CAC BAI TOAN VE TU GIAC VA PA GIAC PAC SAC

I. MOT SO KIEN THUC VE TU GIAC
1. Tk giac
Dinh nghia:

o Tit gidc ABCD la hinh gom bdn doan thing AB, BC, CD, DA, trong d6 bit ki hai doan
thing nao ciing khong ciing nam trén mot dwong thang.

o Tit gidc i 1 tie gidc ludn nam trong mot niea mdt phing cé bo la dwong thing chira bt ki
canh nao cua tam gidc.
Tinh chit:

e Téng cic goc ciia mot tir gide bang 3600

o Gdc ké bt v6i mot géc ciia tiv gide goi la goc ngoai cua tir gidc. Tong cic goc ngodi cia mot
ti gidc bang 360°
2. Hinh thang
Dinh nghia

e Hinh thang la tir gidc cé hai canh doi song song.

e Hinh thang vuong la hinh thang co mdt géc vuong.
Tinh chat

e Néit mgt hinh thang cé hai canh bén song song thi hai canh bén bang nhau, hai canh ddy
biang nhau.

e Néit mgt hinh thang c6 hai canh ddy bang nhau thi hai canh bén song song va bang nhau.
Hinh thang can

e Dinh nghia: Hinh thang cin la hinh thang c6 hai géc ké mot ddy bang nhau.

e Tinh chat: Trong hinh thang cén hai canh bén bing nhau va hai dwong chéo bang nhau.

e Ddu hiéu nhin biét:

+ Hinh thang c6 hai géc ké mot ddy bang nhau la hinh thang can.
+ Hinh thang c6 hai dwong chéo bang nhau 1 hinh thang cin.

Duong trung binh cta tam giac

e Duong trung binh ctia tam gidc la dogn thang noi trung diém hai canh ctia tam gidc.

o Duong thang di qua trung diéim mot canh ciia tam gidc va song song voi canh thit hai thi
di qua trung diém canh thit ba.

e Duong trung binh ciia tam gidc thi song song véi canh thie ba va bang niea canh dy.
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Duong trung binh cta hinh thang
e Duong trung binh ciia hinh thang la doan thang noi trung diéim hai canh bén ctia hinh
thang.
o Duong thang di qua trung diéin mot canh bén ctia hinh thang va song song véi hai day thi
di qua trung diém canh bén thit hai.
e Duong trung binh cia hinh thang thi song song véi hai ddy va bang nira tong hai ddy.
3. Hinh binh hanh
Dinh nghia: Hinh binh hanh la tir gidc cé cdc cdp canh doi song song.
Tinh chat: Trong hinh binh hanh:
e Cic canh doi bing nhau.
e Cdc g6c dbi bang nhau.
e Hai duwong chéo cit nhau tai trung diém ciia mbi dwong.
DA4u hiéu nhan biét:
e Tir gidc c6 cdc canh doi song song la hinh binh hanh.
e Ti gidc c6 cdc canh doi bing nhau la hinh binh hanh.
o Ti¢ gidc c6 hai canh d6i song song va bang nhau la hinh binh hanh.
o Tif gidc 6 hai dwong chéo cit nhau tai trung diém ciia moi dwong la hinh binh hanh.
4. Hinh chir nhat
Dinh nghia: Hinh chir nhdt la tir gidc ¢ bon goc vudng.
Tinh ch&t: Trong hinh chit nhdt, hai dwong chéo bang nhau va cit nhau tai trung diém ciia moi
dwong.
DA4u hiéu nhan biét:
e Ti gidc co ba goc vudng la hinh chir nhit.
e Hinh thang cin cé mot géc vudng la hinh chir nhit.
e Hinh binh hanh c6é mot goc vuong la hinh chir nhait.
e Hinh binh hanh c6 hai dwong chéo bang nhau la hinh chit nhat.
Ap dung vao tam giac:
e Trong tam gidc vudng, dwong trung tuyén tng véi canh huyén bang nira canh huyeén.
o Néu mot tam gidc c6 dwong trung tuyén g véi mot canh bang niva canh dy thi tam gidc
do la tam gidc vuong.
5. Hinh thoi
Dinh nghia: Hinh thoi la mét tir gidc ¢ bon canh bang nhau.
Tinh chat: Trong hinh thoi:

e Hai dwong chéo vudng goc vdi nhau.
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e Hai dwong chéo la cdc dweong phan gidc cuia cdc goc cuia hinh thoi.
DA4u hiéu nhan biét:

o Ti gidc c6 bon canh bang nhau la hinh thoi.

e Hinh binh hanh c6 hai canh ké bang nhau la hinh thoi.

e Hinh binh hanh c6 hai dwong chéo vuéng goc voi nhau la hinh thoi.

e Hinh binh hanh c¢6 mét dwong chéo la dwong phin gidc cua mot géc la hinh thoi.
6. Hinh vudng
Pinh nghia: Hinh vudng la ti gidc cé bon géc vudng va cé bdn canh bang nhau.
Tinh chat: Hinh vudng cé tit cd cdc tinh chdt cua hinh chit nhit va hinh thoi.
DA4u hiéu nhan biét:

e Hinh chit nhdt c6 hai canh ké bang nhau la hinh vudng.

e Hinh chit nhdt c6 hai dwong chéo vuong goc voi nhau la hinh vudng.

e Hinh chit nhit c6 mét dwong chéo la dwong phin gidc ciia mgt goc la hinh vuong.

e Hinh thoi c6 mot goc vuong la hinh vuong.

e Hinh thoi c6 hai dwong chéo bang nhau la hinh vuong.

o Mot tik gidc viea la hinh chiv nhdt, viea la hinh thoi thi tie gidc do la hinh vudng.
7. Da giac
Dinh nghia

o Da gidc 16i la da gidc ludn nam trong mt nita mat phang cé bo la dwong thang chita bat
ki canh nao cua da gidc do.

e Da gidc déu la da gidc c6 tat cd cdc canh bang nhau va tat cd cdc géc bang nhau.
Mot so tinh chat

o Tong cdc goc cua da gide n canh bang (n—2).180°.
o Mbi géc ciia da gidc déu n canh bang

e 56’ cdc dieong chéo cua da gidc n canh bang

II. CAC VI DU MINH HOA

Vi du 1. Cho tt gidc ABCD. Chitng minh rang hai duwong chéo ctia t¢ gidc ABCD vudng
goc voi nhau khi va chi khi AB® +CD? = AD? + BC?

Phan tich tim 1oi giai
Dé thdy néu t& gidc ABCD <6 hai duwong chéo vudng gbc thi
AB? +CD? = AD? + BC?, ngugc lai néu ¢6 AB? +CD? = AD? + BC?, khi d6 dé chiing minh

AC va BD vuodng goc véi nhau ta cé cac hudng sau:
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+ Huéng 1: Goi M la giao diém ctia AC va BD. Tir dinh B ha duong thang vuong goc
v6i AC tai O. Ta can chiing minh duwge M va O trung nhau. Mudn vay 1dy N trén tia d6i
cua tia OB sao cho ON =MD va ta can phai chitng minh duoc hai di€ém M va O trung
nhau. Chd y rang khi AB=BC thi ta suy ra dugc CD = DA nén hién nhién M va O trung
nhau. Nhu vay ta can xét cho treong hop AB # BC. Theo dinh li Pitago ta c6
AB’ +CD? = AM? + 2AM.OM + OM? + OB? + CM?* + MD”
BC? + AD? =OB’? + MC? -2MC.OM + OM? + MA? + MD?

Ma ta lai ¢ AB*+CD*=AD*’+BC* nén tr dbéta suy ra duoc
MO(AM+MC)=0< MO =0

+ Hudng 2: Dung BK va DH cung vuong goc véi AC. Ta can chitng minh cho hai
diém K va H trung nhau. Ap dung dinh li Pitago ta duoc

AB? +CD? = AK? + BK? + CH? + DH?; BC* + AD? = CK? + BK? + AH? + DH?
Ma ta c6 AB? +CD? = AD? +BC? nén ta duoc KH=0.
Loi giai
+ Diéu kién can: Xét tit gidc ABCD c6 hai duong chéo AC va BD vudng goc tai O
Khi d6 ap dung dinh li Pitago ta duwoc
AB? +CD? =0A? +OB? +OC? +OD?*; AD? +BC? =0A?* +OB? + OC? + OD?

Tr d6 ta dugc AB* +CD? = AD? + BC”.
+ Diéu kién du: Xét tr gidc ABCD ¢6 AB? +CD? = AD? + BC”.
Cach 1: Ta xét cac trueong hop sau B
e Néu AB=BC thitir AB*+CD?=AD?+BC” ta
duoc CD =DA
Tir d6 suy ra B, D thuc duwong trung trirc cua A M c
doan thing AC, do d6 AC L BD.
e Néu AB = BC. Khi d6 vé BO vudng goc véi AC

tai O, vé DM vudng goc voi AC tai M, vé DN DN
vuong goc voi BO tai N. Khi do6 ti gidc DMNO la

hinh chi nhat.

Khong mat tinh tong quat ta gia sit M nam gitra

OvaA.

Khi d6 4p dung dinh li Pitago ta duwoc
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AB? +CD? =OA® + OB’ + CM* +MD? = (MA + MO)’ + OB* + CM? + MD?
=AM’ +2AM.OM + OM?* + OB* + CM* + MD’

BC + AD? = OB? +OC? + MA? + MD* = OB* +(MC~OM)’ + MA? + MD*
=0B* +MC? -2MC.OM + OM?* + MA* + MD’

Ma ta lai c6 AB*+CD? = AD? + BC? nén ta duoc

2MA.OM =-2MC.OM < MO(AM +MC) =0 < MO =0

Tt 46 dan dén hai diém O va M truing nhau hay ta duwoc AC L BD.
Cach 2: Vé DH vuodng goc voi AC tai H, BK vudng

gbocvoi AC tai K

e Néu hai diém K va H trung nhau thi ta duoc

AC 1 BD A .

e Néu hai diém K va H khong trung nhau, khi d6

goi O la giao diém ctia AC va BD. Khong mat tinh

tong quat tagiastt A, H, O, K, C nam trén AC theo
te tu do.
Ap dung dinh li Pitago ta dugc
AB? +CD? = AK? + BK? + CH? + DH?
BC? + AD? = CK* + BK® + AH? + DH?
Ma ta c6 AB? +CD? = AD? + BC? nén ta duoc
AK?+CH? =CK*+AH? & AH? -CH? +CK* - AK* =0
< (AH+CH)(AH-CH)+(AK+CK)(CK-AK)=0
< AC(AH-CH+CK-AK)=2ACKH < KH=0
biéu nay vo li vi K va H khong trung nhau. Vay hai diém K va H trung nhau hay ta duoc
AC1BD.

Vi du 2. Cho tt gidc ABCD c6 hai duong chéo bang nhau. Lay cac diém E, F, G, H theo
thi tw chia trong cac canh AB, BC, CD, DA theo ti s6 1:2. Chtrng minh re‘“mg EG=FH va
EG LFH

Phan tich tim 1oi giai

Tt gia thiét cta bai toan ta suy ra duoc BE_BM_1 nén EM//AC. Tuong tu ta
BA BC 3
2

cting dwoc NF//BD. Tt d6 ta dwoc EM = gAC; NF = %BD , cht y dén AC =BD suy ra dugc

ME=NF. T& cdc duong thang song song ta thdy dugc MG=NH=%AC va
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" EMG =FNH =90° nén AEMG = AFNH. Tir d6 ta suy ra dwoc EG = FH. Mt khac goi O la
giao diém cua EG véi FH, P la giao diém ctia EM véi FH va Q la giao diém ctia EM véi FN.
Khi d6 ta thdy EOP =PQF =90° nén ta dugc EO L OP= EG L FH

Loi giai
+ Chttng minh EG =FH
Goi M, N theo thtt tu la trung diém cua CF,
DG

Tacdé CM = %CF = %BC nén ta duwoc

BM_1_BE_BM_1
BC 3 BA BC 3

Do d6 theo dinh li Talets dao ta dugc EM song

song voi AC. Nén suy ra

EM BM 2 2

—=——=—"=EM==AC
AC BE 3 3
Tuwong tu ta duoc E:g=z:>NF:%BD
BD CB 3 3
Ma ta lai c06 AC =BD nén suy ra deoc ma ME = NF. Tuong tu nhu trén ta c6 MG // BD va

NH // AC. Lai c6 MG=NH = %AC . Mét khac EM // AC; MG // BD va AC vuong goc voi

BD nén ta duegc EM vudng goc véi MG. T d6 ta duoc EMG =90° . Hoan toan teong tw thi

ta 6 FNH =90°. Tir d6 ta dwoc EMG = FNH = 90°.

Két hop v6i ME =NF va MG=NH = %AC ta dugc AEMG = AFNH nén suy ra EG =FH

+ Chtng minh EG L FH

Goi O la giao diém ctia EG véi FH, P la giao diém cua EM véi FH va Q 1a giao diém cua
EM véi FN.

Khi d6 ta c6 PQF =90° nén QPF +QFP =90°. Ma ta lai c6 QPF = OPE va OEP = QFP
Suy ra EOP = P/Q\F =90° nén ta dwoc EO L OP= EG L FH

Vi du 3. Cho t& gidc ABCD va diém M trén canh AD. Qua diém A va D vé lan luot cac
duong thang song song véi MC va MB, hai duwong thang nay cit nhau tai N. Chiing minh
rang N nam trén canh BC khi va chi khi AB song song véi CD.

Phan tich tim 1oi giai
+ Khi N ndm trén canh BC thi ta duwoc %=C—N va C—N=C—D nén
PB CB CB CQ

PA CD PQ PB

= = =
PB CQ CD CQ

. Ttr Q ké duong thang song song véi PB va cat AD, PC Ian luot tai

THCS.TOANMATH.com TAI LIEU TOAN HOC




D’ va C’ thi ta dwoc ra _¢b , te d6 ta dwoc — D_cD .TeddésuyraCvaC,DvaD’

C'D' CQ’ cQ CQ
trung nhau. Do d6 ta duoc AB//CD
+ Khi AB song song véi CD, khi d6 gia stt DN cat BC tai K va AN cat BC tai L. Khi d6 can

chiing minh ba diém N, K, L trung nhau.

Loi giai
Goi giao diém cua AB va CM la P, giao b A B
diém cta BM va CD 1a Q.

+ Diéu kién can: Ta chiing minh khi N

<
rzx

nam trén canh BC thi AB song song véi
CD.

That vay, khi N nam trén canh BC thi
Do AN//CP nén theo dinh li Talet ta co

PA_CN
PB CB

Do DN//BQ nén theo dinh 1i Talet ta c6 (é—l]\; _CD . Ttr d6 ta duoc PA_CD_ PQ_TB

= = = .
CQ PB CQ CD CQ

Tt Q ké duong thang song song véi PB va cat AD, PC Tan luot tai D’ va C'. Ta sé chiing
minh hai diém C va C’ trung nhau, hai diém D va D’ trung nhau. Vi QC’//BP nén theo

PA = <D , ttr do ta dwoc Si2) = €D . Néu minh hai diém C va C’

dinh 1i Talet ta co
C'D' CQ’ cQ CQ

khong trung nhau, hai diém D va D’ khong trung nhau thi ta dwgc DD’//CC’. Diéu nay
mau thuan. Do d6 ta dwoc PB//CQ hay AB //CD.

+ Ta chitng minh khi AB//CD thi N nam trén canh BC.

That vay, gia st DN cat BC tai K va AN cat BC tai L. Do AB//CD va BM//DK nén theo dinh

li Talets ta dwoc PA = S = CK . Ttx AL//CM ta c6 PA_CL

PB CQ CB PB CB

Tir d6 ta duoc %:E—E:CL:CK nén ta duoc L=K,dodo L=K=N hayNnémtrén

BC.

Vi du 4. Hinh thang ABCD c6 AB//CD va hai dudng chéo cat nhau tai O. Puong thang
qua O va song song véi ddy AB cat cac canh bén AD, BC theo thtt ti @ M va N.
a) Chting minh rang OM = ON .

1 2

b) Chttng minh rang AB D MN
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c)Biét S, , =a’* va S_., =b*>. Tinh S, theoavab.
Loi giai
a) Trong tam gidc DAB c6 OM song song A B
AB nén theo dinh 1i Talets ta c6 OM = oD /\/\
AB BD M N
0
Twong tu ta co ON _0Oc¢
AB AC
Ciing theo dinh 1i Talets ta co Ob_0oc
OB OA D C
. OD OoC OD OC
Do do = = =
OD+OB OC+OA DB AC
Két hop cac két qua trén ta duoc OM _ON nén suy ra OM = ON
AB AB
b) Trong tam gidc ABD c6 OM//AB nén theo dinh li Talets ta c6 O—M = D—M
AB AD
Trong tam gidc ADC c6 OM//CD nén theo dinh li Talets ta c6 ([))—l\él = i—l\[;[

Tt d6 ta duoc OM ! + 1 |_AM+DM _AD =1
AB CD AD AD
Chttng minh hoan toan tuong tu ta cting duwoc ON L+ L 1
AB CD
‘ 1 1 1 2
Suy rata co (OM+ON) ——+—— |=2 hay ta duoc + =
AB CD AB CD MN

X A 7 .7 1 7N ) \ A SAOB OB

c) Dé thdy cac tam gidc AOB va AOD co6 cung dwong cao ha tir A nén —*===——
AOD OD
7 .7 \ Ja \ \ N A SBOC OB
Cac tam giac BOC va DOC c6 cung duong cao ha tir C nén —~==——
DOC OD
S
Do d6 ta dugc =222 =—F%€ suyra S, ,.S;0c =Ssoc-Saon
AOD DOC

Malailaico S.,; =S,z hay Sios +S,08 =Spos +Sa0s NN ta dwoc S, ) =S,
Do désuyra S,.;Spoc =(Saon )2 hay ta duoc S5, =a’b* =S,  =ab

Tedésuyra S,,,=a’+ 2.ab+b2=(a+b)2.

ABCD

Vi du 5. Cho hinh thang ABCD c6 ddy nho CD. Tt D vé duong thang song song véi BC,
cat AC tai M va AB tai K, Tir C vé duong thang song song véi AD, cat AB tai F, qua F ta
lai vé duong thang song song véi AC, cat BC tai P. Chitng minh rang

a) Hai duwong thang MP va AB song song véi nhau

b) Ba duong thang MP, CF, DB dong quy tai mot diém
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" Phan tich tim 10i giai

+ D€ chitng minh MP song song v6i AB. Ta chitng minh &M
PB AM

+ D& chting minh ba duong thang MP, CF, DB dong quy tai mot diém. Ta goi I 1a giao
diém caa BD va CF roi chitng minh ba diém P, I, M thang hang
Loi giai
a) Do EP // AC nén theo dinh 1i Talets ta co6 D c
P _AF
PB FB

Do AK // CD nén theo din li Talets ta c6 M _ DC :

AM  AK
Dé thdy céc tr gidc AFCD va DCBK 1a c4c hinh
binh hanh nén AF =DC va BF = AK . Két hop cac

két qua trén ta duoc Sl = ™ nén theo dinh 1i
PB AM

dao ta co MP song song voi AB.

b) Goi I 1a giao diém cua BD va CF, khi d6 ta c6 <P = M = DC = DC
PB AM AK FB

Ma FB song song voi CD nén pbe_Di suy ra &r_Di
FB 1B PB 1B

Ttr d6 theo dinh 1i Talets dao ta co IP // DC // AB

Do d6 qua P c6 hai duong thang IP, PM cling song song vSi AB nén theo tién dé Oclit thi
ba di¢ém P, I, M thang hang hay MP di qua giao diém cta CF va DB. DO d6 ba duwong
théng MP, CF, DB dong quy

Vi du 6. Cho hinh thang ABCD (AB//CD). Chting minh rang néu AC+CB= AD+ DB thi
hinh thang ABCD can.

Phan tich tim 1oi giai
DPé chiing minh duoc hinh thang ABCD céan ta ¢6 cac y tudng sau:

+Y tudng thtr nhat ta sé chitng minh hai duong chéo AC va BD bang nhau. Ha AH
va BK cling vudng goc véi CD. Khi d6 ta duwoc AD? = AH? + HD?; BC? =BK? + CK*. Dén
day ta thady néu BD > AC thi ta dwoc DK>CH, tit d6 suy ra DH>CK nén ta duoc
AD>BC. Tir d6 ta suy ra dwoc AC+CB < AD+DB, nhung diéu nay lai mau thuan véi
gia thiét. Néu BD < AC ta cling duoc két qua tuwong tw. Do d6 ta suy ra duwoc AC va BD
bang nhau hay ABCD 14 hinh thang can.
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+Y tudng tht hai 1a chitng minh ACB = ADB d¢ hinh thang ABCD néi tiép dudng

tron.

Loi giai

Céch 1: Ha AH vuodng goéc véi CD va B vuong A B

goc véi CD (H,K € CD) . Ta xét cac truong

hop sau:
+ Truong hop 1: Néu BD > AC, khi d6 ap F E

dung dinh li Pitago cho cac tam giac vuong
AHC va BKD ta co
DK’ =BD” -BK?*; CH? = AC* - AH®

Do BD > AC va AH =BK nén ta dwoc
DK >CH, ttr d6 suy ra DH > CK.
Ap dung dinh li Pitago cho cac tam giac vuéng AHD va BKC ta c6

AD? = AH? +HD?; BC? = BK* + CK®
Do AH=CK va DH > CK nén ta duwoc AD > BC.
Tkt BD > AC va AD>BC suy ra AC+CB<AD+DB.
Diéu ndy mau thuan véi gia thiét AC+CB = AD+DB. Vay truong hop nay khong xdy ra.
+ Truong hop 2: Néu BD < AC, chiing minh twong tw nhu trén ta cling duoc
AC+CB>AD+DB
Diéu nay mau thuan véi gia thiét AC+CB = AD+DB. Vay trueong hop nay khong xdy ra.
Ttr d6 ta dwgc AC =BD hay hinh thang ABCD can.
Cach 2: Goi I va ] Ian luot 1a tam duong trong noi ti€p cac tam gidc ABC va ABD. Goi E va
F 1a hinh chiéu tuwong ting cua I va J trén AC va BD.

Do AB//CDnénta c6 S,,. =S, do d6 ta c6 IE(AB+BC+CA)=]JF(AB+BD+DA) (1)

ABC — 2 ABD

T AC+CB=AD+DB ta duwoc AC+CB+AB=AD+DB+AB.

Két hop vdi (1) ta duoc IE =JF. Mat khac ta c6 2CE=AC+BC-AB=AD+BD-AB=2DF
Xét hai tam giac vudéng IEC va JED c¢6 IE =]JF, CE = DF nén ta dwoc ICE = ]f)\F

Tir d6 suy ra ACB = ADB, do d6 hinh thang ABCD ni tiép. Suy ra hinh thang ABCD la
hinh thang can.

Vi du 7. Cho hinh thang ABCD (AB//CD, AB < CD). Goi K, M Ian luot la trung diém cta
BD, AC. Duong thiang qua K va vudng géc véi AD cat duong thang qua M va vudng géc
voi BC tai Q. Chttng minh r:?mg KM song song v6i AB va QC =QD

THCS.TOANMATH.com TAI LIEU TOAN HOC




" Phan tich tim 10i giai

+ Goi I la trung di€ém AB, E la giao diém cta IK véi CD, R la giao diém cta MI véi
CD. b€ chitng minh KM//AB ta sé chitng minh KM//ER. Mu6n vay ta can chitng minh KM
la duong trung binh ctia tam giac IER. D€ c6 diéu nay ta can chitng minh duwoc IK =KE va
MI =MR, diéu nay co thé thyc hién duoc do AKIB = AKED va AMIA = AMRC .

+ Pé chiing minh QC=QD ta sé chiing minh Q thudc duong trung truc cua CD
hay Q thudc duong trung trec ctia ER. Mudn vay ta can ching minh Q la giao diém caa
hai dwong trung truc ctia tam giac IER.

Loi giai
Goi I 1a trung diém AB, E 1a giao diém cua
IK véi CD, R 1a giao diém caa MI véi CD.
Xét hai tam giac KIB va KED c6

ABD=BDC, KB=KDva IKB=EKD Q
Suy ra AKIB = AKED = IK =KE
Chtng minh tuong ti c6 AMIA = AMRC

nén suy ra MI = MR

Trong tam gidc IER c6 IK=KE va MI=MR nén KM la duong trung binh, do d6 KM //
CD

Ma ta lai ¢c6 CD//AB nén ta dwoc KM//AB.

+Ta c6 IA =1B; KB =KD nén IK la dueong trung binh ctia tam giac ABD.

Tt d6 suy ra IK//AD hay IE//AD. Chitng minh twong tw cho tam giac ABC ta dwoc IM//BC
hay IR//BC

Lai c6 QK L AD va IE//AD nén QK LIE. Twong tu ta cling c6 QM L IR

Tt trén c6 IK=KE va QK LIE nén QK la trung trirc ttng véi canh IE cta tam giac IER.
Tuwong te QM la trung triec thit hai ctia tam giac IER

Ha QH 1L CD suy ra QH la trung tryec thit ba ctia tam gidc. Do d6 Q ndm trén trung tryec
cua doan CD

Suy ra Q cach déu C va D hay QC=QD

Vi du 8. Cho hinh binh hanh ABCD c6 duong chéo 16n la AC. Tia Dx cit SC, AB, BC Ian
lwot tai I, M, N. Vé CE vudng goc voi AB, CF vudng goc véi AD, BG vuong goc voi AC.

Goi K 1a diém d6i xiing v6i D qua 1. Chiing minh r?mg

a) — = — b) AB.AE+AD.AF = AC?

Loi giai
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a) Do AD// CM nén theo dinh li Talets ta c6 F
M _cl

ID Al
Do CD song song voi AN nén ta duoc B c
a_mo !
Al IN i «
Tir d6 ta duoe 24 =12 pay 1D? = IMIN T~

ID IN A D E N
Ciing theo dinh 1i Talets ta co DM _M

MN MB
DM CM DM CM

Nén ta duwoc = = =
MN+DM MB+CM DN CB

T ID=IKva ID* =IM.IN suy ra IK* =IM. IN . Do d¢ ta duoc
IK IN IK-IM IN-IK KM KN KM IM
IM IK IM IK IM IK KN IK
A KM IM CM CM _ ., . KM DM
Nénsuyra —=—=——=——.Kéthop véisuyra —=——
KN ID AD CB KN DN
b) Dé thay hai tam gidc AGB va AEC ddng dang véi nhau nén ta dwoc
AE_AC = AB.AE=AC.AG
AG AB
Tir d6 ta dwoc AB.AE=AG(AG+CG). Ta lai c6 ACGB > AAFC nén suy ra
AF CG CG
AC CB AD
Tir d6 ta dwoe AF.AD = ACCG = AF.AD =(AG+CG).CG
Cong v€ theo vé& hai két qua trén ta duwoc

AB.AE+AF.AD =(AG+CG).AG+(AG+CG).CG

Hay ta dugc AB.AE+AF.AD = AG® +2.AG.CG+CG* = (AG+CG) = AC’
Vay AB.AE+AD.AF = AC’

Vi du 9. Cho hinh binh hanh ABCD. Trén cac canh BC, CD 1dy lan luot cac diém M, N thoa
man diéu kién M = CN
CM 2DN

BD véi AM, AN.

=k (k 1a mot s6 cho trude). Goi P, Q Ian luot la giao diém caa

S

MNPQ — CAPQ*

Chttng minh rang S

Phan tich tim 1oi giai

~ S
Dé thdy —22 = APAQ 45 g6 de chting minh S ., =S,,, ta can chi ra duoc
o AMAN
S
2o _ LTy 46 ta tap trung ching minh ArAQ L pe oy BM Ly an
S 2 AM.AN 2 CM
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~ BM_ k __BM _ k PM_  k . AP  k+1

= = = , t d6 ta dwugc —=—— nén —= . Hoan toan tuwong
~ BC k+1 AD k+1 AP k+1 AM  2k+1
4 AQ  2k+1 o o . .
tue teong tu ta dwoc = . bén day bai toan dwoc chitng minh.
AN 2(k+1)
Loi giai
1 . S
B g —AP.AQ.sinPAQ
Dé thdy —22 = 12 —= :‘;‘2@ .Ma ta co —EM =—2(I:)N =k
s AMAN.sinMAN A N M 2DN
Nén ta dwoc BM____k hay BM__k :>BM= k
BM+CM k+1 BC k+1 AD k+1
Trong tam gidc PAD c6 MB//AD nén theo A B
dinh 1i Talets ta co BM _ m Ttr d6 ta P
AD AP M
PM k .
duwgc —=——nénsuy ra o)
AP  k+1
AP k+1 AP  k+1
= hay —= D N C
AP+PM 2k+1 AM  2k+1
Lai co =k nén %:L
CN 2k
Do do bN___1 :>DN: L .Tt‘rdésuyra£:2k+1.
DN+CN 2k+1 CD 2k+1 DN
. . R . , AQ AB
Trong tam gidc QAB c6 DN//AB nén theo dinh li Talets ta duwoc —=——
NQ DN
Tir d6 ta duoc A—Q=2k+1:> AQ = 2k+1 = AQ = 2k+1
NQ AQ+NQ 2k+1+1 ~ AN 2(k+1)
S
Do d6 ta duoc AP.AQ = k+1 . 2k+1 — AR =l:> Saro :lSAMN
AMAN  2k+12(k+1) " S, 2 2

Twdosuyra Sy, = ES avn Nén ta duoc Sy po =S 00 -

Vi du 10. Cho hinh thoi ABCD c6 canh bang a. Goi O 1a giao diém ctia hai duong chéo AC
va BD. Biét rang ban kinh duong tron ngoai tiép tam giac ABC bang R va ban kinh duong
tron ngoai tiép tam gidc ABD bang r. Tinh dién tich hinh thoi ABCD theo céc ban kinh R

var.

Phan tich tim 1oi giai
Do t& giac ABCD la hinh thoi nén hai duong chéo la duong trung truc ctia nhau.
Khi d6 tam duong tron ngoai tiép tam gidc ABC va ABD Ian luot nam trén AC va BC. Luc
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nay vé duong trung truc cia AB cit AC, BD Ian lwot tai I, K thi [, K 13 tAm cac duong trong
ngoai tiép tam giac ABC, ABD tuong ting. Khi d6 ta suy ra dwgoc KB=r va IB=R. D¢ tinh
duoc dién tich hinh thoi ABCD theo R va r ta can tinh dwgc OA va OB theo R va r. Qua B
vé duong thang song song véi AC cat IK tai E khi d6 ta thay tam gidc EBK vudng tai B co

duwong cao BM nén %+l =i2. Lai c6 AAOB @ AAMI suy ra %=% tir do ta tinh

¥ a

AM.AB _ AB?
Al 2R

ta tinh dwoc dién tich hinh thoi ABCDtheo R var.
Loi giai
T& giac ABCD la hinh thoi nén AC la B

BM.AB AB?
BK 2r

dugc AO= va tewong tu thi BO= . Két hop cac két qua trén

duong trung tric cua doan thang BD va

BD la dwong trung triec cia AC. Do vay

néu goi M, I, K 1a giao diém ctia duong A . c
|

trung trgc ctia doan thing AB véi AB, \

AC, BD thi ta ¢6 I, K la tam duong tron

ngoai tiép cac tam giac ABC, ABD 5
Tt d6 tac6 KB=r va IB=R. Lay mot

diém E d6i xting véi diém I qua M, Ta ¢

BEAI Ia hinh thoi (v1 c6 hai duong chéo

EI va AB vudng géc v6i nhau va cat nhau

tai trung diém mdi duong )

Ta c6 BAI=EBA ma BAI+ABO =90° = EBA + ABO = 90"

Xét AEBK c6 EBK =90°va duong cao BM nén ta c6 12 - = L -
BE® BK® BM
\ a ., 1 1 4
Ma BK=r, BE=BI=R; BM =— nén ta dugc —+—=—
2 R* r a
Xét AAOB va AAMI c6 AOB=AMI=90° va A chung
2
Do d6 AAOB & AAMI suy ra 22 - AM _ \o_AMAB_ AB
AB Al Al 2R
2 4
Chiing minh twong tu ta dwoc BO = BMAB _AB .Taco S,,., =2.A0.0B=2. AB .Ma
BK 2r 4Rr
2.2
theo dinh 1i Pitago ta c6 AB> =OA? + OB =~ AB!| - 4 L | = AB? = 28 I
4 R* r R™+r
3.3
Tirdé tacd S,y =t
(R2 +17 )
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'| Vi du 11. Cho hinh vuéng ABCD c6 AC cat BD tai O. Ldy M 1a diém bat ky thudc canh BC (M
khac B, C). Tia AM cat duong thang CD tai N. Trén canh AB lay diém E sao cho BE =CM .

a) Chttng minh rang tam giac OEM vudng can.

b) Chiing minh rdng ME song song véi BN.

c) Tt C ké CH vudng goc véi BN véi H thude BN. Chirng minh rang ba diém O, M,

H thang hang.

Phan tich tim loi giai
a) Dé thdy AOEB = AOMC nén ta suy ra dugc OE =OM va BOM + BOE = EOM =90° nén
tam gidc EOM vuong can.

b) Theo dinh 1i Talets ta nhan thiy 1‘3‘4—1\1& - % . Tir d6 suy ra ME // BN.

¢) D€ chitng minh ba diém O, M, H thang hang ta c6 thé goi giao diém ctia MO vé6i BN 1a
H’ va chitng minh di H” trung voi H.

Loi giai
a) Xét hai tam giac OEB va OMC. Vi ABCD la A

hinh vudng nén ta c6 OB =0C va

ABD =BCA = 45

Lai c6 BE=CM nén suy ra AOEB =AOMC.
Do d6 ta dwoc OE =OM va B/(-)TE:@ M

T

Lai c6 BOM +MOC = BOC =90° vi tt gidc
ABCD la hinh vuong

Nén ta dugc BOM + BOE = EOM = 90°, két

hop voi OE = OM suy ra AOEM vudng can tai

O

b) Vi t¢ giac ABCD la hinh vuéng nén AB=CDva AB // CD.

Do AB // CD nén AB // CN, ap dung dinh li Talet ta dwoc AM = M
MN MC

Ma BE=CMva AB=CD nén AE=BM. Do d6 suy ra Q—I\N/I=%, nén ta dwoc ME // BN.

c) Goi H' la giao diém cua OM va BN. Tt ME // BN = Ci\-/I\E =OH'B ( cap géc dong vi)

Ma OME =45" vi AOEM vudng can tai O. Nén ta dwoc MH'B = 45° = BCA

Do d6 ta dugc AOMC > ABMH' . Suy ra 3—11:4/[ - % két hop OMB = CMH ' (hai goc d6i

dinh)
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* Nén ta dugc AOMB © ACMH’ suy ra OBM = MH'C = 45°.

—

Vay BH'C=BH'M+MH'C=90" = CH' L BN
Ma CH L BN(HeBN) suy ra H = H  hay 3 diém O, M, H thing hang.

Vi du 12. Cho hinh vuéng ABCD. Trén canh BC va CD lay cac diém P va Q sao cho
P/AE =45". Ké PM song song voi AQ(M € AB) va QN song song vodi AP(N € AD). Duong

thang MN cit AP, AQ Ian luot tai E va F. Chiing minh rang EF? = ME® + NF?.

Phan tich tim 1oi giai
Quan sat hé thic can chitng minh ta lién twong dén dinh 1i Pitago cho tam giac
vuong. Do d6 mot y tuwong hoang toan tw nhién la tao ra mot tam giac EFK vudng tai K sao
cho NF =FK;ME = EK. Van dé la diém K dugc xac dinh nhw thé nao. Ta c6 thé 1ay diém K
doi xting véi N qua AQ, tir d6 ta di chitng minh K d6i xting véi M qua AP va EKF =90°.
Loi giai
Theo gia thiét ta c6 PM//AQ va QN//AP nén ta c6 A M

MPA = PAQ = NQA = 45°
Do do ta duwoc P/A\B = N/QT), suy ra hai tam gidc APB
va QDN dong dang v6i nhau. Suy ra
ND PB ND = PB.QD

— === K
QD  AB AB \
Lai c6 ﬁ/l = [TA\Q nén hai tam gidc BPM va DAQ
dong dang véi nhau. Suy ra P Q ¢
BM_QD .. QDEP
BP AD AD

Ttr d6 ta duwoc BM = DN nén ta co6 AM = AN
Goi K la diém d6i xting v6i M qua AP, khi d6 ta dugc AK = AM = AN va MAP = KAP

—

Miit khac ta lai c6 MAP +QAN = KAP + QAK = 45° nén ta duoc QAK = QAN
Suy ra hai diém K va N d6i xting véi nhau qua AQ, do d6 EN =EK, EN =FK

Tir d6 ta duoc KEF + KFE =180’ ~KEM +180° ~KFN = 360" ~2(MEP +NFQ) = 90"
Suy ra EKF =90° hay tam gidc EKF vuong tai K. Do do theo dinh li Pitago ta co

EF? =KE? + KF?
Ma ta ¢ EN =EK, EN =FK, tir d6 suy ra EF> = ME” + NF°.
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Vi du 13. Cho hinh vuéng ABCD. Trén canh CB, CD lay Ian luot cac diém E va F sao cho

BB va DE_IZK (i gck<t. Doan thang BD cat AE, AF lan luot tai H, G. Duong
BC DC 1+k

3 A g - y . . .. s PG DG
thang vuong goc voi EF ke tit A cat BD tai P. Chitng minh rang PH BH

Phan tich tim 10i giai

A7 \ \ ’ ’ , A? A ./ . A2 2 < ]-
bé ve hinh duwoc chinh xac ta co thé cho mot gia tri cu thé ctua k, chang han k = 3

(cht y 1a khi chttng minh bai toan khong duoc dung dén gia tri k :% nay). Quan sat hinh

vé ta nhan thay kha giong vdi mot s bai toan vé hinh vuoéng nang cao 16p 8. Nén ta ta thir
di theo hudéng d6 xem sao. Trudc hét ta 1dy T trén tia CD sao cho DT =BE. Khi d6 ta c6

AADM = AABE nén ta duoc TAE =90 va suy ra duoc AE=AT . Bay gio ta s& bién d6i d&
tim ma&i lién hé gitra cac ti s6 bai toan cho nhu sau
B e PE o BB PP SRk
BC CD CD CD
B

Va lai ¢6 %:k@n CD+BE _ CT

=1+k nén ta duoc l+k< —=1+k
CD

Tt d6 suy ra CE_1-k nén bF _CE hay E:g,véiké'tquénéyth‘l AFD = TEC
CT 1+k DC CT DA CT

bén day ta nhan thdy tam giac AEF c6 ba duong cao AK, EG, FH dong quy tai diém O, khi
d6 ta thu duoc cac két qua nhvw AAFT = AAFE nén FT =EF va AAFD = AAFKnén suy ra
DF=KF. Ttr d6 ta dwgc BE=DT=EK va DG =GK. Mat khac ta lai c6 AHEK = AHEB

nén HK=HB. Nhu vay d€ ching minh Pe DG ta can chi ra duoc E=E Tu
PH BH PH KH

nhién diéu nay hoan toan c6 thé duwoc do KP la duong phéan giac cta tam giac GKH.

Loi giai
Trén tia CD 1ay diém T sao cho DT =BE. Khi A B
do ta c6 AADM = AABE nén ta duoc
. H
TAE =90° .
P

Ttr d6 ta suy ra tam gidc TAE vuong can nén
AE=AT. Z K
T gia thiét ta c6

EB E BE ! 7 ] ©

—=keo—=keol-—=1-k

BC CD CD

@ijl—k@E:l—k
CD D
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Laicéﬁ=k<:>1+ﬂ=l+k
BC CD
Neén ta duge 0P8 ke SL 14k
CD
Tfrd(')tasuyrag=§.Dod(')tad‘ux,ycE:ghayE:g
CT 1+k DC CT DA CT

Tt d6 ta duoc hai tam giac DAF va CTE dong dang véi nhau, nén suy ra AFD =TEC.
Gia sir ET cit AF tai G, khi d6 ta ¢ G'EC+G'FC =180° nén tir gic G’ECF ndi tiép duong
tron. Ttr d6 suy ra EG'F=90". Tam giac TAE vuong c6 G’ la trung diém ctia ME nén

G'C=AG'= %TE . Diéu nay ching t6 hai diém G va G’ trung nhau. D€'y la t& giac ABEG

ndi ti€p duong tron nén ta duge AEG = ABD = EAF =45° = BDC. Suy ra tt gidc AHFD ni
tiép dwong tron, nén ta duoc AHF =90° hay FH L AE . Tt d6 ta duoc cac duong cao AK,
EG, FH dong quy tai O.

—

Cac ti giac OGFK, OHEK, FGHE ndi tiép, suy ra GKP = GFH = GEH = PKH
PG KG

Do d6 KP 1a duwong phan giac cua tam giac GKH, nén ta duoc —=——
PH KH

—

Lai co AAFT = AAFE nén FT =EF va AFT = AFE, ATF = AEF = AEB

Do d6 ta duoc Kﬁ) = KI-JT( nén ta dugc AAFD = AAFK, suy ra DF =KF
Tir d6 ta duwoc BE=DT=EK va DG=GK. Mat khac ta lai c6 AHEK =AHEB nén
HK =HB

DG

Tt cac diéu trén ta duoc re _DbG . Vay ta c6 diéu phai chttng minh.
PH BH

Vi du 14. Cho hinh vuoéng ABCD c6 canh a. Trén cac canh BC, CD 14y Ian luot cac diém M

va N thay d6i sao cho MAN = 45°. Chitng minh rang chu vi tam gidc CMN khong phu
thudc vao vi tri diém M, N. Tt d6 xac dinh vi tri cia M va N dé€ dién tich tam giac CMN
16n nhat.

Phan tich tim 1oi giai
+ Dé€ chtrng minh chu vi tam gidc CMN khong phu thudc vi tri diém M ta di chting
minh chu vi caa tam gidc CMN bang C,, =CM+MN+CN=BC+CD=2a.

+ Dat CM=x, CN =y, taco S, = lx.y. Chu y la theo dinh 1i Pitago ta co

CMN
2

MN? = x* +y” nén ta duoc MN =/x* +y*> do d6 x+y+/x>+y” =2a. Bai toan quy vé tim
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gia tri 1on nhat cua biéu thic S, =

1 7. SA A 4 n
Sy Vo ditu kién x+y+,/x*+y* =2a. Dy doan dau
bang xdy ra tai x=y va 4p dung bt dang thitc Cauchy ta c6 thé gia dwoc bai toan.

Loi giai

Tt A ké duong thang vuong goc véi AM, duong

thang nay cat duong thang CD tai E.
Khi d6 ta c6 EAD = MAB.
Xét hai tam giac vuong ADE va ABM co

EAD =MAB va AD = AB
Do d6 AADE = AABM, suy ra DE = BM, AM = AE

va DAE = MAB. Tir d6 ta duoc EAN =45°.
Xét hai tam giac AMN va AEN c6 AM =AE, MAN =EAN = 45" va AN la canh chung
Suy ra AAMN = AAEN nén ta dugc MN = NE

Goi C la chu vi tam gidc CMN, khi d6 ta c6

CMN

Com =CM+MN+CN=CM+EN+CN=CM+CN+BM+CN =BC+CD =2a
Do d6 chu vi tam giac CMN khong d6i.
b3t CM =x, CN =y, theo dinh i Pitago ta c6 MN? =x* +y* nén ta dwgc MN =,/x* +y’

Ta cd Sy :%x.y VG x+y+4xX* +y® =2a

Theo bat ding thitc Cauchy ta c6 x+y >2\/xy va \*+y? >[2xy

Do d6 ta duoc 2a =x+y+,/x" +y’ 2\/5(2+x/§):>\/g§a\/§(\/§—1)
Do d6 ta dwoc xy < 2a’ (\/5—1)2 nén S, <a’ (x/E—l)z

D&u bang xdy ra khi x=y=a\/§(\/§—1) hay BM=CN=ax/§(\/E—1)

Vi du 15. Cho hinh thoi ABCD. Dyng cac tam gidc déu AKD va CDM sao cho K, B thudc
ntta mit phang bo AD va M thudc nita nita mit phang bo CD khong chita diém B. Chiing

minh réng ba diém B, K, M cling nam trén mot dudng thang.

Loi giai

Dat BAD = o . Khi d6 ta xét cac trueong hop sau
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+ Truong hop 1: Néu a <60° . Khi d6 tir tam giéc K
ADK ta tinh duoc KAB =60° - . Tam gidc ABK
can tai A nén suy ra

s 180° —(600 —a)

—60"+ <.
2

Mit khac dé thay cac diém A, K, C, M cing nam
trén duong tron tam D ban kinh AD. Do d6 ta co
ADM =360° - ADC-CDM

=360° —(180° ~a)-60° =120’ +
Ttr d6 suy ra duoc ADM =2AKB , tir day ta duoc ba diém K, M, B thang hang,.
+ Trueong hop 2: Néu « > 60°. Khi d6 dé thay B
tam gidc ABK can tai A
Do do ta dwoc

__180° —(a—60°)
ABK = AKB =

—120°-&
2

Ta can chiing minh duoc

BAK + AKD + DKM = 180° D

Hay ta can chitng minh

1200—%+600+D/KT/1=180° @D/K\M:%.

That véy, ta 6 KDC =180° —a —60° =120° -

Nén suy ra KDM =120° -~ +60° =180° —«

— 180"—(180°-a)
Tam gidc KDM can tai D nén DKM = 5 =5

Tir d6 ta dwoc BKM =180" hay ba diém B, K, M théng hang.

Vay ta ludn c6 ba diém B, K, M cling thudc mot duong thang.

Vi du 16. Chttng minh rang véi moi ti gidac ABCD ta ludn c6
AC? +BD? < AD? + BC? +2AB.CD

Loi giai
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V& AH va BK vuéng gbc véi CD véi H, K thude CD. A

Khong mat tinh tong quat ta gia st AH > BK. Khi d6 ! B
vé Bl vudng goc AH tai I. Khi d6 HIBK 1a hinh chix
nhat. Ap dung dinh li Pitago ta dwoc

AD? =HD? +HA? va AC* = AH? +HC”.

Tir d6 ta duoc

AC’ - AD’ = (AH* +HC?) - (HD? + HA? ) = HC* - HD’
=(HC+HD)(HC-HD)=CD(HC-HD)

Chitng minh hoan toan twong ty ta duge BD® -~ BC? = CD(KD -KC)

Do d6 ta duge AC* - AD? + BD* -BC* = CD(HC-HD)+CD(KD-KC)

Suy ra

AC* +BD” -(AD? +BC?) = CD| (HC - HD)+ (KD -KC) | = CD(HK + HK ) = 2CD.HK

Hay ta dwoc AC”+BD? = AD” + BC” +2CD.HK

Ma ta ¢ HK < AB. Do d6 ta dugc AC* + BD? < AD* +BC* +2AB.CD.
Dau bang xdy ra khi va chi khi t& giac ABCD la hinh thang.

Vi du 17. Cho hinh vuéng ABCD c6 canh b?mg 1. Lay cac diém M, N, P, Q lan luot trén cac
canh AB, BC, CD, DA sao cho chu vi tam gidc BMN la 1 va MP//AD, NQ//AB. Tinh khoang

gia tri ma chu vi ctia tam gidc DPQ ¢4 thé nhan duoc.

Phan tich tim 1oi giai

Bai toan quy vé tim gia tri 16n nhat va gia tri nho nhat ctia chu vi tam gidc DPQ.
Theo bai ra ta c6 BM+BN+MN =1 va chu vi cta tam gidc PDQ la DP+DQ +PQ.

bat BM=x; BN=y; DP=a=1-x; DQ=b=1-y va goi p la chu vi tam giac DPQ.
Khi d6 ta cd x+y+4x*+y> =1 va p=a+b++a’+b’. D€ tim dwoc gia tri 1én nhat va nho
nhat cta p ta can tim diéu kién cua a va b. Ta sé tim diéu kién ctia a, b t

X+y+4X> +y* =1. Ap dung bat dang thtic Cauchy ta c6 /x* +y* > %(x+y) nén ta dugc
2

2
\/§+1

132(x+y):>x+y2% suy ra a+b£%. Két hop hai két qua ta duoc x/§£a+b£%. Ta can

X+y<

=2-42 tr d6 suy ra a+b>+2. Lai o6 x’+y’<x+y nén

tim gid tri lon nhdt, nho nhdt cia p=a+b++a’+b®> vé6i diéu kién cua bién la
3

V2<a+b<Z.
2

Loi giai
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Ddt BM=x; BN=y; DP=a=1-x; DQ=b=1-y. Goi

p la chu vi tam giac DPQ. Vi chu vi ctia tam giac BMN
bang 1 nén tacé BM+BN+MN=1. Q N

Theo dinh li Pitago ta suy ra duwoc x+y+,/x*+y* =1.

Ap dung bat dang thitc Cauchy ta dwoc

2 2. 1
X2_|.y2 ZT(X+y) 5 3 2 .

2

Do d6 ta duwoc 12(1+Lj(x+y)

7z
52 \/E(\/E—l)
\/E+1: 1

nén suy ra a+b>+/2. Ta c6 chu vi tam giacDPQIla p=DP+DQ+PQ=a+b+PQ

Hay ta duoc x+y < =2-+/2. Talai c6 a+b=1—x=1—y=2—(x+y)

Theo dinh li Pitago ta dwoc p=a+b++a’+b” > (a+b)(1+ij2 2+1.

N
2-2

Ttr d6 suy ra pr/E+1,dé’ub5ng xay ra khi va chi khi X=y=—0—.

Talai c6 xX* +y° S(x+y)2 nén ta duge x> +y° <x+y.

Tte d6 suy ra 132(x+y):>x+y2%.Tt‘1’dé dan dén a+b§%.

Tk x+y+4x>+y* =1 tacod (1—x—y)2 =x’+y’ <:>—x—y+xy=—%

: _1 _1
Do d¢ ta duoc (1—x)(1—y) =3 hay ta dwoc ab 5
Tt a+b<2 taduoc 4(a+b)’ <9=4(a+b) —4<5.
2
Két hop véi ab—ztadu’oc 4(a+b) 8ab£5:>4(a2+b2)£5:> a2+b2S§

3 \/_ 3+\/_

T cdc két qua trén ta thu dugc p=a+b++a’ +b2<5 ER

Dau b:?mg xay ra khi va chi khi (X;y) = (0; %), [%, 0). Vay ta duoc \/E+ 1<p< 3+2\/§ )

Bai 18. Cho hinh binh hanh ABCD c6 hai duong chéo cit nhau tai O. cac dwong phan giac
cta cac goc tao boi hai duong chéo ctia hinh binh hanh cit cdc canh AD, AB, BC, CD Tan
lwot tai M, N, K, L. Tinh ti s& dién tich cita MNKL va hinh binh hanh ABCD biét

AC=a; BD=b

Phan tich tim 10i giai
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1

Dé thdy S AC BD.sina _1ab sina va S 25w =25 NKKLsina.

ABCD MNKL

Nén dé tinh dwoc ti s6 dién tich hinh binh hanh ABCD va t& giac MNPQ ta can tinh duoc
NK va KL theo a, b.

Loi giai
Gia sir BOC = o khi d6 ta dwoc A N B

:%AC.BD.sina =%ab sina . M

S

ABCD

Dé dang chitng minh duoc ti gidc MNKL la K
hinh thoi va theo tinh chat duong phan giac

trong tam giac ta co
AN AO CO CK va
BN BO BO BK
AM AO OC CL
DM DO OD DL
Ap dung dinh li Talets dao ta suy ra dwoc KN//AC va MN//BC, tlt d6 suy ra NKL=q.

1 S S MNKL K

=25, =2.—NKKL.sine . Tt d6 ta duwoc =
2 ab

ABCD

bat MN = x khi do ta dwoc S

MNKL

Goi P la giao diém ctia KL va CA, khi d6 LOD = PLO va POL =LOD nén POL =PLO.
Diéu nay dan dén tam giac OPL can tai P. Chttng minh twong tu ta duoc tam giac OPK

can tai P.
Tl‘rdésuyraKP:PL:POhayOP:%Kng.
Mat khac do KL//BD nén ta c6 Kp_PL _CP suy ra CP _ KP+PL
BO OD CO CO BO+OD
a X
2 2 S
Hay taduge =0 =KL 2 2 _X_ 8 1y 46 suy ra Jwwa 23D
CO BD a b a+b Swsco (a+b)

Vi du 19. Cho that gidc déu A A, A A,AA A, va mot diém M bat ki. Chtiing minh rang:
MA, +MA, +MA_+MA, >MA, +MA, +MA,

Loi giai
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Trudc hét ta phat biéu va chitng minh dinh li
Ptoleme dwdi dang b6 dé: Cho tit gidc ABC va mot
diém D nam khac phia v6i B so véi AC, khi d6 ta
luén c6 AB.CD + AD.BC > AC.BD

That vay, xac dinh diém M trong t& giac sao cho

MDA = ACB va MAD =BAC.

Khi d6 AADM e AACB suy ra AD.BC=ACMD

T két qua trén c& AABM® AADCsuy ra
AB.CD = AC.BM

Do do ta ¢cé

AB.CD+AD.BC =(BM+MD)AC > ACBD

Tro lai bai toan: Dat A/ A, =a; AA,=b; AA, =c.

Ap dung bd dé trén cho tam giac A A, A, va diém M ta dwoc (AlM + ASM).a >MA, b
Ap dung b3 d@ trén cho tam gidc A,A A, va diém M ta duoc (A,M+A M).a>MA, b

T d6 ta dwoc (AM+AM+AM+A M)az(MA,+AM)Db

Ap dung bd dé trén cho tam giac A,A A, va diém M ta dwoc (AZM +A6M).b >MA,.c

Tt d6 ta lai c6 (AM+AM+AM+A M)a>AM.c
1.1
C

Tir d6 ta suy ra (AM+AM+AM+A M)a (E+_] >AM+AM+AM

Ap dung bd dé trén cho t¢ gidc A A A, A, ndi ti€p ta dueoc ab+ac=bc= a(% + 1) =1

Do dé ta dugc MA, +MA, +MA_+MA, >MA, +MA, +MA

C

D&u dang thitc xay ra khi tat ca cac bat dang thikc trén dong thoi x4y ra, titc 1a M nam trén

cung nhd A A, cua duong tron ngoai ti€p da giac A, A, A, A, A A A, .

Vi du 20. Cho da gi4c ABCDEF c6 CAB = CED =30°, ACB = ECD =20°, FEA = FAE = 40".

Chting minh rang tam giac BDF 1a tam giac déu.

Loi giai
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Vé tam gidc déu AFQ sao cho FQ cat duong thang
AE.

Ta c6 EAQ = FAQ-FAE = 60° — 40°

Va lai c6 QFE = AFE— AFQ =100° —60° = 40" .
Tam gidc EFQ c6 EF =FA = AQ nén ta duoc

—  — 180°-QFE _180°-40°

EQF = QEF =—— S =70'()

Do d6 ta duoc 6ETA :ﬁ—ﬁ =70° —40° =30°
Xét ba tam giac ABC, EDC va EQA cé

<7

<
N —=

D

BAC = DEC = QEA = 30° v BCA = DCE = QAE = 20"

AB _ED EQ

Nén ta degc AABC @ AEDC «» AEQA, suy ra

Xét hai tam gidc ACE va QED c6 ACE = QEC+30° = QED va

QD _ED

Do d6 ta dwgc AACE @ AQED nén ta duwgc —

AC EC

AC CE EA

)

AE _EQ
CE ED

)

Tir (2) va (3) ra duoc QD = AB. Ta c6 FAB=EAC+70° = EQD +70° = FQD

Ta c6 AAFB = AQFD vi c6 AB=QD, AF = QF v FAB = FQD

Do d6 tam giac BDF la tam giac déu.

— e~ e~ -

Vi du 21. Cho da gidc ABCDEF théa man céc dieu kién B+D+F =360° va

ﬁ.£.£=1. Chting minh rang: Eﬂm:l
BC EF AF CA EF DB
Loi giai

L4y diém P ndm ngoai da gidc sao cho
FEA = DEP va AFE =EDP
Khi d6 ta dwoc AFEA > ADEP, suy ra ta

duoc

A P
EF DE ' ED EP

Tt gia thiét ﬁﬂ@ =1 ta duoc
BC EF AF

AB DE AF DE DP DP

BC CD FE DC DE DC
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Tir gia thist B+D+F =360 ta duoc ABC =CDP

Lai c6 AB = bp nén ta dugc AABC > APDC suy ra B = cA
BC DC CD CP
g — — . , EF EA
Tir FEA =DEP ta dwoc FED = AEP, lai ¢6 ) = 0 nén ta dwoc AFED > AAEP
, FD AP _ . , , A B R oD B Gk
Do d6 ta duoc TE = N Mat khac ta co0 AABC «> APDC nén BCA =DCP = BCD =PCA
Do d¢6 ta dugc ABCD «» AACP, suy ra BC_AcC
BD AP

FD BC_AP AC_AC,_BC AE FD
FE BD AE AP AE 0 CA EF DB

Tt d6 suy ra

Vi du 22. Cho da giac A|A,A A,A A A A, c6 cac canh la cac s0 hitu ti va cac goc ctia da

giac bang nhau. Chitng minh rang cac cap canh d6i dién song song va bang nhau.

Phan tich tim 1oi giai
Nhén thdy cac tam giac AA/A,, BAJA,, CA,A,, DA A, la cic tam giac vudng

7

AA g (A ) AL AA
V2

"R N RN

ABCD la hinh chit nhat nén cac canh ddi dién cta da giac A|A,A A, A A A A,. Tacan

can nén ta tinh duoc AA, =

. Do dé t& giac

chiing minh dwoc A/A, = A_A, va dp dung tuong tu. Ta tinh duwoc

A A A A A A A A
=—L 81 AA =22 vaCD=—""1AA, +—=" nénsuy ra
V2 V2 V2

V2
1

AA,-AA =—=(AA+AA -AA -AA,). Chiylacac canh cua da gidc la cac s6

N

hGtutinén A A, -A,A, =0 hay A A, =A_A, . Dén day ta trinh bay 10i giai nhw sau.

AB

Loi giai

Do da giac co6 cac goc o cac dinh bang nhau nén

Ay
(n-2).180°  6.180" ®
mbi goc c6 s6 do 1a = =135". / \
n 8 Ag Ag
Ag

Kéo dai cac canh cuia da gidc, ching cat nhau tai

cac diém A, B, C, D nhu hinh vé.

Khi d6 ta c6 AA A, =45, hoan toan tuong tu
ta duoc cac goc ngoai cua da giac déu c6 s6 do

1a 45°.
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Nén cac tam gidc AA A, BAJA,, CAA,, DA A, la cdc tam gidc vudng can. Ttr d6 ta
duogc tie giac ABCD la hinh chit nhat. Suy ra cac canh d6i dién cua da giac
AAAAAAA A, song song vGi nhau.

Xét tam gidc AA A, tacd AA, = \/_8 . Tuong tw ta co
ALA, AA A A,
BA, =23, CA =425 DA =
R V2 N
A A ALA
Khi d6 ta dwoc AB=AA +A A +AB="1_84A A =20
V2 V2

A A A
2+ AA =

V2

A A AA, AA A A
Do AB=CD néntadwoc /=2 +A A =—23=-"4 5L A A + &7

2 N 2 T
AA, AA AA, AA 1

N M RN N RN 1

Do cac canh cua da giac A,A,A A, A A A A, lacacsOhttutinén AJA, —A_A, las6hitu

Tuwong tw ta cling c6 CD =

Suyra AJA,-AA =

(AA+AA -AA -AA))

ti

Suy ra i(AlAS +AA -AA -AA) lasd hitu ti.

N

Do d6 i(AlAg +AA -A A -AA )=0,néntadugc A A, -AA, =0 hay

V2
AA, =AA,
Hoan toan twong tir ta chitng minh duwoc AJA, =A A ; AL A, =A A,; A A =AA,

Vay bai toan duoc chitng minh xong.

Vi du 23. Cho t& giac 16i ABCD. Goi M va N Ian luot 1a trung diém ctia AD va BC. Goi P la
giao diém ctia AN va BM, Q la giao difm ctia DN va CM. Chiéing minh ring
PA_PB_QC QD

PN PM OM ON

Loi giai
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Cach 1: Ta c6 nhan xét nhue sau: Néu hai tam gidc cd
canh day hodc chiéu cao bang nhau thi ti s§ dién tich
bang ti s chiéu cao hoéc canh day twong tng.

Tt nhan xét d6 va dé M, N la trung diém cua AD va BC
nén ta duoc S, +S.,p =25 ap VA S,pe +Sppe = 2Sype
Tir d6 ta duoc

PA + PB + QC + QD _ 2SABM + ZSABN + 28CDN + 2SCDM

PN PM QM ON 2S_.. 2S.. 2Suon 2Scau
— SABD + SABC SDBC + SCAD — z(SNAD + SMBC ] > 4
SMBC SNAD SNAD SMBC SMBC NAD
25, =25

MBN hay AB//MN//CD.
2SNDM = 2SMCN

Déng thiec xdy ra khi va chikhi S, =S, ;. < {
Cach 2: Goi giao diém ctia MN va PQ 1a O. Cac duong thang qua A, B, C, D song song voi
MN cit PQ Ian luot tai E, F, H, K. Theo dinh li Talets ta c6

PA- PB QC QD AE BF CH DK AE+DK BF+CH
+—t + = + = +

= =+ —+ =
PN PM QM QN ON OM OM ON ON OM
20M 20N OM ON
ON OM ( ON OMJ

Déng thtic xay ra khi va chi khi

hay AB//MN//CD

AE=AE' BF = AE' B=A'
AB//MN//CD OM =ON < { { {

= =
DK =KD' CH=KD' C=D'

Vi du 24. Cho tam gidc ABC vudng can tai A. Goi M 1a trung diém ctia BC, goi G la diém
trén canh AB sao cho GB=2GA. Cac duong thang GM va CA cit nhau tai D. Puong
thdng qua M vuong géc voi CG tai E va cat AC tai K. Goi P 1a giao diém cta DE va GK.
Chting minh rang DE = BC va PG=PE.

Loi giai
Lay diém Q ddi xtng v6i G qua M. Khi b 3
do tit gidc BQCG Ia hinh binh hanh. Suy
ra CQ//AB.

Ma ta co AG=%BG=%QC nén AG la PNk

duwong trung binh ctia tam giac DQC. Do
dé A 1a trung diém ctia DC va G l1a trong

tam ctia tam giac BCD. Q
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y

| 4

~ Goi J 1a diém d6i xiing v6i B qua A. Khi

doé ta giac BCJD la hinh vuong. Duwong

thang CG cat BD tai F va cat duong thang

JD tai T. Dé thay F la trung diém caa BD,

tir d6 suy ra BC=DT =D]J.

Mit khac hai tam giac vuong JMC va CFB bang nhau nén ta dwoc MJ L FC. Do d6 ba
diém M, E, | théng hang. Do d6 tam giac TEJ vudng tai E va D la trung diém cta TJ, nén ta
dwoc TD = DJ = DE.

Suy ra DE = BC. Hon nita do K la trong tam tam giac BCJ] nén ta duwoc AK = %KC .
GP EP PK
TD ED DJ
Do d6 ta dugc PG =PK, suy ra PG =PK =PE. Vay ta duoc DE=BC va PG=PE.

Do d6 ta dwoc GK//BC//T]. Nén theo dinh li Talets ta dwoc

Vi du 25. Trén cung AB ctua duong tron ngoai ti€p hinh chit nhat ABCD, 1y diém M khac
A va B. Goi P, Q, R va S la hinh chiéu ctia diém M trén cac duong théng AD, AB, BC va
CD. Chting minh rang duong thang PQ va RS vudng géc véi nhau va giao diém cua

chiing nam trén mot trong hai duwong chéo hinh chit nhat.

Loi giai

Trudc hét ta phat biéu khong chitng minh bo dé sau: M

Tt giac ABCD c6 hai duong chéo vuong goc voi

nhau khi va chi khi > B
AB® +CD’? = AD? + BC?

Tt gia thiét dé thay cic t& gidc APMQ, MRBQ,

MRCS, PMSD Ia cac hinh chit nhat va P, M, R ciing

nhu M, Q, S 14 cac cip diém thing hang.

bat
AQ=PM=a,MQ=RB=x;BC=QS=b;MR=0QB=y
Ta c6 MAB =MCB do d6 AAQM % ACRM

AQ:QM: a =i:>ay=x2+bx
CR RM b+x y

Suy ra
St dung dinh ly Pytago ta co
PS” +QR’ =(MS? + PM” ) +(RB? +Q]32)=(b+x)2 +a2+ x4y

=b’ +2bx+x’ +a’+x* +y’ =a’ +b2+yZ+2(x2 +bx)

THCS.TOANMATH.com TAI LIEU TOAN HOC




R* +QS? =(a+y)2+b2 =a’+2ay+y’ +b’=a’+b’ +y’ +2ay

Twr d6 ta dwoc PS* + QR? =PR* + QS’*. Nhu vay theo b dé trén ta dwoc PQ L RS.

Goi giao diém cta PQ va RS 1a I. Do PQ vuoéng géc voi RS nén nam diém M, R, B, I, Q
thudc duong tron duong kinh QR. Suy ra ]?IT( = B/QT{ Twong ty nam diem P, M, I, S, D
thudc duong tron dudng kinh PS nén DIS=PSM. Do MS L PR tai M nén Q la tryc tam

caa APSR. Do d6 ta dwgc QR L PS, ttt d6 suy ra I’/SM = B/Q\R Neén ta duoc ]?ITQ = ISI\S Do
d6 D, 1, B thang hang hay I thudc duong chéo BD.

Vi du 26. Cho hinh thang ABCD c6 hai dwong chéo cit nhau tai O. Goi M va M Ian luot 1a
trung diém ctia BD va AC. Diém K d8i xting véi O qua MN. Puong thing qua K va song
song voi MN cht AD, BC, BD, CA Tan luot tai P, Q, E, F. Chttng minh r?mg PE=QF.

Phan tich tim 1oi giai
Qua O ké duong théng song song voi MN cit AD, BC Ian luot tai I va H. Ta c6 K
va O ddi xiing vdi nhau qua MN nén ta c6 MO=ME va ON=NF. Lai c6 MB=MD va
PE DE OB OB.OI v

NA =NC do d6 OB=DE va OA=FC. Tt d6 ta dwuoc —=——=——=PE=
Ol DO OD OD

OA.OH

twong tw thiQF = . Nhu vay dé chitng minh duoc PE = QF ta can phai chi ra duoc

OB  OA
OD.OH OCOI'
MG _DM_BD OG_AN_AC . MN_ 1 AC BD N

= nén —— —————|. Twong tu ta cling duoc
Ol DO 20D’ Ol AO 2A0 Ol

AO BO
MN_l(BD_AC

Chat 'y theo dinh i Talets ta  thu  dwoc

OH 2\BO OC

OB  OA OBMN OAMN OB(BD AC)_OA(AC BD
OD.OH OC.OI OD.OH OCOI OD OB OC) OC{OA OD

j . Do do ta duwoc

., BD OABD _AC OBAC _ BD(OA+OC) AC(OB+OD) BD.AC
OD  OCOD  OC ' OCOD OC.OB OCOD  OCOD

bén day bai todn xem nhu duwoc chitng minh.

Loi giai
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~ Qua O ke duong thang song song véi MN cét
. AD,BClanluot tai I va H. Ta ¢6 K va O doi

xttng véi nhau qua MN nén ta c6 MO = ME
va ON =NF. Laico MB=MD va NA =NC

do do ta dwoc OB =DE va OA =FC

PE DE OB OB.OI
Suyra —=——-=—=>PE=—°—.

Ol DO OD OD
Chttng minh tueong tw ta dwoc QF = OAOH .

OoC
Puong thang MN cat AD va BC lan luot tai G
va].
Theo dinh li Talet ta c6 MG = DM = BD ; oG = AN = AC
Ol DO 20D OI AO 2AO0
Trir theo vé hai déng thirc trén ta duoc MN = 1fAC_BD . Twong tw ta dwoc
ol 2({AO BO

MN 1(BD AC
OH 2(BO OC)
, BD.AC BD(OA+OC) AC(OB+OD)
Ta co = =

OC.OD OC.OB OC.OD

BD  OABD AC OBAC _ BD OBAC_AC OABD
OD OCOD OC OCOD ~OD OCOD OC OCOD

- OB [BD _ACJ: OA(AC ~ BDJ@ OBMN _OAMN OB _ OA
OD{OB OC) OC\OA OD) ODOH OCOI ~ODOH OCOI

Vay ta duwoc PE =QF.
Vi du 28. Cho t& gidc ABCD, trén cac canh AB, BC, CD, DA lay lan lwot cac diém M, N, P,

. Do d6 ta duoc

Q sao cho AM =m; BN =n; cP =p; DQ =q thoa man diéu kién (1—mp)(l—nq) <0.
MB NC PD QA
Chting minh rang;
SMNPQ < MaX{SABC; SBCD; SCDA; SDAB}

Phan tich tim 1oi giai

Nhan th&y S, o0 =Sasco ~(Saom +Seun +Scap +Sprq ) - Tl yéu cau can phai chiing
minh ta di im m&i lién hé tinh dién tich cac tam gidc AQM, BMN, CNP, DPQ véi cac tam
gidc ABC, BCD, CDA, DAB. Dé dang tinh dugc

S P Sepo P . S aqu m

(p+1)(q+l)’ S5 - (q+1)(m+1)

BMN n

Sy (m+1)(n+1) Se  (p+1)(n+1)" Spen
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bat S= Max{S do dé ta

duoc S+s=S

ABCS Sbcps Scpas O

CDA’

; s=Min{S

ttr d6 ta can chiing minh S

;S

ABC’

;S

BCD’

MNPQ < SABCD -s=S.

S S S S

BMN + CNP + PDQ + AQM

DA’ O

DAB } DAB } Y

ABCD’

Nhén thay S, +Sgyun +Scnp +Spro = s[ J nén bai toan sé duoc

SBAC SCBD SDCA ADB
¢ 1 1 7 SBMN SCNP SPDQ SAQM A N /.
chitng minh khi ta chi ra dwoc + + + >1. biéu nay tuong duong vdi
BAC CBD DCA SADB
n P P

—_

q+1) (q+1 )( IR

1- mp)(l nq) tirc 1a bai toan duoc

(m+1)(n+1) (p1)(n+1) (p+1
Bién d6i twong duwong bat dang thitc trén ta dugc

)
(

chttng minh.
Loi giai
Ta cod A
M
SBMN BM BN  BM BN 1 n B
Spac " BA 'BC BM+MA’ BN+NC 1+m 1+n
Q N
Do d6 ta dwoc Spuy = 0 .
BAC (m+1)(n+1)
P c
Chttng minh tuong tw ta dugc P
Senp P . Sepo _ p . S pqu m

Scep B (p+1)(n+1)’ Spea B (p+1)(q+1)' S,p5 (q+1)(m+1)
Do do ta dwoc
SBMN +SCNP +SPDQ +SAQM — n + P + P + m
S Seip Spea Saps (m+1)(n+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1)

a di chirng mi n + P + P + = =
Ta di chimg nh(m+1)(1r1+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1) !

That vay, bat dang thiic trén twong duong voi
n(p+1)(q+1)+p(m+1)(q+1)+q(m+1)(n+1)+m(n+1)(p+1)
2(m+1)(n+1)(p+1)(q+1) <:>(1—mp)(1—nq)£0
B4t dang thitc cudi cling ludn ding. Do d6 bat dang thirc trén dung.

BAC

bat S =MaX{SABC; Secns Scpas SDAB}; S =Min{SABC; Secp7 Scpas SDAB}
Do dé ta duwgc S+s=S,,,, tit d6 suy ra
S S
SMNPQ =S50~ (SAQM +Spun TSenp + SDPQ S apep ~ SBMN CNP SPDQ +— J
BAC  Scep DCA ADB
=S spcp ~8 . F F + = J
(m+1)(n+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1)
<S -s=S

ABCD
Do d6 ta duoc Synrg S Max{SABC; Secns Scoas SDAB} .
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"| Vi du 29. Cho ti gidc ABCD. Chitng minh rang:

2 2
Min{AB,BC,CD, DA} < @

<Max{AB,BC,CD, DA}

Phan tich tim 1oi giai

2 2
+ Dé chiing minh # <Max{AB,BC,CD, DA} ta can biéu dién AC* +BD’

theo AB, BC, CD, DA.

biéu nay lam ta lién twdng dén dinh li Pitago hodc cong thitc duong trung tuyén, tuy
nhién o day ta chon st dung cong thitc duong trung tuyén hon vi dé€ tinh dwgc AC* va
BD? la chi can xac dinh M, N Ian luot la trung diém cua AC va BD va &p dung cong thtic.
Ngoai ra dé€ st dung dinh li Pitago ta can c¢6 tam giac vudng, ma trong trueong hop nay ta
khong biét nén ké duwong vuong goc tir diém nao ca.

Nhu phan tich ¢ trén khi ap dung cong thitc duong trung tuyén ta duoc

4BM® =2(AB’ +BC*)-AC’va 4DM* =2(AD’+DC?)-AC® nén

2(BM’ + DM’ ) = AB* + BC* + AD* + DC* — AC’. Lai ép dung cong thitc duong trung tuyén
thi ta duoc 4MN” =2(BM’ + DM? ) -BD’. Dén day thi ta thu duoc

AB’ +BC? +CD? + DA? = AC? + BD? +4MN?” > AC? + BD? tir d6 suy ra

JAC? + BD? 3 JAB? + BC? +CD? + DA?
2 = 2

<Max{AB,BC,CD, DA}

+ D€ chitng minh Min{AB, BC,CD,DA} ta ap dung cong thirc vé

2 2
< VvAC 2+ BD

duong trung tuyén. D€ chiing minh AB? +BC? + CD? + DA? < AC? + BD? va chu y la khi
M, N trung nhau thi bat dang thitc xdy ra ddu bang nén ta sé chirng minh
AC? +BD? = AB’> + AD? + CD? + BC’ ~kMN?. D& duoc nhw vay ta 1ay diém E sao cho
ABED 1a hinh binh hanh, khi d6 c6 hai truong hop xay ra l1a E nam trong hodc E nam
ngoai tit gidc ABCD. Vi E nam trong tt gidc ABCD, khi d6 d6 trong tam gidc BDE ta can
6 BC? > BE? + EC2 = BC? —~2MN? > BE? = AD? diéu nay hoan toan xay ra néu BEC > 90°.
Tat nhién khong mat tinh tong quat ta ¢ thé chon BEC >90°. Hoan toan twong tu voi E
nam ngoai tt gidc ABCD. Dén day bai toan duoc giai quyét.

Loi giai
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2 2
+ Truc hét ta chiimg minh *2<P2 <Max [AB,BC,CD, DA

Trong tit gidc ABCD ta ldy M va N Ian luot 1a trung di€ém ctia AC va BD. Trong tam giac
ABC c6 BM la dudng trung tuyén nén 4BM* = 2(AB’ +BC* ) - AC’
Trong tam gidc ADC c6 DM la duong trung tuyén nén 4DM* = 2(AD2 +DC? ) —-AC?
Do d6 ta duoc
4BM” +4DM’ =2( AB’ + BC” + AD” + DC? ) -2AC?
& 2(BM*+DM? )= AB’ + BC* + AD* + DC* - AC®

Trong tam gidc MBD ¢4 MN la duong trung tuyén nén 4MN? = 2(BM2 +DM? ) -BD?
Do d6 ta dwoc 4MN” =2(BM” + DM? |- BD? = AB’ + BC* + AD” + DC* - AC* —BD?
Hay AB?+BC?+CD?+DA? = AC? + BD? + 4MN? > AC? + BD?
VAC? +BD? _VAB?+BC?+CD” + DA’
- 2

AC? + BD?

Do do ta dwoc

<Max{AB,BC,CD, DA}

+ Chitng minh Min{AB,BC,CD, DA<
Khong mat tinh tong quat ta gia st DAB+ABC >180°; DAB > 90°
Dung hinh binh hanh ABED, khi d6 ¢6 hai truong hop xay ra
+ Trueong hop 1: Diém E nam trong t giac ABCD, khi d6 N la giao diém ctia hai dwong
chéo AE va BD va NM la duong trung binh ctia tam giac ACE. Trong hai goc BEC va
CED ton tai mot géc khong nho hon 90°. Gia stt d6 1a BEC >90°. Ta c6
BC? > BE* + EC* = BC* -2MN?* > BE* = AD?
Do d6 ta duoc

AC* +BD? = AB* + AD” + CD” +(BC” —4MN” ) > AB + AD” + CD* + AD?

> 4[Min{AB,BC,CD,DA} |

2 2
Suy ra Min{AB,BC,CD, DA} < YAC +BD_
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y Truong hop 2: Diém E nam ngoai t& gidac ABCD, khi d6 khi d6 M la giao diém ctia hai
duwong chéo AE va BD va NM la duong trung binh ctia tam giac ACE. Ta co6
BEC > BED = DAB > 90°, do d6 ta duoc
Do d6 ta duoc
AC* +BD? = AB* + AD” + CD” +(BC* —4MN” ) > AB + AD” + CD* + AD?
> 4[Min{AB,BC,CD, DA} |

VAC? +BD?
2

VAC? +BD?
2

Suy ra Min{AB,BC,CD, DA} <

Vay ta ludn co Min{AB, BC,CD, DA} < . Bai toan duwoc chitng minh.

Vi du 31. Cho t& gidc ABCD c6 B=D =90°. Ldy diém M trén doan théng AB sao cho
AM = AD. Duong thang DM cat BC tai N. Goi H 1a hinh chiéu ctia D trén AC va K 1a hinh

chiéu cta C trén AN. Chitng minh rang MHN = MCK

Loi giai
Trong tam gidc ADC c6 ADC =90° va DH la dudng D
cao nén ta dwoc AD* = AH.AC
Ma theo gia thiét ta c6 AM = AD nén ta duoc

AM _ AC
AH AM

AM? = AHAC =

L —

Xét hai tam giac AMH va ACM c6 MAH = CAM va

AM = A—C . Suy ra AAMH «> AACM, do d¢ ta duogc

AH AM
AHN = AMC nén MHC = CMB
Tam gidc ADM c6 AM = AD nén can tai A, suy ra

ADM = AMD = BMN
Ma ta c6 MDC = 90° —ﬁ/[; MNB =90° — BMN nén MDC =1\71\T3, suy ra tam giac CDN
can tai C. Do d6 ta dugc CD =CN . Trong tam giac vudéng ADC c6 DH la dwong cao nén

CD? =CH.CA

Twr d6 ta dwgc CN? = CH.CA < EN_CA yéthai tam gidc CNH va CAN c6 CN_CA
CH CN CH CN

va ACN chung nén ACNH ¢ ACAN. Do d¢ ta duoc CHN =CNA

—_—

Tir MHC = CMB va CHN =CNA ta duwgc MHN = CHN -MHC = CNA -CMB

Ma ta c6 CK L AN va B=90° nén ta duoc MCK = CNA — CMB
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Do d6 ta dugc MHN = MCK . Diéu phai chtmg minh.

Vi du 32. Cho hinh vuéng ABCD c6 canh a va M la mot di€ém tluy y trén canh AB
(M= A,B). N&i MC cat BD tai P, MD cit AC tai Q. Tim gi4 tri 16n nhét ctia dién tich tam

giac MPQ va gia tri nho nhat cua dién tich t& giac CPQD.

Phan tich tim 1oi giai
Sy MD MC Y
S MQ MP

MPQ

Dé'y ta thay a Sy = %az khong ddi nén tam gidc MPQ ¢4 dién

tich 16n nhat thi t& giac CPQD c¢6 dién tich nhé nhét. Do d6 ta chi can tim vi tri M d€ tam
giac MPQ c6 dién tich 16n nhat la dwgc. Du doan tam giac MPQ c6 dién tich 16n nhat khi
AM =MB nén ta can biéu dién ti s& dién tich ctia hai tam giac MPQ va MCD theo AM va
BM. Cha y theo dinh li Talets ta cd

MD QD +CD_AM+a . MC PC CD MB+a

=1+ =1 = va =l+—=1+——=
MQ MQ AM AM MP PM MB  MB
, S AM.BM +a(AM + BM)+a’ 2 2,
Dén day ta duge M ( Jral g, L, w4
Suro AM.BM AM.BM ( AM + BM)
Nhu vay bai tam xem nhu dwgc giai quyét xong.
Loi giai
Ta thiy S, —~a’ va v MD MC A 6
2 Sy MQ MP
Do AB song song v6i CD nén theo dinh li Talet ta c6 cac 9 P
két qua sau
MD 14 QD 14 CD _ AM+a
MQ MQ AM AM
MC . PC CD _MB+a P ¢
=l+—=1+——=
MP PM MB  MB
Khi @6 ta duwoc
Sue _ (AM+a)(BM+a) AM.BM +a(AM+BM)+a’
Swro AM.BM AM.BM
2 2
SPPUNE S PR S—
AM.BM (AM+BM)
, 1 11, a .y 1, 1, 4 5
Do d6 S, £§SMCD :§.Ea2 aETY Talai 6 Scpop =Sycn —Swuro Zzaz —Eaz :§a2. Dau

dang thiic xay ra khi va chi khi MA = MB.
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A .7 . ’ A ? oA 7 .7 \ a \ .7 . 2 A ? - A 4 ’
Vay gid tri 16n nhat cta dién tich tam gidc MPQ la T va gia tri nho nhat cta dién tich t&

2

giac CPQD la 4%, cac gia tri nay dat dwoc tai MA =MB.

Vi du 33. Cho hinh binh hanh ABCD va O la giao diém cta hai duong chéo. Vé tia Ax d6i
xtng voi ta AD qua AC va tia By doi xting véi tia BC qua BD. Goi giao diém ctia hai tia Ax
va By la E.

2
Chting minh rang AE_[AC
BE \ BD

Phan tich tim 1oi giai

2
Chu y la AC =%nen dé ching minh AE_[AC ta sé di chitng minh
BD OB BE | BD
AE _(OAY . o " \
3E OB | Chua y dén gia thiét cha bai toan ta thdy duoc AOEA ©© ABEO nén
EA_OE_OA , ttr d6 ta suy ra dwoc diéu can phai chitng minh. Tuy nhién d€'y 1a diém E
EO EB OB
c6 thé nam trong hodc ngoai hinh binh hanh nén ta can chia truong hop dé chiing minh
bai toan.
Loi giai

Do giao diém E ctia hai tia Ax va By ¢6 A c

thé nam trong hinh binh hanh va ciing c6

thé nam bén ngoai hinh binh hanh. Do d6

ta can xét ca hai truong hop. 9

+ Truong hop 1: Diém E ndm trong hinh X

binh hanh ABCD. B D
Vi AC 1a truc d6i xttng cua hai tia AD va

Axnén AC la tia phan giac cua goc DAX

Twong tu ta ¢6 BD la tia phan giac cua

goc 6]3\57

Do d6 OE la phan giac ctia goc x/E\y nén ta duoc AEO =BEO

— e ——

Ma ta c6 AOE +EOB = OAD+ADO = AOE + ADO va AOE = OBE
Do d6 hai tam giac OEA va BEO dong dang vdi nhau.
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EA OE OA EA OE (0AY (AcCY , AE (ACY
Suy ra = = =>—.—= = .Do dé ta dwoc —=| —| .
EO EB OB EO EB | OB BD BE | BD

+ Trueong hop 2: Piém E nam ngoai hinh binh hanh A c
ABCD.
Chitng minh hoan toan twong ty ta dwoc OE 1a phan

gidc cua goc A/dﬁS . Ttr 46 lap luan nhu trén ta dugc

AAEO > AOEB

Suy ra

EA_OE_OA_ EA OE_(OAY} _(ACY
EO EB OB EO EB (OB BD

2
Hay AE_[ACY
BE BD

2

AE AC

Vay trong ca hai treong hop ta ludon cé6 —=| —
ay trong ca hai truong hop ta luén SE (BDJ

Vi du 34. Cho da gidc ABCDE c6 DC=DE va E=C=90". Trén AB I8y M sao cho

BC _AE . Chitng minh rang MCE = ADE
BM AM
Phan tich tim 10i giai
¥ z Y BC E A \ 2 \ < 7. 2 M .
Bai toan cho biét — = AM neén tit A ké duong thang song song vdi BC va cat tia
. . < BC AN .. . . L NT A AR T
BM tai N thi ta sé dwoc m=m, diéu nay dan dén AE=AN va NEA =AEN. Dé

AE CD DE
NE CE CE
AAEN « ADCE . Gia st AE cit BC tai S, khi d6 ta dwoc SD la duong trung truec cua CE
nén suy ra NEA =ESD hay AAEN > ADCE.

chitng minh MCE = ADE ta can chitng minh duoc , trc 14 ta can chi ra

Dén day ta cd thé trinh bay lai 10i giai bai toan nhu sau.
Loi giai
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Tt A ké duong thang song song véi BC va cat tia BM tai
y
vy N

Theo dinh li Talet ta co BC = AN , ma theo gia thiét ta lai B
BM AM

, BC :E.Dodétadu’qc £

6 —
BM AM
BC AE AN
BM AM AM
Do d6 tam giac AEN can tai A, nén ta duoc @ = m

= AE=AN

Kéo dai AE ct BC tai S. Ta c6 AED = BCD =90° ma lai c6

DC =DE va DS la canh chung nén hai tam giac SED va

SCD béng nhau, tir d6 suy ra SE =SC

Do vay SD la duong trung triec cia CE nén SD L CE

Ta c6 AN//SC nén ta duoc XS\C = S/AKT = 2@ = 2ES/\D. Suy ra @ = ES/]\D nén ta duoc
NE//SD, ma lai c6 SD L CE nén ta dwgc NE L EC. Ttr do ta dwoc 1@1\\1 = [ﬁ, suy ra
AAEN > ADCE

AE CD DE
NE CE CE

Nén ta duoc , diéu nay dan dén hai tam gidc vudng EDA va ECN dong
dang

Do d6 ta duoc l\ﬁ:ﬁ

Vi du 35. Chttng minh rang trong mot t gidc néu hai dwong chéo va hai duong thang ndi
hai trung diém cta hai canh d6i dién dong quy tai mot diém thi t& giac d6 la hinh binh
hanh

Phan tich tim 1oi giai

Goi M, N, P, Q theo thtt ty 1a trung di€ém caa AB, CD, BC, DA. Khi d6 nhan thay
t& giac MPNQ 1a hinh binh hanh. Goi O la giao diém cua MN va PQ. Do d6 O la giao diém
cua AC va BD. Khi d6 ta can chitng minh dugc OB=OD va OA=0C. Chu y la
AOMK = AONE nén ta suy ra duoc MP la duong trung binh ctia tam gidc ABC nén
DE =EO, dén day thi ta thdy duwgc OB=0D. Nhu vay bai toan xem nhu duoc ching
minh.

Loi giai

GoiM, N, P, Q theo tht ty 14 trung diém ctia AB, CD, BC, DA.
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Theo gia thiét ta c6 AC, BD, MN, PQ dong
quy tai O.

Vi M va P lan luot 1a trung diém ctia AB va

BC nén ta dwgc MP//AC va MP = %AC

Tuwong tw ta cling cd NQ//AC va NQ = %AC

Do d6 MP//NQ va MP =NQ nén t giac

MPNQ la hinh binh hanh. Nén ta dwoc

OM =0ON; OP =0Q.

Goi K va E lan luot la giao diém ctia BD v6i MP va NQ.

Xét hai tam giac OMK va ONE c6 OM = ON, MOK = NOE va OMK = ONE

Suy ra AOMK = AONE nén ta deoc OK = OE . Mat khac do MP la duong trung binh cua
tam gidc ABC nén ta duegc BK =KO. Twong tu ta dwoc DE = EO, ttt d6 suy ra OB =0D
va OA =OC. Nhu vy t& gidc ABCD c6 hai duong chéo cat nhau tai trung diém cua moi
duong nén ABCD la hinh binh hanh.

Vi du 36. Cho t& gidc ABCD. Dung vé phia ngoai tt gidc cac tam giac AMB, BNC, CPD,
DQA vuong can Ian luot tai M, N, P, Q. Chitng minh rang MP va NQ vuong goc véi nhau
va bang nhau.

Phan tich tim 1oi giai

D& chitng minh digc MP va NQ vudng géc véi nhau va bang nhau ta can chi ra
dugc hai tam gidc MOP va NOQ bang nhau. Mudn vay ta can ching minh dugc cdc tam
giac MON va POQ vudng can. Ta c6 thé phat biéu diéu can chting minh trén duwdi dang
bd dé: Cho tam giac ABC, vé phia ngoai tam gidc ABC dung cac tam gidc MAB va NBC
[an lwgt vudng can tai M va N. Goi O la trung diém cua AC. Khi d6 ta dugc tam giac MON
vuong can.

Loi giai
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- Trudc hét ta phat biéu va chitng minh bai toan K

sau: Cho tam giac ABC, vé phia ngoai tam giac

ABC dung cac tam giac MAB va NBC lan luot

vuong can tai M va N. Goi O la trung diém cua B
AC. Khi d6 ta duogc tam giac MON vudng can.

That vay, tir di€ém B vé cac dwong thang vudng

gbc v6i AB va BC, cat AM va CN Tan luot tai H

va K. A 0 c
Do AB vudng géc véi BH nén ta duoc MBH = 45°

nén tam giac MBH vuoéng can tai M, suy ra M la

trung diém ctia AH. Ttr d6 ta dwgc OM la duong

trung binhd ctia tam gidc ACH

Suy ra OM//CH va OM = %CH.

Chttng minh tueong tw ta dwoc ON//AK va ON = %AK. Goi I la giao diém caa AB va CH.

Xét hai tam giac ABK va BCH c6 AB=BH, BC=BK va ABH =CBK =90° + ABC
Do d6 ta dugc AABH = ACBK. Ttt d6 ta dwoc AK =CH nén ta suy ra OM = ON
Mat khac ta cling co BHC = BAK .

Hai tam giac BHI va AIE c6 BHC = BAK va
FIB = EIA nén HBA =IEA = 90"

Do do6 AK L CH, suy ra OM L ON. Vay tam
gidc OMN vudng can tai O.

Trd lai bai toan: Goi O 1a trung diém ctia AC, ap

dung két qua bai toan trén cho tam giac ABC ta

duwoc OM =ON va OM L ON P
Tuong tw ap dung két qua bai toan trén cho tam

giac DAC ta duoc OP =0Q va OP 1L OQ
Xét hai tam giac OMP va ONQ c6 OM =ON, OP =0Q va MOP = MOQ+90° = NOQ

Do d6 ta dugc AMOP = ANOQ), suy ra MN =PQ va ONQ = OMP

Ma ta c6 MON =90° do d6 ta duwocMP L NQ.
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Vi du 37. Cho t& gidc ABCD c6 O 1a giao diém cua hai duwong chéo. Chting minh rang
duong thang ndi trong tam ctia hai tam giac OAD va OBC vudng goc véi duong thang ndi

triec tam cta hai tam giac OAB va OCD.

Phan tich tim loi giai

Goi G, P Ian luot la trong tam cac tam giac OAD, OBC. Goi H, K Ian luot la trong
tam tam giac AOB, COD. Ta can chitng minh HK vudng goc voi GP. Trude hét goi I, J lang
lwot la trung diém ctia BC, AD thi ta dwgc IJ song song v6i GP nén ta sé chirng minh HK
song song voi IJ. Chi y la I, J la cac trung di€ém nén ta chon di€ém S sao cho IJ la duong
trung binh ctia tam giac ADS. Ta c6 thé ldy diém S trén tia Al sao cho I la trung di€ém cta
AS hojc vé duong thing qua C song song véi AB va cat Al tai S, ca hai canh 14y nay déu
cho ta hinh binh hanh ABSC. Khi d6 ta duwoc IJ song song véi DS va ta can chitng minh DS
vuong goc voi HK. Chu y dén KO L CD nén dé€ chiing minh dwgc HK L DS ta can ching
minh duoc hai tam giac OHK va CSD dong dang. Lai c6 FIOK =SCD nén ta can chi ra

duge OH_CS 1, OH_AB

ay —=—— Ta thdy AOHN > AOAE nén OH.OE=0A.ON va
OK CD OK CD

OH.OE _ ON OA
OK.OF OM OC

oM _ OB
ON OD

AOMK & AOFC nén OK.OF =OC.OM do dé ta dwoc . Mat khac ta co

Sons OAOB OE.AB
Soy OCOD  OF.CD

va AOMD » AONB suy ra nén suy ra duoc

OHOE _OE.AB_ OH _ AB
OKOF OFCD  OK CD

. bén day ta c6 thé trinh bay 10i giai nhu sau.
Loi giai

Goi H 1a triec tam tam giac AOB, khi d6 ta

c6 OH L AB tai E va BH L OA tai N.

Tam gidc ONH va tam gidc OEA la hai

tam gidc vudng co HON = AOE nén
AOHN @ AOAE

Tir d6 suy ra

OH = ON = OH.OE = OA.ON

OA OE

Goi K 1a triec tam ctia tam giac OCD, khi
dé OK L CD tai F va DK L AC tai M.

Khi d6 hoan toan twong tw ta deoc AOMK @ AOFC nén ta dwgc
OK = OM = OK.OF = OC.OM
OC OF
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OHOE ON OA

OK.OF OM OC

Hai tam giac vuong OMD va ONB c6 MOD = NOB nén AOMD ¢ AONB suy ra
OM OB

ON OD

Tir d6 ta duoc

Tir d6 ta lai c6 OHOE OB 'OA . Ma ta lai ¢6 Soas _OAOB _OE.AB
OK.OF OD OC OC.OD OF.CD

OHOE OEAB __OH AB

= = =
OKOF OFCD OK CD
Qua C ké duong thang song song véi AB, cit duwong thang di qua A va trung diém I ctia

canh BC tai S.

OCD

Do d6 ta duoc

Khi d6 ta c6 OH L CS,0K L CD nén ta dugc HOK =SCD va AC =SC Tir d6 ta suy ra

OH_& nén hai tam giac HOK va SCD doéng dang. Khi d6 ta dwoc HK L SD . GoiJ la

OK CD

trung diém ctia AD, ta c6 JI//DS nén ta dugc KH L JT. Mt khac duong thang ndi trong
tam ctia hai tam gidc OBC va OAD song song vdi JI nén duong thang d6 vudng goc voi
HK.

Vi du 38. Cho duwong tron (O; R) ndi ti€p hinh thang ABCD (AB//CD). Goi E, F, G, H theo
thi ty 14 tiép diém cua duong tron (O; R) véi cac canh AB, BC, CD, DA.

a) Chttng minh ring % _&b . Tt d6 hay tinh ty s& ﬂ khi biét AB = % va

GC
BC=3R.
b) Trén canh CD 13y di€m M nam gitra hai di€m D va C sao cho chan duong vudng
g6c ké tir M dén DO 1a diém K nam ngoai duong tron (O; R). Duong thang HK cat duwong
tron (O; R) tai diém tht hai 1a T. Chting minh rang MT = MG.

Phan tich tim loi giai
a) Nhan thdy cac tam gidc AOD va BOC vudng nén ta dugc HAHD =FBFC=R?. D¢
EB _GD

ching minh duoc —— ta can chi ra duwocEAGD=EBGC. Chu y la
EA GC
EB

HA =EA;BE =FB;CF =CG; DG =HD nén EA.GD =EB.GC hién nhién dung. Dat ﬁ:k

va ta can tinh dwoc k. Chu y la bai toan cho biét AB=% va BC=3R. Lai thdy
EB

EB+EA k+1
EB theo k va R tit d6 thay vao hé thtic trén d€ duoc phuong trinh an k.
b) Chu y dén MG la ti€p tuyén ctia duong tron (O) nén dé chitng minh MT =MG ta can

va ED* =BC>~(GC~EB)’ nén dé tinh dugc k ta can tinh duoc ED, CG,

chi ra dugc OT vudng goc véi TM.
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Loi giai

a) Do ABCD Ia hinh thang nén ta c6 A E B
CDA +DAB=180°. Do DO, AO theo thtt
tr la duong phan giac ctia cac goc F

—

CDA; DAB. Do d6 ta duoc T

ODA +OAD =90° = AOD =90° nén ta

giac AOD vudng tai O. b N G t
Twong tu tam giac BOC cling vudng tai

O.

Neén theo hé thitc lwong trong tam gidc

vuodng ta dwgec HA.HD =FBFC=R’.

M3t khac ta c6 HA = EA; BE = FB; CF = CG; DG = HD nén EA.GD = EB.GC = % = %.
.. EB_GD , NS A .

Dat EA e k. Ta c6 OE vudng goc voi AB, OG vudng gbéc véi CD nén ba diem E, O, G
théng hang. Tir d6 ta duoc EG =2R va ED* = BC>~(GC-EB)’.
Ta lai co EB = k :>EB=kAB: 4kR nén BF:4k—R

EB+EA k+1 k+1 3(k+1) 3(k+1)
Tir dé ta duge CF = BC— BF = 3R - — X nan G = 3R - R __

3(k+1) 3(k+1)

Thay céc két qua trén vao ED* =BC* -(GC - EB)2 ta duoc

2 2
4kR } Lo (k9] L 946V

3(k+1) - 9(k+1) 11

4R* =9R* - {3R -

EB  -9+6V5
EA 1
b) Ta c6 DH = DG nén tam giac DGH can tai D. Ma OD la duong phan gidc cua goc HDG

Vay

nén suy GH vudng goc véi DO. Lai c6 MK vudng goc véi DO nén MK song song véi HG.

Tte d6 suy ra KMG = HGC, ma GC Ia ti€p tuyén cua duong tron (O) va goc HTG la goc

ndi ti€p cta duong tron (O). Do d6 ta dwoc HTG = HGC = KMG = HTG nén tt giac
KTGM ndi ti€p.

Lai c6 OKM = OGM = 90° nén bén diém O, K, G, M thudc mdt duong tron duong kinh
MO. Do d6 nam diém O, K, G, M, T thudc duong tron duong kinh MO. Do dé MIO = 90°
nén OT vudng goc voi MT. Do d6 MT la tiép tuyén cua duong tron (O). Ta ¢6 MT, MG la
ti€p tuyén cua duong tron (O) nén MT =MG.

THCS.TOANMATH.com TAI LIEU TOAN HOC




V| Vi du 39. Cho hinh vuéng ABCD c¢6 canh bang a. Trén cc canh AB, BC, CD, DA 14y cac
diém M, N, P, Q sao cho MN va PQ cung song song vdi AC va AMQ =30".

a) Goi A’ 1a diém d6i xtng voi A qua MQ va C’ 1a diém d6i xting voi C qua NP. Goi
giao diém ctia QA’ v6i NP 1a E va giao diém ctia PC’ v6i MQ 1a F chitng minh réng cac
diéemE, F, Q, D, P cung nam trén mot duong théng tron.

b) Biét AC =3MN, tinh dién tich hinh thang MNPQ theo a.

Phan tich tim 10i giai
a) Nhan thdy PDQ =90" nén duong tron di qua ba didm P, Q, D ¢6 duong kinh PQ. Do d6
dé€ chting minh nam diém E, F, D, P, Q cung thudc mot duong tron ta chi can chiing minh

duoc PEQ = PFQ = 90°.

b) Khi cho AC=3MN ta d& dang tinh duoc BM :%, AM = 2—; va MB=BN= %
CN = Z?a. Dé thay Syinra = Sasco ~Swisn ~ Spro ~2Saqu NEN dé tinh dwoc Syro t@ can tinh

7 4 ~ /4 L4 Pay \ Pay Pal N\ ? A 4
dugc Sypy; Sppos Sagu- Chu y dén cac tam giac vudng va vudng can thi ta chi can tinh

duwoc DQ bai toan xem nhu dwgc giai quyét.
Loi giai

Vi PQ song song voi AC nén A M B

DQP = DAC = 45°.
Miit khac ta lai c6 AMQ =30° do d6 N

AQM =60" va MQP =75".
Do A va A’ d6i xting véi nhau qua QM nén A

A’QF:A/Q\F:6OO, do d6 suy ra E/Q\P=150

Chttng minh hoan toan twong tu ta dwoc K b C

QPF=15".

Tir d6 suy ra

QFP =180° — QPE — PQF = 180° —=15° — 75" = 90"

Hoan tan tuong tu ta duoc 6]3\13 =90°, lai c6 P/DTQ =90" nén c4c tam gidc DQP, EPQ va
EPQ c6 chung canh huyén PQ. Do d6 E, F, D cling nam trén duong tron duong kinh PQ

hay ndm diém E, F, D, P, Q cung thudc mot dwong tron.

b) Ta c6 MN song song voi AC va MN = lAC nén suy ra M _MN
3 AB AC
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MNAD _1ap=2 va AM=22,
AC 3 3 3

Do d6 ta dwoc BM =

Mat khac tam giac BMN vudng can nén ta duoc MB = BN =% nén suy ra CN = Z?a'

2
, 4a

bit AQ=x thi MQ =2x, khi @6 ta dwoc x> + AM? =4x*> < 3x* zgaz o xE = >

Tir d6 suy ra x =

ca
33
bén day ta dwoc DQ=DP =

2
. a(3v3-2)| a?(31-4v27
Do d6 suy ra S, :%BM2 :%.%:a— va S :lQD2 = ( ) = ( )

1
18 e 2 33 54

1 2a 2a 243

Lai ¢6 S,qu =Scen —E~3\/§ YR Tt d6 ta duoc
aZ a2 (31—4\/5) 2\/5&2
Swnra = Aasco ~Swen ~Sprq ~2Sxqu =2 | ==+ +2.
18 54 27

540’ -34a” + 432> 2 (10+243)
54 B 27

Vi du 40. Cho ngii gidc ABCDE, ma moi dudng chéo song song véi mot canh ctia ngii gidc.
Chting minh rang ti s§ gitta canh ctia ngii gidc va duong chéo song song véi nd 1a mot

hang so.

Loi giai
Goi O 1a giao diém cta CE va BD. Qua C ké duong
thdng song song voi BD cat AB tai P, tir d6 ta thdy
O nam trong ngii gidc va P nam ngoai ngi giac
ABCDE.
OC

Pat == =k(k>0). Do AE//BD, AB//CE va ’ ‘ P

BE//CD nén ta dwgc AOBE = AAEB va D C
AOCD < AAEB
Do do ta dugc AOCD <> AABE suy ra

Ezo—Dzk:ODzk.AE
AB AE
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D& thdy céc tit gidc ABOE, APCE va BPCO la cac hinh binh hanh, nén ta duoc
AB=OF; CP = AE va BP=0D =k.AB.

Xét hai tam giac EOD va APC co IiE:zZC\}E:(i\D va ﬁ)=@=ﬁ
OD OE N AEk AB AB
PC PA AE AB+BP AB+k.AB

Tir d6 ta duoc k:L©k2+k—1:0:k:E
1+k 2

EC OE+OC AB+0C J5+1
B AB 2

AC AD BE BD +5+1
DE BC CD AE 2

Do d6 AEOD ©» AAPC suy ra

Do do ta ¢cé =1+k=

Tuwong tw ta tinh dwoc
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BAI TAP TU LUYEN
Bai 1. Cho tt¢ gidc ABCD c6 hai duwong chéo cit nhau tai O va AB song sng v6i CD. Lay
diém P thudc canh AD va diém Q thudc tia ddi cta tia BC. Biét rang APB=CPD va

AQB+CQD =180°. Chitng minh ring OP = 0Q.
Bai 2. Cho t¢ gidc ABCD ndi tiép mot dueong tron c6 hai duong chéo AC va BD cit nhau
tai O. Goi giao diém ctia AB véi CD 1a F, giao diém cta BC véi AD la E. Goi I, J 1a luot la

_1|AB_CD|
OE 2|CD AB]

trung diém ctia AB va CD. Chitng minh rf?mg

Bai 3. Cho tit gidc ABCD c6 AB=BC va A=D<90’. Goi I la trung diém caa CD. Buong
thang BI cit AD tai E. Chttng minh ring ABC = AEC.
Bai 4. Cho ti giac ABCD c6 BCD =CDA va duwong phan giac cua goc ABC c4t CD tai E.
Chtmg minh ring AEB=90" khi va chi khi AB=AD+BC.
Bai 5. Cho ttt gidc ABCD va diém M bat ki nam trén duong chéo AC. Qua O ké duong
thdng song song voéi AB cat BC tai M, qua O ké duong thang song song véi CD cat AD tai .
1 1

+ >
AB* CD* OM®+ON?
Bai 6. Cho hinh vudng ABCD c¢6 d9 dai bang canh a. Trong hinh vudng do 13y diém K sao

Chttng minh rang

cho tam gidc ABK déu. Cac duong thang BK va AD cat nhau 6 P.
a) Tinh d¢ dai KC theo a

af

b) Trén AD 14y I sao cho DI ="==, CI cat BP ¢ H. Chttng minh t gidc CHDP ndi ti€p.

c) Goi M va L lan lwot 1a trung diém CP va KD. Chiing minh LM :%

Bai 7. Cho t&t giac ABCD. Goi K, L, M, N Ia lugt la trung diém cta cac canh AB, BC, CD,
DA. Duong thang KM cat AC, BD Ian luot tai P va Q. Puong thang LN cat duong thang
AC, BD lan luot tai R, S. Chttng minh rf?mg PA.PC =QB.QD khi va chi khi RA.RC=5B.SD.
Bai 8. Cho tt giac ABCD va cac diém M, N, P, Q lan luot thudce cac canh AD, BC, AB, CD

thoa man cac diéu kién MA _NB =k va — PA_QD_ m . Chiing minh rang hai doan
MD NC PB QC
. . y N . . IP . IM
thang MN va PQ cat nhau tai diém I thoa man E =k va — N =m.

Bai 9. Tinh dién tich ctia ngti giac 161 ABCDE, biét cac tam giac ABC, BCD, CDE, DEA,
EAB cling c6 dién tich bang 1.

Bai 10. Cho hinh vudéng ABCD véi tam O. Goi M la trung diém AB cac diém N, P thudc
BC, CD sao cho MN//AP. Chttng minh r:?mg
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a) Tam gidc BNO dong dang véi tam gidc DOP va NOP = 45°

b) Tam duong tron ngoai ti€p tam gidc NOP thudc OC.

¢) Ba duong thang BD, AN, PM dong quy
Bai 11. Cho hinh chi* nhat ABCD vdi AB=a,AD =b. Trén cic canh AD,AB,BC,CD Ilan
lugt 1ay cac diém E,F,G,H sao cho luon tao thanh t&t gidc EFGH. Goi P 1a chu vi cta t&
gidc EFGH. Chting minh rang P >2+/a’ +b” .
Bai 12. Cho ti gidc 16i ABCD thoa man diéu kién BCD =90°. Lay diém M, N lan luot trén
canh BC, CD sao cho MAD = NAB =90°. Chting minh rang néu MN va BD cat nhau tai I
thi IA vudng goc voi AC.
Bai 13. Cho hinh vuéng ABCD c6 canh a. Trén cac canh AB, BC 1dy lan lwot cac diém M va

N thay d&i sao cho MDN =45". X4c dinh vi tri cia M va N d€ d6 dai MN ngén nhat.

Bai 14. a) Cho hinh vudng ABCD c6 hai duong chéo cat nhau tai E. Mot duong thang di
qua A, cat canh BC tai M va cat duong thang CD tai N. Goi K 1a giao diém cua cac duong
thang EM va BN. Chting minh rang: CK 1 BN.

b) Cho duwong tron (O) ban kinh R=1 va mot diém A sao cho OA = J2. V& cac
tiép tuyén AB, AC véi duong tron (O) (B, C 1a cac ti€p diém). Mot goc xOy c6 s8 do bang
45° ¢6 canh Ox cit doan théng AB tai D va canh Oy cit doan théng AC tai E. Chttng minh
réng 22 -1<DE<1
Bai 15. Cho hinh thoi ABCD. Goi H la giao diém ctia hai dwong chéo AC va BD. Biét rang
ban kinh duong tron ngoai tiép tam gidc ABC bang a va ban kinh duwong tron ngoai tiép
tam giac ABD bang b.

a) Chirng minh r?mg % :%

b) Tinh dién tich hinh thoi ABCD theo cac ban kinh a, b
Bai 16. Cho ABCD la mot hinh thoi ¢ canh béng 1. Gia str ton tai diém M thudc canh BC

va diém N thudc canh CD sao cho tam gidc CMN ¢6 chu vi bang 2 va BAD =2MAN . Tinh
cac goc ctia hinh thoi ABCD
Bai 17. Cho tit gidc ABCD c6 diém M la giao di€ém ctia AC va BD thoa man diéu kién

AMB =120 va MA = MD. L4y diém E bat ki trén canh BC. Qua E vé duong thang song
song v6i AC, BD cat lan luot AB, CD tai F va G. Chttng minh rang tam duong tron ngoai
tiép tam gidc EFG nam trén AD.
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Bai 18. Cho hinh chit nhat ABCD. Trén tia AD va BC lan luot 1ay hai diém F, E sao cho
DF = CE = DC. Trén tia d6i ctia tia CD 14y diém H sao cho CH = CB. Chting minh rang

AE 1 FH.
Bai 19. Cho hinh binh hanh ABCD va mot diém M nam trong hinh binh hanh thoa man

céc dieu kién MAB = 40"; MBC = 25"; MCD = 65°; MDA =50°. Tinh s& do céc goc ctia hinh
binh hanh.
Bai 20. Cho hinh binh hanh ABCD va mét diém E ndm trén canh CD. Biét rang cac tam

giac BCE, BED va DAB la tam giac can. Tinh s& do ctia goc BAD.
Bai 21. Cho bon diém A, B, C, D théng hang theo thtt ty d6. Tim di€m M sao cho

AMB =CMD
Bai 22. Cho hinh vuoéng ABCD c6 canh a. Trén cac canh BC, CD 14y [an luot cac diém M va

N sao cho MC +CN +MN = 2a. Buong chéo BD cit AM, AN Ian luot tai P va Q. Chiing
minh rf?mg cac doan th.’fmg BP, PQ, QD la d6 dai ba canh ctia mot tam gidc vuong.

Bai 23. Cho hinh binh hanh ABCD. Tia phan giac ctia géc BAD c4t dudng thing BC, CD
[an luot tai M va N. Goi E la giao diém thit hai ciia duwong tron ngoai ti€p tam gidc BCD va
CMN. Ching minh AE L CE

Bai 24. Cho hinh ch* nhat ABCD. Lay E, F thudc canh AB; G, H thudc canh BC; I, J thudc
canh CD; K, M thudc canh DA sao cho hinh 8 - gidc EFGHIJKM c6 cac géc bang nhau.
Chttng minh rang néu dd dai cic canh ctia hinh 8 - gidc EFGHIJKM la cac s6 hitu ti thi EF
=1J.

- Bai 25. Cho hinh thoi ABCD c6 ﬁ) =120°. Tia Ax tao vdi tia AB mot goc

BAx = 15" va ct canh BC tai M, cit duong thing CD tai N. Tinh gi4 tri ctia biéu thirc:

T:AB2 1 2-I-L2 .
AM® AN

Bai 26. Cho hinh chit nhat c6 canh la 3 va 4. Mot t& giac ¢6 bon dinh nam trén bon canh

cta hinh chit nhat c6 d¢ daila x, y, z, t. Chitng minh rz‘“mg 25<x? + y2 +z*+t* <50.

Bai 27. Cho hinh vuoéng ABCD c6 canh a, hai diém M va N Ian luot nam trén canh AB va
BC sao cho AM_ 2—1; =x véi 0<x<1. Cac duong thang qua M va N song song véi BD
cdt AD va CD Ian luot tai Q va P. Tinh dién tich t& giac MNPQ theo a va x, tim x d€ dién

tich nay 16n nhat.
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Bai 28. Cho tit gidc ABCD noi ti€p duong tron c6 ban kinh bang 1. Mot duong tron cd thé

ndi tiép duong t gidc va AB = AD. Chitng minh rang dién tich t&t gidc khong vuot qua 2
va ban kinh duong tron néi ti€p khong vuot qua 72 .

Bai 29. Cho hinh vudéng ABCD. Trén canh AB, AD ldy lan luot hai diém E, F sao cho
AE = AF. V& AH vudng géc véi BF (H thude BF), AH cat DC va BC Ian luot tai hai diém
M, N.

a) Chting minh rang t& gidc AEMD 1a hinh chir nhat.

b) Biét dién tich tam gidc BCH gdp bon lan dién tich tam gidc AEH. Chiing minh
rang AC =2FF.

c) Chitng minh rang A]1:)2 = Ali/lz + A11\T2 .
Bai 30. Cho hinh vuoéng ABCD va tit giac MNPQ c6 bon dinh thudc bdn canh AB, BC, CD,

DA ctia hinh vudng.
AC

ABCD = T
b) Xac dinh vi tri caa M, N, P, Q dé€ chu vi t& giac MNPQ nho nhat.

Bai 31. Cho hinh thang ABCD véi AD//BC. Goi M, P, Q lan lwgt 1a trung diém cta cac

doan théng CD, AM, BM. Tim diéu kién vé d¢ dai hai canh ddy ctia hinh thang dé€ giao

a) Chting minh rang S (MN+NP+PQ+QM).

diém cua hai duwong thang DP va CQ nam trong tam gidc ABM.

Bai 32. Cho i gidc ABCD c6 DAC = BAC va ABC = ACD. Céc dudng thing AD va BD
cat nhau tai E, cic duong thang AB va CD cit nhau tai F.
Chtmg minh ring AB.DE =BC.CE va 2AC? < AD.AF + AB.AE

Bai 33. Cho tit gidc ABCD va diém M nam trong t gidc thoa man cac diéu kién

L — L — — L — L — L —
N

AMB =MBA +MCD, CMD =MCB+MAB va MA =MC. Chttng minh rang:
ABMC=BCMD va AD.MB=CD.MA.

Bai 34. Cho hinh vudng ABCD c6 canh bang a, biét hai dwong chéo cit nhau tai O. Lay
diém I thudc canh AB, diém M thudc canh BC sao cho IOM = 90° (I va M khong trung cac
dinh ctia hinh vudng).

a) Ching minh ABIO = ACMO va tinh dién tich t giac BIOM theo a.

b) Goi N la giao diém cta tia AM va tia DC, K la giao diém cua BN va tia OM.

Chiing minh t¢ giac IMNB la hinh thang va BKM =BCO.
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: 1 1 1
c) Chttng minh ran = + .
) & & CD> AM?> AN?
Bai 35. Cho hinh vuéng ABCD canh a, diém E thudc canh BC, diém F thudc canh AD sao

cho CE = AF . C4c duong thing AE, BF cit duong thang CD theo thit tw tai M, N.

a) Chttng minh rang CM.DN = a’

b) Goi K 1a giao didm ctia NA va MB. Chting minh ring MKN = 90"

c) Cac diém E va F ¢6 vi tri nhu thé nao thi MN ¢é d0 dai nhé nhat
Bai 36. Cho hinh thoi ABCD c6 A =60°. Qua C ké duong thang cat cac tia ddi ctia cac tia
BA, DA theo thtt ty ¢ E, F. Chting minh rang:

a) Tich BE.DF c¢ gia tri khong d6i

b) Goi I la giao diém cta DE va BF. Tinh s6 do cta géc BID

¢) Tinh dién tich cta hinh thoi ABCD biét S, =3cm?,S,, =12cm?.

CDF
Bai 37. Cho M 1a mot diém bat ky nam trong hinh vudéng ABCD c6 canh bang 1.

a) Chttng minh rang MA? + MB? + MC? + MD? > 2.
b) Xét diém M nam trén duong chéo AC. Ké MN vudng gbc véi AB tai N. Goi O 1a

trung diém ctia AM. Chitng minh rang CN? =2.0B?.

Bai 38. Cho doan thing AB, goi O 1a trung diém ctia AB. V& vé mot phia ciia AB cac tia Ax,
By vuong goc véi AB. Ldy diém C trén tia Ax, diém D trén tia By sao cho COD =90". Ké
OI L CD (I € CD). Goi K 1a giao diém ctia AD va BC, goi E la giao diém ctia OD véi IK.
Chting minh rang IK // AC va IE = BD

Bai 39. Cho ngii giac 16i ABCDE c9 tt ca céc canh bang nhau va ABC =2DBE. Tinh sb do
goc ABC.

Bai 40. Chting minh rang néu trong mot luc gidc 16i ma mdi mot trong ba duong chéo
chinh ndi cac cip dinh d8i dién chia luc gidc thanh phan c6 dién tich bang nhau thi thi
duwong chéo nay dong quy.

Bai 41. Cho hinh chit nhat ACD c¢6 tam O, canh AB=3a va ﬁ) =30°. Goi G la trong tam
ctia tam giac AOD, AG cat CD tai E.

a) Ching minh tt giac AOED noi ti€p
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b) Cho DG cat AB tai F. Tinh dién tich t&& gidc AFOE
c) Puong tron tan ] noi ti€p tam giac BCD ti€p xuc voi BD, CD lan lugt tai I va K.

Goi H la giao diém ctia IK va AC. Tinh IOJ va d6 dai doan HE.

Bai 42. Cho hinh vuéng ABCD canh a. Trén canh BC 1dy diém E (E #B; E# C), trén canh

CD lay diém F sao cho goc EAF = 45" Duong chéo BD cat AE va AF lan luot tai H va G.
a) Goi I 1a giao diém ctia EG va FH. Chting minh rang I 1a triec tAm clia tam giac

AEF.

b) Chttng minh rang (E_I; khong dai.
c) Puong thang Al cat EF tai K. Chting minh rang hai duong thang BK, HF song song.

d) Tim gia tri nho nhat cta dién tich tam giac AEF khi E thay d6i trén doan BC
(E #B; E# C) , F thay ddi trén doan CD thoa diéu kién goc EAF =45,
Bai 43. Cho ngii giac déu ABCDE. Chitng minh rang AB? + AC.AE = AD? va tir két qua d6
hay suy ra

4cos® 36" —2¢c0s36" -1=0
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HUONG DAN GIAI

Bai 1.
Trén tia doi cta tia AD 1dy diém E sao cho
AB=BE.
Tam gidc ABE can tai B nén BEA = BAE
Do AB song song v6i CD nén BAE =CDP. Ttr
do ta duwoc ﬁ:ﬁ’ Ma ta co Kﬁs:cﬁ)l\)
nén suy ra ABEP <> ACDP. Do d6

DP _CD_CD _DO

EP BE BA BO
Ttt d6 theo dinh li Talets ddo ta dwgc OP song

song voi BE, nén oP_ D—O Suy ra
BE DB
OP = BE.D—O = BA.@.
BD BD

Hoan toan tuong tu ta 1dy K trén tia d6i cta tia

BC sao cho AB=AK.

Khi d6 te A/Q\B+C/QT)=1800 ta suy ra duoc A/QT<=[TQ\C

Tt d6 ta duoc hai tam gidc AKQ va DCQ dong dang véi nhau. Tt d6 suy ra OQ song
song voi AK.

0Q = O = Do nén ta suy ra duegc OQ = AK.@ = AB.@
AK CA DB BD BD

Két hop hai két qua trén ta duoc OP =0Q.

Do d6 ta duoc

Bai 2. Trudc hét ta phat biéu va chiing minh bd dé sau: Cho tit gidc ABCD. Goi giao diém
cua AB v6i CD la N va giao diém cua AD vdi BC la M. Goi I E, F Ian luot 1a trung diém
cua BC, AC, MN. Khi d6 ba diém I E, F thr?mg hang. That vay, ta co

1

SNIE = SNBC - SNBI - SCBI - SCEI - SNEC = SNBC _E(SNBD + SCBD + SIAC + SNAC)
1 1 1
= SNBC _E(SNBD + SABC - SIAB - SBCI + SNAC) = SNBC _E(SABI + SBCI) = ZSABCD

nén khoang canh tt M, N dén I bang nhau

Ching minh twong tw ta duwoc S, = %S ABCD

hay EI di qua trung diém ctia MN. Do d6 ba diém I, E, F thang hang.
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Trdé lai bai toan: Gia se AB<CD va AD < BC.
Goi P la trung diém cua OE, khi d6 4p dung
bo dé trén cho tit gidc AEBO ta duoc ba diém
P, 1] thr?mg hang.

Dé dang chitng minh dugc tam gidc OAB
dong dang véi ta gidc DOC nén ta duoc

OA _AB . Lai c6 tam gidc EAB dong dang
OD CD

voi tam giac ECD nén % = %
OA AB EA
OD CD EC
do6i xting véi O qua J. Khi d6 t giac ODQC la
hinh binh hanh nén OC song song v6i QD

Ttr d6 suy ra . Goi Q 1a diém

., OA OA EA

Do d6 ta dugc QCE =180° - DBC =180° ~DAC = CAE va —— = —= =
OD CQ EC
Suy ra hai tam giac OAE va QCE dong dang vdi nhau.

AP AE AB AP CM

Goi M la giao diém caa EQ, suy ra ta duoc = = = =
CM CE CD AB (D

Ta lai ¢6 tam giac APE dong dang véi tam giac CME nén suy ra EAP = ECM
Tit d6 ta c6 PAB = MCD nén hai tam giac APB va CMD dong dang véi nhau. Ma ta lai ¢6

PI _MJ PO PI OE

MJ song song véi EO va M] =PO. Do d¢ ta duoc = =——,suy ra — =—— nén
AB CD CD AB 2CD

AB 2P1
ta dwoc —=—"——.
CD OE
Twong tu ta duoc CD _2P] o g DI _PI_1/CD _AB) 1] 1/CD_AB
AB OE OE OE 2\ AB CD OE 2\ AB CD
] 1|AB CD|

Vay ta lu6n co = - .
OE 2|CD AB|
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Bai 3. Gia stt duong thang AB cat CD tai M va A
AB c4t CE tai N. Do A =D <90° nén tam gic
MAD can tai M, do d6 ta duwoc MA =MD.
Ap dung dinh 1i Menelaus cho tam gic BIM
v6iba diém N, C, E thang hang ta duoc

NB CM EI 1

NM' CI 'EB
Trong tam gidc BIM lai c6 ba diém A, D, E

thang hang nén ED—ME =1

AM DI EB
NB CM EI AB DME_l
NM CI EB AM DI EB

Tir d6 ta duoc

béy tacé AB=BC va ID=IC,AM =DM ta duoc E.C—lezﬁzg suy ra CN
NM CB NM CM

la tia phan giadc cua goc BCM nén ta dugc BCN = NCM. Ta thay tam gidc ABC can tai B
nén

@:@+@:%<@+@):%(18w ~BMC|)=MAD
Lai c6 B/A\C=K-C\B nén B/CT\I=6-M\D do dé6 ta co (ﬁ:E/(-?]\D
Tt &6 ta duwoc ATE\C:[TE\C:A/[E—E/C?):ITA\B—@T):@Z
Bai 4. + Diéu kién can: Gia st ta ¢ AEB = 90° , B
khi d6 ta duoc BEC < 90°. Suy ra ton tai mot
diém I trén AB sao cho BEI =BEC. Theo gia
thiét ta c6 CBE =IBE nén suy ra duoc

ABEC = ABEI b E c

Tir d6 ta 6 BIE=BCE va IB=IC. Do d6 ta

duoc BIE =EDA nén tir gidc ADEI ndi tiép

duwong tron

Do d6 ADI = AEI. Mt khéc ta c6 AEI+TEB =90° nén AEI+BEC=90° Ma ta lai c6
AEB =90" nén suy ra DEA +BEC =90°. Do d6 DEA = AEI suy ra ADI = AID nén tam
giac AID can tai A.

Tt d6 ta duwoc IA = AD nén ta dwgc AB=AD +BC
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+ biéu kién du: Gia st ta c6 AB=AD +BC, khi d6 1dy diém I trén doan AB sao cho

IA =1ID va IB=BC. Ttt 6 suy ra dugc ABEI = AAEI, suy ra BIE = BCE va BIE = ADC
Do d6 ti giac ADEI ndi tiép duong tron. Ma ta c6 IA = ADnén Al =DI.

Suy ra DEA = AEI nén suy ra EA vudng goc voi BE hay AEB =90°

Bai 5. Trudc hét ta phat biéu va chiing minh bat dang
thitc sau:

Cho a, b, ¢, d la cac s6 thuc duong, khi d6 ta ludén c6

2
£+E s(c2+d2) i+i2
a d a~ b

That vay, bat dang thtic trén tuong duong véi

Bat dang thitc cudi cting luén ding, do vay bat dang thikc dwoc chiing minh. Dau bang
xay ra khi ac=bd.

Tré lai bai toan: Tir O ké OM (M € BC) song song v6i AB va tir O ké ON(N € AD) song
song voi CD

Theo dinh li Talet ta c6 OM _ OC ON _OC . Do d6 ta duoc OM ON _ OC+OA =1

AB CA CD ~AC AB CD CA

Khi d6 4p dung bat dang thitc trén ta dwoc 1= oM —t— ONY (OM2 + ONz) L >+ ! >
AB CD AB~ CD

1 1
+ 2
AB> CD* OM?®+ON?

Suy tat a dwoc . Bai toan dwoc chtirg minh.

Bai 6. a) Ké KQ L BC, trong tam giac vuong BQK co A E .

BK =a; KBQ =30 nén KQ = %. Ap dung Pitago cho
tam gidc vudng BKQ ta duoc

BQ- B KQ - o -2 -2

aV3 a(z _\/5) ’ —

Nén CQ=BC-BQ=a- _
n CQ Qa2 5

Ap dung Pitago cho tam gidc vudng CKQ ta c6

a’ (7_4\/5) N 3a° _ am

4 4 2 P

(€8]

CQ*+KQ* = \/
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a\/3 DI 3

b) Xét tam gidcvuong DCI c6 DC=a;DI= = nén TanDCI = oc- 3 nén DCI = 30°,

ma theo gia thiét ta c6 KBC=30" suy ra DPH =30". Vay DPH =DCH =30°nén t gidc
CHDP néi tiép.
c) Ké KE_L AB thi HA =HB va KE//AP, xét tam gidc ABP ¢c6 HA = HB va KH//AP nén

KP =KB=a. Goi N la trung diém KB thi LN//CD va LN = % ; MN//KP va MN = %

Vay tam gidc MNL can tai N c6 MNL = ABK = 60°. Nén tam giac MNL déu, tir d6 suy ra

LM=2.
2
Bai 7. Goi E la giao diém ctia LN va CD, F la giao diém ctia MK va CB. Ap dung dinh i
Menelaus cho tam gidc ABC véiba diém L, S, E thang hang ta dwoc LB E S—D =1.
LC ED SB
Ma ta ¢© LB=LC nén ta duwoc B
EC SD K
=1. A
ED SB Q

Trong tam gidc DAC c6 ba difm R, N,

E thang hang nén ta c6

RA EC ND

RC ED NA

Ma ta c6 ND =NA nén %.Ezl.
RC ED

Ssuy ra

EC SD _RA EC 15D SD RA SD SB

ED SB RC ED SB RC RA RC
Ap dung dinh 1i Menelaus cho ta gidc BCD véi ba diém M, Q, F thang hang ta dugc
MD FC QB

MC FB QD

Két hop véi MC =MD ta dugc E—C@ =1

B QD
Ap dung dinh li Menelaus cho ta giac ABC véi ba diém P, K, F thing hang ta duoc
PA FC KB _

PC FB KA
Két hop v6i KA =KB ta duoc ra E:1
PC FB
Tir d6 ta duoc FC QB _PA FC:QB PA:QB QD
FB QD PC FB QD PC PA PC
+ Gia st PAPC=QB.QD, suy ra @=£kthopvmg Qb ta duo E_@
PA QD PA PC QD PC
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QB QB PA
QD PC PC

Twr d6 ta duwoc QD =PC = = QB=PA.

Suy ra BQ+QD =PA+PC= AC=BD. Két hop vdi %=% ta duoc

BC AC — SB_RC.

SB RC

DodosuyraS—D:S—D RA = SD =RA = SB.SD =RA.RC
SB RC RC

Nhu vay néu c6 PA.PC=QB.QD thi ta duoc RARC=SB.SD.
+ Gia st RARC =S5B.SD, Chitng minh hoan toan tuong ty nhu trén ta thu duoc AC=BC.
Ttr d6 ta suy ra duoc PA.PC=QB.QD. Vay ta c6 PA.PC =QB.QD khi va chi khi
RARC=SB.SD.

Bai 8.

Két luan ctia bai toan la hién nhién néu ABCD la B

hinh binh hanh hoac hinh thang. Ta xét truong
hop AB khong song song v6i CD va AD khong A G N

song song voi BC M

Dung cac hinh binh hanh ABEM va DCEFM.

Khi d6 hai doan BE, CF song song va

BE = AM =k . Do d6 hai doan BC, EF cit nhau
FC MD

tai diém N’ thoa man

NE_NB_ NB oy NE
N'F N'C NC NF

Trén cac doan ME, MF 13y cac diém G, H tuong ting sao cho PG//AM, QH// DM.

Khi do, PG va QH song song va PG _AM_ k.Do d6 hai doan PQ va GH cit nhau tai

QH MD

diém I thao man 1IG_Ip _ k.Mt khac vi GM _PA_QD_HM
IH IQ GE PB QC HF

doan GH tai diém I’ thoa man TG = NE _ =k= II(—;I I'=1= GH,MN,PQ cit nhau tai

I'H NF

GH//FE nén MN cit

diém I thdéa man II—P =k.

IM_GM _PA _
Ngoaira —=——
IN GE PB
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Bai 9. Goi I=ECNBD. Ta ¢6 S,,. =S_,.

nén khoang cich tir B, D dén AE bang
nhau. Do B, D cung phia d6i véi duong
théng AE nén BD//AE. Twong tu ta duwoc
AB//CE

Do d6 ABIE la hinh binh hanh nén

Sipe =Sape =1

bt S, =x(0<x<1)

= SIBC = SBCD - SICD =1-x= SECD - SICD = SIED
3 +\/g
S S
Lai c6 =<2 _IC _ Suc X _ oxP-3x+1=0< 2
Spe IE Sy 1-x 3- \/g
2
Ket hop dicu kién ta c6 x= 2232 =, ~¥5=1
2 2
: J5-1 5445
Do do SABCDE = SEAB + SEBI + SBCD + SIED =3+ > = 5
Bai 10.
a) Dat AB=a ta c6 AC=a+2.Chtng minh duoc  » Y .

tam giac ADP dong dang tam giac NBM suy ra

2 2 H
BM _BN _ pNDP=2 ma OBOD=2 N\
DP  AD 2 2

Chting minh duoc tam gidc DOP dong dang voi
tam giac BNO tir d6 tinh dugc NOP = 45° N

b)Tacs 2B - ON_OD .\ pON = ODP = 45° ; : L
DP OP DP

Do d6 tam giac DOP dong dang véi tam giac

ONP suy ra DOP = ONP nén DO la ti€p tuyén

cua duong tron ngoai ti€p tam giac OPN

c) bat giao diém cia MN va BC 1a Q va AP la K nén theo tinh chat phan gidc cho tam giac
QM _BM KP _DP _ QM _KP_ QM _ON

QN BN ’KA AD ON KA KP KA

Gia st MP cit AN tai I va KI cit MN tai H, theo dinh li Talet ta dwoc % = &

KA

MBN va APD ta co
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Tt d6 ta dwoc ?{—11\\1/[ = 8—?\? nén Q trung H hay BD, PM, AN déng quy

Bai 11.
Goi [, K, M theo thtt tu la trung diém cua EF, EG A .
va GH.

Tam giac AEF vudng tai A c6 Al la trung tuyén

nén Al = %EF . Twong ty MC = %.GH . K

IK la duong trung binh ctia tam giac EFG nén

IK = %.FG . Twong ty KM = %EH

Ta c6 P =EF+FG+GH+HE =2(AI+IK+KM+MC)

Ma ta c6 AI+IK+KM+MC > AC nén suy ra P>2AC=2va’+b’
Bai 12.

+ Truong hop 1: Xét M trung vdi C hoac N
trung vdi C thi teong tng I trung véi D

hodc I trung vdi B.

Khi d6 MAD =TAC =90° khi d6 IA
vuodng goc voi AC.

+ Truong hop 2: Xét M khac C va N khac
C thi I khac D va B. Khi d¢ gia st IA

khong vuong goc voi AC, tir do ta duoc

TAC #90° suy ra cosIAC # 0

Ap dung dinh 1i Menelaus cho ABCD vé&i
ba diém M, N, I thang hang ta dugc

MB NC ID _,

MC'ND'IB
TI‘J’ dé SAMB . SANC .SAID — 1 hay
AMC AND AIB

;AB.AM.sinl\TA\B ;AC.AN.sinN/A\c ;AD.AI.sinL/Af)

;AC.AM.sinI\ZA\C ;AD.AN.sinN/AE ;AB.AI.sinﬁs

=1

« a sinl\TA\B sinl\ﬂ\C sinL/Af)
Tt d6 suy ra ———— ——=1.
sin MAC sinNAD sinIAB
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e —

. IMAD=NAD+MAN=90" —— —— L
Talaico < = MAB =NAD = sinMAB =sinNAD

NAB = MAB+MAN =90°

Do d6 tir hé thirc Sml\ﬁ\AB SnNAC sinIAD | duoc

sin MAC sin NAD sin IAB

sinNAC.sinIAD = sin MAC.sinIAB
Ma ta lai «6 MAC+DAC = MAD =90° va IAB = IAN + NAB = IAN + 90"

Tir d6 ta duoc

sin NAC. sinL/Af) = cosﬁ.cosITAI\\T
= %cos(l\TA\C —IZ]\D).COS(N/A\C+ L/M\D) = cos(N/ATD + N/A\C).cos(IZ]\D + I\TAE))

@%cos(l@—ﬁ)).eos(l@+®) :%[COS(Z@+NAC—®)—COS(1®—®):|
= cos(l\ﬁ+ﬁ))+cos(21\ﬁ+l\ﬁ+ﬁ))=0

— e~ -

= cos(NAC +IAD + NAC).COSI\/IATD =0 cosIA/E =0

Diéu nay mau thuan véi cosIAC 0. Tir d6 ta suy ra TAC =90° hay IA vudng goc véi AC.

Bai 13. D A
Ta c6 MDN = 45° nén ta duoc
MDN = MAD +NDC = 45’ y
Trén tia d6i cta tia CB 1dy diém K sao cho
CK=AM

R K c N B
Vi AD=DC va DAM = DCK =90° nén ta dwoc
ADAM = ADCK

DK =DM
Tedésuyraq — —  —
KDC = MDA = KDN = MDN = 45’

DK =DM
Xét hai tam giac KDN va MDN ¢6 {KDN = MDN = 45° = AKDN = AMDN
DN chung

Do d6 ta dwgc KN =MN = MN + BM + BN =2AB = 2a khong d6i.
bat MN=x; MB=y; BN=z.

Ap dung bat dang thic Z(a + bz) (a + b) va dinh li Pitago cho tam gidc BMN ta duoc

2 2
2(y2+zz)2(y+z) =2x*2(2a-x) = 2x22a—x:>x>1+\/_:>x>(2\/— )
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Vay ta cé Min,, =(2v2-2)a, dat duoc tai y =2 =—==a(2-+2). Khi & DM, DN theo

2
thit tw 1a phan giac cta goéc ADB va goc CDB

Bai 14.

a) Trén canh AB 1dy diém I sao choIB=CM. i B
Ta c6 AIBE =AMCE (c.g.c).

-~

Suy ra EI = EM , MEC = BEI = AMEI 7
vuédng can tai E. Suy ra EMI =45’ = BCE

IB_CM_MN
AB CB AN

Mat khac

suy ra IM // BN D ¢ N

BCE = EMI = BKE do d6 t gidc BECK noi tiép BEC+BKC =180°
Laicé: BEC=90° = BKC=90". Vay CK L BN

b) Vi OA=+2, OB=0OC=1 va ABO=ACO=90° suy /
ra OBAC la hinh vuong B D

Trén cung nho BC lay diém M sao cho
DOM = DOB = MOE = COE
Suy ra AMOD = ABOD do d6 ta dugc DME = 90°

AMOE =ACOE do d6 ta duoc EMO = 90" g L
Suy ra D, M, E thiang hang, do &6 DE Ia tiép tuyén ctia
).
Vi DE la tiép tuyén cta (O) suy ra DM =DB, EM =EC
Tacé DE<AE+AD = 2DE<AD+AE+BD+CE =2 nén ta dugcDE <1
bat DM =x, EM =y , khidd ta co

(x+y)2
4

AD? + AE? = DE? <::>(1—x)2+(1—y)2 :(x+y)2 o 1-(x+y)=xy<

Suyra DE*+4DE-4>0«< DE>2y2-2.Vay 24/2-2<DE<1

Bai 15.

a) Qua trung diém I ctia AB, dung duong vudng goc A

v6i AB cat BD va AC Tan luot tai M va N. Khi d6 ta |

duoc H
MA =MA =a; NA=NB=b M

N
Ta c6 ATAN o« AIMB nén ta cé IN = &, ma A =1B
IB MB
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IN NA b

"MB a’
Ta c6 AHAB < AIAN suyra e =12 _2
HB IN b

nén ta duoc

. IN b b a2z ) , 2 b
b) Vi ﬁz—,suy ra IN=—1IA, ma [A"+IN" =NA", do do ta dwoc IA"| 1+—-
a a a

2
Suy ra TA=—22__. N=2 __3P b s aAB-21a-—220

Ja2 +b?’ =g'\/az+b2 =\/a2+b2 JaZ+b?

2
Ma ta c6 AHAB o AIAN nén ta duge AH = 2LAB _ 2ab

AN a’+b®

NLAB  2ab’
AN  a’+Db?
313
L ACBD=2AH.AB= Sa—bz (dvdt)
2 (a2 +b? )

Tuong tw ta dugc BH =

Do vay S

ABCD —

Bai 16.
Trong ntta mat phang bo AD 14y diém E sao cho E
AE=AM va DAE=BAM.

— A E

Ta dugc AADE = AABM suy ra DE = BM,; ADE = ABM

D& thay t gidc ABCD la hinh thoi nén ADN = ABM N
suy ra ADE = ADN . Ta c6 BAD =2MAN do d6 ta duoc

— — B

MAN =BAM + NAD = DAE + NAD = ADN M :

Mst khac MAN =EAN; NE = NM

Suy ra AANM =AANE=NE=NM.Tac6 2=CM+CN+MN=CM+CN+NE
Ma 2=CD+CB=CM+MB+CN+ND=CM+DE+CN+ND

Suyra CM+CN+NE=CM+DE+CN+ND = NE=ND+ED, do d6 N thuoc DE

Tit (1) va (2) suy ra ADE = ADN =90°. Do d6 hinh thoi ABCD la hinh vudng.
Vay céc gbc cua hinh thoi déu vuong
Bai 17.
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" Qua G vé duong thang song song véi AC cat AD tai H.

A F B
Ap dung dinh 1i Talets cho cac tam giac ta dwoc
AH_CG_CE_AF
DH DG BE BF £
Trong tam giac ABD c6 % = % nén ta duoc HF song °
song voi BD :
Do d6 ta dugc HF//GE va HG//EF neén t giac EGHF la L
hinh binh hanh. L G

Tt @6 ta dwoc GEF = GHF = AMD = 120"
Goi S 1a giao diém cua duong tron ngoai ti€p cua tam giac
HGF v6i AD(S khac H). Khi d6 ta 6 GSF = GHF =120°.
Do d6 suy ra
SIJ/E;:])/}E:[T&:%(BOO ~120°)=30°
sﬁ:ﬁ:ﬁa:%(moo ~120°)=30°

Tam gidc SFG cd SFG = SGF = 30° nén can tai S, suy ra GSF =120° v SG = SF

+Néu SE > SF =SG thi ta duoc SEF > SFE va SEG > SGE nén ta duoc GEF > 120°

Diéu nay v li vi GEF =120°

+N&u SE <SF=S5G thi ta duoc SEF < SFE va SEG <SGE nén ta duge GEF <120°

biéu nay vo li vi GEF=120°. Nhu vay ta duoc SE =SF =SG, diéu nay cé nghia S la tam
duodng trong ngoai tiép tam gidc GEF hay tdm duong tron ngoai tiép tam gidc EFG nam
trén AD.

Bai 18. Trudc hét ta phat biéu bd dé: Trong ti gidc ABCD, thi hai duwong chéo vudng goc
v6i nhau khi va chi khi AB* +CD? = AD? + BC? (B8 dé chinh 1a ndi dung vi du 1)

bat AB=x; BC=y.Theobairataco DF=CE=CD=xva CH=CB=y.

Dé thay t gidc CDFE 1a hinh vudng nén EF =x. St dung dinh ly Pytago ta c6 :
AH?+EF? =(AD? + DH? )+ EF* =y” +(x+y) +x & AH? + EF =2x" + 2xy + 2y

Do do ta duoc AF? +HE? =(AD+DF)’ +(CH? +CE?) =(y +x) +y? +x* =2x* + 2xy +2y’

Twr suy ra AH? + EF? = AF? + HE?. Bai todn b6 dé ta duoc AE L FH.
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" Bai 19. Trudc hét ta phat bi€u va khong chitng minh bo dé sau: Cho tam giac ABC khong
can tai A c6 duwong cao AD(D thudc canh BC). Biém H thudc doan théng AD thoa man
diéu kién HBA = HCA . Khi d6 H 1 triec tam ctia tam giac ABC.

Tro lai bai toan: Ta xét hai treong hop sau A B

+ Truong hop 1: Néu MA =MD, khi d6 tam

giac AMD can tai M nén ta duoc
MAD = MDA =50°.
Tir d6 suy ra DAB =50" +40° =90°. Tir d6 suy

ra hinh binh hanh ABCD cé mét gbc vuong D c
nén ABCD la hinh ch nhat.

+ Truong hop 2: Néu MA =MD, khi d6 goi O

la giao di€ém ctia hai duwong chéo AC va BD.

—_—

Vi MAB = 40° < 65° = MCD nén ta duoc MAB < CAB=ACD <MCD.

Tt &6 suy ra diém M nadm trong tam giac ABC. Chitng minh hoan toan twong tu ta ciing
c6 diém M nam trong tam giac BCD. Tir 6 suy ra di€ém M nam trong tam gidc OBC.
Goi N 1a diém d6i xting véi M qua O. suy ra diém M nam tron tam gidc AOD. Dé dang
chttng minh dwoc cac tie gidc AMCN, BMDN Ia cac hinh binh hanh. Mat khac

MCN = MCD — MAB = 65° — 40° = 25°

Hoan toan twong tu ta <6 MDN = 50° - 25° = 25°. Do d6 suy ra MCN = MDN nén tt giac

CMDN ni tiép duong tron. Tir d6 ta duge NMD = NCD = MAB = 40°, suy ra

NMD + MDA = 40° +50° = 90°
Do d6 MN vudng géc véi AD. Ma ta lai <6 MAN = MCN = MDA va MA =MD. Do d6
theo bo dé trén ta duwoc N 1a triec tam tam giac MAD. Tt d6 suy ra

NAD =90° - MDA = 40".
Do d6 ta dugc BAD = NAD + NAB = NAD + MCD =40 +65° = 105" .
Suy ra ADC =180° —~ BAD =180° —105° = 75".
Vay hinh binh hanh ABCD c6 A =C=105" vd B=D=75".
Tém lai: + Néu MA =MD thi hinh binh hanh ABCD ¢6 bon géc vudng
+N&u MA =MD thi hinh binh hanh ABCD ¢4 A =C=105" va B=D =75".

Bai 20. Dat ®=ﬁ=a;@=ﬁ=5;ﬁ=¢;ﬁz=ﬂ;ﬁ]\)=y
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Néu a >90°, khi d6 chi cd

AB=AD, BC = CE, mau thuan véi gia thiét
E ndm trén doan CD.
Do d6 a <90°, khi d6 ta xét cac treong hop

sau

+ Truong hop 1: Néu BC =CE, khi d6 ta
duwoc

613\E=ﬂ=900—%

Lai ¢6 B/E]\Z):7:180°—ﬂ:90°+%>90°
Do d6 ta dugc EB = ED nén tam gidc BED can tai E
— = 1 1
Suy ra EDB=EBD =& =E(1800 -7) :E(lzao0 -a)
. 3 0
Do d6 ta duoc ¢ = Z(lSO —a)

0

- Néu a =4 thitaduoc a= 0 = 36" hay BAD = 36"

3.180° —  3.180"

- Néu a =g thita duoc a = hay BAD =

+ Truong hop 2: Néu BC =BE, khi d6 ta duoc y =180° —a >90" do d6 EB=ED

. A . A —— 180° -y
Suy ra tam giac BDE can tai E nén ta dwgoc BDE=6 =

vap=0+6>0

Ta c6 tam gidc ABD can va a # J nén ta duoc o =¢
~2.180°

Do d¢ 180°=a+¢+5=§a:>a =72° hay BAD =72
+ Truong hop 3: Néu EC =EB, khi d6 ta duwoc a =4, y =2«
- Néud=¢p=2a,¢p>pf=a taduwoc p=06=2a

180°

Do d6 ta duwoc 180° = +p+5 =50 = a = = 36" hay BAD = 36’

O_
- Néu 5=220 "7

=90~ suyra p=f+5=a+5=90"

Do d6 a =& =45 hay BAD = 45"
- Neéu y =2a thi ¢ =3a do do6 ta dugc a =6 hodc §=¢

0
Do d6 ta dugc o = 36" hoic 3a =180° —4a = a = 180
— o 0
Hay BAD = 36° hoic BAD =20
Vay ta dugc BAD=a e {1870 :36°; 45°: 72°; 3'1780 }
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Bai 21. Gia st tim duoc diém M thoa man AMB = CMD. Tt C ké duong thang song song
véi AM va tir D ké duong thang song song v6i BM, hai duong thang nay cat nhau tai N.
Dé dang nhan thay hai tam giac AMB va CND dong dang,.

Do d6 ta duoc M=(ﬁ ma lai co M=CMD nén ta duwoc (Tl\?)z(ﬁ\-/[TD

Suy ra bon diém M, N, C, D cung nam trén M N

mot duong tron.
Véibon diém A, B, C, D, khi d6 ta co
AB =CD hodc AB=CD, do d¢ ta xét cac

trueong hop sau A B c D
+ Truong hop 1: Khi AB=CD, ta c6

AAMB = ACND nén ta dwgc MB =ND

Do d6 ti gidc MNDB la hinh binh hanh, suy

ra NM//BD

Ttr d6 ta dwgc MNDC la hinh thang ma ndi

ti€p duoc nén MNDC Ia hinh thang can.

Suy ra MB = MC. Vay diém M can tim nam trén duong trung truc ctia BC.

+ Truong hop 2: Khi AB=CD. M
Goi E la giao diém ctia MN va duong

thang AB, khi d6 theo dinh li Talet ta c6

EA_MA
EC NC A B C D E
Ma ta lai c6 a\lTD = (E\_/[TD nén
AAMB > ACND
Tir d6 suy ra ﬂ=£, do do ta co
NC CD
EA_AB
EC CD

Mt khac do t& giac MNDC noi tiép dugc nén ta co NMD = NCD = MAB

Do d6 ta c6 AEMD > AEAM, suy ra % = % = EM? = EA.ED. T d6 ta xac dinh dwoc
diém M.
Bai 22.
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" Qua diém A k& duong thang vudng goc véi AM,

B
duong thang d6 cat CD tai K. Vé AH 1L MN tai H. 1
Xét hai tam giac vuong AMB va ADK co z
AB=AD; BAM =DAK nén AABM = AADK !
Suy ra BM =DK; AM = AK. H
K D N C

Theo gia thiét MC+CN +MN =2a ta duoc
MN =BM + DN = DK +ND =KN
Xét hai tam giac AMN va AKN c6 AN chung, AM = AK va MN =KN

Suy ra AAMN = AAKN nén ta dwgc AKN = AMN = AMB va AND = ANH

Xét hai tam giac vudéng AND va AHN c6 AN chung va AND = ANH
Suy ra AAND = AANH nén ta dugc DN =HN; AD = AH = AB

Do d6 ta dwgc HM = MN -HN = DN +MB-DN = MB
Nhu vay AM la dudng trung truc ctia HB, nén ta duoc PB=PH va AHP = ABP =45°.

Hoan toan twong ti ta dwoc QD =QH va Q/ﬁ\I =QDN =45’

Ttr d6 ta duoe QHP =180° ~PHM —QHN = 90°

Do d6 tam gidc QHP vudng tai H nén ta c6 PQ* = QH? + HP?

Do d6 ta duoc PQ* = DQ? + PB? hay cac doan thang BP, PQ, QD la d¢ dai ba canh ctia mot
tam gidc vuong.

Bai 23. Goi I, K theo tht tw la tam duong tron ngoai ti€p cac tam gidc CMN va BCD.

Dé thady BAM = BMA = MAD nén tam
gidc ABM can tai B, suy ra AB=BM hay
BM =CD

Lai co NMC = CNM = BAM nén tam giac
CMN can tai C, suy ra CM =CN.

Mat khac ta c6 IM =IN nén CI la duwong

trung triec cia doan thang MN, do d6 CI
cling la phan gidc ctia goc MCN nén ta
duoc IEI\\/I = IEI\\T Vi IC =IM nén tam
giac CIM can tai [, suy ra IEI\\/I = ﬁ:

Do d6 ta duoc IM/\C = IEI\\I nén

BMI = DCI.
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- T d6 ta dwoc ABMI = ADCI, suy ra IB=1ID. Buong tron (K) di qua B va D nén ta duoc
// KB =KD, suy ra IK la dwong trung triec ctia doan thang BD. Tt d@6 IK L BD. Ta lai c6 CE
la day cung chung cta hai duong tron (I) va (K) nén ta duoc CE LIK. Ttr d6 ta dugc BD
song song voi CE nén tt gidc BDCE la hinh thang can. Suy ra BC=DE, BE=CD. Do
ABCD la hinh binh hanh nén BC=AD, CA =AB

Tl d6 suy ra AD =DE, AB =BE nén BD la duong trung tric cia doan thang AE

Suy ra BD L AE, ma ta lai c6 BD//CE nén ta dwoc AE L CE.

Bai 24.

Goi EF=a;FG=b;GH=c;HI=d;I] =¢; A E = B
JK=f;KM=g;ME=h (véia, b, ¢ d, e f g hla ( ’ )

cac sO hitu ti duwong). Do cac goc cuia hinh 8 M g o€
canh bang nhau nén mdi géc trong ctia hinh 8 “ . N
canh ¢4 sd do la: (8-2)180° =135".Suyramdi  p 3 : , C

goc ngoai cia hinh 8 <canh do 1la
180" -135" = 45"
Do d6 cac tam gidac MAE; FBG; CIH; DK]J la cac tam gidc vudng can.

h b d f

Suyra MA=AE=—; BF=BG=—; CH=Cl=—; DK=D]=—

’ 2 £ V2 V2
h

Ta c6 AB =CD nén e—a)V2=h+b-f-d
B e e

. N h+b-f-d M a1y SN A

Néu e—a =0 thi \/_=—GQ(dleunayvolydo\/ilasovotl)

e-a

Vay e—a=0< e=a hay EF =1J (dpcm).
- Bai 25. Qua A dung duong thang vudng goc Ax, cat CD tai K. Ta ¢6 :

; DAK = D/AE—(KAM+MAB) ~15°

- Xét hai tam giac ADK va ABM c6 DA = AB (canh hinh thoi);

KDT(:ABM=60°(1§A\B=1200);

- DAK =BAM =15° = AADK = AABM(g.c.g) = AK = AM

1 1 1
= -
AH* AK®> AN?

- Goi AH la duong cao tam giac AKN vuong tai A, ta cd

AD\3 AB\3

- Ma AH = IS ;AK = AM. Ta c6 hé thirc (1) twong dwong voi

(1
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1

1 1@1 1=4<:>T=A821+L:é
M 3

= + +
3 AB? AM?> AN?* AM?’ AN? 3AB? AM®>  AN?
4
Bai 26. Gia st hinh chit nhat c6 &0 dai cac canh dwoc a b

dat nhu hinh vé. V6i 0<a, b, e, f<4 va
a+b=e+f=4
0<c,d, g, h<3 vac+d=g+h=3.

Ta co

x? =h? +a’; y2 =b*+c?; 22 =d* +e%; t? :f2+g2
=>x+y’+z22+tP =a’+b+ P +d* +e’ +f + g’ +h?
*)

+ Ching minh x* +y” +2z* +t*> <50.

Vi a,b>0 nén a?+b’ S(a+b)2 =16.

Tuong ty ta dwgce ¢ +d* <9; e’ +f* <16; g +h* <9.
T () suyra =>x°+y* +2° +t° <16 +9+16+9=50 (1)

+ Chting minh x* +y* +2z° +t* > 25.
Ap dung bét dang thitc Bunhiacopxki ta ¢6 a’ +b* > %(a + b)2 =8

Tuong ty c* +d* 2%; e’ +f>8; g” +h? 2%.

Tir (*) suy ra = x* +y* +2° +t° 28+%+8+%:25 @)

Bai 27. Trong tam gidc ABD c¢6 MQ//BD nén ta ta dweoc A M B

MQ AM
BD AB

=x=>MQ=x.BD

Trong tam gidc ABC co AM _CN suy ra MN//AC N
AB CB

AC AB MB
Ma ta c6 AC.BD =2S

—732 né
Apcp = 22, nén ta duwoc

Synro = MQMN =x.BD.(1-x)AC =2a’x(1-x)

MNPQ
2
Ta lai c6 2a2x(1—x):—2a2(x2—x):—2a2 xz—x+l—l =-2a’ x—l +=-a’<=a’
4 4 2

2 2

Do d6 ta duge S0 < ""7 hay dién tich tir giac MNPQ 16n nhat 1 % x4y ra tai x = %
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Bai 28. Vi tit gidc ABCD c6 duwong tron noi ti€p B
nén AB+CD=AD+BC. ,
Ma AB = AD nén ta dugoc CD=CB. Do d6

AABC = AADC = ABC = ADC.

Mit khéc t gidc ABCD ndi tiép duong tron
nén ABC+ADC =180’ .

Do d6 ta suy ra dugc ABC = ADC =90°.
Suy ra AC la duwong kinh duong tron ngoai tiép t& giac nén ta duwgc AC=2.

bit AB=AD=x;BC=CD=y néntacd x’+y’ =4

Goi S, p, r lan lwgt la dién tich, nira chu vi ban kinh dwong tron ndi ti€p ti giac ABCD.

x> +y?
2

2 2
xay ra khi ABCD la hinh vudng. Talai c6 S=pr= r’ = S—z = > > = 5
p (X + y) 4+2S

Khidotacd S=S,,.+S,p =25, =Xy. VI xy =/x’y” < =2=5<2,d4dubing
2

“ . . 2 » 1 S 1
Ta can ching minh r<——or'<—-< <—
2 2 4+25 2

<85 -5-2<0<-1<5<2
B4t dang thitc cudi cling hién nhién dtng. Do d6 ta dugc r < 72 .
Bai 29.

a) Ta co DAM :@:(cﬁng phu B/AT-U, AB=AD va A E B

BAF = ADM = 90°
T do ta duwoc AABF=ADAM. Suy ra

AF =DM = AE=DM H
Tt giac AEND c6 AE // DM va AE =DM nén AEMD ]
la hinh binh hanh
Mt khéc ta c6 DAE =90°. Vay tit gidc AEMD la
hinh ch@ nhat
N

b) Ta c6 AABH @ AFAH nén ta dwoc AB_BH ha

AF AH
BC_BH (do AB=BC, AE = AF)
AE AH

Lai c6 HAB = HBC (cung phu ABH )- Tt d6 ta dwoc ACBH @ AEAH
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2

S S

Suy ra —8 = (BCJ matacod —SBH =4 = (Ej =4 nén BC* = (2AE)2
Sy \AE Sean AE

Ttr d6 ta dwoc BC =2AE nén E la trung diém ctia AB, F 1a trung diém ctia AD
Do d6 BD =2EF hay AC=2EF.

c) Do AD song song v4i CN nén dinh 1i Talets ta c6 AD AM AD _ CN
CN MN AM MN

MN MC __AB MC

Lai c6 MC song song voi AB nén theo dinh li Talets ta co = = = hay
AN AB AN MN
AD MC
MN MN
2 2 2 ) 5
Do dé ta duoc AD + AD} [N + M} _CEN +(2:M =1
AM AN MN MN MN
ADY (ADY 11 1
Suyra | —| +|—| =1hay ~+ S=—
AM AN AM® AN° AD
Bai 30.
a) Goi I, J, KIan luot la trung diém cua A M
B
QN, MN, PQ. Khi d¢: BI—@ DK—E J
2 2 Q !

Va I]:QTM; IK:% Vi BD <BJ+JT+IK +KD. N
Do do:

D c

S scp = AZC BD< %(B}+II+IK+KD) P
_AC —(MN+NP+PQ+QM)

b) Chu vi t& giac MNPQ la:

MN + NP +PQ+QM = 2BJ + 2IK + 2DK +21I] = 2(BJ + ]I +IK + KD) > 2BD
D&u bang xay ra khi duong gip khtic triing véi BD, ttec 1a MQ//NP, MN//PQ, MN =PQ
(vi cling la canh huyén 2 tam gidc vudng can bang nhau), ltic d6 MNPQ 1a hinh chit nhat.
Bai 31.
bat BC=a; AD =b. Qua M ké duong B c

thang song song véi AD cat CQ tai E va

cat DK tai F.

Ta co tix giac ADMF la hinh binh hanh

va t giac BCME ciing 1a hinh binh hanh. P

Do d6 ta DJ =2ME =2a;CK =2MF =2b J A D
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Dé diém N nam trong tam gidc AMB thi
N phai thuoc doan PH va N thudc doan

1Q.
Hay ta can c6 bp <1< bH va €Q <1< cl
DN DN CN CN
DN DJ DP _DP DN _1 2a _a+b
—— =—— nen tasuy ra
NK CK DN DK DK 4 2a+2b 4a

Tir d6 ta duoc DP <1 khi va chi khi a > E
DN 3

DH DH DN_ b 2a _ b(a+b)
DN DK DK 3b-a 2a+2b a(3b-a)

Lai co

To d6 ta duoc % >1 khi va chi khi ab+b* >3ab-a’ <> a’ +b’ —ab >0, diéu nay hién

nhién dung.
Vay dé % <1< bH thi ta can c6 a >% Hoan toan tuong tu thi dé — €Q
b b2,
3
Nhu vay di¢ém N nam trong tam giac AMB khi va chi khi % < % <3 hay 1.
Bai 32.
+ Trudc hét ta ching minh AB.DE = BC.CE A

Ta c6 DAC = BAC va ABC = ACD, do d6 ta duoc

—

DAC+ACD =BAC+ABC

Do do ta dwoc @ = ﬁ nén ta dwoc
D,

<1 S — tacan
CN

BC

<——<3
A

EDC = ACE =
E:

Do d6 hai tam gidc EAC va ECD d6ng dang véi
nhau, suy ra EA_EC . Ma ta lai ¢ DAC =BAC
EC ED
nén AC la duwong phan giac cua tam giac ABE
AB AB

Do d6 ta duoc ECc_AB .Suyra —= EC suy ra EC.BC=ED.AB
ED BC BC ED
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+ Ching minh 2AC? < AD.AF+ AB.AE M
Truwdce hét ta phat biéu va chtiing minh bd dé: Tam giac

MNP c6 MI la duong phan giac trong, khi do ta ludn co

MI? < MN.MP.

That vay, trén tia phan giac MI va bén ngoai tam giac |

MNP 14y diém K sao cho MNI=MKP . Xét hai tam gidc \/
K

AMNI va AMKP ¢6 NMI=KMP va MNI=MKP

Suy ra AMNI > AMKP nén

% = % = MN.MP = MK.MI

Do K ndm ngoai tam gidc nén ta c6 MI <MK . Tir d6 ta duoc MI* < MN.MP = MK.MI.
Ap dung bd dé trén cho tam gidc ADF c6 AC la duong phan giéc, ta c6 AC? < AD.AF
Ap dung b8 dé trén cho tam giac ABE c6 AC la dudng phan giac, ta c6 AC? < AB.AE
Cong theo v& hai bat dang thikc trén ta duoc 2AC* < AD.AF + AB.AE

Vay bai toan duoc chitng minh.

Bai 33.

A D P

V@ t& giac PQEF va diém K nam trong t giac sao cho
APKQ = AAMB; APKF ©> ACMD; AQKE @ AAMD

— —— e~~~ —— e~

Khi d6 ta duoc QPK = BAM; KPF = MCD; QEK = MDA; PQK = ABM

Va KM=AM=MC, QK =MB va £ - QK _MB . MBMD
MD MA MA MA
KP  MC MC KF MAMD MA

Ma ta lai ¢6 FKE = 360° — QKE — QKP — PKF = 360° = AMD — AMB — CMD = BMC
Ttr d6 ta suy ra AEKF > ABMC nén ta duoc KEF = MCB

T gia thiét ta c6
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— —

— — e~ e~ -

— CMD + KPF + KFP = PKF + PKF + KFP = 180°

Do d6 ta dugc QP//EF. Chitng minh twong tu ta dwoc

— — e~ e~ e~~~ e~

PQE + QPE = EQK + KQP + KPQ + KPF = QPK + KQP + QKP =180°
Do d6 ta dugc QE//PE. Tt d6 ta dwoc PQEF la hinh binh hanh. Suy ra
PQ = AB=EF, QE =PF

Vi AEKF «> ABMC nén TE = BC Suy ra AB=EF = BCKF = BCMD = ABMC =BCMD
KF MC MC MC

AD _QE _ PF Ma ta c6 APKF > ACMD nén PE _ CD

AM QK QK KF MD

AD.QK CDKF
AM  MD

Suy ra AD.QK = AM.CD nén ta dugc AD.BM = AM.CD
Vay ta duoc ABMC =BCMD va AD.MB=CD.MA.
Bai 34.

Lai c6 AQKE > AAMD nén

=CD

KF =MD . Do d6 ta duoc PF =

a) Xét tam giac BIO va CMO co A | B

IBO =MCO =45°, BO=CO va
BOIL= COM

Suy ra ABIO=ACMO dod6 S, , =S M

CMO
Ma S =S5, + S0 NEN

BMOI

=S

1 1, E D c N

S

BOC :Z ABCD :Za

b) Ta c6 CM =BI nén BM = Al

Sevor +Spu0 =95

CMO BMO

ViCN // AB nén ?;1\1\;[1 AM S — IA _ AM én IM // BN hay IMNB la hinh thang

MN IB MN
Vi OI =OM nén tam gidc IOM can tai O do d6 IMO = MIO = 45°
ViIM // BN nén IM // BK suy ra BKM = IMO = 45° = BKM = BCO
c) Qua A ké tia Ax vudng géc AN cat CD tai E . Chting minh dugc
AADE = AABM = AE = AM
Ta c6 tam giac ANE vuong tai A ¢ AD la duwong cao nén

_AD.NE _ AN.AE

AEN 2

S = AD.NE=AN.AE = (AD.NE)' =(AN.AE)’

Ap dung dinh li Pitago cho tam gidc ANE ta c6 AN? + AE” = NE?
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y 2 2
" Tir d6 ta duoc AD’(AN® + AE?) = AN”.AE’ = AN 2+AE2 _ 1 —= L —+ 1 = L .
// AN’ AE’ AD’  AE’ AN’ AD
| Ma AE =AM va DC=DA nén ta duoc —— = ——+ ——
CD*> AM? AN
Bai 35.
a) Vi ABCD Ia hinh vu6ng nén ta c6 AB//CD K

nén ta dwoc AB//CN va AB//ND

Ma ta cd AD =BC va AF =CE nén ta duoc A B
FD=BE = EC AF E E
BE FD

Vi AB//CM nén theo dinh li Talets ta dwoc

CM CE N D C M
AB BE
Vi AB//DN nén theo dinh 1i Talets ta dwoc

AB _AF

DN FD
Két hop cac két qua trén ta duoc M _AB = CM.DN = AB® =a’

AB DN

b) Theo cau a ta co M _ AB CM _AD .Do d6 ACMB » ADAN = CMB = DAN

AB DN BC DN
Ma ta lai c6 DAN + AND =90° nén ta duwoc CMB+AND =90°. Suy ra MKN =90’

c) Ap dung bat déng thitc Cauchy ta c6 DN +CM > 2JDN.CM = 2\a? =2a
Tt @6 ta dwgc DN+ CM +CD > 3a =MN > 3a

CE=BE
D&u bang xay ra khi DN = CM =a.. Khi d6 CE_AF_M =21 hay{

BE FD AB AF=FD
Vay khi E va F Tan luot 1a trung diém ctia BC va AD thi MN ¢6 d¢ dai nho nhat 1a 3a
Bai 36. Ban doc ty vé hinh

a) Vi ABCD Ia hinh thoi nén AB//CD, BC//DA va AB=DC,BC=AD

D& thay EBC =BAD va BAD = CDF nén ta duoc EBC = CDF

EB _BC_ BE _AD
CD DF AB DF

Tt d6 ta dugc EB.DF = AD.AB khong d6i. Vay BE.DF c6 gia tri khong doi.

Lai co BEC = DCF nén suy ra AEBC «© ACDF =

b) Vi AB=AD va A =60° nén tam giac ABD déu, do d6 AB=AD =BD
EB AD EB BD

Ma ta c6 — =—— nén ta dwoc — =——. Dé thay EBD = BDF =120° nén AEBD < ABDF
AB DF BD DF

Do d6 ta duoc EDB = BED. Tt d6 suy ra BID = 120°
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2 2
¢)Vi AEBC o ACDF nén ta duoc 3 = (Ej Ma e _ 3 _1_ (lj nen
5. \CD .. 12 4 (2

BE 1
DC 2°

Ma DC=AB nén % = % = AB =2BE. Hai tam giac BEC va ABC c6 AB=2BE

Nén ta duoc S, =25, =6(cm?). Vi ABAC=ADCA =S, =S, ., =6(cm’)

Do d6 ta duoc S =S, +S =6+6=12(cm2)

ABCD ABC CDA

Bai 37. Do ABCD la hinh vudng cé canh bang 1 nén

A N B
AC?>=BD? =2
Do M 14 diém nam trong hinh vuéng ABCD nén ? H
MA+MC 2> AC

Tt d6 ta duwoc

OMA® 2MC*  (MA+MC) +(MA-MC)" £

MA? +MC”* = > ¢
_(MA+MC) +(MA—MC)2 _(MA+MC)  Ac? 2
- 2 2 B 2 2 2

Ching minh hoan toan tuong tu ta dugc MB? + MD? > 1

Do d6 suy ra MA? + MB? + MC? + MD? > 2. Dang thtkc xay ra khi va chi khi M 1a giao
diém cta hai duwong chéo AC va BD

b) Ké MH vuong goc voi BC tai H, khi d6 ta dwoc MH = NB

Tam gidc ANM vuong can ¢ N ¢6 O la trung diém cta canh huyén AM nén MN? = 20N?

2 2 2
Suy ra N2 =l. Tam giac MHC vudng can 6 H nén MH2 =l:> NB2 1
MN-" 2 MCT 2 MC 2
ON NB A
Tt d6 ta dwoc —— =——. Két hop vdi ONB = NMC nén ta duwoc AONB «» ANMC
MN MC
N OB ON OB* ON? ON> 1 , OB® 1
Ttr d6 suy ra == .Ma talai co > =—nén ==
NC MN NC> MN? MN*® 2 NC® 2

Do d6 ta suy ra dugc CN* =2.0B.
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Bai 38. Xét AACO va ABOD <6 ,
CAO = OBD =90° x b
AOC =BDO

|
Suy ra AACO > ABOD. Do d6 ta duogc
CO_AO_ CO_OD_ CO_OD ¢ K
OD BD _AO BD OB BD
Cco_OD
Xét AOCD va ABOD cé OB BD A 0 B
COD = OBD =90°
Do d6 ta dwoc AAOCD < ABOD. E

Ta c6 AACO <> ABOD nén ACO =BOD

Lai c6 AOCD <> ABOD nén ta dwoc DCO =BOD..

Do d6 ACO =DCO

Xét hai tam giac vuong CAO va CIO co ACO =DCO va CO chung nén ACAO = ACIO

Tt d6 suy ra CA=CI. Chttng minh tuong tu ta ciing c6 ADBO=ADIO nén ta dugc
DB =DI

CA 1 AB
Mat khac do { nén ta co CA // DB . Theo dinh li Talets ta dwoc DK = @ DI

DB 1L AB AK CA CI
N , DK DI o , A —= ST
Tt d6 ta cb AK = R suy ra IK // AC. Mat khac AC//BD nén IK//BD, suy ra IED = BDE

Lai c6 ADBO = ADIO nén BDE =IDE. Do d6 IED =IDE suy ra AIED cén tai I

Tt d6 ta duwoc IE = ID ma ID = BD nén IE = BD

Bai 39. Tir gia thiét ta suy ra DBE = %ABC Do d6 ta duoc ABE+CBD = %XB\C

Ma EA = AB nén tam giac ABE can tai A, suy ra AEB = ABE

Do d6 suy ra ABE = 90° —%]ﬁ Lai ¢6 CB=CD nén ta suy ra dugc CBD =90° —%B/C]\D

BCD 1 —

EAB +90° ————==ABC
2 2

2
Suy ra EAB+ABC+BCD =360" nén CDE + DEA =180°

Tt d6 suy ra ATD\EHiE]\D:lSOO—l CDE +DEA|=90° nén ta dwoc AD vudng géc vdi
y > g8

Ttr d6 ta dwoc 90° —

CE.
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Mit khéc tam giac EAD can tai E va tam giac CDE can tai D nén AD va CE cat nhau tai
trung diém modi duwong. Do d6 AEDC la hinh binh hanh. Tt dé suy ra
AC=DE=AB=BC=CA hay tam gidc ABC déu. Do d6 ta duoc ABC =60’

Bai 40. Gia st ABCDEF la luc giac da cho. Goi

A
H la giao diém cta AD va CF. Ta 9 B
1
S ApEF = Scoer = ESABCDEF F
C

Suy ra ta duoc S, =S,,; nén AC song song
voi BE. |
+ Goi K, I theo thit ty la trung diém cua AC va s o
FD.
Khi @6 H thudc KI va E=£:2

KI CK AC
Vi KA =KC,FI=ID nén ta duoc S, = %S ACDE

\ 1 1 1

Ma S . ,==Syp= E va SEID+SDIKC +SBKC = ESABCDEF
Mt khac ta lai co Sy, = %S apeppr €N tadwoc S =S + S e + Spxe -

Goi H' la giao diém BE v6i KI, suy ra ta dwoc S, =S, nén Bl sog song véi KE
Ta ¢6 KE // 1B, KC // IF, CE // BF nén hai tam gidc EKC va BIF dong dang véi nhau

IF FD.MéBI//BEnéntadu’ocE=£su r H1 _FD

I
= = qa —=—
EK KC AC KE HK °  HK AC
Két hop cac két qua lai ta dugc % = % suy ra hai diém H va H’ trung nhau. Do d6 ba
duong chéo AD, BE, CF dong quy tai mot diém.

Bai 41.

Tir d6 suy ra

a) Tt gidc ABCD la hinh chit nhat c6 tam O

nén OA=0B=0C=0D.
Ma ABD =30" = ADO = 60° nén tam gidc g )

AQOD déu, AG la duong trung tuyén dong

thoi la duong cao va duong phan giac. Do D E K C

d6 DAE =30° = AE | BD = AED = 60"
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Tt gidgc AOED 6 AED = AOD =60° nén ndi tiép duong duong tron.

b) Chting minh duoc AADF = AODF = AF = OF, DOF = DAF = 90"

Ta c6 AD = AB.tan ABD = 3a.tan 30° = J3a; AF= AD.tan ADF =+/3a.tan30° =a

Lai tinh duwgc AE=2a.Ta cé AE L BD, FO L BD nén AE//OF, suy ra tit gidc AFOE la hinh

thang

- L(FO+AE)OT = 1(a+2a)@ _ 35’
2 2 4

Do do ta dwoc S 5

(dvdt)

AFOE

1 ——

¢) Ta c6 ABOJ = ABCJ = BOJ = BCJ , ma BC]—EBCD 45° nén JOI = 45

Tam gidc DKI can tai D c6 KDI=30"nén DKI=75" do d6 ta tinh duoc KHC = 45°
Ta c6 KHC = KJC = 45° nén tt gidc KHJC noi tiép nén JHC = JKC = 90°

Do d6 BJ L OC, HJ L OC nén ba diém B, ], H thang hang, suy ra H la trung diémcta OC.

Ja

Ta cd OH = OC—EAD——

Lai <6 AAOE = AADE = AOE = ADE, OE=OD = AE.sinDAE =a

2
2
Tam gidc OEH vuong tai O nén EH? =OE’ +OH” =a” + [%j = 7% — HE= %,
Bai 42.

a) Tt giac ABEG noi tiép (vi EBG = EAG =45) B E c

Ma EBA =90° = EGA =90° nén EG LFA (1)

Tuong tu t& gidc ADFH noi ti€p = FHA =90° nén
AE LFH (2) F

Tt (1) va (2) ta dugc I 1a triec tam cuia tam giac AEF.

b) Tt gidc EFGH néi tiép (vi G = H=90°)

= KG\H=K]§3(C1‘mgbf1 goc I-/I(ﬁ)

Do d¢6 ta dugc AGH > AAEF suy ra CH_ = =—.
EF  AF AHV2 2
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c) Ta c¢6 I 1a triec tam tam giac AEF nén AK | EF. Hai tam gidc vudng ABE va AKE bang

nhau nén AK=AB=a va EB = EK= BK L AE. Do dé BK // HF (vi cung vudng goc vdi
AE)

d)bat CE=x, CF=y (0<x, y<a).Khidd tacé EF* =x*+y*

Ma EF=KE+KF=BE+DF=a-x+a-y=2a-x-y.Suyra x+y=2a—-EF

Dé thdy (x+ y)2 < 2(x2 + yZ), d&u bang xay ra khi va chi khi x=y.

Do d6 ta dugc 2a—EF=x+yS J2(X*+y?) =V2EF* =EF\2

;AKEF—%aEF<a (JE 1)

Suyra EF2> —Za(\/_ 1).Ta CO S,y =

1+\/—

Do d6 dién tich tam gidc AEF nho nhét la a® (ﬁ - 1) dat duoc khi EF = 2a(\/§ - 1)

Bai 43. Ban doc ty vé hinh

_ (5-2).180°

S8 do goc 6 mdi dinh ctia ngii gidc déu la =108".

— 0_ 0
Lai c6 tam gidc ABC can tai B nén ta dwuoc BAC=BCA = M =36".

GoiI la giao diém cta AC va BE, khi d6 tam giac IAB can tai I nén KEI =36".

Twr d6 suy ra IBC =72° = BIC = 72°, do d6 tam gidc BIC can tai C nén CB=IC.
Lai c6 AABC 2 AAIB nén AB = AC = AB = AC — AB?’ = AC*-BC.AC
Al AB AC-AB AB

Ma ta c6 AB=AD;AE =BC nén ta dugc AB*+AC.AE=AD’.

Ngoai ra hé thiec trén can dwoc viét lai la AC* - AC.BC-AB’ =0
2 2

AC* AC 4(ch _, AC

= 1-0=
AB’ AB 2AB

Chia ca hai vé& cho AB? ta duoc

Ma ta lai c6 cosBAC = cos36° = % nén ta dwoc 4cos*36° —2co0s36°-1=0.
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