BAI TOAN VE QUY TiCH - TAP HOP PIEM

1. MOT SO KIEN THUC CAN NHO
1. Dinh nghia tip hop diém (quy tich)
Mgt hinh H dwgc goi la tdp hop diém ciia nhitng diém M thod man tinh chat T khi né chita
va chi chiva tinh chdt T
2. Phuong phap chu yéu giai bai toan tap hop diém
bé tim tap hop cac diém M thoa man tinh chat T ta lam nhu sau:
Buéc 1: Tim cdch gidi.
- Xdc dinh cdc yéu t6'cd’dinh va khong doi
- Xdc dinh cdc diéu kién cuia diém M
- Dy dodn tdp hop diém
Buéc 2: Trinh bay loi gigi
e Phin thudn: Chitng minh diém M cé tinh chit T thudc hinh H
e Gidi han:Cin cit vao cic vi tri dic bi¢t cua diéim M, chitng té diém M chi thudc vao hinh
H, hodc mgt phiin B cua hinh H(néu dwoc)
e Phin ddo: Chitng minh moi diém thudc hinh H (quy tich da dwoc gi6i han) cd tinh chit
T. Thwong lam nhuw sau:
+ Lay diém M thugc hinh H (quy tich di dwoc gi6i han), gid sir tinh chit T gom n diéu
kién.
+ Dwng mot hinh dé chitng minh M c6 tinh chit T sao cho M thod man n—1diéu kién
trong tinh chit T va chitng minh M c6 thod man diéu kién con lai.
o Két lugn:Tap hop diém M la hinh H. Néu ré hinh dang va cich xic dinh hinh H.
Chii y:
- Viéc tim ra moi lién hé giita cdc yéu t6'cd dinh, khong d6i voi yéu to'chuyén dong la khdu chii yéu
Qiip ta gidi quyét bai todn tdp hop diéin.
- Néu bai todn chi hoi “ Diém M chuyén dong trén dwong nao? ” thi ta chi trinh bay phiin

thudn, phan gi6éi han va phan két ludn ma khong cin khong chirng minh phiin ddo.

- Gidi bai todn tdp hop diém thwong la tim cich dwa vé tip hop diém co ban da hoc
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- DEkhoi vé hinh lgi khi chitng minh phin ddo tén cdc diém trong phiin ddo nén giir nguyén
nhw phin thudn.

3. M6t s6 tap hop diém co ban

a) Tap hop diém la duong trung trec hodc mét phan duong trung truc

Dinh 1i: Tdp hop cdc diém M cich déu hai diém phin biét A, B c6'dinh la dwong trung tryec d ciia
doan thing AB

b) Tap hop diém la tia phan giac

Dinh 1i: Tdp hop cdc diém nam trong géc xOy(khdc géc bet) va cdch déu hai canhctia géc la tia
phan gidc cua goc do.

Hé qua: Tap hop cic diéin M cich déu hai dwong thangcdit nhau xOx’ va yOy’ la bon tia phin gidc
ctia bon géc tao thanh, bon tia nay tao thanh hai dwong thing vudng géc véi nhau tai giao diéin O
ctia hai dwong thiang dé.

c) Tap hop diém la duong thang song song

Dinh 1y 1: Tdp hop cdc diéim M cdch dwong thang h cho truede mét khodng bing a khong d6i la hai
dwong thing song song véi dwong thing da cho va cich dwong thing dé bing a.

Dinh li 2: Tép hop cdc diéin cdch déu hai dwong thing song song cho trueéc la mot dwong thing
song song va nam cdch déu hai dwong thing da cho.

d) Tap hop diém la dwong tron, mot phan cua dwong tron, cung chira goc.

+ Tdp hop cic diém M cich diém O cho truwée mot khoang khong déi r la dweong tron tim O bdn
kinh r.

+ Tép hop cdc diém nhin doan thang cd' dinh AB duwéi géc 90° la dwong tron dwong kinh AB.

+ Tép hop cdc diém M tao thanh v6i hai miit ciia dogn thing AB cho triée mot géc AMB c6 s6'do
khong doi la o (0O <a< 1800) la hai cung tron doi xitng nhau qua AB.
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II. CAC VI DU MINH HOA

Vi du 1. Cho hinh vuéng ABCD. Tim tap hop diém M trong mit phang sao cho
MA +MB =MC+MD

Loi giai

e Phan thuan: Dyng duong thang d di qua tim A

O ctia hinh vudng va d song song véi AB, DC.

Khi d6 d la duong trung triec caia AD va caa BC.

Ta thay v6i moi diém M khong thudc duwong

thang d thi ta c6 MA +MB = MC+MD

+ MA +MB >MC+MD khi diém M ndm khéc
phia véi diém A so véi dwong thang d ;

+ MA +MB < MC + MD khi di€ém M nam cling
phia véi diém A so véi dwong thang d.
Vay dé€ MA+MB=MC+MD thi M thudc duong trung treee d cua AD va BC

e Gi6i han: Moi diém M thudc d déu c6 MA =MD va MB =MC nén

MA +MB =MC+MD. Vay M thudc duong thang d.

o Phan dao: Ldy M bat ky thudc duong thang d thi ta c6 MA =MD va MB=MC.
Khi d6 ta c6 MA+MB=MC+MD

o Kétluan: Tap hop diém M can tim la duong trung tryc ctia AD va BC.

Vi du 2. Cho mét géc vudng xOy, trén tia Ox 1dy di€ém A cd dinh, B la di€ém chuyén dong

trén tia Oy. Tim tap hop cac di€m C sao cho A ABC vuong can tai C.

Loi giai
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e Phan thuan: Vé CH vudng goc vdi Ox (H thude Ox)

y
va CK vudng gbc vdi Oy (K thudc Oy). Xét hai tam
giac vuong CAH va CBK c6 CA=CB va CAH = CBK ’
do d6 ACAH = ACBK “ ©
Tir d6 ta duge CH=CK . Ma géc xOy o8 dinh nén do o
do C thugc tia phan giac Oz cta géc vuong x/O\y L V. ~

e Gié6i han: Khi B trung véi O thi C trung v6i C’, diém

C’ thudc tia phan gidc Oz va tam giac C'OA vudng can

tai C". Khi B chay xa O v0 tan trén tia Oy thi C chay xa

O vod tan trén tia Oz. Vay C chuyén dong trén tia C'z

cua tia phan giac Oz ctia goc vuong X/O\y

e Phan dao: L4y diém C bat ky thudc tia C'z . V& duong thing vudng goc CA tai C cat tia
Oy tai B. V€ CH vuong géc voi Ox (H thudc Ox) va CK vuong goc voi Oy (K thudc Oy). Ta
c6 CH=CK va KHC=90".

Xét hai tam giéc vudng CAH va CBK c6 CH=CK va CAH = CBK nén ACAH = ACBK

Tt d6 ta dwgc CA =CB do d6 tam gidc ABC vuong can tai C.

o Kétluan: Tap hop cac diém C la tia C'z cta tia phan giac Oz cta goc xOy.

Vi du 3. Cho tam giac ABC va diém M di chuyén trén canh BC. Tim quy tich cac trung
diém I cta doan thang AM.

Loi giai
e Phan thuan: Ké duong cao AH cua tam giac ABC A
voi H thude BC. Tir I ké IK vudng goc voi BC (K
thudc BC). Ttr d6 IK//AH. p AN

Xét tam giac MAH c6 IM =IA va IK//AH nén IK la

duwong trung binh cua tam gidc AMH. Do d6 ta duoc
1 B H

IK=—AH
2

<
o

Ma tam giac ABC ¢6 dinh nén AH ¢6 dinh, suy ra
IK =%AH khong d6i.
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Vay diém I luén cach BC mot doan IK =%AH khong d6inén I nam trén duong théng

song song voi BC va cach BC mét khoang la %AH .

e Gidi han: Vi A, I cling nam trong mit phang bo la dwong thang BC nén I nam trén
duong thang xy // BC va cach BC mot khoang %AH cung phia d6i véi duong thang BC.
+Khi M =B thil=P v6iP la trung diém AB.

+Khi M =C thil=QvdiQ la trung diém AC.

Vay khi M chay trén canh BC thi diém I chay trén doan théng PQ (thuoc duong théng Xy)
va PQ la duwong trung binh ctia tam giac ABC(P €AB,Q eAC)

o Phan dao: Lay diém I thudc duong trung binh PQ ctia tam gidc ABC, tia Al cat BC & M.
Vi 1ePQ nén tia Al ndm gitta 2 tia AB, AC va do vay M thudc doan.

Ttr I ké IK vudng goc véi BC. Vil thudc doan PQ nén ta duoc IK = %AH

Mat khac ta c6 IK vudng goc voi BC va AH vudng goc voi BC nén ta duoc IK//AH.
Goi H' 1a giao diém ctia AH va PQ.

Xét hai tam giac AIH’ va IMK c6 IK = AH' :%AH, H'=K=90° va MIK =IAH'

Do d6 ta duwgc AAIH' = AIMK nén suy ra IA =IM hay I 1a trung diém cta AM.

o Két luan: Vay quy tich trung diém I ctia doan AM la dwong trung binh PQ ctia tam giac
ABC v6i P thudc canh AB, Q thudc canh AC.

Vi du 4. Cho géc vudng xOy c8 dinh, diém A c8 dinh trén Oy, diém B di déng trén Ox.
Tim tap hop cac trung di€ém M ctia AB.

Loi giai

e Phan thuan: Ta c6 OM = % (trung tuyén tng véi canh huyén ctia tam giac vudng AOB)

Ma ta c6 MA = %, suy ra MA = OM khong do6i
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~ Diém M cach déu 2 diém O va A ¢ dinh nén M thudc

duwong trung truc ctia OA.

e Gi6i han: Vi AB chi thudc mién trong goc xOy nén
diém M nam trén tia Nm thudc duong trung truc ctia
OA va thudc mién trong goc X/C-)\y (N la trung diém
cua OA).

¢ Phan dao: Lay diém M thudc tia Mn, ndi AM cit Ox
¢ B, ta can phai chitng minh M 1a trung diém ctia AB.
That vay ta c6 M’A =M’O nén tam giac MOA can tai

M. Do d6 ta duoc 1@5 =MOA

Ma ta c6 MOA +MOB =90° va MAO +MBO = 90°

Tir d6 suy ra MOB = MBO nén tam giac MOB can tai M. Do d6 ta dugc MO = MB nén

MA =MB

Ttr d6 suy ra M la trung diém ctia AB.

o Két luan: Khi B chuyén dong trén Ox thi tap hop cac trung diém M cta AB la tia Nm

thudc duwong trung truc cua OA va thudc mién trong goc @ v6i N la trung diém OA.

Vi du 5. Cho géc vudng xOy va mot diém A o8 dinh nim trén Ox(A khéc O). Mot diém C

di dong trén canh Oy. Vé tam giac déu AMC nam trong goc x/O\y Tim quy tich diém B la

dinh ctia tam giac déu ABC.

Loi giai
e Phan thuan: Vé tam gidc déu AOD nam trong géc
xOy, do didm A, O ¢8 dinh nén D c& dinh. Xét hai tam
gidc DAB va OAC cd6 OA=DA,AC=AB va

OAC = DAB

Suy ra ADAB=AOAC nén ta dugc ADB=AOC = 90°
hay BD vuéng géc véi AD tai D. Vay diém B nam trén
duong thang d vudng géc véi AD tai D.

e Gi6i han: Vi diém C di dong trén Oy nén khi C tung
v6i O thi B trung véi diém D, khi diém C chay trén Oy
thi diém B chay trén tia Oz thudc duong thang d.

Vay diém B thudc tia Oz trén duong thang d vuong goc véi AD tai D.
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"« Phan dao: Lay diém B thudc tia Oz trén duong thang d vuong goc véi AD tai D.
Qua A vé AC(C thudc tia Oy) sao cho BAC = 60" .

Khi d6 ta chitng minh dwgc ADAB = AOAC, nén suy ra AC=AB

Tt d6 ta dugc tam giac ABC déu.

o Két luan: Vay quy tich diém B la Oz trén duong thang d vudng goc véi AD tai D.

Vi du 6. Cho hinh binh hanh ABCD c¢6 canh AB c¢6 dinh va canh CD chuyén dong trén
duong thang d song song véi AB. Goi I 1a trung diém ctia CD. Tia Al cat BC tai N. Tim
quy tich diém N khi CD tha ddi trén duong thang d.

Loi giai
e Phan thuan: Goi khoang canh giwrac dwong thang AB va duong thiang d 1a h khong ddi.
Xét hai tam giac IAD va INC ¢6 AID =CIN, ID =IC va IDA =ICN
Do d6 ta duwgc AIAD=AINC nén suy ra
CN=AD=BC
Ké NH vuong goc véi AB, NH cat duong thang d B N
tai K.
Tam gidc NBH c6 CB=CN va CK//BH nén suy ra

KH =KN / / D /
Tt d6 ta duoc HN =2KH =2h khong d6i. ¢ o

Khi CD chuyén dong trén duong thang d thi véi

H

moi vi tri ctia CD, diém N ludc cdch duong thing

AB mot khoang 2h khong doi.

Vay diém N thudc duong thang d’ song song véi

duong thang AB va cich duong thang AB mot

khoang 2h khong doi.

o Gi6i han: Khi CD di dong trén duong thiang d thi diém N di dong trén duong thang d’
song song véi duwong thang AB va cach duong thang AB mot khoang 2h khong di.

e Phan dao: L4y diém N bat ki trén duong thang d’. Puong thang AN cit duong thang d
tai I, dwong thing NB cat duong thang d tai C.

Lay diém D d06i xting véi C qua di€ém I. Ta can chitng minh t& giac ABCD la hinh binh
hanh va I la trung diém caa CD.

That vay, ké NH vudng géc véi AB. NH cat duong thang d tai K. Ta ¢6 K 1a trung diém
cua HN. Do d6 trong tam giac HNB thi C la trung diém ctia NB.
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Trong tam giac NAB c6 C la trung di€ém ctia BN va IC//AB nén IC la dwong trung binh, tt

do ta duoc IC = %AB . ViD d6i xting v6i C qua I nén ta duwgc ID=IC = %

Do d6 ta duong AB =CD, ma lai c6 AB//CD nén tt gidc ABCD la hinh binh hanh va I la
trung diém ctia CD.

o Két luan: Vay quy tich diém N la duong thiang d’ song song véi duong thang AB va
cach duong thang AB mot khoang 2h khong d6i.

Vi du 7. Cho tam giac ABC can tai A va mot diém M di dong trén canh AB. Lay diém N
trén tia d6i cuia tia CA sao cho NC=MB. Vé hinh binh hanh BMN. Tim tap hop diém P
khi M di dong trén AB.

Loi giai
e Phan thuan: T gidc BMNP la hinh binh hanh nén A
ta duoc NP=MB va NC=MB. Tixr d6 suy ra
NP =NC nén tam giac NCP can tai N. Trén tia d&i d
cua tia BA 1ay diém E sao cho EB=BM, tit do ta

C
duwoc AE=AN. x
—  — 180°-A N

Do d6 AEN=ABC= — nén suy ra NE//BC. E

Tt d6 ta duoc ]ﬁ\I\P:EN/E,nén suy ra NE L CP, do !
do tacd CP LBC

Vay diém P nam trén duong thang d vudng goc véi
BC tai C.

¢ Gi6i han: Trén tia d6i cua tia CA 1dy diém N, sao

cho N,C=CA . V& hinh binh hanh ABP,N,

Tuong ty nhu trén ta suy ra diém P, thudc duong

thang d.

Vi M di dong trén doan thang AB nén khi M trting véi A thi N trung véi N,, khi d6 P
trung voi P,. Khi M trung v6i B thi N trung véi C, khi d6 P trung véi C.

Vay diém P thudc doan thang P,C trén duong thang d vudng géc véi BC tai C.

o Phan dao: Lay diém P bat ki trén doan thang P,C trén duong thang d vudng gdc véi BC
tai C.

Vé hinh binh hanh BMNP c6 M thudc doan AB va N thudc doan CN;.

Ta co NP =MB va NP songsong véi N,P, nén ta duoc NPC = N,P,C
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~ Laicd N,P,C=N,CP, nénsuy ra NPC = NCP hay tam giac NPC can tai N.

Tt 6 ta dwgc NC =NP =BM.
o Két luan: Vay quy tich diém P 1a doan thang P,C trén duong thang d vudng géc véi BC

tai C.

Vi du 8. Cho hai duong thang xx’ va yy’ vudng géc véi nhau tai A. Trén yy’ 1dy diém
B(khac A) 8 dinh. Vi mbi di€ém N trén xx’ 1dy M trén yy’ sao cho BM = AN. Tim quy tich

trung diém I caia MN khi N di dong trén xx’.

Loi giai

Ta xét bai toan tong quat hon Kkhi

X
" / L
xAy =a (0’ <a <180°). N
Khong madt tinh tong quat ta gia st B thudc tia
Ay. Khi N trung véi A thi M trung véi B va diém

\ & o« A? 2 M B My
I trung vdi trung diém E cta doan thang AB. Do

dé ta chi can xét N khac A 1a duoc. J

+ Truwong hop 1: Khi diém N thudc tia Ax va N’/ P
diém M thudc tia By. "
e Phan thuan: Dung hinh binh hanh AMPN, khi
do ta dwoc BM = AN =PB.

Tt d6 suy ra PBM = BPM = P/I\EI:%

N | =

Vi El 1a duong trung binh ctia tam gidc ABP nén ta duoc [EB = PBM 2%
Vay diém I nam trén tia Et v6i gdc E va tTE;I :%

¢ Phan dao: Lay diém I khac E trén tia Et. Ldy diém P d6i xiing véi A qua diém L. Dung
hinh binh hanh AMPN sao cho N thudc tia Ax va M thudc tia Ay. Khi d6 I 1a trung diém
caa MN.

Hon ntta EI la dwong trung binh cta tam gidc ABP nén ta dwoc P/l?yzti;z:% ma

PMy =& nén M phai thudc tia By va BM =PM = AN.

o Két luan: Quy tich trung diém I ctia doan MN thoa man N thudc tia Ax va M thudc tia

By sao cho AN =MB la tia Et c6 goc E la trung diém cua AB va ’EE} = %X/A\y = %.
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+ Treong hop 2: Khi diém N thudc tia Ax’ va M thudc tia By. Lap luan twong tu ta dwgc
quy tich I cia doan MN thoa man N thugc tia Ax” va M thugc tia By sao cho AN =MB la

tia Ev c6 goc E la trung di€m cua AB va \7]51 = %X/A\y = % .

+ Lap luan twong tir khi cho N chay trén xx” va M chay trén yy’ véi BM = AN thi quy tich
diém I trung diém ctia MN 1a hai dwong thang tt’ va vv’ cat nhau tai trung diém E ctia AB
va tEy =vEy =2,

2
Véi truong hop a =90° thi thi quy tich diém I trung diém ctia MN 1a hai dueong thang tt’

va vv’ vudng goc voi nhau tai trung diém E cta AB.

Vi du 9. Ly diém M nam trong hinh chit nhat ABCD cho trudc. Ké CE vudng goc véi BM
tai E, ké DF vuong goéc véi AM tai F. Goi N la giao di€m ctia CE va DF. Tim quy tich trung
diém ctia doan thang MN khi M di chuyén trong hinh chit nhat.

Loi giai
e Phan thuan: Goi H la trung diém cua MN. Goi X N
L1 o A N AR NAT oA A AN B
la hinh chiéu cia M trén BC. Lay diém M’ 6 bén YIRNNIT
trong hinh ch nhat ABCD sao cho , M

ACM'D =AAMB.

—

Ta co I\TCTD =MAB= ﬁ nén ta duwoc
CM'LND D Y pa C
Hoan toan twong tw ta dwoc DM' L CD, tir d6 suy

ra M’ la truc tam ctia tam giac NCD. Tt d6 ta duoc

NM'LCD taiY.

Do d6 suy ra ABMX =AM'DY nén ta duoc

MX L DY hay khoang cach tit M dén BC bang

khoang cach tit N dén AD.

Vay H di chuyén trén duong trung truc ctia doan thang DC

e Gidi han: Goi trung diém ctia DC 1a Z, goi N’ la giao diém ctia cac dwong vuong ha tir C
va D theo thtt tie xudng BZ, AZ. Trung diém cua ZN’ 1la H'. Khi d6 H thudc tia H'N’.

e Phan dao: Lay diém H trén tia H'N’. Goi E’ va F la thudc ntta dwong tron duong kinh
AD va nam trong hinh chit nhat ABCD sao cho HE' = HF.

Lay diém E d6i xtiing véi E” qua H'N'. Goi M la giao diém ctua AF va BE. Goi N la giao
diém cua DF va CE.
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" Goi O Ia trung diém ctia MN. Khi d6 ta duoc OE = OF véi O thuoe H'N’ va HE = HF véi
H thudéc H'N'.

Néu EF L H'N' thi hai diém E’ va F trung nhau, diéu nay hong xay ra.

Do d6 Hva O trung nhau hay H la trung di€m ctia MN.

e Két luan: Vay quy tich trung diém H ctia MN chinh la tia H'N’ thudc duong trung truc
caa CD.

Vi du 10. Cho hinh vudéng ABCD c6 tam O. Mot duong thang xy quanh O ct hai canh AD
va BC lan luwot tai M va N. Trén CD 1ay diém K sao cho DK =DM. Goi H 1a hinh chiéu cua

K trén xy. Tim qui tich cua diém H.

Loi giai
e Phan thuan: Ta c6 CN=AM. Vi DK =DM nén. A B
Cac ti giac MHKD, NHKC noi tiép duong tron nén

DHK = DMK = 45°; KHC = KNC = 45° = DHC = 90"
Vay diém H nam trén duong tron duong kinh CD.
e Gidi han: Diém H chi ndm trén mot nira duwong M

tron duong kinh CD nam trong hinh vuong.

e Phan dao: Lay diém H bat ky trén nita duwong tron
duong kinh CD. Vé duong thang HO cit canh AB,
BC lan luwot tai M va N. Lay K trén CD sao cho DK =
DM, ta phai chttng minh H la hinh chi€u cta K trén
MN.

Thuc vy, vi HDC =90°; DOC =90° nén tir gidc HOCD ni tiép = DHM = DCO = 45
Mit khac DKM = 45° = DHM = DKM = Tt gidc HKDM ndi tiép.

= KHM =90° = KH L MN = H Ia hinh chiéu ctia K trén MN.

e Két luan: Vay qui tich diém H la ntta duwong tron duong kinh CD, ntta duwong tron nay

nam trong hinh vuong.

Vi du 11. Cho dudng tron (O; R) <8 dinh. Lay B, C la hai diém ¢8 dinh trén dudng tron va
A la mét diém tuy y trén dwong tron. Goi M la diém d6i xting cua diém C qua trung diém
I cia AB. Tim quy tich cac diem M.

Loi giai
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¢ Phan thuan: Ké O0O’// BC va OO’=BC (O’ va

B trén cting mdt nita mit phang bo AC). Do dé
ta duoc O’ ¢6 dinh (vi O, B, C ¢6 dinh va BC
khong doi)

T giac AMBC la hinh binh hanh (viI la trung

diém cua hai duwong chéo AB va MC). Suy ra
MA // BC va MA =BC, ma ta lai c6 OO’// BC
va OO’ =BC

Do do ta duwoc MA // OO’ va MA =00’

Ttr do ta duwoc tt gidc AMO’O Ia hinh binh
hanh (dhnb)

Nén suy ra O'M =0A =Rkhong d6i va O" 6
dinh

Vay khi A di dong thi M di dong theo nhung M ludn cach O” ¢6 dinh mét khoang khong
doila O'M =0A =R. Nén M thudc duong tron tam O’ ban kinh OA =R.

e Gidi han: khi A di dong thi M di dOng trén duong tron tam O” ban kinh OA =R.

e Phan dao: Trén duong tron (O’, R) 13y diém M bat ky. N&i MB. Qua C ké dudng thing
song song v6i BM cat duong tron (O) & diém thit hai A. Ta dé dang chiing minh dwoc M
do6i xiing v6i C qua trung diém I ciia AB

e Két luan: Vay khi A di dong thi M di dong theo nhung M ludn cach O’ ¢ dinh mot
khoang khong doila O'M = OA =R. Nén quy tich difm M la duwong tron tam O’ ban kinh
OA=R.

Vi du 12. Cho ntra duong tron (O) duong kinh AB. Goi C, D 1a hai diém trén ntra duong
tron sao cho OC L OD (C thudc cung AD). Cac tia AC va BD cit nhau & P. Tim tap hop

diém P khi C va D chuyén dong trén nita duong tron.

Loi giai
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"~ e Phan thudn: Ta ¢4 ACB=90" nén suy ra X y

BCP=90°. Do d6 tam giac BCP vuong. Ma i 2

— , \

CBP = %C/OT) (g6c noi tiép bang nira gbc & tm cling  / \

chén CD)va COD=90° (viOC LOD) :

Nén ta dugc CBP =45". Tam giac BCP vudng can & ,

C, ta c6 BPC = 45" hay BPA = 45" A 0 B

Piém P tao vdi hai mat A, B cta doan théng AB ¢

dinh goc BPA =45 nén P thudc cung chira goc 45°

dung trén doan AB.

o Gidi han: Qua A va B vé cac tia tiép tuyén Ax va By véi nita duwong tron (O) cét cung
chtta goc noi trén tai P, P,. Ké ban kinh OK vudng goc voi AB.

+ Khi C trung v6i A thi D trung v6i K, AC trung vdi tia ti€p tuyén Ax nén P trung véi P,.

+ Khi C trung véi K thi D trung véi B, BD trung vdi tia ti€p tuyén By nén P truing véi P, .
Vay P chay trén cung 131_1;2 thudc cung chira goc 45° dung trén doan AB (hinh vé).

e Phéan ddo: Trén cung I/’l—P; néi trén, 14y diém P bat ky. N&i PA, PB cit nita duong tron

(O) Ian luot tai C va D. N6i A véi D ta c6 ADB = 90" (g6c ndi tiép chidn nita dwong tron
0))
Do d6 ta dwgc ADP =90°nén suy ra AADP vudng & D

Ta c6 APB=45" nén ta duoc AADP vudng can & D’

Tir d6 suy ra PAD =45, nén ta dugc COD = 2PAD =2.45° = 90°

Do d6 OC vudng goc véi OD.

o Kétluan: Vay quy tich diém P la cung I”I—P; thudc cung chira géc 45° dung trén doan AB
(hinh vé).

Vi du 13. Cho ntta duong tron (O) cé duong kinh BC. Trén cling mot nita mgt phang bo
BC chita nita duwong tron (O) vé tam giac déu BAC, AB cat nita duwong tron (O) & E. Goi M
la mot diém chuyén dong trén nita duong tron. V& tam giac déu MCN sao cho dinh N

nam khac phia véi diém B qua MC. Tim quy tich diém N.

Loi giai
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e Phan thuan: Ta c6 BEC=90° = CE L AB. CE I A
duong cao cua tam giac déu ABC nén CE la phan
gidc ctia géc BCA = BCE=30". Do d6 ta duoc
EMB = ECB =30° (hai géc ndi tiép ciing chin mot

cung). Ta c6 BMC =90° (g6c ndi tiép chan ntra

duong tron) va NMC = 60° (tam giac NMC déu).
Neén ta duwoc

EMB + BMC+ CMN =30" +90° + 60° = 180°
Suy ra ba diém E, M, N thing hang. Tir d6 ta duoc ENC=60" va BCE=30" nén
sdBE = 60°, diém B ¢8 dinh va duong tron (O) cd dinh. Do d6 diém E cd dinh va C ¢§ dinh
nén CE cd dinh
Diém N tao véi hai mut C, E ctia doan thang CE ¢8 dinh goc ENC = 60° nén N thudc cung
chtta goc 60° vé trén doan CE.
e Gidi han: Vi M chuyén dong trén ntta duong tron (O) nén khi M trung v6i B thi N trung
véi A va khi M trung véi C thi N trung véi C. Vay M chuyén dong trén cung AC thudc
cung chira géc 60° dung trén doan CE (hinh vé).
e Phan dao: Trén cung AC néi trén, 18y diém N bat ky. N6i NE cat nita duong tron (O) &
M.
NGi C v6i M va C véi N ta c6 ENC = 60° = MNC = 60’

Ta chttng minh duoc NMC = EBC = 60° (g6c ngoai clia tit gidc noi tiép BEM'C bing goc
trong ctia dinh d6i dién). Do d6 ta duoc tam giac CMN déu.

o Két luan: Vay quy tich diém N la cung AC thudc cung chiva goc 60° dung trén doan CE
(hinh vé).

Vi du 14. Cho dwong tron (O) day cung AB c¢6 dinh. Goi N la mot diém chuyén dong trén
duong tron, I la trung diém caa AN, M la hinh chiéu cta diém I trén BN. Tim tap hop céc
diém M.

Loi giai
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e Phan thuén: Goi giao diém ctia BO véi duong tron (O)
12 P thi diém P ¢6 dinh, nén AP ¢§ dinh. Goi MI cit AP &
Q.

Ta c6 NP // MQ (vi cung vudng goéc voi NB)

Ta chitng minh dwoc IQ la duong trung binh cta tam giac
ANP nén Q la trung diém ctaa AP suy ra Q c¢6 dinh nén
BQ c6 dinh

Vay diém M tao thanh véi hai mat cua doan théng BQ co

dinh mot goc QMB=90", do d6 M thudc dudong tron
duwong kinh BQ
e G6i han: Khi diém N la mét diém chuyén dong trén
duong tron (O) thi diém M chuyén dong trén duong tron
duwong kinh BQ.

e Phan dao: LAy M thudc duong tron duwong kinh BQ. Tia BM cit duong tron (O) & N. Goi

I1a giao diém cua AN va MQ. Khi d6 dé dang chirng minh duwgc I 1a trung diém ctia AN

va M 1a hinh chiéu cta I trén BN.

o Kétluan: Vay tap hop cac diém M 1a duwong tron duong kinh BQ.

Vi du 15. Cho dwong tron tron (O; R) va day cung BC ¢d dinh. Diém A di dong trén doan

thang BC. Goi D 1a tam duong tron di qua hai diém A, B va tiép xtc véi duong tron (O; R)

tai B, E 1a tam duong tron di qua A, C a ti€p xac voi duong tron (O; R) tai C. Goi M 1a giao

diém thit hai ctia hai dwong tron tdm D va tam E. Tim quy tich diém M khi A di dong trén

doan thang BC.

Loi giai
¢ Phan thuan: Do duong tron (O) va dwong tron tam
D tiép xtc véi nhau tai D nén ba diém O, B, D théng
hang. Buong tron (O) va duong tron tam E tiép xtc

nhau tai C nén ba diém O, E, C thang hang.

— —

Khi d6 ta c6 DBA =DAB, DBA =ECA va

—_— —

EAC =ECA nén ta duoc DBA = EAC,DAB = ECA
Ttr d6 dan dén OB//AE va DA//OE. Suy ra t giac
ADOE la hinh binh hanh. Goi K 1la tdm cua hinh binh
hanh ADOE nén K la trung diém ctia AO va DE. Hai

duong tron tam E va tam D cat nhau tai M va A nén
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 MA la duong trung truc ctia doan théng DE. Goi I 1a
giao diém cua DE va AM, khi d¢6 IK la duwong trung
binh cuia tam gidc AMO, do d¢6 KI//MO. Tt d6 ta duoc
t gidc DOME la hinh thang. Ma ta c6 DM = OE nén
hinh thang DOME can.

Do d6 t& giac DOME ndi ti€p duong tron.

Xét hai tam gidc MBC va ADE c6 ﬁ:ﬁ:%ﬁ/{ va @=@:§m

Do d6 ta dwgc AMBC > AADE nén suy ra BMC = DAE = BOC khong doi

Do BC ¢6 dinh nén M thudc cung chita goc BOC khong doi

e Gidi han: Khi A trung véi B thi M trung véi B Khi A trung véi C thi M trung véi C. Nhw
vay M chuyén ddng trén cung chira goc BOC.

e Phan dao: Lay diém M bat li trén cung chira goc BOC.

Dung duong tron tim D di qua M va tiép xtc véi duong tron (O). Duong trong tam D cat
BC tai A.

Dung duong tron tam E di qua ba diém M, A, C.

Ta can chiing minh hai duong tron tam O va tam E ti€p xtic véi nhau tai C.

That vay, tit B, C ké cac tiép tuyén Bx, Cy véi duong tron (O).

Khi d6 ta c6 BMA = ABx va ABx = ACy nén ta duoc BMA = ACy

Tt d6 suy ra Bx, Cy va AM dong quy tai diém N.

Do d6 ta duoc ABC = XC\y , suy ra CN la tiép tuyén cua duong tron tam E di qua ba diém
AM,C

Tt d6 suy ra CN la ti€p tuyén chung tai C ctia hai duwong tron (O) va (E).

Vay hai dwong tron tam O va tam E tiép xtic véi nhau tai C.

o Két luan: Vay quy tich diém M la cung chita goc BOC dung trén doan BC.

Vi du 16. Cho duwong tron (O; R) ¢6 hai duwong kinh AB, CD vuong gdc voi nhau. Diém M

di dong trén cung CAD . Goi H la hinh chi€u caa M trén AB. Goi I la tam duong trong noi

ti€p tam giac HMO. Tim quy tich di€ém I khi M di dong trén cung CAD.

Loi giai
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"« Phan thuan: Tam gidc HMO c6 MHO =90° nén

ta dwoc HMO + HOM =90°

Do d6 ta duoc IMO +IOM :%@2450
Trong tam giac IMO co

OIM =180° ~(IMO+IOM) = 135"

Xét hai tam giac IMO va IAO c6 OI chung,

IOM =IOA va OM =0A =R nén AIMO = AIAO
Do d6 ta duoc MIO = AIO = 135°, lai c6 OA c6
dinh nén I thudc cung chita géc 135° dung trén
doan AO.

e Gi6i han: Khi M di dong dén trung véi diém A thi diém I di ddng dén trung véi diém A.
Khi M di dong dén trung véi diém C thi di€ém I di dong dén trung voi diém O. Khi M di
dong dén trung voi diém D thi diém I di dong dén trung véi diém O. Vay diém I di dong
trén hai cung chita géc 135° dung trén doan thang AO.

o Phan dao: Lay diém I bat ki trén cung chira géc 135° dung trén doan thang AO. Khi d6
OIA =135".

Vé tia OM v6i M thudc duong tron (O) sao cho O la tia phan giac ctia goc AOM

Xét hai tam giac IMO va IAO c6 OM =0A =R, IOM =IOA v OI chung nén duoc

AIMO = ATAO

Tir d6 MIO = AIO =135". Trong tam gidc IMO c6

MO +TOM =180° ~MIO = 180° ~ 135" = 45

-

Do d6 ta duoc HOM + 2I0M = 90°, ma ta c6 HOM + HMO =90° nén ta duoc

FIMO =2IMO hay MI 1a tia phan gidc ctia goc FIMO. Do d611a tam duong tron noi ti€p
tam giac HOM.

o Két luan: Vay quy tich diém I 1a hai cung chita géc 135° dung trén doan thang AO trir
hai diém O va A.

Vi du 17. Cho duodng tron (O; R) va duong kinh AB. Vé duong thang d vudng géc véi AB
tai I(I thudc doan AB). Goi M la diém chuyén don trén duong tron (O; R).AM. BM cit
duong thang d lan luot tai C va D. Tim tap hop cac diém J 1a tdm ctia dwong tron ngoai

tiép tam gidc ACD.

Loi giai
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"o Phian thuan: Goi E la diém d6i xtng voi B qua
duong thang d, khi d6 diém E ¢ dinh.

Ta c6 EDC=BDC va AMB =90’

Lai c6 (ﬁ=ﬁ? nén ta duwoc E/D\C=6KI, do do6 t
giac EDCA noi ti€p duong tron.

Do d6 duong tron di qua ba diém A, C, D di qua hai
diém c6 dinh A va E.

Do d6 tam I ctia duong tron ngoai ti€p tam giac
ADC thudc duong thing xy ¢ dinh la duong trung
truec cua doan théng AE.

e Gi6i han: Khi diém M trung véi M, la diém chinh
gitta cung AB thi diém J trung véi diém J, va

M,J, LOM, véi ], ed.

Khi M trung v6i M, 1a diém chinh gitta cung AB con lai thi J trung véi J, va M,J, L OM,

voi ], ed.

Nhu vay diém J di dong trén hai tia J,x va J,y cta dudng trung truc ctia doan thang AE.

e Phan dao: Lay diém ] bdy ki trén tia J,x (treong hop trén tia J,y chiing minh tuong tw)

V& dudng tron (J;JA) ct duong thang d tai C, D. AC cat BD tai M.

Ta cé JE=]JA nén E thudc duong tron (] ; ]A)

Ta c6 ACI=DEA va DBE = DEA nénta dwoc ACI =DBE nén tt giac ICMB ndi tiép

duong tron.

Ma ta c6 CIB =90° nén BMC =90° nén M thudc duong tron (O).

o Két luan: Vay quy tich tam J cua dwong tron ngoai ti€p tam giac ACD la hai tia J,x va

],y ctia dudong trung triec ctia doan thang AE.

Vi du 18. Cho ba diém ABC 8 dinh va thang hang theo thtt tu d6. Trén duong thang d

vuong goc voi AB tai B 1ay diém D bat ki. Goi H 1a tryee tam tam gidc DAC. Tim quy tich

diém O la tam ctia drong tron ngoai ti€p tam giac ADH.

Loi giai
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o Phan thuan: Goi giao diém tht hai caa duong

tron (O) véi AC la E.
Xét hai tam gidc BAH va BDC c6
ABH=DBC=90" va BAH=BDC. Do d6 ta °
dwoc ABAH «» ABDC, suy ra
AB_BH = BD.BH = AB.BC khong doi.
BD BC
Xét hai tam giac BAD va BHE c6 BAD = BHE g ;
d

va ABD chung. Do d6 ta duwoc ABAD > ABHE .

Suy ra BA _BD = BH.BD = BA.BE
BH BE
Ttr d6 suy ra BA.BE = BA.BC = BE =BC khong

doi

Ma E thudc duong thang c8 dinh va B ¢8 dinh nén E la diém & dinh.

Ta c6 OA =OE nén O thudc dudng thang ¢ dinh 1a duwong trung truc cta doan thang AE.
o Gidi han: Khi D di dong trén duong thang d thi O di dong trén duong trung truc ctia
doan thiang AE, trit trung diém M ctia doan thing AE.

o Phan dao: Ly diém O bat ki trén dudng trung truc ctia doan thang AE(khong tring véi
trung diém ctia AE). V& duong tron tdm O ban kinh OA cat duwong thang d tai cac diém H,
D.

Do OA =OE nén E nam trén duong tron (O).

Xét hai tam giac BAD va BHE c6 ABD chung va BAD = BHE nén ABAD c ABHE

Do dé ta duoc BA _Bb = BA.BE =BD.BH
BH BE

Ma ta c6 BE = BC nén ta duwoc BD.BH=AB.BC = Ab_BH
BD BC
Xét hai tam gidc BAH va BDC c¢6 ABH =DBC va AB_BH
BD BC

Do d¢6 ABAH «» ABDC nén ta dwoc I;&I\-I = B/D\C

Ma ta lai c6 DBC+BCD =90° nén ta duoc BAH +BCD = 90"

Tir d6 suy ra AA'C =90 hay AH vudng géc véi CD

Tam giac ADC c¢6 BD L AC va AH L DC nén H Ia triec tam ctia tam gidc ADC.

e Két luan: Vay quy tich tam O ctia duong tron ngoai tiép tam giac ADH la duwong trung
trgc ctia doan thang AE(khdng 14y trung diém ctia AE) trong d6 E 1a diém ddi xting véi C
qua B.
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| Vidu 19. Cho duong tron (O; R) va di€ém A c6 dinh bén ngoai duong tron. Duong tron
tam I thay d6i ludén di qua diém A ct duong tron (O) tai hai diém B, C. Goi M la giao
diém ctia BC va ti€p tuyén tai A cua duong tron (I). Tim quy tich diém M khi duong tron

tam I thay doi.

Loi giai
e Phan thuan: Vé tiép tuyén MD cua duong d
tron (O) v6i D la tiép diém. Goi H la hinh
chiéu caa M trén AO.

Xét hai tam giac MAC va MBA c6 AMC

— H ]
chung va MAC = MBA nén ta dugc A
AMAC > AMBA
T d6 suy ra MA _MC _ MA? =MBMC M
MB MA D

Hoan toan twong tw ta dwgc MD? = MBMC

Ttr d6 suy ra MA =MD

Trong tam gidc MOD vuodng tai D co6

MD? =MO? -OD* = MO’ -R?

Do d6 ta dugc MA? = MO’ -R? hay MO? ~-MA? =R?

Trong tam gidc HMA vudng tai H c6 MA? = MH* + AH?

Trong tam gidc HMO vuong tai H c6 MO? = MH? + HO?

Do d6 ta dwoc (MH? +HO?)-(MH” + AH? ) =R* = OH” - AH® =R’

Hay ta duwoc (OH+AH)(OH-AH)=R?

R? R? ,
Tt d6 suy ra HO-AH = OH+AH OA = OH :%[CI){_A-I_OAJ khong doi.

OH+AH=0A
Do O ¢6 dinh, AO ¢6 dinh va OH khong déi nén suy ra diém H ¢d dinh.
Lai c6 MH vuodng géc véi AO nén duong thang MH 8 dinh hai M di dong trén duong
thang d vudng géc véi AO tai H.
o Gi6i han: Khi diém I thay ddi thi diém M di dong trén duong thang d.
e Phan dao: L4y diém M bat ki trén duong thang d.
Vé cat tuyén MBC vé6i duong tron (O) véi B, C thudc duong tron (O).
Vé duong tron ngoai ti€p tam giac ABC va vé ti€p tuyén voi MD véi duong tron (O), D la

tiép diem.
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y

" Khi d6 ta c6 AMCD » AMDB nén ta duvoc —— MC MD
MD MB

Trong tam gidc MDO vudng tai D ¢c6 MD? =MO? -OD? = MO” -R?
Ttr d6 suy ra MBMC =MO? =R? hay OH? - AH* =R?
Do d6 ta dwgc MBMC =MO? -(HO? - AH? ) = (MO? ~HO? ) + AH* =MH® + AH® = MA’

= MD’ = MBMC

Xét hai tam giac MAC va MBA c6 AMC va MA _Mc nén AMAC > AMBA

MB MA

Do d6 ta duoc MAC =MBA.

Vé IK vudng goc véi AC tai K, khi do ta co AIK = ABC nén ta dwoc MAC = AIK
Mat khéc trong tam gidc AKI co AIK +TAK = 90° nén ta dwoc MAC =TIAK = 90°
Ttr d6 suy ra TAM =90°, suy ra MA 1a tiép tuyén v6i duwong tron (I).

o Két luan: Vay quy tich diém I 1a dwong thiang d vudng goc véi OA tai H véi

2
OH=l R +0A |.
2{ OA

Vi du 20. Cho tam giac ABC can tai A c¢d dinh ngi ti€p duwong tron (O; R). Diém M di dong
trén canh BC. Goi D la tam duong tron di qua M va tiép xtic v6i AB tai B, goi E la tam

duong tron di qua M va tiép xuc véi AC tai C. Tim quy tich diém I 1a trung diém caa DE.

Loi giai
e Phan thuan: Vé duong kinh AF cua duong tron
(O R)
Khi d6 ta dwoc ABE = ABD =90°, do d6 ba diém B,
D, F théng hang. Hoan toan tuong tw ta dwoc ba
diém C, E, F thang hang.

B c
Tam giac ABC can tai A nén ta duoc AF L BC, suy

— — —_— Dj |
ra BF =CF nén ta duoc CBF = BCF 1 2

Ma ta ¢6 BD =DM nén ta duoc @zﬁd\[) va

EM = EC nén ta duoc MEC = CME

—_—

Ttr d6 suy ra MBD = BMD = MEC = CME nén ta
dwoc BF//ME va MD//CF. Khi d¢6 t& giac DMEF la
hinh binh hanh.

Ma I'la trung diém cua DE nén I ciing la trung diém

cuia MF.
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~ VEIK vuong goc voi BC tai K. Trong tam gidc FMK c6 IK//FH va I la trung di€m ctia MF
nén IK la duong trung binh cua tam giac FMH. Do do6 ta duoc IK = % khong doi.

Tt &6 suy ra I thudc duwong thiang d song song v6i BC va cach BC mot doan khong doi

IK:E
2

e Gidi han: Khi M trung véi B thi I trung véi I, la trung diém caa BF, khi M trung véi C
thil trung véi I, la trung diém caa CF. Vay I di dong trén doan 11, véi

e Phan dao: Lay diém I bat ki thudc doan LI, véi I la trung di€m cua BF, 1, la trung
diém cua CF.

FI cat BC tai M, vé MD song song vé6i CF véi D thudc BF va ME song song v6i BE véi E
thudc CF. Khi d6 t giac DMEF la hinh binh hanh. Ma I 1a trung di€m ctia MF nén ta duoc
I1a trung diém cta DE.

Khi d6 ta dwoc BD =DM va EM =EC

Tt d6 suy ra AB ti€p xtic véi duong tron (D) va AC ti€p xtc véi duong tron (E).

e Kétluan: Vay quy tich trung diém I cia doan DE la doan LI, v6i I, la trung diém cua

BF, I, la trung di€ém cta CF.

Vi du 21. Cho duwong tron (O; R) ¢6 duwong kinh AB ¢6 dinh va dwong kinh CD di dong.
Tiép tuyén a tai véi duong tron cat AC va AD lan luot tai M, N. Tim quy tich diém I1a tam

duong tron ngoai ti€p tam gidc CMN khi dwong kinh CD thay doi.

Loi giai

e Phan thuan: Ta c6 ACD = %sd;&—ﬁ va

DNM = %(sd;‘:ﬁ — sd]é—[\)) = %(1800 — sd]/S—[\)) = %sd;ﬁ—[\)
Do d6 ta dwoc ACD = DNM nén tir giac DCMN noi ti€p duong tron (I).
Ta c6 DAC=90". Trong tam gidc AMN vudng tia A c6 AE la duong trung tuyén.

Tir d6 suy ra EA = EM nén ta duoc EAM = AME

Ttr d6 ta dwoc 1@+F/AIZ=ANM+1§\_/I\N, ma ta c6 ANM +AMN =90° nén
ACF+FAC =90°

Do d6 suy ra AE vuong goc voi DC.

biém I la tam duong tron di qua cac diém DCMN nén ta dugc OI L DC va AE 1L DC.
Tt d6 suy ra AE//OI Mat khac ta c6 OA L a; EI L a nén OA//EL
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Do d6 tit giac AEIO 1a hinh binh hanh. Nén ta duoc . y

EI=0A=R o M

Do duong thang a c§ dinh nén diém I thudc duong

thang d song song véi duong thang a va cach dueong A 7 .

thing a mot khoang bing R. \ " .,

e Gidi han: Khi CD quay quanh O thi diém E diém E
di dong trén duong thang a, do d6 diém I di dong trén

duong thang d song song vé6i duong thang a va cach a

mot khoang R. DPuong thang d ndm trén nira mat

phang bo a khong chira diém A.

o Phan dao: L4y diém I trén duong thang d, vé IE

vudng gbc v6i duong thang a tai E, vé DC vudng géc

v6i Ol tai O. Goi giao diém caa AC, AD véi duong

thang a lan luot 1a M, N

Ta c6 OA vudng goc vdi a tai B, EI vudng goc vdi a tai

E nén OA//EL

Ma ta c6 OA =IE =R. Do d¢6 tit giac AOIE la hinh

binh hanh.

Suy ra AE//OI, ma ta c6 OI//DC nén ta dugc AE vuong goc voi DC.
Chting minh twong tu ta suy ra duoc ti giac DCMN noi ti€p duong tron.
Tt d6 suy ra tam gidc EAM can tai E nén EA = EM, tam giac EAN can tai E nén EA =EN
Do d6 EM =EN. Nén ta duwgc IM =1IN, suy ra I la tam duong tron ngoai ti€p tam giac
CMN.

o Két luan: Vay quy tich tam I ctia dwong tron ngoai tiép tam gidc CMN la duong thang d
song song v6i dwong thang a va cach a mot khoang R. Duong thang d nam trén nira mat

phang bo a khong chira diém A.

Vi du 22. Cho goéc X/ASI = khong d8i va diém B cd dinh nam trong goc x?‘Sf Puong tron
(O) di dong di qua A va B cat Ax va Ay Ian luot tai C va D. Chitng minh rang trong tam G

cua tam giac ABC thudc mét duong cd dinh.

Loi giai

Ta c6 xAB=CDB, ABy =BCD va DAC+DBC =180’

THCS.TOANMATH.com TAI LIEU TOAN HOC




" Do céc goc xAB; B/A\y,[ﬁ khong d6i nén cac

géc CDB; BCD; DBC khong ddi. Goi M la

trung diém ctia BC. Ta c6 cac goc BMC; BMD
khong d6i. Vé duong tron ngoai ti€p tam giac

MBC, dudng tron nay cat tia Ax tai E. Vé

duong tron ngoai ti€p tam gidc MBD, duong

tron nay cat tia Ay tai F. Ta c6 tit gisc BMCE

noi ti€p nén

BEC + BMC =180° = AEB = 180" - BMC
khong d6i, do d6 diém E c8 dinh.

Ta c6 B/\ME:B/C\E=%sd]§E, BDF = BCE va BDF + BMF = 180"
Do do ta duwoc ﬁ\-/[\E + B/l\ﬁ? =180°, suy ra ba diéem E, M, F théng hang.

Vé AH vuong goc voi EF(H thuoc EF), GK vudng goc voi EF(K thudce EF), khi d6 ta co AH
khong d6i va AH song song v6i GK. Bét AH=h.

Trong tam gidc AHM c6 GK//AH nén theo dinh li Talets ta c6 G—M = g
AM AH

\ A \ \ \ ~ ? ./ A GM 1

G la trong tam va AM la duong trung tuyén ctia tam giac ACD nén ta duoc M3

Do d6 ta duoc S =1 GK = Lh khong d6i va EF ¢6 dinh,
AH 3 2

Vay diém G thudc duong thang song song véi EF va cach EF mot khoang bang %h.

Vi du 23. Cho tam gidc ABC can tai A. Diém M di dong trén canh BC. Vé duong thang MD
song song v6éi AC(D thudc AB), vé dudng thang ME song song véi AB(E thudc AC). Goi K
la tdim duong tron ngoai tiép tam giac ADE. Tim quy tich diém K khi M di dong.

Loi giai
¢ Phan thuan: Goi O 1a giao diém cua duong tron A

ngoai tiép tam gidc ADE véi duong cao AH cta

2

tam gidc ABC. Ev'(
Tt gidc MDAE 13 hinh binh hanh do MD//AE va
AD//ME.

Ttr d6 ta duwoc MD = AE

B H C
Do MD//AC nén ta dwoc D/M\B = @, lai cé v

7
|
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DBM = ACB nén ta dugc DMB = DBM
Tt d6 suy ra tam gidc DBM can nén DM =DB.
Do d6 ta duwoc AE = DB nen

DAO = AOE = OD = OE = OD = OF

Xét hai tam gidc OAE va OBD c6 OD =OE, AEO = ODB va AE = BD

Do d6 AOAE = AOBD nén ta dugc OA =OB. Tt d6 suy ra O thudc dwong trung truc cua
doan thang AB. Ma O thudc duong cao AH nén O thudc duong trung truc ctia BC

Do d6 O la tam dwong tron ngoai ti€p tam giac ABC, nén O la diém c6 dinh.

Ta c6 KO=KA va AO ¢d dinh nén K thugc duong trung tryc ctia doan théng AO

e Gi6i han: Khi diém M trung véi di€m B thi K trung véi K| 1a giao di€ém cua duwong
trung truc cia OA voi duong trung trie cia AB. Khi M trung véi C thi K trung véi K, 1a
giao diém cua duwong trung truc ctia OA véi duong trung triee ciia AC. Vay K thudc doan
thang KK, trén duong trung truc ctia doan thang OA.

o Phan dao: Ldy diém K thudc doan thang K K, trén duong trung truc cta doan thang
OA.

Vé duong tron tam K ban kinh KA, cit AB, AC Ian lwot tai D va E.

Vé DM//AC(M thudc AB). Ta can chitng minh ME//AB.

That vay, Ta c6 KA =KO nén O thugc dueong tron (K)

Xét hai tam giac OAE va OBD c6 OAE = OBD = OAD va OEA = ODB

Do d¢6 ta dugc AOAE ©> AOBD nén suy ra % _oa = AE=BD

OB
Ta co EBT/I=A/CT3 va B/l\ED=A/CTS nén ta duwoc EBT/I=]§1\EB
Do d6 tam giac DBM can tai D nén DM = DB
Tt d6 ta dwoc AE =DM, ma lai c6 AE//DM nén tit gidc MDAE la hinh binh hanh.
Do d6 suy ra ME song song véi AB.
o Két luan: Vay quy tich diém K 1a doan thang K K, trén duong trung truc cia doan

thang OA

Vi du 24. Cho tam giac ABC c6 H la triee tam. Hai dwong thiang song song d va d’ Tan luot
di qua A va H. Céc diém M, N Ian luot 1a hinh chiéu cta B, C trén duong thang d, cac
diém P, Q lan luot la hinh chiéu caa B, C trén duwong théng d’. Giao diém cua MP va NQ la
I. Tim quy tich diém I khi hai duong thang d va d’ di dong.

Loi giai
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"« Phan thuan: Do BM va CN ciing vuéng \
gbc véi duong thang d nén ta dugc
BM//CN.

Do BP va CQ cung vudng goc voi duong
thang d’ nén ta duoc BP//CQ

Do hai duong thang d va d’ song song véi

nhau nén MN//PQ. Lai c6 QMN = 90° ¥ 2 )

Ttr d6 ta duoc tix gidc MNPQ la hinh chi

nhat. Suy ra I la trung di€ém ctia cac doan

thang MP va NQ.

Goi D va E lan luot la trung diém cua AH

va BC, khi d¢6 cac diém D, E c¢6 dinh.

T gidc ANHQ 1a hinh thang ¢é DI néi trung diém cta hai duwong chéo nén DI//MN

T gidc MPCB 1a hinh thang c¢ IE la duong trung binh nén IE//NC.

Ta c6 DI//MN, TE//NC va MNC =90° nén DIE = 90°

Ta cé DIE =90° va DE c& dinh nén I thudc duong tron duong kinh DE.

¢ Gidi han: Khi duong thang d quay quanh A thi I chay trén duong tron duong kinh DE.
e Phan dao: Lay diém I bat ki trén duong tron duong kinh DE.

Qua A va H ké cac duong thang d va d’ song song véi DI. Goi M, Q Tan lwot 1a hinh chiéu
cta B trén duong théng dvad.MIcitd tai P va QI citd tai N, PQ cit IE tai K.

Khi d6 ta c6 MN//DI//QP va DA =DH nén ta dugc IM =1P,IN =1Q

Ttr d6 suy ra tix giac MNPQ la hinh binh hanh. Lai c6 (i\_/ﬂ\\f =90" nén t& gidc MNPQ la
hinh chi nhat.

Trong tam gidc PMB c6 IM =1IP va IK//MB nén ta dugc KB = KP

Trong tam gidc BPC c6 KB =KP va EB = EC nén EK//CP

Ta cod EITE =90° va DI//MN nén EI L MN,PN L MN. Ttr d6 suy ra ba diem C, P, N théng
hang.

e Két luan: Vay quy tich diém I 1a duwong tron duong kinh DE.

Vi du 25. Tt diém M bén ngoai dwong tron (O; R) vé cat tuyén MAB véi duong tron (O).
Trung truc ctia doan MB cat duong tron tai P va Q. Khi cat tuyén MAB quay quang M, tim
tap hop trung diém H ctia PQ.

Loi giai
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e Phan thuan: Gia stt diém A nam gitta B va b
M. Goi [, ], K Ian luot 1a trung diém ctia MB, ; AHO I/N i
MA, AB. M
Khi d6 ro rang ti gidc OHIK 1a hinh ch nhat, T

Hy
nén ta cé OH:IKle—Kle\gB—‘A;B :MZA

Goi C 1a trung diém ctia MO, khi d6 ba diém
J,C, H thr?mg hang. Ta co6 hai tam gidc HOC va

AMO dong dang v6i nhau nén H_OH 1
OA MA 2
hay CH = %

Gia str dueong thang qua J vudng gdc véi AB cat duong tron (O) tai P, Q'. Goi H' 1a trung
diém cua P’'Q".
Khi d6 1ap luan teong tw ta cing duwgc CH' = %, suy ra H va H” déu thudc duong tron
a .. R
tam C ban kinh o

e Gidi han: Vi H 1a trung diém cta day PQ trong duong tron (O) nén H chi ndm trén cung

H, H, ctia duong tron (C; %) va nam trong duong tron (O) véi H,;H, 1a giao diém cua
Ca , \ R

hai dwong tron (O) va (C; EJ .

e Phan dao: Lay diém H bat ki thudc cung H H, cua duong tron (C; %) Qua H keé

duong thang vudng gdc véi OH cat duong tron (O) tai P va Q. Ke ban kinh OA ctia duong

tron (O) théa man cac diéu kién OH va CH nam trén hai ntta mt phang cach nhau béi

MO dbng thoi AOM = HCO . Puong thang MA cit PQ tai I cat dwong tron (O) tai diém
tht hai 1a B.
Khi d6 hién nhién H 1a trung di€m ctia PQ va AHCO > AAOM

Tir d6 ta duoc OH = %MA va AMO = HOC nén ta duoc MA//HO, suy ra AM L PQ tai L

Ttr O ha OK vuodng goc voi AB thi tir gidc OHIK 1a hinh chit nhat nén ta co6
IK:OHzMTA; KB:%.

+ Né&u A nam gitta M va B thi IB=I1K +KB =

MA  AB_MB
2 2 2
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MA AB _MB
2 2
Do dé I'la trung diém cua MB. Vay PQ la dwong trung truc cua MB.

© 4+ N&u B ndm giita M va A thi IB =K KB =

e Kétluan: Quy tich diém H la trung diém ctia PQ khi cat tuyén MAB quay quanh M la

cung H H, ctia duong tron (C; %) Quy tich nay chi ton tai khi M khong nam ngoai

duong tron (O) ban kinh 3R. Dic biét néu M nam trén duong tron (O) nay thi quy tich
bién thanh mot diém duy nhat.

Vi du 26. Cho duong tron (O; R) va mot day cung AB cach tam O mot khoang d
(0<d <R). Hai duong tron (I) va (K) tiép xtic v6i nhau tai C, cling ti€p xtic voi AB va tiép
xtc trong véi duong tron (O)(I va K nam cling ntra mat phang b AB). Khi hai duong tron

(I) va (K) thay doi, tim quy tich diém C.

Loi giai
Ta xét cac treong hop sau:
+ Truong hop 1: Ba diém I, K, O nam trén mot nira mit phéng bo AB.
e Phan thuan: Goi ti€p diém cta (I) véi ABla D, ta
c6 ID L AB. Goi tiép diém cta (I) va (O) la E. Khi
d6 ta c6 ba diém O, I, E thang hang. Goi F 1a diém
chinh gitta cung AB khong chita E, ta co OF L AB.

Lai cé EL = DI nén ba diém E, D, F théng hang.
EO FO
Twong tu (K) ti€p xtic véi AB va (O) lan lugt tai M,

N thi ta dwoc ba diém M, N, F thang hang. Ta c6

1= 1= —

FDB =5 DIE=_FOE = FNE
FMA = %MKT\I - %ﬁ\} —FEN
Do d6 ta dugc AFDM © AFNE nén ta suy ra FD.FE=FM.FN (1)
Gia st FC cat dwong trong (I) va (K) tai giao diém thit hai theo thit tw 1a C,¢C,.
Khi d6 dé dang ching minh dwgc FD.FE = FCFC ; FM.FN =FCFC, (2)
Tt (1) va (2) ta duwoc FC, =FC, nén suy ra C=C, =C, hay FC la ti€p tuyén chung cua (1)
va (K)
Hon nita ta lai c6 FD.FE=FM.FN =FC*> (3)
Mat khéac do F 1a diém chinh gitta cung AB nén ta c6 FAD =FEA
Ttr d6 ta dwge AFAD o AFEA suy ra FD.FE =FA’(4)
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" Tu (3) va (4) ta dugc FA =FC, ma ta lai thdy FA = 2R (R—d)

Vay C thudc cung tron AB ctia duong tron (F; FA = 2R(R - d)) nam trong duong tron
(O) va khong 18y hai diém A, B.

o Phan dao: Goi diém C bat ki trén cung AB nam trong duong tron (O) ctia

(F ; FA=2R(R- d)) va trit hai diém A, B. Qua C ké duong thang d vudng gbc véi FC.

Goi S 1a giao diém cua FC va AB. Puong phan giac cta cac goc CSA, CSB cat d Ian luot
tai I va K. Khi d6 hai duong tron (I, IC) va (K, KC) tiép xtic véi nhau tai C va tiép xtc voi
AB lan lwot tai D va M.

Goi E 1a giao diém thit hai ctia FD véi (I). Dé dang chtzng minh dwoc FA? =FC?> =FD.FE.

Suy ra ta duoc % = % nén ta dwoc AFAD > AFEA = EAJ\D = FE/TA

Mat khac ta lai c6 FAD = %sdl% = %sdﬁ nén E thuoc (O).

Vi DIJ/OF va lai ¢6 (I)% - % nén ta duoc ba diém O, I, E théng hang, do d6 (1) tiép xtc

véi (O) tai E.

Vay quy tich diém C khi hai duong tron (I) va (K) thay d6i 1a cung tron AB cuia duong
tron (F ; FA = ZR(R - d)) nam trong dwong tron (O) va khong 13y hai diém A, B.

+ Truong hop 2: Ba diém I, K nam khéc phia vé6i O so véi AB. Khi d6 ta dwoc quy tich
diém C khi hai duwong tron (I) va (K) thay doi la cung tron AB cia duong tron

(F; FA=2R(R+ d)) nam trong duong tron (O) va khong 14y hai diém A, B.

BAI TAP TU LUYEN

Bai 1. Cho doan thang AB ¢ dinh va diém M chuyén dong trén doan thang d6. Trén nita
mat phang bo AB vé tam giac déu AMN va BMP. Tim quy tich diém I 1a trung diém cta
doan NP.

Bai 2. Cho hai diém A, B ¢§ dinh va mot diém M khong nam trén duong thang AB. Trén
ntta mit phang bo AB khong chira diém M vé cac tia Ax va By [an luot vudng goc véi AM

va BN, chting cat nhau tai N. Tim quy tich trung diém I ctia MN.
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Bai 3. Cho ba diémA, B, C theo thit tw d6 trén duong thang d. V& cac nita duong tron
duong kinh AB, AC thudc hai nita mit phang d8i nhau bo 1a duong thang d. Mot diém H
di dong trén doan AB. Duong thang vuong goc véi duong thang d tai H cat hai ntra
duong tron theo thit tu tai D, E, Goi M 1a giao diém cta hai dwong thang BD va CE. Tim
quy tich diém M.

Bai 4. Cho duong tron (O; R) va diém A ¢S dinh nam bén trong duong tron(A khac O).
Qua A ké day cung tuy y cat duong tron (O) tai B, C. Tiép tuyén tai B, C v6i duong tron
cat nhau tai N. Tim quy tich ¢iém N khi day BC thay d6i.

Bai 5. Cho tam giac ABC va moét diem M nam trong tam giac. Goi K, P, Q lan lwgt ta hinh
chiéu cta M trén cac canh BC, CA, AB. Tim quy tich diém M sao cho MK, MP, MQ la do
dai ba canh ctia mot tam giac

Bai 6. Cho goc X/A\y =90" va mdt diém M ndm trong géc d6. Goi H, K lan lugt 1 hinh
chiéu ctia M trén tia Ax, Ay. Trén duong thang qua M vuong goc véi HK 1ay diém P sao
cho PM =HK. Tim qu§ tich diém P khi M thay d6i trong géc xAy.

Bai 7. Cho ba diém A, B, C c8 dinh va thang hang theo thit tw d6. Puong thang d vudng
gbc v6i AC tai C. D 1a mot diém di dong trén dwong thang d. Tir diém B vé duong duong
thdng vudng goc véi AD tai H(H thudc duwong thang AD) cat dudng tron ngoai tiép tam
gidc ACD tai M va N. Tim quy tich di€m M va N khi d di chuyén trén duong thang d.

Bai 8. Cho duong tron (O) va di€ém A cd dinh trén duong tron. Trén ti€p tuyén tai A voi
duong trong (O) 1y diém B ¢4 dinh. Goi duong trong (O’) la duwong tron tiép xtc véi AB
tai B c6 ban kinh thay d6i. Hai dwong tron (O) va (O’) cat nhau tai diém C va D. Tim quy
tich trung diém I ctia doan thang CD.

Bai 9. Cho duong tron (O) va diém A cd dinh ndm ngoai duong tron. OBC 1a duong kinh
quay quanh O. Tim quy tich diém I la tam duong tron ngoai ti€p tam giac ABC.

Bai 10. Cho tam giac ABC vuong can tai A. Tim quy tich diém M thoa man

MB? -MC* =2MA’

Bai 11. Cho tam gi4c cAn ABC ndi tiép dudng tron (O; R) c6 AB=AC =Rv2 . Didm M
chuyén dong trén cung nho AC ctia duong tron (O) va duong thing AM cit BC tai D. Tim
quy tich tam I cua duong tron ngoai tiép tam giac MCD.

Bai 12. Cho duong tron (O; R) va diém A ¢ dinh bén ngoai duong tron (O). Mot cat tuyén
d bat ki di qua diém A cat duong tron (O) tai B va C. Tiép tuyén tai B va C véi duwong tron
(O) cat mhau tai D. Tim quy tich diém D khi cat tuyén d quay quanh diém A.
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Bai 13. Cho ntta duong tron tam O ban kinh R va duong kinh AB. Goi C la diém chinh
gitta nira dwong tron. M 1a diém chuyén dong trén cung BC. Goi giao diém cua AM véi
CO1a N. GoiIla tam dwong tron ngoai ti€p tam giac CMN. Tim quy tich diém I khi M di
dong.
Bai 14. Cho géc nhon X/C-)\y va diém A c6 dinh trén tia Ox. Puong tron (I) di dong ti€p xtc
véi Ox tai A va cit tia Oy tai B, C. Tim quy tich tdm K ctia duong tron ndi tiép tam giac
ABC.
Bai 15. Cho tam giac ABC c6 ba goc nhon. Bén ngoai tam giac ABC v€ hai ntta dwong tron
duong kinh AB, AC. Mot duong thang d quay quanh A cit hai nita dwong tron theo thit
tw tai M va N(khac A). Tim quy tich trung di€m ctia MN khi d thay d6i.
Bai 16. Cho duong tron (O; R) véi hai duwong kinh vuong géc AB va CD. Lay diém P trén
duong tron do. Trén tia OP 14y diém M sao cho OM bang tong khoang cach tit P dén hai
duong thang AB va CD. Tim quy tich diém M khi P di dong trén duwong tron.
Bai 17. Cho tam giac ABC déu. Tim tap hop diém M nam trong tam gidc sao cho néu hinh
chiéu ctia M trén cac canh BC, CA, AB lan luot 1a D, E, F thi cac duong théng AD, BE, CF
dong quy.
Bai 18. Cho ttt gidc ABCD c6 AB+CD = AD+BC. Tim tap hop cac di€ém M nam bén trong
tt gidc ABCD sao cho tong khoang cach tit M dén AB va CD bang tdng khoang cach tir M
dén AD va BC.
Bai 19. Cho don théng AB va diém I di dong trén doan théng do. Trén cuing mot nira mat
phang bo AB vé cac hinh vuéng AICD va BIEF. Goi O va O’ Tan luot 1a tam caa hai hinh
vuong dé. Khi M di dong trén Ab thi trung diém M cta doan OO’ chay trén duwong nao?
Bai 20. Cho hinh ch nhat ABCD va diém M bat ki.
a) Chting minh rang MA” + MC? = MB” + MD?
b) Tim tap hop cac diém M thoa man MA +MC =MB+MD

Bai 21. Cho duong tron tam O, ban kinh r. LAy diém M bat ki trén duong thang d (d khong
cat dwong tron O) vé tiép tuyén MA, MB (A, B 1a tiép diém), OM cat AB tai N.
1. Chiing minh OM.ON khong d6i.
2. Khi diém M di chuyén trén duong thang d.

a) Tim tap hop tam O’ ctia dwong tron ngoai ti€p tam giac ABM.

b) Tim tap hop diém N?

c) Vi bai toan trén, khi khoang cach tir tam duong tron (O) téi duong thang d bang
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%, quy tich diém N thay do6i nhw thé nao?

Bai 22. Cho duong tron tam O, ban kinh R va mot diém A ¢d dinh trén duong tron. Diém
M di dong trén ti€p tuyén d tai diém A cua (O; R). Qua M vé tiép tuyén thw hai vdi (O; R).
Goi B 1a tiép diém. Goi H la truc tam cua tam giac AMB. Tim quy tich diém H.

Bai 23. Cho ntta duong tron (O) duwong kinh AB, AC la mét day cung bat ky, M 1a diém
chinh gitta ctia cung AC. Hai duong thang AM va BC cat nhau ¢ D. Tim quy tich diém D
khi C chuyén dong trén nira duong tron da cho.

Bai 24. Cho duong tron (O) va diém A ¢6 dinh trén duong tron, diém B chuyén dong trén
duong tron. Tim quy tich trung di€m M cua cac day AB.

Bai 25. Cho ntta duong tron tam O dwong kinh AB va diém M trén ntta duong tron, trén
tia d6i cuia tia MA 18y diém N sao cho MN =MB. Tim quy tich cac diém N khi M chuyén
dong trén nira duong tron (O)

Bai 26. Cho ntta duong tron duwong kinh AB va Cla 1 diém trén dwong tron. Trén ban kinh
OC 14y diém D sao cho OD béng khoang cach CH tit C dén AB. Tim quy tich cac diém D
khi C chay trén ntta duwong tron da cho.

Bai 27. Cho doan théng AB ¢0 dinh. Tim tap hop cac di€ém M sao cho MA > MB.

Bai 28. Cho duong tron (O; R) va di€ém A cd dinh 6 ngoai duong tron. Ké tiép tuyén AB
v6i duong tron (O). Puong thang d quay quanh A va cat duong tron tai hai diém C, D.
Tim tap hop cac diém G la trong tam ta giac BCD.

Bai 29. Hai duong tron tdm O béan kinh R va tim O’ ban kinh R” (R >R") ti€p xtic nhau tai

A. Tia Ax cua goc vuong )ZA\y cat duong tron (O) tai B khac A va tia Ay cat duong tron
(O’) tai C khéac A. Goi H 1a hinh chiéu ctia A trén BC. Chiing minh rang khi géc vuong
xi‘gf quay quanh A thi H chay trén mét duong tron.

Bai 30. Cho tam giac ABC vudng tai A. Véi mdi diém K trén canh AC dung wong tron tam
K tiép xtic v6i BC tai E. Dung BD tiép xtic v6i duwong tron tam K tai D khac E. Goi M, N, P,
Q Ian luot la trung diém ctia AK, AD, BD, MP. Goi S la giao diém ctia duong thang QN va
BD. Hoi khi K di dong trén canh AC thi diém S di dong trén duong nao.

Bai 31. Cho tam gidc ABC khong can tai A ndi ti€p duong tron (O), goi M 1a trung diém
ctia BC. Trén duwong thang BC 14y hai diém I, ] d6i xttng véi nhau qua M. Goi E, F Ian luot
la giao di€m thit hai ctia AL, AJ véi duong tron (O). Goi H la trung diém caa EF. Tim quy
tich diém H khi I va J di chuyén trén duong thang BC.
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HUONG DAN GIAI

Bai 1. ¢ Phan thuan: Goi giao diém cua AN véi BP 1a Q. 0
Tam gidc ABQ c6 QAB =QBA =60° nén la tam giac
déu.Ma AB c6 dinh, do d6 diém Q c6 dinh.

Ta c6 QAB = PMB = 60° nén MP//AQ va
QBA = NMA = 60" nén MN//BQ. Tir d6 ta duoc tt gidc
MNQP 1a hinh binh hanh, I la trung di€ém ctia NP nén I A M KH B

ciing la trung diém caa QM. Ké IK vudng goéc véi AB tai
K, QH vuong géc AB tai H, do d6 IK//AH. Lai c6 I 1a
trung diém ctia QM nén IK la dwong trung binh ctia tam

gidc MQH nén IK = %AH khong doi.

Vay I thudc duong thang d song song véi AB va cach AB mot khoang khong d6i 1a
IK = lAH :

2
e Giédi han: Goi giao diém cua duong théng d véi AQ, BQlan luotla I;1,.
Khi d6 ta duoc II, va II, lan luot 1a trung binh cua tam gidc AMQ va BMQ. Nén ta dwoc
I; I, Tan luot 1a trung di€ém ctia AQ va BQ. Vi M chuyén dong trén AB nén khi M trung
véi A thi P trung v6i Q va I trung vdéi I, . Khi M trung véi B thi N trung v6i Q va I trung
voi 1.
Vay I di dong trén doan thang 11, 1a duwong trung binh ctia tam giac ABQ.
o Phan dao: Ly diém I bat ki thudc duong trung binh L1, ctia tam gidc ABQ. Tia QI cat
AB tai M, qua M ké duong thang song song véi BQ cat AQ tai N. Duong thing song song
voi AQ cit BQ tai P.

Khi d6 ta c6 AMN = QBA = 60°, lai c6 QAB = 60° nén ta duoc AMN = QAB = 60"

Tt d6 suy ra tam gidc AMN déu. Chi'ng minh tuong tu ta dwgc tam giac BPM déu.

T giac MNQP la hinh binh hanh vi cac canh d6i song song vdi nhau.

Ta c6 1I,1a duwong trung binh ctia tam giac AMQ nén I la trung diém caa MQ. Do d611a
trung diém ctia NP.

o Két luan: Vay qtiy tich diém I la duwong trung binh LI, ctua tam gidac ABQ.
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~ Bai 2. ¢ Phan thuan: Xét mot vi tri ctia diém M ta c6 d

Ax L AM tai A nén ta dwoc MAN =90° va By L BM tai M

B nén MBN =90".
Do d6 ta dugc MAN +MBN =180° nén t gidc AMBN néi

ti€p duong tron dwong kinh MN. A B
Goi I la trung diém cua MN, khi d6 ta c6 IA =1IB, vi A, B E%

c6 dinh nén diém I chay trén dwong trung triec d ¢8 dinh

ctia doan thiang AB.

e Gi6i han: Khi diém B chuyén dong thi diém I di dong
trén duong thang d 1a duong trung triee ctia doan thang
AB.

o Phan dao: Lay diém I bat ki trén duong trung truc ctia doan thang AB. Vé dudng tron

tam I di qua hai di€ém A, B. Trén duong tron tam 113y diém M. Tia MI cat duong tron (I)

tai N. Do d6 1 1a trung diém ctia MN. Khi d6 dé thdy MAN = MBN =90°.

o Két luan: Vay quy tich diém I 1a duwong trung truc ctia doan thang AB.

Bai 3. e Phan thuan: Pat AB=2R ;AC=2R,, khi d6 R ;R, khong d6i. Trong cac tam giac
vudng ADB va AEC c6 AD? = AB.AH=2R,.AH va AE* = AC.AH =2R,.AH

Tt d6 suy ra AD.AE=2AH. /R, R, D
Tt gidc ADME noi ti€p duong tron vi / ﬁ
ADM + AEM = 180° A" 2 M ¢

Do d6 ta duoc m = 1@ nén ta dwoc
ADAM » AHAE .

T d6 M,
% = AA—I\é[ = AD.AE = AM.AH =2AH.\/R, R, . Do

d6 ta dugc AM=2,/R, R, khong dbi.

Vay diém M thudc dwong tron tam A ban kinh

m

AM=2R R, .
e Gioi han: Vi H chuyén dong trén AB nén khi diém H trung véi diém A thi di€m D, E
trung voi diém A, khi d6 diém M trung véi diém M, la giao di€m cua dwong tron (A) véi

duong thang d. Khi diém H trung véi diém B thi diém M trung véi diém M, 1a giao diém

cta duong tron (A) voi nira duong tron duong kinh AC. Vay diém M thudc cung MM,
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'~ trén duong tron (A) véi M, 1a giao diém ctia duong tron (A) véi duong thang d va M, 1a

giao diém cuia duwong tron (A) vdi nira dwong tron duong kinh AC.

o Phan dao: Ly diém M thudc cung MM, trén duong tron (A), cac tia MB va CM cat cac
duong tron duwong kinh AB, AC Ian luot tai D va E. Khi d6 ta chtiing minh duoc DE L AB
e Két luan: Vay quy tich di€ém M la cung MM, trén duong tron (A) véi M, 1a giao diém

ctia dwong tron (A) véi duong thang d va M, 1a giao diém cua duong tron (A) véi ntra

duwong tron duwong kinh AC.
Bai 4. e Phan thuan: Qua N ké duwong thang vuong
g6c v6i OA tai D. Goi giao diém ON v6i BC 1A E, 7 2
khi d6 ta dugc OE vuodng goc voi BC. A
Ta c6 AOND @ AOAE nén ) g /©
ODb _ON _ 4p_ ONOE N
OE OA OA ¥

Tam gidc OCN vuong tia C c6 CE L ON nén ta
duwoc OE.ON =0OC? =R?

2

Tt d6 ta duwoc OD = R
OA

khong d6inén diém D cd

dinh

Vay diém N thudc duong thang d vudng géc véi OA tai diém D c8 dinh.

o Phan dao: Trén duong thang d vudng géc véi OA 18y diém N bat ki. Qua N keé céc tiép
tuyén NB, NC véi duong tron (O). ta can chiing minh ba diém A, B, C thang hang. Gia st

2

Nhung theo phan

BC cit OA tai A’. Chiing minh twong ty phan thudn ta dwoc OD = OR

2
thuan ta dwgc OD = R
OA

, do d6 ta dugc OA =OA'" nén hai di€ém A va A’ trung nhau. Tt

la ba diém A, B, C thang hang.
2

o Két luan: Vay quy tich diém N la duong thang d vudng goc véi OA tai D véi OD = gA .

Bai 5. Truede hét ta phat biéu va chiing minh bo dé sau:
Cho tam giac ABC va mot diém M nam trong tam
giac. Goi K, P, Q Ian luot ta hinh chiéu ctia M trén cac
canh BC, CA, AB. Goi BE, CF la cac duwong phan giac
trong ctia tam gidc ABC. Khi &6 néu M nam trén EF thi
MK =MP +MQ.

That vay, tir E ké ED vudng goc voi BC, EH vudng goc
véi AB.
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" Do BE la phan gidc ctia ABC nén ED = EH. Ma ta c6
MK L BC;MP L AC;MQ L AB nén ED//MK va
EH//MQ.

MI_EM . MQ_FM
ED FE ~ EH FE

Goi I la giao diém caa MK v6i FD, khi d6 ta co

Nén ta duoc % = 1]\3/[—}? suy ra MI=MQ. Ké EG vudng gbc véi BC va FJ vudng goc voi

CD, khi d6 ta duoc FG=F] . Do d6 o - KD _EM o, MP_EM
FG DG EF ' F EF

Tt d6 ta duoc IK =MP nén MP+MQ =IK+IM =MK. Vay bo dé dugc chitng minh.

Tré lai bai toan
e Phan thuan: Goi AD, BE, CF la ba duong phéan giac cta tam giac ABC.
bé MP, MK, MQ la ba canh ctia m¢t tam giac thi ta can c6

MP + MQ > MK; MK + MP > MQ; MQ + MK > MP
Theo bd trén thi néu M nam trén mot canh ctia tam giac DEF thi xdy ra mot trong cac dang
thitc sau

MP + MQ =MK; MK + MP = MQ; MQ + MK = MP
Khi d6 MP, MK, MQ khong la ba canh cia mot tam gidc.
Néu M nam trong cia mot trong cac tam gidc AEF, BFD, CDE thi ta thu dugc mot trong
cac bat dang thikc

MP +MQ < MK; MK + MP < MQ; MQ+MK <MP.
Khi d6 MP, MK, MQ khong la ba canh cia mot tam gidc.
Tl d6 suy ra && MP, MK, MQ 1a ba canh ciia mt tam gidc thi diém M phai nam & mién
trong cua tam giac DEF.
e Gi6i han: bé MP, MK, MQ 1a ba canh ctia mot tam giac thi di€ém M phai ndm & mién
trong cua tam giac DEF.
e Phan dao: LAy diém M khong thudc mién trong ctia tam gidc DEF, chang han diém M
thudc mién tam giac AEF, khi d6 ta duwgc MP+MQ <MK . Khi d6 MP, MK, MQ khong la
ba canh ctia mét tam giac.
Do d6 khi diém M phai nam & mién trong ctia tam gidc DEF thi MP, MK, MQ 14 ba canh
ctla mot tam gidc

e Két luan: Vay quy tich diém M dé MP, MK, MQ la ba canh ctia mét tam gidc la mién

tong cua tam gidc DEF vé6i AD, BE, CF la ba duong phan giac ctia tam gidc ABC.
Bai 6.
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e Phan thuan: Ta xét hai truong hop sau X

day

m

+ Truong hop 1: Hai diém M va P nam

cuing phia so véi HK. Khi d6 diém P ndm H |
trong goc X/A\y

T diém P ha PE vuong goc voi Ay voi E

thudc tia Ax va ha PF vudng goc vdi Ax A K E y
voi F thudc Ay. d
Kéo dai HM cit PF tai 1.

Hai tam giac vuong MP va KMH c6

KH=PM va HKM = ITI\TI nén ta dwoc

AMIP = AKMH

Tt d6 MI=KM =PM va PI=MH =KA

nén suy ra PF = AF hay PF=PE

Tt d6 suy ra P thudc tia phan gidc At cua goc XQE

+ Trudong hop 2: Hai diém M va P nam khac phia so véi HK. Khi d6 14y diém P, d5i xting
voi P qua M thi ta dugc MP =MP, = MA nén tam giac APP, vuong tai A. Ttr d6 suy ra P

1
thudc duong thang d vudng géc véi tia phan gidc At ctia goc x/A\y

e Phan dao: Lay P’ trén tia phan giac cta goc X/A\y Ha P'E' L Ax,P'F' L Ay.Lay M’
thudc E'F’.

Goi K’ va H’ Tan lwot 12 hinh chiéu ctia M’ trén Ax, Ay. Hai duwong thang P’'M’ va H'K’ cat
nhau tai J’

Ta can chttng minh duwgc M'P' LH'K' va M'P'=H'K".

That vay, ta co tix gidc AE'P'F’ 1a hinh vuong nén M'P'=M'A=H'K".

L —

Mat khac AM'I'P'=AK'M'H' néen HK'M'=P'M'I'=H'M'J".

o Két luan: Quy tich diém P khi M thay doi trong goc X/A\y la tia phan gidc At ctua goc

XAy va duong thang d vudng géc véi tia At tai A.
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Bai 7. ¢ Phan thuan: Ta cé ACD =90° nén AD

la duwong kinh dwong tron ngoai tiép tam giac

ACD.

Tir d6 suy ra AM = AN va AM = AN q

Xét hai tam giac AMB va ACM c6 AMB chung

va AMB=ACM nén AAMB > AACM N

AB
AM

AM =+/AB.AC khéng d6i
Do d6 AM = AN =+ AB.AC khong d6i. Do d6 M va N thugc duong tron c6 dinh

(A; \/AB.AC)
o Gi6i han: Khi diém D di dong trén duong thang d thi M, N di dong trén duong tron

(A; \/AB.AC).

o Phan ddo: Lay diém M bat ki trén dudng tron (A; VABAC).

T d6 suy ra AM_AB | AM? = ABAC hay

Vé AH vudng géc v6i MB tai H(H thudc MB), AH cat duong thang d tai D. Duong thang
MH cét dudng tron (A; \/AB.AC) tai diém thtt hai 1a N. Khi d6 ta <6 AM = AN =+/AB.AC

Xét hai tam gidc AHB va ACD c6 BAH chung va AHB = ACD =90° nén AAHB % AACD

Do do AH_AB = AD.AH = AB.AC. Tt 46 suy ra AN? = AM? = AH.AD hay — AM_ AR
AC AD AD AM
AM AH
Xét hai tam giac AMH va ADM c6 MAH chung va D - AM nén AAMH © AADM

T d6 suy ra AHM = AMD, ma ta cé AHM =90° nén ta dwoc AMD =90°. Do d6 M thuodc
duong tron ngoai ti€p tam gidc ACD cé duong kinh AD. Hoan toan twong tu ta cling dwoc
N thudc duong tron ngoai tiép tam gidc ACD c6 dwong kinh AD.

o K&t ludn: Vay quy tich diém M va N la dudng tron (A,- JAB.AC )
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~ Bai 8. ¢ Phan thuan: Goi giao diém cua CD va AB
© 1a M. Xét hai tam gidc MAD va MCA c6 AMD

| 4 —
chung va MAD =MCA nén ta duoc
AMAD » AMCA
Do d6 ta duoc MA _MD = MA?* =MCMD
MC MA
Chting minh hoan toan tuong ty ta duwoc
MB?> =MC.MD

Ttr d6 ta dwgc MA =MB nén la diém co dinh.

Ta c6 IC=1ID nén OI 1L CD, do doé ta duoc

OIM =90° va OM ¢ dinh

Vay diém I di dong trén dwong tron duong kinh OM.

¢ Gidi han: Diém I 1a trung diém ctia CD la day cung ctia duong tron (O) nén I nam trong
duwong tron (O).

Do d6 diém I di dong trén cung tron ctia dudng tron duong kinh OM va nam trong duong
tron (O).

o Phan dao: L4y diém I bat ki trén cung tron ctia duong tron duong kinh OM va nam
trong duong tron (O).

Khi d6 ta duoc OIM =90° va MI cit duong tron (O) tai C va D.

Goi duong tron (O’) ngoai tiép tam gidc BCD. Do OI vudng gbéc véi CD nén 1 1a trung
diém ctia CD.

Hai tam giac MAD va MCA c6 AMD chung va MAD =MCD nén ta duoc

AMAD » AMCD
Do do ta dwoc MA :@, ma ta c0 MA =MB nén ta duoc MB :@
MC MA MC MB
. iy \ L BN . MB MD
Hai tam giac MDB va MBC c6 BMC chung va MC-MB nén ta dugc AMDB «> AMBC

Tir d6 ta dwgc MBD = MCB.
Vé O'H vudng goc véi BD, ta co Im = 1\7(3\]3 nén ta dwoc l\ﬁ = I—TO_T%

Tir d6 ta dwoc MBD +HBO' = HO'B+HBO'=90" = O'B L AB nén AB la tiép tuyén ctia
duwong tron (O”).

o Két luan: Vay quy tich diém I 1a cung tron ctia dwong tron duong kinh OM va nam
trong duong tron (O).

Bai 9.
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¢ Phan thuan: Goi D la giao diém cua AO véi duong
tron (I)(A khac D). Hai tam gidc OAB va OCD c6

OAB =OCD va AOB=COD do d6 AOAB © AOCD

Do dé ta duoc % = OB = OA.OD =0B.OD

OD

2

Nén ta dugc OA.OD =R* = OD = g—A khong d6i nén

D la diém co dinh.

Nhu vay diém I thay d6i va luén c6 TA=1ID véi A, D

c6 dinh, nén diém I chay trén duong trung truc cua
doan théng AD.
e Gioi han: Khi duong kinh BOC di qua di€ém A thi diém I di dong dén trung di€m cua
doan thang AD. Khi BOC khéng di qua diém D thi diém I di dong trén duong trung truc
ctia doan thang AD.
Vay diém I di dong trén duong trng truc cta doan thang AD trit trung diém ctia doan
thang AD.
e Phan dao: L4y diém I bat ki thudc duong trung tric ciia doan thang AD, diém I khong
trung véi trung diém cta doan thang AD.
Vé duong tron tam I ban kinh Al cat duwong tron (O) tai B, BO cat dwong tron (I; TA) tai C.
Ta c6 IA =ID nén D thudc dwong tron tam I ban kinh IA.
2
0A  OC oa R

Ta cé6 AOAB @ AOCD nén 22 - 9C L 5c-CAOD _— "0A
OB _OD OB R

Do d6 C thudc duong tron (O).

=R

o Kétluan: Vay quy tich tam I ctia duwong tron ngoai ti€p tam gidc ABC la duong trung

trgc ctia doan thang AD, khong 13y trung diém ctia AD. Véi D 1a diém ¢6 dinh thuoc tia

2

dodi ctia tia OA va OD = R )
OA

Bai 10.
e Phan thuan:
+ Néu diém M trung voi diém A hodc diém C thi hién nhién ta c6 MB? ~MC* =2MA”?

+ Néu diém M khac diém A va diém C va thda man gia thiét.
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" Khi d6 14y diém N sao cho AABN = AACM nén

ta dugc MAN =90°. Ta ¢ tam gidc AMN

vudng can tai A nén ANM =45". 0

Mt khac ta c6 p

MN? + NB? = 2MA?2 + MC? = MB? MY )
= c

Ttr d6 ta dwoc tam gidc MNB vuong tai N.
Tir d6 ta dwoc ANB = 45° (khi diém M ndm
khac phia v6i M so véi AC) hojc ANB =135°
(voi treong hop nguoc lai, nhu diém M,, N )
Tt d6 N nam trén dudng tron ngoai tiép tam

gidc ABC. Tir d6 suy ra AMC = 45" hosc

AMC =135" v¢i hai truong hop nhuw trén.

biéu nay c6 nghia la M thudc duong tron tam O ban kinh OC véi tam giac OAC vuodn can
tai O.

e Phan dao:

+ Néu di€ém M trung véi di€ém A hodc diém C thi hién nhién ta c6 MB* ~-MC? =2MA*

+ L4y diém M trén duong tron O ban kinh OC sao cho M khong trung vé6i A va C. Goi giao
diém ctia MC véi duong tron ngoai tiép tam giac ABC la N khac C.

Khi d6 ta dwgc ANM = AMN =45° nén tam gidc AMN vudng can tai A.

Tt d6 suy ra NAB =MAC,MA = NA ma tacé AB=AC nén AABN =AACM. Vay tam
giac BNM vudng tai N. Tir d6 ta dwoc 2MA* + MC? = MN? + NB? = MB?

e Két luan: Vay quy tich diém M la duwong tron tam O 1a dinh cta tam gidc vudng can
OAC dung bén ngoai tam gidc ABC, véi ban kinh duong tron la OC.

Bai 11.

e Phan thuan: Do AB=AC= R/2 va AB, A

AC la hai day cung ctia duong tron (O) nén
AB, AC 14 hai canh cta hinh vudng ndi tiép
duwong tron (O). Do d6 tam gidc ABC vuong

can tai A.

Tt d6 suy ra BC la dwong kinh ctia duong
tron (O).

Ta c6 CID =2CMD =90° nén CMD =45" 1
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- gocnhon. Ttr do ta dwoc

CMD:%C/I]\D:C/IIB:%O

Tam gidc CID 6 CI=ID va CID =90° nén

vuong can tai I. Tte d6 suy ra

ICD =1DC = 45"

Ngoai ra ta cd ACB =45° nén ACI=90°. Ta ¢6 ACI=90° vi AC ¢ dinh nén I thudc tia
Cx vudng goc véi AC tai C.

e Gi6i han: Khi M trung v6i C thi C trung v6i I. Khi M di chuyén lai gan v6i di€ém A thi di
chuyén ra xa diém C trén ia Cx. Vay I chuyén dong trén tia Cx vuong goc véi CA tai C.

e Phan dao: Lay diém I bat ki thudc tia Cx. V& dwong tron tam I ban kinh IC, duong tron
nay cat BC tai D va cat duwong tron (O) tai M khéc C, D.

Tt gidc BAMC ndi tiép dudng tron nén ABC + AMC =180°, do d6 AMC =135°

Tam gi4c ICD c6 IC =ID nén ta dwoc IDC = 45° = CID = 90°

Tt d6 CMD = %615 —45°. Do d6 ta dwoe AMC+CMD =135° +45° =180° nén ba diém A,

M, D thing hang.

o Kétluan: Vay quy tich tam I ctia duwong tron ngoai ti€p tam gidc MCD la tia Cx vudng
goc voi AC tai C.

Bai 12. Ban doc tuw vé hinh

e Phan thuan: Goi M 1a giao diém ctia OD va BC. Qua D vé duong thang m vuong goc voi
AO tai H.

Khi d6 ta dwgc DC=CB va OB=0C=R

Suy ra OD la duong trung triec cia BC. Nén ta duwoc OD vuodng gdc voi BC.

Xét hai tam giac OMA va OHD co MOA chung va OMA = OHD

Nén ta duoc AOMA > AOHD, suy ra g—g = CC))—IZI = OA.OH =OM.OD

Trong tam gidc OBD c6 B=90" va BM la duong cé nén OM.OD = OB? = R?
2
Tt d6 suy ra OA.OH =R? hay OH = (I;—A Khong d6i.
Do OA ¢d dinh, O ¢6 dinh nén H ¢6 dinh. Suy ra duwong théng m cO dinh.
Do d6 D thudc duong thing m ¢§ dinh vudng goc véi OA tai H
e Gidi han: Do D nam ngoai duong tron (O; R), nén diém D di chuyén trén duong thang

m trit doan D,D, véi D,; D, 1a giao diém ctia duong thang m véi duong tron (O)
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e Phan dao: Lay diém D nam ngoai duong tron O va trén dwong thang m.

Vé duong thang d qua A va va vudng géc véi OD tai M va cit duong tron (O) tai B va C.

Xét hai tam giac OMA va OHD c6 MOA chung va OMA = OHD nén ta duoc
AOMA @ AOHD

Do d6 ta duoc OA = OM = OA.OH =OM.OD
OD OH
Ma ta cd OA.OH =R? nén ta dwoc OM.OD =R?* =OB? = OM _ %
OB OD
Xét hai tam gidc OMB va OBD c6 MOB chung va %—l\g = % nén ta dwoc

AOMB > AOBD
Do d6 ta dwgc OMB =OBD =90° nén DB la tiép tuyén ctia dwdong tron (O) tai B.
Hoan toan tuong tu ta chiing minh dwgc DC ciing la tiép tuyén cua duong tron (O) tai C.

o Kétluan: Vay quy tich diém D 1a duwong théng m, trit doan trtt doan D,D, véi D,; D, la

2
giao diém ctia duong thang m véi duong tron (O), vudng géc véi AO tai H véi OH = gA
khong doi.

Bai 13.
e Phan thuan: Ta c6 CMN = %sd:‘z: =45" va G

CMN 1a gbéc nhon nén ta duoc CMN = %(ﬁ . N

Do d6 CIN=90".
Tam giac CIN ¢6 IC=IN va CIN=90° néntam A 5 B
gidc CIN vudng can, suy ra NCI = 45

Ma ta c6 NCB = 45° nén ba diém C, I, B thang

hang.

Do d6 1 thudc duong thang CB

e Gi6i han: Khi M trung v6i B thi diém I trung véi I, la trung diém cua BC. Khi M trung
v6i C thiI trung véi diém C. Do d6 I di chuyén trén doan CI, véi I, la trung diém ctia BC.
e Phan dao: Lay diém I bat ki trén doan CI, véi I, la trung diém ctia BC.

Vé duong tron tam I bén kinh IC. Duong tron nay cat OC tai N. Duong thang AN cat
duwong tron (I) tai M khac N. Khi d6 ta ¢ IC =IN nén tam giac CIN vuong tai L.

Ma ta c6 NCI =45° nén ta dugc CNI = 45° = CIN =90’
Do dé ta duge CMN = %611\\1 - 45°, diéu nay din dén CMN = CBA = 45°

Do d¢ ti gidc ACMB noi tiép duong tron hay M thudc ntta duong tron (O).
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o Kétluan: Vay quy tich tam I cta duwong tron ngoai ti€p tam giac CMN la CI, véi I, la
trung diém cta BC.

Bai 14.

e Phan thuan: Ta c6 BAK = %ﬁ? va y

(ﬁ = (ﬁ do do ta dwoc

@:(ﬁ+ﬁ<zé(@+oﬁ)+%@: &
11— 1—= 1— 1 ; |
= JOCA +-OAC=_OCA+~ (OAB+BAC) .

=90° —%AOC =90° —ExOy

Do d6 OAK khong di. Lai ¢ OA ¢ dinhnén K~ ©

thudc tia Az sao cho OAz =90° —%X/O\y

¢ Gidi han: Do K nam trong géc @ nén K thudc doan thang AA’ véi A’ 1a giao diém cta
tia Az vdi tia Oy.

e Phan dao: Lay diém K bat ki trén doan AA’. Vé KH vudng gdc véi Oy(H thudc Oy), vé
duong tron tam K ban kinh KH. Tir A vé cac tiép tuyén véi duong tron (K) cat Oy lan luot
tai Bva C.

Ta can chiing minh duwong tron ngoai ti€p tam giac ABC tiép xtc voi tia Ox tai A.
That vy, ta c6 BAK = %EAI: va

OAK =OAz = 900—%xOy 900—%AOC—;@+;OAC

:l@+ 1(OAB+ABC) 1(@4@)%@:

— — -

Ma ta c6 OAK =OAB+BAK =0AB+ ; BAC. Do dé ta duoc OAB =OCA

VE tia Am 1a tia ti€p tuyén ctia duwong tron ngoai ti€p tam giac ABC

Khi 6 ta c6 mAB=OCA =~ sdAB

Tir d6 ta dugc OAB =mAB nén hai tia AO va Am trung nhau. Vay AO la tiép tuyén tai A
v6i duong tron ngoai ti€p tam giac ABC.

o Két luan: Vay quy tich tim K ctia dwdng tron noi tiép tam giac ABC 1a doan thang AA’
véi diem A’ thudc tia Az sao cho OAz = 90’ —%X/O\y.

Bai 15. Ban doc ty vé hinh
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e Phan thuan: Ta c6 AMB = ANC =90° nén tt giac BCNM la hinh thang vudng.

Goi O la trung diém ctaa BC, do d6 O ¢d dinh. Goi K 1a trung diém ctia MN.

Khi d6 ta duong OK la duong trung binh cua hinh thang BCNM. Do d6 ta dugc OK//BM.
Ma ta lai c6 AMB = 90° nén ta dwoc AKO =90°. Do OA ¢6 dinh nén K thudc duong tron
duwong kinh OA.

e Gidi han: Goi d, la tiép tuyén tai A vdi duwong trong duwong kinh AB, d, 1a tiép tuyén tai
A voi duong duong tron duong kinh AC.

Khi d trung véi d, thi diém K trung véi K, 1a giao di€ém cua d, véi duong tron duong
kinh AO.

Khi d trung véi d, thi diém K trung véi K, 1a giao diém cua d, véi duwong tron duong
kinh AO.

Vay diém K di dong trén cung IZK cta duong tron duong kinh OA.

e Phan dao: Lay diém K bat ki trén cung IZK cua duong tron duwong kinh OA

Khi d6 ta duoc AKO=90".

Puong théng AK cit cdc nira duong tron duong kinh AB, AC Tan luot tai M, N.

Ta c6 AMB=ANC =90° nén tir giac BCNM la hinh thang vudng.

Ma ta c6 OK vudng goc véi MN nén OK //AM

Lai c6 O la trung di€ém cua BC nén OK la duong trung ctia hinh thang BCNM.

Do d6 ta dwgc K la trung diém caa MN.

o Kétluan: Vay quy tich diém K 1a cung KK, ctua duong tron duong kinh OA.

Bai 16.

Gia st diém P thudc cung nho AC cta duong tron (O). M
Goi H, K Tan lwot 1a hinh chiéu cta P trén AB va AC. &

Goi N 1a hinh chiéu ctia C trén OP. Khi d6 dé thdy
ON=0OK=PH;CN=PK

e Phan thuan: Néu diém M trén tia OP thoa man 7 O\ K
OM =PH+KP =PH+HO > PO thi diém M nam ngoai

duwong tron (O).

Lai co

MN=0OM-ON =PH+PK-ON=0ON+CN-ON=CN

Tt d6 suy ra tam giac NCM vuodng can tai N, nén ta
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dwoc OMC =45, suy ra OMC = OAC

Do d6 t& gidc AOCM nodi tiép duoc, nén ta dugc AMC + AOC = 180" , suy ra AMC =90°.
Vay diém M thudc ntra duon tron duong kinh AC nam ngoai duong tron (O; R).

Lap luan twong tuw ta duwoc khi P chay trén duong tron (O; R) thi M chay trén cac nita
duwong tron duong kinh AC, BC, BD, DA nam ngoai duwong tron (O).

e Phan dao: Gia stt diém M nam trén cic nita dwong tron néi trén. Khong mat tinh tong
quét ta coi M ndm trén nita dwong tron duong kinh AC nam ngoai duong tron (O). Tia
OM cit cung nho AC tai P. Xac dinh cac diém H, K, N nhu trén.

Tit OMC = OAC = 45° suy ra tam gidc NCM vuodng can tai N nén MN =CN.
Vay ta dugc OM =ON +MN =PH+CN =PH+PK
o Két luan: Vay quy tich diém M thoa man dé ra la cac nita duwong tron duwong kinh AC,
BC, BD, DA nam ngoai duong tron (O; R).
Bai 17. Ban doc tur vé hinh
e Phan thuan: Pat AB=BC=CA =1(dvdd), AF=x,BD=y,CE=2z véi 0<Xx,y,z<1.
Theo gia thiét ta c6

x* +y* +z° = AM? -MF’ + BM* -MD? + CM* - ME?

= BM* ~MF? + CM? ~MD* + AM* ~ME? = (1-x) +(1-y) +(1-2)

Ttr d6 ta dwoe x+y+z= % Khi AD, BE, CF dong quy tai P, thi theo dinh li Ceva ta dugc

X ¥y 2 =SACP.SABP.SBCP=1
1-x 1-y 1-z S, S S

BCP ACP ABP

Do d6 ta dugc xyz =(1-x)(1-y)(1-z), két hop véi x+y+z=§ ta duoc

Ttr d6 suy ra ta duoc x =% hodc y =

diém ctia cac canh ctia tam gidac ABC.

Tl d6 suy ra M nam trén mot trong ba duwong trung tuyén ctia tam gidc déu ABC.

e Phan dao: Lay diém M thudc mot trong ba duong trung tuyén ctia tam giac déu ABC.
Do mdi duong trung tuyén la mot truc d6i xting ctia tam giac ABC, do d6 AD, BE, CF
dong quy.

o Két luan: vay tap hop diém M la mét trong ba dwong trung tuyén cta tam giac déu

ABC, khong ké cac diém dau mut.
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Bai 18.

Truede ta phat biéu bs dé: Tap hop cac diém M nam
trong goc x/S\y c6 tong khong cach tir M dén cac canh
Sx, Sy bing k khong d6i la doan BC sao cho

k= d(B,sy) = d(C,SX) =2d,. . =2d..,, trong do I la hinh

(I,Sy) (B,Sx)

chiéu cua M trén tia phan giac cua goc xSy va d(L 8) la

\mI
<

khoang cach tir I dén duong thang A.
That vay, xét goc xSy va diém M théa man yéu cau
bai toan. Ta can chtng minh MK+MH =k khong do6i
khi M chay trén BC, véi H, K 1a hinh chiéu ctia M trén
SB va SC
Ké BE 1 SC,CF LSB. D&y 1a SB=SC.

1 1 1

Ta 6 Sqc = BESC =Sy +Scyy = MHSB+—MK.SC =%SC(MH+MK)

SBM SCM E

Tt d6 suy ra MK + MH = BE =k khong d6i .

Tro lai bai toan: Goi ME, MF, MH, MK Ian luot la
khoang cach tir M dén AD, BC, AB, CD.

Tir diéu kien AB+CD=AD+BC ta dwoc t& giac
ABCD ngoai ti€p dwong tron(O; r). Khi dé ta xét cac
trueong hop sau

+ Truong hop 1: Tt gidc ABCD 1a hinh thoi. Dé thay

tap hop diém M thoa méan yéu cau bai toan la tdt ca 0 K
cac diém nam trong(ké ca trén canh) hinh thoi ABCD.

+ Truong hop 2: T gidc ABCD c6 moét cap canh song

song, khong mat tinh tong quat ta gia st AB//CD.

Khi d6 goi giao diém cua AD va BC 1a S. Ké MI vudng

gbc voi SO.

Theo b6 dé trén ta dwoc ME+MF = MH + MK < ME + MF =2r < 2d

diém O va I trung nhau.

Tt d6 suy ra: tap hop diém A thdéa man yéu cau bai toan la doan PQ véi P thuoc AC va Q

thudc BC sao cho PQ vudng goc véi SO tai O.
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~ + Truong hop 3: Tt giac ABCD c6 AB va CD
// cét nhau tai T, AD va BC cit nhau tai S.

Xét M khac O. Goi I va ] Ian luot 1a hinh chiéu
cua M trén SO va TO. Goi hinh chiéu ctia I va
J teong ting trén AD va CD la X va Y. Tt gia
thiét ME+ MF =MH + MK ta duoc

2d(I,AD) = 2d(I,CD 1,AD) — d(I,CD) < XI=JY
X _Jy IS _JT Ol _ O] (*)

)=
OG ON OS OTr Os OT
e Phan thuan: Qua S ké SV vudng goc véi SO, hai dwong thang SV va MO cét nhau tai V.

Theo dinh li Talets ta dwoc Ol = O—M Tir d6 ta duoc o1 = OM , nén theo dinh lia Talets
0os oV O] OV

dao suy ra MJ//VT, do &6 VT L OT. Giao diém V cta SV va VT la diém c6 dinh trén
duong thang.

Gia st VO cit hai canh ctia t giac ABCD tai hai diém P va Q thi tap hop diém M thoa
man yéu cau bai toan chinh la doan PQ.

e Phan dao: Gia st diém M thudc doan PQ duwoc xac dinh nhuw trén.. Goi hinh chiéu cia M

trén SO va TO Ian luot 14 T va J. Do su xéc dinh ciia diém V nén ta duoe =L = OM _ O
OS OV OT

thoa man diéu kién (*)

Tt d6 suy ra di€ém M théa man yéu cau bai toan.

o Kétluan: Vay tap hop diém M théa man yéu cau bai toan la doan PQ duoc xac dinh nhu

trén.
Bai 19.
Ta c6 AC va BE theo thtt ty 1a duwong chéo cua E c
hinh vudéng AICD va BIEF. Nén ta duoc K
— c D
OAB=0'BA =45°. ©
M M M,

Goi giao diém cua tia BE va AC la K, khi d6
tam giac AKB vuong can tai K, Ma A, B c§ dinh e

A B

nén K c6 dinh.

AC va ID la hai duong chéo cta hinh vuong

AICD nén ta duwgc AC LID tai O nén ta dwoc
TOK =90°.
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Hoan toan twong tu ta duoc I0'K =90°.

Tt giac IOKO’ ¢6 ba goc vudng nén la hinh chit nhat, ma M la trung diém ctia OO’ nén M
la trung diém cuia KI. Ké KH vuong goc véi AB tai H va ML vudng goéc véi AB tai L, nén ta
duwoc ML//KH

Tir d6 suy ra ML = %KH - iAB, dit AB=a thi ta dugc ML= khong d6i

Nhu vay M ludn cach AB mot khoang ML =% khong ddi nén M nam trén duong thang d
song song v6i AB va cdch AB mot khoang bang % khong doi.

Goi giao diém cta d véi KA, KB theo the te la M;;M,, vil chuyén dong trén AB nén khi I
trung véi A thi M trung véi M, 1a trung di€m ctia KA, khi I trung véi B thi M trung véi
M, la trung diém cua KA.

Vay khi I di dong trén AB thi M di dong trén duong trung binh M, M, cta tam gidc KAB

Bai 20.
a) Ta xét cac truong hop sau

A E B
+ Trewong hop 1: Biém M thudc mot canh cua hinh
chua nhat ABCD, khong mat tinh tong quat ta gia
st M thudc canh AB. Khi d6 4p dung dinh Ii Pitago | !
ta co

D F c
MA? +MC? =MD? - AD” + MB” + BC? = MB’ + MD’

Néu diém M trung véi dinh ctia hinh ch® nhat

ABCD, chang han triung véi dinh A thi ta dwoc

MA? + MC? = MC? =MB? + BC*> = MB? + AD* = MB? + MD?
+ Truong hop 2: Biém M nam trong hinh chit nhat ABCD. Khi d6 goi E, I, K, F Tan luot la
hinh chiéu vuong gbéc cua M trén AB, BC, CD, DA. Ap dung dinh li Pitago ta dwoc

MAZ2 + MC? = AE* + ME2 + MI2 +IC? = (MI2 +BI? ) +(ME2 n DFZ) — MB? + MD?

+ Truong hop 3: Diém M ndm ngoai hinh chit nhat ABCD, chitng minh hoan toan twong
tie nhut trudong hop M nam trong hinh chit nhat ABCD ta ciing dwoc
MA? + MC? =MB* + MD?
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b) Theo bai ra ta c6 MA +MC =MB+MD nén ta duoc (MA + MC)2 = (MB + MD)2

Hay MA? + MC? + 2MA.MC = MB? + MD? + 2MB.MD
Ma theo trén ta c6 MA? + MC? = MB? + MD?, do d6 ta dugc 2MA.MC =2MB.MD

Tir d6 ta duoc (MA-MC)’ =(MB-MD)’

Suy ra ta dugc MA-MC=MB-MD hodc MA-MC =MD -MB

+Néu MA-MC=MB-MD két hop v6i MA+MC =MB+MD ta dwgc MA =MB, do doa

M nam trén duong trung truc ciia doan thang AB

+Néu MA-MC=MD-MB két hop véi MA+MC =MB+MD ta dwgc MA =MD, do doa

M nam trén duong trung triee ctia doan thang AD.

Vay tap hop diém M thao man MA + MC =MB+MD 1a hai truch d6i xting caa hinh chi
nhat ABCD.

Bai 21.

1. Tt MA, MB 1a hai tiép tuyén cat nhau tai M véi A va B 1a tiép diém. Ta c6 tam giac
MAOQO vuong tai A c6 AN vuong goc véi OM

Do d6 ta dwoc OM.ON =OA* =1 khong d6i

2. a) Trén OM 1dy O’ sao cho OO’ =O'Mssuy ra OO'=0'M =0’A =0O’B nén O’ la tam
duong tron ngoai ti€p tam gidc ABM.

Goi giao diém cua d va (O’) 1a K, khi d6 ta duwgc MK vudng goc voi OK nén OK la khoang
cach tir O t6i duong thang d, dat OK =h
Ta c6 OK khong doi (do tam O va duwong
thang d cd dinh)

Ké O'E//MK véi E thudc OK. Két hop
O'M=0’0Ova MK L OK ta duoc

O’E L OK va EO = EK =%01< =%h

khong do6i. T d6 suy ra tam O’cua

duong tron ngoai ti€p tam gidc ABM
thudc dwong trung truc ctia doan thang
OK

2b) Goi H la giao diém ctia AB va OK khi
d¢6 hai tam giac ONH va OKM dong dang

vdi nhau
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ON OH OMON  r?

r2
=— khong doi

Do d6 ta dwoc —=——=0H =
OK OM OK

" OK h

2
r

Do d6 OH c6 dinh. Ttr d6 suy ra N thudc duong tron duwong kinh OH = o trir diém O.

Trong d6 r 1a ban kinh duong tron (O) va h 1a khoang cach tir O t6i duong thang d

c) Khoang cach tir d tdi (O) theo bai ra
h= % Khi d6 d c4t (O) tai L va L. Xét hai

trueong hop:

+ Khi M chuyén dong trén tia Lx va L’y ta
vé duogc cac ti€p tuyén vdi (O).

+ Khi M chuyén dong trén doan thing LL’
thi khong vé duoc tiép tuyén véi (O) triv
diém L, L.

- Xét M chuyén ddng trén tia Lx, tuong tw

2
cau 2b ta co OHz%zZr.
Do d6 diém N chay trén cung tron ONL
thudc duong tron duong kinh OH =2rva

trir diém O.

Twong tw khi M chuyén dong trén tia L'y thi diém N chay trén cung tron ON'L” thudc

duong tron duwong kinh OH =2r lam dwong kinh va trir diém O.

Vay khi r =% va diém M thay d6i trén d thi diém N di chuyén trén cung tron LOL’ thudc

duong tron duwong kinh OH =2r, trir diém O.

Bai 22.

e Phan thuan: Ta c6 OA L AM,BH 1. AM
va OBLBM,AH1BMnén suy ra
OA//BH va OB//AH. Do d6 t& giac AOBH
la hinh binh hanh. Lai ¢6 OB=0OA =R
nén t gidc AOBH Ia hinh thoi. Ttr d6 ta
duwgc HA=AO=R(khong d6i). Ta cb
HA=AO=R khong d6i va A c6 dinh.
Do dé diém M di ddng thi H di dong theo
nhung H ludén cach A c§ dinh mot

<7
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- khoang khong d6i 1a HA=0A =R. Nén

H thudc duong tron tam A ban kinh R.

¢ Gid6i han: Khi M di dong trén ti€p tuyén d thi H di dong trén duong tron tam A ban
kinh R

e Phan dao: Lay H thudc dudng tron (A; R), duong thang OH cat d tai M, vé ti€p tuyén
MB(B khéc A).

Ta chitng minh duwoc tt gidc AOBH la hinh thoi. Do d6 OA // BH va OA L AM nén suy ra
B'H LAM

Chiing minh twong te AH L BM. Ttr d6 ta duoc H 1a triec tam ctia tam gidc AMB.

e Kétluan: Vay khi M di dong thi diém H di dong theo nhung H ludn cach A c¢6 dinh mét
khoang khong d6i la HA = AO=R. Nén quy tich diém H thudc duong tron tam A ban
kinh R.

Bai 23. e Phan thuan: Do M la diém chinh gitra cung £

AE nén ta dwoc l\ﬁzl\//E:MBAzl\ﬁ. Ta co
AMB =90°nén ta duoc BM L AD. Tam gidc ABD c6

BM vira la dwong phan giac vira la duong cao nén la Y c
tam gidc can tai B.
Do d6 ta dwgc BA = BD = 2R khong d6i va B ¢ dinh

A 0 B

Do dé khi C di dong thi D di dong theo nhung D

ludbn cach B ¢6 dinh mot khoang khong doi la

BA =BD =2R. Nén D thudc duong tron tam B ban

kinh BA =2R.

e Gioi han: Vi diém C chuyén dong trén ntta duong tron duong kinh BC nén:

+ Khi C trung véi A thi D trung véi A.

+ Khi C trung véi B thi BC tro thanh tiép tuyén ctia dwong tron (O) ¢ B, khi d6 D trung véi

E la giao di€ém ctia duong tron tam B, ban kinh BA véi ti€p tuyén néi trén.

Vay D chay trén i duong tron tim B ban kinh BA (trén cting nita mit phang bo AB chita

ntta duong tron (O) la cung AE nhu hinh vé).

e Phan dao: Lay D bat ky thudc cung AE. N&i DA, DB cét nira duong tron (O) lan lwot tai
M va C.

Ta c6 tam gidc BAD can tai B (vi BA=BD =2R)

THCS.TOANMATH.com TAI LIEU TOAN HOC



© Ma BMA =90 nén ta duwgc BM L AD. Do d6 BM la duong cao dong thoi la phan giac cua

tam gidc ABD. Tir d6 ta duwoc ABM = DBM = AM =MC. Vay M la diém chinh giita ctia
AC.

e Két luan: Vay khi C di dong thi D di dong theo nhung D ludn cach B ¢6 dinh mot
khoang khong ddila BD = AB =2R . Nén quy tich diém D la i duong tron tam B ban kinh
BA (trén cuing ntra mat phang bd AB chira ntra duong tron (O) 1a cung AE nhu hinh ve).
Bai 24. ¢ Phan thudn: Ta c6 OM vuodng goc voi AB

(duwong kinh di qua trung diém ctia day khong di qua

B
tam). Do d6 AMO = 90" // \
Vi A, O cd dinh nén d dai AO khong d6i. Vay diém A

M nam trén duong tron tim O’ duong kinh OA (O’ 1a

trung diém OA) trix diém A.

o Phan dao: Lay M e (o;OTAJ . N&i AM cét (O) tai B.

Ta phai chttng minh M 1a trung diém AB.

Thét vay, ta c6 AMO =90° ( Géc ndi tiép chin nira

dwong tron)

Do d¢6 ta dugc OM vuodng goc véi AB. Ma tam gidc AOB can tai O.

Do d6 ta dwgc OM vira la duong cao vira la dwong trung tuyén, tir d6 suy ra M la trung

diém cua AB.

e Két luan: Khi B chuyén dong trén (O) thi quy tich trung diém M ctia cac day AB la
duong tron (O', OTAJ v6i O la trung diém cua OA va khong lay diém A

Bai 25. Ban doc tuw vé hinh

e Phan thuan: Ta c6 ANB=45" va AB khong d6i. Do d6 di€ém N thudc cung chira goc 45°
dung trén doan théng AB.

o Gidihan: V& tia Ax vudn goc AB, tia Ax cat cung chita géc 45° tai N'.

+Khi M=B thi N=B

+Khi M=A thi N=N'

Vay N chay trén cung N'B thudc cung chita géc 45° dung trén doan thing AB.

e Phan dao: Lay diém N bat ki trén cung N'B, ndi N véi A cit nira duong tron (O) 0 M.
Ta can phai chitng minh MN = MB.
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 That vay, ta c6 AMB =90° nén tam giac BMN vudng tai M.

4 4 Mat khéc ta c6 ANB =45 nén tam giac BMN la tam gidc vudng can tai M. Ttr d6 suy ra
MN=MB.

o Két luan: Vay quy tich cac diém N la cung N'B thudc cung chira goc 45° dung trén
doan thang AB

Bai 26. Ban doc ty vé hinh

e Phan thuan: Vé OP L AB tai O véi P thudc duong tron (O). N&i P véi D.

Xét hai tam gidc DOP va HCO ¢6 OD =CH, OP =OC va POC = OCH

Do d6 ta dwoc ADOP = AHCO, tir d6 suy ra ODP = OHC = 90"

Vi O, P c8 dinh va ODP = 90" nén D nim trén duong tron duwong kinh OP véi P 1a diém
chinh gitta ctia cung AB.

e Phan dao: Ban doc tu chitng minh.

Bai 27.

e Phan thuan: Goi xy la dwong trung truc cua AB. Lay x
diém M bat ky thudc ntta mat phang chira B bo 1a xy (M
khong thugc xy). Cac diém M va A thudc hai nira mat c
phang d6i nhau ¢ bo 12 xy nén duong thang xy cat
doan thang MA ¢ C. Do d6 MA =MC+CA

Taco CA=CBva MC+CB>MB. Tt d6 suy ra A B
MA >MB

Vay diém M ndm trén nita mit phang khong chiza A bo

1a duong thang xy (xy la trung truc cia AB)

e Phan dao: Ta xét cac treong hop sau

+Néu M e xy thi MA =MB.

+ Néu M thudc nira mat phang chita A bo 1a xy. Ta c6 MA < MC+CA =MC+CB=MB

o Két luan: Vay quy tich diém M sao cho MA > MBla nta mit phang chita B ¢6 bo 1a
trung truc ctia AB, khong ké bo ctia mit phang d6.

Bai 28.

e Phan thuan: Goi E, F lan luot la trung diém cua CD va OA. Khi d6 do A, O ¢d dinh nén

diém F 6 dinh.

Lay diém K trén doan BF sao cho % = %, suy ra diém K cd dinh.
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Trong tam giac BEF c6 BG _BK_ E, nén ta dugc GK//EF, suy ra cK_2
BE BF 3 EF

Tt d6 ta duwoc GK = %EF, ma ta co

EF - %OA nén ta duoc GK = %OA khéng
d6i.
Ma K Ia diém 6 dinh, do d6 G thudc

duwong tron tam K ban kinh GK = %OA

o Gidi han: Khi duong thang d tiép dén

tiép tuyén AB thi diém K tién gan dén

diém B

Khi duong thang d tién gan dén tiép tuyén AB, thi diém K tién gan dén diém G, véi G,

la giao di€ém ctia AB, v6i duong tron (K;%OA).

Vay diém G thudc cung tron ]éa trén duwong tron (K;%OAJ, khong 1ay hai diém B va G,

e Phan dao: LAy diém K bat ki thudc cung BG, trén dudng tron (K;%OAJ (khong 14y hai

diém B va G,). Khi d6 ta duoc GK = %OA.

Trén tia BG lay diém E sao cho % = % , AE cat duong tron (O) tai D, C.
Trong tam gidc BEF c6 E = % = E nén ta duwoc GK//EF.
BE BF 3

Tir d6 suy ra % = % = EF = %OA ,nén E thudc duong tron duong kinh OA, suy ra

OAE=90".

Do d6 OE L CD nén E la trung di€ém ctia CD.

Tam giac BCD c6 BE la duong trung tuyén va % =§ nén G la trong tam tam giac BCD.
e Két luan: Vay tap hop trong tam G cta tam giac BCD la cung lgé\l trén dueong tron

(K,%OAJ (khong I4y hai diém B va G,).
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Bai 29.
Goi K 1a giao diém cua BC va OO/, ta B

xét hai treong hop sau:

+ Treong hop 1: Hai duong tron (O)
va (O) tiép xtc trong tai A.

Do R >R' nén K thudc tia d6i ctia tia
O0.

T gia thiét ca bai ra ta cd

CBA +BCA =90° va
BAO +CAO' = 90"
Do do ta dwoc

6&}13/(26'=(@+@)+(@+@')=(O/AF%+®')+(€BTA+B/C,\A)=180°

Suy ra OB va O’C song song v& nhau, nén theo dinh li Talets ta c6 KO _ g
KO BO
' ' R'(R+R' :
Tir d6 suy ra ngzKO' :g. Do d6 ta dugc AK=KO'+R' =&.
KO+R+R' R R-R' R-R'
Do d6 di€ém A va K ¢6 dinh va AHK =90° nén diém H chat trén duong tron duong kinh
AK.

L —

D&y 1a do goc xAy chi quay dén vi tri cac géc B,AC, va B,AC,, lic dé B,C, va B,C, 1a

tiép tuyén chung ctia hai dueong tron (O) va (O'). Khi &6 hai tiép tuyén nay cat duong tron

duong kinh AK tai D va E nén diém H chi chay trén cung ADE ctia duong tron duong
kinh AK.

+ Truong hop 2: Hai dwong tron (O) va (O') tiép xtc B

trong tai A.

Khi d6 K ndm trén doan OO'. Tuwong tie nhu trén ta
chttng minh duwoc BO va CO’ song song véi nhau. "m N

Tt d6 suy ra W/
KO' CO' R KO'
—_— > — =
KO BO "R (R-R')-KO'
:KQ':m:AK:E
R+R' R+R'

Ma diém A c0 dinh nén diém K ¢ dinh. Mt khac

AHK =90° nén diém H chay trén duong tron
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| 4

- duong kinh AK ¢4 dinh.

Vay khi goc vudng X/A\y quay quanh A thi diém H ludn chay trén duong tron duwong kinh
AK c0 dinh.

Bai 30.

+ Khi diém K trung véi diém A thi khong ton
tai diém S.

+ Khi diém K trung véi diém C thi diém S trung
voi diém C.

+ Khi diém K trung véi giao diém H cua AC véi

duong phan giac ctia goc B thi cac diéem D, N, S

trung voi diém A.

+ Ta xét diém K khong trung véi cac diém trén
va nam trén doan CH, truong hop can lai
chitng minh hoan toan twong tu.

Goi I 1a trung diém cua BK, ta ¢c6 MI va PN Tan
lwot la dwong trung binh ctia tam giac ABK va
ABD.

Do d¢6 ta duwgc MI=PN = %AB va MI//PN//AB, suy ra ti gidc MIPN la hinh binh hanh

nén trung diém Q ctua duongchéo PM ciing la trung diém caa NI. Tt d6 suy ra bon diém
Q, S, I, N thang hang.
Trong tam gidc vuong ABK va DBK c6 IA =1ID = %BK nén tam gidc IAD can tai I, tte d6 IN

la dwong trung triec ctia doan thang AD. Vi diém S thuoc IN nén ta gidc SAD can tai S nén
tac6 SAD =SDA.

Dé thdy t gidc ABKD ndi tiép duong tron nén ta duwoc ADB = AKB

Tir d6 suy ra SAD = AKB nén ta duoc FAC+KAD = C+KBE

Talai co IzB\E = I(BI\D va KAD = I(B]\D nén ta dwoc EA\C _C , suy ra tam giac FAC can tai F
nén FA =FC.

~

Dé thay FBA =90° —C = FAB nén tam giac FAB can tai F, tir d6 suy ra FA =FB hay F la
trung di€ém ctia BC. Vay diém F thudc duong trung tuyén AF cuia tam giac ABC.
D&y la tia BD va tia BA ludn nam cting phia d6i véi BC nén khi K ndm trén doan AH thi S

nam cting phia véi A trong nita mit phang bo AC.
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~ Vay khi K di dong trén AC(K khac A) thi diém S nam trén tia AF c6 chita duwong trung

y

V tuyén AF cta tam gidc ABC.

Bai 31.
e Phan thuan: Goi N la giao diém tht hai

cua tia AM véi duong tron (O). Véi

AB # AC, khong mat tinh tong quat ta c6
thé gia sc AB<AC.
Kh d6 EF khong song song ma cat BC tai

K. Qua F ké duong thang song song véi

BC cit AE, AN Ian luot tai P, Q. Tt d6

theo dinh 1i Talets ta c6 M = AM = ﬂ,
PQ AQ QF

ma ta c6 IM =JM nén ta duvoc PQ =QF

hay Q la trung di€ém cta PF. Hon nita

theo gia thiét thi H 1a trung diém ctia EF

nén HQ la duong trung binh ctia tam giac

EPF.

Do d6 ta dwoc Cﬁzﬁi\l?,métalaicé I;E\anl\ﬁ: nén suy ra (ﬁ-ﬁ::@\ﬁ:
Diéu nay dan dén ti giac QHNF noi tiép duong tron, do d6 ta duoc NHF = NQF

Ta lai cé I\TQ\F — NMC nén ta dwoc NHF = NMC, suy ra t& giac NHMR noi tiép duong
tron.

Do M, H Ian luot 1a trung diém ctia BC, EF nén a dugc OMK = OHK =90° va tir gidc
OMKH noi tiép duong tron.

Tt d6 ta dugc nam diém O, M, N, K, H cung thudc mot dwong tron. Ma do M, N, H c6
dinh nén duwong tron d6 cd dinh. Khi d6 giao diém tht hai cia dwong tron dé véi BC la K
cting c6 dinh. Goi S la trung diém cua OK, khi d6 S ¢d dinh va OS khong d6i. Nhw vay H
thudc duong tron tam S ban kinh OS.

e Gdi han: Goi D la giao diém thtt hai cua duong tron (S) véi duong tron (O). Do H la
trung diém ctia day EF nén H chi nam trong duong tron (O). Vay tap hop diém H la cung

tron DON ctia duong tron (S).
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e Phan dao: Lay diém H, trén cung DON cua duong tron (S). Goi E;F, 1a giao diém cua

H,K véi duong tron (O)(E, nam gitta K va H,). Khi d6 ta ¢6 OH,K=90" nén H, la trung
diém cua EF,.

Goi I, la giao diém cua AE, v6iBC, ]’ 1a diém d6i xing véi I, qua M, F’ la giao diém th
hai ctia AJ’ véi duong tron (O). Theo phan thuan ta ¢6 F'E,, K thang hang nén giao diém

tht caa KE, v6i duong tron (O) trung véi F, hay H, la mot di€ém cua quy tich dang xét.

e Kétluan: Vay quy tich diém H la cung tron cung tron DON cuia duong tron (S) di qua

cac diém K, N, D va tam S dwoc xac dinh nhuw trén.
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