CAC BAI TOAN CHUNG MINH
BA PIEM THANG HANG - BA PUONG THANG PONG QUY

A. CAC BAI TOAN VE BA PIEM THANG HANG

1. Mot s6 phuong phap chitng minh ba diém thiang hang
Phuong phdp 1: Str dung goc bii nhau

Néu c6 ABx +xBC =180" thi 3 diém A, B, C thcfng hang theo thir tw do.
Phuong phép 2: St dung tién dé vé duwong thing song song

Tién dé Oclit: Qua mot diéin 6 ngoai mot dwong thing chi ké dwoc duy nhit mot dwong thing
song song véi dwong thing di cho. Do d6, néu qua diém A ta ké dwoc AB va AC ciing song song
v6i mot dwong thang d nao dé thi A, B, C thing hang.

Dé chitng minh ba diém A, B, C thing hang ta chitng minh AB va AC ciing song song vdi
mot dwongthing d.
Phuong phdp 3: St dung tién dé vé dwong thang vudng goc

Dé chitng minh ba diém A, B, C thing hang ta di chitng minh AB va AC cing vudng géc vdi
mot duong thing d.
Phwong phdp 4: Sir dung 2 tia tring nhau hodc doi nhau
Néu hai tia MA, MB triing nhau hodc doi nhau thi 3 diém M, A, B thing hang.
Phwong phdp 5: Thém diém

Dé chitng minh 3 diém A, B, C thﬁng hang 6 thé xic dinh thém diém D khic A, B, C sau do
chitng minh hai trong ba by ba diém A, B, D; A, C, D; B, C, D thﬁng hang.
Phwong phdp 6: Phuwong phdp str dung hinh duy nhat

Dé chitng minh ba diém A, B, C thing hang v6i C thudc hinh H nao d6. Ta goi C’ la giao diém
cua AB v6i hinh H va tim canh chitng minh hai diém C va C’ trung nhau.
Phwong phdp 7: Sir dung dinh Iy Menelaus

Cho tam gidc ABC. Cic diém A’, B, C’ lin lwot nam trén cdc dwong thcfng BC, CA, AB sao
cho trong chiing hodc khong cé diém nao, hodc cé diing 2 diém thudc cic canh ciia tam gidc ABC.

A'B B'C C'A 1
A'C B'A C'B

Khi d6 A’, B’, C’ thing hang khi va chi khi

Ching minh
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+ Truong hop 1: Trong 3 diém A’, B, C’ ¢6 dung 2 diém thudc canh tam giac ABC. Gia st
laB’, C

- Diéu kién can: Qua A ké duong thing song song véi BC cat duong thang B'C’ tai M.
CA _AM ;B'C _ A'C.Véy A'B .B'C.C'A _AM .A'C.A'B _

C'B A'B B'A AM A'C B'A C'B A'B AM A'C

- biéu kién du: Goi A” la giao ctia B'C’ vé6i BC.

Ta cd

A'B B'C C'A _ . AB B'C C'A _
A"C B'A C'B A'C'B'A'C'B

Ap dung dinh ly Menelaus (phan thuan) ta c6

en 2B _AB b, B’, C’ Ian luot thudc canh CA, AB nén A” nam ngoai canh BC.

A'C A'C
A A"B A'B Vi 24 4 7 7
Va va A’, A” nam ngoai canh BCsuy ra A"=A'. Do d6 A’, B, C’ thang
A'C A'C
hang

+ Truong hop 2: Trong 3 diém A’, B’, C’ khoéng c6 diém thudc canh tam gidc ABC duoc
chiing minh tuong tw.

II. M6t s6 vi du minh hoa

Vi du 1. Cho hinh thang ABCD c6 AB//CD. Goi O la giao diém cta hai duwong chéo AC va
BD. Goi M, N, P lan luot la trung diém caa AB, BC, AD. Goi E la trung diém cuaa PN.
Chting minh rang ba diém M, O, E thang hang.

Phan tich tim loi giai

Trén co so hinh vé va cac yéu t6 trung di€m ta nhan thdy néu goi K 1a trung diém
ctia CD thi t gidc MNKP 1a hinh binh hanh, khi d6 ba diém M, O, E thang hang. D& ¢6
duoc M, O, E ta can chi ta duoc M, K, O thang hang. Do O la giao diém ctia hai dwong
chéo nén ta thay cd cac tam giac dong dang. Do d¢ rat ty nhién ta nghi dén ching minh
KOM =180°.

Loi giai

Goi K 1a trung diém ctia CD. Khi d6 trong tam giac ABD c6 M va P la trung diém ctia AB
va AD nén PM la dueong trung binh, do d6 PM//BD va PM = %BD .
Tt d6 suy ra t giac MNKP la hinh binh A M B

hanh, do d6 hai dudng chéo NP va MK cit M
nhau tai E hay ba diém M, K, E thang hang . , i "
Dé thay hai tam giac OAB va OCD doéng

OA AB M

dang nén ta dugc — = —. Malai c6
OC CD
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AM = %AB, CK = %CD nén ta duwoc
OA _AM
0oC CK'

Xét hai tam giac OAM va OCK c6 OAM = OCK va % = 2—1}\{/[ nén ta dugc AOAM > AOCK.

Ttr d6 suy ra AOM = COK.

Ma ta cd AOM = MOC = AOC = 180" nén ta dugc MOK = COK + MOC = AOM + MOC = 180°
Do d6 ba diém M, O, K thang hang. Tir 46 dan dén ba diém M, O, E thang hang,.

Vi du 2. Cho tam giac ABC ngi tiép duong tron (O). Goi M 1a mot diém tuy y thudc duong
tron (O). Goi A;B,;C, theo thi tit 1a hinh chiéu cua M trén BC, CA, AB. Chitng minh ba

diém A ;B,;C, thang hang.

1771

Phan tich tim 10i giai

Trén co so hinh vé va gia thiét ctia bai toan ta nhan thay cac tit gidc ndi tiép. Diéu
nay cho ta cac gdc noi tiép bang nhau. Do d6 tit yéu cau chiing minh ba diém A ;B ;C,
th:fmg hang ta nghi dén chitng minh C A B+BA B, =180°. Mudn vay ta can chi ra dwoc
CAB=BAC.

Loi giai

Khong mat tinh tong quat gia st diém M thudc cung
nho BC .
Ta c6 BC M = BA M =90° nén t¢ gidc MA C B ndi tiép.
Do d6 ta duwoc BA,C, = BMC, . Lai c6 MA C = MB,C = 90"

nén tt gidc MA CB, ndi ti€p. Do d6 ta duoc

CA,B, = CMB,

Mat khéc ta lai <6 BAC +BMC = BAC + B,MC, =180" nén
BMC = B MC,

Tt d6 ta duwoc BMC = C,MB. Két hop cac két qua trén ta dwgc CAB=BAC

Tt d6 suy ta C,A B+BA B, =B/A C+BA B, =180" nénba diém A ;B;C, thang hang

Nhén xét: Dwong thing chiza ba diém A ;B ;C, goi la dwong thang Simson ciia tam gidc ABC itng

v6i diém M. Néu M trimg véi dinh ciia tam gidc ABC thi dwong thing Simson chinh la dwong cao

twong 1rng.
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Vi du 3. Cho tam giac ABC nhon ndi ti€p duong tron (O). Biém M bat ky trén cung nho
BC. Goi E, F thtt tu 1a cac diém ddi xtiing cia M qua AB, AC. Goi H la truc tdm tryc tam
ABC. Chting minh rang E, H, F thang hang.

Phén tich tim loi giai

Trén co so hinh vé, tinh tinh d6i xting va cac t& giac ndi tiép ta suy ra dwoc cac cdp
gbc bang nhau nhi BHA' = BEA, EHB = EAB = MAB hay A'HC = ABC va CHF = MAC.
Do d6 dé chiing minh ba diém E, H, F thang hang ta di chitng minh
EHB + BHA'+ A'HC + CHF =180°.

Loi giai

Goi B’ la giao diém ctia BH va AC, A’ la
giao diém ctia AH va BC. Khi d¢ t& gidc
HA’CB’ ndi ti€p nén

BHA'=A'CB'=BCA = AMB = BEA.

Tt d6 ta duoc & giac AHBE noi ti€p nén

suy ra EHB = EAB = MAB. Hoan toan

twong tir ta cOA'HC = ABC va
CHF = MAC.
Tt d6 ta duwoc
EHB + BHA'+ A'HC + CHF = MAB + ACB + ABC + MAC = ABC + BAC + ACB = 180"
Suy ra EHF =180° nén ba diém E, H, F thang hang.

Nhin xét: Duwong thing di qua 3 diém E, H, F ni trén c6 tén la dwong thang Steiner ttng véi
diéim M.

Vi du 4. Cho tit gidc ABCD ndi tiép duong tron (O; R). Cac tia AB, DC cat nhau tai M, céc
tia AD, BC cit nha tai N. Puong tron ngoai tiép tam giac MBC cat MN tai K khac M. Goi T
la giao diém ctia AC va BD. Chttng minh rang ba diém O, T, K thang hang.

Phan tich tim 1oi giai

Quan sat hinh vé ta nhan thdy OK va TK cung vuong gdoc véi MN. Do d6 ta hudng
dén stt dung quan hé vudng goc d€ chitng minh ba diém thing hang. Ta goi S 1a giao diém
ctia duong tron ngoai ti€p tam giac ACM véi MT. Cac tix gidc AMCS va ABTS noi ti€p nén
MT.TS = R’ - OT* va MT.MS = OM” —-R”.
Tt d6 MT® =OM’ + OT* —2R”. Hoan toan tuong tu ta ciing duoc NT? = ON* + OT* —2R”.
Do d6 suy ra MT? —NT® =OM’ —ON* nén OT L MN. Nhu vdy bai toan sé duwoc chiing
minh néu ta chi ra duwoc OK L MN.Mudn vay ta can chi ra duwoc OKM =90°.

Loi giai
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Goi S la giao diém ctia duong tron ngoai
ti€p tam giac ACM véi MT. Khi d6 té giac
AMCS ndi tiép duwong tron nén dé dang suy
ra dwgc MTTS=ATTC=R’-0T> Va
MSA =MCA, MCA=MBD nén ta duwoc
MBD = MSA. Do d6 ti giac ABTS noi ti€p
duong tron, do do ta duwoc

MT.MS = OM* —R?. Ttr d6 ta dwoc

MT.MS - MT.TS = OM* + OT* — 2R”
Suy ra MT? = OM* + OT”* —2R’.
Tuong tw ta cling duoc
NT? = ON? + OT* —2R?
Do dé ta dwgc MT? — NT” = OM* —ON”. Ttr d6 ta dwoc OT L MN.
Mat khac ta lai c6 MBC = ADC va CKN = MBC nén ta duwgc ADC = CKN
Tt d6 suy ra t&¢ giac DCKN noi tiép duong tron, do d6 DKN =DCN Ma ta lai cd
DCN = MAD nén ta dugc DKN = MAD, suy ra t gidc AMKD noi ti€p duwong tron. Nén ta
duoc AKM = ADM = CKN.
Do d6 AOC+ AKC =2ADM + AKC = AKM + CKN + AKC =180". Suy ra ti giac AOCK noi
tiép duong tron. Ma ta c6 OA = OC nén OA = OC, suy ra AKO = OKC
Do dé OKM = AKO + AKM =90’ hay OK L MN. Nhu vay ta c6 OT L MN va OK L MN nén
OT va OK trung nhau. Vay ba diém O, T, K théng hang.

Vi du 5. Cho hinh vudng ABCD c6 hai duong chéo AC va BD cat nhau tai O. Trén canh
AB 1ay diém M sao cho AM = %AB. Puong thang qua D va vuong géc véi duong thang

MO cat AC tai E. Goi F 1a giao diém ctia MO va CD. Chiing minh rang ba diém B, E, F
thang hang.

Phan tich tim 1oi giai

Lay K la trung diém cta DF khi d6 ta nhan thady OK song song voi BE. D€ chiing
minh ba diém B, E, F thang hang ta can chi ra dwoc EF vudng géc véi OK. Mudn vay ta
can chiing minh EF la duwong trung binh ctia tam gidc COK hay di chitng minh E la trung
diém cua OC.

Loi giai
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Goi H 1a giao diém cua MO va DE, khi d6 ta duoc
HO 1 DE tai H, do d6 tam gidc OHE vuong tai H. Ttr d6

ta dwoc HOE + OEH = 90°, ma ta cO MOA + BOM = 90" va

HOE = MOA nén ta suy ra duoc OEH = BOM. 9

Ta lai ¢6 MBO = %ABC; DAE = %DAB.

Xét hai tam giac MBO va DAE c6 MBO = DAE va

BOM = AED nén AMBO < ADAE

Do do ta duwoc %:%.Ta c0 AM+MB = AB va AM:%AB nén ta duoc MB:%AB,

suy ra MB:%AD.DO do ta duoc %:%.Métacé AE =AO+OE va OA =0OB nén ta

duoc BO = %(OB + OE) = OB =20E.Do do OE = %OB = %OC, nén E la trung di€ém cua

ocC
Xét hai tam giac COF va AOM c6 FOC = MOA, OA =OC va OCF = OAM

Do d6 ta dwgc ACOF = AAOM nén CF = AM. Ma AM =%AB nén CF =%CD =FD= %CD.

Goi K 1a trung diém ctia FD, khi d6 ta dwgc FK = KD = %FD = %CD

Trong tam gidc BDF c6 O la trung diém cua BD va K la trung diém cua FD nén OK la
duwong trung binh ctia tam giac DBF. Do d6 OK//BF. Chitng minh hoan toan twong tu ta
duwoc EF//OK

Do d6 theo tién dé Oclit thi BF va EF triing nhau hay ba diém B, E, F thang hang,.

Vi du 6. Cho hinh vudéng ABCD . Trén tia d6i cua tia CB 14y di€ém E, trén tia d6i cua tia DA
lay diém F sao cho AF =BE. Vé EH vudng goc véi BF lai H. Trén tia d6i cua tia EH lay
diém K sao cho EK = BF . Chttng minh rang ba diém A, C, K thang hang.

Loi giai
Ké KM vudng goc voi AB tai M. Goi N 1a giao diém cta EF v6i KM. Trong tt giac ABEF ¢6
BE//AF va BE = AF nén t& gidc ABEF la hinh binh hanh. Lai ¢c6 ABF = 90" nén ABEF la
hinh chit nhat. Tt d6 ta duoc BEN =90". Tt gidc BENM c6 BMN = MBE = BEN = 90’ nén
t gidc BENM la hinh ch nhat.
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Tt &6 MNE =90’ nén ENK =90°. M N K
Xét hai tam gidc vuong EBF va NEK c6é BF = EK

va EBF = NEK . Do do6 ta duwoc AEBF = ANEK,
suy ra BE = EN,EF = NK Hinh chit nhat BENM

c6 BE = EN nén ttr gidc BENM la hinh vuong. Do
do suy ra BM = MN.

Mat khac AB = NK = EF. Nén ta duoc A D F
MA =MB+ AB = MN + NK = MK.

Tam giac AMK vuong tai M c6 MA = MK nén no

la tam gidc vudng can. Suy ra MAK = 45

Mit khac BAC = 45". Nhu vay hai tia AK va AC trung nhau hay ba diém A, C, K thang
hang.

Vi du 7. Cho tam gidc ABC c6 AB <AC <BC. Goi AD, BE, CF la cac duong phan giac
trong cua tam giac ABC. Goi G, I, K, H lan luot la diém d6i xtéing cua B, A, C, A qua AD,

BE, AD, CF. Lay diém M trén doan CK sao cho % = g—ﬁ . Chttng minh rf“mg ba diém G, I,

M thang hang.

Phan tich tim loi giai

Tt cac gia thiét va BI_GB suy ra duoc BG _ Bl jén ABGI < ACKH. Tir d6
CcI CM CK CH

ta dwoc GI//HK. Nhu vay d€ chiing minh ba diém G, I, M thang hang ta can chi ra duoc

MI//KH. Muén c¢6 duoc diéu d6 ta di ching minh 8—1\121 = CC_}II .

Loi giai
Ta c6 AD, BE, CF la cac duong phan gidc A
trong ctia tam gidc ABC. Goi G, I, K, H lan
lwot 1a diém d6i xtéing ctia B, A, C, A qua E

AD, BE, AD, CF. Khi do6 ta duwoc
AC = AB,C € AC; AB =BLI e BC

(@]

AK =AC,K € AB;CH = AC,H € BC H D !

Trong tam gidc ACK c6 AB_ % nén suy K

AK
ra duoc BG//CK. Do d6 ta dwoc E_IG{ = Evé

AC
GBC = KCN.
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BG _ BI
" CH

Xét hai tam giac BGI va CKH c6 212' (133121 va GBI = KCH nén ABGI > ACKH

Do AG = AB =BI,AC =CH nén

Bl _GB vy BG BG BI

Ttr d6 ta dwoc BIG = CHK nén suy ra GI//HK. Do = oH nén ta duoc

oM CK
CM _BG (3 BG_ K pisy nay dan dén cM_CK_OM_¢O . Trong tam gidc CHK c6
I BI BI CH I CH CK CH
g—l\é = g_H nén ta dwoc MI//HK. Tt d6 ta c6 GI//KH va MI//HK nén hai duong thang GI va

MI triing nhau. Do d6 ba diém G, I, M thang hang.

Vi du 8. Cho t¢ gidc ABCD. Cac dwong thang AB, CD cit nhau tai M va cac duong thing
AD, BC cit nhau tai N. Goi [, ], K Tan luot 1a trung diém caa AC, BD, MN. Chting minh
rang ba diém I, J, K thang hang.

Phan tich tim loi giai
Trén cd so gia thiét va hinh vé cua bai toan ta nhan thdy néu lay A ,B,C, lan luot

la trung diém ctia NB, NA, AB thi xuat hién céc bd ba diém thing hang nén ta nghi dén
dinh 1i Menelaus. Do d6 y twong dau tién dé chitng minh ba diém I, J, K thang hang d6 1a

I KB JA. 4 4 . \ . - A? 2 \
di chtrng minh —* < =1. Ngoai ra ta lai thay néu goi K’ 1a giao diém cua I] va MN
IB, KA J C,
ma ta ching minh duoc S, =S, thi suy ra duoc hai diém K va K’ truing nhau.
Loi giai

Cach 1: Goi A,,B,,C, lan luot 1a trung
diém ctia NB, NA, AB. Ta c6 AK 1a

duong trung binh ctua tam gidc NBM nén

ta duwoc A K//BM. Ta c6 B K la duong

trung binh ctia tam gidc NAM nén ta duoc

B K // BM. Theo tién dé Oclit ta duoc hai

duong thang A K va BK trung nhau hay

ba diém A, B,, K thang hang. Nhu vay

KeAB, .

Ching minh hoan toan twong tu ta duwoc J e AC, va I e B.C,

Ta c6 IC, = %BC; IB, = %CN; KB, = %AM; KA, = %BM; JA, = %DN; JC, = %AD

Xét tam giac NAB v6i M thudc AB, C thudce B, D thudc NA va ba diem M, C, D th:?mg
hang.
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Ap dung dinh 1i Menelaus ta c6 AM BC DN _ 1Suy r BC AM DN _, hay

. . a . .
MB CN AD CN BM DA

IC1 KB1 J A1 .
IB, KA1 J C1
., , . IC. KB, JA
Trong tam giac ABC, c0 KeAB,JeAC,1eBC va —+.—. —*=
IB, KA1 J C1
Nhu vay theo dinh 1 Menelaus thi ba diém I, ], K thang hang.
, , 1 1 1 1
Cach 2: Ta co Sxar = 5 Syiacs Sxpy = 5 Sep Sy 25 Sepis Sap = 5 Sasc
Va lai c6 SMAC = SNCD + SACD; S = SNCD + SBCD; Sepr = Sanp ~ Sanm - Do do ta duoc
1 1 1 1
SNIJ = SNAB - SNAI N SNBJ - SBIJ - SABI = SNAB - 5 SMAC - 5 SNBD B 5 SBDI - 5 SABC
1 1 1 1
= SNAB - 5 (SNCD + SACD) - 5 (SNCD + SBCD) - 5 (SABD - SABID) - 5 SABC
1 1 1
= SNAB B SNCD) - 5 (SACD + SADC) - 5 (SBCD + SABD) + 5 SABID
1 1 1 1
= SABCD - 5 SABCD - 5 SABCD + Z SABCD = Z SABCD
Chttng minh twong tw ta cling dwoc S, | = iS e - Tdosuyra S, =S = iS ABCD -

Goi K’ la giao diém ctia IJ va MN. Goi khoang cach t¢ M, N dén IJ [an lwot la h ,h, . Khi d6
tadwoc S, =S, = %hl.IJ - %hQ.IJ =1, =h,. Tt d6 %hl.JK' - %hz.JK' hay S, .. =S,

nén ta duoc K'M = K'N hay K’ la trung diém cua MN. Do d6 hai diém K va K’ trung
nhau. Vay ba diém I, ], K thang hang.

Vi du 8. Cho hinh thang ABCD c6 AB//CD. Trén cac canh AD va BC 14y lan luot cac diém

M, N sao cho i—l\gl = (];—lg Puong thang qua M song song véi AC cat BD tai P va cat CD tai

K. Goi I 1a trung diém ctia MN, O la giao diém ctia AC va BD. Chiing minh rang ba diém
O, LK théng hang.

Phan tich tim loi giai

Goi Q 1a giao diém ctia KN va AGC, S la giao diém cta OK va PQ. Dé thay t giac
KPOQ 14 hinh binh hanh nén S 1a trung diém ctia PQ. Nhu vay d€ chiing minh ba diém O,
I, K thang hang ta can chting minh dwoc MN song song véi PQ.

Loi giai
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Goi Q la giao diém ctia KN va AC, Sla

giao diém cua OK va PQ. Trong tam giac
ACD c6 MK//AC nén theo dinh 1i Talets ta

o AM_ CK M3 theo gia thiét ta c6

DM CD

AM CN ., CK CN
= — nénta duwgc — = —

DM BC CD BC

Trong tam gidc BCD co CR _ N 1én theo
CDh BC

dinh li Talets dao ta dwoc KN//BD.
Do d6 tir gidc POQK la hinh binh hanh, suy ra S la trung diém cua PQ. Trong tam giac

DAO c6 MP//OA nén g = ([))_g va trong tam gidc DOC c6 PK//OC nén % _DP pods

OD
MP_PR_MP_NQ en suy ra PQ//MN. Goi S’ la giao di€ém ctia KI va MN. Chting
OA OC  PK QK
PS' S'Q KS'
MI IN KI
Ma ta ¢6 IN = IM nén suy ra PS' = QS'. Diéu nay dan dén hai diém S va S’ trung nhau, do

minh twong tu ta dugc

dobadiémK, I, S théng hang. Ma ba diém K, S, O théng hang nén suy ra bon diém S, K, I,
O théng hang.

Vay ba diém O, I, K thang hang. Ta c6 diéu phai chitng minh.

Vi du 10. Cho t&¢ giac ABCD. Lay cic diém E va F trén cac canh AB va CD sao cho

EB _FC Goi I la trung diém caa EF, H 1a trung diém cua AD, K la trung diém cua BC.

AB CD
Chting minh rang ba diém H, I, K thang hang.

Phan tich tim loi giai
Nhén thay t& giac PEQF la hinh binh hanh nén I 1a trung diém cta PQ. D€ chiing

minh ba diém H, I, K thang hang ta goi K’ 1a giao diém cua HI véi BC va chiing minh K’ 1a

trung di€ém cta BC.
Loi giai
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Vé EP//AD véi P thuoc BH, vé FQ//AD véi A
Q thudc CH. Trong tam giac ABH c6 B
EP//AH nén theo dinh li Talets ta co

% = i— Trong tam giac CDH c6 FQ//HD H 4\ K

né theo dinh 1i Talets ta c6 rQ E
HD CD

D F C
Ma ta co EB = Fo nén ta dwoc — EP FQ

AB CD AH HD'
Ma ta c6 AH = HD nén suy ra EP = FQ
Mt khac ta ¢ EP//FQ nén t& giac PEQF 1a hinh binh hanh. Do I 14 trung diém ctia EF nén

I ciing la trung diém cua PQ.

Trong tam giac ABH c6 EP//AH nén % = % va trong tam giac CDH c6 FQ//HD nén

FC_cQ

CD CH
EB FC , BP _

Matacd — = — nén
AB CD BH

«Q  BP CQ .
T t HBC =— PQ//BC.
= oH rong tam gidc 6O — BH - CH nén suy ra PQ//

Goi K’ 1a giao diém cua HI va BC. Trong tam gidc HBK’ ¢6 IP//K’B nén ta ¢ % = JE'
Trong tam giac HCK'c6 IQ//K’C nén ta c6 IQ - T dota dwoc P _1Q
K'C HK' BK' CK'

IP = IQ nén suy ra BK'= CK'. Diéu ndy dan dén hai diém K va K’ tring nhau. Vay ba
diém H, I, K thang hang.

, ma ta co

Vi du 11. Cho hinh thang vuéng ABCD c6 A =D = 90°. Pudng trong duong kinh CD cat
AB tai M va N (M nam gita N va B). Puong thang qua A song song véi MD cat duong
thang qua B song song véi MC tai E. Chttng minh réang ba diém C, E, D thang hang.

Phan tich tim loi giai
Nhén thay t gidc MLEF 1a hinh ch®t nhat. Khi d6 tam giac FCE va MCD c¢6

EFC =CMD va 151—% = % nén AFCE  AMCD do d6 ta duoc FCE = MCD . Diéu nay dan

dén hai tia DE va DC trung nhau, ttc 1a diém E, C, D thang hang.
Loi giai
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Goi L 1a giao diém cua AE va MD, goi F la giao

A D

diém ctia MC va BE. Do tam giac MCD ndi tiép | N\ e
duwong tron duwong kinh CD nén ta duoc N
CMD =90". Do AE//MC va CM L MD nén ta
duwgc AE L DM. Ttr d6 suy ra ALM = MLE = 90° M
Do BE//MD va CM 1 MD nén ta dwoc BE L MC. C
Tt d6 suy ra BFC = EFM = 90°. Xét hai tam giac B c
BMC va ADM c6 MBC = DAM va BMC = ADM.
Suy ra ABMC ©» AADM nén i/[/[—g = ﬁ—i va
BCF = AML
Xét hai tam gidc BCF va AML c6 BFC = ALM va BCF = AML

BC FC

Suy ra ABCF > AAML nén MoML Tt gidc MLEF ¢6 LMF = EFM = MLE = 90" nén la

hinh chit nhat. Do d6 ta dugc EF = ML. Do vay FC_FD _BC _MC nén FC _ EF

EF ML MA MD MC  MD
Xét hai tam giac FE va MCD c6 EFC=CMD va — = —
MC MD

Suy ra AFCE © AMCD nén ta dugc FCE = MCD . Diéu nay dan dén hai tia CE va CD trung
nhau
Vay ba diém E, C, D thang hang.

Vi du 12. Cho tam giac ABC nhon c6é ba duong cao AD, BE, CF cit nhau tai H. V& HI
vudng goc voi EF tai I, HK vudng gdéc véi DE tai K. Goi giao diém cua IK va AD la M, giao
diém ctia FM va DE 1a N. Goi S 1a diém d6i xting v6i B qua D. Chitng minh rang ba diém
A, N, S thang hang.

Phan tich tim loi giai
Do cac tt giac FAEH va ABDE noi tiép nén HEF = BED. Tt day ta duoc
AHIE = AHKE nén tam gidc EIK can tai F va tam giac HIK can tai H. Tt d6 ta dwoc cac t
gidc FIMH va HMNK noi tiép.
Dé chitng minh ba diém N, A, S thang hang ta can chitng minh MAN = DAS hay ta
AM MN

chiing minh AAMN < AADS. Mudn vay ta can co6 D - DS Cha y 1a tir cac ti gidc ndi

tiép trén ta suy ra dugc tam gidc HFN can nén MF//BD, do d6 ta duoc % = % . Két hop
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AM MN

voi MF =MN va BD =DS thi ta duwoc D= D3 Nhu vay ta ¢ thé trinh bay bai toan
nhu sau.

Loi giai
Tt gidc FAEH c6 AFH = AEH = 90" nén t&t A

giac FAEH noi ti€p. Suy ra HEF = FAH
Tt gidc ABDE ¢6 ADB = AEB = 90" nén tx
giac ABDE noi tiép. Suy ra BAD = BED

Tir d6 ta dwoc HEF = BED F MZ W\
Xét hai tam giac vuong HIE va HKE c¢6 EH p
chung va HEI = HEK nén AHIE = AHKE z 2 S .

Tt d6 suy ra IE = EK va HI = HK. Suy ra
tam gidc EIK can tai F va tam giac HIK can

tai H

Duy ra KIE = %(180O - IEK) =90’ - IEH = KIE + FAH = 90°. Ma ta ¢6 NHF + FAH = 90", do
dé ta duwoc KIE = MHF nén tit gidc FIMH noi ti€p duong tron. Nén suy ra

HMF = HIF = 90"

T gidc HMNK c6 HMN = HKN =90’ nén t giac HMNK noi tiép duong tron.

Ta c6 HFN = HIK, HNM = HKI, HIK = HKI = HFN = HNM

Tt d6 suy ra tam gidc HFN can tai H nén HF = HN. Ma ta ¢c6 HM L FN nén HM la duwong
trung truc cua tam gidc HFN. Ta c6 FM L AD,BD L AD nén ta dwoc FM//BD.

Trong tam gidc ABD cé FM//BD nén theo dinh 1i Talets ta c6 % = %
Lai c6 MF = MN va BD = DS nén ta duoc AM _ MN
AD DS
. . Ny \ . . AM MN .,
Xét hai tam giac AMN va ADS c6 AMN = ADS va T AAMN <> AADS

Tt d6 suy ra MAN = DAS, suy ra hai tia AN va AS trung nhau. Vay ta c6 ba di€m A, N, S
thang hang.

Vi du 13. Cho hinh thoi ABCD cé BAD = 60°. Puong thang d di qua C cat cic canh AB, AD
lan lwot tai M, N khac A. Puong thing d’ di qua A va song song véi BD cit cic duong
théng BN, Dm lan luot tai E va F. Goi P la giao diém ctia BN véi DM. Ching minh réng
cac trong tam ctia cac tam gidc ABD, AME, AFN thang hang.

Phan tich tim 10i giai
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Trén co so hinh vé va gia thiét cuia bai toan ta nhan dinh duogc tam giac AFN déu.
Diéu nay dan dén ANB = AFD hay tt gidc ADNF noi tiép va néu goi | 1a trong tam tam
giac AFN thi J la tam duong tron ngoai ti€p t& giac ABNF nén JA =JP. Ta lai thdy tam
giac MAE déu nén néu goi I la trong tam tam giac AME thi I la tam dwong tron ngoai ti€p
t& giac EAPM nén suy ra IA =IP. Goi O la trong tam tam giac ABD. D€ chiing minh ba
diém1, ], O théng hang ta chi can chitng minh dwgc OA = OP, ttc la ta can chtiing minh O
la tam duwong tron ngoai ti€p tir gidc ABPD.

Loi giai

Tam giac ABD can ¢6 BAD=60" nén M A N F

tam giac ABD déu. Trong tam giac
MAF c6 BD//AF nén ta co Bb_MB )
AF  MA ! K J
Trong tam gidc MAN c6 BC//NA nén
. BC MB P
taco —=—
AN MA N
Suy ra BD _BC Matacs BD=BC M
AF AN
nén ta dwoc AF = AN

Talai c6 FAN = ADB =60’ va tam gidc AFN can, c6 AFN =60’ nén la tam giac déu.

Ttr d6 ta duwgc AF = AN = FN va AFN = FNA =60’

Do d6 ta dugc AABN = AADF nén suy ra ANB = AFD. Ttt d6 suy ra tit gidc ADNF noi ti€p
duong tron. Goi J la trong tam tam gidc AFN, khi d6 J 1a tdam duong trong ngoai ti€p tam
giac AFN. Do d6 ] 1a tam duong tron ngoai tiép t& gidac ABNF, suy ra JA = JP

Ta c& NPF = NAF = 60" nén ta dwgc EPM = NPF = 60"

Ma ta lai c6 EAM = ABD = 60" nén ta dugc EAM = EPM = 60", do d6 t& giac EAPM noi tiép
duong tron. Tt d6 suy ra AEM = APN = ANF =60’

Trong tam giac MAE ¢c6 MAE = AEM = 60" nén la tam giac déu. Goi I 1a trong tdm tam gidc
AME. Khi d6 I 1a tam duong tron ngoai tiép t& giac EAPM, suy ra IA = IP.

Ta c6 NPD = ABD =60" nén ti giac ABPD ngi ti€p duong tron. Goi O la trong tam tam
giac ABD, khi d6 O la tam dwong tron ngoai ti€p t& gidc ABPD, nén ta duwgc OA = OP

Nhu vay ta c6 JA =JP, IA =1IP va OA =OP, suy ra ba diém J, I, O thudc duwong trung truc
ctia doan thang AP. Vay ba diém O, 1, ] thang hang.

Vi du 14. Cho hinh vudéng ABCD c6 O la giao diém cta hai duwong chéo. Trén tia d6i ctia
tia CD lay diém E sao cho CE = %CB . V&€ DM vuodng goc véi BE tai M. Goi I la trung diém

ctia OB. Chitng minh rang ba diém A, I, M thang hang.
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Loi giai

Cach 1: Hinh vudng ABCD c¢6 O la giao diém cua Q
hai duong chéo nén O 1a trung diém ctia AC, BD

va AC vuong goc véi BD tai O. Ta co A
g=ﬂ=l,mé1talaicé CE:ECB nén ta duwoc |
OA OB 2 2 %
CE 1 ., 0O CE _0OI OA M
—=-.Dodb6 —=—=—=—"— A
CB 2 OA CB CE CB ©

Hai tam gidc AOI va BCE c6 AOI = BEC va
ot = oA nén AAOI «> ABCE, suy ra AIO = BEC. D C £
CE CB

Goi H 1a giao diém cua BC va DM. Dat

BC =2a(a > 0)

Hai tam gidc DCH va BCE c¢6 DCH = BCE va CDH = CBE nén ADCH ¢ ABCE

Do do ]];_(Cj =C—I; = CD.CE =BC.CH. Ma ta c6 CD =BC nén CH =CE, suy ra CH = %CB.

Do H la trung diém ctia CB nén ta duoc BH = %CB = BH.BC = 2a’

Hai tam giac BMH va BCE c6 BMH = BCE va MBH = CBE nén ABMH ¢ ABCE
Do d¢6 ta duoc % = % = BM.BE = BH.BC, suy ra BM.BE = 2a’.

Trong tam gidc BCD vudng tai C ta tinh dwoc BD = 8a®

Ta céd BI = %OB va OB = %BD nén BI = iBD, do dé ta duwoc BLBD = iBD2 = BLBD = 2a’

BL_BM
BE BD

Hai tam gidc BIM va BED c6 IBM = EBD va % = % nén ta dugc ABIM «» ABED

Do dé ta dwoc BM.BE = BIBD =2a° =

Do do ta dwoc BIM = BED, ma ta c6 AID = BED nén ta dwoc BIM = AID

Ttr d6 suy ra AID + DIM = BIM + DIM = 180° nén AIM =180". Vay ba diém A, I, M th:fmg
hang.

Cach 2: Vé AP vudng goc voi MD tai P va AQ vuong goéc voi MB tai Q. Tte do6 suy ra tie
giac APMQ la hinh chi* nhat nén PAQ =90°. Ma ta c6 DAB =90’ nén ta dugc DAP = BAQ.
Hai tam gidc vuong DAP va BAQ c6 AD = AB va DAP = BAQ nén ADAP = ABAQ

Do d6 AP = AQ, suy ra tit giac APMQ Ia hinh vuong. Nén MA la phan gidc ctia goc BMD.
Goi H 1a giao diém cua BC va DM. Ddt AB =2a, suy ra CE =a va CD =2a nén DE = 3a.

Tam gidc BCE va CDH c¢6 BCE = DCH va CBE = CDH nén ABCE ¢ ADCH
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Do d6 ta duoc %:?—E:CE:CH.M& ta co CE:%BC nén CH:%CB nén H la trung

diém cua BC, suy ra BH = a. Hai tam giac BMH va DME ¢6 BMH = DME va MBH = MDE

Suy ra ABMH % ADME nén ta duge o - BH _1
MD DE 3
Taeg B __ 1B B B _1 404618 _MB

ID 10+0D IB+OB IB+2IB 3 D  MD
Vé MG la duong phan giac ctia tam gidc BMD.
Tacé@:@:E:@/SllyraE:E_@:@:leE:GB
GD MD ID GD GB GD GB+GD BD

Ttr d6 suy ra hai diém I va G trung nhau, nén MI la phéan giac caa géc BMD

Tt d6 ta duoc hai tia MA va MI trung nhau, nén ba diém A, [, M théng hang.

Vi du 15. Cho hinh vuéng ABCD c6 hai duwong chéo cat nhau tai E. Puong thang qua A
cat canh BC va cat dwong thang CD lan luot tai M va N. Goi giao diém ctia EM va BN 1a K,
giao diém ctia CK va AB la F. Chting minh rang ba diém D, M, F thang hang.

Loi giai
Hinh vuéng ABCD c6 hai duong chéo A S B .
cit nhau tai E nén ta duoc E 1a trung
diém ctia hai dwong chéo va AC, BD
vuong goc voinhau tai E. ) \
Ta c6 EB =EC va EBA = ECB. Trén 5 c X

canh AB lay diém S sao cho BS = CM.

Hai tam gidc BES va CEM c6 BS =CM,

EBS =ECM va EB = EC nén

ABES = ACEM

Do d¢6 ta dugc ES = EM va SEM = MEC. Suy ra tam gidc SEM can tai E.

Lai c6 SEM = SEB + BEM = MEC + BEM = BEC = 90".Do d¢ tam giac SEM vudng can tai E,

do d6 SME = 45". Tam gidc AND c6 MC//AD nén theo dinh 1i Talets ta co

AN _AD _ AN _AB
MN MC  MN SB

Do d6 ta dwgc SM//BN, suy ra BKE = SME = 45".

Hai tam gidc BKE va BDN c6 KBE = DBN va BKE = BDN nén ABKE ¢ ABDN

Do do ta dwoc BK _BE = BK.BN = BE.BD
BD BN

Hai tam giac BEC va BCD ¢6 EBC = CBD va BEC = BCD nén ABEC @ ABCD
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BE BC

Do d6 ta duoc BC-BD " BC® = BEBD. Ttt d6 suy ra BK.BN = BC* = BK _BC

BC BN
) ., \ , . BK BC .
Hai tam giac BKC va BCN c¢6 KBC = CBN va BC = BN nén ABKC c» ABCN

Do dé ta dwoc BKC = BCN nén BKC =90’

Hai tam gidc BCN va FBC c¢6 CBN = BFC va BCN = FBC nén ABCN > AFBC

, BC OCON BC BF AB BF

Dodotadugc —=—o —=—=_—=—"—

BF BC CN BC CN CD

Trong tam gidc MNC c6 AB//CN nén ta cé MB_AB by db ta dwoc MB_ BE
MC CN MC CD

. . \ , . MB BF .

Hai tam giac MBF va MCD c6 MBF = MCD va MO = o nén AMBF > AMCD

T do suy ra DMF = CMD = BMF + BMD = CMD + BMD hay DMF = 90°
Vay ba diém D, M, F thang hang.
Vi du 16. Cho sau diém batki A, B, C, D, E, F cung nam trén mot dwong tron. Goi G, H, K

lan luot 12 giao diém ctia cac cap dwong thang AB va DE, BC va EF, CD va AF. Chung
minh réng ba diém G, H, K thang hang.

Phan tich tim 10i giai
Ta nhan thdy BIF = %(sdBAF - stDE) va BHF = %(SdBAF - stDE) nén ta duoc te

giac BIHF noi tiép, tir d6 suy ra BIH + BFH =180". Nhw vay dé chiing minh duoc G, H, K

thang hang ta can chiing minh dwoc BIH + BIG =180°. Mudn vdy ta can chi ra duoc

BIG = BFH. Ngoai ra néu goi A’, B’, C’ lan luot la giao diém ctia AB va EF, AB va CD, CD

va EF. Khi d6 ta thay bo cac diém thang hang, tir d6 ta lién twdng dén dinh li Menelaus.
Loi giai

Cach 1: Goi I la giao diém cuia hai duong

trong ngoai ti€p tam giac GBD va tam gidc

KDEF(I khac D). Khi d6 ta c6

BIF = BID + DIF = BGD + DKF

- %(sdAFE _ sdBCD) N %(sdABC _ stDF)

- %(stAE - sdBCF) - %(sdBAF - stDE)

Ma ta c6 BHF = %(sdBAF - stDE)

Do d6 BIF = BHF, do d6 tt gidc BIHF ndi tiép duwong tron. Tt d6 suy ra BIH + BFH = 180°.

Miit khac ta lai c6 BIG = BDG = %sdBG. Ma ta c6 BDG = BFE
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Nén ta duwoc BIH + BIG = BIH + BFH = 180", suy ra HIG = 180"

Do d6 ba diém H, I, G thang hang. Chting minh twong tu ta dwoc I, H, K thang hang.
Nhu vay bén diém H, I, G, K thang hang. Do d6 ba diém G, H, K thang hang.

Cach 2: Goi A’, B, C’ Tan luot la giao diém ctia AB va EF, AB va CD, CD va EF.

Ap dung dinh li Menelaus cho tam gidc A’B'C’ ¢6 ba diém B, C, H thang hang ta dwoc

BA' CB' Hc'_1
BB' CC' HA'

Ap dung dinh li Menelaus cho tam gidc A’B'C’ véi ba diém D, G, E thang hang ta dwoc

DB' EC' GA' _
DC' EA' GB'

Ap dung dinh li Menelaus cho tam gidc A’B'C’ véi ba diém A, F, K thang hang ta duoc
AA' KB' FC'

AB' KC' FA'

Xét hai tam gidc A’AF va A’EB c6 AA'F chung va A'AF = A'EM

! !
Do do ta dugc AA’AF > AN’EB, suy ra % = E—i:' = AA'BA'=EA'FA'

Hoan toan twong tw ta dwoc AB'.BB' = CB'.DB' va FC'.EC' =CC'.DC'
HC' GA' KB'

Tt d6 ta duwoc . ) =1
HA' GB' KC'

HC' GA' KB'
HA' GB' KC'

Trong tam gidc A’'B’C’ ¢6 cac diém G, H, K théa man =1, nén theo dinh li

Menelaus ta dugc ba diém G, H, K thang hang,.

Vi du 17. Cho diém A nam ngoai duong tron (O). Tir di€ém A vé hai tiép tuyén AB va
AC(B, C 1a hai tiép diém) va cat tuyén ADE véi duong tron (O) sao cho tia AD nam gifta
hai tia AO va AB. Puong thang qua D va song song véi BE cat BC, AB Ian luot tai va Q.
Goi K d6i xttng véi B qua E. Chiing minh rang ba diém A, P, K thang hang.

Loi giai
Goi H, I'Tan luot la giao diém cua BC vé6i B £ K
OA, DE. Ta 6 AB, AC 14 hai tiép tuyén ot/ :
voi duong tron (O) nén AB = AC va AO
la phan giac caa goc BAC. Do do AO la A
duwong cao cua tam gidc ABC. Xét hai %
C

tam gidc ABD va AEB c6 ABD = AEB va

BAD chung, suy ra AAEB > AABD.
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Tuw d6 AB* = AD.AE

Trong tam gidc ABO vudng c6 BH la duong cao nén AB? = AHAO

Ttr d6 ta duwoc AD.AE = AHAO = % = i—g Ttr d6 AAHD «» AAEO nén ta duoc

AHD = AEO

Do d6 tix gidc OEDH noi tiép duong tron, suy ra OHE = ODE

Tam giac ODE c6 OD = OE nén can tai O, suy ra ODE = OED

Ttr d6 ta duwoc OHE = AHD. Ta ¢6 OHE + EHI = AHD + IHD = 90° nén ta dwgc EHI = IHD, do
dé HI la tia phan giac ctia goc HED . Goi Hx la tia d6i cta tia HE, khi d6 ta co

xHA = AHD = OHE

Do d6 HA la duong phan gidc cua HED . Tt d6 ta duoc % = %

Trong tam gidc ABE c6 DQ//BE nén theo dinh li Talets ta c6 ];S f]i:)

Trong tam giac IBE c6 BE//PD nén ta c6 bp = D . Ttr 6 ta duwoec — bQ = _DbP nén DQ = DP.
BE IE BE BE

Trong tam gidc ABE c6 DQ//BE nén ta co AQ _ = QDb . Do d6 ta duwoc — AQ QDQ = PQ
AB BE AB 2BE BK

Hai tam gidc APQ va AKB co % = % va AQP = ABK nén AAPQ <> AAKB

Ttr d6 ta duoc QAP = BAK nén hai tia AP va AK trung nhau. Vay ba diém A, P, K thzfmg
hang.

Vi du 18. Cho diém A nam ngoai duong tron tim O ban kinh R. V& cac tiép tuyén AB, AC
véi duong tron (O)(B, C thudc dwong tron (O)). VEé cat tuyén ADE véi duong tron (O)(D, E
thuoc duong tron (O)) va D nam giita A, E. Tia AD nam giita hai tia AO va AB. Goi F 1a
diém d8i xting v6i D qua AO, H la giao diém ctia EF véi BC. Chiing minh rang A, H, O
thang hang.

Phan tich tim 1oi giai

Goi H' 1a giao diém cua OA véi BC. D& chitng minh A, H, O thidng hang ta can
ching minh duwoc hai diém H va H’' trung nhau. Mudn vdy ta can ching minh
EH'F = AH'F + AH'E =180". Ngoai ra ta cling thdy A, O cung thudc duong trung truc cua
BC nén d€ chitng minh dwoc A, H, O thang hang ta can ching minh H thudc duong trung
truc AO hay HB = HC.

Loi giai
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Cach 1: Goi H’ 1a giao diém cua AO va

B
BC. Do D va F d6i xtiing v6i nhau qua E
AOnén ta degc OF =OD=R.SuyraF D
thudc duong tron (O) va co A
H(H
AH'D = AH'F. Do AB, AC la hai tiép F
tuyén ctia dwong tron (O) nén ta duoc
AB = AC va AO la tia phan giac cua C
goc BAC. Do dé tam giac ABC can tai
A va AO L BC. Xét hai tam giac ABD
va AEB c6 ABD = AEB va BAD chung
Do d6 ta dwgc AABD c» AAEB nén AB _AD = AB’ = AD.AE.
AE AB
Tam giac ABO vuong tai B ¢6 BH' la dwong cao nén AB® = AH'.AO.
!
Tir d6 ta dwoe ADAE = AH'.A0 = 22 - A
AO AE
. . Ny ;oo ., AD AH' A
Xét hai tam gidc ADH’ va AOE c6 0" ap @ DAH' chung nén AADH' ©> AAOE

Tl d6 ta duoc ADH' = AOE nén t& giac DH'OE noi tiép. Suy ra AH'D = OED va

OH'E = ODE

Ma ta c6 OE = OD =R nén tam gidc ODE can tai O, suy ra OED = ODE

Do d6é AH'D =OH'E, vivay ta deoc AH'F =OH'E.

Tacd EH'F = AH'F + AH'E = OH'E + AH'E =180’ . Diéu ndy dan dén ba diém E, H’, F
thdng hang, suy ra hai di€ém H va H’ triing nhau. Vay ba diém A, H, O thang hang. Ta c6
diéu phai chitng minh.

Cach 2: Do AB, AC la tiép tuyén véi duong tron (O) nén ta duwge AB = AC va AO 1a tia
phan gidc cua géc BAC. Do d6 tam giac ABC can tai A va AO L BC. Do D va F d6i xting
voinhau qua AO nén ta suy ra OF =OD =R va DF 1 AO. Ta c¢6 DF//BC nén tt giac DBCF
la hinh thang, ma ttr giac DBCF noi ti€p duong trong (O) nén DBCF la hinh thang can. Tt
dé ta dwoc BD = CE, BF = CD.

Xét hai tam gidc ABD va AEB c6 ABD = AEB va BAD chung.

Suy ra AABD > AAEB nén ta duogc BD _AB
BE AE
3 s A AC CD
Hoan toan tuong tu ta dwoc AACD > AAEC nén suy ra AE-CE

Xét hai tam giac HBF va HEC c6 BHF = EHC va BFH = HCE
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Do do ta dwoc AHBF «» AHEC nén ta duoc % _BF

CE
Twong tu ta cing duwoc AHFE > AHBE nén suy ra g—g = E—E

Tffdésuyra@:g:C_D:&:E:@:C_F:H_C.Dodétadu’qc HB = HC.
HE CE CE AE AE BE BF HE

Ta c6 HB=HC, AB=AC va OB =0C nén ba diém H, A, O thudc duong trung truc cua
doan théng BC. Do d6ba diém H, A, O thrfmg hang.

Vi du 19. Cho duong tron (O) noi ti€p tam giac ABC. BPuong tron (O) ti€p xuc vdi cac canh
BC, CA, AB Ian luot tai D, E, F. Trén doan OD lay diém I, vé duong tron tam I ban kinh
ID. Vé BG, CH la cac tiép tuyén ctia duong tron (I) véi G va H thudc duong tron (I). Goi M
la giao diém ctia BG va CH, N la giao diém cta EF va BC. Chiing minh rﬁng ba diém N, G,
H thang hang.

Phan tich tim 106i gai

Nhan thay t¢ giac EFHG noi ti€p duong tron. D€ chitng minh duoc ba diém N, H,
G thang hang ta goi giao diém ctia NG véi dwong tron (I) 1a H,, giao diém cua NG véi
duong tron ngoai tiép ti gidc EFHG la H, vata di ching minh hai diém H, va H, trung
nhau.

Loi giai

A

N B D c
Tt tinh chat hai tiép tuyén cit nhau ta c6 AE = AF,BG = BD = BF,CE = CH = CD, MG = MH
Tam giac AEF can tai A nén AEF = AFE, suy ra 2AEF + BAC = 180"
Trong tam gidc ABC c6 BAC + ABC+ ACB =180". Do d¢6 ta duwoc AEF = %(ABC + ACB)
Tam giac CEH can tai C c6 AEH =90° + %ECH

Do d6 ta duwgc HEF = AEH — AEF = 90" + %(ECH - ABC - ACB)
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Hoan toan twong tw ta dwoc MGH = %MBC + MCB; MGF = 90" + %GBF

Do d6 HGF =90 + %(MBC +MCB + GBF) . Suy ra HEF + HGF = 180" nén t& giac EHGF noi
ti€p

Goi giao diém cua NG véi duong tron (I) la H,, giao diém ctia NG v6i duong tron ngoai
tiép te giac EHGF 1a H,. Khi d6 ta c&6 ANGD » ANDH, nén ta duoc

NG _ XD = NGNH, = ND’
ND NH,
~ , A NF NG
Ta cling c6 ANFG » ANH,E nén ta duoc —— = — = NENF = NH, NG
NH, NE
Va ANDF  ANED nén ta c6 ~2 = N _ Np? - NENF
NE ND

Do d6 ta dwgc NH, = NH,, suy ra hai diém H, va H, trung nhau. Nén ba diém H, H va H,

trung nhau.

Vay ba diém N, G, H thang hang.

Vi du 20. Cho duong tron (O; R) c6 duong kinh AB. Lay diém C ndm gifta hai diém O va
A. Vé duong tron (I) duwong kinh BC. Vé tiép tuyén AD va cat tuyén ACF véi duong tron
(I)(E nam gitra A va F) sao cho tia AO nam gitra hai tia AD va AE. Duong thang vudng gdc
véi AB vé tir C cat duong tron (O) tai N va P(N va P thudc nita mat phang bo AB). Giao
diém cta DI va NB la S. Goi J la trung diém caa SD. Goi L, T lan lugt la tam dwong tron

ngoai tiép cac tam giac SBC va SEF. Chting minh rang ba diém J, L, K thang hang.

Loi giai
Xét tam gidc ADC va ABD c6 ADC=ABD va P
DAC nén AADC > AABD. Do do D
%z%:AD2 = AB.AC A
Tam gidc ANB vudng tai N c¢6 NC la duong cao  * - : | 8
nén AN’ = ABAC. Ttr d6 ta dwgc AN = AD. R <
Goi R la giao diém ctia DN va AS. Hai tam giac & -

vuong DAS va NAS c6 AS chung va AD=AN

nén AADS = ANAS. Tt d6 suy ra DAS = NAS.

Ta gidc AND c¢6 AD = AN nén can tai A, AR la
duong phan giac nén dong thoi la duwong cao cua
tam giac AND.

Tam gidc ADS vudng tai D nén ta c6 AD? = ARAS. Do d6 ARAS = ABAC = A€ _ AR

AS AB’
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Xét hai tam gidc ACR va ASB c6 CAR chung va i—g = i—g nén AACR « AASB

Tt d6 ta dwoc ACR = ASB, do d6 tix gidc CBSR ndi ti€p duong tron. Suy ra L thudc duong
trung tryc ctia SR. Chiing minh tuwong ty ta duoc ti giac RSEF noi ti€p duwong tron, suy ra
T thudc dwong trung truc ctia doan thang SR. Mit khéc ta c6 tam gidc RDS vuong tai R co
R] 1a dwong trung tuyén nén ta dugc RJ =SJ =DJ. Do d6 | cling thudc duong trung truec
cua SR. Vay ba diém J, L, T thudc dwong trung truc cua SR nén ba diém J, L, T théng hang.

Vi du 21. Cho tam gidc nhon ABC c6 AB > AC. Duodng tron (I) dwong kinh BC cat AB, AC
[an luot tai F, E. Giao diém cta BE va CF la H, giao diém cta AH va BC la D, giao diém
cta EF va BC la K. Puong thang qua D song song véi EF cat AB tai M. Duong tron ngoai
tiép tam gidc IMK cat AC tai N. Chitng minh rang ba diém M, D, N thang hang.

Loi giai
Ta c6 BFC = BEC =90’ nén tam giac ABC c6 A
hai duong cao BE va CF, do d6 ta dwoc
AD 1 BC
T giac BFHD c6 BFH = BDH =90’ nén noi F
ti€p dwgc dwong tron. Suy ra ra duoc
DBH = DFH M S £

Ma ta ¢6 DBH =CFE nén DBH = %DFE, lai

cO0 DBH = %CIE, suy ra ta duoc CIE = DFE N'

Ttr &6 dan dén tt gidc IFED ndi tiép. Suy ra
IDF =1IEF, ma IEF=IFE nén ta duwoc
IDF = IFK. Hai tam giac IDF va IFK cé DIF
chung va IDF =IFK nén AIDF & AIFK

Do do ID_IF = IF? = ID.IK nén
IF 1K
IDIK = IC?

Goi N’ 1a giao di€ém cuia MD va AC. Ta c6 DN'C = AEF va AEF = MBD nén DN'C = MBD

1
Tt d6 ta dwgc ADN'C > ADBM, suy ra % = % = DB.DC = DM.DN'. Tt d6 suy ra
DM.DN' = DB.DC = (IB n ID)(IC - ID) - (IC n ID)(IC - ID) = IC? —ID?
= IDIK - ID* = ID (IK - ID) = ID.KD

Do d6 % = %, két hop v6i MDI = KDN' ta dwgc ADMI > ADKN' nén DMI = DKN',
suy ra t& giac IMKN' ndi ti€p duong tron. Suy ra N va N’ trung nhau. Vay ba diém M, D,

N thang hang.
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Vi du 22. Cho diém A nam ngoai duong tron (O; R). V& cic cat tuyén AEB, ADC véi
duong tron (O)(E, B, C, D thudc duong tron (O), E ndm giita A va B, D nam gitta A va C).
Goi H 1a giao diém ctaa BD va CE. Vé cac tiép tuyén AM, AN véi duwong trong (O) (M, N la
cé tiép diém, B va M ndm cung ntta mat phang bo AH). Goi K 1a giao diém ctia BN va CM.

Chiing minh rang ba diém A, H, S thang hang.

Loi giai
Goi H’ la giao diém cua MN va BD, E’ la giao diém
cua CH’ véi duong tron (O). Ta ¢ AMO = ANO = 90"
, nén t& giac AMON noi tiép duong tron (I) duong
kinh OA. Goi S la giao diém cua AH’ véi duong tron
(). Khi d6 dé dang chtng minh duoc
H'E'H'C=H'MH'N=H'AH'S. Tt d6 suy ra ti
giac AE'SC noi tiép duong tron, nén ta dugc

AE'C = ASC. Goi F la giao diém cua OA v6i MN. Ta

cing ching minh duoc

AH'H'C=AF.AO=AN’=ACAD. Do do6 t&¢ giac

H’SCD noi tiép, suy ra H'SC+H'DC =180°. Ma ta lai

c6 BE'C=H'DC, thx d6 ta suy ra duoc

AE'C+BE'C=180". Do d6 ba diém A, E’, B thang

hang, suy ra hai diém E va E’ trung nhau, H va H’

trung nhau.

Vay ba diém M, H, N thiang hang. Goi K’ 1a giao diém ctia AH va CM.

Xét duong tron (I) c6 ASN = MNA va trong duong tron (O) c6 MCN = MNA

Do d6 ta dwge ASN = MCN, suy ra t& giac K'SNC ndi tiép. Nén ta ¢6 K'SC + K'NC = 180"
Ta cting chitng minh dugoc HBHD = HM.HN = HAHS, nén tt giac ABSD ndi ti€p duong
tron.

Suy ra ta co ABD = ASD. Trong duong tron (O) ta c6 ABD = HCD nén ta duwgc ASD = HCD
, do d¢ t& giac SHDC ndi ti€p. Suy ra HSC+HDC =180". Ma ta lai c6 HDC = BNC, do d6

K'NC =BNC
Suy ra hai tia NK’ va NB trung nhau, do d6 ba diém B, K, N théng hang. Ta c6 hai diém K
va K’ tring nhau nén A, K, S thang hang. Vay ba diém A, H, S thang hang.
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Vi du 23. Cho duong tron (I) ndi ti€p tam giac ABC. Buong tron (I) ti€p xtc véi BC, AB,
CA Tan luot tai D, E, F. Goi AM la duong trung tuyén ctia tam gidac ABC. Goi giao diém
ctia EF va DI 1a K. Chttng minh rang ba diém A, K, M thang hang.

Phan tich tim loi giai
Trén co s& hinh vé va gia thiét cia bai toan ta c6 hai nghia dén hai huéng chiing
minh ba diém A, K, M théng hang la.

+ Qua K vé duong thang song song véi BC cit AB, AC Ian luot tai X va Y. Goi N 1a
giao diém ctia AK va BC. St dung tinh chat hai tiép tuyén cat nhau, dinh 1{ Talets va tinh
chat duong pham giac ta di chimg minh NB = NC. Diéu nay sé dan dén M va N trung
nhau.

+ Qua K vé duong théng song song voi BC cit AB, AC Tan luot tai X va Y. Su dung
tinh chat hai tiép tuyén cat nhau, dinh li Talets va tinh chat duong phan giac ta di ching
minh hai tia AK va AM trung nhau.

Loi giai
Cach 1: Goi N la giao diém ctia AK A L 5
va BC.

Ta c6 AE va AF la hai tiép tuyén
cta duong tron (I) nén ta duoc K
EAI = FAIL. Qua A vé duong thang E
song song voi BC cat DI tai L va cat

EF tai S. Qua K vé duong thing

song song v6i BC cat AB, AC lan
Iwot tai X va Y.

Ta cé DI L BC va AS//BC nén

AL 1 LI. Do d6 ta duoc

ALI = AEI = AFI = 90’

Ttr d6 suy racacdiém A, E, I F, L
cung nam trén mot duong tron.
Do d¢6 ta dugc ELI = EAI = IAF = ILF, suy ra LK la phan gidc cua tam gidc LEF.
Do d¢6 LK va LS la dwong phan gidc trong va phan gidc ngoai ctia tam giac LEF.

Nén ta duwoc @zs—E:EZE
KF SF SE SF
Ta c6 XK//AS va KY//AS nén ta co XK _KE (3 BY KV 1h46 suy ra KX =KY
AS SE AS SF
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Trong tam gidc ABN c6 XK//BN nén theo dinh li Talets ta cd % _AK

AN
. , A . , , KY AK
Trong tam gidc ACN c6 KY//CN nén theo dinh li Talets ta co o~ = N

Két hop v6i KX =KY ta suy ra dugc BN =CN hay N 1a trung diém ctia BC.

Tit &6 suy ra M va N tring nhau. Vay ba diém A, K, M thang hang.

Cach 2: Qua K vé duong thang song song véi BC cat AB, AC Ian luot tai X va Y.
Ta c6 DI L BC va XY//BC nén ta duoc DI L XY

Ta c6 XEI = XKI = 90’ nén t gidc EXKI ndi ti€p duong tron, suy ra IEK = IXK
Hoan toan twong tu ta duoc tit gidc IKFY noi ti€p nén IFK = IYK

Ma tam gidc IEF can tai I nén IEK = IFK, do d¢ ta dugc IXK =IYK

Tam giac IXY can tai Y ¢6 IK la duwong cao nén IK ciing la duong trug tuyén.

XK 2XK XY
BM 2BM BC

Do d¢6 ta dugc XK = YK = X2—Y Suy ra

Trong tam gidc ABC c6 XY//BC nén theo dinh li Talets ta cd % = XY

BC

Hai tam gidc AXK va ABM c6 i—)]; = % va AXK = ABM nén AAXK > AABM

biéu nay dan dén XAK = BAM, suy ra hai tia AK va AM trung nhau. Vay ba diém A, K, M
thang hang
Vi du 24. Cho tam gidc ABC ngi ti€p dwong tron (O). Lay diém D trén canh BC. Puong
tron tam P ti€p xtc véi AD, DC va tiép xtc trong v6i duong tron (O). Puong tron tam Q
tiép xuc véi AD, BD va tiép xuc trong véi duong tron (O). Goi I 1a tam dwong tron ndi tiép
tam gidc ABC. Chiing minh rang ba diém P, I, Q thang hang,.

Loi giai
Trudc hét ta phat biéu va chitng minh hai bd d€ sau:
Bé'dé 1: Cho duong tron (I) tiép xiic trong vdi dwong tron c
(O) tai C. AB la day bat ki ciua dwong tron (O) va tiép xiic
v6i dwong tron (1) tai T. Khi dé CT di qua diém chinh giita

cua cung AB khong chira C. o
Chttng minh

Goi M la giao diém cua CT véi duong tron (O)(M khac

Q). M
Do hai duong tron (I) va (O) ti€p xtc nhau nén ba

diém C, O, I thang hang. Tam giac CIT c6 ICT = ITC
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va tam gidc OCM c6 OCM = OMC

Do d6 ta dugc ITC = OMC nén suy ra IT//OM
Mata ¢6 IT L AB nén suy ra OM L AB. Do d6 M 1a diém chinh gitta cung AB khong chira
C.

B4 dé 2: Cho tam gidc ABC ndi tiép dwong tron (O). Lay diéim M thugc BC. Duong tron (O') tiép
xtic v6i hai dogn thing MA, MC lin lwot tai E, F dong thoi tiép xiic véi dwong tron (O) tai K. Khi
d6 tam I ciia dwong tron ndi tiép tam gidc ABC nam trén dogn thang EF.

Chttng minh

Vé tiép tuyén Kx cua duong tron (O). Goi N 1a giao
diém cua KF véi duong tron (O). Khi d6 theo bo dé
1 thi diém N ndm chinh gitta cung BC ctia duong
tron (O). Goi I 1a gao diém cuia AN va EF, khi d6 ta

c6 BN =CN nén ta duwoc BAN = CAN va NB=NC.

Do d6 AN Ia phan giac ctia goc BAC

Ta co I'EK = FKx va I'AK = NHx suy ra

I'EK =I'AK nén t& gidc AKI'e ndi ti€p duong
tron. Do d6 suy ra ta duwoc AI'K = AEK, ma ta cé
AEK = EFK nén AI'K = EFK

Ta co NI'K = NFI'.

Xét hai tam gidc NI'K va NFI' ¢6 NI'K = NFI' va I'NK nén ta dugc ANI'K > ANFT'

!
Do d6 ta dwoc N _NK = NI? = NK.NF
NF NI'

Xét hai tam gidc NCF va NKC c¢6 NCF = NKC va CNF chung nén ta dugc ANCF > ANKC

Do d6 ta duoc NC _QF = NC* = NF.NK
NK NC

Ttr d6 ta dwge NC = NI' hay tam giac NCI’'can tai N, do d6 ta dwoc NI'C = NCI'
Tt dé suy ra I'CA +1'AC =BCN + BCI' = I'CA = BCI' hay CI’ 1a phan giac cua goc ACB
Do d6 I' la tdam duong tron noi ti€p tam giac ABC, suy ra hai diém I val’ trung nhau.

Vay I ndm trén doan thang EF.
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Tro lai bai toan: Goi E, F Tan luot 1a tiép diém
cua duong tron (P) v6i BC, AD. Goi G, H lan
luot la tiép di€ém ctia duong tron (Q) véi BC,
AD. Goi I la giao diém cta EF v6i GH. Tt bo
dé 2 suy raIla tam dwong tron noi ti€p tam
giac ABC. Goi M la giao diém ctia GH va QD,
N la giao diém cta EF va PD. Dé thdy MDNI
la hinh chi nhat. Hai tam giac QDG va DPE

¢ QGD = PEF va QDG = DPE. Nén

AQDG o ADPE = &P _ QG
PD DE
Xét hai tam gidac QMG va DNE c6
QMG = DNE va MQG = NDE. Nén ta duoc
AQMG o ADE,

Suy ra QG _ QM N ta 06 DN = M nén @M - Q6 g QM _ QD _QG

= =——, suyra
DE DN MI DE MI DP DE
QM _ MI
QD DP
[ . .y \ , QM MI | ~
Xét hai tam giac QMI va QDP c6 Q_D =DOp va QMI = QDP. Nén ta dugc AQMI «» AQDP,
do dé ta dwoc IQM = PQD. Ttr d6 suy ra hai tia QI va QP trung nhau hay ba diém Q, I, P
thang hang.

Nhdn xét: B6'dé 2 trong vf dy 23 chinh la néi dung dinh If Lyness. Ba dién P, I, Q thing hang
trong vi du 23 nam trén mot dwong thing cé tén la dwong thing The'bault.

Vi du 25. Cho tam gidc nhon ABC néi ti€p duong tron (O; R). Céc tia AO, BO, CO cit canh
BC, CA, AB Ian luot tai D, E, F. Goi M la giao diém ctia hai tiép tuyén tai A, B ctia duong

tron (O). Chitng minh rang néu c6 DE + BE + CF = gR thi ba diém C, F, M thang hang.

Loi giai
Sup AD . S, AD M A

Taco 22 =—— v 2L -""—" Doddta
AO S AO

AOC
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AD S

Ttr d6 ta duoc R 1+ BOC

SAOB + SAOC

\ . S S
Hoan toan tuong tw ta dugc BE _ 14+ —A20C . CF _ 14+ —A0B
R SBOC + SAOB R SAOC + SBOC
, S S S
Tw d6 ta duwoc AD+BE+CF _ 3+ BOC + AOC___ 4 AOB
SAOB + SAOC SBOC + SAOB SAOC + SBOC
N 3% . T 4 SBoc SAOC SAOB 3
Theo bat dang thitc Neibitz ta c6 + > =
AOB + SAOC SBOC + SAOB SAOC + SBOC 2

T d6 suy ra M >

9 9
R 2
R

hay AD+BE+CF2§R

Ma ta lai c6 DE + BE + CF = = R, tizc 1a ddu bang ctia bat dang thtic trén xay ra,

Do do6 tadwoc S, |, =S, =

AOC

diéu nay xdy ra khi va chi khi
%OA.OB. sin (1800 - AOB) _ %OB.OC. sin (1800 - BOC) - %OC.OA. sin (1800 - COA)

Hay AOB =BOC = COA . Do d6 ba tam giac AOB, BOC, COA béng nhau nén
AB=BC=AC

Vay tam giac ABC déu. Ma ta lai c6 OA = OB va MA = MB nén C, O, M thudc duong
trung tuc cua doan théng AB. Do d6 ba diém C, O, M thémg hang. Ma ba diéem C, O, F
thang hang. Tt d6 ba diém C, F, M thang hang.

Vi du 26. Cho tam gidc ABC c6 AB < AC ndi ti€p duong tron tam O. Trén cac tia d6i cua
tia BA, CA 1dy cac diém M, N sao cho BM = AC;CN = AB. Goi I 1a diém chinh gitra cung

16n BC. Goi K 1a diém d&i xting véi I qua BC. Chitng minh ba diém M, N, K thang hang,.

Phan tich tim loi giai

Pau tién ta nhan thdy tam gidc AMN can tai A, tam giac BIC can tai I va tam giac
BKC can tai K. Lay diém H sao cho t¢ gidc ABHC la hinh binh hanh thi ta dwoc
BHC = BAC nén BHC = BKC, diéu nay dan dén BCHK noi ti€p duong tron. Tt d6 dé
chttng minh ba diém M, N, K thang hang ta di chtiing minh ba diém H, N, H thang hang
va ba diém M, N, H thang hang. T4t nhién ta ciing c6 thé 18y diém H trén MN théa man
CH//AB ro6i chiing minh t&¢ gidc ABHC la hinh binh hanh ciing duoc.

Loi giai
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Taco6 BM=AC;CN = AB nén ta suy ra

dwoc AM = AN, do d6 tam gidc AMN can

tai A. Do I va K d6i xting v6i nhau qua

BC nén BIC = BKC. B c
Ma ta ¢ BIC = BAC nén ta duoc

BKC = BAC

Tam giac BIC can tai L. K H

Ma ta lai c6 ABKC = ABIC nén tam giac
BKC can tai K.
Trén doan MN lay diém H sao cho

CH//AB. Ta ¢c6 CHN = AMN . Ma ta lai co

AMN = CNH nén ta duwgc CHN = CNH

Do d6 tam giac CHN can tai C, suy ra CH = CN. Lai c6 CN = AB nén ta duoc CH = AB
Tt giac ABHC c6 CH//AB va CH = AB nén la hinh binh hanh.

Do d6 ta dugc BHC = BAC nén suy ra BHC = BKC. Tt d6 suy ra t& giac BCHK noi ti€p
duong tron.

Ta c6 HCN = BAC va BKC = BAC nén ta duwgoc HCN = BKC

Do hai tam gidc HCN va BKC can nén ta duwgc AHCN > ABKC

Do d6 ta dugc CHN = KBC nén suy ra CHN + CHK = KBC + CHK

Ma ta lai c6 CHN + CHK = NHK; KBC + CHK = 180" nén ta dwgc NHK = 180°.

Do d6 ba diém H, N, H thang hang. Ma ta lai c6 M, N, H thang hang,.

Vay ba diém M, N, K thing hang.

Vi du 27. Cho tam giac ABC vudng tai A c6 AB < AC, AH la duong cao. Lay diém M nam
gitta A va H. Trén cac doan MC, MB 14y cac diém E va F sao cho BE = BAva CF = CA. Goi
I1a giao diém ctia BE va CF. Goi K 1a giao diém tht hai cta hai duwong tron ngoai ti€p tam

gidc BHF va CHE. Chting minh rang ba diém I, H, K thang hang.

Phén tich tim loi giai

Dé chitng minh ba diém H, I, K thang hang ta goi G 1a giao diém thit hai cta IH véi
duong tron ngoai tiép tam giac BFH va di chiing minh hai diém G va K trung nhau. Muén
vay ta di chitng it gidc GHEC ndi tiép duong tron. Vé BP vudng géc véi CM tai P, BP cat
AH tai S, BM cit SC tai Q. Khi d6 tam gidc nhon SBC cd A la tric tam. Ttr d6 ta chiing
minh duwoc SE =SF nén dan dén IE=1IF. Ta lai nhan thdy ABEH > ABCE nén suy ra
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BEH = BCE va twong tu ta duwoc CFH = CBF nén tir d6 ta suy ra dugc CFH = IGF . Diéu

nay dan dén AIFH o AIGF nén IF? = THIG = IE® = [HIG = % = %
Tt d6 suy ra hai tam giac IEG va EIH dong dang v6i nhau, nén ta dwoc IEH = IGE nén
HGE = HCE, ttc la tt gidc GHEC noi tiép. Vay bai toan duwgc chirtng minh.

Loi giai
Vé BP vuong goc véi CM tai P, BP cat AH tai S, s
BM cit SC tai Q. Goi O 1a tAm cua dwong tron
ngoai tiép tam gidc BHF. HI cat duong tron (O)
tai diém thit hai la G. Trong tam gidc SBC c6
SH, CP la cac duwong cao ct nhau tai M nén M

la tryec tam cua tam gidc SBC, do d6 BM L SC. Q
Hai tam giac BHS va BPC c6 HBS chung va

BHS = BPC nén ABHS > ABPC. Suy ra ta duoc |

BH_BS nén suy ra BHBC = BP.BS. Tam giac B
BP BC o

ABC vuong tai A c6 duwong cao AH nén ta duoc K
AB’ = BH.BC. Tt d6 suy ra BE* = BHBC, ma ta

c6 BH.BC = BP.BS nén BE’ = BP.BS = BE_ BS
BP BE

. Hai tam giac BES va BPE c6 EBS chung va

% = ]];—; nén ABES > ABPE
Do d6 ta dwgc BES = BPE, ma ta ¢c6 BPE =90’ nén BES = 90" hay tam gidc BES vudng tai
E.

Trong tam gidc BES vudng tai E c6 EP la duwong cao nén SE* = SP.SB

Hoan toan tuong tu ta duwgc SF* = SQ.SC.

Hai tam gidc SPC va SQ c¢6 PSC chung va SPC = SQB nén ASPC «» ASQB

Do d6 ta duoc :—g = :—g = SQ.SC =SP.SB. Tt d6 ta dugc SE = SF. Tt d6 suy ra hai tam

giac IES va IFS bang nhau nén IE = IF .

Hai tam giac BEH va BCE c6 EBH chung va E—g = % nén ta dugc ABEH > ABCE

Do do ta dugc BEH = BCE . Hoan toan twong tu ta dwoc CFH = CBF

Ma ta c6 CBF = IGF nén suy ra CFH = IGF
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Hai tam gidc IFH va IGF c6 FIH chung va IFH = IGF nén AIFH <> AIGF

IH

Do dé ta dwoc % = el = IF? = IHIG = [E’ = [HIG = 1B = 1

IG IE’

Tt d6 suy ra hai tam giac IEG va EIH dong dang véi nhau, nén ta dwgc IEH = IGE

Do d6 IGE = HCE hay HGE = HCE, suy ra t& giac ECGH ndi tiép duong tron hay duong
tron ngoai tiép tam giac CHE di qua diém G. Do d6 G la giao diém tht hai cua hai duong
tron ngoai ti€p cac tam giac BHF va CHE. Suy ra hai diém G va K trung nhau. Vay ba
diém I, H, K thang hang.

Vi du 28. Cho tam giac nhon ABC ¢6 AB > AC, duong cao AH. Puong tron (O; R) noi ti€p
tam gidc ABC tiép xtic v6i BC tai D. Goi E la trung diém ctia AH, tia DE cat duong trog (O)
tai F. Goi L 1a tdm duong tron bang tiép goc F cia tam gidc FBC. Chting minh rang ba
diém F, D, L thang hang.

Phan tich tim 10i giai

Goi M, N Ian luot 1a ti€p di€ém ctia dwong tron (O) trén cac canh AB, AC. Puong
thang AD cat duong tron (O) tai T khac D. DO cat duong tron (O) tai diém thit hai la G. Vé
OK vuodng géc vé6i DT tai K, OK cat BC tai S. Qua A ké duong thang song song véi BC cat
MN tai J, BP vudng goc v6i GF tai P, CQ vudng goc véi GF tai Q va I 1a giao diém caa OA
v6éi MN. Ta c6 FL la phan gidc ctia géc BFC. Néu ta chitng minh dwoc FD cling la phan
gidc ctia goéc BFC thi ba diém F, D, L thang hang. Nhu vay ta di chiing minh FD la phan
giac ctia goc BFC. Mué6n vay ta can ching minh dwgoc BFD=CFD. D€ y la
BFP + BFD = CFQ + CFD =90’ nén ta can ching minh duwoc BFP = CFQ. Nhu vay ta can
chttng minh dwoc ABPF > ACQF. Lai chu y la BPF =CQFnén ta sé di chitng minh
BP _PF
CQ QF

Loi giai
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Goi M, N lan luot 1a tiép diém P A

cta duong tron (O) trén cac canh
AB, AC. Duong thing AD cat .
duwong tron (O) tai T khac D. DO

cat duong tron (O) tai diém thi

hai la G. Vé OK vudng goc vdi
DT tai K, OK cit BC tai S. Qua A
ké duong thing song song véi
BC cit MN tai J, BP vudng goc
voi GF tai P, CQ vudng goc véi
GF tai Q va I la giao diém cua
OA véi MN.

Khi d6 dé dang chimg minh
dueoc OA la dwong trung truc
cia doan thang MN nén
MN 1L OA tai I. Ta c6 OK vudng
goc voi DT tai K nén K 1a trung
diém cua DT.

Tam gidc ODS vudng tai D c6

DK la duong cao nén

OD’ = OK.OS
Tam giac OMA vuong tai M c¢6 MI la duong cao nén OM? = OLOA
Ma ta c6 OM = OD nén ta duwgc OK.OS = OLOA = %—II{ = i—g

Ttr d6 suy ra AOIS «» AOKA nén OIS = OKA =90’

Do IS va MN cung vudng goc voi OA tai I nén IS va MN trung nhau, suy ra ba diém M, N,
S thang hang.

Hai tam giac DTG va AHD c¢6 DTG = AHD va GDT = DAH nén ADTG > AAHD

Tt d6 ta duwoc TG _TD _2TK =E, suy ra AGKT > ADEH
HD HA 2HE HE

Do d6 suy ra GKT = DEH, ma ta ¢c6 GKT + OKG =90" va DEH + EDH = 90’ nén
OKG = EDH

Mat khac ta ¢c6 EDH = OGF nén ta duwoc OKG = OGF

Ta c6 OK.OS = OD* va OD = OG nén ta dugc AOKG «» AOGS
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Tt d6 suy ra OKG = OGS, do d6 ta deoc OGF = OGS nén GF = GS
Do d6 ba diém G, F, S thang hang nén BP//DF//CQ. Ap dung dinh i Talets va tinh chat hai

i N g BP BS BS AJ BM AN BM BD PF
tiép tuyén cat nhau ta duwgc —=—=—.—=— —=——=—=—
cQ CS AJ CS AM CN CN CD QF

K&t hop véi BPF = CQF nén ABPF o ACQF, tir d6 ta dwoc BFP = CFQ
Ma ta ¢ BFP + BFD = CFQ + CFD = 90’ nén ta duoc BFD = CFD, suy ra FD la phan giac

cta gbéc BFC. Mat khac ta cé FL ciing la phan giac cua géc BFC. Do d6 FD va FL trung
nhau hay ba diém F, D, L thang hang.

Vi du 29. Cho tam gidc déu ABC noi ti€p duong tron (O). Ly di€ém M bat 1i trén cung AB
koong chtta diém C. Puong thang AM cat tiép tuyén tai B, tiép tuyén tai C véi duong tron
(O) va duong thang BC Ian luot tai E, F, H. Chiing minh riang giao diém ctia cic duong
tron ngoai tiép cac tam giac MAO, MBF, MCF va O, H la cac diém th:fmg hang

Loi giai
Cach 1: Goi N la giao diém F
cua BF va CE. Kéo dai MN
cit BC tai S. Khi d6 ta ¢6

ABE = ACB va ACB = BAC

nén ta suy ra dugc

ABE =BAC. T do

H vc
BE//AC. Mat khac ta c6

EBC = ABE + ABC
=BAC+ ABC =120"

Hoan toan tuong tu ta duwoc CF//AB va BCF =120’

Hai tam gidc ABE va FCA c6 ABAE ©» ACFA va BEA = CAF nén AABE « AFCA
Do d6 ta dwoc AB _ BE = AB.AC = BECF = BC’ =BECF = BC _BE
CF AC CF BC

. Ny \ . . BC BE .
Hai tam giac EBC va BCF c6 EBC = BCF va oF ~po en AEBC © ABCF

Do d6 CEB = FBC hay NBC = CEB. Hai tam giac CBN va CEB c6 NBC = CEB va CBN
chung nén ACBN ¢ ACEB. Suy ra BNC = EBC = BNC =120 nén BNE = 180" —- BNC = 60’

Mat khac ta lai c6 BME = ACB = 60’ nén BNE = BME
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Tt d6 suy ra t& giac BEMN ndi tiép duong tron. Chiing minh twong tu ta duoc ti gidc
CFMN noi tiép duong tron. T d6 ta c6 NEB = NMB va NBS = NEB nén NBS = NMB hay
SBN = SMB

Hai tam gidc SBN va SMB c6 BSN = MSB va SBN = SMB nén ASBN ¢ ASMB

Twr d6 ta duoc s_l\]?l = :—1; = SB* = SM.SN . Hoan toan twong tu ta cling duwoc SC* = SM.SN

Tt d6 ta duoc SB = SC hay S la trung diém ctia BC.
Dé dang chiing minh dugc AB = BC =CA = R+/3 . Tam giac OBC can tai O ¢6 OS la duong
OS ciing la duong cao va duong phan giac ciia tam giac BOC. Ttr d6 ta suy ra SO = % va

sa = 3R
2

Ttr d6 ta dwoc SB® = SO.SA, ma ta ¢ SB? = SM.SN nén ta dugc SO.SA = SM.SN hay
SN SO
SA SM’
e g N . SN SO _, A
Xét hai tam giac SON va SMA c6 A sy V@ MSA chung nén ASON ©» ASMA

Do d6 ta duwgc SON = SMA . Suy ra tit gidc AONM noi ti€p duong tron. Mat khac t& giac
BNOC ciing néi tiép duong tron. Goi N, 1a giao diém cua OH véi duong tron ngoai tiép
tam gidc OBC, goi N, la giao diém cua DH v6i duong tron ngoai tiép tam gidc OAM. Khi
do HN .HO = BHHC va HN,.HO = HM.HA

Ma ta c6 HBHC = HMHA nén ta dwgc HN, . HO = HN, HO = HN, =HN, = N, =N,

Khi d6 giao diém ctia hai duong tron ngoai ti€p hai tam giac OBC va OAM 1a N, = N,

Ma N la giao diém ctia hai dwong tron ngoai ti€p hai tam gidc OBC va OAM nén

N, =N, =N.

Ma N, thudéc OH nén N cling thuéc OH. Ta c6 N thudc cdc duong tron ngoai ti€p cac tam
giac OBC, OAM, MCF nén N la giao diém ctia ba dwong tron do. Tt d6 ta dugc giao diém
ctia cac duong tron ngoai tiép cac tam giac MAO, MBF, MCF va O, H 1a cac diém thang
hang.
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Cach 2: Goi N la giao diém F
cua BF va CE. Kéo dai MN

cat BC tai S. Hai tiép tuyén

voi duong tron (O) tai B, C M
cat nhau 6 P. Tt P ké duong

théng song song véi BC cat

FB tai Q. Chttng minh twong H S
tw cach 1 ta dwoc

AABE o AFCA

AEBC o ABCF

ACBN o ACEB ? "

ASBN @ ASMB
Ttr d6 ta dwoc S la trung
diém cua BC.
Ta c6 BCP = ABC nén
CP//AB.
Tuong tw ta cing c6 AC//BP. Nén tit gidc ABPC Ia hinh binh hanh. Ma ta c6 AB = AC nén
tiz gidc ABPC 1a hinh thoi. Do d6 S la trung diém ctia AP. Diéu nay dan dén cac diém A, O,
S, P th:fmg hang.
Ta c6 OBP = OCP = 90" nén cac diém B, C, O, P thudc duong tron duwong kinh OP.
Ta c6 EPQ = PBC va PBC = ACB nén EPQ = ACB = 60"

Ap dung dinh 1i Talets cho cac FPQ va FPE ta duoc BC _ E; AC_FC nén ta duoc
PQ FP FE FP

BC _AC

PQ FE

Ma ta c6 AC =BC nén PQ = PE. Mat khac ta c6 EPQ =60’ nén tam giac EPQ déu.

Ta c6 NBC = NQP va NBC = NEP nén NQP = NEP, do d6 t&t gidc ENPQ ndi tiép duwong
tron.

Ttr d6 ta duoc BNP = BCP = 60°, suy ra t& giac BNCP ngi tiép duong tron, nén N thudc
duong tron ngoai ti€p tam gidc BCP. Ma O cling thudc dwong tron ngoai ti€p tam giac
BCP nén nam diém O, N, B, C, P cung thudc dwong tron duong kinh OP. Do d6 ta dugc
ONP = 90" = SNP + SNO = 90"

Tam giac HAP ¢ HS la duong cao cling la duong trung tuyén nén can tai H.

Ta c6 HPS = HAS va HAS = SNO nén HPS = SNO
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Ta c6 SHP + HPS = 90°; SNP + SNO = 90°; HPS = SNO nén ta dwoc SHP = SNP

Tt d6 suy ra t& giac BNSP noi ti€p duong tron. Suy ra HNP = 90°.

Ta c6 OHN = OHP + HNP = 180° nén ba diém O, H, N thing hang.

Tt gidc BNOC ndi tiép duwong tron nén BNC = BOC = 120"

Mait khac ta c6 BNE =180° — BNC = 60°, ma ta lai <6 BME = ACB = 60"

Tt d6 ta dugc BNE = BME nén t& giac BEMN noi ti€p duong tron. Chitng minh twong tw
ta duoc tit gidc CFMN noi tiép. Nhu vay N thudc cac duong tron ngoai tiép cac tam giac
MAO, MBE, MCEF. Vay giao diém ctia cac dwong tron ngoai ti€p cac tam giac MAO, MBF,
MCF va O, H 1a cac diém thang hang.

Vi du 30. Cho tam giac ABC va duong tron (I) ndi tiép tam giac ti€p xtic véi cac canh AB,
BC, CA lan luot tai F, D, E. Goi M la giao diém cua BC v6i duong phan gidc trong ctia goc
BIC va N la giao diém ctia EF v6i duong phan gidc trong ctia goc EDF . Chiing minh rang

ba diém A, M, N théng hang.

Phan tich tim 10i giai

Néu ABC can tai A thi hién nhién ba diém
A, M, N thang hang. Nhu vay ta can chitng minh
trong trueong hop tam gidc ABC khong can tai A
thi ba di€ém A, M, N thang hang. Chti y dén tam I
cua duong tron ndi ti€p tam giac ABC ta ¢

ABC ACB ABC ACB

4
nén ta suy ra dwgc IM//DN hay IM//PN. Nhu vay
dé chitng minh duwgc ba di€ém A, M, N thang

hang thi ta can chiing minh dwgc IM_ AP _ AN
PN TA AM

IMC =90° + :NDC =90" +

Loi giai
+ Truong hop tam gidc ABC can tai A, khi d6 hién nhién ba diém A, M, N thang hang
+ Xét treong hop tam gidc ABC khong can tai A, khi d6 khong mat tinh tong quat ta gia st
AB < AC.
Goi P, Q theo thtt tu 1a giao diém ctia AT véi (I) va EF. Dé thay ba diém D, N, P thang hang

nén ta co
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e IMC =MIB+ MBI = %BIC + MBI = %(1800 - IBC - ICB) + MBI

_ g0 4 ABC _ACB
2 4 4

_ 1| g0 ABC ACB| ABC
2 2 2

e NDC = NDE + EDC = %FDE +EDC = %[1800 - (900 - IBD) - (900 - ICD)}

= %(1800 —-FDB - EDC) +EDC

IBD ICD ABC ACB

4 4
Do d6 ta duwgc IMC = NDC do dé ta dwge IM//ND. Do d6 ta suy ra IM//PN (*). D€y la
ID = IP nén ta dwgc MID = IDP = QPN . Do BC tiép xtc véi (I) tai D va P 1a diém chinh

=90" + =90" +

gitta cung EF nén ta duoc

IDM =PDM - IDP = %sdPED - IDP = %sdPE + %SdED - IDP

= %sdPF + %SdED —IDP = PNF - QPN = PQN

Do d¢6 ta dugc AIDM > APQN, suy ra M _Dl ata lai c6 ID =1IP do do M _ P
PN QP PN QP
Mat khéc ta ¢ TAE =90°, EQ L IP va IE = IP nén ta dwoc IQIA = IE? = IP?
Do dé ta c6 =— QP 1—E=1 P _PA — = P _IA , hén ta duoc IM _ AP (**)
1P 1P IA  IA PQ AP’ PN

Tte (*) va (**) ta duoc A, M, N thang hang.

Vi du 31. Cho tam giac nhon ABC ndi ti€p duong tron (O). Goi I la di€ém chinh gitta cung
BC khong chita A. Trén AC 1dy K khac C sao cho IK = IC. Duong thang BK cat duong
tron (O) tai D khac B. Trén DI 1dy M sao cho CM song song v6i AD. Duong thang KM cat
duong thang BC tai N. Puong tron ngoai tiép tam gidc BKN cat duwong tron (O) tai P khéc
B. Chting minh rang PK di qua trung diém ctia doan thang AD.

Phan tich va loi giai

Do I'la diém chinh gitta cung BC va theo gia

J
A

thiét ta duwoc IB = IC = IK. Do d6 ta duoc

IKD = 180" — IKB = 180" — IBK = CID

Ciing do I'la diém chinh gitta cung BC nén

DI 1a tia phan giac ctia goc BDC. Do do ta © P

duwoc KID = CID

Xét hai tam giac KID va CID c6 ID la canh

chung, KID = CID va IK =IC nén
AKID = ACID nén ta duoc DK = DC. Ttr d6 :
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ta duoc Al la duong trung truc ctia doan

thang BK. Goi IJ 1a dwong kinh cta (O), ta cd

AJ//DH va DJ//AK. Nén t& gidc AJDK la

hinh binh hanh. Do d6 KJ di qua trung dién

cua AD.

Nhu vay d€ chiing minh PK di qua trung diém cua AD ta chi can chiing minh ba diém J,
K, P théng hang la dwoc. That vay, ta cd IPK = IPB + BPK. Do DBC = DIC = DIK nén ttt
giac BKNP noi ti€p, suy ra BPK = BNK. Lai ¢6 BPI = BAIL. Do d¢6 ta duoc

IPK = BAI + BNK = BAI + (NKC + NCK)

Do ID la duong trung triec cia CK nén ta dweoc
IPK = BAT + (NKC + NCK) = BAI+ MCK + BCK

Lai c6 CM//AD nén ta duwoc IPK = BAI + MCK + BCK = BAI + CAD + BCK

Do tit gidc ABCD ndi tiép nén IPK = BAI + CAD + BCK = BAI + CBD + BCK = IAK + AKB
Do BK L Al nén ta dugc IPK = 90° = IPJ. Ttr d6 ta duoc ba diém P, K, ] thang hang. Vay
PK di qua trung diém ctia doan thang AD.

Vi du 32. Cho tt gidc ABCD c6 cac cap canh do6i dién khong song song véi nhau, ngoai
tiép duong tron tam O. Goi M, N Ian luot 1a trung diém ctia AB, CD. Chiing minh rang ba
diém M, O, N thang hang khi va chi khi OA.OC = OBOD.

Phan tich tim loi giai

Gia st ba diém M, O, N théng hang. Khi d6 goi R va S lan luot la trung diém cua
AD va BC thi ta duoc tit gidc MRNS la hinh binh hanh nén MN va SR cat diém O. Goi giao
diém cua AB va CD la P khi d6 tam giac MPN can tai P. D€ chtiing minh dwoc

OA.OC = OBOD ta can chitng minh g—g = % .Chu y la NC=ND ta can chitng minh duoc

BO_BM _MO oy OA _MA _OM hay ta can chiing minh duoc hai tam giac BMO va
OC ON NC OD NO DN

ONC dong dang, hai tam giac OMA va DNO dong dang.

Loi giai

Nguyén Cong Loi TAI LIEU TOAN HQC




+ Diéu kién can: Gia st ba diem M, O, N P
thang hang. Khi d6 goi R va S lan luot 1a

trung diém caa AD va BC. Dé dang

chttng minh dwoc ti giac MRNS la hinh

binh hanh nén MN va SR cit nhau tai

trung diém cua mdi duong, diém d6 o

chinh la diém O. Goi giao di€m ctia AB

va CD la P. Do duong tron (O) noi tiép A D
t@ gidc ABCD nén duong tron (O) ndi

tiép ta giac APD. Tir d6 suy ra PO la

phan giac ctia goc MPN, dong thoi PO la

duong trung tuyén cuia tam gidc MPN.

Do d6 tam giac MPN can tai P.

Mt khac ta c6 MBC = BPC + BCP = BPC + 180" - BCN hay ta duoc
MBC + BCN + BPC = 180°

Suy ra %(MBC N BCN) - %(MPC N 1800) & MBO + NCO = BPO + 90
. [MBO=BPO+BOP
Talai cé = MBO + MOB = BPO + 90°

MOB = 90" - BOP
Két hop cac két qua trén ta duwoc MBO + NCO = MBO + MOB = NCO = MOB
Diéu nay dan dén hai tam gidc BMO va ONC déng dang véi nhau nén ta dugc
BO BM MO
OC ON NC
Chiing minh twong ty ta cling ¢é hai tam giac OMA va DNO déng dang vdi nhau nén
OA MA OM
OD NO DN
P&y 1a NC = ND nén ta duoc g_g - % hay ta dugc OAOC = OBOD.

+ Didu kién dit: Gia stt ta 6 OA.OC = OBOD . Khi d6 dé ¥ 1a
AOB + COD = (1800 _OAB - OBA) + (1800 _0CD- ODC)
=360 — %(DAB + ABC + BCD + CDA) =180"

V& cac hinh binh hanh OAKB va OCHD. Khi dé ta c6 22 - 94 _ OD

AK OB OD
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Ttr d6 hai tam giac OMB va CNO doéng dang nén MOB = OCN = OCB va

CON = MBO = OBC

Suy ra ta dugc MOB + BOC + CON = OCB + BOC + OBC = 180°.

Diéu nay cé nghia 1a diém O nam trén duong thang MN. Hay ta duoc ba diém M, O, N
thang hang.

Vi du 33. Cho tit gidc ABCD ndi tiép duong tron (O). Ldy diém P nam trén duong thang
AC sao cho PB va PD 1a hai tiép tuyén ctia duwong tron. Tiép tuyén tai C cat PD va AD lan
luot tai Q va R. Goi E 1a giao diém thit hai ca AQ v6i duwong tron (O). Chiing minh rf;ing ba
diém B, E, R thang hang.

Phan tich va loi giai
Goi giao diém cua BE véi AD la R, ta can R
chttng minh R va R’ trung nhau.
That vay, ta c6 APD =PAC va DPC
chung nén APAD ¢ APDC. Lai c6

PAB = PBC va BPC chung nén ta duoc

APAB o« APBC

Tir d6 ta duoc AD _PA _PA _AB
CDh PD PB BC
do6 suy ra ADBC = ABCD.

Tuong tw ta dugc ACDE = ADCE

Ap dung dinh li Ptoleme cho ti giac
ABCD ndi tiép ta duoc
AB.CD + AD.BC = ACBD

Tt d6 suy ra AD.BC = ABCD = %AC.BD

Ap dung dinh li Ptoleme cho t& giéc ACED ni tiép ta dugc ACDE + AD.CE = AECD
BD _2CD vy L2 CD _2ED
AB  CA CA EA
Hoan toan tong tu nhu trén ta chlmg minh duwgc ARDC > ARCA nén suy ra

RD CD RC

RC CA RA’

2 2 2
Tt d6 ta duwoc RD _ RDRA (RC] =(C_Dj =(@]

Suy ra ta dugc ACDE = AD.CE == AE CD. Tt d6 ta duoc

RA  RA’ RA CA AE
! !
Ta cling c6 AABR' ©> ADR' va ADBR' > AEAR' nén ta dugc RD_ED,, RA_EA
R'B AB R'B  BD
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2 !
2D T d6 ta duoe 22— 2D hon hai digm R va R’ tring
AE RA R'A

R'D EDBD _

Suy ra = =
R'A EAAB

nhau.
Vay ba diém B, E, R théng hang

Vi du 34. Cho hai duong tron (Ol) va (02) cit nhau tai A va B. Céc tiép tuyén tai A va B
ctia dudng tron (0, ) cat nhau tai K. Lay diém M trén duong tron (0, ) khong tring véi A
va B. Goi P la giao diém thtt hai cia MA véi duong tron (02) . Goi C 1a giao diém thit hai

ctia MK véi duong tron (0, ). Goi Q la giao diém thit hai cia dudng thang CA v6i duon

tron (02) . Chitng minh rang trung diém ctia doan thang PQ nam trén duong thang CM.

Loi giai
Khong mat tinh tong quat, gia st M thudc
cung lon AB, treong hop M thudc cung

nho AB dwoc chitng minh tuong tw. Goi

H 1a giao diém cua PQ va BC. Ta can
chiing minh dugc PH = QH.

Do BK la ti€ép tuyén ctia duong tron (01)

va KCM la cét tuyén ctia twong ting nén
ta dé dang chiing minh dwoc

ABCK «» AMBK suy ra BC _ K Hoan
BM BK
toan twong tu ta duoc AC _CK
AM AK
. . AN g r A AC BC N
Ma ta lai c6 KA = KB, nén tir cac ti sO trén ta duoc M BM Ta lai c6 t& gidc AMBC ndi

tiép dudng tron (ol) nén ta duoc AMB = BCQ = PMB = BCQ

Mat khéc tir gidc AQB noi ti€p duong tron (0,) nén ta dugec BPM = AQB = BPM = CQB

MP _ BM

CQ BC

Ap dung dinh li Menelaus cho tam gidc APQ véi ba diém C, M, H thang hang ta dugc
CA HQ MP _, _ HP _AC MP_ BC BM _
CQ HP MA HQ AM CQ BM BC

Do d6 ta dwgc ABMP @ ABCQ =

1= HP = HQ

Hay H la trung diém ctia PQ. Ta ¢6 diéu phai chitng minh.

Vi du 35. Cho tam giac ABC c6 truc tim H. Puong phan giac ngoai ctia géc BHC cit canh
AB, AC Tan luot tai D va E. DPuong phan gidc trong ctia géc BAC cit drong tron ngoai tiép
tam giac ADE tai K. Chttng minh rang K, H va trung diém ctia BC thang hang.

Phan tich tim 10i giai
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Nhén thdy tam giac ADE can tai A. Goi P la giao diém cua KD va HB, Q la giao
diém caa KE va HC. Khi d6 t¢ giac HPKQ la hinh binh hanh. D€ ching minh H, K va
trung diém cta BC thang hang ta can chi ra duoc PQ song song véi BC. Mudn vay ta di

chimg minh __ - 8_1({3

Loi giai
Trudc hét ta chitng minh tam giac ADE can tai A.
That vay, vi HD la phan giac ngoai cua goc BHC nén

ta co

DHB:%@BC+H@@:%R%W—A&ﬂ+@m—Ac@}
- pac
2

Do do ta duwoc

ADE = DBH + DHB = 90" - BAC + %BAC =90° —%BAC

Twong tu ta cling c6 AED = 90" — % BAC, tit d6 suy ra ADE = AED hay tam giac ADE can

tai E.

Mat khac ta c6 AK la phan gidc ctia goc DAE nén clting la duwong trung triec ctia doan DE,
ttr d6 suy ra AK la duong kinh ctia dreong tron ngoai ti€p tam gidac ADE. Tir d6 KD L AB,
twong tu ta cling c6 KE L AC.

Goi P 1a giao diém cuia KD va HB, Q 1a giao diém cua KE va HC. Ta ¢c6 KP 1L AB va

HQ L AB, tx d6 suy ra KP//HQ. Tuong tu ta cting duwoc KQ//HP, do do tit gidc KPKQ 1a
hinh binh hanh.

Goi BB’ va CC’ 1a cac dwong cao ctia tam giac ABC, ta ¢6 DP//HC’ va QE//HB’

Nén theo dinh li Talet ta ¢ PB_ E; QC _ EC
PH DC'' QH EB'
Theo tinh chdt duong phan gidc ctia tam gidc ta c6 bB _ HB ; EC _ DB
DC'" HC' EB' HB'
ViB, C, B, C’' cung thudc duong tron duong kinh BC nén ta duwoc ABHC' > ACHB'

Ttr d6 ta duoc HB _ H—C Két hop vdi cac két qua trén ta duoc PB_QC , nén theo dinh
HC' HB' PH QH

Talet ta duoc PQ song song véi BC. Do HK di qua trung diém ctia PQ nén HK ciling di qua
trung diém ctia BC.

Vi du 36. Cho tam gidc ABC nhon noi ti€p duong tron (O) c6 truc tam H, duong cao AF va
M la trung diém ctia BC. Duong tron duong kinh AH cat duong tron O) tai Q khéc A.
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Duong tron duong kinh HQ cat duong tron (O) tai K khac Q. Puong thang KQ cat duong
tron ngoai tiép tam giac KFM tai N khac K. Chitng minh rang MN di qua trung diém ctia
AQ.

Phan tich va loi giai
Goi L va R Ian luot la tam duong tron
ngoai tiép cac tam giac KHQ va KMF. Ta
can chiing minh ba diém K, L, R thang
hang.
That vay, goi AE la duong kinh ctia duwong
tron (O) va D d6i xting véi H qua BC. Khi “ 0
d6 dé thdy t giac HBEC 1a hinh hinh
hanh nén ba diém H, M, E thang hang. Lai %

F C
¢6 Q thudc dwdmg tron duong kinh AE w M
nén ta dwoc AQF =90°. Ma Q lai thudc

duong tron duong kinh AH nén ta duoc

QAT = 90"
Tt d6 AQH = AQF =90° nén ba diém Q, H,
E thang hang. Do vay bon diém Q, H, M. E
thang hang.
Goi tiép tuyén tai K va H ctia duwong tron
ngoai tiép tam gidc KHQ cat nhau tai X.
Khi d6 ta c6 XKH = XHK = KQH (goc ndi ti€p va gdc tao boi tia ti€p tuyén voi day cung
cling chan mot cung). Ma ta lai c6 KQH = KAE ( hai goc néi tiép cing chan cung KE ctia
duwong tron (O)). Ttr d6 ta co

KXH =180" — 2KHX = 180" — 2KQH = 2(900 - KQH) =2 (900 - KAE) =2AEK = 2KDH
Lai c6 XH = XK nén X la tdm duong tron ngoai tiép tam gidc KHD.
Do D va H d6i xting nhau qua BC nén BC 1a dwong trung truc cia DH, tir d6 suy ra X
thudc duong thang BC. Do XH 1a tiép tuyén ctia duong tron duong kinh QH nén ta co
XH 1 QH
Xét tam giac XHM vuodng tai H c6 duong cao HF nén ta c6 XK* = XH* = XF.XM
Tt d6 suy ra XK 1a ti€p tuyén chung ctia hai duong tron ngai tiép tam gidc KQH va KFM
v6i tiép diém K 1a giao diém cua hai duong tron. Do d6 ta suy ra hai duong tron ngai ti€p

tam gidc KQH va KFM véi tiép xtic nhau K. Ttr d6 suy ra hai tam duong tron va tiép diém
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ciing nam trén mot dueong thang hay ba diém L, K, R thang hang. Goi P 1a trung diém ctia
AQ, ta ¢an chiing minh ba diém M, N, P thing hang.
That vay, ta c6 bdn diém Q, H, M, E thing hang, tit d6 suy ra KQH = KAE nén hai tam
giac vuong KQH va KAE dong dang. Tt d6 suy ra hai tam giac KQA va KHF dong dang
Ma ta lai 6 KP va KM Ian luot la hai trung tuyén cua hai tam giac KQA va KHE nén ta
dwoc hai tam giac KQP va KHM dong dang, suy ra QPK = QMK va QKP = HKM.
Tt d6 suy ra t giac QPMK noi ti€p duwong tron. Ta cé bién d6i goc sau

CMN = QKF = QMK + LKM + MKF = KPQ + RMK + 90" — RMF

=90" - PMK + RMK + 90" — RMF = 180° - BMP = CMP

Do d6 ba diém M, P, N thang hang hay MN di qua trung diém ctua AQ. Vay ta c6 diéu
phai chitng minh.

Vi du 37. Cho hai dwong tron (0, ) va (0,) cat nhau tai hai diém A va B. Lay diém Q ndm
trén duong tron (02) . Cac duong thang AQ, BQ cat duong tron (01) lan luot tai C, D. Cac
ti€p tuyén tai A, B véi duong tron (02) cat nhau tai P. Chting minh rang PQ di qua trung

diém ctia CD

Phan tich va loi giai
Goi M la giao diém ctua AB va O,0,, khi

dé M la trung di€ém ctia AB. D€ chiing

minh PQ di qua trung diém caa CD ta can

chitng minh MQB = PQC.

That vay, gia st ta co MQB = PQC. Khi

dé ta goi K la giao diém cuaa PQ va CD.
T giac ABCD noi tiép duwong tron nén ta
6 QBM = KCQ, két hop véi MQB = PQC
ta suy ra dugc hai tam giac MQB va KQC
dong dang.

MB _ QB

Tt d6 ta dwoc — . Cling do t& giac ABCD noi tiép duwong tron nén ta co

AQCD » AQBA do d6 — AB _ QB . Ttr d6 ta duoc MA _ AB ,ma talai co MA == AB nén ta
CD QC KC CD’ 2

thu duoc KC = %DC hay K la trung diém ctaa DC. Do d6 PQ di qua trung diém cua CD.

Dé bai toan sé duoc chtitng minh hoan tat ta can chiing minh dwgc MQB = PQC. That vay,
goi N la giao diém cua PQ véi duong tron (0, ).
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Do PA 12 ti€p tuyén cta duong tron (0, ) nén ta suy ra dugc APAN © APQA

N PA AN PN ~ , PB BN PN
Tt dosuyra — =—=—_.Tuwong typtaciingcé —=—=—.
PQ AQ PA PQ QB PB
\ . N Y » LA BN AN
Ma ta lai c6 PA = PB nén ttr cac két qua trén ta thu duoc @ = A_Q = AQBN = BQ.AN.

Ap dung dinh li Ptoleme cho tt ANBQ noi tiép ta dugc AN.BQ + BN.AQ = ABNQ
Do d6 ta duoc NBAQ = AN.BQ = %AB.QB _ BMQN. Do d6 % _ ‘i_i, két hop véi

QBM = QNA ta duoc AQBM « AQAN. Ttr d6 suy ra MQB = PQC. Vay bai toan duoc
chttng minh.

B. CAC BAI TOAN VE BA PUONG PONG QUY

I. Mot s6 phwong phap ching minh ba duong dong quy

Phuong phdp 1: Chuyén bai todn chitng minh ba dwong thing dong quy vé bai todn chirng
minh ba diém thing hang.

Phuong phép 2: Chieng minh ba dwong thing la dwong trung tuyén, ba dwong phéan gidc, ba
dwong cao, ba dwong trung trwec trong tam gidc.

Phuong phdp 3: Goi giao diém ciia hai dwong thing la M va chitng minh dwong thing con
lai ciing di qua diém M.

Phuong phdp 4: Sir dung dinh li Ceva.

Cho tam gidc ABC. Cic diém A’, B’, C’ lin lwot thudc cic dwong thﬁng BC, CA, AB. Khi do

ba dwong thang AA’, BB’, CC’ dong quy khi va chi khi ABBCCA_

A'C'B'AC'B
Ching minh
+ Diéu kién can: Qua A ké duong thang song song véi BC cat duwong thang BB’, CC’ tai M,
N.
, B'C BC CA AN A'B AM . ., AB B'C C'A AM BC AN
Ta co = ; = ; =——.Vaytaco = =1

B'A AM'C'B BC A'C AN A'C'B'A'C'B AN AM BC
+ Diéu kién dt: Goi I 1a giao ctia BB’ va CC’. Giai str Al cat BC tai A”, suy ra A” ciing
thudc BC.
A"B B'C C'A . AB B'C C'A

. . =1 ma . . =1

A"C B'A C'B A'C B'A C'B
~ AB A"B . ., . , , ;A

Nén — =——_.Tirdésuyra A"=A"'.Do do AA’, BB, CC’ dong quy

A'C A"C
I1. M6t s6 vi du minh hoa

Theo dinh ly Ceva (phan thuan) ta c6
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Vi du 1. Cho tam gidc ABC c¢6 triec tam H. Duong tron (O) di qua hai diém B, C cat AB,

ACTan lwot tai D, E (D # BE # C). Goi K 1a triec tam tam gidc ADE. Chitng minh rf?mg cac

duong thang BE, CD, HK déng quy.

Phan tich tim 10i giai

Pé chiing minh BE, CD, HK déng quy ta sé di chitng minh ba di¢ém H, I, K thing
hang. Mudn vay ta can phai chitng minh dwoc BIK + BIH = 180"

Loi giai

Vé cac hinh binh hanh HBMC va IHCN. Khi dé ta c6
ADE = ECB va ADE = ABH = ACH. Ttr d¢6 ta duoc
KDE = HCB
Hoan toan twong tu ta chitng minh duoc KED = HBC
Xét hai tam gidc KED va HCB c6 KDE = HCB va

KED = HBC nén AKED < AHCB, tir do @ = E Lai
BH BC
chttng minh dwoc AIDE <> AIBC nén ta duogc DE _IE .
BC IC
IE KE KE
Suyra —=—=—
IC KH CM
Lai c6

IEK = IED + KED = ICH + HBC = ICH + BCM = ICM

Xét hai tam giac IEK va ICM c6 IEK = ICM va % = IC<_1\]?I nén ta dugc AIEK > AICM

Ttr d6 suy ra KIE = MIC. Ta ¢6 NMC = IBH = ABH - ABI = ACH - ACI = NIC

Do d6 ti gidc MINC noi ti€p duong tron nén ta duwoc BIH = MNC = MIC = KIE

Nén suy ra BIK + BIH = BIK + KIE = 180". Tir d6 ta dwgc ba diém H, I, K thang hang hay
BE, CD, KH dong quy.

Vi du 2. Cho hai dwong tron (01) va (02) khong bang nhau va tiép xtic ngoai tai T. Ké
O,A tiép xtic véi (02) tai A va O,B tiép xtic v6i (01) tai B sao cho cac diém A va B cung
nam trén ntra mt phang c6 bo 1a 0,0, . LAy H thudc O,A va K thudc O,B sao cho BH va
AK cling vudng goc véi 0,0, . Puong thang TK cat duwong tron (02) tai diém thit haila F
va TH cat duong tron (Ol) tai diém thi hai 1a E. Biét EF cat AB tai S. Chiing minh rang ba
duong thang 0O,A, O,B va TS dong quy tai mot diém.

Phan tich tim 1oi giai
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Nhan thay t giac 0,0,AB noi tiép duong tron nén ta suy ra dwoc IT la duong phan
gidc ctia goc 0,10, . D& chiing minh dwoc ba duong thang O,A, O,B va TS dong quy tai

mot diém.Ta di chiing minh ba diém T, I, S thang hang. Muén vay ta can chiing minh

Loi giai
Goilla giao diém cua O,A va O,B. Xét tix
giac 0,0,AB c6 O,A0, = 0,BO, =90° nén noi
ti€p duong tron. Do d6
0,1

O,IIA =O,LIB = —L = 1B nén ta co
O IA

2

0T OB Ol
0,T 0,A 0,1’

2

AAIO, »» ABIO, . Ttr d6

do IT la duong phan giac ctia goc 0,10,

Dé thdy O,BH = 0,0,B va tlr t gidc 0,0,ABndi ti€p nén ta c6 0,0,B = O,AB

. OB OA OT OA

Nén ta dugc AO,BH «» AO,AB suy ra = = =
OH OB OH OT

Tt d6 ta dwgc AO,TH > AO,AT nén ta duwgc O,AT = O,TH = O,ET . Do vay t gidc O, TAE

noi tiép duoc. Suy ra EO,A = ETA =180" - O, TH - O,TA =180" - O,AT - O,AT = 90°
Tt d6 ta dwoc EO, // AO,. Chitng minh twong tw ta dwoc BO, // FO, . Tt do
EB_OE OT IB

AO BE » AO,FA va cod AAIO, > ABIO, nén ta suy ra — = =—1l-=—va
FA 0,A O, IA

O,BE = O,FA
\ 7 A 4 . ’ SB EB IB
Ma ta c6 BO,// FO, nén ta dwoc BE // FA. Ap dung dinh li Talet ta duoc —=—=—,
SA FA 1IA
suy ra IS la duong phan giac trong ctia goc AIB.Ma hai goc 0,10, va AIB d6i dinh véi
nhau nén ba diém T, I, S th:fmg hang. Do d6 ta duoc ba duong théng O,A, O,B vaTS

dong quy tai diém 1.

Vi du 3. Cho tam gidc ABC, goi I la tdm duong tron noi tiép tam gidc ABC. Céc duong
thang Al BI, CI cat dwong tron ngoai tiép tam giac ABC lan luot tai D, E, K. Trén canh BC
ldy diém M. Hai diém P va Q thoa man MP song song véi BE, CP vudng goc voi CK, MQ
song song voi CK va BQ vudng goéc véi BE. Chitng minh PE, QK, DM d6ng quy.

Loi giai
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Tt M ké duong thang song song véi BE cat
duwong phan gidc ngoai ciia goc C, do chinh
la diém P, théa man CP L CK va MP song
song véi BE. Tuong tu diém Q thoa man
nam trén duong phan giac ngoai goc B nén
BQ 1 BEva MQ song song vdi CK. Duong
thang AD va BE cat duong phan giac ngoai
tai hai diém J,,J, . Gia st DM cat duong
tron ngoai ti€p AABC tai N. Khi d6 ta c6

DAE =%(A+B) =90’ —%C va cling c6

BCJ, =90'+2C=BJ,c= A Laics MP

song song voi BJ, nén ta dugc MPC = %A.

Mat khacta c6 DNC = %A nén ta dugc MPC = MNC = %A suy ra tx giac MNPC la t& giac
ndi ti€p duong tron. Do d6 suy ra BCJ, + MNP =180°.

Tt gidc BEND noi tiép nén ta duoc END = 180° — EBD = 180" —%(A + B) =90" + %C

Tk BCJ, =90° + %C = END + MNP = BCJ, + MNP =180° suy raba diém P, N, E thing
hang.

Chting minh hoan toan twong tut ta ciing dwoc Q, K, N thang hang. Vay PE, QK, DM dong
quy-

Vi du 4. Cho duong tron tam O. Tir diém M ndm ngoai duong tron vé tiép tuyén MA,
MC(A, C la tiép diém), B thudc cung 1én AC sao cho MB nam gitta MO va MC. Tia MB cat
duong tron tai Q(Q khac B), cat CA tai N. Goi K 1a diém d8i xting véi C qua B. Qua Q ké
duong thang song song véi BC cat CM tai H. Chttng minh rang QH, AC, MK dong quy.

Bai giai

Goi giao diém cua MO véi AC
la E. Goi giao diém ctia QH vdi

BClal Vi MA, MC la hai tiép

tuyén tai A, C cia duong tron
tam O nén MA = MC nén M

nam trén duong trung triec cta

AC. Mat khac OA =0OCnén O
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nam trén duong trung truc ctia

AC. Vivay OM la duong trung

triee cia AC nén OM vudng goc

voi AC tai E.

Vi MC vudng goc véi OC nén tam giac MCO vudng tai C va OM L EC nén MC* = MEMO
Mat khac xét tam gidc MQC va MCB ¢6 CMQ la goc chung va MCQ = MBQ

Nén ta dwgc AMQC > AMCB do do6 suy ra ﬁ—g = ﬁ—g = MQMB = MC?

MQ _ ME
MO MB
hay MEQ = QBO. Lai ¢6 tit gidc QEOB c6 MEQ = MBO nén t gidc QEOB la tit gidc ndi
tiép

Do d6 ta dugc BEO = BQO. Ma tam gidc BQO can tai O nén QBO = BQO = BEO = BQO

Tt d6 MQ.MB = MEMO = . Suy ra AMQE > AMOB nén ta dugc MEQ = MBO

Tir d6 ta dwoc MEQ = BEO. Ma QEC + MEQ = 90°, BEO + CEB = 90° nén QEC = CEB do d6
EC la tia phan gidc cia QEB. Ma HA la phan gidc ngoai QEB nén theo tinh chat phan

gidc suy ra

NQ_EQ MQ _EQ_ NQ_MQ
NB EB’ MB EB NB MB

MQ _MH _ HQ va QI//CB nén ta co Qb _NQ
MB MC BC CB NB

Mat khac QH//BC nén ta co

Tt d6 ta dwoc Hg é}l nén Q la trung diém ctia HI. Trong tam gidac MCB c6 HQ//BC nén

M _ Qi hay — MH _2QH _ HI o ME_HL p hop véi MHI = MCK ta duoc
MC BC MC 2BC CK MC CK
AMHI > AMCK suy ra HMI = CMK nén hai tia MI, MK trting nhau. Do &6 M, I, K thang

hang hay QH, AC, MK dong quy.

Vi du 5. Cho ntra duong tron (O; R) duong kinh AB. Trén nita mat phang bo AB chtia nira
duong tron vé cac tia Ax va By vudng goc véi AB. Lay diém M nam trén ntta duong
tron(M khac A, B). Tiép tuyén tai M cit Ax va By lan lwot tai C va D. Puong trong ngoai
tiép tam gidc OCD cét nita duong tron (O) tai E va F. Chitng minh rang AD, BC va EF

dong tai mot diém.

Phan tich va loi giai

Goi N 1a giao diém ctia AD va BC. Ta di chiing minh rang ba diém E, F, N thang hang.
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Dé thdy AC//BD, AC = CM,BD =DM va COD = 90°.

[

Goi I 1a trung diém cua CD, H la giao diém cua MN
v6i AB, K va S lan luwot 14 giao diém cua EF véi OM
va OL Trong tam gidc NBO c6 AC//BD nén ta cé |

ON _AC N _ M 1y 46 suy ra MN//BD//AC. ¢
MN BD MB MD N s

Tac()@:%ZQ:@néntaduchNzNH.
AC CD BC AC

T

Vé duong kinh OJ cua duong tron (I) dwong kinh

CD. Hai duong tron (O) va (I) cat nhau tai E va F.

Suy ra OI la duong trung triec ctia EF, nén ta duoc

OI L EF, do d6 EF//AB.

Tam giac EOJ vudng tai E c6 ES la dwong cao nén OE* = 0SOJ.
Tt d6 ta dwoc 20S.01 = OM? = OS.OI = %OMZ.

Ma ta c6 AOSK «» AOMI nén ta duwoc (())_I\S/I = (())—II{ = 0S.0I = OM.OK.

Do d6 ta duwgc OM.OK = %OM2 = OK = %OM hay K 1a trung di€ém ctia MO.

Ma ta lai c6 EF//AB, do d6 EF di qua N. Vay ba diém E, F, N thang hang.
Vi du 6. Cho tam giac ABC ndi tiép duong tron (O). Duong tron tam A cat BC tai D, E va

cat duong tron (O) tai G, H sao cho D nam giita hai diém B, E va tia AB ndm gitta hai tia
AC, AG. Dudng tron ngoai tiép cac tam gidc BDG va CEH cat Ian luot AB, AC tai K, L
khéc B, C. Chting minh rang GK va HL cat nhau tai mot diém trén OA.

Trich dé thi Olympic Todn Qudc té'- IMO 2015

Phan tich va loi giai
Goi giao diém cta GK vé6i LH la X. Ta can
ching minh X thugc OA.
That vay, dé thdy AG va AH la ban kinh duong
tron tam A nén ta dugc AG = AH, dong thoi G
va H thudc dwong tron (O) nén ta c6 OG = OH
tir d6 suy ra AO la duwong trung truc cia GH.

Ta chi can chtng minh X thudc duong trung

triee cua GH 1a bai todn duoc chitng minh.
That vay, dé thay t& gidc HCBG ndi tiép duong

tron (O) nén ta dugc GHC =180 -GBD va t
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giac GHED noi ti€p duong tron tam A nén ta
duoc GDE =180° — GHE
Khi d6 ta c6 bién do6i sau EHC = GHC — GHE = 180" — GBD — GDB = BGD
Do t& gidc KGBD noi tiép nén ta ¢6 KGD = KBD va do t& giac HGDE ndi tiép duong tron
tam A nén ta c6 HGD = HEC. Lai ¢c6 GBA = HCA (hai goac ndi tiép chan hai cung bang
nhau) va EHC = BGD
Lai do tt gidc GDEH noi tiép nén EHG = GDB.Khi d6 ta c6 bién d6i sau
XGH = XGD - HGD = KBD - HEC = 180" - (GBA +BGD + BDG) —-HEC
=180" - (HCA +EHC + EHG) —HEC = ACB - GHE = XHE - GHE = XHG

Do d6 ta dugc tam gidc XGH can tai X hay X tudc duong trung truc cia GH. Vay X thudc
AO nén GK va HL cit nhau tai mot diém trén OA.

Vi du 7. Cho tam giac nhon ABC c6 cac dwong cao BD va CE cit nhau tai H. Goi M, N [an
lwot 1a trung diém ctia cac doan thang AH, BC. Chting minh rang MN va cac duong phan

gidc cua cac goc ABD; ACE dong quy tai mot diém.

Phan tich tim loi giai

Goi K la giao diém cua cdc duwong phan giac ctia cac goc ABD; ACE khi dé
KBD = KCD. Lai thdy BEC = BKC = BDC = 90°. Nén cac diém B, E, K, D, C ciing nam trén
duong tron tam N. Ma ta lai c6 ECK = KCD nén diém K nam chinh gitta cung DE cta
duong tron tdam N duong kinh BC. Ma ta lai thdy cac diém A, E, H, D nam trén duong
tron tam M. Nén hai duong tron tim M va tam N cat nhau tai D va E. Nhuee vay MN di qua
diém chinh gitta cung DE cua dwong tron tdm N hay MN di qua diém K. Vay MN va cac
duong phan giac ctia cac goc ABD; ACE dong quy tai mot diém.

Loi giai

Goi K 1a giao diém cua cac duong phan giac cua A

ABD va ACE. Dé thdy ABH = ACH do cuing phu

vOi goc BAC. M .
Ma BK va CK la phan giac ctia cac goéc ABD; ACE
E
nén ta duwgc KBD = A;;H = % =KCD. T do6 ta
duoc B N c

KBC + KCB = DBC + KBD + KCB
= DBC + KCD + KCB = 90°
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Suy ra BKC =90’ nén ta duwgc BEC = BKC = BDC =90". Ttt d6 suy ra cac diém B, E, K, D, C
cing nam trén duong tron tim N. Ma ta lai c6 ECK = KCD nén diém K nam chinh gitta
cung DE cua duong tron tam N duong kinh BC. Mat khéc ta lai c6 AEH = ADH = 90° nén
cac diém A, E, H, D ndm trén duong tron tim M. Nhu vay hai duong tron tim M va tam

N cat nhau tai D va E. Nhu vay MN di qua diém chinh giita cung DE ctia dwong tron tam
N hay MN di qua diém K. Vay MN va cac duong phan gidc ctia cac géc ABD; ACE dong

quy tai mot diém.

Vi du 8. Chon sau diém trén cac canh ctia mot tam giac déu ABC sao cho A;A, trén BC,
B;B,trén CA, C;C,trén AB. Nhitng diém nay la dinh cia moét luc giac 16i
A A BB,CC, voicac canh bang nhau.

Chitng minh rang cac duong thang A B,,B,C, va C,A, dong qui.

Loi giai
Bén trong tam giac déu ABC lay diém M sao
cho t&r giac C,C,A MIla hinh thoi. Khi dé
C,A, = A M = MC, . Diéu nay dan dén tam giac
A MA, déu. Nén A M = A M. Suy ra
MA,B B, cling la hinh thoi. Do d6 MA, = MB, .
Ttr d6 MA = MA, = MB,=MC,. Nhu vay t giac
A AB,C, 1a tix gidc noi ti€p. Suy ra

ACA, = 1 AMA, = 30°. Hoan toan tuong tu ta
2

duoc CAB, = %CIMB2 =30".
Trong tam giac déu ABC 1dy cac diém M, va M, sao cho cac ti giac BM,C,C, va BM,B,C,

la cac hinh thoi. Chitng minh hoan toan twong tw ta dwoc hai tt giac A BB,C, va A B C,C
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ndi tiép. T d6 ta dwoc ABC,=BAB=BCA =CBC,=30". Xéttam

gidc ABC, c6 AB,, BC,, CA, lacdc duong phan giac trong nén ching dong quy. Vay ta
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c6 diéu phai chitng minh.

Vi du 9. Cho diém C thay ddi trén nira duong tron duong kinh AB=2R(A #C, B#C).

Goi H 1a hinh chiéu vudng goc ctia C 1én AB. Goi I va J Ian luot la tam duong tron noi ti€p
tam giac ACH va BCH. Cac duong thang CI va CJ cat AB lan luot tai M va N. Chttng minh
rang cac duong thang MJ, NI, CH dong quy.

Phan tich tim 1oi giai
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Dé chiing minh ba duong thang MJ, NI, CH dong quy ta di chiing minh MJ, NI,
CH la ba duong cao cua tam giac CMN. Mudn vay ta can chitng minh dwoc
CIN = CJM = 90°. Diéu nay sé duoc khéng dinh khi ta chitng minh dwoc cac tit giac CIHN
va CMH]J noi tiép duong tron

Loi giai
Vi, J la tam dwong tron noi ti€p tam gidc
ACH va BCH nén ICH = %ACH va

JCH = %BCH. Ta cod

MCN = MCH + NCH = %(ACH + BCH) _ 45

Lai c6 HI la duong phan gidc ctia géc AHC

nén suy ra MHI = %AHC = %900 = 45"

Ttr d6 ta dwoc MCN = MHI nén t&¢ giac CIHN ndi tiép nén suy ra duoc CIN = CHN =90°.
Do d6 ta dwgc NI vuong gdéc véi CM. Chitng minh tuong tu ta dugc ti giac CJHM ndi tiép
suy ra CJM = CHM = 90" nén MJ vudng gdc v6i CN. Trong tam gidac CMN c6 cac duong

cao CH, MJ, NI chiing d6ng quy tai mét diém.

Vi du 10. Cho hai dwong tron (O) va (O ') cat nhau tai A va B. Gia st CD va EF 1a hai tiép
tuyén chung ngoai ctia hai dudng tron nay (C, Ee(0);D,Fe (O')) va diém A gan CD hon.
Goi A, la duong thang qua A tiép xtic véi dudong tron ngoai tiép tam gidc AEF va A, la

duong thang qua B tiép xtc véi duong tron ngoai tiép tam giac BCD. Ching minh rang
cac duong thang A , A,, CD, EF dong quy.

Phan tich tim loi giai

Goi M la diém d6i xing véi B qua EF. Khi d6 ta c6 EMF =EBF nén
EMF + EAF = 180" nén t& gidc MEAF ndi ti€p duong tron. Goi N 1a giao diém cua cac tiép
tuyén tai A, M cua duong tron ngoai ti€p t& giac MEAF. Ta sé ching minh cac duong
thdng A, A,, CD, EF. Mudn vay ta can chiing minh duwoc ba diém E, F, N thang hang. Khi
dé N thudc duong tron ngoai ti€p tam giac ABF. Do d6 N thudc duong trung truc cta
doan thdng AB nén N thudc duong thang OO’. Chitng minh twong tu ta ¢ A, va CD cat
nhau tai mot diém N’ thudc duwong théng OQ'. Do tinh chat d6i xtiing CD va EF cit nhau
tai mot diém thudc duong thang OO, do d6 hai diém N va N’ tring nhau. Vay cac duong
thang CD, EF, A, va A, dong quy tai N.
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Loi giai

Goi M la diém d6i xtiing véi B
qua EF. Khi d6 ta c6 EMF = EBF.

Ma ta cé

EBF + EAF = EBF + EAB + FAB
= EBF + BEF + BFE = 180°

Do dé ta dwoc EMF + EAF = 180"
nén t& giac MEAF noi tiép
duong tron. Goi N la giao diém
cua cac tiép tuyén tai A, M cta
duong tron ngoai tiép ti giac
MEAF.
Ta can chiing minh ba diém N, E, F thang hang. That vay, goi F’ 1a giao diém thit hai ctia
duong tron ngoai tiép tir gidc MEAF véi NE. Khi d6 dé thay hai tam gidac NAE va NF'A

n ~ AE NA
dong dang nén — = —

AF'" NF'

Hoan toan tuong tu ta ¢ ME _MN _ NA 'y ket qua trén ta duoc AE _ME on

MF' NF' NF' AF' MF'
AF' AE
MF' ME’
GoiIla giao diém cua AB va EF, ta c6 IE’ = IA.IB = IF° nén IE = IF
Ta lai c6 AIEB » AIAE nén ta duoc @zgzg.Tuongtu’tacé BF _IF nén @:E
EA TA IA AF IA EA AF
!
Do vay ta c6 ME _ ME hay AL _AF & hop véi AP _AB dwogc hai diém Fva F’
AE AF ME MF MF' ME

tring nhau. Do d6 ba diém N, E, F thang hang. Ta ¢4 N thudc duong tron ngoai tiép tam
giac ABF. Do d6 N thudc duong trung truc ctia doan thang AB, suy ra N thudc duong
thdng OO’. Chirng minh tuong tw ta ¢ A, va CD cat nhau tai mot diém N’ thudc dwong
thang OO’. Do tinh chét d6i xting CD va EF cat nhau tai mot diém thudc duong thang
00, do d6 hai diém N va N’ triing nhau. Vay cac duong thang CD, EF, A, va A, dong

quy tai N.

Vi du 11. Cho luc gidc ABCDEF c6 céac cdp canh d6i dién song song véi nhau. Goi M, N, P,
Q, R, S lan luot la trung diém cua AB, BC, CD, DE, EF, FA. Chiing minh r:?mg cac duong
thang MQ, NR, PS dong quy.

Phan tich tim 1oi giai
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Nhan thay néu luc gidc ABCDEF c6 AD, BE, CF dong quy tai mot diém O khi dé
hién nhién duong thang MQ, NR, PS déng quy. D& y 1a khi AD, BE, CF khong dong quy
thi ching cdt nhau theo d6i mot tao thanh mot tam giac nam trong luc gidc. Khi d6 goi O
la giao diém ctia MQ va NR(di€ém O nam trong tam gidc XYZ) va ta can chiing minh PS di
qua diém O. Chu y dén cac trung diém ta duoc S, =S, va S, =Sy,

p N€Nn SOXE = SOXD .

Twong tw ta dwoc S, =S, nén S , =S ... Cing twong ty nhu trén thi ta duoc
Sose = Sop- DO d6 nén ta dwoc S, =S, .. Lai d€ y la khi diém O khoéng thudc PS thi ta

OBE

thay S

OAD

# S.cp - Nén ta st dung phép phan chitng dé chiing minh tiép bai toan.
Loi giai

Ta xét cac treong hop co thé xdy ra nhu sau: A M B

+ Truong hop 1: Néu AD, BE, CF dong quy
tai mot diém O. Khi d6 theo dinh 1i Talets ta

cO

OB_AB_2BM _BM
OE ED 2EQ EQ

Mat khac ta c6 BM//EQva B, O, E thzfmg

hang nén suy ra M, O, Q hay MQ di qua
diém O. Hoan toan tuong tu ta ciing c6 NR,
SP di qua diém O. Vay MQ, NR, PS dong
quy tai O.

+ Truong hop 2: Néu AD, BE, CF khong dong quy. Khi d6 chiing cat nhau tao thanh tam
gide XYZ.

Lap luan teong ty treong hop 1 ta MQ, NR, PS

lan lwot di qua X, Y, Z. Goi O la giao diém cua
MQ va NR(diém O nam trong tam gidc XYZ).
Ta co Sy, =S Va Syqp = Syqe NéN tasuy ra

dwoc S ., =S, - Twong tw ta duwoc S_, =S,

nén ta duoc S, =S .. Cling twong tu ta

chiing minh dwoc S, =S, nén ta duoc

Soan = Socr
Gia stt diém O khong thudc duong thang SZP, khong mat tinh tdng quét ta xem diém A,

O, Ccung nam mét phia so vdi SP. Khi d6 ta duoc S >8 ., Matalaico S, =S, nén

OASX OFSZ

suy ra SO N SOFZ

Tuwong ty ta cing c6 S, > S, Ma S, =S, néntadwoc S 6 >S

OPCz OPD ocCz
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Do dé ta duogc S, > S, diéu nay mau thuan véi S, =S, - Suy ra diém O phai thudc

OCF 7

duong thang SP hay SP di qua O. Vay ba duong thang MQ, NR, PS d6ng quy tai O.

Vi du 12. Cho tam gidc nhon ABC ndi ti€p duong tron (O) Goi A ,B,,C, va A,,B,,C, Tan
luot la chan duong cao ciia tam giac ABC ké tit A, B, C va cac diém ddi xting véi A ,B,C,
qua trung diém cua BC, CA, AB. Goi A,,B,,C, lan luwot la giao diém thit hai ctia cac duong
tron ngoai ti€p AAB,C,,ABA,C, va ACAB, véi duong tron (O). Chiing minh rang

AA,BB
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C,C, dong quy.

Phan tich va loi giai

Ta sé chitng minh A A, B B,,C C, cung di qua trong tam G ctia tam giac ABC. Goi M la
trung di€ém ctia BC, A’ 1a diém d6i xting v6i A qua trung truc cua BC. Ta sé chiing minh

A’ trung voi A, . That vay, goiI la giao di€ém ctia AA’ va trung truee cua BC.

Ta cé A, A’ d6i xting nhau qua trung truc cia BC nén
CA =BA',CA' = BA = ACAA’ = ABA’A. Suy ra ACA’ = ABA' nén ta dugc A’ thudc duong
\ \ A AC \ \ A ’
tron (O). Ma AABB, «> AACC, nén suy ra ABI = % Do A, Bva C,C, cung do6i xitmg nhau
1
qua trung diém ctia AB nén BC, = AC, . Chitng minh hoan toan twong tu ta duoc

B,C = AB,.

, BC, AC AC BA’
Ta co 2=—1l="—=
CB AB AB CA’

2 1

.Matalaicé6 C,BA'=B,CA’ nén ta dugc AC,BA’ ©» AB,CA’

Tkt d6suy ra A'C,B=A'B,C= AC,A’' = AB,A’' nén tt giac AC,B,A’ 1a t& giac noi ti€p.

Suyra A, =A’. Goi G la giao diém cuia AM va A A_.Laico AA // MI va AI// MA, tir d6

MA
ta duoc tt gide AIMA, 1a hinh binh hanh. Do dé AI = MA, = %AA3 == % Vi MA,//

3
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MA
AA, nén theo dinh li Talets ta duoc Z/I—i = AAl = % Suy ra G la trong tam tam gidc ABC.
3

Vay A A, diqua G. Tuong te BB,,C,C, diquaG.Suyra A A BB, CC, dong quy tai G.

Vi du 13. Cho tam gidc ABC néi tiép duong tron (O). Mot duong tron (K, ) tiép xuc voi
cac canh AB, AC va tiép xtc trong v6i duong tron (O) Ian luot tai M, N, P, . Cac diém
M,,N,,P, va M,,N,, P, duwocxac dinh mot cach twong tyr. Chitng minh rz‘?mg cac doan théng

M,N,,M,N,,M,N, cit nhau tai trung diém cua modi doan.

Phan tich va loi giai
Goi E, F Ian luot la giao di€ém ctia AP, CP, voi A
duong tron (Kl) Goi D la giao diém ctia N P, véi
duong tron (O). Ta sé chirng minh D la diém chinh
gitta cung nho AC
That vay, goi Px la tiép tuyén ctia duwongtron (O)
tai P, khi do ta co

B C
NAE = CAP, = CAx =FPX =FNP, & M
P

Ta lai c6 tit giac EN,FP, ndi ti€p nén N EA = N FP,. ' X

Tir d6 ta dwgc AAEN, ©> AN FP, nén

FPN, = AN,E = APN,

Do d6 PN, la phan gidc caa AP.C nén D la diém

chinh gitta cung nho AC

Tt d6 ta suy ra BD la phan gidc cia goc ABC. GoiI1a giao di€ém caa M N, va BD. Khi dé
tasuy ra duoc IMP = NMP, =N Px =DPx=DBP =IBP .Suy ra tit giac IM BP, nén ta
duwoc PIB=PM B matalaico PMB=PNM, .Dodd PIB=PNM = DIP, =DN I nén

DI DP ~ 4 A
ADIP, > ADN I suy ra —— = — = DI’ = DN .DP,. Ta cling c6 DAN, = CPN, = DPN, nén
DN, DI
DA DN 2 . A iy
ADAN, @ ADP A suy ra — = —+ = DA* = DN .DP . Do d¢6 ta dugc AD = DI nén tam giac
DP, DA

ADI can tai D

Suy ra DIA = DAI = ABI + IAB = DAN, + N Al = % +TAB = % +N AT

Do d6 ta dugc IAB = N Al nén Al la phan giac ctia géc BAC. Vay I 1a giao di€ém hai duong
phan giac trong ctia tam gidc ABC nén I 1a tim duong tron ndi tiép tam gidc ABC. Dé thdy
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AAM N, can tai A va Al'la phan giac ctia goc BAC nén Al la dwong trung tuyén ctia M\N, .
Nén I'la trung diém ctia M,N,. Hoan toan tuwong tu ta cling dwoc I 1a trung diém ctia
M,N,,M,N, . Vay c4c doan thang M N
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»M,N,,M_N_ cat nhau tai trung diém cta moi doan.

Vi du 14. Cho tam giac ABC va cac diém A ;B ;C, Ian luot nam trén canh BC, CA, AB. Goi
G la trong tam tam gidc ABC. Goi G ;G,;G. lan luot la trong tam cac tam giac
ABC,; BCA ; CAB,. Chtng minh rang cdc duong thang AG ;BG,;CC_déng quy khi va

chikhi AA ; BB ; CC, dong quy.

Phan tich va loi giai

Theo dinh li Ceva thi ba duwong thang
AA; BB,; CC, dong quy khi va chi khi
AC, BA, CB,
BC, CA, AB,
Goi giao diém tuong ting cta AG ;BG,;CG_ voi
BC, CA, ABIan luwotla A,;B ;C,. Khi d6 ba duong
thang AG ;BG,;CG_db6ng quy khi va chi khi
CA, BC, AB,
BA, AC, CB,
Nhu vay ta can chiing minh duoc

CA, BC, AB, CA, BC, AB,

BA, AC, CB, BA, AC, CB,

That vay, goi A, la trung diém cua B,C,, goi h;h, lan Iwot la duong cao cta cac tam giac

Suc  h.AC  AA AC

AA,Cva AAB, teongtnghattr A; A, . Khido6taco —— = = . Tuwong tw
s hAB AA AB
8 AA, AB .S S AA,AC AA AB
ta cling c§ ——t = 2 LT de =20, 280 _ p—2 hay
we  AALAC Sivp Suwe AAAB CAAAC
SAAZC SAA301 _ & ACl
SAAsBl SAAZB AB AB1
7 S AC
Mit khac do A, 1a trung diém ctia BC, nén S,, , =S,, . -Tirdésuy ra —= = AC A%,
P € s ABTAB,
\ .S AC , AC AC
Ma ta ciing c6 —=< = 22~ Do d6 ta dugc —2 _AC A%
A,B AB AB,

AA,B 2 2

\ . . BC CB, AB BA
Chttng minh hoan toan tuong tw thi ta duoc . _ CB —t: 2 = % L
AC, CA'CA’CB, BC BC,

CA, BC, AB, CA, BC, AB,
BA, AC, CB, BA, AC, CB,

Nhan theo v& cac dang thiic trén thi ta dwoc

Nguyén Céong Loi TAI LIEU TOAN HOC




Suy ra cac duong thdng AA;BB,;CC, dong quy, diéu nay dan dén ba duong thang
AG ;BG,;CG_ dong quy. Vay cc duong thang AG ;BG,;CG. déng quy khi va chi khi
AA; BB; CC, dong quy

Vi du 15. Cho tam giac ABC va D la mot diém bat ki khong thudc cac dwong thing AB va
AC. Trén doan théng AD lay diéem M(M khac A, D). Goi I mét diém thudc doan AD(I khac
A, D va khac giao diém cua AD véi BC). Goi giao diém caa BI, CI Ian luot v6i AC, AB 1a E,
F. Goi giao diém cua DE, DF Ian luot véi CM, BM la K, H. Chting minh rz?mg cac duong
thang CM, AD, BK déng quy.

Phan tich tim 10i giai
Trén co s& hinh vé va gia thiét ta thdy cé nhiéu bo ba diém thang hang nén theo dinh

1i Menelaus ta sé 1ap dwoc cac dang thitc vé ti s8 nhuw DM FA HB _, o3 DM BA KO _,
DA FB HM DA EC KM
. Ttr d¢6 ta thu duoc EC FA _KC HM ', lai c6 ba dwong thang AG, BE, CF dong quy
EA FB KM HB

nén @E—C%—l. T d6 ta rat ra duoc @zE—C% nén GC _ KM HM

GC EA FB GB EA FB GB KC HB
GB KC HM \ . , . A , \ 2 >
——.——.—— =1. Ma theo dinh 1i Ceva thi hién nhién cac duong thang CM, AD, BK dong
GC KM HB
quy.

Loi giai
Goi G la giao diém ctia AD va BC. Ap dung dinh li
Menelaus cho tam gidc AMB v6i b ba diém F, H, D

thang hang ta duoc DM FA HB _,

DA FB HM
Ap dung dinh li Menelaus cho tam gidc AMC v&i bd
ba diém K, K, D thang hang ta dugc
DM EA KC
DA EC KM
DM FA HB '

=1. Ttr d6 ta duwoc

DA FB'HM _; _, EC FA _KC HM

DM EA KC EA FB KM HB'

DA EC KM

Ta lai c6 ba duong thang AG, BE, CF dong quy nén theo dinh li Ceva ta duoc

GB EC FA |

GC EA FB

Ttr d6 ta duoc GO _ E—C%, két hop vdi hé thirc E—C% = K—C@

GB EA FB EA FB KM HB

GC KM HM GB KC HM

Suy ra — =——.—— hay taduoc —.—.— =
GB KC HB GC KM HB

Nhu vay theo dinh 1i Ceva thi cac duong thang CH, BK, MG dong quy.
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Vi du 16. Cho tam gidc ABC c6 AB = AC. Puong phan giac ctia géc BAC cat BC tai V. Goi
D la chan duong vudng goc ha tir A xudng BC. DPuong tron ngoai tiép tam gidc DAV cat
AB, AC Tan luot tai F, E. Chitng minh rang ba duong thing AD, BE, CF déng quy tai mot

diém.

Phan tich tim 10i giai
bé ching minh AD, BE, CF doéng quy tai modt diém ta can chi ra duoc
DB EC FA DB EC EA

DG EA BB - 1 hay ta can chttng minh DG FB - FA Chua y la EA =FA nén dé két thac
chiing minh ta can phai chi ra duoc DB _ %

Loi giai
Ta c6 ADV =90’ nén tam giac ADV ndi tiép A

duwong tron duwong kinh AV. Ttr d6 suy ra
AFV = AEV =90° nén ta dwgc BFV =90°. Xét hai
tam giac VFB va ABD c6 ABD la goc chung va E

VEB = ADB nén AADB < AVFB. Ttr d6 ta duoc F

DB :@:E:E. Chttng minh hoan toan B D V C
FB VB DB AB

tuong tw ta duoc E—g = X—g .

Lai cd AV la duwong phan giac ctia tam gidc ABC nén ta duoc g _VC k& hop cac két

qua trén ta duoc B _EC hay ta duoc DB _IB Xét hai tam gidc AFV va AEV co
DB DC DC EC

AFV = AEV =90°, AV chung va FAV = EAV. Tl d0 AAFV = AAEV nénsuy ra FA =EA.

Dods 2B_FB DB EC_
DC EC DC FB
Tur d6 ta duoc 3_2 . % . % _ 1. Nhu vay theo dinh li Ceva thi ba duong thing AD, BE, CF

dong quy.

Vi du 17. Cho tam giac nhon ABC noi ti€ép dwong tron (O; R) c6 H la truc tam. Ching
minh r:?mg ton tai cdc diém D, E, F Ian luot trén cac canh BC, CA, AB sao cho

OD + HD = OE + HE = OF + HF va ba duong thang AD, BE, CF dong quy.

Loi giai
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Goi L 1a giao diém cua AH v6i dwong tron (O). Goi A

D 1a giao diém cua OL va BC. N6i D véi H, khi d6 ta P
chttng minh dwoc HD = DL. Tt d6 ta duoc o /
OD+DL=0D+DH=0L=R l

>

Twong tu ta dugc OF + EH = OF + HF = R. N&i OB, 7\

OC va BL thi ta dwgc BOC = 2BAC va

B Kl /D C
BOC =180" —20BC. \ u

Do d6 ta duoc -

20BC =180" —2BAC = OBC = 90" — BAC
Va talai c6 CBL = CAL = 90" — ACB. Ttr d6 ta duwoc

OBL = OBC + CBL = (90° - BAC) + (90“ _ ACB) — ABC.

Vi OB =L =R nén ta dugc OLB = OBL = ABC.

Do d6 ta dwoc BLO =180" —2ABC = BOD = 180" —2ABC.

Nhu vay trong tam gidc BOD c¢6 BOD = 180" — 2ABC . Hoan toan twong tw ta duoc tron
y g g g g
BD OD

tam giac COD c6 COD =180" —2ACB. Theo dinh li sin ta c6 = va
sin BOD sinOBD
CD _ OD
sinCOD  sinOCD
Ma ta c6 OCD = OBD nén ta duoc ob __OD . Ttr &6 ta duoc CD

sin OBD - sin OCD sinBOD sinCOD

. 0
BD _sinBOD _ sin (180 —2ABC)

Hay ta dwoc — = =
sin COD  sin (1800 - 2ACB)

C sin (180O — 2ACB) FA sin (1800 — QBAC)
Chttng minh hoan toan tuong tu ta dwgc — = : =

sin(1800 _ 2BAC)’ FB & (1800 _ 2ABC)

BD EC FA sin(180° - 2ABC) sin(180° - 2ACB) sin (1800 - 2BAC)
Do d6 ta dwoc —.—.— = ) ‘ 1
CD EA FB sin(180“ - 2ACB) sin(180° - 2BAC) sin (180° - 2ABC)

Ttr d6 theo dinh 1i Ceva ta duoc AD, BE, CF dong quy.

Vi du 18. Cho tam gidc nhon ABC ¢6 1, O lan luot 1a tam duwong tron ndi ti€p va ngoai ti€p

tam gidc. Duong thang Al cit duong tron (O) tai diém thit hai 1a D khac A. Goi E va F la

hai diém 14n lwot ndm trén canh BC va cung BDC sao cho BAF = CFE < %BAC .GoiGla

trung diém cta EF. Chting minh rang GD, EI cit nhau tai mot diém nam trén duong tron

(O).
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Loi giai
Goi giao diém thw hai cua EI véi duong tron (O) 1a
X, giao diém ctia AD va BCla L. Goi G’ va T lan luot
1a giao diém cta DX c6i IF va AF. Duong thang AF
cat dwong tron (O) tai diém thit hai 1a K. Ta ¢6

BAK = CAE nén ta duwgc BK = CE suy ra KE//BC.
Lai c6 BAD = DAC suy ra BAD - BAK = DAC - CAE

hay ta dwgc KAD = DAE nén IAT = IXT. Ttr d6 suy
ra t& gidc ITXA noi tiép duong tron. Do d6
ITA = IXA = EXA = EKA.

Tt d6 ta dwoc IT//KE//BC, nén suy ra TF = L .
AT Al
\ \ \ A ar y ~ IL  CL
Vi CI la dwong phan giac ctia tam giac ACL nén NGk

Chttng minh duwgc ACLD > AACD nén ta duoc L _DbC
AC AD

Ta c6 ICD = ICB + BCD = %(ACB + BAC) _ isdABC; IDC = %sdAC

Tw d6 ta dwoc CID =180° — ICD — IDC = 180" — i sdABC — % sdAC = isdACB

Tt d6 suy ra ICD = DIC nén tam gidc ICD can tai D, suy ra DI =DC = % = %

Két hop cac két qua trén ta thu dugc w_Ib _ IWAD_,,
TA AD TA ID
Ap dung dinh li Menelaus cho tam giac AIF véiba diém T, D, G’ thang hang ta duoc
TF AD IG'
TA DI G'F
!
Két hop voi IV AD dwoc S L @1-G'FnénGla trung diém cua IF. Do d6
TA ID G'F
hai di€m G va G’ triing nhau. Vay GD, EI cat nhau tai mot diém nam trén duong tron (O).
Nhdn xét: Bai todn nay cé dwong Qidi quyét theo mot hiong khic. Dé chirng minh % = % ta
TF+TA ID+AD _TA  AF

& —— = .
TA AD AD 1ID+AD

c6 thé' quy vé chitng minh

Vi du 19. Cho tam giac ABC nhon ni tiép duong tron (O), c6 duong cao AD. Puong tron
(A) bat ki c6 tam A. Goi E va F 1a hai diém trén duong tron (A) sao cho E, F d6i xting véi
nhau qua AD va tia AE nam gitta hai tia AB, AF. Duong tron (A) cat duong tron (O) tai G
va H sao cho tia AB ndm gitta hai tia AG va AC. Giao diém ctia CE, BF véi duong tron (O)
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Tan lwot 1a P, Q khac E, F. Puong tron ngoai tiép tam gidc BPG va CQH Ian luot cit BA,
CA tai K, L khac B, C. Chttng minh rc%mg GK va HL cit nhau tai mot diém trén AO.

Phan tich tim loi giai

Goi X 1a giao diém cua GK va HL. Dé thdy AG va AH la ban kinh duong tron tam
A nén ta duoc AG = AH, dong thoi G va H thudc duong tron (O) nén ta c6 OG = OH tit d6
suy ra AO la dwong trung truc cta GH. Ta c¢6 EF//BC nén ta duoc EFB =FBC. Lai c6
EPQ = EFBdo d6 ta duoc QPE = FBC nén t gidc PQCB noi tiép. Lai c6 GHC = 180" - GBC
va GHE=GFE nén ECH=BGF. Do tt giac GPEH néi ti€p nén HGP =HEC, ma

PGK=PBK  tr  do6 HGX = HEC — (GBF ~GBA - PBF) . Tuong tu
GHX = GFB - (HCE —HCA - QCE) . Nhu vay ta can chi ra HEC — GBF = GFB - ECH thi ta sé

c6 HGX = GHX va nhu vay HX = GXhay X thudc ding trung truc cia HG hay X thudc
OA, diéu nay c6 nghia la GK va HL cit nhau tai X trén AO.

Loi giai
Goi X la giao diém cua GK va HL. Ta can A
chttng minh X thudc OA.
That vay, dé thady AG va AH la ban kinh
duong tron tam A nén ta duoc AG = AH,
dong thoi G va H thudc duong tron (O) °
nén ta co6 OG=O0H tir d6 suy ra AO la %
duong trung trec cua GH. Ta c¢6 EF//BC S - c
nén ta dwgc EFB = FBC. Ma ta cd ti giac \

PEFQ noi ti€p duong tron tam A nén ta

lai ¢6 EPQ=EFB. Do d6 ta duwoc
QPE =FBC, tir do suy ra t giac PQCB
ndi tiép duong tron.
Do ti giac GBCH ndi tiép nén ta lai c6 GHC =180° —GBC. Lai ¢c6 GHE = GFE (hai goc nji
ti€p ctia duong tron tam A). Ta c6 bién doi géc sau
ECH = GHC - GHE =180’ - GBC - GHE = 180" - GBP —PBC - GFE
=BGP + GPB - (1800 -BPC - BCP) +180" - GPE = BGP + FEC
= BGP + PGF = BGF

Do tit giéc GPEH ndi tiép nén HGP = HEC, ma lai c6 PGK = PBK = (GBF _GBA - PBF)
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Ttr d6 ta duwoc HGX = HGP - PGK = HEC - PBK = HEC — (GBF - GBA - PBF) (1)
Hoan toan twong tu ta dwoc GHX = GFB - (HCE —HCA - QCE) (2)

Lai c6 GBA = HCA, PBF = QCE va BGF = CHE nén ta dwoc GBF + GFB = HEC + EHC

Hay ta dwoc HEC - GBF = GFB-ECH (3)
Tt (1), (2) va (3) nén ta dwgc HGX = GHX nén ta duwgc HX = GX. Ttr d6 suy ra X thudc
ding trung truc cia HG hay X thuoc OA. Vay GK va HL cit nhau tai mét diém trén AO.

Vi du 20. Cho mot duong tron véi hai day AB va CD khong song song. Duong vudng goc
voi AB ké tit A cit duong vudng goc voi CD ké tir C va tir D Tan lwot tai M va P. Puong
vuong goc véi AB keé tir B cat duong vudng géc véi CD ké tir C va tir D Tan luot tai Q va
N. Chting minh rang cac duong thang AD, BC, MN dong quy va cac duong thang AC,
BD, PQ déng quy.

Loi giai
Goi giao diém cua MN véi BC va AD lan luot 5
lalva]. Ta co:
1 Q
MI S _ §MC.BC. sin MCB _ MC. cos BCD

N Sync ;NB.BC.sinNBC NB.cos ABC

. MJ AM.cos BAD
Tuwong tutacO — = ———
J ND. cos ADC

Nhung do BCD = BAD, ABC = ADC = AAMC  ADNB nén % _Me suy ra Mb_MJ

NB IN JN
hay I va J trung nhau. Do d6 ta dwgc AD, BC, MN déng quy. Tuong tu ta duwgc AC, BD,

PQ dong quy

Vi du 21. Cho tam giac ABC. Duong tron noi ti€p tam I cua tam gidc ti€p xtic véi cac canh
BC, CA, AB Ian luot tai D, E, F. Goi M 1a trung diém ctia canh BC. Chiing minh rang cac
duong thang AM, DI, EF dong quy tai mot diém.

Phan tich va loi giai
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bé chiing minh AM, EF, ID d6ng quy ta goi L, N A
[an lwot la giao di€ém cua ID véi EF va caa AL vé6i

BC va chitng minh hai di€ém M va N trung nhau,

tiee N la trung diém BC. Trong tam giac ABC ta €
co
1 . '
E ~ SABN B §ABANSIH BAN ~ E sin BAN
NCShen %.AC.AN.sin can A€ simcan | L y

Trong tam gidc AEF ta cd

sin BAN 25, b 25, pp SapL _FL
simn CAN  AFAL AEAL S EL

S l.IF.IL.sin FIL in FIL in B
Trong tam giac IEF ta c6 FL_ SFIL =2 _C _C = %

EIL ;IE.IL.sin grr,  sin EIL - sin C

Tt d6 ta c6 duoc E—]é =1nén suy ra N la trung diém ctia BC hay hai diém M va N trung

nhau. Vay cac duong thang AM, EF, ID dong quy.

Vi du 22. Bai toan . Cho ADBC 1a t& giac ndi tiép duoc duoc. Goi P, Q, R lan lwot 1a hinh
chiéu ctia D trén cac duong thang BC, CA va AB. Chtiing minh rang PQ = QR khi va chi
khi cac dwong phan gic ctia cac géc ABC va ADC cat nhau tai mot diém nam trén duong
thang AC

DE thi Olympic Toan Qudc té’- IMO 2003

Loi giai
Truwdce hét ta chiing minh AQR = CQP. B
That vay, dé dang nhan thay cic t gidc AQRC,
CDPQ va BPDR noi ti€p duoc. Do d6 ta c6
AQR = ADR va CQP = CDP. Ma ta lai c6

RDP = ADC. Do d6 ta dugc ADR = CDP. Ttr d6 ta A £ A
duoc AQR = CQP

+Diéu kién can:Khi cac duong phan giac ctia cac goc D

ABC va ADC cat nhau tai mot diém nam trén duong

thang AC. Ta can chttng minh thi PQ = QR. M

That vay, goi E la giao diém trén duong thang AC

Nguyén Céong Loi TAI LIEU TOAN HOC




cta hai duwong phan giac cua cac goc ABC va ADC.
Trén tia d6i ctia tia DA 1ay diém M sao cho AM = AD. Ap dung tinh chat duong phén giac
cho hai tam gidc ABC va ADC ta duoc AB_DA _ % Tir d6 ta duwoc AB_ %

BC DC EC BC DC

Mt khac do t& giac ABCD noi ti€p nén ta c6 ABC = MDC. Ttr d6 suy ra AABC «> AMDC
nén ta duoc ABC = MCD va CAB = CMD. Lai c6 t& giac AQDR ndi tiép nén DQR = DAQ

QR DR DR

va RDQ =CMD = CAB. Tt d6 ADRQ ©» AMAC suy ra = =
AC MA 2AD

D3 thdy AADC « AAPR nén 28 = PR 14 46 ta duoc
AC DA

QR PR 1

— =——=QR=-PR =PQ=QR

AC 2AC « 2 Q=Q

+Diéu kién du: Khi PQ = QR, ta can chiing minh cac duong phan giac cua cac goc ABC
va ADC cat nhau tai mot diém nam trén duong thang AC.

That vay, goi E 1a giao diém cua duong phan giac cua goc ADC vé6i AC, ta di chiing minh
DE ciing la dwong phan giac cua géc ABC. Theo tinh chdt duwong phan giac trong tam

-z ., AD EA DM
glactaco —=—=—-.

CD EC DC
Dé thdy AADC > AAPR nén ta dugc RP_DR
AC DA
2DR _ QR _ DR _ DR
2AD AC 2AD MA
Suy ra RDQ = CMD = CAB, lai ¢6 ABC = CDM nén AABC > AMDC
AB DM AB EA

Do d6 ta dugc — = — . Tir dé suy ra — = —. Do d06 BE la phan giadc ctia géc ABC.
BC DC BC EC

Ma PQ = QR nén ta duwoc 21(3(}; = suy ra ADRQ > AMAC

Vi du 23. Cho tam gidc nhon ABC va ldy cic diém P, Q nam trén canh BC sao cho
PAB =BCA va CAQ=ABC. Céac diém M va N Jan lwot trén AP va AQ sao cho P la trung
diém ctia AM va Q la trung diém ctia AN. Chiing minh rang giao diém ctia BM va CN
nam trén duodng tron ngoai tiép tam gidc ABC.

Trich deé thi Olympic Todn Qudc té"- IMO 2014

Phan tich tim loi giai

Goi giao diém ctia MB va CN la D. D¢ chiing minh giao di¢ém ctia BM va CN nam
trén duong tron ngoai ti€p tam giac ABC ta di ching minh t¢ giac ABDC néi ti€p duong
tron. Mudn vay ta can ching minh dwgc t¢ giac BODN ndi ti€p duong tron dé cd
BAC = BQN = BDN hodc BDC + A =180". Vi hai két qua trén ta déu co tix giac ABDC ndi

ti€p duong tron.
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Loi giai

Cach 1: Goi giao diém ctia MB va CN la D. ta can A
chitng minh t& giac ABDC ndi ti€p dwong tron. That

vay, theo gia thiét ta c6 AP =PM va AQ=QN do do

ta duwoc MN//PQ. Cling theo gia thiét PAB = BCA va

CAQ = ABC tac6 APQ=AQP = A
Mt khac dé dang chiing minh dugc AABP « ACAQ

Q P
| \
Suy ra — PB _QA = PB _QA , do d6 ABPM «» ANQC "
PA QC ~PM QC’
N M

nén CNQ = MBP. Do d¢ t& gidc BQDN noi tiép
duong tron, suy ra BAC = BQN = BDN. Vay tt giac
ABDC noi ti€p duong tron, ta c6 diéu phai ching

minh.

Cach 2: Do CAQ = ABC nén ta dugc AABC > AQAC, suy ra Ag ig

Goi E va F Ian lwot 1a diém ndm trén tia d6i ctia tia AB va AC sao cho AE = AB, AF = AC.
o B_C _ AB 2AB EB
AC AQ 2AQ NA
Twong ty ta dwoc CFB = AMB .Mt khac ta thdy t& giac BFEC la hinh binh hanh. Goi I 1a
trung di€ém ctia BC thi ta c6 Al//CE//FB. Suy ra BAC = BAI + IAC = BEC + CFB.
Do do6 ta duwgc DNM = ANM — ANC = A - BEC . Tuong tu ta dwgc DMN = A - CFB.
Ta c6 DNM + DMN =2A —-BEC -BFC = A, suy ra BDC + A =180°

nén ta duwgc AEBC > ANAC, do d6 ta dwoc BEC = ANC

Do d6 ti giac ABDC noi ti€p duong tron.

Vi du 24. Cho tam gidc ABC c6 AB = AC va H la truc tam. Ta ki hiéu (O) la dwong trong
ngoai tiép tam gidc ABC. Goi M la trung diém ctia BC. Puong thang AM cat dwong trong
(O) tai diém thtt hai 1a N. Duong tron duong kinh AM cat duong tron (O) tai P. Chudng
minh réng cic duong thang AP, BC, OH dong quy khi va chi khi HA = HN

Trich dé thi chon dgi tuyén IMO Phdp 2012

Loi giai

Nguyén Céong Loi TAI LIEU TOAN HOC




Trudce hét ta sé chiing minh ba diém P, H, M
thang hang.

That vay, Goi V 1a diém d6i xtiing vdi A qua
O.Khidétaco BH L AC va VC L AC. Tie d6
suy ra BH//VC. Hoan toan tuong tw ta duogc
CH//VB nén tit gidc BHCV Ia hinh binh hanh.

L e
, J B c
Do M 1a trung diém ctia BC nén M la ta c6 HV W
nhan M la trung diém. v

Do P thudc duwong tron (O) nén ta dwoc

APV =90’

Goi U 1a giao diém thwt hai caa HV véi duwong

tron (O) khi d6 ta c6 AUV = ABV =90°. Suy ra

hai diém U va P trung nhau. Do dé ba diém P,

M, H thang hang.

Goi ] 1a giao diém cua AP va BC. Do AH va MP 1a hai dwong cao cua tam giac AIM, do dé
H 1a truc tam cta tam gidc AJM. Ttr d6 suy ra OH di qua ] khi va chi khi OH vudng gbc
voi AN hay OA =ON.

Diéu nay chi ra rang OH L AN khi va chi khi OH la dwong trung tric ctia AN, cé nghia la
HA = AN.

Tt d6 ta 6 diéu khai chting minh.

Vi du 25. Cho duong tron (O) ngoai tiép tam giac ABC. Mot duong tron di qua A va C cat
canh BC va BA Ian luot tai D va E. Cac duong thang AD va CE cat duong tron [an thtt hai
tai G va H tuong ting. Cac tiép tuyén véi duong tron (O) tai A va C cat DE lan luot tai L va
M. Chitng minh rang cac duong thang LH va MG cat nhau tai mot diém trén duong tron
O).

Phan tich tim loi giai

Goi giao diém ctia duong thang MG véi duong tron (O) 1a P khac G. Chd ¥ rang
tt gidc BPED ndi ti€p duong tron nén P 1a giao di€ém thwt hai cua hai duwong tron ngoai tiép
tam gidc ABC va BDE. Do d6 d€ chiing minh cac duong thang LH va MG cat nhau tai mot
diém trén duong tron (O) ta sé chiing minh LH cling di qua P. Mudn vay ta goi Q la giao
diém cta duong thang LH véi duong tron (O) va ta can chitng minh Q 1a giao diém t& hai
cuia hai duwong tron ngoai ti€p hai tam giac ABC va BDE.

Loi giai
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Goi giao diém ctia dwong thang MG véi duong tron (O) 1a P khac G. Do MCD = CAE va
MDC = CAE nén ta dwgc MCD = MDC, suy ra tam gidc MCD can tai M. Do d6 ta dwoc
MC =MD.

Vi MC 1a ti€p tuyén tai C ctia duong tron (O) nén
ta duwgc MC? = MD? = MG.MP

Suy ra MD Ia ti€p tuyén ctia duong tron ngoai
ti€p tam giac DGP. Tt d6 ta dugc DGP = EDP.
Goi (O)la duong tron ngoai tiép tam giac BDE.
Khi d6

¢ \ \ \ & B
+Neéu B va P trung nhau thi véi BGD = BDE ta A :
. \ \ \ V2 A 7 . P
duwoc hai dwong tron (O) va (O’) ti€p xtc trong tai
H
B.

+ Néu B va P khdc nhau, khi d6 ta c6 hai truong

hop sau
e Truong hop P nam cling phia véi G so véi
duong th:fmg BC, khi d6 ta dwoc
EDP + ABP = 180" Ma ta c6 DGP + ABP =180’ nén
t& giac BPED ndi tiép duong tron.
Ttr d6 suy ra P la giao di€m ctia hai dwong tron (O) va (O’)(khac D va khéac E)
o Truong hop P nam khac phia véi G so véi duong thang BC, khi d6 ta c6
EDP = DPG = AGP = ABP = EBP
Suy ra t& giac PBDE ndi ti€p duong tron nén P ciing 1a giao diém cua hai duong tron (O)
va (O)
Hoan toan tuong tu ta goi Q la giao diém ctia dwong thang LH véi duong tron (O). ta
cting chiing minh dwoc Q la giao diém ctia hai duwong tron (O) va (O’) (khac D va khac E).
Do d¢6 hai diém P va Q trung nhau,
Vay hai dwong thang LH va MG cit nhau tai mot diém trén duong tron (O).

Vi du 26. Cho tam giac ABC véi I 1a tam noi ti€p va (O) la duwong tron ngoai ti€p tam giac.
Duong thang Al cat (O) tai diém thit hai 1a D (khac A). Goi E 1a mot diém trén cung BDC
ctia duong tron (O) va F la mot diém nam trén doan BC sao cho BAF = CAE < %BAC.

Chting minh rang duong thang EI va DG cuing di qua mdt diém trén nam trén (O).
Trich dé thi Olympic Todn Qudc té"- IMO 2010

Phan tich va loi giai
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Goi K la giao diém cuta tia AD véi duong tron tam D,
ban kinh DI. Do D la giao diém ctia phan giac goc
BAC véi (O) nén D chinh 1 trung diém cung BC. Dé

thdy khi d6 DI = DB = DC. 17

/
v

Suy ra bdn diém B, I, C, K cung thudc (D) va D la v F
trung diém IK. Theo gia thiét vi G la trung diém IF nén

DG la duong trung binh ctia tam gidc IFK. Nén ta

duwoc GD // FK = IDG = IKF . Ta sé chirng minh

AAEI > AAKF .

That vay, do BAF = CAE < %BAC va ABF = AEC nén

suy ra AABF < AAEC = AB_ E
AE AC
~ . 3 A AB Al
Hon ntra lai c6 ABI = IBC = AKC va IAB =IAC nén AABI © AAKC = K AC
/ ) A AE AK
So sanh hai dang thitc ¢ trén ta dugc AEAF = ABAC = ALAK = A AR

Mat khac TAE = TAC — CAE = IAB - BAF = IAF nén AAEI « AAKF = IEA = IKF (2)
Tt (1) va (2) ta dugc IDG = IEA = ADG = AEI, ttic 1a cac goc nay cting chan mdt cung trén
duong tron (O) da cho. Tir d6 suy ra cdc duong thang EI va DG cung di qua mot diém

nam trén (O).

Vi du 27. Cho tam giac ABC vdi cac goc nhon va AB # AC. Duong tron dwong kinh BC
tam O cat AB, AC Ian luot tai M va N. Phan gidc trong ctia géc BAC va MON gap nhau tai
R. Chitng minh rang hai duong tron ngoai tiép ctia hai tam giac BMR va CNR c6 mot diém

chung nam trén BC

Trich deé thi Olympic Todn Qudc té"- IMO 2004

Loi giai
Goi J, K Ian luot 1a tdm duwong tron ngoai ti€p cac tam giac BMR, CNR. Vi duong tron
tam O ta c6 MNA = MBC (cung chian cung MC). Tam gidc CON can tai O nén ta dwoc
ONC = OCN, nén ta dugc ONM = BAC. Diéu nay ching to ON la tiép tuyén cua duong
tron tam I ngoai ti€p tam gidc AMN. Hoan toan tuong tu ta dugc OM la tiép tuyén voi

duong tron tam I ngoai ti€p tam gidc AMN
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Ttr 6 suy ra OM = ON nén tam gidc MON can. Theo gia thiét OR la phan giac MON nén
no la trung treec cua MN. Do d6 ta duoc tam giac MRN can, suy ra MR, NR 1a hai dwong
phan giac khac caia MON.

Diéu nay dan dén R 1a tdm dwong tron ndi
tiép tam gidc MON va R ciing la diém chinh
gitta cung MN thudc duong tron tam I. Hai
duong tron tam J va K ngoai ti€p véi hai
tam gidc BMR va CNR c¢6 diém chung tht
hai la P.

Ta c6 AMB la cat tuyén chung cta hai
duong tron tam J va O, ANC la cat tuyén

chung cta hai duong tron tam K va O,
nén ARP la cat tuyén chung ctuia hai duong
tron tdm J va K. Vay A, R, P thang hang. Do
d6 cac ti giac PRMB va PRNC ndi tiép. Tt

do ta duoc

RPB + RMB = RPB + ABC + %BAC = 180"

Vi RPC+ RNC = RPC + ACB +%BAC ~180°. Tir d6 ta dwoc BPC = RPB+RPC =180°. Do

d6 P phai nam trén BC. Vay hai duwong tron ngoai tiép hai tam giac BMR va CNR c6 mot

diém chung trén BC

Vi du 28. Goi I 1a tam duwong tron noi ti€p cua tam gidac ABC va I' la dwong tron ngoai tiép
ctia né. Puong thang Al lai cat T tai D. Lay diém E trén cung BDC va F trén canh BC sao
cho BAF = CAE < %BAC . Goi G 1a trung diém cua IF. Chttng minh rang cac duwong thang

DG va EI cit nhau tai mot diém trén T

Trich dé thi Olympic Todn Qudc té"- IMO 2010

Loi giai
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Goi giao diém cua EI v6i duong tron T la P. Ta ¢
thé chtrng minh DP di qua trung diém G cua FL

Do IPX =IAX nén t& giac XPAI ndi ti€p, suy ra
AXI=API = ALE = AFC. Tt d6 suy ra XI song
song voi BC. Ta co
DIC =DAC+ACI=DCB+BCI=DCI nén ta dwoc B Y c
DI=DC=DB. Nén D la tam dwong tron ngoai \L\/\\\/V%

ti€p tam giac BIC. Tt d6 ADBP > ADYB nén suy ra D
DB _ DP
DY DB

DI DP

Tt d6 suy ra — = —, nén ta duwgc ADIP > ADYI
DY DI

Suy ra DIY = DPI = DAF nén IY song song v6i XP. Tt cac diéu trén suy ra FXIY la hinh
binh hanh nén hai dudng chéo FI va XY cat nhau tai trung diém G. Vay DG va EI cit nhau

tai moOt diém trén T'.

Vi du 29. Cho luc giac ABCDEF c¢6 BC = EF va cic dinh ndm trén duong tron duong kinh
AD. Goi H la giao diém cuia AC v6i BD, K la giao diém ctia AE v6i DE. Goi P, Q lan lwot 1a
hinh chi€u vudng gbc cta H trén AF, DE; R, S lan luot la hinh chiéu vuong goc cua K trén

AB, CD. Chting minh rang RS, PQ, HK d6ng quy.

Loi giai
Goi M la giao diém ctia AB va CD. Vé KI vudng géc v6i AD taiI. Do BC = EF va AD la
duwong kinh cua duong tron ngoai tiép da giac ABCDEF nén duwoc BHC = AKD. Ma ta lai

c6 BHC + BMC = 180" nén suy ra AKD + BMC = 180". Do d¢ t& giac MAKD noi ti€p duong
tron.

Gia st MAK > MDK. Do cac t& gidc
AIKR, DSIK. AMDK ndi tiép duong
tron nén ta dwoc
AIR = AKM = MAK -90°

=90" - MDK = DKS = DIS

Ttr d6 suy raba diéem R, I, S théng

hang.

Goi K ; K, Ian Iwot la diém doi
xtng vdi K qua AB, AD. Vi
AKM = AKM = ADM va
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ADM + AHM = 180" nén suy ra
AK M+ AHM =180°.

Do d6 t giac AHMK, ndi ti€p duong tron. Suy ra AHK, = AMK, = AMK.

Hoan toan tuong tu ta c6 t giac AHK,D noi tiép nén DHK, = DAK, = DAK = DMK

Tl d6 ta dugc AHK, + DHK, + AHD = AMK + DMK + AKD = AMD + AHD = 180"

Tl d6 suy ra ba diém K ;H;K, thang hang. Ma RI 1a duwong trung binh ctia tam gidc KK K,
nén RS di qua trung diém J ctia HK. Tuong tu PQ cling di qua trung diém J. Do vay RS,
PQ, HK dong quy.

Vi du 30. Cho ntta duong tron (O; R) duwong kinh AB va mot diém M trén nita duong
tron(M khac A, B). Trén ntta mit phang bd AB chita diém M vé cac tiép tuyén Ax va By
véi nta duong tron. Tiép tuyén tai M véi nta duong tron cit Ax, By lan luwot tai C, D.
Puong tron ngoai tiép tam gidc COD cat duong tron (O) tai E va F. Chitng minh rang cac
duong thang AD, BC, EF dong quy.

Loi giai
Dé thdy AC//BD. Theo tinh chat hai tiép tuyén cat ]
nhau ta c6 AC=CM;BD =DM va COD =90°. Goi I

la trung diém cua CD, N la giao diém cua AC va D
BC, H la giao diém cua MN va AB. Goi K, S Tan
lwot 1a giao diém cua EF véi OM, OL. g M

Theo dinh li Talets ta c6 % = AC = CN _CM

BD NB MD K A

Trong tam giac CBD c6 O _CM én theo dinh 1i
NB MD

Talets ddo ta suy ra MN//BD. Do d¢ ta duoc
MN//AC//BD. Tt d6 ta duoc

MN DM BN _NH
AC  DC BC AC’

Puong tron ngoai ti€p tam gidc COD la duong tron (I) duwong kinh CD. V& duong kinh O]

, suy ra MN = NH

ctia duong tron (I). Vi duong tron (I) cat dwong tron (O) tai E, F nén OI 1a dwong trung
triee ca EF. Ttr d6 ta dweoc OI vudng gdc véi EF nén EF//AB. Tam gidc EOJ vuodng tai E c6

ES la duwong cao nén 0S0J = OE*. Do d¢6 ta duoc 20S.01 = OM? = OS.OI = %OMz. Dé thay

AOSK > AOMI nén (g)l\s/[ OK = 0S.0I = OM.OK. Tu’doOMOK——OM2:>OK——OMhay

or
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K 14 trung diém ctia OM. Do d6 NK la duwong trung binh ctia tam giac MHO nén KN//AB.
Ma ta lai c6 EF//AB nén EF di qua N. Vay cac duong thang AD, BC, EF dong quy tai N.

Vi du 31. Cho diém A nam ngoai duong tron(O; R). V& cac cat tuyén AEB, ADC véi duong
tron (O)(cac diém B, C, D, E thudc duong tron). Goi H la giao diém cua BD va CE. Vé cac
tiép tuyén AM, AN véi duong tron (O)(M, N 1a cac tiép diém) trong d6 B va M nam cung

ntta mit phang bo AH. Chitng minh rang cac duong thang AH, BN, CM dong quy.

Loi giai
Goi H' 1a giao diém ctia giao di€m ctia MN va BD,
E’ la giao diém cua CD’ va duong trong (O). Ta co
AMO = ANO = 90" nén t& gidc AMON noi tiép
duong tron duong kinh AH. Goi I 1a tam cua
duong tron d6. Goi S 1a giao diém cua AH’ véi
duong tron (I). Khi d6
H'EH'C=H'MH'N=H'AH'S

Tt d6 suy ra t& giac AE’SC ndi ti€p duong tron, do

d6 ta duoc AE'C = ASC. Goi F la giao diém caa
AO va MN. Khi d6 dé dang chitng minh duoc
AH'.AS = AF.AO = AN’ = ACAD

Tt d6 suy ra t giac H'SCD ndi ti€p duong tron,
do d6 ta dwoc H'SC + H'DC =180°. Ma ta c6
BE'C =H'DC. Ttr d6 ta dwgc AE'C+BE'C =180°
Ttr d6 suy raba diém A, E’, B théng hang nén hai diém E va E’ trung nhau, hai diém H va
H’ tring nhau.

Nhu vay ba diém M, H, N thang hang. Goi K’ 1a giao diém ctia AH va CM.

Xét duong tron (I) c6 ASN = MNA va trong duong tron (O) c6 MCN = MNA

Do d6 ta dwgc ASN = MCN suy ra ti giac K’'SCN noi tiép. T d6 ta duoc

K'CN + K'SN = 180"

Ta chtiing minh dwgc HB.HD = HM.HN = HAHS nén suy ra t& giac ABSD ndi tiép duong
tron.

Do d6 suy ra ABD = ASD. Trong duong tron (O) c6 ABD = HCD.

Suy ra ASD = HCD nén t&¢ giac SHDC ndi tiép duong tron. Do dé HSC + HDC = 180".
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Ma ta lai c6 HDC = BNC. Két hop cac két qua trén ta duwgc K'NC = BNC, suy ra hai tia NK’
va NB tring nhau hay ba diém B, K’, N thang hang. Tir d6 suy ra hai diém K va K’ tring
nhau.

Nhu vay ba diém A, K, S th:fmg hang nén suy ra AH, BN, CM d6ng quy tai mot diém.

Vi du 32. Cho tam giac ABC c6 AH, BM, CD Ian luot la duong cao, duong trung tuyeén,
duong phan gidc ctia tam giac. Biét sin BAC = cosABC. tan ACB. Chitng minh rang AH, BM,
CD dong quy.

Loi giai
Taco s,,. = %AH.BC. Trong tam gidc vuong ABH c6 AH = AB.sin ABC nén ta duoc

S, .= 1 ABBC.sin ABC. Talaicod S Ao = L AB.AC.sin BAC. Do d6 sin BAC = AH.BC

ABC T o ) ABAC

Trong tam gidc vuong AHB c6 cos ABC = % va trong tam giac vuong ACH c6

tan ACB = E .
CH

Ttr gia thiét sin BAC = cosABC. tan ACB ta suy ra duoc

AHBC _ AH BH _ BC _BH
ABAC AB CH AC CH

Goi I la giao diém caa AH va BM. Vé MK vudng goc

voi AH tai K. Trong tam gidc AHC c6 MA = MC va

MK//HC nén ta dugc AK = KH nén KM la dwong

trung binh cua tam gidc AHC, do d6 HC = 2MK.

NP BC BH BC BH
Tt d6 ta duwoc = = = .
2CM 2MK CM MK

Goi I’ 1a giao diém ctia BM va CD. Ap dung tinh chat duong phan giac cho tam giac BCM
ta duoc
BC BI' BI  BI' BI BI' BI BI'
MC MI' MI MI'" BI+MI BI'+MI' BM BM
Tl d6 suy ra hai diém I va I’ tring nhau, do d6 AH, BM, CD dong quy.

= BI =BI'

Vi du 33. Cho tam gidc nhon ABC. Puong tron (O) di qua hai diém B, C cat AB, AC Ian
luot tai F va E. Goi H 1a giao diém ctia BE va CF. Chiing minh rang cac tiép tuyén tai E, F
véi duong trong (O) va AH dong quy tai mot diém.

Loi giai
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Goi giao diém cua BC va EF la P.
Puong thang HP cat duong tron
(O) tai X, Y(X nam gitra P va H).
Goi giao diém cua duong tron
ngoai tiép tam giac HEF v4i OA la
V. Khi d6 ta chttng minh duwoc
PHPV = PEPF = PBPC. Ttr d6
suy ra t& giac BCVH ndi tiép

duwong tron. Do d6

BVF = BCF + BEF = BOF nén t&
giac BFOV noi ti€p duong tron.
Hoan toan twong tu ta dwoc t
giac VECO noi tiép duong tron.
Ma hai dueong tron giao nhau tai
O va V nén BF va CE cit nhau tai
mot diém trén duong thang VO.
Ma ta lai c6 AF.AB = AE.AC.

Do d6 ba diém O, V, A thang hang. Ttt @6 BVO = AVF nén OVX = 90" hay PH vuéng gdc
voi OA.

Chting minh twong tu ta dugc AH vuong goc voi OP. Goi S la giao diém ctia AH va OP.

Khi d6 ta dwgc AOVF @ AOFA nén ta co g—;/ _OF = OF’ = OV.0A

OA
Tt d6 ta dugec OX* = OV.0OA, suy ra OXA =90". Do d6 AX, AY la tiép tuyén cua duong
tron (O).
Tl d6 ta duoc PD.PJ = PSPO = PHPV = PEPE suy ra t giac EFD] ndi tiép duong tron.
Do d¢ ta thu dugc PB.PC = PEPF = PD.PJ
Qua D ké duong thang song song véi EF cat AB, AC lan luot tai R, Q.

Ttr d6 suy ra ADBR > ADQC nén ta dugc E—Z = g—I—C{ = DB.DC = DQ.DR. Do d6 ta duoc

DQDR = DBDC = (BJ - JD)(CJ +JD) = (BJ - JD) (BJ +JD)=BJ -DJ’
= (PJ2 - DJ2) - (PJ2 - BJ?) =PD(PJ+JD)- (PJ2 - CJQ)
= PD(PJ + JD) —PB.PC = PD.PJ + PD.JD - PBPC = PD.DJ
Ttr d6 suy ra ADPR > ADQJ nén ta duwgc DPR = DQJ, suy ra t& gidc RPQJ noi tiép duong
tron.

Vay duong tron ngoai tiép tam giac PQR di qua trung diém J cua BC.
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Ta c6 BEC = BFC nén ta duwgc AFH = AEH, suy ra HSB = HEA
Tt d6 ta chiing minh dwgc HC.HF = HEHB = HAHS, suy ra t& giac AFSC ndi ti€p duong
tron.
Goi T la giao diém cta hai ti€p tuyén tai E, F véi duong tron (O). Khi d6 ta ¢
ESF + ETF = CSF - CSE + ETF =180’ - BAC - CHE + ETF
=]80°—%(aﬂﬂj—SdEF)—%(&ﬂﬂ?+stE)+%(aﬁﬂ?+sdBC+stE—sdEF)=18m

Tt d6 suy ra t& giac SETF ndi tiép duong tron, suy ra FST = FET . Ma ta lai ¢

FSA =FCA =FET, do d6 suy ra FST = FSA . Suy ra hai tia SA, ST trung nhau hay bon
diém S, T, A, H théng hang.

Vay tiép tuyén tai E, F véi duong tron (O) va AH dong quy tai mot diém.

Vi du 34. Cho t& giac ABCD khong phai la hinh thang ndi tiép duong tron (O). Goi giao
diém cta AB va CD la E, giao diém ctia AD va BC la F, giao diém ctia AC va BD la H.
Duong tron (O) cat duong thang EH tai M va N. Goi I 1a trung diém ctia MN. Chttng minh
rang hai tiép tuyén tai M, N véi duong tron (O) va duong thang OI dong quy tai mot

diém.

Loi giai
Goi I, la giao diém ctia dwong tron
ngoai tiép tam gidc HAB va MN. Ta sé
chting minh ba diém O, 1, va F thang
hang, ttr d6 suy ra dwoc hai diém Iva I,
trung nhau.
That vay, do t& giac ABHI, noi tiép

duong tron nén ta duoc BI H = BAH. Lai

c6 BAH = BDE nén ta dwoc BI H = BDE,

tte d6 suy ra t giac I BED noi ti€p

duong tron. Ttr d6 ta duwoc I BH =1 EC.

Ma ta c6 I AC =1BH nén ta duoc

1 AC=1EC.

Diéu nay dan dén tt gidc I, AEC ndi tiép duong tron. Ta c6 HDC = HAB va HAB = HI,C

nén ta dwgc HDC = HI,C, do d6 tt gidc I DCH noi tiép duong tron. St dung tinh chat goc
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ngoai cia mot t giac ndi ti€p ta dwoc AIN = ABH; NI D = HCD. Ma ta lai c6 ABH = HCD
nén ta duwoc AL D =2ABD.

Mat khac ta c6 AOD =2ABD, do d6 suy ra AID = AOD nén ti¢ gidc I ODA ndi ti€p duong
tron.

Chting minh hoan toan twong tir ta duwoc I 0CB noi tiép duong tron.

Khi d6 I, va O 1a hai giao diém ctia hai duong trong ngoai ti€p cac ti giac 1ODA va
1,ODA.

Ma ta lai c6 FAFD = FBFC nén suy ra F thudc duwong thang OI hay ba diém O, 1, va F

thang hang.
ALF = ODA
, AIF =0LD
Tacé {OAD=0DA =+ ' '
OLD = ODF
OAD = OL,D !

Ma ta c6 AIN = NI D nén két hop voi két qua trén ta suy ra duoc MN vudng goc véi Ol .
Ma ta lai c6 MN vuodng géc v6i OL Tt d6 suy ra dugc hai diém I va I, trung nhau hay suy
ra Ol di qua F.

Clng tir két qua trén ta duwoc AOID @ AODF nén ta duoc OLOF = OD?.

Do d6 suy ra OLOF = ON’ nén hai tam giac OIN va ONF dong dang vdi nhau.

Tt d6 suy ra ONF = OIN = 90" nen NF la tiép tuyén ctia duong tron (O) tai N. Chitng minh
twong ty ta cling duoc MF la tiép tuyén ctia dwong trong (O) tai M.

Vay hai tiép tuyén tai M, N véi duong tron (O) va duong thang OI dong quy tai mot diém.

Vi du 35. Cho tam gidc ABC khong can. Duong tron ndi ti€p (I) ctia tam giac ti€p xuic voi

BC, CA, AB lan luwot tai A;B;C,. IA;IB;IC, theo thit tu la phan gidc cau tam giac IBC,
ICA, IAB. Cac duong phan gidc A A,;BB,;C C, cua tam giac A B,C, dong quy tai I,.

Chttng minh rang cac duong thang A A,;BB,;CC, dong quy tai mot diém trén II, .

Loi giai
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Khong mat tinh tong quat ta c6 thé gia sw A
AB>BC>CA.Goi K ;K,;K_ lan lwot 1a
giao diém ctia cac duong thang

A A,;BB,;CC, v6i 11 . Goi A,;B,;C,

theo thi tir 12 hinh chiéu cta I, trén

B,C,;C,A,; A B, twong ting. Goi r;x) Tan

luwot la ban kinh dwong tron noi ti€p tam

giac ABCva A B C,.Chuy la cac ti gidc B AL A C
ABIC,;BC IA ;CA IB, ndi ti€p duong
tron nén ta duwoc

B,AC, = - (ABC+ ACB): A BC, - E (BAC+ACB; A C,B, - E (BAC+ ABC)
> 2 2

Theo tinh chat goc ngoai ctia tam giac va chi y dén tam giac CA B can tai C.
Lai c6 BAC + ABC + ACB = 180" nén ta thu duoc
IAA, = IBA, +BIA, = -~ ABC + = (1800 - MJ
2 2 2

ABC+ACB 1/, _
= 5(180 - ACB) =AA B, +BAC=AAC

1 1
LAA, = A,CA, + A,ACy = (BAC+ABC) + - (ABC+ ACB)
=~ (180" - ACB) + 2 (ABC + ACB) = 1A,
2 1

Tt cac két qua trén ta thu duoc 1A, song song véi [,A, va ATA| A, » AL A A,

IA IA . K
Trdé —L = —0 == Chuyla A;A, thudc nira mit phing c6 bo 11, nén ta cb —=
LA, LAy 5 a0

K I KI ,
=L va =£.T1‘rdésuyrabadiémK KK
Kl 1 i ‘

Hoan toan tuon tu ta cting c6

truing nhau hay cac duong thang A A,;B B,;C,C, dong quy tai mot diém trén I, .
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