= QUAN HE CHIA HET
E: TRONG TAP HOP SO

A. Kién thlic cé@n nhé
1. Dinh nghia phép chia.

Cho hai s6 nguyén a va b trong d6 b # 0 ta luén tim dwoc hai s6 nguyén q va r duy
nhét sao cho a=bq+r, vdi 0<r <|b|-1. Trong d¢ a la s& bj chia, b 12 s8 chia, q 1a thuong,
rla s du.

Khi a chia chob thicidcs6dw r e {0;1; 2;...;|b| —l}

e Néu r=0 thi a=bq, khi d6 ta néi a chia hét cho b hay b chia hét a. Ky hiéu: a:b hay
bla.

Vay a chia hét cho b khi va chi khi ton tai s6 nguyén q sao cho a=bq.

e Néur=0,khidotandiachiabcosoduwlar.

2. M6t s6 tinh chat cAn nhé

e Tinh chat 1. Moi s0 nguyén khac 0 ludn chia hét cho chinh né.

e Tinh chat 2. Néu a:b va b:c thi a:c.

e Tinh chdt 3. Néu a:b va b:a thi a=zbh.

e Tinh chat4. Néu a.b:m va (b,m):l thi a:m.

e Tinh chat 5. Néu a:m va bim thi (a£b):m.

e Tinh chat 6. Néu a:m, ain va (m,n)=1 thi a:mn.

e Tinh chat 7. Néu a:b va c:d thi ac:bd.

e Tinh chat 8. Trong n sd nguyén lién ti€p ludn ton tai mot s6 nguyén chia hét cho n.

e Tinh chat 9. Néu a—b =0 vdia, b la cac s& tw nhién thi (a" -b")i(a—-b) (neN).

e Tinh chat 10. Néu a+b =0 véia, b, nla cdc s6 twnhién vanlasslé thi (a" +b")i(a+b).
3. Mot s6 dau hiéu chia hét

Dat A=a a_
hét nhu sau:

-a,a,a,, V0l a_ ;a_;..;a,;a,;a, lacac chit s6. Khi d6 ta c6 cac ddu hiéu chia

n-i’°
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A2 a2 < a, €{0;2;4;6;8}
e A3 (ay+a +...+a,, +a,):3.
eAld > aa, 4
e A5 3,5 < a, €{0;5}.

*A:8<=a,a88a,:8

e A9 (8, +a, +...+a,, +a,):9.

e Allle [(ay +a, +....)— (8 +a, +...) i11.

e Ai25 < aa, 25

e Al125 < a,a,a, 125

B. CAC DANG TOAN THUONG GAP

~ Dang 1: St dung tinh chat trong n s6 nguyén lién tiép c6 mot va chi mét s6 chia hét
chon(nx1)

* Co s6 phuwong phap: St dung cac tinh chét co ban nhu: tich hai s6 nguyén lién tiép chia

hét cho 2, tich ctia ba s6 nguyén lién ti€p chia hét cho 2 va 3 do d6 chia hét cho 6. Ching ta

van dung linh hoat cac tinh chat co ban nay trong nhiéu cac bai toan vé chia hét.

Bai toan 1. Chting minh rang:
a) Tich cta 3 s6 nguyén lién tiép chia hét cho 6
b) Tich ctia 2 s6 chén lién ti€p chia hét cho 8

c) Tich caa 5 s6 nguyén lién tiép chia hét cho 120

Hudng dan gidi
a) Trong 3 s6 nguyén lién ti€p cé6 mot s6 chia hét cho 3 va mot s6 chia hét cho 2 nén
tich ctia 3 s6 nguyén lién ti€p chia hét cho 6 (do (2, 3) = 1)
b) Hai s8 chan lién ti€p cd dang 2n va (2n+2) véi ne Z
Do d6 tich hai s6 nguyén lién ti€p cé dang 4n(n + 1)
Do n van +11a hai s§ nguyén lién tiép nén n(n+1):2
Vi thé 4n(n +1)§8
¢) Tac6120=3.5.8
Do 5 s6 nguyén lién ti€p c6 3 s6 lién ti€p nén theo y a) ta ¢ tich 5 s6 nguyén lién ti€p chia

hét cho 6.
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5 58 nguyeén lién tiép cb 2 s& chén lién ti€p nén theo y b) ta c6 tich 5 s§ nguyén lién tiép
chia hét cho 8.
Mt khéc 5 s6 nguyén lién tiép luén c6 mot s chia hét cho 5 nén tich ching cling chia
hét cho 5.
Vay tich cua 5 s6 nguyén lién ti€p luén chia hét cho 120.

Chu y: Tong quat ta co tich ctia n s tu nhién lién tié€p chia hét cho n!

Bai todn 2. Chting minh rdng tich ctia 3 58 chan lién ti€p chia hét cho 48

Huéng dan gidi
Ba s chén lién ti€p c6 dang 2n, 2n +2) va (2n+4) véi ne Z
Do dé tich hai s6 nguyén lién ti€p cé dang 8n(n + 1)(n +2)
Don, (n+1) va (n+2)la 3 sd nguyén lién ti€p nén n(n+ 1)(n + 2)56
Vi thé n(n+1)(n+2) =6m (m € Z)
Do d6 tich ctia 3 s8 chan lién tiép 1a 8n(n+1)(n+2)=48m:48

Vay bai toan dugc chitng minh.

Bai toan 3. Chiing minh vdi moi s6 nguyén n thi n° —n chia hét cho 6

Huéng dan gidi
Ta cé:
n’—n= n(n2 —1) =(n-1)n(n+1)
Biéu thuirc la tich cua 3 s6 nguyén lién ti€p nén mot trong 3 s6 chia hét cho 2, va mot

trong 3 sO chia hét cho 3 ma (2, 3) =1 nén (n3 —n)56

Bai toan 4. Chting minh vi moi s6 nguyén 1é n thi n®—n*—n? +1chia hét cho 128

Huéng dén gidi
Ta c6:
i —nt =i 1= (1 1) = (n? =1) = (i =1)(n* 1) = (w* 1) (2 +1)
VinlasGlénéndatn=2k+1 (keN) Taco:

(e -1) =| (2K +1) —1}2 = (4K +4k) =[ak(k+1)]

2,

Ta cé k(k+ 1) chia hét cho 2 nén nén [4k(k+1)} 64
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Mt khéc: n” +1=(2k+1)" +1=4k" +4k+2 =2(2k" + 2k +1):2

Dod6é n®-n*-n’ +1=(112—1)2 (n2 +1)§128 (dpcm)
Chii j: Binh phuong ctia mot s6 1é la sd 1é
~ Dang 2: Phan tich thanh nhan t
* Cé s6 phuwong phap: D& chiing minh A(x) chia hét cho p ta phan thich A(x)=D(x).p,
con néu khong thé dwa ra phan tich nhu vay ta cé thé viét p =k.q
Néu (k,q)=1 ta chting minh A(x) chia hét cho kvagq.
Néu (k,q)#1 ta viét A(x) = B(x).C(x) r6i chting minh B(x) chia hét cho k va C(x) chia hét
cho q.

* Vi du minh hoa:

Bai toan 1. Cho a, b, cla cac s6 nguyén khéc 0 thoa man diéu kién:

1,11y 1,11
a b c) a b* &
Chting minh rang: a’ +b> +c’ chia hét cho 3.

(Dé thi HSG I6p 9 TP Thanh Héa 2016-2017)

Huéng dan gidi

2
Tu gia thiét (l+l+1J =i+i+l©2(i+i+ijzo = atb+c =0

a b c a> b*> ¢ ab bc ca
Via,b,c Z0néna+b+c=0
=a+b=-—c
= (a+b)3 = (—c)3

=a’+b’ +3ab(a+b)=—-c’

=a’+Db®+c® =3abc

Vay a’ +b’+c’i3 véia, b,ce’

Bai toan 2. Cho A=1.2.3......29, B =30.31.32.....58.
Chting minh rang A + B chia hét cho 59.

Huéng dan gidi
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Ta co:
B = (59— 29)(59—28)(59—27)...(59 —1) =59k —1.2.3....29 =59k — A (k € Z) = A+ B =59k:59
Vay A + B chia hét cho 59.

Bai toan 3. Cho 3 s6 nguyén duong x, y, z. Chitng minh rang:

(x—y)5 +(y—z)5 +(z—x)5 chia hét cho 5(x-y)(y—z)(z—x)

Hudng dén gidi
Dat a=x-y,b=y-z=z-x=—(a+b)
Do d6 ta can chimg minh: a° +b° —(a+b) chia hét cho ~5ab(a+b)
Ta c6: a° +b° —(a+b) =—(5a'b+10ab* +10a°b° + 5ab* )
=—5ab(a’ +b° +2a’b+2ab’ )
=5ab| (a+b)(a® —ab-+b*)+2ab(a+b)]
= —5ab(a+b)(a* +ab+b*)

Do d6 bai toan dwoc chitng minh.

Bai toan 4. Chiing minh r?mg vdiba s6 tu nhién a,b,c trong d6 c6 ding mot s6 1é va hai s6
chén taludén cé (a+b+c)’ —(a+b-c)’ —(b+c—a)’ —(a—b+c)’ Chia hét cho 96

(Trich dé thi HSG Iop 9 tinh Phii Tho 2015)

Huéng dan gidi
bata+b-c=zb+c—-a=x;a+c-b=y thi x+y+z=a+b+c.

Taco (x+y+z) —x' —y’ —2’ =3(x+y)(y +2)(x+2) = 3.2c.2a.2b = 24abc

Do 350 a, b, ¢ cd 2 s8 chan nén abc chia hét cho 4 do d6 24abc chia hét cho 24.4 =96

Vay bai toan duoc chirtng minh.

7~ Dang 3: St dung phwong phap tach tong

* Cd so phuong phap: D€ chiing minh A(x) chia hét cho p ta bi€t d6i A(x) thanh tong cac
s6 hang r6i chitng minh mbi sd hang chia hét cho p.

* Vi du minh hoa:

Bai toan 1. Chitng minh m, n 1a s6 nguyén ta co:

a) n(n2+11)56 b) mn(mz—n2)§6 ) n(n+1)(2n+1)i6

TU SACH CAP 2| 34



BOI DUONG HOC SINH GIOI CAP 2 |
Hudng dén gidi
a) Tacs: n(n’+11)=n’+1ln=n"—n+12n=(n-1)n(n+1)+12n
Dé chiing minh: (n—1)n(n+1):6, 12ni6(ne Z)
Do d6: n(n” +11)i6
b) Ta co: mn(m2—n2)=mn[(m2—1)—(n2—1)]:mn(m2—1)—mn(n2—1)
Do: mn(m* ~1)=n(m-1)m(m+1):6, mn(n*~1)=m(n-1)n(n+1):6
Do d6: mn(m* —n*)i6
o) Tacéd: n(n+1)(2n+1)=n(n+1)(n+2+n-1)=n(n+1)(n+2)+(n-1)n(n+1)
Do: n(n+1)(n+2)i6,  (n-1)n(n+1)i6
Do d6: n(n+1)(2n+1):6

Cha y: Tach tong la phuong phéap chitng minh chia hét ma 10i giai dé hiéu, ngan gon va
dep mat nén thuwong duoc trinh bay khi bai todn c6 thé giai bang nhiéu phuong phép, tuy
nhién d€ ap dung cac em can linh hoat trong viéc tach.

Vi du: nhu cau a) thi ta thdy 12n chia hét cho 6 nén ta tach riéng ra phan con lai ching ta
phan c6 thé dua vé dang tich, dwa vao tinh chat chia hét ctia tich cic s6 ty nhién dé dang
chitng dwoc cling chia 6.

Cau b) ching ta nghi viéc thém bt 1 d€ tao ra tong ctia hai tich cuia 3 s6 ty nhién lién tiép.
Twong tu cau c) dé dang tach 2n + 1 = (n - 1) + (n + 2) d& dwa vé tong cua hai tich 3 s6 tu

nhién tiép .

Bai toan 2. Chiing minh rang: n van’ c6 chit s6 tan cling gidng nhau véin la s tw nhién.

Hudng dan gidi
D& chiing minh 7 van® c6 chit s tan cling giéng nhau ta chimg minh (n° —n):10
That vy 1~ =n(n 1) = {n1)(*+2)=n(r -3¢ ~4)5]
n(n®-1)(n®-4)+5n(n*~1)=(n-2)(n-1)n(n+1)(n+2)+5(n-1)n(n+1)
Nhan xét: (11—2)(n—1)n(n+1)(n+2)1a tich ciia nam s§ tu nhién lién tiép nén chia hét cho

2 va 5 do d6 chia hét cho 10.

Mat khac (n - 1)n(n + 1) la tich cta 3 s6 tw nhién lién ti€p nén chia hét cho 2 nén

5(n—1)n(n + 1) chia hét cho 10.
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Do d6 (n5 — n)flO vay bai toan dugc chirg minh.

5 3
Bai toan 3. a) Chting minh rang % - ?+Z—g la s6 nguyén véimoi ne Z
N n 2 g ~
b) Chting minh rang AR la s6 nguyén v6i moi n la s6 nguyén chan

Hudng dan gidi
a) Ta co 7_n:n_8_n: L
15 15 5 3
o ot Tn on® A non n"-n n-n
Dodo;: —4+—+—=—+—4+n————= + +n
3 15 5 3 5 3 5 3

Tir cac thi dy trén ta dé& dang chimg minh duoc: (° —n)i5, (n® —n)i3 do d¢6 bai toan dwoc

chtrg minh.
b) Do n 1a s6 nguyén chdn nén n=2m (v6i me Z)
o’ > om’ 3 2 m(m+1)(2m+1
Dodg: L, _m m m :2m +3m +m ( )( )
12°8 24 6 2 3 6

Theo y c) thi du 6 ta co n(n + 1)(211 + 1)56 do do6 bai toan dugc chitng minh.

Bai toan 4. Chiing minh réng ax* +bx+ce Z,VxeZ khiva chikhi 2a,a+b,ceZ

Huéng dan gidi

x(x—l)

Ta c6: ax* +bx+c=ax’ —ax+(a+b)x+c=2a. +(a+b)x+c.

x(x—l)

Dé thay: €Z vixva(x—1) lahais6 nguyén lién tiép.

Do d6: ax* +bx+ce Z,Vx e Z khi va chi khi 2a,a+b,ceZ.

Bai toan 5. Cho cdc s6 nguyén a,;a,;..;a_.Dat A=a +a,+..+a_va B=al+a)+..+a’.

Chitng minh rang A chia hét cho 6 khi va chi khi B chia hét cho 6.

Huéng dan gidi
Trwdce hét ta chiing minh bd dé: Voi moi s6 nguyén a ta ludn ¢ a’ —a 6.
That vay, tacd a’ —a= (a—l)a(a+1) .
Ta thdy trong ba s6 tu nhién lién ti€p cé mot s6 chia hét cho 2 va c6 mot s chia hét

cho 3, 1ai ¢4 2 va 3 nguyén td cung nhau nén ta suy ra duwgc a’ —a= (a —1)a(a + 1)56 .

TU SACH CAP 21 36



BOI DUONG HOC SINH GIOI CAP 2 |

Xét hiéu sau

(.3 3 3 _
B—A—(a1 +a2+...+an)—(a1+a2+...+an)—(a

Ap dung bé d€ trén ta duoc (af —a1)§6; (a3 —a2)§6; o (afl —an)§6

2
Do d6 ta dwgc B—A:6. Suy ra A chia hét cho 6 khi va chi khi B chia hét cho 6.

~ Dang 4: Stt dung hang ding thitc

Co s6 phuwong phap: Néu g, b la cac sd nguyén thi:
a"—b" chiahétchoa—-bvdinlasOtenhiénva a=b.
a" —b" chia hét choa+b vdinlaso tw nhién chdnva a=-b.
a"+b" chiahétchoa+bvdinlasotenhiénléva a=-b.

(a+ b)n =ka+b" v6ik1a s6 nguyén, n la s6 tw nhién.
(a+1)n =ac+1 (61—1)11 =ac+(—1)n , n1a sO tu nhién.

* Vi du minh hoa:

Bai toan 1. Vi n 1a s§ tu nhién chén. Chting minh rang:

a) 22%2 455 b) 20" +16" —3" —1:323.

Huéng dan gidi

a) Ta cé: P =227 455% = (21+1)” +(56-1)>° = (BS 7+1)” +(BS 7-1)™

=BS7+1+BS7-1=BS7nén 22°°+55> chia7 du0

b) Ta c6: 323=17.19. Ta bién ddi 20" +16" —3" ~1=(20" 1)+ (16" -3")
Ta c6: (20" ~1):(20-1)= (20" ~1):19

M3t khdc n 1a s8 chdn nén (16" -3")i(16+3) = (16" -3"):19

Do d6 (20" ~1)+(16" —3"):19 = (20" +16" —3" ~1):19 (1)

Ta bién d6i 20" +16" —3" —1=(20"-3")+(16" -1")

Ta c6: (20" -3"):(20-3) = (20" ~1):17

Mgt khdc n 1a s8 chdn nén (16" —1")i(16+1) = (16" -3"):17 (2)

Do (17, 19) =1 nén tir (1) va (2) suy ra: 20" +16" —3" —1:323.
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Bai toan 2. Chiing minh rang v6i moi s6 tu nhién 7 ta co:

a) 112 +12°"':133 b) 5" +26.5" +8°"*1:59 c) 7.5 +12.6":19

Huéng dan gidi
a) Ta co: 1172 +122 =112.11" +12.12°" =121.11" +12.144"
=(133-12).11" +12.144" = 133.11" +12(144" —11")
Do d6 133.11"i133 va 12(144" - 11" );(144—11) hay 12(144" 11" ):133
Nén 133.11" +12(144" -11" ) = 11" +12°" 1133 (dpcm)

b) Ta co:

5"*? +26.5" +8°" =25.5" +26.5" +8.8°" =51.5" +8.64"
=(59-8).5" +8.64" =59.5" +8(64" ~5"

Vi (64" 5" );(64-5) = (64" ~5" ):59

Nén 59.5" +8(64" —5" )59 = 5" +26.5" + 8" 159 (dpcm)

0) Tacd: 7.5 +12.6" =7.25" +(19-7).6" =19.6" +7(25" 6"
Vi (25" -6")i(25-6)=7(25" ~6"):19

Nén 19.6" +7(25" —6" )19 = 57.5" +12.6" {19 (dpcm)

Bai toan 3. Chiing minh rang A =1993"7 +1997"%:30

Huéng dan gidi
Str dung tinh chat (a+ b)" =ka+Db"vdik la sd nguyén, n 1a s6 ty nhién.

Ta co:

1993

A =1993"7 +1997" =(1980+13)" +(2010-13)
=1980c +13"” +2010d - 13"
=1980c+2010d +13"” (13*)

- 30(66c+67d +952.131993)330.

Bai toan 4. Chting minh rang C =5" (5“ + 1) -6" (3“ + 2“)591 (neN).

(Chuyén sw pham Ha N§i 1997 — 1998)

Huéng dan gidi
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Str dung tinh chat (a+b)n =ka+b", ([H—l)n =ac+1, (a—l)n = ac+(—1)” voi k la

sO nguyén, n 1a s6 tw nhién

Ta cé:
C=25"+5"-18"-12"
=(21+4) +5"—(14+4) - (7+5)"
=2lc+4"+5" ~14d 4" ~7e-5"
=7(3c-2d—e)i7.
Mat khac:

C=(26-1)"+5"-(13+5) —(13-1)’
=26f+(-1)" +5"-13g—-5"-13h—(-1)’
=13(2f-g—h)13.

Vi(13,7)=1nén C:7.13=91.

Bai toan 5. Chting minh rang: A=1%+2%+3%+..+100° chia hét cho B =1+2+3+...+100

Hudng dan gidi
TacéB=(1+100)+(2+99)+...+ (50 +51)=101.50
DPé€ chitng minh A chia hét cho B ta chitng minh A chia hét cho 50 va 101
Ta co:
A= (13 +1003)+(23 +993)+...+(503 +513)
= (1+100)(1 +100+1007 ) +(2+99)(2” +2.99+99° ) +...+ (50 +51)(50” + 50.51+51°

:101(12 +100+100% +2° +2.99+99° +...+50? +50.51+ 517 ):101 (1)
Talaicé: A=(1°+99°)+(2°+98%)+...+(50° +100°
Mbi s6 hang déu chia hét cho 50 nén A chia hét cho 50 (2)
Tt (1) va (2) suy ra A chia hét cho 101 va 50 nén A chia hét cho B.

Bai toan 6. Chting minh rang véi moi s8 nguyén n tacd: A =1°+2°+3° +....+n’ chia hét
choB=1+2+3+...+mn.

(Chuyén sw pham Ha N§i 2001)

Hudng dan gidi
n(n + 1)

Ta c6 cong thitc quen thuoc B=1+2+3+...+n= 5
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. 7 5 5 5 5 5 5

Lai co: 2A=(n +1)+[(n—1) +2 }L[(n—Z) +3 }+...+(1+n )

Nhan thay mdi s6 hang déu chia hét cho (n +1) nén 2A§(n + 1) (1)

Lai c6 2A-2n° = [(n—l)5 +15} +[(n—2)5 +25}+... chia hét cho n

Do 2n’innén 2Ain  (2)

Do 2n°:nnén 2A:n (2)

Tte (1) va (2) suy ra 2A chia hét cho n(n +1) do d6 2A:2B = A:B (dpcm)
Chu y: Ta c6 cong thitc tong quat: vdin la s6 nguyén dwong va k la s6 ty nhién 1é thi:
a)1* +2° + ..+ n*i(1+2+...+n)
b)1¥ + 2 +...+(2k)  in(2n +1)
Day cling la mot bai tap, ban doc c6 thé tu chiing minh d€ cting c6 kién thric.
7~ Dang 5: St dung phwong phap xét s6 dw
* Co s0 phuwong phap: Dé€ chtiing minh A(n) chia hét cho p ta xét s6 n c6 dang n=kp +r
VOl 1 e {0;1;2;...;;7—1}.

* Vi du minh hoa:

Bai toan 1. Chting minh rang n(2n2 + 7) chia hét cho 3 v6i moi s6 nguyén duwong n.

Hudng dan gidi
Xét 3 truong hop:
- Truong hop 1: n =3k thi n(2n +7) =3k 2(3k) +7 | =3k(18K* +7):3
-Trudng hop 2: n=3k+1 thi
n(2n’ +7)=(3k+1)| 2(3k + 1)’ +7}
= (3k+1)[ 18k> +12k+2+7 | = 3(3k +1)(6k* + 4k +3):3
- Trudng hop 3: n=3k +2 thi

n(2n’+7)=(3k+2

N—"

2(3k+2)° +7}

=(3k+2)i18k2 +24k +8+7 | =3(3k+2)(6k> +8k +5):3

Ttr 3 treong hop trén suy ra n(Zn2 + 7) chia hét cho 3.

Bai toan 2. Chting minh rang véi moi s6 twnhién 7 ta c6: n(2n+7)(7n+1)chia hét cho 6
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Hudng dan gidi
Trong 2 s6 n va (7n + 1) phai c6 mdt s§ chdn nén n(2n+1)(7n+1):2
Ma (3, 2) = 1 nén ta chi can chttng minh n(Zn + 1)(7n + 1)33

Xét 3 truong hop:
- Truong hop 1: n=3k thi n(2n+1)(7n+1)=3k(6k+1)(21k+1):3

- Trwong hop 2: n=3k +1 thi 2n+7 =(6k+9):3=n(2n+7)(7n+1):3
- Trwong hop 3: n=3k +2 thi 7n+1=(21k+15):3=n(2n+7)(7n+1):3

Tt 3 treong hop trén suy ra n(2n + 7)(7n + 1) chia hét cho 6.

Bai toan 3. Cho a, b, c 1a cac s8 nguyén. Chitng minh rang néu (a3 +b’+ (:3)59 thi mot

trong ba s0 a, b, ¢ chia hét cho 3.

Hudng dan gidi

Véia, b, cla cac s6 nguyén khi d6 ta c6 a=3q, +1,;b=3q, +1,;c=3q, +r, v6i q,;q,;9; la
cac s6 nguyén va cac s6 du r,;1,;r, € {—1,' 0;1}.
Dé thdy r’ =r,;r) =r,;r, =r,. Tl d6 ta duwoc

a’=(3q, +1,) =9k, +1,;b° =(3q, +1,) =9k, +1,;¢’ =(3q, +1,) =9k, +1,
Khi d6 ta duogc a’ +b° +¢® =9(k, +k, +k, ) +(r, +1, +1,).
Ma theo gia thiét ta 6 (a3 +b° +c3)§9. Do d6nén tasuy ra (1, +1, +1,):9.
Dé thay |r1 +1, +r3|S3, dodésuyrar +r,+r,=0.
Do r;r,;1, e{—l;();l} nén tte r, +1, +1, =0 suy ra trong r,;r,;r, c6 mot sé'béng 0. biéu nay

c6 nghia la trong ba s6 a, b, ¢ c6 mot s6 chia hét cho 3.

Bai toan 4. Cho x, y, z la cac s6 nguyén thoa man (x—y)(y—z)(z—x) =X+y+z (*)

Chttng minh rang (x+y +z) chia hét cho 27

Huéng dan gidi
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Ta xét cac treong hop sau:
- Néu 3 s0 x, y, z chia cho 3 ¢ s6 du khac nhau thi (x - y), (y — z), (z - x) s€ déu
khong chia hét cho 3 do dé (x — y)(y — z)(z — x) sé khong chia hét cho 3. Nhung khi
d6 tong chia 3 s6 (x +y + z) sé chia hét cho 3 diéu nay trai v6i diéu kién (*) cua bai
todn, vi thé treong hop nay khong thé xay ra.
-Néu 3 s6 x, y, z c6 2 s0 khi chia cho 3 ¢6 cung s dw thi (x - y), (y - z), (z—X) s€ ¢
mot hiéu chia hét cho 3 do d6 (x — y)(y — z)(z — x) sé chia hét cho 3. Nhung khi d6
tong cua 3 sO (x +y + z) s€ khong chia hét cho 3 diéu nay trai voi diéu kién (*) ctia
bay toan, vi thé truong hop nay khong thé xay ra.
Vay 3 s0 x, y, z chia cho 3 phai cung s dw, khi d6 (x - y), (y — z), (z - x) sé déu chia
hét cho 3 nén tich (x — y)(y — z)(z — x) s€ chia hét cho 27. Mat khac theo gia thiét (*) ta
co (X —y)y —2z)(z-X)=Xx+y+znén (x +y + z) chia hét cho 27.
Vay bai toan duwgc chitng minh.

~ Dang 6: St dung phwong phap phan chttng

* Co s0 phuong phap: D€ chiing minh A(x) khong chia hét cho n ta gia st A(x) chia hét

cho n sau d6 dung lap luan d€ chi ra mau thuan dé chi ra diéu gia st la sai.

* Vi du minh hoa:

Bai toan 1. Chiing minh rang n” +n—16 khong chia hét cho 25 véi moi s6 tw nhién 7.

Huéng dan gidi
Gia stt n* +n—16 chia hét cho 25.
Do n”+n-16 chia hét cho 25 nén ciing chia hét cho 5.
Ta c6: n* +n-16=(n+3)(n-2)-10
Do n®+n—16 va 10 chia hét cho 5 nén (n + 3)(n — 2) chia hét cho 5 (1)
Mat khac (n + 3) va (n - 2) c6 hiéu bfmg 5 nén chiing cung chia hét cho 5 hodc cung khong

chia hét cho 5, lai do (1) nén (n + 3) va (n — 2) cung chia hét cho 5 suy ra ta ¢6 (n + 3)(n - 2)
chia hét hét cho 25.

Ttcla n”>+n-16 chia cho 25 dwr 15 mau thuan vdi gia stx, vay bai todn duwoc chirng minh.

Bai toan 2. Chitng minh rang véi moi s tu nhién 7, n* chia hét cho 3 thi 7 ciing chia hét
cho 3

Huéng dan gidi
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Gia st n khong chia hét cho 3. Khi d6 n ¢6 dang n = 3k +1 hoac n =3k + 2 (vdi k 1a s6 tu
nhién)

Néun=3k+1thi n’=(3k+1) =27k’ +27k* + 9k + 1khéng chia hét cho 3
Néun=3k+2thi n’=(3k+2) =27k’ +54k* + 36k + 4 khong chia hét cho 3

Ca hai truong hop déu mau thuan suy ra n phai choa hét cho 3 vay bai todn dugc ching

minh.

Bai toan 3. Chitng minh 2 s6 duong c6 tdng binh phuong chia hét cho 3 thi mdi s6 déu
phai chia hét cho 3

Hudng dan gidi

Gia stt 2 s6 nguyén duong a, b c6 it nhat mot s6 khong chia hét cho 3, chang han s8 d6 1a a.
Khi d6 a =3k + 1 hodc a =3k + 2 véi k 14 s6 tu nhién, ta céa® =31+1 néu sd b chia hét cho 3
hodc khong chia hét cho 3 thi a® +b? ludn c6 dang 3m + 1 hodc 3m + 2, nghia 1a khong chia
hét cho 3, mAau thuan.
Vay bai toan duwgc chitng minh.
I~ Dang 7: S& dung phuwong phap quy nap
* Co s6 phuwong phap: D€ kiém tra ménh dé dung véi moi s6 tw nhién n>p ta lam nhu

sau:

1) Kiém tra ménh dé dung véin =p.

2) Gia st ménh dé ding méi n =k (Giai thiét quy nap)

3) Chang minh ménh dé dung véin =k + 1.

Nhan xét: Trong viéc chiing minh bang phuong phdp quy nap céc ban can khai théc triét

dé gia thiét quy nap (Ia ménh dé chia hét khi n = k), ttc la trong qué trinh giai bai toan ¢
buGce chimg minh n =k + 1 cdc ban phai bién d6i lam sao xuat hién gia thiét quy nap.

* Vi du minh hoa:

Bai toan 1. Chting minh rang r1<2r12 + 7) chia hét cho 3 v6i moi s6 nguyén duong n.

Huéng dan gidi
Véin=1thitacd: n(2n’+7)=1.(2+7)=9:3, do d6 bai toan ding véi n=1
Giai st bai todn diing dén n=k v6i k>1,keN tucla:
k(21<2 +7)f3 hay k(Zk2 +7) = 3x(x S N*),
Ta sé can chitng minh bai toan dung véi n =k +1. That vay:
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(1<+1)[2(1<+1)2 +7]=(n+1)(2n2 +4n+9)
=2n° +4n*+9n+2n*+4n+9
= (2n3 +71r1)+<6n2 +6n+9)
=3x+3(2n’ +2n+3)=3y:3
Do d6 n(2n2 +7) chia hét cho 3 véi n=k+1

Vay bai toan duoc chitng minh.

Bai toan 2. Chitng minh rang 4" +15n—1 chia hét cho 9 véi moi ne N

Huéng dan gidi
Véin =1 thitacod: A=18 chia hét cho 9, do d6 bai toan ding véin=1
Giai st bai todn dung dén n=kvéi k>1,keN tucla:
4K* +15k—1:9 hay 4k* +15k—1=9x (x e N' ) &> 4k” = 9x—15k +1,
ta sé can chitng minh bai toan dung véi n = k + 1. That vay:
41 +15(k+1)-1=4.4" +15k +14
=4(9x—15k +1)+15k +14
=36x—45k +18:9
Do d6 A=4n’+15n-1 chia hét cho 9 v4i n=k +1

Vay bai toan duoc chirtng minh.

Bai toan 3. Chiing minh rang 5 +7 chia hét cho 8 véi moi s8 nguyén duong n.

Huéng dan gidi
e V6i n=1, khi dd ta ¢6 5* +7 =32:8 (dung)
e Gia sit ménh dé dung vdi, téclatacd 5 +7:8.
e Ta can chitng minh ménh dé dung voi n+1. That vay, ta co

540 L7 _ o552 47— 04 520 4 (52n + 7)

P&y 1a 5 +7:8 va 24.518. Do d6 ta duoc 5" +7:8.

Vay theo nguyén ly quy nap ta dugc 5*" +7 chia hét cho 8 v6i moi s6 nguyén duong n.

Bai toan 4. Cho n 1a mét s§ nguyén duong, Chimg minh rdng: C =7.22"2 132" 15 (1)
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Hudng dan gidi
Xétvoin=1taco: C=10:5.Vay (1) dung véin=1
Gia str (1) ding véin=k (k>1,keN), ticla: C, =7.2%2 +3% 15 (2)
Ta sé chitng minh (1) ding vdin =k + 1, tiec la phai chiing minh:
Couy = 7 92kH1)-2 | g2(kH)-1:p
Ta co: C,,, =7.22002 L g2kt _ 7 g2ks22 | g2 g2kl _ g 7 92k2 , g 32k
=4(7.2%7 +3% 1)+ 53% 1 =4C, +53% 5

Vay theo nguyén ly quy nap ta duoc C = 7.22"? +3*" ! chia hét cho 5 v4i moi s6 nguyén

duwong n.

Bai toan 5. Chiing minh rang s8 duoc tao 3" boi chit s§ giong nhau thi chia hét cho 3"
véine N”

(DE thi hoc sinh gioi l6p 9 toan qudc nam 1978)

Huéng dan gidi
Véin=1, ta c6: aaa=111.a:3, Vay bai todn dting véin = 1.
Gia st bai toan dung dénn=k (k>1,keN), ticla: aa..a:3
k
3

Ta sé chitng minh ménh dé dung dén n=k + 1.

That vay: aa..a=aa...aaa..aaa..a =aa..ax100...0100..01:3"* (do 100...0100..0153]

3t ¥ & 3 gt gt gt gt
Vay bai toan duoc chitng minh.
I~ Dang 8: Stt dung nguyén ly Dirichlet
* Co s6 phwong phap: Dau tién ta phai nim dwoc nguyén ly Dirichlet: “Nhdt m = ki + 1
con thd vao k (k < n) chudng thi ton tai mot chudng cé it nhat n +1 con tho”
Ap dung nguyén ly Dirichlet vao bai toan chia hét nhu sau: “Trong m =kn + 1 s6 c6 it nhat
n+1 sO chia hét cho k ¢6 cung s6 du”

* Vi du minh hoa:

Bai toan 1. Chttng minh trong 5 s6 nguyén bat ki c6 thé tim duwoc ba s6 c6 tong chia hét
cho 3

Huéng dan gidi
Mot s6 khi chia cho 3 thi ton tai 3 loai s6 dw la: 1, 2 hodc 3.
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Truong hop 1: Néu ton tai ca 3 loai sd du khi chia cho 3 thi:

a, =3k, +0

a, =3k, +1=>a +a, +ag =3(k +k, +k;)+3:3

az =3k; +2
Truong hop 2: Chi ton tai hai loai sd du, theo nguyén ly Dirichlet trong 5 s6 nguyén bat ki
ludn ton tai it nhat 3 sd cung du khi chia cho 3 suy ra tong 3 s0 dy chia hét cho 3.

Truong hop 3: Chi ton tai du nhat mot loai s6 dw khi chia hét cho 3 suy ra 3 s0 tuy it trong
5 56 d6 chia hét cho 3.

Bai toan 2. Cho 4 s6 nguyén phan biét a, b, ¢, d. Chitng minh rang;
A=(a-b)(a—c)(a—d)(b—c)(b—d)(c—d):12

Huéng dan gidi
Theo nguyén ly Dirichlet trong 3 sd nguyén tuy y ludn ton tai hai s6 nguyeén tuy y c6 cung
s0 dw khi chia hét cho 3 suy ra A:3
Truong hop 1: ca 4 s8 déu 1a s6 chin nén ton tai 6 hiéu chia hét cho 2 suy ra A4
Truong hop 2: ca 4 s8 déu 1a s6 1é nén ton tai 6 hiéu chia hét cho 2 suy ra A:4
Truong hop 3: 2 s6 chdn va hai s6 1é nén ton tai 4 hiéu chia hét cho 2 suy ra A4
Trudng hop 4: 3 s8 chdn va mot s§1é, tir 3 s chin d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4
Truong hop 5: 3 58 1é va mot s6 1é, ti 3 56 1é d6 cho ta 3 hiéu chia hét cho 2 suy ra A:4

Do d6 A cling chia hét cho 4 ma (3, 4) = 1 nén A chia hét cho 12.

Bai toan 3. Chiing minh trong 101 s6 nguyén bat ki c6 thé tim duwoc hai s6 ¢d 2 chit s tan

cung giong nhau.

Hudng dan gidi
Lay 101 s6 nguyén bat ki chia cho 100 thi theo nguyén ly Dirichle ¢6 c6 it nhat 2 s6 ¢ cung
s0 du khi chia cho 100. Suy ra trong 101 s6 da cho ton tai it nhat 2 s& ¢6 2 chir sO tan cung

giong nhau.

Bai toan 4. Cho 2014 s6 tw nhién bat ki X;,X,,X;, ..., X,y . Chting minh rang ton tai mot s&

chia hét cho 2014 hodc tong mot so so chia hét cho 2014.

Hudng dan gidi

Xét 2014 s6: S, =x,;S, =X, +X,; .0 Sy =X, +X, FoeiF X,
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Néu ton tai S, véii=1,2, 3, ...., 2014 chia hét cho 2014 thi bai toan duoc chitng minh.

Néu khong ton tai S, véii=1, 2,3, ...., 2014 chia hét cho 2014. Pem 2014 s nay chia
cho 2014 nhan dwgc 2014 s6 du. Gia tri cua cac s6 dw nhdn dwgc thudc vao tap

hop {1, 2,3,.., 2013} . V12014 s6 du ma chi c6 2013 gia tri nén theo nguyén ly Dirichlet c6 2
s6 du bang nhau.

Ki hi¢u hai s§d61a S ,S, c6 cing s8 du khi chia cho 2014 {m,neN,1<n <m <2014

Thi hiéu: Sm ~Sn =X + X2 F- X, chia hét cho 2014,

Nhdn xét: Ta c6 thé’'tong quat hoa bai todn nhuw sau: Cho n s6'tw nhién x;X,;..;x . Chitng minh

rang trong n s6'trén c6 mgt s6 chia hét cho n hodc mgt s6'sd’cé téng chia hét cho n.

Bai toan 5. Chttng minh rdng trong 8 s& tw nhién c6 3 chit s6 bao gio cling chon duigc hai

sO ma khi viét lién nhau ta dwogc mot so cd 6 chir sO va chia hét cho 7.

Huéng dan gidi
Lay 8 s6 da cho chia 7 duoc 8 s6 du nhan mot trong 7 gia tri 0, 1, 2, 3, ..., 6. Theo
nguyén tac Dirichlet c¢6 hai s6 cting s8 du, gia stz 1a abc va def khi chia cho 7 ¢6 cting s8
dula. Gia stv abc =7k +r va def =7k +r. Ta c6:

abcdef =100abc + def =1000(7k +r)+71+r =7(1000k +1)+1001r:7

Vay bai toan duwgc chitng minh.

Bai toan 6. C6 hay khong mot s6 nguyén duong k d&& 29% 1a mot s8 ¢ cac chir s6 tan cung
la 0001.

Hudng dan gidi
Ta can chiing minh ton tai s6 nguyén k sao cho 29% —1:10*. That vay, 18y 10* +1 s6:
29,292 ... 299 chia cho 10%, khi dé c6 hai s8 ¢6 hiéu chia hét cho 104, gia st d6 1a 29"
va 20" (n>m). Ta cé 29" —29"10* hay 29™ (29" ™ -1):10".
Vi (29m ,104) =1 nén 29"™ —1:10* (dpcm).

~ Dang 9: Xét dong dw
Tém tat ly thuyét vé dong du:
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Pinh nghia: Cho 4, b 14 s6 nguyén (n 1a s6 nguyén duong). Ta néi a dong du vdi b

theo modun n va ki hiéu a=b (mod n)néu a va b c cting s8 du khi chia cho 1.
Nhu vay: a=b(mod n)< (a—b)in.Vidu: 2019=9 (mod 5)
Mot s6 tinh chét co ban:

1) Véi moi s6 nguyén a ta c6: a=a (mod n)

2) a=b(mod n) < b=a(mod n)

3) a=b(mod n) va b=c(mod n)=a=c(mod n)

4) a=b(mod n) va c=d (mod n)=(atc)=(b+d)(mod n)

Hé qua ctia tinh chét 4)

a,=b, (mod n),a2 =D, (mod n), ...... ,a,=b (mod n)

:>(a1+a2+...+an)zb1+b2+....+bn (modn)
5) a=b (mod n) va czd(mod n):a.czb.d(mod n)
Hé qua cta tinh chat 5)

a,=b, (mod n),a2 =D, (mod n), ...... ,a,=b
= (ul.uz....an) =b.b,...h, (mod n)

6) azb(mod m)@a”zb”(mod m) VneN

7)Néu a=b(mod m) va d 1a wéc chung ctia a va b sao cho (d, m) =1

thiﬂsg(mod m)
d d
~ < s ) .a b m
8) Néu a=b (mod m) va d la wéc chung caaa, b, m th1E = E[mod Ej
9 Néua=r (mod m) va 0<r <m,thir chinhla s6 du cta phép chia a cho m.

* Co sé phwong phap: St dung dinh nghia va cac tinh chat cta dong du thitc d€ giai bai toan
chia hét.

* Vi du minh hoa:

Bai toan 1. Chting minh rang: A=7.5%" +12.6" chia hét cho 19

Hudng dan gidi

Tacod: A=7.5"+12.6" =7.25" +12.6"
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D025=6(mod19)= 25" =6" (mod 19)=7.25" =7.6" (mod 19)
=7.25"+12.6" =7.6" +12.6" (mod 19)

Ma 7.6" +12.6" =19.6":19=7.25" +12.6" 119 = A=7.5"" +12.6":19

Vay bai toan duoc chirtng minh.

Bai toan 2. Chung hai s6: A=6"""-1 va B=6"""+1

Chting minh rang A va B déu la boi s6 ctia 7

Hudng dan gidi
Tacé: 6=-1(mod7)=6""=(-1)"" (mod7)=6"" =1 (mod7)= 6" -1:7
Vay Alabdictia 7.
Tt 6/ =1 (mod7)= 6" =6(mod7)
Ma 6=-1(mod7)=6"" =-1(mod 7)= 6'"" +1:7

Vay B 1a bdi ctia 7.

Bai toan 3. a) A = 2222555 + 55552222 chia hét cho 7.
b) B =1961"% +1963"* +1965"* + 2 chia hét cho 7.

Hudng dan gidi

a) Xét s0 dw ctia 22225%% khi chia cho 7.
Ta cd: 2222 =3 (mod 7) (1)
=2222%=3* (mod 7)
— 22224 =81 (mod 7)
Ma 81 =4 (mod 7)
— 22224 =4 (mod 7) )
Nhan v& vdi vé (1) va (2) ta dwoc 22225 = 3.4 (mod 7)
=22225=5 (mod 7)
=2222%5% =511 (mod 7) (3)
+ Twong tu: 55552222 = 21111 (mod 7) (4)
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Cong v& v6i vé (3) va (4) ta cd: A =211 + 51111 (mod 7)  (5)

Mt khac: 21111 + 51111 = (2 + 5) (mod 7)

=0 (mod 7)

(6)

Tt (5) va (6) ta dwoc: A =0 (mod 7)
Vay: A =22225% + 5555222 chia hét cho 7

b) Ta co:

Ta c6: 1961 = 1 (mod 7) => 1961%2= 1 (mod 7)

Tuong tu:1963°% =3°* (mod 7) =9.(3*)"" (mod7) =9.27% (mod 7) = 2(mod 7)

655

1965 = (-2)*" (mod7) = 2.(23) (mod7)=2.8(mod7)=2(mod7)

= B=1+2+2+2(mod7)=0(mod7)

Vay: B =1961"% +1963"* +1965"° +2:7

Bai toan 4. Tim s6 du cuia phép chia: 1532° -1 cho 9.

Huéng dan gidi

Ta c6: 1532 =2(mod9) = 1532° =2° (mod 9)

Ma 2° =5(mod9)=1532° =5(mod 9) = 1532° ~1=4(mod 9)

Vay s8 du ctia phép chia 1532° -1 cho 91a 4.
7~ Dang 10: Tim diéu kién bién dé chia hét

Bai toan 1.

a) Tim n nguyén d& A=n®+2n®-3n+2 chia hét cho B=n’-n

b) Tim anguyén dé a’ —2a’ +7a -7 chia hét cho a* +3

Hudng dan gidi

a) Chia A cho B ta c6: n°+2n*-3n+2=(n+3)(n*~n)+2

D& A chia hét cho B thi 2 phai chia hét cho n* —n=n(n-1)do d6 2 chia hét cho n, ta c6:

n 1 -1 2 -2
n-1 0 -2 1 -3
nn-1) 0 2 2 6
loai loai
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Vay dé€ gid tri biéu thitc A=n®+2n° —3n+2 chia hét cho gi4 tri biéu thitc B=n*-nthin=-1
hoacn=2.

b) Thuc hién phép chia a’® -2a* +7a~-7 cho a’ +3 dugc két qua:
a’—2a*+7a-7 =(a2 +3)(a—2)+(4a—1)
D& phép chia hét thi 4a —1phai chia hét cho a* +3
(4a-1)i(a*+3)
= (4a-1)(4a+1)i(a’+3)(acZ=4a+1e2)
= (162 -1)i(a” +3)
= 49i(a’ +3)
a’+3=7 a=2
= l:a2 +3=49 (loai) = L =2

Thir lai ta dwgc a =2 va a =- 2 déu thda man.

Bai toan 2. Tim s8 tw nhién n d& n’ +(n+1)" +(n+2)" +(n+3)’ chia hét cho 10.

Hudng dan gidi
Tacé: A=n’ +(n+1)2 +(n+2)2 +(n+3)3 :2(2n2 +6n+7)
Ai10<¢> 20 +6n+7:5 < 2n” +6n+2:5 < 2(n* +3n+1}:5
< n’+3n+1i5

Do dé n(n + 3) c6 tan cung la 4 hodc 0 hay n co6 tan cung la 1 hoac 6

Vay n ¢6 tan cung bang 1 hodc 6 thoa man yéu cau bai toan.

Bai toan 3. Tim s6 nguyén duong n d€ (n + 3)(n + 4) chia hét cho 3n.

Huéng dan gidi
Tacod: (n+3)(n+4):3n<n*+7n+12:3n<n’+n+12:3n
{n2+n+12§n (1)
= ) }
n*+n+12i3  (2)
Tix (1) suy ra: 12in=ne{1,2,3,4,6,12} (3)

n =3k

n=aks 28N

Tt (2) suy ra: n(n+1)§3:{
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Loai cac s0 c6 dang n =3k +1 ¢ (1) ta duoc:

n 2 3 6 12
3n 6 9 18 36
n’+n+12 18 24 54 168

Chi cd n=2 van =6 thi n®>+n+12 chia hét cho 3n do d6: (n+3)(n+4)33n

Vayn=2van=6.

Bai toan 3. Tim cac sO nguyén duong x va y 16n hon 1 sao cho x + 3 chia hét choy vay +3
chia hét cho x.

Hudng dan gidi
Giaisr2<x<y.
a) Xéty =2 thix=2, khong thoa man x + 3 chia hét cho y.
b) Xéty=3.Ditx+3=ky (KEN) (1)thiky=x+3<y+3<y+y=2ynénk<2.

Véik =1, tie (1) c6 x + 3 =y. Thay vao: y+3:x duwoc x+6:xnén lai c6 x > 1 nén
x €{2;3;6}.

X 2 3 6

y 5 6 9

Véik =2, ttr (1) c6 x + 3=2y. Thay vao: y+3:x dwoc 2y +6:x=> x+9:x=>9:x
dox>1neén xe{3;9}.
Khi x = 3 thi y = 3, thtz lai dung.
Khi x =9 thi y =6, loai vi trdi vdi x < y.
Cac cap so (x, y) phai tim 1a (2; 5), (5; 2), (3; 6), (6; 3), (6;9), (9; 6), (3; 3).
7~ Dang 11: Cac bai toan ciu tao so lién quan dén tinh chia hét caa s6 tw nhién
* Co s6 phwong phap: S6 tu nhién A = m duoc biéu dién dudi dang tong céc liy

thttanhwsau: A=a a_,.a,=a_10"+a_,.10"" +..+a

1° 0
Trong d6 a_;a_,;..;a, la cac chitsd va a_ khac0.

Khi d6 ta cd cdc dau hiéu chia hét nhu sau:

¢ A2 a,i2 < a, €{0;2;4;6;8}

e A3 (ay+a +...+a,, +a,)3.

eAld = aa, il
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e A5 a,:5 < a, €{0;5}.

*A:8<=a,a88a,:8

e A9 (8, +a, +...+a,, +4a,):9.

e Allle [(ay +a, +....)— (8 +a, +...) '11.
e Ai25 < aa, 25

e Al125 < a,a,a, 125

* Vi du minh hoa:

Bai toan 1. Tim sO tw nhién c6 ba chit s6, chia hét cho 5 va 9, biét rang chit s6 hang chuc

bang trung binh cong cta hai chit s6 kia.

Huéng dan gidi
Goi s8 phai tim 13 abc. Do a+b+¢ chia hét cho 9 va 2b=a+c¢ nén 3b chia hét cho
9, suy ra b chia hét cho 3. Nhw vay b e {0;3;6;9}. Do abc:5 nén c e {0;5}

Xét cac s6 ab0 vdi a=2b, ta dwoc s6 630.

Xét cac s6 abb véi a=2b -5, ta duoc so 135 va 675.

Bai toan 2. Tim cac chi* sO a, b sao cho:

a) a—b =4 va 7a5bl chia hét cho 3

b) a—b=6va 4a7 +1b5 chia hét cho 9

Hudng dan gidi
a) S8 7abbli3 = 7+a+5+b+1:3=13+a+bi3=a+3 chiacho3du2(l).

Tacdé a—b=4 nén:

Suyra 4<a+b<14 (2).

Mit khac a—b 1a s8 chdnnén a+b la s6 chin(3).
T (1), (2), (3) suy ra: a+be{8;l4}.

Véi a+b=8; a-b=4tadugca=6;b=2.

Véi a+b=14; a-b=4 taduoc a=9; b=5.
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b) 4a7 +105:9=512+10(a+b): 9
=504+8+9(a+b)+a+h9 = a+b chiacho 9 dul

Do a+b>a-b=6nén a+b=10. Ttr d6 tim duoc:a=8; b=2.

Bai toan 3. Ching minh ring néu ab = 2.cd thi abcd chia hét cho 67

Huéng dan gidi

Ta c6 abcd =100-ab +cd = 201-cd chia hét cho 67.

Bai toan 4. Cho s& abc chia hét cho 27. Chéing minh rang bca chia hét cho 27

Hudng dan gidi
Ta co: abc:27
— abc0:27
— 1000a + bc0:27
— 999a+a +bc0:27
— 27.37a+bca:27

Do 27.37a:27 nén bca:27.

Bai toan 5. Chiing minh rang néu ab +cd +eg chia hét cho 11 thi abcdeg chia hét cho 11.

Huéng dan gidi

abcdeg =10000.ab+100xcd +eg =9999x ab+99xcd + (%+H+@) chia hét cho 11.

Bai toan 6. Tim céac chit sO a, b sao cho 62ab427 chia hét cho 99.

Hudng dan gidi

Cach 1. Taco 99=9.11 va (9,11) =1 nén ta c6 62ab427 chia hét cho 99 khi va chi khi

62ab427 chia hét cho 9 va chia hét cho 11.

e Ta c6 62ab427 chia hét cho 9 khi va chikhi (6+2+a+b+4+2+7):9 hay (a+b+3):9
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Tir d6 ta duoc (a+b+3)e {9;18} nénsuy ra (a+b+3)e {6;15}

e Ta c6 62ab427 chia hét cho 11 khi va chi khi (6+a+4+7)—(2+b+2)11 hay
(a-b+2)i11

Tir d6 ta dugc (a—b+2)e{0;11} nénsuy ra (a—b)e{-2;9}.

Tir d6 ta xét céc trudng hop sau

-b=9
+ Truong hop 1: {a beg’ treong hop nay khong ton tai cac chit sO a, b thoa man.
a+b=

a-b=9

b - 157 treong hop nay khong ton tai cac chit s0 a, b thoa man.
a+b=

+ Treong hop 2: {

. a-b=-2 a=2
+ Treong hop 3: bt = bed
a = =

a-b=-2

+ Treong hop 4: { b-15
a+b=

, treong hop nay khong ton tai cac chit sO a, b thoa man.

Vay cac chit s6 thoa man yéu cau bai toanla a=2;b=4.

Cach 2. Ta c6 62ab427 = 62.100000 + ab.1000 + 427 = 62630.99 + ab.990 +10.ab + 57

Suy ra 62ab427 chia hét cho 99 khi va chi khi 10.ab+57 chia hét cho 99.

Tir d6 ta dugc 10.ab+57 =99.k v6ik 1a mot s3 ty nhién.

D& thdy 10.ab+57 c6 chit s& tan ciing 12 7, do d6 99.k phai c6 chit s tan ciing 1a 7 nén ta
duoc k=3

Tir d6 suy ra 10.ab+57 =99.3 = ab =24

Vay cac chit s6 thoa man yéu cau bai toanla a=2;b=4.

Bai toan 7. Tim chit s6 & biét rang 20a20a20a chia hét cho 7

Huéng dan gidi

n = 20a20a20a = 20a20a.1000 + 20a = (20a.1000 + 20a).1000 + 20a
=1001.202.1000 + 20a.

Theo dé bai n chia hét cho 7, ma 1001 chia hét cho 7 nén 20a chia hét cho 7.

Ta c6 20a =196+ (4 + a), chia hét cho 7 nén 4+ a chia hét cho 7. Vay a=3.
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~ Dang 12: Cac bai chia hét sit dung dinh 1y Fermat
* Co s6 phuwong phap:
Vi p la s6 nguyén td ta cé: a” = a(mod p).
Dic biét, néu (a, p)=1thi a**=1 (mod p).
Ching minh
Xét cac s6 a, 2a, ..., (p-1)a. Dé thay, khong c6 s8 nao trong p-1 sd trén chia hét
cho p va khong c6 hai s6 nao c6 cung s6 du khi chia cho p. Vay khi chia p—1 sd ndi trén
cho p, tanhan duoc cacsd dulal, 2, ..., p-1.Suy ra a(2a).(3a)..((p-1)a)=1.23.(p-1)
(mod p)hay (1.23..(p-1)).a**=1.23..(p-1) (mod p)
Vi (1.2.3..(p-1), p)=1 nén a**=1(mod p).

* Vi du minh hoa:

Bai toan 1. Cho a € Z;m,n € N". Chttng minh rang a*" +a®":7khi va chi khi a:7.

Huéng dan gidi
Giasw a” +a™7vaa /Ttaco (a,7)=1
Theo dinh ly Fermat: a® =1(mod7) = a*" =1(mod 7)va a"" =1(mod 7)

=a” +a’" =2(mod7). Vo lil Vay ai7

Nguoc lai, néu a:7 thi a®" +a°":7

Bai toan 2. Chiing minh r?mg 3" 428" 15111, véi moi nheN.

Huéng dan gidi
Theo dinh li Fermat, ta ¢6 3 =1(mod11) va 2°° =1(mod11).
Ta tim s6 dw trong phép chia 2*" va 3*"™ cho 10, ttc 1a tim chit s tin cling cua
chang.
Ta 6 2 =2.16" = 2(mod10) = 2™ =10k +2
3" =3.81" =3(mod10) = 3" =101 +3(k,l e N)
Ma 3% =1(mod11)va 2" =1(mod11)nén

3 42 452300 4 21019 1 5232 1 2% 4 5=0(mod 11)

Vay 3" +2°" +5111vne N,
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Bai toan 2. Mot s8 c6 6n chit s8 va chia hét cho 7. Chitng minh rang néu chuyén chit s3 tan

cung lén dau cua s6 d6 thi duwoc mot s6 cling chia hét cho 7.

Hudng dan gidi
Goi s6 ban dau 1a N = 10A + a, vdi a la chit s6 tan cing cia N va A ¢6 6n — 1 chit so.
Sau khi chuyén a 1én dau ta dwocsd M =a.10°"" + A,
Ta chitng minh N -3M:7.
That véy, tacé N —3M =7A-a(3.10°"* -1)
Ap dung dinh 1y Fermat ta co:
10° =1(mod7) = 10°" =1(mod7) = 3.10°" =3=10(mod 7)
= 3.10°""" =1(mod )
Vay N -3M:7, tix d6 suy ra diéu phai chitng minh.
~ Dang 13: Cac bai toan chia hét lién quan dén da thic
* Co s6 phuwong phap:
Dinh ly Bodu:
Phan du ctia phép chia da thiec f(x) cho nhi thitc x - a bang gia tri ctia da thiic tai x = a
Tt la: f(x) = (x - a).g(x) + f(a)
Chitng minh : Goi g(x) 1a da thitc thwong va R la s6 dw thi:
f(x) =(x - a).g(x) + R
f(a)=(a-a).g(a)+R=R (dpem)

* Vi du minh hoa:

Bai toan 1. Cho da thitc P(x) =ax® +bx+c. Biét P(x) chia cho x + 1 du 3, P(x) chia cho x du

1 vaP(x)chia cho x -1 dw 5. Tim caché s a, b, c.

(Trich dé vao 10 Chuyén Nam Dinh nam 2015-2016)

Huéng dan gidi
Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.
= P(x) -3 =f(x).(x + 1)
Thay x = -1 vao dang thtec trén ta c:
P(-1)-3=f(-1).(-1+1)=0.
=>P(-1)=3 (1)
Tuwong tw, P(x) chia cho x due 1 nén P(0) =1 (2)
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P(x) chia cho x—1 du 5 nén P(1) =5 (3)
Tt (1), (2), (3) ta c6 hé phuong trinh:

a(-1)?+b(-)+c=3 (a—b+c=3 [a=3
a.0’+b.0+c=1 odc=1 <db=1
al’+bl+c=5 a+bh+c=5 c=1

= P(x) = 3x2 + x + 1. Thtr lai ta thdy P(x) thoa man dé bai.

Vay P(x) =3x2+x +1.

Bai toan 2. Tim céc so thuc a, b, sao cho da thitc 4x* —11x° —2ax* + 5bx — 6 chia hét cho da
thire x* —2x—3.

(Thi hoc sinh gioi I6p 9, TP Ha Ngi, nam hoc 2012 —2013)

Hudng dan gidi

Tacs X —2x-3=x"—2x+1-4=(x-1) -4
=(x-1-2)(x-1+2)=(x-3)(x+1)
Dit thuong 1a q(x) ta c6:  4x* —11x’ —2ax® +5bx -6 = (x - 3)(x+1)q(x)
Chon x =3 tacd: 4.3' —11a° -2a.3* +50.3-6=0

— 15b-18a=-21=>5b—6a=—7 (1)
Chonx=-1, ta cé: 4.(-1)' -11.(-1)" - 2a(-1)" +5b(~1)~6 =0

—5b+2a=9 (2)

Te(l)va(2)suyra: 8a+16=>a=2
Thay vao (2) suyra: 5b+4=9=Db=1..

Bai toan 3. Tim da thic f(x) biét: f(x) chia cho x +3 dw 1; f(x) chia cho x -4 du §;
f(x) chia cho (x + 3)(x — 4) thi duwoc 3x va con du.

Hudng dan gidi
Theo dinh ly Bézout ta c6 (3) = 1;(4) = 8
bat du f(x) chia cho (x + 3)(X - 4)1é1 ax+b

Suy ra f(x)=(x+3)(x—4)3x+ax+b.
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¢ Véix=3taco:1=(-3+3)(-3-4)3(-3)+a(-3)+b=b-3a=1 (1)
o Véix=4tacd: 8=(4+3)(4-4)(3.4)+a4+b=>b+4a=8 (2)

Tte (1) va (2) suy ra: 7a=7 = a =1 thay vao (2) ta dwocb =4.

Tt d6 ta duwoc: f(x) =(x+3)(x—4)3x+x+4.

Hay f(x)=3x"-3x"-35x+4.

\ e 4 s . :I s 200 100 . n, 7
Bai toan 4. Chitng minh rang da thttc f(x) = (x = 3) i (X = 2) — 1chia hét cho da thtc

g(x)=x2—5x+6

Hudng dan gidi
Taco £(2)=(2-3)" +(2-2)" —1=0nen f(x)i(x-2)
£(3)=(3-3)" +(3-1)" ~1=0 nénf(x): (x - 3)

Nén f(x) chia hét cho (x — 2)(x — 3) = x* - 5x + 6

Bai toan 5. Cho da thitc P(x) =x°—Xx va Q(x) =x" 4+ x? +x® +x7 +x+1.

a) Tim sO du trong phép chia Q(x) cho P(x)
b) Tim x d&€ Q(x):P(x)

Hudng dan gidi

a) Ta co: P(x):x(x2 —1); Q(x):x(x80 —1)+><(x48 —1)+x(x24 —1)+x(x8 —1)+5x+1

Vi c4c da thiee x¥ —1;x* —1;x"® -1 déu chia hét cho x* —1 nén phép chia Q(x) cho
P(x) dw 5x + 1.

X O \ _ _ 1
b) D& Q(x)iP(x)thi 5x+1=0< x= 5

TONG KET CAC PHUONG PHAP THUONG AP DUNG
D€ lam giai tot cac bai toan vé chia hét, ching ta can st dung linh hoat cac phuong
phap da néu trén, 6 nhiéu bai toan chia hét chiing ta c6 thé giai bang nhiéu phuwong phap,
nhung c6 khi cing mot bai todn nhin c6 vé twong ti nhu vay nhung chi c6 mot phuong
phap c6 thé giai quyét. D€ md phdng vé diéu nay toi sé trich mot bai viét cua tac gia
Nguyén Dtic Tan trén tap chi Toan hoc va tudi tré:

Bai toan: Chttng minh rang véi moi s8 nguyén 7 thi n” +n+1 khdng chia hét cho 9.
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Cach 1: (Swr dung phirong phdp xét s6 duw)
Ta xét cac treong hop sau:
- Trwong hop 1: n=3k(keZ) thi n* +n+1=3k(k+1)+1
- Truong hop 2: n=3k+1 (keZ)thi n’ +n+1=9k(k+1)+3

- Truomg hop 3: n=3k +2 (ke Z)thi n’ +n+1=3(3k* +5k+2)+1

Tte 3 treong hop trén suy ra n° +n+1 khdng chia hét cho 9 véi moi s& nguyén 7.
Cach 2: (St dung phwong phdp tich téng)
Ta co: n* +n+1=(n-1)(n+2)+3
Do(n+2)—(n-1)=3 nén (n+2)va(n—1) dong thoi hodc khong dong thoi chia hét cho 3
Néu (n+2)§3;(n—1)§3 = (n—l)(n+2)§9 nén (n—l)(n+2)+3sé khong chia hét cho 9.
Néu (n+2) va(n—1) dé khong chia hét cho 3 thi (n—1)(n+2)+ 3sé khong chia hét cho 9.
Vay n* +n+1 khong chia hét cho 9 véi moi s6 nguyén .
Cach 3: (S dung phiwong phdp phan chirng)
Gia st (n2 +n+1)59.Dét n* +n+1=9m (m € Z):> n*+n+1-9m=0 (*)
Phuong trinh () ¢6 A =36m—3=3(12m-1)
Ta thdy A khong thé 1a sO chinh phuong do chi chia hét cho 3 ma khong chia hét cho 9 nén (*)
khong cé nghiém . V6 1y!
Vay n* +n+1 khong chia hét cho 9 v6i moi s6 nguyén .
Cich4: Tacd: 4(n*+n+1)=(2n+1) +3
Néu (2n+1):3=(2n+1) 19 nén (2n+1) +3 & khong chia hét cho 9.
Néu (21 +1) khong chia hét cho 3 thi (2n+ 1)2 khong chia hét cho 9 nén (2n+ 1)2 +3sé
khong chia hét cho 3 vi thé' cling sé khong chia hét cho 9.
Vay 4 (n2 +n+ 1) khong chia hét cho 9 nén n* +n+1sé khong chia hét cho 9 v6i moi sd
nguyeén n.

Cdc ban rén luyén kha nang sir dung cdc phirong phdp trong chirng minh cdc bai todn vé chia hét thong

qua cdc bai toan twong tw sau:

1) Chimg minh: n* + 111+ 39 khong chia hét cho 49.
2) Chtig minh: n* +3n+5 khong chia hét cho 49.
3) Chtig minh: 7n” +51+16 khong chia hét cho 169.
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Tuy nhién véi bai toan:
Chting minh: 91° +9n” + 3n—16 khong chia hét cho 343 v&i moi s6 nguyén n.
Ta dé thiy v6i cic cich 1, 2, 3 ¢6 1¢ chiing ta phdi bé tay, khai thic cic gidi 4 chii y 343 =7°
ta c6 10i gidi that “dé thuwong” sau:
9n® +91* +3n-16 = (3n+1) —49.
Néu (3n+1)i7 = (3n+1) i7" =343 nén (3n+1) —49 s khong chia hét cho 343.
Néu (3n +1) khong chia hét cho 7 thi (3n+1)’ —49 khong chia hét cho 7nén (3n+1)° —49
khong chia hét cho 343=7° .
Vay 9n° +9n® + 3n—16 sé khong chia hét cho 343 vdi moi s6 nguyén n.
Do d6 dé’gidi todn chiing ta cin linh hogt va ndm vitng cdc phuwong phdp gidi dé'cé thé'van dung tot 6
cac bai toan khdc nhau!
C.BAI TAP AP DUNG
Cau 1. Chiing minh rang a°-ai30 (aeZ)
Cau2. a) Dit A =n’+3n?+5n +3.Chttng minh rang A chia hét cho 3 véi moi gia tri
nguyén duong ctia n

b) Néu a chia 13dw 2vab chia 13dw 3 thi a’ +b’ chia hét cho 13
Cau 3. Chttng minh rang: A = [n3 (n2 - 7)2 - 36n}7 v6i VneZ.

Cau 4. Chting minh rang n’ —28n chia hét cho 48 véi moi nla s& nguyén chan
Cau 5. Cho nla s6 tg nhién Ié. Chttng minh n’ —n chia hét cho 24
Cau 6. Chting minh 0’ +17n chia hét cho 6 véi moi n€Z
Cau 7. Chting minh rdng: Q=n> +(n+1)3 +(n+2)3 19 véimoi ne N*
Cau 8. Chting minh réng : 2021° +2019%* chia hét cho 2020.
Cau 9. Chting minh rang
a) 8 +2"chiahét cho 17
b) 19" +69" chia hét cho 44
Cau 10. Chitng minh réng A =n*+n+2 khong chia hét cho 15 v6i moi s8 nguyén n.
(Deé thi HSG I6p 9 huyén Thity Nguyén 2018-2019)
Cau 11. Chttng minh réng voimoi ne N thi: n* +6n° +11n? +30n —24 chia hét cho 24.
(Deé thi HSG I6p 9 huyén Thanh Ha 2016-2017)
Cau 12. Cho a, b 1a s8 nguyén théa man: 2a’ +3ab+2b* chia hét cho 7. Chiing minh rang
a’>—b* chia hét cho 7.
(Dé thi HSG I6p 9 huyén Kinh Mon 2013-2013)
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Cau 13. Cho n 1a s6 ty nhién khong chia hét cho 3. Chiing minh réng P =3*" +3" +1 chia hét cho 13
(Dé thi HSG I6p 9 huyén Vii Quang 2018-2019)
Céau 14. Cho biéu thttc P=a, +a, +a, +...+a,,, V0i a;;a,;a,;.. la cac s6 nguyén

2019 */ a2019

dwong va P chia hét cho 30. Chiing minh rang Q =a] +a] +a; +...+aJ,, chia hét cho 30.

(Dé thi HSG Thanh Phdo Hai Phong 2018-2019)
30,2
X

Cau15. Cho x la s8 ty nhién chin. Chtng t6 ring biéu thicc M = ’2‘—4 +ot % <6 gid tri la

sO nguyén.
(D¢ thi Chon HSG I6p 9 THCS Hiép An 2018-2019)
Cau 16. Chttng minh rang véi moi s6 tie nhién n ta c6: A=7.5"" +12.6" chia hét cho 19.
(Dé thi HSG 16p 9 huyén Phit Ninh 2013-2014)
Cau 17. Chttng minh rang véi moi s6 tw nhién nthi: A =5"2+26.5" +8>"" 59

Cau 18.Cho a,,a,,........ la cac s6 tu nhién c6 tong chia hét cho 3

4 a2016

Chting minh rang: A =a’+aJ +......+a’,, chia hét cho 3.
Cau 19. a) Chiing minh rang néu tdng ctia hai s6 nguyén chia hét cho 3 thi tdng cac lap
phuong ctia chuing chia hét cho 9

b) Tim c4c s6 nguyén n dé€ n’ +1 chia hét cho n’ +1

Cau 20. Cho c4c sd nguyén duong a, b, ¢ thoa man a’+b* =c’. Chiimg minh ab chia hét
cho a+b+c.
(DEé thi vao 10 Chuyén Lam Son nam 2019-2020)

Cau 21. Tim s8 nguyén dwong n bé nhat dé€ F = n® + 4n? — 20n — 48 chia hét cho 125.
(Dé thi HSG 6p 9 huyén Hoang Héa 2015-2016)
Cau 22. Tim t4t ca cdc cdp s6 nguyén duong a,b sao cho: a+b’ chia hét cho a’b-1.
(dé thi hoc sinh gioi 16p 9 huyén Thanh Oai 2012-2013)
Cau 23. Cho céc s8 nguyén duong x, y, z thoa man x* +y* =z
Chting minh A = xy chia hét cho 12
(Dé thi HSG 16p 9 huyén Vinh Lic 2016-2018)

Cau 24. Chitng minh rang s6 tw nhién A =1.2.3....2017.2018.| 1 +l+l+ ...+L+L
2 3 2017 2018

chia hét cho 2019.

(Dé thi HSG 16p 9 huyén Hoai Nhon 2018-2019)
Cau 25. Tim s6 du trong phép chia ctia da thitc (x+ 2)(x +4)(x + 6)(x+ 8)+ 2010cho da
thirc x* +10x +21
Cau 26. Tim a,bsao cho f(x) =ax’ + bx* +10x —4 chia hét cho da thircg(x) =x* +x -2
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Céu 27. Cho da thtrc f(x) = x®> —3x” +3x —4. Vi gid tri nguyén nao cua x thi gid tri ctia da
thie f(x) chia hét cho gia tri cua da thie x* +2
Cau 28. Gia st f(x) 1a da thitc bac 4 v6i hé s8 nguyén. Chiing minh rang: Néu f(x) : 7 véi
Vx e Z thi ting hé s6 cta f(x) cling : 7
(D@ thi hoc sinh gioi lop 9 trweong Trin Mai Ninh ndm 2012-2013)
Cau 29. Tim s6 dw trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho x*+12x+30
Cau 30. Tim da thtic f(x)biét rang : f(x) chia cho x+2du 10, f(x) chia cho x—2du 26,
f(x)chia cho x* —4 dwoc thuwong la —5x va con du
Cau 31. Cho da thirc P(x) = ax® + bx? + cx + d vdi a, b, ¢, d 1a cac hé s6 nguyén. Chitng minh
réng néu P(x) chia hét cho 5 v4i moi gia tri nguyén cta x thi cac hé sd a, b, ¢, d déu chia hét
cho 5.
(dé thi hoc sinh gioi 16p 9 huyén Thach Ha 2016-2017)
Cau 32. Cho p 1a sd nguyén t6 16n hon 5. Ching minh p* —1 chia hét cho 100
(Dé thi HSG I6p 9 huyén Luc Nam 2018-2019)
Cau 33. Chitng minh rang véi moi s8 tie nhién # thi n® + 3n +11khong chia hét cho 49.
(Dé thi HSG I6p 9 TP Ha N¢i 2019-2020)
Cau 34. Cho N =k*+2k?-16 k2 -2k +15, k 1a s6 nguyén. Tim diéu kién ctia k d€ s6 N chia
hét cho 16.
(Dé thi HSG huyén Lé Ninh 2018-2019)
Cau 35. Cho hai s6 nguyén, sd th nhat chia cho 5 dw 1, s6 thi hai chia cho 5 du 2. Hoi
tong binh phwong cua ching co6 chia hét cho 5 khong ?
Cau 36. Chiing minh rang véi moi s6 nnguyén duong thi: 5" (5“ + 1) —6" (3“ + 2“)591
Cau 37. Chitng minh rang A =1+3+32+3% + ..+ 3" chia hét cho 40.
CAiu 38. Tim da thttc f(x)bié’t: f(x) chia cho X—2du 5; f(x)chia cho X—3dw 7; f(x) chia
cho (X —2)(x—3)dugc thuong 1a X* —1va da thirc du bac nhat véi X

Cau 39. Cho sd ty nhién N > 3. Chirmg minh néu 2" =10a + b(a, beN,0<b< 10)thi tich
ab chia hét cho 6
Cau 40. Cho a, b 1a cic s6 nguyén duong théa man p = a® +b? 1a s8 nguyén t& va
p — 5 chia hét cho 8. Gia st cdc s8 nguyén x,y thoa man ax’ —by? chia hét cho p.Chiing
minh rang ca hai s6 x,y déu chia hét cho p.
(Dé thi HSG 16p 9 TP Hai Phong 2017-2018)
Cau 41. Cho ba s6 nguyén duong a, b, ¢ thoéa man a°+b*+c* chia hét cho 14. Ching

minh réng abc cling chia hét cho 14.
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(Trich dé Chuyén todn Sw Pham Ha N¢i 2019-2020)
Cau 42.
a) Tim tat ca nhiing sO tu nhién n sao cho 2" +1 chia hét cho 9.
b) Cho n la s8 tu nhién n>3. Chttng minh rang 2" +1 khong chia hét cho 2" -1 véi
moi sO tw nhién m sao cho 2<m<n.
(Trich dé Pho Thong nang khiéu H6 Chi Minh 2019-2020)
Cau 43. Chiing minh rang véi moi s6 nguyén duong n, s§ M =9.3"" —8.2*" + 2019 chia
hét cho 20.
(Trich dé Chuyén Quang Nam 2019-2020)
Cau 44. C6bao nhiéu s8 te nhién n khéng vuot qua 2019 théa man n® + 2019 chia hét cho 6.
(Trich dé Chuyén Nam Dinh 2018-2019)
Cau 45. Cho x,yla cic sd nguyén sao cho X* —2xy — y*;xy —2y? —x déu chia hét cho 5.
Chting minh 2X* + y® +2X + Y cling chia hét cho 5
(Trich dé Chuyén KHTN Ha N¢i 2018-2019)
Cau 46. Tim tit ca cac s6 nguyén khong am a,b,C thdéa man
(a-b)" +(b—c)” +(c—a)’ =6abc va a® +b* +c® +1 chia hét cho a+b+c+1.
(Trich dé Chuyén Nam Dinh 2016-2017)
Cau 47. Cho nla sd ty nhién chén, chitng minh rang s8 20" —3" +16" —1chia hét cho s8 323
(Trich @é Chuyén Binh Dinh 2018-2019)
Cau 48. Cho a’ +b” 1a bdi s8 ctia 5 véi a va b 1a cac s8 nguyén. Chiing minh rang hai s&
A=2a+b va B=2b-a hoachaisd A'=2a-b va B'=2b+a chia hét cho 5.
Cau 49. Cho phuong trinh x° +2y® +42° =91(1) vdi x;y;z1a &n va 9! La tich cac s6 nguyén
duong lién tiép tir 1 dén 9
a) Chiing minh rang néu cé cac s8 nguyén x;y;zthoa man (1) thi x, y, zdéu chia hét
cho 4
b) Chting minh rang khong ton tai cac s6 nguyén x, y, z thoa man (1).
(Trich dé Chuyén Vinh Phiic 2018-2019)
Cau50. Cho plasdnguyén t&16n hon 3. Chiing minh rang p® —1chia hét cho 24
(Trich dé Chuyén Bén Tre 2018-2019)
Cau 51. Cho sO tu nhién n2>2va sd nguyén t6 p thoa man p—1chia hét cho ndong thoi
n® —1chia hét cho p.Chting minh rang n+ pla mot s§ chinh phuong.
(Trich dé Chuyén Phan Bi Chiu 2018-2019)
Cau 52. Véi n 1a s8 tu nhién chdn, chiing minh rang: (20n +16" -3" —1)5323

(Trich dé Chuyén Lam Dbng 2018-2019)

TU SACH CAP 2| 64



BOI DUONG HOC SINH GIOI CAP 2 |

Cau53. Dit N=a +a, +....+dyy,, M =3 +a +........ + 8508 (ai;a'

minh réng néu N chia hét cho 30 thi M ciing chia hét cho 30
(Trich dé Chuyén Hai Dwong 2018-2019)

Cau54. Cho a, b,cla cac s6 nguyén. Chtiing minh néu a**® +b*" + ¢** chia hét cho 6 thi

2018 2019 2020
+b

a +¢** cting chia hét cho 6.
(Trich dé Chuyén Tuyén Quang 2018-2019)
Cau 55. Tim dang tdong quat cua sd nguyén dwong n biét: M = n.4" + 3" chia hét cho 7.
(Trich dé Chuyén Hai Dwong 2016-2017)
Cau 56. Chitng minh rang véi moi s8 tw nhién n thin® —9n+27 khong chia hét cho 81.
(Trich dé Chuyén Quang Ngai 2018-2019)
Cau57. Cho m,nla cic s8 nguyén thoa man 4(m+n)” —mn chia hét cho 225. Chting minh
rang: mn ciing chia hét cho 225.
(Trich dé Chuyén Lao Cai 2018-2019)
Cau58. Cho n la sd nguyén duong tity y, véi moi sd nguyén duong k dit
S, =1 +2“ +...+n“. Chting minh S,,:S,.
(Chuyén toan Thanh Hoa 2018-2019)
Cau 59. Chitng minh rang néu p va (p +2) 1a hai s8 nguyén t& 16n hon 3 thi tong ctia
chung chia hét cho 12.
(Trich dé Chuyén Hoa Binh 2015-2016)

Cau 60. Chiing minh rang néu s nguyén n 16n hon 1 thoa man n? + 4 va n? +16 1a cac s&

nguyén t6 thi n chia hét cho 5.
(Trich dé Chuyén Phii Tho 2015-2016)

Cau 61. Chimg minh biéu thiic S =n°(n+2)° +(n+1)(n®~5n+1)—-2n-1 chia hét cho 120,
véi n 1a s6 nguyén.

(Trich dé Chuyén Binh Phwoc 2017-2018)
Cau 62. Cho A=2(1*"*+2%*+..+n*") véin la s6 nguyén dwong. Ching minh rang A
chia hét cho n(n + 1).

(Trich dé Chuyén Qudng Nam 2015-2016)
Cau 63. Cho biéu thiec Q =a* +2a° —16a* —2a+15. Tim tat ca cac gia tri nguyén ctia a d€ Q
chia hét cho 16.

(Trich dé Chuyén Quang Nam 2016-2017)
Cau 64. Chttng minh rang trong ba s& chinh phuitong tity v ludn ton tai hai s6 ma hiéu ctia
chung chia hét cho 4.
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Cau 65. Cho a, b, cla ba so nguyén khac 0 thoa 1 %Jr 1 Chting minh rang: abc chia hét
a c

cho 4.
(Trich dé thi HSG I6p 9 tinh Dong Nai 2019)

Cau 66. Chiing minh rang A = 22" + 4" +16 chia hét cho 3 voi moi sO nguyén duong n.
(Trich dé thi HSG I6p 9 tinh Nghé An Bing A 2019)
Cau 67. Chting minh rang A =4" +17 chia hét cho 3 v6i moi s8 nguyén duong 1.
(Trich dé thi HSG I6p 9 tinh Nghé An Bang B 2019)

Cau 68. Cho ne N". Chting minh rang néu 2n + 1 va 3n + 1 1a cac s8 chinh phuong thi n
chia hét cho 40.

(Trich dé thi HSG I6p 9 tinh Thanh Héa 2019)

Cau 69. Chttng minh rang véi moi s6 nguyén n chan thi: n® +20n+96 chia hét cho 48.

(Trich dé thi HSG I6p 9 tinh Binh Phuéc 2019)
Cau 70. Cho p 1a mot s8 nguyén t& thoa man p=a’—b’ véi a,b 1a hai s6 nguyén duong
phan biét. Chting minh rang néu 14y 4p chia cho 3 va loai bo phan du thi nhan dwoc mot
s0 1a binh phuong ctia mot s6 nguyén lé.

(Trich dé thi HSG l6p 9 tinh Khdnh Hoa 2018)
Cau 71. Cho da thtre f(x) = x> —2(a + 1)x +b—1. Xac dinh a, b d€ f(x) chia hét cho (x - 1) va

va da thire (x + 2).

Cau 72. 1. Cho p la s6 nguyén t6 1én hon 5. Chting minh p*'® -1 chia hét cho 60.

2. Cho X, Y, z 1a cac s& duong khéc nhau d6i mot va x° + y® + z°chia hét cho x’y*z?. Tim

thuwong cua phép chia x® +y® +2° : x*y?z°

(Trich dé thi HSG l6p 9 tinh Thanh Héa 2017)
Cau 73. Cho hai s6 nguyén a va b thoa 24a” +1=b>. Chting minh rang chi c6 mot s§ a
hodc b chia hét cho 5.

(Trich de thi HSG Iop 9 tinh Quang Nam 2017)
Cau 74. Cho p va q la cac s6 nguyén t6 16n hon 3 va théa man p=q+2. Tim s6 du khi chia
p+q cho 12.

(Trich dé thi HSG l6ép 9 tinh Vinh Long 2016)

Cau 75. Cho cdc nguyén a, b, ¢, d thdéa man diéu kién a’ +b’ = 2<c2 -8d’ ) )

Chting minh rang a+b+c+d chia hét cho 3.
(Trich dé thi HSG I6p 9 Thanh Phd'Ha N§i 2016)
Cau 76. Chtrng minh rang véi moi s6 nguyén r,s8 A= 3n® 415n chia hét cho 18.
(Trich dé thi HSG I6p 9 tinh Gia Lai 2019)
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Cau 77. Biét a;b 1a cac s6 nguyén duong thoa man a’ —ab+b?* chia hét cho 9, chitng minh
rang ca a va b déu chia hét cho 3.
(Trich dé thi HSG 16p 9 Thanh Phé'Ha N¢i 2019)
Cau 78. Chiing minh rang a’+a +a +...+a’ chia hét cho 3, biét a,a,,a,,...,a, la cac chir
s6 ctia 2019°%°,
(Trich dé thi HSG I6p 9 tinh Hai Dwong 2019)
Céu 79. Cho 1 la s6 tw nhién 1é. Chitng minh: 46" +296.13" chia hét cho 1947
(Trich dé thi HSG l6p 9 tinh Ba Ria Viing Tau 2019)
Cau 80. Chitng minh rang 2n*+3n° +n chia hét cho 6 véi moi s6 nguyén n.
(Trich dé thi HSG lép 9 tinh Lam Ddng 2019)
Cau 81. Cho &, b, ¢ la cic s6 nguyén thoa man a+b=c’®-2018c. Chitng minh ring
A=a’+b®+c’ chia hét cho 6.
(Trich deé thi HSG I6p 9 tinh Quang Ngai 2019)
Cau 82. Chiing minh trong cac s6 c6 dang 20142014 ... 2014 c6 s0 chia hét cho 2013.
(Trich dé vao 10 Chuyén Lang Son nam 2013-2014)
Cau 83. Cho a,b la hai s6 nguyén duong théa man a+ 20 va b+13 cung chia hét cho 21.
Tim s8 du ctia phép chia A=4%+9° +a+b cho 21.
(Trich dé vao 10 Chuyén Hdi Phong nam 2013-2014)
Cau 84. Cho bidu thirc: A=(a’ +b™ +¢*)—(a™ +b**+¢*) voi ab,c la cdc s8
nguyén duwong. Chttng minh rang A chia hét cho 30.
(Trich dé vao 10 Chuyén Tin Lam Son nim 2019-2020)
Céu 85. Cho hai s6 nguyén dwong x,y v4i x>1 va thoa man diéu kién: 2x*-1=y".
Chitng minh rang x chia hét cho 15.
(Trich dé vao 10 Chuyén Todn Lam Son nim 2019-2020)
Cau 86. Cho cac s6 1; 2; 3; ...; 100. Viét mot cach tuy y 100 s6 d6 ndi ti€p nhau theo hang
ngang ta duwoc mot s6 tw nhién. Hoi s6 tu nhién d6 co chia hét cho 2016 hay khong?
(Trich dé vao 10 Chuyén Todn Lam Son nim 2015-2016)
C4u 87. Tim k d¢€ ton tai sO tu nhién n sao cho (n2 —k)54 véi ke {0; 1; 2;3} .
Cau 88. Cho n la s6 dwong. Chirng minh réng: (n +1)(n+ 2)...(2n) chia hét cho 2".
CAu 89. Tim a,b d€ P(x)=3x>+ax’+bx+9 chia hét cho Q(x)=x*-9.
(DE thi hoc sinh gioi huyén Chwong Mij - Ha Noi nam 2019-2020)
Céu 90. Chiing minh rang: (2019°" +2021*°):2020.
(D@ thi hoc sinh gioi huyén Chwong Mij (vong 2) - Ha N¢i nam 2019-2020)
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Cau 91. Tim t4t ca cdc s6 nguyén duong m, n sao cho m+n’ chia hét cho m’>—n va n+m?’

chia hét cho n?-m.
(D@ thi hoc sinh gidi tinh Bic Ninh nam 2017-2018)
Cau 92. Chiing minh n® —2n* +n? chia hét cho 36 véi moi n nguyén duong.
(Trich dé thi hoc sinh gi6i tinh Binh Dinh nam 2017-2018)
Cau 93. Tim céc s8 tu nhién c6 dang ab. Biét ring ab —ba’ 1a s8 chia hét cho 3267 .
(Trich dé thi hoc sinh gi6i tinh Hdi Dwong nam 2017-2018)
Cau 94. V6i a, b 13 céc s8 nguyén. Chitng minh rang néu 4a” + 3ab —11b® chia hét cho 5
thi a* —b* chia hét cho 5.
(Trich deé thi hoc sinh gidi tinh Hai Dwong nam 2011-2012)
Cau 95. Tim céc cdp s6 nguyén duong (X;y) sao cho X’y +Xx+ Yy chia hét cho
xy> +y+1.
(Trich dé thi Chuyén Phan Bgi Chdu nam 2019-2020)
Cau 96. Tim tat ca cac cdp s6 nguyén duong (a;; y) sao cho <x2 — 2) : (xy + 2).
(Trich dé thi Chuyén Phan Byi Chdu nam 2016-2017)
Cau 97. Cho a,b 14 cac s6 nguyén duong thoa man a’ +b*:ab.
a’ +b?
2ab
(Trich dé thi Chuyén Phan Boi Chdu ndm 2015-2016)

Tinh gia tri cua biéu thiec A=

Cau 98. Gia stt 4, b, ¢ 1a cac s6 nguyén sao cho a’ +b” +c” chia hét cho 4. Chitng minh réng
a, b, c dong thoi chia hét cho 2.

(Trich dé thi Chuyén Vinh — Nghé An nam 2012-2013)
Cau 99. Chting minh rang (53n+2 + 22n+3) :11, v6i moi s ty nhién n.

(Trich dé thi Chuyén Vinh — Nghé An nam 2007-2008)
Cau 100. Cho c4c s6 nguyén duong x, y thdéa man x* +x+2 chia hét cho xy 1. Tinh gia tri

2
cua biéu thirc A = X Ex+2 .
xy—1

Cau 101. Cho S 1a tap cac s6 nguyén duong n c6 dang n = x* +3y?, trong d6 x, y 1a cac s8
nguyén. Chting minh rang:

a)Néua,beS thiabeS.
, o T e o . N
b) Néu N €S VéNléséchénth1Nch1ahetcho4vaZES.

(Trich dé thi Chuyén Sw pham Ha N§i nam 2016-2017)
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Cau 102. Tim tat ca cac sd nguyén t8 p ¢6 dang p =a’ +b* +c¢* vdia, b, ¢ 1a cac s6 nguyén
duwong thoa man a* +b* +c¢* chia hét cho p.

(Trich deé thi Chuyén Sw pham Ha N§i ndm 2011-2012)
Cau 103. Chting minh rang véi moi s8 nguyén dwong n, ta ludn c6

7 7 7 7 7 !
[(270+5)"+10| +| (10n+27)" +5] +| (50+10)' +27 |
chia hét cho 42.
(Trich dé thi Chuyén KHTN Ha N¢i nam 2019-2020)

2 2

Cau 104. V6i x, y 1a nhitng s6 nguyén thoa man dang thizc L 2_ l_y 3_ L . Chttng minh

> —y°140.
(Trich dé thi Chuyén KHTN Ha Ngi nam 2016-2017)
Cau 105. Tim cac s& nguyén (x; y) khong nhé hon 2 sao cho xy —1 chia hét cho (x—1)(y—1).
(Trich dé thi Chuyén KHTN Ha N¢i nam 2015-2016)
Ciu 106. C6 bao nhiéu s3 nguyén duong c6 5 chit s§ abede sao cho abc—(10d +e) chia hét
cho 1017
(Trich dé thi Chuyén KHTN Ha N§i nam 2014-2015)
Cau 107. Tim hai chit s6 cudi cung ctia s& : A=41"" +57*"2.
(Trich dé thi Chuyén KHTN Ha N¢i nam 2012-2013)
Cau 108. Tim chit s6 tan cung cta s§ 13" +6° + 2009%°%
(Trich dé thi Chuyén KHTN Ha N¢i nam 2009-2010)
Cau 109. Cho m, n 1a hai s6 nguyén. Chirng minh rang: néu 7(m+ n)2 +2mn chia hét cho 225 thi
MmN cing chia hét cho 225.
(Trich dé thi Chuyén TP. H6 Chi Minh nam 2019-2020)
Cau 110. Cho m, n 1a cac s6 thuc duong théa man 5m + nim + 5n . Chtiing minh rang min.
(Trich dé thi Chuyén TP. H6 Chi Minh nam 2016-2017)

Cau 111. Cho x, y la hai sd nguyén duong théa man z* + y* + 10 chia hét cho xy.
a) Chting minh rang x va y 1a hai s6 1é va nguyén t3 ciing nhau.
* +y° +10
Y
(Trich dé thi Chuyén todn TP. H6 Chi Minh nam 2016-2017)
Cau 112. Cho X, y la cic s8 nguyén khong dong thoi bang 0. Tim gid tri nho nhat cta
F =[5x° +11xy—5y2|.

b) Chiing minh rang k = chia hét cho4 va k >12.

(Trich dé thi HSG I6p 9 Ha Tinh ndm 2017-2018)
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Cau 113. Cho a,b 1a cac s6 nguyén, chitng minh rang: P =a’b®—a’’ chia hét cho 30.
Cau 114. Cho da thikc P =a® —5a* +5a° + 5a% — 6a + 240 . Chtetng minh rang khi a 1a s8 nguyén
thi P chia hét cho 120.
Cau 115. Cho a,b la cac s6 nguyén duong sao a+1,b+2007 cung chia hét cho 6. Chiing
minh réng: P =4 +a+b chia hét cho 6.

(Vong 1, THPT Chuyén — Dai hoc Qudc gia Ha N¢i, nam hoc 2007-2008).
Ciu 116. Cho P = (a+ b)(b + C)(C + a)— abc, véi a,b,c 1a cac s6 nguyén. Ching minh réng
néu a+b+c chia hét cho 4 thi P chia hét cho 4.

(Vong 2, THPT Chuyén — TP. Ha N¢i, nam hoc 2005-2006)
Cau 117. a) Chitng minh rang khong ton tai cdc s8 nguyén x,y,z sao cho:
x> +y® +2> =560647.
b) Chttng minh rdng khong ton tai cac s6 nguyén a,b,c,d thoan man:
a’+b*+c’+d®=a+b+c+d+660064.

Cau 118. Chitng minh rang véi moi s8 nguyén a thi:
a) P =a®+3a+53 khong chia hét cho 49.
b) Q =a’ +5a+185 khong chia hét cho 169.
Cau 119. Tim s8 ti nhién N sao P =1% +2° + 3 +...+n? khong chia hét cho 5.
Cau 120. Tim sd nguyén a sao cho:
a) P=a’ —a+124 chiahét cho 121.
b) Q=a®-7a’ +4a—14 chia hét cho a’ +3.
Bai 121.
a) Tim m dé da thize A(X) = x* —9x% +21x° + X+ M —7 chia hét cho da thiic
B(x)=x*-x-2.
b) Tim a va b d€ da thiee f(x) =2x° —3bx* +2x+a—5 chiahét cho Xx—1 va x+2.
Bai 122. Tim da thic A(X), biét A(X) chia cho X—5 dw 7, A(X) chia cho X+3 duw -1 va A(X)
chia cho x* —2x—15 dugc thuong la 2x* +1 va con du.
Bai 123. Cho cac da thtc
P(n) =n"* +n"™° +n®*° Q(n) =n® +n® +1.
Chting minh rang v6i Ne Z thi P(n) chia cho Q(n).
Bai 124: Cho a 1a s6 nguyén duong. Chiing minh rang:
a) P=(a+4)(a+5)(a+6)+...+(2a+5)(2a+6) chia hét cho 2**°.
b) Q=(a+1)(a+2)(a+3)..(3a—1)3a chia hét cho 3°.
Bai 125: Tong cua hai s6 tu nhién bat ky chia hét cho 6 khi va chi khi tong cac 1ap phuong

cua chang chia hét cho 6.
(Thi hoc sinh gioi TP. H6 Chi Minh 1979 — 1980 vong 1)
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Bai 126. Chitng minh rang m* +20m chia hét cho 48 véi moi s& chdn m.

(Thi hoc sinh gioi TP. H6 Chi Minh 1979 — 1980 vong 2)
Bai 127. Tim tat ca cac s6 tu nhién ma khi gach bo di mot chit s6 thi s6 d6 giam di 71 Tan.

(Thi hoc sinh gioi TP. H6 Chi Minh 1982 — 1983 vong 2)
Bai 128. Tim mdt s6 ¢6 hai chit s8; biét rang s6 d6 chia hét cho 3 va néu thém s& 0 vao giita cac chir
s0 roi cong vao s6 mai tao thanh mot s6 b?mg hai lan chit s6 hang tram ctia né thi duwoc mot s6 1on
gdp 9 lan s6 phai tim.

(Thi hoc sinh gioi TP. H6 Chi Minh ndm hoc 1983 — 1984 Vong 2)

Bai 129. Chimg minh rang (X* + y* ):3 khi va chi khi x va y chia hét cho 3.

(Thi hoc sinh gioi 9 TP H6 Chi Minh 1984 — 1985 vong 2)

Bai 130. Mot s6 gom 4 chit s6 giong nhau chia cho mét s gom 3 chit sd giong nhau thi
duoc thuong 1a 16 va s6 du la mot sO r nao dé. Néu sO bi chia va sd chia déu b6t di mot
chit s6 thi thuwong khong doi va s6 du giam bét di 200. Tim cac s6 do.

(Thi hoc sinh gioi 9 TP H6 Chi Minh 1986 — 1987 vong 2)
Bai 131.
a) Tim s8 cd ba chir s6 sao cho ty s6 gitia s6 d6 va tong cac chit s6 ctia no co gia tri lon nhat.
b) Chiing minh réng:
A=(4+a-3b)".(3a-5b~1)" chia hét cho 16 véi moi s8 nguyén a va b.
B =4"" +60n—4 chia hét cho 36 véi moi s6 tw nhién n.

(Thi hoc sinh gi6i 9 TP H6 Chi Minh 1987 — 1988)

Bai 132.
a) Chting minh rang biéu thitc A= (23”+l +2" )(n5 -~ n) chia hét cho 30 véi moi s6 tu nhién n.
b) Chting to rang n=1988 1a s& tw nhién duy nhat sao cho téng cac chit s§ S(n) caand
béng S(n)=n’-1988n+26.

n(n+1)

¢) Chttng minh rang hai s6: A=2n+1B= 1a hai s6 nguyén td cung nhau véi moi

sO tw nhién n.
(Thi hoc sinh gi6i 9 TP H6 Chi Minh 1988 — 1989 vong 1 - vong 2)

Bai 133.

a) Cho hai s6 nguyén duong a vab (a2b) dé khong chia hét cho 5. Chttng minh rang:

a* —b* chia hét cho 5.

b) Cho cac s8 a,,8,,a,,...,a, ma gia tri cia né bang 1 hodc bang —1. Chtng minh rang néu

a,a, +a,a, + 8,8, +...+a,3, =0 thin chia hét cho 4.

c) Tim t4t ca cac s6 ty nhién n sao cho: n+5(n)+S(S(n))=60. Trong d6 ki hiéu S(n) chi

tong cac chit s6 cta sd n.
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(Thi hoc sinh gioi TP H6 Chi Minh 1982 — 1983 vong 2)
Bai 134. Cho s6 M =1993"" +1997%%.
a) Chting minh rang: M chia hét cho 15.
b) Hoi M tan cting bang chit s8 nao? (co giai thich)
(Thi hoc sinh giéi TP. H6 Chi Minh 1992 — 1993)
Bai 135. 1) Cho biét x,y,z la cac s6 nguyén sao cho (x-y)(y—2z)(z-x)=x+y+z.Chung
minh rang ta c6: X+ Y+ 2 1a boi s6 cta 27.
2) Chttng minh rang véi k nguyén duong va a 1a s8 nguyén t6 16n hon 5 thi a* -1
chia hét cho 240.
(Thi hoc sinh giéi TP. H6 Chi Minh 1995 — 1996)
Bai 136.

a) Tim tat ca cac sd nguyén duong n sao cho n.2" +3" chia hét cho 5.

b) Tim tat ca cac s6 nguyén duong n sao cho n.2" +3" chia hét cho 25.
(Thi vao lép 10 todn — tin P.T.N.K Dai hoc qudc gia TP. H6 Chi Minh)
Bai 137.

a) Chiing minh rang véi moi n nguyén duong ta déu co:
A=5"(5"+1)-6"(3"+2") chia hét cho 91.
b) Tim tat ca cac cdp s6 nguyeén td p, q thoa man phuong trinh sau:
52 +1997 =5%° 1 ¢
(Thi vao l6p 10 chuyén todn — tin DHSP Ha N§i 1997 - 1198)
Bai 138. Tim tat ca cac s6 nguyén n dé cho P =1999n° +1997n +30 chia hét cho 6n

Bai 139. a) Cho hai s8 tw nhién a,b sao cho ab =1996"%*. Hoi a+b c6 chia hét cho 1995
hay khong?

b) Cho hai s8 tw nhién ¢,d sao cho cd =1991°*. Hoi ¢ +d c6 chia hét cho 1992 hay
khong?

(Thi vao 10 chuyén toan Ha Noi - AMSTERDAM 1991)
Bai 140. Tim cdc s6 nguyén X,y thdéa man x° +y* =1995

Bai 141.Cho n € N". Chiing minh rang: S, =12 + 2% ...+ n®* chia hét cho
T,=1+2+...4n.

(m+n)3

Bai 142. Cho m,n la cac s6 nguyén duwong, gia stt A=-——— la s0 nguyén lé. Tim gia tri
n

bé nhat ¢ thé ctia A va tim m,n thda man gia tri nay. Ching minh cho cau tra 10i.

. SRS A a’b-1b%a+l, , . .
Bai 143. Tim cac s0 nguyén duong a, b sao cho T b1 la cdc s6 nguyén duong.
a+ —~
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Bai 143. Cho céc s tu nhién a,b,c,d,e biét:a+b+c+d+e=3a=4b=5c,d +e=13. Tim sO
16n nhét trong cac s6 a,b,c,d,e.

Bai 144. Tim t4t ca cac s6 nguyén dwong m, n sao chom+n?:(m? —n)van+m?:(n® —m)

Bai 145. Tim cac sd nguyén dwong x, i sao cho 2xy —1chia hét cho (x-1)(y-1).

Bai 146. Tim cac s& nguyén dwong X, y sao cho 4x*+6x + 3 chia hét cho 2xy —1.

Bai 147. Tim cdc s8 nguyén duong x, y sao cho X* -2 chia hét cho xy+2.

Bai 148. Tim céc s tw nhién x, y sao cho x* +3xy + y*1a Ity thtra cta 5.

4 4
Bai 149. Cho x,yla cac s6 nguyén X,y#-1 sao cho X _11+ y _11 la s6 nguyén. Chiing
y+1  x+
minh: x*y* -1 chia hét y+1.
p2n+1 _1 B q3 _1

Bai 150. Xac dinh tat ca cac sd nguyén t0 p, g sao cho viin>1lneZ.

p-1  q-1
Bai 151. Cho a,bla cac s8 nguyén va p 1a s8 nguyén t6 1é. Chiing minh rang néu p*la wdc
ctia a’+b’va a(a + b)’thi p*ciing 1a woc cia a(a+b).
Bai 152. Cho a,beZ va a=b thoa ab(a+b)chia hét cho a’+ab+b?. Chitng minh rang:
la—b|>¥ab
Bai 153. Cho n 1a mot s6 nguyén duong. Tim tong ctia tat ca cac s§ chdn ndm gitta
n’—n+1lvan®*+n+1l.

(m+nf

Bai 154. Cho m, n la cac s6 nguyén dwong, gia st A=-———— la sd nguyén 1é, tim gia tri
n

bé nhat co thé cd ctia A va tim m, n thdéa man gia tri nay. Chitng minh cho cau tra 10i.
Bai 155. Tim tat ca cdc s6 nguyén n>1 sao cho véi bat ky wdc s6 nguyén t6 caa n® -1 1a
mot wdc cua (n3 —1)(n2 —1).

Bai 156. Tim n d& M =100...0100...01 chia hét cho 37.

n n

Bai 157. Tim tat ca cac s cé nam chit s6 abcde sao cho {/abcde = ab .
Bai 158. Tim céc chit s8 a, b, ¢ véi a>1 sao cho vabc =(a+b)c.

Bai 159. Tim s6 c6 3 chit s6 abc biét abc =al+bl+c!

Bai 160. Cho cdc s6 tw nhién a, b. Chitng minh:

a, a’ +b? chia hét cho 3 thi a, b déu chia hét cho 3.

b, a’+b? chiahétcho 7 thi a, b déu chia hét cho 7.

¢, ' +b* chia hét cho 15 thi a, b déu chia hét cho 3 va 5.

Bai 161. Tim t4t ca cac s6 nguyén dwong m, n sao cho m+n’ f(m2 - n) va n+m? f(n2 = m).

2

Bai 162. Xét phan s3 A= *2
n+5

2017 sao cho phan s6 A chua tdi gian.

Bai 163. Cho a, beN sao cho aT-l_l +% € Z . Chttng minh rang wdc chung 16n nhat ctia

. Héi ¢6 bao nhiéu s6 te nhién n trong khoang tir 1 dén

a va b khong vuot qua va+b.
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Cau 1. Ta co:

a’~a=a(a‘~1)=a(a’~1)(a*+1)=a(a+1)(a~1) (a—4) +5|
=a(a+1)(a-1)(a-2)(a+2)+5a(a+1)(a-1)

Do tich ctia s8 nguyén lién ti€p thi chia hét cho 5 va trong 5 s8 nguyén lién tiép ludn c6 ba
s8 nguyén lién tiép ma tich ctia chiing chia hét cho 6 va (6,5)=1

Suy ra a(a+1)(a—1)(a—2)(a+2):30va 5a(a+1)(a—1):30.

Vay a’—a:30

Cau 2. a) Taco:

A:n3+3n2+3n+1+2n+2:(n+1)3+2(n+1):....

:n(n+1)(n+2)+3(n+1)

Khi d6: 3(n+1):3; n(n+1)(n+2)la tich ctia 3 s6 nguyén duong lién tiép nén chia hét cho
3=>A:3

b) Taco:
a=13k+2,b=13n+3

a’+b? =(13k+2) +(13n+3)" =...=13(13k" + 4k +13n’ +4n+1)13
Cau 3. Ta cé: A= [n3 (n2-7) —36n}
=n|n(n’-7)-6][n(n’~7)+6|=n(n’~7n-6)(n’ ~7n+6)
=n(n’-n-6n-6)(n’~n-6n+6)=n| (n*~1)-6(n+1) | n(n*~1)-6(n-1)|
=n(n+1)(n’ -n-6)(n-1)(n*+n-6)=n(n+1)(n+2)(n-3)(n-1)(n-2)(n+3)
Do d6 Ala tich ctia 7 s8 nguyén lién tiép = A7 VneZ
Céu 4. Tacé: n =2k, véik las8 nguyén; n’ -28n =(2k)’ -28(2k) =8k’ - 56k
=8k(k*~7)=8k(k* -1-6)
=8k (K ~1)-48k =8k (k —1)(k+1)-48k

k(k—1)(k+1)1a tich ba s6 nguyén lién tiép nén chia hét cho 6 nén

8k (k—1)(k+1)—48k chia hét cho 48
Cau5. Tacéd: n’ —n=n(n-1)(n+1)

Vi n-Ln;n+1 laba s6 te nhién lién ti€p nén c6 mot trong ba sd d6 chia hét cho 3.

Doddénlénénncoddang n=2k+1 (keN)
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Tacod: n’ —n=n(n-1)(n+1)=(2k+1).2k.(2k+2) =4k (k+1)(2k+1)
Vikva (k +1)1a 2 s8 tu nhién lién tiép suy ra: k(k+1):2= 4k(k+1)(2k+1):8 = (n’ -n}:8
Vi 3 va 8 1a hai s§ nguyén t3 cing nhau nén két hop vdi (1);(2) suy ra
(n’-n)i24  (dpem)
Cau 6. Ta co:
n’+17n=n’-n+18n=n(n-1)(n+1)+18n
Vi n(n-1)(n+1)la tich ba s6 nguyén lién ti€p nén chia hét cho 2 va 3, (2,3)=1nén chia
hét cho 6

18n:6 , suy ra diéu phai chitng minh
Cau 7. Ta co:

Q=n3+(n+1)3+(n+2)3
=n3+(n3+3n2+3n+1)+(n3+6n2+12n+8)

=3(n’+3n’ +5n+3)

Pt C=n’+3n*+5n+3=n’+n*+2n*+2n+3n+3
=n’(n+1)+2n(n+1)+3(n+1)

=n(n+1)(n+2)+3(n+1)

Ta thdy n(n+1)(n+2)chia hét cho 3( vi tich 3 s6 tu nhién lién tiép)
Va 3(n+1):3 = Cchia hét cho 3

Nén Q =3C chia hét cho 9
Cau 8. Ta cd: 2019™ +2021°"° = (2019™ +1) + (2021 -1)

Vi (2019° +1):(2019 +1) < (2019 +1):2020. (1)
(2020 ~1):(2021-1) & (2020 -1):2020.  (2)

Tt (1) va (2) ta c6 dpem.
Cau 9.

a) Ta c6: 8° +2" =(2° )5 +2'" =2 42" =2"(2* +1) =2'.17 chia hét cho 17
b) Ta c6: 19" +69" (19 +69) < 19° +69'° 188 = 19" + 69" 144

Cau 10.

Néu n=3k(keZ) thi A=9k’+3k+2 khong chia hét cho 3.

Néu n=3k+1(keZ) thi A=9Kk*+9k+4 khong chia hét cho 3.
Néu n=3k+2(keZ) thi A=9k*+15k+8 khong chia hét cho 3.

Do d6 A khong chia hét cho 3 véi moi sO nguyén n.
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Vay A khong chia hét cho 15 v6i moi s6 nguyén n.

Caull.Tacd: n* +6n° +11n* +30n-24

=(n'+6n’ +11n*+6n)+(24n-24)=n(n’ +6n’ +11n+6)+24(n-1)

=n[(n3 +r12)+(51r12 +5n)+(6n+6)]+24(n—1):n(n+1)(n2 +5n+6)+24(n—1)
=n(n+1)(n+2)(n+3)+24(n-1)

Vin;n+1;n+2;n+3;1abdn sd ty nhién lién ti€p nén tich cua ching chia hét cho 3.
M3t khac trong 4 s8 tw nhién lién ti€p ludn ton tai 2 s6 chdn lién ti€p nén c6 mot s6 chia
hét cho 2, mot s8 chia hét cho 4 . Vay n(n+1)(n+2)(n+3) chia hét2.3.4=24va24 (n-1)
chia hét cho 24 nén n* +6n° +11n? + 30n — 24 chia hét cho 24.

Cau 12. Ta cé: 2a° +3ab+2b*:7

= 2(a? +b? —2ab) + 7ab:7 = 2(a—b)’ + 7ab:7
Do7abi7 (a,beZ)=2(a—b):7do(2,7)=1
Tt d6 ta c6a’ —b* = (a—b)(a+b):7
Vay (a°-b%):7
Cau 13. Vi n lasd tu nhién khong chia hét cho3nén n=3k +1 hodc n=3k+2 (ke Z).
-Xét n =3k +1 tac: 3" =31 =332 = (3*)" 9= 2779 =9 (mod 13)

3 =3 =343 (F) 3=2743=3.
Suyra: P=3"+3"+1=9+3+1=13=0 (mod 13).
-Xét n=3Kk+2 taco: 3" =372 = 3% 3¢ = (3*)" 81=27%*81=81=3 (mod 13)
3 =32 =343 = () 9=27"9=0.

Suy ra: P =3"4+3"+1=3+9+1=13=0 (mod 13)

Vay, véi n 1a s8 ty nhién khong chia hét cho 3 thi P =3"" +3" +1 chia hét cho 13.
Cau 14. Xétz la s6 nguyén duong, ta thay

x* =x=x(x=1)(x+1)(x*+1)16 (1) (vi chita tich ciia ba s3 nguyén lién tiép)
Véi x=5q (qeZ,) thi xX’-x}5

Véi x=5q+1(qeZ,) thi xX’-xi5

Véi x=5q+2(qeZ,) thi x’-xi5

Suy ra x’—x:5(2) ma (5,6)=1 (3)

Tt (1), (2), (3) suy ra x’ —x : 30
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Xét hiéu Q—P:(af—al)-l-(a; —a2)+(a§—a3)+...+(a5 azow)

o

Vix’—-x:30nén Q-P:30

Ma theo bai ra P:30 nén Q :30

Cau 15. Viala s6 ty nhién chdn nén a=2k (k € N)

Dodé M = £+£+&:k—3+k—z K

24 § 12 3 2 6
:2k3+3k2+k=k(k+1)(2k+1)
6 6
Taco: k(k+1)i2 = k(k+1)(2k+1):2

Ta can ching minh k(k+1)(2k+1):3
+Néuk=3n (véin € N) thi k(k+1)(2k+1):3
+Néuk=3n+1 (véin e N) thi 2k+1:3
+Néuk=3n+2(véin € N) thi k+1:3
Nhu vay ¥ k € N ta c6 k(k+1)(2k+1)ludn chia hét cho 2 va cho 3. Ma (2,3) =1 =
k(k+1)(2k+1)i6
Vay A co6 gia tri nguyén.
Cau16. Véin=0tacé A(0)=19 : 19
Gia st A chia hét cho 19 v6in =k nghiala: A(k)=7.5" +12.6*:19
Ta phai chttng minh A chia hét cho 19 v6in =k + 1 nghia la phai chitng minh:
A(k+1)=7.51 £12,61:119
Taco: A(k+1)=75"" +12.6":19
7.5°5* +12.6".6

=7.5%6+7.5"19+12.6"6
=8.A(k)+7.5°.19:19

Vay theo nguyén ly quy nap thi A = 7.5+ 12.6" chia hét cho 19 véi moi sd ty nhién n
Cau 17. Ta co:
52 4+26.5" +8°"! =25.5" +26.5" +8.8°"
=5"(59-8)+8.64" =59.5" +8(64" —5"
59.5"159 va 8.(64" —5" )(64—5) =59
Vay 5% +26.5" +8"159
Cau 18. Dé thdy a’—a=a(a—1)(a+1)la tich ctia 3 s& tw nhién lién ti€p nén chia hét cho 3
Xét hiéu:
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— (53 _ 3 _ 3 _
—(a1 al)Jr(a2 a2)+ ...... +(azm6 a2016)

Cac hiéu trén chia hét cho 3, do vay A chia hét cho 3

Cau19. a)Goi2sd phaitimla ava b, tacd a+bchia hét cho 3

Ta co: a° +b° :(a+b)(a2—ab+b2):(a+b)[(a+b)2—3ab}

Vi a+bchia hét cho 3nén (a+b) —3ab chia hét cho 3.

Do vay, (a+b)[(a+b)2 —3ab} chia hét cho 9

b) n5+1§<n3+1)<:>(n5+n2—n2+1)3(n3+1)

@nz(n3+1)—(n2—1)f(n3+1)

@(n—l)(n+l)f(n+l)(n2—n+1)

on-1lin-n+1

=n(n-1)in*-n+1

Hay nz—nfnz—n+1:>(n2—n+1)—1§(n2—n+1)
=1in*-n+1

Xét hai treong hop:

) ) n=0
+)n"-n+l=1on" -n=0&
n=1
+) n’—n+1=-1<n’-n+2=0,khdng co gia tri ctia n théa man
Cau 20. Tir gia thiét ta c6
a2+b2+2ab—c2=2ab<:>(a+b)2—c2=2abc>(a+b+c)(a+b—c):2ab *).
Néu a 18, b chdn thisuy ra ¢ 1é dan téi a+b—c chan.

Néu a, b 1é thi ¢ chdn suy ra a+b-c chan.
Néu a, b cling chdn thi ¢ chadn suy ra a+b—c chan.
Nhu vy trong moi truong hop ta ludn cd a+b—c chadn = a+b-c=2k (keZ).

Tte (*) ta cling suy ra 2k (a+b+c)=2ab < k(a+b+c)=ab < abia+b+c.
Cau2l. Taco: F=n®+4n?-20n-48=(n-4)(n + 2)(n + 6).
Thtt v6i n =1; 2; 3 thi F déu khong chia hét cho 125.
Thtt v6i n =4 thi F = 0 chia hét cho 125.
Vay s6 nguyén duong bé nhat can tim la: n = 4.
Céu 22. Theo deé bai c6: a+b” =k(a’b—1)(keN’)
<:>a+k:b(ka2—b)<:>a+k:mb (1)
Véi ka’-b=m(meN')=m+b=ka’ (2)
Tir (1) va (2) 6 (m=1)(b-1)=mb b -m + 1
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—a+k-ka2+1=(a+1)(k+1-ka) (3)
Vim >0 theo (1) nén (m - 1)(b—1) = 0. Tix (3)
=>k+1-ka20=>k+12>2ka=>12k(a-1)
:{k(a—1)=0:{ a=1
k(a-1)=1 a=2,k=1
*Néua=1tr (3)=>(m-1)(b-1)=2=>b=2hoscb=3
=>(a; b) =(1;2) va (1; 3)
*Néua=2k=1=>(m-1)(b-1)=0
Khim=1t& (1) =>(a; b) = (2; 3)
Khib=1=>(a;b)=(2; 1)
Thir lai ta c6 dép s8 (a,b) = (1,2),(1,3), (2,3),(2,1)
Cau 23. - Xét phép chia ctia xy cho 3
Néu xy khong chia hét cho 3 thi
{x = +1(mod3)
y =+1(mod3)

G
-0

=2"=x"+y*=2 (mod3) (Voli

+1(mod3)
+1(mod3)

Vay xy chia hét cho 3 (1)
- Xét phép chia ctia xy cho 4
Néu xy khong chia hét cho 4 thi
=+
THL 1 +1(mod 4)
y = +1(mod 4)
x*> =1(mod 4)
=
y? =1(mod 4)
=z’ =x"+y’ =2(mod4) (vdli)
TH2: Trong hai s6 x,y mot s6 chia 4 du 2, mét s6 chia 4 du 1 hodc -1. Khong mat tinh tong
quat gia st
x =x1(mod 4)
y =2(mod 4)
x*> =1(mod 8)
—
y? =4(mod 8)
=z’ =x"+y’ =5(mod8) (vo )

- Vay xy chia hét cho 4 (2)
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- Tt (1) va (2): Vay xy chia hét cho 12
Cau 24. Ta co

B =1.2.3.....n.[1+%+%+...+1J (*) 1a s0 tw nhién. That vay:

n
Véin=1 thi B=1eN suy ra (*) dung.
Véi n=2 thi B=3€eN suy ra (*) dung.

<3ém4ﬂdmngn=kﬁgmamB=LzawK@+%+%+m+1

Can chiing minh (*) dting khi n=k +1, nghia la

B=123...(k+1). 1+£+l+...+L eN.
273 7 (k+1)
Ta co: B:1.2.3.....(k+1). 1+£+l+...+ 1
2 3 (k+1)

k
Co<k+1leN = BeN.
1.23...keN

1.2.3.....(1+£+£+...+1j eN
2 3

Vay 1.2.3.....n.(1+%+%+...+£j la s6 tw nhién.
n

:1.2.3.....(1+1+l+...+lj(k +1)+1.2.3.....k
2 3 k

Suy ra, véi n=2k thi 1.2.3....2k l+£+1+...+i val23..k 1+l+l+...+l 1a cac so
2 3 2k 2 3 k

tw nhién.
1

Suy ra (L+L+...+—j(k +1)(k+2).....2k cingla cac s ty nhién.

k+1 k+2 2k

Ap dung cac chitng minh ta cé: 1.2..... um9@+%+m+ﬂ%—

1010 1011 2018

( L + : +...+Lj.1010.1011 ..... 2018 ciing la cac s6 ty nhién.

(101133 .
Ta c6  =1010.1011.....1342.....2018: 2019
1342:673

1 1

=12.. 1009.(1+—+ +mj.1010.1011....1342 ..... 2018:2019.

2

3:3
Va . _.=123...673.....1009: 2019
673:673
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=1.2.....10009. i+L+...+L .1010.1011......2018:2019.
1010 1011 2018
N A 11 1 1 . 1w
Vay s0 tu nhiéen A=1.2.3...2017.2018.| 1+ =+ =+...+ ——+——| chia hét cho 2019.
2 3 2017 2018

Cau 25. Ta co:
P(x) =(x+2)(x+4)(x+6)(x+8)+2010
= (x* +10x+16)(x* +10x+24)+2010
Dit t =x” +10x +21, bidu thiee P(x) duroc viét lai:
P(x) =(t—5)(t+3)+2010 = t* -2t +1995
Do d6 khi chia t* —2t+1995 cho t ta c6 s& dw 1a 1995
Cau 26. Ta co: g(x)=x"+x-2=(x-1)(x+2)
Vi f(x) =ax’ + bx” +10x — 4 chia hét cho da thirc g(x) =x* +x—-2
Nén ton tai mot da thiee q(x)sao cho f(x) = g(x).q(x)
=ax’ +bx* +10x—4 = (x+2).(x—1).q(x)
Véi x=1=a+b+6=0=>b=-a-6 (1)
Voéi x=-2=2a-b+6=0 (2)
Thay (1) vao (2), tacé: a=2;b=4
Cau27. Chia f(x)cho x* +2duwgc thwong la x—3duw x+2
Dé€ f(x) chia hét cho x* +2 thi x+2 chia hét cho x* +2
= (x+2)(x—2)chia hét cho x* +2
= x” —4 chia hét cho x* +2
= x* +2 -6 chia hét cho x* +2
= 6 chia hét cho x*+2 ma x* +222=x* +2€{3;6} = x e {+1;+2}
Tht lai ta thdy x =1;x =-2 thoa man
Vay véi x =1;x =-2thi f(x) chia hét cho x* +2
Cau 28. Gia s f(x) =ax* +bx’ +ox’ +dx+e
Do f(O)zenén e:7

Mt khéc: {f(1)=a+b+c+d+e:7 {a+c:7

= .
f(-1)=a—-b+c—-d+e:7 b+d:7

f(2)=16a+8b+4c+2d+e:7 - da+c:7
f(-1)=16a—8b+4c—2d+e:7  |4b+d:7

a+c:7 3a:7 a:7 . |b+d:7 3b:7 b:7
= .L_>y ._ =3 ._ Vva R o = .
da+c:7 c:7 c:7 4b+d:7 d:7 d:7
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Vay cac hé s6 cta f(x) déu chia hét cho 7.

Cau29. Ta cd: (x+3)(x+5)(x+7)(x+9)+2033=....=(x* +12x+27)(x* +12x+35)+2033

Dat x* +12x+30 =t, ta c6: (x+3)(x+5)(x+7)(x+9)+2033 = (t—3)(t+5)+2033
=t +2t—-15+2033 = t(t+2)+2018
Vay ta c6 (x+3)(x+5)(x+7)(x+9)+2033 = (x2 +12x+30)(x2 +12x+32)+2018
Vay s6 du trong phép chia (x+3)(x+5)(x+7)(x+9)+2033 cho x* +12x+301a 2018.
Cau 30. Giasu f (x) chia cho x* —4 duoc thuong la —5x va con du la ax+b. Khi d6
f(x) = (x2 —4).(—5x)+ ax+b
Theo dé bai, ta co:
f(2)=26  [2a+b=26  [a=4
{f(—z)w@{—zﬁb ~10" {b =18
Do d6 f(x)=(x*—4).(-5x)+4x+18
Vay da thirc f(x)can tim 1a f(x) = (x2 —4).(—5x)+4x+18
Cau 31. Tacd: P(0)=d: 5
P(l)=a+b+c+d:5=>a+b+c:5 (1)
P(-1)=-a+b-c+d:5=>-a+b-c:5 (2)
Te(l)va@)suyra2b:5=>b:5vi(2,5)=1,suyraa+c:5
P(2)=8a+4b+2c+d:5=>8a+2c:5=>a:5=>c:5
Cau32.Tacod p*-1= ( p* —1)( p*® + p” + p® + p* +1).
Do p las6 nguyén t6 16n hon 5 nén p la mot so lé.
= p®+1va p°-11acacso chan
= p* -1 chia hét cho 4
= p® -1 chia hét cho 4
Vi p lasdnguyéntdlénhon5 = p la mot s6 khong chia hét cho 5.
Lap luan ta dwoc p* -1 chia hét cho 5.
Lap luan ta duwoc p* + p*? + p® + p* +1 chia hét cho 5.
Suy ra p* -1 chia hét cho 25.
Ma (4;25)=1nén p”*-1. (dpcm)
Cau 33. Gia st ton tai sd ti nhién n sao cho n* +3n+11 chia hét cho 49. Khi d¢6, ta cé

4(n® +3n+11) = (2n+3)" +35 chia hét cho 49

TU SACH CAP 21 260



BOI DUONG HOC SINH GIOI CAP 2

Ma 35 va 49 ciing chia hét cho 7 nén (2n +3)” chia hét cho 7. Suy ra 2n + 3 chia hét cho 7.
T d6 (2n+ 3)2 chia hét cho 49. Két hop véi (1) ta dwoc 35 chia hét cho 49, mau thuan.

Vay, véi moi s6 tg nhién n thi n® +3n +11khdng chia hét cho 49.
Cau 34. Ta c6: N =kt +2k? — 16k2 - 2k +15 = (k*- k2) + (2k* — 2K) - (15k? — 15)
= (k2- 1)(k2 + 2k — 15) = (k - 1)(k + 1)(k - 3)(k + 5)
Ta thdy rang véi k 1a s6 nguyén 1é thi N 1a tich ctia 4 thita s§ (nhan ttt ) chdn. Do d6 N
chéc chan chia hét cho 16.
Vay k phai la s6 nguyén lé.
Cau 35. Vi s0 thit nhat chia cho 5 du 1 nén c6 dang 5a+1, s thit hai chia cho 5 du 2 nén c6
dang 5b+2(a,beZ)
Ta c6 tdng binh phuong hai s6 d6 la:
(5a+1)" +(5b+1)" =252 +10a+1+25b” +10b+4=5(5a" +5b” +2a+2b+1)5

Vay tong binh phuwong cta hai s chia hét cho 5
Cau36. Tacd: A=5"(5"+1)-6"(3"+2")=25"+5" 18" 12"
A=(25"-18")-(12" -5").A chia hét cho 7
A=(25"-12")-(18" -5").A chia hét cho 13
Do (13,7) =1nén A chia hét cho 91
Cau37. Taco: A=1+3+32+3% +..+3!
=(1+3+3% 3%+ (3*+3°+3¢ + 3")+ (3% + 3%+ 30 + 31)
=(1+3+3%3)+3% (1+3+3%3%+3%1 +3+34+ 3%
=40 + 3440 +38.40
=40, (1+34+3% : 40
Vay A : 40
Cau 38. Goi du trong phép chia f(X)cho X* —11a ax+b
Tacé: f(x)=(x- 2)(x—3)(x2 —1)+ ax+b
Theobaira: f(2)=5néntacd: 2a+b=5;f(3)=7nén 3a+b=7
=a=2b=1
Vay da thiic can tim 1a f (x)=(x—2)(x —3)(x2 —1) +2x+1
Cau39.Tacod: 2"=10a+b=hb:2=ab:2 D)
Ta chtng minh ab:3 (2)
That vay , tit dang thiee 2" =10a+b = 2" c6 chit s6 tan cting 1a b
Dat n=4k +r(k,r eN,0<r <3) taco: 2" =16.2"
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Néu r=0thi 2" — 2" =2"(16" ~1)10 = 2"tan cing 1a 2"

Suyra b=2"=10a=2"-2"=2"(16" -1)'3=>ai3= ab:3

Tir (1) va (2)suy ra ab:6

Cau 40. Theo gia thiét p—5 chia hét cho 8 nén dat p =8k +5 (k la s6 tu nhién)
Ta ¢6 [(axz)4k+2 —(byz)mz} (ax? —by?) = a®?.x¥ —pteZ yHtip

— (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4) D

2k+1, .
ta’+b’=pvab<p=x*4y*tip (%)

My a%+2 4 p¥+2 = (az )2k+1 + (bz)
Néu trong hai s6 X,y c6 mot sO chia hét cho p thi tit (*) ta suy ra s6 thit hai cling chia hét
cho p.

Néu ca hai khong chia hét cho p, theo dinh ly Fec-ma ta c6

X = y¥* =1(mod p) = x*** + y*** = 2(mod p) mau thuln véi (*)

Vay ca hai sd x, y cung chia hét cho p.

Cau 41. Do a° +b® +¢® chdn nén trong cacs0 a, b, ¢ ¢ it nhat mot sO chin. Ttr &6 suy ra
tich abc chia hét cho 2. (1)

Gia st trong ba s a, b, ¢ khong c6 s6 nao chia hét cho 7. Ta thay rang, véi moi x nguyén
khéng chia hét cho 7 thi x=+1,+2,+3(mod7), suy ra x’=+1(mod7).

Do d6 a®=+1(mod7), b*=+1(mod7), ¢’ =+1(mod7).

Suy ra a’+b*+¢*=-3,-1,1,3(mod7), tic a®+b®+c* khong chia hét cho 7, mau thuan. Vay
trong ba sO a, b, ¢ phai co it nhat mot s chia hét cho 7.

Tt d6 suy ra tich abc chia hét cho 7. (2)

Tt (1) va (2) véichuy (2;7)=1, tacod abc chia hét cho 14.

Cau 42.

a) n=3k suy ra 2" +1=8“+1=(-1)‘ +1(mod9). Suy ra k 1&, k=2t+1.

Suy ra n=3(2t+1)=6t+3.

Néu n=3k +1 tacd 2" +1=3.8+1=(-1)".3+1(mod9) suy ra 2" +1 khong chia hét cho 9.

Vay voi n=6t+2, voi t 1a s6 tw nhién la cac sd can tim.

b) Cach 1: Ta c6 2" -1:2" —1. Ttr 2°" =(2" +1)(2" -1).

bdt 2n=km+q (0<q<m).

Khi d6 2°"-1=2"""%-2%429-1=2%(2" -1)+2' -1 chia hét cho 2" -1, suy ra 2°-1 chia hét
cho m ma 0<27-1<2"-1,suyra q=0.

Do d6 2" =km.
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Truong hop 1: Néu m 1é, suy ra k chdn, k=2k', suy ra n=k'm, 2" +1=2""+1=2"" -1+ 2 chia
hét cho 2" -1, suy ra 2 chia hét cho 2" -1 v ly.

Trwong hop 2: Néu m chdn m=2m' nén n=km', suy ra 2" +1 chia hét cho 2" -1, ma 2" -1
chia hét cho 2™ -1 nén 2" +1 chia hét cho 2™ -1, suy ra 2 chia hét cho 2" -1 v0 ly vi
m'>1.

Cach 2: Taco 2™ (2”1 —1)52”1 -1,suyra 2"-2""i2" -1, ma 2"+1:2" -1 suy ra 2" " +1 chia hét
cho 2" -1.

Ly luén twong tu ta c6 2" +1 chia hét cho 2" -1.

Giasit n=km+qg,0<g<m.

Chon k nhu trén, ta ¢6 2°+1 chia hét cho 2"-1. Ma g<m nén 2%+1=2"-1, giai ra
g=1m=2 (voly).

Cau43. M =9.3"-8.2*" +2019=9.81"-8.16" + 2019

Ta co:

81=1(mod 4) = 81" =1(mod 4) = 9.81" =9 =1(mod 4)

8.16" =0(mod 4)

= M =1-0+2019 =2020 = 0(mod 4)

hay M :4 1)

Lai co:

81=1(mod5) = 81" =1(mod5) = 9.81" =9 = 4(mod5)

16 =1(mod5) = 16" =1(mod5) = 8.16" =8 = 3(mod5)

= M =4-3+2019 = 2020 = 0(mod5)

hay M:5 2)

T (1) va (2) = M :BCNN(4,5) hay M :20 (dpcm)

Cau44. Dat n=6q+r,re{0,1,2,3,4,5}. Khi dé n®+ 2019 chia hét cho 6 khi r’° +3 chia
hét cho 6.

Néu r chén thi r’+31¢ do d6 r’+3 khong chia hét cho 6. Suy ra r €{1,3,5}.

Véi r =1=> r® +3 =4 khong chia hét cho 6.

Véi r=3=r°+3=30:6.

Véi r =5=>r®+3=128 khong chia hét cho 6.

Suyran=60+3.Ma 0<n<2019=0<q<336.

Vay c6 tat ca 337 s6 tie nhién n thoa man dé bai.

Cau 45. Ta cé:
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(x2—2xy—y)+(xy—2y2—x)=x2—xy—2y2—x

:x2+xy—(2xy+ yz)—(x+ y)=(x+y)(x-2y-1)

Lai cé: X* —2Xy — Y, Xy — 2y® — X chia hét cho 5

= (X+Y)(x—2y—1)chia hét cho 5

TH1: Néu X+ Y chia hét cho5 thi y =—x(mod5)

= 0=x*-2xy—y =x*+2x* + x=X(3x+1)(mod5), do vay Xchia hét cho 5 hoic chia 5
duw 3.

+) Néu Xchia hét cho 5 thi y cling vay, bai toan duwoc chirng minh

+) Néu Xchia cho 5 du 3 thi y chia 5 du 2, thi

2X°+ Yy +2x+y=2.9+4+2.3=30=0(mod5)

Ta cling c6 diéu phai chitng minh.

TH2: Néu x — 2y —1chia hét cho 5 thi X =2y +1(mod5)

=0=x"-2xy—-y= (2y+1)2 -2y(y+1)-y=y+1(mod5)

Do d6 ychia 5 dw 4 va Xcing chia 5 du 4 nén:

2x*+y? +2x+y=2.16+16+2.4+4=60=0(mod5)

Vay ta c6 diéu phai chitng minh.

Cau 46. Gia st @;b;C la cac s6 nguyén khong am thoa man dé bai, ta co:

(a—b)2 +(b—c)2 +(<:—a)2 =6abc < a”+b’+c*—ab—-bc—ca=3abc (1)

Phan tich @° +b®+¢® —3abc=(a+b+c)(a’ +b’ +c’—ab-bc-ca) (2

T (1)va(2) a’+b’®+c’®—3abc=3abc(a+b+c)hay a’+b’+c’=3abc(a+b+c+1).

Do a®+b®+¢®+1 chiahétcho a+b+¢+1 nénta dwoc 1 chiahétcho a+b+c+1
Suyraa=b=c=0.
Thtt lai: a=b=C =0 thoa man. Vay c6 duy nhat b s6 (a; b;C) = (0;0;0) thoa man deé
bai.
Cau 47. Ta co:
a"-b"=(a-b)@" " +a"’b+a" b’ +..+ab"’+b"") =>a"-b"=m(a-b) (a, b,n,meN) (*
Vinla s tu nhién channénn=2k (ke N) = A =20"-3"+16" -1 =400 — 9" + 256" —1
Ap dung (*), c6: A = (400% —1¥) + (256" —9*) = 399x + 247y =19-21x +19.13y (X, y e N)
= A:19 véimoisd tenhiénnchan (1)
va cd: A = (400 —9%) +(256% —1°) =391p + 2550 =17-23p+17-15q (p,q € N)

= A17 véimoiso tenhiénn chdn  (2)
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ma 17 va 19 1a hai s6 nguyén t8 cung nhau nén tt (1) va (2) suy ra: A:17-19 véi moi sd
tw nhién n chan

Vay 20" -3"+16" -1:323 v4i moi s6 tg nhién n chdn
Cau 48. Cach 1. Ta ¢ a® +b* =a’ —4b” +5b” =(a—2b)(a+2b)+5b’

Do a’+b* 1abdi s6 ctia 5 nén suy ra (a—2b)(a+2b):5.

Do 5 14 s6 nguyén t& nén tir (a—2b)(a+2b):5 suy ra a—2b:5 hodc a+2bi5. Dén déy ta
xét cac treong hop sau:

e Néu a—-2b:5, khi d6 B=2b—-a chia hét cho 5.

Mat khéc ta lai c6 2b—a =(2b+4a)—5a nén 2b+4ai5=>2(2a+b):5= A=2a+bi5, do2
va 5 nguyén t6 cung nhau.

e Néu a+2b:5, khi @6 B'=a+2b chia hét cho 5. Do d6 ta dwoc —a—2b:5.

Ma ta lai c6 —a—2b=-5a—(2b—4a) nén suy ra 2b—4a:5=2(b-2a):5= A'=2a-bi5 do
2 va 5 nguyén td cung nhau.

e Néu a-2b:5 va a+2b:5 khidd ca A, B, A’, B’ cung chia hét cho 5.

Cach 2. V6i moi s6 nguyén a va b ta luon viét duoc dudi dang a =5k;a=5k+1;a=5k=+2
va b=5m;b=5m=1;b=5m=*2 trong d6 k va m la cac sd nguyén.

Theo bai ra thi a*+b® 1a bdi s ctia 5 nén ta ¢ cac treong hop sau:

e Néu a=5k va b=5m, khi dé tacd A, B, A’, B’ cung chia hét cho 5.

e Néu a=5k+1va b=5m+2, khi dé tacd A’, B’ cung chia hét cho 5.

e Néu a=5k+1va b=5m-2, khidd ta cd A, B cung chia hét cho 5.

e Néu a=5k-1va b=5m+2, khi dd tacod A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
e Néu a=5k-1va b=5m-2, khi dd ta cé A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
Cau49. a) Ching minh rang.....

Ta cé: 91=1.2.3.4.5.6.7.8.91as6 chin = x*12= x12= x=2m (m e Z)

=8m’+2y* +47° =91 4m® + y* + 27° =1.3.4.5.6.7.8.91a 58 chén
=>yi2=>yi2=y=2n (neZ)

= 4m* +8n®*+22°=1.3.45.6.7.8.9

< 2m*+4n*+7° =1.2.3.5.6.7.8.914 s8 chin
=>22=>1:2=>1=2p(peZ)
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= 2m®+4n®+8p*=1.2.3.5.6.7.8.9
< m+2n°+4p®=1.356.7.8.9

m:2 X =2m:4
Chting minh hoan toan tuong ty ta cling ¢4 {n:2 (M;n;peZ)=>1y=2ni4
p:2 z=2p:4
Vay ta c6 diéu phai chitng minh
b) Chitng minh rang khong ton tai.....
Theo y a) ta c6 thé dit x =4a;y =4b;z=4c (a;b;ceZ)
=a’+2b*+4c’ = % = 1'2'3'4;6'7'8'9 =1.35.6.7.9 1as§

chin=>ai2=a=2u (ueZ)
—8u’+2b*+4¢®=1.35.6.7.9 < 4u® +b° +2¢*=1.3.35.7.9=15.7.3*
Lai co:
(15.7.3'):3' = (1.5.7.3'):9
{xg’ =01  (mod9)(xeZ)
= a;b;ci9 = (4u® +b° +2¢°):9°
Nhung do 1.5.7.3*khong thé chia hét cho 9°nén ta c6 diéu vo ly
Vay ta c6 diéu phai chiing minh
Cau 50. Ta c6 nhan xét sau: Néu p 1a s6 nguyén t& 1én hon 3 thi p® =1(mod 24) @
Lai c6: ~1=23(mod24)  (2)
Cong vé theo v€ cuia (1);(2) ta duoc: p®—1=24(mod24) = 0(mod 24)
Vay p’ -1 chia hét cho 24 véi p la s6 nguyén t& 1én hon 3.
Cau51. Ta cé: n*~1=(n-1).(n* +n+1)ip
(p-1)in=p-1>n=p=n+l
Vi p2n+1=(n-1)khong chia hét cho p
Do d6: (n—1)(n*+n+1):p < (n*+n+1)ip
bat: p-1=kn, k>1=p=kn+l (¥
= (n*+n+1)i(kn+1) = kn+1<n®+n+1
skn<n®+nek<n+l
k(n®+n+1)—n(kn+1)i(kn+1)
= [ (k=1)n+k Ji(kn+1)
k>1=(k-1)n+k>0
= (k-1)n+k>kn+1
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=k>n+1
=k=n+1=p=kn+l=n*+n+1
=n+p= n2+2n+1:(n+1)2
Vay n+ pla mét s6 chinh phuong.
Cau 52. +) Chiing minh hang dang thttc
(a-b)(a" +a"*b+a" b +....+a’h"* +ab" +b"")
=a"+a"b+a" b +...+a " +a’h"* +ab" " - (a”‘lb +a" %’ +...+a’h" P +ab" " + b")

—a"—p"
+) Vi nla s6 chan, dat n =2k, k e Nta co:

20" +16" —3" —1=20* +16% —3%* —1= 400" + 256" —9* -1

D& chimg minh (20" +16" —3" —1):323, ta can chtmg minh (20" +16" —3" —1) chia hét cho
19va17

Ta co:

400 —1* =(400-1)( 400" + 400" 2.1+ 400" °.1° +.....+ 400.1 * +1°*)
=399.(400" + 400" *.1+ 400 °.1° +......+400.1* + 1)
=19.21.(400"* + 400" *.1+ 400 °.1° +......+400.1* +1)i19

256" —9* = (256 —9)(256 " +256* 2.9+.......+ 9" 2.256 + 9* )

= 247.(256" " + 256" %.9 +......+ 9 *.256 + 9"

=13.19(256"" + 256" 2.9+ .......+ 9 %256 + 9 *):19

= (400 -1 + 256 —9119)

Tuwong tw ta cling co:

400" — 9 = (400-9)(400"* +400" %9+ .....+ 92,400+ 9" ")
=17.23(400"" + 400" *.9+ ...+ 92400+ 9" )17

256" —1= (256 —1)(256" ! + 256" *.1+......+ 256.1 * +1°*)
=17.15(256"" + 256" 2. 1+......+ 256,12 +1 1 )17

= 400 — 9% + 256~ —1:17
Nhu vay ta co:

20" +16" - 3" —1= (400" + 256 — 9" —1)519

__=(20"+16" -3"-1)i(19.17)
20" +16" - 3" —1= (400k + 256 — 9 —1);17
=N (20n +16" —3" —1)5323

Nhu vay ta c6 diéu can chiing minh.
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Cau53.Tacd: N =2+, + oot i M =87 +85 + oot 35 (8B € Z°)

Xét hiéu
A5 5
M-N=a'+a,+...+8y55 —& =&, —.....— Qyyq

5 5 5

=(a —a, )+ (a5~ ;) + oo+ (@015 — Aprs)
Taco a®—a=a(a’-1)=a(a’+1)(a*-1)=a(a’ +1)(a-1)(a+1)
30=2.3.5véi 2,3,5déu la cac s6 nguyeén t6
Ta co: a(a2 + 1)(a —1)(a +l) co tich cua 3 sO tw nhién lién tiép a—1;a;a+1nén
a(a—1)(a+1)sé chia hét cho2va3
Néu a chia cho 5 du 0,1 hoac 4 thi [an lwot a,a —1,a +1sé chia hét cho 5
Néu achi5 du 2 hodc 3 thi a+1sé chia hét cho 5
Vay a(a’+1)(a—1)(a+1)sé chia hét cho ca 2;3;5 nén sé chia hét cho 30
Do vay M — N chia hét cho 30 do dé M ciing chia hét cho 30
Ta c6 diéu phai chtiing minh
Cau 54. Ta co:
q2018 4 p2019 | 2020 _ <a2016 L p27 C2018)
_ 2016 (az _1) 1 p27 (bz _1) 42018 (C2 _1)
=aa(a-D(@+1)+b*°.(b-1(b+1) +c* c(c-1(c+1)
Ta cé tich 3 s8 tw nhién lién tiép sé chia hét cho 6, do cé 1 s8 chdn va 1 s chia hét cho 3.
Do vay: a(a—1)(a+1);b(b-1)(b+1);c(c—1)(c +1) déu chia hét cho 6 nén
[azow 4P 4 o200 _ (a2016 4 p2Y 4 o208 ):|56
Vay ta c6 diéu phai chitng minh
Cau 55. +) n =2k (k nguyén duwong): M = 2k.4%* + 3% = 2k.16* + 9*. Ta cd: 16F va 9" cung du véi
2k chia 7.
= M cung du voi (2k.2F + 2F) = 2K,(2k + 1) chia 7= (2k + 1) chia hét cho 7=k chia 7 du 3,
hayk=7q+3 =>n=14q+6 (g € N).
#) =2k +1 (k nguyén duong): M = (2k + 1).4% 1 + 3%+ = 4(2k+1).16} + 3.9*
= M cling dw véi (k +4).2¢ + 3.2¢ = (k + 7).2* chia 7.
=k chiahétcho7=k=7p (p € N).
Vay n=14q + 6 hodacn=14p + 1, v6i p va g 1a cac s6 te nhién.
Cau 56. Chttng minh rang véi moi s6 ti nhién n thi n® — 9n + 27 khong chia hét cho 81.
Gia st ton tai sO ti nhién n 36 n® — 9n + 27 i 81,
suyran® —9n+27:i3hayni3
=>n =3k khi d6 n* —9n +27 = 27(k*— k + 1)
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man®—9n+27:81nénk*—k+1:3

Nhung k* — k +1 = (k — 1).k.(k + 1) + 1 khong chia hét cho 3 v4i moi k.
Vay v6i moi s6 ty nhién n thi n® — 9n + 27 khong chia hét cho 81.

Cau 57. Dt A=4(m+ n)2 —mn
= 4A=16(m+ n)2 —4mn=16(m+ n)2 —[(m+ n)2 —(m—n)z}
=15(m+n)’ +(m-n)’

m-n):3 m-n)’:9
p225-15 = ) ): N )2' = (m-n)*i225
(m=n)5 | (m-n)"i25

2 (m+n):3  [(m-n)i15 (mi15 ,
=(m+n)i15= = =< 7 =>mn:225
(m+n):’5  |(m+n)i15 (n:15
Vay 4(m+ I’l)2 —mn chia hét cho 225 thi MN ciing chia hét cho 225

Cau 58. Ta c6 Sl=1+2+...+n=m.

D¢ chiing minh bai toan ta chi can ching to 2S,,,,:n(n+1).

Ta c6 nhén xét sau: Voi a,b nguyén duong bat ki thi (a** +b**):(a+b).
That vay :a” +b™* = (a+b)(@*** —a*'b+...—ab®™" +b**°)i(a+b).

Xét hai treong hop:

+) Néu n 1é: Tir nhan xét trén ta cd 28,4, = 20°"° +2[ 12 + (n=1)"° |+ 2[ 2% + (- 2)™ |+

n—l 2019 n+1 2019 )
+2 T + T :Nn

282019 = 2(12019 + n2019) + 2[22019 + (n —1)2019] +

+2Hn__1j2019 +(n_+3j2019}+|:(n_ﬂj2019 +(n_+lj2019}(n+1)
2 2 2 2

Mit khac n va n+1 nguyén t6 cung nhau nén 2S,,, : n(n+1).
+) Néu n chan: Ta c6

28,000 = 2071 +2[ 1+ (n-1)™ [+ 2[ 2% +(n -2 ]+

A e e e

23,50 = 2(12019 + n2019) + 2[22019 +(n _1)2019] +
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+2Kn—;2j l +(n%4j l }+2ng l +(n%2} l }(n+l)

Suy ra 2S,,, : n(n+1).

Vay S, 1S, .

Caub59.Tacod:p+(p+2)=2(p+1)

Viplénén (p+1)i2=>2(p+1)id (1)

Vip, (p+l), (p+2) la 3 s6 tw nhién lién ti€p nén co it nhat mot s6 chia hét cho 3, ma p va
(p+2) nguyén té nén (p+1):3 (2)

Tte (1) va (2) suy ra [p+(p+2)]:12 (dpcm)

Cau 60. Ta c6 v6i moi s6 nguyén m thi m? chia cho 5 dw 0, 1 hodc 4.
+ Néu n? chiacho5dw 1thi n*=5k+1=>n’+4=5k+5:5;keN".
Nén n*+4 khong la sO nguyén t6

Néu n? chia cho 5 dw 4 thi n® =5k +4=>n’+16=5k +20:5;k e N".
Nén n*+16 khong la s6 nguyén to.

Vayn?: 5hayn :5

Cau 61. Ta co

S =n(n*+5n°+5n*—5n—6)

n[(n2 ~1)(n*+6)+5n(n’ —1)}

= n(n2 —1)(n2 +5n+6)

=n(n-1)(n+1)(n+2)(n+3)

=(n-1)n(n+1)(n+2)(n+3)

Ta c6 S la tich ctia 5 s6 nguyén ty nhién lién ti€p chia hét cho 5! nén chia hét cho 120.
Cau 62. Vi 2 s6 nguyén duong a, b bat ki ta co:

a®® +b* = (a+b)(@™* +a*™b +...+ab™ ™ +b*) = a® +b*™*i(a+h)

+ Xét truong hop nla sd 1é

Ap dung khang dinh trén ta co:

2[17 4 (-1 ]in

2[ 27 4+ (n-2)*° Jin

n—1 2015 n+l 2015
2{(—2j o5 }En
Suy ra
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A:n2015+2[12°15+(n—1)2°15J+2[22°15+(n—2)2°15]+.._+2 (n—lj2015+(n+1]2015 "
2 2

Tuong tw
2015 2015 2015 2015
A:2(12°15+n2°l5)+2[22°15+(n—1)2°15}+ +2 n-1 + n+3 + n+l + n+1 :(n+1
2 2 2 2 '

Mit khac n van + 1 nguyén to cung nhau nén A i n(n + 1)
Twong tir v6i treong hop n chdn ta ciing ¢ A i n(n+1)
Cau 63. Ta co:

Q=a'+2a’-16a*-2a+15=(a" +2a*-2a-1)—(16a* -16)
=(a-1(a+1)°-16(a*-1).

Voéiale, a=2k+1 keZ.

Khi d6: (a—1)(a+1)> = 2k(2k +2)° =16k (k +1)*:16.

Ma 16(a” —1):16nén Q chia hét cho 16.

Véiachdn, a=2k, ke Z.

Khi d6: (a-1)(a+1)° = (2k —1)(2k +1)° 1a s& 1é nén khong chia hét cho 16. Do d6 Q khong
chia hét cho 16.

Vay ala s6 nguyén lé.

Cau 64.

+) Vi mdt s& nguyén bat ky phai la s6 chdn hodc 1a s6 1é. Do d6 theo nguyén ly Dirichlet
trong 3 s6 nguyén bat ky ludn chon ra duoc 2 s6 ¢ cling tinh chdn 18.

+) Ap dung ta c6 trong 3 s6 chinh phuong bat ky ludn chon ra dugc hai s6 c6 cung tinh
chan 1é. Goi 2 s8 chinh phuwong dwoc chon ra d6 1a a® va b*. Khi d6 ta co
a’-b’>=(a-b)(a+h).

+) Vi @ va b® cling tinh chan 1é nén a, b ciing cling tinh chan 1é. Do d6 a—b 14 s8 chdn va
a—b cling 12 s6 chan a’ -b* = (a-b)(a+b):4, (dpcm).

Chii y:

Ta c6 thé gidi bai todn nay bang cdch vén dung tinh chat sau ctia s6'chinh phwong: “M@t s6 chinh
phwong chia cho 4 thi sé c6 s6'dw la 0 hdc 1”. Khi do 1dp ludn nhw cdch lam trén ta thu dwoc diéu
phai chitng minh. Tuy nhién trong khi lam bai thi néu vin dung tinh chat nay thi hoc sinh phai
chirng minh lai.

Binh luan: Vi cich lam trén ngan gon, day dt song mot s8 hoc sinh cam thdy hoi triru

twong ( do nguyeén 1i Pirichlet hoc sinh it dn tap khong nam trong chwong trinh SGK ma
¢ sach tham khao). bai toan trén cd thé trinh bay nhu sau:

Trong ba s6 nguyén tity y ludn ton tai hai s8 hodc chan hoc 1é
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Goi hai s8 chinh phuong chon ra 1a a® va b?(a, b nguyén)

+TH1: a, b cting chin: suy ra a® —b? = (2k; )* —(2k, )* = 4(k12 - k12)54, ki,k, €Z
+TH2: a, b cling 1é: suy ra a® —b? = (2k, +1)° —(2k; +1)° = 4(k{ +k —kF —k; )i4,k;,k, €Z

Vay trong ba s6 chinh phuong tuy y ludn ton tai hai s6 ma hiéu cua ching chia hét cho 4.
Cau 65.

cach1: Lo 1il e beamb+o) ()
a b c

TH1: Néu a la s8 nguyén chan, suy ra a(b+c):2, theo (1)Suy ra: b.c:2

Vay abc chia hét cho 4

TH2: Néu a 1a s6 nguyén 1é. Vi b va c1a hai s6 ciing 1é thi: b+ci2=a(b+c):2
Ma abc khong chia hét cho 2 (vi a, b, ¢ d&u 18). Suy ra mau thuan.

Vay trong hai s8, b, ¢ ton tai it nhat 1 s6 chan.

+V0ib chan, ma a 1é nén c chan (vi b.c chan nén a(b+c) chan suy ra c chan, viale)
Suy ra abc chia hét cho 4

+ Vi ¢ chdn, trong tw abc chia hét cho 4

Cach 2: 1:%+l<:>bc:a(b+c) < abc=a’(b+c)(2)
a C

Ta thay a, b, c khong thé déu 1a s 1é vi néu vay thi abc 1a s6 1¢, con b+c 1a s8 chén.
Vay trong 3 s6 ton tai it nhat 1 s6 chan.

Néu a chdn thi a?chia hét cho 4, ti (2) suy ra abc chia hét cho 2.

Néu b chan, do a 1é nén b + ¢ chadn (vi abc chdn) suy ra c chan.

Vay abc chia hét cho 2.

Twong tir cho triedng hop c chan.

Cau 66.

Taco A=22 +4" +16 :(22" —1)+(4” ~1)+18

Pat 22 =2% (keN') suyra 2% ~1=2% -1=4*-1:3

Do d6 véi moi n nguyén duong ta cé: 22 —1:3; 4" -1:3; 1813

= A=2% +4" 1163

Ciu 67. Taco A=4" +17 =(4“ —1)+18

Véi moi n nguyén duong ta c6: 4" —1:3; 18:3

= A=4"+17 '3

Cau 68. Gia st 2n+1=m’,3n+1=k’ (mkeN’) =>m’lass1é = mlassle.
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=2n=m’-1=(m-1)(m+1):4 , Suy ra:n chan, k 1¢

Vik1asd1é nén k -1,k +1 1a hai s chan lién tiép va (3, 8) = 1 nén

Tk 3n+1=k* =3n=k*-1=(k-1)(k+1):8=ni8 (1)

Khi chia mot s6 chinh phuong cho 5 thi s6 dw chi c6 théla0; 1 ; 4. Ta xét cac truong
hop:

Néu n chia cho 5 dw 1 thi 2n + 1 chia cho 5 du 3. (vo 1i)

Néu n chia cho 5 dw 2 thi 3n + 1 chia cho 5 du 2. (vo 1i)

Néu n chia cho 5 dw 3 thi 2n + 1 chia cho 5 du 2. (vo 1i)

Néu n chia cho 5 du 4 thi 3n + 1 chiacho5dw 3. (vo 1i)

Vay n:5 (2)

Vi (5, 8) =1 nén ttx (1) va (2) suy ra n chia hét cho 40.

Cau 69. Chttng minh rang véi moi s6 nguyén n chan thi: n® +20n+96 chia hét cho 48.
Ta ¢ n chdn =n=2k,keZ.Suyra

n® +20n+96 = (2k )" +40k +96 = 8(k® +5k) + 96 =8[ (k* —k ) + 6k | +96 =8(k’ —k ) + 48k + 48.2
Do k-1 k;k+11a 3 s6 nguyén lién tiép nén (k —1).k.(k +1) chia hét cho 6

= k®—k=(k-1)k.(k+1):6=8(k’—k):48,vk e Z.

Vay véi moi s6 nguyén n chén thi n°+20n+96 chia hét cho 48.

Cau70.Tacop=a’ —b’ =(a—b)(a2 +ab+b2).

Via, b1a cic s6 nguyén duong nén, ta cé a’ +ab+b> > 1.

Dopnguyéntdnén a—b=1=a=b+1=> p=3b>+3b+1

= 4p=3(4b>+4b +1)+1=3(2 +1) +1(dpem).
Cau 71. Ta co: f(x)f(x—l); f(x)f(x+2) nén x =1 va x = -2 la nghiém ctia da thtrc f(x)
hay f(1) =0 va f(-2) = 0. Do do:

{ 1’-2(a+1).1+b-1=0 {Za_bz_z 3
=

=——;b=-1
(—2)2—2(a+1).(—2)+b—1:0 da+b=—7" " 2

Cau 72. 1.Tacé:
P —1=(p)™ -1 =(p* -1).A=(p-D(p+D(p*+).A (1) (AeN)
Vi P 1a s8 nguyén t8 1én hon 5 nén p 1a s8 1&, suy ra p — 1, p +1 12 hai s6 chan lién tiép
=(p-D(p+D):4 (2
Vip-1, p, p+llaba s6 tu nhién lién tiép nén (p-Dp(p+1):3. Nhung p khong chia hét
cho3nén (p—-1(p+1):3 (3)
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Vi p khong chia hét cho 5 nén p c6 mot trong cac dang 5K £1; 5k £2
-Néu p=5k+1thi p*=25k*+10k +1=5n+1
_Néu p=5k+2thi p>=25k*+20k +4=5-1

Ca hai treong hop trén déu cho ta p“ —1=5q:5 (4) ( (n,l,geN)

Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tung do6i mot nén tr (1), (2), (3), (4) suy ra
p2016 —1 chia hét cho 4.3.5 ttc 1a chia hét cho 60

2. Vivai tro ctia x, y, z binh déng nhau, khac nhau d6i mét nén ta co thé giase X <Y <Z.

Khi d6, goi t la thwong ctia phép chia X*+y* 4281 xPy?z? Suy ra:

T4y’ > ty? — X +y

2 2,,2
z

Xy

X
X +y + 2 =ty o 2=ty -

=tx’y* —x-y (1)

-Néu tx°y’ —x—y <0 (¥ thit<%+xéy<2:>t=1

Thay t =1 vao (*), ta duoc X°y* —x-y<0=>xy-x-y<0= (x-1)(y-1) <1
=>x=1
=y -y<0s y(y-1)<0  (voly)
Vay tX°y’ —x-y >0 (2)
-Tir (1), ) suy ra: 2> > (tX°y* - x—y)* (3)
-Miatkhacvi x>+ y* + 28 =tx’y?z® nén X} + y* 122 => x>+ y* > 7° (4)
-Te (3) va(4)suyra:
X2+ y° > (Y2 —x—y)?
S X+ Y >ty — 208y (X4 Y) + X+ 2xy + VP
= X+ Y+ 2ty (x + y) > tx'y*
X2+ v+ 2ty (X + Y)
0y

S WXy <

<:>'[xy<2(£+£]+i3+i3 (5)
X y) Xty

-Néu X>2 thi y>3=txy>6>2 1+£j+i3+i3>2 1+1 +i3+i3
2 2) t2° t2 X y) tx ty

Diéu nay mau thuan véi (5).
Vay x = 1. Khi d6 (5) tro thanh :
1

2 1
ty<2+—+-+— 6
y A (6)
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-Néu y >4 thi ty24>2+g+1+i322+—+_+_,
4 t t4 y t ty

Diéu nay mau thuan véi (6).

Vay ye {23} (Viy>x=1)

X +y*=9:7°

+Néuy=2thi{ x<y<z <<x=Ly=2z7=3.
x=Ly=2

x> +y®=28:7°

+Neéuy =3 thi x<y<z .(Loai)

x=Ly=3

- Thi lai ta thay (x, y, z) = (1, 2, 3) va cac hoan vi ctia né thoa man.

Vay thwong cta phép chia X +y + 22Xy =1

Cau 73. Cach 1: 24a* +1=b" < 25a° +1=a’ +b* = a’ +b* =1(mod5) (1)

, |a=0,41,+2(mod5)
Ta co:
b=0,+1 +2(mod>5)

a’ =0,1,4(mod5)
= (2)
b® =0,1,4(mod5)
. . a’=0(mod5) . _ [a®*=1(mod5)
T (1) va(2)suy ra: § hoac .
b? =1(mod5) b? = 0(mod5)
Suy ra chi mot s6 a hodc b chia hét cho 5.
Cach 2: 24a° +1=b* & 25a° +1=a’ +b* = a’ +b* =5k +1 (1)

VneZ :>n:5l+r(l eZ,re{0;1;2;3;4})

=n’ =5l +1’ (LeZ 1’ <{0;L4})

=5k +1 2=
Tt (1) va (2) suy ra: {a ok + hoéc {a ok,

b® =5k, b® =5k, +1

Suy ra chi mot s6 a hodc b chia hét cho 5.

Cach 3: 24a° +1=b’ < 24a* —b® = -1 khong chia hét cho 5 nén a va b khong dong thoi
chia hét cho 5.

+ Gia st a va b déu khong chia hét cho 5.

a* =1(mod5)

b* =1(mod5) = (a” +b%)(a” —b") =0(mod )

Theo dinh ly Fermat ta co {

Néu a’ +b* =0(mod5) thi 25a° +1=a’ +b* =0(mod5) ( vo li).
Suy ra @’ —b? =0(mod5) = 23a% +1=b? —a? =0(mod5) (*)
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Vi a khong chia hét cho 5 nén a=+1,+2(mod5).
Véi a=£1(mod5) = a® =1(mod5) = 23a” +1=—1(mod 5) ( tréi véi (*))
V6i a=+2(mod5) = a® = 4(mod5) = 23a* +1=3(mod5) ( trai vdi (*))
Vay diéu gia st 1a sai. Tt d6 suy ra diéu can chitng minh.
Céu 74. Do q la s6 nguyén t6 16n hon 3 nén q ¢6 dang 3k+1 hodc 3k+2 vdi ke N'.
+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, treong hop nay loai do
p khong phai la sd nguyén t6.
+Néu q=3k+2,khidd do p=q+2 nén p=3k+4. Do p la sO nguyén t6 nén k phai la s
ti nhién 1é. Khi do ta dwoc p+q = 6(k+1)§12. Vay s0 du khi chia p+q cho 121a 0.
Cau 75. Tlr gia thiét a’ +b® =2(c’ -8d*) ta c6

a’+b’ +3ab(a+b)+(c:3 +d3)+3cd(c+d) =3ab(a+b)+3cd(c+d)+3c”-15d°

& (a+b)3 +(<:+c1)3 =3ab(a+b)+3cd(c+d)+3c’ ~15d°

Dé thdy 3ab(a+b)+3cd(c+d)+3c’~15d° chia hét cho 3 nén ta dugc (a+b)3+(c+c1)3
chia hét cho 3.
Mt khéc ta lai c6 (a+b)3 +(c+d)3 =(a+b+c+d)3 ~3(a+b)(c+d)(a+b+c+d)
Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho3nénsuyra (a+b+ c+d)3 chia hét cho 3.

Do vay a+b+c+d chia hét cho 3.

Chi y: Ban chat bai toan trén chinh 1a bai todn co ban: Néu x’ +y° chia hét cho 3 thi x+y
chia hét cho 3.

Cau76.Taco: A= 3n’+15n0=3(n°—n+6n)= 3|(n—-1)n(n+1)+ 6n |

V6i moi s6 nguyén n, (n—1)n(n+1)+6n chia hét cho 6
Vay A= 3|(n—1)n(n+1)+6n | chia hét cho 18
Ciu 77. Ta co: (a2 +ab+b2)59 = 4(a2 +ab+b2)§9
= (2a-b)" +30° |9
Ma 3b%:3nén (2a—b)’:3 ma 3 1a s6 nguyén td nén (2a-b):3.
(2a-b):3 nén (2a-b)*:9.
Tir (1) va (2) = 3b%:9 = b?:3 ma 312 s8 nguyén t5 = b:3.
(2a—b):3 va bi3 = 2ai3 ma (2;3)=1nén a:3.
Vay ca a vab déu chia hét cho 3.
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CAu 78. Vi 2019°:3 nén (&, +a, +..+4,)3. Xét hiéu:
(af’+a§ +...+a§)—(a1+a2 +..+a,)=(a,-1)a,(a,+1)+(a, -1)a,(a, +1)+..+(a, -1)a, (a, +1)
chia hét cho 3. Do d6 a’+a} +a} +...+a’ chia hét cho 3 (dpcm).
Cau 79. Ta c6: 1947 = 3.11.59
bat A=46" +296.13"
, |46" =1"=1(mod3)
{13n =1" =1(mod 3)
Suy ra: A=1+296=297=0(mod3) = A:3 (1)
, | 46" =2"=1(mod11)
{13n =2"=1(mod11)
Suy ra: A=2"+296.2" =297.2" =11.27.2" =0(mod11) = A:11 (2)
* 46" = (-13)" =-13"(mod13)
Vinla sO tw nhién 1é
= A=-13"+296.13" = 295.13" =5.59.13" = 0(mod 59)
= A:59 (3)
Ma 3; 11; 59 d6i mot nguyén td cuing nhau nén twr (1), (2), (3)
= A:(3.11.59) = A:1947
Cach 2: Ta cd: 1947 = 33. 59
Dit A=46"+296.13" = 46" —13" + 297.13" = (46" —13") + 297.13"

A=(46-13).A +33.9.13" =33(A +9.13"):33
Laic6: A=46"+296.13" = 46" - (-13") +295.13" = [ 46" — (~13") |+ +295.13"
A=[46—(-13)].A, ++59.5.13" (vinlé)
=59.(A, +5.13"):59
Ma (33;59) =1 nén A:(33.59) =1947
Cau 80. Ta cd: 2n° +3n* +n=n(2n*+3n+1) =n(n+1D(2n+1) .

+ n(n+1)la tich ctia hai s6 nguyén lién ti€p nén chia hét cho 2.

+ Xét 2n* +3n* +n=n(2n” +3n+1) =n(n+1)(2n+1) tac co:

- Né&u n chia hét cho 3 thi 2n® +3n* +n chia hét cho 3

- Néu n chia 3 dw 2 thi n+1 chia hét cho 3 nén 2n®+3n”+n sé chia hét cho 3
- Néu n chia 3 dw 1 thi 2n+1 chia hét cho 3 nén 2n®+3n” +n sé chia hét cho 3

Vay trong moi treong hop thi 2n° +3n” +n sé chia hét cho 3.
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Ta c6 (2;3)=1nén 2n°+3n’ +n chia hét cho 6 v6i moi s& nguyén n.
Cau 81. Tac6 a+b=c’-2018c < a+b+c=(c—1).c.(c+1)—2016c chia hét cho 6.
Mt khac (a°+b®+¢*)—(a+b+c)=(a-1).a.(a+1)+(b-1)b.(b+1)+(c-1)c.(c+1) chia
hét cho 6
Do d6 A=a’+b’+c’chia hét cho 6.

Cau 82. Ta xét 2014 s6 khac nhau c6 dang 20142014...2014 = an, c6 n b$ 2014. n e N*
Trong 2014 s6 nay c¢ it nhat hai s6 khi chia cho 2013 c6 cung s6 du.

Giasit2sd dolaai, aj (j>i). Khidd aj—ai: 2013
hay: 20142014...2014 - 20142014...2014 = 20142014....20140000...0000: 2013

j s6 2014 i 502014 j—1s6 2014 4i s 0
S6 c6 dang 20142014...2014 . 10% | 2013
Vi UCLN(10, 2013) = 1 nén UCLN(10", 2013) = 1 véi moi n € N*

Vay: c6 s6 dang 20142014...2014 chia hét cho 2013.
Cau 83. Twr gia thiét suy ra a=1(mod3), a=3k+1(keN);b=2 (mod 3), b=3q+2(qeN).
Suyra A=4*+9"+a+b=1+0+1+2 (mod 3) hay A=4 (mod 3). (1)
Lai co: 4* =4 =4.64* =4 (mod 7)
9° =% = 2%2 (mod 7) = 9°=4.8"=4(mod 7).

Ttr gia thiét ta con suy ra a=1(mod7),b=1(mod 7).
Dan dén A=4*+9" +a+b=4+4+1+1(mod 7) hay A=10 (mod 7).
Tt (1) suy ra A=10 (mod 3); ma 3 va 7 nguyén td cung nhau nén A=10 (mod 21).
Vay A chia cho 21 du 10.
Cau 84. Ta c6 : x° = x = x(x* = 1)= x(x* = 1)@ + 1)= x(x> = 1)[ (x* ~4) +5 |
=(x=2)(x = D)x(x + 1)(x +2) + 5(x = I)(x + 1)x
Tacd: (x=2)(x-1) x(x + 1)(x +2) chiahétch 5 va 6
ma (56)=1nén (x—-2)(x-1) x(x +1)(x +2):30
lai c6 (x-1)x(x+1) Chia hét cho 2 va 3 ma (2,3)=1 nén 5(x — 1)x(x+1) :30
Do déx>-1:30
Suy ra A = (a%20 + b2020+ ¢2020) - (92016 4 p2016 + 2016)
A =a¥(a® - a) + b5 (b° —b) + ¢ (c® - ¢) :30
Vay A:30
Cau 85. Trudc tién, ta chirmg minh x : 3.
Daty’=a,aeN*taco2xX*-1=yP* < 2x?=a’+1 o 2x*=(a+1)(a>-a+1) (1)
GoiUCLN(a+1;a2-a+1)=d(d e N*), tacé:a+1d,a2—a+1:d.
Suyra(a2-a+1)-(a+1)(a-2)=3:d=>d=1hoscd=3
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*Néu d =1 thittr (1), ta co:

a+l=2 a+1=x?
) ) hoac (loai via ¢ N¥)
a’—a+l=x a’—a+1=2

a+l=2 a=1 a=1
{a2-a+l:x2 <:>{X2:lz{x_l(loa1V1pha1cox>l)
*néud=3thiter (1) tacd: 2x2: 9. ViUCLN(2;9)=1nén x2: 9 =x : 3 (*)
Chtng minh x : 5.

Paty*=b, b e N*, taco: 2x2-1=b° < 2x2=b°+1

< 2x2=(b+1)(b*-b*+b2-b+1) (2)

Goi UCLN(b +1;b*=b*+b2-b+1)=k (k € N¥)
Tacd:b+1:kbt-b*+b2-b+1:k

= (b*-b*+b>-b+1) - (b+1)(b>-2b2+3b—-4)=5: k

Suy rak=1hodck=5.

*Néu k=1 thi ttr (2) c6

b+1=x? b N K b+1=2
: ¢ N* ac:
bt~ 4 b7 —ba1ez o EN) O e g gy

b:l(l . \ h7~ 7 1)
= 0oal vl al co X >
x=1 P

*Néu k =5 thi tir (2) suy ra 2x? : 25. Vi UCLN(2; 25) =1 nén x?: 25 = x :5 (**)
Ttr (*) va (**) suy ra x : BCNN(3; 5) hay x : 15 (dpcm)

Cau 86. Gia st A 1a s8 tu nhién duoc tao thanh bang cach viét 100 s6 trén theo hang ngang
mot cac bat ki. Khi d6 trong s6 tu nhién A ¢ 21 chir s6 1 va 20 chit s6 tir 2 dén 9.

Do d6 tong cdc chit s& ctia A la 21.1+20(2+3+4+5+6+7 +8+9) = 901 khong chia

hét cho 9
Ma 2016 chia hét cho 9 do d6 A khong thé chia hét cho 2016
Cau 87.

Gia st ton tai so k e {O; 1; 2;3} dé€ ton tai sd tu nhién n sao cho (n2 —k)54 . Khi d6 ta xét cac
treong hop sau

e Truong hop 1: Néu n =4q vdi q la s8 tw nhién. Khi d6 n* -k =16q” - k.

Do d6 dé (n2 —k)§4 thi ki4 nénsuy ra k=0.

o Truong hop 2: Néu n=4q+1 vdiqla sd tw nhién. Khi d6 n* -k =16q* £8q+1-k

Do dé6 dé (n2 —k)§4 thi 1-k:4 nénsuyra k=1.
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o Truong hop 3: Néu n=4q+2 vodi qla sd tu nhién. Khi d6 n*> -k =16q”> +16q+4—k
Do d6 dé (n2 —k)§4 thi k:4 nénsuyra k=0.

Vay v6i k=0 hodc k=1 thiludn ton tai s6 ty nhién n dé€ (n2 - k)54 .

(2n)!_(135...(2n-1))(246..2n)

Cau 88. Ta co: (n+1)(n+2)...(2n) =

=1.35...(2n— 1).2“.2-5 =135..(2n-1).2"

Do d6: (n+1)(n+2)...(2n) chia hét cho 2".
CAu 89. Ta c6: Q(X)=x*-9=(x-3)(x+3)
bé P(x):Q(x)thi P(3)=0;P(-3)=0

Ta co:
P(3)=33+a3+h3+9=9a+3b+90=0=3a+b+30=0

P(-3)=3.(-3)’ +a.(-3)" +b.(-3)+9=9a-3b-72=0=3a-b-24-0

. |3a+b+30=0 6a=-6 a=-1
é < <
3a-b-24=0 3a-b=24 b=-27

Vay a=-Lb=-27thi P(x):Q(x)
Céu 90. Ta c6: (2019° +1)+(2021°° —1) = 2019™ + 2021
Ma 2019™* +1=(2019+1)(2019°"° - 2019 +2019™* - ..-1) (1)
2021 —1=(2021-1)(2020 + 2021°° + 2021 + ... +1)  (2)
Cong vé (1) va (2) ta dugc:
2020. [(20192018 —2019%"7 +2019°° —. .. 1) +(2021°% + 2021°"° + 2021°"" +. . +1)] 12020
m-+n?im?—n
n+m?:n>—m
@{m+n22m2—n {(m—n+1)( n)

Cau 91. { (1)

n)>0
2 2 A -
n+m?>n>—m (n—m+1)(m+n)>0

-n+1>0
{m = (do m, n nguyén duong)

&
n—m+1>0
< —-1<m—-n<1
»THI: m—n=-1 &m=n-1
+) m+n®im* —n
(n*—3n+1)+4n—2
€l =

m+n? n—1+n?
= — —— €72 = 5
m<—n (n—l) -n n°—3n+1

€z
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737 74437

:>24n—_2 €Z=n*-3n+1<4n-2 =n*-7n+3<0= <n<
n-—3n+41 2 2

vineN" =ne{1,2,34,5,6}
= me{1,2;3;4;5}

Th lai vao (1) ta tim duoc cdc cdp (m;n)thoa man la: (2;3).
TH2: m—n=0&m=n
m+n®:m*>—n

2
MmNt g Nk eZ:w €Z= -2 €Z-n-1<2 n<3
me—n n“—n n“—n n-1
VineN =ne{123} =me{1;23}

=

Thr lai vao (1) ta im duoc cdc cdp s& (m;n)thoa man la: (2;2), (3;3).
TH3: m—n=1&m=n+1
n4+m?:n’—m

2 n+(n+1)y 2
_ndm eZ¢ﬁ ez 3t g
n_m n>—n-—1 n“—n-1
:1n—+21€Z:>nz_n_1§4n+2 =n’-5n—-3<0
n*—n-—
= S_ﬁﬁném_ﬁ

VineN =ne{l;2;3,4;5} = me{2;3,4,5,6}
Thu lai vao (1) ta dwoc cdc cdp s6 (m;n) thoa man la: (3;2)

Cau92. Tacod: n®—2n*+n?=n®—n*—n*+n?= n“(n2 —1)—n2(n2 —1):|:n(n—l)(n Jrl)]2
y A2 ) 2.
bit A=n(n-1)(n+1), tacd {A33 va (2,3)=1 = A6 :>[n(n—1)(n+1)] :36 (dpcm)

Cau93. ab —ba =(10a+b)? - (L0b+a)? =99(a? —b?)

ab’ —ba’ chia hét cho 3267 nén a?—b? = (a—b)(a+b) chia hét cho 33
1<a,b<9=a=Dbhay a=7,b=4;a=4,b=7

Vay ta c6 cac s 11;22;33;44;47;55;66; 74;77;88;99

Cau 94. Ta co:

4a®> +3ab—11b%:5 = (sa2 +5ab— 10132)—(4312 +3ab —11b2)35
—a’ +2ab +b*:5
=(a+b)’i5

—=a+b:5 (Vi5lasdnguyén td)
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=a'-b'=(a’+b’)(a+b)(a—b):5
Cau 95. Ta co:

XY+ X+ Yixy? +y+1
e y(Xy+x+y)-x(xy’ —y+1)ixy* +y+1

Sy -xixy?+y+1

=m
TH1: y2 =X:>{y ) : Vi moi m 1a s6 ti nhién khac 0
X=m
Th lai thay thoa man

TH2: y* > X, ta ¢
Xy’ +y+1<y? - x < (x-1)y* +y+x+1<0 (vdlido x,y>1)
TH3: y* < x. Ta c6:
xy2+y+1<x—y2<:>x(y2—1)+y2+y+1<0 (volido x,y>1)
Vay, (X; y) = (m2 : m) voi m thudc tap s6 tu nhién khac 0
Cau 96. Ta cb (x2 —Q)E(xy+2)(:> (x2y+2x)—(2z+2y)f(xy—|—2)<:>2x+2y§xy+2
Dt 22 + 2y = k(ay +2) véi k€ N’

Xét k> 2.Khido

2042y =k(ay+2)>2(my+2) e rty>ay+2e (z-1)(y—1)+1<0

Diéu ndy mau thuan vi z;y nguyén duong.

Suyra k <2 hay £ =1.5uyra 2<x+y>:xy—|—2(:><x—2)(y—2):2
+Néuz—2=Ly—2=2thiz=3y=4
+Néuzrz—2=2;y—2=1thiz=4y=3

Vay cdp so (x,y) thoa man bai toan la (3;4) va <4;3>.

Cau 97. Ky hiéu (x;y) la wdc chung 16n nhat ctia hai s6 nguyén x vay.
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Goi d = (a;b) => a=da,;b=db,, véi (a;b,) =1
=a’+b*=d*(a’+b?) va ab=d’a,b,
= d*(a’+b?)id%a,b, = a’ +b’iab,
=a’ib,=a,-a,:b, ma (a;b,)=1=a,:b,

Twong tu b,:a, suyra a, =b, =1

@)
2d%a,b,

Cau 98. Gia str 2 1é. Khi d6 a’ chia 4 du 1. Ma b? +¢? chia 4 chi c6 thé c6 s6 du 14 0, 1 hodc
2. Do d6 khong théa man. Vay a chén. Twong tw b, ¢, chdn, dpcm.
Cau 99. Ta c6 52+ 22" = 25.125" + 8.4" = 25(125" - 4") + 33.4".

Mit khac (125"-4") : (125-4)=121:11va33.4" :11,Vn € N. Do d6

52422 111, vneN.

Cau 100. Dé thdy xy # 1. Ta xét cac truong hop sau

e V6i x=1 va y>2, khi d6 tir gia thiét ta dwgc 4 chia hét cho y—1 hay y—1 la wdc cua 4.
Chti y réng wdc ctia 4 gdom 1; 2; 4 nén ta tim duwoc y e {2; 3;5}.

+Voi x=1va y=2 taduwoc A=4

+Voi x=1va y=3 taduwoc A=2

+Voi x=1va y=5 tadwoc A=5

e V6i y=1 va x>2, khi d6 tir gia thiét ta dwoc x* +x+2 chia hét cho x—1 hay 4 chia hét
cho x—-1, suy ra x—1 la wdc ctia 4 nén ta dwoc xe{2;3;5}.

+Voi x=2 va y=1ta duwoc A=38

+Voi x=3 va y=1taduoc A=7

+Voi x=5 va y=1ta duoc A=38

e V6i x>2 va y>2,khid6 do x* +x+2 chia hét cho xy -1 nén ta dwgc y(x2+x+2) chia
hét cho xy—1, tit d6 suy ra x+2y+1 chia hét cho xy-1.

x+2y+1

Dat k=
xy -1

,cht ¥ rdng do x>2 va y>2 nén ta duoc xy—1>3.
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+Néu k=1 thi ta duoc x+2y+1:xy—1<:>(x—2)(y—1)z4.
Giai phuong trinh tich trén ta dwoc cac nghiém la (x; y) = (3;5),(4;3)(6;4).
Khi d6 ta tinh dwoc cac gia tri twvong tng cia A la 1; 2; 4.
+Néu k=2, khi d6 ta duge x+2y+12xy -1 (x-2)(2y-1)<4
Véi y >3 va x>2 thi bat dang thiic trén khong xdy ra, con véi x=2 va y =2 thi k khong
nhan gia tri nguyén duong.
Vay cac gia tri nguyén duong ma A nhan duocla A e {1,' 2;4; 7;8} .
Cau101.a) Ta c6 a,b € S nén a = m* 4+ 3n* va b = p’> + 3¢ véim, n, p, q la cdc sd nguyén.
Khi d6 ta cé
ab = (m2 + 3n2)(p2 + 3q2) =m’p® + 3n°p° + 3m’¢ + I’
= (m?p2 + 6mnpq + 9n2q2) + 3<m2q2 —2mnpq + n2p2)
2 2
= (mp +nq) +3(mg—np)
Do vay abe S.
b)Do N € S néntacd N = z” + 3y” vdix, y la cac s8 nguyén va do N 1a s6 chdn nén x, y
c6 cling tinh chdn 1é. Ta xét cac treong hop sau
+ Xét truong hop x va y déu 1a s& chan. Khi d6 dé thdy N chia hét cho 4.
bat = = 2a;y = Qb(a,b € Z), khi do % =a’ + 3b° nén % €s.
+ Xét trudmg hop x va y déu la s6'1é. Khi d6 ddt = = 2a + Ly = 2b +1(a,b € Z)

2

Taco N =2’ +3y° =(2a+1) +3(20+1) =da* +4a+120 +12b +4 nén Nid.

Mat khac do x, y la cac s6 1é nén 2> — 4*:8 nén z — 3y:4 hodc = + 3y:4.
2

T+y

2
Véi z — 3y:4 ta duoc %: [x—43y] +3

2

+3

Véi x + 3y:4 ta duoc %: [x—?)y

4

Vay bai toan dwgc chitng minh.

2
Cau102. Giastt a>b>c.Taco a* +b* +c* =(a’ +b® +¢* ) —2(a’b? +b*c* +c’a’).
Viplasdnguyéntdva p>3,suyra a’+b*+c* chia hét cho p khi va chi

a’b® +b’c® + c*a’khi chia hét cho p hay
a’h’ +c?(a’ +b?)ip < a’h’ —c*ip < (ab—c*)(ab+c?)ip.
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Do p=a’®+b®+c®>ab+c’>ab-c*>0 vaplasdnguyéntdnén ab-c*=0=a=b=c
= p=3a°=>a=b=c=1vap=3.

Cau 103. Trudc hét ta chitng minh rang x” = x(mod42),vx e Z. (1)
That vay, ta cd X' —x = x(x—l)(x+1)(x4 +x? +1) )
Dé thay x(x-1)(x+1) la tich 3 s6 nguyén lién tiép nén né chia hét cho 6.
Theo dinh 1i Ole thi X" —x=0(mod7),vxeZ , tiecla x’ —x chia hét cho 7.
Vay x” —x chia hét cho BCNN(6;7)=42. Khang dinh (1) duoc chitng minh.
Tk d6
[(27+5)' +10}7 +| (10n+27)"+ 5]7 +[(5n+10) + 27]7

=(27n+5)" +10+(10n+27)" +5+(5n+10)" +27(mod 42)

=27n+5+10+10n+27+5+5n+10+27(mod 42)

=42(n+1)(mod42)

=0(mod42).
Tt d6 ta c6 khang dinh ctia bai toan.

-1 y-1

Cau 104. Bién ddi gia thiét 3

3" —1)=2(y 1) & 32> —2° =1

Vi s6 chinh phwong chia 5 dw 0 hodc 1 hodc 4, ma 3x* —2y* =1 nén z* va y* chia cho 5 c6
cung s6 dw 1, tir d6 ta dwoc z° —y* 5

Vi s6 chinh phwong chia 8 dw 0 hodc 1 hodc4, ma 3x* —2y* =1 nén z* va y* chia cho 8
c6 cung s6 duw 1, tir 46 ta duoc 2° — 8

Do 5 va 8 nguyén t6 cung nhau nén ta dugc z* — y* 140

Cau 105. Ta c6 xy—1:(x—1)(y—1),suyra xy—1ixy+1-x—y.
Ma xy+1—x—y5xy—l—l—x—y:>(x—1)+(y—1)E(x—l)(y—l), suyra x—1:y—1vay—1:x—1,
nén x=y

xz—lf(x—l>2 tacoO x+1ix—1,suyra2ix—1,nén x=2 hodc x=3.

Cau 106. Ta cO abcde = abc00 + de = abc-100 + de
= abc(101— 1)+ de = abc-101 - abe + de

Suy ra abede chia hét cho 101« abc —de = abc —(10d +e) chia hét cho 101.

99999 _ 990 9
101 101

Vay s6 ¢6 5 chit sO 16n nhat chia hét cho 101 la 990-101

Ta c6 101-m <99999 = m <
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Ta co 101'n§9999:>n§%:99

Vay s6 ¢ 5 chit s6 nho nhat chia hét cho 101 la 100-101
SO cac s6 co 5 chir sd thdéa mén yéu cau ctia bai toan la: 990 —100 +1=891.
Pép s6: 891 so.
Cu 107.+) 41° =(40+1)° =40 + 80 +1=81 (mod 100).
41* =81* (mod 100) =(80* +160+1) (mod 100) =61 (mod 100).
= 41° =61.41 (mod 100) =(60.40+100+1) (mod 100) =1 (mod 100).
= (41°)" =41 =1 (mod 100) = 41" =41 (mod 100).
+) 57 =1 (mod 100) =572 =(57*)"" =1 (mod 100).
Suy ra A=41'" 457" =(41+1) (mod 100).
Vay 2 chit s6 cudi cung ctia A la 42.
Cau 108. Ta c6
13" = (13* .13 = 3(m0d10);6° = 6(Mod10);2009 = (2009)*™*.2009 = 9(mod10)
13" +6° +2009%” =3+ 6+9 =8(mod10)
nén 13 +6° +2009°” ¢6 tan cling la 8

Cau 109. Ta c6: A=7(m+n)’ +2mn = 7(m2 +n2)+16mn =7(m-n)’+30mn.

Do A:225 nén A:15.

Lai c6 30mn : 15 nén 7(m—n)” : 225.

Suy ra (m—n):15.

Twr day, ta c6: 7(m—n)° chia hét cho 225.

Dan dén 30mn : 225, ticcla mn :15.

Ma mn=(m-n)n+n® nén n* 115 tic n 115. Tr d6, suy ra m :15(do (m—n):15).
Vay mn :15% =225.

Cau 110. Ta ¢ 5m + n:m + 5n nén 5m +n = (m + 5n)a véi a la sO nguyén duong.
Khi do ta duwgc 5m —am = ban —n < m<5—a): n(5a—1>.

Do m, n, ala cac s6 nguyén duong nén 5¢a —1 >0 dodésuyra5—a > 0.

Do a nguyén duong nén ta dwoc a € {1; 2;3; 4} . Ta di xét cac truong hop sau.
+V0i a =1, khi d6 ta duwogc 4m = 4n <& m = n nénsuy ra m:n.

+V0i a =2, khi d6 ta dugc 3m =9n & m = 3n nénsuy ra m:n.
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+Voi a = 3, khi do6 ta dwoc 2m =14n < m = Tn nénsuy ra m:n.
+V0i a = 4, khi d6 ta duwogc m = 19n nén suy ra m:n.
Vay m ludn chia hét cho n.
Cau 111. a) Chitng minh rang x va y la hai s8 1é va nguyén t3 cing nhau.
Gia str trong hai s8 x va y c6 mot s8 chdn, do vai trd ctia x va y nhw nhau nén khong mat
tinh téng quat ta gia st x 1a s6 chan. Khi d6 do 2* + 3* + 10 chia hét cho xy nén
2* + y* 410 chia hét cho 2. Ttr d6 dan dén y* chia hét cho 2. Tt d6 suy ra duoc
2* + y® + 10 chia hét cho 4, dan dén 10 chia hét cho 4, diéu nay v li. Do d6 ca hai s6 x va
y déu la s6 lé.
Goi d = (:zs;y), khi d6 z = dx;y = dy, voi z;y, € N,(:z:o;yo) =1.
T dd tacod 2° + y* +10 = d’z + d’y. + 10 chia hét cho d°z,y, nén suy ra 10 chia hét cho
d’ nénsuy ra d = 1 hay x va y nguyén t& cung nhau.

2" 41y 410
y

b) Chting minh réng k = chia hét cho 4 va k > 12.

ZJL(m2 +n’ —|—m—|—n—|—3)
(2m +1)(2n +1)
Do 4 va (2m+1>(2m+1> nén suy ra m° +n” +m + n + 3 chia hét cho (2m+1>(2n+1).

Détx:2m+1;y:2n+1(m,n€N>.Khidc')taCék:

2 2
Hay ta duoc T Amints gy nguyeén. Ttr d6 suy ra k chia hét cho 4.
(2m +1)(2n +1)
2 2
~ \ 1 A . A~ \ 7 A A
Clng ttt k = Tty +10 ta duoc z° + y* + 10 = kxy . Néu trong hai s6 x va y ¢c6 mot s6

Y
chia hét cho 3, khi d6 khong mat tinh tong quat ta gia st s6 d6 la x. Khi d¢ ta suy ra duoc
y> 4+ 10 chia hét cho 3 nén y* + 1 chia hét cho 3 hay y* chia 3 dw 2, diéu nay v ly vi ¢
chia 3 du 0 hodc du 1. Do vay x va y khong chia hét cho 3. Suy raz®;y* chia 3 cing c6 s6
du1a 1. Do d6 ta dwoc o” + y* + 10 = kzy chia hét cho 3. Ma ta lai ¢ (3;zy) = 1 nén k chia

hét cho 3.
Két hgp vdi k chia hét cho 4 ta suy ra duoc k chia hét cho 12. Do d6 k£ > 12.

Cau 112. Dt F = [5x° +11xy—5y2|: f(xy), mlaGTINN caa F.
Tacd m lasdnguyénva f(0;1)=f(1;,0)=5=m<5.
Vi X, y la cac s8 nguyén khong dong thoi bang 0 nén 5x* +11xy —5y® # 0 hay

F=<0.
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Xét x=2n; y=2k.Tacod f(x;y)=f(2n;2k)=4f(n;k) nén gia tri f(2n;2k) khong
thé 1a GTNN. Do d6 GTNN cua F xay ra khi x, y khong cling chdn, vi vay m la sd 1é.

*Néu m=1suy raton tai X, y dé
|5x2 +11xy —5y2| =1 < 100x* +220xy —100y? = +20 < (10x+11y)” —221y? = +20
& (10x+11y)° £20 =221y*:3. Suy ra (10x+11y)" chia 13 du 6 hoc dw 7. Ma s& chinh
phuwong khi chia 13 chicé dw 0, 1, 3, 4, 9, 10, 12. Do d6 vé Iy.

*Néu m=3 suyraton tai x, y dé
|5x2 +11xy —5y2| =3 <1002 +220xy ~100y? = +60 < (10x +11y)’ —221y? = +60
& (10x+11y)° +60 =221y*:3. Suy ra (10x+11y)’ chia 13 du 5 hodc du 8. Ma s& chinh
phuwong khi chia 13 chic6 dw 0, 1, 3, 4, 9, 10, 12. Do d6 vé Iy.

Vay GTNN caa F 1a 5.
Cau113. P = (a7b3 - a3b3) —(a3b7 - a3b3)

A=a'b*-a’b’= a3b3(a4 —1):a2b‘°‘(a—1)a(a+1)(a2 +1) chia hét cho 6 vi (a—1)a(a+1)la

tich ba s0 nguyeén lién tiép.

A=a’h’ [(a—Z)(a—l)a(a +1)(a+2)+5a(a’ —1)] = Ai5. Do d6 A!30.
Tuong tu B= (a3b7 —a3b3)§30 = P:30.

Cau 114. P =(a°—5a* +6a°) —a®+5a° —6a+ 240
=a’(a’-5a+6)-a(a’—5a+6)+240=(a’~5a+6)(a’ —a)+240

Suy ra P=(a-3)(a—-2)(a—1)a(a+1)+240:120

Ttr &6 suy ra P chia hét cho 120.

Cau 115. P=4a+a+b=(4a+2)+(a+1)+(b+2007)—2010
Tac6 4* +2=(4"-1)+3=(4-1)(4"" +4" +...+4+1)+3 chia hét cho 3.
Mit khéc 4 +2 1a 58 chdn nén (4°+2):2 do d6 4 +2 chia hét cho 6.

a+1,b+2007 va 2010 cung chia hét cho 6 nén P chia hét cho 6.

Cau 116. Do a+b+c chia hét cho 4 nén dit a+b+c=4k(k e Z)ta co:

TU SACH CAP 21 288



BOI DUONG HOC SINH GIOI CAP 2
P =(4k —c)(4k —b)(4k —a)—abc = (16k* — 4kc — 4ka +ac)(4k —b) - abc
— 4k (16k2 — 4kc — 4ka + ac — 4kb + bc + ab)— 2abc.

Do a+b+ci4 nén trong ba s6 a,b,c phai c6 it nhat mot s& chdn nén 2abci4 , tir d6 suy ra
P chia hét cho 4.

Céu 117. a) Ta biét rang binh phuong mot s6 nguyén chia cho 8 dw 0, 1, 4, do &6 x>+ y* +2° chia
cho 8 thi s§ du thudc tap {0;1;2;3;4;5;6} .

Mit khéc, 560647 chia cho 8 du 7. Vay khong ton tai X, Y,z la cac s6 nguyén thoa man dé bai.
b) Dang thtic da cho tuwong dwong véi
(a-1)a(a+1)+(b-1)b(b+1)+(c—1)c(c+1)+(d-1)d(d+1)=660064.

V& trai chia hét cho 6, v€ phai khong chia hét cho 6, tir d6 suy ra diéu can chirng minh.

Cau118.a) Tacé (a+5)—(a—2)=7 nén a+5 va a—2 cung chia hét cho 7 hodc ciing khéng chia
hét cho 7.

Néu a+5 va a—2 ciing chia hét cho 7 thi P =(a+5)(a—2)+ 63 khong chia hét cho 49.

Néu a+5 va a—2 cling khong chia hét cho 7 thi (a+5)(a—2) khong chia hét cho 7, do d6 P
khong chia hét cho 7, nén P khong chia hét cho 49.

b) Q =a’ +5a+185 khong chia hét cho 169.
Tuong tu ta vit Q =(a+9)(a—4)+221.

Cau119. Ta o P — 1" +1)6(2n+1) .

bt Q=n(n+1)(2n+1) thi Q=6P.
Dé thay rang n =5k +1,n =5k +3 thi Q khong chia hét cho 5, do &6 P khdng chia hét cho 5.

Cau 120.a) P =(a+5)(a—6)+154.

Ta cé (a+5)—(a—6) =11 chia hét cho 11, vay a+5;a—6 cung chia hét cho 11 hodc cung khong
chia hét cho 11.

Néu a+5;a—-6 cung chia hét cho 11 thi a+5;a—6 chia hét cho 121. Suy ra P khong chia hét cho

121.
Néu a+5;a—-6 cung khong chia hét cho 11 thi P khong chia hét cho 121.

Vay khong ton tai sd nguyén a dé€ P chia hét cho 121.
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b) Q=(a’+3)(a—7)+(a+7) chiahét cho a’+3 khi
(a+7)i(@’+3)=(a—7)(a+7)=[(a’ +3)-52]:(a’ +3)

= a’+3e{4;13,26;52} > ae{L,-7}.

Bai 121.

a) Tacd A(X) = (x* —x—2)(x* =8x+15) + m+23, do &6 A(X) chia hét cho B(x) khi
m+23=0< m=-23.

b) f(x) chia hétcho X—1 va X+2 nén ta cé:

f(0 =PI _ | fQ=0 _ | a-3=1 a:‘;

F0)=q(x+2) | F(=2)=0  |a—12b=25 b=-3

Bai 122. Theo dé bai ta c6 vdi moi X:
A(X) = p(X)(x=5) +7 @)
A(X) =a(x)(x+3) -1 (2)
A(X) = (2x° +D)(x=5)(x+3)+ax+b (3)
T (1), (2) tacd A(B)=7,A(-3)=-1.

Tir (3) ta c6 A(5) =5a+b; A(~3) =—3a+b.
A(5)=5a+b=7
A(-3)=-3a+b=-1

Vay A(X) = (x* —2x-15)(2x* +1) + x + 2.

Bai 123. Ta phan tich P(n) thanh nhéan ta:

P(n) _ nlsoo(nso +no +1) — pleoo [(n40 +1)2 . n40]

_ pleoo (n4o +n® +1)(n40 _n® +1) — e [(nzo +1)2 _ nzo} (n4o _n® +1)

=™ (n® £ 0 1 1)(n® —n +1)(n" —n? +1).
Tt d6 suy ra P(n) chia hét cho Q(n) véi neZ.
Bai 124.

1.2.3...(a+3)(a+4)(a+5)...(2a+5)(2a +6)
- 1.2.3.(a+3)
2.4.6..(2a+4)(2a +6)

1.23..(a+2)(a+3)
=1.3.5...(2a+5)2*" chia hét cho 2**°.
1.2.3..(3a-1)3a

123..a

Dodétacé{ =a=1b=2.

a) P

=1.2.3..(2a+5).

b) Q=

3.6.9...3a
1.2.3..a

=[1.4.7..(3a-2)][2.5.8...(3a—1)].3" chia hét cho 3°
Bai 125: Ta c6: (a° +b*)—(a+b)=(a’—a)+ (b’ -b)=(a-1)a(a+1)+(b-1)b(b+1):6

=[1.4.7..(3a~2)][2.58..(3a D).
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Do do: (a°+b*):6 < (a+b):6

Bai 126. Vi m 1a 56 chdn = m = 2k = m® + 20m = (2k)’ + 40k
m° +20m =8(k® +5k) =8[ (k* k) + 6k | =8(k® —k )+ 48k
Taco: (k°—k):6=8(k®—k):48 va 48k:48

Vay: (m°+20m):48

Bai 127. Goi sd can tim 1a X =Xxy..tha,a, ,...a,a,, b la chit s6 can gach.

bat A=xy.t vaY =xy..taa, ,..a3a
Taco: X =71Y

& AL +b10"+a,..a =71 (Al0"+a,.a)

<hb.10"=61.A10"+70.a,a, ,..8,8

a .
Néu A>0 thi b.10" >61A.10 vi 0<b<9.

Vay A=0 ticla b.10" =704a,..a,

Chit s6 bi gach la chit s6 dau tién tinh twr trai qua phai.
M3t khéc: (10%,7)=1 v6i moi k = bi7

Ma 1<b<9=b=7

Lic dé: 7.10" =70.4a,..a,

=Y =aa,_,..a,a =100..00 (n-1 chit s& 0)

Vay: X =7100...00 (n—1 chtr s 0) chit s bi gach dila 7.

Bai 128.
Goi s6 can tim 14 ab. Ta cé:
ab:3 va alb+2a=9.ab

@{(a+b)£3 @{(a+b)23

100a+b+2b=9(10a+b) 3a=2b
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Tt 3a=2b=2b:3 ma (2,3)=1=b:3 do (a+b):3
—a:3ma3a:2=a:2
Taco: a:3;ai2;(2,3)=1=>a6l<a<9=>a=6=b=9
Vay: ab=69.
Bai 129.
*Néu xi3 va yi3 = x*13 va y* 3= (X" +y*):3
* Nguoc lai: gia siv (x2 +y? )53
Ta c6 mot s6 nguyén a bat ky chi c6 mot trong ba dang.
a=3¢g,a=3q+lLa=3g-1
= a* ¢6 mot trong hai dang 3k hodc 3k +1
= X" +Yy* c6 mot trong cac dang: 3p,3p+1,3p+2
Do do: (x*+y*)i3< x*3 va y*i3< xi3 va yi3.
Bai 130.
Ta c6: aaaa =16.bbb+r
aaa =16.bb +(r —200)
Véi: 200<r <bbb.
Trit cac dang thitc, ta ¢6: 1000a =1600b+200 <> 5a=8b+1=>a=>5 va b=3.
Ta c6 cac s6 5555 va 333 thoa man.
Bai 131.
a) Goi s8 can tim 1a: abc =100a+10b+c.

__abc _100a+10b+c _, 9(lla+b)
a+b+c a+b+c a+b+c
Nhan thay k bé nhat khi ¢ 16n nhat = khi d6 ¢=9
:>k=1+9(11a+b)= 0+9(10a—9)

a+b+9 a+b+9
= k bé nhat khi b 16n nhat =b=9

9(10a—9
k=104 2002-9) 5 9.180
a+18 a+18

= k bé nhit khi a bé nhat > a=1
Vay abc =199
b) Xét cac treong hop: (1) achan, b chdn; (2)achén;blé
(3) alé; b chan; (4)alé, ble.

Trong tat ca cac truong hop ta déu cd A:16

Dung phuong phap quy nap toan hoc dé€ chitng minh cho B:36 vdi moin.
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Bai 132.
a) Chi can chimg minh (n°-n}:30 v6i moi n.
b) V6i moi s6 ty nhién khéac 0, ta ¢6: 0<S(n)<n.
* Néu 1< n <1987 = (n—1)(n—1987) <0

= n’-1988n+1987 <0
= n*-1988n+26 <n*-1988n+1987 <0
= vo ly.
*Néu n=1988= S (1988) =1988% —1988.1988 + 26
Vay n=1988 thoa man.
*Néu n>1988=n-1988>1
= n?-1988n+26 > n’-1988 =n(n—-1988)>n
= S(n)=n?-1988n+26>n (voly)
Viluon luén co: 0< S (n) <n
Vay chi c6 n=1988 thoa man.
) Goi (AB)=d=d>1
n(n+1)

= A:d va B:d :>(2n+1)5d va :d

= n(2n+1)id va 2n(n+1):d
:>(2n2+n)5d va (Zn2 +2n)§d
:>[(2n2+2n)—(2n2+n)}2d
=nid = 2nid ma (2n+1):d
=ld=>d<lmadx>1=d=1
Vay (AB)=1
Bai 133.
a) Mot s6 nguyén duong khong chia hét cho 5 thi c6 mot trong cac dang;:
x=50+1,59+2,59+3,5q +4
= x* ¢6 mot trong céc dang 5k +1 hodc 5k +4
= x* ¢6 dang duy nhat 5p+1
=b*=5B+1va a‘*=5A+1=a"'-b*=5(A-B)5
b) Theo gia thiét, ta suy ra cac tich: a,a,,a,a,,...,8,8 chi nhan mot trong hai gia trj 1

hoac -1.
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Do d¢: aa, +a,a, +a,a, +..+a,a =0<> n=2m.Dong thoi c6 m s hang bang 1, m s
hang bang —1.
Nhan thay: (aa,)(a,3,)--(a,3 ) =2a/a;..a; =1
= S& cac s8 hang bang —1 phai 1a s§ chén.
Tacla: m=2k =>n=4k = n:4.
c) Taco: n+S(n)+S(S(n))=60=n<60=S(n)<5+9=14
= 5(S(n))<1+9=10=5(n)+S(S(n))<14+10=24
60=n+S(n)+S(S(n))<n+24=36<n<60
Boi vi n,5(n),S(S(n)) c cling s8 du trong phép chia cho 9.
= 3n chia cho 9 du 6 (do S(60)=6) = n chia 3 dw 2.

= n chia cho 9 ¢c6 mét trong ba s6 du 2, 5, 8.
= n e {44;47;50}
Bai 134.
a) Biéu dién M = (1993 —1)+(1997"*® +1) = M i3
Bi€u difn M =1993.1993"* +1997.1997*** =1093,(1993*)"" +1997.(1997¢)""
— M tan ciing 1a chit s3 0 = M i5 ma (3,5)=1= M 15.
b) M tan cung la chit s6 0.
Bai 135. 1) Xét ba s0 dw ctia X, Y,z khi chia cho 3.

* Néu ca ba sd 1a khéc nhau: (0,1,2) thi x+y+2:3 nhung khi d6 (x-y)(y—2z)(z—x)
khong chia hét cho 3 (v ly).

* Néu c6 hai s6 du bang nhau thi x+ Yy + 2z khong chia hét cho 3 trong khi d6 mot trong
ba hiéu x—y;y—z hodc z—x chia hét cho 3 (vo1y) vi (x—y)(y-2z)(z—X)=x+y+z.

Vay chi con truong hop ca 3 s6 x,y,z déu c6 cung sd du khi chia cho 3.
= (x-y)(y-2)(z—x):3.3.3=27

Ma: (x=y)(y-2z)(z—X)=X+y+z=X+Yy+2:27

2) Tacé: a* ~1=(a*) -1 =(a* -1).P

Ta c6: a*—1=(a—-1)(a+1) la tich ctia hai s6 chan lién tiép a—-1>4 viala sd nguyén t&

a>bh.
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= At c6 mét s8 chia hét cho 2 va mot s6 chia hét cho 4.
=(a-1)(a+1):8
Xét ba so lién tiép: a-La,a+1; 4t c6 mdt sd chia hét cho 3 via khong chia hét cho 3.
= (a-1)(a+1):3=>(a-1)(a+1):24
Tacé: a*-1=(a-1)(a+1)(a’+1) vaalasdle.
= a’+11asd chin = (a2 +1)32
= (a-1)(a+1)(a’+1):48
Lai vi a khong chia hét cho 5.
— a cd dang 5k +1,5k —1,5k + 2,5k -2 = a* ¢4 dang 5m+1=a*-1i5
Vi (5,4,8)=1=>(a-1)(a+1)(a’ +1):240
Bai 136.

a) Néu n=2k = A=2k.2% +3% = (2k +1) 2% + 3% - 2%,

A=(2k+1).2* +5p
Boi vi (2%,5) =1 do do:

A5 2k+1:5< 2k =5m+4 < k=5t+2< n=10t+4
Né&u n=2k+1=> A=(2k +1)27 + 3% = 2k 27K 4 22K+ 3%+ = | %% 4 B

Do dé: A5 k:5<n=10m+1
Tom lai: A:5< n=10m+4 hodc n=10m+1
b) A:25= A:5< n=10m+4 hodc n=10m+1
* Truong hop n=10m+1
Ta c6: 2*° =1024 =—1(mod 25)

3" =59049 = —1(mod 25)

A=(10m+1).200m* 4 3o

2" = (-1)" (mod 25); 2™ = (-1)".2(mod 25)
= (10m+1).2°"™* = (10m +1)(-1)" .2(mod 25)
3™ =(-1)" .3(mod 25)

= A=(20m+5)(-1)" (mod 25)
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Ai25 < (20m+5):25 <> 5(4m+1):25 < (4m+1):25
< 4dm+1=5 < 4dm=5t-1< m=5q+1
Vay Ai25 n=10(5q+1)="50q+11
* Treong hop n=10m+4
A=(10m+4)210m* 4 3om

Lam tuong tu = A=16(10m+4)(-1)" +81.(-1)" (mod 25)
(-1)".(160m +145)(mod 25)
Vay Ai25 < (32m+29):5 < 32m =1(mod5)
< m=50+3< n=50q+34

Tém lai Ai25 < n=>50q+11 hodic n=50q+ 34
Bai 137.

a) Viét: A=(25"-18")-(12"-5")

Ta c6: (25" -18")i(25-18) va (12" -5"):(12-5)

= A7

Viét: A=(25"-12")-(18"-5")

Ta c6: (25" -12")i(25-12) va (18"-5")i(18-5)

= A3 vi (7,13)=1= Ai7.13=01

b) Ta co: 5" +1997 =5 +¢* & (5%° —1)+1996:(52”2 —1)+q2 -1

Néu p va qla sd nguyén t8 = 5°° —1=25° —1:24

Va 527 —1=25" ~1:24;9° ~1=(q-1)(q+1):3

=1996:3 vo ly. Vay phuong trinh khong ¢ nghiém (p,q).
Bai 138. Bi€u dién P =(1998n° +1998n)+(n*—n+30)
Boi vi (1998n? +1998n):6n = P:6n <> (n*—n+30):6n
Xét hai treong hop:
+Néu n>0:
Ta c6 (n*—n)in=>30in vi 30:6=(n’—n):6

Ma n’-n=n(n-1):2, do d¢:

n(n—1):3=n =3k hodc n=3k+1
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Vay P:i6n< n=3k hodc n=3k+1 véi n lauwdcsdcua 30 =ne {1,3,10,30}
+Néu n<0:DPat n=-m véi m>0
Lam tuong tu ta c6: m e {2,5,6,15} = n e {-2,-5,-6,-15}

Bai 139. a) 1996 = 3.665+1=> ab = (3k +1

)1995

= ab c6 dang 3Q +1
= a va b phai ¢ cung dang 3m+1 hodc 3m-1

—=a+b c6ddang 3p+2 hodc 3p—-2

= a+b khong chia hét cho 3 nén a+b khong chia hét cho 1995
b) Lam twong tw voi:

1991=3k-1=cd =3Q+1

= C va d phai ¢6 cung dang 3m+1 hodc 3m-1

= C+d c6 dang 3p+2 hodc 3p—2

= C+d khong chia hét cho 3 nén ¢+ d khong chia hét cho 1992
Bai 140. Ta c6: (X + y)3 =X +y° +3xy(X+y)=1995+3xy(x +Y):3
Do d6 (x+y)3§3:>(x+y)§3:>(x+y)3327

Ta c6: 3xy(x+y)§9:>1995:(x+y)3 -3xy(x+Yy):9

Vo 1y vi 1995 chia cho 9 du 6

Bai 141.Ta co: 2T, = n(n+1). Mét khéc, sit dung tinh chat a" +b" chia hét cho a+beN'va
n 1 tacé: 28, = [(12019 029 422 4 (n =) (0 +1)}E(n +1) (1)

28, ={[1=2 + (n -1 |+ [22 + (= 2|+ [0 -1 |+2nkin (2)

Do (n,n+1)=1 nén ti (1) va (2) suy ra: 2S,:n(n+1)=2T, hay S, T,.

Bai 142. Goi d la wéc chung 16n nhdt caia m va n.

Giast m=ad, n=bdvéi (a,b)=1

3 3 3 3

Tacs A=A _ 8@ _dGash
n

Vi (a,b)=1nén (b,a+b)=1.Suyra (b* (a+b)’) =1. Nhu vay dé€ A nguyén thi d:b*, gia st

d =cb?. Bay gio ta dwoc A=c(a+b)’vdi a, b, ¢ nguyén duong.

)2019
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Do a+b>2 va A lé nén A nhéan gia tri bé nhat 1a 27, diéu nay xay ra khi c=1,a+b=3. Khi
do co hai kha nang;:

Néu a=2 va b=1thitacé d =1. Suyra m=2,n=1.

Néu a=1va b=2thitacéo d=4.Suyra m=4,n=8.

Bai 143. Ta 6 a’b—-1=b(@’+I)—(b+l):a+I=b+ lia+l. Twong tu

b’a+1 =a(b’~I)+a+1ib—1suy raa+1ib—1. Tkt d6 suy ra

b+lib-1<b-1+ 2:b-1=Db-1€U(2)suy ra b=2hodcb=3.

a=1

a=3

Vay cacbd s6 (a;b) thoa man diéu kién la:(a;b) = (1;3),(2;2).(3;3).

Bai 143. Tur gia thiét ta suy ra a + b+c+d+e chia hét cho 34.5=60suy ra 4b,5c chia hét
cho 60 nén b chia hét cho 15, ¢ chia hét cho 12. Néu b =0hodc ¢ =0thi suy ra
a=b=c=d=e=0trai vdi gia thi€t suy ra b,c#0. Vay b,c 21suy ra b>15, ¢ 212. Theo gia
thiét ta c6: 3(a+b+c+d+e)=3a+4b+5c=3(d +e)=b+2c>15+2.19=d +e>13.

Dau bang xay ra khi va chi khi b=15,c=12vaya = 20. Vay a=201a gid trj can tim.

Bai 144. Khong mat tinh tong quat, ta gia st n>m

+Néu n>m+1thi suy ra

n>—m>n+m?, that vay ta c6: n> ~=m-n-m’ =(n+m)(n—m-1) >0. Tt &6 ta suy ra n+m?
khong thé chia hét cho n—m?.

+Taxét n=m+1,

m+n®im’—n< m+(M+1)%im? —(m+1) < m?+3m+1im’ -m+1< m’ —-m+1+4mim? —m+1h

5—\/2_1< 5+\/ﬁ

m<
2 2

nguyén duwong nén suy ra m e {1;2;3;4} thiz tryc tiép ta thdy m=1,m=2thoa man.

Véi b=2tacd 3:a+l=a=2,vdsi b=3ta co: 45a+|:>[

ay 4mim*-m+1l=4m>m’-m+lem? -5m+1<0 < ,dom1lasd

+Xétm=ntacd N“+ninf-n=>2n'n"*-n=>2n>2n"-n<n°-3n<0< 0<n<3 tht truc
ti€p ta thdy n=2hodc n=3 thda man diéu kién.
Vay cdp s6 (m; n) thoa man diéu kién la: (m,n)=(2;2),(3;3),(1;2),(2;2),(2;3),(3;2).
Bai 145. Dt x-1=a,y-1=b vdi a,b e N". Yéu cAu bai toan duoc viét lai thanh:
2(@a+1)(b+1)-1l:ab <= 2ab+2(a+b)+1l:ab < 2(a+b)+1:ab. Ta gia st 2(a+b)+1=Kkab, va
1<a<b thi kab=2(a+b)+1<4b+b=5b=ka<5. Tl d6 ta c6 cac treong hop c6 thé xay ra
la: k=l,a=1=2(1+b)+1=b=b=-3loai. Thir lan lwot: k=1,a=2;k=1,a=3; k=1a=4;
k=la=5k=2a=Lk=2a=2 k=3 a=1 k=4,a=1 k=5a=1 ta suy ra cac cap s0
(x;y) thoéa man diéu kién la:
(%;¥)=(2:2),(2;4).(4,2),(8,4),(4:8).
Bai 146.Twr gia thiét ta suy ra

Y(4x% +8x+3):4xy —1 < x(4xy —1) + 2(4xy —1) + X+ 3y + 2:4xy —1..
Hay
3y+3 12y+12 3(4y-1)+15
4y-1 4(4y-1)  4(4y-))

X+3y+2:4xy -1 4xy—1<x+3y+2 < X(4xy-1) <3y+3 < x<
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Ma 3(4y_1)+15:§+ig§+£:2 suyra X<2.
44y-1) 4 4(4y-1) 4 43

Thay x=1=y=1va y=4.

Thay x=2 suyra y=1.

Bai 147. T gia thiét ta suy ra X* —2ixy +2 Ta cd phan tich sau:

y(x* —2) = x(xy +2) —2(x+Yy) suy ra 2(x+Yy)ixy+2hay 2(x+y)=k(xy+2)véi ke N".
Néu k>2thi 2(x+Yy)=k(xy+2)22(xy+2) = x+y2xy+2< (x-1)(y-1)+1<0. biéu nay
la vo ly do x,y21. Vay k=1<2(x+y)=xy+2< (X-2)(y-2)=2.Tt d6 tim dugc
(xy)=(3,4),(43).
Bai 148. Gia st x*+3xy+y°=5"dox,y>2=>n>2.
Suy ra x* +3xy + y2325<:>(x—y)2 +5xy§25:>(x—y)2+5xy55 :>(x—y)255<:> x—y:5hay
(x—y)*i25= 5xy:5 < xyi5. Do x,y 1a s6 nguyén t& ta suy ra x hodc y chia hét cho 5.
Gia st x:5 = x=5, lai c6 x-y:5 = s0 con lai cling chia hét cho 5, hay x=y =5.
Khi d6 n=3.

x'-1 a y'-1 m,

=—;voi (a,b)=I,(m,n)=1, b,n>0. Theo gia thiét ta co:

Bai 149. Dat =—;
y+1 b x+1 n

a m. . . ., .. an+bm an+bm:b an:b n:b
—+— la s6 nguyeén, ttec la: el = — . =< . =n=b.
b n bn an+bm:n bm:n b:n
4 4
Mt khac 2.0 _ X —1y _1=(x—l)(x2+1)(y—1)(y2+1)1;‘a s6 nguyén, suy ra

b'n y+1 x+1
amin=aneab=x'-1ly+l.Tacod: x'y*-1=y*(x*' -D)+y* -1 max*-liy+iva
y* —1iy? -1’y +1nén bai todn dugc chirng minh.

Bai 150. Ta cé:

p:_f: Z__ll@*(p—l)( ppn_‘ll—l}(p—l)[‘;_‘ll—l] < p(p"-D(p"+D = (p-1)(p+1) (1)

Néu g < p" —1thi cac thira sd ¢ vé trai 1on hon cac thira s6 twong tng ¢ vé phai cua (1), do

déq= p".Vignguyeén t6 con p” khong nguyén té nén q > p" +1.

Mot trong nhiing thita s6 & v& trai ctia (1) chia hét cho s8 nguyén t3 g. Theo bat dang thiic
q= p"+1, diéu d6 chi xay ra khi q=p" +1

Thay vao (1) ta duwgc: p(p"-1) =(p-1)(p"+2) suy ra p"-3p+2=0.

Tt d6 p/2hay p=2,n=2 suyra q=p"+1=5.

Bai 151. Ta c6: 2a’b=a(a+b)—a(a’+b?)

Vi p*la woc ctia a®+b* va a(a+ b)2 nén p* 1a wéc ctia 2a’h.Lai vi p 1é nén p* 1a wdc cua
a’h.

Néu a khong chia hét cho p? thi s6 mii ctia p trong a*16n nhat chi c6 thé 1a 2. Do d6 b phai
chita p?, nghia 1a b chia hét cho p? suy ra b’:p*. Diéu nay vo ly vi a’+b? khong chia hét
cho p* (do a* khong chia hét cho p*). Nhu vay a phai chia hét cho p?.

Vi a’ +b? chia hét chop*nén b?ip*. Suy ra bipva (a+b)ip.
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Tom lai, p*lawoccua a(a+b).
Bai 152. bat d =(a,b).Suyra a=xd,b=yd,(x,y) =1
ab(a+b)  dxy(x+y) <7

Khi do: =
a’+ab+b®>  x*+xy+y’

Ta 6 (X*+xy+y?x)=(y*x)=1. Twong tw (X" +xy+y*;y)=1.
Vi (x+y;y)=1nén (x*+xy+y i x+y)=(yx+y)=1.
Do d6 x2+xy+y2|d =d>x"+xy+Vy°.
Mit khac |a—b|3:d3|x—y|3:d2|x—y|3.d 2d2.1.(x2+xy+y2)>ab.
Vay [a—b|>¥ab .
Bai 153. Ta c6 n*—n+1=n(n-1)+1va n*+n+1l=n(n+1)+11a cacsdle.
Suy ra rang s6 1é nhé nhat duoc xem xét 1a n”” —n+2 va s6 1& 16n nhat 1a n* +n. Nhu vay
tong can tim la:
(n*=n+2)+(n’ —n+4)+...+(n* +n-2)+(n*+n)
=(n*-n)+2+(n’=n)+4+...+(n*=n)+2n-2+(n*~n)+2n
=n(n’-n)+2(1+2+...+n)=n’=n’+n’+n=n’+n,
Bai 154. Goi d la wéc chung 16n nhat ctia m va n.
Giaskt m=ad, n=bd véi (a,b)=1.
3 3 3 3

Ta b A:(m+2n) _d (al+2b) :d(adzrb) .

n d°b b
Vi (a,b)=1nén (b,a+b)=1 suy ra (bz,(a+b)3):1. Nhu vay d€ A nguyén thi d:b®, gia st

d =cb?. Bay gio ta duoc A=c(a+b)’ véi a, b, ¢ nguyén duong.

Do a+b>2 va A lé nén A nhan gia tri bé nhatla 27, diéu nay xay rakhi c=1; a+b=3.
Khi d6 c6 hai kha nang:

Néu a=2vab=1thitacé d=1.Suyram=2, n=1.

Néu a=1vab=2 thitacé d=4,suyra m=4; n=8.

Bai 155. Ro rang n =2 thoa man cac diéu kién bai toan.

Véi n>2 tavidt n°~1=(n*-1)(n’+1)=(n*~1)(n+1)(n* -n+1)

Do d4 tat ca cac thira s6 nguyén t& ctia N> —n+1 chia hét cho n® -1 hoic
n*-1=(n-1)(n+1).

Tuy nhién can dé€'y réng (n2 —n+Lnd —1)§(n3 +1,n? —l)é 2.

Mit khdc, n° —n+1=n(n-1)+1 la s§ 1¢, vi vay tat ca cac thira s§ nguyén td cua n’ —n+1
phai 1a chia hét n+1.

Nhung n’—n+1=(n+1)(n-2)+3 vi vay ta phai c6 n®—n+1=3" véi k nguyén duong. Boi
vin>2néntacod k>3.

Bay gio 3|n” —n+1 nén n=2(mod3), nhung mdi trudng hop n=2,5,8 (mod9), ta cd

N’ —n+1=3(mod9) mau thuan.

Vay bai toan c¢6 nghiém duy nhatla n=2.
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Bai 156.Ta c6 M =10""" +10"" +1.
D&y rang 10° =1(mod37), cho nén ta c6 thé xét cac truong hop ctia n theo mod3.

Néu n=3k thi M =10° +10+1=0(mod37).

Néu n=3k+1 thi M =10° +10? +1=0(mod37).

Néu n=3k -1 thi M =1+1+1=3(mod37).

Tém lai, M chia hét cho 37 khi va chi khi n c6 mot trong hai dang n =3k hodc n=3k +1
voi ke N*.

Bai 157. Dt x =ab. Ta ¢4 abcde =1000x+y véi 0<y <1000 .

Ttr {/abcde =ab ta suy ra 1000x+y = x°.

Van dé con lai la chung ta di giai phuong trinh nghiém nguyén.

Vi y>0 nén 1000x < x* = x* >1000 = x =32 (1)

Mit khac do y <1000 nén 1000x+1000 > x* = X(X* ~1000) <1000 = x <33 (2)

Ttr (1) va (2) suy ra x =32 hay x° =32768.

Vay abcde =32768.

Bai 158.

Tir \/abe = (a+b)c, suy ra 100a+10b+c=(a+h) c =10(10a+b)= c[(a+b)2 —1} *)

Vi a>1nén 10(10a+b)>100 = c| (a+b)’ ~1]|>100 = a+b>4 va c>1.

Néu a+b khong chia hét cho 3 thi (a+b)2 =1(mod3). T (*) suy ra (10a+b):3 = (a+b):3
(v 1f).

Nhu vay (a+b):3 nén (10a+b):3. Tix (*) suy ra ¢:3 va do d6 ¢ khong chia hét cho 5.
a+b-1=1

. Kéthop véi (a+b):3 tasuy ra a+b =6 hodc
a+b+1=1

T (*) suy ra [(a+b)2 —1}35 :{

a+b=9.

Trwong hop 1: a+b =9 thay vao (*) ta duoc: 10(9a+9)=80c =8c=9(a+1) =>ci9=c=9,
vivay a="7.

Truong hop 2: a+b =6 lam tuwong tu treong hop trén.

Bai 159. Vi abc <999 nén ak-bh+c!<999= a, b, c<6 = abc <666.

Diéu nay dan dén al+b4c!<666 = a, b, c <5=>albhlc!<3.5!=360 = a<3.

Suy ra al4+bHc!<3454+51=246 > a<?2.

Néu b=c=5 thi al+514+5!=a55 = al+240=ab55, tac a>2 vivay a=2.

Tuy nhién tht lai thdy 255 2+ 545!

Mot trong hai s6 b hodc ¢ nhé hon 5.

Tir d6 ta cd al+bHcl<24+4451=146 = abc <146 = a =1, b<4.

Vi c<5 thi abc=al+blcl <1+ 41+ 41=49 vo ly.

Véi ¢ =5 thi 105 =14b45! sauy ra 10b =16+b! = b! tan cling boi s8 4, vivay b=4.
Vay abc =145 théa man yéu cau bai toan.

Bai 160.

a, Mot s6 chinh phuwong khi chia cho 3 chi cé thé dw 0 hodc 1. Do a’ +b’® chia cho 3 nén
chi c6 thé xay rasd du 0+0, 0+1, 1+1 trong 3 treong hop nay chi cé truong hop a, b3
thi @’ +b*:3 suy ra dpem.
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b, M6t s6 chinh phuwong khi chia cho 7 chicdé thé du 0, 1, 2, 4. ( That vay chi can xét
a=7k, 7k£7, 7Tk+2, 7k £3 thi a* chiacho 7 c6sd dulanluotla 0, 1, 4, 2). Nhu vay
a’+b? khichiacho 7 thicdsddwla 0+0, 0+1, 0+2, 0+4, 1+2, 1+4, 2+4, 1+1, 2+2,
4+4. Trong céc treong hop nay chicd a, b dong thoi chia hét cho 7 thi a’+b*:7 dpcm.
¢, Dé thay néu a khong chia hét cho 3 thi a* chia 3 chi c6 thé dw 1. T gia thiét ta c6
a*+b* chia hét cho 3 va chia hét cho 5.

Néu a khong chia hét cho 3 thi a* khong chia hét cho 3 suy ra b* khong chia hét cho 3
nén b khong chia hét cho 3 suy ra a‘ +b* chia cho 3 dw 2. Tréi vdi gia thiét, vay a, b
phai chia hét cho 3. Ta cling ¢6: Néu a khong chia hét cho 5 thi a* chia cho 5 ¢6 thé du 1.
Lam twong tw nhu trén ta suy ra a, b phai chia hét cho 5 1a dpcm.

Bai 161.Khong mat tinh tong quat, ta gid se n>m.

+) Néu n>m+1 thi suy ra N —=m>n+m?® that vay ta cé:
n’—m-n-m?=(n+m)(n-m-1)>0. Ttr d6 suy ra n+m* khong thé chia hét cho n*-m.

+) Taxét n=m+1,

m+n’im?—n & m+(m+1) im* —(m+1) & m? +3m+1im* —m+1 < m? —-m+1+4mim? —m+1
5_‘/Z3mg5+m,do

2 2
s6 nguyén duong nén suy ra m e {1;2;3;4} thi tryec tiép ta thdy m=1, m=2 thoa man.

m la

hay < 4mim’-m+1=4m>m’-m+l< m’ -5m+1<0 <

+)Xét m=ntacd n*+nin“-n=2nn>-n=2n=>n"-n<n"-3n<0 < 0<n<3 thie triee
tiép ta thdy n=2 hodc n=3 thda man diéu kién.

Vay cac cap s6 (m;n) théa man diéu kién la (m;n)=(2,2), (3,3), (1.2), (2.1), (2,3), (3,2).
Bai 162. Gia st A la phan s8 chua t3i gian, dit d =(n*+4,n+5), suy ra d >1.

Ta c6 d|(n+5)"—(n’ —4)=10n+21=10(n+5)-29 = d|29 =d = 29.

Nguoc lai néu (n+5):29 thi dat n+5=29m véi me N*. Khi d6

N’ +4=29(29m* -10+1):29 nén A chua t3i gian.

Nhu vay, ta chi can tim n sao cho n+5=29m v6i me N*.

1<n<2017 =1<29m-5<2017 =1<m<69 = c6 69 gid trictia m = c6 69 gid trictaa n.
Vay c6 69 gid tri cia n dé A 1a phan s6 chua t6i gian.

Bai 163. Giast d =(a,b) =>a=md, b=nd véi (m,n)=1.

m?+n?)d+(m+n
Ta cé a+1+b+1:( ) ( ):>(m+n)3d:>d£m+n:>d31/d(m+n)=\/a+b.

b a mnd
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