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Chuong |

Mot s6 kién thirc st dung trong
tai lieu

(1) Cac dinh nghia ngoai sach gido khoa.
O Sb chinh phudng 1a sb c6 thé biéu dién dudi dang binh phuong ciia mot s tu
nhién.
O Sb lap phuang 1a s6 c6 thé biéu dién dudi dang lap phuong ctia mot sb nguyén.
(2) Cac ki hiéu, quy udc ngoai sach gido khoa.

O Ki hiéu a | b dung thay cho ménh dé "a 1a udc ctia b", va doc 1a "a chia hét b".

O Ki hiéu (a,b) dung d€ chi udc chung 16n nhit cla a va b. Déi liic, né con ding
d€ chi cip s6 (a,b), vi thé can phan biét r6.

O Ki hiéu a =b (mod m) dung thay cho ménh dé "a va b ¢6 ciing s du khi chia
cho m", va doc 12 "a dong du vé6i b theo modulo m".

(3) Céc hing dang thitfc mé rong.

O (A+B+C)*>=A+B*+C?+2AB+2BC +2CA.
O A’+B*+C*—3ABC=(A+B+C)(A*+B*+C*—~AB—BC—CA).

(@) Cac tinh chat vé wdc chung Ién nhat.

a) Vdi cic s6 nguyén a, b, c khic 0 thda man ¢ | ab va (a,c) = 1, tac6 thé suy ra c | b.

b) Véi cac sd nguyén a, b, c khac 0 thdéa man ab = ¢?, va (a,c) = 1, ta cé |a| va |b| 12
hai s6 chinh phuong.

¢) Véi cac sb nguyén a, b, c khic 0 théa man ab = ¢, va (a,c) = 1, ta cé a va b 13 hai
s6 1ap phuong.
(5) Céac tinh chat vé dong du thic va chia hét.

(a) Tinh chia hét ctia tng, tich cc s6 nguyén lién tiép.
O Téng ciia n sb nguyén lién tiép ludn chia hét cho n.

O Tich cla n sb nguyén lién tiép luon chia hét cho n!, & day n! 1a tich clia tit
ca céc so tu nhién tr 1 dén n.
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(b) Néua=b (mod m), ta c6 thé suy ra
O m|(a—b).
O a+c=b+c (mod m), véi c 1a mot sb nguyén.

O ac = bc (mod m), v6i ¢ 1a mdt sb nguyén.
O % = % (mod %), v6i n 1a mot uSe chung nao do cua a, b, m.
O d"=0" (mod m).
(c) Mot sb chinh phuong bét ki chi c6 thé
O DPong du véi 0 hoic 1 theo modulo 3.
O DPong du véi 0 hodc 1 theo modulo 4.

O DPong du véi 0, 1 hoic 4 theo modulo 8.
(d) Dinh ly Fermat nhé. Cho p 12 s6 nguyén t6 va a 1a s6 nguyén duong thda min
a khong chia hét cho p, khi d6
a’'=1 (mod p).

6) B8 dé kep.
Giita hai liiy thira s6 mil n lién tiép, khong ton tai mot liiy thita co sb n ndo. Hé qua,
v6i moi s6 nguyén a
O Khong ¢6 sb chinh phuong nao niim gitta a2 va (a+1)7.
O S6 chinh phuong duy nhit niim giita a® va (a+2)* 1a (a+1)*.

O C6 diing k — 1 s6 chinh phuong nim giita a® va (a+k)*, d6 1a
(a+1),(a+2)%,...,(a+k—1)*.
(7) B8 dé vé nghiém nguyén ctia phuong trinh bac hai.

Néu phuong trinh bac hai v6i hé sb nguyén ax? + bx + ¢ = 0 c6 hai nghiém nguyén
(khong nhét thiét phan biét) thi A = b*> — 4ac 1 s6 chinh phuong.



Chuong 1l

GiGi thiéu mot sb6 bai toan s6 hoc
trong dé thi vao 16p 10 chuyén
Toan

Cau 1.
(1) Tim tit ca sb tu nhién n sao cho (2n+ 1) + 1 chia hét cho 220?!,

(2) Cho s6 tu nhién n va s6 nguyén td p sao cho a = nt2 vab= M 1a céc s
nguyén. Chiing minh ring a va b khong ddng thoi 1211) céc sb chinh phu%ng.
Chuyén Phé théng Ning khiéu - DHQG thanh phé H3 Chi Minh
Cau 2. Tim tit ca cdc s6 nguyén duong m,n théa man m(m+1)(m+2) = n’.
Ha Tinh
Céau 3.
(1) Tim tit ca cac nghiém (x;y) ctia phuong trinh x> — 2x +2y = 2(xy + 1).

(2) Cho p 1a sb nguyén t6 sao cho tdn tai cac sd nguyén duong x,y théa man x> 4+y3 — p =
6xy — 8. Tim gi4 tri 16n nhét ctia p.

Lao Cai
Cau 4. Tim tht c4 bo ba s6 nguyén td (p,q,r) théa man pg =r+1va2 (p*+¢*) =r’+1.
Quang Nam

Cau 5. Tim tit ca s6 ty nhién a va b v6i 16n hon 1 sao cho (a—1)(b—1) | (ab—1).
Chuyén Dai hoc Khoa hoc Hué

Cau 6. Gia st n1a sb ty nhién thda man diéu kién n(n+ 1)+ 7 khong chia hét cho 7. Ching
minh rang 4n® — 5n — 1 khong 1a s6 chinh phuong.

Thai Binh
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Cau 7.

(1) Tim tét c4 cdc cip s6 nguyén (x,y) thoa man x? + 2y — 2xy —2x — 4y +6 = 0.

p*—p :
— 1 1a 1ap phuong mét so tu nhién.

(2) Tim tit ca céc sd nguyén td p sao cho

Thanh Héa - Chuyén Toan

Cau 8.

(1) Tim tit ca cac bd ba s6 nguyén duong (x,y,z) thda man dong thdi cac diéu kién

1
N e A

y Z

(2) Cho s6 tu nhién n > 2 va sb nguyén td p théa man p — 1 chia hét cho n va n® — 1 chia
hét cho p. Chiing minh rang 7+ p 1a mot s6 chinh phuong.

Thanh Héa - Chuyén Tin

Cau 9.
(1) Tim tt c4 cac sb nguyén duong n dé n — 1989 va n—2022 déu 1a cac s6 chinh phuong.

(2) Biét ring phuong trinh x*> —ax+ b+ 2 = 0 (v6i a,b 1a cic s6 nguyén) c6 hai nghiém
nguyén. Chiing minh riang 2a® + b? 1a hop s6

Quang Tri

Cau 10. Cho hinh ling tru ding, ddy 12 tam gidc vudng, chidu cao bing 6. S6 do ba canh
clia tam gidc ddy 12 c4c sb nguyén. S6 do dién tich toan phan ciia ling tru bing s6 do thé tich
ctia ling tru. Tinh s6 do ba canh tam gidc ddy cda ling tru.

Quang Ninh
Cau 11.
(1) Tim tit ca sb nguyén x,y thoa man bat dang thic 5x> + 3y? +4xy — 2x+ 8y + 8 < 0.

(2) Trong 2021 s6 nguyén duong dau tién, c6 bao nhiéu sb khong chia hét cho 7 va khong
chia hét cho 11?

Doéng Nai
Cau 12. Tim tit ca cdc cip sb nguyén (x,y) thdéa man (xy — 1) = x> +°.
Ba Ria - Viing Tau

Cau 13. Giai phuong trinh nghiém nguyén x>y —xy +2x — 1 = y*> — xy* —2y.
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Bén Tre
Cau 14.
(1) Timx,y € N sao cho x* = 1993 -3Y +2021.
) . n—23 2
(2) Tim s6 nguyén duong n dé ! 9 1a binh phuong mdt so hitu ti duong.
n
Nghé An

Cau 15.

(1) Cho a 1a s6 nguyén t6 18 va a khong chia hét cho 3.
Chiing minh rang a®> — 2021 chia hét cho 24

(2) Cho céc s6 nguyén t6 p, g thda man p + ¢> 1a s6 chinh phuong. Chiing minh ring

a, p=2g+1.
b, p? +¢*®! khong phai la s6 chinh phuong.

(3) Cho tap hgp S gdm n s6 nguyén duong ddi mot khac nhau (n > 3) thoa man tinh chit:
tong ctia 3 phan tif bat ki trong S déu 1a s6 nguyén td. Tim gi4 tri 16n nhét c6 thé ctia
n.

Quang Ngai

Cau 16.

(1) Chiing minh ring tong cac binh phuong ctia 6 s6 nguyén lién tiép khong thé 1a sb
chinh phuong.

(2) Tim cic nghiém nguyén duong clia phuong trinh x?y + 2xy +y = 32x.

Vinh Long

< b N
Cau 17. Cho ba s0 nguyén a,b,c théa man a = b — ¢ = —. Ching minh rang a+b+c la
c

lap phuong cia mot s6 nguyén.
Binh Duadng
Cau 18.

(1) Cho m, p,r la cic sb nguyén t6 théa man mp + 1 = r. Chiing minh rang m? + r hoic
p? + r1a s6 chinh phuong.

(2) Tim tét ca cac sb nguyén t6 ¢ sao cho tdn tai cic s nguyén duong n dé n? +22q la
mot ldy thira v6i s6 mil nguyén duong cda 11.

Kién Giang

@
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Cau 19. Hoi c6 bao nhiéu sd tu nhién n khong vudt qua 2021 ma n +2021 chia hét cho 6.
Hoa Binh
Cau 20. Tim tit ca cac s6 nguyén x,y thdéa man y> 4 3y = x* + x> + 18.
Ninh Thuan
Cau 21. Tim tit ca cdc s6 nguyén duong x,y théa man x> — 2 - x —421.9 = 0.
Thira Thién Hué - Chuyén Toén
Cau 22,
(1) Tim tat ca cac sb nguyén x,y thda man diéu kién
X2y — y2x — 2x% — 3y* + 10xy — 16x+ 21y = 100.
(2) Chiing minh ring t}? 1012 sb nguy,én bat ki, 1uon ton tai hai s6 ma hiéu binh phuong
cua ching 1a mot s6 nguyén chia hét cho 2021.
Thira Thién Hué - Chuyén Tin
Cau 23. Tim nghiém nguyén clia phuong trinh x> — 2y(x —y) = 2(x+ 1).
Tay Ninh

Cau 24. Cho m,n la cac sb nguyén duong sao cho m? +n? + m chia hét cho mn. Chiing
minh rang m 1a s chinh phuong.

Tién Giang
Cau 25. Tim tit ca cc cip sb nguyén (x,y) thda man x> + 5y* +4dxy +4y+2x—3 = 0.
Can Tha

Cau 26. Hai sb tuy nhién khac nhau dudc goi 12 "than thiét" néu tdng binh phuong clia chiing
chia hét cho 3. Héi tap X = {1;2;3;...;2021} c6 bao nhiéu cip s6 "than thiét" (khong phan
biét thu ty)?

Khanh Hoa

Cau 27.
(1) Cho phuong trinh bac hai véi tham s6 m x> —2(m —2)x+m? —3 = 0. Tim tit c4 c4c gid
, . . i 2x1x
tri nguyén cia m dé phuong trinh c6 2 nghiém phéan biét x;,x; thda man P = _:_ 2
X1 T X2

nhén gia tri nguyén.
im tAt cd cdc nghiém nguyén (x,y) clia phuong trinh x? +3y? +4xy — 2x —4y —2 =0.
Tim tA gh guy phuong trinh x? 4 3y? +4xy —2x—4y -2 =0

D&k Noéng
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Cau 28.
(1) Tim nghiém nguyén ctia phuong trinh (2x+y)(x —y) +3(2x+y) — 5(x —y) = 22.

(2) Cho hai s6 tu nhién a, b théa man 24 + a = 3b* + b. Chiing minh rang 2a +2b+1 1a
s6 chinh phuong.

Binh Phuéc

Céu 29.
(1) Tim tit ca cdc sb tu nhién n va k d& n* + 4%+ 12 s6 nguyén t6.
(2) Tim tit ca céc sb nguyén duong x,y théa man

Xt — 2 423y — 20y +2)7 —2y—36=0.
D4k Lk

Cau 30. Tim tht ca cic s6 nguyén duong n sao cho hai sé n*> —2n —7 va n® —2n+ 12 déu
12 1ap phuong ctia mdt sb nguyén duong nao doé.

Quang Binh

Cau 31. Tim tit ca cac sd nguyén duong n d€ A = 4n® +2n> — 7n — 5 1a mdt sb chinh
phuong.

Thai Nguyén - Chuyén Toan

Cau 32. Tim tit ca cdc sb nguyén t6 p,q sao cho phuong trinh x> — px+¢g = 0 c6 céc
nghiém 1 sé nguyén.

Thai Nguyén - Chuyén Tin
Cau 33. Giai phuong trinh x> +y* — x4 3z = 2021 v6i x, y, z 1a cdc sb nguyén.
Ha Nam

Cau 34. Cho a,b,c la céc s6 nguyén théa man a + b +20c = ¢>. Chiing minh ring a’ +
b* 4 ¢ chia hét cho 6.

Lam Dang
Céau 35.
(1) Tim tit cé cdc sb tu nhién n sao cho n* 4+ n® + 1 1a s6 chinh phuong.

(2) Cho phuong trinh x> — mx +m+2 = 0. Tim tit ca cdc gid tri ctia m d&€ phuong trinh
da cho c6 cac nghiém nguyén.

Binh Dinh - Chuyén Toan
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Cau 36. Tim tit ci cic s6 nguyén duong x sao cho x*> — x + 13 1a s chinh phuong.
Binh Dinh - Chuyén Tin
Cau 37. Tim tit ca cdc cip sb nguyén (x,y) théa man 7(x+ 2y)*(y —x) = 8y — Sx+ 1.
Ninh Binh
Cau 38. Tim cic s6 nguyén duong x,y thda man y* 4 2y3 — 3 = x> — 3x.
Hai Phong
Cau 39.
(1) Goi A 1a s6 tao nén khi viét lién tuc cac s6 tu nhién tir 1 dén 2021, nghia la
A =123...201920202021.

a, S6 A gdom bao nhiéu chit s6?

b, Chil sb thi 2021 (theo chiéu tir trdi qua phai) ctia A 14 chif s6 nao?

(2) Cho p,x,y la cic s tu nhién théa man px* +x = (p+ 1)y? +y. Ching minh ring x —y
12 mdt s chinh phuong.

Binh Thuan - Chuyén Toan

2 3 <
Cau 40. Cho a va b 1a céc s6 nguyén duong thda man a® —ab + Ebz chia hét cho 25. Chung

minh ring ci a va b du chia hét cho 25.
Binh Thuan - Chuyén Tin
Cau 41.
(D Tim tAt ca cac cdp sd nguyén (x,y) théa man (xy —xy+y) (x+y) =3x+1.
(2) Tim cdc s6 nguyén td p, g dong thdi théa man hai diéu kién

i, p?q+ p chia hét cho p* +g4.
ii, pg*+ g chiahét cho ¢> — p.

Pha Tho
Cau 42.
(1) Chiing minh ring néu n 1a mdt s6 nguyén t6 thi n® 42022 khong 1a liiy thira ctia 3.
(2) Tim tit ca cdc s6 nguyén td p sao cho p? +3p +2021 cling 1a mot s6 nguyén to.

Yén Bai
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Cau 43. Chiing minh ring v6i moi s6 tu nhién n, ta ludn cé
2005" 460" — 1897" — 168" chia hét cho 2004.
Lai Chau
Cau 44.
(1) Tim tit c cdc ciip sb nguyén (x,y) thdéa man x> + Sxy +6y* +x+2y —2 = 0.
(2) Chiing minh rang véi moi s6 tu nhién n, ta ludn c6 n®> +n + 16 khong chia hét cho 49.
(3) Cho s6 thuc x khac 0 théa man cé hai s6 x + 2 va x> déu 1a s6 hitu ti. Chiing minh ring
x ciing 12 sb hitu ti. *
Ha Ngi - Chuyén Toan
Cau 45.

(1) Chiing minh rang v6i moi sb nguyén n, ta ludn c6 n” + 3n + 16 khong chia hét cho 25

(2) Tim tit ca cdc s6 nguyén x,y théa man x> —xy —2y> +x+y—5=0.
Ha N§i - Chuyén Tin
Cau 46.

() Tim s6 nguyén duong 7 nhd nhét, biét ring khi chia n cho 7,9, 11,13 ta nhan dudc cédc
s6 du tuong tng 12 3,4,5,6.

(2) Cho tap A = {1,2,3,...,2021}. Tim sb nguyén ducong k 16n nhit (k > 2) sao cho ta
c6 thé chon dudgc k sb phan biét tl tAp A ma tdng ctia hai s6 phan biét bat ki trong k s
dudc chon khong chia hét cho hiéu cia chiing.

Chuyén Khoa hoc Tu nhién - Vong 1
Cau 47. Tim x,y nguyén duong thda man 3* +29 = 27,
Chuyén Khoa hoc Tu nhién - Vong 2
Cau 48. Tim tit ca cdc s6 nguyén a, b thoa man a* — 24> + 104> — 18a — 16 = 4b* +20b.
Cao Bing
Cau 49.
(1) Tim tét c4 cdc cip s6 nguyén duong (x,y) thda man x2y?(y —x) = 5xy> —27.

(2 Cho P1:P2;-- 5 P12 1a cdc s6 nguyén t6 16n hon 3. Chiing minh ring p% +p§ +... +p%2
chia het cho 12.

5y
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Nam Dinh

Cau 50.

(1) Tim tat ca cic s tu nhién c6 4 chit s6 abed thdéa man dong thdi cac didu kién: abcd
chia hét cho 3 va abc — bda = 650.

(2) Tim céc s6 nguyén x, y,z thda man dong thdi cc diéu kién
2 2 2 _ 2.2 _
x4y 4+ 22" +2(xz+2x+2z2) =396, x"+y =3z
Hai Duong
Cau 51. Cho s6 nguyén duong n > 2. Chiing minh ring

(1) A =n?® —3n?+2n chia hét cho 6.
(2 B=n"*!—1 chiahét cho 7.

Tuyén Quang

Cau 52. Cho a,b 1a hai s6 hitu ti. Chiing minh ring néu av/2+b/3 lasbhitu ti thia = b =
0.

Chuyén Su pham - Vong 1
Cau 53.

(1) Tim tt ca c4c s6 nguyén duong N sao cho N c6 thé biéu dién duy nhat mot cach biéu

dién & dang ™ Y i x,y 1 hai sb nguyén duong.
xy+1

(2) Cho a,b,c 12 ba sd nguyén duong sao cho mdi sb trong ba s6 d6 déu biéu dién dang
lily thita ctia 2 v6i s6 mii tu nhién. Biét rang phuong trinh bac hai ax> —bx+c =0
c6 hai nghiém déu 13 s6 nguyén. Chiing minh ring hai nghiém ctia phuong trinh nay
bing nhau.

Chuyén Su pham - Vong 2
Cau 54. Tim tAt cé cdc cdp sb nguyén (x,y) thda man (x* — yz)2 = 1+20y.
Da Nang

Cau 55. (1) Cho cic s6 nguyén x,y,z théa man x> + y> + 2% = 2xyz.
Ching minh rang xyz chia hét cho 24.

(2) Tim cic bd ba sb nguyén duong (a,b,c) sao cho (a+ b+ c)> —2a+2b 1a s6 chinh
phuong.

Vinh Phic

@
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Cau 56. (1) Tim tt ca cic sb nguyén (x,y) thda man x>y — x> — 1 = 2x% +2x +y.
(2) C6 bao nhiéu s6 tu nhién gdm 6 chit s6 c6 dang 357abc chia hét cho 3,5 va 7.
Kon Tum
Cau 57. Tim tit ca cac s6 nguyén duong n d€ n° + n* + 1 1a sd nguyén t.
Séc Trang
Cau 58. (1) Ching minh riang n° —n chia hét cho 240 véi n 1a s6 tu nhién 18 bat ki.
(2) Tim tit ca cdc nghiém nguyén ctia phuong trinh x* — y? (x +y*+ 6y2) =0.
Bic Giang

Cau 59. (D) Tim tit cé céc cdp sd nguyén (x,y) thda man phuong trinh 2x? — xy + 9x —
3y+4=0.

(2) Cho f(x) 1a mot da thiic v6i hé s6 nguyén. Biét £(1)- £(2) = 2021, chiing minh phuong
trinh f(x) = 0 khong c¢6 nghiém nguyén.

(3) Cho tap hgp <7 ¢6 cic tinh chit sau:

i, Tap hop <7 chia toan bo cic sd nguyén.
i, V2+V3 €A

iii, Véimoix,y € &/ thix+y € & vaxy € .

Chiing minh ring

1
- _ed.
V2+43

Lang Son
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Chuang Il

s ?

Loi giai tham khao

(1) Tim tit c sb tu nhién n sao cho (2n+ 1) + 1 chia hét cho 220?!.

2n+2 4n? +2n+1
vab=——"
p

la cac s6 nguyén. Chiing minh rang a va b khong dong thdi 1a cac s6 chinh
phuong.

(2) Cho sb tu nhién n va sd nguyén td p sao cho a =

Chuyén Phé théng Ning khiéu - DHQG thanh phé H8 Chi Minh

Loi giai.
(1) Tir gia thiét, ta c6
2202 2n4-2)(4n* +2n+1) (%)
Ta nhan thiy 4n” +2n+ 1 1as6 1€, do d6 (4n* +2n+ 1,22021) = 1. Nhu vy, (*) tuong

duong véi
2221 2n+2) & 2220 | (n4-1).

Két qua, tat ca cac sd tu nhién n cin tim ¢ dang 22020k — 1, § day k nguyén duong.
(2) Tanhan thiy p 1a s6 18, vay nén

{p|(2n+2) {pl(n+1) {pl(n+1)

~p=3.
p|(4n2—i—2n+1) p|(4n2+2n+1) pll(4n—2)(n+1)+3| P

Ta gia st a,b 1 s6 chinh phuong, khi d6 ab ciing 1a s6 chinh phuong. it ab = m?, ta
dudc
5 2n4+2 4n’+2n+1
S T

& 9m* = (2n+2) (4n* +2n+1)
S9m? = (2n+1)7°+1
& Bm—1)Bm+1)=(2n+1)>.

Nhan xét dugc m chdn chi ra cho ta (3m+1,3m — 1) = 1. Theo d6, ton tai cic sb
nguyén duong x,y sao cho
3m+1=x" (1)

15
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3m—1=y 2
Trit theo vé (1) cho (2), ta dudc
x—y=1
’ ) x2+xy+y2:2 X =
(x=y)(x*+xy+y)=2= =
x—y=2 y=-1
x2+xy+y2 =1

Cic s6 x,y khong thé am, thé nén suy luan trén 1a vo li. Gia st phan chiing 12 sai, va
bai todn dugc chiing minh.

\%

Tim tAt c4 cdc s6 nguyén duong m,n thda man m(m+ 1)(m+2) = n>.
Ha Tinh
Lo gii.
Gia st ton tai cdc sd nguyén m,n thda dé.

Hai s6 m + 1 va m(m+2) khong thé ddng thdi bang 0, chiing t6 chiing ton tai udc chung 16n
nhét, goi 1a d. Ta c

{d(m+1) :>{d|(m+l)

dimm+2) = \d| [me1p—1] ==,

Nhu vay, (m+1,m(m+2)) = 1. Lai do |m+ 1||m(m+2)| = n* nén ca [m+ 1| va [m(m+2)|
déu 1a s chinh phuong.

(@) Véim = —1, tatim dugc n = 0.

(2) Véi m # —1, do m 1a s6 nguyén nén m(m+2) > 0. Liic nay, |m(m+2)| = m(m+2)
1a s6 chinh phuong. Tiép tuc dit m(m+2) = x?, véi x 1a s6 nguyén duong, ta dugc
mm+2)=x>=>m>+2m+1=x*+1
= (m4+1)7?—x*=1
= (m+1—x)(m+1+x)=1.
Dén day, ta xét cdc trudng hop sau.

O Truong hop 1. Véim+1—x=m+1+x=1,tacém=0vax=0. Thu truc
tiép, ta timra n = 0.

O Truong hgp 2. Véim+1—x=m+1+x=—1,tacoém=—1vax=0. Thi
truc tiép, tatimran=0.

Két qua, c6 ba cip s6 nguyén (m,n) thda dé 1a (—2,0), (—1,0) va (0,0). \%
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(1) Tim tit ca cac nghiém (x,y) ctia phuong trinh x> — 2x +2y = 2(xy + 1).
(2) Cho p 1a s6 nguyén t6 sao cho ton tai cic s6 nguyén duong x,y théa man x> +

y3 — p = 6xy — 8. Tim gi4 trj 16n nhét cta p.

Lao Cai
Loi giai.
(1) Phuong trinh da cho tuong ducng
X2 —2x—2=2y(x—1).
Dua vao diéu hién nhién 13 x # 1, ta suy ra x*> — 2x — 2 chia hét cho x — 1. Ta nhan thay
X —2x—2=(x—1)>-3,
thé nén x — 1 1a uéc ctia 3. Ta lap bang

x—1]-=3]-1]1 |3
x |—2] 02 |4
y | —1] 1 [=1]1

Két qua, phuong trinh da cho c6 4 nghiém nguyén 1a (-2, —1),(0,1),(2,—1), (4, —1).
(2) Véi cac sb x,y, p thdéa man gia thiét, ta c6
P4y 4273 xy2=pe (x+y+2) (F+y* +4—xy—2x—2y) = p.
Do x,y nguyén dudng nén ta dudc x+y-+2 > 1 tu 1ap luén trén, va nhu viy
X+y+2=p,
P4y +4—xy—2x—2y=1.
Ta nhan thiy
Ay +d—xy—2x—2y=1e (x—y)?+(x—2)>+(y—-2)>=2.

Tong ba binh phuong trén bing 2, chiing t mdt binh phuong phai bang 0. Téi day, ta
xét cac truong hgp sau.

O Trudng hgp 1. Véix =y, tacé p=x+y+2 = 2x+2. Ta dugc p chin va
p=2.
O Trudng hop 2. Véix =2, tacd
=1
292 +(2-22+(-22=20(-2>=1s §_3
Thu véi ting trudng hop, ta dugec p=5vap=17.

Téng két lai, p = 7 12 s6 nguyén t6 16n nhét théa dé.

@)
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[ NN  Tim tit cd bo ba s6 nguyén td (p,q,r) théa man pg = r+1 va
2(p2+q2) =r’+1.

Quang Nam
Loi giai.
Ta chia bai toan thanh cac trudng hgp sau.

O Trudng hop 1. Véi p,q,r 12 ba sé nguyén t6 18, ta c6 pq 18, con r+ 1 chin. Diéu nay
vo 1.

O Trudng hdp 2. Véi r =2, tacé pg = 3. Diéu nay vo li.

O Truong hdp 3. Véi g = 2, ta thu dugc hé phuong trinh

2p=r+1 r=2p—1 r=2p—1
{2(p2+4) _2 " {2(p2+4) =@2p—12%+1 = {(p—3)(p+2):o'
Do p nguyén td, ta dugc p =3 var = 2.
O Trudong hop 4. Véi p =2, lam tuong tu trudng hgp trén, ta dugc g =3 var =2.
Két qua, c6 2 bd (p,q,r) thda dé 1a (2,3,2) va (3,2,2). \%
Tim tht ¢ s6 tu nhién @ va b véi 16n hon 1 cho (a— 1)(b—1) | (ab—1).

Chuyén Dai hoc Khoa hoc Hué

Lai giai.
Tut gia thiét, ta c6
(a—1)b—=1)|(ab—1)=(a—1)(b—1)|[(a—1)(b—1)+a+b—2]
= (a=1)(b-1)[[(a=1)+(—1)]

Ta dugc a — 1 va b — 1 chia hét cho nhau tit day, tic 1a a = b. S dung két qua nay cho
(a—1D)(b—1) | (ab—1), ta c6

(@a—1)*|(@-1)=(a=1)|(a+1)=(a—1)]2.

Lap luén trén ching té a = 2 hoac a = 3.
Thi truc tiép, ta kiém tra dugc c6 2 cip (a,b) thdéa man 1a (2,2) va (3,3). \%

Gia st n 1a s6 tu nhién thda man diéu kién n(n+ 1) + 7 khong chia hét
cho 7. Chiing minh riang 4n> — 5n — 1 khong 1a s chinh phuong.

Thai Binh
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Ldi giai.
Tt gia thiét n(n+ 1) + 7 khong chia hét cho 7, ta suy ra n+ 1 khong chia hét cho 7. Mt
khéc, ta xét phan tich

4’ —5n—1=(n+1)(4n* —4n—1).

Gid st 4n*> — 5n — 1 1a s6 chinh phuong. Patd = (n+1,4n*> —4n—1) , ta c6

{d| (n+1) N {d|<n+1>

d|(4n* —dn—1) d|[4n(n+1)—8(n+1)+7]:’d”'

Tuy nhién, do n+ 1 khong 1a boi ctia 7 nén d = 1, dan dén viéc 4n> —4n — 1 1a s6 chinh
phuong. Pay 1a diéu khong thé xay ra, do

4n* —4n—1=3 (mod 4).

Gia st phan chiing 12 sai, va ta c6 diéu phéi chiing minh. \%

(1) Tim tit ca cdc cip s6 nguyén (x,y) thdéa man x> +2y* — 2xy — 2x — 4y +6 = 0.

2
P _ 1 1a1ap phuong mot s6 tu nhién.

(2) Tim tét ca cac sb nguyén t6 p sao cho L
Thanh Héa — Chuyén Toan
Loi giai.
(1) Phuong trinh da cho tuong ducng
2% — (2x+4)y+ (x* —2x+6) =0.

Coi déy 1a mot phuong trinh béc hai theo 4n y, thé thi A’ phéi 1a s6 chinh phuong. Ta
tinh dugc

A= (x+2)2—2(x2 —2x+6) = —x*> +8x—8.
Ta suy ra x> — 8x+ 8 < 0. Giai bt phuong trinh nghiém nguyén nay, ta dudc 2 < x < 6.
Thi véi tiing trudng hop, ta két luan phuong trinh da cho c6 4 nghiém nguyén phan
biét la

(2,1),(2,3),(6,3),(6,5).

2
@ Tadit? : P 1 — 3, v6i n 12 mot sb tu nhién. Phép dit nay cho ta

PP-p-2=2cp’—p=2n*+2cp(p-1)=2(n+1) (n —n+1)

Ta dugc p | 2(n+ 1) (n* —n+1) . Ta xét cdc trudng hop sau.

O Trudng hdp 1. Vi p = 2, bang kiém tra truc tiép, ta thdy thda man dé bai.
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O Trudng hgp 2. Véip| (n+1),tacd p < n+ 1. Danh gid nay cho ta
2n+1) (n* —n+1)=p(p—1) < (n+ .
Ta dudc 2n> — 2n+ 1 < n. Khong ton tai sd thuc n nao nhu vay.
O Trudng hop 3. Véip | (n —n+1),tadatn —n+1=kp, & day k1a sb nguyén

duong.
Phép dat nay cho ta

p(p—1)=2(n+1)(n* —n+1) =2(n+ )kp.
T day, ta ¢ p = 2kn+ 2k + 1. Thé ngudc lai phép dit, ta chi ra
n* —n+1=k(2kn+2k+1) & n* - (2K +1)n— (2k> +k—1) = 0.
Coi phuong trinh trén 12 mot phuong trinh bac hai an n, lic nay
A= (2K +1)° +4(2K2 +k—1)

phéi 12 s6 chinh phuong.

Danh gia duge (2k* +1) <A< (2k*+4) ® va A 1&, ta dp dung bé d& kep dé suy
ra A= (2k2+3)”. Talan lugt tim duge k = 3,n = 20, p = 127.

Nhu vay, c6 2 gid tri cia p théa dé1a p =2 va p = 127.

(1) Tim tit ca cdc bo ba s6 nguyén duong (x,y,z) thda man dong thdi cc diéu kién
\/ +\/7 ﬁ_ya ;‘{'7—*:1.

(2) Cho sb tu nhién n > 2 va s6 nguyén t6 p thdoa man p — 1 chia hétchon van® —1
chia hét cho p. Chitng minh rang 7+ p 1a mdt s6 chinh phuong.

Thanh Héa — Chuyén Tin

Lai giai.
(1) Dbiéu kién thd nhat tuong duong véi
(V4vE) (V5 VB =0 e x =
Thay vao diéu kién con lai, ta dudc
2

1
———=127—x=xz&xz2+x—27—2=-2
X z

Sx(z+1)-2z+1)=-2<2—x)(z+1)=2.

T day, ta thu dugc x = 1,z = 1, va duong nhién y = 1. Két luan (x,y,z) = (1,1,1) 1a
bd sb duy nhét thoa dé.
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(2) DE giai bai todn ny, ta xét cac trudng hop sau.

O Trudng hop 1. p| (n—1).
Ta dit n = Ip+ 1, v6i [ 1a sb tu nhién. K&t hop véi gid thiét n | (p — 1), phép dit
nay cho ta

(lp+1)|(p—1)=p—12Ilp+1=(I-1)p<-2=1=0,p=2.

V6il=0,p=2,tatimran= 1, trdi gia thiét n > 2.

O Trudng hgp 2. p|(n®+n+1).
Do gia thiét n|(p — 1), ta c6 thé dit p = kn+ 1, thé thi

mwrntl=n*+n—kn+tkn+l=n(n—k+1)+kn+1

12 boi clia kn + 1, thé nhung do (n,kn+1) = 1 nén (kn+1)|(n—k+1).
Bing day danh gia

—kn—1< —-k—-1l<n—k+1<n<kn<kn+1,

tachirak=n+1,ticlap=n>4+n+1.
Nhu vay, n+ p =n-+n?>+n+1= (n+1)?1a s6 chinh phuong. Chiing minh hoan
tat.

\%

(1) Tim tit c4 cic s6 nguyén duong n d& n — 1989 va n — 2022 déu 1a cac sb chinh
phuong.

(2) Biét rang phuong trinh x*> —ax+b+2 = 0 (v6i a,b 1a cic s6 nguyén) c6 hai
nghiém nguyén. Ching minh ring 24> + b* 12 hop s6

Quang Tri
Li giai.

(1) Tur gia thiét, ta c6 thé diat n — 1989 = x>, n — 2022 = y2, § day x,y la cic sb nguyén
duong. LAy hiéu theo vé, ta dugc

(n—1989) — (n —2022) = x> —y* =33 = (x —y)(x +)
Vi0 < x—y < x+y nén dén day, ta xét cic trudng hop.

O Trudng hogp 1. Véix—y=1vax+y=233,tacéx=17, vavithé n=
1989 + 172 = 2278.

O Trudng hop 2. Véix—y=3vax+y=11,tacéx=7,vavithn=1989+47 =
2038.

el
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Nhu vay, n = 2038 va n = 2278 la tit ca cic gia tri thda dé.

(2) Goi 2 nghiém nguyén ctia phuong trinh da cho 1 x; va x,. Theo dinh li Viéte, ta c6
Xit+x=a a=x;+x
= )
Xi(xo=b+2 b=x1xy—2
Cac hé thic trén cho ta

2%+ =2(x1 +x2)* + (12 —2) 2 = x3F + 23 + 205 + 4 = (¥ +2) (x5 +2).

Do x% +2>2va x% +2 > 2, ta dudc 24 + b* 1a hop s6. Bai toan dudc chiing minh.

\Y%
[ oY1) Cho hinh ling tru diing, ddy 1a tam gidc vudng, chiéu cao bing 6. S6
do ba canh ctia tam gidc ddy 1a cac s6 nguyén. S6 do dién tich toan phan ctia ling tru
bing sb do thé tich ctia ldng tru. Tinh s do ba canh tam gidc ddy clia ling tru.
Quang Ninh
Loi giai.
Goi sb do ba canh ctia tam gidc ddy 1a a,b,c v6i a,b,c € Z*,c > b > a.
Tam giac day la tam gidc vudng, nén theo dinh ly Pythagoras, ta c6
a+b> = (1)

S do thé tich ctia ling tru biang 3ab, trong khi s6 do dién tich ctia né bing 6(a+ b+ c) +ab.
Viy nén

6(a+b+c)+ab=3ab<3(a+b+c)=ab< ab—3a—3b=3c. )
Nhan d6i hai vé ctia (2) rdi cong tuong tng vé véi (1), ta dugc

@ +b*+2ab —6a—6b = > +6¢ < (a+b)* —6(a+b) = c* +6¢

& (a+b)*—6(a+b)+9=c*+6c+9
& (a+b—3)*=(c+3)?
<~

at+b—3=c+3
a+b—-3=—-c-3
c=a+b—06
a+b+c=0

Do a,b,c nguyén duong nén ta loai trudng hop a + b +c = 0, tic 1a ¢ = a+ b — 6. Thé vao
(2), ta dugc
ab—3a—3b=3a+3b—12< (a—6)(b—6) =6.

Giai phuong trinh udc sb trén roi thi lai, ta tim ra ¢6 t6ng cong 18 bd sd do 3 canh tam gidc
déy, bao gdm (7,24,25),(8,15,17)(9,12,15) va cac hodn vi clia ching. \%

@)
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(1) Tim tét ca s6 nguyén x, y thda man bat dang thiic 5x% + 3y 4 4xy — 2x+ 8y +8 <
0.

(2) Trong 2021 sb nguyén duong dau tién, c6 bao nhiéu s6 khong chia hét cho 7 va
khong chia hét cho 11?

Dong Nai
L& gidi.
(1) Bét phuong trinh di cho tuong duong
(2x+y)*+ (=12 +2(p+2)* < 1. *)

Téng ba binh phuong trong vé trdi ctia (*) khong vuot qua 1, chiing té ¢6 it nhit hai
binh phuong bang 0. Mit khac, do

2x+y=2(x—1)+(y+2)
nén néu 2 trong 3 s6 kia bang 0, sb con lai chic chin ciing bang 0. Ta suy ra
2x+y=x—1=y+2=0=x=1,y=-2.
Nhu vay (x,y) = (1,—2) 1a nghiém nguyén duy nhét ctia bAt phuong trinh.

(2) Takihiéu [x] 12 s6 nguyén 16n nhit khong vugt qud véi x. Trong 2021 s6 nguyén duong
dau tién, ta goi

O A latap céc s6 chia hét cho 7.
O Blatap céc sb chia hét cho 77.
O Cla tap cic sb chia hét cho 7 va khong chia hét cho 11.

Dua vao nhin xét BUC =A va BNC = &, ta suy ra

2021 2021
el =1al- 181 = | 22| - |

——— | =288 —26=262.
7 77} 88 —26 6

Nhu vay, trong 2021 s6 nguyén duong dau tién c6 tt ca 262 s chia hét cho 7 va khong
chia hét cho 11.

\%

L oNec TRV Tim tit ci cac cip s6 nguyén (x,y) thda man (xy — 1)? = x? + 2.

Ba Ria - Viing Tau

@)
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L&i gidi.
Phuong trinh da cho tuong duong
(xy)2+ 1=x° +y2 +2xy & (xy)2 +1= (x—|—y)2 S1l=x+y—xy)(x+y+xy)

T6i day, ta xét cac trudng hgp sau.
O Truong hgp 1. Véix+y—xy=x+y+xy=1,tacoxy=0vax+y=1.
Giai ra, ta dudc (x,y) = (0,1) hodc (x,y) = (1,0).
O Truong hgp 2. Véix+y—xy=x+y+xy=—1,tacoxy=0vax+y=—1.
Giai ra, ta dugc (x,y) = (0,—1) hodc (x,y) = (—1,0).
Nhu vay, phuong trinh di cho c6 4 nghiém nguyén phan biét, bao gom
(—1,0),(0,—1),(0,1),(1,0).

[ o) T KY Giii phuong trinh nghiém nguyén x%y — xy 4+ 2x — 1 = y? —xy* — 2y.
Bén Tre

Li gidi.
Phuong trinh da cho tuong duong véi
Xy +xy? —xy—y 242y =1 xy(x+y) —y(x+y)+2(x+y) =1
& (y—y+2)(x+y)=1.

T6i day, ta xét cac truong hgp sau.
O Truong hop 1. Véix+y=xy—y+2=1,tacod

x+y=1 o y=—1—x
x(=1—x)—(-1—-x)+2=-1

xy—y+2=1
y=1-x {x=—2,y=3
~
(x+2)(x—2)=0 x=2,y=-1

O Truong hop 2. Véix+y=xy—y+2=—1,tacod

x+y=-1 y=1-—x
=
xy—y+2=-1 x(Il—=x)—(1—-x)+2=-1

o y=1-x <:>[)c:0,y:1
¥—2x—-2=0 x=2,y=-1

Nhu vay, phuong trinh di cho c6 4 nghiém nguyén phan biét, bao gom
(_27 3)7 (07 1)7 (27 1)7 (27 3)



MATHPIAD — TAP CHI TOAN HOC

@ Cau 14
(1) Tim x,y € N sao cho x* = 1993 -3Y +2021.

n—23

(2) Tim s6 nguyén duong n dé 29 12 binh phuong mot s6 hitu ti duong.

n
Nghé An
Li gidi.
(1) Dua vao tinh chit da biét x> = 0,1,8 (mod 9), ta c6 cic dnh gid
1993-3¥+2021 =0,1,8 (mod 9)=4-3'=3,4,5 (mod 9).
Ta xét cic trudng hop ké trén.

O Trudng hop 1. V6i 4.3Y =3 (mod 9), ta duge y = 1. Thay ngudc lai, ta tim ra
x =20.

O Trudng hop 2. V6i 4.3Y =4 (mod 9), ta dugc y = 0. Thay ngudc lai, ta tim ra
x = v/4041, khong 12 s6 nguyén.

O Trudng hop 3. V6i4.3’ =5 (mod 9), ta khong tim duge y nguyén duong thda
man.

Nhu vay, cip sd (x,y) duy nhat théa man 1a (x,y) = (20, 1).

@Wn—2

3
n—+89

12 binh phuong mét sb hitu ti duong nén n > 23.

n—23
n+89
Vi (a,b) = 1 nén (a?,b*) = 1. Do d6, tdn tai s6 nguyén duong k sao cho

{n—23 =a’k, (1)

Liic nay, ta c6 thé dit

2
(%) , trong d6 a,b € N*, (a,b) = 1,a < b.

n+89=b%, (2)
Trit tuong dng vé ctia (1) cho (2), ta suy ra
(n+89) — (n—23) = (b* —a*)k = 112 = (b+a)(b—a)k.
Ta c6 cac danh gia:
i, b+avab—adéulauée duong cla 112.

ii, b+a va b —a cung tinh chan 1é.

iii, b+a>b—a>0.

Dua vao day, ta lap dugc bang gia tri sau

D
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b+a|b—a| k| b | a n=a*k+23
28 4 1 | 16 | 12 | loai vi (a,b) > 1
56 2 1 129 |27 752
14 8 1 [ 11| 3 32
14 4 21915 73
28 2 2 | 15|13 361
8 2 71513 86
14 2 4 | 8 | 6 |loaivi(a,b)>1
4 2 14| 3 1 37
7 1 16| 4 | 3 167

Két qua, c6 7 gia tri ctia n thda man dé bai, gom

n=32,n=37,n=73,n=86,n=167,n=361,n="752.

(1) Cho a la sb nguyén tb 1é va a khong chia hét cho 3. Ching minh rang a> — 2021
chia hét cho 24

(2) Cho céc sb nguyén td p,q théa man p + ¢> 1a sb chinh phuong. Chiing minh
rang

a, p=2g+1.
b, p?+ ¢**! khong phai la s6 chinh phuong.

(3) Cho tap hop S gdm n sb nguyén duong ddi mot khac nhau (n > 3) thdéa man
tinh chit: tdng ctia 3 phan td bat ki trong S déu 1a s6 nguyén t6. Tim gia tri 16n
nhét c6 thé cta n.

Quang Ngai
Lai giai.

1) Doa?>=0,1,4 (mod 8) vaalé, tasuyraa® =1 (mod 8).
Mit khéc, do a®> = 0,1 (mod 3) va a khong chia hét cho 3, tasuy raa® =1 (mod 3).
Hai lap luén trén két hop véi viéc (3,8) = 1 chi ra cho ta

a*=1 (mod24)=24|(a*—1).

Tuy nhién, do 2021 — 1 = 2020 khong chia hét cho 11 nén 24 khong 1a uéc ctia a® —
2021. Bai toan dudc chiing minh.

(2) a, Tir gid thiét, ta c6 thé dit p + ¢*> = a?, v6i a nguyén duong. Phép dit trén cho ta

p=d*—¢ =p=(a—q)latq).
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Do pnguyéntd va0 <a—g<a-+gq,tasuyraa—q=1,con a+q = p. Ly hiéu
theo vé, ta dudc p = 2g + 1.

b, Gia sit (2¢ + 1)> 4 ¢**' 1a s6 chinh phuong. Theo d6, ta ¢ thé dit (2g+ 1)* +
¢**! = b?, v6i b 1a sb nguyén duong.
Phép dat nay cho ta

PP =12 —(2¢+1)2 = = (b—2g—1)(b+2g+1).

Ta xét cac trudng hgp sau.
O Trudng hgp 1. Néub—2g—1vab+2q+ 1 c6 uc nguyén td chung Ia r, ta

suy ra
ri(b—2g—1)
ri(4g+2 r|2
r!(b+2q+1):{ | (4q ):{ | =g=r=2.

Lic nay, (2 + 1)% 4 ¢**?' = 52 + 22921 84 nay chia cho 5 du 2, do vy né
khong 1a s6 chinh phuong.
O Trudng hgp 2. Néu b —2g— 1 va b+2g+ 1 nguyén t cung nhau, ta suy ra

b—2g—1=1
=4g+2 = 2021_1:>4 +3= 2021'
{b+2q+]_q2021 g+2=¢q q+3=¢
Xét tinh chia hét cho ¢ & c4 hai vé, ta dudc ¢ = 3. Thay trd lai ¢ = 3, ta ¢
15 = 32021 mot diéu vo 1i.

Mau thuan chi ra & tit ca cdc trudng hop chiing to gia st phan ching 1a sai. Bai
toan dudc chiing minh.

(3) Ta sé di ching minh maxn = 4. That vy, ta gid st trong S ton tai 5 s6 nguyén duong
a,b,c,d,e théa min téng ctia 3 s6 bat ki trong 5 sb nay 12 s6 nguyén t6. Goi s6 du ctia
chiing khi chia cho 3 1an ludt 1a m, n, p, g, r. Xét xau

T = (ma’%l’?%r)-

Theo d6, téng 3 phan ti bat ki trong xau khong chia hét cho 3. Ta sé tim cach phan
chiing khang dinh nay.

O Néu xau T chda day dd cic s6 0, 1,2 thi tdng clia 3 phan ti d6 chia hét cho 3,
mau thuan.

O Néu xau T khong chifa mot s6 nao d6 trong 0, 1,2 (gid st 1a 2) thi T chi ¢6 thé
chita 0 hoic 1. Do do dai cia T bing 5 nén theo nguyén Ii Dirichlet, ton tai 3 sd
giéng nhau trong 7. Tuy nhién, t6ng clia 3 sb nay chia hét cho 3, mot diéu mau
thuan.

@)
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Phan chiing & trén cho ta n < 4. Ta sé xdy dung mot tip S thoa dé. That viy, tap
S ={1;3;7;9} 1a tap thda dé do

14+3+7=11, 14+3+9=13,
14+749=17, 3+7+9=19

déu 1a cic sd nguyén td. Két qua, maxn = 4.

(1) Chiing minh ring téng cic binh phuong clia 6 s6 nguyén lién tiép khong thé 1a
s6 chinh phuong.

(2) Tim cic nghiém nguyén duong ctia phuong trinh x?y + 2xy +y = 32x.
Vinh Long
Loi giai.

(1) Xét6sdnguyénliéntiépn—2,n—1,n,n+1,n+2,n+ 3. Tong binh phucng ctia chiing
l1a

n=2+ -1+ +(n+1)>+n+2)*+(1n+3)> =6n(n+1)+19.
Do n(n+ 1) Ia tich cta hai s6 nguyén duong lién tiép nén n chan. Tir day ta c6
6n(n+1)+19=3 (mod 4).

Khong c6 s chinh phuong nio dong du 3 theo modulo 4, chiing t6 tdng da cho khong
12 s6 chinh phuong.

(2) Phuong trinh da cho tuong duong véi
y(x+1)% =32x. )
Xét tinh chia hét cta (¥), ta c6
(x4+1)[32x= (x+1) | [32(x+1)=32] = (x+1) | 32.
Ta dudc x+ 1 1a uéc nguyén duong 16n hon 1 ctia 32. Ta lap bang gia tri sau

xt1]2]4] 8| 16 32
X 37 [ 15 31
y |8]6]3,5] 1,875 | 0,96875

p—

Cin cif vao bang gi4 tri dudc 1ap, ta két luan phuong trinh d cho ¢6 2 nghiém nguyén
phan biét 1a (1,8) va (3,6).

\%
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4 b N
L ON TR YA Cho ba sO nguyén a,b,c thda man a = b — ¢ = —. Chiing minh rang
¢
a+ b+ c 12 1ap phuong ctia mot sd nguyén.
Binh Ducdng
Lai giai.
£ b
Xuatphattt b —c = —, taco
C
c(b—c)=b=bc—c*=b=b(c—1)=c (*)
Ta dudgc ¢? chia hét cho ¢ — 1, chiing t3
c—1|=1+1=(c—D(c+1)+1.

Doc—11audecial vac+#0, tacéc=2hoic c = —2. Thé vao (¥), ta suy ra b = 4. Cac
két qui nay cho ta
a+b+c=b—c+b+c=2b=8.

Ta nhan ra a + b + ¢ 14 sb 1ap phuong. Bai toan dugc ching minh. \Y

Cho m, p,r 1a cac sb nguyén tb théa man mp + 1 = . Chiing minh rang m> + r
guy g g
hoic p? + r 14 s6 chinh phuong.

(2) Tim tét ca cac sd nguyén t6 g sao cho tdn tai cac sd nguyén duong n dé n”> +22q
12 mot liiy thira v6i sé6 mil nguyén duong ctia 11.

Kién Giang
Lo gidi.
(1) Khong mét tinh tdng quat, ta gia st m > p. Ta xét cdc trudng hop sau.

O Trudng hdp 1. Néu m, p,r cung 18, ta c6 mp + 1 chin, nhung r 18, vo 1i.
O Trudng hap 2. Néur=2,tacémp+1=2, haylamp =1, vo li.
O Trudng hgp 3. Néu p =2, tacé r = 2m+ 1. Ta nhan thiy ring

m?+r=m>+2m+1=(m+1)*
12 mot s6 chinh phuong. Bai todn dudc chiting minh.

(2) Tir gia thiét, ta c6 thé dit n> 4+22¢g = 11, v6i m 1a sb nguyén duong.
Ta 1an ludt suy ra dudc

11" =11 n?+22g= 11 |n* = 11 | n= 121 | n’.



CHUGONG Il LOI GIAI THAM KHAO
RO rang m > 2, thé nén 121 | 11™. Kéthop véi 121 | n?, tasuy ra 121 | 22¢, téc g = 11.
Cudi cling, ta s& chi ra mot s6 nguyén duong n théa man. Véin =33 vag =11, tacé
n?4+22¢=332422.11=11°.

Két luan, g = 11 12 s6 nguyén td can tim
\%
Hdi c6 bao nhiéu s6 ti nhién n khong vudt qua 2021 ma n® +2021 chia
het cho 6.
Hoa Binh

Loi giai.
Véi s6 tu nhién n théa man n? 42021 chia hét cho 6, ta chiing minh dugc

O n1é (thong qua viéc xét tinh chdn, 1é ctia n).

O n=1 (mod 3) (thdng qua viéc xét s6 du clia n khi chia cho 3).

Céc khang dinh trén cho tan =1 (mod 6). Nhu viy, s6 cdc s6 tu nhién n thoa dé chinh 1a s6
cic s6 tu nhién chia 6 du 1 khong vuot qua 2021, va bing

2017 -1

1 =337.
6 +

L N eETTIII] Tim tit ca cic s6 nguyén x,y thoa méan y? + 3y = x* + x>+ 18.
Ninh Thuan

Loi giai.
Phuong trinh da cho tuong duong véi

4y +12y = +4x° +72 & 4y? + 12y +9 = 4x* +4x> + 1 + 80
& (2y43)* = (22 +1)° +80
& (2y—2x7+2) (2y+2x* +4) =80
& (y—x2+ 1) (y+x2+2) =20
Ta c6 céac danh gia.
O y—x’+1<y+x>+2.
O y—x?+1 vay+x*+2 khdc tinh chén 1&.

Dua vao day, ta 1ap dugc bang gia tri sau
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y—x>+1 y+x2+2‘ y ‘x

-20 -1 —12 | £3
-5 —4 -6 | 0
1 20 9 +3
4 5 3 0

Két qué, phuong trinh da cho c6 6 nghiém (x,y) phéan biét, bao gdm

(—=3,-12),(=3,-9),(0,-6),(0,3),(3,9), (3, 12).

Tim tit ca cac sd nguyén duong x,y thdéa man x> —2Y - x —421.9 = 0.
Thira Thién Hué — Chuyén Toan
Loi giai.
V6i mdi s6 nguyén duong x, luon ton tai cac s nguyén duong z va sd nguyén duong 18 ¢ sao
cho x = 2%r. Bang cach dat nhu vy, phudng trinh da cho tr thanh
2% 21— 9.4 = 0.
Phuong trinh k€ trén tuong duong véi
2%t (1 —2"7%) =9-4% (*)

Trong hai vé clia (*), ta sé& xét s6 mil ctia lily thita co s6 2. That viy

O Céatvat—2""2 ddulg, thé nén sb mil clia 2 & vé trdi 1a 2z.

O Sémiictia2dvéphaila2-21 =42.
Do vdly, z = 21. Thay z = 21 vao (*), ta dugc ¢ (r —2°~?') = 9. Ta ¢6 dénh gid

0<r—27 <t

Danh gid trén cho tat = 8 va 22! = 8, tic y = 24. Két ludn, (x,y) = (9-2°!,24) la cdp sb
duy nhét thoa dé. \%

© Ciu 22
(1) Tim tat ca cac sb nguyén x,y thda man diéu kién

x2y —y?x —2x* — 3y? 4+ 10xy — 16x+ 21y = 100.

(2) Chiing minh ring tif 1012 s6 nguyén bat ki, luon ton tai hai s6 ma hiéu binh
phuong ctia chiing 12 mot sé nguyén chia hét cho 2021.

Thira Thién Hué — Chuyén Tin

Gy
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(1) Phuong trinh da cho tuong duong véi

(x+3)y* — (¥* + 10x+21) y+2x* 4+ 16x+ 100 = 0
S (43— (x+3)x+7)y+2(x+3)(x+5)+40=0
< (x+3) [yz—(x—|—7)y+2(x—|—5)] =—40

Ta dudc x + 3 1a udc clia 40. Bing cach xét (kha nhiéu) cac trudng hop, ta tim ra dudc
phuong trinh da cho c6 tit cd 6 nghiém (x,y) nguyén phan biét, bao gom

(—8,-5),(—8,4),(—5,-5),(-5,7),(4,4),(4,7).

2 N 4 2 Z 4 1
(2) Bb dé. Vi sb nguyén t6 18 p, cac sd chinh phuong khi chia cho p nhén téi da Pt

s6 du.
That viy, xét hai s& chinh phuong a?, b? bit ki khong cling chia hét cho p. Ta dit

a=pm=+ti, b=pntj,

-1 A
trong do i, j thudc tap {0; I;...; 192} va khong mat tong quat, ta gia st i > j.
Ta s& ching minh a # b* (mod p). Ta c6
b=~ =(i—j)(i+j) (mod p).

—1
VéiviécO<j<j<pT,tasuyra

0O<i—j<it+j<p—lL.

Lap luan trén ching té (i — j)(i + j) khong chia hét cho p. Néi cich khac, a®> — b?
khong chia hét cho p. BS dé dudc chiing minh.

Quay trd lai véi bai toan. Ta ¢6 2021 = 43 -47. S6 chinh phuong khi chia cho 43 chi
nhan t6i da 22 s6 du, do vay trong 1012 binh phuong ctia 1012 s6 da cho, ton tai it

.. | 1012 £ £
nhat [22—‘ = 46 s0 chinh phuong c6 cung so du khi chia cho 43.

Xét 46 s6 trén, khi chia cho 47 chi c6 nhiéu nhét 24 s6 du, do viy ton tai 2 s6 trong 46
s6 nay c6 cung s6 du khi chia cho 47, gia st 1a a® va b*. Khi do,
43| (a*—b%), 47| (a*—b?).

Lai do (43,47) = 1 nén 2021 | (a> — b*). Bai todn dugc ching minh.

{ o) eelTWXY Tim nghiém nguyén cda phuong trinh x> — 2y(x —y) = 2(x+1).
Tay Ninh

)
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Loi giai.
Phuong trinh da cho tuong duong véi
2% —dxy+4y? —dx=4 & (x—2y)* + (x—2)* =8
Tt day suy ra (x —2)> < 8 = (x—2)? € {0,1,4}.
O Véi (x—2)? =0, thi (x —2y)? = 8, vd nghiém.
O V6i (x—2)? =1, thi (x — 2y)? = 7, vd nghiém.

O Véi (x—2)% =4, thi (x—2y)? =4, ta dugc cdc nghiém (x,y)1a (0,1),(0,—1),(4,1),(4,3).
Véy phuong trinh c6 cac nghiém (x,y) la (0,1),(0,—1),(4,1),(4,3). \%
[ N eETTILY Cho m,n 1a cic s6 nguyén duong sao cho m? +n? 4+ m chia hét cho mn.

Chiing minh rang m 1a s6 chinh phuong.
Tién Giang
Loi giai.
Goi u6c chung 16n nhit ciia m va n 1a d. Ta dit m = dx,n = dy, v6i (x,y) = 1. Phép dit nay
cho ta m? 4+ n* —m = d*x* + d*y* — dx va xy = d’>mn. Két hop véi gia thiét, ta dugc
d*xy | (d2x2 +d?*y? — dx) = dxy | (dx2 +dy? —x) ) *)

Két hop (*) véi viée xét tinh chia hét cho x va d & ca sd bi chia va sb chia, ta 1an lugt suy ra
x | dn? x|d
= =d=x.
d|x d|x
Ta c6 m = dx = d* 1a sb chinh phuong. Bai todn dudc ching minh. \%

Bai toan nay da xuét hién & trong dé thi ctia Ba Lan.

Cho x,y la s6 nguyén duong sao cho x* +y* — x chia hét cho xy.
Chiing minh x la sé chinh phuong.
Polish Mathematical Olympiad 2000(

{ o) eENTPLY Tim tit ca cic cip s6 nguyén (x,y) théa man x> + 5y + 4xy + 4y + 2x —
3=0.

Can Tha
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Phuong trinh da cho tuong duong véi
Sy? + (dx+4)y+ (x* +2x—3) =0.

Coi day 12 mot phuong trinh béc hai theo 4n y, thé thi A" phai 12 sé chinh phuong. Ta tinh
duoc
A =(2x+2)" =5 (x*+2x—3) = —* —2x+ 19.

Ta suy ra —x> —2x+ 19 > 0. Gii bat phuong trinh nghiém nguyén nay, ta dugc —5 < x < 3.
Thi véi tiing trudng hop, ta két luan phuong trinh da cho c6 4 nghiém nguyén phan biét 1a

(=5,2),(-3,0),(1,0),(3,-2).
\%
[ N eETTIIY Hai s6 tu nhién khic nhau dugc goi 1a "than thiét" néu tdng binh phuong

ctia chiing chia hét cho 3. Hoi tap X = {1;2;3;...;2021} c6 bao nhiéu cip s6 "than
thiét" (khong phan biét thi tu)?

Khanh Hoa

Lai giai.
Trude hét, ta chiing minh bé dé: Véi moi s6 nguyén a, b, ta phat biéu ménh dé

3|a .
=3 b7).
{3’[9 \(a+ )

That vay, ta chi can chiing minh chiéu ddo ctia ménh dé trén. Ta da biét, mot sd chinh phuong
khi chia cho 3 chi ¢6 thé du 0 hodc 1.

O Néua®?=1 (mod 3),tacé b> =1 (mod 3), mot diéu vo Ii.
O Néua®? =0 (mod 3),tacé b> =0 (mod 3). Liic ndy, c a va b déu chia hét cho 3.

Ménh dé trén dudc ching minh, thé nén ta suy ra mot cip s6 "than thiét" chinh 1a mot cip
hai s6 cing chia hét cho 3. Trong X, c6 téng cong 673 s6 tu nhién chia hét cho 3, vy nén s
cip "than thiét" 1a
673-672
—— =226128.

\%

Khi thay 3 bang mot sd nguyén t6 bét ki c¢6 dang 4k + 3, dua vao viéc chitng minh bd
de
pla 2, 42
< pl(a”+b7),
(ol epl )
bai todn ciing c6 hudng giai quyét tuong tu.
Mot trong nhiing cich chiing minh bé dé nay chinh 1a st dung dinh li Fermat nho. Vé
chi tiét, mdi ban doc tu tim hiéu. —
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(1) Cho phuong trinh bac hai x> —2(m —2)x +m? — 3 = 0, v6i tham s6 m. Tim tét
cé cdc gia tri nguyén ctia m d€ phuong trinh c¢6 2 nghiém phan biét x;,x, thoa
2X1X2

man P = nhén gia tri nguyén.

X1 +x2

(2) Tim tit ca cac nghiém nguyén (x,y) clia phucong trinh

¥ +3y* +4xy—2x—4y—2=0.

Loi giai.
(1) biéu kién dé phuong trinh di cho c¢6 hai nghiém phan biét x|, x; 1a

: 7
A >0 (m—2)*— (m*-3) >0 —4m+7>06m< 7.

Véi diéu kién nhu vay, 4p dung dinh 1i Viéte, ta c6
xX1+x=2m-2), xjx= m*—3.
Nhu vay, P 14 sb nguyén khi va chi khi

2x1x2 _2(m2—3) _m2—4+1 1
X1+xz_ 2(m—2)  om=2 m—2"

1a s6 nguyén, tdc 1a m — 2 1a uéc cla 1. Ta tim duge m = 3,m = 1. Ddi chiéu vdi diéu

7 Z 2
kién m < 7 ta chi ra m = 1 1a s0 nguyén duy nhat théa man.
(2) Phuong trinh da cho tuong duong véi
(x4+y)(x+3y)—(x+y)—(x+3y)+1=3< (x+y—1)(x+3y—1) =3.

Dén day, ta l1ap bang gia tri

x+y—1 | -3 | —-1|1| 3
x+3y—1|—-1]-3|3] 1
by =3, 1 |1| 5
y I [—-1]1]—1

Két qua, phuong trinh da cho c6 4 nghiém nguyén phan biét (—3,1),(1,—1),(1,1) va
(5,—1).

\%
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(D Tim nghiém nguyén ctia phuong trinh (2x+y)(x —y) +3(2x+y) —5(x —y) =
22.

(2) Cho hai sb tu nhién a,b théa man 24> + a = 3b> + b. Chiing minh ring 2a +
2b + 1 12 s6 chinh phuong.

Binh Phudc
L& gidi.
(1) Phuong trinh di cho tuong duong véi
(2x+y)(x—y)+3(2x+y)—5(x—y)—15=T< 2x+y—5)(x—y+3) =7
Dén day, ta 1ap bang gia tri

2x+y—5 1| =7 | —1 1 7
x—y+3 | =1 | -7 7 1
X 2| 2| €Z | ¢Z
y 2 8 | €Z | €7

Két qua, phuong trinh di cho ¢6 2 nghiém nguyén phan biét (—2,2) va (—2,8).
(2) Véi cic sb a, b thda man gia thiét, ta c6
2a* +a=3b*+b=2a> - 20" +a—b="b*
= 2(a—b)(a+b)+(a—b) =b*
= (a—b)(2a+2b+1)=b>

Taditd = (a—b,2a+2b+1). Do b*> = (a — b)(2a+2b+ 1) nén b? chia hét cho d?,
tiic b chia hét cho d. Khi d6

d|(a—b) d|a d|a
d|(a+2b+1)=d|(a+2b+1)=d|1=d=1.
d|b d|b b

Do vay, ta dudc a — b va 2a+2b + 1 déu la céc s6 chinh phuong. Chiing minh hoan
tat.

\%

(D) Tim tit c4 cdc s ty nhién n va k d& n* + 4%+ 12 56 nguyén 9.
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(2) Tim tat ca céc sd nguyén duong x,y théa man

=2+ 2x%y — 2xy+ 2y — 2y —36 = 0.

Loi giai.
(1) Ta dit 2% = m, khi d6 4°*T! = m*. Ta nhan thiy ring
n* +4m* = n* + 4n*m? + Am®* — Am*n?
= (nz + 2m2)2 — (2mn)?
= (n2 —2mn—+ 2n2) (n2 +2mn+ 2n2)
Do 0 < n? —2mn +2n% < n®> 4 2mn + 2n? nén n* + m* 1a s6 nguyén t6 chi khi
n? —2mn+2n*=1. *)

Theo ching minh & (*), ta co

=m=n=1.

m=0,lm—n|=1 m=1
m?+(m—-n)>=1= | | {

m=1,lm—n|=0 m—n| =0

V6im =n = 1, ta tim dugc k = 0. Thi trén tip, ta thiy ding. Nhu vy, cip (n,k) duy
nhét thda man yéu cau dé bai 1a (1,0).

(2) Phuong trinh da cho tuong duong vdi
2
(FP+y—1)"+(x—y)?>=37.

C6 duy nhét mot cach biéu dién 37 thanh tdng hai binh phuong, d6 1a 372 = 1 +62.
Dong thdi, ta chi ra dudc x> +y — 1 > x —y. Ta xét cac trudng hop sau.

O Trudng hap 1. Vix> +y—1=6vax—y=1,tacé
Prx—1)—1=6=x>+x—-8=0.

Ta khong tim dugc x nguyén duong & day.
O Trudng hgp 2. V6ix> +y—1=6vax—y=—1,tacé

x4+ —1=6x+x—6=0s (x+3)(x—2)=0.

Do x nguyén dudng, ta nhan dugc x =2 vay = 3.
O Trudng hap 3. V6ix> +y—1=1vax—y=—6,tacéd

P (x+6)—1=1x>+4=0.
Ta khong tim dudce x nguyén duong G day.

Nhu vay, cip (x,y) duy nhét théa man yéu cau dé bai 1a (2,3).

&)
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[ N ETTIKI] Tim tit ca cac sd nguyén ducng n sao cho hai sb n?> —2n —7 va n* —
2n+ 12 déu la 1ap phuong ctia mot sd nguyén duong nao do.

Quang Binh
Loi giai.
Tit gi thiét ta c6 thé dit
n—2n+12=d>, n*—-2n—-7="0°,

§ day a,b 1a cac s6 nguyén duong, dong thdi a > b.
LAy hiéu theo vé, ta dugc

19=a —b* = (a—b) (a* +ab+b*) = 19.

Do 0 < a—b < a®>+ab+b* va 19 1a s6 nguyén td, tanhan dudc a —b = 1 va a® +-ab+b*> =
19.
Thé b = a— 1 vao a*> +ab +b*> = 19, ta dugc

a+ala—1)+(a—12=19=3d>-3a—18=0=3(a—3)(a+2)=0=a=3.

Thay tré lai a = 3, ta tim ra n = 5. Day 1a s6 nguyén duong duy nhét thda man yéu cau. V

[ N eETTIKIN Tim cic sd nguyén duong n dé A = 4n’ +2n> — 7n — 5 1a s6 chinh
phuong.

Thai Nguyén — Chuyén Toan
Lai giai.
Gia st A 1a s6 chinh phuong. Xét phan tich
A=(n+1)(4n*—2n-5).

Taditd = (n+1,4n* —2n—5) . Phép dit nay cho ta

{d|<n+1> {d|<n+1>

d| (42 —2m—5)  \d|[2(n+1)(2n—3)+1] —d=1

Tich ctia hai s6 nguyén t6 cung nhau 12 mot s6 chinh phuong, vy nén ci 2 s6 niy chinh
phuong. Té6i day, ta danh gia
(2n—2)* < 4n®> —2n—5 < (2n)%.
Do 4n?> —2n — 5 chinh phuong, danh gi4 trén cho ta
4n® —2n—5=02n— 1) o4’ —2n—5=4n* —dn+1n=3.

Thii v6i n = 3, ta dudc A chinh phuong. Py 1a gi4 tri duy nhit ctia n thda d2. \Y
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[ o) ETTIKYY Tim tit ci cic s6 nguyén td p, g sao cho phuong trinh x> — px+¢ =0
c6 cic nghiém 12 s nguyén.

Thai Nguyén — Chuyén Tin

Loi giai.

Phuong trinh da cho c6 nghiém nguyén, thé nén A = p? — 44 phai la s6 chinh phuong.
Ta dit p> —4q = a® v6ia € N, khi d6 4qg = (p —a)(p +a).

Dop—a=p+a (mod2)va0< p—a< p+anén tacd bang sau

p—a 2 4 q
pta| 2¢q q 4
g+4 | qg+4
I =R B S
Pt 2

Tir bang trén, két hop véi tinh nguyén td ctia p va ¢, ta tim dude p = 3,q = 2.
Thi lai, véi p = 3,4 = 2 phuong trinh ¢6 2 nghiém lax = 1 va x =2, do vay (p,q) = (3,2)
1a cip duy nhit théa man yéu cau dé bai. \%

{ o) eENIKXY Giai phuong trinh x° +y? —x + 3z = 2021 v6i x,y,z 1a cc s6 nguyén.
Ha Nam
Loi giai.
Ta da biét x> —x = x(x+ 1) (x — 1) chia hét cho 3 do day la tich ba s6 nguyén lién tiép. Trong
phuong trinh ban dau, 1y dong du theo modulo 3 hai vé, ta dugc

y?=2 (mod 3).

Day la diéu khong thé x4y ra. Phuong trinh da cho v6 nghiém. \%

[ @Y ETTIKYY Cho a,b,c 1a cic sb nguyén thdéa min a + b +20c = ¢>. Ching minh
rang a’ + b 4 ¢ chia hét cho 6.
Lam Dong

Loi giai.
Ta nhan thiy

S+ 4+ =ad +b*+2¢% — (a+b+20c)
=(@®—a)+ (> —b)+2(c* —¢)—18¢
=a(la—1)(a+1)+b(b—-1)(b+1)+2c(c—1)(c+1)—18c.

Céc tich dang x> — x = x(x — 1)(x+ 1) chia hét cho 6 do day Ia tich ba s& nguyén lién tiép,
va 18c ciling chia hét cho 6. Tir day, ta suy ra diéu phai chiing minh. \%
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(1) Tim tat ca céc s tu nhién n sao cho n* 4 n® + 1 1a s6 chinh phuong.

(2) Cho phuong trinh x*> — mx +m+2 = 0. Tim tit ca cic gid tri clia m d€ phuong
trinh da cho c6 cac nghiém nguyén.

Binh Dinh — Chuyén Toan
Loi giai.

(1) Tir gia thiét, ta suy ra 4n* +4n> 4 4 ciing 14 s6 chinh phuong. V6i moi s6 nguyén n, ta
co

4 4nd 14— (202 4n— 1) =302 42043 >0,
(2% +n+3)% = (4n* +4n> +4) = 1302+ 6n+5 > 0.
Céc danh gia trén cho ta
(2n2+n— 1)2 <dn*+4n’+4 < (2n2+n+3)2.
Do 4n* +4n3 4+ 4 1a s6 chinh phuong nén theo b dé kep, ta xét cac trudng hop sau.
O Trudng hgp 1. V6i 4n' +4n® +4 = (2n% +n)”  ta c6
dnt At +4=dn* 4P+l e’ =4 e n=42.
O Trudng hop 2. V6i 4n* +4n> +4 = (2n2 +n+1)°, ta co

At AP A4 =dnt AP + 5 L 2n+ 1502 +2n—3=0
< (n+1)(5n—-3)=0.

Khong ton tai n tu nhién trong trudng hop nay.
O Trudng hop 3. Véi 4n* +4n* +4 = (2n* +n —|—2)2 , taco
dn* +and +4 =4n* + 4 + 9 +4n+4 < IP =0 n=0.
Nhu vay, c6 2 gid tri clian thda délan =0 van =2.

(2) Gia st phuong trinh da cho c6 2 nghiém nguyén x;,x,, ap dung dinh 1y Viete, ta c6
x1 + Xy = m, suy ra m 1a sb nguyén.
Do phuong trinh di cho c6 nghiém nguyén nén A = m?> —4(m+2) = (m—2)> — 12
phai 1a s6 chinh phuong. it (m —2)? — 12 = a® v6i a € N. Phép dit nay cho ta

(m—2—a)(m—2+a)=12.

Véichiym—2—a<m—2+avam—2—a=m—2+a (mod 2), ta c6 bang sau
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m—2—a | —61|2
m—2+a | —-216
m 216

O V6i m = —2, phuong trinh x> 4+ 2x = 0 ¢6 2 nghiém 12 0 va —2, thda man.
O Vé6i m = 6, phuong trinh x> — 6x 4 8 = 0 c6 2 nghiém 1a 2 va 4, théa man.

Vay céc gia tri cia m thda man yéu cau dé bai lam =2,m = 4.

[ o eETTIK]Y Tim tit ca cac s6 nguyén duong x sao cho x? —x + 13 1a sd chinh
phuong.

Binh Dinh — Chuyén Tin
Loi giai.
Tir gia thiét, ta c6 thé dit x> — x + 13 = ¢, v6i ¢ nguyén duong. Phép dit nay cho ta
4x? —4x+52 =41 = (2x— 1) +51 = (21)> = (2t — 2x+ 1)(2t +-2x— 1) = 51.
Do 0 < 2f —2x+1 < 2t +2x— 1, ta 1ap dugdc bang gia tri sau

20—-2x+1 | 1 3
2t+2x—1 1|51 | 17
X 13 | 4

Cin cif vao bang, ta két luan x = 4 va x = 13 1a tit ca cic gi4 tri nguyén duong thda man yéu
cAu bai toan. \%

{ o) eENTIKY A Tim tit ci cdc cip s6 nguyén (x,y) thda man 7(x +2y)3(y —x) = 8y —
Sx+1.

Ninh Binh
Lai giai.
Ta dit A = x+2y,B = y — x. Biang biéu dién 8y — 5x = A + 6B, phuong trinh da cho tré thanh
TA’B=A+6B+1« (1A —6)B=A+1 *)

Ta dugc (7A% —6) | (A+1). Ta lan lugt suy ra
(7TA°—6) | T(A+1) (A*—A+1) = (7A°—6) | (1A°+7) = (7A° —6) | 13.

Do 13 1a s6 nguyén td, ta c6 7A3 — 6 € {£1;413}. Két hop vdi didu kién A nguyén, ta tim
raA =1hodc A = —1. Talap bang gia tri

A |B| x y
1|0 €z | ¢z
-1 (2] —1 1
Cin ct vao bang, ta nhan thiy (x,y) = (—1, 1) 1a nghiém nguyén duy nhét ctia phuong trinh

da cho. \YJ
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| N eETTIK]Y Tim cic s6 nguyén duong x,y thda man y* 4+ 2y3 — 3 = x> — 3x.
Hai Phong

Lai giai.
Phuong trinh da cho tuong duong véi

4yt 48y — 12 =4x® — 12x & 4y* +8y° —3 = (2x—3)2.
T6i day, ta xét cac hiéu
(4" +8y° —3) — (2 +2y— 1)  =4(y—1) >0,
(27 +2y)" = (4" +8)° —3) = —4y’ 3 <0.
Céc danh gia theo hiéu bén trén cho ta biét
(2% +2y— 1)2 <At 48y -3 < (2y2+2y)2.

Do 4y*+8y> — 3 1a s6 chinh phuong, ta bit budc phai ¢6 4y* +8y> —3 = (22 +2y—1)7,
tdc y = 1. Ta tim ra x = 3 ti day. Két luén, (x,y) = (1,3) la cdp sb duy nhét thoa yéu cau. V

(1) Goi A 1a s6 tao nén khi viét lién tuc cac s6 tu nhién tit 1 dén 2021, nghia la
A =123...201920202021.
a, S6 A gdm bao nhiéu chit s6?
b, Chil sb thi 2021 (theo chiéu tir trdi qua phai) ctia A 13 chif s6 nao?
(2) Cho p,x,y la cic sb tu nhién thda man px> +x = (p + 1)y> +y. Chiing minh

rang x — y 1a mot s6 chinh phuong.

Binh Thuan — Chuyén Toan

Loi giai.
(D) a, SH chit s6 ctia A 1a tdng sb chit s6 ctia cac s6 tu nhién thude tap S = {1;2;...;2021}.

Trong tap S, ta c6
O Téng s6 chit s ctia cac s6 c6 mot chit sd1a1-9=09.
O Tong s6 chit s6 clia cac s6 ¢ hai chil s6 1a 2-90 = 180.
O Téng sb chif s6 clia cdc s6 c6 ba chit sb 12 3-900 = 2700.
O Tong s6 chit s6 clia cac sb c6 bon chit s6 12 4 - 1022 = 4088.

Nhu vdy, s chit s6 ciia A 1a 9+ 180 + 2700 + 4088 = 6977.
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b, Do 94 180 < 2021 < 9+ 180+ 2700, chif s6 thif 2021 ctia A phai 1a chii s trong
mot sb c6 ba chit sb tuong dng.
Duya vao nhan xét
2021 =9+180+610-3+2,

ta suy ra chil sd can tim 1a chit s6 thif hai trong s6 610 + 100 — 1 = 709, tiic 1a chi
$6 0.

(2) Véi cic sb x,y thda man gia thiét, ta c6
2 2 .2 _ 2
px-—py +x—y=y" = pa—y)x+y)+x—y) =y
= (x—y)(px+py+1) =y

Taditd = (x—y, px+ py+1). Do y> = (x —y)(px+ py + 1) nén y? chia hét cho 42,
ttic y chia hét cho 4. Khi d6

d|(x—y) d|x d|x
d|(px+py+1)=<d|(px+py+1)=<d|l=d=1.
dly d|y dly

Do vay, ta dugc x — y 1a sé chinh phuong. Ching minh hoan tat.

\%
Truong hop dic biét ctia ¥ thi hai cling da xuit hién & trong dé tinh Binh Phudc
"Cho hai s6 tu nhién a,b théa min 24> + a = 3b> + b. Chiing minh riang
2a+2b+ 1 1a s6 chinh phuong." —

4 3 ;
L QN eETTRI] Cho a va b 1a cic sd nguyén duong théa man a® — ab + Ebz chia hét
cho 25. Chiing minh ring ca a va b déu chia hét cho 5.

Binh Thuan — Chuyén Tin

Loi giai.
Véi céc s6 nguyén duong a, b thda man gia thiét, ta c6

3
25| 4 <a2 —ab+ 2b2) = (2a—b)* +5b%.

Ta dudc 2a — b chia hét cho 25, tiic 12 2a — b chia hét cho 5.

Tiép tuc st dung 25 | (2a — b)? + 5b?, ta nhan thiy 25 ciing 1a udc cda 562, thé nén b chia
hét cho 5. K&t hop vé6i 5 | (2a — b), ta ¢6 diéu phai chiing minh 1a a va b ciing chia hét cho 5.
\%
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(D Tim tAt ca cac cip sO nguyén (x,y) théa man (xy —xy+y) (x+y) =3x+1.
(2) Tim céc s6 nguyén td p,q dong thsi théa man hai diéu kién

i, p?q+ p chia hét cho p* +gq.

ii, pg®+ g chia hét cho ¢> — p.

Pha Tho
Lai giai.
(1) Phuong trinh di cho tuong duong véi
y (¥ —x+1) (x+y) =3x— L.
Ta nhan duge (x> —x+1) | (3x—1), thé nén
(F—x+1) | Bx—1)(3x—2) = (x¥* —x+1) | (9> —9x+9-7)
= (P —x+1)|7.

Lan lugt cho x> — x + 1 nhén céc gid tri 1a —7,—1,1,7 ta két luan riang phucng trinh
da cho c6 ba nghiém nguyén la (—2,1),(1,-2),(1,1).

Gia st ton tai cac sO nguyén to p,q thoa de. biéu kién i cho ta

P +a) | (aPP+a)+p—a") = (P’ +a9) | (p—¢°).
Dong thoi, diéu kién ii cho ta

qg —pD p\g —p)tqtp’)=q —p qTp

(@ =p) [ (p(a*=p)+a+p*) = (¢~ p) | (a+p)
Dua vao hai nhan xét trén, ta suy ra

\P*+4|=|a*—p|,
O Véig? > p,tacod
P+a=¢-p=(p+g(p—q+1)=0=g=p+1.

Ta dudc p,q la hai s6 nguyén t6 lién tiép, va bat budc p = 2,9 = 3.
O Vé6ip>g* tacod

Pra=p—a=p+¢=p—q
didu nay 1a khong thé xay ra do p> > p va ¢> > —q.

Két luan (p,q) = (2,3) la cdp sb6 nguyén 6 duy nhét thda man.
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(1) Chiing minh ring néu n 1a mot s6 nguyén t thi n? + 2022 khong 1a iy thira ciia
3.

(2) Tim tit ca cac sb nguyén tb p sao cho p? +3p 42021 ciing 1a mot s6 nguyén to.
Yén Bai
L&i giai.
@ Gia sit n* +2022 1a liiy thira clia 3. Ro rang, do 2022 > 9 nén 9 | (n? +2022) , vatacé
n?4+2022=0 (mod9)=n’>=3 (mod9).

Ta suy ra n? chia hét cho 3, nhung khong chia hét cho 9. Pay 1a mot diéu vo 1i. Gia sir
sai, va ta c6 diéu phai ching minh.

(2 Véi p=3,tacod p>+3p+2021 = 2039 1a modt s6 nguyén t6. Véi p > 3, taco
PP+3p+2021=1+0+2021=0 (mod 3).

N6i cach khac, p? +3p + 2021 chia hét cho 3 khi p # 3, chiing to n6 1a hop s6. Nhu
viy, chi c6 két qua p = 3 thda yéu cau.

\%

[ o) eI KY Chiing minh ring v6i moi s tu nhién n, ta ludn c6 2005" + 60" —
1897" — 168" chia hét cho 2004.

Lai Chau
Loi giai.
Dit A = 2005" + 60" — 1897" — 168". Ta s& chiing minh A chia hét cho 3,4 va 167. That vay
O A=(3-668+1)"+(3:-20)"—(3-632+1)"—(3-56)"=140—1-0=0 (mod 3).
OA=(4-501+1)"+(4-15)"—(4-474+1)"—(4-42)"=140—-1—-0=0 (mod 4).

O A=(12-167+1)"+60" — 11167+ 60)" — (167 +1)" = 1 — 60" + 60" — 1 = 0
(mod 167).

Dua vao cdc nhan xét trén, ta suy ra A chia hét cho céc s6 3,4,,167. Céc sb nay doi mot
nguyén t6 ciing nhau va c6 tich bang 2004, thé nén A chia hét cho 2004. Bai todn dugc
chiing minh. \%

(1) Tim tat c cdc cip sb nguyén (x,y) théa man x> + Sxy +6y* +x+2y —2 = 0.
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(2) Chiing minh rang v6i moi s& tu nhién 7, ta c6 n> +n + 16 khong chia hét cho
49,

’ ’ 2 n ;
(3) Cho sb thuc x khac 0 thda man cé hai s6 x + = va x> déu 1a sb hitu ti. Chiing
X
minh ring x ciing 12 s6 hitu ti.
Ha NGi — Chuyén Toan
Lai giai.
(1) Phuong trinh di cho tuong duong véi

(x4+2y)(x+3y) +x+2y—2=0< (x+2y)(x+3y+1) =2.

Ta lap bang gia tri
x+2y 2| -1]1| 2
Xx+3y+1 | -1 | =22 1
X 213 |1] 6
y 0 |—-2|0|-2

Nhu vdy, c¢6 téng cong bdn cip (x,y) thda dé, bao gom (—2,0),(1,0),(3,—-2) va
(6,-2).

(2) Gia st ton tai s6 tu nhién n théa man 49 | (n2 +n+ 16) . Gia st nay cho ta
49 |4 (n* +n+16) =49 | [2n+1)*+63] = 7| [(2n+1)*+63]
=7 2n+12=7|2n+1)=49|(2n+1)%

Tiép tuc két hop diéu nay v6i 49 | [(2n+1)? +63] , ta c6 63 chia hét cho 49, mot dicu
vo 1i. Nhu vay, gia st phan chiing 12 sai, va ta c6 diéu phai chiing minh.

N .2 <A 2, A 2 A v 2 ) N A ~, 2 s - N
(3) Tir gia thiét thit nhit, ta c6 thé dit x+ — = a, vdi a 1a s6 hitu ti. Phép dit nay cho ta
X

2 4* -8 +vVa? -8
xz—ax—i—Z:O(:)( —g) :a4 @x:%.

Két hop bién ddi vira roi gia thiét x* hitu i, ta suy ra

X = (a:l:zaz—8> :%[(a3—6a)+(a2—2) \/a2—8} €Q.

Néu nhu va? — 8 1a s6 vo ti, ta bat budc phai c6 a> —2 = 0, tiic 1a a = £1/2. Piéu nay
mau thuln véi diéu kién phép dit 12 a hitu ti. Nhu vay, v/a? — 8 1a s6 hitu ti. Dya vao

at++va?—-8
X=—

5 , ta thu dugc diéu phai chiing minh.
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(1) Chiing minh ring v6i moi sb nguyén n, ta c6 n? 4 3n + 16 khong chia hét cho
25.

(2) Tim tit ca cdc s6 nguyén x,y théa man x> —xy —2y> +x+y—5=0.
Ha N&i — Chuyén Tin
L&i giai.
(1) Gia st ton tai s6 tu nhién n théa man 25 | (n2 +3n+ 16) . Gia st nay cho ta

25|4(n*+3n+16) = 25| [(2n+3)*+55] = 5| [(2n+3)*+55]
=5|(2n+3)2=5|(2n+3)=25|(2n+3)°.

Tiép tuc két hop diéu nay v6i 25 | [(2n+3)% 4 55] , ta ¢6 55 chia hét cho 25, mot diéu
vo 1i. Nhu vy, gia sit phan chiing 1a sai, va ta c6 diéu phai chiing minh.

Phuong trinh da cho tuong duong véi
g g g
(x+y)(x=2y)+(x+y)—5=0< (x+y)(x—2y+1) =5.

T6i day, ta 1ap bang dudc gia tri

x+y | =5]-1] 1] 5
x—2y+1 | —-1] =5 | 5 | 1
X 4 dz]| 2 |4Z
y “1|dz]| -1|¢Z

Nhu vy, ¢6 tdng cong hai cip (x,y) thda dé, bao gom (—4,—1) va (2,—1).

(1) Tim s nguyén duong n nhod nhit, biét rang khi chia n cho 7,9, 11,13 ta nhan
dugc céc s6 du tuong ting 12 3,4, 5,6.

(2) Cho tap A = {1,2,3,...,2021}. Tim s6 nguyén duong k 16n nhét (k > 2) sao
cho ta c6 thé chon dudc k s6 phan biét tif tip A ma tdng ctia hai sb phan biét bat
Ki trong k sb dugc chon khong chia hét cho hiéu ciia chiing.

Chuyén Khoa hoc Tu nhién — Vong 1
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(1) Gia st ton tai s6 nguyén duong n théa man yéu cau. Ta c6

n=3 (mod 7) 2n=6 (mod 7) 2n+1=0 (mod 7)
n=4 (mod9) 2n=8 (mod9) 2n+1=0 (mod 9)
n=5 (mod11) ) 22=10 (mod 11) ) 224+1=0 (mod 11)
n=6 (mod 13) 2n=12 (mod 13) 2n+1=0 (mod 13)

Dua vao nhin xét trén, ta suy ra 2n+ 1 12 s6 nguyén duong nho nhit chia hét cho
7,9,11,13. Bén sb d6 ddi mot nguyén td cting nhau, thé nén

2n+1=7-9-11-13 =9009.
Tir day, ta thu dugc n = 4504.
(2) Ta du doén ring k = 674. Ta s& chiing minh két qua trén.

a, Diéu kién can. Néu k > 675, ta xét 675 sb bét ki trong A. Ta phan hoach A
thanh céc tap con nhu sau

{1:2:3},{4:5;6},...,{2017;2018;2019}, {2020, 2021 }.

Theo nguyén li Dirichlet, ton tai hai s6 a,b nam trong cling mot tap con k€ trén.
Tuy nhién, khi d6 a + b lai chia hét cho a — b, mau thuan vé6i gia thiét da cho.

b, Diéu kién di. Néu k = 674, ta xét cic sb chia 3 du 1 trong A, d6 14
1,4,7,---,2020

Téng 2 s6 bat ki trong 674 s6 d6 chia 3 du 2, trong khi hiéu giita ching chia hét
cho 3, thé nén n6 khong la uéc ctia téng.

Két qua ctia bai toan chinh 1a k = 674.

L ONSEITR:YE Tim x,y nguyén duong thdoa man 3* 429 = 27.
Chuyén Khoa hoc Tu nhién — Vong 2

L&i gidi.

Gia st ton tai cdc sd nguyén duong x, y thda min yéu cau bai toan.
Véi x = 1, kiém tra truc tiép, ta nhan dudc y = 5. Vi x > 2, tacé
3'+29=2 (mod9)=2"=2 (mod?9).

Xét cac s du khi chia cho 6 clia y, ta nhan dudc y =1 (mod 6). Bang cach dit y = 67+ 1
(trong d6 z 1a s6 tu nhién), ta chi ra

2 =201 =2.64°=2 (mod 7).
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Ta tiép tuc suy ra

3*4+29=2 (mod7)=3"=1 (mod 7).

Xét cac sb du khi chia cho 6 clia x, ta nhan dugc x =0 (mod 6). Tiép tuc dit x = 6¢ (trong
d6 t 1a s6 tu nhién), ta chi ra

3 429=3%1+29=729'429=6 (mod 8).

Ta dugc 2¥ = 6 (mod 8) tir day, 1a diéu khong thé xay ra.
Két luan, (x,y) = (1,5) la cdp s6 nguyén duong duy nhit thda yéu cau. \%

Cd s6 ctia viéc chon modulo 6 d€ xét cho x va y khi tatimra2Y =2 (mod 9) va3* =1
(mod 7) 1a nhd vao hai dinh 1i sau:

(1) Cho sb nguyén ducng a va sb nguyén t6 p, khi d6 néu (a,p) = 1 thi
@’ '=1 (mod p).
(2) Cho cic s6 nguyén duong a,b nguyén td ciing nhau. Khi d6, ton tai s nguyén
duong n sao choa” =1 (mod b).

S6 nguyén duong n nhé nhit & trong dinh 1i thif hai chinh 12 modulo ta can xét. —

L oM eETTREY Tim tit ca cac s6 nguyén a, b thda man a* — 24> + 10a*> — 18a — 16 =
4b* +20b.

Cao Bang
Loi giai.
Phuong trinh da cho tuong duong vé6i

a* =24 +10a* — 18449 = 4b* +20b+ 25 = a* — 24> + a> +9a* — 18a+9 = (2b+5)?
sa*a—1)2+9a—-1)>=(2b+5)?
& (a*+9) (a—1)> = (2b+5)*

2 5 < 2 2
Néunhva=1,tasuyrab=— 2 mau thuan gia thict a, b 1a s0 nguyén. Lap ludn nay ching

t6 (a—1)2 > 0, va nhu vay, a®> +9 1a s6 chinh phuong.
Ta dit a® +9 = 2, v6i c 1a s6 nguyén duong. Phép dit niy cho ta

(c—a)(c+a)=9

Do ¢ > |al, tasuy ra c —a > 0 va ¢ +a > 0. Dya vao diy, ta 1ap dugc bang gia tri sau

cta |93 1
c—al|1]3] 9
a 410 -4
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Lan lugt thay @ = —4,0,4 trd lai phuong trinh ban du, ta tim dudc tit ca 6 cip (a,b) thda
yéu ciu, do6 1a
(—4, —15)7 (—4, 10)7 (0, —4)7 (07 —1), (4, —1), (4,5).

\%
(1) Tim tat c céc cip sb nguyén duong (x,y) théa man x*y?(y — x) = 5xy*> —27.
(2) Cho p1,pa, ..., p12 1a cdc s6 nguyén t6 16n hon 3. Chiing minh rang p? + p3 +
...+ p?, chia hét cho 12.
Nam Dinh
Li giai.
(D Gia st ton tai cip s6 (x,y) thoa dé. Theo do:

xy (Sy —xy* +x%y) =27. (*)

Bién ddi trén ching td xy 12 u6c nguyén duong ctia 27. Ta lan lugt xét cic trudng hop
sau.

O Truong hop 1. xy=1.
Trong trudng hop nay, rd rang x = y = 1. Ddi chiéu véi (¥), ta thiy khong thoa.

O Truong hgp 2. xy = 3. Thay tré lai (*), ta dugc
S5y—3y+3x=93x+2y=09.

Lan lugt kiém tra véi (x,y) = (1,3),(3,1) ta thiy chi ¢6 (x,y) = (3,1) théa man.
Truong hgp 3. xy =9. Thay trd lai (*), ta dugc

S5y—9y+Ix=3<9x—4y=3.

Lan lugt kiém tra véi (x,y) = (1,9),(3,3),(9,1), ta thdy ching déu khong thda
man.

O Truong hdp 4. xy = 27. Thay trd lai (*), ta dugc
Sy—27y+4+2Tx=1&27x—22y =3.

Lan lugt kiém tra véi (x,y) = (1,27),(3,9),(9,3),(27,1), ta thiy ching déu
khong thdéa man.

Két luan, (x,y) = (3,1) 1a cip sb duy nhét thoa dé.
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(2) Tét cé cdc sb p?,p3, ... p3, déu khong chia hét cho 3, thé nén chiing chia cho 3 dugc
du la 1. Lap luan nay cho ta

pi+pi+...+ph =12 (mod3).

Ta dugc p? + p3 +...+ p?, chia hét cho 3. DPay chinh la diéu phai chiing minh.

(1) Tim tit ca cac sb tu nhién c6 4 chit s6 abed thoa man ddng thdi cac didu kién:
abcd chia hét cho 3 va abc — bda = 650.

(2) Tim cdc s6 nguyén x, y,z thda min dong thoi cac didu kién
X +4y? + 272 +2(xz+2x+27) =396, x*+y? =3z
Hai Duong
L&i giai.

(1) Gia st ton tai s6 tu nhién abed théa dé. RS rang, ¢ = a. Pong thoi, tir gia thiét, ta nhan
thiy a > 7. Ta xét cic trudng hop sau.

O Trudong hgp 1. a = ¢ = 7. Trong trutng hgp nay, ta cd
650 = abc — bda = 7b7 — bd7 = 700 — 90b — 10d < 700 —90- 1 = 630,

mot diéu mau thuan.

O Trudong hdp 2. a = ¢ = 8. Trong trudng hgp nay, ta cd
650 = abc — bda = 8b8 — bd8 = 800 —90b — 10d.

Tt day, ta suy ra 9b +d = 15, tiic b = 1 va ¢ = 6. Kiém tra truc tiép, ta thiy s
abcd = 8186 khong chia hét cho 3, mau thuin.

O Truong hgp 3. a =c =9. Trong truong hgp nay, ta cd
650 = abc — bda = 969 — bd9 = 900 — 90b — 10d.

Tir day, ta suy ra 9b+d = 25. Do b, d 1a c4c chit s, chi c6 trudnghop b =2.d =7
xéy ra. Kiém tra truc tiép, ta thiy sé abcd = 9297 chia hét cho 3, va day 1a sb tu
nhién duy nhit thda man yéu cau.

(2) Tu phuong trinh thi hai, ta chi ra ca x, y, z déu chia hét cho 3, dong thdi z duong. Ngoai
ra, phuong trinh thi nhét trong hé tuong duong véi

(x+z+2)2 + (2y)* +2* = 400.

G
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C6 diing hai cach d€ viét 400 thanh t&ng ba sb chinh phuong, d6 1a
400 = 0% + 0% +20% = 0% + 122 + 16%.
Dua vao cdc nhan xét ké trén, ta xét cic trudng hop sau.
O Trudng hgp 1. Néu z = 0, phuong trinh thi hai trd thanh
X2 —l—y2 =0.

Ta c6 x = y = 0. Thé ngudc lai phuong trinh thi nhit, ta thdy khong thda.
O Trudng hgp 2. Néu z = 12, mot trong hai s6 x +y+ 2,2y phai bang 0, viy nén

x+y+2=0
x=6,y=0
2y=0 = .
x=—-6,y=0
K +y* =36

Thé ngudc lai phuong trinh thd nhét, ta thdy khong thoa.

Nhu vy, khong ton tai cac sd nguyén x,y, z thda yéu cau.

L o) eENTMAN Cho s6 nguyén duong n > 2. Chiing minh ring
(D A =n? —3n*+2n chia hét cho 6.

(2) B=n""! —1 chia hét cho 7.
Tuyén Quang
Lo gidi.
(1) Ta viét lai biéu thiic A nhu sau:
A= n(n273n+2) =nn—1)(n—2).

Cach viét trén két hop gié thiét n > 2 cho ta A 1a tich ba sb nguyén duong lién tiép, va
vi thé, A chia hét cho 6.

(2) Theo nhu két qua trén, ta c6 thé dit A = 6m, v6i m 1a sd nguyén duong. Ta xét cac
trudng hop sau:

O Trudng hgp 1. Néu n chia hét cho 7, hién nhién B ciing chia hét cho 7.

O Trudng hgp 2. Néu n khong chia hét cho 7, tasuy ran® = 1,—1 (mod 7), kéo
theo n® = 1 (mod 7). Két qua nay cho ta

=1 (mod7)=n""=1 (mod7)
=n""=n (mod7)=7|(n*""-n).

2
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Nhu vay, bai toan dugc chiing minh trong moi truéng hgp.

\%
Nhan xét. Cach xét modulo 7 ctia lily thira thong qua xét modulo 6 clia s6 mii 12 y tudng da
xuét hién trong dé thi ctia chuyén Khoa hoc Tu nhién vao ciing nim: "Tim x, y nguyén ducng
thoa man 3* 429 =27."

[ N YA Cho a, b 1a hai s6 hitu ti.

Chiing minh rﬁng néuav2+bv31asdbhiutithia=b=0.
Chuyén Su pham — Vong 1
Loi giai.
Tir gia thiét, ta c6 thé dit av/2 + bv/3 = ¢, véi ¢ 1a s6 hitu ti. Binh phuong hai vé, ta dugc

2a* +3b% +2abV6 = ¢,

hay la
242 +3b% — 2 = 2abV/6.

Trong trudng hgp ab # 0, ta suy ra

2a% +3b* — 2
6= —o——.
\f 2ab

Lap luan trén chiing t6 /6 12 s6 hitu ti, mau thudn. Nhu vy, ta thu dugc ab = 0.
O Néua=0,ta suy ra b+/3 14 sb hitu ti, thé nén b = 0.
O Néub=0,ta suy ra av/2 14 sb hitu ti, thé nén a = 0.
Bai toan dudc ching minh. \%

(1) Tim tit ca cac s6 nguyén duong N sao cho N c6 thé biéu dién duy nhit mot cach

biéu dién & dang +¥ v6i x,y I hai s6 nguyén duong.

Xy +

(2) Cho a,b,c 1a ba s6 nguyén duong sao cho mdi sd trong ba s d6 déu biéu

dién dang liiy thita ctia 2 v6i s6 mii ty nhién. Biét ring phuong trinh bac hai

ax* — bx+ ¢ = 0 ¢6 hai nghiém déu 13 s6 nguyén. Ching minh ring hai nghiém
ctia phuong trinh nay bang nhau.

Chuyén Su pham — Vong 2
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(1) Gia st ton tai s6 nguyén duong N thdéa man, tic 12 ton tai duy nhit mot cip (x,y) sao
cho
> —(Ny)x+y—N=0. (*)

Tinh ton tai ctia x ching t6 N>y*> — 4y +4N la s6 chinh phuong. Ta nhan théy ring
(Ny+2)* — (N** — 4y +4N) =4Ny+4dy — 4N +4=4(N+1)(y— 1) +8 > 0,
(N*y? —4y+4N) — (Ny—2)> = 4Ny — 4y +4N —4 =4(N—1)(y+1) >0,

Céc danh gia trén cho ta

(Ny —2)> <N*y* —4y+4N < (Ny+2)?

Pén day, ta xét cac trudng hop sau

O Trudng hop 1. N3y —4y+4N = (Ny—2)*.
Trudng hgp nay cho ta

N?y?* —4y+4N = N*y> —4Ny+4 < 4Ny +4N -4y —4 =0
S 4N-1)(y+1)=0.

Tatimra N = 1. Thay tré lai (*), ta cé
P—xy+y—1=0s (x—1)(x—y+1)=0.
Bing phan tich nhu vay, ta chi ra s6 1 ¢6 vo han dang biéu dién thoéa man, d6 1a

. x4 (x+1)
Cox(x+1)+ 1
véi x 12 mot sd nguyén duong bat k.
O Trudng hop 2. N*y2 —4y+4N = (Ny—1)*.
Trudng hgp nay cho ta

N?y* —4y+4N =N?y* —=2Ny+1< 2Ny —2y+4N = 1.

So sdnh tinh chin 1é ctia hai vé, ta thiy mau thuan.

O Trudng hop 3. N3y —4y+4N = (Ny)*.
Trudng hop nay cho ta y = N. Thay tré lai (¥), ta tim dudc x = N2.

O Trudng hgp 4. N?y?> —4y+4N = (Ny+ 1)2 .
Truong hop nay cho ta

N*y? —4y+4N = N*y> + 2Ny +1 < —2Ny—2y+4N = 1.

So sanh tinh chin 1é ctia hai vé, ta thiy mau thuan.
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Két luan, tit ci cdc s6 nguyén duong N > 1 déu théa min yéu cau bai toan, v cich
biéu dién ctia mdi s6 N nay la

(N2)?+N

N = .
N2-N+1

(2) T gia thiét, ta c6 thé dit a = 2™,b = 2", ¢ = 2P, v6i m,n, p nguyén duong. Phuong
trinh da cho tré thanh
2Mx? — 2"+ 2P = 0.

Phuong trinh nay ¢6 hai nghiém nguyén khi va chi khi
A=4" — 2m+p 2211 2m+p

1a s6 chinh phuong, va hién nhién 2n > m+ p.
Ta dit 22" — 2P = ¢, v6i g nguyén duong. Theo do,

(2"—q)(2"+q)=2""".

R& rang, 2" — g va 2" 4 g déu 1a cac liy thita cd s6 2. Ta tiép tuc dit 2" — g =2, 2"+ g =
2! Vi k, 1 1a cac s6 tu nhién va k < [. LAy tng theo vé, ta dudc

ol ok 4 ol ok (21 ky ) '
So sanh s6 mii ctia 2 & hai vé, ta tim dudc k = [, kéo theo g = 0 vd A = 0. Néi cich
khac, phuong trinh bac hai da cho cé nghiém kép. Bai toan dudc chiing minh.
\%
{ ONeETTIYY Tim tit ca cic cip sd nguyén (x,y) thda man dang thiic
(x2 —y2)2 = 1+ 20y.
Da Nang
Lai giai.
Gia st ton tai cac cip s6 nguyén (x,y) théa man. RS rang y > 0, dong thdi khi thay x thanh

—x, dang thic van ding, thé nén khong mét tong quat, gia st x > 0.
Ta nhan thiy x = y khong théa man. Trong trudng hop x # y, ta suy ra (x —y)? > 1, vi thé

1420y = (2 —?)7 = (x=3)2(x+9)2 = (x+3)> =

Dua vao danh gia trén, ta co
¥ <20y4+1= (y—10)2 < 101 = 10— v101 <y < 104+ V101.

Do y 1a s6 tu nhién, ta chon y = 0,1,2,...,20. Trong cdc s6 nay, 20y + 1 chi nhan gi4 tri 12
s6 chinh phuong véi y =0,y =4,y =6 vay = 18.

)
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(1) V6iy=0,tacéx*=1.Dox>0,tachonx=1.

2
2 —
O1y=4,taco (x°— =sle=x —16= =1 S X = .
Voiy=4,tacé (x* ~16)° =8l &>~ 16=29 & | s +5
X =
Do x > 0, tachon x = 5.
2 x2:25
O1y=06,taco (x~— = S X" —50= = =X = .
Véiy=6 5 (x2 —36 121 & x> —36=+11 )4 +5
X =
Dox >0, tachonx=>5.
2
x* =305 .
@ V6iy=18,taco (2 —324)> =381 = x? 324 = +19 & [ 5 343,1nauthuan.
X =

Két qua, c6 tht cd 6 cip (x,y) thda dé, bao gdbm

(1,0),(—1,0),(5,4),(—5,4),(5,6),(—5,6).

(1) Cho céc s6 nguyén x, y,z thda man x> + y? + 72 = 2xyz.
Chiing minh rang xyz chia hét cho 24.

(2) Tim cic bd ba s6 nguyén duong (a,b,c) sao cho (a+b+c)?> —2a+2b 1a s6
chinh phuong.

Vinh Phic
Lai giai.
(1) Ta thyc hién cc budc 1am sau dbi véi bai toan nay.

a, Ta chitng minh xyz chia hét cho 8.
Tir gia thiét, ta suy ra x> + y*> + z% 1 s6 chdn, thé nén trong x,y,z c6 1 hoic 3 s
chin. Khong mét tinh téng quat, ta xét cic trudng hop sau.

O Trudng hgp 1. x 12 s6 chin, y,z 12 s 18.
Trong trudng hgp nay, ta c6

xyz=0 (mod 4). (D

Ta ciing biét r?mg mot s6 chin dang a’® khi chia cho 8 dugc du 12 0 hoic 4,
trong khi s6 du ctia mot s6 18 dang @ 1a 1. Lap luan nay chi ra cho ta

X +y?+72=2,6 (mod 8). )

Déi chiéu (1) va (2), ta nhan thiy diéu mau thuin. Trudng hop nay khong
thoa.
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O Trudng hgp 2. x,y,z déu 1a sb chin. Trong trudng hop ndy, hién nhién xyz
chia hét cho 8.

b, Ta chifng minh xyz chia hét cho 3.
Gia st phan chiing ring x, y, z khong chia hét cho 3, lic nay

P4y +2=1+14+1=0 (mod 3).

Dénh gia trén chiing td xyz chia hét cho 3, tiic mot trong ba s6 x, y, z chia hét cho
3, mau thudn véi gia sit. Mau thun nay ching td mot trong ba s x,y, z chia hét
cho 3.

Nhu vay, xyz chia hét cho [3,8] = 24. Bai toan dugdc chiing minh.
(2) Ta xét cic hiéu sau

(a+b+c+1)*—[(a+b+c)*—2a+2b| =2a+2b+2c+1+2a—2b
=4a+2c+1>0,

[((a+b+c)*—2a+2b] —(a+b+c—1)* =2a+2b+2c—1—2a+2b
=4b+2c—1>0.

Céac danh gia trén cho ta
(a+b+c—1)7? <(a+b+c)*—2a+2b< (a+b+c+1)%
Nhu vay, (a+ b+ c)? — 2a +2b 12 s6 chinh phuong khi va chi khi
(a4+b+c)*—2a+2b=(a+b+c)?,

tdc 1a a = b. Néi cach khdc, tit ca cac bd s (a,b,c) thoa dé 1a (k,k,t), v6i k,t 1a cac
s6 nguyén duong.
\Y

Day 1a dang todn st dung bd dé kep trong trudng hop nhiéu bién. Dang todn nay ciing
xuat hién trong bai dé thi chuyén Su pham vao ciing nim, va dé thi vong 2 ctia chuyén
Khoa hoc Tu nhién vao nam 2014 - 2015:

(1) Cho x,y la nhiing s6 nguyén 16n hon 1 sao cho 4x%y? — 7x + 7y 1a sb
chinh phuong. Chitng minh ring x = y.
Chuyén Khoa hoc Tu nhién 2014 - 2015 vong 2

(2) Tim tét c4 cdc s6 nguyén duong N sao cho N c6 thé biéu dién duy
2

nhét mot cach bi€u dién & dang )1) v6i x,y 1a hai s6 nguyén
duong.

Chuyén Su pham 2021 - 2022 vong 2

5
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(1) Tim tit ca cdc s6 nguyén (x,y) thda man x3y — x> — 1 = 2x> + 2x 4.

(2) C6 bao nhiéu sb tu nhién gdm 6 chit s6 c6 dang 357abc, biét ring sb nay chia
hét cho 3,5 va 7.

Kon Tum
Lai giai.
(1) Phuong trinh da cho tuong duong véi

Y= +x+1)=(x+ D) +x+1)

1\> 3 )
Dox*+x+1= <x + 2> + 1 > 0, Vx € Z nén phuong trinh trén ti€p tuc tuong duong

yx—1)=x+leyx-—1)=x—14+2<(y—1)(x—-1)=2.

T6i day, ta 1ap dugc bang gia tri

x—1]1]2]-1]|=-2
y—1]2|1]| —2]-1
x |23 0 |1
y |3[2[-1]0

Nhu vay, phuong trinh da cho c6 4 nghiém nguyén 1a (2,3),(0,—1),(3,2),(—1,0).
(2) T gia thiét, ta c6 s
357abc = 357000 +abc = 3 -5 -7 -3400 + abc

chia hét cho ca 3,5 va 7, vdy nén sb abc ciing c6 tinh chit tuong tu. Trong cic cum
abe tir 000 dén 999, c6 tat ca
9
E4ERt

105

s6 chia hét cho ¢4 3,5,7, do d6 c6 ding 6 sb thda man yéu cau dé bai.

L QN eETTIY@ Tim tit ca cac s6 nguyén duong n dé n° +n* + 1 1a sd nguyén td.

Séc Trang
Li giai.
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Ta nhén thiy ring

w4nt+1=n —n’+n*—n+n’+n+1
=n*(n—1)(n*+n+1)+n(n—1) (n* +n+1)
= (nz—l—n+1) (n3—n2+n2—n+1)
= (nz—i—n—H) (n3—n+1)

Do n° +n* + 1 nén hodc n” +n+1 = 1, hodc n* —n+ 1 = 1. Kiém tra truc tiép tiing trudng
hop, ta nhan thay n = 1 14 s6 nguyén duong duy nhit thoa yéu cau. \Y%

(1) Chiing minh ring n° — n chia hét cho 240 véi n 12 s6 tu nhién 18 bat ki.
(2) Tim tit ca cac nghiém nguyén ciia phuong trinh x> — y? (x +y*+ 6y2) =0.
Bic Giang
L&i giai.
(1) Ta chia bai toan k€ trén thanh 3 budc lam

O Ta chitng minh 1’ —n chia hét cho 16.
Tadabiétring n* =0,1 (mod 16). Tuy nhién,donlasé1énénn*=1 (mod 16),
va vi thé
16|n(n471) =n’—n.

O Ta chitng minh 1’ —n chia hét cho 3.
Ta nhén xét

n—n=nn"~1)=n(*-1) (n*+1) =n(n—1)(n+1) (n*+1).

Tich n(n— 1)(n+ 1) 1a tich ba s6 nguyén lién tiép, va tich nay chia hét cho 3.

O Ta chitng minh 1’ —n chia hét cho 5.
Ta da biét n> =0,1,—1 (mod 5). Dua trén bién d6i

ns—n:n(n2—l) (nz—l—l),
ménh dé trong y nay dugc chiing minh.

Thong qua céc két qua trén, ta chi ra sb n° —n chia hét cho [16,3,5] = 240. Toan bo
bai toan dugc chiing minh.

(2) Phuong trinh da cho tuong duong véi
¥ —x? =y +6y" o4 -4y’ +y =40+ 25 & (2x —y2)2 =y (4y2 + 25) .

T6i day, ta xét cac trudng hgp sau.
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O Trudng hop 1. Néu 2x = y?, ta tim dudc x = y = 0.

O Trudng hop 2. Néu 2x # y?, ta c6 4y 4 25 1a sb chinh phuong. Dit 4y> +25 =
72, trong d6 z 1a s6 nguyén duong. Phép dit nay cho ta

P-4y =25= (z—2y)(z+2y) =25.

Do z—2y < z+ 2y nén ta lap dugc bang gia tri

z=2y | z+2y | y | x
—-25 —1 —6 | 252 hoac —216
-5 -5 0 0
5 5 0 0
1 25 6 | 252 hoac —216

Kiém tra truc tiép tiing trudng hdp, ta nhan thiy ring phuong trinh da cho cé tit ca 5
nghiém nguyén, do l1a

(—216,-6),(—216,6), (0,0), (252, —6),(252,6).

(1) Tim tat c céc cip sd nguyén (x,y) théa man 2x* — xy +9x — 3y +4 = 0.

(2) Cho f(x) 1a mot da thic v6i hé sé nguyén. Biét £(1)f(2) = 2021, chiing minh
phuong trinh f(x) = 0 khong c6 nghiém nguyén.

(3) Cho tap hop 7 c6 cic tinh chit sau:

i, Tap hop <7 chifa toan bo cic s6 nguyén.
ii, vV2+v3€A.

iii, Véimoix,y € &/ thix+y € & vaxy € <.

Chiing minh rang

1
—— €.
V2+3
Lang Son
Lo giai.
(1) Phuong trinh da cho tuong duong vdi

23 +9x4+4=(x+3)ye (x+3)(2x+3)—5=(x+3)y
< (x+3)(2x—y+3)=5.

Ciin cif vao bién ddi k€ trén, ta 1ap dudc bang gid tri
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x+3 2x—y—|—3‘ X ‘ y

=5 —1 -8 | —12
-1 =5 —4

1 5 -2| -6
5 1 2 6

Két luan, c6 tt ca 4 cip (x,y) thda yéu cau, bao gdm

(=8, —12),(—4,0),(~2,—6),(2,6).

Gia st da thiic f(x) c6 nghiém nguyén a. Theo nhu dinh li Bezout, da thic f(x) chia
hét cho da thic x — a, thé nén ta viét dugc f(x) = (x —a)g(x), trong d6 g(x) 1a da thiic
c6 céc hé sd nguyén. Két hop véi gia thiét, ta c6

f(1) =1 —a)g(1)

Ly tich theo vé, ta dugc

2021 = (1-a)(2—a)g(1)g(2)

Tuy nhién, dang thic trén khong xay ra vi vé trai 1a s6 18, con vé phai chia hét cho s6
chén (a— 1)(a—2). Gia st phan chiing 1a sai. Bai toan dugc ching minh.

Ta sé chiing minh két qua trén bang bién ddi hé qua lién tuc. Ta c6
2
\f2+\@e%:>(\f2+\@) € =>5+2V/6cd = —5+2V/6€ o
2 2
:>5—2\f6€%:>(\/§—\ﬁ) ed:(\f%ﬂ@)(\@—\@) 4

=3 WEM:WJM[

Bai toan da cho dugc ching minh.
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