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LOI NOI DAU

V6i mong mudn téng hdp nhitng néi dung hay va bam sat theo dé thi tuyén sinh
vao 10 mén toan THPT, giai quyét dudc tat ca cac bai toan trén 16p cho cac em hoc
sinh, t6i da swu tam va bién soan tai liéu nay dé gitp cic em hoc sinh khbi 9 c6 cai nhin
téng quan vé noéi dung can hoc.

Tai liéu nay dudc siéu tam trén nhiéu nguon, nhiéu cudn sich véi su tran trong nhw
ctia thay "LE DUC THUAN™", ..., cac dé thi clia cac trudng trong ca nudc va dudc viét
lai v6i § tudng ctia to6i. Tai liéu téong hdp nay cé phan ra cac cha dé trong tam cé cd sd
1y thuyét, phan dang bai tap ré rang va cu thé, cé ciac vi du mau minh hoa véi cac cach
giai theo mé6 hinh tw duy. Dic biét 14 50 dé luyén tap sé gitip cic em nang cao ki ning
va tdc do lam bai.

Diut da rat cb6 ging kiém soat noi dung bai viét ctia tai liéu nhung ciing khong thé
tranh dudc nhing sai s6t vi thé rat mong nhan dudc sy gép y chan thanh cta ban doc.

Tai liéu sé ludn dudc cap nhat va chinh sita dé tré nén hay hon nita.

Xin chan thanh cam on!!!

Y tuwdng & bién soan
LE VAN HUNG

"Day hoc biang toan hoc, khéng phai vi toan hoc" )
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MINH HOA CAU TRUC DPE THI VAO 10 HA NOI
DUA TREN DE TUYEN SINH

Bai I. (2,0 diém)

a) Rit gon biéu thitc (1,0 diém).

b) Tim gia tri ctia biéu thitc théa man diéu kién (0,5 diém).

c) Bai toan phu (0,5 diém).

Bai II. (2,0 diém) Giai bai toan bing cach lap hé phuong trinh hoic
phuong trinh.

Bai III. (2,0 diém)

1) Giai hé phuong trinh bac nhat hai an (1,0 diém).

2) (1,0 diém)

a) Bai toan dudng thang, parabol, phuong trinh bac hai ... (0,5 diém).
b) Bai toan dudng thang, parabol, phuong trinh bac hai ... (0,5 diém).
Bai IV. (3,5 diém) Hinh hoc tong hgp.

1) Chitng minh ti gidc noi tiép (hoic chitng minh nhiéu diém ciing thudc
mo6t dudng tron) (1,0 diém).

2) Tam giac dong dang, ..., hé thiic lugng trong tam giac (1,0 diém).
3) Cau hoéi van dung (1,0 diém).

4) Cau héi van dung cao (0,5 diém).

Chii y: Chitng minh phan nio thi c¢6 hinh vé ding phan dé méi cé diem.
Bai V. (0,5 diém) Van dung cao.

1) Bai toan Min - Max (bat dang thiic).

2) Giai phuong trinh chita can thiic.

3) Giai hé phuong trinh nang cao.
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CHUYEN DE TOAN THI VAO 10

CHU DE I: RUT GON BIEU THUC
BAI TOAN PHU
A. LY THUYET
1. CAC CONG THUC BIEN DOI CAN THUC
A néuAd>0
L VAT =|A|=

“AnéduA <0

2. VAB = ANB (véi A > 0; B > 0).
3 g—% (véi A > 0; B > 0).
4. VA’B=| A| VB (véi B > 0).
5. AVB = A2B (véi A>0;B > 0).
6. AVB = —VA2B (véi A < 0; B > 0).

A 1
R 51 A.B > 0; :
7 B 1D AB (v6i A.B > 0; B #0)
s.iB:ATB (véi B > 0).
€A 420 47D
. = v6i > va .
VA+B A— B2 ( - 75

c ¢ (VAF VB) ) |

10. = i A>0;B>0;A+#DB).
VityB  A-B o= 7P

3
11. (6/2) _ YA — A
2. XAC DINH NHANH DIEU KIEN CUA BIEU THUC

e VA = DKXD: A > 0. Vi du: vz — 2018 = DKXD: z > 2018.
A p
e = = DKXD: B #0. Vidu: 272 & PKXD: o #3.
x_
A x+2
. = DKXD: B > 0. Vi du: — DKXD: z > 3.
VB T Vo -3
A >0
o\/_:DKXD:AZO;B>0. vide V' ~prxp: 17 e o
VB v —3 z >3
A<O0 r—1<0
A B <0 r—1 r+2<0 T < =2
e /= = DKXD: . Vidu: = DKXD: & .
B A>0 T +2 z—1>0 x> 1
B>0 r+2>0

T >/a
r < —/a

T > 2

eChoa>0tacéz?>a< )
T < —2

.Vidu:x2>4:>[

"Day hoc biang toan hoc, khéng phai vi toan hoc" 7
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eChoa>0tacor’<a& —ya<zr<,a Viduwir’<4ds -2<z<
Chu y 1: Giai phuong trinh chita dau gia tri tuyét doi.

e Dang tong quat 1: |A(x)| = k & A(z) = £k véi k 1a hing 6.

e Dang tong quat 2: |A(x)| = |B(r)| & A(z) = £B(z).

e Dang tong quat 3: |A(x)| = B(x)

Truong hop 1: Néu A(z) > 0 thi phuong trinh tré thanh A(z) = B(z).

Truong hop 2: Néu A(z) < 0 thi phuong trinh tré thanh A(z) = —B(z).
Chu y 2: Giai bat phuong trinh chita diau gia tri tuyét doi.

e Dang tong quat 1: |f(z)] < g(z) & —g(z) < f(z) < g(z).

Déc biet v6i hdang s6 k > 0 thi |f(2)] < k & —k < f(x) < k.

e Dang tong quat 2: |A(z)| > g(z) & /(@) > g() :
fz) < —g(x)
Dic biet v6i hang s6 k> 0 thi |f(z)] > k & J(@) >k .
f(x) < =k

e Dang tdng quét 3:
+) 1f(@)] < lg(@)| & [f(@)) < [g(2)]"

+) 1f(@)] > |g(@)| & [f (@) > [9()]"
Cha y 3: Bat ding thitc Co - si cho hai s a, b khong am ta cé:

a+b>2Vab

Dau” =" xdy ra < a = b.

Cha y: Véi hai s6 a, b bat ky ta luon c6:
a® + b*> > 2ab

Dau” =7 xdy ra < a = b.

Z 2 1
Vi du: Cho x > 1. Tim gia tri nhé nhat cta bieu thic A = x + —.
x

Huéng dan

. J 1 /1
Viz >1>0. Ap dung bat dang thitic Co -sitacé A=x+ — > 24/xz.— = 2.
x x

. f ‘ 1
Dau” =7 xay ra khi va chi khiz = - & x = 1.
x
Vay Apin =2 < o = 1.

Z e ].
Vi du: Cho x > 2. Tim gia tri nh6 nhat ctia bieu thic B = z + —.
x

Huéng dan

TS 10 - Ha Noi

2.
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p . 1 1
Cach giai sai: Viz > 2 > 0. Ap dung bat dang thitc Co-sitacé B=x+ — > 24/x.— = 2.
x x

. 1
Dau” =7 xay ra khi va chi khi z = — < x =1 (khong théa man vi z > 2).
T

Vﬁy Bmin:2®$:1-
Gogi y cach giai dang:

1
1 P , nr = —
Du doan By, dat dugc taix =2. Taco B=nx+ -+ —nx. Dau” =7 Xéyrakhi{ z.
x
T =2
1 4 1 1
Dod()tac()A——x E — Apdungbatdangthu’cCo—& + > 2 S
4 4 x 4 x
. 1
Dau”:”xayra<:>zz—<:> 2 (viz>2).
x
5
Vémeln:§®x22
. , 1
Vi du: Cho x > 3. Tim gia tri nho nhat cta bieu thic C' =z + —.
x
Huéng dan
1 8 1 10
TU(jngtutacéC’:x+—:—x+ E+ > —. Dau” =" xdy ra khi z = 3.
x 9 9 =z 3
z N sz . ? S 2 - 2 P 23—|—12 L.
Vi du: Tim gia tri nho nhat cta bieu thic D = . Véixz > 0.
V42
Huéng dan
Qoi§: D= (VT+2) + =0 —4>4 Diu’” =" xy ra khiz =4
iy: D= (x — . Dau” =7 xay ra khi x = 4.
Y VI +2 - Y

3. Cac buéc rut gon mot biéu thic
Buéc 1: Tim dieu kién xac dinh.
Buéc 2: Tim mau thitc chung, quy dong mau thic, rat gon ti, phan tich t thanh nhan ti.
Buéc 3: Chia ca tit va mau cho cho nhan tit chung ctia tit va mau.

Budc 4: Khi ndo phan s toi gidn thi ta da hoan thanh viéc rat gon.

) 2 -2 1
Vidu:Rﬁthnbiéuthl’rcA:( s Ve )(:13+ —\/_—1—1)

r+2y/r+1 -1 N
Huéng dan
Digu kien: 4 © "
o 377&1‘
P S A ] [m+1+\/5(1—\/5)}
[(Ve+1)? (Ve-DVr+1)] | Vo Vi

A__(\/_+2)(\/5—1)_(\/5—2)(\/5+1)] <
Ve+12Wr-1) (Ve-Dz+1)?]

A T+ /T —2 =T -2 }(ﬁJrl)
[(Vr+12(Vz—-1) (Vr-1(/z+1)

"Day hoc biang toan hoc, khéng phai vi toan hoc" 9
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A {x+\/_—2—x+\/5+2} (ﬁ+1)

a (Ve +1)2(Va—1) \ WV
= e ()

IR IRV OV V) RNV

2
x—1
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

Ciac bai toan riat gon, tinh gia tri ctia biéu thic chita s6

Vi du 1: Rat gon biéu thiic.

—6—-2V5 b) B =4 —12.
19— 83 d) D =/5-2V6— V4 +12.
Huéng dan

a) A=1v6—2v5=1/(V5-12=[V5—1=v5—1.

b) B=V4—-V12=14-2/3=1/(vV/3-1) —y\/§—1]:\/§—1.

) C=v19-8/3=1/(vV3-42=|V3—4|=4—3

d) D =526 - Vi+ V2= \/(V3- V2 - \/ﬁ—w V2l - V3 +1]
=V3-vV2-V3-1=-1-V2

Vi du 2: Rt gon biéu thic.

— V4423 b) B = /8 — 2V/15.

—V9- 45 d) D=7+ V13-7-
Vi du 3: Rt gon biéu thic.

CV6+2v5 V526 3 4 1
VATTES T R N A A RN
Y Y MY R IRV WURVZ Y B

d) D=/5V2+7—v5/2 1.

Vi du 4: Rit gon bicu thitc.

a) A=13-2v2 V642 b) B =19+ 45 — /9 — 41/5.
¢) ' = (VI +V6) V5 - V2l ayp = 3F3Vo=V2=VI0
‘ 6+ 2v5
Vi du 5: Rt gon biéu thiic.
a) A=V4-2V3+V41+2V3 b)B:\/\/_—\/?)—m.
Q) C=V5V2+7— V5217 ) D=v2+V5+V2-5
Vi du 6: Rt gon biéu thic.
a) A= VT —4/3 - V7+4/3 b) B=/5— VI3 + 43+ /3 + I3+ 4v53.
c) C'= /20 + 142 4+ /20 — 14+/2 d) D = V/9+ 45+ V9 — 4./5.

Vi du 7: Rit gon biéu thic.

"Day hoc biang toan hoc, khéng phai vi toan hoc" 10
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a) V11 +6v2 4+ /11 — 612 b) V41 — 12¢/5 — /41 + 12+/5.
) V3—2v2— V6 —4V2 d)\/\/_—\/_—\/29—12\/5.

Céac bai toan rit gon chita an va bai toan phu
Dang 1: TINH GIA TRI CUA BIEU THUC A KHI = = z,
Phuong phap: Rt gon gid tri clia bién (néu can) sau dé thay vao biéu thitc da cho 16i thay vao
biéu thitc da cho roi tinh két qua.
Vi du: Cho biéu thitc A =22+ |z —4|.
a) Ruat gon A.
b) Tinh gia cia A khi z = 3.

Huéng dan

20 +x—4 néux >4
Taco A=2r+ |z —4|= )
20 — (r —4)néuz < 4

3r —4 néux >4

r+4 néux<4

Khiz=3<4thigidtrichta Ala: A=3+4=T7.
Vi du: Cho bidu thite 4 — YE—1 _ 2ve  2-5ve
: Ve+2  Jr—2 4—x

2
2-V3

Vi dus Cho bidu thite A — (YEH2 __vVE—2 \ 4z
: r—1 z-2yx+1) (z—-1)2

a) Ruat gon A.
b) Tinh gia tri ctia A biét z =

a) Rut gon A.
b) Tinh gia tri cia A biét |z — 5| = 4.
, 2/ 2
Vidu:ChobiéuthfrcA:( o \/§+\/§) Ve .
r—y 2/ —=2y) x-Sy

a) Rat gon A.

b) Tinh gia tri clia A biét © =
Yy

Vi du: Cho biéu thiic A =

T N O

x? — 2 N 222 . 1 2
202 +8 a3 —2x244r—8) x x2)
a) Ruat gon A.

b) Tinh gia tri ctia A biét x = /4 — 2v/3.

Vidu:ChobiéuthﬁcA:m_ﬁqL LI .
' r—9  Jr+3 Jr-3

a) Rut gon A.

b) Tinh gia tri ciia A biét 2 = /11 — 6/2.
1 1

V3-1 V341

/ 2 2
d) Tinh gia tri ciia A biét z = 2 — )
) sl <\/\/§+1 V3 - 1)

c¢) Tinh gid tri cia A biét x =

"Day hoc bang toan hoc, khéng phai vi toan hoc" 11
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Dang 2: TIM GIA TRI CUA BIEN KHI BIET GIA TRI CUA BIEU THUC
Phuong phap:

e Néu bai toan yeu cau tim z dé A = k thi ta bién déi A — k = 0 tinh két qua, két hop véi diéu
kien dé két luan.

e Néu bai toan yéu cau tim z dé A > k (>, <, < k). Ta di danh gia dya vao diéu kien hodc di xét

hieu A — k > 0 vé6i diéu kién cta dé bai dé tim z.

2 2_ 2 1
Vi du: Cho bieu thic A = Ve voix >0,z #4. Timx de A=——.
2+ 2
Huéng dan
12— 1 s
TacoA——— 2+ﬁ——§<:>2\/_—4:\/E+2<:>\/E:6<:>x:36(théaméndiéukién).

1 2 2 1

Vi du: Cho biéu thiic A = — : — :

B O biett e (\/E+2 x+4\/§+4) <x—4 \/E—2>

a) Ruat gon A.

b) Tim z dé A = 0.
—2 2
Ve Ve To2ve Vot voi x > 0; 2 # 4.

Vi du: Cho biéu thiic P = — =
1l o biet TAte \/§—2+\/E+2 x—4 va e Va —2
a) Ruat gon P.
b) Tim z sao cho P = 2.
. 1 .
Vi du: Cho biéu thiic A = véixz >0, 2#9. Timx de A > 1.
vV —3
Huéng dan
1 1- 3 —4
Taco A>1& >l ——-1>0 ———F7— VTt 0<:)\/_ <0
) V=3 \/_—3 VZ-3 Vo —3
Vr—4>0 x> 16
Vr—3<0 r<9 .
& & < 9 < x < 16 (théa man dieu kién).
Vr—4<0 r < 16
Vr—3>0 r>9
Vi du: Cho biéu thic A = M v6i x> 0. Tim z dé A < §
: 2yr+1 2
Huéng dan
3\/_—5 3 3V —5 3 -13
Cach 1: T A<— <-& —— —=-<0& — < 0 ludon dq 6i
ac a co 5itl "2 NS TENGESY uon dang véi
xz > 0.
3
VayA<§V6ix20.
3 3Jx—-5 3 —13
Cach 2: Xét hitu A —~-= — - = ——— <0
ae TS T a1l 2 203y + 1)

3
VayA<§VéixZO.

"Day hoc bang toan hoc, khéng phai vi toan hoc" 12
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oo NN 1 3 (VT 3Jz-3
Vldu.Chobleuthu?cA—<ﬁ+3+m\/§_9ﬁ>.(\/E+3 x+3\/§)'

a) Rut gon A.
b) Tim z dé A > 1.

Vi du: Cho biéu thitc A = \Tr2)
1du 0 bieu C (2w2+8+$3—2x2+41’—8) ( )

a) Ruat gon A.
. 1
b) Giai bat phuong trinh A > 3
, -2 2
Vi du: Cho biéu thite P — —Y° VI TSV g Ve

V-2 Vz+2 z-4 N

a) Rut gon P.
. 2 1
b) Biét M = P : Q. Tim gia tri ctia x dé M? < 1

véi x> 0;x # 4.

\)

i _1 - 2

Vi du: Cho bidu thite A — Y2 VéB:mvéix>O,x7é1,x7é4.
VT —2 x—\Jz—2

a) Tinh gia tri bidu thic A khi 2 = v/27 4+ 10v/2 — v/18 + 8v/2 + 8.

) B
b) Rit gon biéu thic P = T

c¢) Tim gi4 tri nguyén ctia x dé P\/r > —g.
Dang 3: SO SANH BIEU THUC A VOI £ HOAC BIEU THUC B (k LA HANG SO)
Phuong phap: Néu dé bai yéu cau so sanh biéu thitc A v6i hing s6 k hay biéu thitc khac 1a B thi
ta di xét hieu A — k, A — B va xét dau biéu thitc nay roi két lué5m.

T+

) 2 9
Vi du: Cho biéu thiic A = Ve Tt ﬁvaB:—\/Evéixzo,x#9véx7é25.
Ve —3 r—9 r—25

a) Rat gon A.
A
b) Hay so sanh P = ] voi 1.

Huéng dan

Ql

T
A= .
2) VvV +3
A _
b) Tacs: P= 4o VT oHOVT _ Yro5
B JVx+3 x-25 x+3
e in VT =5 —8 » .
Xéthiew P-1l=—-———-1=——<0v6izx>0,x#9 vax#25.
VvV +3 VT +3

? 2\/T — 27 + 1
Vi du: Cho bidu thie A = Y2 =9 VEt3 Vot b o w0
r—5yr+6 Jr—2 33—z

a) Rat gon A.
b) Hay so sanh A véi 1.

Vi du: Cho bidu thite 4 — 2T VT =3 v+l Vr—2

Tivi-2 Va3 1-vz

véix >0,z # 1.
a) Ruat gon A.

1
b) Hay so sanh A véi 3

2 1 2\/1 r+x 1
Vi du: Cho biéu thic A = — :
tad O biet te (\/5—1 x x—x+\/5—1) (:c\/i+x+\/5+1+x+1)

"Day hoc biang toan hoc, khéng phai vi toan hoc" 13



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

voi x > 0, z # 1.

a) Rut gon A.
1
b) Hay so sénhAvéig.
. 2 Vo —1 6v/7 + 1 NG
Vi du: Cho biéu thiic A = | 2 — : :
+ s Tho biew thie ( 2y/x —3 (2\/5—3)(\/E+1)+\/E+1

a) Rat gon A.

b) Hay so sanh A véi ;

Dang 4: TIM GIA TRI NGUYEN CUA z PE BIEU THUC CO GIA TRI NGUYEN
Phuong phap: Bién doi biéu thiic vé dang phan thiic cé t1t 1a s6 nguyen, Ii luan chiit ché dé roi chi
ra mau phai thuoc uéc tu nhién ctia t va két luan.

. 1 5 6 6
Vi du: Cho bieu thic A = — : .
i du: Cho biéu thic (\/5+3+\/_—3 9—x) 12

a) Rat gon A.

b) Tim cac gia tri nguyén ctia x dé A c6 gid tri nguyén.
Huéng dan

a) Diéu kien: z > 0; x # 9. Khi d6 ta c6
4 WE=3)F5(/EH3) 46 I+ 2

(Va +3)(Va —3) 6
62+ 18 T 42
- (WVEH3)(Ve=3)" 6
B 6(v/z +3) VI +2
S (Vr+3)(Ve-3)" 6
g Vo2

=3
b) Ta co A = ﬁtz = \/_\/:2;:5 :1—1-%.

\/;_ 3 c6 gid tri nguyén < /x — 3 €U(5) & x — 3 € {£1; £5}.

Ta biét rang khi z 1a s6 nguyén thi \/z hodc éa s6 nguyén (néu x 1a s6 chinh phuong) hogc 1a s6 vo
Vo —3

V7 1a s6 nguyén, suy ra y/z — 3 1a uéc ty nhién cta 5.

A ¢6 gié tri nguyén <

ti (néu z khong 1a s6 chinh phuong). Dé 14 s6 nguyén thi \/z khong thé la s6 vo ti, do do

Ta c¢6 bang sau.
Ve—=3]1|-1]5 |-5
N3 4 12| 8 |-2]
x 16 | 4 |64 | ||

. 1 Vo —1 1
i du: Cho bieu thic A = — . - .
Vi du o biéu thic (x—l—ﬁ) (x—\/f—i—l ﬁ+1>

a) Rat gon A.
b) Tim céic gia tri nguyén clia o dé A c6 gia tri nguyen.

. 3 x x+1 1 N
V’d: h .2 h/ A: — . .
i du: Cho bieu thic _\/§+(a:—\/§+ NG \/5_1) P

"Day hoc bang toan hoc, khéng phai vi toan hoc" 14




Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

a) Rat gon A.
b) Tim cac gia tri ctia z dé A > 10.

¢) Tim cac gia tri nguyén cia x de A c¢6 gia tri nguyen.

, 2 1 2
Vi du: Cho bieu thic A = Vot va B = Ve + :\/EjL véi x > 0, xz # 4.
VvV —2 r—4 -2 x—4

a) Ruat gon B.
b) Tim cac gia tri nguyén clia  dé P = A(B — 2) c6 gia tri nguyen.

, 2 1 2
Vi du: ChobiéuthﬁcA:\/E—+VaB: VT + :\/EjL véix >0, x # 4.
VT —2 r—4 r—2 xr—4

a) Rat gon B.
b) Tim cac gia tri nguyén ctia  dé P = A(B — 2) c6 gia tri nguyen.

Dang 5: TIM GIA TRI CUA z DE BIEU THUC CO GIA TRI NGUYEN

Phuong phap:

Cach 1: Dya vao diéu danh gia biéu thiic dé tim ra khoang biéu thiic ndm trong, bién luan biéu
thiic nguyen nén ta chi ra dugc cac gia tri nguyen thudc khoang do, véi méi gia tri ctia biéu thic ta
sé tim ra duge cac nghiém clia bién tuong tng.

Cach 2: Dat biéu thitc bing mot tham s6 nguyen, bién doi suy ra mot vé chi con chita can thic
bac hai, dya vao can thitc dé gidi bat phuong trinh dé tuong tng, tim khoang tham s6 nam trong
roi gidi véi cac tharr% s6 tuong tng dé tim ra cAc nghiém ctia bién tuong ting.

Vidu: A= Jit3

Cach 1: Véixz >0taco A > 0.
7 7

< -
Vr+3 73
MaAeZ=Ac{l;2}.

V6i A =1« z =16 (thda man).

v6i > 0. Tim cac gia tri clia z dé A c6 gia tri nguyen.

1
ViiA=2s12 = 1 (théa man).

Cach 2: Dat A = =nvéinée€Z.

7
Vr+3
7—3n 7—3n

. Vi /x>0 neén >0=0<n

=N <= \/T =

VAN
wl

7
A:
VT +3

ManeZ=ne€{1;2}.
V6in =1< x =16 (théa man).

1
Véin=2&2= 1 (théa man).

1 2
Vay v6i x = 16, z = 1 thi bieu thitc A c6 gia tri nguyén.

2 _2 -
Vidu:Chobiéuthﬁ’cA:LvaB:ﬁ+3—\/_ 530 véi x>0, x #09.
2/x+1 V=3 Jx+3 x-9

a) Rt gon B va tim tat ca cac gia tri clia v dé A = B.

b) Tim céac gia tri ctia  dé A c6 gia tri nguyeén.

Huéng dan

"Day hoc biang toan hoc, khéng phai vi toan hoc" 15
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B_(\/5—3)2—(\/5+3)2—36_12\/_—36_ 12
a) B = z—9 T 29 Ji+3

. VT — 2 12
DEA=B & e = & (Ve - 2o +3) = 120V +1) & T =55 — 18 = 0
VI =2
9 =z =4
vz =~ (loai)

Vay dé A = B thi z = 4.
b)A:7\/E—2:g(2\/§+1)—%<g(2ﬁ+1)_z
2y/x+1 2y/r+1 2z + 1 2
7

A< 5 ma A nhan gia tri nguyén duong = 0 < A < 7 A nguyén = A =1;2;3
ViiA=1=Vz=2=u0=

ViA=2=Jr=3=>1=23
Vi A=3= /z1=5=x =25

, 16
Vay de A nhan gia tri nguyén duong thi z = AL x = 25.
, 2y/x —24 7
Vi du: Cho bieu thic A = Ve + Ve va B = véi x>0, x #09.
Vo —3 r—9 Vr+8

a) Tinh gia tri ctia biéu thic B khi z = 36.
b) Rit gon A.
c¢) Tim z dé bicu thiic P = A.B c6 gia tri nguyen.

Huéng dan
b) A= \/§+8'
Vo +3
7
c¢) Ta c6 danh gia 0 < P < 3

V6i P=1= 2 =16 (TM).
1
Voi P=2= =7 (TM).

S

) 1 15— 2 |

Vi du: Cho biéu thiic A = Tapo (B, VL 00405
1+ & r—25  Jr+5) x—5

a) Rat gon B.

b) Tim cac gia tri ctia x dé P = B — A ¢6 gia tri nguyén.

, 1 1 -2
Vidu:Chobiéuthﬁ’cA:(\/E+2+\/__2).\/:/§ véix >0, x # 4.

a) Ruat gon A.
. L TA _
b) Tim z thyc de 3 ¢6 gia tri nguyeén.
Dang 6: TIM GIA TRI NHO NHAT HOAC GIA TRI LGN NHAT CUA BIEU THUC
Phuong phap:
CAach 1: Thém bét r6i dung dinh 1i ¢6 si hoac danh gia dya vao diéu kién.
Cach 2: Dung phuong phap mién gia tri.
Chu y:

"Day hoc biang toan hoc, khéng phai vi toan hoc" 16
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e Biéu thiic A c6 gia tri 16n nhat 1a a, ki hieu 1a A = a néu A < a véi moi gia tri ciia bién va
ton tai sao cho it nhat mot gia tri ctia bién dau ” =" xay ra.
e Biéu thitc A c6 gia tri nhé nhat 1a b, ki hieu 1a Ay, = b néu A > b v6i moi gia tri ctia bién va

ton tai sao cho it nhat mot gia tri ctia bién dau ” =" xay ra.
. 26 — 19 2
Vi du: Cho biéu thie A — T2+ 20V 19 e L Ve
' T+ 2y/x —3 V-1 r+3

Vc’ii x>0,z #1.
a) Ruat gon A.
b) Tim gia tri nhé nhét clia A.

Huéng dan

T+ 16

Vo +3

b) Cach 1: Thém bét roi ding C6 - si hoéc danh gia dua vao diéu kién xac dinh.

a) A=

r+16 x—-—9+25 25 25
= = = 3+ —— +3+—--62>2 T+ 3 —6
VT +3 VI +3 = V- \/_ 3 =V VI+3 - \/(\/_ )\/‘ 3
3 25
=25—-6=4. Dau” =" xay ra khi va chi khi vz + 3 = S =4
Vr+3
= A > 4.

Suy ra minA = 4 khi z = 4.
Cach 2: Duing phuong phap mién gia tri.
r+ 16 2
=—& —A 16 —3A =0.

, >4
Deé phuong trinh c6 nghiém thi A > 0 <

A< 16

7

. Suy ra minA = 4 dau ” =7 xay ra khi va

A
chi khi /z = 5 =2 & ¢ =4 (théa man).

Vidu:ChobiéuthﬁcA:i: L—i— v )
' r+vr \Vr Jr+1

a) Rat gon A.
b) Tim gia tri 16n nhat cia A.

Huéng dan

a) Diéu kien z > 0. Khi d6 ta c6
A VT Vr+l+w
VEVETD Va1
g VT ValVa+l)
V(T +1) Vr+1+az’
VT
Vi+l+a

1
b)TaCé:A:\/_\/? = i :
S RN

NG
. . 1 1
Xét bieu thic 6 mau: 1+ 7 +x > 2, /ﬁﬁ + 1 =3 (ap dung co si).

"Day hoc biang toan hoc, khéng phai vi toan hoc" 17
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1 1 1
TacéAgg.DodémaXA:§khi\/EZT@x:l.

x
Vi du: Cho biéu thiic A = ( v VT — 6 /T — 36y/T

. | x—36_x+6\/5)'2(\/5—3)(95—2\/54—3)'
a) Ruat gon A.

b) Tim gia tri 16n nhat cia A.

Huéng dan
6 .
6 6
b)A= ————<-=3vi(yz+1)2>0.

(Vo +1)242 2
Suy ra maxA = 3 khi z = 1.
. 2 —2 15z —11
Vi du: Cho bidu thite A4 = 2Y2 3 | 3V oV

Vi+3 * Vir—1 z+2x-3
a) Rat gon A.

b) Tim gia tri nhé nhat clia A.

Huéng dan
—9 .

2) A= VT2 it kion 7 > 00 £ 1

VvV +3

5v/T + 15 — 17 17 17 2
b) A= —5- >5-L o A>-Zwyz>o0.
) JZ+3 Jz+3="" 3 Z 3 Vivez

2
SuyraminA:—g khi z = 0.
Vi du: Cho biéu thite A= 25 VIFd g Sr=d Vet l VISl 0 s
Vo —2 T —2\/x NZ7 22—z

1
a) Ching minh B = VIt :
VT =2
b) Tinh gid tri ctia A khi z + /2 4+ 1+ (2v/5 — 1)y/x = 3z — 2w — 4 + 3.
A

b) Tim gia tri nho nhat ctia P = 5
Dang 7: CHUNG MINH BIEU THUC LUON LUON AM HOAC LUON LUON DUONG
VOI MOI GIA TRI CUA AN

Phuong phap:

e Dé chitng minh biéu thiic A > 0 ta chi ra A = A2 + k v6i (k 1a hing s6 duong).
e Dé chitng minh biéu thitc A < 0 ta chi ra A = A2 — k v6i (k 12 hing s6 duong).

, 1 x4+ 2 2
i du: Cho biéu thic A = - P —.
Vi du: Cho bieu thic (\/5—1—1 ;1:\/5—1—1) NG

a) Rat gon A.
b) Chitng minh réng biéu thiic A luon luon am véi moi gia tri ctia x lam A xac dinh.
Huéng dan

a) Diéu kien z > 0. Khi d6 ta c6
(r—=Vr4+1)—(z+2) L2
Vit D@-vitl) v

"Day hoc biang toan hoc, khéng phai vi toan hoc" 18
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S
WVet+D)(z—ve+1) 2
R
20—V +1)

b) Ta c¢6: > 0 nén —/x < 0.

1\ 2
:c—\/E+1:(\/_—§) +§>0.
Do d6 A < 0 v6i moi = > 0.

Vi du: Cho biéu thite A = 1 1 2T+

Vo 14ve Vi l-vi @ Jatl

a) Rat gon A.

TS 10 - Ha Noi

b) Chitng minh réng biéu thiic A luon luon khong am véi moi gia tri clia o lam A xac dinh.

Huéng dan

a) Diéu kien z > 1. Khi d6 ta c6
A=z —-2yx—1.
b) Taco: A=z -2z —1=(z—1) -2z —1+1=(z—1-1)*>0.

Vay A luon luon khong am véi moi x > 1.

Dang 8: CHUNG MINH BIEU THUC THOA MAN VOI PIEU KIEN NAO PO

Phuong phap: Van dung linh hoat cac kién thic da hoc.
7 —9 1 79
Vi du: Cho bidu thite A = Y2 =2 p = V2 VT

— 6ix >0
VT Vo —3 r—9 (vi @ >0,
a) Rit gon biéu thitc B.
1 1
b) Tinh gia tri cia A khi z = — .
) s V2-1 V2+1
c¢) Cho biéu thﬁ’cP:E. Hay tim céc gia tri ctia m dé c6 x théa man P = m.
Huéng dan
-2
au)B:\/E
Vi +3
1 1 2+1 2—-1 2—-2
b) x = - :\/_+ —\/_ :2thayvaoA:\/_ :
V2-1 V2+1 2-1  2-1 2
A 3 R
C)P:E:\/%/; voi dieu kien x > 0, z # 4, x # 9.

P=m<& (m—1)/z=3(1)
Néu m = 1 thi phuong trinh (1) vo nghi¢m.
Néum#lth‘ltfr(l):\/}:%.
D0x>0,x7é4,:177é9:>\/§>053\/§7é2,\/5%3.

>0 m > 1

m—1
Dé ¢6 x théa man P = m < L#Q@ m%g
m_

is,g?, m # 2
m—1

x #9).

"Day hoc bang toan hoc, khéng phai vi toan hoc"

19



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

5 , N
Vay m > 1, m # 2, m # 3 (Théa man yéu cau bai toan).
) 9 1 -
Vi du: Cho bidu thie A= Y2 =2 p— V2 Tr—9

va

NG T V-3 z-9

v6i x>0, z # 9.
a) Rut gon A.
b) Tim gia tri cia A khi z = /4 — 2/3.
2 2 A
¢) Tim z de biéu thic 3= 1.
d) Tim céc gia tri m dé c6 r théa man — = m.

2 _
Vi du: Cho bidu thie A4 — % — VT __2rtyr 2w —1)
: T+ +1 VT Vo —1

a) Rut gon A.
b) Tim gia tri nho nhat cla A.

. 2 )
¢) Tim z de biéu thic @ = % nhan gia tri la so nguyén.

Vi du: Cho bidu thite A — (Y% _ 3 3VE+2) (VeH3  2VT
VI+2 2—\z x-—4 V-2 2/r—=z

a) Rat gon A.
b) Tinh gia tri cia A khi z =9 — 44/5.
¢) Tim z sao cho A.(x — 1) = 3y/.

7 2 1
Vi du: Cho bidu thite A= Y23 L 2VT  VEHL g T T XD a2 0, 2 £9),
99—z Vr+3 -3 3V
3V
Vi+3

a) Chitng minh rang A =
b) So sanh A véi 3.
c¢) Tim gia tri nhé nhat ctia biéu thitc P = A.B.

(, _9 1 1422 —2
Vi du: Cho biéu the A= *—2V% . Vol 1+20-2y0
rr—1 ayr+az+/z 2?2 —\/x

(v6ix >0, x #1).
a) Rit gon biéu thitc A.

b) Tim z dé biéu thitc A nhan gia tri 14 sé nguyen.

Huéng dan

2
T+ +1
b) Cach 1: Véiz >0,z #1=z+/x+1>/x+1>1.
2 2 1
Vay 0 < A = Vet <\/E+ =1+ < 2.
r+yr+1 o+l Vi+1
2
\ﬁAnguyénnénAzl@ﬁ—+:1<:>x:1(théamén).
T+ +1

Vay khong c6 gia tri nguyén nao ctia = dé gia tri ctia A 13 mot s6 nguyen.
Cach 2: Diing mién gia tri
VI +2
A=——F7— A A-1 A—-2=0
Py A G s
Trudng hop 1: A=0=/zr=-2=2x€g

1
TrubngthQ:A#O:>A:(A—1)2—4A(A—2):—3A2+6A—|—120(:)142—2/1—§gO(:)

"Day hoc biang toan hoc, khéng phai vi toan hoc" 20
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= Aec{l;2}do AeZva A>0.

O W~

4
A2—2A+1§§<:>(A—1)2§
Voi A=1= 2 =1 (loai).

2
VéiA:2:>Hﬁ—\/;ﬂz2©2x+\/§:0©\/§(2ﬁ+l):0@x:0(loai).

2 ]. 1 -
Vi du: ChobiéuthﬁcA:ﬁ—+VéLB: + Ve el Ve (v6ix >0, x#1).
Vi —1 Ve—1 z—-1)2/z+1

a) Rt gon biéu thitc B.
b) Tinh gia tri ciia A khi z =5 + 21/6.
c¢) V6i x € N va o # 1. Tim gi4 tri 16n nhat va gid tri nhd nhét ctia biéu thitc P = A.B.
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C. LUYEN TAP BAI TAP GOM NHIEU Y HOI

Bai I. Cho biéu thrc:

() (o

) véiz >0,x #1

-1
1. Chiing minh A = VT )
Vo +1

2. Tinh gia tri cua A khi:

a)a::6—4\/§.
b) & = (\/9+ - )
) x= \/10+6\/_+\/10 6\/_

1
) )
1+x/_ x/_+f BV ERYG
e) x la nghiém cta phuong trinh /222 — 3z — 5 =z — 1.

f) x 1a nghiém cta phuong trinh |2z — 6| = 3z + 1.
g) x 1a gid tri ctia biéu thitc M = \/z (1 — \/7) dat gia tri 16n nhat.

o,

E%

3. Tim z dé:

a)A:é; b) |A] = A; c) A2+ A <0.
4. So sanh :

a) A véi 1. b) A v6i biéu thiic N = */;—;

5. Tim x nguyén duong dé biéu thiic % nhan gia tri nguyén.
6. Tim  thuc dé A nhan gia tri nguyen.
7. Tim gia tri nhé nhat ctia biéu thiic:

a) P=A(x —+x—2).

b) Q = v6i 0 < 1 < 4.

—x+3yr—2

C)R:§V61x>1.

8. Tim gia tri 16n nhat ctia biéu thic:
A
B=2— A b) C = :
2) ’ ) VT 4T
9. Tim z théa man A (vz +1) — (2v6 —1) /z =22 — 2z — 5+ 1.
Bai II. Cho biéu thric:

B:(%H— VT ).(1+xﬁ—\/§)+ww’ﬁw>0,x%l

vél x> 1.

r—1 z4+x+1 1+ VT
— 2
1. Ching minhB:m.
N

2. Tinh gia tri cia B khi:
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a) r=17— 48
b) z =11+ 6v2+ /11 — 6V2.
o)z =5V24+7— V52T
1 1 1
d) = = et —_——
L P v S N SRV

e) x la nghiém cta phuong trinh vz2 —z + 2 = z.
f) x 1a nghiém ctia phuong trinh |z — 1| = |22 — 5|.
g) x 1a gid tri ctia biéu thiic P = x — 4/x + 6 dat gia tri nho nhat.

3. Tim x dé:
a) B=0; b)B—i—L\/;SO.
4. So sanh :
a) B véi —2. b) B véi biéu thitc C' = @
5. Tim x dé B nhan gia tri nguyen.
6. Xét dau biéu thic T = B (y/x — 1).
7. Tim gia tri nhé nhat ctia biéu thiic: .
a) B. b) D = By/x. C)E:ﬁ.

8. Tim gia tri 16n nhat ctia biéu thiic:

a) G = -3 — B; b) Q@ =1- By/x.
9. Tim x théa man By/z + (2v3 + 3) 2 = 3z — 4z + 1 + 10.
Bai III. Cho biéu thic:

2 2 N A
po(EE2vE 2w\ (VEo L 2VEERN 0 tda 40
r+4/r+4 44—z r—2yx r++r

1. Chiing minh C = \/Em_?)'
2. Tinh gia tri cua C khi:
a) v =6 — 2V/8.
b) z = V114 3v8+ /11 — 3V8.
¢) x \/14\/’+20—\/14\/5—20—1.1

) e
TV VBrvh T TR
e) = 1a nghiém cta phuong trinh v22 —x =z — 1.

o

€~2

f) x 1a nghiém ctia phuong trinh |z — 3| = 3.

g) o 1 gid tri clia biéu thitc M = —x + 3y/x + 5 dat gia tri 16n nhat.
3. Tim z dé:

a) C* < 0; b) [C] = —
4. So sanh C véi biéu thitc D = \/z khi z > 9.
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. 2C
5. Tim x de E = — nhan gié tri nguyén.
NG

6. Tim gia tri nhé nhat ciia biéu thic:

TS 10 - Ha Noi

a) Bieu thic C véi x > 9. b)I:—LVGiO<x<9,x7ﬁ4.

TN/ T

¢
Vir—1+C"
8. Tim z théa mén (2v2 + C) /z —3C =3z — 2o — 1 + 2.

7. Tim gia tri 16n nhat cta biéu thic N =

"Day hoc bang toan hoc, khéng phai vi toan hoc"
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D. MOT SO CAU VE RUT GON VA CAU HOI PHU
TRONG DE TUYEN SINH HA NOI

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2012 - 2013)

) 4 ,
1) Cho bieu thic A = ﬁ i 5 Tinh gia tri ctia bieu thic A khi z = 36.
x
? 4 16
2) Riit gon biéu thitc B = (\/%/—_T-4+\/_—4) : j;rQ véi x> 0, = # 16.

3) Véi cac biéu thitc A va, B néi trén, haly tim cac gia tri nguyén o dé gia tri clia biéu thitc B(A —1)
14 s6 nguyen.
Vidu: (TS 10 - THPT Ha Noi, nam hoc 2013 - 2014)
2 -1 2 1
+ VT B VT N VT + ‘
N3 N T+
1) Tinh gi4 tri ctia biéu thitc A khi x = 64.

2) Rit gon biéu thitc B.
., A 3
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2014 - 2015)

1
\/E—+khix:9.

Vé6i = > 0, cho hai biéu thitc A =

1) Tinh gid tri ctia biéu thitc A =

v -1
. z—2 1 VI +1
2) Cho bieu thiic P = . i x > 0 ve 1.
) Cho bieu thiic (x+2\/§+\/5+2) \/E_lvwc va x #
1
a) Ching minhP:ﬁ+ .
VT

b) Tim cac gia tri cta z dé 2P = 2/ + 5.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
2 - 1 - 2

Cho hai biéu thic A = — 3 5 Ve VT

Vo —2 va = \/E+2+ r—4
1) Tinh gi4 tri ctia biéu thitc A khi z = 9.
2) Rit gon biéu thiic B.

4 2 A Z
3) Tim gia tri ctia « dé bieu thic P = 5 dat gia tri nhé nhat.

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2016 - 2017)

véi x > 0, z # 4.

Cho hai bieu thic A = va B = Ve + Ve véiz >0,z #9.
x+38 Vo —3 xr—9
1) Tinh gia tri ctia biéu thitc A khi x = 25.
2) Ching minh B = M
VvV +3

3) Tim x dé biéu thitc P = A.B c6 gia tri 1a s6 nguyén.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2017 - 2018)

) 2 3 20 -2
Cho hai bieu thic A = ks va B = ﬁvéixzo,x#%.

V=5 VT +5 LT
1) Tinh gié tri ctia biéu thitc A khi z = 9.

1
2) Chiing minh B = N
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3) Tim tat ca cac gia tri clia v dé A = Blx — 4|.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2018 - 2019)
’ 4 3 1 2
Cho hai biéu thie A = Y2 +t4 g 3vetl
Vo —1 r+2y/x -3 r+1
1) Tinh gi4 tri ctia biéu thitc A khi z = 9.

1
2) Chiing minh B = i T

£ . . 2 2 A
3) Tim tat ca cac gié tri cia = de B >

voix >0, z # 1.

+5.

~ 8
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CHU DE II: HE PHUONG TRINH

PHAN I: GIAI VA BIEN LUAN
HE PHUONG TRINH

A. LY THUYET
1. Hé phuong trinh co ban
Cho hé hai phuong trinh bac nhat hai an az by =c (1)
adr+by=<
e Cip s6 (wo;90) 12 mot nghiem ctia he (7) néu hai phuong trinh ctia hé ¢6 chung mot nghiem
(205 40)-
e Néu hée (I) khong c6 nghiém thi ta két luan hé (I) vo nghiem.
e Giai hé phuong trinh la tim tap nghiém ctia no.
e Tap nghiém ctia he phuong trinh (I) duge biéu dién béi tap hop céc diém chung ctia hai dudng
thang (d1): azx + by = ¢ va (dy): d'z + by = ¢. Khi dé:
+) Néu (d;) cat (dy) thi he (I) ¢c6 mot nghiem duy nhét.
+) Néu (dy) // (dg) thi he (I) vo nghiém.
+) Néu (d;) trung (ds) thi he (I) c6 vo s6 nghiem.
e Hai hé phuong trinh dugce goi 1a tuong duong véi nhau néu ching cé ciing tap nghiém.
2. Giai hé phuong trinh khéng co ban
Phuong phap dat an phu:
Buéc 1: Dat diéu kien dé hé c6 nghia.
Buéc 2: Dat an phu va diéu kien ctia an néu co.
Budc 3: Giai he theo céc an da dit.
Buéc 4: Tré lai an da cho dé tim nghiem.
3. Giai va bién luan hé phuong trinh co ban
Phuong phap:
e Tt mot phuong trinh rit y theo x 16i thay vao phuong trinh con lai dé duge phuong trinh
axr =b.
e Bién luan:
+) Néu a # 0 thi z = g thay vao biéu thitc dé tim y, khi d6 hé c¢6 duy nhat nghiem.
+) Néu a =0 thi ta c6 0.z = b
Néu b = 0 thi hé c6 vo s6 nghiem.
Néu b # 0 thi hé vo nghiem.
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
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Dang 1. GIAI HE PHUONG TRINH CO BAN
Phuong phap: Sit dung phuong phap thé, phuong phap cong dai sb.
e Giai hé phuong trinh bing phuong phap thé
Phuong phap:
Buéc 1: Tt mot phuong trinh ciia hé da cho, ta biéu dién mot an theo an kia roi thé vao phuong
trinh con lai, ta dugc phuong trinh méi chi con mot an.
Buéc 2: Gidi phuong trinh mot an vita ¢, roi suy ra nghiém ctia hé da cho.
Chu y: O bude 1 ta thuong chon phuong trinh c6 cic hé s6 c6 gia tri tuyét déi khong qua 16n.
Vi du: Giai hé phuwong trinh sau biang phuong phap thé

r—2y=—1
204+ 3y =5
Huéng dan

r—2y=-1 (1)
2e+3y=5 (2)
tadugc 2(y —1)+3y=5ey=1=2r=1

. Tt phuong trinh (1) = x = y — 1 thé vao phuong trinh (2)

r=1
Vay hé phuong trinh ¢6 nghiém )
y=1
Vi du: Giai hé phuong trinh sau biang phuong phap thé
r—y=3 523 +y =22 20 +y="17
1) 2) 3)
3v—4y =4 —x+4y =10 V6 — yv2 =2
V2 -3y =1 2c+ 3y =4 r—2y=3
" V2 -3y 5) y 6) y
43y =2 6x +9y =1 —2x + 4y = —6
7 or —4y =3 3) V3z — 2y = -1 0) r+V2y=1
To — 9y =8 2v2+ 3y =0 V2r —3y=4

e Giai hé phuong trinh bing phuong phap céng dai sb

Phuong phap:

BuGc 1: Nhan hai vé clia méi phuong trinh véi s6 thich hgp (néu can) sao cho céc hé s6 ciia mot
an nao do trong hai phuong trinh ctia hé bing nhau hosic déi nhau.

Buéce 2: Cong hay trit vé véi vé hai phuong trinh ctia hé phuong trinh da cho dé duge mot
phuong trinh méi mot an.

Budc 3: Dung phuong trinh mdéi ay thay thé cho mot trong hai phuong trinh ctia hé va git
nguyén phuong trinh kia.

Vi du: Giai hé phuong trinh sau biang phuong phap cong dai s6

r+y=2 r—2y==6

a) b) :
20—y =1 20 +3y =5
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Huéng dan
£ 2 . 5 SI:?) I‘:l I:]_
a) Cong ting vé clia hai phuong trinh ctia hé ta co: & & .
20 —y =1 20 —y =1 y=1
r=1
Vay hé phuong trinh c6 nghiém .
y=1
r—2y==6 20 — 4y =12 —Ty="T7 y=-—1 y=-—1
b) & & &
20 +3y =5 20 +3y =5 20 +3y =5 20 + 3y =5 r=4
) r=-—1
Vay hé phuong trinh c6 nghiém .
y=4
Vi du: Giai hé phuwong trinh sau bing phuong phap cong dai sb
rT—y=2 20 + 3y =2 —4r+y=-—12
ne 2) ’ 3) ’
2r+y=4 x4+ 2y=3 rT—y=2
V2 -3y =1 20+ 3y =4 6) r—2y=3
T+ 3y =2 6x +9y =1 —2x + 4y = —6
br —4dy =3 3) V3z — 2y = -1 9) r+V2y=1
Tx — 9y =8 2v2+ 3y =0 V2r —3y =4
Vi du: Giai cac hé phuong trinh sau
r _ Yy Yy Tty
2 Y
Dizis o 0497 22y 0,1 3){ 2
= - —_ — f— T — =
y+4 4 5 2 ’

Dang 2. GIAI HE PHUONG TRINH KHONG CO BAN
Phuong phap: Dat an phu:
Buéc 1: Dat diéu kien dé hé c6 nghia.
Buéc 2: Dat an phu va diéu kien ctia an néu co.
Budc 3: Giai hé theo cac an da dat.
Buéc 4: Tré lai an da cho dé tim nghiem.

Vi du: Giai hé phuong trinh sau

1 1
) PRI 3v/7 + 2018 + 2(y + 2020) = 13
3 2 _ 5v/z + 2018 — 3(y + 2020) = 9
r+1 y—-2

Huéng dan

a) Dieu kien: z # —1; y # 2.
1 1
x+1

a+b=-1
3a—2b=17

Dat = b. Khi d6 hé trén tré thanh

y—2

. Giai phuong trinh co ban
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=1
nay ta dugc .
b= -2
! 0
prm— x:
Trd lai an x; y ta ¢ x2+1 <:>{ 1-
2 —_9 ==
y—2 y=3
r=0
Vay hé phuong trinh c6 nghiém 1
y:§
b) Diéu kien: x > —2018.
L N 3a+2b=13 .
Dat v + 2018 = a; (y +2020) = b. Khi d6 hé trén tré thanh . Giai phuong trinh
5a—3b=9
cd ban nay ta dudgc -
b=2
A |V +2018=3 x = —2009
Tré lai an z; y ta co & :
(y +2020) =2 y = —2018
. x = —2009
Vay hé phuong trinh c6 nghiém .
y = —2018
Vi du: Giai hé phuong trinh sau
(T +2 2 ( 1 1
1:—|—1+T2:6 (22 = 22)% + 4(2* —22) =0 x+—:—§
1)5y13 2) 1,1 3)2y37
\:U—i—l_yTQ_ r o y—1 Ty T 2
8 1 (4 y—15 2
3\/293— R + = =
4 y—l—l 5y J Ve —3 12y — 1] gy dr—1 y+2 5
B . T A ) T T (B [EEL I T
y+1 V=3 |2y—1] (2—1 y+2
Vi du. Giai hé phuong trinh sau
1 1 1 ( (
sy T oy ! =
x xr — x x —
Ned 4 ) 2) 1? Y 0 91 % Uy 4
4 ( (
2ty f4+2 y3:27 +2 11 N
x x x
CRT I V2 eyt URMEES 5
(z+2 y 2 (z+4 2y—3 (z+2 y+1 3
( 3z 2
0Bz —1+3/2y+1=12 WI—2—3/y—3=— 2z 5
s
20 +3y—1 12 ( _
== 2(22 —22) +y +1=0 — =8
10){ z—y+2 13 11) (2 ) EVY 12){THY T Y
20 +3y+2=0 3(a® —22) =3y +1=— =4
\z+Yy T—Y
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( 4 . ) D
13) x+§—1 :ch—%a:—B % 14)
\x—l—y—l_xy—Qx—S:g
( + —1-1 ) ! !
rT+y+-—-=-— -
2 —2
\x—l—y—gzﬁ r+2y x—2
7
r+y+a®+y oy =4 Ty -ty =5
18) Y s 19) 2

Phuong phap:

Facebook: CLB Toan T & H

TS 10 - Ha Noi

Sla—1|—3ly+2| =7

2v4x? —8r + 4+ 5y +4y+4=13

1 1
:c+y+;+—:4

17) Y
Py 45+ =4

2y

2+ =38

20) .
T+y+2ry =2

Dang 3. GIAI VA BIEN LUAN HE PHUONG TRINH CO BAN

e Tit mot phuong trinh rat y theo z rdi thay vao phuong trinh con lai dé duge phuong trinh

axr = b.

e Bién luan:

z b 2 2 Z
+) Néu a # 0 thi = — thay vao bieu thic deé tim y, khi d6 hé ¢6 duy nhat nghiém.
a

+) Néu a =0 thi ta ¢c6 0.x = b

Néu b = 0 thi hé c6 vo s6 nghiem.

Néu b # 0 thi hé vo nghiem.

Vi du: Giai va bién luan hé phuong trinh sau

mx —y =2m 2x +my = 5v/2
) y 2) y=5V2

rT—my=m-++1 mzr+2y=2m+1

mr+y=3m-—1 mx + 4y =10 —m
0 ’ 5) ’

r+my=m-+1 r+my=4

T+ my = 3m r—my=1+m?
7) Y ) Y

mx —y =m?—2 mx+y=1+m?

(m+1)z—y=m+1

10)
z+(m—1y=2

mr —y =2m

3)
dr —my =m+6
6) (m—1)z —my=3m—1
2v —y=m+5
20 —y =342m
9) Y

mz +y=(m+1)>

Vi du: Tim gia tri cia m € Z dé hé phuong trinh sau cé nghiém (z;y) véi z, y € Z

(m+1)x—my=>5
x+my=m?+4dm
Huéng dan

(m+1)x—my=>5

x4+ my =m?+4m

1
@
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Tu (2) suy ra x = m? + 4m — my

Thay vao (1) ta duge m(m + 2)y = m?® + 5m* + 4m — 5 (3)
, | m=0 :
e Néu thi phuong trinh (3) v6 nghiém.
m= —2
| m#F0 8+ 5m?+4m —5
eNeu | ™70 Knidoy = TP HAM 5 i ta duge 2 =
m# —2 m(m + 2)
Trud hét ta tim m € Z dé z € Z.
- m?+4m+5

1 2

=m+2+—— DbexeZthim+2eUQ).
m+2 m+ 2
Suyram+2=+1=m=-3;m=—1.

1

Véim:—3:>y:§¢Z.

Véim=—-1=y=5¢€Z.
Vay v6i m = —1 thi hé ¢6 nghiém nguyeén (2;5).

mx + 4y =10 —m

Vi du: Cho hé phuong trinh
r+my=2m+1

TS 10 - Ha Noi

m?+4m+5

m+ 2

a) Xac dinh céc gia tri nguyén m dé hé c6 nghiém duy nhéat (z;y) sao cho z > 0, y > 0.

b) Tim gia tri nguyén m dé hé c6 nghiém duy nhéat (z;y) véi z, y 1a cac sé nguyén duong.

Huéng dan
a) Diéu kién hé ¢6 nghiem duy nhat 1a m # £2
8—m
r=——
Khi d6 hé c¢6 nghiem 24¢m
VS
8—m 0
. >0 5 L
Ditukien {© ~ e {2Em o 2om<s.
y>0 > 0
24+ m
VéimeZ = me{-1,0;1;2;3;...;7}.
b) m = {-1;3}.
T+ my =2

Vi du: Cho hé phuong trinh
mx —2y =1

a) Tim sb nguyén m dé hé cé nghiém duy nhét (z;y) sao cho z > 0, y < 0.

b) Tim sé nguyén m dé hé c6 nghiém duy nhat (z;y) ma =, y 1a cac sé6 nguyeén.

Huéng dan

1 R
a) V6i m = 0 thi hé c6 nghiém (2; 5) thoa man de bai.

m+ 4

r=——

Vi m # 0 khi d6 he ¢6 nghiem duy nhat o t3
YT 12
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m+4 -0
x>0 5 .5 1
Ta co: a2 & —4<m<=.ViméeZnénme {-3;-2;—1;0}.
2m —1 9
y<0 > <0
m*+ 2

Vay v6i m € Z nén m € {—3; —2; —1;0} thi hé ¢6 nghiém duy nhat théa man z > 0; y < 0.
b) Theo ¥ a) m = 0 khong théa man.

m + 4

r =
Véi m # 0 khi d6 hé ¢6 nghiem duy nhét e +2
Y= e +2

Trudc hét ttimm € Zdé x € Z thi m+ 4 m? + 2
=m?+4m :im>+2=4m —2:m?*+2
=4(m+4)—(4m—2)im?>+2= 18 :m? +2
ma m? + 2 > 2 nén m? + 2 € {3;6;9; 18} = m? € {1;4;7;16}.
Vim € Z nén m € {£1;£2; +4}.
Thit tryc tiép dé o € Z va y € Z thi chi ¢6 m = —1 théa man.
r—2y=3—m
20 4+y=3(m+2)
a) Giai hé phuong trinh khi m = —1.

Vi du: Cho hé phuong trinh

b) Tim m dé hé c6 nghiém duy nhat (z;%) sao cho S = z? + > dat gia tri nhé nhét.

Huéng dan

, . R ) x—2y=3 T =2
a) Khi m = —1 thi hé phuong trinh c¢6 dang &
20+y=3 y=—1
. r=m+3
b) Hé phuong trinh luén c6 nghiém v6i moi gia tri cia m.

y=m

3\> 9.9
oTacéS:xQ—l—gﬂ:(m—|—3)2—|—m2:2m2+6m—|—9:2.(m—|—§) +ty2 5
Lo 9 3

Vay S nhé nhat béngﬁkhim:—g.

) . mx —y =3
Vi du: Cho hé phuong trinh sau
20 +my =9
a) Giai hé phuong trinh khi m = 1.
b) Tim gia tri nguyén ciia m dé hé cé nghiém duy nhét (z;%) sao cho biéu thitc P = 3z —y

nhan gia tri nguyén.
Huéng dan

_ rT—y=3 r=4
a) Khi m =1 thi hé phuong trinh c¢6 dang &
2x+y =9 y=1
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_3m+9
b) Hé phuong trinh luén c6 nghiém 9 °+ % v6i moi gia tri ctia m.
Y= me +2
33

o Xét A=3r—y=— .
, m? + 2

DeAceZ e m?>+2e€U@B3) mam?>+2>2;meZ.
Suy ra: m € {—3;—1;1;3}.

(m+Dz—y=m+1
r+(m—1)y=2

Vi du: Cho hé phuong trinh sau

a) Giai hé phuong trinh khi m = 2.
b) Giai va bién luan hé phuong trinh.
c) Tim gia tri nguyén ctia m dé hé cé nghiém duy nhét (z;y) v6i z, y c6 gia tri nguyén.

d) Tim m dé hé c6 nghiém duy nhat sao cho z + y dat gia tri nhé nhét.
Huéng dan

, R R . 3r—y=3 T =
a) Khi m = 2 thi hé phuong trinh ¢6 dang &

T—y=2 Y =

| o | ot

b) e V6i m = 0 = hé phuong trinh vo nghiém.

e V6i m # 0 = hé c6 nghiém duy nhat

c) @ V6i m # 0 thi hé ¢6 nghiem duy nhat

m? + 1
m2
Tht lai v61 m = +1 thi

e Dé €7 = m==+1.

m?>+1 m+1
ez
m m
Vay v6i m = £1 thi hé ¢6 nghiém duy nhat (x;y) véi x,y € Z.
m? + 1

d) e V6i m # 0 thi hé c6 nghiem duy nhét m”f B
y=

2
m*4+1 m+1 7 (m+4)

Xét = =4+ —"

¢ At T+yY m? + m? 8jL 8m? .

Vay v6i m = —4 thi z + y dat gia tri nhé nhat bang g

rT+2y=3 .
Vi du: Cho hé phuong trinh sau Y (m la tham so). Tim gia tri nguyén cta
r+my=1

OOI \IS

m dé hé c6 nghiém duy nhat (z;y) sao cho z, y 14 cac s nguyén.
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Cc. MOT SO CAU GIAI HE PHUONG TRINH CUA DE THI TUYEN SINH HA

NOI.

Vi du

Vi du

Vi du

Vi du

Vi du

Vi du

Vi du

=+
1: (Bién soan) |363| |%’

2
: (TS 10 - THPT Ha Nai, nam hoc 2012 - 2013) ¢ §
T

2 1
— =9

[yl

: (TS 10 - THPT Ha Noi, nam hoc 2013 - 2014)

: (TS 10 - THPT Ha Nai, nam hoc 2014 - 2015)

: (TS 10 - THPT Ha Noi, nam hoc 2015 - 2016)

: (TS 10 - THPT Ha No6i, nam hoc 2016 - 2017)

: (TS 10 - THPT Ha Noi, nam hoc 2017 - 2018)

: (TS 10 - THPT Ha Noi, nam hoc 2018 - 2019)

3(z+1)+2(x+2y) =4
Az +y)—(x+29) =9

4 1
+——=95
r+y y-—1
1 2 r
r+y y—1

2 +y)+Vr+1=4
(r+y)—3vVz+1=-5

3x 2 B
x—1 +2
2z +y1 5
r—1 y+2
VI+2/y—1=5
Az—Jy—1=2
4o — |y +2| =3

————

r+2y+2/ =3
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PHAN II: GIAI BAI TOAN BANG CACH
LAP HE PHUONG TRINH

A. LY THUYET
1. Phuong phap
Cac buée thiyce hién
Buéc 1: Lap hé phuong trinh.
e Chon an va dit diéu kién, chon don vi cho an. (chon an la cac dai lugng can tim).
e Biéu thi cac dai lugng chua biét theo an va cac dai lugng da biét.
e Lap he phuong trinh biéu thi mbi quan hé gitta cac dai lugng.
Buéce 2: Giai hé phuong trinh vira lap.
Budc 3: Kém tra xem cac nghiém ctia phuong trinh cé théa man diéu kién dit ra va tra
16i.
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TIM CAC CHU SO TU NHIEN
Phuong phap:
eab=10a+b(a,beN,0<a<9, 0<b<09)
e abc =100.a +10.b+c (a,b,c€N,0<a <9, 0<b,c<9)
e T1 86 clia hai s6 a va b (b # 0) lé%
e Tong haisb z vay la x4y
e Téng binh phuong hai s6 = va y la 22 + 32
e Tong nghic dao ciia hai s6  va y la i - 1
Vi du 1: Tim s6 tu nhién cé hai chi sc‘?)J, biét hiéu giita chi¥ s6 hang chuc va hang don
vi 14 7, néu lay s6 da cho chia cho s6 viét theo th tu ngugc lai ta dudc thuong la 3 va sb
du la 5.

Huéng dan

a,bel”
Goi chit s6 can tim c6 dang: ab diéu kien: { ¢ = 1,....9
b=1,..,9
Vi higu gitta chit s6 hang chuc va hang don vila 7 nén: a — b =7 (1)
Vi lay s6 da cho chia cho s6 viét theo th tu ngude lai ta dude thuong 1a 3 va s6 du 1a 5 nén:
ab=3ba + 5 Ta—29 =5 (2)
a—b="17 a=29

Tu (1) va (2) ta c6 hé phuong trinh sau: &
Ta —29b =5 b=2
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Vi du 2: Tim mot c6 hai chit s6, biét ring tong ctia cic chit s6 ciia sd6 d6 déu bang 9

. . PN 2 N
va viéet cac chit s60 d6 theo thitu tu ngugc lai thi dugdc mot so bang 3 sO0 ban dau.
Huéng dan
a,bel”

Goi chit s6 can tim c6 dang: ab dicu kien: { ¢ = 1,...,9

b=1,..9
Vi tong clia cac chit s6 ciia s6 d6 déu bing 9 nén: a +b=9 (1)

Vi viet cac chit so d6 theo thitu tu ngugce lai thi duge mot so bang 9 sO ban dau nén:

— 2— 11 38
1= geT =00
Tu (1) va (2) ta c6 hé phuong trinh sau: ¢ 11 88 &

Dang 2. TINH TUOI
Vi du 1: Hai nam truéc day tudi ciia anh gip d6i tudi ciia em, con tam nam trudc

day, tudi ctia anh gip 5 lan tudi cia em. Héi hién nay anh va em la bao nhiéu tudi.
Huéng dan

Goi tudi ctia anh hién nay 1a = va tudi ciia em hién nay la y diéu kien: z,y € Nz, y > 8
Vi Hai nam trude day tudi cia anh gap doi tuoi clia em nén: 1 —2 =2.(y — 1) &z — 2y = —2 (1)
Vi con tam nam trude day, tudi clia anh gap 5 lan tudi ciia em nén: z —8 = 5.(y —8) < x —5y = —32
)
T (1) va (2) ta c¢6 hé phuong trinh sau: roy =2 T 18
xr —dy =32 y =10
Vay tuoi anh 1a 18 va tudi em la 10.
Vi du 2: Bay nam trudc, tudi cia me bing 5 lan tudi ciia con cong thém 4, nim nay

tudi me vira bang ding 3 1an tudi con. Héi nam nay mdi ngudi bao nhiéu tudi.
Huéng dan

Goi tudi ctia me hién nay la @ vi tudi ciia con hién nay la y diéu kien: z,y e N,z >y > 7
Vi Bay nam trudc, tudi clia me bang 5 1an tudi clia con cong them 4 nén: 2 — 7 =5.(y — 7) + 4 &
r — 5y = —38 (1)
Vi nam nay tudi me vita bing ding 3 lan tudi con nén: r — 8 = 5.(y — 8) < = = 3y (2)

. N . N r — by = —38 r =24
T (1) va (2) ta c¢6 hé phuong trinh sau: &

=3y y=28

Vay tudi me 1a 24 va tudi con 1a 8.

Dang 3. HINH HOC
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Phuong phap:

e Dinh Ii Py-ta-go: AABC vuong tai A < AB? + AC? = BC?

e Chu vi va dién tich ctia hinh chit nhat 1an lugt 1& Cepy vi = 2(a +b), S = a.b v6i a, b 1an lugt 1a
chiéu dai va chiéu rong.

e Dién tich hinh thang S = M

hoac S = m.h v6i a, b 1la do dai hai day, h 1a duong cao, m
la do dai duong trung binh.

Vi du 1: Mot manh dat hinh ch@ nhat cé chiéu dai 16n hon chiéu réng 5m. Néu giam
chiéu rong di 4m va giam chiéu dai di 5m thi dién tich manh dat giam di 180m?. Tinh

chiéu dai va chiéu réong ctia manh dat dé.
Huéng dan

Goi chiéu dai manh dat 1a = (mét) z > 4
Goi chiéu rong manh dat 1a y (mét) y > 5
Vi chiéu dai 16n hon chiéu rong 5m nén: z —y =5 (1)
Néu gidm chiéu rong di 4m va gidm chiéu dai di 5m thi: z.y — (z — 5)(y — 4)180 < = + 5y = 200 (2)
T—Y=2> x =25
=
x + by = 200 y =20
Vay chiéu dai manh dat 1a 25m va chiéu rong manh dat 1a 20m.

Vi du 2: M6t hinh thang cé dién tich 140cm?, chiéu cao 1a 8cm. Tinh d6 dai cac day

T (1) va (2) ta c¢6 hé phuong trinh sau:

ctia hinh thang, biét ring chiing hon kém nhau 15c¢m
Huéng dan

Goi day 16n ctia hinh thang 13  va day nho ctia hinh thang 1a y dieu kien: x,y € N,z >y > 7
Vi hinh thang c6 dién tich 140cm?, chiéu cao 14 8cm nén: +y)8 = 140 < 8z + 8y = 280 (1)
Vi do dai cac ddy ctia hinh than hon kém nhau 15¢m nén: x —y = 15 (2)
T (1) va (2) ta ¢6 hé phuong trinh sau: Sz + 8y = 280 & v =30
r—y=15 Yy=2>5
Vay do dai day 16n 1a 30cm va do dai day nho 1a 5em.
Dang 4. TOAN LIEN QUAN DEN Ti SO PHAN TRAM.
Phuong phap:
e Khoi lugng cong viec = Niang suat . Thoi gian.
e Ning suat = Khdi lugng cong viéc : Thoi gian.
e Thoi gian = Khdi luong cong viéc : Nang suat.
Vi du 1: Hai t6 san xuit dugc giao lam 800 san pham trong mot thdi gian quy dinh.
Nho ting nang suit lao dong, to / vugt miic 10 phan tram, to /7 vudt miic 20 phan tram

nén ca hai té6 da lam dugc 910 san pham. Tinh sd phan pham phai lam theo ké hoach.
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Huéng dan

Goi s6 san pham t6 I va t6 11 lam theo ké hoach lan lugt 1a z, y (z, y € N*, z, y < 800)
C4 hai t6 theo ké hoach 1a 800 sdn pham ta cé: = +y = 800 (1)

7z 2 N 10 2 N
Nho tang nang suat, to I lam vugt mic 10 phan tram la 1—00:1:, to I vugt mitc 20 phan tram la

20 ? :
T00¥" Ca hai to lam dugc 910 san pham ta co:

10 20 10 20 x Yy

— ) =910 6 —z 4+ —y =910 — 800 & — + 2 =110 & z + 2y = 1100
(‘T * 100x) * (y+ 1009) 100" " 100Y 05 Tty

(2)
Tit (1) v (2) ta 6 he phuong trinh saw: 4 © ¢~ 00 J @ =500 (thoa man)
x + 2y = 1100 y = 300 (thdéa man)
Vay s6 san pham t6 I 1a 500 va to 17 1a 300.
Vi du 2: Hai trudng A va B ¢6 420 em hoc sinh dé vao 16p 10 dat ty 1é 84 phan tram,
Riéng trudng A ty 1é 80 phan tram, riéng trudng B ty lé dé 90 phan tram. Tinh s6 hoc

sinh dy thi cia méi trudng.
Huéng dan

Goi s6 hoc sinh dy thi clia truong A va B 1an lugt 1a x, y (z, y € N*, z, y < 800)
100
ta co: =420.— (1
aco:x+y ol (1)

L2 N 10 ) R
Nho tang nang suat, to I lam vugt mic 10 phan tram la 1—001:, to 11 vugt mic 20 phan tram la

20 d 2
—y. Ca hai t0 lam duge 910 san pham ta co:

18000 90
—x 4+ —y =420 (2
100" " 100" @)
100
. . ) . T4y =420.- x = 500 (thoa mén)
T (1) va (2) ta c6 he phuong trinh sau: ¢ g 90 8 &
— x4+ —y =420 y = 300 (théa man)

o i 100"~ 100
Vay s6 san pham to I 1a 500 va to 17 1a 300.

Vi du 3: Thang thi nhit hai to san xuit dugc 900 chi tiét may. Thang th hai t6 [
vugt mic 15 phan tram va té 17 vudgt mikc 10 phan tram so véi thang thi nhat. Vi vay
hai té da san xuat dudc 1010 chi tiét may. Hoéi thang thit nhat mdi to san xuat dudc bao

nhiéu chi tiét may.
Huéng dan

. . 2 ex . . z +y = 900. x = 400 (théa man)
Goi y hé phuong trinh bieu dién cac dai lugng la. < 115 110 &

Vi du 4: Theo ké hoach hai té san xuit dudc 600 sin pham trong mot thdi gian nhit
dinh. Do ap dung ki thuat méi nén té6 I da vugt mic 18 phan tram va to [/ da vuot
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mitc 21 phan tram. Vi vay trong thdi gian quy dinh ho da hoan thanh vudt mic 120 san

pham. Héi s6 san pham dudc giao ctia mdi té6 theo ké hoach.

Huéng dan
: 2 em _ z +y = 600. x = 200 (théa man)
Goi y hé phuong trinh bieu dién cac dai lugng la. < 18 21 & .
Too* + T 120 y = 400 (théa man)

Dang 5. TOAN LAM CHUNG CONG VIEC

Phuong phap:

e Coi toan bd cong viéc la 1.

e Nang suat = 1 : Thoi gian.

e Tong cac niang suat rieng = Nang suat chung.

Vi du 1: Hai ngudi cing lam chung mot céng viéc thi sau 6 gid xong. Néu mot minh
ngudi thit nhat lam trong 2 gid, sau dé ngudi thit hai lam mo6t minh trong 3 gid thi ca
hai ngudsi lam dugc % cong viéc. Hoéi néu mébi ngudi 1am mot minh thi sau bao nhiéu gio

xong cong viéc?
Huéng dan

Goi thoi gian nguoi thit nhat va nguoi thit hai lam mot minh xong cong viée 1an lugt 1a z, y (giv, z,
y > 6)
+) Trong 1 gio
. 1
Nguoi thi nhat lam duge — (cong viéc)
T
1
Nguoi thit hai lam duge — (cong viéc)
1
Ca hai nguoi lam duge 8 (cong viéc)
RSN B
r y 6
. 2
Trong 2 gi¢ ngusi thit nhat lam duge — (cong viéc)
T
3
Trong 3 gi¢ ngusi thit hai lam duge — (cong viéc)

2
Ca hai ngusi lam duge R (cong viéc)

2 3 2

=—+-=-(2

Ty, 5@
1+1 1
T T8 x = 10 (thdéa man

Tit (1) va (2) ta c6 he phuong trinh sau: { g 0 o ( )
2 2 . ~
_+_:5 y = 15 (thdéa man)
Ty

Vay ngudi thit nhat lam mot minh xong cong viec 1a 10 gio

ngudsi thi hai lam mot minh xong cong viéc la 15 gio.
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Vi du 2: Hai ngudi cung lam chung moét cong viéc thi hoan thanh sau 7 gid 12 pht.

Néu mot minh ngudi thit nhat lam trong 5 gid, ngudi thit hai lam moét minh trong 6

R 3 . ez x. SN .
gio thi ca hai ngudi hoan thanh dugc 1 cong viéc. Hoi néu moi ngudi lam mot minh thi

hoan thanh cong viéc sau bao lau?

Huéng dan

Goi thoi gian nguoi thit nhat va ngudi thit hai lam mot minh xong cong viéc 1an luogt 1a z, v (gio, z,

- 36)
Y75
+) Trong 1 gio

) 1
Nguoi thtt nhat lam duge — (cong viéc)
x
1
Nguoi tht hai lam duge — (cong viéc)

Ca hai ngusi lam duge — + — (cong viéc)

x
. 36 1
D61 Th12 = —h = — +

5 T

S| =

. )
Trong 5 gi¢ ngusi thit nhat lam duge — (cong viéc)
T
6
Trong 6 gi¢ ngusi thit hai lam duge — (cong viéc)
Y

3
Ca hai ngusi lam duge 1 (cong viéc)

5 6 3
=242 =20
Ty 7 @)
1+1 5)
T T 2 = (thoa ma
Tir (1) va (2) ta ¢6 he phuong trimh san: { % % 39 & 7 (thoa mén)
4= y = (théa man)
r y 4

Vay ngudi thit nhat lam mot minh xong cong viéc 13 . gio

ngudsi thi hai lam mot minh xong cong viéc 1a / gio.

Vi du 3: Hai voi nudc cung chiy vao mot bé can thi sau 1 gid 20 phit bé sé day. Néu
2 ., . ~
md voi [ trong 10 phit va voi /1 trong 12 phat thi dugc B bé. Héi néu moi voi chay

mot minh thi sau bao lau day bé?

Huéng dan

) 4 1 1
Doi 1h20/ = -h va 10’ = =h, 12/ = —h
01 3 va o 5

Goi thoi gian voi I va voi 11 chdy mot minh day bé 1an luct 1a z, y (gio, z, y > 0)
, 1 ., , 1,
+) Trong 1 gio: Voi I chdy duge — (be), voi 11 chdy duge — (be)
z Y

1 1 3 .
C4 hai voi chdy duge — + — = — (be) (1)
r oy

1 1 , 1 1 ?
+) Trong 10" = Bh voi I chay duge o2 (be), trong 12" = gh voi 11 chay duge e (be)
Z Y
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Ca hai voi chay dug L + ! 2 (bé) (2)
a Nnal vol cha cC — _ = — e
e 6x Sy 15
1 1 3
- - = = — 2 thv ~
Tit (1) va (2) ta c6 hé phuong trinh sau: 1x ?{ 42 = t (théa man)
—+—=—= y = 4 (thdéa man)
6z Hy 15

Vay voi thtt I chdy mot minh day bé 1a 2 gio, voi thit 17 chay mot minh day bé la 4 gio.
Vi du 4: Hai voi nuéc ciing chay vao mot bé khong cé nudce thi sau 2 gid 55 phit bé
sé day. Néu chay mot minh thi voi / chay nhanh hon voi 7 1a 2 gis. Héi thdi gian méi

voi chay mot minh day bé?

Huéng dan

) 4 1 1
Doi 1h20" = —h va 10/ = =h, 12’ = =h
o1 0 3 va 10 o 5

Goi thoi gian voi I va voi 11 chdy mot minh day bé 1an luct 1a z, y (gio, z, y > 0)
. 1 ., 1 .,
+) Trong 1 gio: Voi I chay duge — (be), voi IT chay duge — (be)
T Y

11 3 .
Ca hai voi chay duge — 4+ — = — (be) (1
a hai voi chay 'Cx+y 4(e)()
1 1 2 1 1 2
+) Trong 10" = Bh voi I chay duge 62 (be), trong 12" = gh voi 11 chay duge = (be)
Z )
1 1 2 .
C4 hai voi Chéy duoc & + @ = 1—5 (bé) (2)
1 N 1 3
PP x = 2 (thdéa man
T (1) va (2) ta c¢6 hé phuong trinh sau: lx 21/ 42 & ( )
== y = 4 (théa man)
6x Sy 15

Vay voi thtt I chdy mot minh day bé 1a 2 gid, voi thit 11 chady mot minh day bé 1a 4 gio.

Vi du 5: Cho ba vdi A, B, C ciing chdy vao mot bé. Voi A va voi B chay day bé trong
71 phiit. Voi A va voi C chay day bé trong 63 phit. Voi C' va voi B chay day bé trong 56
phut.
a) Héi mdi voi chay sau bao lau thi day bé? Ca ba voi cing mé mot lic thi sau bao lau
day bé.
b) Biét voi C' chay 10 lit it hon mdi phiit so véi vdi A va vai C. Tinh sitc chita ctia bé va
stic chay ctia moi voi.

Huéng dan
N 2 ~ o N 2 ].
Goi thoi gian voi A chdy mot minh day be la z (mdi phuat chay day be la —).
x
; N 2 ~ . 2 N ? 1
Thai gian voi B chdy mot minh day beé la y (moi phat chay day be 1a —).
Y
N 2 ~. P N 2 1
Thai gian voi C' chdy mot minh day be z (mdi phut chdy day be la —).
z
1 2 ]. ?
+) Trong 1 phat: Voi A chay duge — (bé), vdi B chay duge — (be)
Z Y
1

1 1 .
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1, . f | R
+) Trong 1 phiat voi A chdy duge — (be), voi C' chay duge — (be)
2

x
1 1 1 .
Ca hai voi chéy duge — + — = — (be) (2
a hai voi chay 'C:U+z 63(6)() 1
+) Trong 1 phiit voi C' chdy duge ~ (bé), voi B chay duge — (beé)
z y
1 1 1 .

Ca hai voi chay dugc 2 + ;56 (be) (3)
1 1 1
T % 79 x = 168 (thoa méan)

T (1), (2) va (3) ta c6 hé phuong trinh sau: 1 + - = 1 & <y = 126 (théa méan)
& @ 504
S0 = z = — (thda man)
z y 96

Vay thoi gian voi A chdy mot minh day bé 1a 168.

Thai gian voi B chdy mot minh day bé 14 126 phiit.

, .. 004
Thai gian voi C chay mot minh day beé = pht.
. < N ... 0+44+3 12
Néu ba voi cing mé& mot lac thi moi phiut day be la tEES .
504 504

L s 504
Vay ba voi cung chay day bé sau T phit.

, . 5
b)Goi dung tich ctia bé la ¢ phit thi moéi phat voi C' chéy duge @.t lit, voi A va B chay dugc
3

4 N 5 3 4
(5 + @) .t lit. Theo dé bai ta c6 phuong trinh: @.t +10 = (5 + ﬁ) 4=t = 2520 (lit).

3.2520

Stic chay voi A la: =15 (lit/p).
4.2520

Stic chay voi B la: 0l 20 (lit/p).
5.2520

Stic chay voi C la:

0L 25 (lit/p).
Vi du 6: Hai céng nhan ciing lam mét cong viéc trong 18k thi xong. Néu ngudi thi
nhat 1 62 va ngudi thit hai 1am 12h thi chi hoan thanh 50 phan tram céng viéc. Hoéi néu

lam riéng thi méi ngudi hoan thanh coéng viéc dé trong bao lau.

Huéng dan

1 1 1
. N .2 ox P . N €T - 1_8 Tr = 36 (théa mén)
Gol y hé phuong trinh bieu dien cac dai luong la. { ¢ 1y2 50 €
— = y = 36 (thdéa man)

— + —_
T Yy 100

Vi du 7: Hai vdi nuéc chiy ciing vao mot bé khong c¢6 nuéce thi sau 1k 30 phit sé day
bé. Néu md voi I chay trong 15 phiit rdi khéa lai va mé voi thi I7 chay trong 20 phut

1 ? P o~ ~ 2
thi dugc R bé. Hbéi néu moi voi chay riéng thi bao lau day be.

Huéng dan

1 1 2 15
L P x = — (théa méan)
Ggi ¥ hé phuong trinh bieu dién cac dai lugng la. f yl 1<
— 4+ — == = — (thé a
P + 35 y=3 (théa man)
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Vi du 8: Hai ngudi thd cling 1am mot cong viéc trong 16 gid thi xong. Néu ngudi thit
nhit 12 mot minh trong 15 gid réi ngudi thi hai 1am tiép 6 gid thi hoan thanh dudc 75

phan tram céng viéc. Hoi méi ngudi 1am cong viéc dé6 mot minh hoan thanh trong bao

lau.
Huéng dan
1 1 1
_ . _ > Ty 16 x = 24 (thoéa méan)
Ggi ¥ hé phuong trinh bieu dién cac dai lugng la. 15 % 75 &
L= y = 48 (théa man)
x y 100

Vi du 9: Dé hoan thanh mot cong viéc, hai t6 phai lam chung trong 6 gis. Sau 2 gid
lam chung thi t6 hai dudc diéu di lam viéc khac, t6 mot da hoan thanh céng viéc con

lai trong 10 gis. H6i néu mbi té lam riéng thi sau bao lau sé lam xong cong viéc dé.

Huéng dan
1 1
. R e ' . Ty 6 x = 15 (théa méan)
Gogi ¥ hé phuong trinh bieu dién cac dai lugng la. 11 10 &
2<__|__ +—==1 y = 10 (théa man)
r oy x

Vi du 10: Hai ngudi thg cung lam chung mot céng viéc trong 7 gid 12 phuat thi xong.
Néu ngudi thit nhat 1am trong 5 gid va ngudi thit hai 1am trong 6 gid thi ca hai chi lam

dugc 1 cong viéc. Héi moéi ngudi 1am mot minh trong thoi gian bao 1au hoan thanh céng

viéc do.
Huéng dan
1 1 )
2y T3 o = 12 (thoa man)

Gai ¥ he phuong trinh biéu dién cac dai lugng la. 5 % 3 €

y = 18 (théa man)
r y 4
Vi du 11: Hai voi nuéc ciing chay thi sao 5450 phit sé day bé. Néu dé hai voi ciing
chay trong 5 gid roi khéa voi thit nhat lai thi voi thi hai phai chay trong 2 gid nita méi

day bé. Tinh xem néu dé mdi voi chdy mot minh thi trong bao lau sé day bé.

Huéng dan
1 1 6
. e s . T §_£ x = 10 (théa méan)
Ggi ¥ hé phuong trinh bieu dién cac dai lugng la. & )
11\ 2 B .
5. -+ )+==1 y = 14 (théa man)
r oy Yy

Dang 6. BAI TOAN LIEN QUAN PEN SU THAY POI CUA TiCH

Vi du 1: Trong mot ngdi trudng c6 mot sé6 ghé bang, mdi ghé bang quy dinh mot sé
ngudi nhu nhau. Néu bét hai ghé bang va mbi ghé bang thém mét ngudi thi thém dudc
8 ché. Néu thém 3 ghé bang va mdi ghé bang ngoi rit 1 ngudi thi giam 8 chd. Tinh sb
ghé bang trong hoi truong va sé ngudi theo quy dinh ngoi trong méi ghé.
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Huéng dan

Goi 86 ghé bang trong hoi truong 1a z (cai, z > 0)
S6 ngudi quy dinh ngoi tréen mdi ghé bang 1a y (ngudi y > 0)
S6 chd ngoi quy dinh trong hoi truong 1a z.y (chd)
+) Néu bét hai ghé bang va mdi ghé bang them mot nguoi thi them duge 8 chd thi
(x=2)(y+1)=2y+8 e x—2y=10 (1)
+) Néu them 3 ghé bang va mdi ghé bang ngoi rat 1 ngudi thi gidm 8 cho thi
(x4+3)y—1)=zy+8< x—3y=>5(2)
Tu (1) va (2) ta c6 hé phuong trinh sau: r-y=10 sy 5 (thoa mén)
r—3y=>5 y = 20 (théa man)
Vay s6 ghé bang 1a 20 cai, méi ghé quy dinh ngdi 5 ngudi.

Vi du 2: Mot 6 té di quang dudng AB véi van téc 50 km/h, roi di tiép quang dudng
BC véi van tdc 45 km/h. Biét quang dudng tong cong dai 165 km va thoi gian 6 to di hét
quang duong AB it hon thdi gian di trén quang duong BC la 30 phiit.

Huéng dan

Goi s6 ghé bang trong hoi truong la = (cai, z > 0)
S6 ngudi quy dinh ngdi trén mdi ghé bang 1a y (ngudi y > 0)
S6 ¢hd ngoi quy dinh trong hoi truong 1a z.y (chd)
+) Néu b6t hai ghé bang va mdi ghé bang thém mot ngudi thi them duge 8 chd thi
(x—=2)(y+1)=2y+8 < x—2y =10 (1)
+) Néu them 3 ghé bang va mdi ghé bang ngoi rat 1 ngudi thi gidm 8 chd thi
(z+3)y—1)=ay+8=x—-3y=>5(2)
Tit (1) va (2) ta c6 he phuong trinh saw: 4 & 22— 10 o J© = 20 (théaman)
r—3y=>5 y = 5 (théa man)
Vay s6 ghé bang 1a 20 cai, mdi ghé quy dinh ngodi 5 ngudi.
Dang 7. TOAN CHUYEN DONG

Phuong phap: S = v.t. Trong do:
+) S la quang duong (m, km).
+) v 1a van toc (m/s, km/h).
+) t 1a thoi gian (s, phut, h).
e Néu chuyén dong trong dong chéy thi:
+) Viwoi = Viieng T Vatong muoe:
+) Viewoi = Vriéng - deng nuée*

Vi du 1: M6t 6 té di quang dudng AB véi van toéc 50km/gid, roi di tiép quang dudng
BC véi van tdc 45km/gis. Biét quang dudng tong cong dai 165km va thsi gian 6 to di
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trén quang duong AB it hon thoi gian di trén quang dusng BC la 30 phat. Tinh thoi

gian 6 t6 di trén moéi quang dudng.
Huéng dan

Goi thai gian 6 t6 di trén quang dusng AB 1a z (gio, x > 0).

Goi thoi gian 6 t6 di trén quang duong BC' la y (gio, y > 0).

Do dai quang dudng AB la 50x (km).

Do dai quang duong BC' 1a 45y (km).

Vi quang duong tong cong dai 165km nén ta c6 phuong trinh: 50x + 45y = 165 < 10z + 9y = 33 (1)
Thai gian 6 t6 di trén quang duong AB it hon thoi gian di trén quang duong BC' la 30 phiat nén ta
c6 phuong trinh: = + % =y (2)

3
10z 49y = 33 r = — (théa méan)
RN 2

T (1) va (2) ta c¢6 hé phuong trinh sau: 1
y=r+5 y = 2 (thoéa man)
); t

Vay thoi gian 6 t6 di trén quang ducng AB la g (gi6), thoi gian 6 t6 di trén quang dusng BC' la 2
(gi0).

Vi du 2: Quang dudng AB dai 650km. Hai 6 t6 khéi hanh tit A dén B di ngugc chiéu
nhau. Néu ciing khéi hanh thi sau 10 gid chiing gip nhau va néu xe di tit B khéi hanh
trudc xe kia 4 gig 20 phiit thi hai xe gap nhau sau khi xe di tt A khéi hanh dugc 8 gio.

Tinh van téc mdi xe.
Huéng dan

Goi van toc 0 to di trén quang duong tit A dén B 1a z (km, x > 0).

Goi van toc 0 to di tréen quang duong tit B dén A la y (km, y > 0).

Do dai quang dusng AB la 50x (km).

Do dai quang duong BC' 1a 45y (km).

Vi quang dudng tong cong dai 165km nén ta c6 phuong trinh: 50z + 45y = 165 < 102 + 9y = 33 (1)
Thoi gian 6 t0 di trén quang duong AB it hon thaoi gian di trén quang duong BC' la 30 phtt nén ta
¢6 phuong trinh: x + % =y (2)

3
10z + 9y = 33 x = = (théa méan)
Tu (1) va (2) ta c6 hé phuong trinh sau: 1 & 2
y=r+5 y = 2 (théa man)
3

Vay thoi gian 6 to di trén quang dudong AB la 3 (giv), thai gian 6 to di trén quang dusng BC la 2
(gi0).

Vi du 3: Mot ca ndé chay xudi dong mot khiic song dai 60km, sau dé6 chay ngudc dong
48km trén khiic séng dé6 thi hét 6k gis. Néu ca nd ay chay xudi dong 40km va ngudc dong

80km trén khiic séng dé6 thi hét 7 gig. Tinh van tdc riéng ctia ca nd va dong nudc.
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Huéng dan

Gol van toc rieng clia ca no la z (km/gio, z > 0).

Goi van toc rieng ctia dong nuée la y (km/gio, y > 0).
Van t6c ca no chay xuoi dong la z + y (km/gio).

Van t6¢ ca no chay nguge dong la = — y (km/gio).

h

Thai gian ca no chay xudi dong 60km la
r+y

Thai gian ca no chay ngude dong 48km la
Y
60 48 10 8
+ =6 + =1(1)
r+y T—y r+y T—y
. . 40 80
Tuong tu ta c6 phuong trinh: + =7(2)
rT+y T—Y
10 n 8 ]
— . x = 18 (thdéa man
Tir (1) va (2) ta c6 he phuong trinh saw:{ “HY g Y & ( )
=7 y = 2 (thdéa man)

Ta c6 phuong trinh:

rT+y T—Y
Vay van toc rieng ctia ca no 1a 18 (km/h), van toc rieng ctia dong nudce 1a 2 (km/h).

Vi du 4: M6t chiéc thuyén xudi, ngugc trén moét khiic séng dai 40km hét 4 gis 30
phiit. Cho thdi gian thuyén xubi dong 5km bang thdi gian thuyén ngudgce dong 4km. Tinh
van toéc cua dong nudc.

Vi du 5: Tim van téc va chiéu dai ctia mot 1 doan tau hoéa biét doan tau ay chay
ngang qua vian phong ga tit ddu may dén hét toa cudi ciing méat 7 giay. Cho biét san ga
dai 378m va thoi gian ké tir khi dau may bit dau vao san ga cho téi khi toa cubi ciing

roi khéi san ga la 25 giay.
Huéng dan

Goi van toc ciia tau khi vao san ga la = (m/s, z > 0).
Goi chiéu dai ctia doan tau la y (m, y > 0).
Tau chay ngang vin phong ga mat 7 giay nen y = 7z (1)
Khi dau may bat dau va san ga dai 378m, cho t6i khi toa cudi ciing rdi khoi san ga 1a 25 giay ta co
phuong trinh: y + 378 = 25z (2)
y="Tx x = 21 (thoa méan)
y+ 378 = 25z ~ y = 147 (thdéa man)

Vay van toc ctia doan tau la 21 (m/s), chiéu dai clia doan tau 1a 147 (m).

T (1) va (2) ta ¢6 hé phuong trinh sau:

Vi du 6: Mot chiéc thuyen xudi, ngudc dong trén mot khic song dai 40km hét 4 gis
30 phiit. Biét thdi gian thuyén xudi dong 5km bing thdi gian thuyén ngudc dong 4km.

Tinh van téc dong nuéc.

Huéng dan
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Goi van toc rieng ctia thuyen lic nuée yen lang 1a z (km/gio, x > 0).
Goi van toc rieng ciia dong nuée la y (km/gio, y > 0).

Van t6c¢ thuyén chay xuoi dong la z + y (km/gio).

Van toc thuyén chay nguge dong 1a z — y (km/gio).

h

Thoi gian thuyén chay xuoi dong 40km la
T+y

Thoi gian thuyén chay nguge dong 40km 1a

r—y
40 40 9
Ta ¢6 phuong trinh: + == (1)
r+y wT—y 2
4

Tuong tu ta ¢6 phuong trinh: = (2)
r+y xT—yY
40 40 9
_.I_

— 5 z = 18 (thda man
2 ( )

h

Tit (1) va (2) ta c6 hé phuong trinh sau:{ * +% T = Zi o
= y = 2 (théa man)

r+y xT—y
Vay van toc rieng clia thuyen 1a 18 (km/h), van toc rieng ctia dong nudc 1a 2 (km/h).

Vi du 7: Trén mot dudng tron chu vi 1,2m, ta lay mot diém A cd dinh. Hai diém
M, N chay trén dudng tron, ciing khéi hanh tit A véi van tdc khong déi. Néu chiing di
chuyén trai chiéu nhau thi chiing gip nhau sau mdi 15 giay. Néu di chuyén ciing chiéu

thi diém M sé vugt diém N dang mot vong sau 60 gidy. Tim van téc mbi diém M, N?
Huéng dan

Goi van toc ctia diém M la x (m/s, x > 0).

Goi van toc ciia diém N lay (m/s, y > 0).

Khi chiing di chuyén trai chiéu nhau thi chiing gap nhau sau méi 15 giay

Ta ¢6 phuong trinh: 15z + 15y = 1,2 (1)

Khi chiing di chuyén cting chiéu thi diém M sé vuot diém N ding mot vong sau 60 giay ta c6 phuong
trinh: 60z — 60y = 1,2 (2)

152 + 15y = 1,2 x = 0,05 (thdéa man)

60z — 60y = 1,2 < y = 0,03 (théa méan)

Vay van toc ctia diem M 14 0,05 (m/s), van toc clia diem N 1a 0,03 (m/s).

T (1) va (2) ta c¢6 hé phuong trinh sau:

Vi du 8: M6t chiéc xe may va 6 tod di tir A dén B véi van téc khac nhau. Van téc xe
may 1a 62km/gid, con van toc 6 t6 1a 55km/gis. Dé hai xe dén dich ciing mot lic ngudi ta
da cho 6 t6 chay truéc mot thoi gian. Nhung vi mot 1i do dac biét nén khi chay dudgc g
quang dudng 6 té6 budc phai chay véi van téc 27,5km/gis. Vi vay khi con cach B 124km
thi xe may dudi kip 6 t6. Tinh quang dudng tir A dén B.

Huéng dan

Goi khoang cach AB la x (km, x > 0).
Goi thoi gian du dinh 6 t6 di trude xe may la y (h, y > 0).
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x x
T o6 he o it e d 2 x6_2+y:£ x = 514 (théa man)
a €O h€ phuong trinh sau: §_x+ 5_124 :y+$—124 = yzl%(théamén)
65 27,5 62
Vay khoéng cach AB 1a 514 (km), thai gian dy dinh 6 t6 di trudc xe may la 1%;15 (h).
Vi du 9: Hai 6 t6 kh&i hanh ciing mét lic trén quang dudng tit A dén B dai 120km.

Mbi gid 6 td thit nhat chay nhanh hon 6 té thit hai 1A 10km nén dén B trudc 6 to thi
hai 14 0,4 gig. Tinh van tdc ctia mbi 6 t6.
Huéng dan

Goi khoang cach AB la x (km, x > 0).
Goi thoi gian du dinh 6 t6 di trude xe may la y (h, y > 0).
x

T
x6_2+y_% x = 514 (théa man)
Ta ¢6 hé phuong trinh sau:{ 2 Lo = 94
3¢ 3 124 12 y = 13- (théa man)
65 275 YT 62
94
Vay khoéng cach AB la 514 (km), thai gian dy dinh 6 t6 di truée xe may 1la 1-—— (h).

1705
Vi du 10: Mot ca né di tir A dén B véi van tdc va thi gian du dinh. Néu ca nd tang

van tdc thém 3km/h thi thoi gian rat ngin dugc 2 gis. Néu ca né giam van téc di 3km/h
thi thoi gian ting 3 go. Tinh van tdc va thdi gian du dinh cta ca né.

Huéng dan

Goi van toc dy dinh ctia ca no 1a z (km/h; x > 3).

Goi thoi gian du dinh ctia ca no la y (gio; y > 0).

(x+3)(y —2) =xy. PR K 15 (théa man)
(=3)(y+3) ==y y = 12 (théa man)
Vay van toc du dinh ctia ca no 1a 15km/h.

Ta ¢6 hé phuong trinh sau:

Thoi gian du dinh ctia ca no la 12 gio.

Vidu 11: M6t ca n6é chay trén song trong 8 gid xudi dong dugc 81km va ngudc dong
105km. Mot lan khac, ca nd chay trén song trong 4 gid xudi dong 54km va ngugc dong
42km. Tinh van tbc riéng ctia ca né va van téc dong nudc.

(Biét van téc riéng ciia ca nd, van téc dong nudc khong doi).
Huéng dan

Goi van toc rieng ctia ca no la z (km/h;z > 0).

Van téc dong nude la y (km/h;x >y > 0).

105
= -8, .
_ r = 24 (thdéa man
Ta c¢6 hé phuong trinh sau: ¢ * YTy & ( )
54 42 ) .
+ =4 y = 3 (thdéa man)
r+y T—yY
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Vay van toc du dinh ctia ca no 1a 24km/h.
van téc dong nudc 1a 3km/h.

Vi du 12: M6t xe may di tir A dén B trong thdi gian da dinh. Néu di véi van toc
45km/h s& t6i B cham méat nita gid. Néu di véi van tdc 60km/h sé t6i B sém 45 phiit.
Tinh quang dudng AB va thoi gian du dinh.

Huéng dan
Goi quang duong AB la z (km;xz > 0).
Thoi gian dy dinh di tit Aén B lay (h;y > 0).
1
) . z = 45. (y + §> ‘ x = 225 (théa man)
Ta ¢6 hé phuong trinh sau: N ©
T = 60 (y — _) y = 4,5 (théa méan)
4

Vay quang duong AB la 225 (km).
Thoi gian dit dinh di tit A dén B hét 4,5 gio.

Vi du 13: Mot ca né xudi dong 81km va ngugc dong 42km mat 5 gid. Mot lan khac,
ca né xudi dong 9km va ngudc dong 7km thi méat 40 phat. Tinh van tdc riéng ciia ca nd

va van téc dong nudc. (Biét van tbc riéng ciia ca nd, van téc ctia dong nuéc khong doi).
Huéng dan

Gol van toc riéng ctia ca no la = (km/h;x > 0).

Van téc dong nude la y (km/h;x >y > 0).

42
=5 .
x = 24 (théa man
Ta ¢6 hé phuong trinh sau: { * 3 y e Y 9 < ( )
+ == y = 3 (thdéa man)
r+y x—y 3

Vay van t6c du dinh ctia ca no 1a 24km/h.
van téc dong nude 1a 3km/h.

Vi du 14: Mot 6 t6 di tir Ha No6i va dy dinh dén Hué lic 20k 30 phiit. Néu xe di véi
van téc 45km/h thi sé dén Hué cham hon so véi dy dinh 14 2 gis. Néu xe chay véi van
téc 60km/h thi sé dén Hué sém hon 2 gid so v6i dy dinh. Tinh dd dai quang dudng Ha
Noi - Hué va thdi gian xe xuat phat tir Ha Noi.

Huéng dan

Goi quang duong Ha Noi - Hué 1a z (km;z > 0).

Thai gian 6 t6 du dinh di 1a y (gio; y > 0).

r=60.(y — 2). x = 720 (théa méan)
=

Ta ¢6 hé phuong trinh sau:
r=45.(y+2) y = 14 (théa man)
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Vay quang duong Ha Noi - Hué 1a 720km.
Thoi gian xe xuat phat tit Ha Noi 1a 20130 phit — 14h = 6430 phiit.

Vi du 15: Hai dia diém A va B cach nhau 36km. Cung lic dé6 mot xe tai khéi hanh
tir A chay vé B va mot xe con chay tit B vé A. Sau khi gap nhau xe tai chay tiép 5 gis
nita thi dén B va xe con chay tiép 3 gid 12 phut thi t6i A. Tinh van téc mébi xe.

Huéng dan

Goi van toc xe tai la z (km/h;x > 0).

van toc xe con la x (km/h;y > 0).

16
5z + — = 360.
oY x = 40 (théa man)
Ta c6 hé phuong trinh sau: 16 &
Y b y = 50 (thda man)
57 2t
T Y

Vay van toc xe tai la 40 (km/h).
van toc xe con 1a 50 (km/h).

Vi du 16: Mot be nita tréi tu do (véi van téc bang van téc ctia dong nuée) va mot
ca noé ciing doi bén A dé xusi dong. Ca né xudi dong dudc 144km thi quay tré vé bén A
ngay, ca di lan vé hét 21 gid. Trén dudng ca nd tré vé bén A khi con cach bén A 1a 36km

thi gap bé nita néi trén. Tim van toc riéng ciia ca ndé va van toc cua dong nudc.
Huéng dan

Goi van toc rieng ctia ca no la = (km/h;x > 3).

Van téc dong nude la y (km/h;xz >y > 0).
144 144

—921 .
_ x = 14 (thdéa man
Ta ¢6 hé phuong trinh sau: ﬁj Y 14x4 —%6 36 < ( ) ) )
+ == y = 3 (thoéa man)
r+y r—y Y
Vay van toc dy dinh ctia ca no 1a 14km/h.

van toc dong nude 1a 2km/h.
C. BAI TAP TRAC NGHIEM
Bai 1. Tim s6 ty nhién c6 hai chit s6, biét rang chit s6 hang chuc 16n hon chit s6 hang don vi 1a 2 va
néu viét them chit s6 bang chit hang chuc vao bén phai thi duge mot s6 16n hon s6 ban dau 13 682.
A. 75, B. 85. C. 95. D. 65.
Bai 2. C6 hai s6 tu nhién, biét ring tong ctia hai chit s6 bang 59; hai lan s6 nay bé hon ba lan s6
kia 1& 7. Tim hai s6 d6.
A. 30, 35. B. 25, 34. C. 30, 34. D. 25, 35.
Bai 3. Cho mot sb tu nhien c6 hai chit s6, biét ring tong ciia hai chit s6 bang 10, tich ctia hai s6 d6

bang 12. Tim s6 da cho.
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A. 26. B. 27. C. 28. D. 29.

Bai 4. Mot hinh chit nhat c¢6 chu vi 1a 280m. Néu gidm chiéu dai ctia hinh chit nat di 2m va tang
chiéu rong thém 3m thi dién tich n6é tang them 144m?2. Chiéu rong va chiéu dai cia hinh chit nhat
lan luot 1a.

A. 45, 86. B. 45, 68. C. 54, 68. D. 54, 86.

Bai 5. Mot khu vuon hinh chit nhat ¢6 chu vi 1a 320m. Néu chiéu dai ctia hinh chit nat tang di 10m
va gidm chiéu rong thém 5m thi dién tich né tang thém 50m?2. Tinh dién tich ctia khu viton ban dau.

A. 3000m2. B. 6000m2. C. 9000m?2. D. 10000m?2.

Bai 6. Mot hinh chit nhat c6 chu vi 1a 160m va c6 dién tich 1500m?2. Chiéu rong va chiéu dai clia
hinh chi nhat 1an lugt 1a.
A. 20, 75. B. 25, 60. C. 10, 150. D. 30, 50.

Bai 7. Mot san truong hinh chit nhat c6 chu vi 14 340m. ba lan chiéu dai hon bén lan chiéu rong 1a
20m. Tinh dién tich san truong.

A. 3000m2. B. 4000m?. C. 6000m2. D. 7000m?.
Bai 8. Cho mot tam gidc vuong. Néu tiang cac canh goc vuong lén 4em va 5em thi dien tich tam
giac sé tang théem 110ecm?. Néu gidm ca hai canh nay di 5em thi dién tich sé gidm di 100em?. Tinh
hai canh goc vuong ctia tam giéc.

A. 20cm, 25cm. B. 25¢m, 25¢m. C. 20cm, 20cm. D. 30cm, 35cm.

Bai 9. Cho tam giac vuong c6 canh huyén bang 5c¢m, dién tich biang 6cm?. Tim do dai cac canh goc

vuong.
A. 3cm, 4em. B. 3cm, 4em hoac 4cm, 3cm.
C. 4cm, 5em hodc bem, 4em. D. 5em, 4em.

Bai 10. Hai voi nuéc ciing chdy vao mot cai bé khong c6 nude trong 4 gio 48 phit sé day bé. Néu
md voi thit nhat trong 3 gio va voi thit hai trong 4 gio thi dugc Z bé nude. Hoi voi mot va voi hai
theo thit tit chdy mot minh trong bao lau thi méi day bé?

A. 12h, 8h. B. 8K, 12h. C. 9%, 15h . D. 15, 9.

Bai 11. Hai voi nuéc ciing chdy vao mot cai bé khong c6 nude trong 1 gis 20 phit thi day bé. Néu
dé voi thit nhat chdy mot minh trong 10 phiit v& voi thit hai chdy mot minh trong 12 phit thi chi
dugc 1—25 thé tich ctia bé nuée. Héi mdi voi chdy mot minh trong bao lau sé day bé?

A. Voi mot chay day bé sau 2h, voi hai chiy day bé sau 8h.

B. Voi mot chdy day bé sau 8h, voi hai chdy day bé sau 2h.

C. Voi mot chdy day bé sau 4h, voi hai chay day bé sau 2h.

D. Voi mot chay day beé sau 2h, voi hai chdy day be sau 4h.
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Bai 12. Hai voi nuéc ciing chay vao mot bé can chua c6 nude thi sau 18 gis day bé. Néu chay rieng
thi voi tht nhat sé chay day bé cham hon voi thtt hai 27 gio. Héi néu chay rieng thi méi voi mat bao
lau méi chay day bé?

A. Voi thit nhat chiy rieng day bé trong 425k, voi thit hai chay rieng day bé trong 27h..

B. Voi thit nhat chay rieng day bé trong 542h, voi thit hai chay riéng day bé trong 72h..

C. Voi thit nhat chay rieng day bé trong 524h, voi thit hai chay rieng day bé trong 27h..

D. Voi thit nhat chay rieng day bé trong 542h, voi thit hai chay rieng day bé trong 27h..

1A 3 C 5 B 7D 9B 11 D

2B 4 D 6 D 8 A 10 A 12 D
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MOT SO DE THI CHINH THUC

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2011 - 2012)
Mot doi xe theo ké hoach chd hét 140 tan hang trong mot sé ngay quy dinh. Do mdi ngay doi do
chd vugt mitc 5 tan nén doi da hoan thanh ké hoach sém hon thai gian quy dinh 1 ngay va chd thém
duge 10 tan. Hoéi theo ké hoach doi xe chd hang hét bao nhiéu ngay?

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2012 - 2013)
Hai ngusi cung lam chung mot cong viéc trong % gio thi xong. Néu mdi ngudi lam mot minh thi
thoi gian dé nguoi thit nhat hoan thanh cong viéc it hon ngusi thit hai 1a 2 gis. Héi néu lam mot
minh thi méi ngusi phai lam trong bao nhiéu gi dé xong cong viec?

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2013 - 2014)
Quang duong tit A dén B dai 90 km. Mot ngudi di xe méy tit A dén B. Khi dén B, nguoi dé nghi
30 phiit 16i quay trd vé A v6i van toéc 16n hon van toe ldc di 1 9 km/h. Thoi gian ké tit Iic bat dau
di tit A dén lic tré vé dén A 1a 5 gio. Tinh van toc xe may lic di tu A dén B.

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2014 - 2015)
Mot phan xudng theo ké hoach can phai san xuat 1100 san pham trong mot sé ngay quy dinh. Do
mdi ngay phan xudng do san xuat vugt mic 5 san pham nén phan xuéng da hoan thanh ké hoach
sém hon thoi gian quy dinh 2 ngay. Hoéi theo ké hoach, mdi ngay phan xudng phai san xuat bao
nhiéu san pham?

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
Mot tau tuan tra chay nguce dong 60km, sau d6 chay xudi dong 48km trén ctiing mot dong song co
van toc ctia dong nuée 1a 2km/gio. Tinh van toc clia tau tuan tra khi nude yen ling, biét thoi gian
xuoi dong it hon thoi gian nguge dong 1 gio.

Vi du : (THI THU 10 - THPT Ha Noi, nim hoc 2015 - 2016)
Hai khéi 8 va 9 cia mot truong THCS ¢6 420 hoc sinh ¢6 hoc Iyic trén trung binh dat ti 1é 84%. Khoi
8 dat ti le 80% la hoc sinh trén trung binh, khéi 9 dat 90%. Tinh s6 hoc sinh ctia mdi khoi.

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2016 - 2017)
Mot manh vuon hinh chit nhat c6 dién tich 720m?2. Néu tang chiéu dai them 10m va gidm chiéu rong
6m thi dién tich manh vuon khong doi. Tinh chiéu dai va chiéu rong ctia manh vuon.

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2017 - 2018)
Mot xe 6 t6 va mot xe may ciing khéi hanh tit A dé di dén B véi van toc ctia mdi xe khong doi tren
toan bo quang duong AB dai 120km. Do van t6c xe 0 t0 16n hon van téc xe may la 10km/h nén xe
0 t6 dén B sém hon xe may 36 phit. Tinh van toc clia mdi xe.

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2018 - 2019)
Mot manh dat hinh chit nhat c6 chu vi bang 28 mét va do dai dudng chéo bang 10 mét. Tinh chiéu

dai va chiéu rong ctia manh dat dé theo don vi mét.
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CHU DE IIl: PHUONG TRINH BAC HAI - DUONG
THANG - PARABOL

A. LY THUYET
1. Him s6 y = ax + b (a #0)

e Ham s6 bac nhat y = azx + b, a # 0

+) Dong bién trén R khi a > 0.

+) nghich bién trén R khi a < 0.

e D6 thi ham s6 bac nhat 13 mot dudng thang. +) V6i b = 0 khi d6 duong thang di qua cac diém
(0;0) va (1;a).

+) V6i b # 0 khi d6 dudng thang cit truc hoanh va truc tung lan lugt tai cac diém <—§; O) VA
(0;b).

e Hé s6 goc ctia dudng thang y = ax + b, a # 0

+) Néu a > 0 goc tao bdi truc Ox va d 1a goéc nhon « va a = tana.

+) Néu a < 0 goc tao béi truc Oz va d 1a goc tit a va a = —tan(180° — ).

e Vi trf tuong déi ctia hai dudng thing d:y = ar +bva d'y = a'x + V'

_ /

Hd=d e {7
b=1

— /

najjae T
bV

+)dcat d & a+#ad.

+) dld & ad = —1.

Chu y: Do dai doan thang AB v6i A(za;ya), B(zp;yp) 1a AB = \/(zp —24)? + (yp — ya)?.
2. Ham s6 y = az? (a #0)

e Ham s6 nay c6 tap xac dinh Vz € R.

e Néu @ > 0 thi ham s6 nghich bién khi < 0 va dong bién khi z > 0.

e Néu a < 0 thi ham s6 nghich bién khi x > 0 va dong bién khi z < 0.

e Néua >0 thiy >0V #0.

+) y = 0 khi x = 0. Gi4 tri nh6 nhét ctia ham s6 1a y = 0.

e Néua < 0thiy<0Vaz#O0.

+) y = 0 khi x = 0. Gi4 tri 16n nhat ctia ham s6 la y = 0.
* D6 thi ctia ham s6 y = ax? (a # 0)

e DO thi ham 86 y = ax? (a # 0) 1a mot duong cong di qua goc toa do va nhan truc Oy lam truc
dé6i xting. Duong cong dé duge goi 1a mot Parabol véi dinh O.

e Néu a > 0 thi do thi nam phia trén truc hoanh, O 1a diém thap nhat ctia do thi.
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e Néu a < 0 thi do thi ndm phia duéi truc hoanh, O la diém cao nhat ctia do thi.
3. Phuong trinh bac hai mét an

Phuong trinh bac hai mot an 1a phuong trinh c6 dang az? + bz + ¢ = 0 trong dé6: x 1a an so; a,
b, ¢ (a # 0) 1a cac he sb.

e Cong thiic nghiém ctia phuong trinh bac hai.

Xét phuong trinh az? + bz + ¢ = 0 (a # 0) va biét thic A = b* — 4ac.

. b+ VA —b—VA
e Neu A > 0 thi phuong trinh c¢6 hai nghiém phan biét: x; = ;——; Ty = o
a a

. —b
e Neu A = 0 thi phuong trinh nghiém kép: 1 = z9 = EYe
a

9 =

e Néu A < 0 thi phuong trinh vo nghiém kép.
Chii y: Néu a.c < 0 thi phuong trinh c¢6 hai nghiém phan biét.
D6i véi phuong trinh ax? + bz + ¢ =0 (a # 0) c6 b = 2 va biét thic A’ = b? — ac.

—V + VA —b — VA
—_—x _—.

e Néu A’ > 0 thi phuong trinh c¢6 hai nghiém phan biét: x; = 9 =

a a
e Néu A’ = 0 thi phuong trinh nghiém kép: z; = x5 = _b/.
e Néu A’ < 0 thi phuong trinh vo nghiem kép. !
4. He thic VI - ET va tng dung
e Néu x1, x5 13 hai nghiém ctia phuong trinh az? + bz + ¢ = 0 (a # 0) thi: Tt = ;E
T1.Tg = —
a

e Néu phuong trinh az? + bx +c =0 (a # 0) ¢6 a + b+ ¢ = 0 thi phuong trinh c6 mot nghiem 1a
x1 = 1, con nghiém kia la x, = E.

e Néu phuong trinh az? + b:l:a+ ¢c=0(a#0)céa—>b+c=0 thi phuong trinh c6 mot nghiém la
x1 = —1, con nghiém kia la x5 = —E.

e Néu hai s6 c6 tong bang S ga tich bang P thi hai s6 d6 1a hai nghiém ctia phuong trinh
2? — Sz + P = 0. Diéu kién dé c6 hai s6 d6 1a S? — 4P > 0 hay (A > 0).

Chu y: Cach xét dau cac nghiém ciia phuong trinh bac hai

e Phuong trinh c6 hai nghiém trai dau < a.c < 0.

. A>0
e Phuong trinh c6 hai nghiém cung dau < c .
P=->0
a
A=0
c
e Phuong trinh ¢6 hai nghiém ciing dau duong < { P = o > 0
b
S=-->0
a
A>0
c
e Phuong trinh ¢6 hai nghiém ciing ddu am < { P = . >0
b
S=--<0
a

e Phuong trinh c¢6 hai nghiém trai dau, ma nghiém am c6 gia tri tuyét doi 16n hon nghiém duong
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a.c<0
& b
S=—-—-<0

5. Phuong trinh quy vé phuong trinh bac hai
a) Phuong trinh trung phuong

Phuong trinh trung phuong la phuong trinh c6 dang

ar* +bz* +c=0 (a #0) (1)

Phuong phép gidi: Dat ¢t = 2% = ¢t > 0 dua vé phuong trinh at> + bt + c =0 (2) .
b) Phuong trinh chita an ¢ mau thic

Budc 1: Tim diéu kién xac dinh cia phuong trinh.

Budc 2: Quy dong mau thic hai vé roi khit mau.

Buéc 3: Giai phuong trinh vita nhan duge.

Budc 4: Kiém tra nghiem véi dieu kien roi két luan.
b) Phuong trinh tich

Buéc 1: Phan tich vé trai thanh nhan ti, vé phai bang 0.

Buéce 2: Giai phuong trinh tich.
6. Giai bai toan biang cach lap phuong trinh
Buéc 1: Lap hé phuong trinh.
e Chon an va dat diéu kien, chon don vi cho an. (chon an la cac dai luong can tim).
e Biéu thi cac dai lugng chua biét theo an va cac dai lugng da biét.
e Lap he phuong trinh biéu thi méi quan hé gitta cac dai lugng.
Buéce 2: Giai hé phuong trinh vira lap.

Buéc 3: Kém tra xem cac nghiém ctia phudng trinh cé théa man diéu kién dit ra va tra

loi.

Kién thitc can nhé 1: S = v.t. Trong do:
+) S la quang duong (m, km).
+) v 1a van toéc (m/s, km/h).

t 1a thai gian (s, phat, h).

+)

e Néu chuyén dong trong dong chay thi:
) XuOl = rleng + ‘/;iong nudC
) nguge — rleng Vvdbng nudc*

Kién thiic can nhé 2
e Khéi luong cong viec = Nang suat x Thoi gian.
e Ning suat = Khdi lugng cong viec <+ Thoi gian.
e Thoi gian = Khoi lugng cong viec + Nang suat.
Kién thiic can nhé 3
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Coi toan bo cong viéc la 1.
e Ning suat = 1 + Thai gian.
e Tong cac nang suat rieng = Nang suat chung.
Kién thiic can nhé 4
e Biéu dién: ab=10.a +ba,b €N, (0<a<9,0<b<9).
abc =100.a +10.b+ca,b €N, (0<a<9,0<b,c<9).
oTisécﬁahaiséavabb#Ola%.
e Tong ciia hai s6 a, b 1a: a + b.
e Tong binh phuong hai s6 a, b 1a: a® 4 b%.
e Tong nghich dao hai s6 a, b la: é + %
Kién thiic can nhé 5
e Dinh 1i Py-ta-go.
e Dién tich hinh chit nhat.
e Dién tich hinh thang.
e Tinh chu vi ctia cac hinh.
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI
Dang 1. TINH GIA TRI CUA HAM SO y = f(2) = az? (a #0) TAL z =z,
Vi du 1: Cho Parabol y = %xQ. Xac dinh gia tri m dé cac diém sau day thuoc Parabol.

1 m

a) A(3;m) b) B(—=3;m) ¢) C(m; 3) d) Cm; =).

Vi du 2: Cho ham s6 y = 22% ¢6 dd thi 1a Parabol (P). Biét diém A nam trén (P) c6 hoanh do
bing —%. Hay tinh tung do ctia diem A.
Dang 2. XAC DINH TINH DONG BIEN, NGHICH BIEN CUA HAM SO y = az?
(a#0)

Vi du 1: Cho ham s6 y = (3m — 2)x?. V6i m # %

a) Tim diéu kien m dé ham s6 dong bién khi z > 0.

b) Tim diéu kién m dé ham s6 nghich bién khi x > 0.

Vi du 2: Cho ham s6 y = (vVm + 2 — 3)a%.

a) Tim diéu kién m dé ham s6 dong bién khi 2 > 0.

b) Tim diéu kién m dé ham s6 nghich bién khi 2 > 0.

Vi du 3: Cho ham s6 y = (m? — 2m + 3)z%. Chiing minh rang khi x > 0 thi ham s6 dong bién.

Vi du 4: Cho ham s6 y = f(z) = 222 Tim gi4 tri 16n nhat, gid tri nhé nhat ciia ham s6 khi:

a) 0<x<3 b) =3 < —1.

Vi du 5: Cho ham s6 y = f(x) = (m? +m + 1)z%. Tim gi4 tri 16n nhat, gia tri nho nhat cta
ham s6 khi:

a) Chiing minh rang khi z < 0 thi ham s6 nghich bién.
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b) Véi m = —2, tim cac gia tri nguyéen cia z dé f(z) < 100.
Dang 3. VE DO THI HAM SO y = a2? (a #0)

Vi du 1: Vé do thi clia cac ham s6 sau:
1
a)y ==
)y =32

Dang 4. XAC DINH THAM SO
Vi du 1: Xac dinh hé s6 a ctia ham s6 y = az?. Biét rang do thi ham s6 di qua diem A(10;30).
Vi du 2: Cho ham s6 y = (k+2)z? c¢6 do thi cat duong thang y — 22 +3 = 0. Tai diém M (1;m).

1 1 1
b) y = §x|x| c)y= —§x2 d)y= §x|x|

2

Hay xac dinh £k va m.

Vi du 3: Cho ham s6 y = az? +b. Tim a, b biét rang do thi ham s6 da cho song song véi dudng
thang y = —3z + 5 va di qua diém A thudc Parabol (P): y = %ﬁ c6 hoanh do bang —2.
Dang 5. TOA DO GIAO DIEM CUA PARABOL VA DUONG THANG

Vi du 1: Bién luan theo tham s6 m s6 nghiém ctia phuong trinh: 222 — 1 = m.

Vi du 2: Cho Parabol (P): y = 22 v dudng thing (d): y = —x + 2.

a) Vé (P) va (d) trén cing mit phang toa do.

b) Tim toa do giao diem A; B ctia (P) va (d) bang phép tinh.

¢) Tinh dién tich AAOB (don vi trén hai truc 1a em).
Dang 6. XAC DINH HE SO q, b, c CUA PHUONG TRINH BAC HATI y = az? + bz + ¢
(a#0)

Vi du 1: Dua cac phuong trinh sau vé dang ax? + bx + ¢ = 0 va chi 16 cac hé s6 a, b, c.

a) 2z — 3z =4+ 3x b) x? + 3x = mx + m m la héng sob.

¢) 22 4+v2(3x —1) =1+ V2.

Vi du 2: Lap phuong trinh bac hai ¢6 cac he s6 hitu ti ¢6 mot nghiem 1a /2 4+ 1. Xéc dinh céc
hé s6 ctia phuong trinh.
Dang 7. GIAI PHUGNG TRINH BAC HAI

Vi du 1: Giai cac phuong trinh sau:

a) x> —2=0 b) 2?2 — 22 =0 ¢) 222 4+4=0 d) 22 =2z +1=0.

e) 22 +5r+3=0 faz*—2-12=0 g)2?—3(x—12=0 h)z*+6x—16=0.

i) 222 — 6z +1=0.
Dang 8. GIAI VA BIEN LUAN PHUCONG TRINH BAC HAI

Vi du 1: Giai cac phuong trinh sau:

2c 247

2
a) 2?2 — b —12=0 b) 224+ (V3 +V2)z +v/6 =0 c)%—l—?: e

Vi du 2: Giai va bién luan cac phuong trinh sau:

a)r?—4dr+m+1=0 b) (m+ 1)z? —2(m+ 1)z +m —3=0.
Dang 9. GIAI HE PHUOGNG TRINH HAI AN GOM MOT PHUGNG TRINH BAC
NHAT VA MOT PHUONG TRINH BAC HAT
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} 20 —y=3
Vi du 1: Giai hé phuong trinh sau:
22 —3zy+ 1y +2x+3y—2=0

Vi du 2: Tim m dé hé phuong trinh sau c6 nghiém wry=m .
P —ay+yt =17
Dang 10. GIAT PHUGNG TRINH CO HAI AN SO

Vi du 1: Giai phuong trinh sau: 2%y* — 162y> + 68y — 4oy + 22 = 0.

Vi du 2: V6i méi cap (x;y) théa man z? — 2%y — y + 8z + 7 = 0. Hay tim cip nghiém ma y 16n
nhat.
Dang 11. HE THUC VI - ET VA UNG DUNG

Vi du 1: Cho phuong trinh 222 4+ 2z +m = 0. Tim diéu kién ctia tham s6 m dé phuong trinh c6
hai nghiém x,, x5 thdéa man xil + %2 = 3.

Vi du 2: Cho phuong trinh (m + 2)z% — (2m — 1)x — 3+ m = 0.

a) Ching t6 phuong trinh c6 nghiém v6i moi m.

b) Tim m dé phuong trinh c6 hai nghiem phan biét z;, 5. Khi d6 hay tim m dé nghiém nay gap
doi nghiém kia.

Vi du 3: Cho phuong trinh 222 — 2(m — 1) + m — 3 = 0. Xac dinh m dé phuong trinh c6 hai
nghiém cung duong.

Vi du 4: Cho phuong trinh 222 — 2mx +m + 6 = 0. Bién luan dau cac nghiém ctia phuong trinh
nay.

Vi du 5: Cho phuong trinh 22 — 2(m + 1)z +m? + 2 = 0.

a) Giai phuong trinh khi m = 1.

b) Tim gi4 tri ctia m dé phuong trinh c6 hai nghiém phan biét z;, 75 théa man z? + 22 = 10.

Vi du 6: Cho phuong trinh 22 — 2(m + 1)z + 2m = 0.

a) Ching minh phuong trinh luén c6 hai nghiém phan biét v6i moi gié tri cia m.

b) Goi x1, x5 14 hai nghiém ctia phuong trinh chiing té x1 + xo — 2122 khong phu thude vao gia
tri cia m.

Vi du 7: Tim toa do diém A va B clia do thi ham s6 y = 22+ 3 vay = 2%. Goi D va C lan lot
1a hinh chiéu vuong goc cia A va B trén truc hoanh. Tinh dién tich ti giac ABCD.

Vi du 8: Cho phuong trinh 2 — 2(m +2)z +m + 1 = 0.

a) Tim cac gia tri m dé phuong trinh c6 hai nghiém trai dau.

b) Goi 71, 2 14 hai nghiém clia phuong trinh. Tim m dé 2, (1 — 2x5) + 22(1 — 221) = m>.

Vi du 9: Cho phuong trinh 22 — (2m + 2)z + 2m — 4 = 0 v6i z 1a an va m 14 tham sd.

a) Giai phuong trinh khi m = 1.

b) Tim gi4 tri ctia tham s6 m dé phuong trinh da cho c6 mot nghiem = = 2. Tim nghiém con lai.

¢) Ching minh phuong trinh da cho luén ¢6 hai nghiém phan biét véi moi gia tri ctia m.
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d) Goi 1, x5 1 hai nghiém ctia phuong trinh da cho. Hay Tim m dé:
D) 22 + 22 = 13 i) 27 + 310 = 3
iii) |21 + 25| =4 iv) |1 + |xe] =5
v) Nghiém nay gip ba lan nghiém kia.
e) Goi x1, 9 1a hai nghiém ctia phuong trinh da cho. Tim hé thic lién hé gitta cdc nghiém x;, xo
khong phu thuoc vao m.
f) Tim cac gia tri cia m dé phuong trinh:
i) C6 hai nghiém trai dau;
ii) C6 hai nghiém cung am;
iii) C6 hai nghiém cung duong;
iv) C6 hai nghiem trai dau, nghiem am c6 gia tri tuyet doi 16n hon nghiem duong;
v) C6 hai nghiém x4, x5 théa man x; < 1 < xs.
g) Goi x1, 75 1 cac nghiém ctia phuong trinh da cho. Xét bicu thitc A = 22 + 22 — 475 + 4:
i) Tinh gia tri ctia biéu thitc A theo m;
ii) Tim cac gia tri ctia m dé A = 41;
iii) Tim cac gi4 tri ctia m dé A dat gia tri nhd nhat.
h) Goi z1, 9 1a cac nghiém clia phuong trinh da cho. Tim céc gid tri ctia m dé zy, zo 13 do dai
hai canh ctia mot tam gidc vuong c6 canh huyén bang @
k) Goi x1, 2 la cac nghiém ctia phuong trinh da cho. V6i m # 2 1ap phuong trinh bac hai ¢6 hai
nghiem 13 1 Vi 1 c6 tham s6 m.
T1 o Xo
Vi du 10: Cho phuong trinh 22 — 2(m — 1)z + m? — 3 = 0 véi 14 an va m 1 tham sb.
a) Giai phuong trinh khi m = 2.
b) Tim gia tri ctia tham s6 m dé phuong trinh da cho ¢6 mot nghiém z = —2. Tim nghiém con
lai.
c¢) Tim cac gia tri ctia m dé phuong trinh:
i) C6 hai nghiém phan biét. Tim céc nghiém do6;
ii) C6 nghiém kép. Tim nghiém véi m vita tim dugc;
iii) Vo nghiém.

d) Trong truong hgp phuong trinh da cho ¢6 hai nghiém phan biét z, zo. Tim céc gia tri cia m

Q.
S.D.N

i) 22 +22=238 ii) 221 — 31y =8
iii) |21 — x| =4 iv) |x1| + |x2| = 3.

e) Tim cac gia tri cia m dé phuong trinh c6 hai nghiém phan biét 1, o thda méan:
i) x1, T trai dau ii) x1, x5 cung duong

iii) x1, xo cling am iv) 22 4+ 22 dat gia tri nho nhat.
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g) Trong trusng hgp phuong trinh da cho ¢6 cac nghiém phan biét z, z,. Hay:
i) Tim hé thic lién hé gitta z1, x5 doc lap véi m.

ii) Tim cac gia tri ctia m dé (2z; — 3)(2wy — 3) > 1.

1
iii) V6i m # 0 va m # 3. Lap phuong trinh bac hai ¢6 cidc nghiém la y; = ;7 + — va
L2
1
Yo =To+ —.
T

Dang 12. GIAI VA BIEN LUAN PHUONG TRINH TRUNG PHUONG
Vi du 1: Giai cac phuong trinh sau.
a) z* —292% + 100 = 0.
b) x4 1— 5r? + 45: 0.
b ity
Vi du 2: Tim cac gié tri ctia m dé phuong trinh 2* — 622 +m — 1 = 0 ¢6 4 nghiem.
Dang 13. GIAI MOT SO PHUONG TRINH, HE PHUONG TRINH
Vi du 1: Giai cac phuong trinh sau bang cach dat an phu.
a) (2% + 5x)? — 2(2? + 5z) = 24.
(22 — 6x)? — 2(z — 3)* = 81.

2.

b)
r?+1—5 3z
4=0.
) ——F — tar -5 t4=0
d) (x+5)(z+6)(z + 8)(x +9) = 40.

e) (22 + 3z + 2)(2® + Tx + 12) = 24.

f) 22% 4+ 323 — 1622 + 32 +2 = 0.

g) 22t — 212% + 742 — 1052 + 50 = 0.
h) (x4 4)* + (z + 2)* = 82.

i) (—2)°+ (z —4)° =64.

oA a3
24+x+3 22—-5x+3 2
)x2—13x+15+x2—15x+15_ 1

YV e+ 15 22 —16x+15 12
x? —10x + 15 4x

m) =

1?2 —6x+15 22 —12z+ 15
Vi du 2: Giai cac phuong trinh sau.

a) V2r—1=8—u.
b) V15 —x + 3 —x =6.
¢) 2 —x+ Va2 —x+24 =18
)V2—x+V2+x+V4—2a2=2.
Dang 14. GTAI BAT TOAN BANG CACH LAP PHUONG TRINH
e TOAN CHUYEN DONG
Vi du 1: Hai 6 t06 cting khéi hanh tit A dén B cach nhau 560 km. Van t6c 6 to6 (II) hon van toc

0 10 (I) 1a 10 km/h nén da dén s6m hon 6 to (I) 1a 1 gio. Tinh van téc méi xe.
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Vi du 2: Mot ngudi di xe dap tit A dén B dai 30 km. Khi di tit B vé A nguoi d6 chon di con
duong khac dai hon 6 km va di véi van toc 16n hon van toc lac di 1a 3 km\gio, nén thoi gian vé it
hon thoi gian di 14 20 phat. Tinh van toc lac di.

Vi du 3: Mot tau thiy chay trén mot khic song dai 120 km. Ca di 1an vé mat 6 gio 45 phit.
Tinh van téc tau thiy khi nuée yen lang biét van toc clia dong nude 1a 4 km'\gio.

Vi du 4: Mot ca no xuoi dong tit bén A dén bén song B cach nhau 24 km, ciing tit A vé B mot
chiéc be troi véi van toc dong nude 1a 4 km\gio. Khi dén B ca no quay lai ngay va gip be tai dia
diéem C céch A la 8 km. Tinh van téc thuc ctia ca no.

Vi du 5: Mot 6 to du dinh di tit A dén B cach nhau 120 km trong mot thdi gian da dinh. Khi
di dugc nita quang duong xe bi chan bdi xe héa mét 3 phit. Vi vay dé dén B ding han xe phai ting
toc them 2 km\gio trén quang dudng con lai. Tinh van toc dy dinh.

Vi du 6: Mot be nita troi tu do (v6i van tdc bang van téc ciia dong nude) va mot ca no cling
doi bén A dé xudi dong song. Ca no xuoi dong duge 144 km thi quay trd vé bén A ngay, ca di lan
ve hét 21 gio. Trén duong ca no trd vé bén A, khi con cach bén A 14 36 km thi gip be nia ndéi trén.
Tim van toc riéng ciia ca no va van toc ctia dong nude.

e« TOAN CONG VIEC LIEN QUAN DEN NANG SUAT VA THOI GIAN

Vi du 1: Mot cong nhan dy dinh lam 70 san pham trong thai gian quy dinh. Nhung do ap dung
ki thuat nén da ting ning suat them 5 san pham mdi gis. Do d6é khong nhitng hoan thanh ké hoach
trude thoi han 40 phit ma con vugt mic 10 san pham. Tinh nang suat du dinh.

Vi du 2: Mot cong nhan dy dinh lam 72 san pham trong thoi gian quy dinh. Nhung thue té xi
nghiép lai giao 80 san pham. Vi vay mic dit ngudi dé da lam mdi gio them 1 san pham, song thoi
gian hoan thanh cong viéc van cham hon so vé6i di dinh 12 phuat. Tinh ning suat dy kién, biét rang
mdi gio ngudi d6 lam khong qua 20 san pham.

Vi du 3: Mot to c6 ké hoach san xuat 350 san pham theo nang suit du dinh. Néu tang ning
suat len 10 san pham thi t& dé hoan thanh sém 2 ngay so véi gidm nang suat 10 san pham médi ngay.
Tinh ning suat dy kién.

Vi du 4: Mot nhom thg phai thuce hién ké hoach san xuat 3000 san pham. Trong 8 ngay dau ho
thuc hien ding mtc dé ra, nhiimg ngay con lai ho da vugt mic mdi ngay 10 san pham, nén da hoan
thanh sém hon du dinh 2 ngay. Héi theo ké hoach mdi ngay can san xuat bao nhiéu san pham.

e TOAN CONG VIEC LIEN QUAN DEN LAM CHUNG, LAM RIENG

Vi du 1: Hai céng nhan cung lam mot cong viéc thi hoan thanh cong viéc d6 trong 6 gic 40
phit. Néu ho lam rieng thi cong nhan (I) hoan thanh cong viéc d6 it hon cong nhan (IT) 3 gio. Hoi
néu lam riéng thi mdi cong nhan phai lam trong bao lau xong cong viéc.

Vi du 2: Hai voi cling chdy vio mot bé thi day sau 7 gis 12 phat. Néu mdi voi chy rieng ma

day bé thi tong thoi gian 1a 30 gio. Mbi voi chay rieng thi day bé trong thsi gian 1a bao lau?
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e« TOAN VE QUAN HE GITA CAC sO

Vi du 1: Tim hai s6 biét ring tong ctia hai chit s6 d6 biang 17 don vi. Néu s6 thitu nhat tang
thém 3 don vi, s6 thit hai tang thém 2 don vi thi tich ctia chting bang 105 don vi.

Vi du 2: Tim s6 tu nhién c6 hai chit s6, biét ring néu dem s6 d6 chia cho tong cac chit s6 clia né
thi dugce thuong 1a 4 va du 1a 3. Con néu dem s6 d6 chia cho tich cic chit s6 ctia n6 thi duge thuong
la 3 va du la 5.

Vi du 3: Lay mot s6 tu nhién c6 hai chit s6 chia chit s6 d6 viét bdi hai chit s6 ¢6 thit ty nguge
lai thi duge thuong 1a 4 va du 1a 5. Néu lay s6 dé trir di 9 thi duge mot s6 bang tong binh phuong
cac chit s6 d6. Tim s tu nhién do.

Vi du 4: Cho mot s6 c6 hai chit s6. Tim s6 d6, biét rang tong hai chit s6 d6 né nhé hon sé dé6 6
lan. Néu thém 25 vao tich ciia 2 chit s6 d6 sé duge sd viét theo thit tu ngude lai véi sé da cho.

e TOAN CO NOI DUNG HINH HOC

Vidu 1: (TS 10 - THPT Ha Noi, nam hoc 2010 - 2011)

Mot manh dat hinh chit nhat c6 do dai duong chéo 1a 13 m va chiéu dai hon chiéu rong 7 cm. Tinh
chiéu dai va chiéu rong ctia manh dat do.

Vi du 2: Mot hinh chit nhat c6 chiéu rong bing g chiéu dai, dien tich hinh chi nhat 1a 5400

cm?. Tinh chu vi hinh chit nhat.

LUYEN TAP TONG HOP PHAN GIAI BAI TOAN
BANG CACH LAP HE PHUONG TRINH HOAC

PHUONG TRINH CUA CAC TRUOGNG THCS HA NOI
2018

Vi du 1: Hai voi nuéc ciing chay vao mot bé khong cé nude thi sau 4 gi sé day bé. Néu dé voi
1 chay rieng trong 1 gio roi khoa lai vA md tiép voi hai trong 40 phut thi ci hai voi chdy duge S bé.
Tinh thoi gian dé mdi voi chay rieng day bé.

Vi du 2: Mot xe Itta di tit Hué ra Ha Noi. Sau d6 1 gis 40 phit, mot xe Iita khac di tit Ha Noi
vao Hué vé6i van toc 16n hon van toc xe Iita thit nhat 1a 5 km/h. Hai xe lta giip nhau tai ga cdch Ha
Noi 300km. Tim van toc clia mdi xe, biét ring quang duong sat Ha Noi — Hué 13 645km.

Vi du 3: Quang duong AB dai 120km. Hai xe may khdi hanh cling mot lac tit A dén B. Van toc
clia xe thit nhat 16n hon van toc clia xe thit hai 1a 10km/h nén xe may thi nhat dén B sém hon xe
may thit hai 1 gio. Tinh van toc clia mdi xe.

Vi du 4: Hai voi nuéc cling chdy vao bé khong c6 nuée sau 2 gis 24 phit thi day bé. Néu chi
md voi mot trong 2 gic sau do khoa voi mot va chi mé voi hai trong 1 gio 30 phat thi dugc Z bé.

Héi néu méi voi chdy mot minh thi trong bao lau sé day bé?
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Vi du 5: Trong dgt thi dua cudi nam, hai doi cong nhan lam duge 1020 sin pham chat lugng
loai A dat ti le 85%. Riéng doi 1 ti 1é san pham loai A 1a 90%, rieng doi 2 t1 1é san pham loai A la
78%. Tinh s6 san pham mdi doi da lam dugc.

Vi du 6: Mot manh vuon hinh chit nhat c6 chu vi 1a 280m. Ngudi ta lam mot 16i di quanh vuon
(thuoc dat ctia manh vuon) rong 2m, dién tich con lai dé trong trot 1a 4256m?2. Tinh kich thudc ctia
manh vuon lac dau.

Vidu 7: Mot 6 t6 dy dinh di tit A dén B dai 80km véi van téc du dinh. Thuyc té trén nita quang
duong dau 6 t6 di v6i van téc nhé hon van toc dy dinh 6km/h. Trong nita quang dudng sau o to di
v6i van toc 16n hon van téc du dinh 12km /h. Biét rang 6 to6 dén B dung thaoi gian dy dinh. Tinh van
toc du dinh ctia 6 to.

Vi du 8: Quéang duong tit Ha Noi di Ninh Binh dai 100km. Cung mot lde, mot xe may khai
hanh tur Ha Noi di Ninh Binh va mot xe 6 t0 khéi hanh tit Ninh Binh di Ha Noi. Sau khi hai xe
gap nhau, xe may di 1 gio 30 phit nita méi dén Ninh Binh. Biét van téc hai xe khong ddi tren subt
quang dudng di va van toc xe may kém van toc xe 6 t6 1a 20km/h. Tinh van téc méi xe.

Vi du 9: Mot manh dat hinh chit nhat c6 dién tich 320m2. Néu ting chiéu rong thém 10m va
giam chicu dai di 16m thi dién tich manh vuon khong thay doi. Tinh kich thudc clia manh dat ban
dau.

Vi du 10: Mot ca no xudi dong tit bén song A dén bén song B cach nhau 24km. Cung lac do,
ciing tit A vé B mot be nita troi véi van téc dong nude 1a 4km/h. Khi dén B ca no quay lai ngay va
gap be nia tai diém C cach A la 8km. Tinh van téc thuc ctia ca no.

Vi du 11: Quing dudng tit A dén B dai 90km. Mot ngudi di xe dap tit A dén B. Khi dén B
ngudi dé nghi 30 phit rdi quay trd vé A véi van toc 16n hon van téc ltc di 1a 9km /h. Thoi gian ké
tur lac bat dau di tiw A dén khi tré vé A 1a 5 gio. Tinh van tdc xe may lac di tit A dén B.

Vi du 12: Quang duong AB dai 50km. Mot ngusi du dinh di xa dap tit A dén B vé6i van toc
khong doi. Khi di duge 2 gio, ngusi ay dimg lai 30 phit dé nghi. Muén dén B ding thoi gian dy dinh
nguoi dé phai ting van téc them 2km/h trén quiang duong con lai. Tinh van téc ban dau ciia nguoi
do.

Vi du 13: Mot xe may khdéi hanh tit A dén B dai 60km, 30 phit sau mot 6 to ciing khéi hanh
tit A dén B v6i van toc 16n hon van t6c xe may 10km/h nén ca hai xe dén B cting mot lac. Tinh van
toc clia moi xe?

Vi du 14: Mot phan xudéng theo ké hoach can phai san xuat 1100 san pham trong mot sé ngay
quy dinh. Do mdi ngay phan xudng dé san xuat vuot mic 5 san pham nén phan xudng da hoan
thanh ké hoach s6m hon thoi gian quy dinh 2 ngay. Hoi theo ké hoach, mdi ngay phan xudng phai
san xuat bao nhiéu san pham?

Vi du 15: Hai nguoi thg ciing 1am mot cong viéc trong 16 gio thi xong. Néu ngudi thit nhat lam
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rieng trong 3 gid roi nguoi thit hai lam tiép trong 6 gio thi ho lam duge 25% khoi lugng cong viéc.
Ho6i néu mdi ngusi the lam mot minh thi hoan thanh cong viée dé trong bao lau?

Vi du 16: Dai tinh nguyén truong ARCHIMEDES ACADEMY tham gia quét don dudng phd.
Theo ké hoach, doi phai quét 75km dudng trong mot s6 tuan 1&. Vi cac em hoc sinh tham gia nhiét
tinh va nang nd nén mdi tuan quét déu don vugt miic 5km so véi ké hoach, két qua 1a da quét don
duge 80km duong va hoan thanh sém hon 1 tuan. Héi theo ké hoach, dai tinh nguyén ciia truong
ARCHIMEDES ACADEMY phai quét don bao nhiéu km duong mdi tuan?

Vi du 17: Mot manh vuon hinh chit nhat c6 dién tich Néu tang chiéu dai them 10m va gidm
chiéu rong 6m thi dién tich manh vuon khong d6i. Tinh chiéu dai va chiéu rong ctiia manh vuon.

Vi du 18: Mot 6 to di tit A dén B trong mot thoi gian dy dinh. Néu van tdc tang them 14km/h
thi dén B s6m hon duy dinh 1a 2 gio. Néu van téc gidm di 4km/h thi sé dén B cham hon dy dinh 1
gio. Tinh khodng cach AB , van toc va thoi gian duy dinh ctia 6 to.

Vi du 19: Dé hoan thanh mot cong viec theo du dinh, can mot s6 cong nhan lam trong mot sb
ngay nhat dinh . Néu bét di 2 cong nhan thi phai mat them 3 ngay méi c6 thé hoan thanh cong viec
. Néu tang thém 5 cong nhan thi cong viec hoan thanh sém dugc 4 ngay . Hoi theo du dinh, can bao
nhiéu cong nhan va lam bao nhiéu ngay .

Vi du 20: Mot ca no xudi dong mot quang duong dai 12km rdi ngude quing song dé mat 2 gic
30 phut. Néu ciing quang song ay, ca no xudi dong 4km roi nguge dong 8km thi hét 1 gio 20 phit.
Biét ring van tdc riéng ctia ca nod v van toc rieng ctia dong nude la khong doi, tinh van tdc rieng
clla ca nd va van toc rieng ctia dong nudc.

Vi du 21: Tinh do dai hai canh géc vuong clia mot tam gidc vudng biét canh géc vuong 16n dai
hon canh géc vuong bé 1a Tem. Do dai canh huyén 1a 13cm.

Vi du 22: Hai voi nuéc ciing chay vao mot bé can trong 1 gio 12 phit thi day bé. Néu mé voi
thit nhat chay trong 30 phit va voi thit hai chay trong 1 gio thi dugc 1—72 bé. Hbi mbi voi chay mot
minh thi sau bao lau sé day bé?

Vi du 23: Theo ké hoach hai t6 sdn xuat duge giao lam 600 san pham. Nho ting nang suat lao
dong t6 1 lam vuot mitc 10% va t6 2 lam vuot mitc 20% so véi ké hoach ctia mdi t6 nén ca hai to
lam dugc 685 san pham. Tinh s6 san pham méi t6 lam theo ké hoach.

Vi du 24: Hai voi nuéc ciing chdy vao mot bé khong c6 nude thi sau 12 gio thi day bé. Néu dé
voi I chay rieng trong 4 gio roi khoa lai va md tiép voi I trong 3 gio thi ci hai voi chdy duge 1% bé.
Tinh thoi gian dé mdi voi chay riéng day bé.

Vi du 25: Cho s6 tu nhién c6 hai chit s6, biét ring tong hai chit s6 ctia né biang 5; binh phuong
chit s6 hang chuc hon chit s6 hang don vi 1a 1 don vi. Tim s6 d6.

Vi du 26: Hai xe may khdi hanh cing mot lic trén quiang duong tit A dén B dai 120km. Mai

gid xe may thit nhat chay nhanh hon xe may thi hai 13 10km nén xe may thit nhat dén B trudc xe
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may thit hai 1a 1 gis. Tinh van toc clia mdi xe may.

Vi du 27: Cho tam giac c¢6 chiéu cao bang 2 canh day. Néu chiéu cao tang thém 3m va canh
day gidm di 2m thi dién tich ctia tam giac d6 tdng thém Tinh canh day va chiéu cao ciia tam giac
da cho.

Vi du 28: Theo ké hoach, mot xuéng may phai san xuat 400 san pham trong mot thoi gian da
dinh. Do cai tién ki thuat nén trong thuc té mdi ngay xudng may lam them duge 10 san pham. Vi
thé da hoan thanh ké hoach truéc 1 ngay ma con lam thém duge 20 san pham nita. Héi theo ké
hoach mdi ngay xuéng phai san xuat bao nhiéu san pham.

Vi du 29: Mot xe khach va mot xe du lich khéi hanh dong thoi tit A di dén B. Biét van toc cla
xe du lich 16n hon van toc ctia xe khach 1a 20km/h. Do d6 né dén B trude xe khach 50 phat. Tinh
van toc ctia mdi xe, biét quang duong AB dai 100km.

Vi du 30: Mot cong nhan dy dinh lam 33 san pham trong thoi gian da dinh. Nhung thue té xi
nghiép lai giao 62 san pham. Do vay mac dit nguoi dé da lam ting mdi gid 3 san pham song van
hoan thanh cham hon diy dinh 1 gio 30 phat. Tinh ning suat duy dinh.

Vi du 31: Mot nguoi di xe may tit thanh phé A dén thanh phd B v6i mot van toc dinh trude.
Hai thanh phé cdch nhau 150km. Sau khi di dugc % quang duong thi nguoi d6 tang van toc them
10km/h trén toan bo quang dudng con lai. Tinh van t6c dinh truée ban dau va thoi gian di chuyén
clia nguoi d6 biét rang nguoi d6 dén B sém hon du dinh 36 phit.

Vi du 32: Mot xe 6 t0 can chay quang duong 80km trong thoi gian da dy dinh. Vi troi mua nén
mot phan tu quang duong dau xe phai chay cham hon van téc dy dinh 1a 15km/h nén quang dudng
con lai xe phai chay nhanh hon van téc dy dinh 1a 10km/h. Tinh thoi gian du dinh ctia xe 6 t6 d6?

Vi du 33: (Truong THPT chuyén DHSP Ha No6i nam 2013). Trén quang dusng AB dai
210 m, tai cing mot thoi diém mot xe may khéi hanh tit A dén B va mot 6t 6 khéi hanh tit B di vé
A. Sau khi gap nhau xe may di tiép 4 gio nita thi dén B va 6 to di tiép 2 gis 15 phit nita thi dén A.
Biét ring van téc 0 to va xe may khong thay doi trong subt chiang duong. Tinh van tdc clia xe méy
va 0 to.

Vi du 34: (Truong THPT chuyén DHSP Ha No6i nam 2015). Quang dusng AB dai 120
km. ltc 7h sang mot xe may di tit A dén B. Di dugc Z xe bi héng phai dimg lai 10 phiat dé sita roi
di tiép v6i van tdc kém van tdc lac dau 10km/h. Biét xe may dén B ltic 11h40 phat trua cing ngay.
Gia stt van toc xe may trén 1 quang dudng dau khong doi va van tdc xe may trén 1 quang duong
sau ciing khong ddi. Hdi xe méy bi hong lic may gio?

Dang 15. TIM HE THUC LIEN HE GIUA CAC NGHIEM KHONG PHU THUOQC
VAO THAM SO
PHUONG PHAP: Dé tim he thric lien he giita cdc nghiem khong phu thuoc vao tham sb (gia

stt tham s6 1a m), ta thyc hién theo cac buée sau:
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Buéc 1: Tim dieu kién cia m dé phuong trinh c¢6 hai nghiém x,, x5 & A .
>0

Ty + 29 = f(m)
r1.29 = g(m) '

Bué6ce 3: Khit m tit he (1) ta duge he thitc can tim.

Buéc 2: Ap dung dinh 1i Vi - ét, ta dugc:

(1)

Vi du: Cho phuong trinh (m — 1)2? — 2(m — 4)z +m — 5 = 0 . Tim he thic lien he gitta céc
nghiém ctia phuong trinh khong phu thudéc m.
Dang 16. TIM DIEM CO PINH CUA PUONG THANG PHU THUOC THAM SO

PHUONG PHAP: Cho dudng thing d: y = az + b phu thuoc vao tham s6 m.

Budc 1: Goi M (xg; ) 1a diém c6 dinh clia d = yo = axg + b Vm.

Buéc 2: Bién doi yy = azo+b vé dang A(zo; yo)m+B(xo; o) = 0 hodic A(zg; yo)m?+ B(zo; yo)m+
C(wo;y0) = 0.

Budéc 3: Diéu kien dé

o A(xo;yo)m + B(xo; yo) = 0 Vm.

A(wo;90) = 0
B(zo;y0) =0
o A(zo; yo)m* + B(xo; yo)m + C(x0; o) = 0 Vm.
A(zo;y0) = 0
< § B(wo;90) =0
C(7o0;90) =0

BuGc 4: Tim (z0; yo) va két luan.
Vi du: Cho duong thang d: y = (m + 1)z — 2m v6i m 1a tham s6. Tim diém c6 dinh ma d luon

di qua véi moi m.
Huéng dan

Goi M(xo;y0) €d = yo = (m+ 1)xg — 2m < m(xo — 2) + (2o — yo) = 0 ().
Dé d di qua M v6i moi m khi (x) ding v6i moi m titc 1a:
To — 2=0 To = 2
= .
Lo — Yo =0 Yo =2
Vay d luon di qua diém M (2;2) ¢6 dinh v6i moi m.

Vi du: Cho dudng thang d: y = (2m + 1)z +m — 2 véi m 1a tham s6. Tim diém ¢ dinh ma d
luén di qua v6i moi m.
Dang 17. TIM THAM SO m SAO CHO KHOANG CACH TU GOC TOA PO DEN
PUGNG THANG CHO TRUGC LA LON NHAT HOAC NHO NHAT
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PHUONG PHAP: Cho dudng théng d: y = ax+b phu thudc vao tham sb m. Tim m dé khoang
cach tir O dén d 13 16n nhat.

Cach 1: Phuong phap hinh hoc.

Buéc 1: Goi A, B lan lugt la giao diém ctia d v6i Oz va Oy, H la hinh chiéu vuong goc clia O
trén d.

Buéc 2: Khoing cach tit O dén d tinh béi cong thiic OllT-I? = in + 022.

Buéc 3: Tim diéu kién ctia m dé OH dat gia tri 16n nhat.

Cach 2: Phuong phap diém cb dinh.

Buéc 1: Tim diém ¢6 dinh 7 ma d luon di qua.

Buéc 2: Goi H 1a hinh chiéu vuong goc ctia O trén d = OH < OI =cost.

Buéc 3: Ta c6 OHpax = OI < d 13 duong thing qua I va vuong goc véi OI. Tt dé ta tim dugc
tham s6 m.

Vi du: Cho dudng thang d: y = mz — 2m — 1 véi m 1a tham s6. Tim m sao khodng cach tit O
dén d dat gia tri:

a) Lon nhat. b) Nho nhat.
Huéng dan
a) Cach 1:
Truong hop 1: Néu m = 0 = d: y = —1 = khodng cach tit O dén d bang 1.

2m+1

Truong hop 2: Néum # 0 = d cat hai truc Oz va Oy lan luot tai A ( : O) va B (0; —2m — 1).

Goi H 1a hinh chiéu vuong goc ctia O lén d.

1 | 1 (2m + 1)?
To - ta duge OH2 = 220
Yom T oa T op o e m? + 1
—9
My OF — 5= =2 L o < Bum 20,

m2+1
Két hop véi truong hop 1 va 2 ta dude OHpax = V5 < m = 2.

Cach 2:
Goi I 1a diém c6 dinh ctia d = I(2; —1).
V6i mdi m. Goi H 1a hinh chiéu vuong goc ctia O trén d.
= OH < OI = /5, Ym.
Tt 6 OHypax = V5 < dLOI. Tim duge m = 2.
b) Khodng cach tit O dén d nhé nhat bang O < O € d. Ta tim duge m = 3.

Vi du: Cho duong théng d: y = (m + 1)z +m + 2 v6i m la tham s6. Tim m sao khoang céach
t O dén d dat gia tri:

a) Loén nhat. b) Nhé nhat.
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C. LUYEN TAP TONG HOP

Vi du 1: Cho dudng thang d: y = (m — 2)z +m + 3 va parabol (P): y = ma? v6i x la an, m 1a

tham so.
1) V6i m =1 hay:

a) Vé (P) va d trén cung truc toa do Oxy.

b) Tinh dién tich AABC v6i A, B 1a cac giao diem ctia d va (P).
2) Tim gia tri ctia m dé:

a) d di qua C(1;1);

b) Ba dudng théng dy: y = 22 + 3, dy: y = —2 + 1 vi d dong quy;

¢) d tao v6i duong thang y = 2 mot goc 120°

d) d song song v6i dudng thiang A, biét A di qua D(1;2) va vuong goc véi duong thang A':
20—y +3=0;

e) (P) di qua diém c6 dinh ctlia d;

f) d cét truc toa do Ox, Oy tao thanh tam giac ¢6 dién tich bang 2|m — 2|;

g) Khoang cach tit O(0;0) dén d 16n nhat.
3) Viét phuong trinh dusng théng ds song song véi d;: y = 2z + 3.
4) Chiing minh v6i m # 0, d luon cat (P) tai hai diém phan biét.
5) Goi A(xa;ya) va B(wp;yp) cac giao diém ctia d va (P). Hay tim:

a) Heé thic doc lap gitta x4 va zp;

b) Gia tri nhd nhat ctia bidu thic P = 22 + 2% + 2018.
6) Goi A(ra;ya) v B(zp;yp) cic giao diém ctia d va (P). Hay tim m dé:

a) A va B nam vé hai phia ctia truc tung;

b) A va B nim vé ciing ctia dudng thing r = 1;

¢) x4 va xp thdéa man heé thic x4 = 2z p;

d) AB song song v6i dudng thang dy: y = = + 2018. Tinh dién tich tam gidc OAB v6i m vita tim
duge.

Vi du 2: Cho dudng thing d: y = (3 — m)z — m va parabol (P): y = —222 véi x 1a an, m 1a
tham so.
1) Véi m = —2 hay:

a) Vé (P) va d trén cung truc toa do Oxy.

b) Tinh dién tich AABC vé6i A, B 1a cic giao diém ctia d va (P).
2) Tim gia tri clia m dé:

a) d di qua C(1;1) va d song song véi dy: y = 2z + 3;

b) d tao véi duong thang Oz mot goc 45°;
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c) d cat truc toa do Oz, Oy tao thanh tam gidc c6 dien tich bang 2;
d) Khoéng cach tit O(0;0) dén d 16n nhét.
3) Viét phuong trinh duong thing ds vuong goc véi dy: y = 22 + 3 va di qua diém ¢ dinh ciia d.
4) Chitng minh v6i m # 0, d luon cat (P) tai hai diém phan biét.
5) Goi A(xa;ya) va B(xp;yp) cac giao diem cta d va (P).
a) Hay tim hé thic doc lap gita x4 va zp;
b) Gia tri nho nhat ctia biéu thitc P = % + é;
c¢) Hay tim m dé A vi B ¢6 hoanh do am;

. 3
d) Hay tim m dé (22% + mx4)(22% + mag) = 5

Vi du 3: Cho duong thang d: y = 3x + 2m — 5 va parabol (P): y = %xQ v6i = 1a an, m 1a tham
sO.
1) V6im = % hay:

a) Vé (P) va d trén cung truc toa do Ozy.

b) Tinh dién tich AABC véi A, B la cac giao diem ctia d va (P).
2) Tim gia tri clia m dé:

a) (P) va d tiép xtc nhau;

b) Tim m dé d luon cat (P) tai hai diém phan biét;

¢) Giao diém ctia dy: y = gx — 1, dy: y = z + 2 thuoc d;

d) Khoang cach tit O(0;0) dén d nho nhat.
3) Tim gia tri tan cua géc tao béi d véi tia Ox.
4) Viét phuong trinh duong thang ds vuong goéc v6i moi dudng thang d va di qua diém c6 dinh clia
duong thang dy: y = (m — 2)x + m.
5) Trong trudng hop d cit (P) tai hai diém phan biét. Goi A(z4;y4) va B(zp;yp) 1a toa do giao
diém.

a) Tim m dé ya + yg = 0;

b) Tim m dé biéu thitc P = 224 + 2% + (z4.7)? dat gia tri nhé nhat;
m? T3 + 634 — 4m

c¢) Hay tim m dé Q = dat gia tri nho nhat (véi m # 0).

x4 + 65 —4m m?2

"Day hoc biang toan hoc, khéng phai vi toan hoc" 71



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

D. MOT SO CAU VE GIAI PHUONG TRINH BAC
HAI TRONG DE TUYEN SINH HA NOI

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2011 - 2012)
Mot doi xe theo ké hoach chd hét 140 tan hang trong mot sé ngay quy dinh. Do mdi ngay doi do
ché vugt mitc 5 tan nén doi da hoan thanh ké hoach sém hon thai gian quy dinh 1 ngay va chd thém
duge 10 tan. Hoéi theo ké hoach doi xe chd hang hét bao nhiéu ngay?

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2012 - 2013)
Hai nguoi cung lam chung mot cong viéc trong R gio thi xong. Néu mdi ngudi lam mot minh thi
thoi gian dé ngusi thit nhat hoan thanh cong viéc it hon ngudi thit hai 1a 2 gio. Héi néu lam mot
minh thi méi ngusi phai lam trong bao nhiéu gi dé xong cong viec?

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2013 - 2014)
Quang duong tit A dén B dai 90 km. Mot ngudi di xe méy tit A dén B. Khi dén B, nguoi d6 nghi
30 phiit 16i quay trd vé A v6i van toéc 16n hon van toc lac di 1 9 km/h. Thoi gian ké tit Iic bat dau
di tit A dén lic tré vé dén A 1a 5 gio. Tinh van toc xe may lac di tu A dén B.

Vi du: (TS 10 - THPT Ha No6i, nam hoc 2014 - 2015)
Mot phan xudng theo ké hoach can phai san xuat 1100 san pham trong mot sé ngay quy dinh. Do
mdi ngay phan xudng do san xuat vugt mic 5 san pham nén phan xudéng da hoan thanh ké hoach
sém hon thoi gian quy dinh 2 ngay. Hoéi theo ké hoach, mdi ngay phan xudng phai san xuat bao
nhiéu san pham?

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
Mot tau tuan tra chay ngucc dong 60km, sau d6 chay xudi dong 48km trén ctiing mot dong song co
van toc ctia dong nuée 1a 2km/gio. Tinh van toc clia tau tuan tra khi nude yen ling, biét thoi gian
xuobi dong it hon thaoi gian nguge dong 1 gio.

Vi du : (THI THU 10 - THPT Ha Noi, nim hoc 2015 - 2016)
Hai khéi 8 va 9 cia mot truong THCS ¢6 420 hoc sinh ¢6 hoc Iyic trén trung binh dat ti 1é 84%. Khoi
8 dat ti le 80% la hoc sinh trén trung binh, khéi 9 dat 90%. Tinh s6 hoc sinh ctia mdi khoi.

Vi du: (TS 10 - THPT Ha Noi, n&m hoc 2016 - 2017)
Mot manh vuon hinh chit nhat c6 dién tich 720m?2. Néu tang chiéu dai them 10m va gidm chiéu rong
6m thi dién tich manh vuon khong doi. Tinh chiéu dai va chiéu rong ctia manh vuon.

Vidu: (TS 10 - THPT Ha No6i, nam hoc 2017 - 2018)
Mot xe 6 t6 va mot xe may ciing khéi hanh tit A dé di dén B véi van toc ctia mdi xe khong doi tren
toan bo quang duong AB dai 120km. Do van t6c xe 6 t0 16n hon van téc xe may la 10km/h nén xe
0 t6 dén B sém hon xe may 36 phit. Tinh van toc clia mdi xe.

Vi du: (TS 10 - THPT Ha No6i, nam hoc 2018 - 2019)
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Mot manh dat hinh chit nhat c¢6 chu vi bang 28 mét va do dai duong chéo bang 10 mét. Tinh chiéu
dai va chiéu rong ctia manh dat dé theo don vi mét.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2010 - 2011)
Trén mat phang toa do Ozy cho dudng thang (d): y = —z + 6 va parabol (P): y = 22.
a) Tim toa do cac giao diém ctia (d) va (P).
b) Goi A, B 1a hai giao diém ctia (d) va (P). Tinh dién tich tam gidc OAB.
Vi du : (TS 10 - THPT Ha Nai, nam hoc 2012 - 2013)
Cho phuong trinh 22 — (4m — 1)z + 3m? — 2m = 0. Tim m dé phuong trinh c¢6 hai nghiém phan biét
T1, Ty thoa man 22 + 23 = 7.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2013 - 2014)
Cho parabol (P): y = %xQ va dudng thing d: y = ma — %mz +m+ 1.
a) V4i m = 1, xac dinh toa do cac giao diém A, B ctia (d) va (P).
b) Tim céc gia tri ctia m dé (d) cat (P) tai hai diém phan biét c6 hoanh do 21, x5 sao cho |1 —x,| = 2.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
Cho (P): y = 2% va (d): y = mx + 1.
a. Tim diém c6 dinh ctia (d).
b. Chitng minh ring (d) luon cat (P) tai hai diém phan bigt A va B nam khac phia truc tung.
c. Tim m dé dién tich tam giac OAB = 2.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2016 - 2017)
Trong mit phang toa do Oxy cho dusng thang (d): y = 3z +m?”1 va parabol (P): y = 22.
a) Chitng minh (d) luon cit (P) tai 2 diém phan biét v6i moi m.
b) Goi ; va x5 1 hoanh do cic giao diém ciia (d) va (P). Tim m dé (z; + 1)(x9 + 1) = 1.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2017 - 2018)
Trong mit phing toa do Oxy, cho dudng thing (d): y = max + 5.
a) Chitng minh duong thang (d) luon di qua diém A(0;5) v6i moi gia tri ctia m.
b) Tim tat ca cac gia tri ctia m dé duong thang (d) cat parabol (P): y = 22 tai hai diém phan biét
c6 hoanh do 1an lugt 1a xy, x5 (V6i 11 < ) sao cho |z1| > |za].
Vidu: (TS 10 - THPT Ha Noi, nam hoc 2018 - 2019)
Trong mat phing toa do Oxy, cho duong thing (d): y = (m + 2)x + 3 va parabol (P): y = 22.
a) Chitng minh duong thang (d) luon cat (P) tai hai diém phan biét.
b) Tim tat ca cac gia tri cia m dé dudng thing (d) cit parabol (P) tai hai diém phan biét c6 céc

hoanh do 13 cac s6 nguyen.
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CHU DE IV: CAC BAI TOAN LIEN QUAN DEN

PUONG TRON

TONG QUAN KIEN THUC HINH
I. Kién thic 18p 7 can nhé
1. Dé chitng minh a//b ta cé:

alc

Cach 1: = a//b.
blc

Cach 2: 4 = a/ .
b//c

Cach 3: Chitng minh hai goc & hai vi tri so le trong hodc dong vi ho#c trong ciing phia bt nhau.

2. Dé ching minh alb ta cé:

a//c = al
ble

Céach 2: Ching minh goc gitta ching biing 90° tic 1a (a;b) = 90°.

Céach 1: b.

3. Dé chitng minh hai tam gidc thudng bing nhau ta cé:
Cach 1: c-c-c

Cach 2: c-g-c.

Cach 3: g-c-g.

4. Dé ching minh hai tam giac vudéng bing nhau ta cé:
Cach 1: c-c-c.

Cach 2: c-g-c.

Cach 3: g-c-g.

Cach 4: Canh huyén - géc nhon.

Cach 5: Canh huyén - géc vuong.

5. Dinh ly Py-ta-go

e Néu AB? + AC? = BC? thi AABC la vuong tai A.

e Néu AABC la vuong tai A thi AB? + AC? = BC?.

6. Ching minh AABC can tai A

Cach 1: Chiing minh AB = AC thi AABC la can tai A.

Céch 2: Ching minh B = C thi AABC la can tai A.

7. Chitng minh AABC déu

Cach 1: Chitng minh AB = BC = AC thi AABC la deu.
Céch 2: Ching minh A = B = C thi AABC la déu.

Cach 3: Chitng minh AABC can va c6 mot goc bang 60° thi AABC 1a déu.
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8. Trong mot tam giac can duong duong giac ciung la dudng cao, cing la dudng trung
tuyén, ciing 1a dudng trung truc

9. Giao diém ctia ba dudng trung tuyén la trong tam cua tam giac

10. Giao diém ctia ba dudng cao la truc tam cta tam giac

11. Giao diém ciia ba dudng phan giic cich déu ba canh ctia tam giac

12. Duong thing trung truc 1a duong thang di qua trung diém ctia doan thing va vuodng
gbc voi doan thang dé

I1. Kién thic 16p 8 can nhé

1. Tinh chéat, diu hiéu nhan biét hinh thang, hinh thang, hinh thang can, hinh binh
hanh, hinh thoi, hinh ch@® nhat, hinh vudéng

2. Dinh 1i ta - 1ét thuan va dao, hé qua

A A
N\ 7
\ /
\ /
\ /
A\ /
Bl C/
B C
\
/ \
! \
i \
! N
B C B

¢’ B C

AABC _ AB" _AC' AB' _AC' BB _C'C
pc'//Bc ~ AB  ACT BB CC" T AB - ACT

Dinh 1i ta - 1ét:

AABC
Dinh 1i ta - 1ét dao: < Ao  Acr = B'C'//BC.
BB~ C'C

AABC _ AB_AC'_BC
pc'//pc ~ AB  AC  BC’

Hé qua cua dinh li ta - 1ét:

Chu y: He qua van ding cho trudng hgp dudng thang a song song véi mot canh clia tam gidc va
cat phan kéo dai ctia hai canh con lai.

3. Cach ching minh hai tam gidc dong dang

Cach 1: c-c-c.

Cach 2: ¢c-g-c.

Cach 3: g - g.

4. Hai tam giac dong dang thi ti s dién tich bing binh phuong ti sé6 dong dang

5. Trong mot tam gidc vudng dudng trung tuyén thudc canh huyén thi bing mét nita

canh huyén va ngudgc lai
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III. Kién thic 16p 9 can nhé. "GOC VOI PUGNG TRON"

Noi dung kién thiic can biét ctia hoc ki I.
1. Hé thic lugng trong tam giac vuong.
Cho AABC vuong tai A c6 cac giad thiét nhu hinh vé nhu hinh vé.

(1) v¥* =ab; & =acd
(2) B2 =b.c
(3) ah = be.
1 1 1
We=pta
(5) Tt he thit (1) suy ra dinh 1f Py-ta-go a® = b* + ¢?

2. T1i s6 luong giac clia goc nhon.

) canh doi canh ké
(1) Stho = T (2) COSOL = T
canh huyéen canh huyén
h doi h ké
(3) tana = M (4) cota = M.
canh ke canh doi

3. Mot so tinh chat ctia cac ti s6 lugng giac.

e Néu o + 8 =90° thi:

e sina = cosf3; cosa = sinf3; tana = cot3; cota = tanf.
e Néu 0° < o < 90° thi:

e 0 < sina < 1; 0 < cosa < 1; sina + cos’a = 1.

cosq
; cota = ——; tana.cota = 1.
cosq stna

e Néu o tang thi sina tang, tana ting con cosa gidm, cotar giam.

tano =

4. Cac he thic vé canh trong tam gidc vuong.

e b=ua.sinB; b= a.cosC; b=a.tanB; b = a.cotC.
e c = a.sinC; ¢ = a.cosB; ¢ = a.tanC; ¢ = a.cotB.
Chau y: V6i cac goc nhon «, S thi ta co:

e sina < sinf; tana < tanf.

e cosa > cosf; cotaw > cotf.
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e sina < tana; cosa < cotao.

5. Cuc tri hinh hoc.

e Van dung tinh chat duong xién va duong vuong goc MH < MN.Dau” =" xdy rakhi N = H.

M

] d

H N

e Van dung dinh li dudng kinh va day AB < 2R. Dau” =" xay ra khi A, O, B thang hang.
A /\ B
R
O

e Van dung cac bat dr?mg thic dai so:

+)&+b22\/%déu”:”Xéyrakhia:b.
AN
+ (a—2|— > dau” =" xay ra khi a = b.

) a
+) Bat dang thiic tam giac (quy tic ba diém).
+) Quan hé dusng kinh va day cung.

+) Quan hé dusng vuong géc va dudng xién.

Vi du: Cho nita duong tron tam O, duong kinh AB = 10cm. Mot day C'D = 8cm, c¢6 hai dau
mit di chuyén trén nita duong tron. Goi E, F theo thit tit 14 hinh chiéu vuong géc ctia A va B trén
dudng thing C'D. Xac dinh vi trf ctia CD dé dien tich tt giac ABFE 16n nhat.

Vi du: Cho nita dudng tron tam (O), dudng kinh AB = 2R. Lay diém I trong doan OA sao cho
OI =z (0 <z < R). Qua I vé dudng thang d vuong goc v6i AB va cit nita dudng tron tam O tai
M. Xac dinh x dé chu vi tam giac IMO 16n nhat.

Vi du: Cho diém A va dudng tron (O; R) ¢6 dinh (OA > R). Tim diém M thudc (O) sao cho
AM 16n nhat, AM nhé nhat.

"Day hoc biang toan hoc, khéng phai vi toan hoc" 7



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

Vi du: Cho nita dudng tron tam (O; R), dusng kinh AB. T diem M bat ky thuoc dudng trom,
ké M N vuong goc véi AB (N € AB; M khac A; khac B). Tu N ké ND va NE lan lugt vuong goc
véi AM va BM (D € AM, E € BM).

a) Tt giac DM EN la hinh gi? Ching minh.

b) Ching minh DM.AM = EM.BM.

c) Goi O’ 1a tam duong tron duong kinh N B. Chitng minh DF 1a tiép tuyén ctia duong tron (O').

d) Goi I 1a diém dbi xing véi N qua D. Goi K la diém déi xiing v6i N qua E. Xac dinh vi trf
diém M trén nita dusng tron (O) dé tit gisc AIK B c¢6 chu vi 16n nhat.

6. Tiép tuyén ciia dudng tron.

a) Dinh nghia Tiép tuyén clia dudng tron 1a dudng thang chi c6 mot diém chung véi duong tron
do.

b) Dinh 1i 1 Néu mot duong thang 1a tiép tuyén ctia mot dudng tron thi né vuong goc véi ban kinh
di qua tiép diém.

c) Dinh 1i 2 Néu mot duong thing di qua mot diém clia dudng tron va vuong goéc véi ban kinh di
qua diem dé thi duong thing ay 1a mot tiép tuyén clia duong tron.

d) Tinh chat hai tiép tuyén cit nhau:

Dinh 1i: Néu hai tiép tuyén ctia duong tron cit nhau tai mot diém thi:

e Diém d6 cach déu hai tiép diém.

e Tia ké tir diém d6 di qua tam la tia phan gidc clia goc tao bdi hai tia tiép tuyén.

e Tia ké tit tam di qua diém do la tia phan gidc cia géc tao bdi hai ban kinh di qua cac tiép
diém.

7. Cac buée ctia phuong phap chitng minh di qua mot diém c6 dinh.

Budc 1: Xac dinh r6 cac yéu t6 co6 dinh da biét.

Budc 2: Xac dinh tit giac noi tiép lien quan dén diém cé dinh.

Buéc 3: Chitng minh duong thing hoic dudng tron di qua diém cb dinh.

Cac vi du diém di qua dudng tron c¢b dinh:

Vi du: Cho dudng tron (O) va day BC ¢6 dinh (BC khong di qua (O)). Lay diém A thude (O)
sao cho A va (O) thude cling mot phia so véi BCO. Lay diém M 1a trung diém ctia AB, vé M H vuong
goc v6i AC tai H. Chiing minh H luén nam trén mot duong tron c6 dinh.

Vi du: Cho A, B nam ngoai dusng tron (O; R) ¢6 dinh (duong thang AB khong c6 diém chung
v6i (0)). Lay diem M bat ki tren (O), goi G 1a trong tam AM AB. Chitng minh G chay trén mot
dudng tron ¢6 dinh khi M di dong tren (O).

Cac vi du diém di qua dudng thing ¢ dinh:

Vi du: Cho dudng tron (O) va diém A ¢6 dinh thuoce (O). Vé tiép tuyén d tai A cta (O). Lay
M bat ky thuoc d, goi N la trung diém ctia doan OM. Chitng minh réng khi M di dong trén d thi
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N chay trén mot duong c6 dinh.

Vi du: Ho duong tron (O) ban kinh R va mot dudng thang d cit (O) tai C, D. Mot diém M di
dong trén d sao cho MC > M D va & ngoai duong tron (O). Qua M ké hai tiép tuyén MA, M B (A,
B la tiép diéem). Chiing minh duong thang AB di qua diém c6 dinh.

Vi du: Cho doan thing AC' ¢6 dinh, diém B ¢6 dinh nam gitta A va C. Duong tron (O) thay doi
luon di qua A va B. Goi PQ la duong kinh ctia dudng tron (O), PQ vuong goc AB, (P thudc cung
16n AB). Goi CP cit dudng tron (O) tai diém thit hai I. Chiing minh QI luon di qua mot diém cd
dinh khi duong tron (O) thay doi.

Vi du: Cho dudng tron tam (O) va hai diem A, B ¢6 dinh thudc dusng tron d6 (AB khong phai
I duong kinh). Goi M 1a trung diém clia cung nhé kAB. Trén doan AB lay hai diém C, D phan
biét va khong nam trén duong tron. Cac duong thing MC, M D cit dudsng tron da cho tuong tng
tai E, F khac M.

1) Chitng minh ring bén diem C, D, E, F nim trén mot dudng tron.

2) Goi Oy, Oy tuong ting la tam cac dudng tron ngoai tiép tam gidc ACE va BDF. Chiing minh
rang khi C, D thay doi trén doan AB céc duong thing AO; va BO, luon cit nhau tai mot diem co
dinh.

Vi du: Cho tam gidc ABC va diém D di chuyén trén canh BC' (D khac B va C)Dudng tron
(Oy) di qua D va tiép xtc AB tai B. Duong tron (Os) di qua D va tiép xic AC tai C. Goi F 1a giao
diém thit hai ctia (O;) va (Oy).

a) Chitng minh rang khi D di dong trén doan BC thi duong thang ED luon di qua mot diém cd
dinh

b) Két qua tren con dung khong trong truong hop D di dong ¢ ngoai doan BC.

Vi du: Cho géc vuong xAy, diém B ¢b dinh trén Ay, diém C di chuyén trén Az. Dudng tron
tam I noi tiép tam gidc ABC tiép xtc v6i AC, BC theo thi tu 6 M, N. Chiing minh rang dudng
thang M N luon di qua mot diém cb dinh.

Vi du: Cho duong tron tam O, day AB. Diém M di chuyén trén cung lén AB. Cac dudsng cao
AFE, BF cia tam gidac ABM cat nhau ¢ H. Duong tron tam H ban kinh HM cat M A, M B theo
thia tuw 6 C, D.

a) Chitng minh ring dudng thang ké tit M vuong géc véi C'D luon di qua mot diém cb dinh.

b) Chitng minh ring dudng thang ké tit H va vuong goéc véi C'D ciing di qua mot diém cd dinh.

Vi du: Cho tam giac ABC, M la diém bat ki thuoc dusng tron (O) ngoai tiép tam giac ay. Goi
D la diém déi xiing v6i M qua AB, E la diém déi xiing v6i M qua BC. Chiing minh ring khi diém
M di chuyén trén dudng tron (O) thi DE Iuon di qua mot diém cd dinh.

Vi du: Cho duong tron tam (O). Tit diem A c¢6 dinh ¢ ngoai (O) ké tiép tuyén AB, AC téi (O)
(B, C tiép diém). Lay diém M trén cung nhé BC. Goi D, E, F thit ty la hinh chiéu tit M dén BC,
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AC, AB. Goi M B cit DF tai P, MC cit DE tai Q. Chiing minh dudng thang ndi giao diém ctia
hai duong tron ngoai tiép tam gidc M PF va MQE luon di qua mot diém cd dinh.

Vi du: Cho tam gidc ABC can tai A. Goi M, N thit tu 1a cac diem di dong trén cac dudng
thang AB, AC sao cho trung diém I ctia M N nim trén canh BC'. Chitng minh rang dugng tron qua
3 diém A, M, N luon di qua mot diém c6 dinh khéac A.

Vi du: Cho tam gidc ABC ndi tiép duong tron (O), I 1a diém chinh giita cia BC' khong chita
A. Vé duong tron (O;) di qua I va tiép xtic véi AB tai B, vé dudng tron (Os) di qua I va tiép xic
v6i AC tai C. Goi K la giao diém thit hai ctia hai dusng tron (Oy), (Os).

a) Chitng minh rang ba diem B, K, C thang hang.

b) Lay diém D bat ki thuoc canh AB, diéem E thuoc tia dbi clia tia CA sao cho BD = CE.
Chitng minh dudng tron ngoai tiép tam gidc ADE luon di qua mot diém c6 dinh khac A.

Vi du: Cho dudng tron tam (O) dudng kinh AB, diém C ¢ dinh trén duong kinh &y (C khac
(0)). Diém M chuyén dong trén dudng tron. Duong vuong géc véi AB tai C' cit M A, M B theo thi
tw ¢ E, F. Chiing minh duong tron ngoai tiép tam giac AEF luon di qua qua mot diém cb dinh
khac A.

Vi du: Cho dudng tron (O) va day cung AB. Lay diém E trén day cung AB (E khac A va B).
Qua E vé day cung CD clia duong tron (O). Trén hai tia DA, DB lay hai diéem P, @) déi xting qua
E. Chitng minh ring duong tron (I) tiép xtc véi PQ tai E va di qua C luon di qua mot diém cd
dinh khi F di dong trén day cung AB.

Noi dung kién thiic can biét ctia hoc ki II.

1. G6c G tam

a) Dinh nghia
Goc 6 tam 1a goc ¢6 dinh trung véi tam cua duong tron.
b) Tinh chat
e AOB =sdAB.
d) Bai tap ap dung
2. Lién hé gitta cung va day
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L

a) Hai cung bang nhau cang hai day bang nhau.
b) Hai day bing nhau cang hai cung bang nhau.
Dinh li:
e Duong kinh di qua diém chinh gita ctia mot cung thi chia doi day cang cung. Duong kinh di qua
trung diém ctia mot day khong di qua ta thi di qua diém chinh gitta cung cang day doé.
e Duong kinh di qua diém chinh gitta ctia mot cung thi vuéng goc véi day cang cung ay va ngudc lai.
3. Géc noi tiép
M

S

a) Dinh nghia

Goc nai tiép 1a goc c6 dinh ndm trén duong tron va hai canh chita hai day cung ctia duong tron
do.
b) Tinh chat
o« AMB = %sd@.

Vi du 1: Trong dudng tron (O) ¢6 day AC va BD vuong géc véi nhau tai I. Goi M 1a trung
diém ctia BC. Chitng minh IM 1L AD.

Vi du 2: Cho AABC déu nai tiép dudng tron (O). Lay diém M nam trén cung BC. Chiing
minh rang AM = BM + CM.

Vi du 3: Trong dudng tron (O); (O') cat nhau tai A, B. Tréen AB lay diém I. Qua I ké day M N
cia duong tron (0), ké day C'D cia dusng tron (O'). Ching minh IM.IN = IC.ID.
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Vi du 4: Cho AABC déu noi tiép duong tron (O). Tia phan gidc goc A cat BC tai F, cat duong
ton tai £. Chiing minh :
a) ABEC' can.
b) BEC = ABC + ACB.
c) AB.AC = AE.AF.
d) AF? = AB.AC — BF.CF.
Vidu 5: Cho ttt gidc ABC'D ¢6 bon dinh thuoce duong tron (O). Chitng minh AB.CD+AD.BC =
AC.BD.
4. Géc tao béi tia tiép tuyén va day cung
a) Dinh nghia

Goc tao béi tia tiép tuyén va day cung la goc c6 dinh nam trén duong tron va mot canh I3 tia tiép

tuyén con canh kia chita day cung ctia duong tron do.

— ) , 1
Trong hinh trén BAx va BAy la hai goc tao béi tia tiép tuyén va day cung (BAx = §sdAB cung

16n va B/f@ = %sd@ cung nho ).
b) Dinh i
S6 do ciia goc tao bdi tia tiép tuyén va day cung bang nita sé do goc clia cung bi chan.
c) Hé qua
Trong mot dudng tron, goc tao bdi tia tiép tuyén va day cung va goéc noi tiép ciing chan mot
cung thi bing nhau.
5. G6c c6 dinh G bén trong dudng tron, géc c6 dinh & bén ngoai dudng tron

a) Go6c c6 dinh & bén trong dudng tron
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AMC C6 dinh M nim ben trong duong tron (O).
Dinh li: S6 do géc c¢6 dinh nam bén trong dudng tron biang nita tong s6 do hai cung bi chan.

b) Géc c6 dinh nim bén ngoai dudng tron

M M M

B

AMC C6 dinh M nim bén ngoai dudng tron (0).
Dinh li: S6 do goc c¢6 dinh ndm bén ngoai duong tron bang nita hiéu s6 do hai cung bi chan.
6. Cung chia goc
a. Bai toan quy tich cung chia goéc

V6i doan thang AB va goc a (0° < a < 180°) cho trude thi quy tich cac diém M théa man
AMB = a 13 hai cung chtta géc o dung trén doan AB.

Chu y:

e Hai cung chita géc o dymng trén doan AB 13 hai cung tron ddi xting nhau qua AB.

e Hai diem A, B dudc coi la thuoc quy tich.

e Khi o = 90° thi quy tich céc diém nhin doan AB cho trude dusi mot goc vuong la dudsng tron
duong kinh AB.
b) Cach giai bai toan quy tich

Muén chiing minh quy tich (tap hop) cac diém M théa méan tinh chat (7) 1a mot hinh H nao d6
ta phai chiing minh hai phan:
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Phan thuan: Moi diém c6 tinh chat (7) déu thuoc hinh H.

Phan dao: Moi diém thuoc hinh H déu c6 tinh chat (7).

K&t luan: Quy tich (tap hop) cac diém M c6 tinh chat (7) 1a hinh H.

c) Dang bai quy tich
Dang 1. Quy tich 1a cung chita gbc «

Phuong phap:

+) Tim doan thang c¢6 dinh trong hinh vé.

+) N6i diém phai tim quy tich véi hai dau ctia doan thang c6 dinh d6, xac dinh géc a tao thanh.

+) Khéng dinh diém phai tim quy tich thudc cung chita goc a vé trén doan thing co dinh.

Vi du 1: Cho nita dudng tron (O) duong kinh AB ¢6 dinh. Diém C' chuyén dong trén nita dudng
tron. O phia ngoai AABC vé ABCD vuong can tai C. Tim quy tich diém D.

Vi du 2: trén duong tron (O; R) lay hai diém B, C ¢6 dinh sao cho s6 do cung sdBC = 128°. Lay
diém A di dong trén cung l6n BC. Goi M la tam duong tron bang tiép géc A cia AABC. Chiing
minh rdng M nam trén mot cung tron c6 dinh.

7. T giac noi tiép
a) Dinh nghia

Ti gidc c6 4 dinh nam trén mot duong tron goi 1a ti gidc noi tiép.
b) Tinh chat

e Trong mot tit giac noi tiép thi hai géc ddi c6 tong bing 180°.

e Néu mot tit giac co tong s6 do hai géc doi dien bang 180° thi tit giac dé noi tiép dusng tron.
c) Dau hiéu

e Tong hai goc dbi ctia mot tit gidc bang 180° thi ti giac ndi tiép dudng tron.

e Néu tit giac c6 hai dinh ké nhau cting nhin mot canh chita hai dinh con lai duéi mot géc bang
nhau thi bén dinh cta tit giac ay ciing thudoc mot dudng tron.

d. Van dung

Phuong phap: Dé chiitng minh mot ti¢ gidc noi tiép (hay 4 diém ciung thudc mot
dudng tron) ta can:

(1) Chitng minh cho bén dinh ciia t giac cach déu mot diém nao doé.

)

(3) Chiing minh tir hai dinh cting ké mot canh cting nhin mot canh dudi hai goéc bang nhau.

(4)
tron.

Cu thé: Cho tam gidac ABCD. Néu cac ban chting minh dugc A+C = B+D thitt giac ABCD

Chtng minh tt gidc c6 tong 2 goc déi bang 180°

Néu mot t1i gidce c6 tong sé do hai géc dbi bang thi tit giac do nai tiép duge trong mot dudsng

ciing noi tiép trong mot dusng tron. Day c6 thé néi 1a mot trusng hop dic biét cla truong hgp thi
2.
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(5) Tt giac c6 goc ngoai tai mot dinh bing goc trong tai dinh ddi ctia dinh d6 thi noi tiép duge
trong mot dudng tron.

(6) Chiing minh bang phuong phap phan chiing.

Chu y: Céc ban c6 thé chitng minh tit gidc ABC'D 1a mot trong nhitng hinh dic biét sau: T
giac ABC'D la hinh thang can, hinh chit nhat, hinh vuong.

Vi du: Cho tam giac nhon ABC' ¢6 A = 60°. Cac duong phan giac trong BB;, C'C4 cua tam
gidc ABC' cét nhau tai I.
1. Chiing minh t gidc AB;IC, noi tiép.
2. Goi K la giao diém thit hai khac B clia duong thang BC' véi dudng tron ngoai tiép tam giac BC, 1.
Chitng minh t gidc CKIB; noi tiép.

Vi du: Cho tam gidc ABC ¢6 3 géc nhon noi tiép (O; R). Ha dudng cao AD, BE clia tam giéc.
Céac tia AD, BE lan lugt cat (O) tai cic diém thit hai M, N. Chiing minh ring:
1. Bén diém A,E, D, B nim trén mot duong tron.
2. MN//DE.
3. ED10OC.
4. Cho (O) va day AB c¢6 dinh, diém C di chuyén trén cung 16n AB. Chiing minh rang do dai ban
kinh duong tron ngoai tiép tam giac C ED khong doi.
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C. CAC DANG CO BAN.
e Bai toan lién quan dén chitng minh.
e Bai toan lién quan dén tinh toan.
e Bai toan lién quan dén quy tich.
e Bai toan lién quan dén dung hinh.
e Bai toan lién quan dén cuc tri hinh hoc.

Vi du 1: Cho dudng tron (O) va diém M nim ngoai (O). Tix M ké hai tiép tuyén M A,
MB dén (O) (A, B la tiép diém). Qua M ké cat tuyén MNP (MN < MP) dén (O). Goi
K 1a trung diém cia NP.

1. Chitng minh ring M, A, K, O, B cung thuéc moét dudng tron.

2. Chitng minh ring tia KM la tia phan giac ctia géc AKB.

3. Goi Q 1a giao diém thi hai ctia duong thing BK véi dusng tron (O). Chitng minh
AQ//NP.

4. Ching minh rang MA?> = MH.MO = MN.MP.

5. Chitng minh ring t& giac NHOP la ti& giac noi tiép.

6. Goi I 1a giao diém ctia AB va KO. Chitng minh ring: AB?> = 4 HE.HF (H la giao diém
cia AB va NP).

7. Chitng minh rang t& giac KEMH 1A t& giac noi tiép. Tt dé chitng t6 rang OK.OF
khong doi.

8. Goi I 1a giao diém ctia doan thang MO véi dusng tron (O). Chitng minh rang: I la
tam dudng tron noi tiép AMAB.

9. Chitng minh rang: KE va KF la phan giac trong va phan gidc ngoai ciia géc AKB.
Tw d6 suy ra: AE.BF = AF.BE.

10. Tim vi tri ctia cat tuyén MNP dé dién tich tam giac M QP dat gia tri 16n nhét.

11. Chitng minh khi cat tuyén MNP quay quanh A thi trong tam G ctia ANAP ludn
chay trén mot dudng tron c¢b dinh va khi cat tuyén MNP cb dinh, diém M di chuyén
trén tia déi ctia NP, ching minh dudng AB di qua mot diém cd dinh.

12. Gia s&® MO = 2R. Tinh dién tich hinh quat giéi han bdgi hai ban kinh OA, OB va cung
nho AB.

Huéng dan

1. Chitng minh ring M, A, K, O, B cung thuéc mot dudng tron.
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Vi M A la tiép tuyén ctia (O) = MALOA tai A

= AMOA vuong tai A = A € (MO) (1)
Vi M B la tiép tuyén ctia (O) = MBL1OB tai B
= AMOB vuong tai B = B € (MO) (2)

+) Ta c6 K la trung diém ctia NP = dudng thang OK L NP

Vi M, N, K thing hang = OK LMK = MOK = 90° = K € (MO) (3)
Tit (1) (2) va (3) = A, B, C cing € (MO)

= 5 diéem M, A, K, O, B cung thuoc mot dudsng tron.

2. Chitng minh ring tia KM la tia phan giac ctia géc AKB.

Xét duong tron dusng kinh (MO) 6 cau 1
— 1 . — — 1  —
+) Ta c6: AKM = ésdAM va AOM = §sdAM

= AKM = AOM (4)

— 1 — 1
+) Ta c6: BKM = §sdBM va BOM = EsdBM
= BKM = BOM (5)

Ma NA, MB la tiép tuyén caa (O):

TS 10 - Ha Noi
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OM la phan giac ctia goc AOB = AOM = BOM (6)

+) Tit (4), (5) va (6) = AKM = BKM = MK la phan giéc ctia goc AKB (dpem).

3. Goi Q 1a giao diém thi hai ctia duong thing BK véi dusng tron (O). Chitng minh
AQ//NP.

Ta sé chiing minh: 1@ — NKB
— 1 —
+) Trong duong tron (O): AQB = §sdAB (7)

+) Trong duong tron (MO): NKB=MKB = MOB (Vi cing = %sd]\/I\B)

= %A/O\B (vi MO la phan giac clia goc A/O\B)

_ %sd@ (vi AOB —sdAB) (8)

Tu (7) va (8): = AQB = NK B, ma hai goc nay & vi tri dong vi = AQ//NP (dpcm).
4. Ching minh rang MA?> = MH.MO = MN.MP.

>

\xP

Ta chitng minh M A% = MH.MO
Xét AMAO vuong tai A va c6 chiéu cao AHLMO
= Theo he¢ thiic lugng ta c6 MA? = MH.MO (dpcm) (9)

"Day hoc biang toan hoc, khéng phai vi toan hoc" 88



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

Ta ching minh M A? = MN.MP

Xét AMAN va AMPA

+) M chung (1)

+) MAN = %sdAN (goc tao bdi tia tiép tuyén va day cung)

+) MPA=NPA= %SdAN

= MAN = MPA (II)

Tu (I) va (IT) = AMAN ~ AMPA = ]]\\/[4—;3 = % = MA? = MN.MP (dpcm) (10)
Tit (9) va (10) = MA? = MH.MO = MN.MP (dpcm).

5. Chitng minh rang ti& giac M NOP la tit giac noi tiép.

MH MN
MP MO

Theo cau 4 tacd6 MH.MO = MN.MP =
Xét AMHN va AMPO co:

+) M chung (1 cap géc dong vi)
MH

3P = o ! auh K¢ nhau t
= AMHN ~ AMPO = MHN = MPO (11)

Mgt khac MHN + NHO = 180° (12)

Tit (11) va (12) = MPO + NHO = 180°, Vay tit gisc NHOP la i gidc noi tiép.

6. Goi I 1a giao diém ctia AB va KO. Chitng minh ring: AB?> = 4 HE.HF (H 1a giao diém
ciaa AB va NP).

hai cip canh ké nhau tuong ting ti 1¢)
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E

2

. AB\®
Gai y: =HFE.HF & - =AH*=HFE.HF
Trong d6 AMAO: AH? = HM.MO
HM HFE

HM.MO=HE.HF — = —

© ~ HF _ HO
+) Chitng minh AH*> = HM.HO
Xét AMAO vuong tai A, c¢6 chiéu cao AH.
Theo hé thitc co ban trong tam giac guéng ta c6: AH*> = HM.HO

AB AB

Mat Khic: AH = 57 = AH? = == = AB* = 4. AH? = 4 HM.HO (12)

4
Tit (11) va (12): dé chiing minh (11) ta phai chiing minh:

= AHMF ~ AHEO

M HEFE
HM.HO = HE.HF < IF = HO - -
Xét hai tam giac vuong AHMF va AHEQO: ¢c6 HMF = HEO (vi cung phu géc MOFE)
HM HE

7. Chitng minh ring t& giac KEMH 1a t& giac noi tiép. T d6 chiing t6 rang OK.OF
khong doi.
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E

M

Ta c6 MKLFEK, EHLMH va EKM = EHM = 90° ciing nhin doan EM = KEMH la tit giac
noi tiép.

Ding két qua & cau 5 ta c6 OK.OE = OH.OM = OA? = R? khong doi.

Tit OK.OF = R? = ON? = OP* = ENO = 90°. (dpcm).

8. Goi I 1a giao diém ctia doan thing MO véi dudng tron (O). Chitng minh ring: I la
tam dudng tron noi tiép tam giac MAB.

B

Vi MO la trung truc cia AB nén [A=1B. = TAM = IAB = Al 1a phan giac AMB.

9. Chitng minh rang: KE va KF la phan giac trong vaA phan gidc ngoai ciia géc AKB.
Tw d6 suy ra: AE.BF = AF.BE.

T cau 2 ta c6 KF la phan giac goc A/K\B, v6i KE1LKF nén KFE la phan giac goc ngoai tai dinh
K. Dung tinh chat duong phan gidc v6i AKB = AE.BF = AF.BE.

10. Tim vi tri cia cat tuyén MNP dé dién tich tam giac M QP dat gia tri 16n nhéat.
Chu §: Do P, Q thay déi nen AMQP c6 do dai ca ba canh déu thay déi gay kho khan do dé can
dua vé tam giac chita nhiéu yéu t6 ¢6 dinh hon.

T cau 3 = AQ//MP = Somp = Samp.

Ké PJLMA ta co Soup = %AM.PJ. Do AM khong d6i = Sourpmar < PJmaz-
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Vi PJ < PA< P'A& P =P (P d6i xing véi A qua O).

Vay Syvopmar & P =P

11. Chitng minh khi cat tuyén MNP quay quanh A thi trong tam G ctia ANAP ludn
chay trén mot dudng tron cd dinh va khi cat tuyén MNP cb dinh, diém M di chuyén
trén tia déi ctia NP, ching minh dudng AB di qua mot diém cb dinh.

. . AL 2 .
Goi S la trung diem OM, tu G ké GL//KS. Vi AS ¢6 dinh va 1S =37 L c6 dinh.
2 1 ) 1
Lai c6 LG = §SK = gOM khong doi. Béi vay G ludn chay trén duong tron (L; gOM)
s . . R?
Do OK.OF khong doi = E thuoc duong OK ¢o dinh trén d6 E cach O c¢o dinh mot doan OF = 0K

khong doi. Vay E la diém c6 dinh ma AB luon di qua.
12. Gia st MO = 2R. Tinh dién tich hinh quat giéi han bdi hai ban kinh OA, OB va cung
nho AB.

Tit MO = 2R ta tinh duge MOA = 60° = AOB = 120°.
T R?
3/ ' -z
Vi du 2: Cho tam gidc ABC noi tieép dusng tron (O), cac duong cao AD, BE, C'F cat nhau tai

H va lan lugt cit dudng tron tai cac diém tai M, N, P. Chting minh ring:
. T gidc BFEC va AEDB noi tiép.
. AFE.AC = AF.AB.

Dién tich hinh quat can tinh 1a S =

. H 1a tam duong tron noi tiép tam giac EFD.

. Khi BAC' = 30°. Tinh dién tich hinh quat giéi han bdéi hai ban kinh OB, OC' va cung nhé BC.

. BC' 1a phan giac ctia goc m, ti d6 suy ra H, M doi xing nhau qua BC.

.PN//EF, AOLEF.

. Goi I 1a trung diém BC, K déi xting H qua I. Chiing minh K thuoc (O).

. BM KC la hinh thang can.

. PN < 2AH.

10. AI cat OH tai G. Chitng minh G 1a trong tam AABC.

11. Tim diéu kién ctia goc B va C dé OH//BC.

12. Khi A di chuyén trén cung 16n BC. Chitng minh ban kinh duong tron ngoai tiép AFE khong

© 00 = O Ot s W N

doi. Chitng minh H luon thuoc mot duong cb dinh,
13. Khi A di chuyén trén BC. Chitng minh EF c6 do dai khong doi, suy ra vi trf diem A dé dien
tich AAEF 16n nhat.
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E. PHUONG TICH GIAI CAC BAI TOAN KHO

<
.
Sy
S

Néu ABCD = MA.MB = MC.MD hay AMAC ~ AMDB (g-g) hay AMAD ~ AMCB (g-g).

<
A
o

) MA  MC
e Nou MAMB = MCMD & — = — & AMAC ~ AMDB (c-g-c) thi tt gidc ABCD
j MD MB
noi tiep.
Két luan: ABCD noi tiép & MAMB = MC.MD.

M3 rong bd dé 1.

)

:B'

S
C

&
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Chitng minh: AB.AC = d*> — R?

Theo b6 dé 1: AB.AC = AD.AE = (d — R)(d + R) = d*> — R* (d 1 kho4ng cach tit A cho téi O).
Bai toan ting dung: Chitng minh AB.AC khong doi.

2. B6 dé 2.

Cho duong tron (O), tiép tuyén AB va cat tuyén AC'D. Chitng minh AB* = AC.AD.

B

AACB ~ AABD (g - g).

Ung dung: AB la tiép tuyén cia ABCD < AB? = AC.AD < AACB ~ AABD (c-g-c).
-~ ABC=D. = AB I tiép tuyén ctia duong tron ngoai tiép ABCD.

Tiu bo dé 1 vabd dé 2taco MAMB =MCMD = MT? =d? — R%.

Tuong tu truong hgp hai day cung cit nhau cting ndam trong mot dudng tron ciing xay ra hai chiéu

cach ching minh tuong tu cdc phan trén.
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D Q

a7

D
A
B
C
P C B

e ACBD noi tiép & MAMB = MC.MD.
Chu inh: AMCA AMBD@MO—MA—MAMB—MC’MD

ng minh: B MD - . = . .

e Vay ACBD nai tiép < PA.PD = PC.PB, QA.QC = QD.QB, MA.MB = MC.MD.
3. Bo dé 3.

A

Trong AABC ¢6 ba duong cao AD, BE, CF cat nhau tai H.

e Chitng minh dugc céc tit giac loai 1 AFHE, ... va tit giac loai 2 ABDE, ... noi tiép.
e Chitng minh duge H 1a tam noi tiép ADEF.

e Ching minh dugec AF.AB = AH.AD = AE.AC va HAA-HD = HE.HB = HC.HF.
e Chiing minh dugc DB.DC = DH.DA < ABDH ~ AADC quan trong nhat.

4. Duong tron Euler
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E
F{_H
o
B D C

e Dudng tron di qua 9 diém nhu hinh vé trén dude goi la dusng tron Euler.
Chu y: Khi di thi dé chi héi chitng minh 4 diém trong 9 diém cliing thuoc mot dusng tron.
5. Piém dbi xting véi truc tam qua canh ctia tam giac
Cho AABC, ba duong cao AD, BE, CF dong qui tai H.
Cach hoi 1: Ké AD cit (ABC) tai K thi H va K d6i xiing nhau qua BC.
Cach héi 2: Goi K la diém déi xing v6i H qua BC thi K € (ABC).

A

K

Ching minh:
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Cach hoi 1: H va K d6i xting nhau qua BC.

e AHCK la A can. Vi Oy = Cy = BC 1a phan giac ctia HOK ma BOLHK.

e ABHC = ABKC = (BHC) va (BKC) ¢6 ban kinh bang nhau hon ntta (BHC), (CHA),
(AHB), (BKC), (ABC) ciing c¢6 ban kinh bang nhau.
Cach héi 2: Goi K la diém déi xing v6i H qua BC thi K € (ABC).

Ta ¢6 K € (ABC) « ABKC noi tiép & BKC + BAC = 180° < BHC + BAC = 180° <
EHF + BAC = 180",
6. DPuong thing Euler H, G, O

Cho AABC, ba duong cao AD, BE, CF dong qui tai H. Ké duong kinh AK.

Ta ching minh duge BHCK 1a hinh binh hanh vi CK//BE, BK//CF.

No6i HK cat BC tai M thi AH = 20M.

1 A A 2
Ching minh dugce G la trong tam AABC vi OM = §AH theo dinh li ta-1ét G =2= —G =3

GM AM

"Day hoc biang toan hoc, khéng phai vi toan hoc" 97



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

7. Tinh chat phan giac
Cho AABC' ¢6 duong phan giac trong AD va phan giac ngoai AFE.

DB AB EB
TacoDC—AC—EC@DB.EC—DC.EB.

Cha y: Trong AABC c6 ba duong cao AD, BE, CF cat nhau tai H. Ké EF cat BC tai I, cat AD
tai K. Thi DK, ID la duong phan giac trong va phan giac ngoai. Khi dé6 ta c6: FK.IE =IF.KFE.
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I
B D C

Ba diéu can chi y:
e Ta c6 I 1a tam noi tiep AABC.
e BI, BK la duong phan giac trong va phan giac ngoai.
e [HAK = AlL.HK.

8. 5 diém cung thudéc mot dudng tron
e A B, M, O, C cung thuéc mot duong tron.
e BMA = AMC.
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l E
0]
A
C

9. Dinh i ta - lét
Cho AABC, M € AB, N € AC va MN//BC. Lay E thuoc canh BC, AFE cit MN tai D. Tac6 E
I3 trung diém BC < D la trung diém MN.

A

D
E

MD AD ND

o = = .
BE AE EC

10. Khoang cach den ba canh cta tam giac

Ve MD1BC, MELAC, MFLAB.

N\
C
B
F
A . O
D
E
C
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MD MF

2 _ _— = —
e MD* = ME.MF & VE D
MDCE va MDBF).

e MEMF,,. & MD?

max

& AMDE ~ AMFD (g - g) (Dua vao ti giac noi tiép

& M la diém chinh gita cung BC.
11. Ching minh vuéng goéc

e AOLED.
Ké Az 1a tiép tuyén ctia duong tron. Khi d6 zAB = ACB = AED = ED//Ax = Az 1 AO =
AOLED .

e MB=MC=MI.

e BIM = BAM + ABI.

e Chitng minh (BIC) c¢6 tam thuoc (ABC) chinh diém 1a M vi MB = MC = M.

e Duong phan giac BAC cit (O) tai M, tren AM lay diém I sao cho M B = M]I thi ta ching
minh duge I 1a tam noi tiép AABC.

"Day hoc biang toan hoc, khéng phai vi toan hoc" 101



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

A
\//; i O; j
BWO
K
e BAH — OAC.

e BAC va HAO c6 chung duong phan giac AM.

12. D6 dai day va sd do cung

‘ |
A\LI/B

e AB = RV1 & sdAB = 60°.
e AB = R\/2 & sdAB = 90°.
o AB = R\/3 < sdAB = 120°.
e AB = R4 & sdAB = 180°.
Cht §: OA = 2R
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A 0]
C

Cho OA = 2R thi ta dugc.
R 1

e AABC la tam gidc déu (vi sinBAO = 3R = 3 BAO = 309).

[\
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F. KI THUAT PHUONG PHAP TU DUY HINH HOC CUC HAY!!!

Dang 1. Chiing minh tich, ti 6, tam gidc dong dang.

AC AFE
. — 2 - = ~
Tw duy 1: AEAF = AC* & ﬁg ﬁ%ﬁ AACF ~ AAEC.

Khi d6 sé xuat hien dang Ay ~ Ag va Ay ~ Az = A ~ As.
Dang 2. BM.BI + CM.CA = AB? + AC? (x)

Tu duy 1: BM.BI = AB? (1) va CM.CA = AC? (2)
Cong vé véi vé cta (1) v6i (2) = (%) (Néu thé thi AB, AC phai la canh chung ctia 1 cap tam gidc
dong dang).

Tu duy 2: AB?> + AC? = BC? nén (x) & BM.BI + CM.CA = BC?. Khi d6 kha ning

BM.BI = k.BC? .
(v6i0 < k <1)
CM.CA=(1— k)BC?

Khi d6 cong vé v6i vé = (x). Thi BC phai la canh chung ctia mot cip tam gidc dong dang.

Tu duy 3: BN + NC = BC nen (+) < BM.BI + CM.CA = BO.(BN + NC) = BC.BN +
BC.NC'. Khi xuat hién hai cip tam giac dong dang.
Dang 3. Dé chitng minh 3 dudong thing dong quy ta thuong chiing minh 3 duong thing ay hoic la
3 duong cao hodc 1a 3 dudng trung tuyén hoidc 14 3 duong phan giac clia mot tam giac.
Dang 4. Dé chiing minh 3 diém A, B, C thing hang dudc chiing minh mot trong ba diéu tuong
duong sau:

e AB + BC = AC (khi d6 BC thudc doan thing AC).

e Mot trong ba diém &y 1a dinh mot géc bang 180° ching han nhu ABC = 180°.

e Mot trong ba diém ay la diém chung ctia hai doan théang song song chang han AB//BC.

e Mot trong ba diém Ay 1a diém chung ctia hai doan thang cling tao véi duong thing A c6 sin
mot géc bing nhau chang han (A/B,\A) = (m)
Dang 5. Xac dinh vi trf diém M trén cung nhé BC dé tich MI.MK.MP dat gia tri 16n nhat.

Tvw duy: MI.MKMP = MP3 < MI.MK = MP? thi thusng M P 1a canh chung ctia hai tam
giac AMPI va AMPK.
Dang 6. Khi E chay trén cung nhé BC' thi tam duong tron ngoai tiép tam gidc AAEF luon thuoc
mot dudng thing ¢ dinh.
Néu (A) la duong thang ¢ dinh chita tam ctia duong tron bién thién c6 cac dic diém sau:

Tu duy 1: Néu dusng tron c6 hai diém c6 dinh thi (A) la trung tryc ctia doan théng néi hai
diém c6 dinh ay.

Tu duy 2: Néu dudng tron c6 mot diém co dinh thi (A) 1 dudng thing di qua diém do va

e hodc la (A)L(A).

e hodc la (A)//(A).
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e hoiic 1 (A) tao véi (A') mot goc khong ddi (trong d6 (A) 1a mot duong thang cd dinh c6 sin).
Dang 7. Ching minh /S 4+ /S = V/S ta ¢6 céc cach sau:
Tu duy 1: /S + VS5 = V'S < hy + hy = h V6i hy, ho, hs 1a cic dudng cao tuong tng.
Tu duy 2: /S; +V/S52 = VS & a1 4 as = a véi ai, as, a la cac canh tng véi duong cao tuong
ing.
Sl SQ N 2 P PP PPN .
Tu duy 3: V51 +VS: = VS & < + 5 = 1. Thuong dang thic ve ty so dién tich tam

giac 1a dang thiic vé ti s6 cac canh tuong tng trong céc cap tam gidc dong dang.
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G. MOT SO CAU HINH TRONG DE TUYEN SINH
HA NOI
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2011 - 2012)

Cho duong tron tam O, duong kinh AB = 2R. Goi d; va dy lan lugt 13 hai tiép tuyén ctia duong
tron (O) tai hai diém A va B. Goi I la trung diém ctia OA va E la diém thuoc dusng tron (O) (E
khong trimg v6i A va B). Duong thang d di qua diéem E va vuong goc véi ET cat hai duong thang
dy, dy 1an luct tai M, N.

1) Chiing minh AMET 13 ti giac noi tiép.

2) Chitng minh goc ENT = EBI va goc MIN = 90° .

3) Ching minh AM.BN = Al.BI.

4) Goi F la diém chinh giita ctia cung AB khong chita E clia duong tron (O). Hay tinh dién tich ctia
tam giac MIN theo R khi ba diém E, I, F thing hang.

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2012 - 2013)

Cho duong tron (O; R) dudng kinh AB. Ban kinh CO vuong géc véi AB, M la diem bat ky tren
cung nho AC' (M khac A va C'), BM cat AC tai H. Goi K 1a hinh chiéu ctia H trén AB.
1)Chitng minh tit giac CBK H 1a tit giac noi tiép.

2) Chiing minh ACM = ACK.
3) Trén doan thang BM lay diém E sao cho BE = AM. Ching minh tam gidc FCM la tam giac
vuong can tai C'.

4) Goi d la tiép tuyén ctia duong tron tai (O) tai diém A. Cho P la mot diém nam trén d sao cho
AP.MB

A R. Ching minh duong

hai diém P, C' nim trong ciing mot nita mit phiang bd AB va
thing PB di qua trung diém ctia doan thang HK.
Vidu: (TS 10 - THPT Ha No6i, nam hoc 2013 - 2014)
Cho dudng tron (O) va diém A nidm bén ngoai (O). Ké hai tiép tuyén AM, AN véi dudsng tron
(O) (M, N 1a cac tiép diém). Mot duong thang d di qua A cat duong tron (O) tai hai diem B va C
(AB < AC, d khong di qua tam O).
1) Chiing minh tit gidc AMON nai tiép.
2) Chitng minh AN? = AB.AC. Tinh do dai doan thang BC khi AB =4 cm, AN = 6 cm.
3) Goi I 1a trung diém ctia BC. Dudng thang NI cit dudng tron (O) tai diém thi hai 7. Ching
minh MT//AC.
4) Hai tiép tuyén ctia duong tron (O) tai B va C' cat nhau § K. Ching minh K thuéc mot dudng
thang c6 dinh khi d thay déi va théa man diéu kien dé bai.
Vidu: (TS 10 - THPT Ha No6i, nam hoc 2014 - 2015)
Cho duong tron (O; R) ¢6 duong kinh AB ¢6 dinh. V& dudng kinh M N ctia dudng tron (O; R)
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(M khac A, M khac B). Tiép tuyén ctia dudng tron (O; R) tai B cat cac dudng thang AM, AN lan
luot tai cac diém Q, P.

1) Ching minh t gidc AM BN la hinh chi nhat.

2) Chitng minh bén diém M, N, P, Q cing thudoc mot duong tron.

3) Goi E la trung diém ctia BQ. Dudng thiang vuong goc véi OF tai O cat PQ tai diem F. Ching
minh F 1a trung diém ctia BP va ME//NF.

4) Khi duong kinh M N quay quanh tam O va théa man diéu kien de bai, xac dinh vi tri ctia dudng
kinh M N dé ti gidc MNPQ c6 dien tich nhd nhat.

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2015 - 2016)

Cho duong tron (O; R) ¢6 duong kinh AB ¢ dinh. V& duong kinh M N ctia dudng tron (O; R)
(M khac A, M khac B). Tiép tuyén ctia dudng tron (O; R) tai B cit cac dudng thang AM, AN lan
lugt tai cac diem Q, P.

1) Chitng minh tit gidc AM BN la hinh cht nhat.

2) Chiing minh bén diém M, N, P, Q ciing thuoc mot dudng tron.

3) Goi E la trung diém ctia BQ. Dudng thang vuong goc véi OF tai O cat PQ tai diem F. Ching
minh F 13 trung diém ctia BP va ME//NF.

4) Khi duong kinh M N quay quanh tam O va théa man diéu kién deé bai, x4c dinh vi trf clia dudng
kinh M N dé tit giac M N PQ c6 dién tich nhé nhéat.

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2016 - 2017)

Cho dudng tron (O) va mot diem A nidm ngoai dudng tron. Ké tiép tuyén AB véi dusng tron (O)
(v6i B la tiép diém) va dudng kinh BC. Trén doan thang CO lay diém I (I # C, I # O). Duong
thang Al cat (O) tai hai diem D va E (D niam gitta A va E). Goi H 1a trung diém ctia DE.

1) Chitng minh bén diém A, B, O, H cting nam trén mot dudng tron.
2) Chiing minh AB = @
"AE T BE / ,)
3) Duong thang d di qua E song song v6i AO, d cat BC' tai diem K. Ching minh HK//DC.
4) Tia CD cit AO tai diém P, tia FO cit BP tai F. Chiing minh tit gidc BECF 14 hinh chit nhat.

Vidu: (TS 10 - THPT Ha Noi, nam hoc 2017 - 2018)

Cho dudng tron (O) ngoai tiép tam giac nhon ABC. Goi M va N lan lugt 1a diém chinh gitta clia
cung nhé AB va cung nhé BC. Hai day AN va C'M céat nhau tai diém I. Day M N céat canh AB va
BC lan luot tai céc diém H va K.

1. Chitng minh bén diém C, N, K, I cing thuoc mot dudng tron.

2. Chitng minh NB? = NK.NM.

3. Ching minh t@ giac BHIK 1a hinh thoi.

4. Goi P, @ lan lugt 1a tam ctia cac duong tron ngoai tiép tam gidac M BK, tam giac MCK va E 1a
trung diém ctia doan PQ. Vé dudng kinh ND ctia dudng tron (O). Chitng minh ba diém D, E, K
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Huéng dan

1. Ching minh bén diém C, N, K, I cung thuéc mot dudng tron.

Xét (0O) c6 AM = BM (M 1a diém nam chinh gitta ZE)

= ANB = BCM (2 gbe noi tiép chin hai cung béng nhau)

Xét tu giac CNKI c6 INK = ICK (chiing minh trén)

Ma C va N 1a hai dinh ké nhau = tit gidc CN KT 1a ti gidc noi tiép (dau hiéu nhan biét t giac noi
tiép)

Suy ra 4 diem C, N, K, I cing thudoc mot dudng tron (dpem).

2. Chitng minh NB? = NK.NM.

Xét (O) c6 BN = NC (do N la diém chinh giita EE’)

— BMN = NBC (2 gbc noi tiép chan hai cung béng nhau)

Xét ANBK va ANMB co6:

BNM chung, NBK = NMB (ching minh trén). Suy ra ANBK ~ ANMB (g - g)
NB _NK & NB? = NB.NK (dpcm).

~ NM _ NB
3. Chitng minh ti gidc BHIK 1a hinh thoi.
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Xét duong tron ngoai tiép ti giac CNKI c6 IKC = INC (2 gbc noi tiép cung chan cung I/E’)

Xét dudng tron (O) c6 ABC = ANC (2 goc noi tiép cing chin cung AC)

= ABC = IKC (= ANC)

Ma hai géc nay 6 vi tri dong vi = [K//HB (dau hiéu nhan biét hai dudng thang song song)
Ching minh tuong tu ta duge BK//HI

Xét (O) c6 BN = NC (N la diém chinh gita cung BO)

— BAN = CAN (2 goc noi tiép chan hai cing béang nhau)

= AN la phan giac ciia goc BAC.

Chtng minh tuong tu ta duge C'M la phan giac cia goc ACB.

Ma AN NCM = {I}} la giao diém clia ba dudng phan gidc trong ciia tam gidc ABC

= BI la phan giac cua goc ABC

Xét tt giac BHIK ¢6 HI//BK, BH//KI nen t@ giac BHIK 1a hinh binh hanh

Ma BI la phan giac HBEK Suy ra t1 gidc BHIK 1a hinh thoi (dau hiéu nhan biét hinh thoi).

4. Goi P, Q lan lugt 1a tam ctia cic dudng tron ngoai tiép tam giac M BK, tam giac
MCK va E la trung diém ctia doan PQ. Vé dudng kinh ND ctia dudng tron (O). Ching
minh ba diém D, F, K thang hang.

A D
Q@
M, B z
1
B K ¢
N

Do NBK = BMK = BN la tiép tuyén duong tron ngoai tiécp ABMK
Ta ¢c6 BDLBN (@ 1a g6c noi tiép chén nita dudng tron (0))
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= B € BD va trung truc BK
Chiing minh tuong tu ta duge Q € C'D va trung truc KC'
Ta ching minh duge ABPK, AQKC, ABDC' can
— PBEK = PKB = QCK
PBK = @(\C (hai goc dong vi)
= QK//DP
PKB = DCEK (hai géc déng vi)
= QK//DP
Suy ra ti giac DQ K H la hinh binh banh
= PQ cit DK tai trung diém ciia mdi duong
Ma E la trung diem PQ
= F la trung diém ctia DK
Vay D, E, K thang hang.

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2018 - 2019)

Cho dudng tron (O; R) véi day cung AB khong di qua tam. Lay S 1a diém bat ki trén tia d6i clia
tia AB (S khac A). Tt diém S vé hai tiép tuyén SC va SD véi dusng tron (O; R) sao cho diem C
nam trén cung nhé AB (C, D 1a cac tiép diém). Goi H la trung diém ctia doan thang AB.
1. Chitng minh nam diém diém C, D, H, O, S cuing thudc mot dudsng tron duong kinh SO.
2. Khi SO = 2R, hay tinh do dai doan thing SD theo R va tinh s6 do CSD.
3. Duong thang di qua diém A va song song v6i dudng thang SC, cit doan thang C'D tai diém K.
Chiing minh t@ giac ADHK la t gidc noi tiép va dudng thing BK di qua trung diém ctia doan
thing SC.
4. Goi E la trung diém ctia doan thdng BD va F la hinh chiéu vuong géc ciia diém F trén dudng
thing AD. Chtng minh ring, khi diém S thay ddi trén tia AB thi diém F luon thuoc mot duong
tron c6 dinh.

Vi du: Cho dudng tron (O; R) duong kinh AB ¢b dinh, day C'D di dong vuong goc véi AB tai
H nam giita A va O, lay diém F thuoc cung AC nhd, DF cit day CD tai E, AF cét tia DC tai I,
1. Chting minh ring cac diém A, H, E, F cung thuoc mot duong tron.
2. Chitng minh rang: HA.HB = HE.HI.
3. Duong tron ngoai tiép tam giac IFE cat AE tai M. Chiing minh M thuoc duong tron (O; R).
4. Tim vi tri diém H trén OA dé chu vi tam giac OH D 16n nhét.

Vi du: Tit mot diem A nam ngoai duong tron (O; R) Vé tiép tuyén AB, AC véi duong tron (B,
C la cac tiép diém). Trén cung nhé BC' lay diém M bat ky, vé M vuong goc véi AB, MK vuong
géc voi AC (€ AB, K € AC).
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1. Chitng minh ring céac diem A, I, M, K ciing thuoc mot dudng tron.
2. V& M P vuong goc v6i BC' (P € BC). Chiing minh rang: MPK = MBC.
3. Chitng minh MI.MK = M P2
4. Xac dinh vi trf diém M trén cung nhé BC' dé tich MI.MK.MP dat gia tri 16n nhat.
Vi du: Tt diém A nam ngoai dudng tron (O; R) ké hai tiép tuyén AB, AC t6i dudng tron (B,
C la céc tiép diém). Lay diém I thuoc day BC sao cho IB < IC. Ké dudng thang d vuong géc véi
OI tai I, duong thang d cit cac tia AB, AC lan lugt tai E va F.
1) Chiing minh cac tit giac OIBE, OIFC la cac tit giac noi tiép.
2) Ching minh: AOEF la tam giac can.
3) Qua O ké dudng thing vuong goc véi OA, no cit tia AB, AC lan lugt tai P va Q. Tim vi trf clia
A dé dien tich AAPQ nho nhét.

H. CAC BAI HINH HOC PE LUYEN TAP PHAN XA THEO MO HINH

Vi du: Cho dudng tron (O; R) dudng kinh BC, A la diém nam trén tia ddi clia tia BC. Vé tiép
tuyén AD (D la tiép diém) va day DFE song song véi BC, M la giao diém ctia AE v6i duong tron
(O; R), N la diém chinh gitta ctia AB va DM. Chiing minh: 1B + AlC = AlN'

AN? =NM.ND = NB.NC)

Vi du: Tit diem M nam ngoai dusng tron (O) dung cac tiép tuyén M A, M B va cat tuyén MC D

v6i dusng tron (A, B la cac tiép diém, MC < M D). Goi E la trung diém ctia CD.

1) Chiing minh 5 diém M, A, E, O, B ciing thuoc dusng tron.

2) Chitng minh: MC.MD = M B>.

3) Qua C ké dudng thang vuong goc v6i OA, né cat AB tai F. Chiing minh tit giac BCFE la ti

(Ggi y Ching minh

giac noi tiép.

4) Goi H la giao diém ctia AB va C'D. Chitng minh ring; ]\/IlC + MlD = ]\/sz. (
MA? = MHME va MA? = MD.MC = MHME = MC.MD < 2MHME = 2MC.MD <
MH.(ME + ED + ME — EC) = 2MC.MD & MH.(MD + MC) = MC.MD).

Vi du: Cho dudng tron (O; R) v6i day AB < 2R c6 dinh. Goi C' 1a diém thudc cung 16n AB sao
cho tam giac ABC nhon, M va N lan lugt 1a diém chinh gita cung nhé AB va cung nhé AC. Goi [
1a giao ctia BN va CM. Day M N cat AB va AC lan lugt tai H vd K. Ching minh rang:

1) T giac BM HI nai tiép.

2) NI.NB=NH.NM.

3) K H la phan giac cta goc AKI, I A la phan giac cud KITH.

4) Khi diém C di dong trén cung 16n AB va théa man diéu kieén dé bai thi tong 2 ban kinh ctia 2

Goi y: Chitng minh

dudng tron ngoai tiép tam gidc NAH va NBH c6 gia tri khong doi.
Vi du: Cho dudng tron (O) c6 BC la day cung c6 dinh nhd hon duong kinh, A la diém di dong
tren cung 16n BC' (A khong trung B va C). Goi AD, BE, C'F 1a cac duong cao cia AABC, EF cét
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BC tai M. Qua D ké dudng thang song song v6i EF cit AB tai P va cat AC tai Q.

1) Chiing minh tit gidc BPCQ noi tiép.

2) Chiing minh tam giac DF P can tai D.

3) Goi N la trung diém ctia BC. Chting minh rang MF.ME = MD.MN.

4) Chiing minh duong tron ngoai tiép tam gidc M PQ luon di qua mot diém c6 dinh khi A di dong
trén cung 16n BC.

Vi du: Cho diém M niam ngoai duong tron (O). Vé cac tiép tuyén M A, M B véi (O) (4, B la
cac tiép diem). Vé cat tuyén MC D khong di qua tam O (C nam gitta M va D), OM cat AB va (O)
lan lugt tai H va I. Ching minh:

1) Chitng minh t& giac M AOB nai tiép va dudng tron nay di qua trung diém E ctia CD.

2) Chitng minh: OH.OM + MC.MD = MO?.

3) Chting minh CT la phan giac géc MCH.

4) Cho cac diem M, C, D cb dinh, dudng tron (O) thay déi nhung luon qua C, D. Chitng minh
duong tron ngoai tiép tam gidac OHE luon di qua mot diém co dinh.

Vi du: Cho nita dudng tron (O; R) duong kinh BC. Lay diém A trén tia ddi ctia tia CB. Ké tiép
tuyén AF ctia nita dudng tron (O) (véi F 1a tiép diém), tia AF cét tiép tuyén Bx clia nita duong
tron tai D. Cho biét AF = %

1) Chiing minh tit gidc OBDF noi tiép. Xac dinh tam I dudng tron ngoai tiép tit giac OBDF.
2) Tinh cosin géc DAB.

3) K OMLBC (M € AD). Chitng minh % - % =

4) Tinh dién tich phan hinh tt gidc OBDM & bén ngoai nita dudng tron (O) theo R.

Vi du: Cho tam giac ABC c6 hai duong cao BE, C'F, cit nhau tai H. Goi £’ 1a diém déi xiing

H qua AC, F' la diém déi xting H qua AB. Chitng minh:

1) T giac BOE'F' noi tiép duong tron (O)

2) Tt giac AE'CF' noi tiép. T d6 suy ra A nam trén (O).

3) AOLEF.

4) Khi A chay trén (O) thi ban kinh dudng tron ngoai tiép tam gidc AEF khong doi.

Vi du: Cho tam giac ABC nhon, c¢6 H la triyc tam, noi tiép duong tron tam O dudng kinh
AM = 2R.

1) Ching minh t gidc BHC'M 1a hinh binh hanh.

2) Goi N la diém déi xing cia M qua AB. Chitng minh tit gidc AHBN noi tiép dudce trong mot
duong tron.

3) Goi E la diém doi xting ctia M qua AC. Chitng minh ba diém N, H, E thing hang.

4) Gia sit AB = R+/3. Tinh dién tich phan chung ciia duong tron (O) va duong tron ngoai tiép tit
gidc AHBN.
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CHU DE V: BAI TOAN MIN - MAX, GIAI PHUONG
TRINH CHUA CAN THUC

A. LY THUYET
1. Bat ding thic Co - si

e Bit dang thiic C6 - si cho hai s6 a, b khong am ta cé:
a+b>2vab

Dau” =" xdy ra < a = b.

Chi y: V6i hai s6 a, b bat ky ta luon co:
a® + b* > 2ab

Dau” =" xdy ra < a = b.

e Bat ding thiic C6 - si cho ba s6 a, b va ¢ khong am ta co:
a+b+c>3vabe

Diu” =" xdyra<a=b=c.

Chu y: Day la bat ddng thitc ndm ngoai chuong trinh, SGK hién hanh néu muén ap dung hoc
sinh can chitng minh truée khi hodc sau khi sit dung nhu mot bo dé.
2. Mot s6 bo dé thuong dung khac

Bé dé 1. Véi moi s6 thuc a, b ta ludn co.

+) (a4 b)* > 4ab +) a® + > >

Dau” =" xdy ra a = b.

B6 dé 2. Véi moi s6 thuc a, b, ¢ ta luon c6.

(a+b+c)

+) @+ b+ 2> 2 ab+bc +ca

Diu” =" xdyraa=b=c.
B6 dé 3. Véi moi s6 thuc duong a, b ta luon co.

4

+ a+b

>

Q=
S =

Dau” =7 xay ra a = b.

Bo6 dé 4. Véi moi s6 thuc khong am a, b ta luon cé.

Va+b < a+vVbh<y/2(a+b)
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Dau” =7 xay ra a = b.

Bo6 dé 5. Véi ba s6 thuc khong am a, b va ¢ ta luon cé.

Vatbte<a+vVbh+e<\Bla+btc)

Dau” =7 xdyraa=>b=c.
Chu y: V6i mdi bat déng thiic trén, ta can nhé va van dung linh hoat c& hai chiéu xudi va chiéu
nguge cua no.
3. Giai phuong trinh chita can thic
PHUONG PHAP CHUNG:
Cach 1: St dung bién doi dai s6.
Cach 2: Dit an phu.
Cach 3: Danh gia.
B. CAC DANG BAI TAP VA PHUONG PHAP GIAI

BAI TOAN MIN -MAX

Dang 1: Ki thuat chon diém rdi trong bat ding thic Co - si.
Phuong phap: Dy doan truée dau bang (tiic diém roi) ctia bai toan, tit d6 diéu chinh hé s6 dé
ddm bao viéc dau bang luon xay ra.

Vi du: Cho céc sb = > 2. Tim gia tri nhé nhét ciia cac biéu thic

2
A=x+—.
x
Vi du: Cho céc s z, y > 0. Tim gia tri nhé nhit ctia cac biéu thiic
s xr xr s
aA=-424 T pB=-+44 T
Y x2x+y Yy o x2+xy+y
_ 6 1
C)C:(m v 7Y _ d)D:(af+y+) fvy+x+y2_
Yy (z+y) y+r+y  (rt+y+1)
Huéng dan
2 2 2 2
a)Tac()A:x +y + Qxy Q.Déttzx Y > 2 (co si).
Ty Tty Ty

1

1
1 , nt = —
Du doan A,,;, dat ducgc tai t = 2. TaCéB:nt—i—Zjo—nt. Dau” =7 Xéyrakhi{ t.
t=2
3t t 1 p L s 4 1 t1
DodétacéA:Z—l-(Z—l-;).Apdungbatdéngthﬁ’c(]é—si¥+¥22 4—1;:1

) t
Dau” =" Xéyra(@Z:;(:)t:Q(vitzZ).

5
VayAmin:§©t22©a::y.

Vi du: Cho céc sé z, y > 0. Tim gia tri nhé nhét ctia cac biéu thic
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2
a)A="4Y, 2Y ) e A —
y x x4 y2 y x 22— axy+y?
—y)?2 4 2)? 2
C)C:(ﬂf ' ey ) D= (z+y+2)*  ay+2z+y)
y (z +y)? wy+2+y)  (2+y+2)?
Huéng dan
2 2 2 2 2
a)TacoA::E ty zzy2.£)étt:$ Ty > 2 (o si).
vy 2ty Ty

2
A:t—l—gvéitZZ.

2 t t 2
T A = - = —+ -] >3.
u t+t 2+(2+t)_3
Vay Aun =3 t=2< 1 =1.

Vi du: Cho céc sb z, y > 0 théa man z+y < 1. Tim gia tri nhé nhit ctia cic biéu thic

1 1 1 1
a) A=x+y+—+-. b)B:<x+—) (y+—>.
Ty T (0
, o, 11 1\? 1\?
) C=2"+y’+ 5 + . d)D=z+—| +(y+-]) .
oy T (0
Huéng dan

1 1
a) Ta co A= (4x+;>+(4y+§> —3(x +y) > 5.
1

Vay Aum =0 r=y=—

5
Vi du: Cho céc sb z, y > 0 théa man z +y < 2. Tim gia tri nhé nhit ctia cic biéu thic
2 2 2 2
a) A=x+y+—+-. b)Bz(ﬂJ—l—-) (y—ir—).
r Yy Z )
4 4 2\? 2\’
) C=a+y'+ 5+ . d)D:(H_) +(y+_>'
x Y Zz )

Huéng dan

2 2
a) Taco A= (2x—|——> + (2y—l——> —(z+y) >6.
T )
Vay Apn =6z =9y =1.
Vi du: Cho cac sbé thuc duwong z, y, 2 théa man = + y + z = 1. Chitng minh:

a)

b) \/$+2y+\/y+2z+\/z+2x<3
) YTy + Y7 + zw <V

d) ¥z + g+ ¥z < V9

e) Yr+y+Yy+z+z+a < VI8

o

Huéng dan

\/_ 1
a) Ta c6 \/x = \/_ \/_( +1).

1 1
Tuong tu \/y => m(?)y +1); V/z=> 2—\/5(32 +1).
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. [ 1
Do d6 vz + /§++z < V3. Dau” =" Xéra(:)x:y:z:g.

1
VayAmin:5@t:2<:)x:y:§.

p 2 1
b) Ap dung o si ta c6: /(z +2y).1 < %

2 1 2 1

Tuong tu /(y +22).1 < %; (z4+22).1< %

Sr+y+z2)+3 ) 1
5 =

Vay Vo 4+ 2y +y +2z+ vz + 2z <

v3r.3y.13 3 1
c¢) Ta c6 Jxy = f i $+3y+ :
V9 3V/9

Twong tu Jyz; 7zx.

. 1
Vay &/zy + Jyz + Y2z < V3. Dau” =" xdyra e r =y =2 = 3"
Vi du: Cho cac sé thuc duong z, y, z théa man = + y + 2z = 3. Chidtng minh:

a) VI + 7+ 7z < V3
b) Vx4 2y + Y + 22+ 2z + 21 < 3V/3;
)

3.Dau” =" Xéyraﬁx:y:z:g.

) Jry + Jyz + Jzx < 3;

d) Vo + yy+ vz <3

e) VT ty+y+z+ 2tz <3V2
Dang 2: Ki thuat khai thac gia thiét.

Phuong phap: St dung nhitng phép bién ddi tuong duong (an phuy, tach phép chia, chia...),
hoiic stt dung tinh chat bic cau clia bat dang thic.
Vi du: Cho cac sb z, y va théa man vz +2 —y° = /y + 2 — 2°.

a) Tim gia tri nho nhat ctia biéu thic:

?2+7 P47
i) A=2x%+2zy — 2% + 2y + 10 ii) B = .
) o ) B="s e
. . x
b) Tim gia tri 16n nhat ctia biéu thiuc C' = .
) st i x2+4+y2+4
Huéng dan
Diéu kién: x > —2, y > —2. Truc can thitc § mau ta c6
T —y 1

+(x—y) (2 +ry+19?) < (v — { + (@2 +zy+93)| =0
NEw B (z —y)( y+y’) e (z—y) ( y+y°)
Sr—y=0&z=1y.
1
Vi + (2?2 + 2y +y?) >0, Vo, y > —2.
VI+24+y+2 ( )

a)i) Taco A=z +2x+10=(x+1)2+9>9, Vo > 2.

Ve+2+y+2

Vay Auin =9 =y =—1.

2(x* + 7 ) .

ii)B:(ZB——{—:Q x4+ 3+ —6| >4.Dau” =" xdyrae (z+3) =16<z=1
r+3 x+3

=y =1

Vay Bpin =4 =y =1.
2z

b) C' = .

) x?+4
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1 2244 =z
X6t = = _
¢ C 2x 2

2
-

p 1 1
Néux>0:>522<:>0<0§§.
p 1 1
Néu—2<x<0:>6§2<:>—§§x<0.

1 1
VayCmaX:§©x2y22,C’min:—§<:>x:y:—2.
Vi du: Cho cac sb z, y théa man vz +2 —y° = /y + 2 — 2°.
a) Tim gia tri nho nhat ctia biéu thic:

22+5 1y’ +5
i) A=ua2?— 242 2018 ii) B = .
i) ¥ —xy+y*+2x + ii) y—l—2+x—|—2

b) Tim gia tri 16n nhat cta bidu thic C = .
) Tim gia tri 16n nhat cta bieu thic $2+9+y2—|—9
Vi du: Cho cac s z, y, z > 0 théa man 2(z +y + z) + 2y + yz + 2z = 9ryz. Chitng minh:

Vi du: Cho cacs6 2 > 1,y > 1, 2 > 1 théa man = + y + z = 4. Tim gia tri 16n nhat va
gia tri nhé nhét cta biéu thic A = 22 + ¢ + 22

Vi du: Cho s6 thuc z, y théa man v — vz + 1 = /y + 1 —y. Tim gia tri 16n nhat va gia
tri nhé nhéat ctia biéu thic A = z + y + 2017.
Vi du: Cho cac s6 thyc z > 0, y > 0 thdéa man zy + 4 < 2y.

) 2 4 2y
a) Tim gia tri nh6é nhat A = x—i-—y
Ty
b) Tim tri 16n nhat ctia bidu thiic:
. Ty Ty
B=—"— C=—"—.
s ? + 2y° (z +y)?
Vi du: Cho cac so6 thuc z 3 0, Y > (0 thoa man zy + 9 < 3z.
a) Tim gia tri nhé nhat A = rry .
Ty
b) Tim tri 16n nhat ctia bicu thic:
. Ty Ty
B=—"— C=—""—.
b z? + y? (z + 4y)?

Dang 3: Ki thuat "Cb - si ngudc dau".

[N

Phuong phap: S dung nhitng phép bién ddi tuong duong (nhu thém b6t hosic tach ghép...) d
dua bai toan tit "trang thai ngude dau" vé "trang thai xuoi dau".

Vi du: Cho cac sb a, b, ¢ > (0 va théa man a + b+ ¢ = 3. Chitng minh:

) a® n b n c >3 b) a n b n c >3
a —. —.
a21—i—62 b21+c2 ci+a23_2 1+b12 1b+c12 1—1—(112_2
a+ + c+
> d > 3.
JeritEitEri 2 R i g
) a n b n c >3
e —.
B4+ab AS+bc ad+ca 2
Huéng dan
) Ta c6 a’ ab? S b Tone tut b3 S c S
a)Tac) ——=0a— —— >a— —. n _— —_— ——>Cc— -.
a§+b2 , a2—|—b23_ 2 & T4 T 2" 2 +a2 — 2
) b c 3 _a+b+c 3 . . .,
D0d0a2+b2+b2+02+02+a2Z§ZT:§'Dau ="xayrasa=b=c=1.
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a ab? ab b be c ca
b) Tac) —— =a — > a — —. Tuong tu >b— —, —— - —
JTacd I =a- @205 T2 = %1+ﬁ—c 2
b+ b b
VT:a—l—b—l—c—ch—i—cazé.Doaanbc—l—cagw:&
Déu”:”xéyra@a:lz:c:l.
1 a a b 1 c
Ta c6 =1- >1— —. Tuong tu >1—— — =
c) mmw+% F17 0 B CINE T RS
VT>3—a+2+C—§.Déu”:”Xéyra<:>a:b:c:1.
a+1 (a+1)b? (a+1)b
d) Ta cé = 1——""" > 1— )
JTacd g =at rr =0t -
1 b+1l)c c+1 c+ 1la
Tuong tu >b+1-— > 1-— .
ngt o =0t > wey1=C" 2
VT23+a+b—|—c_ab+bQC—|—ca_3‘
b 2
\ﬁab—l—bc%—cagw:a#—b—l—c:?).
Diu” =" xdyra<a=b=c=1.
) To o6 1 b1 1
e) Tac) —— = — — _— )
b+ab b a+b0® b 2./Va
Tuong tu >1 ! ¢ >1 1
n ——_— > -
& TA+be T b adtca T a  24/c
VT>1+1—|—1 1 1 1
“a b ¢ 20 9/ 2,/\/5'
. . ) 1 1 1 1
Apdungbatdéngtht’rccési2m§£+4—1v€1522—a
1 1 1 1 1 3a 1 3 1 5 3a
Dodé~——>=-— — _= — 2 2>%0_g)—-=°"_2
0d6 o~ 5, Cagda 44 Z3C-d=1=1"73
T>2_7 — 2
Suy ra VT > 1 4(a+b+c) 5
Diu” =" xdyra<a=b=c=1.
Vi du: Cho cac sb a, b, ¢ > 0 va théa man a + b + ¢ = 3. Chitng minh:
) a’ N b3 N c3 >1 b) a N b N c >1
a —. —.
aQ—i—b2 b2—|102 02+1a2_23 1+9612 12—9012 1+9a12_2
) ) a+ n + +c+ > 9.

> —.
02 +1 O +1 92+1-2 1192 1492 " 1+9a2
Vi du: Cho cac so6 duong a, b, ¢ c6 thoa man a.b.c = 1. Chitng minh:
a+1 b+1 c+1
b >
e I P |

Huéng dan

a+1 (a+1)b
b+1  b+1

Ta dua bai toan vé chiing minh

Tacoa+1—

(a+1)b (b+1)c (b+1)a S 3
b+1 c+1 a+1 — 7
Ap dung bat ding thic co si cho ba s6 hang & VT véi abe = 1. Ta duge diéu can ching minh.

Diu” =" xdyra<a=b=c=1.

Vi du: Cho cac sd duong a, b, ¢ ¢6 thoéa méan a.b.c = 1. Chiitng minh:
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atbt >a+2+b—|—2+c+2
c
Tb+2 c¢c+2 a-+2
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GIAI PHUONG TRINH CHUA CAN THUC

Dang 1: Sit dung bién d6i dai sé.
Phuong phap:

e Thém b6t hang tit.

e Nang len liiy thita cd hai vé.

e Phép nhan lién hop.

Tit d6 cac phép bién doi dai s6 do ta di giai phuong trinh don gidn hon ma ta da biét cach gii.
Vi du: Giai phuong trinh

1 2 2 1 1

1 11
b)\/x2—1+ x2+x+1:§(2x3+1‘2+2x+1).

Huéng dan

a) Diéu kien: VP >0 <z >

Wl =

3 9 3
2 1 1
& xz—gx—§:§(3x—l)(a:2+2)

@,/(x—%)Q_%(sx—m(xuz)

(3z —1)(2* +2)

Vi du: Giai phuong trinh

a) V3r+1—+6—x+32>— 142 —8 =0 (¥).

b) 3v/bx +2 =2%+2.
OVI+vV2r—5—-2+Vr—3/20 —5+2=2V2.

Huéng dan

N 1
a) Dieu kién: —3 <z <6.

(x) & (V3 +1-4)+(1-v6—2)32% — 14z —5=0
’ + ! +@Bzx+1)| =0
V3r+14+4 V6—z+1 B

<:>(:c—5){
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Véi—1<x<6thi 5 + ! +@Bzx+1)] >0
3 V3dz+1+4 V6—x+1
Vay S = {5}.
Vi du: Giai phuong trinh
a) Va2 —1+x=+a3 —2.
b) Va? —2x + 17 — 5|z — 1| =4 (**).
Huéng dan

b) (x%) & /(x —1)2+16 —5lz — 1| =4
Stt dung bat ding thitc va2 + b2 < |a| + |b| nén
(x—=12416—-5jz—1|<|zr—1]+4=4— |z —1]
Dod6d4<4—-4lz—1llecr-1=0cz=1
Vay S = {1}.
Dang 2: Dat an phu.
Phuong phap: Diat mot an, hai hodc ba biéu thic phuc tap bang an méi (goi la an phu) va giai
phuong trinh thu duge sau d6 tim nghiém.
Loai 1: S&t dung mot an phu
Vi du: Giai phuong trinh
a) Vot + 22+ 14 v3(2% 4+ 1) = 3/3x.
b) 222 + /1 -z +22v1 — 22 = 1.

Huéng dan

a) Vi x = 0 khong 1a nghiém ctia phuong trinh trén.

V6i & # 0 ta chia hai vé ctia phuong trinh cho z ta dugc

1 1 1
,/x2+P+1+\/§<x+;) =3\/§.Datt=x+522(cési>-

t<3
Phuong trinh tré thanh: 2 — 1 =33 —t) & - &t =2 (théa man).
t* =9t +14=0

Véit=2ar+-=2a0=1

Vay S = {1}. ’

Loai 2: St dung hai an phu

Vi du: Giai phuong trinh

a) VAax2 + 52 +1—2vV22 —x + 1 =9x — 3.
b) vVa?+ 3+ 10 — 22 = 5.

Huéng dan
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Va2 +5r+1=a

a) Dat . Diéu kién: a > 0, b > 0.
2va2 —x+1=b

Phuong trinh trén tr6 thanh: a —b=a”> = b < (a —b)(a+b—1) =0

a=>b 4a? +5x+1=4a? -4z +1
<~ <~

a+b=1 Va2 +5x+1+2vVa2 —x+1=1

i 1

r==
& 3

Vdr? +5r4+1=1—2vx?> —z+ 1 vo nghiém

Vay S = {%}

Loai 3: St dung ca an phu va an chinh dé dua vé hé phuong trinh déi xiing
Vi du: Giai phuong trinh

a) 1 +1=2y2r+1.

b) 23 — 33z +2 = 2.

Huéng dan

a) Phuong trinh < 2% + 27 = 22 — 1+ 2v/22 — 1. Dat t = /22 — 1.
Ta duge 22 +2x =3+ 2t & (z —t) (22 + at +3) +2(x —t) =0
Sx—t)(?+at+t*+2)=0

) ) t\? 3t
Vizdtat+to+2= x+§ +—+2>0.

4
r=1
r=1 —1++v5
Nenz=t&s (z—1)@*+z-1)=0& s | r= 2\/_.
r+rx—1=0 125
=

2 2
Loai 4: St dung ca an phu va an chinh dé dua vé phuong trinh bac hai mot an

Vay § { 1+\/3—1—\/_}'

Vi du: Giai phuong trinh

a) 202 + 3z + 7= (v +5)v222 + 1

b) 2243z +5= (z+3)vVa2 + 5

o) (Ve+1+1) (Va+1+42z—-5)=uz.

Huéng dan

a) Phuong trinh 222 + 1 — (z +5)v222 + 1+ 32+ 6 = 0. Dat ¢t =2v22 4+ 1 (¢ > 1).
Phuong trinh tré thanh: ¢ — (z + 5)t + 3z 4+ 6 = 0.
A=[-(z+5)]"—43z+6) = (z—1)>>0 V.
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t=3

—z+2
Véit =3 ez =42
Véit=a+2 =2+ V7.
Vay S = {£2;2+ 7}

Do dé

Dang 3: Danh gia.

fx) =m f(z)

Phuong phap: Phuong trinh f(z) = g(z) néu luon c¢6 &

g(z) <m g9(z)
Vi du: Giai phuong trinh.
a) V3x2 + 6z + 7+ vHz2 + 100 + 14 = 4 — 22 — 2.

2v/2
b) +vVr=+vVr+9
i V
c) 13vax?2 — 2% + 922 + 2% = 16.
Huéng dan

a) Phuong trinh < /3(x +1)24+4+ /5(x+1)2+9=5— (z + 1)

VT >5
Ta co: S VI =VP =5,

VP <5
Din’ ="xdrasr+1=0&2=—1.

21 + v41
2
b) Diéu kién: 2 > 0. Ap dung bat ding thitc Bunhiacopxki: (az + by)? < (a® + b%)(22 + 3?).
Dau” =" x4y ra khi — = —.
r oy
2v/2 1 vz \?

+ 2v2)? +z+1 + =z +09.
(\/er \/_> [( v2) } r+1 (\/x+1>
D< 9 9 2 RN 2\/§ 1 o

au = Xay ra — €T = —.
Y v+l o+l 7

1
VayS—{7}.

TS 10 - Ha Noi
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C. LUYEN TAP SAU VA CcO CHU DICH

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2018 - 2019)
Tim gi4 tri nhé nhat cia biéu thic P = /1 — 2z + 1+ 2 + 27

Huéng dan

Dieu kien: 0 < 2 < 1.
Véia, b>0taco: (Va+vVb)?>=a+2Vab+b>a+b
= va+vVb>+Va+b. Dau” =" xay ra khi v chi khi a = 0 hoiic b = 0.

Apdungv&obaitoéntacé: Vi—-z+Vr>V1l—x+zx=1, \/1+x+\/§2ﬂ+0:1

= P>1+1=2. Dau” =" x4y ra khi va chi khi x = 0.
Vay gia tri nhé nhat cia P = 2 khi 2 = 0.
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2017 - 2018)

Cho cac s6 a, b, cthdbamina >1,b>1,c>1va ab+ bc+ ca =9. Tim gia tri nho nhat va gia tri

16n nhat ctia biéu thic P = a2 + b% + 2

Huéng dan
Ap dung bat ding thic Co si ta c6
a? 4+ b> > 2vVa?b? = 2ab
b? + 2 > 2v/b2c2 = 2be
A+ a®> > 2V c2a? = 2ca
= 2(a® + b* + ¢*) > 2(ab + bc + ca)
=P>9
( a’ = ?
b = c?
Vay MinP =9 < { Sa=b=c=+3.
= a?
(ab+bc+ca=9

Tacba>1,b>1,c>1nén
(a—1)(b—-1)>0 ab—a—b+1>0
b—1(c—1)>0& Sbc—b—c+1>0 =ab+bc+ca—2a+b+c)+3>0
(c=1)(a—1)>0 ca—c—a+1>0
ab + bc + ca + 3

Sa+b+ce< 5 S (a+b+c)?<36viat+b+c>3

S a2+ 0%+ +2(ab+ be+ ca) < 36
S a?+ b2+ <36—2(ab+bc+ca) & P <18
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(
a—1)(b—1)>0
(@=1=1) a=b=1c=4
(b—1)(c—1)>0
VﬁyMa&UP=18<=> = a 4,b:C:1
(c=1)(a—1)>0
a=c=1,b=4
K612—1—172+02:18

Vay MinP =9 < a=b=c=+/3.
a=b=1,c=4
MazrP =18 & {a=4b=c=1
a=c=1b=4
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2016 - 2017)
V6i cac s6 thyc z, y théa man z — /o +6 = /y + 6 — y. Tim gia tri nho nhat va gia tri 16n nhat
ctia biéu thitc P =z + 4.

Vidu: (TS 10 - THPT Ha N6i, nam hoc 2015 - 2016)
ab

V6i cac s thuc a, b théa man a? + b* = 4. Tim gia tri 16n nhat cta biéu thic M = pa
a

Vi du: (TS 10 - THPT Ha Noi, nam hoc 2014 - 2015)
Véi a, b, ¢ 1a cac s6 duong théa man a + b+ ¢ = 2. Tim gia tri 16n nhat ctia biéu thiic
Q = V2a + bc+ /2b + ac + /2c + ab.
Vidu: (TS 10 - THPT Ha No6i, nam hoc 2013 - 2014)
V6i a, b, ¢ 1a cac s6 duong théa man a + b+ ¢ + ab + be + ca = 6abe. Chitng mlnh — +
Vidu: (TS 10 - THPT Ha N6i, nam hoc 2012 - 2013)

11
Ets 28

Véi z, g/ la cac s6 thuc duong théa méan diéu kien z > 2y. Tim gid tri nhé nhat cla biéu thic
Mo TV
Ty
Vi du: Cho z, y 1a cac sé thiyc duong théa man = + y < 1. Tim gia tri nhé nhat cta

biéu thic

1 1
P = (——I——) 1+ x2y?.

r oy
Huéng dan
1 / 15
Taco P=|— v/ 1 22>—\/1 22 =2,/ — =2
a co (a: ) + + x2y? +xy \/ xy+16xy 16y

1 15
>2, /- : 6 i
> 5 + () (4p dung Co si)

i 15
> 2\/5 + ——— Vi (day < (x4 y)?)
y
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Vi du: Cho cac s6 duong z, y, z théa man z + 2y + 3z > 20

3 9 4
Tim gia tri nhé nhit ctia biéu thic A=z +y+ 2 + + 20 + —
y oz

Huéng dan
9 4 3 3 1 9 1 4 (1 1 3 )

3
T /A: — _— _ = — — — B — —_ — — — —
a co I+y+z+m+2y+z 4I+$+2y+2y+4z+z+ 4x—|—2y—|—4z

Ap dung Co si ta co:
3 3

3
Va o+ -y+-z=(x+2y+32)>5
Suy ra A > 13
Vay MinP =13 &z =2,y=3,z =4.

Vi du: Cho cac sé thuc duong a, b, ¢ théa man a? + b? + ¢ = abc
a b c

+ + :
a?+ab b2+ac A+ ab

Tim gia tri 16n nhit ctia biéu thitc A =

Huéng dan
a b c

Tacod A=
o a2+1ab bQ+1ac c2 +ab
= + +

b ac b

a+—c b"‘? c—l—a—

a c

1 1 1

\/_ 2\/_ 2v/ba
<
_4 1 1+1+1 1 1

b ¢ a ¢ b

1

1 1 1

2<—+—+—>

a b ¢

b 2 2 2

Ma — 4+ — ——1 2> - -
abf—i_ +ab nén +b+
Pgﬁdau =" xay ra khi va chi khia =b=c=3.

1
VayMinP:§<:>a:b:c:3.
Vi du: Cho cac sé duong a, b théa méan a + b < 2¢/2. Tim gia tri nhé nhét ctia biéu

thli’cA:1+1.
a b
Huéng dan
+b) 4 4
Ta co: b)? —4ab = (a — b)* > b)? > 4ab (a > A >
a co: (a+b) ab=(a—0)*>0= (a+b)*>4ab & s _(a+b)® Z 5D
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4 4 ) (a—0)2=0
Maa+b<2V2 = > .Dau” =7 xay ra < Sa=b=+2
(a+b) ~ 2v2 a+b=2y2

Vay MinP = V2.
Vi du: Tim gia tri nhé nhat ctia biéu thic: A =2 — oz + 2 +y — Vi + L

Huéng dan

Diéu kien: y > 0.

(WVy—-1?% 3y y, 3 Ji—-1\? 3 1\? 2_ 2
Tacé: A = x2— -1 Vg 2 VT T — z _Z 2z
a co ¥ —z(\/y—1)+ 1 +4 2+4 x 5 +4\/_ 3 —1—3_3
1
z r=—3
Dau” =7 xay ra < 13.
?J:§
) 2
VayMlnP:§.

Vi du: Cho a, b, ¢ 1a do dai 3 canh ciia mot tam giac. Ching minh:
ab+ bc+ ca < a® 4+ b* + ¢ < 2(ab + be + ca).

Huéng dan

Taco (a—b)*+(b—c)?+ (c—a)> >0 2(a® +b* +?) > 2(ab+ be + ca)
& a?+ b2+ > ab+ be+ ca (1)
Vi a, b, ¢ 1a do dai 3 canh ctia mot tam gidc nén ta c6: a® < a.(b+ ¢) = a* < ab + ac.
Tuong ti: b < ab + be; ¢ < ac + be.
Suy ra: a® + b* + ¢ < 2(ab + be + ca) (2)
Tu (1) va (2) ta c6 diéu phai chiing minh.
Vi du: Giai phuong trinh: 1023 + 1 = 3(2% + 2).

Huéng dan

Dicu kien: z > —1 (1). Data=+vzr+1vab=+vz2—x+1, (a>0;b>0) (2)
= a®+b* = 22 + 2. Khi d6 phuong trinh da cho tré thanh: 10.ab = 3.(a® +b*) < (a—30)(3a—b) =0
e Néu a = 3b thi tut (2) = Vo + 1 = 3vz? — x + 1 phuong trinh nay vo nghiem.

3 1 =95+Vv33
e Néub=3athitt(2) =3vr+1l=vVa?—z+1<a?—102-8=0c{ thoéa man
To — 5— V 33
(1).
T =5+V33
Vay phuong trinh c¢6 hai nghiém la: ' .
To =5 — 33
. o . 2 +1=2y
Vi du: Giai hé phuong trinh: .
Y341 =2
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Huéng dan

Lay phuong trinh trén trtt dudi.
Vi du: Cho céc sb a, b, ¢ € [0;1]. Chitng minh rang: a + b*> + ¢ —ab — bc — ca < 1.

Huéng dan

Vibcel0;l]]=a*<b<c.Dodba+b?+c—ab—bc—ca<a+b+c—ab—bc—ca(l)
Mit khac a + >+ —ab—bc—ca= (a —1)(b—1)(c— 1) —abc+ 1 (2)
Via,b,ce[0;l]nena+b*+c—ab—bc—ca=(a—1)(b—1)(c—1)—abc+1<0; —abc <0
Do d6 tit (2) = a+b*+c* —ab—bc—ca <1 (3)

Ta () va(3) =>a+b*+c*—ab—bc—ca<1

a —+ b 1 o S ~ 2
> — Vv6i a, b 1a cac so duong.
VaBa+b) +/b(Bb+a) 2

Vi du: Cho hai sé z, y théa man dang thite: (x + /2% + 2011) <y R 2011) — 2011.
Tinh: z + y.

Vi du: Chitng minh rang:

Vidu: Choz >0,y >0 va z+y > 6. Tim gia tri nhé nhit cta biéu thic: P =

6 8
3r + 2y + — + —.
r oy

. . z 2. - ~ ~ r+a+tbt+e=7 N .. .
Vi du: Cac so thuc z, a, b, ¢ thay doi thoa man hé . Tim gia tri
2?2+ a?+b%+c2 =13

16n nhat va gia tri nhé nhat cia z.
Vi du: Tim z, y thod man 5z — 2\/z2(2 +y) +3> +1 = 0.
) . b
Vi du: Cho cac so6 duong a, b, c. Chitng minh rang: 1 < ¢ + + ‘ < 2.

i a+b b+c cHa
Vi du: Cho 7, y 1a hai s6 thuc thod man: (z +y)?> + 7(z +y) + y*> + 10 = 0. Tim gia tri

16n nhét va gia tri nhé nhat cta biéu thic A =z +y + 1.

ot + 222 + 2

. . x?2+1

Vi du: Tim m dé phuong trinh an x sau day cé ba nghiém phan biét: 2% — 2ma? +

Vi du: Tim gia tri nhé nhét ctia biéu thic: A =

(m? + 1)z —m = 0.

Vi du: Véi a, b, ¢ 1a cac s6 duong thoa man diéu kién a? + b? + ¢ = abe. Tim gia tri 16n
hit cita bidu thie P— — 4+ " 4 ¢
nhat cia bieu c P = .
a?+bc bV’+ca 2+ab .
Vi du: Cho a, b, ¢ la cac so thuc duong théa man a + b+ ¢ > 6. Tim gia tri nhé nhat
a® + b’ @+§%fﬁ+&
a2+ P+ A+a?

ctia biéu thic M =

Huéng dan

_ad+ b a? b a(a® +b%) —ab®  b(a® + b?) — ba? ab? ba*

Ta co = + = + =a+b— — .
a2+b2 a2+b2 CL2+b2 (12+b2 a2+b2 a2+b2 a2_|_b2
Apdungcési. s ; ;
b a a+b b>’+c¢> _b+c >+a c+a 2(a+b+c)
> b— - ——-= . Tuong tu > : > =>M>— =0.
S R R B RrET T2 T 2ra2 T 2 = 2
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Dau” =" xdyrakhia=b=c= 2.
Vi du: Cho a, b, ¢ 1a cac sé6 thuc théa méan o + b? + ¢ = 3. Tim gia tri 16n nhat cta

biéu thic A = a + b+ ¢+ ab + be + ca.

Huéng dan
a® + b* > 2ab
Cach 1: Ta c6 { b2+ 2 > 2bc = a®> +b* + * > ab+ be + ca = 3.
A+ a® > 2ca
Mit khdc a+b+c < V12 + 12+ 12./a2 + b2 + 2 = /3V/3 = 3.
a=b=c
Vay A<3+43=6.Diu” =" xdyrae{d+V¥+F=3 sca=b=c=1.
111
a b ¢

Vay gia tri 16n nhat cla A=6<a=b=c=1.
Cach 2: a?+ V> +*=3< (a+b+¢)?* —2(ab+ bc+ ca) = 3.
2

t“ =3
Datt=a+b+c |t| <3=ab+bc+ca= 5
-3 1 ) 1 ) 1 )
=A=t+ 5 :§(t+1)—2,|t|§3@|t|+1§4@§(t+1)§84:>§(t+1)—2§6.

Vay gia tri 16n nhat cla A=6<a=b=c=1.
Vi du: Cho a, b, ¢ 1a cac s6 thuc duong théa man a + b+ ¢ = 3. Tim gia tri 16n nhét
va gia tri nhé nhit cta biéu thic A = /3a+ 1+ v3b+ 1+ /3¢ + 1.

Huéng dan
° Ap dung bat ding thiic co - si v/3a + 1 = %\/m < %.4+32a+ L = SCLI?
Tuong tu: 30+ 1 > 3b:5’ V3c+1> 3025.
Do dé A — 3a+b+c)+15 _s

4
Vay Aun=6<a=b=c=1.

e Khong mat tinh tong quat, gia stt a > b > c.

Doa+b+c=3néna>1.

Taco (V3b+14++v3c+1) =3a+3b+2+2,/3b+1)(3c+1) >3(3—a)+4=13—3ado d6
b, ¢ > 0.

Khi d6 A > v3a+1++13—3a = A% > 14+ 2,/(3a + 1)(13 — 3a).

Ta ching minh duge (3a +1)(13 —3a) > 40 v6i 1 < a < 3.

= A2 > 14+ 4V10 = A > 2 + V/10.

Dau” =7 xdyra < a=3,b=c= 0.

VayAmaX:2+\/m<:>a:3,b:c:O.
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BO 10 DE DO Ths: LE VAN HUNG BIEN SOAN - 2018
DE 1: Ths: LE VAN HUNG - 2018

Bai I (2,0 diém).

” 1 1 22+ 4T — 9
Cho bidu thitc A — (YEZ1  Vot+l 2044y —5) ([
Ve+l -1 r—1 Vo —1

1) Tim diéu kién xac dinh ctia A va rat gon A.
2) Tim gia tri ctia x biét A =1 — /.
3) Tim gia tri nho nhat clia biéu thiic A.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuwong trinh.

Trong mot phong hop c6 mot s6 ghé dai. Néu xép mdi ghé 5 nguoi thi 9 nguosi khong c6 chd. Néu
xép ghé 6 ngudi thi thita 1 ghé. Héi trong phong hoc ¢6 bao nhiéu ghé va c6 bao nhiéu nguoi du hop.
Bai III (2,0 diém).
|z + 2020| + 2/z + y + 2010 = 3
Bl + 2020 — T+ y + 2010 =4

2) Cho parabol (P): y = 2% va dudng thang (d): y = mx + 2.

1) Giai hé phuong trinh

a) Chitng minh (P) va (d) luon cit nhau tai hai diém phan biét v6i moi gia tri ctia tham s6 m.

b) Gia stt (P) va (d) cat nhau tai hai diém A(zq;y;) va B(z2; ). Tim m thda man biéu thiic
2 | .2 _
e +a+ iy ty =4

Bai IV (3,5 diém). Cho dudng tron (O; R) dudng kinh AB vudng goéc véi day cung CD tai H
(HB < R). Goi M la diém bat ki nam trén cung nho AC, tia AM cat duong thang C'D tai N, M B
cat CD tai E.

1) Chiing minh réng cac tit gidc AMEH va MNBH la cac tit giac noi tiép.

2) Chitng minh: MN.NA = NC.ND = NE.NH.

3) N6i BN céat (O) tai K (K # B). Duong thang K H cat (O) tai diém thit hai 1a F. Chiing
minh ba diém A, E, K thing hang va AAMF can.

4) Goi @ la trung diém ctia MA, I la hinh chiéu ctia @ trén M C. Ching minh rang khi M di
dong trén cung nhé AC thi I luon thudoc mot duong tron c6 dinh.
Bai VI (0,5 diém). Cho a, b 14 cac s6 thic va a + b+ ab = Z Tim gia tri nhé nhat ctia biéu thitc

P = a®+ b
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Bai I (2,0 diém).
. 4 —x—2yx =T
Cho bieu thic A = N +x+ wB=_" Ve
Vi+2 Jr—2 x—4 VI +2
1) Tinh gié tri ctia B tai |z — 10| = |2z — 14].
2) Rit gon biéu thitc A.

) . A
3) Tim gia tri l6n nhat cta bieu thic P = I

véi x>0, x # 4.

Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai hoc sinh 16p 94 va 9B c¢6 tong cong 94 hoc sinh, biét ring 25% s6 hoc sinh 94 va 20% sb
hoc sinh 16p 9B dat loai giéi. Tong s6 hoc sinh gidi clia hai 16p 1a 21. Tinh s6 hoc sinh ctia mbi 16p.
Bai III (2,0 diém).

1 2

+
1) Giai he phuong trinh { * 1 y —5 y

=3

4.

x—y_x+y:
2) Cho parabol (P): y = —2? va duong thang (d): y = (m — 1)z — 2.

a) Tim gi4 tri ctia tham s6 m dé d va (P) tiép xtc nhau.

b) Tim céc gia tri cia m dé (P) va (d) cat nhau tai hai diém phan biét nim vé hai phia cia truc
tung.
Bai IV (3,5 diém). Cho tam giac ABC noi tiép (O) duong kinh AB (AC < BC). Trén day BC lay
diem H (H khac C va B). AH cat dudng tron tai diém thit hai 1a D. K& HQ vuong goc véi AB (v6i
Q) thuoc AB).

1) Chiing minh réng t gidc BDHQ nai tiép.

2) Biét CQ cat (O) tai diém thit hai 1a F. Ching minh DF//HQ.

3) Chitng minh H céach déu cac dudng thing CD, CQ va DQ.

4) Goi M, N lan lugt 1a hinh chiéu ctia F' trén AC va C'B. Chiing minh M N, AB, DF dong quy.
Bai VI (0,5 diém). Cho cac s6 thuc a > 0, b > 0, ¢ > 0 va ab + bc + ca = 3. Tim gi4 tri gia tri nho
nhat ctia biéu thiic

p_ a . b . c
14208 14263 1+ 2a3
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Bai I (2,0 diém).
2 — 2 _ o
ChobiéuthﬁcA:M_lvaB: Sz _\/54'3_’_\/_ 5
x—25 x+2y/r—15 Jxr+5 Jx—3
1) Tinh gia tri cia A tai x = /6 + 44/2.

2) Rit gon biéu thiic P = A : B.

véix >0,z #9, x # 25.

3) Tim gi4 tri ctia x dé biéu thic P c6 gid tri la mot s6 nguyen.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai hoc sinh 16p 94 va 9B c¢6 tong cong 94 hoc sinh, biét rang 25% s6 hoc sinh 94 va 20% sb6
hoc sinh 16p 9B dat loai gioi. Téng s6 hoc sinh giéi ctia hai 16p 1& 21. Tinh s6 hoc sinh ctia mdi 16p.
Bai III (2,0 diém).

1) Giai hé phuong trinh eV =3 .
V2r+2y = -6
2) Cho parabol (P): y = 2% va dudng thang (d): y = (2m — 6)z —m + 13.

a) Tim gia tri ctia tham s6 m dé d va (P) luon cat nhau tai hai diém phan biét.

b) Goi x1, x5 14 hai nghiém ctia phuong trinh hoanh do giao diém ctia d va (P). Tim gia tri 16n

nhat ctia biéu thitc P = 2129 — 2?2 — 22 + 2.
Bai IV (3,5 diém). Cho dudng tron (O; R) va dudng théng d khong c6 diém chung sao cho khoang
cach tit O dén d khong qua 2R. Qua diém M trén d, vé cac tiép tuyén M A, M B t6i (O) v6i A, B la
cac tiép diém. Goi H 1a hinh chiéu vuong goc ctia (O) tren d. Vé day AB cit OH & K va cat OM
tai I. Tia OM cat (O) tai E.

1) Ching minh riang 4 diem M, A, O, B thuoc mot dusng tron.

2) Ching minh: OK.OH = OI.OM.

3) Tim vi tri diem M trén d dé OAEB la hinh thoi.

4) Khi M di chuyén trén d, chitng minh dudng thing AB luon di qua mot diém cb dinh.

Bai VI (0,5 diém). Cho cac s6 thuc a, b, ¢ > 0. Chting minh ring;
a b c 3

P= < —.
2a+b+c+a+26+c+a+b+26_4
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Bai I (2,0 diém).
3

. 1
1) ChobiéuthﬁcA:$_1+\/§+1

1 .
\/E+1.Tima:déB<O.

12 .
LQ. Tim gié tri nhé nhat cia C.
(Vo —1)

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

. 1
v6i x > 0, z # 1. Tim cac gié tri cia z dée A = 7

2) bat B=A:

3) Cho biét C' =

Mot doi xe van tai phai van chuyén 28 tan hang dén mot dia diém quy dinh. Vi trong doi ¢ 2 xe
phai diéu di lam viéc khac nén mdi xe phai chd thém 0,7 tan hang nita. Tinh s6 xe ctia doi lic dau.
Bai III (2,0 diém).

1) Cho hé phuong trinh T =5 . Tim m dé hé phuong trinh c6 nghiém duy nhat (z;y) thoa
mz +y =4
man zr = |y|.
2) Cho phuong trinh 22 — 2max +m? — 1 = 0.
a) Tim m dé phuong trinh c6 hai nghiém 1, z» d6i nhau.
b) Goi x1, xo 1a nghiém ctia phuong trinh. Tim céc gia tri ctia m dé % + % = 2.
Bai IV (3,5 diém). C

Cho dudng tron (O) va mot day BC ¢ dinh. Lay diém A & chinh giita cung BC nhd va diém M
tren cung BC' 16n sao cho MC > M B. Duong M A cat tiép tuyén qua C cia (O) va BC' lan lugt tai
Q, I. Duong M B cat C'A tai P.

1) Chiing minh tit gide PQC M ndi tiép va PQ song song véi BC'.

2) Tiép tuyén tai A cit tiép tuyén tai C' ¢ N. Ching minh: % % = C’LN

3) Chiing minh: MB.MC = IB.IC + IM?.

4) Khi diém M di dong v& thoéa man gid thiét dé bai, hay tim vi trf ctia M dé ban kinh duong
tron ngoai tiép tam giac MBI c6 do dai 16n nhat.

Bai V (0,5 diém). Cho a, b, ¢ 14 cac s6 thuc duong théa man a + b+ ¢ = 3abe. Tim gia tri nhdé nhat

ctia bidu thic:
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Bai I (2.0 diém).

Cho biéu thitc A = T2 2V + Ve : @—1 voi x > 0,2 # 4.
r—4 Jr+2 2-—x V=2

1) Rit gon biéu thiic A.
2) Tinh gid tri ctia biéu thic khi |z — 18| = z.

3) Tim gia tri nguyén ctia r dé biéu thiic A dat gia tri nguyen.

Bai II (2,0 diém) Gidi bai todn bing cdach lap phuong trinh hodc hé phuong trinh.

Hai bén song A va B cach nhau 40 km. Cung mot ltic chiée ca no xudi dong tit A dén B va mot
chiéc be ciing troi tit A dén B véi van toc 3 km/h. Sau khi dén B, ca nd qua ngay vé A ngay va gip
chiéc be ¢ mot dia diém cach B 1a 32 km. Tinh van toc ctia ca no.

Bai III (2,0 diém).
(r—=3)2y+5)=2x+7)(y—1)
(4x 4+ 1)(3y — 6) = (62 — 1)(2y + 3)
2) Cho phuong trinh parabol (P) y = 22 va duong thang d: y = maz — m + 1.

1) Giai hé phuong trinh

a) Ching minh phuong trinh ¢6 2 nghiém vé6i moi gia tri ctia m.

b) Goi x1, x5 14 hai nghiém ctia phuong trinh. Hay tim gia tri 16n nhat va gia tri nhé nhat biéu
2 3
thic T'= — 2x1x2 + )
7+ x5 + 2(x129 + 1)
Bai IV (3.5 diém). Cho nita dudng tron tam O duong kinh AB. Diém C di dong trén nita dudng

tron (C khac A va B). Qua C vé tiép tuyén d véi nita duong tron. Goi E, F 1a hinh chiéu ctia A, B

xubng d va H 1a chan vuong goc ha tit C xuéng AB.

a) Chitng minh tt giac ABCO noi tiép va AC' 1a phan giac ctia goc EAH.

b) Ching minh AC//HF.

¢) Chitng minh (AE + BF) khong ddi khi C' di dong trén ntta duong tron tam O.

d) Tim vi tri cia C' trén nita duong tron tam O dé tich AE.BF dat gia tri 16n nhat.
Bai V (0.5 diém).
Cho a va b 1a hai s6 thie duong théa man a® + b3 + 6ab < 8. Chiing minh ring:

2 3
P=a=2b+—-+—+->8.
a b
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Bai I (2.0 diém).

? 4 8 —1 2
Chobiéutht’rcA:(\/E\/fz%—zl_ajqj) : (x\/fzﬁ—ﬁ) voix >0,z #4, v #9.

1) Tinh gia tri ctia biéu thiic A tai z =5 — 2v/6.
2) Hay so sanh A véi 1.

3) Tim gia tri cta x dé biéu thiic A dat gia tri 16n nhat hodc nhé nhat.
Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Ngudi ta can chd mot s6 lugng hang. Néu xép vao mdi xe 15 tan thi con thita lai 5 tan, néu xép
vao mdi xe 17 tan thi con c6 thé chd them 9 tan nita. Héi c6 bao nhicéu xe tham gia chd hang.

Bai III (2.0 diém).
|
20— — =1
1) Giai he phuong trinh vy
2V + —
VY

2) Cho phuong trinh parabol (P) y = 22 va duong thang d di qua diém M (0; —1) c6 hé sb goc 1a k.

=95

a) Viét phuong trinh dudng thang d v& chiing minh v6i moi gia tri ctia k thi d luon cit (P) tai
hai diém phan biet A, B.

b) Goi hoanh do A, B lan lugt 1a z1, 5. Chiing minh rang |z, — 2| > 2.
Bai IV (3.5 diém). Cho AABC c¢6 ba géc khong ti1 ndi tiép dudng tron (O; R). Ké duong cao AK
cat duong tron tai F', duong cao BI cat dudng tron tai E.

a) Chitng minh cac diém A, I, K, B cung thuoc mot dusng tron va CE = CF.

b) Ching minh BC la trung truc cia HF.

c¢) Goi J la trung diém ctia BC. Chitng minh O.J = %AH.

d) Ké duong cao C'D. Chiing minh H 13 tam dudng tron noi tiép AAEF.
Bai V (0.5 diém).
Cho a va b 1a hai s6 thyc duong théa man ab = 6. Tim gia tri nhé nhat ctia biéu thiic:

2 3 6

p=249 .
P S PRET
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Bai I (2.0 diém).
Cho bidu thie A = 2VZ —11 +3ﬁ_2—2\/§+3
r+2/r—3 1—\r 3+.7

v6i x> 0,2 # 1.

1) Rat gon A.

2) TimxdéA:%.

3) Tim x dé A nhan gia tri nguyén.

Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Trong mot budi lien hoan van nghé, mot 16p ¢6 26 khach maoi dén giao Iuu. Vi 16p da c6 40 hoc
sinh nén phai ké thém mot diy ghé nita v moi day xép thém hai chd ngoi. Biét mdi day déu c6 sbd
ngudi ngdi nhu nhau va ngodi khong qua nam ngudi. Hoi 16p hoc ltc dau c6 bao nhiéu day ghé?
Bai III (2,0 diém).

1) Gidi he phuong trinh { © 0
2?2 -2y =4
2) Trong mat phang toa do Oxy cho M(1;2) va dudng thang d: y = —3x + 1.

a) Viét phuong trinh duong thing d’ di qua M va song song véi d.

b) Cho parabol (P): y = ma? (m # 0). Tim céc gid tri cia tham s6 m dé d va (P) cit nhau tai

hai diéem phan biét A, B cliing ndm phia doi véi truc tung.
Bai IV (3.5 diém). Cho duong tron tam (O) dudng kinh AB lay diém C nam giita O va B. Lay
diém D trén duong tron tam O sao cho AD = BC. ké CH vuong goc véi AD (H thuoc AD) tia
phan giac ctia DAB cit dudng tron tam O tai E (E khac A) va cdt CH tai F. DF cit (O) tai diém
N khac D.

1) C'H song song véi BD.

2) Tt giac AFC'N noi tiép.

3) Ba diém N, C, E thang hang.

4) Ké CK song song v6i AD (K thuoc DN). Ching minh t@ gidc ADCK la hinh binh hanh ké
CK song song v6i AD (K thudoc DN). Ching minh tit gidc ADCK 1a hinh binh hanh.

Bai V (0.5 diem).
Cho a va b 1a hai s6 thic théa man va + 1 — b* = /b + 1 — ¢®. Chiing minh réng:

P =a? — ab+ b* + 2a + 2018.
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Bai I (2.0 diém).
Cho hai biéu thic A = z + 2018 va B = (
1) Rat gon B.
2) Tim x dé B > 0.
3) Tim gia tri nho nhat clia biéu thic P = A + B.

voi x>0, v # 1.

VT +2 _ﬁ—2> VI +1
r+2y/r+1 -1 ) &

Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai truong A va truong B ¢6 420 hoc sinh thi dé vao 16p 10, dat ti 1é 84%. Riéng truong A co ti
le dd 1a 80%, rieng truong B c6 tile dd 1a 90%. Tinh s6 hoc sinh du thi ciia méi truong.
Bai ITI (2.0 diém).

4 1 _q

1) Giai hé phuong trinh x—é—y z gy
+ —6

rT+y T—yY

2) Cho phuong trinh parabol (P) y = —%xQ va dudng thing d: y = ma — 2m — 1.
a) Tim gia tri cia tham s6 m sao cho d tiép xic véi (P).
b) Chitng t6 d luon luon di qua mot diém b dinh A thuoc (P).
Bai IV (3.5 diém). Cho tam giac nhon ABC (AB < AC) noi tiép duong tron (O). Dusng cao BE
kéo dai cit dudng tron (O) tai diém K Ké KD vuong géc véi BC tai D.
1) Chitng minh 4 diém K, E, D, C cing thuoc mot dudng tron.
2) Chitng minh K B la phan giac ctia goc AKD.
3) DE kéo dai cat AB tai I. Ching minh K11 AB.
4) Duong thang qua E vuong goc véi OA cit AB tai H. Ching minh CH/ /K.
Bai V(0.5 diém).
Cho a > 2017 va b > 2018. Tim gia tri nho nhat ctia biéu thic:

P Va—2017 b —2018
 a+1 b+ 2
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DE SO 9: Ths: Lé Van Hung - 2018

Bai I (2.0 diém).
Cho hai biéu thic A =

B

1 2 2+5
VaB:\/E—{_-I— \/E-F—{—\/E

Vo —2 V=2 r+2 4—x
1) Tinh gia tri ctia A tai 2 = 4 — 2v/3.

2) Rat gon B.

véi x> 0,x #4..

3) Tim gia tri ctia = dé bicu thitc P = A : B ¢6 gia tri nguyén.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Trong thang dau, hai t& san xuat dugc 400 san pham. Thang sau do cai tién k§ thuat nén t6 I
san xuat vuot miic 10%, t6 11 san xuat viugt miic ?%, do do6 tong san pham thang sau ctia hai to
tang them 35 san pham so v6i thang trude. Hoi trong thang dau mdi to san xuat duge bao nhieu
san pham.

Bai IIT (2.0 diém).

3Vr—2+2/y+1=13
2Vr —2—\y+1=4

1) Giai hé phuong trinh

2) Cho phuong trinh parabol (P) y = %xQ va dudng thing d: y = —ma + 2.

a) Chiing minh d va (P) luon cit nhau tai hai diém phan biet A va B.

b) Tim m dé AB nhé nhat. Tinh dién tich AAOB v6i moi m vita tim dugc.
Bai IV (3.5 diém). Cho duong tron (O) c6 dusng kinh AB = 2R. Vé dudng thang d 1a tiép tuyén
ctia (O) tai B. Trén cung AB lay diém M tuy ¥ (M khac A va B), tia AM cét d tai N. Goi C' 1a
trung diém ctia AM, tia CO cét d tai D.

1) Chiing minh rang t gidc OBNC nai tiép.

2) Chiing minh rang NOLAD.

3) Chitng minh rang CA.CN = CO.CD.

4) Xac dinh vi tri diem M dé (2AM + AN) dat gia tri nhé nhat.
Bai V (0.5 diém).
Choz >0,y >0, c>0vazyz = 1. Tim gia tri nhé nhat ctia biéu thic:

1 1 1
x2+2y2—|—3+y2+222+3+z2+2x2+3'
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DE SO 10: Ths: Lé Vin Hung - 2018

voi x > 0,2 # 1.

Bai I (2.0 diém).
— 2
Cho biéu thite A = (Y2=2__vot2 ) (1-2)
r—1  x+2y/x+1 2
1) Chiing minh rang A = —x + /.

2) Tim gia tri clia x dé A > 0.

3) Tim gia tri 16n nhét cta A.
Bai II (2,0 diém) Gidi bai todn bing cdich lap phuong trinh hodc hé phuong trinh.

Hai voi nudc cting chay vao mot bé khong c6 nude thi sau 1 gis 20 phat day bé. Néu dé voi [
chdy mot minh trong 10 phut roi khoa lai, tiép tuc md voi IT chay trong 12 phit thi ci hai voi chay
dugce 1—25 bé. Tinh thoi gian mdi voi chdy mot minh day beé.

Bai III (2.0 diém).
3 1

1) Gidi he phuong trinh § * 3 Loy T 2

4

-
r—1 y+2
2) Cho phuong trinh parabol (P) y = 22 va dudng thang d: y = 2mx — 2m + 3.

a) Chitng minh ring véi moi gid tri ciia tham s6 m, thi duong thang d luon cit (P) tai hai diém
phan biét.

b) Goi y1, y2 1a tung do cac giao diém clia d va (P). Tim cac gia tri ctia tham s6 m dé y; +y, < 9.
Bai IV (3.5 diém). Cho tit giac ABCD noi tiép dudng tron (O; R) (AB < OD). Goi P la diém chinh
gitta ctia cung nhé AB; DP cat AB tai E va cat CB tai K; CP cat AB tai I va cat DA tai I.

1) Ching minh: Tt giac CKID noi tiép duge va IK//AB.

2) Chitng minh: AP? = PE.PD = PF.PC

3) Chitng minh: AP 1a tiép tuyén ctia dudng tron ngoai tiép tam giac AED.

4) Goi Ry, Ry 1a cac ban kinh dudng tron ngoai tiép cac tam giac AED va BED. Chiing minh:
Ry + Ry = VAR? — PA2.

Bai V (0.5 diém).

Cho z > 0,b>0va x +vy > 4. Tim gia tri nhé nhat ciia biéu thrc:
3x2+4 24P

= + _

P
4x y?
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LUYEN BO DE GOM 30 PE
CUA THAY "LE DPUC THUAN" CHU BIEN

DE SO 1

Bai I (2,0 diém).
Cho bidu thite A= Y% VE+1 S—1lVe oy Vo3
vVe+3 -3 9—x VI +1
2

2
1) Tinh gi4 tri cia B khi z = — .
) Tinh gié tr Vi-1l Vat1

véix > 0; x #9.

2) Rit gon biéu thiic A.

3) Tim s6 nguyén x dé P = A.B la s6 nguyén.
Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot doi cong nhan theo ké hoach phai trong 75 héc ta ring trong mot sd tuan 1&. Do méi tuan
trong vuot mitc 5 héc ta so v6i ké hoach nén da trong duge 80 héc ta va hoan thanh sém hon 1 tuan.
Hoi theo ké hoach mdi tuan doi cong nhan dé trong bao nhiéu héc ta ring?

Bai IIT (2,0 diém).
8 1

=95
x—3+2]y\—3
4 1

1) Giai hé phuong trinh
3

r—3 =3
2). Cho parapol x? — 2(m + 1)z +2m + 1 = 0.

a) Ching minh phuong trinh luon cé nghiém v6i moi m. Tim hé thic lién hé gitta hai nghiém
khong phu thuoc m.

b) Tim m dé phuong trinh c6 hai nghiém 1a do dai hai canh ctia mot tam giac vuong cé canh
huyén bang /5.
Bai IV (3,5 diém).

Cho diém C nam trén nita duong tron (O; R), duong kinh AB sao cho cung AC 16n hon cung
BC (C # B). Dudng thang vuong goc v6i dusng kinh AB tai O cat day AC tai D.

1) Chiing minh tit gidc BC'DO noi tiép mot duong tron.

2) Chitng minh AD.AC = AO.AB.

3) Tiép tuyén tai C ctia dudng tron cit dudng thang di qua D va song song véi AB tai diém E.
Tt gidc OFEDA la hinh gi?.

4) Goi H la hinh chiéu ctia C trén AB. Hay tim vi tri diém C dé HD1 AC.
Bai V (0,5 diém). Cho z, y 1a céc s6 thuc duong théa man diéu kien 22 + y? = 1. Tim gia tri nho

. . 1 1
nhat cta bieu thic P =2+ —+y + —.
Z Y
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DE SO 2
Bai I (2,0 diém).

) 2 — 2 1
Cho biéu thic A = VT -9 —\/5+3— VTt Vi x>0, x#4; 0 #9.
r—5/r+6 Jr—2 33—y

1) Rat gon A.

2) Tim x dé A < 1.

3) Tim x nguyén dé A nhan gia tri nguyen.
Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot ca no di xuoi dong tit A dén B cach nhau 40 km sau dé6 di ngude dong tit B vé A. Cho biét
thoi gian di xuoi dong it hon thoi gian di nguge dong 1a 20 phut, van tdc dong nude 1a 3 km/gio va
van toc rieng ciia ca noé khong doi. Tinh van tbc rieng ctia ca no.

Bai III (2,0 diém).
0,3 0,5

_ -3
1) Giéi he phuong tinh § 201 473
2 ~1,5

2r—1 y—3 ’

2). Cho parapol (m + 1)22 — 2(m — 1)x +m — 3 = 0. Tim cac gia tri ciia m dé phuong trinh.

a) C6 ding mot nghiém.

b) C6 hai nghiém z, x5 théa man: xy.z9 > 0 va z; = 2.

Bai IV (3,5 diém).

Cho tam giac ABC' vuong tai A c6 ABC = 60°, M la diém tity ¥ trén canh AC. Vé duong tron
tam O duong kinh MC cit BC tai E. Duong thang BM cit (O) tai N, AN cat (O) tai D. Lay I
déi xting v6i M qua A. Lay K déi xting v6i M qua E.

1) Chiing minh tit gidc BANC noi tiép.

2) Chiing minh C'A la tia phan giac cia géc BCD.

3) Tim vi tri ctia M trén AC' dé M BKC' 1a hinh thoi.

4) Tim vi tri diém M dé duong tron ngoai tiép tam giac BIK c6 ban kinh nhé nhat.

Bai V (0,5 diém). Cho ba s6 thic duong a, b, ¢ thoa man didu kién a + b < ¢. Tim gia tri nho nhat

2 1 1 1
clia bieu thic P = (a® + b* + %) (ﬁ + = + 0_2)
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DE SO 3

Bai I (2,0 diém).
1 - 3 2
oz =+t WBo T

ho bidu thite A — _rre
Cho biéu thitc N P x+\/§+1v
1)TinhgiétricﬁaBkhi:c:(1—5+\/5> (5_‘/5—1)

6ix>0;x#1.

1+v5 ) \1-v5
2) Rat gon A.

3) Cho biét P = %. Tim o 46 P < 1.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phwong trinh hodc hé phuwong trinh.

Cho mot s6 ¢6 hai chit s6. Biét ring tong ctia chit s6 hang chuc va hai lan chi s6 hang duon vi
1a 12. Néu déi chd hai chit sé cho nhau thi sé duge mot s6 méi 16n hon sé ban dau 27 don vi. Tim
s6 ban dau.

Bai III (2,0 diém).

1) Giai phuong trinh 2z — 5+ 327 — 1 =0

2). Cho duong thang d: y = mx +m + 1 va parabol (P): y = z%. Tim cac gia tri ctia m dé d cat (P)
tai hai diém c6 hoanh do 1a z1, o thoa man diéu kién.

a) |ry — xo| = 4 b) |1] 4 22| = 4.

Bai IV (3,5 diém).

Cho duong tron (O; R) va mot dudng thang d khong di qua O, cat dudng tron tai hai diém A
va B. Tt mot diém C' & ngoai dudng tron (C € d va CB < CA), ké hai tiép tuyén CM va CN v6i
duong tron (M thuoc cung nhé AB). Goi H la trung diém ctia AB, OH cat CN tai K.

1) Ching minh KN.KC = KH.KO.

2) Chitng minh nam diém M, H, O, N, C cing thuoc mot dusng tron.

3) Doan thang CO cit (O) tai I. Chitng minh diém I cich déu cic dudng thing CM, CN, M N.

4) Mot duong thang di qua O va song song v6i MN cat CM va CN lan lugt tai E va F. Xac
dinh vi trf diém C trén d sao cho dién tich tam giac C EF nhé nhat.

Bai V (0,5 diém). Cho ba s6 thyc duong a, b théa man diéu kién a + 2b < 8. Tim gia tri nho nhat

. 4
cua bieu thic P =2a +3b+ — + %
a
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DE SO 4
Bai I (2,0 diém).

. -1 1
Cho bieu thic A = (\/E _ vt ) ; xﬁ2 voi x> 0; © # 4.
r—4  r+4/r+4) (4-2)

1) Rat gon A.

2) Tinh gia tri clia A tai z = 4 + 2/3.

3) TimxdéAz;l.
Bai IT (2,0 diém) Gidi bai todn bing cdch lap phwong trinh hodc hé phuong trinh.

Mot manh dat hinh chit nhat c6 chu vi 14 90 m. Néu gidm chiéu rong di 4 m va gidm chiéu dai di
20% thi chu vi manh dat gidm di 18 m. Tinh chiéu dai va chiéu rong ctia manh dat hinh chi nhat
ban dau.

Bai III (2,0 diém).

3v3r -2 - 2/T =4
2/3r —24+VI—y=5
2). Cho phuong trinh z? — 2z — 2m = 0.

1) Giai hé phuong trinh

a) Tim m dé phuong trinh c¢6 hai nghiém phan biét 21, x5 théa man (1 + 22) (1 + 22) :15.
) lam

b) Khi phuong trinh c6 hai nghiem z;, x5 viét phuong trinh bac hai nhan A%
T+ 1 Ty + 1

nghiém.
Bai IV (3,5 diém).

Cho tam giac ABC noi tiép duong tron O, duong cao AI va BN cat nhau tai H, CH cat AB
tal M.

1) Chting minh tit gidc AM HN noi tiép.

2) Chitng minh diém H cach déu cac dudng thang NM, NI.

3) Chiing minh MN = BC.cosBAC. Cho biét BAC' = 45°, Saapc = 100 em?. tinh dien tich
tam giac ANM.

4) Goi E la trung diém BC, AE cat OH tai G. Cho B, C ¢b dinh va A di chuyén trén cung 16n
BC, héi G di chuyén trén dudng nao?
Bai V (0,5 diém). Cho hai s6 thyc duong a, b thoa man diéu kién 2a 4+ b < 2. Tim gia tri nhd nhat
ctia biéu thitc P = 16a® + 2b* + g + %
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DE SO 5

Bai I (2,0 diém).
. 2
Cho bieu thic A = Ve —x+9\/§vaB:M
Vo —3 r—9 x—25
1) Rit gon cac biéu thic A va B.
A
2) Véi x # 0, dat P = B Hay so sanh P véi 1.

3) Tim gia tri nhé nhat cia P.

voi & > 0; x # 9; x # 25.

Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Theo ké hoach hai t6 san xuat phai lam duge 900 chi tiét may trong mot thai gian quy dinh. Do
cai tién ki thuat nén t6 mot vuot mic 15%, t6 hai vugt mic 10% so vé6i ké hoach. Vi vay hai t0 san
xuat duge 1010 chi tiét méy. Hoi theo ké hoach méi t6 san xuit phai lam bao nhiéu chi tiét may?
Bai III (2,0 diém).

1) Cho hé phuong trinh romy =2 . Chitng minh hé phuong trinh luon ¢6 nghiem duy nhat (z;y)
mx + 2y =1

v6i moi tham s6 m. Tim m dé nghiém (x;%) théa man 3z + 2y > 0.

2) Cho dudng thang d: y = mx — m + 1 va parabol (P): y = 2°.

a) Chitng minh d va (P) luon c6 diém chung v6i moi m. Véi gid tri nao ctia m thi d va (P) tiép
xtc nhau? Khi d6 tim toa do tiép diém.

b) Goi 1, o5 1a hoanh do cac giao diém ciia d va (P). Tim gia tri I6n nhat va gid tri nhé nhat
21’1ZE2 + 3

T2 4 23 4 2r170 + 2
Bai IV (3,5 diém).

Cho duong tron (O; R) duong kinh AB c6 dinh. Diém I nam gitta A va O. Day C'D vudng goc
v6i AB tai I. Goi M la diém tity ¥ thuoc cung lén CD (M khong trung véi C, D va B). Day AM
cat CD tai K.

1) Chiing minh tit gidc I K M B noi tiép.

2) Chiing minh AD? = AK.AM.

3) Chitng minh AC i tiép tuyén ctia duong tron tam E ngoai tiép tam giac CK M.

4) X4c dinh vi trf ctia diém M sao cho do dai DE 1a nhé nhit.

Bai V (0,5 diém). Cho hai s6 duong z, y théa man diéu kién 22y — 4 = x +y. Tim gid tri nhd nhat

ctia biéu thic A =

P 2 1
cua bieu thic P =uzy + — + —.
Z )
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DE SO 6

Bai I (2,0 diém).
Cho biéu thic A = (

v6i a > 0; a # 4.

1 1 Va—2
«a+2+¢a—2>' Va

1) Rit gon cac biéu thiic A.

2) TimadéA>%.

3) Tim tat ca cac gia tri thuc ctia a dé B = gA.
Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Tinh chu vi ctia mot hinh chi nhat, biét rang néu tang moi chiéu ctia hinh chi nhat théem 4 m
thi dién tich hinh chit nhat tang thém 80 m?. Néu gidm chiéu rong 2 m va tang chiéu dai 5 m thi
dién tich hinh chit nhat bang dién tich ban dau.

Bai III (2,0 diém).
1) Giai phuong trinh 4z — 3y/5z — 1+ 1 = 0.
2) Trong mit phang Oy cho duong thang (d): y = 2z — m + 1 va parabol (P): y = %xQ.

a) (d) di qua diéem A(—1;3). V& (d) va (P) ting véi gid tri vita tim dugc ctia m.

b) (d) cat (P) tai hai diém phan biét c6 toa do (z1;y1) va (12; ) sao cho x1wy (yy + y2) +48 = 0.
Bai IV (3,5 diém).

Cho duong tron (O; R) va mot diém A sao cho OA = R. Qua A ké hai tiép tuyén AP va AQ clia
(O) (P, Q la cac tiép diem). Lay M thuoc (O) sao cho PQ song song v6i AQ. Goi N la giao diém
thit hai ctia duong thang AM va (O). Tia PN cit dudng thang AQ tai K.

1) Chitng minh tit gidc APOQ ndi tiép.

2) Chitng minh KA? = KN.KP.

3) Ké dudng kinh QS cia (O). Chiing minh tia NS la tia phan giac ciia goc PN M.

4) Goi G la giao diém ciia hai duong thang AO va PK. Tinh d6 dai doan thing AG theo R.
Bai V (0,5 diém). Cho hai s6 duong a, b thoa man diéu kién ab + 4 < 2b. Tim gia tri 16n nhat cia

L ) ab
biéu thuc P = m
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DE SO 7

Bai I (2,0 diém).

. 2 1
ChobiéuthfrcA:\/__2véB:x\/_EéL%—\/E_QVGimZO;m%éL
1

L, s 1
1) Tim z biét rang A =

+ :
V3 +2 \/§—A?
2) Rit gon cac biéu thitc B. Tinh P = 5
3)Tim « théa man P (v/zr + 1) — /x4 2v/x — 1 =2z — 2¢/22 + 4.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Tim s6 tu nhién c6 hai chit s6 biét chit s6 hang chuc 16n hon hang don vi 14 2, néu viét xen chit
s6 0 vao gitta chit s6 hang chuc va chit s6 hang don vi thi s6 d6 tang them 630 don vi.

Bai III (2,0 diém).
1) Cho phuong trinh z* — 2maz? + (m? — 1) = 0.

a) Giai phuong trinh khi m = 3.

b) Tim m dé phuong trinh c¢6 ba nghiém phan biét.

2) Cho dudng thang (d): y = x —m + 1 va parabol (P): y = %x? Tim m dé (d) cit (P) tai hai diém
phan biet A(x1; 1), B(w2;12) sao cho y; + 4, = 4 (21 + z3) vA mot trong hai giao diém c6 hoanh do
16n hon 1.

Bai IV (3,5 diém).

Cho dudng tron tam O, diém M cb dinh ngoai (O), ké hai tiép tuyén M A, M B véi (O) (A, B la
tiép diém). Trén cung nhdé AB lay diem N va tit N ké tiép tuyén véi (O) cat M A, MB lan lugt tai
Eva F.

1) Chiing minh tit gidc AONFE noi tiép.

2) Chitng minh chu vi tam gidc M EF va do 16n goc EOF khong phu thudc vi trf diém N.

3) Goi I, K lan lugt la giao diém ctia OF va OF véi AB. Cho AOB = 120°, tinh ti s6 %

4) Dudng thing qua O vudng goc véi OM cit M A, M B lan lugt tai C va D. Tim vi tri diem N
dé (EC + FD) c6 do dai nho nhat.

Bai V (0,5 diém). Cho ba s6 thuec du’;)jng a, b, ¢ théa man diéu kieén a + b+ ¢ = 1. Tim gia tri nho
a c

nhat cta bieu thic P = 1+ 002 + 1+ 9¢2 T 1+ 9a2°
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DE SO 8

Bai I (2,0 diém).

, 1— 15 — 2 1
Cho bieu thic A = \/Evé,B: > \/E—I— :\/EjL voi x > 0; x # 25.
1+ r—25  Jx+5) Jr-5
1) Tinh gia trj ctia A khi z = 6 — 2+/5.

2) Rit gon céc biéu thitc B.

3) Tim x dé phuong trinh A — B = z c¢6 nghiém.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Trén quang dudng AB, hai 6 t6 khéi hanh cling mot thoi diém tit hai bén A va B di ngudce chiéu
nhau. Hai xe gap nhau sau 3 gio. Biét rang sau khi gip nhau, méi xe tiép tuc di hét quang duong
con lai. Xe khdi hanh tit A dén B muon hon xe khéi hanh tit B dén A 13 2 gio 30 phut. Hoéi mdi xe
di quang dudng AB hét may gio?

Bai III (2,0 diém).

z(y+3)+2y =2y +33
(x4+1)(y—2) =ay — 10
2) Cho phuong trinh z? — mz — 4 = 0.

1) Giai h¢ phuong trinh

a) Chting minh phuong trinh luén c¢6 hai nghiém phan biét.

b) Goi 1, 2o 14 hai nghiem phan biét ctia phuong trinh. Tim gia tri nhd nhéat clia biéu thic
A — 2($1+l‘2)+7
R

Bai IV (3,5 diém).
Cho dudng tron (O; R) va mot diém A c¢d dinh théa man OA = 2R. Mot duong kinh BC' quay

quanh O sao cho ba diém A, B, C khong thing hang. Duong tron ngoai tiép tam gidc ABC cit
duong thang OA & P (khac A). Duong thing AB, AC cit (O) ¢ diém thit hai 1a D va E. N6i DE
cat OA ¢ K. Chitng minh.

1) Cac tam giac OPB, AOC dong dang va bon diem P, E, C, K ciing nim trén mot dudng tron.

2) AK.AP = AE.AC.

3) Dudng thing DE di qua mot diém co dinh.

4) Dudng tron ngoai tiép tam gidc ADE di qua diém ¢ dinh F tit d6 suy ra vi trf ctia OB dé
dien tich tit giac ABPC 16n nhat.
Bai V (0,5 diém). Cho hai s6 thuc duong a, b théa man diéu kien a? 4+ b? < 16. Tim gié tri 16n nhat
clia biéu thic P = ay/b(a + 8b) + by/(b+ 8a).
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DE SO 9

Bai I (2,0 diém).
. 2 1 1
Cho bieu thic A= (1 — Ve +\/E+ : 9\/5+6—3 voi x > 0; x # —.
3vVr+1 9x—1 3vzr +1 9
1) Rit gon cac biéu thiic A.

2)TimxdéA:§.

3) V6i m > 1, chitng t6 ¢6 hai gia tri cua x sao cho A = m.

Bai II (2,0 diém) Gidi bai todn bing cdach lap phuong trinh hodc hé phuong trinh.

Hai voi nuéc ciing chay vao mot bé thi sau 6 gis day bé. Néu chdy mot minh dé day bé thi voi [

can nhiéu thoi gian hon voi I7 14 5 gis. Héi mdi voi chdy bao lau thi day bé.

Bai III (2,0 diém).

1) Cho phuong trinh 22 — 2max + (m? —m) = 0. Tim m dé phuong trinh c¢6 hai nghiem z;, x5 sao
cho 3xq1 + 229 = 6.

2) Cho hé phuong trinh 2o+ my = 1.
mx + 2y =1

a) Tim s6 nguyén m dé hé phuong trinh c¢6 nghiem duy nhét (z;y) véi z, y 1a cac sd nguyen.

b) Chiing minh ring khi hé phuong trinh c6 nghiem duy nhét (z;y), diém M (z;y) luon luén nam
tren mot dudng thang cé dinh.

Bai IV (3,5 diém).

Cho diém M nam ngoai duong tron (O; R). Vé tiép tuyén M A, M B véi (O) (A, B la cac tiép
diém). Vé cat tuyén MCD khong di qua tam O (C nam gitta M va D), OM cat AB va O lan lugt
tai H va I.

1) Chiing minh ti gidc M AOB noi tiép va dudng tron nay di qua trung diem E cta CD.

2) Chiing minh OH.OM + MC.MD = R?.

3) Ching minh CT 1a phan giac goc MCH.

4) Cho cac diem M, C, D cb dinh, (O) thay d6i nhung luon qua C, D. Chiing minh dudng tron
ngoai tiép tam giac OHE luon qua mot diém c6 dinh.

Bai V (0,5 diém). Cho a, b, ¢ > 0 vi ab+bc +ca = 1.

Chiing minh Va2 + 1+ V02 +1+vV2+1<2(a+b+c).
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Bai I (2,0 diém).

) 1 , 1
1) Cho bidu thitc A = ﬁ+ - V6ix > 0. Tinh gid tri ciia A khiz = - <\/6+4\/§+ V6 — 4\/5).
xXr
, 3 5 4
2) Cho biéu thitc B = iihs + v6i x >0, z # 1. Rat gon B.

Vitl 1—-yz z-1

3) Tim cac s6 hitu ti z dé P = A.B c6 gia tri nguyén.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Trong hoi truong c¢6 mot sd6 ghé bang, mdi ghé bang quy dinh sd ngudi ngoi nhu nhau. Néu bét
2 ghé bang va mdi ghé bang ngdi thém 1 ngudi thi them duge 8 chd. Néu thém 3 ghé bang va mdi
ghé ngoi rat di 1 nguoi thi gidm 8 chd. Tinh s6 ghé bang trong hoi truong.

Bai III (2,0 diém).

1) Cho phuong trinh 22 — 2max + 2(m — 2) = 0. Tim m dé phuong trinh c6 hai nghiem trai dau va
nghiém am c6 gia tri tuyét doéi 16n hon nghiém duong.

2) Cho hé phuong trinh (m—1lz+y= 2.
mr+y=m-+1

a) Chitng minh v6i moi gia tri cia m thi heé phuong trinh c6 nghiém duy nhéat (z;y) thoa man
2 +y < 3.

b) Tim m dé he phuong trinh c6 nghiem (x;y) thdéa man r +y = —4.

Bai IV (3,5 diem).

Cho dudng tron (O) dusng kinh AB, Az, By la hai tiép tuyén ctia (O) tai cac tiép diem A, B.
Lay diém M bat ki trén ntta duong tron (M thudc ciing nita mit phing bd AB chita cac tia Az,
By), tiép tuyén M cta (O) cat Az, By lan lugt tai C' va D.

1) Chiing minh tit gidc AOMC ndi tiép.

2) V6i BD = R+v/3 hay tinh AM.

3) N6i OC cat AM tai E, OD cat BM tai F, k¢ MN 1L AB (N € AB). Chiing minh duong tron
ngoai tiép tam giac NEF luon di qua mot diém c6 dinh.

4) Tim vi trf diém M trén nita dudng tron dé ban kinh dudng tron ngoai tiép tit gidc CEFD c6
do dai nhoé nhat.

a+b

Bai V (0,5 diém). Cho a, b 1 cac s6 duong. Chitng minh >
( Va(Ba+b) + /b(3b + a)

DO | —
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Bai I (2,0 diém).
3

. 1
1) ChobiéuthﬁcA:$_1+\/§+1

1 .
\/E+1.Tima:déB<O.
xr+ 12

(Vz—1).B

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

. 1
v6i x > 0, z # 1. Tim cac gié tri cia z dée A = 7

2) bat B=A:

3) Cho biét C' = . Tim gi4 tri nhé nhat cia C.

Hai anh Hung va Hiéu gép von cting kinh doanh. Anh Hung goép 13 trieu dong, anh Hiéu gop 15
trieu dong. Sau mot thoi gian kinh doanh 1ai duge 7 trieu dong (lai chia theo ty lé gop von). Tinh
so tien 1ai ma moi anh duge hudng.

Bai III (2,0 diém).

1) Cho hé phuong trinh T =5 . Tim m dé hé phuong trinh c6 nghiém duy nhat (z;y) thoa
mz +y =4

man z = |y|.

2) Cho phuong trinh 22 — 2mx +m? — 1 = 0.

a) Tim m dé phuong trinh c6 hai nghiém 1, 22 sao cho z; = 3.

b) Lap phuong trinh bac hai ¢6 céc nghiém la xil va %2
Bai IV (3,5 diém).

Cho dudng tron (O) va mot day BC ¢ dinh. Lay diém A & chinh giita cung BC nhd va diém M
trén cung BC' 16n sao cho MC > M B. Duong M A cat tiép tuyén qua C cia (O) va BC' lan lugt tai
Q, I. Duong M B cat C'A tai P.

1) Chiing minh tit gidc PQC M noi tiép va PQ song song véi BC.

2) Tiép tuyén tai A cit tiép tuyén tai C' ¢ N. Ching minh: 1 + L L

3) Chimg minh: MB.MC = IB.IC + IM?.

4) Khi diém M di dong va thoa man gid thiét dé bai, hay tim vi trf cia M dé ban kinh duong
tron ngoai tiép tam giac MBI c6 do dai 16n nhat.

Bai V (0,5 diém). Cho cac s6 thyc duong théa man a + b+ ¢ = 1. Tim gia tri 16n nhat ctia biéu

thite P “« b ¢
C = .
Va+be Vb+ca e+ ab
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Bai I (2,0 diém).

. 2 1
1) Chobiéuthﬁ’cA:$$:_1+x+£+1+1_\/Evc’5im20,m7é1. Rut gon A.

. -1 A
2) Cho bieu thic B = \/52 . Hay tim P = I

. 1
3) Tim gia tri cia m de 5>m + /2 nghiém dang Vo > 1.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phwong trinh hodc hé phuong trinh.

Hai voi nuéc ciing chay vao mot bé khong c6 nude thi sau 12 gio day bé. Ngudi ta md ca hai voi
trong 4 gio roi khoa voi I7 lai va dé voi I chay tiép 14 gi nita thi méi day bé. Hoéi néu mdi voi chay
mo6t minh thi bao lau méi day beé.

Bai III (2,0 diém).
8 4

+ —
\/xi+1 \/yi+7

1) Giai hé phuong trinh

=~ w

\/x2+1_ \/y2+7_
2) Cho duong thang (d): y = (m — 3)z +m — 2.

a) Tim m dé khoang cach tit diem I(—1;0) dén (d) 1a 16n nhat.

b) Tim m dé d cat (P): y = 2° tai hai diém phan biét c6 hoanh do z;, z» thda man z? = 4x,.
Bai IV (3,5 diém).

Cho dudng tron (O) c6 day AB ¢b dinh va , C la diém di dong trén cung lén AB. Goi M, N lan
lugt 14 diém chinh giita clia cac cung nhé AC va AB. Goi I 1a giao diém ctia BM va CN. Day MN
cat AC va AB lan luot tai H va K.

1) Chiing minh tit gidc BN K noi tiép.

2) Ching minh NM.NH = NC.N1.

3) Gid stt Al cit (O) tai E, NE cat OB tai F. Chiing minh ba diém H, I, F thang hang.

4) Xac dinh vi tri diém C dé chu vi tit gidc AIBN 16n nhat.

Bai V (0,5 diém). Cho cac s6 thyc z, y khong am va thda man diéu kien 22 + y? < 2. Hay tim gia
tri 16n nhat ctia biéu thic P = \/2(29z + 3y) + /y(29y + 3x).
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Bai I (2,0 diém).

Cho biéu thic A = Vit 2 va
\/E

1) Rat gon B va tinh P =
2) Tim = dé B = |B].
3) Tim x théa man: 2P < 10/z — 29 — /x — 25.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

T " 1 + 1
r—4 -2 Jr+2

B = voi x > 0;  # 4.
A
5

Mot ca no xuoi dong 45 km roi nguge dong 18 km. Biét van téc xudi dong 16n hon van téc nguge
dong 1a 6 km/gid. Thoi gian di xudi nhiéu hon thoi gian di nguge 1a 1 gio. Tinh van tdc xuoi dong
va nguge dong ctia ca no biét rang van téc ca no di nguge dong 16n hon 10 km/gio.

Bai III (2,0 diém).
1) Cho phuong trinh 22 — 2(m? — m + 2)z + m? = 0.
2) Cho dudng thang d: y = —mx + ﬁ véi m # 0 va parabol (P): y = x°.

a) Chiing minh d luon cat (P) tai hai diém phan bigt v6i moi m # 0.

b) Goi A(z1;y1), B(xa;ys) la cac giao diém cta d va (P). Tim gia tri nhé nhat ctia bic¢u thic
M =y +y3.

Bai IV (3,5 diém).

Trén duong tron (O; R) c6 duong kinh AB, 1ay hai diém M, E theo thit tu A, M, E, B (hai diém
M, E khac hai diém A, B), AM cat BE tai C, AE cit M B tai D.

1) Chitng minh tit gidc MC'ED ndi tiép.

2) Chitng minh rang khi M va E di dong thi BE.BC + AM.AC khong doi.

3) Chitng minh céc tiép tuyén tai M va F ctia (O) cit nhau tai mot diém ndm trén duong thang
CD.

4) Cho biét BAM = 45° va BAE = 30°. Tinh dién tich tam gisc ABC.

Bai V (0,5 diém). Cho cac s6 duong a, b thoa man diéu kién % + % < % Tim gia tri nho nhat cla
1

biéuthﬁcpz\/a+\/l§—a—+b.
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Bai I (2,0 diém).

2 X
Cho biéu thic A = ———— - Tove o
N R NGRS

2—1
1) Tinh gia tri cia A tai x = V2 :
4 V2+1

]__

2) Cho biét P = —5 Tmz dé (z —1)P = 9.

3) Timxdép>%.
Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot 6 t6 va mot xe méy di tit A dén B cach nhau 120 km. O to khéi hanh sau xe may 30 phit
va di v6i van toc 16n hon van téc xe méay la 24 km/gio. Tinh van tdc ciia moi xe, biét xe 0 t6 dén
s6m hon xe may la 20 phit.

Bai III (2,0 diém).
2z +1| -5y =3
1) Giai hé phuong trinh 3.
|z + 1|+ 2y = 5
2) Cho dudng thing d: y = (m — 1)z — m + 2 va parabol (P): y = —.

a) Tim diém c6 dinh ma d luon di qua véi moi m.

b) Tim m dé d cat (P) tai hai diém c6 hoanh do z;, 75 sao cho A = 22 + 22 dat gia tri nhd nhat.
Bai IV (3,5 diém).

Cho duong tron (O) va day AB. Vé duong kinh C'D vuong goéc véi AB tai K (D thuoc cung nhé
AB). Lay diém M thuoc cung nhé BC sao cho cung nhd M C' nhé hon cung M B. Day DM cit AB
tai F. Tia CM cat duong thing AB tai E.

1) Chiing minh tit gidc CK FM la ti giac noi tiép.

2) Chitng minh KE.KF = KC.KD.

3) Tiép tuyén tai M cia (O) cit AE tai I. Ching minh I[E = IF.

4) Chiing minh % = %

Bai V (0,5 diém). Cho cac s6 thuc duong a, b, ¢ théa man diéu kién a + b+ ¢ <

) , 1 1 1
nhat cta biéu thic P = — + i + —.
a

DN W

. Tim gia tri nho
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’
N

DE SO 15

Bai I (2,0 diém).

V6i x > 0, cho biéu thic A = - + \/%/E
1) Tinh gia tri cia A tai x = 1 _2\/7.
2) TimmdéB:%.
3) Tinh gia tri bicu thitc P = A : B. Tim 2z thda mén:

va B = \/E

1 T+

-
B

P\/E+<2\/§—1)\/E:3x—2\/m+3

. Bai II (2,0 diém) Gidi bai todn bang cdch lap phuong trinh hodc hé phuong trinh.

Trong dot tong két quy I hai t6 san xuat da lam dugce 630 san pham dat 63% theo ké hoach.
Rieng t6 I san xuat dat ti le 57% theo ké hoach, t6 11 san xuat dat ti lé 67% theo ké hoach. Hdi
theo ké hoach quy I mdi to phai san xuat bao nhiéu san pham.

Bai III (2,0 diém).
1) Cho phuong trinh 2* — 2ma? + (m? — 1) = 0. Tim m dé phuong trinh c¢6 bén nghiém phan biét.
2) Cho duong thing d: y = 42 — 2 v& parabol (P): y = 222

a) Chiing minh d tiép xtc véi (P) tai A(1;2).

b) Viét phuong trinh duong théng d’ c¢6 hé s6 géc m di qua A(1;2). Chiing minh d’ ludn cit (P)
tai hai diém phan biét véi moi m #+ 4 va tim m dé mot trong hai giao diém dé ¢6 hoanh do 16n hon
3.

Bai IV (3,5 diém).

Cho duong tron (O; R) va duong kinh AB. Day M N vuong goc véi AB tai H (H ndm gitta O
va B). Trén tia d6i NM lay diém C sao cho doan thang AC cit (O) tai diem K (K # A), hai day
MN va BK cat nhau tai E.

1) Chiing minh tit gidc AHEK 1a ti gidc noi tiép.

2) Kéo dai AE ct (O) tai I. Chiing minh KAE = K BC.

3) Chiing minh AE.AIl + BE.BK = 4R?.

4) Gia stt KE = KC, Chitng minh OK//MN va KM? + KN? = 4R?.

Bai V (0,5 diém). Cho cac s6 thuc d2u’0ng r, y thoa man diéu kien z + y < 1. Tim gia tri nhé nhat

ctia biéu thitc P = 4y + -+
2 +y? axy
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Bai I (2,0 diém).

. 1 2 1

Cho biéu thiuc A = — VT : rHVT + véi x > 0,
Vr—1 zyr—z+r-1 rr+zr+yr+1 w41

x # 1.

1) Rat gon A.

? 1
2)TimxdéA<§.

3) Tim m dé phuong trinh (/2 + 1) A =m — x.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai xe chd cat dé san lap mot khu dat. Néu hai doi cing lam thi trong 18 ngay xong cong viéc.
Néu doi I 1am 6 ngay, sau d6 doi 17 lam tiép 8 ngay nita thi dugc 40% cong viec. Héi moi doi lam
mot minh thi bao lau xong cong viéc.

Bai III (2,0 diém).
1) Cho hé phuong trinh maty =2 )
dor +my =4

Tim m dé hé phuong trinh c6 nghiem duy nhat (x;%) sao cho x > 0, y > 0.

2) Cho hai dudng thang dy: y = éx +m + % va dy: y = —2x — 6m + 5.

a) Chiing minh d; va dy ludn cit nhau tai mot diém va diém dé luon chay trén mot dudng thang
c6 dinh.

b) Tim m dé giao diém M ctia d; va dy nim trén parabol (P): y = 922.

Bai IV (3,5 diém).

Cho tam gidc ABC noi tiép dudng tron (O) va I la diém déi xiing v6i A qua O. Trén canh AB
lay diém M va trén tia déi clia tia C A lay diém N sao cho BM = CN.

1) Chitng minh /M = IN va Bl = C1I.

2) Goi F la giao diém ctia M N va AI. Chiing minh FA.EI = EM.EN.

3) Goi K la giao diém ctia M N v6i BC. Ching minh MK = NK.

4) Ching t6 tam dudong tron ngoai tiép tam giac ANM nim trén mot doan thing cé dinh khi
M chay trén canh AB.

Bai V (0,5 diéem). Cho hai sfi thu_’c1 duong a, b théa man diéu kien a + b < 1. Tim gia tri nho nhat

clia bidu thic P = a? + b% + —+ 73
a b2
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Bai I (2,0 diém).
Chohauibiéuthfr(:A:gl;—i_g\/iﬁL ! VaB:\/E—i_
t—25  \Jr+5 VT —5
23(5 — v/2)
542

, A 4
2) Rut A va ti de — = —.
) Rat gon A va tim = de 5= 7

3) Tim gi4 tri nho nhat cia P = 5

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

(\]

voi & > 0, x # 25.

1) Tinh gia tri cia B tai z =

Lép 9A duge phan cong trong 480 cay xanh. Lép du dinh chia déu cho s6 hoc sinh, nhung khi lao
dong c6 8 ban vang nén moi ban c6 mat phai trong théem 3 cay mdi xong. Héi 16p 9A ¢6 bao nhiéu
ban hoc sinh.

Bai III (2,0 diém).
1) Cho phuong trinh z3 + mx — (m + 1) = 0. Chitng minh phuong trinh luon c6 nghiem khong phu
thuoc vao m. Tim m dé phuong trinh c6 3 nghiém phan biét, trong dé c6 diing mot nghiém am.
2) Cho dudng thang di: y = = + m va parabol (P): y = 2.
a) Tim cac gia tri cia m dé d cat (P) tai hai diém phan biét.
b) Khi d ct (P) tai hai diém phan biet A va B, tim m dé AB = 3/2.
Bai IV (3,5 diém).

Cho duong tron (O) c6 day AB c¢6 dinh va M la diém di dong trén cung 16n AB. Tt M vé M H
vuong goc véi AB. Goi E, F lan lugt 1a hinh chiéu ctia H trén MA, M B. Qua M vé duong thing
vuong goc véi EF, duong nay cat AB tai D.

1) Chitng minh duong thang M D di qua mot diém c6 dinh.
MA? AH AD
2) Chr inh = . )
) Chiing mmﬁ B~ BD BH 7 7
3) Goi I la diem doi xing cia H qua AM va K 1a diem doi xiing ctia H qua BM. Duong thang
IK cat HM, BM lan luct tai B’, A’. Ching minh 5 diém M, B’, H, B, K cung thudc mot duong

tron.
4) Chitng minh BB', AA’ va M H dong quy tai mot diém.
Bai V (0,5 diém). Cho # > 0, y > 0 v& thoa méan diéu kien x +y < 1. Tim gia tri nho nhat cia

1\? 1\?
biéu thic P = <x—|——> + (y+—) :
T Yy
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Bai I (2,0 diém).
Cho hai biéu thic A = 2V — 2 va B =

voi x >0, x # 9.

1) Rat gon A.

2) TimxdéAzﬂ;lvéing

3) So sdnh A va A2
Bai II (2,0 diem) Gidi bai todn bing cdich lap phuong trinh hodc hé phuong trinh.

Mot 6 to di tit A dén B v6i van tdc va thoi gian quy dinh. Néu tang van téc them 10 km/gio thi
dén B sém hon quy dinh 2 gio. Néu giam van tdc 10 km/gio thi dén B cham hon quy dinh 3 gio.
Tinh quang dusng AB.

Bai III (2,0 diém).

1) Cho phuong trinh 22 — 4,/ +m = 0. Tim m dé phuong trinh c6 hai nghiém phan biét.

2) Cho hé phuong trinh ma - 2y = 2m )
—2r+y=m-+1

a) Giai va biéen luan hé phuong trinh da cho.

b) Khi he phuong trinh c6 nghiém duy nhat (z;y), tim cac gia tri nguyén ctia m dé biéu thtc
r—Y

c6 gia tri la sO nguyén.

m + R
Bai IV (3, 5 diém).

Cho géc Ay = a (0% < 2 < 90°%) c¢b dinh. Duong tron (O) tiép xtc véi Az, Ay lan lugt tai K,
L. Tiép tuyén ctia (O) tai E thuoc cung nhé KL cit Az, Ay theo thit tu tai N, M. Duong KL cit
OM tai P, cit ON tai Q.

1) Khi E di dong, chimg minh M ON c6 do 16n khong déi.

2) Chitng minh cic dudng thang MQ, NP, OF cing di qua mot diém.

3) Ching minh KQ.PL = EM.EN.

4) Chiing minh khi F di dong thi tam duong tron ngoai tiép tam gidc MON thudc mot duong
c6 dinh.
Bai V (0,5 diém). Cho z > 0, y > 0, 2 va théa man diéu kien x +y + 1 = % — (zy +yz + zz). Tim

gi4 tri nhé nhat cia biéu thic P = 22 + y? + 22
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Bai I (2,0 diém).
Cho biéu thic A =

—_

2\/x N 3z +3 . B VT +
— — va b =
Ve+3 -3 z-9 Vo —3

1) Tinh gia tri ciia Q tai x = 4 — 2/3.
A
2) Rat gon A va tinh P = —.
B
3) Cho biéu thiic @ = 2P + ~“ " Tim gia tri nho nhat ciia O
O Dieu C =X —_—. 1m gla trl1 nNo nhat cua
Vo +3 sl H

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

voi x > 0, x # 9.

Cho mot hinh chit nhat. Néu ting do dai mdi canh ciia né lén 1 cm thi dién tich ctia hinh chit
nhat sé tang thém 13 em?. Néu gidm chiéu dai di 2 em, chiéu rong di 1 em thi dién tich ctia hinh
chit nhat sé gidam 15 em?. Tinh chiéu dai va chiéu rong ctia hinh chit nhat da cho.

Bai III (2,0 diém).

1) Cho hé phuong trinh rhmy=m+l . Tim m dé hé phuong trinh ¢6 nghiem duy nhat (x;y)
mx +y=3m-—1

sao cho tich clia & va y c6 gia tri nho nhat.

2) Cho duong thang d: y = (m — 1)x + m* + 1 va parabol (P): y = 22.

a) Chitng minh d luon cit (P) tai ha diém phan biét nim vé hai phia ciia truc tung.

b) Goi 71, 5 13 hoanh do cac giao diém ctia d va (P). Tim cac gia tri ctia tham s6 m biét rang
1] + |2o] = 2v/2.

Bai IV (3,5 diém).

Cho duong tron (O; R) va hai duong kinh AB, C'D vuong géc nhau. Trén doan OB lay diem M
(khac diém O). Tiam CM cat (O) tai diém thi hai N. Dudng thang vuong géc v6i AB tai M cit
tiép tuyén qua N ctia (O) tai diém P.

1) Chiing minh tit gidc OM N P noi tiép.

2) Chitng minh ti giac C M PO 1a hinh binh hanh.

3) Chitng minh tich CM.C'N khong phu thudce vao tri diem M.

4) Chitng minh tam dudng tron noi tiép tam giac CN D di chuyén trén cung tron ¢ dinh khi M
di chuyén trén doan OB.

Bai V (0,5 diém). Giai phuong trinh (3 — 3z — 1) = V322 + 22 — 1 —ay/x + 1 + 1.
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Bai I (2,0 diém).

, 1 1 2
Chobiéuthﬁ’cA:(\/%/fl—x_\/E):<\/E+1—I—:E_1) véix >0, x # 1.

1) Rat gon A.

2) Tim x dé a < 2.

3) Chtng minh v6i moi gid m # 0, luén c6 mot gia tri ciia x théa man A = m.

Bai II (2,0 diém) Gidi bai todn bing cdach lap phuong trinh hodc hé phuong trinh.

Cho mot tam giac c¢6 chiéu cao bang 3 canh day. Néu chiéu cao tang thém 3 m va canh day giam
di 2 m thi dién tich tam gidc d6 tang thém 9 m?. Tinh do dai canh diy va chiéu cao ciia tam giac
da cho.

Bai III (2,0 diém).
1) Trong hé toa do Ozy cho dusng thang d: y = (22 + 1)z + 2. Goi A, B lan lugt 1 gaio diém ctia d
véi Ox va Oy.

a) Tim m dé dién tich tam gidc OAB bing %

b) Tim m dé khodng cach tit O dén d la 16n nhat.

2) Cho phuong trinh 22 — 2mz +m? — m + 3 = 0. Tim m dé phuong trinh c6 hai nghiém 1, x5 sao
cho M = x? + 22 ¢6 gia tri nhd nhat.
Bai IV (3,5 diém).

Cho tam giac ABC noi tiép (O) duong kinh AB (AB < AC). Trén day CB lay diém H (khéac C
va B). AH cat dudng tron tai diém thit hai 1a D. Ké HQ vuong géc véi AB (Q thuoc AB). Duong
thang CQ cat (O) tai F.

1) Chiing minh tit gidc ACHQ noi tiép.

2) Goi M, N lan lugt 1a hinh chiéu ctia F' tren AC, CB. Chiing minh M N, AB, DF dong quy.

3) Gia stt (O) va AB ¢b dinh, C di dong trén (O), diém @ c¢b dinh va H luon la giao diém clia
dudng vuong géc véi AB tai Q véi CB. Goi E la giao diém ciia duong AC va QH. Chitng minh tam
duong tron ngoai tiép tam giac AHE thuoc mot duong cd dinh.

4) Tiép tuyén tai C cit duong thing HQ & I, duong OI cat CD & K. Ching minh OK.OI = R?

va C'D ludn di qua mot diém c6 dinh.

, 1
Bai V (0,5 diem). Giai phuong trinh 4 /422 — 22 + 1= 4a® — x? + 8x — 2.
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’
N

DE SO 21

Bai I (2,0 diém).

Cho biéu thiic A =
1) Rat gon A.
2) Cho biét A = 3. Tinh gia tri ctia bieu thic P = YR
3) Timx dé A(y/x —2)+5y/x =x+4+ Vo + 16 ++/9 — x.

Bai II (2,0 diém) Gidi bai todn bing cdach lap phuong trinh hodc hé phuong trinh.

1 1 x Vr+3

va B =

Ji—2 Vit2 d-=z 2z

voi x > 0, x # 4.

S

C6 mot khu vuon hinh chit nhat, biét rang néu tang moéi canh thém 4 m thi dién tich khu vuon
tang 216 m?2, con néu chiéu rong tang thém 2 m, chiéu dai gidm di 5 m thi dién tich sé giam di 50
m?. Tinh do dai céc canh ctia khu vuon do.

Bai III (2,0 diém).
1) Cho dudng thing d: y = —mx — %m2 +m + 1 va parabol (P): y = %x?

a) Tim m dé d cat (P) tai hai diém c6 hoanh do a1, x5 sao cho |x; — x5| = 5.

b) Tim m dé d cat (P) tai hai diém phan bi¢ét nim & bén trai truc tung.

2) Cho phuong trinh 22 — (2m + 1)z + (m + 1) = 0. Chitng minh phuong trinh luon ¢6 nghiem véi
moi m. Tim m dé phuong trinh c¢6 mot nghiem khong nhé hon 2.
Bai IV (3,5 diém).

Cho dudng tron (O; R) c¢6 day BC c6 dinh, diem A di chuyén trén cung 16n BC. Goi AD, BE,
CF la cac dudng cao va H la tryc tam ciia tam giac ABC, I 1a trung diém ctia BC.

1) Chiing minh bén diem A, F, H, E cing nam trén mot dusng tron va 4 diém B, C, E, F ciing
nam trén mot dudng tron.

2) Khi cung nhé BC c¢6 s6 do bang 90°, tinh do dai day cung BC' va dién tich tam gidc OBC.

3) Dudng thang qua E va vuong goc v6i EI cat BC tai P. Ching minh PE? = PB.PC.

4) Tim vi tri ctia diém A dé tam gidc AEH c6 dién tich nho nhat.

) 11 1
Bai V (0,5 diém). Giai phuong trinh \/:1:2 + /2?2 4z + 17173 (223 + 22 + 22 + 1).
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Bai I (2,0 diém).
, 1
Chohaibiéutht’rcA:?)—{—\/EvaB: x+3+ : Ve véi x>0, z #09.
NS r—9 Vr+3) Jx-3

) 6 3
1) Tinh gia tri ctia biéu thic A khi x = 696 .
V3—-1 V3+1
2) Rt gon B.
3

3) Tim = dé A.B > 7

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai nguoi thg cung lam mot cong viéc trong 15 gio thi xong viec. Néu nguoi thi nhat lam mot
minh trong 3 gid roi nguoi thit hai lam mot minh trong 5 gio thi duge 25% cong viec. Hoéi néu lam
mot minh thi méi ngudi phai lam trong bao nhiéu gio dé xong cong viec?

Bai III (2,0 diém).
1) Cho hé phuong trinh rHmy =1 .
mr—y=—m

a) Chitng minh hé phuong trinh luén c¢6 nghiém duy nhat véi moi m.

b) Tim m dé heé c6 nghiém (z;y) sao cho x < 1 vay < 1.

2) Cho dudng thang d: y = —max +m + 1 va parabol (P): y = 2% Tim cac gia ti ctia m dé d cat (P)
tai hai diém phan biét c6 hoanh do z;, x5 sao cho 2? + 22 < 2.
Bai IV (3,5 diém).

Cho dudng tron (O; R) duong kinh AB. Goi C' la diém chinh gita cung AB. Diém M thuoc cung
AC. Ha MH1AB tai H, AC cat MH tai K, MB cat AC tai E. Ha EI1AB tai I.

1) Chiing minh BHKC va AMET 1a cac tit giac noi tiép.

2) Chiing minh AK.AC = AM? va AM la tiép tuyén ctia duong tron ngoai tép AMKC'.

3) Cho R = 3cm. Tinh gia tri ctia tong AE.AC + BE.BM.

4) Chitng minh khi M chuyén dong trén cung AC thi tam dudng tron ngoai tiép AIMC' luon
thuoc mot duong thing cb dinh.

Bai V (0,5 diém). Giai phuong trinh 22 + /22 + 1 + /z — 3 = 5.
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Bai I (2,0 diém).

, 2 15 — 1
Cho hai bieu thic A = Ve va B = > \/E+ ; Ve voi z > 0, © # 25.
3+ r—25  r+3) Jx-3

1) Tinh gi4 tri ctia bidu thic A khi z = 9¢/v/5 — 2.3/V/5 + 2.
2) Rt gon B.
3) Dat P = A+ B. Tim x dé P dat gia tri nguyen.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot doi xe theo ké hoach phai chuyén xong 200 tan than trong mot thsi gian quy dinh, mdi ngay
chuyén duge mot khoi lugng than nhu nhau. Nho duge bo sung thém xe, thire té méi ngay doi chuyén
them dude 5 tan so véi quy dinh ma con chuyén vugt mic 25 tan. Tinh khéi lugng than ma doi xe
phai chuyén trong mot ngay theo ké hoach.

Bai III (2,0 diém).

2Vr+1-3/y—2=5
AT+ 1+ y—2=17
2) Cho phuong trinh 22 + (m + 2)x —m — 4 = 0 (v6i m la tham s6).

1) Giai hé phuong trinh

a) Chting minh phuong trinh luén c¢6 hai nghiém phan biét x1, x5 v6i moi gié tri ctia m.

b) Tim tat ci cac gia tri ctia m dé z; < 0 < xy.

Bai IV (3,5 diém).

Cho dudng tron (O) véi day AB c6 dinh khac duong kinh, C' 1 diém thuoc cung 16n AB sao cho
tam gidac ABC nhon. M va N lan lugt la diém chinh gitta cung nhé AB va cung nhé AC. Goi I 1a
giao diém ctia BN va CM. Day M N cat AB va AC lan lugt tai H va K.

1) Chiing minh BM H I 1a cac t1 gidc noi tiép.

2) Chitng minh MK.MN = MI1.MC.

3) Chiing minh tam giac AKI can tai K va tit giac AHIK la hinh thoi.

4) Chiing minh khi diém C di dong trén cung 16n AB va théa man diéu kién ctia dé bai, tong hai
ban kinh ciia hai duong tron ngoai tiép tam gidc NAH va tam giac NBH c6 gia tri khong doi.
Bai V (0,5 diém). Giai phuong trinh (vz +2—1)" = 3z —8/z + 2 + 11.
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Bai I (2,0 diém).
? 1- 15 — 2 1
Cho hai bieu thic A = T wB= \/E—I— :\/E—{— voi x > 0, x # 25.
14+ = r—25  Jr+5) Jx—5
1) Tinh gia tri ctia biéu thitc A khi z = 4 — /12,
2) Rat gon B.
3) Diat P = B — A. Tim x dé P nhan gia tri nguyen.

Ql

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot cong nhan phai lam xong 120 sin pham trong thdi gian quy dinh. Sau khi lam dugc hai gio
v6i nang suat dy kién, ngudi d6 da cai tién cac thao tac ki thuat nén moéi gio lam thém duge 3 san
pham. Vi vay, ngudi dé da hoan thanh ké hoach sém hon quy dinh 1 gio 36 phat. Tinh s6 san pham
ngudi d6 dy kién lam trong mdi gio.

Bai III (2,0 diém).
1) Cho phuong trinh 22 — 2z +m — 3 = 0 v6i m la tham sb.

a) Giai phuong trinh khi m = 3.

b) Tim gia tri ctia m dé phuong trinh trén c6 hai nghiém phan biét z1, 25 théa man diéu kien
x% — 2T9 + 2129 = —12.

2) Cho parabol (P): y = %2 v dudng thang d di qua diém I (0;2) c6 he s6 goc m.

a) Chiing minh d luon cat (P) tai hai diem phan bigt A, B.

b) Goi H, K lan lugt 1a hinh chiéu vuong goc ciia A va B trén Oz. Chiing minh tam giac THK
vuong tai I.

Bai IV (3,5 diém).

Cho ntta dudng tron (O; R) dudng kinh AB. Goi M la trung diém ctia OA va lay diém N bat ki
thuoc (O) (N khong trimg véi A va B). Dudng thang di qua N va vudng goc véi M N cét tiép tuyén
tai A va B cia (O) lan lugt tai C' va D.

1) Chitng minh CAM N 1a céc t1t gidc noi tiép.

2) Chitng minh AC.BD c6 gi4 tri khong phu thudc vao tri ctia diém N.

3) Goi giao diem ctia AD va BC la K. Qua K ké dudng thiang song song véi AC, dudng thing
nay cit AB va C'D lan lugt tai F, F. Chiing minh KE = KF.

4) Xac dinh vi tri diém N trén (O) sao cho dién 2tich tam gidc CM D dat gia tri nhé nhat.

227 4+ 4

Bai V (0,5 diém). Giai phuong trinh /23 + 1 = e

"Day hoc biang toan hoc, khéng phai vi toan hoc" 163



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

Bai I (2,0 diém).

. —1 3 5 4
Cho hai bieu thic A = Ve va B = vrtsd + véiz >0, z # 1.
Ve +1 Vr+l 1—yr z-1
1) Tinh gia tri clia bidu thie A khi z = /6 — 4v/2 + V6 + 4/2.

2) Rt gon B.
3) Dat P = A.B. Tim x hitu ti dé P c6 gia tri nguyén.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Nha may luyén thép hién da cé sin hai loai thép chita 10% cacbon va loai thép chita 20% cacbon.
Gia st qua trinh luyén thép cac nguyeén lieu dude diing khong bi hao hut, hay tinh khdi lugng thép
mbi loai can dimng dé tao ra 1.000 tan thép chia 16% cacbon tit hai loai thép trén.

Bai III (2,0 diém).

1) Giéi hé phuong trinh mEry=ma 1. Tim m dé hé phuong trinh da cho c6 nghiem duy nhét
T+ my =2m

(x;y). Tim he thic lien he gitta x, y khong phu thuoc tham s6 m.

2) Cho phuong trinh 22 — mz — 4 = 0 (v6i m la tham s06).

a) Chting minh véi moi gié tri ctia m, phuong trinh luén ¢é hai nghiém z;, zs.

b) Chiing minh (2% + 23) + 16 (x1 + 22) + 56 > 0 v6i moi m.

Bai IV (3,5 diém).

Cho dudng tron (O; R) vé6i day BC < 2R c6 dinh. Ké dudng kinh BM, diém A bat ky trén tia
CB (CA > CB). Goi FE la giao diém AM véi (O), goi K 1a giao diém ctia OA véi (O') ngoai tiép
tam giac ABM. Goi K 1a giao diém ctia OA vé6i CE.

1) Chiing minh BK HC' 1a tt giac noi tiép.

2) Chitng minh cac tam giac AEK va AHM dong dang.

3) Chiing minh m/[ c6 do 16n khong phu thude vao vi tri diém A.

4) Xac dinh vi tri A dé AO +4HO c6 gia tri nhd nhat.

Bai V (0,5 diém). Giai phuong trinh Va2 — 2 — 2 + Va2 — Tz + 14 = 2.
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Bai I (2,0 diém).

9 _9 _
Cho hai bidn thie A= V22 g YEFTS vo=3 36 0 0 ss0
2/x +1 V=3 Jr+3 x-9

1) Rat gon B.

2) Tim z dé A = B.

3) Tim x dé A nhan gia tri 1a s6 nguyén duong.
Bai II (2,0 diém) Gidi bai todn bing cdich lap phuong trinh hodc hé phuong trinh.

Mot manh vuon hinh chit nhat c¢6 do dai duong chéo 1a 13 m va chiéu dai 16n hon chiéu rong 7
m. Tinh chiéu dai va chiéu rong ctia manh vuon do.

Bai III (2,0 diém).

2 2
va .
V3+2  V/3-2

2) Trén & truc toa do Oxy, cho parabol (P): y = 2? va dudng thang d: y = 22 + (m? + 1) v6i m 1a

1) Lap phuong trinh bac hai ¢6 cac nghiém la

tham so.

a) Khi m = /3, chiing t6 d cit (P) tai hai diém phan biet A, B. Tir d6 tinh dién tich tam gidc
OAB (v6i O la gbc toa do).

b) Véi gid tri ndo ctia m thi d cit (P) tai hai diém phan bigt M, N sao cho khodng cach tit M
dén truc Oy gap 2 lan khoang cach tit N dén truc Oy.

Bai IV (3,5 diém).

Cho tam gidc ABC nhon noi tiép duong tron tam O ban kinh R. Duong cao AD, BE ciat nhau
tai H, kéo dai BE cat duong tron (O; R) tai F.

1) Chiing minh CDHE 13 tit giac noi tiép.

2) Ching minh tam giac AHF' can.

3) Goi M la trung diém ctia canh AB. Chiing minh M E 1a tiép tuyén ctia dudng tron ngoai tiép
tam giac CDE.

4) Cho BC ¢6 dinh va BC = R+v/3. Xac dinh vi trf clia A trén (O) dé DH.DA 16n nhét.

Bai V (0,5 diém). Cho cac s6 thyc z, y théa man diéu kién
Vr+2—y3=y+2—a3
Tim gi4 tri nhé nhat cia biéu thic:

A =22 4+ 22y — 29% + 2y + 10.
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Bai I (2,0 diém).
Cho hai biéu thic A = Vi VaB:\/E_l VT +2 10 — 5y/x

1++/x Vi—2 ' 3° i 15416
1) Tinh gia tri ctia biéu thiic A khi z = 3 — 2v/2.

2) Rat gon B.
3) Tim gia tri nhoé clia biéu thitc P = A : B.

voix >0,z #4, v #9.

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai dia diém A va B cach nhau 84 km. Mot 6 t6 khi khéi hanh tit A va di thang dén B vé6i van
téc khong doi. Trén quang dudng tit B vé A, van toc clia 6 t6 tang them 20 km/gis. Tinh van toc
lac di ctia 6 t6, biét tong thoi gian ca di va vé ctia 6 to dé 1a 3 gio 30 phit.

Bai III (2,0 diém).
1) Cho phuong trinh 2® — mx — 2(m — 4) = 0. Tim m dé phuong trinh c¢6 ba nghiém phan biét 1,

To, X3 Sa0 cho:
23+ 23 + 2% + x179w3 = 25

. 2) Cho parabol (P): y = 22 va duong thang d: y = mx + 2.

a) Véi m = —1 vé d va (P) trén ciing mot hé truc toa do. Tim toa do cac giao diém ciia (P) va d.

b) Tim cac gia tri ctia m dé d cit (P) tai hai diém phan biét c6 hoanh do z;, x5 sao cho
T1 — 229 = 5.

Bai IV (3,5 diem).

Cho dudng tron (O; R) va duong thang d khong c¢6 diém chung véi dusng tron. Goi M 13 mot
diém thuoc duong théng d. Qua M ké hai tiép tuyén M A, M B t6i duong tron. Goi H 1a hinh chiéu
ctia O len dudng thing d.

1) Chitng minh nam diém M, A, O, B, H cing thudoc mot duong tron.

2) Goi K va I lan lugt 1a giao diém ctia OH va OM véi AB. Chitng minh OK.OH = OI.OM

3) Goi F 1a tam duong tron noi tiép tam gidc M AB. Gia st R = 64cm va AMB = 60°, tinh bén
kinh ctia dudng tron noi tiép tam giac M BA va dien tich vién gidi han béi day AB va cung nhd AB.

4) Tim vi tri diém M trén dudng thang d dé dien tich tam gidc OIK dat gia tri 16n nhat.

Bai V (0,5 diém). Cho biét a, b, ¢ théoa man a + b + ¢ = 3. Tim gia 16n nhat ctia biéu thic
A=a*+ b+ A
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Bai I (2,0 diém).

. 1 2 1
ChohaibiéuthﬁcA:N_$—+VaB: x+6\/§+7_ v6i x > 0.
T+ 2¢/r+1 /x4 1 Ve +1

1
1) Riit gon A va tim A khi 7 = - (\/19+8\/§+ \/19—8\/§>.
2) Rit gon M = A.B. Tim z dé M > 2.

3) Tim cac s6 hitu ti x dé M 1a s6 nguyen.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Theo ké hoach, mot t& cong nhan phai lam mot s6 san pham trong mot thoi gian nhat dinh. Néu
mdi ngay ho lam duge 5 sdn pham so véi dy dinh thi sé hoan thanh ké hoach truée thsi han 4 ngay.
Néu méi ngay ho lam it di 5 sdn pham so véi du dinh thi sé hoan thanh ké hoach cham hon thsi han
5 ngay. Tinh thoi gian va s6 san pham phai lam theo ké hoach.

Bai III (2,0 diém).
1) Gidi he phuong trinh { Y= 1)
mz + 2y =1

a) Chitng minh khi he phuong trinh c6 nghieém duy nhat (z;y) thi diém M (z;y) luon chay trén
mot duong thing cd dinh.

b) Tim m dé diém M thudc dudng tron tam O la gdc toa do va ban kinh bang ?
2) Cho phuong trinh bac hai 22 — 2max + 2m — 1 = 0. Tim m dé phuong trinh c6 hai nghiem phan
biét cung duong.

Bai IV (3,5 diém).

Cho tam gidc ABC vuong can tai A. Goi D la trung diém ctia BC. Lay diém M bat ky trén
doan théang AD. KE MN vuong goc véi AB tai N, M P vuong géc véi AC tai P. Ké NH vuong
goc v6i DP tai H.

1) Chitng minh céc diem A, N, M, H, P cing nim trén mot dudng tron.

2) Ching minh DM.DA = DH.DP.

3) Chitng minh ba diém B, M, H thang hang.

4) Tim vi tri cua diém M dé do dai doan thing HN dat gia tri 16n nhat.

20 +3V2x —1+1
T+2/ 2 —1+1"

Bai V (0,5 diém). Tim gia tri nhé nhat ctia biéu thitc A =
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Bai I (2,0 diém).

, 2 1 -2
Chohaibiéutht’rcA:( ——>:\/_—V6i:13>0,x7é4.
T+ 3y

1) Rat gon A.

2) Tim x dé A = 3.

3) bat B = A.%. Tim z nguyén dé B nhan gia tri nguyén.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot ngudi di xe dap tit diem A dén dia diém B cach nhau 30 km. Khi di tit B vé A, ngusi dé
chon con duong khac dé di hon nhung dai hon con duong cit 6 km. Vi van toc lic vé 16n hon van toc
lac di 1a 3 km/gio nén thoi gian vé van it hon thoi gian di 20 phat. Tinh van toc lac di.

Bai III (2,0 diém).
1) Cho ba dudng thang:

diy=2z+1, dyy=2z—-1, dyy=(m>+1)z—m?>+m-—1

Tim m dé ba duong thang dong quy.
2) Cho phuong trinh 22 — 2(m + 3)z + m? + 3 = 0 (v6i m la tham s6).

a) Giai phuong trinh khi m = 3.

b) Tim m dé phuong trinh c¢6 hai nghiém phan biet. Khi dé, xét dau ctia hai nghiem.
Bai IV (3,5 diem).

Cho duong tron (O) c6 day cung AB ¢6 dinh. Goi K 1a diém chinh gitta cung nhé AB ké dudng
kinh I K cit AB tai N. Lay diém M bat ki trén cung 16n AB, MK cit AB tia D. Hai duong thing
IM va AB cit nhau tai C.

1) Chitng minh M NKC' 1a tit gidc noi tiép.

2) Chiing minh IM.IC = IN.KI.

3) Goi E la giao diém clia hai dudng thang ID va CK, chitng minh E thuoc (O) va NC' 1a phan
giac cua goc MNE.

4) Xac dinh vi tri clia diém M trén cung 16n AB dé tich DM.DK dat gia tri lon.

Bai V (0,5 diém). Cho cac s6 thuc a, b, ¢ théa man diéu kieén a + b + ¢ = abc va a? = be. Ching
minh a = 0 hodc |a| > /3.
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Bai I (2,0 diém).
, -1 2
Cho cac biéu thitc A = \/E— va B = +
VT +1 Vr—5 25—x
1) Tinh gia tri ctia biéu thiic A khi z = 3 — 2v/2.
2) Rat gon B.
3) Diat P = A+ B. Tim z dé P dat gia tri nguyen.

voi & > 0, x # 25.

£2) 4

Bai IT (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Hai dia diém A va B cach nhau 120 km. Mot 6 to khéi hanh tit A va di dén B vé6i van toc khong
ddi. Trén quang duong tit B vé A, van toc cia 6 to ting them 20 km/gio nén thoi gian vé rit ngin
hon so véi thoi gian di 18 phit. Hoi van toc ctia 6 t6 lic di tit A dén B 1a bao nhiéu.

Bai III (2,0 diém).
1) Giai phuong trinh 3z — 4 — /32 —2 = 0.
2) Cho parabpl (P): y = %xz va duong thing d: y = ma + 2.

a) Tim toa do giao diém ctia d va (P) khi m = %

b) Chitng minh d luén cit (P) tai hai diém phan biét v6i moi m va |21 — x9| > 4v/2 v6i 21, 5 12
hoanh do cac giao diém.
Bai IV (3,5 diém).

Cho dudng tron (O) va diém M & ngoai (O). Vé tiép tuyén M A t6i (O) (A 1a tiép diém). Goi E
la trung diém doan AM va cac diém I, H theo tht ti 1a hinh chiéu ctia E va A xubng OM. Qua M
vé cat tuyén M BC t61 (O) (MA < MC va tia MC § gitta hai tia MO, M A).

1) Chitng minh cac tam gidc M BH va MOC dong gidc. Tt d6 suy ra t giac BCOH noi tiép
dugc.

2) Ching minh AHB = AHC.

3) V& tiép tuyén IK t6i (O). Chiing minh tam gidc M K H vuong.

4) Cho biét BC' = BM va D trung diém doan MC. Chiing minh MC' la tiép tuyén ctia dudng
tron ngoai tiép tam giac ODH.
Bai V (0,5 diém). Cho cac s6 x, y, z khong am va 2 +y + z < g Tim gi4 tri 16n nhat cia biéu
thiec.

M = /22 + 4zy + 32 + /2 + dyz + 22 + V22 + dzx + 22
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MOT SO PE PE THI THU NAM 2018
DE 1: (TRUONG THCS THUC NGHIEM - HA NOI NAM 2018)

Bai I (2,0 diém).
, x
Cho biéu thic P = - —
0 bléu C x—\/i—i_x—i—\/f \/Eva
a) Tinh gia tri cia @ khi z = 25.
b) Rut gon bicu thitc A = P.Q.

c¢) Tim cac gia tri clia z dé Ay/z < 8.

r—1 zyx+1 4 \Q_\/E—l
VRS

vl x> 0; z # 1.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot 6 to di chuyén tit A dén B trong mot thoi gian du dinh. Néu van tbéc tang them 14km/h
thi dén B s6ém hon duy dinh 1 2 gio. Néu van toc giam di 4km/h thi dén B cham hon dy dinh 1 1.
Tinh khang cach AB, van toc va thoi gian dy dinh clia 6 to.

Bai III (2,0 diém).
+2y/y—3=7
y—3=—7

a) Giai hé phuong trinh £2+ 2

x+2_3
b). Cho he phuong trinh (m+ 1z —y=3
mx+y=m
Tim m dé hé c6 nghiem duy nhat théa man diéu kien 2z + y > 0.
Bai IV (3,5 diém).
Cho tam giac ABC nhon noi tiép dudng ton tam O ban kinh R. Dudng cao AD, BE cit nhau tai
H. Kéo dai BE cat duong tron (O) tai F.
a) Chitng minh t giac CHDFE 1a tit giac noi tiép.
b) Kéo dai AD cit (O) tai N. Chitng minh AAHF can va C' la diém chinh giita cung NF.
c¢) Goi M la trung diém AB. Ching minh M E 1a tiép tuyén clia dudng tron ngoai tiep ACDE.
d) Cho diém B, C cb dinh va BC = R+/3. Hay xéac dinh vi tri diém A trén (O; R) dé DH.DA
16n nhat.

Bai V (0,5 diém). Cho cic s6 thuc duong z, y, 2z thda man diéu kién xy + yz + zox = 3. Tim gia tri

Z, A 2 « 2 -, T y Z
16n nhat ctia biéu thue P = + + .
Vaz+3 2 +3 V22 +3

Huéng dan

Bai V (2,0 diém). Ta c6

T 2 T T <1 T n T (4p d 5 si & mau)
= = = ap dung o si ¢ mau).
243 (x+y)(x+2) \/(m—l—y)(x—l—z)_Q r+y w4z b ung

1
TUOngtu’:LS—( i + i )
y24+3 2\yt+tz z+y

8

~—
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z <1 z N z
243" 2\y+z zta)

1 x x Y Y z z 1 3
=P < + + + + + =-3==

2\z+y x4+2z y+z z4+y y+z z4z 2 2
Diu” =" xdyraszr=y=2=1.
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DE 2: SUU TAM VA BIEN SOAN 2018

Bai I (2,0 diém).
2 3Vx Vi 8 2y +3
Cho bieu thic P = aQ=2————viiz>0; 4.
o bieu c \/E+2+2—\/§+x—4an N véix >0; x #
1) Tinh gia tri cua @ khi z = 100.
2) Rit gon biéu thitc A = P.Q.

3) Tim céc gia tri nho nhét ciia /A,

Bai II (2,0 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot nhém gom 15 hoc sinh (cd nam va nit) tham gia budi lao dong trong cay. Cac ban nam trong
dugde 30 cay, cac ban nit trong duge 36 cay. Moéi ban nam trong dude sd cay nhu nhau va mdi ban
nit trong dude s6 cay nhu nhau. Tinh s6 hoc sinh nam va s6 hoc sinh nit ctia nhém, biét rang mdi
ban nam trong dude nhiéu hon mdi ban nit 1 cay.

Bai III (2,0 diém).

2
1) Giai hé phuong trinh % Z{

r+—+-=3
y vy

2). Cho parapol (P): y = mx — %mQ +m + 1 va dudng thang (d): y = %xQ.

a) V4i m = 1, xac dinh toa do céc giao diém A, B ctia (d) va (P).

b) Tim cic gia tri cia m dé (d) cit (P) tai hai diém phan biét c6 hoanh do z;, z, sao cho
|z — 29| = 2.
Bai IV (3,5 diém).
Tit diem M nim ngoai dudng tron (O) ké hai tiép tuyén M A, M B v6i dudng tron ( A, B la cac tiép
diém). Lay diém C trén cung nhé AC ( C khong trung véi A va B ). Tit diem C ké C'D vuong goc
v6i AB, C'E vuong goc v6i M A, CF vuong goc v6i MB (D € AB,E € MA,F € MB). Goi I la
giao diém ctia AC va DE, K 1a giao diém ctia BC va DF. Chitng minh ring:

1) Tt giac ADCE noi tiép mot dudng tron.

2) Hai tam giac CDE va CFD dong dang.

3) Tia d6i ciia C'D la tia phan giac cia goc ECF.

4) Duong thang I K song song véi duong thang AB.
Bai V (0,5 diém). Cho a, b, c la cléc s thui du’dilg thfa méan dic¢u kién a + b + ¢ = 1. Tim gia tri

hé nhat ctia biéu thitc P = ———————— + — 4+ — 4+ —.
nho nhat cua biéu C a2+62—|—02+ab+bc+ca

Huéng dan

Bai IT (2,0 diém).

Goi 6 hoc sinh nam 14 z (r € N*;x < 15) = S6 hoc sinh nit 1a 15 — .
36

15—z

. R 30 . N
Méi ban nam trong dugec — (cay), moi ban nit trong duge (cay).
x
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. X R . 30 36
Vi moi ban nam trong dugc nhieu hon moi ban n 1 cay nén ta c6 phuong trinh: — — B =
x -

Giéi phuong trinh duge: zy = 75 (loai); o = 6 (nhan).

Vay nhém c6 6 hoc sinh nam va 9 hoc sinh nit.
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DE 3: TRUONG THPT THANG LONG 2018

Bai I (2,0 diém).
; 2r - 3yr —2 3 2% — 2
ChObiéuthfrcA:ivaB:\/fﬂ_ VT + 2z

VI —2 VI +2
1) Tinh gia tri ctia A khi 2 = 4 — 2+/3.

2) Tinh gié tri ctia v dé B = A+ 1.
3) Tim cac gia tri nhé nhat ctia biéu thic C = B — A.

véi x > 0; x # 4.

Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot 6 t6 du dinh di tit A dén B trong mot khoang thoi gian xac dinh. Néu chay véi van toc 35
km/gio thi dén B cham méat 2 gio. Néu xe chay v6i van toc 50 km/gio thi dén B s6m hon 1 gio. Tinh
quang duong AB va thai gian dy dinh lic di ban dau.

Bai 11T (2,0 diém).

T+ 3 2y _3
o1 < 3 y—2
1) Gidi he phuong trinh ¢ . T3 3y
2 +——=13
3 y—2

) ) 1 )
2) Trong mat phang toa do Oxy cho dudng thang (di): y = —mx+m+1va (dp): y=—x—1— —
m m

v6i m 1a tham s6 khac 0.

a) Chiing minh rang (d;) va (ds) luon vudng géc véi nhau véi moi gid tri ctia tham s6 m # 0.

b) Tim diém c6 dinh ma dudng thang (d;) luon di qua. Chiing minh ring giao diém ctia hai dudng
thang luon thuoc mot dudng cd dinh.
Bai IV (3,5 diém).
Cho dudng tron (O) ban kinh R. Diém A thuoc dusng tron, BC' 1a mot duong kinh (A # B, A # C).
Vé AH vuong goc véi BC tai H. Goi E, M lan lugt la trung diém ctia AB, AH va P la giao diém
ctia OF véi tiép tuyén tai A clia duong tron (O; R).

1) Chiing minh réng: AB*> = BH.BC.

2) Chiing minh: PB la tiép tuyén ctia duong tron (O).

3) Chitng minh ba diém P, M, Q thing hang.

4) Goi @ la giao diém ctia dudng thang PA v6i tiép tuyén tai C ctia dudng tron (O). Khi A thay
ddi trén duong tron (O). Tim gia tri nhé nhat ciia tong OP + 0Q.
Bai V (0,5 diém). Cho =, y, z la cac s6 thyc duong thoéa man didu kien v < 1,y <1, 2 < 1 va

THytz=g Tim gia tri nhé nhat v gia tri 16n nhat cta bicu thic P = 22 4 y? + 22
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DE 4: TRUNG TAM BOI DUGNG VAN HOA HA NOI - Amsterdam 25/03/2018

Bai I (2,0 diém).

. -2 8 -1 8 1 2 1 1 1

Cho biéu thic A = — va B = i — TV : v voix >0, # = x # —.
+ 2r —\/x 2T+ 2 — 1 2

4
21

1) Chitng minh khi z = 3 +2v/2 thi A = #

2) Rit gon biéu thic B.

3) Tim céc gia tri ctia x dé biéu thitc g = Z—;;.
Bai II (2,0 diem) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Mot phong hop ¢6 180 ghé va dugce chia thanh cac diy c¢6 s6 ghé 6 mdi day déu bang nhau. Néu
ké them cho mbi day 5 ghé va bét di 3 day thi s6 ghé trong phong khong thay doi. Hoi ban dau s6
ghé trong phong hop dugc chia thanh bao nhiéu day.

Bai III (2,0 diém).
Trong mit phiang toa do Oy cho Parabol (P): y = 2% va dudng thing (d): y = (m — 2)x + 3 v6i m
14 tham so.

1) Chiing minh ring khi m thay doi thi (d) luon cat (P) tai hai diém phan biét ndm vé hai phia
cua truc tung.

2) Goi x1, 75 1a hoanh do céc giao diem A, B cia (d) va (P) véi z; < 0 < x5.

Xét cac diem A(x,);22), B(wg;22), C(x1;0), D(x2;0). Tim tat ci cic gia tri cia m dé hai tam
gidc AOC va BOD c6 dién tich bang nhau.

Bai IV (3,5 diém).

Cho dudng tron (O) dusng kinh AB = R. Trén doan OA lay diém I (I # A va O). Tit I Vé tia Iz
vuong goc voi AB cit (O; R) tai C. Lay diém E tuy y trén cung nhé BC (E # B va C). Nbéi AE
cat CI tai F. Goi D la giao diém ctia tia BC véi tiép tuyén tai A ctia (O; R).

1) Chiing minh réng: BEFT la ti giac noi tiép.

2) Chitng minh: AE.AF = CB.CD.

3) Tia BE cat tia CT tai K. Gia st I va F lan lugt la trung diém ctia AO va BC. Chitng minh
AAIF ~ AKIB tu dé6 tinh do dai doan I K theo R.

4) Khi I 1a trung diém ctia OA va E chay trén cung nhé BC. Tim vi tri diém E dé biéu thtc
EB + EC dat gia tri 16n nhat.

Bai V (0,5 diém). Cho a, b, ¢ 14 cac s thic théa man diéu kien a > 1, b > 1, ¢ > 1. Chiing minh:
1+1+1+4ab+4bc+46a>9
2a—1 2b—1 2¢c—1 14+ab 14bc 1+ca—
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DE 5: THPT Nguydn Tit Thanh - 2018

Bai I (2,0 diém).
. 3 2 2
Cho bidu thie A= (1- Y7 ). (VEZE3 Vot2, ot
Vo +1 Vr—2 3—\r x-5/x+6
1) Tim diéu kién xac dinh ctia A va rat gon A.
. 18
2) Tim gia tri ctia x biét A = /z — 5
Bai IT (1,0 diém). Cho phuong trinh (m — 1)z? — 2ma +m — 2 = 0 an 2. Tim m dé phuong trinh

c¢6 mot nghiém x = —/2. Tim nghiém con lai.
Bai III (1,0 diém). Cho ham s6 y = 222 ¢6 do thi (P) va duong thang d c6 phuong trinh y = max — 1.
Tim m dé (d) va (P):

1) Cét nhau tai hai diém phan biét.

2) Tiép xtic nhau.

3) Khong c6 diém chung nao.

Bai IV (1,5 diém) Gidi bai todn bing cdch lap phuong trinh hodc hé phuong trinh.

Trong mdt phong hop ghé dugce xép theo hang va s6 ghé mdi hang la bang nhau. Néu ké b6t di
hai hang va mdi hang b6t di hai ghé thi tong s6 ghé trong phong hop dé giam di 80 ghé so v6i ban
dau. Néu xép thém mot hang va mdi hang xép theém hai ghé thi tong s6 ghé trong phong hop dé
tang them 68 ghé so v6i ban dau. Tinh s6 hang ghé va s6 ghé trong phong hop dé lic ban dau.
Bai V (3,5 diém). CHo dudng tron (O; R). Qua diém A c6 dinh nidm ngoai dudng tron ké dudng
thang d vuong géc véi OA. Tt diém B bat ki trén duong thang d (B khong tring véi A), ké cac tiép
tuyén BA va BC véi (O; R) (D, C la céc tiép diem). Day C'D cat OB tai N, cat OA tai P.

1) Chiing minh réng cac ti gide OCBD va BNPA la cac tit giac noi tiép.

2) Chiing minh: OA.OP = OB.ON = R?.

3) Cho CBO = 30° va R = 6¢m. Tinh dién tich t@ giac BCOD va dién tich hinh dugc gigi han
bdi cung nho DC' va day DC.

4) Goi FE la giao diem ctia dudng thang AO vé6i dudng tron (O) ((O) nim giita A va E). Khi B
di chuyén trén duong thing d ching minh trong taam G ciia tam giac ACE thudc mot dudng tron
c6 dinh.

Bai VI (1,0 diém).

1) Cho a, b, c la cac sb6 thuc duong va a + b+ ¢ = 6. Tim gia tri 16n nhat ctia biéu thiic

S = Va2 +4ab+ b2 + Vb2 + 4bc + 2 + /2 + 4dea + a?.

2) Giai phuong trinh: 5v/23 + 8 = 2(2* — z + 6).
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DE 6: THPT Chuyén Khoa Hoc Ty Nhién Ha Noi - 2018 (Vong 1 dgt 1)

Bai I (3,0 diém).
1) Giai phuong trinh.

H14+vVel4+r+2=2x++3x+ 1.
2) Giai hé phuong trinh.

22 +4y* =5
Sa + 10y + 422y + Sy = 27
Bai IT (3,0 diém).
1) Tim tat ci cdc ude s6 nguyén duong phan biet clia s6 n = (420)%.

2) Véi a, b, ¢ > 0 va min(ab, be, ca > 1). Chiing minh réng:

(1+a?)(1+62)(1+c2) < <1+ (a;by) (1+ (b;cf) <1+ (C;‘Z)Q).

Bai III (3,0 diém).
Cho tam gidc nhon ABC ndi tiép duong tron tam O v6i BA > BC. Phan giac ngoai goc ABC cit

dudng thang qua A song song véi BC tai P.
1) Ching minh AP = AB.
2) Tiép tuyén qua A cta (O) cat PB tai Q. BP cat (O) tai M khac B. Chiing minh rang:

MA? = MQ.MP.

3) Goi R déi xiing véi Q qua AC. Ching minh géc APR = CPB.
Bai IV (1,0 diém). Gia st s6 nguyen duong n cé tinh chat: cé ton tai mot cach sap xép a1, as, . ..,
asn cia 2n s6 1, 1, 2,2, ..., n, n sao cho v6i mdi k = 1, 2, ..., n luon ton tai ding k s6 xép gitta

hai s6 k. Chiing minh ring n? + n chia hét cho 4.

"Day hoc biang toan hoc, khéng phai vi toan hoc" 177



Phone: 0165.849.4609
Ths: Lé Van Hung  Facebook: CLB Toan T & H TS 10 - Ha Noi

DE 7: THPT Chuyén Khoa Hoc Tu Nhién Ha Noi - 2018 (Vong 2 dot 1)
Bai I (3,0 diém).
1) Giai hé phuong trinh.

ry(r +y) =2
y3+y+6:7x3+x.

2) V6i a, b, ¢ 1a cac s6 thuc bat ky, chitng minh bat bicu thiic.

a c b a c b

Q =

a—b‘c—b—'—b—c'a—c c—ab—a
nhan gia tri nguyén.
Bai IT (3,0 diém).
1) Xét cac s6 nguyen t6 ny < ny < ng < ... < nz;. Gia st nf + nj + ... + n3, chia hét cho 30.
Chiing minh trong diy s ton tai 3 s6 nguyén to lién tiép.
2) V6i z, y, 2 la cac s6 thuc thoa man 22 + y® + 2° — 3zyz = 1. Tim gia tri nho nhat clia bicu

thuc
A=+ y* + 22

Bai 111 (3,0 diém).
Cho tam giac nhon ABC va P 1a mot diém bat ky nim trong tam gidc. D, E, F lan lugt 1a hinh
chiéu ctia P len BC, CA, AB. (I) la dudng tron ngoai tiécp ADEF.

1) Gid st (I) cat AB tai K khac F'. Trung tryc ctia DE c¢&t DK tai G. Chiing minh réang G luon
nam trén mot duong thang d ¢6 dinh khi P thay doi.

2) Lay J thuoc d sao cho I.J//BP. Chiing minh rang I.J va BC cit nhau trén duong tron (I).
Bai IV (1,0 diém). Chitng minh ring véi hop s6 n > 4 khong ton tai mot cach sip xép ai, as, ... ap
clia cac s6 1, 2, ... n sao cho cac s6 a1, ajas, a1a2as, ... A1Gsy...a, c6 sO du doi mot phan biet khi chia

cho n.
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Bai I (3,0 diém).
1) Giai phuong trinh.

Va2 +8r4+64+ Va2 —1=21+2.
2) Giai hé phuong trinh.

2?2 —y? +3=4dx+ 2y
24ay+yt=3
Bai IT (3,0 diém).
1) Tim tat ca cac cdp sO nguyen (z;y) thda man

2’ —2zy—z+y+3=0

2) V6i cac s6 thue duong a, théa man a + b = 2. Tim gia tri nhé nhat ctia biéu thiic

a b
A= + .
Vi —a?2 4 — b2

Bai III (3,0 diém).
Cho tam gidc nhon ABC véi E, F lan lugt 1a hinh chiéu vuong géc ctia B C lén canh C A, AB. Goi
M, N va @Q lan lugt 1a trung diém cac doan thing BE, CF, CA va AB. Duong thang M N ci CA,
AB lan luct tai K, L.

1) Chiing minh rang g—g = %

2) Chitng minh réng tam ngoai tiép tam gidc AK L nam trén duong thing PQ.
Bai IV (1,0 diém). Cho 9 nguyén duong, mdi s6 chi c6 cac wéc nguyén t6 2, 3, 5. Chiing minh ring

trong 9 s6 nay luodn ton tai hai s6 ma tich ctia chiing bang binh phuong clia mot s6 nguyen.
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Bai I (3,0 diém).
1) Giai phuong trinh.

Ve+2x+2x+1)=x+24+ 222+ 1.
2) Giai hé phuong trinh.

2%+ 20y = 3
o’ 32 = 4yP

Bai IT (3,0 diém).
1) Tim tat cd cic s6 nguyen t6 sao cho 2p* + 1 1a s6 nguyen to.
2) Cho cac sb a, b théa man a? — b? = 4. Tim gi4 tri nhé nhat cia P = 2a — b.
Bai III (3,0 diém).
Cho tam gidc nhon ABC' ¢6 BAC. Goi O va H lan luot 1a tam duong tron ngoai tiép AABC.
1) Chitng minh BCHO 1a t1 giac noi tiép.
2) Chitng minh BH — HC = /3HO.
Bai IV (1,0 diém). Xép 2018 qua bong duge danh sb tit 1 dén 2018 lén mot dudng tron. V6i hai
qua bong bat ki duge xép ké nhau, ta tinh hiéu clia hai s6 ghi trén hai qua bong (1ay s6 16n trir s6

bé). Goi S 1a tong tat cac hieu d6. Tim gia tri nhd nhat ciia S.
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Bai I (3,0 diém).
1) Giai phuong trinh.

Ve+14+2/4—2—V4+3z—22=32—T.
2) Giai hé phuong trinh.

2 —9y® =18
ry(r —y) =
Bai II (3,0 diém).
1) Tim tat ca cac s6 nguyén duong m (m > 1) sao cho ton tai s6 nguyen n dé n®+2 va (n+1)%+2
déu chia hét cho m.

2) Cho céc s6 a, b, ¢ théa man 0 < a,b, c < 1. Chiing minh rang
a+b+c>a+ Vbt

Bai III (3,0 diem).
Cho t1t giac ABCD nai tiép duong tron tam O duong kinh AB v6i AD > BC. Goi (w) la duong
tron di qua C' va tiép xic v6i AB tai O. Goi E la giao diém ctia dudng thang OD va (w) (E khac
O) va I 1a giao diém clia dusng phan giac COD va duong thang BD.

1) Chitng minh BCTF la ti giac noi tiép.

2) Chitng minh 7 13 tam dudng tron noi tiecp AOCE.
Bai IV (1,0 diém). Xét tap S = {1,2,3,...,9,10,11}. Chitng minh ring véi moi cach chia tap S

thanh hai tap con thi luon ton tai ba phan ti a, b, ¢ thuoc cing mot tap con sao cho a +b = c.

"KIEN THUC CUA CHUNG TA CHINH LA CAI MIENG GIENG
MIENG GIENG CANG TO THI PAO GIENG DUCC CANG SAU".

— cHUC CAC EM ON THI TOT —

TAI LIEU SE LUON DPUGC CAP NHAT VA CHINH SUA PE PHU HGP VOI CAC
NAM

— TO BE CONTINUED —
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