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1. HAM $O

1.1. Cuc tri cia ham s6
a. Ham bac 3:
Vidul:HamsS y= f(X) c6 f'(X)=x(x—=1>(x+1)° cé bao nhiéu ciec tri

A1l B.2 C.3 D.0
Vidu2: Hamso y = %/X_2 — X ¢6 bao nhiéu cuc tri

A.0 B.1 C.2 D.3
Vidy3: Tim m d€ ham s y = x* —mx® +(M—1)x+5 dat ciec dai tai Xx=1

A.m=2 B.m=-2 C.m>2 D.med

Vi du 4: Tim diéu kién cia M dé€ ham s6 y = x> —mx* + (M+1)X—m+4 cé cyec tri
3+4/21 3-421

m>3+\/ﬂ
3_‘/Z<m<3_\/Z B. 2 C. m> D. m<
2 2 3_J21 2 2

A.

s o A M 7 . .7 . B A7 1N A 1 7 . .
Vi du 5: Biét rang cd hai gia tri cia m déham sé y = 3 x* —mx® +(M+2)X+5 c6 hai cuc tri
X, X, thoa man X’ + X =26 1a m_va m,. Gia tri ctia |ml — m2| bang:

AE B.l C.1 D.g
2 2 2

Vi du 6: Choham s8 y=2x°+ax® —12x—13. Tim a d¢€ d6 thi ham s& c6 cue dai, cyc tiéu

sao cho chung cach déu truc tung.

A.a>0 B.a=0 C.a=2 D.acd
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Vidu 7: Choham s8 y = X° — g mx* + > m®. Tim t4t ca cac gid tri cia M d& d6 thi ham s8 c6
cac diém cuc dai, cuc tiéu d6i xtiing nhau qua duong thang y = X.
A. me{0;++/2} B. me{+2} C.m=+2 D.meQd

Vi du 8: Tim m d€ d6 thi ham s& y = x* —3x* + M*X +m c6 cac diém cuc dai, cuc tiéu doi

xtng nhau qua duong thang x—2y-5=0.

A{mzo B. m=0 C.m=-1 D. med
m=-1

Vi du 9: Ttr bang bién thién sau, hay chi ra s6 cuc tri cia ham s6

X -2 0 1 o0
f'(x) + ] - +
f(x) soo
2
-3 - a0 s
A2 B.1 C.0 D.3

Vi du 10: Tim s8 diém cyec tri cia ham s6 y =| x — 2| (x* =1)
A.0 B.1 C.2 D.3

Vidy 11: Cho ham s6 y = f(X) c6 d6 thi cua y = f '(X) nhu hinh sau. X4c dinh s6 cuc tri caa
ham y= f(X)

ty

.f-,
kAl
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A.3 B.4 C2 D.1

Vi du 12: Cho ham s6 Y= f(X) c6 do thi y= f'(X) cat truc Ox tai ba di€ém c6 hoanh do
a <b < ¢ nhu hinh vé.

'K

o

Ménh dé nao dudi day la dung?
A. f(a)> f(b)> f(c).

B. f(c)> f(b)> f(a).

C. f(c)+ f(a)—2f(b)>0.

D. (f(b)— f(a))(f(b)- f(c))<O.

b. Ham bac 4 trung phuong

Vi dy 1: Tim diéu kién m d&€ham s y = x* —(m+1)x* + m—1 ¢6 3 cuc tri
A.m=>-1 B.m>-1 C. m<1 D. m<-1
Vi dy 2: Tim m &€ ham s8 y = mx* —(m—1)x* + 2 c6 dting mot cuee dai
A.m=0 B. m<0 C.m>1 D.0<m<l1

Vi dy 3: Cho ham s y = X" +8mx’ +3(1+2m)x* —4. Tim m d€ ham s8 chi c6 cyc tiéu ma

khong cé cuee dai.

1—ﬁ<m<1+ﬁ
A l_ﬁgmgl_hﬁ B. 6 6
6 6 1
m=—-=
2
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C.melR D.m:—l

2

Vidy 4: Tim m dé& do thi ham s8 y = x* —2mx* + m+m* ¢4 3 cyee tri ma 3 diém cuec tri tao

thanh tam gidc

a. béu d. Tao véi O tie giac OBAC la hinh thoi
b. Vuong can e. Ban kinh duong tron ngoai tiép bang
2

c. C6 dién tich bang 32
f. Nhan H(0;-1) lam trwc tam.

1.2. Diéu kién dong bién, nghich bién

a. Ham bac 3

Vi du 1: Cho ham s8 y = X* —3x* +3mx—1. Tim m d& ham s&:

1) Pong bién trén tap xac dinh

Dép s6: m=>1

2) Nghich bién trén tap (0;3)

Péap s6: m<-3

3) Dong bién trén tap (2;+)

Péap s6: m=>0

Vidu2: Tim m dé hamsd y = % mx® —(m—1)x* +3(m—2)x +% dong bién trén (2;+)
, 2

Pap s6: m= —

3

Vi du 3: Cho ham s8 Yy = x> +(M—1)x* +(Mm* —4)x+9. Tim m dé& ham s8 luon luén déng bién

trén tap xac dinh.

m2_1+—3\/§
2
e —1—23J§

bap so:

Vidu 4: ChohamsS y = x® +3x* + mx+m. Tim m dé€ ham s& nghich bién trén tap c6 d¢ dai bf!mg
1
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" 9
Pap so: m=—

Vi du 5: Cho ham s8 y = 2x° +3mx* —2m+1. Tim m d& ham s& nghich bién trén (1;2).

baps6: m<2

Vi du 6: Cho ham 8 y = X* —(M+1)x* —(2m” —3m+2) x+2m(2m—1). Tim m d& ham s& dong
bién trén (2;+ )

bap so: —ZSmSg

Vidy 7: Tim m d& ham s6 y = mx® —mx’* + (m+1)x +3 dong bién trén R

baps6: m=0

Vi dy 8: Tim m d& ham s6 y = X* —3(M+1)x* + (3m* +6m)Xx +5 nghic bién trén khoang (2;3)
Papso: 1<m<2

b. Ham bac nhat trén bac nhat

N ~ mx —2 . N A . . 2
Vidyu1l: Timm déhamso y = i3 nghich bién trén cac khoang xac dinh.
X+m-—
Dép s6: 1<m<2
Vidy2: Timm dé hams6 y = 1 dong bién trén tirng khoang xac dinh
mx+

bapso: -1<m<1

Vidu3: Timm dé ham sd y = dong bién trén (1;+ )

mx+1
baps6: 0<m<1
RGN mx —2 T oA
Vi du 4: Tim m dé ham s6 y = ———— nghich bién trén (—oo;§ )
X+m-3 2

bap so: 1<m£§
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s msinx +1 VA \
Vi dy 5: Tim m dé ham s6 Yy = ——— nghich bién trén khoang (O;EJ
sinx+m 2
bapso: 0<m<1
N ~ cotx—-m e ~
Vi du 6: Tim m dé€ ham s6 y = ——— dong bién trén (Z;Z)
mcotx -1 4 2

bapso: -1<m<1

¢. Ham khac

Vidy 1: Tim m d&lam s8 y = In(x* +1) —mx déng bién trén R

Péap s6: m<-1

Vidy 2: Tim m d€ ham s6 Y =Sin X+ MX + 3 nghich bién trén tap xac dinh
Péap s6: m<-1

Vi du 3: Tim m dé ham s6 y =Sin X—C0S X+ (M—2)X+3 dong bién trén R

Pép s6: m>2+ \/E
Vi du 4: Tim m dé ham s8 y = X+ mtan X nghich bién trén (0; %)

Péap s6: m<-1

1.3. GTLN - GTNN

a. Ham chira tham so

Vidul:Hamso Y= ZX—_]r_n dat gia tri 16n nhat trén doan [0;1] bing 1 khi m bang bao nhiéu?
X+

baps6: m=0

Vi du 2: Vi gid tri nao ctia m thi trén [0; 2] ham s6 y = X* —6X* +9X+m c6 gia tri nho nhat
bing —4.

béap s6: m=-4
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s .7 . 5 ~ 2 \ ~ - - A 2 T M
Vi du 3: Gia tri nho nhat cia ham s6 y =sin® X —cos2x+sinx+2 trén khoang (_E ; Ej bang
may?

23
Péap s6: —
P S0t o7

Vi du 4: Cho hai s0 thuc x,y thoa man X* + y* = 2. Gia tri 16n nhat, nho nhat ctia biéu thikc

P =2(x®+ y®) —3xy theo thit ti 1a bao nhiéu?

Dap s6: Max =65, Min=-7

Vi du 5: Ham s6 y:x3+i3—(x2+i2j—2(x+lj, X >0 c6 GTNN la bao nhiéu?
X X X

Déap s8: GTNN =—2

Vi du 6: Chohamsd y =x*—2x*. Goi A la duong théng di qua diém cuc dai ctia d6 thi ham
s0 da cho va c6 hé s6 goc M. Tap hop tat ca cac gia tri caa tham sd thwe M sao cho tdng
khoang cach ttr hai diém cyec tiéu ctia d6 thi ham s6 da cho dén A nho nhat la:

A. 0. B. 1. C. 4. D. i%.

Phuong trinh A:y=mx< mx—y =0 .Diém cuc tiéu cua d6 thi ham sd A(};-1); B(-1-1)

e khodne cach i A B d& m+d , Y _mefem-y
Tong khoang cach tt A, Bdén A: T = + = . Bay gio tim GTNN
Jm2+1  Jm?+1 m? +1

cua ham f(m)= |m+]4+|m—]4 bang 2 cach:

Jm? +1

- Cach 1: Chia treong hop d€ pha dau gia tri tuyét doi.

- Cach 2: Dung MTCT chttc ndng table.

Dép s6 X ==1 va gia tri nho nhat béng \/E

Vidu 7: Cho cac s6 thuc X, Y thdéa man X* +2xy +3y® = 4. Gi4 tri 16n nhat ctia biéu thic
P=(x- y)2 la

A. maxP =8. B. maxP =4. C. maxP =12. D. maxP =16.
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Gidi: V6i y=0=>x=2=P=4

V6i y#0 biat x=ky = y*(k*+2k+3)=4= yzzzL . Khi d6
k®+2k +3
16k? +16k —32 _ 16(k —1)(k +2)

(k2 +2k+3)>  (k®+2k+3)

Ak-1°  4k>-8k+4
k?+2k+3 k*+2k+3

P=y’(k-1)° = . C6 P(k) =

Tt bang bién thién tim dwgc max P =12.

b. Bai toan ttng dung

Vi du 1: Trong hé toa do Oxy cho parabol (P): y =1 - x2. Mot ti€p tuyén cua (P) di dong co
hoanh d6 dwong cit hai truc Ox va Oy Ian luot tai A va B. Dién tich tam giac OAB nho nhat
khi hoanh d¢ ctia diém M gan nhét véi s6 nao dudi day:

A.09 B.0,7 C.0,6 D. 0,8

Vi du 2: Cho tam giac déu canh a; Nguwoi ta dyng moét hinh chit nhat MNPQ c¢6 canh MN nam
trén canh BC, hai dinh P va Q theo thit tw ndm trén hai canh AB va AC. X4c dinh vi tri diém M
sao cho hinh chit nhat c6 dién tich 16n nhat va tim gia tri 16n nhat do6

a _ J3a? a _ J3a?

ABM=2 s B.BM=2vas
2 8 4 8
2
C. BM =%a vaS= */ia D. Mot két qué khac

Vi du 3: Cho hinh chi* nhat MNPQ noi tiép trong nira duwong tron ban kinh R. Chu vi hinh ch

nhat 16n nhat khi ti s6 MN bang:
MQ

A.2

=
S

C.1 D. 0,5

Trang 8



ThS. Luc Tri Tuyén — Béi duwdng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

Vi du 4: Khi nudi ca thi nghiém trong hd, mot nha sinh hoc thay rang : Néu trén mdi don vi
dién tich ctia mat ho c6 n con ca thi trung binh mdi con cd sau mot vu can nang
P (n) =480-20n (gam). Hoi phai tha bao nhiéu ca trén mét don vi dién tich ctia mat ho dé

sau moOt vu thu hoach duwoc nhiéu ca nhat?
Dép s6: 12

Vi du 5: Mot cht hd kinh doanh c6 50 phong tro cho thué. Biét gia cho thué moi thang la
2.000.000d/1 phong tro, thi khong cé phong trong. Néu ctt tang gid mdi phong tro thém
50.000d/thang, thi sé c6 1 phong bi bo trong. Hoi chd ho kinh doanh sé cho thué véi gia 1a bao
nhiéu d€ c6 thu nhap mdi thang cao nhat?

Daép s6: 2.250.000d

Vi du 6: Mot cong ty mudn lam mot dwong dng dan tir mot diém A trén bo dén mot diém B
trén mot hon ddo. Hon dao cach bo bién 6km. Gia dé xay duong 6ng trén bo 1a 50.000USD mdi
km, va 130.000USD mdi km d& xay dudi nude. B’ 1a diém trén bo bién sao cho BB’ vudng gdc
v6i bo bién. Khoang cach tir A dén B’ 1a 9km. Vi tri C trén doan AB’ sao cho khi n6i 6ng theo
ACB thi s0 tién it nhat. Khi d6 C cich A mdt doan béng:

.l'rn-‘-"ﬂ..'_
(" dio
’f‘l
g8

I

I

|
]

|

|

|

&
EF

[
[l
i
[

hien

fikm

b bidn ~ Yhm
Dép s6: 6.5km

Vi du 7: Cho diém M di chuyén trén Parabol (P): y = x*. Khoang cach ngan nhat tir M dén
A(3;0) bang bao nhiéu?

bap so: d -5

Vi duy 8: Mot man hinh 16n TV cao 1.4m tai phong cho nha ga dwoc treo trén tuong cach mat
dat 2.2m. Mot hanh khach cao 1.78 dang dung doc thong tin trén man hinh. Héi hanh khach
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nay phai diing cach tudng bao xa dé goc nhin 16n nhat biét rang khoang cach tir mat dén dinh
dau anh ta 1a 8cm.

95

Péap so: X=——
P 10

Vi du 9: Chiéu dai bé nhat cua céi thang AB dé no co thé twa vao tuong AC va mat dat BC,
ngang qua mot cot d6 DH cao 4m song song va cach teong CH =0,5m la bao nhiéu ?

A
D

Dap so:

Vi du 10: Mot nan nhan dudi nudce 6 vi tri cach bo ho 200m. Mot ngwoi phat hién tai nan dang
ding trén bo cach nan nhan 500m. Anh ta phai chon vi tri cach vi tri hién tai bao xa d€ xudng
ho boi ra ctru nan nhan sao cho mat it thoi gian nhat, biét ré“mg van toc chay bo kéo theo chiéc
thuyén nho ctia anh ta la 20km/h va van toc cheo thuyén la 10km/h.

1.4. Suy do thi

Vi du 1: Néu céch vé d6 thiham s6 y = f(X)| ttr d6 thi ham s& y = f(X)
Huéng dan:

- Gitt nguyén d6 thi ctia y = f (X) & phan nam trén truc Ox

- Lay d6i xting phan d6 thi y = f (X) 1én trén qua Ox

Vi dy 2: Néu cach vé d6 thiham s6 y = f (| X|) tir d6 thi ham s6 y = f (X)
- Gitt nguyén phan d6 thi ctia Y = f (X) bén phai Oy va xo0d bén trai.

- Lay ddéi xting phan nay sang trai qua Oy

Vi du 3: Néu céch vé d6 thi ham s6 y =—f (X) tir d6 thi ham s6 y = f(X)
- Lay ddi xting qua Ox

ST X+1 X+1
Vi duy 4: Néu cach vé do thi ham s6 Y = —1| ttr 36 thi ham s0 y = 1
X— X —
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- Gitra nguyén do6 thi ctia y = X—+i & bén phai duong thang X =1 (tiém can ding)
X —

- Ldy d6i xting d6 thi y = X—+;I: 0 bén trai duong X =1 qua Ox
X —

x—2| X—2

Vi du 5: Néu cach vé d6 thiham s6 Yy =—— tirdd6 thiham sd y=——
- X+1 X+1

- Gitr nguyén d6 thi ham s6 y = X;i & phan bén phai duong thang X =2
X+

4 AN e Vs A AV . - 2 2 A & \
- Lay d6i xttng phan do thi y = X—l ¢ bén trai duong X =2 qua Ox
X+

Vi du 6: Néu cach vé d6 thi ham s8 y = |X|(X”* —4) tir @6 thi ham s§ y = X(x* —4)

- Gitt nguyén d6 thi ham s6 y = X(x* —4) & bén phai Oy

- Lay d6i xting phan db thi cta y = X(x* —4) & bén trai Oy qua Ox

1.5. Twong giao

a. Xét phuwong trinh hoanh d9 giao diém

Vi du 1: Xac dinh s6 giao diém ctia d6 thi ham s8 y = 2x* —6X +In(2x +3) + 4 véi truc hoanh.
bapso: 1

Vi du 2: Héi phuong trinh 3x* —6X+In(x+1)° +1=0 c6 bao nhiéu nghiém phan biét?

bap s6: 3
1 R
Vi du 3: S6 giao diém cua d6 thi ham s6 Y =V 2X+3 (X2 —2X— 4) ~ 20 va truc Ox la bao nhiéu?

bap s6:3
b. Twong giao khi c6 1ap tham sd

Vi du 1: Tim m d€ phuong trinh 2x® +3x* —12X+2m—1=0 c6 3 nghiém phan biét
bap so: —%<m<4

Vi dy 2: Tim m d€ phuong trinh 2X° —3x* +2—2""" =0 ¢6 3 nghiém phan biét.

Trang 11
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Daép so: O<m<%

Vi dy 3: Gia tri m d€ phuong trinh ‘% x*—2x* +1=3" c6 8 nghiém phan biét

baps6: m<0

Vi du 4: Tim m dé phuong trinh [x* —3x+1/=m c6 6 nghiém phan biét.

Péap s6: 0<m<1

Vi dy 5: Tim m d€ phuong trinh |X|3 —6x* + 9|X| —M+1=0 cb 6 nghiém phan biét.

bapsé: 1<m<5

Vi du 6: Tim m dé d6 thi (C) ctia ham s6 y = 2x> —3mx* —m+2 cat truc hoanh tai 3 diém phan
biét.

bépsd:l<m<?2

Vi du 7: Tim m d€ phuong trinh log(mx) = 2log(X+1) c6 nghiém duy nhét.

m=4

Pap so:
P {m <0
Vi du 8: Tim m &€& phuong trinh 2In(x +1) — In(mx) = —x* + (M —2)x —1 ¢4 nghiém

m>4

Pap so:
P {m<0

N X2 +mx+1

Vi dy 9: Tim m dé phwong trinh 3 =9 c6 nghiém.

béap s6: m>-2

Vi dy 10: Tim m d€ phuong trinh [x—1/(x* —4) =m c6 4 nghiém phan biét.

bap s6: -0.8...<m<0

Vi du 11: C6 bao nhiéu s6 nguyén M sao cho bat phwong trinh sau dung véi moi X thudc R.

log5-+log(x* +1) > log(mx* + 4x+m)

Dap s6: 2<m<3

Trang 12
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X2

=m co
|x|+1

Vi dy 12: Tap hop tat ca cac gia tri caa tham s6 thuc M sao cho phuong trinh
dung 2 nghiém phan biét la:

A. [1,2]u{0}. B. [1;2)u{0}. C.[6;2). D. [L2).

Trang 13
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2. MU - LOGARIT
a. D6 thi cia ham mi, logarit

Vi dy 1: D6 thi hinh bén la' cua ham sd nao ?
A. y=log,(x+1) B. y=log, x+1
C. y=log, x D. y=log,(x+1)

¥

-1 A

/1
[

Vi du 2: D6 thi bén duwdi la d6 thi ctia ham s6 nao?

A. y=Inlx B. y=|Inx

C. y=|In(x+1) D. y=In|x+1

Vi du 3: Cho d6 thi cia cdicham s6 y=a*, y=b*, y=c* (a,b,c dwong va khac 1). Chon dép an
dung:

A.a>b>c
C.b>a>c

B.b>c>a
D.c>b>a
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Ly
y=b*

y=a*

Vi du 4: Dau la d6 thi ham s6 y =In(x—1)

bap so: C

Vi du 5: Cho d6 thi cia ba ham so
y=log,x, y=Ilog,x va y=Ilog,x
(v6ia, b, c 1a ba s6 duong khac 1 cho
trwdc) nhu hinh vé bén. Dya vao do thi
va cac tinh chat cta lay thitra hay so
sanh cacsO a, b, c.

A.a>b>c.

B.c>a>h.

C.c>b>a.

D.b>a>c.
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Vi du 5: Cho cacham s§ y =log, X va y =log, X c6 d6 thi nhu hinh vé bén. Duong thang X =7
cat truc hoanh, d6 thj ham s§ y=1Ilog, x va y=Ilog, X Ian lwot tai H, M va N. Biét rang
HM = MN. Ménh dé nao sau day la dting?

yh

y = logyx

= log.x

y

]
\

-

5y

A.a=b". B. a=b’ C. a=2b. D. a="7h.

b. Phuong trinh dang chita tham s6

Vi dy 1: Tim m d€ phuong trinh 4 —m2* +2m =0 c6 hai nghiém phéan biét x,,X, va
X +X, =3

bapso: m=4

Vi du 2: Tim nguyén duong 16n nhat d€ phuong trinh 2t _ (m+ 2)51+J1—7 +2m+1=0 ¢b

nghiém.

bap so: 5+1SmS25+i
3 23

Vi dy 3: Tim m d€ phuong trinh logZ X —(m+2)log, Xx+3m—-1=0 ¢4 2 nghiém X,,X, sao cho
XX, =27.

Péap s6: m=1

Vi dy 4: Tim m d€ phuong trinh log, (4X - m) =X+1 c6 dung 2 nghiém phan biét.
béap s6: -1<m<0

Vi du 5: Tim m d€ phuong trinh log N (X — 2) =log,(mx) c6 1 nghiém duy nhat.

béap s6: m>0

Trang 16



ThS. Luc Tri Tuyén — Béi duwdng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

Vi du 6: Tim m d€ bat phuong trinh J2 474425 =2<m o6 nghiém

bapso: m>3

Vi dy 7: Tim m d¢ bat phuong trinh V3" +3++/5-3<m nghiém dung Vx e R
baps6: m=4

Vi du 8: Tim m d€ bat phuong trinh 4*+2"—m>0 c6 nghiém x e[ 2]

bap s6: m<20

Vi dy 9: Tim m dé phuong trinh sau c6 nghiém 2° ™ —2*2 4 x2 _4x+m+3=0
baps6: m<1

Vi dy 10: Tim m d€ phuwong trinh sau c6 dung 1 nghiém

201773 _2017°2 4 \[x? —3mx —x+3=0
bapso: 1<m<2

Vi du 11: Tap nghiém ctia bat phuwong trinh 2™ — 2% <X —(m+1)x+1 nghiém dung vdi
moi X e R

Péap s6: -3<m<1

Vi dy 12: Tap nghiém cua bat phuong trinh (x+4).9* —(x+5).3* +1< 0 1a?

3 =1
x x=0
Huwéng dan: Xét phuong trinh (X+4).9" — (x+5).3 +1=0 < - 1 < {

X+4
Xét ddu f(x)=(x+4).9°—(x+5).3" +1
X —00 -1 0
+00
f(X) + 0 - 0 +
Vay S=(-10)

Vi dy 13: Tap nghiém ctia bat phuong trinh 4 +(x*=7).2¢ +12—4x2 <0

~ ) ) 2" =4
Huéng dan: Giai phwong trinh 4 +(x* —7).2° +12-4x* =0 < { , , < {X
2" =3-X X

I
[+

b
Ny
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Xét dau:
X —o0 2 1 1 2 o0
f(x) + 0 - 0 + 0 - 0 +

Tap nghiém S = (—v2;-1) U (L+/2)
c. Ba toan thuc té

Vi dy 1. Anh Viét mudn mua mot ng6i nha' tri gia 500 triéu dong sau 3 nam nua. Vay ngay ti
bay gio Viét phai gui ti€t kiém vao ngan hang theo thé thirc 1ai kép la bao nhiéu tién d€ c6 du
tién mua nha, biét rang 1ai suat hang ndm van khong d6i la' 8% mot ndm va 1ai suat dwoc tinh
theo ky han mot nam? (két qua lam tron dén hang triéu)
A. 397 triéu dong. B. 396 triéu dong.  C. 395 triéu dong. D. 394 triéu dong.

Vi du 2. Anh Nam gtri 100 triéu dong vao ngan hang Vietcombank. Lai suat hang nam khong
thay déi la'7,5%/nam va duoc tinh theo ky han mét nam. Néu anh Nam hang nam khong rut 1ai
thi sau 5 nim s& tién anh Nam nhan duoc ca von 1an tién 13i la' bao nhiéu? (két qua lam tron dén

hang ngan)
A. 143562000 dong. B. 1641308000 dong.
C. 137500000 dong. D. 133547000 dong.

Vi du 3. Su ting trudng ctia mot loai vi khuan tuan theo cong thie f (X)=Ae™, trong dé A la
s§ luong vi khuan ban dau, r 1a ti 1é téng truong (r >0), x (tinh thoe gid) 1a thoi gian ting
truong. Biét s6 luong vi khuan ban dau ¢ 1000 con va'sau 10 gio la’5000 con. Hoi sau bao lau
thi s6 lwong vi khuan tang gap 25 lan?

A. 50 gio. B. 25 gio. C. 15 gio. D. 20 gio.

Vi du 4. Tilé tding dan s hang nam & Viét Nam duwoc duy tri & murc 1,05%. Theo sd'liéu cia Tong
Cuc Thong Ké, dan s6 cua Viét Nam nam 2014 1a' 90.728.900 nguoi. Véi toc do tang dan s6 nhu
thé thi vao nam 2030 thi dan s6 cua Viét Nam la bao nhiéu?

A. 107232573 nguoi. B. 107232574 nguoi.

C. 105971355 nguoi. D. 106118331 nguoi.

Vi du 5: Mot cong nhan lam viéc cho mot cong ty duoc tang luvong ctt 3 nam tang 10% so voi
mitc lwong trudc. Anh ta mdi thang trich ra 20% lwong ctia minh hang thang dé gui tiét kiém
thoe hinh thtrc 1ai kép 6%/thang thi sau 48 thang anh ta thu dwoc 100 triéu tién 1ai tir ngan
hang. Hoi lwong khoi di€ém cta anh ay 1a bao nhiéu?

Vi du 6: Mot nguoi lan dau giii vao ngan hang 100 triéu dong véi ki han 3 thang, 1ai sudt 2%
mot quy theo hinh thic 1ai kép. Sau dung 6 thang, nguwoi d6 gui thém 100 triéu dong véi ky
han va lai sudt nhu trude d6. Tong so tién nguroi d6 nhan duoc 1 nam sau khi gui tién la bao

nhiéu?
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Vi du 7: MOt ngueoi giri vao ngan hang 100 triéu dong vdi 1ai sudt ban dau 4% /nam va lai hang
nam dwgc nhap vao von. C sau mot nam 1ai suat tang 0,3%. Hoi sau 4 nam tong so tién

ngwoi dé nhan dwoc bao nhiéu?

Vi du 8: Mot nguoi di mua chiéc xe mdy voi gia 90 triéu dong. Biét rang ¢t sau mot nam gia tri
cua chiéc xe chi con 60%. Hoi sau bao nhiéu nam thi gia tri chiéc xe chi con 10 triéu.

Vi du 9: D6 chan dong M cua mot con dia chan dwoc do bang thang Richter xac dinh boi cong
thi'c: M = log (%), trong do | la'bién do t6i da dwoc do bang dia ké chan, |, la'bién d6
chudn.Tinh d¢ chan dong theo thang Richter tran dong dat o' California (My) nam 1992 co bién
d6 t6i da | =3,16.10 I, (tinh chinh x4c téi hang phan tram).

Vi du 10: Anh Nam mong mudn rang sau 6 nam sé cé 2 ty d&& mua nha. Héi anh Nam phai
gui vao ngan hang mot khoan tién tién tiét kiém nhu nhau hang nam gan nhat véi gid tri nao
sau day, biét rang lai suat ciia ngan hang 1a 8% /nam va 1ai hang nam dwoc nhap vao von.
Vi du 11: Mot ngudi mudn sau 4 thang c6 1 ty dong dé xay nha. Hoi nguoi d6 phai giri moi
thang 1a bao nhiéu tién (nhw nhau). Biét 13i suat 1 thang la 1%.

Vi du 12: Ba Nguyén vay ngan hang 50 triéu dong va tra gdp trong vong 4 nam vai 1ai suat
1,15% mdi thang. Sau ding mot thdng ké tir ngay vay ba sé& hoan no cho ngan hang va sd tién

hoan no mdi thang 1a nhw nhau. Hoéi moi thang ba phai tra bao nhiéu tién cho ngan hang?
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3. NGUYEN HAM - TiCH PHAN

a. Dboi bién so dac biét

- Ap dung cong thitc him hop béc nhat: | = [ f (ax+b)dx =

Flax+b) ,

Vidu 1: Cho [ f(x)dx=2. Tinh | = || f (2x+1)dx
Dép s6: 1
1 5
Vi du 2: Cho jo f(5x)dx =2. Tinh | = jo f (x)dx
bap s6: 10
Vi du 3; Cho |, f (x)dx =2. Tinh | = [ * f (sin 2x) cos 2xdx
bap so: 1
In2 2
Vi du 4: Cho jo f (e¥)e*dx=4. Tinh | = L f (x)dx
Dép s6: 4
1 3 3
Vi du 5: Cho jo f(x)dx =2 va jo f(x)dx=5. Tinh | = L f (x)dx
bap s6: 3
1 3 5
Vi du 6: Cho jo f(x)dx =2 va jl f(2x—-1)dx=2.Tinh | = jo f (x)dx

Dép s6: 6

Vi du 7: Cho [ f (sin2x)cos 2xdx =1 v [T f(x+Ddx=2.Tinh 1 = (x)dx

DPap s6: 4

) b b
- Ap dung cong thikc tirng phin: j uv'dx = uv|2 —I v.u'dx

Vidu 1: Cho [ (x+1) f'(x)dx=10 va 2f (1) - £ (0)=2. Tinh | = [ f (x)dkx

Dap s&: | =-8
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Vi du 2: Cho Jj(5x +D)f'(x)dx=6 va 6f(1)— f(0)=3. Tinh | :J-Ol f (x)dx
3
Dap s6: | = -2
ap so c

Vi du 3: Cho f:(5x+1)f (2x)dx =6 va 3f (2)—% f(0)=3. Tinh | =joz f (x)dx

12
Papso: | =——
P 5

Vi du 4: Cho [ & '(x)dx =5 va e.f (1)~ £ (0) =2. Tinh | = [ &*.f (x)dx
Péap s6: | =-3
Vi du 5: Cho _[:e3x.f (2x)dx =5 va %(e3.f(2)— £(0))=1. Tinh | = j:e3Xf(2x)dx

8
Papso: | =——
P 3

Vi du 6: Cho G(X) 1a mot nguyén ham ctia ham g(x) va 3G(1) —G(0) =3. Biét

f:(ZX +1).9(x)dx=5. Tinh | = jG(X)dx .

Péap s6: | =-1

- Ap dung cong thiec G(X) = VT) ft)dt = G'(x)=f (v(x)).v'(x)— f (u(x)).u'(x)
u(x)

Vi du 1: Cho G(x) = [ sin+/tdt . Tinh G(x)
0

Dép s6: G'(x):sin\/x_z.(xz)' =sin|x|.2x = 2xsin x|

2X
Vi du 2: Xac dinh cyec tri cua ham sd G(X) = jt Intdt vdi x € (0;+00)

Dap s0: cuc ti€u tai X =

1
232
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x=0 (I)
Huéng dan: C6 G'(x) =2xIn2x.2—xInx =x(4In2x—Inx). G'(x) =0 < Lo Lo
-0

X g A \ A~ «A? . 1
Dé dang kiém tra thay ham s6 dat cuc ti€u tai X =—=
232

- Ap dyng cong thike dic bigt | £ (x)dx =" f (a+b—x)dx

Vidu 1: Cho ham s& f(X) lién tuc trén R va thoa man f(—x)+2f(X) =cosx, VX e R. Tinh

—_—n N

I = | f(x)dx

NN

2
Papso: | ==
P 3

Vi du 2: Cho ham s& f(X) lién tuc trén R va thoa man f(x)+ f(—x) =+2+2c0s2x, VxeR.

3z
2

Tinh | = j f (x)dx
37

2
Déps6: | =6

X
NG

Vidu 3: Choham s6 f(X) lién tuc trén R va thoa man f(x)+ f(1-X) = 5 Tinh
1
| = jo f (x)dx

In2
Papso: | =—
P 4

Vi du 4: Cho ham s8 f (X) lién tuc trén R va thoa man f(Xx)+2f(5—X) = xJ25—x* . Tinh
5
| = jo f (x)dx

bap so: | :%

Vi du 5: Cho () 1a ham chdn lién tuc trén R va j: f(X)dx =2. Tinh | = jll f (x)dx
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bapso: | =4

2
Vi du 6: Cho f(X) 1a ham chén lién tuc trén R va IOZ f(xX)dx=3.Tinh | = I X(X)l dx
e +

Déap s6: | =3

1 1
Vidu 7: Cho f(X) 1a ham chén lién tuc trén R va I%— dx=10.Tinh | = J. f (x)dx
-1 + 0

bapso: | =10

Sin2017 X

sin®" x + cos®® x

Vi du 8: Tinh tich phan | = dx

ot—

T
Papso: | =—
P 4

Vi du 9: Cho ham s f (X) 1én tuc trén R thoa man j f(sinx)dx =5. Tinh | = j x. f (sin x)dx
0 0
S5x
Papso: | =—
P 2
Vi du 10: Cho ham s f (X) 1én tuc trén R thoa man j f (sinx)dx =5. Tinh
0

| = ]E(ZX +1).f (sin x)dx

Dap s6: | =5(7+1)
Vi dy 11: Cho f(x) la ham lién tuc trén [0;3] va f(x) f (3—x) =1 v6imoi x €[0;3]. Tinh

K:J: dx

1+ f(x)

3

Déap s6: K==
ap so >

b. Ung dung

- Thé tich biét di¢n tich thiét dién
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Vi du 1: Tinh thé tich khéi gi6i han boi 2 mit phang X =0, X = 7 va thiét dién cat boi méat
phang vudng goc véi Ox 1a duong tron ban kinh Jsinx.

Vi dy 2: Tinh thé tich khoi giéi han bdi 2 mat phéng X =0, X =4 va thiét dién cit boi mit
phang vudng goc véi Ox 1a hinh vudng c6 canh la X.e”.

Vi du 3: Mot vat cd kich thedce va hinh dang nhw hinh vé dudi day. Day la hinh tron gidi han

boi duong tron x* + y? =16 (nam trong mit phang Oxy), cat vat boi cic mit phing vudng goc
voi truc Ox ta duoc thiét dién la hinh vuong. Tinh thé tich ctia vat thé.

Vi du 4: MGt vat c6 kich thudce va hinh dang nhu hinh vé duwéi day. Day 1a hinh tron gioi han
bdi duong tron x* + y* =16 (ndm trong mat phang Oxy), cat vat bdi cdc mat phang vudng gdc
voi truc Ox ta duoc thiét dién la tam giac déu. Tinh thé tich cua vat thé

.-'d--'-ﬂ-- T
f/_.-' e
f_/
e
s /
/-} .
i i —_—— — = =l
r . — v
-
/- ,
________________ c-
< 0 x
\\\—_____ )
____;.,_ -
.!/-fz

Vi dy 5: Tinh th€ tich phan boi dam trong hinh vé
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Vi dy 6: Tinh thé tich khoi in dam trong hinh vé sau

Vi du 7: Hinh chiéc phao boi hinh xuyén véi ban kinh vong trong la I = 25 cm, ban kinh vong
ngoai R =50cm. Tinh thé tich ctuia chiéc phao boi

- Vit tron xoay

Vi du 1: Cho hinh phang H gidi han béi cac dwong: v = xInx,y = 0,x = e. Tinh thé tich khdi
tron xoay tao thanh khi H quay quanh Ox.
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Vi du 2: Cho hinh phang gii han béi cac duong y=+4—x*, y= %XZ quay xung quanh truc

Ox. Tinh theé tich cia khdi tron xoay tao thanh

Vi du 3: Goi (H) 1a hinh phéng gidi han boi hai d6 thi y = —x? + 4x,y = x + 2. Tinh thé tich
khoi tron xoay c6 dugc khi xoay (H) quanh Ox.

Vi du 4: Goi (H) 1a hinh phang giéi han boi cac dwong y = Inx,y = 0,x = 2. Tinh thé tich khdi
tron xoay c6 duoc khi xoay (H) quanh Ox.

Vi du 5: Goi (H) 1 hinh phéng gi¢i han boi d6 thi ham s§ y = /9 —(x —1)2 va tru hoanh. Tinh
thé tich khoi tron xoay tao thanh khi quay (H) quanh Ox.

- Hinh dang do thi va di¢n tich

Vi dy 1: Xac dinh cong thitc tinh dién tich phan boi den trong phan do6 thi sau

Vi dy 3: Xac dinh cong thitc tinh dién tich phan t6 dam trong hinh sau
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/

Vi du 4: Tinh dién tich hinh phang gi6i han boi Parabol ¢6 kich thide nhu hinh sau

®)

Vi dy 5: Tinh dién tich hinh phang gi¢i han boi phan to dam trong hinh sau

(P)

- Bai todn 1trng dung

Vi du 1: Mot vat dang chuyén dong déu vdi van téc 30m/ s thi chuyén dong chdm dan déu
véi gia t6c —70m/ s*. Hoi tir ltic giam t8c dén khi dirng han thi vat di chuyén dugc quang
duong bao xa?
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Vi dy 2: Vat A chuyén dong déu tir D v6i van tdc 30m /s dwoc 10s thi chuyén dong cham dan
véi gia t6c —10m/ s*. Sau khi vat A khoi hanh duoc 8s thi vat B bat dau xuat phét ciing chiéu
tt D nhanh dan déu véi gia t6c 50m/ s*. Hoi sau bao lau ké tir Itic B khoi hanh hai vat gap
nhau? Khi gap nhau thi vat A da ding lai chua?

Vi du 3: Mot 6 to bat dau chuyén dong nhanh dan déu véi van toc v, (t) =7t (m/s) . Di duoc
5(s) nguoi 14i xe gap chudng ngai vat nén phai phanh gdp cho xe chay cham dan déu véi gia

t6c —70 (m/s?). Tinh quang duong di duoc ctia o to tit ic chuyén banh dén khi diing han.

Vi du 4: M6t vat chuyén dong v6i van tdc thay doi theo thoi gian V(t) =3t +2 (m/s). Tai thoi
diém t =2 (s) vat da di duwoc quang dwong 1a 10 (m). Hoi tai thoi diém t =30 (s) thi vat da di
duwoc quang dwong bao nhiéu?

Vi du 5: Mot vat dang chuyén dong véi van toe 10 (m/s) thi ting toc véi gia tdc a(t) =t +t (
m/s?). Hoi sau 10 (s) ké tir thoi diém ting t8c, vat da di chuyén dwoc quang duong bao
nhiéu?

Vi du 6: Mot vat dang chuyén dong véi van toc 10 (m/s) thi giam tSc véi gia tdc
a(t)=4—-t(m/s®). Tinh quang vat di duoc thi khi thay doi chuyén dong dén khi vat toc dat

gia tri 16n nhat?

Vi dy 7: Mot dam vi trung ngay tht t c6 s8 lwong la N (t). Biét rang N'(t)
dau ddm vi trung ¢6 250.000 con. Sau 10 ngay s6 luwgng vi trung la (1&y xap xi hang don vi).
Vi du 8 : Mot thung rueou 6 ban kinh cac ddy 1a 30cm, thiét dién vudng gdc véi truc va cach
déu hai d4y c6 ban kinh 1a 40cm, chiéu cao thung rwou 1a 1m (hinh vé). Biét rang mat phang
chtra truc va cat mat xung quanh thiing rweou la cdc duong parabol, hoi thé tich ctia thung
rugu (don vi lit) xap xi bao nhiéu?
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Im

Vi du 9: Mot Chi doan thanh nién di dw trai @ mot don vi ban, ho du dinh dung mot 1éu trai ¢
dang parabol (nhin ttr mat trudce, léu trai dwgc cang théng tlr triedce ra sau, mat sau trai cting la
parabol co kich thudc giong nhu mat trudc) véi kich thuwde: nén trai la mot hinh ch nhat c6
chiéu rong la 3 mét, chiéu sau la 6 mét, dinh ctia parabol cach mat dat1a 3 mét. Hay tinh thé

tich phan khong gian phia trong trai theo m®,

VAR

2m
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4. SO PHUC

a. Diém biéu dién s8 phitc

Vi dy 1: Cho s8 phtic z théa man : |z|= va diém A trong hinh vé 1a mot diém biéu dién s

SN

phtic z. Hoi diém bi€u dien s6 phitc W = — la diém nao
1Z
vk
Q
NN L A
I
3 -
N
»
A.biém Q B. Diéem M C.biém N D. biém P

Vi dy 2: S8 phtic z duwoc biéu dién boi diém M. Hoi s8 phtic 2z duoc bidu dién boi diém nao
trong cac diem N, P, Q, R.

M

. |

Pép s6: N

% 7 A2 « X 2. N A2 N « X A 7 1
Vi du 3: Cho s0 phtic z c6 |Z| =2 duoc biéu dién bdi diém M. Diém biéu dién s6 phic W ==
z

dwoc biéu dien boi diém nao trong cac diém A, B, C, D?
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M

c A

TN

bap so: B
Vi du 4: Cho s8 phtc z thay d6i, ludn c6 |z|=2. Khi d6 tap hop di€m bidu dién s phtc
w=(1-2i)z+3i la:
\ \ 2 2 N \ 2 2
A. Purong tron X +(y—3) 22\/5. B. Buong tron X +(y+3) =20.
\ \ 2 2 \ \ 2 2
C. Buong tron X +(y—3) =20. D. Duong tron (X—3) +y° = 2\/§.

Vi du 5: Cho s8 phttc z thoa man diéu kién |z| = 3. Biét rang tap hop tat ca cac diém biéu dién
s8 phttc W=3-2i+(2—i)z 1a mdt duong tron. Hay tinh bén kinh ctia dwong tron do.

A.32. B.3+/5. C.3/3. D.3\/7.

Vi du 6 : Trong mat phang phtic, Cho s8 phtic z thda man |z —3+4i|=2va w=2z+i-1 .Tap

hop biéu dién s& phttc w 1a dwong tron 6 tam I, ban kinh R. Tim toa d6 tam I va ban kinh R.
A. |(3;—4),R=2 B. I(5-7),R=4 C. |(4;—5),R=4 D.
I (7;—9), R=4

Vidu7: Cho s8 phttc z thoa man diéu kién |z —3+4i| < 2. Trong mt phang Oxy tap hop diém
biéu dién s8 phitc W=2z+1—i 1a hinh tron c6 dién tich:

A. S=9r. B. S=12r. C. S=16x. D. S=257.

) N R A1) B .
Vi dy 8: Cho théaman z € C théaman (2+i)|z|= T+1—2I . Biét tap hop cac diém biéu dién
cho s8 phttc W=(3—4i)z-1+2i 1a duong tron |, ban kinh R. Khi do.

A 1(-1-2),R=+f5. B. 1(L2),R=+/5. C. 1(-32),R=5. D.I(L-2),R=5.

b. Tong bac cao ctia s6 phirc
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Vi du 1: Goi Z,,2, 12 hai nghiém cta phwong trinh phiec 3z° —4z+3=0 véi z, c6 phan 4o am.

Tinh P = z2%".22%°

2017 2016 _

, x 2016
Huéng dan: P =2"".2" =(7,2,)

L =1

2017 2017
, T .

Vi du 2: Goi 7,7, 1a hai nghiém ctia phuong trinh phtc z2° —2z2+4=0.Tinh P=z Z,

Huéng dan: 7,2, =1++/3i =20 =2} =-8 . Vay P=8"?(z,+2,) =8722=2""
Vi dy 3: Tim phan phan o cta s§ phite sau: 1+(1+i)+(1+ i)2 +(1+ i)3 +o+ (14 i)200
A.-2°-1 B.2°-1 C.-2+1 D.2°+1

. 1+i) -1
Huéng dan: Dung cdng thirc tong n sd hang dau cta cap s6 nhan. S, =U, (—)
|

:(“i)iﬁ .Chuy: (L+i) =2i

Vi du 4: M6 dun ctia s8 phitc 2 =1+(1—i)+(1-i)" +(1=i) +...+(1-i)" bing:
A.|7=20 B.|z|=2"+1 C.lz7=1 D.|z]=2"-1

Hudng dan: Twong tw Vi du 3.

Vidu5: Tinh S =i+2i° +3i% +...+ 2017i%"

Huéng dan: C6 iS =i + 2i° +3i* +...+ 20161 +2017i**® =S —iS

2017 _q

a 20071 =i -2017.(-1) =2017+i . Vay
I_

=i +i2+iP 4. i 20178 =i

2017 +i
1—i

S =

c. GTLN - GTNN ctia mé dun s6 phitic

Vi dy 1: Cho s6 phtrc z théa méan:|z +i+1] = ‘E B Zi‘. Tim gia tri nho nhat cta ||

1
Déap s6: —
P \/E

Vi du 2: Cho s8 phtrc z thoa man:|z -3+ 4i| = 4. Tim gia tri nho nhét ctia ||
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Pép s6: 1
Vi dy 3: Cho hai s8 phtc 7, z, thoa man |z, +5| =5, |z, +1-3i| =|z, —3—6i|. Tim gid tri nho

nhat ctia |z, — 7,
Huwéng dan: Goi M, N biéu dién z,,2, ta co:

M thudc duong tron tam 1(—5;0) ban kinh R=5. N thudc dwong trung truc cia AB véi
A(-1;3) va B(3;6). Vay MN nho nhat bang d (I, AB)-R

5
D/ /\/: —
ap s6:
Vi dy 4: Xét s8 phitc Z # 0 thoa man z+/3z.z +1 =|z|(2+6iz) . Ménh dé nao sau day dtng?
&1<|z|<1. B.1<|z|<1. C.l<|z|<1. D.|z|<1.
4 3 3 2 2 4

Huéng dan: Co lap z dé'ldy dwoc md dun 2 vé&. Tl d6 tinh duoc |z .

Vi du 5 Cho s6 phtic z thoa man |Z -3- 4i| = \/g .Goi M va m lan luot la gia trin 16n nhat va gia

tri nho nhat cua béu thie P =|z+ 2|2 —|z- i|2 .Tinh modun ctia s6 phttc W=M +mi

A. |w|=2+314 B. |w| =2+/309 C. |w|=+1258 D. |w|=3y137
Huéng dan: Bidu thic P = |Z + 2|2 - |Z — i|2 <> ax+by+c—P =0 (d). Puong thang (d) c6 diém
chung véi duong tron |z —3—4i| = V5 <d(l,d)<R ©m<P<M

Vi du 6: Trong cac s6 phtic z thdéa man ‘Z +(2+ 4i)‘ =2, goi Z; va Z, la s0 phttc c6 modun 16n
nhat va nho nhat. Téng phan 4o ctia z, va z, bang:

A. 8i. B. 4. C. 8. D.8.

Vi du 7: Cho sO phtic z thoa man diéu kién |Z —1| =vJ2. Tim gia tri 1on nhat cua

T =|z+i[+]z—2-i].

A. maxT =82. B. maxT =4. C. maxT =44/2. D. maxT =8.
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Huéng dan: GoiIla tim duong tron |z -1 = V2 . Biéu thite T hidu dudi dang T = MA+ MB thi
MA? + MB?  AB?
2 4
= MA? + MB? =k >0 (khong d8i). Ap dung bat déng thirc Bunhiakovski
(MA+MB)’ <2(MA® + MB?) tim dugc gia trj 16n nhat ciia T = MA+ MB

I1a trung diém ctia AB. Theo cong thtic trung tuyén: MI? =

Vi dy 8: Cho s3 phtic z thoa man |z|<1. Dt A= Z_Ileenh dé nao dwdi day dung?
A. |A<L B. |A<1. C. |A>1. D. |A>1.

Huéng dan: Rat z theo A duoc z = gA—;]'
— Al

=>|2A+1]<|2- Ai| 12 phuong trinh hinh tron. Bai toan tré thanh bai toan tim GTLN, GTNN

:>|2A+1|S|2—Ai| .Goi A= X+ Vi ta duoc:

caa T = |A| véi diém biéu dién A nam trong hinh tron.

Vi du 9: Cho s6 phuc z, tim gid tri lon nhat cua |Z| biet rang z thoa man diéu kién

‘ﬂz+l‘:l

3-2i
A.3. B.2. C.1. D. V2.
Vi du 10: Cho hai s8 phtic z,, Z, thoa man |z, +4-3i[=2 va |z, + 2-3i| =]z, -1+ 2i|. Tim
GTNN cta P =|z, - z,|
Huéng dan: Tuong tw vi du 3.

bap so: @— 2

Vi du 11: Biét rang s phtkc z thoa man U = (2 +3— i)(z+1+3i) 1a mot 6 thue. Tim gia tri nho
nhat cua lzl.
Huéng dan: Goi Z =X+ Yi thay vao U. Cho phan ao ctia U bang 0 ta dwoc (X, y) thoa man

phuong trinh dwong thang. Gid tri nho nhat ctia |z| 1a khoang cach tit O dén duong thang dé.

Dép s6: 24/2
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4
Z+—
z

Vi du 12: Cho s6 phtrc z thoa man =2.Goi M va m lan luot la gia tri 16n nhat va nho

nhét cua | z|. Tinh M +m?

A. 24/5. B. 2. C. /5. D. 13.

Huéng dan: Ap dung bat dang thuic: H21| - |22” <|z,+2,|. Dau “=” xay ra khi z, =kz, véi k <0.

4 |z|2 —2|z]-4<0
Z+—

=2 :>—2£|z|—i<2 =
z

Ta co: |Z|—i < < , . Giai hé bat phuong trinh
i u 2| +2|z|+4>0

nay duoc -1+ J5 < |z| <1+ V5. Do bt dang thiic danh gia 1 lan nén dam bao d&u bang xay
ra. Vay M +m=2\/§.

J A - A 2 ~ \ 1 1 l - A
Vi du 13: Cho 3 s6 phtc Z;,2,,Z, phan biét thoa man |z, |< z,|= z,|=3 va —+—=—. Biét

1 ZZ 23

2,,2,,Z, 1an luot dwgc bidu dién boi cac di€ém A, B,C trén mat phang phtic. Tinh géc ACB?

A. 60° B. 90° C. 150° D. 120°.

Hudng dan: Goi A, B, C Ian luot 1a cac diém biéu dién z,2,,Z, thi AB,C nam trong duong
- —y 5 — 1 1 1z oz, 1,
tron tam O ban kinh 3 (khong quan trong ban kinh). Tt —+ —=— = —5 + —%5 =—

4 %, Iz [z [z

= Z_1 + Z_2 = 2_3, hay OA'+0OB'=0C" (v6i A’, B, C’ la diém d&i xtiing cua A, B, C qua Ox).

Cé A’, B, C’ cung thudc duong tron O ma OA'+OB'=0C' nén OA’C’B’ la hinh binh hanh va
do d6 1a hinh thoi. Ma duong chéo OC’ bang canh hinh thoi nén day 1a hinh thoi dac biét véi
A'C'B'=120° . Vay ACB=120°

Vi du 14: Cho s8 phtic z thoa man diéu kién |z +1- 2i|+|z -1+ 2i|=6. Tim GTLN, GTNN cua
P=|z|

7 x / - - N Z +Z
Huéng dan: Tacd z,=0; z;, =-1+2i; z,=1-2i.Nén z,=1—2% .

Tinh a=6/2=3; 2C:|Zl—22|:2\/§ = c=-/5 . Vay céngay b=+a?—b* =2.

Vay maxP =3 va minP =2
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Vi du 15: Cho sd phttc  thoa méan diéu kién |Z + 2| + |Z - 2| =6. Tim GTLN, GTNN cuta
=|z-1+i|

bap s6: Pang cho bam may...

Huéng dan: |2+ 2|+|2 —2| =6 la phuong trinh Elip dang chinh tdc véi a=3, c=2 =b= J5

2 2

Vay phuong trinh chinh tac cta Elip la: XE + y? =l=>y= +—\/9 X

C6 P2 =(x-1)" +(y+1)" =(x-1) [—F +1) (9

Bam TABLE trén may Casio trén doan [—3; 2] cho ca hai ham f, (X) tim dwgc GTLN, GTNN
ctia P?.

Vi du 16: Cho sO phttc z thoa man diéu kién |(1+ Nz+1- 2i| +|(1+ Nz-1+ 2i| =25 . Tim
GTLN, GTNN cua P =|z|

J10

Dép s6: minP =0 va maXP:OFl:T

X \ ’, ;. 1 .
Hudng dan: Diéu kién gia thiét twong dwong vdi |z — 5 gl

z+2+—|‘ J10 = a \/2_0

10 7
Tuong tw Vi du 14 tinh duoc € = g . Vay day khong phai Elip ma la doan thang FF,. Ma O

, . 10
lai la trung diém caa FF,. Vay minP =0 va maxP =O0F, = g
Vi du 17: Cho 2 s6 phuc z;, Z, thoa man |21| = |22| va |Z1 - ZZ| = |Zz| . Tinh gia tri
2 2
P= i + i
Z2 Zl

Dép s6: 1
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Ve x \ . A2 7 7 A7 A Z A A ~ . A, 20 (N \ A
Hudng dan: Vi biéu thite P chiva an phu 1a z == nén khong nhat thiét phai tim ting so 7,,7,

Z2
A A \ \ 2 A \ Zl
(thuc té khong tim dugc) ma chi can tim — .
ZZ
, 7 7 _ X +y*=1
T gia thiét ta co: |2 =1 va |- -1=1.Goi z=-L=x+Yi, tacdhé: :
Z, Z, Z, X — 1) +y’ =

R4t dé gidi dugc hé phuong trinh nay, ta dwgc z =

o] o8 -

1£i
S

2

2 2 2

Vi dy 18: Trong cac cdp s8 phtic z;, Z, thoa man |z, — (2+3i)z,| =|z,|. Tim s8 thuc k > 0 16n
nhat sao cho |z,|=k|z,|.

bap so: J13+1

7 x v Z \ . 7 7. H N .7 « 17 A, 2
Hudng dan: Dat z =—. Bai todn twong duong véi |Z -2- 3I| =1. Tim gia tri I6n nhat cta
Z

P =|z|. D& dang giai duoc gia tri 16n nhat bang Ol + R = J13+1, véilla tam dwong tron
|z-2-3i|=1.

Vi du 19: Cho s8 phttc z thoa man diéu kién3|z + 2|+ 4|z —2|=10. Tim GTNN cua ||
DPép s6: 1

Huéng dan:

Bai toan tré thanh 3MA+4MB =10, tim GTLN, GTNN cua OM . Trong d6, A(-2;0), B(2;0)
va O la g6c toa do. Thdy rang O la trung diém ctia AB.

2 2 2
MA ;MB — AE .Ap dung BDT

bunhiakovski, ta cé: 100 = (3MA+4MB)’ <(3”+4°)(MA® + MB®) =25(MA’ + MB?) . Vay

Ap dung cong thirc dudng trung tuyén ta cé: OM? =

MA? + MB? > 4. Thay vao cong thtic trung tuyén dugc OM? >2-1=1. Vay OM >1. Do danh

£__1

gia BDT mot lan nén dam bao ddu “=” xay ra. Vay GTNN cua |z| bang 1.
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Vi dy 20: Cho s& phitc ~ thoa man diéu kién 3|z +i|+ 4|z —i|=10. Tim GTNN cta |z|
bap so: 1

Huéng dan: Tuong tw vi du 19.
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5. KHOI PA DIEN
a. Thé tich:

Vi dy 1: Cho hinh chép S.ABCDEF c6 ABCDEF 1a hinh luc gidc déu tam O va c6 thé'tich V.
Goi M laftrung diém ctia canh SD. Mat phang (AMF) cat cac canh SB, SC, SE Ian luot tai
H, K, N . Tinh thé tich ctia hinh chép S.AHKMNF theo V .

1 1 13 14

A =V B. =V C. =V D. =V
3 9 36 27

Vi du 2: Thé tich ctia khdi da dién tao boi hinh sau la:

14 om .
4 om
15an _ A 1
e
7on
i
6 on
A. 328cm’. B. 456cm°. C. 584cm°. D. 712cm®.

Vi du 3: Cho hinh chop S.ABCD co ABCD Ia hinh thoi tam O,
AB =a./5, AC =4a,50 = 2+/2a. Goi M la trung diém SC . Biét SO vudng goc voi mat phang
(ABCD), tinh thé tich khéi chop M.OBC .

3
A. 24/2a°. B. \/2a°. C. \/éa . D. 4a°.

Vi du 4: Cho hinh ldng tru ABC.A'B'C'va M la'trung diém cua CC'. Goi khdi da dién (H)
la' phan con lai cua khoi lang tru ABC.A'B'C" sau khi cdt bo di khoi chop M.ABC . Ty s6 thé
tich cua (H)va'khdi chop M.ABC la

A.l. B. 6. C.E. D. 5.
6 5

b. Ty s6 thé tich
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Vi du 1: Cho hinh chép S.ABCDvéi SA L AB, SB L SC, SC L SA, SA=SB =SC =a. Goi
B', C' Ian luot la hinh chiéu vudng goc ctia S trén AB va AC. Thé tich cua khdi chép
S.AB'C' 1a:
A la &iaS c La D La

6 24 12 48
Vi du 2: Cho khéi chép S.ABC. Trén 3 canh SA,SB,SC Ian luot 14y 3 diém A,B’,C sao cho

SA = % SA;SB = %SB; SC = %SC . Goi V va V Tan luot 1a thé tich ctia cac khéi chop S.ABC va

S.ABC'. Khi d6 ty s& % la:

A 12 B. 1 C.24 D. £l
12 24

Vi du 3: Cho khéi lang tru déu ABC.A'B'C’ va M la trung diém ctia canh AB. M3t phang
(B'C'M) chia khoi ling tru thanh hai phan. Tinh ty s& thé tich ctua hai phan d6:
Al B. L cl D3

5 4 8
Vi du 4: Cho hinh chép t gide S.ABCD c6 ddy ABCD 14 hinh binh hanh, c6 thé tich bangV .
Goi | 1a trong tam tam giac SBD. Mot mat phang chita Al va song song véi BD cat cac canh
SB,SC,SD Tan luot tai B',C’,D'". Khi &6 thé tich khdi chép S.AB'C'D’ béng;:
AL B. Y. c L. D. ¥,

18 9 27 3
Vi du 5: Cho khéi chop t giac déu S.ABCD. Mit phang chtta AB di qua diém C’ nam trén

!

SC chia khdi chép thanh hai phan cé thé tich bang nhau. Tinh ti s& SSCC:I :

B. —. C. —. D. —.
2 3 2 5

Vi dy 6: Cho khéi lang tru déu ABC.ABC' va M la trung diém ctia canh AB . M3t phing
(BC'M) chia khdi lang tru thanh hai phan. Tinh ty s6 thé tich ctia hai phan dé:
Al B.2 ct D. 3

5 4 8
Vi du 7: Cho hinh chép déu S.ABCD c6 d6 dai canh day bang a. Goi G 1a trong tam tam giac
SAC . Mit phang chita AB va di qua G cat cac canh SC,SD Ian lwot tai M va N . Biét mat

iﬁ—l_ 2 1 4

bén ctia hinh chép tao véi day mot gée bang 60°. Thé tich khai chép S.ABMN béng:
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3 3 3 3
A.a\/§. B.Ba\/§. C'a\/§l Qa\@.
8 16 4 16

Vi du 8: Cho khdi lang tru tam giac ABC.A'B'C'. Goi M, N Ian luot thudc cac canh bén AA’,
CC’ sao cho MA=MA' va NC =4NC’. Goi G la trong tdm tam gidc ABC. Trong bdn khdi ti
dién GA'B'C’, BB'MN, ABB'C’ va A'BCN, khoi tit dién nao co thé tich nho nhat?

A.Khoi A'BCN B. Khoi GA'B'C’
C. Khoi ABB'C D. Khoi BB'MN

Vi du 9: Cho khéi lang tru ABC.A'B'C'. Goi M, N 1an luot la trung di€m cua hai canh AA’ va
BB'. Mt phing (C'MN ) chia khdi ling tru da cho thanh hai phan. Goj V; la'thé tich khoi

C"MNB'A’" va V,la thé tich khi ABC.MNC'. Khi do'ty' s& \% bang:
2
NI et 0.2
3 2 2
Vi dy 10: Cho hinh chép t& giac déu S.ABCD. Goi M la diém d6i xing v6i C quaD; N la
trung diém ctia SC, mit phang (BMN ) chia khéi chép S.ABCD thanh hai phan. Tinh ti s thé
tich gitta hai phan do.
9

A — B.
)

o1]| 0

c ! p. !
6 5
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6. KHOI TRON XOAY
a. Thé tich 1 phan khdi tron xoay

Vi du 1: Nguoi ta xép 7 vién bi c6 cung ban kinh I' vao mot céi 1o hinh tru sao cho tat ca cac
vién bi déu tiép xtc véi ddy, vién bi ndm chinh giita ti€p xtic véi 6 vién bi xung quanh va mdi
vién bi xung quanh déu tiép xtc véi cac duong sinh cua lo hinh tru. Khi d6 dién tich ddy cta
cai lo hinh tru la:

A. 16712 B. 187r? C. 97r? D. 367r?

Vi dy 2: Ttr tdm ton hinh cht nhat canh 90cm x 180cm nguoi ta lam cac thung dung nudc
hinh tru c6 chiéu cao bang 80cm theo 2 cach (Xem hinh minh hoa duwéi)

Céch 1. Go tam ton ban dau thanh mét xung quanh cta thung

Céch 2. Cat tdm ton ban dau thanh 3 tdm bang nhau va go cic tim d6 thanh mit xung quanh
cua thung.
Ky hiéu V, la thé tich ctia thung go dugc theo cach thit nhat va V, la tong thé tich cua ba thung

.V
g0 duoc theo cach thit 2. Tinh ti s6 -+
2
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A.3 B.

Wl

C. 1 D. 12
2

Vi du 3: Mot hinh tru tron xoay ¢é dién tich toan phan la S1, dién tich day 1a S. C4t d6i hinh
tru nay bang 1 mat phang vudng géc va di qua trung diém cta dwong sinh, ta dwoc 2 hinh tru

nho c6 dién tich toan phan la S2. Khang dinh nao sau day dung?

1 1
A822581+S' B. SZZES]_.
1
C.S,=2S,. D. 8, =2(5,+8).

Vi du 4: Cho hinh chép S.ABCD c6 day la hinh thang vuong tai A va B, AB=BC =a,
AD=2a, SA L (ABCD) va SA=a+/2. Goi E la trung diém cta AD. Ké EK L SD tai K. Ban
kinh mat cau di qua sau diém S, A, B, C, E, K béng:

1 NG N

A. —-a B.a C.—a D. —a
2 2 2

Vi du 5: Mot hinh hop chi nhat kich thuwde 6x6xh chita mot khoi cau 16n ¢ ban kinh béng 3
\ As A 2 e ’ M 3 .« A/ M 7 A A AN oA ’ N e A i 7.
va 8 khdi cau nhoé ban kinh bang > Biét rang cac khoi cau déu tiép xtc nhau va tiép xtc voi

cac mat ctia hinh hop (nhu hinh vé). Thé tich cua hinh hop la:

A. 64+324/7. B. 108+364/7. C. 108+108/7. D. 32+ 324/7.

Vi du 6: hinh vudng c6 cting canh bang 5 duoc xép chong 1én nhau sao cho dinh X ctia mot
hinh vudng la tdm ctia hinh vuéng con lai (nhw hinh vé€). Tinh thé tich V cta vat thé tron xoay
khi quay mo6 hinh trén xung quanh truc XY .
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¥
125(1+ JE);: 125(5+2J§)7z
AV = ; . B.V = > .
125(5+4J§)7z 125(2+J§)7z
CV= . D.V = .
24 4

Vi du 7: Nguoi ta bo 3 qua bong ban cung kich thuwdce vao trong mot chiéc hop hinh tru c6 day
béng hinh tron 16n ctia qua béng ban va chiéu cao bang 3 Tan duong kinh ctia qua béng ban.
Goi S, la tong dién tich ctia 3 qua béng ban, S, 1a dién tich xung quanh ctia hinh tru. Ti s&

S, /S, bang:

A. 1. B. 2. C.E. D.E.
2 5
Vi du 8: Cho khoi ndn dinh O, chiéu cao 1a h. Mot khoi nén khéc ¢ 0

dinhla tam | ctia ddy va day 1la mot thiét dién song song véi day
ctia hinh nén da cho. Dé thé tich ctia khoi nén dinh | 16n nhat thi

L -
2 3
c 2h E]
3 3
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Vi du 9: Cho hinh chép S.ABC c6 day 1a tam giac ABC vudng can tai B, AB=a, biét SA=2a va
SALABC), goi H va K Ian luot la hinh chiéu cta A trén cac canh SB va SC. Xac dinh tam I va
tinh ban kinh R cua mét cau qua cac diém A, B, C, H, K.

y . o av2
A.Ila trung diém cua AC, R:a\/f . B.Ila trung diém caa AC, R= T )

., . o a
C.Ilatrung diém cta AB, R=a. D.Ila trung diém ctia AB, R = >

b. GTLN — GTNN ctia thé tich

A A e - A (v A 7 7 a 7 .
Vi du 1: Cho hinh nén c6 ban kinh X, chiéu cao Yy ndi ti€p mat cau ban kinh R = E . Xac dinh

X,y sao cho khdi nén co thé tich 16n nhat? (Xem hinh vé bén)

A_ Xzzaﬁ’y:@
3 3

cx-d2  _2a
3 3

Vi du 2: Mot khtic gd ¢6 dang hinh lang tru diing véi day 1a hinh thang can, day nho bang a,
day 16n bang 4a, canh bén bang 5761 ; ¢6 chiéu cao bing 2a+/3. Ngudi ta ché tac khiic gb d6

thanh mot khuc gd c6 dang hinh tru (hinh vé dudi day). Thé tich V 16n nhat cua khic gé sau

khi duoc ché tac la bao nhiéu?
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43

T
. < |

_ 47ra3\/§ BV = 27za3\/§

AV T 3 C.V =47a%\3. D.V =27a%/3.

Vi dy 3: Cho mot hinh lang tru ding cé day 1a tam giac déu .Thé tich ctia hinh lang trula V.

Dé€ dién tich toan phéan cua hinh lang tru nho nhat thi canh ddy cta lang tru la:

A v B. v c. v D. Y6V

Vi du 4: Mot hanh lang gitra hai nha c6 hinh dang ciia mét lang tru ding. Hai mat bén ABA'B'
va ACA'C' la hai tam kinh hinh ch@ nhat dai 20 m, rong5m. Goi x(m) la d6 dai ctia canh
BC . Hinh lang tru c6 thé tich 16n nhat bang bao nhiéu ?

A. Thé tich 16n nhat V = 250(m®) B. Thé tich 16n nhat V = 5¢/2(m°)

C. Thé tich 1én nhat V =50(m?) D. Thé tich 16n nhat V = 2500(m*)
Vi du 5: Mot xi nghiép ché bién thuc phdm mudén san xuat nhuihg loai hop hinh tru c6 thé tich
V cho truoc d€ dung thit bo. Goi X,h (X >0,h > 0) 1an lwot la' dd dai ban kinh day va'chiéu cao

cua hinh tru. D€ san xuat hop hinh tru ton it vat liéu nhat thi gia tri cua tong X+ h la:

A 3L B oL c. 25 D. 3.
27 27 27 27

Vi du 6: Khi san xudt vé hop stra bo hinh tru, cac nha thiét k& ludén dat muc tiéu sao cho chi phi
nguyén liéu lam vo hop la it nhat, ttc 1a dién tich toan phan cua hinh tru nho nhat. Mudn thé
tich khéi tru d6 bang V va dién tich toan phan hinh wu nho nhat thi ban kinh day bang:

N srfl. el oaofL
27 s 27 T

Vi du 7: Trong cac hinh ch@ nhat ¢ cung chu vi va c6 chiéu rong la 4, chiéu dai 1a b, nguoi ta
gap lai dé€ tao thanh mot hinh tru cé chiéu cao béng a. Khoi tru duoc tao thanh cé thé tich 16n
nhat khi:
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A. b=a3 B.b=a C.b=a5 D.b=2a

Vi du 8: Trong cac hinh tru co thé tich V khong d6i, ngwoi ta tim dwoc hinh tru co dién tich
toan phan nho nhat. Hdy so sanh chiéu cao h vaban kinh day cua hinh tru nay.

A.h:% B. h=Ry2 C.h = 2R D.h =R

Vi du 9: MOt miéng ton hinh ch nhat ¢ chiéu dai 98cm, chiéu rong 30cm dwoc udn lai
thanh mit xung quanh ctia mot thing dung nuede. Biét rang chd mdi ghép mat 2cm. Hoi thuing

dung t6i da dugc bao nhiéu lit nwdc?
A.22 lit B.20 lit C.25 it D. 30 lit.

Vi dy 10: Nguoi ta mudn xay dung mot bon 1

chita nuéc dang khoi hop chit nhat trong H
mdt phong tam. Biét chiéu dai, chiéu rong, E |74

chiéu cao cta khoi hop d6 lan luwgt 1a 5m, Im

, 2m(nhu hinh vé). Biét mdi vién gach c6

chiéu dai 20cm, chiéu rong 10cm, chiéu cao

[ g
.

5cm. Hoi nguoi ta can st dung it nhat bao Ve f
nhiéu vién gach d€ xay hai bitc twong phia P

bén ngoai ctia bon. Bon chira dugce bao nhiéu

wn

lit nuedc? (Gia st lwong xi mang va cat khong
dang ké)
A. 1180 vién; 8800 lit  B. 1182 vién; 8820 lit
C. 1180 vién; 8820 lit ~ D. 1182 vién; 8800 lit

Vi du 11: Nguoi tho can lam mot cai b€ ca hai ngan, khong

c6 ndp 6 phia trén véi thé tich 1,296 m®. Nguoi tho nay

cat cac tdim kinh ghép lai mot bé ca dang hinh hop chir

nhat véi 3 kich thudce a, b, ¢ nhu hinh vé. Hoi nguoi tho

phai thiét ké cac kich thudc a, b, ¢ bang bao nhiéu dé€ d&

ton kinh nhat, gia st d¢ day cua kinh khong dang ké.
A.a=36mb=0,6m,c=0,6m.

B.a=2,4m,b=0,9m,c=06m. b a
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C.a=18m,b=1,2m,c=0,6m.
D.a=12mb=12m,c=0,9m.

Vi du 12: Mt so day kim loai dai 60 cm dugc cit ra thanh 2 doan. Poan day tht nhat c6 do
dai X duoc udn thanh mot hinh vuéng. Poan day con lai duoc uén thanh mot vong tron. D€

tong dién tich ctia hinh vuéng va hinh tron nhé nhat thi gia tri X xap xi bao nhiéu centimet?

A. 28,2 B. 33,6 C. 30 D. 36

Vi du 13: Cho hinh lang tru tam giac ABC.A'B'C' Mot duong thang di qua trung diém I ctia
AB va song song voi BC cat AC tai J. Mt phang ( A'lJ) chia khéi lang tru thanh 2 khéi. Tinh ti
s0 thé tich gitra 2 khoi d6 (s6 bé chia cho s6 16n).
A B+ c: D. 2

11 6 3 4
Vi dy 14: Cho mdt hinh lang tru ding c6 day la tam giac déu .Thé tich cua hinh lang trula'V.
Dé dién tich toan phéan cua hinh lang tru nho nhét thi canh ddy cta lang tru la:

A. 3av B. 3NV C. v D. 36V

Vi du 15: Phai xay dung mot hé ga, dang hinh
A ~ A 7 A? L7 3 v A e~

hop chit nhat co theé tich 3(m ) Ti s0 gitra h- chiéu ca0

X - chicf:u dai

h Yy - chi€u rong

|

|

:

|

chiéu cao ctia hd (h) va chidu rong ctia ddy i
|

(y) bdng4 . Biét rang hd ga chi c6 cac mit :
|

|

bén va mdt day (tiec khong cé mat trén). Y ataininie L/

Chiéu dai cua day (X) gan nhat voi gia tri e

nao ¢ dudi dé nguoi tho ton it nguyén vat

liéu dé€ xay ho ga.

Al B.1,5 C.2 D.3
Vi dy 16: Cho mit cau tam O, ban kinh R. Xét mit phang (P) thay di cat mat cau theo giao
tuyén 1a duong tron (C). Hinhnén (N) c6 dinh S ndm trén mat cau, c6 ddy la duong tron
(C) va cé chitu cao h(h>R). Tinh h d& thé tich khdi nén duoc tao nén boi (N) co gid tri lon
nhét.
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A. h=+/3R. B. h=+/2R. gh=§. D.h:37R.
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7. TOA PO OXYZ
a. GTLN- GTNN khoang cich

Vi du 1: Trong khong gian v6i hé truc toa dd Oxyz, cho hai diém A(L;2;2); B(5,4,4) va mat
phang (P):2x+Yy—2z+6=0. Toa d6 diém M nam trén (P) sao cho MA’ + MB? nho nhat la:

A. M(3;3;3) B. M(2;1,9) C.M(-115) D. M(L-17)

Vi du 2: Trong khong gian v6i hé truc toa d6Oxyz , cho hai diém A(l; 2: 2), B(5; 4 4) va mat
phing(P): 2x +y — zZ + 6 =0 .Toa d6 diém M ndm trén (P) sao cho MA* + MB? nho
nhat la:

A. M(-115) B. M (0;0;6) C. M(LL9) D. M (0;-5;1)

Vi du 3: Trong khong gian vdi hé truc toa &6 Oxyz, cho A(LL1),B(0;12),C(-2,0;1),
(P):X—y+2z+1=0.Tim diém N € (P)sao cho S = 2NA* + NB? + NC? dat gia tri nhé nhat.
A. N(—léﬁj. B. N(3;5;1). C. N(-2,0;0). D. N(%;—%;—Zj.

Vi du 4: Trong khong gian v6i hé truc toa dd Oxyz, cho (P):2x-y+2z-14=0,

(S): x> +y* +2*—2Xx+4y+2z—-3=0. Tim toa d6 diém M & (S)sao cho khoang cach tir M
dén mit phang (P)la 16n nhat.

A. M(0;0;2) B. M(-1-1-3). C. M(3-31. D. M(1,0;2).

Vi du5: Cho duong thing A XTH = % = Z—+11 va hai diém A(L;2,-1), B(3-L-5). Goi d la
duong thang di qua diém A va cat dwong thang A sao cho khoang cach tir B d@én duong thang

d la 16n nhat. Phuong trinh cua d la:

2 2 -1 -1 3 4
c X1 _y-2 z+1 p X*t2_y_z-1
1 2 -1 3 1 -1

Vi du 6: Trong khong gian v6i hé toa dd Oxyz, cho mit phang (P):Xx—2y+2z-3=0 va mit
cau (S):X° +y? +2°+2x—-4y—-2z+5=0. Giasat M €(P) va N €(S) sao cho MN cung
phuong véi vecto 6(1;0;1) va khoang cach gita M va N 16n nhat. Tinh MN.

A. MN =3, B. MN =1+2y2.  C. MN=3/2. D.MN =14.
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Vi du 7: Trong khong gian vdi hé toa do Oxyz, cho diém A(2;—11) . Viét phwong trinh mét
phang (P) di qua diém A va cach gdc toa d6 O mot khoang 16n nhat.

A. 2X—-y+z+6=0 B. 2Xx-y+z+6=0

C. 2x+y+z-6=0 D. 2x-y+z-6=0

Vi du 8: Trong khong gian voi hé toa do Oxyz, cho diém A(10; 2; -1) va duong théng dcod
phuong trinh: X—Z_l = % = Z—;l . Lap phuong trinh mat phang (P) di qua A, song song véi d va

khoang cach ttr d téi (P) 1a 16n nhat.
A. 7x—-y-5z2-77=0 B. 7Xx—y—-5z2+77=0
C. 7x+y-52-77=0 D. 7Xx+y—-5z+77=0

Vi du 9: Trong khong gian véi hé toa dd Oxyz, cho duong thang (d) c6 phuong trinh tham s8
{X =-2+1; y=-2t; 2=2+2t. Goi A la duwong thang qua diém A(4;0,-1) song song véi (d) va
1(-2;0;2) 1 hinh chiéu vuong goc ctia A trén (d). Viét phuong trinh ctia mit phang chita A va c6
khoang cach dén (d) 1a 16n nhat.

A. 2x-2-9=0 B. 2x—y—-9=0
C. 2x-2+9=0 D. 2x—y+9=0

Vi du 10: Trong khong gian véi hé toa dd Oxyz, cho duong thang d : XT_l = % _ L ; 2 va diém

A(2;5;3) . Viét phreong trinh mit phang (P) chita d sao cho khoang céch tir A dén (P) 1a 16n
nhat.

A. X+4y+2-3=0 B. x-4y+z-3=0
C. x—4y+z+3=0 D. x—-4y-z-3=0

Vi du 11: Trong khong gian toa d Oxyz, cho hai diém M(0;-12) va N(-11;3). Viét phwong
trinh m3t phang (P) di qua M, N sao cho khoang cach tir diém K (0;0;2) dén mit phang (P) la
16n nhat.

A. x—y®z+3=0 B. X+y®2z+3=0

C. X+y—-z+3=0 D. x+y9z-3=0
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Vi du 12: Trong khong gian véi hé toa dd Oxyz, viét phuong trinh mét phang (P) di qua diém
M (9;1;1), cat cac tia Ox, Oy, Oz tai A, B, C sao cho thé tich t& dién OABC c¢6 gia tri nho nhat.

A. §+X+£:1 B. —+=+—=1
7 3 3 2 3 3

c X, Y¥.Z.4 Xy z_
27 3 3 27 3 3

Vi du 13: Trong khong gian véi hé toa do6 Oxyz, viét phuong trinh mat phang (P) di qua diém
1
o+ +
OA> OB? OC?

M (L;2;3), cit cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thizc 6 gia tri nho

nhat.
A. (P):x+2y+3z+14=0 B. (P):x+2y+3z-14=0
C. (P):x+2y-3z-14=0 D. (P):x-2y+3z+14=0

Vi du 14: Trong khong gian véi hé toa do Oxyz, viét phueong trinh mat phang (P) di qua diém
M (2;5;3), cat cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thitc OA+OB +OC ¢6 gia tri nho
nhat

A. (P):

X y z
+ + =1
2+J6-+10 5++10+15 3++/6++/15

B. (P): X + y + z =1
= '2+\/€+\/1_0 5+\/1_0+\/1_5 3+\/€+\/1_5

C. (P): X + y + z =1
' '2+\/6+\/1_0 5—\/1_0+\/1_5 3+\/§+\/1_5
X y z
D. (P): + + =1
P 610 5ei0 15 3+ v6 5

b. GTLN-GTNN godc

Vi du 1: Trong khong gian v6i hé toa dd Oxyz, cho mit phang (Q): X+2y—2+5=0 va duong
X+1 y+1 z-3
: = -

mat phang (Q) mdt géc nhoé nhat.

thang d . Viét phuong trinh mat phang (P) chtta duwong thang d va tao véi
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A. y—-z+4=0 B. x—-z+4=0 C. y-z-4=0 D. x-z-4=0

Vi du 2: Trong khong gian v6i hé toa do Oxyz, cho hai diém M (=1,-1,3),N(L;0;4) va mat
phang (Q): X+ 2y —2z+5=0. Viét phwong trinh mat phang (P) di qua M, N va tao véi (Q) mot
goc nho nhat.

A. (P)ix—z+4=0 B. (P):y+z+4=0

C. (P):y-z-4=0 D. (P):y—z+4=0
x=1-t

Vi du 3: Trong khong gian véi hé toa d6 Oxyz, cho duong thang d ;1 y =-2+t. Viét phuong
z=2t

trinh mat phang (P) chita duong thang d va tao véi truc Oy mot géc 16n nhat.

A. X+5y—-2z-9=0 B. X+5y+2z2+9=0

C. Xx+5y-2z+9=0 D. x-5y—-2z2+9=0

. N A L : x=1_y+2_z .

Vi du 4: Trong khong gian v6i hé toa dd Oxyz, cho hai duong thang dl.T:T:—l va
X+2 y-1 7z \ 0o 1% : UV

d,: — T 13 Viét phuong trinh mét phang (P) chita d; sao cho goc gitta médt phang

(P) va duong thang d, 1a 16n nhat.
A. 7X-y+5z49=0 B. 7x-y—-52-9=0

C. 7x-y+5z+9=0 D. 7x-y+5z-9=0

Xx+1 y-2 z+1
1 -1
diém A(2;—10). Viét phuong trinh mat phang (P) qua A, song song véi d va tao véi mét

Vi du 5: Trong khong gian véi hé toa d6 Oxyz, cho duong thang d : va

phang (Oxy) mot gdc nhd nhat.
A. (P):x+y+2z+1=0 B. (P):x-y+2z-1=0
C. (P):x-y-2z-1=0 D. (P):x+y+2z-1=0

Vi du 6: Trong khong gian v6i hé toa d6 Oxyz, cho mit phang (Q): 2X— Yy +2+2=0 va diém
AL -1). Viét phuong trinh mat phang (P) di qua diém A, vudng gdc v6i mat phang (Q) va

tao véi truc Oy mot goc 16n nhat.

Trang 53



ThS. Luc Tri Tuyén — Béi duwdng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

A. (P):y+z=0 hoac (P):2x+5y+z-6=0
B. (P):y—z=0 hoac (P):2x+5y+z-6=0
C. (P):x+z=0hoac (P):2x+5y+6=0
D. (P):y+2z=0 hoac (P):2x+5y-z-6=0
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