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Chreng 1

PHEP NHAN VA PHEP CHIL.X#&\e
DA THUC

Bai g NHAN DON THUC VOI DA THUC

e TOM TAT LY THUYET

e BAI TAP

¢ Bai 1. Thyc hién phép nhan:

a) (—57%) (32 — 22% +z — 1);

2 1 1
b) ( z —|—3y 4yz ny :

c) (=™mzxy?) (8m*x — 3my + y* — 4ny);
d) —3a?b (4az + 2xy — 4b%y).

® Loi gidi.
a) (—bx?) (32% — 22° + x — 1) = —152° + 102* — 5a® + 522

2 1 1 1 1
b) (—41:3 gy - Zyz) (—;cy) =2y — gxyz + gxy%.

c) (—=Tmay?) (8m?*x — 3my + y? — 4ny) = —56m>3z2y* + 21mxy* — Tmay* + 28mnay?.
d) —3a?b (4az + 22y — 4b%y) = —12a3bx — 6a%bzy + 12a203y.

[—

4> Bai 2. Rit gon biéu thiic

a) 32y (222 —y) — 222 (22%y — y?);

b) 3z%(2y — 1) — [222(by — 3) — 2z(x — 1)];

) 2- (¥ +2z"y" +y?") —y" (4a” + 2y™) , (v6i n € N¥);

o

)
)
)
) 3z772 ("2 — ) 4yt (372 — 7 2) (véin € N,n > 2).
\
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D Loi gidi.

a) 322y (222 —y) — 222 (22%y — y?) = 62ty — 3x2y? —
b)

30°(2y — 1) — [22°(5y — 3) — 2z(x — 1)]

dxty + 222%y% = 22ty — 2%y

622y — 322 — (10x2y — 622 — 222 + 2:v)
62%y — 32?2 — 102%y + 6% + 22° — 2z
—42?y + 52 — 2z,

) 2:-(x® 4 22"y + ") —y" (da” + 2y7) = x4y 42y —damy" =2y = 22", (v6i n € N¥) .

d) an—2 (In+2 _ yn+2) + yn+2 <3xn—2 _ yn—Z) — 3x2n o 3mn—2yn+2 + an—2yn+2 _ y2n — 3x2n o y2n'
O
[ —
$>Bai 3. Tim z biét
a) 32z — 1) —z(3z —2) =3z(1 —x) + 2;
1, (1 ) 1 S ( 8)
S (Crx—4) cz=—14-2(z-2),
b) i 5% 5% s\~ 3)
c) 2% (2z — 3) — 2% (422 — 62 + 2) = 0.
B ——————

® L3i gidi.

32e — 1) — z(3z — 2)
6z — 3 — 322 + 2

5%
T
Vay x = 1.
b)
1 1 1
= (Ge-4) 50 -
1 1
z_Lx2 — ZxZ +2r =
3
23:—|—§x =
7
—T —
2
€T =
20
Va = —.

3x(l —z)+2
3x —32% +2
)
1.
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20° - 2z — 3) —a® (4a® —62+2) = 0
4zt — 62° — 4z* + 62° — 22" = 0
2% = 0
2 = 0
z = 0.
Vay x = 0.
O
49 Bai 4. Chitng minh céc biéu thic sau khong phu thudc vao = va y
a) 3z(x — 5y) + (y — 5z)(—3y) — 1 = 3 (a® — ¢?);
b) z (23 +22% — 3z +2) — (2? + 22) 2® + 3w(z — 1) + x — 12;
c) 3xy? (42 — 2y) — 6y 223y + 1) + 6 (v +y — 3);
d) 232" — gy ) + 4 (2" oy ) — 22 (5" + 1) —2(y" ! —x),(v6in € Nyn > 1).
- |

® Loi gidi.
a) 3x(x — 5y) + (y — bx)(=3y) — 1 — 3 (2% — y?) = 32? — 150y — 3y* + 152y — 1 — 322 + 3y? = —1.
Vay biéu thitc da cho khong phu thudc vao gia tri clia = va y.
b)
z (2° +22° — 30+ 2) — (27 + 2z) 2 + 3z(x — 1) + o — 12

a4+ 203 =32+ 2 — 2t =22 + 322 —3x+ a2 — 12
—12.

Vay biéu thitc da cho khong phu thudc vao gia tri cia x.

c)

3zy? (4:(;2 — Qy) — 6y (23:33; + 1) +6 (xy3 +y— 3)
= 1223y% — 6y — 1223y* — 6y + 629> + 6y — 18
= —18.

Vay biéu thitc da cho khong phu thuoc vao gié tri clia  va y.
d)

2 (an-i-l _ yn—l) + 4 (CETH_l + yn—l) o 21‘ (537” + 1) _ 2 (yn—l . .T)
— 6(1/'n+1 _ 2yn—1 + 4In+1 4 4yn—1 . 10xn+1 . 2ZU . 2yn—1 4 21,
0.

Vay biéu thitc da cho khong phu thudc vao gia tri clia = va y.
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NHAN DA THU'C VOI DA THUC

Q TOM TAT LY THUYET

1. Hay lam theo cdc hudng dan sau

® Hay viét mot da thiic bac 3 ¢6 hai hang t1t va mot da thiic bac 4 ¢6 ba hang t1t (ca hai da thic

déu ¢6 cing mot bén x).

® Hay nhan mdi hang t1t clia da thiic nay véi da thic kia.

@ Hay cong cac két qua vita tim dugc.

2. Quy tic

Muén nhan mot da thitc véi mot da thic, ta nhan mdi hang t ctia da thitc nay véi ting hang tit clia

da thrtic kia roi cong cac tich v6i nhau.

(A+B)(C+D)=A-C+A-D+B-C+B-D.

3. Ap dung

Lam tinh nham

a) (z+3)(a”+3z—5) b) (zy —1)(zy +5)

=234+ 322 — 5+ 322+ 92 — 15
=23 + 622 + 42 — 15.

e BAI TAP

=2%y® 4+ 5xy — 2y — 5
=r2y? + 4oy — 5.

¢S Bai 1. Thuye hién phép nhan:
a) (2z + 3y)(2x — 3zy + 4y).

b

d

) (
) (

c) (5y® — 11y + 8)(3 — 2y).
) (z+1)(z—2)(2z - 1).
) (

e

z—2)(3x+ 1)(z + 1).
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f) (3z2 4+ 11 — 5z)(8x — 6 + 2x?).
g) 2+ +1) (2 —zt+22 -2z +1).
h) (22 +2+4+1) (2% — 22+ 1).

a+b+c)(a®+b*+c?—ab—bc— ca).

)

) (

i) (22" + 2™y +y*) (2" — y") (@ +y*") (n € N¥).
i) (

) (

k) (a+b+c+d)(a®+b*+c?+d*—ab— ac— ad — be — bd — cd).
D Loi gidi.

a) (2x + 3y)(2x — 3wy + 4y) = 42* — 62y + 1day — 9xy? — 1212
b) (2a — 1) (a* — 5 + 2a) = 2a® + 3a* — 12a + 5.
c) (5y* — 11y +8) (3 — 2y) = —10y® + 37y* — 49y + 24.
d) (x+1)(x —2)(2x — 1) = 22 — 32% — 3z + 2.
e) (z—2)Bx+1)(z+1)=32>— 22> — Tz — 2.
f) (322 + 11 — 5z) (8x — 6 + 22%) = 62" + 142 — 3622 + 118z — 66.
g) (P+ax+1)@® —at+a?—z+1)=—a+2'+ 23+ 22+ 1.
h) (2 +24+1) (22 —22+1)=2"+z+ 1

)

i (l,2n + xnyn + yZn) (xn _ yn) <x3n + y3n) (n c N*)

:(:E?’x . y3n)(x +y ) 6n . y6n'
j) (a+b+c)(a®+b*+c*—ab—bc—ca) =a®+b* + ¢ — 3abe.

k) (a+b+c+d)(a®+b+c*+d° —ab—ac—ad —bc— bd — cd)
=a® 4+ b® + ¢ + d® — 3abe — 3abd — 3acd — 3bcd.

49 Badi 2. Chitng minh ring céac biéu thiic sau khong phu thudce vao

a) x(r34+ 22 —3x+2)— (22— 2) (2 +2+3) +4(2* —x —2).

)

b) (z=3)(z+2)+(x—1D(z+1)— (2 — 1)z.

c) (z+1)(x*—z+1)—(z—1) (22 +x+1).
)

d) (z+5)(z+4)(z—2) — (2> + 11z = 9) (z + 1) + 522

® Loi gidi.

a) (2 +a®—30+2)— (2 -2) (e +2+3) +4(2® —z —2)
= 2'+2° -3+ 20 — 2 — 2% — 32 + 207 + 22+ 6+ 42® — 42 — 8
= -2
I & cHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



b) (x=3)(z+2)+ (z—1)(x+1)— 2z —1)x
= 22420 -3 —-6+2>—-1—-222+2x=—T.

c) (z+1) (2> —z+1)— (z—1) (2" +2+1)
= P+1- (" —1)=2

d) (z+5)(z+4)(x—2) — (° + 11z — 9) (z + 1) + 5a°
= (2% + 92 +20) (z — 2) — (2° + 122° + 22 — 9) + 52°
= 2%+ 72 + 2 — 40 — 2° — 122° — 2z + 9 4 52* = —31.

L]
|—
4> Bai 3. Chitng minh céac dang thitc sau
a) (z+a)(x+0b) =2+ (a+b)x + ab.
b) (x+a)(z+0b)(z+c) =2+ (a+ b+ c)z? + (ab + be + ca)x + abe.
c) (z—y—2)?2=2%+y?+ 2% — 2zy + 2yz — 2zx.
d) (x+y—2)?2=a?+y*+ 2%+ 20y — 2yz — 22z
e) (z—y) (@ + 2%y +ay*+y°) =" -yt
f) (z+vy) (z* — 23y + 2% — 2® + ¢*) = 25 + ¢°.
g) (x+y+2)@®+y?+22—zy—yz—2x) =23+ 93 + 23 — 3zy2.
h) (@+y+2°=2"+3> +2° + 3@ +y)(y + 2)(2 + 7).
e

® Li gidi.
a) (z+a)(x+0b)=a2”+br+ax+ab=2?+ (a+b)x + ab.

b) (z+a)(z+b)(z+c)= (2" + (a+b)z+ab) (z+¢)
= 2* +ca® + (a+b)a® +c(a+ b)x + abr + abe
2° 4+ (a + b+ )z + (ab + be + ca)x + abe.

o) (e—y—2)?=2"=2u(y+2)+(y+2)
? = 2xy — 2zx + Y + 27+ 2z
o2 4 y? + 2% — 22y + 2z — 2z

d)  (ety-2)=2"+2(y—2)+(y-2)
= 22422y — 222+ y* — 2z + 22
= 22+ P+ 22+ 20y — 2yz — 222,

e) (x —y) (2% + 2%y + 2y® + )
Pyt o — Y — 2 — g — oyt = et —
f) (z+y) (¢* — 2y + 2%y — 2y’ + y*)
— 2yt By — 2P ot ety — 28+ 22 — ot o
x° y5.
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g) (z+y+2) (P +y" +2°— 2y —yz — 22)
= (x+y+z)(x2+y2+z2)—(x+y+z)(wy+yz+zx)
= 2+ + 2+ (P +2%) +y (P +2%) + 2 (2P + )
—a? (y+2) =y (2 + o) — 2 (v +y) — 3ayz
= 2+ + 2% - 3ayz.

h)  (rty+2)=2" 432y +2) + 30 (y+2)" + (y+2)°
= 2432y + )+ 3 (y+2)’ + >3+ 3yz(y +2) + 2P
= 2° 4y’ + 27+ 3y + 2) (¥ + 2y + 2) +y2)
= P+ 243 Hy)(y+2) (e + 2).

$>Bai 4. Tim z biét
a) 3(1 —4z)(z — 1) + 4(3z + 2)(x + 3) = 80.
b) 5(2x +3)(z +2) — 2(5z — 4)(z — 1) = 128.
c) 222+ 3(z — 1)(z + 1) = bz(z + 1).
d) (z+2)(z+2)— (z —2)(z — 2) = 8.
e) 2z —1)(a? —z+1) = 22° — 322 + 2.
f) (z+1)(z+2)(z+5)—a®*—8*+7=0.
o Loi gidi.

a) 3(1 —4x)(x — 1) + 4(3z + 2)(x + 3) = 80.
Ta co

31 —4x)(x — 1)+ 43z + 2)(z +3) =80
3(x—1—42® +4z) +4 (32 + 92 + 22 4+ 6) = 80
3(—42® + 52 —1) +4 (32° + 11z +6) = 80
—122% 4 15z — 3 + 122% + 44z + 24 = 80

59z =59 & x = 1.

S I

Vay phuong trinh c¢6 nghiém = = 1.

b) 5(2z + 3)(z +2) — 2(5x — 4)(z — 1) = 128.
Ta co

512z +3)(z +2) —2(bx —4)(z — 1) = 128

5(22% + 4z + 3z 4 6) — 2 (52 — bz — 4z +4) = 128
5 (22 4+ Tz +6) — 2 (52 — 9z + 4) = 128

102® + 35z + 30 — 102® 4 18z — 8 = 128

53z =106 < z = 2.

t o0

Vay phuong trinh c¢6 nghiém x = 2.
By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



c) 202+ 3(x — 1)(x + 1) = bz(x + 1). Ta cb

20% +3(x — 1)(z + 1) = 5x(z + 1)
& 2x2+3(9&2+$—x—1) = 5% + 5z
& 522 —3=bha’ 45z
& —59623@3:2—3
5
. . . o 3
Vay phuong trinh c¢6 nghiém x = -

d) (z+2)(x+2) — (x —2)(x —2) =8z. Ta co

(x+2)(z+2)— (r—2)(x —2) =8
& 2242424 — 2?42+ 20 —4 =8z
< 0=0

Vay phuong trinh vo s6 nghiém.

e) 2 —1) (2 —x+1) =22% - 322 + 2.
Ta co

(22 —1) (2* =2 4+1) =22° — 32 + 2
e 2wt -2t 42—t —1=222—322+2
&S =3 x=1.

Vay phuong trinh ¢6 nghiém x = 1.

f) (z+1)(z+2)(z+5)—2>—82+7=0.
Ta co

(z+D)(z+2)(x+5)—2° 82> +7=0
& (PP+2r+2+2)(2+5)—2* -8 +7=0
& (P+32+2)(z+5)—2° -8 +7=0
& 2P +527+ 327 + 150+ 20+ 10 —2® — 82>+ 7=0
& 17x=-1T = —1.

Vay phuong trinh c6 nghiém z = —1.

U

r+y=c

a) Biéu dién ab theo z, y, z.

doi.

$>Bai 5. Cho a, b, ¢ 1a ba s6 cb6 dinh va céc s6 thyc z, y, 2 théa mén y + 2z = a, 2 +x = b,

b) Ching minh gia tri biéu thic P = 22 + y? + 22 + 3zy + 3yz + 3z khong ddi khi z, y, 2 thay

® Loi gidi.

a) Biéu dién ab theo x, y, 2.
Tacoab= (y+z2)(x+y)=ay+y?+20+yz=y>+ay+yz + 2z

2. NHAN PA THUC v pATHUC  [IEER



b) Chiing minh gia tri biéu thitc P = 22 + y? + 22 + 3zy + 3yz + 3zx khong dbi khi z, y, z thay doi.

Ta co

@ ab=(y+2)z+2)=yz+ay+ 2>+ 20 =242y +yz + 21
@ be=(z+a)(x+y) =20 +yz+a2°+ay=2a"+ay+yz+ 2.
@ ca=(r+y)y+2)=vy+2x+y°+yz =y +ay+yz+ 2.

Cong vé theo vé cac ding thic tren, ta co
ab+be+ca =2 +y* + 22 + 3wy + 3yz + 322 < P = ab + be + ca.

Vay gié tri biéu thiic P khong ddi khi z, y, 2 thay doi.

O

$>Bai6. Chor? —y=ua,y>—2=0b, 22— 2 =c (a, b, c la cac hiing s6). Chitng minh gid tri biéu
thiic sau khong phu thuoc vao gia tri cac bién z, y, 2

P=2’(z—y°)+y* (z — 2°) + 2° (y — 2°) + zyz(zyz — 1).

- |
® Loi gidi.
P =2 (z-y)+y’ (- 2) +2° (y - 2) + ayz(zyz — 1)
= 2% (2 — %) +y3x—y 24+ 22y — B -|-:B2y222—a:yz
= 2 (z—y2) +x2(y z2° — )—i—x(y —yz) —y 22423 Y
= 2 (z—yP)+2%2° (V¥ —2) +ay (v —2) —y2* (v — 2)
= (2= y?) (2 — 2% — oy + y2?)
= (=) [ (2 =2") —y (v —2°)]
= (2=v") (z—-2") (&" —)
= (x2 — y) (y2 — z) (22 — x) = abc.
Vay P khong phu thuoc vao gia tri cc bién z, y, 2 O
N\
¢S Bai 7. Xac dinh hé sb a, b, ¢ biét
a) (22 + cx +2) (az +b) = 2° — 2% + 2 véi moi z.
b) (ay® +by +c) (y + 3) = y* + 2y* — 3y v6i moi y.
e

® Loi gidi.

a) (22 4+ cx +2) (ax +b) = 2% — 2* + 2 v6i moi .
Ta co

(2 +cx+2) (ax+b) =2 —2”+2
& ax® +br? + acx® + ber + 2ax 4+ 2b = 2 — 2 + 2
& ax® + (b+ ac)x® + (be + 2a)x + 2b = 2° — 2% + 2
I & cHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC




a=1

a=1
b+ac= -1
Suy ra S<b=1
bc+2a =10
c= —2.
2b =2

Vaya=1,b=1,c=-2.

b) (ay®+ bz +¢) (y + 3) = y* + 22 — 3y v6i moi y.

Ta co
(ay® +by+c) (y+3) =y" +2y> — 3y
s ay® 4 3ay® 4+ by® + 3by + cy + 3¢ = ° + 2y — 3y
& ay’ + Ba+b)y* +(Bb+c)y+3c=y*+2y° — 3y
a=1
3a+b=2 “=
Suy ra =-1
3b+c=-3
c=0.
3c=10
Vaya=1,b=—-1,c=
0]
Bai NHUNG HANG PANG THUC DANG NHO .
AN
Q TOM TAT LY THUYET
1. Binh phuong ciia mét tong
1. Thyc hién phép tinh (a + b)(a + b) = a* + ab + ab + V*.
2. V6i A va B la cac biéu thitc ty ¥, ta ¢6 (A + B)? = A2+ 2AB + B2
3. Ap dung
$>Vidu 1.(a) Tinh (a + 1)%
(b) Viét bicu thiic 22 + 4z + 4 dusi dang binh phuong clia mot tong.
@ Loi gidi.
(a) Tinh (a+1)*> = a®+ 2a + 1.
(b) Viét biéu thitc 22 +4r +4 =2 +2-2-2+22 = (v + 2)%
0]

2. Binh phuong caa mot hiéu

1. Thuc hién phép tinh [a + (=b)]> = a® +2-a - (=b) + (—b)? = a® — 2ab + b*.
2. V6i A va B la cac biéu thiic tuy ¥, ta c6 (A — B)? = A2 — 2AB + B2

3. Ap dung

5. NHONG HANG PANG THUC PANG NHO TR



[ — N\,

2
$>Vidu 2.(a) Tinh (x — %) .

(b) Tinh (2x — 3y)°.

\ e —

1)\? 1 (1)2 1
_— = = 2—2- . — — = 2— -
(a) (x 2) x x 2+ 5 x x+4

(b) (22 —3y)* = (22)2 —2- (22) - (3y) + (3y)? = 422 — 12zy + 9y°.

3. Hiéu hai binh phuong
1. Thuec hién phép tinh (a + b)(a — b) = a* — ab+ ab — b* = a® — 1°.

2. V6i A va B la cac biéu thitc tuy ¥, ta c6 A2 — B2 = (A — B)(A+ B).

3. Ap dung

$>Vidu 3.(a) Tinh (z — 1)(z + 1).
(b) Tinh (z — 2y)(z + 2y).

® Loi gidi.

(a) (x—1)(z+1)=2%—-1.
(b) (z—2y)(z +2y) = 2% — (2y)* = 2* — 4y°.

4. Lap phuong ctia mot tong
1. Thyc hién phép tinh (a + b)(a + b)* = (a + b)(a® + 2ab + b?) = a® + 3ab + 3ab® + b>.
2. Véi A va B I céc bidu thiic tity §, ta c6 (A + B)? = A3 + 3A2B + 3AB2 + B,

3. Ap dung

$>Vidu4.(a) Tinh (z + 1)3.

(b) Tinh (22 + y)®.

® Loi gidi.

(a) (x+1)> =23 +32% + 3z + 1.
(b) 2z +y)® = (22> +3-(22)% -y +2-2x-y* + y* = 823 + 122%y + 6xy* + .
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5. Lap phuong cua mot hiéu
1. Thyc hién phép tinh [a + (—=b)]* = a® + 3a%(=b) + 3a(—b)? + (=b)® = a® — 3a%b + 3ab? — b7

2. V6i A va B la céc bidu thic tity ¥, ta 6 (A — B)3 = A3 — 3A2B + 3AB2 — B3,

3. Ap dung

[ — N\

3
$>Vidu 5.(a) Tinh (x - %) .

(b) Tinh (z — 2y)3.

e
D Loi gidi.
1\? 1 1\ 1\? 11
(a) (x—g) :x3—3x2~§+3x-(§) _(5) :x3—x2+§x—§.
(b) (z—2yP =a*—3-22-2y+3-2-(2)° — (29)° = 23 — 622y + 1221% — 8°.
U]

6. Tong hai lap phuong
1. Thyc hién phép tinh (a + b)(a* — ab + b?) = a® — a®b + ab® + a®b — ab® + b* = a® + 1°.

2. V6i A va B 1a cac biéu thifc ty ¥, ta c6 A3 + B = (A + B) (A2 — AB + B?).
3. Ta quy uéc A% — AB + B? 1a binh phuong thiéu ctia hieu A va B.

4. Ap dung

&> Vidu 6.(a) Viét 23 + 8 dudi dang tich.

(b) Viét (z +1)(z2 — 2 + 1) 6 dang tong.

D Li gidi.

(a) *+8=2+22=(2+2) (2 =22+ 2%) = (4 2) (2* — 22 + 4).
) (z+1)(2*—z+1)=a>+1.

7. Hiéu cua hai lap phuong
1. Thyc hién phép tinh (a — b)(a® + ab + b*) = a® + a*b + ab* — a*b — ab* — b> = a® — b>.

2. V6i A va B la cac biéu thitc tly ¥, ta 6 A3 — B = (A — B) (A2 + AB + B?).
3. Ta quy wéc A% + AB + B? 1a binh phuong thiéu clia tong A va B.

4. Ap dung
5. NHONG HANG PANG THUC PANG NHO [EEEIR



&> Vidu 7.(a) Tinh (z —1)(2? + 2 + 1).

(b) Viét 82% — 3 dudi dang tich.

o Loi gidi.

(a) (z—1D(@*+x+1)=2"—1
(b) 82° —y® = (22)° — ¢® = (22 — y) [(22)* + 22y + y?| = (22 — y) (42? + 22y + ¥°).

BAY HANG DANG THUC DANG NHO

1. (A+ B)*>= A?+2AB + B>

(A— B)? = A> — 2AB + B2

A2~ B2 =(A— B)(A+B).

(A+ B)* = A3+ 3A?B + 3AB? + B3,

(A— B)® = A% — 3AB + 3AB? — B°.

A3+ B3 = (A+ B)(A? — AB + B?).

A® — B = (A- B)(A2+ AB + B?).

Q BAI TAP

N T

4> Bai 1. Chting minh cac dang thic sau

a) (a+b+c)? =a®+ b+ &+ 2ab + 2bc + 2ca;

b) (a—b+¢)* =a®+ b + & — 2ab + 2ac — 2b.

® Li gidi.

a) (a+b+c) =a>+ 0>+ A+ 2ab + 2bc + 2ca
Ta co
(a+b+¢)° = [(a+b)+c
= (a+b)’*+2(a+b)c+c?
= a®+ 2ab+ b + 2ac + 2bc + &
a’® + b® + ¢ + 2ab + 2bc + 2ca.
b) (a—b+c)? =a®+ b + & — 2ab + 2ac — 2be
Ta cb
(a—b+c)? = [(a—b)+
= (a—b’+2(@—-b)c+c
= a® —2ab+ b* + 2ac — 2bc +
= a®>+ b+ —2ab+ 2ac — 2be.

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



> Bai 2. Dién vao céc chd trong sau day dé cé dang thite ding.

a) (...—..)" =a>—6ab+...;

1
b) (...+...)2:...+m+1;

c) (...—\/§>2:9x2—...+.‘ c

*9

d) ...— 16yt =(z—...)(x+...);
e) (z—..)(z+...)=...—-3.
® Loi gidi.
a) (...—..) =a®>—6ab+...

Ap dung hing ding thiic (A — B)® = A? — 2AB + B? ta dudc
a? —6ab+ ... =d®>—2-a- (3b) + (30)*.

Vay (a — 3b)* = a? — 6ab + 9b°.

b) (...+...)2:...+m+}1

Ap dung hing ding thitc (A + B)® = A% + 2AB + B? ta dugc

m s =m? o 1+(1)2
m —=1m sm - = - .
4 2 \2

Va ( +1)2 > Lt
aQ m - =m m —-.
.y 2 4

2

c) (—\/5) =922 — ... +...
Ap dung hing ding thic (A — B)® = A2 — 2AB + B? ta dudc

(393—\/5)22(3x)2—2-3x-\/§+(\/§)2:>(3x—\/§)2:9x2—6\/§x+2.

d) ...—16y'=(z—..)(x+...)
Ap dung hing ding thitc A2 — B? = (A — B) (A + B) ta dudc

x? — (4y2)2 = (m — 4y2) (x + 4y2) = 22 — 16y* = (x — 4y2) (m + 4y2) .

e) (x—..)(x+...)=...-3
Ap dung hing ding thitc A2 — B2 = (A — B) (A + B) ta dudc

<x—\/§) (x+\/§)=x2—(\/§)2:>(x—\/§) <x~|—\/§)=x2—3.

> Bai 3. Dién vao chd trong dé biéu thic tréd thanh binh phuong ctia mot tong hodc binh phuong
cua mot hiéu.
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1+22%2— ..

d — 3px + p?;
e) 162> + ... — 24xy
e
@ Loi gidi.
a) 4a*z* + dabx + . ..
Vi 4a?2? + dabx + V? = (2ax)* 4+ 2 - 2ax - b + b = (2azx + b)?
nén 4a’x? + 4abx + ... = 4a’x? + dabx + b2
b) 14222 — ...
2 2
Vil+2:2—2v2r =1+ (V22) —2-1-V2r = (1-V22)
nén1+2x2—...:1+2x2—2\/§m.
c) 25m? —40mn + ...
Vi 25m? — 40mn + 1602 = (5m)*> — 2 - 5m - 4n + (4n)* = (5m — 4n)*
nén 25m? — 40mn + ... = 25m? — 40mn + 16n°2.
d) ...—3px+p?
922 ) (33:) 3x (Bx )2
hioadl —(22) _9.2% Y
Vi———3pr+p 5 5 ptpt= 5 P
9 2
nén...—3p:n-|—p2:%—3px-l—p2.
e) 1622 + ... — 24xy
Vi 1622 + 9y2 — 24xy = (42)° + (3y)* — 2 -4z - 3y = (42)° — 2 -4z - 3y + (3y)* = (4o — 3y)*
nén 1622 + ... — 24zy = 1622 + 9y? — 24xy.
[——

4> Bai 4. Trong cac khang dinh sau, khang dinh nao ding?

a) (2z —1)° = (1 —2x)%
b) (z—-1)° = (1-a)%
o) (z+1)° =1+
d) (z-3)?%=22-3z+9;
e) 22 —2x+4=(z —2)%

f) 22 + 62+ 36 = (v +6)°.

 Loi gidi.

a) (20 —1)°=(1-2z)
Taco (20 —1)7 =22 —2-22-1+12=12-2-1-22+ (22)° = (1 — 2z)°.
Vay (22 — 1) = (1 — 22)® ding.
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b) (x—1)% =

Ta co

(1—2)°

@ (x—1)°=2%—-3.22
©® (1-2?=1

14321213 =23

Vay (z —1)° # (1 — 2)° nén (z — 1)° = (1 — z)° sai.
¢) (x+1)° =(1+a)°
Tacoz+1=1+znen (z+1)°=(1+2)

Vay (x4 1)° = (1 +2)* dang.

d) (z—3)°=2?-3x+9
Taco(z—3)>=a2—2-2-3+32=22—6s+09.
Vay (z — 3)* = 2? — 3z + 9 sai.

e) 22— 2 4+4=(z—2)°
Taco(x—2)7=a2—2-2-2+22 =224+ 4.
Vay 22 — 2z + 4 = (z — 2)° sai.

f) 2%+ 62 + 36 = (z + 6)°

Taco (x46)" =22 +2-2-6+ 6% = 22 + 122 + 36.

Vay 22 + 6z + 36 = (z + 6)° sai.

—32% + 3z — 1.
-3 12 2+4+3-1-22 -2 =1- 32+ 32% — 23,

U
$>Bai 5. Tinh
a) (3—xy*)* — (2+ 2y°)? g) (2y—3)°.
b) 922 — (3z — 4)2. h) (2 —y)3.
¢) (a—b*)(a+b?). ) (2y — 5)(4y? + 10y + 25).
d) (a* +2a+ 3)(a® + 2a — 3). i) By +4)(9y* — 12y + 16).
e) (xt—y+6)(zx+y—06) k) (z —3)3+(2—2)3.
f) (y+2z—3)(y—22z—3). ) (z+y)?—(z—y)?
® Loi gidi.
a) Ta co
B—ay’)’ = 2+ay’)® = [B-ay’) (2 +ay®)] - [ —ay?) + (2 + 2y?)]
= B—ay*—2—-29°)3 -z’ + 2+ 2y?)
= (1—2xy? ) 5
= 5(1—2xy?).
b) Ta co
92° — (32 —4)? = (32)* — 32 —4)> = [3z— 3z —4)]-[32 + (32 — 4)]

(3x — 3z +4)(3z + 3x — 4)
4(6x — 4).
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c) (a—0*)(a+0*) =a*— (b*)? =a* — L

) (a®* 4+ 2a+3)(a* +2a — 3) = [(a®* 4+ 2a) + 3] - [(a®* + 2a) — 3] = (a® + 2a)? — 9.

) (—y+6)(x+y—6)=[z—(y—6)] -[x+(y—06)]=2>—(y—6)

f) (y+22-3)(y—2:-3)=[(y—3)+22] - [(y —3) —22] = (y — 3)* — (22)* = (y — 3)* — 4=~

g) (2y—3)° = (29)> —3-(2y)? - 3+3- (2y) - 3% — 3% = 8y® — 36y + 54y — 27.

) 2—y)P=2%-3-22.y+3-2-9y% -y =8— 12y + 69> — 1.

i) (2y — 5)(4y* + 10y + 25) = (2y — 5) [(2y)* + (2y) - 5 + 5%] = (2y)® — 5° = 8y> — 125.
) By +4)(9y? — 12y + 16) = (3y +4) [(3y)? — (3y) - 4 + 42] = (3y)? + 4° = 273> + 64.
)

[z =3)+(2-2)] [(z =3~ (z=3)(2-2)+(2~-2)]
(x—3+2—x) (2" =6z +9+2” -5z +6+4— 4z + z7)
(=1) - (32* — 15z + 19)

= —32° 4 152 — 19.
1) Ta c6
4y’ —(x—y)?® = [@+y)—(@—y)] [(@+y)’+@+y)(z—y) + (@@ —y)’]
= (e4+y—z+y) (P +2zy+y*+27 -y + 27— 2zy + ¢°)
= 2y(32* +¢?).

4> Bai 6. Rit gon biéu thiic
a) (2% — 2z + 2)(2® — 2)(2® + 22 + 2)(2? + 2).

b) (z+1)*— (z — 1)+ 32 — 3z(z + 1)(z — 1).

c) 2z +1)2+2(42? — 1) + (2z — 1)
d) (m+n)?—(m—n)*+ (m—n)(m+n).

)
)
)
)
)
f) (a—b+c)>—2(a—b+c)(c—b)+ (b—c)*
g) (2z — 5)(4z? + 10z + 25)(2x + 5)(4x% — 10z + 25) — 6415,
h) (a+0b)+ (a —b)® — 2a.
1)

1

(2
(
(
(
(3z+1)? —2(3z + 1)(3z + 5) + (3z + 5)*.
(
(
(
(

z+y+2)°+ (@ —y)?+ (@ -2+ (y—2)? -3 +y° +27).

 Loi gidi.

(2% — 22 4+ 2)(2% — 2)(2® + 22 + 2)(2* + 2) (2 +2—2x )(m + 24 22)(2® — 2)(2* + 2)

; [(z* 4+ 2)% = (22)?] - [(2*)? — 2°]
- Gt
= 2% —16.
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b) Ta cé
(x+1)2—(x—1)*+32° = 3x(zx + 1)(x — 1)
(z+1)—(z =1 [(x+1)+ (x = 1)] + 32° — 3z(2® — 1)
= (z+1—-z+1)(z+1+2—1)+32° - 32° + 3z
= 22043z
= 4o+ 3z
= Tz.
c) Taco
(2 +1)*+2(42* - 1)+ 2z - 1) = 2z +1)*+222* +1)(22° — 1) + (22 — 1)?
(222 + 1) + (222 —1)]2
— (2;1; + 1+ 222 —1)
(

= (42%)?
= 162"
d) Ta co
(m+n)?>—(m—-n)>+(m—-n)(m+n) = [(m+n)—(m—n)[(m+n)+(m-n)]+m*>—n’

(m+n—m+n)-(m+n+m-—n)+m?—n’

2

= 2n-2m+m?—n
dnm + m? — n?

= m?+ 4mn — n’.

e) Bz +1)2=2Bx+1)Bz+5) + (Bx+5)2=[Bx+1) - 3z +5)]° = (—4) = 16.
f) Ta co

(a—b+c)?—2a—b+c)c—b)+(b—c)? = (a—b+c)*—2(a—b+c)(c—0b)+(c—0b)?
= [([a=b+e)=(c=b)
= (a b—l—c—c+b)2

g) Ta co

27 5)(495 + 10z + 25) (27 + 5)(42% — 10z + 25) — 642°
(22)* = 5°] - [(22)® + 5°] — 64a®
8x3 — 125)(8x3 +125) — 642°
7%)? — 125% — 642°
= 6425 — 15625 — 642°
—15625.

(
= |
(
(8

h) (a+0)*+ (a —b)? —2a® = a® + 3a®b + 3ab® + b* + a® — 3a®b + 3ab® — b* — 2a® = Gab®.

i) Ta co
(rt+y+2)’+@-—y)?+@—2)7+Yy—2°" 30" +y* +2?)
=22+ + 22+ 20y + 2y + 2wz + 2 — 2wy + P+ — 2wz + 22 P — 2yr + 22 — 327 — 3y? — 322
= 0.

U]
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$>Badi 7. Tim z, biét

D Loi gidi.
a) Ta co
(x—3)P°—(x—=3) (2 +32+9)+9(x+1)* =15
& 22 -9+ 270 — 27— (2* = 27) + 9(2a* + 20 +1) - 15=0
& 2® =927 4270 — 27T —2® + 274+ 922 + 182+ 9 - 15=0
& 452 —-6=0
& 45x =6
o g2
1’—15.
s s - 2
Vay phuong trinh da cho c6 tap nghiém S = {1—5}
b) Ta c6
42> —81=0
& (21) =9
& 20 =9 hoac 2z =-9

& ) hos )
r= - oac T = ——.
2 ’ 2

99
Vay phuong trinh da cho c6 tap nghiém S = {—5; 5}

c) Taco

v(z—5)(x+5) —(z—2)(z*+22+4) =3

& (2 —25)— (2 —8) =3
& P —2Br—P4+8=3
& —250 = -5
P

5

1
Vay phuong trinh da cho ¢6 tap nghiém S = {3}
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d) Ta co

262 —2=0s (52)2=2 & 5r=+2 hoic 5r=-V2

2 2
& x:? hoac x:—%.
2 V2
Vay phuong trinh da cho ¢6 tap nghiem S = {—i; %}

e) Ta co

(z+2?*=022-1?% & 2+2=2r—-1 hoic z+2=—(22-1)

S =3 hoic z+2=-2zv+1
1

S r=3 hoic $:_§'

1
Vay phuong trinh da cho c6 tap nghiém S = {—g; 3}.

f) Taco: (x+2)0?—2?+4=02+4r+4—-2*+4=04r=-8& 1= -2
Vay phuong trinh da cho ¢6 tap nghiem S = {—2}.

g) Ta co

(22 =2 +4(x — 1) —4(2* = 2)(x — 1) = 0

e (22-22-2-(2?-2)2z—-1D+[2@-1]*=0
& [(@?-2)-2a@-1]"=0

s (P-2-20+2)"=0

& (m2—2x)2:

& 12-2r=

& z(x—2)=0

& = hodac x—-2=0

& = hoic =z =2.

Vay phuong trinh da cho ¢6 tap nghiem S = {0;2}.

L]
| —
<o Bai 8.
a) Cho x —y = 7. Tinh gia tri clia biéu thiic
A=2(x+2)+yly —2) — 2zy;
B=1®-3zy(r —y) —y° — 2 + 2zy — o°.
b) Cho x + 2y = 5. Tinh gia tri clia biéu thic sau
C = +4y* — 2z + 10 + 4oy — 4y.
e

® Loi gidi.
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a) A =x(z+2)+y(y—2) — 2zy

= 2?4+ 27 +y* — 2y — 21y

= (2% — 22y + v*) + (22 — 2y)

=(z—y)P+2—y)

=7"4+2.7=63.

B :x3—3xy(:v—y)—y3—x2-|-2xy—y2

(2° = 3%y + 3ay® — y°) — (2 — 22y + )
=(z—y)’ = (z—y)?
=7 -7 =294.

= (2% + day + 4y°) — 2(z + 2y) + 10
= (v +2y)* = 2(x +2y) — 10
=5242-5-10=25.

‘ $>Bai 9. Tinh téng S = 100% — 99% + 982 — 972 + ... + 22 — 12,

® Loi gidi.
Ta co
S =100 — 99> +98* — 97° + .- + 2> — 17
= (100> — 99%) + (98 = 97°) +--- + (22 — 17)
= (100 — 99) (100 + 99) 4 (98 — 97) (98 +97) +---+ (2 —1)(2+ 1)
=1004+99+98+97+---+2+1
= (100+1) 4+ (994 2) + (98 4+ 3) 4+ - - - 4+ (52 + 49) + (51 + 50)
=101+ 101 +101---101 + 101
= 101 - 50 = 5050.
> Bai 10. Chtng minh ding thiic
a) (a+b)? —2ab = a®+b? b) (a+b)? — (a — b)? = 4ab
¢) (a+b)*=a®+ b+ 3abla+ ) d) (a—b)* =a®—b* — 3ab(a — b)
e) (a*>+ %) (A + d?) = (ac + bd)?* + (ad — bc)?
f) (a+b+c)P+a?+b0>+c?=(a+b?+ (b+c)+ (c+a)?

® Ldi gidi.

) (a+b)
b) (a+0b)*— (a —b)? = a® + 2ab + b* — (a® — 2ab + b*) = 4ab.
) (a+0b)* =a®+3a%b+ 3ab® + b* = a® + b* + 3a?b + 3ab® = a® + b* + 3ab(a + b).
)

d) (a—b)® =a®—3a®b + 3ab® — b = a® — b> — 3a®b + 3ab® = a® — b* — 3ab(a — b).
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) (a®+0) (¢ +d°) =a’?+a’d® + b’ + b
= (a202 + 2abced + b2d2) + (a2d2 — 2abed + b203)
= (ac + bd)* + (ad — be)?.

f) (a+b+c)+a®+b*+c* =(a+b)?+2a+bec+c+a*+b+c°
= (a+b)? + 2ac+ 2bc + 2 + a® + b* + 2
= (a+b)* + (0> + 2bc + ) + (a® + 2ac + ¢?)
=(a+b’+(b+0)+ (a+0)
U
[—
&> Bai 11. Tim gia tri nhé nhat ctia biéu thic
a) v —2x +1 b) #2 + 1z +1 ¢) da? +4x -5
d) (z—-3)(z+5)+4 e) 22 —4x +y* — 8y +6
e — |
® Loi gidi.
a) Tacoz? —2x+1=(x—1)* >0, V.
Dau“=" xdyrakhiz —1=0= 2 = 1.
Vay GTNN ctia 22 — 22 + 113 0 tai z = 1.
1\ 3 1\> 3.3
b) Tacéx2+x+1:(x2+$+1)+zl:(x+§) +121,Vx.
. 1
Dau “=" Xéyrakhix+§:O:>x=——
3 1
VayGTNNcﬁaxQ—f—qullaZtaix:—i.
¢) Tacoda? + 4z —5= (4a? +4x+1)— 6= (22 +1)* — 6 > —6, Vz.
. 1
Dau “=" xadyrakhi2z4+1=0= 2z = —5
1
Vay GTNN ctia 422 +4x — 513 —6 tai . = —3
d) Ta co
(x—3)(x+5)+4 =2*+5z—3r—15+4
= (2*+22+1) — 12
=(z+1)2—-12> —12, Va.
Dau“=" xdyrakhiz+1=0= 2= —1.
Vay GTNN ctia (z —3)(x +5) +4 1a —12 tai o = —1.
e) Ta co
r? —4r +y* — 8y + 6 :(x2—4a:+4)+(y2—8y+16)—14
= (x—2)°+ (y—4)> =14 > —14, Yz, .
Dan“=" xdyrakhiz —2=0vay—4=0=a2=2vay = 4.
Vay GTNN ctia 22 —4r +1y? — 8y +6 14 —14 tai v = 2 va y = 4.
U

5. NHONG HANG PANG THUC PANG NHO IR



¢S Bai 12. Tim gia tri 16n nhéat ctia biéu thic

a) 2z —x? —4 b) —z? — 4z c) —9z2% + 24z — 18
d) 4z — 2% — 1 e) 5— 2%+ 2x —4y* — 4y
® Loi gidi.

a) Taco 2z —a? —4=—(22-20+1)-3=—(r—1)? -3 < -3, V.
Dau“=" xdyrakhiz —1=0=xz =1,
Vay GTLN cta 2o — 2% — 4 1a —3 tai z = 1.

b) Taco —2? — 4o = — (2* +4r+4)+4 = —(z +2)* + 4 < 4,Va.
Dau“=" xdyrakhiz +2=0= 2 = —2.
Vay GTLN ctia —a? — 4z 1a 4 tai . = —2.

c) Taco —9z% + 24x — 18 = — (922 — 240+ 16) — 2 = —(3x — 4)* —2 < -2, V.

. 4
Dau“=" xadyrakhi3z —4=0= 2 = 3

4
Vay GTLN ctia —922 + 247 — 18 1a —2 tai o = 3

d) Tacodr — 2> —1=— (2> -4z +4)+3=—(x+2)*+3 < 3,Vr.
Vay GTLN cta 4r — 2% — 113 3 tai o =

Lol

e) Ta co

b—a’+2r—4dy’ —dy =—(2¥ =20+ 1) — (4P +4y+1)+7
=—(r—1)-u+1)2+7<7.

. 1
Dau “=" Xéyrakhix—l:0Va2y+1=O:>x:1vay:—§.
1

VayGTLNcﬁa5—x2+2x—4y2—4ylé7taix:l,y:—g.

PHAN TiCH PA THUC THANH NHAN TU BANG

Bai e PHUONG PHAP DZ\T NHAN TU CHUNG
¢ A\

a) 142y — 21zy? + 282%y* = Toy(2z — 3y + 4ay)

b) 5x?(x — 2y) — 152(2y — x) = ba?(z — 2y) + 15x(x — 2y) = a(x — 2y)(z + 3)

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



e BAI TAP

&S Bai 1. Phan tich cac da thiic sau thanh nhan ti:

a) 5x2y? + 20z%y — 35zy?;
b) 40a3b*c?x + 12a3b*c® — 16a*b°cx;

)
)
c) 223yt — 6zty + 4a?y?;
d) (2z — 5y)? — 4(2z — 5y);
e) 3z(x — 2y) + 6y(2y — 2);
f) (b—2¢)(a—b)— (a+b)(2c—b);
g) 6(a—b)z?y + (a — b)*zy;

h) 14(z — y)? + 21(y — x);

i) 8(a — b)z? + 24(a — b)?zy;

j) 2

J

r2(a+b+c) —4zy(a+ b+ c);

@ Loi gidi.
a) 5x%y? + 2022y — 35xy° = wy(ay + 4w — Ty)
b) 4043632z 4 12a3b4 2 — 16a* b cx = 4a3b3e(10cx 4 3be — dab?z)
¢) 223yt — 63493 + da2y? = 2222 (xy? — 352y + 2)
d) (2 — 5y)% — 4(2¢ — 5y) = (2 — 5y) (2 — 5y — 4)
e) 3z(v — 2y) + 6y(2y — @) = 3x(z — 2y) — by(z — 2y) = 3(z — 2y)(z — 2y) = 3(v — 2y)*
£) (b—2¢)(a—b)—(a+b)(2c—b) = (b—2¢)(a—b)+(a+b)(b—2c) = (b—2¢)(a—b+a+b) = 2a(b—2c)
g) 6(a— b)a?y + (a — b)2xy = (a — b)ay(6z + a — b)
h) 14(z —y)* +21(y — 2) = T(z —y)(2z — 2y — 3)
i) 8(a — b)z2 + 24(a — b)2ay = 8x(a — b)(z + 3ay — 3by)
j) 2

j) 22%(a+b+c) —dzy(a+b+c) =2x(a+b+c)(z — 2y)

¢S Bai 2. Phan tich da thitc thanh nhan ti.

/

a) 6(a+ b)22x%y + 3(a + b)zy — 18(a + b)xy?

2 3

(z—9y)*—(y—=)

) (x—y)*+ (y —x)*

6. PHAN TICH DA THUC THANH NHAN T0 BANG PHUONG PHAP BAT NHAN TU cHUNG [T




® Loi gidi.
a) 6(a+ b)?z%y + 3(a+ b)zy — 18(a + b)xy* = 3zy(a + b)[2(a + b)x + 1 — 6y].
b) (x—y)?—(y—2)’=(@—y> (l+z—y).
) (w—y'+y—a)=(x—y’llz—y?*+1].
) (

d) 3z —2y)* + (2y — 3z)° = (3z — 2y)*(1 — 3z + 2y).

$>Bai 3. Tim z biét

d) z(2z —3) — 2(3 — 2z) = 0.

f) (x—2) (22 +22+5)+2(x —2)(z+2) —5(x—2)=0.

® Loi gidi.
x =2
a) 3z(x —2)—24+2=0&(z—-2)3z—-1) =0« 1
x =0
b) 22z +1)+2zx(x+1)=0&z(z+1)(z+2)=0& |z=-1
T = -2

c)
t(r—2)—2+2=0
s (z-2)(z*-1)=0
& (z-2)2* - D@*+1)=0

[z —2 =
& |22-1=0
2?+1=0
[z =2
=
_mz:l:l.
.3
d) (20 —3)—23-22)=0< 22 -3)(z+2)=0< | 2
T = —2
x—?
e) 5(z+3)=22B+2) = (+3)6-22)=0& | 2
r=—-3

JEEI & cHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



(x—2)(2* + 22 +5)+2(x —2)(x +2) —5(x —2)=0
& (z-2)(2*+2r+5+22+4—5)=0
& (v -2)(2? +4a:+4) =0
s (z-2)(z+2)?2=
[x =2
=
r=—2
O
PHAN TICH DA THUC THANH NHAN TU BAN G
Bai g PHUGNG PHAP DUNG HANG DANG THUC .
Qi
Vi du 1. Phan tich cic da thic sau thanh nhan ti.
a) (z+y)?—922=(z+y—3z)(xz +y+3x) = (y — 22)(y + 4z).
b) 823 + 12z%y + 6zy* + y* = (22 + y)3.

4

BAI TAP

¢S Bai 1. Phan tich da thic thanh nhan ti.

a’y? + b2 a? — 2abxy.

h) 2% —9y? — 2yz — 22

i) 3a® — 6ab + 3b* — 122

j) 22 — 2zy + v — m? 4 2mn — n?
k) a* —10a 4+ 25 — y* — 4dyz — 4z

4022 — (b + & — a?)”.

7. PHAN TICH DA THUC THANH NHAN T0 BANG PHUONG PHAP DUNG HANG BANG THUC RN



n) (422 — 3z — 18)” — (422 + 3z)°.
0) [dabed + (a2 + b%) (2 + d2))° — 4[ed (a2 + b2) + ab (2 + d*)]*.

® Loi gidi.

b) 100 — (3z — y)? = 10? — (3z — y)? = (10 — 3z + y)(10 + 3z — y).

d) (a+bP?—(a—bP=(a+b—a+b)[(a+b)?*+ (a+Db)(a—0b)+ (a—b)?* =2b(3a*+b?).

)
)
¢) 2723 — a¥b® = (32)® — (ab)® = (3z — ab) (922 + 3zab + a2b?).
)
) (Tz—4)2 — (20 +1)2 = (Tz — 442z + 1)(Te — 4 — 22 — 1) = (92 — 3)(5z — 5).
)

(x —y+4)* — (22 + 3y — 1)?
= (r—y+4+2x+3y—1)(x—y+4—-2x—-3y+1)
= (Brx+2y+3)(—x —4y+5).

g) ' =2ty +y’ —d=(r—y) -2 =(r-y+2(@-y—-2).
h) 22—y —2yz — 22 =22 — (y+2)’=(x+y+2)(z —y—2).

)
)
i) 3a® — 6ab + 30° — 12¢% = 3(a — b)? — 3(2¢)> = 3(a — b+ 2¢)(a — b — 2¢).
i 2
)
)

i) 22 =2xy+y?—m*+2mn—nt=(x -y -(m-nl=@—-y+m-n)(r—y—m+n).

k) a* —10a+25 —y* —dyz — 422 = (a —5)* — (y +22)* = (a— 5+ y +2z2)(a— 5 —y — 22).

1

2% 4 3cd(2 — 3cd) — 10zy — 1 + 251>
= 2% — 102y + (5y)* — [(3cd)? — 6cd + 1]
= (v —5y)* — (3cd — 1)?
= (z —5y+3cd —1)(x — by — 3cd + 1).

m)
WA — (0 + & —a?)?
= (2bc+b* + & — a?)(2bc — b* — * + a?)
= [(b+0)* —a’l[a® = (b—c)’]
= (a+b+c)b+c—a)la+b—c)la+c—0D).
n)

(42° — 3z — 18)2 — (42® + 33(:)2
= (42® — 3z — 18 + 42* + 3z)(42® — 3z — 18 — 42 — 31)
= (—6z — 18)(82* — 18).
B CHUONG 1. PHEP NHAN VA PHEP CHIA CAC BA THUC



[4abed + (a® 4 %) (¢* + d°)] g [cd (a® + b*) + ab (¢ + al2)]2
[4abed + (a® 4 b°)(¢® + d°) — 2(cd(a® + b%) + ab(c? + d?))]

- [4abed + (a® + b?)(* + &%) + 2(cd(a® + b?) + ab(c® + d?))]

[(® +0*)(c — d)* — 2ab(c — d)*] - [(a® 4+ b°)(c + d)* + 2ab(c + d)’]
(a—b)*(c — d)*(a+b)*(c+d)?

[(a —b)(c—d)(a+b)(c+d).

U
$>B&i 2. Tim z biét (22 +2)° —6 (2> +2) +9 = 0. \
® Loi gidi.

Ta co
(2?2 +2)" —6(22+2) +9=0
s [(@*+2)-3]"=0
& 1P-1=0
& o= =l
U
PHAN TICH DA THUC THANH NHAN TU BANG
Bai e PHUGNG PHAP NHOM HANG TU
. N4 °
Qi
$>Vidu 1. Phan tich da thitc thanh nhan ti:
a) 2 — 3z + zy — 3y
b) x* —92% + 22 — 9z
N\ ——
® Loi gidi.
a)
=3z +ay—3y = (2°—3z)+ (zy—3y)
= z(x—-3)+y(r—3)
= (#-3)(x+y)
b)
ot =928 +2* =92z = x(2® —92®+ 2 —9)
= z[(2® = 92%) + (z — 9)]
= z[2*(z-9)+ (z—-9)]
= z(z—9) (2 +1)
U

8. PHAN TICH DA THUC THANH NHAN TU BANG PHUONG PHAP NHOM HANG TU [[IEI



e BAI TAP

¢S Bai 1. Phan tich da thitc thanh nhan ti:

a) vy +4r +y+ 4.

b) zy+z+y+1.

C

d

e

)
)
)
)
)
)

f) 20 —2y+x(y — ).

g

h) zy + 3x + 5y + 15.

i) 2zy 4+ 32+ 2z + 3y=

k

)
)
1)

j) 2%+ 3z —y? + 3y.
) x® + 5x — y? + 5y.
)

) 22—z — 9% +y.

® Loi gidi.

ry+dr+y+4 = (zy+4z)+ (y+4)
= z(y+4)+y+4)
= (x4+1)(y+4).

ry+x+y+1 = (sy+a)+ (y+1)
= z(y+ )+ y+1)
= (z+1)(y+1).

xy—5rx+y—>5 = (xy—5z)+ (y—05)
= z(y—95)+(y—5)
= (@+1)(y-5).

ry+r—4dy—4 = (ey+x)— (dy+4)
= z(y+1)—4(y+1)
= (@=4)(y+1).
JEZI B CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



zy—r—y+1

20 —2y+ax(y—x)

o=z —y)+y

xy + 3z + 5y + 15

2y + 32 + 2z + 3yz

22+ 3z — 1?4 3y

2?45z — y? + 5y

-z -y +y

8. PHAN TICH DA THUC THANH NHAN TU BANG PHUONG PHAP NHOM HANG TU [

(zy —2) — (y— 1)
z(y—1)—(y—1)
(z—=1)(y—1).

(2x —2y) +x (y — x)
2(x—y)—z(x—vy)
= 2-2)(x-y).

(—z+y)—z(@—y)
—(z—y)—z(x—vy)
(z—y)(=1-2).
—(r—y)(z+1)

(xy + 3x) + (by + 15)
x(y+3)+5(y+3)
(x+5)(y+3).

(2zy + 22) + (32 + 3yz)
20 (y+1)+32(y+1)
(20 +32) (y +1).

(x2 — ) + (3z + 3y)
(r—y)(x+y)+3(x+y)
(r+y)(x—y+3).

(ac2 —y2) + (5 + 5y)
(x—y)(x+y) +5(x+y)
(r+y)(x—y+5).

(2* =) — (z—y)
(z—y)(x+y) —(z—y)
(z—y)(x+y—1).

[



¢S Bai 2. Phan tich da thic thanh nhan ti:
a) 22 (v +2y) — v — 2y.
b) 322 — 3y? — 2 (z — y)°.

c) 2% — 2z — 4y® — 4y.

e

)
)
)

d) 23 — 42? — 9z + 36.
) 3 4227 + 2z + 1.
)

f) =4+ 22% — 4z — 4.

g) 2% —4z% + 122 — 27.

h) z* — 223 4+ 22 — 1.

i) =2y + zy? + 2?2 + y?2 + 23y

k

)

)

i) ab — a* + 2a® + 2a%.
)

)zt + a2+ 227 + x4+ 1.
)

1) z*+ 223 + 222 + 2z + 1.

® Loi gidi.

2% (x4 2y) —x — 2y

30 =32 —2(x—y)® = (3902—3112)—2@_?%)2
= 3@—y) (z+y) —2(x—y)°

(z—y) Bz +y)—2(z—y)

= (z—y)(z+5y).

22— 2w — 4yt —dy =

22— 42% — 92 + 36

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC

(2* — 4y*) — (2z + 4y)
(z —2y) (z+2y) — 2 (z — 2y)
(x —2y)(x+2y —2).




24+ 420 +1 =

4203 —dr —4 =

22— 4+ 120 — 27 =

=242 —1 =

a’ —a* +2a +24® =

22y + xy? + 272 4+ yPz + 2wyz

2
(z —3) (z* 4+ 3z +9) — 4 (z — 3)
(z —3) (¢° + 3z + 9 — 4z)
(x—3) (2 —z+9)

a+1)[a*(a—1)+2]
a—+

[
[
[ 1
la®(a—1)(a+1)+2(a+1)]
( 2
(a+1) (a® —a®+2).

= (x2y + ny) + (1:22 + %z + 2xyz)
= ay(x+y)+2 (2 +y° + 2zy)

= ay(r+y) +z(x+y)

= (z+y)[zy + 2 (z +y)]

= (z+y) (xy+ 22+ 2y) .

4ttt 41 = (x4+x3+x2)+(a:2+x+1)
= :172(932+:17—|—1)+(:E2+x+1)

8. PHAN TICH DA THUC THANH NHAN TU BANG PHUONG PHAP NHOM HANG TU [ I

:):2—1—1) (x2+x+1).



a2t 202+ 20+ 1 (CU + 223 —|—x)—|—(m2+2x—|—1)
2 (22 42z + 1) + (2% + 2z + 1)
(:v + 2x + )(:Jc2+1)

(x + )(x +1).

PHﬁ@N TICH PA THI:J’C TH;ANH NHAN TU BZ”uyG
CAC PHUONG PHAP KHAC (TACH HANG TU,

Bai e THEM BGT, DAT AN PHU)
_—
ViDU

$>Vidu 1. Phan tich cac da thitc sau thanh nhan ti:

a) 22 — 3z + 2. b) x* + 4.

c) A= (2% + 10z +5) (z* + 10x + 13) + 16.

® Loi gidi.
a) Ta co
?—3r4+2 = ¥ —2—20+2
= z(z—1)—2(x—1)
= (z—1)(xz—2).
b) Ta co

ot 4 422 4+ 4 — 422
(22 +2)° — (22)*
(x2—|—2—|—2x) (x2—|—2—23:).

&
S
_l’_
i
I

c) Dat y = 2% + 10z + 9. Khi d6 ta c6
A

(y—4)(y+4)+16

y> — 16 + 16
y2

(2% + 10z + 9)°
(m2+x+9x—|—9)2

[ (z+1)+9(x+ 1)
(z+1)°(z+9)°.

‘:’DB%JTAP

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC




4> Bai 1. Phan tich cdc da thitc sau thanh nhan ti
a) 2 — 6z + 5. b) 22 —x — 12. c) z%+ 8z + 15.
d) 222 — 5z — 12. e) 2% — 13z + 36. f) 2% —5x — 24.
g) 3z% + 13z + 10. h) 222 — Tz + 3. i) 3z% —16x + 5.
j) at —T2? +6. k) z* + 222 — 3. 1) 4z* —122% — 16.
e
® Loi gidi.
a) Ta co

2> —6r+5=1"-br—a+5=x(r—5) —(r—5)=(r—5)(z—1).

b) Ta co
- —12=2"-4r+3r—-12=a(x—4)+3(x—4) = (v —4)(z+3).
c) Ta co
2?4+ 8r+15=2+3r+5x+15=0(x+3)+5(r+3)=(x+3)(v+5).
d) Ta co
207 —br —12=22" -8z + 3z — 12 =27 (z —4) + 3 (v —4) = (z — 4) (22 — 3).
e) Ta co
2? =132 +36 =2 -4z —92+36=x(v—4)—9(r—4) = (v —4)(z - 9).
f) Ta c6
2P —br—24=0"-8r+3x—-24=x(x—8)+3(x—8) = (z—8)(z+3).
g) Ta co

377 + 132+ 10 =32 + 30+ 102+ 10 =3z (x + 1) + 10 (z + 1) = (z + 1) (32 + 10) .

h) Ta co
202 — Tz +3=20" -6z —a+3=22(x—3)— (v —3) = (z —3) (2 — 1).
i) Ta co
322 =162 +5=32" - 15z —2+5=3x(z —5) — (= 5) = (x — 5) 3z — 1).
j) Ta co
o'~ 7?46 = 2 -6 — 27 +6
= .’EZ(.%‘2—6)—(Z2—6)

= (:1:2—6) (3:2—1)
= (2*=6)(z—1)(z+1).

1AN TICH DA THUC THANH NHAN TU BANG CAC PHUONG PHAP KHAC (TACH HANG TU, THEM BOT, DAT AN PHU)



k) Ta co

1) Ta c6

a4+ 227 —

4 — 1227 —

3

16 =

vt + 327 —2* -3

= 2% (2 +3) — (2* +3)

&S Badi 2. Phan tich cic da thic sau thanh nhan ti

a) 4zt + 81. b) z* + 1.
c) 64zt + yt. d) 2° + 2t + 1.
\
® Loi gidi.
a) Ta c6
42 +81 = 4a' + 81+ 362” — 362
(42" + 362” 4 81) — 362
[(22)2 +9]° — (62)?
(21’2 +9— 6:6) (2:(;2 +9+ 61:) .
b) Ta co
41 = (2?)" 4227 +1 - 227
= (:p2 + 1)2 — \/%2
= (2*=V2z+1) (2 +V2z +1).
c) Ta co
642t +yt = (8227 + 16222 + (47)” — 162°y°
= (827 + y2)2 — (4ay)®
= (8:v2 —dxy + y2) (83:2 + 4dxy + y2) .
d) Ta c6

P2t l = P4t -2t 1
By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC




= 22 (- 1)+ (2" + 2> +1)
?(x—1)(2®+z+1)+ (2" +22° + 1 — 2?)

(7 1) (4 1) + [0 4 1) 2]

(a:3 )(m +z+ )+(x2+x+1)(x2—x—|—1)

= (@P+a+1)(® —14+2°—z+1)

(:v +$+1)(:E +x2—x).

U
[ —
¢S Bai 3. Phan tich cac da thiic sau thanh nhan ti:
a) (z2+2)° —2 (2% +z) — 15. b) (22 + z) + 922 + 9z + 14.
¢) x? + 2xy + y* + 2z + 2y — 15. d) 2+ 2zy +y* —x —y — 12.
e) z% — 4wy + 4y* — 2z + 4y — 35. f) (+z+1) (22 +2+2)—12.
g) (x+2)(x+4)(x+6)(z+8)+ 16. h) (z+2)(z + 3)(z +4)(z + 5) — 24.
i) z(x+4)(z + 6)(z + 10) + 128. i) (@—2)(z+1)(z+5)(z+2) +20.
N\ ——
® Loi gidi.

x2—|—x)2—2(m2—|—x)—15
x2+x)2+3(a:2+x)—5(a:2+a:)—15
:v2—|—x) (m2+w+3)—5(x2—|—x—|—3)
??+x+3) (2 +2-5).

NN N T/

( )" 4 92% + 9z + 14
( ) +9(2*+2) + 14

= (:v2+$)2—|—2(3:2+:v)+7(:v2+$)+14
( ) (@ +z+2)+7 (2 +2+2)
(

2%+ 22y + y* + 27 + 2y — 15
(x +2:):y+y)—|—2x—|—2y—15
(z+y)°+2(x+y)—15
= (@+y)’-3@@+y) +5@+y) —15
(x+y)(x+y—3)+5(x+y—2)
= (x4+y—-3)(z+y+5H).
1AN TICH DA THUC THANH NHAN TU BANG CAC PHUGONG PHAP KHAC (TACH HANG TU, THEM BT, DAT AN PHU)



P42y +yt—x—y—12
= (®+2zy+y°) — (w+y) —12
(z+y)’+3@+y) —4(x+y)—12
= (@+y)(z+y+3)—4(z+y)
(x+y—4)(z+y+3).

22 — Aoy + 4y* — 20 4+ 4y — 35
= (2 —day +4y°) —2(z —2y) — 35
(z—2y)* 45z —2y) —7(x—2y) — 35
= (z—2y)(x—2y+5)—T7T(x—2y+5)
(x—2y—T7)(x —2y+5).

(x2+x+1) (332+:v+2)—12
(x2+x)2+3(a:2—|—x)—10
(a:2+x)2—2(x2+x)+5(1:2+x)—10
= (@®+2) (P +2-2)+5(@"+2—2)
(x2—|—x+5) (x2—|—x—2)

(2 + 2 +5) (2° — 2+ 22 — 2)

(2 +z+5)(z—1)(z+2).

r+2)(x+4)(x+6)(r+8)+16

x4+ 2)(x +8)(x+4)(x +6)+ 16

(2 + 10z 4 16) (2” + 10z + 24) + 16

(2% 4+ 102)° + 40 (2 + 10z) + 400

(22 +102)” + 20 (2° + 10z) + 20 (2% + 10z) + 400
(2 4 10z) (2® + 10z + 20) + 20 (2? + 102 + 20)
(22 + 102 + 20)°.

(x+2)(x+3)(x+4)(x+5)—24
(x+2)(x+5)(x+3)(x+4) —24
(2 4+ Tz +10) (2* + Tz + 12) — 24
(;E2 + 7:5)2 + 22 (:U2 + 7;E) + 96
= (2?2 +72)" +6 (2 + Tx) + 16 (2? + Tz) + 96
(2% + 7x) (2° + Tz +6) 4+ 16 (2 4 Tz + 6)
(x2 + Tz + 16) (:)32 + Tz +6)

= (2 + 7z +16) (x+1)(z +6).
B CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



x(x+4)(z
= z(z+10

+6)(z+ 10) + 128
(x +4)(z+6)+ 128

\_//'\

(2 +102)

(22 +102)” + 24 (2? + 10z) + 128

= (2?+102)" 4+ 8 (2® + 10z) 4 16 (2* + 10x) + 128

(2 ) (2% + 10z + 8) 4 16 (2* + 10z + 8)
(2* 4+ 10z + 16) (2® + 10z + 8)

(z+2) (z +8) (2% + 10z + 8) .

(x=2)(x+1)(x+5)(x+2)+20

= (x—=2)(z+5)(z+1)(z+2)+20

(2* 4+ 32— 10) (2° + 3z +3) + 20

(932+3x)2—7(x2+3:5) — 10

= (22 +3z)" — 5 («2+32) — 2 (2> +32) — 10
(2® +3z) (2* 4+ 3z —5) — 2 (27 + 3z — 5)
(x2—|—3:v—2) (:v2+3:v—5).

U
[ —
&> Bai 4. Phan tich cac da thiic sau thanh nhan ti

a) 7%+ 2r — 3; b) ® — Tz + 6;
c) 3 — 222 + bx — 4; d) 28 — 2+ 1+ 3;
e) 2% — 923 + 8; f) 223 — 35z + 75;
g) 323 — 4 + 13z — 4; h) 4z® — 24z + 45z — 2T,
i) 423 + 622 + 4z + 1.

e

® L3i gidi.

420 -3 = (2*—1)+ (22 -2)
(z —1) («? +:1:+1) 2(x — 1)
= (@-1)(2*+z+1+2)
(z—1) (2 +z+3).

P —Tr+6 = (:1: —x) (6x — 6
= (.7:—1)(.7:+1)—6(:B—1)
= (z-1) (2" +z-06)
= (z—1)[(2* — 22) + (32 — 6)]
= (xz—1)z(z —2)+ 3(x — 2)]
= (z—1)(z—2)(x+3).
1AN TICH DA THUC THANH NHAN TU BANG CAC PHUGONG PHAP KHAC (TACH HANG TU, THEM BT, DAT AN PHU)



23— 202 +5r -4 = ¥ 22 + o +4r—4
= z(2®—2z+1)+4(z—1)
= z(z—1)72+4(z—1)
(x — D)[z(x — 1) + 4]
= (z—-1D(2* —x+4).

d)
-tz +3 = (P+1)— (2P -1)+(z+1)
= (@+1)(@®—z+1)—(@+D)(@—-1)+(z+1)
= (z+1) (" —z+1-z+1+1)
(z+1) (2* — 22+ 3)
e)
2% —92° +8 = m6—x3—8(x3—1)
= 7 x?’—l)—S(:U?’—l)
= (3:3—1) (a:3—8)
= (-1 (" +z+1)(x—-2) (2 +2z+4).
f)
20° — 350+ 75 = (22 +102%) = (102% + 50z) + (152 + 75)
= 22%(z+5) — 10z(z + 5) + 15(x + 5)
= (z+5)(22% — 10z + 15) .
g)
30° =42+ 13z —4 = (32° —2%) — (32 —2) + (120 — 4)
= 2?3z — 1) —2z(3x — 1) +4(3z — 1)
= (Bz—1) (2" —z+4)
h)

42° — 242® + 452 — 27 = (42° — 122°) — (122% — 362) + (6x — 27)
= 42*(z —3) — 120(z — 3) + 9(z — 3)
= (z—3)(42° — 122 +9)
= (v —3)(2r — 3)%

4° + 62° +4x +1 = (42° + 22%) + (42” + 22) + (23 + 1)
22°(2z + 1) + 2222 + 1) + (2 + 1)
= (2z+1) (227 + 22 +1).

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



$OBai 5. Tim z, biét
a) 3z° + 4z = 2z; b) 25z% — 0,64 = 0;
c)m—16x = 0; d) 2? + z = 6;
e) x = —12; f) 23— 2% = —x;
g) ot —4x3 + 2? — 4z = 0; h) 223 + 522 + 2 — 2 = 0;
i) ot +23—222 -3z -3 =0; j) (z—=1)(z+1)(z+3)(x+5)+ 16 =0.
e
@ Loi gidi.
a) Ta co
322 +4r = 2
322 +2¢ =
z(3x+2) = 0
Suy ra
=0 hoac 3z+2=0
-2
=0 hoa =—.
x odc T =—
—2
Vayxzohoacx:?.
b) Ta co
252% — 0,64 =
(5 —0,8)(5x 4+ 0,8) = 0
Suy ra
52— 0,8 =0 hodc 5r+0,8=0
4 . —4
r=— hodc r=—.
25 25
-~ 4 -4
Vayx—%hoacx—ﬁ.
c) Tacod
gt — 162 = 0
2? (2 —16) = 0
vz —4)(x+4) =
Suy ra x = 0 hoéic x = 4 hodc v = —4.
d) Ta co
?+r = 6
2’ +3x—-2r—-6 = 0
x(r+3)—2(x+3) = 0
(x4+3)(x—=2) = 0
Suy ra x = —3 hodac x = 2.

JAN TICH A THUC THANH NHAN TU BANG CAC PHUONG PHAP KHAC (TACH HANG TU, THEM BAT, AT AN PHY) [



e) Ta co

Suy ra x = 4 hoéic x = 3.

f) Ta co

Suy ra

Vay x = 0.

g) Ta co

Suy ra

Vay x = 0 hodc z = 4.

h) Ta co

Suy ra

i) Ta c6

A = cHuone .

2 —Tr = —12
2’ —dr—3x+12 =
r(r—4)—3(x—4) =

(x—4)(z—-3) = 0

:1:’(1:2—1;—1—1) =0

=0 hoac 22 —z+1=0

=0 hoa (—1>2+3—0(A1’)
r = odc |z - 1 =00oly

ot =4t 4 2? — 4 =
x> (ZE2—|—1) —4x (ZL‘2+1)
z(z®+1) (z—4) =

o O O

r=0 hoic v=4(Viz>+1>0).

20 4527 +x—2 = 0
2 44 + 22+ 22— -2 = 0
20%(x +2) +z(x +2) —(z+2) = 0
(z+2) (22 +2-1) = 0
z+2=0 hoic 22°+2x—1=0
r=-2 hoic (zx+1)2x—-1)=0
1
r = —2 hoic x:—1h030$:§.
a4t =202 -3 -3 =
=32+ —3r+22-3 =
332(:162—3)+$(352—3)+(:B2—3) =
(x2—3)(x2+x—|—1) =

PHEP NHAN VA PHEP CHIA CAC BA THUC
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Suy ra
22—=3=0 hoiic 2°+z+1=0

1\ 3
z =43 hoac (x+—) +-=0(voly)

2 4
Vayx:j:\/g.
j) Ta co
(z—1D(x+1)(x+3)(x+5)+16 = 0
(2 +42—5) (2 +42+3)+16 = 0
(t—4)(t+4)+16 = 0,v6it=2a"+4r—1
2 = 0
t = 0
?4+4r—-1 = 0
(x+2° = 5
r=+5-2 hoac r=—V5—2
Vayx:\/g—Qhoé,cx:— 5— 2.
O
Bai @ CHIA PON THUC CHO PON THUC .
N

Q LY THUYET

Cho A va B la hai da thtc, B khac da thitc khong. Ta néi da thitc A chia hét cho da thitc B néu tim
mot da thic @ sao cho A =B - Q.

@ A la da thic bi chia.
® B la da thiic chia.

@ Q la da thitc thuong (goi tat 1a thuong).

A
Kihiéu:Q:A:BhoacQZE.

@© Nhan xét. Don thitc A chia hét cho don thitc B khi mdi bién ctia B déu la bién ctia A véi s6
mi khong 16n hon s6 mii ciia n6 trong A.

Quy tac: Mudn chia don thitc A cho don thitc B (trudng hgp A chia hét cho B) ta lam nhu sau
® Chia hé sb ciia don thitc A cho hé s6 ctia don thiic B.
@ Chia liy thita ctia tiing bién trong A cho liy thita ctia cing bién d6 trong B.
@ Nhan cac két qua vira tim duge véi nhau.

10. cHia poN THUC cHo poN THUC [EEEI



$>Vidu 1. Tinh

b’y 333.(12)
a)m. b) Ve —57% ).
® Loi gidi.
e
1022y 2
3 33 ( 1, )_ 3 9
b)4xyz 50Y ) = ey
0
e BAI TAP
¢S Bai 1. Thye hién phép tinh
a) 12z3y%2 : (15z93). ) (222)° - (32%y)?
.
b) 20x5y* : (—5x2y?). (=22%?)
c) —99zty?2? : (—11x2y?2?). f) (—22%)" : (~3ay)*.
Q) (3a2b)” (—2ab3)2.
(a20?)’
® Loi gidi.
2
a) 122%y*z . (152y3) = 4x5yz'
b) 202%y* : (—5a2y3) = —4a3y.
c) —99x1y?2% : (—112%y?2?) = 9.
d) (3a%)" (Z200%)" _ e,
(a20?)’
o) Ca)" B g
(—22%?)°
16x°
D (~20%)": (<Bay)* = — =,
0
Dai @ CHIA DA THU'C CHO DON THUC .
N

@ LY THUYET

Quy tac: Mudn chia da thiic A cho don thitc B (trudng hop céc hang tit clia da thitc A déu chia hét
cho don thiic B), ta chia mdi hang tit ctia A cho B rdi cong cac két qua véi nhau.

By CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



$>Vidu 1. Tinh (20zty — 2522y? — 32%y) : (5x2y). \

o Ldi gidi.

204 —25z%y*  —3z? 3
20xty — 252%y? — 32%y) : (5a?y) = "9y ot A 4a* — by — —. O]
52 5
%y

5x%y 5x2y
e BAI TAP

¢S Bai 1. Thuc hién phép tinh

a) (21a*b?x3 — 6a’b*2® + 9a3bixt) : (3a®H?x?).

b) (8latzly?® — 362°y* — 18ax®y®) : (—9x3y?3).

1
c) (10x3y? + 122%y® — 62°y*) : (—§x3y2).

1 1
d) (—£x2yz3 + ?5%3/3,2‘l — 5xyz2) : (gxyzQ).

e) [(z+y)!=3x+y) +x+y]:(z+y).

® Loi gidi.
a) (21a*b?z® — 6a*b32° + 9a’b*x?) : (3a*b?a?) = Ta*x — 202 + 3ab*z>.
b) (8laxty? — 36x5y* — 18ax®y®) : (—923y3) = —9a'x + 42y + 2ax>y>.

1
c) (10239 + 122"y — 625y?) (—§x3y2) = —20 — 24zy + 1222y

10 15 5 9
d) (—ngyzS + Exy?’z“ — 5xyz2) : (ga;yzz) = 2z + §y222 - 3.

e) [(x+y)! =3 +y)lP+rt+yl:(x+y) =(r+y)’—3+y +1L

0
9 Bai 2. Chitng minh ring gia tri ctia biéu thiic sau khong phu thudc vao gia tri clia bién
K = §x2y3 : (—%xy) +22(y—)(y+1)+2(x—2) (x,y #0).
D Loi gidi.
V6i x,y # 0, ta co
K = gxzy?’ : (—%xy) +2x(y—1)(y+1)+2(x—2)
= 222 +20(y® — 1)+ 20 — 4= 2wy + 229° — 20+ 20 — 4 = —4.

U

Vay gia tri ctia biéu thitc trén khong phu thudc vao gia tri clia bién.
11. cHiA A THUC cHo poNTHUC [



¢S Bai 3. Tim tat ca cac sb6 tu nhien n > 1 dé da thic A chia hét cho don thic B.
a) A =d4x"y?% B =3x3y" L.

b) A= Tz""1y® — 5z3y*; B = 5z

c) A=ty + 3233 + 2%y B = 4a"y?

® Loi gidi.

/A 4$n+1y2

a) TaCOEZ?)x?)—yn_l.

n+1>3 {n22 [nz?
~ = B

Da thitc A chia hét cho da thiic B < {
2>n-—1

) A 7xn—1y5 _ 5$3y4 7xn—1y5 5-773:94
b) Ta c6 = = — — '

B Sx2yn Sa2ym Sx2yn

n—1>2
.z n>3J3 n=3
Da thic A chia hét cho da thic B & <5 >n = =
n<4 n =4.
4>n
) A £U4y3 + 3x3y3 + x2yn x4y3 3x3y3 1132:1./”
c) Taco = = 3 = 2 2 2

B 4x™y 4amy 4amy 4xm™y
4>n

) . 3>n n > 2

Da thtc A chia hét cho da thic B < & Sn=2.
2>n n <2
n > 2
O
Bai @ CHIA DA THUC MOQT BIEN DA SAP XEP
@ = o
v

Q LY THUYET

Nguoi ta ching minh duge rang ddi véi hai da thiic tuy ¥ A va B clia cing mot bién (B # 0), ton tai
duy nhat mot cip da thitc Q va R sao cho:

A=B-Q+R

trong d6, R = 0 hoiic bac cia R nho6 hon bac cia @ (R duge goi la du trong phép chia A cho B).
Khi R = 0, phép chia A cho B 1a phép chia hét.

$>Vidu 1. Thyc hién phép chia:
a) (2zt — 1323 + 1522 + 11x — 3) + (22 — 4z — 3)

b) (5a® —3x2 +7) + (22 +1).

® Li gidi.

IS B CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



(22" — 132® + 1527 + 11z — 3) + (2 — 4z — 3)
= (2x4—8x 2 — 5% + 2027 +15x+w2—4$—3)+(9€2—4x—3)
= (2$2—5x+ )-(x2—4x—3) +(x2—4x—3)
= 227 —br+1
b)
(5x3 327 + 7) (m2 + 1)
= (52° + 5z — 32® — 3 =Bz +10) + (2 + 1)
= [(5z —3)- (® +1) — 5z +10] + (2* + 1)
= br—3 (du — 5z +10).
[
[ —
$>Vidu 2. Thyc hién phép chia:
a) Ching minh n® — n chia hét cho 6 v6i moi s6 nguyén n.
b) Chiing minh n° — n chia hét cho 30 véi moi s6 nguyen n.
e

® Loi gidi.

a) Tacon®—n=mn(n—1)(n+1) la tich ctia ba s6 nguyen lién tiép nén n® — n chia hét cho 2, 3
tit d6 suy ra n® — n chia hét cho 6.

b) Tacon’—n=nn*—1)=nn?*-1)(n*+1)=nn—-1)(n+1)(n*+1)

@ Don®—n=n(n—1)(n+1)(n*+1) nén n’ — n luon chia hét cho 6  (1).
® +) n=5k (ke€Z). Khidé
nib5suyran®—n:b.
Y n=5k+1 (keZ). Khido
n—1=5k:5suyran®—n:b5.
+) n="5k+2 (k€Z). Khi do
n?4+1=0k+2)°+1=25k>+20k+5 : Ssuyran®—n:b.
) n=5k+3 (keZ). Khido
n?+1=(5k+3)°+1=25k>430k+10:5suyran’® —n:5.
+) n=>5k+4 (ke€Z). Khido

n+1=5k+5:5suyran®—n:5.

Suy ra véi moi s6 nguyén n thi n® —n luon chia hét cho 5 (2).

Tt (1) va (2) suy ra n® —n luon chia hét cho 30.

e BAI TAP

12. cHIA DA THOC MOT BIEN DA sAp xEr [T



$>Bai 1 (8D1BC). Thuyc hién phép chia

323 — 4% + 13z — 4) + 3z — 1),

—62% + 523 + 172% — 232+ 7) =+ (=322 — 22 + 7).

(
(
(
(
(62° + 22° — 22* — 1523 + 2% + Tz — 2) + (32 + z — 1).
(
(2t =223 — 22 +1) = (22 = 1).

(

x5 —4x3 — 22?2 + 1) + (22° — 5z + 2).

® Loi gidi.

a) (@8 —a2?+2+3)+ (z+1)

P -2 4z +3 | z+1
—x% —x? 2?2 — 22+ 3
—22% +x  +3
20?2 2z
3xr  +3
—3xr -3
0

b) (23 —62% — 92+ 14) = (x — 7)

w3 —62% =9z +14 | x -7
—a% +72? 4 x—2
2 —9x +14
—a? 4T
—2r +14
+2r —14
0

¢) (12z% + 423 + 9z + 3) + (3x — 2)
Bi CHUONG 1. PHEP NHAN VA PHEP CHIA CAC DA THUC



1224 +423 +9z +3 3r—2
— 4 3 8 43
122* +8x 4z 4 422 4 gx n »
1223 +9z +3
—1223 +8x2
8z2 49 +3
4—3x +3
3
_ 43 N 86
3 9
113
9

d) (3z% — 4z +13x —4) = 3z — 1)

328 —4r*+13x —4 |3z -1
—323 +a? x> —x+4
—322+13z —4
322 —x
120 —4
—12x +4
0

e) (620 +22° — 2% — 1523 + 22 + Tz — 2) + (32? + 2 — 1)
628 +22° —22* —152° +22 +Tx —2 32+ —1

—62% —22° 4244 2xt — bx + 2

—1523 422 +7Tx -2

+1523% +52% —bx

622 +20x —2
—62%2 —2x +2
0

f) (—6x' + 52% + 1722 — 232 + 7) + (=322 — 20+ 7)
12. cHIA DA THOC MOT BIEN DA sAp xEr [N



—6x* 4523 +172%2 —23x +7

+6x* +423 —1422

93 +322—-23z +7

—923 —622 +21x

—3x% —2x +7

+32% +22x —7

g) (zt =223 — 2>+ 1)+ (22— 1)

=203 —x? +1

—xt +a2

—223 +1

+223 —2x

2z +1

h) (2° —42% — 222 + 1) + (222 — 5z + 2)

0 —4x3 —272

5
b ot 3

312 -2 +7

222 —3x +1

+1

222 — b + 2

2
éx‘l —5a3 —222 +1
5) 25 5}
_5334 ng 51'2
5 9
7R +1
5) 25 )
_A_L:CS gl‘Q —le'
1, 5
o, 5% 1
_x —_— JE—
8 16 8
T 1
16 8
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> B&ii 2 (8D1BC). Tinh

a) (4ot + 122%y% + 9y*) + (222 + 3y?). c) (272% — 8y%) + (3z — 24?).
b) (64a%b* — 49m*n?) = (8ab + Tm?n). d) (2723 + 8y°) + (922 — 6zy* + 4y*).
® Loi gidi.

a) (4 4+ 122%% + 9y*) = (222 + 3y2) = (222 + 3y%)° = (222 + 3y?) = 222 + 3y

b) (64aQb2 — 49m4n2) + (8ab + 7m2n) = (8ab — 7m2n) - (8ab + 7m2n) + (8ab + 7m2n)

= 8ab — Tm?’n.

c) (27x3 - 8y6) + 3z — 2y2) = (3z — 2y2) (9x2 + 6ay® + 4y4) <+ 3z — 2y2)
= 922 + 6ay? + 4y

d) (272% +8y°%) + (92° — 6zy* + 4y*) = (3z + 2¢°) (92° — 6zy® + 4y*) + (92° — 6zy* + 4y*)
= 3z + 2%

/

> Bai 3 (8D1BC). Xac dinh sb hitu ti a sao cho
a) Da thiic 422 — 6z + a chia hét cho da thiic z — 3.

b) Da thitc 222 + = + a chia hét cho da thic x + 3.

c¢) Da thiic 322 + ax — 4 chia hét cho da thic z — a.

® Loi gidi.

a) (42? — 6z +a) = (x — 3) = (4x + 6) du a + 18.
Theo yéu cau bai toan, ta c6
a+18=0%4a=—18.

Vay a = —18 théa yéu cau bai toan.

b) (222 +x+4a)=+ (x+3) = (22 —5) du a+ 15.
Theo yéu cau bai toan, ta c6
a+15=0%4a=-15.

Vay a = —15 thoéa yéu cau bai toan.

c) B3z +ax —4)+ (v —a) = 3z + 4a) du 4a® — 4.
Theo yéu cau bai toan, ta c6

1
da? —d—0oa’=1e |"
a=—1.

Vay a = 1 ho#ic @ = —1 théa yéu cau bai toan.

[
12. cHIA DA THOC MOT BIEN DA sAP xEr DI



> Bai 4 (8D1KC). Xac dinh cac hé sb a va b sao cho da thic z + az® + bz + b chia hét cho da
thic z2 — 1.

o Loi gidi.
Ta c¢6 (z* +ax® +br +b) + (2 — 1) = (2* + ax + 1) du (a + b)z + b+ 1.

Theo yéu cau bai toan, ta c6
a—i—b:()@ a=-b=1
b+1=0 b=—1.

Vay a = 1 vd b = —1 thda yéu cau bai toan.
$>Bai 5 (8D1KC). Tim n € Z dé 2n? — n + 2 chia hét cho 2n + 1. \
® Loi gidi.
2n  —n+2 2n°+n—-2n+2 n2n+1)—2n+2 2n+1-3 m 3
— — = nN—-—-—-=n — .
2n+1 2n+1 2n+1 2n +1 2n+1

Theo yéu cau bai toan, ta ¢6 3 ¢ (2n + 1) hay 2n + 1 1a ude ciia 3. Tt d6 suy ra

m+1=1 n =0 (nhan)
2n—|—1:—1(:) n = —1 (nhan)
2n+1=3 n =1 (nhan)
2n+1=-3 n = —2 (nhan).

Vay n € {—2;—1;0; 1} théa yéu cau bai toan. O
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Chreng 2

PHAN THU'C PAI SO

BAI 1,2,3,4. PHAN THU'C DAI SO

@ TOM TAT LY THUYET
a) Dinh nghia:
. . A
Mot phan thic dai so la mot bieu thitc c6 dang 7 trong d6 A, B la nhing da thiic va B khac
da thitc 0. A duge goi la tit thic (hay tt), B duge goi la mau thic (hay mau).

Mai da thiic cling duge coi nhu mot phan thitc v6i mau thic bang 1.

b) Hai phan thiic bang nhau:
A C
E—BHGUAD—BC

c¢) Tinh chat:

A A M R . )

O] E = m (M l1a da thic khac 0)
A A+N . , .
=B N (N la nhan ti chung ctia A va B).

d) Rat gon phan thic:

® Tim diéu kien dé phan thiic c6 nghia.
® Phan tich ci tit va mau thanh nhan t (néu can) dé tim nhan ti chung.

@ Chia ca tit va mau cho nhan tit chung.
e) Qui dong mau thrc:

® Phan tich cdc mAu thiic thanh nhan tit roi tim mau thic chung.
® Tim nhan tit phu ctia mdi mau thiic.

@ Nhan ca ti va miu ciia méi phan thic véi nhan tit phu tuong tng.

e BAI TAP
| $>Bai 1. Rit gon phan thiic




9— (z+5)?
2 +4x+4°

3x3 —2x2+4x—5

8 =1

62 +3x —9

(*+1)(22—-1)

x3—Tr—6

202 — 1 — 6

472 + 122 + 9

22(x — 3)2 + 4x(x — 3)2 + 4(x — 3)%’

0 xt =512 +4
x4 — 102249

)2ﬁ+6x+2

& o _3z_2

a?x2y? —y? — a2z + 1

h)

a2z2y? — 2 + aay — y
2ry — z2 + 2% — ¢?
224+ 22 —y2 + 222

i)

a) Ta co

b) Ta c6

c) Taco

9— (z+5)>

® Loi gidi.

3% — (x+5)?

2 +4x +4

3x3 — 222 +4x -5

(x +2)?
B3—xz—-5)3+z+5)
(z +2)?

(—x —2)(z+8)
(x +2)?
—(x+38)
x4+ 2

33 =32+ 22 —x+5x—5

622 +3x—9

622 — 6z + 9z — 9
32%(x — 1)+ z(x — 1) +5(x — 1)

6x(z —1)+9(x —1)
(x —1)(3z* +z +5)

(z — 1)(6z +9)

3x2 +x+5

6x +9

B CHUONG 2. PHAN THUC PAI SO




d) Ta co

2 —Tr—6 3 — 322+ 322 —9r +2x — 6
22(x — 3)? + dz(x — 3)%2 + 4(x — 3)? 22(x — 3)? + 4dz(x — 3)%2 + 4(z — 3)?
2?(x — 3) 4+ 3z(z — 3) + 2(x — 3)
(x —3)%(22 + 4z + 4)

(z —3)(z* 4+ 3z +2)

(x —3)%(z+2)2

2?4+ 31 + 2
(z = 3)(z +2)?
z® + 22+ x + 2
(x —3)(z+2)?
r(r+2)+x+2
(x —3)(z+2)?
(x+2)(x+1)
(z = 3)(z +2)?

r+1

(x=3)(x+2)

e) Ta co

4% + 122 +9 (22 + 3)?
202 —x —6 202 —4x + 32 — 6
(2z +3)?
20(x —2)+3(x —2)
(22 + 3)?
(x —2)(2x + 3)
20+ 3
r—2

f) Ta co

xt —bx?+4 xt—ax?— 422+ 4
4 — 102249 4 — 22 —9224+9
222 —1) —4(22 = 1)

l

x2(2?2 — 1) —9(22 — 1)
(22 = 1)(z* — 4)

(22 = 1)(2? = 9)

2 —4

2 =9

g) Ta co
222 + b + 2 202 + x4+ dx + 2

202 -3z —2 2224 — 4w —2
r(2x 4+ 1)+ 22z + 1)
2z +1) —2(2x+ 1)
2z +1)(z +2)
2z 4+ 1)(x —2)
x+2

xr— 2

1. BAI 1234, PHANTHUC PAI SO [T



h) Ta co

2

ar?y? — y? — a2a?

+1

a2z2y? — 2 + a2y — y

i) Ta co

2zy — 2% + 22

2

-y

22+ 22 —y? + 212

_1)

P~ 1) - (@
Y

2(a?2? — 1) + y(a?2? —
2

(a®z® = 1)(y* = 1)
(a?z? — 1)(y* +y)
(y—Dy+1)
y(y+1)
y—1
y

22 — (2% — 2zy + 1?)

22+ 22+ 2wz — 92

2> — (v —y)?

(x4 2)2 —y?

Y
(z—x+y)(z+x—y)
(x+z—y)(x+2+y)

Z—T+Y

r+zty

)

> Bai 2. Chitng minh déng thic

) a3 —4a® —a+4 a+1 b) x2 + 3zy + 22 1

a = . = .

ad —Ta?>+14a—8 a—2 3+ 202y —xy? — 2y x—vy
® Loi gidi.

a) Ta c6

a® —4a> —a+4

a3 —7a%2 + 14a — 8

IEE = cHuonG 2. PHAN THUC PAI SO

a®—a®>—3a°>+3a—4a+4

a’® — a?> — 6a® 4 6a + 8a — 8
a*(a—1)—3a(a—1) —4(a — 1)

a’(a—1) —6a(a— 1)+ 8(a—1)

(a—1)(a* — 3a — 4)

(a —1)(a® — 6a + 8)

a’>—3a—4

a? — 6a + 8
a? —4a+a—4

a?

—4a —2a+8
ala —

4) +a—4

ala—4) —2(a—4)

(

(a—4)(a+1)
a—4)(a—2

) )

a+1

a—2°



b) Ta cé

2% + 3xy + 29> 22 + xy + 2xy + 297
x3 + 222y — xy? — 293 x3 — xy? + 222y — 293
z(x+y)+2y(xr+y)
w22 —y?) + 2y (2 — y?)
(z +y)(z +2y)
(% = y?)(z + 2y)

- r+y
(z —y)(z+y)
B 1
= =5
U
[ —
¢S Bai 3. Qui dong mau cac phan thiic
) 2 1 1 22—z 3r+3 2z
36a2b> — 1’ 6ab+ 1" 6Gab—1 °) 22—1" 22 =2z +1 2242z +1
x 2z 1
b) : : :
23 —27 -3 22+ 3z+9
N\ ——
® LOi gidi.
) 2 1 1
Y 3642 — 1’ Gab+ 1’ Gab— 1
Ta c6 mau s6 chung la 36a?b? — 1 = (6ab — 1)(6ab + 1).
1 1-(6ab—1)  6ab—1
6ab+1  (6ab+1)(6ab—1)  36a2b% —1°
1 1-(6ab+1)  6ab+1
6ab—1  (6ab+1)(6ab—1)  36a2b? — 1’
2 1
b) T | T | ‘
23 =27 -3 2243z +9
Ta c6 mau s6 chung la 23 — 27 = (z — 3)(2? + 3z + 9).
20 2z(@*+3x+9) 22462+ 18
r—3 (v—3)(22+32+9) 327
1 B 1-(z—3) _r—3
224+3r+9  (22+3z+9)(x—3) 23-27
U
BAI 5, 6, 7, 8. PHEP CONG, TRU, NHAN, CHIA CAC
Bai PHAN THUC DAI SO
® - ®

N

Q TOM TAT LY THUYET

a) Phép cong phan thitc: Mudn cong hai phan thiic c¢6 cing mau, ta cong cac ti thiic véi nhau va
gitt nguyén mau thitc. Muén cong hai phan thiic c6 mau thitc khac nhau, ta quy dong mau thrc
roi cong cac phan thic ¢6 cliing mau thite. vita tim duge.

Tinh chat

2. BAI5,6,7,8. PHEP CONG, TRU, NHAN, CHIA CAC PHAN THUC pAIsO IR



Q

A
® Giao hoan 3 + = =

A

B
A c> A (0 E)
@Kethdp(B+D ta=zt 5+7

o
H|y OIQ

b) Phép trit phan thiec:

A C A
B D B
¢) Phép nhan phan thic:
A C_
B D
A C C A
® Giao hoan 5 DD B
A C) E A (C’ E)
@KethOp(BD " B \DF
A (C’ E)
© Phan phoi ddi v6i phép cong 5 5—1—?

d) Phép chia phan thic:

I
|
SlQ
_|_
=
Blis

A C A D(C )
B D B c\n”Y
QBAITAP
¢ Bai 1. Thue hién phép tinh
) 7> N T2 N 1 N 1
. r+1 z—-1 z+1 x-1
1 1 1
b>:10—1_(1—x)(x—2)+(:c—2)(a7—3)’
9 L 2 ., 3 _
2-3r+2 (2-2)3-2z) (1-z)(x—-3)
2z Y 4

22 + 2zy 2y2—xy+x2—4y2’

2c+1 n 3212 1 -2z
202 —x 1 — 4a2 2x2—i—x

<x+y_ Qx) 0=

x z—vy/ z24+92’
) ab + a® a2—10a—|—25—b2.
& b2 — 5b + 5a — a? a? — b2 ’
T r—>5 2 — 5 T
(ot 2es) B e
) 2 —-25 245z $2+5$+5—x

2cr+9  bxr—8 2r+9 4r-3
x—5 x+1945 -5 x4 1945’

B CHUONG 2. PHAN THUC PAI SO




) 1 2x 1 ‘
) 213212 DrdP 4z 245546
K) 1 I 3ab i a—b
a—b a®—0  a?2+ab+b?’
5 1 . 1 . 1
(a—b)la—c) (b—c)(b—a) (c—a)(c—0b)
1 1 1 1 '
m) x(a:+1)+(x+1)(x+2)+(x+2)(:c+3)+"'+(a:+9)(x+10)’
2 2 2 2
W o T veets  24l0ztod | Pridrtas
1 1 2 4 8 16
) 1—9v+1—}—:1c+1—|—x2+1—|—x4+1—|—:108_1—:17167
z—1 (z-1)(z*+4z+1) —4z 4z
P)Z:—— - 922 + 2z w—12 -1
- |
@ Loi gidi.
a) Ta c6
x? x? 1 1 P-4+ 2°@@+1)+ (-1 +(z+1)
x+1+x—1+x—|—1+x—1 B (x4 1)(x—1)
-+t —14r+1
B (x+1)(z—1)
'+ 2 x(aP4a42)
(e Dx—-1) (z+1)(z—-1)
Cw(@P414z+1)
(24 Dz -1
o zfz+ )@ -+ 1)+ (x4 1)
N (x+1)(x—1)
_x(x+1)(m2—x—|-2)
n (x4 1)(x—1)
_x(2®—x+42)
N r—1 '
b) Ta co
1 1 1 1 1 1
=1 (-0)@-2 @-2@=3 -1 @-1@-2 @-2@-3
1 1 1 1 1
_x—1+x—2_x—1+x—3_x—2
1
=3

2. BAI5,6,7,8. PHEP CONG, TRU, NHAN, CHIA CAC PHAN THUC pAI O BN



c) Taco

1 2 3
P _3r12 C—0(B-2)  (-2)z=3)
_ 1 + 2 N 3
(1-2)2-2) @C-2)B-2) (A-2)z-3)
_ 1 + 2 N 3
l—-z)2—2) (2—-z)3—2) (1—z)(x—23)
3 —z42-(1-2)+3-(2—12)
(1—2z)(2—2)(3—x)
B 11 — 6z
 (I-2)2-2)3—2)
d) Ta co
2x B Y n 4 B 2x Y 4
24 2xy 22 —xy  x? — 4y? x(a;—l— 2y)  y(z —2y) (a:4— 2y)(x + 2y)
1
—x+2y+x—2y+(x—2y)(x+2y)
2w —2y)+ (v +2y) +4
(z + 2y)(x — 2y)
_ 3r—2y+4
(zt2y)(z - 2y)
e) Ta co
20 + 1 3222 1—2x 20 +1 3222 1—2x
202 —x 1 —422 2+ :x(2x—1)_(2x—1)(2x+1) r(2x + 1)
(20 +1)% —322° — (20 — 1)?
B (22 — 1)(2x + 1)
_ 8x — 323
22z - 1)(2z+ 1)
_ —8z (422 — 1) _ g
z(2x — 1)(2x + 1) '
f) Ta co
(x+y_ 2z ) y—o  _(@tylr—y -2 y-ux
T r—y/ x?+y>? x(r —y) 2 + 92
PP @y
- 2(r—y) x4+ y?
_ @4y —(@—y)
r(r—y) 2?2+ y?
1

I = cHuonG 2. PHAN THUC PAI SO



g) Ta co

ab + a? a* —10a + 25 — b?
b2 —5b + 5a — a? a? — b?
_ a(b+a) (a—5)? -0
(b—a)(b+a)—5b—a) (a—Db)(a+Db)
B a (a—=5+b)(a—5-0)
T (b—a)bt+a—5) a—b
_ —ala—b—5) alb—a+5)
(a —b)? (a—b)*

h) Ta co
r—=51Y\ 2x-5 x
<x2—25 x2+5x)'x2+5x+5—x
B ( =5 ) 2x =5 x
N ( x+5 ~z(x+5)) z(z+5) -5
P x—5) z(z+5) x
" z(w—-5)(z+5) 220-5 x-5
B 52z —5) x(x +5) x
" z(z-5)(x+5) 220-5 x-5
B ) x
T r—-5 x-5
dD—w
B x—5:_1.
i) Ta c6

2c+9  bx—28 20+9 4x -3

t—5 141945 x-5 x4+ 1945
2r+9
= GomG i (T8 -(e-3)
2r+9
" (z—5)(z + 1945) (@ —5)
2x+9

x4+ 1945
2. BAI5,6,7,8. PHEP CONG, TRU, NHAN, CHIA CAC PHAN THUC pAI O [T




j) Ta co

1 2z 1

x2—|—3x+2_m3—|—4x2—|—4m+x2+5x—|—6
1 2 1

Gt D)@+2) 2@+2?  (@+2)@+3)

2 n 1 )
1 x4+2 x43

1 n 1 1)
1 z+2 x4+3 x+2

1 B 1 )
(x+1)(z+2) (z+2)(x+3)

k) Ta co

1 3ab a—2> 1 3ab a—2>b
b P @t a=b @b+l Erabtl?
a’+ab+b* + 3ab+ (a — b)?
(a —b) (a®+ ab+ b?)
2a? + 2ab + 2b*
(@ —10) (a® + ab + b?)
o 2(a* 4 ab+b?)
~ (a—b) (a2 + ab+ b?)
2
a—b

) bata—b=x;b—c=y;c—a=z Suyraz+y+2=0. Taco

1 1 1
a—Da—c b=—0b-a) lc—ajfc—b)
(1 1 1)
xz  xy Yz
. _y+z+x_0
N ryz
m) Ta co
111
v(x+1) = x+1
1 ! 1
(z+D(x+2) z+1 x+2
1 1 1

(x+9)(z+10) 249 z+10
I & cruonG 2. PHAN THUC PAISO



Cong vé theo vé, ta dugc:

1 1 1 1 1 1
+ + +o+ == -
zx+1) (+1)(x+2) (r+2)(xr+3) (x +9)(x + 10) r x+10
10
z(x +10)
n) Ta c6
2 n 2 n 2 n 2
2?2 +2x  224+62+8 224100424 224 140+ 48
2 2 2 2
r(zr+2) (x+2)(z+4) (z+4)(x+6) (z+6)(r+38)
Ta co

2 11
r(z+2) 2z x+2
2 1 1
(z+2)(z+4) z+2 z+4
2 1 1
(x+4)(z+6) z+4 x+6
2 1 1
(x+6)(z+8) x+6 x+8

Cong vé theo vé cac dang thiic trén, ta duge:

0) Ta co

2 2 2 2 1 1
x2+2x+x2+6x—|—8+x2+10x+24+x2+14x+48 Tz z+8
8
~ 2(z+8)°
1 n 1 N 2 N 4 N 8 16
l—2z 142 1422 1424 1428 1—gl6
_ 2 .2 4 . 8 16
o1 —a2 1422 142t 1428 1—gl16
_ 4, 48 16
o l—azt 14zt 1428 1 —gl6
8 8 16
— + —
1—28 1428 1—216
16 16
T 16 1 _ 16

0.
2. BAI5,6,7,8. PHEP CONG, TRU, NHAN, CHIA CAC PHAN THUC pAI SO [IIEEIR



p) Ta co

r—1

(m—l)(m2—|—4x+1).

—4x

472

X .

2

2 222 + 2
(x—1)(z* +4z + 1)

—4x

(x —1)?

2 —1
422

2e(x + 1)
2 (2% + 4z + 1)

x—l_
2

(z —1)2

472

z—1
2x

(x4+1)(x—1)
2(2* + 4z +1)

(= 1D)(z+1)
— 42

r—1
2v 22 +8zr+2
r—1 (z+1)(x—1)
2x(x + 1)

(x+1)(z—1)

222+ 8x + 2

(x—1)(z+1)
10z + 2
(x+1)(z—1)

(x+1)(x—1)

C(x—=1)(z+1)

[—
4> Badi 2. Chitng minh cac dang thiic sau (gia st cac dang thiic déu c6 nghia)
) 4> —(z—3)>  2*-9 (2x—3)2—x2_1‘
9(z2—1) (2z +3)2 —22 422 —(z+3)2
Yy—z zZ—x T—y 2 2 2
b + = + + .
-2 G- G-Ne-w -y sz i-s
® Loi gidi.
a) Ta co
da* — (x=3)* 29 (22 — 3)% — z?
9(x2—1) 2z +3)2 —a?  4a? — (z+ 3)?
(2z—2+3)2r+x-3) (x —3)(z + 3) 2z —3—2)(2z — 3+ x)

9z —1)(x+ 1)

2x+3—2)2z+3+ )

_ @43)Br-3) (z-3)@=+3)  (z-3)3z -3
Yz —1)(xz+1) (x+3)3z+3) (z—3)(3x+3)

_ 3x+3)(x—-1) (z=3)(+3) 3@-3)(x-1)
Iz —1)(z+1) 3x+3)(z+1) 3(x-3)(z+1)

T +3 xr—3 3(3:—1)

T 3@+l 3@+D  3@rl)

43— (x—-3)+3(x—1)

B 3(z+1)

3z +3

3w+ 1)

= 1
B CHUONG 2. PHAN THUC PAI SO

(2x —x —3)(2z + z + 3)



b) Ta co

Yy—z Z—T T — 2 n 2 2
(—y)r—2 H-2)y-2) (-2)z-y) z-y y—z =z-zx
_ ) —-y w—2)-y—2)  (—y —(z—2)
(z —y)(z —2) (y—2)(y —x) (z—2)(z —y)
o 1 1 1 1 1
 r—y r—2 Y—z2 yYy—x 22— Z—y
1 1 1 1 1 1
= + + + +
rT—y z—x Yy—z T—Yy - Y—2
2 2 2
= + +
rT—y yYy—z z2—x
U
[—
> Bai 3. Xac dinh a, b, ¢ dé c6 hing dang thiic ding:
) oz + 31 a b b) 3r+5 a i b
a e — N = N
(x=5)(x+2) -5 x+2’ (z—1)2 2z-1 (z-1)%
922 — 16z +4 a b c
¢) ———=—+ .
3 —3x2+2x v x—1 x-—2
e
D Loi gidi.
. 5z+31 8(z+2)—3(x—5) 8 3 a b
a) Ta co = = — = _ _
(x —5)(x+2) (x —5)(z +2) r—5 x+2 x—-5 x+2
Suyraa=8,b=3.
3r+5 3x—1)+8 8 a b
b) Ta c6 = = =
R Py P e Sl Py s S P 1
Suyraa=3,b=38.
c) Ta cod
922 — 162 + 4 20?2 — 62 + 4+ Ta* — 10z
3 — 3?2 + 2 3 — 322 + 2
2(z* — 3z +2) x(7x — 10)
x(z? —=3x+2) z(2? -3z +2)
2 Tr — 10
x  x?—3r+2
2 4x—-1)+3(x—2)
x (x —1)(x —2)
2+ 3 n 4
r -1 x-2
a+ b c
r -1 x2-2
Vay a =2,b =3, c = 4.
U
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BIEN POI CAC BIEU THUC HUU Ti - GIA TRI CUA
B PHAN THU'C DAI SO
_

‘;”Iyﬂnuét

2

1. Biéu thitc httu ti

© Dinh nghia 3.1. Biéu thitc 1a mot phan thiic hogc biéu thi mot day céc phép toan: cong, trit,
nhan, chia trén nhitng phan thitc duge goi 1a biéu thic hitu ti.

2z

-2
$>Vidu 1. Biéu thic % biéu thi phép chia tong

2 —1

2
2 ch
az:—l+ Cox2—1

2. Bién ddi biéu thiic hitu ti thanh mét phén thirc

® Nho cac quy tac ctia phép toan cong, trit, nhan, chia cic phan thiic ta cé thé bién doéi mot biéu
thitc hitu ti thanh mdt phan thiec.

3. Gia tri cua phan thic

® Khi lam nhitng bai toan lién quan dén gi tri ctia phan thic thi ta phai tim diéu kién ctia bién
dé gia tri tuong ting ctia mau thitc khac 0 (néi cach khac la didu kien dé gid tri cia phan thitc
duge xac dinh).

©@ Néu tai gia tri ctia bién ma gia tri cia mot phan thitc duge xac dinh thi phan thic ay va phan

thic rat gon ciia n6é ¢6 cung mot gia tri.

&> Bai 1. Bién doi mdi biéu thiic sau thanh mot phan thic dai s6
1 2 2 2
1+~ 1+-— S
a) ? b) — c) 1951
z— = 14 S
79 2 +1 x oy
e
® Loi gidi.
1
1+ 1 1\ z+1 z—1 41 =z  z+1
a) = 1+—):lze——| = : = . = .
X x x T x

T r—1 x-—1
$ z
IS = cHuonG 2. PHAN THUC PAI SO



2
T (2 (1)
14 x x—1 2+ 1
2+ 1
o+l 2’41422
S rx—1" 2?41
x4+l (z+1)7?
-1 2241
ozt 2t +1
T -1 (z41)?
B 2241 _a:2+1
S (r-D(@@+1) a2-1
2% — 2
¢ & :w2—y2.<1_1):x2—y2.y—x_(x—y)(“y)‘ vy _ (aty)y
1 r  \z oy r  xy x —(z —y) rT—y
r Yy

U
> Bai 2. Tim cac gia tri ctia = dé gia tri clia cac phan thic sau dude xac dinh
3T + 2 20 — 1
. b .
2) x? — 6x ) 22— 3
@ Loi gidi.
a) Phan thic xac dinh khi 22 — 62 #0 < x(x —6) #0 < x £ 0 va x # 6.
b) Phan thiic xac dinh khi 22 —3 # 0 < 22 # 3 < 2 # +/3.
U
| —
.. ) ) (x —1)2 1—22% + 4z 1 >+
$>Bai 3. Cho phan thic M = — : .
© Phat e 3z + (z—1)2 3 —1 +x—1 x4z
a) Tim diéu kién clia x dé gia tri ctia biéu thitc xac dinh. Rat gon M.
b) Tim gia tri cia z dé |M| = 1.
N\ ——

D Loi gidi.

3. BIEN BAI CAC BIEU THUC HOU T - GIA TR cUA PHAN THUC BAI SO [T



a) Biéu thiic M x4c dinh khi x # 0 va z # +1.

_{ (x —1)? 1—29[;2—1—43(;jL 1 }_xQ—l—a:
3z + (v —1)? 3 —1 r—11 23 +x
_[ (x —1)2 1—22% + 4o I 1 z(x+1)
T2zl @-D@E2+a+1)  z—1] z(@2+0)

(x+1P—(1—-22+4a)+ (x> +2+1) z+1

(x —1)(22+ 2+ 1) T2 41
_x3—3x2—|—3x—1—1+2x2—4x+x2+x+1 2+ 1
B (z—1)(z22+2+1) r+1

-1 2*+1 2?41
-1 z+1 z+1°

M| =1
22+ 1
z+1
sle?+ 1] = |z + 1]
er?+1l=x+1lhoacz?+1=—-z—-1
o’ —x=0hoac 2’ +x+2=0.

@ 2> —2=0&zx(x—1)=0« z =0 hoic z =1 (khong thoa DKXD).

-

1\* 7
@x2+x+2:0(:>(x+§) +Z:0(valy).

Vay khong c6 gia tri z nao dé |M| = 1.

r+1 x-—1 x2—4x—1) x + 2003

Bai 4. a 1 :( —
< Ba Cho phéan thic K 1 x+1+ e

z
a) Tim diéu kién xac dinh cta K va riat gon K.
b) Tinh gia tri cia K khi z = 2.

c¢) Tim céc gia tri x nguyén dé K c6 gia tri nguyén.

® Loi gidi.

a) Biéu thic K xac dinh khi o # 0 va o # £1.
(x+1_:c—1+:52—4x—1> x + 2003
r—1 x+1 x?—1 x
(41— (z—1)P2+ (2 —4x—1) x4 2003

(x —1)(x+1) x
(@ +20+1)— (2 =22+ 1)+ (2* —4z — 1) x4+ 2003
B (z — Dz +1) R
P42+ 1—2* 42— 142 —4r—1 42003
B (z— Dz +1) R
_:Uz—l r+2003  x+ 2003
T 2-1 oz oz

B CHUONG 2. PHAN THUC PAI SO



b) Thay x = 2 vao biéu thitc K, ta c6

x + 2003
T 1y

K =
c) .

X

2003

o 2+ 2003 _ 2005.
2 2

K nhan gia tri nguyén khi z 1a uéc nguyén ctua 2003.

Vay z € {+1;+2003}.

[
Sp 7 1 10 — 22
<> Bai 5. ChobiéuthfrcA:( ’ + 2 + ):(:E—Q—I- 0 91;)
2—4 2—x x42 T+ 2
a) Rat gon A. b) Tim = dé A < 0.
@ Loi gidi.
a)
x 2 1 10 — 22
- ) (a2
x2—4 2—x+x—|—2 * + x+2
L r—2@x+2)+ (x—2) (2 —4)+ (10— 2?)
B (x —2)(z+2) x+2
L r—2z—4+x—-2 22—-4+10-27
(2 -2)(z+2) x+2
— _6 . 6
S (z-2)(x+2) w42
B —6 r+2 -1
S (z—-2)(x+2) 6 x—2
b) A<Okhiz—2>0< 2> 2.
Vay A< 0khiz> 2.
]
| — \\
¢ Bai 6. Tim « nguyén dé gia tri ciia mdi bléu thitc sau la s6 nguyéen
-3 5) 7
A= . b) B = . =
) A= 1 ) B= o R
223 — 622 + 1 —8 3x2 — 1+ 3 2r + 3
D= . p=22_"%7° f =272
9 v—3 ° 31 + 2 ) 241
\ ——
® Loi gidi.

a) A la s6 nguyéen khi 2z — 1 14 uéc nguyeén clia 3.

=2z — 1€ {£1;£3}.
20—1 | -1 1

-3

3

T ‘ 0 1
Vay = € {0;1; —1;2}.

-1

2
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b) B la s6 nguyen khi 2% + 1 14 wéc nguyen cta 5.
= 22+ 1 e {£1;+5}.
2 +1 —1 1 -5 5
x| khong ton tai 0 khong ton tai 2
Vay z € {0;+2}.

c¢) C la sé nguyén khi 22 — 2 + 1 14 u6c nguyen cia 7.
= x? —z+ 1€ {+l;£7}

@r—r+l=1le2’-2=0&z2(r—1)=0% =0 hoicz=1.

1\* 7
@xz—x+1:—1<:>x2—:c+2:o<:>(x—§) +1:0(v61y).

@rP-z+l=Te -2-6=02"-30+2r-6=0&z(r—-3)+2(z-3)=0«
(x+2)(z—3) =0« 2z = -2 hoiic z = 3.

1\* 31
@x2—$+1:—7(:>:1:2—x+820(:)<x—§) +I:0(V61y).
Vay z € {0;1; —2;3}.
d)D:2:53—6.7:2—1—:6—8:2x2(x—3)+(33—3)—5:2x2+1_ 5 '
T —3 r—3 r—3
D 1a s6 nguyéen khi z — 3 1a uwéc nguyen cia 5.
=z —3 € {£1; £5}.
t—3| -1 1 -5 5
x | 2 4 -2 38
Vay z € {2;4;—2;8}.
322 —x+3 322 +2x—-3x—-2+5 z(B3x+2)—(Brx+2)+5 5
) E= = = =zr—1+ .
3r + 2 3x + 2 3z + 2 3x + 2

E 1a s6 nguyeén khi 3z + 2 14 u6c nguyen ciia 5.
= 32+ 2 € {+1;£5}.
Bx+2 | -1 1 -5 5
-1 -7
(chon)  (loai) (loai)  (chon)
Vay z € {—1;1}.

f) F 1a s6 nguyen khi

27 + 3i(x® + 1)
=2z + 3)i(x* + 1)
=227 + 3xi(2® + 1)
=2(z% 4+ 1) + 3z — 2i(2* + 1)
=3z —2)i(z* + 1)
= (62 —4)i(2* + 1).

Mat khéc (2z + 3)i(z2 + 1) = (6x + 9)}(z* + 1).

Suy ra (6x +9) — (62 — 4):(z* + 1) = 13i(2? + 1).
=22+ 1€ {£1;+13}.
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2?41 | —1 1 —13 13
x khong ton tai 0 khong ton tai  £+/12
(chon) (loai)

2:-043 B
Thit lai, 0 ++1 = 3 la s0 nguyén.
Vay x = 0.
[ —

4> Bai 7. Tim gia tri nhé nhat, gia tri 16n nhat (néu c6) ctia biéu thiic:

222 — 16 50
a) A= xz z + '
x4 — 8x + 22
5z? — 4 1
b) B o dotl
3
222 — 8x + 9
=L T2
) z2 —4x+5
1
d D=——"#8#+—.
) dr — 7 — 4a?
8r — 12
E=—.
°) z2+4
@ Loi gidi.
) A 222 — 16z + 50 n 6
a — = _—
x? — 8x + 22 (x—4)2+6
1 6
Taco (z—4)P2 >0 (z—4)°+6>6 ——— < - ———— < 1.
achlw—d720e@-df+6200 o g S g e T S
= A<2+1=3.
Vay gia tri 16n nhat ctia biéu thitc 1a 3, khong c6 gia tri nhé nhat.
40 —dr +1+2° 42’ +4o+1  2? 2x 4 1\ 2
b) B = x? - x? +ﬁ:< ) L
2z 4+ 1\?
Vi(x+ ) >0 nén B > 1.
x
Vay gia tri nhé nhat ctia B 1a 1, khong c6 gia tri 16n nhat.
202 — 8 9 1
g8 1
22 —4x+5 (x—2)2+1
1
Ta c6 (x —2)2 >0 -2241>1le —— <l - > 1.
acd =2 200 @-2 +lzlepmn g Sle -y 2
~C>2-1=1.
Vay gia tri nhé nhat ctia biéu thitc 1a 1, khong cé gia tri 16n nhat.
O D= 1 I
Cdr—T7—42? da?—da+T7 (20 —1)2+6
Ta co
(2r—12>00 20 —1246>60 — <o 71 1
- - (20 —1)246 — 6  (2zr—1)2+6 — 6

. s 1 o .
Vay gia tri nho nhat ctia bieu thic la —5 khong c6 gia tri 16n nhat.
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e) Taco

8r — 12
E+4=
+ 2 +4
—12+422+1
- E+4:8a: + 4x* + 16
24+ 4
472 4
& BE+4= z 8ot
2 4+4
2 2)2
2+ 4

(2 +2)2>0
Vi nen F+4>0< EF > —4.

2 4+4>4
Ta c6
8r — 12
E—1:;2+4—12
8r — 12 — —4
& Bol= : 2£2+i
— (2?2 =8z + 16
o goq ﬁéz )
—(z—2

ntn F-1<0&< E<1.

—(x—-2)*<0
Viq o,

e +4>4
Vay gia tri nhé nhat ciia £ 14 —4, gia tri 16n nhat cta E 1a 1.

r—y

$>Bai 8. Cho 0 < x <y va 3z2 + 3y? = 10xy. Tinh N = —
Ty

® Loi gidi.

32% + 3y* = 10y

& 322 +3y° — 102y =0
& 32 —ay+ 3y  — 92y =0
& 23z —y)—3yBr—y) =0
& (Bz—y)(z—3y)=0
N 3r—y=20

[z —3y=0

_y:3x
And 1

V=3

Do 0 < x < y nén ta chi nhan trusng hop y = 3.
r—y x—3r —2x
Suy ra N = = = =——.
r+y x+3x | 4w 2
By CHUONG 2. PHAN THUC DAI SO




_ 3x—2y
3z 42y

&> Bai 9. Tinh gia tri biéu thitc: A , biét 922 + 4y? = 202y va 2y < 3x < 0.

® Loi giéi.
Ta c6

922 + 4y* = 20y

& 927 — 18wy +4y* — 22y =0
< 9z(x —2y) =2y(zr —2y) =0
& 9z(z —2y)(92 =2y) =0
r—2y=0
“= Y
[9x=2y=0
Ny —
= y=_
2y = 9.

Do 2y < 3x < 0 nén ta chi nhan 2y = 9z.
3x—2y 3x—9r —6z 1

= = = — U
3r+2y 3xr+ 9 122 2
| —
> Bai 10. Tinh gia tri biéu thic:
S5a—b  3b—2a 7 7
) A= g Ty Ve vaafg =5 b# 3
2a —b 5b—
b) 3232_b+3a+‘b’ v6i 6a2 — 15ab + 5b* = 0 va b # +3a.
2xy .
c) szV013372—y2=21’y»y#2l’,y7é—3$-
3%y — 1
d) E:%V61x2—2:vy+2y2—2w+6y+13=07fﬁa?Héo-
Ty
— |

® Loi gidi.

a) Tac62a —b=7<b=2a—T1.

5a—b 3b—2a
3a+7  26—7
b5a— (2a—7) 3(2a—7)—2a

A =

3a+7 22a —7) =7
B 5a—2a+7_6a—21—2a
N 3a+7 da —14—7

3a+7 4a—-21

3a+7 4a—21
— 1-1=0.

b) Ta c6 6a*> — 15ab + 5b* = 0 < 15ab = 6a? + 5b°.

2a —b bdb—a
+
3a—b 3a+b
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(2a — b)(3a +b) + (5b — a)(3a — b)
(3a — b)(3a + b)
6a® + 2ab — 3ab — b?® + 15ab — 5b%> — 3a® + ab

9a? — b?
_ 3a®+ 15ab — 60
N 9a? — b?
_ 3a® 4+ 6a® + 5b* — 6b
B 9a? — b?
_ 9a® - b
~ 9a2 — b2
= 1.
c¢) Ta c6
3z — % = 2zy
& 3x2—3xy—(y2—xy):0
& 3z(r—y)+ylr—y)=0
& (x—y)Bx+y)=0
r—y=20
~
3z +y=0
- [y:x(nhan)
y = —3x (loai).

Thay y = « vao biéu thiic ban dau ta dugc

2xy 222 222

:y2+xy—6x2 o222 — 622 —4a2 2

x? =2y + 2y — 22 +6y+ 13 =0
& (z—y)’-2@2-y)+y+4y+13=0
& (r—y—1°+ (P +4y+4)+8=0
& (z—y—-17+y+2)°+8=0.

—y—12>0
DO{(JC Vo2 0 e =y 12+ (y+2)2 + 8 = 0 v0 nghiem.

(y+2)>>0
Vay khong ton tai £ thoa yeéu cau bai toan.

L]
\
¢S Bai 11. Cho s6 thuc z, y, thod man x +y =1 (z, y # 1). Chiitng minh rang:
oy 2Azy—a)
y3_1 3 —1 $2y2+3'
N\ e
® Loi gidi.
Ta c6 A A . .
VT = _© y _a-r—y+ty (@ -yh) - (z—y)

P-1 -1 P-1D)E -1 wyP+y+) @@ +a+1)
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Doz+y=1=y—1=—xvaxr—1=yneén

(z—y)(z+y) (®+y°) — (. —y)

VT =
zy (2?2 + e+ 2yl ey +y+ a4+ +1)
_ (zr—y) (®+y* - 1)
zy [22y? + zy(z +y) + 22 + y?> + ay + 2
@ p@—sti -y (@—yk— 1+ yly— 1)
vy [22y? + (v +y)* + 2] zy (2%y + 3)
_ @—yl(=y) +y(=2)] _ (z—y)(-2zy)
zy (2%y* + 3) y (¢%y + 3)
—2(z —y)
- 2TV _yp (4
x2y? +3 (dpem).
]
.. . b— b — —b
¢S Bai 12. Cho 3 86 thuc a, b, ¢ théa man o 2 € +bc @ _cta = 0. Chitng minh
a c ac
rang: trong ba biéu thiic ¢ vé trai thi c6 it nhat mot biéu thitc bang 0.
@ Loi gidi.
Tu dieu kién ta co
a+b—c b+c—a cH+a-0>
_ _ —0
ab be ca
- cla+b—c)—alb+c—a)—blc+a—Db) 0
abc
a’ —2ab+b* — 2
& =0
abc
- (a—b—c)la—b+c) _0
abc
a—b—c=0
a—b+c=0.
Vay trong ba biéu thitc § vé trai ciia biéu thiic da cho thi cé it nhat mot biéu thiic bang 0. O

&> Bai 13. Cho a, b, ¢ 1a cac s6 nguyén doi mot khac nhau. Chiing minh ring biéu thiic sau c6
03 3 3

@—ha—c  Gb-0b-a)  (c—a)c—b

gia tri nguyén: M =

® Loi gidi.
V- a? v N o
(@—bla—c)  (b-a)b—0  (c—a)c—b)
a3(b—c) b(a —c) A(a —b)

@—ba—ab-0 (a-ba-0b-c (a—bla-cb-o0
@b —c) = b(a—c) + Fa—b)
(a—b)a—c)b—0)
A
(a—b)(a—c)(b—rc)
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Ta co:

A = a*b—c)—b(a—c)+c*(a—0D)
= a*(b—c) —ab® + b’c + ac® — bc®
= a’(b—c)—a(b—c) (0> +bc+?) +be(b—c)(b+c)
= (b—c) (a® — ab® — abc — ac® + b*c + bc?)
= (b—c)la(a—b)(a+b) —bc(a—1b) — *(a—Db)]
= (a—0b)(b—c) (¢’ +ab—bc— )
= (a—0b)(b—0o)[(a—c)(a+c)+bla——c)
= (a=Db)(b—c)la—c)(a+b+c).

(a—0b)(b—c)la—c)a+b+c)
(a—b)(a——c)(b—rc)

Vi a, b, ¢ déu 14 s6 nguyen nén M ciing 1a s6 nguyen.

= M =

]
¢S Bai 14. Cho céc s6 thuc a, b, ¢ doi mot khac nhau théa: (a + b+ c)? = a? + b* + ¢%; a,b, c # 0.
Chtng minh
a? b? c?
2) a2+2bc+62+2ac+02+2ab ’
1 1 1 3
b) = 4 =4 ==
) a3 + b3 + & abe
_ |

® Loi gidi.
Theo gia thuyét, ta c6

(a+b+c) =a>+ b+
& a2+ 0+ P+ 2ab+ 2bc + 2ca = a® + b* +
& 2ab+ 2bc + 2ca =0
& ab+bc+ca=0. (%)

a® 4 2bc = a* + be + be
= a*—ab—ca+bc=(a—b)(a—-c).

Tuong tu, ta co

b+ 2ca = (b—c)(b— a)
¢® +2ab = (c —a)(c—b).

Tu do, ta duge

a? b? c?
a2+2bc+b2+20a+02—|—20a
a? b? c?
T a—ba—c) G-0b-a)  (c—alc—0

a*(b—c) —b*(a—c)+c*(a—10)
(a—b)(a—c)(b—c)
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a’(b—c) —V*[(a—b) — (c=D)] +c*(a—b)
(@ —1b)(a—c)(b—

a?(b—c) —b*(a—b) +b*(c—b) + *(a—b)
(a—0b)(a—c)(b—rc)

(b—c)(a—"Db)(a—rc)

= =1 (dpcm).

(a—"b)(a—c)(b—rc)

b) Tu (%) va a,b,c # 0, ta c6

Thay (1) vao (2),

ab + be + ca
abe

1 1 1
-—+-+-=0
a b ¢
1+1_ 1 (1
b ¢

a
1 1
< (ﬁz) (
3
ab?

=0

)
1
)y

3 a?b B3
1 3

1 1 1 1
Ftnati)tEmm ©

13
& S+ 4+
a

a®  abec b3 A
1 1 1
~ E—f—ﬁ —3—T(dpcm)
U
| —
$>Badi 15. Cho a + b+ ¢ = 0 (abc # 0). Rit gon biéu thic sau:
a? b? c2
A:a2—b2—c2+b2—02—a2+c2—b2—a2'
— |
® Loi gidi.
Theo gia thuyét
a+b+tc=0a+b=—
& (a+b)?=-c<ad®+b+3ab(a+b) = -¢
& @+ —3abe = - < a® + b2 + & = 3abe.
Laic6a+b+c=0a+b=—ca?+b+2ab=c*<c?—a?—b* = 2ab.
Tuong tq a® — b — ¢ = 2bc va b? — ® — a? = 2ca.
Khi do
a® b? c?
- a2—b2—02+b2—c2—a2+02—a2—62
G N b2 N ¢ a4+ +cE 3abe 3
-~ 2bc  2ac  2ab 2abc © 2abe 2
]
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M_(a—b+b—c+c—a)( & n a n b )
a c a b a—b b—c c—a/

o Loi gidi.
Theo gid thuyét

a+b+tc=0&a+b=—c
& (a+b)?=—-c<d+ b+ 3abla+b) = -
& a®+b —3abc =~ & a® + b+ =3abe. (1)

Mit khac, ta co

= 14— ( +
N a—2>b a b
¢ b —bc+ca—a?
a—> ab
¢c (b—a)(b+a—c)
- 1 )
+a—b b
¢c —(a=b)la+b+c—2c)
a—> ab
22 202

+ab +abc (2)

= 1+

Twong tu, ta co

b (a—b b—c c—a) 2°
4 =

T (1),(2),(3),(4), ta c6

2a® + 2b% + 2¢3
abc

2(a®+ 0+ @)
abc

6ab
= 34+ _346=0.
abc

M = 3+

= 3+

&> Bai 16. Cho 3 s6 thuc a, b, ¢ d6i mot khac nhau théa man a+b+ ¢ = 0. Tinh gia tri biéu thec:

Se 1 1 1 } _
&S Bai 17. Cho z, y, z thod man zyz =1vax+y+ 2 = — + — + —. Tinh gia tri bieu thic
r Yy 2z

B = (:1;5 — 1) (y5 — 1) (z2016 — 1) .
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D Loi gidi.

Tt gid thuyét, ta co

11 1
rTt+ytz=—+-+-
r Yy =z

& ac—l—y—i—z:w:xy—i—yz—l—xz(vixyz:l)
TYZ

& rtyt+z—aoy—yz—axz=0.

Vi zyz = 1, nén ta co

ryz —xy —xz—yz+r+y+z2—1=0
= z-D@y—xz—y+1)=0

(=D —D—-1)=0

r—1=0 =1
= |y—1=0= |y=1

z—1=0 z=1.

Lan lugt thay = 1 hodac y = 1 hodc z = 1 vao biéu thic B, ta déu duge B = 0. O
[ —
. 2 S . , .1 1 1 . sz
&S Bai 18. Cho ba s6 thuc z, y, z d6i mot khac nhau théa man — + — + — = 0. Tinh gié tri bieu
x Yy z
thic o v o
B x? 4 2yz +y2+2xz * 22+ 2y’
e
@ Loi gidi.
Ta co
1 1 1
S :()(:)—xy_kyz—‘_zx =0=xy+yz+zx=0.
x oy oz xyYz
Khi do

2?4 29z = 2® + 2yz — (vy +yz +2w) = 2 +yz —wy — 2o = (27 —wy) — (22 —yz2) = (v —y) (v — 2).

Tuong ty, ta cling c6 duge

'+ 20z = (y — x)(y — 2).
22+ 20y = (z — 2)(2 — y).
3. BIEN BOI CAC BIEU THUC HUU Ti - GIA TR| CUA PHAN THUC DAI $O



Ta co

Yz Tz Ty

x2+2yz+y2+2xz+z2+2xy

(—y)z—2) W—2)y—2) (—2)(z—y)

yz(y —z) —wz(x — 2) +ay(r —y)
(z—y)(x—2)(y —2)

yz(y — 2) — 2%z + 22° + 2%y — vy
(z—y)(z—2)(y—2)

y2(y —2) +2°(y — 2) + 2(2* — ¢*)

(z—y)(z—2)(y —2)

y2(y —2) + 2Py —z2) —aly —2)(y +2)
(. —y)(z—2)(y —2)

(y — 2)(yz + 2% — xy — x2)

(. —y)(z—2)(y —2)

(y —2)[y(z — 2) + 2(x — 2)]

(z —y)(z—2)(y —2)

(y—2)(z—2)(y — )

(z —y) (@ —2)(y —2)
- 1

2

Vay C' = 1.
&> Bai 19. Cho x4+ y + z = 1. Tinh gia tri biéu thic sau
Ao 2+ y? + 22
2z -y +(Qy—2)2+ (22 —x)2+2
® Loi gidi.
Ta co
rH+ytz=1let+yP+ 22+ 2@y +yzr+2w) =1
Khi do
4 ? +y? + 22
-+ 2y -2+ (22— )2 42
z? +y? + 22
A =
52 +y? + 22) —4(xy + yz + zx) + 2
. 2% 4y 4 22
O oB(x2 42+ 22) — 21— (22 + Y2+ 22)] 4+ 2
4 z? +y? + 2P
O T(a? +y? + 22)
1
A = -
7
1
Vay A = —.

B CHUO
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> Bai 20. Tinh gia tri biéu thic M = a* +b* +c* bidt a+b+c=0va a®> + b + 2 = 4. \

® Loi gidi.
Ta co
a+b+c=0&(a+b+c)’=0 & a®+b++2(ab+bc+ca)=0
& 44+2(ab+bc+ca)=0
& ab+bec+ca= -2
= (ab+bc+ca)® =4
& a’b’ + b + Pa® + 2abcla+b+c) =4
& a’b? + b+ Pa® = 4.
Ta co
(a2 + b +c2)2 =16
& a* + b+t 2(a’ + 2P + Pa?) = 16
& d'+bt+ P +8=16
& at+b 4+t =8
Vay M = 8. O

3. BIEN BAI CAC BIEU THUC HOU T - GIA TR cUA PHAN THUC DAISO [



HINH HOC



Clhreng

TU GIAC

@ TOM TAT LY THUYET
1. Pinh nghia

@ Tt giac ABCD la hinh gom 4 doan thing AB, BC, CD, DA, trong dé bat ki hai doan théng
nao ciing khong cling ndm trén mot duong théng.

@ Tt giac 16i 13 t1i gidc ludn nim trong mot nita mit phang cé b 1a dudsng thang chita bat ki canh
nao cua tu giac.
A Khi néi dén ti gige ma khong chi thich gi thém, ta hiéu dé la t gide 10i.

D C

— Hai dinh ké nhau: A v B; B va C; C va D; D va A.

—— Hai dinh déi nhau: A va C; B va D.

— Duong chéo: AC; BD.

—— Hai canh ké nhau: AB va BC; BC va CD; CD va AD; AD va AB.
— Hai canh déi nhau: AB va CD; BC va AD.

—— Hai gbc ké nhau: A va E; C va /B\; C va /5; AvaD.

— Hai goc dbi nhau: A va O; D va B.

—— Diém nam trong tit giac: M.

2 N N . .z
— Diém nam ngoai tit giac: P.

2. Dinh ly
Tong cac goc ciia mot ti giac bang 360°.

A Trong tit giac ABCD, ta cé A+B+C+D =360




e BAI TAP

$>Bai 1. Cho tt gisc ABCD,

a) Biét B+ C =200°, B+ D = 180°, C + D = 120°. Tinh s6 do cac géc con lai clia ti gidc.

R ~ o~ —_— 6 /D\
b) Goi I 1a giao diem ciia cac tia phan giac ciia A va B cua ti gide. Ching minh AIB = —{2_ .
e
® Loi gidi.
A B

a) Taco B+C =200°, B+ D =180°, C + D = 120°

— B+C+B+D+C+D =200°+ 180° + 120°

o 9B +2C +2D — 500°.
o 2(B+6+D) — 500°
o B+C+D — 250°.
Ta ¢co
A+B+C+D =360° (Téng 4 goc trong mot tit gidc)
- A+ 250° — 360°
- A = 360° — 250°
- A = 110°.
Vi
B+C+D =250°
= B+4120° =250°
- B — 250° — 120°
N B — 130°.
Vi

B+C =200°= C = 200° — 130° = 70°,
B+ D =180° = D = 180° — 130° = 50°.

o~

Vay s6 do céc goc ciia tii gide ABCD 1an lugt 1a A = 110°, B = 130°, C = 70°, D = 50°.

B CHUONG 3. TU GIAC



b) Xét AABI c6

@:@%@:”20 _ 550,
,@:@:3@:1% _ 650,

Suy ra AIB = 180° — (BAI + ABI) = 180° — (55° + 65°) = 60°.
Mit khéc, ta c¢6
C+D  70°+50°  120°
2 2 2

— 60° = AIB.

giac cuia BAD.

&> Bai 2. Cho ti gide ABCD ¢6 B+ D = 180°, CB = CD. Ching minh ring AC 1a tia phan

® Loi gidi.

C 1 B

E D A

Trén tia déi cta tia DA, lay diém E sao cho DE = AB.
Khi do, ta co
ABC + ADC = 180° (gt),
EDC +ADC = 180° (2 géc ké bi)

Suyra@zﬁﬁ’zl%"—@.
Xét AABC va AEDC, c6

AB = ED (cach vé),
ABC = EDC (cmt),
DC = BC (gt).

AC = EC (hai canh tuong ting)

Suy ra AABC = AEDC (c-g¢) = ¢ — _—_ .
BAC = DEC (hai gbc tuong tng)

Xét ACAE c¢6 AC = EC.

= ACAFE can tai C.

= CEA = CAE hay DEC = CAD.
Tt (1) va (2), suy ra BAC = CAD.
Vay AC' la tia phan giac cta BAD.

(2)

U

1. welic 21N



¢S Bai 3. Cho ttt gidc 161 ABCD, hai canh AD va BC cat nhau tai F, hai canh DC va AB cat
nhau tai F. Ké 2 tia phan giac ctia 2 goc CED va BFC' cat nhau tai I. Tinh EIF theo cac goc
trong cua tit giac ABCD.

® Loi gidi.

Ky hiéu cac goc trong cua tit .t gidc ABC’D la A B C’ D.

Trong ABFC ¢6 BFI + IFC = 2IFC = 180° — (B +0). (1)
Trong AAEB c6 IEA + BEI = 2IEA = 180° — (A + B). (2)
Trong AFED c¢6 FED + DFE = 180° — D. (3)

Ta ¢6 EIF = 180° — (IFC + IEA + FED + DFE).
Thay cac két qua & (1), (2), (3) vao ta duge:

_ 180° — (B+ () 180° — (A+ B
BIF = 180° — |20 ;B+C)+ 20 é =5 L1800 D
~ -~ A-C 2B+2D+ A+ C
— B+D+ 20—180"— i 2+ O g
A+B+C+D)+B+D 2 B4+D
_ | ) Cgee = B g
2 2
0
Vay EIF = JQF

or 1
¢S Bai 4. Cho ti giac ABCD. Chitng minh 5P < AC + BD < P, (v6i p la chu vi cta ti gidc
ABCD,).

® Ldi gidi.

I & cHuone 3. T GlAC



D C

Goi p la chu vi cta ti giac ABCD = p=AB+ BC +CD + DA.
1
Chtng minh 5P < AC + BD.

Ap dung bat ding thic trong tam gidc vao cac tam gidc AID, AIB, BIC, CID ta c6

AI+IB>AB (1)
IB+IC >BC (2).
IC+ID>CD (3).
ID+IA>AD (4)

Cong vé theo vé ctia (1), (2), (3), (4) ta dugc
1
2IA+1B+IC+1ID) > AB+ BC+CD+ DA% -p< AC+BD  (5)

Ap dung bat ding thic trong tam giac vao cac tam giac ABC, ACD, ABD, BCD ta c6

AC < AB+BC  (6).
AC < AD+DC (7).
BD < AB+ AD  (8).
BD < BC+CD (9)

Cong vé theo vé cua (6), (7), (8), (9) ta dugc
9AC + 2BD < 2(AB + BC + CD + DA) & AC + BD <p  (10).

1
Tu (5) va (10) suy ra P < AC+BD < P O

$>Bai 5. Cho tit giac ABCD, M la diém nam trong tt giac d6. Xac dinh vi tri ctia M dé
MA+ MB + MC + MD nhé nhat.

® Loi gidi.

B

1. welic IEIN



Goi O 1a giao diém ciia hai duong chéo AC va BD.
V6i diém M bat ky ta luon co

MA+ MC > AC ().
MB+MD>BD (2).

Cong vé theo vé ctia (1) va (2) ta duge

MA+MB+ MC+ MD > AC + BD.

Ma AC + BD khong doi nén dé M A+ MB + MC + M D nhé nhét thi phai c6 dau bing xay ra
MA+ MB+ MC+ MD = AC + BD < M trung v6i O hay M la giao cua AD va BC. O

Bai e HINH THANG
N

Q TOM TAT LY THUYET

© binh nghia 2.1. Hinh thang 1 t gidc ¢6 hai canh d6i song song.

4 Canh day p

Canh bén Duong cao Canh bén

-
D H  Canh day C

T giac ABC'D la hinh thang < AB /| CD hoac BC' [/ AD.

@ Tinh chat 2.1.

Néu mot hinh thang c6 hai canh bén song song thi hai canh bén bing nhau, hai canh day bang
nhau.

Néu mot hinh thang c6 hai canh day bang nhau thi hai canh bén song song va bang nhau.
Hinh thang vuong: Hinh thang vuong la hinh thang c6 mot géc vuong.

A B
]

B CHUONG 3. TU GIAC



e BAI TAP

S Bai 1. Cho tit giac 16 ABCD c6 AD = DC, duong chéo AC' 1a phan giac A, Chiing minh réng
ABCD la hinh thang.

® Loi gidi.

Xét AADC, ta co AD = DC

= AADC la tam giac can tai D.

= DAC’ DCA

Ta co DAC C’AB (AC’ la tia phan giac ctia A)

Ma DAC = DCA nen DCA = CAB.

= AB /| CD.

=t giac ABCD la hinh thang. O

> Bai 2. Cho hinh thang ABCD c6 day AB va CD va A — D = 100°, B = 2C. Tinh s6 do céc
gbc ctua hinh thang.

® Loi gidi.
Vi AB // CD (tu giac ABCD la hinh thang) nen A+ D = 180°.
Ta c6 A = (180° + 1000) 2 = 140° va D = 180° — 140° = 40°.
TacoA+B+C+D—360°
= BA—i- C = 180°.
= 3C = 180°
= C =60°
= B =120°. [

¢S Bai 3. Cho hinh thang ABCD, day AB = 40 cm, DC = 80 cm, canh BC' = 50 cm, AD = 30
cm. Chitng minh ABC'D la hinh thang vuong.

D Loi gidi.

2. HINH THANG



A 40cm B

30cm 50cm

80cm

Qua A ké AE /| BC. Xét tit giac ABCE c6: AB || EC (AB J| CD, E € CD) Suy ra ABCE la

hinh thang. Ma AE /| BC (theo cach vé) Suy ra { AE = BC = 50cm Ta c6: DE + EC = CD =
AB = EC = 40cm.

AE? = 50% = 2500

AD? + DE? = 30% + 40% = 2500.

AE? = AD? + DE? Theo dinh li Py-ta-go do suy ra AADE I3 tam giac vuong tai D. Xét hinh thang

DE = CD — EC = 80 — 40 = 40cm. Xét AADE c6: { Suy ra

ABCD ¢6 D = 90° (AADE vuong tai D) néen ABC'D 1a hinh thang vuong. O
‘ &> Bai 4. Cho hinh thang ABCD (AB /| CD) ¢6 C < D. Chiing minh AC > BD.
o Loi gidi.
A B K
D C

Trén ciing 1 ntta mat phang b C'D c6 chiia diém A vé DCz = ADC.
Goi K 1a giao diém ctia AB va Cx.
Goi O la giao diém ctia AC va BD.
Xét tit giac ABCK c6:
AK /| CD (AB Jl CD, K € AB)
{A/Ec — ACK (DCz = ADC).
Suy ra ABCK 1a hinh thang can = DK = AC' (tinh chat hinh thang can).
Xét AAKC va AKAD cé:
AK canh chung
DAK = AKC ( ABCK la hinh thang can) -
AC = KD ( ABCK la hinh thang cén)
Suy ra AAKC = AKAD (c-g-c).
Suy ra KAC = AKD (hai géc tuong ting). (1)

IS & cHuone 3. T GlAC



Vi DBK 1a goc ngoai cia AAOB nén

DBK = CAB + AOB

Tu (1) va (2) suy ra: DBK > DKA = DKB.

Xét ADBK c6: DBK > DK B (cmt)

Suy ra DK > DB (Quan he gitta goc va canh doi dién trong 1 tam giac).
Ma KD = AC (cmt).

Vay AC' > DB (dpcm).

minh ring DE 1a tia phan giac cia ADC.

$>B&i 5. Cho hinh thang ABCD (AB /| CD) ¢6 E la trung diém BC vi AED = 90°. Chitng

D Li gidi.

Goi F 1a giao diém ctia AE vi CD (A, F thudc hai nita mat phing ba BC).
Xét AABE va AFCE c6

EB = EC (F la trung diém ctia BC)

AEB = CEF (dbi dinh)

ABE = ECF (so le trong, AB J| CE).
= ANABE = AFCE (g- c-g)
= AE = E'F (hai canh tuong tng)
= [ la trung diém ctia AF.
Xét ADAF ¢6 DE la dudng cao tng véi canh AF (DEA = 90°)
Ma DE ciing la dudng trung tuyén (E la trung diem ctia AF)
Suy ra ADAF la tam giac can
Do d6 DFE cuing la phan giac cia ADC.

Bai e HINH THANG CAN
N

Q LY THUYET

3. HINH THANG AN [



1. Dinh nghia

© Pinh nghia 3.1.
Hinh thang can 1a hinh thang c6 hai géc ké mot day bang nhau. A B
AB [ CD
T giac ABCD la hinh thang can (day AB, CD) < C=D
A=B.
D C

o~

A\ Néuw ABCD lo hinh thang can (ddy AB, CD) thi C =D va A = B.
2. Tinh chét
Trong hinh thang can

® hai canh bén bang nhau.

@ hai duong chéo bang nhau.

3. Dau hiéu nhan biét
® Hinh thang c6 hai géc ké mot day bang nhau la hinh thang can.

@ Hinh thang c6 hai duong chéo bang nhau 1a hinh thang can.

e BAI TAP

¢S Bai 1. Cho hinh thang can ABCD (AB /| CD), AD cat BC tai I, AC cat BD tai H. Chiing
minh rang I.J 1a dudng trung tric ctia AB va 1a duong trung tryc ctia CD.

® Loi gidi.
Do ABCD la hinh thang can nén IDC' = ICD = AICD can tai 1. s
Nen IC = ID. (1)
, [AB=1DC S
Laic6 ABJJCD =< ____ (haigoc & vi tri dong vi).
IBA=1CD A B
Nén JAB = IBA = ATAB can tai I = [A = IB. (2)
DIC chung
Xét hai tam gidc TAC v IBD ¢6 { A = IB (cmt)
[C = ID (cmt) fs o
Nén ATAC = AIBD.
Suyra@:ﬁ, méﬁ:ﬁ(cm’c) nén JCD = JDC.
Do d6 AJCD can tai J = JC = JD. (3)
JAB = JCD
Laico6 ABJ/CDnén ¢ (hai géc G vi tri so le trong).
JBA = JDC
Suy ra JAB = JBA = AJAB can tai J = JA = JB. (4)
Tt (1), (2), (3), (4) suy ra I.J la duong trung tryc ciia doan thang AB, dong thoi ciing 1a duong trung
true ctia doan thang CD. O

I & cHuone 3. T GlAC



&> Bai 2. Cho hinh thang ABC'D (AB J/ CD), AC cat BD tai O. Biét OA = OB. Chiing minh
rang tit gidc ABC'D 1a hinh thang can.

@ Loi gidi.
Ta c6 OA = OB (gt) nén AOAB can tai O = OAB = OBA. A B
‘ OAB =0CD . ‘
Laic6 ABJ/CDnén ¢ (haigbc & vi tri so le trong).
OBA =0DC
Nen OCD = ODC' = AOCD can tai O.
D C
Suy ra OD = OC.
AC =0A+0C
a nén AC = BD.
BD=0B+ 0D
Vay ABCD la hinh thang can. (hinh thang c6 hai duong chéo bang nhau) O

4> Bai 3. Cho hinh thang can ABCD (AB /| CD, AB < CD). AD cat BC tai O.
a) Chting minh rang AOAB can.
b) Goi I, J lan lugt 1 trung diém AB va CD. Chitng minh réng ba diém I, .J, O thang hang.

¢) Qua diém M thuoc doan AC, vé dudng thang song song véi C'D, cat BD tai N. Chiing minh
rang MNAB va MNDC 1a céc hinh thang can.

e
@ Loi gidi.
a)
Ching minh AOAB can. 0
Do ABCD la hinh thang can nén ADC = BCD.
OAB =0DC .
Laic6 ABJfCDnén<g _ ____ (haigéc 6 vi tri dong vi).
OBA =0CD A B
Nén O/A\B = @ = AOAB can tai O. !
f f
D J C

b) Chitng minh O, I, J thang hang.

AOAB can tai O c6 I 1 trung diém AB nén OI 1 AB. (1)
Lo OA = 0B (do AOAB can tai A)

ae {AD — BC (do ABCD 1a hinh thang can)
Suy ra AOCD can tai O.
Ma J la trung diém C'D nén OJ L CD.
Lai c6 AB J/ CD nén OJ L AB. (2)
Tit (1) va (2) suy ra ba diém O, I, J thang hang.

nén OD = OC.

¢) Ching minh cac tit giac MNAB va M NDC' 1a hinh thang can.

3. Hind THANG AN 2R



AD = BC (ABCDI
Do MN /| CD (gt) nén C DN M la hinh thang. Xét hai tam giac ADC va BCD ¢6 { AC = BD (ABCDI

CD la canh chung
nén AAQQ = A/BQD.
Suy ra ACD = BDC.
Vay tit gidc C DN M 1a hinh thang can. (hinh thang c¢6 hai goc ké mot day bang nhau)
Laic6 CD J| ABva MN [/ CD nén AB [/ M N, suy ra ti giac ABM N la hinh thang.
Do CDNM la hinh thang can nén DN = C'M.
Ma BD = AC (do ABCD la hinh thang can), suy ra AM = BN.
Vay ABM N la hinh thang can. (hinh thang c6 hai dudng chéo béng nhau)

¢S Bai 4. Cho hinh thang can ABCD (AB J/ CD) ¢6 AB < DC. Chiing minh rang DC — AB <
2AD.

® Ldi gidi.

ABCD la hinh thang can nén AD = BC. e O
Xét ANABD c¢6 AB + AD > BD (bat dang thitc tam giac)

Suy ra AB + AD + BC > BD + BC > CD (bat dang thiic trong tam

giac BCD).

Do d6 AB + 24D > CD hay CD — AB < 2AD. 4 B

O

¢ Bai 5. Cho hinh thang can ABCD (AB < CD) ¢c6 AB = 8 cm, CD = 20 cm va chu vi hinh
thang la 48 cm. Tinh duong cao ctia hinh thang.

® Loi gidi.
Goi H, K lan luct 1a hinh chiéu ctia A va B len CD. A Sem B
Lai ¢6 AH /| BK (cung vuong géc CD) nén AB = HK = 8 cm.
AD = BC
Xét hai tam giac vuong ADH va BCK ¢6 { — _—_ (do
ADH = BCK
ABCD la hinh thang can).

D H 20cm K C

Néen AADH = ABCK = DH =CK.

Laico DH+ HK+ KC=CD=DH+CK=CD—-HK =20—-8 =12 cm.
Suy ra DH = CK =6 cm.

Hinh thang ABCD c¢6 chu vi la 48 cm nén AB + CD + AD + BC' = 48

= AD + BC' =48 — 8 — 20 = 20.

Suy ra AD = BC' = 10 cm.

Xét ANADH vuong tai H co

AD? = AH? + DH* (dinh 1i Pytago)
& AH? = AD® — DH? =10 — 6° = 64
< AH =8cm.
B CHUONG 3. TU GIAC



Vay chiéu cao ctia hinh thang 13 AH = 8 cm. O

4> Bai 6. Cho diém M nim bén trong tam gidc déu ABC. Chitng minh ring trong ba doan thing
MA, MB, MC, do dai canh 16n nhat nhé hon téng do dai hai canh con lai.

® Loi gidi.
Gia stt M A 1a canh 16n nhat trong ba canh M A, MB, MC.
Ta c6 MB + MC > BC (bat dang thitc tam giac trong AM BC). (1)
Do AABC déu AB = BC. (2)

Lai ¢6 ﬁlidiém nam bén trong AABC déu/né\n BAM < 60°, ABM < 60°.

Do d6 AM B > 60° nén trong AMAB, goc AM B 1a géc 16n nhat, suy ra AB la canh 16n nhat.

Tt d6 suy ra AB > MA. (3)
Tu (1), (2), (3) suy ra MB+ MC > MA.

Vay trong ba doan thang M A, M B, MC, do dai canh 16n nhat nhé hon téng do dai hai canh con lai.

O

Bai e DUONG TRUNG BINH
N

Q TOM TAT LY THUYET
1. Puong trung binh ctia tam giac

© Dinh Ii 4.1 (mé& dau).
Duong thiang di qua trung diém moét canh ctia tam gidc va song song vdi

. C
canh thit hai thi di qua trung diém canh thic ba. %\
A B

© Dbinh nghia 4.1.
Duong trung binh ciia tam giac 1 doan thdng néi trung diém hai canh

C
clia tam giac. /1(\
A B

© Dinh Ii 4.2 (Dudng trung binh cta tam giac). Dudng trung binh ctia tam gidc thi song song
vli canh thit ba va bing mot nita cang ay.

DFE J| BC

Néu DFE la duong trung binh cta tam gidc ABC, (D € AB, E € AC) thi DE 130

2. Duong trung binh cua hinh thang

4. puonc TRuNG BNH 2N



© Dinh Ii 4.3 (mé& dau).
Duong thing di qua trung diém mot canh bén ctia hinh thang va D C
song song véi hai ddy thi di qua trung diém canh bén thi hai.

E F
A B
© Dinh nghia 4.2.
Duong trung binh ciia hinh thang 1a doan théng ndi trung diém D C
hai canh bén ctia hinh thang.
E F
A B

@© Dinh li 4.4 (dudng trung binh chGa hinh thang). Duong trung binh ciia hinh thang thi song
song vdi hai ddy va bang niia tong hai day.
Néu EF la duong trung binh ctia hinh thang ABCD (day AB, CD) thi

EF || AB,EF [| CD
AB+CD
5 .

EF =

Q BAI TAP

> Bai 1. Cho hinh thang can ABCD ¢6 D = 60°, DB 1a phan gidc clia géc D. Biét chu vi clia
hinh thang bang 20 cm. Tinh do dai cdc canh hinh thang.

® Loi gidi.
Ta ¢6 ADC' = 60° va DB la tia phan giac goc A/l%’, suy ra

BAC = ACD = 30°. (AB J| CD, géc so le trong) y l

Ma ADC + DAB = 180°, suy ra BAD = 180° — ADC = O

180° — 60° = 120°,

suy ra CAD = BAD — BAC = 120° — 30° = 90°. D c

Va ADB = ABD = 30°, suy ra AABD can tai A, suy ra AB = AD.
— 1
Mat khac AACD vuong tai A, va ACD = 30°, suy ra AD = -CD = CD = 2AD.

Suy ra AB+ BC+CD+ DA=20< AB+ AB+2AB+ AB=20< AB =5 cm.
Vay do dai cac canh ctia hinh thang 14 AB = BC = AD =5 cm va CD = 10 cm. O

& Bai 2. Cho tt gidc ABC'D, dudng thing AB cit duong thang CD tai E, duong thing BC cit
dudng thang AD tai F. Goi I, J, K, L lan lugt la trung diém ctia AE, CE, CF, AF. Chitng minh
rang IL /| JK.

® Ldi gidi.
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Xét tam giac AEF ¢6 A = IE va LA = LF, E
suy ra I'L la duong trung binh ctia tam giac, suy

ra IL /| AF. (1)
Xét tam giac CEF ¢6 JE = JC va KF = KC,
suy ra K J la duong trung binh ctia tam giac, suy [B
ra KJ [| AF. (2)
Tw (1) va (2),suyra IL | KJ J| EF.
A F

]

4> Bai 3. Cho hinh thang can ABCD (AB J/ CD), ¢6 day nhé AB. Do dai duong cao BH bing
do dai dudng trung binh MN (M € AD, N € BC) cua hinh thang ABCD. Vé BE || AC (E
thuoc dusng thing CD). Goi O la giao diém ctia AC va BD. Chitng minh rang:

a) MN = % b) AOAB can. c) ADBE vuong can.
® Loi gidi.
A B
M/ : i N
LN
D H C E

a) Do AB /| CD (gt); E € CD nén CFE || AB.
Ta c6 AB J| CE (cmt) va BE || AC (gt)
Suy ra tit giac ABEC' la hinh thang c¢6 hai canh bén song song
nén AB = CE, BE = AC (theo nhan xét trong bai hinh thang).

1
Vi M N la dudng trung binh ctia hinh thang ABC'D nén M N = 3 (AB+ CD).

1 1
Suy ra MN = 3 (AB+CE) = §DE'

b) Xét AABC va ABAD, ta c6
e AB la canh chung;
e BC = AD (cac canh bén hinh thang can ABCD, AB J| CD)
e AC = BD (cac dudng chéo hinh thang can ABCD, AB J| CD)
Do d6 AABC = ABAD (c.c.c)
Suyra/B/é\C:@hayB/E):A/B\O
Ta ¢6 BAO = ABO suy ra AOAB can tai O.

¢) Tac6 BE = AC va AC = BD (cmt) nén BE = BD, suy ra ABDE can tai B. (1)
Trong ABDE can tai B ¢6 BH 1 DFE (gt) nén BH la dudng cao nén cung la dudng trung

. 1
tuyen, suy ra DH = HE = QDE.
Talaico BH = MN va MN = %DE.

Suy ra BH = %DE =DH=HE.

4. puonc TRuNG BNH [N



Ta co

e BH=HFE va BH | HE nén ABHFE vuong can tai H, suy ra BHE = 45°.
e BH=HD va BH 1 HD nén ABHD vudng can tai H, suy ra BHD = 45°.
Suy ra DBE = DBH + HBE = 45° + 45° = 90°.  (2)

Tu (1) va (2) suy ra ABDE vuodng can tai B.

O

9 Bai 4. Cho hinh thang ABCD c¢6 A = D = 90° va AB = 2AD = 2CD. Ké CH vuong goc véi
AB tai H.

a) Tinh s6 do cac goc cia hinh thang ABCD.

b) Chiing minh réng tam giac ABC vuodng can.

)
)

¢) Tinh chu vi hinh thang néu AB = 6 cm.
)

d) Goi O la giao diéem AC va DH, O’ la giao diém ctia DB va C'H. Chtng minh ring AB =
400/
® Loi gidi.
D C
0] o
A H B

a) Xét tit giac ADCH, ta co:
e AD /| CH (cung vudng goc véi AB)
e CD /| AH (cung vudng goc véi AD)
Suy ra ti giac ADCH 1a hinh thang ¢6 hai canh bén song song
nén CH = AD, AH = CD (theo nhdan zét trong bai hinh thang).
Ma CD = AD = %AB (gt) nen CH = AH = HB.

Tam giac BCH ¢6 CH = BH va BHC = 90° nén ABHC vuong can tai H,
suy ra HBC' = HCB = 45°
Xét tu giac ADC’H ta co ADC DAH = AHC = 90° nen DCH = 90°.

Ta ¢6 BCD = BCH + DC’H = 45° 4+ 90° = 135°.
Vay tit gisc ABCD ¢6 A= D = 90°; BOD = 135° va B = 45°.

b) Tam gidc ACH ¢6 CH = AH va AHC = 90° nén AAHC vuong can tai H,
suy ra HAC = HC A = 45°.
Xét AABC ¢6 HAC = HBC = 45° néen AABC' vuong can tai C.

c) Tacé AB =6 cm, suy ra AD = DC =CH = HB = 3 cm.
Trong ABHC vuong can tai H, ta c6: BC? = BH? + CH? =22 + 22 =8 = BC = /8.
Vay chu vi hinh thang ABCD 14 AB+ BC +CD + DA=6++v/8+3+3 =12+ /8 cm.
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d) Xét AOCD va AOAH, ta co:
e OCD = OAH (so le trong, CD J| AH)
e CD = AH (cmt)
e ODC = OHA (so le trong, CD | AH)
Do d6 AOCD = NOAH (g.c.g), suy ra OD = OH.
Xét/A\O’C’lbfé\AO’HB, ta co:
e O'CD = O'HB (so le trong, CD /| AB)
e CD = BH (cmt)
¢ ODC = OBH (so le trong, CD /| AB)
Do d6 AO'CD = AO'HB (g.c.g), suy ra O'D = O'B.
Trong AHCD, ta c6
OD = OH (cmt)
O'D = O'B (cmt)
nén OO0’ la dudng trung binh cta tam giac nén CD = 20'0.
Ma AB =2CD nén AB =4CD.

&> Bai 5. Cho tit giac ABCD c6 AB J| CD va CD > AB. Goi E, F lan luct la trung diém ctia

. D — AB
BD va AC. Ching minh rang FF = CT

® Loi gidi.

A B

D C

Goi M la trung diém ctia AD.
Trong tam giac ABD c6

e M la trung diém ctia AD.

e F la trung diém ctia BD (gt).

1
Suy ra M FE la dudng trung binh ctia tam giac ABD, suy ra M E = §AB. (1)
Trong tam gidc AC'D c6
e M la trung diém ctia AD.
e I la trung diém ctia AC (gt).

1
Suy ra M F' la dudng trung binh ctua tam giac ACD, suy ra M F = §C’D. (2)
Tacé EF = MF — ME. (3)

1 1 CD—- AB
T (1), (2) va (3) suy ra EF = §C’D - §AB =

2

> Bai 6. Cho tam giac ABC ¢6 cac trung tuyén BD va CE. Trén canh BC lay céac diém M, N
sao cho BM = MN = NC. Goi I 1a giao diém ctia AM va BD, K la giao diém ctia AN va CE.
Chitng minh rang:
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a) BDCE la hinh thang; b) K la trung diém ctia EC; c) BC =4IK.

® Loi gidi.

a) Ta c6 DE la dusng trung binh cta tam giac ABC = DE [/ BC' = BCDE la hinh thang.

b) Goi G la giao diém ctia AN va DE.
Ta c6 E 1a trung diém ctia AB va ED [/ BN = G la trung di¢m ciia AN.
= EG la duong trung binh cta tam giac ABN.

1 1 1 2
= FG = §BN = §BC’ Lai c6 ED = §BC = FG = §ED nén G la trong tam AAEC.
= AK la dudng trung tuyén. Do d6 K la trung diém ctia EC.

c¢) Chitng minh tuong tu ta c6 I 1 trung diém ctia BD.
Goi F la trung diém ctia BC, ta ¢c6 DF /| AB va DK /| AB = D, K, F thang hang.

1 1 1 . ,
Ta co DK = EAE = ZAB = §DF = K la trung diem cta DF'.
1
Suy ra K la duong trung binh cia ADEF = IK = §DE'

1 1
Ma DE = §BC’:> IK = ZBC hay BC =4IK.

OJ

> Bai 7. Cho tam giac déu ABC. Trén tia dbi tia AB lay diém D va trén tia doi tia AC lay diém
E sao cho AD = AE. Goi M, N, P, @ lan lugt la trung diém ctia cac doan BE, AD, AC, AB.

a) Ching minh tit gidc BDCE la hinh thang can.
b) Chitng minh tit gidc CNEQ la hinh thang.

c¢) Trén tia d6i ctia tia M N, lay diém N’ sao cho N'M = M N. Chting minh riang BN’ vuong
goc v6i BD; EB=2-MN.

d) Chiing minh ring AM NP 1a tam giac deu.

® Ldi gidi.
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7
A

B C

a) Tam giac ADE ddu (do AE = AD va EAD = 60°).
— EDA = ABC = 60°.
= ED J/ BC (c6 hai géc so le trong bang nhau). (1)
Mit khic ta c6 AB = AC va AD = AE = BD = EC. (2)
Tu (1) va (2) suy ra BCDE la hinh thang can.

b) Tam giac ABC déu c6 CQ la dudng trung tuyén.
= CQ cang la dudng cao = CQ L AB hay CQ L BD. (3)
Chiing minh tuong tu ta ciing c6 EN 1 BD. (4)
Tt (3) va (4) suy ra EN /| CQ. Do d6 CNEQ la hinh thang.

c) Xét AMBN' va AMEN, ta co:
e MN = MN’ (gt)
e NME = N'MB (déi dinh)
o ME = MB (gt)
Do d6 AMBN'= AMEN (c.g.c)
Suy ra MNE = MN'B = EN J/ BN’ (vi c6 cap goc & vi trf so le trong bing nhau).
Ma EN L BD nén BN’ 1 BD. .
Tam gidc BNN' vuong tai B, c6 BM la duong trung tuyén = BM = QNN’ = MN.

Do M la trung diém ctia EB nén EB = 2BM = EB =2MN.

1
d) Tam gidgc ADC ¢6 NP la dudng trung binh = NP = §DC’.

. . 1
Tam giac vuong NEB c6 NM la dudng trung tuyen tng véi canh huyen = NM = §EB .

Ma EB = DC (BCDE la hinh thang can) néen NM = NP. (5)
2 1

Tam giac BPE vuong tai P, PM la duong trung tuyen = MP = §EB.

Ma EB =2NM nén MP = NM. (6)

Tu (5) va (6) suy ra tam giac MNP déu.

4> Bai 8. Cho hinh thang ABCD (AB J/ CD), tia phan giac ctia goc C di qua trung diém M ciia
canh bén AD. Chitng minh rang
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a) BMC = 90°. b) BC = AB + CD.

® Loi gidi.

D C
M N
A B

a) Chiing minh BMC = 90°.
Goi N la trung diém canh BC.
Ta c6 MN J/ CD J| AB = DCM = CMN (So le trong).
Lai c¢6 DCM = MCN (C'M la dudng phan giac goc D/C'TV)

—— 1
Suy ra MCN =CMN = ACMN can tai N = NM = NC = §CB.
P 1
Xét ACMB c¢6 MN la duong trung tuyén va NM = §CB nén suy ra ACM B vudng tai M
hay BMC = 90°.

b) Ching minh BC' = AB + CD.
Trén BC lay diém E sao cho CE = CD.
Xét ACDM va ACEM, ta co

CD=CF MD=MFE
DCM = ECM = ACDM = ACEM = { CDM = CEM
CM la canh chung @7} = C/]\ﬁ
Mat khac
BEM +CEM = 180° —
. = BEM = BAM.
BAM +CDM = 180°
Lai ¢6

— BME = BMA.

BME + CME = 90° ——_
BMA + CMD = 90°

Xét ABME va ABMA, ¢6

BEM = BAM
ME =MA=MD = ABME = ABMA = BE = BA.
BME = BMA.

Do d6 AB+ CD = EB + CE = BC (dpem).
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[ — N\
> Bai 9. Cho tam giac ABC vuong can tai A. Trén céc canh géc vuong AB, AC lay diém D va
E sao cho AD = AFE. Qua D vé duong thing vuong goc véi BE, cit BC 6 K. Qua A vé duong
thang vuong goc véi BE, cit BC 6 H. Goi M la giao diém ctia DK va AC. Chitng minh ring

a) ABAE = ACAD.

b) M DC' la tam giac can.

¢) KH = HC.
® Loi gidi.
M
F
D
B
K H ¢
a) Ching minh ABAE = ACAD.
Xét ABAE v ACAD, ¢6
AB = AC
BAE = CAD = 90° = ABAE = ACAD.
AE = AD

b) Ching minh M DC la tam giéc can.
Goi N la giao diém ctia BE va DK. Xét AMNE vuong tai N, ¢6

DMA + NEM = 90°.
Xét AABE vuong tai A c¢6
ABE + AEB = 90°.
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Suy ra A AMD ABE

Ma ACD ABE = AMD ACD.
Do d6 ADMC can tai D.

¢) Ching minh KH = HC.
Dung Cx // DK va CxNAB=F.

Ta c6 FCM = DMC (so le trong). Suy ra FCA = DCA.
Xét AFCD, ¢6

CA 1L DF = CA la dusng cao
FCA=DCA= CAx duong phan giac

Suy ra A la trung diém DF. Lai ¢c6 AH /| DK J/ CF nén AH la duong trung binh hinh thang
DKCF.
Do d6 KH = HC.

= AFCD can tai C.

> Bai 10. Cho AABC, duong thang d di qua A khong cit cac canh ciia tam giac ABC. Goi D va
E lan luot 1a hinh chiéu ctia B, C lén duong thang d. Goi M la trung diém ctia canh BC'. Chiing
minh rang MD = ME.

® Loi gidi.
E
A N
D
B C
M
Ta c6
BD 1 DE
= BD /| CE = BDEC la hinh thang vudng.
CE 1 DE

Goi N la trung diém DE, ta c6 MN la duong trung binh hinh thang BDEC
Suy ra MN /| BD || CE= MN 1 DFE.
Xét AMDE, c6

{MN 1 DE = MN la dusng cao

= ADME can tai M = MD = ME.
DN = NE = MN la dutng trung tuyéen
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> Bai 11. Cho AABC, AM la trung tuyén. Vé dudng thing d qua trung diém I ctia AM cit céc
canh AB, AC. Goi A, B', C' thtt tu 13 hinh chiéu ctia A, B, C lén duong thang d. Ching minh
rang BB’ + CC’ = 2AA’".

® Loi gidi.
A
C/
B’ P
B
i C
Ta co
BB Ld = BB’ J) CC' = BB'C’'C la hinh th
in ne.
cc’ 1 d a ans

Goi N 1a hinh chiéu vuong géc ciia M xudng dudng thing d.
Ta c6 MN /| BB' J/ CC' va M la trung diém ctia BC nén M N la duong trung binh ciia hinh thang
BB'C'C, do d6

BB' +CC' = 2MN.
Lai xét AAA'T vi AMNI, c6

Al = MT (gié thiét)
ATA’ = MIN (déi dinh) = AAAT = AMNI = AA' = MN.
AAT = MNT = 90°.

Tt d6 suy ra BB+ CC’' = 2AA’. O
[—

4> Bai 12. Cho hinh thang ABCD (AB J/ CD). Goi E, F, K lan lugt la trung diém ctia BD,
AC, DC. Goi H la giao diém ctia duong thing qua E vuong géc véi AD va duong thang qua F
vuong goc v6i BC. Chitng minh riang

a) H la tryc tam cua AEFK. b) AHCD céan.

D Loi gidi.
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% C

a) Chung minh H la truc tam cia AEFK.

Xét ADBC, ¢6
ED=EB — EK | BC = FH 1 EK
DK = KC ‘
Xét ANADC, c6
CF = AF
— FK | AD = EH | FK.
DK = KC
Xét AKEF, ¢6
FH | EK
= H la truc tam AKFEF.
EH | FK

b) Chiing minh AHCD can.
Ta c6 H 1a truc tam AKEF = KH | EF.
Goi M la trung diém BC suy ra EM la dudng trung binh ABDC = EM J| CD.
Lai c6 FM la duong trung binh AABC = FM /| AB= FM J| CD.
Suy ra E, F, M thing hang hay EF j/ CD = KH 1 CD.
Xét tam giac HDC, c6

{HK L CD = HK la dudng cao

= AHCD can tai H.
DK = KC = HK la duong trung tuyen

B e POI XUNG TRUC
¢ N

@ TOM TAT LY THUYET
1. Hai diém dbi xitng nhau qua mot duong thang

© Dinh nghia 6.1. Hai diém d6i xting véi nhau qua dudng thang d néu d 1a dusng trung tryc cta
doan théng néi hai diém do6.

Quy wéc: Néu diém B ndm trén dudng thing d thi diem doéi xing véi B qua dudng thing d ciing la
diém B.
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A/
2. Hai hinh ddi xitng qua mot duong thang

© Dinh nghia 6.2. Hai hinh goi 1 ddi xitng v6i nhau qua dudng thang d néu mdi diém thuge hinh
nay dbi xitng véi mot diém thuodc hinh kia qua duong thang d v ngugc lai.

Néu hai doan thang (géc, tam giac) dbi xitng v6i nhau qua mot dudng thang thi chiing bang nhau.

A/

Néu ba diém khong thang A, B, C lan lugt déi xing véi A, B', C' qua duong thing d thi

©@ Hai dudng thang AC va A’C’ dbi xting v6i nhau qua duong théng d.

® Hai doan thang AB va A’B’ d6i xitng v6i nhau qua dudng thang d va AB = A'B’.

@ Hai goc ABC va A'B'C’ d6i xitng v6i nhau qua dudng thang d va ABC = AB'C.

® Hai tam giac ABC va A'B'C’ d6i xiing v6i nhau qua dudng thang d va AABC = AA'B'C".
3. Hinh c6 truc déi xitng

© Dinh nghia 6.3. Duong thang d goi la truc ddi xing ctia hinh H néu diém d6i xing véi moi
diém thuoc hinh H qua duong théng d ciing thuoc hinh H.
Khi d6 ta néi hinh H c6 truc ddi xing d.

© Dinh li 6.1. Duong thang di qua trung diém hai day ctia hinh thang can la truc doi xing ctia
hinh thang can.

6. pOIxone rRuC [N
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NS

e BAI TAP

&> Bai 1. Cho tam giac ABC vuong tai A, duong cao AH. Goi D va E lan lugt 1a diém déi xing
ctia diém H qua AB va AC. Chiing minh ring:

a) A la trung diém ctia doan DE.
b) Tt gidc BDEC 1a hinh thang vuong.
¢) Cho BH = 2cm, CH = 8cm. Tinh AH va chu vi hinh thang BDEC.

e
o Loi gidi.
B
% !
I I
C
4 "
E
a) Vi AH va AD déi xiing v6i nhau qua AB néen AH = AD va HAB = DAB.
Vi AH va AE d6i xting véi nhau qua AC nén AH = AE va HAC = EAC.
Do 46 DAE = 2BAC =2 -90° = 180° va AD = AE (= AH).
Vay A la trung diem DE.
b) Ta c6 ADB = AHB = 90° (theo tinh chat déi xitng ctia doan thang).
Ta lai ¢c6 AEC = AHC = 90° (theo tinh chat ddi xiing clia doan thang).
Do d6 BDEC' la hinh thang vuong.
c¢) Trong AAH B vuong tai H, c6 AB?> = AH? + BH? (theo dinh ly Py-ta-go). (1)
Trong AAHC vuong tai H, c6 AC? = AH? + HC? (theo dinh 1y Py-ta-go). (2)
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Trong AABC vuong tai A, c6 BC? = AB? + AC? (theo dinh 1y Py-ta-go). (3)
Ma BC = BH + HC = 2 + 8 = 10 cm. 2)
T (1), (2) va (3) suy ra BC? = 2AH? + BH* + CH?. (2)
Tu (4), (5) va BH =2 ¢cm, CH = 8 cm ta dugc

102 = 2AH? + 22 + 8% = AH =4 cm (vi AH > 0).

&> Bai 2. Trén cac canh béen CA,CB clia tam giac CAB can tai C lay cac diém M, N sao cho
CM+CN = AC

a) Trén canh OB lay diém M’ sao cho CM’' = BN. Chiing minh rang M, M’ déi xting nhau
qua duong cao CH cuia tam giac CAB.

b) Goi D, E, F lan lugt la trung diém ctia AC, BC, M N. Chitng minh D, E, F thang hang.

® Loi gidi.
C
M !
D E
F N
A B
H
CM+ CN = AC
a) Tac6 { BN+ CN =AC = CM =CM'.
CM'= BN
Xét ACMM' c6 CM = CM suy ra ACMM’' can tai C. (1)
bat I = CH N MM’ suy ra CI la dudng cao cia ACMM'. (2)

Twu (1) va (2) suy ra C1 cing la duong trung truc ACM M’ hay C1 1a trung tryc MM'.
Do d6 M va M’ d6i xiing qua CH.

CE =BFE

|em =BN ,
b) Ta c6 CE:C’M’+M’E:>ME:EN'

BE=BN+ NE
Vay E la trung diém M'N.
Ma E la trung diém MM (gt).

Do d6 EF la duong trung binh trong ANMM' suy ra EF [| MM'. (3)
Ta lai c6 D la trung diém AC va E la trung diém BC nén DE la dudng trung binh trong AABC
suy ra DE /| AB. (4)
M3t kha MM L CH MM | AB 5
at khde o o0 T /Il AB. (5)
Tu (4) va (5) suy ra DE [ MM'. (6)

Tit (3) va (6) suy ra D, E, F thang hang.

O]
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> Bai 3. Cho tam giac ABC' ¢6 ba géc nhon trong d6 géc A c6 s6 do bang 60°. Lay D la diém
bat ki trén canh BC. Goi E, F lan lucgt la diém déi xing ctia D qua canh AB va AC. EF cit cac
canh AB va AC theo tht tu tai M va N.

a) Ching minh réng AE = AF.

b) Tinh EAF.

¢) Ching minh ring DA 1a phan giac ctia goc MDN.

e
® Loi gidi.
B
E
a) Vi AC la trung tryc ctia FD nén AF = AD (t/c dudng trung truc clia doan thang). (1)
Vi AB la trung tryc cia DE nén AE = AD (t/c duong trung truc ciia doan thang). (2)
T (1) va (2) suy ra AF = AE (= AD).
b) pat [T = ACNBD
“lo=DEn4B.
Ta c6F AT = DAT va DAO = EAO (tinh chat d6i xiing ctia dudng trung tryc). (3)
Ma DAI + DAO = TAO = CAB = 60°. (4)

Tit (3) va (4)ta duge FAI + DAI + DAO + EAO = 2 - (DAI + DAO) = 2 - 60° = 120°.
Vay EAF = 120°.

e —_— -

c¢) Theo tinh chat doi xing truc tht MDA = MFA, NDA = NEA.
Ma AAEF can nén MFA = NEA, suy ra DA la phan giac cia goc MDN.

& Bai 4. Cho hai diém A va B cling nam trén nita mat phang bo la duong thing d. Tim trén d
mot diém C' sao cho tong do dai CA + C'B 1a ngin nhat.

® Ldi gidi.
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Lay D la diém déi xiing v6i A qua d.

Theo tinh chat duong trung tryc: CA = CD. Do d6 CA+ CB = CD + CB.

Goi M la giao diém ctia BD va d.

Néu C khong trung véi M thi xét ABCD, ta c6: CB+ CD > BD hay CA+ CB > BD (1)
Néu C' trung v6i M thi: CA+CB = MA+ MB =MD + MB = BD. (2)
So sanh (1) va (2) ta thay diém C tring M hay C la giao diém ctia BD va d thi gia tri clia tong
CA + OB la nhé nhat.

Chi y: Diém C tim dude & vi tri M nhu vay la diém duy nhat.

That vay, néu lay E d6i xing véi B qua d thi AE van cat d § M dung vi trf ma BD cat d. O

&> Bai 5. Cho tit gidc ABCD c¢6 goc ngoai clia tit giac tai dinh C bang géc ACB. Chiing minh
rang AB + DB > AC + DC.

® L3i gidi.

Trén tia d6i cia tia CD lay H sao cho AC = HC, ndi B vé6i H.
Vi ABCA = ABCH (c.g.c) nén AB = BH (hai canh tuong ting).
Do d6 AB+ BD = BH + BD.

Ma AC = HC (gt) = AC + CD = CH + CD, ma HC + DC = DH. (

—~
N
SN N N

Trong ADBH ¢6 BD + BH > DH (bat dang thiic tam giac). (3

Tit (1),(2) va (3) suy ra AB+ BD (= HB + BD) > AC+CD (= HC + DC = DH). O

Bai e HINH BINH HANH .
N

7. HinH BINH HANH IR



Q TOM TAT LY THUYET

© binh nghia 7.1. Hinh hinh hanh 1a t gidc ¢6 cac canh ddi song song.

B C

A D

@ Dinh i 7.1. Trong hinh binh hanh

B 1, c
PUREN li

a) Céc canh doi bang nhau.

b) Céc géc doi bang nhau. 0

c¢) Hai duong chéo cit nhau tai trung diém méi duong. A f D

@© Dinh li 7.2 (D4u hiéu nhan biét hinh binh hanh).
a) Tt gidc c6 cac canh doi song song Ia hinh binh hanh.
b) Tit gidc c¢6 cac canh doi bang nhau la hinh binh hanh.
c¢) Tit gidc c6 hai canh doi song song va bang nhau Ia hinh binh hanh.

d) Tit gidc c6 cac géc doi song song la hinh binh hanh.

e) Tit gidc c6 hai dudng chéo cit nhau tai trung diém mdi duong Ia hinh binh hanh.

e BAI TAP

4% Bai 1. Cho hinh thang can ABCD, AB /| CD va AB < CD. Trén tia déi clia tia BA lay diém
E sao cho CB = CE. Chiing minh rang ti giac AECD 1a hinh binh hanh.

® Loi gidi.
Do CB = C'E nén tam giac C BE can tai C, suy ra
A B E
CEB = CBE = BCD = CDA.
Lai c6 AE /| CD nén CAE = ACD. Do d6
D C

CAD = 180° — CDA — ACD = 180° — AEC — CAE = ACE,

kéo theo AD J/ EC. Ma ABC'D la hinh thang can nén AD = BC' = CFE, do d6 ADCE la hinh binh
hanh. OJ
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> Bai 2. Cho tt giac ABCD, goi M, N, P, Q lan lugt la trung diém ctia AB, BC, CD, DA.
a) Chting minh rang M N PQ 1a hinh binh hanh.

b) Goi I, J lan lugt 1 trung diém ctia AC' va BD. Tt gidc ABCD la hinh gi néu I trimg J?
Vi sao?

c¢) Gia st I khong trimg J, chiing minh rang cac dudng thang M P, QN, I.J dong quy tai mot
diém.

D Loi gidi.

. s AC
a) Dé thay M N la dudng trung binh cta tam giac ABC, do d6 M N J| AC va M N = - Tuong

AC
tu, ta c6 PQ /| AC va PQ = - Suy ra MN J| PQ va M N = PQ hay M N P(Q la hinh binh
hanh.

b) Néu I trimg J thi ABCD la ti gidc c6 hai duong chéo cit nhau tai trung diém mdi dusng, tic
ABCD la hinh binh hanh.

BC
¢) Tuong tu a), ta chi ra duge MI J/ PJ || BC va MI = PJ = — do d6 MIPJ la hinh binh
hanh. Ma M N PQ ciing 14 hinh binh hanh nén M P, NQ, I.J cit nhau tai trung diém mbi dusng.

O
[— \\
> Bai 3. Cho tam gidc ABC nhon, cac duong cao BH va C'K cit nhau tai £. Dudng thing qua
B vuong goc véi AB va duong thang qua C vuong goc véi AC cit nhau tai D. Goi M la trung
diém ctia BC.

a) Tt giac BDCE la hinh gi? Vi sao?

b) Chiing minh ring M la trung diém ctia DE. Tam gidc ABC théa man diéu kién gi dé DE
di qua A?

¢) Chitng minh rang BAC + BEC = 18(°.

® Loi gidi.
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D

a) Ta c6 BD [/ CE, do cung vuong géc véi AB. Tuong tu CD /| BE. Tu d6 BDCE la hinh binh
hanh.

b) Do BDCE la hinh binh hanh v& M la trung diem BC nén M ciing la trung diem DE.

Dé ¥ F la truc tam tam giac ABC, suy ra AE L BC'. Do dé diém A ndm trén duong thing DE
khi DE vuong goéc v6i BC', hay AM 1 BC, tic tam giac ABC' can tai A.

c) Ta co
BAC + BDC = 360° — ABD — AC'D = 360° — 90° — 90° = 180°.

L]
[— N\
4> Bai 4. Cho hinh binh hanh ABCD c6 hai duong chéo cit nhau tai O, duong thang d nim
ngoai hinh binh hanh. Goi A’, B’, ', D', O’ 1an lugt 1a hinh chiéu cia A, B, C, D, O trén duong
thang d. Chitng minh ring

AA'+CC"= BB '+ DD' =200'.

® Loi gidi.

o<

A D

Do ABCD la hinh binh hanh nén O la trung diém ciia AC, suy ra OO’ 1a duong trung binh ctia hinh
thang AA'C'C', do d6 AA’ + CC" =200'. Hoan toan tuong tu, ta c6 BB+ DD' = 200'. O

&> Bai 5. Cho tt giac ABCD, goi M, N, P,Q lan luct la trung diém ctia AB, BC, CD, DA.
a) Chiing minh rang M N PQ 1a hinh binh hanh.
b) Goi I la giao diém ctia M P va QN. Goi E la diém trén tia A sao cho EA = 2AI va J la
giao diém ctia tia M A va EP. Chitng minh ring I.J song song véi M E.
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® Loi gidi.

. A
a) Dé thay M N la dudng trung binh ctia tam giac ABC, do d6 M N [/ AC va MN = TO Tuong
A
tu, ta co6 PQ J| AC va PQ = TC Suy ra MN /| PQ va MN = PQ hay M N PQ la hinh binh
hanh.

b) Do M N PQ 1a hinh binh hanh nén I la trung diém ctia M P. Ma FA = 2AI nén A la trong tam
tam giac MEP, do dé J la trung diém EP. Diéu nay dan dén IJ la duong trung binh ciia tam
giac PEM . Vay IJ song song v6i M E.

U

&> Bdi 6. Cho hinh binh hanh ABCD c6 A = 120°, phan giac D di qua trung diém ctia canh AB.
Goi F la trung diém ctia CD. Chiing minh ring

a) AB =2AD. b) AADE déu, AAEC can. c¢) AC 1 AD.
® Loi gidi.
D b c
A r B

a) Goi F la trung diém ctia AB. Do DAB = 120° va ABCD 1a hinh binh hanh nén ADC = 60°,
suy ra AFD = CDF = ADF = 30° hay tam giac ADF can tai A. Vay AB = 2AF = 2AD.

CD AB .
b) Ta c6 DE = - =5 = DA va ADE = 60° nén tam giac DAE deu. Suy ra EA = ED =
CD
- = EC hay tam giac AEC can tai E.

¢) Do tam giac EAC can tai F nén DEA = EAC + ECA = 2@, suy ra EAC = 30°. Do d6
DAC = DAE + EAC = 60° + 30° = 90°.
Vay AC' 1. AD.
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O

9 Bai 7. Cho hinh binh hanh ABCD. Hai diém E, F lan lugt ndm trén canh BC va AD sao cho
1 1 N .
BE = gBC’, DF = gDA va E'F lan luct cat AB va C'D tai G va H.
a) Chiing minh réng GE = EF = FH.
b) Chiing minh ring ti gidc AECF 1a hinh binh hanh.

c) Trén tia d6i clia tia AG, lay diem I sao cho AI = AG. Chiing minh ring C, F, I thing

hang.
_—
® Loi gidi.
a) Ching minh réng GE =FEF =FH.
TacéBE—3BC AF—;ADV&BC AD nenB—g:%.
GE BE 1
BE || AF AGBF «~ ANGAF —_— = E=FF. (1
Vi / nén AG GAF neén ta c6 GFDFAF 2:>G (1)
TacoDF_gDA CE—gCBvaDA CBnenc—zi
HEF DF 1
DF E AHDF ~ AHCFE — =—=—-=HF=FF. (2
Vi /| CE nén CFE nén ta c6 HE-CE -3 (2)
Tu (1) va (2) ta c6 GE = EF = FH.
1 A B G
E
F
H D C

b) Chiing minh rang tit gide AECF 1a hinh binh hanh.
Ta c6 AF = ;AD, CFE = gCB va AD = CB nén AF = EC, ma AF [/ EC, suy ra AECF la
hinh binh hanh.

c¢) Trén tia ddi clia tia AG, lay diém I sao cho Al = AG. Chiing minh rang O, F', I thang hang.

BA 1
BT 2 BA BE
Ta c6 % - i I = BO = CI /| EA, ma CF J| EA, suy ra C, F, I thang hang.
BC 3
U
[ —

¢ Bai 8. Cho tam gidc ABC, cac dudng cao AK va BD cét nhau tai G. Vé cac duong trung tric
HE, HF cia cac canh AC va BC (v6i E, F lan lugt 1a trung diém ctia AC' va BC). Dudng thang
qua A va song song véi BG cat duong thang qua B va song song v6i AK tai I. Ching minh ring

a) BG = Al
b) BG = 2HE.

® Ldi gidi.
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a) BG = Al

Al || GB
i nén ABC'D la hinh binh hanh, suy ra BG = [ A.
AG /| IB
A
I
/ /
B ‘
C
b) BG =2HE.
Ta c6 ABD + BAD = 90°, ma IAB = ABD nén IAB + BAD = 90° = [AD = 90°.
Ta c6 4140 = IAJ FH EH di t diém ctia IC (1)
BCO | A , suy ra i qua trung diém cua IC.
Tuong tu, ta c6 IB /| FH, suy ra FH di qua trung diém cta IC. (2)

Tit (1) va (2) ta c6 H la trung diém IC. Khi d6 HE la dudng trung binh clia tam giac CTA nén

1 1
HE = §]A = §BG hay BG =2HFE.

]

49 Bai 9. Cho hinh binh hanh ABCD. Dung cic tam gidc déu ABE, ADF bén ngoai hinh binh
hanh ABCD. Goi M, N, I lan lugt 1a trung diém cia AF, BD, AE. Chting minh ring

a) ACEF deu.

b) MNT = 60°.

D Ldi gidi.

a) ACEF deu.
CD=AB=FEB

Xét ACDF va AEBC ¢6 { FFD = AD = BC

FDC = 60° + ADC = 60° + ABC = EBC.
Suy ra ACDF = AEBC = CF = CE. (1)
Ta c6 EAF = 240° — DAB = 240° — (180° _ AB(J) — 60° + ABC = EBC.
Ma AE = BE, AF = AD = BC nén AEAF = ACBE = EF =CE.  (2).
Tu (1) va (2) ta ¢6 EF = FC = CE nén ACEF déu.
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b) MNT = 60°.
IN la duong trung binh cia AAEC nén IN = %EC (3).
I'M la duong trung binh cia AAEF nén IM = %EF (4).
MN la duong trung binh cia AAFC nén MN = %FC’ (5).
T (3), (4), (5) tacé NI =IM = MN nén AMNI déu, suy ra MNI = 60°.

$>Bai 10. Cho hinh binh hanh ABCD. Céac phan gidc ciia géc A va D it nhau tai M, cic phan
gidc ctia goc B va C' ciat nhau tai N . Chiing minh M N /| AB.

® Loi gidi.
Goi K la giao diém ctia duong phan giac goc D va AB . Q la giao diém ctia duong phan giac goc B va
CD.
]l 1 —
Ta ¢c6 NBC + NCB = 5ABC'+ §BC'D =90° = CN 1 BQ = ACBQ can tai C' va N la trung
diém BQ.

Tuong tu ta c6 M 1 trung diém DK.
Vi AK = AD = BC = CQ nén KB = DQ, suy ra K BQC 1 hinh binh hanh, ma M, N lan lugt la
trung diém DK, BQ, suy ra MN /| KB hay MN /| AB.
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\
¢ Bai 11. Cho hinh binh hanh ABCD, A la géc nhon, AC cit BD tai O, DE L AB tai E,
DF 1 BC tai F.
a) Chung minh AFOFE can.
b) Gia sit BAD = m. Tinh EOF theo m.
e
@ Loi gidi.
a) Ching minh AFOFE can.
, DB
Vi ADFB vuong tai F' va O la trung diem BD nén OF = —~
, DB
Vi ADEB vudng tai E va O la trung diem BD nén OF = —
Suy ra OF = OF nén AOFEF can tai O.
b) Gia st BAD = m. Tinh EOF theo m.
Ta co
EOF = EOB+ BOF = 180° — 20BE + 180° — 20BF = 360° — 2EBF
= 2(180° = ABC) = 2BAD = 2m.
D ¢
(0]
F
A E B
L]
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Dai e POI XUNG TAM
N

Q TOM TAT LY THUYET
1. Hai diém ddi xitng nhau qua mot diém
| ©Dinh 1 8.1. Noi dung dinh Iy

© Dinh nghia 8.1. Hai diém goi 14 déi xitng nhau qua diém O néu O la trung diém ctia doan thang
néi hai diem do.

Quy uéc: Diém déi xitng v6i diem O qua diém O ciing 1a diém O.

A Noi dung chi g

2. Hai hinh déi xitng nhau qua mét diém

© Dinh nghia 8.2. Hai hinh goi la ddi xting v6i nhau qua diém O néu mdi diém thuoc hinh nay
déi xiing v6i mot diem thuoc hinh kia qua diém O va ngudc lai.
Khi d6 diém O goi la tam ddi xing ctia hai hinh H va H'.

@ Dinh Ii 8.2. Néu hai doan thang (géc, tam giac) dbi xitng v6i nhau qua mot diém thi chiing
biang nhau.

Néu ba diém khong thiang hang A, B, C lan luot doi xiing véi A', B', C' qua tam O thi
®@ Hai duong thang AC va A'C" dbi xitng véi nhau qua tam O.
© Hai doan thing AB va A'B’ doi xiing véi nhau qua tam O va AB = A'B’.

® Hai géc ABC va A'B'C' déi xitng nhau qua tam O va ABC = A'B'C.

@ Hai tam gidgc ABC va A'B'C" dbi xiing nhau qua tam O va AABC = NA'B'C’.
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3. Hinh c6 tAm doi xiing

© Dinh nghia 8.3. Diém O goi 1a tam déi xitng clia hinh H (hay hinh H c6 tam ddi xting la O)
néu mdi diem thuoc hinh H c6 diém déi xing qua O ciing thuoc hinh H.

© Dinh |i 8.3. Giao diém hai duong chéo hinh binh hanh I3 tam déi xiing ciia hinh binh hanh dé.

D C

Q BAI TAP

4> Bai 1. Cho hinh thang ABCD véi (AB // CD), I 1a mot diém bat ky ¢ mién trong ctia hinh
thang ABC'D va khong nam trén dudng théng chita canh nao ctia hinh thang. Goi M, N lan lugt
la trung diém ctia AD va BC. Goi K, H lan luct la diém déi xing ctia I qua M va N. Ching
minh rang

a) KH /| CD. b) KH = AB+ CD.

® L3i gidi.

M~
/Q

a) Diém K la d6i xting v6i I qua diem M nén M la trung diém ctia canh K.
Diém H la déi xting véi I qua diem N nén N la trung diém ciia canh TH.
Do d6 M N la dudng trung binh ctia tam giac IHK, suy ra MN jf HK  (1).
Hinh thang ABCD c6 duong trung binh 1a M N nén MN /| CD  (2).
T (1) va (2) tacé HK J/ CD [/ MN.

b) Do M N la dudng trung binh cia ATHK nén HK = 2MN. (3) Mat khac M N cing la dudng
trung binh ctia hinh thang ABCD nén AB+ CD =2MN. (4)
Tir (3) va (4) ta c6 HK = AB + CD = 2MN.

4> Bai 2. Cho tam giac ABC. Dudng thing qua A song song véi BC' cat dusng thing qua C' song
song v6i AB tai D. Goi M la trung diém canh AC. Lay E, F lan lugt trén cac doan thing M B,
MD sao cho EB = FD. Chiing minh ring E déi xiing véi diem F qua M.

D Loi gidi.
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F
M
B C
Xeét ti giac ABCD cé ABICD | la hinh binh hanh
é giac 9 o ) AD nén la hinh binh hanh.

Ma M la trung diém ctia duong chéo AC nén ciing la trung diém ciia duong chéo BD hay M B = M D.
Khi d6 MB — BE = MD — DF < EM = FM, ma E, M, F thang hang nén M la trung diém canh
EF.

Vay E d6i xiing v6i diem F qua M. O

&> Bai 3. Cho 3 diem A, B, C thang hang va diém M khong thuoc dusng thing do. Goi A', B,
C’ 1an lugt 1 diém déi xting ctia A, B, C qua M. Chitng minh ring A’, B’, C’ thang hang.

® Loi gidi.

C/

Xét AABM va AA'B'M

© MB = MB' (gia thiét).

©@ MA=MA (gia thiét).

© AMB = A'MB' (d6i dinh).
= AABM = AA'B'M (c-gc) = MAB = MA'B' = AB || A'B'.
Tuong ty AAMC = AAMB' = AC || A'C'.

AB || A'B’ . AC J| A'B’
Ta co Ma A, B, C' thang hang =

AC ) AC Do dé A’, B', C' thang hang. O

AC | AC"

$SBai 4. Cho AABC c¢6 duong trung tuyén AM va G 1a trong tam cia AABC. Goi K, N, H
lan lugt 1a céc diém déi xing ciia G qua A, B, C. Goi T la giao diém ctia tia KG véi NH.

a) Ching minh ring M la trung diém ctia GT.

b) Ching minh ring G 1a trong tam ctia AKNH.

® Ldi gidi.
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B la trung diém ctia GN

C la trung diém ctia GH
= BC' /| NH hay BC' J| NT.

a) Xét ANGH co = BC' la dudng trung binh.

B la trung diém ctia GN

= M la trung diém ctia GT.
BC /| NT

Xét ANGT c6 {

1

b) Ta c6 BM la duong trung binh cia ANGT nén BM = §NT.
1

Ta c¢6 MC' la dusng trung binh cia AGTH nén MC = §TH.

Ma BM = MC = NT = TH hay T la trung diém ctia NH.
Do d6 KT la duong trung tuyén cia AKNH.

 [AG =2GM
e {GT —2GM
Do do6 G la trong tam cia AKNH.

=>AG:GT.MaKA:AGnénKA:AG:GThayKGz%KT.

&> Bai 5. Cho AABC. Goi Oy, Oy, Os lan lugt 1a trung diém ciia cdc canh AB, BC, CA. M i
diém tuy y khong thuoc cac canh cia AABC. Goi M, la diém déi xting ctia M qua Oy, M, la
diém déi xitng ctia M; qua O,, M3 la diém déi xiing ctia M, qua Os. Chitng minh ring M; dbi
xung véi M qua A.

® Loi gidi.

M
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Nél BM1 va CMQ Xét AOlMlB va AAOlM

@ M,0,B = A0, M (déi dinh).

BM, = AM BM, = AM
= AOlMlB = AAO:[M (C—g-C) = _— = (1)
BM,0, = AMO, BM, | AM.
Chtng minh tuong ty ta dugc
L ACOsMy = AAOsM; = 4 C 2= A0 2)
T T\ OMy ) AMs.
. ABOJM, = ACOM, = | M1 = CAL (3)
S 22T\ BM,y ) CMs.
M, A, M3 thang hang . )
Tu (1),(2),(3) = L . Do d6 M3 doi xiing v6i M qua A. O
A la trung diem M Mj

49 Badi 6. Cho hinh binh hanh ABCD c6 tam déi ximg O, F la diém bat ki tren doan OD. Goi
F la diém déi xing ctia C' qua E.

a) Ching minh rang AF J/ BD.

b) Diém E & vi tri ndo trén OD dé tit giac ODF A 1a hinh binh hanh.

® Loi gidi.

A B

OA = OC (gia thiét)
a) Xét ACAF ¢6 " = OF la dudng trung binh.
EF = EC (gia thiet)

Suy ra AF /| OE, ma O, E thuoc BD nén AF || BD.

b) Ta c6 AF /| BD nén ti gidc ODF A la hinh binh hanh khi va chi khi AF = OD.
1 1 .
Mat khac OF = §AF = OF = §OD. Suy ra E la trung diem ctia OD.

> Bai 7. Cho 2 dudng théng d;, dy vuong goéc nhau tai O va 1 diém P khong ndm trén d;, ds.
Goi P, 1a diém déi xiing ctia P qua d;, P, 1a diém déi xting qua P qua dy. Chting minh ring hai
diém P;, P, d6i xting nhau qua O.

® Loi gidi.
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F dy

P,

dq

T giac PEOF ¢6 3 gboc vudong nén PEOF 1a hinh chit nhat.
= PF =FEO,PE = FO.

® FP,= FEO (ti giai thiét ta c6 PF = FP,).

©@ FO = EP, (tu giai thiét ta c6 PE = EP)).

Suy ra AFP,O = AEOP; (hai canh géc vuong bing nhau).
OP, =0P, (1)
= q— —
FPQO == EOP1
Ta c6 FOP, + EOP, = 90° = FOP, + EOF + EOP, = 180° = Py, O, P, thing hang  (2).
Tu (1) va (2) suy ra P;, P, d6i xing nhau qua O. O
[ —

> Bai 8. Cho hinh binh hanh ABCD, diém P tréen AB. Goi M, N la céc trung diém AD, BC;
E, F lan lugt la diém doi xiing ctia P qua M, N. Chiing minh ring

a) E, F thuoc dudng thang CD.
b) EF = 20D.

D Loi gidi.

a) Ching minh E, F thuoc duong thang C'D.
Ta c6 ABCD la hinh binh hanh nén AB // CD. M la trung diém doan thing AD nén M la tam
déi xting ctia AD, va M ciing la tam doi xtng ctia PE. Ma P la diém trén canh AB nén E nim
tren duong thang C'D.
Lap luan tuong tu ta duge N la tam doéi xing ctia doan thang BC va PF, va vi P nam trén
AB nén F nam trén duong thang CD (do AB J/ CD).
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b) Chitng minh EF = 2CD.
Vi M 1a tam déi xiing ciia hai tam gidc EM D v PM A nén suy ra AP = ED.
Vi N la tam ddi xing clia hai tam giac PNB va FNC nén suy ra PB = CF.
Ma AP+ PB = AB nén ED+ CF = AB, ma ABCD la hinh binh hanh nén AB = C'D, do d6
ED+CF=CD.
Suyra EF =FED+ DC+CF=ED+CF+ DC=CD+ DC =2CD.

& Bai 9. Cho hinh binh hanh ABCD c6 O la giao diém hai duong chéo. Lay diém E trén canh
AB, F trén canh CD sao cho AE = CF. Goi I la giao diém ctia AF va DE; K la giao diém ctia
BF va CE. Chiing minh rang I déi xiing véi K qua O.

® Li gidi.

Xét ti giac AECF ta co

@ AE = CF (gi4 thiét).

@ AE || CF (vi AB /| CD)

Suy ra tit gitc AECF 1a hinh binh hanh = AF ) BC' = FAC = ECA (so le trong).

Do dé TAO = OKC.

Vi O la giao diém ctia hai dudng chéo hinh binh hanh ABCD nén O la trung diém AC = O la tam
d6i xting ctia canh AC.

Xét tam giac TOA va tam giac KOC, ta ¢6

@ [0A = KOC (déi dinh).
® OA =0C (O la tam déi xing cia AC).
© IA0 = OKC (chtng minh trén).

Suy ra AIOA = AKOC = 10 = OK (hai canh tuong tng) (1).
Ta dugce

® AECF la hinh binh hanh, O 14 trung diém AC nén O la tam déi xing cia AECF  (2).

@ Diém I thuoc AF, K thuoc CE, AF j) CE (3).

Tu (1), (2) va (3) ta suy ra I doi xiing v6i K qua O. O
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> Bai 10. Cho diém O tuy y nam trong AABC. Goi D, E, F theo thit ty 1 trung diém BC,
CA, AB. Goi G, H, I theo thit tu la cac diém déi xting v6i O qua D, qua E, qua F. Chiing minh
rang

a) Ba duong thang AG, BH, CI dong quy tai mot diém. (Goi diém dong quy 1a K).

b) Khi O di chuyén trong AABC sao cho O khong tring K thi duong thing OK luon di qua
mot diém c¢b dinh.

o Ldi gidi.

a) Ba duong thang AG, BH, CI dong quy tai mot diém. (Goi diém dong quy la K).
Ta co

1
©@ DEF la dudng trung binh ctia AABC nén DE J| AB va DE = §AB (1).

1
@ Xét AOGH c6 DE 1a duong trung binh néen DE J/ GH va DE = §GH (2).

. X AB || GH
T (1) va (2) suy ra {AB _CH.

Do d6 tit gidc ABGH 1a hinh hinh hanh, suy ra AG va BH cit nhau tai trung diém mbi duong

(3)-
Mat khac

1
® EF la duong trung binh AABC nén EF [/ BC va EF = §BC’ (4).
1
® Xét AOIH c6 EF la duong trung binh nén EF J/ IH va EF = §IH (5).

. X BC ) 1H
Tu (4) va (5) suy ra {BC’ Iy

Do d6 tit giac BC'HI 1a hinh hinh hanh, suy ra BH va C1 cit nhau tai trung diém moi duong

(6).

Lai c6

1
®@ FD la duong trung binh AABC nén FD j| AC va FD = §AC (7).
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1
® Xét AOIG c¢6 FD la duong trung binh nén FD J/ IG va FD = §IG’ (8).
AC || IG
Tu (7) va (8
(7) va (8) suy ra {AC:IG.
Do d6 t1t gidc ACGI 1a hinh hinh hanh, suy ra AG va CI cit nhau tai trung diém mdi duong

(9)-
Tit (3), (6) va (9) ta suy ra AG, BH va CI cit nhau trung diém ctia mdi dudng, dat la diem K.

b) Khi O di chuyén trong AABC sao cho O khong triing K thi dudng thang OK luon di qua mot
diém ¢6 dinh.

Khi diém O di chuyén trong tam gidc ABC' va khong tring v6i diem K. Ta xét tam giac AGO

c6 AD la duong trung tuyén cb6 dinh, OK ciing 1a duong trung tuyén nén AD va OK cat nhau

tai trong tam cua tam giac AGO, goi trong tam nay la P. Khi d6 ta ¢6 P cling la trong tam cta
2

NABC vi AP = gAD.

Tam gidgc ABC ¢b dinh nén diém P c¢6 dinh.
Vay OK luon di qua mot diém c6 dinh 1a trong tam P ctia AABC.

]
HINH CHU NHAT - DUONG THANG SONG SONG
Dai e VOI MOT DPUONG THANG CHO TRUOC. )

N

Q TOM TAT LY THUYET

1. Dinh nghia:

© Dbinh nghia 9.1. Hinh chit nhat 1 t gidc ¢6 4 gbc vuong.
A B
] »
u »
D C

B CHUONG 3. TU GIAC



@ Nhan zét. Hinh chit nhat vita la hinh binh hanh vita 1a hinh thang can.

2. Tinh chit

Hinh chit nhat c¢6 tat ca tinh chat ctia hinh binh hanh va hinh thang can.
Tinh chat dic trung clia hinh chi nhat 1a: “Hai duong chéo bang nhau va cit nhau tai trung diém ctia
moi duong 7.

3. Hé qua

a) Trong tam gidc vuong, duong trung tuyén tng véi canh huyén bang nita canh huyén.

B

A C

) ) 1
Neu tam giac ABC vuong tai A co duong trung tuyen AM thi AM = §BC’.

b) Néu mot tam gidc c6 dudng trung tuyén ting v6i mot canh bang nita canh ay thi tam gidc do la
tam giac vuong.

B

A C

. , . 1 . ‘
Neéu tam giac ABC' ¢6 duong trung tuyéen AM va AM = §BC’ thi tam giac ABC vuong tai A.

4. Dau hiéu nhan biét hinh chu nhat
a) Tt giac c6 ba goéc vudng la hinh chit nhat.
b) Hinh thang can c6 mot goc vuong la hinh chi nhat.

)
¢) Hinh binh hanh ¢6 mot géc vuong la hinh chit nhat.
)

d) Hinh binh hanh c6 hai dudng chéo bang nhau la hinh chit nhat.
9. HINH CHU NHAT - PUONG THANG SONG SONG V&I MOT BUONG THANG cHO TRUGC. [N



5. Khoang cach gitra hai duong thang song song

Khoang cach giita hai dudng thang song song la khoang cach tit mot diém bat ki tren duong thang
nay dén dudng thang kia.

6. Tinh chit ctia cdc diém céch déu mét dudng thing cho trudc

Tap hop céac diém cach dudong thing a cd dinh mot khoang bang h khong doi 1a 2 dudsng thing song
song véi dudng thing a va cach dudng thing a mot khoang bing h.

7. Pudng thiang song song cich déu
© Dinh nghia 9.2. Khi cic dudng thang a, b, ¢, d song song véi nhau va khodng cach gitta cac

dudng thang a va b, b va ¢, ¢ va d bing nhau thi ta goi ching la cac duong thang song song cach
deéu.

© Dinh 1 9.1.

®@ Néu ciac duong thing song song cich déu cit mot duong thing thi chiing chin trén dudng
thing dé cac doan thing lien tiép bang nhau.

®@ Néu cac duong thing song song cit mot duong thang va chiing chin trén dudng thang dé cac
doan thédng lién tiép bing nhau thi ching song song cach déu.

e BAI TAP

&> Bai 1. Cho AABC vuodng tai A (AB < AC), trung tuyén AM. E, F lan lugt 1a trung diém
cua AB, AC.

a) Ching minh rang ti giac AEMF 1a hinh chit nhat.

b) Goi AH la duong cao cia AABC. Chiing minh rang tit gidc EHMF 1a hinh thang can.

® Loi gidi.

a) Xét AABC, ta c6:
M 1a trung diém ctia BC (AM la dudng trung tuyén)
F 1a trung diém ctia AC (gt).
E la trung diem AB (gt)
= MF, ME, EF la cic duong trung binh trong AABC.

I B cHuone 3. T GIAC



MF || AB ME [| AC

MF = AB " e - SAC
MF || AB (cmt)
AB 1 AC (AABC vuong tai A)
ME J| AC  (cmt)
AB 1L AC (AABC vuong tai A)
Xét/tigiéc AEMF co:
EAF =90° (AABC vuong tai A)
MEA = 90° (cmt)
MFA = 90° (emt).
Vay ti giac AEMF 1a hinh chi nhat (t giac ¢6 ba goc vudng).

Nhuvay{ — MF L AC = MFA = 90°.

Tuong ty, ta co: { :>MEJ_AB:>@:90°.

b) Vi EF la duong trung binh trong AABC (cmt) nén EF j) BC = EF || HM.
Xét ti giac FEHMF ¢6 EF [ HM, do d6 EHMF' 1a hinh thang.

) {EFM = F/M\C’( so le trong va EF /| BC)
Ta co:

EBM = FMC( ddng vi va AB J| MF)

= FFM = EBH.
Xét AABH vuong tai H c6 HE 1a duong trung tuyén ting v6i canh huyén AB, do d6 EH = EB.
Xét AEBH ¢6 EH = EB (cmt), néen AEBH can tai F, vi vay FBH = FHB.
EFM = EBH(cmt)
Taco: { EBH = EHB
EHB = @7( so le trong va E'F' [/ BC')
— EFM = HEF. -
Xét hinh thang EHMF ¢6 EFM = HEF (cmt), nen EHMF 1a hinh thang can (hinh thang
6 hai géc 6 cing mot day bang nhau).

9 Badi 2. Cho hinh chit nhat ABCD, diém E thudc canh AB. Lay diém F thuoc tia déi clia tia
CB sao cho EDF = 90°. Vé hinh chtt nhat FEDFK. Tinh DBK.

® Li gidi.

9. HINH CHU NHAT - BUONG THANG SONG SONG VOI MOT BUSNG THANG CHO TRUGC. 130




A
D C
19)
K
F

Goi O 1a giao diém ctia EF va DK.
Do EDFK la hinh chit nhat = OF = OF = OD = OK (1).
Mt khac AEBF vuong tai B = OB = ED = OF (2).
Tu (1) va (2) suy ra OB = 0D = OK = ADBK vuong tai B= DBK = 90°. O

& Bai 3. Cho AABC nhon, duong cao BE va CF cit nhau tai H. Lay M la trung diém ciia BC
va I la diém déi xting ctia H qua M.

a) Ching minh /C = BH va IB 1 AB.

b) Ching minh rang AMEF 1a tam gidc can.

¢) V& CQ L BI tai Q. Chiing minh rang AFEQ la tam gidc vuong.

 Loi gidi.

A

a) Ching minh IC' = BH va IB 1 AB.
Xét tit giac BHCT c6 M la trung diém ctia 2 dudng chéo BC va HI suy ra ti giac BHCIT 1a
hinh binh hanh.
= IC=BHvalIBJCHmaCH 1 AB=1B 1 AB.

B CHUONG 3. TU GIAC



b) Chiing minh rang AMEF 1a tam giac can.
Ta c6 ABEC vuong tai E va EM 1a dudng trung tuyén néen ME = MB = MC (1).
Ta ¢c6 ABFC vuong tai F va FM la duong trung tuyén nén MF = MB = MC (2).
Tu (1) va (2) suy ra ME = MF = AMEF can tai M.

c) V& CQ L BI tai Q. Chiing minh ring AFEQ la tam gidc vuong.
Ta ¢6 ti giac BFCQ la hinh ch@t nhat = CF = @B, ma CH = BI (do BHCI la hinh binh
hanh) = FH = QI.
Talai c6 FH | QI (do CF J/ BQ) = FHQI la hinh binh hanh.
Ma M la trung diém ctia HI nén M ciing la trung diém ctia FQ = MF = MQ.
Mat khéc theo cau (a) ta c6 ME = MF = ME =MF = M@Q = AEFQ vuong tai F.

]

& Bai 4. Cho tit giac ACBD ¢6 AB L CD. Goi M, N, P,Q lan luct la trung diém ctia BC, BD,
AD, AC.

a) Ching minh rang t giac M N PQ 1a hinh chit nhat.

b) Biét BC /| AD, BC = 4cm, AD = 16cm. Tinh M P.

® Loi gidi.

a) Chiing minh rang t gidc M N PQ 1a hinh chit nhat.
Ta c¢6 M la trung diém ctia BD, N la trung diém cia cia BD.
1
= MN J| DC va MN = §DC (1).
Ta c6 @ 1a trung diém ctia AC, P la trung diém ctia cia AB.
1
= PQ /| DC va PQ = §DC’ (2).
Tu (1) va (2) suy ra ti gidc PQM N la hinh binh hanh (3).
Lai ¢6 Q la trung diém ctia AC, M la trung diém cia cia BC' = QM /| AB.

Khi d6 ta c6 MQ JJ AB, MN Jl CD, AB L CD suy ra MQ L MN (4).
T (3) va (4) suy ra ti gidc PQM N la hinh cht nhat.

b) Biét BC' /| AD, BC = 4cm, AD = 16cm. Tinh M P.

BC+AD 441
Ta c6 ti gidgc PQMN 1a hinh chit nhat nen MP = QN = 2¢ AP 4416

5 5 = 10cm.

]
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> Bai 5. Cho hinh chit nhat ABCD. Goi BH 1 AC tai H. Goi M, N, P lan lugt 1a trung diém
cia AH, BH, C'D. Chiing minh réng:

a) Tt gidc CNM P la hinh binh hanh.

b) BMP = 90°.

® Li gidi.

a) Tt gidc CNM P la hinh binh hanh.
Ta c¢6 M la trung diém ctia AH, N la trung duém ciia BH = MN la dudng trung binh ctia

AABH = MN /| AB va MN = %AB (1).

, 1 1
Mat khéac P la trung diem cia DC' = PC = §DC’ = EAB va CP || AB (2).
Tu (1) va (2) suy ra PC /| MN va PC = M N = ti giac CNM P la hinh binh hanh.

b) BMP = 90°.
Ta c6 PC 1 BC lai ¢c6 MN /| CP (caua) = MN 1 BC.
Xét ABMC, ¢6
MN 1. BC,BN 1 AC = N la truc tam cia ABMC = NC 1. BM.

Ma NC J| MP = MP 1 BM = BMP = 90°.

U
N

$>Bai 6. Cho AABC can tai A (AB > BC) c¢6 2 duong cao BE, CF va diém M bat ki trén
canh BC. Vé MP 1 AB tai P, MQ L AC tai Q. Trén tia doi clia tia MQ lay diem N sao cho
MN = MP. Chiing minh réng:

a) T giac BEQN la hinh chi nhat.
b) MP+ M@ =CF.

® Loi gidi.
B CHUONG 3. TU GIAC



F E
P Q
N

a) Ching minh tit gidc BEQN la hinh chi nhat.
Xét ABMP v ACMQ, c6
BPM = CQM = 90°.
PBM = QCM (V1 AABC can tai A)
Suy ra BMP = CMQ ma CMQ = BMN (déi dinh) = BMP = BMN.
Xét ABMN va ABMP, c6
BM canh chung
BMP = BMN (cmt).
MN = MP (gt).
= ABMN = ABMP (c-g-c).
= BNM = BPM = 90°.
Khi d6 ti gidc BEQN co E= Q = 90° = ti giac BEQN la hinh chi® nhat.

b) Chtng minh MP + MQ = CF.
Taco MP=MN = MP+ M@ =MN + MQ = NQ.
Ma N@Q = BE (do BEQN la hinh chit nhat).
= MP + MQ = BE (1).
Xét ABFC va ACEB, c6
CED = BEC = 90"
FBC = ECB (do A ABC can tai A).
= ABFC = ACEB (canh huyén - géc nhon).
= BE = CF (2).
Tu (1) va (2) suy ra MP+ MQ = CF.

U

&> Bai 7. Cho AABC vuong can tai C, M la diém bat ki trén canh AB. Vé ME 1 AC tai E,
MF 1 BC tai F. Goi D la trung diém ctia AB. Chiing minh ring:

a) Tt giac CFME la hinh chit nhat.

b) ADEF vuong can.

® Li gidi.

9. HINH CHU NHAT - BUONG THANG SONG SONG VOI MOT BUSNG THANG CHO TRUGC.
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a) Ching minh t@ giac CFME la hinh chit nhat.
Xét ti giac CFME c6 C=FE=F=90= tu gidc CFME' 1a hinh chit nhat.

b) Chitng minh ADEF vudng can.

Ta c6 AABC vuong can tai C' = A = B = 45°.

C6CD L AB = {ACD =4

DC = BD = DA.

Tam giac M BF vuong tai F' ¢6 B =45 = AMBF vuong can tai F.
Suy ra F'B = FM, ma FM = CE (do CFME la hinh cht nhat) = FB = EC.
Xét ACED va ABFD, c6
CE=BF.__
ECD = FBD = 45°.
DC = DB.
= ACED = ABFD (c -g-c).
Suy ra ED = F'D va EDC = FDB
Ma FDB + FDC = 90° = EDC + FDC = 90° = ADEF vuong can tai D.

0J

49 Bai 8. Cho hinh chi nhat ABCD, E € AC. Duong thing qua E va song song véi BD cit cac
duong th&zmg AD, CD lan lugt tai M, N. Vé hinh ch@ nhat DM FN. Goi O, I lan lugt 1a giao
diém ctia 2 dudng chéo ctia 2 hinh chit nhat ABC'D, DM FN. Chitng minh ring:

a) T giac E1DO la hinh binh hanh.

b) E la trung diém BF.

® Li gidi.

a)
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Tacé: BD | ME = OD [/ IE. (1) A B

Lai ¢6: NDI = DNT. (do ADNT can tai I)
DNI = ODC. (so le trong) o
ODC = OCD. (do AODC can tai O)
Suy ra: NDI = OCD nén DI [/ OE. (2)
T (1) va (2) suy ra td gidc DIEO la hinh binh hanh.
D N C
I
M F

b) Do tit gidc DNFM la hinh ch@ nhat nén DF = 2DI = 20FE (do tt giac OEID la hinh binh
hanh), lai ¢6 DI J| OF.
Suy ra OF la duong trung binh ctia tam giac BFD nén E la trung diém BF.

> Bai 9. Cho hinh chit nhat ABCD, vé BH 1 AC tai H. Trén tia d6i clia tia BH lay diem E
sao cho BE = AC. Ching minh ADE = 45°.

® Loi gidi.
Ké DK vudng goc AC tai K, suy ra DK /| BH nén KDE = D
— A
BDE.
Lai c6: BE = AC = BD = ABED can tai B.
= BED BDE = BDE KDE (1) K
Lai c6: Al ADK = =90° — DAK ACD H
Ma: DBC = ACD = ADK = BDC. (2)
Tu (1) va (2) ta suy ra
— — [ — B C
ADK + KDE = BDC+ EDB
< ADE = EDC
— AD
< ADE = TC = 45°. E
O
[ —— N\

$>Bai 10. Cho at/O\y = 90°, M nam trong géc d6. Vé MA 1 Oz tai A, MB L Oy tai B. Trén
duong thang di qua M va vuong géc véi AB, lay cac diem E, F sao cho ME = MF = AB. Ching
minh rang:

a) EOF = 90°.

b) Oz la tia phan gidc clia EOF.

D Li gidi.

9. HINH CHU NHAT - DUONG THANG SONG SONG VI MOT DUONG THANG CHO TRUGC.
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a) Do MBO = MAO = BOA = 90° nén tit giac E
BM AO 1a hinh chit nhat.
Suyra: AB=0M,laic6: AB=MFE = MF =
OM =MFE =MF
= AFEOF vuong tai O. y

b) Ta c6: MO = ME nén tam giac OME can tai
M.
Suy ra MEO = MOE.
Lai c6: HOE = OEM. (so le trong)
Suy ra: OHE = MOE. 1
Ta co: EO\H:QOO—I?B\QiB/A\O:MO\A.

—— —— BOA
Suy ra: BOE:AOE:%ZZLE)O.

—— EOF 0
Suy ra: EOA = — = Oz la tia phan giac A7
BOF v

O

[——
$SBai 11. Cho hinh chit nhat ABCD. Tia phan giac goc A cit tia phan giac géc D tai M, tia
phan gidc géc B cit tia phan giac géc C tai N. Goi F, F lan lugt la giao diém ctia DM, CN véi
AB. Chiing minh rang:

a) AM =DM =BN=CN=MFE = NF.

b) Tt giac DN MC' la hinh thang can.

c) AF = BFE.

)
)
)
)

d) AC, BD, M N dong quy.

|
® Loi gidi.
a) Ta co:
EAD = 90° = MAE = MAD = 45°. A F E 5
ADC = 90° = MDA = MDC = 45°.
= ANAMD, ANAMFE can tai M 5
= AM = MD = ME (1). o)
FBC = 90° = NBF = NBC = 45°.
BCD = 90° = NCB = NCD = 45°. D C

= ABNC,ABNF can tai N
= FN=NB=NC (2).

Dé& théy ADAE = ACBF = DE = CF
- spu-cn
Tir (1) va (2) suy ra MA= ME =MD = NC = NB = NF.
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b) bat O = AC N BD.
Do M, O la trung diém DE, BD nén MO /| EB < MO || AB.
Do N, O la trung diéem CF, AC nén NO J| AF < NO J| AB.
Suy ra M, N, O thing hang vi MN /| AB < MN /| CD, lai c6: DM = CN
= DMNC la hinh thang can.

¢) Do DAE = 90° va AED = MAE = 45° = AAED can tai A = AE = AD.

Do FBC = 90° va BFN = FBN = 45° = AFBC can tai B = BF = BC.
Tit d6 ta c6: BF = AE < BE + EF = AF + EF < BE = AF.

d) Do OM va ON ciing song song AB nén M, N, O thang hang.

Lai c6 O = AC N BD nén O la giao diém chung ctia 3 dudng AC, BD, M N nén 3 dudng nay

dong quy tai O.

U

¢S Bai 12. Cho tam giac ABC vuong tai A, D thuoc canh BC. Vé DE 1 AB tai E, DF 1 AC
tal F.

a) Goi I la trung diém EF. Chting minh rang A, I, D thang hang.

b) Diém D & vi tri ndo trén canh BC thi FF ¢6 do dai ngan nhat? Vi sao ?

c¢) Dung diém D trén canh BC' sao cho CFE = 150°.

o Loi gidi.

Do EAF = AED = DFA = 90° nén tit gidc EAFD la hinh B
chit nhat. !
Lai ¢6 I 1a trung diem EF nén I ciing la trung diém AD. Do
d6 A, I, D théing hang.

b) Ta c6: EF = AD nén EF ngén nhat khi AD ngén nhat. D
Goi H la hinh chiéu ctia A léen BC.
Dé thay AD > AH vay AD nho nhat khi D trung véi H. I

¢) CFE =150° = DFE = 60°, ma EDFA 1 hinh chit nhat nén:
EAD = EFD = 60° = BAD = 60°.
Vay D la diém nim trén canh BC sao cho B/AT) = 60° thi Cﬁ = 150°.

U

> Bai 13. Cho tam gidc ABC. Goi E, F lan luct 1a trung diém ctia canh AB, AC. Goi M, N, P,
@ lan luot 1a hinh chiéu ctia A trén 2 dudng phan gidc trong va ngoai ctia géc B va goc C. Chiing
minh rang:

a) Cac ti gihc AM BN, APC(Q la cac hinh chi nhat.
b) M,N,P,Q, E, F thang hang.

® Li gidi.

9. HINH CHU NHAT - BUONG THANG SONG SONG VOI MOT BUSNG THANG CHO TRUGC.
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Ta c6: BM 1 NB. (tinh chat phan giac trong
va phan giac ngoai) = NBM = 90°.

Lai c6: ANB = AMB = 90° suy ra ti gidc
AN BM la hinh chit nhat.

Tuong tu ta ti gidc APCQ ciing la hinh chit
nhat.

b) Do E la trung diéem AB va tit giac AM BN 1a hinh chit nhat nén E ciing 1 trung diém M N.
Tuong tu F 1a trung diem PQ.
Lai ¢c6: AN BM la hinh chit nhat nen AEM B can tai E = EBM = EMB = AEM =2EBM.

Do BM la tia phan giac goc ABC = 2EBM = ABC = AEM = ABC.
Suy ra EM J| BC. (cap goc dong vi).
Chitng minh tuong tu PF /| BC tit dé suy ra M, N, P,Q, E, F thang hang.

O

4> Badi 14. Cho hinh chit nhat ABCD, E thuoc dudng chéo BD (E khong la trung diém ctia BD).
Trén tia déi cta tia EC lay diém F sao cho CF = EF. Vé FG 1. AB tai G, FH | AD tai H.

a) Chiing minh rang t gidc AHFG la hinh chit nhat.
b) AF /| BD.

c) E, G, H thang hang.

® Li gidi.

H A D

a) Ta c6 FG L (AB) = AGF = 90°; FH 1 (AD) = AHF = 90°.
T giac AHFG ¢6 AGF = AHF = HAG = 90° nén la hinh ch nhat.

b) Goi O la giao diém ctia AC va BD = OA = OC.
Ma EFF = EC nén FO la duong trung binh tam giac ACF = AF /| BD.

¢) Goi I la giao diém ctia AF va HG = [A = IF.
Mit khac EC = E'F nén EI la dusng trung binh tam giac ACF = EI [| AC. (1)
Ta lai c6 AF J| BD = HAI = ADO (so le trong). (2)
AHFG, ABCD la hinh ch nhat nén cac tam giac TAH, OAD can
= HAI = AHI, DAO = ADO. (3)
Tit (2) va (3) suy ta AHI = DAO = HG J| AC. (4)
Tit (1) va (4) suy ra E, G, H thang hang.
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O

&> Bai 15. Cho AABC vuong tai A, duong cao AH, I la trung diem BC. Vé HD 1 AB tai D,
HE 1 AC tai E. Chiing minh rang Al | DFE.

D Loi gidi.

A D B

Tac6 HD 1 (AB) = Al ADH = = 907 HE L AC = AEH = 90°.

Tua giac AD ADHE €0 / ADH = AEH = DAE = 90° nén la hinh chit nhat.
Do d6 AED = EAH. (1)

Tam giac ABC vuong tai A co6 I 1a A trung diém BC nén IA=1C.

Do do6 tam giac AIC can tai I = IAC = IC’A (2)

Tit (1) va (2) suy ra TAC + AED = [CA + EAH = 180° — AHC = 90°.
Do d6 AI L DE. O
[ —

&> Bai 16. Cho AABC can tai A. Tt mot diém D trén day BC, vé duong thing vuong goc véi
BC, cit cac duong thang AB, AC lan luct tai E, F. Vé cac hinh chit nhat BDEM, CDFN c6
tam lan lugt 14 O, I. Chitng minh ring

a) T giac AODI la hinh binh hanh.

b) A la trung diém ctia M N.

— |
® Loi gidi.
F N
A
M
E I
O

B D C

a) Tu giac BDEM la hinh ch@ nhat nén AOBD can tai O = OBD = ODB.
T giac CDF N la hinh chit nhat nén AICD can tai [ = ICD = 1DC.
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Mat khac tam gidc 4 ABC can tai A A= ABC = ACB.

Suy ra ABC = IDC = ACB = ODB = AB /| ID va OD [ AC.
Do do ti giac AODI 1a hinh binh hanh.

b) Tt gidc AODI 1a hinh binh hanh suy ra Al = OD va Al J/ OD.
Ma O la trung diém ctia M D nén AI = MO va Al J| MO.
Suy ra ti gidc AIOM la hinh binh hanh, do d6 M A Jf O va MA=0I. (1)
Ta lai ¢c6 OD = OM va ID = IN nén O la duong trung binh tam giac DM N

= Ol = %MN va Ol | MN. (2)

Tit (1) va (2) suy ra ba diém M, A, N thing hang va AM = AN.
Vay A la trung diém ctia MN.

O

$>Bai 17. Cho AABC vuong tai A (AC > AB), duong cao AH. Trén tia HC' lay diém D sao
cho HD = HA, dudng thang vuong géc véi BC tai D cat AC tai E.

a) Ching minh ring AF = AB.

b) Goi M la trung diém ctia BE. Tinh AHM.

_ |
 Loi gidi.
B
H
F M
D
A E C

a) Dung EF | AH = EFH = 90°.
Tac6 AH | BC va ED | BC = FHD = EDH = 90°.
Tt gisc EFHD c6 EFH = FHD = EDH = 90° nén 1 hinh cht nhat.
Do d6 EF = HD = HA. (1)
Ta lai c6 EAF + BAH = ABH + BAH = 90° = EAF = ABH. (2)
Tu (1) va (2) suy ra hai tam giac vuong AEF vd BAH bang nhau, do d6 AE = AB.

b) Cac tam giac vuong ABE va BDE c6 BE la canh huyén va M la trung diém ctia BE nén
MA=MB=MFE = MD. Mat khac HA= HD do d6 MH la du’dng trung truc cta tam giac
can AHD, suy ra M H la dudng phan giac ctia géc vudng AHD. Vay AHM = 45°.

Bai g HINH THOI .
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Q TOM TAT LY THUYET

1. Pinh nghia

Hinh thoi I& t1t gidc c6 bon canh bang nhau

C
Tt gidc ABCD la hinh thoi &< AB = BC =CD = DA

2. Tinh chit

Hinh thoi c6 tat ca cac tinh chat ctia hinh binh hanh va ngoai ra con co:

a) Hai dudng chéo vuong goc véi nhau.

b) Hai dudng chéo la cac duong phan gidc clia cac goc ctia hinh thoi.

3. DAu hiéu nhan biét

a) Tt gidc ¢6 bon canh bang nha 1a hinh thoi.
b) Hinh binh hanh ¢6 hai canh ké béng nhau la hinh thoi.
¢) Hinh binh hanh ¢6 hai duong chéo vuong goc véi nhau 1a hinh thoi.

d) Hinh binh hanh ¢6 mot dudng chéo la dudng phan giac ciia mot géc la hinh thoi.

e BAI TAP

&> Bai 1. Cho AABC can tai A. Goi E la diém déi xing véi A qua BC. Chting minh ring td
giac ABEC' la hinh thoi.

D Loi gidi.
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B //// [] //// C
E
P R , CE=CA
Vi E doi xting v6i A qua BC nén BC' la duong trung truc ciia doan AE = BE— BA

Vi ABC' la tam giac can tai A nén AB = AC= AB = BFE = EC =(CA = ABEC la hinh thoi. []

& Bai 2. Cho tam gidc ABC can tai A. Duong thing qua B song song AC' cit dudng thing qua
C song song AB & D, tia phan giac BO'D cat AD tai M. Chiing minh rang BM la tia phan giac
cua C'BD.

D L&i gidi.
A
B C
0]
%
D

Goi Bz song song AC, C'y song song AB va duong kéo dai ctia Bz, C'y cit nhau tai D nén CD /| AB,
BD j AC.

= ABDC la hinh binh hanh.

Vi ABC' la tam giac can tai A nén AB = BC nén ABDC' la hinh thoi.

Goi O 1a trung diém ctia BC thi DO la tia phan giéc BDC.

Tia phan giéc cta BCD cét AD tai M nén M la giao 3 duong phan giac ctia tam giac BC'D.

= BM la tia phan giac cia CBD. O
B CHUONG 3. TU GIAC




> Bai 3. Cho tt gidc ABCD c6 AD = BC. Goi M, N, P, @ lan lugt 1a trung diém ctia AB, AC
CD, BD. Ching minh rang t giac M N PQ 13 hinh thoi.

@ Loi gidi.
A M B
‘,“v\ ‘
L
P
D
C6 M N la duong trung binh ctia tam giac ABC nén MN = BTC
C6 M@ la duong trung binh ctia tam giac ABD nén M@ = ATD
C6 NP la dusng trung binh cia tam giac ADC nén NP = ATD
Co6 PQ la duong trung binh cta tam gidac DBC nén PQ = BTC

Vi AD = BC nén MN = M@ = NP = PQ. Vay M N P(Q la hinh thoi.

9 Bai 4. Cho hinh thang can ABCD. Goi M; N; P; Q lan luct la trung diém ctia AB; BC; CD;
DA. Chitng minh rang t giac M N PQ 13 hinh thoi.

® Loi gidi.
A M B
Q N
D P C

® Vi ABCD la hinh thang can, suy ra AC = BD.

QM /| BD
® Xét AABD c¢6 QM 1a duong trung binh, suy ra 1
Q g trung YT onr— % BD. (1)
PN J| BD
© Tuong tu ta ching minh dugc 1 (2)
PN = aBD.
1
. X QM = PN =-BD
T (1) va (2) suy ra 2
OM | PN.
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MN = PQ = éAC

MN J| PQ.
Ma AC' = BD = QM = MN = NP = PQ.
= Tt gidc M N P(@ la hinh thoi.

© Chitng minh tuong tuy ta co

$>Bai 5. Cho tit giac ABCD. Biét AC la dudng phan giac clia A va C; BD la dusng phan gidc
ctia B va D. Chitng minh rang tt giac ABC' D 1a hinh thoi.

® Li gidi.

<

<™
7

~ A BAC = DAC

® Vi AC la phan giac cia Ava Cnéntac6 <
BCA = DCA.

~ o~ ABD =CBD

Vi BD la phan giac cia Bva Dnéntaco ¢
ADB =CDB.

® Ta ching minh duge ABAC = ADAC (g-c-g).

_ BA=DA )
BC = DC.
® Ta chiing minh duge AABD = ACBD (g-c-g).
N AB=CB @)
AD =CD.

® Tu (1) va (2) tasuy ra AB= BC = CD = DA.
= Tt giac ABCD la hinh thoi.

¢S Bai 6. Cho hinh binh hanh ABCD. Vé AE 1 BC tai E; DF 1 AB tai F. Biét AE = DF.
Chttng minh rang ti gidc ABCD la hinh thoi.

® Ldi gidi.
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@ Vi ABCD la hinh binh hanh
= AD | BC
FAD = EBA (so le trong)
= FDA = EAB.

® Xét AEAB vuong tai E vi AFDA vuong tai F ta c6
— EA = FD (gia thiét)
— EAB=FDA (chiing minh trén)
= AEAB = AFDA (cgv-gnk).

= AB = DA (hai canh tuong tng).
= Tt giac ABC'D la hinh thoi.

U

> Bdi 7. Cho AABC (AB < AC). Trén tia d6i clia tia BA lay diém M, trén tia d6i clia tia CA
lay diém N sao cho BM = CN. Goi D; E; P; Q lan lugt 1a trung diém ctia BC; MN; MC; NB.

a) DQ cat AM tai J. Ching minh rang % = ]\m

b) DE ciat AN tai I. Chitng minh ring DF song song véi phan gidc BAC.

® L3i gidi.
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a) @ Xét AMCN c6 PE la duong trung binh do d6 PE J/ CN. (1)

Tuong tu DQ /| CN. (2)
Tu (1) va (2) suy ra PE [/ QD.
= PEQ + EQD = 180° (trong cung phia). (3)

@ Xét ANBM c6 QFE 1a dudng trung binh.
= QF /| BM.
= QE ) JM.__
= MJQ+ JQFE = 180° (trong cung phia). (4)

®@ Tu (3) va (4) suy ra FEE = ]\7:]\62

b) ® ViPE ) DQ= DQ /| AC.
= QDE = DIC (ddng vi).
@ D& thay t1t giac DQEP 1a hinh thoi.
PDQ
2

e e

O] Mt khéc ta 6 PDQ = PEQ; MJQ = BAC.
~ PDQ = BAC.

;»516_¥

= DF song song vGi phan giac BAC.

0

&> Bai 8. Cho AABC déu c6 trong tam G. Vé hinh chit nhat ABDE sao cho C thudc doan thing
DE. Tia AG cat BD tai I, tia AFE cit BG tai J. Chiing minh réng:

a) I va J d6i xing nhau qua CG.
b) Céc tt giac CGBI; CIGJ; CJAG la hinh thoi.

® Loi gidi.

\ AB = AC = BC
a) ®@ Vi AABC déu,suyra  — _—
BAC = ABC = ACB = 60°.
®@ D@ thay cac AGAJ va AGBI 1a cac tam giac déu.
T d6 dé rang suy ra céc ti giac AJIB; JEDI la cac hinh chit nhat.
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= GJ=GI.

= ( thudc duong trung truc cta I.J. (1)
® Ta dé chi ra dugc C/QE' = m = 30°.
= CG || AE.

@ Xét hinh thang DIAE c6

CD = CE.
GeCG ) AE ) DI

{GA =GI
Do d6 dé thay hai tam giac vuong DCI va ECJ bang nhau theo truong hop canh goc
vuong - canh goc vuong.
= Cl=CJ.
= (' thudc dudng trung truc cta I.J. (2)
Tu (1) va (2)suy ra I va J d6i xing v6i nhau qua CG.

b) Ta ching minh CGBIla hinh thoi, céc ti giac con lai ching minh tuong tu.
Goi M la giao diém ctia BC va GI.
ViCG || AE = CG || BD.
Dé thay ABMIT = ACMG (g-c-g).
= MI = MG.
= Tt gidc BGCT la hinh binh hanh.
Ma GI 1 BC.
= T giac CGBI 1a hinh thoi.

U

> Bai 9. Cho hinh binh hanh ABCD c¢6 géc A nhon va AD = 2- AB. Goi M la trung diém ctia
AD; CE 1 AB tai E; MF 1 CE tai F; MF cat BC tai N. Chting minh rang:

a) T giac M NCD la hinh thoi.
b) AEMC can.

c) BAD =2- AEM.

® Loi gidi.
E
F
N
B C
A 1T M 1T D
a) © Vi ABCD la hinh binh hanh nén AB // CD; BC' /| AD.
= NC /| MD. (1)
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AE L EC

MF L EC = AE /| MF (tit vuong géc dén song song) = MN // CD. (2)

@Tacc’){

. X . NC I MD
® Tu(l) va (2) ta co6 {MN /1 CD.

= Tt giac M NCD la hinh binh hanh.

b) ©® ViAB /) CD = AE [/ CD.
= Tt giac AECD la hinh thang vuong.
MA =MD

Xét hinh th AECD cé = FFE = FC(C.
® Xét hin ang co {M € MF ) CD | AE

@ Xét AMEC c¢6 MF 1a duong cao dong thoi 1a dudng trung tuyén.
= AMEC la A can.

c) @ ViAE ) MF = AEM = EMF (so le trong).

@ Vi AMEC can tai M c6 MF 1a dudng cao.
= MF dong thoi 14 duong phan giac.
= FEMF =FMC

®@ Dé rang ching minh dugec NCDM la hinh binh thoi.
= MC' la phan giac NM D.

— NMD NCD

= NMC = 5 = g .
Méﬁ/@ - @D\
= BAD =2-AEM.

U
|
¢S Bai 10. Cho hinh thoi ABCD canh a c6 A= 60°, BM 1 AD tai M va BN L CD tai N.
a) Tinh AM, DN, BD.
b) Chitng minh ring ABM N deéu.
_ |
® Loi gidi.
B
A C
M\/N
D

a) Xét ABAM vuong tai M co6:
ABM = 180° — 60° — 90° = 30°.
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= AM = —AB =5 (trong tam gidc vuong canh ddi dién v6i goc 30° thi bing nita canh huyén)
Xét ABDM va ABDN c6:

BMD = BND = 90°

BDM = BDN (vi BD la duong chéo ctia hinh thoi ABCD)
BD chung

Nen ABDM = ABDN (canh huyén - gc nhon)

= DN =DM = DM = AD =AM =a— 5 = 2.
)Et\AABD co:

BAD = 60°; AB — AD

= AABD la tam giac déu = BD = a.

b) Cmtt ¥ a) ta duge ABCD déu.
Trong tam giac déu dudng cao ciing dong thoi 14 dudng phan giac nén ABM = CBN = 30°
= MBN = 120° — 30° — 30° = 60°.
Xét ABMN co:
MBN = 60° (cmt)
BM = BN (cmt)
= ABMN déu.

$>Bai 11. Cho hinh thoi ABCD c6 A = 60°. Dudng thing d cit 2 canh AB, BC lan luct tai
M, N sao cho MB + NB = CD. Chiing minh rang ADMN déu.

® Loi gidi.

B

Ta co:

MB+ NB=CD;MB+ MA=AB ma AB=CD (vi ABCD la hinh thoi) suy ra MA = NB.
Vi A = 60° suy ra ABC = 120° = NBD = 60°.

Tam giac ABD déu nén AD = BD.

Xét AMAD va ANBD cb:

MA = NB (cmt)

MAD = NBD = 60° (cmt)

AD = BD (cmt)

Do d6 AMAD = ANBD (c g-c )

Tu dé: MD = ND va A ADM BDN
MDN = MDB + BDN = MDB + ADM = ADB = 60° (vi AABD déu)
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Xét AMND co:

MD = ND (cmt)

MDN = 60° (cmt)

Do d6 AMND déu. O
N

¢S Bai 12. Cho hinh thoi ABC'D c6 goc A ti, 2 dudng chéo cat nhau tai O. Vé AE | BC tai E,

AF 1 CD tai F. Biét EF = %BD.

a) Ching minh rang EF 1a duong trung binh cia ABCD.
b) Tinh cac goc ctia hinh thoi ABCD.

® Loi gidi.

A

a) Goi M la giao cia AC va EF.
Xét AAEC’ va NAFC cé:
AEC = AFC = 90°
AC Chung\
ACE = ACF(vi ABCD 1a hinh thoi)
Do d6: AAEC = AAFC (canh huyén-géc nhon) = EC = FC
Xét ACME va ACMF co:
EC FC’(cmt)
ECM = FC’M(Vl ABCD la hinh thoi)
MC' chung
Nén AC’ME AC’MF(C g-c) = C CME = CMF
Ma CME+ CMF = 180° nén CME C’MF = 90°
Hay AC 1 EF ma AC L BD nén BD J| EF.
Xét ACBD cb:

1
EF || BD(emt); EF = 5 BD

= F, F lan lugt 1a trung diém cia BC, CD.
Nén E'F' la duong trung binh cia ACBD.

b) Xét AABE va ANACE c6:
AE chung,
AEB = AEC = 90°;
BE = CE(cmt)
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Nén AABE = AACE(c-gc) = AB = AC = AABC déu.

—_—

— ABC = ADC = 60°; BAD = BCD = 120°.

$5Bai 13. Cho hinh thoi ABCD ¢6 B > 90°. Vé BM 1 AD tai M, BN L. CD tai N, DP | AB
tai P, DQ L BC tai Q, BM cat DP tai E, BN cat DQ tai F. Chitng minh rang ti gisac BEDE

1& hinh thoi.

o Loi gidi.
B
P Q
A 0 C
M N
D

Xét AAPE va AAME c6:

PAE = MAE(vi ABCD 1a hinh thoi)

AFE chung

Nén AAPE = AAM E(canh huyén-géc nhon) = PE = ME
C6 APEB = AMED(g-c-g) = BE = DE

Chiing minh tuong tu ta duge FB = F'D.

Ta co:

DF | BC;BE 1. AD ma AD J/| BC nén DF || BE.
)Et\ABO/E\Vé ADOF co:

EBO = FDO(so le trong)

BO = DO(gt)

BOE = DOF = 90°

Nén ABOE = ADOF(g-c-g) = OF = OF.

Xét tit giac BFDE co:

BO = DO EO = FO; BD | EF

Nén ti giac BFDE la hinh thoi.

O

duong phan giac géc D cat AB tai F' va hai duong phan giac nay cat nhau tai M.
a) Chiing minh ring ADEF 1a hinh thoi.

diém cia EF.

¢ Bai 14. Cho hinh binh hanh ABCD, AB = gAD. Duong phan giac goc A cat CD tai E,

b) Goi N la giao diém ctia phan giac ABC va phan giac BOD. Chitng minh ring N 1a trung

N
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c) Gia st A = 120°. Chitng minh ring tt gisc MNCE la hinh thoi.

® Loi gidi.

a) Ta co EI = 22 va 22 = E\l (so le trong).
Suy ra A, = Ey = AADE can tai D = AD = DE (1),
Ta lai c6 51 = 52 va 52 = ﬁl (so le trong).
Suy ra 1/7\1 = 51 = AAFD can tai A= AF = AD (2).
Mit khac AF J) DE  (3).
Tit (1), (2) va (3) = ADEF 1a hinh thoi.

b) Ta c6 AB = gAD. biat AD = 2a (a > 0) = AB = 3a.

Vi ADEF la hinh thoi néen AD = DE = FF = FA = 2a.
GoiQ=CNNABvaP=BNNCD.
Chiing minh tuong ty cau a ta cting ¢6 ti giac BC'PQ la hinh thoi.
Vi NE va FN lan lugt 14 duong trung binh ctia tam giac C' PQ va tam giac BPQ nén NE /| PQ,
1
FE || PQ, NE=FN = §PQ.
Vay N la trung diém ctia EF.
¢) Do ADEF va BCPQ la hinh thoi nén BF = FQQ = QA =CE = EP = PD = a va M la trung
diém AC, N la trung diem QC.
Ta c¢6 AQ /| CE va AQ = CE = QAFEC la hinh binh hanh, ma M N la duong trung binh cta
hinh binh hanh QAEC nén M ECN la hinh binh hanh (4).
Ta lai c6 AFAFE can tai A va ¢c6 FAE =60° = AFAFE déu.
1
Mat khac M N la duong trung binh ctia AFAE nén MN = ME = §FA (5).
T (3) va (4) suy ra MNCE la hinh thoi.

O

5 Bai 15. Cho hinh thoi ABCD. Vé hinh binh hanh ACEF ¢6 CE = AD. Goi K la diém déi
xing ciia E qua C' (K, F khong trung véi D). Chiing minh réng:

a) FK, BD, AC cat nhau tai trung diém ctia mdi dudng.

b) Mot trong 4 diem B, D, E, F la tryc tam clia tam gidc c6 ba dinh 14 ba diém con lai.
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® Loi gidi.

a) Goi I 1a giao diém 2 dudng chéo AC va BD hinh thoi ABCD.
1
Taco IC ) FE va IC = §FE ( I thuoc AC va ACEF la hinh binh hanh).

= [ thuoc FK.

= IC la duong trung binh tam giac FKFE.

= [ 1 trung diém ctia FK.

Ma I 1a trung diém ctia BD va AC.

Suy ra FK, BD va AC céat nhau tai trung diém ciia mdi duong.

1 )
b) Xét tam gidc EBK ¢6 BC = §KE (BC = CE va E doi xing véi K qua C)

= BK 1 BE (1).

I=FKnNnBD

I 1a trung diém cia FK va BD’

= FBKD la hinh binh hanh = FD | BK (2)

Tu (1) va (2) = FD 1L BE (x).

Talaic6 BD L AC va AC' || FE = BD L FE (xx)

T (%) va (xx) = D la truc tam tam giac FBE.

Tt d6 suy ra F'D vuong BE, ED vuong F'B, BD vuong F'E = diéu phai ching minh.

Tu cm cau a ta co {

O

> Bai 16. Cho hinh thoi ABCD. Trén cac tia déi ctia tia BA, CB, DC, AD lay cac diém M, N,
E, F sao cho BM = CN = DE = AF. Chiing minh réng:

a) AFAM = ANCE;
b) M N EF la hinh binh hanh;
c) AC, BD, ME, NF dong quy.

® Loi gidi.

a) Ta co
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DC = AB
ED =BM

FAM + DAB = 180° \» T N

ECN + DOB = 180° = FAM = ECN. ¢
DAB - DOR e

Xét AFAM va ANCE c6

AF = CN (gt)

FAM = ECN (cmt)
AM = CE (cmt)

= AFAM = ANCE (c.g.c).

b) Ta c6 AFAM = ANCE (cmt) néen EN = F M.
Chiing minh tuong tu ¥ a), ta duge AFED = ANMB.
Suy ra FF = MN.
T giac EFMN c6 EF = MN va EN = FM nén la hinh binh hanh.

¢) Goi O = ACNBD va O' = EM N FN.
Ta ¢c6 EFMN va ABCD la hinh binh hanh.
Suy ra O va O' lan lugt 1a trung diém ctia AC va FN. (1)
Tw giac AFCN c¢6 AF = CN va AF /| CN nén la hinh binh hanh. (2)
Tu (1) va (2) suy ra O = 0.
Vay AC, BD, ME, NF dong quy.

0

&> Bai 17. Cho AABC déu c6 G la trong tam, dudng cao AH. Lay diém M bat ki trén canh BC,
I 1a trung diém ctia AM. Goi D, E lan lugt 1a hinh chiéu clia diéem M tren AB va AC.

a) Tw giac DIEH 1a hinh gi? Vi sao?

b) Ching minh rang IH, DE, MG dong quy.

® Ldi gidi.
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a) Ta c6 ID la trung tuyén ting véi canh huyen cia AADM
vuong tai D.

1
= 1D = iAM.
Ta c¢6 I H 1a trung tuyén tng véi canh huyén ctia AAH M
vuong tai H.
1
= IH = EAM.

Suy ra IH =1H = AIDH can tai I.

Mit khae PIM =IDA+TAD =21AD
HIM =IHA+ IAH =2IAH

Suy ra DIH = 2DAH = 60°.

Do d6 AIDH deu.

Chitng minh tuong tu ta dude ATEH déu.

Vay IDHE 13 hinh thoi.

b) Goi N la trung diém ctia AG. Khi d6 G la trung diém ctia NH.
Goi O la giao diém ctia TH va DE. Khi d6 O la trung diém ctia IH va DE.
Ta c6 G va O lan lugt 1a trung diém ctia NH va IH.
= OG la duong trung binh cia AINH.
= OG /| IN. (1)
Ta c6 N va I lan lugt 1a trung diém ctia AG va AM.
= IN la duong trung binh cia AAMG.
= MG JJ IN. 2)
Tit (1) va (2) suy ra M, O, G thing hang.
Vay IH, DE, MG dong quy.

Bai @ HINH VUONG
N

Q TOM TAT LY THUYET
1. Dinh nghia

© Dinh nghia 12.1. Hinh vuong la tit gidc ¢6 bon géc vuodng va boén canh bang nhau.

Nhu vay, hinh vuong vita la hinh chit nhat via la hinh thoi.

D j 1 C

A : LB

~ —~~ ~ —~

A=B=C=D=90°

Tt giac ABC'D la hinh vuong < .
AB=BC=CD = DA

12. Hin vuonG [



2. Tinh chét
Hinh vuoéng c6 tat ci cac tinh chat ctia hinh chit nhat v hinh thoi.
3. Déu hiéu nhan biét

a) Hinh chi nhat c6 hai canh ké béng nhau la hinh vuong.

b) Hinh chit nhat c6 hai duong chéo vuong goéc véi nhau la hinh vudng.

d

)
¢) Hinh ch@ nhat ¢6 mot dusng chéo la phan giac ctia mot goc 1a hinh vuong.
) Hinh thoi ¢6 mot géc vuong la hinh vuodng.

)

e) Hinh thoi c6 hai duong chéo bang nhau 1a hinh vuong.

Q BAI TAP

$>Bdi 1. Cho hinh thang ABCD (2 =D= 900) sao cho DC = 2AD = 2AB. Duong thang qua
A song song v6i BC' cat CD tai M. Chiing minh rang t giac ABM D 1a hinh vuong.

® Loi gidi.

M

A f B

Xét i gidc ABCM c6 AB [ CM (ABCD la hinh thang) va AM /| BC (gt) nén tit gidc ABC M la hinh
binh hanh = MC = AB, ma DC = 2AD = 2AB nén M la trung diém ctia CD = MD = MC = AB.
Xét ANABM va AMDA, ¢6

©® AB = MD (cmt).

© MAB = DMA (so le trong vi AB /| CD).

©® AM 1a canh chung.
= AABM = AMDA (c.g.c) = MBA = D = 90°.
Xét tiu giac ABMD c6 MBA = D = DAB = 90° nén 1a hinh chit nhat, ma AB = AD, suy ra ti giac
ABM D la hinh vuong. 0

4 Bai 2. Cho hinh vuéng ABCD, M la diém trén duong chéo AC. Goi E, F lan lugt 1a hinh
chiéu ctia M trén AB, AD. Chiing minh ring:

a) AEMF la hinh vuong.
b) EF /j BD.

® Loi gidi.
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D C
F
A B

E

a) Xét ti giac AEMF c6 FAE = MEA = MFA = 90° nén la hinh ch nhat, ma AC 1a phan giac
cia FAE (ABCD la hinh vuong), suy ra AEM F' 1a hinh vuong.
b) Ta co

©® AC 1 BD (ABCD la hinh vuong).
©® AC 1L EF (AEMF la hinh vuong).

= EF || BD.

U

4> Bai 3. Cho hinh vuéng ABCD. Goi M, N lan luct 1a trung diém ctia AB, BC. Doan thing
CM cat DN tai I.

a) Chtng minh réng CM = DN va CM 1. DN.
b) Vé AH | DN tai H, AH ciat C'D tai P. Chitng minh rang P la trung diém ctia C'D.

¢) Chitng minh ring Al = AB.

® Loi gidi.
P
D C
JT
N
A 1 —URB
M

a) Xét ACMB va ADNC, c6

® CD = BC (ABCD la hinh vuong).
@ DCON = CBM = 90° (ABCD la hinh vuong).
® CN = MB (M, N la trung diém AB, BC).

= ACMB = ADNC (c.g.c) = CM = DN va BOM = CDN.
Mat khac CND + CDN = 90°, suy ra BOCM +CND = 90°. Vay CM 1L DN.
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AP L DN (gt) —
b) 5 = AP |/ CM = APD = DCM (déng vi).

Ta co
CM L DN (cmt)
Suy ra DAP = BCM (cung phu géc @)
Xét AADP va ACBM c¢6
© PDA=CBM = 90°.
©® AD = CB (ABCD la hinh vuong).
@ DAP = BCM (cmt).

AB
= AADP = ACBM (g.c.8) = DP = BM = —~.

AB .
ViPe(CD,ma AB=CD va DP = — o SuyTa PD = PC. Vay P la trung diem cta C'D.

PH | CI
P la trung diém ctia C'D

Trong AADI c¢6 AH la dudng cao va la trung tuyén, suy ra AADI can tai A.
Vay AI = AD = AB (dpcm).

c) Xét ACDI c6 { = H la trung diém ctia DI.

&> Bai 4. Cho tt gide ABCD c6 ADC + BCD = 90° va AD = BC. Goi M, N, P, Q 1an luot 1a
trung diém ctia AB, AC, CD, BD. Chitng minh ring ti giac M N PQ 1a hinh vuong.

® Loi gidi.
D
P
Q
A
N
M
[ 1 |
E 5 \ C

Goi FE la giao diém ctia AD va BC. Ta c6 ADC + BCD =90° = DEC = 90° = AD 1 BC.
Xét AABC ¢6 M, N lan lugt 1a trung diém ctia AB, AC nén M N la dudng trung binh ctia AABC =

B
MN J| BC va MN = TO
Tuong tu ta chiitng minh duge
< . , . BC
@ QP la duong trung binh ctia ABCD = QP J| BC va QP = -
, . AD
® MQ 1a duong trung binh ctia AABD = MQ /| AD va MQ = -
A

@ PN la duong trung binh ctia AACD = PN J| AD va PN = -
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Ma AD = BC = MN = QP = MQ = PN. (1)

MN [ BC
Tac6 { QM ) AD = QM L MN = QMN = 90°. 2)
BC 1 AD
Tu (1) va (2), suy ra tit giac M N PQ la hinh vuong. O
[ —

> Bai 5. Cho AABC. Phia ngoai AABC dung hinh vuong BCGF, ACHI. Goi O, A, B’ lan
lugt 13 trung diém ctia AB, BG, AH. Chitng minh ring

a) AG = BH.
b) AG L BH.
c) AOA'B’ vuong can.
® Loi gidi.
1
A
B/
@)
C
A/
F G

a) Xét AACG va AHCB ¢6
AC = CH (do ti giac ACHI la hinh vuong)
ACG = HCB (= 90° + ACB)
CG = CB (do tt gidc BCGF la hinh vuong)
Vay AACG = AHCB (c-g-c). Suy ra AG = HB (hai canh tuong tng).

b) Goi M, N lan lugt 1 giao diém ctia doan BH v6i AG va AC.
Theo cau trén, AACG = AHCB nén CAG =CHB (hai goc tuong ting) hay NAM = CHN.
Xet NAMN [N va ACNH c6
NAM CHN (cmt)
ANM = CNH (hal goc doi doi dlnh)
VaNAM+ANM+AMN CHN+CNH+HCN—1800
Suy ra AMN = HCON ma HCN = 90°
— AMN = 90° hay AG | BH.
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c) Xét AABG c6 A’ 1a trung diém ctia BG va O la trung diém ctia AB.
= OA’ la duong trung binh cia AABG

1
= OA' | AG va OA" = §AG. (1)
Xét AABH c6 B' 1a trung diém ctia AH va O la trung diém ciia AB.
= OB’ la duong trung binh cia AABH
1
= OB' | BH va OB = _BH. (2)
C6 AG L BH (cm cau b) va AG = HB (cm cau a).  (3)
Tu (1), (2) va (3) suy ra OA' = OB’ va OA’ L OB’
= AOA’'B’ 1a tam giac vudng can tai O.

0

¢S Bai 6. Cho AABC. Phia ngoai AABC dung hinh vuong ACFG, ABDE. Goi H, K, L, M,
N lan luct la trung diém cta BE, BC, CG, AB, AC. Chting minh ring

a) AKNL = AHMK.
b) HK 1L KL.

® Loi gidi.

a) Xét AABE c6 M la trung diém ctia AB va H la trung diém ctia BE.
= HM la duong trung binh cia AAEB

1
:>HM:§AE

Xét AABC ¢6 N la trung diém ctia AC va K 1a trung diém ctia BC.
= NK la duong trung binh cia AABC

1
= NK = §AB
Ma AB = AFE (do ti gidc ABED la hinh vuong)
Suyra HM = NK. (1)
Xét AACG c¢6 N la trung diém ciia AC va L 1a trung diém cia CG.
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= NL la duong trung binh cia AACG
= NL = %AG

Xét AABC c¢6 M la trung diém ctia AB va K la trung diém ciia BC.
= MK la duong trung binh cia AABC

:>MK:%AC

Ma AC = AG (do ti giac ACFG la hinh vuong)
Suy ra MK = NL. (2)

Ta c6 HMK = HMB + BMK = 90° + BAC
KNL=LNC +CNK = 90° + BAC

Suyra HMK = KNL. (3)

Tu (1), (2), (3) suy ra AKNL =/ AHMK.

b) Goi I 1a giao diéem cia HM va NK.
Do HM /| AE, NL /| AB ma AB | AE suy ra HM | NK hay HIK = 90°.
Xét AHIK vuong tai I c6 THK + HKT = 90°,
Mit khéc tit AKNL = AHMK = MHEK = NKL.
Suyram—i—@:QOO hay]?K\L:90.
Vay HK 1 KL.

&> Bai 7. Cho AABC, M la trung diém ctia AC. Phia ngoai AABC dung hinh vuéng BCKL,
ABDE. Lay diém Q trén tia d6i ctia M B sao cho M B = M. Chitng minh: DL = BQ.

® Li gidi.
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Goi H la glao dlem cua QB va DL -

Khl d6 DBL L+ DBA+ ABC + CBL = 360°(=2- HBQ)

= DBL + ABC = 180°. (1)

Co AAMQ = ACMB (c.g.c).

= m — MCB (hai géc tuong ng).

Ma hai g6c lai 6 vi tri so le trong nén AQ // BC' suy ra Cm + ABC = 180° (2 gbc trong cuing phia).
(2)

T (1) va (2) suy ra DBL = Cﬂ\B

Mt khéac tit AAMQ = ACMB (cmt) = AQ = BC' (hai canh tuong ting) md BC' = BL do ti gidc
BCKL la hinh vuéng nén AB = BL.

Xét AQAB va ALBD c6

AB DB (do tit gihc ABDE la hinh vuong)

DBIL = QAB (cmt)

AQ = BL (cmt)

Vay AQAB = ALBD (c.g.c).

Suy ra DL = BQ.

¢ Bai 8. Cho hinh vuong ABCD. Goi E, F trén canh AB, AD sao cho AE = DF. Chiing minh:
DE =CF va DFE 1 CF.

® Ldi gidi.
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Xét AADE va ADCF ¢6

AD = DC (do tt gidc ABCD la hinh vuong)

EAD = FDC = 90° (do ti giac ABCD la hinh vuong)

AE = DF (gia thiét)

Vay AADE = ADCF (c.g.c). Suy ra DE = C'F(hai canh tuong ting)
Goi I 1a giao diém ctia CF va DE.

Tu AADE = ADC’F (cmt)

= ADE DCF (hai géc tuong ung) hay FDI = DCI

Ma FDI + IDC = 90° suy ra DCI + IDC = 90° = DIC = 90° hay DE 1 CF.

U

$>Bai 9. Cho hinh ‘hinh vuong Af ABCD. Tt diém M tuy y trén canh BC, vé mot duong thang cit C'D
tai K sao cho AMB = AMK AH 1 MK tai H. Chiing minh rang:

a) AAMH = AAMB.

o —

b) KAM = 45°.

o Ldi gidi.

a) Xét AAMB va ANAMH c¢6
ABM = AHM = 90°
AMB = AMH (gt)
AM la canh chung
Vay AAMB = NAMH (canh huyén-g6c nhon).

b) Theo cau tréen, AAMB = ANAMH nén AB = AH (hai canh tuong tng).
Ma AB = AD (do tt giac ABCD la hinh vuong).
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Nén AH = AD.

Suy ra AAHK = AADK (canh huyén-canh goc vuong).
— DAK = HAK (2 gbc tuong Gng).

Lai c6 BAM = HAM (do AAMB = AAMH).

Suy ra HLAM + HLAK = _IAB + _[[AD = | DAB.

;»m:w.

¢ Bai 10. Cho hinh vuong ABCD, E thuoc canh AB. Phan giac CDE cit BC tai K. Trén tia
ddi ctia tia AB, lay diém F sao cho AF = CK. Chitng minh ring:

a) ADEF can. b) AE+ CK = DE.
® Loi gidi.
a)
Xét ANADF vuong tai A va ACDK vuong tai C ¢6 D C
AF = CK (gt)
AD = CD (ABCD la hinh vuong)

= AADF = ACDK (cgv-cgv)
DFA=CKD
=< ___ (2gobc tuong tng).

A E
Taco< . = ADF = KDE = EDF = ADK,
KDE = CDK (DK 1a phan gidc)

ma ADK = CKD (so le trong) nén EDF = CKD.
T d6 suy ra EDF = EFD (do cing bang CKD) néen AEDF can tai E = DE = EF.

AF =CK (gt

b) Tacé FE = AE + AF, ma &) L apycok - DR
DE = EF (cmt)
L]

¢S Bai 11. Cho AABC. Bén ngoai AABC, dung cac hinh vuong ABMN va BCQP. Goi D, E,
G, H lan lugt 1a trung diém ctia AC, BN, M P, BQ. Chting minh ring:

a) AP=CM va AP 1 CM. b) Ti giac DEGH la hinh vuong.

® Ldi gidi.
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a)

. = CBM = ABP.
ABP =90°+ ABC

Xét AABP va ACBM c6
CB = BP (BCQP la hinh vuong)
AB = BM (ABMN la hinh vuong)

CBM = ABP (cmt)
= ACBM = APBA (c-g-c),
suy ra CM = AP (hai canh tuong ting) va BAP =CMB (hai gbc tuong ting).
Goi F la giao diém ctia CM va AB.
{W — AFC (déi dinh)

/{ﬁB\C:%Oj&@ S
Ta c6

—_

Ta c6 BMF + BFM = 90°, ma

—

CMB = BAP (cmt)
— AFC + BAP = 90° = AP 1 CM.

Vi ABMN la hinh vuong, F la trung diém ctia BN nén E la trung diém AM.
Tuong ty, ta ciing c6 H 1a trung diém CP.

H 1a trung diem C'P )
Xét AMCP c6 = GGH la duong trung binh cia APMC

G la trung diém M P 1
= GH = MC va GH || MC. (1)
1 1
Tuong ty, ta cing ¢6 ED = §MC va ED J| MC (2); DH = §AP va DH || AP.
Tu (1) va (2) suy ra ED = GH va ED [/ GH, nén DEGH 1a hinh binh hanh.
1
DH = SAP (cmt)

. 1 —

AP = CM (cmt)
ma DFEGH 1a hinh binh hanh nén DEGH 1a hinh thoi.

AP 1 CM (cmt) —
i = ED 1 AP, ma AP /| DH (cmt) nén ED | DH = EDH = 90°.
CM J| ED (cmt)

Do d6 DEGH la hinh vudng.

[
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4% Bai 12. Cho hinh vuong ABCD, lay diém M trén BD. Vé ME 1. AB tai E va MF 1 AD tai
F. Chitng minh rang:

a) CF=DE; CF 1 DE. ¢c) BF=CE; BF L CE.
b) CM = EF, CM L EF. d) CM, BF, DE déng quy.
® Loi gidi.
a)
Tt giic AEMF ¢6 MEA = EAF = MFA = 90° nén 4 5 5
AEMF la hinh chit nhat, suy ra AE = MF. I
Xét AMFD vuong tai F' ¢c6 MDF = 45°, suy ra AMFD
vuong can tai F = MF = FD, ma MF = AE (cmt) nén G
FD = AE. .
Xét ANAED vuong tai A va ADFC vuong tai D co
AE = DF (cmt)
AD = DC(ABCD la hinh vuong)
= ANAED = ADFC (cgv-cgv)
D C

Suy ra CF = = DE (hai canh tuong u’ng) va AED CFD (hal gbc tuong ng).
WAED+ADE-90° mi AED = CFD=>CFD—|—ADE—90°=>C'FJ_DE

BE = BA— AFE
b) Ta c6 { AF = AD — DF — BE = AF.
AE = FD (ecmt), AD = AB (ABCD la hinh vuong)
Xét ANAF B vuong tai A va ABEC vuong tai B ¢6
AB = BC (ABCD la hinh vuong)
AF = BE (cmt)
= ANAFB = ABEC (cgv-cgv)
= BF CE (hal canh tuong ung) va Bl BFA = BEC (hal goc tuong ing).
Vi BFA + ABF = 90°, ma BFA = BEC (cmt), nén BEC + ABF = 90° = BF L EC.

c) Xét AABM va ACBM c6
BM chung

BA = BC (ABCD la hinh vuong)

ABM = CBM = 45°
= ANABM = ACBM (c-g-c)
= CM = AM (hai canh tuong ting), ma AM = EF (AEMF la hinh chi nhat),
nén CM = EF. -
ViCM = AM (cmt) nén AAMC can tai M = MCA = MAC.

—

Do AEMF' la hinh chit nhat nen AFE = MAF = MAC + CAD = 45° + MCOA.
Xét AAGE c6 EGC = 180° — GAF — GFA

— 180° — 45° — MAF
— 135° — (ﬁo\A+45°)
—90° — MCA = EGC + MCA =90° = CM | EF.
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d) Xét ACEF c6
BF la duong cao (do BF L CE)

DE 1a duong cao (do DE L. CF) = BF,DE,CM dong quy.
CM la duong cao (do CM L FE)

49 Bai 13. Cho hinh binh hanh ABCD. Bén ngoai hinh binh hanh, dyng cac hinh vuong ABEF,
BCGH,CDIJ, ADKL. Goi M, N, P, Q lan luct 1a tam ctia 4 hinh vuong d6. Chiing minh rang
M N P@ la hinh vuong.

@ Loi gidi.
F E
M
L

B

Q /A T

R
K 0 H
N
D C
G
P
I J

Goi O la tam ctia hinh binh hanh ABCD = O la trung diém ctia AC.
Vi M la tam ciia hinh vuong ABEF = M la trung diém ciia AFE.
Chiing minh tuong tu, ta ciing duge N la trung diém ctia CH.

M la trung diém ctia AE ,
Xét ANAEC ¢6 ., = MO la duong trung binh ctia AAEC
O la trung diem cta C'A

1
= MO = S EC va MO || EC. (1)

1
Tuong tu, ta cing c6 NO = §AH va NO /| AH. (2)

- " W EBC = ABH.
ABH =90°+ ABC

Xét AECB va AABH ¢6
BE = BA (ABEF la hinh vuong)

BH = BH (BCGH la hinh vuong)
CBE = ABH (cnmt)

) {ﬁ?}:go‘er/B\c
Ta co
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= AEBC = AABH (c-g-c)
= FEC = AH (hai canh tuong tng). (3)
Tw (1), (2), (3) suy ra MO = ON.
Goi T, R lan luot 1a giao diém ctia AH VOl CFE va BC.
Ta c6 BHR + BRH =90°, ma BRH = CRT (d6i dinh) va BHR = RCT (AEBC = AABH),
Suy ra CRT+RCT =90°= AH 1L CE, ma AH || NOvaCFE || MO = MO L NO.
ON =0OP va ON L OP
Chtng minh tuong ty, ta cing c6 ¢ OP = 0Q va OP 1 OQ
OQ =0M va OQ 1L OM.
Tu do tasuy ra MP = NQ va MP 1 N@Q. Vay ta giac M N PQ 1a hinh vuong. OJ

¢S Bai 14. Cho AABC. Phia ngoai AABC dung cac hinh vuong BCDE, ACFG, ABK H roi vé
tiép cac hinh binh hanh BEQK, CDPF. Chiing minh rang AAPQ vuong can.

 Loi gidi.
G
H
A

F

K

B c

P

Q

Xét AABC va ACPF c6

(AC = CF (gt)

ACB = CFP (cing bu v6iFCD) = AABC = ACPF (c.g.c).
| BC = PF (=CD)

Xét AABC va ABKQ ¢6

(AB = BK (gt)

ABC = BKQ (cing bu v6iK BE) = AABC = ABKQ (c.g.c).
| BC = KQ (=BE)

Do do, ta c6 . AB = C’P AC = BQ

BAC = PCF = KBQ vi QAB = CPA.

Suy ra ABQ PCA.
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Vay AABQ = APCA (c.g.c) nén AP = AQ = AAPQ can tai A.

Mat khac
PAQ = PAC + BAC + BAQ
— CAP+ PCF+CPA
= 180° - FCA
= 90°.
Do d6 AAPQ vudng can tai A. O
[ —

49 Bai 15. Cho hinh vuong ABCD, bén trong ta dung AFAB can tai F c6 FAB = 15°% Elal
diém nam ngoai hinh vuong sao cho EBC = ECB = 60°. Chitng minh ring

a) AFCD déu. b) A, F, E thang hang.
]
® Loi gidi.

A B

F,

E
60°

T

D C
a) AFCD deéu.

Lay diém T trong hinh vuong sao cho AABT déu = DAT = 30°va AT = AD = AB.

ANADT can tai A suy ra ADT = 75° = TDC = 15°.
Xét AFAB va ATDC ¢6

(FAB =TDC = 15°
AB = CD (canh hinh vuong) = AFAB = ATDC = FA=TD.
| FBA=TCD =15°
Xét AFAD va ATDA c¢6
( A = T'D chiing minh trén
{FAD = TDA = 75° = AFAD = ATDA = FD = AT = AB
( AD canh chung
= FD=FC=DC.
Vay AFCD déu.

b) A, F, E thing hang.
Do AFC’D déu suy ra AFCFE vuong can tai C suy ra CFE = 15°.
Ma DFC = 60°, DFA = 75° nén A, F, E thang hang.

> Bai 16. Cho AABC ¢6 3 géc nhon. Phia ngoai AABC dyng cac hinh vuong ABED, BOGF,
ACHT c6 tam lan lugt 14 C’, A’, B’. Chiing minh rang
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a) AA’, BB, CC" la ba canh ctia mot tam giac.
b) AABC va AA’B'C’ ¢6 cung trong tam.

c¢) Goi Oy, Oy,03, Oy 1an lugt 1a trung diém cta B'C’, AC, AA’, AB. Chting minh ring t1t gidc
01020304 Ia hinh VU.@Dg.

e
® Loi gidi.
I
D
A )
B o
P
C/
Q
N
b C
B K
AI
F G

a) AA’, BB', CC' la ba canh ctia mot tam giac. Goi K la trung diém ctia BC.
Xét NACD va NAIB c6
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AC = AI (canh hinh vuong ACBI)
CAD = BAI = 90° + BAC = AACD = AAIB(c.g.c)
AD = AB (canh hinh vuéng ABED)

— CD = BI va ACD = AIB.

Do ACD = AIB = CD L BI. (1)

Ta co

CD =2KC"va CD J| KC'"(duong trung binh ABCD).

BI =2KB' va BI [| KB’ (duong trung binh ABCI).

Tt (1) suy ra KC'" L KB'va KC'= KB'.

Vay AC'K B’ vuong can tai K.

Xét AKC'A' va AKB'B c6
KC'"= KB' (AC'K B'vuong can)
C'KA' = BKB' = 90° + BKC" = AKC'A' = AKB'B(c.g.c).
K A" = KB (ntta canh hinh vuong BCGF')

Do d6 A'C' = BB'.

Chtng minh tuong tu ta c6 B'C' = AA', AAB' = CC".

Vay AA’, BB’, CC’ la ba canh ctia tam giac A’'B'C".

ANABC va AA'B'C' ¢6 cung trong tam.
Goi M la trung diém A’B’, N la trung diém CC".
Xét AKA'B' va AKCC' ¢6
KA"= KC(ACK A'vuong can )
AKB =CKC' =90° + CKB' = AKA'B = AKCC'(c.g.c).
KB = KC' (AC'K B'vuong can)
Suy ra hai trung tuyén KM = KN (3) va MKB = NKC'. (4)
1 1
Ma MK la dudng trung binh ABCC’ suy ra NK = KM = EBC/ = §AO/'
Tit (4) suy ra MKN = 90°, ma NK J BC' va BC" L AC' = KM J| AC".
Goi G’ 1a giao diém ctia AK va MC', P, Q la trung diém cac canh G'A, G'C’ suy ra PQ la
1
duong trung binh tam gidc G'AC’, do d6 PQ = KM = §AC”.
Xét AG'KM va ANG'PQ ¢6
G'KM = G'PQ (so le trong )
KM = PQ (chiing minh trén) = AG'KM = AG'PQ(g.c.g).
GMK = G'QP
= KG =G'P=APva MG'=G'Q =G'C".
Vay trong tam hai tam giac ABC va A’B’C”" trung nhau.

Goi Oy, 05,03, O4 lan lugt 1 trung diém ctia B'C’, AC, AA’, AB. Ching minh rang ti giac
01050304 la hinh vuodng.
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B/

C/
Oy 02

O3

F G

Ching minh tuong tu ta duge tam giac 010,03 va tam giac 010403 vudng can. Suy ra ti giac
01050304 la hinh vudng.
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Clhreng
PA GIAC, DIEN TiCH PA (el e

TOM TAT LY THUYET

1) Da giac 16i 1a da gidc luon ndm trong mot nita mat phang cé ba 1a dudsng thang chita bat ki canh
nao cua da giac do.

2) Da gidc déu la da gidc c6 tat ca cac canh biang nhau va tat ca cac géc bang nhau.
3) Dién tich da gidc ¢6 cac tinh chat sau:

@ Hai tam giac bang nhau thi dién tich ching bang nhau.

®@ Néu mot da giac duge chia thanh nhiing da gidc khong c6 diém trong chung thi dién tich ctia
né bang téng dien tich céc da giac doé.

@ Néu chon hinh vudéng c¢6 canh bang 1 cm,1 dm,1 m,... lam don vi do dién tich thi don vi
dién tich tuong tng 13 1 cm?, 1dm?,1 m?, ...

4) Dién tich hinh ch® nhat c6 2 kich thuéce a, b 1a:
S =ab

5) Dién tich hinh vuong (c6 do dai canh a) la:
S =a?
6) Dién tich tam gidc vuong c¢6 do dai 2 canh goc vuong a, b la:

1
S = §ab

7) Dién tich tam gidc (c6 do dai canh ddy a va chiéu céo tuong tng h)la:

1
S = §ah

8) Dien tich hinh thang do dai hai day a, b va chiéu cao h la:

(a+0b)-h
S=—.
2
9) Dien tich hinh binh hanh ¢6 do dai canh a, chiéu cao tuong ting hy 1a:

S = ahl.
10) Dién tich hinh thoi hay tit giac ¢6 hai dudng chéo vuong goc ¢6 do dai hai duong chéo dy, dy 1a:

1
= —d; - do.
S 21 2
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B e BAI TAP
¢ o

&> Bai 1. Cho AABC, trén canh BC lay diém M bat ky. Chitng minh ring:

Sapu _ BM
Sacn  CM’
N\ e
@ Loi gidi.
Vé duong cao AH trong AABC v6i H € BC. C
1 1
Ta c6 SABM = §AH BM va SACM = §AH -CM.
Suy ra H
1
SABMziAH'BM:BM Y
Saew Lo OM
2
A B
[—
¢S Bai 2. Cho AABC c6 trung tuyén AM, trong tam G. Chitng minh ring:
Sapc =6 Spuc
\ ——

® Loi gidi.

Vé dusng cao AH trong AABC v6i H € BC.
Vée GK 1 BC véi K € BC.

1 1
Ta co SABC = éAHBC va SBGM = §GKBM

Suy ra
1
Sipo 34 -BCum pc 1 AH
Spma %GK_BM GM BM 2 GM
Mat khac AH 1. BC va GK 1L BC suy ra AH /| GK.
Ap dung dinh If Thales, ta dugc: Al = AM =3
p dung di . 71 Y Vel
Tu dé ta dugce ABC = = hay SABC’ = = SBMG~
Spua 6 6

&> Bai 3. Cho AABC. Tren BC lay mot diem M bat ky. Trén doan thing AM lay mot diem D

) ) < Sigp BM
bat ky. Chitng minh ran =
Vi g g Such OM

 Loi gidi.

Bi CHUONG 4. DA GIAC, DIEN TICH PA GIAC



Vé DDy va M M, vudng goc véi AB véi Dy, My, € AB. 8.
Vé DDy va M M, vuong goc véi AC véi Do, My € AC.
. Sapp DDy AD

T = = .

A0S us MM,  AM y
Tuong tu ta co: Sapc = DDy = AD

& e e MM,  AM’ D, M

S Sapp _ Sapc Sapp _ Samp _ MB

RTINS Sapc  Sawc  MC' NG

AMB AMC ADC M A Dl Ml
]

| —

4% Bai 4. Cho tam gidac ABC nhon c6 cac duong cao AA’, BB, CC’ cit nhau tai H. Chting minh
rang:

S HA HA BB HC
BB . b) + + = 1.
Sasc AA AA" BB CC
e
D Loi gidi.
1 1
Ta c6 SABczéAAI‘BC va SHBCIQHA,-BC. C
1
—HA' - BC /
Suy ra iHBC = 21 = Zﬁ/ A
ApC AN BC 5
Hoan toan tuong tu, ta co:
Swac  HB'" _ Spap  HC' ‘ B
= va = . A O/
Sapc BB Sapc  CC'
Suy ra
HA n HB' N HC"  Sppc | Snac N Suap  Sapc ]
AA " BB CC'  Sapc  Sasc  Sapc  Sasc
U

&> Bai 5. Cho AABC, trén cac canh AB, AC lan lugt lay céc diem M, N. Ching minh ring
Samn _ AM - AN

Sipc  AB-AC’

® L3i gidi.

2. BAITAP 176




Ké NK 1 AC tai K, BH L AC tai H.
1

S S
Ta o6 DAMN _ ONAM _ 2

GNVKAM gy

Sapny  Svap 1
) 2
—BH - AN
AN
M Sapy _ Span 9 B '

NK -AB

Sac  Spac Log. ac - AC
2
Nhan hai vé cia (1) va (2) ta dugc

Samn Sapy  AM AN Saun

AB’

AN

Suon  Supe  AB AC T Supe  AB-AC

0
49 Bai 6. Cho hinh chit nhat ABCD, E la diém tity ¥ trén canh AB. Chiing minh rang Sapcp =
® Loi gidi.
KéEH LCD. D
T giac EHDA ¢c6 EHD = HDA = DAE = 90° = EHDA la hinh
chit nhat, suy ra FH = AD.
S AD-CD H
Ta c6 ;BCD =7 =2 = Sapcp = 2SEcD-
ECD §EH -CD
C
L]
\

va BD. Chitng minh ring
a) Sapcp = 25maB;

b) SABO = SMOD 9 SBMC-

 Loi gidi.

a) Ké AH 1 BC tai H.

1 1
Ta cb SABC = §AH - BC = §SABCD = SABCD = 2SABC-

Ma Scap = Suap (c6 cing do dai dudng cao va canh day), suy ra Sapcp = 2SyaB-

1 1
b) Sgep = §BK -CD = §SABCD = Sapc = Smas.

Bi CHUONG 4. DA GIAC, DIEN TICH PA GIAC

4% Bai 7. Cho hinh binh hanh ABCD. Lay M tuy y trén canh DC'. Goi O la giao diém ctia AM




Suy ra Syap = Spep € Sapo + Semo = Spmc + Sevo + Smop € Sapo = Smop + Spuc.

O

49 Bai 8. Cho hinh binh hanh ABCD c¢6 BD > AC. Goi H, K lan lugt 13 hinh chiéu vuong goc
ciia A va C trén duong chéo BD. Chitng minh rang da gidc ABCH vi ADCK c6 cung dién tich.

@ Loi gidi.
Goi O 1a giao diém cia AC va BD. D
Vi ABC'D la hinh binh hanh nén OA = OC. A
Xét AAHO va ACKO c6 \»
— — T
AHO = CKO = 90° H\

A0 = CO — AAHO = ACKO (ch-gn). 1 ¢
AOH = COK (déi dinh)
Suy ra AH = CK (canh tuong ting). Dé thay AH /) CK (cung
vuong goc v6i BD).
Xét NAHC va ACKA ¢6
AC (chung)
ACK = CAH (so le trong) = AAHC = ACKA (c-g-c).
CK =AH
Suy ra SAHC == SCKA-
Ma Sapc = Sacp = §SABCD = Sacp — Saxc = Sapc — Sanc < Sapcn = Sapck- U

49 Bai 9. Cho hinh binh hanh ABCD ¢6 AD > AB. Phan giac goc A va C cat duong chéo BD
tai £ va . Chting minh rang hai hinh ABCF va ADCE c6 dién tich bing nhau.

® Loi gidi.

— e ]
Vi C'F la phan giac goc ACD nén ACF = §AC’D.

_— 1 —
Vi AF la phan giac goc CAB nén CAE = §CAB.
Ma AB ) CD = CAB = ACD = ACF = CAE.

ABCD la hinh binh hanh c6 hai duong chéo AC, BD cat nhau tai O = OA = OC.
Xét AOAE va ANOCEF c6

AOE = COF (dbi dinh)

OA=0C = AOAE = AOCF (g-c-g)

OAE = OCF
Suy ra OF = OF. Tt gidc AECF c6 2 duong chéo AC, EF cit nhau tai trung diém ctia mdi dudng
nén AECF la hinh binh hanh (dau hig¢u nhan biét).

1
Suy ra Sapc = Scra = §SAECF-
2. BAITAP
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1
ABCD la hinh binh hanh nén SABC = SAC’D = §SABCD-

Khi d6 Sagc + Sacp = Sarc + Sapc < Sapcr = Sapce. O

> Bai 10. ) Chiing minh ring téng cac khoang cach tit mot diém bat ki trong tam gidc déu dén
cac canh khong phu thuoc vao vi tri ctia diém ay.

® Loi gidi.
Lay I bat ki nam trong tam gidc déu ABC canh a. A

Goi H, K, L lan luct 13 hinh chiéu ctia I len AB, BC, AC.
Ta co

25418 2SBrc | 2Saic
AB BC AC
2(Sars + Sprc + Saic)
AB

IH+ 1K+ 1L =

2S4BC
AB

) AB2\/3

AB K

av'3
2

—— (khong ddi) .

$>Bai 11. ® Cho tit gisac ABCD. Trén tia déi clia cac tia BA, OB, DC, AD lan lugt 1ay céc
diém M, N, P, Q sao cho BM = AB, CN = BC, DP = CD va AQ = DA. Chiing minh ring:
Sunpg =5 Sapcp-

® Loi gidi.
Ta c6
Supc = Sapp (vi DC=DP)
= %SPQD (vi QD=2AD).
Tuong tu
Sapc = %SNMBa
Sapp = %SAQMa
Spep = %SNCP- y

Spop + Svms + Saom + Snep
; .

= Sunprg =5 Sapcp- O

Do d6 Sapc + Sapc + Sasp + Spep =

SuNpPQ — SaBcD
2

Suy ra 2SABCD =

> Bai 12. ) Cho hinh binh hanh ABCD. Lay diém M tren BC va diém N trén AB sao cho
AM = CN. Chiing minh ring dinh D ctia hinh binh hanh céch déu hai dudng thing AM, CN.

Bi CHUONG 4. DA GIAC, DIEN TICH PA GIAC



® Loi gidi.

Goi H, K lan lugt 1a hinh chiéu ctia D len AM, A D
CN. » .
Do ABCD la hinh binh hanh nén
1 N
Samp = QSABCD
1
Scnp = §SABCD-
Suy ra
B¢ O
Samp = Scnp. M

1 1
Hay §DH-AM = §DK-C'N.
Ma AM = CN(gt) néen DH = DK.

2. BAITAP [



Chirong 5

DE THI THAM KHAO

Dﬁ KIEM TRA GIUA HOC Ki I - NAM HOC 2009 -

Bai ‘ 2010 ' .

N

¢S Bai 1. Phan tich da thitc thanh nhan ti
a) 3xdy — 622y + 122%y.
b) —2?(2y — z) + 4z (z — 2y) — 4(2y — ).

c) (zy —1)2 — (y — 1)2

® Loi gidi.
a) 3x3y — 62%y? + 1222y = 3x2y(x — 2y + 12).
b)

— 2?2y — 1) + da(x — 2y) — 4(2y — 1)
=2(z — 2y) + da(x — 2y) + 4(x — 2y)
=(z — 2y)(2* + 42 + 4)
=(z — 2y)(z +2)*.

(xy —1)* = (y — 1)?
[(zy =1)+ (y = Dll(zy — 1) = (y = 1)]
(xy +y—2)(zy —y)
(zy +y —2)y(z —1).

‘ $>Bai 2. Cho A = (z — 3)(z — 5) + 4. Chitng minh A > 0 v6i moi gia tri cta z. \

® Loi gidi.

IR = cHuonG s, BE THITHAM KHAO




Ta co

A= (x—-3)(x—5)+4
=22 —5r—3x+15+4

=122 — 8z + 19
= (2? — 8z +16) + 3
= (z —4)* + 3.

Vi (z —4)? > 0 v6i moi gia tri cla z.
Suy ra (x —4)% +3 > 3 > 0 véi moi gia tri clia .
Vay A > 0 v6i moi gia tri cua x. O

&> Bai 3. Cho AABC can tai A c6 céac trung tuyén BD, CE. Tren BC lay céc diém M, N thoa
BM = MN = NC. Goi I la giao diém ctia AM va BD, K 1a giao diém ctia AN va C'E. Chiing
minh rang

a) AM J/ ND va I la trung diém ctia doan thang BD.

BC - DFE
5 .

c) Tt gidc NMIK la hinh thang can.

b) IK /| BC va IK =

o Ldi gidi.

A

a) Ching minh AM // ND va I la trung diém ctia doan thang BD.
Ta c6 N la trung diém ctia doan thing MC'  (MN = NC).
Va D la trung diém ciia doan thang AC (BD la trung tuyén ctia AABC).
Suy ra ND la duong trung binh cta tam giac ACM.
Suy ra AM /| ND.
) ) {M la trung diém ctia BN (BM = MN)
Xét ABDN c6
MI ) ND (AM /| ND).
Suy ra I La trung diém ctia BD.
b) Ching minh IK // BC va IK = w.
Goi G, H lan ;uct la trung diém cta BE, CD.
Ta c¢6 IG 1a duong trung binh cia ABED.

1
= IG | ED, 1G=3ED. (1)
1. BE KIEM TRA GIUA HOC Ki 1 - NAM HOC 2009 - 2010 [ EZIR



Chitng minh tuong tiy cau a, ta c6 K la trung diém cia EC.
= K H la duong trung binh cia ACDE.

1
= KH || ED, KH=gED. (2)

Ta c6 ED la duong trung binh cia AABC.
= ED /| BC.
= EDCB la hinh thang.

Ta c6 GH la duong trung binh ctia hinh thang EDCB.

= GH /| ED J| BC, GH:BCJFTED. (3).

(1), (2), (3) = I, G, H, K thang hang.
= IK /| ED J| BC.

Ta co

IK=GH-GI - KH
_ BC+DE ED ED

2 2 2
_ BC—-ED

2

¢) Ching minh ti giac NM K 1a hinh thang can.
Tac6 IK ) MN (IK J BC).
= NMIK la hinh thang.
Ta c6 AAMB = AANC (c-g-c).
= AMB = ANC. _
= 180° — AMB = 180° — ANC.
= AMN = ANM.
Hay IMN = KNM.
Vay NMIK la hinh thang can.

Bai 2011

e PE KIEM TRA GITA HOC Ki I - NAM HOC 2010 -
N

¢S Bai 1. Phan tich da thiic thanh nhan ti
a) 122% 4+ 12z + 3.

b) 22% + 4z + zy + 2y.

o) (% +1)° — (=222 + 3)°,

® Loi gidi.
a) 1222 + 12z + 3 =342 + 4z + 1) = 3(2z + 1)
b)

22% + 4o + xy + 2y
=2z(x +2) + y(z + 2)
=2z +y)(x +2).
B CHUONG 5. BE THI THAM KHAO




(22 +1)" — (~227 +3)"

[(2* + 1) + (=22 + 3)][(x* + 1) — (—22° + 3)]
(—2% +4)(32% — 2)

(2 —2)(2+2)(2V3 — V2)(2V3 + V2).

U

> Badi 2. Cho AABC vuong can tai A. Trén cac canh AB, AC lan lugt lay cac diem D, E sao
cho AD = AE. Duong thang qua D vuong goc v6i BE cat BC tai I. Duong thang qua A va vuong
goc v6i BE cat BC tai K. Goi M la giao diém ctia AK va CD.

a) Chtng minh ring AABE = AACD.
b) Chiing minh rang AMAC can.

¢) Chitng minh rang M 1a trung diém ctia CD, K 1a trung diém cta IC.
)

d) Goi G la giao diém ctia DK va IM, MK cat GC tai F. Chiing minh réing FM = FK.

® Loi gidi.
B
I
it
D
G K
fa
%
A E C

a) Chiing minh ring AABE = ANACD.
Xét AABE va ANACD c¢6
AB = AC (AABC vuong can tai A)
A chung
AE = AD (gt).
Do d6 AABE = ANACD (c-g-c).
b) Chiing minh rang AMAC can.
Ta c6 ACD = ABE (AABE = AACD).
2. BE KIEMTRA GITA HOC K 1 - NAM HOC 2010 - 2011 [ EZIN



—

Lai c6 ABE = MAC (cung phu v6i B/A?()
Suy ra ACD = m

Hay ACM = MAC.

Vay AMAC' can.

c) Chﬁng/min\h réﬂ la trung diém ctia CD, K la trung diém ctia IC.
Ta c6 ADM + ACM = 90°.
Va DAM + MAC = 90°
Ma AC’%iMAE\(cmt).
Suy ra ADM = DAM.
Suy ra AAMD can tai M.
= MD = MA.
Mit khéc, MA = MC (AAMC can).
Suy ra MD = MC.
Hay M la trung diém ctia C'D.
Lai ¢6, DI | MK  (cung vudng géc v6i BE).
Suy ra K la trung diém ctia IC.

d) Goi G la giao diém ctia DK va IM, MK cit GC tai F. Chting minh ring FM = FK.
Xét ACDI c6 G 1a giao diém clia hai trung tuyén DK va IM nén G 1a trong tam tam giac.
Goi H la giao diém cia CG va DI.
= C'H la trung tuyén ctia ACDI
= HD=HI. (1)
Ta c6 M K la duong trung binh ctia ACDI.
= MK /| DI.
Xét ACDH c6 MF [/ DH va M la trung diém ctia CD.
= F la trung diém ctia CH.
= MF la duong trung binh ctia ACDH.

1
= MF = -DH. (2)
1
Chiing minh tuong tu, FK = §HI. (3)
Tu (1), (2), (3), suy ra FM = FK.

]
DE KIEM TRA GITUA HOC Ki I - NAM HOC 2011 -
Bai g 2012 .
$>Bai 1. (4,5 diém)
Phan tich da thic thanh nhan ti
a) 3a% — 1222 + 127
b) (z+2)* + (z —2)3.
c) 3 — 2z + 2x%y — 4y.

® Loi gidi.

a) 3z° — 1222 + 122 = 3z (2% — 4z + 4) = 3x(x — 2)°.
JEEE = cHuone s, BE THITHAM KHAO



(x+2°+ (z—2)° = 2°+62>+ 122+ 8+ 2° — 62° + 122 — 8
223 4 241 = 2z (m2+12).

3 — 20+ 22%y — 4y = x(x2—2)+2y(a:2—2)
= (z+2y) («* - 2)
= (x+2y)<x—\/§><m+\/§>.

U
$>Bdi 2. (1,5 diém)
Cho da thic: f(x) = 22201 — 322010 4 922009 _ 35,2008 4 4+ 223 — 32?2 + 22 — 3.
Hay tinh f(a) biét 2a* = 3a.
® Loi gidi.
a=0
Tac6 20> =3a < 20> —3a=0%a(2a —3) =0 & 3
a = 5
@ Véia=0, f(a) = f(0) = —3.
3
f(z) = 22022 — 3) + 2209822 — 3) + ... + 222(22 — 3) + (2x — 3).
3
=@ =r(2) =0
U
[— N

$>Bai 3. (4 diém)
Cho tit giac ABCD c¢6 AD = BC (C # D) va duong thang AD cit BC tai E. Goi M, N, O lan
lugt 1 trung diém cta AB, CD, BD. Duong thing M N cit AD, BC kéo dai lan luot tai I, J.
Chitng minh rang:

a) ID [l OM.

b) CJN = JNO.

c) AOMN can.

d) AEILJ can.

D Loi gidi.

3. BEKEMTRA GITA HOC K 1 - NAM HOC 2011 - 2012 [N



a) Ta c6 O la trung diém ctia BD, M la trung diém ctia AB suy ra OM la duong trung binh clia
tam gidc ABD nén OM [/ AD. Mat khac I € AD = ID [/ OM.

b) Ta c6 O la trung diém ctia BD, N la trung diém ctia CD nén ON la dudng trung binh clia tam
glac BCD = 01 ON J/ BC ma J € BC = ON /| CJ.
— CJN = JNO (so le trong).

1
c) @ C6 OM la duong trung binh ctia tam giac ABD = OM J/= §AD

@ C6 ON la duong trung binh clia tam giac BDC nén ON J/= %BC.
® Mat khac AD = BC (gia thiét).
Suy ra OM = ON = AOMN can tai O.

d) @ ViE € BC miON j| BC nén ON J| EJ = IJE = MNO (ddng vi).
@ Vile AD ma OM J) AD nén OM | EI = OMN = EIJ (déng vi).
© Mt khac OMN = ONM (AOMN can).

Suy ra EIJ = EJI = AEILJ can.

PE KIEM TRA GITA HOC Ki I - NAM HOC 2012 -
e 2013
N

Bai
®

$>Bai 1. (6 diém)
Phan tich da thuc thanh nhan t1¥:

a) (z+2y)* - (z -2y +1)%
b) :1:2( 2)+4z(2—xz) — 2+ .
c) z? — 2z — 2.

)

d) 4z* + 223 + 422 + ¢ + 1.

® Loi gidi.
a)

(x+2y)° —(zr—2y+1)* = [(w+2y) — (z—2y+ D][(z+2y) + (x — 2y + 1)]

B CHUONG 5. BE THI THAM KHAO



(r+2y—x+2y—1)(x+2y+2z—2y+1)
= (y—1)2x+1).

dr*(z —2) + 422 —2) —2+2 = 4da?*(z—2) —da(r —2)+ (v — 2)
(z —2) (42° — 4z + 1)
= (z—2)(2z — 1)~

P4t —20-2 = 2o +1)-2x+1)
= (@t 1?2
= (z+1)(z—V2)(z +V2).

drt + 20 + 4t + o +1 = dat+ 4P+ 1+ 220 + 2
= (22 +1)" + (227 +1)
= (22°41) (22 + 1 +2)
= (22°41) (22 +z+1).

| —

$>Bai 2. (4 diém)

Cho AABC can tai A. Goi D, E lan luot la trung diém ctia canh AB, AC. Trén hai doan BD,
CE lan lugt lay hai diem M, N sao cho DM = EN.

/

a) Ching minh AAMN can.

C

)

b) Chiing minh M va N déi xitng nhau qua duong cao AH ctia AABC.
) Trén canh AD lay diém I sao cho Al = C'N. Chitng minh D la trung diém ctia M1I.
)

d) Goi F la trung diém ctia IN. Ching minh ba diém D, F', E thing hang.

® Loi gidi.

A

WARREENN

B C

4. DE KIEM TRA GIJA HOC Ki I - NAM HOC 2012 -2013 [RE}]




a) Ta c6 D, E lan lugt 1 trung diém ctia AB, AC =

Ma AB = AC (AABC can) nén AD = AE.
Mat khac DM = EN = AD + DM = AE + EN = AM = AN = AAMN can tai A.

b) AABC can tai A, AAMN can tai A va MAN = BAC = ADE = ABC = MN J| BC.
Mat khac MH L BC (AABC can).
Suy ra AH L MN va AAMN can nén M N la duong trung tryc cia AH = M va N doi xing
nhau qua dudng cao AH.

c) Taco AD =CE, Al = NC, DI = AD — Al, EN =CFE — CN. Suy ra DI = EN.
Mt khdc DM = EN (gia thiét). Suy ra DM = DI.
Vay D la trung diém ctia M1I.

d) Ta c6 MN J/ BC (cmt), DE [/ BC (DE la dudng trung binh cia tam gidc ABC). Suy ra
DE J) MN ma D la trung diém ctia M1 nén DE tring v6i duong trung binh ctia AMIN.
Lai ¢6 F' la trung diém ctia IN.
Vay ba diém D, F, E théng hang.

) U
HET
DE KIEM TRA GIUA HOC KI I - NAM HOC 2013 -
Bai e 2014 .
N\
¢S Bai 1. Phan tich cac da thiic sau thanh nhan ti:
a) brly — 20x3y? + 20223
b) 42%(z — 6) + 9y*(6 — )
c) z% — 49 — 6zy + 9y

 Loi gidi.

5ty — 202%y* + 2022y3
52y (x? — day + 4y°)
= 5%y (z — 2y)°.

42 (7 — 6) + 99*(6 — x)
= 42*(z — 6) — 9y*(z — 6)
= (z—6) (42® — 9°)
= (z—6)(2z +3y) (2z — 3y) .
IR & cHuone s, BE THI THAM KHAO



2 — 49 — 6y + 9y°

(a:2—63:y—|—9y2)—49
= (¢—3y)’ -7

(x—=3y+7)(x—3y—7).

[
| —
$>Bdi 2. Cho da thic A = 2% + 2% + 8y + 4y? — 2zy
a) Phan tich A thanh nhan t.
b) Tinh A biét x =2a — 1 vay = —
e
@ Loi gidi.
a)
A = 2°+2° +8y° +4y* — 2wy
= (2®+8y°) + (2% — 22y + 4°)
= (z+2y) (:c — 2zy + 4y ) + (x2—2xy+4y2)
= (2% = 2zy + 49°) [(z + 2y) + 1]
= (2® =22y +4y°) (z+2y+1).
b) Thay z = 2a — 1 va y = —a vao biéu thiic x + 2y + 1, ta duge
(2a—1)+2(—a)+1=0
Suy ra A = 0.
]
[ —

&> Bai 3. Cho AABC can tai A. Trén canh AB lay diém D, E sao cho AD = DE = EB. Qua E
vé duong thing song song véi BC cit canh AC tai N. Goi M la trung diém ctia AN.

a) Ching minh rang: ti gidc DM C B 1a hinh thang can.

C

)
b) Goi I 1a giao diém ctia tia BN va tia DM. Chiing minh réng: MI = BC.
) Chting minh réng: ADCT can.

)

d) Chiing minh réng: M I = 3M D

D Loi gidi.

5. BE KIEM TRA GITA HOC Ki 1 - NAM HOC 2013 - 2014 [ EEDIN



B C

a) Vi AD = DE va M trung diém ctia AN nén DM la dudng trung binh ciia AAEN.
Suy ra DM // EN

Lai co, ABC = ACB (vi AABC can)
Suy ra BDMC' la hinh thang can.

b) Xét AMNI va ACNB, ta c6
MNI = CNB (dbi dinh)
MN = NC' (cmt)
IMN = BCN (so le trong)

Suy ra AMNI = ACNB nén BN = NI.
Xét ti giac BCIM, c6 MN = NC va BN = NI. Suy ra BCIM la hinh binh hanh.
Suy ra M1 = BC.

c¢) Theo cau b), ta c6 BM = CI
Ma BM = CD (vi BCMD la hinh thang can).
Tw d6 suy ra CI = C'D hay ACID can tai C.

1
d) Ta c6 DM la duong trung binh AAEN, suy ra DM = §EN & EN =2DM (3)
1
Lai c6, EN la duong trung binh hinh thang BCM D, suy ra EN = 3 (DM + BC) (4)

1
Tit (3), (4) ta duge 2DM = 5 (DM + BC) ¢ 3DM = BC.

[
PE KIEM TRA GIUA HOC KI I - NAM HOC 2014 -
Dai g 2015 .
N\
¢ Bai 1. Phan tich cdc da thic sau thanh nhan ti:

a) 24ab — 18ab

b) z? + zy? + ya? — ¢?

¢) (a—10)(a®+ 3ab+ b*) + (a+b)* + ab(b — a)

d) z? —2014zy — 2016x2 + (2015% — 1) y2

® Ldi gidi.

BB = cHuone s, BE THITHAM KHAO



24a3b — 18ab

= 6ab (4a2 — 3) .
b)
2 + xy? + ya® — o
— (22— yz) + (:pr +y$2)
= (r+y)(zr—y) +ay(z+y)
= (v+y)(z —y)+zy]
= (r+y)(r—y+ay).
c)
(a—b) (a® 4 3ab+b*) + (a +b)* + ab(b — a)
= (a—0b)(a®+3ab+0b%) —ab(a—b) + (a+1b)’
(a —b) (a® + 3ab + b* — ab) + (a +b)°
= (a—b)(a+b>+ (a+b)°
= (a+0b)?[(a—"b)+ (a+1D)]
= 2a(a+ b)2
d)
z? — 20142y — 201622 + (20152 —1)yz
= 2% —2014xy — 20162z + 2016 - 2014y
= z(z —2014y) — 2016z (= — 2014y)
= (z —2014y) (x — 20162) .
O
| N\
$SBaI 2. Cho ATDN can tai T, dudng cao TC. Goi E,F,I lan lugt 1a trung diém cta
TN,TC,DC.

a) Chting minh réng I'F song song véi CFE va [F = CE.
b) Chiing minh rang tit gidc EFIN 1a hinh thang can.

¢) Goi G la giao diém ctia FN va CFE,Q la giao diém ctia DG v6i FI. Chitng minh ring
CG =21Q.

S 2
d) Chitng minh rang CG = §CE va @ la trong tam cua ACDF.

D Loi gidi.

6. BEKIEMTRA GITA HOC Ki I - NAM HOC 2014 -2015 [N



a) Ta c6 E'F la dudng trung binh cia ATCN nén EF | CN va
1 1

Suy ra t giac [ FFEC' la hinh binh hanh.
Suyra I[F=CEvalF | CE.

b) Tacé6 EF [/ IN (cmt). (1)
Xét ATCN vuong tai C, c6 CE 1a duong trung tuyén. Suy ra
1
CFE = §TN = FEN = AECN can tai E.

Suy ra ENC = ECN. Mit khac ECN = FIN (VilF [ EC)
Suy ra FIN = ENC. (2)
T (1) va (2), suy ra EFIN la hinh thang can.

¢) Tacé IQ // CG (vi IFEC 1a hinh binh hanh) va I 1a trung diém DC nén IQ la dudng trung
binh ADCG. Suy ra
CG J I1Q va CG =21Q.

d) Xét ATCN c¢6 CE va NF la cac dudng trung tuyén. Suy ra giao diém G la trong tam clia
ATCN.
Tu do, suy ra

2
CG =-CFL.
3

1
Lai ¢6 CG = 21Q) (theo cau c), suy ra 1Q = §CG =GFE.
Ma IF =CFE. Suy ra CG = FQ.
1 1 .
Ta co IQ) = §CG = §FQ va I F la duong trung tuyen ADCF nén @ la trong tam ADCF.

0
PE KIEM TRA GITA HOC K1 I - NAM HOC
Bai a 2015-2016 .
N

B CHUONG 5. BE THI THAM KHAO



4> Bai 1. Phan tich cdc da thitc sau thanh nhan ti
a) (y — 2015) + 2016(2015 — y).
b) 223y — 622y + 6y — 2y.
¢) ab(z —1)* + z(a + b)*.
d) 2 +8—(2+2)(5— 2x2).

® Loi gidi.

a) (y — 2015) + 2016(2015 — y) = a(y — 2015) — 2016(y — 2015) = (y — 2015)(x — 2016).
b) 223y — 622y + 6zy — 2y = 2y(23 — 322 + 3z — 1) = 2y(x — 1)3.

c)

ab(x — 1) + z(a +b)* = abr® — 2xab+ ab+ wa® + 2zab + xb?
= abz® + ab + za® + xb?
= (abz® + xa®) + (ab+ xb?)
= za(br + a) + b(a + bx)
= (bzx+a)(ax+0).

2 +8—(2+2)(5—27) = 2°+8—10+ 4w — 5x + 227
= 2° 4227 — 3 -2

2} (r+2) — (v +2)

(x +2)(2* = 1)

= (z+2)(x+1)(z—1).

¢S Bai 2. Cho hinh thang ABCD (AB J| CD, AB < CD), ABCD khong la hinh thang vuong.
Goi B, K lan lugt 1a trung diém ctia BD va CD. Tt E vé dudng thang song song v6i C'D cit AC
tai F' va cat AD tai I.

a) Ching minh réng FK /| BC.
b) Chiing minh ring I, F lan lugt 1a trung diém ctia AD va AC.

¢) Dudng thang qua E va vuong goc véi AD cat duong thang qua F va vuong goc véi BC tai
H. Chting minh rang H 1a tryc tam ctia AEFK.

d) Goi O la giao diém ctia AC va BD. Gia sit ba diém K, H, O thang hang. Chitng minh ring
ti giac ABC'D la hinh thang can.

D Loi gidi.

7. BEKIEMTRA GIOA HOC Ki I - NAM HOC 20152016 [ EZII



E la trung diém BD

, = FK la duong trung binh cia ABCD.
K la trung diem DC

a) Xét ABCD c6 {
= FK /| BC.

E la trung diém BD
EI ] AB
I 1a trung diém AD
IF || DC

b) Trong AABD c6 { = [ la trung diém AD.

Trong AACD c6 { = F la trung diém AC.

EK || BC
Ta co = FH | FK.

FH 1 BC
F 13 trung diem AC

, = FK la duong trung binh cuia AACD.
K la trung diem DC

Xét AACD c6 {

= FK || AD.

FK J] AD
Ta cb = FH | FK.

= H la tryc tdm cua tam giac FFK.

FH 1 FK
Ta co
FH 1| FK

d) Vi H la truc tam cta AEFK = KH 1 EF.
) {EF /| DC
Ta c6
KH | EF
Do K, H, O thang hang nén OK 1 DC.
Trong tam gidc ODC c¢6 OK viia la duong cao vita 1a dudng trung tuyén nén AODC can tai
O. Suy ra OD = OC.
= 0A=0B
= AC = BD. Tu d6 suy ra ABCD la hinh thang can.

= KH 1 DC.

O]
PE KIEM TRA GIUA HOC Ki I - NAM HOC
Dai g 2016-2017 i
¢S Bai 1. Rat gon céac biéu thiic sau
a) 4r3 —dx(x — 1)(z + 1).
b) (z—2)%+2(z —2)(x+2) + (z +2)%

S = cHuone s, BE THITHAM KHAO



D Loi gidi.

a) 4o —dx(x — 1)(z + 1) = 42° — da(2? — 1) = 423 — 423 + 4o = 4x.

b) (z—2242x—-2)(x+2)+ (r+2)2 =2 -4z +4+2(2? —4) + 2% + 4z + 4 = 42°.

]
| —
¢S Bai 2. Phan tich cac da thiic sau thanh nhan tt
a) 11x° + 44z* + 4423
b) 3z(2y — x) + 5(z — 2y)>.
c) 32x3y — 2zy® — 4xy? — 2xy.
- |
® Loi gidi.
a) 112° + 442" + 4423 = 1123 (22 + 4o + 4) = 1123 (z + 2)2.
b) 3z(2y — z) +5(x — 2y)? = (2y — x) [3x + 5(2y — z)] = (2y — x)(10y — 2z).
c)
3203y — 2wy — day? — 22y = 2ay(162° —y* — 2y — 1)
= 2uzy[162% — (y + 1)°]
= 2zy(dr+y+1)(4e —y—1).
]

4> Bai 3. Cho tam giac nhon ABC (AB < AC). Goi D, E va F lan lugt 1a trung diém ctia AB,
AC va BC. Ké AH vuong goc véi BC tai H, AH cat DE tai M.

a) Chiing minh réng DM // BH.
b) Chitng minh ring M la trung diém AH va tam gidc AEH can.

c¢) Trén tia ddi ctia tia DH lay diém K sao cho DH = DK. Chiing minh ring ti gisc DEFH
la hinh thang can va ti gidc K ACB la hinh thang vuong.

d) Gia st AB = AF. Chitng minh rang ba diéem K, M, F thang hang.

- |
 L3i gidi.
K A
M
D F
B C
H F

8. BE KIEM TRA GIOA HOC Ki 1 - NAM HOC 20162017 || ETI



D la trung diém AB
E 1a trung diem AC
= DFE /| BC hay DM /| BH.

D la trung diém AB
DM /| BH

a) Xét AABC ¢6 = DF la duong trung binh ciia AABC.

b) Trong AABH c¢6 { = M la trung diém AH.

EM ) CH
Ta c6 = EM | AH.

CH 1 AH
Trong AEAH c6 duong EM vita 1a dudng cao dong thoi ciing 1a duong trung tuyén néen AEAH

can tai E.

c¢) Vi DE /| HF nén DEFH la hinh thang.
1

Ta c6 DF la dudng trung binh cia AABC = DF = §AC’ = FA. Ma FH = FA (do AEAH
can tai F), tit d6 suy ra DF = EH.
Hinh thang DEF H c¢6 hai duong chéo DF = EH suy ra DEF H la hinh thang can.
T giac AKBH c6 hai dudng chéo AB va KH cat nhau tai trung diém D ctia mdi dudng nén
AK BH la hinh binh hanh. Hon nita AHB = 90° nén AK BH 1a hinh ch nhat.

{K A J| BC
=

— = KACB la hinh thang vuong.
AKB = KBH =90°

d) Ta c6 AB = AF = AABF can tai A.
AABF can tai A c6 duong cao AH = AH la duong trung tuyén = HF = HB.
Ma HB = AK (do AKBH la hinh chit nhat) nén suy ra HF = AK.
HF = AK
Ta c6 = AKHF la hinh binh hanh.
HF || AK

Trong hinh binh hanh AKHF ¢6 M la trung diém ctia duong chéo AH nén M ciing la trung
diém ctia dusng chéo KF. Suy ra K, M, F thing hang.

U
Bii @ PE KIEM TRA HOC KI 1 - NAM HOC 2009 - 2010
S N4 °
9 Bai 1. Phan tich cdc da thic sau thanh nhan ti
a) 2t -2y +z—v.
b) 4b%c2 — (B2 + 2 — a?)’.
® Loi gidi.
a) at —Pytr—y=2@—y)+@@-y =@-y @’ +1)=(@-y)(r+1)@* -z +1).
b)
4b*c? — (b2 + - a2)2
= (2bc— (b2 +c* - az)) (2bc + v’ + ¢ —a”)
<a2 — (- c)2> <(b +¢)? - a2>
= (a+b—c)la—b+c)(b+c—a)(b+c+a).
[

B CHUONG 5. BE THI THAM KHAO



$© Bai 2. Rat gon céc phan thitc sau

)2x—2xy—3+3y b) (42 — 3)* — 922
a : :
y2—3y?+3y—1 —Tx?24+24x —9
® Loi gidi.
) 20— 22y —3+4+3y (2z-3)(1-y) 3-2
Psy+dy—1 0 (-1 (y-1*
b) (4v —3)* = 92>  (4v — 3 —3z)(4x — 3+ 3z) _q
—722 4+ 24x —9 (3 —2)(7z — 3) -
U
[ —
> Bai 3. Cho hai da thic f(z) = 32% + 102% + 14z + 13 va g(z) = 3z + 4.
a) Thuc hién phép chia f(z) cho g(z).
b) Phan tich da thic f(z) = 32° + 102% + 14z + 8 thanh nhan ti.
e
® Loi gidi.
a) Khi chia f(x) cho g(x) ta dugc f(x) = (3x + 4)(2? + 2z + 2) + 5.
b) Phan tich da thic f(z) = 32% + 102* + 14z + 8 thanh nhan t ta duge
f(z) = 32° + 102° + 142 + 8 = (3x + 4)(2* + 27 + 2).
U
> Bai 4. Cho 222 + 2y? = 52y va 0 < x < y. Tinh gi4 tri cia bicu thitc E = Ty
z—y
® Loi gidi.
x =2y (loai)
Ta c6 22 4+ 2y* = bay & 222 — by + 2y =06 (v —2y)2r —y) =0 & ) Thay
y = 2z (thoéa man).
N . ) Tty
y = 2x vao biéu thic F ta coé E = =—3. O
r—Yy

¢S Bai 5. Cho hinh binh hanh ABCD. Goi E sao cho BDCE la hinh binh hanh. Goi F sao cho
BDFC la hinh binh hanh. Ching minh rang

a) A dé6i xing vé6i E qua B.

)
b) Diém C la trung diém ctia EF.
c¢) Ba dudng thang AC, BF, DE cit nhau tai mot diém.
)

d) Goi M la giao diém ctia CD va BF, N 1a giao diém ctia AM va CF. Chiing minh FC = 3NC.

D Loi gidi.

9. BEKIEMTRA HOC Ki 1-NAM HOC 2009 - 2010 [



A D F

a) V1 cac tit gidc ABC'D va BECD la hinh binh hanh nén AB va BE cung song song va bang véi
CD suy ra ba diém A, B va E thing hang. Ma AB = BE nén suy ra A déi xiing véi E qua B.

b) Ta c6 CE va CF cing song song va bing v6i BD nén ba diém E, C' va F thang hang. Ma
CE = CF nén suy ra C la trung diém ctia EF.

¢) Chitng minh tuong tit cau b ta suy ra DA = DF va ba diém A, D va F thing hang.
Xét AAEF ¢6 AC, FB va DE la ba duong trung tuyén nén ching cit nhau tai mot diém.
d) Goi H la giao diém ctia AM va BC.
AMD = HMC (d6i dinh)
Xét hai tam gidc MAD va MHC ¢6 { MD = MC (gt)
ADM = HCM (so le trong).
Do d6 AMAD = AMCH (c.g.c) dodé AD = CH ma AD = BC nén CH = CB.

Vit giac BC'F'D 1a hinh binh hanh nén M B = MF.
Xét ABHF c6 hai trung tuyén HM va C'F cat nhau tai N nén N la trong tam clia tam giac

= CF =3CN.
]
Bai @ PE KIEM TRA HOC KI I NAM HOC 2010 - 2011
® & o
¢S Bai 1. Phan tich cac da thic sau thanh nhan t
a) (22 +y?)° — 4oy,
b) (x —2)(z — 1)(z+ 1)(z + 2) — 10.

® Loi gidi.

(x2 + y2)2 . 4x2y2
(x2 + 2 — Qxy) (x2 + 2 + Qxy)

= (z+y)’(=x—y)’.

b) Ta c6

(x=2)(x —1)(z+1)(z+2) — 10
B & cHuonG s, BE THITHAM KHAO



= (2°—4)(2°—1) - 10
= 2* - 52> -6

= xZ(xz—i-l)—G(xz—i-l)
= (mz-l—l) (x2—6).

[
| — AN
¢ Bai 2. Thyc hién phép tinh
) — Y T 2y
2ty yP-zy (2-y)(zty)
1 1 1 1
o ( ):( - )
) x+3+x—3 22 +6x+9 22—-6x+9
\ ——
® Loi gidi.
a)
y r 2y
?tay Py (v-y)(@+y)
_ YPl—y) —Plety) — 2y
zy(z +y)(z —y)
o Pra+yi+a’y @ty @ +y?)
zy(z +y)(z —y) zy(z +y) (@ —y)
o 2% 42
vy(z —y)
b)
( 1 N 1 )( 1 1 )
t+3 -3/ \a2462+9 22—-6x+9
B 2x . —12z
(w2 +3)(x—3) " (2 +3)2(x —3)?
B 9 — 22
= -
| —
¢S Bai 3. Phan tich céc da thitc sau thanh nhan ti
1 1 1
a) Ching minhn“%—zz[(n—l)n—i—ﬂ [n(n—i—l)—ké].
1 1 1 1
(14+Z)(34+71) (54+?1)"‘(134+71)
b) Ap dung cau a thu gon phan thic 1 1 1 N
PRSI oy o e ()
( —|—4 +4 6 +4 +4
N\ ——

® Loi gidi.

10. BE KIEM TRA HOC KI I NAM HOC 2010-2011 [ E0IR




a) Ta co

+ %} [n(n—f— 1) + 1]

¢

-1
n 5
1 1
= (2 nrg) (e g)]
1 2
- (meg) -
1
_ 4 -
= n+4.
b) Ta c6
1 1 1 1
) () ()
(+4 3+4 5+4 3+4
1 1 1 1
()] ()
( +4 +4 6+4 +4
<0+1) (1 2+1 (2 3+1) (3 4+1) (12 13+1) (13 14+1)
- 2 2 2 2 2 2
- 1 1 1 1 1 1
1o N (2348 (304 _)(4. _)...(1.14 _)(14.1 _)
( +2)( 3+2)(3 +2 5+2 3 +2 5+2
1 4211
27 2 4217
O
|

9 Badi 4. Cho hinh chit nhat ABCD. Goi E la diém dbi xtng ctia B qua C. Vé BH vuong goc
v6i AE tai H. Goi I 1 trung diém ctia HE.

a) Chitng minh rang tit gidc ACED la hinh binh hanh.

Chiing minh rang t giac BCIK 1a hinh binh hanh.

)
b) Goi K la tryc tam ctia AABI. Chiing minh rang K 1a trung diém cta HB.
c)

)

d) Chimng minh rang ba duong thing AC, BD va duong trung triyc ctia /C dong quy.

_—
® Loi gidi.
B C E
K =
""" T
H

A D
a) Vi tit gidc ABCD la hinh binh hanh nén AD ) BC va AD = BC nén AD = CE. (1)
Mit khéc, ta c6 BC' = CE ma BC = AD nén AD = CE. (2)

Tu (1) va (2) suy ra ti giac ACED la hinh binh hanh.

b) Vi la trung diém ctia HE va [K /| BE (cing vuong goc v6i AB) suy ra KB = K H hay K 1a
trung diém ctia BH.

BESI = cHuone s, BE THITHAM KHAO



c) Xét ti gidc BCIK ¢6 IK J| BC va CI [/ BK nén ti giac BCIK la hinh binh hanh.

d) Goi O la giao diém ctia AC va BD.
Xét AACT vuong tai I ¢6 10 1a duong trung tuyén nén OA = OC = OI suy ra O thuoc duong
trung truc cua C1.
Mit khéc, O la giao diém ctia AC' va BD, tit d6 suy ra ba dusng thang AC, BD va dudng trung
truc ciia IC dong quy.

U
Bai @ DE KIEM TRA HOC KI I NAM HQC 2011 - 2012
— .
<> Bai 1 (2 diém). Phan tich cac da thiic sau thanh nhan ti:
a) (x—1)2 — (zy — 1)%
b) (2 +2z+5) (2 +2x+3)—8.

I
—~
&
|
—_
~—

no
—~
<
|
—_
[\

b)
(2 +2245) (2 +22+3) =8 = z'+22%+32° + 22° + 42” + 62 + 52° + 10z + 15— 8
= o' 442 + 1222 + 16047
= 2" +2°+32° + 322 + 927 + 92 + Tz + 7
= P+ 1)+ +32% (2 + 1)+ 92(x +1) +7(x + 1)
= (z+1)(2° +32° + 92+ 7)
= (z+1) (2 +2* +22° + 20+ T2 +7)
= (z+1)[2* @+ 1)+ 2z(x+ 1)+ T(z +1)]
= (z+1)? (@ +22+7).
O
[ —
4> B&ii 2 (3 didm). Cho phan thitc A ( 0! ) (‘”_3 - )
. Cho phan thitc A = : — :
4 =9 x+3 z2+3x 3z+9
a) Tim diéu kien clia z dé gid tri ctia biéu thitc A duge xac dinh.
b) Thu gon A.
c¢) Tim gia tri nguyén ctia x dé gia tri clia biéu thitc A 1a s6 nguyén.
e

® Loi gidi.

11. BE KIEM TRA HOC K I NAM HOC 2011 - 2012 [N



23— 9z #0

x#0
. ) r+3#0
a) Dieu kién xac dinh 5 S x#3
x4+ 3x#0 3
3r 4940 v# =3
b)
9 1 x—3 T
A= (x3—9x+x+3):(x2+3x_3x+9)
 94ax(x—3) —a2?+3x-9
- z(z-3)(x+3) " 3x(x+3)
 2?—-3z+49 3x(z + 3)
" z2(z—3)(z+3) — (22 —3x+9)
3
oz —3
c) Dé __3 nguyén thi —3 phai chia hét cho z — 3.

Hay z — 3 € U(-3), U(-3) = £1,+3.

+r—-3=1=x=4
b r-3=-1=2=2
Y r-3=3=2=6.
+ x—3=-3=2=0 (loai).

Vay céc gia tri cia « dé A nguyen la 2;4;6.

/ O

$>Bai3. Cho B=n(n—2)+3(2n+1).
a) Phan tich B thanh nhan ti.

b) Chiing minh B chia hét cho 8 v6i moi s6 n 1é.

® Loi gidi.

a) B=n(n—-2)+32n+1)=n’+4n+3=(n+1)(n+3).

b) Vinlasd1é nen tacon=2k+1 (k€ Z).
Khido B=(n+1)(n+3)=2k+2)(2k+4) =4 (k+1)(k+2).
Do (k + 1) (k + 2) 1a tich ctia 2 s6 tu nhién lién tiép nén (k + 1) (k + 2) 2.
Vay B=4(k+1) (k+ 2):8.

0

&> Bai 4. Cho AABC vuong tai A. Goi O la trung diém ctia BC, goi K la diém déi xtng ciia A
qua O.

a) Chiing minh ring tt gidc ABKC 1a hinh chit nhat.

B CHUONG 5. BE THI THAM KHAO



b) Goi I 1a trung diém ctia BK. Qua B vé dudng thang song song v6i AK cit dudng thang OI
tai E. Chting minh rang BEKO 1a hinh thoi.

¢) Goi N la trung diém ctia OB. Chitng minh ring N la trung diém ctia AFE.

d) Goi P, @, M lan lugt la trung diém ctia IA, IC, OK. Chitng minh ring ti gidc PQMN la

hinh ch nhéat.

a)

® Loi gidi.

Vi AABC vuong tai A suy ra BAC = 90°.

Vi K la diém déi xting ctia A qua O nén O la trung diém cta AK.

Xét tit giac ABKC ¢6

e O la trung diém ctia BC' (gt),
e O la trung diém ctia AK (cmt),
e BCNAK ={0}.

Suy ra tit giac ABKC' la hinh binh hanh.

Xét hinh binh hanh ABKC ¢6 BAC = 90°.

= ABKC la hinh chi nhat.

Vi BE J| AK = EBI = 1KO (so le trong).

Xét ABIE va AKIO ¢6

e EBI =IKO (cmt),

e BI =IK (I la trung diém ctia BK),
e BIE = OIK (déi dinh.)

Suy ra ABIE = AKIO (g-c-g).

= BE = OK (hai canh tuong tng).
Xét ti gidce BEKO c6

e BE /| OK (theo cach vé),

e BE = OK (cmt) .

11. BE KIEM TRA HOC K I NAM HOC 2011 - 2012 R



Suy ra ti giac BEKO la hinh binh hémg\
Vi tit giac ABKC' 1a hinh chit nhat = ABK = 90°.
Xét AABK vuong tai B c6 O la trung diém clia AK = BO = %AK = OK.
Xét hinh binh hanh BEKO ¢6 BO = OK (cmt)
= tit gidc BEKO la hinh thoi.
c) Xét tit gidc ABEO c6

e BE [/ AO (theo cach veé),
o BE = AO (= OK). .

Suy ra ti giac ABEOQO la hinh binh hanh.
Ma N la trung diém ciia duong chéo BO = N la trung diém ciia duong chéo AE.

d) Xét ATAC ¢6

e P li trung diém clia I A,

e (Q la trung diém ctia IC. .

Suy ra P@Q la duong trung binh cia ATAC.
1

= PQ /| AC va PQ = QAC.

Xét AOKB ¢6

e M la trung diém ciia OK,

e N la trung diém ctia OB. .

Suy ra M N la duong trung binh cuia AOK B.
1
= MN /| BK va M N = §BK.
Ma AC J| BK, AC = BK (tt gidc ABKC la hinh chi nhat).
Suy ra PQ J/ MN va PQQ = MN.
Suy ra ti giac PQM N la hinh binh hanh.
Xét ANAFET ¢6

e N la trung diém ciia AE,

e P la trung diém ciia AI. .

Suy ra NP la duong trung binh cia AAFEI.
= NP /| EI.
Vit giac BEKO la hinh thoi = ET 1 BK.

NP | EI
Ta cb = NP | BK.
EI 1 BK

Ma MN // BK suy ra NP L MN hay PNM = 90°.
Xét hinh binh hanh PQMN c¢6 PNM = 90° (cmt).
Suy ra ta giac PQM N 1a hinh chit nhat.

BEZEM = cHuonG s, BE THITHAM KHAO



B @ PE KIEM TRA HOC Ki 1 - NAM HOC: 2012 - 2013
3

°
> Bai 1. (2 diém) Phan tich cac da thitc sau thanh nhan ti.
a) ot — 23y + 8x — 8y;
b) (2? — 2x)* — 62% + 122 — 7.
]
® Loi gidi.
a)
at — 2Py + 8r — 8y = (z* — 2%y) + (8z — 8y)
= 2(z —y) +8(z — y)
= (2 —y)(@® +8)
= (z —y)(z + 2)(z® — 22 + 4).
b)
(2% —22)% — 622 + 120 — 7 =o' — 42’ +42% — 622 + 120 — 7
=t —42% — 222 + 120 — 7
=a' —2® = 32° 4+ 32 = 52® + Bw + Tw — 7
= (2* — 2%) — (32 — 32?) — (52 — 5w) + (Tx — 7)
=2*(x—1)-32%(x — 1) = 5z(z — 1) + 7(z — 1)
=(z—1)(2® - 32> =52 +7)
= (z—1)*(2* — 22— 7).
U
[
4> Bai 2. (3 diém) Thyc hién phép tinh.
0 r 12z 3
20 —1 2z —1 %
b) (5a:+50 22410 n 7 ) 3z +15
z? + 5z T 5x+25/° 5
N\ ———

D Loi gidi.

12. BE KIEM TRA HOC Ki 1 - NAM HOC: 2012- 2013 [N



1
. 20 —1#0 —
a) Dieu kién xac dinh: { . 7 = T 2

z#0 x #0.
T 2¢ 3 120 22
20—1 22—1 22 20-1 22—1 3
oz 1223
T2 —1 32z—1)
B 3z 1223
T 3(2c—1) 32z —1)
3z(1 — 42?%)
- 322 -1)
~ —3z(2r —1)(2z + 1)
32z — 1)
= —z(2x + 1).
b)
(5x+50 —2x + 10 z? )'3x+15
215: @ szt25) 5
_[53:%—50_—23:4—10jL x? ] 5
x(x +5) T 5(x+5)] 3z+15

x #0 :>{x7é0

Dieu kién xac dinh: {  +5 # 0 . Ta c6
sei1540 T
(5x+50_—2x—|—10+ x? )‘3:10—1—15
x? + 5z x S5r+25/ 5
_ [5:6—1—50 —2x+10 x? } 5
“ @ty 2 5wt 3t1s
%4250 —5(x+5)(—2x+10) +2° 5
N 5a(z + 5) " 3(z+5)
2524250 + 1027 — 50z 4 50z — 250 + 2° 2% 4 102* + 25z z(z+5)* 1
B x(x +5)? ~ 3z(x 452 3x(x+5)? 3

$>Bai 3. (1 diém) Cho da thitc A = 2% — 22 — 27 +m — 1 va da thitc B = 22 — 2z — 1. Tim m
dé da thitc A chia cho da thitc B c¢6 du la gia tri ciia an lam cho da thiic B béang 0.

® Loi giéli.
Ta co

B=1*-22-1=0=(2*-2r+1)-2=0= (z—-1)*=2
r—1=1v2 r=v2+1
= =
r—1=—-V2 z=—V2+1.

B CHUONG 5. BE THI THAM KHAO



Xét phép chia da thiic

—zt — 223 — 2e+m—1]22— 2xr—1
xt — 223 — 2? 22+ 1
—2?—2x+m—1
% — 2z -1
m

Vay dé da thitc A chia cho da thiic B c6 du la gié tri ctia an lam cho da thitc B bing 0 thi m = V2+1
hodic m = —v2 + 1. ]
| —

> Bai4. (4 diém) Cho AABC vuong tai A va (AB < AC), c¢6 trung tuyén AM. Goi D la diém
dé6i xting ctia A qua M.

a) Chtng minh tit gidc ABCD la hinh chi nhat.

b) Ké CH 1L AD tai H. Goi K la diém déi xing cia C' qua H. Chting minh ring tit gidc
ABKD la hinh thang can.

c¢) Goi T la diém déi xiing ctia D qua H, E la giao diém ctia AC va, KT. Chiing minh CK =
2FH.

d) Chiing minh raing FH | BC.

- - |
® Loi gidi.
K
B D
‘N
T
A E C

a) Ching minh tit gihc ABCD la hinh ch nhat.
Xét tu gidc ABCD, ta co
M la trung diém ctia BC
M la trung diém ctia AD

— Tt gidc ABCD Ia hinh binh hanh. Ma BAC = 90° nén hinh binh hanh ABCD la hinh chit
nhat.

b) Ching minh tit giac AK BD la hinh thang can.
Ta c6 DA L CK tai H va H la trung didm ctia CK nén DA la duong trung truc cua CK.
1 1
Taco M € DAnén MK = MC. Ma MC = §BO nén KM = §BC.

= AKBC vuong tai K.
BK 1 CK
Ta co
AD 1 CK
= Tt gidc BKDA la hinh thang. Vi D ndm trén dudng trung tryc cia CK nén DK = DC.

12. BEKIEM TRA HOC Ki 1 - NAM HOC: 2012- 2013 [ EEIN

= BK /| AD.



Suy ra AKDC' can tai D.

Ma DH la dLIOng cao nén D DH cing I la duong phan giac cua KDC. Suy ra KDA = CDA.
Ma CDA = BAD nén KDA = BAD.

Xét h hinh thang BKDA, ta co

KDA = BADcmt

= Hinh thang BK DA la hinh thang can.

c¢) Chitng minh rang CK = 2EH.
Xét AKTH va AKDH | ta co:
KH la canh chung

KHT = KHD(= 90°)

HD = HT(gt)
= AKTH = AKDH = TKH = DKH. Ma DKH = DCH (ADKC can tai D) nen TK H =
DCH.

Ma hai géc nay nam & vi trf so le trong nén KE /| CD.

= KE 1 AC (ViCD L AC).

Tam giac DKC can tai D ¢6 DH 1a duong cao nén DH ciing 1a duong trung tuyén. Suy ra H
1a trung diém cia CK.

Xét AKEC vuong tai E c6 EH 1a dudng trung tuyén.

= (CK =2HE.

d) Ching minh rang FH | BC.
Goi N la giao diém ctia FH va BC.
NCE + ABC = 90°

Ta c6 { HCD + HDC = 90°
ABC = PTD\C’(ABCD la hinh chit nhat)
= N CE H CD
Suy ra HCE + NCE = 90°. Ma HEC = HCE nén HEC + NCE = 90°.
Do dé ENC = 90°.
Suy ra EH 1 BC tai N.

0
Bai @ PE KIEM TRA HOC KI I NAM HOC 2013 - 2014
& N2 °
¢S Bai 1. Phan tich cac da thiic sau thanh nhan ti
a) (22 — 22)° + 622 — 122 + 5.
b) (2? 4+ 10z + 5) (2 4+ 10z + 13) + 16.

o Loi giéi.
a) Ta c6
(x2—2:1:)2+6a:2—12x+5 = (x2—2x)2+6(x2—2x)+5
x2—2x)2+(332—2x) +5(x2—2:v) +5

(
= (:):2—2910) (x2—2x+1) +5(ac2—2x—|—1)
BEZI = cHuonG 5. BE THITHAM KHAO



= (@®=22+1) (z*—22+5)=(z—1)*(2* -2z +5).
b) (2?4 10z + 5) (2? 4+ 10z + 13) + 16.
Dt ¢t = 2% + 10z + 5, khi d6
(2* 4+ 10z +5) (2 4 10z + 13) + 16
= t(t+8)+16 =12+ 8+ 16 = (t +4)> = (2> + 102 + 5+ 4)°
(22 + 2+ 92 +9)° = [e(z + 1) + 9(z + 1))
= [(z+D)(+9)] = (x+1)*(z+9)%

L]
[—
> Bai 2. Rit gon céc biéu thiic sau
) 1 + 1 i 1 N 1
a .
w@+y) yle+y) z@-y) yly-2)
b) i+l+i<l+l)]_w
a2 ¥ a+bl\a b/l ab '
\ ——
® Loi gidi.
a) Dieukien z #0,y #0, x £y, v # —v.
3 1 1 1 1 y+uw y—x 1 1
Ta co + + + = + =——-—=0.
vxty)  yle+y) zle-y) yly-z) wylety) wyle-y) zy  wy
b) Diéu kién a # 0, b # 0, a # —b.
Ta co
1,1, 2 (1 1Y), s
La®? b2  a+b\a b ab
B -l-l—l-l- 2 a+b} ab
o la? B2 a+b  ab (a+ b)?
B ‘1+1+2] ab
 la? 2 abl (a+0b)?
B (1+1)2 ab
~ \a b (a+ b)?
2
_ (a+0)*  ab — b
(ab)?  (a+b)?
]
.. o 2a — 1 — 1 1 o
<> Bai 3. Cho bidu thic P = = + b a Vv6i a # = va a # —=. Tinh gié tri ciia bieu thic
3a—1 3a+1 3 3
P biét 10a* + 5a = 3.
® Loi gidi.

Ta ¢6 10a? + 5a = 3 nén 5a = 3 — 10a>.
Khi do
2a — 1 N 5—a (2a—1)(3a+1)+(5—a)(3a—1)
3a—1 3a+1 (3a —1)(3a + 1)
13. BE KIEM TRA HOC Ki I NAM HOC 2013 - 2014 [T
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6a>+2a—3a—1+15a—5—3a®>+a

3a%2 + 15a — 6

9a?

3a® + 3 (3 —10a®) — 6

—1

9a2 — 1

9a2 — 1

9a2 — 1

—27a®> +3  —3(9a® — 1)

9a2 — 1

= 3.

| $SBai 4. Tim n € Z sao cho 3n® 4+ 10n? — 5 chia hét cho 3n + 1.

|

® Loi gidi.

Thute hién phép chia 3n? 4+ 10n? — 5 cho 3n + 1.

3n3 + 10n? —5 |3n+1
24+ n? n?+3n+1
In? -5
9n? + 3n
—3n—>5
—3n—1
—4

Ta c63n® +10n> —5=3n+1) - (n*+3n—1) — 4.

Khi d6 (3n3 + 10n? — 5) chia hét cho 3n + 1 khi 4: (3n + 1).
Suy ra 3n 4+ 1€ U{4} = {1;2;4; —1; —2; —4}.

3n4+1 | 1 p 4 —1 —2 4

1 2 5

n 0 - 1 _z ~1 2
3 3

Don € Znénn € {0;1;—1}.

O

M, K thing hang.

¢) Ching minh rang FF | EK.
d) Ching minh ring AMEF deéu.

a) Ching minh réng CI = BH va BI 1 AB.

$>Bai 5. Cho tam giac ABC nhon c6 A= 60°, hai duong cao BE va CF cat nhau tai H. Goi M
1a trung diém ctia BC va I 1a diém déi xitng ctia H qua M.

b) Lay diém K la hinh chiéu vuong goc ctia C' trén dudsng thang BI. Chiing minh ba diém F,

N

BB = cHuone s, BE THITHAM KHAO

® Ldi gidi.



a) Chiing minh rang CI = BH va BI 1. AB.

M la trung diém ctia BC'  (gt)

M 1a trung diem ctia HI (do H ddi xtng v6i I qua M).
Nén tit giac BIC'H 1a hinh binh hanh.

Suy ra C'I = BH va BI || CH.

Ma CH 1L AB (gt) nén BI 1 AB.

Xét tit giac BICH ¢6 {

b) Lay diém K la hinh chiéu vuong goc ctia C trén dudng thang BI. Chitng minh ba diém F, M,
K thing hang.
FBK =90° (cmt)
Xét tit giac BFOK ¢6 { BFC' =90° (do CF L AB)
BKC =90° (gt).
Nén t giac BFCK la hinh chit nhat.

Lai c6 M la trung diém ctia BC nén M la trung diém ctia FK.
Vay ba diém F, M, K thang hang.

¢) Ching minh ring FF | FK.
. 1 1
Do BFCK la hinh chit nhat, ¢6 M la giao diem hai duong chéo nén FM = §FK = §BC’. Tam
. 1
giac BEC vuodng tai E c6 M la trung diem BC nén M E = §BC’.
1
Dodé ME = MF = §FK.
. 1
Tam giac FFK c6 EM la duong trung tuyen va EM = EFK nén AEFK vuong tai F.
Vay EF | FK.
d) Ching minh rang AMEF deéu.
Tac6 ME = MF (cmt) nen AMEF can tai M.
T giac BFCK la hinh ch nhat nén hai tam giac M BF va MCE can tai M.
BMF = 180° — 2ABC
Suy ra

—

EMC = 180° — 2ACB

—_—

= FMB+EMC = 360° —2(ABC + ACB)
= 360° — 2 (180° — EEJ)

— 360° — 360° + 2BAC = 2 60° = 120°.
13. BE KIEM TRA HOC KI I NAM HOC 2013 - 2014 [ AEIR



Do d6 EMF = 180° — (FM\B + ﬂJ\C’) — 180° — 120° = 60°.
Vay AMEF 1 tam gidc déu.

Bai @ DE KIEM TRA HOC Ki I NAM HOC 2014 - 2015
¢ AN\

¢S Bai 1. Phan tich da thiic sau thanh nhan tit
a) ¥ —2zy+y? —x+y —6.
b) z*(x+3)* — (z +3)* — (2* - 1).

 Loi gidi.

?—2ry+yi—r+y—6 = (r—y)’—-4—a+y—2

= (r-y-2)z-y+2)—(r—-y+2)
(z—y+2)(xr—y—23).

b)
43— (43— (" -1) = (z+3)°*(*-1) - (2" -1
= @ -D((z+3)?-1)
= (z—1)(xz+1)(x+2)(x+4).

& Bai 2. Rut gon céac biéu thiic sau
3 3— 3z i 222 + 1
2r 2z —1 4x2 -2z

12 1 ] 6
(2r —y)? 42 —y? 2z +y)2] 42+ 4xy +y?

a)

b)

® Li gidi.

3 3-3c 2’+1 3 3-3¢ 2’+1

% w—1 WP — % 2r—1 1 2w(2e—1)

32x — 1) — 2x(3 — 3z) + 222 + 1
20(2x — 1)

6x — 3 — 6z + 622 + 222 + 1
2x(2z — 1)

8% — 2

2x(2r — 1)

22z —1)(2r+1) 2w +1

20(2x —1) x

B CHUONG 5. BE THI THAM KHAO




1

2 1 16z

(22 — y)? +
[ 1

4x

2—y2+(2x+y)2 :4x2+4xy—|—y2

e —yp

(22 —y)(2z +y) "
(22 4+ y)? +2(22 — y)(2z +y) + (22 — y)?

|
1 ]:(161:

16z

(2z —y)* (22 +y)?
(22 +y + 22z —y)?

2z +y)?2l (22 +y)?
} T

2z +y)?
(22 +y)?

(27 — y)*(2z + y)?

1622

16z
(22 + y)?

(2 —y)*

(20 — )22z +y)?

162

$>Bai 3. Cho 322 — y? = 2zy va y # 27; y # —32. Tinh gié tri ctia bicu thiic

A:

2xy
—622 4+ zy + y?

Tt gid thiét, ta co

Do do

D Loi gidi.

922 — % = 22y + 622

Bz —y)(Bz +y) = 223z + y)
3r —y =2x

Y=z

2zy

—622 + xy + y?

2y

(322 + zy)

622 + xy + 322 — 2xy
2xy

2y
3r+y
2z

3r+x

c+ab a + be

$>Bai4. Choa+b+c=1 (a, b, c khac 1 va 2). Chiing minh riang

b+ ac bc+ ac+ ab+ 8

a2 +b%+abc—1

b2 +c2+abc—1

@2+ +abc—1 (a—2)(b—2)(c—2)

D Loi gidi.

14. BE KIEM TRA HOC Ki I NAM HOC 2014 - 2015 [ EAZIIN



Tugidthict a+b+c=1=a+b=1—c=(a+b?=(1-c))=a*+b=c*—2c+1— 2ab.

Do d6 a? + b* + abc — 1 = ¢* — 2c + abc — 2ab = (¢ — 2)(c + ab) =
a—+ be 1 . b+ ac

c+ ab B 1
a21+bQ+abc—1 =2

Tuong tu, ta cé = =
ne th acob2+02+abc—1 a—2vaa2—|—02+abc—1

Do dé, tit dé ta dugc

¢+ ab a—+ be

b—2

b+ ac

VT =
a2+b2+abc—1+b2+c2+abc—1
I R B

=2 b—2 a-2

a?+c2+abc—1

(b—2)(c—2)+(a—2)(c—2)+ (a—2)(b—2)

(a—2)(b—2)(c—2)

bc—2b—2c+4+ac—2a—2c+4+ab—2a—-2b+4

(a—2)(b—2)(c—2)
bc+ac+ab+12—4(a+b+c)
(a—2)(b—2)(c—2)
bc + ac+ab+ 8
(=20 —-2)(c—2)
= VP

c+ab a—+ be b+ ac

bc + ac+ ab + 8

Vay

a2—|—b2—{—abc—1+62+02+abc—1+a2+02+abc—1 - (a—2)(b—2)(c—2)

thang AM vé6i duong thang CD.
a) Chitng minh rang tit gidc ABEC' 1a hinh binh hanh.

c¢) Chiing minh réng C 13 trong tam tam giac AEF.

)
)
)
)

v6i duong thing EF. Chting minh ring AE = 2M K.

49 Bai 5. Cho hinh chit nhat ABCD. Goi M la trung diém ctia BC va E la giao diém ctia dudng

b) Goi F la diém déi xting clia B qua C. Chiing minh rang t& gidc BEF D la hinh thoi.

d) Cho AB? = 3BC?. Goi H la trung diém ctia DF va K la giao diém ctia dudng thang AH

® Lo gidi.
KA F
bt

c

D
0

17

A B

a) Taco CFE J| AB.

(1)

—

Ma AABM = AECM (vi AMB = MC (déi dinh), MB = MC va ABM = ECM = 90°), suy

ra AB=CE.
Tu (1) va (2), suy ra ABEC' la hinh binh hanh.

BEAEM = cHuonG s, BE THITHAM KHAO

(2)



b) Ta c6 C la trung diém ctia hai doan thing DE va BF.
Lai ¢c6 DE 1 BF, suy ra BEF'D la hinh thoi.

c) Vi ABEC la hinh binh hanh, c¢6 hai dudng chéo cit nhau tai M, suy ra M la trung diém clia
AE. (3)
1 1 3
Laic()FM:FC'—i-C’M:FC'—l—QC’B:FC’—i—éFC’:§FC’. (4)
Tu (3) va (4), suy ra C' la trong tam ctia tam gidgc AEF.

d) Tt AB? = 3BC?, tam giac ABC vuong tai B, theo dinh 1§y Pi-Ta-Go ta c6 AC? = AB*+ BC? =
4BC?, suy ra AC = 2BC.
Goi O 1a giao diém cta AC va BD.
Ta c6 AC = BD, O la trung diém ctia AC, BD nén AC = BD = BF.

1
Suy ra HO la duong trung binh ctia tam giac DBF', suy ra OH = §BF.

. 1 1
Tam giac HAC ¢6 HO la dusng trung tuyen va OH = §AO = —BF.

2
Suy ra AHAC vuong tai H, suy ra AHC = 90°.
Ma CD = CFE va HD = HF (gt), suy ra CH la dudng trung binh ctia tam giac DEF, suy ra
CH || EF, suy ra AKE = AHC = 90°.
. 1
Trong AKAFE vuong tai K va KM la trung tuyén, nén KM = EAE.

Vay AE = 2K M.

PE KIEM TRA HOC KI I NAM HOC 2015 - 2016 -
pi B QUAN1
[ & L

<5 Bai 1. Phan tich cac da thic sau thanh nhan ti:

a) 2z° — 32z. b) 922 + 6zy + y* — 36.

® Loi gidi.
a) Ta c6 22® — 32x = 2x(2? — 16) = 2z(x — 4)(z + 4).
b) Ta c6 922 4 6xy +y° — 36 = (922 + 6xy + %) —36 = 3z +y)* —62 = (3 4y — 6) (3z + y + 6).

O

$>Bai 2. Tim z, biét:

a) (z—3)—(z+2)(z—1)=0. b) Tx(x — 2) = 22 — 4.

® Loi gidi.

15. DE KIEM TRA HOC K I NAM HOC 2015 - 2016 - QUAN 1 || AT



(z-3?=(z+2)(x—1)=0
2 —6r+9— (2 —x+22—-2)=0
22 —6x4+9—a’+rx—2x+2=0

—7r+11=0

11
r=—=.

7

To(r —2) =2> —4
Tr(x —2) —
Te(r —2) —
(x=2)[Tx —(x+2)]=0
(x—=2)(Tx—2—2)=0
(x—=2)(6x—2)=0
z—2=0hodcbz—2=0

1
=2 hoacz = -.
x oac T =g

1
Vayx:2vax:§.

¢S Bai 3. Thuyc hién cac phép tinh sau:
A=(z*—2>+22-1): (x2+z2-1) — (2% — );
B_x—i—1+ 4 +2—7x

-2 z+2 22-4

® Loi gidi.

(x4—x2—|—2x—1):(a:2+:1c—1)—(a:2—m)
= (@' —(@®—22+1): (@®+2—-1) - (s —2)
= (@' (@-1?): (2" +z-1)— (2" — 1)
(xQ—x—i—l)(acQ—i—x—l):(xQ—I—x—l)—(xQ—a:)
(I2—£U+1)—(x2—£6)

= 2 —zx4+1-2+2

= 1
B CHUONG 5. BE THI THAM KHAO



r+1 4 2—Tx

b= x—2+a:—|—2+:1:2—4

(D)@ +2) 4z —-2) 2—Tx

T T o2 T a2 T+

(@)@ +2)+4(r—-2)+2 T

B (x —2)(z+2)

B 22 +3r+2+4r —-8+2—Tx

B (x —2)(z +2)

24

(2 -2)(z+2)

 (z—-2)(x+2)

(2 —2)(x+2)

= 1.

L]
[ —
<> Bai 4.
B6n nha may duge xay dung tai bén dia diém A, B, C. D (xem hinh vé&). B
Hay tim mot diém M nim trong tit gidc ABCD dé xay dyng mot tram bom A '
nudc sao cho tong chiéu dai duong éng dan nude tit M dén A, dén B, dén
C va dén D la nho nhat. _
M
D C
- |

® Loi gidi.

Trong tam giac M AC, tac6 MA+MC > AC (BDT trong tam giéc).
Dau “=" xay ra khi ba diém M, A, C thing hang. Khi d6 M A+ MC
c6 gia tri nho nhat.  (1).

Trong tam gidc MBD, ta ¢c6 MB + MD > BD (BDT trong tam
giac).

Dau “=" xay ra khi ba diém M, B, D thang hang. Khi d6 M B+ M D
6 gia tri nho nhat.  (2).

Tu (1) va (2), taco MA+ MB+ MC + MD dat gia tri nhé nhat khi
ba diém M, B, D va M, A, C thing hang.

Diéu nay chi xay ra khi M la giao diém ctia AC va BD.

Vay ta xay dung tram bom nudc tai vi tri giao diém clia ctia AC' va
BD thi tong chiéu dai duong 6ng dan nude tit M dén A, dén B, dén
C va dén D la nhé nhat.

> Bai 5. Cho tam giac ABC vuong tai A (AB < AC). Vé duong cao AH (H € BC) cla tam
gidc ABC. Goi M la trung diém ctia canh AB. Trén tia ddi ctia tia MH lay diém D sao cho
MD=MH.

a) Chting minh réng t gidc AHBD 1a hinh chit nhat.

b) Trén tia HC lay diém E sao cho HE = HB. Chiing minh ring ti gidc ADHE 13 hinh binh
hanh.

¢) Goi N la giao diém ctia AH va DE, K la trung diém ctia canh AC. Chting minh M N /| BC
va ba diém M, N, K thang hang.
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d) Goi I la giao diem ctia AH vd M E. Chting minh rang BD = 6N 1.

D Loi gidi.
D A
7 VAR N N K
I
B H E C

a) Xét ti giac AHBD, ta co:
e AB cat DH tai M;
o MA = MB (gt);
e MH =MD (gt);
Suy ra tl'Ig/iéLiAHBD la hinh binh hanh.
Ta lai c6 AHB = 90° (do AH L BC).
Vay AHBD la hinh chit nhat.

b) Do AHBD la hinh ch nhat (cmt), suy ra AD /) HB, AD = HB;
Talaico HB=HE va H € BC (gt), suy ra AD || HE, AD = HE.
Vay tit giac ADHE ¢6 AD J| HE, AD = HE nén ADHFE la hinh binh hanh.

c) Ta c6 ADHE la hinh binh hanh (cmt) va ¢6 AH cat DE tai N néen NA= NH, ND = NE.
Trong tam giac ABH, ta c6 MA = MDB (gt) vi NA= NH (cmt),
suy ra M N la duong trung binh cia AABH = MN /| BH hay MN J| BC (1).
Trong tam giac ABC', ta c6 MA = MB (gt) va KA = KC (gt),
suy ra M K 1a dudng trung binh cia AABC = MK J| BC (2).
Tit (1) va (2) suy ra ba diém M, N, K thang hang.

d) Taco MD = MH (gt) va ND = NE (cmt).
Trong ADEH c6 cac duong trung tuyén EM va HN ciat nhau tai I nen NH = 3N1.
Ta lai ¢6 AH = BD (AHBD la hinh chit nhat) va AH = 2NH (N la trung diém ctia AH).
Suy ra BD =6N1.

PE KIEM TRA HOC Ki I NAM HOC 2016 - 2017 -
v (B QUAN1
@ v . J

> Bai 1 (2 diém). Phan tich cac da thic sau thanh nhan ti

a) Tr? — ldzy + Ty2. b) y? — 42 + 4z — 1.

D Ldi gidi.

BB & cHuone s, BE THITHAM KHAO



a) 7v? — lday + Ty° b) y* — 42”4+ 42 — 1
:7(x2—2xy—|—y2) :y2—(4m2—4x+1)
= 7(z—y)*. =y — 2z —1)°
=y—22+1)(y+2x—1).

O
$>Béii 2 (1,5 diém). Tim z, biét
a) bx(x—3)—z+3=0. b) 92? — 25 — z (3z + 5) = 0.
@ Loi gidi.
a) br(r—3)—z+3=0 b) 927 — 25—z (32 +5) =0
&br(r—3)—(x—3)=0 < (3x4+5)(Bz—5)—x(3x+5)=0
S (x—=3)bx—1)=0 < Bx+5)(2r—-5)=0
r=3 _ 0
r—3= 3r+5=0 |[¥= 73
Sr—1=0 " |z=-_. 2¢ —5=0 5
5 T = —.
2
O
[— N
¢>Bai 3 (3 diém).  a) Thuyc hien céc phép tinh sau
3 1
A= (323522 +52—2): (22 —2+1) +2vaB= — — - .
(a3 — b2 4+5br—2): (22 —z+1)+2va 5 —7 93 1
b) V6i x € Z, v # +1, tim cac gia tri ctia x dé B nhan gia tri nguyeén.
c¢) Ban Luyén c6 50 manh bia hinh vuong canh lan lugt 14 2cm; 4cm; . . .; 100cm. Ban Toan c¢6
50 méanh bia hinh vuong canh lan lugt 1a lem; 3cm; .. .; 99cm. Hoi tong dien tich cdc manh
bia ban Luyén ¢6 16n hon téng dién tich cac manh bia ban Toéan c6 la bao nhiéu xang-ti-mét
vuong?

® L3i gidi.

a) Thuc hién phép tinh

A

(32° —=52” + 50 —2) : (2 —z+ 1) +2

[( M —|—3CC) ( 22> —|—2:):—2)]:(a72—x+1)+2
=Br(@®—z+1)-2("—2+2)]: (@ —z+1)+2
(x2—1:+ 1) Bz —2)+2

3r —2+2=3z.
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oz 3 1
T 2r-2 22+2 a2-1
_r(z+1) 3(x-—1) 2
T2@2—1) 2@@2—-1) 2(22—-1)
?+r—3r+3-2
2(x+1)(x—1)
r? -2z +1
2+ 1) (x—1)
r—1
2(x+1)

B

b) V6i x € Z, v # 1, tim cac gid tri ctia x dé B nhan gia tri nguyén.

Ta co
B=—""1 (1-2B)z=2B+1
= ——: — —_ Tr =
2(x+1)
. 1
Dieu klénB#i,ta co
_1t2B 2
T12B 1-2B

Do x € Z nén 1 — 2B la u6c cua 2, do do

[B=0=x=1 (khong thoa)
1-2B=1
B=1=x=-3
1-2B=-1 1
1—2B =2 < |B= 3 (khong thoa)
9B — _ 3
1-28 2 B = 2 (khong théa).

Vay v6i x = —3 thi B nhan gia tri nguyén.

> Bai 4 (3,5 diém). Cho tam gisc ABC vuong tai A (AB < AC) ¢6 D va E lan lugt la trung
diém ctia cac canh AC va BC. Vé EF vuong goc véi AB tai F.

a) Chiing minh rang DE /| AB va tit giac ADEF 1a hinh chit nhat.

b) Trén tia doi ctia tia DE 1ay diém K sao cho DK = DE. Chitng minh tit gidc AECK 1a hinh
thoi.

¢) Goi O la giao diém ctia AE v DF. Chitng minh ring O 1 trung diém ctia AE vi ba diém
B, O, K thing hang.

d) V& EM vuong goc véi AK tai M. Chiing minh réng DMF = 90°.

D Ldi gidi.

BB & cHuone s, BE THITHAM KHAO




a)

M

Chitng minh rang DE /| AB va tit giac ADEF 1a hinh chit nhat.
Xét tam giac ABC', ¢6

D la trung diém canh AC
= DF la duong trung binh AABC = DFE [| AB.

E la trung diém canh BC

Ta ¢c6

DE || AB= DFE 1 AC.
Xét tit giac ADEF, ¢6
EFA=90° (EF L AB)
FAD = 90° (AABC vuong tai A) = ADEF Ia hinh chit nhat.
ADE = 90° (ED L AC)
Trén tia doi ciia tia DE lay diém K sao cho DK = DE. Chiing minh tit gidc AECK la hinh

thoi.
Xét ti gidce AECK, ¢6

D la trung diém AC (gt)
, = AFCK la hinh binh hanh.
D la trung diem EK (ED = DK)
Lai ¢6
DE 1 AC

Suy ra AECK la hinh thoi.
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c¢) Goi O la giao diém ctia AE va DF. Chiing minh rang O 13 trung diém ctia AE va ba diém B,
O, K théng hang.
Ta c6 ADEF la hinh chit nhat; O la giao diém ciia hai dudng chéo AE va DF nén O la trung
diém ctia AE va DF.
Lai xét tw giac ABEK, c6

AB || EK
= ABFEK la hinh binh hanh.

AB = FEK =2ED

Ma O la trung diém ctia dudng chéo AE nén O ciing 1 trung diém ctia dudng chéo BK. Do dé
B, O, K thang hang.

d) V& EM vuong goc véi AK tai M. Chiing minh rang DMF = 90°.
Xét ti giac AFDK, c6

= AFDK la hinh binh hanh = AK J/ F'D.

AF || DK
AF =DK =ED

Mat khac
EM 1 AK = EM 1 FD.

Lai c6 AK // FD ma FD di qua trung diém D ctia EK nén FD ciing di qua trung diém cta F
va M.

Ta c6, FD vita di qua trung diém EM vita vuong géc véi EM nén FD la dudng truc déi xing
cia F va M.

Suy ra AEFD va MFD d6i xiing nhau qua truc F'D.

Ma AEFD vuong tai F suy ra AEMD vuong tai M hay DMF = 90°.

BEZEM = cHuonG 5. BE THITHAM KHAO
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