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DANG 1: RUT GON BIEU THUC:
Budc 1 Dat diéu kién xac dinh cta biéu thirc:

L (a>0): Bicu kién xdc dinh 1 x20 x20
. a>0): Diéu kién xac dinh la o
Jx —a Jxza  |xza’
1 N
) (a>0): biéukiénlax >0
Jx +a

o Gap phép chia phan thtic thi d6i thanh phép nhan sé xuat hién thém mau méi nén dang
nay ta thuong lam budc dat diéu kién sau.
Budc 2 Phan tich mau thanh tich, quy dong mau chung.
Bugce 3 Gop twr, rat gon va két luan.

Vx| 20x  3x+9
Jx+3 Jx-3 x-9

Vi du 1: Rt gon biéu thiic A =

Loi giai
biéu kién: x >0,x #9
VX 2 3x49
Yx+3 Vx-3 (x-3)Ex+3)
_ x(x-3) N 2x(Wx+3)  3x49
T Wx=3)Wx+3) (x-3Wx+3) (x-3)(x +3)
Cx=3Wx#2x+6Vx —3x-9  3(/x-3) 3
k) (Wx-Wx+3) Vx+3

3
Vay A=
W Jx +3

Co A=

voi diéu kién x >0,x # 9

Vitl 2 9Vx-3
Jx=2 Jx+3 x+Jx-6

Vi du 2: Rat gon biéu thic A =




Loi giai
Co x+vx —6=x+3Vx —2vx =6 = Vx (Vx +3)=2(vx +3) = (Vx = 2)(x +3)
biéu kién: x>0,x # 4
xal 2 9dk -3
Jx-2 x+3 Wx-2)x +3)
_(xahex+3)  2(/x-2) 9x -3
T Wrk ) (r-2h 13 (x-2x13)
_x+4x+3+2Vx-4-9Vx+3  x-3Vx 42
(X —2)(x +3) T x-2Wx+3)
_ (x-Dex-2)  Vx-d
S (Wx-2)Wx+3) Vx+3

Cé A=

Vay: A= Jx-1 voi diéu kién x >0,x # 4
Jx+3
, , 2 1 1
Vi dy 3: Rat gon biéu thiecc P=1: X+ + Jx + -
X\/;—l x+\/;+1 \/;—1
Loi giai
Co P=1: X+2 + \/;-'_1 1
TWx-DE+vx+) x+vx+1 Jx-1

[ X 42 N x =Dx +1) x+/x +1 J
Wx—Dx+vx+1) (x-Dx+vx+1) x =Dx+vx+1)
x+2+x—1—x—x/;—1_1. x—~/x

Wx=Dx+vx+D)  x=Dx+Vx+1)
Wx=Dx+vx+1)  x+x+1

=1:

=1

.Diéukién x >0,x #1.

W=y U
Vay P:”f“ v6i ditu kién x> 0,x = 1.
X

Chti y: Cau nay c6 phép chia phan thitc nén doan cudi xuét hién thém /x & mau, do d6 ta lam
budc dat diéu kién sau.

Vi du 4: Rat gon biéu thic P = {

a+3va +2 HJ;M 1 1 J

Ga+ea-) a1 | \Ja+l +a-i
Loi giai
Cép{(\/hl)(x/hz)_ ata }( Va1 asl J
Wa+2)Wa-1) (a-DGa+D | ((a-Da+l) a-DEa+1)

__\/g+1_ a++/a } Va—1++a +1

| Va-1 (a-Da+D) | (a-DEa+1)

| Gary asda } 2\/a

| Wa-DWa+l) a-DEa+) | a-DEa+D
Ca+2Va+l-a—va (a-Da+1) Va+1

C (a-ha+h 28 2a




Piéu kién a>0,a =1

Ja+1

2/a
DANG 2: CHO GIA TRI CUA X.TINH GIA TRI CUA BIEU THUC

Vay P= vdi diéu kién a >0,a=1.

Budc 1 Dét diéu kién va chi ra gia tri da cho ctia x thoa man diéu kién.
Budc 2 Tinh ~/x r0i thay gid tri ctia x,v/x vao biéu thiec da rut gon.
Budc 3 Tinh két qua ctia biéu thitc bang cach truc hét can thitc & mau va két luan.

Vi du 1: Tinh gid tri ctia bidu thite P = *L kb
Vx -2
a)x =36 b)x =6-2/5
o)x = 2 d)X:&
2+4/3 2
e)X:L_Q\/__M f)x = 4 4
3-7 2-3 J3+2 3-2
32 3_1
g)x:% h)x —7v/x +10=0
Loi giai
Diéu kién x >0,x # 4
a)Céd x =36 thoa man diéu kién.
Khi d6 vx =6 thayvaoptaduocpz%z%

Vay P:% Khi x = 36.

b)Co x =6—2+/5 =(+/5-1)* thoa man diéu kién
Khi dé &:‘\6—1‘ —J5-1(dov5 > 1)

ThayvéoPtaduocP:Jg_1+1= Js :_5+3‘/§
J5-1-2 /5-3 4
Vay 1>=—5+j‘/g khi x=6-2+/5 .
c)Co x = 2 22-\3) —4_2‘5:(@ —1)* thoa man diéu kién.

213 2+V3Q2—B)  4-3
Khi d6 Vx =[3-1)=v3-1(dov3 > 1).

V3-1+1 3 1443

Thay vao P ta duoc P =

SBi-1-2 -3 2
Vaypz—”ﬁkhix: 2
2 2+4/3
2
d)Co x=2_\/§=4_2\/§= 31 thoa méan diéu kién
2 4 2
Khi dé x/;=|\/§2_1|= ﬁz_l(dm/g>l)




V3-1
o v B+1  4+33

Thay vao P, ta dugc P =

BN T
2
Vay P:—4+3\/§khix:ﬂ.
11 2
JB-a1 8(3+7) \/7(\/4—@)
) C6 X=—— — 27— - N
J— 2-+/3 (3—\/7)(3+\/7) 2-3
2189—‘_—67\/7—3\/7:9(Th6a man diéu kién) = Jx=3.
Thay vao P, ta duwgc: P = % =4.
Vay P=4 khi x=—° _ 27— V28— \/_.
3-7 2-3
4 3+2) _
f)Cé X = 4 4 = ( ) ( )— 16 =16 thoa man diéu kién.
V3+2 3-2  (V3+2)(V3-2) 3-4
Khi d6 X =4 thay vao P, ta duocP —4—;=g
5 4 4
Va P— khi X =
Y VT RBr2 B-2
g) Co X = \/_7+\/—1 3-1 3 E’ch(’)amém diéu kién.
18 18
1 S+
Khi dé \/;2—, thay vao P, ta duoc P = 3 ——.
3 i
3

4 \/_+\/_
18

Vay P =—= khi
ay 5

h) C6 x—7&+10=0@x—2&—5&+1ozo®(&—2)(&—5):0

ox=2J/x=5cx= 4 (loai), X = 25(thoa man).
Khi do \/;=5,thayvé10 P ta dwoc P:%:g:

Vay P =2 khi x théa man X—7\/;+10=O.

DANG 3: DUA VE GIAI PHUONG TRINH

Budc 1: Dat diéu kién dé biéu thire xac dinh.

Budc 2: Quy dong mau chung

Budc 3: B6 mau, giai x, doi chiéu diéu kién va két luan.




Dua vé phuong trinh tich

Vidu 1. Cho bigu thie P =~ X1 1 x ae P:%.

Jx

Loi giai
biéu kién: X>0.
13 x+/x+1 13 3(X+&+1) 13Vx
COP=—7——F—r—=—< =
3 JX 3 3JX 3Jx
& 3x+3VXx +3=13Xx & 3x 10X +3=0= 3x - 9/X —=/x +3=0

& 3Jx(Vx -3) - (Vx-3) =0 (Vx -3)(3Vx -1) =0
Jx=3 [x=9

N 1< 1 (théa man diéu kién).

= — X =
Vx 3 9

Vay x:9,x:i thi P:E.
9 3

Tim x @€ M = ﬂ

3
Ix=2° 8

Vi dy 2. Cho biéu thiec M =

Loi gii
biéu kién: Xx>0,X % 4.

Jx 3 Jx 24 _\/;(\/;—2)

"8 T x-2 8 Qs(\/}-z)_ 8(&—2)

@24=x—2&@x—2&+1=25@(&—1)2:25

Cé M

o Ix-1=15x =4 (loai), Jx=6<x=36 (thoa man diéu kién).

Jx




Phuong trinh c6 chira tri tuyét d6i

| f (X)| =a(véi a>0va alaso cu thé) thi giai ludn hai treong hop | f (X)| =ta.
| f ()| =9(x) (véi g(X)la mot biéu thize chira X):

Cdch 1: Xét 2 truong hop dé€ pha tri tuyét doi:

Triwong hop 1: Xét f (X) > 0thi | f (X)| = f (X)nén ta dwoc f(x) = g(x).
Giai va d6i chiéu diéu kién f(x) > 0.

Truwong hop 2: Xét £ (x) <Othi | f (X)| = —f (X)nén ta dwoc —f (x) = g(x).
Giai va ddi chiéu diéu kién f(Xx) <0.

Cich 2: Dat diéu kién ¢(X) = 0va giai hai treong hop f(X) =£g(X).

Ix+2 . 1

Vidu 1. Cho 2 biéu thitc A=————va B=———_Tim x d¢€ A=B. |X 4|

Jx -5 Jx-5

Loi gii
biéu kién: X >0, X # 25.

Cé A:B.|x—4|<:>\/;+2: [x-4 <:>|x—4|:x/§+2.

Jx-5 x5
Cdch 1: Ta xét hai treong hop:
Trieong hop 1: Xét X—4>0 < X >4 thi |X—4|=X—4nén ta duoc:

x—4:&+2©x—&—es:o@(&—s)(&m):o@x:9(thcsaman).
Trieong hop 2: Xét X—4 <0< X <4 thi [X—4| ==X+ 4nén ta duoc:
—X+4:\/;+2<:>X+\/;—2=O<:>(\/;—l)(\/;+2)=0<:>X=1(théamén).

Cdch 2: Vi \/;+2>0Véimoi XZO,X¢25nén|X—4|:\/;+2.

{x 4=x+2 { ~Jx-6= 0 (\/;_3)(\/;+2) 0<:>|:X:9(théamén)
x—4=—/x-2 |x+/x-2= 0 (\/;_1)(\/;+2):0 x=1 '

Céchs.-Nhanxét|x—4|:‘(\/§—2)(\/§+2)‘=‘\/§—2‘(\/§+2)
nén [x -4 =x +2.& [Vx =2 (Vx+2) =x+ 2 [Vx -2 =

X=3 X=9
odx-2=tl |:\/_ S { (thdéa man).

Ix =1 x=1

Vay X =9,x=1thi A=B.|x—4].

Vi du 2. Cho 2 biéu thirc A——Va B =

1
Jx -1 JIx -1

_Tim x d& A= B.‘\/}—3‘

Loi giai
Piéu kién: x>0,x =1.




T & x-3=[x-3

Ix-1 JIx-1 |

Cdch 1: Ta xét 2 truong hop:

Trwong hop 1: Xét Jx=320e/x 23 x>9thi |\/;—3|:\/§—3néntaduoc
Vx-3=x-3& x—=Vx =0 Vx(Vx-1)= 0 x=0,x=1(loai).

Treomg hop 2: Xét X —3<0 < y/x <3< x<9thi ‘&—3‘}\/%3

nén ta dwoc Jx-3=-x+3 x+\/§—6:0<:><\/;—2)(\/§+3):0

Co A= B.\&—s‘@

©&=2©X=4(th(’)amén).
Vay x=4thi A=BNXx-3.
Cdch 2: Diéu kién: x—3>0 < x> 3.Khi d6 |&—3|=x—3

{\/;—3:x—3 [ x—/x =0 \/;(*/;_1)20 {X:O,x:l
= = 2= 2=
Jx-3=-x+3 | x+/x-6=0 (&_z)(&+3)=o x=4
Két hop cac diéu kién duoc x=4.
Dua vé binh phuong dang m? +n? =0 (hodc m?++/n =0)
Buoc 1 Dat diéu kién d€ biéu thitc xac dinh va dwa phuong trinh vé dang
m?+n2=0 (hodic m?++/n=0)
Budc 2: Lap luan m? >0,n° >0 (hodc Jn>0 ) nén
m?+n2>0 (hosc m*++/n=>0).
Budc 3: Khing dinh m? +n? =0 (hodc m? ++/n =0) chi xay ra khi dong thoi
m=0
{n:O

Budc 4: Giai ra x, doi chiéu diéu kién va két luan.

\/;+1 i
Vi du 1. Cho biéu thtc P:u.Tim x d& PA/x = 6:/x —3-/x—4.

Jx

Loi giai
Piéu kién: x > 4.

Cé P.f=6&—3—m@@.&=6&—3—m

& X+ 2x+1=6Vx -3-x—-4 = x—4x +4+/x-4=0
o (Vx-2) +Vx—4=0.

Vi (\&—2)2 >0,4X—4>0 nén (&—2)Z+ X—4>0.

-2=0
Do dé (\/;—2)2+\/X—4 =0 chi xay ra khi Vx < X=4 (thoa man).
VXx—-4=0

Vay x=4thi PA/x = 6/x —3—+/x—4.




Vi du 2. Cho bidu thie P =22 Tim x d& Pa/X + X —1= 243x + 2JX 2.

x

Loi giai
Diéu kién: x> 2.

COPAIX +Xx—1=23x +2x -2 & \/_3f+x 1=23x + 2% —

N x+3+x—1=2\/3_x+2m<:>(x+3—2\/_x)+(x—1—2\/E)=0
& (X243 +3)+(x-2-2/x-2+1) =
@(ﬁ—\/é)z +(JE—1)2 =0.

Vi (VX3 20,(vx~2-1) >0nén (ﬁ—ﬁ)z +(\/ﬁ—1)2 > 0.

Do do (\/Y—ﬁ)z +(Jﬁ—1)2 = 0chi xay ra khi

Yx=43
Jx=-2=1
Vay X =3thi PA/X +X—1=2+/3x +23/x 2.

< X = 3(thoa man diéu kién).

Vi du 3. Cho biéu thiic A= @. Tim X d¢€ 81x% —18x = A—9V/x + 4.

Jx

Loi giai
Piéu kién: x > 0.

Co 81x% 18X = A—9/X + 4 < 81x% —18x = &_1—9\&+4

Jx
<:>81x2—18x+1:\/§_1—9\/;+5
N
(9 _l)z \/— 1 9x 5\/_
K Ix
9X— 6/ +1
o (Ix-1)Y+22 22"
(9x-1) X
)
& (9x-1)" + ~0.
X
2
3&—1) (3&—1)
Vi 9x—1220,(—20nén ox—1)Y +~——7 >o.
(9x-1) X (9x-1) X
Do do (9x 1)’ (¥x-1) 0 chixay rakhi | 0 L thoa man dieu kién)
O do X— + = Chl Xay ra 1 O X=— Oa man dieu Kien).
Jx Y 3Jx-1=0 9 '

Vay x=%th‘1 81x —18x = A—9/x + 4.

Dénh gia vé nay > mét s0, vé kia <s6 d6




Bugc 1: Dua mot v€ vé binh phuong va st dung
A*+m>0-A’+m<0+m.

Budc 2: Dénh gid v& con lai dua vao bat dang thiic quen thudc nhu:

a+b

e Bat déng thitc Cosi: a+b >2+/ab hay /ab < vV a>0,b>0.

Dau “=" xay ra khi a=bh.
e Bét dang thirc Bunhia: (ax+b.y)’ <(a’+b”)(x’+y*) Va, b, x, y.

NN 2 . X
Dau “=" xay rakhi —= 1.
a

e Ja+vb>Ja+bva>0b>0.
D4u “=" xay ra khi a=0 hodc b=0.
Budc 3: Khang dinh phuong trinh chi xay ra khi cac ddu

“u_rsr

va B=XxJX—X.Tim x d& x> +6=AB+/Xx-1+/3—x.

Vi dy 1. Cho biéu thitc A=

4
Jx -1

Loi giai
Piéu kién: 1< x<3.

Co X*+6=AB++/x-1++/3-x

4 .x(\/;—l)+\/x—1+\/3—x
Jx-1

S X —AX+6=/X-1+/3-%x (¥
*COVT (*) =x2 —4x+4+2=(x-2) +222,

* Chitng minh VP(*) <2:
Cdch 1: (Dung bat déng thirc Cosi)

Xét [VP(*)]' =x-1+2/(x-1)(3—x) +3-x=2+2,/(x-1)(3- )

-1)+(3—x)
2

<X +6=

<o X

=4= VP (*) <2.
Cdch 2: (Dung bat dang thtrc Bunhia cSpxki)
Xét [VP(*)] =(1/x—1+13-x) <(2+2)(x-1+3-x)=4= VP(*)<2

Nhu vay VT(*)>2, VP(*)<2nén (*) chi xay ra khi

Xx-2=0
{ &< X =2 (thoa man).

VXx—=1=+/3-X
Vay x=2thi X*+6=AB++/Xx-1++/3-X.

Jx

NP Tim X d& AGX —2)+5VX = X+ 4+/x+16 +/9—x.
X_

Vi du 2. Cho biéu thirtc A=

Loi giai
Piéu kién: 0<x<9, x = 4.

Co A(NX—=2)+5Vx = X +4+/x+16 +/9—x

& budc 1 va bude 2 dong thoi xay ra.




\/_ =X+4+/X+16+9 -

c>—x+6\/§—4:M+\/j &)
C6 VT() =X +6Vx ~9+5=—(\x~3) +5<5.
Ta sé chting minh VP (*)>5
Ciich 1: (Chi ra [VP(*)]" > 25)
Xét [VP(*)]' = x+16+2,/(x+16)(9—x) +9—x
=25+2,/(x+16)(9-x) > 25= VP(*) > 5.

Cdch 2: (St dung Va++b>+a+b va>0, b>0)
Cé VP(*) =X +16 +/9— X >/x+16+9— X =~/25 =5 = VP(*) > 5.
Nhu vay VT(*) <5, VP(*) >5nén (*) chi xay ra khi

Jx-3=0

Do do (*) chi xay ra khi { & x =9 (thoa man diéu kién).

(x+16)(9-x) =0
Vay x=9thi A(/X—=2)+5X = X+4+/x+16 +~/9—X.

DANG 4: DUA VE GIAI BAT PHUONG TRINH

F) 0 FT) 50T 0. T g
000 g(x) 9 ) g (x)
Buéc 1: Dat diéu kién dé biéu thirc xac dinh.

Buoc 2: Quy dong mau chung, chuyén hét sang mot vé dé duoc dang
LGB CO B CI R Y
900 (X) 000 g

Pua vé bit phuong trinh dang

Bugc 3: Giai cac bat phuong trinh nay, doi chiéu diéu kién va két luan.

Mot s6"tinh hudng thwong gap

-3
Jx-2
Vi 3<onéntaduoc&—2<ov‘agiéira03x<4.
RS
\/;+2
Vi v/X +2 > 0nén ta dugc \&—SSOVégiéira 0<x<9.
Jx
Vx-4
{ Jx <0

+) >0 —3va +/x —2cung dau.

+) <0< ~/xva Vx —4trai dau, roi giai hai truong hop:

treong hop nay vo nghiém.

Jx-4>0
{\/;>0
Jx-4<0

treong hop nay giai dugc 0 < x<16.

10



Jx-1

c > 0 giai hai treong hop:

+)

Jx-1>0
{\/;—5>0
Jx-1<0
{\/;—5<0

treong hop nay giai dugc x> 25.

treong hop nay giai dugc 0< x<1.

Jx +1
Ix -2

Vi dy 1. Cho biéu thitc A= .Tim xeZ dé& A<L.

Loi giai
Diéu kién: x>0, x # 4.
Co Actes VXML 1 g X#l Vx=2 8 ¢
Jx -2 Ix=2 JIx=2 Jx -2

& 3va /X —2trai dau, ma 3> 0nén ta duoc
Jx-2<0ex<2<=0<x<4
Do xXeZ = Xe{O; 1 2; 3} (thdéa man diéu kién).

Vay x€{0; 1, 2; 3}1a cac gié trj can tim.

Jx -1 2

Vi du 2. Cho biéu thitc M = .Tim x dé M >—.
\/§+2 3

Loi giai
biéu kién: x>0.

2 i1z, ) AF)

COM2—<

37 Jx+2 3 ©3(&+2)_3(&+2)2 ©3(\&+2)

o VXx=720(do VX +2>0)< VX =7 < x> 49 (thdéa man didu kién).

>0

Vay x249th‘1M2§

Jx-2
Jx +1

Vi du 3. Cho bidu thtec P = .Tim x d& VP < %

Chii 1f: Dang /P <m (m>0), treéc hét ta can giai diéu kién phu P >0d€ VP xac dinh, sau d6

mdi giai P <m?.

Loi giai
Piéu kién: x> 0.
J;_Zzo
\/§+1
& /x=2>0(do VX +1>0)< v/x =2 < x> 4 (thoa man diéu kién).
1 Mx-2 1 4(Vx-2) 1(Vx+1)

*Khidé\/s<%<:>P<Z<:> - <0

Jx +1 30 4(Vx+1)  4(Vx+1)

* P& /P x4c dinh ta can c6 P>0 <

11



- 3Jx -9
4(Vx+1)

Két hop diéu kién x> 4, ta duwgc 4<x<9.

<0 3J/x-9<0(do VX +1>0)<=+/x <3< 0<x<0.

Dua vé binh phuong dang m? < 0;—m? > 0;m2+n? < 0;m? ++/n <0.
Bugc 1: Dat diéu kién dé biéu thire xac dinh va dwa bat phuwong trinh vé dang
m? <0;-m?>0;m?*+n’> <0;m? +/n <0

'es II

Buoc 2: 1ap luan d€ giai dau “=" xay ra:

e Dang m°<0:

Lap luan: Vi m? > 0nén khang dinh m? <0chi xay ra khi m* =0.
e Dang -m?>0:

Lap luan —-m? <0nén khang dinh —m? > 0chi xay ra khi m=0.

e Dang m?+n?<0(hodc m*++/n<0):
Lap luan m? >0, n? >0 (hodc +/n 20) nén m?+n? >0 (hogc m?++/n >0)
nén khing dinh m? +n? <0 (hodc m* + Jn< 0) chi xay ra khi dong thoi
m=0
{nzo

Budc 3: Giai ra X, doi chiéu diéu kién va két luan.

Vi du 1. Cho 2 biéu thize PR SN .Y
Jx -1 Ix -1 4 B
Loi giai
Diéu kién: x>0, x #1.
C05+5<§@— s Yx+d. 1 —+5<J—+4
4 B Jx -1 x-1

@LMSOQ(\/;—Z) <0,
4
Ma (Vx~2) 20 nén (VX ~2) <Ochi xdy rakhi Vx~2=0
& /X =2 < x=4(thda man).
Vay x=4thi — +5<A
4 7B

Vi du 2. Cho bi€u thize P = Va+l poogel Al
2\a P 8
Loi giai
biéu kién: a>0.
1 \f+1 2Ja  a+1 16va  (Na+1) 8(J£+1)
Co — -1>0&
P 8 T at1 8 8a+1) 8(Wa+l) 8(J5+1)

—a+6f 9. (f 3
C8(atl) ; T8ty +1>




oA oo . —(Ja-3)
0 0 nén 22
8(\/_+1) voimoi a >0 nén 8(\/;+1)

man diéu kién)

>0 chi xay rakhi va-3=0<+a=3<a=9 (thoa

Véya:9thil—\/;+121
P 8

4.3 Tim x d€ |A|= A |A|=-A,
Ghi nhé:

A|l=A=A20 e |A>A=A<O

Al=—A = A<0 e |A>-A=A>0
, o o 5
Vidu 1: Cho biéu thtic P = . Tim x dé |P|>P

Vx -2

biéu kién: x>0,x # 4.

Cé [P|>P khi P<0< Jx <0 & +x,\x -2 trai dau.
Jx -2
0 x>0 0
. Vx> S <:>{X> < 0<x<4 (thoa man diéu kién)
Jx-2<0  |Wx<2 o |x<4
Jx <0
. (loai).
{«/;—2>0

Vay 0<x<4 thi |P|>P

X— 63X +9

Vi dy 2. Cho biéu thite A=———. Tim x Z vaxI6n nhit dé |Al=-
X_

Loi giai
biéu kién: x>0,x#9
2

X—6X+9 (\/;‘3) _x-3

x=9  (Vx-8)(Vx+3) x+3
Cdch 1 (sit dung |A| =-A< A<LO0
Jx-3 _
\/_+3
Ma /X +3>0 nén ta duoc VX -3<0<Jx <3< 0<x<9

Két hop voi diéu kén, ta duoc 0< X< 9. Do xe Z va x 16n nhat nén ta tim dwoc x = 8.
Cdch 2 (Xét hai truong hop dé€ pha dau gia tri tuyét doi)

, Jx-3
C6 |Al=-A I\fx+3|:_f+ e Nx-3=-Vx+3

Truwong hop 1: Xét /X — 3>0<:>\/§>3<:>X>9(d0X-‘/—'9)th\1
‘f 3‘ Ix+3ox-3=-Jx+3cx=3<x= 9 (loai)

Co A=

Co|A=-Ac= A<0e
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Trieong hop 2: Xét X —3<0</x <3< 0<x<9 (do x#9) thi

‘\/_ 3‘ Jx+3e —x+3=-Jx+3<0= 0 (ludn dang)

Do d6 ta duwgc 0< X< 9. Do xeZ va x 16n nhat nén ta tim dwoc x = 8.

Vay X =8 la gia tri can tim .

DANG 5: SO SANH, CHUNG MINH BANG CACH XET HIEU

Dé chitng minh X >Y (X 2Y) ta chtmg minh hiéu X =Y >0(X -Y >0)
D& chitng minh X <Y (X <Y ta chtmg minh hiéu X =Y <0(X -Y <0)
Pé so sanh hai biéu thitc X va Y ta xét dau ctia hiéu X -Y

D& so sénh P véi P? ta xét hiéu P —P? = P(1-P) rbi thay x vao va xét ddu

eD&s0 sénh P va /P P (khi JP ¢ nghia) ta bién d6i hiéu

PP =P (P 1)< 7L

Sau d6 nhan xét \/; >0, \/_ P +1>0 nén ta can xét ddu ctia P—1.

Vi di 1. Cho bifia thite A=—2>_ Chitmg minh Az 1.

2(Va+1)

Loi giai

a+3 a+3 2(\/;_'_1)

Xéthieu A—1=——=— 2(Va+1 B ( a+1)_2(‘/;+1)

)
_a- 2\/;+1 (\/; )
2(\/Z+1) 2(JZ+1)

Diéu kién: a> 0.

>0Va=>20=>A>1= dpcm.

Vi dy 2. Cho biéu thite A= Y21 va B=2"**L 14 4> 0, hay sosénh B véi 3.
Jx+3 Jx-1
Loi gidi

biéu kién: x> 0;x =1.
Jx-1
\/;+3

Ma \/;+3>Onéntadu)cyc \/;—1>0<:>\/;>1 < x>1 (thoa man).

x+1 x—Jx+1 3'(\/;_1)

Xét hieu B-3= -3=

f I Li-1 el
x—dfx +4 (\/;—2)2

= = >(0Vx>1nén B>3.
Jx-1 Jx-1

Vay khi A>0thi B>3.

Khi A>0 < >0 < Vx—1va \/;+3c£1ngdé'u.

14



S

-1 \/;+6

va B=

Jx-5 Jx-1

Vi dee)3) Gho bict thite A . Chitng minh [A.B+ xX—3 )*6: 3.2,
X

Jx -5

Loi giai
Diéu kién: x>0,x#1,x#25.

Xét hiéu (A.B+ X=5 j.&‘5_2= Vx-1 Jx+6 x5 ) Vx5 ,
\/;—5 \/; \/;_5 \/;_1 \/;_5 \/;
_ \&+6‘+ X—5 .\/;—5_2_X+\/§+l'\/;—5_2_x+\/;+1_2
Vx-5 Jx-5) Jx JX-5  Jx Np
1) 3
N
X—+/X+1 2 4 » .
- = >0, véimoi X>0,Xx#1 X # 25
N
3 X=5 ) Vx5
Va AB+ . > 2.
’yt &—5] Jx

2\/;+1 . _2\/;+1

N vaB .
3x +1 Ix +1

/4 L4 . 2 - A2 7 B \
So sanh gia tri ctia biéu thirc = v 3.

Vi du 4. Cho hai biéu thitc A=

Loi giai
biéu kién: x>0.
.. ... B 2Jx+1 24/x +1 2Ux +1 3Ux+1
Xét hieu —-3= : -3= . -3
A Ix+1 30x+1 X+1 24x+1
C3x+1 3(Vx+1)

= <0 véimoi x>0.

\/;+1_ \/;+1 \/;+1

B
Vay —< 3.
ay A

Ix +1
Vx -2

Vi du 5. Cho biéu thitc P = .Sosanh P va P?.

Loi giai
biéu kién: x>0,x# 4.

Xét hiu P—P? = P(1-P) =

\/§+1(1 &+1j Jx+1 -3

=27 Ix-2) -2 x-2
—3(\/;+1)
=————<0 VXx20,x#4 nén P<P2?.
(-3
Vay P <P?.
Jx =2

Vi du 6. Cho biéu thitc P =

< .Khi VP xéc dinh, hay so sanh JP va P.

Loi giai
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biéu kién: x>0.

VP xac dinh khi P20<:>\/;_220,m‘a x>0 nén \/;—220 S Xx>4.
X
Xét hiéu VP -P =+P(1-+/P)=+/P. 1-P
1++/P

Do \/520, 1+/P >0

5]
vat-po1- VX2 xoVxw2 U7 2) 4oy,
X X X
suyra VP—-P>0nén /P >P.

Véy\/EZP.

DANG 6: TIM GIA TRI LON NHAT, GIA TRI NHO NHAT CUA BIEU THUC

b
Jx+c¢

b
Ix+c

Budc 1. Bat diéu kién x>0 va khit x 0t d€ dua P, Q vé dang trén.

6.1 Dya vao x>0 dé Tim gia tri 16n nhat cha P=a+ (b>0,c>0)

Tim gia tri nh6 nhatcia Q=a- (b>0,c>0)

Budc 2. Chuyén ting budc ti x>0 sang P < a+9; Q= a—E nhuw sau:
C C

Max P MinQ
C6 x>0 Vx>0 C6 x>0 Vx>0
:>\/§+chsz0 :>\/§+chsz0
= b SEVXZO = b SBVXZO
Jx+c ¢ Jx+c ¢
=a+ Sa+E‘V’XZO = — b Z—EVXZO
X +C c Jx+c ¢
b b b
=P<a+-vx>0. = a-— >a——Vvx=>0
Cc X+C C
:QZa—EVXZO.
c

Budc 3: Két luan MaxP = a + b , MinQ=a - b khi x=0 (thoa man diéu kién)
C C

Vidy 1. Tim gid tri nho nhat cua biéu thic P = \/\/Z_i . Tt d0, tim gia tri nho nhat cta biéu thirc
X+
2

=2 43P

Q P+3
Loi giai

biéu kién: x>0
* Tim MinP:

.o x+1-3 Jx+1 3 3
Co P= =

= — _ =1—
«/;+1 \/;+1 \/;+1 \/;+1
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Do Vx>0 VXx>0=+/X+1>1 Vx>0
8 £§ Vx>0= —

3
= —
\/§+1 1 \/;-i-l

3 >1-3Vx>20=P2>2-2Vx2>0
\/;+1

Vay MinP =-2 khi x=0 (thoa man diéu kién)
* Tim MinQ:
Cach 1: (Dung bat dang thic C6 Si)

+3P=2{ L
P+3

1 1
P+3)>2, |- (P+3)=2
+3+( +3)> P+3( +3)

ViP>-2=>P-6>-2-6=-8=0Q>4-8=-4

Vay MinQ =—4 khi P=-2 hay x=0 (thoa man diéu kién)

Cach 2: (Thay P =-2 dugc Q =—4 nén ta due doan MinQ =-4)

2 +(3P+4)(P+3)=3F>2+13P+14

>-3VVx>0

=1-

Co Q=

+(P+3)}+P—6
P+3

DoP>-2=P+3>0=> :

Xét hiéu Q—(-4)= 2 13pi4-

P+3 P+3 P+3 P+3
_3P’+6P+7P+14 3P(P+2)+7(P+2) (P+2)(3P+7)
- P+3 B P+3 - P+3

Do P>-2=P+2>0,P+3>0,3P+7>0=0Q—-(-4)20=Q>-4
Vay MinQ =-4 khi P=-2 hay x=0 (thoa man diéu kién)

Vi dy 2. Tim gid trj 16n nhét ctia biéu thite M = 2\/@ +26 . Tit d6 tim gié rj nhé nh4t clia bidu thite
X +

N=M +£.

M

Loi giai
biéu kién: x>0.
* Tim Max M:
, 20X +4+2 2(\&+2) 2 2
CoM = = + =2+—--.
Ix+2 Ix+2  Ix+2 Jx+2
Do VX >0Vx> 0= X422 2 x> 0= —2— <2 yx>0
Jx+2

=2+ <2+1VX>20=M <3Vvx=>0.

X+2
Vay MaxM=3 khi x=0 (thoa man diéu kién).
* Tim MinN:
Cdch 1 (Dung bat dang thiic Cosi)
CoN=M+2_[4M 12} M

M 3 M 3
Do 2\/;+6>O,\/;+2>03M :2\/;+6>O:>ﬂ+£22 ﬂ-gz&
Ix+2 3 M 3 M

Vi M 33:—%2—1: N>8-1=7-
Vay MinN =7 khi M =3 hay x=0 (thdéa man diéu kién).
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Cdch 2 (Thay M =3 duoc N =7 nén ta du doan MinN =7)
Xét hiéu N—7=M+E—7=M2_7M +12=M2—3M —4M +12
M M M
MM =3)-4(M=-3) (M-3)(M-4)
- v - v .
Do0<M<3=M-3<0,M-4<0,M>0=>N-7>20=>N2>7-
Vay MinN =7khi M =3 hay x=0 (thdéa man diéu kién).

Vi du 3. Tim gia tri I6n nhat cua biéu thirc A= \/_5 x Tl d6 tim gia tri nho nhat cta bi€u thic
X +
B= 3A+£.
A
Loi giai

Piéu kién: x>0.
*) Tim MaxA:
C6 /x> 0Vx>0
=X +3>3vx>0 = > gészo

Jx+37 3
= A< %W >0
Vay MaxA =§ khi x=0 (thoa man diéu kién)
+) Tim MinB:
Cach 1. (Dung bat dang thiec C6 si)
Co b-3a.10_(184,10) 3A

A 5 A 5
Do 5>0,Jx+350= A=—> 50104, 10,5, 18AL0_ ),
Ix+3 5 A 5 A

Vi AS%:—?’?AZ—lz B>12-1=11.
Vay Min B =11 khi A:% hay x=0 (thoa man diéu kién).

Céch 2. (Thay A :% dwoc B =11 nén ta du doan MinB =11)

2 2
Xét hicu B_11-3A+10 17 3A°-11A+10 3A°-5A-6A+10
A A A
_ A(3A-5)-2(3A-5) (3A-5)(A-2)
= A _ .

Do 0< AS%:>3A—5£,A—2<0,A>0:> B-11>0=B>11.

Vay Min B =11 khi A =% hay x=0 (thoa man diéu kién).

Ve n .7 . 2 n, ? -« A2 7 2 \ 4 \ .7 . 2 n, 2 - A? 7
Vi dy 4: Tim gia tri nho nhat cta biéu thiec: S =— Tiza’ Ttr d6 tim gia tri nho nhat ctia biéu thirc
X+
T =14S + 3 .
S+1
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Loi giai
biéu kién: x>0
* Tim MinS:

Cc’)\/;ZO VX =A4X+4 Vx>0 = 2 sgszo
Jx+4 " 4
= - 2 2—1 Vx>0 SSZ—EVXZO
Ix+4 2 2

Vay Mins = —% khi x=0 (thoa man dieu kién)

*Tim MinT:
Cdch 1: (Dung bat dang thizc Cosi)

CoT :{12(8 +1)+i:|+28 -12
S+1

Do S>-=8+1>250=12(S +1)+i22\/12(s 1) =12
2 2 S+1 S+1

Vis 2—%328 > 1 =T212-1-12--1
Vay MinT =-1khi S = —% hay x =0 (théa man diéu kién)

Cdch 2: (Thay S = —% duwoc T =-1 nén ta dg doan MinT =-1)

2 2
Xét hidu T —(-1) =14S + 3 +1:14S +158+4 14S°+7S+8S+4
S+1 S+1 S+1
| 7S(25+1)+4(25+1) (2S+1)(7S+4)

S+1 S+1
Do SZ—%:>28+120, 7S+4>0,S+1>0 :T—(—l)ZO:TZ—l

Vay MinT = -1 khi S = —% hay x =0 (théa man diéu kién)

6.2. Dung bat dang thitc Cosi

Buoc 1: Khir X & trén tir.

Budc 2: Dua vao mau dé€ thém bét hai vé véi mot sd thich hop.

Budc 3: Str dung bat déng thirc Cosi a+b> 2+/ab va,b>0.Dau " =" xay rakhi a=b.

X—+X+10

\/;+2

Vi du 1. Tim gid tri nhé nhat cua biéu thic A=

Loi giai
biéu kién: x>0.

x—a-Yx-2+16_(Vx-2)(Vx+2) (xi2 16

+

\/;+2 «/§+2 _\/;+2 x/;+2

=Jx-3+ \/36 5 (MAu 1a /X +2 nén /x-3can cong thém 5)
X+

Xét A+5=(&+2)+

Cé A

16
\/§+2'




Vi VX +2>0,—— 10 >0 VX >0nén ap dung bat dang thitc Cdsi ta c6

\/§+2

>2\/(&+2)\/_—+_2\/_ 8.

(\/_+2) \/_+

Suyra A+5>28= A>3.
Vay MinA=3khi (vx+2)=

[ o (Vx +2)2 ~16 < x = 4 (thoa man)
+

X

Jx-5

Vi du 2. Cho x> 25. Tim gia tri nho nhat ctia biéu thiec M =

Loi giai
Véi x > 25thi M ludn xac dinh.

Cé M = X :X_25+25=X_25+ 25 _Jx454+ 25

Jx-5  Jx-5  Jx-5 +fx-5 Jx -5
XétM—lO=(&+5)+\&25_5.

Véix>25thi Vx—5>0,—=2—>0nén &p dung bat dang thirc Cosi ta c6

\/_ 5
\/§—5+%22\/(\/§—5).[_5 — 225 =10

SuyraM-102>10=>M >20.

Véy MinM = 20 khi x — 5 =

2
= (\/; - 5) =25 < x =100 ( thoa man diéu kién).

Xx+3

Jx

Vi du 3: Tim gia tri nho nhét cta biéu thiec P =

Loi giai
Diéu kién: x > 0.

TacoP: \/7 _\/74—\/7

Vi [ >0, \/— > 0nén 4p dung bat dang thirc Cosi ta cd

f+[>2 f}_zf—>1>>2f

Vay MinP = 2+/3 khi vx = T & x = 3( thoa man didu kién).
X

x —1
Vi du 4: Tim gia tri 16n nhat ctia bi€u thic A = ¥x NS

Vx

Loi giai
biéu kién: x > 0.

Jx —1 Jxo1 1
coa=A =" _ofx =YX _ofx—1—|-LioVxl|.
(0} \/; X \/; \/7 \/; X
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Vi 9vx >0, \/— > 0nén ap dung bat dang thirc Cosi ta c6

X
1 1 I
OVx +——>2 [9x—= =23 =6= —[9x+—=|< -
Jx Jx Jx
I
= 1—|9Vx+|<1-6=-5=P<-5.
Jx

Vay MaxA = -5 khi 9x = \/1— S9x=1& x= ;( thoa man diéu kién).
X

6.3. Dua vé binh phuong
® A’+m>0+m; A>+B*+m>0+0+m.
® —A’+m<0+m; —A’-B*+m<0+0+m.

Vi dy 1. Cho biéu thic P = 2 . Tim gia tri nho nhat ctia bi€u thic T = P. X+ x—24/2x — 24X

&

Loi giai
biéu kién: x>1.

CO T = Pafx+X=242% 2% 1= X2 x4 x—242x - 2/x -1

Jx
= (x+2-242x) + (x-1-2x—1+1) = (VX —V2) +(x-1-1) >0.
X=4/2
Vay MinT =0 khi Vx=2 < X =2 (thoa man diéu kién).
Vx-1=1
3— —
Vi dy 2. Tim gi4 tri nho nhét ctia biéu thite C = B— A véi A 2X=3x=2 o VX 2x 2
Jx -2 Jx+2
X>0,x#4.
Loi giai
2Xx—3JXx -2 2x—4JX +/x -2 2\/;(\/;—2)+&—2
A= = = = 24/x +1.
Jx -2 Jx-2 Jx-2
\/7 JX+2x-2 x&—&+2x—2_\/§(x—l)+2(x—1)
Ix+2 Ix+2 Ix+2
(\/;+2)(x—l)
= =x-1.
\/;+2

2
Suyra C=B-A=x-2Jx-2=(x-1) -3>-3.
Vay MinC =-3 khi x =1(thoa man).

6.4. Tim x € N d€ biéu thirc A= (m e N7) 16n nhat, nhé nhat

1
Jx-m
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Chua y: Tinh chdt a>b= é < % chi dung voi a va b cung duwong hodc cung am.

Vidu:
+) VX +323vx 2=

l . 1VX >0 dang vi Jx+3 vas3 cung duong.

Jx+37 3
N AX—2>-2vx20=

T2 < %VX >0 sai vi ta chura bidt Vx —2 va -2 ¢6 cung am hay khong.
X _ —

Phuong phap giai
*Tim MaxA: Ta thay trong hai treong hop Jx-m>0 va J/x-m<0 thi MaxA xay ra trong treong
hop Vx-m>0=+x>m=x>m?.

Ma xeN nén x>m2+1=Jx>JVm*+1=>Jx—m>Jm?+1-m>0
= 1 < 1 :>A<;
Yx-m~ JYm?+1-m S Jm?+1-m

L hix=mi+L
Vm? +1-m
*Tim MinA: Ta thay trong hai truong hop Jx-m>0va J/x-m<0 thi MinA xay ra trong trueong
hop Vx-m<0=+x<m=0<x<m?

Ma xeN nén xe{0;1;2;..;m* -1},

Vay MaxA =

Truong hop nay c6 httu han gid tri nén ta ké bang dé€ chon minA.

Vidu 1. Tim x e N dé€biéu thtic A=

dat gia tri: a) 16n nhat. b) nho nhat.

3
Ix =2

Loi giai
Diéu kién: xe N, x # 4.
a) Ta thdy trong hai truong hop Jx=2>0 va \/x -2 <0thi MaxA xay ra trong treong hop

\/;—2>02>\/;>23X>4.
Ma XGN:>XE{5;6;7;...}:x25:\/§2\/§:>\/§—22\@—2

3 3 3
j&—ZSJg—Z:ASEZGJrB\/g'
Vay MaxA=6+3y5 khi x=5 (thoa man).

b) Ta thdy trong hai truong hop Jx=2>0 va \/x -2 <0thi MaxA xay ra trong treong hop
Vx-2<0eVx<2s0<x<4
My XeN=xe{0;1,2;3}.
x |0 1 2 3
A3 -3 6+43V2 -6-3V3

2 2
vay MinA=-6 ~3V3 khi X=3 (théa mén).

Vidu 2. Tim x e N débiéu thitc A=

dat gia tri: a) 16n nhat b) nhé nhat

3
Jx -2

Loi giai
Piéu kién: xe N,x#9.
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Vx-3+5_x-3 5 _, 5
x-3  x-3 Jx-3 = Jx-3

a) Ta thay trong hai truong hop Jx=3>0va x-3<0 thi MaxP xay ra trong treong hop
Vx-3>0o/x>3e x>0,
Ma xe N = xe{10;13,12;..} = x 210 = Vx 2 V10

C6 P=

5 5 5 5
—x-3>/10-3= < =1+ <1+
Jx-3 J10-3 Jx -3 J10-3
_pM0+2_ 1o 50
J10-3

Vay MaxP =16 +5+10 khi x =10 (thoa man).
b) Ta thdy trong hai truong hop Jx=3>0 va v/x-3<0 thi minP xay ra trong treong hop
Jx-3<0e+/x <3< 0<x<09.
Ma xe N = xe{0;12;...;8}.
X 0 1 2 8
P 2 3 8+5v2 _14-102

3 2 7
Vay MinP =-14-10v/2 khi x =8 (thda man).

Vidu 3. Tim x e N débiéu thitc M = \/\_/; . dat gid tri: a) 1on nhat b) nho nhat
X —_
Loi giai
biéu kién: xe N, x #1.
Co M= Jx =1+ ! .
Ix-1 7 Jx-1

a) Ta thay trong hai truong hop Jx-1>0 va J/x-1<0 thi MaxM xay ra trong truong hop
Jx-1>0=x>1=x>1.

Ma XEN2X€{2;3;4;...}2X22:>\/;2\/§3\/;—12\/§—1
1 1 1 1 V2
= < = +1=M §—=2+\/§.
Jx-1"V2-1 " x-1 T 2-1 J2-1
Vay MaxM =2++/2 khi x=2 (thda man).

b) Ta thdy trong hai truong hop Jx-1>0 va Jx-1<0 thi MinM xay ra trong truong hop
Jx-1<0=/x<1=0<x<1,

+1<

o

Ma xeN = x=0= MinM = =0.

o

-1

Vay MinM =0 khi x=0 (thoa man).

QL
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DANG 7: TIM X PE P NHAN GIA TRI LA SO NGUYEN

7.1.Tim xeZ dé P=a+ eZ(a,b,c,d €2)

cVx+d
Bugc 1 Diét diéu kién, khit x 6 trén t, dua P vé dang nhu trén.
Budc 2 Xét hai treong hop
Truong hop 1: Xét x e Z nhung Jxez

=

b ,
lasbvoty = a+
c«/;+d t CvX+d
=Plasdvoty =P ¢Z (loai)

Truong hop 2: Xét x € Zva /x e Zthi P e Zkhi =

1a s8 v ty

eZ =cx+d eU (b)

cvXx+d

24x -1
\/§+3

Vidu 1: Tim x € Z dé&biéu thitcc A= nhan gia tri la mot s6 nguyeén.

Loi giai:

Piéukién: x>0
ox+6-7 2(Vx+3) 7 T
Jx+3  Jx+3 _\/§+3_ _\/§+3
Truomg hop 1: Xét x € Znhung x ¢ Z
=X 1as8 vo ty =~/x+3lasd vo ty
> lassvoty 2-—

Jx+3 Jx+3
= Alasdvoty = AgZ (loai)
Truong hop 2: Xét x € Zva \/x e Zthi Ae Zkhi

Co A=

las6 vo ty

7

Jx+3
=x+3€e U (7)= {#1;,+7} ma vx+3>3nén ta duoc:
x+3=7 < Jx =4 < x=16 (théa man)
Vay x =161a gia tri can tim.
Chu y:

e P nguyén am khi {Eif

el

Buoc 1: Giai P € Z giong nhu vidu 1.
Budc 2: Ké bang dé chon P>0 hodc giai P>0 roi két hop P eZ
e Plasd tynhiénkhi {75
Budc 1. Gidi P € Z giong nhu vidu 1.
Budc 2: Ké bang dé€ chon P >0 hodc gidi P >0r6i két hop PeZ.

Jx+3
Vx -3

Vidu 2: Tim x € Z d€biéu thttc M =

nhan gia tri nguyén am

Loi giai:
:&—3+6:&—3+ 6 _,, 6
Jx-3  JIx-3 x-3 = Jx-3

M




MeZ
M nguyén am khi | M<0

MeZ:

Truong hop 1: Xét x € Z nhung xeZ
=X 1as8 vo ty =~/x-3lasd vo ty

=>

_6
Jx -3

6

Jx-3

la s vo ty 1+

1a s8 v ty

=M lasdvoty =M ¢Z (loai)
Truong hop 2: Xét x € Z va \/;eZ

> M e Zkhi — eZ =~/x-3e U (6)= {£1,£2;+3; 46}
Jx-3
Jx-3 1 -1 2 -3 -6
Jx 4 2 1 0 -3
X 16 4 25 1 36 0 81 4
= x €{0;1;4;16; 25;36;81} (thoa man diéu kién)
o M<O0:
Céch 1: (Ké bang dé thu truc ti€p cac gid tri)
X 0 1 4 16 25 36 81
M -1 -2 -7 7 4 3 2

Ttr bang trén ta dugc x € {0;1;4} thi M c6 gia tri la s6 nguyén am
Céch 2: (Giai M<0)

\/; +3
Jx-3
x €{0;1;4,16;25;36;81} ta dugcx e {0;1;4}

Vay xe{0;1;4} la cac gia tri can tim.

M<0s

<0< x-3<0(dov/x+3>0) & Vx <3< 0 <x<9Két hop véi

Vidu 3: Tim x € Z d€biéu thitc P =

24/x

Jx -2

nhan gia tri la mot s ty nhi

én.

Loi giai:
Piéu kién x>0; x=9
2Ix-4+4 2x-4 4
-2 Ix-2 Jx-2
PeZ

P nhéan gia tri la mot s6 tw nhién khi { P>0
PeZ:

C6P =

Truong hop 1: Xét x € Z nhung JxeZ
=x 1as6voty =Vx-21as8vo ty

=>

4
Jx-2

la s8vo ty 2+ 1a s8 v ty

4
Ix-2

= P lasdvoty = P ¢Z (loai)
Triong hop 2: Xét x € Zva \x e Z

=> P e Zkhi

eZ =>x-2¢ U (4)= {£1;+2; 44}

4
Ix =2

25




x-2 1 -1 2 2 4 -4

Jx 3 1 4 0 6 2
X 9 1 16 0 36 ¢
= x €{0;1,9;16;36} (thoa man diéu kién)
e P>0:
Cach 1: (Ké bang d€ thw truc ti€p cac gia tri)
X 0 1 9 16 36
P 0 -2 6 4 3

Ttr bang trén ta dugc x €{0;9;16;36} thi M 6 gia tri la mot sO ty nhién
Céch 2 (Giai P> 0)

2/x>0 50
Vx-2>0 {x>_4
24/ X 2/x<0 x<0 x>4
PZO@\/_IZZOQ {\&—2<0 = {x<4 C>|:x:0
X i

Két hop voi x€{0;1,9;16;36} ta duocx {0;9;16;36}
Vay xe{0;9;16;36} la cac gia tri can tim

uy: Dang tim x € elP=avx+0+ e/Z(a,n,c,d,me )thi khi iai ta van ai xét
Chi y: Dang t 7.dEP = a/x +b Z(a,b,c,d, m € Z) thi khi giai ph

_m
c\/;+d

treong hop x € Z, NTY/ va truong hop x e Z va JxeZ.

X—2

Jx-3

e

Vidu 4: Tim x € Z dé biéu thiec F =

Loi gidi:
Piéukién: x>0; x#9
Co F=2%"_ fx+3+—

Jx-3 J——s

Truong hop 1: Xét x =2 =>F=0€ Z =>x =2 (thoa man)

-
el
«/;+3

Truong hop 2: Xét x#2;x eZva IxeZ,

=X 1as8 vo ty =~/x -3lasd vo ty

X—2
Jx -3

Ma x-2 la s6 nguyén khac 0 nén la s6 vo ty

= F lasdvoty = F ¢ Z(loai)
Truong hop 3: Xét x € Z va \/;eZ

Vi VX +3€Z nén F e Zkhi— S €2 =Vx-3e U (7)= {+L+7)

Nra
Jx-3 1 -1 7 -7
4 2 10 4
X 16 4 100

(thoa man diéu kién)
Vay la cac gia tri can tim




a
bvX +c¢
Budc 1 Diat diéu kién va chan hai dau cua P:
ea>0bVx+c>0=P>0.

a a a

<—=P<—.
b\/§+c c C

Nhu vay ta chan hai dau cta P la 0<P < E.
C

7.2. Tim xeRdé P =

eZ(a,b,C eN*)

ebVx+c2c=

Budc2 Chon PeZ,0< PSE.Tﬁ’dc’) suy ra X.
C

Vidu 1. Tim x e R d€ cac biéu thitc sau nhan gia tri la s6 nguyén :

10 5
) JXx+3 ) 3Wx+2
Loi giai
biéu kién: x>0
a)Vi10>0, Vx+3>0 nén A>0
Miit khéc, Vx 20— Jx +323= 0 <102 10
Jx+3 3 3
Do do 0<A£% nén AeZkhi
10 _ _
=1
A= Ix+3 10=+/x+3 Jx=7 X = 49
A=2=| 20 0 10=2YX 46| VX =2 < | x=4 (thoa man dieu kién)
Aoz | VX+3 X 1 1
= 10 10=3Vx+9 Jx== x=—
=3 | 3 L9
| Vx+3
Vay Xe{49;4;%} la gid tri can tim.
b)Vi 5>0, 3J/x+2>0nén P >0
Mt khdc VX > 0= 3/x+2>2= > S_p>
3Wx+2 2 2

Do 0<PS§ nén P e Z khin

5
- =1 —
[le 3Wx+2 5=3Jx+2 Jx=
= = =

P=2 5 _, [5=6Jx+4 [Vx

3\/§+2_

Vay xe {1; 3—16} 1 cdc gid tri can fim.

Chii j: Véibai toan x e R dé€ m+

x=1

1

1| 1 (IMPK)
—_ X=—

6

36

€Z (a,b,ce N ,meZ)

bvx +c
a a
Budc 1: Lap luan: Vi me Znén m+ eZkhi——¢€e7Z
P bx +c bx +
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nhw vi du 1.

Budce 2: Giai theo cach chan 2 dau ctia

a
b«/§+c

Vidu 2: Tim m e Z d€ cac biéu thitc sau ¢ gia tri la sd nguyén.

a)A:2ﬁ+5. b)P:&—s
\/§+1 \/§+2
Loi giai

Piéu kién: x>0
2Jx+2+3_2Jx+2 3 _, 3
Jx +1 Jx+1 0 Jx+1 Jx +1

Vi2eZ nén AeZ khi B= 3 el

\/§+1

Vi3>0,/Xx+1>0nén B>0

a)Co A=

3

\/§+1

Mt khdc VX >0 =X +1>1= sg:BsB

Do d6:0<B<3= BeZkhi

s
go1 | VXl 3=x+1 |Vx=2 [x=4

3 o ool3-adx+2e | x=te|x=LavpK)
B Jx+1 /X 2 4
= 3 3=3Jx+3 JX=0 Xx=0
=3

_\/;+1

Vay x e {O; %; 4} la cac gid tri can tim.

b)CéP:M=1 >  VileZ nén PeZ khi Q=—>
«/§+2

Ix+2 _\/;+2
Vi5>0;vXx+2>0 nén Q>0

el

Mt khacta cd VX >0 = /x +2>2=

Do d6, 0<ng:>QeZ khi
5

=1 _ _ -9
Q=1 JX 42 Jx+2=5 Jx =3 X
= & 5 < 1< 1 (TMDK)

\/§+2_

Vay xe {% 9} 1 cdc gid tri can fm.

DANG 8: TI THAM SO PE PHUONG TRINH P = m CO NGHIEM
Buéc 1: Dat diéu kién dé€ P xac dinh

Bude 2: Tl P = mrit +/X theo m.

Bugc 3: Dua vao diéu kién cua x d€ giai m.
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Jx -1

Vi du 1: Cho biéu thiec P = . Tim m d€ phuong trinh P = mc6 nghiém.

Jx+2
Loi giai
Pbiéu kién: x>0.
, Jx-1
CoOP=m= :m:>m(«/;+2):\/;—1:>(m—1).x/_:—2m—1.
VX +2
*Xét m=1= 0./x =3 (loai)
Xét mal=x = —2n-L
m-1
Do /X >0 nén phuong trinh da cho 6 nghiém khi —2m1120® 2m +11s0
m-— m-—
_m<_1
2m+1<0 )
m-1>0 m>1 1 .1 e
& < -—<m<l.Vay ——<m<1 la gia tri can tim.
2m+1>0 1 2 2
mz-——
m-1<0
| (m<1
4(vx +1
Vi du 2. Cho hai biéu thttc A:uvé B= Vx+1 .Tim meZ d€ phuwong trinh A_M
X—4 Jx =2 B 2

nghiém.

Loi giai
biéu kién : x>0,x = 4
4(x/x +1 _
com AN Vo m 4 m o) i —soam
B 2 x—4  Ix+1 2 T x+2 2

*Xét m=0=>0+/x =8 (loai)

*Xétm¢0:>x/_:8_mzm
Do /X 20,4X # 2 nén phuong trinh d& cho c6 nghiém khi o—2m » 0,8=2M . »
m m
{8—2m20 {m§4
_ m<0 m<0
+Giai M s 0 o o o 0<m<4
m 8-2m<0 m>4
m>0 m>0
FGial 272%™ L0 s 8 2m % 2m <> m %2
m

Nhu vay O<m<4,m#2, ma meZ nén me{1;3;4}

Vay me {1;3;4} la gid tri can tim.
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HE THONG BAI TAP SU DUNG TRONG CHU PE
Vx| 20k 3x+9

Jx+3 Jx-3 x-9
Vitl 2 9Yx-3
Jx -2 Jx+3 x+/x-6
x+2  x+l | J

Bai 1. Rat gon biéu thiecc A =

Bai 2. Rat gon biéu thiecc A =

+ —
X\/;—l X+Vx+1 \/;—1
a+3Ja+2  a++a ( 1 1 j

Bai 3. Rut gon biéu thtec P=1: {

Bai 4. Rat gon biéu thitc P = - : +
& (\/g+2)(\/g_1) a-1 [\Va+1 a-1
Bai 5. Tinh gid trf ctia bidu thite P= Y21 khi
Jx -2
a) x=236 b) x=6-25
C) x= 2 d) x=2_\/§
2+\/§ 2
37 2-3 J3+2 3-2
3 3
g) x:% h) x-7Vx +10=0
.. o , X+vVx +1 . o 13
Bai 6. Cho biéu thttc: P=————— . Timxdé P=—".
Jx 3
Bai 7. Cho biéu thttc M = 3 . Tim x d€ M:£
Jx -2 8
Bai 8. Cho biéu thiic A = Vx 12 vaB=——— Timxdé A=B|x-4.
f—s Jx =5
-3 v 1 . "
Bai 9. Cho hai biéu thitc A— aB= .Tim x dé A:B.‘\/;—Z»‘.
Jx -1
(Vx+1) +1)2

. Tim x dé P\/_—6\/_ 3—x—

Bai 11. Cho bidu thic P = w3 Tim x d& P/x +x —1=23x +29x—2 .

Jx
Jx -
NS

Bai 13. Cho hai biéu thitc A =

Bai 10. Cho biéu thirc P =

Bai 12. Cho bidu thic A=Y "1 Tim x d& 81x% —18x = A — 9Vx + 4

N
Béi14.Chobié7uth13ch—f/_ (\F 2)+5x/;:x+4+\/x+16+\/9—x.
N
Jx -2
Jx-1 ., .2

Timxdé M>=
\/;+2 3

Bai 15. Cho biéu thttc A =

Bai 16. Cho biéu thitc M =

4 X vaB=xvx—x . Timxde€ x2+6=AB+/x-1+/3-x .
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Bii 17. Cho bigt thite P Y2=2  Tym x d& JP <%

Jx +1
Jx+4 . 1
—\/, 1vaB:—\/_ "
X — X —
\/;+1 \/;+1

Timadé L >1

2Ja P 8
Jx
Jx -2
X—63x +9
x—9
Bai 22. Cho biéu thitc A =—>__ Chting minh A >1

2(J§+Q
Jx -1 . x—x +1
va B=22YX+1

R . Khi A >0, hay so sanh B vdi 3.
Jx +3 Jx -1 Y
\/;—1 \/;+6

Bai 24. Cho hai biéu thac A = B= . Chttng minh (A.B +— =3 J VxS >

Jx-57 Jx-1 Jx-5)" Jx
2x +1 va B= 2x 1 . So sanh gia tri cua biéu thic B va3
3x +1 Jx -1 A

\/;+1
Jx -2
Jx -2

X

A

Bai 18. Cho hai biéu thiic A = .Tim x d& §+ s<-

Bai 19. Cho biéu thtc P =

Bai 20. Cho biéu thttc P =

.Tim x d¢€ [P|>P.
Bai 21. Cho biéu thiic A = .Tim x €Z va x 16n nhat dé |A|=-A
Bai 23. Cho hai biéu thtic A =

2

Bai 25. Cho hai biéu thitc A =

Bai 26. Cho biéu thtc P = .So sanh P va P2

.Khi +/P xéc dinh, hay so sanh JP vaP

Jx =2
\/;-Fl

Bai 27. Cho biéu thtc P =

Bai 28. Tim gia tri nho nhat cta biéu thiee P =

. Tte 6 tim gid tri nho nhat cua biéu thirc
2

=—+3P.
Q P+3

2\/;+6
Jx +2

Bai 29. Tim gia tri I6n nhat cuia biéu thitc M = . Tr d6 tim gid tri nho nhat cua biéu thirc

N:M+2.
M

Bai 30. Tim gia tri 16n nhat cua biéu thic A = >

Jx +3

Tt d6 tim gié tri nho nhat ciia bidu thite B=3A+ % .
2

Jx+4’

Bai 31. Tim gia tri nho nhat ctia biéu thic S=—

Tl d6 tim gia tri nho nhat cta biéu thuic

T:14S+i
S+1

\s Nl o o 1w . +10
Bai 32. Tim gia tri nho nhat ctia biéu thirc A = roNE .

Jx +2

Bai 33. Cho x > 25. Tim gia tri nho nhat ctia biéu thiic M =

X
Jx -5
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Xx+3
\/; .

Bai 35. Tim gia tri I6n nhat ctia bi€u thirc A = Vx| ~9Jx .

Bai 34. Tim gia tri nho nhat cta biéu thiee P =

>y

X+2
i
Tim gié tri nho nhat ctia biéu thite T = Pa/x +x —24/2x —24x 1.
Bai 37. Tim gia tri nho nhat ctia biéu thttc C=B - A
2x-3Vx -2 o x—x+2x-2
—F——va B=
Jx -2 Jx +2

Bai 38. Tim x € N dé biéu thitc A = 3
Jx -2

a) l6n nhat b) nho nhat

Jx +2
Jx -3

a) 16n nhat b) nho nhat

Jx
Jx -1

a) 16n nhat b) nho nhat

2Jx -1
Jx +3
\/;+3
Jx -3
Bai 43. Tim x € Z dé bidu thtc P= 2%

Jx -2

Xx—2

Jx -3

Bai 36. Cho biéu thirc P =

,X2>20,x#4.

voi A =

dat gia tri

Bai 39. Tim x € N dé biéu thittc P =

dat gia tri

Bai 40. Tim x e N débiéu thitc M =

dat gia tri

Bai 41. Tim x e N dé biéu thitc A =

nhan gia tri nguyén.

Bai 42. Tim x € Z débiéu thirc M = nhan gia tri nguyén am.

nhan gia tri 1a mot s6 ty nhién.

Bai 44. Tim x € Z dé biéu thtc F = eZ.

Bai 45. Tim x e R dé€ cac biéu thirc sau nhan gid tri la s6 nguyén:

10 b Pe 5
Jx +3 ' 3Vx+2

Bai 46. Tim xeR d€ cac biéu thitc sau nhan gia tri la s6 nguyén:

_2Jx+5 b o_x-3
Ix+1 ' Jx+2
Vx-1 . Tim m d€ phuong trinh P=m c6 nghiém.
Jx+2
ax+1D) L Wx#l
———va B=
X—4 \/§—2

a. A=

A

Bai 47. Cho biéu thirc P =

Bai 48. Cho hai biéu thitc A=




Tim meZ & phuong tinh g ~ 7 o nghi¢m.

CHU PE 2 - HE PHUONG TRINH

L HE KHONG CHUA THAM SO ..o e eeee s es e ses e ees e s s s ses e eeseee e 33
DANG 1: HE DA THUC BAC NHAT DOT VOI X VA'Y ..o s 33
DANG 2: HE CHUA PHAN THUC ...t eeeeeeeeseeessee s eesseessess e essesesseessessaseessesseseee 34
DANG 3: HE CHUA CAN ...ttt eeee e se e eseee s se st ese s e st esese s ssesesesesesssesesesessseesesesessseesesesees 36
DANG 4: HE THUC CHUA TRI TUYET DO ..o eseeesseee s 38

TL HE CHUA THAM SO ..o eeeee e s e s s e s e ees s se s eees s eeesseeeesessseeeeeseennne 40

HE THONG BAI TAP SUDUNG TRONG CHU DE ..o eee e 43
L. HE KHONG CHUA THAM SO.....oomoioeoooeeeeoeeeeeeeeeeeeeeeeeeeeeeeeeseseeseoseeeesseeesseesseseeseeseeessesseesseesseeeeees 43
TL HE CHUA THAM SO oo e s s s e s e s es e eesseseeees 43

I. HE KHONG CHUA THAM SO

DANG 1: HE DA THUC BAC NHAT POI VOI X VA 'Y
ax+by=c

Cdch gidi Ruit gon vé h¢ phwong trinh bdc nhdt hai dn dang: {a' by "
X+b'y=

X+4)(y+4)=xy+216

Vi dy 1. Giai hé phuong trinh: (
+2)(y-5)=xy-50

—
x

Loi giai

) (x+4)(y+4):xy+216<:> Xy +4X+4y+16 = xy + 216
O

(x+2)(y-5)=xy—-50 Xy —5x+2y—-10=xy -50

4x+4y =200 2x+2y =100 7x =140 x =20
=S & &
-5x+2y=-40 —5X+2y=-40 X+Yy =50 y =30
Vay: (x;y)=(20; 30)

2(x+1)+3(x+y)=15
4(x-1)—(x+2y)=0

Vidy 2. Giai hé phuong trinh: {

Loi giai
o 2(x+1)+3(x+y)=15 2X+2+3x+3y=15
a Co:
4(x-1)—(x+2y)=0 4x—4-x-2y=0
{5x+3y:13 {10x+6y:26 {19x=38 {x:z
& N & N
3x-2y=4 Ox—-6y =12 3x—-2y=4 y=1
Vay:(x;y)=(2;1)

3(x+1)+2(x+2y)=4
4(x+1)—(x+2y)=9 (3

Vi dy 3. Gidi hé phuong trinh: {

Loi giai
Cach 1: (Giai truc tiép)
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T cd 3(x+1)+2(x+2y)=4 3x+3+2x+4y=4
a Co:
4(x+1)—(x+2y)=9 AX+4-x-2y=9
S5x+4y=1 5x+4y=1 11x =11 x=1
= = = =
3Xx—2y=5 6x—-4y =10 5x+4y=1 y=-1
Vay: (xy)=(%-1)
Cach 2: Dat an phu
. |la=x+1 3a+2b=4 3a+2b=4 1la=22 a=2
bit: = (3): = = =
b=x+2y 4a-b=9 8a—-2b=18 3a+2b=4 b=-1

X+1=2 x=1
= P
X+2y=-1 y=-1
Vay:(x; y)=(1;-1).
DANG 2: HE CHUA PHAN THUC

Bugc 1: Dat diéu kién cho hé phwong trinh.
Buoc 2: Giai béng cach dat an phu hodc quy dong giai truc ti€p.

Vi dy 1. Giai hé phuong trinh:

Loi giai
Diéu kién: x =1y # -2
Cach 1: Dat 4n phu
Dat a= 1 b= 1 hé phwrong trinh tré thanh
x-1 y+2
{2a+b:2 {6a+3b=6 {14a:7 a:%

= = IS
8a—-3b=1 8a—-3b=1 2a+b=2 b=1

_1
2

_1=2  (x=3
e & 1"7° (thoa man ditu kién)
-1 y+2=1 y=-1

Vay: (x:y)=(3;-1)
Cdch 2: (Giai truc tiép)
o Ll+i2:6 14
X— X— -
s Y+ - y+ R 1

X=1 y+2 x-1 y+2: x—1 y+2_

X=3
<9 3 3 { 1(th6a man diéu kién)

Vay (xy) =(3;-1)
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1 +3(y+1) =5
e .2 . A \ X + y
Vi dy 2 Gidi hé phuwong trinh

2 _(y+1)=-1
X+Yy

Loi giai
biéu kién: x +y #0
Cdch 1: (Dat an phu)

bat =a; y+1=bhé da cho tré thanh
X+Yy
a+3b=5 2a+6b=10 11b=11 b=1
& & =
2a-5b=-1 2a-5b=-1 2a-5bh=-1 a=2
l _2 y:O
Suyra {X+y & 1 (thdéa man diéu kién)
y+i=1 |72
A 1
Vay(x,'y)=(§;0)
Cdch 2: (Giai truc ti€p)
1 2
——+3(y+1) =5 ——+6(y+1) =10 11(y+1) =11
, | x+y X+Yy
9, I 2 FV12 _5y+1)=-1
——-5(y+1)=-1 ——-5(y+1)=-1 X+Yy
X+Yy X+Yy
&aXx+y <9 1 (thdamén diéu kién)
y+1=1 X_E
A 1
VaY(X;y)=(§;0)
Ll_%z_g @)
X+ +
Vi du 3 Giai hé phuong trinh 4
3X 4y
—+——=2(2)
X+1 y+2
Loi giai

biéu kién: x #-1;, y#-2
Trudc hét ta khit x, trén ti trong phwong trinh (2) ctia hé
1 2 3 1 2

Cé X+1 y+2= X+1 y+2=

(o)
3X N 4y _ 3x+3—3+4y+8—8:2
X+1 y+2 x+1 y+2
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1 2 1 2

_ -_3 e
X+1 y+2 X+1 y+2
<. 3 g8 .13 s
3———+4- =2 —+——=5
X+1 y+2 X+1 y+2
Cdch 1: (Dat an phu)
bat L =a, 1 =Dbhé da cho tro thanh
x+1 y+2
a—-2b=-3 4a—-8b=-12 Ta=-7 a=-1
= = =
3a+8b=5 3a+8b=5 3a+8b=5 b=1
1 p—
T X=-2
Suy ra x+1 = (thdéa man diéu kién)
y+2
Vay (x;y)=(-2;-1)
Cdch 2: (Giai truc ti€p)
S S (R SN B P (A
X+l y+2 X+1 y+2 X+1
(@) & =
3 8 3 8 3 8
—+——=5 ——+——=5 —+——=5
X+1 y+2 X+1 y+2 X+1 y+2
le_l X=-2
X+ {7 (thoa man diéu kién)
y+2

Vay (x;y)=(-2;-1)

DANG 3: HE CHUA CAN
Budc 1: Dat diéu kién xac dinh ctiia hé
Budc 2: Giai bang cach dit hai an phu cho gon hodc giai truc tiép

20x+1+3,/y-2=8
3Wx+1-2y-2=-1

Vi du 1 Gidi hé phuong trinh {

Loi giai
biéu kién: x>2-1;y 22
Cdch 1: (Dat an phu)
Dt Vx+1=a; \Jy—2 =b(diéu kién a>0; b > 0 )hé da cho trd thanh

2a+3b=8 4a+6b=16 13a =13 a=1
= = = (TM)
3a-2b=-1 9a—6b=-3 3a-2b=-1 b=2

Jx+1=1 {x+1=1 {x=0
Suy ra = =
Jy-2=2 (y-2=4 |y=6

Vay (x;y)=(0; 6)
Cdch 2: (Giai truc tiép)

(thdéa man diéu kién)
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C[2dx+1+3Jy-2=8  [4/x+1+6y-2=16
O{sm—zﬁ—la){g\/E—e\/yf—s
13x+1=13 Jx+1=1
@{3m_2\/r__1<:><:>{m_2<:>

Vay (x;y)=(0; 6)

x=0
{y P (thdéa man diéu kién)

+3y+1=2
Vi du 2 Giai hé phuong trinh X4

+5\y+1=4
3x—-4 Y

Loi giai
Diéu kién: x ;t%; y>-1
Cidch 1: (Dét an phu)
Dit =a; \Jy+1=b diéukién b >0 h¢ da cho tré thanh

3x—4

{a+3b=2 {3a+9b=6 {4b=2 b==(TM)

= = =
3a+5bh=4 3a+5bh=4 3a+5h=4 .

N N

11
-4 2 3 (thoa man diu kién). Vay (x; y) = (2; —>)

\/y+1=% =73 )

Cdch 2: (Giai truc tiép)

Suy ra

+3y+1=2 +9y+1=6 4./]y+1=2
Cé 3x—4 3x—4
° = T2 5 fyri-4
+5/y+1=4 +5Jy+1=4 |ge_g ONYHLE
ax—a VY ax—a VY -4
,/y+1:£ X=2 3
S 1 21<:> —3 (théa méan diéu kién). Vay (x;y)=(2; _Z)
3x—4 2 4

4 21 1
J2x—y x+y 2
3 +7—x—y:l

\J2X—Yy X+y

Vi du 3. Giai hé phurong trinh

Loi giai
Diéu kién: 2x—y >0, x+y =0.
Trudc hét ta khit x, y O trén tie trong phuong trinh sau ctia hé:
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4 21 1 4 21 1

,/2x—y_x+y_5 1/2x—y_x+y_§
-

He=t 'y 7 3 7
+ -1=1 + =2
\J2X—Yy X+Yy J2X—y  X+Y
Cdch 1 (bdt an phu)
bat a= a , b:L (diéu kién: a>0,b #0), hé tré thanh
J2X -y X+Yy
1 1 13 a—:L
4a-3b== |4a-3b== 13a =" T
2 & 2& 2 ! (thoa man).
3a+h=2 9a+3b=6 9a+3b=6 b:E
11
\J2X— 2 2x—y=4 X=6
Suy ra y = y =S (thdéa man diéu kién).
7 1 X+y=14 y=8
x+y_2
Vay (xy)=(68).
Cdch 2 (Giai truc tiép)
4 2 1 4 21 1 13 13
2X — X+ 2 2X— X+ 2 2X — 2
co XY xxy 22—y xwy 2 ] (2x-y
3 .1 _, o . a 0o A
J2X—-Yy X+Yy J2X—y X+Y J2X—y  X+Y
1
2X — 2 2x—-y=4 X=6
X=y & y & (thdéa man diéu kién).
71 X+y=14 y=8
x+y_2

Vay (xy)=(6:8).

DANG 4: HE THUC CHUA TRI TUYET POI
Budc 1 Dat diéu kién xac dinh cta hé.
Buoc 2 Giai béng cach dat hai an phu cho gon hodc giai truc tiép.

2+4)y—1=5
Vi du 1. Gidi hé phuong trinh 4y
3|x+2]-2,/y-1=1
Loi gidi

Dbiéu kién: y >1.
Cdch 1 (Dat an phu)
Dt a=|x+2|,b=.y-1 (diéu kién: a>0,b>0), hé da cho tré thanh

a+4b=5 a+4b=5 Ta=7 a=1 .
= = = (thoa man diéu kién)
3a-2b=1 6a—4b=2 a+4b=5 b=1




Jy- 1 y-1=1 y=2 [y=

Vi X=-1 [x=-3
a )
Y ly=2"1y=2

Cdch 2 (Giai truc tiép)

{|x+2|+41/ =5 {|x+2|+41/ =5 {7|x+2|=

V+2| X+2=41 (x=-1 (x=-3 =
Suy ra & , ) (thoa man diéu kién)

3x+2|-2y-1=1 " |6]x+2-4y-1=2 |3[x+2-2y-1=1
|x+ﬂ X+2:il¢> x:—l{x:— (thoa man diéu kién). V3 {x=—1{x=—3
y Oa man dieu Kien). va )
ly— 1 y-1=1 y=2 |y=2 ' %y y=2 |y=2
8 1
+ =
, - \ -3 |2y
Vi du 2. Giai hé phwong trinh L
Jx—3 -2y
Loi giai
8 1
N
Piéu ki¢n: x>0,x#9,y# . Do [l-2y|=[2y-Y nénhe <™~
J§—3+Py—q:

Cdch 1 (Dat an phu)

bat a= 4 b= L (diéu kién: a=0,b>0), hé da cho troé thanh
Jx=3"" |2y-Y
2a+b=5 a=2
" S (thdéa man diéu kién).
a+b=3 b=1
11
Suy ra Vx-3 = Vx-3=2 = Vx=5 = ; { (thoa man diéu kién).
14 (2y-1=1  |2y-1=#1 y=1 [y=0
[2y—4
Cdch 2 (Giai truc ti€p)
8 N 1 5 1 1
Yx-3 2y-1 Jx-3 2 (x=25 [x=25 ..
= < ; (thoa man diéu kién).
1 1 y=1 |y=0
+ =3 =1
Yx-3 [1-2y| 2y -1
. |x=25 [x=25
Vay ;
{yzl {y:O
) o . x=2|+2\/y+3=9
Vi du 3. Giai hé phuong trinh
y+3=-1
Loi giai

Diéu kién: y > -3.
Cdch 1 (Dat an phu)
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|[x=2|+2{y+3=9 |[|x-2/+2Jy+3=9
(@) =
X—2+,y+3=-3

X+4y+3=-1
bat a=x-2; b=,/y+3 (diéu kién: b>0), hé tro thanh
la|l+2b=9 | |a|+2b=9
&
a+b=-3 2a+2b=-6
Trwong hop 1: Xét a>0 thi |a|—2a:15<:> a—2a=15< a=-15 (loai).

< [a|-2a=15.

Trieong hop 2: Xét a <0 thi | -2a=15 < -a—2a =15 a=-5 (thoa man).
Suyra Xx-2=-5& x=-3.
Thay x=-3 vao X+\/m=—l ta duoc —3+\/m:—1<:> y =1 (thoa man).
Vay (xy)=(-31).
Cich 2 (Giai truc tiép)
) {|x—2|+2 y+3=9 {|x—2|+2 y+3=9
Co =N = |x-2|-2x=11.
X++Jy+3=-1 2x+2Jy+3=-2
Truwong hop 1: Xét Xx—220< x>2 thi
[x—2|-2x=11< x—2-2x=11< x=-13 (loai)
Trwong hop 2: Xét X—2<0< x<2 thi
[x=2|-2x=11< —x+2-2x=11< x=-3 (thoa man).
Vay (xy)=(-32).
II. HE CHUA THAM SO

ax+by=c
a'x+b'y=c’

Bdi todn thuong gdp: Cho hé { chira tham s& m.

Tim m dé hé c6 nghiém duy nhat (x; y) thoa man diéu kién cho trudc

Budc 1 Dung phuong phap thé, cong, triv d€ dua hé da cho vé phuong trinh bac nhat mot an
Ax=B.

Bugc 2: Lap luan: Hé c¢6 nghiém duy nhat khi phwong trinh Ax =B c6 nghiém duy nhat < A#0
Bugc 3: Giai nghiém (x; y) theo m va xt ly diéu kién ctia bai toan.

Cha y:

A=0
* Hé vo nghiém khi phuwong trinh Ax =B v nghiém < {

B-0
CTTA A A 1A . . A A=0
Heé v6 s6 nghiém khi phwong trinh Ax =B v0 s6 nghiém < B=0
ax+by=c

o4 by O khia’,b’, ¢’ #0 thi ta c6 cac diéu kién sau:
ax+by=c

* P61 voi hé: {

+) Hé ¢6 nghiém duy nhat khi & 22
& y a b

+) Hé v6 nghiém a_b_ ¢
a b ¢

A A A a_ b
+) Hé v6 s0 nghiém —lzgz_l
a c
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2X+y=8
4x + my=2m+ 18

Vi du 1. Cho hé phuong trinh: { v6im la tham s6.

1. Tim m dé€ hé c6 nghiém duy nhat (x; y) va tim nghiém duy nhat doé.
2. Véi (x; y) la nghiém duy nhat ¢ trén, hay tim m dé:

a) 2x -3y > 0.

b) Ca x va y la cac s6 nguyén.

c) Biéu thirc S = x2 + y? dat gia tri nho nhat.

d) Biéu thic T = xy dat gia trj 16n nhat.

Loi giai
1. Tk 2x+y=8 = y = 8-2x, thay vao 4x + my =2m + 18 ta duoc
4x+mB-2x)=2m+18 < (4 -2m)x =18 - 6m )

Hé c6 nghiém duy nhat (x; y) khi phuong trinh (*) c6 nghiém duy nhdt < 4-2m#0 < m#2.

Khidéx:18_6m:3m_9:>y:8—2x:8—2.3m_9:2m+2
4-2m m-2 m-—2 m-2

A 1A an , o R 3m-9 2m+2

Vay m#2 thi hé da cho c6 nghiém duy nhat la (x;y): - 2;m > )

6m-18 6m+6 -24
- >0
m-2 m-2 m-2

<& m-2<0 (do -24<0)< m<2 (thda man).

Vay m<2 thi 2x-3y>0.

2.2)C6 2x-3y>0< >0

X=3m—9:3m—6—3=3_ 3
b) C6 m-2 m-2 m-2
:2m+2:2m—4+6:2 6
m-2 m-2 m-2

o 3im-2
Do ddca x,yeZ ®{63m 2<:>m—26UC(3;6)={i1;i3}

&Sme {3;1; 5; —1} (thbaman m=2)
Vay me{3;1;,5-1} thica x va y la cac s nguyén.

2 2
C) S:x2+y2:(3—ij +(2+ 6 j
m-2 m-2
Dt a:%, thi S=(3-a)"+(2+2a)" =5a* +2a+13

m_
2
:S(a2 +ga+Ej:5(a+1j (54,04
5 5 5 5 5

Vay Mins =22 khia=-2= 3 —_ 1 m__13 (theaman m#2).
5 5 m-2 5

d)CoT-= xy=(3—i)(2+ J )

m-—2 m-—2

Dit a:%, ta duoc T =(3-a)(2+2a)=-2a’+4a+6=-2(a-1)’ +8<8.

Vay MaxT=8 khi a:1<:>i2:1<:>m:5 (théa man m=2).
m_
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mx—2y=2m-1
2X—my =9-3m

Vi dy 2. Cho hé phuong trinh { véi m la tham s6.

1. Tim m dé&hé c6 nghiém duy nhat (x;y) va tim nghiém duy nhét do.
2. Véi (x;y) 1a nghiém duy nhat & trén:

a) Tim mot hé thitc lién hé gitta X va y khong phu thudc vao m.

b) Tim m nguyén dé ca x va y la cac sO nguyén.

c) Tim m débiéu thitc S = x* +y* dat gia tri nho nhat.

d) Tim m débiéu thic T =xy dat gia tri 1on nhat.

Loi giai
1. Tk mx-2y=2m-1= yzw,thay vao 2x—my =9-3m ta duoc
2x—m.wzg—3m<:>(4—m2)x:18—5m—2m2 *)

Hé c6 nghiém duy nhét (X;y) khi phwong trinh (*) ¢6 nghiém duy nhét
S4-m? 20 m=+2.
18-5m-2m* 2m’+5m-18 (m-2)(2m+9) 2m+9

Khi d6 x= = = -
4-—m? m?—4 (m=2)(m+2) m+2
1 2m+9 3m+1
y=—| m. -2m+1|= .
2 m+2 m+2

Vay m#+2 thi hé da cho c6 nghiém duy nhét 1 (x;y) = (Zm +9.3m +1).

m+2 m+2
2m+4+95 3m+6-5 5 5
: =| 2+ 13—
m+2 m+2

2.a)Co (x;y):(

m+2 m+2)

Suy ra x+y:(2+ J+(3—Lj:5 khong phu thudc m.

m-+2 m+2
Vay x+y =5 la hé¢ thtc can tim.

5 5
b) Co (x;y)=]| 2 ;' 3—
) O(X y) (+m+2 m+2}
Doddca x,yeZ < 5:m+2eU(5)={+15}
IS {—1; -3.3; —7} (théaman m=2).

Vay me{-1,-3;3;,-7} thi x va y la cdc s6 nguyeén.

2 2
c) Co S:x2+y2:(2+ > j +(3_ > j
m+2 m+2

,ta dugc S =(2+a)’ +(3-a)’ =2a*—2a+13.

Xét 2S :4a2—4a+26:(2a—1) +25>25=S >%

bat a=
m-+2

Vay MInS——khl a_1 > =1<:>m=8(thc’)amén m#2).
2 m+2 2
d)CoT=xy= ( j( j
m+2
2
Dit a= ,tadwoc T=(2+a)(3-a)=-a’+a+6=- a—1 +§s§.
m+2 2 4 4




Vay MaxT:§ khi a=:=

1 5
=
2 m+ 2

%cm:8 (théa man m = 2).

HE THONG BAI TAP SU DUNG TRONG CHU DR

I. HE KHONG CHUA THAM SO

Gidi cdc hé phuong trinh sau
Bai1 (x+4)(y+4)=xy+216
(x+2)(y-5)=xy-50

Bai 2. {

2(x+1)+3(x+y)=1
4(x—1)—(x+ 2y)=

L P S
3(x+1)+2(x+2y)=4 B
Bai 3. ( )+2( y) Bai 4. ~1oy+2
4(x+1)—(x+2y)=9 i_i
Xx-1 y+2
L +3(y+1)=5 Lz
.. X+ .. X+1 y+2
Bai 5. 5 Bai 6. 3 4
_5(y+1) =-1 XY
X+Yy X+1 y+2
1 3 1=
) 2JX+1+3\/y-2=8 ) 3x—4+ y+i=
Bai 7. Bai 8.
AWx+1-2\y-2=-1 5/y+1=
3x—4
4 21 1
J2x—y x+y 2 |X+2|+4,/y-1=5
Bai 9. 3 - Bai 10.
Xy _4 3|x+2|- 2«/ =1
2X—-Yy X+y
8 N 1
x-3 |2y— Xx—2|+2y+3=9
Bai 11 Vx |y ]4 Bai 12. | | y
4 1 y+3__
Jx-3 [1-2y|

II. HE CHUA THAM SO

2X+y=8
4x+my =2m+18

Bai 1. Cho hé phuong trinh { véoi m 1a tham so.

1. Tim m dé hé c6 nghiém duy nhat (x;y) va tim nghiém duy nhét dé.

2. Vi (X y)1a nghiém duy nhat ¢ trén, hay tim m dé:
a) 2x—3y>0.

b) Ca x va y la cac s6 nguyén.

c) Biéu thirc S = x* + y* dat gié tri nho nhat.
d) Biéu thtic T = xy dat gia tri 16n nhat.
mx—2y=2m-1
2X—my =9-3m

Bai 2. Cho hé phuong trinh { véi m 1a tham so.

1. Tim m d& hé c6 nghiém duy nhat (x;y) va tim nghiém duy nhét dé.

43



2. Véi (x;y)1a nghiém duy nhat ¢ trén:

a) Tim mot hé thitc lién hé gitta X va y khong phu thudc vao m.
b) Tim m nguyén dé€ ca x va yla cac s6 nguyén.

c) Tim m débiéu thirc S =x*+y® dat gid tri nhé nhat.

d) Tim m dé€ biéu thiec T = xy dat gia tri lon nhat.

CHU PE 3 - GIAI BAI TOAN BANG CACH LAP PHUONG TRINH, HE PHUONG TRINH
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I. GIAI TOAN BANG CACH LAP HE PHUONG TRINH

Phwong phap chung

Bugc 1 Ké bang néu dwgc, goi cac an, kem theo don vi va diéu kién cho cac an.
Bugc 2 Giai thich tiing 6 trong bang, lap luan dé thiét 1ap hé phuong trinh.

Buoc 3 Giai hé phuong trinh, d6i chiéu nghiém véi diéu kién, roi tra 10i bai toan.

DANG 1: TOAN CHUYEN PONG

1.1 Chuyén dong trén bo

e Ghi nho cong thirc: Quang duwong = Van toc x thoi gian
e Cac budc giai

Budc 1 Ké bang gom van toc, thoi gian, quang duwong va dién cac thong tin vao bang dé roi goi cac
an, kém theo don vi va diéu kién cho cac an.

Buoc 2 Giai thich ting 6 trong bang, 1ap luan d€ thiét 1ap hé phuong trinh.

Budc 3 Giai hé phuong trinh, d6i chiéu nghiém véi diéu kién, roi tra 16i bai toan.

Vi du. Mot xe may di A tir dén B trong thoi gian du dinh. Néu van tdc tang thém
20km/h thi dén Bsém 1 gio so véi dy dinh, néu van tdc giam di 10km/h thi dén
B mudn 1 gio so vdi du dinh. Tinh quang duong AB.

Loi giai
Van t6c Thoi gian Quang duong
Dy dinh X y Xy
Truong hop 1 x+20 y-1 (x+20)(y-1)
Trwong hop 2 x-10 y+1 (x-10)(y+1)

Goi van tdc va thoi gian du dinh Ian luwot la x (km/h) va y (gio).
Diéu kién x>10,y >1.
Quang duong AB la xy (km).
Trong truong hop 1: Van tdc la x+20 (km/h), thoi gian 1a y-1 (gio).
Suy ra quang duong ABla (x+20)(y—1)(km)
Do quang duong khong d6i nén ta c6 phwong trinh

(x+20)(y—1)=xy < xy—x+20y—20=xy < x—20y=-20 (1)
Trong truong hop 2: Van tdcla x—10 (km/h), thoi gian 1 y+1 (gio).
Suy ra quang duong AB1la (x—10)(y+1)(km)
Do quang duong khong d6i nén ta c6 phwong trinh

(x=10)(y+1)=xy < xy+x-10y—-10=xy < x—10y =10 (2)
Tt (1) va (2) ta c6 hé phuong trinh
x—20y=-20 x—20y=-20

{x—lOy ~10 {ZX— 20y=20""
Vay quang duong ABla xy =120(km).

X =40
{y 3 (thdéa man diéu kién).

1.2. Chuyén dfng trén dong nudc cta ca nd

e Van tdc xudi dong = Van toc riéng cua ca nd + Van toc dong nude
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(viéttatla v, =v, +Vv,).
e Van t6c nguoc dong = Van toc riéng cua ca nd — Van téc dong nude

(viét titla v,, =v, —v,, chiy v, >V,).

e Quang duong =Van toc x thoi gian; S, =V, 1,;S, =V, 1.
Vi dy. Mot ca nd chay trén mot khtic song, xuodi dong 20km réi nguoc dong 18km
hét 1 gio 25 phut. Lan khac, ca nd dé di xudi dong 15km roi nguoc dong 24km thi
hét 1 gio 30 phut. Tinh van tdc riéng cua ca nd va van tdc ctia dong nudc, biét cac
van toc d6 khong doi.
Loi giai
Van t6¢c Thoi gian Quang duong

Xudi dong lan 1 X+Yy 20 20

X+Yy
Nguocdonglan1l | X-y 18 18

X—y
Xu6i dong lan 2 X+y 15 15

X+Yy
Nguocdonglan2 | x—y 24 24

X—y

D& 1 giv 25 phat :% gi0; 1 gid 30 phat :% 0,
Goi van toc riéng cua ca nd va van tdc cua dong nudc lan luot 1a X va y(km/h) . Diéu kién
X>0,y>0,x>y.
Trong lin 1
+) Van toc xudi dong la x+y (km/h), quang duwong xudi dong la 20 (km) nén thoi gian xudi dong
20
X+Yy

la

(8i0).

+) Van t6c nguoc dong 1a x—y (km/h), quang duwong nguoc dong la 18(km) nén thoi gian nguoc
18

X=y

Vi tong thoi gian xudi dong va ngugc dong hét % gio nén ta c6 phuong trinh

dong la (gio).

0,18 17 0
X+y x-y 12

Trong lin 2

+) Van t6c xudi dong 1a x+y (km/h), quang duong xudi dong la 15(km) nén thoi gian xudi dong la
15 (gi0).

X+Yy

+) Van toc nguoc dong la x—y (km/h), quang duong nguoc dong la 24 (km) nén thoi gian nguoc
\ . 24

dong la Yy (gio0).
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Vi tong thoi gian xudi dong va nguoc dong hét g gio nén ta c6 phuong trinh

15,23 @

Tt (1) va (2) ta c6 hé phuong trinh
20 N 18 17 60 N 54 17 60 N 5 17

X+Yy x—y_E X+y X-Yy 4 X+y Xx-y 4
= <

15,24 3 |60 9 7 |4 7

X+y X-y 2 X+y x-y 4 X— 4

=30 =27
= xry = X (thoa man diéu kién).
X—y=24 y=3

Vay van tdc riéng ctia ca nd va van tdc dong nudc lan luot 1a 27 va 3(km/h).
DANG 2: TOAN NANG SUAT

e Nang suét 1a lwgng cdng viéc 1am duoc trong mot don vi thoi gian.
e Tong luong cong viéc = Nang sudt x Thoi gian.

e Nang suat = Tong lwgng cong viéc : Thoi gian.

e Thoi gian = Tong lwong cong viéc : Nang suat.

Vi du 1. D€ hoan thanh mot cong viéc theo du dinh thi can mot s6 cong nhan lam trong mot s6
ngay nhat dinh. Néu tang thém 10 cong nhan thi cong viéc hoan thanh sém duoc 2 ngay. Néu bot
di 10 cong nhan thi phai mat thém 3 ngay ntta mdi hoan thanh cong viéc. Hoi theo du dinh thi
can bao nhiéu céng nhan va lam trong bao nhiéu ngay?

Loi giai
SO cong nhan SO ngay Lwong cong viéc
Du dinh X y Xy
Truong hop 1 x+10 y-2 (x+10)(y-2)
Truong hop 2 x—10 y+3 (x-10)(y+3)

Goi s0 cong nhan va sd ngay theo du dinh Ian luot la X (cong nhan), y (ngay).
Diéu kién: x>10,y>2,xeN.
Luong cong viéc theo du dinh la xy (ngay cong).
Truong hop 1: S6 cong nhan la x+10 (cong nhan), s6 ngay la y -2 (ngay).
Do d6 luong cong viécla (x+10)(y—2) (ngay cong).
Vi luong cong viéc khong doi nén ta c6 phuong trinh

(x+10)(y—2)=xy < -2x+10y =20 )
Truong hop 2: S6 cong nhan la x—-10 (cong nhan), s6 ngay la y+3 (ngay).
Do d6 luong cong viée la (x—10)(y+3) (ngay cong).
Vi luong cong viéc khong doi nén ta c6 phuong trinh

(x—10)(y+3) =xy < 3x—10y =30 (2)
Tt (1) va (2) ta c6 hé phuong trinh

{—Zx +10y=20 {x =50

(thoa man diéu kién).
3x—-10y =30 y=12
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Vay s6 cong nhan va s6 ngay theo du dinh Ian lwgt 1a 50 (cong nhan), 12 (ngay).

DANG 3: TOAN LAM CHUNG CONG VIEC

Bdi todn co ban 1 Néu hai nguoi lam chung thi sau k ngay (gio, phut,...) xong cong viéc. Néu
nguoi I lJam moét minh m ngay r6i nghi va ngwoi II lam ti€p n ngay (gio, phut,...) nita thi xong
cong viéc. Hoi néu lam mot minh thi d& hoan thanh cong viéc mdi ngudi mat may ngay (gio,
phut,...)?

Phuwong phap giai
Goi thoi gian nguoi I, nguoi II lam mot minh xong cong viéc lan lwot 1a X,y (ngay). Diéu kién:
x>0,y>0.

1 ngay nguoi I lam duoc 1 , nguoi II lam dwoc 1 (lwong cong viéc).
X y

* k ngay nguoil lam dwoc E, nguroi I lam dwoc L (lwong cong viéc).
X y

Do hai nguoi lam chung thi sau k ngay xong cong viéc nén ta c6 phuong trinh
K + k =1 @
Xy

*m ngay nguoil lam duoc m, N ngay ngwoi Il lam dwoc n (lwong cOng viéc).

X y
Do nguoi I lam mot minh mngay roi nghi va nguoi II lam ti€p n ngay nita thi xong cong viéc nén
ta c6 phuong trinh LML (2)

Xy
Giai hé (1), (2); d6i chiéu diéu kién va tra 1oi bai toan.

Bai todn co ban 2 Néu hai ngwoi lam chung thi sau k ngay (gio, phut,...) xong cong viéc. Lam
chung duwoc m ngay thi nguoi I nghi va ngwoi II lam ti€p n ngay (gio, phut,...) nita thi xong cong

viéc. Hoi néu lam mot minh thi d€ hoan thanh cong viéc moi nguwoi mat mdy ngay (gio, phut,...)?

Phuwong phap giai
Goi thoi gian nguoi I, nguoi II lam mot minh xong cong viéc lan luot 1a X,y (ngay). Diéu kién:
x>0,y>0.

Suy ra 1 ngay nguoi I lam duoc 1 , nguoi II lam dwoc 1 (lwong cong viéc).
X y

*k ngay nguoi I lam dwoc E, nguroi I lam dwoc k (lwong cong viec).
X y
D hai nguoi lam chung thi sau k ngay xong cong viéc nén ta c6 phwong trinh
LS + k_ 1 (1)
Xy

. e m m o
m ngay ca hai ngwoi lam duwgc —+— (luwgng cong viéc).
X

n ngay nguoi Il lam dwoc n (lwong cong viéc).

y
Do lam chung dwgc m ngay thi nguoi I nghi va nguoi II lam ti€p n ngay nira thi xong cdng viéc
nén ta cé phueong trinh (m +mj Do (2)

X y)y
Giai hé (1), (2); d6i chiéu diéu kién va tra 1oi bai toan.
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Vi dy 1. Hai nguoi tho cung lam mot cong viéc trong 4 gio 30 phut thi xong. Néu ngwoi thit nhat
lam mot minh trong 3 gio va nguoi thi hai lam moét minh trong 2 gio thi tong sd ho lam duoc 50%
cong viec. Héi moi nguoi lam cong viée d6 mot minh thi trong bao 1au sé xong?

Loi giai
D6i 4 gio 30 phit = %gib.
Goi thoi gian nguoi I, nguroi I lam mot minh xong cong viéc lan luot 1a X, y (gio).
biéu kién: x>0, y > 0.

Suy ra 1 gio nguoi I va nguoi II Tan luot lam dwoc 1 va 1 (lwong cong viéc).
X

*4 gi0 30 phut ca hai nguwoi lam duwoc %[1 + lj (lwong cong viéc).
Xy

Do ca hai nguoi tho cing lam mot cong viéc trong 4 gio 30 phut thi xong nén ta ¢ phuong trinh

g(£+£j:1©i+l:g (1)
2\x 'y Xy 9

* 3 gio nguroi thit I lam duoc 3 (lwong cong viéc)
X
* 2 gio nguroi thie I lam dwoc 2 (lwong cong viéc)
y

Vi nguoi I lam mot minh trong 3 gio va nguoi II lam mot minh trong 2 gio thi tdng s6 ho lam duoc
50% cong viéc nén ta c6 phuwong trinh §+ 2_ % (2)
Xy
Tt (1) va (2) ta c6 hé phuong trinh
1 1 2 2 2 4
4+ —=
y
2

1 11
X % 18 x=18

X 1B (théa mén diéu kién).
3 11 Tly=s
X

9 |x"y o
X
o y
1 3 2 1
== —t—=— =
2 Xy 2 X 6

y
Vay néu lam mot minh xong cong viéc, ngwoi I can 18 gio, ngwoi II can 6 gio.

\

Vi du 2. Hai nguoi theg cuing lam mot cong viéc thi sau 2 gio 40 phut sé hoan thanh. Néu nguoi
thit nhat lam mot minh va 3 gio sau nguoi thit hai cing vao lam thi mat 40 phuat nita méi hoan
thanh. Hoi m6i nguoi d6 lam mot minh thi trong may gio sé xong?

Loi giai
R L8 e 2
Doi 2 gio 40 phut = 3 gio; 40 phut = 3 gio.
Goi thoi gian nguoi I, nguroi I lam mot minh xong cong viéc lan luot 1a X, y (gio).
biéu kién: x>0, y > 0.

Suy ra 1 gio nguoi I va nguoi II Tan luot lam dwoc 1 va 1 (lwong cong viéc).
X

* 2 gio 40 phut ca hai ngwoi lam dwoc %(E +£j (lwong cOng viéc).
Xy

Do ca hai nguwoi tho cuing lam mdt cong viéc trong 2 gio 40 phut thi xong nén ta c6 phwong trinh

§(£+£j=1©1+1=§ 1)
3Lx vy X y 8
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* 3 iy ngudi thir I 1am dwoc = (lwong cong viec)
X

* 40 phut ca hai ngroi lam duoc %(l+1] (lwong cong viéc).
Xy
Vi nguoi thir nhat 1am mot minh va 3 gio sau nguoi thit hai cung vao 1lam thi méat 40 phut nita méi
hoan thanh nén ta c6 phuong trinh 3 + %(l + lj =1 (2)
X

X y
Tt (1) va (2) ta c6 hé phuong trinh

l+l=§ E+E:% 8.9 .

X X X =

3 Z L1 & 1 y2 & ;(1 Aé <:>{ g (thdéa man diéu kién).
SiE I o |Z=efag |=es=3 UF

X 3\x vy Xy Xy

Vay néu lam mot minh xong cong viéc, ngwoi I can 4 gio, ngwoi II can 8 gio.

Vi du 3. Hai voi nwdc cung chay vao b€ can thi sau 2 gio day bé. Néu mo voi I trong 45 phut roi
khoa lai va mé voi II trong 30 phut thi ca hai voi chay duoc % bé. Hoi mbi voi chay riéng day bé

trong bao lau?

Loi giai
bai 45 phut = 0,75 gio; 40 phut = 0,5 gio.
Goi thoi gian voi I, voi IT chdy mot minh day bé Tan luot la x, y (gio).
biéu kién: x>0, y > 0.

Suy ra 1 gio voi I va voi II [an lwgt chay duoc 1a 1 (bé).
Xy
s 1. 1) .
* 2 gio ca hai voi chay duoc 2(—+—J (bé).
Xy

Do ca hai nguoi voi cing chay thi sau 2 gio day bé nén ta cé phuong trinh

2(£+£j:1@£+1:1 (1)
Xy Xy 2

* 3 gio nguoi thi I lam dwoc 3 (bé)
X

* 45 phiit voi I chay duoc 272 (b&), 30 phit voi Il chdy duoc 22 (bé).
X y

Vi mo voi I trong 45 phut roi khoa lai va mo voi II trong 30 phtt thi ca hai voi chay duoc % bé nén

0,75 05 1 3 2 4
e e Rt Pl )
X y 3 x vy 3

Tt (1) va (2) ta co hé phuong trinh:

ta c6 phuong trinh

1 1 1 2 2 1 1
_+_:E —+—=1 —== 3
X X X =
y y X 3 & (thoa man diéu kién).
3 2 4 3 2 4 1 1 =6
—+—== —+—== —==
X y 3 Xy 3 y 6

Vay néu chay riéng dé€ day b€, voi I can 3 gio, voi II can 6 gio.
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Vi du 4. Hai voi nudc cung chay vao mot bé can thi sau 6 gio day bé. Cung chay duoc 2 gio thi
khoéa voi I lai va voi Il phai chay thém 12 gio nira méi day bé. Hoi mdi voi chay riéng day bé trong
bao lau?

Loi giai
Goi thoi gian voi I, voi IT chay mot minh day bé Tan luot la X,y (gio).
Diéu kién: x>0,y > 0.

Suy ra 1 gio voi I va voi II [an lwgt chay duoc %% (bé).

6 gio ca hai voi chay duoc 6(1 + 1) (bé).
Xy

Do ca hai voi cung chay thi sau 6 gio sé€ day bé nén ta c6 phuong trinh

6(£+£j:1c>1+£:i @)
X 'y X y 6

2 gi0 ca hai voi chay dugc 2(£+ ij (bé), 12 gio voi II chay duoc % (bé).
Xy
Vi cung chay duoc 2 gio thi khéa voi I lai va voi II phai chay thém 12 gio ntta méi day bé nén ta co
1) 12

1
hwong trinh 2| —+ = |+ —=1 2
phsong tinh 2 12,2 2

Tt (1)(2) ta c6 hé phrong trinh

1 1 1 1 1 1 1 1
—+—== 4D == - _=
X y 6 X y 6 X 9 x=9 s
= = = (thoa man)
1 1) 12 1 12 1 1 y=18
2| —+—|+—=1 —+—=1 —=—
X y) vy 3y y 18

Vay néu chay riéng dé day bé, voi I can 9 gio, voi II can 18 gio.
DANG 4. TOAN VE CAU TAO SO

e Chuy ddt dung diéu kién cua an:
+ Vi 86 ¢ hai chit s6 ab do chir s& dau tién khac 0 nén diéu kién 12 :
1<a<9,0<b<9a,b,ceN.

e S8 ab=10a+b;abc =100a +10b+c.

e D3i chd hai chit s6 ctia s6 ab ta dwgc ba=10b+a.

e Chensd 0;1; 2 vao gitta s6 aOb =100a + b;alb =100a +10+b; a2b =100a + 20 + b,

Vi dy 1. Tim s6 tw nhién c6 hai chit s0, bi€t rang tong cac chit sO ctia nd bang 14 va néu doi cho hai
chir s6 ctia no thi duoc s6 nhod hon s6 ban dau 18 don vi.

Loi giai
Goi s6 can tim 13 ab, diéu kién a,beN,1<a<9,0<b<09.
Vi tong hai chit s6 cua né la 14 nén ta c6 phuong trinh a+b =14 1)
Do d6i chd hai chit s6 cta s& abthi ta duwoc s6 mdi nho hon sd ban dau 18 don vi nén ta cd
phuong trinh ba=ab-18 < 10b+a=10a+bh-18<=a-bh=2 )

Tt (1)(2) ta c6 hé phuong trinh

o1




=
a-b=2 a-b=2 b=6

Vay s can tim 1a 86.

a+b=14 2a=16 a=8 o aem 1en
= (théa man diéu kién).

Vi dy 2. Cho mot s tw nhién c6 hai chit s0. Biét rang tong cua chit s6 hang chuc va hai lan chit s0
hang don vi la 12. Néu thém s6 0 vao gitra hai chir sd thi ta duwoc mot s6 madi c6 ba chir s6 16n hon
sO ban dau 180 don vi. Tim sO ban dau.

Loi giai
Goi s6 ban dau 1a ab, diéu kién a,beN,1<a<9,0<b<0.
Vi tong caa chr s6 hang chuc va hai lan cht s6 hang don vi la 12 nén ta c¢6 phuwong trinh
a+2b=12.
Do thém s8 0 vao gifta hai chit s8 cia s3 ab thi ta dugc s8 mdi cd ba chit s6 16n hon sd ban dau
180 don vi nén ta cé phwong trinh
a0b = ab+180 <>100a +b =10a + b +180 < 90a =180 < a = 2 (thoa man).
Thay a=2 vaoa+2b=12 ta dwoc 2+2b=12 < b =5 (thda man).
Vay s6 ban dau la 25.

Vi du 3.Cho mot s6 te nhién ¢6 hai chit s6. Biét tong hai chit s6 ctia né bang 9. Néu 14y s& d6 chia
cho s0 viét theo thit ty ngugc lai thi dugc thuong la 2 va dw 18. Tim s0 ban dau.

Loi giai
Goi s6 can tim 1a ab, diéu kién a,beN,1<a<9,0<b<09.
Vi tong hai chit s ctia n6 la 9 nén ta c6 phuong trinh a+b =9 (1)
Do 1ay s6 ab chia cho s8 viét theo thi tw nguoc lai thi duoc thuong 1a 2 va dw 18 nén ta co
phuong trinh

ab=2ba+18<10a+bh=2(10b+a)+18 < 8a—19b =18 )
Tt (1)(2) ta c6 hé phuong trinh
a+b=9 8a+8b=72 (27b=54 (b=2 = _
= & & (thoa man).
8a-19b=18  |8a-19b=18 ~ |a+b=9 |a=7

Vay s6 can tim 1a 72.

DANG 5. TOAN PHAN TRAM
e Du kién mdi ngay lam dwoc x (san pham).
e Thuec té mdi ngay tang a% nghia la:

+ S8 san pham ting thém mdi ngay la a%.x (san pham).
+ Thuc t& moi ngay lam duoc x +a%.x (san pham).

Vi du 1. Theo k&€ hoach, hai td san xuat phai lam 700 san phdm. Nhung do t0 I lam vuot mtrc 15%
so voi ké hoach, t6 II lam vuot mc 20% nén ca hai to lam dwoc 820 san pham. Tinh sd san pham
mdi t6 phai lam theo k& hoach.

Loi giai
To 1 T6 2 Ca hai to
Kéhoach X y 700
Thuc t& X +15%.x y +20%.y 820

Goi s6 san pham t6 I, t0 II phai lam theo ké hoach Ian luot la X, y (san pham).
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biéu kién x,y > 0.
Vi theo k&€ hoach, hai t6 san xuat phai lam 700 san phdm nén ta c6 phuong trinh

X+Yy =700 (1)
Trong thuec t€, t6 I lam duoc x+15%.x =1,15.x (san pham), con t6 I lam dwoc y+20%.y =1,2y
(san pham) va ca hai t6 lam dwoc 820 san phdm nén ta c6 phuong trinh

1,15x +1,2y =820 < 115x + 120y = 82000 (2)
Tt (1) va (2) ta co hé phuong trinh:
X+ Yy =700 120x +120y = 84000 X =400 .
= = (théaman).
115x+120y =82000 115x+120y = 82000 y =300

Vay theo ké hoach, td I va t6 II phai lam Tan luwot la 400 va 300 ( san pham) .

Vi dy 2. Trong ki thi tuyén sinh vao 16p 10, hai trieong A va B c6 840 hoc sinh thi d6 vao 16p
10 cong 1ap va dat ti 1é thi d6 1a 84%. Riéng trieong A ti 1é thi d6 1a 80%, riéng truong B ti 1é
thi d6 1a 90%. Tinh s thi sinh du thi ctia mbi treong.

Loi giai
Goi s6 hoc sinh du thi cta truong A va truong B lan luot la X va y (hoc sinh). Diéu kién:
X, yeN*,
Do ca hai trieong cé 840 hoc sinh thi d vao 16p 10 va dat ti 1é thi d6 1a 84% nén ta c6 phuwong
trinh:

84%.(x+Yy) =840 < x+y =1000 (1)
Vi truong A ti 1€ thi dd1a 80%, treong B ti 1€ thi dd 12 90% nén ta co phuong trinh:
80%.x+90%.y =840 < 0,8x+0,9y =840 < 8x+9y = 8400 @)

Tt (1) va (2) ta co hé phuong trinh:
X+ Yy =1000 9x+9y =9000 X =600
& IS
8x+9y =8400 8x+9y =8400 y =400
Vay s6 hoc sinh du thi cta truong A va truong B Ian luot la 600 va 400 (hoc sinh).

(thdéa man diéu kién).

DANG 6: TOAN CO NOI DUNG HINH HOC

Dang nay ta can ghi nhé cac cong thiec vé chu vi, dién tich cac hinh tam giac, hinh vudng, hinh
chir nhat,...

Vi dy 1. Mot khu vieon hinh chit nhat. Néu tang moi canh thém 4m thi dién tich cia manh
vuon ting thém 216 m?. Néu chiéu rong ting thém 2m va chiéu dai giam di 5 m thi dién tich
manh vuon sé giam di 50 m’. Tinh dd dai cic canh ctia khu vuon.

Loi giai
Chiéu rong Chiéu dai Dién tich
Khu vieon X y Xy
Truong hop 1 X+4 y+4 (x+4)(y+4)
Trudng hop 2 X+2 y—>5 (x+2)(y-5)

Goi chiéu rong va chiéu dai ctia khu veon lan lugtla X va y (m).
Piéu kién: x>0,y >5 va x<.

Truwong hop 1: Chiéu rong la x+4 (m), chiéu daila y+4 (m).

Suy ra dién tich trong treong hop 11a (x+4)(y+4) (m?).
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Do dién tich tang thém 216 m* nén ta c6 phuong trinh
(x+4)(y+4)=xy+216 < x+y=50
Truwong hop 2: Chiéu rong la x+2 (m), chiéu daila y—-5 (m).
Suy ra dién tich trong treong hop 11a (x+2)(y-5) (m?).
Do dién tich tang thém 50 m® nén ta ¢ phuwong trinh
(X+2)(y—5)=xy—-50 < —-5x+2y=-40
Tt (1) va (2) ta cé hé phuong trinh:
{x+y:50 {X=20 e
S (thoa man diéu kién).
-5x+2y=-40 y =30

Vay chiéu dai va chiéu rong ctia khu vueeon lan lwgt 1a 20 m va 30 m.

Vi du 2. Trong mot phong hop hinh chit nhat, gh& duoc sép theo hang va s& ghé trong mbi
hang 1a nhie nhau. Néu ké bot di 2hang va mdi hang b6t di 2 ghé thi tong s6 ghé trong
phong hop d6 giam di 80 ghé so véi ban dau. Néu ké thém 1 hang va mdi hang ké thém 2
gh€ thi tong sd ghé trong phong hoc d6 tang thém 68 ghé so véi ban dau. Tinh s6 hang ghé
va s0 ghé trong phong hop d¢ lic ban dau.

Loi giai
S6 hang ghé SO ghé'/ hang Tong s6 ghé
Ban dau X y Xy
Truong hop 1 X—=2 y-2 (x-2)(y-2)
Truong hop 2 x+1 y+2 (x+D)(y+2)

Goi s6 hang ghé va s0 gh€ trong mot hang luc dau Ian lugt 1a x (hang) va y (gh€).
Diéu kién: x>2,y>2,yeN.
Tong s6 ghé'lac dau la xy (ghe€).
Trieong hop 1: S6 ghé’ la x—2 (ghé), s6 gh€ trong mot hang la y—2 (ghé€).
Suy ra tong sO ghé trong treong hop 11a (x—2)(y - 2) (ghé).
Do toonge s6 ghé trong truong hop 1 giam di 80 ghé so véi ban dau nén ta ¢ phuwong trinh:

(X=2)(y-2)=xy—-80 = x+y=42 (1)
Truwong hop 2: SO gh€ 1a x+1 (ghé), s6 ghé trong mot hang la y+2 (ghé).
Suy ra tong s ghé trong treong hop 11a (x+1)(y+2) (gh€).
Do tdng sd ghé trong treong hop 2 téng thém 68 ghé so véi ban dau nén ta ¢ phuwong trinh:

(X+1)(y+2)=xy+68 < 2x+y =66 2)
Tt (1) va (2) ta co hé phuong trinh:

{x+y=42 {x:24 e v
< (thoa man diéu kién).
2X+Yy =66 y=18

Vay trong phong hop d6 ltic ban dau c6 24 (hang gh€') va co tong s6 ghé'la: 18.24 =432 (ghé)
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II. GIAI TOAN BANG CACH LAP PHUONG TRINH BAC HAI

Phwong phap chung

Budc 1: Ké bang néu duoc, goi dn, kem theo don vi va diéu kién cho an.

Budc 2: Giai thich titng 6 trong bang, 1ap ludn dé thiét lap phuwong trinh bac hai.
Budc 3: Giadi phuwong trinh, d6i chiéu diéu kién va tra 10i bai toan.

DANG 1: TOAN CHUYEN DONG

1.1.Chuyén dong trén bo
e Ghi nh¢ cdng thitc Quang dwong = Van toc x Thoi gian.
o Cdc buoc giai

Budc 1: Ké bang gom van toc, thoi gian, quang duwong va dién cac thong tin vao bang d6 roi
goi an, kem theo don vi va diéu kién cho an.

Budc 2: Giai thich tiing 6 trong bang, lap luan dé€ thiét lap phuong trinh bac hai.

Budc 3: Giai phuong trinh, d6i chiéu diéu kién va tra 101 bai toan.

Vi du 1. Mot nguoi di xe dap tir A dén B cach nhau 24 km. Khi tir B tro vé A nguoi d6 tang van t6c
lén 4 km/h so véi lace di, vi vay thoi gian vé it hon thoi gian di 30 phut. Tinh van toc ctia xe dap khi
di tir A dén B.

Loi giai
Van t6c Thoi gian Quang duong
Luc di X 24 24
X
Ltc vé X+4 24 24
X+4

Goi van tdc ctua xe dap khi di tit A dén B la x (km/h). Biéu kién: x>0.
Van toc khi tir B tré vé A la x+4 (km/h).

24
X+4

(gi0).

Thoi gian ltc di va lac vé [an lugt 1a ol va
X

Vi thoi gian vé it hon thoi gian dila 30 phut :% gio nén ta c6 phuong trinh :

240 24 1 24(x+4)-24x 1 9% 1
X Xx+4 2 X(x+4) 2 Xx(x+4) 2
& X2 +4x-192=0 & X* +4x+4-196=0 & (x+2)" =196
& x+2=414 o x=12 (TM), x=-16 (L).
Vay van toc luc dila 12 (km/h).

Vi du 2. Quang duong tir A dén B dai 90km. Mot nguoi di xe may tir A dén B. Khi di dén B, nguoi
d6 nghi 30 phut réi quay tré vé A véi van toc 16n hon van tdc ltc dila 9 (km/h). Thoi gian ké tte
Itc bat dau di tir A dén ltc tro vé A 1a 5 gio. Tinh van tSc xe mdy ltc di tir A dén B.

Loi giai
Van t6c Thoi gian Quang duong
Luc di X 90 90
X
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Lic veé X+9 90
X+9

90

Goi van tdc cua xe dap khi di tir A dén B 1a x (km/h). DBiéu kién: x>0.

Van toc khi ti B tro vé A la x+9 (km/h).

Thoi gian Itc di va Iac vé Jan luot 1a % va 9—09 (gi0).
X X+

Vi thoi gian nghi la 30 phut =% gid va thoi gian ké tir lac bat dau di tir A dén lac tro vé Ala 5

gio nén ta c6 phuong trinh :
90 90 1

X X+9 2: X(x+9)

< X2 +9x=40x+180 < x* —31x-180=0

Cé A =(-31)2—4.1.(- 180) = 1681 >0 = +/A =41 nén
L 3141

< x =36 (thoa man), x =-5 ( loai)

Vay van tdc lac di la 36 (km/h).

90(x+9)+90x 9

20x+90 1

X(x+9) 2

Vi du 3. Mot nguoi du dinh di xe dap tit Adén B cach nhau 60 km trong mot thoi gian nhat dinh.

Sau khi di dwgc 30 km ngwoi d6 da dung lai nghi 30 phut . Do d6, d€ dén B diang thoi gian duw

dinh nguoi d6 phai tang van téc thém 2 km/h. Tinh van tdc du dinh cua nguoi do.

Loi giai
Van t6c Thoi gian Quang duong
Dy dinh x 60 60
X
Thuec t& X 30 30
X
X +2 30 30
X+2

Dai 30 phat = %gib
Goi van toc du dinh la x (km/h). Diéu kién: x >0
Thoi gian dy dinh 1a 22 (giv)
X
Thoi gian nguoi d6 di 30 km dau la =2 (giv).
X

30

Thoi gian nguoi do di 60 — 30 = 30 km con lai la 5
X+

Do xe dén B dung han nén ta c6 phuwong trinh
30,3 _1_¢60 30 30 _1 60 1

X X+2 2 X X X+2 2 x(x+2)_2
& xX2+2x-120=0 & x>+ 2x+1-121=0 < (x+1)2=121
< x+1=£11 < x=10 ( thoéa man), x=-12 (loai)

Vay van toc du dinh la 10 ( km/h)

( gio).
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Vi dy 4. Mot 6 t6 du dinh di tit A dén B cach nhau 120 km trong mot thoi gian quy dinh. Sau khi
di duoc 1 gio thi 6 t6 bi chan boi xe cttu hoa 10 phut. Do d6 d€ dén ding han xe phai tang toc
thém 6km/h. Tinh van toc ltc dau cuia 6 to.

Loi giai
Van t6c Thoi gian Quang duong
Du dinh X 120 120
X
Thuec té X 1 X
X+6 120-x 120 - x
X+6

bai 10 phat = % gio

Goi van toc lac dau ctia 6 t6 1a x (km/h). Diéu kién: x >0

Thér gian dy dinh ctia 6 t6 1 % (8i0).

Trong 1 gio dau 6 t6 di duoc x (km) nén quang dwong con lai 1a 120 - x (km).

% (gi0).

Thoi gian 6 t6 di trén quang duwong con lai la 120

Do xe dén B dung han nén ta c6 phuwong trinh
120-x 1 120 120 120-x _7 X*+720 7
+1+= = & - = & =
X+6 6 X X X+6 6 X(x+6) 6
S 6(x2+ 720)=7(x2+ 6x) <> X2 + 42x —4320=0
& (x—48)(x+90)=0
< x=48 ( thoa man), x=- 90 (loai)
Vay van toc lac dau caa 6 t6 1a 48 (km/h)
1.2. Chuyén dong trén dong nudc

e Van t6c xudi dong = van tdc riéng ctia ca nd + van toc dong nuwdc
(viét tat 12 vi= Vi + Vi)
Van tdc nguwoc dong = Van tdc riéng cua ca nd — van téc dong nuwdce
( Viét tat 1a Vng= Vi- v, chll ¥ V> va )

e Quéang duong = van toc x thoi gian; Sx= vx.tx; Sng= Vng.tne.

Vi dy 1: Mot tau tuan tra chay nguoc dong 60km, sau d6 chay xu6i dong 48 km trén cung mot
dong song cd van toc ctia dong nudc la 2km/h. Tinh van tdc cua tau tuan tra khi nuedc yén lang,
biét thoi gian xu6i dong it hon thoi gian nguoc dong la 1 gio.

Loi giai
Van t6c Thoi gian Quang duong
Xu6i dong X +2 48 48
X+2
Nguoc dong x-2 60 60
X—2

Goi van tdc cta tau khi nudc yén lang la x (km/h). Diéu kién: x > 2.
Van tdc ltc xudi dong va nguoc dong lan lwgt 1a x +2; x — 2 (km/h).
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Thoi gian khi xudi dong va nguoc dong lan luot la 482 va 602 (gi0).
X —
Vi thoi gian xudi dong it hon thoi gian nguoc dong 1 gio nén ta ¢ phuwong trinh
60 48 RN 60(x+2)—48(x—2) e 12x2—216 1
X—2 X+2 (x=2)(x+2) X —4
& x2-12x-220=0 ©x2-12x+36 - 256 =0 < (x—6)>=256
& Xx—-6=116 < x =22 (thdéa man), x =- 10 (loai)
Vay van tdc cua tau thuy khi nwdce yén lang 1a 22 ( km/h).

Vi du 2. Lac 6 gio 30 phut sang, mot ca nd xudi dong song tir A dén B dai 48km. Khi dén B, ca no
nghi 30 phut sau d6 lai nguoc dong tir B vé dén A ltc 10 gio 36 phit cling ngay. Tim van téc riéng
cua ca nd, biét van tdc dong nudcla 3km/h .

Loi giai
Van t6c Thoi gian Quang duong
Xudi dong X+3 48 48
X+3
Nguoc dong x-3 48 48
X—3
Goi van tdc riéng cta ca no la x ( km/h). Diéu kién: x > 3.
Van tdc ltc xudi dong va nguoc dong lan lwgt 1a x + 3; x — 3 (km/h).
Thoi gian khi xudi dong va nguoc dong lan luot la va 83 (gi0).
X J—

Vi tong thoi gian ca di,vé, nghi 1a 10 gio 36 phut — 6 gio 30 phut =% gio va thoi gian nghi la 30

phut =% gio nén ta c6 phuong trinh

48 48 1 41 48(x—3)+48(x+3) 36
- 4 4+ = & —

Xx+3 x-3 2 10 x> —9 10

o X 30 8 _3 L 3e-80x-27-0.
x*-9 10 x°-9 10

Co A =(-40)*—3.(-27) =1681> 0= /A =41 nén
_40%41

= x =27 (théa man), x= —% (loai)

Vay van toc riéng cua ca nd 1a 27 ( km/h)
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DANG 2: TOAN NANG SUAT

e Nang suét 1a lwgng cdng viéc 1am duoc trong mot don vi thoi gian.
e Tong luong cong viéc = Nang sudt x thoi gian
e Nang suat = Tong lwong cong viéc : Thoi gian
e Thoi gian = Tong lwong cong viéc : Nang xuat

Vi du 1: Mot phan xuwong theo ké hoach can san xuat 1100 san pham trong mot s6 ngay quy dinh.
Do mdi ngay phan xwong d6 viot mikc 5 san phdm nén phan xwdong d6 da hoan thanh ké& hoach
sém hon thoi gian quy dinh 1a 2 ngay. Hoi theo k& hoach thi mdi ngay phan xwong dé can san
xudt bao nhiéu san phdm?

Loi giai
SO san pham / ngay SO ngay Tong s6 san pham
K& hoach X 1100 1100
X
Thuee t€ X +5 1100 1100
X+9

Goi 58 san pham mdi ngay xwong d6 can lam theo k& hoach 1a X (san pham).
Piéu kién: X >0
SG san phdm moi ngay phan xudng dé lam dugc trong thuc t&1a X+ 5 (san pham).

SO ngay phan xuong do can lam theo ké hoach la

(ngay).

S6 ngay phan xuong do can lam trong thuc t€'la

s (ngay).

Vi phan xudng d6 hoan thanh ké hoach sém hon 2 ngay nén ta c6 phwong trinh:

1100 1100 PPN 1100(x +5) —1100x o

X X+5 X(X +5)
0 5 210 x4 5x-2750=0
X"+ 5X X* +5X
C6 A=52—4.1.(-2750) =11025 > 0 = +/A =105 nén
5+
X=5_—105:> X =50 (thoa man), X =—55 (loai)

Vay theo k& hoach thi mdi ngay phan xwong dé can 1am 50 (san pham).

Vi du 2. M6t d6i xe du dinh dung mot s6 xe cung loai d€ cho 60 tan hang. Luc sép khéi hanh c6 3
xe phai diéu di 1am viéc khac nén khong thé tham gia cho hang. Vi vay, mdi xe con lai phai cho
nhiéu hon dy dinh 1 tan hang. Tinh s6 xe theo du dinh cta d6i do, biét moi xe chd khoi luong
hang nhw nhau.

Loi giai:
SO hang/xe SO xe Tong s hang
. 60
Du dinh 7 X 60

59




Thuec té — X—3 60
X—3

Goi s0 xe theo dy dinh ctia d6i 1a x (xe). Diéu kién: X > 3.
Thic t&'s6 xe la X —3 (xe).

60

S6 hang trén mdi xe theo du dinh va trong thyc té lan luot la — va

(tan).
Vi mdi xe thuee t& phai cho nhigu hon dy dinh 1 tdn hang nén ta cé phuong trinh:

60 60:1 180 =1« x*—-3x-180=0.

<:>—
X-3 X X(x —3)
C6 A=(-3)>—4.1.(~180) = 729 > 0 = VA = 27 nén
L _3£27

< X =-12(loai), X =15 (théa man).

Vay s6 xe du dinh cua déi la 15 (xe).

Vi du 3. Mot t6 san xudt phai lam 600 san phdm trong mot thoi gian quy dinh véi nang suat nhuw
nhau. Sau khi 1am dwoc 400 san pham, t8 da ting nadng suat thém mbi ngay 10 san pham, do d6 da
hoan thanh cong viéc sém hon mdt ngay. Tinh s6 san pham lam trong mdi ngay theo quy dinh.

Loi giai
S6 san pham/ngay SO ngay Tong s6 san pham

. 600

Du kién X — 600
X

400

X 7 400
Thyec té
o x+10 200 200
x+10

Goi s6 san pham du kién lam trong mdi ngay 1a X (san pham).
biéu kién: X >0.

600
Thoi gian dy kién la — (ngay).
X

e 400
Thoi gian lam 400 san pham dau la — (ngay).
X

Thoi gian lam 600 - 400 = 200 san pham sau la (ngay).

+10
Vi thuee t€ cong viéc hoan thanh sém hon du kién 1 ngay nén ta ¢6 phuong trinh:
600 (400 200 200 200 200(x +10) —200x
- + =l —- =l =1
X X x+10 x x+10 X(x+10)
< x> +10x—2000 =0 <> x* +10x + 25— 2025 =0 <> (x +5)° = 2025.
<> X+5=7445 < X=40( thoa man), X =-50 (loai).
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Vay s6 san pham du kién lam trong moi ngay 1a 40 (san pham).

Vi du 4. M6t nguoi tho lam 120 san phdm trong moét thoi gian va nang suat du dinh. Khi lam
duoc 50 san pham, nguoi thg d6 nhan thay lam véi ndng sudt nhw vay sé thap hon nang suat du
dinh la 2 san pham mot ngay. Do d6, d€ hoan thanh dung thoi gian da dinh, nguoi tho do6 tang
nang sudt thém 2 san pham mot ngay so véi du dinh. Tinh nang suat du dinh ctia ngwoi thg do.

Loi giai
S6 san pham/ngay S6 ngay Tong s6 san pham
. 120
Du dinh X — 120
X
50
X—2 —2 50
Thuc té X—
70
X+2 — 70
X+2

Goi 58 san pham mdi ngay nguoi tho d6 can lam theo du dinh 1a X (san pham).
DPiéu kién: X > 2.

120
SO ngay theo du dinh la — (ngay).
X

Trong 50 san pham dau, mdi ngay nguoi thg d6 lam duoc X —2 (san pham) nén s6 ngay lam 50

san pham dau la > (ngay).
X —

Trong 120-50=70 san pham sau, mdi ngay nguoi tho d6 lam dwoc X+ 2 (san pham) nén s& ngay

lam 70 san pham dau la

5 (ngay).

Do thuc t€ nguwoi d6 hoan thanh dung nhu du dinh nén ta c6 phuong trinh:
50 70 120 120x-40 120
+ =— o — =
X—=2 X+2 X X" -4 X
< 120x* — 40X =120 — 480 <> X =12 ( thoa man diéu kién).
Vay s san pham mdi ngay ngudi tho dé can lam theo du dinh 1a 12 (san pham).
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DANG 3: TOAN LAM CHUNG CONG VIEC

Bai toan co ban: Néu hai ngwoi lam chung thi sau k ngay (gio, phut, ...) xong cong viéc. Néu lam
mot minh thi nguoi th nhat hoan thanh cong viéc sdém hon nguoi th hai la m ngay (gio, phat,
...). Héi néu lam mot minh thi d&€ hoan thanh cong viéc mdi ngudi mat may ngay (gio, phut, ...)?

Phwong phap giai

Goi thoi gian nguoi I, nguoi II lam mot minh xong cong viéc lan luot la X, Y (ngay).
Diéu kién: x>0, y>0.

1 1
Suy ra 1 ngay nguoi I lam dugc —, nguoi Il lam dugc — (luong cong viéc).
X

k
* K ngay nguoi I lam duge —, nguoi I lam duge — (luwong cdng viée).
X

Do hai nguoi lam chung thi sau k ngay xong cong viéc nén ta c6 phuong trinh:

k k
—+—=1 (1)
Xy
* Vi lam moét minh thi nguoi th nhat hoan thanh cong viéc nhanh hon nguoi th hai la m ngay
nén ta c6 phwong trinh Yy =X+mMm (2)
k k
Thay (2) vao (1) ta duoc phuong trinh — + =1 3)

X X+m
* Pua (3) vé phuong trinh bac hai, giai X, doi chiéu diéu kién va tra 1oi bai toan.

Vi du 1. Hai nguoi tho cung lam chung mot cong viéc trong 6 gio thi xong. Néu ho lam riéng thi
nguodi thir nhat hoan thanh cong viéc nhanh hon ngwoi thit hai 1a 5 gio. Héi néu 1am riéng thi moi
nguoi can bao nhiéu gio dé€ xong cong viéc d6?

Loi giai

Goi thoi gian ngwoi I, nguoi II lam mot minh xong cong viéc lan lwot1a X, y (ngay).
Diéu kién: x>0, y>0.

Suy ra 1 gio nguoi I va nguoi II [an luot lam dwgc — va — (luwong cdng viéc).
X

1 1
* 6 gio ca hai nguoi lam duwoc 6[— + —] (lwong cong viéc).
Xy

Do hai nguoi cung lam trong 6 gio thi xong cong viéc nén ta cé phuwong trinh:

1 1 1 1 1
6|l —+— =l —+—=— (*)
X Yy X y 6
* Vilam mot minh thi ngwoi thit nhat hoan thanh cdng viéc nhanh hon nguoi thit hai la 5 gio nén
ta ¢4 phuong trinh Y = X+ 95, thay vao (¥), ta duoc:
1 1 1 X+5+x 1 2x+5 1

- = =~ =
X X+5 6  Xx(x+5) 6 x*+5x 6
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SxP+5x=12x+30= X2 —7x-30=0

C6 A= (-7)' - 41(-30) = 169 > 0 = /A =13nén

7+13 . e gea 1an
X = X = =3 (loai), X = 10=y = 15(thoa man diéu kién).

Vay, néu lam mot minh d€ xong cong viéc, nguoi I can 10 gio, ngwoi II can 15 gio.

Vi dy 2. Hai voi nudc cung chay vao moét bé can thi sau 1 gio 20 phut day bé. Néu dé chay mot
minh thi voi tht nhét chay day bé nhanh hon voi thit hai 1a 2 gio. Hay tinh thoi gian moi voi chay
mot minh day bé.

Loi giai
Goi thoi gian voi I, voi IT chay mdt minh day bé Tan luot la x, y (gio).
biéu kién: x>0, y > 0.

Suy ra 1 gio voi I va voi II Ian lwgt chay du_’c_fcl va 1 (bé).
X y

*1 gidy 20 phut =% 0y ca hai voi chay duge %(1 +1j (b8).
X'y

Do ca hai voi cung chay thi sau 1 gio 20 phtt sé day bé nén ta c6 phuong trinh

ﬂ £+£ — 1@&4_3;& (>(-)

3Lx vy X y 3
* Vi chay mot minh cho dén khi day bé thi voi I nhanh hon voi II 1a 2 gio nén ta cd
phuwong trinhy = X + 2, thay vao (*), ta duoc
1 1 3 Xx+2+x 3 2x+2 3
== =— o ——=—
X X+2 4 x(x+2) 4 x°+2x 4
&3+ 6x =8k + 83 -2x-8=0
C6 A" = (-1)°- 3(-8) = 25 > 0=+A'= 5 nén

1+5
==
3

Vay néu chay mot minh thi dé€ day bé, voi I can 2 gio, voi II can 4 gio.

X X = —% (loai), X = 2=y = 4(thoa mam diéu kién).

DANG 4: TOAN CO NOI DUNG HINH HQC

Dang nay ta can ghi nhé cac cong thikc vé chu vi, dién tich ctia cac hinh tam hinh vudng, hinh
chir nhat,...

Vi dy 1. Mot manh dat hinh chit nhat ¢6 chu vi bang 28 mét va mot duwong chéo bang 10 mét. Tinh
chiéu dai chiéu rong manh dat do6 theo don vi la mét.

Loi giai
Goi chiéu dai va chiéu rong cia manh dat do lan luot la x, y (m)
biéu kién: x>0, y >0, x >y.
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Do chu vi manh dat 1a 28 m nén ta c6 phuong trinh
2(x +y) =28=>x+y=1d4ecy =14 -x (1)
Vi d6 dai duwongchéo bang 10 m néntheo dinh ly Pylago,ta ¢6:x* + y? = 10 (2)
Thay (1) vao (2) ta dugc X’ + (14 — x)* = 100 x>~ 14x + 48 = 0
SxP—6x —8X +48 = 0= Xx(x - 6) —8(x —6) = 0= (x—6)(x-8) =0
X-6=0 X=6=>Yy=8
< 2=
x—-8=0 X=8=>Yy=06
Két hop vdi diéu kién ta duwocx =8, y = 6.
Vay chiéu dai va chiéu rong ctia manh dat do lan lugt 1a 8 m va 6m.

Vi dy 2. Mot khu vuon hinh ch nhat c6 chu vi la 200 m. Sau khi nguoi ta lam mot 16i di rong
2m xung quanh vuon (thudc dat ctia vuon) thi phan dat con lai d€ trong cay la mot hinh chi

nhat c6 dién tich la 2016 m2 Tinh cé4c kich thwdce cua khu vieon ltuc dau.

Loi giai
Chidu rone Chiéu dai Dién tich
Ran AA1 X y Xy
Sau X - 4 y -4 (x-4)(y-4)

Goi chiéu dai va chiéu rong ctia khu vueeon lan luot 1a x, y (m).
biéu kién: x>0, y >0, x > y.
* Do khu vuon ltc dau ¢d chu vi la 200m nén ta ¢ phuong trinh

2(x +y) = 200y = 100 - x (1)
Sau khi lam 16i di rong 2m xung quanh vuon thi chiéu rong la x — 4 (m) va chiéu
dailay -4 (m)néndiéntichla(x — 4)(y — 4) = 2016 (2)

Thay (1) vao (2) ta duwoc(x — 4)(96 — x) = 2016<> x*— 100x + 2400 = 0

< x?— 40x — 60x + 2400 = 0<x(x —40) — 60(x — 40) = 0
Xx—40=0 Xx=40= y =60
x—60:0©[x=60:> y =40
Két hop diéu kién ta dwoc x =40, y = 60.
Vay khu vuon Itc dau cé chiéu rong va chiéu dai lan luot 1a 40 m va 60 m.

<(x — 40)(x — 60) = 0<:{

HE THONG BAI TAP SU DUNG TRONG CHU PE

I. GIAI TOAN BANG CACH LAP HE PHUONG TRINH

Bai 1. Mot xe may di tit A dén B trong thoi gian dui dinh. Néu van t6c tang thém 20 km/h thi
dén B som 1 gio so voi du dinh, néu van t6c giam di 10 km/h thi dén B mudn 1 gio so
voi du dinh. Tinh quang duong AB.

Bai 2. M6t ca n6 chay trén mot khtic song, xudi dong 20 km r6i nguoc dong 18km hét 1 gio 25
phat. Lan khac, ca ndé dé di xu6i dong 15km réi nguoc dong 24 km thi hét 1 gio 30
phat. Tinh van t6c riéng cua ca nd va van tdc cua dong nudc, biét cac van téc dé khong
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doi.

Bai 3. D€ hoan thanh mét cong viéc theo du dinh thi can mot s6 cong nhan lam trong mot sO
ngay nhat dinh. Néu tang thém 10 cong nhan thi cong viéc hoan thanh sém duoc 2
ngay. Néu bét di 10 cong nhan thi phai mat thém 3 ngay ntta méi hoan thanh céng
viéc. Héi theo du dinh thi can bao nhiéu céng nhan va lam trong bao nhiéu ngay?

Bai 4. Hai nguoi tho cling lam mot cong viéc trong 4 gio 30 phut thi xong. Néu nguoi thit nhat
lam mot minh trong 3 gio va nguoi thit hai lam mot minh trong 2 gio thi tong s6 ho
lam duoc 50% cong viéc. Hoi moi nguodi lam cong viée d6 mot minh thi trong bao 1au
sé xong?

Bai 5.Hai nguoi tho cling lam mot cong viéc thi sau 2 gio 40 phut sé hoan thanh. Néu nguoi
thit nhat lam mot minh va 3 gio sau nguoi thit hai cing vao lam thi mat 40 phut nita
méi hoan thanh. Héi mbi nguoi lam cong viéc &6 mot minh thi trong may gio sé xong?

Bai 6. Hai voi nudc cuing chay vao mot bé can thi sau 2 gio day bé. Néu mo voi I trong 45 phut

r6i khod lai va mé voi II trong 30 phut thi ca hai voi chéydu’cyc% bé. Hoi mdi voi chay
riéng day bé trong bao 1au?

Bai 7. Hai v0i nwdc cung chay vao mét bé can thi sau 6 gio day bé. Cung dwoc 2 gio thi khod voi I
lai va voi IT phai chay thém 12 gid nita méi day bé. Hoéi mdi voi chay riéng day bé trong
bao lau?

Bai 8. Tim s8 tu nhién c6 hai chit s6, biét rang tdng cac chit s6 ctia n6 bang 14 va néu ddi chd hai
chit sO ctiia no thi duoc s6 nho hon s6 ban dau 18 don vi.

Bai 9. Cho mdt s tit nhién c6 hai chit s8. Biét rang tong ctia chit s§ hang chuc va hai lan chit s&
hang don vi la 12. Néu thém s6 0 vao gitra hai chit s6 thi ta dwgemdt s6 méi ¢ ba chir s6
16n hon s6 ban dau 180 don vi. Tim s6 ban dau.

Bai 10. Cho mdt s3 tw nhién c6 hai chir s6. Biét tong hai chit s8 cia né bang 9 Néu 13y s§ d6 chia
cho s0 viét theo thit ty ngugc lai thi dugc thuong la 2 va dw 18. Tim sO ban dau.

Bai 11. Theo ké hoach, hai t0 san sudt phai lam 700 san pham. Nhung do t6 I lam vuot mike 15% so
véi k& hoach, t0 II lam vweot mire k€ hoach 20% nén ca hai to da lam dwoc 820 san pham.
Tinh s8 san phdm mai t6 phai lam theo k& hoach.

Bai 12. Trong ki thi tuyén sinh vao 16p 10, hai treong A va B ¢6 840 hoc sinh thi d6 vao 16p 10
cong lap va dat ti 18 thi d6 1a 84%. Riéng truong A ti 18 thi do 1a 80%, riéng truong B ti 1é
thi @3 12 90%. Tinh s8& hoc sinh dw thi ctia mdi triedong.

Bai 13. Mot khu vuon hinh ch@ nhat. Néu tang mdi canh thém 4m thi dién tich manh vuon tang
thém 216m? Néu chiéu rdng tang thém 2m va chiéu daigiam di 5m thi dién tich manh
vuron s€ giam di 50m2 Tinh d¢ dai cac canh ctia khu vueon.

Bai 14. Trong mot phong hop hinh chit nhat, ghé duoc sap xép theo hang va s6 ghé trong mdi
hang 1a nhu nhau. Néu ké bét di 2 hang va mdi hang bét di 2 ghé thi tong s8 ghé trong
phong hop d6 giam di 80 ghé so véi ban dau. Néu ké thém 1 hang va moi hang ké thém 2
gh€ thi tong s0 gh€ trong phong hop doé tang thém 68 ghé€ so v6i ban dau. Tinh sd hang
ghé va s6 ghé trong phong hop d6 lac ban dau.

IL. GIAI TOAN BANG CACH LAP PHUONG TRINH BAC HAI

Bai 1. Mot nguoi di xe dap tit A dén B cach nhau 24 km. Khi tix B tro vé A nguoi do6 tang van t6c
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1én 4 km/h so véi lac di, vi vdy thoi gian vé it hon thoigian di 30 phut. Tinh van toc ctua
xe dap khi di tir A dén B.

Bai 2. Quang duong tir A dén B dai 90km. Mot nguoi di xe may tir A dén B. Khi dén B, nguoi do
nghi 30 phut réi quay tré vé A véi van toc 1on hon van toc lac di la 9 (km/h). Thoi gian ké
tlr lac bat dau di tir A dén lac tré vé dén A 1a 5 gio. Tinh van t8c xe may ldc di tir A dén
B.

Bai 3. Mot nguoi du dinh di xe dap tir A dén B cach nhau 60km trong mot thoi gian nhét dinh.
Sau khi di dwoc 30km nguoi d6 da dung lai nghi 30 phut. Do d6, dé€ dén B ding thoi gian
du dinh nguoi d6 phai tang van toc thém 2km/h. Tinh van toc du dinh ctia nguoi dé.

Bai 4. Mot 6 to du dinh di tir A dén B cach nhau 120 km trong mot thoi gian quy dinh. Sau khi di
duoc 1 gio thi 6 t6 bi chdn boi xe cttu hoa 10 phut. Do d6 d€ dén B dung han xe phai tang
van toc thém 6 km/h. Tinh van toc ltic dau cta 0 to.

Bai 5. Mot tau tuan tra chay nguwoc dong 60km, sau d6 chay xu6i dong 48km trén cing mot dong
song cd van toc cua dong nudce la 2km/h. Tinh van toc cua tau tuan tra khi nuedce yén lang,
biét thoi gian xu6i dong it hon thoi gian nguoc dong 1 gio.

Bai 6. Luc 6 gio 30 sang, mot ca nd xudi dong tir A dén B dai 48km. Khi dén B, ca nd nghi 30 phat
sau d¢ lai ngwgc dong tir B vé dén A lac 10 gio 36 phat cung ngay. Tim van toc riéng cua
ca no, biét van t6c dong nuwdc la 3 km/h.

Bai 7. Mot phan xuong theo ké hoach can san xuat 1100 san pham trong mdt s6 ngay quy dinh. Do
mdi ngay phan xudng dé vuot mitc 5 san pham nén phan xuéng dé da hoan thanh k&
hoach sém hon thoi gian quy dinh 1a 2 ngay. Hoi theo k& hoach thi mdi ngay phan xudng
d6 can san xudt bao nhiéu san pham?

Bai 8. Mot d6i xe dy dinh dung mot s xe cung loai dé€ cho 60 tdn hang. Lac sé’p khoi hanh c6 3 xe
phai diéu di 1am viéc khac nén khong thé tham gia chd hang. Vi vay mdi xe con lai phai
chd nhiéu hon dy dinh 1 tdn hang. Tinh s6 xe theo du dinh cta déi do, biét mdi xe chd
khoi lwgng hang nhu nhau.

Bai 9. Moi t6 san xudt phai lam 600 san pham trong mot thoi gian quy dinh véi nang suat nhuw
nhau. Sau khi lam dwgc 400 san pham, t& da téng nang suat thém mdi ngay 10 san pham,
do d6 da hoan thanh cong viéc sém hon mot ngay. Tinh s6 san phadm trong mdi ngay
theo quy dinh.

Bai 10. Mot nguoi tho lam 120 san phdm trong mot thoi gian va nang suat dy dinh. Khi lam duoc
50 san pham, nguoi thg d6 nhan thay lam véi ndang sudt nhw vay sé thdp hon nang suat
du dinh la 2 san pham moét ngay. Do d6 d€ hoan thanh dung thoi gian da dinh, nguoi the
d6 tang nang suat thém 2 san pham mot ngay so véi du dinh Tinh nang sudt du dinh cta
nguoi tho do.

Bai 11. Hai nguoi thg cung lam chung mot cong viéc trong 6 gio thi xong. Néu ho lam riéng thi
nguoi tht nhat hoan thanh cong viéc nhanh hon nguoi thit hai 1a 5 gio. Hoi néu lam
riéng thi mbi ngudi can bao nhiéu gid dé€ xong cong viec d6?

Bai 12. Hai voi nwdc cung chay vao mot bé can thi sau 1 gio 20 phat day bé. Néu dé chay mot
minh thi voi thit nhat chdy nhanh hon voi thi hai la 2 gio. Hay tinh thoi gian mdi voi
chay mot minh day bé.

Bai 13. Mot manh d4t hinh chit nhat ¢ chu vi bang 28 mét va d6 dai duong chéo bang 10 mét.
Tinh chiéu dai va chiéu rong ctia manh dat d6 theo don vi la mét.

Bai 14. Mot khu vueeon hinh chit nhat ¢6 chu vi 1a 200m. Sau khi nguoi ta lam mot 161 di rong 2m
xung quanh vuon (thudc dat cua vueeon) thi phan dat con lai d€ trong cay 1a mét hinh chiv
nhat co dién tich la 2016m?2. Tinh cac kich thwdce ciia khu vuon lic dau.
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I. PINH LI VIET

DANG 1 CAC NGHIEM THOA MAN MOT BIEU THUC POI XUNG
Bai todn thuong gdp Tim m d€ phuong trinh ax®+ bx + ¢ = 0 (a # 0) c6 hai nghiém (phan biét)

X, X, thoa man mot biéu thiec d6i xting d6i véi X, X,

Bugc 1. Tim diéu kién d€ phuwong trinh c6 hai nghiém (phan biét) X;, X,

e ax’+ bx + ¢ = 0 (a # 0)c6 hai nghiém x;, X, A> 0 (A'z O)

e ax’+ bx + ¢ = 0 (a # 0)c6 hai nghiém phan biét x;, X,<> A>0 ((A>0)

Bugc 2. Bién do6i biéu thire d6i xiing d0i voi X, X, vé tong X, + X, va tich X;.X,
b

Bugc 3. St dung dinh ly Viet, ta ¢6 X, + X,=—— , XX, = va thay vao biéu thtrc chira tong
a a

X, + X, vatich XX, & trén. Giai ra m, ddi chi€u diéu kién & budc 1.

Mot s6 phép bién d6i thuong ¢dp

oX2H+ X2 = X2 H X XX, — 2% X, = (X + X,) = 2%,X,

o X+ X, = (X + xz)(x12+ X, — xlxz) = (% + xz)[(xl+ x,) - 3x1x2J
Hodc X+ X, = (X, + X,) = 3%, (X, + X,).

o X+ X, = (xl2 )2 + (X22)2 + 2XX,2 = 2%X,° = (xl2 + XZZ)Z - 2X,°X,%

e X+ X, thi tinh x,”+ X,” va x,° + X,’ réi xét tich (x12+ xzz)(xl3+ x23).
X+ X, = (xl2 )3 + (X22)3 = (xl2 + xzz)(xl4 + X, = xfxzz)

Hoidc x,°+ x,° = (xf’)2 + (x23)2 = (xl3+ x23)2 - 2xx,°%.

X+ X, thi tinh X+ %,°va x,* + X,* 161 xét tich (x°+ x,°)(x,* + x,*).

X, — X, | thi xét [x, = X, = (X, = X;) = (X + X,) = 4x,X,.

x| + [x,| thixét (x| + |x, |)2: X[+ x|+ 2% [x,|

= X2+ X2 2%, = (X X,) = 2x,X, + 2[x,%,-

Chij : A= A%, |A £ B'= (A B, |AB] = |AB]|.

Vi du 1. Cho phuong trinh x> -2(m+3)x+m’+3=0 . Tim m dé€ phuong trinh c6 hai nghiém
phan biét x, X, thoa man (2x, —1)(2x,-1)=9 .

Loi giai
LAt 2 2 2 2

Cé A'=[-(m+3)] —1.(m*+3)=(m+3)"—-m* -3=6m+6
Phwong trinh c6 hai nghiém phan biét X, X, khi A’>0< 6m+6>0<m>-1
A>0=6m+6>0m>-1
Co (2% —-1)(2%, —1) =9 < 4xX, —2(X +X,)+1=9 (*).
Theo dinh 1y Viét, ta co X1+X2:—R =2(m+3), X1X2:£:m2+3

a a

Thay vao (*) ta duoc 4(m2 +3)—4(m +3)+1=9< (2m—1)2 =9

< 2m-1=43< m=-1 (loai), m=2 (thoa man).
Vay m=21a gia tri can tim.
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Vi du 2. Cho phuwong trinh x* —2(m—-3)x+2(m-1)=0. Tim m d€ phuong trinh c6 hai nghiém
phan biét X, X, sao cho biéu thizc T = X + X, dat gia tri nhé nhat.

Loi giai
Co A'=[~(m-3)] ~1.[-2(m-1)] =(m-3)° +2m-2=m?-4m+7=(m-2)° +3>0Vm
Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét x;, X,
COT =x2+x2 = (X +%,)" = 2%X,.
Theo dinh Iy Viét, ta c6 X + X, =—§ —2(m-3), %%, =§ ——2(m-1)
Thay vao T ta duoc

T=[-2(m-3)] —2[-2(m-1)] =4m*-20m+32=(2m-5)" +7>7

= MinT =7 khim=g

A Ot e
Vay m=§ la gid tri can tim.

Vi du 3. Cho phuwong trinh x*—2(m+1)x+4m-m*=0. Tim m d€ phwong trinh c6 hai nghiém
phan biét x;, X, sao cho biéu thitc A=|x —x,| dat gia tri nho nhat.

Loi giai
Co A'=[~(m+1)] ~L.(4m-m?) = (m+1)* —4m+m? =2m* —2m+1> 0¥Vm
Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét x;, X,
COA =[x, =%, = (X% +%,)" —4%X,.

2

Theo dinh ly Viét, ta c6 X, +X, =—§ =2(m+1) , XX, =—=4m-m

c
a
Thay vao A* =[x — X, |2 ta duoc

2 =|x - x2| (% +X, ) —4XX,

2
A :4(m+1)2—4(4m—m2)=8m2—8m+4:8(m—%j +2>2

= A>+/2 = MinA=+/2 khi m:%

A 1 \ .7 . A N\
Vay m= 3 la gia tri can tim.

Vi du 4. Cho phwong trinh x> +mx—3=0 . Tim m dé phuong trinh ¢4 hai nghiém phan biét x,,

thoa man|x|+|x,|=4

X,

Loi giai
Co6 ac=-3<0Vm do d6 phuong trinh da cho luén c6 hai nghiém phan biét x;, X,
Theo dinh ly Viét, ta c6 X +X, =—§ =-m, XX, =§ =-3
Xét (|x1|+|x2|)2 = X2+ X2+ 2x%| = (% +%,)" = 2%, +2[%%,|
=m?-2.(-3)+2|-3=m?+12
Do d6|x|+|x,|=4 <= m* +12=16 = m=+2

Vay m=+2 la gia tri can tim.
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Vi dy 5. Cho phwrong trinh X* +mx+2m—4=0. Tim m dé'phwong trinh c6 hai nghiém phén bigt x,, X,

théa man |x|+|x,|=3.

Loi giai
C6 A=(-m) —4.(2m—-4)=m? -8m+16=(m—4)’
Phuong trinh cé hai nghiém phan biét x;, X, khi A’>0< m=4
C
a

Theo dinh ly Viét, ta co6 X, +X, __b =m, XX, =—=2m-4
a

Xét (|x1|+|x2|)2 =X+ X} +2[x,%, | :(x1+x2)2 — 2% X, + 2[X,X, |
:m2—2.(2m—4)+2|2m—4|:m2—4m+8+4.|m—2|:(m—2)2+4|m—2|+4
Nén [x|+[x,|=3=(m-2)"+4m-2|+4=9
(m-2)"+4|m-2|-5=0=|m-2|=1=m=1m=3 (thdo man).

Vay m=1,m=3 la gid tri can tim.

DANG 2: KET HOP DINH LY VIET DE GIAI CAC NGHIEM

Budc 1: Tim diéu kién dé€ phwong trinh ¢ hai nghiém (phan biét) X, X,.
. ax’ +bx+c=0(a=0) cé hai nghiém x;, X, & A>0(A"2>0)

. ax’ +bx+c=0(a=0) cd hai nghiém phan biét x, X, & A>0(A">0)

Bubc 2: Str dung dinh Iy Vi ét, ta co X, +X, = —g, XX, =§ *)
Budc 3: Giai hé x, +x, = —% va biéu thtrc da cho dé€ tim x;, X,theo m .

4 \ N\ \ C A? L
Budc 4:Thay X, X, vita tim dwgc vao xx, =— dé giai m.
a

Vi du 1. Cho phuwong trinh x* —4x—m*-1=0 . Tim m d€ phwong trinh ¢4 hai nghiém phan biét
X, X, phan biét thoa man x, =-5x, .

Loi giai
Co A'=(-2)’ —1.(—m2 —1) =m*+5>0vm.
Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét x;, X,

Theo dinh ly Viét, ta co6 X, +X, :—2 =4, XX, =§ =-m°-1

X, =—5X
Giaihe {? = BX +X =4=>X =-1= X, =5,
'{xl+x2:4 %N % 2

Thay x,=-1,X,=5 vao X1X2=§=—m2—1,taducyc m’=4<m=+2

Vay m=+2 la gia tri can tim.

Vi du 2. Cho phuong trinh x*—2(k-1)x—4k =0 . Tim k d€& phuong trinh c6 hai nghiém phan
biét X, X, phan biét thoa man3x, —x, =2 .

Loi giai
C6 A'=[~(k-1)] ~1.(-4k)=(k -1)° + 4k = (k +1)°
Do d6 phuong trinh da cho c6 hai nghiém phan biét x;, X, khi k = -1
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Theo dinh ly Viét, ta c6 X, +X, :—2 =2k-2, XX, =§=—4k
33X —X, =2 -

Gidihe {2 :>4x1:2k:x1:£:>x2:3k—4.
X, +X, =2k -2 2 2

Thayxlzg:xzz . vao X1X2=§=—4k,taducyc

k 3k-4

2

5, = < 3k?+12k =0 <> k =0,k =—4 (thda man).

Vay k =0,k =-4 la gia tri can tim.

Vi du 3. Cho phuong trinh X* —6x+m+3=0 . Tim m dé€ phuong trinh ¢4 hai nghiém phan biét
X, X, phan biét théa manx, =X .

2

Loi giai

C6 A'=(-3)"~1.(m+3)=6-m.

Do d6 phuong trinh da cho c6 hai nghiém phan biét x;, X, khi A’>0<6-m>0<m<6

Theo dinh ly Viét, ta c6 x1+x2:—§=6 , XX, =% mys

a
2

Giai he {Xzle =X +%-6=0=x="3=x=2

X, +X,=6

Véi X, =-3= X, =9 thay vao XX, =m+3= m=-30(thoa man)
Véi X, =2= X, =4 thay vao XX, =m+3=m=5(thoa man)

Vay m=-30; m=51la gia tri can tim.

Vi du 4. Cho phuwong trinh x* —3x-m?+1=0. Tim m d€ phuwong trinh c6 hai nghiém x,X, phan

biét thoa man |x,|+2|x,|=3

Loi giai
Cé A=(-3)"—4(-m*+1)=4m’+5>0 V¥m
Do d6 phuong trinh da cho luon cé hai nghiém phan biét.
Theo dinh ly Viét, ta cé: X, +X, =3, XX, =-m’+1

Trueong hop 1: Xét X, >0, X, 20 thi|x|+2[x,|=3 < x, +2x, =3
Két hop X, +x, =3duwoc x, =0, x, =3 (théaman x, 20, x,>0)

Thay vao xX, =-m’+1 dwoc 0=-m’ +1< m=+1

Trueong hop 2: Xét X <0, X, <0 thi|x|+2|x,|=3 < —x —2x, =-3

Két hop X, +x, =3duwoc x, =-6, x, =9 (khong thoa man x, <0, x, <0)
Truwong hop 3: Xét x>0, X, <0 thi|x|+2x,|=3 < x, —2x, =3

Két hop X, +X, =3duwoc x, =0, x, =3 (khdng théa man x, >0, X, <0)
Trueong hop 4: Xét x <0, X, >0 thi|x|+2x,|=3< —x +2x, =3

Két hop X, +x, =3duwoc x, =2, X, =1 (khong thdéa méan x, <0, x, >0)

Vay m=+1 la gid tri can tim.

Vi du 5. Cho phuong trinh x* —(m-3)x—5=0. Tim m d€ phuwong trinh c6 hai nghiém x;,x, la cac

sO nguyeén.

Loi giai
C6 A=[~(m-3)] ~4.(-5)=(m-3)"+20>0 vm

71




Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét.
Cidch 1: (Theo dinh ly Viét)

Theo dinh Iy Viét, ta c6: X, +x, = —g —m-3, xX, :%: 5
T xX, =-5, X,X, €Z = a ; Xl ; 5 ; &
X, =5 X, =1 X,==5 |X,=-1

Thay vao xX,=m-3=m=7m=-1

Vay m=7;m=-11a gia tri can tim.
Cdch 2: (St dung A phai 1a s6 chinh phuong)

Tk X, +X,=m-3eZ

Do d6 dé x,X, € Z thi trude hét A=(m—3)° +20 phai la s chinh phuong

:>(m—3)2+20:n2,neN*:>(m—3—n)(m—3+n):—20

Mam-3-n<m-3+n va tong (m-3-n)+(m-3+n)=2m-6 chdn va tich
(m-3-n)(m-3+n)=-20 chdn nén m—-3-n; m-3+n phai cing chdn, do do:

m-3-n=-2 m=7
* IS thir lai thoa man
m-3-n=10 n==6

m-3-n=-10 m=-1
* & thir lai thoa man
m-3-n=2 n==6

Vay m=7, m=-11a gia tri can tim.

Vi du 6. Cho phuong trinh x> —20x+m+5=0. Tim m dé phuwong trinh c6 hai nghiém X, X, 1a cac

sO nguyeén to.

Loi giai
C6 A'=(-10)" -1(m+5)=95-m
Phuong trinh cé hai nghiém phan biét x,x, khi A'>0<95-m>0< m<95 .

Theo dinh ly Viét, ta co: X, + X, = b 20, X, X, =—=m+5
a

|0

Tk x, +X, =20 va X, X, la cac sO nguyén t6, suy ra:

=3  [%=17_|x=7 |x=13
x,=17" |x,=3 " |x,=13" |x,=7

Thay vao XX, =m+5=m=46,m=_86 (thoa man)
Vay m=46,m=286 la gia tri can tim.

DANG 3: GIAI CAC NGHIEM DUA VAO A, A' LA BINH PHUONG

Khi tinh A hodc A' ma ra binh phwong cia mot biéu thitc thi ta giai theo cach tim ca hai nghiém
X, X, do ra.

Giai theo cach nay can cht y phai xét hai truong hop

beVA. VA

Trwong hop 1: Xét X, =

2a "7 2a
Trweong hop 2: Xét X, = _bZ_;/X Xy = _b;_a\/x

Vi du 1. Cho phuong trinh x*-2(m+1)x+4m=0. Tim m d€& phuwong trinh ¢6 hai nghiém phén
biét x, X, thoa man X, =-3X,
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Loi giai
C6 A'=[~(m+1)] ~L4m=(m+1)° ~4m=m? —2m+1=(m-1)’
Phuong trinh ¢4 hai nghiém phan biét x,,x,khi A'>0< (m —1)2 >0 m=l
Vi A'=(m-1)° nén hai nghiém ctia phuong trinh 12
x=(m+1)£(m-1) < x=2,x=2m
Truwong hop 1: Xét X, =2,X, =2m thay vao x, =-3X, ta duoc
2=-32m& m= —% (thoa man)
Trwong hop 2: Xét X, =2m, X, = 2 thay vao x, =-3X, ta dugc
2m =-3.2 < m=-3 (thdéa man)
Vay m=-3,m= —% la gid tri can tim.

Chii j: Bai nay ta c6 thé giai theo cach két hgp dinh ly Viét dé€ giai X, X, nhu trong dang 2.

Vi du 2. Cho phuong trinh x* +4x+4a—a’=0. Tim a d€ phuong trinh cé hai nghiém x,X, phan

biét théa man x, =X —6.

Loi giai
Co A'=2? —(4a—a2) —a’-4a+4=(a-2)
Phuong trinh ¢6 hai nghiém phan biét x,x,khi A'>0< (a —1)2 >0 a#2
ViA'= (a - 2)2 nén hai nghiém ctia phwong trinh la
x=-2%(a-2)ex=a-4,x=-a
Truwong hop 1: Xét X, =a—4,x, =-a thay vao X, =X, -6 ta duoc
a-4=(-a) -6=0=a’-a-2oa’+a-2a-2=0
< (a-2)(a+1)=0«<a=2 (loai), a=-1 (thoa man)
Truong hop 2: Xét X, =-a,%, =a—4 thay vao X, =X, —6 ta duoc
—a=(a-4)-6<0=a*-7a+10=a*-2a-5a+10=0
< (a-2)(a-5)=0<a=2 (loai), a=5 (thoa man)
Vay a=-1,a=5 la gia tri can tim.
Chii 1j: Bai nay ta c6 thé giai theo cach két hop dinh ly Viét d€ giai x;, X, nhu trong dang 2.

Vi du 3. Cho phuwong trinh x* —(2m+5)x—2m-6=0. Tim m dé€ phuong trinh c6 hai nghiém X, X,
phan biét thoa man |x |+|x,[=7.

Loi giai
Co6 A=[~(2m+5)] ~4.1.(-2m-6) =(2m+5)° +8m+24=(2m+7)’
Phuwong trinh c6 hai nghiém phan biét x,,x, khi A>0& (2m+7)° >0 m# —%

2m+5+(2m+7)
2

Truwong hop 1: Xét X, =2m+6, X, =—1 thay vao |X1|+|X2|=7 ta duoc

2m+6|+|-1 =7< |2m+6/=6<> 2m+6 =16

<m=0,m=-6 (théa man).

Phwong trinh ¢ hai nghiém la x = & X=2m+6,x=-1.
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Trwong hop 2: Xét X, =-1, X, =2m+6 thay vao |X1| +|x2| =7 ta duoc

[-1+[2m+6|=7 <>m=0,m=—6 (théa man).

Chu y

e Taco th€lap luan: “ Tix |x|+|x,|=7 ta thdy X, X, c6 vai trd nhu nhau nén khong mat tinh tong
quat, ta gia st X, =-1, X, =2m+6”

o Ta c6 thé giai bai nay theo cach xét (|x,|+ |X2|)2 = (% +%, )" —2%X, +2[%X,| roi st dung dinh ly
Viét.

Vi du 4. Cho phuwong trinh x> —2mx+m?*—4=0. Tim m d€ cho phuwong trinh c6 hai nghiém phan

biet x, X, théa man i+i =1l
X %

Loi giai
COA'=(m)’—(m* —4)=m’-m*+4=4>0Vm.
Do d6 phuong trinh da cho ludn cé hai nghiém phan biét x=m=+2.
Diéu kién: x, #0,X,=0m+t220 m=12.

1
Trwong hop 1: Xét X, =m+2, X, =m-2 thay vao —+Xi:1 ta duoc
2
1 3 m-—2+3(m+2) 4m+4
+—=1 =l ——-=
m+2 m-2 (m+2)(m-2) m°—4
Sdm+d=m’-4eom -4m-8=0m*—4m+4-12=0

& (M-2)? =12 m-2=+/12 & m=2+2/3 (thoa man).

1

1
Truwong hop 2: Xét X, =m-2, X, =m+2 thay vao Z+Xi=1 ta duoc
2
1 3 1<:>m+2+3(m—2)_1<:>4m—4_1

—+—= =

m-2 m+2 (m+2)(m-2) m® -4

S a4m-4=m°-4<m° -4m=0< m=0,m=4 (thdéa man).
Vay me{0;4;2+ 2.3} Ia gid tri can tim,
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DANG 4: TINH x? THEO x, VA x? THEO x, DUA VAO PHUONG TRINH ax® +bx+¢
Buéc 1: Tim diéu kién d€ phwong trinh ¢ hai nghiém (phan biét) x; x,.

+ ax® +hx +c=0 (a#0) c6 hainghiém ¥, X, <A >0 (A'>0).

+ ax® +bx+c=0(a=0) cé hai nghiém phan biét x;, x, < A >0 (A'>0).

Budc 2: Sir dung ¥, X, la hai nghiém ctia phwong trinh ax® +bx+c=0 nén

{axl2 +bq+c=0 {axl2 = —bx —¢

axs +bx,+¢=0 |ax3 =—bx, —¢

Vi du 1. Cho phuong trinh x? —mx—8=0. Chiing minh véi moi m, phwong trinh luén c6 hai
2x% +5% —16 _ 2x3 +5x, —16
3% 3Xo

nghiém phan biét x x, va gia tri cia biéu thitc H = khong phu thudc

vao m.

Loi giai
Co A=(-m)>-4.1.(-8)=m?+32>0 Vm.
Do dé phuong trinh da cho luon ¢6 hai nghiém x x, phan biét véi moi m.

Theo dinth I Viét, ta c6 X%, =~ =-8<0=> % #0, X, #0.
a

Do X X, la hai nghiém cua phuong trinh x? —mx—8=0 nén

{xf -mx; —8=0 {xlz =mx; +8
=

X5 —mx,—8=0  |Xx3 =mx,+8
Thay vao H, ta dugc
H 2(mx +8)+5% ~16 2(mx, +8)+5x, -16
3% 3Xy
_2(mx +8)+5x —16  2(mx, +8) +5x, —16
B 3% - 3Xo
_2mx +5%  2mXp +5X;  2m+5 2m+5 0
3%, 3x, 3 3

Khong phy thudc vao m (dpcm).

Vi du 2. Cho phuong trinh x? —2x+m-1=0. Tim m d& phuong trinh da cho c6 hai nghiém phan
Xq Xo 1

biét X;,X, thda man + =—.
1 22 2
X5 +2% +1 X +2x+1 4

Loi giai
Co A'=(-1)?-1.(m-1)=2-m.
Phuong trinh ¢6 hai nghiém phan biét X, X, khi A'’>0<2-m>0<m<2.
Do X, X, 12 hai nghiém ctia phwrong trinh x* —2x+m—-1=0 nén
{xf2x1+m1:0 @{xlz =2%-m+1
x§—2x2+m—1=0 x22:2x2—m+1
X X2

2

1
+— ==, ta duoc
X5+2% +1 X +2X, +1

Thay vao
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X X9

. Xq + X5
2Xy +2% —M+2 2% +2X, —m+2

1 1
==& —.
4 2(X+X)-m+2 4

Theo dinh ly Viet, ta c6 X + X, = b 2 nén ta dwoc
a

;:£@L=£©6—m=8<:>m=—2 (thoa man).
22-m+2 4 6-m 4

Vay m=-2 la gia tri can tim.

Vi du 3. Cho phwong trinh x? +2mx—-2m-1=0. Tim m d& phuong trinh c6 hai nghiém phan biét

2% Xy +1

X1, Xo sao cho P = dat gia tri nho nhat.

x12 —2mx, +1-2m

Loi giai
Co A'=m?—1.(=2m-1) =m? + 2m+1= (m+1)°.
Phuong trinh ¢6 hai nghiém phan biét khi A'>0< (m+1)? >0 m#=-1
Do X langhiém ctia phwong trinh x? +2mx—2m-1=0nén
X2 +2mx —2m—1=0=> x% = —2mx, + 2m+1.
2% Xy +1 2% Xy +1

Thay vao P, ta dwoc P = =
—2mx; +2m+1-2mx, +1-2m  -2m(X; + X,) +2

s . b c A
Theo dinh ly Viet, ta c6 X + X, =——=-2m, X.X, =—=-2m—1 nén ta dugc
a a

P 2.(-2m-1)+1 -4m-1
—2m.(-2m)+2  4m?+2
= P(4m? +2) =—4m—-1< 4P.m? + 4m+ 2P +1=0

*P:0:>m:—%.

[EEN

*P20=Ay =4-4P(2P+1)>0=2P?+P-1<0=>-1<P<=.

N

Vay MinP =-1 khi -4m? +4M -1=0=M =% (thda man).
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II. HE QUA CUA PINH LY VIET
Cho phuong trinh ax? +bx+¢ =0 (a#0) c6 hai nghiém x, X, .
a
Hé qua 1. Néu x =1 la nghiém cta phuong trinh thi
a1?+b1+c=0 hay a+b+c=0.

. ~ \ \ A - A - A \ . \ C
Nguroc lgi, néu a+b+c=0 thi x=1 la mot nghiém, nghiém con laila x=—

a
H¢ qua 2. Néu x =-1 la mét nghiém ctia phuwong trinh thi
a.(-1)%+b.(-1)+c=0 hay a~b+c=0.
Nguoc lgi, néu a—b+c=0 thi Xx=-1 la mot nghiém,nghiém con laila x = —%.

H¢ qua 3. Néu a va c trai ddu thi phuong trinh ludn ¢ hai nghiém phan biét, dong thoi hai
nghiém ludn trai ddu nhau.
H¢ qua 4. Diéu kién d€ x; >0, X, >0 (ca hai nghiém déu duong) la

X + X, >0

{xlx2 >0

H¢ qua 5. Diéu kién d€ x; <0, X, <0 (ca hainghiém déu am) la

{xl +X, <0

X Xo >0

H¢ qua 6. Diéu kién d€ x; <0< X, (ca hai nghiém trai dau ) 1a x.x, <0 hay a va c trai dau.

DANG 1: DANG TOAN CO THEM PIEU KIEN PHU
Né&u binh phuwong hai vé ta can thém diéu kién phu 1a hai v&16n hon hoéc bang 0.

+X,2>0
Néu c6 \/Z,\/X_Z ta can thém diéu kién phula x, >0;x, >0 < {Xl >20
XX, 2

, C RA v 1 s ., " N U . +Xx,>0
Neéu x;, X, 1a do dai hai canh da giac ta can thém diéu kién phu la: x, >0,x, >0 < {Xl 20
XX, >

Vi du 1. Cho phwong trinh Xx* —2mx+m-1=0.Tim m dé phuong trinh c6 hai nghiém phan biét
X, X, thda man \/Z+\/X_2=2.

Loi giai.
1Y 3
Co A’:(—m)2—1.(m—1):m2—m+1:(m—5j +Z>O vm.

Do d6 phuong trinh da cho ludn cé hai nghiém X, X, phan biét véi moi m.

Theo dinh 1§ Viét, ta c6 X +X, = — = 2m,xx, =S =m—1.
a a

+X,20 2m=>0
SRR @{ om>1

Dé ton tai /x;4/X, tacancd x >20;x, >0 <
i i % ? {xixzzo m-1>0
Co X +f% =2 (X + %)+ 2xx, =4 /m-1=2-m.
biéu kién d€ c6 binh phuwong hai vé cia vm-1=2-mla1<m<2.

_l_
Khi d6 \/m—1:2—m<:>m—1=(2—m)2<:>m2—5m+5:0<:>m=¥

77



f

Két hop cac diéu kién ta dwgc m=———-.Vay m= > _2 > la gia tri can tim.

Chii y: bai nay ta can luu y diéu kién 1 <m< 2 trong qua trinh giai.

Vi du 2. Cho phuong trinh x* —(2m+5)x+2m+1=0. Tim m d& phwong trinh c6 hai nghiém phéan

biét x;, X, ma biéu thirtc M = X,| dat gia tri nho nhat.

Loi giai
C6 A=[~(2m+5)] —4(2m+1)=(2m+5)° —8m—4
=4m?® +12m+21=(2m+3)* +12 > 0Vm
Do d6 phuong trinh da cho ludn cé hai nghiém X, X, phan biét véi moi m.
Theo dinh ly Viét, ta c6 X, + X, __b 2m+5, XX, = oom+1
a a

oA W s +X,20 2m+52>0
Dé ton tai /X;/X, tacancd x >0;x,>0 <:>{X1 >20 <:>{ ems_t
XXy 2

2m+1>0 2
Xét M? = ‘\/— \/_‘ ( ) =%+ % — 2% %,

Thay X, + X, =2m+5,%X, =2m+1 vao M’ ta dugc

M2:2m+5—2\/2m+1:(2m+1—2\/2m+1+1)+3
=(vV2am+1-1) +323=M >3. Vay minM =3 khi v2m+1=1¢m=0 (théa man).

Vi du 3. Cho phuong trinh Xx* —=5x+m-1=0. Tim m d€ phuwong trinh ¢4 hai nghiém phan biét
X, X, sao cho 2x :\/X—z.

Loi giai.
C6 A=(-5)" —4.1(m-1)=29-4m.
Phwong trinh c6 hai nghiém phan biét khi A>0<29-4m>0& m< ? .

C
a

Theo dinh Iy Viét ta cod x, +X, = b_ 5xX,=—=m-1
a

< m2>1

. o \ >0 (520
Diéu kién dé binh phuong hai vé ciia 2% = /%, 1a % >0,%, >0 @{Xl”Z @{

XX, 20 m-1>0
Khi d6 2x1:\/x72<:> X, =4x; thay vao x +X, =5 ta duoc

4x7 + % —5=0< x =1 (thda man), x, = —% (loai).

Véi x, =1= X, =4 thay vao XX, =m-1 ta dugc 1.4=m-1< m=5 (thoa man).

Vay m=5 la gai tri can tim.

Chi yj: Bai nay ta can luu y diéu kién x, > 0,X, >0 trong qua trinh giai.

Vi du 4. Cho phuong trinh x* —(m+5)x+3m+6=0. Tim m dé& phuwong trinh ¢4 hai nghiém phan

biét X, X, 1a d6 dai ctia hai canh géc vuong ctia mot tam gidc vudng cé dd dai canh huyén bang 5.

Loi giai
C6 A=[~(m+5)] ~4.1(3m+6)=(m+5)° ~12m—24 = (m 1)’
Phuong trinh 6 hai nghiém x,,X, phan biét khi A>0< (m-1)">0& m=1.
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Theo dinh ky Viét, ta cé x1+x2:—2:m+5,x1x2=£:3m+6.
a a

Do X,X, la d¢ dai hai canh cia mot tam gidc nén x, > 0,x, >0

X +X,>0 m+5>0
= =
XX, >0 3m+6>0

sSm>-2

Do d6 dai canh huyén bang 5 nén X2 + X2 =25 & (%, +X,) = 2%X, = 25
Thay X, + X, =M+5,%X, =3m+6 vao (X +X,)" - 2xx, = 25 ta duoc
(M+5)"~2(3m+6)=25<m*+4m-12=0< m* +4m +4-16=0

& (M+2) =16 & m+2=44 < m=-6 (loai), m=2 (thoa man).

Vay m=2 la gid tri can tim.

Chii : Bai nay ta can luu y dén diéu kién m > -2 trong qua trinh giai.

Vi du 5. Cho phuong trinh x* —(m—-2)x+m-3=0.Tim m d& phuong trinh c6 hai nghiém phéan

biét x,X, la d6 dai hai canh cia mot tam gidc vuodng can.

Loi giai
C6 A=[~(m-2)] ~41(m-3)=(m-2)" —4m+12=(m—4)’

Phuong trinh ¢6 hai nghiém X, X, phan biét khi A>0< (m- 4)2 >0om=4

Theo dinh ky Viét, ta c6 % + X, = —2 = m—2,xx, =< =m—3.
a a
 an neq ) R A X +X,>0 m-2>0
Do x;,X, la d¢ dai hai canh cia m¢t tam gidcnén x, >0,X, >0 < = < m>3.
XX, >0 m-3>0
m-2+(m-4)

=S X=1Lx=m-3

Vi A=(m-4)" nén hai nghiém ctia phuong trinh 1a x =
Do X, # X, nén x, X, khong thé cung la d¢ dai hai canh goc vudng cua tam giac vuong can. Gia st
X, 1a d6 dai canh huyén, x, la d¢ dai canh goc vudng thi theo dinh ly Pytago ta c6

X2 = X2+ X2 < X = 2%, .

Truong hop 1. Xét x, =1,x, =m -3, thay vao x, =+/2x, ta dwoc

1=J§(m—3)@m:i+3 (thoa man).

V2
Truong hop 2. Xét x, =m—3,x, =1 thay vao x, =/2x, ta duoc
m—3=+/2.1< m=+/2+3 (thoa man)

1 A \
Vay m=—=+3m=+2+312 gia tri can tim.

NG

Chil 4j: ta c6 thé nhan xét a+b+c¢ =0 dé€ dugc hai nghiém ctia phuwong trinh (*) la x=1,x=m-3.
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DANG 2. SO SANH NGHIEM VOI SO 0 VA SO a
Cho phuong trinh ax® + bx+¢=0(a#0) c6 hai nghiém X, X,.
X +X,>0

>0,x, >0
% 2 {x1x2>0

X +X,<0

<0,x,<0
% ? Q{xlx2>0

X <0< X, < XX, <0

X1>a,X2>a<:>X1—a>0,X2—a>0<:>{

x1<a,x2<ac>x1—a<0,x2—a<0c>{g

<a<x,ox-a<0x-a>0s(x-a)(x,-a)<0

Vi du 1. Cho phuong trinh x? +(m+2)x—-m—-4=0. Tim m dé& phuong trinh c¢6 hai nghiém phan

biét x,,X, théaman x, <0<X,.

Loi giai
Co6 A=(m+2)" -41(-m—-4)=m’*+8m+20=(m+4)"+4>0  vm
Do d6 phuong trinh da cho ludn cé hai nghiém X, X, phan biét véi moi m.
Truong hop 1: Xét riéng X, =0, thay vao phuong trinh da cho ta duoc
0 +(m+2).0-m-4=0=>m=-4
Thay m =-4 vao phuong trinh da cho ta duoc
X —2x=0=>x=0,x=2=> X, =0,% =2 (loai)
Truwong hop 2: Xét x, <0< X, < a va ¢ trai dau
<1.(-m-4)<0e m>-4

Vay m>—4 la gia tri can tim.

Vi dy 2. Cho phuong trinh x* +(m-2)x+m-5=0. Tim m dé€ phuong trinh ¢6 hai nghiém phan
biét X, X, théa man x, <0<X,.

Loi giai
C6 A=(m-2)" -4.1(m-5)=m*-8m+24=(m-4)"+8>0Vm
Do d6 phuong trinh da cho ludn cé hai nghiém X, X, phan biét véi moi m.
Truong hop 1: Xét riéng x, =0, thay vao phuong trinh da cho ta dwoc
0*+(m-2).0+m-5=0=>m=5
Thay m=5 vao phuwong trinh da cho ta duoc x* +3x=0=>x=0,x=-3= X =0,X, =-3 (loai).
Trueong hop 2: xét x, <0< X, < a va c trai ddu < 1-(m-5)<0< m<5. Vay m<5 la gia tri can

tim.

Vi dy 3. Cho phuong trinh X* +2mx+4m—-4=0. Tim m dé phuong trinh c6 hai nghiém phéan biét
X, X, thoa man X, <2, X, <2

Loi giai
Tacod A'=m?—1.(4m-4)=m’—4m+4=(m-2)".
Phuong trinh c6 hai nghiém phén biét X, x,khi A'>0< (m-2)°" >0 m#2
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Cdch 1: (stt dung dinh li viét)
Theo dinh ly viét ta co: x, +X, __b_ —-2m, X, X, ~S—4m-a.
a a
X, <2,X, <2 X% -2<0,X,-2<0
- (X1_2)+(X2_2)<O<:> X +X,—4<0
(x,—2)(x,—2)>0 XX, —2(X +X,)+4>0
-2m-4<0
&
dm—-4+4m+4>0
Két hop véi m#2 ta duoc m>0; m= 2 la gid tri can tim.
Cdch 2: (Giai x;, X, dwa vao A‘:(m—2)2)

Sm>0

Do A'=(m-2)° nén hai nghiém ctia phuong trinh da cho la x=-m+(m-2) < x = -2,x=-2m +2

X, <2 -2<2
=
X, <2 —-2m+2<2

Dodé{ <m>0.

Két hop voi m#2 ta duoc m>0; m= 2 la gid tri can tim.

Vi du 4. Cho phuong trinh x> —(m+3)x+m-1=0 Tim m d€ phuong trinh c6 hai nghiém phéan

A .~ 3
biét thoa man X, < ——<X,.
2

Loi giai
Tacdé A=[-(M+3)f -4.1.(Mm-1) =(Mm+3)*—4m+4 =m’>+2m+13=(m+1)*>+12>0Vm
Do phuong trinh da cho ludn ¢é hai nghiém X, X, phan biét véi moi m.

Theo dinh 1§ viét, ta 6 X+, = -2 =m+3; xx, =S =m—1.
a a
4 3 3 3
Co x1<—§<x2<:>xl+z<0<x2+5

<:>(x +§j(x +§j<0<:> X +§(x +X )+g<0
1 2 2 2 X12 2 1 2 4

Thay X, +X, =m+3; XX, =m-1 ta dwoc
(m—1)+§(m+3)+g<0c>ém+§<0<:>m<—§
2 4 2 4 10

Vay: m< —]2_—3 la gid tri can tim.

DANG 3: DAT AN PHU

Budc 1: Dt t =+/X >0 ( va cac dieu kién khac néu cd)

Buéc 2: Dua vé phuong trinh quy vé bac hai theo an t: at? +bt+c=0.

Budc 3: Lap luan s8 nghiém cta phuong trinh da cho bang s nghiém thoa man, véi t >0 (va cac
diéu kién ctia t néu co) cua phwong trinh at® +bt+c =0

X—=7-3m -m (1)

Vidy 1. Tim m d€ phuong trinh sau c6 nghiém

Loi giai

X=7-3m —me Xx—7-3m=mJx-3m< x—m/x-7=0

s

bat t=4x>0 két hop diéu kién ta duoc t>0; t = 3.

biéu kién: x>0,x=9. Ta co
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Phuong trinh tr¢ thanh t2 —mt—7 =0 (2)

Phuong trinh (1) ¢6 nghiém < phuong trinh (2) c6 nghiém thoa man diéu kiént > 0; t = 3.
Xét (2) c6 a=1>0, ¢=-7<0 nén (2) ludn cé hai nghiém phan biét trai ddu do d6 (2) ludn cé
nghiém thoa man t>0.

D€ t # 3 ta phai c6 32—m-3—7¢0<:>m¢§ . Vay: m;t% la gia tri can tim.

Xx—~/x
24/x -1

Vi dy 2. Cho phuong trinh

=m.Tim m d€ phuong trinh da cho c6 hai nghiém phan biét.

Loi giai
biéu kién: x>0, x ;t%
X=~/x
2Jx -1

Pat t=+/x do xzo,x;t% nén diéu kién tzO,t;t%

Ta co: :m<:>x—\&:2mﬁ—m<:>x—(2m+1)«&+m:0

Phuong trinh tré thanh t? —(2m+21)t+m=0 (2)
(1) c6 hai nghiém phan biét < (2) c6 hai nghiém phan biét t >0,t = %

Tacod A=[-2m+1)J —4.1m=(2m+1)*—4m=4m* +1>0vVm
Do phuong trinh (2) ludn c6 hai nghiém phan biét t, t,.

Theo dinh ly Viéttaco t, +t, = b 2m+1,tt, = Com
a a

t+t,>0 2m+1>0
t,t,20<= = < m=0
tt, >0 m=0
tl,t2¢£<:>1—2m+l+m¢0<:>—£¢0
2 4 2 4

Vay m>0 la gid tri can tim.
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III. SU TUONG GIAO CUA PUONG THANG VA PARABOL

DANG 1: TIM THAM SO PE DPUONG THANG TIEP XUC PARABOL, TIM TOA DO TIEP
PIEM

Gia st dwong thang 1a d 1y =mx+n va parabol 1a (P):y=ax*(a#0).

Budc 1 Xét phuong trinh hoanh d6 giao diém ctia d va (P)

ax’ =mx+n< ax’ —mx—-n=0(*)
Buéc 2 Lap luan: d tiép xtic véi (P) < Phuong trinh (*) ¢ nghiém kép
A =0 (hodc A'=0) thi tim duwogc tham s06.
Budc 3 Thay gia tri tham s6 tim duoc vao phuong trinh (*) ta im dugc X, thay X vira im vao

y =ax’ hodc y =mx+n thi im dwoc y va két luan.

Vi dy 1. Cho parabol (P):y=x’ va duong thang d:y=2(m+3)x-m?-3. Tim m d¢ d tiép xuic
v6i (P). Khi d6 hay tim toa d0 ti€p diém.

Loi giai
Xét phuong trinh hoanh d6 giao diém cta d va (P):
x*=2(m+3)x-m’ -3 x* -2(m+3)x+m?*+3=0(*)
Co A" =[~(m+3)] ~1.(m?+3) = 6m +6.
D¢ d tiép xtic voi (P) < Phuong trinh (*) ¢ nghiém kép
AN=06m+6=0<m=-1.
Thay m=-1 vao (*) ta duoc
X —4x+4=0(x-2)' =0 (x-2)"=0 ©x=2=y=2"=4
Vay m=-1 thi d tiép xiic véi (P) va toa do tiép didm la M (2;4).

Vi dy 2. Cho parabol (P): y=x’va duong thrfmg d:y=2x+3.

a) Tim toa d0 cac giao di€m A va B ctuia d va (P), trong do A la diém cé hoanh d6 am. V€ d va
(P) trén cung mot hé truc toa do.

b) Tim toa d6 diém C thudc cung AB dé€ S,,;; 16n nhat.

Loi giai
a) Xét phuong trinh hoanh d¢ giao diém cua d va (P):

1= — —(_ 2_
x2:2x+3<:>x2—2x—3:0<:>(x—1)2:4<:{X 1=2 C{X— 1= y=(-1) =1

X=1=-2 x=3=y=3"=9
Vay toa dd cac giao di€ém ctia d va (P) 1a A(-11),B(3;9).
*d:iy=2x+3
X 0 _3
2
y 3 0
*y:XZ
X -2 -1 0 1 2
y 4 1 0 1 4
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7 0 2 :

b) C6 A(-L1),B(3;9) cd dinh nén do dai doan thdng AB khong ddi, do d6 S,.s 16n nhat khi
khoang céch tlr C dén duong thang d 16n nhat, khi d6 C 1a tiép diém cua duwong thang d, //d va
d, tiép xuc (P).
Goi phuong trinh duong thang d, :y = ax+b.

a4 =a a=2
Do d,//d nén{ % ‘o

by, # by b=3
Suyrad,:y=2x+b,b#3
Xét phuong trinh hoanh d¢ giao diém cta d, va (P):

X =2x+b < x*-2x-b=0
(*) 6 A'=(-1)"~1.(-b)=b+1
d, tiép xtic v6i (P) cd nghiém kép < A'=0<b=-1 (thoa man).
Thay b =-1 vao (*) ta dugc

X2 -2x+1=0s (x-1) =0 x=1=y=12=1
Vay C (1; 1) 1a diém can tim.
DANG 2: TIM THAM SO PE DPUONG THANG CAT PARABOL TAI HAI DIEM PHAN BIET
A, B THOA MAN MOT BIEU THUC POI XUNG POI VOI x, VA x,
Gia st duong thdng d :y=mx+n va parabol la (P):y=ax*(a=0).
Budc 1 Xét phuong trinh hoanh d6 giao diém ctia d va (P)
ax’ =mx+n< ax’ —mx—n=0 (*)
Budc 2 Tim diéu kién d€ d cat (P) tai hai diém phan biét A va B
< Phuong trinh (*) ¢6 hai nghiém phan biét < A >0 (hodc A'>0).
Burge 3 Bién ddi biéu thirc doi xing voi X,, Xg V€ X, + Xz X,.Xg 101 st dung dinh ly Viét vdi x,, X la
hai nghiém cua phuwong trinh (*).
Mot s6 diéu kién va phép bién d6i cin nhé
o Haidiém A va B nam bén phai truc Oy khi X,,X; cing duwong.
e Haidiém A va B nam bén trai truc Oy khi X,, X, cling am.
e Haidiém A va B nam cing mot phia truc Oy khi X,, X, cung dau.

e Hai difm A va B nam vé hai phia truc Oy khi x,, X, tri dau.
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Cong thitc tinh y, theo X, va tinh y, theo Xg

Cdch 1 Tinh theo (P): vi ABe&(P):y=ax’ nén y, =ax; y, = ax;.
Cdch2Tinhtheo d:vi A Bed:y=mx+n nén Yy, =mX, +N;y; =MxX; +n

Gia st X, =X; Xz =X,

Gap X} +X; =X/ +2XX, +X; —2X X, =(xl+x2)2—2><1x2
Gap [ =X, thixét [x —x,[" = (% =%,)" =X =2x%, +% = (% +%,) 4%,
Gap [+ o] thi xét (x| +[x,[)" = o] +[x,[" +2Jx[ o] = X7+ +2[x0,] = (%, 4%, ) +2[x%,| - 2%,

b
V R X+%20 |75"
Gap \/X_l ,\/X_2 thi can thém diéu kién phu x, 20;x, 20 < =
XX, >0 €50
2>
X, +X,=——>0
Gdp X, X, la d0 dai hai canh tam giac ta can thém diéu kién phu x,x, >0 <
X, X, :§>O

Né&u binh phuong hai vé& ta can thém diéu kién phu 12 hai v& 1én hon hoéc bang 0.

Vi dy 1. Cho parabol (P):y=x* va duong thang d:y=2(m-1)x—2m+4. Tim m d€ d cat (P) tai
hai diém phan biét c6 hoanh d X, X, sao cho biéu thitc A= x’ +x; dat gia tri nho nhat.

Loi giai

Phuong trinh hoanh d¢ giao diém cua (P) va d 1a

X’ =2(m-1)x-2m+4 < x*-2(m-1)x+2m-4=0.
Co A'=[~(m-1)] ~1.(2m~4)=(m~1) ~2m+4

:m2—4m+5:(m—2)2+1>OVm

Do d6 phuong trinh da cho lu6n c6 hai nghiém x;, X, phan biét véi moi m.

c

Theo dinh ly Viét, ta cd: x, + X, =—E=2m—2; XX, =—=2m-4
a a

Co A=+ X +2%% —2%%, = (X +X,)° —2%X,
Thay X, +X, =2m-2; XX, =2m-4 vao A ta duoc:
A=(2m-2)’ -2(2m-4)=4m?-12m+12=(2m-3)°+3>3  ¥m

Vay MinA=3 khi 2m—3:0<:>m:%

Vi dy 2. Cho Parabol (P):y = -x’va duong thang d di qua 1(0;-1) hé s& géc k.

a) Viét phuong trinh d theo k

b) Chtng minh d luén cit (P) tai hai diém A, B phan biét thugc hai phia Oy.
¢) Goihoanh d6 A va Blan lwotla x, va X,. Chiing minh: |x, —X,|> 2

d) Gia st X <X,. Tim m &€ |x|>|x,|.

Loi giai

a) Goi phuong trinh d la: y=ax+b (a=0).
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Doddiqua I(0;-1) nén -1=a0+b <b=-1

Vid c6 hé s6 gbc knén a=k

Vay phuong trinh d la: y =kx-1

b) Xét phuong trinh hoanh d¢ giao diém ctia d va (P):
—Xx* =kx—1< x* +kx—-1=0 (*)

Co A=k*-4.1.(-1)=k*+4>0 Vk nén (*) ludn cé hai nghiém phan biét

Do d6 d ludn cit (P) tai hai di€ A, B phan biét

Theo dinh Iy Viét, ta c6 x, +x, = —% =K XX, = % —-1

Vi X, Xz =—=1<0= X,, X, trai ddu

Vay A, B thudc hai phia Oy.

Q) Xét |x —%,|" = (% =%, )" = (% +%,)" —4xX,

Thay X +X, = —k; XX, =—1 vao [x —x,|" ta duoc

% = %,|" =(=k)’ —4.(-1) =k® + 42> 4= |x, ~ %,| > 2= dpem

d) Cdch 1: (Xét dau cua X, X,)

Do X, <X, va X, X, trai ddaunén x <0, x, >0

Suy ra |x|==x;[%,|=X, nén |x|>|x,| < —x > x, < % +%, <0
Ma x, + X, =—k nén ta dwgc -k <0< k>0

Cdch 2: (binh phuwong):

C6 [x|> x| x> %[ © X >x o (% —%)(% +%)>0

S X —X, va X +X, cung dau

Ma x <X, hay X, —X, <0 nén x, +X, <0 k<0< k>0

Vay k >0 la gid trj can tim.

Vi dy 3. Cho Parabol (P):y=x* va d:y=mx—m+1. Tim m d€ (P) va d cit nhau tai hai diém
phan biét c6 hoanh d6 x,, x, thoa man |x|+|x,|=4

Loi giai
Phuong trinh hoanh d¢ giao diém cua d va (P) la:
X =mx-m+1 < x> —mx+m-1=0 (*)

C6 A=(-m)’ —4.1(m-1)=m’—4m+4=(m-2)°
d cat (P) tai hai diém phan biét < Phuong trinh (*) c6 hai nghiém phan biét
SA>0s(m-2) >0 m=2

Theo dinh 1y Viét, ta co x1+x2:—2:m; x1x2:£=m—1
a a

Xét (|x1|+|x2|)2 =[x [ 20 x| = X2+ +2[x |
= X2+ X5 + 2%, %, — 2XX, + 2[)%,| = (% + X,) —2%X, +2|%,%, |
=m?-2.(m-1)+2|m-1=m*-2m+2+2|m-1
=(m-1)° +2|m-1+1=(m-1+1)’

Do d6 |x1|+|x2|=4<:>(|x1|+|x2|)2 :16<:>(|m—]4+1)2 =16
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e |m-1+l=4<|m-1=3< m=-1,m=5 (thoa man)
Vay m=-1m=5 la gia tri can tim.
Chit 4j: Ta c6 thé giai theo cach chi ra hai nghiém cta (*) la x=1,x=m-1 dwa vao A la binh

phuong hodc dua vao nhan xét a+b+c=0.

Vidy 4. Cho (P):y=x" vad:y=2(m-1)x+3-2m. Tim m dé d cit (P) tai hai di€ém phan biét co
hoanh dd X,,X, 1a d dai hai canh ctia mdt hinh chit nhat ¢ d6 dai duong chéo bing +/10.

Loi giai
Phuong trinh hoanh d6 giao diém cua d va (P) la:
x*=2(m-1)x+3-2m < x* -2(m-1)x+2m-3=0 (*)
Co A'=[-(m-1)] -1.(2m-3)=(m-1)’~2m+3=m?—4m+4 = (m~2)’
d cat (P) tai hai diém phan biét < phuong trinh (*) c6 hai nghiém phan biét

<:>A’>O<:>(m—2)2>0<:>m¢2

Theo dinh ly Viét, ta co: x, + X, =—E=2m—2; XX, =Soom-3
a

a
Do x, X, la d dai hai canh cia moét hinh chit nhat nén x, >0, X, >0
X, +X, >0 2m-2>0 3
& & Sm>—
XX, >0 2m-3>0 2

Do X, #X, va hinh chit nhat c6 d6 dai dudng chéo bing 10 nén theo dinh ly Pytago ta co:
X2+ X2 =10 & (% +%,)" —2%X, =10
Thay X, +X, =2m—2, XX, =2m-3 vao (¥ +%,)" —2%X, =10 ta duoc
(2m-2)° -2(2m-3) =10 < 4m* ~12m+10 =10
< 4m(m-3)=0<m=0 (loai), m=3 (thoa man)
Vay m=3 la gid tri can tim.
Chii i
e Bainay ta can lvu y diéu kién m >§ trong qua trinh giai
e Ta c6 thé giai theo cach chi ra hai nghiém cua (*) 1a x=1;, x=2m-3 dya vao A’ la binh
phuong hodc duwa vao nhan xét a+b+c=0.

DANG 3: TIM THAM SO PE PUONG THANG CAT PARABOL TAI HAI PIEM PHAN BIET
A, BTHOA MAN MOT BIEU THUC KHONG POI XUNG POI VOI Xa VA Xs

. x oA LA a v g . b .o ... A n
Cdch 1 Két hop diéu kién cua bai toan véi x, +Xx, =—— dé gidi X,X, theo tham so0 r6i thay X, X,
a

\ . \ c
vita giai dwoc vao xx, = 2
Cdch 2 Néu tinh A hodc A" ma ra mot biéu thirc binh phwong thi ta tim hai nghiém d6 va phai xét
hai treong hop:
—b+vA b-JA
Trieong hop 1: Xét x, = CX, =
T & 2a ? 2a
—b-+/A —b+JA
Trieomg hop 2: Xét X, = =
ng hop 2: Xét x, o , -
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Vi dy 1. Cho Parabol (P):y=x’ va duong thang d:y=mx+m+1. Tim m d€ d cit (P) tai hai
diém phan biét c6 hoanh d¢ x,, x, théa man 2x, —3x, =5

Loi giai
Xét phwong trinh hoanh d6 giao diém ctia d va (P):
X2 =mx+m+1 < xP—mx—-m-1=0 (*)
C6 A=(-m)’ —4.1.(-m-1)=m?+4m+4=(m+2)’
D cét (P) tai hai diém phéan biét < phuong trinh (*) c6 hai nghiém phan biét
SA>0e(M+2) >0 me-2
Ciich 1 (Giai x,, X, dwa vao dinh Iy Viét)

Theo dinh Iy Viét ta c6: x, +x, = —g —m, XX, :2: ~m-1
g (3 s
Thay x, = 3m5+5,x2 = 2m5_5 vao XX, =-m-1 ta dwgc
3m5+5-2m5_5 — m-1&6m?+20m=0

— 2m(3m+10) =0 m=0m =—%( thda man)

Cach 2: (Gidi x1, x2 dwa vao A la binh phuong)
Do A =(m+2)’ nén hai nghiém ctia phuong trinh (*) la

m+(m+2)
x:—2 S X=-1Lx=m+1

\ . N 10
Truong hop 1: Xét x1=-1, x2 = m+1, thay vao 2xi - 3x2 =5 ta dugc—2 — 3(m+1) :5<:>m:—?

(thoa man)
Truwong hop 2: Xét x1 = m+1, x2 = -1, thay vao 2xi1 - 3x2 =5 ta dugc 2(m +l) - 3.(—1) =5 m=0

(thdéa man)
A 10 0
Vay m=0,m = 3 la gia tri can tim.

Chil 4j: Ta c6 thé nhan xét a - b +c =0 d€ dwoc hai nghiém ctia phuong trinh (*) la x =-1, x =m+1.

Vi du 2: Chp parabol (P): y =x2 va duong tron d: y =2(m+1) + 3. Tim m d€ d cét (P) tai hai diém
phan biét c6 hoanh dd xi, x2 thoa man 2|x,|+|x,|=5.

Loi giai
Xét phuong trinh hoanh do cua d va (P):
x2=2(m+l)x +3 < x2-2 (m+1)x-3=0 (¥)

Co6 A' = [—(m +1)]2 -1.(-3)=(m —i—l)2 +3>0 Vm nén phuong trinh (*) luén c6 hai nghiém phan
biét x1, x2, do d6 d ludn cit (P) tai hai diém phan biét.

Theo dinh ly Viét, tacod X, + X, = vl =2m+2, XX, = o3
a a

Do X X, ==3<0 nén xi, x> trdi dau.
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Cich 1 (Giai hé 2|x,|+|x,|=5 va X +X, =2m+2)
Triwong hop 1: Xét X, <0,X, > 0= |x,|=—X;|X,| = X, nén 2|x|+|x,|=5 < -2x +x, =5

Giai he {_2X1+X2 => :>3x1:2m—3:>x1:2m_3:>x2 _4m+9
X, +X, =2m+2 3
Thay X, = 2m3—3,X2 = 4m3+9 vao xix2 =-3 ta duogc
2m3_3-4m+9:—3<:>8m2+6m:0:>m:0,m:—%
Triwong hop 2: Xét ¥, > 0,%, <0=> || =X;[X,| ==X, nén 2|x|+|x,|=5< 2%, —x, =5
Giélihé{le_xzz5 :>3x1:2m+7:>x1:2m+7:>x2:4m_1
X, +X, =2m+2 3 3
Thay X, = 2m3+7 X, = 4m3—1 vao xixz2 =-3 ta duoc
2m+7 4m-1

=—3<:>8m2+26m+20=0:>m=—2,m=—E
3 3 4

Cich 2: (Giai hé 2|x,|+|x,|=5 va xix2 =-3):

Triwong hop 1: Xét ¥, <0,%, > 0= || ==X;|X,| =X, nén 2|x|+|x,|=5< -2x + X, =5
& =2X + X, =5 & X, =2X +5, thay vao xix2 =-3 ta dugc

X, (2%, +5)=-3< 2% +5x +3=0< 2x + 2% +3% +3=0

< 2% (X% +1)+3(x +1) =0 (X +1)(2x,+3)=0

X =-1=x,=3
= 3 ( thoa man)
X\ =—==>X,=2
2
\ 3
Thay vao x1 +x2 =2m +2 duwgc m=0,m = 2

Triwong hop 2: Xét X, > 0,%, <0=> || =X;[X,| ==X, nén 2|x|+|x,|=5< 2%, —x, =5
X, = 2X, —9, thay vao xix2 =-3 ta duoc
X, (2x,—5)=-3< 2%} 5%, +3=0< 2x/ — 2% —3% +3=0

= 2% -1)=-3(x ~1) =0 (4 -1)(2%,-3)=0

X, =1=x,=-3
= 3 (thoa man)
X :§:>X2 =-2

Thay vao X, +X, =2m+2 duoc m:—2,m:_%

Vay me {O; 2: —%; —%} la cac gid tri can tim.

Vi du 3: Cho parabol (P): y =x2 va duong thang d: y = -4x +m? - 4. Tim m d€ d cat (P) tai hai diém
phan biét c6 hoanh d6 xi, x2 théa man X, = X13 + 4X12 .

Loi giai
Xét phuong trinh hoanh d¢ giao diém cua d va (P):
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X* =—4Xx+m* -4 < X +4x—m* +4=0 (¥
Co A'=2°-1(-m’ +4)=m’
d cat (P) tai hai di€m phan biét < Phuwong trinh (*) ¢6 hai nghiém phan biét
oA >0m? >0 m=0.
Theo dinh 1§ Viét, ta ¢ X, + X, =—2 = —4,xx, = = —m? +4
a a
Cdch 1: (Giai dwa vao dinh li Viét)
Thay X, = X’ +4x’ vao X + X, =—4 ta dwoc
x1+(xf+4xf):—4<:>xf(x1+4)+x1+4:0
<:>(x1+4)(x12 +1):O<:>x1:—4:>x2 =0
Thay x1 =-4, x2 =0 vao xix2 =m? +4 =-m? +4 =0= m= + 2 (thoa man)
Cich 2 (Giai x1, x2 dga vao A’ 1a binh phurong)
Do A’ =m’ nén hai nghiém cta phuong trinh (*) 1a x=-2 + m.
Trueong hop 1: Xét X, =—2—mM,X, =—2+M, thay vao X, = X’ +4x’ ta duoc
—2+m=(-2+m)’ +4(-2-m)" = (m+2)’ ~4(m+2)" +m-2=0
& (m+2) (m+2-4)+(m-2) =0 (m-2)[ (m+2)° +1]=0
< m=2 (thoa man).
Trueong hop 2: Xét X, =—2+M,X, =—2—m, thay vao X, = X +4x’ ta duoc
2-m=(-2+m) +4(-2+m)’ & (m-2)’~4(m-2)" +m+2=0
& (m=-2) (m-2+4)+(m+2) =0 (m+2)| (m-2)" +1]=0
< m=-2 (thdéa man).
Vay m =42 la gid tri can tim.

Vi du 4: Cho parabol (P): y=x? va duong thang d: y = (2m-1)x -m2 +m. Tim m d& d cit (P) tai hai
diém phan biét c6 hoanh dd x1, x> thoa man /X, = /2x, .

Loi giai
Xét phuong trinh hoanh d¢ giao diém cua d va (P):
X =(2m-1)x-m’ +m< x> —(2m-1)x+m’ -m=0 (%)
C6 A=[-(2m-1)T —4.1(m? ~m)=(2m-1)° ~4m? + 4m =1>0 ¥m,

Do d6 (*) ludn c6 hai nghiém phan biét nén d ludn cat (P) tai hai di€m phan biét.

1+
C6 A =1 nén hai nghiém cua (*) la x:%@XzMsz—l
A? A . A 4 mZO
D¢ ton tai \/Z,JZXZ ta can cd X120,X220<:>{m 1>0<:>m21.

Khi d6 /% =+/2%, & ¥, =2x,

Truwong hop 1: Xét x1 =m, x2 =m -1 thay vao x1 =2xz ta duoc
m=2(m-1) < m =2 (thda man)

Truwong hop 2: Xét x1 =m-1, x2 =m thay vao x1 =2x2 ta dugc
m-1=2m < m=-1 (loai)

Vay m =2 la gid tri can tim.
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Chii 3j: Bai nay ta can luu y diéu kién m > 1 trong qua trinh giai.

VD5. Cho parabol (P): y =x’ va duong thang d:y = (m —3)x —m+4. Tim m dé& d cit (P) tai hai

diém phan biét c6 hoanh d6 x,, x, la do dai hai canh cia mot tam giac vudng can.

Loi giai

Xét phuwong trinh hoanh d¢ giao diém cua d va (P):
x’=(m-3)x-m+4=x°—(m-3)x+m-4=0 (¥
Co A= [—(m—3)]2 —4.1.(m-4)=(m-3)"—4m+16 =(m-5)
d cét (P) tai hai diém phan biét <> Phuong trinh (*) ¢ hai nghiém phan biét
S A0 & (m-5° >0 m=S.

. P . b c
Theo dinh ly Viét,tacé x, +x, =——=m -3, XX, =—=m—4
a a

Do x,, x,1a d6 dai hai canh cia m¢t tam gidc nén x,>0, x, >0

X, +x, >0 m-3>0

=

X, X, >0

Vi A =(m-5)* nén hai nghiém cta phuong trinh (*) la
- 3 i - 5 A AN \ A \ e . 4

x= 2(m ) < x=Lx=m-4. Do x, #X, nénx,,x, khong thé cung la d6 dai hai canh goc
vudng cua tam giac vudng can. Gia st x,la do dai canh huyén, x, la &6 dai canh géc vudng thi

theo dinh I Pytago ta c6 x* = x%,+x%, < x,=2 X,

Truong hop 1: Xét x,=1,x, = m -4, Thay vao X1=\/§ X, ta dugc

1=4/2(m —4) < m = —— + 4 (théa mén)

V2

Truong hop 2: Xét x,=m -4, x, =1, thay vao X1=\/§X2 ta duoc
m - 4 =+/2.1 & m =2(m - 4) (thda man)
Vay m = %+4 ;m=~2(m-4)1a gia tri can tim

2

Chu y: Ta c6 thé nhan xét a+b+c =0 d€ dugc hai nghiém ctia phuong trinh (*) la x=1,x =m—4.
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DANG 4: TIM THAM SO PE PUONG THANG CAT PARAPOL TAI HAI DIEM PHAN BIET
A, BLIEN QUAN DEN TUNG DO A, B.
Dang nay ta can tinh y, theo x, va tinh y, theo x, theo mot trong hai cach:
Céch 1: Tinh theo (P): ViA.B € (P): y =ax’ nény, = ax;,y,= ax,
Cach 2: Tinh theo d: ViAB ed:y=mx+nnény, =mx, +n, y, =mx; +n

Vi du 1: Cho paraboara (P) : y =x’> va duong théng d:y=2mx -m? +m+1. Tim m d€ d cit (P) tai
hai diém phan biét A(x,:y,), B(x,;y,) thoaman y,+y,+ 2x,+ 2x,=22

Loi giai:
Xét phuong trinh hoanh do giao diém cua dva (P):
X’=2mx-m’+m+1 < x*-2mx+m’-m- 1=0 (¥)
COA =(-m)’ —1.(m°-m-1)=m+1
d cit (P) tai hai diém phan biét < Phuong trinh (¥) c6 hai nghiém phan biét
SA>0om+1>0om>-1

. 7 .z Z C
Theo dinh ly Viét, ta c6 x,+x,= -—=2m, X,X, =—=m"-m-1
a a

ViA,B e(P): y=x’ nény,=x,’,y,=x,’

Do d6 y, +y, +2x,+2x, =22 < x* +x°, +2x,+2x, =22
= (X1+X2 )2 —2x,X, + 2(X1+X2 ) =22

Thay x,+x, =2m, x,x, =m’-m-1 Ta dugc

(2m)" -2(m’-m-1)+2.2m =22 < m’+3m-10=0

< (m-5)(m-2)=0 < m=-5 (loai), m=2 (thda man)

Vay m=2 la gia tri can tim

Vi du 2. Cho parabol (P): y=x’va duong thang d: y= (2m+1)x—2m. Tim m d¢€ d cat (P) tai hai
diém phan biét A(x,,Y,); b(X,,y,) Sao cho biéu thitc T =y, + Y, — XX, dat gia tri nho nhat.

Loi giai
Xét phuwong trinh hoanh d¢ giao diém cua d va (P):
X* =(2m+Dx-2m < x> - (2m+Dx+2m=0 (*)
Co A=[-2m+1] -4.1.2m = (2m +1)* —8m = (2m —1)°
d cat (P) tai hai ¢i€m phan biét <> Phwong trinh (*) ¢4 hai nghiém phan biét
< AS0 < (2m-1)° >Oc>m¢%

Theo dinh 1i Vi-et ta c6 x,+x,= b =2m+1, )(17(2:E =2m
a a

ViABe((P):y=x"nény,=x",y,=x,’
z 2

Do d6 T=x*+x>, —x,X, = (xl+x2) —-3x,X,

Thay x,+ x, =2m+1, x;x, =2m vao T ta dugc

T=2m+1)* -3.2m =4m’ -2m +1= (2m—l)2 +§2i
2 4 4

AN 3. 1 |
Vay MinT = N khi 2m - 5 =0 m= 2 (thoa man)

Vidu 3: Cho parabol (P):y=x" va duong théng d: y=2mx - m” +1. Tim mdé d cit (P) tai hai
diém phan biét A(x,:y,), B(x,;y,) théa man y,-y,>4
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Loi giai:
Xét phuong trinh hoanh d¢ giao diém cua d va (P):
X’=2mx -m’+ l < x*-2mx+m’-1=0 (%)
Céd A= (—m)2 —1.(m* =1) =1> 0 ¥m,do d6 Phuong trinh (*) ludn c6 hai nghiém x,,x, phan biét
nén d ludn cat (P) tai hai ¢i€ém phan biét
Do A =1nénhainghiém cua (*)la x=m*l< x=m-1,x=m+1
Truong hop 1: Xétx,=m-1,x,=m+1 = y,=(m-1)",y,=(m+1)’
nény,-y,>4 < (m+1)2 —(m—l)2 >4=>m>1

Vay m > 1 hoac m < -1 1a gia tri can tim .

Vi du 4: Cho parabol (P):y=-x> va duong thang d: y=2x+m—1. Tim mdé d cat (P) tai hai
diém phan biét A(x,:y,), B(x,;y,)ma x,y, - X,y,- X,X,= -4

Loi giai:

Xét phuong trinh hoanh d¢ giao diém cua d va (P):

x’=2x+m-1 < x> +2x+m-1=0(*)
COA=I"-1.(m-1)=2-m
d cat (P) tai hai diém phan biét < Phuong trinh (*) ¢6 hai nghiém phan biét
SA>02-m>0m<2.

Theo dinh li vi-et ta cd: x,+x,= L -2, XX, = S em-1

a a

ViABe(P):y=-x"nény,=-x’,y,=x,’

Do dé:
X, ¥, X, ¥, XX, =4 & X0 +X)-X X, = —4 < X -Xa+X, X, =4
S (X, = X)X+ +X, X, ) + X, X, =4
< (X, —xz)[(x1 +X, )2 —X,X, } +X,Xx, =4

Thay x, +x, =-2, XX, =m -1, ta dugc:
(x, —xz)[(—z)2 - m+1}+m—1 4o (x,-x,)5-m)+m-5=0
< (X, =X, =1D(3-m)=0< m =5 (loai), x, —x, =1

-X, =1
nT% :>x1:—£, X, :—E,thay vao XX, =m-1 ta duoc
X, + X, =—2 2 2

Giai hé {
3_ m-1l<m ! (thoa man).
4 4

A 7 \ .7 . A N\
Vay m= 7 la gia tri can tim.
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DANG 5: BAI TOAN LIEN QUAN DEN PO DAI, DIEN TiCH
Ghi nhé mot s6 cong thitc vé khoang cdch

- Khodng cich tir goc toa dj dén mot diém

+) Néu A(a; 0)eOx thi OA=|x,|=[a|.

+) Néu B(0; b) € Oy thi OB =|y,|=]b|.

+)Néu M (a; b) batki thi OM =+va*+b?.

- Khodng cdch giira hai diém trén cung mgt truc Ox hodc Oy

+) Néu A, B eOx (hodc AB//Ox) thi AB =|x, —Xg|.

+)Néu M, N €Oy (hodc MN//Oy) thi MN =|y,, —y,|.

- Khodng cich giiva hai diém A(X,;Y,), B(Xg;Ys) bat ki

(Cdng thirc nay can ching minh khi stv dung)

y |
) S
7
-7 1
”’ I
R o
IS (- H
Ya A—r— |
- ;
I 1
| 1
1 1 -
T rp r
AH =[x, — Xg|
BH =]y, - Vs|

AB =VAH? T BH? = (X, =% )’ +(Ya— Vs ) -
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Vi du 1: Cho Parabol (P):y =x* va duong thang d:y=mx+2.

a) Ching minh 4 lu6n cit (P) tai hai diém phan biét A, B thudc hai phia Oy.

b) Goi M, N Ian luot la hinh chiéu vuong goéc cta A, B trén truc hoanh. Tinh d6 dai MN theo m va
tim m d€ S,ouy = S,omn -

c) Goi H, K Tan luot la hinh chi€u vudng goc ctia A, B trén truc tung. Tinh d6 dai doan HK theo m.
d) Tinh d6 dai doan AB theo m va ching minh AB >+/m*+8 vm.

e) Tinh dién tich AOAB theo m va tim m d€ S,,,; =2m+1 (dvdt).

f) Chitng minh v6i moi m, AOAB khong thé vudng tai O.

Loi giai

a) Xét phuong trinh hoanh d6 giao diém cua d va (P):

X2 =mXx+2< X2 -mx—2=0 *)
Co A=(-m)* —4.1.(-2)=m? +8>0 ¥m nén (*) ludn c6 hai nghiém phén biét.
Do d6 d ludn cat (P) tai hai diém phan biét A, B.
Theo dinh 1§ Viét, ta c6 X, +X, =—2=m, x,x, =S =-2<0.

a a

Vi XX, = —2<0=> X,, X, trai ddunén A, B thuc hai phia Oy
Vay d ludn cat (P) tai hai diém A, B thudc hai phia Oy .
b) C6

MN =[x, —Xg| = MN2 =[x, —Xg|" = (X, — X5 )* — 4%, %

=m*+8= MN =vm’ +8

Vay MN =+/m?+8.

Do AOAM, AOBN lan lwgt vudng tai M, N nén

1 1 1 1
Ssom =5 AM.OM =§|x§; ; Saoam = BN.ON =E|x§|.

DO 46 Sy = Siam = 5[] =5 x| = x| =] = x| =[x,

< X, =Xg (loai), X, ==Xz & X, + X3, =0< m=0 (thdéa man).
Vay m=0 thi S,0., =S,op -
c) Co HK:|yA—yB|:|xf\—x§|:|(xA+xB)(xA—xB)|:|m.(xA—xB)|
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HK? =m? [(XA+XB)2—4XAXBJ= m?(m? +8).
Vay HK =|m|Vm?+8.
d) Co
AB :\/(XA—XB)Z +(yA—yB)2 :\/(XA—XB)2+(mxA+2—mxB —2)2

:\/(XA—XB)Z(mZ +1) =\/(m2 +8)(m*+1) 2\/(m2 +8).

e) Goi | 1a giao diém ctia d va Oy = 1(0;2)= 0l =|y,|=2.

Goi H, K Ian luot la hinh chiéu vudng goc ca A, B trén truc tung nén
AH =|x,|, BK =|xg|.

1
S om5 = Saon + Ssomi :E(OI AH +01.BK ) =|X,|+ ||

—m?-2.(-2)+2.[2| =m? +8=> [x,|+|x,| = Vm? +8

Vay S,00 =m® +8.

Co S, o —2m+lem?+8=2m+1 (diéu kién 2m+1>0<m >—%)
o m +8=4m’ +4m+1<3m’ +4m-7=0<3m*-3m+7m-7=0
<3m(m-1)+7(m-1) < (m-1)(3m+7) =0
< m= —g (loai), m=1 (thoa man).

Vay m=1thi S, ,; =2m+1 (dvdt).

Chii iy Cau nay ta can lvu y dén diéu kién m > —% trong qua trinh giai.

f) Tacd OA” =x; + Y4, OB* =x; + V2.

AB” = (X, X ) +(Ya—Yo) =X+ ~ 260X + Vi + Vi~ 2V, Yo

Xét OA? + OB’ — AB? = 2X, X5 +2Y, Y5 = 2(X,X5 + X3X5 )

= 2X,Xg (X Xg +1) =2.(-2)(-2+1) =40
Do d6 OA? +OB? # AB® nén AOAB khong thé vudng tai O (dpem).

Bai 2: Cho Parabol (P):y=x* va duong thdng d:y=-2x+3.

a) Tim toa d¢ giao diém A, B caa d va (P) véi x, >0 va vé d, (P).

b) Tim toa do diém C thudc cung AB cua (P) sao cho dién tich AABC 16n nhat.

¢) Tim toa do diéfm M €Oy de€ S,,,; =4 (dvdt).

d) Cho diém E (3; O) . Tim toa d6 diém F e (P) sao cho do dai EF ngé’n nhat.

Loi giai

a) Xét phuong trinh hoanh d¢ giao diém cua d va (P):

X’ =-2x+3 X +2x-3=0< X* +2x+1-4=0

2

o ()t xrlonze| YT
x=-3=y=(-3)" =9
Vay A(L1), B(-3;9).
*diy=-2x+3




3
X 0 5
y 3 0
*(P):y=x?
X -2 -1 0 1 2
y 4 1 0 1 4

(P)

b) C6 A(1; 1), B(-3; 9) c6 dinh nén d¢ dai doan AB khong d6i, do d6 Sasc 16n nhat khi khoang cach
tr C dén duong thang d 16n nhat, khi d6 C 1a tiép diém cta dwong thang di//d: va di tiép xtic véi
P).
Goi phuong trinh cia di: y =ax+b

8y, =8y
Do di//d2nén ta c6: {b L b =d,:y=-2x+b (b #3)

d, — Md

Xét phuong trinh hoanh d6 giao diém cua di va (P): x2=-2x+b < x2+2x -b =0 (*)
di ti€p xtc véi (P) & (*) cd nghiém kép & A'=1+b=0<b=-1 (thoa man)
Khi d6 xc la nghiém kép cta (*): xe=-1=yc=(-1)2=1
Vay C(1;-1) la diém can tim
¢) Goi N la giao di€ém ctia d va Oy = N(0; 3)
Do M e Oy = xm=0 = M(0; ym), ym # 3 (do M #N) = MN =| ym - yn| = [ym - 3]
Ké AH 1 Oy tai H, BK L Oy tai K thi: AH = |xa| =[1] =1, BK =[xs| =[-3| =3
Vi A va B thudc hai phia ctia Oy nén:
Sune = Suan + Swen :%MN.AH +%MN.BK =2|y, -3 (dvdt)
Do d6 Save=4 = |yn—-3|=2 = ym-3=%2 = yu=5, yu =1 (thda man)
Vay M(0; 1) hoac M(0; 5)
d) DoF e (P)= vy, = x2 = F(x.;x2)

Co: EF =(X =% ) +(Ye -V ) :(B—XF)2+(O—X§)2 =Xg + X2 —6X. +9
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= x¢ ~2x +1+3x2 ~6x, +3=(x¢ ~1) +3(x, ~1) +525= EF 25
Vay MInEF =+/5 < x. =1 hay F(1;1)

HE THONG BAI TAP SU DUNG TRONG CHU PE

I. DINH LI VIET
Bai 1. Cho phuong trinh x? — 2(m + 3)x + m? +3 = 0. Tim m d€ phuong trinh ¢é hai nghiém phan
biét x1, x2 thoa man: 2x1 - 1)(2x2-1)=9
Bai 2. Cho phuong trinh x2 — 2(m - 3)x — 2 (m — 1) = 0. Tim m d€ phwong trinh ¢ hai nghiém
phéan biét théa man sao cho bi€u thite T =X’ + x5 dat gid tri nho nhat.
Bai 3. Cho phuong trinh x2 - 2(m + 1)x + 4m — m? = 0. Tim m d€ phwong trinh c6 hai nghiém phan
biét x1, x2 sao cho biéu thiic A =| x1 — x2| dat gia tri nho nhat.
Bai 4. Cho phuong trinh x> + mx — 3 = 0. Tim m dé phwong trinh ¢ hai nghiém phan biét xi, x2
thoa man: [ xi| + | x2| = 4.
Bai 5. Cho phuong trinh x> — mx +2m -4 = 0. Tim m dé€ phwong trinh c6 hai nghiém phéan biét x,
x2 théa man | x|+ x2| = 3.
Bai 6. Cho phuong trinh: x> -4x - m? -1=0. Tim m dé phuong trinh c6 hai nghiém xi, x2 phan
biét thoa man x2 = 5x1
Bai 7. Cho phuwong trinh: x2—2(k - 1)x — 4k = 0. Tim k d€ phwong trinh c¢6 hai nghiém phan biét xi,
x2 théa man 3x1 —x2 =2
Bai 8. Cho phuong trinh: x2-6x + m + 3 =0. Tim m d€ phwong trinh ¢ hai nghiém phan biét xi,
x2 thoa man X, = X
Bai 9. Cho phuong trinh x2 — 3x —m? +1 = 0. Tim m d€ phuong trinh c6 hai nghiém phan biét xi, x
thoa man | xi| + 2| x2| = 3.
Bai 10. Cho phuong trinh: x2 - (m - 3)x — 5 = 0. Tim k d€ phuong trinh ¢6 hai nghiém phan biét xi,
x2 la cac sO nguyén
Bai 11. Cho phuong trinh: x> —20x + m + 5 = 0. Tim k d€ phwong trinh c6 hai nghiém phan biét xi,
x2 la cac sO nguyén to.
Bai 12. Cho phuong trinh x?—2(m + 1)x + 4m = 0. Tim m d€ phwong trinh c6 hai nghiém phan biét
x1, X2 thoa man x1 = - 3x2
Bai 13. Cho phuong trinh: x2+4x +4a—-a?> =0. Tim a dé phuong trinh c6 hai nghiém xi, x2 phan
biét thoa man x, = X —6
Bai 14. Cho phuong trinh x2— (2m + 5)x — 2m -6 = 0. Tim m d€ phwong trinh c6 hai nghiém phan
biét x1, x2 thoa man | xi| + | x| = 7.
Bai 15. Cho phuong trinh x2 — 2mx + m?— 4 = 0. Tim m d€ phwong trinh c6 hai nghiém phan biét xi,
x2 thoa man i+i =1

X%
Bai 16. Cho phuong trinh x* — mx — 8 = 0. Chttng minh rdng véi moi m, phuwong trinh luén cé hai
2x7 +5x -16  2x? +5x, -16

nghiém phan biét x1, x2 va gia tri ctia biéu thtec H = 3 3 khong phu thudc
% X,

vao m

Bai 17. Cho phuong trinh x2-2x+m -1 =0. Tim m d€ phuong trinh da cho cé hai nghiém phan

* % 1
X2 +2 % "4
S +2x+1 X7 +2x,+1 4

biét x1, x2 thda man
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Bai 18. Cho phuong trinh x? + 2mx — 2m — 1 = 0. Tim m d€ phuong trinh da cho c¢6 hai nghiém
phan biét x1, x2 sao cho P =—; %% +1 dat gia tri nho nhat.

X, —2mx, +1-2m
II. HE QUA CUA PINH Li VIET

Bai 1. Cho phuong trinh x*> - 2mx + m — 1 = 0. Tim m d€ phwong trinh c6 hai nghiém phéan biét xi,
x2 théa man \/Z+\/X72: 2

Bai 2. Cho phwong trinh x> — 2m + 5)x + 2m + 1 = 0. Tim m d€ phwong trinh ¢6 hai nghiém phan
biét x1, x2 ma biéu thitc M = ‘\/Z -J% ‘ dat gid tri nho nhat.

Bai 3. Cho phuwong trinh x2—5x + m — 1 =0. Tim m d€ phwong trinh c6 hai nghiém phan biét x1, x2

sao cho 2X, = \/Z

Bai 4. Cho phuong trinh x2 — (m + 5)x + 3m + 6 = 0. Tim m d€ phuong trinh c6 hai nghiém phan
biét x1, x2 :

+La d6 dai hai canh géc vudng ctia mot tam giac vudng cé d6 dai canh huyeén bang 5.

+ La do dai hai canh goc vuong cia mot tam gidc vuong can
Bai 5. Cho phuong trinh x2+ (m +2)x — m — 4 = 0. Tim m d€ phuong trinh ¢ hai nghiém phan biét
x1, X2 théaman x1<0< x2
Bai 6. Cho phuwong trinh x2+ (m - 2)x + m — 5 = 0. Tim m d€ phuong trinh c¢6 hai nghiém phan biét
x1, X2 thdaman x1< 0<x2
Bai 7. Cho phuong trinh x2+2mx +4m -4 = 0. Tim m d€ phuong trinh ¢6 hai nghiém phan biét x,
x2 thoaman x1<2, x2<2
Bai 8. Cho phuong trinh x?— (m + 3)x + m — 1 = 0. Tim m d€ phwong trinh c6 hai nghiém phan biét

2 ~ 3
x1, X2 thoa man x; < - <X,

—7-3m

S x-3

Bai 9. Tim m d€ phuong trinh sau ¢ nghiém

-
J_ 1

Tim m d€ phuong trinh da cho c6 hai nghiém phan biét

=m

Bai 10. Cho phuong trinh

I11. SU TUONG GIAO CUA PUONG THANG VA PARABOL

Bai 1. Cho parabol (P):y=x* va duong thing (d): y =2(m+3)x-m’-3
Tim m dé (d) tiép xac voi (P). Khi d6 hay tim toa d¢ tiép diém.

Bai 2. Cho parabol (P):y = x*va duong thang (d): y =2x+3

a) Tim toa do cac giao diém A va B cua d va (P), trong d6 A la diém cé hoanh d6 am. Vé (P)
va (d) trén cung mot hé truc toa do
b) Tim toa do diém C thudc cung AB cta (P) d€ S,,5c 16n nhat
Bai 3. Cho parabol (P):y=x* va duong thang (d): y=2(m-1)x—2m+4 .Tim m d€ (d) cat (P) tai
hai diém phan biét c6 hoanh d¢ X, X, sao cho biéu thitc A= x? + x,? dat gia tri nho nhat
Bai 4. Cho parabol (P): y =—x" va duong théng (d) di qua I(0; -1) hé s6 goc k.

a) Viét phuong trinh cta (d)

b) Chitng minh (d) ludn cit (P) tai hai diém A, B phan biét nam vé hai phia ctia truc Oy
) Goihoanh d6 ctia A va B lan luot 1a x1 va x2. Chting minh: |x, —X,|> 2

d) Gid st X <X, . Tim m d€ |x|> |x,|
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Bai 5. Cho parabol (P): y=x’vad: y=mx—-m+1 . Tim m d€ (d) va (P) cit nhau tai hai diém phan
biét c6 hoanh dé X, X, thoa man |x |+|x,| = 4.

Bai 6. Cho (P):y=x*va (d): y=2(m-1)x+3-2m . Tim m d& d cat (P) tai hai diém phan biét c6
hoanh d6 X,,X, 14 d6 dai hai canh ciia mot hinh chit nhét ¢ d6 dai dudng chéo bing 10.

Bai 7. Cho parabol (P):y=x* va duong thang (d): y=mx+m+1 . Tim m d€ d cét (P) tai hai diém
phan biét cé hoanh d¢ X, X, thoa man 2X —3x, =5.

Bai 8. Cho parabol (P):y=x* va duong thing (d): y=2(m+1)x+3 . Tim m d¢ (d) cit (P) tai hai
diém phan biét c6 hoanh do X, X, thoa man: 2|x,|+|x,|=5.

Bai 9. Cho parabol (P):y=x* va duong thang (d): y=-4x+m’—4. Tim m d€ (d) cat (P) tai hai
diém phan biét c6 hoanh d¢ X, X, thoa man: x, = x* + 4x2.

Bai 10. Cho parabol (P):y=x* va duong thang (d): y=(2m-1)x-m?+m. Tim m d¢& (d) cat (P) tai
hai diém phén biét c6 hoanh do X, X, théa man: \/x, =/2.x,.

Bai 11. Cho parabol (P):y=x* va duong thang (d): y = (m-3)X—m+4. Tim m d& (d) cat (P) tai hai
diém phan biét c6 hoanh d¢ X, X, la d0 dai hai canh cia mot tam gidc vudng can.

Bai 12. Cho parabol(P):y = x* va duong thing (d): y =2mx-m?+m+1. Tim m d€ (d) cat (P) tai hai
diém phan biét A(x;Y,),B(X,;Yy,) thoaman: y,+Y, +2X +2X, =22.

Bai 13. Cho parabol (P):y=x* va duong thang (d): y=(2m+1)x—2m. Tim m d€ (d) ct (P) tai hai
diém phan biét A(X;;Y,), B(X,;Y,) sao chobiéu thiec: T =Y, +Y, —X.X, dat giad tri nho nhat.

Bai 14. Cho parabol (P):y=-x* va duong thang (d): y =2mx—m’+1. Tim m d€ (d) cit (P) tai hai
diém phan biét A(X;Y,), B(X,;Y,) thoa man: y, -y, >4

Bai 15. Cho parabol (P):y=-x* va duong thing (d): y=2x+m-1. Tim m d€ (d) cat (P) tai hai
diém phan biét A(X;Y,), B(X,;Y,) ma XY, + XY, —%.X, =—4

Bai 16. Cho parabol (P):y =x’ va duong thang (d): y=mx+2

a) Chutng minh (d) ludn cat (P) tai hai diém phan biét A, B thudc hai phia ctia Oy.

b) Goi M, N Ian luwot 1a hinh chiéu vuong gbc cua A, B trén truc hoanh . Tinh d¢ dai doan
MN theo m va tim m d€ S,y = S,0am

c) GoiH, K Ian luwot la hinh chiéu vuong goc cta A, B trén truc tung. Tinh d¢ dai doan HK
theo m.

d) Tinh d6 dai doan thang AB theo mva chiing minh AB>+/m?+8 vm.

e) Tinh dién tich AOAB theo mvatimm dé S,,,; =2m+1 (dvdt).

f) Chting minh v6i moi m, AOAB khong thé vuong tai O.

Bai 17. Cho parabol (P):y=x* va duong thang (d): y=-2x+3.

a) Tim toa do giao diém A, B ctia (d) va (P) véi X, >0, vé (d) va (P) trén cung mot hé truc toa
do

b) Tim toa d¢ diém C thudc cung AB ctia (P) sao cho dién tich AABC 16n nhat.

¢) Tim toa do diém M €Oy &S, =4 (dvdt).

d) Cho diém E(3;0). Tim toa d diém F < (P)sao cho do dai EF ngan nhat.
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I.  PHUONG TRINH KHONG CHUA THAM SO

DANG 1: PHUONG TRINH BAC BA NHAM PUQC MOT NGHIEM

. Néu nham dwgc mot nghiém x = & cia phuwong trinh ax® +bx* +cx +d = Othi ta tdch dwoc
phuong trinh d6 vé dang tich (x—a)(ax* +b'x+c')=0.

. Néu nhadm dwgc mot nghiém x = —a ctia phuong trinh ax® +bx* +cx +d = 0thi ta tdch duoc
phuong trinh d6 vé dang tich (x+ 0{)(ax2 +b'x+c ) =0.

Vi du. Giai phwong trinh x° —4x* +2x+4=0.

Loi giai
Nhdin xét: phuong trinh nay ta nham duoc mot nghiém x =2 (c6 thé dung may tinh) nén ta sé
tach dwoc nhan tir x-2.
Ciach1 C6 X*—4x*+2x+4=0 x° —2x* —2x* +4x—2x+4=0
& X (x=2)=-2x(x—=2)—-2(x-2) =0 (x=2)(x* —=2x-2) =0

X—2=0 X=2 X=2

Q{x2—2x+1—3=0©{(x—1)2 =3©[x:1iJ§
Cich2 C6 x*-4x* +2x+4=0 (xX*-8)—4(x* —4)+2(x-2) =0

& (x=2)(X* +2x+4)-4(x—-2)(x+2)+2(x-2)=0

<:>(x—2)(x2 —2x—2):0, tir d6 giai duge x=2,x=1+/3.
Cidch 3 Dt phép chia da thitc x° —4x* +2x+4=0 cho da thitc x—2 ta dwgc thuwong 1a x* —2x-2
nén x3—4x2+2x+4=(x—2)(x2 —2x—2) nén
phuong trinh < (X—2)(x* -2x-2) =0, tir d6 giai duoc x=2,x=1++/3.
Vay tap nghiém cuia phuong trinh da chola S = {2;1J_r \/5} .
DANG 2: PHUONG TRINH TRUNG PHUONG
Xét phuong trinh ax* +bx*+c=0(a=0).
Cdch 1 D3t t =x*, diéu kién t >0, ta duwoc phwong trinh bac hai at’ +bt+c =0. Giai t, d6i chiéu

diéu kién va suy ra x.
Cdch 2 Giai tryc tiép bang cdch dua vé tich hodc dua vé binh phuong theo x.

Vi du. giai phuong trinh x* +x*-20=0.

Loi giai
Cdch 1 (Pat t=x%)
Dit t=x?, diéu kién t > 0, phwong trinh da cho tro thanh
t?+t-20=0&t*+5t-4t-20=0< (t+5)(t-4)=0
< t=-5 (loai), t=4 (thdaman) X’ =4 < x=42.
Vay tap nghiém ctua phuong trinh da cho 1a S = {+2}.
Cdch 2 (giai truc ti€p)
C6 x*+X* —20=0<> X' +5x* —4x* =20 =0 < x* (X* +5) - 4(x* +5) =0

& (X2 +5)(X* —4)=0< x* =5 (loai), X’ =4 <> x=+2.
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Vay tap nghiém cta phuong trinh da cho 1a S = {+2}.

DANG 3: PHUONG TRINH DANG
(x+a)(x+b)(x+c)(x+d)=k(a+c=b+d =a)

Cach giai: Ghép két hop

[(x+a)(x+c)][(x+b)(x+d)]=k c>[x2 +ax+ac}[x2 +ax+bd] =k

, o +
bat an phu t =x? +ax hodc t=X2+05X+aCZbCI .

Vi dy. Giai phuong trinh (X+1)(x+2)(x+3)(x+4)=24.

Loi giai
Cdch 1 (bdt an phu)
Phuong trinh < [ (x+1)(x+4) ][ (x+2)(x+3) ] =24

& (X* +5x+4)(X* +5x+6)=24.
Dit t = x* +5x+5, ta dugc phuong trinh (t-1)(t+1)=24 <t =15, suy ra

X=0,x=-5
x> +5x+5=5 x(x+5)=0 ,
2 |2 < ) 15
X" +5X+5=-5 X“+5x=-10 x+§ :—TSXEQ
Vay tap nghiém ctua phuong trinh da cho 1a S ={0;-5}.

Cich 2 (Pwa vé tich)
Phurong trinh < (X* +3x+2)(%* +7x+12) = 24 & x* +10x° +35X* +50x =0

= x(x3 +10x° +35x+50) =0 x(x3 +5%° +5x° +25x+10x+50) =0
<:>x(x+5)(x2+5x+10)=0<:>x:O,x:—S.

Vay tap nghiém ctia phuong trinh da cho la S ={0;-5}.

DANG 4: PHUONG TRINH DANG ax* +bx® +cx* +bx+a=0

Cdch giai
Truwong hop 1: Xét x =0, thay vao phuong trinh xem thoa man hay loai.

Treong hop 2: Xét x = 0, chia hai v& phuong trinh cho x* dwoc a(x2 +i2j + b(x i£j+ c=0, roi dat
X X

" 1 .. 1
Anphy t=x+= thi t’ =X+ +2.
X x*

Vi du. Giai phuong trinh x* +3x° —2x* —6x+4=0.

Loi giai
Cdch 1:(bdt an phu)
Trwong hop 1: Xét x =0, thay vao phuong trinh ta dugc 4=0 (loai).
Truong hop 2: Xét x =0, chia hai v& phwong trinh cho x° duoc

x2+3x—2—§+iz=0<:>(x2+izj+3(x—gj—2=0
X X X X

2 4 4
Ditt=x--=t’=xX*+—-4=>x"+—=t"+4
X X X
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Phuong trinh tré thanh (t* +4)+3t-2=0<t? +3t+2=0<t +1+2t+2=0
ot(t+1)+2(t+1) =0 (t+1)(t+2)=0=t=-1t=-2,suy ra

2

T eex-2=0 X oxsax-2=0 [(x-1)(x+2)=0
| =1 = )

2 X*+2x-2=0 | X +2x+1-3=0 [(x+1)" =3

X——=-2
X

& x=1x=-2,x=-1+3.
Vay tap nghiém ctia phuong trinh da chola S = {1; ~2,-1++/3 }
Cich 2 (Pwa vé tich)
Co: x*+3x° —2x* —6X+4=0< X* = x> +4x° —4x* +2%° = 2X—4X+4 =0
& (x=1) (X +4x° +2x—4) =4 & (x-1)(x* +2x* +2x* + 4x—2x—4) =0

& (x—l)(x+2)(x2 +2x—2)=0 o x=1x=-2,x=-1++/3

Vay tap nghiém ctia phuong trinh da chola S = {1; ~2,-1%+/3 }

DANG 5: PHUONG TRINH GIAI BANG PHUONG PHAP DAT AN PHU
e Bién doi vé mot biéu thirc.

o Dit t bang biéu thitc d6 va dua vé phuong trinh bac hai d8i véi t.

Vi du: Giai phurong trinh x(x—1)(x* —x+1)=6.

Loi giai
Co x(x—l)(x2 —x+1):6<:>(x2 —x)(x2 —x+1):6.
Pat t=x*-X, taduwoc t?’ +t-6=0<=t=2,t =-3.

¥ t=2=>x2-x-2=0=>x=-1x=2.
* t=-3=x"-x+3=0 (v0 nghiém).

Vay tap nghiém cta phuong trinh da cho 1a S ={-1,2}

DANG 6: PHUONG TRINH CHUA AN O MAU
—  Dit ditu kién cac mau khac 0.
— Quy dong cing mau chung r6i bé mau.
— badt an phu néu duoc.

Vi du 1. Giai phuwong trinh @+ﬂ = g
X x+9 2

Loi giai
Diéu kién: x#0,x#=-9.
6%4_ 90 9 10 10 1 20X+90_1

C

=—— =— &
X x+9 2 x x+9 2 x(x+9) 2
& x?~31x-180=0,A =(-31)° —4.1.(~180) =1681> 0 = VA = 41
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X= 3141 < X =36,x=-5. (thda man diéu kién)
Vay tap nghiém ctia phuong trinh da cho 1a S ={36;-5}.
II. PHUONG TRINH CHUA THAM SO

DANG 1:PHUONG TRINH BAC BA PUA DUQC VE DANG TICH:(x - o.)( ax? + bx +¢) = 0
Budc 1: Tach riéng phan chita m duoc dang f(x) + m(x - o) =0, roi tach x - o tir f(x) ta dwa duoc
phuong trinh da cho vé dang:
(x-a)(ax?+bx+c)=0 ¢>[X=a
ax’ +bx+c=0
Buwdc 2: Ghi nhd mot so diéu kién sau:
e Phuong trinh da cho c6 3 nghiém phan biét <> Phuong trinh ax*>+bx +c=0 c6
hai nghiém phan biét x # a.
e Phuong trinh da cho c6 dang 2 phan biét <& Phuong trinh ax? + bx + ¢ = 0 c6 dang mot
nghiém thoa man x # a.
e Phuwong trinh da cho c6 dang 1 nghiém < Phuong trinh ax? + bx + ¢ = 0 hodc v6 nghiém,
hodc cé nghiém kép x # a.

Vi dy: Cho phwong trinh: x* - 3x2+3mx +3m+4=0 (1)

Tim m d€ phwong trinh da cho:

a) C6 ba nghiém phan biét

b) C6 dung hai nghiém khac nhau

c) C6 dung mot nghiém

d) Co6 ba nghiém phan biét x,;x, x, thoa man xx, +x,X; +x,;x; =—6.

Loi giai
Taco: (1) © x*-3x2+4+3m(x+1)=0 & (x+1)(x®*—4x+4)+3m(x+1)=0
x=-1
x> —4x + 4 +3m=0 (2)
a) (1) c6 ba nghiém phan biét < (2) c6 hai nghiém phan biét x # -1
A'=4—-4-3m>0 m<0
& =
(-1 —4.(-1)+4+3m =0
Vay m <0, m # -3 1a gia tri can tim
b) (1) c6 dung hai nghiém khdc nhau < (2) c6 ding mot nghiém x # -1
Truwong hop 1: (2) c6 nghiém kép x # -1
A'=4-4-3m=0 m=0
& =
(-1 =4.(-D+4+3m =0
Truwong hop 2: (2) c6 hai nghiém phan biét trong d6 mot cé nghiém x =-1
AN'=4-4-3m>0 m>0 .
& 5 = (loai).
(-1’ =4.(-D)+4+3m=0 m=-3
Vay m =0 la gia tri can tim
c) (1) c6 dang hai nghiém & (2) khong c6 nghiém nao thoa man x # -1
Truwong hop 1: (2) c6 nghiém kép x =-1
A'=4-4-3m=0 m=0
& =
(-1’ —4.(-1)+4+3m=0

P x+1D)(x*-4x+4+3m)=0 {

m # —3

<m=0
m # —3

3 (loai).

m=-—
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Truong hop 2: (2) vo nghiem kép & A'=4-4-3m<0 & m>0

Vay m >0 la gid tri can tim
d) Theo cau a) véi m <0, m # -3 thi (1) c6 ba nghiém phan biét x,;x, x;,
Do x,;x,.Xx, vai trd nhu nhau va trong ba nghiém cua (1) c6 mot nghiém bang - 1 nén ta gia st x,
= -1 thi x;x, la hai nghiém cua (2).
b
a

Theo dinh ly Vi-ét, ta c6 x, +x, =——=4;x,x, =—=3m+4

Thay x, =-1 vao x,x, +X,X, +X,X, =0 ta dugc:
XX, —(X; +X,)=—6<3m+4-4=-6 < m=-2(thdéa man)
Vay m = -2 la gia tri can tim.
DANG 2. PHUONG TRINH TRUNG PHUONG:
Bai toan: Tim m dé€ phuong trinh ax* +bx>+c=0(a #0) (1)
a) C6 bon nghiém phan biét.
b) C6 dung ba nghiém khéac nhau.
c) C6 dung hai nghiém khac nhau.
d) Co dang mot nghiém.
e) VO nghiém.
Buoc1: Datt=x2t >0 , phuong trinh tro thanh at?+bt+c=0 (2)
Buwdc 2: Nhan xét
e V¢it <0 thi khong c6 x
e Véit=0thicé1lgiatrix=0
e V6it>0 thicé haigia tri ciia x 1a x = 4/t
Do d6 ta c6 cac két qua sau:
a) (1) c6 bon nghiém phin biét khi (2) ¢ hai nghiém phin biét t,> 0, t,> 0.
b) (1) cé ding ba nghiém khdc nhau khi (2)cé hai nghiém phan biétt >0, t,> 0.
¢) (1) co diing hai nghiém khdc nhau xay ra hai truong hop:
Trwong hop 1: (2) co nghiém kép t,=t,>0.
Truwong hop 2: (2) c6 hai nghiém phan biét thoa man t, <0<t,.
d) (1) co6 ditng mot nghiém xay ra hai truong hop:
Truwong hop 1: (2) cO nghiém kép t,=t,=0.
Trwong hop 2: (2) c6 hai nghiém phan biét thoamant,<0;t,=0.
e) (1) vé nghiém xay ra ba truong hop:
Trwong hop 1: (2) vO nghiém
Trwong hop 2: (2) co nghiém kép thoamant, =t,<0
Trwong hop 3: (2) c6 hai nghiém phan biét thoa man t,<0;t,<0.

Vi du : Cho phuong trinh x* - 2m -1)x?+2m-2=0 (1)
Tim m d€ phwong trinh da cho :

a) C6 bon nghiém phan biét.

b) C6 dung ba nghiém khac nhau.

c) C6 dung hai nghiém khac nhau.

d) C6 bdn nghiém phén biét thoa man: x; +x; +x; +x; =10

Loi giai
Cach 1: (bat an phu t =x?)
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batt=x2,t 20, phuong trinh (1) tré thanh t? - 2m - 1)t +2m-2=0 (2)
Nhan xét :

e V¢it <0 thi khong co x.

e Vdit>0 thi co mot nghiém x =0

e Voit>0thicé haigia tri cia x la x = +/t

a) (1) c6 bon nghiém phan biét khi (2) c6 2 nghiém phan biétt, >0, t,> 0.
Cé A =[-2m)]*’-4.1.2m-2)=2m - 1)>-8m + 8 = (2m — 3)?

e (2) co hainghiém phanbiétt ,t, khi A>0® 2m-3)?>0& m # % .
Theo dinh 1§ Vi-ét, ta c t,+t,= —2=2m -1, ¢, t,= < =2m -2
a

. t,+t,>0 2m—-1>0
t,>0,t,>0 =

t,t,>0
Vayvéim>1,m # % la cac gia tri can tim
b)(1) c6 dung ba nghiém khac nhau khi (2) c6 hai nghiém phan biét t, >0, t,> 0.
* Theo trén thi (2) c6 hai nghiém phan biétt,, t,khim # % .

0
“t, =0,t,>0 {0 ~@m=DO+IM=2=0 | (thea man)
t,+t,=2m-1>0
Vay m =1 la gid tri can tim
c) (1) c6 dang hai nghiém khac nhau xay ra hai treong hop:
A=(2m-3)’=0 3
Trwong hop 1: (2) co nghiem kép t, =t,>0& 1 @m:E

-—=2m-1>0
a

Trwong hop 2: (2) co hai nghiém phan biét thoaman t, <0<t,

& Sodm-2<0om<l1
a

Vaym<1l,m= % la gid tri can tim.
d)Theo cau a) thi phuong trinh da cho ¢6 bon nghiém phan biét khim>1, m # % .

Do t,>0; t,> 0 nén bon nghiém phan biét cta (1) la:
X, = —\/E;x2 =.J1,5X; = =4/, X, :\/Z
Suy ra: x!+x5 x5+ xd = (/1,2 + () (L) () =22+ 1)
=2[(t, +1,)’ ~2t,t, | =2[2m-1)’ ~22m-2) |
= 2(4m? — 8m +5)
Do d6 X{ +X; +X; +X; =10 < 2(4m* —8m +5) =10 < 4m’ —8m =0
< 4m(m-2)=0< m=0 (loai), m=2 (thoa man).
Vay m=2 la gid tri can tim.
Céch 2 (Dua vé tich)
Phuong trinh (1) < x* —=2mx* +x*+2m-2=0 < x* + x* = 2-2mx* +2m =0
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0

= (x2 —1)(x2 + 2)—2m(x2 —1) -0 (x2 —1)(x2 +2m-— 2)
o x=+1 x*=2m-2.
a) Vi phuong trinh da cé hai nghiém phan biét 1a X =£1 nén dé€ phuwong trinh da cho c6 bén
nghiém phan biét thi phuwong trinh X?=2m-2 phai c6 hai nghiém phan biét khac +1
{Zm -2>0

= , & m>l m;té.
2m—-2=(+1) =1

A 3 \ L4 . A N\
Vay m>1 m=# ) la gia tri can tim.

b) Vi phuong trinh da c6 hai nghiém trinh X = +1 nén d€ phuong trinh da cho c¢6 ba nghiém khac
nhau thi phwong trinh x* =2m -2 phai ¢4 dting mdt nghiém x=0<2m-2=0< m=1.

Vay m=1 la gia tri can tim.

c) Vi phuong trinh da c6 du hai nghiém khac nhau 1a X =+1 nén dé€ phuong trinh da cho ¢ ding
hai nghiém khéac nhau thi phwong trinh x? =2m-2 hodc vd nghiém hodc chi c6 nghiém la x ==+1

[2m—2<0 m<1
=

At 3

Vay m<L m= % la gid tri can tim.

d) Theo cau a) thi phuong trinh da cho ¢6 bon nghiém phan biét khi m>1, m# g
Khi d6 bon nghiém cua (1)1a x =+1, x=£V2m-2, do d6

X!+ x4+ x44xE =10 & (1) 41+ (—V2m—2) +(v2m—2) =10

&1+1+(2m-2)° +(2m-2)" =10 = (2m-2)’ =4 < 2m-2=+2
< m=0 (loai), m=2(théa man).
Vay m=2 la gid tri can tim.

HE THONG BAI TAP SU DUNG TRONG CHU PE
I. PHUONG TRINH KHONG CHUA THAM SO
Bai 1. Giai phwong trinh x° —4x° +2x+4=0.
Bai 2. Giai phwong trinh x* +x*-20=0.
Bai 3. Giai phwong trinh (x+1)(x+2)(x+3)(x+4)=24.
Bai 4. Giai phwong trinh x* +3x° —2x* —6x +4 =0.
Bai 5. Giai phuong trinh X (x—1)(x* =x+1) =6.
Bai 6. Giai phwong trinh %0 + 0 _ g
X XxX+9 2
II. PHUONG TRINH CHUA THAM SO
Bai 1. Cho phwong trinh x* —3x* +3mx +3m+4 =0. Tim m dé phuwong trinh da cho:
a) C6 ba nghiém phan biét
b) C6 dung hai nghiém khac nhau
¢) c6 dung mot nghiém.
d) C6 ba nghiém X, X,, X, thoa man X;X, +X,X; + X;X; = —6.
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Bai 2. Cho phuong trinh x* —(2m-1)x*+2m-2=0. Tim md€ phuwong trinh da cho:
a) C6 bdn nghiém phan biét
b) C6 dung ba nghiém khac nhau
c) C6 dung hai nghiém khac nhau
d) C6 bon nghiém phan biét thoa man X; +X; +X; +X; =10.
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DANG 1: KET NOI CAC GOC BANG NHAU THONG QUA TU GIAC NOI TIEP

Vi dy 1. Tr diém A 6 ngoai duong tron (O) vé hai tiép tuyén AB, AC dén (O) (véi B, C la hai
tiép diém). Goi E 1a giao diém ctia OA va BC. Goi | 1a trung diém ctia BE.Duong thang qua | va
vudng gbc véi Ol cat cac tia AB, AC theo thit tie tai D, F. Chitng minh AODF can tai O va F la

trung diém ctia AC.

Huéng dan

* Chirng minh AODF cdn tai O

Bugc 1 Chiing minh tt gidc OIBD noi ti€p, suy ra ODI = OB (cung nhin OI).
Bugc 2 Chiing minh t& giac OIFC ndi tiép, suy ra OFI = OClI (cung nhin Ol).
Buéc 3 Chitng minh AOBC can tai O, suy ra OBI =0ClI (tinh chat tam giac can).

T d6, ta duwoc ODI = OFI nén AODF cén tai O

* Chitng minh F la trung diém AC
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Budc 1 Chting minh t giac BDEF 1a hinh binh hanh bang cach chi ra | 1a trung diém ca BE va
DF, suy ra EF // BD hay EF // AB.

Bugc 2 Xét AABC chi ra E 1a trung diém caa BC va két hop EF // AB,suy ra F 1a trung diém cua
AC (Tinh chat duong thang di qua trung diém ctia mdt canh va song song véi canh thi 2 thi di

qua trung diém cua canh thi ba).

Vi dy 2. Cho duong tron (O). Lay diém A nam ngoai duong tron (0), dudong thang AO cat (O)
tai hai diém B va C véi AB<AC . Qua A vé dudng thang khong di qua O cat (O) tai hai diém D
va E véi AD < AE . Duong thang vudng géc voi AB tai A cat duong thang CE tai F. Goi M la giao
diém tht hai cia dudng thang FB véi (O). Tt gidc AMDF 1a hinh gi? Vi sao?

Huéng dan

Butc 1 Xét (0) c6 My=E; (cling chén BD ).

Buoc 2 Chiing minh t giac ABEF ndi ti€p, suy ra F=E (cung nhin AB).

Tir d6, ta dwoc Mi=Fi , ma M va Fi 1a hai géc so le trong nén AF // DM, do d6 t gidc AMDF la
hinh thang.

Vi dy 3. Cho ti giac ABCD ndi ti€p duong tron (O) duong kinh AD (B thudc cung nho AC). Goi
giao diém hai duong chéo AC va BD la H. Ké HK vudng goc véi AD tai K. Tia BK cdt (O) tai diém

tht hai 1a F. Goi P va Q Ian luot la hinh chiéu vuong goc ctia F trén cac duong thang AB, BD.
Chting minh CF // HK va PQ di qua trung diém cua CF.

Huéng dan

111




* Chirng minh CF [/ HK

Budc 1 Ching minh t¢ giac ABHK noi ti€p, suy ra A1 =Ki (cung nhin BH).

Budc 2 Xét (0) ¢6 As = Fi (ciing chén cung BC).

Tir d6, ta dwoc Fi=Ki, ma Fi, Ki 12 hai géc dong vinén CF // HK .

* Chitng minh PQ di qua trung diém CF

Budc 1 Chitng minh t gidc BPFQ la hinh chit nhat.

Suy ra Q,=B, vaPQdi qua trung diém cua BF.

Budc 2 Ching minh D la diém chinh gitta caa cung CF, suy ra B. = B..

Tir d9, ta dwoc 61 = él, ma (31, B; la hai goc so le trong nén PQ // BC.

Budc 3 Xét AFBC c6 PQ di qua trung diém ctia BF va PQ // BC nén PQ di qua trung diém cua CF
(tinh chat dwong thang di qua trung diém ctia mot canh va song song véi canh thit hai thi di qua
trung di€ém ctia canh thi ba).

Vi dy 4. Cho ba diém A, B, C c8 dinh va thing hang theo thit tw d6. V& duong tron (O) bat ki di
qua B va C sao cho BC khong phai la duong kinh ctia (O). Tix A ké céc tiép tuyén AE va AF dén
(O) voi E va F la céc tiép di€ém. Goi I 1a trung di€ém ctia BC. Goi D 1a giao di€m thwt hai ctia duong
thang FI va (O). Chiig minh ED // AC va AH.Al=AB.AC.

Huéng dan
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* Chirng minh ED // AC

Bu6c 1 Chting minh it giac AOIF noi tiép, suy ra AlF = AOF (cting nhin AF).
Buéc 2 Chiing minh AOF = EDF (cing bang ntra EOF )-

Tir 46, ta dwoc AIF =EDF, ma AIF, EDF 1a hai géc dong vinén ED // AC.

* Chitng minh AH.Al = AB.AC

Buéc 1 Chiing minh AAFB o AACF (g.g), suy ra AB.AC = AF’.

Budc 2 Chiing minh AAFH o AAIF (g.g), suy ra AH.Al = AF?,

Tl &6, ta dugc AH.Al = AB.AC.

Vi dy 5. Cho duong tron (O) va day cung BC c8 dinh khac dudng kinh. Goi A 1a diém bt ki trén
cung nho BC (A khdc B, C va AB<AC). Ké duong kinh AK ctia duong tron (O). Goi D 1a chén

duong vudng goc ké tir A dén BC va E la chan duong vuong goc ké tir B dén AK. Goi I 1a trung
diém ctia BC. Chiing minh DE L AC va AIDE « AOAB.

Huwéng dan

* Chirng minh DE L AC

Bugc 1 Chiing minh tt giac ABDE ndi tiép, suy ra KED = ABC (tinh chat gbc ngoai bang goc ddi).
Buéc 2 Xét (O) ¢ ABC = AKC (cting chan cung AC).

Tir 46, ta dwgc KED = AKC, ma KED, AKC 1a hai goc so le trong nén DE// KC.

Bugce 3 Chiing minh KC L AC, suy ra DE L AC (Ttt vuong gdc dén song song).

* Chitng minh AIDE o AOAB.
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Buoc 1 Tt td gidc ABDE noi ti€p, suy ra IDE = OAB (g6c ngoai bang gdc ddi).
Buc 2 Chimg minh t& gidc OBEI ni tiép, suy ra DIE = AOB (cling nhin BE).
Tt d6, ta dwoc AIDE @ AOAB (g.9).

Vi du 6. Cho duong tron (0) va mot difm A nam ngoai duong tron (0) Ké tiép tuyén AB va
duong kinh BC cua duong tron (0) (v6i B 1a tiép diém). Trén doan thang CO 1ay diém I (I
khéc C, I khac 0). Duong thang Al cat duong tron (0) tai hai diém D va E (véi D nam gifta

A va E). Goi H 1a trung diém ctia doan thang DE. Duong thang d di qua diém E va song song
véi AO, d cat BC tai K. Chting minh HK // CD .

Huéng dan

Bugc 1 Ching minh t gidc ABOH ndi ti€p, suy ra OAH = OBH (cung nhin OH )
Buoc 2 Tt KE // AO, suy ra OAH = HEK (hai goc so le trong).
Tt d6, ta dwoc OBH = HEK, do d¢6 tt giac BHKE noi ti€p, suy ra EHK = EBK (cung nhin EK).

Budc 3 Xét (0) 6 EBK = EDC (cuing chan cung EC).

Tir d6, suy ra EHK = EDC, ma EHK, EDC 1 hai gbc dong vinén HK // CD.

Vidy 7. T diém A ndm ngoai duong tron (0; R), ké hai tiép tuyén AB va AC dén duong tron
(0) (véi B va C la hai ti€p diém). Trén cung nho BC cta (O) lay diéfm M khac B va C. Goi
I, H, K lan luot la hinh chiéu vudng goc cua M trén BC, AC, AB. Goi P la giao diém caa BM va
IK, Q la giao diém cta CM va IH. Ching minh MI *=MH.MK va PQ | MI.

Huéng dan
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* Chitng minh MI* = MH.MK
Buoc 1 Chiing minh tt gidc MIBK ndi ti€p, suy ra IA1 = 1/9; (cung nhin KM ).
Budc 2 Xét (0) co 23; = a (cing bang ntra s6 do cung BM).

Bucdc 3 Ching minh t& gidc MICH ni ti€p, suy ra 61 = H, (cung nhin MI).

—~

Ttr 46, ta duoc I, = H

~

, vatuongte I, =K.

Do d6 AIKM «» AHIM (g.g) nén M _ MK hay MI* = MH.MK.
MH Ml

* Chitng minh PQ 1 MI

Buoc 1 ChiraIAI:CI, IAZ:BI, suy ra

P/M\QH;IE=1”/1\/I\Q+IA1+IA2 =P/M\Q+81 +1/9\1 =180° (tdng ba goc trong AMBC).
Do d6 ti gidc PMQI noi tiép, suy ra 131 =;; (cung nhin MQ).

Bugc 2 Két hop 131:};, ;; :E?\l(cmt) ta duoc 1/51 :El.

Ma P, B, 1a hai géc dong vinén PQ // BC.

Laicé MI L BC (gt)nén PQ L MI.

Vi dy 8. T diém M nam ngoai dudng tron (0), vé ti€p tuyén MA dén (0) (v6i A la ti€p diém)
va vé cat tuyén MBC sao cho MB< MC va tia MC nam gitta hai tia MA, MO. Goi H la hinh
chiéu vudng goc cia diém A trén duong thang OM. Chiing minh t& gidc BCOH noi tiép va HA

o

la tia phan gidc cua BHC.

Huéng dan
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* Chitng minh tir gidc BCOH ngi tiép
Budc 1 Chting minh MB.MC = MA*, MH.MO = MA> = MB.MC = MH.MO.

, MB MH
Buéc 2 Ttv MB.MC = MH.MO, talap duoctis6 —=——.
MO MC

Suy ra AMBH > AMOC (c.g.c) nén MHB = MCO (hai goc tuong tng).
Do d6 t& gidc BCOH ndi tiép (Dau hiéu géc ngoai bang goc ddi).

* Chitng minh HA 1 tia phin gidc clia BHC

Bugc1 Tt gidc BCOH ndi ti€p, suy ra OHC = OBC (cung nhin OC).
Budc 2 Chira AOBC can tai O, suy ra OBC = OCB.

Ma OCB = MHB (cmt) nén MHB = OHC.

Bu6c3 Tie MHB=OHC, AHB =90°— MHB, AHC =90°—OHC, suy ra AHB = AHC

Vay HA la tia phin gidc ctia BHC

Vi dy 9. Cho AABC nhon (AB<AC) ndi ti€p duong tron (0). Ké AH LBC tai H. Goi E vaF
Tan Iwot 1a hinh chiéu vudng géc ctia H trén AB va AC. Duong thang EF cat duong thang BC
taiK va cit (0) tai M, N. Chimg minh KH* =KB.KC. va A 1a diém chinh giita cia MN, tir do
chiing minh A 1a tam duong tron ngoai tiép AHMN.

Huéng dan
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* Chitng minh KH® = KB.KC

Bugc 1 Chiing minh t& gidac AEHF i tiép, suy ra AHE = AFE, AEF = AHF.

BuGc 2 Tt AHE=AFE (cmt), KHE=90°-AHE, KFH =90°— AFE, suy ra KHE=KFH nén
AKHE ©» AKFH (g.g) = KE.KF =KH".

— e~ e~ - — -

Buéc 3 Tw AEF =AHF (cmt), KEB=AEF, KCF = AHF =90°-~CHF, suy ra KEB=KCF nén
AKEB «° AKCF (g.g) = KE.KF = KB.KC.

Vay KH* = KB.KC

* Chitng minh A 1 diém chinh giita ciia MN

Bugc 1 Ké ti€p tuyén Ax cua (0) tai A thi OA L Ax (tinh chat tiép tuyén).
Buéc 2 Chimmg minh MN // Ax nhu sau:

+) Xét (0) 6 xAB = ACB (cing bang ntra s6 do ;473).

+) V‘1A/E77 = A/CTS (cmt) nén x/AE = 14/E77, ma x/AT?, XE\F la hai goc so le trong nén MN // Ax, do do
OA L MN, suy ra OA di qua di€ém chinh gitta ctia MN.

Vay A la diém chinh gitta ctia MN.

* Chitng minh A la tdm dwong tron ngoai tiep AHMN.

Buoc1 T AM = AN , suy ra AM = AN (lién hé¢ gitta cung va day cung).
Budc 2 Chiing minh AN = AH nhu sau:

+) Xét (0)c6 AM=AN, mpg SAAM, @% SdAN, suy ra ANF=ACN,

Do d6 AANF” AACN(g.g):> AF.AC=AN’.

+) Xét AAHD vudng tai H, duong cao HF nén AF.AC=AH’ (hé thic luong).

Tt d6, ta dwgc AM = AN = AH nén A la tdm duong tron ngoai ti€p AHMN.
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Vi du 10. Cho AABC nhon (AB<AC) c6 cac duong cao AD, BE, CF cit nhau tai H. Goi (O) la
duong tron ngoai tiép tit gidc CDHE. Trén cung nho EC cta (O) , 1ay diém I sao cho IC > IE. Goi
N la giao di€ém ctia DI véi CE. Goi M la giao di€ém ctia EF v6i IC. Chiing minh MN //AB.

Huéng dan

Budc 1 Chiing minh tit gidc MENI n6i ti€p nhu sau:

+) Xét (O) cb DIC=DHC (cing chan CD).

Ma DIC=AHF (d8i dinh) nén DIC=AHF.

+) Chttng minh t& giac AEHF noi ti€p, suy ra AHF = AEF (cung nhin AF).
Ma AEF=MEN (d8i dinh) nén DIC=MEN ,suy ra t& gidc MENI néi tiép.
Budc 2 Chitng minh EMN=EFA nhu sau:

+) Tt gidc MENI ni tiép, suy ra EMN=EIN (cting nhin EN)

+) Xét (O) cb EIN=ECD (cung chéing[\))

+) Chting minh t giac BCEF noi tiép= EFA=ECD (géc ngoai bing goc ddi).

Tt d6 suy ra E/FTA\Zg\-/I\N , ma E/FTA\, E/I\KI la hai géc so le trong nén MN //AB.
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DANG 2: CHUNG MINH BA PIEM THANG HANG
Cdch 1 ( Cach song song) chitng minh hai trong ba duong thang AB, AC, BC cuing song song v&i
mot duong thang thi A, B, C thang hang.

Cdch 2 (Cach vudng goc) Chiing minh hai trong ba duwong thang AB, AC, BC cling vudng géc voi
mot duong thang thi A, B, C thang hang.

Cich 3 (Cach géc bet) chiing minh ABC=180° thi A, B, C thing hang.

Vi du 1. Cho duong tron(O;R) duong kinh AB ¢6 dinh. Day CD di ddng vudng goc véi AB tai H
nam gitta A va O. Lay diém F thudc cung nhé AC. Gia st BF cat CD tai E, AF cat tia DC tai L.
Duong tron ngoai tiép AIEF cit AE tai M. Chting minh M thudc duong tron(O;R).

Huwéng dan

M
F
E
1 - B
D

+) Chira AIEF vudng tai F thi IE 1a duong kinh ctua duong tron ngoai ti€p AIEF.

Bu6c 1 Chting minh IM L AM.

+)Suy ra IME=90°=IM LEM hay IM L AM.

Bwdc 2 Chirng minh 1B L AM.

+) Chi ra IH, BF la hai duwong cao cia AIAB va IHNBF={E} nén E la truc tam cua AIAB
+) Suy ra 1B L AE hay IB L AM nén I, M, B thang hang.

Ma IM L AMnén BM L AM hay AMB =90°, do d6 M thudc (O).
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Vi du 2. Cho AABC vudng can tai A. Puong tron duong kinh AB cit BC tai D khac B. Goi M la
diém bat ky trén doan AD. Ké MH, MI [an lugt vuong goc véi AB, AC tai H, I. Ké HK L ID tai K.
Chting minh MID =MBC va ti gidc AIKM ndi ti€p, tir 46 chitng minh ba diém K, M, B thing
hang.

Huéng dan

e  Chitng minh MID = MBC

Bugc 1 Chiing minh tit gidc MDCI ndi tiép, suy ra MID = MCD (cuing nhin MD)
Budc 2 Chira AD la trung triec cia BC, M € ADnén MB = MC — MCD = MBC
Tut d6 ta dugc MID = MBC

o Chirng minh tir gidc AIKM ni tiép

Buoc 1 Chi ra tit gidc AHMI c6 ba goc vudng nén la hinh chit nhat.

Budc 2 Chira IAH = 90°, IKH = 90°, IMH = 90° suy ra nam diém A, H, M, K, I thudc duong tron
duwong kinh HI, do d6 t& giac AIKM ndi tiép.

e Chuing minh K, M, B thang hang
Butc 1 tir tir giac ATKM noi tiép ta co6 AIK + AMK =180° ( tdng hai goc déi)

Budc 2 Chitng minh AIK = AMB

— e~~~ _—  _—

Ma MID = MBC (Cmt) nén AIK = AMB

Tir d6 suy ra AMB+AMK =180° hay K,M,B thing hang.
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DANG 3: TIEP TUYEN

O F

: . s g N W 12 . 1.n | TAM LOM
e D& chiing minh AM 14 tiép tuyén caa (O), ta can chi ra 2 diéu kién {

+ OM la ban kinh
e D@ chitng minh M2 =90° ta thudng chiing minh M: +Ms =90° bing cach chuyén M, Msvé

hai géc nhon mdt tam gidc vudng.

Vi dy 1. Cho ntta duong tron (O;R) duong kinh AB. Goi C la diém bt ky thudc nita dudng

tron sao cho 0 < AC < BC. Goi D 1a diém thudc cung nhé BC sao cho COD =90°. Goi E la
giao diém ctia AD va BC, F la giao diém ctia AC va BD. Goi I 1a trung diém cta EF. Ching
minh IC 14 ti€p tuyén ctia (O).

Huwéng dan

F
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. : A Dy \ N A EF , ~ o
Budc 1. Chira ACEF vuong tai C va c¢6 ClI la trung tuyén nén Cl = - " FI (tinh chat trung tuyén

cta tam giac vuong) = AIFC can tai I nén ICF = IFC.

e~

Buéc 2. Chira AOAC cn tai O nén OCA=O0AC , suy ra ICF +OCA=IFC +OAC
Budc 3. Kéo dai FE cit AB tai H

+) Chira E la triec tam AFAB , suy ra FH L AB

+) Xét AFAH vudng tai H nén IFC + OAC =90°

Suy ra: ICF + OCA=90°= ICO =180°— (OCA+ ICF) =90° = IC L OC.

Ma OC la ban kinh ctia (O) nén IC la tiép tuyén cuaa (O).

Vi du 2. Cho duong tron(O;R) va duong thang d cat (O;R) tai hai diém E va F. Goi A 1a diém trén
d sao cho E nam gitta A va F. Tl A ké c4c tiép tuyén AB va AC dén (O;R) vé6i B, C 1 tiép diém va
B, O ndm vé hai phia ctia duong thang d. Goi H 14 trung diém ctia EF , dueong thang BC cat OA tai
I, cat OH tai K. Chting minh: O1.OA=0H.OK va KF la tiép tuyén ctia (O;R)

Huéng dan
*Chitng minh: Ol.OA=0OH.OK
Budc 1. Chirng minh OA L BC,OH L EF = OIK =90°,0HA = 90°

Budc 2. Chira AOIK «» AOHA(g.g) = %:%: 01.0A =0H 0K
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*Chirng minh KF la tiép tuyén cua (O;R)

OH OF

Buéc 1. Ching minh: O.OA=0B? =R? = OHOK =R? & — =—
OF OK

Buéc 2. Chi ra: AOHF @ AOFK (c.g.c) = OHF = OFK =90° = KF L OF

Ma OF la ban kinh cua (O) nén KF la tiép tuyén caa (O;R).

Vi du 3. Cho ntta duong tron tam O, dwong kinh AB. Lay diém C trén doan thang OA (C khac O
va A). Duong thang di qua C va vudng goc vdi AB cat nira duong tron tai K. Goi M 1a diém bat ky
trén cung BK (M khéc B va K). Duong thang CK cat cdc dwong thang AM, BM Ian luot tai H, D.
Puong thing BH cat nita dwong tron tai diém thit hai la N. Chttng minh ba diém A, N, D thang

hang va tiép tuyén tai N ctia nira dwong tron di qua trung diém cta DH.

Hudéng dan

*Chitng minh: A, N, D thiang hang.

A® c o °B
Budc 1. Chitng minh AN L BN ttr gia thiét N € (O) duong kinh AB.

Budc 2. Chitng minh AD L BN :

+) Chi ra AM, DC la hai duong cao cia AABD, AM " DC ={H} nén H la truc tam ctia AABD.

+) Suy ra AD L BH hay AD L BN tit d6 suy ra A, N, D thang hang.
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*Chitng minh tiép tuyén tai N ciia niva dwong tron (O) di qua trung diém ciia DH.
Budc 1. Goi I la trug diém cua DH. Chi ra ADNH vuong tai N va c6 NI la trung tuyén nén

NI = % = DI (tinh chdt trung tuyén ctia tam gidc vuong)

= AIDN can tai Inén IND = IDN.

Budc 2. Chira AOAN can tai O nén ONA = OAN.

Suy ra IND +ONA = IDN +OAN

Budc 3. Xét AACD vuong tai C nén OAN + IDN =90°

Suy ra: ONA+ IND =90° = ONI =180°— (IND + ONA) = 90° = IN L ON.

Ma ON la ban kinh cua (O) nén IN la tiép tuyén cua (O) hay ti€p tuyén tai N ctaa (O) di quaIla
trung diém ctia DH.

DANG 4: CHUNG MINH PIEM THUOC PUONG TRON, CHUNG MINH DUONG KiNH
Tinh chit 1. Néu AABC vudng ¢ A thi A, B, C thudc duong tron duong kinh BC.

Tinh chit 2. Néu tit gidc ABCD ndi tiép va A,B,C €(0) = D € (0).
Tinh chdt 3. Néu A M,B e (0); AMB =90° thi AB la dwong kinh cua (O).
Tinh chit 4. Néu hinh thang ABCD (AB//CD) néi ti€p duong tron (O) thi ABCD la hinh thang can.

Cdc tinh chdt 1,2,3 ta dugc sit dung, tinh chdt 4 ta phdi chiing minh lai nhw sau:

Cach 1. (Cong cung dé€ duoc hai duong chéo bang nhau)

C6 AB//CD = A\l = (/3\1 (hai goc so le trong)
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— $d BC =sd AD = sd AB + s@ BC = sd AB + sd@ AD
— sdAC = sd BD = AC = BD = AC = BD

Do d6 ABCD la hinh thang can
Cach 2. (Cong hai goc d& duoc hai goc ké mot ddy bang nhau)

Co6 AB//CD = A\l = (/3\1 (Hai goc so le trong)

~

Ma A =D;=C; =Dy
Xét (0) 6 Gy =By = G, + G = By + D, <> BCD = ADC
Do d6 ABCD la hinh thang can

Cach 3. ( St dung tong hai goc d6i cta t giac noi tiép bang 180° va tong hai goc trong cling phia

ctia hai duwong thang song song bang 180°).

Vi tir gide ABCD ndi tiép nén BAD+BCD =180° (t6ng hai géc ddi).
Do AB//CD nén BAD+ADC =180° (tong hai géc trong cung phia).
Suy ra BCD = ADC, do d6 ABCD Ia hinh thang can.

Vi dy 1. Cho duong tron (O;R) va day BC 6 dinh khac dwong kinh. Ly diém A thudc cung 16n
BC ma AB<AC. Cac duwong cao AF, BD, CE cta AABC cit nhau tai H. Vé duong kinh Al cta
(O). Goi K 1a diém d6i xttng véi H qua BC. Chitng minh Ke(O) va t gidc BKIC la hinh

thang can

Huéng dan

* Chitng minh K €(0O)

Cach 1 (Chting minh BAC + BKC =180°)

Buwoc 1. Chitng minh BKC =BHC:

Do K d6i xting H véi qua BC nén la trung treec HK, do d6 BH=BK, CH=CK.
Suy ra ABHC = ABKC (c.c.c) nén BKC =BHC .

Buréc 2. Xét tt gide ADHE c6 EHD +EAD =180° (do AEH = ADH =90°)
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Ma BHC = EHD (d8i dinh) nén BKC + BAC =180°

Do d6 ti gidc ABKC noi tiép, ma A, B, Ce(0) nén K e(O).

Cach 2 (Chttng minh A = 62)

Buwéc 1. Chira A;=C (cing bang 90°—KF:’>E)

Buwoc 2. Chitng minh ABHC = ABKC (c.c.c), suy ra C:=C;

Ttr d6 suy ra A1 =C, nén ti giac ABKC ndi tiép.

Ma A, B, Ce(0O) nén Ke(O).

* Chieng minh tir gidac BKIC la hinh thang cin

+) Chiing minh tit gidc BKIC la hinh thang

Do K e(O) duong kinh Al nén AKI =90° (géc ndi tiép chén ntra dwong tron).
Suy ra KI L AK, ma BC L AK nén BC//KI, do dé tit gidc BKIC la hinh thang
+) Chitng minh tit gidc BKIC la hinh thang can

Cach 1 (Chttng minh Bl =CK dua vao hinh binh hanh)

Buwoc 1. Chitng minh t giac BHCI la hinh binh hanh, suy ra BI=CH.
Buwoc 2. Tt ABHC = ABKC (cmt), suy ra CH=CK.

Ttr d6 suy ra Bl =CK nén tit giac BKIC la hinh thang can.

Céch 2 (Chttng minh Bl =CK dwa vao cong cung)

Buéc 1. Ttr BC//KI=B. =1 (hai gocso le trong) — sdCI = sdBK

Bueoc 2. Cong hai Ve véi sdKI dwoc sdCI +sdKI = sdBK +sdKI

— sdCK =sdBI = CK = BI = CK = BI nén tt giac BKIC la hinh thang can.
Céch 3 (Chlﬁmg minh KBC = ICB dua vao cong goc)

Tt BC//KI=Bi =1 (hai goc so le trong)

Ma L Cz (cung chin BK ) nén B1 Cz

Vi B> =C; (cing chan KI) Bi+B2=C;+Cs hay KBC =ICB
Do d¢6 tt giac BKIC la hinh thang can.

Cach 4 (Chttng minh KBC =ICB tong hai géc d6i ctia ti gidc ndi tiép bang 180° va tdng hai goc
trong cling phia ctia hai deong thang song song bang 180°)

Vi tit gide BKIC ni tiép nén KBC + KIC =180° (tdng hai goc ddi)
Do BC//KI nén ICB+KIC =180° (tong hai géc trong cung phia)
Suy ra KBC =ICB, do d6 BKIC 1a hinh thang can.

Vi dy 2. Cho nira duong tron (O;R) duong kinh AB. Goi C la diém chinh gitta cia cung AB va M
la diém thudc cung AC (M khac A va C). Ké MH L AB tai H, AC cdt MH, MB Ian luot tai K, E.
Ké El L AB tai |. Chimg minh ACAK =AM’ va O thudc dudng tron ngoai ti€p AIMC.

Hudng dan
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A jull - B

* Chitng minh AC.AK = AM?

Cach 1 (Chiing minh AB.AH)

Buwéc 1. Chi ra AABM vudng tai M, duong cao MH nén AB.AH = AM?
Buwoc 2. Chttng minh AAHK « AACB (g.g), suy ra

AH AK
——=——hay AB.AH=ACAK
AC AB

Tt &6 suy ra ACAK = AM? (cuing bang AB.AH )
Cach 2 (Chiing minh AAMK @ AACM )
Buéc 1. Chting minh B: = M (cling bdng 90°— MAH )
Burgc 2. Xét (O) o B.=Ci (cting chan AM)nén M: =C,
Tir d6 suy ra AAMK @@ AACM, do do
AM _ AR hay ACAK = AM?.
AC AM
* Chirng minh O thugc dwong tron ngoai tiép AIMC .
Budc 1 Chitng minh t giac AMEI ndi ti€p, suy ra Ii=A (cung nhin doan ME).
Budc 2 Chirng minh t&t giac BCEI ni ti€p, suy ra I =B (cung nhin doan CE).

Budc 3 Xét (0) 6 Ai=Bz = % MOC (quan hé gifta goc ndi tiép va goc & tam).

Suy ra L=l :%I\TO\C nén MIC =MOC, do d6 tir giac IOCM ndi ti€p.

Ma I, C, M thudc duwong tron ngoai ti€p AIMC nén O thudc duong tron ngoai tiép AIMC.

Vi du 3. Cho duwong tron (O) va day BC cd dinh khac duong kinh. Goi A la diém di dong trén

cung 16n BC (A khac B, A khac C va A khac diém chinh gitta cta /BE). Cac duong cao AD,
BE, CF ctia AABC cit nhau tai H. Chttng minh OA L EF va duong tron ngoai ti€p ADEF di
qua trung diém cua BC.

Huéng dan
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* Chirng minh OA L EF

Budc 1 Ké tiép tuyén Ax ctia (O) tai A thi OA L Ax (tinh chat tiép tuyén).

Buéc 2 Chitng minh EF//Ax nhu sau

+) Xét (O) 6 xAB = ACB (cing bang ntra s6 do AB).

+) Chitng minh tit gidc BCEF noi ti€p, suy ra AFE = ACB nén xAB = AFE.

Ma XAB, AFE la hai goc so le trong nén EF//Ax, do d6 OA LEF .

* Chitng minh dwong tron ngogi tiép ADEF di qua trung diém ciia BC

Budc 1 Chi ra duong tron ngoai ti€p tit gidc BCEF ¢ tam N la trung diém cua BC.
Budc 2 Chitng minh cac t giac BDHF va CDHE ndi tiép.

Suy ra Di =B (cung nhin doan HF), D, =C (cung nhin doan HE).

Budc 3: Xét (N) ¢6 B, =Ci = % ENF (quan hé gitta goc noi ti€p va goc & tam).

Suy ra D: =D =%E/I\W: nén EDF = ENF, do d6 giac DNEF ndi tiép.

Ma D, E,F thugc duong tron ngoai tiép ADEF nén N thudc duong tron ngoai tiép ADEF hay
duong tron ngoai ti€p ADEF di qua N la trung diém cua BC.

DANG 5: SUDUNG PINH LY TA- LET VA PINH LY TA- LET PAO

Tinh chdt 1 (Tinh chat thuong gip trong tam gidc) Cho AABC cé E va F [an luot thudc canh AB va
AC sao cho EF //BC . Mot duong thang d di qua A va qua trung diém cua BC. Chiig minh d
cting di qua trung diém cuta EF.

Chting minh A




Goi M va I lan luot la giao diém cua d véi BC va EF.
Do EF //BCnén EI //BM,Fl //CM .

Xét AABM co EIl //BM nén izi (PBinh i Talet).
BM AM

Fl Al

Xét AACM c6 FI //BM nén —— =—— (Dinh li Talet).
CM AM
El  FI . A . o
Suy ra BM oM’ me BM =CM nén El = Fl hay d di qua trung diém ctaa EF .

Tinh chit 2 (Tinh chit thuong gdp trong hinh thang) Cho hinh thang ABCD (AB//CD) c6 céc
duong chéo cat nhau tai O. Qua Oké duong thang song song véi day, cat ADva BC theo thtt tu
tai Eva F .Ching minh OE =OF

Ching minh

C

D
AABD c6 OE // ABnén 2E = P9 pinh 11 Tale)
AB DB

AABC c6 OF // AB nén E = E (Pinh 1i Talet).
AB CB

ABCD c6 OF //CD nén O—D:C—F (Pinh 1i talet).
BD CB

Suy ra OE _OF nén OE =OF .
AB AB

Tinh chdt 3 (Tinh chit thuong gdp trong tam gidc vudng) Cho AABC vudng tai A, 1dy diém M
trén canh BC sao cho MA=MB. Chttng minh MA=MC.

Chtng minh
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Vi MA=MBnén AAMB can tai M, do dé A; = B:

Ma Az =90° — A;,Ci =90° — By nén A, = Ci = AACM can tai M = MA=MC.

Vi dy 1. Cho diém M thudc ntta duong tron (O) dudong kinh AB=2a (M khac A va B). Ké cac
tiép tuyén Ax,Byvéi ntra duong tron (O). Tiép tuyén tai M cua (O)cat Ax,Bylan luot tai E,F.

Goi K1la giao diém ctia AF va BE. Chiing minh MK L ABva khi MB = J3MA, hay tinh dién tich
AKAB theo a.

Huéng dan
* Chirng minh MK L AB

Budc 1 Chitng minh AKAE ~ AKFB (g.g) = % = %

Budc 2 Chira AE = ME,FB = MF , suy ra %:%: MK // AE (Talet dao).

Ma AE L AB (tinh chat tiép tuyén) nén MK L AB.
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* Tinh dién tich AKAE theo akhi MB =+/3.MA
Buéc 1 Kéo dai MK cit AB tai H thi MH L AB (doMK L AB).

Buoc 2 Chiing minh K la trung diém cua MH

ABFE c6 KM //BF nén m = E (Binh 1i Talet).
BF EB
AABF c6 KH // BF nén ﬁ :ﬁ (Pinh 1i Talet).
BF AB
AABE c6 KH// AE nén KE _AH (PBinh 1i talet).
BE AB
Suy ra %:%: MK = KH hay Kla trung diém ctia MH .

Budc 3 Xét AKAB va AMAB c6 chung ddy AB va duong cao KH = %

Suyra S,,,; = % S,ms = M (tinh chat ti s6 dién tich).

Céd MA? + MB? = AB? =4R? vA MB =+/3.MA= MA = R, MB = R+/3.

RRV3 R’\3

4 4

Vay Sye = (dvdt).

Vi dy 2. Cho ntra duong tron (O;R)duong kinh AB . Ké hai ti€p tuyén Ax, By véi nira duong tron
dé ( Ax, By cting thudc nita mit phang bo AB chita nita duong tron). Goi M 1a diém bat ky thudc

ntta duong tron va tiép tuyén ctia ntta dwong tron tai M cat Ax, Bylan luot tai C,D.Ké MH 1 AB
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va MH cit BCtai | . Chting minh 1 1a trung diém ctia MH va ba diém A, I,D théng hang.

Huéng dan

* Chitng minh | la trung diém ciia MH

Buéc 1 Kéo dai BM cat Axtai N va chiing minh CA=CN

+) Chi ra AAMN vuong tai M va c6 CA=CM nén CAM =CMA.
+) Ma CNM =90° — CAM,CMN =90° —CMA nén CNM = CMN.
Do d6 ACNM can tai Cnén CM =CN, suy ra CA=CN .

B 2: Chimg minh -4 = M
CA~ CN

+) AABC 6 IH//CA nén -3 — BL pinh 1y Ta 1¢t).
CA BC

+) ABCN c6 IM //CN nén M _ Bl (DPinh ly Ta 1ét).
CN BC
IH M A . o
Suy ra — =——, ma CA=CN nén IH = IM hay | la trung diém ctia MH .
CA CN
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* Chitng minh A, 1,D thing hang
Budc 1: Kéo dai AM cat By tai E va ching minh DB = DE.
Buéc 2: Goi |’ 1a giao di€ém ctia AD va MH. Chtng minh |’ 1a trung diém MH.

Suyra I’ tring |1, ma I’ ADnén | € AD hay A, I,D thang hang.

Vi dy 3: Cho dudng tron (O;R) va ddy cung AB khong di qua tim O. Ttr di€m S thudc tia doi
cta tia AB (S khdc A) vé hai ti€p tuyén SC,SD dén (O;R)véi C,D 14 hai ti€p di€ém va C thudc
cung nhé AB.Goi H la trung diém ctia AB.Puong thang di qua Ava song song véi SC cat SD
tai K.Chting minh t gidc ADHK ndi ti€p va duong thang BK di qua trung diém ctia SC.

Hudéng dan

* Chirng minh ti¢ gidc ADHK ngi tiép
Bugc 1: Ching minh nam diém O,H,C,S,D cung thudc mot duwong tron duong kinh SO

= SCD = SHD (cung nhin SD).

But6c 2: Tix AK//SC (gt) = AKD =SCD (hai géc dong vi).

Tt d6 suy ra AKD = SHD hay AKD = AHD nén tt giac ADHK ndi tiép.
* Chitng minh BK di qua trung diém cuia SC

Buéc 1: Kéo dai AK cit BC tai M va chiing minh KA = KM

+) Tr tie gidc ADHK noi tiép => AHK = ADK (cling nhin AK ).

+) Xét (O;R) c6 ADK = ABC (cling chén cung AC).

Suy ra AHK = ABC nén HK //BM .

+) Xét AABM c6 H la trung diém cua AB va HK//BM nén KA=KM .

Budc 2: Kéo dai BK cat SC tai N va chiing minh %: %
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+) ABNS c6 KA//NS nén KA_BK (DPinh ly Ta 1ét).
NS BN

+) ABNC c6 KM //NC nén KM _ BK (Pinh ly Ta lét).
NC BN

KA_ KM ma KA=KM nén NS =NC hay N la trung diém cua SC.

Vay BK di qua trung diém ctia SC.
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DANG 6: SUDUNG TINH CHAT PHAN GIAC
Tinh chdt 1

A
-—
-— - - -
— -—
-— - -
-—
-— - -
K ] ’— ——————————— C

B D

e V6i AD Ia phan gidc trong ctia AABC thi ta c6 —o — 2
DC AC

e Vdi AK la phan giac ngoai cia AABC thi ta co KB_AB
KC AC

Két nodi hai ty s0 trén, ta dugc tinh chat E_CB) = IE_CBI hay BD.CK = BK.CD

AD L AK (phan giac trong va phan giac ngoai vudng goc voi nhau)
Samep  BD  AB
Smeo CD  AC

Tinh chat 2

M
e Cho AABC noi tiép duong tron (O) va diém M €(0). Néu AM la tia phan gidc ctua goc
BAC thi M la diém chinh gitta cia BC va nguoc lai.
1 —

e Néu M la diém chinh gitta cia BC thi BM =CM = 5 BC.

e Néu BM =CM thi BM =CM va nguoc lai (lién hé gitta cung va day cung).

Vi dy 1: Cho duong tron (O) va day AB. Ldy diém C nam ngoai duong tron (O) va ndm trén tia

BA. Goi P la diém chinh gitta cta cung 16n AB. Ké dwong kinh PQ ctia (O), PQ cit AB tai D.
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Tia CP cat (O) tai diém tht hai 1a I. Cac ddy AB va QI cat nhau tai K. Chémg minh
CACB=CD.CK va AK.BC =BK.AC.

Huéng dan

*Chitng minh CACB =CD.CK

Budc 1: Xét t& gide ABPI ndi tip duong tron (0)= CIA=CBP (goc ngoai bang goc ddi), do d6
ACIA- ACBP (g.g), suy ra CACB=CI.CP.

Budc 2: Chitng minh ACIK -~ ACDP (g.g), suy ra CD.CK =CI.CP.

Tt @6 ta dwoc CACB=CD.CK.

*Chirng minh AK.BC = BK.AC

Budc 1: Chiing minh PO Ia trung triec cia AB.
Ma Q€ PO nén QA=QB = (/QTA = @ (lién hé gitra cung va day cung).

Budc 2: T @ = 6@ = AIQ=BIQ nén IK la duong phan gidc trong caa AAIB.

Suy ra % = % (tinh chat phan giac).

Bu6c3: Vi IC L IK (do PIQ =90° )nén IC 1a dwong phan gidc ngoai cia AAIB.

Suy ra A—C:ﬂ, do do AR _AC hay AK.BC =BK.AC.
BC BI BK BC

Vi dy 2: Cho duong tron (O;R) duong kinh AB. Trén tia ddi cua tia AB 1dy difm M ma AM =R.
Ké duong thang d qua M va vuong géc AB. Trén d, 1dy diém E tuy y. Goi C,D lan luot 1a giao
diém th hai ctia EA, EB vdi (O) ; | la giao diém cta EA voi MD, F la giao diém ctia BC véi d.

Chting minh ba diém F, A, D thang hang va IAEC = AC.EI .
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Huwdng din

E
D
I
M B
O
C
F

* Chting minh ba diém F, A, D thang hang

Budc 1: Chitng minh EC, BM 1a hai dwong cao cia ABEF va ECNBM = {A}
Suy ra Ala trung truc ABEF nén FA | BE.

Bu6c 2: St dung D € (O) dwong kinh AB= ADB = 90°= AD 1 BE.

Titdésuyra F, A, D thang hang.
* Chutng minh JA.EC = AC.EI

Bugc 1: Chiing minh t& gidc ADEM noi ti€p nén I/D: = 1‘?1 ( cung nhin doan AM).
Bugc 2: Chiing minh t& gidc CDEF ndi tiép, suy ra [72 = I/SI ( cung nhin doan FC).

Tir d6 duoc [/): = I/D; nén DA la phan giac trong cia ACDI .

Suy ra % = j;é ( tinh chat phan giac).

Budc 3:Stt dung DE | DA nén DE la phan gidc ngoai ctia tam giac CDI .

Suy ra DI _E ( tinh chat phan giac), do dé AL _E hay IA.EC = AC.EI.
DC EC AC EC

Vi dy 3. Cho AABCnhon (AB < AC) ndi ti€p duong tron (O). Ké hai tiép tuyén tai B, C cta
(O) va hai tiép tuyén nay cat nhau tai M. N&i AM cat duong tron (O)tai D khac A va cat
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BC tai I.Goi H la trung diém ctia AD. Tia BH cat duong tron (O) tai Kkhac B. Ching

BH

minh CK / /AM véSAﬂ: :
CH

SACHI

Huwdng din

* Chuing minh CK / /AM

Bugc 1: Chiing minh nam diém B, H, O, C, M thudc duong tron duong kinh OM, suy ra
BHM = BCM ( cung nhin BM).

Budc 2: Xét (O) cb BKC = BCM ( cing bang ntra s6 do BC).

Tir d6 suy ra BHM = BKC, ma BHM, BKC 1a hai géc dong vinén CK / /AM.

* Chting minh M = BH
SACHI CH

Budc 1: Theo trén, taco B, H, O, C, M thugc mot duong tron nén

BHM = BOM , CHM = COM

Buéc 2: Do MB, MC la hai tiép tuyén ctia (O) ké tit Mnén BOM = COM .

Tir d6 suy ra BHM = CHM nén HI la phan giac trong cia AHBC.

Do dé L (tinh chat phan giac).
CH (I

Buoc 3: Xét AHBI, AHCI c6 cung duong cao ke tir H nén

138



Sauw _BL . BH Bl . Sy, BH

ma —=— .
CH CI S, CH

SACHI CI

7

Vi du 4. Cho duodng tron (O) ABC. Goi M va Nlan luot la diém

ngoai ti€p tam giac nhon
chinh gifta ctia cung nhd AB va cung nhé BC. Hai day ANva CM cét nhau tai I. Day MN
cat AB va BC lan luot tai Hva K. Chiing minh t& gidc BHIK la hinh thoi.

Huwdng din

AF
N
BIA

N\\j

N

* Chtng minh ABHI can

Budc 1: Chiing minh AMBI can.

Kéo dai BI cat (O) tai Fvachira F 1a diém chinh gitra cia AC.
Co MBI = {sdAM + sdAF), MBI = (sdBM -+ sdCF) , ANi=BM , AF =CF

Nén MBI = MIB = AMBI can tai M.

Buéc 2: Chiing minh MN la trung truc ctia BI

Do N la diém chinh gitra tia cung nho BC nén MN la tia phan gidc ctua BMC
Ma AMBI can tai M nén MN ciing la duong trung truc ctia doan thang BI .

Do H, K€ MN nén HB= HI, KB=KI va MN L Bl hay BF L HK.

Buéc 3: Chiing minh BH = BK..

Do F 1a diém chinh gitta ctia cung nho AC nén BF 1a tia phan gidc cua HBK.
Ma BF 1 HK nén ABHK can tai B, do do6 BH = BK.

Nhu vay tit gidc BHIK la hinh thoi.
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DANG 7: DANG TINH TOAN

A

e Do dai ( chu vi) duwong tron (O;R) la C =27R.

e Néu sdAB = o°thi o dai AB 1a 782
180
e Dién tich hinh tron (O;R) la S =7R?.
, —~ X 7TR20£
e Néu sdAB = a° thi dién tich hinh quat tao boi OA,OBva AB la 360"
7R*«a

e N&u sdAB = o thi dién tich hinh vién phan tao bdi day AB va AB Ia 360 Saous -

e Thé'tich hinh try duong cao h, bankinh ddy R 1a V=S5, .h=nR*#.

1

e Thé tich hinh nén dwong cao /1, ban kinh day R la V = %S h= §7TR2h .

day *

e Thé tich hinh cau va dién tich mit ciuban kinh R 1a V = %WRS va S =4nR>.

Vi dy 1. Cho diém Andm ngoai duong tron (O;R). Tl Ake tiép tuyén AM dén (O) véi Mla
tiép diém. Duong thang qua M vudng géc véi OA cét (O) tai diém N khac M. Chtng minh
AN 1a tiép tuyén céia (O). Khi MAN = 60°, tinh d dai MN nhé va thé tich tao thanh khi cho
AOAM quay mot vong quanh OA .

11

Hudéng dan
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* Chieng minh AN la tiép tuyén ctia (O)
Bu6c 1: Chira AOMN can tai O va OA L MN nén OA ciing la phan gidc cia MON, do d6 O, :(/)\2.

Bué6c 2: Chi ra AOAM = AOAN (c.g.c) nén OMA=ONA=90° = AN L ON. Ma ON 1a ban kinh ctia
(O) nén AN la tiép tuyén ctia (O).

* Tinh d¢ dai MN nho:
Buéc 1: Str dung tdng céc géc trong tir gide AMON bing 180° = MON =120".
Budc 2: Str dung cong thic tinh d6 dai cung, ta tinh duoc do dai MN nho la:

n.R. 120 21cR
180

(dvdt)

* Tinh thé’tich tao thanh khi cho AOAM quay mdt vong quanh OA.
Budc 1: Goi H 1a giao diém cua OA va MN.

+Xét AOAM vudng tai M va OAM =30° nén

sinoav =M _ R 1 oa-9R
OA OA 2

+ OH.OA=0M? = OH =%:> AH =0OA-OH :37R:> HM :RT\/é

Budc 2: Khi cho AOAM quay mot vong quanh OA ta duoc hai hinh nén ¢é cung ban kinh day la

RV3 . ., . \ 3R

r=HM = va duong cao la h =AH :7,h2:OH :% nén thé tich hinh tao thanh Ia

RJ—J (3R+Bj: R’

:_nr(hl+h) 3(2 2 2) 2
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Vi du 2: Cho ntta duong tron (O;R) duong kinh AB va di€ém M tuy y trén nira duwong tron do.
Goi N, P Ian luwot la diém chinh gitta cung AM, MB. Tinh d¢ dai doan NP va dién tich hinh vién
phan tao thanh béi day NP va NP nho.

Huéng dan

* Tinh d6 dai doan NP

Budc 1: Chi ra @;%@,m:%ma

Suy ra NOP :%K(-)\B =90° = ANOP vuong tai O.

Budc 2: St dung dinh ly Pytago trong ANOP vudng tai O, tinh dwoc NP = RV2.
* Tinh dién tich hinh vién phin tgo boi ddy NP va NP 76,
Budce 1: Tinh dugc dién tich hinh quat tao boi ON, OP, NP nhé 1a

nR?.90 B nR?
360 4

(dvdt)

2
Buoc 3: Tinh dwoc dién tich ANOP vuong tai O la R? (dvdt).
Suy ra dién tich hinh vién phan tao boi day NP va NP nho la:

nRz_R_Z_R(TE—Z)
4 2 4

(dvdd)

Vi du 3: Cho duong tron (O;R) va day BC = Rv/3. Goi A 1a dién thay d&i trén cung I6n BC sao
cho AABC nhon. Ké BD L AC tai D,CE L AB tai E. Goi H la giao diém cua BD va CE. Tinh d¢
dai BC nho va chitng minh OBD = OCE.

Hudéng dan
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* Tinh d6 dai BC nho:
Budc1: Ké Ol L BC tai | vachira | 1atrung diém ctia BC va BOC =2BOI

Budc 2: Xét ABOI vudng tai | nén:

sinB0i =B Y3 _ 531 _ 60° = BOC —120°
OB 2

Buoc 3: St dung cong thite tinh do dai cung, ta tinh dweoc do dai BC nho la:

R120 2R (4 4q)
180 3

* Chitng minh OBD = OCE

Buoc 1: Tinh duwoc BAC = % BOC =60°

Buéc 2: St dung tong cac goc trong it gidc ADHE béang 180° = DHE =120°.
Buwdc 3: Tinh dwoc BHC =120° nén BHC = BOC, do dé t& giac BCOH noi ti€p.

Suy ra OBD =OCE (cung nhin doan OH ).
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Hé thong bai tip trong chu dé

Bai 1: Tk diém A ¢ ngoai duong tron (O) vé hai ti€p tuyén AB, AC dén (O) (véi B,Cla tiép
diém). GQi E la giao diém ctia OA va BC. Goi | la trung diém ctia BE, dwong thang qua
| vudng goc véi Ol cit cac tia AB, AC theo tht tu tai D, F. Chttng minh AODF can tai O
va F la trung diém AC.

Bai 2: Cho duong tron (O). Ly diém A ndm ngoai duong tron (O), duong thing AO cit (O)
tai hai diém B va C véi AB < AC. Qua A vé duong thang khong di qua O cét (O) tai hai
diém D va E véi AD < AE. Duong thing vudng goac véi AB tai A cit duong thang CE
tai F. Goi M 1a giao diém thtt hai cia duong thiang FB véi (O). Tt gidc AMDF la hinh
gi? Visao?

Bai 3: Cho t gidc ABCD ndi ti€p duong tron (O) duong kinh AD (B thudc cung nho AC). Goi
giao diém cua hai duwong chéo AC va BD la H. Ké HK vudng goc v6i AD tai K. Tia BK
cat (O) tai diém thit hai 1a F. Goi P,Q Ian lwot 1a hinh chidu vudng géc ctia F 1én céc

duong thang AB, BD. Chting minhh CF //HK va PQ di qua trung diém ctia CF.

Bai 4: Cho ba diém A, B,C cd dinh va thang hang theo thtt tu d6. V& duong tron (O) bat ki di
qua B,C sao cho BC khong phai la duong kinh ctia (O). Tt A ké cac ti€p tuyén AE, AF
dén (O) voéi E, F la cac tiép diém. Goi | la trung diém ctia BC. Goi D la giao diém thit

hai ctia duong thing Fl va (O). Chtng minh ED// AC va AH.Al = AB.AC.

Bai 5: Cho duong tron (O) va day cung BC <6 dinh khac duong kinh. Goi A la diém bat ki trén
cung nho BC (A khac B,C va AB<AC). Ké duong kinh AK ctia duong tron (O). Goi D
la chan duong vudng goc ké tir A dén BC va E 1a chan duwong vudng goc ké tir B dén
AK. Goi | 1a trung diém ctia BC. Chtrng minh DE L AC va AIDE <> AOAB.

Bai6. Cho duong tron (O) va mot diém A nam ngoai duong tron (O). Keé tiép tuyén AB va

duong kinh BC ctia duong tron (O) (véi B la tiép diém). Trén doan thang CO 1dy diém 1 (I

khac C, | khac O). Duong thang Al cdt duong tron (O) tai hai diém D va E (v6i D ndm gifra

A va E). Goi H la trung diém ctia doan thang DE . Duong thang d di qua diém E va song song

véi AO, d cat BC tai K.Chting minh HK //CD.

Bai7. Titdifm A ndm ngoai duong tron (O;R), ké hai tiép tuyén AB va AC dén duong tron

(O) (v6i B va C lahai tiép diém). Trén cung nho BC cua (O) ldy diém M khac B va C.Goi I,

H, K Ian luot 1a hinh chiéu vuoéng géc cua M trén BC, AC, AB. Goi P la giao diém ctia BM va

IK, Q la giao diém cua CM va IH . Chting minh MI?* = MH.MK va PQ 1 MI.

Bai8. Turdiém M & ngoai duong tron (O), vé tiép tuyén MA dén (O) (véi A la tiép diém) va

vé cat tuyén MBC sao cho MB <MC va tia MC ndm gifta hai tia MA, MO. Goi H 1a hinh chiéu

vudng goc ctia diém A trén duong thang OM . Ching minh t& gidc BCOH noi tiép va HA la

phan gidc ctia BHC .
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Bai9. Cho AABC nhon (AB < AC) ndi ti€p duong tron (O).Ké AH L BC tai H.Goi E va F
lan luot 1a hinh chiéu vudng géc ctia H trén AB va AC.Duodng thing EF cat duong thang BC
tai K va cit (O) tai M, N. Chttng minh KH ?=KB.KC va A la diém chinh gitta cta K/N, tie d6
chiing minh A la tam duong tron ngoai ti€p AHMN .

Bai 10. Cho AABC nhon (AB < AC) 6 cc dudng cao AD, BE, CF cat nhau tai H. Goi (O) la
dwong tron ngoai tiép tir gidc CDHE . Trén cung nho EC cua (O), 1y diém | sao cho IC > IE.
Goi N la giao di€ém ctia DI va CE. Goi M la giao diém ctia EF véi IC . Chiing minh MN// AB.
Bai 11. Cho duong tron (O;R) duong kinh AB c¢§ dinh. Day CD di dong vudng goc voi AB tai
H nam gitta A va O. L&y diém F thudc cung nhé AC. Gia st BF cat CD tai E, AF cat tia DC
tai | . Duong tron ngoai tiép AIEF cit AE tai M . Chttng minh M thudc duong tron (O;R).

Bai 12. Cho AABC vudng can tai A.Duodng tron duong kinh AB cat BC tai D va khac B. Goi
M la diém bat ky trén doan AD. Ké MH, MI lan lwgt vuong goc véi AB, AC tai H, 1. Ké
HK L ID tai K. Chitng minh MID = MBC va tir giac AIKM ndi tiép, tit d6 chitng minh ba diém K
, M, B thang hang.

Bai 13. Cho ntta duong tron (O;R) duong kinh AB. Goi C la diém bat ky thudc nita dwong
tron sao cho 0< AC <BC. Goi D la diém thudc cung nhé BC sao cho COD =90°. Goi E la giao
diém ctia AD va BC, F la giao diém cua AC va BD. Goi | la trung diém cua EF . Chtng minh
IC la tiép tuyén cua (O).

Bai14. Cho duong tron (O;R) va duong thing d cat (O;R) tai hai diém E va F. Goi A la
diém trén d sao cho E ndm gitta A va F.Tir A ké cac tiép tuyén AB va AC dén (O;R) véi B,
C 1a c4c tiép diém va B, O nam vé hai phia ctia duong thang d. Goi H la trung diém ctia EF .
Duong thang BC cat OA tai I, cat OH tai K. Chiig minh OI.OA=0H.OK va KF la tiép tuyén
cia (O;R).

Bai 15. Cho ntra dwong tron tam O, dwong kinh AB. L&y diém C trén doan thing OA (C khéc
O va A). Duong thang di qua C va vudng goc véi AB cat nita duwong tron tai K. Goi M 1a diém
bat ky trén cung BK (M khac B va K). Duong thang CK cat cic duong thang AM, BM Ian
lwot tai H, D. Puong thang BH cat nita duong tron tai diém thit hai la N . Chitng minh ba diém
A, N, D thang hang va tiép tuyén tai N ctia nita duwong tron di qua trung diém ctia DH .

Bai 16. Cho duwong tron (O;R) va day BC 6 dinh khac duong kinh. Ldy diém A thudc cung
l6n BC ma AB < AC . Cac duong cao AF, BD, CE cta AABC cdt nhau tai H. Vé duwong kinh Al
ctia (O). Goi K la diém ddi xting véi H qua BC. Chitng minh K €(0) va tiz giac BKIC la hinh
thang can.

Bai 17. Cho nita duong tron (O;R) dwong kinh AB. Goi C 1a diém chinh gitta ctia cung AB va
M 1a diém thudc cung AC (M khac A va C).Ké MH L AB tai H, AC cdt MH, MB lan luot tai
K, E.Ké El L AB tai | . Chttng minh AC.AK = AM? va O thudc dudng tron ngoai ti€p AIMC .
Bai 18. Cho duong tron (O;R) va day BC 6 dinh khac duong kinh. Goi A la diém di dong trén

cung 16n BC (A khac B, A khac C va A khéac diém chinh gitta ctia é_é). Céc dwong cao AD,
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BE, CF cia AABC cat nhau tai H. Chtng minh OA | EF va dudng tron ngoai tiép ADEF dia
qua trung diém cua BC.

Bai19. Cho diém M thudc nita duong tron (O) dwong kinh AB=2a (M khac A va B). Ké cac
tia ti€p tuyén Ax, By véintra duong tron (O). Tiép tuyén tai M cua (O) cit Ax, By lan luot tai
E, F.Goi K la giao diém ctia AF va BE. Chtmg minh MK L AB va khi MB=+/3MA, hay tinh
dién tich AKAB theo a.

Bai 20. Cho ntra duwong tron (O;R) duong kinh . Ké hai tiép tuyén Ax, By vointra duong tron
dé (Ax, By clng thudc ntta mat phang bd AB chita ntta duong tron). Goi M 1a diém bat ky
thudc nta duong tron va tiép tuyén ctia ntra dudng tron tai M cat Ax, By lan luot tai C, D. Ké
MH L AB va MH cat BC tai I . Chttng minh | 1a trung diém ctia MH vaba diém A, |, D thing
hang.

Bai21. Cho duong tron (O;R) va day cung AB khong di qua tam O. Tir diém S thudc tia d6i
ctia tia AB (S khac A) vé hai tiép tuyén SC, SD dén (O;R) voi C, D la hai tiép diém va C thudc
cung nho AB. Goi H la trung diém ctia AB.Duong thang di qua A va song song véi SC cat CD
tai K.Chting minh t& gidc ADHK ndi tiép va duong thang BK di qua trung diém cua SC.

Bai22. Cho duong tron (O) va day AB. L4y diém C ndm ngoai duong tron (O) va nam trén
tia BA. Goi P la diém chinh giita ctia cung 16n AB. Ké duong kinh PQ caa (0), PQ cat AB tai
D. Tia CP cit (O) tai diém tht hai 1a |. Cac day AB va QI cit nhau tai K. Chttng minh
CACB=CD.CK va AK.BC =BK.AC.

Bai 23. Cho duong tron (O;R) duong kinh AB. Trén tia ddi cua tia AB, ldy diém M ma
AM =R. Ké duong thang d qua M va vudng goc véi AB. Trén d, 1dy diém E tuy y. Goi C, D
lan lwot la giao diém thit hai ctia EA, EB véi (O); | la giao di€ém cua EA v6i MD, F la giao diém
ctia BC véi d. Chiing minh ba diém F, A, D thing hang va IAEC = AC.EI .

Bai24. Cho AABC nhon (AB< AC) ndi ti€p dwong tron (O). Ké hai ti€p tuyén tai B, C cta
(O) va hai ti€p tuyén nay cit nhau tai M . N&i AM cdt duong tron (O) tai D khac A va cit BC
tai 1. Goi H la trung diém caa AD. Tia BH cét duong tron (O) tai K khac B. Chtng minh
CK I/ AM va e B8

CH

ACHI
Bai25. Cho diém A ndm ngoai duong tron (O;R). Tl A keé tiép tuyén AM dén (O) véi M la
tiép diém. Duong thang qua M vudng goéc véi OA cit (O) tai diém N khac M . Ching minh AN

la tiép tuyén ctia (O). Khi MAN =60°, tinh do dai MN nho va thé tich hinh tao thanh khi AOAM

quay mot vong quanh OA.

Bai 26. Cho nita duong tron (O;R) duwong kinh AB va diém M tuy y trén nita dwong tron do.
Goi N, P lan luot la diém chinh gitra ctia cung AM , MB . Tinh doan NP va dién tich hinh vién
phan tao thanh béi day NP va NP nho.
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Bai27. Cho dudng tron (O;R) va day BC =Rv3. Goi A la diém thay ddi trén cung 16n BC sao
cho AABC nhon. Ké BD L AC tai D, CE L AB tai E. Goi H la giao diém cua BD va CE. Tinh d¢
dai BC nho va chttng minh OBD =OCE .

CHU PE 7 - BAT PANG THUC
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I. BAT PANG THUC COSI
1. Dang hai s6 khong 4m X,y

e Dang tdng sang tich: x+y>2,/xy .

2
e Dang tich sang tong: \/X—yg X"z'y hay XyS(X;yj -

2 2

e Dang lily thtra: X* +y* > 2xy hay xy < X ;y .

Dau "=" xayra < X=Y.
e Dang dacbiét: x=x.1< X’ +1.
2. Dang ba s6 khong am X, Y,z
e Dang tdng sang tich: X+ y+2>33/xyz .
o Dang tich sang tong: ¥/xyz < Xry+z hay xyz <(X y+Zj
e Dang lily thtra: X°+y°®+2°>3xyz hay xyz < X );

Diu "="xayra < X=y=1.

X +1+1

e Dang dacbiet: x=x.1.1<

3. Dang tong quat v6i nsd khong am X, X,,..., X,
e Dang tong sang tich: X, + X, +...+ X, = NYXX,..X, .

, " + Xy F ot X
e Dang tich sang tong: {/x,X,...x, < LE%
n

n
&+@+m+mj

© hay X X,...X, s(
n

n n n
X)Xy ot X

e Dang liy thita: X +X; +...+ X; = X, X,...X, hay X X,..x, <

n
Diu "="xayra © X =X, =...=X,.
e Dang dac biét: X:X.l.l...1£X+—n_l.
n-1 n
4. Bat dang thitc trung gian
o 1+l> Vx>0,y>0.Dau "=" xayra & x=Y.
Xy X+y
1+l 12 J Vx>0,y>0,z>0.Dau "=" xayra & x=y=12.
X Yy Z X+y+z

DANG 1: DANG TONG SANG TiCH

149



Vi du 1. Cho x#0. Tim gid tri nho nhat ctia bidu thite T = 8% —4x+4—12+15.
X

Loi giai

CoT :(4x2—4x+1)+ ax2 -1 414
NG

= (2x-1)’ +(4x2 +i2J+14z 042, /0.1 114=16
4x 4x

Vay MinT =16 khi x:%

Vi du 2. Cho x > 0. Tim gié tri nhé nhat ctia bi€u thite M = 4x2 —3x+ 4i +2011.
X

Loi giai

Cé M =4x° —4X+1+X+4i+2010
X

= (2x—1)2 +(x+ij+ 2010>0+2 /x.i +2010=2011.
4x 4x

Vay MinM = 2011 khi x:%

2 2

Vidy 2. Cho x>y>0va xy =2. Tim gia tri nho nhét cta bi€u thitc H=X*Y
X—y
Loi giai
2 2 )2
Co Xty —2xy+2xy _(x-y) +4
X—y X—y
=(X— 22 [|(x-y)——=4
(x=y) #5225
X=y= : X—y=2 y=2-X Xx=+3+1
Vay MinH =4 khi X-y < = <90, == .
=2 Xy =2 x*—2x-2=0 y=+/3-1

DANG 2: DANG TiCH SANG TONG, NHAN BANG SO THICH HOP.

Vidu1l:Choa>1,b2>1. Chitng minh: avb-1+bva-1<ab

Loi giai

Le(0-D) _b_, pg .
2 2

Cé Vb-1=1.(b-1) <

Va tuong tu: bva 1<—:> avb-1+bva <a—b+a7b—ab:> dpcm

Diu ‘= xayrakh1a—b—2

Vidu2: Choa>9,b>4, ¢ 1. Chitng minh: abye—1+bcy/a—9 + cayb—4 < 1130

Loi giai:
Co:

150



aby/c-1+bcva—-9+cavb—4 =ab,/(c —1).1+b—3c.w/(a—9).9 +%.w/(b -4).4

< ab.w+m_w+ﬁ_ (b—4)+4 1labc
Dau “=" xay rakhia=18,b=8,c=2

Vidu3:Choa>0,b2>0, a?+b?<2. Tim gia tri 16n nhat ctia biéu thic: M =

a./b(a+2b) +b/a(b+2a)

Loi gidi
Xeét:
2 2
M.x/§:a.\/3b(a+2b)+b\/3a(b+2a)Sa.3b+(2+2b)+b.3a+(t2)+2a):a “b” | sap
2 2 2 2
<8 ;b 520 s Mm<23

VéyMaxM=2x/§ khia=b=1

Vidu4. Cho x>0, y>0 vax’+y®<2.Tim gia tri lén nhat cua biéu thikc
P = (X(14x+10y) +/y(14y +10x)

Loi giai
Xét: P24 = \[24x(14x+10y) +,/24y (14y +10X)
. 24x+(14x+10y) .\ 24y +(14y +10x)

> =24(x.1+y.1)
2 2 2 2
coa| XA Y AL o XV L) e p e B L pcas.
2 2 2 J24

Vay MaxP =46 khi x=y=1.

Vidu5.Cho x>0, y>0 va \/x_y(x—y)zx+y.T‘1mgiétrinh(’)nhé'tc1’1a P=x+y.

Loi giai
Tt \/x—y(x—y)=x+y:>x>y

va x+y:\/xy(x—y)2 =%\/4xy(x—y)2 S%(4Xy)+2(x—y) _ (XJ;Y)

:>(x+y)2—4(x+y)20:x+y24.
Dau "=" xay ra khi {(X_ y)z =4y o {(XJF y)2 =8xy & {Xy =2
X+y=4 X+y=4 x+y=4
= X, y la hai nghiém phuong trinh t? —4t+2=0<t=2++/2.
Do x>y:>x:2+\/§, y:2—\/§.
Vay MinP =4 khi x=2++2, y=2-+/2.

DANG 3: QUA MOT BUOC BIEN POI ROI SU DUNG BAT PANG THUC COSI

Vidul.Cho a, b, ¢>0 va ab+bc+ac=1. Tim gia tri 16n nhat cua biéu thuc:

P=—2 b T
Ja?+1 P41 R+l
Loi giai
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Thay 1=ab+bc+ac, ta duoc:
a b c

= + +
Ja?+ab+bc+ac +b2+ab+bc+ac +/c2+ab+bc+ac
a b c

“fab)arc) \bra)brc) (cra)crb)

_\/ a a +\/ b b +\/ c ¢
“Va+b'a+c \b+a'b+c Vc+ac+b

a a b b C c
+ + +
Sa+b a+c+b+a b+c+c+a c+b
2 2 2

a b a c b c
+ + + + +
:(a+b a+bj (a+c a+c) (b+c b+cj

2

Vay MaxPzg Khi a=b=c=——

NR

_3
2

Vi du 2. Cho cac s6 duong a, b, ¢ thoaman a+b+c=1. Chiing minh:

\/ ab \/ bc \/ ca 3
+ + < —
c+ab a+bc b+ca 2

Loi giai
) \/ ab \/ bc \/ ca \/ ab \/ bc \/ ca
Ta co + + = + +
c+ab a+bhc b+ca c.l+ab a.l+bc b.1+ca

ab bc ca
= + +
\/c(a+b+c)+ab \/a(a+b+c)+bc \/b(a+b+c)+ca

:\/(a+c?l()b+c) +\/(a+bt))((:a+c) +\/(b+c{)i§b+a)
:\/aic'cib +\/a2b'aic +\/bic'bia

1 a b b c c a 3
<= + + + + + =— (dpcm).
2llc+a c+b a+b a+c b+c a+b 2

Vidu3.Cho a>0, b>0, c>0 va ab+bc+ac=3abc. Tim gia tri nho nhét caa

P= © <+ ) + ]
- c(c2 +a2) a(a2 +b2) b(b2 +cz) '
Loi giai
a’ b? c?

coP= c(c2 +a2)+ a(a2+b2)+ b(b2+cz)

_a2+c2—cz+b2+a2—a2+02+b2—b2
c(c?+a’) a(a’+b’)  b(b*+c?)

N
c c’+a’ a a’+b? b b?+c?

1 c 1 a 1 b
>~ 4| — || Ee——
{C 2\/czazJ (a 2\/a2b2j [b 2\/b202j
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1 1 1 1 1 1 11 1 1) ab+bc+ac 3
=l —— || || —— = | ———— =—.
(c 2aj [a 2bj (b ZCJ Z(a b cj 2abc 2

Vay MinP:% khi a=b=c=1.

Vidu4.Cho a>0, b>0, c>0 va a+b+c=1. Tim gia tri nhé nhat ctia biéu thic

a b C
= o s =.
1+9b° 1+9c” 1+9a
Loi giai
a(1+ 9b2)—9ab2 b(1+ 9(:2)—9bc2 c(1+ 9a2)—90a2
CoT= > + 5 + 5
1+9b 1+9c 1+9a

9ab? 9hc? 9ca’
=la- = |+ b— = |+ C— >
1+9b 1+9c 1+9a
>(a— 9ab’ j+(b— 9hc? ]J{C_ 9ca’ j
U 2419’ 2/1.9¢2 2./1.9a
:a+b+c—g(ab+bc+ac)2a+b+c—%(a+b+c)2:% (doa+b+c:1).

Vay MinT =% Khi a=b=c=%.

1 1

Vidu5.Cho a, b, c>0 va + =
l+a 1+b 1+c

= 2. Chtrng minh: abc S%.

Loi giai
1 1 1
1+a 1+b 1+c

1 ( j j c cosi b ¢ bc
- = 1- SRR i I
1+a 1+b 1+c) 1+b 1+c 1+b 1+c (1+b)(1+c)

Twong tu: ab
&1 1+a 1+c l+C 1+a)(1+b)'

Nhén céac bat dang thirc dwong, cung chiéu ta duoc:

1 8ahc 1
(L+a)(L+b)(L+c) > (L+a) (L b)(L+0) hay abcsg (dpcm).
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DANG 4: GHEP CAP POI
Tach x+y+z :%(x+ y)+%(y+z)+%(z+x).

xyz=\/ﬁ.\/ﬁ.\/§ VX, y,22>0.

Vidu1l.Cho a>0, b>0, ¢>0 va a’ +b’ +c? =1. Chting minh:

)a_b E+£>a+b+c b)E ca a_b>\/»
c a b b
Loi giai
ab bc ac 1(b caj 1(ca abj [ab bcj
a)CéO —+—+—==| —+— |+= +
c a b 2la b 2 b ¢ a
E 2,/b— ., i «a a—b 1 — b—_a+b+c (dpcm).
-2 a b 2\b ¢ 2 a
2 2A2 2 2
b)X’c(E L2 a_b} C? (a +b2+c2)
a c?
b22 1 2 2b2 1 a2b2 b2C2
to|—t+—|+2
a’ 2 c? 20 ¢ a
i b%c? c%a? 1 ca ab +£2 a’b? b%c?
2\Naz p 2 \/ 2 2N ¢ @
=a’+b*+c*+2=3,do dé E+%+a_b>\/— (dpcm).
a
Vi du 2. Cho a,b,c la d6 dai ba canh cia AABC. Chttng minh (a+b-c)(b+c—a)(c+a—b)<abc.
Loi giai

Vi a,b,c la @6 dai ba canh ctia AABC nén

a+b-c>0,b+c-a>0,c+a—-b>0.

(a+b—c)+(b+c—a)_b.

> ;
(b+c-a)+(c+a-b)
: -
(c+a-b)+(a+b-c)
> -
Nhan ba dang thtic duong cling chiéu ta duoc
(a+b-c)(b+c—a)(c+a—b)<abc (diéu phai chitng minh).

Cé 0</(a+b-c)(b+c—a) <

0<.(b+c-a)(c+a-b)<

7

0<./(c+a-b)a+b-c)<

DANG 5: DU DPOAN KET QUA ROI TACH THICH HOP
Buwoc 1: Ke bang dw dodn gidi tri Ion nhdt,nho nhdt va dat tai gia tri nao cua bién.
Buroc 2: Ke bang xic dinh so nao sé di véi nhau.
Buedc 3: Tich ghép thich hop s6'hang va ste dung bat ding thitc Co-si.

Vi du 1. Cho a2 2. Tim gid tri nhé nhét ctia bidu fhitc P=2a+>.
a
Loi gidi
Phan tich bdi toan
a 2 3 4
P Ez6,5 Ez7,7 3—7z9,25
2 3 1
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Tt bang th nhat dy doan min P =% <a=2.

a=2 2

Nkl |-

N  tas 1 .. ..a . 5 .. .93
Ttr bang thit hai, ta suy ra — sé di véi — nén — sé di véi —.
a 4 a 4
Trinh bay loi gidi

Co P = &l 5a 3a_2f5 5a+3a 5. 3a
a 4 4 a 4 4 4

5, [2-
Vay min P=? khi a4 < a=2 (thdéaman).

—>5+ 342:E(doa>2)

a=2
, ) N L Ty 6 24
Vidu2.Cho x>0, y>0 va x+y<6. Tim gia tri nho nhat cta biéu thitc F =X+ y+—+—.
Xy
Loi giai
Phdn tich bai todn
(x5Y) ;5 (2;4) 3;3 (4;2) (CHR"
84 39 156
—:16’8 —=19,5 _=31,2
F 5 15 16 > 5
Tt bang thit nhat, ta du doan min F =15 khi x=2,y=4.
1 1
X x y y
1 1
X=2,y=4 = -
y 2 2 4 4
Tt bang thit hai, ta suy ra 1 s& di v6i 2 nén s sé di voi %:3—)( 1 sé di véi L
X 4 X 4 2 16
— sé divoi — 24y 3y
y 16 4
Trinh bay loi gidi
Co
F:(E+3_Xj+ ﬁ+3_y _(54_1)
X 2 y 2 2 2
>2\/6 X223 L yym18-Lixay)
X 2 y 2 2

218—%-6:15 (do x+y <6).

=2
Vay minF =15khi 2=3%.24_ 3V, v 6o (thoa man).
X 2y 2 =4
4 \ n .7 . 2 ~, 2 o« A7 7 2 2 28 1
Vidu3.Cho x>0, y>0 va x+y=>3. Tim gia tri nho nhat ctua biéu thttc P =2x" +y" +—+—.
Xy

Phan tich badi todan

Loi giai
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(x:y) (L2) (2:1)

p O s 24
2
Ttr bang thit nhat, ta du doan min P =24 khix=2,y =1.
1 1
X < y y
1
Xx=2,y=1 =
y 2 5 1 1
Tt bang tht hai, ta suy ra 1 sé di voi % nén 28 sé di voi £—7x 1 sedivdi y.
X X
Trinh bay loi giai
Co
P:(§+7XJ+(1+yj+2x2+y2—7x—y
X y
:(§+7x) [1+y]+2(x—2)2+(y—1)2+(x+y)—9
y
>2\/— 7x+2\/ -y+0+0+3-9=24.
Vay minP =24 khi —=7x;£:y;x—2=0;y—1:0;x+y=3<:>x:2,y:1.
X y

Vidu4.Cho 2<x<3,4<y<6,4<7<6 va x+Yy+z=12. Tim gid tri 16n nhat cta biéu thitcc P =xyz.

Loi giai
Nhdn xét: Do y va z vai tro nhu nhau nén stt dung bat dang thitc Co-si d6i véi tich yz,

2
ta duoc P =x(yz) < x(%) :%x(lZ— X)(12-X).

Pén day ta ké bang dé dy doan gia tri I6n nhat cua P

X 2 3
P 50 223 =60,75
243
Tt bang tht nhat dy doan max P = e khi x=3.
X 12X
X=3 3 9

Tt bang thtt hai, ta suy ra 3x sé di véi 12— x nén ta bién doi

<_[(3X)(12 (12— X)]_lz(x+24j <i(3+24j . 243

3 ) 120 3 )7 4

Vay maxPz% khix=3,y=z=%

DANG 6: KET HOP DAT AN PHU VA DU POAN KET QUA
. Khi dat an phu ta can tim diéu kién cta an phu.
. Mot s6 bat dang thiic trung gian thuwong ding:
* Véimoi a,b thi 2(a2 + b2) > (a+b)? > 4ab . Dau bang xay ra khi a=b.
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= Vé6imoi ab,c thi 3(a’+b’+c?)> (a+b+c)’ >3(ab+bc+ca) . Dau bang xay ra khi

a=b=c.
2 2 2 3 3 3
=  Véimoi a,b thi a ;b Z(azb) Va,b;a Zb Z(a;bj Va+b20.Dé’ub§ngxéy
rakhi a=b.
1 1 4 o , )
. =2 Va>0,b>0.Daubang xay ra khi a=b.
a b a+b
1 1 1 9 v 1Y , )
= > Va>0,b>0,c>0.Daubang xay rakhi a=b =c.
a b ¢ a+b+c

Vidu1l.Cho x>0, y>0 va g+§£2.Tim gia tri nhé nhat cta biéu thic K = an
y

x_ 2y
y X

Loi giai

Data_— do 2> + >2 —— \/7 —< :O<a<l
y \I
2 2

K_a+—= +32a —3la>2 —32a 3la

:16—31a216—31.£: 33[
4 4

.p

Co
do0<a< 1]
4

Vay MinK :?khia:%hayx:z,y:&

(x+y+1) LY AxtyY

Vidu 2. Cho x>0,y >0 . Tim gia tri nho nhat ctia biéu thiic A= :
Xy+X+y  (x+y+1)

(x+y+1)° _ Y x4y
Xy +x+y (x+ y+1)°

Do (m+n+p) >3(mn+np+ pm)= (x+y+1)° >3(xy+x+y)=>a>3

bat a= 1
a

Vay MinA:%khia:3:>x: y=1.

2 2
, JX
Vi du 3. Cho x>0,y > 0. Tim gid tri nho nhét cua A=X Y + y

Xy X4y
Loi giai
2 2
-2
co al Y =2y Py y) o [xay)
Xy X+y Xy X+y Jxy x+y
pit t=""Y dox+y>2fxy =Y 5205122
o N
2 Cosi 2
Ta duoc A:t2+1—2: t—+l +Zt2—2 > 2 t—.£+zt2—2
t 8 t] 8 8t 8

t 7., \F72 5
_ LT o 2005 53 qot>2)
\Es V2" , (dot=2)

Vay MinA:g khit=2=x=y.
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Vi duy 4. Cho a>0,b>0,c>0 théoa man b*+c” <a’. Tim gia tri nhé nhat ctia biéu thirc

1 1 1
:g(b2+cz)+a2 FJFC_Z]
Loi giai
1 2bc 2a? bc a’
Co P=—(b?+c? +a[ + ]> +22 242
a( ) b? a’  bc a’ bc
2 2 2
Détt:a—zb +C 22—m22taduoc
c bc bc
P:2[t+1]:2[1+1]+ﬂ >o2 [t 3t 2{1+3t]>2[1+£] 5 (do t>2).
t 4 t 4 4t 4 4 4
Vay MinP =5 khi 1> © b a
a Nk = 1 Sh=Cc=—
y bZ‘I—CZ:aZ \/E

z, 2 o« A? ’ 1 1
Vidu5.Cho x>0,y>0 va x+ y <1. Tim gia tri nho nhat ctia biéu thitc P = [—+—] A1+ X%y?
X

Loi giai

Co P>|2

y
/— |1+ Xy =2 /—+ Xy

bat a=xy, do xy<[ ery] 4:>0<a<Z ta duoc

P>2 /1+a — 2\/[1+16a]—15a > 2\/2 /1.16a —15a = 2/8—15a > 2. /8—15% — \/1_7[d00 <a g%]
a a a

:>MinP:\/1_7khia:%hayx:y:%

Vidu 6: Cho x>0,y >0va x+y <1. Tim gia tri nho nhat cua biéu thirc P = i +— 1 +4xy.
X“+y" Xy

Loi giai
Co P= 212+1 + 1+4xy
X“+y"  2xy 2Xy

21 >+ L >— ? 4 i2—4(d00<x+y<1) Suyra P>4+
X“+y 2Xy ~ X" +y +2xy (x+y)

. Stt dung l4—12iVa,b>0, ta dwoc
a b a+b

1
—+4x
2xy y]

Dat a =xy, doxy<[ :y] <4:>O<a<£11tadu(yc

—4a>4+2 /i.Sa—4a:8—4a28—4.1:7(d00<agl)
2a 4 4

P>4+ iJr4a
2a

:4+[i+8a
2a

MinP = 7khix = y:%

2
Vidu 7: Cho x,y >0 va x+ y <1. Tim gia tri nho nhat ctia biéu thtec K = [X—i—l] +[y+1]
X y

Loi giai
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2
Cach 1: St dung a’ +b [a+b Va,b va l+1>—Va b>0.
c b~ a+b
1Y 1 1 1)
| H Y X+=+y+= 2
ta dwoc K =2. y > 2. X >=IX+y+
2 2 2 X4y
Dat a=x+y, diéu kién 0<a <1, ta duoc:
2 2 2
Kzi a+£) :l[a—Fl]‘FE 232 a.£+§
2 2 a) a 2 a a

1(, 3y _1 3> 25 . 25 1
=—|24+—| >=.|2+—| =—(do O0<a<l). Vay, MinK =—khi x=y==

2[ a]_Z[ 1] 2\ =b-Vay 2 =3

, 1y 1Y 1 1 1
Cach 2: K:[x+—] +[y+— :(x2+y2>+[—2+—2 +4>2. xy+—]+4.

X y X y Xy
bat a=xy,do xy<[ ;y] <4:>O<a<£11 Ta dwoc:
l 1 1 1 2
K>2[ 5]—|—4>2 —+—5 +4——5 d00<a< . Vay, MInK—Z—khl x—y—l
2 ' 4a 2,1 2 4 2 2
4

Vidu 8: Cho x>0,y >0va x+ y <1.Tim gia tri nho nhat cua biéu thirc

1Y) 1Y
S— 1+x+—J +[1+y+—]
X y

Loi giai

Ya+b >0, ta duoc
a b a+b

3 3 3
Stt dung a ;b z(a;bj Va+b>0va S+1>
l 3 1 3 3
(1+x+j +(1+y+] 1+x+1+1+y+1
X Y) 5o X y
2 2

S=2

Pat a=x+y, diéu kién 0<a<1, ta duoc

3 3 3 3
S>l 2+a+4 :1 2+ a+1 +§ l 2+2/ 1 3 _1 4+E 21 4+§ :ﬁ
4 a 4 a/ a 4 a a 4 a 4 1 4

Vay MinS:s%:'skhi x= y:%
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DANG 7: TIM LAI PIEU KIEN CUA AN

Vidy 1. Cho x,y>0va 2x* +2xy + y? —2x <8. Tim gi4 tri nhé nhat ctia biéu thirc P:g+£—2x—3y
Xy

Loi giai
CS 2X* +2Xy + Yy —2X <8 &> X* +2xy + y2+x2—2x+1<9

& (x+y) +(x-1)" <9, ma (x+y) <(x+y) +(x-1)" =(x+y)’ <9=0<x+y<3

Coé P= ( +2xj (—erj 4x — 4y>2/—2x+2/ Y —4(x+Yy)
y

=8-4(x+Yy)>8-43=-4(do 0<x+y<3). Vay MinP =—-4khi x=1y=2.

Vi dy 2: Cho a>0,b>0, ¢ >0 thoa méan 2(b* +hbc+c’) =3(3—a’). Tim gié tri nho nhat cua biéu

thite T =a+b+ct+2+24+2
a b c

Loi giai
Cé z(lo2 +bc+c2) :3(3—a2) & 3a2+2b% +2bc+2c2 =9
< 3a% 4+ 2b? 4 2bc + +2ab + 2ac + 2¢* —2ab—2ac =9
<:>(a2 +b? +c? +2ab+2bc+20a)+(a2 1 p? —2ab)+(a2 1 c? —2ac):9

& (a+b+c) +(a—b) +(a—c)=9=(a+b+c) <9=0<at+b+c<3
St dung l+E+EZL’cadurcycT2<’:1+b+(:+L
a b c a+b+c at+b+c
bat x=a+b-+c,0<x<3, ta duoc
T>X—|—E:[E+2X]—X22 §.2x—x:12—x212—3:9 (do 0<x<3)
X \ x

X
Vay MinT =9 khi x=3 hay a=bh=c=1

Vidy 3: Cho a>0,b>0 va a’+b®+6ab <8. Tim gia tri nhd nh4t ctia biéu thtic:

L +3+ab
a+b2 ab

Loi giai
Co a®+b*+6ab <8<« a®+b®+3a’h+3ab® —3a’h—3ab® +6ab <8
a+b)’ —3ab(a+b—2)<8« (a+b) —2°-3ab(at+b-2)<0

&
& (a+b—2)|(a+b)" +2(a-+b)+4/-3ab(a+b—2)<0
& (a+b—2)(a’ +b’—ab+2a+2b+4)<0

& (a+b—2)(2a” +20° —2ab+4a+4b+8) <0

& (a+b-2)/(a=b)’ +(a+2)" +(b+2)’|<0
S0<a+b<2
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5
2ab

+ ab]

CéP:[ 1 1]

+
a’+b? 2ab

St dung %Jriz X,y >0, ta duoc:

y X+y
1 1 1 4 4
+ = >—=1(do0<a+b<?2
a’+b*>  2ab ~ a’+2ab+b? (a+b) 22 ( )

5
Suyra P>1+|—+ab
y - [Zab

2
bat x=ab, do ab< a+b] <2?—1:>0<x<1 ta duwoc:
5 5 5x] 3x
P>14|—4+x|=1+|—+—|——
- [2 [Zx 2] 2

>1+2/15—X—%:6—3—X_6—ﬂ:9 (do 0<x<1)
2% 2 2 2 2

Vay MinP:E khi a=b=1

Vidyu 4: Cho a>0,b>0 va a’ +b?> =a+b. Tim gid tri nho nhat cua biéu thirc

P—a’tb’+ 20202
(a+b)
Loi giai
2 2 2
St dung X+ 2[X+y] , ta dwoc
2 2
2 2 2
a+b
« atb=a’+p2=22 :b >2 a;b] _( +2 ] 1>%b$0<a+b<2

*

2 2
a2 + b2 2 212 b2
o, @) +(b7) . 2020222[a +b ] 200 _(a+b)' 2020

2 (a+b) 2 (a+b) 2 (a+b)
DétX:(a+b)2,),0<X§4,tadu’QC:

X 2020 X 8] 2012 X 8 2012
P=—F—=|—F—|+—2>2 ——+—
2 X 2 X X 2 X X

_4+%>4+%12_50 (do 0< x<4)

X
Vay MinP =507 khi x=4 hay a=h=1

2

Vi du 5: Cho x> 0,y>0 va (VX +1)(y/y +1) > 4. Tim gié tri nho nhét ctia biéu thirc P =

y

2

A
X

Loi giai
Co (VX +1)(Jy +1) > 4 & xy + VX +Jy >3 3< hy +Vx1+4y1

Ma \/x7y+\/x.1+‘/y.1§ x—;y+x—2kl+ y:1:x+ y+1,suyra x4+y>2

2 2

2 2
Co P:X—+y—:[x—+ y]+[y—+x]—(x+y)
y X y X
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2

X y’
>2 [y +2,[F—X—(X+y)=Xx+Yy>2
y X
Vay MinP =2 khi x=y=1
II. BATDANG THUC BUNHIA
1. Dang bo hai s6 (a;b) va (x;y) bt ky
. (ax+by)2§(a2+b2)(x2+y2)
Dau "=" xay ra <:>§:l
C 1oea 2 2 2 2 2 2
e Dicbiét (x+y) =(Lx+1y) <(1+22)(x +y?)
2. Dang bo ba s6 (a;b;c) va (x;y;z) bdt ki
‘)

o (ax+by+cz)’ <(a®+b’+c)(x*+y° +72°)
Dé’u":"xéyra(:)ﬁzlzE
a b c

e Dicbiét (x+ y+z)2 =(1x +1.y+1.z)2 g(l2 +1° +12)(x2 +y? +22)
3. Dang tong qudit b n so (a;;a,;...;,) vd (X;X;...;X,)
o (axtax+..+ax) <(a+al+..+al) (X +x+...+x)

T X X X
Ddu"="xayra & +=—*2=..=—"
a 8 a,
Quy wdc trong ddu "=" xay ra, néu mau nao bang 0 thi t twong tng bang 0.

Vi dy 1. Cho 4x + 9y = 13. Tim gia tri nho nhat ctia bi€u thic A = 4x? + 9y?

Loi giai
Bunhia

Co132=(4x +9y)? = (2.2x+33y)? =< (22+3?)(4x>+9y?)=13A = A >13

Vi du 2. Cho 4x + 3y = 1. Tim gid tri nho nhat cta biéu thirc A = 4x2 + 3y?

Loi giai
Bunhia 1
Co12=(4x+3y)> = (22x+ /3 .By? < (4+3)dC+3y2)=7A = A >
1 2_X = \/§X 1
Vay MinA = — khi 43y 3 ox=y= =
4x +3y =1

Vidy3.Chox2>0;y20;z>0vax+y+z=2. Tim gia tri nhé nhat ctia bi€u thitc A = x? + y? + 22

Loi giai
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Bunhia

Co22=(1x+1ly+1z) =< P2+12+1?)(x2+y2+2)=3A = A Zi
y y 3

4 X_Yy_z 2
Vay MinA = — khi 11 1 1 @x=y= 2
X+y+z=2
Vi dy 4. Cho 3x2 + 22 = % Tim gid tri nhé nhat clia bidu thite A = 2x + 3y
Loi giai
2 3 ’
Cc'>82=(2x+3y)2=[ﬁ'*EHE-\/EYJ
Bunhia
4 9 35 35 6
< | =+ |(3xPH2y? ) === (3x*+2y? ) < —=.—=1 S<1
(3+3) o) R(acsa)s o =
@:@ 3X 2y X:ﬂ X:i
. 2 3 - = = 9 35
Vay MaxS= 1 << —= —= &9 2 3 < =
V3 V2 2x+3y=1 8—y+3y:1 y:i
2x+3y=1 9 35

Vi dy 5. Cho 4a? + 2512 < % Tim gi4 trj nho nhét cita biéu thite H = 6a - 5b

Loi giai
C6 H2 = (6a — 5b)2= (3.2a + (1) .5b)?

Bunhia 1
< (9+1)(4a+25b?) = 10(4a? + 25b?) < 10.E =1 = H<1

_ 3

A 2a_5 2a+15b=0 |%7 39
Vay MaxH=1 <4 3 -1 e 18 15b—3<:> 1
6a-5b =1 a- b= b=-25

Vidu 6. Cho x2+y2+22= % Tim gia tri 16n nhat cta biéu thiecP=x+y +z

Loi giai
Bunhia 3 19 3
CoPr=(lx+ly+lzp < (P+T+1(C+y+2)=3. =" "= P<
X_y_z
VayMaxP=Skhi {1 1 1 ox=y=z=1
2 3 2
X+y+z=—

Vi dy 7. Tim gia tri 16n nhat cta bi€u thitc P=+/x-1++/3-x khi1<x<3

Loi giai
, Bunhia

CéP2=<1.\/x-1+1.\/3-x) < (4 12)(\/x-12 +\/3-x2) =4 = P<2
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VYx=1_3-x

Vay MaxP = 2 khi T T 1 < x =2 (thoa man)

Vidu8. Choa>0,b2>0,c>0vaa+b+c=3. Tim gia tri 1on nhat cua biéu thic
K=+4a+5++4b+5 ++/4c +5

Loi giai

CoKe= (14a+5 +1Ab+5 + 1 /dc+ 5)2

Bunhia

< (1*+12+1?(4a+5+4b+5+4c+5)
=3[4a+b+c)+15]=3(4.3+15)=81= K<9
J4a+5 ~JAb+5 +J4c+5
Vay MaxK =9 khi 1 1 1 << a=b=c=1
atb+c=3

Vidu9.Choa>0,b2>0,c>0vaa+b+c=1.Tim gia tri 1on nhat cua biéu thic
P=vb+c++c+a++a+h

Loi giai

CéP%=@Jb+c+1Jc+a+1Ja+bf

Bunhia

< (1%+12+1%(Jb+024—Jc+a24-Ja+b2)

—6(a+b+c)=6 = P <6

Ja+b _+b+c _+c+a
Vay MaxP = /6 khi 1 1 1 < a=b=c=
atb+c=1

Wl

Vi du 10. Cho a, b, c> 0 va v/a + +/b + +/c = 3. Tim gi4 tri nho nhat ctia biéu thire

M:Ja+b+Jb+c+Jc+a
2 2 2

Loi giai
(JLJB)Z (1va+1/b) . 1+1§i )(a+b)=2(a+b)
Ta c6 <(f+f) (1.\5+1.f) e (12+12)(b+c)=2(b+c)
(Ve+va) =(1c+1a) Bu%h'a(lz+12)(c:+a):2(c+a)
Suyra va+vb </2(a+b) Vb +c < /2(b+c) Je+Va < f2(c+a)
= 2(Va+vb+/c) <2 (Vatb+b+c+/cra)
:>\/5+\/B+\/Es\/a;b+\/b;“c +cha hay M > 3

Vay MinM=3khia=b=c=1
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II. PHUONG PHAP BIEN POI TUONG PUONG
DANG 1: PUA VE BINH PHUONG
e A2+2m2>20+m;-A2+m<0+m
Ddu “=" xay ra khi A = 0.
e A2+B2+m=>0+0+m;-A?2-B2+m<0+0+m
Ddu “=" xay rakhi A=0,B=0.

Vidu 1. Cho x 2-2; y 2 1. Tim gia tri nho nhat ctia biéu thirc
A=xX+y-2Ux+2-4Jy-1+24.

Loi giai
Cé A= (x+2 2\/x+2+1)+(y 1+4)+18

= (Vx+2-1) +(yy-1-2) +1820+0+18=18
1

R . ) X+2= x=-1
Vay MinA =18 khi <:>{ ( théa man)
Jy-1=2 y=5

Vidy 2. Cho x = % Tim gié tri nho nhat ctia biéu thitc E = 5x - 632X + 7 -443x + 1 + 2.

Loi giai
CS E = (2x+7-6\/2x+7+9) +(3x+1-4M+4) -
= (Vax+7 -3)2+(\/3x+1-2)2-1920+0-19:-19

N2X+7 =3 {2x+7:9
=
J3X+1=2 3Xx+1=4

Vay MinA =- 19 khi { & x =1 (thoa man)

Vi dy 3. Cho x>1. Tim gid tri nho nhat cua biéu thic

T=X-+X-1-3JX+7+28.

Loi giai
Xét 2T =2X—2X—-1-64/X+7 +56
:(x—l—2\/x—1+1)+(x+7—6\/x+7 +9)+40

- X_1_1)2+(\/ﬁ—3)z+4020+0+40=4o:T >20

Vx-1=1 x-1=1
Vay Min T =20 khi <:>{ < X =2 (thoa man)
Jx+7=3 |[X=7=9

Vi dy 4. Cho x >+/15. Tim gia tri nho nhat ctia bidu thiic

F=x° +x—\/(x2 —15)(x—3)—\/x2—15—«/x——3—38.

Loi giai

Xét 2F = 2x° +2x-2,/(x* ~15)(x~3) - 2¢/x* ~15 - /X -3 - 76
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= (% -15+ x=3-2,(x* ~15)(x=3) |+ (x ~15-2x ~15 +1] + (x-3-2Vx -3 +1)
=(M—Jﬁ)2 +(m_1)2 + x—3—1)2 _42>0+40-42=—42

=>F>-21
Vay Min F = -21 khi vx? =15 =/x—-3 =1< x =4 (thoa man)

Vidu5.Cho a>0,b>0,c>0 va a+b+c=6. Tim gia tri 16n nhat ctia biéu thuc
T=va? + 4ab+b? +/b? + 4ab+c? +/c? +4ca +a’.

Loi giai
Chuy: Véi x>0,y >0, tacéd

vy A 2003) ooy

= X2 +4Axy+ Yy SW'
Van dung vao bai toan, ta co
(a+b)\/5+(b+c)\/€+(c+a)\/€
2 2 2
Vay MaxT=6+6 khia=b=c=2.

:(a+b+c)\/5:6«/5

T<

Vidy 6.Cho a>0,b>0,c>0, X+Y+2z=1. Tim gia tri l6n nhat cua bi€u thirc

S= \/xz—xy+ y’ +\/y2—yz+z2 +Z% —2x+ 22,

Loi giai
Chuy: Véi x>0,y >0, tacd
2 2 2
az—ab+b2=(a+b) +3(a+b) >(a+b)
4 B 4
=+a’-ab+b? za;b
Van dung vao bai toan, ta co Szx+y+y+z+z+xzx+y+z:1.

2 2 2
Vay MinS=1 khi x=y=z=

Wk

DANG 2: TAO RA BAC HAI BANG CACH NHAN HAI BAC MOT
e m<x<n=(x-m)(x-n)<0.

e m< xsn:(ﬁ—m)(&—n)so.

Vidu1.Cho -2<a,b,c <3 va a’ +b?*+c? =22.
Tim gia tri nho nhdt cua biéu thiee M =a+b+c.

Loi giai
Vi-2<a<3nén a+2>0,a-3<0.
Suyra (a+2)(a-3)<0<a’-a-6<0<a>a’-6.
Tuong tu, ta cling tim dwoc b >b*—6,c>c* -6
Dodé M =a+b+c>a’+b®+c?-18=22-18=4.
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a=-2,a=3

be 2 b=3 a=b=3c=-2

VayMinM=4khi { ' “<<la=c=3b=-2
c=-2,c=3

b=c=3a=-2
a+b+c=4

Vidu2.Cho x>0,y>0,z>0 théaman x+y+z=6.
Tim gid tri nho nhat cta biéu thiee A= X’ +y*+2°.

Loi giai
< Tim MinA

Cdch 1 (Sit dung bat dang thitc Bunhia)
Bunhia

Cé 6° :(l.x+1.y+1.z)2 < (12 +1° +12)(x2 +yr 22) =3A= A>12,
X_y_2
VayMinA=12khij1 1 1 &©x=y=z=2
X+y+2=06
Cdch 2 (St dung bat déng thitc Cosi — de dodn min dat tai x=y=z=2)
Co A=X*+y*+ 7" =(X* +4)+(y* +4)+(2° +4)-12
> 22X 4 +2\y 4+ 24724 -12 = 4(x+y+2)-12=4.6-12=12,
Vay MinA =12 Khi x=y=z=2.

< Tim MaxA

Co x,y,z>20 va x+y+z=6 nén 0<x,y,z<6.
= X(x—-6)+y(y—6)+z(z-6)<0
=X +y*+2° <6(x+y+2)=6.6=36= A<36.
X=0,x=6
y=0,y=6

Vay MaxA =36 khi
2=0,z=6

hay (X; y;z) la hoan vi cua (0;0;6).

X+y+2=06

Vidu 3.Cho a>0,b>0,c>0 théaman a+b+c=3.
Tim gié tri nho nhat ctia biéu thite K =+/3a+1++/3b+1++/3c+1.

Loi giai
< Tim MaxK

Cdch 1 (Skt dung bat dang thitc Bunhia)
Xét K2 =(1/3a+1+1+/30+1+1+/3c +1)2

Bunhia

< (12 +1? +12)(3a+1+3b+1+3c+1)=9(a+b+c+l)=36:> K <86.

Vay MaxK=6 khi a=b=c=1.
Cdch 2 (Sk dung bat dang thitc Cosi — du doan min dat tai a=b=c=1)

K =+/3a+1++/3b+1++/3c+1 :%[\/(Ba+1).4 +\/(3b +1).4 +\/(3C +1).4}
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1 (3a+1)+4+(3b+1)+4+(3c+1)+4 _3(a+b+c)+15_3.3+15_6
T2 2 2 2 B 4 4

Vay MaxK =6 khi a=b=c=1.

< Tim MinA

Co a+b+c=3<3a+3b+3c=9< (3a+1)+(3b+1)+(3c+1)=12.
bat x=3a+1,y=3b+1z=3c+1=x,y,z>1 va x+y+z=12.
T x,y,z2>1va x+y+z=12=1<x,y,2<10

(V1)) 50 X~ (VD + K + TG 0 V5 0,

V10 +1
y++10 z++/10
Tuwong tw > \/E_ suy ra
B v \ly Jio+1 T o Y

3J10 12+ 310
Ix + +ﬁ>x+y+z+ S K222 - 10+ 2,
W V10 +1 10 +1

Vay MinK =10 + 2 khi (x,y,2) lahodn vi cua (1,1;,10) nén (a;b;c) hoan vi cua (0;0;3).

DANG 3: TAO RA ab+bc+ca

e 0O<abc<m=(m-a)(m-b)(m-c)>0
e O<abc<m=(m-a)(m-b)+(m-a)(m-c)+(m-b)(m-c)>0

Vidy 1. Cho 0<a,b,c<2 va a+b+c=3. Chitng minh ab+bc+ca=> 2.

Loi giai
Do 0<a,b,c<2nén (2-a)(2-h)(2-¢)>0
=8-4(a+b+c)+2(ab+bc+ca)-abc>0
=8-4.3+2(ab+bc+ca)—-abc>0 (do a+b+c=3)

:>ab+bc+ca22+aTbC , ma 2+a7bczz nén ab+bc+ca>2 (dpcm).

Vi du2: Choa>1,b >1,c > 1 va ab+bc+ca =9.
Tim gid tri 16n nhat va gia tri nho nhat ctia bi€u thic: P =a? + b? + 2

Loi giai:
* Tim Min P
Co6 (a -b)? +(b- ¢)*> +(c-a)?> >0=>a%+b2+c? > ab +tbctca=>P >09.
Vay MinP =9 khia=b=c= /3
* Tim MaP
Doa >1,b>1, ¢ >1=>(a-1)(b-1) +(b-1)(c-1) +(c-1)(a-1) =0
<=> (ab+bc +ca) -2(atb+c) +3 >0 <=> a+b+c <6
<=>a?+Db? +c2 +2(ab+bc+ca) < 36 <=>P < 18
Vay MaxP=18 khi (a,b,c) 1a hoan vi cta (1;1;4)
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DANG 4: SUDUNG TiNH CHAT TRONG BA SO BAT KI LUON TON TAI HAI SO CO TicH
KHONG AM

Tinh chat 1: Néu -1 < a <1 thi a" S|a| Vne N*

D4u “=" xay ra khi a=0 hodc a=1 néu n 1é, khi a=0 hodc a= £ 1 néun chin

Tinh chat 2: Néu hai s6 a va b c6 tich ab > 0 thi |a| +|b| = |a + b|

Tinh chat 3: V&i ba s0 x, y, z bat ky, ludn ton tai hai s6 ¢6 tich khong am.

Bai todn co ban: Cho-1 < x,y,z < 1, x+y+z=0
Tim gia tri 16n nhat va gia tri nho nhat caa biéu thiee: T = |X| + |y| + |Z|

Loi giai:
Véiba sO x, y, z bat ky, ludn ton tai hai s ¢6 tich khong am.
Giasaxy 2 0=>|x|+|y|=|x+Y|=|-2|=]|
Nén T=2[z|<2 (do-1<z<1).
Vay MaxT =2 khi (x;y;z) 1a hoan vi (-1,0;1).

Vidy1l. Cho-2 <x,y, z < 2, x+ y+z=0. Chitng minh r:?mg at+b*+c* <32

Loi giai:
Co-2<x,y,z<2=> —133,3,3,31
2 2 2
. a b c \
bat X:E,y:E,Z:E:>—1SX, y,z<1 va x+y+z=0.

Khi d6 a* +b* +c* =16(x* +y* +2*) <16(|x|+|y|+|]) -
Véiba sO x, y, z bat ky, ludn ton tai hai s ¢6 tich khong am.
Gia sa: xy = 0=>|x|+|y|=|x+Yy|=|-Z|=|7| nén

X|+|y|+|z| =2]z| < 2=>a" +b* +c* <32 (dpcm)

Vidu2.Cho0O <x,y,z<1va x+y+z=§.

Tim gid tri 16n nhat va gia tri nho nhat ctia bi€u thirc: P=x? +y? +2z2

Loi giai:
Tim Min P
Cdch 1( Skt dung bat dang thtic Bunhia)

nhia

2 Bu
Cé (gj ~(Lx+1y+12)* < @+ +1°)(X*+y*+2*)=3P :>P2%

X z
VéyMinP=% Khi 1 1 :>x:y:z:%

X+y+z==
y 2
Cdch 2( St dung bat déng thitc Cosi — duy doan min dat tai x=y=z=% )

C6 P=x’+y’ +7" = x2+l + y2+l + Zz+l 22\/x2.l+2\/y2.l+2\/Zz.l—izx+y+z—§.
4 4 4 4 4 4 4 4

VéyMinP=%Khix=y=z=

N | —
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Tim MaxP
Cc’)x+y+z=%<:>(2x—1)+(2y—1)+(2z—1)=0
Pata=2x-1,b=2y-1,c=2z-1.

Do(2x-1)+(2y-1)+(2z-1)=0néna+b+c=0
Vio<x,y,z<1=-1<2x-1,2y-1,2z-1<1nén-1<a,b,c<1.

CoP - (a+1)2+(b+lj2 +[c+lJ2 _ a’+b*+c®+2(@a+b+c)+3

2 2 4
_at+b’+c’+3 Py |a) +[b|+|c|+3
2 <

Véiba s0 a, b, ¢ bat ki, ludn ton tai hai s6 co tich khong am.

Gia st a.b >0 thi |a|+ b| = |a+ b| = |—C| = |C| nén

Psmsﬁzﬁ(doﬁsly
4 4 4

3

Vay MaxP = % khi (a; b; ¢) la hoan vi cta (- 1; 0; 1) hay (x; y; z) la hoan vi ctia (O;E;—j.

(do-1<a,b,c<1])

2 2

Vidy3:Cho0<x,y,z<2vax+y+z=23.Tim gid tri 1én nhit va nho nhat ctia biéu thic
M = x4 + v+ 24+ 12(1 - x)(1 - y)(1 - 2).

Loi giai
Cox+y+z=3x-1)+(y-1)+(z-1)=0
bPata=x-1,b=y-1,c=z-1=-1<a,b,c<lvaa+b+c=0
Véia+b+c=0thia®>+b*+c®*=3abc
CoM=(a+1)¢+(b+1)*+(c+1)*-12abc

=(a*+bt+ct)+4(a®+b3>+®) +6(a%2+b?>+c?) +4(a +b+c)-12abc
= (a*+b*+c*) +6(a% + b2+ ?).

*COM=(a*+b*+ ) + 6(a2 + b2+ ) 2 0
VayMinM=0khia=b=c=0&ox=y=2z=1
*COM=(a* +b*+ ct) + 6(a2 + b2 + ) < (|a] +|b| +|c| )+ 6 (|a| + o] +|c|) = 7([a] + |b| + c])-
Véiba so a, b, ¢ bat ki, ludn ton tai hai s6 co tich khong am.
Gia st ab >0 = |a|+ 0| =[a+b| =|-c|=]c|
= [a|+|b|+|c|=2|c|<2= M <14.
Vay MaxM = 14 khi (a; b; c) la hoan vi cta (- 1; 0; 1) hay (x, y, z) la hoan vi cua (0; 1; 2).

Vidu4:ChoO<a,b,c<4vaa+b+c=6.
Tim gia tri 16n nhat ctia bi€u thitc P = a2+ b? + ¢+ ab + bc + ca.

Loi giai
a? +b? +c? +(a+b+c)2 _a’+b?+c?
2 2 2

copP +18.
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Doa+b+c=6=(@a-2)+(b-2+(c-29=0= 222,62 g

bat X:agz,y:b_z,Z:C_2 =>x+y+z=0.

2 2
ViOSa,b,c$4:>-23a_2’b_2,C_232:>_1 Sagz’bgz C;2£

=-1<x,y,z<1.

(2x+2)" +(2y+2)" +(22+2)’
2

=2(x2 +y?+22) + 24 < 2(|x|+|y| +|2]) + 24

CoP =

+18 =20 + 2 + 22) + 4(x +y + z) + 24

Véiba s0 X, y, z bat ki, ludn ton tai hai s ¢6 tich khong am.

Gia st xy 20 = | =|x+y|=|-z|=|z| nén P=4|z|+24<4+24=28(do-1<z<1).
Vay MaxP =28 khi (x, y, z) la hoan vi ctia (- 1; 0; 1) nén (a, b, c) la hodn vi cta

0; 2; 4).

DANG 5: SUDUNG TiNH CHAT CUA MOT SO BI CHAN TU 0 PEN 1

*Néu 0< x<1 thi Vx >x . D&u “=” xayrakhi x = 0 hodc x = 1
*Neéu 0<x<1thi X"<xVneN" .Dau “=" xdy rakhi X = 0 hodc x = 1.

Vidy1:Cho a>0;b>0;c>0 va a+b+c=1.Tim gia tri 16n nhat va nho nhat cta biéu thirc
P=+vb+c++vc+a++a+b .

Loi giai
* Tim MaxP
Cdch 1: ( St dung bat dang thitc Bunhia)
Xét P2=(1~b+c+lc+a+l/a+h)?

SBunhia (12 +12+12)(\/b+C2+\/C+a2+\/a+b2)

=6(a+b+c)=6(doa+b+c=1)=P<+6

Vay MaxP =6 khi a:b:c=%

Cich 2: ( Stt dung bat dang thitc Cosi - du doan max dat tai a=b=c=

XetP\f \/ (b+c)+\/ (c+a)+\/ (a+Db)

§+(b+c) §+(c+a) —+(a+b)

_l_
2 2 2

wll—\

<

=l+a+b+c=2(doa+b+c=1)= PSZ:\E:\@

Vay MaxP =+/6 khi a:b=c=%
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*Tim MinP

Str dung tinh chat: 0< x <1 thi v/x > x

Do a,b,c>0 va a+b+c=1nén 0<a+b,b+c,c+a<l
C6 P=+b+c++c+a+Ja+h>(b+c)+(c+a)+(a+b)<1
=2(a+b+c)=2(doa+b+c=1).

Vay MinP =2 khi (a;b;c) la hoan vi (1;0;0).

Vidy2:Cho a>0;b>0;c>0 va a+b+c=3.Tim gia tri 1én nhat va nho nhat cua biéu thirc
T=vb+c+Jc+a++a+b .

Loi giai
*Tim MaxP
Cdch 1: ( St dung bat dang thitc Bunhia)
Xét T? =(Lb+c+1~/c+a+1r/a+b)?

SBunhia (12 +12+12)(\/b+02+\/C+a2+\/a+b2)

=6(a+b+c)=18(doa+b+c=3)= P <32
Vay MaxT =3v2 khi a=b=c=1
Cdch 2: ( Stt dung bat dang thitc Cosi - du doan max dat tai a=b=c=1)
Xét T2 =2(b+¢) +./2(c+a) ++/2(a+b)
S2+(b+c)+2+(c+a)+2+(a+b)
2 2 2
—3+a+b+c=6(doa+b+c=3)=P<6:/2=3/2
Vay MaxT =3v2 khi a=b=c=1

*Tim MinP
Str dung tinh chat: 0< x<1 thi vx > x
Do a,b,c>0 va a+b+c=3= a+2+C=1 nén 0< a;b;b;c;c;agl

b+c |c+a [a+b b+c c+a a+b
CoT=+3 + + >+/3 + +
OI(\/?, \/3 \/3}I(3 3 3)
=\/§W=2\/§(doa+b+c=3).

Vay MinT = 24/3 khi (a;b;c) 12 hoan vi (3;0;0).

Vidy 3:Cho a>0;b>0;c>0 va a+b+c=1.Tim gia tri nhé nhat ctia biéu thuc
F=+v3a+1+v3b+1++/3c+1 .

Loi giai:
Cach1: C6 a=0;b>0;c>0;a+b+c=1
—0<ab,c<l=a>a’b>b’c>c?
Do d6:
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F=+3a+l++/3b+1++/3c+l=va+2a+1l++b+2b+1+c+2c+1
>a’+2a+1+Vb?+2b+1+~/c’ +2c+1=a+b+c+3=4
Vay MinF =4 khi (a;b;c) la hoan vi (0;0;1)
Cdch2: C6 a+b+c=1<3a+3b+3c=3<(3a+1)+(3b+1)+(3c+1)=6
bat x=3a+1y=3b=1z=3c+1.
=X Y,z>21va x+y+z=6 va F=«/§+\/§+\/E
T x,y,z2>21va Xx+y+z=6=1<x,y,z<4
:(&—1)(&—\/2)303x—3ﬁ+2so:&z%2
Tuong tu: ﬁz y;—Z;ﬁZ%Z , suy ra \/;+\/§+\/EZ%+Z+6:> F>4

Vay MinF =4 khi (x;y;2z) lahodn vi (11;4) nén (a,b,c) 1a hoan vi (0;0;1).

Vidu4:Cho a>0;b>0;c>0 va a+b+c=1.Tim gid tri I6n nhat cta biéu thixc

M =+/2a% +3a+4 +2b% +3b+4 +~/2¢2 +3c+4 .

Loi giai:
Céa=>0;b>0;c>0;a+b+c=1
=0<a,b,c<l=a’<ab’<b,c’*<c.
Do d6:

M :\/a2 +(a2+3a+4)+\/b2 +(b2 +3b+4)+\/c2 +(02+3c+4)

s\/a2 +(a+3a+4)+\/b2+(b+3b+4)+\/c2 +(c+3c+4)

:\/(a+2)2+\/(b+2)2+\/(c+2)2 =a+b+c+6=7
Vay MinM =7 khi (a;b;c) la hoan vi (0;0;1).

DANG 6 : DU POAN KET QUA ROI XET HIEU

Vi du 1: Cho x;y >0 théa man x+y=+/10 . Tim gia tri nho nhét ctia biéu thitc P = (X4 +1)(y4 +1) :

Loi giai

Co P=(x"+1)(y* +1)=x"y* +(x +y*)+1=x"y" + (X" + y2)2 —2x2y? +1
=x'y* +(10—2xy)2 —2x%y? +1=x"y* + 2x%y® — 40xy +101.

2 2
Pat t=xy >0 thi xy < x+y} = V10 =E:>0St£E
2 2 2 2
Ta duogc P =t*+2t* - 40t +101; Ostsg
bén day ta ké bang du doan MinP
| t 0 1 2 2,5
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P 101 64 45

52,5625

Tt bang trén ta dy doan MinP =45 khi t =2 nén ta xét hiéu :
P—45=t*+2t? —40t+56=(t4 —8t? +16)+(10t2 —40t+4o)

:(t2—4)2+4(t—2)2 >0= P >45

Vay MinP =45 khi t=2 :{“y;‘/ﬁ: X,y 12 hai nghiém ctia phuong trinh :
Xy =
tz—\/ﬁ.t+2=0<:>t=@:>X:Jl_o:ﬁ;y=m2$ﬁ .

Vi du 2: Cho a+b+4ab=4a”+4b*. Tim gia tri l6n nhat ctia biéu thirc
A=20(a’+b’)-6(a”+b*)+2013 .

Loi giai
Cé: a+b+4ab=4a’+4b° <:>a+b+4ab:4[(a+b)2—2ab}
©12ab=4(a+b)’ —(a+b) , ma 4ab<(a+b)’ hay 12ab<3(a+b)” .

Nén 4(a+b)2—(a+b)£3(a+b)2 @(a+b)2—(a+b)30<:>0£a+bsl.

Piat x=a+b thi 0<x<1 va 12ab =4x*—x

Taco A=20| (a+b)’~3ab(a+b) | 6| (a+b)’ ~2ab |+2013
=20(a+b)’—60ab(a+b)-6(a+h)’ +12ab+2013
=20x3—5(4x2—x)x—6x2+4x2—x+2013=3x2—x+2013

bén day ta ké bang du doan MaxA

t 0 1

A 2013 2015

Tt bang trén ta dy doan MaxA =2015 khi X =1 nén ta xét hiéu

A-2015=3x"-x-2=(x-1)(3x+2). Do 0<x<1nén (x-1)(3x+2)<0, suy ra A<2015

Vay MaxA=2015 khi x =1 hay a:b:%.
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HE THONG BAI TAP SU DUNG TRONG CHU PE

I. BAT PANG THUC COSI

Bai 1. Cho x#0. Tim gid tri nho nhat cta biéu thirc T =8x° - 4x +%+15.
X

Bai2. Cho x>0.Tim gid tri nho nhét ctia bidu thitc M = 4x? —3x -+ —+ 2011,

4x
. . e 4 X2 +y?
Bai 3. Cho x>y >0 va xy =2. Tim gia tri nho nhat ctia biéu thiec H = .
X-y
Bai4. Cho a>1; b>1. Chiing minh avb-1+bva-1<ab.
11labc

Bai5. Cho a>9; b>4; ¢c>1. Chitng minh abvc—1+bcva-9+cavb—4< o
Bai6. Cho a>0; b>0; a®+b*<2.

Tim gia tri 16n nhat cua biéu thicc M =a\/b(a+2b)+b\/a(b+2a).
Bai7. Cho x>0;y>0; x*+y*<2.

Tim gié tri 16n nhat ctia biéu thire P = /x(14x+10y) +,/y(14y +10x).

Bii8. Cho x>0;y>0 va \/xy(x—y)=x+y.Tim gia tri nho nhat ctia biéu thic P=x+y.
Bai9. Cho a,b,c>0 va ab+bc+ca=1.
a b c

+ + )
Ja2+1 Vb*+1 c?+1
Bai 10. Cho cac s6 duong a, b, ¢ théaman a+b+c=1

Chlﬁmgminh\/ ab +\/ be +\/ ca SE
c+ab a+hc b+ca 2
Bai11. Cho a>0, b>0, ¢c>0 va ab+bc+ca=23abc
a’ b? c?
+ +
c(c2+a2) a(a2+b2) b(b2+c2)
Bai12. Choa>0,b>0,¢c>0vaa+b+c=1

Tinh gia tri 16n nhat cua biéu thic P =

Tim gia tri nho nhat ctia P =

a b c
+ +
1+9b% 1+9c® 1+9a?

Tim gia tri nhé nhat ctia biéu thac T =

1 1 1
+ +
l1+a 1+b 1+c
Bai 14. Cho a>0, b>0, ¢>0 va a*+b*+c”=1. Chtrng minh :

a)a—b+$+22a+b+c b)m+g+a—b2\/§
c a b a b ¢

Bai 13. Cho a,b,c>0 va = 2. Chiing minh réng abc < %

Bai 15. Cho a, b, ¢ la d0 dai ba canh ciia AABC.
Chting minh (a+b-c)(b+c—a)(c+a—b)<abc
5

Bai 16. Cho a>2. Tim gia tri nho nhat ctia biéu thtic P =2a+—.
a

Bai17. Cho x>0, y>0 va x+y <6. Tim gid tri nho nhat cua biéu thirc F =x+ y+§+ﬁ.

Xy
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Bai18. Cho x>0, y>0 va x+y>3. Tim gid tri nho nhat cua bi€u thirc P:2x2+y2+§+l.
Xy
Bai19. Cho 2<x<3, 4<y<6, 4<z<6 va x+Yy+z=12. Tim gia tri 16n nhéat cua biéu thirc

P=xyz.
.. . X 8 e v s X 2y
Bai 20. Cho x>0,y>0 va EJFVSZ'Tlm gia tri nho nhat ctia biéu thiac K :V+7.
(x+y+1)2+ Xy + X+ Y
Xy+X+y (x+y+1)"
X +y: Ay

Xy X+y

Bai21. Cho x>0, y>0. Tim gia tri nhé nhat cua biéu thic A=

Bai 22. Cho x>0, y>0. Tim gia tri nhoé nhat ctia biéu thitc A=

Bai23. Cho a>0, b>0, c>0 thda man b%+c® <a?.

Tim gi tri nho nhét cta biéu thie P = %(bz +c*)+a’ (bi” C%J :

Bai24. Cho x>0, y>0 va x+y <1. Tim gid tri nho nhat ctia biéu thitc P:(Ll}/u Xy .
X'y

— +i+4xy.

Bai 25. Cho x>0, y>0 va x+y <1. Tim gia tri nho nhat cta bi€u thirc P =
X“+y* Xy

2 2
B4i26. Cho x>0, y>0 vi x+y <1. Tim gi4 tri nhé nhat ctia bidu thirc K =(x+1) +(y+1j .
X y

Bai 27. Cho x>0, y>0 va x+y<1. Tim gia tri nho nhat cta biéu thixc

3 3
S :(l+x+£j +(1+ y+£) .
X y

Bai 28. Cho x>0, y>0 va 2x* +2xy+Yy® -2x<8.
Tim gia tri nhé nhat cta biéu thie P = E+£—2X—3y.
Xy
Bai29. Cho a>0, b>0, ¢>0 thoa man 2(b2+bc+cz):3(3—a2).
T‘lmgiétrinhénhatcﬁabié’utmcT:a+b+c+3+§+3.
a c
Bai 30. Cho a>0, b>0 va a’+b’®+6ab<8.
Tim gid trj nhé nhét ctia biéu thitc P=——— + > ab.
a“+b” ab
Bai31. Cho a>0, b>0vaa’+b’=a+b.
2020

(a+b)2 '

Tim gid tri nhé nhat ctia biéu thiee P=a* +b* +

Bai32. Cho x>0, y>0 va (Vx+1)(\y+1)>4.

2 2

Tim gia tri nhé nhat cuia biéu thic P = A
y X
1. BAT DPANG THUC BUNHIA
Bai1l. Cho 4x+9y=13. Tim gia trj nho nhat ctia bi€u thitcc A=4x>+9y?.
Bai2. Cho 4x+3y=1. Tim gi4 tri nho nhat cua bi€u thire A=4x* +3y°.

Bai3. Cho x>0,y>0, z>0 va x+y+z=2.Tim gia tri nhé nhat ctia biéu thite A= x> +y* +7°.
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Bai4. Cho 3x*+2y*< % Tim gid tri 16n nhat cua biéu thirc S =2x+3y.
Bai5. Cho 4a*+25b° < % Tim gid tri I6n nhat cua biéu thite H =6a—5b.

Bai6. Cho x’+y’+2’ =%T‘lm gi4 tri 16n nhét ciia bi€u thitc P = x+y+72.
Bai7. Tim gié trj 16n nhat ctia bidu thite P =+/x—1++/3—x khi 1< x<3.
Bai8. Cho a=>0,b>0,¢c>0vaa+b+c=3.

Tim gia tri 16n nhat cta bidu thic K =+/4a+5++/4b+5++/4c+5.
Bai9. Cho a>0,b>0,¢c>0vaa+b+c=1.

Tim gia tri 16n nhat ctia bidu thie P=vb+c+Vc+a+va+b.
Bai 10. Cho a,b,c>0 va \/5+\/5+\/E=3.

Tim gi4 tri nhé nhat cta biéu thite M :\/a;b+\/b;c+\/c;a.

III. PHUONG PHAP BIEN POI TUONG PUONG
Bai 1. Cho x>-2, y>1. Tim gid tri nho nhat cua biéu thirc: A=X+y—-2vx+2-4,/y-1+24.

Bai 2. Cho x > —% . Tim gi4 tri nho nhat ctia biéu thirc: E = 5X — 642X + 7 —44/3x —1+ 2
Bai 3. Cho x >1. Tim gid tri nho nhat ctia biéu thite: T=x—+/Xx-1-3x +7 +28.

Bai 4. Cho x >+/15 . Tim gi4 tri nhé nhat ctia biéu thitc:

F=x? +X—J(x*~15)(x~3) ~/x* 15 -\x~3-38.

Bai 5. Cho a>0,b>0,c>0 va a+b+c=6. Tim gid tri I6n nhat cta bi€u thic:

T =+a? +4ab+b® ++/b> +4bc+c® ++/c? +4ca+a’ .
Bai 6. Cho x>0,y >0,z>0,x+y+2z=1.Tim gia tri nho nhat cua biéu thic:

S:\/xz—xy+y2+\/y2—yz+zz+\/22—zx+x2.
Bai 7. Cho -2<a,b,c<3 va a®+b’ +c? =22. Tim gid tri nhd nhat ctia biéu thiee: M =a+b+c.
Bai 8. Cho x>0,y >0,z2>0 théa man x+y+z=6.Tim gia tri 16n nhat va nho nhat cua biéu thuc:
A=x*+y* +7°.
Bai 9. Cho a,b,c>0 va a+b+c=3. Tim gia tri 16n nhat va nho nhat cua biéu thuic:
K=+v3a+1++/3b+1++/3c+1.
Bai 10. Cho 0<a,b,c<2 va a+b+c=3. Chitng minh: ab+bc+ca>2.
Bai 11. Cho a>1b>1,c>1 va ab+bc+ca=9. Tim gid tri I6n nhat va nho nhat ctia biéu thic:
P=a’+b’+c?.
Bai 12. Cho -1<x,y,z<1, x+y+z=0. Tim gia tri 16n nhat cua biéu thic: T = |X| +|y|+|z|.
Bai 13. Cho -2<a,b,c<2 va a+b+c=0. Chtng minh: a*+b* +c* <32.

Bai 14. Cho 0<Xx,y,z<1va x+y+z:%.

Tim gid tri Ién nhat va nhé nhat cta biéu thie: P = x* +y* +2°.

Bai 15. Cho 0<x,y,z<2 va Xx+y+z=3.

Tim gi tri lon nhat va nho nhat caa biéu thie: M =x"+y* +2° +12(1-x)(1-y)(1-z).
Bai16. Cho 0<a,b,c<4 vaa+b+c=6.
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Tim gid tri 16n nhat ctia biéu thixe: P =a*+b* +c* +ab+bc+ca.

Bai 17. Cho a>0,b>0,c>0 va a+b+c=1. Tim gia tri 16n nhat va nho nhat cta bi€u thirc:
P=vb+c+Jc+a++a+b.

Bai 18. Cho a>0,b>0,c>0 va a+b+c=3.Tim gia tri 1én nhat va nho nhat cta bi€u thirc:
P=vb+c+vc+a+ya+b.

Bai 19. Cho a>0,b>0,c>0 va a+b+c=1.Tim gid tri I6n nhat va nho nhat cta biéu thic:
F=+3a+1++/30+1++/3c+1.

Bai 20. Cho a>0,b>0,c>0 va a+b+c=1. Tim gia tri 16n nhat ctia biéu thuc:

V282 +3a+4 ++/2b2 +3b+4 +/2c2 +3c+4.

Bai 21. Cho x,y >0 thoa man: x+y=+/10.

Tim gid tri nho nhat cua bi€u thitc: P = (x4 +1)(y4 +1) :

Bai 22. Cho a+b+4ab=4a’+4b’.

Tim gid trj 16n nhat ctia biéu thire: A =20(a° +b°)-6(a’ +b? ) +2013.
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I PHUONG PHAP BIEN POI TUONG PUONG

DANG 1: GHEP THICH HOP PUA VE TiCH

Vi dy 1. Giai phuong trinh: vx+9 +2012v/x+6 = 2012+ ,/(x+9)(x+6)

Loi giai
Diéu kién: x >-6.
Phuong trinh < 2012v/X+6 —2012+~/x+9 — /(X +9)(x+6) =0
& 2012(Vx+6 -1)—/x+9(Vx+6-1) =0
& (Vx+6-1)(x+9-2012) =0
& X =-5,x =4048135 ( thdéa man diéu kién).
Vay tap nghiém ctia phuong trinh da cho la: S={-5;4048135} .

Vi du 2. Giai phuong trinh: v/2x +1+3v4x? —2x+1=3++/8x° +1.

Loi giai
Dieu kién: x> -%.
Phuong trinh & V2X+1-3+3V4x? —2x +1-[(2x+1) (4x* ~2x +1) =0
& (V2x+1-3)-ax* - 2x +1(v2x+1-3) =0
@(m—s)(m—1)=o

J2x+1=3 2x+1=9 x=4
= = = e anA 1en
[ax? — 2% +1=1 4x? —2x+1=1 X=0,X=% (Thoa man diéu kién).

Vay tap nghiém ctia phuwong trinh da cho la: S= {0; 4;%}.

Vi du 3. Giai phuong trinh: x3+(4+ xz)\/4—x2 =8-2xv4—-x%.

Loi giai
Diéu kién: x> <4< -2<x<2.
Khi d6 phuong trinh da cho tro thanh
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X =8+ (4+x)Va—x* +2x/4-x* =0

& (x=2)(x +2x+4)+(x* +2x+4)4-x* =0
& (¢ +2x+4)(x-2+/4-x ) =0
[(x+1)2+3}(x 2+/4-x")=0

4—x% =
2-x20
4—x* =4—A4x+X?

-1

So v6i diéu kién, ta c6 tip nghiém cua phuong trinh da chola S ={0;2}.

0

0

0

Vi du 4. Giai phuong trinh X+ 237 - X +4/7x= x> =24/x -7=0.

Loi giai.
Piéu kién: 0<x<7.
Khi d9, ta co

X+ 27— X +3Tx =% —=2/x~7=0

S WT=X=2IX+X(7-X) = (7-x) =0
©2(ﬂ—&)—ﬂ(ﬂ—&)=
@(ﬂ—\&)(Z—\/ﬂ):

7-x—-/x=0
=
| 2—7-x=0
[7-x=x
=
| 7—x=4
[x=3
< 7
X=—
L 2

So voi diéu kién, ta c6 tap nghiém ctia phwong trinhla S = {3;%} .

DANG 2: NHAN LIEN HOP PUA VE TiCcH

e Ja-vb= khi biéu thtrc x4c dinh.
x/_ a+ x/_
o Ja-b="— b* khi biéu thitc xac dinh.
\/5 +b
Vi du 1. Giai phwong trinh X* +1+v/X* + X+2 = 2X++/3x+1.
Loi giai.

Diéu kién: x> —%.
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Khi do
X241+ VX2 + X+2 =2X++/3x+1
S X =2X+1+VXP+X+2 -/3x+1=0
X2+ X+2)—(3x+1
<:>(x—1)2+( ) ( ):0
VXP X+ 2 +4/3x+1

oy
3 +x+2+3x+1

c>(x—1)2+

=0

1
o (x=1)°| 1+
( )[ x/x2+x+2+\/3x+lj

& x=1
So v6i diéu kién, ta c6 tip nghiém cta phuong trinh 1a S ={1}.

Vi du 2. Giai phwong trinh X* +2018v2x% +1 = X +1+ 2018V X* + X+ 2.

Loi giai.

2
Ta co x2+x+2:(x+%j +£>O,Vx.Khi do

X? +2018v2%* +1 = x+1+ 2018V X* + X+ 2 & (¥ —x—1)+2018(x/2x2 +1-+/x2 +x+2)=0

22 +1)—(x® +x+2 2 _y_
<:>(x2—x—1)+2018.( )~ ):O<:>(x2—x—1)+2018. X —x-1 -0
V252 1445 + x+2 V25 144X+ X+ 2
2018
o ((x2—x-1)| 1+ =0 x*—x-1=0
( )( \/2x2+1+\/x2+x+2]
leiﬁ
2

Vay tap nghiém cua phuong trinh 1a S = {

1+5
e

Vi du 3. Giai phwong trinh vV4x® +5x+1+3=2x* =X +1+9x.

Loi giai.
Ta cod x? —x+2=(x—%)2 +%> 0,Vxnén diéu kién la 4x* +5x+1>0.
Khi d6
M+3=ZM+QX
AKX +5x+1—/4X° —4x+4 —9x+3=0
(4%* +5x+1)—(4x* —4x+4)

VJAX? +5x+1+~/4x2 —4x + 4
9x-3
=N
VAX? +5x+1+~/4x2 —4x + 4

<:>(9x—3)( L 1}:0

=

~(9x—3)=0

~(9x-3)=0

Jax2 +5x11+AX —4x+4
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Treong hop 1. 9x-3=0< x = % (thoa).
Truong hop 2.
1

Jax2 +5x+14Vax —dx+4
= 1 =1
VAX? +5x+1+4X2 —4x+4
VA +5X+1+4X% —4x+4 =1

Vi Vax* —4x+4 = \/(ZX —1)2 +32> \/§ nén treong hop 2 vo nghiém.

Vay phuong trinh c6 tap nghiém la S = {%} .

1=0

Vi du 4. Giai phwong trinh /5% +4 ++/3x+2 =/4x+5 +/2x+3..

Loi giai.
biéu kién: XZ—%.
Vi diéu kién trén phuong trinh tré thanh
\/5x+4+\/3x+2=\/4x+5+\/2x+3
<:>(\/5x+4—«/4x+5)+(\/3x+2—\/2x+3):0
(5x+4)—(4x+5) (3x+2)—(2x+3)
+ =0
V5x+4 +/4x+5  /3x+2++/2x+3
- x-1 N x-1 0
EX+4 +/4x+5  3x+2 +/2x+3

<:>(x—1)( L L j:o

_l’_
V5x+4 +/4x+5  /3x+2++/2x+3

< x=1
So voi diéu kién ta c6 tap nghiém ctia phuong trinh 1a S = {1}.

Vi du 5. Giai phuong trinh v/3x% = 7x+3—/x? =2 =/3x? —=5x—1—/x? —3x+4 .

Loi giai.
) 3> —7x+3>0
Ta c6 x2—3x+4:(x—§j +750,vx nén didu kién 1a 1 x2—230
2 4 3x?-=5x—-1>0

Vi diéu kién trén, phuong trinh tro thanh
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V32— Tx+3-x2 =2 =/3x% =5x—1—/X? —3x+4
<:>(\/3x2 —7x+3—\/3x2—5x—1)+(\/x2—3x+4—\/x2—2):0

(3x2 —7x+3)—(3x2 —5x—1) (x2—3x+4)—(x2—2)

JBC 7x 343X Bx—1 A —3xtdx 2
- 4-2x N 6—3x _

V3K —TXx+3+4/3x% =5x—1 X2 —3x+4+x2 -2

C%Z—O( 2 3 j:o

+
V3 —7x+3+3x2 =5x—-1  /x?—3X+4 +/x2 =2
= 2-x=0

=0

0

o x=2
So v6i diéu kién ta duoc tap nghiém ctia phuong trinh la S = {2} .

Vi dy 6. Gidi phuong trinh 6v1-x* —4x =3(V1+x -1).

Loi giai.
biéu kién: -1<x<1.
Khi d6, phuong trinh tré thanh

6vV1—x* —4x = 3(\/1+ X —1)
& BV1-x2 31+ x—4x+3=0
<:>3\/1+x(2\/1—x —1)—4x+3=o

41—x)—1°

21— x+1

3—4x
2N1—x +1

31+ x

1
21—x+1

3
Vay tap nghiém cuia phuong trinh da chola § = {Z}

& 3l +x —4x+3=0

& 341+ x. —4x+3=0

<:>(34x).[

:O@x:%(théamén)

DANG 3: DU DPOAN NGHIEM PE TU PO TACH THICH HOP DUA VE TiCH
e Néunham duoc mot nghiém x = a cia phwong trinh thi ta tach dwoc phuong
trinh d6 vé dang tich (x — a).f(x) = 0.

e Néu nham dwgc mot nghiém x = —a cta phuong trinh thi ta tach duwoc phuong
trinh d6 vé dang tich (x +a).f(x) = 0.

e Trong treong hop f(x) = 0 ma phttc tap thi ta thuong chitng minh f(x) =0 vo
nghiém hodc chitng minh f(x) = 0 c6 nghiém duy nhat.
Budc 1: Nham cac sd nguyén thoa man diéu kién xem s6 nao thoa man phuong trinh, ta thuwong
nham cac s6 ma thay vao cac can déu khai can dwoc.
Budc 2: Lap bang dé€ chon s6 can chen vao phan cdn.
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a-b’

Ja +b

Budc 3: Két hop cong thirc \/g —b= dé dua vé tich.

Vi du 1: Giai phuong trinh v/3x+1 —+/6 — x +3x* —14x —8=0.

Phan tich bai todn: Phuong trinh nay ta nham dueoc mot nghiém x =5 nén ta sé tach duwgc nhan ti

xX—-5
V3x+1 6—x

x=5 4 1

T bang nay, ta suy ra V3x+1sé di v6is6 4, con V6 —x sé di véisd 1.
Trinh bay 1oi gidi:

1
Diéu kién : _ESX <6

Phuong trinh < (\/3x+1 —4) —(\/6—)( —1) 3% —14x—5=0
<3x+1>—42 (6—x)—12
& +
AV3x+1+1 J6—x+2
3x-15 5-x
& + +3x(x—=5)+(x—=5)=0
\/3x+1—|—1 \/6—x—l—2 ( ) ( )

1 1
& (x—5 +
( ) NV3x+1+1 NV6—%xX+2

Truong hop 1: Xét x - 5=0 < x =5 ( thoa man diéu kién)

1 1
Truong hop 2: Xét \/3?%—1—'—\/674—2
X —X

1

1
+
V3x+1+1 J6—x+2

Vay tap nghiém cta phuwong trinh da chola S = {5}

+3x* —15x+x—5=0

+3x+1{=0

+ 3x+1=0 loai vi

-|-3x+1>0v-%§x§6

Vi dy 2: Giai phuong trinh \/X—l —|—\/6—X =3x"—4x—1

Phdn tich bai todn: Phuong trinh nay ta nham duoc mot nghiém x = 2 nén ta sé tach dwgc nhan t
X—2

x—1 6—x
x=2 1 2
Tl bang nay, ta suy ra VX —1sé di véis6 1, con V6 — X sé di véi s6 2.
Trinh bay loi gidi:

biéukién: 1<x<6

Phuong trinh (:)( x—1 —1)+(\/6—X —2)23){2 —4x—4
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& (X _ 1) ! <6 X> =3x" —6x+2x — 4

\/x—1+1 V6 —X +2

X—2 2—X
=3 —2)+2(x—2
\/x—l—i—l \/6—x—|—2 X(X )+ <X )

<:>(x—2) ! — !
Vx—14+1 +6—x+2

Truwong hop 1: Xét x -2 =0 < x =2 ( thoa man diéu kién)

1 1
Trwong hop 2: Xét —
Vx—1+1 ~V6—x+42
|

1

Jx—1+1 J6—x+2
1
\/x—l—l—l J6—x +2

oVvx—1+4+1>1 nén ———

—3x—-2|=0

—3x—-2=0

“3x—2 (¥

+ 3x+2

FH

Véi 1<x<6thi3x+2>3.1+2=5nén +3x+2>5

1
NV6—Xx +2

Vay tap nghiém cua phuong trinh da chola § = {2}

Do do6 phuong trinh (*) vo nghiém

Vi di 31 Gisi phizong taoh 5.(\/3)( 2 ax+ 3) — 4x> —24x +35

Phdn tich bai todn: Phuong trinh nay ta nham duoc mot nghiém x = 1 nén ta sé tach dwgc nhan t

x-1
V3x—2 VX +3
x=1 1 2

Tw béng nay, ta suy ra VX —1sédivdisd 1, con V6 —x sé di vdiso 2.

.....

biéu kién : x > g

Phuong trinh 5.[(\/3){ P 1) + (\/x +3 ] 4x* —24x 420

o5 (x-2)-r <X+3) 2 — 4x> —24x 420
'_\/3x—2+1 VX+3+2

o5 x-2)-T <X+3> 2 — 4x> — 4x —20x +20
'\/3x—2+1 VX 4342
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3x—3

x—1
+
V3x—2+4+1 x+3+2

@5.[ =4x(x—1)—20(x - 1)

15 5
&(x—1 + —4x+20{=0
( >[\/3x—2+1 VX+3+2
Truong hop 1: Xét x - 1=0 < x =1 ( thoa man diéu kién)
Truong hop 2: Xét = + > —4x+20=0
V3x—2+41 Vx+3+42
& 15 + 2 —4x+20=0
V3x =241 +x+3+42
1> > =4x-20 (%)

N +
V3x—24+1 Jx+342

15 5 15 5
- > -
V3x =241 x43+2 N3.6-2+1 6+3+2

Ma 4.x — 20 < 4.6 — 20 = 4 nén phuong trinh (*) vo nghiém.

15 5 15 5
- < -
V3x =241 x43+2 N3.6-2+1 6+3+2

Ma 4.x — 20 > 4.6 — 20 =4 nén phuong trinh (*) vo nghiém.
Néu x = 6 thdéa man (*) va thoa man diéu kién

Néu x < 6 thi =4 (*)

Né&u x >6 thi =4 (¥)

Vay tap nghiém cua phuong trinh da chola § = {1; 6}

Vi dy 4: Giai phuong trinh x* —2yx+2 —4=0

Phdn tich bai todn: Phuong trinh nay ta nham duoc mot nghiém x = 2 nén ta sé tach dwgc nhan t

X—2
VX +2

x=2 2
Tk bang nay, ta suy ra /X + 2 sé di véi s6 2.

-----

biéu kién: x >2
Phuong trinh <X3 — 8) — 2(\/X 2 — 2) =0
(x+2)-2°

=0

Jx+2+2
X—2
2——=0
NX+2+2
R B

NX+2+2

Truwong hop 1: Xét x -2 =0 < x =2 ( thoa man diéu kién)

& (x—2)(x* +2x+4)-2
<:>(x—2)<x2—i—2x—|—4)—

<:>(x—2) X*+2x+4—
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2

—— (%)
NX+2 42

2
Truong hop 2: Xét X* +2X +4 ———— & x> +2Xx +4 =
VX+2+2

oVX+2+2>2
X nen\/:_'_2

Ma x*+2x+4= (X + 1) + 3 >3 nén phuong trinh (*) v6 nghiém.

Vay tap nghiém cua phuong trinh da chola § = {2}

Vi du 5: Giai phwong trinh X* +x-7=+/x*+5 .

Phén tich bai toan: Phuong trinh nay ta nhdm duwoc mot nghiém x =2 nén ta sé tach duoc nhan
te Xx-2

X°+5
X=2 3
Ttr bang nay ta suy ra Vx° +5 s& di véiso 3 .

Trinh bay 10i giai:

Phuwong trinh < x*+x-10=+/x*+5-3

(x2+5)—3

VX2 +5+3

) x> —4

<:>(x—2)(x +2x+4)+(x—2)——:0

VX2 +5+3

@(x—z)(x2+2x+5—L2J:o

VX2 +5+3

Truong hop 1: Xét x—2=0 < x=2 ( thoa man diéu kién ).
Truong hop 2:

& (x*-8)+(x-2)=

Xét x4 2%45-— X2 0 x? 4 2x1 5= XH2

VX2 +5+3 Vx*+5+3
{\/x +55x% = X|=x . X+ 2

nén Vx?+5+3>x+2 hay ——«<1

3>2 VX2 +5+3

Ma x +2x+5=(x+1)° +4> 4 nén phuong trinh (*) v6 nghiém.
Vay tap nghiém ctua phuong trinh da cho la S ={2} .

2
Vi di 6: Giall phuong trinh X+ o =20
X 2(x+1)

Phén tich bai toan: Phuong trinh nay ta nhdm duoc mot nghiém x =1 nén ta sé tach dwoc nhan ti

Xx-1.
/ 3
X+—
X
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x=1 2

\ ? \ 3 ~ . s . n~
Tt bang nay , ta suy ra X+ s&divéiss 2 .
X

2
Do x+>=X*3 nandicu kiénla: x>0 .
X X
x+3 4
2 —_—— 2
Phuong trinh < X+§—2:X—+7_2 PN X _ X —4x+3
X 2(x+1) 3 2(x+1)
X+—+2
X
x> —4x+3  x*-4x+3 ) [ 1 1 j
At = & (X5 —4x+3 — =0
P +3x+2x  2(x+1) ( ) I +3x+2x  2X+2
x> —4x+3=0 x* —4x+3=0 x=1
& S = (thoa man)
VX 43X+ 2X = 2X + 2 x*+3x-4=0 x=3

Vay tap nghiém cta phuong trinh da cho la S ={1;3} .
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II. PHUONG PHAP DAT AN PHU

DANG 1: BIEN POI VE MOT BIEU THUC VA PAT MOT AN PHU

Vi du 1: Giai phwong trinh VX +4 ++/X—4 =2x-12+2yx* -16 .

Loi giai
Piéukién: x>4 .
Phuong trinh < vX+4 ++4/x—4 =2x-12+2,/(x—4)(x+4)

XA X =(x- 4+ x+4+2 (x—4)(x+4))—12
x4 x—a=(Vxrd+x—4) 12

Pit t=+vx+4+Vx-42>0,tadwoct=t*-12<=t>-t-12=0
c>(t+3)(t—4):0 <t=-3 (loai), t=4 (thoa man).

St t-12=0=X+4+X-4 =4 2x+24/x* -16 =16
8—x>0
<:>\/x2—16:8—x<:>{ < X =5 (théa man)

x> —16 = x* 16X + 64
Vay nghiém ctia phuong trinh da cho la S ={5} .

Vi du 2: Giai phuong trinh VX+1++4—x+,/(x+1)(4—x) =5 .

Piéu kién: -1<x<4 .
Phuong trinh < 2(x+1++/4-x)+2,/(x+1)(4-x) =10

= Z(M+\/ﬂ)+(x+l+4—x+2 (x+1)(4—x))=15

& 2(\/x+1+\/4—x)+(\/x+1+\/4—x)2 =15

Dit t=+/x+1+V4-x20, taduoc 2t +t* =15 t* +2t+1=16 < (t+1)° =16 < t+l=14
< t=3 (thoaman), t=-5 (loai).

= VXx+1+vV4-x=3<5+2,/(x+1)(4-x) =9

< J(x+1)(4-x) =2 4x-x*+4-x=4 < x*—3x=0 < x=0,x=3 (thoéaman).

Vay tap nghiém ctia phuong trinh da cho 1a S ={0;3} .

i:2x+i+4 .

Vi du 3: Giai phuwong trinh 5v/X +
i P & 2/x 2X

biéu kién: x>0 .

1 1
Phuong trinh < 5| /X +—— :2(x+—j+4
5 ( 2\/§j 4x

@5(\&+%J=2Hﬁ+%f—1]+4
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1 1
Dit t =X +—=>2 [x.——= =2 ta dwoc5t=2(t>-1)+4
Np Np (1)

S2A7-5t+2=0 < 2P —4t-t+2=0 < 2t(t-2)—(t-2)=0

& (t-2)(2t-1)=0 @t:% (loai), t=2 ( thoa man ).

o Xt =2 5 2X— X 4120

2x
2+J_

X = =gi\/§(th(’)amén).

Vay tap nghiém cta phuwong trinh da chola S = {%i V2 } .

Vi du 4: Giai phuong trinh (x-1)° :2—X‘fx—1 :

X
Loi giai
1 x* -1
A N X—— Z 0 Z
biéu kién X = X 0
x#0 x#0

Phuong trinh < x* —2x+1=2-X x—1 & X2 —1-2X+X /x—l:O
X

x———2+,/x—— O<:>x——+,/x———2 0.
Datt—‘/x——>0 ta dugc t? +t-2=0 < (t-1)(t-2)=0
X

< t=2 (loai), t=1 (théa man)= X—lzl
X

1+ f

& X2 —x-1=0& x="—"—" (théa man diéu kién).

Vay tap nghiém ctia phwong trinh da chola S = {

145
e

Vi du 5: Gidi phuong trinh x? —3x+1+—\/x +x°+1=0 .

Loi giai
* Néu Xx<0 thi phuong trinh da cho v6 nghiém.
*Xét x>0, Chia hai vé& cho X ta dwoc

x+——3+— X +—+1 0 <:>x+——3+—‘/ —1 0.
Patt=x+— >2,/ =2
X X

ta dugc t - 3+—\/t ~1=0& V2 -1=+/3(3-1)
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3-t20 t<3
=W = < t=2= Xx=1(théa man)
t*~1=3(9-6t+t*)  |2t*-18t+28=0

Vay tap nghiém cua phuong trinh da chola S = {1}

DANG 2. BIEN POI VE HAI BIEU THUC VA DPAT HAI AN PHU ROI DUA VE TiCH

Vi dy 1. Giai phuong trinh 5vX° +8 = 2(X* —x+6)

Loi giai
biéu kién: xX* > -8 < x> -2
Phuong trinh < 5,/(x+2)(x* - 2x+4) =2(x* - x+6)

<:>5\/(x+2)(x2 - 2x+4) :2[(x2 —2x+4)+(x+2)]
Pit a=vxX*—2x+4>0,b=+x+2>0, ta duoc
2a’ -5ab+2b* =0 < (a-2b)(2a-b)=
a=2b X*—2X+4=4x+8 X2 —6x—-4=0

= = =

{Za:b 4(x2—2x+4):x+2 4x* —9x+14=0
o x=3+4/13 (thda man)
Vay tap nghiém cia phuong trinh da cho la $ = {3+ /13|

Vi du 2. Giai phuong trinh X +2X+7 = 3VX° +3%% + X+3

Loi giai
biéu kién: X > -3
Phuong trinh <> X> +2X+7 = 3\/(X2 +1)(X +3)

& (¥ +1)+2(x+3) =3,(x* +1)(x+3)
Déta:M>0,b=\/x—+320,taduQc

a’+2b*=3ab < a’-3ab+2b*=0< (a—b)(a—-2b)=0
{azb [\/ﬁ Jx+3 {XZ—X—Zzo

a=2b | fxi1=2Jx+3 [X—4x-11=0
<:>X:—1x—2x—2+\/7(th6am€m)

Vay tap nghiém ctia phuong trinh da chola S ={-1,2;2+ 15}

Vidu 3. Glalphuongtrmh + /X———X+ /2X——

Loi giai

o 1A 1 5
biéu kién: Xx#0,x——2>0,2x——=>0
X X

Phuong trinh < X—£+\/2X—E—\/X—1 =0 <::>[2X—Ej—(x—£J+\/ZX—E—\/X—1 =0
X X X X X X X
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bat a= 2X—§ZO,b: X—EZO ta duwoc a°—b*+a—-b=0
X X
5 1
<:>(a—b)(a+b+1):0<:>a:b:>2x—;=x—;

& X' =4 & x=-2 (loai), X=2 (thdéa man)
Vay tap nghiém ctia phuong trinh da chola S = {2}

Vi du 4. Giai phurong trinh (4X2 +1) X =(3—x)~/5—2x

Loi giai
Piéu kién: x < g
Phurong trinh <> (4X° +1)(2x) = (6 - 2x)~/5-2x
& (4% +1)(2x) =[ (5-2x)+1]v/5-2x

Dit a=2x,b=+5-2x20, taduoc (a’+1)a=(b*+1)b <= a’+a=b’+b

: : b 30’
& (a-b)(a’+ab+b?+1)=0« (a-b) a+ | +=+1|=0

2x>0
Sa=b=2x=5-2x
4x* =5-2x
X :_]'—i_T\/z (thoa man)

~1++/21
4

Vay tap nghiém ctia phuong trinh da chola S = {

Vi du 5. Giai phuwong trinh X° + 3% +9X+7+(X—10)\/4—X =0

Loi giai
biéu kién: 4— x>0 x<4
Phuong trinh <> X* +3%* +3Xx+1+6x+6 = (10— x)v/4 - X

& (x+1) +6(x+1)=[6+(4-x)|]J4-x
<:>(x+1)3+6(x+1)=(\/m)3+6m
Pit a=x+1b=+4-x,b>0 ta duoc
<:>a3+6a:b3+6b<:>(a3—b3)+(6a—6b)=0
<:>(a—b)(a2+ab+b2+6):0

2 2
<:>(ab){(a+gj +%+6}—0<:>a—b

= 4—x:x+1<:>{

X_—3+\/Z
2

X+1>0 {xz-l

o
4-x=x*+2x+1 x*+3x-3=0

(thoa man)
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Vay tap nghiém ctia phuong trinh da chola S = {_3%@}
64x° + 4x
Vi dy 6. Giai phuong trinh v/5x° + 6X+5=————
55X +6x+6
Loi giai

Vi 5x° +6X+5 >0 VX nén phuong trinh x4c dinh Vx

3
Phuong trinh <> v/5x° +6X+5 = ?4)( +ax
(5%° +6x+5)+1

3
<:>(\/5x2+6x+5) +5x2 +6X+5 :(4x)3+4x
P3it a=+/5%* +6x+5 >0,b = 4x ta duoc

a3+a:b3+b<:>(a—b)(a2+ab+b2+1):0

2
<:>(ab)“a+gj +£+1} 0< a=b= V5%’ +6x+5 = 4x

x>0 x>0
= ) , & , = x=1
5x°+6X+5=16x 11x°-6x-5=0

Vay tap nghiém cua phuong trinh da chola S = {1}

DANG 3: PAT AN PHU KET HOP VOI AN BAN PAU PUA VE TiCH

Vi du 1. Giai phuong trinh 6x° +2X +1=3x/6X +3

Loi giai
biéu kién: x > —%
Phuong trinh <> 18x* +(6x+3) = 9xv/6x+3

Dit Yy =+/6X+3 >0 ta dwoc 18x* + y* = 9xy
< 18x* -9xy+y* =0 (6x—y)(3x—-y)=

{y=3x {\/6x+3=3x {9x2—6x—3=0,x20
= f—

y =6X m=6x© 36x* —6x—3=0,x>0
< x=1Lx l+\/— (thdéa man)
Vay tap nghiém ctia phwong trinh da cho 1a S = {1; 11*?}
Vi du 2: Giai phuong trinh 4/x+1=x* —5x+14
Loi giai

Diéu kién x>1.
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X? —B5X+14—4/x+1=0
& X2 —bX+9+X+1-4Jx+1=0

Phuongtﬂnhtuongduongvéicj(x_3f+(dx+ 2) -0

x-3=0
& & X=
Vx+1=2

Vay nghiém cuia phuong trinh 1a x=3.

Vi du 3: Giai phuong trinh X+ 4v/x+3+2y/3-2x =11

Loi giai

Diéu kién —-3< x Sg .

Phuong trinh <> 11— X—4/x+3-2y/3-2x =0

S X+3-4UX+3+4+3-2x-243-2x+1=0
o (Vx+3 —2)2 +(v3=2x —1)2 =0

{\/F 2
J3-2x =1

Vay nghiém phuong trinh da chola x=1.

= x=1

Vi du 4: Giai phwong trinh X—+/X-8 ~3Jx+1=0

Loi giai
Diéu kién x>8.
Phuong trinh < 2x—2/x-8-6x+2=0
> X-8-2X-8+1+1x—6/x+9=0
= ( x—8—1)2+(&—3)2=o
\/ =1
f 3

Vay nghiém cta phuong trinh la x=9.

= Xx=9

Vidu5: Giai phuong trinh X* +x—9=/(x*=8)(x—-2) + VX’ -8 +/x-2

Loi giai
Diéu kién x >/8
Phuong trinh < 2x* +2x-18 = 2,/(x* =8)(x—2) + 2Vx* 8 + 2/x -2

@(M—M)Z+(m—1)z+( x—2—1)2 -0

VX2 -8 =4x-2
o ddxt-8=1 < x=3
Vx=2=1

Vay nghiém cta phuong trinh la x=3.
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Vi du 6: Giai phuong trinh v1-2x ++/1+2x =2-x*

Loi giai

biéu kién —%SXS%: 2-x*>0.

Phuong trinh < 2+ 2y/1-4x% = x* —4x* + 4
X' —4x* —241-4x* +2=0
& x* +(1-4x)" ~2V1-4x* +1=0
2

o X! +(\/1—4x2 —1) =0

x*=0
= < x=0.

V1-4x2 =1

Vay nghiém cua phuong trinh 1a x=0.

DANG 2: DPANH GIA VE NAY > MOT SO, VE KIA < SO PO BANG BDT COI, BUNHIA

Vi du 1: Giai phuong trinh VX—2 ++/4-x = x> —6x+11

Loi giai
Diéu kién 2<x<4.
Co X? —6x+11=(x—3)"+2>2
Ta sé danh gid VX—-2++4-x<2
Cach 1: (S dung BDT Cosi)
(Vx—2+va—x) =2+2,/(x-2)(4-x) <2+2
=S>VX—2+V4-x<2
Céch 2 (St dung bat dang thitc Bunhia)

Xét (LaX=2 +1a/Ax) <(842)(VX2" +VA=X" | =4 = VX2 + VA-x <2

Nhu vay VXx—2++4-x <2, x* —6x+11> 2 nén phuong trinh xay ra ddu bang

x-3=0
< x=3.
X—2=4-X

Vay nghiém ctia phuwong trinh 1a x=3

x—2+(4—x)_4
Xét B

Vi du 2: Giai phuong trinh Vx—1++/3—x =x" —4x* +7x* -12x+14

Loi giai
Diéu kién 1<x<3
Tacd x* —4x3+7x*-12x+14 = (x4 —4x® +4x2)+(3x2 —12x +12)+ 2

= (x® —2x) +3(x-2)" +222
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Ta sé danh gia VXx-1++/3-Xx<2

Cach 1: (St dung BDT Cosi)

(\/E+\/ﬂ)2 =2+2,/(x-1)(3-x) s2+2%(3_x)=4

= \/E+ 3-x<2

Cach 2 (St dung bat déng thitc Bunhia)

Xét (1x—1+13x) <(2 +12)(m2+@2):4:>JE+ 3-x<2

Nhu vay VX—1++/83-x<2, x* —4x* + 7x* —=12x+14 > 2 nén phuong trinh xay ra d4u bing
x> —2x=0

Xx—2=0 ox=2.
X—=1=3-X

Xét

Vay nghiém cta phuong trinh la x=2.

Vidu 3:

Giai phrrong trinh v2x -5 ++/7 - 2x = x* —4x* = 2x* +12x+11

Loi giai
Diéu kién i <x< ’
2 2

Ta c6 x* —4x® -2x? +12x+11=(x4 — 4% +4x2)—6x2 +12x+11
=(x2 —2x)2 —6(x2 —2x)2 +11

= (x* —2x)" —6(x* ~2x)+9+2

= (x* —2x-3) +222

Ta sé& danh gia v2x—5++/7-2x <2
Cach 1: (S& dung BDT Cosi)

Xét (V2x—5 +47-2x) =2+2,f(2x~5)(7-2x) S2+25x—2+2(7—2x) _4

= 2X-5+/7-2x <2

Cach 2 (St dung bat dang thitc Bunhia)

2 Bunhia

Xét (LV2x-5+147-2x) < (12 +12)(J2x—52 +J7—2x2) —4

= J2x-5+/7-2x<2.
Nhu vay v2x-5++7-2x <2, x* —4x> - 2x% +12x+11> 2 nén phuong trinh chi xay ra khi

{

Vay tap

x2-2x-3=0
2X-5=7-2x

nghiém ctia phuong trinh da chola S ={3}.

< x=3 (thoa man)

Vidu 4.

Giai phwong trinh x+/3—2x =3x% —6x + 4

Loi giai

biéu kién: 3—2x20<:>x£g .

Cach 1 (Panh gia 2 vé)
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C6 3x2—6x+4=3x% —6x+3+1=3(x-1)" +1>1.
Suy ra Xv3-2x 21=x>0.

3
3-2X
Do d6 x3/3—2x = y|x2 (3—2x) = /xx(3— 2x) < LJ =1
o dé x X =+/X°( X) = (%X ( X) J( 3

Nén x+/3-2x <1.

Nhu vay nén phuong trinh xay ra khi

x-=1=0 o
{x=3—2x<:> x =1 ( thdéa man).

Céch 2 (Pua vé binh phuwong)
CO Xv/3—-2X =3x% —6X+4 <> 2x/3—-2x =6X% —12x+8
o x% - 2x/3-2x +(3—2x)+5x2 —10x+5=0

<:>(x—«/3—2x)2 +5(x=1)° =0

2
Do (x—\/3— 2x) >0; 5(X—1)2 >0 nén phuong trinh chi xay ra khi

< x=1 (thoa man).

{x:@

x-1=0
Vay tap nghiém ctua phuong trinh da chola S ={1}.

3

Vi du 5. Giai phwong trinh \/ZX—E +\/§—2X =1+—.
X

X 2X

Loi giai

Piéu kién X #0; 2X—§20; E—2x20.
i X X

Cach 1 (St dung bt ding thikc Cosi)
3 |6 3 6
: 2X——+,[——2x = [1.| 2x—— |+, [1.| ——2X
co e yam a2
1+(2x—3j 1+(6—2xj 3
< X X =1+—

+
2 2 2X

Do d6 phuong trinh xay ra khi 2X—§ _S_ 2x=1<x=

X X
Cach 2 (St dung bat dang thiec Bunhia)

2 2
3 6 3 6
4 2X——+, [——2Xx | =|1.|2X——+1., |——2X

3(12 +12)(2X—§+§—2X]=§
X X X

Nén J2x~§+J§—2ng§
X X X

3
5 (thoa man).

Ma 1+i >2, /1i = \/§ nén dau “=" xay ra khi x = 3 (thdéa man).
2X 2X X 2
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Vay tap nghiém ctia phwong trinh dachola S = {g}

Vi du 6. Giai phurong trinh \/12 —% + \/4X2 —% = 4x2,

X X
Loi giai
N _ 3 a2 3
Diéu kién x = 0; 12——220, 4x ——220 .
X X

Cach1Co \/12—% +\/4x2 —iz =l\/9(12—%] +\/1(4x2 —%j
X xc 3 X X

s%[g +12—3j+%(1+ 4x2 —i] _o2- L g

X2 X2 2x2

2
— 4x° —2(x2 +i2—2j=4x2 —2(x—1j <4x°,
X X

Do d6 phuong trinh xay ra khi

12_i=9; 4x2—i=1; x—1=0<:> X=%1 (thoa man).
x? x? X

Cidch 2 Dit a=4x%>0; b=%>0:>ab=12,
X

Ta dwoc vJab—b ++a-b=a.

b+(a-1) 1+(a-b)

Cé vJab—b++a-b =./b(a-1)+./1(a-b) < + —a.
Jb(a=1)+i{a-b) <2 .
4x2—1:%
Dau “=" xay ra khi )§3<:>4X4—X2—3:O<:>X:il (thoa man).
1=4x"-—=
X

Vay tap nghiém cta phuong trinh da cho la S ={+1}.
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HE THONG BAI TAP SU DUNG TRONG CHU DE
I. PHUONG PHAP BIEN POI TUONG PUONG
Gidi cac phwong trinh sau
Bai 1. V/x+9 +2012y/x+6 = 2012 +,/(x+9)(x+6) .
Bai 2. V2x+1+3V4x% —2x+1=3+8x° +1.
Bai3. xX° +(4+ x2) 4-x% =8-2x\J4—X? -

Bai 4. x+2\/7—x+\/7x—x2—2\/§—7:0.
Bai5. x%+1+ x2+x+2:2x+\/3x+1.
Bai 6. X% +2018y2x% +1=X+1+2018Vx% + X +2.

Bai 7. \/4x +5X+1+3=2x% —x+1+9x.

Bai 8. V5X+4+/3X+2 =+4X+5++/2x+3=0.
Bai9. V3x2—7x+3-vx2 =2 =\/3x% —5x—1-x2 —3x+4 .
Bai 10. 6v/1— x? —4x=3(\/1+x —1).

Bai12. Vx—-1++/6—x =3x*—4x-1.
Bai 13. 5(\/3x—2+\/x+3)=4x2—24x+35
Bai14. x*-2Jx+2-4=0.
Bai15. x>+ x—7=+/x*+5.
3 xX*+7

Bail6.  [x+—= .
X 2(x+1)

II. PHUONG PHAP PAT AN PHU.
Gidi cdc phwong trinh sau.

Bai 1. VX+4+X—4=2x-12+2x* -16.
Bai 2. VX+1++v4—-x+,/(x+1)(4-x) =5.

Bai 3. 5\/;+—:2x+i+4.

24/x 2X

Bai4. (x—1)' =2-x /x—i.
X
Bai 5. x° —3x+1+§\/x4 +x2+1=0.

Bai6. 5 x3+8:2(x2—x+6) .

Bai7. X2+ 2X+7 =3x +3x% + X +3.

Bai 8. —+‘/x——_x+,/2x——

Bai 9. (4x +1) =(3-x)v5- J5-2x.
Bai 10. x®+3x° +9x+7+(x—10)\/ —-x =0.
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3
Bai 11. +/5x% +6x + _ 0 +ax

5x% +6X+6
Bai 12. 2(1—x)x/x2+2x—1=x2—2x+1 )
Bai 13. (4x—1)v/x* +1=2x"+2x+1.
Bai 14. x> +/x+5 =5.
Bai 15. x?+1=232x-1.

Bai16. 7x% + 7X = /4;9 véi x> 0.

Bai17. X2 —x—2J1+16x = 2.
Bai 18. I/x+1=x>-15x? + 75x —131.

III. PHUONG PHAP DANH GIA
Gidi cdc phwong trinh sau:

Bail. x*+7x+12=2/3x+7.

Bai 2. 4x+1=x?—5x+14.

Bai 3. X+4vX+3+2y/3-2x =11.

Bai 4. x—/x—8-3/x+1=0.
Bai 5. ¥ +X-9=,J(x* ~8)(x-2) +V/x* -8 +V/x~2.

Bai 6. V1-2X ++/1+2x =2—x2.

Bai 7. VX—2 +J4—x =x? —6x+11.

Bai 8. VX—1++3—x=x'—4x}+7x? —12x +14.
Bai 9. V2x-5++7-2x = x* —4x° = 2x® +12x +11.
Bai 10. Xv/3—2x =3x% —6x+4.

Bai 11. \/2x——+\/§—2x :1+i.

Bai 12. \/12—% +\/4x2 3 4%°.
X
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