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Phan I

JAN

DAI SO






Chuong 1

CAN BAC HAI. CAN BAC BA

§1. CAC PHEP TOAN CAN BAN VE CAN BAC HAI

1 Tim tap xac dinh ctia mot biéu thic chita cian bac hai

Bai 1: Tim cac gia tri cia x dé cac bieu thitc sau c¢6 nghia:

—4
a) v—3xr +2 b) ) Vr+2++3—-=z
-2z +3
2

d) ——

vVo+4-—1

Bai 2: Tim céc gié tri clia  dé cac biéu thic sau c6 nghia:
a) \/z(z +2) b) vV —5z% + 20 ¢) v—5x2 -3z +8
1

d) —
) Va2 4+ 4z +4

Bai 3: Tim cac gia tri ciia x dé cac bieu thitc sau c¢6 nghia:

-3
a) Va2 +1 b) ——— ¢) v—5x2—3x+8
) )\/x2—x+1 )
1

d) ——
Va2 +4x +4
Bai 4: Tim céc gié tri clia  dé cac bicu thiic sau c6 nghia:
Sp — L V2r +4
a) /Ja]+ 1 b) ——— )
VA2 + |z +6 V| =572 — 31 + §
V7]

d) —X
) Va2 4+ 4z +4

Bai 5: Tim cac gia tri ciia x dé cac bieu thitc sau c¢6 nghia:

a) Va+2y/r—1 b) 4z +4— 64z — 5 c)

3
\/x2 —4vVr =2z +2

Bai 6: Tim cac gia tri ciia x dé cac bieu thitc sau c¢6 nghia:

2V

1 1 ' vz +1 r—3yx (VE+2 -2
2) (z—ﬁ+ﬁ—1>'<x—2ﬁ+1) b) ( T—9 _1>‘<\/5—2_ﬁ+2_:c—4

)
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Bai 7: Tim cac gia tri ciia x dé cac bieu thiic sau c¢6 nghia:

1 3
. ———— b) 2—+1—-4 —_
a) Nere, ) . ) T erts
2
d) vVaz —z+1 e) vV—a?2+2x-5 f) \/2x2+1+3 5
— 2T
-5
g) 3+ v—a? h)
x—2
Bai 8: Tim céc gia tri clia z dé cac biéu thiic sau c6 nghia:
1 1
a) Va2 —5 b) ———— c
) )vx2+2x—3 ) x—+/x—0,5
-3 1 2
d) ——— f
)1—\/:702—3 °) r—1 ) 1—x

2 So sanh cac biéu thic ctia cin bac hai
Bai 1: So sanh

a) 2 va 7 b) 7 va /48 c) 10 va /101

d) 6 va /37
Bai 2: So sanh

a) 3v3 —2v2 va 2 b) 3v12 va 2v/26 c) 4—2v2va3—+/3
Bai 3: So sanh

3-VT 15 — V107

a) 5 va 0 b) _—22 va 0

Bai 4: Cho bidu thio P= S-vEEL
VT
a) Tim = dé P c6 nghia b) So sanh P va /P c) So sanh P va |P|

Bai 5: So sanh
a) V10 ++/17 +1 va /61 b) v/24 ++/99 + 3 va 18 c) V33— 17 va 6 — /15

3 Cac bai toan vé hing dang thitc VA2 = |A]

Bai 1: Rt gon céac biéu thic sau:

a) /(2 - V5)2 b) V6 — 2v/5(v/3 — 2)/6 +2v/5

¢) /{@a—27 véia <2 d) ﬁ.mmia>b
Bai 2: Rit gon cac bicu thiic sau:

a) V6 +2v5 b) V9 —6v2 c) V12+6v3

d) V7-2V6 e) V7+4V3 f) V13 —4v3
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Bai 3: Rut gon céc biéu thiic sau:

a) %\/12—8\/§+\/16—12\/_—4\/§ b) V6 +2v2+2V6 +2V/3

¢) V11+2V10 — 4v2 — 45

Bai 4: Rat gon céac biéu thic sau:

Va2 4z +1 . -1 i
a) Zx;__;i—i— V61$>7 b)9+m+mvélx<2

¢) V92 — 6z +1—v922+ 6z +1véiz >0
Bai 5: Chiing minh céc biéu thiic sau:

a) VA4+2V/3+14—-2/3=2V3 b) vV6+2v5 — /6 —2v5 =2

4 4
C) ¢<2—¢5>2_\/<2+ﬁ>2:8

Bai 6: Giai cac phuong trinh sau

a) Va2 =1 b) vVazrZ — 4z +1=3
) Vr+2vz—1=5 d) Va2 —32+6+4VaZ —3z+2=1

§2. LIEN HE GIUA PHEP NHAN, PHEP CHIA VA PHEP
KHAI PHUONG

1 Tinh gia tri cAc biéu thiic cin bac hai (khéng chita an)
Bai tap co ban

Bai 1. Tinh gia tri cac biéu thic sau:

1 2 1 1
a) \/E—Q\/%‘F\/W—?\/m b)m—g\/@—i'zm
5 6 6
c) 12\/%—4\/0,_5+2\/§—64\/0,1—25 d)z—\/To+2+\/1_o
) \/ﬁ—6\/§+\/§\/§3 ) 233 — 3yTT + 4T — 207
g) zlz\/I—\/mjL”‘/7 h) 21/28 4 2v/63 — 3v/175 + /112 — /20
7 14++/7
: : 1 3V2
i) (VL4 VIT) VAT ) VAo [t 2
4 8 15
k) 3v27 - v98 - 7 (V3 - V2) ) 3+\/5_1+\/5+ﬁ
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m)3f—2\/§_ 10 n) (2 3+\/’> (2_3—\@)
V3—v2 1+6 V3+1 V3-—1
0)1—1 )6+3\/§+1_\/§
3+v8 3-2V2 P ABr2 T1-B 1+3
-3 1 6  5-V7 5 3v5 - 5v3\°
W 512V 3+v7 Vi—2| 2 r) (\/—1_5—¢E— \/__\/5>
) \/ﬁ—3\/§+ 2 6 3\/'—2\f \/j
Y VB2 3+v3 V3 2— /6
W)/ (Va+1) = /(1-v3)’ v) ¢<4_m)2+¢(g_¢1—5)2
W) (V3-2)° + /(14 v3)’ x) (3-2v2)" -/ (va+5)°
y) (V3-v2)’ + v ) VAT 3VE - =
Bai 2. Tinh gia tri cac biéu thic sau:
a) V11— 6v2— /11 +6v2 b) \/(2-V5)  + V14— 65
¢) (2+V7) V11— 47 d) /(3+v2)’ + V6 —4v2
¢) V5—2v6—1/(V2-5v3)° f) v2v/3 -5 - /v20+6
§) ViVETavE - V-1 ) VGG - \[ VIO 1V
. 1 1 VOB s
) T—V24+1 T+V24-1 V5 —
\/10 4v/6 6 /7513 \/_—f
\/7 ,/
2
11-2V10  [1142V10 8 V5 +2v6 + /8 —2V/15
( VIo-1 \/1_0+1> 5 " 7—2V10 (7=2vi)
) (2L ) VARG B
2
q) (V35+5)v6—+35 r) V13 —4v3 - Y
2 2 V2 3—+5
R AR Ky
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F \[ [ 24V 2— 3
\f“ - V2+1/2+V3 \/_—\/2—\/3
3++5
e e e = I R L C
V3 =53+ V5) V12 + /30
NP ) (Fig+ ) Ve
Bai 3. Tinh gia tri cac biéu thitc sau:
o) \/4+¢E+\/5—\/ﬁ+1 b) 47 +21V5 /472148
6+ /35 Vb +2 V5 =2
c) (2—v3)v/26 4+ 15v/3—(2+v3)v/26 — 15v/3 d) v/16 + 415 — /8 —4v/3 — /3 — /5
3++2 14++2 2v/3 — 3
© owa—1 \va-1 0 2\/§+3'(2+\/§)
V3 3v/5 —
g) m-(3\/§+\/ﬂ) h) 25+ 3 (\/_+\/_)
) \/5+2+ V5 —2 ) 3v3—4  [V3+4
5v/5 + 11 V541 ) 23 +1 5—2v3

Bai tap nang cao

Bai 1. Tinh gia tri cac biéu thitc sau:

a) VV2-14+VvV2+1-+v/2/2+2

b) VVT V3= VVT+ 3
VT -2

\/11+\/_+\/11 \/T
11+ 2v/29

d) \/2+\/§.\/2+\/2+\/§.\/2+\/2+\/2+\/§.\/2— 24+/2+3
e) V2++v2.4/3+ \/7+\/§.\/3+\/6+\/7+\/§.\/3—\/6+\/7+\/§

Huéng dan:
a) VV2—14+VV2+1-v2V/V2+1 b) Dat A= /7 -3 V/V7+ V3.
Tinh A2.
c) Dat A = \/\/7 — /3 - \/\/7 + /3. d) Thuc hién phép nhan tit phai sang trai.

Tinh AZ.

e) Thuc hién phép nhan tit phéi sang tréi.
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2 Rit gon cac biéu thic cin bac hai (c6é chita an)
Bai tap co ban
Bai 1. Tinh gia tri cac biéu thitc sau:

2) 5v + 4 +\/E—1_\/§+2 véi
r+r—2 Jr+2 r—1

b) 15yZ—11  3V5-2 3
T+2/2—3 1—+T +z+3

xr=>20vax#l.

vol x = 0 va x # 1.

/T 1 Vr—-1
2 <:c\/_+:c—|—\/_+1 :1:+1)' r+1 vorz 2 0.
d) <ﬁ1_2_%>;<ﬁ:;—gﬁ> Véiz>0va a4
Nz ) 1 . 10—z 4 N
e) <x—4+2—\/5+\/§+2>'<\/§_2+\/§+2> V6l x> 0 va z # 4.
Vi 2 3\
f) <x—9+\/5+3+3—\/5>'<ﬁ 3+ \/_ 3) Vol x > 0 va z #9.
/r—1 zyr+1 z—1 . R
g) <:c—\/5_ x+\/5>'2(x—2\/§—|—1) véi x>0 va x # 1.
2 _ N~
h)QW%_l)(xiQé\/iH) : 2\/} L a0 Re
: v\ [(Vz+3 VI +2 VI +2 o . '
i) (1_\/5+1)'<\/_—2+x—5\/§+6_\/§—3> VOl x >0 vax # 4,0 #09.
2
j) <11 x\\//g \/—> (%) VOl x>0 va x # 1.
62 + 4 V3z 2 (14338
k) <3\/@ 3x+2\/3_a:+4> '<\/3_a:+1 — 3:)3) Vol x > Ova:v;é—
2 1 1 2017
) 2 + ) Gix =0
)3 1—|—<2\/§+1>2 1+(2\/§—1>2 ekl
V3 V3

Vb a »
m)(a_m—\/al/—_b).(a\/l;—b\/ﬁ) véia > 0,b>0,a #b.

) (WL Wizl (b D)
)<¢a+\/5+¢a—\/5 AW 6ia>0b>0vaab

Bai tap nang cao
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.. oo 2341 Nz 1+ /a3
Ball.ChObleuthu’cA—(\/F_l—er\/EJrl)<1+\/E—ﬁ)

a) Tim diéu kién c6 nghia cia A.

b) Ruat gon A.

)
)
c¢) Tim z dé A = 3.
d) Tim 2 dé A c6 gia tri nhé nhat.

2

N o R P o \/E 3 . 12—27
Ba12.Chobleuthu’cA—(x_9+\/5+3+3_\/5 Vi 3+\/_+3

a) Tim diéu kién xac dinh clia A v rat gon A.

b) Tim z € Z dé A c6 gia tri nguyén.

.. 2 . Vr+2 o 8/x+19 1
Bai 3. Cho biéu thiic M = :
ai 3. Cho bieu thic \/§+3+x+\/_—6+2—\/§

a) Tim diéu kién ctia = dé biéu thitc c6 nghia.

b) Riit gon biéu thic M.

¢) Tim z dé M > 3.

] .2 , 1
Bai 4. Cho bieu thic sau: A = x\>/_5 | +z V6l x> 1
m J—

. ., . < 2 N - 2 9 P .z . 2 A N s sz . 2
V6i gia tri nao cua z thi bieu thic B = A + ~ co gia tri nho nhat va tinh gia tri do.

Bai 5. Cho biéu thitc A = % véix >0 va x # 4.

a) Tim céc gia tri cia = de gia tri cia A < 5.

e 2 2 ~
b) Tim cac gia tri cia z de i nhan gia tri nguyeén.

3 Ching minh ding thic chia cin bac hai
Bai tap co ban

Bai 1: Chiing minh cac dang thiic sau

a) 9+4v5= (V5+2)° b) V23 +8V7 - VT =14
B 2 3+2v3  2+2V2
¢) 114+6v2= (3+2) <\/_+2 f+1> (V2+v3) =1
3vV2+v6  VBE\ 2 5+2v6\° [(5-2v6\"
. (r+2 3 ) B A d (m) ‘(W) e
0 2+ V3 2-v3 i 5 V6, V2
fﬂ/ﬁ VZ-V2+V3 22
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Bai 2: Chiing minh céc dang thitc sau

a++vVa2—b a—+va?—b

a) | ——5—— +\ 5 —=Vat+ Vb
3 N
b) a+ 2(1 b_ a 2a b:\/m
c) 2+a—\/5 : 2_a+\/5 =4—avlla>0,a#1
va—1 1+ +va
d) <M+ xy):(\/5+\/§)2:1V61(x>0,y>0,$7éy)
VR A
Va2 + 22 + Va2 — a2 at a? .
e) —\/— —1=— V6i |a|] > ||
VEtZ V-2 V& 2
a+b—2\/%' 1

f)

=a—bvBia>0b>0vaa#b

Va-vb  Va+vh=
¢) (Vati—vn) =/ @n+12—/@n+12—1véineN

Bai tap nang cao
Bai 1: Chiing minh cac dang thic sau

x+\/x2—y2‘+

HD: Binh phuong hai vé.

b) V24 /20 — v/25 = 34/ V/5 — V4
HD: Nhan xét 2 vé khong am sau dé binh phuong.

¢) V3—vE—4/3+V5=-2

HD: Danh gia am duong, binh phuong hai vé ho#c nhan hai vé véi v/2.

4-2/3
= v/6v3 — 10
V3 —1

HD: Rat gon vé trai sau d6 lap phuong hai vé.

e) V2+v5++v2-v/6=1

HD: Dat 2 = v/2 + v/5+v/2 — /5. Dua vé phuong trinh bac 3 theo z 16i gidi phuong
trinh.

) V9+4v5+3v/9—4v5 =3

HD: Twong tu cau trén.

HD: Lap phuong hai vé. Rat nhan t chung cho vé phai roi nhan lién hiép.

a) |lz+yl+|z—y|l=

/2% yZ\ véi || > |y|

d)
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4 Giai phuong trinh chia can bac hai

Bai tap co ban

Bai 1. Giai phuong trinh:
a) V2 +9=>5

@)

)

e) Vr—1+1l=uz

g) Vi+3++v2—z=5

i) Ve+1=8—3z+1

k) V3z+7T—Vzr+1=2

m) Va2 + 6z + 9 = |2z — 1

0) VZ++vVz—-5=15

qQ) VIT+z—/17T—2 =2

$) Vr+10—+3—4dz =2z +2
u) VrZ—6z +6=2z—1

b) V4r2 — 20z +25 =1

d) vVz2-9=3—-12

f) V2522 —30z+9=2+7

h) V2r+5++8—2x=5

i) V322 -9z +1=2—2

) Va2 -2z -4=V2—-x

n) Vi2+z+1=3-2

p) VaZ+ 10z —5=2(z — 1)

1) Viz—1—-v3z—-2—vz—1=0
t) Va2 — 2z —8=+/3(z —4)

Bai tap nang cao

Bai 1. Giai phuong trinh:
a) Va2 —z+ Va2 +
ve—2+1
5 —

r—2=0

9z — 18

c) v25z — 50 + 16

e) Vr+6—6y/z—3=1

) Va+2vz—14+z -2z —1=2
) 3++vz+2Vr—1=2v/z+4/x—4
k) Va2 42z = —22% — 42+ 3
m)—22+27+4y/(3—2) (z+1) =9
0) Va2 -3 +3+ Va2 -32+6=3
q) 22+ Va2 + 11 = 31

s) V3—z+Vr—1—4vdr — a2 —-3=-2

2
u) 1+§\/:p—x2:\/§+m

w)Vr+l+vVi—z—/(z+1)(4—2)=5

b) \/(x—1)2+ Va2 +4z+4=3

d) Ve-1+2/z—2=2

1 1
+ = —
r+vV1i+az2 o — V1422

h) V2 +VAz—1+ 22 —Viz—1=16
i) Va2 +3z+12=22+3z

) @+1)(z+2) =22+3z—4

f)

n) (z+5)(2—x)=3Vr2+3z
p) V3—z+22—V2+z—22=1

1) Vi+1l+vV3—z—/(z+1)(3—2)=2
t) \/:L'+1—|—\/8—:L'—|—\/a;+

)(8—z)=3

V) VT —2++vr+2=2V12—4+2x+2
X) T+ V4 — 22 =2+ 3zV4 — 22

V) V3x —24+Vr — 1 =42—942v32%2 — 5z + 2 2) V22 + 3+Vz + 1 = 30+2v222 + 5z + 3—
16

Chuyén toan 9 - 10 - 11 - 12 - THPT Qudc Gia tai Quan 7

Trang 15/75



& Bai tap Toan 9 - HKI & Thiy NGUYEN NGOC DUNG Tel: 0976 071 956

Huéng dan:

a) Vit —x+Va2+r—-2=0 b) /(x—1)2+ Va2 +4z+4=3
N Vi —z =0 S /(x—1)2+/(x+2)?2=
Vi2+r—-2=0 Slr—1+]z+2| =3

vr—2+1 —1
c) \/25x—50+%:8 9:616 i d) Ve—1+2V/2—2=2
2
vr—2+1 <:>\/\/ =41 =2
eovi—2+ Y2 G2 (Vo=2+1)
2 o [Va=a+1] =2
batt=+vVx—-22>0
e) \/x—|—6—6\/:v— =1 f) ! + ! = —2 (%)
r+V1i4+a?2 z—V1+a?

Tuong tu cau trén.
DKXD: z € R.

(*)<:>—x+\/1+x2—x—\/1—|—x2:—2

) Vot 2vr—1+Ve—2vs—1=2(+) h) 2+ vz —1+20—vaz—1=6

DKXD: z > 1 Tuong tu bai g). Dap s6: x = 1
Binh phuong hai vé ta ta dugc phuong
trinh:

2 —4(z—1)=2—az\/(xr—2)?=2—x

bép s0: S = [1;2]

) 3+Vr+2Vr—1=2y/z+4/x—4(x) j) Va2+3z+12=2%+3z

DKXD: z >4 Dat t = Va2 4 3z + 12
(x) &3+ |vVa—1+1]=2|Vz—4+2|
Svr—1=2/z -4
k) Vo2 + 2= —22° — 42+ 3 ) V@+1)(z+2)=22+37—4
bat t = vVa? + 2z Dat t = \/(z+ 1) (z+2) = Va2 + 3z +2
m)—22+2z+4y/(3—2)(z+1) =9 n) (x+5)(2—z)=3vVr2+ 3z
Ditt=/(3-2)(z+1)=v-22+2x+3 Datt=+va2+3z
0) Va2 —3r+3+ V22 —-3r+6=3 p) V3—z+a2—V2+z—a22=1
Datt=+v22 -3z +3hoict=vz2—-32+6 Datt=+v3—z+22hodct=+v2+2— 22
q) 2 +vz2 + 11 = 31 1) Vi+l+V3—z—/(x+1)(3—2)=2
Dit ¢t = v22 + 11 hoac binh phuong hai Daitt=vz+1++v/3—2
ve dua ve phuong trinh trung phuong. <:>t2:4+2\/(x—|—1) B—2)

$) V3—2+vVr—1-4V4z—22-3=-2 t) Va+1+VB8—a++/(z+1)(8—12)=3

Datt=v3—z+Vz -1 bDitt=vr+1++v8—1z
S12=24+2V4r — 22 -3 S12=9+2/(x+1)(8—1)
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2
u) 1+§\/.’Jc—x2:\/§+\/1—x

Datt=vz++v1—=x
(:)t2:1—|—2\/x—x2

w)Vr+l+vVi—z—/(z+1)(4—2)=5

V) V3x —24+Vx — 1 = 42—9+2v32% — bz + 2

Ditt=vVz+1+V4i—<z
St2=5+2/(z+1)(4—2)

Datt =3z -2+ Vo -1
St2=4r—3+2V322 -5 +2

Bai 2. Giai phuong trinh:
a) 2(1—z)Vz2+2z—1=22-2z—1

c)
)

512 —6z+1=(z+1)vVz2+3z -1
\/x+\/2x—1+\/x—\/2x— =2

g) Ve—14+2vVz—2—\/z—1-2y/z—2=
1

V) VI —2+Vr+2=2vVa? —4+42z+2

Datt=+vz -2+ vz +2

e t2=2vV12 — 4+ 2

T +V4—22=2+3zv4— 22

Dat t = z + V4 — x2

o2 =44 224 — 22

V2 + 3+vz + 1 = 324+2v/222 4 51 + 3—
16

Datt=v2x+3+Vz +1
St2=3r+4+2vV222 +5x+3

b) 22 +3z+1=(z+3)vVz2+1
d) 222 +8r —4= (2 +7) V2 + 22

) Ve+2vz—1+y/z-2/z—1=
) \/x+2\/xT—\/x—2\/m:2

T+ 3
2

Huéng dan:

a) 2(l—z)vVz2+2r—1=22-2z—1

Dat t = Va2 + 22 — 1, ta duge phuong
trinh:

t?—2(1—z)t—4z =0 (x)

6 A = (z+1)° > 0 nén (x) c¢6 hai
nghiém:

=2 N V2 +2r—1=2
t=-2z Vr2+2x—1= -2z

5r2 —6z+1=(z+1)vVz2+3z -1

bat t = Va2 + 3z — 1, ta duge phuong
trinh:

2+ (x+1)t—622+3z=0

\/x+\/2x—1+\/x—\/2x— =2
Binh phuong hai vé va rat gon ta dudgc
phuong trinh: [z —1|=1—2

Vi—1+2V/z—2—\/z—-1-2y/z—2=
1

&|lvz=2+1|-|ve—2-1|=1

b) 22 +3z+1=(z+3)vz2+1

bat t = V22 + 1, ta dugc phuong trinh:
t2 — (x+3)t 43z =0 (%)

c6 A = (z — 3)? > 0neén (x) c¢6 hai nghiem:

t=3 N V2 +1=3
t=x Vii+l=x

d) 222 + 8z —4 = (2 + 7) Va2 + 22

Dat ¢t = va? + 3z — 1, ta dudge phuong
trinh:

21— (z+T)t+4z—4=0

) \/x—i—Z\/m—l—\/x—Q\/xT:x;?)
@\\/x—1+1\+\\/x—1—1|:x;3

) Vz+2vz—1—Vo -2z —1=2

&|vVe-T+1|-|ve-1-1|=2
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Bai 3. Giai phuong trinh:
a) Ve +2+2vVz+ 14+ Vz+2-2Vz+1=
b) Ve—1+2Vz —24+/7T+2+6V/c—2=6

c) V3z2 — 18z + 28 + V4a2 — 24z + 45 = —5 — 22 + 6z

T+5
2

d) Vazr2 +4z+5+ V822 + 8z + 11 =4 — 42% — 4z

Huéng dan:
a) Vr+24+2vVz+1l+vVz+2—2/z+ :x-2+5
@}\/a:+1+1|+|\/x+1—1|=x;5

b) Voe—14+2vVz—2+/T+2+6y/2—2=6
&|vVe=2+1|+|vr—2+3|=6

c) V3r2 — 18z + 28 + V4z2 — 241 + 45 = —5 — 22 + 6z
S V312 — 182 +28 — 1+ V422 — 242 +45 -3+ 22— 62+9=0
3(z —3)° 4(z —3)?
+
V322 — 18z + 28 +1 V4x2 —24x + 45+ 3

+(z—-3°=0

3 4
& (z—3)? + +1)=0
( ) <\/3x2—18x+28—|—1 Vix? —24x + 45+ 3 )

d) V4r2 + 4z + 5+ V822 + 8z + 11 = 4 — 42? — 4z (%)

Tuong ty cau trén:
(x) & (V22 + 4z +5—-2) + (V822 + 8z + 11— 3) + (42? + 4z + 1) =0
1

D/ /’\: _ _
ap so: x ;

5 Giai bat phuong trinh chia cin bac hai
Bai tap co ban

Bai 1: Giai bat phuong trinh:

a) V3r+1>+2x-3 b) Va2 —4x +3 < V222 — 10z + 11
c) ViZ—z—-1<1-2 d) VeZ+z—-6<z—1

e) m>\/2—x f) vV2r—1>22-3

g) Va2 —z—12<7-=x h) v21 — 4z — 22 <z +3

i) Va2 -3z —10> 2 —2 j) V322 +13x+4+2-2>0

k) 1—2++v222 -3z -5<0 ) V2r+3+vz+2<1
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m)3v—-az2+z+6+222x—-1)>0 n) Vr+3—7—xz>+2x—38
0) V2r+vat+1>z+1 P)V2—x>\7T—x—+/-2x-3
1 3 1 1
qQ VIl—z2—vz—1>2 r) ‘/ﬁ_1<5—§
5) 1_1> 4 _3
r 2 2 4
Bai 2: Giai bat phuong trinh:
1
a) \/3—3;—\/:1:+1>§ b) Ve +3<1l—x
c) Va?—4z—12<z—4 d) Vaz -3z —-10 <z —2
e) Vaz—16>2x -7 f) -3V +1+3>0
g) Va2 —br—14>2x—1 h) Va2 —4z—12>22+3
i) Vv—22+6x—5>8—2z ) A/ (@2—z)P>z—2
k) Vaz—3z+2>2z—5 ) Ve—1—vVr—2>x—3
m)v3r+4++vVz—3<+V4r+9 n) Vr+3>V2r—-8+7T—1z
0) Vhir—1—3z—-2—+yz—-1>0 P) Ve +2—+3—z>b—2x
Bai tap nang cao
Bai 3: Giai bat phuong trinh:
4
a) xv1—122<0 b <2
) - )\/Q—x—\/2—|—:v
Va2 —16 5
c) —+vVr—3> d) /|1 —4x|>2zx+1
e) (z—3)vVrZ—4>z2-9 f) Va2 -4z +3—v222-Tx+5> -z -1
g) Va2 + 3z +2+ V22 +6x+5> V222 + 9z + 7
h) Va2 -3z +2+Vr2 —4x+3 > 2Vr2 —br + 4
N V2 -— 4o — 4 . )
i) T +4x > 9 i) T+ <1
T 11—z
V2 —4 Bl — 95 — 22
k) - > 1 1) > =T <
Va2 —3x — 10 1—x
8 —2x — x2 1—+V1—422
m)————— > 1 n —— <3
x4+ 2 x
1 1

P)VT+HVT+9>Vr+1+Vz+4

(¢} >
) Vi =l
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a)

c)

)

g) Va2 +3z +2+ V22 +6x+5> 222+ 92 + 7

h) Va2 -3z +2+ Vo2 —4x+3 > 2Vr2 —5x + 4

i)

k)

Huéng dan:

V1 — 122 <0 (%)

z <0

DKXD:—léxél(*)@{ VI—22>0

V2 —16 5
A Y

vVr—3 r—3
DKXD: 2z >4

b)

4
V2—2—V2+x
DKXD: —2<z<2vax#0
() V2—z>V24+2+2

< 2 (%)

d) /|1 —4z|>2z+1

Nhan hai vé cho vz — 3 ta dugc phuong

trinh: V22 —16 >8 — z
(r—3)vr2—4>2%2-9

A>0 - A<O
AB>O<:>{B>0 hoac{B<0

f)

DKXD: z > —1 hodc z < -5

|A|> B< A>Bhoiac A< -B

Va2 — 4z +3—v222 — Tz + 5 > —/z — 1(x)
DKXD: z >3

(*) & (xz—1)(z—3)—/(x—1) (22 — 5) >
—V/(@—1)

SVr—3—-—V2r—-5> -1

(Do vxr —1>0,Vx > 3)

& /@E+D)(@+2)++/(a+1)(z+5)>+/(z+1)(2z+7)
Truong hop 1: 2 = —1 la nghiém ctia bat phuong trinh.

Truong hop 2: z > —1
() eV +2+Vr+5>20 47
Truong hop 3: z < -5

x) e V—ar—24+/—1—-5>v-"20—-7

Tuong tu cau trén.

V2 —z+4r—4
x
DKXD: z<2vax#0
Truong hop 1: 0 <z <2
() V2—z+4r—4>2x
Truong hop 2: © <0
(x) & V2—a+4dr—4 <2
V2x — 4
V% =3z — 10
DKXD: z>5
(*) & V2z—4>+v22 -3z -10

22 (%)

> 1 (%)

)

T+5
11—z

Tuwong tur cau trén.

<1

V51l — 2z — 22

1—2z
DKXD: 1 —2V13 < 2z < 1+ 213 va
x#1
Xét hai truong hop: 1 —2V13 < z < 1
val<z<14+2/13

<1
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V8 — 2x — x2
5 9= 2
Tuwong tu cau trén.

> 1

m)

1 - 1
202 +3x—5 20—1
5)
DKXD: z >1 hoécx<—§

0)

Truong hop l: > 1=2x—-1>0

)
Tru’fjnghop2:x<—§:>2x—1<0

Bai 4: Giai bat phuong trinh:

a) vV6r+1—+12x+3 <8z —+Vir+2
c) 2z —5)V2r2 -5z +2>0
e) (z?—3z) V222 -3z —2>0

2

g) xQ—m—4+\/4—x222 °

A _ 2

2

i
i) 322 -2 —V25— a2 < ———
) 5+ v25 — 22

k) V322 +5x+7—v3x2+5x+2>1

m)4 (¢ +1)° < (22 +10) (1— 3+ 22)"

2
0) I >z —4

(1+vita)

q) 2 +4x > (x+4)Va2 -2z + 4

1 —+V1—4x2

Tuong tu cau trén.

P)VI+Vr+9>Vr+1l+Vz+4
DKXD: 2 >0
Binh phuong hai vé hai lan ta dugc bat
phuong trinh:

4z + v/x (z +9) > 0 (luon diang Vz > 0)

92 — 4
b) == >3z +2
5r2 — 1

d) (x2—4a:+3)\/x2—4<0
¢ 22

—— —\3rxr—-2>1-
) \V3r —2 . v

4+ 3

h) Viz+1—+3z—-2<

40
) T+ V2 +16 > ——
J) v+ 16

2
) —— > +2

V2r+1-—-1

22
n) > az+21

- vor )

p) 9(z+1)2< (Bx+7) (1—vBr+4)°

Huéng dan:

a) vV6r+1—+2x+3 <8z —+ir +2
& 6z +1+Vdr +2 < V8x + 2z + 3
& 2,/(62 + 1) (dz +2) < 24/8z (2 + 3)

¢) 2z —5)V222 -5z +2>0

202 — 5 +2=0

=N 202 — 5z +2>0
20 —5 >0

922 — 4
R A S
hr2 —1

& Bz +2) (3z—2-+522—4) >0

b)

d) (22 =4z +3) Va2 —4 <0

> —4=0
= 22 —4>0
22 —4r+3<0
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) (x2—392>\/2x_2—3x—220 f) \/%—\/3$—221—l‘
207 = 3w =2=0 S@-1)(z-2+v32-2) >0

=4 202 — 32 —2>0
22 -32>0

2

xz—x—4+\/4—x2>x— h dr+1—+/3x—2<
sr2_r—4+VA—22>24 V4 — 22 I

r+3

sr2—r—-6>0

2

=4
Vdr +1++/3x—-2 "~ 5

i) 322 — 2z — 25—x2§5+\/% ) z+VaZt+ 16>
5—v25—22=0 - A& .
302 — 20— /25 — 22 < 5 — /25 — 22 Va2 + 16—z Va2 +16
Néu khong xét rieng truong hop : & 52 > 3v22 4+ 16 (Do Va2 + 16—z > 0
5 — /25 — 22 = 0 thi sé s6t nghiem. suy ra tit VT > VT > 0)
2x
k) V322 4+ 52 +7— V322 +5x+2>1 1) W>2x+2

Dat t =v322 +5z+ 7
hodc t = V322 + 52 + 2

212

S22 +14+1>2x+2

m) 4 (z +1)% < (22 +10) (1 — 3+ 2)°

s4(x+1)2<8(z+5) @+1)

Xét hai truong hop: x+1#0vaz+1=0

2

n) 5
(3—v9+2z)
2
(1+m)2 <:>(3+\/9+2£L') > 2x + 42
(Nhan lugng lién hop).

9 . g >*—4 p)9(:c+1>2§(3x+7)(1—m)2
(1+VI+a) ¢
I1—V14+2=0 <:>9(x+1)2§(3x+7) 9(z+1)

(1+v3z+4)°

Xét hai truong hop: z+1#0vaz+1=0

§3. BAI TAP CUOI CHUONG
1 Bai tap co ban

<ol » 3 B NZ7
Bai 1: Chob1euthUrCP—\/E+2

a) Tim diéu kien x4c dinh ctia P.

b) Tim cac gi4 tri cia nguyén clia z dé P dat gia tri nguyén.
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T+ 2yr+1
Nz
a) Ching minh rang P > 0 v6i Vo > 0,2 # 1
2
2+ /3
Bai 3: Cho biéu thic P =a — v/a
a) Biét a > 1, hdy so sanh P va Q = |P| b) Tim a dé P =2

Bai 2: Cho biéu thitc P =

b) Tinh gia tri cia P biét z =

Bai 4: Cho biéu thie P — YZT1
i1

a) Tim cac gia tri nguyén ctia = dé P dat gia tri nguyen.

b) Tim cac gia tri 2 dé P = \/z

Bai 5: Cho bidu thie P — L= VE+?
\/E

a) Tim diéu kién x4c dinh ctia P. b) Tinh gi tri ctia P biét © =7 — 4v/3

¢) Tim cac gié tri cia z de P >z

.. .2 . 2/x —9 Vr+3 2y +1
B : Ch hitc A = — —
ai 6: Cho bieu thuc T-5/i16 Va2 33—

a) Tim diéu kien xac dinh cta A. b) Rt gon A
2 2
¢) Tinh gia tri cua A khi z = d) Tim x de A< 1
) gié trj T=o—r ) Tim @
2
Bai 7: Cho bidu thie M = Y8 _2etva
a—+a+1 va

a) Tim diéu kién xac dinh ctia M. b) Rat gon M.

c¢) Biét a > 1. Hay so sanh M va vM d) Tim a dé P =2

.. 2 . NG 3 6/ — 4
B : = _

ai 8: Cho bieu thic P \/E—1+\/E+1 g

a) Rut gon P b) TimxdéP<%
Bai 9: Cho biéu thiic P = ﬁ\/f - 2;5\/—5;51

a) Thu gon P. b) Giai phuong trinh P = 2

c¢) So sanh M va 1

<e .2 . \/E 2 1 10 — x
Bai 10: Cho biéu thitc P = : —2

ai Cho bieu thiic (x_4+2_\/§+\/§+2 Vi +\/E+2

a) Tim diéu kién xac dinh cta P. b) Rut gon P.

¢) Tim céc gid tri cia 2 dé P > 0
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ai : iéu th = VY 'x\/@—i—y\/@
Bai 11: Cho bieu thic P <\/_+\/_ \/_> N O

a) Tim diéu kién xac dinh ctia P.

b) Rat gon P.
¢) Tinh gia tri ctia P khi z =4+ 23,y =4 —2V3

Bai 12: Cho bidu thie M — V2 =9 vz+3 2V/z+1
T—5yi+6 Vi-2 3-vz

a) Tim dieu kién xac dinh ctia P. b) Rat gon M.

c) TimzeZ dé M eZ
Bai 13: ChobiéuthfroP:( 2V + VT +39$+3> (\/_—7 1)

VT+3 -3 Vi+1
a) Rut gon P. b) TimxdéPZ—%
. , 4— 4z 2 3
Bai 14: Cho biéu thiic A = —
Al 0 D e A= e —35  Va—7 vi+h
a) Tim dieu kien x4c dinh ctia A. b) Rt gon A.
. .2 . Nz 1 2
Bai 15: Ch htc M = 2
ai 15: Cho bieu thrc (:c—4+\/5+2+2—\/§ \/_+\/_+2
a) Tim diéu kién xac dinh ctia M. b) Rut gon M.
¢c) Timz€Z dé M cZ
2 bai tap nang cao
Bai 1: Rat gon biéu thiic sau:
\/3+\/5—\/13+\/E
D = .
V6 + V2
HD:
1 1
Ta c6: 13 +/48 =12 +2V124+1va 24+ /3 = §+ */—z—2+§
.. o . T — 3T V=3 r-—2 9—z
Bai 2: Cho biéu thic: D= (1 — —
ai 2: Cho bieu © < pr" > <2—\/§+3+\/E x+\/_—6>

vOl z > 0,2 # 9,z # 4.
a) Rut gon biéu thitc D.

b) Tim gia tri clia = dé D = 1.
HD:

a) St dung hang dang thitc A2 — B2, chii ¥ dén da thiic bac hai v6i bién 14 /z va thém
ntta z +/x — 6 = (vx — 2)(v/z + 3).
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b) Dung két qua rat gon & cau a).

Bai 3: Cho biéu thic D = ( \/_1 ) (L), v6i x> 0.

%

a) Rit gon biéu thic D.

b) Tim tat ca gia tri nguyen ctia = dé biéu thiic D c6 gia tri nguyen.

HD:
b) Dé D nhan gia tri nguyén thi mau phai 1a udc clia ti.

8—a 2 ) 4/a —1

Béi4:Choa:7—4\/§.Tinhgiétribiéuthﬁ’cD:(a+4\/a—\/a+4 a2

HD:
Rat gon D va luu y: 7 —4v/3 =4 — 2.2v/3 + 3.
Bai 5: Rat gon biéu thic D = (2 — \/3) 243+ (2+ \/g)\/Q — V3.

HD: Luuy 2++3 = _+2\/_1 +5 ho 2+\/§_4+2\/§_3+2\/§+1‘

V22 2 2
Nz N T+r/T+6 T+ iz > 0,04
VI +2 T+ /T —2 V-1

Bai 6: Cho biéu thic D =

a) Rit gon biéu thic D.

(z +27)D
(Vi +3)(/z—2)

b) Cho biéu thic T =
HD:

v6i x >, x # 1,z # 4. Chiing minh T > 6.

a) Khi rat gon ta st dung so do Hoocner dé phan tich da thic bac 3 thanh cac don
thiic, cha ¥ v6i bién 1a /z.

b) Bién doi tuong duong dé dua 7' > 6 vé hiang dang thiic.

. .2 2 -1 2 1 .
Bai 7: Cho bieu thic D = Ve — Vot , VOl x> 0,2 # 1.
V-1 r+1

a) Rit gon biéu thiic D.

o 2 3
b) Tim cac gia tri cuaxdeD:Z.

c¢) Tim gi4 tri nho nhat cta biéu thitc T = (v — 4)(z — 1)D.
HD:

¢) Thém b6t dé dua bicu thitc T vé hing dang thiic va két luan gia tri nhé nhat.

_ _ 3 _ _
Bai 8: Cho biéu thiic D = M\/ﬁ# va T = Va \/\/§E++22x 2

a) Rit gon céac bieu thitc D va T.

vOl x > 0;2 # 4.

b) Tim tat ca gia tri cia o dé D = T.
HD:

a) D6i v6i T, ta c6 thé nham hodc st dung may tinh tim nghiém ctia pt bac 3 theo bién
Vvr va stt dung Hoocner phan tich thanh bac 2 va 1.

: 2 2a2 + 4 1 1 :
Bai 9: Cho bidu thic D = 22 e — , V61 a > 0;a # 1.
1—a> 1++va 1-—+/a
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a) Rut gon biéu thitc D.

b) Tim gia tri 16n nhat ctia biéu thic D.
HD:

a) St dung cac hiang dang thitc: A2 — B2, A% — B3
b) Cha ¥ tinh chat (A+ B)? +c¢ > c.
Bai 10: Cho biéu thifc sau:

b2
3
. e ‘<a3+a2+ab+a2b b )

N T ’ a? — b2 +a—b
1-— a—f—; (CL+\/CL+b)

v6ia > 0,b>0,a #b,a+b+#a’.

a) Ching minh D =a —b.

b) Tim a,b biét rang D =1 va a® — b3 =T7.
HD:
b2

a —a—2b— —
2,0 a

a) Doi v6i
(1,/%+a%> (a+Va+b)

A% — B2 Con 6 tit thi (a?)? — (a + b)2.

3+ a2+ ab+a? b . 3 )
@ ra 2+ 0;;— ¢ 7 quy dong mau va cha y dén nhan tit chung a + b.
a“ — _

b) Luu y: a® — % = (a — b)(a® —ab+ b?) = (a — b)(a — b)* + (a —b)ab=ab =7
(doD=a—-b=1).
Tong tich: a + (=b) = 1 v& a.(=b) = =7 = a va —b.

quy dong rat gon mau, sit dung hing dang thic

Bai 11: Biét a,b 1a cac s6 duong, a # b va
9 _ 2 _
(a+ 2b)* — (b+ 2a) : (av/a + bVb) (ay/a — bV/b) _aap) =3 Tinh D — 1+ 2ab'
a+b a—>b a? + b2

Rit gon bicu thiic da cho bang viéc chi ¥ dén hing ding thic A% — B2 va sit dung them
A3 — B3, Két qua riat gon b —a = 1.

? ]. ].
Bai 12: Rt gon bieu thic D =1 +
\/2+\/§ \/3+ \/2017+\/20172

HD:

D
Tinh 7 cha y: 2k +2y/(k—1)(k+1) = (Vk—1+Vk + 1)

1 \/k+1—\/k—1
VE—1+vVE+1 2

1 3v2 —2V3
V2—v3\ 3v2+2v3
HD:

Nhan lugng lién hop roi nhan phan phoi.

Bai 14: Cho D = —Y®_ | Vel 5Ve+2 (o o0 ata
\/_+2 Vva—2 4—a

a) Rit gon biéu thic D.

Bai 13: Thu gon biéu thic D =
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b*) Tmhglatmbleuthufcthloz—\/1+£ \/1——

HD:
G 4 ]. _]. . Z o Z 0.
b*) Ta luu y § 1+£ 1—— = {/—=—= = —.Tiép theo ta sé mi ba hai vé bieu
9 9 27 5
4 4
thu’ca—\/1+ 98 +4/1 —g 3 utgon
ad+a—-2=0% (a—1)(a®+a+2) =a=1.

Bai 15: Cho biéu thtec:

_ (V3 3 o V3 55 £ 0
D(x2+x\/§+3+m3—\/ﬁ) (\/§+ " +1),V01:1:7é0,x7é\/§.

a) Rit gon biéu thiic D.

b) Tinh gi4 tri ctia biéu thitc D khi z = /3 + \/JS— \/3 — /29 — 12/5.
HD:

a) St dung A3 + B3.

b) Luu ¥: 29 — 12v/5 = 20 4 2.3.4/20 4 9.

Bai 16:
4 1 - 1 .
a) Cho cac bieu thic D(z) = =+ ——— o T(x) = i v6i z > 0.
T x+ 3T VT
N A ~ 2 £ D(ZL’) 1
Tim s6 nguyén z nho nhat thoa man <-=.
T(x) — 2

214 — 2123 + 5522 — 322 — 4012

b*) Tinh gia tri ctia biéu thitc T =
) Tinh gié tri ctia bieu c 22 —10x + 20

khi z =5 — /3 (khong

stt dung may tinh cam tay).

D o
a) Ruat gon (z) va luu v dieu kién x > 0.
T(x)
b*) St dung may tinh ta ra dugec T = 2017 va mau 1a —2 véi 2 = 5 — /3. Khi d6 ta sé
t4oh 1o nhit sau: T — 2¢% — 21a® + 5522 — 32z + 22 L 4034
T 2 — 10z + 20 2 — 10z + 20

Bang tlnh toan ta c6: z% — 10x +22=0khiz=5- \/_ suy ra ta sé phan tich:
22% — 2123 + 5522 — 322 4 22 = (22 — 10z + 22)(222 — 2 + 1).

4423 -3
(V5 +2)¥/17v/5 —38 -2
HD:

Chua y: Rut gon (v/5 + 2)+v/17v/5 — 38.
Bai 18%*: V6i a,b 1a nhitng s6 thic duong théa méan ab + a + b = 1, chitng minh rang:

Bai 17: Rt gon biéu thiic D =

a b 1+ ab

+ = :
L+a? 140 1+ a?)(1+b2)
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HD:
Bién doéi tuong duong biéu thic da cho bang phuong phap binh phuong hai vé. Cha ¥ diéu
kien ab+a+b=1va (a+b)? = (ab—1)2

2 3 3 —23
Bai 19%*: Cho cac s6 duong z,y théa man x = 4y + \/2xy. Tinh D = Yry(3y/x \/@_
vV 2y
HD:

Bién doi z = 4y + \/2zy < = = 8y bing cach st dung hing ding thiic thit 2.
Bai 20*: Rit gon biéu thiic:

_ l+ax 1—b.r 1 2a—bva0< cb<9
1—ax 1—|—bx a b ¢ -
1
Bién d6i x = —4 / b de tim bz theo ax (binh phuong).
a

Cht y diéu kién a < b dé chiing minh az < 1.

§4. DE KIEM TRA CUOI CHUGNG

1 DE1
Bai 1. Tinh gia tri cac biéu thitc sau: (4,5 diém)

a) (3\/5—\/5)\/_—\/%
b) v/ (1-v2)*+ V11 -6v2.
2 7 1
) Bvvs Vizvi %
Bai 2. (2 diém)
a) V6i gid tri nao clia z thi bicu thiic ﬂ c6 nghia 7

b) Giai phuong trinh: v4z? — 422 + 1 = 3.

. L 2T \/_+1 7V + 3
Bai 3. (3 diem) Cho P = N \/__3—|— 92

v6l x > 0;x # 9.

a) Rit gon biéu thic P.

b) Tim = dé P < 1.

2 1 1 1 1
Bai 4. (0,5 diém) Chung minh: — + — 4+ — + ...+ —— < 18.
2 DE 2
Bai 1. Tinh gia tri cac biéu thitc sau: (3 diém)

a) 2v/8 —2 %—\/1_8.

b) \/9—3\F—‘/§¢;1+¢5—2f—\/2—\/§
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0 2-/3 L2+ V3
VZ+V2+V3 V2-+/2-3
Bai 2. (3 diém)
a) Tim diéu kién xac dinh ctia cac biéu thitc sau: A = I8+ 2z ; B = V18 — 222

b) Giai phuong trinh: g\/?g —V3r—6= %\/S_x

Bai 3. (3 didm) Cho p= 21 2V2  TH12 w-2vw
r—2y/r -4 x+4+2x

vl x> 05z # 4.
a) Rit gon biéu thic P,

2 L. . R |
b) Tim z de gia tri P 16n hon gia tri clia B

: 1 1 1 1
Bai 4. (1 diém) Cho M =
( 1 ) ) T a0 \/_+\/_ Biva T Uat + vooms

. 1
WN=1+ by =y

V2 V3 V4 V528’
a) Tinh M.

b) So sanh M va N.

3 DAP AN DE 1

Bai 1.
) (3VZ = VB) v/ — VI3 = 3YT0 — 5 — 3y/T0 = -

b) v/ (1-v2) +V11—6v2=v2-1+4/(3 \/5)2:\/5—1+3—\/§:2.
\/‘+\/— Y \/7 \/_ V9 —y/2(4+ V15 = V5—V3-1/8+2V15
\/_=\/5+f—\/(\/_+\f) =\/5+f—(\/5+\/_)=0.

Bai 2.

a) Biéu thitc da cho c6 nghia khi va chi khi 3 — g >0 —g > -3 1<6.

272 —1=3 z? =2
ST = \/?: 2 _ 1| —
b) Y iy 3/ (2 1) 3<:>|2x 1} 3 295'2—1:—3<Z> 332:_1(VN)
sSr=4v2.

Bai 3.
2 po T VEHL TVEES 2/H/E-3) 4 (A DEHE) (VT )
 Jr+3 V-3 9-z =0
226zt +4/T+3-TyZ -3 32-9yz  3yz(vT-3) 3z
B z—9 - z-9  (Vz+3)(yT—-3) VT+3
b)P<1<:>\/_\/_3<1<:>3\/_<\/_+3<:>\/_< @x<%
Vay0§x<%
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Bai 4. " . .
V6i k> 1thl — = < =2(Vk—vk—1).
VN s )
Cho s6 nguyén k chay tit 2 dén 100

—2<2(\/_—\/I)
<2(V3-v2)

5l-5l-

1
— <2 100 — v99).
i < 2 (V100 = v9)
Cong vé theo vé ta dudgc:
1 1 1 1
— t—=+—=+ ..+ —<2(/100—-+v1) =18 (d .
V2 V3 V4 V100 ( Vi) (dpem)

4 DAP AN DE 2
Bai 1.
2) 28— 2/7 — VI8 =2vAZ - 4 4.%_¢9f:4¢§_f_3¢§:o.

b) \/9—3\/‘—¢§\/;1+\/5—2\/‘—\/2—\/§

:\/6+3—2\/6\/_—\/_ V2 2o aaa- VB4V 4\/5
(Vi-va -2 e vay - Vf_f

:\/6_\/—_@+\/§_\/-_M
= 0.

0 2-3 N 2+3
V2+V2+V3 V2-v2-V3
2v2 - /6 N 2v2 + /6
24+V4+2V3 2—+4-2V3
_ V26 224V
- 3+43 3—+/3
_(2v2-V6) 83— V3) + (2v2+ V6) 3+ V3)
- (3+v3) (3—+3)
_ 6v2—2v6—3v6+3v2+6v2+2v6 +3v6+ 32
B (3+v3) (3-V3)

= 3v/2.
Bai 2.

a) A =+/18+ 2z xac dinh khi va chi khi 18 + 22 > 0 & 22 > —18 & = > —9.
= /18 — 222 xac dinh khi va chi khi 18 =222 >0 22 -9<0& (2 —3)(z +3) <0
sr—3<0vaz+3>0(doz+3>z-3)< -3<z<3.

) 1 3 1
b) 5\/3x—\/3 —6:5\/3:c<:>§\/3x—6:§\/3x<:>\/3 =6<3r=36< =12
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Bai 3.
a) V6iz > 0z #£ 4
P:x+2\/5+x+12_x—2\/§:\/5(\/5+2)+\/_(\/_ 2)
z—2/z z-4 z+2y/z Va(Vz-2) Va(Vr+2)
(
(

x+12
+

 WE+2 - (VT-2 4z +12  z+2/T+6/T+12 \/E\/E+2)+6(\/_+2)
N - (VE-2)(Vz +2)

Ve-2(Va+2  (e-2)(a+D)
_(E+2)(JE+6) _ T +6
V-2 (Vat2) vi-2

L VERE VT2 (VEt6) - (V-2 16 (v +2)

b P pe e e U e "
<:>\/_—2>0(d016(\/5+2)>0va\/5+6>0)<:>\/§>2<:>x>4.

Vay z > 4.

Bai 4.
a) Nhan lugng lién hiep ting s6 hang trong biéu thiic M ta dugc:
M=—-14+vV2-V2+V3—V3+V4—...—+/2017 + /2018 = —1 + /2018.

1 2 2
i wE T irieva L VETL=VR).

Cho s6 nguyén k chay tit 1 dén 528
1
— >2(v2-V1)

\/_
% 2(vV3 - V2)

b) V6i k > 1 thi

—_

— > 2(/529 — /528).

V528 ( )

Cong vé theo vé ta dugc:
11 1 1

N=1l+—+—4+—=+..+ — >2(—v/1+/529) =2(—1 +23) = 44.
VARV R )

Mic khac M = —1 + /2018 < —1 + /2025 = —1 + 45 = 44

Do d6 M < N.
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Chuong 2

HAM SO BAC NHAT

§1. NHAC LAI VA BO SUNG KHAI NIEM VE HAM
SO
B 1l Ol lodin 66 g — (1) = —:v—i—lvay—g() ;x
a) Tinh £(=3), £(~0,5), £(0), f(1,5).
b) Tinh g(=3), 9(-0,5), g(0), g(1,5).

¢) Hay nhan xét vé gia tri clia cdc ham s6 da cho & trén khi cho bién z 1ay cing mot
gié, tri?

Bai 2: Cho ham s6 y = f(z) = %x +1.

P -3 1 3
a) Tinh £(=5), / (5°), £ (3) 7O, £ ()
b) Ham s6 da cho 13 ham s6 dong bién hay nghich bién?

Bai 3: V& do6 thi ham s6

a) y= f(z) = v +2 b) y = f(z) = —4z +5 Q) y=f(e) = o~ 1
d) y= f(x) = 20 — 3 e) y= f(z) = 0,50 —0,5 f)y:f(x):_?gvaQ
g) y=f(z)=V3 h) y = f(z) = V2

T4 A T o s e s 19 el T ) e ) T 669 e sl
2) y=J(@) = (m—3)z+1 b) y=f(e) = gz - =
&) ¥ = f(a) = V5~ Bmiz + m + 3 d) y= (@) =m—1]z—2
e) y=f<x>=2nTi1f—2 f) y=fz)=(m*+m—1)z+m+2z

33
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Bai 5: Trong cac ham s6 sau, ham s6 nao dong bién? Ham s6 nao nghich bién? Giai thich

a) y=f(z) =3z -2 b)y=flz)=—x-7
C)yzf(frf):——ﬂg d) y=f(z)=(3-V7)z+2

&) y=f@)=(VE-2)z+3 f) y:f(as)zzt;/g:v—S

g) y=f(w)=%\/§x—\/§ h) i:f(x): (\/6—2\/5—2\/§+2\/6)x—

§2. HAM SO BAC NHAT
Bai tap co ban

Bai 1: Cho ham s6 y = f(z) = ;x _ 9 Tinh £(0), (1

2), f (a2>, f(2a+2).
1

Bai 2: Cho ham s6 y = f(z) = %:c +3. Tinh £(5), f (5) £(2).

Bai 3: Mot hinh chit nhat ¢6 cac kich thude 1a 30 cm va 40 cm. Ngudsi ta giam bét moi
kich thuéc ctia hinh d6 di z cm. Goi S va P lan luct 1a dién tich va chu vi ctia hinh chit
nhat méi theo z.

a) Hoi rang cac dai lugng S va P ¢6 phai 1a ham s6 bac nhat ctia z hay khong? Vi sao?

b) Tinh gia tri tuong tng ctia P khi z nhan céac gia tri (tinh theo don vi cm) sau: 0; 1, 5;
2.5: 3.5.
Bai 4: Chitng minh ham s6 f(z) = Zx — 2 dong bién tren R

Bai 5: Cho hai ham s6 f(z) = 5z — 3 va g(z) = —%x + 1.

a) Tim a sao cho f(a) = g(a). b) Tim b sao cho f(b—2) = g(2b+ 4)
Bai 6: Cho ham s6 y = (m — 2)z + 3 vi y = (m + 1) + 5. Tim céc gia tri ctia m dé ham s6:
a) La ham s6 bac nhat b) La ham s6 nghich bién ~ ¢) La ham s6 dong bién

Bai 7: Cho ham s6 y = ax + 5. Tim hé s6 a biét khi 2 =1 thi y = 2.
Bai 8 Vdi gia tri nao cia m thi ham s6 sau 1a ham s6 bac nhat?
- m+1

a) y=+5—m(z—1) b) y = TESCRE

m—1

Bai 9: Tim m dé ham s6 y = (m? — 1)z + 5 dong bién tren R.
Bai 10: Tim m dé ham s6 y = (m? — 2m — 3)z + 2 nghich bién trén R.

Bai tap nang cao
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Bai 1: Cho ham s6 y = f(x) nghich bién trong khoang (0;1). Biét f (?) = 0. Chiing

minhré“mgf(\/_—\/i)>0\/af<\/_—\/?§><0.

2 p . p . i
HD: Luu ¥ V3 — V2 < \/7— (truc can thiic sé thay) cung v6i ham s6 nghich bién trong
2
khoang (0;1) va f (%) = 0.

Bai 2: Tim a,b dé ham s6 y = (a® — 4)2% + (b — 3a)(b + 2a)x — 2 1 ham s6 bac nhat,.
HD: Giai phuong trinh a? —4 = 0 ta dugdc hai gia tri clia a, lan lugt thay vao (b—3a)(b+ 2a)
duge mot biéu thic theo b. Ding dinh nghia ham sé bac nhat dé tim b.

. , 24++v3 2—-43
Bai 3: Cho ham so y = +
Y (2—\/5 21 /3

HD: Dung truc can thic dé rat gon §+ \/g roi xét dau.
Bai 4: Chitng minh rang ham s6 bac nhat y = ax + b dong bién khi ¢ > 0 va nghich bién
khi a < 0.

HD: Stt dung dinh nghia dé chitng minh.

) r — 5. Ham s6 13 dong bién hay nghich bién.

§3. VI TRi TUGNG DOI CUA HAI PUONG THANG

Bai 1: Xac dinh vi trf tuong déi gitta cac cap duong thang sau:

a) y=2z+6vay=2z+5, b) y=3z—-3vay=4xr -3,
1
C)yz?x—lv?ay:?x—l, d) y =8z +2vay=16x +4,
. 3 .
e) 2y:3$+4vay:§+2, f) y=4z+5va 3y — 122+ 15 =0,
R 2 .
g) 7y—9m+14:Ovay:?x—3, h) y =5z — 32 va 6z +y = 48.

Bai 2: Tim céc gia tri m (néu c6) dé cac cap duong thang sau cat nhau:

a) y=mx+3 vay = (3m + 2)z + 3m, b) y=(m+ 1)z +4 vh y = 2z + 4m,

c) y=5x+6vay=(m—1)z+m, d) 4z + 3my =0 va y = 3z + 6,

e) 6x+my+3=0va2y—3mz+4=0, f) y=3r+4vay=(m?+4m+3)x+9,
< m? . 7

g) (m+1ly+z=0vay=(m+1)x+4, h) y:(7+4)a:—|—5 Vay:(m+§)m—l—3.

2
HD: h) Phan tich m? —m+ % thanh hing déng thiic.

Bai 3: Tim gia tri m (néu c6) dé cac cap dudng thang sau song song véi nhau:

a) y=mx+ 2m+1) vay =Tz +9, b) y = (m— 1)z +8m va y = 2mz + 3,

c) y=2mir +4m v y = 2z — 4, d) y=3z+8vay=(9Im+6)z+4,

e) my=4r+2vay=_8r+9, f) 4v—2y+3=0vamz+(m—1)y+4=0,

g) y=(m*+ 1)z +3 vay=2mz+m, h) me+(m+1)y—1=0
vay=—-mx+m+1.
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HD:

g) Dua m? + 1 = 2m vé hing dang thiic.

h) Xét truong hgp m = 0, 161 dua vé dang y = ax + b.

Bai 4: Tim gia tri m (néu c6) dé cac cap dudng thang sau tring nhau:

a) y=3z+2vay=mz+3m—7, b) y=mz+3m+2vay=(—m?—4m+
6)r — 1,
C)y:2x+%vay:(m—3)x+4m+5, d) 4z +my =0 va y = 3z + m,
e) m*z+ (m+1y+6=0va ) Tm3r+6y+5 = 0 va dy+(5m+1)z—m = 0,
10
—(m——)z—2
y=(m-—2)r-2,
g) 4x +6m’y +m?+1=0va h) y =v2zx+vV2—-V3 va
_ i 2 3
Sy + 2% = 8m” + Im?, y:(m2+l)x—|—m—§.

HD:
e, f, g) Xét truong hop he s6 trude y bang 0, roi sau do dua vé trudng hop y = azx + b. Khi
do, ta giai dieu kien b = ' va thé vao dieu kién a = d'.
V3 o1\’ .
h) Phan tich 2 — /3 = 2 5 va xét dieu kieén b = ¥ trude.

Bai 5: Cho ham s6 y = ax + 3. Hay xac dinh hé s6 a trong cac truong hop sau:
o thi ham s6 di qua diém A(1;4),

o thi ham s6 song song véi duong thang y = 2z + 5,

D
b
c¢) Do thi ham sb cat truc hoanh tai diém c6 hoanh do 1a 3,
Do thi ham s6 cat dudng thang y = 3z + 4 tai diém c6 hoanh do 1a —3,
b

o0 thi ham s6 vuong géc véi truc tung.
f) D6 thi ham s6 di qua diém A(—2; /11 + 6v/2),

g) Do thi ham s6 tao véi truc hoanh va truc tung hai goc déu bang 45°,
HD:
f) Phan tich 11+ 6v2 = (3 + v2)%
g) Xét hai truong hgp: duong thang di qua gbc toa do (la tia phan gidc clia cac goc phan
tu)-loai do dudng thang khong qua goc toa do O va trudng hgp khong di qua gdc toa do
(cat truc hoanh va tung tai hai diém A, B, khi d6 tam gidc OAB vuong can).
Bai 6: Cho ham s6 y = 5z + b. Hay xac dinh hé s6 b trong céc truong hop sau:
3 4
27

b) D6 thi ham sb cit truc tung tai diém c6 tung do 1a 7,

a) Do thi ham s6 di qua diem A(

2 . N A _Z N 2 17 . + 2 Z ~ 1N
¢) Do thi ham s6 cat duong thang y = 9z + — tai diem c6 tung do la 9,
d) D6 thi ham s6 di qua diém A(V7; /8 4 2v/7),
e) Do thi ham s6 cit truc hoanh tai diém c6 hoanh do —2,
f) D6 thi ham s song song v6i duong thang y = 5z + 4

g) D6 thi ham s6 tao v6i hai tia Ox, Oy mot tam gidc vuong can.
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HD:

d) Phan tich 8 +2v7 = (V7 + 1)%;

f) Dé y = 5z + b song song v6i y = 5z + 4 thi b # 4;

g) Xét hai truong hop: dudng thang di qua gbc toa do (1a tia phan gidc ctia géc phan tu
tht I) va trusng hop khong di qua goc toa do (cit truc hoanh va tung tai hai diém A, B,
khi d6 tam gidc OAB vudng can).

Bai 7: Cho ham s6 y = ax + b. Hay xac dinh hé s6 a,b trong cic trudng hop sau:

a) Do thi ham s6 di qua hai diém A(1;0) va B(0;9),

b) D6 thi ham s6 cat truc hoanh tai diém c6 hoanh do l1a = = 5 va cét truc tung tai
diém c6 tung do y = 2,

c¢) Do thi ham s song song v6i dudng thang y = 3z + 2 va qua diém A(—2;3),
d) D6 thi ham s6 cit duong thang y = 3z + 2 tai A(—1;—1) va di qua goc toa do,
e) Do thi ham s6 di qua diém A(v/2;3) va song song véi truc hoanh,

f) D6 thi ham s6 di qua diém A(0; /4 +V/7) va B(v/14; g),

g) Do thi ham s6 tao véi truc hoanh va tao truc tung 2 géc déu bang 45°, dong thoi di
qua diém A(1;1).

HD: )
f) Phan tich 4 + /7 = (ngl) ;

g) Xét hai truong hop:

+Dudng thang di qua gbc toa do (Ia dudng phan giac clia géc phan tu thi I va I11);
+Dudng thang khong di qua gdc toa do (cit truc hoanh va tung tai hai diém B, C, khi d6
tam giac OBC vudng can), dong thoi diem A(1;1) 1a trung diém canh huyén.

§4. BAI TAP CUOI CHUGNG

§5. DE KIEM TRA CUOI CHUGNG

1 DE1

Bai 1: (3 diém) Cho ham s6 y = 2z + 1 ¢6 do thi 1 dudng thing (d)
a) Tim toa do diém A thudc d biét A c6 hoanh do bing 2.

b) Tim toa do diém B thuoc d biét B c6 tung do bang —7.
c) Diem C(4;9) c6 thuoc d khong?
Bai 2: (3 diém) Cho ham s6 y = 3m +2)z + 1
a) Tim diéu kién ctia m dé ham sb trén 1a ham s6 bac nhat.
b) Tim dieu kién ctia m dé ham sb trén dong bién, nghich bién.

c) Tim diéu kién ctia m dé ham s6 trén dé do thi ctia ham s6 trén song song véi dudng
thing y = = — 3.
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Bai 3: (3 diém) Cho ham s6 bac nhat y = f(z) = kz +3 -2z + k
a) Xac dinh & dé ham sb trén dong bién.
b) Xac dinh k dé do thi ham sb trén di qua diém M(1;3).

¢) Xac dinh k dé do thi ham s6 cit hai truc toa tai hai diém A va B sao cho tam giac
OAB c6 dién tich bang 1.

2m
x

Z 2 B 1 Z
cho khoang cach tur goc toa do t6i duong thang d la 16n nhat.

. .2 . : — 2 - .
Bai 4: (1 diém) Cho duong thang d y = f(z) = + T voim # 1. Tim m sao
m m —

2 DE 2

Bai 1 (2 diém): Tim m dé:
a) Ham 86 y = (m + 2y/m + 1)z — 10 13 ham s6 dong bién.

b) Ham s6 y = (y/m — 3) + 2 1a ham s6 nghich bién.
Bai 2 (5 diém): Cho hai ham s6: y = = + 2(dy) va y = —%x + 1(da).
a) Ve (dq) va (dy) trén cting hé truc toa do.
b) Xac dinh toa do giao diém ctia (di) va (da) bang phép toan.
c¢) Viét phuong trinh dudng thang (ds) qua O(0;0) va song song vdi (dp). Tim toa do
giao diem M ctla (d3) va (dy).
Bai 3 (2 diém): Cho ham s6 y = (3m — 2)z — 3 (d) v y = —4z + 3 — 2m (d)).
a) Dinh m dé (d) song song v6i (d').
b) Dinh m dé (d) va (d') cit nhau tai diém thuoc truc hoanh.

Bai 4 (1 diém): Chitng minh riing dudng thing (m — 2)z + (m — 1)y = 1 (m 1a tham s6)
luon luon di qua mot diém c6 dinh v6i moi gia tri ctia m.

3 DAP AN DE 1
Bai 1: .
a) Diem A c¢6 hoanh do bang 2 nén toa do ciia A 1a (2,b). Vi A thudc d nén b=22+1 &
b=>5. Vay A(2;5).

b) Diém A c6 tung do bing —7 nén toa do ctia B (a;—7). Vi B thuoc d nén —7 = 2.a+1 &
b=—4. Vay A(—4;-7).

Bai 2:
3

a) y = (3m+2)z + 1 1a ham bac nhat khi va chi khi 3m+27é0(:>m7é_7.

b) y = (3m + 2)x + 1 dong bién khi va chi khi 3m+2>0<:>m>_73.

¢) y = (3m +2)x + 1 nghich bién khi va chi khi 3m+2<0<:>m<_73.
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Bai 3:
a) y=f(r) =kr+3-22+k < y=f(r)=(k—2)v+k+3. Ham s6 dong bién khi va chi
khik—-2>0< k> 2.

b) D6 thi ham 86 y = f(x) = kx + 3 — 22 + k di qua M (1;3) khi va chi khi 3 = k.1 + 3 —
21+ k& k=1

N R < : k P .
¢) Do thi hamsoy = f(z) = (k—2)x+k+3 cat Ox tai A (%),ca‘c Oy tai B (0;k + 3).

1 1

Dién tich AOAB = 5.0A.0B = - 'gii‘.|k+3| —1e k=—4+ 11 hoic k =

—4 —+/11.
=

. 2 ~ N £ N 2 N — 2
Bai 4: Khoang cach tit O den duong thang d la m | = =
—929m \ 2 Vbhm?2 —2m + 1
(=) +1

m—1

2 X 2 2
- - ; = > . St dung hang dang thic dé lam cac bude
1 4
2_ 2 — ). _ = il
\/5(m 5m+25)+5 \/5(m 5) g

tiép theo va ta dugc két qua m =

U] =

4 DAP AN DE 2
Bai 1
a) Ham s6 da cho dong bién khi va chi khi
m+2ym+1>0 (Vm+1)°>0e ym+1+0 (luon ding)

Vay ham s6 da cho luon dong bién véi moi m.

b) Ham s6 da cho nghich bién khi va chi khi

Vm—-3<0&evm<3&0<m<3

Bai 2:
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b) Phuong trinh hoanh do giao diém clia (dy) va (do) 1a:

+2= 1+1<:)3 =—-1l&r= 2
x =—3% 5% = i = 3

Suy ra y = % Vay toa do giao diém can tim la (—g, %)
c¢) Vi duong thang (d3) song song vd6i (d;) nén phuong trinh dudng thang (d3) c6 dang
y=z+0b(b+#£2).
Ta c6 O(0;0) thuodc (ds) nén 0 = 0+ b, suy ra b = 0.
Vay phuong trinh dudng thang can tim 1a y = a.
Vi (d3) song song véi (di) nén khong ton tai giao diém M ctia hai dudng thang.

Bai 3:
; 3m—2=—4 _ 2
a) Hai duong thang (d) song song véi (d') khi va chi khi m B ¢ MT73 &
343 2m m3
m— 2
-3
. 2 ) N < < 3 o 2
b) Giao diem ctia (d) va truc hoanh la A ( ,0). vOi m # =
S — 2 3
Giao diém ctia (d') va truc hoanh la B (3 _42m, O).

. . N . 3 5 — 2
Vi (d) va (d') cat nhau tai truc hoanh nén A = B, suy ra : = iy
m J—

Bai 4:

Goi A(zo,y0) 1 diem c¢d dinh ma duong thang di qua. Ta c¢6: (m —2)zg + (m — Dy =1 &
m(zo — Yyo) — 220 — Yo = 1(1).

Vi dutng thang di qua A v6i moi m nén m(zg — yo) = 0 hay z¢ = yo, thay vao (1) ta dugc
zo=—1,y0 = 1.

Thit lai ta thay dudng thang luon di qua (—1,1) v6i moi m.
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Chuong 1

HE THUC LUONG TRONG TAM
GIAC VUONG

§1. MOT SO HE THUC VE CANH VA DUGNG CAO
TRONG TAM GIAC VUONG

Bai tap co ban

Bai 1: Cho AABC vuong tai A, duong cao AH. Biét AB =6, AC =8. Tinh HB, HC.
Bai 2: Cho AABC vuong tai A, duong cao AH. Biét AB = 12, BC =20. Tinh HB, HC.
Bai 3: Cho AABC vuong tai A, duong cao AH. Biét HB = 1, HC = 4. Tinh AB, AC.
Bai 4: Cho AABC vuong tai A, duong cao AH. Biét AB =5, AC = 7. Tinh AH, BC.
Bai 5: Cho AABC vuong tai A, duong cao AH. Biét HB =1, AH = 2. Tinh AC, HC.

Bai 6: Cho AABC vuong tai A, duong cao AH. Biét AB = AC,HB = HC,AH = 2. Tinh
AB, HB.

Bai 7: Cho AABC vuong tai A, duong cao AH. Biét rang AH = 4cm, BC = 10cm. Tinh
do dai cac canh AB, AC,HB, HC.

Bai 8: Cho AABC vuong tai A, duong cao AH. Biét AB : AC =3 :4va AB+ AC = 2lcm.

a) Tinh cac canh ctia tam giac ABC.
b) Tinh do dai cdc doan AH, BH,CH.

Bai 9: Cho AABC vuong tai A, dudng cao AH. Biét rang AB = 2v/5cm va dién tich tam
gidc ABC bang 15 cm?. Tinh do dai cac canh AC, BC,AH,HB, HC

Bai 10: Cho hinh chit nhat ABC'D ¢6 AD = 6cm, CD = 8cm. Dudng thang ké tit D vuong
goc voi AC tai E, cit canh AB tai F. Tinh do dai cac doan thang DE, DF, AE, CE, AF, BF .

Bai tap nang cao

Bai 1: Cho AABC vuong tai A, dudng cao AH va trung tuyén AM. Ké HD | AB tai D,
HE | AC tai E. Biét HB = 4,5cm, HC = 8cm.

a) Chitng minh BAH = MAC.
b) Ching minh AM 1 DF tai K.
¢) Tinh do dai AK.

Huéng dan:
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a) AMAC can tai M

b) Tt gidc ADHE la hinh ch nhat nén ADE = DAH
AMAB can tai M nén BAM — ABM
= ADE + BAM = DAH + ABM = 90° = AM | DE

c) C6 HB, HC ta tinh dugc AH, HD, HE. Tt d6 tinh dugc AD, AFE do t giAcADHE la
hinh ch@ nhat.

Tt d6 ta tinh duge AK bang cach xét AADE vuong tai A duong cao AK.

Bai 2: Cho hinh thang ABCD ¢6 A= D =90°, B = 60°,CD = 30cm, CA L CB. Tinh dién
tich hinh thang.

Huéng dan:

Trong tam giac vuéong ACD c¢6 AC' = 2AD do CAD = ABC = 60°

Dung dinh ly Pytago tinh dude AD = 10y/3cm

Ké CH 1L AB (H € AB) ta dugc hinh ch® nhat AHCD.

Pap sb6: Sapcp = 350v/3cm?

Bai 3*: Cho tam gidc nhon ABC, duong cao CK; H la tryc tam cta tam giac. Goi M
134 mot diém tréen CK sao cho AMB = 90°. S, 51,59 theo thi tur la dién tich cac tam giac
AMB, ABC va ABH. Chiing minh rang S = /5153.

Huéng dan:

S=14/515 & %AB.MK = \/%AB.C’K.%AB.HK

o MK?=CK.HK

& AK.KB =CK.HK (Do MK? = AK.KB)
& ANAHK «~ ACBK

Bai 4: Cho tam gidc ABC vuong can tai A va diém M nam gita B va C. Goi D va F lan
lugt 13 hinh chiéu ctia diém M trén AB va AC. Chiing minh rang MB? + MC? = 2M A2
Huéng dan:

MB? = BD? + MD? = 2M D?

MC? = CE? + ME? = 2ME?

= MB?+ MC? = 2 (MD? + ME?) = 2DE? = 2AM?

Bai 5: Cho tam giac ABC ¢6 AB = 3, BC = 4, AC = 5. Dudng cao, dudng phan giac, dudng
trung tuyén ciia tam giac ké tit dinh B chia tam giac thanh bén tam giac khong cé diém
trong chung. Tinh dién tich ciia moi tam giac do.

Huéng dan:

Dé dang chitng minh duge day 1a tam giac vuong tai B.

D@ tinh dién tich cac tam gidc dé bai yéu cau, ta can tinh dudc céc doan AH, HD, DM, MC.

Dé dang tinh duge AH = g,MC’ = §

2
N . , DA AB 3 DA 3 15
DoBDlaphanglaccuagocBnenD—C:B—szim:?ﬁDA:7.
Tw d6 AH < AD < AM, suyraDM:%
Dap s6: Sppan = %, SaBHD = 7—2, SaBpM = =, Sapymc = 3 (dvdt).
25 175 14

Bai 6*: Cho tam giac ABC vuong tai A, duong cao AH, dudng trung tuyén AM. Tinh do
dai cac canh AB, AC, biét BC = /41 va, AH : AM = 40 : 41.
Huéng dan:
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AH : AM = 40 : 41 = igf_i]if_kﬁAH_ALOkAM 41k
MH? = AM? — AH2:>MH_A9§2>]§£I CM + MH = 50k
AAHB ~ ACHA (g- T ==

(&-g)nén 75 =75 =3

AB AC AB® AC? AB2+ AC? BC? 4l
Suy ra = = = — — — —1

) 16 25 41 41 41
= AB=4,AC =5
Bai 7: Cho tam giac ABC vuong tai A, duong cao AH. Ké HE | AB,HF | AC. Goi O la
giao diém ctia AH va EF. Ching minh rang HB.HC = 40E.OF
Huéng dan:
T giac AEHF 1a hinh chit nhat nén AH = EF;OF = OF suy ra EF = 20F.
Ta c6 OE.OF = OFE?;
EF? = AH? = 4OE? = 4OE.OF
Tam gidc ABC vuong tai A, AH | BC nén AH? = BH.HC, suy ra BH.HC = 40E.OF
Bai 8: Cho tam giac nhon ABC, hai dudng cao BD va CFE cat nhau tai H. Goi M va N
lan lugt 1a diém thuoc HC, HB sao cho AMB = ANC = 90°.
Tam giac AMN la tam giac gi? Vi sao?
Huéng dan:
Tam giac AM B vuong tai M, ta c6

AM? = AE.AB (1)
Tam giac ANC vuong tai N, ta co
AN? = AD.AC (2)
NABD «~ NACE (g-g), ta co:
AD.AC = AE.AB (3)

Tu (1), (2) va (3) suy ra AM = AN. Vay AAMN la tam giac can tai A.
Bai 9: Cho hinh vuong ABCD canh a.

a) M 1a mot diém trén canh AD sao cho ABM = 30°. Tinh AM, BM theo a.

b) Qua A ké duong thing vuong goéc véi BM tai F, dudng thang nay cit CD tai N.
Tinh do dai cac doan thang AF, M F, BF theo a.

Huéng dan:

a) AAMB vuong tai A, c6 ABM = 30° nén BM = 2AM.

a3
3

(2AM)? — AM? = AB%? = AM =

b) MAF = ABF = 30° (cuing phu véi FAB). Tit d6 ta c6

AR AB _ 9 op AM_ 6V
2 2 2 6

AF? B a2.6 B av'3

MF  4.a.4/3 2

AF? = FM.FB = FB =
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Bai 10: Cho hinh vuong ABCD va diém I thay doi nim giita diem A va B. Tia DI cét
tia BC tai E. Dudng thing ké qua D vuong goc géi DE cit BC tai F. Chiing minh ring
% :k ﬁ khong phu thuoc vao vi trf ctia diém 1.

Huéng dan:

NAID «~ ACFD (c-g-c) suy ra DI = DF.

AEDF vuong tai D, c6 DC L EF suy ra

téng

1 11
DE? ' DF? _ DC?
Ma DF = DI nén ! + L1 khong doéi, do do L + L khong phu thudc vao
DI?  DE? DC? ’ DI?  DE? ’ ’

vi tri cua diem 1.

§2. Ti SO LUGNG GIAC CUA GOC NHON

Bai 1. Cho tam giac ABC vuong tai C, trong d6 AC = 0,3m, BC = 0,4m. Tinh cac ti s6
luong gidc ciia goc B, tit d6 suy ra ti s6 luong gidc clia goc A.

. . . : Lo .
Bai 2. Cho tam giac ABC vuong tai A, AB = 6cm, tan B = 3 Hay tinh cac canh AC,BC.
Bai 3. V6i gbc nhon « tuy ¥, hay chiitng minh:

sin « COos (v
a) tana = , cota = ——, tana.cota = 1.
cos a sin o
b) sin?a +cos?a =1, 1+tana = 5—, 1+cot?a=——.
COs™ & sIn” «

c) cot? a(2sin®a + cos? a — 1) = cos? av.

Bai 4. Khong st dung may tinh:
A) Hay sap x€p cac ti s6 lugng giac sau theo thi ti giam dan:

a) sin60°, cos 34°, sin 54°, cos 17°, sin87°.  b) tan 24°, cot 69°, tan 4°, tan 45°, cot 87°.
B) Hay tinh gia tri biéu thec:

$in220° + sin? 70°
tan 33°. cot 33°

a) cos10° — sin80° 4 3 tan 31°. cot 59°. b) tan50° — cot 40° +
cos 66°
sin 24°°

Bai 5. Cho goc nhon «
2
a) Cho sina = 3 Tinh cos a;tan a;cot a. b) Cho tana = 2. Tinh sin a;cos a;cot a.
sin v — €os & 2

d) Cho cota = 0,2. Tinh D = sin®a —
2sin v cos o + 3 cos? a.

¢) Cho tana =5. Tinh C =

sina + 3cosa’

Bai 6. Cho tam giac ABC (AB < AC) vuong tai A c6 duong cao AH va duong phan giac
trong BK (K € AC).

a) Gid st AB = 3em;AH = 2,4cm. Tinh BH;BC’;tcmA/B?(.

L AB 2 —
b) Biét ic = 3 Tinh sin ABC va cos ABC.

[\
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Bai 7. Cho tam giac ABC (AB < AC) vuong tai A c6 duong cao AH

CH HB
- : 20 _ ton2 (O — : 1 9an2 [k
a) Chitng minh cos? C' = op tan C ol cos2C =1 — 2sin” C(*).

HD:(*) Goi M Ia trung diém ctia BC khi d6 AMB = 2C
MH 2MH.BC (HC - HB)HC +HB) HC?— HB?

= cos20 =T = T Ben BC? BC?
b) Goi E,F lan lugt 1a hinh chiéu ctia H lén trén cac canh AB,AC. Chitng minh AH =
EF. cos B/E’ .

Bai 8. Cho tam giac nhon ABC'. Chitng minh cos A + cos B + cos C' < g
HD: Ké AH, BI,CK lan lugt 1a cac duong cao clia tam giac ABC.

. JAI AK 1 [ Al AK .
Khi dé A=,/ " <=4+ (bd hv). Lam n 5 B )
1 do cos B AC =2 ( c + B) (bdt Cauchy). Lam tuong tu v6i cos B, cos C

§3. MOT SO HE THUC VE CANH VA GOC TRONG
TAM GIAC VUONG. GIAI TAM GIAC

Bai tap co ban

Bai 1: Cho AABC vuodng tai A ¢c6 BC = 5cm; AC = 4cm. Hay giai tam giac vuong ABC.
Bai 2: Cho tam gidc ABC vuong tai A, AB = 6cm; C = 40°. Hay giai tam gidc vuong
ABC.

Bai 3: Cho tam gidc ABC vuong tai A ¢6 B = 30°. Hay gidi tam gidc vuong ABC

Bai 4: Trong tam giac ABC c6 AB = llcm; ABC = 38°;@ = 30°, N la chan ducng
vuong goc ké tit A dén BC. Tinh AN va AC. (Két qua lay sau dau phay 2 chitu so)

Bai 5: Cho ti gisc ABCD c6 hai duong chéo cit nhau tai O. Biét AOD = 70°; AC =
5,3cm;BD = 4,0cm. Tinh dién tich ABCD. (Biét sin70° = 0,9)

Bai 6: Hinh binh hanh ABCD ¢6 A = 120°; AB = a; BC = b céc duong phan giac ctia boén
goéc cat nhau tao thanh ti giac MNPQ. Tinh dién tich t& gidc MNPQ.

Bai 7: Cho tam gidc ABC vuong tai A, c6 duong cao AH. Biét HB = 2cm. HC = 64cm.
Tinh goc B, goc C (lam tron dén do).

Bai 8: Cho tam giac ABC vuong tai A, c6 duong cao AH. Biét HB = 64mm, HC = 8lmm.
Tin)h goc B, goc C (lam tron dén do) va tinh AB; AC (lam tron dén chit s6 thap phan thi
hai).

Bai 9: Mot chiéc do dang 6 diém A muén bang qua song theo duong AH vuong goc véi b
bén kia nhung bi nu6e cudn di nén tap vao bo bén kia ¢ diém B cach H 50m (BH = 50m).
Tim chiéu rong con song (AH) va quang duong do da di (AB).

Bai 10: Mot chiéc may bay dang bay 6 do cao 900m. Mot ngudi quan sat nhin chiéc may
bay d6 duéi goc a ~ 40°. Tinh khodng cach tit ngudi quan sat dén may bay (lam tron dén
chit s6 thap phan tht hai).

Bai 11: T vi trf A ¢ dinh mot ngon hai ding cao 100m so v6i mat nude bién, ngusi quan
sat nhin thay mot con tau (vi trf B) theo mot géc 82° so v6i phuong thang ding (hinh
trén). Tinh khoang cach tit A dén con tau (lam tron dén chit s6 thap phan thi hai).

Bai 12: Cho tam gidc ABC ¢6 BC = 12cm, B = 60°,C = 40°.

a) Tinh chiéu cao CH va AC (lam tron dén chit s6 thap phan thit hai).

b) Tinh dién tich tam giac ABC.
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Bai 13: Cho tam giac ABC vuong tai A, AB = 6cm; AC = 8cm.
a) Tinh BC; B;C (Két qua lay sau dau phiy 1 chi s6)

b) Phan gi4c ctia goc A cat BC tai D. Tinh BD,CD. (Két qua lay sau dau phay 1 chit
s0)

c) Tu D ké DE va DF lan lugt vuong goc véi AB va AC. Tt giac AEDF la hinh gi?
Tinh chu vi va dién tich ctia t giac AEDF. (Két qua lay sau dau phay 1 chitu s6)

Bai 14: Cho tam giac ABC vuodng tai A c6 AB = ¢, AC = b. Ké duong phéan giac trong AD
clia gbc vuong cat canh huyen tai D, roi ké duong song song BE véi AD (E thuoc duong
thang AC)

a) Chiing minh rang AE = AB. Tinh BE.
b) Tinh do dai duong phan giac AD.
¢) Tinh dién tich hinh thang ADBFE va dién tich tam giac ADC.

Bai 15: Cho tam gidc ABC vuong tai A va c¢6 do dai hai canh goc vuong AB = 24cm, AC =
18cm. Tit trung diém M trén canh huyén BC ké dudng vuong goc véi canh huyen cat AC
tal D va AB tai E.

a) Tinh do dai MC.

b) Chitng minh rang ADMC dong dang vé6i tam gidc AABC va tinh do dai cac canh
cua tam giac DMC.

¢) Tinh do dai BE.

Bai 16: Cho tam gidac ABC vuong tai A, duong cao AH chia canh huyén BC thanh hai
doan BH,CH c6 do dai lan luot 14 4cm va 9cm. Goi D va E lan lugt 1a hinh chiéu ctia H
trén AB va AC.

a) Tinh do dai doan DE.

b) Cac dudng thing vuoéng géc véi DE tai D va tai E lan lugt cit BC tai M va N.
Chitng minh M la trung diém ctia BH va N la trung diém ctia CH.

¢) Tinh dién tich cia t@ giac DEN M.

Bai 17: Goi AM, BN,CL la ba duong cao clia tam giac ABC chitng minh rang:
a) AANL «~ AABC.
b) AN.BL.CM = AB.BC.CA.cos A.cos B.cosC.

Bai 18: Cho tam gidc ABC vuong tai A, C = 30°, BC = 10cm.
a) Tinh AB, AC.

b) Tt A ké AM, AN lan lugt vuong goc véi cadc duong phan giac trong, ngoai clia goc
B. Chitng minh réng: MN || BC va MN = AB.

¢) Chiting minh rang: AMAB «~ AABC.
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Bai tap nang cao

Bai 1: Cho tam giac ABC' ¢6 3 g6c nhon.
a) Chiing minh: sin A + cos A > 1.

BC

b) Vé duc AH. Chu inh: AH= ————.
) Ve dudng cao e cot B + cot C
¢) Biét BC = 12cm, B = 60°,C = 45°. Tinh dien tich tam gidc ABC.

Bai 2: Cho tam giac ABC vuong tai A, c6 BC = a, duténg cao AH. Chiing minh:

1
cos? B’

a) 1+tan®B =

b) AH = a.sin Bcos B, BH = a.cos’B vi CH = a.sin® B.

c¢) Ding ti s6 lugng gidc dé ching minh AB? = BC.BH,AB.AC = BC.AH va AH? =
HB.HC.

Bai 3: Cho tam giac ABC ¢6 3 géc nhon, hai duong cao BH va CK.
a) Dimng t1 s6 lugng gidc dé chiing minh AAHK « AABC.
b) Biét A = 45°. Chiing minh ring Sapx = Spconk-

Bai 4: Cho tam giac ABC

a) Co A =120° AB = 3cm; AC = 6em. Tinh do dai dudng phan giac AD.

1 1 1 , —
1D~ AB + YTk Tinh BAC.

b) C6 dudng phan giac AD thdéa man

Bai 5: Trong mot tam giac vuong, duong cao tng véi canh huyen chia tam gidc thanh hai
phan c6 dién tich bang 54cm? va 96¢m?. Tinh do dai canh huyeén?

Bai 6: Tam giac ABC vuong tai A, duong phan giac BD. Tia phan gidc clia géc A cat BD
tai I. Biét IB = 10v/5; 1D = 5v/5. Tinh dién tich tam giac ABC.

Bai 7: Tam gidc ABC vuong tai A, dudng cao AH, diém I thuoc canh AC sao cho Al =

1 , . 1 o

gAC, diem K thudc tia doi cta tia HA sao cho HK = gHA. Tinh BKI.

Bai 8: AABC ¢6 A= B +2C va do dai ba canh 1 ba s tu nhién lien tiép.
a) Tinh do dai cac canh ctia tam giac.

b) Tinh s6 do ctlia cac goc trong AABC.

Bai 9: Tinh dién tich mot tam gidc vudng c¢6 chu vi bang 72cm, hiéu gitta dudng trung
tuyén va duong cao ting v6i canh huyeén bang 7cm.
Bai 10: Cho AABC cac duong phan gidc AD, duong cao BH, dudng trung tuyén CE dong
quy tai diem O. Chitng minh rang AC.cos A = BC. cos B.
Bai 11: Cho AABC, dudng phan gidc AD. Biét AB = ¢; AC = b; A = 2a(a < 45°). Chiing
2bc. cos A

b+c
Bai 12: Cho tam gidc nhon ABC. Hai duong cao BD va CE. Chitng minh réng:

minh rang: AD =
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a) SADE = SAgc. (3082 A.

b) SBcpE = SABC- sin? A.

¢) Néu cho AE = 3v5ecm va HA = 6cm. Khi d6 hay ching minh rang cac do dai
HE,HA, HD, HG lan lugt ti le véi 1;2;4;8.

d) Néu cho F la trung diém ctia AB. Khi d6, tinh cos EDF

Bai 13: Cho tam giad ABC vuong tai A, duong cao AH. Trén AB, AC lay K, L sao cho
AK = AH = AL. Chting minh rang: Sag < %SABC-

Bai 14: Cho tam gidc ABC vuong tai A.

a) Chitng minh AB.sinC' + AC.cosC = BC.

b) Vé AH 1| BC tai H. Goi E, F lan lugt 1a hinh chiéu H léen AB va AC. Chiing minh:
AFAC AFE

EF.BC _ AC’

c) Chiing minh AH3 = BC.BE.CF = BC.AE.AF.

Bai 15: Cho tam gidc ABC c¢6 dudng cao AH (H nadm gitta B va C; AB < AC).

B 1 1
a) Ching minh AH = BC': (tanB + tanC>'

1
b) Chitng minh Sypc = EC’A.CB. sin C.
¢) Chiing minh sin B + cos B > 1.

d) Goi E, F lan lugt 1a hinh chiéu H len AB va AC. Tia FE cit BC tai D. Chitng minh:
DE.DF = DB.DC.

e) Néu AH? = HB.HC. Khi d6 chiing minh AABC vuong va DB.DC = DH?.

Bai 16: Cho hinh vuéng ABCD. Trén canh AB va BC lan lugt lay diém E va F sao cho
AE = BF; tia cat DE tai H va cit duong thing DC tai G.

a) Ching minh: DE 1 AF.

1 11 1
E2 DG2 HA2 HD?

b) Chiing minh: i

c) Néu cho AE = 3v5em va HA = 6cm. Khi d6 hay ching minh rang cac do dai
HE,HA,HD, HG lan lugt ti 1e v6i 1;2;4;8.

d) Néu cho F la trung diém ctia AB. Khi do6, tinh cos EDF.

Bai 17: Cho tam gidc ABC c¢6 cac goc déu nhon, cic duong cao BD va CE cat nhau tai
H. Goi M, K, N lan luct 1a trung diém ctia AH, ED, BC.
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a) Chiing minh: M, K, N thang hang.
b) Tinh MDN.

c) AH cat BC tai F. Ky hieu S la dién tich. Chiing minh:

e Supp = Sapc.cos? A
e Spppc = Sapc.sin® A.
e Sppr = (1 —cos? A — cos? B — cos’C).Sapc.

d) Chitng minh cos? A + cos? B + cos? C' < 1 va 2 < sin? A +sin® B +sin? C < 3.

YDy ® a1~ B .z HD N DFE
e) Cho biet BAC = 45°. Khi d6 hay tinh ti so o Bo-
Bai 18: Cho tam giac ABC vuodng tai A, duong cao AD. Vé DE | AB tai E, DF 1 AC
tai F.

AC?.AB

a) Chﬁ’ng minh r\éng AFE = m

b) Chiing minh rang V' BC? = VBE? + VCOF2.

Bai 19: Cho tam gidc ABC nhon c6 cac duong cao BE,CF ciat nhau tai H vd BC = a.
Cho biét tan BAC + cot BAC = 2.

a) Tinh EF theo a.

b) Chitng minh (cotABC + 1)(cotACB + 1) = 2.

Bai 20: Cho tam giac ABC vuong tai A. Tit diém D trén canh AC, vé DE L BC tai E.
AB.AD + EB.ED

hitng minh sinB — .
Chimg minh sinB = Zo—m — 555

§4. BAI TAP CUOI CHUONG

Bai 1: Cho hinh thang ABCD ¢6 AB || CD va C + D = 90°. Biét AD = 4; BC =1T.
a) Tinh s6 do ctia goc C va goc D.

b) Cho biét them CD = 13. Tinh dién tich hinh thang ABCD.
Dap an:
a) C ~29°44"; D ~ 60°16/. b) Sapcp ~ 31,3 (dvdt).
Bai 2: Cho tam giac ABC vuodng tai A c6 AB =3, BC = 5. Cac dudng phan giac trong va
ngoai ctia géoc B cat dudsng thang AC tai M va N. Tinh do dai MN.
Dap an: MN:AN+AM:6—|—1,5:Z,5.

Bai 3: Cho hinh thang ABCD, A = D = 90°, hai dudng chéo AC va BD vudng goc véi
nhau tai O.
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a) Chiing minh rang AD la trung binh nhan ctia hai day.
b) Cho biét AB =18, CD = 32. Tinh OA, OB, OC, OD.
c¢) Chiing minh rang cac do dai AC, BD, AB + CD la do dai ba canh clia mot tam giac
vuong.
Dap an:
a) Xét tam gidc dong dang.
b) OA =14,4; OB = 10,8; OC = 25,6; OD = 19, 2.
¢) (AB +CD)? = AC? 4+ BD?.

Bai 4: Giai tam gidc ABC vuong tai A va duong cao AH, biét AB =4, HC = 6.

Dép dn: BC =8; AC = 4v/3; B = 60°; C = 30°.

Bai 5: Tam gidc ABC c6 cac goc déu nhon, AB = 15; BC = 14; CA = 13. Tinh s6 do cac
goc cua tam giac ABC.

Dép dn: B ~ 53°7'; C =~ 67°23'; A ~ 59°30'.

Bai 6: Tinh s6 do ctia géc nhon z biét:

a) cost—QsimQx:%l b) 7sin?x + 5cos?z = 6,5

¢) 5sin (90° — z) — 3cosz = 1, 5.
Dap an:

a) x = 30° b) z = 60° c) x =~ 41°24’.
Bai 7: Chting minh cac dang thic sau:

sin* o — cost o

a) — = sina — cos a b) sin® a + cos® o + 3sin? o cos
SN v +- COS (v

20 =1.

Bai 8: Cho hinh thang ABCD vuong tai A va D. Hai duong chéo vuong goéc v6i nhau tai
O. Cho biét OA = 45 cm; OC = 125 cm.

a) Tinh do dai doan thang BD. b) Tinh khodng cach tit O dén canh CD.
Dap an:
a) BD =102 cm b) Khoéng cach OH ~ 64,3 cm.

Bai 9: Cho hinh thang ABCD, day nhé AB, AD L CD va AD = CD. Vé duong cao BH.
Trén tia ddi clia tia DA lay diéem K sao cho DK = CH. Goi E la giao diém ctia hai dudng
thang AD va BC. Chiing minh rang:

111
CD? CE?  CB?

a) BC L CK b)

Bai 10: Cho tam gidc ABC vuong tai A, duong cao AH va duong phan giac AD. Cho biét
DB =51, DC = 85.

a) Tinh ti s6 Z—g b) Tinh cac do dai HB, HC.

Dap an:
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2) HC 25
HB 9

b) HB = 36; HC = 100.
Bai 11: Tinh s6 do ctia géc nhon z biét:
1
a) 7sinz + 13cos (90° — z) = 16,3 b) sin®x — cos? x = 3

c) 5cos?x + 4sin®x = 4,067.
Dap an:

a) z ~ 54°35 b) = = 60° c) x =~ 75°.
Bai 12*: Cho doan thang AB va trung diém O ctia né. Trén mot nita mit phang bo
AB vé cac tia Az, By vuong goc véi AB. Qua O vé mot tia cat tia Az tai M sao cho

AOM = o < 90°. Qua O vé tia thit hai cat tia By tai N sao cho MON = 90°. Xac dinh gia
tri clia a dé tam giac MON c6 dién tich nhé nhat.

Hudng dan:
Dat AB = 2a thi OA = OB = a. Khi d6 dé dang tinh dugc cac canh sau:
oM=-2 .oNn=_2_.
cos & sin o
) a? a? a?
Dién tich AMON 1a Sapon = — > — > —.
2sin.cosa  sin® o -+ cos2 o 1

Vay min Sayron = a2, khi va chi khi a = 45°.

Nhan zét: Néu O khong phai 1a trung diém ctia AB, O chi nam giita A va B, OA = a;
OB = b thi chiing minh tuong tu nhu trén ta duge min S = ab < o = 45°.

Bai 13*: Cho tam gidc nhon ABC ¢6 dién tich Sa4pc = 1. Dung ba dudng cao AD, BE,CF.
Chting minh rang:

a) SaAEF + SABDF + Sacpr = cos? A + cos? B + cos? C
b) Saper = sin? A — cos® B — cos? C.

Hudng dan:

N B _AF
a) Ta CO: E =cos(C = E

s6 dién tich bang binh phuong ti s6 dong dang).

2
Suy ra: Saapr = (j—i) = cos? A.

Chfl’ng minh tuong tu, ta ducc: SAppr = cos® B va SACDE = cos® C.

. Tt do suy ra: AAEF «~ AABC = SAAEF _ <A—E> (ti
SAABC AB

b) Ap dung cau a) va cong thiic sin® A 4 cos? A = 1.

Bai 14**: Tt gidc ABCD c6 cac duong chéo cat nhau § O sao cho AOB < 90°. Goi H va
K lan lugt 1a tryc tam ciia cac tam gidac AOB va COD. Goi G va I lan lugt 1a trong tam
cua cac tam giac BOC va AOD.

a) Goi F la trong tam ctia tam giac AOB, F la giao diém ctia AH va DK. Chitng minh
rang cac tam gidc IEG vd HFK dong dang.

b) Chitng minh rang IG vuong goc véi HK.
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Hudng dan:
a) Dé dang ching minh duge EG | AC va

EI || BD.

Suy ra (EG, EI) = (AC, BD). (1)
Mat khac AF 1 BD va DF 1 AC nén
(AF, DF) = (AC, BD). 2)
Tu (1) va (2) su};léa: GEI :B%F\K. o
DethayEG:T; E[:Tnenﬁz
AC

T

Goi M = ACNDF va N = AF N BD, ta co:
FK = FM + MK = AMcotCOD +

MC cot COD = AC cot COD.

Twong tw FH = BD cot COD. Do do —
FH 4

AC

BD’

b) St dung cau a), cha § rang I[E | HF.
Bai 15*: Cho tam gidac ABC vuong tai A, dudng cao AH. Goi D la diém déi xing véi
A qua B. Goi E la diém thuoc tia doi ciia tia HA sao cho HE = 2HA. Chiing minh ring
DEC = 90°.
Hudng dan:
Goi K la trung diém ctia HE. Khi d6: DK || BC va DK | AE.
bat AH = 2. Khi d6 HE =2z va HK = KE = z.

Ap dung heé thic lugng trong tam giac vuong, ta tinh duge HC = v2z; AC = /3a;
CFE = /6z.
V62

Ap dung ti s6 luong giac trong tam giac vuong, ta tinh dugc DB = AB = = Tw do

2
BH = %, va suy ra DK = V2z.

Tam giac DEC ¢6 cac canh DC = 3x; DE = V3z v EC = /62 nén vuong tai E.

Bai 16*: Cho tam gidc ABC vuong can tai A, dudng trung tuyén BM. Goi D 1a hinh
chiéu ctia C trén BM, H 1a hinh chiéu ctia D trén AC. Chitng minh rdng AH = 3HD.
Hudng dan:

Goi N la trung diém ctia BC va I = AN N BD. Khi d6: AN L BC; AN = BN = NC;

AB

Dé thay AAMB «~ ADMC, suy ra AAMD «~ ABMC.

Suy ra: DAM = CBM = tan DAM = tan CBM = i AR A (dpcm).

§5. DE KIEM TRA CUOI CHUGNG

1 DE1

Bai 1. (2 diém) Khong st dung may tinh hay sdp xép céc ti s6 lugng gidc sau theo thit
tu tang dan:
tan 25°, cot 67°, tan 19°, tan 30°, cot 50°.

. .2 . 2 1 .
Bai 2. (3 diém) Cho géc nhon «, biét cosa = 3 Tinh sin a;tan o;cot o
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Bai 3. (5 diém) Cho AABC vuong tai A (AB < AC) c6 dudng cao AD va dudng trung
tuyén CE.
a) Tinh s6 do AC'B va tinh do dai CB, CE néu biét AC = 2v/3cm va CD = /3em.
b) Vé EH1BC tai H va AFLCFE tai F, AF cat BC tai G. Chitng minh CF.CE = CD.CB
va CG.CH = CH? — HD?.
c) Duong thing vuong géc véi AB tai B cat dudng thang AG tai I. Chitng minh I, H, E
thing hang.

2 DE 2
Bai 1 (1,5 diém):
Khong dung bang va may tinh, hay sap xép cac ti s6 luong giac sau day theo thit tu ti
16n dén nho: tan 25°, cot 15°, tan 50°, cot 67°30.
Bai 2 (2,5 diém):
Giai tam giac ABC biét B = 90°,C = 40°, AC = 20 cm (lam tron hai chi s6 6 phan thap
phan).
Bai 3 (2 diém):
Khong dung bang va may tinh, hay tinh:
A = 2tan27°tan 63° — sin® 15° — sin? 75°
Bai 4 (4,5 diém): Cho AABC c¢6 AC =16 cm, AB = 12 cm, BC = 20 cm. Dudng cao AH.
a) Ching minh AABC vudng.
b) Tinh AH, B,C.
c) Tu H k& HE, HF lan lugt vuong goc véi AC, AB. Tinh HE, HF .
d) So sanh: tan B va sin B (khong dung bang va méy tinh bo ti).

3 DAP AN DE 1

Bai 1. (2 diém) Ta c6 : cot 67° = tan 23°, cot 50° = tan 40°.
tan 19° < tan 23° < tan 25° < tan 30° < tan40° = tan 19° < cot 67° < tan 25° < tan 30° < cot 50°.

> 1\ 2
Bai 2. (3 diem) Ta ¢6 sina = V1 —cos?a =4/1— (5) = \/73
sin a
W osa V8 el tana /3
Bai 3. (5 diém)
A
E
F
1 ]
C D G\|H=K B
1
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cD 1

a) AABC vuong tai D nén cos ACD = 03> ACB = 60°

R ) . AC —= 1 B B . AB
ANABC vuong tai A nén B cos ACB = 3 = OB =2AC = 4v/3cm va B =

sin@ = ? = AB = CB.\/?§ = 6cm = AE = 3cm.

Ta c6 CE? = AE? + AC? = 32 + (24/3)2 = 21 = CE = +21.

b) Ap dung he thic luong cho AAEC vuong tai A c6 dudng cao AF vi AABC vuong

tai A ¢c6 dudng cao AD ta c6: CF.CE = CA? = CD.CB (dpcm).
AABD c6 E la trung diem clia AB va EH || AD = H la trung diém cta BD =
HB = HD

cG CF

ACFG ~ ACHE(9.9) > &z = &g = CG.CH = CF.OE ma CF.CE = CD.CB(emt)

nén CG.CH = CD.CB = (CH — HD)(CH + HB) = (CH — HD)(CH + HD) = CH? —
HD?*(dpcm).

Vé BK1IFE tai K. Ap dung hé thitc lugng cho AAEC vuodng tai A c6 duong cao AF
va AIBE vuong tai B c¢6 duong cao BK, két hop F la trung diém ctia AB ta co:

EC EK
A2 - p2 -~ _ 20
EFEC =FEA*=FEB*=FEK.EF]l = o 00 ?
AEKC ~ AEFI(c.g.c)= CKLIE tai K ma BK 1IFE tai K = B, K,C thang hang
do dé K la giao diém ctia BC va IE suy ra H = K hay I, H, K thang hang (dpcm).

4 DAP AN DE 2
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Chuong 2

DUGONG TRON

§1. SU XAC DINH DUOGNG TRON. TINH CHAT DOI
XUNG CUA DUONG TRON

BAI TAP CO BAN

Bai 1: Cho tam gidc ABC, vuong tai A, duong cao AH. Biét AH = l4em, HB = Tem.
Tinh ban kinh dudng tron ngoai tiép tam giac ABC.

Bai 2: Cho tam gidc ABC can, c6 goc A = 120°, noi tiép duong tron (O; R). Tinh dién tich
tam giac ABC theo R.

Bai 3: Cho tam giac déu ABC, tryc tam H, canh a:

a) Tam ctia duong tron ngoai tiép tam giac ABC 1a diém nao?
b) Tinh ban kinh cta dudng tron dé theo a;

c) Goi K la diém déi xing véi H qua BC. Xac dinh vi tri tuong déi ctia diém K va
duong tron do.

Bai 4: Trén cac canh AB, BC,CD va DA clia hinh vuéng ABCD ta lay lan lugt céc diém
E,F,G,H sao cho AE = BF = CG = DH. Céac dudng chéo AC va BD cat nhau é O

a) Chitng minh ring ba diém F, O, H thang hang;
b) Chiing minh ring O cach déu bén diem E, F, G, H;

¢) Biét BEC = 60°, BC' = 6cm, hiy tinh BE.

BAI TAP NANG CAO

Bai 1: Cho tam gidc ABC can tai A (A < 90°), dudng cao BD. Dudng tron duong kinh
AC cit AB 6 E (E khac A). Chitng minh rang BEDC 1a hinh thang can.

HD: Tam giac EBC vuong tai E, chiing minh AEBC = ADCB, tut d6 suy ra EC = BD
va ED || BC (dinh li Ta-1ét dao).

Bai 2: Cho dudng tron (O; R). Goi AB,CD la hai duong kinh c6 vi tri thay doi.

a) Tt gidc ACBD la hinh gi? Giai thich?
b) Tinh dién tich 16n nhat cia t gidc ACBD theo R.

o7
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HD:
a) Hinh binh hanh — Hinh ch nhat.

b) Sapcp = 2SaaBc = AC.BH 16n nhat khi BH 1a 16n nhat hay BH la ban kinh (BH
la dudng cao ké tit B xudng AC).

Bai 3: Cho hai diétm A va B nam bén ngoai mot dudng tron. Qua A hay ké mot duong
thing cit duong tron tai C' va D sao cho diém B céch déu hai diém C va D.
HD: Goi O la tam, dudng thing qua A va vudng goc véi BO, cat dudng tron tai hai diem
C va D.
Bai 4: Ching minh rang khong thé vé duge qua 6 duong tron di qua diém A cho trudc
sao cho tam clia mdi duong tron khong nam trong cac dudng tron khéc.
HD: Goi O1,0s, ...,0g 1 tam ctia 6 duong tron qua diém A, gia st 07462 12 géc nhé nhat
trong cac goéc tao tu O/kz@l, véi k # Lk, 1 € {1;2;...;5;6}, khi do @2 < 60° nén 0104
hodc nhé hon O A hodc nhd hon O3A hay Oy € (01) hoac O; € (O3).
Bai 5: Tim tap hgp cac dinh C ciia tam gidc ABC ¢6 canh AB ¢ dinh, dudng trung tuyén
AM c6 do dai khong doi bang m.
HD: Lay B’ ddi xing véi B qua A khi d6 ta c6 M A la duong trung binh clia tam giac
BB'C khi d6 B'C = 2AM = 2m c6 dinh nén C € (B';2m).
Bai 6: Tim tap hop cac trong tam ciia cac tam gidc ABC ¢6 canh BC c6 dinh, duong
trung tuyén AM c6 do dai khong ddi bang m.

m

HD: Do GM = %AM nén G € (M, 3)

Bai 7: Cho tam gidc ABC can tai A va noi tiép duong tron (O), AC = 40cm, BC = 48cm.
Tinh khoang cach tit O dén BC.

HD: Goi M la trung diém BC, AM? = AB? — BM? va OM? = OC? — MC?.

Bai 8: Cho tam gidc ABC can tai A ndi tiép duong tron (O), canh bén bang b, duong cao
AH = h. Tinh ban kinh cta duong tron (O).

— AH AB
HD: Goi M = AHN(0), M # A; AAHB ~ ACHM (chi y ACM vudng), suy ra

CH CM’

§2. DUONG KINH VA DAY CUA DPUONG TRON

BAI TAP CO BAN

Bai 1: Cho tam giac ABC. BH va CK la cac duong cao ctua tam giac. CMR:
a) Bon diém B, C, H, K thudc ciing mot dudng tron.
b) HK < BC.
Bai 2: Cho ti giac ABCD ¢6 B = D = 90°
a) Chitng minh rang bén diém A, B, C, D thuoc cting mot dudng tron.
b) So sanh AC va BD.

Bai 3: Cho duong tron (O), duong kinh AB = 10cm. Goi H la mot diém thuoc ban kinh
OA. Ké day CD di qua H va vuong goc v6i OA.

a) Tinh dién tich ti giac ACBD biét OH = 3 cm.

b) Diém H & vi trf nao thi dién tich ACBD la 16n nhat? Tinh dién tich 16n nhat dé.
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Bai 4: Cho duong tron (O) ban kinh 5c¢m, day AB = 8cm. Duong kinh CD cat day AB tai
I tao thanh géc CIB = 45°. Tinh do dai IA, IB.

Bai 5: Cho duong tron (O) dusng kinh AD. Day BC vuong goéc véi OA tai trung diém
cua OA.

a) T gidc ABOC la hinh gi? Vi sao?
b) Tam giac BC'D la tam giac gi? Vi sao?
¢) Cho OA = R. Tinh do dai cac canh ctia tam giac ABD theo R.

Bai 6: Cho ntta duong tron duong kinh AB = 2R. Diém C chuyén dong trén nta duong
tron. Trén tia doi ciia tia CA lay diém D sao cho CD = CB. Tinh gia tri 16n nhat ctia BD
theo R.

Bai 7: Cho t& giac ABCD c¢6 B =D = 90°.

a) Chitng minh réng bén diém A, B, C, D thuoc cting mot dudng tron.
b) So sanh AC va BD.

Bai 8: Cho dudng tron (O) duong kinh AB. Trén duong thing AB lay mot diém C. Noi
C v6i mot diém M bat ki trén dudng tron (O). Chiing minh ring: CA # CM # CB.

Bai 9: Cho dudng tron (0), day PQ. Vé duong kinh AB khong cat day PQ. Cac dudng
vuong goc véi PQ tai P va Q cat AB theo thit ty § H va K. Chiing minh ring AH = BK.
Bai 10: Cho tam giac ABC can tai A, BC' = 24cm, AB = 20cm. Tinh ban kinh ctia ducng
tron ngoai tiép tam giac ABC.

Bai 11: Cho ntta dudng tron (O), duong kinh AB, day C'D. cac dusng vuong goc véi C'D tai
C va D cat AB theo thit t 6 E, F. Tinh dién tich ti gidc CDEF biét CD = 7em, AB = 25¢m.
Bai 12: Cho duong tron (O), ban kinh OA = v/5em. Ké ban kinh OB vuong goc véi OA.
Goi I 1a trung diém ctia OB. V& day AC di qua I. Tinh AC.

Bai 13: Cho nita dudng tron tam O dudng kinh AB. Trén AB lay hai diém C va D céch
déu tam O. Qua C vaD, ké hai tia song song cat ntta duong tron 6 I va K.Chiing minh
rang IC vuong goc véi 1K.

BAI TAP NANG CAO

Bai 1: Cho tam giac nhon ABC noi tiép duong tron (O; R), H 1 tryc tam clia tam giac
ABC. Ké duong vuong géc OM tit O dén BC. Chiing minh rang:

a) OM = %AH.
b) AH? + BC? = 4R
HD:

a) Ké duong kinh CK va sau dé chiing minh OM = %KB.

b) Stt dung két qua AH = 20M va BC = 2MC.

Bai 2: Cho tam giadc nhon ABC nai tiép duong tron (0). M la diém bat ki thudc cung BC
khong chitia A. Goi D, E theo tht tu la cac diém déi xing véi M qua AB, AC. Tim vi trf
ciia M dé DE c6 do dai 16n nhat.

HD: Dé dang ching minh dugc AD = AM = AE.
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Mt khac: MAD + MAE — 2 (@+W> — 2BAC.

Tam gidc ADE can tai A c6 DAE = 2BAC khong ddi nen DE 16n nhat < AD 16n nhét
& AM 16n nhat < AM 1a duong kinh.

Bai 3: Cho duong tron tam O ban kinh OA = 11em. Diém M thuoc ban kinh OA va cach
O la 7Tem. Qua M ké day C'D c¢6 do dai 18cm. Tinh cac do dai MC, MD (MC < MD).
HD: Ké OH vudng goc véi CD sau do ta tinh OH. T do6 suy ra duge do dai MC, M D.
Bai 4: Cho duong tron tam O duong kinh AB = 24¢m, day AC' = 20 cm (@ = 900) .Goi

M 1a trung diém ctia AC. Khoang céch tit M dén AB bang 8 cm.
a) Chiing minh rang tam giac ABC can tai C.

b) Tinh ban kinh ctia dudng tron.
HD:

a) Ké MH va CK vuong goc v6i AB, chitng minh KA = KB khi d6 ta dugce diéu phai
chiing minh.

b) dé dang tim dugce khi ta chiing minh duge cau a.

Bai 5: Cho duong tron (O; R), day AB khac duong kinh. Vé vé hai phia ciia AB cac day
AC,AD. Goi H va K theo thit tu 1a chan cac duong vuong goc ké tit B dén AC va AD.
Chting minh rang:

a) Bon diem A, H, B, K thudc cliing mot duong tron.
b) HK < 2R.

Bai 6: Cho nita dudng tron tam O, dudng kinh AB. TrénAB lay diém M, N sao cho
AM = BN. Qua M va N, ké cac dudng thang song song v6i nhau va ching cat nita duong
tron tai C' va D. Ching minh MC va ND vudng gbéc v6i CD.

Bai 7: Cho tam giac ABC, cac dudng cao AD, BE,CF. Dudng tron di qua D, E, F cat
BC,CA, AB theo thit tu 6 M, N, P. Chitng minh ring cac duong thing ké titM vuong goc
BC, ké tit N vuong goc AC, ké tit P vuodng goc véi AB dong quy.

Bai 8: Tam giac ABC can tai A noi tiép duong tron tam O. Goi D la trung diém ctia AB,
E 1a trong tam ctia tam gidac ACD. Chitng minh rdng OF vuong goc véi CD.

Bai 9: Cho duong tron (O,2cm). Vé hai day AB va C'D vuong goc véi nhau. Tinh dién
tich 16n nhat ctia t giac ABCD.

Bai 10: Cho duong tron tam O duong kinh AB = 13cm. Day CD c¢6 do dai 12ecm vuong
goc voi AB tal H.

a) Tinh do dai HA, HB.

b) Goi M, N theo tht tuy 1a hinh chiéu ctia H trén AC,BC. Tinh dién tich tt gidc
CMHN.

HD:
a) Tu tinh.
b) Dién tich CMHN bang tong dién tich hai tam giac HCM va CAH. Viéec tinh dién

tich 2 tam giac néi trén, ta tinh do dai M H, MC, HN, NC bang cach stt dung hé thic
lugng trong tam giac vudong. Khi do ta sé tinh duge dién tich CM HN.
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Bai 11: Cho ntta duong tron tam O, duong kinh AB, day C'D. Cac duong vudng goc véi
CD tai C va D tuong ting cat AB tai M va N. Chitng minh AM = BN.

Bai 12: Cho ntta duong tron tam O duong kinh AB, day C'D. Goi H, K theo thit tu la
chan céc duong vuong goc ké tit A, B dén CD.

a) Ching minh rang CH = DK.
b) Chﬁ'ﬂg minh r?xng SAHKB = SacB + SADB-

HD: Ké OM vuong goc v6i CD, dia vao tinh chat duong trung binh ctia hinh thang,
chitng minh M 1a trung diém ctia HK, chiing minh dugc cau b.

§3. LIEN HE GIUA DAY VA KHOANG CACH TU TAM
DEN DAY
BAI TAP CO BAN

Bai 1: Cho duong tron (O) dudng kinh AB, day cung C'D vuong goc véi AB tai diém H
thuoc ban kinh OA. Goi M la diém thuoc ban kinh OB, E va F theo thi tu la giao diém
ctia CM va DM véi duong tron (E khac C, F khac D). Chting minh réng:

a) MC =MD b) ME = MF

Bai 2: Cho dusng tron (O) dudsng kinh AB. Vé cac day BC, BD thuoc hai nita mat phing
d6i nhau bo AB sao cho BD > BC. So sanh do dai hai day AD va AC.

Bai 3: Cho mot diém I nam bén trong dudng tron (O). Qua I ké mot day AB bat ki va
ké day C'D vuong goc v6i OI. OI kéo dai cat duong tron (O) § E. Ban kinh vuong goc vdi
AB tai H.

a) So sanh AB va CD. b) So sanh IE va HF.

Bai 4: Cho hai day AB va C'D bang nhau, cat nhau 6 E nam trén trong duong tron (O).
Chitng minh réng diém E chia AB va CD thanh nhing doan thang bing nhau ting doi
mot.

Bai 5: Cho duong tron (O), duong kinh AB. Ké hai day song song AC va BD. Chiing
minh rang:

a) AC' = BD; b) Ba diém C,0, D thang hang.

Bai 6: Cho cung phan tu AB ciia dudng tron (O). Tt A va B, ta ké hai day bang nhau
AM va BN. Hai day nay cat nhau ¢ C. Chitng minh rang OC vuong géc véi AB.

Bai 7: Cho duong ron tam O ban kinh 10cm, day AB bang 16cm. Vé day C'D song song
v6i AB va c6 khodng cach dén AB bang 1lcm. Tinh do dai day CD.

Bai 8: Cho duong tron tam O ban kinh 5cm. Hai day AB va C'D song song v6i nhau c6
do dai lan lugt 14 6cm va 8cm. Tinh khoang cach gitta hai day.

Bai 9: Cho duong tron tam O c6 hai day AB,CD bang nhau va vuong goc v6i nhau tai
E. CD =4cm, DE = 28cm.

a) Tinh khodng céch tit tam O dén méi day.

b) Vé duong kinh DF ctia (O). So sanh hai khoang cach tir tam O dén hai day cung CF
va AB.
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Bai 10: Cho dudng tron tam O c¢6 ban kinh OA = 11cm. Diém M thudc ban kinh OA cia
duong tron va cach O 7cm. Qua M ké day C'D ¢6 do dai 18cm. Tinh cac do dai MC, M D
(biét CM < MD).

Bai 11: Cho tam giac MNP vuong tai M noi tiép duong tron tam O, ban kinh 2, 5cm va
MN = 4cm. Goi OH,OK 1a khodng cach tit O dén M N, MP. So sanh OH,OK.

BAI TAP NANG CAO

Bai 1: Cho dudng tron tam O c¢6 ban kinh 15cm. Diém M cach O 9cm.

a) Dung day AB di qua M va ¢6 do dai 26cm.

b) C6 bao nhiéu day di qua M va c6 do dai la mot s6 nguyen centimét?
HD:

a) Goi H la trung diém AB. Tinh OH, M H.

b) Day ngdn nhat qua M c6 do dai 24cm, dai nhat 30cm. T d6 suy ra.
Bai 2: Cho dudng tron tam O c¢6 ban kinh 13. Diém M cach O 5.

a) Tinh do dai day dai nhat va day ngan nhat di qua M

b) C6 bao nhiéu day c6 do dai 1a mot s6 ty nhien.

HD: Tuong tu cau trén. R
Bai 3: Cho tt giac ABCD ¢6 A=C =90°
a) Chiing minh rang AC # BD b) Trong trusng hgp nao thi AC = BD

HD: Ap dung dinh nghia.
Bai 4: Cho duong tron tam O duong kinh AB, cac day AC, AD. Goi E la diém bat ki
tren duong tron, H va K theo thi ti 13 hinh chiéu ctia E trén AC, AD. Chitng minh rang
HK < AB.
HD: Xét xem khi E di chuyén trén duong tron thi H, K di chuyen & dau.
Bai 5: Cho dudng tron tam O, day AB = 24cm, day AC = 20cm (BAC < 90° va diém O
nam trong géoc BAC). Goi M la trung diém ctia AC. Khoang cach tit M dén AB bang 8
cm.

a) Chting minh rang tam giac ABC can tai C.

b) Tinh ban kinh ctia duong tron.
HD:
a) Goi H chan duong vuong goc vé tit M xuéng AB. Tinh dugc AH. Goi K 1a trung
diém AB. Suy ra dudc diéu can chiing minh.
b) Ap dung cau a).

Bai 6: Cho duong tron tam O, duong kinh AB = 13cm. Day CD ¢6 do dai 12cm vudng
goc vo1 AB tal H.

a) Tinh cac do dai HA, HB.

b) Goi M,N theo thi ty 1a hinh chiéu ctia H trén AC,BC. Tinh dién tich ti gidc
CMHN.
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HD:

a) Tinh binh thuong. b) Ching minh CM AN la hinh chit nhat.

Bai 7: Cho duong tron tam O va day AB khong la duong kinh. Goi M la trung diém cia
AB, qua M vé day cung CD khong tring véi AB. Chiing minh réng:

a) M khong phai la trung diém ctia CD.  b) AB < CD.

HD: Stt dung moi lién hé gitta duong kinh va day cung.

Bai 8: Cho dudng tron tam O, hai day AB, C'D ctia dudng tron kéo dai cit nhau tai diém
M nim ngoai (0). Goi H, E la trung diém ctia AB va CD. Chting minh rdng AB < CD <
MH < ME. _

HD: Biéu dien MH, ME qua OM,OH,OE.

§4. VI TRI TUOGNG POI CUA PUONG THANG VA
DUONG TRON. DAU HIEU NHAN BIET TIEP TUYEN
CUA DUOGNG TRON

Bai tap co ban

Bai 1: Cho tam giac ABC c6 AB = 6, AC = 8, BC = 10. Chitng minh rang AB la tiép
tuyén ctia duong tron (C; AC).

Bai 2: Cho duong tron (O; R), day AB > 2R. Qua O ké duong vuong goc day AB, cat tiép
tuyén tai A clia duong tron (O) tai C.

a) Chitng minh rang BC' 1a tiép tuyén ctia dudng tron (O).
b) Cho R = 15cm, AB = 24cm. Tinh do dai OC.

Bai 3: Cho dudng tron (O; R), diém A nam trén duong tron, day BC vudng goc véi OA
tai trung diém ciia OA.

a) Tt giac OBAC 1a hinh gi? Vi sao?
b) Ké tiép tuyén véi dudng tron tai B, cdt OA tai E. Tinh do dai BE theo R.

Bai 4: Cho hinh thang ABCD vuéng tai A va D, diém O la trung diém clia AD va
BOC = 90°

a) Goi F la giao diém ctia BO va C'D. Chiing minh réng tam gidc BCFE can tai C.
b) Chitng minh rang BC la tiép tuyén ctua duong tron duong kinh AD.
Huéng dan:
a) ABCE c6 OC vita la dudng cao vira la trung tuyén.
b) Ké OH L BC tai H. OC la phan giac cia ABCFE

Bai 5: Cho tam giac nhon ABC, cic duong cao AK, BD va CE cit nhau tai H. Goi (O)
la duong tron dusng kinh AH, M la trung diém ctia BC. Chitng minh ring:
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a) D va E thudoc duong tron (O).
b) MD la tiép tuyén ctia duong tron (O).

Bai 6: Cho duong tron (O) dudng kinh AB. Goi C la diém déi xitng v6i O qua A. Ké tiép
tuyén C'D v6i duong tron (O), ké duong vuong géoc DH tit D dén AB. Chiing minh rang:

a) Tam gidc OAD la tam giac deu.

b) HBD = 60°.

¢) Duong thang C'D 1 tiép tuyén clia dudng tron tam B ban kinh BH.
Huéng dan:

a) ACOD ¢6 OC = 20D = COD = 60°

b) AAOD deéu c¢6 DH la duong cao nén ciing la duong phan giac.

c) Ké BK 1L CD tai K. Hai tam giac vuong HBD va KBD bang nhau trong truong
hop canh huyén goc nhon.

Bai 7: Cho dudng tron (O) ban kinh 15cm. Diém A ndm ngoai dudng tron, OA = 25cm.
Ké tiép tuyén AB véi duong tron (O). Ké day BC vuong goc véi OA tai H.

a) Ching minh rang AC la tiép tuyén ctia duong tron (O).
b) Tinh cac canh cta tam gidc ABC.

Bai 8: Cho nita duong tron (O) duong kinh AB = 2R. Diém M chay trén nita dudng tron.
Qua diém M, ké tiép tuyén véi duong tron va goi I, K theo thit tu la chan cac duong vuong
goc ké tit A, B dén tuyén tuyén ay.

a) So sanh cac do dai M1 va MK.

b) Chitng minh ring AB = Al + BK.

¢) Chiing minh ring AM la tia phan gidc cia OAI, BM la tia phan giac clia OBK.
d) Xét vi trf tuong dbi ctia dudng thang AB va dudng tron duong kinh 7K.

e) Khi M chay trén nita duong tron (O), tt giac ABKI c¢6 dién tich 16n nhat khi M &
vi tri nao? Tinh dién tich 16n nhat d6?

Bai 9: Cho tam gidc ABC vuong tai A (AB < AC). Duong trung truc ctia BC cat
BC, AC, AB theo thi tiy tai M, D, E. Chiitng minh rang AM la tiép tuyén ciia dudng tron
duong kinh DFE.

Bai tap nang cao

Bai 1: Cho tam giac ABC vuong tai A (AB < AC), dudng cao AH. Goi E la diém doi
xing v6i B qua H. Duong tron tam O duong kinh EC cit EC tai K (K khong trung vdi
C). Goi M la trung diém AK. Chiing minh rang:

a) HM 1 AK.

b) HK la tiép tuyén ctia duong tron (O).
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Huéng dan:
a) HM la duong trung binh ctia hinh thang vuong ABEK.

) JORE=OEK=0BA | GFE | HKE - 90°
HKE = MHEK = MHA = HAB

Bai 2: Cho duong tron (O) duong kinh AB = 6cm. Qua A vé tiép tuyén xy véi duong tron
(0). Trén tia Az lay diém C sao cho AC = 2cm, trén tia Ay lay diém D sao cho AD = 9cm.
Chiing minh rang OD vuong goc véi BC.

Huéng dan:

Tit D ké tiép tuyén thtt hai v6i duong tron (0), F la tiép diém (F khong tring v6i A).

K la giao diém ctia AF véi tiép tuyén tai B ctia dudng tron (O).

= BK || AC (1)
BK  AO AB.AO 6.3
= BK = AC (2)
T (1) va (2) suy ra ACBK la hinh binh hanh = BC | AK hay BC || AF, ma AF 1 OD
= BC L OD.

Bai 3: Cho duong tron (O; R), dudng kinh AB ¢6 dinh. Goi d 1a tiép tuyén tai B ciia dudng
tron (0). Goi C'D 1a mot dudng kinh c6 vi tri thay doi. Goi giao diém ctia cac tia AC, AD
véi d 1o B, F.

a) Ching minh rang tich BE.BF la mot hang so.

b) Tinh d6 dai nhé nhat ctia EF khi dudng kinh C'D thay doi.
Huéng dan:

a) BE.BF = AB% = 4R? = const

b) EF = BE + BF > 2V/BE.BF = 4R. Dau "=" xay ra < BE = BF & CD 1 AB

Bai 4: Cho tam gidc ABC can tai A; I giao diém ctia cac dudng phan gidc trong clia tam
giac ABC.

a) Hay xac dinh vi trf tuong do6i ctia duong thang AC véi duong tron (O) ngoai tiép
tam giac BIC.

b) Goi H la trung diém ctia BC; IK la duong kinh ctia dudng tron (0). Chitng minh

oo AL HI
S AK T HE
Huéng dan:
a) V6i H la trung diém ctia BC = AH 1 BC, hon nita O, H, A thiang hang.
OCT=01C" _ 567 + [0A = 90°
ICA=1ICB

b) V6i R la ban kinh ctia dudng tron (O), ta c6

A]_HI@OA—R_R—OH @OA—R_R—OH@l_i_l_O_H
AK HK ~OA+R R+OH 20A 2R OA R
& R2=0H.0A & 0C? =0H.0A
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Bai 5*: Cho géc zOy, hai diem A, B theo thit tu chuyén dong trén Oz, Oy sao cho chu vi
tam giac OAB khong doi. Ching minh AB luon tiép xtc véi duong tron cb dinh.
Huéng dan:

Dung duong tron bang tiép goc O clia tam gidc OAB
(hinh bén).

Ta c6 OM + ON = OA+ OB + AB la chu vi tam giac
OAB khong d6i nen OM + ON khong d6i. Mit khac,
OM = ON (bang nita chu vi tam gidc OAB) = M, N
c6 dinh = giao diém I ctia duong vuong goc véi Oz ké
tit M vé6i duong phan gidc géc 20y 1a co dinh.

Vay AB luon tiép xtc véi dudng tron c6 dinh tam I -
bén kinh M. & B N

Bai 6*: Cho hinh vuong ABCD, lay diém F trén canh BC va diém F trén canh C'D sao
cho AB = 3BE = 2DF. Chitng minh rang EF tiép xtc véi cung tron tam A ban kinh AB.
Huéng dan:

Y

Goi a la canh hinh vuong ABCD. D i C

Ta c6 3BBE =2DF = AB ;
~BE=2pr=2—_—cFr=scE=2
3 2 3 G

Trong tam giac vuong CEF co:
40> a®  25a®
EF?=CR2+CF?=— 42 21

. 9 4 36 I
= EF = Fa. Cac tam giac ABE, ADF,CEF la cac tam
glac vuong. A B
2 2 )
a a a
=S5 = -5 -_-.S -
ABE = i 9ADF = 3 OCEF = & 2
5a
Sagr = a® — SABE — SaDF — ScEF = SAEF = 12 (1)
Ké AG L EF
EFEF.AG 5ad.AG
= SAEF = BT @)

Tu (1) va (2) suy ra AG = AB. = EF tiép xtic vdi cung tron tam A ban kinh AB.

§5. TINH CHAT CUA HAI TIEP TUYEN CAT NHAU

BAI TAP CO BAN

Bai 1: Cho duong tron (O;R), diém A nam bén ngoai dudng tron. Ké cac tiép tuyén
AB, AC v6i duong tron. Ké duong kinh COD. Tia phan giac ciia gébc BOD cat AB & E.

a) Chitng minh rang ED la tiép tuyén ctia duong tron O.
b) Chitng minh rang AC + DE > 2R.
c¢) Tinh s6 do goc AOE.

Bai 2: Cho dudng tron (O) ban kinh OM = 15¢m. Trén tia ddi cla tia MO lay diém A
sao cho M A = 24em. Ké cac tiép tuyén AB, AC véi duong tron (O). Tiép tuyén ctia dudng
tron (O) tai M cat AB, AC theo thii tw 6 D, E.
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a) Tinh cac do dai AB, AC.
b) Tinh do dai DE.

Bai 3: Cho duong tron (O; R) ban kinh OA = R. Goi B la diém déi xting véi O qua A. Ké
cac tiép tuyén BM, BN véi dudng tron (O).

a) Tinh s6 do géc MBN.
b) T giac AMON la hinh gi? Vi sao?
¢) Tinh OH theo R (H la giao diém ctia OA va MN).

Bai 4: Cho duong tron (O; R), day M N vuong goc v6i ban kinh OA tai trung diém H ciia
OA. Cac tiép tuyén véi dudng tron (O) tai M va N cit nhau 6 B.

a) Chitng minh rang ba diém O, A, B thang hang.
b) Tam giac BMN la tam giac gi? Vi sao?
¢) Tinh BM theo R.

Bai 5: Cho dudng tron (O; R). Tt diém A nam ngoai dudng tron, ké cac tiép tuyén AB, AC
v6i dusng tron. Goi I 1a giao diém ciia doan thing OA va duong tron (0), goi CK la duong
kinh ctia duong tron (O). Chting minh rang:

a) BC vudng goc véi OA.
b) BI la tia phan giac cia goc ABC.
¢) BK song song véi OA.

Bai 6: Cho duong tron (0), diéem A nim trén dudng tron. Trén tiép tuyén ciia duong tron
(0) tai A, lay cac diem B va C (A nam gitta B va C). K& cac tiép tuyén BD, CE véi dudng
tron (O) (D va E khac A). Ching minh ring: BOC + DAE = 180°.
Bai 7: Cho tam giac ABC can, AB = AC = 15¢m, BC = 24¢m. Tinh ban kinh cta duong
tron nai tiép tam giac do.
Bai 8: Cho tam giac ABC vuong tai A, AB = 6em, AC = 8cm. Dudng tron (1) noi tiép tam
giac ABC tiép xtc v6i AB, AC theo thi tu é D, E.

a) Tinh s6 do goc BIC.

b) Tinh dién tich tit giac ADIE.

Bai 9: Cho dudng tron (O) va mot diem A sao cho OA = 2R. Ké céc tiép tuyén AB va AC
v6i duong tron (B, C 1a cac tiép diem). Duong thang OA cit BC tai H, cit cung nhd va
cung 16n BC lan lugt tai I va K.

a) Ching minh OA vuong géc v6i BC va HI.OA = R?.
b) Chitng minh tam gidc ABC déu vi ABKC 1a hinh thoi.

¢) Chiing minh 7 13 tam duong tron ngoai tiép tam gidc ABC. Tinh theo R ban kinh
duong tron nay.

d) Vé duong kinh C'D. Chitng BD song song véi AO.

e) Vé cat tuyén bat ky AMN ctia (O; R). Goi F la trung diém ctia MN. Chiing minh 5
diém O, E, A, B, C cung thudc mot dusng tron.
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Bai 10: Cho dudng tron (O), diem M nam bén ngoai dudng tron. Ké tiép tuyén MD, ME
v6i dusng tron (D, E 1a cac tiép diém). Qua diém I thudc cung nhoé DE, ké tiép tuyén vdi
duong tron, cat M D va ME theo thit tu & P va Q. Chiing minh rang chu vi tam gidc M PQ
bang 2M D.

Bai 11: Cho x/\Oy = 60°. Mot duong tron tam K ban kinh R = 5¢m tiép xtc véi Ox tai A
va tiép xtc véi Oy tai B. Tit diem M thuoc cung nhé AB vé tiép tuyén thi ba, né cit Oz
va Oy lan lugt tai E va F.

a) Tinh chu vi AOEF. Chiing minh chu vi d6 khong ddi khi M chay trén cung nhé AB.
b) Chiing minh s6 do EKF khong doi khi M chay trén cung nhé AB.

Bai 12: Cho duong tron (O) c6 duong kinh AB = 2R. Lan lugt vé cic tiép tuyén di va do
ciia (O) tai A va B. Lay tuy y M trén (O) (M khac A va B). Tiép tuyén clia (O) tai M cat
di va dp lan luot tai C va D.

a) Chiing minh: CD = AC + BD va COD = 90°.
b) Goi E la giao diém ctia CO va AM, F la giao diém ctia BM va DO, MH la dudng

cao clia AAM B. Chitng minh: M FOF la hinh chit nhat va 5 diém O, H, E, M, F cung
thudc mot duong tron.

¢) Chitng minh: OE.OC = OF.OD = AC.BD = R?.
d) Chiing minh: dudng tron (K) dudng kinh CD tiép xtc véi AB.

Bai 13: Cho ntta duong tron tam O duong kinh AB. Trén tiép tuyén Az ctia (O) lay diém
C, trén tiép tuyén By clia (O) lay diém D sao cho AC + BD = CD.

a) Chiing minh: CD tiép xtc v6i nita duong tron (O) tai E.

b) Tt E ké EF vuong goc v6i AB(F € AB). Giao diém ctia BC va EF la L. Ching
minh: 7 13 trung diém ctia EF.

Bai 14: Cho tam gidc ABC c¢6 dudng tron noi tiép (I;r) tiép xuc véi cadc canh BC =
a;CA =b; AB = c lan luot tai D, E, F. Goi p la nita chu vi cia AABC. Chiing minh:

a) Dién tich cia AABC 1a S = pr.
b) AE=AF=p—a;BD=BF=p—bpCD=CE=p—c.

BAI TAP NANG CAO

Bai 1: Cho tam gidc ABC vuodng tai A, duong cao AH, HB = 9¢cm, HC = 16e¢m. Tinh ban
kinh duong tron noi tiép tam giac ABC.

Bai 2: Cho tam giac ABC vuong tai A, BC = 5cm, ban kinh duong tron noi tiép bang
lem. Tinh do dai cac canh AB, AC.

Bai 3: Cho duong tron (0), diém K nidm ngoai duong tron. Ké céc tiép tuyén KA, KB
v6i duong tron. Goi M la giao diém ctia OK va AB. GOi H la chan dudng vuong goc ké
tit M dén OB. Tia MH cat duong tron (O) § D. Duong vuong goéc véi OK tai K ciat OB
¢ I. Chiing minh rang:

a) OH.OI = OM.OK.

b) ID la tiép tuyén ctia duong tron (O).
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Bai 4: Cho tam giac ABC ngoai tiép duong tron (I), AB = 16ecm, AC = 20cm, BC' = 24cm.
Tiép tuyén ctia duong tron (I) song song véi BC cat AB va AC theo thi tu & D va E.

a) Tinh chu vi tam giac ADE.
b) Tinh do dai DE.

Bai 5: Cho ntta dudng tron tam O c6 duong kinh AB. Vé cac tiép tuyén Awx, By (Az, By
va nita dudng tron thuoc ciing mot nita mit phang bs AB). Goi M 1a mot diém bat ky
thuoc nita duong tron. Tiép tuyén tai M cat Az va By theo thi tu é C, D.

a) Ching minh rang duong tron c6 dudng kinh CD tiép xtc véi AB.
b) Tim vi tri cia diém M dé hinh thang ABDC c6 chu vi nhé nhat.

¢) Tim vi tri clia C, D dé hinh thang ABDC c6 chu vi bing 14cm, biét AB = 4em.

§6. VI TRi TUONG DOI CUA HAI PUONG TRON

Bai 1. Cho hai dudng tron (O;4cem) va (O'; 1em) tiép xtc ngoai tai A. Vé tiép tuyén chung
ngoai BC, B € (0), C € (0).
a) Tinh do dai BC.

b) Tinh dién tich ti giac OBCO'.

Bai 2. Cho hai duong tron (O;5cm) va (0';2cm), OO" = 9em. Ké tiép tuyén chung ngoai
AB, A€ (0), B e (0.

a) Tinh do dai AB.
b) Goi I 1a giao diém ctia AB va OO’. Tinh do dai OI.

Bai 3. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Goi I 1a trung diém ctia OO’,
goi C' la diém ddi xing véi A qua I. Chitng minh ring OO’ song song véi BC.

Bai 4. Cho hai duong tron (O1; R),(O2; R) cat nhau & M va B. Goi AB la day cia dudng
tron (O;), BC la day cta duong tron (Oz2). Vé hinh binh hanh ABCD. Tinh ban kinh cua
duong tron ngoai tiép tam gidc ADM.

Bai 5. Vé cac duong tron c6 dudng kinh 1 cac canh ctia mot tit gidc. Chitng minh rang
bén dudong thing chita day chung ctia cac dudng tron dé cit nhau tao thanh mot hinh
binh hanh. \

Bai 6. Cho ba duong tron (0y),(02),(03) bang nhau va & ngoai nhau. Hay dung mot duong
tron tiép xtc ngoai (hodc tiép xtc trong) véi cac dudng tron (O1),(09),(03).

Bai 7. Cho ba duong tron tiép xtc ngoai v6i nhau tai A,B,C. Tia AB cit mot duong tron
tai D. Tia AC cit duong tron ay ¢ E. Chitng minh réng DE chinh 13 dudng kinh ctia dudng
tron ay.

Bai 8. Ba duong tron khong biét tam, tiép xic ngoai véi nhau tai A,B,C. Hay tim tam
ctia ching bing thudc thing.

Bai 9. Cho duong tron (O; 16mm) va dusng thang d di qua tam O. Hay xac dinh tam ciia
mot dusng tron c6 ban kinh 4mm, tiép xtc v6i dudng tron (O) va tiép xtc véi duong thing
d.

Bai 10. Cho hai dudng tron c6 ban kinh 13 r va c6 doan ndi tam ciing 1a r. Hay xac dinh
tam ctua mot duong tron c6 ban kinh la g va tiép xtc véi hai duong tron da cho.
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Bai 11. Cho hai duong tron ¢ ngoai nhau. Ké tiép tuyén chung ngoai AB (A,B la cac tiép
diém). K& hai tiép tuyén chung trong cit AB & C va D. Chitng minh ring AC = DB.
Bai 12. Ké bon tiép tuyén chung ctia hai duong tron ngoai nhau. Ching minh rang doan
tiép tuyén chung trong bao gom gitta céc tiép tuyén chung ngoai bang doan tiép tuyén
chung ngoai bao gom gitta cac tiép diém.

Bai 13. Cho tam gidc ABC ¢6 BC =1 (don vi do dai), r4 la ban kinh ctia duong tron
bang tiép trong goc A va r 1a ban kinh dudng tron ngoai tiép tam giac. Biét rang r4 = 2r,
hay tinh dién tich tam giac ABC.

Bai 14. Trong hinh vuéng ABCD, ta vé cac nita dudng tron c6 duong kinh la AD va
BC. V& duong tron (P) tiép xic v6i hai nita duong tron dé va tiép xtc véi canh AB. Biét
DC = 2n?, hay tinh ban kinh ctia dudng tron (P).

Bai 15. Cho hai dudng tron (0),(02) & ngoai nhau. Tt mot diem P & ngoai hai duong
tron d6, hay dyng hai doan thang PC va PD sao cho C thudc (O1), D thude (Os), PC = PD
va CPD = a.

Bai 16. Cho hai dudong tron (O;80cm) va (O';45c¢m) tiép xiic ngoai tai A. Vé tiép tuyén
chung ngoai BC, B € (0), C € (0'). Tiép tuyén chung tai A cit BC 6 I. Goi H la giao
diém ctia IO va AB, K la giao diém ctia 10’ va AC.

a) T giac AHIK la hinh gi? Vi sao?

b) Tinh cac canh cua tam gidac ABC.
Bai 17. Cho tam giac ABC vuong tai A. Cac duong tron (B; BA) va (C; CA) cat nhau tai
diém thtt hai D (khéac A).

a) Chting minh rang CD la tiép tuyén ctia duong tron (B).

b) Vé duong kinh DCE ctia dudng tron (C). Tiép tuyén ciia dudng tron (C) tai E cit
BA 6 K. CMR: CK vudng goc véi CB.

c¢) CMR: AD song song v6i CK.
d) Tinh dien tich tit gidc BDEK, biét AB = 4em, AC = 6em.

Bai 18. Cho hai dudng tron (O; R) va (O’;r) tiép xtc ngoai tai A. Tiép tuyén chung ngoai
BC cat duong noéi tam & M, trong dé B € (O), C € (0O') vd BC = CM = 4cm. Tinh R va r.

§7. ON TAP CHUONG II
Bai tap co ban

Bai 1: Hinh thang ABCD c6 A=D=90°, AB=1; AD=CD =4. Vé duong tron duong
kinh BC. Hay cho biét vi tri tuong déi ctia dudng tron véi duong thang AD

Bai 2: Cho tam gidc ABC, hai duong cao BD, CE cat nhau tai H. Vé dudng tron tam O
duosng kinh CH. Goi M la trung diém ctia AB. Chiing minh M D 1a tiép tuyén ctia dudng
tron.

Bai 3: Cho duong tron (0;3) va duong thing zy sao cho khodng cach OH tit O téi zy 1a
4,5. Trén duong thang zy lay diém A bat ki. Tit A vé cac tiép tuyén AB, AC v6i dudng
tron (B, C 1a cac tiép diem). Day BC ciat OA tai K va cit OH tai I. Chitng minh rang:

a) AAOH «~ ATOK;

b) Khi A di dong trén zy thi day BC luon di qua mot diém cb dinh.
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Bai 4: Cho duong tron (0), tiép tuyén zy, tiép diém A. Vé duong tron (I) duong kinh OA.
a) Ching minh rang hai duong tron (O) va (I) tiép xtc nhau.

b) Vé day BC ctia dusng tron (O) cat duong tron (I) tai mot diem thi hai 14 M. Chiing
minh ring MA = MC.

c¢) Duong thang OM cit zy tai B. Chting minh rang BC la tiép tuyén ctia dudng tron
(0).

Bai 5: Cho duong tron (O; R) va mot diem A cdch O mot khoadng 2R. Tit A vé cac tiép
tuyén AB, AC véi duong tron (B, C 1a cac tiép diém). Dudng thang vuong goc véi OB tai
O cit AC tai N. Duong thang vuong goc véi OC tai O cit AB tai M.

a) Chitng minh rang ti gisac AMON 1a hinh thoi.
b) Duong thang MN c6 phéi la tiép tuyén ctia dudng tron (O) khong?
¢) Tinh dién tich hinh thoi AMON.

Bai 6: Cho ntta dudng tron tam O duong kinh BC. Lay diém A thuoc nita dusng tron va
H 13 hinh chiéu ctia A trén BC. Vé dudng tron (A; AH). Vé cac tiép tuyén BM va CN véi
dudng tron (A) sao cho cac tiép diém M va N khong tring véi H. Chitng minh ring:

a) BM || CN;

b) MB.CN = AH?;

c) MN la tiép tuyén ctia dudng tron (O).

HD: Chiing minh M, A, N thdng hang.

Bai 7: Cho dudng tron (O) va mot diém A trén dudng tron do. Tt A vé tiép tuyén zy
v6i duong tron. Trén zy lay mot diem M khac diém A. Vé duong tron (M; M A) cat duong
tron (O) tai mot diém thit hai la B.

Chitng minh rang MB la tiép tuyén cia dudng tron (O) va OB la tiép tuyén ctia dudng
tron (M).

Bai 8: Cho dudng tron (O) dudng kinh AB. T trung diem M ctia OA ta vé day CD L OA.
Trén tia dbi clia tia AB lay diem F sao cho AE = R. Chiing minh ring:

a) EC la tiép tuyén ctia duong tron.
b) EC? = 3R2.

Bai 9: Cho duong tron (O) va hai tiép tuyén d va d’ song song v6i nhau. Goi A va B lan
lugt 1a céc tiép diém clia d va d’ v6i dudng tron (O). Lay diem M bat ki trén d. Dudng
thang MO cat d tai N. Tt O vé mot duong thang vuong géc véi MN cit d' tai C.

a) Ching minh rang: AB la duong kinh ctia duong tron.
b) Chitng minh rang: Tam giac CM N la tam giac can.
c¢) Cho biét vi trf ctia duong thang MC d6i v6i dusng tron (O).

Bai 10: Hai duong tron (O; R) va (O';r) tiép xiic ngoai tai A (R > r). Ké tiép tuyén chung
ngoai BC, B € (0), C € (0'). Goi M la trung diém ctia OO’, goi H la chan dusng vuong
goéc ké tit M dén BC.
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a) Tinh s6 do goc OHO'.
b) Chiing minh rang OH la tia phan giac clia goc AOB.
¢) Chiing minh rang AH la tiép tuyén chung ctia hai dudng tron (O) va (O').
d) Cho R =5 cm, r =2 cm, tinh do dai BC.
DS:
a) OHO' = 90° d) BC = 2//10.

Bai 11: Cho tam gidc ABC vuong tai A, duong cao AH. Goi D 1a hinh chiéu ctia H trén
AB, E 1 hinh chiéu ctia H trén AC. Goi (O) la duong tron duong kinh HB, (O') 1a dudng
tron dudng kinh HC. Chitng minh ring:

a) Diém D thuoc dusng tron (0), diém E thuoc dusng tron (O').
b) Hai duong tron (O) va (O’) tiép xic ngoai.

c) AH la tiép tuyén chung ctia hai duong tron do.

d) AH = DE.

e) DE la tiép tuyén chung ctia hai dudng tron (O) va (O').

f) Dien tich ti gisac DEO'O bang nita dién tich tam giac ABC.

Bai 12: Cho duong tron (O) ban kinh 15 cm, day BC = 24 cm. Céac tiép tuyén ciia dudng
tron tai B va C cat nhau tai A.

a) Tinh khoang cach OH tit O dén BC.
b) Chitng minh ring ba diém O, H, A thang hang.
¢) Tinh do dai AB, AC.

d) Goi M la giao diém ctia AB va CO, N la giao diem ctia AC' va BO. Chitng minh réng
BCNM la hinh thang can.

Bai 13: Cho duong tron (O) dudng kinh AB, day C'D vuong goc v6i OA tai diém H nam
gitta O va A. Goi E la diém déi xing v6i A qua H.

a) T gidc ACED la hinh gi? Chiing minh.

b) Goi I la giao diém ctia DFE va BC. Ching minh ring diém I thuoc dudng tron (O)
c¢6 duong kinh 1a EB.
¢) Chiing minh rang HI la tiép tuyén ctia duong tron (O').
d) Tinh do dai HI, biét ban kinh céc duong tron (O) va (O') néi trén theo thi tu bang
5 cm va 3 cm.
Bai 14: Cho doan thang AB. Ké tia Bz vuong goc v6i AB. Trén tia Bz lay mot diém O
AB . S .
sao cho BO = — Tia AO cat dudng tron (O;0B) & D va E (D nam gitta A va O). Duong
tron (A; AD) cat AB 6 C.
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a) Ching minh DE? = AD.AE.

b) Chitng minh AC? = CB.AB.

c¢) Tia BD cat dudng tron (A) & P. Mot dudng thang di qua D cat duong tron (A) &
M va cat duong tron (O) ¢ N. Chiing minh ring hai tam giac DPM va DBN dong
dang.

Bai 15: Cho duong tron (0;2,5) dusng kinh AB. Trén AB lay diém H sao cho AH = 1.
Vé day C'D vuong goéc véi AB tai H. Goi E la diém déi xiing v6i A qua H.

a) Ching minh t gidc ACED la hinh thoi.

b) Goi I la giao diém ctia DE va BC. Vé dudng tron (O') duong kinh EB. Chiitng minh
rang duong tron nay di qua I.

¢) Chitng minh rang HI 1 tiép tuyén cia duong tron (O').

d) Tinh do dai HI.
Bai tap nang cao

Bai 1: Cho nita dudng tron (O; R) duong kinh AB. Tit mot diém M trén nita dudng tron
vé tiép tuyén zy. Vé AH vd BK ciing vuodng goc véi xy.

a) Chitng minh ring tong AH + BK c¢6 gia tri khong doi khi diém M di dong trén nita
duong tron.

b) Chiing minh rang dudng tron dudng kinh HK tiép xtc véi AB.

¢) Xéac dinh vi tri ctia diém M trén nita duong tron (0) dé dien tich ti gidc ABKH lén
nhat. Tinh dién tich dé.

HD:
N N 2 N 2 - . HK
a) Dudng trung binh ctia hinh thang. b) Ké MI 1 AB. Ching minh M = =
¢) Luu y: HK < AB. Dau” =" x4y ra <& HK || AB.

Bai 2: Cho hai duong tron dong tam O; D 1a mot diém cd dinh trén duong tron nhd. Vé
day DC cta duong tron nho, day AB cua duong tron 16n di qua D sao cho AB 1. CD. Goi
H la trung diém ctia AB, CH cat OD tai G. Chitng minh rang khi day DC quay quanh D
thi:

a) G la mot diém c6 dinh.

b) G la trong tam clia tam giac ABC.
HD:
1

a) Ké OK L CD. Ching minh % == b) T cau a) suy ra.

Bai 3: Cho hai duong tron (O) va (O) ciat nhau tai A va B. Mot cat tuyén CAD quay
quanh A v6i C € (O) va D € (0'). Goi H va K 1an lugt 1a hinh chiéu ctia O va O’ trén CD.
Vé diém E dbi xting véi A qua trung diéem M ctia OO’. Chiing minh rang:
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a) MH = MK.

b) Duong trung tric cua CD di qua mot diém c¢b dinh.
HD:

a) Ké MI L CD. Chiing minh AMHK can.

b) Stt dung cau a) ggi ¥ cho cau b). Ching minh ACED can tai E.

Bai 4: Cho hinh binh hanh ABCD, dusng cao AH, AB = AD + AH. Tia phan giac cua
goc D cat AB tai M va cat dudng thang BC tai N. Vé cac dudng tron (A; AD), (B; BN).

a) Chting minh rang hai duong tron (A4) va (B) tiép xic ngoai véi nhau.
b) Cho biét vi trf tuong ddi ctia duong thang CD dbi v6i hai dudng tron (A) va (B).
HD:
a) Chitng minh AB bang tong hai ban kinh (st dung tam gidc can).
b) Dung BK L CD. Van dung gia thiét AB = AD + AH va chiing minh BK = AH dé
tir d6 suy ra BK = BN.

Bai 5: Duong tron noi tiép tam giac ABC tiép xuc vdi cac canh BC,CA, AB lan luct tai
D,E,F. Goi H,K, L lan lugt 13 hinh chiéu ctia B, C, D trén duong thang FF.
a) Chiing minh rang ABHF «~ ACKE.
b) Chiing minh rang ABHL ~ ACKL
c) Vé dudng tron (O) noi tiép tam gidc LBC. Ching minh rang ba diém L, I, D thing
hang.

HD:

HL BD
a) ABHF «~ ACKFE (g-g). b) St dung cau a) va luu y: —

¢) St dung cau b), chiing minh LD la tia phan giac cia BLC theo tinh chat ti s6 phan
glac.

Bai 6: Cho nita dudng tron dudng kinh AB va C' 1a mot diém trén nita dudng tron do. Vé
CH L AB. Tt C vé mot tiép tuyén ciia nita dudng tron cit cac tiép tuyén Az va By tai
M va N. Cac tia BC va AC lan lugt cat Ar va By tai D va E. Chiing minh rang:

a) M la trung diém ctia AD va N la trung diém clia BE;
b) Ba dudng thang AN, BM va CH dong quy.

HD:
a) Ching minh AMAC can.

b) Chitng minh AN v& BM cit CH tai trung diém I ctia CH. Dung dinh ly Ta-lét,
chiing minh: i _ Ic
S NB T NB
Bai 7: Cho tam giac ABC vuong tai A, dudsng cao AH. Goi D va E lan lugt la cac diém
d6i xting ctia H qua AB, AC.
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a) Chting minh rang ba diém D, A, E thang hang.

b) Vé cac duong tron (B; BD) va (C;CE). Chiing minh réng hai dudng tron nay tiép
xtic véi nhau va tiép xic v6i DE.
c¢) Vé duong tron duong kinh BC. Chiing minh rang DE la tiép tuyén ctia dudng tron
nay.
HD:
a) Ching minh DAE = 2BAC.
b) Y dau ding dau hieu d = R+ r. Y sau chimg minh BD | DE vi CE L DE.

c¢) Goi O la trung diém ctia BC. Hay chting minh OA L DE.
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