CAC BAI TOAN VE TAM GIAC PAC SAC

I. HE THONG KIEN THUC CO BAN VE TAM GIAC
1. Tong ba gdc trong mot tam giac
+ Téng ba goc ctia mot tam giac bang 180°
+ Trong mot tam gidc vudng hai géc nhon phu nhau.
+ Goc ngoai cia mot tam giac 1a goc ké bu véi mot goc chia tam giac ay.
+ Dinh 1i: Mi géc ngoai ctia mot tam gidc bang tong ctia hai géc trong khong ké véi no.
+ Nhan xét: G6c ngoai cta tam gidc 16n hon mdi géc trong khdng ké véi né.
2. Hai tam giac bang nhau
a. Hai tam gidc bang nhau 1a hai tam giac c6 cac canh twong ting bang nhau, cac goc tuong
ting bang nhau.
b. Céc truong hop bang nhau ctia hai tam giac

e Truong hop 1: Tam gidc ABC va A’'B'C’ ¢c6 AB=A'B;BC=B'C;CA=C'A" thi tam
gidc ABC va A’B’C’ bang nhau

e Truong hop 2: Tam giac ABC va A’'B'C’ c6 AB=A" BA= Z’; CA=C'A' thi ABCva
A’B’C’ bang nhau

e Trudng hop 2: Tam gidc ABC va A’B'C’ ¢6 B=B;BC=B'C’;C=C' thi ABC va
A’B’C’ bang nhau
c. Cac truong hop bang nhau cta tam giac vudng

¢ Né&u hai canh goc vudng ctia tam giac vudng nay lan leot bang hai canh goc vuong
ctia tam giac vudng kia thi hai tam gidc vuong d6 bang nhau.

¢ Néu mot canh géc vudng va mot goc nhon ké canh &y ctia tam gidc vudng nay bang
mot canh géc vudng va mot géc nhon ké canh dy cta tam giac vudng kia thi hai tam gidc
vudng d6 bang nhau (g.c.g)

¢ Néu canh huyén va mot goéc nhon ctia tam gidc vudng nay bang canh huyén va mot

g6c nhon ctia tam giac vudng kia thi hai tam gidc vudng d6 bang nhau.
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¢ Né&u canh huyén va mot canh goc vudng ctia tam gidc vudng nay bang canh huyeén va
mot canh géc vudng ctia tam gidc vudng kia thi hai tam gidc vudng d6 bang nhau.
3. Quan hé giita cic yéu td trong tam giac
a. Quan hé gitta géc va canh ddi dién trong mot tam giac
e Trong mot tam gidc goc doi dién véi canh 16n hon 1a goc 16n hon.
e Trong mot tam gidc canh d6i dién véi goc 1on hon 1a canh 16n hon.
b. Quan hé gitta dwong vudng goéc va duong xién, duong xién va hinh chiéu
o Trong cac duong xién va duong vudng gdc ké tir mot diém o ngoai mot duong thang
dén duong thang do, duong vudng goc 1a duong ngan nhat.
e Trong hai duong xién ké tlt mot diém nam ngoai mot duong thang dén duong thang
do:
- Buong xién nao c¢6 hinh chiéu 16n hon thi 16n hon
- Buong xién nao 16n hon thi c6 hinh chiéu 16n hon
- Néu hai duong xién bang nhau thi hai hinh chiéu bang nhau, va nguoc lai, néu
hai hinh chiéu bang nhau thi hai duong xién bang nhau.
c. Quan hé gifta ba canh ctia mot tam giac. Bt dang thikc tam giac
e Trong mdt tam gidc, tong dd dai hai canh bat ki bao gio cling 16n hon d6 dai canh
con lai.
e Hé qua: Trong mot tam giac, hiéu do dai hai canh bat ki bao gio cting nho hon d¢ dai
canh con lai.
e Nhan xét: Trong moét tam giac, d6 dai mot canh bao gio cling 16n hon hiéu va nho
hon tong cac d¢ dai cta hai canh con lai.
4. Cac duwong dong quy trong tam giac
a. Ba duong trung tuyén ctia tam gidc
e Dinh nghia: Doan thing AM ndi dinh A ctia tam gidc ABC véi trung diém M ctia
canh BC goi la duong trung tuyén ctia tam giac ABC. Doi khi dwong thang AM ciing dwoc

goi la duwong trung tuyén cua tam giac ABC.

THCS.TOANMATH.com TAI LIEU TOAN HOC



e Tinh chat: Ba duong trung tuyén ctia mét tam giac cung di qua mét diém, diém doé goi
\ A A /4 X 2 A 2 M 2 A \ . \ A .
la trong tam. Trong tam cach moi dinh mot khoang bang 3 do dai duong trung tuyén di

qua dinh &y.
b. Ba duong phan giac ctia tam giac

¢ Dinh nhia: Trong tam gidc ABC tia p.g cia g6c A cat canh BC tai diém M, khi d6
doan thang AM dgla duong phan gidc cta tam giac ABC( d6i khi ta cling goi duong thang
AM la dwong p.g cua tam giac)

e Tinh chat: Ba duong phan giac ciia mt tam giac cung di qua mot diém. Diém nay
cach déu ba canh cua tam giac va chinh la tdm dwong tron ndi ti€p tam giac .
c. Ba duwong trung tryrc cua tam giac

e Dinh nghia: Trong mot tam gidc dwong trung triec ctia moi canh goi 1a duong trung
trirc cua tam gidc do.

e Tinh chat: Ba duong trung tryc cia mot tam giac cung di qua mét diém. Diém nay
cach déu ba dinh ctia tam gidc d6 va chinh la tam duong tron ngoai ti€p tam gidc.
d. Ba duwong cao ctia tam giac

¢ Dinh nghia Trong mot tam gidc doan vudng gdc ké tir mdt dinh dén duong thang
chtta canh d6i dién goi la duwong cao cua tam giac do.

e Tinh chat: Ba duong cao ctia mdt tam giac cung di qua mét diém. Diém nay goi la
triec tam cta tam gidc.
5. Tam giac dong dang
a. Dinh li Talets trong tam giac

o Ti s3 ctia hai doan thang
+ Ti s0 cta hai doan théng la ti sO do dai cua chiang theo cing mot don vi do.
+ Ti s6 cua hai doan théng khong phu thudc vao cach chon don vi do.

e Doan théang ti 1¢
Hai doan théng AB va CD duwoc goi la ti 1€ vdi hai doan théng A'B'vaC'D'néu co tilé

thitc:

AB A'B AB CD
= ’ ! hay m’ = r !
CchD CD AB" CD
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"o Dinh i Talét trong tam gidc
Néu mot duong thang song song v6i mot canh clia tam gidc va cat hai canh con
lai thi n6 dinh ra trén hai canh d6 nhitng doan théng twong tng ti 1é.

e Dinh li Talets dao: Néu mot duong théng cit hai canh ctia mot tam giac va dinh
ra trén hai canh d6 nhitng doan thang tuong tng ti 1é thi duwong thang d6 song song véi
canh con lai ctia tam giac.

o Hé qua: N&éu mot duong thang cat hai canh ctia mot tam giac va song song véi
canh con lai thi né tao thanh mot tam gidc maoi ¢ ba canh twong ting ti 1& véi ba canh cta
tam gidc da cho.

o Cht1 y: Hé qua trén van dung cho truong hop duong thang song song véi mot
canh va cat phan kéo dai ctia hai canh con lai.

b. Tinh chat dwong phan giac trong tam giac: Trong tam giac duong phan giac cia mot
goc chia canh d6i dién thanh hai doan théng ti 1¢ voi hai canh ké hai doan ay.

Chti y: Dinh li van dtng déi véi tia phan gidc ctia géc ngoai cta tam gidc.

c. Tam giac dong dang

e Dinh nghia: Tam giac A’'B'C’ goi la dong dang véi tam gidc ABC néu

~ A~

A'=A, B =B,

)

AB°_BC CA’

'—Cva = =
AB BC CA

@)

¢ Ki hiéu: AA'B'C'»» AABC.
¢ Dinh 1i: Néu mot dwong thing cét hai canh ctia tam giac va song song véi hai canh
con lai thi né tao thanh mot tam gidc méi dong dang véi tam giac da cho.
e Cac truong hop dong dang cta hai tam giac
+ Trueong hop 1: Néu ba canh ctia tam gidc nay ti 1 v6i ba canh ctia tam giac
kia thi hai tam giac d6 dong dang véi nhau.
+ Truong hop 2: Néu hai canh cta tam giac nay ti 1€ véi hai canh cta tam giac kia
va hai géc tao bdi cac cdp canh d6 bang nhau thi hai tam gidc d6 dong dang véi nhau.
+ Truong hop 3: Néu hai gdc ctia tam gidc nay lan luot bang hai géc cua tam gidc
kia thi hai tam giac d6 dong dang véi nhau.
e Cac truong hop dong dang ctia tam gidc vuong

+ Truong hop 1: Néu tam giac vudng nay cé mot géc nhon bang géc nhon ctia

THCS.TOANMATH.com TAI LIEU TOAN HOC




tam gidc vudng kia thi hai tam giac vuong dé dong dang véi nhau.

+ Truong hop 2: Néu tam giac vudng nay cé hai canh goc vuodng ti 1é véi hai
canh goéc vuong cta tam gidc vuong kia thi hai tam gidc vuéng d6 dong dang véi nhau.

+ Truong hop 3: Néu canh huyén va mot canh goc vudng cta tam gidc vudng nay
ti 16 vdi canh huyén va canh gdéc vudng ctia tam giac vudng kia thi hai tam gidc vuong dé
dong dang vi nhau.

e Tinh chat cua hai tam giac dong dang
Néu hai tam gidc d6ng dang véi nhau thi:
+ Ti s8 hai duong cao tuong ting bang ti s6 dong dang.
+ Ti s6 hai duong phan giac tuong ting bang ti s8 dong dang.
+ Ti s6 hai duong trung tuyén trong ting bang ti s6 dong dang.
+ Ti s8 cac chu vi bang ti s6 dong dang.
+ Ti s8 cac dién tich bang binh phuong ti s§ dong dang.
6. He thttc lwong trong tam giac
a. Hé thirc lién hé gitra canh, duwong cao va hinh chiéu trong tam giac vudng
Cho tam giac ABC vudng tai A c6 duong cao AH.
+ BC*=AB*+AC?
+ AB’=BC.BH va AC’=BC.CH
+ AH’ =BH.CH
+ AB.AC=BC.AH

1 1 1

+ = +
AH*> AB* AC’

b. Ti s6 lwgng giac cua géc nhon
DPinh nghia: Cho tam giac ABC vudng tai A, ta dinh nghia ti s6 lwong giac cua goc B nhu
sau

sinB:A—C; cosBzﬁ; tanBzA—C; cotB=£
BC BC AB AC

Cht ¥:

e Cho gécnhon a. Tacéd O <sina <1; 0<cosa <1.
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e Néu sina =sin f hodc cosa =cos # hodc tana =tan f# hodc cota =cotf thi a =4
voi a; B la hai géc nhon.
c. Ti s6 luong gidc cuia hai goc phu nhau
Cho hai géc nhon a; 8 c6 a+ =90, khi d6 ta cd
sina =cosf}, cosa =sin f, tana =cot f, cota =tan f

d. Mot s6 hé thiee lwgng giac

sina cosa
tana = cota =— tana.cota =1
cosa sina
s a2 2 2 2
sin“a+cos"a =1 l+tan” o =— 1+cot” a=——
cos” « sin” «

e. Lién hé gitta canh va gdc trong tam giac vudng
Cho tam giac ABC vudng tai A c6 BC=a, AC=b, AB=c.Taco
b=a.sinB=a.cosC c=a.sinC=a.cosB
b=ctanB=c.cotC; c=b.tanC=Db.cotB
1. MOT SO KIEN THUC NANG CAO THUONG AP DUNG
1. Céc cong thic vé duong cao, duong trung tuyén, duwong phan giac trong tam giac

Cho tam gidc ABC c6 BC=a, AC=b, AB=c va p=2rP*e

. Goi h_;h ;h,
m_;m_;m_ va 1 ;1 ;1 Tan luot la cac duong cao, duwong trung tuyén, duong phan giac
twong g vdi canh a, b, c.
e Cong thitc vé duong cao

h =2\/P(P‘a)(P‘b)(P‘C) h ZZJP(P—a)(P—b)(P—C) N =2\/p(p—a)(p—b)(p—c)
. - b - . 5

e Cong thitc vé duong trung tuyén
, 2b*+2c*-a’ , 2a*+2c*-b? , 27 +2b*-¢*
m, =——— m=—-— m. =—
4 4 4
Tr cac hé thic trén hoc sinh tiép tuc suy ra dwoc hé théc sau

3
m?+m? +m? =—(a2+b2+c2)
a b c 4

e Cong thitc vé duong phan gidc
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A
| _2bc.cosE_ Zp(p—a) :2 /bcp(p—a)

bre (b+c)cosé b+c
2
B
1b:2ac.c052: 2p(p—b) :2 /acp(p—b)
a+c B a+c
(a+c)cos§
C
| :2ab.cosE: 2p(p—c) :2 /abp(p—c)
: a+b A a+b
(a+b)cos§

2. Céc cong thirc vé luwong gidc trong tam giac
¢ Dinh li cosin: Cho tam gidc ABC nhon bat ki, ta c6:
AB? = AC? +BC* -2AC.BC.cosC

BC? = AB* + AC* —-2AB.AC.cos A
AC? = AB* + BC* —2AB.BC.cos B

Hé qua: Véi tam giac ABC nhon bat ki thi:

AB? + AC?> —BC? AB*+BC*-AC? AC*+BC*-AB?
COSA = cosB= cosC =
2AB.AC 2AB.BC 2AC.BC

b
sinA sinB sinC

e Dinh 1y sin: Trong tam giac ABC nhon thi =2R, vdi R la ban kinh

duong tron ngoai ti€p tam giac ABC.

3. Cac dinh li hinh hoc ndi tiéng trong tam gidc

e Dinh ly Menelaus (Nha todn hoc c6 Hy Lap, thé'ky I sau cong nguyén)

Cho tam giac ABC. Cac diém A’, B’, C’ Tan luot nam trén cac dueong thang BC, CA, AB sao
cho trong chung hodc khong cé di€m nao, hodc c6 ding 2 diém thudc cac canh ctuia tam
A'B ' B'C .C'A 1

A'C B'A C'B

gidc ABC. Khi d6 A’, B, C’ thang hang khi va chi khi

o Dinh 1y Ceva (Nha todn hoc Y, 1647-1734)
Cho tam giac ABC. Cac diém A’, B/, C’ Ian lugt thudc cac duong théng BC, CA, AB. Khi d6
AB B'C C'A_,

AA’, BB, CC’ dong quy khi va chi khi —.—— = — -1,
A'C'B'A'C'B
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II. CAC THI DU MINH HOA

Vi du 1. Cho tam gidc ABC c6 ABC = 30" va BAC =130°. Goi Ax la tia d5i ctia tia AB,
duwong phan giac caa goc ABC cit phan giac CAx tai D. Puong thang BA cat duong
thang CD tai E. So sanh d9 dai AC va CE.

Loi giai
Goi Cy la tia d06i cua tia CB. Dung DH,
DI, DK Ian lwgt vuong goc véi BC. AC,
AB. Tt gia thiét ta suy ra
DI =DK; DK =DH nén suy ra DI=DH
(CI nam trén tia CA vi néu diém I thuoc

tia d6i cia CA thi DI>DH). Vay CD la

tia phan gidc cta I/C; va IE;’ la goc

ngoai cua tam giac ABC.

— N 5 0 0
Suy ra ACD=DCy = A+B_30 +2130

Mt khac ta 6 CAE =180° —130° = 50°. Do d6 CEA =50° nén ACAE can tai C.
Vay ta duoc CA =CE

=80" .

Vi du 2. Cho tam gidc ABC c6 cac dudong phan gidc BD va CE cat nhau tai I va ID =1E.
Chtmg minh ring B=C hay B+C=120°

Loi giai
Qualké IHLAB va KILAC.DolIla A
giao diém cua hai duwong phan gidc nén
H=IK. 50
Lai c6 ID =1IE nén ATHE = AIKD —
Suy ra ADB =BEC. Ta xét cac truong . -

hop sau:
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y

| 4

- +Truong hop Ke AD; H e BE thitacé

B/E?Z=:&+%a (I?]:ZE la géc ngoai cua
AAEC)
Va Kﬁs:%f%& (KD\Blé gbécngoai cua ABCD) Tir d6 ta dwoc K%E:&%ﬁ

Suy ra K:%E%ﬁ nén 2;;:]A3+(A2,do do ta dwoc B+C=120°

+ Truong hop K € DC; H € AE, twong tw nhu trén ta ¢6 B+C =120°

+ Treong hop K e DC; H € BE, tuong tee nhw trén ta dwoc B = 6

> T

+ Treong hop Ke DA; He AE, tuong tu nhu ta duoc ]§ =C

Vay ca bdn truong hop trén ta luén 6 B=C hogc B+C =120"

Vi du 3. Cho tam giac ABC, duwong phan giac AD. Trén doan AD 1ay diém E va F sao cho
IZB\E:(TB\F.Chl’rngminhre‘ing ACE = BCF.

Loi giai
Vé K, H, I sao cho BC, AC, AB la cac duong A H
trung trieec cua KF, EH, EIL Khi d6 ta co
FICE = 2ACE va KCF = 2BCF. Ta phai chiing
minh ACE = BCF
Taco Al=AE=AH (vi AB la duong trung

truc ctia EI) nén tam giac AHI can tai A, ma
AE la phan gidc nén AD la duong trung triec
cualH, do d6 IF=FH (1).

Ta lai 6 BK = BF; IBE = FBK; BI = BE nén
ABEK = ABIF, suy ra EK =FI (2).

Tt (1) va (2) suy ra EK = FH. Xét tam giac HCF va ECK ta ¢c6 HC = EC. Két hop vdi CF =
CK va EK =FH nén ta duoc AHCF = AECK suy ra HICF = ECK. Do d6 ta duoc

—_—

FICE + ECF = KCF+ FCE nén HCE =KCF. Suy ra ACE = BCF

Vi du 4. Cho tam giac ABC vudng can tai A. Goi M, N Ian luot 1a trung di€ém ctia AB, AC.
Ké NH L CM tai H. Ké HE L AB tai E. Chitng minh rang tam giac ABH can va HM la

phan giac cua goc BHE.

Loi giai
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T Aké AK L CM tai Kva AQ L HN tai Q. A Q

Hai tam gidc vuéng c6 MA =NC = lAB va N
2
ACH =MAK nén AMAK = ANCH . Suy ra M
AK=HC. “ Z ©
Ta lai c6 AABK =AACH nén B/KTA = X\HC Hai tam
giac vudng AQN va CHN c6 NA =NC va B

ANQ =HNC nén AANQ =ACHN. Suy ra
AQ=CH. Tt d6 suy ra AK=AQ nén HA la tia
phan giac cua goc KHQ.

Do d6 ta dwoc AHQ =45° = AHC =90° +45° =135' = AKM = 135",

Tir AKB+BKH + AKH = 360" = BKH =135°. Tam giac vudng AKH c6 KHA =45"nén
vuong can tai K suy ra KA =KH. Xét hai tam giac BKA ca BKH c6 BK chung; BKA = BKH
va KA =KH

Do d6 ABKA = ABKH suy ra KHB = MAK va AB=BH hay tam gidc BAH can tai B

Ta co @:@ va KE // CA nén XCT-I=]§-H\\/I ma ﬁl=m suy ra m=@
nén HM Ia tia phan gidc cia EHB.

Vi du 5. Tam giac ABC c6 B = 60" ; C=30°. L&y diém D trén canh AC. Diém E trén canh

AB sao cho ABD =20"; ACE =10". Goi K la giao diém ctia BD va CE. Tinh cic géc ctia tam
giac KDE.

Loi giai
Tam giédc ABC c6 B=60°; C=30° nén B
A=90".
Do d6
CEA =90° ~10° = 80; BDA =90° —20° = 70°

Ta cod

CKB = DKE = 180" ~(KCB-+CBK ) =120’
Goi I la giao di€ém ctia hai duong phan giac
cuia cac goc BCK va KBC nén

CKI = BKI =60’

Do d6 KEA = BKE +KBE nén BKE = KEA - KBE = 80" - 20° = 60’
Suy ra AIKB = AEKB suy ra KI=KE.
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" Tuong tyr ta chitng minh duroc AIKC = ADKC suy ra KI=KD.

. . . . — — 180°-120" 0
Do d6 KD =KE nén tam gidc KDE can tai K suy ra KDE =KED = - - 30°.

Vidu 6. Cho tam gidc ABC can tai A co6 A= 20°, cac diem M, N theo thi tu thudc cac

canh bén AB, AC sao cho BCM =50° va CBN = 60°. Tinh s8 do goc MNA

Loi giai
Trén canh AB 1ay diém D sao cho AN = AD, khi d6 DN //BC va A
AND =80’ Ta tinh DNM.
Goi I la giao di€m ctia BN va CD thi cac tam giac IBC va IDN la
céc tam gidc déu vi IBC = 60° va tam giac ABC can tai A. Ta sé
chttng minh MN 1a tia phan gidc caia DNB. D N
That vay, trong tam gidc BDC c6 M
MDI = BDC = 180—(513\C+5C\B) =180° —(80° +60° ) = 40° (1)
Trong tam gidc BMC c6 MBC =80°; MCB = 50" = BMC =50 nén B C

tam giac BMC can tai B.
Do d6 BM =BC ma tam giac BIC déu nén IB = BC suy ra MB = BI
hay tam gidc BMI can tai B.

—  180°-20"

Ma ta lai c6 MBI =20° nén MIB = ~80°

Do d6 MID =180° —(Mﬁs + 1511\\1) =180° —(80° +60° ) = 40° (2)

Tt (1) va (2) suy ra MDI = DIM nén tam gidc MDI can tai M. Suy ra MD = MI.
Talai c6 NI=ND nén MN la duong trung triec ctia DI, suy ra MN la phan giac ctia DNB

e ANR 0
Do d6 ta duoc DNMz@z%:%O.

L —

Vay ta dugc MNA = MND + DNA =30° +80° =110°

Vi du 7. Cho tam giac ABC vuong tai A c6 B=60". Trén AC ldy diém D sao cho
ABD = %KBE Trén canh AB lay diém E sao cho ACE = %@ . Goi F la giao di€ém ctia BD

va CE. Goi I, K Ian lwot 1a chan duwong vuong goc vé tir F xudng BC va AC. Lay hai diém
G va H trén cac tia FI va FK sao cho I la trung diém cua FG va K 1a trung diém ctia FH.

Chting minh rang duong thang HG di qua diém D.

Loi giai

THCS.TOANMATH.com TAI LIEU TOAN HOC




Tam gidc ABC vudng tai A cd B =60° nén duoc

C=30°.
Ma theo gia thiét ABD =%KBT: va ACE %Kﬁs

Do dé6

ABD =20°; DBC = 40°; ACE =10°; BCE = 20°

Do DFC la goc ngoai ctia tam gidc BCF nén ta co
DFC = FBC + FCB = 40° +20° = 60’

Lai c6 CK LFH, KF =KH nén CK la duong
trung truc cua FH.

Suy ra CH = CF nén tam giac CHF can tai C, suy ra CK la phan giac cua CFH

Do d6 ta duwgc CDH = CDF =10°.
Xét hai tam giac CHD va CFD ¢6 CH = CK, CD chung va DCH = FCD

Suy ra ACHD = ACFD nén ta duoc CHD = CFD, suy ra CHD = 60".

Chttng minh twong ty ta ¢ tam gidc CFG can tai C ¢6 CI la dwong phan giac.

Do d6 ta dugc CF =CG, ICG =ICF =20°. Ta ¢6 CG = CH =CF nén tam gidc CGH cén tai
C.

— e~~~

hai tia HD va HG trting nhau. Suy ra duong thing HG di qua diém D.

Vi du 8. Cho tam giac ABC c¢6 H 1a tryc tam, G 1a trong tdm va O 1a giao diém ba duong
trung triec. Chttng minh rang HG =2GO.

Loi giai
Goi M Ia trung diém ctia BC. Trén tia d0i cta tia A
OA 14y diém D sao cho OD =0A
Vi O la giao diém ba dwong trung truc ctia tam
giac ABC nén ta co OA =0C.
Do d6 ta dugc tam giac AOC can tai O nén ta c6 G ‘\

- <

OAC =OCA \‘

Lai c6 OC =OD nén ta dugc tam gidc OCD cén tai BWC
OOCD =ODC

—

Ta c6 OAC+ODC=0CA +OCD =ACD nén ta
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dwoc ACD =90° = CD L AC
Ma BH L AC nén ta dugc BH//CD. Chitng minh
twong tw ta c6 BD//CH.
Dé thdy ABHC = ACDB nén ta dwgc BH=CD
AMBH = AMCD nén ta dugc MH =MD, BMH = CMD

L — L — L — L — L —
2

Do d6 ta dwgc HMD = BMH + BMD = CMD + BMD =180°. Suy ra ba diém H, M, D thing
hang.
Trong tam gidc ABC c6 AM la duong trung tuyén va G la trong tam nén G thudc duong

thing AM va AG = %AM :

Trong tam gidc AHD c6 AM la duong trung tuyén va AG = %AM nén G la trong tam cua

tam giac AHD.
Lai ¢6 O 1a trung diém ctia AD nén HO la duong trung tuyén nén ta dwgc HG =2GO.

Vi du 9. Cho tam giac ABC nhon co A= 45°, cdc duong cao BD va CE ct nhau tai H. Goi I
la trung diém cua DE, G la trong tam tam giac ABC. Chtrng minh réng badiém G, I, H
thang hang.

Loi giai
Goi M, N, K lan luot la trung diém cua BC, AH, A
AG.
ViHIla trgc tam nén ta c6 AH 1. BC vaGla
trong tam nén AK =KG =GM . Tam giac BDA K
vudng tai D c6 BAD =45 nén vudng can tai D,
suy ra AD =BD. G
Xét tam giac DAH va DBC co

m

DAH = CBD; AD = BD nén ADAH = ADBC suy

ra AH=BC. B
Tam giac EAH vuong tai E cé EN la duong trung

tuyén nén EN = % Twong tu

D =28 pv= BE . g - BC
2 2 2

Do d6 ta dugc EN = ND = DM =ME nén tz giac
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~ ENDM Ia hinh thoi. Do I 1 trung diém ctia DE

nén I la trung diém cua MN.

Tam giac AGH c6 N, K Ian luot la cac trung diém ctia AH va AG nén NK la duong trung
binh cua tam giac AGH. Do d6 ta duwgc HG//NK. Tam giac MNK ¢6 I, G lan luot la cac
trung diém ctia MN va MK nén IG la dwong trung binh cua tam giac MNK. Do d6 IG//NK.
Ta ¢6 IG//NK va GH//NK nén theo tién dé Oclit thi hai duong théng IG va GH trung nhau.
Do d6 ba diém I, G, H thang hang.

Vi du 10. Cho ABC vuong tai A, vé ra phia ngoai tam gidc d6 cac tam giac ABD vuong can
& B, ACF vuong can ¢ C. Goi H 1a giao diém cua AB va CD, K la giao diém cua AC va BF.

Chting minh rang;

a) AH=AK b) AH? = BH.CK
Loi giai
bat AB=c;AC=Db. Ta c6 BD//AC nén S
A
theo dinh 1i Talets thi
AH_AC_b_ AH b E
HB BD ¢ HB ¢
B C
Do d6 ta duoc AH __ b hay
HB+AH b+c
AH= b :AHz b L AH - b.c
AB Db+c C b+c b+c
DoAB//CFnéntheodinhliTaketstacc')£=ﬁ=£:£=£: AK __C
KC F b C b KC+AK b+c
Hay AK= b :AKz C  AK = b.c
AC Db+c b b+c b+c

Ttr cac két qua trén suy ra AH = AK
by AH_AC b . AK_AB

HB BD ¢ KC CF
Do d6 ta dwgc AH? = BH.CK

C AH KC AH KC
— suy ra = = =
b HB AK HB AH

(Vi AH=AK)

Vi du 11. Cho AABC c6 BC < BA . Qua C ké duong thang vudng gdc véi tia phan giac BE
cua goc ABC va duong thang nay cat BE tai F va cat trung tuyén BD tai G. Chting minh
rang doan thang EG bi doan thang DF chia lam hai phan bang nhau.

Loi giai
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Goi K 1a giao diém cua CF va AB, M 1a giao diém
ctua DF va BC. Tam giac KBC c6 BF vira la phan
giac vira la deong cao nén tam giac KBC can tai
B nén BK=BC va FC=FK.Mat khac D la trung
diém AC nén DF la dwong trung binh cua tam
giac AKC nén DF song song véi AK hay DM

song song voi AB. Suy ra M la trung diém cua
BCva DF = %AK (DF la dueong trung binh ctia

tam giac AKC)

BK BG BK 2BK

— suyra =—-=

DF GD DF AK
CE DC-DE DC . AD

Do DF//AK nén ta duwoc BG
GD

1)

Mt khac chu1 y dén AD =CD ta duoc 1= -1
DE DE DE DE
Neén ta duoc CE :AE—DE _ DC_leD_1 hay CE :AE—DE_lzﬂ_zzﬁ_z
E DE DE DE DE DE DE DF
2(AK+BK 2(AK+BK
Suy ra CE :AK+BK—2= ( )—Z.Néntaduoc CE_ ( )—2:% (2)
DE DE AK DE AK AK
BG CE
Tk (1) va (2 —=——do do EG//BC
&t (1) va (2) suy ra CD - DE od6o EG//
Goi giao diém ctia EG va DF 1a O ta c6 22 = OF _FO 4.0 oG -0E

MC MB FM

Bai toan duoc chitng minh xong.

Vi du 12. Goi I 1a tim duong tron ndi ti€p ctia tam gidc ABC. Puong thang di qua I va
vudng gbc véi CI theo thit tw cat cdc canh CA va CB tai M va N. Chting minh rang:
BC.AI” + CA.BI* + AB.CI* = AB.BC.CA

Loi giai
Goi D la chan dwong phan giac trong ctia goc BCA. c
Theo tinh chédt goc ngoai cua tam gidc, ta co

~ ~

@:ﬁ+ﬁ4=90%%1ﬁ3=1€1€+@=900+% \

~
— —_— —

AIB =AID +DIB=IAC+ ACI+IBC+ICB :E+900
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| 4

~ Tudobsuyra AMI =INB = AIB.

Mit khac do TAM =TAD; IBN = IBA . Tir d6 suy ra AAMI &> AAIB o AINB
Do AAMI > AINB nén AM_IN = AM.NB =MLIN =IM". Suy ra
MI  NB
AM-NB = CM* -CI’ =CM.CN -CI’ =(CA- AM)(CB-BN)-CI’

= CA.CB- AM.BC-CA.BN+ AM.BN - CI*
Do d6 CA.BC = AM.BC +BN.CA +CI?
= CA.BC.AB=AM.BC.AB+BN.CA.AB+CI2.AB (1)
Al _AB 1B NB

Mait khac, do AAMI «o AAIB «> AINB nén = ; =
AM Al AB 1IB

= AM-AB = AI*; BN-AC = BI’ (2)
Thay vao hé thire (1) ta dwgc BC.AI* + CA.BI* + AB.CI* = AB.BC.CA.

Vi du 13. Cho tam gidc nhon ABC. Puong thang d song song véi canh BC va cit hai
duong thing AB va AC Tan luot tai D va E. Goi M la giao diém ctia BE va CD. Goi N Ian
lwot 12 trung diém ctia BC. Chitng minh rang duong trung tuyén AN di qua diém M.

Loi giai
Ta xét cac treong hop sau:
+ Trueong hop 1: Puong thang d song song véi BC di qua diém A thi ba diém D, E, A tring
nhau. Khi &6 hai diém A va M tring nhau nén ta ludn cé A, M, N thang hang
+ Truong hop 2: Duong thang d cat hai canh AB va A
AC tai D va E, khi d6 goi K 1a trung diém cua DE thi ta
dugc ba diém A, K, N thang hang.

Tam giac ABN c6 DK//BC nén theo dinh li Talets ta c6
DK AK

BN AN

Tam gidc CAN c6 KE//BC nén theo dinh 1i Talets ta c6
KE AK ® N c
NC AN

Do do %zﬁ,mé BN =CN suy ra DK=KE:E
NE C 2

Xét tam giac MDE va tam gi4éc MCB c6 MDE = MCB; DME = BMC

Nén ta dwoc AMDE «© AMCB = MD = DE . Ttr d6 ta duoc DK = MD

MC BC CN MC
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© Xéttam giac MDK va tam giac MCN c6 — DK _MD va MDK = MCN

CN MC
Suy ra AMDK > AMCN nén ta dugc DMK = C/I\E\T

y

—

Ta c6 DMK +KMC = DMC =180 nén ta c6 KMN = CMN +KMN = DMK + KMC = 180°

Do d6 ba diém K, M, N thang hang nén bon diém A, K, M, N thang hang

Vay duong trung tuyén AN di qua M.

+ Trueong hop 3: Puong thang d song song véi BC va cat hai dwong kéo dai ctia hai canh
ABva AC.

Chang minh hoan toan twong tu ta cling duoc dwong trung tuyén AN di qua M.

Vay bai toan duoc chitng minh xong.

Vi du 14. Cho tam giac ABC nhon ¢é duong phan giac AD. Goi M va N Ian luot la hinh

chiéu vuong gbc cua D trén AC va AB. Goi giao diém cua BM va NC la P. Chiing minh
rang AP L BC

Loi giai

A

B HD Cc

Qua A ké duong théng d song song vdi BC cit BM va CN Ian luot tai E va F. Goi H 1a giao

diém cua AP va BC.
Theo dinh i Talet ta ¢ HC = AF va AM _ AE —~ AM = AE.CM
HB AE CM BC BC
Mt khc ta c6 2 = AL o oy - ALBN
BN BC BC
Theo tinh chét tia phan gidc ctia mdt goc ta cd DM = DN, tir d6 ta duoc AM = AN.
Suy ra AECM_AEBN 1o pppy O AF g HC_OM
BC BC BN AE HB BN
Keé AK vuodng goc véi BC, khi d6 ta c6 ADMC > AAKC suy ra & _M
CA CK
Chtrng minh twong ty ta duoc BD _BN
AB BK

Theo tinh chdt duong phan gidc ciia tam giac ta co ¢D_BD . Do d6 ta duoc M _ @

CA BA CK BK
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T d6 ta duoc M _CK 2)
BN BK

Ttr (1) va (2) ta suy ra K va H trung nhau nén AH vuong goc véi BC. Vay AP L BC

Vi du 15. Cho tam giac ABC c6 AB < AC va AD la duong phan gidc cua tam gidc. Ldy M
va N lan luot trén AC va AB sao cho CM = BN . Puong thang CN, BM cit nhau tai I, qua I
ké duong thang song song v6i AD cat AC tai K va cat AB tai J. Chirng minh rang AB =CK
va B]=AC.

Loi giai
Tt M, N ké duong thang song song véi AD cat
BC theo tht ty tai P va Q. duong thr?mg KI cit
BC tai E.
BP BN CD_CA
BD BA'CQ CM
BP CD _ BN CA
BD CQ BA CM
Theo gia thi€t ta c6 CM = BN nén ta duoc

Theo dinh i Talet ta c6

Suy ra

AC BP CD
AB BD CQ
o . . N - . , CA CD .
Mat khac do AD la phan gidc cuia BAC nén ta lai c6 BA :ﬁ do d6 BP=CQ, suy ra

BQ=CP

NP _BP . CD_AD
AD BD CQ MQ’

NP AD AP CD . NP CD
= nén ta dwgc ——=—

AD MQ BD CQ MQ BD

Mat khac cting theo dinh 1i Talets ta co % = CP 3 1B _BE

va ——=——.
CE MQ BQ

Do NP//AD//MQ nén theo dinh li Talets ta

Suy ra

NP IE CP BE . NP BE
Suyra —.——=——.—— nénta duwgc —=—
IE MQ CE BQ MQ CE
Ttr cac két qua trén ta duoc b _BE nén suy ra D+BD _ CE+BE, do do6 ta co
BD CE BD CE
BD =CE

. ., BN BP CQ CM
Lai co = = =

BA BD CE CK
Ma tam gidc AK]J can tai A nén AK =A]J. Do vay ta duwoc AB+AJ =CK+AK hay B] =AC

va BN =CM nén ta duvoc AB=CK
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Vi du 16. Cho tam giac nhon ABC. Chttng minh ring: sin? A +sin’ B+sin? C > 2

Loi giai
Xét tam giac ABC nhon c6 ba duwong cao AD, BE, CF cat A
nhau tai H.
Xét hai tam giac ABE va ACF co BAC chung va

AEB = AFC =90°

Do do ta duwoc AABE ©© AACF = ﬂ = ﬂ H
AF AC
e B D C
Xét tam giac AEF va tam gidc ABC c6 EAF chung va
AE_AB
AF AC

A ; . SAEF AE ’
Nén ta dwgc AAEF ©© AABC, do d6 ta c6 —2E-=| —
ABC AB

Ma cosA = AE nén ta duoc S _ cos’A
AB ABC

S

S

’ . 7 S
Chitng minh twong tu ta c6 —22E = cos’B;

ABC

CDE

= cos’C
ABC

S
+S. +S ) nén ta duoc ﬂzl—(coszA+coszB+coszC)

Ma ta co SDEF =S BDF CDE
ABC

ABC (SAEF

.S
Vi —PEE > (0= 1- (coszA +cos’B+ coszC) >0 =>cos’A +cos’B+cos’C<1
ABC

Ma ta cé cos’A +sin® A =1; cos’B+sin’ B=1; cos’C+sin’C =1
Suy ra (coszA +cos’B+ coszC) + (sin2 A +sin® B+sin® C) =3

Lai cd cos’A +cos’B +cos’C <1 nén ta dwoc sin® A +sin” B+sin>C > 2.

Vi du 17. Cho tam giac nhon ABC va m, n, p la cac s thuc duong. Chitng minh rang:

mcosA+ncosB+pcosCS%(£+E+EJ

m n P

Loi giai
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Trudc hét ta chiing minh

A
cosC =sin A.sin B—cos A.cos B
That vay, xét tam gidc ABC nhon c6 ba duwong cao AD,
BE, CF cit nhau tai H. Ta ¢ ACF = FBH nén E
tan z@ =tan 1531\-1 y <
Suy ta FAFB=FCFH
Ma ta lai c6 g—;=g—i=cosC nén ta co ° 0 ©
CE.CA=FC.CH
Dé thdy ACEH 0 ACFA nén ta duoc
EE EI/;I CE.CA =CF.CH

Do do ta dwoc

FC FC FA FB FC’-FAFB
AC'BC AC'BC  ACBC
_FC?-FCFH FC(FC-FH) CF.CH

sin A.sinB—-cosA.cosB=

ABBC  ACBC  ACBC
_CEAC _CE _
cosC
T ACBC BC

Ta co

(cosA cosB lj smA smBj >0
p

m
cos’ A N cos? i 2cos A.cosB 2cosA 2cosB
n’ m? p2 mn np mp

sinA  sin’B  2sinA.sinB
+——t——
n m mn

1 1 1 2cosA 2cosB 2(sinA.sinB—cosA.cosB)
> —t+t—+t—2 + +

>0

P np mp mn

1 1 _2cosA 2cosB 2cosC
3—2+—2+—22 + +

— B
o)
o

!
=
oo

np mp mn

np mp an

= mcosA+ncosB+pcosC<— (
2lm n p

Bai toan duoc chitng minh xong.

Nhén xét: Néit cho m =n=p=1 ta cé bt dang thirc cos A +cosB+cosC S%
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Vi du 18. Cho tam giac ABC c6 duong trung tuyén AD, duong cao BH va duong phan
giac CE dong quy. Chiing minh réng: (BC+ CA)(BC2 +CA* - ABZ) =2BC.CA’

Loi giai
Goi O la giao diém cua AD, BH va CE. Xét tam B
giac BHC vudng tai H ta ¢
CH® =BC* -BH’ =BC’ —(AB’ - AH’) )
=BC? - AB? +(CA~CHY)’
Ttr d6 ta duwoc BC* + CA* — AB* =2CA.CH 7
Suy ra CH= BC+CA” - AB’ , chttng minh A H K c

2CA
AC? + AB* -BC’
2CA

CH BC*+CA’-AB’
AH AC’+AB’-BC?
Do CE la duong phan giac cuia tam giac ABC va AD, BH, CE d6ng quy nén CO la duong
OD CD BC
OA CA 2CA

twong tur ta duwoc AH =

Do d6 ta duoc

1

phan giac cua tam gidc ACD. Do d6 ta duoc

)

Tt D ké DK vudng goc voi AC nén ta dugc BH//DK, nén ta deoc HK = HTC

OD HK CH )
OA HA 2HA

BC BC2+CA?-AB?
=— > >, suy ta ta duoc
AC AC2+AB?-BC
BC2.CA +CA® — AB2.CA = CA2BC+ AB2.BC-BC?
= (BC3 +CA’ ) +BC>.CA + CA2.BC- AB’CA — AB*>.BC = 2BC.CA2
= (BC+CA)(BC* +CA” — AB*) = 2BC.CA’

Suy ra ta dugc

Tir (1), (2) va (3) ta duoc

Vay bai toan duoc chitng minh xong.

Vi du 19. Cho tam gidc ABC can tai A cd A=20° vi BC= a, CA=AB=bD.

Chting minh rang: a’ +b® = 3ab’.

Loi giai
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Tam gidc ABC can tai A c6 A =20° nén ta B
duoc B=C=80". Dung géc ABD = 60"
v6i D thudc doan thang AC, khi &6

ABC =20 c D A
Do d6 tam giac BCD can tai B.
Tt &6 ta dwoc BC =BD

Suy ra AABC 0 ABCD nén ta duoc AB_BC va CD=AC-AD=AB-AD
BC CD
AB BC  BC
BC CD AB-AD
AB’ -BC’
AB

Ttr d6 ta cb

, suy ra AB> — AB.AD =BC? nén ta duoc

AD=

(AB2-BC?) A
NG (1). Mt khac tam gidc ABD c6 ABD =60".

Theo dinh li ham s cosin ta c6 AD? = AB* + BD* - AB.BD = AB> + BC* - AB.BC (2)

Ttr d6 ta dwoc AD? =

(AB2-BC?)
AB?

Do d6 ta dwoc AB* +BC* -2AB*>.BC* = AB* + AB*>.BC* - AB’.BC

Suy ra BC’ + CA’ =3BC.AB? hay a’ +b’ = 3ab”. Bai toan duoc chitng minh xong.

Thay hé thirc (1) vao hé thiee (2) ta duoc = AB* +BC* - AB.BC

Vi du 20. Cho tam gidc ABC c6 11a trung diém ctia BC. Qua I k& cac duong thang d, cat
AC, AB Ian luot tai M, N va duong théng d, cit AC, AB Tan luot tai P, Q. Puong théng
PN cit canh BC tai E va dwong thang QM cét canh BC tai F. Chting minh réng IE =1IF .

Loi giai
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Ap dung dinh li Menelaus cho ba diém M, N, Q
I thang hang trong tam giac ABC ta c6

B M—C N—A =1.MaIla trung diém caa BC A

IC MA NB
néntac’[trocM—C &:1.

MA ' NB
Mit khac vi P, Q, I thang hang nén ap dung
IB QB PA e F

tu’OHg tu ta du.’OC E.Q_A.E =1.Malla

O

trung di€ém ctia BC nén ta duoc 8—2% =1.

z

MC NA QB PA
MA NB QA PC

PC NA QB MA

PA'NB QA MC

Chtng minh hoan toan twong ty doi voi cac bo ba diem thr?mg hang N, E,PvaQ, M, F ta

T do

Hay ta dugc

co

EB PC NA _FC QB MA _,

EC PA'NB FB QA MC
Do d6 ta duoe 22 = F€ 40 46 ta dwoe —22 = _TC__ p,y EB_FC
EC FB EC+EB FB+FC BC BC

Suy ra EB =FC nén ta duoc IE=1F.

Vi du 21. Cho tam gidc ABC c6 BC=2AC-2AB va D la mot diém trén canh BC. Ching
minh ring ABD =2ADB khi va chi khi BD =3CD

Loi giai
B A H
H 2 E
E
D
D
A C
A C B D c
Truong hop 1 Truong hop 2 Truong hop 1

+ Truong hop 1: Tam gidc ABC cd B <90°. Khi d6 ha AH vuong goc voi BC, 1dy E trén
doan CH sao cho AE = AB. Ta co

AC’ - AB’ =CH’ -BH’ =(CH-BH)(CH +BH) =CE.BC = CE.2(AC- AB)
Do d6 ta dugc (AC—AB)(AC+AB)=CE2(AC-AB) hay AC+AB=2CE
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4 Do d6 giai thiet BC=2AC-2AB < 2AB= %BC +2CE (1)

Vi vay ABD =2ADB < AEB=2ADB terong duong voi tam gidc AED can tai E
< AB=AE=DE

©2DE+%BC=2CE<:> BC:4(CE—DE)=4CD<:> BD =3CD

+ Truong hop 2: Tam gide ABC c6 B=90". Khi d6 ta c6
AC* - AB® =BC’* =2(AC—-AB)BC <> AC+AB =2BC

@%BC+AB+AB=2BC<:>AB:%BC

Do d6 @:2&3\13@@:450=B/E)@AB=BD©BD=%BC@BD=3CD

+ Truong hop 3: Tam gidac ABC co B>90". Khi d6 ké AH vuodng goc voi BC va ldy E thudc
doan CH sao cho AE = AB. Ta co

AC® - AB? =CH’ -BH’ =(CH-BH)(CH +BH) = CE.BC = CE.2(AC- AB)
Do d6 ta dugc (AC—AB)(AC+AB)=CE2(AC-AB) hay AC+AB=2CE

Tuwong te nhw trén ta dugc AB+%BC:CE

Do d6 ABD =2ADB < 180° - ABE = 2ADB < AEB+2ADE = ABE + 2ADB = 180° (2)
Ma AEB+EAD +ADE =180" nén (2) < EAD = ADE < tam gidc ADE cén tai E
<:>AE:ED:AB<:>2ED+%BC:2CE & BC=4(CE-DE)=4CD < BD =3CD

Vay bai toan duoc chitng minh xong.

Vi du 22. Cho tam gidc ABC v6i hai phan giac BD va CE. Goi M la mot diém trén doan
thdng DE. Chttng minh rang khoang cach tir M dén BC bang tong khoang cach tir M dén
ABva AC.

Loi giai

Tt D ha DL vudng goc véi AB va DR vuong

goc voi BC
Tt E ha EQ vuodng goc voi BC va EN vudng
gbc voi AC.
Theo dinh li Talet ta c6
MK _MD MK = MD.EN _ EQMD
EN ED ED ED
MP EM DL.EM DR.EM
—=——=>MP-= =
DL ED ED ED

Do d6 ta duoc
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EQMD N DR.EM EQMD +RD.E}
ED ED ED

MK +MP =
(3)

Ta xét cac truong hop sau
+ Truong hop ED//AB. Khi d6é
EQ=DR =MH

EQMD +RDEM MH(MD+EM) MH.ED
ED ED ED

+ Truewong hop ED khong song song voi AB, khi d6 goi S 1a giao diém cua ED véi AB.
Xét ASDR c6 EQ // MH // DR nén theo dinh 1i Talets ta c6

DR _SD _ DR-MH _SD-SM _MD
MH SM MH SM SM

MH_SM_ _HM _ SM _SM

EQ SE  HM-EQ SM-SE ME

Nhan (4) va (5) vé€ theo vé ta co
DR-HM MD
HM-EQ ME
< ME.DR -MEHM = MD.HM - MD.ED < ME.DR + MD.DE = (MD +ME)HM
ME.DR + MD.DE

DE
Thay vao hé thtec (3) ta dwoc MH =MK +MP. Vay ta c6 MH = MK + MP

Vi du 23. Cho tam giac ABC khong can. Goi D la trung diém cta BC, goi AE va AF lan

Do do6 ta c6 MK +MP = =MH

(4)

()

< ME(DR-HM) =MD (HM-ED)

< HM =

lwgt 1a duwong phan gidc trong va phan giac ngoai cua tam giac ABC. Goi H la hinh chiéu
cta A trén BC.
Chting minh rang EF.DH = AB.AC.

Loi giai
Gia st AB<AC, vi AE va AF la duong
phan gidc trong va duong phan giac
ngoai ctia tam giac ABC nén theo tinh
chat duong phan giac ta c6
EB_FB_AB
EC FC AC

__EB___FB _  AB
EC+EB FC+FB AB+CA

Do do ta dwoc EB: AB :EB:ﬂ
BC AB+CA AB+CA

FB AB B AB.BC

Suyr

= s e
FB-FC AC-AB AC-AB

Lai c6
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AB.BC N AB.BC 2AB.BC.CA ()
AB+CA AB-CA AC’-AB’
Ap dung dinh 1i Pitago cho c4c tam gidc vudng ACH va ABC ta duoc

2 2
AC*=AH?+HC* = AH’ = [%+ DH) ; AB> = AH* + BC”* = AH* = (%—DHJ

Suy ra EF =FB+EB =

2 AR2
Suy ra AC? — AB? =2BC.DH nén ta duoc DH =% )
2ABBC.CA AC>-AB?

AC?-AB>  2BC

Tw (1) va (2) ta dwoc EF.DH = hay EF.DH = AB.AC.

Vi du 24. Cho tam giac ABC, goi M va N [an luot 1a trung diém ctia BC va AC. Buong cao

BH. buong vudng gdc voi duong phan giac ctia goc FIMN ke tit M cit AC tai K sao cho

HK = %(AB +BC) va FIMN =45, Chting minh ring tam giac ABC la tam gidc can.

Loi giai
Ta c6 BH L AB nén tam gidc BHC vudng tai A
H. .
Ta c6 M va N Ian lugt la trung diém cua BC

va AC nén MH:%BC; MN:%AB.

Ta c6 HK:%(AB+BC)=MH+MN. B M\/ c
bat HMN = «, ta xét cac vi tri caa H, N, K

theo cac treong hop sau

+ Trueong hop 1: Néu N nam gitta H va K. Khi
d6 trén tia d6i cuia tia MH 1ay di€ém D sao cho

MD =MN

Suy ra DH = HK = HDK = 90° —%, ma MK vudng goc véi tia phan giac clia géc HMN

nén KH Ia tia phén gidc ctia goc NMD. Suy ra NMK = KMD
Do d6 ta dwoc AMDK = AMNK nén MNK =90’ —%

Mat khéc ta co MNK = ¢ +45° nén ta duoc 900—%=a+45O = a =30°

Do vay ta dwoc MNK =75° = HNK =105"; MHB = 60°.
Ma tam gidc MHB can tai M nén HMB = 60° = BMN = 60° +45° =105’
Do d6 ABMN la hinh thang can nén AC =BC hay tam gidc ABC can tai C.
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+ Truong hop 2: Néu H nam gitta N va K. Khi d6 K

duong thang vudng géc véi phan giac cia HMN
cat AC tai K. Trén tia HM 13y diém D sao cho c
DM =MN

Suy ra HD:HK:PTKT):I—ﬁzla

2 Fy B
Ma MN =HK =HM =HD-HM =MD. Suy ra KM N

la dwong trung truec ctia doan ND. D
Suy ra KD =KN, ttt d6 ta c6 ANMK = ADMK

suyram:@%a

Do d6 ta duoc « +%a +45° =180° = @ =90° nén H trung véi C.

Suy ra tam gidc ABC cudng can tai C.

Vi du 25. Cho tam gidc ABC cé M la diém nam trong tam giéc théa man

AMC-B=AMC-C. C4c tia phan gi4c cia ABM va ACM cit nhau tai I. Chting minh

nam trém AM.

Loi giai
Dung phia ngoai tam giac ABC cac goc thoa man A
DAC = BAM; DCA = ABM.. )
Khi d6 tam gidc ACD dong dang véi tam giac
ABM, suy ra ADC = AMB; % = % .
Lai c6 BAC=MAD nén tam giac ABC dong M
dang voi tam giac AMD. Suy ra B C

ACB = ADM; AMD =B, do d6 ta duoc

o — L — L — L — ~

L — L — L — L — A~

Suy ra DMC = AMC-AMD = AMB-B

Theo gia thiét ta c6 AMC-B=AMC-C nén ta dugc MDC = DMC nén tam gidc DMC

CD BM N CM BM

CA BA ~CA BA’
CM MI

Goi I la giao di€m ctia dwong phan giac cta ACM véi AM, suyra —=——
CA MA

can tai C suy ra CM =CD. Ta c6 AACD > AABM nén ta duegc
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Do d¢6 ta duoc ];—Z/I = % nén Bl la phan gidc ctia goc ABM. Vay I ndm trém AM.

Vi du 26. Cho tam giac ABC, dung vé phia ngoai tam giac ABC cac tam giac BCD, CAM,

ABN théa mén diéu kién CBD = CAM =45°; BCD = ACM = 30°; ABN = BAN =15°. Ching

minh rang tam giadc DMN vuong can.

Loi giai

Theo gia thiét ta c6 ABN =BAN =15"nén ta c6 A M

ANB=15".
Dung tam giac déu BNT sao cho I ndm trong nita mgt N

phéng bo BN c6 chita diém C. I

Ta c6 ANI=ANB-BNI=90°, do d6 tam gidc ANI

B c
vuéng tai N, suy ra NIA =45,
Do d6 ta duoc BAI = NAI-NAB = 30° va
ABI = NBI-NBA = 45° ’
Tt d6 cac tam giac BAL, ACM, BCD dong dang voéi
nhau
Suy ra ABI=CBD = DBI = ABC v 2?3 EIC) ilz:d
(1)
Do d6 hai tam giac DBI va CBA d6ng dang v6i nhau, suy ra El()f = E(Ij = ,E]IS (2)

Tit (1) va (2) ta duoc AM = DL Mit khéc DIB = CAB = DIN = MAN nén ta duoc
AANM = AIND
Do d6 ta dugc MN = DN va ANM = IND.

—

Ttt d6 suy ra DNM = DNI+INM = MNA +INM = INA =90°. Vay tam gidc DMN vudng

can tai N.

Vi du 27. Cho tam gidc ABC c6 AD, BE, CE la cac duong phan gidc trong cua tam giac. Goi
giao diém ctia DE va CF 1a M va giao diém ctia DF va BE 1a N. Chting minh rang AD la tia

phan giac cia goc MAN.

Loi giai
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~ Dbat AB=c, BC=a, CA=b.Ter M va N ké
| // cac duong thang MP va NQ
(Pe AC, Qe AB) song song v6i AD. Theo Q

dinh 1i Talet ta c6 F

AP DM AEDM
=~ "= AP= >
AE DE DE

PM_ME_ . ADME
AD DE DE B D c

AP MD AE
PM ME AD
Theo tinh chdt duong phan giac ctia tam gidc ta c6
CE BC _ CE BC BC.AC ab
=—= = = CE= =
AE BA AC BC+AB BC+AB a+c
ab bc

; AE = .
+C c+a

D_ED_ate ay vao hé thite (1) ta duoe AL = ¢ 1

Khi @6 ta dwoc

1

Chttng minh tueong tw ta dugc CD =

Mat khac ta lai co M

ME CE b+c MP b+c AD
Chttng minh twong tw ta dwoc AQ = be . 1 . Ttr 6 ta duwoc ﬁzﬂ
ON b+c AD MP NQ

Lai ¢6 PM//AC nén APM =180° — EPM =180° — CAD = 180" —%K

Tuwong ty ta duwoc A/Q\N =180° —%:& . Nén ta duoc APM = 1@

Do d6 ta co AAPM «> AAQN, suy ra PAM=@T\I = NAD =MAD
Hay AD Ia tia phan gidc ctia goc MAN.

Vi du 28. Cho tam giac ABC c6 H la trye tam va M la trung diém caa BC, duong cao AD
(DeBC).

Chting minh rang: AH.AD =|AM? - BM?

Loi giai
+ Neéu tam giac ABC vudng khi d6 ta co cac treong hop sau:
- Truong hop tam gidc ABC vudng tai A, khi d6 A trung véi H va AM = BM nén két luan
hién nhién dung.
- Treong hop tam gidc ABC vuong tai B, khi d6 H, B va D trung nhau.
Theo dinh li Pitago cho tam gidc vuéng ABM ta c6 AH.AD = AB? va [AM* - BM?| = AB?

Do d6 ta c6 AH.AD =|AM?* —-BM?|.

- Treong hop tam gidc ABC vuong tai C, khi do khi d6 H, C va D trung nhau.
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Theo dinh li Pitago cho tam gidc vuong AMC ta c6 AH.AD = AB? va |AM” —CM?|= AB’

va dév}'l la MB=MC.
Do d6 ta c6 AH.AD =|AM?* —-BM?|.

+ Néu tam giac ABC khong vudng, khi d6 hai tam giac BDH va ADC déng dang

A H A
| /Mc
H
B D M c B D M c H
Suy ra BD _HD = BD.CD = AD.HD. Ta xét cac treong hop sau
AD CD

- Truong hop tam gidc ABC nhon, khi d6 ta c6 theo dinh li Piatgo ta c6
AD.HD =BD.CD = (BM-DM)(BM + DM) = BM* - DM?* = BM? - AM?® + AD’

Do d6 ta dugc AD.HD-AD? =BM* - AM® suy ra AD(HD-AD)=BM? - AM’
Tt @6 ta dwoc AH.AD = AM? —BM?.
- Treong hop tam giac ABC tu tai A, khi do6 ta co
ADHD =BD.CD = (BM-DM)(BM + DM) = BM* - DM?* = BM? - AM?® + AD?
Do d6 ta dugc AD.HD—-AD? =BM” - AM” suy ra AD(HD - AD)=BM? - AM?
Tt @6 ta dwoc AH.AD = BM? - AM?.
- Treong hop tam gidc tu tai B hoac C(Chéng han tai B), khi d6 ta duoc
AD.HD =BD.CD = (DM + BM)(DM £ MM) = DM* - BM? = DM? - AD? - BM’
Suy ra AD(HD+AD)=AM’-BM* ma AH=HD+AD. Tt d6 ta dugc
AH.AD = AM’ -BM”.
Vay trong moi truong hop ta ludn ¢6 AH.AD =|AM? —-BM?|.

dién tich tam gidc ABC bing dién tich tam gidc APQ. Tinh s3 do géc BAC.

Vi du 29. Cho tam giac ABC c6 I 1a giao diém ba duong phan gidc va D, E lan lwot la trung
diém ctia AC, AB. Puong thang DI cat AB tai Q va duwong thang EI cat AC tai P. Biét rang

Loi giai
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Goi giao diém cua Bl va AC1a M, giao
diém cta CIva ABlaN.

bat AB=¢,BC=a,CA=b,AP=x, AQ=y.
Theo tinh chdt duong phan giac ctia tam
giac ta co

CIl_CA AN _AC

= ; = . Ttr d6 ta duoc
NI NA BN BC

AN  AC :>AN_ AC
AN+NB AC+BC ~AB AC+BC
Hay AN = be . Suy ra g:a+b‘

a+b NI C
bc BI a+c

Tuong tuw ta duwoc AD = . Ta xét cac truong hop sau:

atc’ Ml b
+ Truong hop 1: Tam gidac ABC can tai A. Khi d6 AP=AQ va AB=AC
Matalaicod S S .o Nén ta suy ra duoc AB.AC=AP.AQ.Tirdo tacd AP=AC va

ABC — ©APQ

AB=AQ. Diéu nay dan dén P trung véi C va B triing v6i Q nén ta suy ra duoc tam gidc

ABC can tai B va C hay tam gidc ABC déu. Ttr d6 ta duoc BAC = 60°

+ Truong hop 2: Tam gidc ABC can tai B. Khi d6 M trung v6i D va Q trung véi B.
Tir d6 ta duoc AQ=AB.

Theo gia thiét ta c6 S

S, nén ta dugc AB.AC=AP.AQ

ABC — ©APQ

Nén suy ra AC=AP, do d6 ta dwgc AB=AC=BC hay tam giac ABC déu

Suy ra BAC = 60".

+ Truong hop 3: Tam giac ABC khong can tai B, khong mat tinh tong quat ta gia sw
AB> AC, khi d6 ta dugc AD < AM. Suy ra AQ > AB. Theo gia thiét tacd S,,. =S,,, nén

ta duwoc AB.AC = AP.AQ
Nén ta duwoc AP<AC,dodé BE<BN=BC>AC=a>b.

Suy ra DM:AM—AD:E_ be :b(c—a) », DN _c-a
2 a+c 2(a+c) DA c+a

Xét tam gidc ABM c6 ba diém D, I, Q thang hang nén theo dinh li Menelaus ta c6

AQ BI DM y a+c c-a bc
— =1= . . =l=>y=
QB IM MA y—-c b c+a a+b-c
Chttng minh hoan toan twong tu ta dwoc x = be
a+c—b
b*c?

Ma AB.AC = AP.AQ nén ta duoc bc=xy=( T )( N b)
at+b-cl)la+c—
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Do d6 ta duogc a® =b? +¢* —bc, theo dinh li ham s6 cosin ta dwoc COSA =% nén A =60°.

Vay ta duoc BAC =60°.

Vi du 30. Chting minh rdng tam giac ABC déu khi va chi khi \/gla + % =b+c,voil lado

dai dwong phan giac cua goc A va AB= ¢, BC=a,CA=D.

Loi giai

x A A .7 AN \ 7 a\/E N . 7 7
+ Dé thay néu tam giac ABC déu thitacd 1 = —, vaas b =c.Khi dé ta co
\/gla +% =b+c
+ Ta can chitng minh: Néu \/gla +% =b+c thi tam gidc ABC déu
bc[(b + c)2 —aZ}

(b + c)2

Xét tam giac ABC c¢6 do daiba canhla a,b,c va 2p=a+b+c

That vay, trude hét ta chimg minh 12 =

Ta cod A
S,pc = l AB.AC.sin A = AB.AC. siné .Ccos é
2 2 2
1 . A
SABD = EABAD SIHE
A
SABC AB+AC 2AB.cos E
Suy ra = = B H D ¢
ABD AB AD
Do do ta duoc
2AB.AC.cos A 2bc.cos A
AD = 2 )1 =—— 2
AB+ AC ? b+c

Ap dung dinh li cosin ta lai c6

2AD.AB.COS% = AB* + AD* -BD?; ZAD.AC.COS% = AC? + AD* -CD?

= 2AD.cos%(AB +AC)=AB’ + AD’ -BD* + AC* + AD* —-CD*
=(AB+AC+BC)(AB+AB-BC)=4p(p—a)
2p(p-a) _, _ 2p(p-a)

Suyra AD=
(b+c)cosé (b+c)cosé
2 2
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A 2
2bc.cos — _ bc|: b+c —az}
Khi d6 ta duoc 12 = 2 %p(p-a) _ (bre) .

b+c (b+c)cos§ (b+c)2
Déthé’y\/asl.
b+c 2
beaf(btc) —a?  4/(b+c) a2
Néntacéla=\/—c\/(bjc) i S\/( +;) i 1<— b+C —a* (1)
C

2
Lai c6 (bgc—aj >0 neén ta duoc —a(b+c)+a2 >0

:>(b+c)2—§(b+c)2—a(b+c)+£+£>0:> b+c—2 2>§[(b+c)2—az}
4 4 4 2) 4

Dodotaduocb+c——>— b+c -a’ (2)

b+c

K&t hop (1) va (2) véi /31, +E=b+c, ta duoc b=c; a=

Suy ra a=b =c hay tam giac ABC déu.

Vi du 31. Cho tam gidc ABC c6 C =2B. Goi D la diém trén canh BC sao cho CD =2BD.
Trén tia AD 14y diém E sao cho DE = DA . Chting minh ring ECB+180° = 2EBC.

Loi giai
Goi I la trung diém ctia CD, khi d6 A
DI=CI=BD.
Theo gia thiét DE = DA nén ta dugc
ABEI la hinh binh hanh, do d6 BE = Al.

Trén tia d6i cua tia CB 1dy diém ] sao cho

CJ=CA.

bdat BC=a, CA=b, AB=c

Ta c6 BD:CI:ID:%.

bat BE=Al=m, AD=DE=n, CE=p.

Ta co ZKIQZ:KC\B=2/C-]TA, suy ra Kﬁ::é}i

Tam gidc ABC co C = 2B nén khi vé tia phan gidc CF thi ta dugc tam gidc BFC can tai F.

Theo tinh chdt duong phan giac trong tam giac ta dugc FA _ AC FA+FB_AC+BC

FB_ BC ___FB___ BC
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Ttr d6 ta dwoc CF=FB = ABBC __ac . Ma theo cong thitc duong phan giac trong ta
AC+BC a+b

giac ta co
BC.CA

CF* = 5
(BC+AC)

|(BC+AC) - AB? |- (ai)z [(a+b) —c|

2
Do d6 ta duoc ta duqc[ ac J __ab 2[(a+b)2—c2}:>c2=b(a+b)
a+b (a+b)

Theo cong thirc duong trung tuyén cua cac tam giac ABI, ADC, DEC ta c6

C2 +m2 :21’12 +§a2; b2 +1’12 :2m2 +§a2; n2 +p2 =2C2 +§a2

Tt d6 ta duoc c2+2b2=3m2+2a2.5uyra m2=b2+ﬂ—E _[pe22p-2
3 3 9 3 3
s A 2 2 2 2 2 2 2 2 2 2
Laico m”+2p~=3c" +=a :3b(b+a)+—a =3b" +3ab+—-a
3 3 3
. 2a a ) 2 2,
Do do6 ta dugc | b+— || b—— |+2p° =3b" +3ab+—-a" =3 b+— b+
3 3 3 3 3
2 2aY 2a , )
Suy ra p* = b+? :>p:b+?,dodotadu’qcm =p(p-a)
Suy ra BE* = CE(CE-BC). Trén CE ldy M sao cho CM =BC
Khi d6 ta dugc BE*> = CE.EM = %=% Do d6 tam giac EBC dong dang véi tam giac

EMB, suy ra EBM = ECM. Vi CM = BC nén 1\@=%(180° —]ﬁ)

Suy ra EBM = ECB = EBC ~ MBC = ETBE—%(lSOO ECB)

Do d6 ta duoc ECB+180° = 2EBC.

Vi du 32. Cho tam giac ABC nhon c6 cdc duwong phan giac trong AD, BE, CF cat nhau tai
O. Chting minh rang néu ban kinh duong tron ndi tiép cac tam giac AOF, BOD, COE bang
nhau thi tam gidc ABC la tam giac déu.

Loi giai
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Goi O,; O,; O, Ian lwot la tam duong tron noi
ti€p cac tam giac AOF, BOD, COE. Gia st
00,;00,; 00, lan lwot cat AB, BC, CA lai
M, N, P.

Do ban kinh dwong tron noi ti€p cac tam gidc
AQF, BOD, COE nén ta duoc O,0,// AD;
0,0,// CE va O,0,// BE.

duoc 0,0,// MN; 0,0,// MP va 0,0,// CF.

Tt d6 ta dwoc MN // AD, NP // BE va MP //

CF.

Goi giao diém cua MO va NP la H, giao diém cua BO va MN la K.

, MO MK | , , MK KN , MK AO
Ta c0 ——=——, mat khac ta c0 —— =—— nén ta dwoc —=——
OH NK AO DO KN DO

Do d6 ta duoc MO_ & Theo tinh chdt duwong phan giac ta c6
HO DO

Mat khac ta c6

AO AB AC AB+AC
DO BD DC  BC

L — —

Mt khac ta c6 MNO = NOD; PNO = BON ma BON =NOD nén ta duge MNO =PNO,
suy ra No la tia phan giac cua MNP. Twong tu ta duoc MO la phan gidc cta NMP nén O
la tam duong tron noi ti€p tam giac tam giac MNP.
MO MN MP MN+MP
HO HN HP NP
AB+AC MN+MP AB+AC+BC MN+MP+NP

= nén ta dwoc =

NP BC NP
MN MP MN+MP+NP

AB AC AB+AC+BC
, suy ra AMNP «> AABC. Do d6 ta duoc W\I) = B/A\C, ma

Theo tinh chat duwong phan gidc ctia tam gidc ta co

Tt d6 ta duwoc

NP  MN+MP +NP
BC AB+AC+BC
NP MN MP
BC AB AC
talai co NMP = AOF = OAC+OCA . Suy ra BAD =OCA nén BAC=BCA . Chitng minh
twong tu ta duoc A/B\CzliA\C.Véy nén tam giac ABC déu.

Vi du 33. Cho tam giac ABC vudng tai A. GoiI 1a giao diém ba dwong phan gidc cua tam
giac. Goi D, E, F Ian luot 1a hinh chiéu ctia I trén cac canh BC, AC, AB. Goi M la trung
diém canh AC. Dudng thang MI cat AB tai N, duwong thang DF cat duong cao AH tai P.

Hay . Chttng minh twong ty ta duwoc

Do d6 ta duoc

Chiing minh tam giac ANP la tam gidc can.

THCS.TOANMATH.com TAI LIEU TOAN HOC



Loi giai
Taco IE L AC va AB L AC nén IE song

K
song voi AB. Theo dinh 1i Talets ta co
AN _AM
EI EM
N
Do d6 AN — AMEI _~ ACEI 1)
EM  2(AM-AE)

Vi BAC =90°nén t gidc AEIF la hinh
vuong, do d6 AE =EI
ViD, E, F Ian lwot 1a hinh chiéu ctia I trén cdc canh BC, AC, AB nén ta co

AE+CD+BD=%(AB+BC+CA) :>1E=AE=AB+C2A—BC %)

Lai c6 BC-AB=CD-AF=CE-AE=2(AM-AE) (3)
Thay (2) va (3) vao hé thttc (1) ta dwoc
ACEI  AC(AB+CA-BC)
2(AM-AE)  2(BC-AB)
_ BC’-AB’+AB.AC-ACBC BC+AB-AC
B 2(BC-AB) - 2
Tt A ké duong thang song song vé6i BC cat DF tai K, khi d6 tam gidc APK vuong tai A.

Ta 6 BD = BF do d6 ta c6 AK = AF = AE va @:ﬁ:%o—%ﬁ:ﬁﬁt

~ ~

Trong tam gidc AKP c6 AP = AK. tan AKF = AK.tan(90° —%ﬁ} = AK.cotg - AE.cotg

AC+AB-BC BD

Do d6 ta dwgc AP = *)

D

Ma BD:BC+A2B—AC s DI:AE:AC+A;B—BC

Suy ra Ap~ AC+AB=BC BC+AB-AC_AB+BC-AC .,
2 AB+AC-BC 2

Tt (*) va (**) ta dwoc AN = AP nén tam gidc ANP can tai A.

Vi du 34. Cho tam gidc ABC c6 AB=c; BC=a; CA =b. Chting minh rang tam gidc ABC
vudng tai B hodc C khi va chi khi mot trong cac dang thiic sau day xay ra:

b-c
2 b) tanZ%:

A
a) tan—=
2

b+c b+c

Loi giai
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+ Trude hét ta ching minh: Néu tam giac ABC vudng tai
B hodc C thi ta ludn cd tané —— 2 i tan® A m
b+c 2 b+c

That vay, xét tam giac ABC vudng tai B(treong hop tam
gidc ABC vuong tai C chitng minh tuong tw) .
Khi dé goi AD la duong phan gidc ctia tam gidc ABC.
Trong tam gidc BAD vudng tai B c6 tan% = % ° 2
Theo tinh chdt duong phan giac ctia tam gidc ta c6

BD CD BD+CD  BC a K

AB AC AB+AC AB+AC b+c
a

b+c

Do do ta dwoc tané =

A
dwoc tan® —= = -

N A
Tk tan—= > >
b+c 2 (b+c) (b+c) b+c

, A . A
Do d6 ta dwoc tan‘== —*— va tan* 2=

b
+ Ta chitng minh: Néu cé ’cané =—2_ hoic tan AP thi tam gidc ABC vudng tai B
b+c 2 b+c

hoac C.
That vay, goi AD la duong phan giac cua tam gidc ABC. Trén tia d6i cua tia AB 1dy diém
E saocho AE=AC=b.

— —— e~

Khi d6 ta c6 BAD = DAC = ACE = AEC nén ta duwgc AD//EC. Ké BK vudng géc véi BE cét

duong thang EC tai K.
Ta co tané =tanE =%= BK .
2 BE b+c

Khong mat tinh tong quat ta gia st b> ¢, khi 46 ABD > ACD = ADB < ADC nén ADC la
gbc vuong hodc goc tu. Tir d6 ta dweoc lgC\E la géc nhon

thi ttr tané=tanE _BKk _ BK

=——= ta dugc BK=a=BC do do K
+c 2 BE b+c

a) Néu co tan% =

trung voi diém C. Diéu nay c6 nghia la tam giac ABC vuong tai B.

Vay khi tané =—2 thitam giac ABC vuong tai B hodc C.
2 b+c
b-c
by Neutan 2 =279 1 s gid st b>c két hop véi tan> = tanE = D = P2 ta ¢6
2 b+c 2 BE b+c
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BK2 > — (b—C)(b:'C) :>BK2 :bZ_CZ
(b+c) (b+c)

Mait khac ta c6 AK? = BK? +¢? nén ta duge AK? =b* = AC>.
Tt d6 suy ra K trung v6i C. Diéu nay c6 nghia la ABC =90" hay tam gidc ABC vuong tai
B.

-c
Vay khi tan® — | | thi tam gidc ABC vuong tai B hoac C.

+C

Vi du 35. Cho tam giac ABC c6 ba duwong cao AM, BN, CP cit nhau tai H. Chttng minh

rang tam gidc ABC déu khi va chi khi cos A +cosB+cosC = %

Loi giai
+ Néu tam gidc ABC déu khi d6 ta c6 A=B=C=60". A

Suy ra cos A =cosB=cosC :% do do
3
cosA+cosB+cosC=E N

+ Ta can chtng minh khi cosA+cosB+cosC= % thi

tam gidc ABC déu B M c
That vay, tam giac ABN vuong tai N nén ta co

cosA = ﬂ
AB
. N . N , AP
Tam giac APC vudng tai P nén ta c6 cos A = e
Do d6 ta duogc cos’A = AN.AP = cosA = AN.AP
AB.AC AB.AC
Theo bat dang thic Cauchy ta c6 ,/AN AP L[ AP AN . Do d6 ta duoc
AB.AC 2 AN AC
cosA < l —AP +—AN
AN AC
Chttng minh tuong tw ta dugc cosB < 1/ PB +—BM ; cosC < MC NC
2l AB BC BC AC

3
-

Do do ta dwoc cosA+cosB+cosC£l AP+PB+AN+NC+BM+MC
2\AB AB AC AC BC BC
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2 N s 3 A 2 7 ~ \ A~ < 7 A
Ma theo bai ra ra ¢c6 cos A +cosB+cosC =5 diéu nay c6 nghia la ba bat dang thitc trén

xay ra ddu bang
AP_AN'BP_BM_MC_NCQAP_AB_BP_AB_MC_BC
AB AC AB BC’  BC AC AN AC'BM BC’  NC AC

Hay

AN _AP _ AN _ AB
AB AC AP AC

Cling ttr cos A = AN va cosA = AP dan dén
AB AC

Ma ttr trén ta cé £:ﬂ,dodétadwcyc £:ﬁzABzAC
AN AC AB AC

Lap luan twong tw ta dwgc AB=BC. Do d6 ta giac ABC c6 AB=BC=CA nén tam giac
ABC déu.

Vi du 36. Cho tam giac ABC va M la mot diém nam trong tam giac. Goil, J, L Tan luot la
trong tam cua cac tam giac MBC, MCA, MAB. Goi G va K Ian luot la trong trong tam cac
tam giac ABC va IJL. Chting minh réng duong thing GK di qua diém M.

Loi giai
Goi D, E, F lan luot la trung diém cua BC, CA, A

AB. Goi giao diém ctia AD vaEF la V.
Vi D va E lan lugt 1a trung diém ctia BC va "
CA nén DE la duong trung binh ctia tam giac / J
ABC e ¥ E
Do d6 ta dwoc DE//AB va DE = %AB . %\
0
Ta co DE=AF = lAB va DE//AF nén t& giac
2 B D c

AEDF 1a hinh binh hanh, suy ra V la trung

diém cuta EF.

Do d6 AD di qua trung diém cua EF. Tuong
tw ta ¢6 BE di qua trung di€m cua DE

Do d6 G la trong tam ctia tam giac ABC thi cling la trong tam ctia tam giac DEF.
Tam giac MAB c6 MF 1a duong trung tuyén va L la trong tam nén % _2

3
Tuwong tw ta co E = E Suy ra % = ﬂ . Nén theo dinh li Talet ta c6 LI//DF.
MD 3 MF MD
Goi S 1a giao diém cua MO va DF. Khi d6 trong tam giac MFO c6 LS//FO nén
LS MS ML 2

FO MO MF 3

THCS.TOANMATH.com TAI LIEU TOAN HOC




Trong tam giac MOD c6 SI//OD nén ta c6 SU = M5
OD MO

Ma ta c6 OD =OF nén ta dugc LS =SI hay S la trung diém cta L1
MS _MJ] 2 .

Goi T la giao diém ctia TS va MG, khi d6 trong tam giac MOE c6 —— — nén
MO ME 3
SJ//EO.
Trong tam giac MGE c6 TJ//EG nén ta duoc I = M]
GE ME
SJ _MJ . Do d6 ta duwgc — 0 _S :>]T E z

Trong tam gidc MOE c6 SJ//OE nén —
OE ME GE OE 'JS OE 3

Trong tam gidc IJL c6 JS 1a duong trung tuyén va T thudc JS thoa man TJ = %]S

Do d6 T la trong tdm tam giac IJL nén T va K triing nhau. Suy ra duong thang MG di qua
diém K.

Vi du 37. Cho tam gidc ABC c6 ACB<90°. L4y diém D bat ki nam trong tam giac ABC

théa man diéu kién ADB+ ACB = BDC + ABC =180". Chitng minh rang CD di qua trung

diém ctia AB.

Loi giai
Cach 1: Goi M la trung diém cta AB, ta E A
can chttng minh CD di qua M. F
V€ hinh binh hanh ACBE, khi d6 hai M
duong chéo cat nhau tai M nén M 1a 5
trung diém cua CE. 5 3

L4y diém F trong tam giac ABE sao cho
ADBF » AABE

Suy ra BFD = BEA ma ta c6 BEA = ACB
nén ta duoc BFD = ACB

—

Lai co BAE = ABC nén ta duoc BDF = ABC suy ra BDC+BDF =BDC+ ABC
Nén ta dugc BDC+BDF =180°, suy ra ba diém F, D, C thing hang

— e~

EBF + FBA =EBA

— e~ L —

Ta c6 { ABD + FBA = FBD = EBF = ABD
EBA = FBD

Lai c6 ADBF «© AABE nén ta duoc @ = E = BE _ BF

BA BE BA BD
Ma EBF = ABD suy ra AEBF > AABD nén ta dwoc EFB = ADB.
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~ Mataco BFD = ACB va ADB+ACB =180° nén suy ra EFB+BFD = 180"
_ // Ttr 6 suy raba diém E, F, D théng hang. Ttr d6 ta duoc cac diém C, D, M, E. F cung thudc
mot duong thang. Vay CD di qua trung diém ctia canh AB.

Cach 2: Goi M la trung diém ctaa AB. Ta ¢ A
ADB+DBA+DAB=180° — — —
— = ABD+DAB=ACB
ADB+ACB=180° M

Hay ta co DBA + DAB = DCB+DCA D

Lai c6 B c

BDC+DBC+DCB=180" — — —
- — DBC+DCB = ABC
BDC + ABC =180°

— — e~

Hay ta c6 DBC+DAB=DCB+DCA

— e~ e~

Suy ra [ﬁ:[ﬁ, ma ta cO DBA + DAB=DCB+DCA nén ta duoc ITA\B:[TCTA

Goi E 1a giao diém ctia CD va AB. Xét hai tam giac EAD va ECA c6 DAE =ECA va AED

chung nén AEAD «> AECA . Suy ra % _ED L EA>-CEDE.

EA
Chitng minh twong tu ta duwoc EB* = EC.ED
Do d6 ta duwgc EA =EB, suy ra hai diém E va M trung nhau. Vay CD di qua trung diém

cua canh AB.

Vi du 38. Cho tam giac ABC nhon. Goi G, H, O, I lan luot 1a trong tam, truc tam, giao
diém ctia ba dwong trung truc va giao diém ctia ba duwong phan giac trong ctia tam giac

ABC. Xét X e {G,H, O,I} . Chitng minh rang tam giac ABC can tai A khi va chi khi

AB+XC=AC+XB

Loi giai
Véi X e {G, H, O,I} , ta xét cac truong hop nhu sau
e Treong hop 1: Khi X 1a trong tam G.
+ Dé thay khi tam gidc ABC can tai A thi
AB = AB; GB =GC nén ta dwoc AB+GC=AC+GB.
+ Ta chiing minh néu AB+GC=AC+GB thi tam
gidac ABC can tai A.
bdt AB=c; BC=a; CA=b. Goi BM va CN la hai

duong trung tuyén va BH la duong cao.
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2 2,2
Khi d6 d& dang tinh duge AH=2—2 +<

2b
Vi M la trung di€ém ctia BC nén AMzg.
2 n.2 2 2 2
Dodé HM=2 _p-D_ 207 =27 +2¢ (  ypyy_C 2
2 2 2b 2b

Ap dung dinh 1i Pitago ta c6

BM? = BH? —MH? = 4p(p‘a)(P‘b)(P—C)_(c2 —a’ Jz _2c +2a7 P’

b? 2b 4
2 2 _ 2
AP dung tuong tu ta dwoc CN? :%

Do G la trong tam ctia tam gidc nén ta dueoc GB = %BM; GC= %CN nén ta duwoc

_ 2a’ +29C2—b2 .GC?

Gia st b>c, tit gia thiét AB+GC=AC+GB ta duoc

_2a’+2b’—¢?
9

GB’

3 b2_ 2
3(b—c)=—\/2a2+2cz—b2 ++2a% +2b2 - = ( ‘ )
J2a% +20% —b* ++/2a% +2b% — 2

Ma ta lai c6 Z(b—c)2 +2b* —¢? =(2b—c)2 va Z(b—c)2 +2¢* -b? =(2c—b)2

3(b2—c2)
Do d6 ta duoc 3(b—c):
2b—c+|2c—b|
, 3(b*-c*) .
+Néu b>2¢, tacd 3(b-c)<————+—=3(b-c), diéunay vo Ii.
2b—c+2c-b
3(b2—c2)

+Néu b<2c, tacé 3(b-c)< =9(b—c) <3(b*-c*), diéu nay vo .

2b—c+b-2¢c
Nhu vay treong hop b > ¢ khong xay ra
Twong ty truong hop b <c clng khong xay ra.

Vay b =c hay tam giac ABC can tai A.

e Trreong hop 2: Khi X 1a triec tam H. A
+ Dé thay khi tam gidc ABC can tai A thi

AB=AB; HB = HC nén ta dwoc AB+HC=AC+HB.

+ Ta chitng minh néu AB+HC = AC+HB thi tam giac

ABC can tai A. That vay, goi AM va BN la cac duong H

cao ctia tam giac ABC. Vi tam gidc BAC nhon nén H

nam trong tam gidc ABC. Ap dung dinh i Pitago ta c6
BH? - CH? =BM?-CM?* = AB* - AC?

Do do ta dwoc
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(BH+CH)(BH-CH)=(AB+AC)(AB-AC)

Tt gia thiét AB+HC = AC+HB ta dugc AB-AC=BH-HC

Do d6 ta suy ra (AB— AC)(BH+CH-AB-AC)=0

Ma ta luén c6 BH < BN < AB, teong tw ta dwoc CH < AC. Do d6 ta duoc
BH+CH-AB-AC<0.Nén tr day ta suy ra AB-AC=0 hay AB=AC. Vay tam giac
ABC can tai A.

o Truong hop 3: Khi X 1a giao diém ba duong trung triec O. Dé thay khi O 1a gioa diém ba
duong trung tu thi OB=0Cnén tt AB+OC=AC+OB taluéncé AB=AB.Do d6 tam
giac ABC can tai A.

e Truong hop 4: Khi X 1a giao diém ba duwong phan
giac L.

+ Dé thay khi tam gidc ABC can tai A thi

AB = AB; IB=IC nén ta duoc AB+IC=AC+IB. E

+ Ta chttng minh néu AB+IC=AC+IB thi tam

giac ABC can tai A.

That vay, vé DI L AB, EI L AC(D € AB, E € AC) B c

Khi d6 ta c6 ID =IE. Ap dung dinh li Pitago vao

cac tam giac vudng BID va CIE ta duoc

BI* -BD* =1D* = CI* - CE’* = BI* - CI* = BD” - CE’

Do d6 ta dwoc (BI+CI)(BI-CI)=(BD+CE)(BD-CE). Tir gia thiét AB+IC=AC+IB ta

duwoc AB—-AC=BI-IC.Ma tacdo BD-CE=AB-AC nén ta duoc
(BI+IC)(AB-AC)=(BD+DE)(AB-AC) < (AB-AC)(BI+CI-BD-CE)=0

Do BI>BD; CI>CE=BI+CI-BD-CE>0

Do d6 ta dugc AB-BC=0= AB=AC. Vay tam gidc ABC can tai A.

Vi du 39. Cho tam giac ABC ¢6 G la trong tam va I la giao diém ba duong phan giac.

Chting minh rang GI song song véi BC khi va chi khi tang.tan% = % .

Loi giai
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Ha AH 1 BC, GD L BC, IE 1L BC. A
Do d6 ta dwoc GD//IE.
Goi do dai cac canh ctia tam giac ABC la

a+b+c

a,b,cvadat p= . Goi r la khoang

cach tix I dén cac canh ctia tam giac ABC. B M DE C H
Khi dé6 ta ching minh duoc
BE=p-b; CE=p—-c.

r’(p-a
Ta co tang ’cangzE IE__r r (p )p

2 BECE p-b p-c p(p—a)(p—b)(p—c)
Theo cong thirc Hérong ta co S:\/p p—a (p—b)(p—c) va cong thitc S = pr
r’ (p—a)p S.r.(p—a) pr-ra 2r
= —= =1-22- 2
p(p—a)(p—b)(p—c) S S S h,

+ Ta chitng minh néu tang.tan% =% thi GI//BC.

B
Ta dwoc tan—.tan—=

That vay, khi ’canE.tanE == 1 ta suy ra 1—E =
2 2 3 h

MG

IE

1 1
37 AH 3
Goi M 13 trung diém ctia BC, khi d6 ta c6 :%

DodotaduocM—G:GD 1 , suy ra 1E _DG =IE=GD

MA AH 3’ AH AH
Suy ra ti¢ giac GIED la hinh binh hanh. Do d6 ta dugc GI//BC.

+ Ta chiing minh néu GI//BC thi tang.tan% =%

That vay, khi GI song song v6i BC thi ta ¢6 IE = GD

Theo dinh 1i Talét ta cé MG:GD: IE :l. Do d6 ta duwoc 1—%:1

MA AH Ah 3

hay

a

tanE.tangzl.
2 2 3

Vay bai toan dugc chitng minh.

Vi du 40. Cho tam giac nhon ABC. Dung bén ngoai tam giac ABC cac tam gidc can DAC,

EAB, FBC sao cho DA = DC, EA = EC, FB = FC va ADC =2A, AEA = 2B, CFB =2C. Goi

M la giao diém cuia BD va EF, N la giao diém ctia EC va DF, P 1a giao diém cua FA va DE.

BD CE AF
MD NE PF

Chting minh rang
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Loi giai
T ﬁ:2g, @:ZIAB, @:26 ta suy ra
ADC <180°; AEB <180°; BFC < 180"

Do d6 ta duoc DAC = 90° —%ﬁz%o “A,

@:900—%@:900—13

Suy ra DAE = DAC+A +BAE =180° — B > 90"
Tuong ty ta dugc EBF > 90" ; FCD >90°. Do d6

da giac ADCFBE la da giac 16i
Suy ra ta co ﬁf+@+ﬁ:2(g+]§+a) = 360"
Dung cac duong tron (D; AD) va (E ; EB) cit nhau tai O, suy ra DA=DC=0D

Do d6 ta duge AOC =360° —2ADC = 460° —4A .

Lai c6 AE =EB =EO nén ta duoc AOB =360° — 4B

Suy ra AOC+AOB =720" —4(K+1§) ~4C

Do d6 ta duoc BOC = 360° —(@h@) = 360" -4C suy ra FB=FC=FO

Do d6 ba duong tron (D; AD), (E; EB) va (F; FB) cit nhau tai O.

Tt d6 ta duoc hai diém O va C d6i xtiing qua DF, hai diém O va A d6i xiing qua DE, hai
diém O va B d6i xting qua EF.

S

Diéu nay dan dén S Seer = Soers Scor = Sops

AED —
BD =MD+MB 14 MB 14 Sigr :1+SOEF
S

MD MD S

OED”

Talai cé
DEF

Hoan toan tuong tu ta duoc CE =1+ Sopr ; AF =1+ Sop
NE . DF

BD N CE N AF :3+SOEF +Sgpp +5
MD NE PF S
Vi du 41. Cho tam giac ABC vudng tai A va duong phan giac AD. Goi M va N lan luot la
hinh chiéu cua D trén AB va AC. Goi giao diém ctia BN va CM la K, giao diém ctia AK va

DEF

FDE

Do d6 ta duoc ODE — 4. Bai toan duwgc chirtng minh

DEF

DM la I. Tinh s& do goc BID.

Loi giai
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Ta xét cac treong hop sau:

+ Truong hop 1: Tam gidc ABC c6 AB<AC,
khi d6 diém I nam gitta M va D.

Goi E la giao diém ctia BN va MD, F la giao
diém cta CM va DN.

Ta co tx gidc AMDN la hinh vuéng, do do
ND//AB va MD//AC nén theo dinh 1i Talet ta

co
MF BD BM BM ME
CF CD AM DN DE
Do d6 ta dugc EF//DC nén suy ra EF//BC. Theo dinh 1i Talet ta c6
AN _DN _NC_ NF _NF
AB AB AC AM AN
Suy ra ANAF o AABN, tir d6 ta dwoc NAF =NBA suy ra AF L BN

Lap luan teong tue ta duwoc AE L CM. Do d6 K 1a triec tam ctia tam gidc AEF nén ta duoc
AK LEF

Do do6 tasuy ra AI L BC, ma MD L AB nénIla tric tam ctia tam giac ABD.

Ttr d6 ta duoc BID =180° —BAD =180° —45° =135°.

+ Treong hop 2: Tam gidc ABC c6 AB> AC, A

khi d6 diém D nam gitta M va 1.

Goi E 1a giao diém cua BN va MD, F 1a giao
diém cua CM va DN.

Ta co tx gidc AMDN la hinh vuéng, do do

D
ND//AB va MD//AC nén theo dinh Ii Talet ta ~ © ————— ]\, ¢

co

MF BD BM BM ME
CF CD AM DN DE
Do d6 ta dugc EF//DC nén suy ra EF//BC. Theo dinh ly Talet ta duoc
AN DN NC NF NF
AB AB AC AM AN
Suy ra ANAF ©> AABN, ttr d6 ta dwoc NAF = NBA suy ra AF 1 BN
Lap luan tuong tw ta dwoc AE L CM. Do d6 K 1a tryec tdm ctia tam gidc AEF nén ta duoc

AK L EF
Do d6 ta suy ra AI L BC, ma MD L AB nén I la tric tam cta tam giac ABD.
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Tt d6 ta duwoc BID = 45°
_ // + Truong hop 3: Tam gidc ABC c6 AB = AC, khi d6 diém D va diém I trung nhau nén
BID khéng xac dinh.

Vay néu AB < AC thi ta duoc BID =135"va néu AB > AC thi ta dwoc BID = 45°.

Vi du 42. Cho tam gidc ABC vuong tai C va A<B. Goi O la trung di€ém ctia AB valla
giao diém cua ba duong phan gidc ctia tam giac. Biét tam gidc BIO vudng, tinh ti sd cac

canh cta tam giac ABC.

Loi giai
bat AB=c, BC=a; CA=b suyraa<b<c. A
Dung IE L AB, IF 1 BC, IG L CA . Ta c6 IBO < CBO <90°.

Né&u I0B =90° thi ta duoc E =0, khi d6 AIAO = AIBO nén ta

e N o)
duoc IAB =IBA = CAB =CBA, diéu nau mau thuan véi gia thiét E
A<B. Sl
Do d6 ta duoc TOB # 90° nén tam giac BIO chi c6 thé vuong I, ttec c = B

la BIO=90". Do1la giao di€ém ba duwong phan giac nén ta duoc

b+c-a c+a-b a+b—c

AG=AE= ; BE=BE = ; IE=IF=1G=CG=

N b+c-a
Do a<b<c¢ nén ta duoc

>§ suy ra AE > AO. Do d6 diém E ndm gitra hai diém

B va O nén ta duoc OE = ? . Tam giac EIO vuong tai E nén theo dinh li Pitago ta c6

OI* = OE? + IE? :(b_aj2+(a+b_cj2 _ 220 +2b" ¢’ —2ac—2be
2

2 4
Tam giac BFI vuong tai F nén theo dinh li Pitago ta cd

a+c—bj2+(a+b—cj2  2a’+2b”+2c¢” —4bc

BI* = BF* +IF* =
2 2 4

C2

Lai c6 OB’ = T nén trong tam giac BIO vudng tai I ¢4

OI’ +BI* = OB® <> 2a” +2b” +c* —ac—3bc =0
Ma ta lai c6 a® +b? =c? nén ta dugc 3c*> =ab+3bc < 3c=a+3b
3c=a+3b a {x+3y=3

v b . 14 /4
. 2.Da’cx=—;y=—,1<h1d‘o’c.e1co .,

voi O<x<y<l1
c=a+b C C X" +y =1

Tir d6 ta c6 hé {

Giai hé trén ta duwoc x=%;y:%,h‘rdétadu’oc a:b:c=3:4:5.
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Vi du 43. Cho AABC déu. Goi M va N la cac diém trén canh AB va BC sao cho BM = BN.
Goi G la trong tam ctia ABNM va I la trung diém AN, P trung diém caa MN. Chiing minh
rang AGPI % AGNC va IC 1L GI.

Loi giai
+ Chting minh rang AGPI > AGNC.
Tam giac BMN c¢6 BM = BN nén tam giac BMN
can tai B, ma ta lai co MBN = 60° nén tam gidc
BMN déu. Do G la trong tdm tam giac BMN
nén GP L MN, GP = %GN

Lai c6 GNB =30°; BMN =60°. Goi P, I Ian luot

la trung diém cua MN, AN nén ta duoc
PI=22 va PIJAM.

Ta c6 MPI=BMN =60".

Do d6 ta c6 GPT=GPM +MPI =150°. Mt khéc ta c6 GNB+BNC =180°, nén GNC =150’
Ma ta lai c6 AB=BM+ AM; BC=BN+CN; AB=BC; BM =BN nén ta dwoc AM =CN
Do d6 ta duoc PI= NTC . Xét hai tam gidc GPI va GNC cé6 GPI=GNC =150" va

GP_ P _1

GN NC 2

Do do ta dwoc AGPI 2 AGNC

+ Chting minh rang IC L GI.

Tir AGPI % AGNC ta duoc 2L = S 4 1GP=CGN
GC GN

— e~ — —

Do dé ta duoc % =% va IGC =1GP +PGC = CGN +PGC = 60"

Ttrén tia d6i caa tia IG 1dy diém D so cho ID =1G.

Trong tam gidc DGC ¢ GC=GD va DGC =60° nén tam gidc DGC déu

Ma CI la duwong trung tuyén nén dong thoi la duwong cao cta tam gidc DGC. Do d6 ta duoc
IC LGI.

Vi du 44. Cho tam giac ABC c6 ACB =2ABC , dim P mam trong goc BAC sao cho
PB=PC va AC=AP . Chting minh ring PAC = 2PAB.

Loi giai
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Goi D la chan dwong phan giac ctaa ACB S

ctua tam giac ABC. Khi d6 ta c6 A /
DCB~ ACB - ABC V
Suy ra DC =DB, ma ta lai c6 PB=PC / 0 ‘

nén PD la duong trung tryrc cua doan

thang BC.

Goi E la diém d6i xtiing v6i C qua AP. Ta

lai c6 PC=PE =PB nén P la tdm duong

tron di gia ba diém C, E, B.

Vé duong thang qua P va vudng goc véi EB cat BC tai Q. Tt d6 suy ra AP L CE va
PD L BC, do d6 ta duoc ECB=APD.

— e — _— e~

Suy ra APE = QPE tir d6 ta duwgoc ACP = APE = APD + DPE = DPE + QPE = DPQ.
Mat khac ta lai c6 PQ L BE va PD 1 BC nén ta dwoc ACP = DPQ = EBQ.

— — e~ —

Do d6 ta duwgc ACD+ DCP =DBP +EBA -PBC

— e~~~ -

Ma ta lai c6 DCP = DBP nén EBA = ACD + PBC = %ACB +PBC = ABC+PBC = ABP

AB AE AF AB
Suy ra — =

sinAEB sinABE sin ABP sinapb

Diéu nay dan dén sin AEB = sin APB = AEB = APB
Xét hai tam giac AEB va APB co AEB = APB , AB la canh chung va ABE = ABP

1= 15—

Suy ra AAEB = AAPB, nén ta dugc BAP = BAE = EPAE = EPAC

Do d6 ta dwoc PAC = 2PAB. Bai toan duoc chitng minh.

Vi du 45. Cho tam giac ABC nhon va ba duong cao AG, BD, CE cit nhau tai H. Goi I 1a
giao diém cta DE va AH. DPuong thang qua I va song song véi BC cit tia AB, tia DB lan
lwot tai P va Q. Goi M la trung diém ctia AH. Chttng minh rang IP =1Q vaIla truc tam
cta tam giac MBC.

Loi giai
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Vé HK vuong goc voi DE tai K va AL vudng goc

A
voi ED tai L.
Taeg AL_AL S, . GA S, TR
AH HK S, GH S, b
E [
Mat khac ta chitng minh dwgc AADE @ AABC va
AHDE «> AHBC
S S ’
Do @b —ADRE _ “HDE :(DEJ nén ta dwoc B G c
ABC SHBC
S Aok _ S apc
SHDE SHBC
Do d6 ta suy ra ﬂch: Al_H .
HI GH AG GH
Do PQ//BC nén theo dinh li Talet ta co 1P = Al = 10 = Q .Suyra IP=1Q.
GB GI GH GB
Mat khac cling tw Al_GA ta duoc H+1A _HI
HI GH GH+GA HG

Ma ta c6 2MA = AH=IH+IA va 2GM = GH + GA nén ta dwoc

%=E:%=E:%—l=ﬂ—1:%=£:GA.GH=GI.GM
2GM GI GM GI GM GH GM GH

Ma ta chitng minh dugc AGBH @ AGAC nén ta c6 GH.GH = GB.GC
Do d6 ta dwgc GL.GM = GB.GC nén hai tam giac vuéng GBI va GMC dong dang véi nhau

Suy ra GBI = G/I\E, ma ta lai c6 GMC+GCM =90° nén ta duoc GBI +GCM = 90°

Goi F 1a giao diém cua BI v6i MC, khi d6 tam giac BFC vuong tai F hay BI L BC

Tam gidc BCM c6 hai duong cao MG va BF cat nhau tai I nén I 1a triec tdm ctia tam giac
BMC.

Vi du 46. Cho tam gidc nhon ABC, 18y diém X ndm trong tam giac va diém Y, Z nam ngoai
tam giac sao cho cc tam gidc XBC, YCA, ZBA dong dang véi nhau. Puong thang YZ cat
AB, AC lan luot tai M va N. Goi P 1a trung diém ctia BC. Chttng minh rang YN =ZM khi

va chi khi PAB = XAC.

Loi giai
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- Truwdc hét ta phat biéu va chiing minh b6 dé sau: Néu A

y

y P 1a trung diém canh BC va diém S ndm trong tam giac

DAR _ CAC 4l A / SSAB AB’
ABC sao cho PAB =SAC thitaluon co =228 = — S
Si,. AC

That vay, do PAB=SAC nén ta dugc BAS = CAP. 4 : 3
Khi d6 ta co

Sun _ ABASsinBAS _ ABAS . S, ABAP.sinBAP _ABAP

Seac  ACAP.sinCAP ACAP S, . ACAS.sinSAC ACAS
Do AP la dwong trung tuyén nén ta duoc S,,, =S,
Ssas Spap  AB.AS ABAP _ S,,, AB’
AC?

Do d6 ta duoc . = . =
pac S AC. AP ACAS S

Tro lai bai toan: Goi S 1a giao diém cua AX

SAC SAC

va YZ. Goi K va H Ian lwot 1a hinh chiéu ctaa
Y va Z trén AB va AC. Ta chitng minh t&
giac AZXY 1a hinh binh hanh

That vay, theo gia thiét ta c6 AXBC > AYCA

nén ta duoc B/(S(:A/a{ nén @:)@

5 - , XC_BC .,
Vatacing cO —=-—nén
YC AC

AABC «» AYXC

— — —

Tt d6 ta duwgc BAC=CYX, ABC=YXC

—_—

Hoan toan twong ti nén ta dugc AABC ©» AZBX, suy ra BZX =BAC, BXZ = ACB

Tir d6 ta duoc )@:X/ZTS ma ta lai co XZ\Bzﬁi nén ta duwoc KZ\Xzﬁ((l)

Miit khéc ta lai c6 ZAY = ZAB+BAC + YAC. Ma ta ¢6
ZXY =360° — ZXB—BXC — CXY = 360° —ATC\B—KEE—(BOO —>TB\C—>TC\B)

—180° — ACB— ABC + XBC + XCB = BAC + XBC + XCB

— —

D&y 1a BAZ = BCX; YAC = CBX nén ta duoc ZAY = ZXY (2)

Tt (1) va (2) ta dugc ti gidc AZXY la hinh binh hanh.

+ Diéu kién can: Néu c6 YN =ZM, két hop vdi gia thiet AABZ «> ACAY ta duoc
AC YK YKAN AM S, AM YN AM AM
AB ZH ZHAM AN S, AN ZM AN AN

Do d6 ta duoc AABC @ AANM

M
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- Ta co tir giac AZXY 1a hinh binh hanh nén ta ¢ SY =57, ma YN =ZM nén ta duoc
~ SN=SM.
" Ké&hop véi AABC  AANM ta duoc AABP < AANS. Do d6 ta dugc PAB=SAN = XAC.
+ Didu kién dt:: Néu 6 PAB = XAC, khi @6 v6i U va V Ian luot 1a hinh chiéu ctia S trén
AB va AC, két hop vdi gia thiét AABZ > ACAY thi theo b dé trén ta dugc
SUAB _Sy; _ SU_Syy AC_AB° AC_AB_ZH
SV.AC S.,,. SV S,. AB AC’ AB AC YK

C

Do dé ta duoc 22 = V. Do SU//ZH, SV//YK ta cé M - SU _ SV _ SN
ZH YK ZM ZH YK YN

ZM_SM_ZM+SM_S_Z_1
YN SN YN+SN SY
Do d6 ta dugc YN =ZM. Bai toan duoc chitng minh.

Két hop v6i SY =SZ ta duoc

Vi du 47. Cho tam gidc ABC khong vuong cé cac duong cao BE va CF cat nhau tai H. Goi
M, N, P, Q, S theo thtt tw 1a trung diém ctia BF, CE, BE, CF, EF. Duong thang qua M vuong
g6c voi BS va duong thang qua N vudng goc véi CS cat nhau tai K. Duong thang qua P
vudng géc voi BS va duong thang qua Q vudng géc véi CS cat nhau tai L. Chiing minh

rang 2KL = AH.

Loi giai
Do M, N, P, Q, S theo tht tu la trung diém cua
BF, CE, BE, CF, EF nén ta duoc

MB :lBE, MS =lBE, NS:lCF, CNleE
2 2 2 2

Trong cac tam giac vuong BCE va BCF c¢6

BC? =BE? + CE? = BF* + CF?
Goi I la giao diém caa BS va MK, ta cd
KM 1L BS va KN L CS nén ta duoc

KB? = KI* +SI*; KS* =KI* + BI*

— KB*-KS* = BI* -SI*
Tuwong tw ta dwge MB? ~MS? = BI* -SI?
Tuwong tuw ta dwge NC? ~NS? =KC? -KS?

Suy ra KB? —KS? = MB? —-MS? =iBF2 —iBE2 =iCE2 —%CF2 =NC? -NS? =KC? -KS§?

Tt d6 ta duwoc KC=KB.
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- Goi H la truc tam cua tam gidc ABC, khi d6 BF va CE 1a cdc duong cao ctia tam giac HBC.
_ // Twong tue nhw trén ta chitng minh duwoc LB=LC

Tl d6 ta suy ra LK 1a duwong trung truc cia doan thang BC nén LK vudng gdc véi BC.

Dé thay LKN =BCS (hai goc c6 canh twong ting vudng goc)

Lai thay 613( +SCB =180° suy ra 613( +LKN =180". Do d¢ ta dwoc QL//KN.

L&y cac diém D va R sao cho tit gidc AHDF va QRKL la c4c hinh binh hanh, suy ra R thudc
KN.

Ta c6 HE L NC va HD//AF, CF//NS, AF L CF suy ra HD L NS

Tir d6 ta dwoc EHD = CNS

HE HE EC 2NC NC
HD AF HC 2NS NS

Dé thdy hai tam gidc CHE va CAF dong dang nén ta c6

Ttr d6 suy ra AEHD > ACNS nén ta duwoc I-/IED = ﬁ\CS
Ta cé DE L SN,SN L RN nén DE//KR, ma CF//RQ, FE//QN nén ta dwoc ADEF @ ARNQ

L RQ ON
HA DF FE

Tt d6 suy ra :% nén ta duwoc 2KL = AH.

Vi du 48. Cho tam giac ABC va duwong phéan giac AD. Lay diém M bat ki trén AD(véi M
khdc A va D). Tia BM cat AC tai E, tia CM cat AB tai F. Chting minh rang néu
1 1 1

—t——=——+ 1 > thi tam giac ABC can.
AB~ AE" AC" AF

Phan tich va loi giai
Cach 1: Tr M ké MN song song v6i AB vé6i diém N
thuoc AC va MP song song véi AC voi P thudéc AB
nén t¢ gidc ANMP la hinh binh hanh. Do AD Ila
duwong phan giac cuia goc BAC nén tt giac ANMP la

hinh thoi. Ap dung dinh li Talets ta dwoc MP = E
AE BA

Ma ta lai c6 BP=AB- AP =AB-MP
MP 1 1 1

= + =
AB AB AE MP

1 1

+ = )
AC AF MN
Do MN =MP nén tir do ta dwoc + 1 = 1 + 1
AC AF AB AE

Neén ta duwoc MP =1-
AE

Hoan toan tuong ty ta duoc
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/Sura 1+12— 1+12<:>1+1+ 2 —1+1+ 2
y Y AC AF AB AE AB*> AE* AB.AE AC* AF* ACAF

Theo gia thiét ta c6 LI 1 jénta duoc z2___ 2
AB.AE ACAF

+ +
AB* AE* AC*? AP

1 1Y) (1 1Y
Do d6 ta duoc [———J = (———j , tte d6 ta c6 cac treong hop sau

AC AF) |AB AE

aN&u L oL 1 s hop voi ——+—— =L+ 1 4 dugec AB=AC hay tam
AB AE AC AF AC AF AB AE

giac ABC can tai A.

aNew —— =L 1 10 46 ta duge 4= L1

— = t—=—x
AB AE AF AC AB AC AE AF
biéu nay khong xay ra vi AB> AF, AC > AE. Vay tam giac ABC can tai A.
Céch 2: Ap dung cong thtic tinh dién tich 2S,,. = AB.AC.sin A

Ddt x=sinA; y= sin%. Khi d6 ta duoc

AB.ACx=2S,,. =2S,,,+25,,y =AM.AB.y+ AM.AE.y = AM.y.(AB + AE)
AB+AE X 1 1 X
Suy ra ta duoc = &S —+—=
ABAE AMy AB AE AM

1 1 X N 1 1 1 1
+ = . Ttr d6 ta duoc + = + .
AC AF AMy AC AF AB AE

Hoan toan tuong tu ta duoc

Dbén day lap luan tuwong tu nhw cach 1 ta duoc diéu phai chtirng minh.

Vi du 49. Cho tam giac ABC c6 D la chan dwong cao ha tir dinh C. Trén canh AB lay diém

cac E, F sao cho ACE = BCF=90". Lay diém X trén doan CD va diém K trén doan FX sao
cho BK =BC. Ldy diém L trén doan EX sao cho AL = AC. Goi giao diém cua AL va BK la
M. Chitng minh r?mg ML =MK.

Loi giai
+ Treong hop 1: Xét tam giac ABC c6 N
ACB = 90"
Khi d6 ta duoc hai diém A va F trung nhau, hai

diém B va E trung nhau <

Vé Al L BX, duong thang Al cat CD tai N. Tam ! X

gidc NAB cao ND va Bl la duong cao nén X la

truec tam, do d6 ta dwoc AX L NB tai S. A D B

Tam gidc ACB vuong tai C c6 CD la duong cao
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nén ta c6 AC?> = AD.AB

Theo bai ra ta c6 AL = AC nén ta duoc

AL’ = AD.AB
, AD Al , 2 .,
Ta co AN = AR = AD.AB=AILAN. Do d6 ta duwoc AL" = ALAN. Lai c6 AAIL > AALN,

do dé ALN = AIL =90°. Tam gidc ALN vudng tai L c6 LI la duong cao nén ta duoc
LN* =NLNA.

Tuwong tu ta cd NK? = NS.NB. Ma ta c6 % = E_i nén ta dugc NLNA =NS.NB. Do d6 ta

duwoc NK = NL. Tir d6 suy ra hai tam gidc vuong KMN va LMN bang nhau. Tit d6 ta suy
ra ML =MK
+ Truong hop 2: Xét tam giac ABC co N

ACB > 90"

Ké duong thang qua A vuodng goc véi XE

cat CD tai N.
Khi d6 X 14 truc tAm tam gidc NAE. <
Suy ra AX L NE. Tt d6 ta duogc N

Ta c6 AL? = AC* = AD.AE nén AL tiép xtic
v6i duong tron ngoai ti€p tam giac EDL.

Suy ra ,?L]\Dzle\D:@(.fodétadu’oc

AND = ALD, nén b6n diém A, N, L, D

cung nam trén mot duong tron

Do d6 ta dugc NLA = NDA =90° hay NL L AL .

Lai c6 AXED ©> AAND nén ta duoc % = % . Hai tam gidc ACE va BCF cung vuong goc

tai C nén ta duoc CD? = AD.DE=BD.FD = AD _FD )
BD ED

Do d6 ta dwoc %:%,Hén ta c6 ABDN « AXDF, suy ra BND = DFX = BFK
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- Mitkhéc ta c6 BK* =BC? = BD.BF nén BK tiép xtic voi duong tron ngoai tiép tam gidc
y I .
4 DKEF. Ttr d6 suy ra BKD = BFK.. Tt d6 ta dwoc BND = BKD nén bon diém B, D, K, N cung

nam trén mot duwong tron. Do d6 ta dwgc NK L BK, ap dung dinh li Pitago ta dwoc
MK?-MI2 = NI2 - NK? = (NA2 —ALZ)—(NBZ - BKZ)
=(NA2 —NB2)+(CB2 —CA2)=(CA2 —CB2)+(CA2 —CB2)=O
Tir d6 ta duwoc MK? = MI2 = MK = ML..

+ Treong hop 2: Xét tam gidc ABC c6 z@ <90°. Chttng minh hoan toan twong tu ta dwoc
ML =MK.

Nhin xét: Trieomg hop ACB =90° chinh 1 ndi dung bai todn 5 trong ki thi IMO 2012.

Vi du 50. Cho tam giac ABC c6 M 1a trung diém ctia AC va D la diém trén canh BC sao cho

DB =DM . Biét rang 2BC> — AC* = AB.AC. Chting minh rang BD.CD = _ACLAB
2(AB+AC)

Phén tich va loi giai

Cach 1. Mot y twong rat tw nhién d6 la tim cach A

biéu dién BD va CD theo céc canh ctia tam giac

ABC va két hop vdi gia thiét da cho. Quan sat hinh M

vé ta thay c6 thé biéu dién BD theo BM va

cosCBM. D€ y BM la duong trung tuyén cua tam / .

gidc ABC nén ta c6 thé biéu dién BM va cosCBM
theo cac canh cua tam giac ABC. T d6 két hop voi
2BC? - AC? = AB.AC ta c6 thé tinh dwoc BD.CD

theo cac canh ctia tam giac ABC.

Dé don gian trong qua trinh bién d6i ta dat AB =c;BC =a; CA =b. D€ tinh dugc cosCBM
ta can tao ra tam gidc vudng bang cach vé DI vudng gdc véi BM véi I thude BM. Khi d6 ta
duoc DI la duong trung tuyén cta tam giac can BDM. Do d6 ta dwoc

sp__ Bl _ BM

COSCEIT/I - COS&l\\/I .
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2

BM2+a2—b—
4

- 2 2 2
Mait khac theo dinh li cosin ta ¢c6 2cos CBM = BM” +BC” -CM =
BC.BM a.BM

2
Tir d6 ta duwoc BD = a.BM . Mat khac ta c6

BD.CD = BD(a—BD) -

4

2
BM? +a’ —b—z
4

2
Lai c6 BM® = %(az +c’ ) —bz va két hop voi gia thiét 2a® —b® =bc ta duoc

2 2 2 2 2
(BM2+a2—b—2j :[a2+c2_b2+a2j :{2c2+2bc+b2+bcj :(b+c) (2c+b)

2 4 16

Ta c6 a>. BM? a2__2 a2(2a2+2c2—b2) b’ +bc b* :azbc(2c+bc)2
| 4 2 4 16

4

Tt d6 ta duge BDCD - PEerbe) b ACAB
T (b+c)(2c4b) 2(b+c) 2(AB+AC)

Cach 2: Mot y tuong khac cling kha tw nhién do ta p

tim cach bién ddi gia thiét 2BC* — AC* = AB.AC sao
cho c6 thé xac dinh duoc cac yéu té phu mot canh A
hop li. Chang han khi ta viét lai gia thiét ctia bai todn

thanh 2BC* = AC(AB+AC) ta cht y dén xéc dinh

mot diém P trén AC sao cho PA = AB, khi d6 thi ta

duoc CP=AC+AC.

Tt d6 ta duwoc

2BC? = AC.CP =2CM.CP = BC? = CP.CM.

Hé thitc nay lam ta tién tuwong dén tinh chat ti€p tuyén va cat tuyén cua duong tron.Ttc la
BC sé la tiép tuyén ctia duong tron ngoai ti€p tam giac BMP hay BD la tiép tuyén cta
duong tron ngoai ti€p tam gidc BMP. Mat khdc ta lai thady BD = DM nén DM ciing la ti€p

tuyén cta duwdng tron ngoai tiép tam gidc BMP. Khi d6 dé dang chirg minh dwoc

MDC = BAM nén & gidc ABDM néi ti€p, tir 46 dan dén AD la phan gidc ctia BAC. Dén

day ta c6 thé biéu dién BD, CD qua c4c canh cua tam gidc ABC.
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Trén tia d6i cua tia AC 18y diém P sao cho PA = AB, khi d¢ tur gia thiét ta duoc

2BC? = AC.CP =2CM.CP = BC* =CP.CM
Tt d6 suy ra BC la tiép tuyén ctia duong tron ngoai ti€p tam giac PBM vdi tiép diém la B.
Ta lai c6 DB =DM véi D thudc BC nén DM ciing 1a ti€p tuyén cua duwong tron ngoai tiép
tam gidc PBM.

—_—

Tir &6 ABP = MPB = DBM = DMB. Lai ¢6 MDC = DBM +BMD vi BAM = APB + ABP

Suy ra MDC = BAM nén tir giac MDBA ndi tiép duong tron, do do

o — e~

DBM = DMB = CAD =BAD
Do d6 ta dugc AD la phan giac ctia goc BAC. Ap dung tinh chit duong phan giac trong
tam gidc ta dwoc

BD AB BD AB BD AB.BC

CD AC BC AB+AC AB+AC

AC.BC
AB+AC

Tt d6 suy ra DC = , két hop vdi gia thiét ta dugc

2 2
BD.CD = ABACBC  AC.AB

(AB+AC)2 2(AB+AC)

Nhén xét: Ré rang cdch lam thir hai ngian gon hon cdch lam thir nhat. Tuy nhién khi doc bai todn
thi da phin y twong dau tién sé la cach thir nhit vi y twong dé hoan toan tw nhién két hop véi cic

yéu to"hinh hoc thong thwong. Vin dé la chiing ta c6 dwoc sw kién tri khi di theo y twong do khong.
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BAI TAP TU LUYEN
Bai 1. Cho tam giac ABC va diém M, N lan luot nam trén cic canh AB, AC. Biét

AM m; AN _ =n. Goil la giao diém cua AM va BN. Tinh Bt va L theo m van.
BM NI MI

Bai 2. Cho tam giac ABC co B=C=a vaOla trung diém canh BC. Géc X/O\y =a quay

quanh diém O sao cho Ox va Oy cét cac canh AB va AC Ian luot tai E va F. Chting minh
rang:

a) AOEF > ABEO b) Khoang cach tir O dén EF khong doi.
Bai 3. Cho tam giac ABC va diém M nam trén canh BC sao cho % = k. Duong thang cit

cac tia AB, AC, AM lan luot tai B’, C’, M".

AB AC _2AM
AB' AC' AM'
1+k)AM
b) Chting minh rang véi k>0 thi AB kAC = ( )
AB' AC' AM'
Bai 4. Cho tam giac ABC. Cac diém D, E, F IaN luot chia cac doan théng BC, CA, AB theo

a) Chting minh rang néu k=1 thi

ti s k(k>0). Cac diém M, N, P Ian luot chia cdc doan thang EF, FD, DE theo cung ti s& %

Chting minh rang AMNP 0 AABC
Bai 5. Cho tam giac ABC co trong tam G. Puong thang d di qua G cat cdc canh AB, AB lan

lwot tai C’ va B, cit duwong kéo dai ctia canh BC lai A’. Chitng minh r?mg
1 1 1

GA' [GB' GC'
Bai 6. Cho tam gidc ABC biét A =2B =4C. Ching minh ring: ——+ —— = —
AC BC AB
Bai 7. Cho tam giac ABC ¢4 I1a tam duwong tron ndi tiép. Puong thang d qua I cat tia BC
BC CA AB

va cac canh CA, AB theo thtt te tai A;;B,;C,. Chitng minh rang +

1

1B, IC

1 1

Bai 8. Cho tam giac ABC vudng tai A c6 duong cao AH. Tia phan giadc ctia goc BAH cét
BH tai D. Goi M la trung di€ém canh AB, goi E la giao diém cia MD va AH. Chiing minh
r:?mg AD//CE.

Bai 9. Cho tam gidc ABC vudng tai A c6 chu vi bang 30cm va dién tich bang 30cm”. Tinh
do dai cac canh cua tam giac.

Bai 10. Cho tam giac OAB vuong can tai O véi OA =0OB =2a. Goi (O) la duong tron tam
O béan kinh a. Tim diém M thudc (O) sao cho MA +2MB dat gia tri nho nhat
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" Bai11. Cho duong tron (I) néi ti€p ctia tam gidac ABC ti€p xtic voi cac canh BC, CA, AB
theo thit tu tai D, E, F. Duong thang AD cat duong thang EF tai M. L&y N trén DF va
diém P trén DE sao cho t giac MNDP la hinh binh hanh.

.. s ME_(DEY s
a) Ching minh rang — = — b) Chitng minh rang t giac EFNP
MF { DF
ndi tiép.
Bai 12. Cho tam giac ABC vuong tai A va c6 dién tich bang 1. Chitng minh rang ta ludn c6
bat dang thirc
2<BC<V2(AB+AC-42).

ACB  AB

2 AC+BC
Bai 14. Cho tam gidc ABC vuong tai A, vé duong cao AH. Chu vi ctia tam giac ABH bang

Bai 13. Cho tam giac ABC vuong tai A. Chting minh rang tan

30 cm, chu vi ctia tam giac ACH bang 40 cm. Tinh chu vi tam gidc ABC.
Bai 15. Cho tam giac ABC vudng tai A c6 cac duong phan giac trong BM va CN. Chiing
MC+MA)(NB+NA
( )( ) >3+242
MA.NA
Bai 16. Cho tam giac ABC nhon (AB < AC). Vé phdi ngoai tam gidc ABC vé cac tam giac

minh bat dang thic:

ABD, ACE, BCF Ian luot can tai B, C, F. Goi O la diém d6i xtiing véi F qua BC. Chiing
minh rang DE di qua diém O.

Bai 17. Cho tam giac ABC can tai A cé BAC =150". Dung cac tam gidc AMB va ANC sao

cho cac tia AM va AN nam trong goc BAC thoa man ABM = ACN =90°, NAC =60° va

MAB=30". Trén doan MN 14y diém D sao cho ND=3MD. Duong thang BD cat cac
duong thang AM va AN theo thtt tu tai K va E. Goi F 1a giao diém ctia BC v4i AN. Chting
minh rang:

a) Tam giac NEC can.

b) KF // CD.

Bai 18. Cho tam giac ABC can tai A, duong phan giac BD thoa man BC=BD+AD. Tinh

s0 do cac goc ctia tam giac ABC.
Bai 19. Cho tam gidc ABC c6 duong cao AH, biét H thudc BC va BH = %BC. Trén tia doi

cua tia HA, 1ay diém K sao cho AK* -KH? = %BC2 +AB?. Chting minh:

AK.BC=AB.KC+AC.BK.
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Bai 20. Trong tam giac ABC, cac diém A, E, F tuwong ting nam trén cac canh BC, CA, AB

sao cho

—  —

AFE = BFD, BDF =CDE, CED = AEF.

a) Chting minh rang BDF = BAC.

b) Cho AB=5, BC=8, CA=7.Tinh d6 dai doan BD.
Bai 21. Cho tam giac ABC c6 M 1a diém nam trong tam giac. Cac duwong thang AM, BM,
CM cit cac canh d6i dién Ian luot tai D, E, F. Chitng minh r:?mg trong cdc ti sO
AM MB CM
MD’ ME’ MF
Bai 22. Cho tam gidc ABC (AB < AC), phan giac AD. Trén AB 1dy diém M, trén AC lay

6 it nhdt mot ti s6 khong 16n hon 2 va co mét ti s khong nhé hon 2.

diém N sao cho BM = CN. goi giao diém ctia CM va BN 1a O. Ttr O vé duong thang song
song véi AD cat AC, AB tai E va F. Chtiing minh rang: AB = CF; BE = CA

Bai 23. Cho tam giac ABC nhon c6 cac duwong cao BD va CE. Goi I 1a trung diém cua BC.
Qua A ké duong thang vuong goc véi Al cat BD tai M va cat CE tai N. Chitng minh rang
AM=AN.

Bai 24. Cho tam giac ABC c6 ba duong cao AM, BN, CP cat nhau tai H. Chting minh rang
tam giac ABC déu khi va chi khi cot A +cotB+cotC= NER

Bai 25. Cho tam gidc ABC co A =60, Ola mot diém ndm trong tam gidc sao cho

AOB =BOC =120°, D la diém trén OC sao cho tam gidc OAD déu. Duong thang di qua
trung diém ctia AO va vudng goéc véi AO xat BC tai P. Chiing minh rang OP di qua trung
diém caa BD.

Bai 26. Cho tam gidc ABC vuong tai A. Goi I la giao di€ém ctia cac duong phan giac trong
ctia tam giac. Goi E va F 1a hinh chiéu ctia A trén BI va CI. Chitng minh rang 2EF* = AT,
J6 12 Vo -2

VI /.

Bai 28. Cho tam giac déu ABC c6 canh 60cm. Trén canh BC 1dy diém D sao cho BD =20cm
. buong trung treec caa AD cit cdc canh AB, AC theo tht tw & E, F. Tinh dd dai cdc canh

sin15’ =

Bai 27. Chitng minh réng cos15’ =

cua tam giac DEF.

Bai 29. Cho tam giac ABC. Vé phia ngoai tam giac ABC vé tam giac BOC vudng can tai O.
Duong thang AB cat BO tai F. V& EN song song véi FM(N thudc tia AC va M thudc tia
AB). Puong thang MN cét BC tai Q. Chitng minh AO vudng géc véi OQ.
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Bai 30. Cho tam giac OAB c6 goc O nhon. M la diém tuy y trén AB. P va Q la chan duong
thdng gdc ké tir M dén OA va OB Ian luot. Tim tap hop cac diém H 1a tryc tdm tam gidc
OPQ. Tap hop la gi néu M thay doi bén trong tam giac OAB?

Bai 31. O ngoai tam gidc ABC, dung cac tam gidc ABR, BCP, CAQ sao cho

CBP = CAQ=45", BCP = ACQ=30°, ABR = BAR =15'.
Chtmg minh ring QRP =90° va QR =RP.
Bai 32. Cho tam giac ABC va diém T thudc canh BC sao cho TB =2TC. Goi H la hinh chiéu
ctia B trén AT va D la trung diém BC. Biét rang TAB=2TAC. Chting minh rang
DH 1L AC.
Bai 33. Cho tam gidc ABC can tai A c6 AB=AC=b; BC= a(a > b) . Puong phan giac BD

ctia tam giac ABC c6 d6 dai bang canh bén ctia tam gidc ABC. Chitng minh rang

1 1 b

b a (a+b)2 .

Bai 34. Cho tam giac nhon ABC. Ldy mot diém D bat ki nam trong tam gidc ABC va thoa

min céc didu kién ADB =90°+ACB va % - %. Chting minh ring AB.CD =+2AC.BD

Bai 35. Cho hai tam gic déu ABC va A B,C, bang nhau va nam chdng 1én nhau sao cho
phan chung 12 mot luc gidc ma ki hiéu 1a MNPQRS. Chting minh rang
MN +PQ+RS =NP+QR+SM
Bai 36. Cho tam giac ABC c6 duong trung tuyén AM. Trén nita mat phang chita diém C c6
bo la duong thang AB ké doan thang AE vudng gbc véi AB sao cho AE = AB. Trén nita
mat phang chiza diém B c6 bo 1a duong thang AC ké doan thang AF cudng goc véi AC sao
cho AF=AC.

Chting minh rang EF =2AM va EF L AM.
Bai 37. Cho tam gidc ABC khong can. Co6 cac duong trung tuyén AA’, BB’, CC’ va cac

duong cao AH, BF, CK. Biét CK=BB', BF= AA'. Tinh %
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Bai 38. Cho tam gidc ABC nhon c6 cac dwong cao AA’, BB’, CC’ cit nhau tai H. Goi

A, A, A, Tan luot tric tdm cua cac tam giac AB'C’, BC'A’, CA’B’. Chitng minh r:?mg Hla
tam duong tron ndi ti€p tam giac A A, A, khi va chi khi tam giac ABC déu.

Bai 39. Cho tam gidc ABC c6 BAC =40° va ABC =60". Goi D va E Ian luot 1a cac diém

nam trén canh AB va AC sao cho DCB =70° va EBC =40°. Goi F 1a giao diém cua DC va
BE. Chitng minh rang AF vudng géc véi BC.
Bai 40. Cho tam giac ABC co BAC =2ABC. Ké AD la duwong phan giac trong ctia goc  (vi
diém D ndm trén canh BC). Goi BC=a; CA=b; AB=c.
a) Tinh cac doan théng DB vaDC theo a, b, ¢
b) Chiing minh rang a’ —b* =bc
¢) Chitng minh rang sin BAC = 2sin ABC.cos ABC
Bai 41. Cho AABC vuong tai A (AC > AB), duwong cao AH (HeBC). Trén tia HC 1ay diém D
sao cho HD = HA. Duong vudng géc vé6i BC tai D cat AC tai E.
a) Chting minh rang ABEC © AADC. Tinh BE theo AB=m
b) Goi M 14 trung diém ctia BE. Chting minh réng ABHM © ABEC . Tinh AHM

GB  HD
BC AH+HC

Bai 42. Cho tam gidc ABC c6 ABC =60°; BC =a; AB =c. Hinh chit nhat MNPQ c6 dinh M

c) Tia AM cat BC tai G. Chiing minh rang

trén canh AB, N trén canh AC, P va Q ¢ trén canh BC duoc goi la hinh chi* nhat ndi tiép
trong tam giac ABC.
a) Tim vi tri cia M trén canh AB d€ hinh ch nhat MNPQ c¢6 dién tich 16n nhat.

Tinh dién tich 16n nhat do.

b) Néu cach dung hinh vuéng EFGH noi ti€p trong tam giac ABC. Tinh dién tich
cua hinh vuoéng .
Bai 43. Cho tam giac ABC vuong tai A. Vé duong thang d di qua A sao cho d khong cat
doan BC. Goi H, K Ian lwgt 1a hinh chiéu vudng goc cua B va C trén d. Tim gia tri 16n nhat
cua chu vi ti giac BHKC.
Bai 44. Cho tam giac ABC nhon, cac dwong cao AD, BE, CF dong quy tai HDeBC; E€c AC;
F e AB). Chting minh rang:

a) Bon diém B, F, E, C cung nam trén mot dwong tron.
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b) HA.HD = HB.HE = HC.HF.

c) biém H la giao cua ba duong phan giac trong cua tam giac DEF.
d) sin ADF.sin BED.sin CFE < %

HUONG DAN GIAI
Bai 1. Qua N ké duong thang song song véi CM cat AB
tai K. Khi d6 ta cé
BI_BM_BM MA_BM CA_BM (1+ANJ: 1+n
NI KM AM MK AM CN AM( CN

. BI 1+ . .
Vay ta duwgc —= —n , hoan toan twong tu ta duoc
m

m

Cl _1+m
MI n
Chu y: Khi BN va CM la cac duong trung tuyén thi ta

dwoc m =n=1, thilla trong tam ctia ram giac ABC va

BL_C_,

NI MI

Bai 2.

a) Dt BOE = 4 khi d6 ta c6 COF =180° — & — 8 = BOE
EB EO

Do d6 ACOF @ ABEO nén ta dwgc —=—
CO OF

Ma ta c6 OC = OB nén ta duoc —o- = £
OB FO

Va ta lai ¢6 EBO = FOE = ¢ nén ABEO © AOEF

b) Vi ABEO > AOEF nén ta cé BEO = OFF, suy ra OE la
phan gidc cuia goc BEF.

Do d6 khoang céach tit O dén EF bang khoang cach tit O dén EB, hay khoang cach tir O dén
AB.

Ma khoang cach tixt O dén AB khong doi nén khoang cach tix O dén EF khong doi

Bai 3.
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~ a) Cau ala truong hop riéng ctia cau b khi k=1
b) Qua B, C ké cac duong thang duong thang
song song véi duwong thang d cat AM lan luot tai
E va F. Khi d6 ta c6 E va F thudc tia AM va M
nam gitra E va F.

Gia str diém F thudc doan AM, khi d6 diém E
nam ngoai doan AM. Vi BE//CF//d nén theo dinh

li Talet ta cO

ME_MB = ME=KMF
MF  MC
AB AE AM+ME AM+kMF

AB' AM'  AM' AM'
. AC AF AM-MF kAC kAM-kMF . AB kAC (1+k)AM
a = = = = .Do do + =

AC' AM'  AM' AC' AM!' AB' AC' AM!
Bai 4. Trén cac doan thang BF va CE 14y cac diém I A
ND
— V
NF
KC_1_PDb y
KE k PE
Khi d6 ta dugc IN//BD va KP//CD hay IN va KP .

cung song song voi BC. Mat khac do % =k nén ta / NV P \

IB k . FB 1 FB 1 as
duvoc —=—-—va —=—=——Twrdo
BF k+1 FA k AB k+1

BI_BI BF__k
AB_BF'AB_(k+1)2

CK_CK CE__ ke oo BI :§ nén IK//BC.

CA_CE'CA_(kH)Z' " BA

Ma IN//BC, KP//BC nén cac diém I, N, P, K théng hang, suy ra NP//BC
Chttng minh teong tw ta dwoc PM//CA va MN//AB.

Vay hai tam giac ABC va MNP ¢6 ba canh twong ting song song véi nhau

Lai c6

A%

va K teong ting sao cho % =k= a

Tuwong tw ta cé

Ta di chting minh hai tam giac ABC va MNP ¢6 A =M; B=N; C=P

That vay, khi hai géc c6 canh tirong ting song song thi chting bang nhau hoéc bu1 nhau.

Gia stt A#M khidé A+M =180°. Do tng ba gbc ctia mot tam giac la 180° nén khi
A#M taduoc B#N hodc C#P.Chinghan B=N, kho d6 ta lai c6 B+N =180°
Suyra A+B+M+N =360" nén ta duoc A+B+C+M+N+P >360°, diéu nay vo li.

Do d¢ gia stz A =M 12 sai nén ta dwoc A =M . Hoan toan teong tu ta duoc B=N
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Do d6 ta duwoc AMNP «© AABC.
Bai 5. Gia st diém A’ nam trén duong kéo dai A
cua BC vé phia C. Ta sé chitng minh

1 1 1

— K

GA' GC' GB'

Qua G ké cac duong thang Tan luot song song | G
v6i BC va CA, cit canh AB tai I va K. 5

C6 theé thdy duoc diém C’ ndm giita hai diém [ M
IvakK. |

bat AB =3x, khi d6 do G la trong tam tam
giac ABCnén AK=KI=IB=x.Do IG//BA’

nén ta duoc

GC' IC' IC'_ 1 1.,1C

- - = = =

GA' IB X GA' GC' x

GC'_KC'_KC'_ 1 _ 1 KC

GB' KA x GB' GC' x

11 _1(IC KC)_ 1 K_ 1

GA' GB' GC' GC' x GC'

Suy ra 1 = 1 1 .Né'une‘imtrénBCkéod‘aiV@phia thi ta co 1 = 11
GA' GC' GB' GA' GB' GC'

1 |1 1|

GA' |GB' GC|

Bai 6. A

Do KG//AB’ nén ta duwoc

Do d6 ta duoc

X X

Do d6 ta duoc

Cach 1: Dit ACB=a, khi d6 ta duoc 7a =180°.

Goi D 1a giao diém cua AB véi duong trung truc

ctia doan thang BC. Khi d6 ta duoc tam gidc ABD

can tai D va tam gidc ACD can tai C. Do d6 ta duoc

BD=DC=CA:>2—§:‘§—§ : c
Lai c6 CA la dwong phan giac cta tam giac BCD

BA DA N BA DA

BC DC BC DB

Dodétadu’qcﬂ+£:1:> 1 + 1 = 1
AC BC AC BC AB

nén ta co

Cach 2. Ta chitng minh bo dé sau: Trong tam giac ABC c¢6 A =2B khi va chi khi

a’=b*+bc
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That vay, ké duong phan gidc AD, theo tinh chdt duong phan giac ctia ta giac ta cd
DC _b DC b DC b ab

—= = = = = DC=

DB ¢ DB+DC b+c BC b+c b+c

Do dé A =2Bkhi v chi khi
BC AC a b

ABCA » AACD < N <:>a2=b(b+c)<:>a2=b2+bc
AC CD b ab

b+c

a’=b*+bc
b2

Ap dung bd dé trén vao bai toan nhw sau: Vita co A =2B=4Cnén ta cd { )
=c’+ca

1 a+b+c 1 b+c

Khi d6 ta dwoca® =c* +bc+ca <> —=———=—+—
C a a a
Tirhé thitc a® =b? + be= L = 2*€
b a
1 1 1 1

Do d6 ta duoc l=l+— hay + =
c a b AC BC AB
Bai 7. Xét tam giac AB,C, co Al la duong phan giac A

cua B,AC, . Theo tinh chat dwong phan giac ta c6
AB, AC,

B, IC,
Xét tam gidc BC,A c6 BI la duong phan giac
trong nén ta co 113;:1 _BG, . Trén IC 1dy diém E sao

1 1

cho B.E//A,C, khi dé tacd CB, =EB, va

CB, EB, CA,
IB, 1B, IA
CB, CA, 0. Tir d6 ta 6 AB, +CB, BA -CA, _AC +BC
. IA1 IB, IA, IC,
AC BC AB
Suy ra =
IB, IA, IC

Bai 8. Goi N 1a diém d6i xing v6i D qua M, ma M

N A
la trung diém ctia AB nén t& giac BNAD la hinh
binh hanh, do d6 ta duwoc DH//NA va BD = AN.
HE _DH
B D
AE \
E

Xét tam gidc EAN c6 DH//AN nén
AN’

Trong tam giac ABH c6 AD la duwong phan giac

nén ta co Hb_AH . Xét hai tam gidc vuong HAB

AB

va HCA ¢6 HAB = HCA nén AHAB « AHCA
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Do do ta dwoc AH: AB :AH:CH.

CH AC AB AC

Mat khéc ta thay CAD =CDA (Cung phu véi hai goc bang nhau)
Do d6 tam giac CDA can tai C nén ta dugc CD =CA

TacoHE_DH _DH_AH _CH _CH_HE _ CH _ HE_CH
AE AN BD AB CA CD AE-HE CD-CH AH DH

Do d6 ta duoc AHEC  AHAD, suy ra HEC = HAD. Tir d6 ta duoc AD//CE.
Bai 9. Tam giac ABC c6 chu vi bang 30cm nén AB+BC+CA =30

Tam gidc ABC vuodng tai A c6 dién tich b:?mg 30cm® nén %AB.AC =30
Ma theo Pytago ta lai c6 AB* + AC* =BC”.
Goi AB=x; AC=y; BC=z, khi d6 ta c6 hé phuong trinh

X+y+z=30 x+y+z=30~-z

%xy=30 = 12y=120
X2+y2=Z2 X2+}72:Z2

Ta c6 2xy:(x+y)2—(x2+y2):(30—z)2—z2 <120=900-60z < z =13
+y=17 =5y=12
X+y @[x y

Thay vao he phuong trinh trén ta dwoc
x=12;y=5

xy =60
Vay ta duoc tam gidc ABC c6 do dai cac canh la
AB=5cm; AC=12cm; BC=13cm hoac AB=12cm; AC =5cm; BC =13cm

Bai 10. Puong thang OA cit (O) tai C va D, véi C la
trung diém ctia OA. Goi E la trung diém cua OC

- Treong hop M khong trung véi C va D ta co hai .
tam giac OEM va OMA do6ng dang vi K
MOE - AOM, 2M _ OF

OA OM | ch |
Do do ta dwoc E: OM —1:>MA:2.EM

AM OA 2

- Treong hop M trung véi C ta duoc
MA =CA =2EC=2EM

- Truong hop M trung véi D ta duoc
MA =DA =2ED =2EM

Vay taluén c6 MA =2EM do d6 ta dugc MA +2.MB =2(EM +MB) 22.EB khong doi

D&u bang xay ra khi M 1a giao diém ctia doan BE véi duong tron (O)
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Vay MA +2.MB nho nhat khi M 1a giao diém ctaa doan BE véi duwong tron (O)
Bai 11. Goi J,K 1a hinh chiéu ctia D trén AB, AC.
. ME S,.. DK

Ta co = = (1)
MF S DJ

ADFA

Trong tam gidc vuong DJE thi

D]:DFsinSF\JzDFcosgzDF.%

Tuwong tw trong tam giac vudng DKE c6 DK = DE %

r

sinE CE~silr1E 2
Suyra DK_DE CE Bl_DE CE *75 DE zz[DEj ®

Df DF BF CI DF BF r  DF B | DF
BF-smz
sin—
2
2

Tt (1) va (2) ta duwoc ME _(DE
MF DF

b) Do MNDP la hinh binh hanh nén ta dwgc

DN MP ME ME

= = = DN-DF = —-DF?
DF DF EF EF
DP _MN _ MF :DP-DE:E-DEZ
DE DE EF EF

Tt 46, theo két qua ¢ cau trén, suy ra DN-DF = DP-DE. Do d6 t& giac EFPN noi tiép.

Bai 12. Tam gidc ABC vuong ta A c6 dién tich bang 1 nén ta c6 %AB.AC =1= AB.AC=2

Theo dinh li Pytago ta c6 AB? + AC? = BC?, 4p dung bat ding thirc Cauchy ta duoc

BC=+vAB*+AC*> >y2AB.AC =2

Lai c6

J2(AB+AC)=2(AB+AC) = [2(AB*+ AC* +2AB.AC) = [2(BC* +4)

- \/(BC+2)2 +(BC-2) 2 \/(BC+2)2 =BC+2

Do do ta dwoc ZSBCS\/E(AB-I-AC—\/E)
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Bai 13. Ké phan gidc CD (D < AB) cia ACB :

36\1:6\22ACB
2 D

Xét tam giac ACD vudong tai A ta b

o~ ACR A
tanC, =tan A;ﬁB = % (1)

Mat khac theo tinh chat dwong phan gidc ta co
AD_BD
AC BC

—

AD BD AD+BD  AB ACB_ AB

Suy ra = = = (2). T (1) va (2) thi tan =
AC BC AC+BC AC+BC AC+BC

Bai 14. Goi p la chu vi cua tam gidc ABC. Ta c6 p=AB+AC+BC
AB AH BH AB+AH+BH 30 3

Dé thdy AABH® ACAH = ——=——=——= =—==(1)
CA CH AH CA+CH+AH 40 4

AB_ AH BH AB+AH+BH 30

Ta lai c0 AABH > ACBA = = = = =— (2)
CB CA BA CB+CA+BA p

Tir (1) ta dit AB=3k; AC =4k

Xét AABC vudng tai A c6 BC? = AB*+ AC? =(3k) +(4k) =(5k)" =BC = 5k
Do do ﬁ=§, thay vao (2) ta duoc @:E:p=50
CB 5 p 5

Vay chu vi tam gidc ABC bang 50cm

Bai 15. Vi BM, BN Ian luot 1a phan giac cua goc B va C trong tam giac ABC nén theo tinh

MC BC NB BC
MA AB ' NA AC’

chdt duong phan giac ctia tam giac ta duoc Ta co

= —+1

(MC+MA)(NB+NA)_[MC+1J(NB+1)_(BC j{BCHJ BC’ , BC BC

MA.NA MA NA AB AC

2 2
BC 22:>BC+BC22 BC _2\2
AB.AC AB AC AB.AC

(MC+MA)(NB+NA)
MA.NA

D&u bang x4y ra khi va chi khi AB=AC hay tam giac ABC vudng can.

Bai 16. Ban doc ty vé hinh

Ma BC? = AB* + AC* >2AB.AC =

Do dé ta duoc >2422+1=3+22

" ABAC AB AC

GoiI1a trung diém cua DE. Trén tia CE 18y diém K sao cho I 1a trung diém CK, tia CA cat

DK tai H.

Xét ti giac CDKE c6 I la trung diém cua DE va CK nén t&¢ giac CDKE la hinh binh hanh.
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Suy ra DK//CE, ma nén AC L CE nén ta dugc AC L DK tai H.
Xét tt giac ABDH c6 BDH + DHA + HAB+ ABD = 360"

Suy ra BDH +90° + HAB +90° = 360° = BDH + HAB = 180°

Ma lai c6 BAC+HAB =180° nén ta dwoc BDH = BAC

Ta c6 DH=CE, CE=AC suyra DK=AC

Xét hai tam gidc BDK va BAC c6 AD = AB; BDK = BAC; DK = AC

Nén ta c6 ABDK = ABAC suy ra BK = BC va DBK = ABC

Do d6 tam gidc BCK cén tai B va KBC = ABC + KBA = DBK + KBA = DBA =90°

Suy ra tam giac BCK vuong can tai B ma Bl la duong trung tuyén nén Bl vudng gdc véi
CK tai L.

Nén tam giac BIC vuong tai I ma ta c6 BCI = 45" suy ra tam gidc BIC vuong can tai L.
Ta c¢6 O d6i xtiing v6i F qua BC nén ABOC = ABFC

Ma ta c6 tam gidc BFC vuodng can tai F nén tam giac BOC vudng can tai O

Lai c6 O va I cuing thudc mot mira mat phéng bo BC nén ta dugc O trung voi |

Vay DE di qua diém O.

Bai 17.

a) Do BAE = BAC—CAN =150° —60° = 90"

Nén BM//AE = NE _ DN =3= NE=3BM.

BM DM

Xét hai tam giac vuong BAM va CAN, ta co

BM = AB.tan30° = 22 CN = AC.tan60° = AC\3

NG

Do AB=AC nén CN =3BM = CN =NE hay tam giac NEC can tai N.

b) Vi tam gidc NEC can tai N c6 ANC =30° nén NEC =15

Tam gidc ABC can tai A ma BAC =150° = ABC =15" = ABC = AEC, hay ttt giac ABEC
ndi tiép, suy ra CBE = CAE = 60". K&t hop véi KAF = BAF—BAK =90° —30° = 60°, ta c6 ttt
gidc ABKF noi tiép. Mit khac FAB =90° nén FKB =90° hay FK L BE .

Do tr gidc ABEC ndi tiép nén BCE = BAE =90".

Tam gidc vudng BCE ¢6 CBE = 60" nén BE = 2BC

Lai co Bb_DM l BD —l:>BC=ZBD. Suy ra ABDC «> ABCE

BE MN 4 2BC 4
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Do d6 ta dugc BDC = BCE =90° hay CD L BE nén ta duoc KF//CD.

Bai 18. Trén canh BC 14y diém E sao cho A
BD=BE. Ta c6 BC=BD+AD=BE+AD

suy ra BE+ EC=BE+AD D
Tt d6 ta duwoc EC=AD.

Ma BD la duong phan giac ctia tam giac
ABC nén ta duwoc
AD=AB:>CE _AD _AB_AC

CD CB CD CD BC BC

Do d6 ta dugc ACED ©» ACAB nén ta duoc tam gidc CED can tai E.

Do do ﬁ)zﬁ,mé IZBI\:):[T]B\C nén ta duwoc ]ﬁzZ(ﬁS\C va BD =BE

—_— — 0 _ AR — — —
Suy ra BDE = BED = w Ma CED =180° —2ECD =180° -4DBC

I ' _DRC _
Do d6 ta duwoc BED +CED = MJFBOO —4DBC =180°

Suy ra 9DBC =180° = DBC = 20° = ABC = ACB = 40". Do d6 ta duoc BAC =100°.
Bai 19.

Goi J la diém thudc doan BC sao cho H la trung A
diém BJ. Ké duong thang Jx qua J vudéng géc BC,
duong thang qua K song song BC cat duong thang
Jx tai I. Khi d6, BKIC la hinh thang can va HKIJ la
hinh ch@ nhat.

B C
BI2 =BJ? + ]I = BJ? + KH? = gBCZ +KH?

AI’ = AK* +KI* = AK* + HJ* = AK? +%BC2

=%BC2 +AB? + KH? +%BC2

= %BC2 +AB”* +KH? = BI* + AB®

Do d6 AABI vudng tai B.
Lai co

AC?> = AH? +HC? = AB’ —%BC2 +§BC2 = AB’ +%BC2; IC* =KH” +]C* =KH? +%BC2

= AC*+IC?* = gBC2 + AB? +KH? = AB? +BI* = AI”
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= Do
S

do AACI vuong tai C. Khi do

1 1 1

=S, 5ic =Sap TS © EAK.BC = EAB.BI +EAC.IC

ABKC

Hay AK.BC=ABKC+AC.BK.
Bai 20. Ban doc tuw vé hinh

a)Dit AFE=BFD=w, BDF=CDE=a, CED=AEF=/.Tacé BAC+ f+wm=180"(")
Qua D, E, F lan luot ké cac duwong théng vudng goc véi BC, AC, AB cit nhau tai O. Suy ra
O la giao diém ba duong phan giac ctua tam giac DEF.

Suy ra OFD +OED +ODF = 90° (1). Ta c6 OFD +@+OED + 3+ ODF +a = 270" (2)

Tir (1) va (2) ta duoc a + f+o=180° (**). Tt () va (**) ta dwoc BAC = = BDF.

b) Chttng minh twong twr cau a ta c6 1A3 =p0; 6 =

Do d6 ta duwoc AAEF « ADBF 2 ADEC ¢« AABC

Suy ra
BD_BA_5 (g SBE (g SBF L
BF BC 8 8 8 8
D _CA 7o 7B o I e TCE
CE CB 8 8 8 8
AE _AB _5 |7AE=5AF |7(7-CE)=5(5-BF) |7CE-5BF=24
AF AC 7

Ttr d6 ta duwoc CD—-BD =3 ma lai c6 CD+BD =8 nén ta tinh dwoc BD =2,5(dvdd)
AM AE AF
MD EC FB '
That vay, qua diém A ke dwong thiang song song voi
BC cit BM va CM lan luot tai P va Q.

AM AQ AP

MD DC BD

AM AQ+AP AQ+AP

MD CD+DB BC

AQ AF AP AE
BC FB' BC EC
B T The e oMY A = iy

Ké ba duong trung tuyén Al, BK, CH cat nhau tai G. Khi d6 ba duong trung tuyén chia

tam gidc ABC thanh sau tam giac gom BGI, CGI, CGK, AGK, AGH, BGH. Do d¢6 diém M

Bai 21. Trudc hét ta chitng minh

Khi @6 theo dinh li Talet ta co

Do d6 ta duoc

Ciing theo dinh 1i Talét ta co

Neén ta duwoc

s& ndm & mot trong 6 tam giac ké trén. Khong mat tinh tong quat ta gia st M ndm trén tam
giac AGK.
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Khi d6 taco 2ot ~ AL AT AP AR,
MD EC FB FB KC

Hoan toan tuong tu ta chitng minh duoc BM _ BE + BD  BF BD
ME FA DC FA IC

Vay véi diém G ta da chi ra dwoe 2 <2 va DM 59,
MD MD

Dau bang xdy ra khi va chi khi M va G triing nhau.
Bai 22. Ta c6 AD 1a phan giéc nén BAD = DAF

Do EI // AD nén ta dugc BAD = AEF (goc dong vi)
Ma DAF = OFC (dong vi) va AFE = OFC (d6i
dinh)

Suy ra AEF = AFE nén AAEF can tai A suy ra

AE = AF
Ap dung dinh 1i Talet vao tam gidc ACD, véil la

giao diém cua EF véi BC ta co
CF_CI __CF_CA

——=——=>—=——.Lai c6 AD la phan gidc cta

CA CD Cc CD

]ﬁnén%:% Tt dotadu’ocg:%
CD BD CI BD

Ké duong cao AG cua AAFE va BP // AG (P € AD); CQ // AG (Qe OI) thi
BPD = CQI = 90°
Goi trung diém cua BC 1a K, ta c6 ABPK = ACQK nén ta dugc CQ =BP

Do d6 ABPD = ACQI nén ta dwgc CI=BD. Thay vao % = % ta duoc
CF_BA = CF=AB (2)
BD BD

Tte (1) va (2) suy ra BE=CA
Bai 23. Goi giao diém cua Al véi BD va CE

lan luot tai K va J. T M va N ké cac duong

thdng song song véi BC cat Al Tan luot tai P

va Q. Ta c6 MP // NQ // BC, nén theo ta co

MP_MK . NQ_NJ
BI BK CI CJ
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MKBI o NICI
KB CJ

Ma ta co BD L AC, CE L AB, A L MN nén

— -

dugc MAB =CJA; ABD = ACE

Do d6 ta duwoc MP =

Do d6 hai tam gidc ABM va JCA dong dang véi nhau. Suy ra §—${ = % nén ta duoc

AB.CA = JC.BM

—_—

Lai c6 ABK = ACN; AKB = ANC nén hai tam gidc KAM va ANC dong dang véi nhau.
Suyra —= % nén ta dwoc AB,CA = BK.CN.

BM _BK _BM-BK_MK , .. JN_KM
CN ¢ CN-C NJ' JC KB
Do BI=CI nén tir két hop cac két qua trén ta duwoc MP =NQ. Do d6 PMQN la hinh binh

hanh nén ta duwoc AM = AN.

Tt d6 ta dwoc JC.BM = BK.CN . Suy ra

Bai 24. R
+ Néu tam giac ABC déu khi do6 ta c6
A=B=C=60"
Suy ra cotAzﬁ; cothﬁ; cotC=—3 nén ta y N

3 3 3
duoc cot A+cotB+cotC= \/5
+ Ta can chiing minh khi

B M c

ot A +cot B+cotC =+/3 thi tam giac ABC déu
That vay, t& gidc ANHP co

A +APH+PHN + HNA =360° = A + PHN = 180"

Suy ra NAP = NHC. Chting minh trong tu ta duoc ABC = MHC; ACB = MHB

Xét hai tam giac CMH va AMB c6 CMH = AMB =90° va MCH = MAB

Do d6 ACMH ©© AAMB nén ta dwoc M = AM = CM.BM = AM.AH

AM BM
Chtng minh twong ty ta dwoc AANH @ ABNC nén ta duwoc HN.BC = AH.CN

Tam gidc NHC vuong tai N nén ta co cot NHC = % suy ra cotA = I(_:I—;I

Chttng minh twong tw ta dugc cotB = AM ; cotB= HM
CM BM

Do do ta dwoc
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HN HM HM HM HM HN
CN'CM CM BM BM CN
HM (HN.BM + HM.CN + HN.CM) HM(HN.BM + HN.CM + HM.CN)

cot A.cotB+cotB.cotC+cotC.cotA =

CN.CM.BM CN.AM.HM
_ HN(BM+CN)+HM.CN HN.BC+HM.CN AH.CN+HM.CN
- CN.AM ~ CNAM  CNAM
_AMCN _,

- CN.AM
Suy ra cot A.cotB+cotB.cotC+cotC.cotA=1. Ma taluon cé

(cotA—cot B)2 +(co’cB—c0tC)2 +(cotC—c0’cA)2 >0
= (cotA+ cot B + cot C)2 > 3(cot A.cotB+cotB.cotC+cotC. CotA)
@cotA+cotB+cotC2\/§

Theo gia thiét ta c6 cot A +cotB+cotC= J3. Suy ra bat dang thtic trén xdy ra ddu bang
Hay cotA =cotB=cotC < A=B=C.Dodéta giac ABC déu.

Bai 25. Ta c6 AOB = BOC =120"
nén ta duoc AOC =120° .

Suy ra OAC+OCA = 60"

Do A =60" nén OAB+OAC =60".

Suy ra OAB=OCA.
Xét hai tam giac OAB va OCA c6

OAB =OCA vi AOB =AOC =120"

Nén ta dugc AOAB » AOCA , do d6 % = % Kéo dai PD 14y diém E sao cho t giac

ADOE 1a hinh thoi, khi d6 ba diém B, O, E théng hang. Tk D ké DE L DH v¢i H trén OB

nén ta dugc OH =OE . Twong tu ké EF L DE vo6i F trén OC nén ta dwoc DHFE la hinh

chir nhat.

éOB:OB:OA:OD OB OB OA OF
OE OA OC OcC OH OA OC OC

Goi I la giao diém cuia HF va BC, ] la giao diém cua OI va DE.

BF BI BF BO BO

HC CI'’CO HO EO

Do d6 ta dwgc IJ//BD. Ta thdy IJ di qua O va DEFH la hinh chi* nhat nén 10 =]JO

Ta c

suy ra BD//CE va suy ra BF//HC

Theo dinh li Talet ta c6 nén ta dugc % = % suy ra OI//EC

Suy ra PO di qua trung diém cua BD.
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Bai 26. Trong cac tam giac vudng IAE va IAF

:Dﬂﬁ+ﬁlnﬁﬁwm
[AF=AIF=90° |IAF=ICA+IAC = 90"

EKE+%EEK+45%:mﬁ B c

A
ta co A\
{ﬁ+m:%o { LN
|

Tt d6 ta duwoc ’
IAF+EBCA+4§:4m°

Do d6 ta duoc ﬁ+ﬁ+%(@+ﬁ):90° :E/ﬁ%%ﬂ\(ﬁ:%o — EAF = 45°

OE =0A

Goi O 1a trung diém cta Al, do IEA = IFA = 90° nén ta duoc
OF =0A

Do d6 ta dugc cac tam gidc OAE va OAF can tao O.
Suy ra EOF = EOI + FOI = 2EAO + 2FAO = 2EAF = 90°. Do d6 tam gidc OEF can tai O, tir
d6 ta duwgc. Do ta ¢ OF = OF =OI nén EF? = OE? + OF? = 207?

Ma lai c6 O 1a trung diém ctia Al nén ta duoc EF* = %AI2 hay 2EF* = AI*.
Bai 27. B
Cach 1. Trudc hét ta chitng minh cac cong thic sau

2cos’a=1+cos2a vdi 0 < a < 45°

That vay, xét tam giac AHM cé a

AHM =90°; AMH =2 nén ta dwoc P

HM HM
a

cos2a =

HM a+HM CM+HM HC
a_a_ a _a

CH) 2CH*> 2CH 2CH CH
AC)"BQCHT’BC ~2a a

Tt d6 ta dwoc 2cos’a=1+cos2a . Ap dung cong thitc trén ta dwoc

2+J§=8+4J§=(J5+J5y
4

Do d6 1+ cos2a =1+

Laicd 2cos’ a = 2(

2cos*15° =1+ cos30° =1+£=&:> cos®15° =
2 2 16 16
= cosl5’ = V612
4

Ap dung hang dang thtic sin” @ +cos’a =1, ta c6

1—2+V6Q=2_J§=(JE_JEY::snﬂ5°:Jg_JE
4

16 16 4

sin?15° =1-cos?15° =
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-2
4
Céch 2: Dyng tam gidc ABC c6 A =90°; B=60". Gia stz AC =1 (dvdd)
Khi d6 ta dugec BC=2AB =+/3.Ké duong phan giac AD, khi d6 theo tinh chat duong
phan gidc ctia tam giac ta ¢ Q:ﬂzﬁz AD ___ V3 :>AD:£=2\/§—3
CD BC 2 ~ AD+DC 2443 2443
Theo dinh Ii Pitago ta c6 BD? = AB® + AD* = BD” =3+12+9-12/3 =12(2-/3 )

5 2051 oz AB__ BBl o2
Do do BD=—=\/E(\/§—1).TaC0 cos15 :BD:\/E(\/E_l): i =

Vay ta dugc cosl5’ = va sin15’ =

Jo+v2
4

J2
so_ 263 _B-)) G

sin15’ =

BDZ\/E(\/g_l) 26 4
—\/E-H/E va si =—\/g_\/§
1 4

Bai 28. bat DE=AE=x; DF=AF=y.

Vay ta dugc cosl5’ = n15°

Ké DI L AB; DK L AC.Ta co

BI = BD.cos60° = 20% =10.

Trong tam gidc BDI c6

DI =+/BD? — BI2 =+/202 —10% =103
Ta c6 EI=50-x, ap dung dinh li Pitago cho tam giac

vuong DEI ta duoc
ED? = EI* +1D* = (50 -x)" +(1043)

< x* =2500-100x +x> +300 <> x =28

Lai c6 CK =CD.cos60° = 40% =20.

Trong tam giac vuéng DKC c6 DK =+/DC? —KC? =+/40% — 20> =+/1200 =20+/3
Ta c6 FK =40-y, ap dung dinh li Pitago cho tam giac vuéng DFK ta co6
2
DF? = DK? +FK® = (40-y)’ +(20J§) & y? =1600-80y +y? +1200 < y =35

Ké EH vudng gbc v6i AF, ta c6 AH =EA.cos60° = 28% =14

Do d6 ta dwoc HF =y -14 =35-14 =21; EH =x.sin60° = 28.@214\/5

Ong tam gi4c vudng EFH c6 EF =vEH? + FH? = (14@ )2 +122 =+/1029 =7+/21
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Vay do dai cac canh cua tam gidc DEF la DE =28; DF =35; EF = 7\/5
Bai 29.
Lay C’ d6i xiing v6i B qua O. A

Lay diém E’ thudc tia OB sao o / \ j
cho OE'=OE. Ldy F’ thudc tia c

OC sao cho OF'=0F. Goi giao
diém ctua E'C va F'C’"la A’. Khi
d6 dé thdy BE=E'C. N
Neén ta dwoc ABEC=ACE'C’,

suy ra EBC=E'CC’ nén
ABC=A'CC'

Tuong tetacéd CF=C'F'.
Neén ta duwoc ABCF=ACC'F’',
suy ra BCF=CC'F' nén
ACB=A'C'C

Xét hai tam gidc AABC va AA'CC' c6 ABC=A'CC', BC=CC'va ACB=A'C'C
Ttr do6 ta dwoc AABC =AA'CC', suy ra AOBA = AOCA'

Nén ta duge AO=A'O vda AOB=A'OC=AO LA'O.
Dit OB=0C =x; OE=OE'=y. Goi Q la giao diém ctia OA’ va BC.

XAE 4

1

Ap dung dinh li Menelaus cho tam gidc E'BC véi cat tuyén OA’Q ta duoc

9|%
k<|><
@)

A'E' AE AN

Tirtréntacd A'C=AB, A'E'=AE va = =
A'C AB AC

Do do ta dwoc %.i.ﬂ:
QB y AC
Goi Q' 1a giao diém ctia NC véi BC. Ap dung dinh li Menelaus cho tam gidc ABC voi cat
Q'C MB NA Q'C FC NA
Q'B'MA'NC Q'BFA'NC
Ap dung dinh li Menelaus cho tam gidc AEC véi cat tuyén FOE’ ta suy ra dwoc
FC BE x CN x

FA BA'y CA'y

tuyén MNQ’ ta duoc

Do d6 ta dvoc =—.—.——=1

QC x NA QCXAN:>QC QC

QB v AC QBy AC QB QB ,nén ta duoc hai diém Q va Q'
y y

Tt d6 ta suy ra

trung nhau.

b
Y
|
Les]
N
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Diéu nay dan dén ba duong thing BC, A’O va MN dbng quy tai O.
Do d6 ta dugc AO vuong goc voi OQ

Bai 30. Goi C va D la chan duong thang goc ké tir A

dén OB va tit B dén OA. Ta thay rang triec tim ctia

tam giac OPQ phai nam trén DC. ¢
D
That vay, néu tix P ké mdt duong cao cua tam giac ; 0

OPQ cit DC tai H, ta sé chttng minh dwong cao tht M

hai ké tir Q cta tam gidc OPQ ciling di qua H. A M B
Vi MP//BD nén theo dinh l{ Talets ta c6 ok = A
BM DP
Ta cting c6 PH/ AC nén theo dinh li Talets ta cting co AP _CH
DP DH
AM _CQ

Ciing do MQ//AC nén theo dinh li Talets ta duwoc —— = .
MB BQ

So sanh nhitng ty 1¢ trén ta c6 % = % Theo dinh 1i Talets dao suy ra QH//BD

Tir do ta duwgc QH vuong goc véi OP. Do d6 QH chinh la duong cao thit hai cia tam

giac OPQ.

Vay tap hop cac diém H la tryc tim ctia tam gidc OPQ chinh 1a doan thang DC.

Gia st M nam trén duong A'B'//AB véi A' trén OA va B' trén OB thi tap hop diém H la

doan thang D'C//DC. Vay néu M di chuyén bén trong tam gidc OAB thi cac dieém H la

mién bén trong tam giac ODC.

Bai 31. Dung tam gidc déu ABM. Khi d6 ta cd
RAM =RBM = 45°, AMR = BMR =30’,
ARM = BRM = 105"

Do d6 ta duoc AQAC «» ARAM nén ta duwoc

QA _cA
RA MA

Diéu nay dan dén AQRA 0 ACMA, do d6 ta

duwoc
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QR RA

va QRA =CMA..
CM MA
PB CB
Hoan toan tuong tu ta ciing c6 APBC > ARBM nén ta dugc —=——
RB MB
PR RB
Tir d6 suy ra APRB > ACMB nén ta duwoc —=—— va PRB = CMB
CM MB

Tie LB PB  CB va PR RB
RB MB M MB

Tt QRA=CMA va PRB=CMB ta duoc QRA+PRB=AMB=60°. Nén ta suy ra

,dé€yla RA=RBva MA =MB nén ta duoc QR =PR

QRP = 90"

Bai 33. Vé duwong cao BH ctia tam gidc ABC. Do A
duong phan gidc BD bang canh bén ctia tam giac

ABC nén tam gidc BAD can tai B. Ttr d6 ta thdy D

BH la duong cao dong thoi la duwong trung tuyén

cta tam gidc BAD. Do d6 ta dwoc AH = AZD £ 3
Tam gidc ABC c6 BD la duong phan gidc nén ta
DA _AB_b
DC BC a
2
Tur d6 ta duoc DA _DC_DA+DC_AC b DA - b
a atb  a+b a+b a+b

Tam giac ABh vudng tai H nén theo dinh li Pitago ta dwoc
AB? =BH’ + AH®* = BH® = AB* - AH’

2

Nén ta dwgc BH? =b” - D" Tam giac BCH vuong tai H nén ta ¢6 BC* = BH” + CH?

Do d6 suy ra BH? = BC* ~CH* ~-BC> ~(AC-AH) =a —(b—%}
2
Hay ta dwoc BH? =a® -b* +b, AD - AD
2 2
Ttr cac két qua trén ta dwoc b® - AD” _ a’-b*+b,AD- AD < b*-a?=b.AD-Db?
2 2 _
Thay DA = b vao dang thtic trén ta dwoc (b+a)(b—a):b. b b el b__b
a+b a+b ab (a+b)2

Tir d6 ta suy ra duoc 11 ° >

a (a+b)
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Bai 34. Vé tam gidc DAE vudng can tai E sao cho E A
va D nam trén hai ntra mat phang d6i nhau bo AB.

Ta c6 ADB = ADE +EDB =90° + EDB
Ma ta c6 ADB=90° + ACB nén ta duoc EDB = ACB

D
Ma ta c6 AD =DE nén tr £ =£ ta duoc
AD BD

AD _BC :

DE BD’

Xét hai tam giac ABC va EBD c6 EDB=ACB va

AD = BC nén ta duwgoc AABC @ AEBD

DE BD

AB_BC _ AB_BE
BE BD BC BD
Tie ABC =EBD ta suy ra dugc DBC = ABE

Tt d6 ta duwoc A/BE = 1535 va

Xét hai tam giac ABE va CBD c6 DBC = ABE va g—g = % nén AABE < ACBD
Tir d6 suy ra AB_AE = AB.CD = AE.BC
BC CD

Tam giac DEA vudng tai D nén theo dinh li Pitago ta co
AE? = AD? + DE? = AD? + AD? = 2AD?
Do d6 ta duoc AE =+2AD . Ma ta ¢ ﬁ—g _ % nén AD.BC = AC.BD

Do d6 ta dwoc AB.CD = AE.BC =+/2AD.BC =+2AD.BD hay AB.CD =+2ACBD.
Bai 35. o

A
Gia stt hai tam giac déu ABC va A B,C,
bang nhau va ndm chdng 1én nhau sao cho luc S
gidc MNPQRS duoc ki hiéu nhu hinh vé. Q
Céc goc cua hai tam giac déu ABC va A B,C, ° M
bang nhau va hai géc d8i dinh thi bang nhau Ay N" By
C

nén ta nhan thay cac tam giac
A MN;B,PQ; C,RS; CPN; ARQ; BMS dong dang
voi nhau. Tt d6 ta dwoc

MN  PQ RS NP _ QR _ SM
AM+AN BP+BQ CR+CS CN+CP AQ+AR BS+BM
Theo tinh chat day ti s§ bang nhau ta dugc
MN +PQ+RQ B NP + QR+ MS
A1M+A1N+B1P+B1Q+C1R+C18_CN+CP+AQ+AR+BM+BS
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Dat d6 dai canh cua tam giac déu la a va x=MN+PQ+RQ; y =NP+QR +MS.

Khi @6 ta dwoc 3aX—y = 3ay—x <:>x(3a—y):y(3a—x)<:>(x—y)(3a—x—y):0

Mait khac ta co

3a=BC+CA+AB=(BM+MN+NC)+(CP+PQ+QA)+(AR+RS+SB)

(CN+CP)+(AQ+AR)+(BS+BM)+(MN +PQ+RS)
>(NP+QR+MS)+(MN +PQ+RS)=y+x

Hay ta dwoc 3a>x+y=3a-x-y>0

Do @6 tir déng thitc trén ta suy ra duegc x =y hay MN+PQ+RS=NP+QR+SM.

Bai 36. Ta xét cac treong hop sau

m

+ Truong hop 1: Néu tam gidc ABC vudng tai A. Khi &6 E ndm trén tia AB va F nam trén
tia AB.

Hai tam giac vudng AEF va ABC bang nhau nén ta duoc BC = EF

Ma M la trung diém ctia BC nén ta duoc 2AM =BC do d6 ta duoc EF =2AM

— =~ = L —

Mat khéc ta lai <6 MAE = ACM; ABB = BAM = AEF va ABM +MAE =90°

Do d6 ta dugc MAE + AEF = 90° nén ta dwoc EF L AM

+ Trueong hop 2: Néu tam giac ACB c6 BAC <90°. Khi d6 trén tia d8i ctia tia MA lay diém
D sao cho MA =MD. N&i B véi D, tit B ké duong thang vudng goc voi AB cat AD tai G.
Xét hai tam gidc AMC va DMB ¢ AM =MD, AMC = BMD, BM = CM

Do d6 ta dugc AAMC = ADMB, suy ra CAM = BDM va AC =BD

Taco AE L AB, BG L AB nén ta duwgc BG//AE suy ra EAM = BGA

Ma ta co ﬁ:@+BMD va E/AT/[:ﬁZ+CAM.Do do ta duwoc E/AE:@
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Ta c6 AE = AB, EAF = ABD =180° —BAC, BD = AF = AC nén AEAF = AABD.

Tir d6 suy ra EF = AD ma AD =2AM nén ta dugc EF =2AM.

L —

Cting do AEAF = AABD nén ta co AEF = ABD

Ma ta ¢ BAD + DAE =90° nén AEF+DAE=90°, suy ra AM L EF

+ Truong hop 3: Néu tam giac ACB c6 BAC > 90°. Chiing minh hoan toan tuong ty ta
ciing dugc EF=2AM va EF 1L AM.

Vay bai todn duoc chitng minh.

Bai 37. Trudc hét ta phat biéu hai bo dé:

C
Bo dé 1: Trong tam giac ABC ta ludn cd
A
AB _ BC _ CA pinhlisin) A
sinC sinA sinB MO\ H
E
Bo dé 2: Trong tam giac ABC ta luén cé
AB? =BC? + AC* —2BC.CA cos C (Dinh li K Q A ¢ B

cosin)
Gia st 1=AB<AC<BC. Goi M la trong
tam tam gidcvaké A'E L AC, B'Q L AB.

Khi d6 A’E 1a duong trung binh ctia tam

giac BCF.
.~ BE AA' A ’ oA ATAT 0
Do do A'E == va tam giac vuong AEA’ nén ta duwgc A'AE =30". Tuong tu
B'BA =30,
Do A’B'//ABnén tacé A'B'M=B'BA=B'AM =30’ do dé taco AB'A'M » AAA'B’
Suy ra AB _AA L A B?-AAAM
A'M A'B

AB AM_ A'M
ﬁ B 1 B sinA'B'M

2 2
Nhu vay ap dung dinh li sin cho tam gidc A’MB’ ta duoc A'MB' =60° hodc A'MB'=120"°
+Né&u A'MB' = 60° thi ta c6 B'A'A:ﬁB:%O, B'BA =30 nén tam gidc BAB’ can tai A
Do d6 ta dugc AB'= AB=1. Tir d6 ta duoc AC=2AB=2; BAC=120".

Ap dung dinh li cosin cho tam gidc ACC’ ta dwoc

C'C*=AC*+AC"?*-2AC.AC'.cos120’ = %

Doddétacé A'B?=3A'"M?* <
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Do d6 ta dugec CC'= @ Tam gidc AA’B’ vudng tai A’ nén ta dwoc

AAVZ ZABVZ_AvaZ =%

Trong tam gidc AA’B vudng tai A c6 AH la dudng cao nén
AA'AB  AA'AB 21

AH= ; = =
A'B JAA?+AB? 7
Do do ta dwoc g:Z
AH 2

+Néu A'M'B=120°, khi d6 tam gidc A’MB’ can tai M, do d6 tam gidc AMB can tai M.

Suy ratacéd AA'=BB' dan dén AC =BC, diéu nay mau thuan véi gia thiét tam gidc Abc

khong can. Do vay kha nang nay khong xay ra.

Vay ta duoc e Z
AH 2

Bai 38. + Diéu kién can: Khi tam giac ABC déu thi A

H ta tam duong tron noi ti€p tam giac A A A, .

That vay, khi tam giac ABC déu thi AA’, BB’ va

Cj B
CC’ Ian luot la cac duong trung truec ctia cac canh
B,C,, C,A,, A B, ctatam giac A A A, . Mat khac < .
1 1
ta cling c6 tam giac A, A, A, déu nén H la giao B ' A c

diém ba duong trung triec dong thi la tam duong

tron noi ti€p tam giac A/ A A .

+ Diéu kién du: Khi H 1a tam dwong tron noi ti€p tam giac A|A, A, thi tam giac ABC déu.
That vay, vi H la triec tam tam giac ABC nén cac ti gidc BA'HC', CA'HB', BCB'C' noi

tiép duoc.

Do d6 ta duoc C'A'H=C'BH=HCB'=HA'B' hay A’H la phan giac cia C'A'B'

Hoan toan twong tw ta ¢ B'H la phan goac cua goc A'B'C'. Do d6 H la tam duong tron
trong noi ti€p tam giac A'B’C’. Ta ¢d C'A,// HB'va B'A,// HC' do d¢ tix giac A B'HC' 1a
hinh binh hanh.

Hoan toan tuong tu ta duwoc C'HA'B, cling la hinh hinh hanh. Do d6 ta suy ra t giac

A A'B'B, la hinh binh hanh nén ta dwgc A B,//A'B'. Twong tu ta cing c6 B,C,//B'C".
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Coi K va LIan lwot la giao diém ctia A,B, véi B'C' va B,C, véi A'B'. Khi d6 ta duwoc t
gidc B'KB,L Ia hinh binh hanh. Trong hinh binh hanh B'KB,L cac dwong phan giac cua
goc B' va ]g\l hoac song song hodc tring nhau. Ma hai dwong phan giac d6 lai c6 giao
diém chung la H(do H la tan duong tron noi ti€p cua hai tam giac A’B'C’ va A|A,A,) nén
hai duong phan gidc d6 trung nhau, do d6 ba di€ém B', H, B, thang hang. Do BB’ vuéng

goc voica AC va A’C’ nén ta dugc AC//A’C’. Ma ta lai ¢6 tit gidc AC'A'C ndi ti€p nén ta

duoc BAC=BC'A'=BCA. Tuong tu ta cling dugc ABC = ACB. Do d6 tam giac ABC déu.

Bai 39. Trén AC 1sy didm N sao cho ABN =40°, khi d6 A
ta c6 ABN =BAN =40". Do d6 tam gidc ABN céan tai N. D

Do d6 ta duoc BNC =80. Do d6 ta suy ra

BNC = BCN =80° nén tam giac BCn can tai B, suy ra

BN = BC. 4

Trong tam gidc BFC c6 FBC =40°; FCB=70" nén

BFC =70"

Tt d6 ta dwgc tam giac BCF can tai B, suy ra BC=BF.

Nhu vay ta duwgc BN =BF.

Kéo dai BC lay diém M sao cho AB =AM, khi d6 tam giac ABM déu. Xét tam giac ABN va

tam gidc MBF c6 AB=AM, BN =BF va ABN=BAN =40". Nén ta duoc AABN = AMBF,
ma ta co tam gidc ABN can tai N nén tam giac MBF can tai F, do d6 ta duwgc FM =FB. Tt

AB =AM va FM =FB suy ra AF la duwong trung triec cia MB hay AF vudng goc véi BC.

Bai 41. B
EDC = BAC = 90°(gt
a) Xét AEDC va ABAC c6 1 - (8Y) H
C chung G
Suy ra AEDC ¢ ABAC nén ta duoc EC _BC M
DC AC D
KC_BC
Xét ABECva AADCco {DC AC = A E C
C chung

ABEC » AADC
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Suy ra BEC = ADC.Ma AH=HDnén
ADH = 45" = ADC =135° = BEC = 135" = AEB = 45
Do d6 AAEB vudng can tai A. Tir d6 ta tinh dwoc BE =m+/2

AHB = CAB = 90°(gt
b) Xét AAHB v ACAB c6 {A 8Y) _ AAHB o ACAB

B chung

= AB_BH = AB’ = BH.BC = 2AB* = 2BH.BC
BC AB

= BE* =2BH.BC = BE _BH_ BM _BH

= = =
2BC BE BC BE

BM _BH
Xét ABHM va ABEC ¢6 < BC BE = ABHM « ABEC
MBH chung
— BHM = BEC = 135° = AHM = 45"
AHC = BAC =90°(gt
¢) Xét AAHC va ABAC c6 |- &Y _, AAHC» ABAC
C chung

. AH AB | .. , A A . \ IR

Do d6 ta duoc He = Yok Mat khac AAEB vudng can tai A ¢c6 AM la trung tuyén thi AM
U A g NP Al GB AB ... ., .

cting la phan gidc hay AG la duong phan gidc cia AABC. Suy ra GC-AC Tir do ta co:

CB _AH . GBHC=AHGC= GBHC = AH.(BC-GB)

GC HC

= GBHC = AH.BC- AH.GB => AH.GB+ GB.HC = HD.BC = GB.(AH+HC) = HD.BC
Ttr ta dwoc = HD
BC AH+HC
Bai 42.
A A
M N
E F
E' E
B Q P C B H H G G C
c—x)\/3
a)+bdat AM=x(0<x<c).Taco ﬁzﬂcMN:% va MQ = BM sin 60’ =Q.
BC AB C 2
ax(c—x)3
Suy ra dién tich cia MNPQ la: S= ( 5 ) = a;/g x(c —x)
C C
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2
+Ta c6 bat déng thirc a;b z@@abs(a;bJ (a>0,b>0)

Ap dung bat dang thikc trén ta c6 x(c—x)S(X-'_; Xj =CZ

A < 12 3 . C
Dau ddng thitc xay ra khi x=c-x < x=—.

a\/g_izac\/g Vay S :ac\/g

2c 4 8 o™ 8

Suyra S< khi x =§ hay M la trung diém ctia canh AC.

b) Gia st da dung duoc hinh vudéng EFGH ndi tiép trong tam gidc ABC. N6i BF, trén doan
BF lay diém F'.

Dung hinh chit nhat EF'GH' (E'€ AB;G', H' e BC).
E'F' _ BE' _ BF' _ F'G’

EF BE BF FG
= E'F'=F'G'. Do d6 E'F'G'H' la hinh vuong.

Ta c6: E'F'//EF va F'G'//FG, nén

+ Cach dung va chting minh: Trén canh AB ldy diém E' tuy y, dung hinh vuoéng E'F'GH'
(G, H' thuoc canh BC). Dung tia BF' cit AC tai F. Dung hinh chi* nhat EFGH ndi tiép tam

giac ABC. Chitng minh tuong tu trén, ta c6 EF = FG, suy ra EFGH la hinh vuong.

+Ta cod BH =c0tg60°=i; cotgF'BC:BG':BH+I_I'G = BH +1:i+1
E'H' 3 F'G F'G E'H' 3

Suy ra tia BF' c6 dinh khi E'di dong trén AB, cat AC tai mot diém F duy nhat.

Treong hop hinh vudng E'F'G'H' c6 dinh F' ¢ trén canh AC; G' va H' ¢ trén canh BC, ly

luan twong tu ta ciing c6 tia CE' ¢d dinh, cit AB tai E. Vay bai toan c6 mot nghiém hinh

duy nhat.
- 3
+bat AE=x.Taco E:£:>EF:a—X va HE=(C—x)sinB=M
BC AB C 2
— 3 2
EFGH la hinh vudng, nén EF = EH <:>%=M<:> X =£
c 2 2a+C\/§

3a’c?

(2a+c\/§)2 .

Suy ra dién tich hinh vuéng EFGH la S=EF* =

Bai 43.
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Ta c6 BC* = AB* + AC*> =BH” + AH? + AK* + CK? K
Dé dang chiing minh bat dang thiic A
2(BH® + AH?)> (BH + AH)’

Tuong ty ta ¢6 2( AK? +CH? ) > (AK +CK)’

Suy ra 2BC? > (BH+ AH)’ +(AK+CK)’

Dit BH+ AH=m; AK+CK =n.

Vi CAK +BAH =90° ma BAH + ABH =90 nén CAK = ABH. Dan dén tam gi4c ABH
dong dang véi tam gidc CAK

boqs AH_BH_AB_AH+BH m . AB _AC®_(AB'+AC’) B 1
CK AK AC CK+AK n m’  n*  (m’+n’) 2BC* 2

Hay m < J2AB; n< ACY2
Chu vi ttt gidc BHKC la BC+BH + AH+AK +KC = BC+m+n < BC+(AB+AC)v2

Véy chu vi BHKC 16n nhat 1a BC+(AB+AC)v2

Bai 44.

a) Goil la trung diém BC
+ Tam gidc BEC vudng tai E nén co
IB=IC:>EI:BI:CI=% E
+ Tam giac BFC vuong tai F nén co

BC )
IB:IC:FI:BI:ClzT

Tte cac két qua trén suy ra BI=FI=EI=CI = % B D I o

Vay bon diém B, F, E, C cung thudc duong tron
tam I duong kinh BC

b) Xét tam gidc HAE va HBD c6 AHE = BHD; HEA = HDB =90’

Nén ta dugc AAHE «» ABHD = HA _HE = HA.HD =HB.HE

HB HD

Chttng minh teong tw ta c6 AAHF <> ACHD = Eé gf) HAHD = HCHF

Tt cac két qua trén ta duoc HA.HD = HB.HE = HC.HF
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c) Tacé6 HAHD =HCHF = Hb_HF két hop véi DHF = CHA
HC HA

Suy ra ADHF «» ACHA = HIDF = HCA

Tuwong ty ta ciing duwoc ADHE o ABHA = HDE = HBA

Ma ta lai co HBA = HCA . Két hop cac két qua trén ta duoc HDF = HDE

Do d6 DH la phan giac cua FDE. Chttng minh tuwong tw ta ¢6 EH la phan giac cta DEF
Do d6 H la giao di€ém cua ba duong phan giac trong tam gidc DEF

d) Ké DK L BE (K € BE). Goi M la giao diém ctia BE va DF

— sinBED = sin KED = 2X ma DK < DM = sin BED < 2M
DE DE

DM FM DM FM DM+FM DF

Mat khac
FE DE FE DE+FE DE+FE

Ap dung bat dang thitc Cauchy cho hai s6 duong DE va EF ta c6

DF DF e DF
DE + EF > 2¢DE.EF = < hay sin BED £ ———
DE+EF 2JDEEF 2/DEEF
Chitng minh twong tu ta co sin CFE < _DE va sin ADF < __EF
2\FD.FE 2\/DE.DF
EF DF DE

Do do6 ta dwoc sin ﬁ.sin ﬁ).sinc/ﬁ“: <

2DE.DF 2+JDEEFE 2FDFE

Hay sin ADF.sin BED. sin CFE < % . D&u bang xdy ra khi tam giac ABC déu.
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