BOI DUONG HOC SINH GIOI CAP 2 |

= 1 CAC BAI TOAN VE
E: UGC VA BOI

A. Kién thlic can nhé

I. U6c va boi

1) Dinh nghia vé wéc va boi

Udc: SO tw nhién d = 0dwoc goi 1a wdc ctia s6 tw nhién a khi va chi khi a chia hét cho d . Ta
ndid la wdc cua a.

Nhin xét: Tap hop cicuécciaalaU(a)={d e N:d|a}

B0i: SO tu nhién m duoc goi la boi cua a = 0 khi va chi khi m chia hét cho 4 hay a 1a mot
wdcsG m.

Nhin xét: Tap hop cac bdi ciaa(a = 0)la B(a)={0;a;2a;...;ka}, k e Z

2) Tinh chit:

- 56 0 la bdi ctia moi s6 nguyén khac 0. S6 0 khong phai 1a wéc cua bat ki s6 nguyén nao.

- Cacso 1 va -1 la wdc ctia moi sO nguyeén.

-Néu U(a)={La} thialas6nguyén td.

- S8 lwong cac wdc ctia mot s6 : Néu dang phan tich ra thira sd nguyén t6 cia mot s6

tw nhién A 1a a*b’.c’ ... thi s§ lwong cac wéc ctia A bang (x+1)(y+1)(z+1) ...
That vay wdc ctia A la sd c6 dang mnp ...trong do:
m c6 x+1 cach chon (lai, a, a*, ...,a%)
n ¢4 y+1 cach chon (lai, b, b*, ...,b")
p ¢ z+1 cach chon (lag, c, ¢, ...,c%),...
Do d9, s6 luong cac wdc ctia A béng (x+1)(y+1)(z+1)

II. U6c chung va béi chung
1) Pinh nghia
Uéc chung (UC): Néu hai tap hop U(a) va U(b) c6 nhitng phan t& chung thi nhitng phan

ttr d6 goi 1a wdc s6 chung cta a va b. Ki hiéu UC(a; b)

5 | CHUYEN PE sO HOC




| CHU PE 1: CAC BAI TOAN VE UGC VA BOI
Nhin xét: Néu UC(a;b) = {1} thia va b nguyén t6 cing nhau.
Udc chung 16n nhat (UCLN): S8 d e N dugc goi 1a wéc s6 chung 16n nhdt cta a va b
(a;bez) khi dla phan tr 16n nhét trong tap hop UC(a; b). Ki hiéu wéc chung 16n nhét
ctia avab 1a UCLN(a; b) hodc (a;b) hodc gcd(a;b).
B0i chung (BC): Néu hai tap hop B(a) va B(b) c6 nhiing phan t&t chung thi nhiing phan t
d6 goi la boi s6 chung cua a va b. Ki hiéu BC(a; b)
B6i chung nhé nhit (BCNN): S6 m = 0 dugc goi la boi chung nho nhat ctia a4 vab khi m
la s6 nho nhat khac 0 trong tap hop BC(a; b). Ki hiéu bdi chung nho nhat cia avab la
BCNN(«; b) hodc [a;b] hodc lem(a;b).
2) Cach tim UCLN va BCNN
a) Mudn tin UCLN ctia hai hay nhiéu s8 1én hon 1 ,ta thuc hién cac bude sau :
1. Phan tich mdi s6 ra thtra s6 nguyén t&
2.- Chon ra céc thtra sd nguyén t6 chung
3.- Lap tich céc thira s6 da chon, mdi thira sd 18y v6i s§ mii nho nhat caa né
Tich d6 1a UCLN phai tim .
Vidy: 30=2.35  20=225=UCLN(30;20) =2.5=10.
Chuy:
- Néu céc s6 da cho khong ¢4 thira s6 nguyén td chung thi UCLN ctia chiing la 1.
- Hai hay nhiéu s& ¢ UCLN la 1 goi la cic s6 nguyén td cung nhau.
- Trong cac s6 da cho, néu s6 nho nhat la wdc cac sd con lai thi UCLN cta céc s6 da cho
chinh 1a s6 nho nhat &y.
b) Mudn tim BCNN ctia hai hay nhiéu s6 1én hon 1, ta thyc hién ba budc sau :
1- Phan tich mdi s6 ra thira s8 nguyén t6 .
2- Chon ra cac thtra sd nguyén td chung va riéng .
3- Lap tich cac thtra sd da chon, mdi thira s6 1ay v6i s6 mi 16n nhét caa ching
Tich d6 1a BCNN phai tim .
Vidy: 30=2.35  20=225=BCNN(30; 20) = 2%3.5=60
Chuay:
- Néu cac s6 da cho tirng d6i mot nguyeén td cung nhau thi BCNN ctia chiing 1a tich cac sd
d6.Vidu: BCNN(G5;7;8)=5.7.8=280
- Trong cac sd da cho, néu s6 16n nhat la bdi cua cac s6 con lai thi BCNN ctia cac s6 da cho
chinh la s6 1én nhat d6. Vidu: BCNN(12;16; 48) =48
3) Tinh chat

Mot s6 tinh chat ctia w6c chung 16n nhat:
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e Néu (a;ay;...;a, ) =1thi tandi cac sd a;;a,;...;a, nguyén td cing nhau.
e Néu (a,;a)=1vm=k,{mk}e{L2;...;n} thitandicicsd a;a,;..;a, doi mot

nguyén to cung nhau.

e CcUC (1 b) thi (E;Ej:@.
CcC C C

d d
e (ca;ch)=c(a;h).
e (a;b)=1 va (a;c)=1thi(a;bc)=1
e (a;b;c)=((asb);c)
eChoa>b>0
-Néu a=bh.q thi (a;b)=h.

od =(a;b)<:>(3;2)=1.

-Néu a=hq+r(r=0) thi (a;b)=(b;r).
Mot s6 tinh chat ctia bdi chung nhoé nhat:
e Néu [a;b] =M thi [M,Mj -1.

a b
o [asbic] =[[aib]ic]
e [ka,kb]=k[a,b];
e [a;b].(a;b)=ab
4) Thuat toan Euclid trong viéc tinh nhanh UCLN va BCNN
“Thudt todn Euclid” 1la mot trong nhing thuat toan cd nhat duoc biét dén, tir thoi Hy Lap
cO dai, sau d6 dwgc Euclid (o —clit) hé thong va phat trién nén thuat
toan mang tén ong. Vé sd hoc, “Thuét toan Euclid” la mot thuat toan
dé xac dinh wéc s6 chung lén nhat (GCD — Greatest Common
Divisor) ctia 2 phan tt thudc vung Euclid (vi du: cac s6 nguyén). Khi
c6 UCLN ta ciing tinh nhanh dwge BCNN. Thuét todn nay khong
yéu cau viéc phan tich thanh thtra sd 2 sO nguyén.

Thuét toan Oclit — dung d€ tim UCLN cuia 2 s8 nguyén bat ky.

Dé tim UCLN ctia hai s6 nguyén a va b bat ky ta dung cach chia lién
tiép hay con goi 1a “vong ldp” nhu sau:

e Buoc 1: Lay a chia cho b:
Néu a chia hét cho b thi UCLN(a, b) =b.

Néu a khong chia hét cho b (du r) thi lam tiép budc 2. Euclid
(325-265 BC)
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e Buoc 2: Lay b chia cho sO du r:

Néu b chia hét cho r thi UCLN(a, b) = a b
Néub chiar du r, (r, #0) thi lam ti€p budc 3. b L q
e Buoc 3: Lay r chia cho s6 du r;:
, h | o
Néu r chia cho r, duw 0 thi UCLN(a, b) = r,
I q
3 2

Néur chia r du r, (r, #0) thilam tiép budc 4.
Buoc 4: Ldy r, chiachosddur, :
Néu r, chia hét cho r, thi UCLN(a, b) = r,. r @ «— (ab)
Néu r, chocho r, du ry (r; =0 ) thilam tiép
nhu trén dén khi s6 du bang 0. 0 d,
S6 dw cudi cung khdc 0 trong day chia lién tiép
nhw trén la UCLN (a,b).
Vidy: Tinh wéc s6 chung 16n nhat ctia 91 va 287.
e Trudc hét 1ay 287 (s0 16n hon trong 2 s6) chia cho 91:
287 =91.3 + 14 (91 va 14 sé duwoc dung cho vong lap ké)
Theo thuat toan Euclid, ta c6 UCLN(91,287) = UCLN(91,14).
Suy ra bai toan trd thanh tim UCLN(91,14). Lap lai quy trinh trén cho dén khi phép chia

khong con s6 du nhu sau:

91=14.6 +7 (14 va 7 s€ duoc dung cho vong lap ke)

14 = 7.2 (khong con s du suy ra két thiic, nhan 7 lam két qua)

That vay: 7 = UCLN(14,7) = UCLN(91,14) = UCLN(287,91)

Cudi cling UCLN(287, 91) = 7

Tinh BCNN nhanh nhit
D¢ viéc giai toan vé BCNN va UCLN dwgc nhanh, Néu biét 4p dung “Thudt todn Euclid” :
Biét rang: hai s6 nguyén a, b c6 BCNN 1a [ a,b] va UCLN la (a,b) thi

|ab|

bl ~[a.0] (a6) = [ab] - 5L (a0)= 2

(ab)’

Nghia la: Tich 2 s6 nguyén |ab| = UCLN (a,b) x BCNN (a,b)

Vidu: cda=12;b=18 suy ra UCLN (12,18) =6 thi:
BCNN (12,18) = (12 x 18) : 6 = 36
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Néu lam theo cach phan tich thira s6 nguyén t5 thi phai tinh:
12=22x3; 18= 2x3* suyra BCNN (12,18) =2%x 3* =36

Nhén xét: Véi cap s6 nguyén c6 nhiéu chit so thi viéc phan tich ra thira s nguyén to mat

nhiéu thoi gian; trong khi 13y tich s8 c6 thé bAm mdy tinh cam tay kha nhanh va dé hon.
5) Phén sé t6i gian
o 1a phén s6 t6i giai khi va chi khi (a,b)=1.

Tinh chat:

i) Moi phan s6 khac 0 déu co thé dwa vé phan sd tdi gian.

ii) Dang t6i gian ctia mot phan so la duy nhat.

iii) Tong (hiéu) ciia mot sO nguyén va mot phan so tdi gian 1la mot phan so toi gian.
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Cac bai toan lién quan t6i s6 wdc cia mot s6

* Co s6 phwong phap: Néu dang phén tich ra thtra s6 nguyén t& ctia mot sd tw nhién

A la a*b’c? ... thi s6 lugng cdc wéc ctia A bang (x+1)(y+1)(z+1) ...
That vay wdc ctia A la sd c6 dang mnp ...trong do:
m c6 x+1 cach chon (lai, a, a*, ...,a%)
n ¢4 y+1 cach chon (lai, b, b*, ...,b")
p cO z+1 cach chon (lay, ¢, ¢?, ...,c%),...
Do d9, s6 luong cac wdc ctia A béng (x+1)(y+1)(z+1)

* Vi du minh hoa:

e , n A , 2 A~ 96
Bai toan 1. Tim sO udc ctia sO 18

Hudng dan gidi
Ta 6 : 18% = (32.2)96 _ 3192 9%

Vay s6 wdc cuia s6 18” 1a (96+1)(192+1) =97.193=18721.

Bai toan 2. Chiing minh rang mot s ty nhién 16n hon 0 1a s6 chinh phwong khi va chi khi
sO wdc so cua nod la s6 1é.
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| CHU PE 1: CAC BAI TOAN VE UGC VA BOI
Hudng dan gidi
Gia st n=p.py...pYvéi p, nguyéntdva a eN'.
n la s6 chinh phuwong khi va chi khi a,,a,,...,a,1a cdc s8 chdn khi d6
(a, +1)(a, +1)...(a, +1) la sd 1é.
Mat khac (a, +1)(a, +1)..(a, +1) 1a s6 cdc s8 wdc ctia n, do d6 bai toan dwge ching

minh.

Bai toan 3. Mot sO tu nhién 7 la tong binh phurong ctia 3 s6 tw nhién lién tiép. Chitng minh
rang 1 khong thé c6 dting 17 udc sd.

Hudng dan gidi

Tong binh phuong cua 3 s6 tw nhién lién ti€p c6 dang :

n=(m-1)" +m? +(m+1)° =3m? + 2 khong th& 12 s§ chinh phuong.

Néu n cé dung 17 wdc s6 thi n la s6 chinh phuong (bai toan 1), vo li. Tt d6 suy
ra diéu phai chitng minh.
~ Dang 2: Tim s6 nguyén n d€ théa min diéu kién chia hét
* Co s6 phuwong phap: Tach s bi chia thanh phéan chira an s6 chia hét cho so chia va phan
nguyén du, sau d6 d€ thoa man chia hét thi sO chia phai la wdc cua phan s6 nguyén du, tir
dé6 ta tim duoc s6 nguyén n thoa man diéu kién.

* Vi du minh hoa:

Bai toan 1. Tim sO ty nhién n d€ (5n + 14) chia hét cho (n +2).

Hudng dan gidi
Tacdébn+14=5.(n+2)+4.
Ma 5.(n + 2) chia hét cho (n + 2).
Do d6 (5n + 14) chia hét cho (n +2) < 4 chia hét cho (n +2) < (n +2) la wdc cua 4.
&Sn+2) efl;2;4)
=ne0;2}.
Vay véin €{0; 2} thi (5n + 14) chia hét cho (n +2).

\ e V4 N ~ o« A A? n + 15 \ ~ - A
Bai toan 2. Tim sO ty nhién n dé la s tw nhién.

n+3
Hudng dan gidi
L N+15 A1 . 1w
be 3 la so ty nhién thi (n + 15) chia hét cho (n + 3).
+
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= [(n+15) - (n + 3)] chia hét cho (n + 3).
< 12 chia hét cho (n +3) .

o m+3)1aU12) = {1;2; 3; 4; 6; 12}.
<ne{0;1;3;9}.

Vay véin € {0;1; 3; 9}thi

n+15 . o
la sO tw nhién.
n

Bai todn 3. Tim s ty nhién n dén2+3n+6 : n+ 3.

Hudng dan gidi
Tacd:n?+3n+6 :n+3
Suyran(n+3)+6 :n+3 & 6:n+3

=>n+3 € U®)=(1;2;3;6}=>n=0;n=3.

\ e 4 N\ n ~ ~? A ~ 4n + 5 4 -7 . \ A ~ A
Bai toan 4. Tim sO nguyén n dé phan so6 6 gia tri la mot s6 nguyén

Huéng dan gidi
. 4n+5_ 4n-2+7 n(2n-1)+7 7
Ta co: = = —n+
2n-1 2n-1 2n-1 2n-1
Vin nguyén nén dé€ an+5 nguyeén thi nguyén
2n-1 2n-1

=2n-1e U@®)={-7;-1;1,7)
& 2ne {-6;0,2,8 ©ne{-301;4}

4n+5

Vay véin e {-3;0; 1; 4} thi 2n 1 co gia tri la mot s6 nguyén
n —_

Bai todn 5. Tim sO ti nhién n dé€ biéu thitc sau la so ty nhién:
2n+2 5n+17 3n
B= + -
n+2 n+2 n+2

Huéng dan gidi
Ta co:
=2n+2+5n+17_ 3n :2n+2+5n+17—3n:4n+19
n+2 n+2 n+2 n+2 n+2
4(n+2)+11 11
B ( n+)2 :4+n+2

11
n+2

=11 (n+2) = n+2 e U1L)= {xL;+11}

B

Pé B 1a so tw nhién thi 1a sO tu nhién
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Don+2>1nén n+2=11 =>n=9

Vayn=9thiB e N

k+1)°
Bai toan 6. Tim k nguyén duong 16n nhat dé€'ta c6 s6 n = (k +21) la mot s6 nguyén duwong
+
Hudng dan gidi
k+1)" K2 k+23)(k —21)+484
Taco n={KFD _Kiw2ket (k+23)(k-21)+ 484 | | 484 | ;. ;o
k+23 k+23 k+23 k+23

sO nguyén duong khi va chi khi k +23|484, k +23> 23

, k+23=121 |[k=98

Ta co 484 =222=4121=44.21= =
k+23=44 k=21

Voik =98, tacon=81
Voik=21,tacon=11
Vay gia tri k 16n nhat thoa man yéu cau bai toan la 98.
7~ Dang 3: Tim s6 biét UCLN ctia chiing
* Co s6 phwong phap:

* Néu biét UCLN(a, b) = K thi a=K.m va b = K.n v6i UCLN(m; n) = 1 (1 diéu kién
ctia 6 m, n can tim) , tte d6 tim duwgc a va b.
* Vi du minh hoa:

Bai toan 1. Tim hai s8 tw nhién a, b, biét rang: a + b =162 va UCLN(a, b) = 18

Hudng dan gidi
Giastr a<b

Tacé: a+b=162, (a,b)=18

. |a=18m
Pat voi (m,n)=1,m<n
b =18n

T a+b:162:>18(m+n):162:>m+n:9

Do (m,n)=1,1ap bang:

m 1 2 3 4
n 8 7 6 5
a 18 36 loai 72
b 144 126 90
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Két luan: Cac sd can tim la: (18;144);(36;126);(72;90)

Bai toan 2. Tim hai s6 nhé hon 200, biét hiéu ctia chtiing bang 90 va UCLN 1a 15

Huéng dan gidi
Goi hai s6 can tim la a, b (a,b € N;a,b < 200)

Ta co: a—b=90; (a,b)=15

(m,n)=1 {(m,n):l

. [a=15m
bat — =
b=15n 15(m—-n)=90

m-n==6
o, 15m < 200 m<13
Lai c6: a,b <200 = =
15n < 200 n<13
m n a b
13 7 195 105
11 5 65 75
7 1 85 15

Vay: (a,b)=(195;105),(65;75),(85;15).

Bai toan 3. Tim hai s8 tw nhién c6 tich bang 432 va UCLN béng 6

Hudng dan gidi

Ta c6: ab=432; (a,b)=6(a<bh)

bat a=6m,b=6n véi(m,n)=1vams< n =36mn=432=mn=12

Ta duoc:
m n a b
1 12 6 72
3 4 18 24

Vay (a,b)=(6;72),(18,24)

Bai toan 4. Tim hai s6 a, b biét 7a = 11b va UCLN(a; b) = 45

Tt gia thiét suy raa>Db
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=45
o (a8)=1(a2b)

a 11 a 11 [a=11 . . a=45.11=495
My 2o a1 h)=1=>
YT T, 7j{b1=7 vi (a:) {b=45.7:315
Vay hai s6 a,b can tim la a =495 vab =315
7~ Dang 4: Cac bai toan phdi hgp giita BCNN cua cac s6 voi UCLN ctia ching

Tit UCLN(a; b) =45 = {

* Co s0 phuwong phap:

* Néu biét BCNN (a, b) = K thi ta goi UCLN(a; b) = d thi a = m.d va b = n.d vdi
UCLN(m; n) =1 (1 diéu kién ctia s& m, n can tim), tir d6 tim duoca vab.
* Vi du minh hoa:

Bai toan 1. Cho a=1980,b = 2100.
a) Tim (a,b) va [a,b].
b) So sanh [a, b].(a, b)véi ab. Chiing minh nhan xét d6 d6i véi hai s6 ty nhién ava b

Khac Otly ¥.
( Ning cao va phit trién I6p 6 tdp 1 — Vi Hitu Binh)

Huéng dan gidi
a) 1980 =223°5.11, 2100 = 2°.3.5°.7.
UCLN(1980, 2100) = 2°.3.5=60

BCNN (1980,2100) = 2°.3%.5°.7.11=69300.

b) [1980,2100].(1980,2100)=1980.2100( déu bing 4158000). Ta sé chiing minh
réng [a,b].(a,b)=ab

Cich 1. Trong cach giai nay, cac thtra s6 riéng cling duoc coi nhu cac thira sd
chung, chdng han a chtta thira s3 11,b khong chtza thira s 11 thi ra coi nhu b chita

thita s6 11 v6i s6 mii bang 0. Vi cach viét nay, trong vi du trén ta co:
1980 = 2%.3°.5.7°.11.

2100 =2%3.5%.7.11".

(1980,2100)la tich cac thtra s6 chung véi sO mit nho nhat 223°5.7°.11° =60.

[1980,2100] la tich cac thira s6 chung véi s6 mii 16n nhat 2%.3%5%7.11=69300.

Bay gio ta chirng minh trong treong hop tong quat:
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[a,b].(a,b)=ab (1)

Khi phan tich ra thira s6 nguyén t5, cac thita s6 nguyén t6 ¢ hai v€ cta (1)
chinh la cac thtra sd nguyén t6 cé trong ava b. Ta sé ching t6 rang hai vé chtra cac

thita sO nguyén t6 nhu nhau véi s6 mi twong ting bang nhau.

Goi pla thira s6 nguyén t6 tuy y trong cac thira s6 nguyén t6 nhu vay. Gia st
s6 mil cia ptrong a la x,s8 mii ctia p trong bla ytrong dé6 x va ycé thé bang 0.
Khong mat tinh tong quat, gia st rang x> y. Khi d6 vé& phai ctia (1) chita p véi s
mi x+Yy.Con & v€ trdi, [a, b] chita p v6i sO mi x, (a, b) cht p v6i s6 mii y nén vé
trai cting chtta p véi sd ma x+y.

Cidch 2. Goi d =(a,b) thi a=da'b=db’ (1), trong do (a',b") =1.

o ab A ’ . M

Dat 3= (2), ta can chttng minh rang [a,b]=m.

bé chiing minh diéu nay, can ching to ton tai cdc s6 tw nhién x, y sao cho
m=ax, m=by va(x,y)=1.

That vay ttr (1) va (2) suy ra m= a.g =ab,

m=b.%=ba. Do ¢, tachon x=b',y=a, thethi (x y)=1vi (a,b))=1,

Vay %b: [a,b], tiec 1a [a,b].(a,b) =ab.

Bai toan 2. Tim hai s6 tu nhién biét rang UCLN ctia chting bang 10, BCNN ctia chtng
bang 900.

Huéng dan gidi
Goi cdc sd phai tim 1a a va b, gia s a<b. Ta c6 (a,b)=10 nén. a=10a, b = 10b,
(a,b)=La'<b". Dodé ab=100a'b’ (1). Mt khac ab =[a,b].(a,b) =900.10=9000  (2).

T (1) va (2) suyra a'b'=90. Ta co6 cac truong hop :

a 1 2 3 4
b' 90 45 18 10
Suy ra:
a 10 20 50 90
b 900 450 180 100
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Bai toan 3. Tim hai s tw nhién a, b sao cho tong cia UCLN va BCNN la 15

Hudng dan gidi
Giasta<b
_ a=d.a, .
Goid = UCLN( a; b) = b= dh (a, <b), (a;b)=1,vad<15
Nén BCNN(a; b) = a,b.d
Theo bai ra ta c6: d +a,bd =15=>d(1+a.b )=15=>d eU (15) ={1;3;5;15}, Ma d < 15,
Nén

=1 =1 =2 =2
THI:d=1=ah =14={ "~ ° hosc |8 =2=2
b =14=b=14 b=7=b=7
a=1l=>a=3
TH2:d=3=ab -4=
b =4=b=12
=1 -5
TH3:d=5=ahb =2=>]" _°
b =2=b=10

Vay cac cdp so (a; b) can tim la: (1;14), (2;7), (3; 12), (5; 10) va dao nguoc lai.

~ Dang 5: Cac bai toan lién quan dén hai s6 nguyén t6 cung nhau

* Co s6 phuwong phap: D€ chitng minh hai s6 la nguyén t0 cung nhau, ta chitng minh
ching c6 UCLN = 1.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang;
a) Hai s6 tie nhién lién ti€p (khac 0) la hai s6 nguyén t6 cuing nhau.
b) Hai s6 1€ lién ti€p 1a hai s6 nguyén t6 cung nhau.

c) 2n+1va3n+1(neN )lahais6nguyén td cing nhau.

Huéng dan gidi
a)Goid e UC (n,n+1) = (n+1)-nid =1id =d =1. Vay n van+ 1 1a hai s6 nguyén t&
cung nhau.
b) Goid e UC(2n+1,2n+3) = (2n+3)—(2n+1)id = 2id = d € {1,2}.
Nhung d # 2vid la wdc cuas6 1é. Vay d = 1.
Vay (2n +1) va (2n + 3) 1a hai s6 nguyén t& cung nhau.
) Goid e UC (2n+1,3n+1) =3(2n+1)-2@n+1)id =>1d =d =1.

Vay 2n + 1 va 3n +1 la hai s6 nguyén td cung nhau
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Bai toan 2. Cho a va b 1a hai s6 nguyén t6 cung nhau. Chting minh rang cac s6 sau cting la

hai s6 nguyén td cuing nhau:

a)avaa+b b)a? vaa+b c)abvaa+b.

Huéng dan gidi

a) Goi d eUC(a,a+b) = (a+b)-aid =bid Talaicé: aid =d e UC(a, b), doddd=1
(viavab lahai s6 nguyén t6 cung nhau). Vay (a, a +b) = 1.

b) Gia st a> va a + b cung chia hét cho s6 nguyén td d thi a chia hét cho d, do d6 b
cting chia hét cho d. Nhw vay a va b cung chia hét cho s6 nguyén t6 d, trai véi gia
thiét (a, b) =1.

Vay a? va a + b 1a hai s6 nguyén t& cing nhau.

c) Gia st ab va a + b cung chia hét cho s6 nguyén t6 d. Ton tai mot trong hai thira s6 a
vab, Chéng han la a, chia hét cho d, do d6 b ciing chia hét cho d, trai vdi (a, b) = 1.
Vay (ab,a+b)=1.

Bai toan 3. Tim sO tu nhién n d€ cac s6: 9n + 24 va 3n + 4 1a cdc sO nguyén td cung nhau?

Huéng dan gidi
Gia st 9n + 24 va 3n + 4 cung chia hét cho s6 nguyén t6 d.

Ta ¢ (9n+24)-3(3n+4)id =12:d =d €{2;3}. Diéu kién d€ 9n + 24, 3n + 4) = 1 la
d#2,d#3 . Ta dé thdy d #3 vi 3n + 4 khong chia hét cho 3. Mudn d = 2 thi it nhat mot
trong hai s6 9n + 24 hodc 3n + 4 khong chia hét cho 2.

Ta thdy 9n +241as6 1é suy ranlé, 3n+41é suy ranlé.

Vay dé (9n + 24, 3n +4) = 1 thi n phai la s5 I¢.

Bai toan 4. Tim n d€ 18n + 3 va 31n + 7 la hai s6 nguyén t0 cing nhau

Hudng dan gidi
Goi UCLN(18n+3;2In+7)=d,d eN’
18n+3:d N 7(18n+3):d
21n+7:d 6(21n+7):d
=d eU (21) = {1, +3;+7;+21}

Khi dd tacéd: { = (126n +42)—(126n +21):d = 21id
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Do 2In +7:d, Ma 21n + 7 khong chia hét cho 3, nénd =1 hodacd =7

Dé hai s6 18n + 3 va 21n + 7 la hai s6 nguyen t6 thi d khac 7 hay
18n+3/7=18n+3-21/7 = 18n-18/7 = 18(n-1)/7 = n-117
=>n-127k =>n #7k+1

Vay n #7k +1 v6i k la s tu nhién thi 18n + 3 va 21n + 7 la hai sO nguyén t6

7~ Dang 6: Cac bai toan vé phan sd tdi gian
* Co sé phwong phap: Mot phan s8 1a t6i gian khi ttr s6 va mau s& cé wdc chung 16n nhat
bang 1.

* Vi du minh hoa:

N 4 ’ . M 2n+3 \ A N A .9 s . - N [N
Bai toan 1. Chitng minh rang la phan s6 toi gian vdi moi so ty nhién n.

3n+4

Hudng dan gidi
Goi d Ia wéc chung ctia (2n + 3) va (3n + 4). Suy ra:

{2n+32d {3(2n+3)3d

3(2n+3)-2(3n+4)id =1id = d eU(1
an+4id  |2(3n+4)id (2n+3)-2(3n+4):d = 1id = d U (1)

MaU(1) ={-L1}=d e{-11}

Vay Z’la phan s t5i gian.

N\ e /4 ’ . :J 21n+4 \ A ~ AN e .2 s. . ~ - A
Bai toan 2. Chitng minh rang la phan so t6i gian véi moi s6 tu nhién n.

14n+3

Hudng dan gidi
2n+4id (1)

n+13=14n+23 (3
lant3ig (2) " M rEESLNL2E (3)

Cich 1: Goi (2n+4, 14n+3)=d :>{

Te(1)va@B)suyralid=d=1

Vay 2In+4
14n+3

la phéan s6 t6i gian vdi moi s6 tw nhién n.

Cich 2: Gia st phan sd 2In+4
14n+3

chua t6i gian

Suy ra 2In + 1 va 14n + 3 c6 mot wdc s6 chung nguyeén to d.

= (21n+4)—(14n+3) = 7n+1id
= 14n+2id
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Do d¢: (14n+3)—(14n+1)=1id,vo ly

Vay bai toan duwgc chitng minh.

N e Ja ’ o M 2n+3 \ A A Ae on 7. o A N
Bai toan 3. Chtirng minh rang —; la phan s6 toi gian véi moi sO ti nhién n.
n°+3n+2
Huéng dan gidi
2n+3 2n+3

Ta viét lai: =
aviet n®+3n+2 (n+1)(n+2)

Don +1 van+2lahaisd ty nhién lién tiép nén nguyén t cuing nhau = (n+1,n+2)=1

Suy ra tong ctia chung 1a (n + 1) + (n + 2) = 2n + 3 va tich ctia chung la

(n+1)(n+2)=n’ +3n+ 2 cling nguyén t& cing nhau.

+3

Vay phan sd ,
P n®+3n+2

ne N la phan s6 t6i gian.

n+8

Bai toan 4. Dinh n dé
2n—-5

la phan s6 t6i gian véin la s6 twe nhién.

Hudng dan gidi
n+8
2n-5

bé

la phan s6 t6i gian thi (n+8,2n-5)=1

o o . d|n+8 (1)
Gia st d la mot wdc nguyén to ctia 2n -5 van + 8. Suy ra:
dj2n-5 (2)
Twe (1) va (2)suy ra: d |2(n+8)=(2n-5)+21 (3)
Dodé d|21=d =37
Mudn cho phén s6 tdi gian thi diéu kién can va du la (n + 8) khong chia hét cho 3 va 7.
Do dé: n#3k+1Ln=7m-1vdi k,me N

A . UGNV | & - IRP
Vay n#3k +1va n=7m-1la diéu kién can tim dé phan so6 5 toi gian.

7~ Dang 7: Tim UCLN ctia cic biéu thirc s6

* Vi du minh hoa:

Bai toan 1. Tim UCLN ctia 2n—1 va 9n+4 (neN).

Hudng dan gidi

Goide UC(2n-19n+4)=2(9n+4)-9(2n-1)id =17:d = d e {17;1}
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Vi 2n-1:17 = 2n-18117 < 2(n-9)'17 < n-9:17 < n=17k+9 vdi ke N
Né&un =17k + 9 thi 2n - 1:17 va 9n +4 = 9(17k + 9)+ 4 = Bdi 17 + 85:17

do dé (2n-1,9n+4)=17.

Néu n#17k +9 thi 2n - 1 khong chia hét cho 17 do d6 2n-19n+4)=1

n(n+1

Bai toan 2. Tim UCLN cuta ) va 2n +1(n eN*).

Hudng dan gidi
n(n+1) : :
Goi d € UC T,2n+1 thi n(n+1)id va 2n+1id

Suy ra N(2n+1)-n(n+1)id ticla nid.
Tir n(n+1):d va n*id suyra nid.Talaicé 2n+1id, do d6 lid nén d =1
n(n+1

Vay UCLN cta va2n+1bang 1.

7~ Dang 8: Lién hé giita phép chia c6 dw véi phép chia hét, UCLN, BCNN

* Co s0 phuwong phap:

* Néu sO tw nhién a chia cho s te nhién b dwocsd dvlak = a-k:b
*Néua:bvaa:cmaUCLN(a b)=1 = achia hét cho tich b.c (a, b, c € N)
*Néu aibvaa:cmaalasdnhonhiat = a=BCNN(a, b) (a, b, c € N)
*Néua:ibvam:ibmablénnhidt = b=U CLN(a, m) (a, b, m € N)

* Vi du minh hoa:

Bai toan 1. Ban Nam nghi 1 sd c¢6 3 chita s6, néu bdt s6 d6 di 8 thi dwoc 1 s6 : 7, néu bt s6
d6 di 9 thi duoc 150 : 8, néu bét s6 d6 di 10 thi dwoc 156 : 9, Hoi ban Nam nghi s6 nao?

Hudng dan gidi
Goi x 1a s6 ban Nam da nghi, Diéu kién: 99 < x <1000
x—8:7 x—1:7
Theo bairataco: {x-9:8 = <x-1:8 = x-1:7;8,9= x-1e BC(7;8;9)
x—10:9 x—1:9
x—1€{0;504;1008;.....; = x € {1,505;1009;....}, Ma 99 < x < 1000 nén x = 505

Vay s6 cd ba chit s6 ma ban Nam nghi la 505

Bai toan 2. Tim sO tu nhién a nho nhat sao cho chia a cho 3, cho 5, cho 7 dwoc cac s6 dw
theotht twla 2, 3,4
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Hudng dan gidi
a=3m+2 2a=6m+4 2a-1:3
Theo baira ta c6: {a=5n+3 (m,n,pe N)=42a=10n+6 = {2a—1:5 = 2a—-1e BC(3;5;7)
a=7p+4 2a=14p+8 2a-1:7

Vi a nho nhat nén 2a - 1 nhé nhat khac 0 hay 2a-1=BCNN( 3; 5; 7) = 105 =2a =106
=a=>53
Vay s6 tuw nhién nhé nhat can tim la 53

Bai toan 3. Tim sO tu nhién nho nhat khi chia cho 5, 7, 9 ¢4 s0 dw theo thtt tw 1a 3, 4, 5

Huéng dan gidi

Goi sO tu nhién can tim 1a a. Theo bai ra ta co:

a=5m+3 2a=10m+6 2a-1:5

a=7n+4(mn,peN)=12a=14n+8 =<2a-1:7=2a-1eBC(9;5;7)

a=9p+5 2a=18p+10 2a-1:9
Vi a nho nhét nén 2a - 1 nhé nhat khac 0 hay 2a-1=BCNN(9; 5;7) =315 =2a =316
—a=158

Vay s0 ty nhién nho nhat can tim la 158

Bai toan 4. Linh va Mai cing mua m6t s8 hdp but chi mau, s§ bat dung trong mbi hop
bang nhau va 16n hon 1. K&t qua Linh c6 15 but chi mau va Mai c6 18 bt chi mau hdi mdi
hop cd bao nhiéu chiéc bat?

Hudng dan gidi
Goi s0 but trong moi hop la a. Biéu kién: ae N,a<15 vaa>1

Theobairatacod:15: aval8: a, Nénala 1 wéc chung ctia 15 va 18
Va a phai lén hon 1 va nho hon 15 = két qua duoca=3

Bai toan 5. Hai 16p 6A va 6B tham gia phong trao tét trong cay, mbi em trong 1 s6 cay nhuw
nhau, két qua 16p 6A trong dwoc 132 cay vag 6B duwgc 135 cay. Héi mdi 16p c6 bao nhiéu
hoc sinh.

Huéng dan gidi
Goi s cay mdi em trong dwoc la a, Diéu kién: ae N,a<132,a>1
Theo bai ra ta c6: 132:a va 135: a khi d6 ta thdy aeUC(132;135) = {1; 3}
Vay a=3, Khi do6 16p 6A c6 132 : 3 =44 hoc sinh va 16p 6B c6 135 : 3 =45 hoc sinh.

Bai toan 6. Trong cudc thi HSG cap tinh ¢6 ba mén Toan Van Anh ,s6 hoc sinh tham gia
nhu sau:Van cd 96 hoc sinh, Toan ¢ 120 hoc sinh va Anh ¢6 72 hoc sinh.Trong budi tong
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két cac ban duwgc tham gia phan cong ding thanh hang doc sao cho moi hang c6 s6 ban thi
moi mon bang nhau.Hai c6 thé phan hoc sinh diing thanh it nhat bao nhiéu hang?

Hudng dan gidi
Goi 86 hoc sinh ding & mdi hang la a. Diéu kién: aeN,a<72vaa>1
Vi mdi hang c6 s8 hoc sinh mdi mdn bang nhau nén ta co:
9 : a;120: ava72: a,
Dé€ co it nhat bao nhiéu hang thi sd hoc sinh phai la 16n nhat hay a 16n nhat
Hay a=UCLN (96 ; 120 ; 72) = 24, Vay s6 hang can tim la : (96 + 120 + 72) : 24 = 12 hang
7~ Dang 9: Tim UCLN ctia hai s6 bang thuat toan O-clit
* Co s6 phwong phap:
a) Treong hop b|a thi(a, b)=b
b) Truong hop bta gia stta=bq + c thi(a, b) = (b, ¢).

Thudt todn Euclid.

Gia sir: a b
a=bg+r,0<r<b b r q
b=rq +r,,0<r, <5 !
L=rq,+r,0<n<r, n I, o
I.

r‘n—2 = n—lqn—l + r‘n’o < r-n < rn—l 3 q2
rn—l = rnqn
Thuat todn Euclid phai két thitc vdi so dw

: p 4 @ <«— (a,b)
r,=0
Theo b) ta co 0 o

(a,b)=(b,r)=(r.r)=..=(r1)=r.
Vay UCLN(a, b) 1a s8 du cudi cung khdc 0 trong thuat toan Euclid.

* Vi du minh hoa:

Bai toan 1. Duing thuét toan Euclid d€ chimg minh : (n* +3n° +1,n° +2n) =1.

Hudng dan gidi
Ta c6 n* +3n? +1=(n3 +2n)n+n2 +1
n+2n =(n2 +l)+n
n>+l=nn+1
nN=1.n+0

Vay (n4 +3n? +1,n% + 2n) ~1.
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Bai toan 2. Cho hai s6 ty nhién a va b (a > b).
a) Chting minh rang néu a chia hét cho b thi (a,b) =b.
b) Chttng minh rang néu a khong chia hét cho b thi UCLN ctia hai s6 bang UCLN

cua s6 nho va sO du trong phép chia s6 16n cho s6 nho.
c) Dung cdc nhan xét trén dé tim UCLN(72, 56)
(Néng cao va phit trién 16p 6 tip 1)

Huéng dan gidi

a) Moi udc chung cta a va b hién nhién la wéc ctia b. Dao lai, do a chia hét cho b
nén b la wéc chung cta a va b. Vay (a,b) =b.

b) Goi r 1a s6 du trong phép chia a cho b(a>b). Ta c6 a=bk+r(keN), can ching
minh rang (a,b) = (b, r).

That vay, néu a va b cung chia hét cho d thi r chia hét cho d, do d6 wéc chung cua
a va b clng la wdc chung ctia b va r (1). Pao lai néu b va r cung chia hét cho d thi a
chia hét cho d, do d6 wéc chung cua b va r cling la wéc chung cua a va b (2). Tt (1) va
(2) suy ra tap hop cac wéc chung ctia a va b va tap hop cac wéc chung ctia b va r bang
nhau. Do d6 hai s 16n nhét trong hai tap hop d6 ciing bang nhau, ttxc 1a (a,b) = (b, r).

c) 72 chia 56 du 16 nén (72,56) = (56,16) ;

56 chia 16 du 8 nén (56,16) = (16,8) ;

16 chia hét cho 8 nén (16,8) =8. Vay (72,56) =8.

Nhan xét : Gia st a khong chia hét cho b va a chiacho b du r,, b chiacho r, du
r,, I, chia cho r,dw r,,....,r, ,chiacho r_,dw r,,r,,chiacho r, duw 0(daysd b,r,r,,..r, la
day sO tw nhién giam dan nén s6 phép chia la httu han do d6 qua trinh trén két thirc véi
mot s8 du bang 0). Theo chitng minh & vi du trén ta c6
(a,b)=(b,r,)=(r,r,)=...(r, 41 )=rvir,_ chiahétcho r,

Nhu vay UCLN (a,b) la s6 chia cudi cung trong day cac phép chia lién ti€p a cho b,
b cho r,r, cho r,,..., trong d6 r,1,,... 1a s6 du trong cac phép chia theo thi tu trén.

Trong thyrc hanh ngwoi ta dat tinh nhu sau :

72| 56
56| 16| 1
16| 8| 3

0 2

Viéc thuc hién mét day phép chia lién tiép nhw trén dwgc goi 1a thuat toan O clit.
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Truwong hop tim UCLN ctia ba s8, ta tim UCLN ctia hai s8 roi tim UCLN cta két qua

v&i sO thit ba.

Bai toan 3. Tim UCLN( a, b) biét a la s6 gom 1991 chit s6 2; b 1a s6 gom 8 chit s3 2.

Hudng dan gidi
Ta c6: 1991 chia8 dw 7, con 8 chia7 duw 1

Theo thuat toan O- Clit:

(a,b)=(22..2,22..2)=(22..2,22 .2)=(22 ..2,2)=2.
1991562 8562 8s62 7502 756 2

Bai toan 4. Tim UCLN cuta
a) 11..1 val11111111 b) 123456789 va 987654321.

—
2004 s6 1

(Chuyén dé boi dwong hoc sinh gidi todn THCS phiin s6 hoc- Nguyén Vii Thanh)

Huéng dan gidi

a) Goia=11..1;b=11..1.Tac6 2000:8 nén 11..1=11..111...1..11...1:h.

[S———]
2004 se 1 8se 1 2000 se 1 8sel 8sel 8sel

2000 se 1

Do d6 a=11..10000+1111=bg +1111= (a,b) = (b,1111) =1111 (do b:1111),
2000 50 1
b) Goia=987654321; b =123456789. Ta co:

a=8b+9=(a,b)=(b9)=9(dob:9).

C. BAI TAP AP DUNG

Cau 1. Tim s6 chia va thuong ctia mot phép chia c6 s8 bi chia bang 145, s§ du bang 12 biét

rang thuong khac 1 (s8 chia va thwong 1a cac s tu nhién).

Cau 2. Hay viét s6 108 dudi dang tong cac s6 tw nhién lién ti€p 16n hon 0.

C4u 3. Tim s0 ti nhién n d€ 3n + 4 chia hét chon - 1.

Cau4d. TimaeNdéa+1labdichtaa-1

C4u 5. Tim s0 ti nhién sao cho 4n - 5 chia hét cho 2n -1

Cau 6. Tim s6 nguyén n dé&: 5+n”-2n chia hét cho n-2

Cau 7. Tim s8 nguyén 1 d& N° +4 chia hét cho n + 2

A AN A N s en NAL o o A A
Cau 8. Tim tat ca cac sO nguyén n dé phan so c6 gia tri la mot s6 nguyen.

n-2
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Cau 9. Tim s8 tu nhién c6 ba chit s6, biét rang né ting gdp N Tan néu cong mdi chit s& ctia
né véi N (N 1asd ty nhién, c6 thé gom mot hoac nhiéu chi s0)

Cau 10. Tim s8 tu nhién a biét rang 264 chia cho a dw 24, con 363 chia cho a du 43.

Cau 11. Tim s8 tw nhién a biét rang 398 chia cho a thi dw 38, con 450 chia cho a thi duw 18.
Cau 12. C6 100 quyén vo va 90 but chi dugce thuong déu cho mot s6 hoc sinh, con lai 4
quyén vo va 18 but chi khong du chia déu. Tinh s6 hoc sinh dwoc thwong.

Cau 13. Phan thudng cho hoc sinh ctia mot 16p hoc gom 128 vo, 48 but chi, 192 nhan vé.
C6 thé chia duoc nhidu nhat thanh bao nhiéu phan thwong nhw nhau, mbi phan thudng
gom bao nhiéu vo, but chi, nhan vé?

Cau 14. Tim s0 tw nhién a nho nhat sao cho a chia cho 3, cho 5, cho 7 duoc s6 du theo
thetela 2, 3,4

Cau 15. Mot cudc thi chay tiép stic theo vong tron gom nhiéu ching. Biét rang chu vi
duong tron 12330m , mbi chang dai 75m , dia diém xudt phéat va két thtic cing mot cho.
Hoi cudc thi 6 it nhdt mdy chang?

Cau 16. Tim sO tu nhién cd ba chit sO, sao cho chia né cho 17, cho 25 dwoc cac sd du theo
thir tyela 8 va 16.

Cau 17. Tim s0 tw nhién N 16n nhat cd ba chit s6, sao cho N chia cho 8 thi du 7, chia cho

31 thidw 28.
Cau 18. Néu xép mot s6 sach vao timg t1il0 cudn thi vira hét, vao timg tti 12 cudn thi
thita 2 cudn, vao timng tai 18 cudn thi thira 8 cudn. biét rang s6 sach trong khoang tir
715 dén 1000. Tinh s6 sdch d6?
Cau 19. Hai 16p 6A,6B cung thu nhit mot s3 gidy vun bang nhau. Trong 16p 6A,mot ban
thu dugc 25kg, con lai mdi ban thu 10Kg . Tinh s8 hoc sinh mdi 16p, biét rang s6 gidy moi
16p thu duoc trong khoang tir 200kg dén 300Kkg .
Cau 20. C6 hai chiéc dong ho(co kim gio va kim phut). Trong mot ngay, chi€c thit nhat
chay nhanh 2 phut, chiéc thit hai chay cham 3 phut. Ca hai dong ho duoc 1dy lai gio chinh
xac. Hoi sau it nhat bao lau, ca hai dong ho lai chay chinh xac?
Cau 21.Tim hai s& tu nhién biét rang:

a) Hiéu cua chting bang 84, UCLN bang 28, cic s§ d¢ trong khoang ttr 300 dén 440.

b) Hiéu ctia chting bang 48, UCLN bang 12.
Cau 22. Tim hai s ty nhién biét rang UCLN ctia chting bang 36 va tong ctia chting bang
432
Cau 23. Tim hai s8 tu nhién biét rang tich ctia chiing bang 864 va UCLN ctia né 1a 6
Cau 24. Chitng minh rang 14n + 3 va 21n + 4 (n €N )la hai s§ nguyén t& cing nhau
Céu 25. Chiing minh rang 2n + 1 va 6n + 5 1a hai s8 nguyén t3 ctiing nhau

Cau 26. BCNN ctia 2 s8 tie nhién bang 770, mot s8 bang 14. Tim s6 kia.
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Cau 27. Cho a va b 1a hai s6 nguyén t3 cling nhau. Chtrng minh rang cac s8 sau cling 1a
hai s6 nguyén td cing nhau:
a)b vaa-b (a>h);
b) a®+b® va ab.
Cau 28. Chiing minh rang néu s ¢ nguyén t& cing nhau véi a va véi b thi ¢ nguyén t&
cung nhau voi tich ab.
Cau 29. Tim so tu nhién n sao cho:
a) 4n—5 chia hét cho 13;
b) 5n+1 chia hét cho 7;
) 25n+ 3 chia hét cho 53.
Cau 30. Tim s6 ty nhién n d€ cac sd sau nguyén t6 cung nhau:
a) 4n+3 va 2n+3;
b) 7n+13 va 2n+4;
c) IN+24 va 3n+4;
d) 18n+3 va 2In+7.
Cau 31. Chttng minh rang c6 v6 s8 s§ tie nhién n d& n+15 va n+72 1a hai s6 nguyén t&
cung nhau .
Cau 32. Cho (&,b)=1. Tim:
a) (a+b,a-b) b) (7a+9b,3a+8b)
Cau 33. Tim a, b biét:
a) [a,b]+(a,b)="55;
b) [a,b]-(a,b)=5;
c) [a,b]+(a,b)=35.
Cau 34. Tim UCLN ctia cic s8 sau bang thuat todn O-clit:
a) (187231,165148);

b) (11...1,11...1).

100 chuso 8chuso

Cau 35. Tim [n;n+1n+2]
Cau 36. Tim ne N biét n <30 dé cdcsd 3n+4 va 5n+1 cd wdc chung 1én hon 1.

Ciu 37. Tim s6 nguyén n d€ phan sd 2n +21
n+

o gia tri la sO nguyeén.

Cau 38. Ba xe buyt cung khoi hanh ltc 6 gio sang tit mot bén xe va di theo 3 hudng khac
nhau. Xe tht nhat quay vé bén sau 1 gio 5 phut va sau 10 phut lai di. Xe thtt hai quay vé
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bén sau 56 phut va lai di sau 4 phut. Xe tht ba quay vé bén sau 48 phut va sau 2 phut lai

di. Hoi ba xe lai cing xudt phat tit bén Jan tht hai vao lac may gio?

Cau 39. Chting minh rang v6i moi sd nguyén duwong n thi phan s ludn toi gian.

6n+5
6n+5

Cau 40. Cho phan so: P =
3n+2

(neN).

a) Chting to rang phan s6 P 1a phan s6 t&i gian.

b) Véi gia tri nao ctia n thi phan s6 P ¢6 gia tri 1on nhat?
Cau 41. Tim hai s6 nguyén duong biét a + 2b = 48 va UCLN(a; b) + 3.BCNN(a; b) = 114
Cau 42. Cho (a, b) =1, tim (11a + 2b, 18a + 5b).

Cau 43. Chting minh rang (a, b) = (5a + 3b, 13a + 8b)

Cau 44. Cho ba s0 tu nhién a, b, c nguyén t6 cung nhau d6i mot.
Chttng minh rang (ab +bc + ca, abc) = 1

CAu 45. Tim tat cac cac s8 tw nhién a, b nguyén t& cling nhau biét rang:

a+b 8

a’—ab+b> 73

Cau 46. Cho m,n e N, 1<m < n. Chiting minh rgmg: (22n +1, 27 +1) =1

Cau 47.Cho 1<m,neN.Tim (2" -1, 2" -1)

Cau 48. Tim hai s8 tw nhién a va b, biét: UCLN (a,b) =15 va BCNN (a,b) = 300;
Cau49.Cho aeZ, tim (a a+2)

Cau 50. Cho a, m la cac s6 nguyén 16n hon 1. Chting minh rang :

(1+a+a2 +....+a”"1,a—1) =(m,a-1).

Cau 51. Chttng minh réng néu a, b, c1a cic sd 1é thi (a;—b , b;C , ¢ ; aj = (a,b,c).

Cau 52. Tong c4c s8 tw nhién a,,a,,...., a,,bang 999. Hoi wdc s& chung 16n nhat cua chiing
c6 thé nhan gia tri 16n nhat bang bao nhiéu ?

Cau 53. Cho (a, b) =1, tim (11a + 2b, 18a + 5b)

Céau 54. Cho (m, n) = 1. Tim (m+n,m* +n°).

Cau 55. Chiing minh rang cac phan sd sau t6i gian véimoi ne Z.

2In+4 2n+1
: by 12
14n+3 2n(n+1)

a)
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Cau 56. Tim s6 nguyén n d€ cac phan so sau t6i gian.
18n+3. 2n+3

; b) )
2In+7 n+7

a)
Cau 57.Tim hai s8 ty nhién a, b thoa méan a+b =128 va (a,b) =16.

Cau 58.Tim UCLN ctia ab +ba va 33 véi a + b khong chia hét cho 3

Cau 59. Chiing minh réng mot sO ty nhién c6 ba chir s6 tan cung la 136 thi it nhat 6 4 wéc
s0 duong.

Cau 60. Chting minh rdng néu [kn—Im|=1 thi (ma+nb,ka +Ib) =(a,b).

Cau 61. Tim UCLN ctia tat ca cac s6 cé 9 chit s6 duoc viét boi cac chitsd 1,2, 3, ..., 9 va
trong cac s6 do6 cac chir s6 déu khac nhau.

Cau 62. Cho (a, b) =1 tim UCLN ctia 2a +b va a(a + b)

Cau 63. Chiing minh cac phan s0 sau ti gian véin la s6 nguyén

12n+1 b) 15n* +8n+6
30n+2’ 30n% +21In +13°

a)

Cau 64. Tim sO nguyén n dé€ phan s6 13+n

toi gian.

Cau 65. Chttng minh rang néu 5n? +1:6 thi g va % toi gian.

8 31
N+9'n+10"""n+33

Céau 66. Tim sO tie nhién nho nhat dé€ cac phan s6 sau tdi gian :

Cau 67. Tim s8 ty nhién a, b biét ab = 360,[a,b] = 60.
Cau 68. Tim sO ti nhién nho nhat khi chiacho 2, 3,4, 5, 6,7, 8,9 c6 so du lan lwotla 1, 2, 3,
4,5,6,7,8.
Cau 69. Tim tat ca cac cip sd (a;b)nguyén duong thoa man hai diéu kién:
i) a,b déu khac 1 va wdc s6 chung 1én nhat cua a,bla 1.

ii) S8 N =ab(ab+1)(2ab+1) c6 ding 16 wdc s6 nguyén duong.
Cau 70. Xac dinh cac s6 nguyén t6 p,qsao cho p? - pq+2q° va 2p* + pq+q° la cdc sd
nguyeén td cung nhau.

Cau 71. Tim tat ca céc s& tu nhién khac 0: a va b, sao cho: (a,b)=1 va % - le
a +

(Thi hoc sinh gidi l6p 9 TP. H6 Chi Minh ndm 1992 — 1993)

Cau 72. Cho m, n la hai sd nguyén t6 cung nhau. Tim wéc chung 16n nhat cia m+n va

m? +n>.
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Cau 73. Tim tat ca cac cdp sO nguyén duong a, b théa man 4a+1 va 4b—1 nguyén td cung
nhau, dong thoi a+b la wdc cua 16ab+1.
Cau 74. Tim tat ca cic cip s6 (a;b)nguyén duong thoa man hai diéu kién:
i) a,b déu khac 1 va wdc s6 chung 1én nhat cua a,bla 1.
ii) S§ N =ab(ab+1)(2ab+1) c6 dung 16 wdc sd nguyén duong.
(Trich dé hoc sinh giéi todn Daik Lik nam hoc 2017-2018)
m+1 n+1

+—— 1a sd nguyén.
0 m guy

Cau 75. Cho hai s6 tw nhién m va n thoa man

Chting minh wéc chung 16n nhét cia m va n khong 1én hon vm+n

(Trich deé hoc sinh gioi I6p 9 Hdi Dwong nam hoc 2004-2005)

Céau 76. Cho ba s6 nguyén duong a,b,c do6i mot khac nhau va dong thoi thoa man cac diéu kién:
i) a la wéc cua b+c+bc,

ii) b la wéc cua a+c+ac,

iii) ¢ lawéc caa a+b+ab,

a) Hay chi ra bd ba s6 (a, b, C) thoa man cac diéu kién trén.

b) Chting minh rang a,b,c khong thé dong thoi 1a cac sd nguyén to.

(Trich dé vao 10 Chuyén Sw Pham Ha N§i nam 2007-2008)
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HUONG DAN GIAI-DAP SO
CHU PE 1. CAC BAI TOAN VE UGC VA BOI
Cau 1.
Goi X la s chia, @ la thuong, ta c6 145=ax+12(x>12). Nhu vay X la wdc cua
145-12 =133
Phén tich ra thira s6 nguyén t6 : 133=7.19
Uéc ctia 133 ma lon hon 12 14 19 va 133
Néu s8 chia bang 19 thi thiwong bang 7. Néu s& chia bang 133 thi thuong bang 1, trai
vOi dé bai.
Vay s& chia bang 19, thuong bang 7.
Cau 2. Gia st s0 108 viét dudi dang tong ctia K s6 tw nhién lién ti€pla n+Ln+2,..,n+kK
véi k,neN,k>2,n+1>1 . Ta co:
(n+1)+(n+2)+..+(n+k)=108

(2n+k+1).k _108

(2n+k+1).k =216

Bai toan dua dén viéc tim cac wdc cua 216. Ta dua ra hai nhan xét sau dé giam bdt s6
treong hop phai xét:

1) 2n+k+1>k>2

2) Hiéu (2n+k+1)—k =2n+1 la sd 1é nén trong hai s6 2n+k+1va kc6 mot s6
chdn, mét sd 1é.

Do d6 ta chi can tim wdc 1é cua 216, dong thoi trong hai s 2n+k+1 va K co tich
bang 216, chon k 1a s8 nho hon.

Phan tich ra thira s6 nguyén t&: 216 = 2°.3°, U6c 1é cia 216 16n hon 114 3, 9, 27

V6i K =3thi 2n+k +1=72 ta dwoc N =34, do d6 108 =35+ 36+ 37

V6i K =9thi 2n+k+1=24 tadwoc N =7,do d6108=8+9+.....+16

Véi 2n+k +1=27 thik =8 , ta dwoc N =9, do d6108=10+11+...+17
Cau3. B¢ 3n+4in—-1<[1.3n+4)-3.(n-1)] in—-1<7in—lhayn-1 € U®)
n—-1=1
“lho1=7"

Vay véin=2hoac n=8thi3n+4: n-1

Caud.DEa+11abdicuaa-1nén thi 21 13 s8 nguyen L _14 2
a-1 a-1 a-1
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=a-1€UQ2)={1,1,2}
=>a =1{0,2,3} (thoa man a € N)
Caub5. Taco4n-5=2(2n-1)-3

Dé€ 4n - 5 chia hét cho 2n - 1 thi 3 chia hét cho 2n -1

Véi2n-1=1=>n=1
Véi2n-1=3=>n=2

Vayn=1;2

Cau 6. Taco 5+n°-2n =5+n(n-2)
= 51n2-2ni(n-2)khi5:(n-2)
—>n-2€U®B)={-5-1,1,5)
=>ne€e{-3,1,3,7}

Cau7. n+4in+2=n(n+2)-2(n+2)+8:n+2=28in+2.

Tim dwoc: n=0, 2; 6.

n+1

Céu 8.Taco ;5 lasdnguyén khi (n+1)in-2

Tacé: n+1=[(n-2)+3]

Vay (n+1)in-2 khi 3:n-2=>n-2eU(3) = {+1;+3} = ne{-113;5}

Cau 9. Goi s0 phai tim 1a abc, ta c6 abc +1001+10n +n = abc.n Suy ra abcin.
Dat abc =nk (k €N) thi nk +111n = nkn.

Chia hai v&€ cho n#0 ta dwoc k+111=nk titcla 111=k(n-1). Nhu vay k va n-11a

wdc cua 111.

Bai toan c6 4 dap so:

k n-1 n abc
1 111 112 112
3 37 38 114
37 3 4 148
111 1 2 222

Cau 10.

S8 264 chia cho @ dw 24 nén a la wdc cua 264 —24 =240,a> 24
S8 363 chia cho @ dw 43 nén a la tc cua 363—-43=320, a > 43

Do a la wdc chung cua 240 va 320, dong thoi a > 43 .
UCLN (240,320) =80 wéc chung 1én hon 43 1a 80.
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Vay a =80

Cau 11. Ta thay : 398-38=360:a; a > 38.

450-18=432:a; a >18.

Vay a la udc chung ctia 360 va 420, dong thoi a > 38.

Phan tich ra thita s6 nguyén t3: 360 = 2°.3%5; 432 = 2°.3%.

UCLN(360,432)=2°3" =72.

Uéc chung cua 360 va 432 ma lén hon 38 1a 72.

Vay a=72.

Cau 12. S6 hoc sinh 1a wéc chung cua 100 -4 =96 va 90-18 =72, dong thoi 16n hon 18.

Tim dwoc: 24 hoc sinh.

Cau 13. 5§ phan thuong 16n nhat 1a UCLN(128,48,192) .

Dip s6° Chia duoc nhiéu nhat thanh 16 phan thuéng, moi phan gom 8 vé, 3 but chi, 12

nhan vo.

Cau14. a=3m+2(me N)= 2a=6m+4, chiacho3du1
a=5n+3(neN)=2a=10n+6 chiacho5du1
a=7p+4(peN)=2a=14p+8, chiacho7du1l
Do d6: 2a—1e€ BC(3,5,7) . D& a nho nhat thi 2a—1 1a BCNN(3,5, 7)
BCNN(3,5,7) =1
2a-1=105
2a=106
a=53

Cau 15. Chiéu dai ngan nhat ctia duong chay tinh bang mét la BCNN(330,75) =1650

gom 1650:75 =22 chang.

Cau 16. Goi s6 phai tim la n.

n+9eBC(17,25). T d6 b =425k —9.

Dip s6: 416 va 841.

Cau17. n+1:8=n+1+64:8=n+65:8 (1).

n+3:31=n+3+62:31= n+65:31 (2).
Tir (1) va (2): n+65:BCNN(8,31)

— n+65:248

= n=248k-65(keN’).

Véi k=3 thi n=679;

Véi k =4 thi n=927;
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Véi k=5 thi n=1175.

Dé n 1a s 16n nhat cd ba chir so, ta chon N =927.

Cau 18. Goiso sachla X thi x+10 ¢ BC(10,12,18) va 715 < x <1000.
Dip s6: x =890.

Cau 19. Goi s8 gidy méi 16p thu duoc 1a x (kg) thi x-26i11; x-25:10 do d¢
x-15¢ BC(ll,lO) ngoai ra 200 < x<300. Ta tim dwgc X =235, do d6 16p 6A ¢b 20 hoc

sinh, 16p 6B ¢4 22 hoc sinh.

Cau 20. bong ho tht nhat 1ay lai gio chinh xac khi né chay nhanh dwoc 12 gio, tic la 720

phat, nhu vay nd lai chi dang gio sau: 720:2 =360 (ngay).

Pong ho thi hai 14y lai gio chinh xac khi né chay cham dwoc 12 gio, tiée 1a 720 phat, nhuw

vay no lai chi ding gio sau: 720:3 =240 (ngay).

S8 ngay it nhat d€ ca hai dong ho cling chi gio dung la BCNN(360,240) = 720.

Ddp s0: 720 ngay.

Cau 21. a) Goi hai s& phai tim 1a ava b, ta c6: a—b=84,a=28a',b=28b" trong do
(a',b'zl),suyra a'—b'=3.

Do 300<bh<a<400 nén 11<bh'<a'<15.
Truong hop a'=15,b'=12 loai vi trdi vdi (a',b') =1.
Truong hop a'=14,b"'=11 cho a =392,b =308.

b) C6 vo s8 dap s6: a=12a',b=12b"' véi a'=2n+5,b'=2n+1(n eN)

Cau 22.

Goi hai s6 tw nhién can tim la a va b, ta co:

a
Vi UCLN( a; b) =36 nén {b

% va (aib1) =1, Ma:

a+b = 432 => 363, +36b, =432 =>36(a, +b,) = 432 Nén a, +b, =12 Ma (arbi) =1 Nén

ta c6 bang sau:

a, 1 |5 |7 |11
a 36 | 180 |252 | 396
b, 11 (7 |5 |1

b 396 | 252 | 180 |36

Vay céc cdp s0 ty nhién (a; b) can tim la : (36 ; 396), (180 ; 252), (252 ; 180), va (396 ; 36)

Cau 23. Goi hai sO tw nhién can tim la a va b, ta co:
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a==6
Vi UCLN( a; b) = 6 nén {b ) 6211 va (arbi) =1, Ma:

ab =864 => 6a,.6b, =864 =>36.a,b, =864 Nén ab, =24 Ma (arbi) =1 Nén ta c bing

Sau:

a, 1 (3 |8 |24
a 6 |18 |48 |144
b, 24 |8 |3 |1
b 144 (48 |18 |6

Cau 24. Goid = UCLN( 14n +3; 2In+4) =>d eN"

Khi ddtacéd:
: 3(14n+3):d :
14n+3.'d => ( ) => 42n+9:d => (42n+9)—(42n+8):d =>1id
21n+4:d 2(21n+4):d 42n+8:d

Vay hai s6 14n + 3 va 21n + 4 la hai s6 nguyén td cung nhau

Cau 25.Goid =UCLN(2n+1;6n+5),=>d eN"

Khi d6 ta co :

2n +1: 3(2n+1):d :

nelid _ JS(an+1)id_ [6neSid o6 (6n+3)id = 2id = d €U (2) = {1:2]
6n+5:d 6n+5:d 6n+5:d

Do2n+1:d, ma2n+1 laila s6 lé nén d=2 loai, do d6 d=1
Vay hai s6 14n + 3 va 21n + 4 la hai s6 nguyén td cung nhau
Céau 26. Goi s6 phai tim x, thi [14,x]=770.
Tacé: 770=x.k (ke N),770=14.55, (k,55)=1, do d6 k 1a wéc cta 14.
Vay k bang: 1,2,7,14, tuong ting xbang 770,385,110,55.
Cau 27.a) Goi d eUC(b,b—a) thi a—b:d,b:id, dodé a:d.Tacé (a,b)=1nén d =1.
b) Gia st @’ +b® va ab cung chia hét cho s6 nguyén t& d thi vo Ii.
Cau 28. Gia sv ab va ¢ cung chia hét cho sd nguyén td d thi vo 1.
Cau29.a) 4n-5 :13
= 4n-5+13 : 13
=4n+8 : 13
=4(n+2) :13
Do (4,13) =1lnén n+2 : 13

Dip s6: =13k -2(k e N").
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b) Ddp s6': n =7k —3(k € N*)

c) (25n+3) : 53=(25n+3-53) : 53.

bip so: n=53k +2(k e N)

Cau 30.

a) nkhong chia hét cho 3.

b) n 1a s6 chan.

c) n lasole.

d) Gia s 18n+3va 21n+7 cung chia hét cho s6 nguyén td d thi

6(21n+7)-7(18n+3) :d=21:4d .

Vay d €{3;7} .

Hién nhién d #3 vi 21n+7 khong chia hét cho 3. Nhu vy (18n+3,2In+7) =1

< (18n+3) : 7(con 21n+7 ludn chia hét cho 7)

< (18n+3-21) : 7 <=18(n-1) : 7<= (n-1) : 7.

Vay néu n# 7k +1(k eN) thi (18n+3,2In+7)=1.

Cau 31. Bai toan khong yéu cau tim moi gia tri cia N ma chi can chi ra vo s6 gid tri cta N
dé (n+5n+72)=1.Do d6 ngoai cach giai nhw ¢ bai trén, c6 thé giai nhu sau:

Goi d e UC (n+5,n+72) thi 57 : d. Do (n+15) :d , 57 : d nén néu ton tai N sao cho
n+15=57k +1 thi d =1. Néu ta chon n=57k-14 (k=1,2,3,...) thi (n+15,n+72)=1, 15
rang c6 vO sO gia tri caa N .

Cau 32.a) UCLN(a+b,a—b) bang 2néu a va b ciing 1¢, bang 1 néu trong @ va bcé mot
s8 chan va mot sd 1é.

b) 1 hoac 29.

Cau 33.
a)Goi a=da', b=db’, (a',b")=1. Ta co:

[a,b]:%bzda'b'. Theo dé bai, ta cé:da'b'+d =55 hay d(a'b+d)=55. Nhu vay

a'b'+1 1a wdc cua 55, mat khac a'b'+1> 2.

Ta ¢6 [an luot

d a'b'+1 | a'b’ a' | b a b
11 5 4=22 1 4 11 44
1 10 5 50
5 11 10=25
2 5 10 25
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1 54 1 54

1 55 54=233
2 27 2 27

b) Giai tuong tu cau a) ta duoc: d(a'h'-1)=5. Tt 46:

d a'b-1|a'b" |a' b' a b
6 1 6 1
1 5 6
3 2 3 2
5 1 2 2 1 10 5

c) Co 6 cap sO (1, 36), (4,9), (5, 40), (7, 42), (14, 21), (35, 70).

Cau 34.a) 1;b) 1111

Cau 35.

Dat A:[n,n+1]vé1 B =[A,n+2] .Ap dung tinh chat [a,b,c] =[[a,b],c] ,ta cod
B=[n,n+1n+2].

Dé thay (n,n+1)=1,suyra [n,n+1]=n(n+1). (do [a,b].(a,b)=ab)
n(n+1)(n+2)
(n(n+1),n+2)

Lai dp dung tinh chit [a;b] =22 thé thi [n,n+1n+2] =

(a;b)
Goi d =(n(n+1),n+2). Do (n+1,n+2)=1nén d =(n,n+2)=(n,2)
Xét hai treong hop:
n(n+1)(n+2)
2

-Néunléthid=1,suyra [n,n+1Ln+2]=n(n+1)(n+2).

-Néunchinthid=2, suy ra [n,n+1,n+2]:

Cau 36. Goi d 1a mot wdc chung cua 3n+4va 5n+1 (d e N*)
Ta c6 3n+4idva 5n+1idnén 5(3n+4)-3(5n+1)id <17:d =d e {1;17}
D€ 3n+4 va 5n+1 cé wéc chung 1én hon 1, ta phai cé 3n+4:17
hay 3(n—10)§17mé UCLN (3 X 17):1 nén (n—10)217
n-10=17k (keN).VineN, n<30=-10<n-10<20 nén ke{0; 1}.
V6i k=0=>n=10, khi d6 3.10+ 417 va 5.10+1:17 (thoa man)
Véi k =1= n=27 , khi d6 3.27+4:17 va 5.27 +1:17 (thda man)
Vay ne{10; 27}.

Cau 37. pe 2N+l
n+2

o gia tri la s6 nguyén thi 2n+1:n+2 (1)

Vin+2in+2 nén 2(n+2)in+2 (2)
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Tie (1) va (2) [2(n+2)—(2n+1)]in+2

=3:n+2

Vin+2 nguyénnén n+2e {—1; -3:1; 3} =ne {—3; -5: —1;1}

Vay v6i = ne{-3,-5;-11} thi phan s§ CILE SPgR nguyen.

n+2
Cau 38. Gia st sau a phut (k€ tt Itic 6h) thi 3 xe lai cung xudt phat tai bén Ian thit 2.
Lap luan dé€'suy ra a la BCNN (75,60,50).
Tim dugc BCNN(75,60,50) =300 (phut) =5 gio.
Sau 5h thi 3 xe lai cung xudt phat, lac d6 la 11h cung ngay.
2n+1:d

. =6n+5-3(2n+1)id =2:d=d e {12}
6n+5:d

Cau 39. Gia st d €UCLN (2n+1,6n+5) = {

Vi n la s8 nguyén duong nén 2n+1/2=d #2 = d=1

Vay vdi moi s6 nguyén duong n thi phan sd ludn tdi gian.

6n+5

6n+5

Cau 40. Cho phanso: P =
3n+2

(neN).

a) Chting to rang phan s3 P 1a phan s t6i gian.

Goi d =UC(6n+5,3n+2) (véi deN")

=6n+5:d va3n+2:d

= (6n+5)—(3n+2).2:d=lid=>d=1

Vay phan sd P la phan s6 t6i gian.

b) Véi gia tri nao ctia n thi phan s6 P ¢6 gia tri 16n nhat?
6n+5 _ 2(3n+2)+1:2+ 1
3n+2 3n+2 3n+2

Taco: P=

SE:PSE
2

2

1
<

VoineN thi 3n+2>2= — o
3n+2 2 3n+2

Ddu “=" xay ra <n=0
’ 7 .7 s 17 A~ M 5
Vay n=0 thi phan sd P c6 gia tri 16n nhat bang 3

a=d.a

Cau 41. Goi UCLN (a;b)=d => {b _dh, (a;b)=1

Ma:a+2b=48=>da, +2db, =48=>d(a, +2b )=48=>d eU (48) (1)
Ta lai c6: 3.BCNN(a; b) + UCLN(a; b) = 114
=>d+3.a,b.d =114 => d (1+3a,b,) =114 => d €U (114) )

T (1) va (2) => d eUC(48;114) = {1;2;3; 6}
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Ma: d(1+3a.b)=114=338=>d:3=>d =3 hojcd =6

THI:d-3—> (2 +20=16 _ Ja+2b =16
1+3a,b =38 |3a.b =37

TH2 : d =g 2 t20=8 _ [a+2b=8_  [a=2=>a=12
1+32,b, =19 (&b =6 b,=3=>b=18

Vaya=12vab=18
Cau 42. bdt (11a +2b, 18a + 5b) =d

55a+10b:d )
= —=19a:d

36a+10b:d

19b:d

.~ |198a+36b:d
Va J—
198a +55b:d

19a:d :
Do dé . =19:d (vi(a,b)=1)
19b:d

Vay d e {1;9}
Cau 43. Ta co

(a,b)=(a,a+b)
=(a+a+b,a+h)=(2a+h,a+b)
=(2a+b,3a+2b)=(5a+3b,3a+2b)
= (5a+3b,2(5a +3b)+3a+2b)
=(5a+3b,13a+8b)

A o o (ab+bc+ca)ip
Cau 44. Gia st ton tai sO nguyén t0 p sao cho

abc:p

a:p
Tt abc:p=| b:p
c:p

b:
Giastr a:p=>ab+ac:p=> bcfszzs

Diéu nay mau thuan véi (a, b) = 1 hoéc (a, c) = 1.
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Cau 45.Ta c6 (a+h,a’ —ab+b2)=(a+b,(a+b)2 -(a’ —ab+b2)):(a+b,3ab)

Do (a,b)=1nén (a+b, ab)=1

Vi vay (a+b,a2 —ab+bz):(a+b,3ab):(a+b,3):>d e{L3}

*Xétd=1
a+b=8
Khi do ZLbzzi@ <:>3ab:—9
a’—ab+b* 73 a’—ab+b*=73
biéu nay khong xay ravi a,be N
*Xétd=3
a+b=24 a;b)=(17;7
Khi d6 ZLbZ=£<:> , , S 3ab=-9< ( ) ( )
a’—ab+b*> 73 a’—ab+b*=219 =(7;17)

Thit lai ta droc hai cip s6 trén thoa man dieu kién bai toan,
Cau 46.Pat d=(2" +1, 2" +1)=d le.
Ta 6
R
(27 +2)(2 +2)(2 )
(27" +1)(27 +1).. (27 +1)(2" -1)id
(

Dodo(22 +1) 2 1) 2:d=d=1(vid1é)

Vay (27 +1, 27 +1)=1

Cau 47. Dat d = (m, n). Khi d6 ton tai cac s6 tw nhién r, s sao cho rn - sm =d.
Pat d, =(2" -1, 2"-1)=d, le.

Ta co:

2" —1:2° -1 (vi nid)

2" ~1:2" -1 (vi mid)
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Do d6 d,:2° -1

2" ~1id, = 2" ~1id,

m _o9sm _ asm(am-sm 4\ _ osm(nd _ d
AT IEC RN Bt (277 ) =20 (22

Mat khac: {

Ma (2,d,)=1=2"-1id,
Tt ddsuyra d, =2° -1
Vay (2" -1, 2"-1)=2"" -1

Cau48.Gidsr a<hb

Do UCLN (a, b) =15 = {a =M <), (mn)=1,
b=15.n

Khi &6 BCNN(a; b) = 15.m.n.

Do do:
UCLN(a; b).BCNN(a; b) = (15.m.n).15 = (15m).(15n) =ab = ab =300.15 = 4500
mn =20
=15m.15n = 4500 = {
m<n
Ta c6 bang:

m n a b
1 20 15 300
4 5 60 75

Vay cac cdp s0 (a; b) can tim la : (15 ;60), (300 ; 75) va dao nguoc lai.
Cau49.Giastr d =(a,a+2)=d|avad|a+2=d|a+2—-a=d =1hodcd=2.

Voéialéthi(a, a+2)=1.

Vi a chan thi (a, a +2) =2.
Cau50.Gias d |(1+a+..+a"") vad|(a—1)suyra:
d |(a”"1 —1)+(a""2 —1)+...+(a—l)+m:> d|m.

Vay d|mvad|a-1.
Nguoc lai, néu d |[ava d |a—1thi d(mm’1+...+a+1)

Vay (1+a+..+a"*,a-1)=(m,a-1)
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Cau51. Giastr d|a,b|d,c|d thidle.

Taco a+bidva a+bhi2= a+bi2d(do (2,d)=1)= 2+L:q.

Tuong tu: bJZrCEd va C;d :d

a+b b+c c+a

Vay d la wdc cua , ,
2 2 2

C oo o a+b b+c c+a .o o a+b a+c b+c
Nguoc lai, gid st d 1a wdc ctia , , thi d 1a woc cua + — =

2 2 2 2 2

Tuong te d |bva d |c.

Vay: (a+b b+c c+a

1 b = ’b, -
2 ' 2 ' 2 j (a.b.c)
Cau 52.

Giastt d =(a,,8,,...,8, ),/khi dd a +a, +...+a,, =999:d, suy ra d la woc cta
999 = 3°.37

Vidl|a,(k=12,..,49)nén a, >d,vk =999 =a, +a, +...+a,, >49d

=d< % < 21.Vay d chi ¢ thé nhéan cac gid tri 1,3, 9.

Gid tri d 16n nhat bang 9 khi a, =a, =...=a,, =9;a,, =567 (vi 9.48+567 =999)

Cau53.Giasx d = (11a+ 2b,18a+5b), khi d6 d |18a+5b va d |1la+2b, suy ra
d |11(18a+5b)—18(11a+ Zb) =19b = d |19 hoéac d | b.

- Néu d [bthi tir d |5(11a+2b)-3(18a+5b)=a—-5b=d |a=d|(ab)=1=d =1.
-Néu d |19 thid =1 hoacd = 19.
Vay (11a +2b, 18a + 5b) bang 1 hodc bang 19.

Cau 54. Gia st d :(m+n,m2 +n2) khidé d |m+n va d|m*+n®suyra

d |(m+n)2 —(m2 —nz):Zmn.

dim+nvad|2mnsuyra d|2m(m+n)-2mn=2m? va d|2n(m+n)-2mn=2n’.

Do d6 d|(2m?,2n*)=2(m*,n*)=2=d =1hogcd =2.
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Néu m, n cung 1é thid =2.
Néu m, n khac tinh chdn 1é thid = 1.
Cau 55. a) Gia siv d =(21n+4,14n+3), khi d6 d | 21n+4 va d |14n+3 suy ra

d|2(21n+4) va d|3(14n+3)=d [3(14n+3)-2(2In+4)=1=d =1.

21In+4
14n+3

Vay la phan s6 t6i gian.

b) Gia st d =(2n+1,2n2+2n) suyra d]2n’*+2n-n(2n+1)=n.

Ted|2n+1lvad|nsuyrad|2n+1-2n=1=d =1.

2n+1 o
4y —— = 1a phan s6 t5i gian.
2n° +2n

18n+3 _3(6n+1)

Cau 56. a) Ta co: =
2In+7  7(3n+1)

.Ma (3,7)=(3,3n+1)=(6n+13n+1) =1nén d& 12

phan s& 18n+3 t6i gian ta phai c6 (6n+1,7)=1.

Mat khac,én+1=7n-(n-1), do d6:

(6n+17)=1.<(n-17)=1<n=7k+1l(keZ).

18n+3

Vay, v6in chia cho 7 khong du 1 thi
2In+7

la phan s6 t6i gian.

nt3_p M igian o (n+7.10) =l n21k-7(keZ),

b) Ta c6
n+7 n+7

Cau 57. Khong mdt tinh tong quat ta c6 thé gia st a <D.
Vi (a,b)=16 nén a=16a,,b=16b, véi (a,,b, ) =1.
T a+b=128 suyra 16(a, +b ) =128 < a +b =8 . Véidiu kién a, <bva (a,,b)=1ta

c6 8, =1,b,8 hodc a, =3,b, =5. T d6 ta c6 a=16,b =112 hodc a = 48,b =80.

Ciu 58. Ta c ab+ba=10a+b+10b+a=11(a+b);33=11.3. Vi (a + b) khong chia hét
cho 3 nén (ab+ba,33) =11

Cau 59. SO c6 3 chir s6 tan cung la 136 chia hét cho 8 nén c6 it nhat 4 wéc s6 dwong la 1, 2,
4, 8.
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Cau60. d|a,d|b thi d|ma+nb,d|ka+Ib;

d [ma+nb,d |ka+Ib thi d |[k(ma+nb)—-m(ka+Ilb)=+b=d|b.

Twong tu: d | a.

Céu 61. Ta c6 123456798 — 123456789 = 9 nén UCLN phai tim chi c6 thé'1a 1, 3 hodc 9, ma
tat ca cdc s6 da cho déu chia hét cho 9 nén UCLN phai tim 1a 9.

Cau 62.
d|a(2a+h)-(a’+ab)=a’

=d|(a’,b*)=1=d =1
d|b(2a+b)-2(a”+ab)=b*-2a

d =(2a—b,a2 +ab):>

Cau 63.

a)d =(12n+1,30n+2) = d |5(12n+1)-2(30n+2) =1=d =1

12n+1
Vaw opan <5
PR Son 12

la phan s t6i gian.
b)d = (15n” +8n+6,30n° + 21 +13) = d | 2(15n" +8n+6)—(30n° + 2In+13) =1=d | 5n+1
= d|3n(5n+1)—(15n* +8n+6)=>d|5n+6=d |(5n+6)—(5n+1)=d |5

{d|5n+6

=d|l=d=1
d|5

. . . 15n°+8n+6
Vay phan so 5
30n° +21n+13

la phan s6 t6i gian.

1314 13 igian (15.0-2)=1.
n-2 n-2

Cau 64.

Do d6 n - 2 khong chia hét cho 3 va 5.

. ,n+1
Do dé dé phan s 13

toi gian thi n# 3k +2,n # 5l + 2

Cau 65. Chitng minh n 1é 1a khong chia hét cho 3.

ke
k+(n+2)
gian < (n+2,k)=1<:> N+ 2 nguyén t6 cung nhau vdi 7,8,...,31va n+ 2 nho nhat

k+(n+2):1+n+2 i

K K

Cau 66. Cac so da cho c6 dang (k = 7,8,..,31) .Ma

< Nn+2=37<n=35.
Cau 67. a)a=6,b=60hodca=12,b=30 (a<b);
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b) Cac cap s0 (a, b) v6i a <bcan tim la (1; 54),(2; 27),(5; 50),(10; 25)vé1 (11; 44)
Cau 68. n+1i[2,3,4,5,6,7,8,9] =5.7.8.9 = 2520. Vay n = 2519.

Cau 69. Ta c6: N =ab(ab+1)(2ab+1) chia hét cho cacsd: 1;a
;b(ab+1)(2ab+1);b;a(ab+1)(2ab+1);ab+1;ab(2ab+1);2ab+1 ;
ab(ab+1); N ;ab;(ab+1)(2ab+1) ;b(ab+1);a(2ab+1) ;a(ab+1); b(2ab+1) c6 16 wdce
duwong Nén dé€ N chi c¢6 dang 16 wéc dwong thi a; b; ab+1; 2ab+1 la sd nguyén t6 . Do
a, b>1l=ab+1>2
Néu a;b cung 1é thi ab+1 chia hét cho 2 nén 1a hop s0 (v6 ly). Do d6 khong mat tinh tong
quat, giastt a chdn b lé = a=2.
Ta cling c6 néu b khong chia hét cho 3 thi 2ab+1=4b+1 va ab+1=2b+1 chia hét cho 3
la hop s6 (vo ly)= b =3.

Vay a=2; b=3.
Cau70. Dat A= p® — pq+29°vaB=2p° + pq+0g°. Xét cac treong hop:
+) p=( =2, khong thoa man.
+) p=2,02>3, khidd
(AB)=(4-2q+2¢*,8+2q+q")

=(2-q+9°,8+2p+q°)  (vi8+2p+q’i2)

=(6+3q,8+29+q%)

=(2+09,8+(2+0)q), (vi8+2p+0q*i3)

=d.

Suyra d léva d|8.Dodé d=1.

+)q=2,p =3, khidd
(A.B)=(p*-2p+8,2p*+2p+4)

=(p*-2p+8,p*+ p+2), (vi p’-2p+8:2)
(3p-6,p° +p+2)

p—2,p*+p+2), (vi p?+p+2i3)
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Suyra d|4p, d1éva d < p.Dodé d=1.
+) p,q>3,.Vi p,q déulasGlénén p+q va p—q lacacsd chén. Suy ra
A=p(p-q)+29°i2 va B=2p® +q(q+ p):2.Vay A va B khong nguyén t3 ciing nhau.
Tom lai: p=2,0423, qnguyéntd hodc q=2,p=3, p nguyén to.
Cau 71. Goi (a+b,a* +b*)=d = a+bid va a’+b’id

—a’+2ab+b*id = 2abid vi (a,b)=1
= (ab,a+b)=1=(2ab,a+b)=(2,a+b)
= d la wdc sd ctia (2ab,a+b):>d 1a wéc sb clia (2,a+b)

=d lauwdcsdcua2 = d=1hodcd=2.

. a+b=7 a+b=7 a=3 _ [a=4
Néu d =1= = = hodc )
a®+b*=25 |ab=12 b=4 b=3
) a+b=14
Neud=2=¢ , | vO nghiém.
a“+b°=50

Tém lai (a, b) = (3,4),(4,3)

Cau 72. Dit A=m+n va B=m®+n”. Goi d 1a wéc chung 16n nhat ctia A vaB vdi d>1.
Khi d6 ta 6 Aid;Bid hay ta dwgc m+nid;m*+n*id.

Talaicé A>-B= (m+n)2 —(m2 +n2) =2mn. Ma (A2 —B)Ed nén suy ra 2mn:d.

Laicd m+n:d nén 2n(m+n)§d = 2mn+2n°:d

Két hop voi 2mnid ta dugc 2n’id . Hoan toan tuong tw ta ching minh dwge 2m?id.
Theo bai ra thi m va n nguyén t& cing nhau nén m va n khéng cting tinh chan. Ta xét cac
treong hop sau:

e Trueong hop 1: Trong hai s8 m va n cé mot s6 chdn va mot s8 16, khi d6 m+n la sd 1é
nén tit m+n chia hét cho d ta suy ra dwoc d 1a s8 1é. Ttr d6 ta dwge m* va n’ cling chia
hé cho d. Ma ta lai c6 m va n nguyén td cung nhaunénsuy ra d=1.

e Trueong hop 2: Ca hai s6 m va n déu 1a s6 1¢, khi d6 ttr m +n 1a s& chdn nén ttr m +n
chia hét cho d véi d 16n nhat ta suy ra duoc d 1a s6 chan.

Pit d=2d", khi d6 tir 2m?:d va 2n?:d ta dwgc m?:d' va n?:d’'.
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Do m va n nguyén t6 cung nhau nén suy ra d'=1, do d6 d =2.
Vay ta co hai két qua nhu sau:
+ Néu trong hai s6 m va n cé mot sd chdn va mot s6 1é thi (m +n, m? +n2) =1
+Néu ca hai s m van ciing 1é thi (m+n,m” +n*)=2.

Céau 73. Gia sir cac s6 nguyén duong a, b théa man yéu cau bai toan, khi d6 ta co
(4a+1,4b-1)=1 va 16ab+1i(a+b).

Taco (4a+1)(4b+1)=16ab+1+4(a+b)i(a+b).

Laic6 4a+1+4b—-1=4(a+b)i(a+b). Ma (4a+1,4b-1)=1.

Néu ca hai s6 4a+1 va a+b cung chia hét cho mot s6 nguyén t6 p nao do, thi ti

4a+1+4b-1 chia hét cho (a+b) ta suy ra duoc 4b—1ip, diéu nay méu thudn véi gia
thiét (4a+1,4b-1)=1. T d6suy ra (4a+La+b)=1.

Taco (4a+1)(4b+1)i(a+b) va (4a+1a+b)=1 nénsuyra 4b+1i(a+b).

Nguoc lai gia str a, b 1a cac s6 nguyén duong thoa man 4b+1i(a+b)

Khi d6 tir (4a+1)(4b+1)i(a+b) ta suy duoc 16abi(a+b).

Néu hai s6 4a+1 va 4b—1 cung chia hét cho p thi p la s6 nguyén t5 lé.

Ta lai co 4a+1+4b—1:4(a+b)3(a+b), suy ra 4b+1:p.

Do d6 ta dugc 4b+1-(4b—1)=2ip, diéu nay mau thuan véi p la s& nguyén t& 1é.

Tir d6 ta dwoc (4a+1,4b-1)=1.

Nhu vay hai s6 nguyén duong a, b thdéa man (4a +1,4b- 1) =1 va 16ab§(a + b) tuong
duwong véi hai s6 nguyén duong a, b thoa man 4b + 1E(a + b).

Chuyla 4b+1lasdléva 4b+1< 4(a+b) nén tir 4b+13(a+b) ta suy ra duoc

4b+1=a+b a=3b+1
4b+1=3(a+b)” | b=3a-1

Nhu vay cap s6 nguyén duong (a;b) la (c; 3c—1),(3c+1;c) vGi ceN .

Ciu 74. Ta c6: N =ab(ab+1)(2ab+1) chia hét cho céc sd:
1;a;b(ab+1)(2ab+1);b;a(ab+1)(2ab+1);ab+1;ab(2ab+1);2ab+1 ;
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ab(ab+1);N ;ab;(ab+1)(2ab+1) ;b(ab+1);a(2ab+1) ;a(ab+1); b(2ab+1) c6 16 udc

duwong Nén dé€ N chi c6 dang 16 wdc dwong thi a; b; ab+1; 2ab+1 14 s6 nguyén td. Do
a, b>1=ab+1>2

Néu a;b cung 1é thi ab+1 chia hét cho 2 nén la hop s6 (v6 ly). Do d6 khong mat tinh tong
quat, gid st a chdn b 1é = a=2.
Ta cling ¢ néu b khong chia hét cho 3 thi 2ab+1=4b+1 va ab+1=2b+1 chia hét cho 3
lahop s6 (voly)=b=3.

Vay a=2; b=3.
Cau 75. Goi d 1a UCLN(m, n) suy ra m®,n?,mn cting chia hét cho d?.

m+1+n+1_m2+n2+m+n

la s6 nguyén nén m? +n” +m+ N ciing chia hét cho d?.
n m mn

Do

Suy ra m + n chia hét cho d* =>m+n>d* = +vm+n >d.

Cau 76. a) Dé thdy b s6 (a,b,c)=(1,3,7) théa man dé bai

b)Dat S=a+b+c+ab+bc+ac.

Tt gia thiét suy ra S chia hét cho a,b,c.
Vi a,b,c d6i mdt khac nhau, do d6 a,b,c dong thoi la cac s6 nguyén t6 thi S:abc hay
S =kabc(k e N)
Khoéng mat tinh tdng quat, gia st a<b<cC.
Néu a=2 thi b,c déulé=b+c+Dbc 1é nén khong chia hét cho 2.
Dodé a>3 nén b>5,c>7. Tk S =kabc(k € N) suy ra
1 1 1 1

0<k =—+—+—+—+1+1<1:> ke N
ab ac bc a b c

Vay a,b,c khong thé dong thoi la cac s6 nguyén to.
Cau 77. Thay x=2n+1= A=4n(n+3)=4n(n+1+2)=4n(n+1)+8n
Cau 78. Ta can tim ab; cho biét abiab véi 1<a,b<9.

< ab=nab véinlasd tw nhién khac 0.

<10a+b=nab < 10a=b(na-1)=10ai(na-1)

Néu a=1=b(n-1)=10= c6 thé lap bang dé chon:

b 1 2 5
n-1 10 5 2
n 11 6 3
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BOI DUONG HOC SINH GIOI CAP 2 |
Néu a#1=(an—-1)=1=an-1 la w6c sG cua 10.
= an-1e{1;2;5} = ane{2;3;6}
= (an-1,n)=(21),(3;1),(2:3).(3;2)
Thay (@,n) vao ta tinh dwoc b.
Ta c6: (a;b)=(2;4),(3;6)

Dap s6: ab e {11;12;15; 24;36}

251 | CHUYEN DE SO HOC




	de1
	1



