Chuong is
2 P Dudng tron

)

A

Su xac dinh dudng tron. Tinh chit d6i xiéng cha
duong tron

Q Tém tit Ii thuyét
N\

1.1 Dinh nghia dudng tron

Dinh nghia 3.

Duong tron tam O ban kinh R (v6i R > 0) Ia hinh gdm céc diém cach déu
diém O mot khoang khong ddi bing R.

Duong tron tam O ban kinh R duge ki hiéu 1a (O; R), ta ciing c6 thé ki hieu
1a (O) khi khong can cha y dén ban kinh.

Nhan xét. Cho dudng tron (O; R) va mot diém M. Khi d6 M,
™ M nim tren (O; R) khi va chi khi OM = R.
@ M nam beén trong (O; R) khi va chi khi OM < R.
@ M nam ben ngoai (O; R) khi va chi khi OM > R. ‘

Ms

1.2 Cach xac dinh duong tron
1. Mot duong tron dude xac dinh khi biét tam va ban kinh ctia né.
2. Mot duong tron dude xac dinh khi biét mot doan thing la duong kinh ctia duong tron doé.

3. Qua ba diém khong thang hang cho trudce ta vé duge mot va chi mot dudsng tron.
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1.3 Tinh chat dbi xing ctia dudng tron

Tinh chét 2. Dudng tron 1a hinh c6 tam déi xing. Tam ctia dudng tron la tam déi xing cla
duong tron do.

Tinh chét 3. Duong tron 13 hinh c6 truc déi xing. Bat ky duong kinh nao ciing la truc déi xing
cua dudng tron.

/\ 23. Duong tron c6 mot tam doi xting va c¢6 vo s6 truc doi xing.

Q Cac vi du
W

W Vi du 1. Cho tam gidc ABC vuong tai A. Xac dinh tam va ban kinh duong tron di qua
ba dinh ctia tam giac ABC.

(&' Lai giai.
Goi M la trung diém ctia BC. A
. . BC
Ta c6 AM la trung tuyen ting v6i canh huyen nén AM = >
BC

Vay duong tron di qua ba dinh ctia tam gidac ABC c6 tam la diem M va

ban kinh R = BTC

O
M Vi du 2. Chitng minh rang, néu mot tam giac c6 mot canh la duong kinh cia dudng
tron di qua ba dinh ctia tam gidc d6 thi tam giac dé 1a tam giac vuong.
(&' Ldi giai.
Xét tam giac ABC' ¢6 ba dinh nam trén duong tron (O) dudng kinh BC. A
Ta c6 OA = OB = OC (vi la ban kinh cta (0)).
. BC
Lac d6 AO la trung tuyén tng véi canh BC' va AO = —~ m
B C

Vay ABC' la tam giac vuong tai A. v

/\ 24. Dudng tron qua ba dinh ctia mot tam gidc vudng thi né c6 tam la trung diém ciia canh
huyén va ban kinh bing phan nita do dai canh huyén. Nguge lai, mot duong tron di qua ba dinh
cua mot tam gidc nhan mot canh cua tam giac dé la duong kinh thi tam giac dé la tam giac

vuong.
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O

M Vi du 3. Cho tam giac déu ABC' c6 canh bang a. Tinh ban kinh dudng tron di qua ba
dinh ctia tam gidc ABC.

@ L&i giai.

Goi M, N, P lan luct la trung diém ctia BC, CA, AB.

Dung cac duong trung truc cia cac canh AB, BC, C'A, cac dudng trung
tryc nay dong quy tai O, suy ra O la tam clia duong tron di qua ba dinh
cia tam giac ABC'. Ban kinh cta duong tron (O) 1a R = OA = 0B = OC.
Vi ABC' la tam giac déu nén cac dudng trung triyc nay ciing la cac duong
trung tuyén clia tam gidac ABC. Suy ra O ciing la trong tam ctia tam giac

ABC.

2 3
Trong tam giac ABM vuong tai M ta c6 AM =+ AB? — BM? = 1/a? ;) a\/_
2 a\/_ a\/_

32 3
V3

Vay béan kinh duong tron di qua ba dinh ctia tam giac ABC' 1la R = &3 U

Lai c6 OA = —AM =

@0 Vi du 4. Cho hinh chit nhat ABCD c¢6 AB = 12 cm, BC = 5 cm. Chiing minh ring
bén diem A, B, C, D cung thudoc mot dudng tron. Xéac dinh tam va ban kinh ctia duong
tron do.

@ L&i giai.

Goi O 1a giao diém AC va BD. Khi d6 O la trung diém ctia AC, BD.

Ma ABCD la hinh ch@ nhat nén AC = BD. D C
Do d6 OA = OB = OC = OD hay bén diém A, B, C, D ciing thuoc mot

A
dudng tron (O), ban kinh R = OA = 20 A 0 B

Tam gidc ABC vuong tai B nén AC = \/AB? + BC? = /122 + 52 = 13.
Suy ra R = Ty = 6,5 cm.
Vay bon diem A, B, C, D ciing thuoc mot duong tron (O) ban kinh R = 6,5 cm.

/\ 25. Dudng tron qua bon dinh cia hinh chit nhat ABCD c6 tam la giao diém ctia hai duong
chéo va ban kinh ctia né bang mot nita do dai dudng chéo ctia hinh chit nhat do.

0
M Vi du 5. Cho dudng tron (O) véi hai dusng kinh AC' va BD vuong géc véi nhau. Chiing
minh ABCD la hinh vuong.
@ L&i giai.
T gidc ABCD c6 hai duong chéo AC, BD la dusng kinh cia dusng tron (O) A B
nén ABCD la hinh chit nhat.
Lai c6 AC L BD. 5
Vay ABCD la hinh ch® nhat ¢6 hai duong chéo vudng géc véi nhau nén e
ABCD la hinh vuong.
U
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@0 Vi du 6. Cho hinh thang can ABCD v6i AB /| CD va AB > CD. Chiing minh rang
bén diém A, B, C, D ciing thudoc mot dudng tron.

@ Ld&i giai.

Goi M, N lan lugt la trung diém ctia AB, CD.

Do ABCD la hinh thang can v6i hai day AB, C'D nén M N duong
trung triyc cia AB, CD.

Goi P la trung diém ctia BC. Qua P dyng duong trung tric ciia
BC cat MN tai O. Ta can chitng minh OA = OB = OC = OD.
That vay, vi O nam trén dudng trung tryc ciia AB nén OA = OB.
Ma M N cing la trung truc cia C'D nén OC = OD.

Hon nita, O nam trén duong trung triyc cia BC nén OB = OC.
Twu d6 suy ra OA = OB = O0C = OD.

Vay bén diem A, B, C, D cing thuéc mot duong tron (O) ban kinh R = OA. OJ

M) Vi du 7. Trén mit phing toa do Oxy, hay xac dinh vi trf ctia mdi diém A(-1;-1),
B(-1;-2), C' (V2;v/2) dbi véi duong tron tam O ban kinh 2.

@ L&i giai.

& OA la canh huyén trong tam giac vuong can canh bang 1 y
nén OA = 12+ 12 = /2 < 2, suy ra A ndm bén trong
dudng tron (0;2).

& OB la canh huyén trong tam giac vuong c6 hai canh goéc
vuong 1a 1; 2 nén OB = /12422 = /5 > 2, suy ra B
nam bén ngoai dudng tron (O; 2).

@ OC la canh huyén trong tam gic vuong can canh bing /2

nén OC = 4/ \/52 + \/52 = 2, suy ra C' nam trén dudng
tron (O;2).

O

M Vi du 8. Cho géc nhon xAy va hai diém B, C thuoc tia Ar. Dyng dudng tron (O) di
qua diém B va C sao cho tam O nam trén tia Ay.

@ L&i giai.

Gia st da dyng duge (O) thdéa man dé bai. Khi d6 OB = OC bang
ban kinh, nén O nam trén duong trung truc d ctia BC.

Lai ¢6 O thuoc Ay nén O la giao diém ciia d va Ay.

Cach dung. Dung dudng trung tric d cia BC cat Ay tai O. Duyng
duong tron tam O béan kinh OB thi d6 1a dudng tron phai dung (nhu

hinh vé). Y

M Vi du 9. Mot tam bia hinh tron khong con dau vét ciia tam. Hay tim lai tam ctia hinh

tron do.
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(&' Ldi giai.
Cach 1. Trén dudng tron ctia tam bia lay ba diém A, B, C khong tring A
nhau.
N6i A v6i B va B véi C.
Dung cac duong trung truc ctia AB, BC' ching cat nhau tai O, khi d6 O 0
la tam cia duong tron di qua ba dinh cia tam giac ABC hay O la tam
cia tam bia hinh tron. B C

Cach 2. Gap tam bia sao cho hai phan ctia hinh tron triing nhau, nép gap
la mot duong kinh.

Lai gap nhu trén theo nép gap khéc, ta dugc mot duong kinh thit hai.
Giao diém ctia hai duong kinh nay la tam ctia tAm bia hinh tron.

M) Vi du 10. Cho tit giac ABC'D c6 C + D = 90°. Goi M, N, P, Q lan lugt la trung diém
ctia AB, BD, DC va CA. Chting minh rang bén diém M, N, P, Q ciing thuoc mot duong
tron.

@ L&i giai.

Goi I 1 giao diém ctia AD va BC.

ViC+ D =90° nén DIC = 90°.

Do M, N, P, @ lan luot la trung diém cta AB,
BD, DC va CAnén MN, NP, PQ, QM lan luct 1a
duong trung binh ctia tam giac ABD, BCD, ACD,
ABC.

Suy ra MN [| AD, PQ /| AD, MQ /| BC, NP J
BC dodé MN J| PQ, NP J| MQ.

Vay ti gidc M N PQ la hinh binh hanh.

C[M=1, .

Laic6 < . (gbc dong vi).
My =1,

Khi d6 NMQ = M, + My = I, + I = 90°.

Do d6 M N PQ@ la hinh ch nhat.

Theo vi du 4 thi bén diém M, N, P, @ cing thuoc mot dudng tron. O

Q@ Luven tp
W/

= Bai 1. Cho tam giac ABC can tai A, BC = 12 c¢m, chiéu cao AH = 4 cm. Tinh ban kinh ctia
duong tron di qua ba dinh ctia tam gidc ABC.

@ L&i giai.
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Vi tam giac ABC' can tai A nén duong cao AH ciling la duong

trung truc ctia doan BC. A
Qua trung diém M ctia AB ké dudng trung truc ctia AB cét
duong thing AH tai O. Khi d6 O la tam clia dudng tron di qua, m
ba dinh ctia tam giac ABC. B c
Ban kinh cia duong tron (O) la R = OA = OB. H
Tam giac BOH vuong tai H nén
O
2 2 2 2 BC\? 2

& R*=36+(R—4)

& S8R =152

& R=6,5.
Vay ban kinh ctia duong tron di qua ba dinh ctia tam gidc ABC bang 6,5 cm. U

[= Bai 2. Cho tam giac ABC can tai A ¢6 ba dinh ndm trén duong tron (O). Dudng cao AH cat
(0O) 6 D. Biét BC' = 24 cm, AC = 20 cm. Tinh chiéu cao AH va ban kinh dudng tron (O).
@ Loi giai.

Vi tam gidc ABC can tai A nén duong cao AH cung la dudng trung truc A
ctia doan BC, suy ra H la trung diém ctia doan BC.
Tam giac ACH vuong tai H nén

AH = VAC? — CH? = V202 — 122 = 16 cm. @
B H C

Tam giac AC'D c¢6 AD la duong kinh nén tam giac AC'D vuong tai C'. &/
Ap dung he thic vé canh trong tam gidac vuong ACD ta c6 D

9 AC?

AC*=AD-AH & AD = Vi & AD = 25 cm.
AD

Vay ban kinh ctia duong tron (O) la R = - = 12,5 cm. O

(= Bai 3. Cho hinh thang can ABCD (véi AD /| BC) ¢6 AB = 12 cm, AC = 16 cm, BC = 20
cm. Ching minh rang A, B, C, D cung thudoc mot duong tron. Tinh ban kinh ctia duong tron
do.

(&' Lai giai.

Vi ABCD la hinh thang can v6i hai ddy AD, BC nén
AB=CD =12 cm va BD = AC = 16 cm.

Goi O la trung diém ctia BC.

Xét tam giac ABC' c6

Vay tam giac ABC vuong tai A. Do d6 ba dinh ctia tam giac
ABC cung thuoc dudng tron (O).

Tuong tiu ta ciing ¢6 tam gidc BC'D vuong tai D. Do d6é ba dinh
ctia tam giac BC'D cung thudc dusng tron (O).

. . B
Vay bon diem A, B, C, D cung thudc duong tron (O) ban kinh R = TC =10 cm. O
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[= Bai 4. Cho duong tron (O) duong kinh AB, M, N thuoc (O) sao cho AM = BN va M, N
nam trén hai nita duong tron khac nhau. Ching minh M N 1a duong kinh cia (O).
(&' Lai giai.

Vi M, N thuoc duong tron (O) nén tam giac ABM, ABN la

tam gidc vuong lan lugt tai M, N. M
Hai tam giac vuong ABM va ABN c¢6 AM = BN, AB la canh
chung nén hai tam gidc nay bang nhau, suy ra BM = AN.
Vay ti giac AMBN ¢6 AM = BN va BM = AN nén AM BN A B
1& hinh binh hanh. Hon ntta AM B = 90°. Do d6 AM BN la hinh
chi nhat.
Vay MN la dudng kinh ciia (O). N
U

= Bai 5. Cho ti gidgc ABCD c6 B = D = 90°.

1. Chitng minh bén diém A, B, C, D cing thuoc mot duong tron.

2. Néu AC = BD thi ti giac ABCD la hinh gi?

(¢’ Loi giai.
1.
Goi O la trung diém ctia AC. B

Vi tam giac ABC vuong tai B nén ba dinh A, B, C cung thudc

dudng tron (O).

Vi tam giac AC'D vuong tai D nén ba dinh A, C'; D cung thuoc A 0 C
duong tron (O).

Vay bén diém A, B, C, D cuing thuoc mot duong tron (O) duong

kinh AC. D

2. Néu BD = AC thi BD la dudng kinh ciia (O), suy ra BAD = 90°.
Vay tit giac ABCD ¢c6 A= B =D =90° nén ABCD la hinh chit nhat.

O

(= Bai 6. Cho hinh chit nhat ABCD, vé tam giac AEC vuong tai £. Chitng minh nam diém A,
B, C, D, F cung thuéoc mot duong tron.
(&' Lai giai.

Goi O 1a trung diém ctia AC.

Vi tam giac ABC vuong tai B nén ba diem A, B, C' thuoc dudsng tron
(O) duong kinh AC. Df C
Vi tam gidac AC'D vuodng tai D nén ba diem A, C, D thudc dudng tron
(O) duong kinh AC. O
Vi tam gidac ACE vuong tai E nén ba diém A, C, E thuoc dusng tron 4 3 B
(O) dudng kinh AC.

Vay nam diém A, B, C, D, E cing thuoc dudng tron (O) duong kinh AC. O
= Bai 7. Cho tam giac ABC vuong tai A, duong cao AH. Tt M la diém bat ky trén canh BC
ké MD 1 AB, ME 1 AC. Chtng minh nam diém A, D, M, H, E cing nam trén mot dudng

tron.

@ L&i giai.
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ViMD 1L AB va AC 1. AB nén MD J| AE.

Vi ME 1 AC va AB L AC nén MFE J| AD.

Tit hai diéu trén suy ra ADME 1a hinh binh hanh.

Ma DAE = 90° nén ADME 1a hinh chit nhat, suy ra bén diém A,
D, M, E thuoc dudng tron (O) dudng kinh AM (v6i O 1a trung diém

ctia doan AM). B H M C
Lai c¢6 tam giac AHM vuong tai H nén ba diém A, H, M thuoc dudng tron (O) duong kinh AM.
Vay nam diem A, D, M, H, E cing nam trén dudng tron (O) dudng kinh AM. O

= Bai 8. Cho tam gidc ABC c¢6 AQ, KB, CI 1a ba dudng cao va H 13 tryc tam.
1. Chiing minh A, B, (), K cung thudéc mot duong tron. Xéac dinh tam cta duong tron dé.
2. Chiing minh A, I, H, K cung thuoc mot duong tron. Xac dinh tam cia dudng tron do.

@ L&i giai.

Goi O la trung diém ctia AB.

Vi tam gidc ABQ vuong tai Q nén ba diém A, B, Q thudc
dudng tron (O) dudng kinh AB.

Vi tam gidac ABK vuong tai K nén ba diém A, B, K thuoc
duong tron (O) duong kinh AB.

T d6 suy ra bon diem A, B, Q, K cing thudc dudng tron
(O) duong kinh AB.

2. Goi O’ 1a trung diém ctia AH.
Vi AAHT vuong tai I nén ba diém A, H, I thuoc dudng tron (O') duong kinh AH.
Vi AAHK vuéng tai K nén ba diém A, H, K thuoc duong tron (O') dusng kinh AH.
Tit d6 suy ra bon diem A, I, H, K cing thuoc dudng tron (O') dudng kinh AH.

O

(= Bai 9. Cho tam gidc déu ABC ¢6 AM, BN, C'P 13 ba duong trung tuyén. Chiing minh B, P,
N, C' cung thuoc mot duong tron.
@ Lai giai.

Tam gidc ABC' 13 tam giac déu nén AM, BN, CP ciing la cac duong A
cao cua tam giac ABC, suy ra cac tam giac BPC, BNC' la cac tam
gidc vuong.

Vi tam giac BPC vuong tai P nén ba diém B, P, C thuoc duong tron
(M) dudng kinh BC.

Vi tam gidc BNC vuong tai N nén ba diem B, N, C' thuoc dudng tron
(M) dwong kinh BC. Bt —— ¢
Vay bén diém B, P, N, C ciing thuoc dusng tron (M) dudng kinh BC.

(= Bai 10. Cho ti giac ABCD c6 AC 1. BD. Goi M, N, P, @ lan lugt la trung diém ctia céc
canh AB, BC, CD, DA. Chitng minh bén diem M, N, P, Q cung thuoc mot duong tron.
(&' Loi giai.
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Goi I 1a giao diém cua AC va BD. B

Do AC L BD nén BIC = T, + I = 90°.

Vi M, N, P, Q lan lugt la trung diém ciia cac canh AB, N

BC, CD, DA néen MN, NP, PQ, QM lan luct 1a dudng 2

trung binh cia tam giac ABC, BCD, CDA, DAB. A 2 C

Suy ra MN /| AC J| PQ, MQ /| BD J| NP. I

Vay ti gidc M N PQ la hinh binh hanh.
. fl = Nl . ) o N 2 @ P

Laic6 < . __ (gbc so le trong ctia cip duong thang song

Iy = Ny

song). D

Khi d6 MNP = Ny + Ny = I, + I = BIC = 90°.

Do d6 M N P(@ la hinh chit nhat.

Vay bon diém M, N, P, ) cing thuoc mot dudng tron. O

(= Bai 11. Cho tam gidc ABC vuong tai A.

1. Néeu cach dung dudng tron (O) di qua A va tiép xtc véi BC tai B.
2. Néu cach dung duong tron (O') di qua A va tiép xic véi BC' tai C.

@ Loi giai.

Gia stt da dung duge (O) théa méan dé bai. Khi d6 OA = OB
bing ban kinh, nén O nam trén dudng trung tryc d ciia AB. d
Lai ¢6 (O) tiép xtc v6i BC tai B néen OB 1 BC, suy ra O d
nim trén duong thing d’ di qua B va vuong goéc véi BC.

Do d6 O la giao diém ctia d va d'. A
Cach dung. Dung duong trung truc d cia AB. Dung
duong thang d vuong goc véi BC tai B. Goi O la giao
diém ctia d va d’. Dung dudng tron tam O ban kinh OA thi
d6 1a duong tron phai dyng (nhu hinh vé). B C

Gia st da dung duge (O') théa man dé bai. Khi do
O'A = O'C bang ban kinh, nén O’ nam trén duong
trung truc d; cua AC.

Lai ¢6 (O') tiép xic v6i BC tai C' nén O'C' L BC, suy
ra O’ ndm trén duong théng d, di qua C' vi vudng goc
véi BC. A dy
Do d6 O’ la giao diém ctia d; va ds. O’
Cach dung. Dyng duong trung tric dq cua AC. Dyng
dudng théng d, vuong géc véi BC tai C. Goi O’ 1a giao
diém ctia d; va dy. Dung duong tron tam O’ ban kinh
O’ A thi d6 la dudng tron phai dung (nhu hinh vé). B C

da

4

(= Bai 12. Cho nam diém A, B, C, D, E. Biét ring qua bén diém A, B, C, D c6 thé vé dugc
mot dudng tron, qua bén diem B, C, D, E ciing vé dudec mot dudng tron. Hoéi qua ca nam diém
A, B, C, D, E c6 thé vé dugc mot duong tron khong?
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1. Sy xéac dinh duong tron. Tinh chat dbéi xitng clia duong tron

@ Ldi gidi.
Goi (O) la duong tron di qua qua dinh cta tam giac ABC.
Véi gia thiét:
@ Bon diem A, B, C, D thuoc duong tron (O;), suy ra (O;)
™ Bén diem B, C, D, E thuoc dusng tron (O,), suy ra (Os)
Vay ca nam diém A, B, C, D, E cung thuoc dudng tron (O).

(0)
(0)

O

= Bai 13. Cho duong tron (O; R) dudng kinh BC. Diém A di dong tren (O) , goi P, Q theo thit

tu 1a trung diém ctia AB va AC.

1. Chitng minh PQ c6 do dai khong do6i khi A di dong tren (O).

2. Tim quy tich trung diem M cta PQ.
(&' Lai giai.

Khi A khong trimg véi cac diém B, C thi PQ la dudng trung

BC

binh ctia tam giac ABC'. Do d6 PQ = . R (khong doi).

Khi A=Bthi P=DBvaQ =0 nen PQ = OB = R (khong

doi).

Khi A=CthiQ =CvaP =0 nén PQQ = OC = R (khong

doi).

Vay PQ c6 do dai khong ddi (luon bang R) khi A di dong trén

(0).

BC

2. Vi O, P, Q lan lugt 1a trung diém ctia BC, AB, AC nén OP, OQ la cac duong trung binh

cua tam giac ABC', suy ra OP J| AQ, OQ /| AP.

Do d6 tit giac APOQ la hinh binh hanh, nén AO, PQ cit nhau tai trung diém ctia méi

dudng, suy ra M la trung diém cia AO.

AO R )
. R
Vay quy tich diem M la duong tron (O; 5)

O

(= Bai 14. Cho tam giac ABC, céc duong cao BD va CE. Trén canh AC lay diem M. Ké tia Cx
vuong goc véi tia BM tai F. Ching minh ring nam diém B, C, D, E, F cung thudc mot duong

tron.
(¢’ Loi giai.

Goi O 1a trung diém ctia BC.

Vi tam gidac BC'D vuong tai D nén ba diém B, C, D cluing thudc
duong tron (O) duong kinh BC.

Vi tam giac BCE vuong tai F nén ba diém B, C, E cing thuoc
dudng tron (O) dudng kinh BC'

Vi tam gidc BCF vuong tai F nén ba diém B, C, F cing thuoc
duong tron (O) duong kinh BC.

Vay nam diém B, C, D, E, F ciing thuoc duong tron (O) dudng
kinh BC.
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O

> Bai 15. Cho tam gidc ABC c6 H la tryc tam. Lay M, N thuoc tia BC sao cho MN = BC va
M niam gitta B, C. Goi D la hinh chiéu ctia M len AC va E 13 hinh chiéu ctia N lén AB. Chiing
minh ring cac diém A, D, E, H cing thuoc mot duong tron.

@ L&i giai.

Goi K 1a giao diém ctia M D, NE. A
Ta thay HB /) MK do cuing vuong goc AC suy ra cap
goc dong vi HBC = KMN.

Tuong tu H/C\B = m .

Két hop gid thiéet BC = MN suy ra ABHC =
AMKN. D
Do do SBHC = SMKN; suy ra HK // BC.

Ma AH | BC nen AH | HK, suy ra H thuoc dudng H

tron duong kinh AK.

Vi tam gidac ADK vuong tai D nén ba diem A, D, K B M C N
thudc duong tron duong kinh AK.

Vi tam gidac AEK vuong tai £ nén ba diém A, E, K thudc duong tron dusng kinh AK.

Vay cac diém A, D, E, H cuing thuoc dudng tron duong kinh AK. O

[ Bai 16. Cho tam giac ABC nhon, cac duong cao AA;, BB, CC, dong quy tai H. Goi Ay, Bs,
Csy lan lugt thuoc doan thang AA,, BB;, CC; sao cho Sa,c + Spyca + Scyap = Sape. Ching
minh ring Ay, By, Cy, H cing thuoc mot dudng tron.

(&' Loi giai.

D

Qua Bs, Oy lan lugt dung cac duong thing vuong géc véi BBy, CC; chiing cit nhau tai P. Dyng
hinh binh hanh ABDC. Vi B,, C, lan luct thuoc doan BB, CC; nén P nam & mién trong hinh
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133 1. Sy xéac dinh duong tron. Tinh chat dbéi xitng clia duong tron

binh hanh ABDC'
Ta dé thay PB, /| CA, PCy /| AB nén

Spca = Spyca Va Spap = Sc,AB- (2.1)

Néu P nam & mién trong tam giac BC'D thi Sp,ca + Sc,ap = Spca + Spap > Sapc vO Iy Vi tréai
véi gid thiét, vay P nam & mién trong tam gidc ABC.
Khi do két hop gia thiét Spca+ Sppa+ Sppc = Sapc = Sa,Be + Spyca + Scyap. Theo (2.1) suy
ra Sppc = Sa,Bc, suy ra PAy [/ BC hay PA; 1 AA;.
T day dé thay Ay, Bo, Cy thuoc duong tron duong kinh PH hay A,, By, Cy, H cing thudoc mot
duong tron. 0
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N\ 7 N\ Pal ? N\ N\
@ Duong kinh va day cua dudng tron
Q Tém tét I thuybt
W/
Dinh nghia 4.
@ Day cung la doan thing néi hai diém phan biét cting nam
trén mot duong tron.
A
@ Day cung di qua tam ctia dudng tron goi la duong kinh cia
N

duong tron.

W Mot day cung sé chia duong tron thanh hai phan, tuong ting

v6i hai cung ctia dudng tron (cung 16n va cung nho). 5

M
Dinh li 6. Trong cac day cung ctia mot dudng tron, duong kinh 1& day cung 16n nhat.
Dinh li 7. Trong mét ducng tron
1) Duong kinh vuong géc véi mot day cung thi di qua trung diém ciia
day do.

2) Duong kinh di qua trung diém ctia moét day cung khong di qua tam
ctia duong tron thi vuong goéc véi day do.

Q Cac vi du
N4

M Vi du 1. Cho dudng tron (O;10). Lay mot diem A tuy y thuoc (O). Vé day M N vuong
goc véi OA tai trung diém ctia OA.

a) Chung minh OMAN la hinh thoi. b) Tinh do dai day M N.
@ Loi gidi.
” M
1. Goi H la trung diem cia OA. Vi MN 1 OA tai H nén H
ciing la trung diém ctia M N, do d6 OM AN la hinh thoi. ‘\
-

2. Xét AOHM vuong tai H c6 OH =5 va OM = 10, do do A
HM = VOM? —OH? = /100 — 25 = 5V/3 = MN = 2M H = 10V/3. ‘7

N
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[l
e I
M Vi du 2. Cho duong tron (O; R) va diém M nim trong dudng tron (O).
1. Hay néu cach dung day AB clia dudng tron (O) nhan M lam trung diém.
2. Tinh do dai day AB & cau a) biét R =5 cm va OM = 1,4 cm.
g v
(&' Lai giai.
1. Dyng duong thing d di qua M va vuong géc véi OM. Gia sit
d cat dudng tron (O) tai A, B. Khi do6 ta c6 M la trung diém
AB.
@)
2. Xét tam giac AOM vuong tai M co6
A M 5 ¢
AM = VAO? —OM? = /52 —-1,42=4,8 = AB =9,6 cm.
O
4 N\
m Vi du 3.
Trong hinh vé bén c6 AB 1. CD, AE =2, EB =6, EC =4 va C
ED = 3. Tinh do dai duong kinh ctia dusng tron (O).
e (0]
Ax—¢ B
N
D
(. v

@ L&i giai.

Taco AB=AE+FEB=24+6=8cm,CD=CE+ED=4+43=7cm.
Ké OI L AB tai I v OH 1 OD tai H. Khi d6 I, H lan lugt la trung diém ctia AB, C'D. Do

AB D
Ta co
7 1
OI:HE:CE—CH:4—§:§.
1 65
DodéOB:\/OIM—IB?:\/Z+42:§:>2R:\/@. 0
Ve N\

M Vi du 4. Cho duong tron (O) va day AB = 2a sao cho khoang cach tit tam O dén AB
bang h. Goi I 1a trung diém ctia AB. Tia IO cit duong tron (O) tai C.

1. Chiing minh réng tam giac ABC can tai C.

2. Tinh khoang céach tit O dén BC.

@ Ldi giai.
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1. Vi OA = OB va I la trung diém AB nén OI 1 AB. Lai c6
CI 1L AB nén CT vira 1a duong cao, vira 1a dudng trung tuyén
trong tam giac CAB = tam giac ABC can tai C.

2. Ha OH 1 BC tai H = H la trung diém cta BC, do dé

HB = HC—BC

Xét tam giac OIB vuong tai I ¢6 IB = a, Ol = hnén OB = /OI? + IB? = +v/a? + h?.
Ma CI =CO+ OI = h+ Va? + h2.
Xét tam giac I BC vudng tai I c6

BC = VCP T IB2 = \/(h+ V@ + 12)* + a? = \/2(a® + k2 + hv/a® + h2).

1
Do d6 HB = 5\/2(a2 +h? 4+ ha + 12).
Xét tam giac HOB vuong tai H ¢6

1 2
OH = VOB —HB? = \/(\/a2 +12) - [5\/2@2 +h2 + hv/a? + h2)
B \/a2 — @@ 17 + h?

2
O
' N\
M) Vi du 5. Cho duong tron (O; R) va hai ban kinh OA, OB. Trén céc ban kinh OA, OB
lan lugt lay cac diem M, N sao cho OM = ON. Vé day CD di qua M va N (M nam giita
C va N).
1. Chiing minh rang CM = DN.
9. Gia st AOB = 90° vi CM = MN = ND, hay tinh do dai OM theo R.
N\ /
(&' Ldi giai.
1.
Ha OF 1 AB tai E va OF cat CD tai F. D
Trong tam giac OAB can tai O, ta ¢ B
OM ON ‘
= MN /| AB= OF L. MN va MF = NF. A
OA OB ﬁ
~ N .2 = A
ViOF L MN nén OF 1 CD = F la trung diem ‘

CD, dovay FC = FD. Ta c¢6

CM =CF — MF = DF — NF = DN (dpem).

2.
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2. Duong kinh va day cua dudng tron

Dit MF=2=CF=CM+ MF =3MF = 3z. Vi tam
gidc OAB vuong can tai O va MN // AB nén tam giac
OMN vuong can tai O = OF = MF = x.

Xét tam giac OC'F vuong tai I, ta co

OF*=0C*-CF* & 1*=R?

R

Khi d6 OM = ON = OFv/2 = —.
Vi

—0l e =

=l

Vay véi OM = ON = z sé théa man deé bai.

V5

O

M) Vi du 6. Cho duong tron (O; R) va

hai day AB = RV/3, AC = Rv/2 (B, C nim vé hai

phia d6i v6i dudng thing AQO). Hay tinh cac géc clia tam gidc ABC.

@ Lai giai.
Xét tam glac OAC CO OA =0C = R, AC = Rv2 nén AOAC vuong c
can tai O = OCA = OAC = 45°.
KéO[LABtaiIé[A—[B—%g.

Xét tam giac OI B vuong tai I ¢6

IB \/§
Bl = ——
COSO 0B~ 9
Do vay CAB = 45° + 30° = 75°.
Lai c6
360° = COA + AOB + COB = COB = 360° — 90°

Xét tam giac OBC can tai O, ta co

— OAl = OBI = 30° = AOB = 180°—2-30° = 120°.

180° — 150°

— 120° = 150°.

OBC = 0OCB = — 15°,
Do d6 ACB = 45° + 15° = 60° va ABC = 30° + 15° = 45°.

O

Vs

2. Ching minh ME = NF.

W Vi du 7. Cho nita dudng tron (O), duong kinh AB = 10 cm. Mot day M N = 8 cm ¢6
hai dau mit di chuyén trén ntta duong tron (O) (diém M nam trén cung nhé AN). Goi
E, F theo thit tu la hinh chiéu vuoéng géc ctia A, B trén duong thang MN.

1. Chiing minh EF va MN c6 trung diém triing nhau.

3. Xéc dinh vi tri cia M N dé dien tich t& gidc ABFE 16n nhat.

~

@ Ldi giai.

Gido viéen:
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, Jopal]
1. K8OH L MN
= H la trung diém ctia NM va AE /| OH [/ BF. (1) F
R N K
Do O la trung diem AB nén AE /| OH /| BF va cach deu
nhau, do d6 EH = HF. 2 4 0 B

Tit (1) v (2) ta c6 EF vi M N c¢6 trung diém triing nhau.

9. Tacé6 ME=FEH — HM = FH — HN = NF.
Vay ME = NF.

¢) Vi H la trung diém ctia MN nén HM = HN = 4 cm. Xét tam giac OM H vuong tai H c6

OH = VMO2 — HM? = /25— 16 = 3 cm.

Vi ABFE la hinh thang ¢6 OH la duong trung binh nén AF + BF = 20H = 6 cm.
Ké BK 1 AFE tai K = BK J| MN va BK < AB. Do vay

(AE + BF)BK _ 6BK

5 5= 3BK < 3AB = 30 cm?.

SABFE =

Dau bang x4y ra khi BK = AB, hay MN /| AB.
Vay khi M'N /| AB thi dién tich t giac ABFE 16n nhat.

Q@ Luven tp
W

(= Bai 1. Cho duong tron (O;5 cm) va day AB = 8 cm.
1. Tinh khoang cach tit tam O dén day AB.

2. Lay diém [ trén day AB sao cho AI =1 cm. Qua I ké day C'D vuong goc véi AB. Chiing
minh rang AB = CD.

(&' Ldi giai.
D
1. K¢ OF L AB tai E. Khi d6 E la trung diém ctia AB, do vay
EA:EB:ATBZKL. P 0
Ta c6 OE =+OB? — EB? = /25 — 16 = 3 cm. Av—0 B
I FE
2. Ké OF L CD tai F = F la trung diém ctia C'D. \C\—/

CD
DovayFC':FD:T.
Taco [E=AF — Al =4 —1=3 cm, suy ra OFETF la hinh vuéng. Do d6 OF = 3 cm.
Xét tam giac OF D vuong tai F, ta ¢c6 FD =+OD? — OF? =+/25—9 =4 cm.
Do vay CD = 2FD =8 c¢m, suy ra AB = CD.
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= Bai 2.
Trong hinh vé bén c¢6 mot manh gidy hinh chi nhat che khuat mot phan cia
duong tron (O). Cho biét AB =1 cm, BC' =4 cm va MN = 2 cm.

1. Tinh do6 dai doan DN.

2. Cho AM =1 cm. Tinh ban kinh ctia dudng tron (O).

@ Ldi giai.

1. KEOH L BC tai H, OH cat DN tai I. Khi d6 H, I lan lugt 1a

trung diém ctia BO, DN.

B
Tac6 HB = HC = TC =2 cm. Vi AMIH la hinh ch@ nhat

nén IM = AH =AB+ BH=1+2=3 cm.
Dod6 IN=IM - MN=3-2=1 cm.
Vay DN = 2IN =2 cm.

b) Xét tam gidc OH B vuong tai H ¢c6 OB =+ OH? + 4.
Xét tam giac OIN vuodng tai [ c6 Ol = OH + HI = OH + 1, do d6

ON =VOI* ¥ IN? = \/(OH +1)2 + 1.

Ma ON = OB < VOH?>+4=/(OH+1)?+1< OH?*+4=0H?+20H +2 < OH = 1.
Khi d6 OB = /1 +4 = /5 cm.

O

= Bai 3. Cho duong tron (O; OA) va dudng kinh AD = 12,5 cm. Lay diém B thuoc dudng tron
(O;0A) sao cho AB = 10 cm. Ké day BC vuong goc véi dusng kinh AD. Tinh céc khoéng cach
tu tam O dén cac day AB va BC.

@ L&i giai.

Vi OA = OD = OB nén tam giac ABD vuong tai B, do do6

BD =VAD? — AB2 = /12,52 — 102 = 7,5 cm. B
BD
Ké OH L AB tai H = OH = == =3,75 cm.
Goi K la giao diém ctia AD va BC, khi d6 OK 1 BC. A » D
Xét tam giac ABD vuong tai B ta ¢ O |K
) 102
AB? = AK - AD = AK = 155 = 8 cm.

DodéOKzAK—AOzS—%:l,%cm.

O
(= Bai 4. Cho dudng tron (O) va dudng kinh AB. Goi M, N theo thit tu 1a trung diém cia
OA, OB. Qua M, N lan lugt vé cac day CD, EF song song v6i nhau (C, E cing nam trén mot
nita dudng tron duong kinh AB).
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1. Chting minh t gidc CDFE 1a hinh chit nhat.
2. Gida st CD va EF cung tao véi AB mot goc 30°. Tinh dién tich hinh ch nhat CDFE.

@ L&i giai.

1. KEOP L CD tai P
= P la trung diem CD va OP 1. EF (do CD J| EF).
Gia st OP cat EF tai Q = Q la trung diém cta EF.
Xét hai tam giac vuong OPM va OQN c6
OA OB

OM:T:T:ONVEL@:@B@H

ANOPM = AOQN, do d6 OP =0Q = CD = EF.
Xét tu giac CDFE ¢6 CD = EF va CD [/ EF nén
CDFFE la hinh binh hanh.

Lai ¢6 PQ la duong trung binh cta hinh binh hanh
CDFEva PQ L CE=CD 1 CEFE.

Do d6 CDFFE la hinh chi nhat.

b) Xét tam gidc OPM vuong tai P c6 OMP = 30°, suy ra

_oM _04 R

P
© 2 4 4

=>C’E:PQ:20P:§. (1)

Xét tam giac OPC vuong tai P, ta co

2 1 1
CP =+OC? - 0OP? = R2—%:RT\/_5:>OD:2OP:RT\/_5. (2)

Tu (1) va (2) ta co SCDFE =CD-CFE =

R RV15  R*/15
2 2 4

O

[= Bai 5. Cho dudng tron (O) va duong kinh AB = 13 cm. Day C'D = 12 cm vudng goc véi AB
tal H.

1. Tinh do dai ciac doan HA, HB.
2. Goi M, N theo thit tiy 13 hinh chiéu ctia H len AC, BC. Tinh dién tich tit giac CMHN.

@ L&i giai.
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D
I.WCDJ_ABtaiHnénCH:CT:6cm. C

Gia st HA < HB. Xét tam giac OCH vuong tai H co

OH =+vOC? — HC? = /6,52 — 62 = 2,5 cm. M,
A

Do d6 L
HA=6,5-25=4cmva HB=13—-—4=9 cm.

2. Vi ACHN «~ ANABC nén

T3 169

Seun (CH)2 62 36
Sapc AB

1
MéSABC:§-13-6:39cm2 nén

36 108 216
SCHN =39 @ = ﬁ Cm2 = SCMHN = 1—3 Cm2.

= Bai 6. Cho duong tron (O;5 cm) va diém M cach O mot doan 1a 3 cm.
1. Tinh do dai day cung ngan nhat ctia (O) di qua M.
2. Tinh do dai day cung dai nhat cta (O) di qua M.

@ L&i giai.

Gia st EF la mot day cung tuy ¥ qua M, C'D la day cung di qua M va
vuong goc véi OM, AB la dudng kinh chita M cta dudng tron (O). Ké
OH 1 EF tai H= H la trung diém EF.

1. Taco HE = vVOE? —OH?. Vi EF =2HFE, OFE =5 cm nén EF
nhé nhat khi HE 16n nhat. ”
Lai c6 tam gidc OHM vuoéng tai H nén OH < OM. D C
Dau bang chi x&y ra khi H = M < EF = CD. \AV
Ta c6 MC =+OC?2—0M?2=+25-9=4=CD =8 cm. F p
Vay EF nhé nhat bang 8 cm khi EF 1. OM.

2. Vi AB la duong kinh di qua M = EFF < AB. Do vay EF 16n

nhat bang 10 cm khi EF 13 duong kinh di qua M.
[

= Bai 7. Cho tam giac ABC nhon noi tiép duong tron (O) va M la diém bat ky trén cung tron
BC khong chita A. Goi D, E lan lugt 1a diém déi xting ctia M qua AB, AC. Tim vi trf ctia M
dé do dai DE nhé nhat.

(&' Lai giai.
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Goi AA’ 1a duong kinh ctia duong tron (O).

Vi D, F lan luct la diém doi xing ctia M qua AB, AC nén
AD = AM = AFE, do d6 tam giac AED can tai A.

Lai c6 DAE = DAM + MAE = 2(BAM + MAC) = 2BAC
(khong doi).

Vi vay DE 16n nhat khi AD 16n nhat, tic 1 AM 16n nhat
S M=A.
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Q Lién hé giita day va khoang cach tir tam dén day

Q Tém tit li thuyét
N\

Dinh li 8. Trong mot dusng tron:
1) Hai day bang nhau thi cach déu tam.

2) Hai day cach déu tam thi bang nhau.

Dinh 1i 9. Trong hai day ctia mot dudng tron:
1) Day nao 16n hon thi day dé gan tam hon.

2) Day nao gan tam hon thi day d6 16n hon.

/\ 26. Ca hai dinh 1y trén van dang véi truong hop hai dudng tron c6 ban kinh béng nhau (goi
14 hai duong tron bang nhau).

Q Cac vi du
AN

( )

@0 Vi du 1. Cho duong tron tam (O) ban kinh 5cm, day AB béang 8 cm.

1. Tinh khodng cach tit tam O dén day AB.

2. Goi I la diém thudc day AB sao cho Al = 1cm. Ké day CD qua I va vuong géc véi
AB. Chitng minh ring CD = AB.

@ Ld&i giai.
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1. Goi H la trung diém ctia AB, suy ra OH 1 AB.
Khoang cach tit O dén day AB la

OH = vVOA2 — HA2 = /52 — 42 = 3cm.

2. KEOK 1L CD tai K. Suy ra OKIH la hinh chit nhat.
ma [H=AH — Al =3cm = IH =0OH.
suy ra OKIH la hinh vuong = OK = OH.
Do d6 khoang cach tit tam O dén hai day AB va C'D bang
nhau, suy ra AB = CD.

Ve

M Vi du 2. Cho duong tron tam (O) cac day M N va PQ bang nhau, cac tia MN va PQ
cit nhau tai diém A nim bén ngoai dudng tron. Goi F va F theo thit tu 1a trung diém ctia
MN va P(Q. Chiing minh rang:

a) AE = AF. b) AN = AQ.

@ L&i giai.

1. Chiing minh AE = AF.

Vi E, F lan lugt 1a trung diém ctia M N, PQ nén /\
F Q
P ' A

OF L MN va OF L PQ.

Mat khac, MN = PQ = OFE = OF. O N
Suy ra

AE = VOA? — OE? = VOA? — OF? = AF. <

2. Chiing minh AN = AQ.
Ta c6
AN = AE — NEva AQ = AF — FQ
ma
1 1 R
NE:§MN:§PQ:QFV3LAE:AF

Suy ra AN = AQ.

M Vi du 3. Cho dudng tron tam (O), day AB va day CD, AB < CD. Giao diém K ctia
cac dusng thang AB, C'D nam ngoai dudng tron. Dudng tron (O; OK) cat KA va KC tai
M va N. Chiing minh rang KM < KN.

@ L&i giai.
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Ké OF L AB tai E, ké OF L CD tai F.
Trong ducng tron nhd, ta cé

AB < (CD = OF > OF.

Trong duong tron 16n, ta c6

OF >0F = KM < KN.

M
O
M Vi du 4. Cho duong tron tam (O) va diém I nam bén trong dudng tron. Chitng minh
rang day AB vuong goc v6i OI tai I ngdn hon moi day khac di qua 1.
(&' Lai giai.
Goi C'D la day bat ky (khac AB) di qua I. Ta can chiing minh
AB < CD.
Ké OI L CD tai K.
Tam gidc OKI vudng tai K nén O > OK. Q D
Trong duong tron (O), ta c6
A K /B
Ol > OK = AB < CD. \4/
C
U

M Vi du 5. Cho dudng tron tam (O) va hai day AB, AC sao cho AB < AC va tam O nam
trong gé6c ABC'. Chiing minh rang OAB > OAC.

@ Ld&i giai.

Ké OF L AB tai E, ké OF L AC tai F.

C
Trong dudng tron (O), ta c6
AB < AC = OFE > OF.
= sinOAFE = m > m =sin OAF.
O

Suyra@>0/ﬁ’hay@>@.

M Vi du 6. Cho dudng tron tam (O, R), day AB di dong sao cho AOB = 60°. Goi M la
trung diém ctia AB. Chting minh ring diém M luon di dong trén mot duong tron c¢b dinh.

@ Ldi giai.
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Vi M la trung diém ctia day AB nén OM L AB.
Lai ¢c6 OA = OB va AOB = 60° (O), suy ra tam giac OAB déu.

Do do,
0AV3E RV3

OM
2 2

RV3

. 3
Suy ra M di dong trén duong tron tam O, ban kinh bang —5

M Vi du 7. Cho tam gidc nhon ABC noi tiép duong tron (O). Goi M 1a diém bat ky thuoe
cung BC khong chita A. Goi D, E theo thit tu la diém déi xing véi M qua AB, AC. Tim
vi trf cia M dé DE c6 do dai 16n nhat.

@ Loi giai.
Ta c6 AB, AC lan lugt 1a duong trung truc ctia M D

va M E nén
AD = AM = AF.

Mat khac,

MAD + MAE = 2BAM + 2MAC = 2BAC.

Do do, tam giac ADFE can tai A c¢6 DAE khong
doi nén DE 16n nhat khi AD 16n nhat tuong duong
AM 16n nhat hay AM la duong kinh cta (O).

Q@ Luven tap
W

(= Bai 1. Cho dudng tron tam O ban kinh OA = 11 cm. Diém M thuoc ban kinh OA va cach O
la 7cm. Qua M ké day C'D ¢6 do dai 18cm, MC < M D. Tinh cac do dai MC', M D.

@ L&i giai.
Ké OI L CD tai I, suy ra I 1a trung diem CD. Ta c6 A
C
OI =VOC? —CT? = /112 — 92 = 2¢/10. ‘

R v,

IM = VOMZ = OF = /7 - (2v10) = Vo = 3.

CM=CI—-IM=9-3=6(cm)

Suy ra

va
DM =CD —-CM =18 — 6 =12 (cm).
O

= Bai 2. Cho duong tron tam O ban kinh 25cm. Hai day AB, C'D song song véi nhau va c¢6 do
dai lan lugt 13 40 cm, 48 cm. Tinh khodng cach gitta hai day AB, CD.
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@ L&i giai.

Ké OM 1. AB tai M; ON L CD tai N.
Vi AB /| CD nén M, O, N thang hang. Ta c6

OM = VOB2 — MB? — \/252 — 207 — 15. B
va 0
ON = VOC? — NC? = /252 — 242 = 7. n - c
Khoang céach d gitta AB va CD la w

d=0OM+ON =15+7=22(cm).

S
]

(= Bai 3. Cho dudng tron tam O, dudng kinh 10 dm, diém M céch O 1a 3dm.
1. Tinh do dai day ngan nhat di qua M.
2. Tinh do dai day dai nhat di qua M.
(&' Loi giai.

1. Tinh do dai day ngan nhat di qua M.

Theo vi du 1.4, goi AB la day cung di qua M va vuong goc
v6i OM, khi d6 day AB ngan hon moi day cung khéac di qua
M. Ta co
AB =2AM = 2vOA2 — OM? = /52 — 32 = 4dm. O
2. Tinh do dai day dai nhat di qua M. A w:/ B
O
(= Bai 4. Cho duang tron tam O, day AB = 24cm, day AC = 20 cm. Biét BAC < 90° va diém
O nam trong goc BAC. Goi M la trung diém ctia AC, khoang cach tit M dén AB bing 8cm.

Duong kinh 1 day cung 16n nhat. Do d6, day cung di qua O
va M 1a dai nhat va bang 10 dm.

1. Chting minh réng tam giac ABC can.
2. Tinh ban kinh cta duong tron da cho.
(&' Lai giai.
1. Chting minh tam giac ABC' can.
Ké MH | AB tai H. Tam giac AHM vuong tai H, ¢6

AM = 10cm, MHzSCm, suy ra . /\
H K
V102 — A : B

AH =VMA? — MH? = 82 = 6 cm.

L]
, . O
Ké CK L AB tai K,suyra MH /| CK.
Tam giac ACK ¢6 M H la dusng trung binh nén
CK =2MH = 16cm, va AK =2AH = 12cm.
C

1 2
Vi AK = §AB nén K la trung diem AB. Vay tam giac ABC can tai C.
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2. Tinh ban kinh ctia duong tron (O).
Taco CK L ABvaOK L ABnéen O € CK.
Hai tam giac OMC va AKC c6 C chung va OMC = AKC = 90°.
Do d6, hai tam giac OMC va AKC dong dang. Suy ra

MC OC 10-20

Vay duong tron (O) c6 ban kinh bang 12,5 cm.
U

(= Bai 5. Cho dudng tron tam O, duong kinh AB = 13cm. Day CD c6 do dai 12cm va vuong
goc v6i AB tai H.

1. Tinh do dai doan AH va BH.
2. Goi M, N lan lugt 1a hinh chiéu ctia H tréen AC, BC. Tinh dién tich ti gidc CM HN.

(&' Ldi giai.
1. Tinh do dai doan AH va BH.
Taco AB L CD, suy ra CH = %(]D = 6cm. C
Tam giac CHO vuong tai H, ta cé N
OHZ\/m:\/m:2,5cm. A5
Gia sit AH < BH, khi d6 WHl O b
AH =A0 — HO =4cm, va BH = HO + OB = 9cm.

2. Tinh dién tich t& gidc CM HN.
Vi AB la duong kinh nén tam giac ABC vuong tai C. Do d6 CM HN 1a hinh chit nhat.
Tam giac CHA vuong tai H, HM la duong cao nén

1 1 1 13 1213
13

=— = HM =

M2 HC: T HAT T 144 (cm).

Tam giac CHB vuodng tai H, HN la duong cao nén

1 1 1 13 18v/13
AN HC® T HB® 32 13 ()
Dién tich CM HN la
216
Searnn = HM - HN = —= (cm?).

[l

= Bai 6. Cho duong tron (O) va hai day cung AB va C'D cat nhau tai diém M nim bén trong
duong tron. Goi H va K theo thit tu 13 trung diém ctia AB va C'D. Cho biét AB > CD, chiing
minh rang MH > MK.

@ Loi giai.
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Tam giac OHM va OKM vuong tai H va K. Ta ¢6

MH? — MK? = (OM? — OH?) — (OM? — OK?) B
= OK? - OH*. C

Mzt khac, trong dudng tron (O), ta cd A V
AB>CD = OH <OK = OK>-OH?>0.

Suy ra

MH?* > MK?hay MH > MK. -
(= Bai 7. Cho duong tron (O) va hai diém A, B nam bén trong dudng tron va khong cling thudc
mot dudng kinh. Dung hai day song song va bing nhau sao cho diém A nim trén mot day, diém
B nam trén mot day con lai.

(¢ Loi giai.
Cach dung.
1. Dung trung diém I ctia doan AB. A H
2. Qua A, dung day C'D song song véi OI. ¢ - D
1 O

3. Qua B, dung day E'F song song véi OI.

Ching minh. E ;{ F
Theo cach dung trén ta da c6 hai day C'D va E'F song song véi \u

nhau.
KéEOH L CDvaOK L EF.

Ta c6 10 la duong trung binh ctia hinh thang AH K B nén suy ra OH = OK.
Trong duong tron (O), ta c¢6

OH =0OK = CD = EF.

Bién luan.
Bai toan ¢6 mot nghiém hinh. O

(= Bai 8. Cho nita duong tron tam O, duong kinh AB, day CD. Goi H, K theo thi ty la chan
cac duong vuong goc ké tit A, B dén CD.
1. Chting minh rang CH = DK.
2. Ching minh rang Sapxs = Sacs + Saps.
3. Tinh dién tich 16n nhat cta ti gidc AHBK, biét AB = 30cm, CD = 18 cm.
(&' Lai giai.
1. Chitng minh ring CH = DK.

Ké OI L CD tai I, suy ra I la trung diém CD.

Ta ¢6 AH, BK, OI song song v6i nhau (do cung
vuong goéc véi C'D), dong thai O 1a trung diém clia
AB nén OI la duong trung binh ctia hinh thang
AHKB,suy ra [H = IK. Do dé

CH=IH—-I1IC=1I1K—-1D=DK.
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2. Qua I, ké dudsng thang song song véi AB, cit AH, BK lan luct tai F, F.
Goi I',C", D’ 1an lugt 1a hinh chiéu cta I, C, D lén canh AB. Khi d6, I’ 1a duong trung
binh ctia hinh thang CC’'D’'D, suy ra CC' + DD" = 211,
Hai tam giac vuong [HE va IKF c6 IH = IK va HIE = KIF neén bing nhau. Suy ra,

SAHKB - SAEFB - AB . ]I/ (1)

Mat khéac,
1 1
SABC+SADB:500’-AB+§DD’-AB:AB~H'. (2)

T (1) va (2), suy ra
Sanke = Sace + Saps-

3. Do dai OI = VOC? — IC? = /152 — 92 = 12cm. Ta c6
Sanxp = AB-II' < AB- 10 = 30-12 = 360.

Dau “=" xay ra khi I’ = O hay CD /| AB.
Vay hinh thang AHK B c¢6 dién tich 16n nhat bang 360 cm?.
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@Vi tri tuong d6i cha dudng thing va dudng tron

Q Tém tit Ii thuyét
N\

1.1 Dudng thing va dudng tron cit nhau

@ Duong tron va duong thing cit nhau khi ban kinh ctia
duong tron 16n hon khodng cach tit tam duong tron d6 dén
dudng thang da cho. R > d.

& Duong thang cat dudng tron tai 2 diém phan biét. S6 giao
diém bing 2.

/N 27. S6 giao diém 16n nhét ctia duong thing va duong tron
la 2 giao diém.

1.2 Dudng thing va dudng tron tiép xic nhau

& Duong tron va duong thang tiép xtc nhau khi ban kinh ctia
duong tron bang khodng cach tit tam duong tron do dén
duong thang da cho. R = d.

& Duong thing tiép xtc duong tron tai 1 diém duy nhat. S6
giao diém bing 1.

/\ 28. Dudng thang tiép xic véi duong tron duge goi la tiép
tuyén. Diém tiép xic goi la tiép diém. Mot dudng thang goi la
tiép tuyén néu duong thing dé vuong géc véi ban kinh tai tiép
diém.

1.3 DPudng thing va dudng tron khong cit nhau

& Duong tron va dudng thang khong cit nhau khi ban kinh
cua duong tron nho hon khoang cach tir tam duong tron do
dén duong thang da cho. R < d.

& Duong thang khong cit dudng tron nén s giao diém bang
0.
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Q Cac vi du
&

M Vi du 1. Cho diém A nam trong duong tron (O). Chiing minh ring moi dudng thang d
di qua A déu cit (O) tai hai diem phan biégt.

457

@ L&i giai.

Goi d la duong thang di qua A. Dung OH vuong goc d. Suy ra

d(O,d) = OH.
Xét tam giac vuong OAH vuong tai H, ta c6 OA la canh huyeén 0
nén
d
OA> OH. .
H

Ma A nawmg bén trong duong tron nén OA < R. Do do6 suy ra
R>0OH<R> d(O,d)-

Do dé, dudng théng d luon cit duong tron tai hai diém phan

biét.
O
' N\
M Vi du 2. Cho dudng théng a va mot diém O céch a 1a 3 cm. Dyng (O;5 cm).
1. Xét vi tri tuong doi ctia a va duong tron (O).
2. Goi B va C la cac giao diém ctia duong thang a va (O). Tinh do dai BC.
. /
(&' Loi giai.
R=5 . . . . 3.2
1. Vi d—3’ nén R > d, do d6 a cat (O) tai hai diem phan
biet B va C. O
2. Goi H la chan dudng vuong goc ké tit O xudng a. Suy ra 3 5
OH =3 cm va H la trung diém BC. Do d6 a
O~_H B
BH =VOB? — OH? =52 - 32 =4 =38.
Vay BC' = 8 cm.
O

@ Vi du 3. Cho hinh thang vuong ABCD(A = D = 90°), AB = 4 cm, BC = 13 cm va
CD =9 cm. Tinh AD va chitng minh ring dudng thing AD tiép xic v6i dudng tron cé
duong kinh 1a BC'.

@ L&i giai.
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Dung BH 1 CD = ABHD la hinh chit nhat. Suy ra A S -

AD? = BH? = BC?* — CH? = 13* — 5% = 144 )
= AD = 12 ’ \\

Goi O va M lan lugt 1a trung diém BC va AD. Ta ! '
du‘OCMOJ_ADV\a MJ 19) ’:
_AB+CD 13 BC \ !

MO="2T 22 o0 2 \ /
2 2 2 | ,

Do dé, AD la duong thang vuong géc véi ban kinh . !
ctia duong tron (O) tai tiép diém M. nén AD la tiép . .
tuyén ctia duong tron duong kinh BC. D H - —C

@0 Vi du 4. Cho duong thing a. Tam I ciia tat ca cdc dudng tron ban kinh 3 c¢m, tiép xtc
v6i duong thing @ ndm trén duong nao?

@ L&i giai.

Ta c6 duong tron tam I ban kinh bang 3 cm tiép xtc véi duong

thang a. Suy ra d(1,0) = 3 cm.

Do moi diém I déu cach a mot khoang 3 cm nén moi diem I déu

nim trén duong thang d song song véi a va cach a 1a 3 cm. d I

O

M Vi du 5. Cho duong tron (O), diém A nam bén ngoai duong tron. Dung duong thang di
qua A, cit duong tron & B va C sao cho tong AB + AC c¢6 gia tri 16n nhat.

@ L&i giai.

Goi M la trung diém BC, ta c6 OM 1 BC va MB = MC'. Suy ra
AB+ AC =AM — MB+ AM + MC = 2AM.
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Nén AB + AC 16n nhat khi AM 16n nhat. Ma
AM? = OA% — OM?2.

Nén, AM 16n nhat khi OM nhoé nhat < M = O. Vay AB + AC 16n nhat khi duong thing di qua
A di qua tam O. O

Q@ Luven tap
W/

(= Bai 1. Cho dudng thang zy khong cit dusng tron (O; R). Chitng minh ring moi diém thuoc
ry déu & bén ngoai dudng tron (O).

(&' Loi giai.
Goi A 1a diém thuoc duong thang xy, H 1a chan dudng vuong
goc ha tit O xudng xy. Ta luon c6

Ma xy khong cat (O; R) néen OH > R = OA > R. Do d6, A
nam ngoai (O; R).
Vay moi diém thuoc ry déu nim ngoai (O; R).

(= Bai 2. Cho diém O cach duong thing a 13 6 cm. Vé dudng tron (O, 10 cm).
1. Chiing minh ring (O) c¢6 hai giao diém véi duong thang a.
2. Goi hai giao diém néi trén la B va C. Tinh dién tich tam giac OBC.

@ L&i giai.

R=10 . ,
1. Vi {d _g nén R > d, do do6 a cit (O) tai hai diem phan

biet B va C.

2. Goi H la chan dudng vuong goc ké tit O xudng a. Suy ra 6
OH = 6 cm va H la trung diem BC. Do do6 a

BH =+vOB?2 — OH? = V102 — 62 =8 = BC = 16.

Suy ra dién tich tam giac OBC'

1 1
SAOBC:§'OH‘BCI§‘6~16:48C1’H2.

O

(= Bai 3. Cho dudng tron (O; R) v mot diém A chay trén dudng tron dé. T A vé tiép tuyén
zy, tréen zy 1Ay mot diém M sao cho AM = Rv/3. Diém M di dong trén dudng nao?
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@ L&i giai.

Ta ¢6 zy 1a tiép tuyén cia (O; R) tai A nén OA L zy. Xét
tam gidc vuong OAM vuong tai A, ta co

o IR Y;

OM? = OA* + AM? = R* + 3R? = AR®
= OM =2R.
l/ \\
Suy ra khi A chay trén (O; R) thi diém M thuoc dudng tron ,:' \\
tam O ban kinh 2R. | O A !
l\‘ I,

Yy

= Bai 4. Cho dudng tron (O; R) ¢6 day AB = R. Trén tia AB lay diém M sao cho AM = a.

Qua M vé duong thang xy vuong goc véi AB. Chiing minh ring dudng thang ry va dudng tron
) 3R
(O; R) chi ¢6 diem chung khi a < —.

(&' Ldi giai.
s 2 ) \ R
Goi N la trung diem AB. Taco ON L. AMvaNM =a——.

H
2 = -

Goi H 1a chan duong vuong goc dung tit O xudng zy, ta cd
OH 1 zy = ONMH la hinh chit nhat, do dé

R
d(O,xy) =0H=MN =a— —.

2

Duong thang ry va dudng tron (O; R) c6 diém chung khi
va chi khi

R
d(O,a:y)SR@a__S

R&a< —.
2 @=

2

Vay dudng thing xy va dudng tron (O; R) chi c6 diém chung
: 3R

khi a < >

(= Bai 5. Cho hinh vuong ABCD, lay diém E trén canh BC va diém F trén canh C'D sao cho
AB = 3BE = 2DF. Chiing minh EF tiép xtic vdi cung tron tam A, ban kinh AB.

@ Ldi giai.
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Dung AH L EF tai H. D F C
Goi do dai canh hinh vuong béang a. Ta c6 PP BN
2 4a®>  25a* - )
EF?=FC*+CE* =% 4 = — / 1
" 1779 T 36 ; \
5 // \ E
= EF = 2 j \
6 ! \
Mt khéc '\ A B
SaAEF = Sapcp — Saapr — SACEF — SAAEB N S/
2 > o a®  5a’ . !
B 4 6 6 12
T do suy ra
5a?
_ 25a48F 7 19
AH = F - 5a %
6

Suy ra EF vudng goc ban kinh dusng tron (A, AB) tai
U

tiép diem H hay EF tiép xtc (A, AB) tai H.
e N N N ~ 8R ~ ~ « X A 2, < 2
[= Bai 6. Cho dudng tron (O; R) va day AB = 5 Vé mot tiép tuyen song song véi AB, cat cac

tia OA, OB theo thit tu tai M va N. Tinh dién tich tam giac OM N.
(&' Loi giai.

Goi I 1 trung diém AB, ta c6 Al = = Suy ra

16R?> 9R?
M?=0A% — A’ = R? — = —
0 0 i 25 25 O
3R
1 12R? I
—~.0I-AB = . B
:SAOAB 5 O 25 }/\r
M H N

Goi H la tiép diém ciia tiép tuyén MN. Do M N // AB nén ta c6

SroAB . OrI? . 9
Spromuy OH? 25

25 4R?
= SAOMN = ?SAOAB =5

2

Vay dién tich tam giac OM N bang —.
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@ Dau hiéu nhan biét tiép tuyén cta dudng tron

Q Tém tit Ii thuyét
N\

Dinh nghia 5. Tiép tuyén ciia duong tron la dudng thing chi c6 mot diém chung véi duong tron
do.

Dinh Ii 10. Néu mot dudng thang 1a tiép tuyén clia mot dudng tron thi né vuong goéc véi ban
kinh di qua tiép diém.

Dinh Ii 11.

Néu mot duong thang di qua mot diém ctia dudng tron va vuong goéc véi
ban kinh di qua diém d6 thi duong thang ay 1a mot tiép tuyén ctia duong
tron. O
A d

M Vi du 1. Cho tam gidac ABC ¢6 AB = 3, AC = 4, BC = 5. Vé dudng tron (B, BA).
Chitng minh rang AC' la tiép tuyén ctia duong tron.

@ L&i giai.

Xét tam giac ABC' ¢6
BC? =5* =25
= BC? = AB* + AC”.
{AB2+AO2:32+42:25 i B
Suy ra tam giac ABC vuodng tai B. Hay CA | BA. 3
Vay C'A 1a tiép tuyén ctia dudng tron (B, BA).
A 4 C

M Vi du 2. Cho dudng tron (O), diém A nim bén ngoai duong tron. Goi M la trung diém
ctia AO. V& duong tron (M, MO), né cat duong tron (O) tai hai diém B va C. Chitng minh
ring AB va AC 1a céc tiép tuyén ctia duong tron (O).

O

@ Ldi giai.
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. . ) AO
Xét tam giac ABO co MA:MB:MOZT. .
Suy ra tam giac ABO vuong tai B. Hay AB L OB.
Vay AB la tiép tuyén ctia duong tron (O).
Ching minh tuong ti, ta c6 AC 1a tiép tuyén ctia duong tron A = o
(0).
B

U

'a N\
M Vi du 3. Cho duong tron (O) c6 ban kinh OA, day BC vuéng goéc v6i OA tai trung diém
M ctia OA.
1. Tt giac OCAB la hinh gi? Vi sao?
2. Ké tiép tuyén véi duong tron tai B, né cit duong thing OA tai E. Tinh do dai BE,
biét OB = R.
G /
@ Ldi gidi.
B
E A j]Vf 0
C

1. Taco BC L OA = MB = MC (dudng kinh vudng géc véi mot day); MA = MO (gt). Suy
ra ti giac OCAB la hinh binh hanh.
Mat khac, OA L BC nén hinh binh hanh OCAB la hinh thoi.

2. Xét tam gidc OBA ¢6 OB = OA = R; OB = AB (vi ti gidc OCAB la hinh thoi), suy ra
OA = OB = AB. Do d6 tam giac OAB la tam giac déu. Suy ra BOA = 60°.
Do BE la tiép tuyén ctia duong tron (O) nén BE | OB, suy ra AOBE vuong tai B.

Ap dung he thic gitta canh va géc trong tam gidc vuong, ta c6

BE = OB - tan BOA = R - tan 60° = RV/3.

0
4 N\
M Vi du 4. Cho tam giac ABC, vé cac duong cao BM, C'N cat nhau tai H.
1. Ching minh rang A, M, H, N cing nam trén mot duong tron tam O.
2. Goi I 1a trung diém ctia BC. Chitng minh M 1a tiép tuyén ctia dudng tron (O).
& /

@ Loi giai.
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1. Lay O la trung diém ctia AH.
Ap dung dinh 1y dudng trung tuyén tng véi canh huyén trong giac AMH vuong tai M va
tam giac AN H vudng tai N, ta co

OM =0OA=0H va ON = 0A =0H.

Do d6, OM = ON = OA = OH. Vay bon diém A, M, H, N cung nim trén mot dudng
tron tam O.

2. Goi K la giao diém ctia AH va BC, ta c6 H la tryc tam ctia tam giac ABC nén AK | BC.
Tam giac H BK vuong tai K néen KBH + KHB = 90°.

Ma KHB = MHO (hai géc déi dinh) nen K BH + MHO = 90°. (1)
Tam giac M BC vuong tai M nén M = IB = IC. Suy ra AIMB can tai I.

Do d6 IMB = IBM. (2)
Theo ching minh trén ta ¢c6 OM = OH nén AOHM can tai O.

Do d6 OMH = OHM. (3)

Tit (1), (2) va (3), ta c6 IMB + OMH = 90°. Suy ra OM L M.
Vay I M 1a tiép tuyén cta duong tron (O).

O

N
M) Vi du 5. Cho ntta dudng tron tam O, duong kinh AB. Tit mot diem M trén ntia dudng
tron ta vé tiép tuyén zy. Ké AD L xy va BC' L xy.

a) Ching minh MC = MD.

b) Chiing minh tong AD + BC' c6 gia tri khong phu thuoc vi tri diem M trén nita dudng
tron.

c¢) Chitng minh duong tron duong kinh CD tiép xtic v6i AB.

d) Xac dinh vi tri diém M dé tit giac ABC'D c6 dién tich 16n nhat.

@ L&i giai.
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A E O B
1. Taco AD /| BC Jf OM  (cung vudng goc véi xy).
Suy ra ti giac ABC'D la hinh thang.
Lai ¢6 O la trung diém ctia AB nén M la trung diém cta CD. Vay MC = MD.

2. Hinh thang ABCD c6 M, O lan lugt 1 trung diém ctia CD, AB nén MO la dudng trung
binh ctia hinh thang ABC'D. Do dé

AD + BC = 2MO = AB (khong d&i).

3. Ta c6 AAMO can tai O nén 121\2 — OMA.

Lai c6 AD /| OM nén A, = OMA.
Suy ra A; = As.
Ké ME L AB.

Ta c6 AAMD = AAME (ch-gn).
Suy ra MD = MFE. Do d6 F thuoc duong tron duong kinh C'D.
Vay duong tron duong kinh C'D tiép xtc véi AB.

4. Dién tich hinh thang ABC'D
1 1
Sacp = ECD . (AD -+ BC) = §CD - AB.

Vi AB khong déi nén dién tich hinh thang ABC D 16n nhat khi C'D 16n nhat.
Ma CD < AB nén CD lén nhat khi CD = AB, lic d6 M la diém chinh giita cung AB. Vay

2
khi M la diém chinh gitta cung AB.

Sapcp 16n nhat bang

Q@ Luven tap
W/

(= Bai 1. Cho hinh thang vuong ABC'D (E =D= 90°), AB=4cm, BC =13 cm, CD =9 cm.
1. Tinh do dai AD.
2. Chitng minh ring duong thang AD la tiép tuyén clia dudng tron duong kinh BC.

@ Loi giai.
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A B
K¢ O
D H C

1. Ké BH L CD thi tit giac ABHD c¢6 ba goc vuong nén ABH D la hinh chit nhat. Do d6
DH=AB=4cm, HC=9—4=5 cm.
Xét tam giac BHC' vuong tai H ¢6

BH = VBC? — HC? = /132 — 52 = 12 (cm).
Vay AD = BH = 12 cm.

2. Goi O la trung diém ctia BC, duong tron dudng kinh BC c6 tam O, banh kinh bing
BC

T = 6,5 CIn.

K& OK 1 AD, ta c6 OK [/ AB /| CD (vi cing vudng géc v6i AD). Vi O la trung diém ciia

BC nén K la trung diém ctia AD hay OK la duong trung binh ctia hinh thang ABCD. Do
AB+CD 4+9

d6 OK = —; = ;— = 6,5 (cm).

Suy ra K thudc duong tron duong kinh BC'.

Vay (O) tiép xtc v6i AD tai K.

O

(= Bai 2. Cho tam gidac ABC vuong tai A. Vé hai dudng tron (B, BA) va (C,CA) c¢at nhau tai
D (khac A). Chitng minh rang C'D la tiép tuyén cta (B).

@ Ldi giai.

Xét AABC va ADBC ¢6
CA=CD A
BA=BD N
BC' chung

Suy ra AABC = ADBC

Suy ra BDC' = BAD =90°. hay CD 1 BD.

Vay CD la tiép tuyén ctia dudng tron (B). X

U

(= Bai 3. Cho duong tron (O) va mot day AB. Goi M 1a trung diém ctia AB. Vé ban kinh OF di
qua M. Tit I vé duong thang zy // AB. Chitng minh rang zy 1a tiép tuyén ctia dudng tron (O).
@ Loi giai.

GIA0 VIBIL: vevneeeeeeee e, \




Chuong 2. Dudng tron

467
Xét duong tron (O), c6 M la trung diém ctia AB va OI
di qua M nén OI 1 AB.
Ma zy /| AB nén zy 1 OI.
Vay zy 1a tiép tuyén ctia duong tron (O). O
A f f B
N
oy ! Yy

[= Bai 4. Cho dudng tron (O, R) duong kinh AB. Vé day AC sao cho CAB = 30°. Trén tia déi
clia tia BA lay diém M sao cho BM = R. Chiing minh ring

1. MC la tiép tuyén ctia duong tron (O).
2. MC? = 3R?
@ L&i giai.

C

1. Xét tam giac ABC ¢6 OC = OA = OB = R nén tam giac ABC' vuong tai C.
= CBA=90°— CAB = 90° — 30° = 60°.__
Tam gidc OCB ¢6 OB = OC = R va CBO = 60° nén tam gidac OCB déu. Suy ra CB =
OB = R.
Xét tam giac OCM ¢6 CB = OB = BM = R nén tam giac OC'M vudng tai C.
Suy ra MC' 1L OC, do d6 MC la tiép tuyén ctia duong tron O.

9. Ta ¢6 BCM = 90° — BCO = 90° — 60° = 30°.
Ta c6 ABCM «~ ACAM (g-g).

MC MB 9  op2
MA—M—C:>MC =MA-MB = 3R* (dpcm)

Suy ra

0
(= Bai 5. Cho nita duong tron tam O, duong kinh AB = 2R. Trén ciing nita mit phing bs AB
chita nita duong tron, vé hai tiép tuyén Az va By. Trén Az lay diém C. N&i C véi O, tit O ké
dudng thang vuong géc véi OC cat tia By ¢ D.
1. Tt giac ABDC 1a hinh gi?
2. Chitng minh ring duong tron ngoai tiép tam giac COD tiép xtic véi duong thang AB tai O.
3. Chitng minh CA- DB = R2. Tinh CA, DB va CD khi ACD = 60°.

@ Loi giai.
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1. Tw giac ABDC ¢6 AC' [ BD (cung vudng géc véi AB) nén ABDC' la hinh thang.
Hinh thang ABDC ¢6 CAB = 90° nén ABDC' la hinh thang vuong.

2. Goi @ la trung diém ctia C'D thi QC = QO = QD nén dudng tron ngoai tiép tam gidc COD
¢6 tam @), ban kinh QO.
Hinh thang ABDC c¢6 O, @ lan lugt 1 trung diém ctia AB va CD nén OQ la dudng trung
binh ctia hinh thang vuéng ABDC'. Suy ra OQ // AC ma AC' 1. AB nén OQ 1 AB.
Vay dudng tron ngoai tiép tam giac COD tiép xtc v6i dudsng thang AB tai O.

Ké OH 1 CD

Ta c6 01 D1 (cung phu véi 04) A=D1 =90°. ¢
Suy ra AOAC «~ ADBO (g-g).

OC AC AC oC 0D

Suy ra BO A0 ~ AC A0 u
Suy ra AOCD w AACO (c-g-c).

Suy ra 01 n
Mat khéc Og Dg (cung phu véi C’l)
Do do 01 02 1
Suy ra AACO «~ AHCO (ch-gn). i 0 B
Suy ra CA=CH va OH = OA = R.

Tuong tu, ta co BD = DH.

Do d6 CA-DB=CH-DH = OH? = R

Khi ACD = 60°, ta co

CA=RV3,DB = ﬂ ,CD = 4R3\/§.

O

= Bai 6. Cho nita duong tron c6 duong kinh AB = 2R, mot diém M di chuyén trén nita duong

tron. Goi D, C' theo thi ti 1 cac hinh chiéu ctia A, B trén tiép tuyén tai M clia nita dudng tron.

Xac dinh vi tri ctia diém M dé ti giac ABCD c6 dién tich 16n nhat. Tinh dien tich 16n nhat ay.
(' Lai giai.
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Dién tich hinh thang ABCD C
1
Sipcp = §CD . (AD + BC) =CD-OM.

Vi OM khong doi nén dién tich hinh thang

ABCD 16n nhat khi C'D 16n nhat. D

Ma CD < AB nén CD 16n nhat khi CD = AB,

lac d6 M 1a diém chinh giita cung AB. Vay Sagcp A 0 B
16n nhat bang 20M? = 2R? khi M la diém chinh

gitta cung AB.
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@Tl’nh chat cha hai tiép tuyén cit nhau

Q Tém tit Ii thuyét
N\

1) Tinh chat hai tiép tuyén cit nhau

Dinh li 12. Néu hai tiép tuyén ctia duong tron céat
nhau tai mot diém thi:

a) Diém d6 cach déu hai tiép diém.

b) Tia ké tit diém d6 di qua tam la tia phan giac
clia géc tao bdi hai tiép tuyén.

c¢) Tia ké tit tam di qua diém d6 la tia phan giac
clia goc tao bdi hai ban kinh di qua cac tiép
diém.

2) Duong tron noi tiép tam giac

(a) Duong tron tiép xtc véi ba canh clia mot tam gidc duge goi 1a dudng tron noi tiép tam
giac, con tam gidc duge goi 1a ngoai tiép duong tron.

(b) Tam ctia dudng tron noi tiép tam giac 1 giao diém clia cac dusng phan gidc clia goc trong
tam giac.

3) Duong tron bang tiép tam gidc

(a) Duong tron tiép xtc véi mot canh clia tam gidc va tiép xtc véi phan kéo dai clia hai canh
kia goi 1a duong tron bang tiép tam giic.

(b) Mot tam giac c6 ba dudng tron bang tiép.
(c) Tam ctia dudng tron bang tiép trong géc A 1 giao diém clia hai dudng phan gidc cac goc

ngoai tai B va C' (hodc 1 giao diém ciia dudng phan gidc goc A va phan gidc ngoai tai

B, hoac C). Ki hiéu (J,r4).
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-
M Vi du 1. Cho duong tron tam O, ban kinh R. Tt diém A ndm ngoai duong tron vé hai
tiép tuyén AB, AC v6i duong tron tam O véi B, C la tiép diém.

1. Chitng minh AO la duong trung truc ctia BC.

2. Ké dudng kinh C'D cta (O). Chiing minh BD song song v6i AO.

3. Ké OM vuong goc véi OB (M thuoc AC). Chiing minh MO = M A.

@ L&i giai.
C
M
h 0
B D

1. Vi AB, AC la tiép tuyén cia (O) = AC = AB (tinh chat hai tiép tuyén cat nhau).
= A thudc duong trung truc cia BC.

Mat khac OA = OB (cung bang ban kinh) = O thuoc dudng trung tric ctia BC.
= AO la duong trung truc cta BC.

L 1
2. Vi BO la trung tuyén cta tam giac DBC, BO = §C’D.
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= ADBC vuong tai B hay BD L BC.
Mat khac AO L BC (do AO la trung truc cia BC) = AO /| BD.

3. Vi OM L OB (gia thiét) = MOA + AOB = 90°. (1)
Ta c6 MAO = BAO (vi A la giao diém clia hai tiép tuyén chung ctia (O))
Vi OAB + AOB = 90° = MAO + A0B = 90°. (2)

Tu (1) va (2) suy ra MAO = MOA suy ra AAMO can tai M hay MA = MO.

~

0]
-
M Vi du 2. Tt diém A nam ngoai (O; R) ké hai tiép tuyén AB, AC (véi B,C la cac tiép

diém). Ké BE vuong géc v6i AC, CF vuong goc AB (E € AC; F € AB), BE va CF cat
nhau tai H.

1. Ching minh ti gidc BOC'H 1a hinh thoi.
2. Chitng minh ba diém A, H, O thang hang.

3. Tim vi trf ctia diém A dé H thuoc (O).

@ Ldi giai.

1. Vi AC L OC (tinh chat tiép tuyén) ma BE 1 AC (gia thiét)
= BFE /| OC hay BH song song véi OC.
Ching minh tuong tw C'H song song OB = OC'H B 1a hinh binh hanh.
Ma OB = OC (cung bang ban kinh) = BOCH 1a hinh thoi.

2. Vi OBHC la hinh thoi = OH la tia phan giac goc BOC.
Mat khac OA la tia phan giac BOC = O, H, A thang hang.

3. Dé H thuoc (O) suy ra OH = R.

— —— 1
WOHZOCZCHZR@OCHZGOO:>COSCOH:%:§$A022R.
Vay A cach O mot khoang bang 2R thi H nam trén dudng tron tam (O).

O
~

Vs

M Vi du 3. Cho duong tron (O; R). Tit mot diem M nam ngoai duong tron (O), vé hai tiép
tuyén M A, M B véi dusng tron (A, B 1a tiép diém) sao cho AMO = 30°.
1. Chitng minh MO = 2R.

2. Tinh AB theo R.
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L 3. Tinh SMAB theo R. J

@ L&i giai.

1. X6t AOAM c6 OAM = 90°.

—— A 1
Ta c6 sin AMO = OO_M =sin30° = 3 = OM = 2R.

2. Vi MA; MB la tiép tuyén cta (O) suy ra MA = M B; MO la tia phan gidc AMB (tinh
chat hai tiép tuyén cit nhau).
— AMAB can tai M, AMB =2 - AMO = 60°
= AMB la tam giac déu = AB = AM.
Xét AOAM c6 OAM = 90° = AM? = OM? — OA? = AM = /3R = AB = \/3R.

— MH 3R
3. Xét tam giac vuong M HA c6 cos AMH = cos 30° = Vi = MH = -5
1 3vV3
= Saup = 5 MH - AB = %—R.
0
4 N\
M Vi du 4. Cho dudng tron (O) dudng kinh AB = 2R. Trén ciing ntta mat phiang bs AB
vé hai tiép tuyén Az, By. Diém M nim trén (O) sao cho tiép tuyén tai M cit Az, By lan
lugt tai C, D. Duong thang AD cat BC tai N.
1. Chiing minh A, C, M, O cung thudéc mot duong tron.
2. Ching minh OC song song BM.
3. Tim vi tri cia M dé Sapcp nhé nhét.
4. Ching minh M N va AB vuong géc v6i nhau.
& v

@ Loi giai.
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A O B

1. Vi Az 1a tiép tuyén cua (O) = Az L OA.

Xét AOAC c6 OAC = 90° = A thuoe duong tron duvng kinh CO. (1)
Vi MC' la tiép tuyén cua (O)
= CMO =90° = M thuoc duong tron duong kinh CO. (2)

T (1) va (2) suy ra A,C, 0, M cung thudc duong tron dusng kinh CO.

2. Vi CM; CA la tiép tuyén ctia (O) = OC' la phan gidc AOM.

Ma AAOM can tai O suy ra OC L. AM (tinh chét tam giac can) (3)
. N 1

ViM e (0O)= MO = 0OA = OB, hay AAMO c6 duong trung tuyen MO bang 5 canh

huyeén.

= AAMO vuong tai M = BM L AM. (4)

Tu (3) va (4) suy ra OC' [/ BM.

3. Tim vi tri ctia M dé ,Sﬁ@ nhé nhat.
Vi OC' la phan giac AOM
OD la phan gidgc BOM = CO L OD (Tinh chit phan gisc hai géc ké bi).
AOM va BOM 1a hai goc ké b
Xét ACOD ¢6 COD = 90°, OM 1L CD
= CM - MD = OM? (h¢ thitc lugng trong tam gidc vuong)
Ma CM = C'A (tinh chét hai tiép tuyén cat nhau)
DM = DA (tinh chat hai tiép tuyén cit nhau)
OM? =CA-DB = R
Ta c6 AC + BD > 2/ AC - BD = 2R.
(AC+192D) AB 2Ré2R e
Vay Sapep nhoé nhat bing 2R? < AC = BD hay M la diém chinh giita cung AB.

N R o CN AC CM | _ A _
4. Vi AC /| BD (cung vuong goc véi AB) = BN = BD — MD (viCM =CA; DM = DB)

= MN J/ BD, ma BD 1 AB (do BD la tiép tuyén) = MN | AB.

= Sapcp =

O
N

p
@) Vi du 5. Cho tam giac ABC can tai A, diém I la tam dudng tron noi tiép, diém K la
tam duong tron bang tiép goc A clia tam giac.

1. Ching minh bén diém B, I, C, K ciing thudoc mot duong tron.

2. Goi (O) la duong tron di qua bén diem B, I, C, K. Chitng minh AC' 1a tiép tuyén cia
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duong tron (O; OK).
3. Tinh ban kinh ctia (O), biét AB = AC = 20 cm, BC = 24 cm.

@ L&i giai.

Vi I 1a tam duong tron noi tiép tam glac ABC

= BI;C1I lan lugt 14 phan giac ABC’ ACB.

Vi K la tam duong tron bang tiép géc A

= BK:; CK lan luot 1a phan giac ngoai ABC ACB.

= BI 1 BK;CI 1 CK (tinh chat phan gidc hai goc ké
bir).

Goi O la trung diém ctia IK, ta c6 O = OB = OK = OC
(tinh chat duong trung tuyén trong tam gidc vuong)

= B,I,C, K cung thudc duong tron tam (O).

2. Ta co OC’K OKC (tam giac OCK can tai O).
Mat khéc OKC+C’IK—9OO
= OCK+K]O— 90°, ma K]C'+]C'H—9OO
- OCK = BC’I, ta lai o BCT = ACT.
— OCK = ACT.
Vi ICK = 90° = ICO + OCK = ICO + ACT = 90°
= 0C L AC = AC la tiép tuyén cta (O).

3. Goi H la giao diém ctia AK va BC suy ra H la trung diém ctia BC = HC = 12 cm.

Xét tam giac vuong AHC ¢6 AH =/ AC? — CH? = 16, tan HAC = ZIS
Xét tam giac vuong ACO c6 tan CAO = jg

HC ocC HC - AC

“am = ac 7YY g T

M Vi du 6. Cho tam giac ABC, duong tron tam I, ban kinh r noi tiép tam gidc ABC. Goi
D, E, F la cac tiép diem (D € AB,E € BC,F € CA). Dat AB = ¢, BC = a, AC = b,
AD=2x, BE =y, CF = z.

1. Tinh z,y, 2z theo a, b, c.
2. Ching minh Saapc = p - r (p 1a ntta chu vi tam giac ABC).

1 1 1 1
3. Ching minh — = h_ + . a5 7 trong do6 hg; hy; he lan luot 1a cac do dai duong cao ké
r b c

tir cac dinh A, B, C' cia tam giac ABC.

@ Loi giai.
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r+y=c (1)
y+z=a (2)
Tudoésuyraq z4+0=»0 (3)
b
x+y+z:a+2+c(®
lan lugt tri ting vé cta phuong trinh (4) cho phuong trinh (1), (2) va (3) ta duge
a+b—c
Z=———=p—c
a+c—>b s s L .
:T:p—b (v6i p 1a nita chu vi ciia tam giac ABC)).
b+c—a
r=————=p—a
5 p
, 1 1
2. TaCOSAABC:SAIAB+SA]BC+SAICA:§<T'AB+T'AC+7"BC):§T'2p:p'7’.
1 1 a 1 b 1 c
3. Ta c6 Spape = 50 ha ™ 1= = po 2= b=
aclo A’;‘BC 12a he 25 W, 29 h. 29
b
- = b L
he Th TR 2g@thrI=g=

Q Luyén tap
N

= Bai 1. Cho duong tron (O; R) va diém A nim bén ngoai dudng tron. Ké tiép tuyén AB, AC
v6i dudng tron (B, C' 1a céc tiép diém).

1. Goi E la giao diém ctia BC va OA. Chiing minh BE vuong goc véi OA va OF - OA = R2.

2. Trén cung nhé BC lay diéem K bat ky (K khac B va C). Tiép tuyén tai K ciia dudng tron
(O; R) cat AB, AC theo thtt tit tai P va Q. Chiing minh tam gidc APQ c6 chu vi khong doi
khi K chuyén dong trén cung nhé BC.

@ Ldi giai.
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1. Vi AB = AC (tinh chat tiép tuyén) va OB = OC
= OA la duong trung triyc cia BC M
= BC LOAtai £, B
Xét tam giac OBA c6 OBA = 90° va duong cao
BE = OFE -OA = 0OB? = R% P

2. Vi PK, PB la céc tiép tuyén ciia (O) cit nhau tai
P nén PK = PB. Tuong tu, QK = QC.
Ta co K

AP+ PQ+QA = AP+ PB+ AQ +QC Q
= AB+ AC (khong doi).

N
U

= Bai 2. Cho géc zOy va dudng tron tam I tiép xtc cac tia Oz, Oy tuong tng tai cac diém A,
B. Mot duong thing qua B va song song v6i Ox cit dudng tron (1) lan thit hai tai C.

1. Chiing minh rang AB = AC.
2. Dudng thang OC' cét day cung AB tai E. Chting minh ring OF > AE.

3. Goi F la diém ddi xiing v6i O qua A. Chitng minh raing CF tiép xtic véi dusng tron (I).

@ L&i giai.
F xXr
C
O B y

1. Vi OA la tiép tuyén ctia duong tron (I) nen A L OA. Ma BC J OA nen IA | BC.
Lai c6 IB = IC nén I A la duong trung truc doan BC', suy ra AB = AC.

2. Tacé@:@<@:@:@,suyraAE<OE.

3. Vi O, F ddi xting nhau qua IA, B, C déi xting nhau qua IA nén OB = FC.
Lai c6 FA=0OA=0Bnén FA= FC. Dan t6i ACIF = NAIF (c.c.c) = ICF = IAF =
90° nén F'C la tiép tuyén ctia duong tron (7).
O

(= Bai 3. Cho tam giac ABC can tai A. Goi O la trung diém ctia canh BC. Dyng dudng tron
tam O tiép xtc v6i cac canh AB, AC lan lugt tai D, E. Lay cac diem M, N tuong ung trén cac
doan thang AD, AE sao cho dudng thing M N tiép xtc véi duong tron tam O.

1. Chiing minh ring géc MON c6 s6 do khong déi khi M, N thay doi.
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2. Ching minh ring BM - C'N khong ddi.
@ Loi giai.
1. Gia stt MN tiép xtc véi duong tron (O) tai K.
Theo tinh chat hai tiép tuyén cat nhau ta c6 DOM = MOK
—_— —_— — — —_— 1/\
va NOK = NOFE nén MON = MOK + KON = §DOE.

Tacém:z@:900:>ﬁ+ﬁ(_)\£?:360° suy ra

1 BAC
MON = 5 (180° — DAE) = 90° — —,— (khong déi).

2. Tt giac BMNC ¢6 MBC + BCN +CNM + NMB = 180°
hay QBC’N—I—QC'NO+20MB = 360° suy ra I BCN+CNO+

OMB = 180O Lai c6 BCN + CNO + NOC = 180° suy ra

OMB = NOC. Dan t6i ABOM «~ ACNO (g.g) suy ra

BO BM BC?
N = To = BM -CN = BO -CO = 1 (khong doi).

O

(= Bai 4. Cho duong tron (O) noi tiép hinh thoi ABC'D. Ké mot tiép tuyén véi duong tron (O)
cat cdc canh AB, AD theo tht ty 6 F, F. Ké mot tiép tuyén khac véi duong tron (O) cit canh

CB,CD theo thit tit 6 G va H. Chting minh rang:
1. BE-DF =0B-0D.
2. EG song song v6i HF'.

@ Ld&i giai.

1. Ta glac BEFD co OBA+ODB+BEF+EFD = 360° = 20BE+QBEO+20FD = 360°

= OBE + BEO + OFD = 180° ma OBE + BEO + EOB = 180° = EOB = OFD.

BE OB
2. Tuwong tw BG-DH = OB -OD.
Tit (1) va (2) BE-DF = BG-DH = 22 _ B% _ Appa o ADHF
va suy ra DH = DF

(1)

(2)
(c.g.c)
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— BGE = DFH = BGE + GBI = BGE + EBI = DFK + FDK = OIG = OKF
(v6i I, K lan lugt 1a giao diém ctia BD véi EG, FH) = EG J| FH.

U

(= Bai 5. Duong tron (I,r) noi tiép va dudng tron (J,r,) bang tiép goc A clia tam gisdc ABC
tiép xtic véi canh BC' tuong ting tai cac diem M va P. Doan thang AP cit dudng tron (I,7) tai
diém N.

1. Chiing minh ring doan thang M N 1a duong kinh ctia duong tron (I,7).
2. Goi Q la trung diém ctia canh BC, dudng thang IQ cit dudsng cao AH tai K. Chting minh

rang AK =r.
(&' Lai giai.
1. Goi N’ la giao diém ctia AP va IM. Vi I nam trén
_IN' AT , / A
AJ nén — = —suyra IN =r hay N

JP ~A] T r,
thudc dusng tron (I,7), dan t6i N = N’ hay M N la
duong kinh ctia dusng tron (7, 7).

2. Ta c6 Q ciing la trung diém M P, suy ra QI la duong
trung binh AMNP = QI [/ NP hay KI /| AN.
Ma AK /| IN (vi cung vuong goéc véi BC') nén I
AKIN la hinh binh hanh, suy ra AK = IN =r.

[ Bai 6. Duong tron tam I noi tiép tam giac ABC' tiép xtc véi canh AB tai D.
1. Chiing minh rang néu AABC vuong tai C thi CA-CB =2-DA-DB.
2. Chitng minh rang néu CA-CB =2- DA - DB thi AABC vuong tai C.

(&' Ldi giai.
bat BC' =a, AC=0,AB =c. A
Khi d6 AD = ZH—CT_&,BD = %C_b, suy ra
A—(a—0?2 A—-a*>-bv ab
AD - BD = = —. 1

1. Néu AABC vuong tai C thi a® + b? = 2, khi d6 theo
b A-CB
(1) tac6 AD.BD - % _CACB

I
2. NéuCA-CB =2-DA-DB thi tit (1) suy ra ¢ = a*>+b? o 5
hay ANABC' vuong tai C.
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O

= Bai 7. Cho duong tron (O, R) va duong thang d cit dusng tron tai A, B. Tit diem M 1a diém
nim tren tia déi tia AB ké cac tiép tuyén MC, M D. Ching minh ring khi M di chuyén tren tia
doi tia AB, duong thing C'D luon di qua mot diém cd dinh.

@ Lai giai.

Vi MC, MD la tiép tuyén ciia duong tron (O) nén MO J
la trung tryc cia C'D suy ra MO 1L CD tai H.

Trong tam gidac OC'M vuong tai C' ¢6 duong cao C'H nén C
OH -OM = CO* = R2. 1) M K B
Ké OK | AB cat duong thing CD tai J.

OK OH
Ta c6 AOKM ~ AOHJ (gg) = — = —
- OH -OM R2<g g OM 0
= 0J = OK = oK khong doi (do OK khong doi),
nén J 1a diem c6 dinh.
Vay CD luon di qua diém J cb dinh.
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QVi tri tuong d6i cha hai dudng tron

Q Tém tit Ii thuyét
N\

1.1 Vi tri tuong dbi ctia hai duong tron
Xét vi tri tuong doi ctia hai duong tron (O; R) va (O;r) véi R > r.

1. Néu R —r < OO0’ < R+ thi (O) va (O') cit nhau tai hai diém phan biét.

2. Néu OO' = R+ r thi (O) va (O') tiép xtic ngoai véi nhau.
Néu OO’ = R —r thi (O) va (O') tiép xtc trong v6i nhau.

3. Néu OO" > R +r thi (O) va (O') 6 ngoai nhau.
Néu OO’ < R —r thi (O) chita (O').

Chnu y.
@ Néu hai dudng tron cit nhau thi hai giao diém déi xing véi nhau qua dudng néi hai tam.

@ Néu hai dudng tron tiép xtc nhau thi tiép diém ndm trén dudng nbéi hai tam.
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1.2 Tiép tuyén chung ctia hai dudng tron
1. Tiép tuyén chung ctia hai dudong tron la duong thang tiép xtc vé6i ca hai duong tron do.

2. Tiép tuyén chung ctia hai duong tron khong cit doan ndi hai tam 1a tiép tuyén chung ngoai,
cat doan ndi tam 1a tiép tuyén chung trong.

Q Cac vi du
N

W\ Vi du 1. Cho hai duong tron (O; R) va (O';r) v6i R = 12cm, r = 5em, OO" = 13cm.

1. Chitng minh hai dudng tron (O) va (O’) cit nhau tai hai diém A, B va OO’ 1a dusng
trung tric cia AB.

2. Chiting minh AO 1a tiép tuyén ctia dudng tron (O';7).

3. Tinh do dai AB.

@ Ldi giai.

1. Vil2—-5<13<1245nén R—r <d < R+ r. Vay hai duong tron (O) va (O') cit nhau
tai hai diém A, B.
Mat khéc ta ¢c6 OA = OB = R va OA" = OB’ = r nén OO’ 1a dudng trung tryc ctia doan
thang AB.

2. Ta c6 OO0 = OA? + O'A% nén tam gidac AOO’ vuong tai A. Tt d6 suy ra AO la tiép tuyén
cia duong tron (O';r).

3. Goi I la giao diém ctia OO’ vdi AB. Ap dung hé thic luong trong tam gidc AOO’ vuong tai
A, Al la duong cao ta c6

, , _0A-0A" 60
00'- Al = 0A-OA' = Al = =57 = 5 (em).

12
Do d6 AB = 2AI = TO (cm).
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p
B Vi du 2. Cho duong tron (O) va (O’) tiép xic ngoai tai A. Ké tiép tuyén chung ngoai
BC v6i B € (0), C € (0'). Tiép tuyén chung trong tai A cit tiép tuyén chung ngoai BC' &

1. Vé duong kinh BOD va CO'E. Ching minh cac bo ba diém B, A, E va. C, A, D théng
hang.

2. Chiing minh ABAC va ADAE c6 dién tich bang nhau.

3. Goi K la trung diém ctia DE. Chitng minh dudng tron ngoai tiép AOKO' tiép xtc
véi BC.

@ Ldi giai.

1. Do IA va IB la tiép tuyén ctia (O) nén TA = IB; IA va IC 1a tiép tuyén ctia (O') nén

IA=1C.Dod6 IA=1B=1C, suy ra ABAC vudng tai A hay BAC = 90°.
Mat khac, O A =0C = OFE nén ACAE vuodng tai A hay CAE = 90°. Tit do suy ra
BAC = CAF = 90°, do d6 cac bo ba diem B, A, E va C, A, D thang hang.

. Vi ABAD «~ AFEAC (g.g) nén

BA AD

EA AC = AB-AC = AD - AE = Sgac = Spak-

. Vi IO va OK lan luot 1a duong trung binh clia tam gidc CBE va tam giac DEB nén

1 1
10" ]| BE, 10" = §BE va OK [/ BE, OK = §BE' Do d6 10" = OK va IO’ [| OK, suy ra

tit gidc OTO'K 1a hinh binh hanh.

Mat khac, do OI 1a duong trung binh cia ABDC nén OI /| DC, ma OI' | BE, DC | BE
nén OI 1 IO'. Tu do6 suy ra ti giac OO’ K 1a hinh chit nhat.

Duong tron ngoai tiép tam gidc AOKO' 1a dudng tron ngoai tiép hinh chit nhat OIO'K c6
duong kinh la IK. Ma IK 1 BC tai I (do IK la duong trung binh ctia hinh thang vuong
ECBD, ECB = DBC = 90°) nén dudng tron ngoai tiep AOKO' tiép xic véi BC.

O
=

-

M\ Vi du 3. Cho hai duong tron (O; R) va (O';r) tiép xtic ngoai v6i nhau tai A. Vé tiép
tuyén chung ngoai tiép xtc véi (0) va (0’) 1an lugt & B va C. Duong vuong goc véi OO’ ké
tit A c&t BC' 6 M.

1. Tinh M A theo R va r.
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2. Tinh dién tich ti gidc BCO'O theo R va r.
3. Tinh dién tich tam giac BAC theo R va r.

4. Goi I la trung diém ctia OO’. Chitng minh rang BC' la tiép tuyén ctia duong tron
(I, IM).

@ L&i giai.

1. Vi MA va M B la tiép tuyén ciia duong tron (O) nén MO la tia phan giac clia m, hay
OMA = %B/MTL (1)
Do M A va MC l1a tiép tuyén ctia duong tron (O') nén MO’ 1a tia phan giac clia ml, hay
OMA = %(1/1\471. @)
Tu (1) va (2) ta co
OMO' = OMA + OMA = . BMA+ JOMA = JBNC = 90°

Ap dung hé thic lugng trong tam gidc vuong OMO’ vuong tai M, MA L OO’ ta c6
MA?* = AO - AO' = MA? = Rr = MA =+VRr.

S

2. Do M A va MB la tiép tuyén ctia duong tron (O) nen AOM B = AOM A. (3)
Do M A va MC la tiép tuyén ctia dudng tron (O') nen AO'MC = AO'M A. (4)
Tu (3) va (4) ta c6

1
Spcoor = Sopma + Socma = 25om0 =2 - §OOI -MA=(R+7)VRr.

3. Vi ABAC «~ AOMO' (g.g) nén

Spac (BC
—\oor

SOMO’ : BC’2 . 4Rr~/ Rr

2
>;‘SBAC: 0027  R+r

Somor

4. T gidc OBCO’ 1a hinh thang vuong tai B va C' ¢6 I M 1a dudng trung binh. Do dé IM 1 BC
tai M. Vay BC la tiép tuyén ctia duong tron (I; IM).

0
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( R
B Vi du 4. Cho hai duong tron (O) va (O’) cat nhau tai A va B. Mot cat tuyén qua A
cat (0) 6 M, cat (O') 6 N sao cho A nam gitta M va N. Tt A vé cac duong kinh AOC' va
AO'D.

1. T giac CM N D la hinh gi?

2. Goi E la trung diém ciia OO'. V6i MA = NA, chiing minh MN la tiép tuyén cta
duong tron (E; EA).

@ L&i giai.

1. ViCMA = DNA = 90° nén tu giac CM N D 1a hinh thang vuong.

2. VeOP L MAva O'QQ L NA. Khi MA = NA thi AF la duong trung binh ctia hinh thang
vuong OPQO’ (P =Q =90°),do d6 FA L MN. Vay khi MA = NA thi M N la tiép tuyén
ctiia dusng tron (E; FA).

U
4 N\
B Vi du 5. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Goi M la trung diém ctia
OO'. Dudng thang qua A cat cdc duong tron (O) va (O') lan lugt 6 C va D.

1. Khi CD 1 MA, ching minh AC' = AD.
2. Khi CD qua A va khong vuong goc véi M A.

i) Vé duong kinh AF ctia (O), AFE cat (O') 6 H. Vé duong kinh AF cta (O'), AF
cat (0) 6 G. Chiing minh AB, EG, FH dong quy.

ii) Tim vi tri ctia CD dé doan thing C'D c6 do dai 16n nhat?

@ L&i giai.

Ve OP L CAva O'Q 1L AD. Khi d6 ti giac OPQO’ 1a hinh thang vuéng tai P va Q.
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1. ViCD L MA va M la trung diém ctia OO’ nén M A la dudng trung binh ctia hinh thang
OPQO'. Do d6 AP = AQ hay AC = AD.

2. Khi CD qua A va khong vudng géc véi M A.
i) Vi tam giac AEF ¢6 ba duong cao 1a AB, EG, FH nén AB, EG, FH dong quy.

ii) Ta ¢c6 CD = 2PQ. Mt khéc ti giac OPQO’ 1a hinh thang vuong tai P va @) nén
PQ < OO0'. Do d6 CD 1én nhat khi CD j/ OO'.

Va

M Vi du 6. Cho hai duong tron (O;) va (Oz) cit nhau tai A va B. Goi AM la day cung
ctia duong tron (Oy) tiép xtc véi dudng tron (Oy) 6 A va AN la day cung cia dudng tron
(Oy) tiép xtc véi duong tron (O;) 6 A. Goi E la diem déi xiing véi A qua B.

1. Chitng minh ring bén diém A, M, E, N ciing thudoc mot dusng tron.

2. Khi hai duong tron (O;) va (O,) thay ddi nhung luon cit nhau tai hai diém c6 dinh
A va B, tim tap hop tam I ctia duong tron qua bon diém A, M, E, N.

@ Ldi giai.

1. Tt O; va O ké cac duong vuong goc véi AM va AN, chiing cat nhau tai I. Ta c6 O11 /| AO,
(Vi cung vuong goc véi M A); Ozl | AO; (vi cung vudng goc v6i NA) nén ti giac AO110,

13 hinh binh hanh.
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E

010, cat AI 6 K va cit AB 6 H thi KH la duong trung binh ciia tam giac AIB, do do
KH [/ IB. Ma 0105 L. ABneén IB 1. AB.

Vi B la trung diém ctia AE nén JA=1E. Talaico [A=IM = IN (vi O11, O, 1an lugt 1a
duong trung tryc ctia AM, AN). Vay diém I cac déu bon diem A, M, E, N nén bén diém
nay cung thudéc duong tron tam 1.

2. Theo cau a) thi I nam trén dudng thang d vuong goc véi AB tai B. Trén d lay mot diém [

tity ¥ (I khac B), Al cat duong trung tric 2y clia AB tai K. Trén zy lay hai diém Oy, O,
sao cho K la trung diém ciia O;0,.
Dung hai duong tron tam O; va Oy c6 ban kinh O; A va O, A, ching cat nhau tai A va B.
Dumng cac day AM va AN ctia hai duong tron tam O; va O, lan ludt tiép xtc véi hai duong
tron (Oy) va (Oy) tai A. Khi do tit gidc AO;10; 1a hinh binh hanh v& diém I cach déu bon
diém A, M, E, N.

O

Q Luyén tap
N\

= Bai 1. Cho yc/O\y = 90°. Lay cac diém I, K theo thi tu trén cac tia Oz, Oy. Vé dudng tron
(I; OK) cat tia Oz tai M (I nam gitta O va M). V& duong tron (K;OI) cdt Oy tai N (K nam
gitta O va N).

1. Ching minh hai dudng tron (I) va (K) luon cit nhau.

2. Tiép tuyén tai M ctia duong tron (1) va tiép tuyén tai N ciia duong tron (K) cit nhau tai
C. Chiing minh t giac OMCN 1a hinh vuong.

3. Goi giao diém ctia hai dudng tron (I) va (K) la A, B. Chitng minh ba diém A, B, C' thang
hang.

4. Gia st I va K theo thit tit di dong trén Ox va Oy sao cho OI + OK = a khong doi. Chiing
minh rang duong thing AB luon di qua mot diém c6 dinh.

@ Loi giai.
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1. Ap dung bét déng thitc trong tam giac ta c6 |OK —OI| < IK < OK + OI. Do d6 hai
duong tron (I) va (K) luon cit nhau.

2. Ta c6 CMO = MON = NOC = 90° nén tit gisc OMCN 1a hinh chit nhat.
Mat khac, O = OK, OK = IM, suy ra OM = ON, do dé tit giac OMCN la hinh vuong.

3. Goi L la giao diém ctia KB va MO, K la giao diém ctia IB va NC'. Khi d6 tit giac OK BI
la hinh ch@® nhat va t& giac BLM 1a hinh vudng. Suy ra

ABLC = AKOI = LBC = OK1I = BIK.

Ma BIK + IBA = 90° = LBC + IBA = 90°. Do 46 LBC + LBI + IBA = 180°. Vay ba
diém A, B, C théng hang.

4. Vi OI + OK = a khong doi nen OM = OI + IM = OI + OK = a khong doi.
Mt khac do ti gide OMCN 1a hinh vuong nén OC = v/20M = av/2 khong déi. Vay C' 1a
diém c6 dinh va AB luén di qua C.

O

= Bai 2. Cho duong tron (O) va mot diem A trén dudng tron d6. Trén doan OA lay diém B sao
1
cho OB = §OA' Vé duong tron duong kinh AB.

1. Chitng minh duong tron duong kinh AB tiép xtc v6i duong tron (O).

2. Vé duong tron dong tam O vé6i duong tron (O) cho trude, cat dudng tron dudng kinh AB
tai C. Tia AC cit hai dudng tron dong tam tai D, F (D nam gitta C' vd F). Chiing minh
AC =CD = DE.

@ L&i giai.

1. Goi I la trung diém ctia AB. Ta c6 OI = OA — I A nén dudng tron dusng kinh AB tiép xtc

v6i duong tron (O).
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2. Ta c¢6 IC' = I A nén tam gidc CIA can tai A. Do do
CIA=180° — (ICA+TAC) = 180° — 2T AC.
Tuwong tu DBA = 180° — 2BAD va EOA = 180° — 20AE. Tit d6 suy ra IC J/ BD J| OE.
Mit khac, JA = IO = %AB (do OB = %OA). Do d6 OB = BI = I A. Suy ra
AC =CD = DE.

O

= Bai 3. Cho duong tron (O) dudng kinh AB, diém C nam giita A va O. Vé duong tron (I) c6
duong kinh CB.

1. Xét vi tri tuong ddi ciia hai dudng tron (O) va (I).

2. Ké day DE ctia dudng tron (O) vuong goc v6i AC tai trung diém H ctia AC. Tt giac
ADCE la hinh gi? Vi sao?

3. Goi K la giao diém ctia DB va duong tron (I). Chiing minh ba diém E, C, K thang hang.
4. Ching minh HK la tiép tuyén ctia duong tron (7).
@ Ldi giai.

1. Vidiém C nam gitta hai diém A va O, I la trung diém ctia BC nén I nam gitta hai diém B
va O, d6 d6 OI = OB — I B. Vay hai dudng tron (O) va (I) tiép xic trong véi nhau tai I.

D
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2. Vi H la trung diém ctia AC va DE, DE 1 AC tai H nén tt giac ADCE la hinh thoi.

3. Taco CK L AB, AD 1 DB nén CK /| AD, ma CE /| AD do d6 ba diém B, K, D thang
hang.

—— e~ e~

4. Taco HKD =HDK, IKB = IBK nén
HKD+IKB=HKD + IBK = 90° = TKH = 90°.
Vay HK la tiép tuyén ctia dudng tron (7).

O

= Bai 4. Cho ba dudng tron (Oy), (Os), (O3) c6 cing ban kinh R va ciing di qua diém O. Goi
giao diém thtt hai cia titng cip hai trong ba dudng tron la A, B, C. Chitng minh

1. Duong tron di qua ba diém A, B, C' ¢6 ban kinh bang R.

2. Ba duong thing xac dinh béi tam ciia mot duong tron va giao diém ciia hai dudng tron con
lai c&t nhau tai mot diém.

@ L&i giai.

1. Goi E la giao diém ctia 0,05 v OB, F la giao diém ciia 0,03 va OC. Vi EF la duong
trung binh cia hai tam gidc 010,03 va OBC nén BC' J| 0105 va BC' = 0,0,. Tuong tu
AB = 0203, AC = 0103. Do d6 AABC = AOlOQOg (C.C.C).

Vay dudng tron ngoai tiép tam gidc ABC' ¢6 ban kinh bang R (vi ban kinh dudng tron ngoai
tiép tam giac 010,03 bang R).

2. Ba duong thang AOs3, BOy, CO; cit nhau tai mot diém vi d6 1a cac dudng thang chita céc
duong chéo cta hai hinh binh hanh ¢6 chung mot dusng chéo.
O

(= Bai 5. Cho hai duong tron (O; R) va (O'; R) tiép xic ngoai tai A. Vé tiép tuyén chung ngoai
tiép xtc véi (O) va (O') lan lugt 6 B va C. Tiép tuyén chung trong cdt BC 6 I. Goi E, F thi tu
la giao diém ctia 1O véi AB va ctia 10’ véi AC.

1. Ching minh A, E, I, F cung thuéc mot duong tron. Xac dinh tam K cua dusng tron do.
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1
2. Ching minh IE - IO+ IF - 10" = 5(1432—1—1402).

3. Goi P la trung diém ctia OA. Chitng minh PE tiép xtc véi (K).

4. Cho OO’ ¢6 dinh va c6 do dai 1a 2a. Tim diéu kién ctia R va R’ dé dién tich tam giac ABC

16n nhat.
@ Loi giai.
1. Vi IB va I A la tiép tuyén cia dudng tron (O) nén IO L AB tai E. (1)
Vi IC va I A la tiép tuyén ctia duong tron (O') nén 10’ L AC tai F. (2)
Mat khac

EIF = EIA+FIA= ;BIA+ ;CIA= (BIA+CIA) = 5 BIC =5 - 180° = 90°. (3)

N | —

Tit (1), (2), (3) ta 6 AEI = AFI = EIF = 90°, do d6 tit gidc AEIF 1a hinh chit nhat. Vi
vay, A, E, I, F cung thuoc mot dudng tron cé tam K 1a trung diém ctia Al va EF.

2. Ap dung hé thitc lugng cho tam gidc vuong OAI (TAO = 90°), AE L OI ta c6

2
IE- 10 ==1A?=1B*= Bf : (4)

Ap dung he thic lugng cho tam gidc vuong O'AT (1715’ =90°), AE L O'I ta co

BC*?

IF - 1O =TA? = IC? = 4

T (4) va (5) ta co

BC?  BC?  BC?

IE- IO+ IF 10 =
i 4 + 4 2

= % (AB*+ AC?).

3. Vi P la trung diém ciia OA nén PK la duong trung binh cia tam gidc OAI va PK 1a duong
trung tryc cia EA. Do d6 PEK = PAK = 90°. Vay PF tiép xtc véi (K).
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0 7. Vi tri tuong dbi cta hai dudng tron

4. Ta c6 AABC «~ AIOO' (g.g) nén

Sproor - BC?
00/2

SaaBc _ (BC

00 ©)

> = SaaBc =
Saro0

1 1
Ma BC =21 A; OO" = 2a; Sar000 = 3" 00" - TA = 5" 2a - [ A nén thay vao (6) ta dugc

Spioor - BC?  a-TA-(2IA)? 143
Saapc = 0072 = (2a)? =

Ap dung hé thic lugng trong tam giac vuong OI0/ (@’ =90°, A 1L OO') ta co

I\ 2
IA2:AO-AO’:R-R’§(RJ;R> = a®.
Suy ra I A 16n nhat bang a khi R = R'. Vay Saapc 16n nhat bang a® khi R = R'.

O
(= Bai 6. Cho duong tron tam O dudng kinh AB va mot diem C di dong trén doan AB. Vé cac
duong tron tam [ duong kinh AC va duong tron tam K duong kinh BC. Tia Cx vudng goc véi
AB tai C, cat (O) tai M. Doan thang M A cat duong tron (I) tai E va doan thang M B céat dudng
tron (K) tai F.

1. Chiing minh t gidc M ECF la hinh chit nhat va FF 1a tiép tuyén chung cta (1) va (K).

2. Cho AB = 4cm, xéac dinh vi tri diém C tren AB dé dien tich t giac IEFK 16n nhéat.

3. Khi C khac O, dudng tron ngoai tiép hinh chit nhat M ECF cat dudng tron (O) tai P (khac
M), dusng thang PM cat duong thang AB tai N. Chiing minh tam giac M PF dong dang
v6i tam giac M BN.

4. Chting minh ba diém N, E, F thing hang.

(&' Lai giai.

1. Xét AAMB ¢6 MO = OA = OB nén AAM B vuong tai M. Tt dé suy ra

EMF = AMB = 90°. (1)
Tuong t ta c6 AEC = 90° va CFB = 90°. (2)

Tu (1) va (2) ta c6 CEM = EMF = MFC = 90°. Do d6 ti giac EM FC la hinh chit nhat.
Goi Q 1a giao diém ctia MC va EF. Do tit giac EMFC 1a hinh chu’ nhat nén QF = QC.

Mat khac IE = IC nén 1@ la dudng trung truc cia C'E. Suy ra IEQ = ICQ = 90°. Do d6

EF la tiép tuyén ctia duong tron (7). (3)
Tuong tu KFQ = KCQ = 90°, suy ra EF 1a tiép tuyén ctia duong tron (K). (4)

T (3) va (4) suy ra EF la tiép tuyén chung ctia hai duong tron (I) va (K).
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2. Do IEF = KFE = 90° nén tt giac IEFF K la hinh thang vuong tai £ va F. Do do

1 1 (AC BC 1

Ma tia giac EMFC' la hinh chit nhat nén EF = CM. Khi C di dong trén doan AB va

Cx L AB thi CM < ATB Do do6

1 1 1 AB 1 1

Do d6 gia tri 16n nhat clia S;prx bing 2 (cm?), dat duge khi va chi khi C trung vé6i O.

3. Vi P thuoc duong tron dudng kinh C'M nén tam gide MCP vuong tai P. Ap dung heé thitc
lugng trong tam giac vuong NCM, CP L MN, ta c¢6

MC? = MP - MN. (5)
Tuong tu, ap dung hé thiic lugng trong tam giac vuong M CB, duong cao C'F, ta co

MC? = MF - MB. (6)
T (5) va (6) suy ra

MP MF
MP-MN=MF-MB = —— = ——.
~ MB~ MN
Xét hai tam giac MPF va M BN ¢6 PMF chung, VB = MN (ching minh trén), do dé
AMPF «~ AMBN (c.g.c).
4. Tac6 OMA=OAM = CMB = CEF, do 46 OM L EF. (7)

Vi QP = QM, OP = OM nén QO la dudng trung truc clia doan thing M P, suy ra
OQ L MN. Mat khac M@ L ON nén Q la tryc tam cuia AOMN, do d6 NQ L OM. (8)
Tit (7) va (8) ta c6 bon diém N, E, F, Q thang hang. Vay ba diém N, E, F thang hang.

O
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8. On tap chuong 2

On tap chuong 2

QC ac vi du
W

M Vi du 1. Cho hinh vé bén, biét duong kinh AB = 10 cm; OM = 3 cm.

1. Tinh s6 do goc A/C’\B; M

2. Tinh do dai day AC;

3. Tiép tuyén tai B cia duong tron cit tia AC' & D. Tinh
do dai CD. 5

@ Loi giai.

AB
1. Theo bai ra ta thay OC = OA = -

Tam giac ABC' c6 trung tuyén C'O bang nita canh d6i AB nén AABC vuong tai C.
Vay ACB = 90°.

2. Vi M la trung diém ctia AC nén OM 1 AC (ban kinh di qua trung diém ctia day cung).
Suy ra tam giac AOM vuong tai M nén

AM? = OA? —OM? =5* - 3> =16 = AM =4 (cm).

Vay AC =2-AM =8 (cm).

Vi BD la tiép tuyén ctia duong tron O nén BD 1 AB.

Suy ra tam giac ABD vuong tai B. m

Lai co ACB = 90° = BC L AD nén BC la duong cao A | ! D
ing vdi canh huyén AD cia tam gidc vuong ABD, ta

co
AB? 102
AB? = AC - AD = AD = =12, {

T désuyraCD =AD — AC =125—-8=45 (cm)

O
=

p
M Vi du 2. Cho duong tron (O) dudng kinh AB = 12 cm, day M N vuong géc v6i AB tai
trung diém I ctia OB. Céac tiép tuyén ciia (O) tai M vi N cit nhau tai C. V& dudng tron
tam I duong kinh OB.

1. X4c dinh vi tri tuong doéi ctia (O) va (I);
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2. Tinh do dai day M N;
3. Tt giac BMON la hinh gi? Vi sao?
4. Ching minh: COLMN;
5. Tinh dién tich tit giac MONC,
. . 4 1 1
6. Chiing minh VN O + NO
G /
(&' Ldi giai.
M

N

1. (O) va (I) c¢6 ban kinh lan lugt 1la OA va IB.
Ta c6 O = 0B - IB.
Vay (O) tiép xtuc trong véi (1) tai B.

2. Theo baita MN L AB = MI 1 OI nén tam giac M 10O la tam giac vudng tai 1. Mat khac
AB=12cm = OM =0B =6cm, IO =1B =3 cm. Ta ¢6
MI?* =0OM? - OI* = 6> — 3> =27 = MI = 3v/3 (cm).
Vi OB L MN tai I nén I ciing la trung diém ctia MN.
Vay MN = 2M1I = 6v/3 (cm).

3. Tit gia thiét v két qua clia cau b) ta c6 I 1a trung diém ctia OB va M'N nén tit giac OM BN
la hinh binh hanh.
Mat khéc ta c6 OM = ON (déu la ban kinh) suy ra OM BN 1a hinh thoi.

4. Theo tinh chat hai tiép tuyén cit nhau tai C, ta c6 CM = CN.
Mat khac OM = ON = R, do d6 C'O la duong trung truc cia M N.
Vay CO L. MN.

5. Tam gidc MOC vuong tai M vi OM 1 CM (ban kinh vuong goc véi tiép tuyén tai tiép
diém). Mit khéc tit cau c) ta ¢c6 CO L MN nén OI 1a hinh chiéu ctia canh géc vuong OM
len canh huyén OC ctia tam gidc vuong OCM.

o OM? 36
Vay ta c6 OM* =0I-C0O = 0C = i 23212 (cm).

T giac OMCN c¢6 hai duong chéo vudong goc nén co dién tich la
1 1
Scmon = 500 -MN = 59 -6v/3 = 27V/3 (cm?).
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MN 4 1

6. Taco MI = = . 1

o > 7 MN?_ MP (1)

OM = ON (tinh chat hai tiép tuyén cit nhau tai C). (2)
Tam giac OMC' vuong tai M c¢6 duong cao M1 nén ta co

11 N 1 3
MI2  OM?2 MC?

Tu (1), (2), (3) suy ra

4 _ 1,1
MN?  OM?2  NC?*
[l
e N\
M Vi du 3. Cho hai duong tron (O; R) va (O'; R') tiép xtc ngoai tai A (R > R'). Vé cac
duong kinh AOB, AO'C. Day DE ctia duong tron (O) vuong géc véi BC tai trung diem K
cua BC.
1. T@ giac BDCE la hinh gi? Vi sao?
2. Goi I la giao diém ctia DA va dudng tron (O'). Ching minh ring ba diém E, I, C
thang hang;
3. Chitng minh réng KT la tiép tuyén cta (0’).
- _/
@ L&i giai.
D

E

1. Tw giac BDCE ¢6 BK = KC, DK = KF nén la hinh binh hanh.
Lai ¢c6 BC L DE nén BDCEFE la hinh thoi.

1 —
2. Ta c6 ANAIC c¢6 O'I = §AC nén AIC =90° hay AI 1 IC.

Twong tw AD 1. BD. Suy ra BD /| IC.
Lai c6 BD J/ EC (tinh chat hinh thoi). Suy ra E, I, C' thang hang(O-clit).

3. N6i KI va IO tac6 KI = KD = KE (KI la dudng trung tuyén ting véi canh huyén). Do

d6 KIA = KDA. (1)
Tam giac O'IA can tai O’ nén O'IA = O'Al = DAK. (2)

Tu (1) va (2) suyra[mjLO/’[\A:m—i—ﬁ(:QO".
Vay KT 1a tiép tuyén ctia dudng tron (O’).

0
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4 ™\
M Vi du 4. Cho duong tron (O; 13 c¢cm), day AB = 24 cm.
1. Tinh khodng cach tit tam O dén day AB;
2. Goi M la diém thuoc day AB. Qua M, vé day CD vuong goc v6i day AB tai diém
M. Xéc dinh vi tri diém M trén day AB dé AB = CD.
(. /
(&' Lai giai.
R A
1. Ha OHLAB. Xét AOHA c¢6 H = 90°. Ta c6 \
AB 24
& AH=HB="= =12 (cm). c K/ 5 D
2 2 g
® OH = VOAZ — AH? = /132 — 122 = 5 (cm). -
B
2. Ha OKLCD. Ap dung dinh i vé quan heé gita day va
khodng céch tit tam dén day ta c6
AB=CD&OH=0K.
Mat khac ta giac OHMK ¢c6 H = K = M = 90° va B
OH = OK nén OHM K la hinh vuoéng.
Vay dé AB = CD thi diém M € AB va HM =5 (cm).
O
'a I
@m0\ Vi du 5. Cho nita duong tron tam O, duong kinh AB. Ké cac tiép tuyén Az, By cling
phia v6i nita dudng tron déi véi AB. Tt diém M trén nita dudong tron ké tiép tuyén thit ba
v6i duong tron, né cat Az va By lan luot tai C va D.
1. Chtng minh tam giac COD la tam giac vuong;
2. Chitng minh AC' - BD = OM?;
3. Cho biét OC = BA = 12 cm. Tinh do dai AC va BD.
. _/
@ Ldi gidi.
Yy
D
M
T
C
| ]
A 0 R

1. Taco CA va CM 14 hai tlep tuyen cla (O) néen A0C = MOC.
Tuong tu B( BOD = MOD, ma AOM + MOB = 180° (hai goc ke bu).
Suy ra COD = 90° hay ACOD vuong.

2. Ap dung tinh chat hai tiép tuyén c&t nhau ta c6 AC = MC; BD = MD.
Mat khac, xét ACOD, COD = 90° ta c¢6
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OM? = MC - M D (he thiic lugng trong tam gidc vuong).
Suy ra AC - BD = OM? (diéu phéi ching minh).

3. Tit AB =12 cm = OA = 6 cm nén AC = v/OC? — AO? = /122 — 62 = 6/3 (cm).

OM?  0OA> 6
BD =MD = i N .
MC ~ AC T V3 V3 (em)

~

[
-
M Vi du 6. Cho hai dudng tron (O; R) va (O';r) tiép xic ngoai tai A. Mot duong thang
(d) tiép xtc véi ca hai dudng tron trén tai B va C véi B € (0), C € (O).

1. Chitng minh tam giac ABC vuong;

2. Goi M la trung diém ctia BC. Chiing minh M A 1 tiép tuyén chung ctia hai duong
tron (O) va (O').

@ L&i giai.
C
N M
B
%
1. Tac6 OB /| O'C (cung vuodng goc véi BC').
= Tt giac OBCO'’ la hinh thang vudng.
= BOO' + CO'O = 180°. - .
——  180° — CO'O CcO'O
ACO'A can tai O c6 CAO' = = 90° — 7 (1)
_— 180° — BOO BOO'
ABOA can tai O c6 BAO = 8()#00 =90° — C;O . (2)
_— CO0 BOO'
Tit (1) va (2) = CAO + BAO — 90° — C90 | gpo — BOO"
BOO' +CO'O

= 180° —
2

— 180° — 90° = 90°.
Lai c6 CAO" + BAO + BAC = 180° = BAC = 180° — 90° = 90°.
= AABC vuong tai A.

2. Ta ¢c6 M la trung diém ctia canh huyén BC = MA = MB = MC = AMARB can tai
M = MAB = MBA. -
Lai ¢c6 AOAB can tai O = OAB = OBA

— MAB+ OAB = MBA+ OBA
o MAO = MBO = 90°.
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= MA 1a tiép tuyén cia (O).
Chitng minh tuong tu M A 1a tiép tuyén ctua (0').
Vay M A 1a tiép tuyén chung ctia hai duong tron (O) va (O).

]
Ve N
M Vi du 7. Cho dudng tron (O) duong kinh AB. Trén tiép tuyén Az lay diém C # A.
Doan thang BC cat (O) tai M. Goi I l1a trung diém ctia M B, K la trung diém ctia AC.
1. Chiing minh AM 1a dudng cao clia tam giac ABC va AC* = CM - CB;
2. Chiing minh A, I, C, M cuing ndm trén mot duong tron;
3. Ching minh KM la tiép tuyén ctia duong tron (O).
. /
@ Ldi giai.
C
K I
A B
O

1. Tam gidc AM B noi tiép duong tron (O) c6 AB la duong kinh = AAM B vuong tai M hay
AMB = 90° = AM 1a duong cao cua tam gidc ABC.
Xét tam gidc ABC vuong tai A c6 AM 1a duong cao = AC? = CM - CB (hé thiic lién hée
gitta canh va duong cao).

2. Tam giac ACO vuong tai A = tam dudng tron ngoai tiép tam gidc ACO la trung diém ciia
CO. (1)
Xét tam giac AMB c6 I 1a trung diém ctia AM, O la trung diém ctia AB = 10 la dudng
trung binh ctia tam giac AMB = 10 || AM.

Ma AM 1 MB =10 1 MB.

Tam gidc CTO vuong tai I = tam duong tron ngoai tiép tam gidc CTO la trung diém cia
CO. (2)
Tit (1) va (2) = bon diém A, I, O, O ciing thuoc mot dudng tron.

3. Tam giac CM A vuong tai M c¢6 MK 1a trung tuyén = MK = KA = KC.
Xét AKAO va AKMO c6
KA=KM

KO la canh chung = AKAO = AKMO (c.c.c) = KAO = KMO.
AO = MO (bang béan kinh (O))
Ma KAO = 90° = KMO = 90° = KM la tiép tuyén cita (O).
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4 )
M Vi du 8. Cho dudng tron (O), duong kinh AB, diém C nim gitta A va O. Vé duong tron
(O') ¢6 dudng kinh C'B.

1. Hai duong tron (O) va (O') ¢6 vi tri tuong d6i nhu thé nao?

2. Ké day DFE ctia duong tron (O) vuong goc v6i AC tai trung diem H ctia AC. Tt giac
ADCE la hinh gi? Vi sao?

3. Goi K la giao diém ctia DB va duong tron (O'). Chiing minh réng 3 diem E, C, K
thing hang;

4. Chiing minh HK 1a tiép tuyén ctia dudng tron (O').

@ L&i giai.

1. Ta c6 OO" = OB — O'B = hai dudng tron (O) va (0’) tiép xuc trong tai B.

2. Day DE ctia (O) vuong goc v6i dudng kinh AB = AB di qua trung diém ctia DE hay H
la trung diém ctia AB.
Xét tit gisc ADCE c6 H 1a trung diém ctia AB, H ciing la trung diém ctia AC' = tit giac
ADCE la hinh binh hanh.
Lai ¢c6 AC | DE = tit giac ADCE la hinh thoi.

Z BC _—

3. AKCB c¢6 trung tuyén KO' = - nén vuong tai K = CKB =90° hay CK 1. BD. (1)
Chiing minh tuong tu ta c6 ADB = 90° hay AD L BD. (2)
Tit (1)va (2) = CK | AD.

Lai c6 CF J| AD (Vi tit gisc ADCE la hinh thoi) = C, E, K thang hang.
4. Xét tam giac DEK vuong tai K c¢6 KH 1a trung tuyén nén KH = HE.
Tam gidc KHE ¢6 KH = HFE = ANKHFE cantai H = HKFE = KEH.
Lai c6 AO'CK can tai O’
= OCK =0KC
= HKE+OKC=KFEH+OCK
& OKH=KEH+OCK.
Mit khac O'CK = HCE(déi dinh)
Tam giac HEC vuoéng tai H nén KEFH + HCE = 90° = KEH 4+ O'CK = 90° hay
O'KH =90° = KH la tiép tuyén cia (O).
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O

-

N
B Vi du 9. Cho duong tron (O) dudng kinh AB. Lay diém C' thugc (O). Tiép tuyén tai A
ctia (O) ciat dudng thang BC tai D. Goi E la trung diém ctia AD.

1. Chiing minh EC la tiép tuyén cia (O);

2. Chitng minh FO vuong géc véi AC tai trung diém I ctia AC.

@ L&i giai.
D
+ C
B
T
A L
19)

1. Ta c6 ACB = 90° (goc ndi tiép chin nita duong tron) = AC' L BD.
. 1
Tam giac AC'D vuong tai C ¢6 C'E la trung tuyén nén CE = FA = §AD.
Xét tam giac AEO va tam giac CEO c6

AE =CE
EO 1a canh chung = AAEO = ACEO (c.c.c)
AO =CO

= FAO = ECO = 90° = CF la tiép tuyén ctia (O).
2. EA va EC 1a 2 tiép tuyén ctia (O) cit nhau tai F = FA = EC.

Lai ¢6 OA = OC = OF la duong trung truc ctia doan AC hay OF vudng gbéc véi AC tai
trung diém I ctia AC

O

N
M Vi du 10. Cho ntta duong tron (O) dudng kinh AB = 2R, N la diém trén nita dudng
tron. Trén ciing mot nita mat phang bo AB, vé hai tiép tuyén Az va By va mot tiép tuyén
tai NV cat hai tiép tuyén Az va By lan luct tai C va D.

1. Chitng minh AC + BD = CD va AC - BD khong doi;

2. Chitng minh AB tiép xtc véi duong tron dudng kinh C'D;

3. Biét AC = g Tinh NA va NB.

@ Loi giai.
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A 0O R

1. Ta c6 DN va DB la hai tiép tuyén cat nhau tai D = DN = DB.
Lai c6 CAva CN lahai tiép tuyén cit nhau tai C = CA = CN nén DB+CA = DN+CN =

DC.
Mat khac OC va OD lan lugt 1a hai phan gidc ctia hai goc AON vad BON ké bl nén
COD = 90°.

Trong tam giac vuong COD c¢6 ON la duong cao nén DN - CN = ON? = R,
Hay AC - BD = R? (khong doi).

2. Goi I la tam cta duong tron duong kinh C'D.
T gidc CABD la hinh thang vuong (AC L AB; BD 1 AB) ¢6 OI la dudng trung binh
AC+BD CD

= OI || ACma AC L AB= OI L AB tai O va Ol = 5 5 =1IC.
Vay AB tiép xtc véi dudng tron duong kinh C'D.
3. Taco OA=ON = R, CA = CN (tinh chat hai tiép tuyén cit nhau).
Do d6 OC la duong trung truc cuia AN.
Goi H la giao diém ctia OC va AN.
Xét tam giac vuong C'AO c¢6 AH la duong cao nén
1 1 1 1 1 1 4 5 RV5 2RV/5
AHZ - A0 T A R2+(R>2 B R R 5 5
2
AN? + NB? = AB? (theo Py-ta-go).
AR? 16 R? 4 4
NBZ:ABQ—NA2:(2R)2—£: 68 @NB:_R:@‘
5 5 /5 5
2 4
5 5
O

@ Luvén tap
Al

(= Bai 1. Cho duong tron tam O, ban kinh R, ké duong kinh AB va day cung AM c6 do dai
biang R. Tia OM ciat tiép tuyén Ax (A la tiép diém ) ctia duong tron (O) tai P. Tiép tuyén PN
ctia (O) (N la tiép diém, N khac A) cit dudng thang AB & Q.

1. Chtng minh OP la dutng trung tryc ctia AN.

2. Chtng minh AM song song v6i ON va tinh AP theo R.
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3. Chitng minh tam gidc APN déu va tinh dién tich tam giac APQ theo R.

4. Goi H la giao diém ctia AM va PQ. Ching minh ring AP va AN la hai tiép tuyén ctia
duong tron (M; MH).

(Kiém tra Hoc ki 1 Todn 9, Thita Thién Hué, nam hoc 2015 - 2016)

(&' Ldi giai.
P
H
N
A
O B @
PA=PB tinh chat tiép tuyé
1. Ta c6 (tinh chat tiép tuyen) suy ra OP la duong trung truc ciia AN.
OA=0ON=R

2. Tam giac OAM de déu (AM =0A=0OM =R) = AMO = AOM = 60°.
Ma MON AOM (tlnh Chat hai tiép tuyén cit nhau)

Suy ra AMO = MON =

Vay AM [/ ON.

Ta c6 AP L OA (vi AP la tiép tuyén) = OAP = 90°.

Tam giac PAO vudng tai A nén AP = OA - tan AOP = R - tan 60° = RV3.

3. Ta c6 PAN = AOM (cung phu v6i m) do do ﬁﬁ = 60°.
Ma PA = PN suy ra tam giac PAN déu suy ra APQ = 60°.
Tam giac APQ vuong tai A nén AQ = AP - tan APQ RV/3 -tan60° = 3R.

1 _ 3R?

4. Ta ¢c6 ON L PN (vi PN la tiép tuyén), AM [/ ON suy ra MH 1 PN. Do d6, MH la
khoang cach tit M dén PN.
Tam gidc APN déu c6 AH la dudng cao nén AH ciing 13 duong phan gidc clia tam giac
APN. -
Mit khéac PO la phan giac cia APN (tinh chat hai tiép tuyén cat nhau).
Suy ra duong tron (M; M H) la dudng tron noi tiép tam giac APN.
Vay AP va AN 1a hai tiép tuyén ctia duong tron (M; M H).
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= Bai 2. Cho dudng tron (O) duong kinh AB = 2R. Goi M 1a mot diém trén dudng tron (O)
(M khong trung véi A va B). Vé dudng tron tam M tiép xtc véi AB tai H. Tt A va B ké hai
tiép tuyén AC va BD vé6i dusng tron tam M (C, D 1a hai tiép diém).

1. Ching minh AC' + BD = AB.
2. Chting minh CD la tiép tuyén ctia duong tron (O).
3. Goi K la giao diém ctia AD va BC'. Chiing minh rang KH /| AC.
(Kiém tra Hoc ki 1 Todn 9, Thita Thién Hué, nam hoc 2014 - 2015)

@ L&i giai.
C
M
D
A B
O H

1. Ching minh AC' + BD = AB.
Ta c6 AC' va AH 1a 2 tiép tuyén cat nhau tai A ctia (M) = AH = AC (tinh chét 2 tiép
tuyén cat nhau).
Tuong tu ta c6 BH = BD.
= AH + BH = AC + BD < AC + BD = AB (diéu phai chiing minh).

2. Chitng minh C'D la tiép tuyén ctia duong tron (O).
Ta c6 AC va AH 1a 2 tiép tuyén cdt nhau tai A ctia (M)
= MA la tia phan gidc cia CM H (tinh chat clia 2 tiép tuyén cat nhau).
]
S HMA = §C’MH.
1
Twong tu taco HMB = §DMH.
Suy ra
] ]
HMA+ HMB = §CMH+ §DMH
& AMB = DMC

o CMD = 180°
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& C,D,M thing hang.

Suy ra M la trung diém ctia C'D hay tit gisac ACDB 1a hinh thang vuong, day AC, BD.
Mat khac AC va BD la tiép tuyén cia (M) (gia thiét)

< AC L CD;BD 1 CD < AC /| BD.

Lai ¢6 O la trung diém ctia AB nén OM la dudng trung binh ctia hinh thang ACDB suy
ra OM /| BD.

OM 1 CD < CD la tiép tuyén cia (O) (diéu phai chiing minh).

3. Goi K la giao diém ctia AD va BC. Chting minh rang KH /| AC.

CK AC
Ta 6 Z2 _ 22 (dinh Iy Talet).
aco AC' J| BD = %B — BD (dinh 1y Talet)
Ma AC = AH, BD = BH (chiing minh trén)
CK AH L .

AC = AH (tinh chat hai tiép tuyén cit nhau)

Xét ANACM va ANAHM cé:
OFE =0D (ban kinh).

O
= Bai 3. Cho duong tron (O; R) duong kinh AB va diém C thuoc duong tron (O) (C khac A va
B), ké CH vuodng goéc v6i AB tai H.

1. Chiing minh tam gidc ABC vuong tai C' va CH? = AC - BC -sin A - cos A.

2. Tiép tuyén tai A ctia duong tron (O) cat tia BC & D. Goi I 1a trung diem ctia AD. Chiing
minh dudng thang IC 1a tiép tuyén ctia duong tron (O).

3. Tiép tuyén tai B ciia duong tron (O) cat tia IC 6 K. Chiing minh A - BK = R%.

4. Xac dinh vi trf diém C trén dudng tron (O) dé dién tich tit gidc ABK T nhd nhat.

(Kiém tra Hoc ki 1 Todn 9, Thita Thién Hué, nam hoc 2013-2014)

@ Loi giai.
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1. Chttng minh tam gidc ABC vuong tai C va CH? = AC - BC -sin A - cos A.
AB

Diém C thuoc duong tron (O) (C khac A va B) nén OC = OA=0B =R = -

. AB . .
Tam gidc ABC' ¢6 trung tuyen CO = —5 - suyra AABC vuong tai C' (dau hiéu nhan biét).
Ap dung hé thic lugng trong tam gisc vuong AC'B vuong tai C, dudng cao CH ta co:
CH? = AH - BH
CH? = AC -cos A- BC -sin A
CH? = AC - BC -sin A - cos A
Diéu phai chitng minh.

L3

2. Tiép tuyén tai A ctia duong tron (O) cit tia BC & D. Goi I 1 trung diém ctia AD. Ching
minh dudng thang IC 1 tiép tuyén ctia duong tron (O).
Xét AACD vuong tai C' c6 I 1a trung diém ctia canh huyén AD (gia thiét)
AD

Xét NATIO va ACIO cé:
IA=1IC (Chtng minh trén)
OA =0C (bén kinh ctia dudng tron)
OI chung.

= AAIO = ACIO (canh - canh - canh).
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= TAO = ICO (2 goc tuong ting clia 2 tam gidc bang nhau).
= ICO =90° = OC L IC hay IC la tiép tuyén cua (O).
Suy ra diéu phai ching minh.

3. Tiép tuyén tai B cta duong tron (O) cat tia IC & K. Ching minh /A - BK = R?. Ta ¢6
I A, IC 1a tiép tuyén cta (O) cat nhau tai [
= [A = IC va OI la tia phan giac cia ACO (tinh chat ctia 2 tiép tuyén cat nhau).
— A
:>IA=]CV§1]OC:£.

_—  BOC
Tuong tu ta co KC = KB va KOC = ——.

- TOC +KOC = (2)C+ (2)0
o I/OT(—AOTB
o ok = Y

TOK = 90°

~
< AIOK vuong tai O.

Ap dung he thic lugng cho tam gide vuong ATOK vuong tai O, dudng cao OC' ta co:

oc?=1C-KC
0OC?=1A-BK
R?=1TA - BK

R

diéu phai chiing minh.

4. Xac dinh vi trf diém C trén dudng tron (O) dé dién tich t& giac ABKI nho nhat. Ta c6
AAIO = ACIO (chiing minh trén).
Tuong tu ta ¢6: = AKBO = AKCO.
Suy ra Spyrxkp = 2 - (SC’IO + SKOC) =2-S;oxk =0C-KI=R-KI
Ma KI > AB = Saixn ZRABIQR2
Dau bing xdy ra < KI = AN < C la diém chinh gita cung AB.
Vay Sarxp dat GTLN la 2R? khi C 1a diém chinh giita cung AB.
[

(= Bai 4. Cho duong tron (O) dudng kinh AB. Lay C thudc (O), goi E la trung diém BC'. Tiép
tuyén tai C ctia O cat OF 6 D.

1. Ching minh AACB vuong va OF vuong goc véi BC.
2. Ching minh DB la tiép tuyén cia (O).
3. Ké CH vuong goc véi AB. Ching minh CB-OC = 0OD - HC.
(Dé thi Todn 9 Hoc ky 1 nam hoc 2017-2018, Quan 12, HCM)
(&' Lai giai.
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Vi C' thuoe duong tron dusng kinh AB nén ACB = 90°
hay AABC vudng tai C.

Vi F la trung diém BC nén OF | BC (lién hé duong
kinh va day cung).

Tam giac OCB can tai O ¢6 OF L BC’ nén OF E cling
la tia phan giac ctia gobc BOC' suy ra COFE = BOE.
Xét AODC va AODB c6

OD la canh chung

0C = 0D =R

COFE = BOFE (cmt)

= AODC = AODB (c.g.c)

— DBO = DCO (hai géc tuong ung).

Mit khéc DCO = 90° (tinh chat tiép tuyén) nén
DBO = 90° hay DB L OB, mit khac OB 1a ban
kinh cta (O).

Vay DB la tiép tuyén ctia duong tron (O).

A

Ta c6 C/BT{:@\B (cung phu goc @), mé@:@\B suy ra&)\C: C@T—I
Xét hai tam giac vuong CHB va OCD ¢6 OHC = OCD = 90° va ODC = CBH nén

ACHB «~ AOCD (g.g)

CH BC
suy 18 55 = 55 = CH-0OD =0C - BC (dpcm).

Chiing minh Ax /| By.

O

(= Bai 5. Cho ntta duong tron (O; R), duong kinh AB. V& céc tiép tuyén Az va By cla duong
tron (O).

2. Trén (O) lay diém M. Tiép tuyén tai M ctia duong tron (O) lan lugt cat Az va By tai D, E.

3.

a)

b)

Chtng minh DFE = DA + BE.

Chting minh DOE = 90° vi DA - BE = RZ.

(Dé thi Toén 9 Hoc kyj 1 nam hoc 2017-2018, Thu Dic, H6 Chi Minh)

@ L&i giai.

Az, By 1a 2 tiép tuyén clia nita duong tron = Ax L
AB va By 1. AB = Ax /| By.

Theo tinh chat ctia hai tiép tuyén cit nhau, ta c6
DA=DMvaBE =FEM.SuyraDE = DM+EM =
DA+ BE.
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¢) Cing theo tinh chat cita hai tiép tuyén cit nhav, ta co AOD = DOM va MOE = EOB.
Ma AOD + DOM + MOE + EOB = AOB = 180°.
Suy ra DOE = DOM + NOE = SA0B = _ - 180° = 0"
Hon ntta, DA- BE = DM - EM = OM? = R?.

0

[ Bai 6. Cho tam giac ABC vuong tai A (AB < AC). Vé duong tron tam O duong kinh AC
cit canh BC tai D. Goi H, K lan lugt 1a trung diém ctia doan thing AD va DC.

1. Chtng minh t& giadc OH K D 1a hinh ch nhat.
2. Tia OH cit canh AB tai E. Chiing minh DFE la tiép tuyén ctia duong tron (O).

3. Tia OK cét dudng thang DFE tai N vi cit dudng tron tam O tai I. Goi S 1a giao diém ciia
OB v6i AD. Duong thang di qua S va vuong goéc v6i AO cat tia OH tai 7. Chting minh
AT vuong goc véi BO va 3 diem A, T, N thang hang.

(Dé thi Todn 9 Hoc ky 1 nam hoc 2017-2018, Tran Dai Nghia, HCM)
@ Ldi gidi.

C

A E B

1. Ta 6 OH 1 AD = OHD = 90°; OK 1 CD = KDA = 90°.
Mit khac, tam giac ADC vuong tai D nén CDA = 90°. Do do6 ti giac OH K D la hinh chit
nhat.

2. Ta c6 EDA = EAD (OF la trung truc cia AD).
EAD = ACD (ctung phu véi géc 1@)
ACD = CDO (tam giac OAD can).
Suy ra EDA = CDO.
Mat khic CDO + DAO = 90° = EDO = ADO + ADO = ADO + EDA = 90°.
Vay DE la tiép tuyén ctia duong tron (O).

3. Tam giac AOS c6 OH va ST 1a hai duong cao cat nhau tai 7' nén T' 1a tric tam
= AT la duong cao tam giac AOS hay AT 1 OB.
Goi M la giao diém ctia AT véi OB. Dé chitng minh A, T, N thang hang ta can chiing minh
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MN 1 OB tai M.

Tam gidc OAB vuong tai A c6 AM la dudng cao = OM - OB = OA2.

Tam giac OND vuong tai D c¢6 DK 1a duong cao = OK - ON = OD*.

Vi OA = OD (ban kinh duong tron (O)) nén OM - OB = OK - ON =

— OM OK

Xét t iac OMN va t idc OKB ¢6 BON ch a—— = —
ét tam giac O va am;g_lic O /\co ON chung va ON — OB

= AOMN ~ AOKB = NMO =0OKB =90°= NM 1 OB.

Vay A, T, N thang hang.

oM _ oK
ON OB’

O

(= Bai 7. Cho dudng tron (O; R) duong tinh AB. Qua diém A ké tia tiép tuyén Az dén duong
tron (O). Trén tai Az lay diém C sao cho AC > R. Tit diém C ké tiép tuyén C'M véi duong tron
(O) (M 1a tiép diém).

1. Chitng minh ring bén diém A, C, O, M cing thudoc mot dusng tron.

2. Chitng minh rang M B /| OC.

3. Goi K la giao diém thtt hai ctia BC v6i dusng tron (O). Chiing minh ring BC - BK = 4R?.
4. Chiing minh rang CMEK = MBC.

(Dé thi Todn 9 Hoc ky 1 nam hoc 2017-2018,Bdc Tu Liém, Ha Noi)

@ L&i giai.
x
C
M
A B
O
1. Goi I la trung diém ctia OC.
Tam giac vuong CAO c6 Al 1a duong trung tuyén nén Al = 10 = IC. (1)
Tuong tu MI =10 = IC. (2)

Tu (1) va (2) suyra IC =10 =1A=IM.
Vay bon diém A, C, O, M cing thuoc mot duong tron dudsng kinh OC.
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2. Ta c6 cA=cM = OC la duong t truc cia AM = OC L AM (1)
-Tacd 0 _om=pr a ng trung truc cta :
. 1
Mat khac, tam giac AM B ¢6 OM la dudng trung tuyen va OM = §AB nén AAM B vuong
tai M = BM 1 AM. (2)

T (1) va (2) suy ra M B /| OC.

3. Vi CA la tiép tuyén cia (O; R) duong kinh AB (gia thiét) = CAB = 90° hay tam giac
ABC vudng tai A.
K thuoc (O; R) duong kinh AB = AKB = 90° hay AK | BC = AK la duong cao ctia
NABC.
Xét tam giac ABC' vuong tai A, duong cao AK, ap dung hé thic lugng trong tam giac
vuong ta co:

AB? = BK - BC
& BC-BK = 4R?.

Suy ra diéu phai chiing minh.

4. Xét tam gidc ABC vuong tai A, duong cao AK, ap dung hé thic lugng trong tam giac
vuong ta co:

AC* = CK - CB.
Ma AC =CM
= CM?=CK-CB
_ CK _CM
CM  CB
= ACKM «~ ACMB (canh - géc - canh)
—~ CMK = MBC.

g

(= Bai 8. Cho dudng tron tam O ban kinh R va mot diém M nam ngoai duong tron. Qua M ké
tiép tuyén M A véi dudng tron (A la tiép diém). Tia Mz nam gita M A va MO cit dusng tron
(O; R) tai hai diem C va D (C nam giita M va D). Goi I la trung diém cta day CD, ké AH
vuong goéc véi MO tai H.

1. Tinh OH - OM theo R.

2. Chitng minh: Bén diém M, A, I, O ciing thudoc mot dudng tron.

3. Goi K la giao diém ctia OI véi HA. Chitng minh KC 1 tiép tuyén ctia duong tron (O; R).
(Kiém tra Hoc ki 1 Toin 9, Pé A, S¢ GDPT Tinh Thanh Héa, nam 2016)

@ Loi giai.
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Q
T [

1. Xét tam giac AMO vuong tai A c6 AH L. MO = OH-OM = OA? = R?.

2. Xét duong tron (O) c6 I 1a trung diém day CD = OI 1 CD.

Do d6 I thuoc duong tron dusng kinh OM. (1)
Mat khac ta lai c6 M A 1a tiép tuyén ctia duong tron (O) nén OA 1 AM.
Do dé A thudc duong tron duong kinh OM. (2)

Tit (1) va (2) ta c6 bon diém A, I, O, M thuoc duong tron duong kinh OM.

3. Xét AOHK va AOIM cb6:
OHK = OIM =90°; O chung.
= AOHK «~ AOIM (g.g).

OH OK B B 5 9
SuyOr? OIOE, OM:>OI.OK—OH.OM_AO =0C

= OC L KC, ma C thuoc dudng tron (O).
Do d6 KC' la tiép tuyén ctia duong tron (O) (dpem).

0

(= Bai 9. Cho ntta duong tron tam O, dudng kinh AB va tia tiép tuyén Ax cing phia véi nita
duong tron déi véi AB. Tit diém M trén Ax ké tiép tuyén thit hai MC véi ntta duong tron (C' 1a
tiép diém). Ké CH vuong goc v6i AB (H € AB). Chitng minh ring

1. ACB = 90°.
9. BC )| OM .

3. MB di qua trung diém ctia doan thing CH.
(Kiém tra Hoc ki 1 Todn 9, Vinh Long, nam 2017)

@ L&i giai.
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. 1
1. Tam giac ABC' ¢6 C'O la duong trung tuyen va CO = §AB nén tam giac ABC vudng tai

C, do 46 ACB = 90°.

. C6 MA = MC (tinh chat hai tiép tuyén cit nhau) suy ra AMAC can tai M , ma MO la
phan giac cia AMC' (tinh chat hai tiép tuyén cit nhau), nen MO ciing 1a dudng cao clia

tam giac M AC. Do d6 MOLAC. Lai ¢c6 BCLAC (ABC vuong tai C) = BC' J| OM.

3. MB di qua trung diém ctia doan thang CH.
Goi I 1 giao diém ctia dudng thing BC véi Az va N la giao diém ctia M B v6i CH.
Trong tam giac ABI ¢6 OA = OB (béan kinh) va OM J/ BI (vi OM [ BC, I € BC)

= MA=MI.

(1)

Ma CH /| AI (cung vuong goc véi AB), do do

NH BN

. NC BN

NH NC

MA~ BM Y MI~ BM

Tit (1) va (2) suy ra NH = NC hay BM di qua trung diém ctia doan thang C'H.

O

(= Bai 10. Hai duong tron (O; R) va (O’;r) tiép xtic ngoai tai A (R > r). Ké tiép tuyén chung
ngoai BC, B € (0),C € (0). Goi M la trung diém ctia OO'. Goi H la chan dudng vuong goc ké

tit M dén BC.

1. Tinh s6 do gbc OHO'.

2. Chitng minh rang OH 13 tia phan giac clia goc AOB.

3. Chiting minh réng AH la tiép tuyén chung ctia hai duong tron (O) va (O').

4. Cho R=5cm, r =2 cm. Tinh do dai BC.

_/
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@ L&i giai.
OB L BC
.Vil0CLBC =0BjOC ) MH.
MH 1 BC

Hinh thang OBCO’ ¢6 MO = MO', MH J| OB [/ O'C nén HB = HC va MH la dudng

trung binh.
!/ / /
SuyraMH:OB;OC:OA—;OA:OQO.

Tam giac OHO' ¢c6 MH = MO = MO’ nén OHO' = 90°.
. OB J/ MH nén O, = OHM (so le trong).

Tam giac MOH can tai M nén 6\2 = m Suy ra 6\1 = 6\2
Vay OH la tia phan giac cia goc AOB.

. NAOH = ABOH (c.g.c) nén OAH = OBH = 90°. AH vuong goc voi OA tai A nén la

tiép tuyén chung ctia hai duong tron (O) va (0').

. Tam giac OHO' vuong tai A, duong cao HA nén HA? = OA-O'A = 5-2 = 10. Suy ra

HA = +/10. Do d6 BC = 2HA = 2v/10 cm.

O
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