BOI DUONG VA PHAT TRIEN TU DUY
POT PHA TRONG GIAI

TOAN HOC 8

TAP 2

HINH HOC

THEO CHUAN KIEN THUC Ki NANG

o Tém tit If thuyét cin bin
< Gidi chi tiét, phan tich, binh ludn, huéng dan lam bai danh cho hoc sinh lép 8
va chuyén Todn.

<= Tham khao cho phu huynh va gido vién.
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LOI NOI DPAU

Sach gido khoa Toan 8 hién hanh dwoc bién soan theo tinh than d6i méi ctia chuong
trinh va phuong phap day — hoc, nham nang cao tinh chti dong, tich cuc ctia hoc sinh
trong qua trinh hoc tap.

Tac gia xin tran trong gi¢i thiéu cudn sach “BOI DUONG VA PHAT TRIEN TU
DUY POT PHA TRONG GIAI TOAN HOQC 8”, duoc viét véi mong mudn gii t6i cac
thay c6, phu huynh va cac em hoc sinh mot tai liéu tham khao httu ich trong day va hoc
mon Toan 6 cdp THCS theo dinh hudng d6i méi cua Bo Gido duc va Dao tao.

Cudn sach duoc cdu trac gdm cac phan:

- Kién thitc cin ban cin nim: Nhic lai nhitng kién thtec co ban can ndm, nhiing
cong thirc quan trong trong bai hoc, c6 vi du cu thé...

- Bai tap sach giao khoa, bai tdp tham khao: Loi giai chi tiét cho cac bai tap, bai tap
duoc tuyén chon tir nhiéu ngudn cia moén Todn dwgc chia bai tap thanh cac dang 6
phuong phdp lam bai, cac vi du minh hoa 6 10i giai chi tiét...Co nhiéu cach giai khac nhau
cho mot bai toan...

Cudn sach nay con la tai liéu tham khao bo ich cho qui thdy cd gido va cac bac phu

huynh hoc sinh d& huéng dan, gitp d& cac em hoc tap t5t bo mon Toan.

Cac tac gia
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CHUONG 1. TU GIAC
BAI 1. TU GIAC

ALY THUYET:
1) Dinh nghia:
T giac ABCD la hinh goém 4 doan théng AB, BC, CD, DA, trong d6 bat ky hai doan
thdng nao ciing khong cling nam trén mot duong thang.
Tt giac 16i 1 t& giac ludn ndm trong mot nita mat phang cé bo 1a duong thang chita
bat ky canh nao cua t giac.
Hai dinh ké nhau: AvaB;BvaC;CvaD;DvaA
Hai dinh d6i nhau: AvaC;BvaD
Duong chéo AC; BD
Hai canh ké nhau: AB va BC; BC va CD; CD va DA
Hai canh d6i nhau: AB va CD; AD va BC
Hai goc ké nhau: A va ]§; Bva 6; C va lA); Dvi A
Hai gdc d6i nhau: AvaC;BvaD
Diém nam trong t& gidc: M
Diém nam trén t& giac: N
Diém nam ngoai t& gidc: P
2) Pinh ly: Tong cac gc ctia mot ti giac bang 180°

B. LUYEN KI NANG GIAI BAI TAP

Bai 1. Cho tt gidc ABCD biét B+ C =200°, B + D =180 C + D =120".

a) Tinh sd do cac gdc cua t& giac.

b) GoiIla giao diém cuia cac tia phan giac ctia A va B cua tt giac. Chtirng minh:
AR = C+D

Bai giai:
a) Tir gia thiét ta c6: 2B +2C + 2D =200° +180° +120° = B+ C + D = 250".
ViA+B+C+D=360"= A=110".

1§=250°-(6+13)=250°—120°=130°. B
C =200"—B=200°-130° = 70°. 4
D=120"-C=120"-70" =50°.
b) Trong tam giac ABI:
- T.a 360°—(A+B) ALA 1
AB=180' - A*B_ ( )=C+D.

2 2 D 1 C

‘ D
Bai 2. Cho ttr gic 16i ABCD c6 B + D = 180°, CB = CD. Chting ‘
minh AC la tia phan giac ctua BAD )




Bai giai:
Trén tia d0i tia BA 1dy diém I sao cho BI = AD.

Ta c6 ADC = IBC (cung bu voi gc')cA/B\C )-

AD =1B, DC = BC. Ttr d6 ta ¢6 AADC = AIBC.
Suy ra: DAC = BIC va AC=IC.

Tam giac ACI can tai C nén BAC = BIC = DAC .
Vay AC la phan giac trong goc BAD.

Bai 3. Cho t& giac 16i ABCD, hai canh AD va BC cit nhau tai E, hai canh DC va AB cit
nhau tai F. K¢ tia phan giac ctia hai géc CED va BFC cét nhau tai I. Tinh géc EIF theo cac
goc trong t¢ gidc ABCD.

Bai giai:
FI cit BC tai K, suy ra K thuoc doan BC
— EIF=EKI+IEK (EIF la goc ngoai ctia AIKE)

= ]§+ﬁ(+ﬁil\(((ﬁ(\F la gbc ngoai clhaAAFBK)
BFC =180" —(B+C) — BFK =90° - 3+C
A/@:ISOO—(KHAB):ITEI\(:%O—KHAB.
Vay EI\F:IA3+90°—]A3+6+9OO—K;]§
:1800_K+6:f3;13

Bai 4. Cho t& giac ABCD. Chitng minh: %p <AC+BD<p (p:chuvicuaa tt giac)

Bai giai:
Goi I 1a giao diém ctia AC va BD. Theo bat dang thiic tam B
gidc, ta co:
IA +1B > AB, IA +ID >AD, IB + IC >BC, IC +ID >CD
Cong theo vé, ta duoc: 2(IA +IB +IC +ID) > p, tir do6:

AC+BD > %p.

Lai c6: AC<AB+BC, AC<AD +DC, BD <BA +AD, BD <

BC + CD. D c
Suy ra 2(AC+BD)<2(AB+BC+CD+DA)=2p = AC+

BD <p.

Bai 5. Cho t& giac ABCD, M la mét diém trong t& giac dé. Xac dinh vi tri cia M dé€ MA +
MB + MC + MD nho nhat. B

Bai eidi:
ai giai p
Goi I 1a giao diém cua AC va BD. Ta c6 cac bat dang thiic: k\




MA + MC =2AC, MB + MD =BD.

Ttr d6 suy ra MA + MB+MC +MD > AC+BD

MA + MB + MC + MD = AC + BD khi M trung voi L.

Vay khi M 1a giao diém hai dwong chéo thi MA + MB + MC + MD nho nhét.

Bai 6. Mot duong thang di qua trung diém ctia hai canh d6i dién ctia mét t gidc 16i tao
véi cac dueong chéo ctia hai goc bang nhau .Chiing minh rang t giac Ay c6 hai duong chéo
bang nhau.
Giai.

Goi QP lan lwot la trung diém cta
AB ,CD twong tng

Khi do taco:

QN//MP ; NP//QM.= T gidc QNPM la hinh binh hanh.

Vi MN tao vé6i AC va BD hai géc bang nhau nén suy ra MN ciing tao véi QN va QM hai
gbc bang nhau

Ttc 1a : ONM = OMN

Suy ra Tam gidc QMN can tai Q

Suy ra QN=QM

Ta co QN=% AC va QM=%BD (Puwong trung binh ctia tam giéc)

Ma QN=QM (Chttng minh trén )
Suy ra AC=BD
Vay Tt gidc trén c6 hai duong chéo bang nhau

BAI 2. HINH THANG
A.LY THUYET
1. Pinh nghia: Tt gidc ABCD la hinh thang A canhdiynhé p
AB // CD
=
BC // AD canh bén canh bén
D canh day lén C
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2.Tinh chat:
* Néu mot hinh thang ¢6 hai canh bén song song thi né 1a hinh chit nhat.
* Néu mot hinh thang c6 hai canh day bang nhau thi né 1 hinh binh hanh.
3. Hinh thang vuong:

y

Hinh thang vudng la hinh thang c6 hai goc vuong. 4 canhdiynhop
L
canh bén canh bén
1
D canh day l6n c

B. LUYEN KI NANG GIAI BAI TAP

Bai 7. Cho t& giac ABCD c6 AD =DC, dwong chéo AC la phan A B
gidc goc A. Chting minh rang ABCD la hinh thang.

Bai giai:
Ta co6 AD = DC nén tam giac ADC can tai D.
Suy ra DCA = DAC = BAC
Suy ra AB//CD (hai géc so le trong bang nhau) D ;
Vay ABCD la hinh thang. ¢

Bai 8. Cho hinh thang ABCD, day AB =40cm, CD = 80cm, BC = 50cm, AD = 30cm. Chiing
minh réang ABCD la hinh thang vuong.

Bai giai: p B
Goi H la trung diém ctia CD. Ta c¢6 DH = CH = 40cm N
Xét hai tam gidc ABH va CHB c6:
AB=CH =40cm, ABH = CHB (so le trong), BH = HB ™
Suy ra AABH = ACHB (c-g-c)=> AH = CB = 50cm. D H ¢

Tam gidc ADH c6: AD? + DH? =402 + 30% = 50 = AH 2
Suy ra tam gidc ADH vuodng tai D. Vay hinh thang ABCD la hinh thang vuong.
Bai 9. Cho hinh thang ABCD (AD//BC; AD > BC) c¢6 duong chéo AC va BD vuodng goc véi
nhau tai I. Trén day AD 14y M sao cho AM bang d¢ dai duwong trung binh ctia hinh thang.
Chiing minh: tam gidc ACM can tai M

B

A —
D
M L
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Giai:

thang ABCD nhu hinh vé

Goi I 1a gido diém ctia AC va NP

ViNP//BC = NI//BC ma N la trung diém AB

=1 cling la trung diém AC 1)

Suy ra IM//CL (2)

Xét hinh thang ABCD ta c6:'

p= EF + DG
5

=AM & EF + DG = 5DP

Goi L 1a diém d6i xting voi d6i xiing véi A qua M Goi NM la duong trung binh ctia hinh

—EF+DG—-DP =DP = EF+PG=DP =PO

= EF=PO0O—-PG=GO
Suy ra BC=DL ma BC//DL
Suy ra tt giac BCLD la hinh binh hanh
Suy ra BD//CL
MaBD L AC (gt)=FO L DF (3)

Tir (1) ,(2) va (3) IM L AC va Ml la duong trung truc ctia doan thing AC

Suy ra MA=MC
Vay tam gidc MAC can tai M.
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BAI 3. HINH THANG CAN
A.LY THUYET

AB//CD
1. Dinh nghia: T gidc ABCD la hinh thang can < C=D
A=B

canh day nhé

A
" b{ Xﬂl )
D

canh day lén

2. Tinh chit: Trong hinh thang cin:

* Hai canh bén bang nhau

* Hai duong chéo bang nhau

3. Dau hiéu nhan biét:

* Hinh thang c6 hai duong chéo bang nhau 1a hinh thang can.

* Hinh thang c6 hai géc chung mét canh day bang nhau la hinh thang can.

B. LUYEN KI NANG GIAI BAI TAP

Bai 10. Cho hinh thang can ABCD (AB//CD). AD cat BC tai I, AC cat BD tai J. Chttng minh

rang IJ 1a trung truec ctia AB va la trung truc ctia CD.
Bai giai:

ABCD la hinh thang can nén C=D

Suy ra tam gidc ICD can tai I

= Indm trén duong trung triee caa CD. (1)

Ta lai co TIAB = D = C = IBA nén tam giac IAB can tai L.
=TI nam trén duong trung truc ctia AB. (2)

Xét tam giac ACD va tam giac BDC co:

AD =BC (vi ABCD la hinh thang can)

CD: canh chung

AC =BD (2 duong chéo ctia hinh thang can)

Do d6 AACD = ABDC, suy ra ACD = BDC

=tam giacJCD cantai] =] nam trén dwong trung triec cua CD (3)

Tuong tu ta ¢ tam gidc JAB can tai ] = J ndm trén duong trung truc ctia AB (4)
Tt (1), (2), (3), (4) suy ra IJ la dwong trung triec ctia AB va CD.
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// Bai 11. Cho hinh thang ABCD (AB // CD). AC ¢t BD tai O. Biét OA = OB. Chttng minh
"~ rang: ABCD la hinh thang can.

Bai giai:
Vi OA = OB nén tam gidc OAB can tai O
= OAB = OBA A 4
Ta c6 OCD = OAB = OBA = ODC
= tam giac OCD can tai O = OC=0D
Suy ra AC=0A +OC=0B+0D =BD.
Hinh thang ABCD c¢ hai dwong chéo AC va BD D c
bang nhau nén ABCD 1a hinh thang can.

Bai 12. Cho hinh thang can ABCD (AB//CD, AB < CD). AD cit BC tai O.
a) Chting minh rang A OAB can
b) Goi I, ] an luot la trung diém ctia AB va CD. Chitng minh rang ba diém I, J, O thang
hang
¢) Qua diém M thudc canh AC, vé duong thfmg song song voi CD, ¢t BD tai N. Chting
minh rang MNAB, MNDC la cac hinh thang can.

Bai giai:
a) Vi ABCD la hinh thang can nén C=D suy ra OCD la tam giac can.
Tacé6 OAB =D = C = OBA (hai goc dong vi)
= Tam gidc OAB can tai O.
b) OI 1a trung tuyén ctia tam giac can OAB
nén Ol cling la dwong cao tam giac OAB
=0OI L AB
Ma AB // CD nén OI L CD
Tam gidc OCD can tai O c6 OI L CD nén OI cit CD tai D" J “C
trung diém J ctia CD.
Vay ba diém O, I, ] thang hang.
c) Xét AACD va ABDC co:
AC =BD (2 duong chéo ctia hinh thang can)
AD =BC (2 canh bén ctia hinh thang can)
CD=DC
Do d6 AACD = ABDC (c-c-c)
SuyraﬁZ@\C hayl\ﬁ:l@
Hinh thang MNDC c6 MCD = NDC nén MNDC 13 hinh thang can.
=>MC=ND=AC-MC=BD-ND=AM =BN
Hinh thang MNAB c6 hai dudng chéo AM va BN bang nhau nén MNAB 1a hinh thang
can.
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BAI 4. PUONG TRUNG BINH
A.LY THUYET
1. Duong trung binh cua tam giac:

AN
VRN

B C

a) Dinh ly mé dau:
Puong thing di qua trung diém mot canh ctia tam gidc va song song véi canh thit hai thi
di qua trung diém canh thi ba.
b) Dinh nghia:
Puong trung binh ctia tam giac 1a doan thang néi hai trung diém hai canh ctia tam giac
do.
¢) Dinh ly duwong trung binh caa tam giac:
Puong trung binh ctia tam giac thi song song véi canh thit ba va cé do dai bang mot nira
canh 4ay.
2. Puong trung binh caa hinh thang;:
a) Dinh ly mé dau:
Duong thang di qua trung diém mot canh bén cta hinh thang va song song véi hai dy thi
di qua trung diém canh bén con lai.
b) Dinh nghia:
Duong trung binh ctia hinh thang 1a doan thang néi trung diém hai canh bén cta hinh
thang ay.
¢) Dinh ly dwong trung binh caa hinh thang:
Puong trung binh ctia hinh thang thi song song véi hai ddy va c6 d6 dai bang ntta tong do
dai hai day.

B

N\
/ \

D C

B. LUYEN KI NANG GIAI BAI TAP

Bai 13. Cho hinh thang ABCD c6 A =D =90° va AB = 2AD = 2CD. Ké CH vuéng géc voi
AB tai H.

a) Tinh s6 do cac goc cta hinh thang ABCD.

b) CMR tam gidc ABC vudng can.

¢) Tinh chu vi hinh thang néu AB = 6cm.
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// d) Goi O 1a giao diém AC va DH, O’ 1a giao diém ctia DB va CH. Chting minh rang AB =
- 400
Bai giai:
a) Ta c6 t& gide ADCH A =D =H =C =90° va AH // CD, AD // CH
AHCD la hinh thang can hai day AH, CD
= AD=CH.

A H B
AHCD ciing la hinh thang can véi hai day AD, HC ‘ /
=AH=CD. N
BH=AB-AH=2CD-CD=CDvaCH=AD=BH A‘
Do d6 ABCH vuong can tai H, suy ra B= 450, BCH = 450 D C

C =BCH + DCH=45° + 90° = 135°

Vay A=D=90°, B=450, C=135°

b) AABC c6 H la trung diém AB va CH L AB nén ABC la tam giac can tai C

Talai c6 B=45°, suy ra A ABC vuong can tai C.

c) Ta c6 AB =6cm

AD=CD= %AB=3cm.

1 6
AABC vudbng cantai Cnén BC= — AB= —= 3\/5 cm
gean s NN

Chu vi hinh thang ABCD 1a: AB+BC +CD +DA =6+ 3y2+3+3=12+ 3v2(cm)

d) D& thdy ACD =45’ = HDC = 45° = DH // BC=DH L AC.

Vi A ACD vudng can tai D nén O 1a trung diém cua AC.

Ta c6 ADO’C = ABO’H (g-c-g)= O’'C = O'H, hay O’ 1a trung diém cua CH.
Xét AAHC c6 OO’ la duong trung binh nén AH =200’

Ma AB =2AH nén AB =400'.

Bai 14. Cho hinh thang ABCD (AB//CD) c6 E 1a trung diém cua BC, AED=90¢, Goi K 1a
giao diém ctia AE va DC. Chitng minh rang:
a) AABE = AKCE
b) DE la tia phan gidc cua goc D.
Bai giai:
a) Xét A ABE va AKCE cé: 4 B
ABE = KCE (2 gbc sole trong)
AEB = KEC (2 gbc d6i dinh)
BE = CE (E 1a trung diém BC)
Do d6 AABE= AKCE (g—-c-g)
b) Vi A ABE = AKCE nén AE =KE = E la trung diém AK =
DE la trung tuyén cua tam gidc ADK b ¢ K
Ta lai c6 DE L AK suy ra DE la duong cao cia A ADK.
Do d¢ tam gidc ADK can tai D va DE la phan giac goc D.

TAI LIEU TOAN HOC



Bai 15. Cho t& giac ABCD trong d6 CD > AB. Goi E, F lan luot 1a trung diém cua BD va
AC. Chting minh rang néu ABCD la hinh thang thi EF = CD-AB .

Bai giai:
Goi Ila trung diém AD. A B

TacSd EI// AB va El = %AB

FI//CD vaFl= %CD.

QuadiémItacoElI// ABvaFI//CD//ABnénl E,
F thang hang.

Suyra EF=FI-El= %AB— %CDhay

CD-AB
2

EF=

Bai 16. Cho hinh thang ABCD (AB//CD), tia phan giac cua goc C di qua trung di€ém M cua
canh bén AD. Chting minh rang:

a) BMC = 90° b) BC = AB +CD A B
Bai giai:
a) Goi N la trung diém BC. a7 N

Ta c6 MN // CD = MCD = CMN
Ma MCD = MCN (vi CM la phan gi4c D )

sllyrac:/@:m%ﬁ

D C
Tam gidc MCN can tai N= MN = NC = NB, do d6 AMNB can

tai N= NMB = NBM . Mit khdc NMB = MBA, suy ra NMB = %KBE
BMC = CMN + NMB = ~(BCD + ABC) = 90°
5 .
1
b) Vi MN la duong trung binh ctia hinh thang ABCD nén MN = B (AB+CD)

Ta lai c6 MN = %BC. Do d6 BC = AB + CD

Bai 17. Cho tam giac ABC c6 cac trung tuyén BD va CE. Trén canh BC 1ay cac diém M, N
sao cho BM = MN = NC. Goi I 1a giao diém ctia AM va BD, K 1a giao diém ctia AN va CE.
Chitng minh rang:
a) BCDE la hinh thang
b) K la trung diém ctia EC
¢) BC = 4IK

Bai giai:
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~ a) Ta c6 DE la duong trung binh ctia tam gidc A
ABC

= DE // BC = BCDE la hinh thang.

b) Goi G la giao diém AN va DE.

Ta c6 E la trung diém AB va ED // BN
=G la trung diém AN

= EG la dwong trung binh caa A ABN

=EG= lBN= lBC
2 3

Talai c6 ED = %BC =EG= %ED =G la trong tam A ACE

= AK la trung tuyén cia A ACE = K 1a trung diém EC

¢) Ching minh tuong ty ta ¢d I'la trung diém EF.

Goi F 1a trung diém BC, ta c6 DF // ABva DK // AB =D, K, F théng hang.
DK = %AE = %AB = %DF , suy ra K 1a trung diém cua DF.

Suy ra IK 1a duong trung binh cia ADEF =IK = %DE.

Ma DE = %BC =IK= iBChayBC=4IK.

Bai 18. Cho hinh thang cin ABCD c6 D =60°, DB 1a !
phan gidc cia D. Biét chu vi hinh thang bang 20cm. Tinh
do dai cac canh hinh thang.

Bai giai: A B
Vi ABCD la hinh thang can nén C=D=60° va
A=B=180"-60" = 120°
Ta c6 ADB = CDB (vi DB la phan gi4c D)
Ma CDB = ABD (so le trong) = ABD = ADB = CDB = 30°
= Tam gidc ABD can tai A = AB=AD =BC
Goi I 1a giao diém cta AD va BC, dé dang chiing minh ~ AICD déu (c6 hai goc bang 60°)
va B la trung diém IC (vi DB la duong phan gidc goc D, cling 1a duong trung tuyén trong
AIDC). Do d6 CD =1C =2BC.
biat AB=a =BC=AD=AB=avaCD =2a.
Chu vi hinh thang ABCD: AB + BC + CD + AD = 5a = 20cm
=a=4cm
= AB=BC=AD =4cm va CD = 8cm.

Bai 19. Cho A ABC, duong thang d di qua A khong cit cac canh ctia tam gidc ABC. Goi D
va E Tan luot 12 hinh chiéu ctia B, C 1én duong thang d. Goi M 1a trung diém ctia canh BC.
Chting minh rang MD = ME.

Bai giai:
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Ta c6 BD // CE (cung vuong goc DE)

= BCED la hinh thang vuong. A N
Goi N la trung diém DE D

= MN la duong trung binh cta hinh thang vudéng BCED

=MN 1 DE.

Tam giac MDE c6 MN la trung tuyén va MN 1 DE B” M
= MBDE la tam giac can tai M =MD = ME

Bai 20. Cho tam giac ABC, AM la trung tuyén. Vé duong thang d qua trung diém I ctia
AM cit cac canh AB, AC. Goi A’, B/, C’ thtt tw 1a hinh chiéu ctia A, B, C 1én duong thang d.
Chitng minh rang BB’ + CC’ =2AA".

Bai giai:
Goi N 1a hinh chiéu ctia M trén d.
Xét tir giac BB'C'C ¢6 BB’ // CC’ (cung vudng
goc d)
= BB’C’C la hinh thang.
M 1a trung diém BC va MN // BB’ // CC’ (cung
vudng goc d)
= MN la duong trung binh ctia hinh thang
BB'C’'C
= BB’ +CC’=2MN (1)
Hai tam gidc AA’l va MNI vuong tai A’ va N c6 Al=Ml va AIA’ = MIN (hai géc d6i dinh).
Suy ra AAA’l=AMNI (g-c-g)= AA’ = MN (2).
(1), (2) suy ra BB’ + CC’' =2AA".
Bai 21.* Cho hinh thang ABCD (AB//CD). Goi E, F, K lan luot la trung diém ctia BD, AC,
DC. Goi H 1a giao diém ctia duong thang qua E vudng géc véi AD va duong thang qua F
vuong goc véi BC. Ching minh rang:
a) H 1a tryee tam cua tam giac EFK
b) Tam giac HCD can.

C

Bai giai:

A B

a) Ta c6 E, K Ian luot la trung diém BD,

CD =EK//BC.

MaFH L BC = FH L EK.

Tuwong tw ta co EH 1 FK

Suy ra H la truc tam tam gidc EFK.

b) Ta c6 H la triuc tam tam gidc EFK nén

KH 1 EF

Goi I 1a trung diém ctia AD, dé dang D
chttng minh dwoc IE // AB // CD vaIF //

CD. Ttt d6 suy ra EF // AB // CD.

Do d6, KH L CD.

Tam gidc HCD c6 K 1a trung diém CD va KH L CD nén HCD la tam giac can tai H.

TAI LIEU TOAN HOC



Bai 22. Cho tam giac déu ABC. Trén tia d6i tia AB ta 1dy diém D va trén tia d6i tia AC ta
lay diém E sao cho AD = AE. Goi M, N, P, Q theo thi tu la trung di€ém ctia cac doan théng
BE, AD, AC, AB.
a) Chiing minh réng tt gidc BCDE la hinh thang can.
b) Chting minh rdng t&t gidc CNEQ 1a hinh thang.
c) Trén tia d&i ctia tia MN 14y N’ sao cho N’'M = MN. Chting minh rang BN’ vuong goc véi
BD; EB = 2MN.
d) AMNP la tam giac déu.
Bai giai:
a) Ta c6 tam gidc ADE can va c6 A = 60° nén A
ADE la tam giac déu.
ADE = ABC = 60" = DE //BC (hai gdc so le trong
bang nhau)
Talai c6: DB=AD + AB=AE+ AC=EC
Do d6 BCDE la hinh thang can.
b) Tam giac déu ADE c6 EN la trung tuyén
=EN 1 ADhay EN 1 BD.
CQ 1a trung tuyén tam giac déu ABC =CQ L AB
hay EQ 1 BD.
Suy ra EN // CQ (cung vuong goc BD)
= CNEQ la hinh thang.
c) Hai tam gidc MEN va MBN’ co:
MN = MN’, NME = N'MB (déi dinh), NE = MB, suy ra AMEN = AMBN’,
= ENM = MN’B = N'B // EN (hai géc so le trong bang nhau).
Ma EN 1 BDnén BN” L BD.
Dé dang chirng minh duoc ENB = N'BN (c-g-c)= BE = NN’ =2MN.

d) Xét tam gidc ACD c6 NP la dwong trung binh = NP = %DC

Ma DC = EB (vi BCDE la hinh thang can) nén NP = % EB = MN (1).

Theo trén, MN = MB = MN’ = ME nén cac tam giac MBN va MEN’ can tai M.
Ta dwoc BNN’ = BEN’ = NBE = EN’ // AB.
Ta c6: ANP = ADC = AEB va ANM = BEN’

— e — -

Do d6: PNM = ANP + ANM = AEB + BEN’ = AEN".

Vi EN’ // ABnén AEN’ = CAB = 60° (dong vi). A

Tir d6 ta c6 PNM = 60° (2).

T (1), (2) suy ra MNP la tam giadc déu.

Bai 23. Cho tam giac ABC can tai A, duong cao AH.

Goi K 1a hinh chiéu vuéng goc caa H 1én AC. GoiIla

trung diém HK. Chiing minh rang: BK L Al K
Loi giai: J

Goi J la trung diém cua KC, ta ¢6 IJ 1a duong trung

binh trong tam giac KHC. B H ¢
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DodolJ//HC =1 L AH.

Trong tam giac AHJ c¢6 IJ L AH, HI LA]J. Ttt do, I1a triec tam tam gidc AH]J.
= AILH]J (1).

Trong tam giac BKC, HJ la duong trung binh, suy ra HJ // BK (2).

(1) va (2) suy ra AI LBK.

Bai 24. Cho hinh thang can ABCD (AB//CD; AD = BC), c6 day nho AB. D¢ dai duong cao
BH bang d6 dai duong trung binh MN (M thudc AD, N thudc BC) ctia hinh thang ABCD.
Vé BE// AC (E thuoc DC). Goi O la giao diém ctia AC va BD. Chting minh rang
a) MN = ])2_E b)Tam giac OAB can c) Tam giac DBE vuong can
Bai gidi:
a) ABC = ECB (so le trong), BC = CB, BCA = CBE (so le trong)
Suy ra AABC = AECB(g-c-g)= AB=EC.
MN la duwong trung binh cua hinh thang can ABCD
_DC+AB _DC+CE _DE

= MN

2 2 2
b) Xét A ABC va ABAD co:
AB =BA

AC =BD (2 duong chéo hinh thang can)
BC = AD (2 canh bén hinh thang can)
Do dé6 AABC= ABAD (c-c—c¢)

Suy ra @Zz@hay BAO = ABO
= Tam gidc OAB can tai O.

c) Tam gidc DBE c6 BE = AC = BD = Tam giac DBE can tai B.

BH la duong cao tam gidc can DBE nén BH ciing la trung tuyén cua tam giac nay.

D¢

Ma BH = MN = l)2_E = Tam gidc BDE vuong tai B

Vay DBE la tam gidc vudng can.
Bai 25. Cho tam giac ABC vudng can tai A. Trén cac canh géc vuong AB, AC lay diém D
va E sao cho AD = AE. Qua D vé duong thang vudng gdc véi BE, cat BC ¢ K. Qua A vé
duong thang vudng goc véi BE, cat BC & H. Goi M 1a giao diém DK véi AC. Chting minh
rang:
a) ABAE=ACAD M
b) MDC la tam giac can
) KH = HC

Bai giai:
a) Xét ABAE va ACAD cé:
BAE = CAD (g6c chung)
AE = AD (gia thiét)
BA =CA (vi AABC vudng can tai A)
Do dé: ABAE= ACAD (c-g-

<)

b) Vi ABAE = ACAD nén AEB = ADC
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Tac6 DK L BE = BDK + DBE = 90°

hay BDK + ABE = 90°

Talai c6 AEB+ ABE =90".

Suy ra BDK = AEB= ADC

Mit khac BDK = ADM (2 géc d6i dinh). Do 6 ADM = ADC => DA la phan gi4dc CDM
Tam gidc MDC c6 DA vtra la phan gidc vira la duwong cao = Tam gidc MDC can tai D.

¢) Tam giac MDC can tai D ¢6 DA la phan giac nén DA ciling la trung tuyén tam giac nay
= Ala trung diém MC

Tam giac MCK ¢ A la trung diém MC va AH // MK (cung vuéng géc BE) = AH la duong
trung binh ctia tam gidc MCK = H 1a trung diém CK

Vay KH =HC.

Bai 26 . Cho A ABC nhon (AB < AC). Bén ngoai A ABC vé ABAD vudng can 6 A, A ACE
vuong can 6 A; BE cit CD tai L. goi M, N lan lwot la trung diém ctia DE, BD. Chitng minh
t gidc AINM la hinh thang can.

Loi giai:

* Chiing minh BE L CD:

Xét hai tam gidc: ABE va ADC, co:
AB=AD (vi A ABD vudng can tai A).
BAE = DAC (cting bang 90° + BAC)
AE = AC (vi A ACE vudng can tai A)

Do vay AABE = AADC = ABI=ADI.
AB cit DI tai H, ta c6: AHD + ADH =90°; AHD = BHI; ADH = HBI
Suy ra ]ﬁ+® =90°. Vay BE_LCD tai L.
* Chttng minh AM =1IN va AN =IM:

Goi K 1a diém ddi xtiing cia D qua A. Xét
hai tam giac: A ABC va A AKE.

AB = AK (cling bang AD); BAC =KAE
(cung phu voi CAK); AC = AE.

Do d6 A ABC = A AKE. Suy ra EK = BC.
Trong tam giac DKE, AM la dwong trung

1
binh nén AM = E KE.

Trong tam gidc IBC vuong tai I, IN la trung

1
tuyén nén IN = 5 BC.

Ttr d6 cho ta AM =1IN.

Goi ] 1a trung diém cua KE, vi hai tam giac
ABC va AKE bang nhau nén hai trung
tuyén tuong tng bang nhau. Ta c6 AN =
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Al

|
Al la duong trung binh trong tam gidc DEK, ta c6 AJ = 5 DE.

1
IM 1a trung tuyén trong tam giac IDE vudng tai I nén IM = 5 DE.
Do do: A =IM.
* Xét te gidc AMNI ¢c6 AM =N va AN = IM, ta chttng minh AMNI la hinh thang can.
A AMI = AINA (c-c-c)= [AM = AIN (1).
A AMN = A INM (c-c-c)=> AMN = INM (2). A I
Ttr (1) va (2) dé dang suy ra AMNI 1a hinh thang can véi
hai day AI, MN.
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BAI 6. TRUC POI XUNG
A.LY THUYET
1. Hai diém d4i xitng qua mét duwong thang:

Hai diém goi 1a d6i xting véi nhau qua duong thang d néu d 1a duong trung triec cia doan
thang ndi hai diém do.

Quy wéc: Néu diém B nam trén duong thang d
thi diém d6i xting véi B qua duong thang B 1a
chinh B. d

2. Hai hinh d6i xitng qua mét dwong thing:

Hai hinh goi la d6i xttng v6i nhau qua duong

thang d néu mdi diém thudc hinh nay ddi xtng

véi mot diém thudc hinh kia qua dwong thang d A’

va nguoc lai.

Né&u hai doan thang (géc, tam giac) ddi xting véi nhau qua mot duong thang thi chiing
bang nhau.

3. Hinh c6 truc d8i xing:

Puong thang d goi 1a truc ddi xting ctia hinh H néu diém d6i xting véi mdi diém thuoc
hinh H qua duong thang d ciing thudc hinh H.

Khi d6 ta néi hinh H ¢6 truc déi xténg d.

4. Pinh 1y:

Puong thing di qua trung diém hai day ctia hinh thang can 1 truc d6i xttng ctia hinh
thang can do.

B. REN LUYEN KY NANG GIAI BAI TAP

Bai 27. Cho tam giac ABC vudng tai A, duong cao AH. Goi D va E lan lugt la diém doi
xtng ctia diém H qua AB va AC. Chting minh rang;

a) A 1a trung diém cua doan DE

b) Tt giac BDEC la hinh thang vuong. B
¢) Cho BH =2cm, Ch = 8cm. Tinh AH va chu vi D H
hinh thang BDEC.
Bai giai:
a)/\QD doi xting véi H qua du(‘wn/g_t\héng ﬁB\nén . c
DAH = 2BAH . Twong tw ta c6 EAH = 2CAH . A
Do do:
DAE = DAH + EAH = 2(BAH + CAH = 180’
E

suy ra D, A, E thang hang

Mit khac: AD = AE = AH. Vay A la trung diém cta DE.
b) Géc ADB va AHB d6i xting nhau qua duong thang AB nén ADB = AHB = 90".
Tuong tw ta c6 AEC = AHC = 90°. Tt gidc BDEC c6 hai gocké D = E =90, do vay
BDEC la hinh thang vuong tai D va E.

¢) BH =2cm, CH = 8cm.

Trong tam giac ABH vudng tai H, theo dinh ly Pitago: AH?= AB?-BH?= AB?-4
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Trong tam gidc ACH vudng tai H, theo dinh ly Pitago AH?= AC?- CH?= AC? - 64
Suy ra: 2AH?= AB? + AC2 - 68.
Lai c6 AB? + AC?=BC?=100, suy ra 2AH?=100 - 68 =32 = AH2=16.
Vay AH=4.
bat V 1a chu vi hinh thang BDEC.
Ta c6 BD =BH, DE =2DA =2HA, EC = HC. Do d¢:
V=BD+DE+EC+CB=BH+2AH+CH+CB=2+8+ 8+ 10=28(cm).
Bai 28. Trén cac canh bén CA, CB cua tam giac CAB can tai C 14y cac diém M, N sao cho
CM+CN=AC.
a) Trén canh CB 1ay diém M’ sao cho CM’ = BN.
Chang minh M, M’ d6i xting nhau qua duong cao
CH cua tam giac CAB.
b) Goi D, E, F lan lugt 1a trung diém cua AC, BC,
MN. Chting minh: D, E, F thzfmg hang.
Bai giai:
a) Tac6 CA=CB. D
Theo gia thiét: CM + CN = AC = BC nén
BN=BC-CN=CM.Vi CM'=BN suy ra
CM = CM'. Vay tam gidc CMM'’ can tai C.
CH Ia duong phan giac géc ACB, nén CH la
duong trung truec ctia canh MM'. Vay M va M’ d6i
xtng nhau qua duong thang CH. A°
b) MM’ L CH, ABL CH=MM’// AB.
DE la duong trung binh trong tam giac ABC nén DE // AB, suy ra DE // MM'.
. |EC=EB

{M‘C =NB
Trong tam gidc MM'N, duong thang DE song song véi MM’ va di qua trung diém ctia
M'N nén DE 1a duong trung binh, do d6 DE di qua trung diém F caa MN. Vay ba diém D,
E, F thang hang.
Bai 29. Cho tam gidc ABC c6 ba goc nhon trong d6 goc A c6 s8 do bang 60°. LAy D 1a diém
bat ki trén canh BC. Goi E, F Ian luot 1a diém d6i xting ctia D qua canh AB va AC. EF cat
cac canh AB va AC theo thit tw tai M va N.
a) Chting minh rang AE = AF
b) Tinh goc EAF
¢) Chitng minh rang DA 1a phan gi4c ctia géc MDN

Bai giai:

= EM'=EN , suy ra E la trung di€ém ctia M'N.

a) E d8i xting ctia D qua duong thang

AB nén AE = AD, F d6i xting ctia D .:‘

qua duong thang AC nén AF = AD. »’ F
Ttr d6 ta c6 AE = AF.

b) Géc EAB va DAB d6i il_fl’ilg nhau A ’,(
qua duong thang AB nén EAB = E « '

DAB, suy ra A_ ‘
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ﬁ)=Ei‘,\B+5A\B=2[$A\B.Chli’ngminhtu’0ngtutacé FAD = 2DAC.
Do véy: EAF = EAD + FAD =2(DAB + DAC) = 2BAC = 120’

c) Hai goc MDA va MEA d6i xting nhau qua duong thang AB nén MDA = MEA (1).
Twong tu ta co NDA = NFA (2).
Mat khac theo cau a), tam giac AEF can tai A nén MEA = NFA (3).
Tir (1), (2), (3) suy ra MDA = NDA . Vay DA 1 dudng phén giéc géc MDN .
Bai 30. Cho hai diém A va B cting nam
trén ntta mat phang bo 1a dwong thang d. B
Tim trén d mot diém C sao cho tdng do
dai CA + CB la ngan nhat.
Bai giai:

Goi A’ 1a diém d6i xting cua diém A qua d

duong thang d. Véi moi diém C trén
duong thang d, ta c6 CA=CA'. Do d¢:
CA+CB=CA'+CB >AB.

CA + CB nho nhatkhi CA'+ CB=AB, A’
hay C thudc doan A’B. Vay diém C thoa

dé bai la giao diém ctia doan BA’ véi duong thang d.

Co C

Bai 31. Cho géc nhon xOy va mot diém A nam trong géc xOy. Tim trén hai canh Ox va Oy

hai diém B va C sao cho chu vi tam giac ABC la nhé nhat.
Bai giai:

Goi H, K Ian lwot la diém d6i xing ctia A qua Ox

va Oy. Véi hai diém B va C lan lugt ndm trén tia

Ox, Oy, ta co: x

AB=HB va CA=CK.

Do d6 chu vi tam giac ABC bang;:

AB +BC+ CA=HB+BC+CK < HK.

B,

Chu vi tam giac ABC nho nhat khi: Z * A

HB +BC + CK = HK, hay H, B, C, K thang hang 0

theo thir tw do. o

Vay diém B va C trén tia Ox, Oy dé€ tam giac ABC G

¢6 chu vi nho nhat [an luot 1a giao di€ém ctia HK

véi cac tia Ox, Oy. y
K

Bai 32. Cho tit gidc ABCD c6 goc ngoai cua ti gidc tai dinh C bang géc ACB. Chiing minh

rang AB + DB >AC +DC.
Bai giai:
Goi E la mot diém trén tia d6i cua tia CB. Theo gia thiét ta co: DCE = ACB.
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DCE + A'CE = A'CB + A'CE = 180". A
Vay ba diém D, C, A’ thang hang. Vi A va

D nam cung phia so véi duong thang BC

nén C ndm gitta D va A’.

Ta co: AB+DB =A’B + BD,
AC+CD=AC+CD=AD.

Trong tam giac BDA’, A’B + BD > A’D. Do B
vay ta dugc AB+DB>AC+CD.

AV

~ Goi A’ 1a diém d6i xtng ctia A qua duong thang BC. Ta c6 A'CB = ACB = DCE, suy ra:

Bai 33. Cho tam giac ABC c6 A=20°, B=80".Trén canh AC ldy diém M sao cho AM =

BC. Tinh BMC.
Bai giai:
Bén trong tam giac ABC, dung tam giac déu BCD. Ta co:
ACD = ACB - DCB = 80" - 60° = 20°.
Xét hai tam gidc ACD va BAM c¢:
AC =BA (vitam gidc ABC can tai A)
ACD = BAM =20"_
CD = AM (cung bang BC)
Do vay, hai tam giac ACD va BAM bang nhau. Ta cé:
ABM = CAD (1).
Goi H la trung diém ctia BC, ta ¢c6 AH L BC va DH L BC suy ra hai
duong thang AD va AH triing nhau, AD 12 truc d6i xting ctia tam
giac can ABC. Tir d6 ta c6 CAD = BAD = 10° (2).
(1) va (2) suy ra ABM = 10°.

Vay BMC = BAM + ABM = 20" + 10° = 30°.

H B

Bai 34**. Cho A ABC vuong tai A. Goilla giao diém cuia cac du’&mg phén giac cia A

ABC. Biét AC = 12cm; IB = 8cm. Tinh d6 dai BC.
Giai:
Goi D la diém d8i xting ctia B qua duong thang CI. Vi

CI 1a phan giac goc BAC nén D thudc duong thang AC
vaBC=DC.

Goi M la trung diém BD, thi CM L BD. D

Ta cé: BIM =ICB +IBC = 45°, do &6 tam gidc BMI
vuong can tai M, suy ra BM = 42 (cm).
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—BD =82 (cm).

AD=CD - AC = BC - 12 (cm)

Tam gidc ABC vudng tai A, c6: AB* =BC* — AC* =BC’ - 144

Tam giac ABD vudng tai A, c6: AB’ =BD’ — AD* =128 - (BC - 12)2

Nhu vay ta cé: 128 —(BC —12)° = BC” — 144
=128 —(BC* —24BC+144) = BC* - 144
—=>2BC?-24BC-128=0
= 2BC2-32BC+8BC-128=0
=>2BC(BC - 16) + 8(BC - 16) =0
= (2BC + 8)(BC - 16) = 0.
= BC=16 (cm).
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BAIL 7. HINH BINH HANH

A.LY THUYET:
1. Dinh nghia: Hinh binh hanh la t& gidc c¢6 cac canh d6i song song véi nhau.

2. Tinh chét — Dinh li: Trong hinh binh hanh:

a) Cac canh d6i song song va bang nhau.

b) Cac géc d6i bang nhau

¢) Hai duong chéo cit nhau tai trung diém ctia moi duong.

3. Dau hiéu nhan biét hinh binh hanh:

a) Tt gidc c6 cac canh d6i song song nhau

b) Tt gidc c6 cac canh d6i bang nhau

¢) Tt gidc ¢ cac goc d6i bang nhau

d) T giac c6 mot cdp canh d6i vira song song vira bang nhau

e) T giac c6 hai dudong chéo cat nhau tai trung diém ctia mdi duong.

B. VI DU:

Vi du 1: Cho hinh thang can ABCD (AB//CD, AB < CD). Trén tia d6i cta tia BA 1dy diém E
sao cho CB = CE. Chttng minh AECD Ia hinh binh hanh.
Giai:

Dé thay tam giac BCE can tai C suy ra CBE = CEB

Ta lai co CBA = DAB

Ma CBE + CBA = 180°

Nén CEB + DAB = 180°

Suy ra AC//ED (2 goc trong cung phia bu nhau)

Suy ra AECD Ia hinh binh hanh

Vi du 2: Cho t&t giac ABCD, goi M, N, P, Q Ian luot la
trung diém cua AB, BC, CD, DA.

a) Chting minh rang MNPQ 14 hinh binh hanh

b) Goi I, J lan luwot la trung diém ctia AC va BD. Ching
minh réng cdc doan thang MP, QN, I] dong quy tai mot M B
diém.
Giai:

a) Ta c6 MN la duong trung binh cua tam gidc ABC suy ra

MN//AC va MN = %AC; PQ la duong trung binh cua tam

1 b P c
giac ADC suy ra PQ// AC vaPQ = 5 AC.

Do d6 MN//PQ va MN = PQ, suy ra MNPQ la hinh binh hanh.
b) Goi O 1a trung diém MP thi O ciing la trung diém QN.

Tam gidc ABD c6 MI la dwong trung binh nén MI//AD va MI = %AD.

Tam gidc ACD c6 PJ la duwong trung binh nén PJ//AD va PJ = %AD.
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Suy ra MI//PJ] va MI = PJ= MIP 1a hinh binh hanh. Ma O 1a trung diém MP nén O ciing la
trung diém IJ.

Vay cac doan thang MP, QN, IJ déng quy tai O.

Vi du 3: Cho tit gidc ABCD, goi M, N, P, Q Ian luot la trung diém cua AB, BC, CD, DA.

a) Chting minh rang MNPQ 14 hinh binh hanh.

b) Goi I la giao diém ctia MP va QN. Goi E la diém trén tia IA sao cho EA =2Al va] la giao
diém cua tia MA va EP. Chting minh rang J 1a trung diém ctia EP.

Giai:

a) Twong tu vi du 2.

b) Xét tam gidc EMP c6 EI la trung tuyén.
Diém A ndm trén doan EI va EA = 2AI

2
< EA= 3 El < A la trong tam tam gidc EMP.

Suy ra MA la trung tuyén cua tam giac EMP —
Ma MA cét EP tai ] nén J 1a trung diém EP. D P
C.REN LUYEN KY NANG GIAI BAI TAP:

Bai 35. Cho hinh binh hanh ABCD c6 A = 120°, phan gidc géc D di qua trung diém ctia
canh AB. Goi E la trung diém ctia CD. Chting minh:

) &

a) AB =2AD
b) A ADE déu, A AEC can
¢) AC1L AD
Bai giai: A D
a) Goi M la trung diém cta canh AB, ta ¢
AMD = CDM (1) (so le trong).
Mit khéc, DM 1a phan gi4c géc D nén ADM = CDM Iy
2) E
(1), @)= AMD = ADM, do d6 tam giac ADM cén tai
A.
A _ 1

b) Trong hinh binh hanh ABCD, A = 120° = D = 60"
va AD =DE = %CD . Tam gidc ADE can va c6 mot goc

bﬁng 60°, nén tam giac ADE déu.

Theo trén, tam gidc ADE déu nén AE = ED =EC, suy ra
tam gidc AEC can tai E.

c) Vi AADE déu va A ACE céan tai E nén

EAC = %@ =30’ (géc ngoai cua A AEC)

Mt khac EAD = 60°, suy ra CAD = 90°.
Vay AC L AD.
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Bai 36. Cho tit gidc ABCD. Duong thang AB cat duong thang CD tai E, duong thang BC
cat duong thang AD tai F. Goi I, J, K, L Ian luot la trung diém ctia AE, CE, CF, AF. Chting
minh rang IL//JK.

Bai giai:
Xét A AEF, I1a trung di€ém cua AE, L 1a trung diém cua AF nén IL 1a duwong trung binh. Ta
co IL // EF (1).
Twong tw, xét A CEF, JK la duong trung binh nén JK // EF (2).
Mit khég, [, J, K [an lwot ndm trén ba canh ctia tam gidc EBC nén 1, J, K khong théng hang.
Vay ttr (1) va (2) suy ra IL // JK.

Bai 37. Cho hinh binh hanh ABCD. Hai diém E, F lan lwgt 18y trén BC, AD sao cho BE =%

BC, DF =%DA va EF 1an luot ¢t AB, CD tai G, H. Chting minh réng:

a) GE =EF =FH
b) T gidc AECF la hinh binh hanh.
Bai giai:
a) Trong A AGF, B trén canh AG, E trén canh

FG. Ta c6 BE = %BC = %AF va BE // AF A . r

suy ra BE la duong trung binh trong A AGF.

Do d6 E la trung diém cua GF (1).

Chiing minh tuong tu, DF la dwong trung B E C
binh trong tam gidc CHE, nén F la trung diém

cua HE (2).

Tt (1) va (2) suy ra GE = EF = FH. G

b) Ta co AF = %AD va EC = %BC, suy ra

AF = CE . Mit khac AF // CE, do vay t giac AECF 1a hinh binh hanh.
Bai 38. Cho hinh binh hanh ABCD c6 2 dudng chéo cat nhau tai O, duong thang d nam
ngoai hinh binh hanh. Goi A’, B’, C’, D’, O’ Ian luot 1a hinh chiéu cta A, B, C, D, O trén
duong thang d. Chttng minh rang: AA” + CC’ = BB’ + DD’ = 200’

Bai giai:
Ta co 2 2D
AA' 14,CC' Ld = AA'/CC
suy ra tt giac AA’C’C la hinh thang.
O 1a trung diém AC va OO’ song
song voi AA’ nén OO’ la duong
trung binh ctia hinh thang AA’C’C.
T d6 ta c6: AA’ +CC’ =200,
Lap luan twong ty, ta c6 BB’ + DD’ =
200.
Vay AA” + CC" =BB’ + DD’ =200'.
Bai 39. Cho tam giac ABC c6 3 duong trung tuyén AM, BN, CP. Duong thang qua A song
song véi BC cat duong thang qua B song song véi AM tai F; NP cat BF tai I, FN cat AB tai
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K, FP cat BN tai H, NJ//AM (J thudc BC). Chitng minh rang cac tt giac AFPN, CNFP, NIBJ
14 c4c hinh binh hanh.
Bai giai:

AF //BM va AM // BF, do @6 AMBF lahinh ~ F A
binh hanh.
Suy ra AF =MB va AF // MB (1). K
Lai c6 PN la duong trung binh trong A

ABC nén PN = MB va PN // MB (2). I
Tw (1) va (2) suy ra PN = AF va PN // AF.

Vay AFPN la hinh binh hanh.

Theo trén, AFPN la hinh binh hanh nén FP H
= AN =NC va FP // NC, ttr d6 suy ra CNFP B ;

la hinh binh hanh. M s C
Trong A ACM, NJ la duong trung binh, suy

ra NJ // AM // IB. Lai c6 NI // B], do vay t& giac NIBJ 1a hinh binh hanh.

Bai 40. Cho tam giac ABC, cac duong cao AK va BD cit nhau tai G. Vé cac duong trung
truc HE, HF cta cac canh AC, BC. Dudng thang qua A song song véi BG cat duong thang
qua B song song véi AK tai I. Chitng minh rang:

a) BG= Al

b) BG =2HE

c) AG=2HF

Bai giai:
a) Ta co AG // Bl va BG // Al nén tit giac
AIBG la hinh binh hanh, suy ra BG = AL
b) IB// AG = IB L BC, ma HF L BC,
do d¢6 1B // HF.
Lai c6 F la trung diém ctia BC nén HF di
qua trung diém cuaa IC. 1
Chttng minh twong tiw, HE cling di qua
trung diém cua IC.
T d6 ta dwoc H 1a trung diém cua IC. B
Trong A AIC, HE la duwong trung binh, do

do HE = %AI = %BG. Vay BG =2HE.

¢) Theo chitng minh trén, HF la duwong trung binh trong A CBL

Suy ra HF = %BI = %AG (Vi AIBG Ia hinh binh hanh). Vay AG = 2HF.

Bai 41. Cho tam giac ABC, cac duong cao BH va CK cat nhau tai E. Duong thang qua B
vudng gdc véi AB va duong thang qua C vudng gdc v6i AC cat nhau tai D. Goi M 1a trung
diém cua BC.
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a) T giac BDCE la hinh gi? Vi sao?

b) Chttng minh rdng M la trung diém ctia A
DE. Tam gidc ABC thoa man diéu kién gi
thi DE di qua A?
¢) Chitng minh rang BAC + BDC = 180° ) H
Bai giai: K
a) Ta co:
BE 1L AC
= BE //DC (1),
DC L AC
CELAB
= CE //BD(2) B c
BC L AB
Tt (1) va (2) suy ra BDCE la hinh binh
hanh.

b) Vi BDCE 13 hinh binh hanh va M 1a b

trung diém cua BC nén M 1a trung diém cua DE.
DE di qua A khi va chi khi A, E, M thang hang. Vi E 1a giao diém hai dwong cao BH va CK
nén AE la duong cao trong tam gidac ABC. Vay AE qua M khi va chi khi duong cao va
duong trung tuyén ké tir A trung nhau, hay tam giac ABC can tai A.
¢) Trong t& gidc ABDC: A + B+ C + D =360°, ma B=C =90° nén A + D = 180°.
Vay BAC + BDC = 180°
Bai 42. Cho A ABC nhon (AB < AC), hai duong cao BE va CF cit nhau tai H. Vé duong
thang vudng gbc véi AB tai B, vé duong thang vuong goc véi AC tai C, hai duong thang
nay cat nhau tai D.

a) Chung minh AH 1 BC va t& gidc BHCD la hinh binh hanh.

b) Goi M Ia trung diém BC. Chitng minh ba diém H, M, D thang hang va A EMF can.

c) GoiKla diém d6i xting cua H qua BC. Chiing minh BD = CK.

d) Puong thang vuong goc BC tai M cat AD tai L. Chtiing minh AH =2ML.

Giai:

a) A

* Ching minh AH L BC: H la giao diém hai duwong cao
BE va CF nén H la triec tam tam gidc ABC, do d6 AH
1BC.

* Chttng minh t¢ gidc BHCD la hinh binh hanh.
BHLAC DCLAC = BH//DC (1)
CH_LAB,DBLAB = CH//DB (2)

(1) va (2) suy ra BHCD la hinh binh hanh.

b) Hinh binh hanh BHCD c6 hai duong chéo BC va HD,
do d6 M 1a trung diém BC cling la trung diém HD. B~
Vay H, M, D thang hang.

A FBC vuong tai F, c6 FM 1a trung tuyén, do d6 FM =
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1 1
> BC. AEBC vudng tai E, ¢c6 EM la trung tuyén, do d6 EM = 5 BC.

Tt d6 ta dwoc FM = EM, hay A EMF can tai M.
¢) Chitng minh BD = CK.
K va H d&i xting nhau qua dwong thang BC nén CH = CK.
Tt giac BHCD la hinh binh hanh nén CH = BD.
Ttr d6 co ta BD = CK.
d) Chttng minh AH =2ML.
Theo trén AH L BC, theo gia thiét ML L BC, do d6 ML // AH.
Trong A AHD c6 M 1a trung di€m cua HD (chttng minh trén), L thudéc AD va ML // AH.
Ttr d6 suy ra ML la duong trung binh trong tam giac AHD. Vay AH = 2ML.
Bai . Cho hinh binh hanh ABCD. V& hinh binh hanh BDCE 1a BDFC. CD cat BF 6 M va AM
cat CF o N.

a) Chting minh A d6i xting véi E qua B.

b) Chiing minh C 1a trung diém cua EF.

¢) Ching minh AC, BF, DE dong qui tai m§t diém.
d) Chting minh FC =3NC.

Giai:

a) Vi ABCD la N

hinh binh

hanh nén AB F

// CD va AB =

CD; Vi BDCE 14 hinh binh hanh nén EB // CD va EB = CD.

Tl d6 ta 6 A, B, E thang hang va AB = EB, do d6 A d&i xting véi E qua B.

b) BDCE la hinh binh hanh nén CE = DB va CE // DB; BDFC Ia hinh binh hanh nén CF =
DB va CF // DB.

Do d6 G, E, F théng hang va CE = CF, vay C la trung diém cta EF.

c) Dé thdy DF = BC va DF // BC; AD =BC va AD // BC. Do &6 DF = AD va A, D, F thang
hang, hay D la trung di€ém cua AF.

Xét tam giac AEF, c6 AC, FB va ED la trung tuyén, do vay AC, BF, BD dong qui tai trong
tam tam gidc AEF.

d) GoiIla giao di€ém cua AN va BD va O la giao diém ctia AC va BD. Ta c6 Ila trong tam

1 1
tam giac ACD, suy raIO= —-DO=—DB= —FC (1).

U |
N
N

TAI LIEU TOAN HOC



Trong tam gidc CAN c6 O la trung diém cua AC va OI // CN nén OI la duong trung binh,
1
doddétacolO= ECN (2).

(1), (2) suy ra FC =3CN.

Bai 43.* Cho tam gidc nhon ABC. Vé phia ngoai tam giac, dung cac tam giac vudng can
ABD va ACE vudng tai A. Chiing to rang duong trung tuyén AM ctia tam gidc ADE
vudng goc véi BC.

Loi giai:

Goi H la giao diém ctia AM va BC.
Dung hinh binh hanh ADFE.

Ta c6 BAC + DAE = 1800 Suy ra FEA = BAC (cung bu vdi goc ]ﬁ).
Hai tam giac CAB va AEF co:

AC=EA.

CAB = AEF (theo trén).

AB =EF. D
Suy ra ACAB = AAEF (c-g-c) H
= ACB = EAF.
Mt khic CAH + EAF = 90° M_—fF C
Do d6 CAH + ACB = 90"

— 0 F ==
Vay AHC=90".
Bai 44*. Cho hinh binh hanh ABCD. Dyng cac tam
giac déu ABE, ADF ¢ ngoai hinh binh hanh ABCD. E
GoiM, N, I Tan luot 1a trung diém cua AF, BD, AE.
Chitng minh rang:
a) Tam giac CEF la tam giac déu.
b) MNI = 60°
Bai giai:
E
F
B
D C

a) Ta c6: EBC = EBA + ABC = 60° + ABC, FDC = FDA + ADC = 60° + ADC .
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~ Mt khéc, vi t gidc ABCD 13 hinh binh hanh nén ABC = ADC, suy ra EBC = FDC.
Hai tam gidc EBC va FDC c¢:

EB = CD (cing bdng AB), EBC = CDF, BC = DC (ciing bing AD)

Suy ra AEBC =AFDC (c-g-c), ttr d6 ta c6 EC = FC (1).

EAF =360 - (EAB + FAD + DAB) = 240" - DAB

= 240" —(1800 —A/B\C) = 60° + ABC

Do d6 EAF = EBC . Hai tam giac EAF va EBC c6:
EA = EB, EAF = EBC va AF =BG, do vady AEAF = AEBC, tir d6 ta c6 EF = EC (2).
Tt (1) va (2) suy ra EC = CF = FE. Vay A CEF déu.
b) N la trung diém cua BD ciling la trung diém ctia AC. Nhu vay, MN, IN, MI lan luot la
duong trung binh trong cac tam gidc AFC, AEC va AEF. Ta c6:
MN = 1 FC, IN= 1 EC, MI = 1 EF.
2 2 2
Theo trén, FC = EC =EF = MN =IN = ML Suy ra MNI la tam giac déu.
Vay MNI = 60°.
Bai 45*. Cho hinh binh hanh ABCD. O mién trong hinh binh hanh ABCD vé hinh binh
hanh A’B'C'D’. Goi M, N, P, Q Ian luot la trung diém cta AA’, BB’, CC’, DD’. Chtng minh
rang t& giac MNPQ 1a hinh binh hanh.

Bai giai:

GoiIla diém d6i xiing cia D’ qua M, K la diém d6i xtiing cua B’ qua P, suy ra cac tit gidc
AIA’D’ va CKC’B’ 1a hinh binh hanh (hai dudng chéo cat nhau tai trung diém mdi doan).
Tt d6 taco Al=A'D’=B'C'=CKva Al//A'D’" //B'C’" /| CK.

Al cat CD tai O thi A1 = O1 (g6c dong vi) va O1 = Ci (so le trong).

Vi BAD = BCD = IAD =KCB.

Twr d6 ta ching minh dwge AIAD = AKCB va AIAB = AKCD (c-g-c)

AIAD = AKCB = ID =KB.
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" AIAB=AKCD = IB=KD.
Nhu vay ta duoc tt gidc IDKB Ia hinh binh hanh, suy ra ID // KB, ID =KB (1).

MQ la dwong trung binh trong tam gidc ID'D, ta c6 MQ = %ID vaMQ//ID (2) .

Tuong t NP = %KB va NP // KB (3)

(1), (2), (3) =MQ // NP va MQ = NP. Vay MNPQ la hinh binh hanh.

Bai 46*. Cho hinh binh hanh ABCD, céac phan gidc A va D cit nhau tai M, cac phan giac

B va 6 cit nhau tai N. Chitng minh r?mg MN // AB.
Bai giai:

Gia st AM cat DC tai I, CN cit AB

tai J. A

Ta c6 DAI = BAI = DIA (sole

trong) suy ra tam gidc DAI can tai

D, do d6 M 1a trung diém ctia AL

Chttng minh twong t, ta co N la N

trung diém cua CJ.

Xét tir gidc AIC], c6 AJ // CInén

AICJ 12 hinh thang va MN la D I C

dwong trung binh trong hinh thang

AICJ. Vay MN // AB (chttng minh xong).

Bai 47. Cho tam giac ABC vudng can tai A. Trén tia d6i cta tia CA 1dy diém F; trén tia d6i

cua tia AB 1dy diém E sao cho BE = CF. Vé hinh binh hanh BEFD.

a) Chung minh DC_L BC.

.\
=

1
b) Goilla giao EF va BC. Chitng minh Al = 5 DB.

¢) Qualkeé duong thang vudng goc v6i AF cat BD tai M. Chitng minh MICF 1a hinh

thang can.

d) Tim vi tri ctia E trén ABd€ A, 1, D théng hang.
Giai:

a) BEFD la hinh binh hanh suy ra DF // AB
va DF = BE. B
Tt d6 ta c6: DF L FC va DF = CF. Hay tam M
gidc DFC vudng can tai F D
Do d6 DCF = 45".
Laicéﬁ=450,suyra ﬁ=900. £ K
Vay DC L BC.
b) Dung duong thang qua E vudng géc voi 4 " r
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g AB, cat BC tai K. Dé thdy BEK la tam giac vudng can, suy ra EK = BE = CF.

Mat khac EK // CF (cung vudng goc voi AB). Ttr d6 ta dwoc EKFC la hinh binh hanh, suy
ralla trung di€ém cta EF.

1 1
Trong tam giac AEF vudng tai A, c6 Al la trung tuyén, do vay: Al= 5 EF = —BD.

[\

c¢) MI_L AF=MI// BE.

Lai c6 Ila trung diém caa EF va BEFD la hinh binh hanh nén M la trung diém cta BD. Suy
ra MF // Bl // IC va MI = DF = FC.

Vay MICF la hinh thang can.
Giase A, I, D thf?mg hang. B
Xét A ABD c6 M la trung di€ém ctia BD, MI

/[ AB. Suy ra MI la duong trung binh trong
A ABD. Nhu vay I 1a trung diém cua AD.

Twr d6 dé dang suy ra AEDF la hinh chi E|
nhat.

Khi do: AE =FD =FC =BE. Vay E la trung 1
diém cua AB.

Nguoc lai, néu E 1a trung diém cta AB thi ¢ F
ta dé dang suy ra A, I, D thang hang.

Bai 48*. Cho hinh binh hanh ABCD, A la goc nhon, AC ¢4t BD tai O, DE | AB tai E, DF L
BC tai F.
a) Chting minh rang tam giac FOE can
b) Gia st BAD=m. Tinh EOF theo m.
Bai giai:
a) Trén tia d6i cuia tia FB 1ay diém I sao B F I
cho FI =FB. Ta c6 F la trung diém cta
BL E
Ta giac DBI ¢6 DF vira la trung tuyén,
vira la duong cao nén tam giac BDI 0
can tai D.
OF la duong trung binh trong tam giac

1 1 D
BDI, suy ra FO = EID = EBD.

Lap luan tuong tu, ta c6 EO = %BD.

Ttr d6 suy ra EO = FO, hay tam giac FOE can tai O.
b) Theo chitng minh ¢ cau trén, tam gidc ODF can tai O suy ra ODF = OFD
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" Tacé: ODF +OFD =BOF (g6c ngoai tam giac ODF) = BOF = 20DF
Tuong ty BOE = ODE .
Do d6 EOF = BOE + BOF = 2EDF .
Mit khac, EDF + ABC + BED + BFD = 360" = EDF + ABC = 180"
Do d6 EDF = BAD =m (cting bi1 v6i ABC )
VéyE/(-)\F =2m.
Bai 49*. Cho tam gidc ABC c6 trung tuyén AM. Lay diém G trén AM sao cho AG =2GM.
a) Chiing minh rang G la trong tdm ctia tam giac ABC.
b) Goi N, P Ian luot 1a trung diém ctia CA, AB. Chitng minh rang G ciing 1a trong tam ctia
tam giac MNP.
Bai giai:

a) AG=2GM suyra AM =AG+GM =AG+ %AG= %AG.

Diém G trén doan AM thoa man AG = %AM, do d6 G la trong tam tam giac ABC

b) Ta c6 PN = %BC=MCV%\PN//MC,do A

do t& giac CMPN la hinh binh hanh. Suy

ra duong thang CP di qua trung diém ctia

MN. Vi CP 1a duong trung tuyén trong P N

tam gidc ABC nén CP di qua G, do vay PG

la di qua trung diém cua MN.

Chttng minh twong tr, NG di qua trung

diém ctia MP. B M C
Vay G la trong tam tam gidc MNP.

Bai 50. Cho tam giac ABC céan tai B, tric tam H, M 1a trung diém cua BC. Duong théng
qua H vudng géc véi MH cat AB, AC lan luot tai E va F. Chting minh rang H 1a trung
diém cua EF.

Giai:

Goi D la diém d6i xtiing cua C qua H.

HM la duong trung binh trong tam gidc BCD nén BD // MH.
Ma MH L HE nén HE_L BD (1).

Vi H la trye tam tam gidc ABC nén BE_LHD (2).

Ttr d6 suy ra E la treec tam tam giac BDH, do d6 DE L BH.
Suy ra DE // CF. D M
Ttr d6 ta chitng minh dwoc DECF 1a hinh binh hanh, véi H 1a

giao diém hai duong chéo.

Vay H la trung diém cta EF. H

‘ )
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BAI 8. POI XUNG TAM

A.LY THUYET

1. Hai di€ém d6i xttng qua mot diém:

a) DBinh nghia: Hai diém M, M’ goi 1a d6i xting vdi nhau qua diém O néu O la trung diém
ctia doan thang MM’

b) Quy woc: Néu diém M trung véi diém O thi diém ddi xing voi diém M 1a diém M’
cling trung véi diém O.

¢) Tinh ch4t: M ddi xtimg véi M’ qua O=OM = OM’

2. Hai hinh d8i xi'ng qua mét diém:

a) Dinh nghia: Hai hinh H va H’ goi 1a d6i xting v6i nhau qua diém O néu mdi diém thuodc
hinh H ¢6 diém d61 xting qua O thudc hinh H'. Khi d6, diém O goi 1a tam d6i xing cta hai
hinh Hva H'.

b) Dinh 1li: Néu diém A va A’, B va B’, C va C’ d6i xttng v6i nhau qua tam O thi:

*Poan thang AB d6i xting v6i doan thang A'B’ qua t tam O va AB=A'B’.

* ABC, A'B'C" d&i xtng voi nhau qua tam O va ABC = A'B'C'

* AABC, AA'B'C" @6i xting vdi nhau qua tam O va AABC = A4'B'C'

* Puong thang AB d6i xting véi duong thang A’B’ qua O va AB//A’B’ (tinh chit nay st

dung phai chitng minh, dwa vao tinh chat ctia hinh binh hanh)

3. Hinh c6 tim d6i xitng:

a) Pinh nghia: Diém O goi la tam ddi xtiing cta hinh H (hay hinh H ¢6 tam d6i xting la O)
néu mdi diém thudc hinh H c6 diém ddi xting cling thudc hinh H.

b) Pinh li: Giao diém hai duong chéo cua hinh binh hanh la tam ddi xtng ctia hinh binh
hanh d6.

Nhan xét: Tt dinh 1i trén, ta suy ra rang “Néu c6 mot duwong thang di tim ddi xting ctia
hinh binh hanh va cét 2 canh d8i dién ctia hinh binh hanh tai A, B thi A va B d6i xting véi
nhau qua tam O.”

B. VIiDU

Vi du: Cho tam gidc ABC trung tuyén AM va G la trong tam cua tam giac ABC. Goi K, H,

N lan luot 1a cac diém d6i xing cua G qua A, B, C. Goi T la giao diém cua tia KG véi NH.
a) Chttng minh rang M la trung diém ctia GT.

b) Chttng minh rang G 1a trong tam ctia tam gidc KNH.

Giai:

a) Dé thay A, B, C Ian luot la trung diém caa
GK, KH, GN.

Xét tam giac NGH c6 BT la dwong trung binh

=BT//GN va BT = % GN hay BT//GC va BT =

GC
Suy ra BTCG la hinh binh hanh.
M la giao diém 2 duong chéo GT va BC nén

M la trung di€ém cta GT. N T B
b) Xét tam gidc GNT c6 CM la duong trung
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binh nén CM = % NT

1
Twong tu, ta c6 BM = > HT.
Ma CM =BM nén NT =HT =T la trung diém NH. (1)
2
Talai c6 KA = AG =2GM = GT, suy ra KG = 2GT hay KG = 3 KT. (2)

Tt (1) va (2) suy ra G la trong tam tam gidc KNH.
B. REN LUYEN KY NANG GIAI BAI TAP

Bai 51. Cho ba diém A, B, C thang hang va diém M khong thudc duwong thang d6. Goi A’,
B’, C’ Tan luot 1a diém d6i xting cuia A, B, C qua M. Chiing minh A’, B, C’ théng hang.
Bai giai:

__oC

Gia stt A, B, C thang hang theo tht: tu do,
taco AB+BC=AC(1).
Cac doan thang A’B’, B'C’ va A’C’ lan luot
ddi xtng véi cac doan thzfmg AB, BC, AC
qua diém M nén ta c6 A’'B’ = AB, B'C’ =BC,
A'C'=AC.
Két hop dang thiic (1) ta dwoc A'B'+B'C' = €'
A’C’. Vay A’, B, C’ thang hang.
Bai 52. Cho tam giac ABC. Goi O1, Oz, Os Jan luot 1a trung diém cua AB, BC, CA. M la mét
diém tuy y khong thudc cac canh cta tam giac ABC. Goi M1 la diém d6i xting cua M qua
O1, M2 la di€ém d6i xting cua M1 qua Oz, Ms la diém ddi xting ctia M2 qua Os. Chiing Ms d6i
xtng voi M qua A.

Bai giai:
Dé dang chiing minh duoc cac t& gidc AMBM, M;
BM:2CM1, CM2AM; la cac hinh binh hanh (dwa
vao tinh chat cic duwong chéo cat nhau tai trung
diém cua mdi duong).
T d6 ta c6: AM = MiB = M2C = MsA,
AM // MiB /| M2C, AMs // M2C
Tt d6 AM = AMs va A, M, Ms thang hang.
Vay A la trung diém cua MM, hay A va Ms d6i
xtng nhau qua A.
Bai 53. Cho hinh binh hanh ABCD c¢6 tam d6i
xung O, E 1a diém bat ky trén canh OD. Goi F la
diém d6i xting ctia C qua E.
a) Chting minh rang AF // BD.
b) Diém E 6 vi tri nao trén OD dé€ t giac ODFA
la hinh binh hanh.

B'

Bai giai:
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a) Ta c¢6 O 1a trung diém AC va E la trung di€ém CF nén OE la duong trung binh trong tam
giac ACF, ttr d6 ta c6 AF // BC. A B

b) ODFA la hinh binh hanh khi va
chi khi FD = AO va FD // AO, khi 0
va chi khi FD =OC va FD // OC, F

hay OCDF la hinh binh hanh.

Vi E 1a trung diém cua CF, do d6 D
OCDF Ia hinh binh hanh khi va chi

khi E la trung di€ém ctia OD.

Vay ODFA la hinh binh hanh khi va chi khi E 1a trung diém cua DO.

Bai 54. Cho hai duong thang di, d2 vudng géc nhau tai O va mot diém P khong nam trén
di, d2. Goi P1 la diém d6i xting cta P qua di, P2 la diém d6i xting ctia P1 qua dz. Ching
minh hai diém P1 va P2 d6i xting nhau qua O.

Bai giai:
Goi I, K Ian luot 1a trung diém cua PP, PiPa.
Dé dang nhan thay OP = OP1 = OP2(1).
POP, = POP, + P,OP,

= 2(IOP, + ROK) = 210K =180" (2)

Tt (1) va (2) suy ra O la trung diém PPx.
Vay hai diém P va P1 d6i xting nhau qua O.

Bai 55. Cho hinh binh hanh ABCD, diém P
trén AB. Goi M, N la cac trung diém cua AD,
BGC; E, F lan luot 1a diém d6i xting ctia P qua M, N. Ching minh réng:
a) E, F thudc duong thang CD.

b) EF = 2CD

Bai giai:
a) M la trung diém ctaa AD va
PE suy ra t& gidc APDE la hinh
binh hanh do d6 DE // AP. M
Twong twe BPCF 1a hinh binh
hanh, suy ra FC // PB. Mt khéc /'K,\
CD‘// AB nén suy ra <3éc diéfmE, E D C F
F nam trén dueong thang CD.
b) Trong tam giac PEF, MN la duong trung binh suy ra EF = 2MN = 2CD.
Bai 56. Cho hinh binh hanh ABCD ¢6 O la giao diém hai duong chéo. Lay diém E trén
canh AB, F trén canh CD sao cho AE = CF. goi I 1a giao diém cta AF va DE; K 1a giao diém
cua BF va CE. Chting minh I 1a diém d6i xting cua ctia K qua O.

Bai giai:
Ta co AE = CF va AE // CD nén AECF la hinh binh hanh. Twong tw, BEDC cing 1a hinh
binh hanh. Do d6 ta ¢6 O 1a trung diém cuia EF va IEKF 1a hinh binh hanh (hai cdp canh
ddi dién song song). Ttr d6 suy ra O 1a trung diém cua IK.
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~ Vay hai diém I va K d6i xtmg nhau
- quaO.

Bai 57*. Cho diém O tity y ndm trong
tam gidc ABC. Goi D, E, F theo thtt tw
la trung diém cua BC, CA, AB. Goi G,
H, I theo tht tw la cac diém d6i xting
voi O qua D, qua E, qua F. Ching
minh rang;

a) Ba duong AG, BH, CI dong quy tai mot diém. (Goi diém dong quy la K)
b) Khi O di chuyén trong tam gidc ABC thi duwong thang OK lu6n di qua mot diém cd
dinh.

D

Loi giai:
a) Ta co cac tit gidc AIBO va BGCO la
cac hinh binh hanh (vi cac duong chéo
cat nhau tai trung diém mdi duong). I
Suy ra AI=OB, Al // OB va CG =BO,
CG//BO = Al=CG, Al //CG.Ta
duoc tie gidc AIGC ciing la hinh binh
hanh, suy ra AG cat CI tai trung diém
mdi doan.
Chttng minh twong tw, ta cing cé Al
cit BH tai trung diém mdi doan.
Vay AG, BH, CI dong quy tai K, la
trung diém ctia moi doan.
b) Trong tam gidac AGO, AD va OK la hai duwong trung tuyén. Goi M la giao diém ctia OK
va AD thi M la trong tam tam gidc AGO.
Ta c6 diém M trén canh AD, théa man AM =2MD, suy ra M la trong tam tam giac ABC, la
diém co dinh.
Vay khi O thay d6i, dwong thang OK luon di qua trong tdm tam gidc ABC.
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BAI 9, 10. HINH CHU NHAT - PUONG THANG
SONG SONG VOI MOT PUONG THANG CHO TRUOC

A.LY THUYET
1) Dinh nghia: Hinh chi® nhat la ttr gidc ¢6 bdn goc vudng. a »
Nhan xét: Hinh chi* nhat l1a hinh binh hanh dac biét (c6 cac
goc b?mg 90° hodc 1a hinh thang can dac biét (c6 s6 do cac

gbc day bang nhau la 90°
2) Tinh chit: D C
- Tt nhén xét trén, ta suy ra hinh ch nhat c6 tat ca cac tinh
chat ctia hinh binh hanh va hinh thang can.
- Tinh chat ddc trung cta hinh chit nhdt 1a: “Hai dwong chéo bang nhau” va “hai dwong chéo
cit nhau tgi trung diém mbi duong”.
3) Hé qua:

. A \ N Lo~ A
a) Trong tam giac vudng, duwong trung tuyén tng vdi nita
canh huyén bang nita canh huyén.
Vidu. AABC vudng tai A va trung tuyén M thi ta c6
1
AM= —BC. C
2 B M

b) Néu mot tam gidc c6 mot trung tuyén tng véi mot canh
bang nita canh &y thi tam giac d6 1a tam giac vudng, va trung tuyén d6 ting véi canh
huyén.
4) Dau hiéu nhan biét hinh chit nhat:
a) T gidc co ba goc vuong la hinh chit nhat.
b) Hinh thang can c6 mot goc vuong la hinh chit nhat.
c) Hinh binh hanh c6 mot goc vuong la hinh chit nhat.
d) Hinh binh hanh ¢6 hai duong chéo bang nhau 1a hinh chir nhat.
5) Khoang cach giita hai dwong thing song song:
Khoang cach gifta hai duong thang song song la khoang cach tir mot diém bat ky ctia
dwong thing nay 1én duong thing kia.
6) Tinh chét ctia cic diém cach déu mot duwong thang cho trude:
Tap hop cac diém cach duong thang a mot khoang bang h khong ddi 1a hai duong
thang song song véi a va cach a mot khoang bang h.
7) Puong thang song song cach déu:
a) Dinh nghia: Khi cac duong thang a, b, ¢, d song song véi nhau va khoang cach gitra
cac duong thang a va b, b va ¢, c va d bang nhau thi ta goi chiing la cac duong thing song
song cich déu.
b) Dinh ly:
* Néu cac duong thing song song va cich déu cit mot dwong thing thi chiing chin trén
duong thang dé cac doan thing lién tiép bing nhau.
* Néu cac duong thang song song cidt mt diong thing va chung chan trén duong
thang d6 cac doan thing lién tiép bing nhau thi ching song song cich déu.
B. VIDU:
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Vi du 1. Cho tam giac ABC vudng tai A (AB < AC), trung tuyén AM. E, F [an luot 1a trung
diém ctia AB, AC.
a) Chting minh rang AEMF 1a hinh chit nhat. c
b) Goi AH la dwong cao cta tam gidc ABC. Chitng minh
EHMF la hinh thang can.
Giai:
a) Theo tinh chat tam giac vudng, ta c6 AM = MC = MB. F M
Tam giac CMA can tai M va F 1a trung diém AC suy ra MF L
AC.
Chtng minh twong te: ME L AB.
Vay AEMF la hinh chi nhat.
b) Ta c6 EF la duwong trung binh trong tam gidc ABC, suyra 4 E
EF // BC. Theo gia thiét, AB < AC suy ra HB<HA, do d6 H
thugoc doan MB. Vay EHMF la hinh thang.
Tam gidc HAB vudng tai H, ta c6 HE = EA = EB = MF, tit d6 suy ra EHMF la hinh thang
can.
Vi du 2. Cho tam giac ABC nhon, duwong cao BE va CF cat nhau tai H. 1dy M 1a trung diém
cua BC vaIla diém ddi xting ctia H qua M.

a) Chting minh rang: IC=BH va IB L AB.

b) Chttng minh rang AMEF la tam giac can.

¢) V& CQLBI tai Q. Chting minh rang AFEQ 1a tam

gidc vuong.

Giai:

a) T gidc BHCI 1a hinh binh hanh (vi hai dwong chéo
cat nhau tai trung diém moi duong). Tt d6 suy ra IC =
BH.

IB//CH, CHLAB =IB_L AB.

b) Hai tam gidc EBC va FBC la tam gidc vudng tai Eva F,
suy ra EM =FM = %BC.

Vay MEF la tam giac can tai M.

c) CQ_LBI = CQ// BF, dé dang chtrng minh dwoc CQBF
la hinh chit nhat, suy ra M la trung diém cua QF.

Theo trén thi EM = FM = MQ.

Trong tam giac EFQ, MF la duong trung tuyén va MF = %FQ. Do vay tam giac EFQ vuong

tai E.

C.REN LUYEN KY NANG GIAI BAI TAP

Bai 58. Cho t& giac ACBD c6 AB L CD. Goi M, N, P, Q lan luwot la trung diém ctia BC, BD,
AD, AC. Chiing minh rang :

a) T giac MNPQ 1a hinh chit nhat. M B

b) Biét BC // AD, BC = 4cm, AD = 16cm. Tinh MP. ¢ — 7
Loi giai: A’




a) Trong tam giac ACD, PQ la duong trung binh, suy ra PQ // CD.

Tuong tu, MN // CD, MQ // AB, NP // AB.

Tt d6 ta co MN // PQ va NP // MQ

Suy ra MNPQ 1a hinh binh hanh.

Mat khac, AB L CD= MN L MQ.

Vay MNPQ la hinh chit nhat.

b) Ta c6 MP = NQ. Theo gia thiét thi BCAD la hinh thang véi hai day BC, AD va QN la

1
duong trung binh nén MP = NQ = 5 (BC + AD) = 10cm.

Bai 59. Cho hinh chi* nhat ABCD. Trén tia d6i cua tia CB va DA 1ay lan luot hai diém E va
F sao cho CE = DF = CD. Trén tia d6i cta tia CD lay diém H sao cho CH = CB. Chiing minh
rang:
a) Tt giac CEFD la hinh chit nhat.
b) AE L FH.
Loi giai:
a) Theo gia thiét, DF = CE va DF // CE, suy ra t& giac CDEF la hinh binh hanh.
Mit khéc, CDF = 90°. Vay CDFE Ia hinh chir nhat.

b) Ta c6 AF = AD + DF = CH + CD = DH. A B
Hai tam gidc AFE va HDF c¢:
AF =HD, AFE = HDF =90, FE = DF.
Do d6 AAFE = AHDF = FAE = DHF . D 7
Mt khac DHF + DFH = 90° = FAE + DFH = 90"
Vay AE L FH.
Bai 60. Cho hinh chit nhat ABCD, BH L AC tai H. Goi M,
N, P lan luwot la trung diém ctia AH, BH, CD. Chting minh
réng: F E
a) Tt giac CNMP la hinh binh hanh.
b) BMP = 90°.
Loi giai: A B
a) Trong tam giac ABH, MN la duong trung binh nén M N,
MN = %AB va MN // AB.
= MN = CP, MN // CP. Vay MNCP Ia hinh binh hanh. ) H
b) Xét tam giac BCM, BHLCM, MN L BC (vi MN //PC, D ) P i C
PC L BC), suy ra N la truc tam tam gidc BCM, do d6 CN
1 BM.

Mit khéc, vi PM // CN nén PM L BM, hay BMP =90’ .
Bai 61. Cho ABCD la hinh binh hanh c6 tam O. Ldy E bat ki thudc doan OD. Dung F la
diém d6i xtiing ctia C qua E.

a) Chtng minh AFDE la hinh thang.
b) Tim vi tri cta E trén OD d€ AFDE la hinh binh hanh.
¢) NéuE la trung diém ctia OD. Chitng minh AFDO 1a hinh binh hanh.
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g d) Tim diéu kién ctia hinh binh hanh ABCD d€ AFDO la hinh ch@ nhat.
Giai:
a) Theo gia thiét thi E la trung diém
cta CF, do d¢6 OE la duong trung A

binh trong tam gidc ACF, tir d6 suy
ra OE // AF, hay DE // AF. Vay AFDE

la hinh thang. F D
b) Theo trén thi AFDE la hinh binh <
hanh khi va chi khi AF = DE. D

Ma AF =20E nén AFDE la hinh binh
hanh khi va chi khi DE = 20E, hay E la trong tam ctia tam gidc ADC.

c¢) Truong hop E la trung diém caa OD.

Ta co AF // OD va AF =20E = OD. Vay
nén AFDO 1a hinh binh hanh.

<A<

C

d) Truong hop E la trung diém ctia

OD, tim diéu kién ctia hinh binh hanh
ABCD dé€ AFDO la hinh ch nhat.

Theo cau trén thi AFDO d3 1a hinh F
binh hanh, nén AFDO la hinh chir
nhat khi va chi khi AO L DO, hay
ABCD 14 hinh thoi. b c

Bai 62. Cho tam giac ABC can tai A (AB > BC) c6 hai
duong cao BE, CF va diém M bat ky trén canh BC. Vé MP
1 AB tai P, MQ L AC tai Q. Trén tia d6i cta tia MQ 18y
diém N sao cho MN = MP. Chttng minh rang:
a) Tt gidc BEQN la hinh chi nhat.
b) MP + MQ = CF.

Loi giai:
a) Ta c6 PMB + PBM =90°, QMC +QCM =90°

TAI LIEU TOAN HOC




Vi PBM = QCM => PMB = QMC. Do d6 ta c6 PMB = NMB . Két hop gia thiét MP = MN,
suy ra P va N d&i xting nhau qua duwong thang BM.

NBM =PBM = QCM = BN // QC (géc so le trong bang nhau).

Mit khac, BE // NQ (cung vuong vdi AC), suy ra BNQE la hinh binh hanh.

Vi hinh binh hanh BNQE ¢6 mo6t goc vudong nén BNQE 1a hinh chit nhat.

b) Ta c6 MP + MQ = MN +MQ = NQ = BE.

Dé dang chiing minh dugc AECB = AFBC = BE =CF .

Vay MP + MQ = CF.

Bai 63. Cho tam giac ABC vudng can tai C, M 1a diém bat ky trén canh AB. Vé ME L AC tai
E, MF 1 BC tai F. Goi D la trung diém ctia AB.Chting minh rang:

a) Tt giac CFME la hinh chit nhat.

b) A DEF vudng can.

Loi giai:
a) Theo gi thiét thi t& gidc CFME c6 C = F = E = 90° A
Do d6 MECEF la hinh chi nhat.
b) Goi I la giao diém cua EF va CM, I la trung diém ctia EF
va CM. E < M
Vi tam gidc ABC vudng can tai C nén CD L AB. Xét tam b
giac DCM vuong tai D, c6 DI la trung tuyén nén: 7
DI= %MC = %EF Ma DI ciing la trung tuyén trong tam
giac DEF, do vay tam gidc DEF vudng tai D. C F B

Trong tt gidc CEDF c6
CED + CFD =180° = CED = BFD (1).
Dé thdy ECD = FBD = 45°(2) va EC = MF = BF (3) (tam gidc BFM vudng can tai F).
Tt (1), (2), (3) suy ra hai tam giac CED va BFD bang nhau (g-c-g).
Ttr d6, DE = DF. Vay tam gidc DEF vuong can tai D.
Bai 64. Cho tam gidc ABC vuong tai A (AB > AC). Ké duong cao AH (H thudc BC). Goi E
la diém d6i xting cua C qua H, vé EK vudng gdoc v6i AB tai K. Goi I 1a trung diém AK, N la
trung diém ctia BE. Chting minh rang: KE // TH va HK vudng géc KN.

Giai: B
*Tacd EK 1L AB= EK// AC, t& giac EKAC la hinh thang
vudng tai K va A. N
Lai c6 H 1a trung diém EC, I 1a trung diém AK nén HI 1a
duong trung binh cta hinh thang EKAC. Tt d6 ta ¢6 EK //
HI.
*HI_L AK, I la trung diém AK, nén tam giac HKA can tai H.
Do d6 HKA = HAK (1) e
Tam giac BEK vuong tai K, co KN la trung tuyén nén KN =
NB = NE. Tam glac KBN can tai N, do do BKN = KBN ().
(1), (2) suy ra BKN+AKH = KBN + KAH = 90°.
Vay NKH = 90". A ¢
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Bai 65. Cho hinh chi* nhat ABCD c6 AB =2BC. Goi E, F lan lugt la trung diém cua AB, CD.
H, K Ian lwgt la trung diém ctia DE, HF; I la trung diém ctia BF va Q la giao diém cua CH
va EK.

a) Chtiing minh CH L EK tai Q. D ¥

b) Chitng minh QI =1E =1C = IB.
Giai: J
a) Goi J la trung diém HD.
Ta c6 JK // DF nén JK L EF.
FK_L DE (vi ADFE 1a hinh vuéng)
K 1a tric tam tam gidc EF]

Suy ra EK_L FJ, ma FJ // CH nén EK L CH.
b) Theo trén, tam gidc CQE vudng tai Q, tir
dé suy ra QI =IE=IC=1B.

Bai 66. Cho hinh chit nhat ABCD, E € AC. Duong thiang qua E va song song véi BD cat cac
duong théng AD, CD Ian luot lai M, N. vé hinh cht nhat DMFEN. Goi O, I lan luot 1a giao
diém cua 2 duong chéo cua hai hinh chit nhat ABCD, DMEN. Chttng minh:

a) Tt giac EIDO la hinh binh hanh.

b) E 1a trung diém cua BF.
Loi giai:
a) Tacé EAM = ADO = EMA (1). p B
Vi DMFN la hinh chit nht nén E
IDM = IMD = AME (1) d z
(1), )= EAM = IDM = OE // DL > 0
Mat khac theo gia thiét thi EI // DO. Vay EIDO N D C
13 hinh binh hanh.

b) Ta c6 O, ITan luot la trung diém ctaa BD va FD. Theo trén, AC // DF, NE // BD.

Xét tam giac DFB, duong thang AC va NE lan luot 1a hai duong trung binh, suy ra AC va
NE cung di qua trung diém cua BF.

Vi E la giao di€ém cua AC va NE nén E 1a trung diém cua BF.

Bai 67. Cho hinh thang vuéng ABCD (A = D=90° (AB < CD). V& BE vudng géc CD tai

E. trén tia d0i ctia tia BA 1ay diém M sao cho BM = CD. Goi N la giao diém cua AE va BD,

K la trung diém ctia EM. V& Al vudéng géc ME A B M
tai L. Chitng minh ring NK // AM va BID =900,
Giai:

Trong tam giac AEM, NK 1a duwong trung binh,
do d6 NK // AM. N




Dé thay tt gidc ABED la hinh chir nhat, do d6 N 1a trung diém ctia AE va BD va AE =BD.
Tam giac IAE vuong tai I, c6 IN la duong trung tuyén, do dé:

IN =NA =NE=NB=ND.

Tam giac IBD c6 IN 1a trung tuyén thoa man IN = IB = ID, do d6 BID 1a tam gidc vudng tai
L

Bai 68. Cho hinh nhit nhat ABCD, vé BH vudng goc AC tai H. Trén tia d6i ctia tia BH 1dy
diém E sao cho BE = AC. Vé EK vudng géc véi duong thang AD tai K, EK cat duong
thing BC tai M. Chttng minh rdng géc ADE bang 45°.

Loi giai:

BAC = CBH = EBM (cung phu voi goc XBT{). K M E
Tam giac ABC va BME 1a hai tam giac vudng c¢6 AC = BE va - s
BAC = MBE suy ra AABC = ABME = ME = BC.
Dé dang chting minh dwoc ABMK 1a hinh chit nhat, suy ra
AK =BM = AB=KM. /
KD = KA + AD = KM + ME = KE. Do vy tam giac KFE A B
vuong can tai K.
Vay ADE =450

D C

Bai 69. Cac duong cao ctia tam giac ABC gap nhau tai O. Goi M, N, P, D, E, F lan luot la
trung diém cua AB, BC, CA, OA, OB, OC. Chitng minh rfmg ba doan théng DN, ME, EF

doéng quy va cung d6 dai.

Loi giai:
MP va EF Ian luot la duwong trung binh trong tam
giac ABC va OBC.

s 1
Ta ¢c6 MP // EF va MP = EF (vi cung bang EBC va

cung song song BC), suy ra MPFE la hinh binh hanh.
ME // AO, EF // BC va AO LBC, suy ra ME LEF, ta
dwoc ti giac MPEF la hinh chit nhat. Do d6 MF = PE
va MF cat PE tai trung diém moi doan.

Chttng minh twong tir, DN = PE va DN cit PE tai
trung diém moi doan.

Vay ba doan DN, MF, PE dong quy va cung d¢ dai.
Bai 70. Cho géc XOy =90°, M ndm trong géc d6. Vé MA LOx tai A, MB L Oy tai B. Trén
duong thang di qua A va vudng géc véi AB, 1dy cac diém E, F sao cho ME = MF = AB.
Chting minh rang;

a) EOF =90°, MOA = EMA, MOA + FMA = 180°.
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—~ @ —

/, b) EOy = OMA + MOF, BOF = OMA + MOF . Ttr d6 suy ra Oy la tia phan giac ctia goc

EOF . F
Loi giai:

a) Dé dang chitng minh dwgc OAMB 14 hinh chir

nhat. Ta c6 M la trung diém cua EF. *

ME = MF = AB = MO, ttt d6 suy ra tam gidc EOF

vuong tai O.

EMA + MAB = 90°, MOA + MAB= 90", suy ra A M

EMA = MOA..

MOA + FMA = EMA + FMA = 180". _ i’
b) Tam gidc OMF can tai M nén MOF = MFO . 0 N B

EF cat Oy tai N, ONE = MNB, suy ra
OMA +ONE = BMN + MNB = 90°.
Vi tam giac OEF vuong tai O nén MFO + OEN = 900

— — — — — —

—— - -

Do d6 OEy OMA+MOF BOF = BOM + MOF = OMA +MOF

Tt day suy ra OEy =BOF . Vay Oy 1a phan giac goc EOF .

Bai 71. Cho hinh chi* nhat ABCD. Goi M, N Ian luot la trung diém ciaa BC, CD. Goi giao
diém ctia AM, AN véi BD Tan lreot 1a P, Q. Goi AC cét BD tai O. Chitng minh rang:

a) AP = %AM, AQ =§AN.

b) BP =PQ=QD =2.0P.

Loi giai:
a) Ta c6 O la trung diém cua AC va BD.
Trong tam giac ABC, AM va BO la hai duong A B
trung tuyén, do d6 P la trong tam tam giac ABC.

Tt d6 ta cd AP = %AM.

Chttng minh teong tu, ta co AQ =§AN. 0

b) Ta c6: BP = %BO Z%BD;tu’ong tw, DQ = %BD D N c

,suyra PQ = %BD.

Mat khac OP = 0Q = %OB, do d6 O la trung diém PQ.

Vay BP =PQ=QD =20P.

Bai 72. Cho hinh binh hanh ABCD, tia phan giac goc A cit tia phan giac goc B va tia
phan gidc goc D Ian luot tai P, Q.
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a) Chttng minh rang: BP // DQ va AP LBP, AQLDQ.
b) Tia phan giac goc C cit BP, DQ Ian luot tai N va M. Tt gidc MNPQ la hinh gi? Vi sao?
¢) Chting minh rang: NQ // AB, MP // AD.
d) Gia stt AB > AD. Chting minh rang MP =NQ = AB —AD.
e) Chiing minh rang AC, BD, EF, MP, NQ dong quy.
Loi giai:

a) Chttng minh BP // DQ.

Goi E la giao diém cua BP va CD, F la
giao diém ctia DQ va AB. Ta co:

ABE = BEC (so le trong)

Vaﬁzﬁzéﬁ.

Suy ra FDE = BEC = BP // DQ (hai
gbc dong vi bang nhau).

* Chttng minh AP 1 BP, AQ L DQ.
AFD =FDC =FDA, suy ra tam gidc AFD can tai A. AQ la duong phan giac cting la
dwong cao nén AQ 1 DQ. Vi theo trén, BP // DQ nén suy ra AP L BP.

b) Chiing minh twong tw nhu trén, ta c6 CN _LBN, CM LDM. tit giac MNPQ ¢6 bon goc
vuong nén MNPQ la hinh chit nhat.

c) Tk gidc BEDF la hinh binh hanh (hai cdp canh d6i song song).

Theo chitng minh trén thi Q 1a trung diém cua DF, chitng minh tueong tuw, N 1a trung diém
cta BE. Ttr d6 suy ra NQ // BF, hay NQ // AB.

ViNQ// AB= BAQ=NQP
Lai c6 BAQ = BCM = %ﬁ) va NQP = NMP (vi MNPQ 2 hinh chit nhat).

Ttr d6 suy ra NMP = BCM = MN // BC (hai géc so le trong bang nhau).

d) Vi AB >AD nén F thudc canh AB, E thudc canh CD.

Theo chiing minh trén, BEDF la hinh binh hanh va Q, N Ian luot la trung diém caa DF, BE,
suy ra QN =BF = DE = AB - AF

Vi tam gidc ADF can tai A nén AB- AF=AB-AD = QN =AB-AD.

Lai c6 MNPQ la hinh chit nhat nén QN = MP.

Vay NQ = MP = AB - AD.

e) ABCD 1a hinh binh hanh nén AC cit BD tai trung diém modi doan.

BEDF la hinh binh hanh nén BD cat EF tai trung diém mdi doan.

MNPQ 14 hinh binh hanh nén MP cit NQ tai trung diém mdi doan.

Q, N Ian luot 1a trung diém cta DF va BE nén dé thdy BNDQ ciing 1a hinh binh hanh. Suy
ra BD cit NQ tai trung diém cua mdi doan.

Tt d6 ta 6 két luan AC, BD, EF, MP, NQ dong quy tai trung diém ctia mdi doan.

Bai 73. Cho tam giac ABC nhon. Goi B la mét diém thudc mién trong ctia tam giac sao cho:
PAC = PBC . Goi L va M 1a chan duong vuong goc vé tix P dén BC va AC. Goi D la trung
diém cua AB. Chitng minh tam gidc DLM can.

Giai:
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g Goi H, K Ian lwot la trung diém ctia AP va BP

A
theo tinh chat song song ctia duong trung binh
ta c6 ti giac DHPK 1a hinh binh hanh.
BP | 7\ M

Dan dén DK = - = HL

Ta chting minh hai géc DKM va DHL bang nhau

\/

nhw sau :

—_—

DKM = DKP + PKM = DKP + 2.PAC

Do hinh binh hanh DHPK nén DKP = DHP, con PAC = PBC (giai thiét)

suy ra DKM =DHL,

Vay ta da tim du 3 yéu t§ dé cho hai tam gidc DKM va tam giac DHL bang nhau.

suy ra DM = DL (diéu phai chiing minh)

Bai 74. Cho hinh chit nhat ABCD. Tia phan gidc goc A cét tia phan gidc goc D tai M, tia
phan giac gbc B cét tia phan giac goc C tai N. Goi E, F Ian luot 1a giao diém ctia DM, CN
v6i AB. Chitng minh rang;

a) AM =DM =BN =CN = ME = NF.
b) T gidc DMNC la hinh thang can.

c) AF = BE.

d) AC, BD, MN dong quy. B C
Loi giai:

a) Dé thay cac tam giadc ADM, BCN, AME, BNF la cac tam giac

vudng can voi cac dinh lan lwgt la M, N, M, N. E

do d6 AM =DM =EM va BN = CN = FN.

Mat khéc, vi AD = BC nén AAMD = ACNB = AM =BN .
Vay AM =DM =EM =BN =CN =EN.

b) Tam gidc ADE vuodng tai A c6 ADE=45= AED = 45°. Lai
6 ABN =45, do d6 BN // EM.

Theo trén BN = EM, do vay BNME la hinh binh hanh, suy ra
MN // BE // CD.

Mat khac CN = DM. Vay CDMN la hinh thang can.

¢) Chttng minh twong tw nhu trén, ta c6 AFNM ciing la hinh binh hanh.

Ttr d6 suy ra AF = BE = MN.

d) Theo chitng minh trén ta ¢c6 BN // MD va BN = MD, do d6 BNDM Ia hinh binh hanh,
suy ra BD va MN cdt nhau tai trung diém mdi doan. Mit khac BD va AC cling cit nhau tai
trung diém mdi doan.

Vay AC, BD, MN dong quy tai trung diém mdi doan.

Bai 75. Cho tam gidc ABC vuong tai A, D thudc canh BC. Vé DE 1L AB tai E, DF LAC tai F.
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a) Goi I 1a trung diém cta EF. Chiing minh rang A, I, D thang
hang.
b) Diém D 6 vi tri nao trén canh BC thi EF ¢6 d6 dai ngén nhat?
Vi sao?
¢) Dung diém D trén canh BC sao choCFE =150".

Loi giai:
a) Ttx gidac AEDF ¢6 A =E =F =90, do d6 AEDF lahinh chiv
nhat. Suy ra I 1a trung diém EF, ciing la trung diém ctaa AD.
b) Ta c6 EF = AD. EF nho nhat khi AD nhé nhat, hay diém D la
hinh chiéu vuéng goc ctia A 1én BC.
¢) CFE =150° = EFA = DAC = 30°.
Bai 76. Cho A ABC. Goi E, F Ian luot la trung diém caa AB, AC. Goi M, N, P, Q Ian luot la
hinh chiéu ctia A 1én hai duwong phan giac trong va ngoai ctia goc Bva C. Chiing minh
rang:
a) Cac t gidc AMBN, APCQ la cac hinh chi nhat.
b) M, N, P, Q, E, F thing hang.

A F

Loi giai:
a) Ta c6 duong phan giac trong 4
va ngoai ciua mot goc trong tam
giac thi vudong goéc véi nhau nén
NBM = 90°.
Trong t& giac ANBM c6 N E F 0
B=N=M=90" nén ANBM Ia P
hinh chit nhat.
Chiing minh tuong tu, ta cling c6
APCQ la hinh chit nhat. B C
b) Vi ANBM la hinh ch nhat nén
tac6 NMB = ABM = MBC, suy ra NM // BC (hai géc so le trong bang nhau).
ANBM la hinh ch@t nhat suy ra E 1a trung di€ém ctia AB, cling la trung diém ctia NM.
NM qua E, song song v6i BC nén NM la duong trung binh trong tam giac ABC, do d6 NM
di qua F.
Chttng minh teong ti, PQ la dwong trung binh trong tam gidc ABC.
Vay cac diém M, N, P, Q, E, F thang hang.
Bai 77. Cho A ABC (K =90°) c6 AB < AC. Goi M la trung diém cua BC. V& MD vudng goc
véi AB tai D va ME vudng gdc v6i AC tai E. Vé duong cao AH ciia A ABC.

a) Chttng minh ADME la hinh chit nhat.
b) Chiing minh CMDE la hinh binh hanh.
¢) Chttng minh MHDE la hinh thang can.

d) Qua A ké duong thang song song véi DH cat DE tai K. Chiing minh HK vudng goc véi
AC.

Giai:
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a) T giac ADME co:

A =D=E=90" nén ADME I3 hinh chit nhat.

b) MD L AB, AC_L AB, suy ra MD // AC.

ViM la trung diém cau BC nén MD 1a duong trung binh cia A ABC.

Twong tw, ME ciing 1a duwong trung binh cia A ABC. Tt d6 ta c6 A, E lan luot 14 trung
diém ctia AB, AC.

Suy ra MD // CE va DE // MC. Vay CMDE la hinh chit nhat.
¢) Theo trén thi DE // HM (1).

1
Xét tam giac ABH vuong tai H, c6 HD la trung tuyén nén HD = EAB .

1
Mat khac, trong tam giac ABC, ME la duong trung binh nén ME = EAB )

Suy ra HD = ME (2).

Tt (1) va (2) suy ra MHDE Ia hinh thang can.

d) Xét hai tam gidc ADK va DBH, c6: B
DE // BC = ADK = DBH (Hai goc dong vi). H
AD =DB (vi D 1a trung diém ctia AB) D

DH // AK = DAK =BDH (Hai gbc dong vi). K
Suy ra AADK = ADBH = AK = DH. A E C

Lai c6 AK// DH, do d6 ADHK Ia hinh binh hanh, suy ra
HK // DA.

ViDA L ACnén HK L AC.

Bai 78. Cho hinh chi* nhat ABCD. Goi M la trung diém cta canh DC. Tt M vé duong
thang vudng géc véi DC va cét canh AB tai N.

a) Chitng minh ADMN Ia hinh chi nhat.
b) Chttng minh AMCN la hinh binh hanh.

c) VE MH vudng géc v6i NC tai H; Goi Q va K Tan luot 1a trung diém cta NB va HC.
Chitng minh QK vudng goc véi MK.

A, N Q B
Giai:
a) Tt gidc ADMN c6 A =D =M =90", do d6
ADMN Ia hinh ch nht.
b) Vi ADMN la hinh chit nhat nén: .
D M C
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AN =DM =MC.
Lai c6 AN // MC, do &6 AMCN la hinh binh hanh.

A~

¢) Trong tit gidc BCMN, B =C =M =90° nén BCMN la hinh chit nhat.

Tacd NQ//CM vaNQ= %CM (1).

Goi Ila trung diém ctia MH, thi KI la duwong trung binh trong tam giac HCM.
Do dé: KI// CM va KI = %CM ).

Tt (1) va (2) suy ra NQ = KI va NQ // KI, hay NQKI la hinh binh hanh.
Xét tam giac MNC c6: MH L NC; KIL MN (vi KI // CM va CM L MN).
Suy ralla truc tam tam giac MNC, do d6 NI_L MK (3).

Theo trén NQKI 1a hinh binh hanh nén NI // QK (4).

(3) va (4) suy ra MK L QK.

Bai 79. Cho A ABC vudng tai A (AB < AC). Goi I, M, K Ian lugt la trung di€m cua AB, BC,

CA.
a) Chttng minh AIMK la hinh chit nhat.

b) Trén tia MI 14y di€ém E sao cho I'la trung diém cta ME, trén tia MK 14y diém F sao cho K

la trung diém ctia MF. Ching minh IF // EF va EF = 2IK.

c) Vé AH vuodng goc voi BC tai H. Chitng minh tt gidac IKMH la hinh thang can.

d) Cho IK = 2MH. Tinh ABC.

Giai:

a) Ta c6 MI 1a duong trung binh trong tam giac ABC nén MI // AC, do d6 MI_L AB.
Tuwong tw, MK_L AC.

Tt gidc AIMK c6 A =1=K =90"nén AIMK 13 hinh chit B
nhat. H
b) Vil K 1an luot Ia trung diém cia ME, MFnén IK1a & I M
duong trung binh trong tam giac MEF, tir d6 ta ¢6 IK //
EF va EF = 2IK. 3 =
¢) Theo trén, IK // HM (a).

F

Vi MK Ia dwong trung binh trong tam gidc ABC nén MK

LN (1)
: .

1
Xét tam giac ABH vuong tai H, c6 HI la duong trung tuyén nén HI = 5 AB (2).
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T (1) va (2) suy ra MK = HI (b).

Tt (a) va (b) suy ra IKMH la hinh thang can véi hai day IK, HM.

d) Gia st IK = 2HM. Vi AIMK 1a hinh chi nhat nén IK = AM.

Ma AM la trung tuyén trong tam giac vuéng ABC nén AM = MB. Ttr d6 suy ra MB = 2HM.
Theo gia thiét AB < AC nén H nam gitta M va B, do vay H la trung diém ctia MB.

Trong tam giac ABM c6 AH la duong cao va la trung tuyén nén tam giac ABM can tai A.
Nhu vay ta c6 AB= AM = MB, hay A ABM la tam gidc déu.

Vay ABC =60".

Bai 80. Cho A ABC nhon, cac duong trung tuyén BN va CM cit nhau tai G. Goi I, K Tan
luot 14 trung diém cua BG va CG.
a) Chitng minh t gidc MNCB la hinh thang.
b) Chitng minh tt gidc MNKI la hinh binh hanh.
¢) A ABC can thém diéu kién gi d€ t& gidc MNKI 1a hinh chit nhat.
d) Tinh dién tich A ABC biét dién tich cia A ABN bang
5cm?. A
Giai:
a) M, N ITan luot la trung diém caa AB, AC, nén MN la
duong trung binh trong tam giac ABC, suy ra MN // BC.

Vay MNCB 12 hinh thang, M \
1
b) Trong A BCG, IK la duong trung binh, suy ra IK = 5 G
1
BC va IK // BC (1). B K

1
Theo trén: MN = E BC va MN // BC (1).

Tt (1) va (2) suy ra MN =IK va MN // IK. Vay MNKI la hinh binh hanh.
¢) MNKI 1a hinh chir nhat khi va chi khi MI L IK.
ViIK//BC nén MI LIK < MI L BC.
Trong A ABG, MI la duong trung binh nén MI // AG. Do d6 MI_L BC<> AG L BC.
Vi AG la duong trung tuyén trong A ABC nén AG_LBC khi A ABC can tai A.
Nhu vay MNKI 1a hinh chit nhat khi va chi khi A ABC can tai A.
d) Goi h 1a khoang céach tit dinh B 1én AC. Khi d¢ ta cé:
Sasc = lh.AC va SasN = lh.AN = lh. l AC= l Sasc.
2 2 2 2 2
Nhu vay Sasc = 2.Sasn.
Theo gia thiét Sasn = 5cm? nén Sasc = 10cm?.
Bii 81. Cho hinh thang vuéng ABCD (A = D =90°, AB < CD). V& BE vudng géc CD tai E.
Trén tia d0i ctia tia BA 1ay diém M sao cho BM = DC.
a) Chiing minh rang tt gidc ABED 1a hinh chit nhat.
b) Chiing minh rang AE = MC.
¢) Goi N la giao diém cua AE va BD, K 1a trung diém cua EM.
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N 1
Chting minh rang NK = 5 AM.

d) V& Al vudng géc véi ME tai I. Chttng minh rang BI L ID.

Giai:
a) Tt giac ABED c¢:

A =D =E =90 nén ABED Ia hinh chit nhat.

b) Theo gia thiét ta cé:
BM =DC va BM // DC.

A B

Do &6 BMCD 14 hinh binh hanh, suy ra MC = BD. N, e

Mat khac, vi ABED 1a hinh chit nhat nén BD = AE.

Tt d6 ta c6: AE=MC.
¢) Ta c¢6 N 1a trung diém cua AE va BD.
Trong tam gidac AME, NK la duwong

1
trung binh. Do d6 NK = 5 AM.

1
d) Xét tam gidc AIE vuodng taiI, c6 IN la trung tuyén nén IN = 5 AE.

1
Vi AE=BD nén IN = EBD.

1
Xét tam giac BDI ¢6 IN la dwong trung tuyén va IN = EBD , do d6 ABDI vuédng tai L.

Vay BILID.

Bai 82. Cho A ABC vuodng tai A (AB > AC). BPuong trung tuyén AO. Trén tia d6i cua tia
OA 14y diém D sao cho OD = OA. Tt B ké BH vudng goc véi AD tai H. T C ké CK vudng
gbc v6i AD tai K. Tia BH cat CD 6 M, tia CK cat AB o N.

a) Chttng minh ABDC la hinh chit nhat.

b) Chttng minh BH = CK va BK // CH.

c) Chitng minh ba diém M, O, N thang
hang.

d) Trén tia d6i cua tia BH 14y diém E sao
cho BE = AD. Chitng minh DCE =45".
Giai:

a) Theo gia thiét, O la trung diém cua BC va
AD. Tt giac ABDC c6 hai duong chéo cat
nhau tai trung diém mdi doan nén ABCD la

hinh binh hanh. Hon nita A = 90° nén
ABCD la hinh chit nhat.

b) Xét hai tam giac ACK la DBH Ian luot

E

D
H
M
N
A C

vudng tai K va H, c6 AC = BD; KAC = HDB (vi ABDC la hinh chit nhat).
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Suy ra AACK = ADBH (canh huyén - géc nhon)= CK = BH.
Ta co BH // CK (vi cung vuong goc véi AD) va BH = CK (theo trén).
Do d6 BHCK la hinh binh hanh, suy ra BK // CH.

¢) BM // CN, BN // CM, do &6 BMCN la hinh binh hanh. Vi O la trung diém ctia BC nén O
cling 1a trung diém cua MN, suy ra diéu phai chitng minh.

d) Vi ABDC la hinh chit nhat nén ta c6 AD = BC = BE, suy ra tam gidc BEC can tai B, nén
BEC=BCE.

Lai c6 BM // CN nén ETE\C = I@ (so le trong). Suy ra ﬁ = I\TCTE (D).
Theo trén ABDC 1a hinh chit nhat nén dé dang suy ra CBD =CAD

Suy ra ACN =DCB (2) (hai géc cung phu vdi goc C/A\D, CBD )-

Tt (1) va (2) cho ta C/AT\I+NCE=]§CTB+B/CTE,suyra ACE =DCE.
CE la tia phan giac ctia goc vuong DCA nén DCE =45".

Bai 83. Cho hinh ch nhat ABCD. Goi E la diém d6i xiing ctia B qua C. Vé BH vudng goc
véi AE tai H. Goi I la trung diém ctia HE.

a) Chitng minh t gidc ACED la hinh binh hanh.
b) Goi K la triee tam ctia ABL Chitng minh K 14 trung diém cua HB.

¢) Chtrng minh t¢ giac BCIK la hinh binh hanh.

d) Chting minh AC, BD va duong trung truc cua IC déng qui tai mot diém.

Giai:

a) Ta c6 AD // CE va AD = BC = CE. Do vay ADEC la hinh binh hanh.

b) K 1a giao diém ctia BH va duong thang qua I, vudng

goc véi AB. A B
EB_L AB, IK1 AB=1IK// EB.

MaIla trung diém ctia EH nén IK la duong trung binh
trong tam giac BHE. Vay K 1a trung diém cua BH. H

v 1
) IK// BC; IK=BC (cung bang 5 BE) = BCIK la hinh I
binh hanh.

d) BCIK la hinh binh hanh=>CI // BK = CI_L AE. Tam
gidc ACI vuong tai I nén duong trung truc ctia CI cling la duong trung binh ctia tam giac
ACI. Do vay duong trung truc cua CI di qua trung diém cua AC.

E

Mt khéc vi ABCD 1a hinh chit nhat nén AC cit BD tai trung diém cua mdi doan. tir d6 ta
c6 AC, BD, CI dong qui tai trung diém cua AC.
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~ Bai 84. Cho hinh chit nhat ABCD, E thudc duong chéo BD. Trén tia d6i cta tia EC 1y diém

F sao cho CE = EF. Vé FG L AB tai G, FHLAD tai H.

a) Chiing minh réng t&t giic AHFG la hinh chit nhat.
b) AF // BD.
¢)*E G H thzfmg hang.

Loi giai:

a) Ttx giac AHFG c6 A =H =G = 90"
nén AHFG la hinh chi nhat. G A B
b) Goi I la giao diém cua AC va BD, ta [
c6 I 1a trung diém ctia AC. Theo gia thiét
thi E la trung diém cua CF. do d6 duong K I
thang BD la duwong trung binh trong tam
giac ACF. Vay AF // BD.
¢) Goi K la giao diém cua AF va GH, suy E
ra K 1a trung diém cua AF.
Dé thay AIEK Ia hinh binh hanh, suy ra
KE // AC. Ta sé chitng minh GH // AL
Vi AHFG la hinh chit nhat nén AGH = GAF (1).
Vi AF // BD nén GAF = ABD (2).
Vi ABCD 14 hinh chit nhat nén ABD = BAC (3).
Tt (1), (2), (3) suy ra AGH = BAC . Do d6 GH // AC (hai géc so le trong bang nhau).
Vi GH qua K nén hai duong thang GH va KE trting nhau. Vay ba diém G, H, E thang
hang.
Bai 85. Cho A ABC vuéng tai A c6 AB =4cm, AC =3cm. Goi O la trung diém caa BC. Goi
D la diém ddi xting ctia A qua O.

a) Tinh BC, AO.
b) Chitng minh ABDC la hinh chit nhat.

¢) Ve AH L BC (H thuoc BC). Goi M, K, I Tan luot 1a trung diém cua AH, BH, CD. Ching
minh CM = IK.

d) Chiing minh A AKI vuong.
Giai: B D
a) Trong tam giac vudng ABC, ta co:

BC2= AB?+ AC?= 16 + 9 = 25 = BC = 5(cm). K il

Vi AO la trung tuyén trong tam gidc vuéng ABC nén AO =

lBC = 2 (cm). O I
2 2 H

b) Ttk gidc ABDC c6 hai dwong chéo BC va AD cat nhau tai T
trung diém O cua mdi doan, nén ta cé6 ABDC 1a hinh binh M

hanh. Ma BAC =90° nén ABDC I3 hinh chit nhat. A C
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c) De thdy KM 1a duong trung binh trong tam giac ABH nén KM // AB va KM = 5 AB.

1 |
Lai c6 CI// AB va CA=§ CD = EAB.

Nhu vay ta c6 KM = CI va KM //CI, nén KMCI la hinh binh hanh = CM =IK.

d) Theo trén, KM // AB nén KM L AC. Lai c6 AM L KC, nén M 1a tryc tdm tam giac ACK.
Do d6 CM L AK (1).

Ma KMCI la hinh binh hanh nén IK // CM (2).
(1), 2) = AK_LIK, hay A AKI vudng.

Bai 86*. Cho AABC vudng tai A, duong cao AH, I la trung diém BC. Vé HD L ABtai D,
HE L AC tai E. Chttng minh AI_LDE.
Loi giai: B

Vi tam gidc ABC vuong tai A nén AI=1B =IC. D H

Do d6 ABI =DAI(1). 1
Dé thay ADHE I3 hinh chi nhat (A =D = H =90°). Suy
ra ADE = AHE = BHD (cung phu voi AHD ) (2) -

Mit khac ABI+ DHB = 90° (3). A E ¢
(1), (2), (3) suy raADE + DAI = 90°. Vay Al L DE.

Bai 87 . Cho hinh thang vuéng ABCD (A =D =90°; AB < CD). V& BE vudng géc v6i CD
tai E. Trén tia d6i tia BA 18y diém M sao cho BM = DC. Goi N 1a giao diém cta AE va BD;
Goi K 1a trung diém cua EM. Vé Al vudng goc voi ME tai L

a) Chtitng minh ABED la hinh chit nhat.

b) Chirng minh BMCD la hinh binh hanh.

¢) Chitng minh NK song song AM.
d) Chitng minh A BID vudng.
Giai:

a) Tt gidc ABED ¢6 A =D =E =90’
nén ABED la hinh chit nhat.

b) Theo gia thiét thi BM = CD. Vi ABCD
la hinh thang nén CD // BM. Do d¢ ta co6 N
BMCD la hinh binh hanh.

¢) Vi ABED la hinh chit nhat cé N la giao I
diém hai duwong chéo nén N 1a trung
diém ctia AE va BD. Xét tam gidc EAM D L C
c6 NK la duong trung binh nén NK //

AM.
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d) Tam giac A