BOI DUONG HOC SINH GIOI CAP 2 |

PHAN NGUYEN
7 TRONG SO HOC

A. Kién thic cdn nhé

1. Dinh nghia
Ta biét réng, moi s8 thuc x déu cé thé bidu dién duoc dudi dang: x=n+t véi neZ va
0<t<l
Vidu: 6,7=6+0,7;-6,7=-7+0,3
Sw biéu dién trén la duy nhat. Ta goi s& nguyén n la phan nguyén ctia x ; con t duoc goi
la phan 1é cua x. T day ta di dén dinh nghia.
Phéan nguyén cta sO thuc x 1a s6 nguyén 16n nhdt khong vuot qua x, ki hiéu la [x]. Ta
c6 [x] < x<[x]+1.
, 1 3
Thi du: [25} = 2;[5} =0;[-7,2]=-8[V2|=1....
Phén 1é ctia s6 thye x la hiéu cia x véi phan nguyén cta nd, ki hiéu la {x}.
Tacé {a}=a—[a],0<{a} <1.

Thi dy {2, :0,1;{%}:%;{—7,2} ~08,...

2. Tinh chat

1) aeZ<«[a]=a hoic {a}=0.

2) neZvan<a<n+leZe[a]=n

3 [la]={a)-o

4) NéuneZ thi[n+a]=n+[a];{n+a}={a}.
5) Néu[n+a]=nthineZ va0<a<l.

6) a>b=[a]>[b].

7)  [a]+[b]<[a+b].

Tong quét [a,]+[a,]+...+[a,]<[a,+a, +..+a,],
8) [a]-[b]=[a-h].

9) {a}+{b}>{a+b};{a}-{b}<{a-b}.

10) Néu [a]=[b] thi |[a—b|<1.

1) [a]+[a+—}:[2a].

N |-
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12)  NéuneN* thi [na]zn[a];[@}:{i}

n n
13) Néu a la s6 nguyén thi [-a]=—[a];
Néu a khong la s6 nguyén thi [-a]=—[a]-1
Ching minh cic tinh chit:
CAc tinh chat 1) dén 5) c6 thé chiing minh dé dang trén dwa vao dinh nghia phan

nguyen.

6) Vi a>b nén ton tai s ¢>0 sao cho a=b+c. Do d6. a=[b]+{b}+c, suyra
[a]=[b]+ [{b +C] Ma[ +c]20 nén [a]>[b].

7) Viét a=[a]+{a},b=[b]+{b}. Khi do

[a+b]=[[a]+{a}+[b]+{b} |=[a]+[b]+[{a}+{b}].
Ma [ {a}+{b} |20 nén
[a+b]>[a]+[b].
8) Ap dung tinh chat 7 ta c6
[a—b]+[b]<[a-b+b]=[a] nén [a]-[b]>[a-b].
9) {a}+{b} =a—-[a]+b—[b]=(a+b)—([a]+[b])>a+b-[a+b]={a+b}.= {a}+{b} = {a+b}
{

+ :

(2] {b} = a—[a] +[b]-b = (a—b)([a] - [5])  (a-b)-[ab] - {a-b}. = {a] - b} < {a-b]
Vay {a} —{b} <{a-b}.
10) [a]=[b] suy ra a—{a}=b—{b}. Khéng giam tinh téng quat, giad st a>b

Néu a=b thi |a-b|=0;

Néu a>b thitr a—b={a}—{b} <{a-b}

Suy ra [a—b|=a-b<{a-b}<1

Vay |a—b|<1.

11) Dat {a}=d thi 0<d <1.

. Néu 0<d <%th‘1 [a+ﬂ:[[a]+d+ﬂ:[a]+[d+ﬂ=[a];
[2a] = 2([a]+d)|=2[a]+[2d]=2[a]. Tir d6 suy ra diéu phai chiing minh,
. Néu %gd <1 thi {a+ﬂ=[[a]+d +ﬂ:[a]4{d +ﬂ=[a]+1;

[2a] =] 2([a]+d)]=2[a]+]
12) Ta c6 [na]:[n([a]+{a})]= n[a]+[n{a}], ma [n{a}]>0 nén [na]=n[a].

Bt A B

2d]=2[a]+1. Suy ra diéu phai chitng minh.
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13) Néu a la s nguyén thi [-a]=-a=-[a].

Néu a khong nguyén thi 0<{a} <1, nén -1<—{a}<0, suyra [-{a}|=-1.

Ta co [-a]= [—([a] + {a})] =[-[a]]+[-{a}]=-[a]-1.
B. CAC DANG TOAN THUONG GAP
7~ Dang 1: Tim phan nguyén ctia mdt s6 hoic mot bi€u thirc
* Co s6 phuwong phap: D¢ tinh gia tri mot biéu thiec chita phan nguyén, ta can st dung cac
tinh chat cta phan nguyén, két hop véi cac ki thuat tinh toan khac dac biét la Phwong
phap “kep”
Déanh gia s6 hang dé “kep” sd can tinh phan nguyén gitta hai sd nguyén lién tiép: Dua
biéu thirc vé dang z < A< z+1va kétluan [A] =1,

* Vi du minh hoa:

. 1
Bai toan 1. Tim [x] biét: x=-— + 1, a1
12 23 34 n.(n+1)
Huéng dan gidi

Ta can chi ra s6 nguyén y sao cho: y < x<y+1dé: [x] =y

béy Xx= 1—1 +(£—1j+ +(£——1 :1——1
2 2 3 n n+l n+1

Suy ra 0<X<1:>[X]:0

Bai toan 2. Tim phan nguyén ctia so: \/6 + \/6 +..+y6+/6 (6100 d4u cin).
(Nang cao va phdt trién lop 9 tdp 1 — Vii Hitu Binh)

Huéng dan gidi

Kihiéu a_ =\/6+\/6+...+\/6+«/€ (¢ n d4u can).
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Taco a =6<3

a, =,6+a </6+3=3

a, =6+a, <J6+6=3

00 :\/6+a99 <6+3<3.

Hién nhién a, > /6 > 2 a,,, > V6 > 2. Nhu viy 2 <a,, <3, do d6 [a,,] =

Bai toan 3. Tinh phan nguyén ctia: A= \/n(n +1)(n+2)(n+3). véinlasG ty nhién.

Hudng dan gidi

Tacé: A= n(n+1)(n+2)(n+3). :\/(n2 +3n)(n® +3n+2) = \/(n2 +3n)2 +2(n” +3n).

béy rang:

\/(n2+3n)2 <\/(n2+3n) +2 n +3n <\/n +3n +2 +3n)+1

Suy ra n” +3n<A<n’+3n+1.Vay [A]=n*+3n, neN.

Bai toan 4. Tim [x] biét: x = \/ 4n? ++/16n° +8n+3 v&in la s8 ty nhién

Huéng dan gidi

That vy ta c6: (4n+1)° <16n® +8n+3<(4n+2)’

= 4n+1<+/16n* +8n+3<4n+2

= 4n® +4n+1<4n®> +16n> +8n+3 <4n’ +4n+2<4n’> +8n+4

:>2n+1<\/4n2 ++/16n* +8n+3 <2n+2

=[x]=2n+1

Bai toan 5. Tinh tong sau:

<[]+ [2)+[]- o[

Hudng dan gidi
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=[]+ (V21 [ ([ AT 8o [46] - [8) (5[55),
Theo cach chia nhém nhu trén, nhém 1 ¢é ba s6, nhom 2 ¢6 nam s6, nhém 3 ¢6 bay so,
nhdém 4 ¢6 chin so.

Cac s8 thudc nhém 1 bang 1, cac s8 thudc nhdm 2 bang 2, cac s8 thudc nhém 3 bang 3, cac
s6 thudc nhém 4 bang 4.

Vay A=13+24+3.7+4.9=70.

7~ Dang 2: Chitng minh mét ding thitc chita phan nguyén

* Co s06 phuwong phap: Chiing minh cac hé thiec chita phan nguyén thuc chat c¢é thé coi la
chiing minh cac tinh chat cua phan nguyén. D€ chitng minh cac hé thiec chita phan
nguyeén ta phai st dung cac tinh chat da duoc néu trong phan ly thuyét, két hop véi cac ki
thuat dai so va so hoc.

* Vi du minh hoa:

Bai toan 1. Ching minh rang v6i moi sd nguyén duong n ta ludn co:

AR

Huéng dan gidi
Néu n chin, tic1a 1 = 2k thi {%}[ZKH}:[k]{k +ﬂ: k+k=2k=n
2k +1+1

N&;nkﬂ&cn=2k+1&m{2i;1]+{ }z{k+%}+ﬂ4&]:k+k+1:2k+1:n

2

Vay bai toan duoc chirtng minh.

Bai toan 2. Cho n 1a s6 ty nhién, chitng minh:

Vit |-[ Va2

Hudng dan gidi
Eﬁtkz[JZEIE];rnz[JZﬁii]
Tacd: k=>m
Do kZ[M] nén k </4n+2 = k?<4n+2.
Gia stt k? = 4n+2, diéu nay vo ly vi s8 chinh phwong chia cho 4 khong thé duw 2. Tir d6
suy ra: k?<4n+2=k? S4n+1:>kS\/m:>k£[\/m:|=m.

Vay k=m.
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Bai toan 3. Chting minh rang véi 7 1a s8 nguyén duwong bat ki, ta c6:

s

Khi d6: kS\/ﬁ+l<k+1C>k—ES\/ﬁ<k+l<:>k2—k+1Sn<k2+k+l.
2 2 2 4 4
Vi n nguyén duwong nén phai c6 k* —k +1<n<k? +Kk.
Chttng minh twong tu:
msH+%<m+l<:>m2—m+%£n—%<m2+m+%<:>m2—m+13n3m2+m
Vay phai c6 k=m.
~ Dang 3: Phwong trinh chia phin nguyén
1) Phuong trinh c6 dang: [ f(x)]=a (aeZ)
* Co s6 phwong phap: | f(x)|=a (aeZ)<a<f(x)<a+l

* Vi du minh hoa:

Bai todn 1. Giai phwong trinh ?;[X]2 +5[x]-2=0.

Hudng dan gidi
bat [X] =Y,y € Z . Phuong trinh tré thanh: 3y +5y -2 =0.
Suy ra y =-2 hodc y=—% (y=—%loaido yeZ)

Do do [x]:y=—2 .Suyra -2<x<-1.
Vay tap nghiém cta phuong trinh 1a  [-2;-1)

Bai toan 2. Giai phuwong trinh [Xz - 5]2 —Q[X2 + 7] = -26.

Hudng dan gidi
Ta co: [xz +7] =[x2 +5]+2

Do dé: [x2+5]2—9[x2+7]:—26
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s[x +5]2 ~9([x* +5]+2)=-26
=[x +5] ~9[x* +5]+8=0
Djt [ X’ +5]=y=y=>5yeZ . Phuong trinh tré thanh: y* -9y +8=0.

Suyra y=8 hoac y=1(y=1loaido y<5)
Dodé [x*+5]=y=8 .Suyra8<x’+5<9<3<x’ <4< 3<x<2.

Vay tap nghiém ctia phwong trinh la [\/5 ; 2)

Bai toan 3. Giai phuong trinh {%} + [g} =17

Huéng dan gidi

Truwdce hét ta wdc lwong gia tricua z.

Do [X]anén 17££+£:5—X,su ra Xx>20,4.. (1)
273 6"

Do [X]Z X—1 nén 17>(§—1J+(%—1)zgx—2,suy ra Xx<22,8 (2)

Do z 1a s6 nguyén nén tir (1) va (2) suy ra x € {21;22}.
Thtr vao phuwong trinh da cho, ta dwoc x =21
2) Phwong trinh ¢6 dang: | f (x)]=g(X)
* Co s6 phuong phap: Diat g(x)=t (t nguyén), bi€u dién f(x)=h(t) dua vé phuong
trinh [h(t)]=t<t<h(t)<t+lhay O<h(t)-t<l.
Tim t, sau d6 tir g(x)=t timra X.

* Vi du minh hoa:

_9Xx-5
=

Bai toan 1. Giai phuong trinh {4 _53)(}

Huéng dan gidi

5X -5 7t+5 4-3x 5-2Mt

=t(teZ) thi x= ;
5 5 25

Ta cé 5-2lt :t<::>t£5_21t <t+1
25 25

bat
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<:>25ts5—21ts25t+25<:>_—20<tsi.
46 46
Do t nguyénnén t=0. Suy ra x=1.

Vay phuong trinh c¢6 nghiém duy nhat x =1.

Bai toan 2. Giai phuong trinh x* —9[x]+8=0.

Hudng dan gidi
2. S X’ +8
Bién d6i phuong trinh vé dang [x]= =

2
X +8=t (t e N*) thi x=+/9t—-8 (do x>0). Tacod

[\/Qt—8}:t<:>tsx/9t—8<t+l
1<t<st

2_0t18<0 ||g< V13
- t2 7t+9>0<:> 2
B 7+13

2
Do t la s6 tw nhién nén t € {1;6;7;8}. Do d6 Xe{l;m;\/%ﬁ}.

bat

t=

Vay tap nghiém ctia phwrong trinh la {1; \/46;/55 ;8}.

Bai toan 3. Gidi phuong trinh {2X3_1} + [4X6+1} = 5X3_ 4'

Hudng dan gidi

Ap dung tinh chat: [a]+{a+ﬂ =[2a], ta cd

2x-1| | 4x+1 2x-1] 12x-1 1 4x -2
+ = + +—|=
S

Nén phuong trinh da cho tré thanh
[4x—2}_5x—4
3 3

:t(teZ) thi X:3t+4;4x—2:4t+2
5 3 5

Dit 5x—4

. Suy ra

4t + 2

[4t+2

}:t<:>0§
5

—t<le -3<t<2ote{-2,-10;1;2}

;E;ZQZ}-
55

g~

(do t nguyén), twong tng tim duogc X € {%2
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3) Phwong trinh c6 dang;: I: f (X):I = [g (X)]
* Co s6 phuwong phap:
Pat [ f(x)]=[g(x)]=t suyra|f(x)-g(x) <1 dandén a<x<b.

a < f(x)<b

, tir d6 tim duwoc t.
a, < f(x)<b,

(1 (x)]=t
[9(x)]=t

Tap hop cac gia tri x tim dwoc tir hé trén s€ la nghiém cua phuwong trinh.
* Vi du minh hoa:

Véi a<x<b suyra{

Ung véi moi gid tri ctia t nguyén, giai hé { dé tim x.

Bai toan 1. Giai phuong trinh {sz‘l} - [ Xgl}.

Hudng dan gidi
Theo tinh chét 10 thi néu [a]=[b] thi [a—b| <1

Dt [ng_l} = { le} =t(t € Z). Theo tinh chat chitng minh trén ta c6

2x—1_ X+1
3

0<X—+1<6 OS[X—H}SS
2 2

ox-1 .
Py —13[2X_1}36
3 3

<1<:>—1<XT_5<1©—1<X<11. Khi d6

. Suy ra t €{0;1,2;3;4;5}.

2x-1
0< <1 1
— —<
Véit:Othi[zxs 1}{";1}:0@ 31 175X 2 1
0<Xt ~1<x<1
2
2x-1
1< <2 7
_ < —_
Vc’yitzl’chi{zx3 1}:{)(;1}:1@ 31 2_X<2©2£x<3
1< Xt o 1<x<3
2
2x-1
2< <3
— —<
Véi t=2 thi[zxs 1}:["21}:2@ 31 175X T s
<X 3 3<x<5
2
2x-1
3< <4 11
_ < -
Véi t=3 thi[zxs 1}:[)‘;1}:3@ 31 LR 2<:>5£x<1—21.
33% 4 5<x<7
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2x-1

4< <5 13
_ 22 < x<8
Vc’yit:4th‘1[2X3 1}{X21}=4® 31 o175 c7<x<s
4g%<5 7<x<9
2x-1
5< <6 19
_ 8<x <2
Vc’yit:S’chi[zx3 l}:[le}:&: 31 = X<2<:>9£x<%.
5£%<6 9<x<11

Vay tap nghiém ctia phuong trinh la [0,5;1)U[2;3)U[3,5;5,5]U[7;8)U[9;9,5).

Bai toan 2. Giai phuong trinh [x—2,3] =[4—x].

Hudng dan gidi
Theo tinh chat 10 thi néu [a]=[b] thi |a—b| <1 suy ra:
[x-2,3]=[4-x]=-1<(x-2,3)-(4-x)<1
& -1<2Xx-6,3<1< 2,65< X < 3,65.
Suy ra 0,35 < x—-2,3<1,35. Do d6 [x—2,3]=0hodc [x-2,3] =1.
Vi 2,65< x< 3,65 nén 0,35<4-x<135 suy ra [4—X] =0hodc [4—X] =1.
Truwong hop 1: [x—2,3]=[4-x]=0
Tac [4-X]=0<0<x-2,3<1=52,3<x<3,3
Két hop hai diéu kién ta dwgc: 3<x< 3,3,
Truwong hop 2: [x—2,3]=[4—-x]=1.
Tacé: [x-2,3] =1 1<x-2,3<2&33<x<43;
[4-x]=11<4-x<2<2<x<8.
Khong c6 x nao thoa man hai diéu kién trén.
Ttr hai treong hop ta cd nghiém cua phuong trinh la 3<x <3,3
4) Phuong trinh chita nhiéu dau phin nguyén
* Co s6 phwong phap:
St dung tinh chat cta phan nguyén, phan tich da thic thanh nhan tk, dat an phu
(néu can) dé€ dua vé phuong trinh it phan nguyén hon.
* Vi du minh hoa:

Bai todn 1. Gidi phuong trinh: [g} + {%} =X
Hudng dan gidi

Ta thay xla sO nguyén. Dat x=6a+r trong dd a,reZ va 0<r <6.
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el
SN ATHENA T

Lan luot cho r bgmg 0,1,2,3,4,5 ta duoc.

T 0 1 2 3 4 b}

a 0 -1 -1 -1 -1 -2

T 0 -5 —4 -3 | -2 -7

Cach khac:

[x+y] khi 0<{x}+{y}<Zy

Ta dé dang chiing minh duoc tinh chét [x] + [y] = {[x . y] 1 khi 1< {x} +{y} 9
_ < <

Ap dung tinh chét trén ta duoc:

X X X X 5x . | X X X X 5x
2 3 2 3 6 2 3 2 3 6
Vay néu x la nghiém cua phuong trinh [g} + {—} = X. thi {%} =X hodc [%} -1=x

OSS—X—X<1 OSS—X—(X+1)<1
6 6
Xxe”Z XxXe”Z

hay -6 < x<0hoac -12<x<-6. Vay -12<x<0.
Do x nguyén nén x chi c6 thé'la —11,-10;-9;-8;-7;-6;-5; —4;-3;,-2;-1,0.

Thay vao phuong trinh va thtr lai, ta dwoc: x = -7;-5;-4;-3;-2;0.

Bai toan 2. Giai phwong trinh {%} + [%} - [%} =224

Hudng dan gidi
Ta c6 [x]+ [5} + [5} =224.
4 6
Truwdce hét ta wdc lwong gia tricua z.

Do [x] <X nén 224£X+§+%=%X,suyra X>134,4.. (1)
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N X X 5
Do [x]>x—1nén 224>(x—1)+(§—1j+[€—lJ=§X—3,suy ra x<136,2 (2)

Do z la s6 nguyén nén tix (1) va (2) suy ra x € {135;136}.

Thtt vao phuwong trinh da cho, ta duoc x =135.

Bai toan 3. Giai phuong trinh [x]+[2x]+[3x]+...+[2009x] = 4036082.

Huéng dan gidi
Nhan xét réng
[X]<x<[x+1] suy ra k[x]<k«<k[x]+k nén k[x]<[kx]<k[x]+k-1(keZ").
Do d6 thay k =1,2,...,2009 rdi cdng theo v€ ta co
2019045 x] <[x]+[2x]+...+[2009x] < 2019045 x] + 2017036.
2019045[X] <4036082 < 2019045[X] +2017036.

Lai c6 4036082 = 2019045 +2017037. Do d6 phwong trinh v6 nghiém.

Bai todn 4. Giai phwong trinh {%} — [X2] = [—XZJ.

Hudng dan gidi

Néu a la s6 nguyén thi [-a]=-a=—[a].
Néu a khong nguyén thi 0<{a} <1, nén —-1<—-{a} <0, suy ra [-{a} |=-1.
Tac6 [-a]= [—([a] + {a})] = [—[a]] + [—{a}] =-[a]+1.

—|X*|,x* eZ
Do dé: [-x*|= <]

—[xzj—l, x> ¢ 7.

. Néu x* la s6 nguyén thi phwong trinh da cho tré thanh

[Zx—l 2x -1
3

Ma x* 1a s& nguyén nén x e {1; \/E,\/§}

}:OQOS <1<:>%§x<2.

. Néu x* khong la s6 nguyén thi phuong trinh da cho trd thanh

Fx_l}:—u:os 2X-1 1 1<x<t
3 3 2

Ma x* khong nguyén nén phailoai x=-1,x=0= xe(-10)u (O; %)

Vay tap nghiém ctia phuong trinh la (-1;,0)uU (O; %) U {1; J2;\3 }
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5) Phwong trinh dang héi hgp
* Co s6 phwong phap:

C6 nhitng phuong trinh chita ctia phan nguyén va phan du, hodc phan nguyén véi
cdc phép toan khdc (liy thira, cin thirc,...) ta x€p chung vao dang phiwong trinh hon hop.
Giai chiing noi chung la kho, can két hop nhiéu suy luan va ki thuat khac nhau, nhu dung
dinh nghia, chia khoang, stt dung tinh chét s6 nguyén cua [x]hodc tinh chat 0<{x} <1,
cac tinh chat x nguyén khi va chi khi {x} = 0hodc x =[x], cdc phwong phap cta dai s6 nhw
dat an phy, bién doi tuong duong hé phwong trinh,...

* Vi du minh hoa:

Bai toan 1. Giai phuong trinh trén tap sd dwong: [x2] =[x]’

Hudng dan gidi
Xét n<x<n+lhay [x]=n, trong d6 nla sd tw nhién (c6 thé bdng 0). Ta cb

n> <x*<n’+2n+1.Do do [xz}chi 6 thé nhan céc gia tri
n%:n®+1Ln?+2:..:n*>+2n.

Nhung [x]* = n*nén phuong trinh da cho dting khi va chi khi

2 2 2
[XZ}:[X]zznz,t{rclé {n =xsn +1hay n<x<+n®+1.
n<x<n+l

Vi x>0néntacd 0<x<1hodcn<x<+n®+1,n=1234,..

Bai toan 2. Giai phuwong trinh: [XZ ] +[x]={x}+2.

Huéng dan gidi
Ttie gia thiét ta suy ra {x} = [X2]+ [X]—2. V& phai la mot s6 nguyén, ma vé trai 0<{x} <1
nén {x} =0. Vay x la mdt s6 nguyén. Do d6 x*cling la mot s6 nguyén. Suy ra [ij = x*va
[X] = x. Phuong trinh da cho tr¢ thanh x* + x-2 =0.

Phuong trinh nay c6 nghiém x =-2 hodc x = 1.

Bai toan 3. Tim cac s6 z,y,2 thoa man ca ba phwong trinh sau
r+[yl+{z} =11; y+[z]+ {2} =22 ; z+[z]+{y} =3,3.

Huéng dan gidi
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Cong tirng vé cac phuong trinh da cho dwoc =z +y + 2 = 3,3.
Cong tirng vé hai phuong trinh dau dwoc

z+y+ 2]+ {z} +[y]+{z} =3,3.
Suy ra [y]+ {2} = 0 (cht y rang [2] + {2} = 2).
Do d6 {z} la s6 nguyén, suy ra {z}=0. Vay [y] =0 va z = [z].
Te z+[y]+{z}=1L1va[y]=0suyra z+{z} =11.
Do0<{z}<lvaz=[z]nén z=1,dodo {z} =0,1.
Tt y +[z]+ {2z} =2,2 va {z}=0 suyra y +[z] = 2,2.
Talaico [y =0nén 0 <y <1,dodo y=0,2[z]=2.
Vay z = [z]+{z} = 2,1.

~ Dang 4: Bat phuong trinh chita phan nguyén

* Co s6 phuwong phap: Khi giai bat phuong trinh ¢ chita ddu phan nguyén, ta thuwong dat
biéu thire [ f(x)]=t(t nguyén) d& chuyén vé giai bat phuong trinh khong con chita dau
phan nguyén, roi van dung dinh nghia va tinh chat cua phan nguyén d€ tim ra nghiém
cua bat phuwong trinh.

* Vi du minh hoa:

Bai toan 1. Giai bat phuong trinh [x+2]>5.

Huéng dan gidi
Cich 1. Nhan xét rang [a]>b (b nguyén) khi va chi khi a>b+1.
Ta c6 [x+2]>5 khi va chi khi x+2>6. Do d6 x>4.
Cich 2. Dat [x+2]=t (t 1a s8 nguyén) thi c¢6 t >5. Do vay te{6;7;8;...}.
T [x+2]=t suyra t<x+2<t+l suyra t-2<x<t-1te{6;7;8;..}.

Vay x 2 4. Bat phuong trinh c6 v6 s6 nghiém x > 4.

Bai toan 2. Giai bat phuong trinh 2[x]" ~9[x+1]+16 <0.

Huéng dan gidi
Ta c6 [x+1]=[x]+1. Bién d6i bat phuong trinh thanh
2[x]* -9[x]+7 <O0.
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bit [x]=t (t la s0 nguyén) thi 6 2t*-9t+7 <0 suy ra 1<t<3,5 ma t nguyén nén
te{2;3}.

V6i t=2 thi [x]=2 suy ra 2<x<3.

V6i t=3 thi [x]=3 suy ra 3<x<4.

Vay tap nghiém cua bat phuong trinh la [2;4).

Bai toan 3. Giai bat phuong trinh [2x] >[x].

Hudng dan gidi
Cdch 1. Dt [x]=t (t la s6 nguyén) thi t<x<t+1 suy ra 2t<2x<2t+2. Do d¢ [2x]=2t

hoac 2t +1.

. Véi [2x]=2t thi 0<{x}<0,5 va 2t>t<t>0, ma t nguyén nén t la sd nguyén
duong. Dan dén x>1.

. V6i [2x]=2t+1 thi 0,5<{x}<1 va 2t+1>t<t>-1 ma t nguyén nén t la sd

nguyén duong. Dan dén x> 0.
Két hop v6i 0,5<{x} <1 dan dén x>0,5.

Cich 2. Nhan xét rang [a] >[b] khi va chi khi a>b va [a]=[b] .
Ta c6 [2x]>[x] < 2x>x va [2x]#[x] < x>0 va [2x]=[x].
Trude hét ta im x sao cho [2x]=[x].
bit [2x]=[x] =t (t nguyén) ta c6
2x—X| <1< |x|<1 suy ra 0<x<1nén [x]=0.
V6i t=0 thi [x]=[2x]=0 suy ra 0<2x<1nén 0<x<0,5.
Vay nghiém cua bat phwong trinh la x > 0,5.

Bai toan 4. Giai bat phuong trinh [x].{x} <x-1

Hudng dan gidi
Bét phuong trinh [x].{x} < x—1 twong duong véi [x].{x} <[x]+{x} -1 hay

(1) < (3} -1 ([x]-2)(1x} ~1) <O,
Do {X}—1< Onén [X]>l hay x>2

Vay nghiém cua bat phuwong trinh 1a x > 2

7~ Dang 5: Phan nguyén trong chirng minh mot s6 dang toan s hoc
* Co s6 phwong phap: Phan nguyén duoc ting dung kha nhiéu trong giai cac bai toan s6

hoc vé s0 tan cung, chia hét, sd nguyén t6....chung ta cung dén véi cac vi du cu thé.
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* Vi du minh hoa:

Bai toan 1. Cho a>0 va s§ n nguyén dwong. Chitng minh rang s cac sd nguyén dwong

N TAr N \ A / | a
la bdi s6 cua n va khong vuot qua a la {—}
n

Hudng dan gidi
Ta viét a=nq+r, trong d6 q la s6 tw nhién, 0<r <n.
R& rang cac boi s6 caa n khong vueot qua a la n,2n,...,gn. tong cdng c6 q so.

o ) a NPy N1 A ) ey
Mat khac [—} =(Q. Tt d0 suy ra két luan cta bai todn.
n

Bai toan 2. S6 2012! ¢6 tan cung bao nhiéu s6 0?

Huéng dan gidi
Vi 10 =25 nén d& biét 2012! c6 tan cung bang bao nhéu chit s8 0, ta can phai tinh
sO mii ctia 5 khi phan tich 2012! ra thira s6 nguyén t6.
Theo Vi du 1, S§ mi ctia 5 khi phan tich 2012! ra thita s6 nguyén t3 bang

[2012}{2012}[2012}+[2012} =402+80+16+3=501. (Do 2012<5°%)

5 5 5° 5¢
Do mii cua 2 khi phéan tich 2012! ra thira s6 nguyén td nhiéu hon 501.
Vay 2012! Cé tan cung la 501 chit s6 0.

Nhén xét. Néu 5° <n <5 thi s6 chir s6 0 tan cing vé bén phai cua sd n! bang

HNEISE

)2012

Bai toan 2. Tim s tw nhién k 16n nhét sao cho (2011! chia hét cho 2012%.

Huéng dan gidi
Ta c6 2012 = 2°503.
SO mii cao nhdt cua 503 ¢6 trong 2011! La

[2011
503

Vay 2011! chia hét cho 503° va khong chia hét cho 503, hién nhién 2011! chia hét
cho 4°. Do vay 2011! chia hét cho 2012° va khong chia hét cho 2012°,

Mudn (2011!)** chia hét cho 2012 thi k <3.2012 = 6036.
Vay maxk =6036.

} =3 (do 2011<503?).

Bai toan 3. Tim sO tw nhién n sao cho
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[zonm} - {2(;]11} - {2012}' @

Huéng dan gidi
Viét n=2010k +r(0<r <2009k, r 1a c6 s6 tw nhién). Thay vao (1) ta c6

2010k +r | [2011k+r—k] [ 2012k +r—2k
2010 2011 2012

r—k r—2k r—k r—2k
oSk=k+|—|=k+ = - =0.
2011 2012 2011 2012
Suy ra 0<r—-2k nén 2k <r <2009,0 <k <1004.
Vay n=2010k + r(0 < k <1004; 2k <r <2009).

Do ¢6 105 gia tri ctua k (ttr 0 dén 1004). Véi mot k thi r nhén cac gia tri tie 2k dén
2009. Vay so nghiém ty nhién n cua (1) la

1004
>"(2010-2k ) =1011030.

k=0

Bai toan 4. Tim tat ca cac sO nguyén t6 X sao cho

[\/ﬂ + [\/E] +o.+ [m} la s6 nguyeén to.

Huéng dan gidi
Nhan xét

[\/n—z}z[ n2+1}:...:[ (n+1)2—1}:n,neN.
Dat Snz[\/n_z}{ n2+1}+...+[ (n+1)2—1}:(2n+1)n:2n2+n.

4x? —3x—1)

Do dé y=[\/ﬂ+[\/§}+...+[\/ﬂJ=Sl+SZ+...+SX1=X( 5

Neén 6y=x(4x2—3x—1), suy ra 6y:Xx, ma X,y la cdc s6 nguyén t& suy ra x €{2;3;y}.
Néu x=2 thi y=3 (thoa man); néu x=3 thi y=13 (thoa man); néu x=y thi y=-1
hoac yzg (loai).

Vay bai toan co6 hai nghiém x=2 va x=3.

Bai toan 5. Cho a=2++/3.
a) Tinh [a2]
b) Tinh [a’]
¢) * Chting minh rang [a” ] la s6 tw nhién 1é v6i moi sO n nguyén duong.

(Néng cao phat trién l6p 9 tdp 1 — Vii Hitu Binh)
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Huéng dan gidi
a) Cdch 1 (tinh truc tiép)
a?=(2+43) =7+443.
Tac 6<4v3<7 nén 13<a’ <14. Vay [a* |=13
Cdch 2 (tinh gian tiép).
Tac a® =7+4+3.Dat b=2-+/3 thi b =7-4y3. Suy ra
a’+b* =14 (1)
Tacé 0<b<1l nén 0<b*<1 2)
Tir (1) va (2) suy ra 13<a’ <14. Vay | a’ | =13,
b) Cdch 1 (tinh truc tiép)
a* =(2+3) =8+12J3+18+3V3 = 26+15/3
Ta cé 25<15V3 < 26 nén 51<a’ <52. Vay [a’ ]| =51
Cdch 2 (tinh gian ti€p).
Taco a° =26+153. Dt b=2-+/3 thi b® =8-12y/3+18-33 =26-153 Suy ra
a’+b® =52 (1)
Tacé 0<b<1 nén 0<b®<1 )
Tir (1) va (2) suy ra 51<a’ <52. Vay [a’ | =51

c) Dit b =2—+/3. Theo khai trién (x+ y)n , ta duoc
a" = (2+ﬁ)“ — A+B+y3 vdi A B 1a s8 tw nhién

b" =(2-+3) = A-BV3.
Suy ra a"+b" =2A (3)
Taco O<b<lnén 0<b"<1 4)
Tir (3) va (4) suy ra 2A—1<a" <2A.Vay [a" |=2A-1, ticla [a" | las51e.
Chii yj: Trong cach tinh gian ti€p, d€ chiing to [a”] la s6 nguyén m, ta chting minh rang

a"+b"=m+1va 0<b" <1, théthi m<a" <m+1, do dé [am]:m.

Cdch khac:
=2—-+/3 +X, =4
Dat & V3 , khi d6 {Xl ? = X,X langhiém ctia phwong trinh x* —4x+1=0.
X, =2++/3 XX, =1

bat S, =x' +Xx; Ta co:
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X —4x +1=0= X" —4x" 4+ X = (1)
Xo — 4%, +1=0= x)** - 4x2”+1+x2:0 (2)

Cong (1) va (2) taduoc: S, +4S,,+S, =0 (3)

n+l

Tacod S, =2,5, =4 nén tir (3) suy ra S,1a s8 nguyén chan véi moi ne N . Ta c6

0<2-V3<1nén 0<x <1= X +(x ~1) <X} <} +¥ =8, -1<(2+3) <5
:{(2+\/§)”}=sn ~1la s61é véimoi ne N

7~ Dang 6: Chitng minh bat dang thitc c6 chita phan nguyén
* Co s6 phuong phap: D& chtiing minh cac bat dang thiic phan nguyén ta phai st dung
linh hoat cac tinh chdt da duoc néu trong phan ly thuyét.

* Vi du minh hoa:

Bai toan 1. Chting minh rang
[x]+[y]<[x+Y].

(Néng cao phat trién l6p 9 tdp 1 — Vii Hitu Binh)

Hudng dan gidi
Cich 1. Tac6 [x]<x;[y]<y nén [x]+[y]<x+y.
Suy ra [x]+[y]la s nguyén khong vuot qua x +y (1)
Theo dinh nghia phan nguyén, [x+ y]1a s& nguyén 16n nhat khong vuot qua x+y (2)
Tt (1) va (2) suy ra [x]+[y]<[x+Y].
Cich 2. Theo dinh nghia phan nguyén, ta c

0<x—[x]<1

0<y-[y]<1
Suy ra 0<(x+y)—([x]+[y]) <2
Xét hai truong hop:
- Néu 0<(x+y)—([x]+[y]) <21 thi

[x]+[y]=[x+Y] (1)

- Néu 1< (x+y)—-([x]+[y])<2 thi 0<(x+y)—([x]+[y]+1) <1 nén

[x+y]=[x]+[y]+1 )
Trong cé hai truong hop ta déu c6 [x]+[y]<[x+Y].
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Bai toan 1. Cho X,y € R Chting minh rang

[2x]+[2y] = [x]+[y]+[x+Y].

(Chuyén dé boi duong hoc sinh gioi todn THCS S6'hoc — Nguyén Vii Thanh)

Hu’é’ng dan gidi
Ta c6: [2x] = 2[x]+2{x}]=2[x [2 H:
[2y]=[2[y]+2{y}]=2[y]+ [2{y} ]
[x+y]=[x]+[y]+ [{X}+{Y}]
Bat dang thitc can chiing minh twong duong voi:
2]+ 2 ]z[0+ 1] @
Vi 0<{x}+{y} <2 nén ta c6 hai truong hop sau:
e Néu 0<

_+_
{x}+{y} <1 thi (1) ludn dung dtng vi vé trai 16n hon béng 0, v& phai béng 0.
{x

o Néu 1< {x}+{y} <2 thi [ ] 1khi d6 {x }Z%hoéc {y}z%.Giésfr
1

X225 =2{x b21=[2{x}]+[2{y}]>1 (dpem)

C.BAI TAP AP DUNG

Bai 1: Tim [x] biét: x—%<—2<x

Bai 2: Tim [x] biét: x<-5<x+0,5

1 1 1
Bai 3: Tim [x] biét: X=1+—"=+-——=+..+

Bai 4: Tim phan nguyén cta biéu thtec :

\/2+\/2+...+\/2+\/§ , (v&in dau can)

Bai 5 : Tim phan nguyén cua biéu thirc :

Bai 6: Tinh tong sau:
-[V1234]+[V2345]+[34586+..+| fn(n+1)(n+2)(n+3) |

Bai 7: Chiing minh rang, véi moi s6 nguyén n ta cé:

[n+x]=n+[x]

Bai 8: Chitng minh rang, véi moi x,y ta co:
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Bai 10:

Bai 11:

Bai 12:

Bai 13:
Bai 14:

Bai 15:

Bai 16:
Bai 17:
Bai 18:

Bai 19:

Bai 20:

Bai 21:

Bai 22:

Bai 23:

Bai 24:

Bai 25

Bai 26

Bai 27

Bai 28
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X] +[y] < [x+y] < [x] + [y] +1

Cho n la s6 nguyén duong, chitng minh:

)

Cho n 1a s§ tu nhién, ching minh: [ v4n+1|=| J4n+2]

Cho n 1a s0 ty nhién, chitng minh: [«/ﬁ ++/n +1] = [x/4n + 2}

Chting minh ring: [x] + {x + ﬂ = [2x], (v6i x 12 56 thuc bat ky)

, o n+1 n+2 n+4 n+8 n+1
T ;5= | A3 2 [ 2 | 2

Chttng minh réng: m [X] < [mx] < m[x] +m-1 (v6éi moi gia tri m nguyén dwong)

Chitng minh rang : Khong ton tai x thoa man:
[x] + [2x] + [3x] +....+ [100x] = 313096

Giai phuong trinh: [x+0,7] =- 4

Giai phwong trinh: [x+1] + [x+2] + [x+3] =4

Giai phuong trinh ~ 4[x] = 3x

Giai phuong trinh: {5 +86X} = 15X5_ !

Giai phuong trinh: 2X _1} +
Giai phuong trinh: [x].{x} =x-1

Giai phuwong trinh: x - 3 [5} =2

Giai phuong trinh: [x—1] = [g T 1}

Giai phuong trinh:  x*=2x? + [x]
: Giai phuong trinh: x* - [x] =3
1
: Giai phueong trinh: [—Xz + 3X} = {XZ + E}
. 2n n n+2
:Voik >3, Ching minhrang | — || — [+| — |
k k k
: Cho n,k,k,,....k, € N”. Chtng minh réng:

|:k1+k2 +otk

» }+(n—1)£kl+k2+...+kn.
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Bai 29 : Chiing minh rang néu r 1a s§ du trong phép chia a cho s8 nguyén dwong b thi

s

Bai 30: Cho ne N, chitng minh [na]>n[a] . D4t biét khi {a} <%th‘1 [na]=nla]

Bai 30: Cho ne N', chiing minh [na] > n[a] . D4t biét khi {a} < %thl [na]=n[a]
Bai 31: a) Tinh tong sau: S = [\/1] + [\/E] +[ ] [ 4]

b) Chone N va n>2. Tinh tong : A= [ ] [\/E}i- +[ J

Be‘1i32:Tinhph‘énnguyénc1.’1aT:\/§_|_§/g_|_</§_|_m_l_n+ n+1
n

Bai 33: V6i ne N*, chting minh réng:

o o5

m-1)a+b
Bai 34 : Tinh tong : A={O'a+b}+{1'a+b}+...+{¢}

m m

Trong d6 a,me N va (a,m):l,beZ.

Bai 35 : Cho m, n 1a hai s§ tu nhién 1é va nguyén t& cing nhau. Chttrng minh rang :
n-1)m m-1)n m-1)(n-1
e e R B e
n n n m m m 2
2000
Bai 36 : Tim hai chit s tan cung ctia sO [(\/29 +\/Z> }

k
Bai 37: Tinh ding S :{””}[ntzy---{—nt% }
2 2 2

(Thi todn Qudc té'nam 1968)
Bai 38 : Chiing minh rang khong ton tai s6 thuc x thoa man :
[x]+[2x]+[4x]+[8x]+[16x]+[32x] =12345.

Bai39:Tim ne N~ thoa man [n] la wdc cta n.

[x]-x
x4

Bai 40 : Giai phwong trinh: 1- |X +ﬂ =
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Bai 41: Vi mdi s8 thuc a ta goi phan nguyén cta a 1a s& nguyén 16n nhat khong vuot

qua a va ky hiéu l1a [¢]. Chting minh rang véi moi s6 nguyén dwong n, biéu thirc

3In _i +l
V 27 3
(Trich dé vao 10 Chuyén Khoa Hoc tw nhién Ha Ngi nam 2011-2012)

Bai 42: Vi mbi s6 thuee a, ta goi phan nguyén caa sd a la s6 nguyén 16n nhat khong vuot

2

n+ khong biéu dién duoc dudi dang 1ap phuong ctia mot s nguyén duong.

qué a va ky hiéu 1a [a]. Chting minh rdng véi moi n nguyén duwong ta luon cé.

3 7 n“+n+1
—+——4 .. ——|=N
12 23 7 n(n+1)

(Trich dé vao 10 Chuyén Khoa Hoc tw nhién Ha Ngi nam 2010-2011)
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1
Bai 1: Ttr diéu kién bai ra ta co: X<—2+§:> X<—1:>—2<X<—1:>[X]:—2

Bai2:  Turdiéukiénbairatacéd: —55<x<-5=[x]=-6

A3 . 2. 1 2 — —_
Bai 3: Taco.\/ﬁ \/ﬁ+\/_ (\/7 \/7) \/_ \/m_h/ﬁ—Z(\/m \/ﬁ)
:>2(Jn_+1—Jﬁ)<%<z(\/ﬁ—M)

Cho n nhén c4c gid tri tir 2 dén 10°, ta duwgc:

1+ 2(\/106 —JE)< X <1+ 2(\/106 —1):1999

ma: 1+ 2(\/106 —JE) >1+2000—2+/2 > 2001—3 =1998

=1998 < x <1999 = [X] =1998
Bai4 Tacod: x>1

Kihiéu x, =\/2+\/2+...+\/2+ﬁ (¢ n d4u can).
Tacd x =+2<4=2
X, =6+% <v2+2=2

X, =+J2+X, <V2+2=2

X, =2+ X, <v2+2<2.
Nhw vay 1< x, <2,do do [x,]=1.

Bai 5. Tacod: x>1

Ta co x1:§/§<€/§:2
X, =36+x <6+2=2

X, = 36+x%, <V6+2=2

X, =36+x, <6+2=2.
Nhw vay 1< x, <2,do do [x,]=1.
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Bai 6: Taco: N(n+1)(n+2)(n+3)=(n 2+3n)(n2+3n+2):(n2+3n)2+2(n2+3n)
(n2+3n)2<n(n+1)(n+2)(n 3)< (n2+3n+1)2

—=n +3n<\/n (n+1)(n+2)(n+3)<n’+3n+1

2)
[\/n n+1 n+2 n+3} n®+3n

=S :(12 +2%+..4n? )+ (1+2+...+n)
n(n+1)
Ta c6 cac cong thirc : 1+2+...+n=T;

n(n+1)(2n+1)
6

12+2%+..+n=

oo n(n +1)6(2n +1) .\ 3n(r;+1)

Bai 7: Tabiéu thi: x =[x]+{x} = [n+x]=[[x]+n+{x}], ma: 0<{x} <1
Con: n + [X] la s6 nguyén nén [[x]+n+{x] n+ [X] Hay: [n+x] =n+ [X]
Bai 8: Ta biéu thi: x =[x]+{xjva y =[y]+{y}

= x+y=[x]+[y]+{y} +{x}

ma: 0 {x) +{y} < 2= [x]+ [Y]<[x+y] <[]+ [y] 41
Bai 9:
} [n”} {k+£}=2k=n
2
-Xétnlés@'le n—2k+1 thi: {

}{””}{ } +[k+1]=2k+1=n
R R

Bai 10: Dat k = [ 4n + ] [\/4n+1].

Tacod: k>m
Do k = [4n+2] én k<+J4n+2 = k?*<4n+2.

-Xetnlasochan n—2k thl‘:

Nl:

Nl:

Gia stt k> =4n+2, diéu nay vo ly vi s chinh phuwong chia cho 4 khong thé dw 2. Tt d6
suy ra: k* <4n+2= k> <4n+1=k<Jan+1=k<[Van+1|=m.

Bai 11: Trudc hét ta chiing minh: v4n+1 <~/n+y/n+1</4n+2

Tirdo suy ra [ an+1]<[Vn+n+1]<|Van+2]

Ma tir két qua bai s 10: [ v/4n +1]

Bai 12: Dat {a}=d thi 0<d <1,

= [\/4n + 2] ta c6 diéu phai chitng minh.

o Néu O£d<1 thi [a+1 :[[a]+d+£}
2 2 | 2

[a]+[d+ﬂ:[a];
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[2a]= [2([a] +d )] =2[a]+[2d]=2[a]. Tt d6 suy ra diéu phai chixng minh.

. Néu %s d <1 thi {a+%} :[[a]+d +%} :[a]+[d +%} =[a]+1;
[2a]=2([a]+d)|=2[a]+[2d]=2[a]+1. Suy ra diéu phai chimg minh.

Bai 13: Ap dung két qua bai tap 12 ta co: {X +%} = [2x] - [x]

oo S L o)
Vay: s =[n]- {22020}

Bai 14: Voi: x—[x] { } ma: m{x} >0

Khi d6: [mx] = m[x]+m{x} | =m[x]+[m{x}]

Vi: Osm{ }<m:>0§[m{x}]sm—1

Suy ra m[x] <[mx]<m[x]+m-1véi moi giad tri m nguyén dwong

Bai 15: Dat: S = [x] + [2x] + [3x] +....+ [100X], 4p dung két qua bai 14

Cho m nhén céc gia tri tir 1 dén 100 r6i cong lai ta duoc:
5050(x] < 'S < 5050(x] +4950 => 5050[x] < 313096 < 5050 x] + 4950

[x]< 61,99
= = 61,02 < [x] < 61,99
[x]> 61,02
biéu nay ching to khong c6 x thoa man
Bai 16: Phuong trinh trong dwong -4<x+0,7<-3 < —4,7<x<-3,7
Bai 17: St dung tinh chat: [n+x]=n+ [x], (neZz)
Véi moi gia tri n nguyén ta co:
[x+1] + [x+2] + [x+3] =6 +3[x] = 3[x] +6=4

= [x] = -% vO ly hay khong c6 x thoa man.

Bai 18: Ttr ddc di€m phuong trinh ta c6: 3x € Z =x =4—;, (kez)

34[4k} N [4k} kg[k+5}:k@{E}=03k:0iL2
3 3 3 3

= X=0;— §
3'3
Bai 19:
Dit: lsx_7=t,(teZ):>x=5t+7 . 30t +117 | _
15 120
:>OS30t+117—t<1:>—i£t 117
120 30 90
Do: t nguyén t—0'1:>x—l'i
e ! 15’5
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Bai 20: Dat: 2X3_1 =y = X= % Thay vao phuong trinh da cho

ta dwoc: [y] + [y+%} = % = [2y] = %

Giai twong ti nhw bai 19 ta dwoc: y =—

I'—‘ o] w
01|\| ale

1.3,
'5'5’

A A T 214
Vay nghiém phuong trinh la: S = {—— g 2}

Bai 21: Phuong trinh duoc bién déi thanh: [x]. {x

= ([X)-1)({x}-1) =0 do: {x}-1<0
Nén: [x]-1=0= [x]=1=>1<x<2
Bai 22: Dat: x=a+{x}, (a=[x])

+{x}-1

Phuong trinh da cho tro thanh: 3[2} —a-2= [ﬂ _a-c

SR ST W et

k+2+{x}

=0< <l=>-1<k+{x}<0=>k=-1

x:—1+{x}:>—1<x<0
Bai 23: Dit: x=a+{x}, (a=[x])
[x-1]= [a 1+{x }] a-1

[ )

:>Os4_aT+{X}<1:>2+{x}<as4+{x}:>Os{x}<a—2§2+{x}<3

=a-2¢e{l;2} =>ae{34}
=3<Xx<5
Bai 24: Phuong trinh duoc bién ddi thanh [x] = x* (x* - 2)

+ Xét: x2§2:>—\/§sx§\/§:>[x]e{0;—l}
Néu: [x]=0=x=0

Néu: [x]=-1= x=-1

+ Xét: X° >2:>[x]>\/§:>x(x2—2)=%]£1

:>x2—2£l<1<:>x<\@:>x/§<x<\@:>[x]:1:>x:\/1+ﬁ
X

Bai 25: Phuong trinh dwgc bién ddi thanh:
x3—(x—{x})=3:> x*—x=3-{x}=>2<x*-x<3

Neéu: x22:>x3—x:x(x2—1)26>3 (loai)
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Néu: x<-1=x*-1>0=x* -x=x(x-1)<0<2 (loai)
Néu: -1<x<0=>x*—x<-x<1<2 ( loai)
Néu: 0<x<1=x*—x<x*<1<2 ( loai)

Vay: 1<x<2e[x]=1=x =4=x=34

Bai 26: Ta co: x2+%>0:{x2+ﬂ>0
29
Con: —x2+3x:—(x——j +Z£

= [—xz +3x] = {xz +—} =ne{0;1;2}

Néu: N=0= x<

Néu: n=1:>72£x<1

N

Néu: n= 2:>—<x<—

w2

2 2

Bai 27: Gia st n=kq+r (0<r <k). Ta can chttng minh: {—

Voéir=0hayr=1 thi {Zkr} [%}=0 vik>3.

2r _r+2 2r r+2
Voir>2thi —>—&< | — |2 ——|.
k k k k

k +k, +...+k
Bai28: k >1= L2 ">1 Do dé:
n

2r
k

525

{kl+...+kn}+(n_1)gm+(n_1)mzk1+_,_+kn,

n n n

Bai 29 : Gia st a:bq+r;Osr<b:>%:q+%:>qg%<q+1:{ﬂ:q

Bai 30: [na]=n[a]+[n{a} |=n[a].

Néu {a}<1th‘1 0<n{a}<1=|n{a}|=0=[na]=n[a].

n
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Bai 31:

a) S = ([\/i]—l-[\/i]-l-[\/g])-l-([\/z]—l-+[\/§:|)+([\/§]++|:\/E:|)+([\/E]++|:\/ﬂ:|)

Theo cach chia nhém nhu trén, nhém 1 ¢ ba s8, nhéom 2 ¢d nam s6, nhém 3 ¢6 bay so,
nhom 4 ¢6 chin s6.

Céc s8 thudc nhém 1 bang 1, cac s8 thudc nhém 2 bang 2, cac s8 thudc nhém 3 bang 3, cac
s6 thudc nhém 4 bang 4.

Vay A=13+24+3.7+4.9=70.

1
b) Ta c6 cac cong thirc: 1+2+...+n= n(n2+ );
Paote 4ri_ n(n+1)(2n+1)
6

V6ik=0,1,...2n thi: n”> <0’ +k < (n+1)° = n<Jn 1k <n+1.
Dodé[\/n—z}:[M}Z...:[MJ:
6 2k 105 g e [ 7 o [N 4T e[ 520| n(2n e
Nhém tuong ti cau a) ta duoc:
A=)+ [2]+ 4 1]
-[Vi]+[V2]+. {J 1Y 4 2(n- 1)}
:([ﬁ]+[ﬁ]+[ﬁ})+([ﬁ}+...+[ﬂ)+...+q (n—1)2}+...+[\/(n—1)2+2(n—1)D

Do do:

n-1

A

([\/k_z}+[\/k2—+1}+...+[\/k2 +2k})=n§‘2k2 +n2jk

(n-1)n(2n-1) .\ n(n-1) _ n(4n2 —3n—1).
6 2 6

Bai 33: Ta co : kﬁi/k:l >1k=12,..,n

Ap dung bat dang thicc AM-GM cho (k + 1) s6 dwong, ta c6:

k=

2.
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k+1

K+—+=
k+i/k+1:k+1.1...1.k+1< k - k1.4, 1
K el k-1  k+1 k = k(k+1)

Suy ra: 1< @jk:l <1+ k(k1+1) :>n<kzn=1:k+‘i/k:l <n+kzn=1:k(k1+1):>n<T <n+l

(vi ta dé chiing minh duoc Z L zl—i <1)
S k(k+1) n+1

Vay [T] =n.

k-1 k
Bai 33: Cho s0 tu nhién k sao cho: m+——< X< m+—;[x] =m , khido:
n n

[x]+{x+ﬂ+...+{x+%}=(n—k+1)[x]=m(n+1—k)

Va [x+ n-k +1}+...+[x—n—_l} =(k-1)(m+1)

n n

Ma [nx]=mn+k -1 . T d6 suy ra:

1 n-1

[x]+[x+—}+...+{x——} =m(n—-k+1)+(k-1)(m+1)=mn+k-1=[nx].
n n

Bai 34 : Trudc hét ta nhan xét rang néu a la s8 hitu ti thi {a} ciing la s6 hiru i nén néu ta

chiing minh dwgc cac phan s6 trong tong A d6i mot khac nhau thi A chinh la tong ctia m

phan s0 tdi gian c6 mau lam :

1
m
N na+b na+b| .
That vay, gia st ¢6 n;,n, sao cho: = voi 0<n,n,<m
m

na+b na+b a(n,-n)
m m m

Thi

eZ ,vdlydo (am)=(mn,-n)=1.

m-1_m(m-1) m-1

Vay A:2+£+...+
m m m 2m 2

Bai35:Voik=1,23,...,m-1,taco:
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o e
Suy ra: {k.%}+{@}:l.

Khi d6: n{&w}:[kﬂHM}L

m m m m

Suy ra: {k.ﬂ}{w} —n-1.

m m

Cho k Ian luot bfmg 1,2,...,m -1 r6i 1dy tong ta duoc:

S ]y 5] 2D

k=1 m kel M

ot -1)(n-1
Tuong tu: k—m = M (dpem)
ka N 2

Cdch 2. Ap dung két qua bai 34 cho b =0, a=n ta duoc:

(2o {22)o..ofinctin] o

Suy ra: P}[@}...{M}:ﬂ+@+...+(m_l)n _m-1

m m m m 2

n(m-1) om-1_ (m-1)(n-1)
2 2 2

2
Bai 36 : Dt X, = (/29 —/21) =50-2:/609;

(dpem)

X, =(\/29 +21) =50+21/609.

X, X, La nghiém ctia phuong trinh x> —100x +64 =0

Dit S, =X +X;. Ta co:
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X —100x, +64=0=> X2 —100x" +64x" =0 (1
X% —100x, +64=0=> X' —100x)" +64x} =0 (2

)
)

1000

Cong (1) va (2) ta duoc: S,,, —100S,, +64S, =0 va [ %" [=S, ~1.
Do dé: S,., =100S,, —64S, =365, =6°S, =6'S, , =..=6"2S; (mod100)
Suy ra: Sy, =6"".2(mod 100).

Nhung 6% =(6°)"" =(76) =76 (mod 100)nén S, =52(Mod100).
Vay [(\/2—9 + \/Z)ZOOO } ¢6 hai chit s6 tan cting bang 51.

+2k n+2¢ .. o
Bai 37 : Slatong hitu han vi véi k da 16n tht — —— o <1,khido P ~ 0 véi k > k,nao do.

. 1 n 1
Ap dung tinh chat [X +E} = [ZX] - [X]cho {2“1 +E} , sau cOng lai ta dugc S =n.

Bai 38. Dit {x} =a(0<a<1) tacé:

[x]+[2x]+[4x]+[8x]+[16x]+[32X]
=63[x]+[2a]+[4a]+[8a]+[16a]+[32a]
=63[x]+k (0<k<62keZ)

Gia st 63[X]+k =12345 thi k = 60;[x] =195.
Ma [kx]=[k[x]+ka]<k[x]-ka<k[x]+k = k[x]<k[x]-k-1(k=1)
= [x]+[2x]+[4x]+[8x]+[16x]+[32x] < 63[x]+57, vo ly.
Bai 39 : Goi | VN | =1, giastrn=kt. Taco
t<Jn<t+l=t? £n<(t+1)2 :>t£k<t+2+%

t=1k=123thin=1,2,3.

t>2=>t<k<t+3=k=tt+Lt+2=>n=tt(t+1);t(t+2).
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Bai 40 : \x—l\(\x+1\—1):{x},x¢0.
Xét cac treong hop: Xx>1;x <-1,-1<x<1.

§ ={0,-2,—/5}.

Bai 41: Ky hiéu K=|;| n—%—i—%, don>1=K>1.

3

3
. 1 1 1 1 2
Taco K<3n——+=-<K+1<|K—=| <n——<|K+=
V27 s [ 3) = 27 3]
4:)K3—K2+5—i§n—i§K3+2Kz—i—éK—i—i
3 27 27 3 27

<:>K3+§§n+1<2<1<3+3I<2+%K+%<:>K3<n+l<2<(1<+1)3

3l — i + 1
V' 27 3
nguyén duwong.

k? +k+1 k? k+1 k 1 1 1

= + = +—=l——+—(k€N)
k(k+1) k(k+1) kk+1) (k+1) k k+1 k
Thay k Ian luot tir 1 ta co
{ 3 7 n2+n+1}

12" 23" " n(n+1)

2

suy ra n+ K> =n+ khong biéu dién dugc dudi dang lap phuong ctia mot s6

Bai 42: Xét

= n+1—i = n+L =N
- n+l] n+1] (dpem)
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