong d6 = doc 1a “pi” va m ~ 3,14 (7 = 3,14159265. . .).

1.2 Do dai cung tron
1. Duong tron ban kinh R (ting véi cung 360°) c¢6 do dai la 27 R.

2. Madi cung 1° ban kinh R ¢6 do dai la

2rR 7R
360 180
3. Mot cung n°, ban kinh R ¢6 do dai
. TRn
180

W\ Vidu 1. 1. Tinh do dai cung 30° cia mot dusng tron c6 ban kinh 5 cm.

2. Tinh chu vi ctia mot vanh xe dap ¢6 dusng kinh 65 cm.

@ Ld&i giai.
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1. Do dai cung 30° ctia duong tron c¢6 ban kinh 5 cm la

mRn 7-5-30 5%
'= TR0 180 g ~ 20 (cm)

2. Chu vi cia vanh xe dap duong kinh 65 cm la

C =md = 657 ~ 204,2 (cm).

[
a2 N
M0 Vi du 2. Tinh do dai ctia duong tron, biét
1. Duong tron c¢6 ban kinh bang 6 cm.
2. Duong tron c6 dudng kinh 8 cm.
3. Duong tron ngoai tiép tam gidc déu canh bing 2v/3 cm.
- /
@ Loi gidi.
1. D6 dai duong tron ban kinh 6 cm la
C=2rR=2-7-6~ 377 (cm).
2. Do dai duong tron duong kinh 8 cm la
C=mnd=38r~ 251 (cm).
3.
Gid stt ¢6 O la tam duong tron ngoai tiép AABC. A
Qua A ké duong cao AH. Khi do ta c¢6
2 2 2v/3-V3
R:OA:—AH:—~g:2(cm).
3 3 2
Vay do dai duong tron ngoai tiép tam gidc deu 0
ABC I p HT -
C=2rR=2.7-2=dr ~ 1257 (cm). \_/
L]
W\ Vi du 3. Mot cai ban tron phuc vu trong nha hang c6 chu vi 1a 647 dm. Tinh do dai
cung 90° ctia cai ban do.
@ Loi gidi.
. 641
Ta c6 C =647 (dm) = 27R =641 < R = p 32 (dm).
7r
Vay do dai cung 90° ctia cai ban tron la
mRn  mw-32-90
| = = = 167 ~ 50,3 (dm).
180 180 ™~ 50,3 (dm)
L]
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590 9. Do dai dudng tron, cung tron

m Vi du 4. Xich dao 14 mot duong tron 16n cia Trai Dat c6 do dai khoang 40000 km. Hay
tinh ban kinh ctia Trai Dat.

@ L&i giai.

Goi R 1a ban kinh ctia Trai dat. Theo dé bai ta ¢6

40000
2rR = 40000 = R = ~ 6636 (km).
7r
]
4 )
M Vi du 5. Cho dudng tron (O), day AB = 9 cm ¢6 khodng cach dén tam bang mot niia
ban kinh ctia duong tron.
1. Tinh chu vi dudng tron.
2. Tinh do dai cung nho AB.
(. v

@ L&i giai.

1. K¢ OH 1 AB. Khi d6 HA = HB (tinh chat duong kinh va

day cung).
-9 =45 (cm). AmB

Trong tam giac vudong OH B, ta ¢
OH 1 =

1
=>HB:§AB:

DO | —

® sinB= 2= — - = B = 30°.
sin Ob 2:> 30
HB HB 4.5
V = — = = ’ =
™ cosB o8 = OB 5B on30° 3v/3 (cm).

Chu vi dudng tron: C' = 27 R = 27 - 3v/3 & 32,65 (cm).
2. Taco B = 30°;

— BOH =90° — 30° = 60°
— A0B =2BOH =2-60° = 120°

= sdAB = 120°.
TRn  w3v/3-120

180 180

Do dai cung nhé AB: |5 = ~ 10,88 (cm). O

W Vi du 6. Cho duong tron (O) dusng kinh AB. Vé day C'D vuong géc véi AB tai M. Gia
st AM =1cm, CD = 24/3 cm. Tinh

1. Do dai duong tron.

2. Do dai ciia CAD.

@ Ldi giai.
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591
) C
1. Taco AB L CD tai M (gia thiét) nén
MC =MD =CD :2=+/3 (cm) (tinh chat duong kinh va
day cung). A . B
M/ O
Lai c6 ACB = 90° (géc noi tiép chin nita dudng tron).
Do d6, AACB vuoéng tai C' c¢6 dudsng cao CM (CD L AB
tai M). D
Theo hé thic lién hé gitta duong cao trong tam giac vudng
ACB ta co
MC?*=MA-MB
2
= MB= Me™ (\/§> =3
S MA 1

_ R:%AB:%(AM+MB):2 (cm).

Do dai duong tron: C'= 27 R = 27 - 2 = 47 ~ 12,57 (cm).
b) Taco AM =1cm, OA=2cm = MA=MO =1 cm.
Xét ti giac OCAD c6
MC = MD (chtng minh trén)
MA = MO (ching minh trén) = OCAD la hinh thoi.
CD 1 OA (gia thiét)

= CA = CO = OA (cung bang 2 cm) nén AOAC déu
= AOC =60° = COD = 120°.
Do dai cia CAD

mRn  w-2-120 4w

| —. = = = — =419 :
4D~ 180 180 g 419 (em)

Q Luyén tap
N\

= Bai 1.
Tinh chu vi ctia hinh bén, biét OA = 4 cm.

@ L&i giai.

/ Tai ligu Toan 9 nay 1a clia: ....ooooeviviiieiiiiieeiiei,
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Hinh bén la hinh giéi han béi hai nita duong tron duong kinh 4 ¢cm va mot nita dudng tron duong
kinh AB = 8 ¢cm nén chu vi ctia hinh do la

1
5.8774—71‘-4:871’%25713 (Cm)

> Bai 2. Tinh do dai duong tron ngoai tiép cua
1. Mot tam gidc vuong c6 hai canh géc vuong la 6 cm va 8 cm.
2. Mot tam gidc vuong can c6 canh goc vuong bang 4 cm.
(&' Lai giai.

1. Duong tron ngoai tiép tam gidc vuong nhan canh huyen lam duong kinh.
Theo dinh 1y Py-ta-go, ta c6

62 4+ 8% = 36 + 64 = 100 = canh huyén bang 10 cm.
Vay do dai duong tron ngoai tiép tam gidc vuong véi dudng kinh bang 10 cm 13
C =nd =107 =~ 31,42 (cm).

2. Tuong tu cau a), ta c6 d = /42 4 42 = 44/2.
Vay do dai dudng tron ngoai tiép tam gidc vuong can véi duong kinh bing 4v/2 cm 1a

C =nd =421 ~ 17,77 (cm).

(= Bai 3. Duong kinh banh xe ctia mot chiéc xe dap 1a 73 cm. Hoi
1. Banh xe d6 quay dugc bao nhiéu vong khi xe di duge mot doan dusng 8 km?
2. Xe di duge bao nhiéu ki-16-mét néu banh xe quay du 1000 vong?
(&' Loi giai.
1. Banh xe dap quay dugc mot vong nghia la né di duge mot do dai la chu vi cia banh xe.

Chu vi ctia banh xe dap: C' = nd = 737 (cm).
S6 vong ma banh xe quay dugc khi di doan duong dai 8 km = 800000 cm 13

800000 : (737) ~ 3488 (vong).
2. Doan duong ma xe di dugc khi banh xe quay da 1000 vong la
1000 - 737 ~ 229336,3 (cm).

D&i 229336,3 (em) ~ 2,29 (km).
Vay xe di duge khoang 2,29 km khi banh xe quay du 1000 vong.
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[ Bai 4. Chiéc may cay c6 banh xe sau 16n hon hai banh xe truée. Biét rang khi bom cang, banh
xe truée ¢6 duong kinh 0,8 m, banh xe sau ¢6 duong kinh 1,5 m. Hoi banh xe sau lin duge 16
vong thi banh xe trudce lan duge bao nhiéu vong?

@ L&i giai.

Banh xe lan dugc mot vong nghia 1a né di duge mot do dai la chu vi ciia banh xe.

& Chu vi banh xe trude: C; = wd = 0,87 (m).

@ Chu vi banh xe sau: Cy = md = 1,57 (m).

Do dai banh xe sau khi lan duge 16 vong: 16 - 1,57 = 247 (m).
S6 vong ma banh xe trude da lan khi banh xe sau lan duge 16 vong 13

247 1 0,87 = 30 (vong).

Vay khi banh xe sau lan duge 16 vong thi banh xe trude sé lan 30 vong. U

(= Bai b.

Cho ba diém A, B, C thang hang sao cho diém B niam giita
hai diém A va C (hinh vé bén). Chitng minh rang do dai ctia
nita dudng tron duong kinh AC bing tong do dai ctia hai nita
duong tron duong kinh AB va BC.

@ L&i giai.

Goi O, Cy, O3 lan lugt 1a do dai clia cac nita duong tron duong kinh AC, AB va BC'. Khi d6

Ch :%w AC = - AC,
1

Cy =5 -m AB=_AB

03 :%'ﬂ' BC:—BC

Xét Cy + Oy = gAB + ch - g(AB + BC) = gAC = .
Vay C) = Cy + C5 (diéu phai chiing minh). O
[= Bai 6. Cho (O;OM). V& duong tron (O) duong kinh OM. Mot ban kinh OA ctia (O) cét (O')

¢ B. Chiing minh hai cung M A va M B c¢6 do dai bang nhau.
@ L&i giai.
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Trén (O') dat MOA = a thi BO'M = 2a (goc noi tiép va
goéc 6 tam cung chan cung BM).
Suy ra sdAM = «, sdM B = 2a. Do d6

l _W'OM'O(

MA 1800

l _W-OM-QQ_?T'OM'O(
MB - 180°-2  180°

T (1) va (2) suy ra Iy = lip-
Vay hai cung MA va MB c6 do dai bang nhau.

OJ
[ Bai 7. Hay so sanh do dai ctia ba duong cong a, b va ¢ trong hinh vé ben dudi, biét AB =
BC =CD va AD =6 cm.
(&' L&i giai.
Goi C,, Cy, va C, 1a do dai cua ba dusng cong a, b va c.
Theo hinh vé, ta c6 C, la do dai ctia ba nita duong tron duong kinh 2 cm nén
-2
Ca:3~%:37r (cm). (1)
Tuong tu Cp la do dai ciia hai nita duong tron duong kinh 3 cm nén
Cp=m-3=23rm (cm). (2)
C, la do dai cua mot nita duong tron duong kinh 6 cm nén
-6
C.= WT = 37 (cm). (3)
T (1), (2) va (3) suy ra C, = C, = C..
Vay ba duong cong a, b va ¢ ¢c6 do dai bang nhau. U
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@()n tap chuang Il

[= Bai 1. Cho duong tron tam O, duong kinh AB = 2R. Lay M € (O) v6i AM < BM. Trén
canh M B lay diém C sao cho MC' = M A. Goi OD la ban kinh vuong géc véi AB (M va D & hai
bén dudng thing AB)

995

1. Chimg minh AMB = 90°. Tinh theo R do dai cac canh ctia AABD.

2. Chitng t6 M D 1a phan gidge AMB va MD L AC.

3. Chting minh réng D la tam cta dudng tron (ABC).

4. Duong tron (ABC') cat M D tai I. Chiing minh [ 1a tam dudng tron noi tiép AMAB.

@ L&i giai.

D

1. Vi M thudc duong tron duong kinh AB nén AMB = 90° (g6c noi tiép chan nita duong
tron).
Tuong tu ta co ADB = 90°,va OD L ABnén D nam chinh gitta cung AB, suy ra DA = DB.
Theo dinh Iy Pythagore, AB> = DA? + DB? < (2R)? = 2DA? & DA = DB = Rv/2.

2. ViOD L AB nén D nam chinh gitta cung AB, hay sdDA = Sdl/)-E,
suy ra AMD = DMB (goéc noi tiép ciing chan hai cung biang nhau).
Vay M D la phan giac AMB.
Mt khdc MA = MC nén AMAC can tai M nén MD 1 AC (trong tam giac can dudng
phan gidc con la duong cao).
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596

3. Theo cau b), ta c6 M D la dudng trung truc AC nén DA = DC = DB, khi d6 D la tam cia
dudng tron (ABC).

4. Vi D la tam cla du?dng tron (ABC) va M D 1 AC nén sdTA = sd]C
suy ra ABI = IBC (goéc nai tiép cling chan hai cung bang nhau).
Khi d6, BI la tia phan giac goc ABI.
Vay I 1a tam duong tron noi tiép AMAB.
[

(= Bai 2. Cho dudng tron (O; R) va diém A nim ngoai dudng tron (O). Vé hai tiép tuyén AB, AC
ctia duong tron (O) (B, C la hai tiép diém). Vé cat tuyén ADE ctia duong tron (O) (D, E thuoc
duong tron (O); D ndm giita A va E, tia AD nam gitta hai tia AB, AO).

1. Chitng minh rang A, B, O, C cung thudoc mot dudng tron va xac dinh tam cia dudng tron
nay.

2. Chitng minh ring AB%? = AD - AE.

3. Goi H la giao diém ctia OA va BC. Chitng minh ring AAHD « AAEO va tt giac DEOH
noi tiép.

4. Duong thang AO cit duong tron (O) tai M, N (M nam gitta A va O). Chitng minh ring
FH MH

AN~ AD"
@ Ldi giai.

B

|
=

C

1. Ta c6: AB, AC' la hai tiép tuyén ctia (O) nen AB L OB, AC' 1 OC,
suy ra OBA = OCA = 90°.
Vay t1 gidac OBAC noi tiép duong tron duong tron duong kinh OA c6 tam K 1a trung diém
OA.

2. Xét hai tam giac AABD va NAEB, ¢6
BAE : chung
ABD = B/Eél( gbc ndi tiép va goc tiép tuyén cling chin cung BD).

AB AD
AE ~ AB
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3. Trong tam giac vuong ABO, ta c6 AB?> = AH - AO, do d6 AH - AO = AD - AE(= AB?).

AH A0 | ——
E—EV‘& DAH: Churﬁ\ -
nén AAHD «~ AAEO (c-g-¢) = AHD = AEO.

Do do6 tt giac DEOH ndi tiép (t gidc ¢6 goc trong bang goc d6i ngoai).

Suy ra,

— o —

4 T co DEM = PN GON = DB =DEM = 1 = DEN = MEH.
FH MH
S EM la duo han giac cia AFAH —_— = .
uy ra a duong phan giac clia o jﬁE i (1)
Mat khdac AAEM «~ AAND (g- —=—(2).
at khac &8 = =ap @

EH AE MH AM
AE AN AM AD’

T (1), (2) cho :
vay EH _ MH
WAN T AD-

O

(= Bai 3. Cho nita dudng tron tam O, dudng kinh AB = 2R. Trén tia dbi ctia tia AB lay diém
E. Hai tiép tuyén EM va Bz cua (O) cat nhau tai D (M thuoc (O)).

1. Chiing minh rang 4 diém O, M, D, B cting thuoc mot dudng tron.
2. Chitng minh AEMA «~ AEBM, suy ra EM? = EO? — R?.

3. Trén doan ME lay diém C sao cho hai goc C’A/\M, EDO bing nhau.
Chitng minh rang OC /| M B.

4. Gia st M la trung diém doan ED. Tinh EM theo R.

@ L&i giai.

1. Vi EM va BD la tiép tuyén véi duong tron (O) nén DMO = DBO = 90°.
Vay tit gidc DM OB noi tiép, suy ra 4 diem O, M, D, B ciing thudc mot dudng tron.
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2. Xét hai tam giac AEMA va AEBM, ta c¢6

CEA : chung
EMA = MBA (goéc noi tiép va goc tiép tuyén cling chan cung M A).

Vay AEMA «~ AEBM.

EM FA
hi _ 2 P — 2 _ p2
Khi do & EM?*=FA-EB=(FO+ R)(FO — R)=FO*—-R
Suy ra EM? = EO? — R%.

3. Taco CA CAM = EDO
Ma CMA MBA (goc noi tiép va goc tiép tuyén cling chan cung M A)
MDO = MBA (goc noi tiép ciing chan cung M A trong ti giac noi tiecp DMOB).
Suy ra CAM = CMA, nén ACAM can tai C, do d6 CM = CA.
Mat khac OA = OM = R, suy ra OC la duong trung truc cua M A, do d6 OC' 1. M A.
Ma MB 1 MA (Géc noi tiép chan nita dudng tron).
Vay OC /| M B.

4. Goi I 1a giao diém ctia CO va AM; J la giao diém ctia DO va BM._
Vi CO L AM; DO L BM nén ti gidc MI0OJ la hinh chit nhat vi M=T=1].
Suy ra MA // OD ma M la trung diém ctia ED nén A 1a trung diém cia FO.
Vay EM? = EO?> — R? = (2R)? — R? = 3R> = EM = RV/3.

O

[= Bai 4. Cho tam giac ABC noi tiép duong tron (O; R). Goi dudng tron (I;r) dudng tron noi
tiép tam giac ABC, H la tiép diém ctia AB v6i dudng tron (I), D 1a giao diém ctia Al v6i dudng
tron (O), DK la duong kinh ctia duong tron (O). Goi d 1a do dai ctia OI. Chitng minh réng

a) AAHI —~ AKCD. b) DI = DB = DC.
c) IA-ID = R? — d* d) d* = R?* — 2Rr (dinh li Euler).
@ Ldi giai.
K
A
@)
C
D
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1. Xét hai tam gidc AAHI va AKCD.
AHT = 90° (H la tiép diém clia dudng tron noi tiép véi canh tam giac),
KCD = 90° (Go6c noi tiép chan nita dudng tron).
Suy ra AHI = KCD (1).
Vi AT la tia phan giadc nén BAD = DAC.
Ma DKC = DAC (goc noi tiép cling chan cung D?’)
Do d6 DKC = BAD  (2).
Tit (1) va (2), AAHI ~ AKCD.

2. Vi AT la tia phan giac nén BAD = W, do d6 DC' = DB (tinh chat goc nai tiép).
Suy ra DB = DC (3).
Mat khac BID = IA/E +IBA (gbc ngoai tam giac).
IBD = [BC o+ C C'BD
ma IBC’ = IBD va IBA = TAC = CBD.
Nen BID = ]BD do d6 tam gidc DBI can tai D, suy ra DI = DB (4).
Tit (3) va (4), DI = DB = DC.

Goi M, N la giao diém ctia 10 v6i dusng tron (O).
Xet hai tam glac AMAI va ADNI.

MAI = ]ND (goc noi tiép cling chan cung MD) 4
MIA = DIN (d6i dinh).
1A IM
SuyraAMA]mADNI dOdOm:E N
7 0]
M C
BW

Khi d6 TA-ID = IM - IN = (OM — OI)(ON + OI) = (R — d)(R + d) = R? — d2.

4. Theo cau a), ta c6 AAHI ~ AKCD,

Al I1H
SUYy T8 5 = mn = = Al -CD=1H -KD =2Rr < Al -ID = 2Rr (do DI = DC).

ma [A-ID = R? — d°.
Vay d*> = R? — 2Rr (dinh 1i Euler).

O

(= Bai 5. Cho diém C thudc nita duong tron duong kinh AB. Ké tiép tuyén Az clia nita duong
tron d6 (Ax ndm trén ciing mot nita mat phang cé bo la duong thang AB chita nita dudng tron).
Tia phan gidc clia goc CAx cat nita dudng tron tai D. Kéo dai AD va BC cét nhau tai E. Ké
EH vuong goc véi Ax tai H.

1. Chiing minh tit gidc AHEC noi tiép duong tron.
2. Chtng minh ABD = BDC.
3. Chiing minh tam giac ABFE can.

4. Tia BD cat AC va Az lan luct tai F' va K. Chiing minh AK EF 1 hinh thoi.
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(¢ Loi giai.
H & )
K
X —

C
F
/ \
A . * B
@)

1. Ta c6 ACB = 90° (goéc noi tiép chan nita dudng tron).
Suy ra ACE = 90° (k& bi).
Xét tu giac AHEC ta ¢6 ACE = AHE = 90°, suy ra ti giac AHEC noi tiép duong tron
duong kinh AE (tong hai goc déi dien bing 180°).

2. Ta ¢6 ABCD nai tiép nén BDC = DAC (1) (cing nhin canh DC).
— 1 — . — 1 — . .
Lai ¢c6 ABD = §AD (gbc noi tiep); DAz = §AD (g6c tao bdi tiép tuyén va day cung).
Suy ra ABD = DAx.
Ma DAx = DAC (do la phan giac).
Suy ra ABD = DAC (2).
Tu (1) va (2) suy ra ABD = BDC.
3. Xét ADAB va ADEB ¢6

ADB = EDB = 90° (goc noi tiép chin nita duong tron — ké bu).
BD chung.
ABD = BDC (cmt).

Suy ra ADAB = ADEB (g-c-g).
= BA = BE(tuong ting).
Vay tam giac ABFE can tai B.

4. Theo cau ¢), ta c6 ADAB = ADEB = DA = DE = D la trung diéem AE (3).
Xét ADAF va ADAK c6

ADF = ADK = 90° (g6éc noi tiép chan nita dudng tron — ké bit).
AD chung.
DAF = DAK (do AD la phan giac).
Suy ra ADAF = ADAK (g-c-g).
= DK = DF(tuong tng).
= D la trung diem KF  (4).
T (3) va (4) ta c6 AKEF la hinh binh hanh (i gidc ¢6 cac dudng chéo cit nhau tai trung
diém méi dusng). Ma AE L KF =, suy ra AKEF la hinh thoi.
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O

= Bai 6. Cho dudng tron tam O, dudng kinh AB ¢6 dinh. H 1a diém ¢ dinh thudc doan OA
(H khong trimg O va A). Qua H vé dudng thang vuong goéc v6i AB cat duong tron tam O tai C
va D. Goi K la diém tuy ¥ thuoc cung 16n CD (K khong trung cac diém C; D va B). Goi I 1a
giao diém ctia AK va CD.

1. Chitng minh tt giac HIK B noi tiép dudng tron.
2. Ching minh Al - AK = AH - AB.

3. Chting minh khi diém K thay doi trén cung lén C'D ciia duong tron tam O thi tam dudng
tron ngoai tiép tam gidc KCT luon thuoc mot duong thang cb dinh.

@ Ldi giai.

1. Tt gisc HIKB ¢6 THB = 90° (theo gi4 thiét).
Mat khdc ITKB = AKB = 90° (gbc noi tiép chin nita duong tron) suy ra ti giac HIK B
noi tiép duong tron (tong hai goc doi dién bang 180°)(dpcm).

2. Xét ANAIB va NAHK c¢6 gboc A chung, co [KH = IBH (cing chén cung HI cta dudng

. . Al AB

tron ngoai tiep ti giac HIK B). Suy ra AAIB dong dang véi AAHK. Suy A = e
= Al - AK = AH - AB(dpcm).

3. PBuong kinh AB vuéng goc véi day C'D tai H (gt), suy ra HC' = HD = AC = AD.
Suy ra sdAC = sdAD.
Suy ra ACD = AKC (cting chan hai cung bang nhau).
Mat khéc tia CA va diém K ndm trén hai nita mat phing déi nhau bo 1a duong thing C1.
Suy ra C'A 1a tiép tuyén ctia duong tron ngoai tiép tam giac K CT tai tiép diém C.
(C6 thé chitng minh AC? = Al - AK dé suy ra C A la tiép tuyén).
Goi @ 13 tam dudng tron ngoai tiép tam giac KCI, suy ra Q nam trén dudng thang vuong
goc véi C'A tai C.
Mat khac CB 1 CA (gbc noi tiép chin niia dudng tron).
Vay Q thuoc duong thang CB c¢6 dinh (dpem).
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[l
= Bai 7. Cho dudng tron (O) ban kinh R va mot day cung BC c¢b dinh. Goi A 1a diém chinh
gitta cung nhé BC. Lay diem M bat ki trén cung nhé AC, ké tia Bx vuong goéc véi tia MA & 1
va cat tia CM tai D.

1. Chiing minh AMD = ABC vi MA la tia phan giac cia goc BMD.

2. Chitng minh A 1a tam dudng tron ngoai tiép tam gisac BC'D va géc BCD c6 do 16n khong
phu thuoc vao vi tri diém M.

3. Tia DA cit BC tai E va cat duong tron (O) tai diém thit hai 14 F', Chting minh AB la tiép
tuyén clia duong tron ngoai tiép tam giac BEF.

@ L&i giai.

1. Taco MAC + MCA = §deC’ + ésdAM = asdAC’ = ABC.
Mat khac AMD = MAC + MCA (gbc ngoai cua tam giac ACM) = ABC = AMD.
Ta c6 AMB = ACM = AMB = AMD =M A la tia phan giac cua gbc BMD.

2. Do MI L BD = tam giac M BD can tai M.
Suy ra M1 la duong trung truc cia BD = AB = AD,
ma AB = AC = AB = AC = AD = A la tam dudng tron ngoai tiép tam giac BCD.
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3. Trong tam gidc vuong MID ta c6 IDM +IMD = 90° = IDM = 90° — TDM.
Vi IMD = ABC (khong ddi) nén IDM khong dbi hay BDM khong doi.
Xét duong tron noi tiép tam giac BEF ta co BFE la géc noi tiép chan cung BE.
Ma ABC = ACB = AFB
nén AB 1a tiép tuyén clia duong tron ngoai tiép tam giac BEF .

O

= Bai 8. Cho tam giac ABC vuong tai A. Duong tron tam O duong kinh AB cét cac doan BC
va OC lan lugt tai D va I. Goi H 1a hinh chiéu vuong goc ctia A len OC; AH cat BC tai M.

1. Chitng minh tt giac ACDH 1a noi tiép va CHD = ABC.

2. Chting minh hai tam gidc OH B va OBC dong dang véi nhau va HM la tia phan giac cla
goc BHD.

3. Goi K la trung diém ctia BD chitng minh MD-BC = MB-CD va MB-MD = MK - MC.

4. Goi E la giao diém ctia AM va OK; J la giao diém ctia IM va (O) (J khéc I). Chiing minh
hai duong thang OC va EJ cit nhau tai mot diém trén (O).

@ L&i giai.

1. Ta 6 AHC = 90° (AH L OC).
ADB = 90° (goéc noi tiép chan nita duong tron duong kinh AB).
Vay AHDC noi tlep duong tron duong kinh AC.
= DAC = CHD (1) (gbc noi tiép cung chin cung C'D).
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— — 1 —_— . z Z
Mat khac DAC = ABC' = QsdAID (2). (g6c ndi tiep va goc tao bdi tiép tuyén va day
cung).
Tit (1),(2) = CHD = ABC.

2. Xét hai tam giac AAHO va ACAO ¢6
CHO = CAO = 90°.
HAO = ACO (cung phu géc C’/O\A)

) AO  HO
Ma OA = OB vi AB duong kinh duong tron tam (O).
Va OB HO
YCco 0B’

Xét AOHB va AOBC ¢6

HOB = gO\C'(chung géc@)

OB HO

CO ~ OB
Vay AOHB «~ AOBC' (c-g-c).
Ta c6 CDA = CHD (hai goc noi tiép cing chin cung C'D cua dudng tron ngoai tiép ti
giac ACDH).
DBA = DAC (goc ndi tiép va goc tao bdi tiép tuyén va day cung ciia dudng tron tam O).
Mat khéc AOHB «~ AOBC = OHB = CBO = DBA.
Vay OHB = DHC ma OHB + BHM = DHC + DHM = 90° (AH L OC)). = BHM =

—

DHM = HM la duong phan giac cia goc BHD.

) . . . veor . == HB MB
3. Xét tam giac BHD, vi HM la phan giac cia BHD = D = 3D (%).

Mat khac HM 1| HC = HC' la duong phan giac ngoai tam giac BHD.
H B CB

“HD (D Cg*)’MB
Tt (%) v (5%) = D = D = CB-MD =CD - MB.

Goi Q 1a giao diém ciia AM véi (O)

vi AH 1 OC = CQ la tiép tuyén cta cia (O) = C@ = 90°.

Vay nam diem C; O; A; K; Q noi tiép mot duong tron duong kinh CO.

Boén diem B; A; D; Q cung thuoc (O) = MB-MD = MA - MQ (3).

Nam diém C; O; 4; K; Q cing thuge mot dudng tron (O) = MC-MK = MA-MQ (4).
Tu (3) va (4) = MB-MD = MC - MK.

4. Goi N 1a giao diém ctia CO va (O) = TJN = 90° (5).
Ma MI-MJ=MD-MB=MK - MC (ching minh trén).
Vay AMCI « AMKJ
:>MC[—MJK MEO:>MKJEn01tlep
= EJM = 90°(6) Tt (5) va (6) = E;J; N thing hang.

U

(= Bai 9. Cho duong tron (O) ngoai tiép tam giac nhon ABC. Goi M va N lan lugt 1a diém
chinh giita ctia cung nhé AB va cung nhé BC. Hai day AN va C'M. cit nhau tai diem I. Day
M Ncét cac canh AB va BC lan luct tai cac diém H va K.
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1. Ching minh bén diém C, N, K, I cting thuoc mot duong tron.
2. Chitng minh NB?>= NK - NM.
3. Ching minh t& giac BHIK la hinh thoi.

4. Goi P,(Q lan luot 1a tam ctia cac duong tron ngoai tiép tam giac M BK, tam gidc MCK va
E 1a trung diém ctia doan PQ. Vé dudng kinh ND ctia duong tron (O) . Chiing minh ba
diém D, E, K thang hang.

@ L&i giai.
D

N

1. Chitng minh bén diém C, N, K, I ciing thuoc mot dudng tron.
Vi M la diém chinh giita cung nhé AB ctia (O) (gia thiét) nén
sdAM = sdMB = ANM = BCM (hai g6c noi tiép chan hai cung bing nhau).
Xét tit giac CNKT ta co
INK = ICK(vi ANM = BCM)
= CNKI la ti giac noi tiép (4 gide ¢6 2 dinh ké nhau cuing nhin mot canh duéi hai goc
bang nhau).
Vay C, N, K, I cung thuoc mot dusng tron.

2. Chitng minh NB?2= NK - NM.
Vi N la diém chinh giita cung nhé BC' ctia (O) (gia thiét)
= sdBN = sINC
= BMN = NBC (hai goc noi tiép chan hai cung bang nhau).
Xét ABMN va AKBN ta co
BNM la goc chung.
531N = NBR (2 BHN = NB0)
— ABMN « AKBN (g-g)
NB NM
“ NK _ NB'
Vay NB? = NK - NM.
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3. Chiing minh tit giac BHIK 1a hinh thoi.

e Ching minh BHIK la hinh binh hanh.
Goi J la giao diém ctia AN va BC.
Ta c6 sdAM = sdM B (cmt).
= ACM = BCM (hai g6c noi tiép chan hai cung béng nhau)
= C'M la phan giac cua ACB = CI 1a phan giac trong cia ACAJ.
[ A CA ().
o Y D
Ta c6 sdAM = sdM B (ecmt) = ANM = BN M (hai goc noi tiép chan hai cung bang nhau)
= NM la phan giac cia ANB.
= N H la phan giac trong cia ANAB =

Ta c0 sdBN = sdNC
= BAN = CAN (hai gbc noi tiép chén hai cung bang nhau).
Xét ACAJ va ANAB ta c6
ACJ = ANB (hai gbc noi tiép ciing chin AD)
BAN = CAJ (cmt)
= ACAJ ~ ANAB (g-g).
CA_CJ _CA_NA
“NA-NB s nwnB. 9

HA
Tu (1), (2), (3) suy ra 77— B = HI /| BJ (dinh li Thales déo) hay HI /) BK (4).

Chtng minh tuong tur cac v 6 trén, ta duoe K1 J/ BH (5).
Tu (4) va (5) suy ra BHIK la hinh binh hanh.

e Chiing minh BH = BK.

Ta c6 AKBN «~ ABMN (cmt)

HA NA @
HB NB ’

BK BN BM.BN
TR Vi s V7 S
Ching minh tuong tu cau b) ta c¢6
BH BM BM BN

Tu (6) va (7) suy ra BH = BK.
Ma BHIK la hinh binh hanh nén BHIK la hinh thoi.

. Goi P, Q lan lugt 1a tam clia cac duong tron ngoai tiép tam giac M BK, tam giac MCK
va E 1a trung diém ctia doan PQ. Vé dusng kinh N D clia dudng tron (O). Chitng minh ba
diém D E K thang hang.
Ta ¢6 NBK = BMK (cmt) = BN la tiép tuyén tai B cta (P) = BN L BP.
Ma BN L BD (vi DBN = 90° gbc noi tiép chan nita dudng tron tam (O)
nén B, P, D thing hang.
Ta c6 APBK can tai P (PB = PK) = BPK = 180° —2- PBK  (8).
Ta co . g
{NB = NC (sONB = sONC)
OB =0C
= ON la dudng trung tryc clia doan BC = DB = DC (D thudc dusng thang ON)
= ADBC can tai D = BDC = 180° —2- DBC  (9).
Tu (8) va (9) suy ra BPK = BDC.
Ma hai gbc nay 6 vi tri dong vi nén PK J DCO= PK /| DQ (10).
Chitng minh tuong tu ta c6 C, Q, D thang hang va QK /| DP (11).
T (10) va (11) suy ra DPKQ la hinh binh hanh.
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Ma F la trung diém ctia duong chéo PQ nén E ciing la trung diém ciia duong chéo DK .
Vay D, B, K thang hang.

O

(= Bai 10. Cho tit gidc ABC'D nai tiép duong tron (O) duong kinh AC' = 2R. Goi K va M lan
lugt 1a chan dudng cao ha tit A vi C' xudng BD, E la giao diém ctia AC va BD, biét K thuoc
doan BE(K # B, K # E). Duong thang qua K song song véi BC cat AC tai P.

1. Chiing minh tit gidc AK PD noi tiép.
2. Chting minh KP 1 PM.

3. Biét @ = 60° vi AK = z. Tinh BD theo R va z.

@ L&i giai.
B
K
P
A
E\ O C
M

1. Chtng minh t@ giac AKPD noi tlep
Xeét tt gidc AK AKPD 0 A APK = ACB (2 goc 6 vi tri dong vi)
Mat khac: ACB = ADK(goc noi tie6 cing chan cung AB)
= ADK = APK
= ADPK la t1t giac noi tiép.
2. Chiing minh KP 1 PM.
Theo cau a), ti gidc AKPD noi tiép nén APD = AKD = 90° va DKP = DAP
Xét tit gise DMPC c¢6 DMC = DPC = 90°
= DM PC noi tiép
= PMK = DCA
ma DCA + DAC = 90° va PMK + PKM = 90°
= KP 1 PM (dpcm)

3. Biét ABD = 60° vi AK = z. Tinh BD theo R va « .
Xét tam giac ADC vuodng tai D ¢c6 ACD = ABD = 60° nén
AD = 2R.sin60 = Rv/3 vi CD = 2R. cos 60 = R.

AK B 2v/3x

sin60 3

p . ~ . . 42?

Xét tam giac ABC vuong tai C ¢6 BC = 1\/4R? — -

Ap dung dinh 1y Ptolemy cho ti gidc noi tiép ABCD, ta c6:
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AC.BD = AD.BC + AB.CD

4 2
e« 2R.BD = RV3\/4R? — % n Z?x.R
& BD=+3RE— 2%+ —
V3
0
> Bai 11.

Cho tam gidc ABC c6 ba géc nhon, noi tiép duong tron (C) tam O ban kinh R. Hai duong
cao AF vad BK cua tam giac ABC cit nhau tai H (v6i E thuoc BC, K thuoc AC).

1. Chting minh tit gidc ABEK noi tiép duge trong mot duong tron.

2. Chiing minh CE.CB = CK.C'A.

3. Chtng minh OCA = BAE.

4. Cho B, C ¢6 dinh va A di dong trén (C) nhung van théa man dicu kien tam giac ABC nhon,

khi d6 H thuoc mot duong tron (7)) ¢6 dinh. Xac dinh tam I va tinh ban kinh r ctia dudng
tron (T'), biét R = 3 cm.

@ Ld&i giai.
A

A
1 1

o)

H B C
© I
B . e

E

D

AEB =90° (AE L BC)
1. Tu giac ABEK c6: ¢
AKB =90° (BK L AC)

= T gidc ABEK noi tiép mot duong tron.
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2. ACEA va ACKB c6:

AC B chung
CEA=CKB =90°
CE CA
= — Kk CB = (CE.CB=CK.CA

3. Vé dudng kinh AD ctia (O).
Tam gidc ABFE vuong tai E nén 1/4\1 + A/B\C = 90°.
Ma ABC = D, (Hai goc noi tiép cling chan cung AC cta (0)) = A1 + Dy = 90°
AACD ¢6 ACD = 90° (Géc noi tiép chan niia du’dng tron) = Az + D1 = 90°.
Mat khac Ag C’l (AOAC can tai O) = Cl + D1 =90°
T do suy ra: A1 6’\1

4. Goi I 1a diém déi xting véi O qua BC, OI cit BC tai N
= N li trung diém ctia OI, BC va cac diem I, N cb dinh.
Ta c6 BH /| CD (cung L AC)
Twong tu: CH /| BD
= T gidc BHCD la hinh binh hanh
= N li trung diém ctia BC thi N ciing la trung diém ctia HD.
AAHD c¢6 ON la duong trung binh= AH = 20N = AH = O (= 20N)
Lai ¢c6: AH J/ OI (cung L BC') = Ti giac AHIO la hinh binh hanh
= [H =0A=R=3 (cm) = H thuoc duong tron (I;3 cm) c¢6 dinh

O
= Bai 12. Cho tam giac nhon ABC ¢c6 AB < AC va duong cao AK. Vé dudng tron tam O duong
kinh BC. Tt A ké céc tiép tuyén AM, AN vé6i duong tron (O) (M, N la cac tiép diem; M va B
nim trén nita mit phang co6 bs la dudng thing AO). Goi H la giao diém ciia hai duong thing
MN va AK. Chiing minh réng:

1. T gidc AM KO noi tiép duong tron.
2. KA la tia phan giac cua MKN.

3. AN? = AK - AH.

4. H la truc tam cta tam giac ABC.

@ L&i giai.

A

K O
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1. Chitng minh t giac AM KO nai tiép duong tron.
AM, AN 1a tiép tuyén ctia dudng tron (O) nén AMO = ANO = 90°.
AK la duong cao cia tam giac ABC nén AKO = AKC = 90°.
Ba diém diém M, K, N cung nhin doan AO dudi mot géc vudng nen nam diém diem
M, K, N, A, O thuoc duong tron duong kinh AO.
Vay tit giac AM KO nai tiép duong tron.

2. Chtng minh K A la tia phan giac ctia MKN.

AM, AN la tiép tuyén ctia dudng tron (O) nén AM = AN. (1)
Theo chitng minh § cau a), nam diem M, K, N, O, A ciing thuoc mot dudng tron nén ta cé
tit giac AM KN nai tiép. (2)

Tu (1) va (2) suy ra AKM = AKN (cac gbc noi tiép cuing chén cac cung bang nhau thi
bang nhau). Vay K A 1a tia phan giac cta MKN.
3. Ckﬁr&minh/fl\]\fg = AH.AK
ANH = AKM (ti gidc AMK N noi tiép)
{@ = AKN (chitng minh § b)
AAHN vi AANK c¢6 AKN = m, HAN = KAN nen AAHN « AANK (g.g). Suy ra

AN  AH )
e = e hay AN? = AHLAK. (3)

— AKN = ANH.

4. Ching minh H la tryc tam cia tam giac ABC.
Goi D la giao diém ctia AC va dudng tron (O).
AAND va AACN c6 NAD = W, AND = ACN (goc tao bdi tiép tuyén va day cung
va gbc noi tiép cuing chdn mot cung thi bing nhau) nen AAND «~ AACN (g.g). Suy ra

AN AD )
Tu (3) va (4) suy ra AHiK\: ABiC’, hay aC = AR
HAD = KAC
AAHD va AACK c6 AH Ap nén AAHD «~ AACK (c.g.c).
D T
Suy ra ADH = AKC = 90°. Dan dén HDC = 90°. (5)
Diém D thugc dusng tron dusng kinh BC nén BDC' = 90°. (6)

Tit (5) va (6) suy ra B, H, D thang hang. Nghia 1a BH | AC. Lai ¢c6 AH 1. BC nén H la
tryc tam cua tam giac ABC.

0

(= Bai 13. Tit diem M niam ngoai dudng tron (O) ké hai tiép tuyén M A, M B vé6i dudng tron
(A, B 1a hai tiép diém). Lay diém C trén cung nhé AB (C khong tring véi A, B). Tit diém C ké C'D
vuong goc véi AB, C'E vuong goc véi M A, CF vuong goc véi MB (D € AB,E € MA,F € MB).
Goi I 1a giao diém ciia AC va DE, K 1a giao diém ctia BC va DF. Chiing minh ring

1. Tu giac ADCE ndi tiép dudng tron.

2. Hai tam giac CDE va CFD dong dang.

3. Tia ddi ctia tia C'D la tia phan giac ctia goc ECF

4. Duong thang I K song song véi duong thing AB.
(' Lai giai.
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1. Tit gidc ADCE ¢6 ADC = AEC = 90° nén ADCE la tit gidc noi tiép.

2. Tt giac ADCE noi tiép nén EAC = EDC.
Tuong tu, tit gidse BDCF noi tiép, suy ra CFD = CBD.
Mat khéac, theo tinh chat ctia goc tao bdi tiép tuyén va day cung thi EAC = CBD.
Do d6 EDC = CFD.
Chting minh tuong ty thi CED = CDF.
Vay hai tam gidc ACDFE va ACFD dong dang v6i nhau.

3. Goi C’x la tia d01 ctia tia C'D. Tam giac ACDE dong dang v6i ACF D suy ra DCE = DCF.
Do 46 ECz = FCu. Vay Cx la tia phan giac cua goc ECF.

4. Tacé@+ﬁ(:@+@+m:@+@+@:1800. Suy ra tu giac
ICKD noi tiép, do d6 CIK = KDC = CBF = CAB. Vay IK /| AB.

O

[= Bai 14. Cho dudng tron (O) ngoai tiép tam gidc nhon ABC. Goi M va N lan lugt la diém

chinh gitta ctia cung nho AB va cung nhé BC. Hai day AN va CM cét nhau tai diém I. Day M N
cit cac canh AB va BC lan lugt tai cac diém H va K.

1. Chiing minh céc diém C, N, K, I ciing thudc mot duong tron.

2. Chiing minh NB? = NK.MN.

3. Chtng minh tt giac BHIK la hinh thoi.

4. Goi PQ lan lugt 1a tam clia cac duong tron ngoai tiép tam giac MBK , tam giac MCK

va E la trung diém ctia doan PQ. Vé duong kinh N D ctia dudng tron (O). Chitng minh ba
diém D, E, K thang hang.
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@ L&i giai.

1. Chitng minh bén diém C, N, K, I ciing thuoc mot dusng tron. Ta c6 M 1 diém chinh gitta
cung AB = AM = BM = MNA = MCB = KNI = ICK. Tt giac CNKI ¢6 C va N
12 hai dinh ké nhau cuing nhin canh KT duéi hai géc bang nhau néen CN KT noi tiép ( dau
hiéu nhan biét t1t gidc noi tiép).
Do d6 bén diem C, N, I, K cung thuoc mot dudng tron.

2. Chitng minh NB? = NK.MN.

Ta c6 N la diém chinh giita cung BC = BN =CN = BMN = CMN (goc noi tiép chian
hai cung bang nhau)

Ma CBN = CMN (g6c noi tiép cing chan cung éTV)
éﬁ:m(cﬁngbénggécm) = KBN = BMN
N chung

Xét AKBN va ABMN ¢6: ¢
KBN = BMN

KN _ BN
BN MN
3. Chtng minh t& giac BHIK la hinh thoi.

Ta c6 ABC = ANC (goc noi tiép cling chan cung AC )

Ma AMC = AHT (goc noi tiép cling chan cung ic )

= ABC = IKC ma hai géc nay & vi trf dong vi nen HB /| IK (1).

Chitng minh tuong ty phan 1 ta c6 ti giac AM HI noi tiép

= ANC = IKC (goéc noi tiép cling chan cung :ﬁ)

Ta 6 ABC' = AMC (goc noi tiép cling chan cung @)

= ABC = AHT ma hai géc nay & vi tri déng vi nen BK J/ HI (2)

T (1) va (2) suy ra ti giac BHIK la hinh binh hanh.

= AKBN ~ ABMN = = NB? = NK.NM(diéu phai chiing minh).
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Mit khac AN, CM lan luct 1a cac tia phan giac clia cac goc A va C' trong tam giac ABC
nén I la giao diém ba dudng ph56.90463an giac, do d6 BI la tia phan giac clia goc B.

Vay tit gidc BHIK la hinh thoi ( ddu hi¢u nhan biét hinh thoi).
4. Chting minh ba diém D, E, K thing hang.

\ﬁ N la diém chmh glu’a cung nhé N NC néen DN la trung truc cia BC = DN la phan giac
BDC. Ta c6 KQC’ — 2K MC (goc noi tiép bang nita géc ¢ tam cltia dudng tron (Q))

Lai c¢6 NDC = KMC (g6c noi tiép cung chan cung BC’)
Ma BDC = 2NDC = KQC = BDC

Xét tam giac ABDC va AKQC la cac tam giac can tai D va @) ¢6 hai goc BCD = §C\Q
do vay D, @, C thang hang nén KQ /| PK

Chitng minh tuong tu ta c6 ta c6 D, P, B thang hang va DQ /| PK

Do dé tit gidc PDQK 1a hinh binh hanh nén E 13 trung diém ctia PQ ciing 13 trung diém
cia DK . Vay D, E, K thang hang (diéu phai chiing minh).

O

(= Bai 15. Cho dudng tron tam O va diém A ndm ngoai duong tron. Tit A ké hai tiép tuyén AB
va AC (B, C la cac tiép diém).

1. Chiing minh tit gidc ABOC' 1a ti giac noi tiép.
2. Goi H la truc tam tam giac ABC'. Chiing minh ti giac BOCH la hinh thoi.

3. Goi I 1a giao diém ctia doan OA véi duong tron (O). Chitng minh I 13 tam dudng tron noi
tiép tam giac ABC.

4. Cho OB =3 cm, OA =5 cm. Tinh dién tich tam gidc ABC.
(&' Ldi giai.

.

C
1. Vi AB, AC la céc tiép tuyén ciia (O) (tai B, C) nén ABO = ACO = 90°
= ABOC la tit giac noi tiép duong tron duong kinh AO.

{OB 1 AB

CH 1 AB
T (1) va (2) ta ¢c6 BOCH la hinh binh hanh. Ma OB = OC nén BOCH la hinh thoi.

/ Tai ligu Toan 9 nay 1a clia: ....ooooiviviiiiiieineeiiii,
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3. Vi AB, AC la céc tiép tuyén ctia (O) nén AO la tia phan gidc BAC. Villa giao diém ctia
doan AO véi (O) nén I 1 diém chinh gifta ctia cung (nho) BC = IBC = %sdf??Y (3) (tinh
chat goc noi tiép).

Vi I la didm chinh giita cung BC v AB la tiép tuyén ciia (O) nén ABI = %sdﬁé (4).
T (3) va (4) ta suy ra BI la tia phan giac @, do vay I 1a tam duong tron noi tiép tam
giac ABC.

4. Goi K la giao diém ctia OA va BC = K li trung diém ctia BC va BK 1L AO.
Ap dung dinh 1y Pitago cho tam gidac AOB vuong tai B: AB = vAO? — OB? = 4 cm.
Ap dung he thic lugng cho tam giac AOB vuong tai B:

1 1 1 25 12 16
= = 2 L BK="2= AK = VAB? _BK’= - cm.
BKZ  AB: 0B 1 5 109 5
Dién tich tam gidc ABC la S(AABC) = 5 AK - BC = 55 cm?.

O

> Bai 16. Cho hinh chit nhat ABCD noi tiép duong tron tam O. Tiép tuyén ctia dudng tron
tam O tai diém C cit cac duong thing AB va AD theo tht tu tai M, N. Dung AH vuong géc
v6i BD tai diem H; K 1a giao diém ciia hai dudng thing M N va BD.

1. Chting minh tit gidc AHCK 1a t gidc noi tiép.
2. Ching minh rang: AD - AN = AB - AM.

3. Goi E la trung diém ctia M N. Chitng minh ba diém A, H, F thang hang.

4. Cho AB=6cm va AD = 8 cm. Tinh do dai doan M N.
(&' Loi giai.

M

1. Xét tit gide AHCK ta co6 AHE = 90°,
CK la tiép tuyén ctia duong tron O va AC la duong kinh nén AC L CK = ACK = 90°.
Vay H va C cung nhin AK duéi mot goc vuong nén ti gisac AHCK noi tiép mot duong
tron.

9. Ta c6 ABCD la hinh chi nhat = ADB = ACB,
dong thoi AMN = AC'D (cung phu v6i BAC) = ADB = AMN.
Xét hai tam giac AAMN va AADB ¢6 DAB = MAN =90° va ADB = AMN,

R AM AN
Nén hai tam giac AAMN va AADB dong dang = 1D~ AG < AD - AN = AB - AM.
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3. Gia stt AE cat BD tai I, ta chiing minh H trung véi 1. That vay
Ta c6 AAMN vuong tai A c6 E la trung diém ctia canh MN = AAEN can tai F =
FAN - VA o
Theo ching minh trén ta ¢c6 ADB = AMN.
Do d6 EAN + ADB = AMN + ENA = 90° hay AID = 90°.
Suy ra AI 1 BD tai I, do d6 H va I tring nhau hay A, H, E thang hang.

4. bDat AN =z >0va AM =y >0, ta c6 AC = AB? + BC? = 10.

AD- AN = AB - AM 4z = 3y Lo
Taco{ 1 1 1 & 1+1_ 1 e 5
AN T Ae T Ace 2 y2 100 y=73

12
Mt khéc AM - AN = AC - MN = MN = g(cm).

O

= Bai 17. Cho tam giac ABC (AB < AC) ndi tiép trong dudng tron tam (O), M la mot diém
nam trén cung BC khong chita diém A. Goi D, E, F lan lugt 1a hinh chiéu vuong goc ctia M trén
cac duong thing BC, C A, AB. Chting minh rang:

a) Bén diem M, D, B, F thuoc mot dudng tron va bon diem M, D, E, C thudc mot dudng tron;
b) Ba diém D, E, F thing hang;

) BC _CA  AB
" MD~ ME T MF

@ L&i giai.

1. Ta ¢6: D va F lan lugt 1a hinh chiéu ciia M len A
BC va A AB.
= BDM+ BFM = 90° 4 90° = 180°
= DMF B noi tiép duong tron.
= M, D, B, F thuoc mot duong tron.
Ta ¢6: D va E lan lugt 1a hinh chiéu ciia M lén ;
BC va AC. -
= MDC =90°= MEC
= MDEC noi tiép dudng tron

= M,D,FE, C thudoc mot duong tron. BW ¢
F

M
b) Ta cé: FMB = FDB (do MDBF noi tiép). (i)
CME = CDE (do DECM ndi tiép). (ii)
Mat khéc, ti gisac ACM B nai tiép (O) nen FBM = ACM. (1)
FBM + FMB = 90°
Xét hai tam giac vuong FBM va ECM, ta c6: § —— TrAE . (2)
CME + ECM = 90°
a (2) suy ra FMB = Cm\li’ (iii)

i (1) va
u (i), (ii) va (iii) suy ra FDB = CDE.
E, F, D thing hang (dpcm).
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c) Ta co:

AC ~AB AE-EC AF+FB

ME TMF_ ME | MF
_AE EC AF _FB
“ME  ME  MF ' MF
:tanxm\E—tanC@—i—tanm—i—tanm
—tan AME + tan AMF (cmt cau b)

—tan BMD + tan MDC (do tit gidc ABMC noi tiép)
BD CD

~aD " MD

_ BC

=D |

dpcem).

O

(= Bai 18. Cho tam giac ABC c6 ba géc nhon (AB < AC), dung AH vuong géc véi BC tai diém
H. Goi M, N theo tht ti Ia hinh chiéu vuong géc ciia diem H trén AB va AC. Duong thang M N
cit duong thing BC tai diém D. Trén nita mat phang bd C'D chita diém A vé ntta dudng tron
duong kinh CD. Qua B ké dudng thing vuong géc véi C'D cit nita dudng tron trén tai diém E.

1. Chitng minh ring t giac AMHN 1a tit giac noi tiép.
2. Chtng minh EBM = DNH.
3. Chtng minh rang DM.DN = DB.DC.

4. Goi O la tam dudng tron ngoai tiép tam giac M NE. Chiing minh réing OF | DE.

@ L&i giai.
A
E
M
i
D B H C

1. Xét ti gidc AMHN c6
AMH =90° (gt)
ANH =90° (gt)
suy ra AMH + ANH = 180°.
Ma hai goéc & vi tri d6i nhau néen AMHN 1a tit gidc noi tiép.
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EB 1 DC
AH 1. CD
Tt gidc AM HN nai tiép nén ta co MAH = MNH (2)(hai gbc noi tiép ctiing chan mot cung).
Tu (1)va (2) suy ra EBM = DNH.

2. Taco { = EB [ AH, suy ra EBA = BAH (1) (so le trong).

3. Ta co - -
DMB =AMN (déi dinh)

AMN = AHN (do tit giac AMH Nnoi tiép) p suy ra DMB = NCH.
AHN = NCH (do cting phu véi goc ]@)

Xét tam giac DM B va DCN c¢6 DMB = NCD va chung géc W, suy ra ADM B dong
DM DB
dang v6i ADCN theo trusng hop goc-goc. Tiu do suy ra e — DN = DM.DN =

DB.DC.

4. Ta c6 ADEC vuong tai B, EB la duong cao nén DE? = DB.DC miat khac DM.DN =

DM  DE
DB.DC DE? = DM.DN = —— = —.
suy ra = DE ~ DN
Ny N L DM  DE L
T do suy ra ADEM dong dang v6i ADNE do oF — DN chung géc NDE.
Suy ra DEM = ENM suy ra DE 13 tiép tuyén duong tron ngoai tiép tam gidc M NE tai
E hay DE | OF.

U

[= Bai 19. Tam gidc AM B can tai M ndi tiép trong duong tron (O; R). Ké M H vuong géc AB
(H € AB), M H cat duong tron tai N. Biét M A =10 cm, AB = 12 cm.

1. Tinh M H va ban kinh R ctia duong tron.

2. Trén tia d6i tia BA lay diém C. Tia MC cit duong tron tai D, ND cit AB tai E. Chiing
minh t gidc M DEH noi tiép va chiing minh cac hé thitc sau: NB? = NE.ND va AC.BE =
BC.AFE.

3. Chitng minh N B tiép xtic v6i duong tron ngoai tiép tam giac BDE.

@ Loi giai.
M
@)
B
AX% C
N
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1. Theo tinh chat dusng kinh va day cung suy ra H la trung diém AB va AH = 6 cm.
AAMH vuong tai H = MH = /AM? — AH? = /10?2 — 62 = 8 cm.
AH? 36

AAMN vuong tai A, duong cao AH, do d6AH?> = HM.HN = HN = VE - R
4,5 cm.

Ban kinh R =

MN MH+HN 8+4,5
2 2 2

= 6,25 cm.

2. MDN = 90° (goc noi tiép chan nita dudng tron), MHE = 90° (MH L AB). Tu d6 suy ra
MDE + MHE = 180°, do d6 tit gisc MDEH noi tiép.
Xét cac tam giac ANBE va ANDB c6 goc N chung, NBE = NDB (cting chan hai cung
béng nhau la cung NA, NB).
Suy ra ANBE -~ ANDB, do d6 NB = NE = NB?= NE.ND

’ ND NB S o

Ta c6 cung N A bang cung N B (tinh chat duong kinh va day cung), suy ra ADE = EDB =
DEFE la phan giac trong cia AABD.
Vi ED 1 DC = DC la phan giac ngoai cia AABD.

DA FA C(CA
DE-FB OB = AC.BE = BC.AFE.

T do suy ra:

3. Ké FI|AM (I € BM) = AAMB «~ AFIB = AFIB can tai [ = IE = IB.
Goi (O') 1a duong tron tam I ngoai tiép AEBD'. Ta ¢c6 NB L BM (gbc noi tiép chan nita
duong tron tam O), tit d6 suy ra BN | BI = BN la tiép tuyén duong tron (0') = EBN =
ED'B (cing chan cung BE).
Mat khéc trén dudng tron (O), EBN = EDB (cing chén hai cung bang nhau NA, NB)
= D nam trén dudng tron (0’).
Vay N B tiép xtic v6i duong tron ngoai tiép tam giac BDE.

[
= Bai 20. Cho ba diém c6 dinh A, B, C thiang hang (B nam gitta A va C). Goi (O) 1a mot dudng
tron thay doi luon di qua B va C (tam O khong thude dudng thing BCO). Tit A ké cac tiép tuyén

AD, AE dén duong tron (O) (D, E 1a cac tiép diém va D, O nam ciing trén nita mat phang cé
bd 1a dudng thang BC). Goi K, H lan lugt 1 trung diém ctia BC va DE.

1. Chitng minh AE? = AB - AC.

2. Trén DFE lay diém M sao cho BM song song v6i AD. Chitng minh t1¢ giac BM K E noi tiép
duong tron va M K song song v6i DC.

3. Chitng minh ring khi duong tron (O) thay doi thi tam duong tron ngoai tiép tam giac OH K
thuoc mot duong thang c6 dinh.

@ L&i giai.
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D
O
H
M
A | 1
B F K C
E
) AB _AE -
1. Tac6 AABE -~ ANAEC (g.g), suy ra 15~ AC Vay AE* = AB - AC.

2. Dé thay, nam di diém O A, D, E, K nam trén du’dng tron du’dng kinh OA. Suy ra DEK =

DAK ma DAK MBK (do AD /| BM), nén MBK MEK Vay ti giac BMKE la ti
gidc noi tiép.

3. Goi F la giao diém ctia DE va AC. Khi do6 tit giac OHFK noi tiép duong tron dudng kinh
OF'. Suy ra

AF - AK = AH - AO = AE* = AB - AC,

AB - AC

OHK (ciing chinh la tam duong tron ngoai tiép ti giac OHFK) chay trén dudng trung
truc clia doan thing FK.

., do d6 F la diém cb dinh. Vay tam dudng tron ngoai tiép tam giac

O
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