Chwong 1. CAN BAC HAL CAN BAC BA
Chuyén dé 1. CAN BAC HAI, CAN THUC BAC HAI
A. Kién thirc cAn nhé
1. Cin bac hai s6 hoc
e Cén bac hai s6 hoc ciia s8 thuc a khong &m 1a s6 khong &m x ma x* =a.
e Véia=0
x=>0

SN 70
v =(Va) =a

Phép toan tim can bac hai s6 hoc cia mdt s6 goi la phép khai phuong.
Vi hai s6 a, b khong am, thita co: a <b < Ja <+b.
2. Can thtec bac hai
e Cho A la mot biéu thixc dai s6, nguoi ta goi VA 1 cin thitc bac hai ctia A, con A duoc goi la
biéu thirc 14y can hay biéu thirc dwdi ddu can.
e A2>0 xac dinh (hay c6 nghia) khi 4>0.
e Hang dang thic \/?=|A|.
3.Chuy
e Véia>0 thi
Jx=a=x=d

xZ:a:x:ix/g.

. ﬂ:ﬁa{Azo(hayBZO)

A=8B
o JA+JVB=0o4=B=0.
B. Mot s6 vi du
Vi du 1: So sanh cac cap s6 sau ma khong dung may tinh.
a)\/ﬁv‘aB; b)3\/§Vé\/ﬁ;
C)\/§+ 15+1V‘ax/ﬁ; d)mvéz
Gidi
Tim cdch gidi. Khi so sanh hai s6 va va Vb khéng dung s6 may tinh, ta c6 thé:

e Sosanhavab



e So sanh (\/2)2 va (\/3)2
e St dung ki thuat lam trdi.
Trinh bay loi giai
a)Tacé 10>9=+/10 >+/9 nén +10>3.
b) Xét (32) =3.(V2) =18 (Vi7) =17
vi 18>17 nén (3\/5)2>(\/ﬁ)2:>3\/§>\/ﬁ
0) V35 +/15+1<36 +/16 +1=6+4+1=11,
\/@>\/E=llsuyra V354415 +1<4/123
d) Ta co \/§<\/Z:2:>2+\/§<4:>\/m<\/1=2.

Vi du 2: Tim diéu kién d€ cac biéu thitc sau c6 nghia:
a) V8+2x;
b) Vx—-1++11-x;

X
C +Vx+3.
)x2—9

Gidi
Tim cdch gidi. D& tim diéu kién biéu thirc c6 y nghia, ban luu y:
o J4 o nghia khi 4>0
A4
e — conghiakhi M #0
M
Trinh bay loi giai
a) V8+2x conghia khi 8+2x>0< x>—4.

b) Vvx—1++11-x cd nghiakhi x-1>0 vall-x>20<1<x<11.

c) 2x9+ x+3 conghiakhi x+3>0 va x’-9=0< x>-3;x#3.
x —

Vi du 3: Rut gon biéu thirc sau:
a) A=6+245 625 ;
b) B=a+1-+a’—2a+1 véi a<1

Giai

Tim cdch giai. D€ rut gon biéu thirc chita dau can, ban nhé rang:



A—Bnéud>RB

2
aiz\/;ﬂz(\/;il) valuuy: |A_B|:{B_A néud<B

Trinh bay 16i gidi

a) Ta cé A=+6+245 —6-245
A=5425+1-15-25 +1
A=) (5
A=(V5+1)-(5-1)=2.

b) B=a+1-a’—2a+1 véi a<l

B=a+1-y(a-1)

B=a+l-la-1=a+1-(1-a)=2a.
Vi du 4: Tim gia tri nho nhat cta biéu thtrc sau:
a) A=3++/2x* —8x+33;

b) B=+/x>—-8x+18—1;

Q) C=yx*+* —2xp+2x-2y+10 +2y> —8y +2020.

Giai
a) Ta co: A:3+\/m:3+\/2(x—2)2+25 >3+4/25=8.
Vay gia tri nho nhat ctia biéu thic A la 8 khi x=2.

b) Ta c6: B=+x* —8x+18 —1=4/(x—4)" +2-1>~2-1

Vay gia tri nhé nhat ctia biéu thite Bla /2 -1 khi x=4.

) Ta c6: C=+/x* + % —2xp +2x— 2y +10 +23% —8y+2020

= C=\(x—y+1)"+9+2(y-2)" +2012

— C>+9+2012=2015.

Vay gia tri nho nhat cua C la 2015.

—y+1=0 -1
Khi {" 1T
y=2=0 y=2

Vi du 5: Tim gia tri nhé nhat cua biéu thiec:



a) A=/x>=12x+36 +3x* —16x+64;

b) B=y(x=2)" +y(x=9)" +/(x—1945)’ .

Gidi
Tim cdch giai. Thoang nhin bi€u thitc ta c6 thé bo can va dua vé biéu thitc chita ddu gia tri tuyét
doi. D€ tim gia tri nho nhat ctia biéu thitc chita ddu gia tri tuyét doi, ta st dung;:
e |4-B|=|B-4| va|4>0
e |4]+|B|2|4+ B|. D&u bing xay ra khi 4.B>0.

Trinh bay loi giai

a) Ta co:

A= 2125536+ ~16x+64 = (x—=6) +/(x-8)’
A=|x—6|+|x—8|=|x—6|+[8—x|>|x—6+8—-x|=2

Vay gid tri nho nhat ciia Ala 2 khi (x—6)(8-x)>0 hay 6<x<8.
b) Ta cé:

B=\(x=2)" +\(x=9) +/(x—1945)’

B =|x=2|+|x—9|+|x—1945]

B =|x—2|+|1945—x|+|x =9 > |x —2+1945— x|+ 0 =1943.
Vay gid tri nho nhat cia B1a 1943 khi (x—-2)(1945-x)>0 va x—9=0 ticla x=9.

Vi du 6: Cho a, b, ¢ 1a cac sd hitu ti théa man ab+bc+ca =2020. Ching minh réng biéu thirc

la mot sO hiru ti.

n \/(az + 20220)(1;2 +2020)
& +2020

Giai
e Taco: a®+2020=a’+ab+bc+ca
=a’+2020=(a+b)(a+c) (1)
o Tuong tu, ta cd: b*+2020=(b+a)(b+c) (2)

¢’ +2020=(c+a)(c+b) (3)

(a+c)(b+c)(b+a)
(c+a)(c+b)

Ti (1) ,(2), (3) suy ra A:\/(“b) = J(a+b) =|a+b)



= A=|a+b|.

Via, bla cac s6 httu tinén a+5b clng la s6 hitu ti. Vay A la mot s hiru ti.

Luu : Cac phép tinh cOng, trir, nhan, chia, nang lén laiy thira ctia cac s6 httu ti 6 két qua ciing la
mot sO hiru ti.

Vidu 7: Cho a, b, ¢ 1a cic sO thie théa man o> +b> =2

Chting minh rang; Ja* +8p* +/b* +84% =6 (1)

Giai
Tim cdch gidi. Quan sat phan két luan ciing nhu gia thiét. Dinh hudng chung khi nghi t6i la chung
ta bién doi phan trong can thic & phan két luan thanh dang binh phuong. Véi suy nghi ay, cling
nhu khai thac phan gia thiét. Chung ta c¢6 hai hudéng suy luan:
Hudng thie nhat. Dung thira s 2 trong mdi can d€ can bang bac.
Hudng thir hai. Tir gia thiét suy ra: > =2—a’;a’> =2-5b*, dung phrong phap thé, d& mbi can thirc
chi con mot bién.
Trinh bay loi giai

Cich 1. Thay a’ +b° =2 vao (1) ta co:

V& tréi: \/a4 +4b* (a® +07) + \/b“ +da’(a*+b°)

—Ja* +4a°D* +4b* +b* +4a*b* +4a*

:\/(a2 +21)2)2 +\/(b2 +2c22)2 =a’ +2b* +b* +24°
=3(a’+b*)=32=6.

V& trai bang vé& phai. Suy ra diéu phai chting minh.

Cdch 2. Tk gia thiét suy ra: b* =2—a’;a’ =2-5b" thay vao (1) ta dugc:

Ja +8(2=a) + Jo' +8(2=5") = (@ —4) +(6>-4)

=|a* —4|+[p* -4 (do a* <4:b* <4)

=4—a’ +4—b* = 6. V& trai bang v& phai. Suy ra diéu phai chitng minh.

2_ 2_ 2_
ViduS:Tinht6ng:S=\/I+M+\/1+—8'2 1+__.+\/1 M

+
1.3 3%.5° 2005%.2007°

(Thi Olympic Todn hoc, Hy Lap — nam 2007)



Gidi
Tacé I+ 8n* —1 . 8n* —1 _ 16n* —8n* +1+8n* —1
(2n-1)" (2n+1)’ (4n° _1)2 (4n° _1)2

2 \? 2
= 4;1 = 4n =1+l 1 — 1 Véll’lZl
4n° -1 (2n—1)(2n+1) 2\ 2n-1 2n+1

Suyra [1+ 8n” -1 :1+l( 1 j(*)
Y (2n—1)2(2n+1)2 2\ 2n-1 2n+1

Thay 7 Ian ot tir 1 dén 1003 vao dang thikc (*) ta dugc:

1(1 lj 1(1 IJ 1( 1 1 j
S=l+—| == |[+1+=| === |+ H ]+ ————
21 3 2\3 5§ 212005 2007
S=1003+l 1—; =1003w.

2 2007 2007
C. Bai tap van dung

1.1. Tim cac gid tri ctia x d€ cac biéu thitc sau c6 nghia:

1
a) A=+x*-5; b) Bz ——e—
) ) VX' +5x-6

Q) € ; d) p=—1

xv2x-1 1-Jx* =3~

e)E:Jx+z+ —2x.
X

a) Diu kién d& A c6 nghia la x* ~520 < |2 +/5.

Huwéng dan giai - dap s6

b) Diéu kién dé€ bi€u thirc B ¢6 nghia la

X +5x-6>0<(x+6)(x—1)>0< x+6 va x—1 cung d4u

=S x>1

x>1

x+6>0 x>-6
=
x—1>0

Truong hop 1. {

x+6<0 {x<—6
= S x<—6

Truong hop 2.
riong nop {x—1<0

x<l1
Vay diéu kién dé biéu thirc B cd nghiala x>Lx<—6.

c) biéu kién dé biéu thirc C ¢ nghia la:



1
{2x—1zo ezt x> sl

o902 = 2 &y 2
SR R P R R VS | P P2

Vay diéu kién dé biéu thirc C c6 nghia la: S = {x/ x> %;x # 1}.

d) Diéu kién dé biéu thirc D c6 nghia la:

{x2—320 {x223 {|x|2\/§
= =

1-x2=320 |x*=3#1 |x=+2

>3 o
Vay véi =3 4 pigu thiee D 6 nghia.
x#32

2 x*+2
N P . 1 +—20 > >0
e) Diéu kién dé biéu thitc E c6 nghia la: T e x OQ{X
x<0
—2x20 x<0

vay khong ton tai x d€ biéu thirc E ¢ nghia.

1.2. a) Cho x, y, z khac 0 thoa man x+y+z=0.

+ ! =
x2 y2 ZZ

Chtrng minh réng: L + L

b) Tinh gid tri biéu thirc:

A—\/I+L+L+\/I+L+L+\/I+L+L+ +\/1+ ! + !
2* 3 34 4 5 199> 200°

Huwéng dan giai - dap s6

2
a) Xét: (l+l+1] :%+L+L+2(L+i+i}

2 2

X y z x oy oz Xy yz zx
My Ly L 1 _z+x+y o
Xy yz ozx xXyz
11 1Y 1 1 1 T 1 1 111
=>|—+—+— =—2+—2+—2:> —2+—2+—2:—+—+—
X y z x y oz x y oz X y z

b) Ap dung cau a, ta c6: 1+ K +(-1-K) =0

. 1 1 1 1 1 ‘1 1
nen: [l+—s+——-= [S+—+——F=-+—+
\/ K= (K+1) \/1 K° (-k-1) 1 K -K-1



1 1 1

1
Suyra: [l+—5+——7F=1+—- .
K (K+1) K K+1

Thay k lan lwot 2,3,..., 199, ta dugc:

A=1+l—l+l+l—l+...+l+L—L 198+l—L 9 99

2 3 '3 4 199 200 2 200 200

1.3. Tim s6 nguyén dwong k thoa man

1 1 1 1 1 1 2009% —1
I+ =+ +,/l+ 5+ +..+ [I+—+ > =
1?2 2 22 3 k= (k+1) 2009

(thi hoc sinh gioi todn 16p 9, tinh Hai Dwong, ndm hoc 2007 — 2008)

Huwéng dan giai - dap s6

Ap dung cong thizc 1+L2+ 1 5 :1+1—L ta co:
n” (n+l) n n+l
I 1 1 1 1 12009 -1

I+———+1+=——=+.. +1+—-
1 2 2 3 k k-1 2009

1 2009°-1 _ (k+1)=1 2009>-1

S k+1- =
k+1 2009 k+1 2009

< k =2008.

1.4. Tim cac sO x, y, z thda man déng thic:
(2x-3) +(y=2) +y(x+y+z) =0
Hudng dan giai — dap s6
Tacé: (2x—p) +(y—2) +]x+y+2/=0 (*¥)

Ma (2x-y) 20; (y-2) 20;

x+y+z|20;

2x-y=0 x=1
Nén dang thtec (*) chi xay rakhi {y-2=0 <<<y=2 .
x+y+z=0 z=-3

1.5. Tim gia tri nhé nhat cua biéu thac:

P=+25x>—20x+4 +25x> —30x+9

Huéng dan giai — dap s6

Ta co: P=(5x=2)" +(5x—3)" =|5x—2|+[5x—3

P=|5x-2|+[3-5x|>5x-2+3-5x =1



, 5x-2>0
Dang thttc xay ra khi: o <:>2£x£§.
3-5x>0 5 5

Vay gid tri nho nhat ctia P 1a 1 khi % <x<

(9]

1.6. Cho ba s6 dwong a, b, ¢ thoa man diéu kién: a+b+c=2 va a* +b* +c* =2.

Chting minh rang:

a\/(1+b2)(l+cz)+b\/(1+a2)(1+02)+c\/(l+a2)(1+b2) 2

1+a’ 1+b° 1+¢? B
Huwéng dan giai - dap s6
Tt a+b+c=2=(a+b+c) =4 a’ +b* +c* +2(ab+bc+ca)=4
Ma a’ +b* +c* =2=2(ab+bc+ca)=2 < ab+bc+ca=1.
Tacéd: @’ +1=a’ +ab+bc+ca=a’ +1=(a+b)(a+c) (1)
Tuong tu, ta cé: b* +1=(b+a)(b+c) (2)
+1=(c+a)(c+b) (3)

Tt (1), (2) va (3) thay vao v€ trai cta (*), ta co:

a\/(l+b2)(1+cz)+b\/(l+a2)(1+c2)+C\/(l+a)2(1+b2)

1+a* 1+ 57 1+¢?

\/ a+b b+c )(b+c)+b\/(a+b)(a+c)(a+c)(b+c)+C\/(a+b)(a+c)(a+b)(b+c)

a+b c) a+b)(b+c) (b+c)(a+c

—~
N—

a(b +b(a+c)+c(a+b)
(

2 ab+bc+ca) 2.

\/6+2\/§+\/6 25
245

1.7. Cho

2020%"
10 )

Tinh gia tri biéu thtc: T = (1 +x—x
Huéng dan giai — dap s6
2 2
5425145 -2J5 41 \/(ﬁ“) +\/(£‘1)
25 25

\/§+1+\/_ 1
25

Ta co:

=1



=1.

19
)20205

Vay T=(1+1"-1°

1.8. Tim gid tri nho nhat cua biéu thirc:

2) A=(x=2019)" +,/(x-2020’ ;

b) B =J(x—2018) +4/(y-2019) +/(x—2020)";

Q) C=(x=2017)" +J(x=2018)" +/(x—2019)" +,/(x—-2020)".
Huéng dan giai - dap s6

a) A=|x—2019|+|x—2020|

=|x—2019|+]2020 - x| > x—2019+2020 - x =1

Vay gia tri nho nhat cia Ala 1 khi x—2019>0 va 2020—x>0 hay 2019 <x <2020.
b) Gia tri nho nhat cua B la 2 khi 2018 <x <2020 va y=2019.

) Gia tri nho nhat ctia Cla 4 khi 2018 <x <2019.

1.9. Gidi phuwong trinh: x+‘/x+%+‘/x+% =4.
Huéng dan giai — dap s6
Tacd: x+,[x+—+,[x+—=4
2 4
\/ 11
S x+H[x+—+,[x+—=+—=4
4 4 4
2
I 1 I 1
< x+ ,/x+—+— =4 x+ /x+—+—=4
4 2 4 2
2
1 I 1 I 1
<:>x+—+,/x+—+—=4c> ‘/x+—+— =4
4 4 4 4 2

1.10. Giai phuwong trinh:



a) Vx? —63x* +9+4x? =7=0;
b) \2x+4—632x—5 +/2x—4+22x—5 = 4.

Huwéng dan giai - dap s6

a) Va2 —63x’ 49+ =T7=0 (|x-3) +[x/-7=0

<:>||x|—3|+|x|—7=0

Truong hop 1: Xét |x| >3 phuong trinh c6 dang:
x| -3+[x|-7=0=|x =5 x=15.
Truong hop 2: Xét 0<x <3 phuong trinh ¢6 nghiém: 3—|x|+|x|-7 =0 v6 nghiém.
Vay tap nghiém ctia phuong trinh Ia S = {-5;5} .
b) V2x+4-6V2x—5 +2x—4+22x—5 =4
o 2x=5—682x—5+9 +/2x—5+242x—5+1 =4
o (V25 -3) 4 (Vax—541) =4
& N2x=5-3+2x-5+1=4
Ta c: [\2x=5-3=[3-2x=5|23-12x-5

Vay vé trai >3-+/2x-5+2x+5+1=4.

Do vay vé trai bang vé& phai khi:

NV2x-=5 S3<:>0£2x—5£9<:>§£x£7.

Vay tap nghiém ctia phwong trinh la: S = {x / % <x< 7}.

1.11. Tim gié tri nho nhat ctia: A=~a+3—-4Ja—1+ya+15-8Ja—1.
Huéng dan giai — dap s6

Ta co:

A=Na—-1-4Ja—1+4+ya-1-8Ja—1+16

<:>A:\/( a—1—2)2 +\/( a—1—4)2
:A:‘\/ﬁ—z‘+‘4—\/ﬁ‘2\/ﬁ—2+4—m




=>A=22.
Déng thitc xay rakhi 2<a-1<4 < 4<a-1<16.
Vay gia tri nho nhat cia Ala2 khi 5<a<17.

1.12. Rut gon biéu thirc:

a) A=+7+2J6 +7-2V6 ;

b) B=x+2y—+x’ —4xy+4y’ véi x<2y;
¢) D=,J(1-+2020 ) (\/2021 zm)

Huwéng dan giai - dap s6

a) Ta cé A=7+26 ++7-246
Az\/(\/gﬂ)z +\/(J€_1)2
=(V6+1)+(v6-1)=2V6.
b) B=x+2y—¥ —4xp+4y> v6i x<2y;

B=x+2y- (x—2y)2

B:x+2y—|x—2y|:x+2y—(2y—x):2x.

o) D=,/(1-+2020) (\/2021 2@)

_ ‘1 —Jzozol,/(dzozo —1)2

= (+/2020 ~1) (/2020 ~1) = 2021242020

1.13. Cho x va y la hai s8 thuc thoa man:

\/2019x+2020 \/2019x+2020

2020x-2021 2021-2020x
Tinh gia tri cta y.
Huéng dan giai — dap s6
Diéu kién dé y c6 nghia la —2x 2920, 5 (q)
2020x—-2021

—(2019x +2020
oy 2019x+2020 (2019x )20 2)
2021-2020x 2020x—2021

+2022.



© 2020

Tt (1) va (2) suy ra: 2019x+2020=0 hay x = 3019

Suy ra y=2022.

RER (x+2)( =) (1-ax=1)
1.14. Tinh = biét x> 1y <0 v
i . iet x>1y<0 va (1—@)(x2y2+xy3+y4)

=-6

Huéng dan giai — dap s6

Tacod: Véi x>1=4dx>4=4x—1>3=Jdx—-10 >3
Do dé (1—\/4x—1)2 —Jax—1-1

(x+y)(x3 —y3)(x/4x———1)
(I—M)(xzyz +xy° +y4)

Twe d6 =—6

(x+y)(x3—y3) PN (x+y)(x—y)(x2+xy+y2) 6

x2y2+xy3+y4 yz(x2+xy+y2)

X

y

_ 7

oSx-y=60ox=7)

Ma x>1,y<0 nén iz—ﬁ.
y

1.15. Cho 4= \/6+\/6+\/6+...+\/€ , gom 100 d4u can.

Chitng minh rang A khong phai la s§ tu nhién.

Huéng dan giai — dap s6

Ta co: A>\/g>2.

Mt khéc /6 ++/6 <v/6+3 =3;6+6+6 </6+3 =3

=>A<3.
Do d6 2 < 4<3. Chting t6 rang A khong phai s8 tw nhién.

Nhdn xét: Néu A nam gitra hai s8 tw nhién lién tiép thi A khong phai sd tw nhién.

1.16. Cho ba so hitu ti a, b, ¢ thda man l+l = 1
a c

Chting minh rang 4 =+/a’ +b* +¢* 1a s8 hitu ti.
Huéng dan giai — dap s6

Tt gia thiét ta cd be+ac =ab = 2ab—2bc—2ca =0



Suy ra a’ +b’ +c* =a’ +b* +c* +2ab—2bc—2ca
=(a+b—c)2

= A=+a*+b*+c* :|a+b—c| 12 s6 hiru ti.

1.17. Cho ba sd duong a, b, ¢ théa man diéu kién: a+b+c = %
abc

(1 +b°c? )(l + a202)

=a+b.
c’ +a*b*c?

Chtrng minh réng: \/
(thi hoc sinh gidi todn 16p 9, TP, H6 Chi Minh, nam hoc 2014 —2015)
Huéng dan giai — dap s6

Ta co a+b+c:L:>abc(a+b+c):1
abc

Do d6: 1+bc? :abc(a—i-b—i-c)+bzc2 :bc(a+b)(a+c)
Tuwong ty, ta c6: 1+a’c® =ac(a+b)(b+c)
1+a*b* :ab(b+c)(a+c)

Sy o \/(l+b2cz)(1+azcz) \/(1+b2c2)(1+a2c2)

¢’ +a’b*c? - c? (1+a2b2)

~ bc(a+b)(a+c)ac(a+b)(b+c): dibY —ath.
_\/ Czab(a+c)(b+c) ( b) ’

1.18. Cho x, y thbaman 0<x<1, 0<y<1 va S -

-x l-y
Tinh gia tri cta biéu thtec P=x+y+ m )
(Tuyén sinh vao l6p 10, THPT chuyén, Dai hoc sw pham Ha Noi, ndm hoc 2015 —2016)
Huéng dan giai — dap s6
Tir gia thiét, suy ra: x(1-y)+y(I1-x)=(1-x)(1-y)
S2x+2y-1=3xy &> x> —xp+)° :(x+y)2 —2(x+y)+l:(x+y—1)2

Vay P=x+y+x’ —xy+)° =x+y+|x+y—1|

N o 1
Ttir gia thiét, talalco:li<1:>x<5
—X

4 1 4
Tuong tu ta co: y<5.5uyra O<x+y<l,tacoO P=x+y+l-x—y=1.






Chwong 1. CAN BAC HAL CAN BAC BA
Chuyén dé 2. LIEN HE PHEP NHAN, PHEP CHIA VA PHEP KHAI PHUONG
A. Kién thitc can nhé

1. V6i 420,820 thi: A.B = A~/B vanguoclai VA~B =/ 4B

Dicbiét, khi 4> 0, ta co: (ﬂf _JA = 4.

2.V6i 4>0,B>0 thi \/Ezﬂ va nguoc lai ﬂz\/z
B B JB \B
3. B6 sung
o VOi A, Ay, 4,20 thi: A4 J4,..\[4, =[4.4,..4,
o V6ia205>0 thi: Va+b <va+b (ddu “=” xay ra <> a =0 hodac 5=0).
o Véia=b20 thi: Va—b>+a—-+b (ddu “=" xay ra <> a=b hodc b=0).
B. Mot s6 vi du
Vi du 1: Thiec hién phép tinh
a) V8 —V15.8+ 15 ;

b) (\/6—\/ﬁ+\/6+\/ﬁ)

2

Giai

a) V8158415 =/64—15=/49 =7 .

b) (\/6—x/ﬁ+\/6+«/ﬁ)2 =6—\/ﬁ+2\/(6—x/ﬁ)(6+\/ﬁ)+6+«/ﬁ
=12+2436-11=22.

Vi du 2: Ritt gon cc biu thirc sau: P=2+v2+v2 A4 +vBA2-24+2 .

Giai

Tim cdch gidi. Quan sat ki dé bai, ta thdy c6 hai biéu thitc trong can c6 dang va +/b va Ja—-b
nén ta dung tinh chat giao hoan va thuec hién phép tinh.

Trinh bay loi giai
P24\ 242 44822442 =222 A 2=\2 42 448
P=\4-2-24+242 = (2-42)2+4242




P=+4-22=2.
Vi du 3: Rat gon bidu thiic: 4=110+2v21-+/3.
Gidi
Tim cich gidi. D rat gon biéu thic c6 dang vat2yb ta chii y t6i hing ding thic

xi2\/5+y:(\/;i\/;)2
Ta can bién d6i: ya+2vb :J(\/;J_r\/;)z , do vay ta xac dinh x va y thong qua x+y=a; xy=b.

Chéng han: x+y=10; x.y =21= {x;y} = {3;7} .
Trinh bay loi giai

A=\/3+2.\/ﬁ+7—\5= (\/§+\/7)2—\/§=\5+\/7—x6=\/7.

Vi du 4: Rt gon bidu thiic: B =4 +7 +v/8-3v5 -2
Gidi
Tim cdch gidi. Dé bai chwa xuét hién dang \a+2b .
Ta cin bién ddi bai todn vé dang v/a+2vb va gii theo cach trén.
Trinh bay loi giai
Ta cb: B2 =8+ 237 +1/16—-67 =2
B2 = (1) +[3-47) -2
BN2=7+143-7-2=2=B=1]2.
Vi du 5: Rut gon biéu thirc: 4= \/2+\B+\/4—2\/§—\/21—1zﬁ

Giai

Tim cdch gidi. V6i nhitng bai toan c¢6 nhiéu can “chdng chat”, ta c6 thé gidm bét s§ can, bang cach
dua cac cin 6 phia trong vé dang a+2vb sau d6 dung hing déng thirc V4> = |4| va giai nhw cac
vi du trén.

Trinh bay loi giai

Ta c6 A:\/2+\/§+\/4—2«6—\/21—12\/§




:\/2+\B+\/4—2\6—1/(2\6—3)2 24 B4 —2B- 2343

=\/2+\5+m =\/2+\6+M
:\/2+\/§+2—x/§ =4,

Suyra 4=2.

Vi du 6: Rut gon: C=\/2—\/2\B—2 —\/2+\/2\E—2

Giai

Tim cdch giai.
Vi du nay khong thé bién d6i dé dua vé dang a+2v/b =, /(J} +.Jy )2 :

Do vay dé rat gon biéu thitc dang C = \/x+\/; i\/ x—+[y ta thuong tinh C? sau d6 nhan xét dau

cua C, tir d6 tim duoc C.

Trinh bay loi giai

Xét C* =2-+/25-2 +2+\/2\B—2—2\/(2—\/2\6—2)(2“/2\6—2)
Ct=4-24-2V5+2=4-2,/(V5-1) =4-2(\5-1)

C2=6—2\/§=<\/§—1)2.V‘1 C<0nén C=1-+5.

Vidu 7: Cho x, y théa man vx—1+x*= \/ﬁ+ y?. Chitng minh rang: x=y.

Gidi
Tim cdch gidi. Nhan xét gia thiét x, y c6 vai tro nhw nhau. Phan tich ttt két luan d€ ¢6 x =y, ching
ta can phan tich gia thiét xuat hién nhan tx (x-y).

Dé thdy x* -y’ c6 chtta nhan tir (x—y), do vay phan con lai d€ xuat hién nhén tir (x—y) ching ta

van dung (\/Z—\/Z)(\/;+\/3):a—b tir do suy ra: \/;—\/_2\/5133. Luu ¥ rang mau s6 khac 0.

Ttr d6 ching ra c6 10i giai sau:
Trinh bay loi giai
Tt dé bai ta ¢6 diéu kién: x>1; y>1.

- Truong hop 1: Xét x=1l,y=1=x=y.



- Truwong hop 2: Xét it nhat x hodc y khac 1. Ta cé:
X' =y +x—1-4/y-1=0
(—)-(r-1)

<:>(x—y)(x+y)+\/x_l+\/y_1 =0

I
Q(X—y)(ﬂwmwﬁ}o

Vi x+y+

>0=>x-y=0=>x=y.

1
Vx—=1+4y-1

, 1_\/5 ’ .7 . o« A2 7 8
Vidu 8: Cho a == Tinh gia tri biéu thirc V16a® —51a

(Thi hoc sinh gioi Todn I6p 9, Tinh Qudng Ngdi, nam hoc 2011 —2012)

Giai

by s e A? .7 . Y 1_ \ N 7 \ . N \ e \ X X A
Tim cdach giai. Dé thay gia tri truc tiép a = vao biéu thitc thi khai trién dai dong, dé dan dén

sai [am. Do vay chiing ta nén tinh tir tit, bang cach tinh a’;a* va «* bang hang dang thtic. Bai toan
sé don gian va khong dé mac sai lam.

Trinh bay loi giai

2a=1-\2=2a-1=—2=44’ -4a+1=2

— 44> =1+4a=1+2(1—ﬁ)=3—2ﬁ:>16a4 —9-12J2+8=17-1242

577 - 4082
16

= 2564" = 289 —408+/2 + 288 = 577 — 4082 = 164" =

~ 577—408\/5_51(1—\5)

Xét 16a* —51a=
16 2

_ 577-4082 —408+4082 169
16 16

1 1
Vay J16a* —51a = 1i69 =—3.

4

Vidu 9: Tinh gia tri S = !

—
a

Bz, B2
2, |

+—7 Vé’l a 5

Giai



Tim cdch gigi. Néu thay gia tri ctia a va b vao biéu thirc va bién d6i thi bai toan sé phtc tap, ¢ thé
dan dén sai lam. Bai todn c6 dang d6i xting co ban, ta 6 thé tinh téng va tich ctia a va b, sau do
dung cac hang dang thitc dé tinh dan dan.

Trinh bay loi giai

Tw dé bai suy ra: a+b=+/6; ab=1

Taco: a® +b* =(a+b) —2ab=4;

@’ +b* =(a+b) —3ab(a+b)=66-3.146 =36

Xét (@’ +b*)(a' +b°)=d’ +a’b* +a'b* +b* =a’ + b’ +a’b’ (a+Db)

43J6 =a’ +b° +1V6

Tir d6 tinh duoc: o’ +5° =116

Xét (@’ +b*)(a' +b°)=d" +a’b’ +a’h’ +b" =a’ +b +a’b* (a’ +1’)

Suy ra: 4116 =a’ +b" +1.3J6 = d” +b" =416

FRLI . =416

1
:>S=_7 b7

Vi du 10: Cho b>0; a >+/b . Chiing minh déng thic:

N _la+ a’—b +\/a_ a’—b
P e

2
Giai
2_ _ 2_
Détvé’phéilé:B=\/a+w bi\/“ Va' —b
2 2
Tacd B>0
2 (a+\/a2—b) (a— az—b) [
Xét p? = 42Va b+2.\/ . Ja-Na -b
2 2 2 2

Vi B>0 nén B=+a+b .
V& phai bang vé trai. Suy ra diéu phai chiing minh.

Vi du 11: Cho céc s6 thue x; y thoa man: (x+\/x2+2)(y—1+\/y2 —2y+3):2



Chting minh rang: x* + 3’ +3xy =1

Giai
bat y—1=z tir gia thiét ta co: (x+\/x2+2)(z+\/zz+2):2 (*)
Nhan hai v& véi vx* +2 —x ta dwoc
(x2+2—x2)(z+\/zz+2)=2(\/x2+2—x)
:>2(z+\/22+2):2(\/x2+2—x)<:>z+\/22+2=\/x2+2—x (l)

Nhan hai v& ctia dang thtec (*) véi Vz* +2 -z ta dugc

(x+\/xz?)(z2 +2—22):2(\/E—Z)
:>(x+\/m>2=2(\/m—z)

= x4+’ +2 =12 +2-2 (2)
Tt (1) va (2) cdng v€ véi vE, rat gon ta duoc:
x+z=0=>x+y-1=0=>x+y=1
Xét x3+y3+3xy:(x+y)(x2—xy+y2)+3xy:x2—xy+y2+3xy
=x2+2xy+y2:(x+y)2:1
Vay x’+y° +3xy =1. Diéu phai chiing minh.
C. Bai tap van dung
2.1. Tinh: (\/§+\/§+\/§)(x/§+\/§—\/§)(\/§—\/§+\/§)(—\/§+\/§+\/§)
Huéng dan giai — dap s6
Ta c6: A=((ﬁ+«6)2—5)(5—(\5—\5)2)=2\£2£=24.
2.2. Chting minh rang cac s6 sau la s& tu nhién.

a) A=3=5.(3:+45)(V10-12);
b) B=\/§(\/§+1)(m).

Huéng dan giai — dap s6

a) Tac A=3-/5.(3+35)42(V5-1)=v6-25.(V5-1).(3++5)



B ) 35) (5134 5)
=(5-2v5+1).(3++5) =2(3-+5).(3++5) =2.(9-5) =s.

Vay A la s0 ty nhién.

b) Taco B=(v3+1)f4-23 =(v3+1),/(V3-1)
= B=(V3+1).(3-1)=3-1=2.

Vay B la s0 ty nhién.
2.3. Rut gon biéu thic:

p_ 1043203612
IR A

b) Q_\/E+\E+\/g+\/§+4
2B

a)

Huwéng dan giai - dap s6
V10(3++2) -6 (3+42)  (3+v2)(v10-6)

a) Tacod: P= =

J5-43 J5-43
(3+\/E)\/§(\/§—\/§)
NG
V243424246 +48 _ (*/5+\/§+‘/Z)(1+\/§) _1+2

V2+Beda 2 Bes '
2.4. Rat gon cac biéu thuic:

\/6+2(J€+«/§+\/§)—\/6—2(JE—\/§+\/5) |
5 ;

P=

=3J2+2.

b) Tacé Q=

a) C=

_9-6v2 -6
b) D=

Huwéng dan giai - dap s6
Y C- 142434202+ 23 +26 —\142+3-22 +23 =26
- J2

JVZ e B) (1VZ e B) 1eE B (1-42443)
N i 2

C=




b oo Hf e Imf

(\/7[} V3(V2-1-42)
B

2.5. Cho x+J§=2.Tinh gid tri B=x"—3x* —3x +6x> —20x+2018.

=-1.

(Thi hoc sinh gidi Todn 16p 9, tinh Hai Dwong, niam hoc 2012 —2013)
Huéng dan giai — dap s6
Tt x—2=—/3, binh phrrong hai vé& ta dugc:
X —4x+4=3x"—4x+1=0 (¥)

Tacod B=x"(x’ —4x+1)+x" (" —4x+1)+5(x’ —4x+1)+2013
Két hop voi (*) ta c6: B=2013.
2.6. Tinh gid trj bi€u thitc 4= x* +2002x —2003 voi
(27+10v2V27-1032 —(27-1042)27 +10v2

(\/\/5—3 +\/\/B+3):\/\/§+2

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong, nam hoc 2002 —2003)

X =

Huéng dan giai — dap s6

Ta c6: \27+1052 =,/(5+\/§)2 —544/2.

W=M:s_ﬁ

Tirs§ La: (5+42) (5-2)~(5-2) (5++2)
=(5++2)23-(5-+2)23=462.

Xét a =y V13 -3+ 1343 a>0.

= a* =\13-3+413+3+2, (VI3 -3) (V13 +3)

=a*=2013+4a= 2(\/§+2).



4672

2(JB+2): Ji3+2

Vay gid tri bi€u thitc 4 =46 +2002.46—2003 = 92205.

2.7. So sanh:

a) \Jy6+~20 va1++/6 ;
b) VW17 +1242 va+2+1;
€) YV28-163/3 va~/3-2

Huéng dan giai — dap s6

a) Ta co \/\/5+2\/§+1 = \/(\/§+1)2 :\/\/§+1 <\/\/g+1

Vay \/\/6+\/% <\/1+\/€.
b) Ta c6 \/\/17+12\/§=\/\/9+12\/§+8= \/(3+2\5)2

34222422 +1= (V2 41) =V2+1.
O VW16-1643 +12- \/(4—2\5)2=m
32+ 1=(B-1) =152,
Vay mmﬁ—z.

2.8. a) Gia st a va b 1a hai s6 duong khac nhau va thoa man:

a-b=+1-b* —1-4d*

Chtrng minh réng a+b*=1.

b) Chting minh ring s& v2009° +2009%.2010> +2010° 14 s6 nguyén duong.
(Tuyén sinh l6p 10, chuyén toan DHSP Ha N§i, ndm hoc 2010 —2011)
Huéng dan giai — dap s6
a) Ta co a+m:b+m.
Binh phuong hai vé khong am, ta duoc:

P +2a1-a> +1=a® =0 + 2\ 1=b* +1-b* = al—a® =bJ1-b* .




Binh phuong hai v& khong am, ta duoc:

a’ (l—az):b2 (1—b2)<:> at-b*-a’+b* =0

& (a-p*)(a’ +b*~1)=0

Do 4, b 1a hai s6 dwong khac nhau nén a* —b* #0

= a’ +b’-1=0 hay &’ +b° =1. Diéu phai chttng minh.

b) bat a =2009, ta co:

\/az+az(a+1)2+(a+l)2 :\/a2+a4+2a3+a2+(a+1)2

:\/a“ +2a* (a+1)+(a+1)" = (a2 +a+1)2
=(a* +a+1)=2009" +2009+1 la s8 nguyén duong.
2.9. Cho b>0; a>+/b . Chitng minh dng thtrc:

\/a+x/3i\/a—\/g :‘/2(ai\/E)

Huéng dan giai — dap s6

Dat A:\/a+\/gi\/a—x/3 taco 4>0.

Xét A* :a+\/3i2.\/(a+\/3)(a—\/5)+a—\/z

o L =20+ 0 —b o L :2.(ai\/a2 —b)
Vi A>0 nén 4= 2(ai\/a2 —b) . Suy ra diéu phai chitng minh.

2.10. Cho x, —3++/5 va X, =\/3—\/§.Héy tinh: A=x,.x,; B=x{+x2; C=x +x}; D=x] +x}
Huéng dan giai — dap s6
Tacod: A=x.x, =\3+53-v5=9-5=2.

Tacd: B=x’+x=3+5+3-/5=6.

Ta co: C=(x, +x2)(x12 —x1x2+x22)=(\/3+x/§+\/3—\/§)(6—2)

:c:(\/3+J§+\/3—J§).4

:>C=(\/6+2J§+\/6—2\/§).2.J§



:(\/§+1+\/§—1)-2\/§=4m-

X¢é 2 2\(43 443 = 5 x4

et (xl +x2)(xl +x2)_xl TX X XX X,
= 6.4V10 = 7 + x5 + 3752 (x, +x, )

:>24\/E:x15+x§+4(\/3+\/§ +J3—\E)

= 2410 = x* + ] +(\/6+2J§ +\/6—2\/§).2.\/§
= 2410 = x° +x3 +(\/§+1+\/§—1).2\/§

= D=x"+x3=20/10.

2.11. Rut gon biéu thiee: 4 = V7445 +17-45 —\3-242.
V7+2411

(Tuyén sinh l6p 10, chuyén todan, TP. H6 Chi Minh, niam hoc 2010 — 2011)

Huéng dan giai — dap s6

Xét B=+7++/5+7-
:7+\/§+2\/(7+\B)(7—\/§)+7—\E
o B =14+2/49-5 =14+ 4411

Ma B>0 nén B=+14+411.

Tt do suy ra: 4=—F——=—= ‘14+4 ,/ T 4= \/— )

7+2

2.12. Cho x, y la cac 6 thue thoa man: Vx—1-y/y =y —1-x'x

Tim gid tri nho nhat caa S =x*+3xy—2y* -8y +12.
Huéng dan giai — dap s6
Tap xacdinh x>y >1.
e Truong hop 1: Xét x =y =1 suy ra:
P=P+3.1.1-2."-8.1+12=6 (1)

e Trueong hop 2: Xét it nhat x =1 hodc y#1. Ta co:

x\/;—y y+x—1-yy-1=0



@(\/;—\/;).()H- xy+y) - 11+i}/i_

S 5).

Vx—1+4/y-1

Q(&_ﬁ){ y”WiI[F]

+
Méle;yzlnénx+\/5+y+ \/_

1+\/7

e (Va5 ) (o + )+

SuyraJx—y=0cx=y

Ta co: S =x"+3x —2x* —8x+12
©8§=2x"-8x+12 8 =2.(x-2) +4>0

Déu bang xay ra khi x=2.

Do d6 gié tri nho nhé&t cia Sla4 khi x=2 (2).

Tt (1) va (2) vay gia tri nhé nhat cia Sla4 khi x=2.

2.13. Rut gon cac biéu thitc sau:

=\/4+\/5«5+5\/48—10m ;

Q:(ﬁ_l)\/6+2ﬁ.\/3—\/\E+xﬂ+vl8—@ :

Huwéng dan giai - dap s6
a) Ta cé: P= \/4+\/5\/§+5\/48—10\/4+4\/§+3
:\/4+\/5\/§+5\/48—10,/(2+J§)2
:\/4+\/5\/§+5\/48—10(2+\/§)

P=\/4+\/5\/§+5\/28—10«6
P:\/4+\/5\/§+5\/25—10\/§+3




P:\/4+\/5\/§+5 (5—\6)2

P=\/4+\/5J§+5(5—J§)

PorJasf533+25—543 =J4+25 =0 =3.
b) Q=(ﬁ—1)\/6+2ﬁ.\/3—\/\E+\/§+\/16—8\E+2

Q

(«/5—1)\/6+2\/§.\/3—\/\/5+ 12+(4-2)

(V3- 1)\/6+2\/—\/3 W2+23+4-2

(V3- 1)\/6+2\/_\/3—\/3+2\/§+1

0=(v3- 1)\/6+2\/—\/3 V3-1=(\3 )\/6+2\/_\/ﬁ
(V3-1)

0=(/3-1)y6+2y4- 2[:([ 1) 6+2(\/ﬁ)
0= (\f )W (\f )(\/§+1)=2

2.14. Rut gon biéu thtc:

A_\/6+2\/5—\/13+\/&

0

2) 4= V3 +1
2J3_\/3+\/13+m
SN S

Huéng dan giai — dap s6

\/6+2\/5—\/12+4\/§+1

a) Taco: A=
) J3+1
\/6+2\/5—J2«6+1 \/6+2 S-2d1
3+1 3+1

\/6+2\/3 23 +1 \/6+2\/

3+1 3+1




\/6+2 \/3+2\/§+1
3+1

J3+1
A= (ﬁﬂ) _B_,
G+l Bel
b)Tacod T = 2\/3— 3+ 13+4\/— 2\/ \/3+\/2\/§T
a co = \/7 \/7

2\/3—\/3+2\/§+1 3-(V3+1) 3o
NN RN N BTNy

V242-43 {423 Bl
(vV3-1) B-1 B

T=

210+30-242 -6 2
2J10-242 -1

Huwéng dan giai - dap s6

Taco: A= \/E(2+\/§)—\/§(2+\/§).\/§_1
2(V10-42) 2

2.15. Rat gon biéu thic: 4= \/

A_\/(@ﬁ).(%ﬁ) No
2(Vio-v2) 2

243 3-1  [4+23 3-1
AT T

(Va+1) G-l BelB-1 341 1

4 T2 2 2 4 2
2.16. Biét x=\/2+\/2+\/§ —\/6—3\/2+\/§ :

Tinh gia tri biéu thire: S =x"-16x".

A=

Huéng dan giai — dap s6

Xét x° =2+m+6—3m—2\/(2+m)(6—3 2+J§)
e =8-202+3 -2 3(4-2-3)




o =8-2\2+3 -26-3\3
& 8—x? :2(\/2+\B +\/6—3\/§).

Binh phuong hai vé ta duoc:

64—16x2 + x* =4(2+ﬁ+6—3\B+2\/(2+ﬁ)(6—3\5))

S 64-16x"+x" =32
= x'—16x*=32.

2.17. Cho (x—2019+\/(x—2019)2 +2020)(y—2019+\/(y—2019)2 +2020)=2020.

Tinh gid tricta A=x+y.
Huwéng dan giai - dap s6

bat x-2019=a; y-2019=5.

Déng thitc da cho c6 dang: (a-+la® +2020 ). (b+b +2020) =2020 (¥)

Nhan hai v& ctia dang thiic (*) véi va® +2020 —a, ta duoc:

(a*+ 2020—a2)(b+\/b2 +2020) - (\/a2 +2020 —a).zozo

& b+bh* +2020 =+a® +2020 —a (1)

Nhan hai v& ctia dang thtic (*) véi Vb +2020 - b, ta duoc:

(a Na + 2020)(192 £2020-%) = 2020.(\/1)2 +2020 —b)

& a+a® +2020 =b* +2020 b (2)
Tt (1) va (2) cong vé€ véi ve va rut gon ta duoc:
a+b=0=>x-2019+y-2019=0

Vay A=x+y=4038.

2.18. Rt gon biéu thic: 4= X +Sx 464 a9 1 ,/ +32x
—X

3x—x +(x+2)\/9 x*

Huéng dan giai — dap s6

Ta e A_(x+2 )(x+3)+xy(3 f3 X+ 2x
(3 x) (x+2) ( 3-x




Diéu kién xac dinh -3<x<3,

_M((x+2)m+xm). 3+ x
RNCEn 3_x+(x+z)m)'2\/:

A_\/x+3 l 3—x_l
Box 2\3+x 2°

2.19. Cho biéu thirc P = (a”” —8a%" £ 114> ) n (b”” —8p¥12 4 1b2°“) .

Tinh gié tri biéu thitc ctia P v6i a =4++/5 va b=4-+/5.

(Thi hoc sinh gioi l6p 9, TP. Ha N§i, nam hoc 2012 —2013)
Huwéng dan giai - dap s6

Xét a—4=+/5 binh phuong hai vé ta duoc:

a’-8a+16=5=a"-8a+11=0

Xét b—4=—/5 binh phuong hai vé ta duoc:

b*—8b+16=5=5b>—-8b+11=0.

P=a""(a’-8a+11)+b™" (b’ ~8b+11)

=P=0.

2.20. Cho ?Sxﬁ%;x;to va V3+2x-3-2x =a.

6+2~9—4x’

X

Tinh gid tri ctia biéu thic P = theo a.

(Thi hoc sinh gioi Todn I6p 9, tinh Quang Ngai, nam hoc 2013 —2014)

Huéng dan giai — dap s6

\/3+2x+2\/(3+2x)(3—2x)+3—2x

X

Taco: P=

\/(\/3+2x+\/3—2x)2 :\/3+2x+\/3—2x

X X

P=

po (3+2x)—(3—2x) 3 4x _i

- x(V3+2x—\3-2x) - x(V3+2x-43-2x) a’

2.21. Tinh gi4 tri ctia biéu thtee: 4=2x" +3x* —4x+2



. 5+\/§ 5+\/§
V01x=\/2+,/ : +\/2— : —\3-+/5-1.

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong, nim hoc 2014 —2015)

Huéng dan giai — dap s6

Déta:\/2+1/5+\/§ +\/2— 5+\/§,a>0.
2 2
Xét a® =4+2,/4—#=4+\/6_2\/§ =4+ [(\/3_1)2 =345

:>a:\/3+\/§

6+25 |6-245
:>x:\/3+\/§—\/3—\/§—1:\/ . —\/ =
J5+1 Js?_lzﬁ_l

2 2

x=2-1=x+1=42= (x+1) =2= x> +2x-1=0.

Tacod: 4=2x"+3x" —4x+2

A=2x(x*+2x-1)—=(x* +2x-1)+1=1.

2.22. P4, Cin béc hai ctia 64 ¢6 thé viét duwdi dang nhu sau: /64 = 6++/4 . Hoi c6 ton tai hay khong

cac sO ¢6 hai chit sO 6 thé viét can bac hai cua chung dwdi dang nhu trén.
Huwéng dan giai - dap s6

Dit s6 d6 12 ab . Theo dau bai, ta co:

\/ﬁza+x/g<:>ﬁza2+2ax/;+b

<10a=a>+2ab < a+2Jb =10

= achdn. Dit a=2K(K eN)= 2K +2Jb=10= K +/b =5.

Do b<9 nén b=0;1;4;9.

eNéu b=0=K=5=a=10 (loai)

eNéub=1=2>K=4=>a=8= S0db6las8l

eNéu b=4=K=3=a=6= S0 ddla64 (da cho)

eNéu h=9=K=2=a=4= S0 ddla49.



Chwong 1. CAN BAC HAL CAN BAC BA
Chuyén dé 3. BIEN POI PON GIAN - BIEU THUC CHUA CAN THUC BAC HAI
A. Kién thitc cAn nhé
1. Dua thtra sd ra ngoai dau can J4°B = |4VB(B20).
2. Pua thtra s vao trong dau can
ANB =N AB (véi 4>0; B>0)
ANB =—JA4°.B (véi A<0; B20)

3. Kht* mau ¢ biéu thitc chita can

\/z: A—lj:i\/AB (voi AB>0; B=0)
B \'B |B|

4. Truc can thirc ® mau

K—M—\/Z(A>O)' m  M(a¥VB)
J4 4 " J4+JB  A-B

5. Rat gon biéu thitc ¢ chira can bac hai

(A>0;8>0;4# B)

Buéc 1. Dung cac phép bién do6i don gian dé€ dwa cac can thirc bac hai phtre tap thanh cén thie bac
hai don gian.

Budc 2. Thuc hién phép tinh theo th twe da biét.

B. Mot s6 vi du

Vi du 1: Sap x&p cac s6 sau theo thtt ty ting dan:

a) 4/3; 345; 5v2; 245;
b) V/15; 24/6; 6\E; 2.
Giai

Tim cdch gidi. D& sap x&p cac can thitc khong dong dang, ching ta dua cac thira s vao trong dau
can. Sau do so sanh biéu thic trong can.
Trinh bay loi giai
a) Dua cac thira s6 vao trong dau can, ta duoc:

INCIN TN

5V2=450;  2J5=+20



Ma /20 < /45 </48 </50..
Suy ra thit ty tang dan la 235 345; 44/3; 542
b) Pua cac thtra sO vao trong dau can, ta duoc:

V15 236 =+24;
NI

Ma V12 <15 <18 <~/24 .

Suy ra thit ty tang dan la 6\@; J15; 342; 246

Vi du 2: Khit cin thttc 6 mau sd: 4 = Y

345447
Gidi
Tim cdch gidi. Ching ta khong thé van dung mot Ian hang dang thitc d&€ khir dong thoi ba cin
thttc @ mau duoc. Do vay, chiing ta tim cach giam b6t s§ can ¢ mau bang hang dang thiic:
2
(\/Z+ b +«/Z)(\/;+\/3—\/E)=(\/;+\/3) —c=a+b—c+2Jab.
Sau d6 khtr theong mau bang cdch nhan ca tit va mau ctia mau véi biéu thirc lién hop.
Trinh bay loi giai

59(3+5—7) 59(\3+v5—7) 59(3+V5—7)(24T5 -]

(V3++5) -7 o 2J15+1 601
A=(3+5-47)(215-1).

Vi du 3: Thirc hién phép tinh.

a) A=+20-245-380++/125;

[ A5+l J5-1 1
b) B‘(Hﬁm*nﬁ-ﬁ}[ﬁ“‘\g”]'m'

Giai

Tim cdch gidi. D€ thyc hién phép tinh, ban luén chu y:
¢ Dua thira s6 ra ngoai dau can.
e Truc can thiic @ mau, khit mau cta biéu thiee 1ay can.

e Sau d6 thu gon cac can thic dong dang.



Trinh bay loi giai
a) Ta co: A=+20-245 330 +/125
A=25-65-125+55 =-111/5.

oo g S BIAE N5 5) (5 5,6
(1+43) -5 5
B= \/§+\/7 5+1+\/7 \/§+ 5+\/>5+5 1— \/’ \/’ ﬁ ﬁ
23-1 3 )5
g 215 6-3 5
2W3-1 3 5
. 1073.(6 f) 2(6v3 -3) 23(2[ )_2
— 15(2\/_ ) 3(2\/5_1) (2\/_ ) _
i : RGt gon biéu thirc: R = 3445 3-+5
Vi du 4: Rut gon biéu thirc: R = \/74-@\/7\/7

Giai
Tim cdch gidi. Nhan xét thdy rang, mau thikc chita biéu thikc cdn “chong chat”. Do vay trude khi
thue hién rat gon, ching ta nén khai can “chong chat” trudc da. Quan sat thdy, d€ bién doi can
“chong chat” nay, chung ta chi can lam xudt hién 24/5.
Do vay chiing ta c6 hai hudéng bién d6i nham xuat hién yéu cau do:

Cdch 1. Mdi phan thitc nhan ca tir va mau véi +/2 .

Céch 2. Nhan hai v& véi —— .

V2
Trinh bay loi giai
Cdch 1. Mbi phan thitc nhan ca ttr va mau véi V2, ta duoc:

342 +4/10 N 332 -4/10
24464245 2-+6-245
3J§+J_ 342410
2+\f+1 —(J——l)

324110 32 VIO
3+4/5 3-45

R =

R =




(3x/§+«/ﬁ)(3—\5)+(3x/§—\/ﬁ)(3+\5)

T )

o 9N2 =310 43710 -5V2 +9v2 +3110 -3V10 -5v2
9-5

R=&=2\5.

4

Céch 2. Nhan hai vé& véi —— , ta duoc:

N

Rl _ 3+4/5 . 3-+/5
V2 2164245 2-\6-245

1 3+ﬁ 3—\/§

R—= +
2 240541 2-5+1

R.L=3+\/§+3_\/§=2
V2 3445 3-45

Suy ra: R =2\2.

x+2dx-3  Jx+3 Jx-l

Vi du 5: Cho biéu thitc: 4 = [

3x+416x-7 Jx+1 Jx+7 ) 2_i
: N

a) Rut gon biéu thirc A.
b) Tim x d€ 4=-6.
(Thi hoc sinh gioi Todn 16p 9, tinh Vinh Phiic, nam hoc 2014 — 2015)
Giai

Tim cdch giai. Khi rat gon biéu thirc chita can thitc, cha y cac budc:

e Xac dinh diéu kién d€ biéu thirc cd nghia.

e Van dung cac quy tic ctia phép tinh vé phan thitc, phép tinh vé cin thizc d¢ dua biéu thiic

vé dang don gian nhat.

Trinh bay loi giai
a) TXD: x>0; x#1; x#4.

(Ve-1)(3vx+7) Jre1 Jre7] Ji-2
(Vx-1)(Va+3) Va3 Vx-lf Vx-

A=




PN J_+7J Jx -2
Ve+3  x-1) Jx-1
S 2(Vx+3) x4 J§—1_(2_J§+7] Ja-1_ x-9 Jx-1
oVx+3 x| V-2 U Vx-1)Vre-2 Jx-1Wx -2
Nx-9
A=
Jr-
b)A:—6<:>\/;_§:—6<:>x/;—9:—6(x/;—2)

7/x =21 x =9 (thoa man diéu kién). Vay d&€ 4=—6 thi x=9.

Vi du 6: Rat gon biéu thtec:

p_[Ya-2+2 a-2 a7 3Wa-2+1 1
- 3 344a—2 11-a)la=3Ja-2-2 Ja—2)

Giai

Tim cdch gidi. Bai todn cé nhiéu thanh phan gidng nhau, chiing ta nén d8i bién bang cach dat
Ja—2 = x. Sau d6 rat gon biéu thiic véi bién x.

Trinh bay loi giai

Diat Va—-2 =x , bidu thikc 6 dang:

(x+2j x X +2+7 (3x+1 1)
P= . + = —-—
3 3+x 11—(x2+2) x =3x x
_x+2( X x2+9].3x+1—(x—3)

3 (3+x 9-x% x(x—3)

x+2 x(3-x)+x*+9  2x+4
3 (3+x)(3—x) 'x(x—3)

_x+2 3x+9 X
3

pP=

Vi du 7: Cho cac s6 dwong x, y, z théa man diéu kién xyz =100.



Tinh gid tri cta biéu thikc:

Ve o, Jy L 104z
Vo +dx 410 Jyz+Jy+1 Vaz+104z+10

Giai

A=

Tim cdch giai. Quan sat gia thiét va két luan, ching ta nhan thdy gitta s6 100 va s0 10 c¢6 lién quan
t6i nhau: 10 =~/100 = \/xy_z . Do vay, suy luan ty nhién ching ta thay 10 ¢ biéu thiic bang \/E va
bién doi tiép.

Trinh bay loi giai

Thay 10=+/100 = \/xyz vao biéu thiic A, ta co:

R S S (R -
\/E+\/;+ xyz \/;+\/;+1 \/;+\/xy_z.\/;+ xyz

\/x( y+l+\/;) Jyz +fy+1 \/;(1+\/;+\/;)
A= ! + \/; + \/;
\/;+1+\/y7 \/;+\/;+1 1+\/;+\/;

A_1+\/;+\/;_1
_\/;+1+\/;_ '

Vi du 8: Tinh gia trj biéu thurc:

A=

1 1

1
= + +ot ;
1442 2+ J2024 ++/2025

1 1 1 1

= + + ot .
Ja+J7 J7+010 J10+413 V3022 +/3025

Giai

a) A

b) T

Tim cdch gidi. Bai todn nay khong thé quy dong mau thirc d€ thue hién. Quan sat bai toan ta nhan
thdy mdi bidu thikc 1a mot day cac phan thiic viét theo quy luat. Mgt khac quan st cac thanh phan
trong can ta co: 2-1=3-2=..=3025-3024(=1) ¢ biéu thicc A, con ¢ biéu thic B la:
7-4=10-7=..=3025-3022 (=3). Do vay, chung ta nghi t6i viéc truc can thtic 6 mAu nhim dua
vé mau thtec chung 1a 18 tu nhién.

Trinh bay loi giai



_V2-1 B3N 0I5 -V20 | e

a) A
2-1 3-2 2015-2014
b)T_«ﬁ—x/Z+\/E—\ﬁ+\/B—\/E+ , /3025 /3022
7-4 10-7 13-10  ~ 3025-3022
_3025-4/4 55-2 53
3 3 37

Vi du 9: Chitng minh réng:

1 1 1 1 9
+ + +...+ >—.
V143 547 o+ J97 4499 4
Gidi

Tim cdch giai. Thoang nhin qua bai toan cling ¢6 quy luat nhw vi du trén. Song thuc hién tuwong tw
ngay thi khong thanh cong boi ching khong khtr lién tiép dugc. Van dinh hudng do, ching ta
nghi t6i ki thuat lam trdi d€ sau khi truc can thiee c6 thé khir lién tiép dwgc. Do vay, chung ta cd
hai cach giai sau:
Trinh bay loi giai

1 1

1 1
NN N N NI TN TN )

1 1 1

1
s 140 a3 g 4ol

e Taco: A>B=>24>A+B

Cdach 1. bat 4=

va B=

1 1 1 1

1
NP RN TN N N N N F RN TSN o7}
BT 5B V-5 BT \101-V%9

e Xét A+B=

< A+B=
3-1 5-3 7-5 9_7 101-99
Jiol=+v1 +100-1 9
<> A+B= 5 > 5 —E.

Ma 24> A+B=24> % < A> % biéu phai chitng minh.

1 1 1

1
NN NN RN FN TN TN 1T}
5T OB T 0BT

5-1 9-5 11-9 7 101-97
_N101-41 V10019

A == . biéu phai chitng minh.
4 4 4

Cach 2. Taco: A>

= A4




C. Bai tap van dung

3.1. Truc can thtrc & mau:

1 . 15 .
REFNFEN- PNk ®) 16— V20 + Va0 5+ J50
2310

Q) —r—Fr.
NN
Huéng dan giai — dap s6

1 1
a) Ta co: =

(2+\/§)+\/§(2+\B) (2+\/§)(1+\/§)

= =(2-5)(1-+2).

(4-5)(1-2)
b) 15 15 s
V10225 4210 45 +45 3104345 V10 ++/5
SW05) o
10-5
o IO T) 2002S)_ e
TR
3.2. Rat gon biéu thuic:
(G ) e
VISR L2 C+B 2 B
VB3+V2 342 2 6 2B

Huwéng dan giai - dap s6

- I I
a) Ta cb: A= 32 _

\/5(«5—\/5)+\/§(\/§+\/§) 3-J6+6+2 5

b) Ta co: B—\/4+2\/§. \/4+2\/§ —i_,_@
22 | 22 Ve 246

g3+l \/§+1_i+@j
S22 V2 Ve 246

_\/§+1. (\/§+1).\/§—4+\/§+1]

B

RN 2.6



B_ﬁ+l.3+ﬁ—4+\@+l
22 276

p_N3+1.2V3 3+12V6 341
22 206 22 23 2
3445 345
VI0++4/3++/5 V1044345

Huéng dan giai — dap s6
Wi 330
25464245 25446245

~ 3244100 3v2-410
254541 254451

324410 3v2-410
3541 351

(57 T8 1) {5} (35 41
(3v5-1)(3v5+1)

_9V10-3v2+15v2 =110 - 9410 - 3v2 + 152 +4/10

3.3. Rt gon biéu thire: P =

Ta cod: P=

P

P=

P
45-1
20262
44 1
3.4. Thuec hién phép tinh:
a)A=;+ 175 -242; b)B:\/ 3-2V2 —\/3”‘5 .
V847 17-1242 \17+1242

Huéng dan giai — dap s6
a) A= ‘/gg_fwﬁ—zﬁ:ﬁ—x/ﬂsﬁ—z\/i.
A=a4[7

b)B—\/ 3-2\2 _\/ 39242 [3-22 [ 34242
No—12v2+8 \9+12V2+8 (3_2\/5)2 (3+2x5)2

T (]



1 1
B

:\/5—1_\/5—1-1
V2+1-(v2-1)
= B= =
2-1

3.5. Rut gon biéu thic: B =

V2431 N2-V3( V3 3 ) 1
2++/6 206 \2-V6 2+46) 2
Huwéng dan giai - dap s6

Ta co:

| (EeB1)(2-6) (VE-VE)G B(246)+3(2-46) 3
4-6 2.6 4-6 2

5 2«/5—2\/§+2\/§—3\/§—2+\/€+(*/5—J§)-\/g B4 2
-2 2.6 ) 2

i _ﬁ_2+\/g+(ﬁ—ﬁ).3ﬁ_£
2

-2 -6

B

po2r2-6 (B-V2)V2 5
2 2 2

V242646 -2-2

2

B=

B=0.

3.6. Rut gon biéu thic:

a) A=

2+4/3 2-3
b) T:\/z_\/5+\/2+\/§.

Huéng dan giai — dap s6

J2-42+43 +ﬁ+\/2—\@
2-(2+43)  2-(2-3)

_N22443 V2442-43

1 1
V2442443 +x/5—x/2—\/§

a) Taco: 4=

TR 5
A_\/2+\/§+\/2—\/§ 4123 +4-243
- J3 B J6

\/(x@n)z +\/(ﬁ—1)2 B3l 23 5

A= = 2

% NN




b) Ta c6: T—\/<2+ﬁ)2 +\/(2\/§)2

4-3 4-3
S:2+\/§+2—\E
S=4.
3.7.Cho A= 3+45 va B= 345 Tinh 4’ -B°.

4+\/2(3+\E) 4—\/2(3—
(Thi hoc sinh gioi Todn I6p 9, tinh Gia Lai, nam hoc 2007 —2008)

Huéng dan giai — dap s6

3445 3445 _3+\/§_<3+\B>(5_*6)

Taco: 4= = = =
44+6+245 4+5+1 5+45 25-5
L 15-3545V5-5 10425 5445
20 20 10
, 3- J_ 3-5 345 [3-35)(5+45)
Taco: B= = = =
4- \/2 _(\B_1) 5-5 25-5
B_15+3£—5£—5_10—2ﬁ_5—\5
20 20 10
_ 5+5)(5-+5
Suyra:A—stJM/g—5 \/gzﬁ;A.B:( >( ):l
10 10 5 10.10 5
Tacé: 4>~ B’ =(A-B) +34B(4-B)= J_ l-£=i‘l/§.
5 55 25
3.8. Xac dinh a, b bidt: — > — a7+ b1,

NN 4f+2f

Huwéng dan giai - dap s6

13(37 -V11) 17.(447 - 2411
07-11 167411
13(37 =11) 17(47-211)

_l_
52 4.17

SR RN N

4 4

Xét vé trai:

Dong nhat hai vé ta dwgc: a = %;b = —% )



Chting minh rang x—_i =122 -17.
x+

3.9. Cho =2.V6i |f <L x#0.

Huéng dan giai — dap s6

\/1+x+\/1—x2 2,1
( ):ﬁ©1+x+21 x°+1 x:\/f

Ta co:
1+x—(1—x) 2x
DKXD: x#0
[ _ 2
<:>2+22¢=\/§<:>1+\/1—x2 =\/§.x
X
ol-x =J2.x-1.
Binh phuong hai vé, ta duoc: 1-x* =2x" = 242.x+1 < 3x =242x = 0.
Vi x#0 nén 3x—2\6=0:>x=¥.
2\/5 2
o 2 (242-3 _
i X713 _222 3:( ):8 12\E+9:12\5_17_
x+1 zﬁH 2243 8—9 -1
3
biéu phai chitng minh.
3.10. Tinh gi4 tri biéu thi'c M =x’ —6x" +x tai x = 3442 :
221

Huwéng dan giai - dap s6

(3+\5)(2\5+1): 7€+7 _Fa

2
8—-1

Ta cod: x=

Sx=12+1=x*=3+22

Ta cé: x° = x.x° :(\/§+1)(3+2\/§)=5\/§+7
x* =’ =(3+242)(5V2+7) = 29v2 + 41
Thay vao biéu thiec M ta co:

M=29ﬁ+41—6(5ﬁ+7)+ﬁ+1:>M=0.



3.11. Cho biéu thic: M = 2. Lo, 1 2
3 2/x +1 2Jx-1) | ¥+l
1+ 1+
BRG] 3o
a) Rat gon M;

b) Tim gia tri I6n nhat cua M.
Huwéng dan giai - dap s6

3 3 2020
+

3+(2J§+1)2 3+(2J§—1)2 x+l

2 3 .\ 3 }2020
37 3+4x+4Vx+1 3+4x—4/x+1

a) Tacoé: M :%

Tx+1

Cx+1

2 3 .3 } 2020
3 dx+4Jx+4 dx—4aJx+4

M =

gg( Lo, 1 ]2020
374 x+/x+1 x—+/x+1

x=x +1+x+/x+1 2020
20 (x#l)=x xHl

Tx+1

1 2x+2 2020

M =—.— .

2 x +x+1 x+1
2020

M=2—TXD x=>0.
x +x+1

b) Tacod: x> +x+1>1.Vi x>0

2020 < 2020 5020

X +x+1 1

nén M =

Vay gia tri 16n nhat caa M la 2020 khi x=0.

2 3 5x-7 ) 2Wa43
Jx=2 2Jdx+1 2x-3Jx—=2) 3x—6x

3.12. Cho biéu thic 4= [ (x>0;x#4)

a) Rat gon A.
b) Tim x d€ 4=2x 1.
(Tuyéh sinh lop 10 chuyén, DHSP, TP. H6 Chi Minh, nam hgc 2015 —2016)

Huwéng dan giai - dap s6



22V +1)+3(Vx =2)=5Vx +7 35y
(\/;—2)(2\/;+1) " 2x+3

a) Tacod: 4=

x4 243Vx —6-5Vx 47 3x (Vx-2)
o (Ve2)(2dx 1) 2Vl

or+3 Wr(Vr-2) 50y

A= =

(\/E—z)(z\/}ﬂ)' 2Wx+3  2Jx+l

by =21 = 2 (24T (24513

@4x—3\/§—1=0@(\/§—1)(4\/§+1)=0

< +Jx =1 x =1, thudc tap xac dinh.
Vay v6i x=1 thi 4=2x-1.

3.13. Cho cac s6 duong x, y, z thoa man diéu kién xyz=4.

Jx Jy 2z ,
.Tinh VP
Toedis et Tmeadres TP

Huwéng dan giai - dap s6

bat: P=

Thay 2 =+/4 = \[xyz vao biéu thiic P, ta c6:

P S e
\/E+\/;+\/@ \/;+\/;+1 \/5+\/x72.\/;+ xyz
. Jx b Joryz

=\/}(\/;+1+\/;)+\/;+\/;+1+\/;(1+\/;+\/;)

P= ! + \/; + \/;
\/;+l+\/;z \/;z+1 1+\/;+\/;

pzﬂzljﬁzl_
\/;+1+\/y7

3.14. Cho biéu thttc P =

\/n+1—1+\/n+1+3_ n—~n+1+7
Nn+l+1 ~n+1-3 n-2Vn+1-2

voi neN;n#8.

a) Rut gon biéu thire: O = voi ne N;n=38.

P
n+3vn+1+1

b) Tim tat ca cic gia tri n(neN;n#8) sao cho P la s& nguyén t6.



(Thi hoc sinh gioi I6p 9, TP. Da Ning, ndm hoc 2012 —2013)
Huwéng dan giai - dap s6
bat Vn+1=x khi d6 biéu thirc P c6 dang:

x—=1 x+3 x*—x+6
= +

P +—
x+1 x-3 x"—-2x-3

3 ()c—l)(x—3)+()c+1)(x+3)—x2 +x—06
- (x+1)(x-3)
:x2—4x+3+x2+4x+3—x2+x—6

(x+1)(x-3)

X +x 3 x(x+1) X

(x+1)(x=3) (x+1)(x-3) x-3

1 1
(% +3x) = =
(x " x) x-3 x(x+3) x* =9

a) Dodo Q0=

X

x—3

]
n+1-9 n-8°

Suyra Q0=

A , N Vn+1
Theo cau a, ta c6 P=L nén P= "

x—3 Vvrn+1-3

3 4 4 . 4
P=1+——, P la sO6 nguyén t0 nén P phai la sO nguyén duwong.
13 guy p guy g
:éeNzx/n+l—3eU(3)

Vvn+1-3

Jnil—3 1 3
vn+1 4 6

n 15 35

Tht lai, véi n=15 thi P=4 1a hop s0 (loai);
voi n=35 thi P=2 lasd nguyén t0 (thdéa man)
Vay véi n=35 thi P=2 la s nguyén to.
3.15. Cho x,y,z>0 va khac nhau d6i mot. Chitng minh rang gia tri ca biéu thiec P khong phu
thudc vao vi tri cua cac bién.

P= al + Y + z

=R TR ) e RI—0)




Huwéng dan giai - dap s6
o5 )y (4 E) (474
(BT I
o E) s
B
o EE o) iz ()
B0 —)
()
(BN
= P =1. Vay biéu thirc P khdong phu thudc vao vi tri cua cac bién.

fh el |4

3.16. Cho biéu thittc: P=
[x y+y\/— x\/_ y\/_ xX+y x-—y

Chtrng minh réng P lu6én nhan gid tri nguyén véi moi x,y théoa man diéu kién: x>0, y >0 va

Taco: P=

P=

X#Yy.
Huwéng dan giai - dap s6
Ta co: P= x =y Jx+ly x\/E_ 2y
) -] e s

2 2
R R
Va (x-) x+y x-y
x=2 xy+y+x+2\/5+y x\/g 2y
P= . -
Vay (x-y) ¥+y x-y
_ x+y x\/_ 2y
Vo (x-y) x+y x-y

2x 2y

X=y Xx=y

P=

= 2. biéu phai chttng minh.

241 J( 3 +2\/}+5]
\/)73—1 x+dx+1) (Jx-1  1-x

P=

3.17. Cho biéu thttc: P :L

a) Rut gon biéu thic P.



b) Tinh gia tri cia P khi x = 8

3-45
¢) Tim x dé P c6 gia tri 12 s6 tw nhién.
d) Tim x d&& P<-1.
Huéng dan giai - dap s6
2x+1-x (Vx -1} .3(\/§+1)—2\/§—5
(Vr=1)(x+x+1) (Vr=1)(vx+1)

2x+1-x+/x ] Jx-2

a) Taco: P=

T ) ()
P X++x+1 (\/; 1)( )
(\/;—1)(x+ x+1) Jx -2
Jx +1 50 uh ca
P:\/;_Z.DKXD.x_O va x#4.
-4

b) x=— L =6+2V5=(V5 +1) = Vx=5+1 thuoc TXD.

Thay vao biéu thic P, ta c6:

5+1+1 542 (\E+2)(\B+1)_7+3«E.

P= =
J5+1-2 51 5-1 4
¢) Ta c6: 13:1+\/_3 ~. D& P c6 gid triIa s5 tu nhién thi Vr~2€U(3) va x>2,
x_

Tt d6 ta co bang gia tri sau:
Jx =2 1 3
NP 3 5
X 9 25

Két hop voi tap xac dinh, v6i x €{9;25} thi P nhan gid tri 1a s6 tu nhién.

Jx+1 2Jx -1

d) P<-l1&P+1<0=>——+1<0& <0

Ji-2 Jx-2
= 2Jx =1 va /x -2 khac dau.

Mt khac, ta cd Vx -2 </x —1<2/x -1



\/;_2<0 x<4

Do dé: = 1
{2\/5—1>0 x¥>7

Két hgp voi tap xac dinh, ta co: S = {x/% <x< 4} th1 P<-1.

(=) + 2y e
xx+y\/7 x-y

3.18. Rat gon biéu thac: P =
Voi x>0, y>0, x#y.
Huéng dan giai — dap s6

Ta co:

x\/_ 3x\/;+3y\/_ y y+2x\/_+y\/_ 3\/;(\/;_\/;)
Wy )

3x/x - 3xﬁ+3y\f 3y
wrily  Nx+y

p lr)
o] Voo

P Jx 3y 3\/§+3\/_
f+f ety Aty

3.19. Chting minh rang néu a, b, ¢ 1a cac s§ duong théa man a+c = 2b thi ta ludn co:

P=

1 1 2

Ja b Jb+ve Jaie

Huwéng dan giai - dap s6

Twr gia thiét, suy ra a—b=b—c

| Jab e Vave
c a—>b

Xét vé trai:

+

1
Jaidb Jbide a-b  be

_a—+e 2(\/5— C): 2
at+c a—c \/E+\/E.

2

V& trai = V€ phai. Diéu phai chttng minh.
1 1 1

3.20. Chting minh rang: ! + + .ot >4
S S 2 Biva 5ee 79480




(Tuyén sinh l6p 10, THPT chuyén DHSP Ha N§i, niam hoc 2011 —2012)
Huwéng dan giai - dap s6

1 1

1 1
JIe2 Bavd 5is 79 +4k0

1 1

1 1
i3 a5 Yo7 Js0+481

e Taco: A>B=>24>A+B

Cdach 1. bat 4=

bat B=

1 1 1

1 1
N N N RN T A 7Y N (TN
VT B2 i\ 5o, BT RO

2-1 3-2 4-3 5-4 7 81-80
& A+ B=+/81-1=8

Ma 24> A+ B =24 >8= A>4.Diéu phai chttng minh.

e Xét A+B=

< A+B=

1 1

1 1
N RN Y N SN RN I 7]
Bl 5B V75, BV

Cach 2. Taco: A>

= 4>
3-1 5-3 7-5 81-79
A >M=4. biéu phai chitng minh.
3.21. Cho day s qa;;a,;...;a, thbaman g, =1 va a,,, = \/§+a” voi n=1;2;3....
1—\/5.61”
Huéng dan giai — dap s6
faBra,
Tacd: a - — 1—\/§an _\/§—3an+\/§+an
o \/§.<\/§+an) 1—\/§an—3—\/§an
-\ ")
1—\/§an
2\/5_26111 \/g_an
:an+2 = = :
—2-23a, -1-+f3a,
NPk
, —-1- fan —\/§—3an+ 3-a,
Ta co: a =

n+3:1 \/g(\/g_an) _1_\/§an—3+\/§an

—1—\/§an

Tinh a,,, .



—4a,
=a,.
—4

:>an+3 =
T dosuyra g, =a,=a, =...=ayy,. VAY ayy =1.

3.22. Cho s0 thue a >0 thoa man a—l=\/2+L.

a Ja
Chting minh rang: a 1 J5
a
Huwéng dan giai - dap s6

Tir gia thiét {JL\EJ[@_\/S{\/L\E]

:ﬁ—\ﬁzl@a—ﬁ—le@a—\/EJr%—%:O
a

@[ﬁ—l_ﬁ][ﬁ+#}o

2

Nhdn xét: Vi Ja >0 nén \/7=1_2\/§ <0 loai, suy ra \/;=%.

, [ -1 2 -1 2(¥5+1) 5o 5
a 2 51 2 5-1 2

Ny , 1 1
Teddétacd: a——=+a+—

a Ja

= /5 . Biéu phai chitng minh.



Chuyén dé 4. CAN BAC BA, CAN BACn
A. Kién thitc cin nhé
1. Can bac ba
a) Dinh nghia: Can bac ba cia mot sd a, ki hiéu Ya, 1488 x sao cho x* =a
* Cho aeR,%/iszf z(i/;f =a
* Mdi s6 thuc a déu c6 duy nhat mot can bac ba.
« Néu a>0 thi Ja >0
* Néu ¢ =0 thi /a =0
« Néu a<0 thi J/a <0
b) Tinh chat
ca<0sla<b

oo e N
J%‘%(b g

c) Cdc phép bién d6i can bdc ba
- 4/B=4B
- 4B =4YB
- i/%=%@(3¢0)
1 _%/E¢3/E+i/?

. = (AFB)

Ja+iB A+B

2. Can bacn

a) Dinh nghia: Cho aeR va neN;n>2. Can bac n ctia a 1a mot s6 ma lay thira bac n ctia ndé béng a.
* Triong hop n 1é (n=2k+1; k eN)

Mai s8 thue a déu c6 mot can bac 1é duy nhat: *Va =x < x**' =

a
Néu a>0 thi *Va >0
Néu a=0 thi *¥aq =0
Néu a <0 thi *Vaq <0

* Truong hop 11 chin (n=2k; k eN)



M>i s6 thue a >0 déu c6 hai cin bac chin d6i nhau. Cin bac chin duong ki hiéu 1a ¥/a (goi la cin
bac 2k s6 hoc ctia a), can bac chan am ki hiéu 1a ~%[q

¥Ha=xex20 va x* =a

Ha=xox<0vax*=a

Moi s6 a <0 déu khong cé cin bac chan.

b) Tinh chit ciia ciin bic n (n e N;n >2.)

fam = 4 (1)(A20,k,meN*)

'\"/ﬁ=m\"/2 (2)(A20,meN,m22)
Y4B =4/44B (3)(420,8>0)
@

ngz (4)(420,8>0)

@
(@)m =A4" (5)(A>0,meN*)

Ung dung:

- Cong thic (1 ) dung dé ha bac mét can thiee hodc quy dong chi s6 cac can thic.

- Cong thic (2) dung dé khai can mot can thic.

- Cong thirc (3) dung dé€ khai can mot tich, nhan cac can thire cung chi s6, dé dwa mot thira s6 ra
ngoai hodc vao trong ddu can.

- Cong thtic (4) dung dé khai can mot thuong va chia cac can thitc cing chi s, d&&€ khit mau cua
biéu thirc 1dy can.

- Cong thiic (5) dung dé nang mot can thirc 1én mot lay thira.

B. Mot s6 vi du

Vi du 1: Thyec hién phép tinh:

a) /54 :32

b) I8+37 3/8-+37

Giai
Tim cach giai. D€ thuc hién phép tinh nhan can bac 3 ta st dung tinh chat Jai/B=34B
Trinh bay 10i giai

a) Y54:32=354:2=327=3



b) Y8+37.8-37 =g/(8+\/§)(8—\/§)
=364-37 =327 =3

Vi du 2: Rit gon A=326+15v3 +326-153

Giai
Tim cach gidi. D€ rut gon biéu thitc ¢6 dang a + bJe ta viét bicu thiec dudi dang: 3 (\/; + y)3 , ta
chti y t6i hang dang thuc:
(\/;iyf = x\/;i3xy+3y2\/;iy3
Do vay ta x4c dinh x va y thong qua 3xy+y* =a; x+3y”> =b, nhung lvu y x =c chang han
26 +15+/3 ta chon x va y theo 3xy+y* =26; x+3y> =15 va x=3 suy ra: y=2.
Trinh bay 16i giai:
Tac6: A=3Y8+1243 +18+33 +3/8—123 +18—33
=3(2443) +(2-V3) =2+ 325 =4

Vi du 3: Rat gon B=i/l+@+i/l—@

9

Giai

3
Tim céch gidi. Bai nay thd vi va khé hon vi du trudc, khong thé dwa vé dang {l(vx+y) . Do d6,

d€ tinh gia tri bi€u thitc c6 dang B = \/ a+~b+ \/ a—~/b chiing ta nghi téi viéc 1ap phwong hai vé va
stt dung hing déng thitc(x+y) =x*+y* +3xy(x+y) sau d6 phan tich da thitc thanh nhan ti r6i
tim B.

Trinh bay 10i giai

Ap dung hing dang thtic (a+b)’ =a’ +b* +3ab(a+b) ta co:

EpUm R G Gl

B’ —1+—+1——
9

B’ :2+3B.3/1—% =2—-B

B'+B-2=0<(B-1)(B*+B+2)=0 ma B> +B+2>0




Suyra B=1.
, biét:
V26+153.(2-3)
X =
3/9++/80 +3/9-+/30

Giai

Vi du 4: Hay tinh gia tri biéu thitc: 0 =(3x’ —x" -1

)2020

Tim cach giai. Ban chdt cta bai toan la rat gon x. Quan sat bi€u thitc x, ching ta nhan thay trudc

hét can rat gon cin bac ba ¢ ti thitc va mau thiec trude. Bang kj thuat ctia hai vi du trén, chiing ta

bién d6i /26 +15+/3 bing cach dua vé hang déng thic liiy thita bac ba; dong thoi dit

a= 3/9+\/% +3/9—\/% va xac dinh a. Sau d6 xac dinh x.
Trinh bay 10i giai
Xét a=i/9+\/@+i/9—@

& @' =9+80+9-80 +33/(9+80) (9- 50 ).
< a’=18+33/81-80.a

o a’ =18+3a<a’ -3a-18=0
©d -27-3a+9=0<(a-3)(a’ +3a+6)=0

2
Ta cé a2+3a+6:(a+%j +%>0 nén a-3=0<a=3

P33+18+1243+8.(2-43) } (\@+2)3 (2-+3)
Do d6 x= 3 = 3

(\/§+2)(2—\/§) 4-3 1

X = = =

3 3 3

A 1 1 2020 2020
Vay 0=|3.———-1| =(-1)" =1

279
Vi du 5: Rt gon bicu thic: 0 = 10/%(1 9+6310)3332 -245
Gidi

Tim cach giai. Nhan thay rang day la nhan hai cin thitc khong cing bac. Do vay ching ta can

phai dwa vé cung bac. Dé thay 10=5.2, do vay chung ta c6 thé dwa can bdc 10 vé can bac 5 dua



theo cong thire: ¥/ 4> = §f|4]. V6i cach suy luén d6, ching ta bién doi %(19 +61/10) vé dang binh

phueong ctia mot biéu thirc

Trinh bay 10i giai

Tacod Q=19 %(38+12\/ﬁ).\5/3«/§—2\/§

0= 10%(3\/%2\/5)2 32-205
0=: %(3\5+2\B).€/3\E—2\B = i/%(yﬁuﬁ)(%ﬁ—zﬁ)

Q=5%(18—20)=3/——1:—1

2 1

a4 2 I+—=+—

Vi du 6: Tinh gia tri bi€u thiee: T = ikl \/§+1+\/E - V2 2
-2 42 1++2

Giai
Tim cach giai. Bai toan nay c6 nhiéu yéu td gidng nhau, do vay chiing ta c6 thé dit bién méi nham
dua vé bai todn don gian hon. Vi cach suy luan &y ching ta dit 42 =a (cin nho nhat) thi
a* =2;44 = a®> = 2. Tir &6 chiing ta c6 16i giai sau:
Trinh bay 10i giai
Dat ¥2=a thi a* =244 =a> = /2.

21+ 2 +
az—a+l+a2j a a

l—a a

Khi d6 Tz[

Vay T'=0

C. Bai tap van dung

4.1.Ch0biéhth1’rcP:[ x—1 +x+8]:[ Nx—-1+1 1 ]

3+\/x—1 10—x x—3\/x—1—1_\/x—1

a) Rut gon biéu thiec P.

b) Tinh gid tri ctia P khi x:</3+2\/§ §/3_2ﬁ

3-22 \3+242



(Thi hoc sinh gioi lop 9, tinh Thanh Héa, nam hoc 2011-2012)
Huwéng dan giai - dap s6

bat Vx—1=a biéu thic P c6 dang;:

P:( a +a2+9j( 3a+1 _l)
3+a 9-a* ) \a*-3a a
a(3—a)+a2+9_3a+1—(a+3)
(3+a)(3—a)' a(a—3)
~3a-d’+ad’+9 3a+l-a+3
- (3+a)(3—a) ' a(a—3)
3a+9 2a+4
(3+a)(3-a) a(a-3)
_ 3(a+3) a(a-3)
T (B+a)3-a) 2(a+2)
—3a
2(a+2)

—3Vx-1

Vay P=— X"

2(\/ﬁ+2)

P=

b) Ta co: x=4

(\/5”)2_ (v2-1) _\/\/EH_\/x/E—l
(ﬁ_l)z NG V2-1 N2+

I T e

2-1 2-1

N
2(V2-1+2) 23 2

Vay P=

4.2. Tinh gia tri ctia biéu thixc

a) B=(x"+12x-9)", biét x= g/4(¢§+1) —§/4(J§—1)

2 3 2 3
b) C=x’+ax+b, biét x=i/—2+‘/b—+a— +\/—é+,/b—+a—
2 4 27 2 4 27

Huéng dan giai — dap s6
a) Xét x* = 4(J§+1)—4(J§—1)—3.g/4(d§+1).4(J§—1).x

X=8-12x=>x+12x-9=1

Véy B — 12020 — 1



2 3 2 3 3 2 3
b) Xét x* ———+ b— b b ,/b— b—+3 + L b b_+a_ X
4 27 2 V4 27 4 27 2 V4 27

2 2 3
PR AN

4 4 27
X=-b-ax=>x+ax+b=0
Vay C=0

1
J2 -1

4.3. Hay tinh gia tri cia biéu thtrc: P=x" +3x+2 v6i x=3~/2-1 -

Huwéng dan giai - dap s6

=3/x/5—1—i/\/§+1

, 1
Tacod x =32 - —m

Xét x* =21 \F+1 3\/ \f+1)

=2-3x=>x+3x+2=0

Vay P=0

2020

4.4. Hay tinh gid trj ctia biéu thiee: T = (3x3 +8x— 2) , biét

= NP5 )
J5+414-645

Huwéng dan giai - dap s6

_5v5-30+125-8
J5+49-6y5+5 (5+2)

V eS V5+2)= V52 V5
\/_+ + N \/,( 5+2)
-4 —

Tacod x

x=— -
3 3

1 1 2020
2020
Suy ra T:(3.2—7+8.§—2j =(-1)" =1

45. Cho x, y thoa man x =3y —[y? +1+3/y++[y> +1. Tinh gia tri ctia biéu thiic:
A=x'+xXy+3x> +xy -2y +1

Huéng dan giai — dap s6



Xét x’ =y— y2+l+y+\/y2+1+3.i/(y—\/y2+1)(y+\/y2+1).x
¥ =2y+331y -y -1x
¥ =2y-3x=x +3x—2y:0(*)

A=x"+3x" =2xp+xX’y+3xy-2y" +1
Ta co 5 ,
A:x(x +3x—2y)+y(x +3x—2y)+1

Két hgp voi (*) suy ra 4=1

s (\/5—1)\3/10+6«/§

4.6. Tinh gid tri biéu thirc P = (x2 + 4x—2) , VOi x =
V214445 +3
(Tuyén sinh I6p 10, chuyén Bic Ninh, ndm hoc 2013-2014)

Huwéng dan giai - dap s6
(\/5—1)%/3\/§+9+3\/§+1 ~ (\/5—1).3 (\/§+1)3

20+4+/5+1+3 /(2\/§+1)2+3

(\5—1)-(\5“)_ 3-1 1 -2
245 +1+3 2W5+4 5+2 1
o x+2=/5x+4x+4=5=>x" +4x=1

X =

Tacd x=

2013

Vay P=(1-2)""=-1

4.7. Cho a>0;a #1. Rat gon biéu thirc:

S =642 320 +14v2 +3/(a+3)Va -3a-1 :[zaf_iz—q

(Tuyén sinh vao lop 10, THPT chuyén DHSP Ha N§i, nam hoc 2015-2016)
Huwéng dan giai - dap s6

Ta co

S=4—aJ2+238+1242 +12+ 242 +3ava -3a+3a -1 :[*/;2“—1}

5= 2] 2] +{f[da) etz

2
S:(z—\/i).(2+\/§)+(\/2—1).\/52_1
S=4-242-4

4.8. Tinh gid tri bidu thirc: P=—% 3972 b

a’—4a’> +5a-2



a =355+/3024 +3/55-/3024.
(Thi hoc sinh gioi Toan lop 9, tinh Phii Tho, nam hoc 2013-2014)

Huéng dan giai — dap s6

Xét @ =55+/3024 +55—~/3024 +3§/(55 + \/3024)(55 —\/3024).a

@’ =110+33/3025-3024.a < a’—3a-110=0

< a’-125-3a+15=0
<:>(a—5)(a2+5a+25)—3(a—5)20
& (a-5)(a’ +5a+22)=0

2
Nhan xeét: a2+5a+22=(a+§] +%>0 nén a-5=0=a=5

5-3.5+2 _H2 7
5$-45+55-2 48 3

Tedésuyra P=

4.9. Rit gon bidu thirc: T = (é/7+m —‘\‘/28—16\/5).(‘/7+m —J5-26
Huwéng dan giai - dap s6

Ta c6 T:(\4/4+4\/§+3—4‘ /4(4—4\/§+3)j.‘\‘/4+4\/§+3—\/3—2\/€+2

S (R O e N e
- (V235 - (2= 5) ]2 4B - (V5 -2)
T—\/? \/2 B)(2+43)-(3-+2)

T=2+3-2-3+V2=2

4.10. Tinh gia tri cua biéu thite: M =

10 1++/2 _\/§+1
Po -6 +3/47| Ja—23 N2-1

Huwéng dan giai - dap s6

10(33+32) { 12 V2- 1]
(B+32)(Vo-6+34) | 3-23+1 V3+1

Tacd M =




v 10(3/5”/5).{1%/5 \/5—1}

3+2 B-13+1
M =2(B+32). 22
3-1
M=33+2

4.11. Truc cin théc 6 mau:

1 15
a b
)%/16+%/12+%@ ){‘/§+{‘/Z+{‘/§+\4/16

Huéng dan giai — dap s6

R ey T R R e R
15 1548 (1-42)

Y BT ) AR(1 )1 02+ Y )
_15(</§—2)_15(2—<‘/§)

2(1-2) 2

4.12. Lam phép tinh:
a) 142 43-242 b) {9+4532-+5
) V23— 42 Y44 1166

Huéng din giai - dap s6
a) %/1+\E.€/3—2\E=%/1+ﬁ.mzm.%/ﬁ7—:%/ﬁ=1
b) 8/9+4J§.%/2—J§:W.%/z—\/_:%/\/?u.é/z—ﬁ:%/rz—l
Q) Y23 - 42 Yaa 1166 =323 — 42 (2\/§+4J§)2

=Y23-42 323 +42
=343-16.2 =3-20=-320

4.13. Chiing minh gi4 tri ctia biéu thiic sau khong phu thudc vao gia tri cua bién

Q—BV20+14‘5"/64\5%3/(“3)\/5361le(aT_il)H]



Huwéng dan giai - dap s6

Ta co:

%%/20+14\E.J6—4I =%i/2\/§+12+12\/§+8.\/4—4\/§+2
22 - B) =L (VB 2) (2 B) =L a-2) =

Ta c6: f(a+3)Va—3a-1=Yava —3a+3va-1=3(Va-1] =Va-1
a-1 Ja-1 . a+l

Ta co: +1= +1

2(Va+1) 2 2
Ja+
SuyraQ( 2(\/; )j 21
\/ZH_\/ZH_
0= R =1

4.14. Chting minh rang néu ax’ =by* =cz* va l+ 1 +l =1 thi:
X y z

Voo ve = a+ b+

Huwéng dan giai - dap s6

ko, k. k

Dat ax’ =by* =cz’ =k, suyra a=—;

=
<
N

Xét 3ax* +by* +cz° —i/ix +iy +iz
X y? z’

‘F”k(—+— —) V()
Xét%ﬂ;+iﬁ?+ﬂ2:=dgg;%#gg;F#g;

LRSI 3/;(1+l+1J=%/E(2)

Xy
Tt (1) va (2) suy ra diéu phai chirtng minh
4.15. Chttng minh rang néu: \/x2 3ty + \/y2 +33*y* =a thi:

Huéng dan giai — dap s6




T \/x2+i/ﬁ+\/y2+i/ﬁ:a,b‘mhphuongZVé', ta co:
x2+3x4y2+y2+3x2y4+2\/(x2+3x4y2)(y2+3x2y4):a2
®x2+W+yz+W+2\/x2y2+3x4y8+3x8y4+x2y2:a2
<:>x2+W+y2+{/x2y4 +2\/§/x8y4 +2x°y* +3x*y® =a’
<:>x2+3x4y2+yz+3xzy“+2\/(2/ﬁ+{/ﬁ)2 =a’
<:>x2+W+y2+{/x2y4+2({/x4y2+i/x2y4):a2

o X +H33xty 433yt vy =a?
<:>(3/x72+%/y72)3=az<:>3/x72+2/y72=%/af2

biéu phai chitng minh

4.16. Tinh gia tri cua biéu thirc:

2 1
I+——+——
{2020% —%/2020 1 ++/2020 \/ 72020 2020
1-3/2020 32020 1++/2020

Huwéng dan giai - dap s6

2

2
1
14— —
T ot 4 420204 2020—1) 1442020 | [ Jzozoj

1-4/2020 42020 1++/2020

1

) N PR
A= —42020+1+”2020J _ 2020

42020 142020

[ ~/2020 +1+ 42020 JZ (12020 +1):42020

2020 1++/2020

1 1
Jzozoj Jzozo Jzozo J2020

4.17. Cho x =1+3/3+3/9. Tinh gia tri biéu thic:
P=(x -3 - 6x—3)1945 +2020

Huéng dan giai — dap s6



Ta ¢6 x(%/§—1)=(2/§—1)(i/§+%/§+1):3-1:2
x3=x+2=3x =X +6x +12x+8 = x* —3x* —6x=4

Suy ra P =1"" +2020 = 2021

4.18. Rit gon biéu thc:
A=Uﬁ+2—M—ﬁj:(%ﬁ+7—#5&—7)
Huéng din gidi - dap s6
Ta cb: J\/§+2—mﬂ/§=\/\/§+2— (3v3-2) -3
=VV3+2-33+2-3=-1
Ta cé: f5v2+7-3s5v2-7 ={/(\E+1)3 —{/(\E—1)3

—V2+1-2+1=2

Dodé A=_1
2



Chuyén dé 5. BAT PANG THUC CO-SI
A. Kién thirc cin nho
Trong cac bai toan vé bat dang thikc va cuc tri thi bat dang thitc Co-si duge vi nhu vién kim cuong
béi tinh wru viét trong viéc ching minh cac bat dang thitc khac cling nhu tim cuc tri. Trong chrong
trinh THCS cht yéu 1a van dung bat dang thiic Co-si cho hai s8 khong am. Do vay trong chuyén
dé nay sé chi néu ting dung trong viéc giai cac bai toan bang viéc van dung bat dang thirc Co-si
cho hai s6 khong am.

e Bat dang thiic Co-si: cho hai s8 x, y khong am, ta c6:

x;yz\/g hoac \/53 x42-y

D&u bang chi xay ra khi x = .

Bat dang thitc Co-si con duoc goi 1a bat dang thiee vé trung binh cong va trung binh nhan (AM-
GM).

B. Mot s6 vi du

Vi du 1: Chttng minh réng véi moi sd duong 4, b, ¢, ta co:

4a+3b+5czz(\/%+2\/§+3\/£)

Déng thtic xay ra khi nao?
(Thi hoc sinh gioi Todn 9, tinh Gia Lai)
Giai
Tim cach giai. Nhan thay v& phai xuat hién v/ab + 2v/be +3+/ca, do vy rat tu nhién ching ta nghi
t6i viéc dung bat dang thirc Co-si. Van dé con lai 1a tach vé trai thanh nhitng hang ttt thich hop
nham khi van dung bat déng thirc Co-si thi lan lwot xuat hién cac hang tk v€ phai.
Trinh bay 10i giai
Ap dung bat dang thiec Co-si, ta co:
a+b22ab (1)
2b+2¢> 4be (2)
3a+3¢>6yca (3)
Twe (1), (2) va (3) cong vé vdi vé ta duoc:

4a+3b+5022(@+2\/§+3@)

Déng thitc xay rakhi a=b=c.



Vi du 2: Cho S =+/1.2019 ++/3.2017 ++/5.2015 +...++/2019.1. So sanh S v6i 1010
Gidi
Tim cach giai. Nhan thay cac hang t trong tong S, thi 1+2019=3+2017 =...=2019+1 va bang

2.1010. Nham xudt hién tdng gidng nhau d6 va ciing lién quan t6i s& 1010, chiing ta nghi téi viec

van dung bat ding thirc Co-si dang [xy < al er J

Trinh bay 10i giai

xX+y
2

1+2019 3+2017 5+2015 2019+1
Pt et

Ap dung bét déng thitc Co-si ta co: \xy <

Suyra S <

< §<1010+1010+1010+...+1010 < S <1010’

Vi du 3: Cho 4, b, c la cac s6 16n hon 1. Ching minh: ba + + >12

Gidi
Tim cach giai. Quan st bat dang thitc can chitng minh ta thay vé phai la tong ba hang tr dwong
c6 chita mau s6, con vé trai [a mot sd thue. Do vay ching ta can chon mot hang tt thich hop dé khi

van dung bat déng thirc Co-si khit mau cac hang t& vé€ trdi, Chéng han:

2 2
ba_l+a(b—1)22.,/ba_1.a(b—l) =4a\/;, va

chon a =4

Trinh bay 10i giai
Ap dung bat dang thiic co-si; ta co:

2 2

a a

4(b-1)=>2. A4(b-1)=4a(l
L a(b-1)2 2, 4(5-1) =4a(1)
b’ b’

4(c—-1)=>2. A(c—-1)=4b(2
L ra(em1)2 22 a(e-1) =40(2)
cZ 2

4(a-1)22. A(a-1)=4
o a(a-1)22, - A(a-1) =4e(3)

Tt (1), (2) va (3) cong v€ voi ve ta duoc:

2 2 2
@ b +4(a+b+c-3)=4(a+b+c)
b-1 c-1 a-1




biéu phai chitng minh

a
=4(b-1
<o
3 b2
Dang thire xay ra khi 1:4(0—1) Sa=b=2
c_
2
c
—4(a-1
——=4(a1)

Vi du 4: Cho g4, b 1a s6 thyc khong am théa man «® +5b° <2, hdy tim gid tri 16n nhat cta biéu thirc

M =a3b(a+2b)+b\[3a(b+2a).

Giai

Tim cach giai. Gia thiét 1a diéu kién lién quan cac bién v6i s6 mi 2, con biéu thitc M phan bién cd

chtra can. Nham bién ddi tir biéu thirc chira can téi biéu thic khdng c6 can va c6 s mi 2, ching ta

2 2
can ap dung bat ddng thirc Co-si dang [xy < x;y va xy <> -;y
Trinh bay 10i giai
Ap dung bat dang thitc Co-si ta co:

3b+a+2b a+5b

3b(a+2b) < 1
3a(b+2a)g3a+z+2a=5a2+b(2)
Tt (1) va (2) suy ra: M < a(a+5b) N b(5a+b)

2 2

2, p? *+b*+5(a’+b°
< +b +10ab£a 2(61 )
2

:3(a2+b2)
:>Ms3(a2+b2)£3.2:>M§6.

Déng thiic xay rakhi a=b=1.

Vay gia tri 16n nhat cua biéu thitce M1a 6 khi a=b=1.

Vi du 5: Cho hai s6 thuc duwong x, y thoa man: 4,353 Tim gia tri nho nhat caa biéu thirc
Xy

B= 8x+£+18y+l

x y

Giai



Tim cach giai. Quan sat ca gia thiét va két luan, hién nhién chung ta can tach phan biéu thic B ¢6
xuat hién bo phan cta gia thiét dé khai thac. Phan con lai ¢t cung bién ta nhém véi nhau dé van
dung bat dang thirc Co-si.

Trinh bay 10i giai

Ta co: B=(8x+gj+£18y+gJ+[i+ij
X y X y

Ap dung bat dang thirc Co-si ta dugc:

8x+£22 Sx.g=8(l)
X \  x
18y+£22 /18y.£:12(2)
Yy y

Mit khac tir gid thiét ta co ©+> > 23 (3)
Xy

Tt (1), (2) va (3) cOng vé vdi vé ta duoc:

B>8+12+23=43

8x:2
x
2 . . 2 1 1
Dang thttc xay ra khi 118y =— <:>x=§;y:§
i+£:23
I
A e 12 1Ny . . 1 1
Vay gia tri nhoé nhat cua B la 43 khi x:E; y:5

Vi du 6: Chting minh rang: 21(a+%j+3(b+lj280 vOi a>3;b>3.
a

Déng thttc xay ra khi nao?
Gidi
Tim cach giai. Thoang nhin qua, ching ta nghi ngay téi viéc dung bat dang thirc Co-si. Tuy nhién

s€ la sai Jam néu ching ta nhom va dung bat dang thirc Co-si nhu sau:

21a+%+3b+3=(21a+3]+(%+3b)z2\/21a.3+\/%.317 =1247
a

a a

Sai Tam thtt nhat 1a 12/7 <80, sai lam thit hai 1a khong ding véi diéu kiéna >3, > 3.



Do vay chung ta can tach va chon cac hang t thich hgp. Trudc hét du doan dau béng xay ra trong
bat dang thitc khi @ =3 va b =3. Sau d6 chon diém roi &€ khit mau o vé trai nhu sau:

3 3 , a N , 3 | R .
* ma+—2,/ma.— =2+3m, xac dinh m bang cach cho ma== va a=3 suy ra m =§. Tt do ta cd

a a a

céch téch 21a = 6§—“+%

21 21 :
. nb+?22,/nb.7 =2+/21n, xac dinh n bang cach cho nb:% va b=3 suyra n:;. Tir d6 ta co
céch tach 3p =22+ 12
33
Trinh bay 10i giai
Ta 6 v trai | Lh+22 |+ 242 )4 25+ 224
3 b 3 a) 3 3

Ap dung bat dang thikc C6 -si, ta co:

Tpe2lso 7520 1y
37 b 37 b

a . 3.,0a3_,

3 a 35

Ma a>3;b>3 nén 21(a+%)+3(b+lj214+2+§.3+%.3=80
a

D&u bang xay ra khi a=b=3

Vi du 7: Cho x; y; z 1a cac s6 duwong

Cht’rngminhréng\/ al +\/ J +\/ = 52
y+z zZ+Xx x+y

Giai

4 ’, X/ . 1 2
Ap dung bat dang thirc Co-si: x+y+z22,/x(y+z)=> >
puns & Y (y ) x(y+z) X+y+z

S a————)
y+z x+y+z

, 2
Tuong tu ta co: | Y > 2 (2)
X+z x+y+z

z S 2z (3)
\x+y x+y+z




z

Tix (1), (2) va (3) cong vé theo v&, ta duoc \/ al +\/ Y . \/ >2
y+z

z+X xX+y

X=y+z
Déng thitc xay rakhi  y=z+x conglaitacd x+y+z=0
Z=Xx+y

biéu nay khong xay ra vi x,y,z >0

Vi du 8: Cho céc s6 thuce x; y; z thda man:

xJL—y2+yJL—zz+ZJI—x2:%

Chiing minh réng: x4y 4zt = 3

[\

(Thi hoc sinh gioi Todn I6p 9, tinh Ha Tinh, nam hoc 2005 — 2006)

Giai

Tim cach giai. Bai toan khong c6 bong dang ctia bat dang thitc hay cuec tri dai s6. Tuy nhién quan
sat ky phan két luan (cac phan bién c6 ma 2), phan gia thiét c6 can bac hai va chi can ap dung bat
dang thitc Co-si mot Ian cho mdi hang tir cling xuat hién phan bién mii 2. Véi suy luan ty nhién
nhu vay bat dang thitc Co-si cho 1oi giai dep.

Trinh bay 10i giai

Ap dung bat dang thikc Co-si, ta co:

2 2
=y’ g%@)

2 2
Wi-z g$(2)

Z+1-x
I

zA1l—x

Tix (1) va (2), (3) cOng v& v6i v ta duogce: xyf1-y? + y\1-2° +z/1-x g%

x'=1-y"(4)
Dang thiic xay ra khi {y* =1-2%(5)
2 =1-x*(6)

\ \ A ~ 7 . ~ 3
T (4), (5) va (6) cong v& vGi vé€ ta dugc: x> +y* +2° =3-x" -2 -x* o x’ +y* +7° =3

biéu phai chitng minh



Vi du 9: Cho x; y; z la nhitng s6 dwong thoa man: 1 +l+ 1 1
x y z

Chtrng minh réng: \/x+yz+\/y+zx+\/z+xy > [xyz +\/;+\/;+\/;
Gidi
Tim cach giai. Quan sat diéu kién ctia bién x, y, z rat tw nhién ching ta thdy can d6i bién bang

b=Lie-loaibie=1. Kni d6 bit ding thic 6 dang

cich  dit  a=-
x ¥y z

Jbc+a +~Jac+b +~ab+c 21++bc ++Jac ++ab. Nhan thay vai tro ctia g, b, ¢ trong bat ding thiic 1a
nhu nhau. Mat khac bc +a la léch béac, do vay sit dung dung diéu kién a+b+c=1 d€ dwa vo cung
bac (goi 1a can bang bac). Sau d6 dung bat dang thitc Co-si dé danh gia dua vé hang dang thtec.
Trinh bay cach giai

Chia hai v& ctia bt déng thitc cho \/xyz, khi d6 bat ding thitc tuong dwong voi:

1 1 1 1
— 4, —+—+ —+ >1+ —+ + —
yz X Xz 'y
1

1 1
—b=—;c=—=a+b+c=1.
x y z

bat a=

Khi &6 bat dang thitc c6 dang:
Jbe+a +ac+b +~ab+c 21+-/bc +Jac ++Jab.
Ap dung bat dang thic Co-si, ta co:

bc+a:bc+a(a+b+c):bc+ab+ac+a2
Zbc+2a\/a+a2

hay bc+a2<\/ﬁ+a)2 =bc+a z\/ﬁm (1)
Tuong tuw ta co:

Jac+b >+ac+b (2)
Nba+c Z\/E‘l-c (3)

Tt (1); (2) va (3) cong vé vdi vé ta co:
Jbe+a +ac+b++ab+c 21+bc +ac +ab.
Hay \/x+yz+\/y+zx+\/z+xy > \[xyz +\/;+\/;+\/;

Dé&ubang khi x=y=2z=3

C. Bai tap van dung



5.1. Cho @; b; ¢; d 1a cac s6 khong am. Ching minh réng:
a’ +b°+2c" +4d’ > 8abed
Huéng dan giai — dap s6

Ap dung bat dang thic Co-si, ta co:

a®+b° >2a"b" (1)

2a*b* +2¢* 2 4a’b’c’ (2)

4a’b’c® +4d’ > 8abcd(3)

Ttr cac bat dang thie (1), (2) va (3) cong v& véi vé, ta duoc:

a’ +b° +2c¢* +4d* >8abcd

Dé&u bang khi ¢* =b* =c=d

5.2. Cho a; b 1a cac s6 khong am. Chting minh rang:
(a+b) +"—;bz 2ab +2ba

(Thi hoc sinh gioi Todn, 16p 9, tinh Quang Ngai, ndam hoc 2011- 2012)
Huwéng dan giai - dap s6
Ap dung bat dang thiec Co-si, ta co:

a+b22\/ﬁ

1 1 1
+b+—=a+—+b+—>a+~b
a > a 4 4 a f
Suy ra (a+b)(a+b+ ]>2\/ (\/ +\/_)
> a+b
Hay (a+b) +Tz2a\/b +2bva

Dau bang khi a =5 :%

a+b
Ja(3a+b)+(b(3b+a)

\ 1 ,
5.3. Chttng minh rang: >— v0ia, blacacsd duong.

Huéng dan giai — dap s6
Ap dung bat dang thic Co-si, ta co:

\/ﬁ) 4a+3a+b )
\/7 4b+3b+a )



Tt (1), (2) cOng vé voi vé, ta duoc:

J4a(3a+b)+[4b(3b+a) <4a+4b

:>\/a(3a+b)+\/b(3b+a) <2a+2b

Suy ra a+b S a+b

1
Ja(3a+b)+ b(3b+a) 2a+2b 2

D&u bang khi a=b
1 1 1 1

5.4.Cho § = + +.o.t +ot
V12019 22018 7 \[k(2019-k+1)  +/2019.1
Hay so sanh S va Z.E
2020

Huwéng dan giai - dap s6

Ap dung bat dang thitc Co-si véi x;y >0 ta co:

x+y22\/E:>L2 2
xy Xx+t)y

+ ! +.t ! +..+ 1
1+2019 2+2018 k+2019-k+1 2019+1

Ttr d6 suy ra S >
Hay § > 2.2 pisu phai chitng minh
2020

5.5. Cho 4, b, ¢, d dwong. Chting minh rang:

Vi Nerara Narers Hars
+ + + >2
b+c+d c+d+a d+a+b a+b+c

Huwéng dan giai - dap s6

Ap dung bat dang thic Co-si, ta co:

a+b+c+d>2Ja(b+c+d)

1 2 a 2a
= > = > (1)
a(b+c+d) a+b+c+d b+c+d a+b+c+d

Tuong tu ta co:




2 (2)
ctd+a a+b+c+d

C > C (3)
Vd+a+b a+b+c+d

/ d S 2d (4)
a+b+c a+b+c+d

Ttr cac bat dang thie (1), (2), (3) va (4) cong vé véi vé, ta duege digu phai chitng minh

2b
2

a=b+c+d

. b=a+c+d
Dau bang xay ra khi are cong laitaco a+b+c+d=0
c=a+b+d

d=a+b+c
biéu nay khong xay ra vi a,b,c,d >0
5.6. Cho a>2; b>3;c>4. Tim gid tri I6n nhat cta biéu thic:

_abNc—4+bcva—-2 +caNb-3

abc

P

Huwéng dan giai - dap s6

Je—4 Ja-2 Jb-3
+ +

c a b

Taco: P=

Ap dung bat dang thikc Co-si, ta co:

=
2 2 2 4

a-2+2 a a—2 1
-2).2< =— <——(2
N e e

b-3+3_b_ b-3 _ 1 (
2 2 c 23

(C_4y1gc—4+4:c c—4 1(0

(h-3)3<

Ttr cac bat dang thite (1), (2), (3) cong vé& véi vé, ta duoc:

1 1 1

<—f—=t—

4 242 23

c—4=4 (a=4
Défubéngxéyrakhi a-2=2c:b=6
b-3=3 c=28

1 1
—=+—= khi (a;b;¢) =(4,6;8
2\/2+2\B t(asbie)=( )

Vay gid trj 1n nhét 1a %+



5.7.V6ia, b, c la cac s6 duwong thoa man diéu kién a+b+c¢ =2. Tim gid tri I6n nhat ctia biéu thiec

O =+2a+bc+~2b+ca+~2c+ab

(Tuyén sinh vao 16p 10, THPT TP. Ha Ni. nam hoc 2014-2015)
Huwéng dan giai - dap s6

Ap dung bat dang thiec Co-si, ta c6:

v2a+bc :\/(a+b+c)a+bc :\/a2 +ab+ac+bc :\/(a+b)(a+c)

atb+a+c 2a+b+c
2 2

Suy ra v2a+bc < %(1)

(a+b)(a+c) <

Chttng minh tuwong t ta co:

2b+ca Sw(Z)

2

Jacrab <4¥b¥2¢ )

2
T (1), (2) va (2) cOng v€ vdi vé, ta duoc:

QSZ(a+b+c)=2.2:4

Dé’ubéngxéyrakhi a:b:c:é

Vay gia tri lon nhat caia Q khi a=b=c=

5.8. Cho cac sd a, b, c déu 16n hon é Tim gia tri nho nhat ctia biéu thic:

0= a_ . b L C
2b-5 2Je-5 2Ja-5
Huwéng dan giai - dap s6

Ap dung bat dang thic Co-si, ta c6:

d +(2@—5)22\/Ng (2vb-5)=2va(1)

-5

S

2

2\&’_;(2@—5)22\/2\5_5(2\/2—5) =2Jb(2)

< +(2\/Z—5)22\/

2Ja-5

Tt (1), (2) va (3) cOng vé vdi vé, ta duoc:

2Wa-5



a b c
+ ¥ +2b +2\e +2da 15> 2a +240b + 2c
2Wb-5 2Jec-5 2Ja-5

c

a b
+ +
2Wb=5 2Je-5 2Ja-5

>15< 0215

=2Jb-5
2\/— 5
DAau bing xav ra khi 22\/2—5 Sa=b=c=25
& Xy 2\/2—5
=2Ja -5
2J_ 5

Vay gia tri nho nhat cia Qla 15khi a=b=c=25

5.9. Cho x; y la cac s6 duong théa man x+ y <2.

2\ .7 . 2 A 2 - A? Vs 1
Tim gia tri nho nhat cua biéu thic: T'=xy + 10
Xy

Huéng dan giai — dap s6

Ta co T:xy+i+i
xy Xy

Ap dung bat dang thiec Co-si, ta co:

xy+iz2 /xy.i =2
Xy Xy

J_<x+y 2 N

Tedosuyra: T>22+—=11

— | \O

D&u bang xay ra khi x=y=1
Vay gia tri nho nhat ctia T1a 11 khi x=y =1
5.10. Cho a, b, ¢, d 1a cac s8 thuc duong c6 tdng bang 1.

2 2 2 2
Chémg minh: 4—+-2 ¢ 4 51
a+b b+c c+d d+a 2

(Thi hoc sinh gioi Todn I6p 9, tinh Thanh Héa, ndm hoc 2007-2008)
Huéng dan giai — dap s6
Ap dung bat dang thikc Co-si, ta co:

2

2
a +a+l722/ a .a+b:a(1)
a+b 4 a+b 4




Tuong tw, ta co:

2 2 2
b +b+czb(2); c +c+d20(3); d +d+a
b+c 4 c+d 4 d+a 4

>d(4)

Tt (1), (2), (3) va (4) cOng v€ voi Ve, ta dugc:

a’ b? c’ d? a+b+c+d
+ + + + >a+b+c+d
a+b b+c c+d d+a 2
a’ b’ c* d’? a+b+c+d 1
= + + + > =—
a+b b+c c+d d+a 2 2

D&u bang xay ra khi a:b:c:d:%

5.11. Cho cac s6 thuc duwong a, b thdéa man ab >2013a +2014b.

Chtrng minh réng: a+b> (\/m + \/M)Z .

(Tuyén sinh 16p 10, chuyén toin DHSP Ha N¢i, nam hoc 2013-2014)
Huwéng dan giai - dap s6

Tt gia thiét suy ra:

2013 2014 2013 2014
>4+

((l+b)>(7+

2013a N 2014b
a

1

a

j(a+b)

+2014(1)

< a+b>2013+

Ap dung bat dang thiec Co-si, ta co:

2013a 2014b 2013a 2014bH
+ >2

b a b a

Két hop vdi (1) suy ra:

a+b>2013+2+2013.2014 +2014 = a+b > (2013+2014)’

biéu phai chitng minh
512 Cho poY2=Y1 32 J4-\3 2020 -y2019
1432 24437 3444 2019++/2020°

So sanh P véi %

Huwéng dan giai - dap s6

Ap dung bat dang thirc Co-si cho mau sé ta co:



2= B-2 JZ—\/§+ +\/2020—W
V23 234 7 242019.2020
1

1 1 1

P<—|—=——F—+—F—=——F+—F—=——F+....+ -
2[ﬁ 2 V2 BB s V2019 Jzozoj

1
Vay P<—
ay >

5.13. Cho tam gidc ABC c6 chu vi bang 1. Canh a, b, ¢ thoa man:

a b c
+
l-a 1-b6 1-c

- % Chiing minh tam gidc ABC déu.

(Thi hoc sinh gioi l6p 9, tinh Ha Tinh, ndm hoc 2012- 2013)
Huwéng dan giai - dap s6
Theo gia thiét
(LH +(L+1j+ < 11 =3+3
l-a 1-b l-c 2
a b c 9

-20)

+ +
l-a 1-b 1-c¢ 2

Do 4, b, c 1a ba canh ctia tam gidc c6 chi vi bang 1 nén
O<a<l;0<b<l;0<c<l
Ap dung bat dang thikc Co-si, ta c6:

1 +9(1—a)22 1 .9(1—a):3(1)
l-a 4 l-a 4

Tuong tw ta co

i+@23(2)

Tt (1), (2) va (3) cong v€ voi vé, ta duoc:

Lt +2(1—a+1—b+1—c)29
l-a 1-b 1-c 4
1 1 1
+ + +
l-a 1-b 1-c¢
1 1 1
S + +
l-a 1-b 1-c¢

229

>

oo o



1 _9(1—a)
l-a 4
D&u bang xay ra khi 1 =9(1_b)<:>a=b=c=l
1-b 4 3
1 _9(1—0)
I-c 4

Vay tam giac ABC la tam giac déu

5.14. Cho x; y; z 1a c4c s8 khong am. Chiing minh rang:

4(xy+yz+zx)£\/(x+y)(y+z)(z+x) (\/x+y +y+z +\/z+x)
Huéng dan giai — dap s6
Bién d6i vé phai, ta duoc:
\/(x+y)(y+z)(z+x)(\/x+y +y+z +x/z+x)

=(x+y)J(y+2)(z+x)+(y+2)J(x+y)(z+x) +(z+x)J(x+»)(y+2)

Ap dung bat dang thic Co-si, ta c6:
(y+z)(z+x)=yz+xy+2° +xz

> 27 422Xy +xp
<:>(y+z)(z+x)2(z+\/5)2
<:>,/(y+z)(z+x) ZZ+\/E
Tuong tu ta co:
1/(x+y)(z+x) 2x+\/;;,/(x+y)(y+z) Zy+\/;
Ttr d6 suy ra:
VPZ(x+y)(z+\/E)+(z+y)(x+ yz)+(x+z)(y+«/;)
& VPZ(x+y)\/E+(z+y)\/;+(x+z)\/;+2(xy+yz+zx)

Ap dung bat dang thixc Co-si, ta co:

x+y22\/5
Z+y22\/5
z+x22\/;

Tt do6 suy ra

4(xy+yz+zx)S\/(x+y)(y+z)(z+x)(\/x+y +\/y+z +\/z+x)



Déu bang xay rakhi x=y =z

5.15. Cho a, b, cla cac s6 thuc duong thoa man 1 +%+l =3
a c

Tim gia tri I6n nhat cia P = 1 1 :

Ja* —ab+b’ : Vb —bc+c’ ’ & —ca+d
(thi hoc sinh gioi lop 9, TP. Ha Ngi, nam hoc 2014-2015)
Huéng dan giai — dap s6
Ap dung bat dang thixc Co-si cho 2 s6 dwong ta co:
1 1

Ja* —ab+ b’ : \/%(1)

a’+b*>2ab=a* —ab+b*>2ab=>

Tuong tu ta co:

1 1
<

N _@(2)
1 1
Vo eara dea)

Tt (1), (2) va (3) cOng vé voi ve, ta duoc: P <

1 N 1 N 1 (4)
Nab  Jbe  ca
Ap dung bat dang thitc Co-si cho 2 s6 dreong ta co:

1 1 1 I(1 1 (1 1 I(1 1 I 1 1

+ + S| —4+—|+=| —+—|+=| —+—|=—+—+—=3(5

@@@2(abj2[bcj2(cajabc()

Tt (4) va (5) suy ra P<3.

Déu bang xay rakhi a=b=c=1

Vay gia tri lon nhat cia Pla3khi a=b=c=1

5.16. Cho a,b,c 1a cac s6 thue dwong thoa man l+%+l =1(*)
a C
Chiing minh ring: (a—1)(b—1)(c—1) sé(a+l)(b+l)(c+1).

Huwéng dan giai - dap s6

Ta cé (>(-) <:>l+l=1_l+1_l<:> c+1 =a—1+b—1
c a b c a b

Tt a,b,c >0 va l+l+l:l
a b c

Suy ra a,b,c>1 hay a—1>0;b-1>0;c—-1>0



atl_b-1 c-1_, (b—1)(c- 1)(3)
a b c bc

Tt (1), (2) va (3) suy ra:

\/(c—l)(a—l).l\/(b—l)(c—l)
~1)(e-1)
1

g( a+1)(b+1)(c+1)

<:>(a+1)(b+1)(c+1 )=

< (a-1)(b-1)(c-1)

biéu phai chitng minh

(c+D) (a+1) (b+1) \/ 1)(b
a
8(a—-1)(b

IN

D&u bang xay rakhi a=b=c=3

5.17. Cho cac s6 thuc duong x, y, z thoa man x* + y* +z° = 3xyz. Chiing minh rang:

2 2 2
X z 3
4 + 4y R <3
X' +yz y +xz z+xy 2

Huwéng dan giai - dap s6
Vi x, y, z duong, ap dung bat dang thitc Co-si cho 2 s6 duong ta c6:
1 1 x’ 1
2x°\Jyz <xt+yz o > =4 < 1
\/JT Yy 24 \/; X tyz ( )

x4+yz 2\ yz
2 1t 1 Uyt (2)
\/; y oz 2Jyz 4\y z

Tt (1) va (2) suy ra x gl[l+lj

ttyz 4ly z
2 2
Tuwong tuw 4y Sl(l+1j; 4Z gl l+l
Vi+xz 4\x z)zZ+xy 4\{x vy

:>AS1 l+l+l+l+l+l =l l+l+l =l.xy+yz+zx(3)
4\y z x z x y) 2\y z x) 2 xyz
Laicc')xy+yz+zx£x2+y2+zz(4)

Tte (3) va (4) co a<t X4y 2t 13xz 3
2 Xyz 2 xyz 2




biéu phai chitng minh
Dé&u bang xay rakhi x=y=2z=1

a,b,c>0 , . N
chtrng minh rang: a+b+c+i+i+12£

5.18. Cho ,
a+2b+3c=>10 4q 8 ¢ 2

(Thi hoc sinh gioi lop 9, tinh Hung Yén, nam hoc 2013-2014)
Huwéng dan giai - dap s6
Ap dung bat dang thixc Co-si cho 2 s dwong ta co:

a+122:>i a+l 22
a 4 a) 2

b+122\/§:3:>l b+i 22
4b 4 2 4b) 2

c+i22\/2:4:>l(c+ij21
c 4 c

Cong v& véi vé& 3 bat dang thitc trén ta duoc:

éa+lb+lc+i+i+lz4(3)
4 2 4a 8b ¢

Tir a+2b43¢210 taco Sa+t bt oe=2F20H3¢ 5 5y
47 2 4 4 2
. . 39 113 . 1 .
Tt (3) va (4) suy ra a+b+c+—+—+—2=— (Diéu phai chitng minh)
4a 8 c¢ 2

D&u bang xdy ra khi a :l;b:%;c:Z

5.19. Cho x, , z 1a 3 s6 thyc dwong thod man x° +y* +z° =2.

2 2 2 ‘ry 4z
: N N XAy tz

< +3
x+y2 )/2+z2 X’ +z° 2xyz

Chtng minh:

Huwéng dan giai - dap s6

Ap dung bat dang thikc Co-si, ta co:

= =1+ <1+
X'+ X'+ X -y 2xy

2 X +y +z° z z
= = (1)

Tuong tu ta co:



Y+ 2 2yz
2 y2
X’ +z° 2zx

Tt (1), (2) va (3) cong vé vdi vé, ta duoc:
2 2 2
2 N 2 N 2 XY z

< + +3
X’ +y? Y4zt X+ 2yz 2zx 2xy

3 3 3
o2 2 2 XMV HZ 3 pisy phai chimg minh)
X +y y4z x4z 2xyz
D&u bang xay ra khi x:y:z=§
X’ +12
5.20. Cho x, y 1a cac s6 duong. Tim gia tri nhé nhat ctia biéu thite: P =
X+y

(Thi hoc sinh gioi todn 16p 9, TP. H6 Chi Minh. nim hoc 2014-2015)
Huéng dan giai — dap s6

2 2 2 2 2
Ta c6 P:x +12Jr _X +12+xy+y :4x +48+4xy+4y

x+y Y x+y 4(x+y)

(x—y)2 +3(x+y)2 +48
4(x+y)

Ta c6 (x—y)’ >0 va ap dung bat déng thic Co-si, ta co:

3(x+y) +48223(x+y) 48 =24(x+y)

(x—y)2 +3(x+y)2 +48 S 24(x+y)
4(x+y) C 4(x+y)

Suyra P==

D&u bang xay ra khi x=y =2
Vay gid tri nhd nhat cia Pla6 khi x=y=2

5.21. Cho céc s8 thyc duong a,b,c théa man o’ +b° +¢* =1. Chtiing minh:

ab+2¢c* bc+24d* ca+2b*
=+ >+ 5 >2+4+ab+bc+ca
l+ab-c l+bc—a l+ca->b

(Tuyén sinh I6p 10, THPTchuyén, Tinh Vinh Phiic, nam hoc 2013- 2014)
Huéng dan giai — dap s6

Do &’ +b*+¢* =1. nén ta cd



\/ ab+2c* _\/ ab+2c*
l+ab—c? a’+b*+ct+ab-c?
ab+2c* B ab+2c*

a’+b’+ab \/(ab+2cz)(a2 +b* +ab)

Ap dung bat déng thitc fxy <= ; 2 (x,y>0)

2 2 2 2 2 2
:>\/ab+2c (a +b2+ab) 2 +a Zb +2ab£2(a +§ e ):a2+b2+c

2
/ ab+2¢? ab+2¢? > 2ab+22c : :ab+202(1)
I+ab~c’ \/ab+2c a +b2+ab) a +b"+c
2
Tuong tw 1fbc-F&Zb +2a*(2); 1fﬂ2ca+2bz(3)
l+bc—a l+ca—>b

Cong v& véi vé& cac bat dang thie (1), (2), (3) két hop a* +b* +¢? =1 ta c6 bat dang thikc can ching

2

1
3

5.22. Gia st x, y, z 1a cac s0 thuec 16n hon 2.Tim gia tri nho nhat ctia bi€u thic:

minh. Ddu “=" xay rakhi a=b=c=

X y z

P=
+Z_4+\/2+x_4+ x+y-4
Jy v

(Tuyén sinh l6p 10, THPT chuyén, DHKHTN, Dai hoc Quéc Gia Ha N§i,niam hoc 2015- 2016)
Huéng dan giai — dap s6

Ap dung bat dang thiec Co-si, ta co:

2\y+z— :‘/4(y+z—4)S4+y_2'_Z_4:y;Z

y+z
4

y+z—4<

Tuong twe ta co: Vz+x—-4 Szj_Tx;,/x+y—4 < x:y

Do do P> 4 + 4y + 4z

y+z z+x z+y

2 2 2 + v+ 2
P>4 a + Y + z >4 (x 4 Z)
xXy+zx yz+xy zx+yz 2(xy+yz+zx)

Ma ()c+y+z)2 > (xy+ yz +zx)

[98)

Suy ra P24.5=6. Déng thitc xay rakhi x=y=z=4



Vay gid trinhd nhatcta Pla6 khi x=y=z=4
5.23. Cho cac s0 thuc duwong x, y, z théaman x+ y+z= 3J2. Chang minh réng:

1 1 1
+ >

3
\/x(3y+52)+\/y(3z+5x) \/z(3x+5y) 4

Dau “=" xay ra khi nao?

(Tuyén sinh 16p 10, THPT chuyén Trin Hung Dao , tinh Binh Thudn, nam hoc 2015-2016)
Huéng dan giai — dap s6
1 1 1

patp= \/x(3y+52) ' \/y(3z+5x) +\/z(3x+5y)

Ap dung bat dang thiec Co-si, ta co:

8x+3y+5z <8x+3y+52

3y+5z) <
5 = Jx(3y+5z2) ™

8x(3y+5z) <
Tuong tw a co:
\/ﬁ 5x+8y+3z\/7y 3x+5y+8z
42 42 42

+ +
8x+3y+5z S5x+8y+3z 3x+5y+8z

=4\/§( ! + ! + ! j(l)

8x+3y+5z S5x+8y+3z 3x+5y+8:z

Do do P>

Ap dung bét déng thie L1 4+L1>_ 2
a b ¢ a+b+c

1 1 L 9 9

+ + > = (2)
8x+3y+5z 5x+8y+3z 3x+5y+8z 16x+16y+16z 16.32

vOi a,b,c >0 taco

_3

163[ 4
Dau béang xay rakhi x=y=z=+2

T (1), (2) suy ra P>44/2.

5.24. Cho g, b, c 1a cac sO thye duwong thoa man abe =1. Tim gia tri 16n nhat cua biéu thirc:
1 1 1
+ +
a+2b+3 b+2c+3 c+2a+3

(Thi hoc sinh gioi todn I6p 9, tinh Nghé An, niam hoc 2014-2015)
Huéng dan giai — dap s6

Ap dung bat dang thic Co-si, ta co:



a+2b+3=(a+b)+(b+1)+2>2Jab+2Jb+2>0
1

LI
a+2b+3 " 2(\/%+\/E+1)(1)

Suy ra:

Tuwong tuw
1 1 1 1
<

b+2c+3 2(\/%+\/Z+1)(2);c+2a+3 : 2(\/5+ a+1)

(3)

Tt (1), (2) va (3) cong cac bat dang thiic cing chiéu ta durgc:

P<—

1 1 1 |
+ +
2(\/%+\/3+1 Jbe ++c +1 \/E+\/Z+1J

Vi abc=1=+abc =1 nén:

1 1 1
@+ﬁ+1+\/§+&+1+\/§+ a+1

Jabe 1 abe
\/E+\/E.@+@+\/E+ c+1+\/5+ a ++abc
= \/E + 1 + \/E =
14+~/be ++Jc  Jbe +e+1 e +1++/be

1
Do dé PS%. D&u bang xay rakhi a=b=c=1

Vay gid tri 16n nhat cia P 12 % khi a=b=c=1
5.25. Cho 5 s6 thuc khdng am a, b, ¢, d,e c6 tong bang 1. Xép 5 s6 nay trén mot duwong tron. Ching
minh ludn ton tai mot cach xép sao cho hai sd bat ki canh nhau ¢6 tich khong 16n hon é

(Thi hoc sinh gioi todn lop 9, TP. Ha N¢i, nam hoc 2014-2015)
Huwéng dan giai - dap s6
Giastt a2b>c>d >e. Taxép 5 s6 nhu hinh vé

Vi ad>ae;bc>bd >ce. nén ta chi can ching minh

aafﬁl;bcﬁl a
9 9 —e-
Thatvaytacod l=a+b+c+d+e>a+3d >2v3ad / \
* b
|
:>aal£L<l f
12 9 | 1



b+c:1—a—d—eS1—aS1—b+c

:bcé(bJrchl
2 9

:>b+c£z
3

Vay ludn ludn ton tai mot cach x€p théa man dau bai



Chuyén dé 6. GIAI PHUONG TRINH CHUA AN TRONG DAU CAN
A. Kién thitc cin nho
Phuong trinh chita dn dudi dau can c¢d nhiéu cach giai, sau day la mot s phwong phap thuong
dung:
* Nang lén lay thtra.
* Dat dn phu.
* Dua vé phuong trinh chira dau gia tri tuyét doi.
* Str dung bat dang thiic, ddnh gia hai v& ciia phurrong trinh.
B. Mot s6 vi du

Vi du 1: Giai cadc phwong trinh sau:

a) Vx—1-2Vx—2 +yx+2+44/x—2 =3
b) V2x+4+632x—5 +42x—4-22x—5 =4
C\/x+4\/x—4 +\/x—4\/x—4 =5

Gidi
Tim cach giai. Vi du nay ban than trong cau déu c6 chita hang dang thitc. Nén chting ta c6 thé
dua vé dang +/(a£b)’ =|a£h|. Sau d6 xét cc khoang dé bo gia tri tuyét ddi dé giai céc phuong
trinh.
Trinh bay 10i giai
a) Vx—2-2Jx—2 +1+yx—2+4/x-2+4 =0(x>2)
\/( x—2-1) +\/(fo2+2)2 =3
o Nx-2-1+Vx-2+2=3r-2-1|=1-Vx-2
Vi ‘\/ﬁ—l‘ =1-+/x—2 nén:

Vx=-2-10=Vx-2<1=0<x-2<1<2<x<3

Vay tap nghiém cua phuong trinh la: § ={x/2<x<3}

b) V2x+4+672x—5 +4/2x—4—-22x—5 =4(x2§j



e \2x—5+6y2x—5+9+2x-5-2y2x—5+1=4
(W 2x—5+3) +:(V2x—5 1)} =4
@‘Jﬁ+3‘+‘x/ﬁ—l‘:4

o 2x-5 +3+\M—1\=4

& N2x=5-1=1-2x-5

Nén +/2x-5-1<0&2x-5 Sl<:>0£2x—5£1<:>§£x£3

Vay tap nghiém cua phwong trinh la: §= {x | % <x< 3}

) Nx—4+4Jx—4+4 1\ x—4-4Jx—4+4=5(x>4)

<:>\/(\/XT4+2)2 +\/(\/xT4—2)2 =5
<:>\/xT4+2+‘x/xT4—2‘:5

e Nx—4-2=3-Jx-4

Truong hop 1. Xét Vx—4 >2 < x> 8. Phuong trinh c6 dang:
Jx—4-2=3-Jx—4

e 0r-d=5oJi-4=2x=10,25(m)

2

Truong hop 2. Xét Jr-4<2&4<x<8.

Phwong trinh c6 dang: 2 - Jx—4=3-x-4

Khong ton tai x.

Vay tap nghiém cua phuong trinh la: § ={10,25}

Nhan xét. Cau b ciing ¢ thé giai nhw cau c. Tuy nhién & day ching ta da van dung bat dang thikc

|4|+|B| 2|4+ B|, déng thtic chi xay ra khi 4.B>0. Dya vao d6 ciu a cling c6 thé giai duoc nhuw vay.

Vi du 2: Giai phuong trinh: V3x+1++2-x =3 (1).

Giai
Tim cach giai. Trudc khi giai, chiing ta nén dat diéu kién. Cac biéu thikc trong cdn chi c¢é bién la
bac nhat, nén ching ta nang 1én 1ty thira dé€ giam bt sd can.

Trinh bay cach giai



Diéu kién: —% <x<2

Vi diéu kién trén phuwong trinh (1) < +3x+1=3-42-x >0

S 3x+1=9-6J2-x+2—x
S 3V2-x=5-2x20
< 9(2—-x)=25-20x+4x’

x=1
S4x-1lx+7=0< x_z(tm)
4

Vay tap nghiém ctia phwong trinh la § = {l;%}

Vi du 3: Giai phuong trinh J/x+1+/7-x =2

Giai

Ap dung hing dang thtc: (a+b) =a’+b* +3ab(a+b), lap phuong hai v& clia phuong trinh, ta
duoc:

x+1+7-x+33f(x+1)(7-x)2=8

< 3(x+1)(7-x) =0 (x+1)(7-x)=0

{x:—l
=
x="17

Vay nghiém ctia phuwong trinh la § ={-1;7}
Vi du 4: Giai phwong trinh: x* +4x+5=22x+3.

Gidi
Tim cach giai. Nhan thay viéc nang 1én laiy thira dé€ khir dau can, ta duoc phuong trinh bac 4, c6
thé giai duwoc bang cach phan tich da thitc thanh nhan ti, song phtic tap. Bit dau tir 2+/2x+3, goi
y cho chiing ta thém phan thich hop dé tao thanh hing dang thitc, do d6 rat ty nhién ta thém duoc
2x+3-23/2x+3 +1. Tix d6 ta c6 1oi giai sau:
Trinh bay 10i giai

TXD: x> 3
2

X +4x+5=22x+3.



S H2x+14+2x+3-22x+3+1=0

& (x+1) +(v2x3-1) =0

x+1=0
= < x =-1(thoa man TXD)
{V2x+3—120

Vay nghiém ctia phuong trinh § = {-1}
Vi du 5: Tim tat ca cac s6 thue x;;x,;x;5...,4s thoa man:
1
X =12 +24Jx, =27 4.4 2005, x5 —2005> = S+ 3 ot o)

(Thi hoc sinh gidi l6p 9, Tinh Quang Ngai)

Gidi
Tim cach giai. Bai toan chi c6 mot phuwong trinh, ¢6 2005 an s6. nén khong thé giai theo cach thong
thuong duoc. Do d6 ching ta nghi téi viéc giai phuong trinh bang cach danh gia hai vé ctia
phuong trinh.
Trinh bay 10i giai
Ap dung bat dang thixe C6-Si, ta co:
KJx—K* S%(Kz +x—K2) :%x. Déng thitc xdy ra khi x—K? = K. Thay x lan luot 1a

Xp5 X5 X550 0500s Va Klan lwotla 1, 2, 3, ..., 2005, ta co:

Jx =12 +24/x, =27 4.4 2005,/ x5 — 2005 S%xl +%x2 +...+%x2005

x-12=1 x =2

Déng thttc chi xay ra khi {x, —2° =2 &ix,=6
Xypps — 20057 =2005 [ Xyg05 = 4022030
Vi du 6: gidi phuwong trinh: x* +2 =2+/x" +1
Gidi
Tim cach gii Nhan thay x*+1=(x+1)(x* —x+1) va x’ +2=x+1+x’ —x+1, mat khac lai xuat hién
24/x* +1 nén goi cho chting ta duing hang dang thikc d€ giai.
Trinh bay loi giai TXD: x > -1.

X +2=20x"+1

&2 +2-2(x+1)(x* —x+1) =0



<:>x2—x+1—2\/(x+1)(x2+x+l)+x+1:0
<:>(\/x2 —)c+l—\/x+1)2 =0
S —x+1=+x+1

Sxl—x+l=x+1x*=2x=0

& x(x-2)=0< x=0;x=2 (thoéa man TXD).
Vay tap nghiém cua phuong trinh 1a S ={0;2}.
Vi du 7: Giai phuwong trinh (\/x+ 6 —x/x—2)(1+\/x2 +4x—12) =8.

(Tuyéh sinh 16p 10, THPT chuyén, tinh Nam dinh, nim hoc 2014-2015)

Gidi
Tim cach gidi. Méi nhin qua, bai todn nay khd phtic tap. Nang 1én lily thita, dung hing dang thiic
hay danh gid hai vé€ déu khong kha thi. Quan sit va phan tich chung nhan thay
(x+6)(x—2)=x"+4x—-12 va x+6—(x-2)=8, nén bai toan c6 thé& gidi bang phwong phap ddi
bién.
Trinh bay 10i giai
DKXD: x>2, dit Vx+6=a>0; Jx-2=b>0=0a>-b> =8 phuong trinh ¢6 dang:

a=>b

— = 2_pH2 — —da— =
(a b)(1+ab) a —b <:>(a b)(1+ab a b) 0<:>L+ab—a—b=0

* V6i a =b, ta cd: vx+6 =+x—2. Phuong trinh vo6 nghiém.

a=1

e Vi 1+ab—a—b:0<:>(a—1)(b—1):0<:>L)_1

Vx+6 =1 v nghi€ém
Vx—2 =1< x=3(thda man)

Phuong trinh da cho ¢6 nghiém duy nhat x =3

Vi du 8: Giai cac phwong trinh sau

a) V2x—2 —J6x—9 =16x> —48x +35;

b) V2x? —1++/x2 =3x =2 =207 + 2x + 3 +~/x> —x+2.

Giai



Tim cach giai. Bai todn rat phuc tap va khé tim duoc duong 10i giai. Bai toan khong thé nang lén
lay thtra duoc, boi s mit khé cao. Bai toan cling khong ddi bién duoc, bdi khong c¢d nhiéu diém
gidng nhau. Bai toan ciing khong thé danh gia hai v& duoc. Quan st cau a, bai toén ta thir cho mdi

vé déu bang 0 tic 1a

J2x-2-/6x-9 =0 va 16x> —48x+35=0, thi nhan duoc x :%. Do vay chung ta dung biéu thirc

lién hop d6i véi v trai d€ truc can thire 0 ti, khi do6 bai toan sé giai duoc.

Cling véi suy nghi nhw cau a, song véi kinh nghiém da co, truede hét ta bién ddi phuong trinh vé

dang v2x*—1-2x* +2x+3 =x* —x+2—-+x*—3x-2. Nhim khi diing biéu thtic lién hop sé
khong con bac hai ¢ tir thirc.

Trinh bay 10i giai

a) V2x—-2—~/6x—9 =16x> —48x+35; TXD: xZ%

 (2r-2)-(6x-9)
V2x=2+/6x-9

- 7—4x
V2x=2++/6x-9

<:>(7—4x)[

= (4x—7)(4x—5)

—(4x—7)(4x—5)=0

1
J2x -2 +/6x-9

+(4x—5)}:0

1
J2x -2 +/6x-9

Nhan xét: Véixk% taco 4x—5>0 nén +(4x—5)>0
Vay phuong trinh teong dwong voi 7-4x=0< x = %

Do do6 tap nghiém cta phuong trinh la: S = {%}

b) V2x? —1++/x2 =3x—2 =257 + 2x + 3 +/x* —x +2



<::>\/2x2 —1—\/2x2 +2x+3 :\/xz—x+2—\/x2 —3x-2
(2x2—1)—(2x2+2x+3) (xz—x+2)—(x2—3x—2)
V2 — 14202 42543 xl—x+2++/x*=3x-2

o —2x—-4 B 2x+4
\/2x2—1+\/2x2+2x+3 \/xz—x+2+\/x2—3x—2
2x+4 2x+4

= - =0
2 —x+2 4+ =3x=2  2x  —1+2x% +2x +3

<:>(2x+4)[ ! 1 J=0(*)

+
2 x4 2+ =3x=2  2x —1+4/2x7 +2x+3

| 1
+
= x+240x2=3x=2 V2x2 1423 +2x+3

Nhan xét: Ta co >0

Vi x thudc tap xac dinh.

Do d6 phuong trinh (*) < 2x+4=0< x=-2.

Tht lai, ta thdy x=-2 thdéa man phuong trinh da cho.
Vay tap nghiém ctua phuong trinh 1a S ={-2}

Vi du 9: Giai phwong trinh sau

J13x2 —6x+10 +‘/5x2 —13x+%+\/17x2 —48x+36 :%(36x—8x2 —21)
Gidi

Xét vEtrai T =+13x> —6x+10+‘/5x2 —13x+177 +17x> —48x+36
5 3\
=\/(3x+1)2+(2x—3)2+\/(2x—5] +(x—5j +yx* +(4x-6)’
2
21/(3x+1)2+ /(Zx—gj +\/x_2

Suy ra v& trai T >[3x+1|+

+|x|2

3x+1+2x—%+x

5 3
2x-2 >6x—2(1
X x==(1)

V& phai P=%[l2x—3—2(4x2 ~12x+9) |

1

=—|12x=3-2(2x-3)* |< 3
L12x-3-2(2-3) ]

(12x—3) = 6x—5(2)

|~

Tt (1) va (2) suy ra vé trai> 6x —% > vé& phai.



Déng thirc chi xay ra khi x :%

Vay nghiém cta phuong trinh la x =%

C. Bai tap van dung

6.1. Giai cac phuong trinh sau:

a) \/m-ij:O;

b) Vx> —2x+1+vx —6x+9 =1;

Q) Vxt3—dx—1 +/x+8-6Jx—1=1;
d) Vxr2vr—1 +4x—2vx—1=2;

Huéng dan giai — dap s6
a) DKXD: x>2
taco V' —x-2-Vx-2=0& J(x-2)(x+1)—Vx-2=0
@ﬁ( (x+1) —1):0
Truong hop 1. Jx—=2=0 x=2 (thoa man)
Truong hop 2. \/m -1=0< x =0, khong thudc tap xac dinh

Vay nghiém cta phuong trinh [a x =2

b) Ta cd: Va* —2x+1 442> —6x+9 =1 & |x—1|+|x-3|=1
Ve trdi: [x—1|+|x 3|2 x-1+3-x=2> v&phai.

Vay phuong trinh v6 nghiém.

¢) DKXD: x> 1

Ta co: x+3—4vx—1 +yx+8-6vx—1 =1
e r—1-4Jx—1+4+yx-1-6Jx-1+9 =1
@\/(\/ﬁ—z)z +\/( x—1-3) =1

e Nr=T-2+[Nx=1-3]=1

V& trai ‘\/ﬁ—z‘+‘\/ﬁ—3‘z\/ﬁ—z+3—\/ﬁ=1




<= 5<x<10

=
Vvx-1-3<0 Vx-=1<£3

Vay nghiém ctia phuong trinh la § ={x/5<x<10}

D&u bang xav ra khi {

Jx—1-2>0 {\/x—l >2

6.2. Giai cac phuong trinh sau:

) x+1+4(y—1),3/y—1+4:10
IR ()

b) \/xz+x+\/x—x2 =x+1
Huéng dan giai — dap s6
a) DKXD: x>0,y =1

phuong trinh viét dudi dang:

—1)3[v—
x+l_2+4(y 1) y 1+4_8_0

LI O

Vx-1=0 {le {le
=N - = ;
Y(y-1) -1=0 (=0 [y=2

Vay phuong trinh ¢6 nghiém la: (x;y)=(1;0);(x;y)=(1;2)

b) 4p dung bat dang thixc Co-si, ta co:

2 2
x+x +1 x—x"+1
\/x2+x+\/x—x2£ > + > =x+1

Déng thitc chi xay ra khi:

x+x°-1=0
X 4+x=1 x+x°-1=0 5 . .
ST = 1 3 (vOo nghiém)

x —x+1=0 0

x—x" =1 X——| +==
2 4

Vay phuong trinh v6 nghiém
6.3. Giai cac phuong trinh sau:

a) V7—x++x+1=x"—6x+13;

b) Vx—94 +4/96 — x = x> —190x + 9027

Huéng dan giai — dap s6



a) biéu kién: 4<x<6

Taco: (VT—x+vxt1) =8+2f(7-x)(x+1) <8+7-x+x+1=16
=T -x+Jx+1<4

Mat khéc x* —6x+13=(x—3) +4>4

Suy ra V7—x ++x+1=x"-6x+13 < x =3 (thoa man)

b) Diéu kién: 94 < x <96

Ta 6 (Vx—94 +96—x) =2+ 2./(x—94)(96—x) <2+ x—94+96—x =4
(

= Jx—94 +/96-x <4

Mt khac x> —190x+9025 = (x—95)" +4> 4

Suy ra v/x—94 +4/96 — x = x> =190x +9027 < x =95 (thda man)
Vay nghiém cua phuong trinh la x =95

6.4. Giai cac phuong trinh sau:

a) dr+1+xr2 =1+ +3x+2

b) Yx+2+3Y7-x=3

0) 2x-1+3x-1=3/5x+1

Huéng dan giai — dap s6

a) bat Ix+1=a,x+2=0b. Phwong trinh c6 dang:
a+b:ab+1<:>(a—1)(1—b)=0
{a=1 Yx+1=1 {x=0
= o
Ix+2=1 [x=-1

Vay nghiém ctia phuong trinh la § = {0;-1}

b) Ix+2+7-x=3
@x+2+7—x+3€/x+2.%/7—x(€/x+2 +%/7—x)=27

= 9+913/(x+2)(7—x) =27 13/(x+2)(7—x) =2

5 x=-1 . B
Sx -5x-6=0< (thoa man)

=
b=1

Vay nghiém ctia phuong trinh la § = {-1;6}

c) Lap phuong ca hai v€ ctia phuwong trinh da cho ta duoc:



5x—2+3%/2x—1.%/3x—1(%/2x—1+%/3x—1)=5x+1

= 2x-13Bx-13/5x+1=1
& (2x-1)(15x* - 2x-1) =1

< 30x° —19x7 :Oax:O;x:%

V6i x=0 thi hai vé bang nhau

Véi x = % thi hai vé& ctia phrrong trinh da cho bang nhau

Vay phuong trinh c6 nghiém x = %

6.5. Giai cac phuong trinh sau:

a) VxX* =3x+2+vVx+3=x-2++x>+2x-3;
b) (Va+8 —x/x+3)(\/x2 +11x+24+1):5.

Huwéng dan giai - dap s6
a) PKXD: x> 2. Phuong trinh viét dudi dang:

\/(x—l)(x—2)+\/x+3 =Jx-2 +\/(x—1)(x+3)

<:>,/(x 1)( m 1/()c 1)(x+3)+ x+3
@J—(x/_ 1)-vx+3(Vx-1-1)=0
& (Vr=1-1)(Vx=2-x+3)=0

Truong hop 1. Vx—1-1=0 < x =2. (thoa man)

Trueong hop 2. Vx—2 —+/x+3 =0. Khong ton tai x
Vay nghiém cua phuong trinh la x =2
b) DPKXD: x> -3. Phuong trinh viét duéi dang:

(xr+8=x=3)(Va +11r+24+1) =5(Vx+8 +x+3)

S +1x+24+1=Vx+8 +~/x+3
SAVX+8ANX+3+1=Vx+8++x+3

SVxr+8/x+3-Vx+8—/x+3+1=0

@(M—l)(\/ﬁ—l)zo

Truong hop 1. Vx+8 -1=0 < x=-7. Khong thudc tap xac dinh

Truong hop 2. Vx+3 -1=0< x =-2. Thudc tap xac dinh



Vay nghiém cta phuong trinh la x =-2
6.6. Giai cac phuong trinh:
a) x> +9x+20=2+/3x+10;

b) xvx* —x+1+23x+1=x"+x+3
Huéng dan giai — dap s6
a)

x> 4+9x+20=2/3x+10
S +6x+9+3x+10—-2/3x+10+1=0

& (x+3) +(\/3x+10—1)2 =0 DKXD:xZ—?

x+3=0
= { < x =-3(thoa man BKXD)

V3x+10-1=0
Vay nghiém ctia phuong trinh la § = {-3}
b) xvx’ —x+1+2V3x+1=x>+x+3

203 —x+1+4Bx+1=2x" +2x+6

222 +2x+6-2xvx’ —x+1-43x+1=0

o —x =20 —x 41+ x 43+ 1= 4B+ 1+4=0
@(M—x)2+(M—2)2 =0

VP =x+1=-x=0
P
V3x+1-2=0

Tht lai thdy x =1 théa man phuong trinh

Sx=1

Vay nghiém cta phwong trinh la § = {1}

6.7. Giai cac phuong trinh:

a) x+y+z+4=2x-2+4/y-3+6Vz-5

b) x+y+ Z+35=2(2\/x+1+3\/y+2 +4\/z+3)

Huwéng dan giai - dap s6

a) DK: x>2,y>3,z>5. Phuong trinh trong duwong vai:



X=2-2Ux-2+14+y-3-4{/y-34+4+2z-5-6vz-5+9=0

o (Va—2-1) +(Jy—3-2) +(vz=5-3) =0

Vx=2-1=0 x=3
SJy-3-2=0=4y=7 (M)
Jz-5-3=0 (=14

Phuong trinh ¢6 nghiém duy nhét (x; y;z) =(3;7;14)
b) DK: x> -1,y > -2,z > -3. Phuong trinh twvong duong voi:

X+1=4x+1+4+y+2-6y+2+9+2z+3-8Jz+3+16=0
o (Vart-2) +(Jy+2-3) +(Vz+3-4) =0

\)x+1—2:0 x:3
Sy +2-3=01y=T7 (M)
Jz+3-4=0 (=13

Phuong trinh ¢6 nghiém duy nhét (x; y;z)=(3;7;13)
6.8. Giai cac phuong trinh sau:

a) ( 1+x+m)(2+2 1—x2)=8.
b) Vx+3+2vx =2Bx+1

Huwéng dan giai - dap s6
a) bKXD: -1<x<1

dit V1+x++1-x=a>0; tacd a’ =2+2+1-x". Phuong trinh da cho tré thanh: ¢’ =8 < a =2

véi a=2 thi VI+x+V/l-x=2Vl-¥ =1=2x" =0 x=0
vay phuong trinh c6 nghiém x =0 (thoa man)
b) DPKXD: x>0

binh phuong hai v€ cia phuong trinh da cho duoc:

x+3+dx+4Jx+3x =4(3x+1)
S 4P +3x =Tx+1

<:>16(x2+3x)=49x2+14x+1
< 33x%—34x+1=0



AN e - A aA - A 14 - A 2 \ \ 1
Doi chiéu diéu kién, ta cé nghiém cuia phuwong trinh la x=1x= 3

6.9. Giai cac phuong trinh:

a) Y3x+1+/5-x+32x-9 -J4x-3 =0.
b) x3+(x+l)m+2\/§=(x+ x+1+\/§)3
Huwéng dan giai - dap s6
a) bat m=a;ﬂ=b;m=c;
Suyra a+b+c=Y4x-3=0=a+b+c=Y4x-3 & (a+b+c) =4x-3(1)
Mat khac @’ +b° +¢* =3x+1+5—x+2x—9:4x—3(2)
Tw (1) va (2) suy ra (a+b+c)3 =a’+b +¢’

a+b+c —i—3(a+b)(b—|—c)(c+a):a3 +b +c°

<:>(a+b)(b+c)(c+a)=0

a+b=0 |@+b'=0 [3x+1+5-x=0 x=-3
S| b+e=0 | +=0{5-x+2x-9=0 < |x=4
c+a=0 c+ad=0 2x—-9+3x+1=0 x—§

B 5

Vay tap nghiém cua phueong trinh la S = {—3; 4;%}

b) DPKXD: x> -1

Dat y=+x+1:2=12

Khi d6 phuong trinh c6 dang x* + y* +2° = (x+ y +2)’ (*)
Chting minh duoc (*) < (x+y)(y+z)(x+2)=0

NG

Voi x+y=0 x+Jx+1=0+/x+ =—x:>x=% (thdéa man)

V6i x+2=0< x++2 =0 x=—/2 (khong thoa man)
Véi y+z=0< Jx+1++/2 =0 (vO nghiém)

Vay phuong trinh c6 nghiém x = %

6.10. Giai cac phuong trinh:

a) Vax> +5x+1-24/x* —x+1=3-9x;



b) Jx=2+vV4—x +2x-5=2x" -5x.

Huéng dan giai — dap s6

(4x2 +5x+1)—4(x2 —x+1)
\/4)62 +5X+1+2\/X2 —-x+1
- 9x-3

\/4x2+5x+1+2\/x2—x+1
1

+1}:0
VA2 +5x+1+240x —x+1

1
\/4)62 +5x+1+2\/x2 —x+1

+(9x-3)=0

+(9x-3)=0

= (9x—3)

Ta co

+1>0 vdi x thudc tap xac dinh, do d6 phuwong trinh
1
(*)<:>9x—3=0<:>x=§
Thtt lai ta thdy x =% thoa man phwong trinh. Vay tap nghiém cta phuong trinh 1a S = {%}

b)DKXD:§£x£4

Jx=2 +4—x ++/2x-5=2x* —5x.
@( x—2—1)+(\/m—1)+(x/2x—5—1)=2x2 ~5x-3

x—2-1 4—x-1 2x-5-1

= + + =(2x+1)(x-3
Vx=2+1 ~J4-x+1 2x-5+1 (x )(x )

x-3 x-3 2(x-3)

= - + —(2x+1)(x-3)=0
Nx=2+1 ~4-x+1 ~2x-5+1 (x )(x )

1 1 2
”"‘”{mﬂ‘mﬂ*mﬂ‘(“”)}:‘)

Truong hop 1. Xét x-3=0<x=3

1 1 2
- +
Vx=2+1 ~4-x+1 2x-5+1
- L, 2 1
Jx=2+1 2x-5+1 Jd4—x+1
! 2 =2x+1+ !

< + -
Jx=2+1 2x-5+1 J4—x+1

Truong hop 2. Xét

—(2x+1)=0

—(2x+1)=0




Vi digu kign 2 < <4 ta o
V& trai <4223
I 1
N2 5
Vé phai > 2.5+1 =6
= Vétrai < V&€ phai, do d6 phuong trinh v6 nghiém
Vay tap nghiém ctua phuong trinh la § = {3}
6.11. Tim x, y thoa man phuong trinh: 4y«/x—2+2x\/y—-1=y(3x-2).
(Thi hoc sinh gioi l6p 9, tinh Ninh Thudn, nam hoc 2013-2014)
Huéng dan giai — dap s6
DKXD: x>2,y>1
(1)<:>3xy—2y—4y\/x—2—2x y—1=0
S2y—4yx—y+2xy—4y+x-2x\y-1+xy—-x=0
2 2
= 2(\/;—w/xy—2y) +(x/;—«/xy—x) =0
{\/}- xy—2y=0 {l—\/x—2 =0 {x=3
= = =

Jx—Jw—x=0 1-Jy-1=0 (»y=2
6.12. Giai cac phuong trinh:
a) x+ 237 —x =2Jx—1+J(7-x)(x~1)+1;
b) Vx+3+2xx+1=2x+x2 +dx+3

Huwéng dan giai - dap s6

a) DKXD: 1<x<7
x4+ 247—x = 2x =1+ J(7-x)(x~1) +1
o x—14+2J7—x =2x—1+J(7-x)(x-1)
Dit V7-x =a;x—1=b

Phuong trinh ¢6 dang: b +2a =2b+ab

b=2

<:>b2—2b—ab+2a:O<:>(b—2)(b—a):0<:>{b
=a

Truong hop 1. b=2 = V7-x =2 7-x=4< x =3 (thda man)

Truong hop 2. b=a < Jx—-1=+7—x



< x—-1=7-x < x=4 (thoa man)

Vay nghiém phuong trinh 1la S = {3; 4}

b) bPKXD: x>-1

Dit a=x+3;b=+x+1(diéu kién a >0 > 0)

Phwong trinh c6 dang:

a+2xb=2x+ab<a—ab—-2x+2xb=0
<:>a(1—b)—2x(1—b):0<:>(l—b)(a—Zx):O

< 1-b=0 hodac a—2x=0
Truong hop 1. Xét 1-b=0=b=1Jx+1 =1 x=0(tm)
Truong hop 2. Xét a—2x=0<a=2x < x+3=2x

< 4x7 —x—3=0<:>(x—1)(4x+3)=0

Sx=Lx= =3 (thoa man)
Vay nghiém phuong trinh la § = {0; 1;_73}

6.13. Giai phuong trinh: v6x—1++/9x” =1 = 6x—9x
(Thi hoc sinh gioi lop 9, tinh Nghé An, nam hoc 2014-2015)

Huwéng dan giai - dap s6

Piéu kién xac dinh: x 2 %

Dit a =+/6x—1;5=+/9x> —1 (diéu kién a > 0;b > 0)
Suy ra a’ —b* =6x-1-9x> +1=6x-9x’
Trdotacd: a*—b* =a+b

a+b=0
S (a+b)(a-b-1)=0
(a+b)(a=b-1) Lz—b—I:O
Véi a+b=0a=b=0+6x-1=0 va v9x* —1=0 (loai)
Véi a-b-1=06x—1-/9x" -1-1=0

& 6x—1=9x> —1+249x> -1 +1

& (3x-1)" +249x* -1=0



3x—-1=0 1 L
S < x=— (thoa man)
9x°-1=0 3

Vay nghiém phuong trinh la § = {%}

6.14. Giai cac phuong trinh:

a) \/xTz+\/E=\/m
b) (Vax+1-vx+2 )(\/M+4):4.x—2
Huwéng dan giai - dap s6
a)Diat A=vVx-2+/6—x; DPKXD: 2<x<6
xét A* =x-2+6-x+2,/(x-2)(6-x)
A =4+2)(x-2)(6—x)
Ap dung bat dang thiec Co-si ta co:
2J(x=2)(6-x)<x-2+6-x=4
= AP <4+4=8=A4<2J2 vi 4>0
Ma V7757 24 = (4] 782 VB = 243

Vay VT <22 <VP

& x=4 (thdéa man)

, VT =22 -2=6-
Bat dang thiic xay ra khi{ V2 {x g

=
yvp=2J2 |x=4

Vay nghiém phuong trinh 1a S = {4}
b) diéu kién x > _?l Phuong trinh trong duong véi

(3x+1-2-2)(V3x + Tx+ 2 +4) = (4x-2)(V3x+1 +/x+2
& (2x-1)(V3x 4 Tx+ 2.+ 4) = (4x-2) (V144w 42 )

& (2x0-1)(JGx+ D +2) +4)— (4x-2)(VBx+1+x+2 ) =0
<:>(2x—1)(M+4—2\/3x+1—2\/x+2 ):o




& (2x-1)(V3r+1-2 )(Vr+2-2)=0

1

2x—-1=0 x:E
S| V3x+l=2<|x=1 (z‘m)

Jx+2=2 x=2

Vay nghiém phuong trinh la S = {%;l; 2}

6.15. Giai phuong trinh: 4x” +3x+3 = 4+/x” +3x* +2v2x -1
Thi hoc sinh gioi 16p 9, tinh Ha Nam, ndm hoc 2012-2013)
Huéng dan giai — dap s6

DKXD: x > %

Ax> +3x+3=4x +3x% +242x -1
A  +3x+3—dxJx+3 —202x-1=0

S Ax? —Axx+3+x+34+2x—-1-2/2x-1+1=0

<:(2x—J¥I§f+(J2x—1—Q2=o

- 2x—\/x+3=0<:> 2x=~/x+3
\V2x—-1-1=0 V2x—-1=1

Vay nghiém phuong trinh la § = {1}

< x=1 (thoa man)

6.16. Giai phuwong trinh:

V362 —7x+9 —y/x? =2 =32 = 5x -1 —y/x* -3x+13
(Thi Hoc sinh gi6i todn 1op 9, Yén Bdi, nam hoc 2007- 2008)
Huéng dan giai — dap s6

Phuong trinh dwa vé dang;:

\/3x2 —-5x-1-2(x-5) —x? =2 =32 —5x—1 —\/x2 —-2-3(x-5)
e x =5 la nghiém ctia phuwong trinh
* Néu x>5=-2(x—5)>-3(x—5)= vé&trai cia phuong trinh nh6 hon v& phai = véi x> 5.

Phwong trinh da cho khong cé nghiém



* Néu x <5=-2(x—-5)<-3(x—5)= vé&trai cia phwong trinh 16n hon v& phai = véi x <5.
Phwong trinh da cho khong cé nghiém
Vay phuong trinh da cho c6 nghiém duy nhatLa x=5
6.17. Giai phuong trinh x* +(x+1)Vx +1+2v2 = (x +/x+1+ \/5)3 :
(Thi hoc sinh gioi todn I6p 9, tinh Hdi Dwong, nam hoc 2014-2015)
Huéng dan giai — dap so
DKXD: x>-1
Pt y=x+1;z=+2
Khi d6 (1) c6 dang x* +y* +2° =(x+y+2) (2)
Chting minh duoc (2) < (x+y)(x+z)(z+x)=0

1-+5

*Voi x+y=0x+Jx+1=0< x+12—x:>x-————(&wanwn)
* Véi x+2=0< x+2 =0 x=—/2 (khong thoa man)
* V6i y+2z=0<Jx+1++/2=0, v nghiém
1-+/5
2

Vay phuong trinh cé nghiém x =

6.18. Giai phuong trinh: x+/3-2x =3x> —6x+4.
(Thi hoc sinh gioi todn I6p 9, TP. Ha N¢i, nam hoc 2014-2015)

Huéng dan giai — dap s6
3
DKXD: x < )

Ta cd: x/3-2x =3x>—6x+4 < 2x/3-2x =6x* —12x+8

<:>(sz—10x+5)+(x2—2xx/3—2x +3—2x):0

x—1=0
o 5(x=1V +(x-3-2x) =0
(x=1) (x x) {x—\/3—2x:0

< x =1 (thdéa man)

Vay phuong trinh ¢6 nghiém duy nhét x =1
6.19. Giai phuong trinh: (vx+6-x—2) (1 +x 4x—12) =8,

(Tuyén sinh I6p 10, THPT chuyén, tinh Nam Dinh, Niam hoc 2014-2015)



Huwéng dan giai - dap s6
DKXD: x>2
Dit Vx+6=a,Vx-2=b(a20,b>0)=a’~b* =8
Phwong trinh ¢ dang

a=>b

_p\(1 — 2 _h\(1 P =
(a b)( +ab) a —b <:>(a b)( +ab—a b) 0<:>L+ab—a—b20

Truong hop 1. Xét a =b=+x+6 =+/x—-2 vO nghiém
Truong hop 2. Xét 1+ab—a—b:O<:>(a—1)(b—1):0

|:a:1 Vx+6 =1 x =-5(khong thoa man DK)
= =
b=1 |Jx-2=1x=3(TM)

Vay phuong trinh ¢6 nghiém duy nhat x =3



Chuwong II. HAM SO BAC NHAT

Chuyén dé 7. KHAI NIEM HAM SO VA PO THI

A. Kién thitc cin nhé

1. Dinh nghia

Gia st ¢6 hai dai lwong bién thién x va y, trong dé x thudc tap s6 D. Néu véi mdi gia tri cua x
thudc tap D c6 mot va chi mot gia tri twong tng ctia y thudc tap s thuc R thi ta c6 mot ham s0.
Ta goi x la bién s va y la ham s6 cua x. Tap D la tip xac dinh ctia ham s0.

2. Cho cic ham sé

M6t ham s6 6 thé duwoc cho bgmg cac cach sau:

+ Ham s8 cho bang bang;

+ Ham s8 cho bang biéu do;

+ Ham s8 cho bang cong thic.

3. D0 thi ham s6’

Cho ham s6 y = f(x) xac dinh trén tap D. D6 thi ctia ham s& y = f(x) trén tap D la tap hop tat ca
cac diém M (x; f (x)) trén mat phang toa do Oxy véi moi x thude D.

4. Ham 50’ dong bién, ham so' nghich bién

Cho ham s§ y = f(x) xac dinh trén tap D.

Ham s§ y = f(x) dong bién trén tap D néu

Vxx,eDix <x,= f(x)<f(x);

Ham s6 y = f(x) nghich bién trén tap D néu

Vx,x, € D:x, <x, :>f(x1)>f(x2).

B. Mot s6 vi du

Vi du 1. Cho bang tiéu thu dién nang cua mot ho gia dinh trong 12 thang nhw sau:

Thang 1 2 3 4 5 6 7 8 9 |10 | 11 | 12

Dién nang tiéu thu 1121 90 | 87 | 78 | 99 | 120 | 150 | 90 | 67 | 89 | 87 | 100
(kw.h)

Bang trén thé hién su phu thudc gitta dién nang tiéu thu (ki hiéu la y) va thoi gian x (tinh theo

thang)



V&imdi gid tri xe D= {1,2,3,4,5,6,7,8,9,10,11,12} c6 duy nhat mot gia tri y. Vay ta c6 mot ham s6.
Tap hop D la tap xac dinh cua ham s nay.

Cacgia tri y=112,90,87,... duwoc goi la cac gia tri cia ham sd tuwong tng tai x =1,2,3,....

Nhan xét:

Mot ham s6 ¢6 thé duoc cho béi bang. Tuy nhién khong phai moi bang déu 1a ham s8. Chang han:

Bing ghi lai lvvong cdc loai do so mi cua mot ciea hang

Mau ao Trang Xanh Do Vang Tim

SO luong 2 14 3 0 6

Trong bang trén rd rang moi mau 4o (x)déu dwoc dat twong ting véi mot va chi mot con s6'y. Tuy

nhién dé mau 4o (x) khong phai la s6 nén quy tac cho boi bang trén khong phai la mot ham s6.

Vi du 2. Cho hai s6 thuc x, y sao cho: Mdi gié tri x(—1<x<1) tuong tng véiy thoa man x* +y* =1
. Hoi quy tic dit twong ting x véi y néu trén c6 phai la mot ham s6 khong?

Giai
Ta c6: V6i x=0= y* =1< y=+1 . Nhw vay v6i mot gid tri x=0 duoc dit twong ting véi 2 gid tri
y phan biét nén quy tic da cho khong phai la mot ham s6.
Nhan xét:
Mot ham s6 thuwong duoc cho bdi cong thire. Tuy nhién qua vi du trén ta thdy khong phai moi
cong thitc déu bieu dién mot ham s6. Mot cong thitc dam bao la mot ham s6 khi mdi gia tri x thudc
tap xac dinh D déu dat twong tng voi mot va chi mot gia triy.
Vi du 3: Chting minh rang ham s§ y = f(x) =x’ +3x+1 dong bién trén R .

Giai
V6imoi x, <x,(x,x, €eR) ta co:

f(xz)—f(xl)z(x; —x]3)+3(x2—xl):(x2—xl)(xlz+xlx2 +x,° +3)

2

X 3x .. . . N ,

Do x> +xx, +x,°+3=|x +==2| +—+3>0 vdimoi x,,x, va x, —x, >0 nén ta co:
1 172 2 1 2 4 1 2 2 1

f(%)-f(x)>0 Vx,x, eR,x, <ux,.

Ttr d6 ta c6 diéu phai chttng minh.



Nhan xét :
Dé xét tinh dong bién, nghich bién ctia ham s6 trén tap D.
Ngoai cach lam nhu trén, ta ¢ thé lam nhu sau : V6i x,,x, € D batky, x, #x, .

f(xz)_f(xl)

Xy =X

f(x%)-f(x)

Xy =X

f(x)-f(x)

Xy =X

Ta xét thuwong :

+Neéu >0 thi ta ¢ ham s6 dong bién trén D.

+Néu <0 thi ta c6 ham s6 nghich bién trén D.

Vi du 4: Cho ham s8 y = f(x)=ax+b(a#0) (a b 1a cac tham s, x 1a s§ thuc). Chitng minh rang :

Ham s8 y = £ (x) dong bién khi va chi khi >0 ; ham s8 y = f(x) nghich bién khi va chi khi a <0

Giai

f(xz)_f(xl) a(xz_xl)

Véimoi x,,x, phan biét thudc R ta co: = =a .
X ™5 X ™%

f(x)=f (%)

Xy =X

f(xz)_f(x1)

Xy =X

Ham s6 da cho dong bién < >0<a>0.

Ham s6 da cho nghich bién < <0&a<0.

Ttr d6 ta c6 diéu phai chttng minh.
C. Bai tap van dung
7.1. Tim diéu kién xac dinh ctia cdc ham so:

x+2 x+1
= b == —
@)y 2x+1 )y x> +3x—4

¢)y=x+3-4-2x

Huwéng dan giai - dap s6

\ o 2
a) Ham so y = X
2x+1

xac dinh <:>2x+1¢0<:>2x¢—1<:>x¢—%

b) Ham s y=— 21

xacdinh @ x*+3x—-4#0< x#1 va x#—4
x +3x—-4

c) Ham s8 y =+/x+3 —+/4—2x xac dinh



x+320 x>-3
= = < -3<x<L2
4-2x=20 x<2

x+1
2x—1

7.2. Chting minh rang ham s6 y = nghich bién khi x >%

Huéng dan giai — dap s6

x+1
2x—1

Dat y:f(x):
s. . \ 1 /4 - A
Voimoi x, <x, va x,,x, >E. Xét hiéu:

X+l x+1

f(xz)—f(x1)=2x2_1 2, —1
=(x2+1)(2x1—1)—(x1+1)(2x2—1): 3(x —x,)
(2x2 —1)(2x1 —1) (2x2 —1)(2x1 —1)

\ | A . 5 \
Do x, <x, va xl,x2>5 nentaco x,—x, <0 va 2x,-1>0 va 2x,-1>0 .

Tw d6 dan dén f(x,)- f(x,)<0 hay f(x,)<f(x).Suy raham s§ da cho nghich bién khi x >%
7.3. Chitng minh rang ham s§ y = 2x’ + x—1 dong bién
Huwéng dan giai - dap s6
Dat y :f(x) =2x" +x-1
Véimoi x, <x,. Xét hiéu:

f(x2)—f(xl):2(x§—xf)+(x2—xl)=(x2—xl)[2(xlz +X +x1x2)+1}

=(x, —xl)[xf +x2 (o +x,) +1}
Do x, <x, néntaco x,—x, >0.
Tudé dandén f(x,)—f(x)>0 hay f(x,)> f(x).
Suy ra ham s6 da cho dong bién.
7.4. Cho ham s6 y =2x* —1 . C4c diém sau c6 thudc d6 thi ham s& khong?
a)A(1;1) b)B(0;-1)
)C(~1;3) d)D(2;2)

Huéng dan giai — dap s6

bat yzf(x):sz—l



a) Do 1= /(1) nén suy ra diém A thudc do thi ctia ham s& da cho.
b) Do —1= f(0) nén suy ra diém B thudc d6 thi cia ham s6 da cho.
¢) Do 3#1= f(-1) nén suy ra diém C khong thudc do thi ctia ham s& da cho.

d) Do 2# 7= f(2) nén suy ra diém D khong thudc d6 thi ciia ham s& da cho.



Chuyén dé 8. HAM SO BAC NHAT VA PO THI
A. Kién thitc cAn nhé

1. Dinh nghia

Ham s8 bac nhat 1a ham s§ dwoc cho bang cong thitic dang y = ax+b , trong d6 a, b 1a nhitng hang

sOvoi a#0 .

Ham s6 bac nhat c6 tap xac dinhla R .

2. Tinh chit

Tinh dong bién, nghich bién:

V6i a>0 , ham s6 dong bién trén R .

V6i a <0 , ham s6 nghich bién trén R .

D6 thi

- D0 thi ctia ham 8 y=ax+b (a#0) la mot duwong thang goi la duong thang y = ax+b
sG goc bang a va c6 déac diém:

- Khong song song va khong trung vdi cac truc toa do;
- C4t truc hoanh tai diém A[—%;Oj va cat truc tung tai diém B (0;0) .

Quan hé giita 2 dwong thing
Cho hai duong thang (d):y=ax+b;(d'):y=a'x+b' , ta cé:
+ (d) song song voi (d') <> a=d' va b#b',

)
+(d) trung v6i (d') < a=a' va b=1b';
)

(
(
+ (d) vudng gbc véi (d') < aa' =—1;
+(d) cat (d)eazd.
B. Mot s6 vi du
Vidu 1. Cho ham s6 y =(2m+1)x+5 (m la tham s0).
a) Xac dinh cac gia tri cia m dé€ ham s0 trén 1a ham s0 bac nhat.
b) Tim cac gia tri cia m d€ ham s0 trén la ham s6 dong bién.
Giai

a)Ham s6 y =(2m+1)x+5 la ham s& bac nhét <:>2m+1¢0<:>m¢71

. N6 cé hé



b) Ham s§ y = (2m+1)x+5 1a ham s dong bién <:>2m+1>0<:>m>_71 .

Nhan xét:
D& nhan dang ham sd bac nhat ching ta can luu y rang: Cong thic ¢6 dang y=ax+b (a#0) .
Chéang han, ham s6 y =2x+1-x’ c6 hé s6 2 #0 nhung khong phai 1a ham bac nhat vi n6 khong co
dang y=ax+b .
Viduy 2: Cho hai ham s§ y=(3m—-1)x+2va y=(m+1)x—7 (v6im la tham s6).
Tim gid tri cia m d& hai ham s& trén 1a ham bac nhat va d6 thi ctia chting 1a hai dwong thang cat
nhau.
Gidi

Cac ham s6 da cho 1la ham so bac nhat khi va chi khi:

{(3m—1)¢0 me

= 3
(m+1)=0 s —1

D6 thi ctia hai ham s8 da cho 1a hai duong thang cat nhau khi va chi khi:
(Bm-1)= (m+1) = 2m=#2 < m=l
Vay cac gia tri cia m thoa man dong thoi cac diéu kién m # %;m #—1 va m#1 la gia tri can tim.
Nhan xét :
+Vdi m =%, hai ham s6 da cho tré thanh y=2 va y =§x—7. Khi d6 y =2 khong phai la ham s6
bac nhat nhung d6 thi ctia né cling 1a mot duong thang va né song song véi truc hoanh, con ham

N1 A A, 4 ’ AN PR \ < g \ \ 4 ’ AN . 2 N \ ~
sO bac nhat y = Ex —7 6 do thi la duong thang cat truc hoanh. Ttr d6 ta c¢6 do thi ctia hai ham s6

. 4 g
y=2va y=§x—7 cat nhau.

+ Twong tw v6i m=-1, hai ham s da cho tré thanh:y=-4x+2 va y=-7. Lap luan tuong tu ta
cling c6 do thi ctia hai ham s8 nay cat nhau.

+ Cac duong thang y =2 va y =-7 hoc 6 chuong III.

Vi du 3: Cho hai duong thang y =(1-3m)x+4 (d) va y=(n-3)x+n (d').

a) Tim m van dé (d) trung (d").



b) Tim m van d€ (d) song song (d').
Giai

1-3m=n-3 _[m=0
a) (d) tring (d') khivéchikhi{ e @{’"

n=4 n=4

1-3m=n-3 [n=4-3
b) (d) song song (d') khivéchikhi{ e @{” "

n#4 n#4

Nhan xét :
Dai voi bai toan trén, chiing ta can xac dinh ro yéu cau ctaa dé la tim diéu kién dé 2 duong trung
nhau hodc song song chi khong yéu cau chung phai la ham bac nhét. Vi vay, néu dat diéu kién
1-3m#0 hoac n—3 =0 thiloi giai sé khong dung.
Vidu 4. Chobahamsd: y=x+2 c6 do6 thila d,

y=—x-2c6do thila d,

y=-2x+2 c6 do6 thila d,
a) Vé d6 thi cua ba ham s6 da cho trén cung mot hé truc toa do.

b) Cho biét d, cat d, tai A, d,cat d, tai B, d, cat d, tai C. Tinh dién tich tam giac ABC.

Giai

a) Xem hinh 1.

b) Tt cau a, ta cé: A(-2;0),B(0;2),C(4;-6).

d, c6 phuong trinh y=-x-2.



Cho x=0 thi y=-2 do dé d, cat Oy tai M (0;-2).
Goi H la hinh chiéu ctia diém C 1én Oy thi H(0;—6).Ta c6:

1 1 1 1
Susc = Supw + Suc = BMOA+— BM.CH =— 42+ 44=12.

Nhan xét :

V6i phan b) chiing ta c6 thé giai theo mot s& cach khac. Chang han:
Cdch 2: Ta kiém tra thdy d, L d ,= AB 1 AC . Lai co:

AB=~A0* + BO* =232;AC =~/ AK> + KC* =62

(K 1 hinh chiéu vuéng géc ciia C 1én truc hoanh). Khi dé ., = %AB. AC=12.

Cdch 3: Goi E 1a giao ciia BC va truc hoanh. Tim duoc E(1;0). Khi dé:

S pe =S pp + S e = %BO.AE + % CK.AE=12.

Vi du 5.

a) Viét phuong trinh duong thang di qua diém A(-4;1) va song song véi duong thang
y==2x+5.

b) Xac dinh ham s8 y =ax+b biét rang d6 thi ctia né di qua diém B(-1;-2) va ct truc Oy tai diém
c6 tung d6 bang -3.

Giai

a) Phuong trinh duong thang song song véi duong thang y = -2x+5 ¢6 dang :

y=-2x+b (b;tS) (d)

Vi (d) di qua diém A(-4;1) nén —2.(-4)+b=1< b =-7 (thoa man diéu kién b 5).

Vay phuong trinh duong thang can im 1a y =-2x-7.

b) Vi d6 thi cia ham s6 y =ax+b ludn di qua diém B(-1;-2) néntacd: —a+b=-2 (1).

Vi d6 thi cia ham s8 y = ax+b cit truc Oy tai diém c6 tung do béng —3néntaco: b=-3 (2).

Te(l)va(2)suyra: a=-Lb=-3=y=-x-3.

Nhan xét :



Ngoai cach giai nhu trén, chiing ta c6 ciing thé viét phuong trinh dwong thang bang cach di tim 2
yéu to, d6 la: Mot diem M (xo; yo) thudc duong théng va hé s6 goc k ctia n6. Khi d6 phuong trinh
ctia duong thang la: y =k (x—x,)+,.

Ap dung vao phan a, duong thing di qua diém C (-4;1) va song song véi duong thing
y=-2x+5 nén tit d6 suy ra duong thdng can tim c6 hé s8 goc k =-2 dong thoi di qua C(-4;1).
Nhu vay ta cé: Phuong trinh can tim la: y=-2(x+4)+1< y=-2x-7.

V6i phan ¢, ta ciing ¢6 thé giai bang cach di tim 2 diém trén duong thang. Sau d6 lam twong tu
phan a.

Vi du 6. Trong mit phang Oxy cho duong thang (d):y =(k—1)x+n(k #1) va hai diém 4(0;2) va
B(-1;0) (vdik,nla cac tham sd).

1. Tim cac gid tri chak van dé:

a) Puong thang d di qua hai diém A va B.

b) Duong thang d song song véi duwong thang A:y=x+2—k

2. Cho n=2. Tim k d& duong thang d cat truc Ox tai diém C sao cho dién tich tam giac OAC gap

hai Ian dién tich tam giac OAB.

Giai
1.
a) Duong thang (d) di qua diém 4(0;2) < n=2. tv
Duong thang(d) di qua diém B(-1;0).
S0=—k+1+2<k=3 A(0:2)
Vay voi k=3;n=2 thi (d) di qua hai diém A va X B.
b) Puong thing (d) song song voi duong thing / C B(-1:0)|0 1 :-;
(A):y=x+2-k.

7 J

f—1c1 P Hinh 2
=

2-k#n nz0

Vay véi k=2 va n=0 thi duong thing (d) song song véi duong thang (A) .

2. Véi n=2, duong thang (d):y=(k—1)x+2 cat Ox<> k-1#0 < k #1 (thoa man).



Giao diém cua (d) v6iOx1a C (%;Oj ,

Céc AOAB va AOAC vudng tai Onén S, =%OA.OC; Sous =%0A.OB.

Tacéd S, =2S,,;, & OC=20B

2

2 -k
<:>|xc|:2.|x3|<:>‘ﬁ‘:2.|—l|<:> Ik

k=0 .
= {k 5 (thoa man).
Tk
Vay voi k=0 hoac k=2 thi S,,.=2S,,;.
Nhan xét :
V6i phan 1b, chiing ta thuong hay bo qua bude kiém tra hang s tw do ctia hai dwong thang khac
nhau. Nhac lai, hai duong thang y=ax+b va y=a'x+5b' song song véi nhau khi va chi khi a =d’
va b="b".
Vi phan 2, néu qua 1€ thudc vao hinh vé hoc sinh ¢ thé thiéu mat mot truong hop.
Vi du 7. Cho duong thang d 1a d6 thi ctia ham s8 bac nhét: y =mx—m+1 (m la tham sd)
a) Chting minh rang duong thang d ludn di qua mot diém cd dinh khi m thay d6i.
b) Tim gi4 tri ciia m d& khoang céch tir g&c toa d6 O dén duong thing d bing /2 .
c) Tim gia tri cia m d€ khoang cach tlr gdc toa d6 O dén duong thang d 16n nhat.
Giai

a) Duong thang d ludn di qua diém M (x,;y,) <8 dinh khi Ay

d
va chi khi y, = mx, —m+1 véi moi m \
A

< m(x,—1)+(1-y,) =0dtng véi moi m

A
{xo—lzo {xozl :
= =
1-y,=0 V=1 H

Vay duong thang d ludn di qua diém ¢ dinh M (1;1). = ) %
b) Diéu kién d€ y =mx—m+1 la ham s6 bacnhatla m#0.
Goi A la giao diém caa d va truc Oy:
V6i x=0=> y=—m+1= A(0;=m+1)= OAd =|-m+1/=|m—1| Hinh 3

Goi B la giao diém cua d va truc Ox:



Véi y=O:>x:m—_1:>B(m—_l;Oj:>OB=M.

Do diém O cich duong thing d mot doan bingy2 nén duong thing d khong di qua O
< 0#-m+1hay m=#1.
Ké OH 1 d . Ap dung hé thtic ltgng trong tam giac vudng ta co:

1 1 1 1 m? m* +1 , m*=2m+1
2 - >t 2 - >t 2 2 < OH = 2 1
OH- 04~ OB (m—l) (m—l) m —2m+1 m-+1

Ma theo gia thiét c6 OH =+/2.

m*=2m+1
m? +1

=2 m’ +2m+1=0< m=-1 (thod man).

c) Vi OH <OM (OM khoéng d6i do O va M ¢d dinh).

Dau "=" xayrakhi M=H<d L OM .

Goi y=ax+b la duwong thang di qua hai diém O, Msuy ra 0=b va 1=a+b.

Tit d6 ta 6 a=1;b=0. Nhu vay ta duoc y=x la duong thang di qua hai diém O va M, duong
thang nay c6 hé s6 goc k, =1.

Mad y=mx—m+1 nén hé s6 goc ctia duong thang d 1a k, =m.

Do d vudng goc véi OM suy ra k .k, =-1<1.m=-1< m=-1 (thoa man).

Nhan xét :

V6i phan a, chiing ta c6 thé tém tét y tuong giai nhw sau:

Bai todn: Tim diém c6 dinh ctia duong thang cé phuong trinh: y =ax+b (trong d6 a,b 1a cac biu

thirc phu thudc vao tham s6 m).

Cdch giai:

Budc 1: Goi diém c8 dinh can tim la M (x,;y,) < y, = ax, +b (1) ding véi moi m.

Budc 2: Bién doi (1) vé phwong trinh an m:

P.m+Q =0 dung véi moi m (véi P, Q 1a biéu thiee khong phu thudc vao m).

Budc 3: St dung tinh chat:

P=0

Phueong trinh an m 1la: P.m+Q =0 dung véi moi m < {Q 0

Tt d6 tim dwoc (x; ) la toa do cua diém 6 dinh.



Véi phan ¢, ngoai cach giai da trinh bay ta ciing c6 thé giai bang cach stt dung bat dang thikc. Cu
thé nhu sau:

_ m? —2m+1 :2(m2+1)—(m2+2m+1) _ _m2+2m+1 :2_(’""'1)2 <2 véi moim.

OH*
m*+1 m*+1 m*+1 m* +1

Déng thirc xay ra khi m+1 hay m=-1
Vi du 8.Trong hé truc toa do Oxy, cho ham s6 y=3x+m(1) . Cho di€m A c6 hoanh do béng 1
thudc d6 thi ctia ham s6 (1). Xac dinh m dé diém A nam trong gdéc vudng thix IV.

Giai
Do diém A thudc d6 thi ctia ham s6 (1) va c6 hoanh dd béng 1 nén vdi
x:1:>y=3+m:>A(l;m+3).

Diém A ndm trong goc vuong thir IV cta hé truc toa do Oxy

1>0 1>0
= = Sm<-3
m+3<0 m<-3

Vay m < -3 thod man yéu cau cua dé bai.
Nhan xét:
Hai truc toa do chia mat phéng thanh 4 phan: Géc phan tw tha LILILIV.

x>0

Diém A(x;y) ndm trong géc phan tw thi I khi va chi khi { 0
y>

x<0

Diém 4(x;y) nam trong géc phan tw thit I khi va chi khi { 0
y>

x<0

Diém 4(x;y) nam trong géc phan tw thi 11 khi va chi khi { 0
y<

x>0

Diém A(x;y) ndm trong géc phan tu th IV khi va chi khi {y -0

Vi du 9. Cho ham s8 y =(3m’ +1)x+m’ -4

Chtng minh khi m thay d6i thi d6 thi cia ham s6 ludn di qua mot diém c6 dinh.
Giai

Goi diém M (x;y) 1a mot diém ctia d6 thi, khi do:

M c6 dinh khi va chikhi y = (3m2 +1)x+ m’ —4 dung véi moi m

< (3x+1)m’ +x—y-4=0 dung voi moi m



1

3x+1=0 Y73

= =
x-y—4=0 _ 13
3

Vay M (—é; —?) 13 diém c& dinh cAn fim.

Nhin xét:

Cdch giai trén diwa vao tinh chit:

Phuong trinh ax” +bx + ¢ =0 nghiém dung véi moi x khi va chi khi a=b=c=0.

Vi du 10. Cho ba diém 4(0;2),B(-3;-1),C(2;4). Chting minh ba diém A, B, C thang hang.
Gidi

Goi d 1a duwong thang di qua hai diém A va B. Phuong trinh ctia d ¢6 dang 1a y = ax+5b (1).

2=b =1
Do toa do ctia A, B thoa man (1) nén ta c6 hé: & “
—-1=-3a+b b=2

=d:y=x+2.

Lai c6:Diém C(2;4) thoa man phuong trinhd :y=x+2= C ed .Tlt d6 suy ra A, B, C thing hang.
III. Bai tap van dung

8.1. Cho 2 duong thang d:y =(m—2)x+3(m#2) va d':y=-m’x+1(m=0) .

a) Timm dé d||d'.

b) Tim m d€ d cit Ox tai A, cit Oy tai B sao cho BAO = 60°.

Huwéng dan giai - dap s6

-2 =—m? =1
a)di|d =" " omiim—2=0a|" .
3#1 m=-2
3 3
b) A(——;OJ;B(O;3):>OA:—;OB:3.
m—2 |m—2

Do BAO = 60° néntanBAO:%:\/g<:>|m—2|:\/§<:>m:2i\/§.

8.2. Cho duong thang d c6 phureong trinh y = (2m+1)x—2 (v6i m= —% ), d cat Ox tai A, cat Oy tai

B. Tim m sao cho:

a) Khoang cach tir g&c toa d6 O dén dudng thing d biang /2 ;



b) Dién tich tam giac AOB bang % :
Huwéng dan giai - dap s6
1

a) Ham s6 y =(2m+1)x—2 c6 d0 thi la duong thang d, diéu kién: m = -

Do d cat truc Ox tai diém A nén vdi:

y=0=>x= =4 L;O :OA:L.
2m+1 2m+1 2m +1|

Do d cat truc Oy tai diém Bnén véi x=0=>y=-2= B(0;-2)= OB =2.

Goi H 1a chan duong vudng goc ké tir O lén AB suy ra OH la khoang cach tir gdc O téi duong
thang d.

Suy ra OH = V2 . Mit khéc, do tam giac OAB vuong tai O va OH la duong cao ké tir dinh goc
vuong nén ta co:

L1, 1 1 _(am+)) 1
OH> 04> OB* 2 4 4

S2=4dm* +dm+2 o m*+m=0m=0

hodc m =-1 (thoa man diéu kién). Vay m =0 hoac m=-1.

b) Theo a, ta ¢ A(L;OJ;B(O;—Z):OAzL;OB:Z
2m+1 2m+1
1 > 2m+1=4 3

m =— hodc m:—é
2 2

:SOAB:EOAOB —l©|2m+1|=4@[2 4
m+l=-

7T me1 2
8.3. Xac dinh phuong trinh duong thang d' biét rang né song song véi duong thang d cé phuong
trinh y =-x+1 va d'di qua di€ém M (2;1).

Huéng dan giai — dap s6
Do duong thang d' song song véi duong thang d va duong thang d c6 hé s& goc bang -1 nén ta c6
duong thang d' ciing ¢6 hé s goc la -1.
Tir d6 suy ra dudng thang d'c6 phuong trinh dang: y=-x+c . Do diém M (2;1) thudc duong
thing d' nén ta cé: 1=-2+c < ¢ =3 . Vay duwong thang d' c¢6 phuong trinh 12 y=—x+3.

8.4. Cho hai duong théng d:y=2x+4,d,:y= —%x +1,d, ¢t Ox tai A, cit Oy tai B; 4, cdt Ox tai C,

cat Oy tai D; d, va d, catnhau tai M.



a) Ching minh tam giac MAC vudng tai M.
b) Tinh dién tich tam giac MAC.

Huéng dan giai — dap s6
a) Hé s goc cua hai duong lan luot la 2;—% .
Ma tich cua chung la 2.(—%) =-lnéntacd d Ld,.
3 ‘7
Tt d6 ta co tam gidc MAC vudng tai M. :} I
b) Tim dwoc M(—g;gj.

Goi H 1a hinh chiéu vudng gdc cua M lén truc hoanh.

Tir d6 c6 MH :§;AC _4= 5, =%MH.AC :%

e

k)
Sy
o
o
7

8.5. Cho ba duong thang:

dl:y=x+2;d2:y:2x+l;d3:y=(m2+1)x+m /

a) Tim gia tri ciam dé€ d, || d,;

b) Tinh céc gia tri ciia m d€ ba dueong thang trén cat nhau tai mot diém.
Huwéng dan giai — dap so

a) Duong thang d,:y = (m2 +1)x+ m va duong thang d, : y =2x+1 song song khi va chi khi

5 5 m=1
m +1=2 m- =1
& S lm=-1lem=-1
m=#1 m=#1
m=#1

Vay m=-1 thoa man yéu cau cua dé bai.

b) Tim duoc A4(1;3) 1a giao diém cua d, va d,.

Khi d6 3 duong d,,d, va d, dong quy khi va chi khi:

Aded, o3=m’+m+lom’+m-2=0<m=1 hodc m=-2 .

8.6. Choham s8 y =(m+2)x+m—1.

a) Tim diéu kién cua m d€ ham s0 nghich bién trén tap so thuc.

b) Tim diéu kién ctia m d€ d6 thi cit truc hoanh tai diém c6 hoanh d6 béng 3.

¢) Tim m dé do thi ctia cicham s6 y=-x+2,y=2x-1va y=(m-2)x+m—1 dong quy.



d) Tim m dé€ d6 thi ham s tao véi truc tung va truc hoanh mot tam giac c6 dién tich béng 2.
Huwéng dan giai - dap s6

a)Ham s6 y=(m+2)x+m—1 nghichbién & m+2<0=m<-2 .

b) D6 thi ciia ham s6 y=(m+2)x+m-1 cat truc hoanh tai di€ém c6 hoanh dd bang 3 tiic 1a diém

A(3;0) thudc d6 thi ctia ham s6: y=(m+2)x+m-1
<:>O:3(m+2)+m—1<:>4m+5:0<:>m:—%

¢) Tim dwoc diém M (1;1) 1a giao di€m ctia hai duong thang y=-x+2 va y=2x-1.Khi dé:
D6 thi ctia cdcham s6 y=—x+2,y=2x-1,y=(m—-2)x+m—1 dong quy.

< Diém M (1;1) thudc d6 thi cia ham s&: y=(m—2)x+m—1

Sl=m-2+m-1m=2

d) Gia st ham s6 y=(m+2)x+m—1 c6 do thi la duong thang d, diéu kién: m = -2

Gia st d cat truc Ox tai diém A, khi d6 véi:

l-m |l—m|

y=0=x=— :>A( ,0]:>0A:

m+2 |m+ﬂ

Gia st d cit truc Oy tai diém B

Khi d6 v6i x=0= y=m—-1= B(0;m—1)= OB =|m—1|
Ma tam gidc OAB vuong tai O nén ta co:

1 |l—m|

Sous :EOAOB:z@ |m+2|.|m—1|=4©(m—1)2 :4|m+2|

s <, < m=-1 hoac m=7 (thda man)
(m=1) =—4(m+2) |m +2m+9=0(VN)

@{(m1)2:4(m+2) m> —6m—7=0
Vay m=-1hodc m=7
8.7.Choham s6 y =(m+5)x+2m-10 .
a) Chiing minh d6 thi ham s6 luon di qua moét diém ¢d dinh véi moi m.
b) Tim m dé€ khoang cach tir O t6i d6 thi ham s6 16n nhat.
Huéng dan giai — dap s6

a) Goi M (x,;,)1a mot di€ém thudc d6 thi cia ham s6 y =(m+5)x+2m—10.

Diém M ¢6 dinh < y, =(m+5)x, +2m—10 dtng v6i moi m.



< m(x,+2)+(5x,—y,—10)=0 dung véi moi m.

x,+2=0 X, =2
®{5x0 - —1O:0<:>{y0 =-20

Nhu vy ta c6 diém ¢ dinh can tim la M (-2;-20).
b) Goi H 1a hinh chiéu vudng géc ctia O 1én duong thang d:

y :(m+5)x+2m—10
Khi &6 do dai doan thang OH 1a khoang cach tir O t6i duong thang d. Ta co:
OH <OM (v6i OM khong doi do O va M ¢6 dinh).
Dau "=" xayrakhi H=M <d LOM .
Goi y=ax+b la duong thang di qua hai diém O, M suy ra 0=b va —20=—-2a+b . Tir d6 ta c6
a=10;b=0 . Nhu vay ta dwoc y=10x la duong thang di qua hai diém O va M, duong thiang nay
c6 hé s6 géc k =10.
Mad: y=(m+5)x+2m—10 nén hé sd goc cia duong thang d 1a k, =m+5 .
Do d vudng goc véi OM

Suy ra k, .k, =—1<:>10(m+5):—1c>10m+50=—1<:>m=—% (thoa man)

51
Vay m=—-—
Y 10

8.8. Choham s y=(m—2)x+m+3 .
a) Tim diéu kién cua m d€ ham sd luén nghich bién.
b) Tim m d€ d6 thi ctia ham s6 cit truc hoanh tai ¢iém cé hoanh dd béng 3.
¢) Tim m d€ cac do thi ctia cicham s8 y=-x+2;y=2x—-1va y=(m-2)x+m+3 dong quy.
Huwéng dan giai - dap s6
a) Ham sd y :(m—2)x+m+3 nghich bién khi va chikhi m-2<0< m<2.
b) D6 thi ctia ham s8 y=(m—2)x+m+3 ct truc hoanh tai diém c6 hoanh d6 bang 3 tc 1a diém

A(3;0) thudc do thi cia ham s&: y=(m—2)x+m+3

c>0=3(m—2)+m+3<:>4m—3=0c>m:%



¢) Toa d6 giao diém ctia hai duong thing y=-x+2;y=2x-1 la C (;1) . Ba duong thing
y=-x+2;y=2x-1va y=(m-2)x+m+3 dong qui khi va chi khi duong thang y =(m—2)x+m+3
di qua diém C(1;1)
Sl=m-2+m+3cm=0
8.9. Choham s8 y=(m—1)x+m+3 .
a) Tim gia tri cia m d€ d6 thi cia ham s6 song song véi d6 thi ham s6 y =—2x+1 .
b) Tim gia tri cia m d€ d6 thi cia ham s6 di qua diém (1;-4) .
¢) Tim di€ém c§ dinh ma do6 thi ctia ham s6 luon di qua véi moi m.
Huéng dan giai — dap s6
a)Ham s6 y=(m—1)x+m+3 c6 d6 thi song song véi d6 thi ciia ham s

m—1=-2
y=-2x+1< Sm=-1
m+3#1

b) Ham s6 y=(m—1)x+m+3 c6 do thi di qua diém c6 toa do (1;—4)

S Ad=m-1+m+3<m=-3

) Goi M (x,;¥,) la mot diém thude do thi cia ham s8 y =(m—1)x+m+3
Diém M 6 dinh < y=(m—1)x+m+3 dtng véi moi m.

< m(x,+1)+(-x,— ¥, +3)=0 dtng véi moi m.

@{xo+120 <:>{x0:—1
X, =Y, +3=0 v, =4
Nhu vay ta c6 diém ¢§ dinh can tim 1a M (-1;4).
8.10. Cho dwong thang d c6 phuong trinh1a y=mx—m+1 .
Chting to rang khi m thay d8i thi duong thang d luén di qua mot diém ¢S dinh. Tim diém 8 dinh
ay.
Huéng dan giai — dap s6
Goi M (x,;y,) 1a mot diém thudc d6 thi cia ham s6 y = mx—m+1

biém M ¢6 dinh < y, = mx, —m+1 dang véi moi m.

< m(x,—1)+(1-y,)=0 dung véi moi m.



{xo—lzo {xozl
= =
1-y,=0 Yo =1

Nhu vay ta cé diém c8 dinh can tim 1a M (1;1).



Chuyén dé 9.
UNG DUNG CUA HAM BAC NHAT
PE CHUNG MINH BAT PANG THUC
A. Kién thitc cAn nhé
Cho ham s6 bac nhat f(x)=ax+b, véi x, <x, . Ta c:

f(xl)ZO
>0

f(x)

Df(x)=0,Vx:x, <x<x, <:>{
. 7 C|x=x Lo [x=x,
Dang thtrc xay ra khi hoac
(%)=0
2)f(x)<0,Vx:x, <x<x, @{jf[g

2 , R X=X o X=X,
Dang thtrc xay ra khi hoac

f(x)=0
Y nghia hinh hoc:
Mot doan thang nam phia trén truc hoanh khi va chi khi hai diém dau mut ctia n6é ndm phia trén
truc hoanh.
Mot doan théng nam phia dwdi truc hoanh khi va chi khi hai diém dau mut cua né nam phia dwdi
truc hoanh.
Nhin xét:
Néu hé s6 a=0 thi f(x)=5b (ham hang). Khi d6 cc tinh chat trén ciing dting do db thi cua ham
hang cfing la mot duong thang. Cac tinh chat khac ctia ham hang chting t6i sé trinh bay & chuong
III ctia cudn sach nay.
B. Mot s6 vi du
Vidy1: Cho 0<x,y,z<2 .Chitng minh rang 2(x+y+z)—(xy+yz+zx)<4.

Gidi

Bat dang thitc da cho twong duong:
2(x+y+z)—(xy+yz+zx) <de x(2—y—z)+2(y+z)—yz—4£ 0
Coi x 1a bién s6 va y, z 1a tham s§, dit f(x)=x(2—y—z)+2(y+z)—-yz—4

Xét ham f(x) voi 0<x<2.Ta co:

f(())z2(y+z)—yz—4=(2—y)(z—2)£0



f(2)=—yz£0

Nhu vay, ta cé f(x)SO vOoimoi x thdaman 0<x<2 .

=
I

, x=0 2
Dang thirc xay ra khi hoac
oI {f(o)=(2_y)(z_z)=o {f<x>=—yz=o

=0 -0
= {x hoac {x hoac {x
y=2 z=2 y

Nhan xét:

2 2
hoac *
0 z=0

Dé giai bai toan chiing minh bat dang thiic stt dung tinh chdt ham bac nhat ching ta chia thanh
cac budc sau:
Budc 1: Tao ra mdt ham s6 dang f(¢)=ar+b
Budc 2: Xac dinh ¢,,¢, sao cho: ¢, <t<¢, .
Budc 3:
1) Chting minh f(tl)z 0 va f(tz)ZO. Tt d6 suy ra f(t)ZO , vOimoi t théa man ¢ <7<t .
2) Chttng minh f(tl)é 0 va f(tz)SO. Tt d6 suy ra f(t)SO, vOi moi t thoa man 7 <7 <¢,.
Vi du 2: Cho 3 s6 thye khong am x, y , z thdoa man: x+y+z =1
Chtng minh réng: Xy+yz+xz—2xyz < 217
Giai
Bat dang thitc can chiing minh tuong dwong véi
yz(l—2x)+x(1—x)—% < O(*)

Dat t=yz , coi t la bién va x la tham s0.

Ta dwoc VT (*)= f(¢)=t(1-2x)+x—x T

27
2 2 2
Theo bat déng thire C6 — si: ¢ = eV +42) z(l_:) :>OSt£(1_4x)
Ma f(0)=x—x2—l=—(x—lj2—L<0 (VxeR);
27 2) 108

)2 3 2 —1V
f{(l %) J:_54x 276 41 (x-1(654) o)
4 108 108

2
Suy ra f(l‘)SO véimoi t thdaman 0<¢< (1—4x)



(1-x)°
yi=—
(l—x2 1 1Y 1
DAu bing xay ra khi =——|x—| | x+—=1[=0
T e )
y=z
1
xX== 1
= 3<:>x=y=z=§
y:

Nhan xét:

Vi cach lam twong ty ta cé thé giai duoc bai tong quat sau:
M A 9 \ \ 7 ~ A N ~ ~
Cho hang s6 m > 7 vax,y, zla cac so thuc khong am thoa man: x+y+z=1

m+9

Khi do6 ta ludon c6 0 < mxyz +xy+ yz+zx <

Vi du 3: Cho cac s6 duwong a, b, c thdaman a+b+c=1

Chitng minh rang (b4a + 1)( 46 + IJ( 4Cb + lj >25

+cC c+a a—+

Giai
B4t dang thiic can chitng minh tuong duong

3a+1 3b+1 3¢+1 S

. . 25
l-a 1-b 1-c

< 27abc+9(ab+bc+ca)+4>25(ab+bc+ca)—25abe

& 52abc—16(ab+bc+ca)+4>0

< ab(52¢-16)—16¢c(1-c)+4>0 (¥)

Do tinh d6i xting vdi cac bién a, b, ¢ nén khong mat tinh tong quat, gia st a <b<c

Do a+b+c=1nén czé

2 2
Véi rzab,0<t=abs(“+4b) :(1—40)

bat f(t):t(52c—16)—16c(1—c)+4:VT(*).
Ta lai co:

£(0)=16¢>~16c+4=4(2c—1)" 0.



2
f{(l_:) J= 13¢” —14¢* +5¢ = 0(1302 —14c+5)

2
=13c (c—lJ +£ >0 (chlj
13 168 3

Tt do6 suy ra 52abc—16(ab+bc+ca)+4 >0

ab=0

Volyviabd
f(O):4(2c—1)2:0 (VO ly vi ab duong)

Déng thtic xay ra khi {

Nhan xét:

Bai todn trén la hé so’cuia bai todn goc sau ddy:

7 A A A 2 ~ \ N A 2 ~ _9
Cho cac s06 khong am x, y, z thoa man x+ y+z =1 va hang s6 m thoa man -9 <m < 7

Chting minh rang: 0 < xy + yz + zx + mxyz < %

Vi du 5: Cho 0<a,b,c<1.Chtng minh rang: (1-a)(1-5)(1-c)+a+b+c>1
Gidi

Coi a labién va b, c la cdc tham s§

Xétham s5 f(a)=(1-a)(1-b)(1-c)+a+b+c—1 véi 0<a<l

£(0)=(1=b)(1=c)+b+c—1=bc >0

B () mbrezo0

Suyra f(a)>0,véimoi 0<a<l

Dang thtc say ra khi (a,b) =(0,0) hodc (b,c)=(0,0) hoic (c,a)=(0,0).

Nhin xét:

Tir bai toan trén ta c6 bai toan twong tu:

Cho 0<a,b,c,d <1

Chting minh rang (1-a)(1-b)(1-c)(1-d)+a+b+c+d =1

Vi du 6: Cho cac s§ dwong x, y, z théa man x+y+z=1 . Chéing minh ring:

4(x3+y3+z3)+15xyzzl
Gidi

Xét biéu thirc



P:4(x3 +y° +z3)+15xyz—1

=4(x+y) —12xp(x+y)+42° +15xpz 1
=4(1-z) ~12xy(1-z)+42* +15xyz 1
=xy(27z-12)+3(42" -4z +1)

Dt £ =xy , coi z 1a bién ta dugc ham s8: P = f () =1(27z-12)+3(4z" -4z +1)

2 2
Lai co 0<t=xy§(x+y) :(l_z)
. 7 7

£(0)=4(2z-1)" >0 véimoi z.

(1—2)2 ; ) 2 2 . -
S| =277 -1 +32=32(92" —6z+1)=3z(3z-1)’ 20 v6i moi s& duong z.
T dosuyra P=0

Déng thitc xay rakhi x=y =z :%

Nhan xét:

P=4(x3+y3+z3)+15xyz—1

4()63 +y' +z —3xyz)+27xyz—1

4(x+y+z)(x2 +y2+2° —xy—yz—zx)+27xyz—l

=4(x*+y*+2° —xy—yz—zx)+27xyz—1

= 4|:(x+y+z)2 —3(xy+yz+zx)}+27xyz—l

:27xyz—12(xy+yz+zx)+3

Dén day, ta thay bai todn trén chi la hé qua cua bai todn sau:

Cho hang s6 m > _79 vax,y, zla cac s6 thuc khong am thoa man: x+y+z=1 .Khi dé ta cd

+9
0<mxyz+xy+yz+zx< "

C. Bai tap van dung
9.1. Cho cac sd duong a, b, cthoaman a+b+c=3
Chting minh rang a® +b* +¢* +abc > 4

Huwéng dan giai - dap s6



Bat dang thitc can chitng minh twong dwong a® +b* +c¢* +abc—4>0 (*)
Do a+b+c=3<a+b=3—-c Tu do ta cé:

VT(*)zaerb2 +ct+abc—4

(a+b)2 —2ab+c* +abc—4

(3—0)2 —2ab+c* +abc—4
=ab(c-2)+2c’ —6c+5
Do vai tro cta a, b, ¢ nhu nhau nén khong mat tinh tong quat ta cé thé gid st ¢<b<a .Ma
at+b+c=3=c<l1
Xét ham soO bac nhat bién t la:

2 2
f(t)Zt(C—2)+2cz—6c+5 ,V(,Yi t=ab va 0<t:abg(a-;b) :(3_46.)

2
Ta co: f(O):202—6c+5:2(cz—3c+%)+%:2(0—3j +%>O vOi moi c.

>0 voi moi c.

f[(3_4€)2J: (3—40)2 (c=2)+2¢ —6c+5= c3—ic+2 _ (c—1)24(c+2)

2
Tir d6 ta co: f(£)20 v6imoi 0<1r< (3—40)

2
Suyra f(1)>0 véimoi 0<7< € _40) . Tt 12 bat déng thikc (*) dtng

Déng thttc xay ra khi

9.2. Cho cac sd thuc khong am x, y, z théa man x+y+z=1

Chting minh rang xy + yz +z —%xyz S%

Huwéng dan giai - dap s6

Bat dang thitc can chiing minh twong dwong xy + yz + zx —%xyz —i <0 (%

Taco:Do x+y+z=1<x+y=1-z .Khido



VT(*):xy+yz+zx—%xyz—i

:xy(l—%zj+z(x+y)—%

1

9
=xy|l-——z |+z(l-z)——
(132 e=0-2)-
Do vai tro x, y, z nhu nhau nén khéng mét tinh tong quat ta c6 thé gia sw
ZSySz:>zS1:>z<i:>22—l<Ohay1—22>0
3 9 4 4

Xét ham s6 bac nhat bién tla:

2 1_ 2
f(t):{l—%zj—(zz—z+%j, vOi t=xy va 0<t:xyg(x+y) :( z)

4 4

2
Ta cé: f(O):—(zz—z+%j=—(z—%j <0 véi moi zS%

f[(l—z)zjz(l—z)2 (1_32]_(22_Z+%j:_9z3—6zz+z _ z(3z-1) 0

4 4 16 16
Tt hai diéu trén ta ¢6 (*) dung

Déng thirc xay rakhi x=y=z :%

9.3. Cho cac s0 khong am x, y, z théa man x+y+z=1
Chting minh rang: x* + y* + 2° + 6xyz Z%
Huéng dan giai — dap s6

Do vai tro X, y, znhe nhau, ta gia st x<y<z

1
Ma x+y+z=1=4 3
x+y=1l-z
B4t dang thiic can chitng minh tuong duong véi:
3x° +3y° +32° +18xyz -1 0 (*)
Xét biéu thirc:
VT (*)=3(x"+y +2°)+18xpz 1

= 3(x+y)3 —9xy(x+y)+3x3 +18xyz -1

=3(1-z)’ —9xp(1-2)+3x" +18xyz 1



=xp(272-9)+(92° -9z+2)
Dat t=xy , coi t la bién va z la tham so ta dwgc ham so:

£(1)=1(272-9)+(92 ~9242). v 0<1 =< ZF) _(122)

4 4

Tacod: f(0)=(3z+2)(3z-1)=0 vc’yimoiz%
(1_2)2 3 ‘e .
f Y =(3z-1) 20 v6imoi sd duong z

Tt hai diéu trén ta ¢6 (*) dung

Déng thiic xay rakhi x=y =2z =§



Chuong 3 HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 10. PHUONG TRINH BAC NHAT HAI AN. HE HAI PHUONG
TRINH BAC NHAT HAI AN

A. Kién thirc cin nho

1. Phuong trinh bac nhat hai an x va yla hé thiec dang ax + by = ¢ (1), trong do6 a, b, ¢
1a cac s6 da biét (a#0 hoacb =0 )

o Néu x,; y,thoa man (1)thi cip s8 (x,;y,)duoc goi la mot nghiém cua phuong
trinh (1)

2. Phuong trinh bac nhat hai an ax + by = ¢ ludén c6 vo6 sd nghiém. Tap nghiém cua no
duoc bidu dién béi dudng thang ax + by = ¢, ki hiéu la (d)

3.Néu a=0va b=0 thi deong thing (d) chinh 1a 6 thi ctia ham s

=2 4L
YT

e Néu a=0 va b=0thi phwong trinh trd thanh x =< , va dudng thing (d) song
a

song hodc trung voi truc tung

e Néu a=0 va b=0 thi phwong trinh trd thanh y =% , va duong thang (d)song
song hodc trung voi truc hoanh.

+by =
4. Cho hé phuong trinh bac nhat hai an (1) { b
ax—+ y =C

o Néu hai phuong trinh dy c6 nghiém chung (x,;¥,) thi (x,;»,) dwoc goi la nghiém

cta hé (1)

e Néu hai phuong trinh da cho khong cé nghiém chung thi ta néi hé (1) v nghiém.



Giai hé phuong trinh la tim tap nghiém ctia no6

5. Tap nghiém ctia hé phuong trinh (1) dwoc bi€u dién boi tap hop cac diém chung
ctia hai duong thang .Vay :(d): ax+by=c va(d'): ax+by=c'" Vay:

e Néu (d) cat (d')thi (1) c6 mot nghiém duy nhat.

e Néu (d)//(d") thihé (1) v nghiém.

e Néu (d)trung véi (d')thi hé (1) v6 s6 nghiém.

6. Hai hé phuwong trinh duoc goi la twong dwong véi nhau néu chiing c6 cung tap

nghiém.
B. M6t s6 vi du

Vi du 1: Tim cong thitc nghiém tdng quéat ciia mdi phwong

trinh sau va biéu dién hinh hoc tdp nghiém ctia noé. A
a) 2x-y=3
b) 4x+0y =8 B g
c) Ox-3y=56
Giai

a) 2x—-y=3 <:>y:2x—3<:>x:%y+%

o o NI [ xeR | fx=iysl
Ta c6 tap nghiém ctia phuong trinh da cho la hoac 27 2
y=2x-3 yeR

Biéu dién hinh hoc tap nghiém:

4x =8
b) 4x+0y=8 < Sx=2
yeR



Ta ¢o tap nghiém cta phuong trinh da cho la:

x=2
7'y
VER [ |

Biéu l \ dién hinh hoc tap nghiém

- b
e el

xeR

Sy=-2
By=6 "

c) Ox-3y=6 <:>{

XeER

Ta co6 tap nghiém ctia phwong trinh da cho la: { 5
y=-

Biéu dién hinh hoc tap nghiém

Vi du 2: Tim nghiém nguyén cua cac phuong trinh sau:

a) Sx+3y=2



b) 38x+117y =15
o) 21x—18y =4
Gidi

e Tim cach giai. D€ tim nghiém nguyén ctia phuwong trinh ax+by =c¢, ta thuong
biéu thi an ma hé s6 cua nd cd gia tri tuyét doi nhoé theo an kia. Chéng han &
cau a:

- Biéu thi an y theo an x

- Tach riéng gia tri nguyén o biéu thic chira x

- D4t diéu kién d€ phan s6 trong biéu thiic ctia x bang s& nguyén t, ta duoc
mot phuong trinh bac nhat hai an x vat

- Ct tiép tuc lam nhu trén cho dén khi cac an déu biéu thi dwdi dang da thirc
v6i hé s6 nguyén

e Trinh bay loi giai

a) 5x+3y=2:>y=_Tsx=l—2x+xT_1 néu x la s nguyén thi 1-2x la sd nguyén

yeZ@xT_leZ

Pt XT_lzt(teZ):x—1=3t:>x=3t+l

Do do y:1—2(3t+1):—5t—1
x=3t+1

Vay nghiém nguyén tong quat cia phuwong trinh da cho la: < y = -5t -1
te”Z

b) 38x+117y =15

FLEd 1A )
38

néu y la s6 nguyén thi —3yla s6 nguyén



er<:>15_3yeZ.Dét 15_3y:t (teZ)
:>15—3y=38t:>y=#=5—13t+§

Taco:teZ=5-13teZ
t o, I
yeZ<:>§eZ. bat gzm(meZ):w:3m

Do do: y=5-133m+m=5-38m
Suy ra: x:—3(5—38m)+3m:117m—15
x=117m-15

Vay nghiém nguyén tong quat ciia phuong trinh da chola: < y=5-38m

meZ
c) 2lx—-18y =4
Véi x,y la s6 nguyén thi vé trai chia hét cho 3, vé phai khong chia hét cho 3.
Vay khong ton tai s6 nguyén (x; y)théa man phuong trinh.
e Nhan xét: Cau c, ta chi can chti y dén tinh chia hét ctia hé so cac an.

Tong qudt. Xét phuong trinh ax+by =c, trong d6 a, b, ¢ la cac s6 nguyén va
UCLN (a;b;¢)=1. Nguoi ta da ching minh duoc néu UCLN(a;b)=1thi phuong
trinh lu6n cé nghiém, néu UCLN (a;b) =d # 1 thi phwong trinh luén v nghiém.
Vi du 3: Trén duong thing 8x—13y+6=0, hdy tim cic diém nguyén (la diém c6 toa
d6 1a s8 nguyén) nam gifta hai deong thang x=-15 va x =40

Giai
e Tim cach gidi. Ban chét cta bai toan 1a tim nghiém nguyén cta phwong trinh

8x—13y+6=0va chi ldy cac gia tri cia x sao cho-15<x<40 . Do vay:



- Budc 1. Tim nghiém nguyén tong quat cua phwong trinh

- Budc 2. Xét mién gia tri —15 < x <40 dé€ tim nghiém.

e Trinh bay loi giai:

Gia st M(x;»)véi x;y e Z 1a diém thudc duong thang 8x—13y+6=0 suy ra x;yla
nghiém nguyeén ctia phwong trinh nay.

Ta 6 8x—13y+6=0 :>x:13);;_6:2y—6+83y néu y 1a s8 nguyén thi 2yla s8

6+3y cz

nguyén x € Z <

Dat 6+83y =t(teZ)=6+3y =8 :y:?:y—z—%

Taco:teZ =3t-2€Z

yeZ@%eZ.Dét =m(meZ):>t=3m

L
3
Do do y=33m-2-m=8m-2; x=2(8m—2)—3m=13m—4

x=13m-4
Nghiém nguyeén tong quat cua phuwong trinh la: < y =8m -2

meZ

Do —15<x<40:>—15<13m—4<40:>—i—3<m<ﬂ

13
Vi meZ nén me{0;1;2;3}. Tir d6 tim dugc bén diém nguyén la (—4;-2); (9;6);

(22;14);(35;22)

Vi du 4: Chttng minh rang trong hinh chit nhat giéi han béi cac duong thang

x=6;x=42 ;y=2;y=17khong c6 diém nguyén nao thudc duong thang 3x+5y =7

Giai



e Tim cdch gidi. Ban chat cua bai toan la chiing t6 phuwong trinh 3x+5y =7 khong ¢

nghiém nguyén théa man 6 <x<42va 2<y<17.Do vay:
- Budc 1. Tim nghiém nguyén tong quat cua phwong trinh.

- Budc 2. Xét mién gia tri —15<x<40va 2< y <17 dé€ tir d6 ching té khong ton tai x

va y nguyeén.
e Trinh bay 10i giai

Gia st M(x; y)Vc'ri x;yeZ la diém thudc duong théng 3x+5y=7 suy ra x;y la

nghiém nguyeén ctia phwong trinh nay.

Ta c6 3x+5y=7 3%=2—2y+1+Tyné'u y la s6 nguyén thi 2yla s6 nguyén

er@lzyeZ

Dit —=t(teZ)=>1+y=3t= y=3t-1

Do d6 x=2-2(3t-1)+t=-5t+4

x=-5t+4
Vay nghiém nguyén tong quat cia phuong trinh da cho la: { y=3r-1
teZ

Néu ton tai diém nguyén thudc duong thang 3x+5y=7thoa man dé bai thi

6<x<42va2<y<l7,suyra 6<-5t+4<42va 2<3t-1<17
N , 2
Tt @6 ta co: 1<t<_§

biéu nay khong xay ra.

Vay trong hinh cht nhat giéi han boi cidc duwong théng x=6;x=42

;¥ =2;y=17khong c6 di€ém nguyén nao thudc duong thang 3x+5y =7



Vi du 5: Khong giai hé phuong trinh, chi dwa vao cac hé s6 ctia cac phuwong trinh

trong hé hay cho biét s6 nghiém ctia hé phuong trinh sau va giai thich tai sao?

-2 +1
y=5-x y= 3x
a) b)
y=3x-1 2
y=—=x+3
3
2x—y=1
9, L, L
2772
Gidi
\ ’ 20 P \ - A s . y:ax+b (1) \ N - A ?
e Tim cach giai. Hé phuong trinh viét dwdi dang;: . thi sO nghiém cua
y=a'x+b' (2)

hé phuong trinh la s6 giao diém ctia phuong trinh (1) va (2) do vay:
-Néu a #d' thi hé phwong trinh c6 nghiém duy nhat.

-Néu a=a', b#b'thi hé phwong trinh v6 nghiém.

-Néu a=d', b=>"thi hé phuong trinh c6 v6 s6 nghiém.

e Trinh bay 10i giai

a) Hé phurong trinh c6 mot nghiém vi hai duong thang c6 phuong trinh da cho trong
hé 1a hai duong thang c6 hé s& goc khac nhau (nén ching cat nhau tai mot diém duy

nhat)

b) Hé phuong trinh v6 nghiém vi hai duwong thang c6 phuong trinh da cho trong hé

1a hai duong thang khac nhau va cé cling hé s6 géc ( nén ching song song véi nhau)

c) Hé phuong trinh v6 s6 nghiém vi hai duong thang c6 phuong trinh da cho trong

hé 1a hai duong thang trung nhau va trung véi duong thang y =2x -1

Vi du 6: Khong giai phwong trinh, chi dwa vao cac hé s6 cua cac phwong trinh trong

hé, hay cho biét s6 nghiém ctia hé phuong trinh sau va giai thich tai sao?



x—2y=—4 b x—=2y=4
3x+2y=12 2x+4y=-8

x—-y=1
<)
—4x+4y=-5
Giai

N Ja 2 VN 7 A~ 2 ~ a b \ C A? 7 A, N A A A B
Tim cach giai: Can luvu y dén ti sO0 —; > va — deé rut ra két luan veé s6 nghiém cua
a c

hé phuong trinh. Cu thé la:

- Néu i, # gthi hé phuong trinh c¢6 nghiém duy nhat
a

-Néu <= g + < thi hé phuong trinh v6 nghiém
a C

~ b N\ A \ /4 A ~ * A
- Néu i, == 5, thi hé phwong trinh ¢ v6 s6 nghiém
a c
Trinh bay 1oi giai

a) Ta co: %;ﬁ _72 Hé c¢6 nghiém duy nhat

4 1 _2 4 A s A A A
b) Ta co: =) = i =—_ Heé c6 v0 s6 nghiém

c) Ta co: L:_—liL. Hé v6 nghiém
4 4 5

Vi du 6: Cho duong thang (m—2)x+(m—1)y =1(m la tham s6)

a) Chitng minh rang duong thing luén di qua mot diém ¢S dinh véi moi gid tri cta

m.
b) Tim gia tri cia m d€ khoang cach tir O dén duwong thang 1a 16n nhat

Giai



a) Diéu kién can va du dé€ duong thang (m—2)x+(m-1)y=1(1)di qua diém cd dinh

N(xp;9,) 1a (m=2)x,+(m—1)y, =1v6i moi m
< mx, —2x, + my, —y, =1voi moi m

< (x4 )m—(2x, +y, +1) =0 vSi moi m
x,+y,=0 =—1
PN 0T Vo - Xo
2x,+y,+1=0 ¥, =1
Vay duong thang ludn di qua mot diém ¢ dinh N (-1;1) v6i moi gid tri cia m

(m-2)x+(m-1y=1

(18]

-

b) - Xét m=2, phuong trinh duong thang 1a: y=1. Khoang cach tir O téi duong

thang 1a 1.

- Xét m =1, phuong trinh duong thang 1a: x =—1 . Khoang cach tir O t6i duwong thang
lal.

- Xét m ¢ {2;1} . Goi A la giao diém cua duong thing (1) véi truc tung

1
Ta co: x:O:y:L,do do OA=——
m—1 |m—1|

Goi B 1a giao diém ctia duong thang (1)véi truc hoanh

1
Ta co yzO:x:L,do dé OB=——
m—2 |m—2|

Goi h 1a khoang c4c tir O dén duong thang (1)



:(m—l)2 +(m—2)2 =2m* —6m+5

2
2 m _Ej AR
2) 272
Suy ra: h* <2=h<+2
Vay khoang cach 16n nhat tir O dén dudng thing 1a /2 khi m = % (viv2>1)

C. Bai tap van dung

10.1. Tim céc sO tu nhién n sao cho:

a) n chia hét cho 9 va n+1 chia hét cho 25

b) n chia hét cho 21 va n+1 chia hét cho 165

) n chia hét cho 9; n+1chia hét cho 25 va n+2 chia hét cho 4
Huwéng dan giai - dap s6

a)n chia hét cho 9, dat n = 9k (ke N)

n+1chia hét cho 25 dit n+1=25m(me N)

Suy ra: 9k +1=25m Spo2oml s, 2mal
VimeNkeNo ey,
2m+l_ -1

bat

=t (teN):>2m+1:9t:>m:4t+T.

ViteN,meN@%eN.

bat %zy(yeN) =>t-1=2y=>1t=2y+1.



Suy ra: m=4.(2y+1)+y:9y+4:>n+1=25(9y+4) =>n=225y+99 (yeN) thi n

chia hét cho 9 va n +1chia hét cho 25.

b) n chia hét cho 21, d4t n=21k (ke N)
n+1 chia hét cho 165, ddt n+1=165m (me N)

Suy ra: 21k +1=165m

165m — 21k =1. V€ trai chia hét cho 3, v€ phai khong chia hét cho 3, suy ra khong ton
tai sO tw nhién m, k thoa man 165m — 21k =1. Vay khong ton tai s6 tw nhién n dé n

chia hét cho 21 va n + 1 chia hét cho 165.

c) Theo cau a, n chia hét cho 9; n+1 chia hét cho 25 thi n =225y +99 (yeN)
Dé n+2 chia hét cho 4= 225y +99+2:4,

Dit 225y+101=4x (xeN) :>x=56y+25+yT+1.

y+1

ViyeN,xeN < eN.DétyTﬂzt(teN) > y+l=4t=y=4-1.

Do d6 n=225(4t—1)+99=900:—126 (€ N) thin chia hét cho 9, n+1 chia hét cho 25

va n+ 2 chia hét cho 4.

Sn+2

10.2. Tim sO tw nhién n dé& la s tw nhién

Huwéng dan giai - dap s6

Pat M2/ (reN) = 5n+2=171 <:>n=17t_2=3t+2t—5_2.
. 2t—2

TacoteN <3teN,neN < eN
2t—-2 Sm+2 m

DétT:m(meN)c>2t—2:5m S1=m0—=0m



TacOo meN <2m+leN,teN @%eN.Dét%zk(keN) =m=2k

Suyra: t=22k+1+k=5k+1

Sn+2

Do d6 n=3.(5k+1)+2k=17k+3 (ke N) thi la s6 tw nhién

10.3. Trén duong thang 11x+18y =120, hay tim cdc diém nguyén (la diém c6 toa do

1a s6 nguyén) ndm gitta hai duong thang y=-18va y=30

Huéng dan giai — dap s6
Gia st M(x;y)véi x;y € Zla diém thudc duong thing 11x +18y =120
Suy ra x;y la nghiém nguyén ctia phwong trinh nay.
Ta nhan thay 18y va 120 chia hét cho 6 nén 11x chia hét cho 6 = x:6
Dit x = 6k (k€ Z) thay vao (1) va rat gon ta duoc: 11k +3y =20

=y= 201k _ 7 —4k+% néu k la s nguyén thi 7 -4k la s6 nguyén.

k-1 k-1

vel & eZ.DétT:l(l‘eZ):k:3t+l.

Dod6 y=7-4.(3t+1)+1=3-11t; x=6k=6.(3t+1) =18 +6

x=18t+6
Nghiém nguyén tong quat cua phwong trinh la: < y =3-11¢
teZ

Do —18<y<30:>18<3—11t<30:>—?—z<t<2

11

Vi teZ nén (e{-2;-10;1} Tk d6 tim duoc bdén diém nguyén

(-30;25);(~12;14);(6;3); (24;-8)

10.4. Giai va bién ludn phuwong trinh nghiém nguyén theo s6 nguyén m

la



a) 6x—1ly=m+2
b) 3x—(m—2)y=m+1

Huwéng dan giai - dap s6

a) 6x—1ly=m+2= 6x=m+2+11y; x=2y+ " 2"V
bat %H:t:y:m+2—6t (teZ)
Do d6 x=2(m+2—-6t)+t=2m+4-11z.
x=2m+4-11t
Vay nghiém nguyén tong quat ctia phuong trinh la: < y =m + 2 — 6¢
te”.

b) 3x—(m—2)y:m+l
Truong hop 1. Xét m—-2=3k =>m=3k+2 (keZ)
Phuong trinh c6 dang: 3x -3ky =3k+3=x+ky =k +1

x=k+1-ky

Suy ra nghiém nguyén tong quat cua phuong trinh la: { 7
yeZz.

Truong hop 2. Xét m—2=3k+1=>m=3k+3 (keZ)

Phuong trinh ¢6 dang: 3x—(3k+1)y=3k+4:>x=ky+k+l+yT+1.

D3t y3+1=t (tez) = y=3-1.
Do d6 x=k(3t—1)+k+1+t=(3k+1)r+1
x=(3k+1)r+1

Suy ra nghiém nguyén tong quat ctia phwong trinh la: < y =3¢-1
teZ



Truong hop 3. Xét m—2=3k+2=>m=3k+4 (keZ)

Phwong trinh ¢6 dang;: 3x—(3k+2)y:3k+5:x:(k+1)y+k+2—yT+1.

bat y;Ll:t (teZ) = y=3t-1.

x=(3k+2)t+1
Suy ra nghiém nguyén tong quat cia phuong trinh la: { y =3¢-1
teZ.

10.5. Chiing minh rang trong hinh chit nhat gi¢i han béi cac duong thang x =-5;

x=23; y=6; y=60 khong c6 diém nguyén nao thudc duong thang 11x+8y =73
Huéng dan giai — dap s6
Gia st M(x;y)véi x;y € Z la diém thudc duong thang 11x+8y =73

Suy ra x;y la nghiém nguyén ctua phuwong trinh nay.

— 3(3—
Taco lx+8y=T3= y= > g\ (8 %)
¢, 3—x

DatT=t(teZ):>x=3—8t.

Do d6 y=8—(3-8)+3r=5+11s
x=3-8

Vay nghiém nguyén tong quat ctia phuong trinh da chola: < y =5+11¢
teZ.

Néu ton tai diém nguyén thudc duong thing 3x+5y =7 thoa man dé bai thi

—5<x<23va6<y<60,suyra -5<3-8<23 va 6<5+11¢<60.

Ttr d6 ta co: —% <t<lva % <t <5.Dbiéu nay khong xay ra.



Vay trong hinh chit nhat giéi han boi duong thang x = -5; x = 23; y = 6; y = 60 khong

c6 diém nguyén nao thudc duong thang 11x+8y =73.

10.6. X4c dinh nghiém ctia hé phuong trinh sau bang phuong phap hinh hoc.

3x-2y=1 3x-2y=-1
a) b)
x=3y=-2 2x+y=4

Huéng dan giai — dap s6

Rat y tit moi phwong trinh da cho d€ c6 ham s6 bac nhat cua bién s6 x , sau do6 biéu

dién bang phuong phap hinh hoc r6i xac dinh nghiém ctia hé.

a) 3x—2y:1<:>2y:3x—1<:>y:%x—%.

x—3y=—2<:>3y=x+2<:>y:§x+§.

o x 0 |

Y ! !

I — —

| 2

L. b 2

x| 0 |
) 2 ]

I

Nghiém ctia hé phuong trinh 1a: (x;y)=(1;1)



3x—2y=—1<:>2y=3x+1<:>y=%x—%.

2x+y=4< y=—2x+4.

X 0 ]

¥ l 2
9

X 0 1

y 4 2

Nghiém ctia hé phuong trinh 1a: (x;y)=(1;2)

10.7. Cho hai phuong trinh mx—2y=3 va 3x—5y=n+8. Biét rang hai phuong trinh

c6 vO sO nghiém chung. Hay tinh m—n

Huéng dan giai — dap s6

T cc phuwong trinh da cho, suy ra: yzgx—% (d) va y:%x_n;-S (d")

Hai phuong trinh trén 6 v6 s6 nghiém chung khi (d)va (d')tring nhau, tic la



10.8. Tim cdc gia tri cua a d€ hé phuong trinh sau v6 nghiém:

x+ay=1
ax—3ay=2a+3

Huwéng dan giai - dap s6

+0.y=1 =1
Xét @ =0, hé phuong trinh c6 dang: 1~ > —h
0.x-3.0.y=2.0+3 yed
Hé phuong trinh v6 nghiém.
_ -3
Xét a # 0, hé phuong trinh vo nghiém khi: & = 29, 243  }4 khong ton
1 a 1 2a+3+#a

tai.
Vay v6i a =0, hé phuong trinh da cho v6 nghiém.

10.9. Véi gia tri ndo cua a thi mdi hé phuong trinh sau c6 nghiém duy nhat? vo

nghiém?



x—=y=0 ax—y=0
a) b)
ax+3y=5 2x+3y=1
Huwéng dan giai - dap s6
a) Hé c6 nghiém duy nhat khi % # 3 & a# 3.

Hé v6 nghiém khi a = -3.

b) Hé c6 nghiém duy nhit khi £ » ‘?1 oar-2.

3
e s \ x+2ay=1
10.10. Vi gia tri nao cua a thi hé phuong trinh:
(3a—l)x—ay =1
a) C6 nghiém duy nhat
b) V6 nghiém

c) V6 s6 nghiém

Huwéng dan giai - dap s6

vO nghiém.

x+2.0. :1 :1
a) Xét a =0 hé c6 dang { < {x

(3.0—1))c—0.y=1<::> —x=1

3a—-1 -a -1 1
r—S3a-12—Saz—.
2 6

Xét a # 0, hé c6 nghiém duy nhat khi 3
a

Vay a ¢ {o;é} thi hé ¢6 nghiém duy nhét.

b) V6i a =0 thi hé vo nghiém.

Xét a # 0, hé c6 nghiém duy nhét khi 3"1_1 :5—“;&1@361—1:_71@0,:%.
a

Vay a ¢ {O;%} thi hé vo nghiém.



c) Khong co gia tri nao cuia a dé€ hé vo s6 nghiém.

10.11. Khong giai phuwong trinh, chi dira vao cac hé s6 ctia cac phuwong trinh trong hé,

hay cho biét vi sao cac hé phuong trinh sau twong duong.

x+y=1 x=2y=2
va
x+y=3 —2y+4y=1

Huwéng dan giai - dap s6
Hai hé phuong trinh twong duong vi chung déu vo nghiém

10.12. Khong giai phuwong trinh, chi dira vao cac hé s6 ctia cac phuwong trinh trong hé,

hay cho biét vi sao cac hé phuong trinh sau khong teong dwong.
x+y=2 . x—=y=1

a) va
x+y=-1 x+2y=4

2x—-y=1 _ |[x+3y=5
b va
y=2x-1 2x—-y=3
Huéng dan giai — dap s6

a) Hé thit nhat vo nghiém, hé th hai ¢6 nghiém duy nhat. Vay hai hé phuong trinh

khong trong duong.

b) Hé tht nhat vo sd nghiém, hé tht hai c6 nghiém duy nhat. Vay hai hé phuwong

trinh khong teong duong.

10.13. Tim cac gia tri cia m va n d€ hai hé phuong trinh sau twong duong

x—y=2 mx+y=4
va
x+y=4 x+(n—1)y=6

Huwéng dan giai - dap s6
Hé th nhat ¢6 nghiém duy nhat x=3; y =1

Muoén cho hai hé twong duong thi hé thit hai cting phai c6 nghiém x =3; y =1



. m3+1=4 m=l
uy ra: =
e (n=1)0=6 " |n=4

10.14. Trén cling mét phang toa d6 Oxy cho hai duong thang (d)va (D) lan luot c6

phuong trinh y =2x-5va y=(m-2)x-m-1

a) Chting minh rdng duong thing (D)luén di qua mot diém cd dinh thudc duong

thang (d)véi moi gia tri cia m
b) Tim gid tri ctia m d€ géc toa dd cach dwong thang (D)mot khoang cach 16n nhat
(Thi Hoc sinh gioi lop 9, tinh Kontum, nam hoc 2012 - 2013)

Huwéng dan giai - dap s6

a) Diéu kién can va du dé duong thang y=(m—2)x—m—1 di qua diém c& dinh
N(x:y,) lay,=(m—=2)x,—m~—1véi moi me y,=mx,—2x,—m—1v6i moi m

< (%, —1)m—(2x,+ y,+1)=0 v6i moi m

xo _]. = O xO = 1
= <
2xy+y,+1=0 Vo = 3.
Vay duong thang ludn di qua mot diém cd dinh N (1;-3) voimoi gia tri cia m.

Véi {j}o il ; thay vao phuong trinh duong thang (d), ta thdy théa man
) =-3.

—3=2.1-5 nén N thudc duong thang (d)

b) — Xét m =2 phuong trinh duong thang la: y = -3

Khoang cach tir O téi dwong thang 1a 3.

- Xét m #2 Goi A la giao diém cua duong thang (D) véi truc tung.

Tacd x=0=y=-m—1dod6 OA=|m+1|.



Goi B 1a giao diém cua dwong thang (D) véi truc hoanh.

Tacd y=0=x=""1 qoa6 op="*1
m—2 |m—2|

Goi h 1a khoang cach tir O dén duong thang (D).

Suy ra: h* <10 = h </10.

Vay khoang cach 16n nhat tir O dén duong thing 1a /10 khi m = % (vi 410 >m)



Chuong 3. HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 11 PHUONG PHAP GIAI HE PHUONG TRINH BAC NHAT HAI AN
A. Kién thitc cAn nhé

1. Quy tic thé

Quy tac thé dung dé bién d6i mot hé phuong trinh thanh mot hé phuong trinh twong duong.

Quy tac thé gom hai buée sau:

e Budc 1: Tt mot phuong trinh ctia hé da cho (coi 1a phuong trinh thit nhat), ta biéu dién
mot an theo an kia r6i thé vao phuong trinh th hai d€ duoc mot phuwong trinh méi (chi con

mot an)

e Budc 2: Dung phuong trinh méi dy dé thay thé cho phuwong trinh thit hai trong hé (phuong
trinh thit nhat cting thuong duoc thay thé boi hé thiic biéu dién mot an theo an kia ¢6 duoc &

buwdc 1)
2. Tém tat cach giai hé phwong trinh bang phuong phéap thé

e Dung quy tac dé bién ddi hé phuong trinh da cho d& duoc mot hé phuong trinh méi, trong

d6 c6 mot phurong trinh mot an.
e Giai phwong trinh mot an vira co, roi suy ra nghiém cua hé da cho.
3. Quy tac cong dai s6

Quy tac cong dai s§ dung d€ bién d6i mot hé phuong trinh thanh hé phuwong trinh twong

duong. Quy tac cong dai s§ gom 2 budc sau:

e Budc 1: Cong hay trir tiing v€ hai phwong trinh cua hé phuwong trinh da cho dé duoc mot

phueong trinh mai.

e Budc 2: Dung phuong trinh méi ay thay thé cho mdt trong hai phuong trinh cua hé (va git

nguyén phwong trinh kia).



4. Tém tat cach giai hé phuong trinh bang phuong phéap cong dai s6

e Nhan hai v€ ctia moi phuong trinh véi mot s6 thich hop (n€u can) sao cho cac hé s6 caa

mot &n nao d6 trong hai phuong trinh ctia hé bang nhau hodc d8i nhau.

e Ap dung quy tic cong dai s6 d€ dugc hé phuong trinh méi, trong d6 c6 mot phuong trinh

ma hé s§ ctia mot trong hai an bang 0 (ttic 1a phuong trinh mot an)
e Giai phwong trinh mot an vira thu dwgc roi suy ra nghiém ctia hé da cho
5. Phuong phap doi bién

B. M6t s6 vi du

Vi du 1: Giai hé phuong trinh { © >~
2 1
AT
x 2=y

(Thi HSG Todn Iop 9, tinh Vinh Long, nam hoc 2012 -2013)

Giai
Tim cach giai. Bai todn néu quy déng mau rdi khit mau ctia mdi phuwong trinh thi sé tao ra
phuong trinh bac hai ¢6 hai an nén khoé giai. Quan sat ky dé bai, chung ta thdy, hai phuwong
trinh c6 phan mau giong nhau. Do d6 nén dung phuong phap dit an phu dé dua vé hé
phuong trinh don gian hon.
Trinh bay 16i giai

Diéu kién x#0;y#2

-3b=2 -3b=2 =5
Hé phuong trinh c6 dang { N {a {a

= =
2a+b=11 6a+3b =33 b=1



1 +2+2y+4_
xX+y-2  x+42y

3

Vi du 2: Giai hé phwong trinh
X+y 8 1

x+y—2_x+2y_

(Tuyén sinh lop 10, Dai hoc sw pham TP H6 Chi Minh, 2012 - 2013)
Giai

Tim cdch gidi. Quan sat dé bai, chiing ta thay can dung phuwong phap doi bién. Tuy nhién cac

tl thirc van con chita an, do d6 ching ta can bién d6i tdch phan nguyén trudc khi d6i bién.
Trinh bay loi giai
Diéu kién: x+y=#2 va x+2y=0

1 +x+2y+4:

3
xX+y—-2 xX+2y
x+y 8 1
X+y=2 x+2y
! +1+ 4 =3 ! + 4 =
xX+y—-2 xX+2y - X+y—-2 x+2y
X+y-=2 x+42y xX+y-=2 x+42y
bat 1 ! v

:u/‘ =
X+y—-2 x+2y

u=
4y =2 4y =2
Hé phuong trinh c6 dang: {LH ’ {LH Y

b= =
2u—8v =0 u—4v=0 y =

A|— =



1
x+y—2_ o x+y—2:1<::> x+y=3<::> X =
x+2y=4 x+2y=4 y=

2
Suy ra: : (TMDbK)

1
x+2y 4

Vay nghiém cta hé phwong trinh la (x; y) = (2;1)

Vi du 3: Xéc dinh ham s& f(x)biét f£(x)+2. f(%j —x vOi x %0
Gidi

Tim cdch giai. Bai toan nay goi la giai phuwong trinh ham. Ta can chuyén vé dang giai hé
phuong trinh. Ttr dé bai ching ta coi f(x)va f (ij la an thi ta da c6 mot phuong trinh. D€
xuat hién phuong trinh thi hai, chiing ta nén ddi vai trd ctia bién bang cach thay xbang L
Ttr d6 ta co 10i gidi sau.
Trinh bay loi giai
Thay xbang LI dugc f(lj +2f(x)= !

x x X

Ttr d6 ta c6 hé phuong trinh:

f(x)+2fej=x f(x)+2.f(lj:x

& * :>3f(x)=z—x
f(ljuf(x):l 4f(x)+2f(lJ:% *
X ) X ' o X X
2—x°
:>f(x): 3x

Vi du 4: Trong mét phang toa dd Oxy cho ba diém A(-13); B(3;-1); C(-3;5). Chting minh

rang ba diém A, B, C thang hang.

Giai



Tim cach giai. Trong mat phang toa do, d€ chirng minh ba diém thang hang ta thuc hién:
- Budc 1. Viét phrong trinh duong thang di qua hai diém.

- Budc 2. Ching to toa do diém th ba thoa man phuwong trinh vira tim dwoc.

Trinh bay loi giai

b4t phuong trinh duong thang (d)di qua hai diém phan biét A(-13)va B(3;-1) la

<
3a+b=-1 b=2

, |—a+b=3 —4a=4 a=-1
y=ax+b.Ta co: &
3a+b=-1

Suy ra phuong trinh duong thang (d)la: y=-x+2
Xét x =-3=y=(-3)+2=5=C(-35)thudc duong thang (d) = A, B, C thing hang

C. Bai tap van dung

2x—3+Jy+5 ~ 5
11.1. Gidi hé phuong trinh: <\/ y+5 2x=3  (Véi x> 3 >-5)

3x+2y=19
(Thi hoc sinh gioi todn 9, tinh Kién Giang, nam hoc 2012 - 2013)
Huéng dan giai — dap s6

Ap dung bat dang thikc Co-si cho vé trai ciia phwong trinh thit nhat:

2x -3 +\/ Y¥S 55 dau bang chi xay ra khi:
y+5 \2x-3

2x =3 :\/y+5 S2x-3=y+5
y+5 2x-3

2x-3=y+5 [2x-y=8 =5
Hécédang:{ * Y <:>{ Y {x

<~
3x+2y=19 3x+2y=9 y=2.

11.2. Giai hé phuong trinh:



4 5 =§ S5x LY g
x+y-1 y-2x-3 2 x+1 y-3
a) b)
3 1 7 2x 3y
x+y-1 y-2x-3 5 x+1 y-3
S Y
x+2 y+l1
<)
X 2 5
+—=—
x+2 y+1 3
Huéng dan giai — dap s6
a)biéu kién: x+y =1,y —2x # 3.
Dat ! =u; ! =
x+y-1 y—2x-3
4u+5v:§ 4u+5v—§ 19u=E u:%
Hé phuong trinh cé dang: = 2 & 2 s :
B3u-v=— 15u—-5v="7 4u+5v=— V=—
5 10
11 10
+y-1 2 +y-1=2 +y=3 Y
Suyra:{ " Ty Y 3 (TMPK)
_ 1 y=2x-3=10 —2x+y=13 _19
y—2x—3 10 73
10
X=——
A TR NP 3 jx=-2
Vay nghiém ctia hé phwong trinh la: T { 9
W=
Y73
oA T ., X y
b) biéu Kién: x#-1;,y #3. Dat —=u; =.
x+1 y-=3

Su+v=27 15u + 3v =81 17u =85 u=>5
= =
2u—3v=4 2u—3v=4 Su+v=27 v=2

Hé phuong trinh c6 dang: {



X
1:5 x=5x+5 x—_—5
X @{ =174 (TMPK)

= =6
y-3 4

Suy ra:

-5
Vay nghiém ctia hé phuong trinh 1a: 4 4
y=6

c) biéu kién: x #-2;y = —1.

x+2 y+l1 x+2 y+1 x+2 y+1
.2 s a2 s T2 2 s
x+2 y+l1 3 x+2 y+l1 3 x+2 y+l1
bat ! =u; ! =
x+2 y+1
B3u+v=0 B3u+v=0 u—l
Hé phuong trinh c6 dang: g = 4 &1 3
2u+2v=—— U—v=—
3 3 v=-1
11
3 +2=3 =1
Suyra: {*72 3 @{x @{x (TMDK)
1 ) y+1=-1 y=-2
y+1
2z _
+1 +2
11.3. Giai hé phuong trinh * o’
3x 4y
+——=2
x+1 y+2

(Thi hoc sinh gioi Todn 9, tinh Déng Nai, nam hoc 2008 - 2009)
Huéng dan giai — dap s6

Diéu kién: x # -1,y # 2.



L2 _ L2 12

+1 +2: +1 +2= +1 +2:
x3 y4 =1 3y 8 < x3 y8
* X o) 3—— 44— =2 + =5
x+1 y+2 x+1 y+2 x+1 y+2
bat ! 2 V.

x+1 y+2

=
3u+8v=>5 3u+8v=>5

u—2v=-3 {4u—8v:—12 {u=—1
P
v=1

Hé phuong trinh c6 dang: {

1

- +1=-1 =2
Suy ra: {* Tl = {x el € {x { (TMDK) la nghiém cua phwong trinh.

y+2 -
11.4. Trong mat phang Oxy cho ba duong thang:
(d):2x-y+3=0
(d,):15x+3y+5=0
(d3):3mx—3y+4m+1520
a) Tim m dé 3 duong thang chi c6 mot diém chung

b) Véi gia tri m vira tim duwoc hdy tinh dién tich va chu vi tam gidc tao boi (d,)vodi cac truc

Ox; Oy .

Huwéng dan giai — dap s6

) Toa d6 giao diém (d,); (d, ) 1a nghiém cua hé ph trinh {2 7Y F3=0
a Oa do g1a0 diem ; a ngniem cua he uwon rin
s v & phong 15x+3y+5=0
__2
2x—y=-3 6x—3y=-9 T3
= = = .
15x+3y=-5 |15x+3y=-5



Suy ra giao diém cua (d,); (d,) 1a M(—%,gj

Ba duong thang (d,); (d,); (d,)cé mot diém chung

< M e(dy) hay 3m.(—§]—3.%+4m+15:0©m=—5

b) Do d6 duodng thang (d,) 6 phuong trinh 1a:
3(=5)x =3y +4(=5)+15=0 <> 15x+3y+5=0.

(d,) cat truc tung tai diém x=0=y = —% = A(O;—gj,

(d;) cit truc hoanh tai diém y=0= x = —% = B(—%;Oj.

Do dai AB la: 4B =~+0A> + OB* = @.

Suy ra dién tich AAOB 1a: § = +.0408 =+ 2 L3 (qyay
2 23318
Chu vi AAOB la: C:OA+OB+AB:§+%+\/§76:6+;/% (dvdd).

11.5. Xac dinh ham s6 f(x) biét: f(x)+x.f(-x)=x+1
Huéng dan giai — dap s6
Thay x bang —x ta dwoc: f(—x)—x.f(x)=-x+1

f(x)+x.f(—x):x+1

Ttr d6 ta co hé phuong trinh :
f(—x)—x.f(x) =—x+1

:{f(x)+x.f(_x):x+l :>(x2+1).f(x):x2+1

xz.f(x)er.f(—x):x2 -X



:>f(x)=1

(a—l)x—byzZa—b—2

11.6. Cho hé phuong trinh
(c+4)x+cy=12b—4a+44

Tim cac sO a, b, ¢ d€ hé phwong trinh c6 v6 s6 nghiém, trong d6 c6 nghiém x=1 va y =3
(Thi hoc sinh gidi Todn 9, Tinh Hai Dwong, ndm hoc 2006 - 2007)

Huéng dan giai — dap s6
x =1;y =3 la nghiém ctia hé phuong trinh nén ta c6 :

(a—l).1—3b:2a—b—2
(c+4).1+3c:12b—4a+44

a=1-2b a=1-2b
= =
c=3b-a+10 c=5b+9
Thay vao hé phuong trinh ban dau ta duoc:

(1-2b-1)x—by=2(1-2b)-b-2
(5b+9+4)x+(5b+9)y =12b—4(1-2b)+44
2bx +by =5b
< (1)
(5b+13)x+(5b+9)y =20b+40

e Truonghop 1. Xét b=0 thi a=1;c=9

0.x-0.y=0
Hé phuong trinh c6 dang : {13 9y 40
x+9y=

Hé phwong trinh ¢ v6 s6 nghiém.

xeR
Tap nghiém ctia hé phuong trinh la : 40—13x
y =
9




e Truong hop 2. Xét b # 0 hé phuong trinh (1) twong dwong voi :

2x+y=S5
(5b+13)x+(5b+9) y =20b+40

y=5-2x
- (56+13)x+(56+9)(5-2x) =20b+40

y=5-2x
=

(5b+5)x=5b+5
Hé phuong trinh ¢ v6 s6 nghiém khi b = -1
Suyra a=3;c=4

Vay hé phuong trinh ¢6 vd s6 nghiém, trong d6 c6 nghiém x=1y=3 khi

(a;b;c) e {(1;0;9);(3;—1;4)}
11.7 Cho f(x)=x'-ax’+b .Tim a va b d¢€ f(x) chiahétcho x> -3x+2
Huwéng dan giai — dap so

Dit thuong cua f(x) va x* —3x+2 la g(x)suy ra:

f(x)

(x2 —3x+2)g(x)<:> x'—ax’ +b=(x-1)(x-2)g(x) véi moix.

¢ Chonx=1tadwoc:1-a+b=0=a-b=1

¢ Chon x=2taduwoc:16-4a+b=0=4a-b=16
-b=1 3a=15 =5
Tir d6 ta c6 hé phuong trinh : {° 1T sl
4a—-b=16 a-b=1 b=4
11.8. Viét phuong trinh dwong thang (d) biét (d) di qua hai diém:

a) A(2:3) va B(1;4)

b) A(3;-6) va B(-2;4)



) A(4;-2) va B(-1;3)
Huéng dan giai — dap s6
a) Dat phuong trinh duong thang (d)1a: y=ax+b
Puong thang (d) di qua hai diém 4(2;3)va B(l;4)nén ta co:
2a+b=3 a=-1 a=-1
& & :
a+b=4 a+b=4 b=5
Vay phuong trinh duong thing (d)la: y=-x+5
b) D4t phurong trinh dwong thang (d)1a: y=ax+b
Duong thang (d) di qua hai diém 4(3;-6) va B(-2;4) nénta cd:
3a+b=-6 5a =-10 a=-2
& = :
—2a+b=4 —2a+b=4 b=0
Vay phuong trinh duong thing (d)la: y=-2x
c) D4t phuong trinh duong thing (d)1a: y=ax+b
buong thing (d) di qua hai diém A4(4;-2)vaB(-1;3) nénta c:
4a+b=-2 S5a=-5 a=-1
& & :
-a+b=3 -a+b=3 b=2
Vay phuong trinh duong thang (d)1a: y = —x +2

11.9. Trong mat phéng toa do Oxy. Chttng minh réng ba diém A, B, C théng hang trong

treong hop sau:
b) A(L;1);B(0;-1):C(2:3)

) A(2:0);B(4:-1);C(-2;2)



Huéng dan giai — dap s6

a) D4t phuong trinh duong thing (d) di qua hai diém phéan biét 4(1;1) vaB(0;—1) la:

la+b=1 a=2
y=ax+b Taco 2= :
0a+b=-1 b=-1

Suy ra phuong trinh duong thang (d)la: y =2x-1.
Xét x=2=>y=22-1=3=C(2;3) thudc duwong thang (d)

= A,B,C thang hang.

b) D4t phuong trinh dwong thing (d) di qua hai diém phan biét 4(2;0) vaB(4;-1) la:

L |2a+b=0 2a =-1
y=ax+b Taco 2= & 2.
4da+b=-1 2a+b=0

Suy ra phuong trinh duong thing (d) la: y = —%x +1.
Xét x=-2= y=1+1=2= C(-2;2) thudc duong thang (d)

= A,B,C thdng hang.



Chuong 3. HE HAI PHUONG TRINH BAC NHAT HAI AN

Chuyén dé 12 GIAI TOAN BANG CACH LAP HE PHUONG TRINH
A. Kién thitc cin nhé

Cac budc giai toan bang cach 1ap hé phurong trinh:

Budc 1: Lap hé phuwong trinh:

- Chon céc an s6 va dat diéu kién thich hop cho cac an s6.

- Biéu dién cac dai luong chua biét theo cac dn sd va cac dai lugng da biét.
- Tt d6 lap hé phuong trinh bi€u thi sw teong quan gitra cac dai lugng
Budc 2. Giai hé phuong trinh

Budc 3. Kiém tra xem trong cac nghiém cua hé phuong trinh, nghiém nao thoéa man diéu

kién ctia an, nghiém nao khong thoéa man, roi tra 1oi.
B. M6t s6 vi du

Vi du 1: Mot ca no chay trén song trong 7 gio, xudi dong 108 km va ngwoc dong 63 km.
Mot Tan khac, ca nd d6 ciing chay trong 7 gio, xudi dong 81 km va nguoc dong 84 km.
Tinh van tdc riéng ctia ca nd va van tdc dong nudc. (bi€t van toc riéng ctia ca nd va van toc

dong nudc khong doi)
Gidi
Tim cdch gidi. Bai todn nay 1a bai toan chuyén dong trong dong chay. Ban can nhé rang:
e Van t6c xu6i dong = van toc riéng + van téc dong nude
e Van t6c nguoc dong = van tdc riéng — van téc dong nuwdc

Sau d6 viét thoi gian xudi dong, thoi gian nguoc dong theo quang duong xudi va nguoc

tir d6 thiét 1ap dwoc hé phuong trinh.



Trinh bay loi giai

Goi van toc riéng ctia cand la x(km/ h, x >0)

Van t6c caa dong nude la y(km /h, 0<y < x)

Suy ra van t6c xudi dong ctia cand 1a x + y(km/ h)

Van t6c nguoc dong ctia candla x—y(km/ h)

Theo dé bai, ca n6 chay trén song trong 7 gio, xu6i dong 108 km va nguwoc dong 63 km, ta

108 63
+
X+y x-y

c6 phuong trinh: =7 (1)

Theo dé bai, ca n6 chay trén sdng cling trong 7 gio, xu6i dong 81 km va nguoc dong 64km,

ta c6 hé phuwong trinh: 84 _ 7 (2)
X+y x-y
108 N 63 _7
+ J—
Tir (1) va (2) ta c6 hé phuong trinh: |~ ° 7
81 84
+ =7
X+y x-y
108a+63b =7
Dat L _ aj; L _ b . Hé phuong trinh c6 dang: ¢
X+y X—y 8la+84b =17
a—l
T o7 +y=27 =24
Giai ra ta duoc 27 suy ra Ty . (thoa man)
b= 1 x—y=21 y=3
21

Vay van tdc riéng ctia cano la 24km / h
Va van tdc cua dong nuwéc la 3km / h

Vi du 2: M6t manh vuon hinh ch nhat ¢6 chu vi34m, néu tang chiéu dai thém 3m, tang
chiéu rong thém 2m thi dién thich ting thém 45m° . Tinh chiéu dai va chiéu réng cia manh

vuon.

Giai



Goi chiéu dai manh vuon hinh ch nhat 1a x(m,x>0) va chiéu rong manh vuon hinh ch

nhatla y(m,y >0)
Theo dé bai, chu vi manh vweon hinh chit nhat la 34m, ta c6 phwong trinh:
2(x+y)=34 (1)

Theo dé bai, néu tang chiéu dai thém 3m, tang chiéu rong thém 2m thi dién tich tang thém

45m’, ta 6 phuong trinh: (x+3)(y+2)=xy+45  (2)

Tt (1) va (2)ta c6 hé phuong trinh:

{( 2(x+y)=34 @{x+y:17

x+3)(y+2)=xy+45 2x+3y=39

X
Giai ra ta dwoc: { (thoa man)

Vay chiéu dai manh vuon hinh ch nhat la 12m, chiéu rong manh vuon hinh ch nhat la

5m
Vi du 3: Hai nguoi lam chung mot cong viéc trong 12 ngay thi xong. Nhung khi lam
chung dugc 8 ngay thi ngwoi thit nhat di lam viéc khac, nguoi th hai lam ti€p cong viéc
dé trong 10 ngay nita thi xong. Hoi néu mdi nguoi lam mot minh xong cong viéc d6 hét
bao nhiéu thoi gian?

Gidi

Tim cdch gidi. Bai toan nay la bai toan vé cong viéc dong thoi. D€ giai loai toan nay, chiung

ta coi toan bd cong viéc la 1 don vi.

’ 1 A y x
Suy ra: nang sudt = ——— .Lap phuong trinh theo mau:
thoi gian

Tong cc nang sudt riéng = nang suét chung

Trinh bay loi giai:



Goi nguoi thit nhat lam mot minh xong cong viéc thoi gian 1a x(ngay,x > 12)

Goi nguoi thit hai lam mét minh xong cong viéc thoi gian la y(ngay,y > 12)

\ NIRRT IR L .
1 ngay nguoi thir nhat lam dugc — cong viéc
x

1 ngay nguoi thit hai lam dwoc 1 cong viéc
y

Theo dé bai, hai nguoi lam chung 12 ngay thi xong, ta c6 phuong trinh:

Theo dé bai, ho lam chung dwoc 8 ngay, nguoi thi nhat nghi, nguoi thit hai lam cong viéc

do trong 10 ngay ntra thi xong, ta c6 phuong trinh: 8[1 + lj + 10_ le 8 +§ =1(2)
XY y Xy
I 1 1
_+_ [ —
\ \ 1A \ y 12

Tt (1) va (2)ta c6 hé phuong trinh: < 18
—+—=1
x oy

Giai ra ta dwoc: * (thoa man)
y=30

Vay thoi gian nguoi thit nhat lam mot minh xong cong viéc hét 20 ngay; thoi gian nguoi

thit hai lam mot minh xong cong viéc hét 30 ngay
Vi du 4: Trong mdt 16p hoc chi ¢6 hai loai hoc sinh kha va gioi. Néu ¢6 1 hoc sinh gioi
chuyén di thi é s0 hoc sinh con lai 1a hoc sinh gidi. Néu ¢ 1 hoc sinh kha chuyén di thi %
s0 hoc sinh con lai 1a hoc sinh gioi. Tinh s6 hoc sinh caa 16p.

Giai

Goi s6 hoc sinh gioila x va s6 hoc sinh khala y (x; y € N;x.y hoc sinh)



Chuyén 1 hoc sinh gioi di thi s6 hoc sinh gidi la x —1hoc sinh

A N . ~N 14 . .2 . A? . \ 1 ~ . \ . \ . « 7 .
Theo dau bai, néu c6 1 hoc sinh gioi chuyén di thi 5 s0 hoc sinh con lai la hoc sinh gioi, ta

c6 phrong trinh: x-1 " :% (1)
X+y-—

Chuyén 1 hoc sinh kha di thi s6 hoc sinh kha 1a y -1 hoc sinh
Theo dau bai, néu c6 1 hoc sinh kha chuyén di thi % s0 hoc sinh con lai 1a hoc sinh gioi, ta

c6 phrong trinh: al = ! (2)

x+y—-1 5
x—1 _l
. . 1A . x+y—-1 6 Sx—-y=5
Tt (1) va (2)ta c6 hé phuwong trinh:
(1) va (2)ta c6 hé phuong e
x+y-1 5

=6 SO
Giai ra ta dwoc: {x Y (thoa man diéu kién)
y =

Vay s6 hoc sinh cta 16p la 6 +25 =31 hoc sinh

Vi du 5: Hai thi xa A va B cach nhau 90km. Mot chiéc 6 to khoi hanh tir A va mot chiéc mod
to khoi hanh tir B cing mot ltic va nguoc chiéu nhau. Sau khi gap nhau xe 6 to6 chay thém
30 phtt nita thi d&én B, con xe m6 t6 chay thém 2 gio nita thi dén A. Tim van t6c ctia mdi xe

( Gia stt rang hai xe chuyén dong déu)

(Thi hoc sinh gi6i I6p 9, tinh Vinh Long niam 2012 - 2013)
Gidi

Goi dia diém gdp nhau la C

Goi van toc 6 to la x(km / h,x > 0)

van técmd to la y(km/h,y>0)



Quéing duong 6 t6 di tir C dén B 1a: %x(km)
Quéng duong mo t6 di tir C dén A 1a: 2y (km)
Theo dé bai, ta c6 phuwong trinh: %x +2y=90 (1)

Theo dé bai, thoi gian 6 to di tit A dén C bang thoi gian mo t6 di tir B d&&n C nén ta c6

2 2
phuong trinh: =2 =2« 4y = 12 (2)
X y

Tt (1) va (2)ta c6 hé phuong trinh: < 2
x? =4y?

l)c+2y=90 x+4y=180, _
= (vi x>0, y>0)

x=2y

. x =60 . N
Giai ra ta dwoc: (thoa man)
y=30

Vay van tc 0 to la 60km / h , van toc mo t6 la 30km / h

Vi du 6: C6 muoi sau nguoi di du trai nghi mat @ mot khu rieng ngoai 6 thanh phd. Ho
chia nhau mang theo 19kg vat dung va luong thuc... Mdi nguoi dan 6ng mang theo 3kg,
mdi nhém hai ngurdi dan ba mang theo kg, moi nhdém ba dira tré mang theo 1kg. Tinh s

dan ong, dan ba va tré em di du trai.
Giai

Tim cdch gidi. Bai toan yéu cau tim s6 dan 6ng, dan ba va tré em nén ta c6 thé chon ba an.
Tt dé bai ta thi€t lap duoc hai phwong trinh: Phuong trinh thit nhat 1a phuong trinh can
bang s6 nguoi, phuong trinh thit hai can bang khdi lwong. Vi diéu kién an s 1a s8 tu
nhién, nén ta c6 thé gidi han mién gia tri cua mdi an d€ tim nghiém (thwc chat 1a giai hé

phuong trinh nghiém ty nhién).

Trinh bay loi giai



Goi s6 dan 6ng, dan ba va tré em lan luot la x,y,z(ngudi, x,y,zeN; x,y,z<16)

Theo dé bai, c6 tat ca 16 nguoi di du trai he, ta c6 phuong trinh: x+y+z=16

Theo dé bai, mbi nguoi dan dng mang theo 3kg, moi nhém hai ngudi dan ba mang theo
kg, mdi nhdm ba dtra tré mang theo 1kg, ta c6 phuong trinh: 3x + % +§ =19 (2)

Tt (1) va (2)ta c6 hé phuong trinh:

x+y+z=16 {x+y+z=16 {x+y+z=16
=

Y. 2 _ 1%
3x+5+§:19 18x+3y+2z=144 16x+y=82

Taco 16x+y=82 ma y>0 nén 16x <82 = x < 5,125
Mat khac y <16 nén 16x >66 = x >4,125 do d6 x=5
Tt d6 ta tinh dwoc y =2, z=9 (thdéa man)
Vay s6 dan 6ng, dan ba va tré em Ian luot la 5 nguoi, 2 nguoi, va 9 nguoi.
C. Bai tap van dung
12.1. Mot 6 t0 di trén quang duong AB v6i van t6c50 km / h, roi di tiép trén quang duong
BC véi van toc 45km / h . Biét quang duong tong cong la 165 km va thoi gian di trén quang
duwong AB it hon thoi gian di trén quang dwong BC la 30 phut.Tinh thoi gian 6 t di trén
quang duong AB va BC
Hudng dan gidi — ddp s6
Goi thoi gian 6 t di trén quang duong AB va BC lan luot 1a x,y(h,x >0,y > 0)

Suy ra quang duong AB 1a 50x km va quang duong BC la 45y km, nén ta c6 phuong

trinh: 50x +45y =165 (1)



Theo dé bai, thoi gian di trén quang duong AB it hon thoi gian di trén quang duwong BC la

(2)

30 phut [: %h] ta c6 phuong trinh: y —x =

| —

50x +45y =165
Tt (1), (2) ta co hé phuwong trinh: 1

- X =—
4 2

3
Giai ra ta dwoc: * 2 (thoa man).
y=2

Vay thoi gian 6 to di trén quang duwong AB va BC lan luot la % gio va 2 gio.

12.2. Mot thira rudng hinh ch nhat. Néu tang chiéu dai thém 2m, chiéu rong thém 3m thi
dién tich tdng thém 100m°. Néu giam ca chiéu dai va chiéu rong di 2m thi dién tich giam

di 68m’. Tinh dién tich thtra ruong do
Huéng ddn gidi — ddp s6’
Goi chiéu dai thtra rudng la x(m,x > 0) va chiéu rong cua thira rudong la y(m, y > O)

Theo dé bai, néu tang chiéu dai thém 2m, chiéu rong thém 3m thi dién tich tang thém

100m’ ta c6 phuong trinh : (x+2).(y+3)=xy+100 (1)

Theo dé bai, néu giam ca chiéu dai va chiéu rong di 2m thi dién tich giam di 68m’, ta co

phuong trinh: (x-2)(y—-2)=xy-68 (2)

Tt (1) va (2) ta c6 hé phuong trinh :

(x+2).(y+3):xy+100<:> 3x+2y =94
x+y=36

(x—2)(y—2)=xy—68

x=22
Giai ra ta duwoc: { (thoa man).
y=14



Vay chiéu rong cta thtra rong la 14m, chiéu dai cta thtra ruéng la 22m, do d6 dién tich ctaa

thtra rudng la 14.22 =308m” .

12.3. Néu hai voi cing chay vao mét bé khong co6 nudce thi sau 90 phut day bé. Néu mo voi

thit nhat chay trong 15 phut roi khoa lai va mé voi tht hai chay tiép trong 20 phut thi
duoc é bé. Hoi néu mdi voi chay riéng thi bao 1au day bé ?

Hudng dan gidi — ddp s6
Goi thoi gian voi thit nhdt chay mot minh day bé'la x (phut, x>0)

thoi gian voi th hai chay mot minh day bé'la y (phat, y>0)

suy ra 1 phit, voi tht nhét chay duocla L bé
X

1 phitt voi tht hai chay duocla L b&
Y

Theo @& bai, hai voi cting chéy vao bé thi 90 phit @y bé, ta c6 phuong trinh ~+ L = %
x oy
(1)

Theo dé bai, néu m¢d voi thi nhat chay 15 phut r6i khda lai va mo voi thit hai chay ti€p
20

trong 20 phut thi dugc 1 bé, ta ¢4 phuong trinh : 5,201 (2)
5 x y 5

Tt (1) va (2) ta c6 hé phuong trinh :

. x =225 . .
Giai ra, ta duoc: (thoa man).
y =150



Vay thoi gian voi thit nhat chay mot minh day bé la 255 phut.
Thoi gian voi tht hai chay mot minh day bé la 150 phut.

12.4. Hai t6 chttc du dinh lam 700 san pham. Thuc t€, t6 mot vieegt miic 20% va to hai vuot
muc 15% nén trong thoi gian quy dinh ca hai t6 da vuot mttc 120 san pham. Tinh s0 san

pham mdi t6 dy kién lam.
Huéng dan giai — dap s6
Goi s0 san pham t6 mot du kién lam l1a x (san pham, xe N)
S6 san pham t6 hai du kién lam 1a y (san pham, y e N)
Theo dau bai, hai t6 dy dinh lam 700 san pham, ta c6 phuwong trinh :
x+y=700 (1)

Theo dé bai, thuc t€, td mot vt mirc 20% va to hai vueot mitc 15% nén trong thoi gian

quy dinh ca hai td da vuot muc 120 san pham, ta c6 phuong trinh :

20x 15y o0 (2)

100 100
x+y =700

Tw (1) va (2) ta c6 hé phuong trinh : { 20x 15y 120
4L =
100 100

x =300 . .
Giai ra ta dwoc: (thoa man).
y =400

Vay s0 san pham t6 mot duy kién lam la 300 san phdm, san pham t6 hai du kién lam 1a 400

san pham.

12.5. D€ lam xong mot cong viéc. Néu cong nhan A va B cling lam thi mat 6 gio. Néu cong
nhan B va C cung lam thi mat 4 gio 30 phtt. Néu cong nhan C va A cung lam thi mat 3 gio

36 phut. Hoi néu ca ba cong nhan cung lam thi bao lau xong cong viéc ?



Hudng dan gidi — ddp s6
Goi thoi gian cong nhan A lam mdt minh xong cong viéc hét x (gio, x>0)
thoi gian cong nhan B lam mot minh xong cong viéc hét y (gio, y>0)
thoi gian cong nhan C lam mot minh xong cong viéc hét z (giv, z > 0)
Theo dau bai, néu cong nhan A va B cung lam thi mat 6 gio, ta c6 phuwong trinh :

L1
x y 6

Theo dau bai, néu cong nhan B va C cung lam thi mat 4 gio 30 phuat (= %hj ,ta c6 phurong

trinh : l+l=z (2)
z y 9

Theo dau bai, néu cong nhan C va A cung lam thi mat 3 gio 36 phut (= %hj , ta co

phuong trinh : ! + 1.3 3)
x z 18

I 1 1
—t—=—
x y 6
\ \ LA . 1 1 2
Tt (1), (2) va (3) ta c6 hé phuong trinh : —+—:§
z Yy
1 1 5
—_——=—
x z 18
e 1 1 1)y 2 1 1 1 1
Céngvévmvetaduoc:2(—+—+—J:— —+—+—== (4)
x y z) 3 x y z

Twr (1) va (4), tacod : l+l=l<::>z=6
6 z 3

Tk (2) va (4), tacod: %+l:l<:>x:9
9 x 3



Twr (3) va (4), tacod : iJrl:l<:>y=18
18 y

3
x=9
Suy ra: < x =18 (thoa man)
z=06

Vay thoi gian cong nhan A lam mot minh xong cong viéc hét 9 gio, thoi gian cong nhan B
lam mot minh xong cong viéc hét 18 gio, thoi gian cong nhan C lam mdt minh xong cong
viéc hét 6 gio

12.6. C6 480 hoc sinh du trai he tai 3 diém, 10% s6 hoc sinh cta dia diém (I), 8,5% hoc
sinh cua dia diém (1) va 15% s& hoc sinh cua dia diém (1I1) di thdm mot vién bao tang.
Vién bao tang cach dia diém (I) 60 km, cac dia diém (II) 40 km va céch dia diém (/II) 30
km. D& tra vira du tién xe (gia 100 dong cho mdi nguoi di 1 km) s8 nguodi di tham vién bao
tang da gop dong déu mdi nguoi 4000 dong. Hoi cé bao nhiéu nguoi & moi dia diém da di

thdm vién bao tang.
(Thi hoc sinh gioi Todn lop 9, TP. H6 Chi Minh nam 1993 - 1994, vong 1)
Huéng ddn gidi — ddp s6’

Goi x,y,z (nguoi) lan luot 1a s6 nguoi cta cac dia diém (1), (), (1) di tham vién bao

tang (x,y,z€N)
Tong s tién xe 1a : 100.(60x +40y +30z) =4000(x+ y+z) nénsuy ra z =2x

Tong s6 hoc sinh du trai la : 10x+%y +2—3Oz =480 =10x <480

48+ x

—x<48va y=40-2x+ . Viylas6 ty nhién

Do d6 48+ x:160 ma 48+ x <96 (vix<48) = 48+x=60< x=12



48+12

z=2x=24 vd y=40-2.12+ =17 (thoa man)

S6 nguoi cua cac dia diém (1), (1), (1) di tham vién bao tang la 12 hoc sinh, 17 hoc
sinh, 24 hoc sinh.

12.7. Trong mot cudc dua xe mo t6, ba tay dua da khoi hanh cing mot Iic. Moi gio nguoi
tht hai chay cham hon nguoi th nhat 15 km va nhanh hon ngwoi thit ba 3km nén nguoi
tht hai dén dich cham hon nguwoi thit nhat la 12 phat va sém hon nguoi the 3 1a 3 phut.

Tim van tdc cta ba tay dua mo to trén
Hudng dan gidi — ddp s6
Goi van t8c nguoi thit haila x(km / h,x > 3)
va chiéu dai quang duong dila y(km,y >0)
Suy ra van tdc tay dua mo6 t6 tht nhat1a x+15 (km / )

Van t6c tay dua xe mo t6 thirbala: x—3 (km/ h)

oy 1 )
N N e ’ A \ N 75 = +15
Theo dé bai ta c6 hé phuong trinh: {* TS5 ) rEs g
x y_ 1 |60y=x*-3x
x=3 x 20
_6 6
15y =18x Y35t y=_x x=75 .
= = = 5 = vix>3
60y = x> —3x 6 ) 2 ; =
—3x

60.§X:X —3x T2x=x

Vay van toc mo to thi nhat1a 75km / h, van tdc md t6 thit haila 75+15=90km / h, van tdc

mo to thaebala 75-3=T72km/h

12.8. Ba chiéc binh c6 thé tich tong cdng la 120 lit. Néu d6 day nudc vao binh th nhat roi

rét vao hai binh kia thi hodc binh tht ba day nudc, con binh tha hai chi dwoc %th@ tich



?. 4 ~ N\ ’ . A 4 \ N\ ’ 2 l A? 4 ?. 4 ~ /4
cta no, hodc binh thit hai day nuedc con binh thit ba chi dwoc gthe tich ctia no. Hay xac
dinh thé tich ctia mdi binh.

Hudng dan gidi — ddp s6

Goi thé tich binh thit nhat la x(lit, x>0), thé tich binh thit hai la y(lz’t, y>0) , thé tich binh

tht ba la Z(ll’t,z>0)

Theo dé bai, ba chiéc binh c6 thé tich tong cong la 120 lit, ta c6 phuwong trinh:

x+y+z=120 (1)
Theo dé bai, néu d6 day nwdc vao binh tht nhat roi rét vao hai binh kia thi hoac binh tha

ba day nudc, con binh thit hai chi duoc %thé’ tich cta nd, hodc binh thit hai day nwéc con
binh thit ba chi dwoc %thé tich ctia ng, ta c6 phuong trinh:
x:ly+z (2) ; x:y+lz (3)
2 3

Tt (1),(2) va (3)ta c6 hé phuong trinh:

1
weyez=i20 |37 TERIEESIN 3y+4z=240 [(x=50
x:ly+z = ly+z=y+lz < 43y-4z=0 < qy=40 (thoa
2 2 : 1 z=30
x:y+lz x=ly+z X=oye
3 2

man)
Vay thé tich binh th nhat 1a 50 lit, thé tich binh thi hai la 40 lit, thé tich binh th& ba 1a 30
lit

12.9. Hai dia diém A va B cach nhau 360 km. Cung liic d6 mot xe tai khoi hanh tir A chay
vé B va mot xe con chay tir B vé A. sau khi gap nhau xe tai chay ti€p 5 gio nira thi téi B va

xe con chay tiép 3 gio 12 phit nita thi téi A. Tinh van t6c moi xe.



Hudng dan gidi — ddp s6
Goi dia diém gdp nhau la C
Goi van toc xe taila x(km / h,x >0)
van toc xe con la y(km /h,y>0)

Quéng duong xe tai di tir C dén B 1a: 5x(km)

Quang duong xe con di tir C dén A la: ? y(km)

Theo dé bai, ta c6 phuong trinh: 5x + ? y =360 (1)

Theo dé bai, thoi gian xe tai di tit A d@&n C bang thoi gian xe con di tit B dén C nén ta c6

16

<)
phurong trinh: = — = RPN Ey2 =5x’ (2)

X y 5
16
Sx+—y =360
Tt (1) va (2)ta c6 hé phuong trinh: gy
25x =16y°

Kéthop vdi x>0, y>0

x =40

Giai ra ta duoc
y=50

Vay van toc xe taila40 km / h, van toc xe con la 50 km / h

12.10. C6 ba doi xay dung cung lam chung mot cong viéc. Lam chung duoc 4 ngay thi doi
III dwoc diéu dong lam viéc khac, hai doi con lai cung lam thém 12 ngay ntta thi hoan
thanh cong viéc. Biét rang ning sudt ctia d6i I cao hon nang suat cua ddi IT; nang sudt cta
d6i III 1a trung binh cdng ndng suat cua doi I va nang suat caa doéi II. Néu mdi doi lam mdt
phan ba cdng viéc thi phai mat tat ca 37 ngay méi xong. Hoi néu moi doi lam mot minh thi

bao lau xong cong viéc trén?



(Tuyén sinh 16p 10, THPT Ning Khiéu DHQG TP.H6 Chi Minh, ndm hoc 2003 — 2004)
Hudng dan gidi — ddp s6
Goi thoi gian d6i I lam mot minh xong cdng viéc 1a x(ngay,x > 0)
thoi gian d6i I lam mot minh xong cong viéc 1a y(ngay,y >0)
thoi gian doi III lam mot minh xong cong viéc la z(ngdy,z > 0)

Theo dé bai, lam chung duwoc 4 ngay thi doi III dwoc diéu dong lam viéc khac, hai déi con

lai cung lam thém 12 ngay ntta thi hoan thanh cong viéc, ta c¢6 phuwong trinh:
4.(l+l+lj+12(l+lJ:1 (1)
Xy z Xy

Theo dé bai, ndng sudt ctia doi III la trung binh cdng nang suat cua doi I va nang suat cua

d6i 11, ta 6 phuong trinh: © = 1(1 + l} 2)
z 2{x Yy

Theo dé bai, néu mdi doi lam mot phan ba cong viéc thi phai mat tat ca 37 ngay méi xong,

ta c6 phuong trinh: §+ % +§ =37 (3)

wr: Np o A < U T
Theo dé bai, nang suat ciia d6i I cao hon ning sudt cua doi Il tircla: —>— < x<y (4)
XY

4.[l+l+lj+12(l+lJ=l (1)
Xy z Xy
\ \ 4 A \ 1 1 1 1
Tt (1),(2) va (3)ta c6 hé phuong trinh: ¢ — = —(—+—j (2)
z 2\{x Yy
Ty X i
3t3t3=%7 (3)

Tt (2)ta co: L1122 thevao (1) ta duoc: 4(%+l)+12.2=1<:>z=36
X y z z z z



I 1 1
Thay vao phuong trinh (2) va (3), taduoc: x  y 18 < {
x+y=75

xy:18(x+y)
x+y=75

xy =1350 (5)
- {x+y =75 (6)

Tw (6), ta c6: y =75—x thay vao (5) ta duoc:
x(75-x)=1350 < x* =75x+1350=0

< (x—45).(x-30)=0< x =45, x=30

Véi x =45thi y=75-45=30 khong thoa man (4)

Véi x =30 thi y=75-30=45, thoa man (4)

Vay thoi gian d6i I lam mot minh xong cong viéc doi I hét 30 ngay, doi I hét 45 ngay, doi

III hét 36 ngay

12.11. Trong céi binh ¢6 dung nudc. Néu ta rot %lu(yng nudc tir binh thit nhat sang binh

7 . A . 7 1 7 - A . 7 2 N\ ’ . \ ’ \ AN \ 4
tht hai; r6i rot " leong nwedce hién tai cd 6 binh thit hai sang binh thtt ba va cudi cung rét

1 7 2 \ 1l 2 7 A, \ X \ 7 ’ Je 2 . ’
Elu’ong nudc ¢ binh thit ba sang binh thit nhat thi trong moi binh c6 9 lit nwde. Hoi lac

dau trong moi binh c¢6 bao nhiéu lit nuwdc?

Huéng ddn gidi — ddp s6’

bat lvong nudce luc dau trong binh th nhat, binh thit hai, binh thi ba lan luot la x,y,z

Theo dé bai ta c6 hé phuong trinh:



1 ] 1{ 1( 1 ﬂ 27 1 1
X—=Xx|+—|z+—| y+=x|[|=9 —Xx+—y+—z=9
[ 37) 1007 47 3 20" 40”7107

=12

1 1
(y+§x]—2£y+ xj=9 = %y+ix=9 <qy=8
z="7

1
3
111
1 1 _ —Xx+—y+—z=1
+z(>’+§xﬂ—9 120" 40”10

1 1 1
Z+—|y+=x||-—|z
il5)) )
Vay luong nudce lic dau trong binh thit nhat, binh thit hai, binh thi ba lan luot 1a 12 lit, 8

lit, 7 lit.

12.12. A néi v6i B : Tudi ctia tdi hién nay gap ba Ian tudi ctia anh vao Itc tudi toi bang tudi
anh hién nay. Ltc tudi anh bang tudi toi hién nay thi tong s6 tudi cta hai chiing ta la 98.

Tim tu6i cta A va B hién nay.

Huéng dan giai — dap s6
Goi tudi cua A va B hién nay [an luot 1a x,y(tuo”i, x,ye N,x> y)
Lic A c6 s6 tudila y thi B cd s6 tudila: y—(x—y)hay 2y—x

Luc B ¢ s8 tudila x thi A ¢6 s8 tudila: x+(x—y) hay 2x—y

S o Jxe=3(2y-x)  fx=42
Theo dé bai ta c6 hé phuong trinh: = ( thoa man)
2x—y+x=98 y=28

Vay tudi cua A 1a 42, tudi cua B 1a 28

12.13. Boan duong AB dai 160km, mot 6 tO di tir A dén B va mot xe may di ti B dén A
khoi hanh vao cung mot thoi diém, sau mot thoi gian hai xe gdp nhau tai diém C, doan
duong AC dai 120km. Khi di t6i B 6 t6 lién quay lai ngay va dudi kip xe may tai diém D.
Tinh van t6c mdi xe, biét ké tir khi khoi hanh téi lac hai xe gép nhau tai diém D 1a 4 gio va

van tdc hai xe khong doi.
(TS I6p 10, chuyén todn tinh Ninh Binh, nam hoc 2010 - 2011)

Huwéng dan giai - dap s6



Goi van tdc 6 td va xe may lan luot 1a x,y(km/ h,x,y >0)

Vi cung thoi gian di tt A dén C va thoi gian di tt B dén C nén ta ¢ phuong trinh:
120_40

Peox=3y (1
xy<:>xy()

Vi khi t6i B 6 t6 lién quay lai ngay va dudi kip xe may tai diém D va ké tir khi khoi hanh

t6i ltc hai xe gdp nhau tai diém D 1a 4 gio, ta c6 phuong trinh: 4x -4y =160 (2)

x =3y

Tt (1) va (2)ta c6 hé phuong trinh: {4x _4y—160 =

=60
: thoa man diéu kién
y =20

Vay van toc 0 to va xe may lan lwot la 60km /h, 20km | h



Chuyén dé 13. HE PHUONG TRINH BAC NHAT NHIEU AN
AKIEN THUC CAN NHO
e Hé phuong trinh bac nhat ba an la hé phuong trinh c6 dang:
ax+by+cz=d,
ax+b,y+c,z=d,
ax+by+cz=d,
Didu kién a;;a,;a,;b,;by;b,;¢,5¢,; ¢, khong dong thoi bang 0.
Dé€ giai hé phuong trinh bac nhat ba an, ching ta thwong dung phuong phap thé, phwong phap
cOng dé giam bét an. Pua vé hé phuong trinh bac nhat hai an.
e Tuong tw nhu vay, hé phuong trinh bac nhat n an la hé phuwong trinh c6 dang;:

ax, +bx, +..+cx, =d,
a,x, +bx, +...+c,x, =d,
ax+bx,+..+cx =d,
biéu kién a;a,;...;a,;b,3b,5...3b,;...5¢,5 555 ¢, khong dong thoi béng 0.

Tuong tu nhuw trén, ta cling lam giam b6t s§ an bang cach dung phuwong phép thé, phuong phap
cOng.

Tuy nhién phu thudc vao mdi bai, ta cé nhitng cach giai thich hop va ngén gon.

B. Mot s6 vi du

x+y+z=11 (1)
Vi du 1: Giai hé phuong trinh sau: {2x—-y+z=5 (2)

3x+2y+z=14 (3)

Giadi
Tim cdch giai. Phuwong trinh bac nhat ba an. Ta c6 thé khtr b6t mot an dé€ dua vé hé phuong trinh
bac nhat hai an bang phwong phap cong hodc phrong phap thé:
e Cich 1. Dung phuwong phap cong dé khir an z, dwa vé hé phwong trinh hai an x, y.
e  Cdch 2. Ttt phuong trinh (1) biéu dién z theo x va y thé vao phuong trinh (2) va (3) ta cling
duoc hé phwong trinh hai an x, y.

Trinh bay loi giai
Cdch 1. Tt phuong trinh (1) va (2) ta co: x—2y =-6

Tt phwong trinh (2) va (3) ta cd: x+3y =9



2y==6  [(5y=15 =0
Tir d6 ta c6 hé phuong trinh: {x 4 @{ 4 @{x

x+3y=9 x+3y=9 y=3

Thay vao phuong trinh (1) ta tinh dwoc z=8.

Vay nghiém ctia hé phuwong trinh 1a (x; y;2) =(0;3;8).

Cdch 2. Tt phuong trinh (1) ta dwoc: z =11-x— y.Thay vao phwong trinh (2) va (3) ta dwoc:

2x—y+1l-x—y=5 x—2y=-6 x—2y=-6 x=0
= = =
3x+2y+1l-x—y=14 2x+y=3 4x+2y=6 y=3

Thay vao phuong trinh (1) ta tinh duwgc z=8
Vay nghiém cta hé phuong trinh 1a (x;y;z) =(0;3;8).
3x+y+z=22 (1)

Vi du 2: Giai hé phuong trinh sau: {x+3y+z=20 (2)
x+y+3z=18 (3)

Giai
Tim cdch gidi. Ngoai cach giai nhw vi du 1. Quan sat dac diém cac hé s& cia mdi phuwong trinh, ta
nhan xét rang néu cong ting vé& ctia ba phuong trinh, ta duoc phrrong trinh méi ¢6 hé s8 ctia 4n
giong nhau. Do vay ta c6 101 giai hay va gon hon.
Trinh bay loi giai
Ttr cac phuong trinh trén cta hé, ta cong vé véi vé ta duoc
5(x+y+z)=60=>x+y+z=12 (4
Tt phrong trinh (4) thay vao cac phwong trinh (1); (2); (3) ta dugc:

2x+12=22  [x=5
2y+12=20<1y=4
2z+12=18  |z=3

Vay nghiém cta hé phuong trinh 1a (x;y;z) =(5;4;3).

X Y Z_
Vi du 3: Gia stt hé phuwong trinh: 4312

X y z

—+—+—=1

3 10 5

Co6 nghiém (x;y;z). Ching to x+ y+z khong ddi
(Thi HSG Todn 16p 9, TP. DBa Nding, Niam hoc 2009 — 2010)

Giai



—————=1
3x-4y-z=12 (1
Cich1:14 3 12 L 3x—4r== (1)
x y.z 10x+3y+6z=30 (2)
3 10 5

Ttr phuong trinh (2) va (1), 1ay vé trit v€ ta duoc:
18 .. . -
T(x+y+z)=18=>x+y+z == khong doi.
Cdch 2: Tt phuong trinh (1) ta cd: z=3x-4y—12 (3). Thé vao phuwong trinh (2) ta duoc:
10x+3y+6.(3x—4y—12) =30

< 10x+3y+18x—-24y-72=30

o 28x—21y=102 = x =022y
28
3.(102+21 49—
Thay vao (3) ta co: z:(—y)—4y_12:>Z:M
28 28
Xét x+y+z=18222y o 230180 6e i
28 28 7

Vi du 4: Tim gia tri nho nhat cua biéu thitc 4=x-2y+3zDbiét x, y, z khong am va thdéa man hé

2x+4y+3z=8
phuong trinh: TRy
3x+y-3z=2

(Thi HSG Todn l6p 9, TP. H6 Chi Minh, Nam hoc 2011 —2012)
Gidi

e Tim cdch giai: Tk gia thiét ta thdy hé phuwong trinh bac nhat ba an ma chi ¢6 hai phuwong
trinh, do d6 hé phuong trinh ¢6 v6 sd nghiém. Suy luan, ta c6 thé coi mot an nao do6 la tham so,
biéu dién hai 4n con lai theo tham s& d6. Chang han biéu dién x, y theo z. Ciing tit d6 biéu thitc A
viét dudi dang da thiic chira z. T diéu kién X, y, z khong am, ta xac dinh dwgc mién gia tri cua z.
Tt d6 ta co 1oi giai sau:

e Trinh bay loi giai
Ta <& {2x+4y =8-3z (1)

3x+y=2+3z (2)

Tt (2) ta co: y =3z+2-3x. Thay vao phwong trinh (1) ta duoc:

2x+4(3z+2—3x):8—3zc>ngz



Do doé y:3z+2—2222—iz.
2 2

iZZO
x=0 2 ; A
Kéthop vdi {y20& 2——z20<:>0§zs§ 3)
z2>0 >0

Suy ra: A=x-2y+3Z232—2(2—%ZJ+3Z=1§Z—4.

Két hgp vdi (3) ta cd: 4 =%z—42%.0—4=—4

Vay gia tri nho nhat cta Ala =4 khi z=0,x=0,y=2;
C. Bai tap van dung

13.1. Giai hé phuwong trinh sau:

2x—y+3z=4 (1) x—=2y+3z-5=0 (1) x+y+2z=4 (1)
a) 13x—-2y+2z=3 (2) b) 12x=5y+4z-3=0 (2) Q) {2x-3y+3z=6 (2)
Sx+4y=9 3) 3x—4y+2z-7=0 (3) x-3y+4z=6 (3)

Huéng dan giai — dap s6

. . . , |4x=2y+62z=8
a) Tt phuong trinh (1) va (2) ta c6 =5x—-4y=1
9x—6y+6z=9

Két hgp voi phuong trinh (3) ta ¢ hé phuwong trinh:
Sx—-4y=1 10x =10 x=1
= = .
Sx—+4y=9 Sx+4y=9 y=1
Thay vao phuong trinh (1) ta tinh dwoc z =1.
Vay tap nghiém cta hé phuong trinh 1a (x;y;z) =(L11).
b) Ttr phwong trinh (1) ta cd: x =2y —-3z+5 thay vao phuwong trinh (2), (3) ta duoc:

2.(2y—32+5)—5y+4z—3:0 y+2z=17 y=3
<~ = .
3.(2y—3z+5)—4y+22—7:0 2y-T7z=-8 z=2

Tt phuwong trinh (1) ta c6: x=2.3-3.2+5=5.
Vay tap nghiém cta hé phuong trinh 1a (x;y;z) =(5;3;2).

¢) Tt phuwong trinh (1) ta c6: x =4 -y -2z thay vao phuwong trinh (2), (3) ta dugc:



{2(4—y—2A—3y+3z:6

Sy+z=2
4—-y-2z-3y+4z=-6

=
4y-2z=10

Tt phuong trinh (1) ta c6: x=4-1-2.(-3)=9.

Vay tap nghiém cta hé phuong trinh 1a (x;y;z) =(9;1;-3).

2x+y+z+t=11
+2y+z+1=12
13.2. Giai hé phuong trinh sau: rrerTe

x+y+2z+t=13

x+y+z+2t=14

(1
2)
3)
(4)

Huwéng dan giai - dap s6
Tt cac phuong trinh trén cta hé, ta cong v€ véi ve ta duoc:
5(x+y+z+t)=50=>x+y+z+1=10 (5)

Tt phuong trinh (5) thay vao cac phuwong trinh (1), (2), (3), (4) ta duoc:

x+10=11 x=1
y+10=12 y=2

= .
z+10=13 z=3
t+10=14 t=4

Vay nghiém cta hé phuong trinh 1a (x;y;z;¢) =(1;2;3;4).

13.3. Giai hé phuong trinh:

x+y+z+t=4 (1) x+y+z—t=8 (1)
2) x+y—z—t=8 (2) b) y+z+t—x=6 (2)
x—y+z—t=12 (3) z+t+x—y=4 (3)
x—y—z+t=16 (4) t+x+y—-z=2 (4

Huéng dan giai — dap s6
a) Tt phuong trinh (1) va (2) cong v& véi vé: 2.(x+y)=12=>x+y =6.
Tt phuong trinh (3) va (4) cOng v€ v6i vé: 2.(x—y)=28=x—y=14.
x=10
=S
y=—4
Thay vao phuong trinh (1) va (3) ta duoc:
z+t=-2 z=-2
=S :
z—t=-2 t=0

Vay nghiém cta hé phuong trinh 1a: (x; y;z;¢) = (10;-4;-2;0).

x+y=6

Ttr d6 ta co hé phuong trinh:
x—y=14

6+z+1t=4
=
14+z-1t=12



b) Ttx hé phuong trinh, cong v€ véi vé ta dugc:

2(x+y+z+t)=20:>x+y+z+t=10 *)

Tt phuong trinh (*) két hop v6i hé phuong trinh ta co:
10-2¢=8 t=1

10-2x=6 x=2
= .
10-2y=4 y=3
10-2z=2 z=4

Vay nghiém cta hé phwong trinh la: (x; V5 z;t) = (2; 3:4; 1).

13.4. Giai hé phuong trinh sau:

x+y+z=6 (1) x+y—z=4 (1)
y+z+t=9 (2) yv+z—t=5 (2)
a)qz+t+u=12 (3) b) z+t-u=6 (3)
t+u+x=10 4) t+tu—x=12 4)
u+x+y=8 (5) u+x—y=8 (5)

Huéng dan giai — dap s6
a) Tt hé phuong trinh da cho, cong vé voi ve ta duoc:
3(x+y+z+t+u) =45=>x+y+z+t+u=15 (6)
T (6) va (1) suy ra: 6+t+u=15=¢t+u=9
Thay vao (4) ta c6: x =1
Thay vao (3) tacéd: z=3
Thay vao (1) ta dwoc: y=2
Thay x=1;z=3 vao (3) ta duogc: 1 =4
Thay z=3;t=4 vao (4) ta dugc: u=5
Vay nghiém cta hé phuong trinh 1a: (x; y;z;6u) = (1;2;3;4;5).
b) Ttx hé phuong trinh cong vé vdi vé ta duoc:
xX+y+z+t+u=35 (6)
Tt phuwong trinh (1) ta cé: x+y=4+z
Tt phuong trinh (4) ta cé: t+u=12+x
Thay vao phuong trinh (6) ta cé: 4+z+2z+12+x=35=>x=19-2z2
Thay vao phuong trinh (1) ta c6: 19-2z+y—z=4= y=3z-15

Thay vao phuong trinh (2) ta co: 3z-15+z—-t=5=>1=4z-20



Thay vao phuong trinh (3) ta cé: z+4z-20-u=6=u=5z-26
Thay vao phuong trinh (4) ta c6: 4z-20+5z-26-19+2z=12=z=7
Tt do6 ta tinh dwoc: x=19-2z=5
y=32-15=6
t=47-20=8
u=57-26=9
Vay nghiém cta hé phuong trinh 1a: (x;y;z;65u) =(5;6;7;8;9).

13.5. Giai hé phuong trinh sau:

x+3y+5z+3t=34 (1) x+y+z+t=10 (1)
2) X+y+2z+t=13 (2) b) X+2y—z+t=6 (2)
x+2y+5z+4t=36 (3) x+3y+z—t=6 (3)
x+3y+8z+5t=51 (4) X—y+2z+2t=13 (4)

Huwéng dan giai - dap s6

a) Tt phuwong trinh (1) va (2) ta co: 2y +3z+2t=21 (5)
Tt phuong trinh (1) va (3) tacd: y—t=-2 (6)
Tt phuong trinh (1) va (4) ta co: 3z+2t=17 (7)
Ttr phwong trinh (6) = y =¢ -2 thay vao phuwong trinh (5) ta duoc:
2(1-2)+3z+2t=21=3z+4:=25 (8)
Tt phuong trinh (7) va (8) ta co hé phuong trinh :

3z+2t=17 z=3
{3z+4t=25©{r=4'
e Tir d6 ta tinh dwoc: y=r-2=4-2=2.
e Thay vao phuwong trinh (1) ta c6: x+3.2+5.3+3.4=34=x=1.
Vay nghiém cta hé phuong trinh 1a: (x;y;z;1) =(1;2;3;4).
b) Ttt phuwong trinh (1) va (2) ta c6: y—2z=-4 (5)
Tt phwong trinh (1) va (3) tacd: 2y-2t=—4=y—-t=-2 (6)
Tt phwong trinh (1) va (4) ta cé: 2y—z—t=-3 (7)
Tt phwong trinh (5) = y =2z—-4 thay vao phuong trinh (6):
2z—4—t=-2=1t=2z-2 thay vao phuong trinh (7) ta co:
2(22—4)—2—(22—2) =3=z=3



Twr d6 ta tinh dwoc: y=2.3-4=2; t=23-2=4.
Thay vao phuong trinh (1) ta cé: x+2+3+4=10=>x=1.
Vay nghiém cta hé phwong trinh la: (x; V;z; t) = (1; 2;3;4).

13.6. Giai hé phuong trinh:

XY .z ¥=2 _y+l_z
a)y5 7 3 b)J 3 4 7
2x—y+4z=30 4x—y—z=3

Huwéng dan giai - dap s6

a)Détgzgzgzk suy ra x =5k; y =Tk; z=3k

Ma 2x—y+4z=30 nén 10k-7k+12=30=15%k =30 k=2

x=52=10
Vay nghiém ctia hé phwong trinh la: { y=7.2=14.
z=32=6
o, X=2 y+1 =z
b) Dat 3 :TZ7Zk suyra x=3k+2; y=4k-1; z="k.

Ma 4x—y—z=3 nén 4(3k+2)—(4k—1)-Tk =3 =k =6

x=3.(-6)+2=-16
Suyra Jy=4.(-6)-1=-25.
z="7.(-6)=-42

Vay nghiém cta hé phuong trinh 1a: (x; y;z) = (—16;-25;-42).



Chuyén dé 14. HE PHUONG TRINH
QUY VE HE PHUONG TRINH BAC NHAT

A. Mot s6 vi du
Mot s6 hé phuwong trinh khong phai la hé phuwong trinh bac nhat, sau mot s6 budc bién doi thich
hop, chiing ta c6 thé giai duoc bang cach dwa vé hé phuong trinh bac nhat hogc tim dwoc nghiém
mot cach gian don. Sau day 1a mét sd vi du minh hoa:

xX+xy+y=9
Vi du 1. Giai hé phwong trinh < y+yz+z=4

z+zx+x=1
(Thi HSG Todn 16p 9, TP. DBa Nang, Nam 2011 —2012)

Giai
X+xy+y=9 x+xy+y+1=10 (x+1)(y+1)=10 (1)

v+yz+z=4<y+yz+z+1=5 c>(y+1ﬂz+1y:5 (2)
z+zx+x=1 z+zx+x+1=2 (Z+1)(x+1):2 3)

Ttr phuong trinh (1), (2), (3) nhan v€ véi vé, ta duoc:

(x+4)(y+l)(y+l)=10 4)

Ay O s =10 =10

e  Truong hop 1. Xét phuong trinh (4): (x+1)(y+1)(y+1)=10

z+1=1 =0
Két hgp voi phuong trinh (1), (2), (3) tacd: {x+1=2x=1.
y+1=5 y=4

o Truong hgp 2. Xét phuong trinh (5): (x+1)(y+1)(y+1)=

z+1=-1
Két hgp voi phuong trinh (1), (2), (3) tacd: {x+1=-2 <

y+1=-5
Vay tap nghiém ctia phwong trinh 1a: (x;y;2) € {(1;4;0),(-3;-6;-2)}.
Nhan xét. Thong thuong bai todn c6 thé giai bang phuong phap thé : Tt phuong trinh (1) va (2)
biéu dién x theo y va z theo y thé vao phuong trinh (3). Ta thu dugc phuwong trinh mot an (an y).
Cach giai d6 dting, nhung dai, c6 thé dan dén sai lam. Quan st ki, chting ta thay hé sd ctia an cé
vai trd nhw nhau trong moi phuong trinh. Vi vay ta c6 thé thém bét dé phan tich thanh nhan ti va

c6 cach giai nhw trén.



, e x|y -=4
Vi du 2. Giai hé phuong trinh:
[x+1|=3y-3 )
Gidi
Tim cdch gidi. Dac diém ctia hé phuong trinh la chita ddu gia tri tuyét d6i. Do vay ta can nhé téi
mot s6 cong thire sau:
e A>0 véimoiA, ddu bang xay rakhi 4>0
AnéuA=0
[ J |A| = .
—-AnéuA<0
Trinh bay 10i gidi. Nhan xét: [x+1/>0 nénsuy ra 3y-3>0< y>1.
Do vay |y—1| =y—1.
Két hgp voi phuong trinh (1) ta ¢d: 3y-3+y—-1=4< y=2.

x+1=3 x=2
Suy ra: [x+1/=32-3=3 & =

x+1=-3 x=-4

Vay tap nghiém ctia phuong trinh 1a (x;y) € {(2;2),(-4;2)}.

6(x+y):5xy
Vi du 3: Giai hé phuong trinh: <12(y+z)="7yz
4(Z+x)=3zx

(Thi hoc sinh gioi Todn I6p 9, tinh Thanh Héa, ndam hoc 2007 — 2008).
Giai
e Nhan xét: x =y =z =0 la mot nghiém ctia hé phuong trinh da cho.

e Xét xyz #0, hé phrong trinh viét dudi dang:

ey 5 (1,15
xy 6 x y 6
y+z_ T l+l=l(2)
vz 12 y z 12
z4x 3 (1,1 3
zx 4 z x 4

Tt phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

2 l+l+l :£®l+l+l:£(4)
X y z 6 x y z 12

Tt phuong trinh (1) va (4) ta co: %+l = % =z=4
z



Tt phwong trinh (2) va (4) ta co: l+l:£:>x:2
x 12 12

Tt phuong trinh (3) va (4) ta cé: 1 +% = % =>y=3
Y

Vay hé phuong trinh ¢6 hai nghiém (x;y;z)= {(O; 0;0);(2;3;4)}.
Nhan xét: Ttruede khi chia hai vé& cho an s6, ching ta can xét truong hop x =y =z=0 trudc. Tranh
mat nghiém cta hé phuong trinh.

(x+y)(x+z)=8 (1)
Vi du 4: Giai hé phuong trinh sau: < (y+x)(y+z)=16 (2)

(z+x)(z+y)=32 (3)
Giai
Ttr hé phuong trinh, nhan vé véi vé' ta duoc:
(x+p).(x+2).(y+2)=4096
(x+y).(x+z2).(y+z)=64
(x+y).(x+z2).(y+z)=—64

Trieong hop 1: Xét (x+y).(x+2z).(y+2)=64 (4)

8.(y+z):64 y+z=8 (5)
Két hop cac phuong trinh (1), (2), (3) ta cé: 116.(x+z)=64 < x+z=4 (6)
32.(x+y)=64 |(x+y=2 ())

Tt cac phuong trinh (5), (6), (7) cong vé€ véi vé ta duoc:

2.(x+y+z)=14<:>x+y+z=7
Két hgp cac phwong trinh (5), (6), (7) ta duwoc mot nghiém la: {y =3 .

Trwong hop 2. Xét (x+ y).(x+ Z).(y +z)=-64 (8)
Két hgp cac phwong trinh (1), (2), (3) ta co:

8.(y+z)=—-64 y+z=-8 (5)
16.(x+z)=—64 & {x+z=-4 (6)
32.(x+y)=-64 |x+y=-2 (7)

Tt cac phuong trinh (5), (6), (7) cong v€ véi vé ta duoc:



2.(x+y+z)=—l4<:>x+y+z=—7

x=1
Két hgp cac phwong trinh (5), (6), (7) ta dwoc mot nghiém la: § y =-3.
z=-5

Vay nghiém ctia hé phuong trinh 1a: (x;y;z) e {(—1;3;5),(1; —3;—5)}.

, s \ x+y=3
Vi du 5: Giai h¢ phuong trinh sau: | 5
X +6xy+8y° =0

Giai

Tim cdch gidi. Quan sat ki, chtiing ta nhin thdy phuwong trinh (2) c6 thé phan tich thanh nhan te. Tt

& hoac
{B.C=O {B=O {C=O

dé ta c6 thé st dung:

Trinh bay loi giai
x+y=3 x+y=3
2 2 <
X +6xy+8y =0 (x+2y)(x+4y)=0
x+y=3 . |x+y=3
= hoac .
x+2y=0 x+4y=0

e Giai he {x Y <:>{y <:>{x

x+2y=0 x+y=3 y=-3

x+y=3 {3)/:—3 {x:4
= =

e Giai hé
x+4y=0 x+y=3 y=-1

Vay tap nghiém cta hé phuong trinh 1a: (x;y) e {(6; -3);(4; —1)}

(x+y)(x+y+z) =72 (1)
Vi du 6. Giai hé phuong trinh 1 (y+z)(x+y+z)=120 (2)
(x+z)(x+y+z)=96 3)

Giai

Ttr phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

=12
S e T [

o Trueong hop 1: Xét x+y+z=12 (4). Két hop véi hé phuong trinh ta duoc:



(x+y)12:72 x+y=6 (5)
(y+2)12=120={y+2=10 (6)
(z+x)12=96 z+x=8 (7)

T (4)va(d)tacod: z+6=12<2=6

T (4) va(6)tacod: x+10=12<=x=2

Tir (4) va (7) ta cé: y+8=12< y=4.

Vay (x;;2)=(2;4;6) 1a nghiém ctia hé phuong trinh.

o Trueong hop 2. Xét x+y+z=-12 (8). Két hop hé phwong trinh ta dwoc:

(x+y)(-12)=72 x+y=-6 (9)
(y+z)(—l2) =120 qy+z=-10 (10)
(z+x)(—12)=96 z+x=-8 (11)
Tt phuong trinh (8) va (9) ta dwoc: z—6=-12<z=-6
Tt phrong trinh (8) va (10) ta dugc: x-10=-12 < x=-2
Tt phrong trinh (8) va (11) ta dugc: y-8=-12 < y=—4.
Suy ra (x;y;z)=(-2;—4;—6). la nghiém ctia hé phuong trinh. Vay tap nghiém cta hé phuong trinh
la:
(x;p52) € {(2; 4;6),(—2;—4; —6)}
B. Bai tap van dung
3xy = 2.(x + y)
14.1. Giai hé phuong trinh: < 5yz =6(y+z)
4zx = 3.(2 + x)
(Thi hoc sinh gioi Todn I6p 9, Quang Ngai, nam hoc 2008 —2009)
Huwéng dan giai - dap s6
e Nhan xét: x =y =z =0 la mot nghiém ctia hé phuwong trinh da cho.

o Xét xyz # 0, hé phuong trinh viét dwdi dang;:

x+y_ 3 1,13 (1)
xy 2 x y 2
y+z_> l.,.l:é Q)
vz 6 y z 6
ztx_4 1. 1_4 3)
zx 3 z x 3




Tt phuong trinh (1), (2), (3) cong vé€ véi vé ta duoc:

2 l+l+l :E©l+l+l:£ (4)
X y z 3 x y z 6

Tt phrong trinh (1) va (4) ta co: %+l = % —=z=3
z

Tt phwong trinh (2) va (4) ta co: 1 +% =—=x=1
X
\ \ \ 7 1 4
Tt phwong trinh (3) va (4) ta co: —+§ =—=y=2
Y

Vay hé phuong trinh ¢6 hai nghiém (x;y;z) 1a (0;0;0);(1;2;3)

xy 12

x+y "5

14.2. Giai hé phuong trinh: Yz _ 18
y+z 5

zx 36

z+x 13

(Thi hoc sinh gioi Todn I6p 9, TP H6 Chi Minh, niam hoc 2006 — 2007)

Huwéng dan giai - dap s6

Do x,y,z #0 nén hé phwong trinh twong duwong voi:

Xy _3 l.,.l:i (1)
xy 12 x y 12
yrz 5 _J1,1 5,
vz 18 y z 18
ex 131,113 o
zx 36 x z 36

Tt phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

2 l+l+l :E©l+l+lzﬁ (4)
x y z) 18 x y z 36

Tt phwong trinh (1) va (4) ta co: % + L =z=9

z 36

Tt phuong trinh (2) va (4) ta co: 1 +i _ =X
x 18 36

Tt phuong trinh (3) va (4) ta co: l+£ _D = y=6.
Y



Vay hé phuong trinh ¢6 hai nghiém 1a (x; y;z) =(4;6;9)

X -3x-2=2-y
14.3. Tim x;y;z théamanhésau: {)’-3y-2=4-2z

22 -3z-2=6-3x
(Thi hoc sinh Todn lop 9, Ninh Binh, nam hoc 2007 —2008)

Huéng dan giai — dap s6

¥ -3x-2=2-y (x—2)(x+1)2:2—y
Tacd: {)' ~3y-2=4-2z1(y-2)(y+1) =2.(2-2)
2=32-2=6-3x  |(z-2)(z+2) =3.(2-x)

Nhan ttrng vé€ cua ba phwong trinh ta dwoc:
(x=2)(y=2)(z=2).(x+1).(y+1)".(z+1) ==6.(x=2).(y=2).(z-2)
& (x=2).(y=2)(z=2){ (x+1)".(y+1)".(2+1)" +6 | =0

x=2

<:>(x—2).(y—2).(z—2):0<:> y=2
z=2

V6i x =2 thé vao phuong trinh, ta dwoc y=2,z=2.

Twong tw v6i y =2 hodc z =2, thay vao phuong trinh ta déu céx=y=2z=2.
Vay hé cé nghiém (x;y;z)=(2;2;2).

(x+z)=12

(x+)
14.4. Giai hé phuong trinh < (y+x)(y+2z)=15 (VOI x, Y, z 1a cac s6 thuc duwong)
(z+y)(z+x)=2

xX+y

(Thi HSG Todn 16p 9, tinh Bic Ninh, ndm 2012 —2013)
Huwéng dan giai - dap s6
Tt hé phuong trinh, nhan vé voi vé ta duoc:

(x+y).(x+z).(y+z)=60

() ) ) 3000 o

Truong hop 1. Xét (x+y).(x+2z).(y+2)=60 (4)

Két hgp cac phwong trinh (1), (2), (3) ta co:



12.(y+2)=60 y+z=5 (5)
15.(x+2)=60 < <x+z=4 (6)
20.(x+y)=60 (x+y=3 (7)
Tt cac phuong trinh (5), (6), (7) cong vé€ véi vé ta duoc:

2.(x+y+z)=12<:>x+y+z:6

x=1
Két hgp cac phuong trinh (5), (6), (7) ta duwoc mot nghiém la: { y =2
z=3
Truong hop 2. Xét (x+y).(x+z).(y+z)=-60, khong xay ra vi x>0,y >0,z > 0.
Vay hé cé nghiém (x;y;z)=(1;2;3).
xX+y-2= 4.@

14.5. Giai hé phuong trinh: {y+z-2=4~/x-2
z4+x-2=4y-2
Huwéng dan giai - dap s6

Cong ve€ vai ve ta duoc:

2x42y+2z—6=dz—2+4Jx -2 +4[y-2

S x+y+z-3=20/z-2+2Jx-2+2/y-2

o (Va—2-1) +(Jy—2-1) +(vz=2-1) =0

x=2-1=0  (yx=3
olfy-2-1=0{y=3
Jz-2-1=0 [Z=3

Vay nghiém cta phuong trinh 1a: (x;;z) =(3;3;3).

.. y—4x=>5
14.6. Giai hé phuong trinh:
{2|y—2x|+|x+y—l| =7

Thi HSG Todn I6p 9, tinh Tra Vinh, nam 2009 —2010)
Huéng dan giai — dap s6
Tt phuong trinh (1) ta c6: y =4x+5 thé vao phuong trinh (2) ta duoc:

2/4x+5-2x|+|x +4x+5-1|=7 < 2.2x+ 5|+ [5x +4]=7 (*)



o Truong hop 1. Xét x < —%
Phuong trinh (*) < -2(2x+5)—(5x+4)=7

<:>—4x—10—5x—4:7<:>x:—§ (thoa man)

Tt (1), suy ra: y = 4(—%)+5 = —%

o Truong hop 2. Xét —% <x< —%

Phuwong trinh (*)<:>2(2x+5)—(5x+4)=7©4x+10—5x—4=7c>x:—1

Tt (1), suy ra: y=4.(-1)+5=1.
N /4 4
o Truong hop 3. Xét x>—§
Phuong trinh (*) < 2(2x+5)+5x+4=7
<:>4x+10+5x+4:7<:>x:—% (thoa man)

T (l)suyra y= 4(—%+5j :%7.

Vay hé phuong trinh da cho c6 nghiém (x; y) la:

(%;—?);(—l;l);(—%;%).

2 4 4y? —dxy =1
14.7. Gidi hé phuong trinh: {x yl v
x—y=

Huwéng dan giai - dap s6

~2y) =1 ~2y=1 —2y=-1
Hé phuong trinh < (x=27) S hoac e
xX—y= X—yzl X—yzl

oGiéihé{x Y @{y <:>{x

x—-y=1 X—-y= y=0
e Giaihe T VT T o0 o7
x—y=1 x—y=1 y=2

Vay tap nghiém cta hé phuong trinh 1a: (x;y) e {(1;0);(3;2)}.

14.8. Giai hé phuong trinh:



2 [x=y[+y=8(1) N x-3y+4=0 (1) . lx+1]+][y-1]=5 (1)
x-4y=6 (2) Bx-2y|+2y=4(2) x+1]=4y-4 (2

Huéng dan giai — dap s6
a) Ttr phuong trinh (2) ta cd: x=4y+6 thay vao phuong trinh (1) ta dugc
[4y+6—y|+y=8<3y+6+y=8
e Truong hop 1: Xét y <-2, ta dwoc phrong trinh
3y-6+y=8<-2y=14< y=-T7 suyra x=4.(-7)+6=-22
e Truong hop 2: Xét y > -2, ta dwoc phrong trinh

3y+6+y:8<:>4y:2<:>y:% suy ra x:4%+6:8.

Vay tap nghiém cta hé phuong trinh 1a (x;y) e {(—22;—7);(8; %)}

b) Ttr phwong trinh (1) ta cd: x =3y —4 thay vao phuwong trinh (2) ta dwoc
3.(3y-4)-2y|+2y=4<|Ty-12|+2y =4
\ 12 \
e Truong hop 1: Xét y < ER ta deoc phuong trinh

12—7y+2y:4<:>—5y:—8<:>y:§ suy ra x:3%—4:§

e Truong hop 2: Xét yZ%, ta dugc phuong trinh
7y—12+2y:4<:>9y:16<:>y:% suy ra x:3.%—4:§

Viy ap nghim cia b phuong inh 13 () {453 |35 )

c) Tt phuong trinh (2) thay vao phwong trinh (1) ta duoc:
4y—4+|y-1]=5

e Truong hop 1: Xét y <1, ta dwoc phuwong trinh
4y-4+1-y=5<3y=8< yz% (khong thoa man)

e Truong hop 2: Xét y >1, ta dwoc phwong trinh

4y—-4+y-1=5<5y=5< y=2 (thoa man)



x—1=4 x=5
Suyra |x-1|=42-4=4& e a® 3
x—1=- X=-

Vay tap nghiém cta hé phuong trinh 1a (x;y) e {(5;2),(—3;2)}.

(x+y)(y+z) =187 (1)
14.9. Giai hé phuong trinh: <(y+z)(z+x)=154 (2)
(z+x)(x+y) =138 (3)
Huwéng dan giai - dap s6
Ttr phuong trinh (1), (2), (3) nhan vé véi vé ta duoc:

(x+y)(y+z)(z+x):2618

(x+y) (y+z) (z+x) =6853924 & (x+y)(y+z)(z+x)=—2618

* Truong hop 1. Xét (x+y)(y+z)(z+x)=2618 (4) két hop voi hé phuong trinh ta duoc:

z+x=14 (5)
x+y=17 (6)
yv+z=11 (7)

Tt phuong trinh (5), (6), (7) cong vé€ véi vé ta duoc:

2(x+y+z):42 Sx+y+z=21 (8)

Tt phuong trinh (8) va (5) taco: y+14=21< y=7

Tt phuong trinh (8) va (6) ta co: z+17=21<z=4

Tt phuong trinh (8) va (7) ta co: x+11=21< x=10

Nén (x;y;z)=(10;7;4) la nghiém mot cua phuong trinh.

* Truong hop 2. Xét (x+y)(y+z)(z+x)=-2618 két hop véi hé phuong trinh ta duoc:

z+x=-14 (9)
x+y=-17 (10)
y+z=-11 (11)

Tt phuong trinh (9), (10), (11) cdng v€ véi vé ta duoc:
2(x+y+z) =42 < x+y+z=-21 (12)
Tt phrwong trinh (12) va (9) taco: y—-14=-21< y=-7
Tt phrong trinh (12) va (10) ta co: z-17=-21<z=—4
Tt phuong trinh (12) va (11) ta cé: x—-11=-21< x=-10

Nén (x;y;z)=(-10;-7;—4) la mdt nghiém cua phuong trinh.



Vay nghiém ctia hé phuong trinh 1a: (x;y;z) e {(10;7;4);(—10; —7;—4)}.

xy—x—-y=35
14.10. Gidi hé phuwong trinh: {yz—y—-z=11
zx—z—x=77

Huwéng dan giai - dap s6
xXxy—x—-y+1=6 (x—l)(y—l):6 )
vz—y—z+1=12< (y—l)(z—l)le 2)
zx—z—x+1=8 (2_1)(x_1):g (3)

Ttr phuong trinh (1); (2); (3) nhan vé véi vé ta duoc:

(x—l)(y—l)(z—l):24
(x-1)(y-1)(z-1)=-24

Truong hop 1. Xét (x—1)(y—1)(z—1)=24 (4)

(x=1)"(y=1) (z-1) :576<:>{

Ttr phuong trinh (1) va (4) ta cé: 6(z-1)=24<z=5

Ttr phuong trinh (2) va (4) ta cé: 12(x—1)=24 < x =3

Ttr phuong trinh (3) va (4) ta cé: 8(y—1)=24 < y=4

Suy ra (x;y;z)=(3;4;5) la mdt nghiém cua hé phuong trinh.

Truong hop 2. Xét (x—1)(y-1)(z-1)=-24 (5)

Ttr phuong trinh (1) va (4) ta cé: 6(z-1)=-24 < z=-3

Ttr phuong trinh (2) va (4) ta cé: 12(x-1)=-24 & x=-1

Tir phuong trinh (3) va (4) ta cé: 8(y—1)=-24 < y=-2

Suy ra (x;y;z)=(-1;-2;-3) la mdt nghiém cta hé phuwong trinh.
Vay tap nghiém ctia hé phuong trinh: (x; y;z) € {(3;4;5);(—1;—2; —3)}.

xXyz 5

xX+y

xXyz

14.11. Gidi hé phuong trinh: 1

y+z

1
5
xyz ll
2

X+z

Huwéng dan giai - dap s6



Xz, Nz,
x+y xX+y

xXyz :llc xXyz :é
y+z 5 y+z 5
xyz —ll xyz 3
x+z 2 x+z 2

e xyz =0 khong phai la nghiém cua phuwong trinh

e Xét xyz #0 hé phuong trinh viét dudi dang;:

x+y 11 1.1 (1)
xyz 2 vz xz 2
y+Z:§<:> L_Fi:é (2)
xyz 6 xz xy 6
ez 2|11 2
xyz 3 vz xy 3

Ttr phuong trinh (1), (2), (3) cong v€ véi vé ta duoc:

2(L+L+L]=2<:>L+L+L=l 4)

Xy yz Xxz Xy yz Xxz

Két hgp phuong trinh (4) vdi cac phuong trinh (1), (2), (3) ta duoc:

1 1 1 1
w2 |92
7 T =20
—+§:l<:> —=—<4yz=6 (6)
yz 6 vz

xz=3 (7)
1 2 1
_+_:1 =
xz 3 xz 3

=6
Tir phuong trinh (5); (6); (7) nhan vé véi vé ta dugce: x2y?z* =36 < {xy - ]
xXyz=-—

Truong hop 1. Xét xyz =6 (8)
Két hgp phuong trinh (8) vdi cac phuong trinh (5), (6), (7) ta duoc:

22=6 z=3
6x=6=<x=1
3.y=6 y=2

Truong hop 2. Xét xyz=-6 (9)

Két hgp phuong trinh (9) vdi cac phuong trinh (5), (6), (7) ta duoc:



2z2=-6 z=-3
6x=-6<=<x=-1
3.y=-6 y=-2

Vay tap nghiém cta hé phuong trinh: (x;y;z) € {(1; 2;3);(—1;—2;—3)}.

Il
(=)

szry2 —2(x+y)

I
S

14.12. Giai hé phuong trinh: { y* +2z> —=2(y +z)

22 +x° —2(z+x):0
Huéng dan giai — dap s6

Ay =2(x+y)=0  |(x=1)"+(y-1) =2 (1)
Y+ =2(y+2)=01(y-1) +(z=1) =2 (2)
22 4x’=2(z+x)=0 (2_1)2+(x_1)2=2 3)

Tt phuong trinh (1), (2), (3) cong vé€ véi vé ta duoc:
2 (x=1) +(y=1) + (2 1) | =6 & (x=1) + (y=1) +(2-1) =3 (&)

Ttr phuong trinh (4) két hop v6i cac phuong trinh (1), (2), (3) ta duoc:

(z-1)+2=3  |[(z-1)" =1
(x=1) +2=3 <1 (x-1) =1
(y=1y+2=3 |(y-1)' =1

Vay tap nghiém (x;y;z) ctia hé phuong trinh la:
s= {(O;O;O);(O; 0;2);(0;2;0);(2:0;0);(0; 2;2);(2;0;2);(2;2;0);(2;2;2)}
2 2
14.13. Giai hé phuong trinh: rorrsyy
X +y2 =35.
(Tuyén sinh 16p 10, THPT chuyén, Dai hoc Vinh, nam hoc 2015 — 2016)

Huéng dan giai — dap s6

2 2 _ _ =
Ta co: SR +x—y—0<:> (x y)(x+y+1) 0
x2+y2:5

x2+y2:5
x-y=0 x= N|
o Tromghopl.Xét! . &1V ex=y=sM0
X +y =5 X +y =5 2

x+y+1=0 (1)

o Truong hop 2. Xét {xz o5 @)



Tt phuong trinh (1) ta ¢6 y =—1-x, thé vao phuong trinh (2), ta duoc:

x2+(—x—1)2 :5<:>x2+x—2=0<:>(x—1)(x+2):0<:>{x_ 5
x=—

Véi x=1= y=-1-1=-2.
Vi x="2=y=-1-(-2)=1.

Vay tap nghiém (x;y) ctia hé phwong trinh la:

A B

272 )
20(x + y) =9xy
14.14. Giai hé phuwong trinh: {20(y+z)=11yz
12 (z + x) =5zx
(Tuyén sinh 16p 10, THPT chuyén, Dai hoc Vinh, nam hoc 2012 —2013)
Huwéng dan giai - dap s6
e Nhan xét x =y =z =0 la mot nghiém cuia hé phuong trinh da cho.

e Xét xyz #0 hé phuong trinh viét duéi dang;:

N

x+y 9

+

o (D

Xy 20
y+z_£

vz 30
z+x 5

— N
- o

= @

W
w3

+

= 3

zx 12

N = e = x|
+
§<|'—‘ l\1|>—a\<|»—t

p—
[\

Tt phuong trinh (1), (2), (3) cong vé€ véi vé ta duoc:

2 l+l+l :3_7<:>l+l+l:3_7 (4)
x y z) 30 x y z 60

Tt phwong trinh (1) va (4) ta co: i+l _37 = z=0.
20 z 60

Tt phrong trinh (2) va (4) ta co: 11 + 1.3 = x=4.
30 x 60

Tt phuong trinh (3) va (4) ta co: i+l _37 = y=5.
12y 60

Vay hé phuong trinh ¢6 hai nghiém (x; y;z) la {(O;O;O);(4;5;6)}.



Chuyén dé 15. HE PHUONG TRINH CHUA THAM SO

A. Kién thttcc cAn nhé
Trong qua trinh giai hé phuwong trinh chita tham s6, d€ thoa man diéu kién nao d6 vé nghiém so
cta hé phwong trinh, ching ta can nhé mot so kién thic sau:
1. Phueong trinh ax+b=0 (1)

e Phuong trinh (1) ¢6 nghiém duy nhat < a #0.

e Phuong trinh (1) vo nghiém < a=0, b#0.

¢ Phuwong trinh (1) v6 s6 nghiém < a=, b=0.

) ax+by=c
2. Bai vdi hé phrong trinh: { , )j '
ax+by=c

& SA - A 7 A 7 ~ 2 ~ a b \ c ~? 7 N, e A ~ - A 2
Véi diéu kién a',b',¢" khac 0. Can luu y dén ti s6 gl va — de rat ra két luan vé s6 nghiém cua
a c

hé phuong trinh. Cu th€ la:

o Néu = » g thi hé phurong trinh c6 nghiém duy nhat.
a

e Néu ir = ér = £, thi hé phuwong trinh c6 v6 nghiém.

a b c
v o a_b_c o y L oA oA matiA
e Néu —= i thi hé phuwong trinh c6 v6 s6 nghiém.
a C

B. Mot s6 vi du
Vi du 1: Giai va bién luan hé phuong trinh hai an x va y sau day theo tham sd m.

mx+2y=m+1 (1)
2x+my =3 (2)

(Thi hoc sinh gioi toan 9, TP H6 Chi Minh nam hoc 1991 —1992. Vong 1)

Giai
Tim cdch giai. Giai va bién ludn hé phuwong trinh la xét tat ca cac truong hop theo gid tri ctia tham
s0 m va két qua bai toan tng véi gid tri d6. Bai toan thwong co nhiéu cach giai. Trong bai nay nén
dung phuong phap thé dua vé phuong trinh mot an. Chang han tir phreong trinh (1) biéu thi y
theo x, thé vao phuwong trinh (2) ta duoc phuwong trinh moét an (an x), s6 nghiém cua hé phuong
trinh phu thudc vao phuong trinh nay.

Trinh bay loi giai.



—m*x+m*+m

mx+2y=m+1 y:——mx+m+1 2x+ > 3
et =3 = 2 < .
Xrmy = 2x+my:3 yzw
2
dx—m’x+m’ +m=6 (4—m2)x=—m2—m+6
<9 -mx+m+l < —mx+m+1 *)
yE——— y=———
e Néum=2
0x=0 xeR
Taco ()=  2x+3S9  —2x+3
2 YT
e Néu m=-2
0x=4 xed
Taco (M=  2x-1e7  2x-1
T G
e Néu m=+2
o —m+6 x_(m+3)(2—m) L_m+3
X=— = - -
2 —
Ta cod (*) < a-mt o (2+m)(2 m)<:> m+2.
4 2 Y= m+2
Két lugn:
xeR
e m=2 hé phuong trinh c6 v sd nghiém. Cong thirc nghiém tong quat la: 2x+3

2
e m=-2 hé phuong trinh v0 s6 nghiém

_m+3
m+2

x
e m# 12 hé phuong trinh c6 nghiém duy nhat

Cm+2

Vi du 2: Cho hé phwong trinh: {(m ~)x=my=3m-1 (1)
2x—y=m+5 (2)
a) Giai phuwong trinh véi m=2
b) Tim m dé hé phuwong trinh c6 nghiém duy nhat sao cho x* —y* < 4.
Giai

a) Voim =2 thé vao hé phuong trinh.



-2y=5
Hé phuong trinh < {x 4

2x-y=T7 y=-1

. {x =3 Janghiém céia hé phuong trinh.

b) Tim cdch gidi. Buéc dau ching ta tim diéu kién ctia m dé€ hé phuong trinh c¢6 nghiém duy nhat
bang phuong phap thé hodc ti s cac hé s6 (trong cau nay dung phuwong phap thé). Sau d6 thay
nghiém vao x* -y’ <4 ta duwoc bat phuong trinh chita m. Giai bt phuong trinh &n m xong, ta két
hop véi diéu kién dé bai roi két luan.

Trinh bay loi giai. Tk phuong trinh (2)= y=2x-m-5

Thé vao phuwong trinh (1):

(m—l)x—m(2x—m—5) =3m-1< (m+1)xz(m+1)2

biéu kién d€ hé c6 nghiém duy nhdt m#-1=>x=m+1= y=m-3

=y =m’+2m+1-m*+6m-9=8m—-8<4

=>8m<12=>m<1,5.

Vay m<1,5 va m#-1thi x’ -y’ <4

Vi du 3: Tim gia tri cia m dé€ hé phuong trinh sau v6 nghiém:

x+2my=1
(3m—1)x—my=l

Giai

N (A , ~ e o b L, 1A A
Tim cdch giai. Voi diéu kién o',b’,¢’ khac 0. Can luu v dén ti sO —;— va — dé rut ra két luan vé hé
a b ¢’

phuong trinh v6 nghiém. Cu thé la: Néu == 5 +~ thi hé phuong trinh v6 nghiém. Tuy nhién
a C

trwede khi xét ti s6, chuing ta can xac dinh cac truong hop riéng a'=0, '=0, ¢'=0.
Trinh bay loi giai

e Xét m =0 hé phuong trinh c6 dang: {x . hé phuong trinh v6 nghiém.
—X =

x+%y=1
, hé phrong trinh c6 dang;: . 3 hé phuong trinh c¢6 nghiém duy nhat.

—Zy=1
3)’

o Xét m=l
3

o Xétmg {0;%}. Hé phuong trinh v6 nghiém < L _m #1

m—-1 -m



@;:_2@1:_6,7”2@,”:1_
3m—1 6

Vay voi m e {O; %} thi hé phuwong trinh vo nghiém.

—l)x+y=2
Vi du 4: Cho hé phuong trinh (m=1)x+y
mx+y=m+l1

a) Giai hé phuong trinh khi m = 2.

b) Chting minh rang véi moi gia tri ctia m thi hé phuong trinh luén ¢6 nghiém duy nhat thoa man

2x+y <3.
Gidi

‘. A . x+y=2

a) Voi m = 2, hé phuong trinh < Sx=y=
x+y=3
2-y

m—1)x+y=2 = x=m-1
b) ( Jo+y P = , la nghiém

mx+y=m+l y=-m"+2m+l

Xét 2x+y=2m—2-m’ +2m+1=3~(m-2)" <3. Diéu phai chting minh.

Vi du 5: Tim gia tri nguyén ctia n dé hé phuong trinh sau c6 nghiém nguyén duy nhat

nx+2y=n+1 (1)
2x+ny=2n-1(2)

(Thi HSG Todn 16p 9, tinh Dong Thip, nam 2009 —2010)

Gidi
Tim cdch gidi. Giai hé phuong trinh dé€ hé cé nghiém nguyén la tim nghiém (x;y) max, y déu la
s6 nguyén. Trong bai nay, dau tién ching ta tim nghiém (x; y) theo n. Sau d6 tim s6 nguyén n sao
cho x, y nhan gia tri nguyén.
Trinh bay loi giai.

T (1) suy ra: y = MT_HX thay vao (2) ta duoc:

+n(n+1—nx)
2

2x =2n-1

SAx+n*+n-n*x=4n-2

<:>(4—n2)x=—n2+3n—2



= (2—n)(2+n).x = (n—l)(2—n) (*)
Hé phuong trinh ¢6 nghiém duy nhat < Phuong trinh (*) ¢6 nghiém duy nhat

<:>(2—n)(2+n)¢0c>n¢ir2.

(r-1)(2-n) -1

Véi n# 12, tt phuong trinh (*) ta co: x = (2=n)(2+n) =

n—lj_l n+2n+n+2—-n*+n

n+2) 2 n+2
_2n+1
n+2
x:n_lzl— 3
Nghiém duy nhatla{ 7+2 72
_2n+1_2_ 3
n+2 n+2

X, y nguyén < n+2e U(3)

MaU(@3) ={1;3;-1;-3} nén n+2e{1;3;-1;-3}
< ne{-11;-3;-5}.

C. Bai tap van dung

(m—l)x—(m—l)yzm—37

(m la tham s0)
x+2y=3m+1

15.1. Cho hé phuong trinh {

a) V6i m nao thi hé phwong trinh c6 nghiém duy nhat.
b) Tim m nguyén dé hé phuong trinh c6 nghiém nguyén x; y nguyén va x+ y bé nhat.
(Thi HSG Todn I6p 9, tinh An Giang, nam hoc 2011 —2012)

Huéng dan giai — dap s6
a) Tt phuong trinh (2) ta c6: x =3m+1-2y, thé vao phuong trinh (1) ta c6:
(m—l)(3m+1—2y)—(m—l)y =m-37& (m—l)y =m’ —m+12 (¥)
Hé phuong trinh ¢6 nghiém duy nhat < phuong trinh (*) ¢6 nghiém duy nhat
om-120m=l.

2
b) V6i m #1, tit phrwong trinh (*) ta cé: y = % =m +£1
m— m—

Suyra: x=3m+1-2 m+£ =m+1_i
m—1 m—1



24
x=m+l-——
= 12m 1 nghiém cta hé phuong trinh.
y=m+——

x,yeZ ma meZ=m-1e U(12). Suy ra:

m-1 |-1 -2 -3 -4 -6 12 )1 2 3 4 6 12

m 0 -1 -2 -3 -5 -11 |2 3 4 5 7 13

Ma x+y:2m+l—£.
m—1

Tht truc ti€p ta duoc: m=-11 thi x+ y =-20 dat gia tri nho nhat.

mx—y=2 (1)

co nghiém (x;y) thda man
Ix+my=5 (2) e ( y)

15.2. Tim tdt ca cac s6 thue m dé€ hé phuong trinh {

x>0va y>0.
(Thi HSG Todn I6p 9, tinh DakLac, ndm hoc 2011 —2012)
Huéng dan giai — dap s6
Ttr phwong trinh (1) ctia hé suy ra: y = mx -2, thay vao phuong trinh (2) ta duoc:

3x+m(mx—2):5<:>3x+m2x—2m=5<:>x(3+m2):5+2m

5+2m 5+2m’ Sm—6
= Xx= 20V = 2= 2
3+m 3+m 3+m

x>0:>5+2m>0:>m>_75.
6
y>0:>5m>6:>m>§.

Vay m > g thi hé phuwong trinh c6 nghiém théa man x> 0;y > 0.

x+2y=-1

15.3. Cho hé phuwong trinh { (m la tham s0)

3x+my=1

a) Tim m dé hé phuong trinh c6 nghiém. Tim nghiém d6.

b) Xac dinh gia tri nho nhat ctia P =(x+2y+ 1)2 +(3x+my - 1)2 .
(Thi HSG Todn I6p 9, tinh An Giang, nam 2012 —2013)

Huéng dan giai — dap s6



A . 3x+6y=-3
a) Hé phuong trinh < = my—6y=4
3x+my=1
m+2
X =
= y(m—6)=4=>m=#6 thi hé phuong trinh c6 nghiém: 6—4m.
r= m—=6

b) Néu m=6 thi P=(x+2y+1) +(3x+6y—1)’ =%(10x+20y—2)2+§2

W | oo

Néu m#6 thi P=(x+2y+1)" +(3x+my—1)" >0.

Gié tri nho nhat ctia P1a 0 khi x= 272 =4
6—m m—=6

x—my=2(1)
mx—y=2(2)

15.4. Cho hé phuong trinh {
a) Giai va bién luan hé phuong trinh theo tham s6 m.
b) Tim cac s& nguyén m dé cho hé c6 nghiém duy nhét (x;y) voix; y la cac s nguyén.
Huéng dan giai — dap s6
a) Ttr phuong trinh (1) ta co: x =2+my, thay vao phuong trinh (2) ta duoc:
m(2+my)—y=2<2m+m’y—y=2
=S y(m2 —1) =2-2me y(m—-1)(m+1)=2(1-m)
Xét m=1= 0y =0= phuong trinh v6 s6 nghiém = hé phuong trinh v6 sd nghiém, nghiém tong

x=y+2

quat cta hé phuwong trinh la: {
yeER

m=-1= 0y =4 = phuong trinh vd nghiém = hé phwong trinh vd nghiém

-2 2
m¢i1:>y(m+l)=—2:>y:m+l;x:m+1.

Két lugn:

e V6i m=1 thi hé phuong trinh v6 s6 nghiém, nghiém tong quat ctia hé phuong trinh la:
xX=y+2
yeER

e m=-1 thi hé¢ phuwong trinh v6 nghiém.



2
xX=—"
e m# %l thi phwong trinh c6 nghiém duy nhat la m+l

Cm+l
b)Tacod x,yeZ=m+1e U2) va m#+1
= m € {0;-2;-3} thi hé phuong trinh cé nghiém duy nhét (x;y) théa man x;yeZ.

(a—l)x+2y=1

(I
3x+ay=1

15.5. Cho phurong trinh {

a) Giai hé (1) véi a =+/3 +1.
b) Tim cac gia tri cua a dé€ hé (I) vd nghiém.
Huwéng dan giai - dap s6

Bx+2y=1

a) Véi a=+/3+1 thihé (I) tro thanh
) D {3x+(\/§+l)y=l

{3.x+2\/§,y\/§ {(\/gl)y:«/gl y=1

3x+(\/§+l)y=l<:>

Vx+2y=1 x=_$
, l—ay | . . \
b) Ta co x = thé vao phuong trinh (1)

Ta co: w+2y:1<:>a—l—a(a—l)y+6y:3

<a(a-1)y-6y=a-4<(a+2)(a-3)y=a-4 (3)
Hé (I) vo nghiém < phuong trinh (3) vO nghiém
< (a+2)(a-3)=0 va a—4=0.

S a=-2;a=3.

TP N eA N A . X+2my =1
15.6. Tim gia tri cia m dé hé phuwong trinh sau v6 nghiém: .
(3m—1)x—my =1

Huwéng dan giai - dap s6
Ttr phuong trinh trén = x =1-2my
Thé vao phuong trinh dwdi, ta dugc: (m —6m’ ) y=2-3m (*¥)

Hé phuong trinh vo nghiém khi va chi khi phwong trinh (*) vo nghiém



m—6m* =0 { 1}
Rt oS mes0;—
2-3m=#0 6

Vay voi m e {O; %} thi hé phuwong trinh vo nghiém.

+4y=10-
15.7. Cho hé phuong trinh {mx 4 "
x+my=4

a) Giai va bién luan hé phuong trinh theo m.
b) Xac dinh céc gia tri nguyén ctia m dé hé c6 nghiém duy nhat (x;y) sao cho x> 0;y > 0.
c) V6i gia tri nguyén nao ctua m thi hé ¢ nghiém (x;y) véi x; y 1a s& nguyén duong.
d) Tim gid tri m dé hé c6 nghiém duy nhat sao cho S =x”+ )’ dat gid tri nho nhat.
e) Chting minh rang khi hé c6 nghiém duy nhat (x;y) thi diém M (x;y) ludn ndm trén mot duong
thang c6 dinh.
Huéng dan giai — dap s6
a) Tt phuong trinh dudi = x =4—-my
Thé vao phuong trinh trén: m(4—my)+4y=10-m
= (m—2)(m+2)y :5(m—2) (*)

dx+4y=8 =4-2
e Xét m =2, hé phuong trinh co dang:{ e <:>{x 4

x+2y=4 yeER
e Xét m=-2, phuong trinh (*) c6 dang: 0y =-20 v nghiém

= hé phueong trinh v6 nghiém.

5 8—m
o Xétmgi2; 2l tr (*)suyra: y=——=x= .
{ } () suy Y m+2 m+2

Két luan:

x=4-2y

e V6i m=2, hé phuong trinh c6 v6 sd nghiém, nghiém tong quat la: { R
Ve

e Voi m=-2, hé phuong trinh v6 nghiém.

e VOimeg {2; —2} hé phuong trinh c6 nghiém duy nhat:

b) D& hé phuong trinh c6 nghiém duy nhét thi m ¢ {2;-2}



8=m o
{x>0 a2 {m+2>0
=N
>0

S -2<m<

=
y>0 5 8—m>0

m+2

Vay -2 <m <8 thi hé phwong trinh c6 hai nghiém dwong.
c) Hé phuong trinh ¢6 nghiém duy nhat thi m ¢ {2;-2} va nghiém duy nhét la:

_8-m 10
x_m+2_m+2
5
)

-1

D& hé phuong trinh c6 nghiém nguyén duong m+2e€ U(5) va m+2 >0, , suy ra:

m+2 1 5
m -1 3
&—m
X =
d) V6i mg{2:-2}. hé phuong trinh o nghi¢m duy nhat: ¢ " 2
:m+2
—mY 2 _ _91)\?
Xét S=x2+y2:(8 m)2+ 25 : _m 16m—|2—89:(2m 21)2 +121
(m+2) (m+2) (m+2) 5(m+2) 55

Vay gid tri nho nhat ctia S 12 % Khi m = %

e) Hé phuong trinh ¢6 nghiém duy nhét thi m ¢ {2;-2} va nghiém duy nhat la:

8—m 10
xX= = -1
m+2 m+2
i suy ra: x—2y=-1.
- m+2

Vay diém M (x;y) ludén nam trén mot duong thang 8 dinh 1a x—2y =—1.

(m+1)x—y:3

15.8. Cho hé phuong trinh: { (v6i m la tham s0)

mx+y=m

Xac dinh tat ca cac gia tri cia m dé hé phuwong trinh ¢6 nghiém duy nhét thoa man diéu kién:
x+y>0.

(Thi hoc sinh gioi todn I6p 9, tinh Dong Thip, nam hoc 2014 — 2015)

Huéng dan giai — dap s6



Ta o6 {(m+1)x—y:3<:>{y=m(l—x) {y=m(1—x) (1)

mx+y=m (m+1)x—m(1—x)=3<::> (2m+l)x=m+3 2)

e Khim= —%, phuong trinh (2) tro thanh 0.x =§ (v0 ly). Hé phuong trinh vo nghiém.

_ m+3
. | I . . A n 2m+1
e Khi m#——, hé phrong trinh c6 nghiém duy nhat:
2 _m(m—2)
© 2m+l
Suy ra: x+y = ZM+3
R P

2
Do mz—m+3:(m—%j +%>0 nén x+y>0<:>2m+1>0<:>m>—%.

A s. 1 N\ A \ 4 oA A, 2 ~ AA - A
Vay véi m > - thi hé phuong trinh c6 nghiém duy nhat thoa man diéu kién: x+y > 0.



Chuong 4. HAM SO ¥ = 4X* (4 #0)
PHUONG TRINH BAC HAI MOT AN
Chuyén de 16. PHUONG TRINH BAC HAI
VA CONG THUC NGHIEM

A. Kién thirc cdn nhé
1. Pinh nghia.

Phuong trinh bac hai c6 mét an (ndi gon la phuong trinh bac hai) la phuong trinh c6 dang:

ax’ +bx+c =0 trong d6 x: an so.

a,b,c(a+ O): 1a hé s6

2. Cong thitc nghiém ctia phwong trinh bac hai

Xét phwong trinh ax® + bx +c¢ =0(a # 0) va biét thtic A =5 —4ac

* Néu A >0 thi phuong trinh c6 hai nghiém phan biét:

_—b+JZ_x _—b—+/A

2a ? 2a

X

* Néu A =0 thi phuong trinh c6 nghiém kép: x, = x, = —2i
a

* Néu A <0 thi phuwong trinh v6 nghiém
Chii y: Néu phuong trinh ax’+bx+c=0(a#0) ¢4 a va ¢ trdi dau tic la ac<0 thi
A=b*—4ac>0.Khidd phuong trinh c6 hai nghiém phan biét.
3. Cong thttc nghiém thu gon
Déi véi phuong trinh ax® +bx+c=0(a #0) va b=2b",A"=b" —ac
* Néu A’ >0 thi phuwong trinh ¢6 hai nghiém phan biét:

_—b'+\/§x b =N

2
a a

X

!/

* Néu A’ =0 thi phuong trinh ¢6 nghiém kép: x, =x, =——
a
* Néu A’ <0 thi phuong trinh vo nghiém
B. Mot s6 vi du
Vi du 1: Cho hai s6 thuc a;h khong am thda man 18a + 4b. > 2013. Chting minh rang phuong trinh

sau ludn cé nghiém: 18ax” +4bx +671-9a =0



(Thi hoc sinh gidi 16p 9, tinh Ha Nam, Nam hoc 2012 —2013)
Gidi
Tim cdch gidi. D€ chiing minh phuong trinh ax® + bx+c¢ =0 ludn ¢6 nghiém, néu chua 6 diéu
kién gi cta a. Ta can xét hai treong hop:
Trwong hop 1. Xét a =0, chiing té phuwong trinh bx +c¢ =0 c6 nghiém
Trwong hop 2. Xét a # 0, chiing té6 A >0 (hodc A’>0)
Trinh bay loi giai
* Xét a =0, tir gia thuyét suy ra 45 >2013 = b # 0 nén phuwong trinh 4bx+671-9a =0 ludn c6
nghiém
*Xéta=#0
Ta co: A" =4b° —18a(671 —9a) =4b*> —12078a +162a°
=4b* —6a.2013+162a° > 4b* — 6a(18a +4b)+1624
= A'=4b* —24ab +54a* = (2b—6a) +18a* >0
Suy ra phuwong trinh luén c6 nghiém
Vi du 2: Cho hai phuong trinh bac hai x* +ax+b=0 va x’ +cx+d =0. Trong d6 ac>2(b+d).
Chting minh rang it nhat mot trong hai phuong trinh trén ¢ nghiém
Gidi
Tim cdch giai. Nhitng bai toan chitng minh it nhat mét trong hai phuong trinh bac hai cé
nghiém ta chtiing minh it nhat mot trong hai A khong am. Ttc la chiing minh A, + A, >0
Trinh bay cdch giai
Xét A, =a’ —4b;A, =c* —4d
Suyra A, +A,=a’—4b+c* —4d > a’ +c* - 2ac :(a—c)2 >0
A, +A, 2 0. Vay it nhat mot trong hai phuwong trinh trén ¢6 nghiém
Vi du 3: Tim cac gia tri cua tham s6 m d€ hai phuwong trinh sau day c6 it nhat mot nghiém chung;:
X 4+mx+4=0 (1)va x* +4x+m=0 (2)
(Thi hoc sinh gioi lop 9, tinh Vinh Long, ndm hoc 2009 —2010)
Gidi
Tim cdch giai. D€ giai dang toan nay, ta goi x, la nghiém chung ctia hai phuong trinh, thi x,

thoa man cd hai phuong trinh. Tt d6 ta dwoc hé phiong trinh, sau do:



e Khtr x;

* Tim x, hodc tim m (c6 bai biéu thi x, theo m)
e Thir lai vdi m tim dwoc, roi két luan

Trinh bay cdch giai

. . . . . . . x§+mxo+4:O
Goi m la nghiém chung cuia hai phwong trinh, ta co:
2 _
X, +4x,+m=0

Suy ra (m—4)x,+4-m=0< (m—4)(x,-1)=0
* Véi m = 4. Hai phuong trinh c6 dang x* +4x+4=0 < x=-2
Vay hai phuwong trinh c6 nghiém chung la x = -2
* V6i x, =1 thay vao phuong trinh (1) hodc (2) ta dwgc m =-5. V6i m = -5 thi phuwong trinh (1)
la x*-5x+4=0 c6 nghiém x=1x=4, thi phuong trinh (2) 1a x*+4x-5=0 c6 nghiém
x=1x=-5. Do d¢ hai phuong trinh ¢6 nghiém chung la x=1. Vay véi me{4;-5} thi hai
phuong trinh c6 it nhdt mot nghiém chung

Vi du 4: Giai phwong trinh x* +ax? + bx +1=0, biét rang a;b 1a cac s§ hiru ti va 1++/2 1a mot
nghiém ctia phwong trinh
(Thi hoc sinh gioi lop 9, tinh Ha Tinh, nam hoc 2010 —2011)

Gidi

Tim cdch gidgi. Nhiing dang toan trén ta can xac dinh a va b trudc. Khi thay x=1++/2 vao
phuong trinh, ta leu y rang a,b 1a cac s8 hiru ti nén van dung tinh chat: Néu x,y,p 1a cic s§
httu ti ma x+/p +y =0, trong d6 p khong phai la binh phwong ctia s6 hitu ti thi x=y =0
Trinh bay cdch giai
Tacod: x=1++2 la mot nghiém cta phuwong trinh nén:

(1+\/§)3+a(1+\/§)2 +b(1+\/§)+1=0

& (2a+b+5)N2+(3a+b+8)=0

. ome e |2a+b+5=0 a=-3

Vi a;b la sO httu ti nén =
3a+b+8=0 b=1

Thay vao phuong trinh, tra duoc:

x—1=0

P 3x? 1=0 —1)(x*-2x-1)=0
by X +x+ <:>(x )(x X ) <:>L2_2x_1:0



Giai ra, ta dugc tap nghiém ctia phwong trinh la: S = {1;1 -2 1+ NG }
Vi du 5: Tim gia tri nho nhat cua biéu thiec P=1-xp trong d6 x;y la cac s6 thuc thda man
X2013 + y2013 — 2 x1006 y1006 (1)
(Thi hoc sinh gioi I6p 9, tinh Phii Yén nam hoc 2012 —2013)
Giai
Truong hop 1: Néu x =0 thi y =0 (hodc nguoc lai) suy ra P =1

Trwong hop 2: Xét x #0;y #0

y

1006 toos
Dét(fj =t:>(l) =—=xt’-2t+y=0
y X t

1006 1006
Chia hai vé& ctia (1) cho x'" 3" ta dwoc: x[ij + y(lj =2
X

Pay la phuong trinh bac hai doi véi ¢. Xét A'=1—-xy
Déton tai x;y thclatontai £ thi A'>0=1-xy>0;P>0
Vay gia tri nho nhdt cta P 1a 0 khi ¢ la nghiém kép ctia phuong trinh
1 DNEAE 1
1—xy=0<:>x=—:>t=—<:>(—] =—o X" ==
y X y X x
Sx=ley=1
Vay gia trinhd nhatcua P 1a0.Khi x=y =1
C. Bai tap van dung
16.1. Cho phuong trinh 4x* —2(a+b)x+ab=0 (1) (a;b 1a tham sd)
a) Giai phuwong trinh (1) véi a =1;b = 2
b) Chiing minh rang phuong trinh (1) ludn c6 nghiém véi moi a;b
Huéng dan giai — dap s6

a) V6i a = 1;b =2 phuong trinh c6 dang: 4x —2x(1+\/§)x+\/§=0
XétA’:(1+\/§)2—4x/§:(l—\/§)2>O
1e2-(1-2) p 12 (1-42)

2., 1
4 2 4 2

X

b) Xét A" =(a+b)’ —4ab=(a-b) >0 véimoi a;b



Vay phuong trinh ludn c6 nghiém
16.2. Cho a,b,c,d 1a cac s8 thuc a* +b* < 1. Chttng minh rang phuong trinh:
(a2 +b° —l)x2 —Z(ac + bd —l)x—i-c2 +d* —1=0 ludn ¢6 hai nghiém.
(Thi hoc sinh gioi Todn 9, tinh Hdi Dwong, nam hoc 2004 —2005)
Huéng dan giai — dap s6
Xét A" =(ac+bd 1) —(a’ +b* =1)(c* +d’ ~1) (%)
+Do @’ +b* <1=a’+b*-1<0
Néu ?+d*> 21=c+d>-120=A>0
Néu ¢ +d* <1.Datu=1-a*-b*;v=1-¢* -d*
(Biéu kién 0 <u <L,0<v<1)
Xét 4A" = (2~ 2ac—~2bd)’ —duv

:(a2+b2 +u+p+d’ +v—2ac—2bd)2—4uv

:[(a—c)2+(b—d)2 +u+v}2 —4uv2(u+v)2—4uv:(u—v)2 >0

= A'20. Vay phuong trinh luon luén cé nghiém

i
&

16.3. Cho phuong trinh ax’ +bx+1=0 voi a;b la cac s6 httu t. Tim a;b biét x=

o
&

nghiém ctia phuwong trinh

Huéng dan giai — dap s6

G- ()
\/§+\/§_ 5-3

a(4-V15) +b(4—V15)+c=0 (3la+4b+1)~(8a+5)V15 =0

Ta co: x = = 4-4/15 1a nghiém cta phuong trinh nén:

A

\ s A1~ N 3la+4b+1=0 a=1
Do a va b la cac s0 hitu ty nén: =

8a+b=0 b=-8

16.4. V6i gid tri nao ctia b thi hai phwong trinh 2011x* +bx+1102=0 (1) va 1102x* +bx +2011=0
(2) c6 nghiém chung.
(Thi hoc sinh gioi Todn 9, tinh Tién Giang, nam hoc 2009 —2010)

Huéng dan giai — dap s6

Goi x, la nghiém chung cuia hai phuwong trinh da cho, ta c¢:



2011x] +bx, +1102=0  [1102x] +bx, +2011=0
e
1102x; +bx, +2011=0  |{909x; =909

1102x§ +bx, +2011=0 (1)
=
x, =%1 (2)

Vdi x, =1 thay vao phuwong trinh (1) ta dwoc b=-3113

Véi x, = -1 thay vao phuwong trinh (1) ta dugc b=3113

Thir lai:
) \ \ \ 2 o 1102
* Voi b=-3113, thi phuong trinh (1) la 2011x" —=3113x+1102 =0 c6 nghiém x=l;x=—2011 va
\ \ : o 2011 " \
phwong trinh (2) la 1102x° —=3113x+2011=0 cé nghiém la x =1;x =102 nghiém chung la x =1
) \ \ \ 2 o 1102
e V6i b=3113, thi phuong trinh (1) [a 2011x" +3113x+1102=0 c6 nghiém x=-1;x = 5011 va

-2011
1102

phuong trinh (2) 1a 1102x* +3113x+2011=0 ¢6 nghiém la x=-1;x = , nghiém chung la

x=-1
Vay vdi b ==£3113 thi hai phuwong trinh da cho ¢6 nghiém chung
16.5. Tim s6 nguyén a d€ hai phuong trinh sau day cd it nhat mot nghiém chung
¥ +ax+8=0 (1)va x> +x+a=0 (2)
Huéng dan giai — dap s6

X, + ax, +8:O(1)

Dat x, la nghiém chung cta ai phuong trinh, ta co: { , ta co:

Xy +x,+a=0(2)
Ttr phuong trinh (1) va (2) trie tiing vé ta duoc:
(a—1)x,+8—a=0<=(a—1)x, =a—8 ()

V6i a—1=0< a =1 thi ti (*) khong ton tai x, nén diéu kién a =1
\ . . -8 \ .
Ttr phuong trinh (¥) ta co: x, = a—l thay vao phuong trinh (2) ta duoc:
a —_—

(a_8)2 a-8 3
( 1)2+a 1+a=0<::>a —24a+72=0
a— _

& (a+6)(a —6a+12)=0 (*)

Taco: a® —a+12=(a—3)" +3>0 nén (*) ©a+6=0=a=-6



Véi a =6 thi phuong trinh (1) 1a x* —6x+8 =0 cd nghiém x, =2;x, =4
Phuong trinh (2) la x* +x-6=0 c6 nghiém x, =2;x, =—-3 nén hai phuong trinh c6 nghiém
chung x=2
Vay voi a = -6 thi hai phuwong trinh c6 nghiém chungla x =2
16.6. Cho hai phurong trinh x* + mx+n=0 va x* —2x—n = 0. Chiing minh rang véi moi gia trj ctia
m va n, it nhdt mot trong hai phuwong trinh trén c6 nghiém.
(Thi hoc sinh gidi Todn 9, tinh Hitng Yén, nam hoc 2009 — 2010)
Huéng dan giai — dap s6
* Phuong trinh x* +mx+n=0 cd A, =m* —4n
* Phuong trinh x* —2x—n=0 c6 A, =4n+4
Suy ra: A, +A, =m* +4 >0 véi moi m,n. Do d6 trong hai s6 A,,A, ludn cé it nhdt mot A khong
am. Hay noi cach khac trong hai phuwong trinh da cho ludn c6 it nhdt mot phuong trinh cé
nghiém

. c>0
16.7. Chiing minh rang véi diéu kién )
(a+c) <ab+bc-2ac

thi phuwong trinh: ax® +bx+c¢ =0 ludén c6 nghiém

(Thi hoc sinh gioi tinh Binh Dinh, ndm hoc 2007 —2008)
Huéng dan giai — dap s6

Xét cac treong hop sau:

* Néu a=0;b =0 thi phuong trinh luén c6 nghiém duy nhat x = —%

e Néu a=0;p=0thi ¢ <0 vo li
*Néu a#0 tr (a+c)2 <ab+bc-2ac = 2ac >(a+c)2 —b(a+c)
Xét A=b* —4dac > b’ +2(a+c)2 —2b(a+c)=(a+c—b)2 +(a+c)2 >0
Vay A >0, phuong trinh ludn c6 hai nghiém
Tém lai, phuwong trinh ludn cé nghiém
16.8. Cho phuong trinh 4n x tham s6 m: x* —2(m+ l)x—(m2 +2m —3) =0. Xac dinh m dé€ phuong
trinh c6 hai ngiém x,;x, sao cho:

2008 < x, < x, <2013



(Thi hoc sinh gioi Todn 9, tinh An Giang, nam hoc 2009 —2010)
Huoéng dan giai — dap s6

Taco: A'= (m+1)2 —(m2 +2m—3) =4

Phwong trinh ¢ hai nghiém phan biét: x, =m +3;x, =m -1

Phwong trinh c6 hai nghiém:

x, =m+3<2013
x, =m—1>2008

2008 < x, < x, <2013<:>{ < 2009 <m <2010

16.9. Chting minh rang phuwong trinh:
(x2 +ax+b-— l)(x2 +bx+a- 1) =0 ludn c6 nghiém vdi moi gid tri ctia a va b
(Thi hoc sinh gioi Todn, tinh Vinh Phiic, ndm hoc 2006 — 2007)
Huwéng dan giai - dap s6

X +ax+b-1=0(1
(x2+ax+b—1)(x2+bx+a—1)20<:> ()
x2+bx+a—1:0(2)

Tacod A, =a’ —4b+4A, =b> —4a+4
Suy ra A, +A, =(a—2)2 +(b—2)2 >0 véi moi a;b do dd ¢ it nhat mét trong hai gid tri A;A,

khong am. Vay phuong trinh ban dau luén c¢é nghiém véi moi gia tri ctia a va b



Chuyén dé 17. HE THUC VI-ET
A. Kién thitrc cin nho
1. Hé thitc Vi-ét
* Néu x,;x, la hai nghiém ctia phuong trinh ax® +bx+c¢=0(a #0) thi:

X, X, =—
a
c
XX, =—
a
* Néu phuong trinh ax’ +bx+c¢=0(a#0) c6 a+b+c=0 thi phuong trinh c6 moét nghiém 1a
\ A c
x, =1, con nghiém kia la x, =—
a
* Néu phuong trinh ax’ +bx+c¢=0(a#0) c6 a—b+c=0 thi phuong trinh ¢6 mot nghiém 1a
X A c
x, =—1, con nghiém kiala x, =——

2. Tim hai s6 biét tong va tich ctia chung
* Néu hai s§ d6 c6 tong bang S va tich bang P thi hai s§ d6 1a hai nghiém ctia phuong trinh
X’ =Sx+P=0
Diéu kién d€ c6 hai s6 d6 la: $* —4P>0(A>0)
B. Mot s6 vi du
Vi du 1: Cho phuwong trinh mx* +2(m—2)x+m—3=0 (x la an s6).
a) Tim m d€ phuong trinh c6 hai nghiém trai dau.
b) Tim m d€ phuwong trinh ¢ hai nghiém trai ddu va nghiém am co gia tri tuyét doi 16n hon
nghiém dwong.
(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh nam hoc 2011 —2012)
Giai
Tim cdich giai. Nhitng bai toan lién quan dén dau cua nghiém phuong trinh bac hai bao gio
cting lién quan dén cong thitc nghiém va hé thirc Vi-ét. Cu thé la:

e Phuwong trinh c6 hai nghiém trai dau gom: Phuong trinh ¢ nghiém (A>0) va

xx, <0< £ <0 thi diéu kién nghiém chung la: ac <0
a



 Phurong trinh c6 hai nghiém trai ddu va nghiém am c6 gia tri tuyét d6i 1on hon nghiém duong
gom: Phuong trinh ¢ hai nghiém trai ddu (ac <0) va nghiém am cé gia tri tuyét doi 1on hon
nghiém dwong (x, +x, <0)

Trinh bay loi giai

a) Phuong trinh ¢6 hai nghiém trai ddu

Sac<0em(m-3)<0<0<m<3

b) Phuong trinh c¢6 hai nghiém trai ddu va nghiém am c6 gai tri tuyét déi 1on hon nghiém

duwong
O0<m<3
ac<0
<:>{ & _2(m_2) S 2<m<3.
x +x,<0 —=<0
m

Vay véi 2 <m <3 thi phuong trinh ¢6 hai nghiém trai dau va nghiém am c6 gia tri tuyét do6i lon
hon nghiém duwong,.
Vi du 2: Cho phuong trinh: 2x* +(m—1)x—-m—-1=0 (m la tham s8). Tim m d€ phuong trinh ¢6
hai nghiém la s6 do 2 canh ctia mét tam giac vuong c6 d¢ dai duwong cao ké tir dinh géc vudng
Ia % (don vi 46 dai).
Giai
Tim cdch gidi. Ban chat ctia bai toan goém 2 budc:
A=0

* Bwroc 1. Phurong trinh c6 hai nghiém x,;x, duwong < Jx, +x, >0

xx, >0

* Bugc 2. Hai nghiém x;;x, la s6 do 2 canh cta mdt tam gidc vuong c6 do dai duwong cao ké tir

dinh g6c vuong la % (don vi do dai) thi thoa man:

Trinh bay loi giai
Xét A=(m—1) +42.(m+1)=m* ~2m+1+8m+8=(m+3) >0
Phwong trinh luén c6 hai nghiém

DPé€ hai nghiém la s6 do hai canh ctia tam giac < phwong trinh c6 hai nghiém dwong



(m_1)>0

x +x,>0 7
S = < m<-1.
xx, >0 -m—1
>0

2

Hai nghiém la s6 do 2 canh cua mot tam gidc vuong c6 do dai duong cao keé tir dinh géc vudng
4 Can 1
la 3 (don vi do dai)

1 25 (x+x) -2xx, 25 (m—1)2+4m+4 25

T 2 T T
XX X X, (m+1) 16
2 11 5
< 9m” +18m—55=0. Gidi ra, ta dwoc: m, = 3 =7
~ S 1A 11 , -
Két hop diéu kién, ta dwoc m, = 3 thdéa man

Vi du 3: Cho phuwong trinh x* —=3mx—m =0 (m la tham s8 khac 0) c6 hai nghiém phan biét x,;x,.

Tim gia tri nhé nhat cua:

2 2
m X, +3mx, +3m
+ 2

A=—
x, +3mx, +3m m

(Thi hoc sinh gioi Todn 9, tinh Huwng Yén, nam hoc 2011 -2012)
Gidi

Phuong trinh ¢6 hai nghiém pham biét khi 9m® +4m >0 hay m(9m+4)>0

< m >0 hodc m<—g(*)

., |x +x,=3m

Theo Vi-ét:
XX, =—m

Ta co:

2 2 2 2

m m m m
2 -2 ~ 2, 2 - 7 >0
X, +3mx, +3m X, +(x1 +x2)x1 =3xx, X +x; —2xx, (xl _xz)
2
2
A A, g ’ A . A m X, —X

Ap dung bat dang thirc Co-si cho 2 s6 duwong: 4 = -+ (4 5 :) >2

(x —x,) m

m’ (xl X% )2

om'=(x-x,)
(xl_xz)z o m (xl xz)

Véy Arnin =2<

oSm' = (x1 - X, )2 o XX = (x1 - X, )2 & XX = (x1 + X, )2 —4x,x,



< xx, (xx, + 4) =9m’ < —m(—m + 4) =9m’

m=0(L)
<:>8m2+4m:0c>4m(2m+1):0c> 1
m=——
2

Véyvc’rim:—% thi 4=2

Vi du 4: Cho phuong trinh x*> —6x—m =0 (v6i mla tham s6). Tim m d€ phwong trinh da cho ¢6
hai nghiém x, va x, thoa man: x7 —x; =12
(Thi hoc sinh gioi Todn 9, Tinh Phii Tho nam hoc 2012 —2013)
Gidi
A=36+4m>0<4m>-36 <> m>-9

. o, , X +tx, =6
* Ap dung hé thitc Vi-ét ta co:

X, X, =—m
*Taco: xf —x; =(x,+x,)(x —x,)=12=x —x,=2
Suyra: x, =4;x, =2
Ttr d6 suy ra: m = —4.2 = -8 (thoa man diéu kién)
Vay v6i m = -8 thi phuong trinh ¢6 hai nghiém x, va x, thoaman x —x; =12
Vi du 5: Tim tat ca cac gid tri cia m sao cho phuong trinh x* —4x’ +8x+m =0 cé dung 4 nghiém
phan biét.
(Thi hoc sinh gioi Todn 9, Tinh Thanh Hoa nam hoc 2012 —2013)
Gidi
Cdach1.Tacd x* —4x’ +8x+m=0 (1)
= (x—l)4 —6()6—1)2 +m+5=0
Dat y = (x—l)2 ,¥ >0 phuong trinh c6 dang: > -6y +m+5=0 (2)
Phwong trinh (1) c6 4 nghiém phan biét <> Phuong trinh (2) c6 hai nghiém duong phan biét

A'>0 9—(m+5)>0
4—-m>0
S<485>0 ©£<6>0 = = -S<m<4
m>-5
P>0 m+5>0

Cdach2.Tacd x* —4x’ +8x+m=0 (1)

<:>(x2—2)c)2 —4(x2 —2x)+m:0



Dit y =x* —2x phuong trinh ¢ dang: y* -4y +m =0 (3)
Phuong trinh (1) c6 4 nghiém phan biét < phwong trinh (3) c6 hai nghiém phan biét 1én hon

-1

A'>0 4-m>0
(x1+1)(x2+1)>0<:> xx, +x +x,+1>0
x1+x2>_1 X, +x, >-2

2
m<4

m<4
44+m+1>0 < -S5<m<4
m>—
4>-2

Vi du 6: Chting minh rang néu a va b 1a hai nghiém ctia phwrong trinh x* + px+1=0 (1), con ¢ va
d 1a hai nghiém ctia phwong trinh x* + gx +1=0 (2) thi ta c6 hé thic:
(a—c)(b—c)(a+d)(b+d) =q*-p°.
Gidi

a+b:—p_{c+d=—q

Theo hé thirc Vi-et ta co: ;
cd =1

ab=1
Xét (a—c)(b-c)(a+d)(b+d)=(ab—ac—bc+c”)(ab+ad +bd +d”)
=(1+pc+cz)(1—pd+d2)
=1-pd+d* + pc— p’cd + pcd® +c* — pc’d + c*d*
=1-pd+d*+ pc—p*+pd+c’ — pc+1
=c’+2+d’ - p’ :(c+d)2 -p'=q"-p°.
Suyra (a—c)(b—c)(a+d)(b+d)=q* — p* Diéu phai chting minh.
Nhdn xét. Néu chon p va g la hai s8 nguyén sao cho ¢° — p* 1a s6 chinh phuong thi ta 6 két
qua: (a—c)(b-c)(a+d)(b+d) la sd chinh phrong. Chéng han: cho s§ nguyén m, chtmg minh
rang néu a va b la hai nghiém ctia phrong trinh x* +15mx+1=0 (1), con ¢ va d la hai nghiém
ctia phuong trinh x> +17mx+1=0 thita c6 (a—c)(b—c)(a+d)(b+d) 1a s& chinh phuong.
Vi du 7: Cho phuong trinh x* + px+¢ =0 (1). Hay tim cic gid tri nguyén cia p va g sao cho
phuong trinh (1) c6 nghiém nguyén phan biét va nghiém nay gap 4 lan nghiém kia

(Thi hoc sinh gioi Toan 9, tinh Yén Bai, nam hoc 2003 — 2004)



Giai

Gia st phuong trinh c6 hai nghiém phan biét va x, = 4x,

p2—4q>0 p
X +x, =5x = xlz_E
Tacd: "' ! P 5
x1x2=4x12=q 4p” _
- =9
pigel 25

Suy ra p*i25= p® =25k’ (ke L) < p =+5k

4.25k*

Do d6 g = = 4k°

Vay (piq) e {(Sk; 4k* );(—5k;4k2)} vGi k € Z thi phwong trinh (1) c6 hai nghiém nguyén ohana
biét va mot nghiém gap 4 lan nghiém kia

Vi du 8: Goi x;;x, la hai nghiém ctia phuwong trinh bac hai ax® +bx+c¢=0.
bdt S, =x' +x; v6éi n nguyén duong

+bS

a) Chting minh rang: aS ateS =0

n+2
b) Khong khai trién, khong dung mdy tinh, hay tinh gid tri biéu thic:
1 1

(3] (1)

A=

Giai
a) x, 1a nghiém ctia phuwong trinh nén ax’ +bx, +c¢=0; x, 1a nghiém ctia phwong trinh nén

2 —0
ax, +bx, + ¢ =0;

n+l n+2 n+l

Suy ra: ax{* +bx/" +cx! =0 (1), ax;” +bx)" +cx) =0 (2).
Tt (1) va (2) cdng vé vai vE, ta duoc:
a(x,’”2 + x5 ) + b(xl"+1 + x5 ) + c(x]” + x5 ) =0

+bS

Tt d6 suy ra: aS L tceS, =0.

n+2
b) bat: x, =1+\/§;x2 =1—\/§;Sn =X +x,.

x +x,=2

Suy ra {

xx, ==2
Vay x,;x, la nghiém ctia phrrong trinh x> —2x-2=0. Ap dung cau a, ta cé:

Sn+2 - 2Sn+1 - 2Sn = 0 = Sn+2 = 2S

n+l

+28, (%)



Taco: S, =2,8, =xt +x2 =(x +x,) —2xx, =4+4=8.
Ap dung cong thiic (*), ta co:
S, =28, +28, =2.8+22=20;S, =28, +2S, =2.20+2.8 =56

S, =28, +28, =2.56+2.20 =152

1 1 _(1+\/§)5+(1—\/§

Tacod: 4=

G G ANE ITEC

C. Bai tap van dung

4 \_/m
—
9
[\
|
—
O

17.1. Cho phuong trinh x* —=2mx+m—4=0
a) Tim m dé& phuwong trinh ¢4 hai nghiém phan biét x,;x, théa man x, +x; = 26m
b) Tim m nguyén d€ phuong trinh ¢ hai nghiém nguyén.
(Thi hoc sinh gioi Todn 9, Tinh Quang Binh nam hoc 2012 —2013)
Huéng dan giai — dap s6

2
Q) Xét A'=m* —m+4= (m - %) + 3% >0, phuong trinh ludn c6 hai nghiém phan biét véi moi m

Goi x,;x, la nghiém ctia phwong trinh

N . .| XX, =2m
Theo hé thirc Vi-ét ta co:

xx, =m—4

=X +x =(x, erz)2 —2x,x, =4m* —=2m+8

Ta co: x +x; =26m < (x, +x2)(x12 — X, X, +x22)=26m
< 2m(4m* =3m+12) = 26m

<::>2m(4m2 —3m—1):0<:>m1 =0;m, =1;m, :_Tl

b) Vi x,, = m /A" nén diéu kién d€ phuong trinh ¢6 hai nghiém nguyén:
AN=m>-m+4

biat A'=m’ —m+4:kz(keZ)<:>4m2 —4m+16 = 4k°

& (2m-1)" +15=(2k) < (2k-2m+1)(2k +2m—-1) =15

Tt d6 ta co bang sau:

2k-2m+1 |1 3 5 15 -1 -3 -5 -15




2k+2m—-1 |15 5 3 1 -15 -5 -3 -1

Suy ra:

k 4 2 2 4 -4 -4 -2 -4

m 4 1 0 -3 -3 0 1 4

Vay voi m e {4;1;0;-3} thi phuong trinh c6 nghiém nguyén
17.2. Cho phuong trinh bac hai x* —2x—m—-2=0.Tim m d€ phuong trinh:
a) C6 hai nghiém phéan biét thoa man diéu kién x +x; =8
b) C6 dung mot nghiém dwong.
(Thi hoc sinh gioi Todn 9, Tinh Vinh Long nam hoc 2012 — 2013)
Huéng dan giai — dap s6
a) Diéu kién d€ phuong trinh cé nghiém la: A'=1+m+220< m2-3

. ) Lo+, =2
Theo hé thirc Vi-et, ta coO:
XX, =—m—2

X +x, =(x +x2)2 -2xx, =4+2m+4=8< m=0 (théaman m >-3)
Vay m =0 thi phwong trinh ¢4 2 nghiém x7 +x; =8
b) V6i m > =3 thi phuong trinh luén c6 nghiém
Theo hé thirc Vi-ét, ta cd: x, +x, =2 nénnéu A' =0 < m = -3 thi phuong trinh c6 nghiém kép la
s0 duong
Néu phuong trinh ¢6 hai nghiém trai ddu thi phuwong trinh cling c6 mot nghiém duong
S-m-2<0&m>-2
Vay voi m = -3 hodc m > -2 thi phwong trinh c6 ding mot nghiém duong
17.3. Cho phuwong trinh mx* =2(m—1)x+m—-3=0
Tim m dé& phuwong trinh ¢4 hai nghiém phan biét x,;x, théa man: x7 +x; =3
Huwéng dan giai - dap s6
mx’ —-2(m—-1)x+m—-3=0
A :4(m—1)2 —4m(m—3) =4m’ —8m+4—4m*> +12m =4m+4>0
oSm>-1vam=#0

Goi x;x, la nghiém ctia phuwong trinh: mx® —2(m—1)x+m—-3=0



2(m—1)

) X +x, =
* Ap dung hé thtrc Vi-ét ta co: m
m-—3
XX, =——
m
2(m-3
Ta co: (x1+x2)2 =X +x) +2x,x, :3+M
m
4(m-1Y’ 2(m-3 2 _ -
- ( : ) 3 ( )©4m §m+4=3+2m 6
m m m m

4m* —8m+4 5m—6
@ =

m2 m

& 4m* —8m+4=5m* —6m o m’ +2m-4=0 (m+1) =5 m =51 (thoa
m, = —J5-1 (khong théa man)
Vay v6i m =+/5 -1 thi phrrong trinh c6 hai nghiém phén biét x,;x, thoa man: x* + x> =3
17.4. Cho phuong trinh bac hai x* =2(m+1)x+2m+10=0 v6i m la tham sg thuc
a) Tim m d€ phuong trinh c6 hai nghiém x,;x,
b) Tim m d&bidu thite P = 6x x, + x> +x* dat gid tri nho nhat
(Thi hoc sinh gioi Todn 9, Tinh Vinh Long, nam hoc 2011 —2012)
Huong dan giai — dap s6
a) A =4(m+1)2 —8m—40=4m’ +8m+4-8m—-40=4m’> -36>0

mz2=3

em'>9e|n23e
m< -3
b) Goi x,;x, la nghiém ctia phwong trinh x* —2(m+1)x+2m+10=0

¢ e, X X, =2m+ 2
Ap dung hé thire Vi-ét:
xx, =2m+10

Taco: P=6xx, +x1 +x2 =(x +x,) +dxx, =4(m+1) +4(2m+10)
=4m®> +8m+4+8m+40=4m> +16m + 44 = 4m> +16m +16 + 28
=4(m+2) +28>4.(-3+2) +28=32

Vay P, =32 khiva chikhi m=-3

17.5. Cho phuwong trinh bac hai x* —=2m(m+2)x+m* +7=0 (1). (m 1a tham sG)

a) Giai phwong trinh (1) khi m =1

man),



b) Tim m d€ phuong trinh (1) c6 hai nghiém x,;x, thoa man:
xx, =2(x +x,)=4
Huéng dan giai — dap s6
a) Véi m =1, phuong trinh c6 dang: x* —6x+8 =0. Giai ra ta duoc: x, = 2;x,
b) Diéu kién d€ phuong trinh c6 nghiém 1a: A’ = m? (m +2)" - (m2 + 7) >0 (%)

A o , x1+x2:2m(m+2)
Theo hé thirc Vi-ét ta co:
xx, =m’ +7

Theo dé bai: x,x, =2(x, +x,)=4<m’ +7-22m(m+2)=4

< 3m’ +8m-3=0<m, :%;m2 =-3

Thuw lai voi diéu kién (*) thi m, = %; m, = -3 khong thoa man
Vay khong ton tai m thoa man diéu kién dé bai
17.6. Cho phuong trinh x* —2mx+1=0 (an x)
a) Tim m dé€ phuong trinh c6 hai nghiém duong
b) Goi x,;x, (x, <x,) la hai nghiém dwong ctia phuwong trinh

Tinh P = \/x—l —4/x, theo m va tim gia tri nhé nhat ctia biéu thac:

=x +x,+
Q=x+x,

X + X,
(Thi hoc sinh gioi Toan 9, Tinh Qudng Binh, nam hoc 2011 —2012)
Huéng dan giai — dap s6

A'">20 m —120
a) Phuong trinh c6 hai nghiém duong 1 x, +x, >0 & <2m>0 < m>1

xx, >0 1>0
Vay m >1 thi phuong trinh c6 hai nghiém dwong
b) V6i m >1 thi phuong trinh c6 hai nghiém duwong

N . L% X, =2m
Theo hé thirc Vi-ét, ta co:

xx, =1

Xét: PP =x, +x, —24Jx,x, =2m—2.Vi P<0 nén P=—/2m—2



Tacod: OQ=x +x, + 2 :2m+i:m+m+i21+2,/m.i:3
X, +X, 2m m m

Vay gia tri nho nhat cta biéu thic Q la3khi m =1
17.7. Cho phuong trinh x*> —=2(m—1)x+2m-5=0 (1)

a) Tim m d€ phuwong trinh c6 hai nghiém duong.

b) Goi x;x, la hai nghiém dwong cta phuong trinh (1). Tim m nguyén dwong dé

2 2
A= (ﬁ] + (x—zj O gia tri nguyeén.
X X
Huwéng dan giai - dap s6

a) Phuong trinh c6 hai nghiém duong

A'>0 (m=1) =(2m=5)20 | m* —4m+6>0
x+x, >0 2(m—1)>0 & m>1 <:>m>§
xx, >0 2m—-5>0

m>5

o ., , xl+x2:2(m_1)
b) Theo hé thtc Vi-ét, ta co:

xx, =2m-5

? 2 2 2 2\2
, X X, X, X, X, +X
Tacd: A= 22| +| 2| =| 2422 2= & 2 )
X X X, X X, X,

@A[(xl +x2)2 _2]2 _2{4(m1)2 _2_2 5

X, X, 2m—>5

4(m-1)
Aele————2 cl < 2m+1+ el < 2m-5eU(9)

2m—15 2m -5

Vi m nguyén duong nén 2m -5 = -5, suy ra:

2m-—5 -3 -1 1 3 9

m 1 2 3 4 7

Vay v6i m e {1;2;3;4;7} thi 4 nhéan gia tri nguyén
17.8. Cho phuong trinh ax® +bx+¢=0 (1) va ex> +bx+a=0 (2) (véi a>c>0)

a) Chiing minh rang phuwong trinh (1) va (2) cing c¢6 nghiém hogc cing v6 nghiém



b) Véi gia thiét phuong trinh (1) c6 nghiém x,;x, va phuong trinh (2) c6 nghiém la: x,’;x,” va
X, +x, >x/ +x, . Chttng minh rang 5 >0
¢) Trong truong hop phuong trinh (1) va (2) déu vo nghiém, chitng minh rang b < a + ¢
Huwéng dan giai - dap s6

a) Ca hai phuong trinh déu c6: A =b* —4ac, nén ca hai phuong trinh (1) va (2) cung c6 nghiém
hodc cung vo6 nghiém
b) Trong treong hop hai phwong trinh trén ¢ nghiém. Theo hé thirc Vi-ét, ta co:

—b r b

'
.X'1+.X'2=—,X1 +x2 =
a C

, ' ' -b b bla—c N
Xet: x, +x, —x, —x, :—+—:u>0 nen b >0
a c ac

¢) Trong truong hop phuong trinh v6 nghiém, ta ¢6: A =b> —4ac <0 < b* <4ac
Mt khac ta c6: 4ac < (a+ c)2 , nén:
b’ <(a+c)2 Sb<a+c (Via>c>0,b>0)

17.9. Cho p la s8 tw nhién khac 0. Goi x,,x, la hai nghiém cta phuong trinh x* +5px—1=0;
x;;x,]a hai nghiém ctia phuong trinh  x*+4px—1=0. Chttng minh ring tich
(%, —x;)(x, = x;) (%, +x,)(x, +x,) 1a mot s& chinh phuong.

(Thi hoc sinh gidi Todn, TP Ha N§i, nam hoc 2006 —2007)
Huéng dan giai — dap s6

Taco: x* +5px—1=0(1);x* +4px—1=0(2)
Tt (1); (2) theo hé thtrc vi-ét, ta cd: x, +x, =-5p;x,x, =—1

X, +x, =-4p;x;x, =—1
(2, —x3) (30 —x; ) (3, +x, ) (x, +x,)
=(x —x)(x, +x,)(x —x;)(x, +x,)
= (X%, + XX, —x,X, —x,x, ) (XX, +X,X, — XX — XX, )

(

XX, —%,% ) (X%, —X,x;)

_ 2 2 2 2
= XX, X, — X XX, — Xy X, Xy + XXX,

_ 2 2 2 2 B —_1- _
=-—x, +x; +x;, —x; (V1 x,x, =—1;x;x, =-1)



:(—xf +2—)c32)+(x]2 —2+x22)
Ma 2 =(-1)(-2) = 2xx,;2 = (-1)(-2) = 2x;x,
Suy ra (*) < (x +x,) —(x, +x,)°
=25p> —-16p°
=(3p)’ = Diéu phai chttng minh
17.10. Tim m d€ phuong trinh (m +1)x* —3mx +4m =0 c6 nghiém duong
(Thi hoc sinh gioi l6p 9, Thira Thien Hué, vong 1, nam hoc 2003 —2004)
Hudng dan giai — dap s6
Khi m = -1, phwong trinh tré thanh: 3x-4=0=x= % >0
Khi m # -1 thi PT: (m+1)x* =3mx+4m =0 (1) la phwong trinh bac hai

. 4 \ A? \ 4 4 - A ?. \
Goi S = 3 P="""1a tong va tich cac nghiém x;;x, ctia phuwong trinh (1)
m+1 m+1

Phuwong trinh (1) ¢ nghiém duong trong cac truong hop sau:
*0=ux, <x,, khidd A>0,P=0,5>0.Suy ra hé vo nghiém

4dm

*x,<0<x,,khidé P<0<= <0 -1<m<0

m+1

*0<x <x,,khid6 A>20,§>0,P>0.Suyra _TmSm<—1

DPap s0: _TmSm<—1

17.11. Cho phuwong trinh: 2x* + 2mx+m*> —=2=0
a) Xac dinh m dé phuong trinh ¢ hai nghiém
b) Goi hai nghiém cua phuwong trinh trén la x;x,. Tim gia tri 16n nhdt cta biéu thac:
A= |2x1x2 + X, +x, —4|
(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh, nam hoc 2003 — 2004)
Huwéng dan giai - dap s6
a) 2x° +2mx+m*> -2=0
Xét A=4m* —42(m* —2) = 4m’ —8m’ +16 =—4m’ +16

Phuong trinh ¢6 2 nghiém < A>0= —4m’ >-16 & m’ <4< -2<m<2



b) A=|x, +x, +2x.x, -4

Ap dung hé thitc Vi-ét, ta c6: x, + x, = —m;2x,x, = m* —2
A=|-m+m’ —=2-4|=|(m+2)(3-m)

Vime[-2;2] nén m+2>0 va m-3<0

2
Do dé6 A=(m+2)(3—m):—m2+m+6z—(m—%} +§S§

Vay gid trj 16n nhét cia 4 1a % dat duoc khi va chi khi m =%

17.12. Cho phuong trinh ax® + bx +c¢ = 0(a # 0) c6 hai nghiém thudc doan [0;2].

8a’ — 6ab + b*

2

Tim gia tri 16n nhat cta biéu thic P =
4a” —2ab +ac

Huéng dan giai — dap s6

Goi x,,x, (x, <x,) 1a hai nghiém ctia phuong trinh da cho

X +x, =——
Theo dinh 1i Vi-ét ta co:
XX, -
a
b (bY
8—6—+| —
8a*> —6ab + b’ B a (aj _8+6(x1+x2)+(x1+x2)2

Khido P=

4a® —2ab+ac 4+2(x1+x2)+x1)c2

4—2é+
a

c
a
Do 0<x <x,<2=x' <xx,,%, <4=>x +x; <xx, +4

= (xl +362)2 <3xx, +4

8+6(x, +x,)+3xx, +4 3

Vay P<
Y 4+2(x1+x2)+x1x2

Déng thtic xay ra khi x, = x, =2 hodc x, =0,x, =2

_Z_4
——=2 b=-2a
T & ce=-b=4a hoac{ a =
c c=0
—=4 c=0
a
. . |b="2a
Vay, P, =3 < c=-b=4a hoac
C =



17.13. Cho phuong trinh (x=2)(x* —=x)+(4m+1)x-8m-2=0 (x la &n s6).
Tim m dé& phuong trinh ¢4 ba nghiém phan biét x,,x,,x, thoa man diéu kién: x7 +x; +x; =11
(Tuyén sinh I6p 10, THPT chuyén Qudc Hoc, tinh Thira Thién Hué, nam hoc 2015 —2016)
Huoéng dan giai — dap s6
Ta co: (x—2)(x2—x)+(4m+1)x—8m—2:0 (1)
& (x=2)(x" —x)+(4m+1)x-2(4m+1)=0

x=2

<:>(x—2)(x2 —x+4m+1):0<::> 2 xrdmale0 (2)

Phuong trinh (1) c6 ba nghiém phan biét < phwong trinh (2) c6 hai nghiém phan biét khac 2

3
{A:1—4(4m+1)>0® <%

22 —2+4m+1#0 3
m#——

Khi d6 x,,x, la nghiém ctia phurong trinh (2), theo hé thttc Vi-ét, ta co:
{x, +x, =1
xx, =4m+1
Taco: x +x, +x; =11 (x, +x2)2 —2xx, +x; =11
Suy ra: 1-2(4m+1)+4=11< m=-1 (théa man diéu kién)
Vay véi m=-1 thi phuong trinh c¢6 ba nghiém phan biét x,x,,x, thoa man diéu kién:
XD +x;+x; =11
17.14. Cho phuong trinh: x> =2(m—1)x+2m* -=3m+1=0, véi m la tham s& (1).
a) Chttrng minh rang phuong trinh (1) c6 nghiém khi va chikhi 0<m <1.
b) Goi x,,x, la hai nghiém ctia phwong trinh (1).
i. Chttng minh |x1 +x, + x1x2| < %

ii. Tim gia tri cia m d€ phuong trinh (1) c6 hai nghiém phéan biét trai ddu thoa man |x1 - x2| =1.
(Tuyén sinh l6p 10, THPT chuyén, tinh Bén Tre, niam hoc 2014 — 2015)
Huwéng dan giai - dap s6

a) x> =2(m—-1)x+2m* -=3m+1=0, véi m la tham s (1)



Co A':(m—l)2 —(2m2 —3m+1):—m2 +m

Phuong trinh (1) ¢ nghiém < A'=-m’> +m>0< m(m-1)<0
m=0 m=0
m—-1<0 m<1

&
m<0 m<0
(VN)
m—120 m =1

b) V&i 0 <m <1 thi phuong trinh c6 hai nghiém x,, x,

<0<m<l

A g s , x1+x2=2(m—1)
Theo hé thirc Vi-ét ta co:
x,x, =2m° —3m+1

i. Ta co: |x1 + X, +x1x2| :|2(m—l)+2m1 —3m+1|
=[2m* —m—1|=|(2m+1)(m-1)|

m—-1<0

Vi0<m<1nén
2m+12>0

c>(m—1)(2m+1)£0

Suy ra |x +Xx, + XX |:—(2m2—m—1):2 m—l 2+2<2
1 2 172 4 8—8

D&u bang xay ra khi m = % (thoa man diéu kién). Vay |x, +x, +x.x,| < %

ii. Phuong trinh (1) c6 hai nghiém phan biét trai dau

< xx, <0< 2m’ —3m+1<0<:>(m—l)(2m—1)<0<:>%<m<l

Ta co |x, —x,|=1<(x, —xz)2 =le(x +x2)2 —4xx, =1

e 4(m-1) -4(2m’* -3m+1)=1<(2m-1) =0=m =% (khong thoa man)

Vay khong ton tai m d€ phuong trinh (1) ¢6 hai nghiém phén biét tréi ddu thoa man |x, —x,|=1
17.15. Cho phuong trinh (m2 + S)x2 —2mx—6m =0 (1) véi m la tham s6

a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chitng minh réng khi d6 tong cua
hai nghiém khong thé la s6 nguyén.

b) Tim m sao cho phuong trinh (1) ¢6 hai nghiém x,x, théa man diéu kién

(xlx2 =X +x, )4 =16.



(Tuyén sinh lop 10, truong Phd thong nang khiéu, Dai hoc Qudc gia TP. H6 Chi Minh, ndm hoc 2014 —
2015)
Huéng dan giai — dap s6
a) m> +5# 0 véi moi m nén phuong trinh (1) ¢6 hai nghiém phan biét khi va chi khi
1 jz 719

m2+6m(m2+5)>0<:>6m m+—| +—|>0=m>0
12 144

2m

Khi d6 theo hé thirc Vi-ét ta co: x, +x, =—
m-+5

2m

2

Vim?+5-2m=(m-1) +4>0 m’ +5>2m=0<
m”+5

<1 (do m>0)

b) m* +5# 0 véi moi m nén phuong trinh (1) ¢6 hai nghiém khi va chi khi

2
m2+6m(m2+5)20<:>6m m+L +7—19 >0 m=>0
12 144
2m
xl+x2: 2 5
Khi d6 theo hé thikc Vi-ét ta co: ’6" +
—om
X, X, =
" s

4 XX, =A% +x, =2
1°+2 1 2
(x,xz—«/x]+x2) =16 <
XX, =X, +X, =2

—6m 2m
Truong hop 1. Xét x,x, —/x, +x, =2 & —‘/ =2
8 1op 12 ! : m*+5 m*+5

2m —6m
o = -2 (vdnghiém vi m >0
m*+5 m*+5 ( e )

Truong hop 2. Xét x,x, —\/x, +x, =2 < —om__ Em =-2

m*+5 m-+5

2 6 . 2
o == =222 Piti=,|—m—>0
m +5 m +5 m +5

t =—1(ktm)
Taco: t=2-3t < )
t==(tm)
3
m=2
t:z<:> f—m:gc>2m2—9m+10:0<:> 5 (thbaman m>0)
3 m +5 3 m=5



Vay véi me{Z;%} thi phwong trinh (1) ¢6 hai nghiém x,x, théoa man diéu kién

(xl)c2 =X +x, )4 =16



Chuyén dé 18. PHUONG TRINH QUY VE PHUONG TRINH BAC HAI
A. Kién thirc cAn nhé
1. Phuong trinh trung phuwong
e Phuong trinh triing phuong la phuong trinh ¢6 dang: ax* +bx* +¢=0(a = 0)(1)
D€ giai phuwong trinh trung phuwong, ta dat an phu.
D4t x* =¢ >0, dua vé phuong trinh ar’ +bt +c =0(2)
2. Phuong trinh chita 4n 6 mau thirc
Khi giai phuwong trinh chita dn ¢ mau thirc, ta lam nhu sau:
Budc 1. Tim diéu kién xac dinh ctia phuwong trinh;
Budc 2. Quy dong mau thiic hai vé rdi khir mau thiec;
Budc 3. Gidi phuong trinh vira nhan dwoc;
Budc 4. Trong cac gid tri tim duoc cua an, loai cac gia tri khong thdéa man diéu kién xac
dinh, cac gia tri thoa man diéu kién xac dinh la nghiém ctia phuong trinh da cho.
3. Phuong trinh tich
e Phan tich v& tri thanh nhan t, v& phai bang 0
* Gidi phrong trinh tich
4. M6t s6 dang khac caa phwong trinh thwong gap

- Phuong trinh bac bon dang (x+a)(x+b)(x+c)(x+d) =m voi a+b=c+d
- Phuong trinh ddi xting bac bon 6 dang: ax* +bx’ +cx’ +bx+a=0(a #0)

2
- Phuong trinh hoi quy c6 dang ax* +bx’ +ex’ +dx+e= O(a #* 0) trong do £ (%)
a

- Phuong trinh bac bén dang (x+ a)4 +(x+ b)4 =c

- Phuong trinh phan thic hitu ti. Trong phan nay chiang ta xét moét s6 dang sau:

mx nx

[ ) + :p
ax*+bx+d ax*+cx+d

2 2
ax“+mx+c ax +px+c
° + P =d

ax’ +nx+c  ax’ +qx+c

2
ax - +mx+c X
) =+ p =d

ax’> +nx+c  ax’+qgx+c

B. M6t s6 vi du



Vi du 1: Gidi phuong trinh x* +3x’ —2x* —6x+4=0
(Thi hoc sinh gidi Toan 9, TP Ha N§i, nam hoc 2009 - 2010)
Giai
Tim cach giai. Pay la phuong trinh bac 4. Suy ludn rat tie nhién la phan tich vé trai cta

phuong trinh thanh nhén ti. Tuy nhién quan sat cac hé s0 cua vé trai: 1;3;-2;-6;4, ta

2
phét hién ra : % = (%6] do vay bai toan ¢6 dang ax® +bx’ +cx’ +dx+e=0(a #0) trong do

2
£_ (%J Céch giai cia phuong trinh dang nay la:
a

e Budc 1. Xét x=0 , hai v& khong bang nhau nén x = 0 khdng phai la nghiém ctia phuong
trinh.

® Budc 2. Xét x#0 chia ca hai v€ cia phuong trinh cho x* . Sau d6 dat an phu. Bai todn
0 hai cach giai sau:

Trinh bay 1oi giai

Cach1

* x =0khong phai la nghiém ctia phuong trinh.

® Véix # 0 chia hai vé& cho x2 ta dwoc:

xz+3x—2—§+12:0<:>[x2+izj+3(x—gJ—2:0
X X X X
Dat y:x—z:yz:x2—4+12:x2+12:y2+4
x x x
Phuwong trinh ¢6 dang y* +4+3y-2=0< " +3y+2=0
Giai ra ta dwoc y, =-1y,=-2

-Véi y=-1tacod x—%:—1<:>x2+x—2:0
x

Giai ra ta duwoc x=Lx=-2

-Véi y=-2 ta duwoc x—g:—2<:>x2+2x—2:0
X

Giai ra ta duwoc x=—1+\/§;x=—l—\/§
Vay tap nghiém ctia phwong trinh la s = {1;—2;—1 ++/3;-1 —\/3}

Cach 2:



x'—4x +443x° —6x+2x" =0
= (x2 + 2)2 +3x(x2 —2)+ 2x* =0
e (x- ) x(x =2)+2x(x* —2)+2x" =0
(x2 2)(x —2+x)+2x(x —2+x) =0
(x2 +x— 2)(x +2x— 2) 0

X +x—-2= O(l)

x+2x-2=0(2)

e Giai phwong trinh (1): x* +x-2=0 ta duwoc x, =L;x, =-2

e Giai phuong trinh (2): x> +2x-2=0 ta dugc x, =—1++/3;x, =—1-/3
Vay tap nghiém ctia phuong trinh 1a s = {l; —2;—1++/3;-1- \/5}
Vi du 2: Giai phuong trinh (x* —3x+2)(x* +15x+56)+8=0
(Thi hoc sinh gid¢i Toan 9, tinh Thanh Hoa, nam hoc 2008 - 2009)

Gidi

Tim cach giai. Khi khai trién, bai toan nay c¢6 dang phuong trinh béc 4, nén cach giai
chung 1a phan tich da thirc thanh nhan t. Tuy nhién v€ trai c6 hai ngodc chita an, c6 thé
phan tich truc ti€p thanh nhan ti. Sau khi phan tich xong ta thdy phuwong trinh c6 dang
phuong trinh bac bon dang:

(x+a)(x+b)(x+c)(x+d)=m voi a+b=c+d
Vi vay ta c6 10i gidi tht hai cho dang toan nay nhu sau:

* Budc 1. Viét phuong trinh duwdi dang: [xz +(a+b)x+ ab][x2 +(c+d)x+ cd} -

* BuGc 2. Dit x* +(a+b)x+ab=y . Gidi phuong trinh an y
Trinh bay loi giai
Cach 1:

(x* =3x+2)(x* +15x+56)+8 =0

< x+12x° +13x% - 138x+120=0

& (x*+6x" =155 ) +(6x" +36x" —90x) - (8x* +48x~120) =0

& x* (" +6x—15)+6x(x* +6x-15)-8(x* +6x-15) =0

& (7 +6x—15)(x" +6x-8) =0

e Giai phuwong trinh x* +6x—15=0 ta duoc x, = —3+2x/g;x2 =-3-2V6



e Gidi phuong trinh x> +6x—-8 =0 ta dwoc x, = —3+/17;x, ==3-+/17

Vay tap nghiém ctia phwong trinh la: s = {—3 + 2\/6; -3- 2\/6; -3+ \/ﬁ; -3- \/ﬁ}
Cach 2:

Ta c6 thé viét:

(x=1)(x=2)(x+7)(x+8)+8 =0 (x—1)(x+7)(x—-2)(x+8)+8=0 < (x’ +6x-7)(x" +6x—16)+8=0

Dt x* +6x—7 =y phuong trinh c6 dang y(y-9)+8=0< »* -9y +8=0

Giai ra ta dwocy, =Ly, =8

* V6i y=1tadugc x* +6x—7=1< x> +6x—-8=0

Giai ra ta dwoc x3:—3+\/ﬁ;x4=—3—\/ﬁ

* Vi y=8 taduwoc x* +6x—7=8< x> +6x—-15=0

Giai ra ta dwoc x, = ~3+26; X, = -3-26

Vay tap nghiém ctia phwong trinh la: s = {—3 + 2\/8; -3- 2\/6; -3+ \/ﬁ;—3 - \/ﬁ}

2x 13x
2 t33 =
37 =5x+2 3x +x+2

Giai

Vi du 3: Giai phuwong trinh

Tim cach giai. Cing nhu cac vi du trén, néu quy dong ta duoc phuong trinh bac 4, nén
ciing phan tich da thitc thanh nhan t& va giai dugc. Song trong vi du nay, bai toan cé

mx nx

dang = p Nén bai todn c6 hai cach giai khac:

ax® +bx+d " ax’ +cx+d
- Céch 1. Bgt ax* +d =t Ta dwgc phuong trinh chita ca x va ¢, roi phan tich da thic
thanh nhan t&. Cach nay goi la d6i bién khong hoan toan.

- Cach 2.

Vi x=0 khong phai la nghiém ctia phuong trinh nén ta chia ca t& va mau moi phan thiic

¢ vé trai cho x, ta duoc: 7 -+ & —=p Sau d6 dat an phu roi giai
ax+b+— ax+c+—
x x
Trinh bay 1oi giai
/ o 2 \ / 2x 13x
Céch 1. Dat t =3x" +2 phuong trinh cé dang +——=56

t—5x t+x



Quy dong khtr mau, thu gon ta duoc: 267 —13t+11x* =0 < (1 —x)(2¢—11x) =0
Truong hop 1 Xét t—x=0<3x* +2-x=0 v0 nghiém

Truong hop 2.

Xét 2t—11x=02(3x" +2)-11lx =0 62" —11x+4=0

Gidi ra ta duwoc x, :%;x2 zg

Vay tap nghiém ctia phwrong trinh la: s = {%,%}

Cach 2. Xét x=0 khong phai la nghiém ctia phwong trinh, nén ta chia ca ti va mau ctia

moi phan thikc cho x ta dwoc 2 B g
2
3x=5+— 3x+1+-—
X x

Dat 3x—2+2:t phuong trinh c6 dang i+£:6
x =3 t+3

Quy déng, khit mau va thu gon ta dugc: 6> —15¢—21=0 Giai ra ta dwoc 1, =1z, =%
* Treong hop 1. Xét t =—1 suy ra 3x—2+g =-1<3x* —x+2=0 vd nghiém
X

* Treong hop 2. Xét t=Z suy ra 3x—2+£=1<:>6x2 —11x+4=0
2 x 2

Giai ta ta duwoc x, =l;x2 =—
2 3

A en A T 1 4

Vay tap nghiém ctua phwong trinh la: s = {E’E}

x2+3x+3+x2+6x+3 _ﬁ

Vi du 4: Giai phuong trinh — - =
X" —4x+3 x"+5x+3 12

(Thi hoc sinh gidi, Tinh Tra Vinh, ndm hoc 2009 - 2010)

Gidi
Tim cach giai. Cing nhu cac vi du trén, néu quy dong ta duoc phuong trinh bac 4, nén
ciing phan tich da thitc thanh nhan t va giai duwoc. Song trong vi du nay, Bai toan c6

ax2+mx+c+ax2+px+c

ax’> +nx+c  ax’ +qx+c

dang =d Cach giai thong thuwong cho dang toan nay la:

- Budc 1. Xét x =0 hai vé khong bang nhau nén x = 0khong phai la nghiém ctia phuong

trinh.



- Bubc 2. Xét x#0 chia ca tr va mau ctia modi phan thtc chox. Sau dé dat an phuy, giai
phuong trinh chita &n & mau thiec vira tim duoc.

Trinh bay 1oi giai

* Vi x = 0khong phai la nghiém ctia phuong trinh.

e Diéu kién x # 0moi phan thirc ¢ v€ trai ta chia ca t& va mau cho x, ta duoc:

3 3
x+3+— x+6+—
+ =-(2)
3 3 12
x—44+—= x+5+—
X X

Dit y=x+>+3 , phuong trinh (2) tro thanh —2—+2¥3 33
X y=T7 y+2 12

Suy ra
12y(y+2)+12(y+3)(y—7)=53(y+2)(y—7)
& 29" —241y-490=0

Giai ra ta dwoc y, =10;y, = _%

* V6i y=10 ta duoc x+3:7<:>x2 —7x+3=0 Giaira ta dugc x, =

7437 _7-437
2 7

x 2
* Vi y:—ﬁ ta dwoc x+i:—@<:>29x2+87+136x:0
29 X
—-68++/2101 —-68—-+/2101
Giai ra ta dwoc x, = X, =
29 29
A in A . \ . T+~37 7-+37 —-68+~2101 —-68—-+2101
Vay tap nghiém ctia phuwong trinh la: s = S T, % ; R

Vi du 5: Giai phuong trinh (x - 2)(x —1)(x — 8)(x - 4) = 4y?

Gidi
Tim cach giai. Cling nhu cac vi du trén, néu khai trién v€ trai, ta duwgc phwong trinh bac
4, nén ctng phan tich da thitc thanh nhan t va giai dugc. Song trong vi du nay, phuong
trinh bac 4 dang (x+a)(x+b)(x+c)(x+d)=mx* v6i ab=cd . Chung ta c6 hai cach giai:
e Cach 1. Viét da thitc dudi dang:[ x* +(a+b)x+ab || x* +(c+d)x+cd |= mx’

Budc 1. Viét phuwong trinh dudi dang: [xz +(a+b)x+ ab] [xz +(c+d)x+ cd} = mx’



Budc 2. Xétx =0 , hai v& khong bang nhau nén x = 0khong phai la nghiém ctia phuong
trinh nén ta chia ca hai v€ ctia phuong trinh cho x2 Sau d6 dat an phu, giai phuong trinh
chtra 4n & mau thitc vira tim dwoc.

o C4ch 2. Dat x*+(a+b)x+ab=y , ta duoc phuwong trinh hai an. Phan tich da thic thanh

nhan t& phwong trinh vira tim dwoc.

Trinh bay loi giai

Cach1

(x=2)(x=1)(x-8)(x—4)=4x> = (x—-2)(x—4)(x—1)(x—8) =4x

& (" —6x+8)(x* —9x+8) =4x

Nhéan xét. x =0khong phai la nghiém ctia phuong trinh nén ta chia hai vé€ cua phwong

trinh cho x”ta duoc: (x—6+§j(x—9+§] =4

X X
Dat x—6+§:y phuong trinh ¢6 dang y(y-3)=4< »*-3y—-4=0
X
Giai ra ta duwoc y=-1;y=4

Truwong hop 1. Xét y =-1 ta co x—6+§:—1<:>x2—5x+8:0
X

Phwong trinh vo nghiém.

Trueong hop 2. Xéty =4 ta co x—6+§:4<:>x2—10x+820
x

Giai ra ta duwoc x, = 5—\/ﬁ;x2 =5+17
Vay tap nghiém ctua phueong trinh las = {5 ~17;5+17 }
Cach 2

(x—2)(x—1)(x—8)(x—4)=4x2 <:>()c—2)(x—4)(x—1)(x—8):4x2
<:>(x2 —6x+8)(x2 —9x+8):4x2

D4t x> —6x+8=y phuong trinh ¢ dang y(y—3x)=4x
<:>4x2+3xy—y2:0<:>(x+y)(4x—y):O

-Truong hop 1. x+y =0 x+x" -6x+8=0< x" —~5x+8=0
Phuong trinh vo nghiém.

-Truong hop 2. 4x-y=0<4x—x" +6x-8=0< x> —10x+8=0



Giai ra ta duoc x, =5—«/ﬁ;x2 =5+/17

Vay tap nghiém ctia phwong trinh la s = {5 ~17;5+417 }

3
Vi du 6. Giai phuong trinh (x—?’j ~(x-3) =16

x —_
(Thi hoc sinh gioi 16p 9, tinh Hai Dwong, ndm hoc 2011 - 2012)
Giai

Ap dung héng déng thtic @* —b* =(a—b)’ —3ab(a—b)

Ta co

3
A A § B T YV (. An SNV § (I
x=2 x=2 x—2

{(x_ﬂ_{(x_gy}z iy
x—2 x—2

_3Y
Dat % =y phuong trinh ¢6 dang —y* -3)* =16

&y +3y° +16=0 (y+4) (¥ —y+4)=0

—3)
* Truong hop 1. Xét y+4:O<:>u+4:O<:>x2—2x+1:0<:>x=1
x_

e Truong hop 2. Xét y* —y+4=0 vd nghiém

Vay tap nghiém ctia phuong trinh la s = {1}

x2+x+1+x2+2x+2_Jf+3x+3+x2+4x+4
x+1 x+2 x+2 x+4

Giai

Vi du 7. Giai phwong trinh:

Diéu kién : x ¢ {-1,-2;-3;-4}

Phuong trinh viét dudi dang;:



x+1+L+x+1+ =x+1+ +x+1+
x+1 x+2 x+3 x+4

( 1 4 j ( 2 3 )

= - + - =0

x+1 x+4 x+2 x+3

N —3x + Bl =0
(x+1)(x+4) (x+2)(x+3)

X 3 + ! =0
(x+l)(x+4) (x+2)(x+3) -
e Treong hop 1. Xét x =0 la nghiém ctia phwong trinh.

3 N 1
(x+1)(x+4) (x+2)(x+3)

* Truong hop 2. Xét

Quy dong khw mau, thu gon ta duwoc4x’ +20x+22=0

53 5443
2 7 2

thdéa man

Giai ra ta duoc x, =

Vav tap nghiém ctia phwong trinh 1a § = {0; - - V3 =5 ;\/5 }

C. Bai tap van dung

2
18.1. Giai phuwong trinh sau bang cach dat an phu x?+ 4—§ = 10(% —ij
x x

(Thi hoc sinh gidi Toan 16p 9, tinh Vinh Long, nam hoc 2009 - 2010).

Huwéng dan giai - dap s6

2
Déttzf—i:nz:x——§+g
3 x 9 3 «x
2 2
3t2=x—+4—§—8:>x—+4—§:3t2+8
3 x 3 x

Khi d6 phwong trinh trd thanh 3¢* +8=10¢ <> 3> —10¢+8=0
. 4
Giai ra ta dwoc ¢, =2;¢, = 3

e Véi t =2 ta duoc i—i:24:)x2—6x—1220
X

Giai ra ta duoc x, =3+\/i;x2 =3-421

e Vo&i t:g ta duwoc i—i:i©x2—4x—1220
X

Giai ra ta dwoc x, =-2;x, =6



Vay tap nghiém ctia phwong trinh la: S = {3 + \/5;3 - \/ﬂ; -2; 6}

18.2. Giai phuong trinh 2(8x+7) (4x+3)(x+1) =7

Thi hoc sinh gioi Toan 16p 9, TP H6 Chi Minh, nam hoc 2008 - 2009
Huéng dan giai — dap s6

Ta c6:2(8x+7) (4x+3)(x+1)=7 < 2(64x +112x+49)(4x* +7x+3) =7

Dat y=4x"+7x+3 thi 64x” +112x+49=16y +1

Phuong trinh da cho ¢ dang 2(16y+1)y=7<32y* +2y-7=0

Giai ra ta duoc yIZ%;yZ:—
4 7 ) 7 R
* Voi y:E ta duoc 4x +7x+3:—6<:>64x +112x+41=0

Giai ra ta duoc x, =

T2 1242
g 7

g 8

e Voi y:—% ta dwoc 4x? +7x+3:—l<:>8x2+14x+7:0 vO nghiém

Vay phuong trinh da cho c6 tap nghiém S = {—7 +242 : —7-22 }

8 8

2
X

=3
(x+l)

18.3. Giai phuong trinh x* +

(Thi hoc sinh gioi Toan 16p 9, tinh Binh Phudc, nam hoc 2008 - 2009)
Huwéng dan giai - dap s6
Phuong trinh teong dwong voi

2 2 2
X X X

x' =2 + 42 =3
x+1 (x+1) x+1

x Y x°
S|l x—| +2. =3
x+1 x+1

2 \? 2
ol 2] 22320
x+1 x+1

2
X

bat

= phuong trinh ¢6 dang y* +2y-3=0
X+

Giai ra ta dwoc y, =Ly, =-3



* V6i y=1 ta duoc

x’ 1+\/§,x 1-/5
2 77

=1< x> —x—1=0 . Giai ra ta duoc x, =
x+1 2

2

* Véi y=-3 ta duoc =-3< x* +3x+3=0 vd nghiém

x+1

b

2 2

1+x/§_1—\/§}

Vay tap nghiém ctua phuwong trinh la: S = {

18.4. Tim m dé phuong trinh sau v6 nghiém: xt+ (3m - l)x3 - (3m - 2)x2 + (3m - l)x +1=0
(m la tham s0)
(Thi hoc sinh gioi Toan 16p 9, tinh Hai Dwong, ndm hoc 2007 - 2008)
Huéng dan giai — dap s6
Nhéan xét x =0 khong phai la nghiém cua phuong trinh, nén ta chia hai vé€ cia phuwong

trinh cho x? ta dwoc

2+ (3m—1)x—(3m-2)+(3m-1)2+ L =0
X X

<:>(x2 +i2)+(3m—1)(x+l)—(3m—2)=0(1)

X X

Djt x+L=y dieu kién y>2 hodc y<2 ticla [y|>2
X

Khi d6 phuong trinh ¢6 dang y* -2+ (3m—1)y—(3m—-2)=0< y* +(3m—1) y-3m=0(2)
Giai ra ta dwoc y, =Ly, =—3m

Phuong trinh (1) c6 nghiém < phuwong trinh (2) c6 nghiém théa man

|y|22<:>|—3m|22<:>m2§hoéc mﬁ%z

Vay voi |m|< % thi phuong trinh da cho v6 nghiém

4x* +16 3 5 7
— -

X+6  x*+1 x*+3 x*+5

18.5. Giai phuong trinh

(Thi hoc sinh gidi Toan 16p 9, tinh Quang Ngai, ndm hoc 2007 - 2008)

Huwéng dan giai - dap s6



4x* +16 3 5 7
2 2 = T3
x+6 x"+1 x"+3 x°+5

2
N L ) Y +(1— > +(1— 7 j:o
X +6 x +1 x +3 X +5

=2 x*=2 x*-2 x*-=2
Tt ot Rt T
x+6 x"+1 x"+3 x°+5

1 1 1 1
=N x2—2( + + + j:O
( ) X+6 x*+1 x*+3 x*+5

Vi 21 + 21 + 21 + 21 ¢01’1é1’1x2—2:()<:>x=i\/§
xX+6 x +1 x+3 x"+5

Vay tap nghiém ctia phuong trinh la: § = {—\/5 N2 }
18.6. Giai phuwong trinh (x2 +x+ 2)(x2 +2x+ 2) =2x’

Huwéng dan giai - dap s6

Nhan xét. x =0 khong phai la nghiém ctia phuwong trinh nén ta chia hai vé€ cho x? ta dugc:

(x+£+1j(x+z+2j =2
X X

L2 S
bat x+=+1=y phuong trinh c6 dang y.(y+1)=2
X
¥ +y—2=0 giaira ta dugc y=1;y=-2

Trueong hop 1. V6i y =1 tacod x +£+1 =1< x* +2=0, phuong trinh v6 nghiém
X

Treong hop 1. Véi y=-2 ta co x+z+1:—2<:>x2+3x+2:0. Gidi ra ta duoc
X

x=-Lx=-2

Vay tap nghiém ctia phuong trinh la: § ={-1;-2}

18.7 Giai phwong trinh 3(x” +2x—1)" =2(x* +3x—1)’ +5x* =0
Huwéng dan giai - dap s6

Nhan xét. x=0 khong phai la nghiém ctia phuong trinh nén ta chia hai v€ cta hai

2 2
phuong trinh cho x° ta duoc: 3(x+2—lj —2(x+3—l) +5=0
X X

Dat x+2—l:y phuong trinh ¢6 dang 3y* ~2(y+1)" +5=0< y* —4y+3=0
x

Gidiratadwoc y=1;y=3



Truong hop 1. Véi y =1 taco x+2—l=1<:>x2+x—1=0

X
Giai ra ta dwoc x, = _1+\/§;xz = -1-+5
2 2
Truong hop 2. Véi y=3 tacd x+2—l=3<:>x2—x—1:0
X
Giai ra ta dwoc x, =1+\/§;x :i

2 Y2

Vay tap nghiém ctia phuong trinh la: S = {_1_2\/5 ; 144 ;1+\/§ ;1_\/5}

2 2 2
18.8. Giai cac phuong trinh:
a)x* =24x+32
b)x* =4x+1
o)xt =2x* —12x+8
Huéng dan giai — dap s6
a)x* +4x* +4=14x" +24x+36
X’ +2=2x+6

<:>(x2+2)2 =(2x+6)" = e
e Giai phuong trinh x> +2=2x+6< x> —2x-4=0

Giai ra ta duoc x, :1+\/§;x2 =1-/5

Giai phuwong trinh x* +2=-2x-6 < x* +2x+8 =0 v0 nghiém

Vay phuong trinh ¢d nghiém 1a: § = {1++/5;1-+/5}

X +l=2x+2
X +1=—2x-2
e Giai phuong trinh x> +1=2.x+v2 & x* —\2x+1-42 =0

_\E+\/4\/§—2,x _N2-V42-2
2 T 2

Giai ra ta dwoc x, =

b)x4+2x2+1:2x2+4x+2<:>(x2+1)2 :(\/E.er\/E)z <:>{

e Giai phuong trinh x> +1=—2x -2 < x> +4/2x+4/2+1=0 v6 nghiém

V24442 -2 _ﬁ-dmﬁ-z}
2 ’ 2

Vay tap nghiém cua phuong trinh la: S = {



) xt 428 +1=4x -12x 49 & (X +1) =(2x-3) & xz Hi=2ed
X +1=-2x+3

e Giai phuong trinh x* +1=2x-3 < x* -2x+4=0 . V6 nghiém

e Giai phwong trinh x* +1=-2x+3< x> +2x-2=0

Giai ra ta duoc x, =1—«/§;x2 =1+3

Vay tap nghiém ctia phwong trinh la: § :{1—\/§;I+\/§}

3x

- -2=0
xX*—=x=2 x*-5x-2

18.9 Giai phuong trinh

(Thi hoc sinh gioi toan 16p 9, tinh Thanh Hoéa, ndm hoc 2014 - 2015)

Huwéng dan giai - dap s6

X 5 %0 x#-—1
PKXD: {xz o elxz2
x =5x-2+#0
5+4/33
X # >

Nhan thay x =0 khong la nghiém ctia phuong trinh
1 3

Khi x # 0 thi phuwong trinh da cho < 7~ 7~ 2=0
x—-1-— x-5-——
X X
y 2 . cp o1 1 3
bat ¢ = x—— ta dugc phuong trinh biéu thi theo t 1a s 2
X r— r—

S -5t+6=0=1=2;t=3

Véit:2:>x—£:2c3x2—2x—2:0¢>x:liJ§(&@anﬁn)

X
+
Véit:3:>x—g:3¢3x2—3x—2=0¢3x=3_;6?(&@anﬁn)
X

Vay phuong trinh da cho c6 tap nghiém la S = {1 +3 : 3417 }

2



Chuyén dé 19. GIAI TOAN BANG CACH LAP PHUONG TRINH

A. Kién thirc cAin nh6
Budc 1. Lap phuong trinh.

« Chon an s0 va dat diéu kién thich hop ctua an.

« Biéu dién céc dai luong chua biét theo an so va cac dai lwong da biét.

« Lap phuong trinh biéu thi mdi quan hé gitta cac dai luong.
Budc 2. Giai phuwong trinh noi trén.
Buwdc 3.Tra 1oi: Kiém tra xem trong cac nghiém ctia phuwong trinh, nghiém nao thich hop
voi bai todn va tra 1oi.
B. M6t s6 vi du
Vi du 1. Mot nhém thg dédt ké hoach san xudt 2400 san pham trong thoi gian du dinh.
Trong 5 ngay dau ho thuc hién dung muc dé ra, nhung vi mudn hoan thanh sém 5 ngay
nén trong nhitng ngay con lai ho phai lam vt mitc modi ngay 20 san pham. Hoi theo k&
hoach mdi ngay ho can san xuat bao nhiéu san pham?

Giai

Tim cach giai. D€ giai dang toan nay, chiing ta nén nho:

khoi luong cong viéc khoi luong cong viéc

Néang suat =

—— = Thoi gian = -
thoi gian nang suit

Sau goi an la nang suat, ching ta biéu dién thoi gian du dinh va thoi gian thuc t& theo an
s0 va cac so da biét. Phuong trinh lap duoc la phuong trinh vé thoi gian.

Trinh bay 1oi giai

Goi s6 san pham theo k& hoach mdi ngay can san xuat 1a x (san phdm / ngay, x € Z*)

Suy ra trong 5 ngay dau ho lam duoc 5x (san pham), thoi gian lam s san phdm con lai

3 2400-5x
x+20

1 ngay

2400
X

Thoi gian lam theo ké hoach 1a

ngay

Theo dé bai nhém tho hoan thanh sém 5 ngay so v6i du dinh, ta c6 phuong trinh

2400 -5x 2400
+ - 4+5=
x+20 X

5 < x* +40x—9600 =0

Giai ra ta duoc x, =80 (thoa man diéu kién), x, =-120 (loai)



Vay theo k& hoach mdi ngay can san xuat 80 san pham.
Vi du 2. Mot t6 chire c6 ké hoach san xudt 350 san pham theo nang xudt du dinh. Néu
tdng nang xuat l1én 10 san pham mbi ngay thi t5 d6 hoan thanh sém 2 ngay so véi giam
nang sudt 10 san pham moi ngay. Tinh ning xuat dw kién.

Giai
Goi nang sudt du kién la x (x € N*, x san pham)

Néu nang suat mdi ngay tang thém 10 san pham thi thoi gian hét 1a

x+10

Néu nang suat mdi ngay giam di 10 san pham thi thoi gian hét 1a:

nga
x—10 5ay

Theo dé bai, néu tang nang xuat 1én 10 san pham mdi ngay thi t& d6 hoan thanh sém 2

ngay so voi giam nang suat 10 san pham mdi ngay, ta 6 phuwong trinh 35?0 — 35?0 =2
x-10 x+

< 350x+3500-350x +3500 = 2x* —200
< 2x7 =7200

< x, =60 (théa man), x, =—-60 (khong thoa man)
Vay nang suat du kién 1a 60 san pham mdi ngay.
Vi du 3. Hai voi nude cung chay vao bé khong cd nuwde va day bé sau 1h48 phat. Néu
chay riéng thi voi thit hai chay day bé nhanh hon voi th nhat la 1Th30 phat. Hoi néu
chay riéng thi moi voi sé chay day bé trong bao lau?

Giai

DG 1h48 phuit = %h , 1h30 phit = %h

Goi thoi gian voi tht nhat chay riéng day bé'la x (gio, x > %)
Thoi gian voi tht hai chay riéng day bé'la (x - %) gio

suy ra 1 gidr voi thit nhét chay dugc L bé

1 gio voi tht hai chay dwoc




Theo déau bai, hai voi nudc cung chay vao bé khdng c6 nuwdc va day bé sau 1h48 phut
1 5 2
=—<10x"-51x+27=0
3.9

x_i
2

(: %hj , ta co phuong trinh l+
X

Giai ra ta duoc x, =4,5 (thdéa man diéu kién), x, =0,6 (khong thoa man diéu kién)
Vay néu chay riéng thi voi th& nhat chay day bé hét 4,5h
va voi tht hai chay day bé hét 4,5-1,5=3h
Vi du 4. Mot manh vueon hinh chit nhat c6 dién tich 1a 720m?, néu tang chiéu dai thém 6m
va giam chiéu rong di 4m thi dién tich manh vuon khong d6i. Tim kich thuwdc manh
vuon.

Giai

Goi chiéu dai cia manh vuon la x (mx > 0)

Chiéu rong ciia manh vuon a 222 (m)
X

Chiéu dai cia manh vuon khi ting thém 6m la x+6(m)

Chiéu rong manh vuon khi giam di 4m 12 720 — 4(m)
X

Theo dé bai, dién tich manh vuon khong d6i, ta c6 phuwong trinh:

(E—4J(x+6)=720<:>4x2+24x—4320=0

X

Gidi ra, ta dugc x, =30 (thoa man), x, =-36 (khong théa man)
Ao qatA v . T A , . 1 7120
Vay chiéu dai cia manh vueon 1a 30 m, chiéu rong cia manh vuon la S0 24m

Vi du 5. Mot phong hop chita 300 chd ngbi duwoc chia thanh cac day cé s ghé bang nhau.
Néu thém hai chd vao mdi day ghé va bét di 3 day ghé thi trong phong bét di 11 chd
ngdi. Hoi phong hop ltc dau cé bao nhiéu day ghé, moi day cé bao nhiéu ghé?

Giai
Tim cach giai. Dang toan nay chung ta luu y: s6 ghé trong phong = sd day x s0 ghé trong
mot day. Loi giai twong ty nhu dang bai toan vé hinh ch nhat biét dién tich va su thay
doi kich thuwdce cta né.
Trinh bay loi giai
Goi s6 day ghé ctia phong hop luc daula x (xe N,x day)



Va 58 gh& méi day 1a >0 (ghé)
X
S6 day ghé luc sau lax -3 day

S8 gh& & m&i day ldc sau 1a 22242 (ghé)
X

Theo dé bai, ta c6 phwong trinh: (x—3)(ﬂ+ 2) =300-11
X
<:>300+2x—@—6=289<:> 2x”+5x-900=0
X

Giai ra, ta dugcx, =20 (thoa man), x, =-22,5 (khong thdéa man)

Vay s8 day ghé 1 20 day va mbi day c6 % ~15 gh€

Vi du 6. Cung mot thoi diém, mot chiéc 6 td Xa xuat phat tir thanh phd A hudng vé thanh

phd B va mot chi€c xe khac Xs xudt phat tit thanh phd B hudng vé thanh phd A. Chung

chuyén dong véi van toc riéng khong doi va gap nhau lan dau tai mot diém cach A la

20km. Ca hai chiéc xe sau khi dén B va A twong tng, 1ap tic quay trd lai va chung gap

nhau lan th hai tai mot dia diém C. Biét thoi gian xe Xs di tir C dén B la 10 phut va thoi

gian gitra hai lan gdp nhau 1a 1 gio. Hay tinh van tdc cua ting chiéc 6 to.

(Tuyén sinh 16p 10, THPT nang khiéu PHQG. TP H6 Chi Minh, ndm hoc 2004 - 2005)

Giai

Goi M la chd gdp nhau lan dau; van t8c ctia 6 t6 di tir A 1a x (km/h,x >0) ; van toc 6 tO

diteBlay (km/h,y>0) . Thoi gian xe di tit A dén M la

Thoi gian nay ciing 1a thoi gian xe Xz di tit B dén M.

Khoang cach BM léﬁ.y = 20—y(km)
x x

Quang dudng AB 1420+ 2% (fm)
X

Khoang cach CB la é—gy = %(km)

Khoang cach AC la 20 +20_y —%(km)

X

20
X

()



Tong khoang cich MB va BC I 20—y+%(km) Theo dau bai, ta c6 phwong trinh:
X

20y 'y
i =x(1

Téng khoang cach MA va AC la: 20+ 20 +20_y_% = 4O+20—y—%(km)
x x

Theo dau bai ta c6 phuong trinh 40+ 20y —% =y(2)
X

Tt (1) va (2) ta c6 hé phuong trinh:

Tir (1) va (2) ta cé: —40[§+éj = ){Q—%j < 7x* —160-4800 =0
X

X
Giai ra ta dwoc x, =40 (thdéa man), x, = —17% (khong théa man) = y =60

Vay van tdc ctia 0 to Xa la 40 km/h, van toc cuia 6 t6 Xs 1a 60 km/h.
C. Bai tap van dung
19.1. Hai voi nudc cling chdy vao mot bé thi day sau 7h12 phit. Néu mdi voi chay riéng
ma day bé thi tdng thoi gian 1a 30 gio. Héi mdi voi chay riéng thi day bé trong thoi gian
bao lau?
Huéng dan giai — dap s6
Goi thoi gian voi thit nhét chay riéng day bé'la x gio (0 < x <30)
Thoi gian voi thit hai chay riéng day béla (30—x) gio
Trong 1 gidr voi thit nhét chay dugc % (b8)

1
30—x

Trong 1 gio voi thit hai chay duoc (bé)

Theo dé bai, hai voi cung chay ma day bé sau 7h12 phut (7% gio). Ta c6 phurong trinh:

7l l+ ! =1 x*=30x+216=0
5x 30—x

Giai ra ta dwoc cd x, =12;x, =18 (thdéa man)



Vay néu voi th nhat chay riéng 1a 12(gio) thi voi hai chay riéng day bé 1a 30-12=18
(gi0) va nguoc lai
19.2. Mot t0 du dinh san xuat 720 san pham theo nang sudt du dinh. Néu san xudt tang
10 san phdm mdi ngay sé nhanh hon gidm ning suat 20 san phdm mdi ngay 1a 4 ngay.
Tinh ndng suat du kién.

Huwéng dan giai - dap s6

Goi nang suat du kién la x (x e N*,x san pham)

Néu nang suat mdi ngay tang thém 10 san pham thi thoi gian hét 1a

Néu nang suat mdi ngay giam di 10 san pham thi thoi gian hét 1a:

Theo d@ bai, ta c6 phwong trinh — 20— 120 _4

¥x=20 x+10

< 720x + 7200 — 720x + 14400 = 4x* — 40x — 800
< 4x* —40x-22400 =0

< x, =80 (théa man), x, =-70 (khong thoa man)
Vay nang suat du kién 1a 80 san phAm mdi ngay.
19.3. Mot hop tac xa duy kién thu hoach 200ha laa trong thoi gian da dinh. Song thuc t&
moi ngay thu hoach nhanh hon so véi k& hoach 1a 5 ha nén da hoan thanh cong viéc
nhanh hon du kién 2 ngay. Hoi theo du kién mdi ngay thu hoach bao nhiéu ha?

Huéng dan giai — dap s6

Goi mdi ngay theo du kién thu hoach duwoc x (ha,x > 0)

Thoi gian thu hoach theo ké hoach la 200 ngay
x

Thoi gian thu hoach thuec té'la 200

nga
xX+5 &y
Theo dé bai, ta c6 phwong trinh 200200 _,
x x+5

< 200x +1000—200x = 2x° +10x
< 2x> +10x—-1000 =0

<> x, =20 (thoa man), x, =-25 (khong thoa man)

Vay theo du kién mdi ngay thu hoach 20 ha.



19.4. Hai d6i cong nhan cling lam mot cong viéc thi lam xong trong 4h. Néu moi doi lam
mot minh xong cong viéc ay thi doi thir nhat can it thoi gian hon doi tha hai la 6h. Hoi
mdi doi lam mot minh xong cdng viéc &y trong bao 1au?

Huéng dan giai — dap s6
Goi thoi gian d¢i thir nhat lam 1 minh xong cong viéc hét x (gio, x >4)

Suy ra thoi gian d¢i th hai lam 1 minh xong cong viéc hét (x + 6) gio

Trong 1h ddi thtt nhét lam duge + cong viee
X

Trong 1h doi thit hai lam duoc

cOng viéc
x+6
1

Theo dau bai, ta ¢ phuong trinh l+ = 1
x x+6 4

S x’-2x-24=0
< x, =6 (thoa man), x, =—4 (khong thoa man)
Vay néu lam riéng thi d¢i 1 hoan thanh cong viéc trong 6h va déi 2 hoan thanh cong viéc
trong 6 + 6=12h.
19.5. Hai xe mdy khoi hanh cing mot Itc ttr hai tinh A va B cach nhau 90km, di nguoc
chiéu nhau va gap nhau sau 1,2 gio (Xe tht nhat khoi hanh tir A xe thit hai khoi hanh tt
B). Tim van tSc cia mdi xe. Biét rang thoi gian dé xe thtt nhat di hét quang duong AB it
hon thoi gian d€ xe thit hai di hét quang duong AB 1a 1 gio.

Huwéng dan giai - dap s6

Goi van tdc xe di tir A va xe di ti B Ian lwot lax; y (km/ h,x,y > 0)

Thoi gian xe 1 di hét quang duwong AB la 29,
X
o o , . 90
Thoi gian xe 2 di hét quang duong ABla —#h
y
LL,2x+1,2y =90 x+y=75
Theo dé bai, ta c6 h¢ phuong trinh <90 90 _ 1 &< 90 90 .
y X 75-x x

x=-150

x=45
y =225 =

(thdéa man)

Giai ra ta duoc { (khong thoa man) {

Vay van toc xe di tir A, xe di tir B la 45 km/h, 30 km/h.



19.6. Mot xudng may xudi dong song 30km va nguoc dong 28km hét mot thoi gian bang
thoi gian ma xu6ng di 59,5km trén mat ho yén lang. Tinh van tdc cua xuong khi di trén
ho, biét rang van tdc ctia nude chay trén sdng la 3km/h.

Huéng dan giai — dap s6
Goi van tdc ctia xudng trén mdt ho 1a x (km/h, x> 0)
Van t6c xuong di xudi dong la x+3km/h.

Van tdc xudng di nguoc dong la x—3 km/h.

Theo dé bai, ta c6 phwong trinh 30 + 28 = 29,5
x+3 x-3 X

=1,5x +6x-535,5=0 < x" +4x-357=0
<> x, =17 (théa man), x, =-21 (khong thdéa man)
Vay van toc ctia ca nd khi di trén mat ho yén lang la 17km/h.
19.7. M6t be nra trdi tw do (vdi van toc bgmg van toc dong nudc) va mot ca nd cung doi
bén A dé xudi dong song Ca nd xudi dong dwgc 96km thi quay lai vé bén A ngay. Ca di
1an vé hét 14 gio. Trén duong quay vé A. khi con cdch bén A 1a 24km thi gép beé nita ndi
trén. Tim van toc riéng cua Ca nd va van téc dong nudec.

Huwéng dan giai - dap s6

Goi van tdc cta ca nd va van tdc dong nudc lan luot la x; y (x >y >0, x y km/h)

Théi gian ca nd xudi dong 1a —2 4
X+ y
o 9
Thoi gian nguoc dong la h
xX=y
Thoi gian be trdi 24km 1a 22 =14 22 (1)
Yy x=y

% [ iy
X+y x-—y <:>{96x=7(x+y)(x—y)(1)
24 _,, 24 12x=7y(x-y)(2)

y xX=y

Theo dé bai, ta c6 phwong trinh

Tt (1) va (2) suy ra 56y(x—y) = 7(x+y)(x—y) S8y=x+y (Vi x>y)
= x =7y Thay vao phuong trinh (2) ta duoc 12.7y =7y(7y—y)
= y=2 (théa man), x =14 (thdéa man)

Vay van tdc ctia dong nudce la 2 km/h va ctia ca n6 la 14 km/h.



19.8. Mot phong hop ¢6 360 chd ngdi duoc chia thanh cac day cé s& chd ngdi bang nhau.
Néu thém cho mdi day 4 chd va bét di 3 day thi s6 chd trong phong hop khong thay d6i.
Hoi ban dau trong phong hop c6 bao nhiéu day?
Huéng dan giai — dap s6

Goi s day gh€ cta phong hop ltc daula x (x e N*,x day)
58 gh& mbi day 1a 22 ghe

X
S6 day ghé€' luc sau la x -3 day
S8 gh& & méi day lic sau la 20 ghg

x—3

Theo dé bai, ta c6 phwong trinh i(;—@ =4 < 4x° -12x-1080=0
x— x

Gidi ra ta duoc x, =18 (thoa man), x, =—-15 (khong thoa man)

Vay o8 ddy gh&1a 18 day va m&i day c6 % — 20ghé

19.9. Mot 6 t6 du dinh di tit A dén B cach nhau 120km trong mot thoi gian quy dinh. Sau
khi di duwoc 1 gio 6 to bi chan duong boi xe hoi trong 10 phtit. Do d6 d€ dén B ding hen,
xe phai tdng van toc thém 6km/h. Tinh van t6c luc dau cta 6 to.

Huwéng dan giai - dap s6
bai 10 phat = % gio
Goi van toc ban dau ciia 6 to la x (x km, x >0)

Thi gian du dinh 13 222 (gio)
X

Thoi gian di quang duong ldc sau la 120 _6x (gio)
x+
Theo dau bai ta c6 phuong trinh 142207 %, 1120 2 4o 43200

x+6 6 x
Giai ra ta dwoc x, =48 (thoa man), x, =-90 (khong thoa man)
Vay van toc ban dau caa 6 t6 1a 48 km/h.

19.10. Mot nguoi di xe may tiv A dén B cach nhau 120km véi van toc va thoi gian dw

dinh. Sau khi di duoc % quang dwong AB véi van téc d6 nguoi ta tang van toc thém



10km/h trén quang dwong con lai. Tim van tdc du dinh va thoi gian xe ldn banh trén
duong biét nguoi d6 dén B sém hon du dinh 24 phat.

Huéng dan giai — dap s6
Dai 24 phut = 0,4 gio

Goi van toc du dinh 1a x (km/h, x >0)

Thoi gian du dinh di tir A dén B 1a 222 (gio)
X

Thii gian xe di quéng dudng dau tien 13 20 (gid)
X

80
x+10

Thoi gian xe di quang duong con lai la (gio)

Theo dé bai, nguoi d6 dén B sém hon du dinh 24 phut, ta cd phuong trinh:

120 80 40 @&_ 80
x x+10 x x x+10

_ 0,4 x* +10x—2000= 0
Gidi ra ta dwoc x, =40 (thda man) x, =-50 (khong théa man)
Vay vén t6c ctia xe 13 40km/h va thoi gian xe 1n bénh trén dudng 1a: % _0,4=2,6 giv

19.11. Mot xi nghiép giao cho mot cong nhan lam 120 san pham trong thoi gian quy
dinh. Sau khi lam dwoc 2 gio, nguwoi dé da cai tién ki thuat nén da tang dugc 4 san pham
moi gio so voi du kién. Vi vay trong thoi gian qui dinh khong nhitng hoan thanh ké
hoach trudce 1 gio ma con veot mutc 16 san pham. Tinh nang sudt lam luc dau.

Huéng dan giai — dap s6

Goi nang suat ltc dau la x (san pham/ gio, x € N)
N . . 120 .
Suy ra thoi gian dv dinh la — gio.
X

Thuc t€, 2 gio dau lam duwocla 2 x san pham
nang sudt tang thém 4 san pham/gio nén nang suat thuc t€'la x +4 san pham/ gio
S6 san pham thuc t&€ khi tang nang sudt la 120+16—-2x =136—2x san pham nén thoi gian

136 -2x
x+4

thue té'1a gio

136-2x 120
x+4 X

-1

Theo dau bai, ta c6 phuwong trinh: 2+

< x*+28x-480=0



Giai ra ta dwgc x; =12 (thoa man), x, =40 (khong thoa man)
Vay nang suat ltc dau 1a: 12 san phdm mai gio.
19.12. Mot nhém hoc sinh di du khao vé ngudn bang xe dap tir thanh phd Cao Lanh dén
khu can ctt dia cach mang Xéo Quyt cach nhau 24 kilomét (km). Khi tro vé thanh phd
Cao Lanh, vi ngugc gié nén van toc trung binh ctia nhém hoc sinh bi giam 4 km/gio va
thoi gian di chuyén tir khu can c dia cach mang Xéo Quyt vé thanh phd Cao Lanh lau
hon thoi gian di chuyén tir thanh ph6 Cao Lanh dén khu cén ct dia cach mang Xéo Quyt
la 1 gio. Hay tinh van t6c trung binh ¢ luot di tir thanh ph6 Cao Lanh dén khu can ctt dia
cach mang cua nhém hoc sinh noi trén.
(Thi hoc sinh gioi toan 16p 9, tinh Dong Thap, nam hoc 2014 - 2015)

Huwéng dan giai - dap s6
Goi thanh ph6 Cao Lanh 1a A, khu cén c& dia cach mang Xéo Quyt la B.
Goi van toc trung binh ¢ luot di ciia nhém hoc sinh néi trén la: x (km/gio). Biéu kién
x>4

Van tdc trung binh khi tro vé la: x—4 (km/gio)

Thoi gian nhém hoc sinh di tir diém A dén diém B la 24 (gi0)
x

Théi gian nhém hoc sinh di tir diém B dén diém A 1a 244 (gi0)
Theo dé bai ta co 244 —E:IQ x*—4x-96=0< x, =12;x, =8
X — X

Két hop voi diéu kién ta c6 x, =12 thoa man
Vay van toc trung binh ¢ luot di tir thanh phd Cao Lanh dén khu can ct dia cdch mang

ctia nhédm hoc sinh noi trén la 12 (km/gio).



Chwong VI TRf TUONG GIAOGIUA PARABOL VA PUONG THANG
Chuyén dé 20
A Kién thirc cAn
Cho Parabol (P): y=ax’(a=0) va duong thang y=bx+c cé dd thi la (d) . Khi d6 hoanh do
giao diém (P) va (d) la nghiém ctia phuwong trinh:ax? = bx + ¢ (*)
o (P)cat (d) tai hai di€m phan biét < phuong trinh (*) 6 hai nghiém phan biét
e (P)khong cat (d) < phuong trinh (*) vd nghiém
o (P) tiép xtic vdi (d) < phuong trinh (*) c6 nghiém kép
B. Mot s6 vi du
Vi du 1:Trong mét phang toa dd Oxy, Cho Parabol (P) c6 phuong trinhy = x* va duong thang (d)
c6 phuong trinh y =kx +1 (k 1a tham s8) . Tim k d& duong thang d cat Parabol (P) tai hai diém
phan biét M,N sao cho MN = 2410
(Thi hoc sinh gidi Todn 9,tinh Bic Ninh, nam hoc 2012-2013)
Giai
Tim cdch gidi. D€ giai quyét dang toan nay , chung ta can thuc hién qua cac budce sau:
e Budc 1. Tim diéu kién d& (P) va (d) cit nhau tai hai diém phan biét. Ttec 1a phuong trinh
x> =kx+1 co hai nghiém phan biét.
e Budc 2. Van dung hé thire Vi-ét. Vi M (x;;3,),N(x,;y,) thudc (d), biéu dién y,,y, theox,x, roi
theo k.

e Budc 3. Van dung cong thie : M (x;;y,), N (x,;y, ) thi:

MN = \/(x2 — X )2 +(y, -, )2 .Sau d6 tim k
Budce 4. Nhan xét, so sanh k tim dwoc vdi budce 1, 1oi tra 1oi
Trinh bay loi giai
(d) cat (P) tai hai diém phan biét M (x;y,),N(x,;»,)thix;x, 1a nghiém cta phuong trinh :
X' —kx—-1=0
XétA=k*>+4>0 vdi moi k, nén phuong trinh ludn cé hai nghiém phan biét
Do d6 (d) luon cat (P) tai hai diém phan biét

A , . LN tTX = k
Theo hé thirc Vi-ét ta co:

x,.x, =—1



ViM, N thudc (d) nén y, =kx, + Ly, =kx, +1= y, =y, =k(x, — x,)
Tacs: MN* =(x,—x) +(,~3,)’ & (2V10) = (3, —x)" +£* (v, ~x,)
40=(1+4*)(x, ~x, )’ <:>(1+k2)[(x2 +x) —4x2xl}:40

e (1+8)[F +4]=40 = k' +5k =36 =0 < k=2

Vay véi k =+2 thi duong thang d cat Parabol (P) tai hai diém phan biét M, N sao cho MN = 210
Vi du 2:Cho Parabol (P) : y=2x". Trén (P) 1ay diém A c6 hoanh d6 bang 1, diém B c6 hoanh do6
bang 2. Tim m va n d€ duong thidng (d):y=mx +nti€p xic véi Parabol (P) va song song voi
duong thang AB.
(Thi hoc sinh gioi Todn 9,Tinh Vinh Long ,nam hoc 2011-2012)
Gidi
Tim cdch giai . Qua dit kién va yéu cau cta bai toan . Ching ta c6 thé giai bai toan theo budc sau :
e Budc 1. Biét hoanh d6 cua diém A va B, dong thoi A va B cung thudc (P) nén tinh duoc tung
d6 diém A va B. Tt d6 viét phuong trinh duong thang AB.
e Budc 2. Vi(d) song song voi ABnén a=a’. Tim duwgc m
e Budc 3. Vi (d) ti€p xtic v6i Parabol (P) nén van dung phuwong trinh : ax® = bx +¢ cd nghiém kép
Ttr do tim duwocn
Trinh bay loi giai
Tung d6 cia diém Ala y=2.1" =2 = A(1;2)
Tung d6 cia diém Bla y =2.2> =8 = A(2;8)
Goi phuong trinh duwong théng ABla y=ax+Db

a+b=2 a==6
o
2a+b=28 b=-4

Suyra: {

Vay phuong trinh duong thang AB 1a y = 6x — 4
(d) song song voi ABnén m =6

(d) tiép xtic véi Parabol (P) <> 2x* = 6x +n c6 nghiém kép

& 2xP—6x-n=0 c6 nghiém kép <:>A'=9+2n=0<:>n=—%



Vay v6i m=6,n = —% thi duong thang (d):y=mx+n tiép xdc véi Parabol (P) va song song véi
duong thang AB
Vi du 3:Trong cung mot hé toa do , cho duwong théng d:y=x-2 va Parabol (P): y=-x* . Goi A
va B la giao diém cua d va (P)

a) Tinh d6 dai AB

b) Tim m d€ dwong thang d':y=—x+m cat (P) tai hai dim C va D sao cho CD = AB

(Thi hoc sinh gioi Todn 9,Tinh Thanh Héa nam 2011-2012)

Giai

a) Hoanh do ctia A va B la nghiém ctia phuong trinh :

x’=x-2ox+x-2=0<x,=lx,=-2

e Véix =1thiy=1-2=-1suyra A(;-1)

e Véix =-2 thi y=-2-2=-4 suyra B(-2;-4)

D6 dai doan thing AB 1a : AB = /(1+2)" +(~1+4)’ =32 (dvdd)

b) Diéu kién dé (d') cat (P) tai hai diém phan biét CvaDla: —x* = —x + mcd hai
nghiém phan biét © A=1-4m>0< m<%

DitC(x;y, );D(x,;y,) thi x;;x, la nghiém ctia phuong trinh : x> —x+m =0

A 1 . . X X, =1
Theo hé thirc Vi-et ta co :

XX, =m
ViC(x,3y,);D(x,;y,)thudc (d) nén y, = -x, +m;y, =-x, +m
CD:AB<:>(X2 _X1)2 +(y2 _Y1)2 :(3x/§)2 <:>(x2 —Xl)2 +(x2 —xl)2 =18
(%, -%) =9 (x, +x,) —4x,x, =9 = 1-4m=9 & m =2
Vay véi m = -2 thi dwong thang d':y=-x+m cat (P) tai hai dim C va D sao cho CD = AB
Vi du 4:Cho Parabol (P):y = %xzvé duong thing (d):y = —%x +2
a) V& do thi caa (P) va (d) trén cung hé truc Oxy

b) Goi A,B la giao diém cua (P) va (d) . Tim diém M trén cung AOB cua (P)

Sao cho dién tich tam gidc MAB 16n nhat



¢) Tim diém N trén truc Ox sao cho NA + NB nho nhat
Giai

Tim cdch giai

e DE tim vi tri di€ém M sao cho dién tich tam gidac MAB 16n nhat, ta c6 hai hudng suy nghi:

Huéng 1. Vi A, B da biét nén phuong trinh duong thang AB la viét duoc va do dai doan thang AB

xac dinh duoc . Mat khac vi tap hop diém M chi trén cung AOB clia (P) nén d€ dién tich tam giac

MAB 16n nhat chiing ta can xac dinh khoang cach tit M dén AB 1a 16n nhat . Tt d6 chung ta nghi

t6i viéc viet duong thang (d) tiép xtic véi (P) va song song véi (d) 1a: y=ax+b . Khi d6 cung

AOB cua (P) chi ndm gitta (d) va (d') nén khoang cach tit M dén AB la 16n nhét khi M trung véi

tiép diém (d’) va (P)

Huéng 2 . Goi C,D, N Ian luwot la hinh chiéu ctia B, A, M trén truc hoanh . Khi d6 ABCD, AMND,

BCNM la hinh thang va ABCD c6 dién tich xac dinh.D€ dién tich tam giac MAB 16n nhat khi va

chi khi tong dién tich AMND va BCMN c¢ dién tich nhé nhat . Vay ta tinh tat ca cach dién tich

hinh thang trén theo toa d6 da biét va m.

e Tim diém N trén truc Ox sao cho NA + NB nho nhat, chung ta dwa vao kién thiic hinh hoc .
Lay B' d6i xtng véi B qua Ox thi d0 daiAB'khoéng d6i dong thoi OB=OB' nén
NA + NB =NA + NB' > AB’

Trinh bay loi giai
a) Tw vé hinh
b) Goi phuong trinh duong thang (d) ti€p xtic véi (P) va song song véi (d) 1a:

y=ax+b

Vi(d')//(d) nén: a=—%:(d'):y=—%x+b

(d') ti€p xtic véi (P) < phuong trinh hoanh d6 giao diém

—X =—%x+b hay x* +2x-4b=0 ¢ nghiém kép

<:>A':1+4b:0<:>b:—%



Khi d6 , phuong trinh (d') 1a y= —%x—% . Tiép diém c6 hoanh d6 1a nghiém kép cua
phuong trinh:x* +2x+1=0=>x=-1= y:%
Toa d6 tiép diém I T(—l;%)

Ké MH L AB.Taco: S,,, = %ABMH . Do d6 AB khong d6i nén S, 16n nhat

< MH 16n nhat < M trung véi T < M(—l;i)

Toa d¢ giao diém ctia A va B ctia (P) va (d) c6 hoanh d6 la nghiém cua phuong trinh :

lX2 =—lx+2<:>x2+2x—8=0
4 2

Suyra x, =-4x,=2=y =4y, =1

Do d6 A(—4;4);B(2;1) . Lay B’ d6i xttng voi B(2;1) qua Ox , ta c6 B'(2;-1) khi d6
NB =NB’

= NA +NB =NA + NB' > AB'

Déng thitc xay ra khi va chi khi A,N,B’ thang hang . Suy ra diém N can tim chinh 1a giao
diém ctia AB’ va truc Ox . Goi phurong trinh ctia duwong thang AB’ c6 dang y =mx+n . Do

A(—4;4) va B'(2;—1) thudc duong thing nén :



—4m+n=4 m=—6
2m+n=-1 2
n==
3
. . AN 5 2
Phuwong trinh cia AB' la: yz—gx+§
——§X+E —i 4
Suy ra toa do ctia N la nghiém ctia hé : Y 6 2 5 vay NE?OJ
y=0 y=0

24

-

N

[
[}

L
RN

B

Vi du 5:Cho Parabol (P):y = x> va duong thing (d):y=x+m véi m#0.Tim m d€ (P) va (d) cat
nhau tai hai di€ém phan biét A,B sao cho tam giac OAB la tam giac vudng tai O
Gidi
Tim cdch gidi. Nhitng bai todn vé toa do lién quan dén khoang cach , goc vudng thong thuwong
chuing ta nghi téi van dung hé thic Vi-ét . Do vay , dé giai quyét bai toan nay :
e Budc 1.Tim diéu kién m dé€ (P) cat (d) tai hai diém phan biét . Ttrc 1a phuong trinh : x> = x +m
6 hai nghiém phan biét, trong d6 nghiém cua phwong trinh la hoanh d¢ ctuia giao diém
e Budc 2. St dung dinh li dao Py-ta-go : OAB la tam gidc vudng tai O
< OA” + OB’ = AB’
Ttr d6 chuing ta co 10i giai sau:
Trinh bay loi giai

Goi A(x,3y,);B(x,;y,) thi x;;x, la nghiém ctia phuong trinh : x> =x+m



SxP-x-m=0
(P) cat (d) tai hai diém phan biét <:>A>0<:>1+4m>0<:>m>—%

A 1 . . XX, =1
Theo hé thirc Vi-et ta co :

XX, =—m
ViA(x;y,):B(x,:y,) thudc (d) nén:

Y, =X, +my, =X, +m;y, =y, =X, — X,
AABCvudng tai O < OA® + OB® = AB’
x4yt =(x -x) (v -y,
S XX, +y,Y, =05 XX, +(x, +m)(x, +m) =0

5 5 m=0
& 2% X, +m(x, +X,)+m’ =0 2(-m)+ml+m’ =0 & :
m=

Két hop véi didu kién thi m =1 thda man, ta ¢ (P) va (d) cat nhau tai hai diém A,B phan biét cho

tam gidc OAB la tam gidc vuong tai O

\ Y A
3
\ A

-\.—_\'+I

(%]

C. Bai tap van dung
20.1.Cho ham s8 y = x*. Tim céc gia tri cia m d€ duong thang phuong trinh y = x —m cat d6 thi tai
hai diém phan biét A(x,;y,):B(x,;y,) thoaman (x, -x,)" +(y, —y,)’ =18
(Thi hoc sinh gidi Todn 9, tinh Bic Giang ndm hoc 2012-2013)
Hudng dan giai — dap s6

ViA(x.:y,):B(x,;y,) thudc (d) nén:



Y =X —my, =X, ~my, =y, =X, =X
Xét phuong trinh hoanh d6 giao diém cta (P) va (d):x* =x-m< x> —x+m =0
(P) va (d) cat nhau tai hai diém phan biét < A>0<1-4m>0< m< i

o . X, +x, =1
Theo hé thirc Vi-et:

XX, =m
4

(x2 —X1)4+(y2 —y1)4 :18<:;>(x2 —x1)4 +(X2 —Xl) =18

(x, —x1)4 =9 < (x, —x‘)2 =3 (x, +X1)2 -4x,x, =3

Hayl-4m=3 < m= —%(th(’)a man)

Vay véi m = —% thi duong thang y = x —% cat do thi tai hai diém phan biét
A(x,3y,):B(x,;5y,) thoaman (x, —x, )4 +(y, -y, )4 =18
20.2. Cho Parabol (P): y = —%Xz va duong thang (d):y=mx —2m~1 (m la tham sd)

a) Tim m d& duong thang (d) ti€p xtic véi Parabol (P)
b) Chttng minh duong thang (d) ludn di qua mot diém A 8 dinh thudc Parabol (P)
(Thi hoc sinh gioi Todn 9, tinh Binh Phiréc nam hoc 2012-2013)

Huéng dan giai — dap s6
a) Duong thing (d) tiép xtc véi Parabol (P) < —%Xz =mx —2m—1 ¢ nghiém kép

S xP+4mx-8m—-4=0cbd nghiém keép
SA=4m* +8m+4=0=m=-1

b) Goi A(x,;y,) ma duong thing (d) di qua véi moi m < y, = mx, —2m-1

. oo Xe=2=0 Xy =2
< m(x,—-2) =y, +1 ding véi moi m < =

Yo +1=0 Yo =—1
1
Tacéd x, =2,y, =1 thoaman y :sz nén A(2;-1) thudc Parabol (P)
20.3. Cho ham s6 y =f(x) = (m2 +m+ 5).x2

a) Chung minh rang y = f(x) nghich bién trong khoang (-w;0) va dong bién trong khoang

(0;0)



b)

a)

b)

20.4. Cho duong thang (d):y = mx —m +2 (m la tham s6) va Parabol (P):y = >

a)
b)

b)

Véim =0 . Tim gia tri nguyén cua x d€ f(x) <100

Huéng dan giai — dap s6
2
Tacd: m* +m+5 :(m+%j +4%>0

Nény = f(x) nghich bién trong khoang (—0;0) va dong bién trong khoang (0;0)
Vi m=0 thi f(x)=5x" <100 < x* <20 voi x nguyén nén :
X € {—4; -3;-2;-1;0;1; 2;3;4}

2
X

Tim m dé& duong thang (d) va Parabol (P) cting di qua diém c6 hoanh d6 x = 4

Chting minh rang véi moi gia tri cia m, dwong thang (d) ludn cat Parabol (P) tai hai diém
phan biét

Gia stt (x,5y,) va (x,;y,) la toa dd céc giao diém cta duong thing (d) va Parabol (P) .
Chting minh rang :y, +y, > (2\/5 —1).()(1 +X,)

Huéng dan giai — dap s6
42
Véi x =4 thi y=7:831(4;8)
Diém I d6 thudc (d) &S 8=4m-m+2<<m=2

Phuong trinh hoanh d6 giao diém cua (d) va (P) la:

2
%:mx—m+2=0@x2—2mx+2m—4=0

CoA'=m’—(2m—-4)=(m- 1)2 +3>0 v6i moi m, nén phuong trinh c6 hai nghiém phéan biét .
Vi vay (d) ludn cit (P) tai hai diém phan biét
X,;X, la nghiém ctia phwong trinh : x*> —2mx +2m —4 = 0 theo hé thiic Vi-et:
X, +X, =2m
Do dé: y, +y, =m(x, +X,)-2m+4=2m’ —-2m+4

Nhén thay : y, +y, > (2\/5—1).(x1 +X,)

& om’ —2m+42(22-1)2m & m? —2\/§m+220<:>(m—\/§)2 >0

(ludn ding véi moi m ) nén suy ra diéu phai chitng minh



20.5.Trong mit phang toa d6 Oxy . Cho Parabol (P):y = —x’ va duong thing (d) c6 phuong trinh
y =mx —1 (m la tham sd)
a) Chting minh rang véi moi m, duong thang (d) ludn cat Parabol (P) tai hai di€ém phan biét A
vaB
b) Goi hoanh d¢ giao di€m cua A va B Ian luot la x, va x, . Chiing minh réng : |xl — x2| >2
(Thi hoc sinh gidi Todn 9, tinh Binh Dinh niam hoc 2012-2013)
Huéng dan giai — dap s6
a) Xét phwong trinh —x* =mx-1< x> +mx—-1=0 c6 A=m’+4>0 vdi moi m
Vay duong thang (d) ludn cat parabol (P) tai hai diém phan biét A va B

T (X TXy, =-m
b) Theo hé thtrc Vi-et ta co:

XX, =—1

Xét (x, —x2)2 =(x, +x2)2 —4x,x, =m’ +424 =[x, —x,|>2
20.6. Trong mit phing toa d6 Oxy , cho Parabol (P):y = xva hai diém A(-1;1);B(3;9) ndm trén
(P) . Goi M 1a diém thay d6i trén (P) c6 hoanh d¢ la m(—1<m < 3)
Tim m dé€ dién tich tam giac AMB 16n nhat
(Thi hoc sinh gioi Todn 9, tinh Thdi Binh nam hoc 2011-2012)

Huéng dan giai — dap s6
M e P cé hoanh d6 la m, suy ra tung d6 la m*

Goi C, D, N 1a hinh chiéu cua B, A, M trén truc hoanh thi: C(3;0),D(-1;0),N(m;0)



Dién tich hinh thang ABCD Ia : § = 22 ; BC.ep-! ;9 -4=20(dv.db)
2
Dién tich hinh thang AMND la: S, = AD ; MN DN = ! +2m (m+1) (dv.dt)
2
Dién tich hinh thang BCNM 1a : 8, = 2¢ ZMNACN S 2. (3-m)(dv.dt)

Suy ra dién tich tam gidc AMB la:

l+m?)(m+1) (9+m?)(3-
Saus =S—=5, =S, =20—( o Z(m )_( m )( m)

Sy =6-2m* +4m=8-2(m~1)" <8
Vay dién tich tam giac AMB 16n nhét la 8 (dv.dt) khi m=1
20.7. Cho Parabol (P):y=x*. Trén (P) lay hai di€ém A ;A, sao cho m =90°(O la goc toa
d0).Hinh chiéu vuong goéc ctia A ; A, trén truc hoanh lan lwot 1a B;B,
Chting minh rang OB,.OB, =1
(Thi hoc sinh gioi Toan 9, tinh Hung Yén, nam hoc 2011-2012)

Huéng dan giai — dap s6



L f
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\ t -ff
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B1-'0; B2! 2 \)
-
Dat A (x,;y,);A,(X,:y,) thi B, (x,;0);B,(x,;0)
ViAj;A, eP nény, =x"y, =x,°
AOA, =90° < A A =A0° +A,0°
2 2
C:’(Xl _Xz) +(Y1 _Y2) :X12 +Y12 "'Xz2 +Y22
. 2.2 . XX, =0
S XX, HYY, =0 XX, +X,'X,” =0 xX, (1+X1X2)—0<:>
1+x,x,=0

ViA;A, khdacOnén x,x, =0loai, do do 1+xx, =0=x,x, =-1
Vay OB,.OB, =|x,|.|x,|=1
biéu phai chitng minh

20.8. Cho Parabol (P):y= %xz

a) Viét phuong trinh cac ti€p tuyén cua (P), biét cac ti€p tuyén nay di qua diém A(2;1)

b) Goi d la duong thang di qua diém A(2;1) va c6 hé s6 géc m . Vi gia tri nao ctia m thi
duong thang (d) cat (P) tai hai diém phan biét M, N . Khi d6 tim quy tich trung diém I ctia
doan thang MN khi m thay ddi

¢) Tim quy tich cac diém M, tix d6 c6 thé ké dwgc hai tiép tuyén vudng goc véi nhau

(Thi hoc sinh gioi Toan 9, tinh Thira Thién Hué, vong 1, nam hoc 2004-2005)

Huéng dan giai — dap s6



b)

Phuong trinh duong thang d, di qua A(2;1) c6 dang
y=ax+b=1=2a+b=b=1-2a.Dodé6 (d,):y=ax—-2a+1
Phuong trinh hoanh d6 giao diém cua d, va (P) la:

%Xz =ax—-2a+le x* -3ax+6a-3=0 (1)

d, la ti€p tuyén cua (P) < phuong trinh (1) c6 nghiém kép

& A=9a>—4(6a-3)=0<9a>~24a+12=0

& (a-2)(3a-2)=0a, =2a, :§

Vay tlr A(2;1) c6 hai tiép tuyén dén (P)la d, : y = 2x - 3;d, :yzgx—%

Phuong trinh duong thdng d di qua diém A(2;1) co hé s6 gécm la :
y=mx+1-2m
Phuong trinh hoanh d6 giao diém cua d va (P) :

1o =mx-2m+1< x* -3mx+6m-3=0 (2)

d cat (P) tai hai diém phéan biét < A=9m’ —4(6m-3)>0



< 9m” - 24m+12> 0 < 3.(m-2)(3m-2)> 0
2.
<:>m<§ hoac m>2 (%)

Véi diéu kién (*) , d cit (P) tai hai diém phan biét M va N ¢6 hoanh d6 1a x, va x, la hai

nghiém cta phuong trinh (2) , nén toa d¢ trung diém I cia MN la

2X
X, +X 3m m=—
X—#—_ 3
2 2 &
2, 4
y=mx+1-2m yzEX —§x+1

2 ,. _ . R
Véim < 3 hodc m>2 < x <1;x >3 . Vay khi m thay doi, quy tich ctia I 1a phan cta Parabol

yzgx2 —ix+l , gidihan boi x <L;x >3

C) Goi M, (x,;y,) la diém tit d6 c6 thé vé hai ti€p tuyén vudng goc véi (P) . Goi
phuong trinh dwong thang d di qua M, va hé s6 goc k 1a y = kx +b, dwong thang nay di
qua M, nén y, =kx, +b < b=y, —kx, , suy ra phuong trinh ctia (d'):y = kx —kx, +y,
Phuong trinh cho hoanh d6 giao diém cua d’ va (P) la:

%Xz =kx —kx, +y, © x* —3kx +3kx, -3y, =0

Phwong trinh cé nghiém kép
< A=0<9k* —4(3kx, —3y,) =0 < 9k* —12kx, +12y, = 0(**)
bé tir M, c6 thé ké hai ti€p tuyén vudng goc t6i (P) thi phuwong trinh (**) c6 hai nghiém

12y, 3
ooy, =
9 Yo=Y

phéanbiét k;k, va kk, =-1<
Vay qui tich cac diém M, , ttr d6 co thé vé duoc hai tiép tuyén vudng goc voi (P)

la duong thang y = —%

x? —4x
4

20.9. Chohamsd y =
a) Veé do thi (P) cia ham s&
b) Viét phwong trinh cac duweong tiép tuyén tir di€ém A (2;-2) dén P

c) Tim tap hop cac di€ém ma qua dé cé hai ti€p tuyén vudng goc dén (P)



(Thi hoc sinh gioi Todn I6p 9, TP Ho Chi Minh, nam hoc 1992-1993)

Huwéng dan giai - dap s6

a) (P):y:lx2 - X
4
TXD: R
Bang gia tri
X -2 0 2 4 6
y 3 0 -1 0 3
Ve:
v A
\ . .\2—-lx
!4
I
%) 1 2 i >\
-1 \\‘"‘"‘——v—-—'

Nhan xét : D6 thi ham s6 y =

2
X

—4x

la mot dueong cong Parabol c6 dinh (2;-1)

Va di qua cac diém (-2;3);(0;0);(4;0);(6;3)

b)Phuong trinh duong thang (d) can tim cé dang y = ax +b

Ae(d):>—2:2a+b:>b:—2a—2

(d):y=ax—2a-2 .Phuong trinh hoanh d¢ giao diém cua (d) va (P)

x? —4x

—ax-2a-2<x —4(a+1)x+8a+8=0(*)



Xét A'=4.(a+1)" —(8a+8)=4a’ -4

(d) tiép xtic véi (P) < (*) c6 nghiém kép

SA'=0c4a-4=0a=1I

a=1thib=-2a-2=-4

a=-1thib=-2a-2=0

Vay qua A c6 hai tiép tuyén véi (P) va phuong trinh la: y =x—4;y = —x

0)Goi M(x,;y,) la diém thudc tap hop di€m can tim . Phuong trinh duong thang (D) qua
M co dang y=ax+b

Me (D)< y, =ax, +b< b=-ax, +y,

(D):y=ax —ax, +y, . Phuong trinh hoanh d¢ giao diém ctia (D) va (P) :

x? —4x
4

=ax —ax, +y, < x’ —4(a+1)x+4ax, —4y, = 0(**)

A'=4(a+1)’ —dax, +4y, =4a’ +4(2-x,)a+4y, +4
(D) tiép xtic voi (P) < (**) c6 nghiém kép
S A'=0ca’+(2-x,)a+y,+1=0 (1)
Dé€ 6 hai ti€p tuyén vudng goc thi phwong trinh (1) an a c6 hai nghiém phan biét a ;a, va
a,a, =-1
Dodd y,+1=-1=y,=-2
Vay tap hop cic diém ma qua d6 cé hai tiép tuyén vuong goc dén (P) la duong thing
y=-2
20.10. Tim m d€ duong thang (d):y=x+m cdt do thi y=x’(P)tai hai diém phan biét
A(x,3y,).B(x,5y,) sao cho: (x, —x, )2014 +(y, -y, )2014 =2
(Thi hoc sinh gioi Todn 16p 9, tinh Thanh Héa, nam hoc 2014-2015)
Huwéng dan giai - dap s6

(P) cat (d) tai hai diém phan biét <> x* = x + m c6 hai nghiém phan biét
1
SxP-x-m=0 (1) cd A=1+4m>0<:>m>—z

Khi &y x,;x, la nghiém cta phuong trinh (1)



. . . X +x, =1
Theo hé thirc Vi-et ta 6 :

X,.X, =-m
Taco:y =x,+my, =X, +m=y, -y, =X, — X,

(X2 —Xl )2014 +(y2 _y1 )2014 _ 2 N (X2 —Xl )2014 +(X2 —Xl )2014 _ 2

P (X2 _ Xl )2014

=l (x,-x,) =1 (x, +%,) —4x,x, =1 & 1+4m =1
< m=0 thoa man

Vay véi m =0 thi (P) cat (d) thoa man diéu kién dé bai

20.11. mot xe tai ¢d chiéu rong 2,4m va chiéu cao 2,5m mudn di qua mot cai cong c6 hinh parabol .

Biét khoang cach gitta hai chan cong la 4m va khoang cach tr dinh cong (dinh parabol ) t&i mdi

chan c8ng 1 24/5m (b qua d6 day cua cdng)

a) Trong mat phang toa d6 Oxy goi parabol (P)y =ax’ vdi a < 01a hinh biéu dién c6ng ma xe

tai muon di qua . Chiing minh a = -1

b) Hoi xe tai c6 thé qua cong duoc khong ? Tai sao ?

(tuyén sinh vao 16p 10, THPT chuyén , Dai hoc sw pham Ha N§i , ndm hoc 2015-2016)

a)

b)

Huéng dan giai — dap s6
Gia st trén mat phfmg toa 36, d0 dai cac doan théng duoc tinh theo don vi mét .
Do khoang cach gitta hai chan cong bang 4 m nén MA = NA =2
Tir gia thiét ta c6: OM = ON = 2+/5 , do d6 theo dinh Iy Py-ta-go c6 OA =4
VayM(2;-4),N(-2;—4)
Mit khac, do M, N thudc Parabol nén -4 =a.2* = a=-1
va(P):y=—-x’
Dé dap ting dwoc chiéu cao, trede hét xe tai phai chon phuong an di vao chinh gitra cong

(—g;—%j d6i xing nhau qua Oy va

25

Trén Parabol (P) xét hai diém H(g,—ﬁj va T 5

HT = 2,4 (tng vdi chiéu cao cua xe tai )
. \ . - A? ki \ . 7 64
Goi B 1a giao diém cua HT va truc tung . Khi d6 AB = 55 >2,5

Do dé xe tai c6 thé di qua cong



T B H

20.12. Tim tit cd cac gia tri ctia tham s§ m sao cho parabol (P):y=x* cit duong thang
d:y=mx-2 tai hai diém phan biét A(x;y,),B(x,;y,) théaman y, +y, =2(x, +x,)-1
(Tuyén sinh vao 16p 10, THPT chuyén , tinh Ninh Binh, nam hoc 2015-2016)
Huwéng dan giai - dap s6
(P) cat (d) tai hai diém phan biét < x> = mx —2 ¢ hai nghiém phan biét
& xP-mx+2=0 (1) c6 A=m’>8 < |m|> /8
Khi &y x,;x, la nghiém cta phuong trinh (1)

N . . |X TX, =m
Theo hé thirc Vi-et ta co :

XX, =2
Tacod:y, =mx, —2,y, =mx, —2
Y+, =2(x, +%, ) -1 m(x, +x,)-4=2(x, +x,) -1 & m’ -4 =2m -1

m=-1

<:>m2—2m—3:0<:>[
m=3

Ta c6 m =3 thoa man diéu kién

Vay véi m =3 thi (P) cat (d) tai diém thoa man diéu kién dé bai



Chwong HE PHUONG TRINH BAC CAO
Chuyén dé 21
A. Mot s6 vi du

Poxy+y =1
Vi du 1: Giai hé phuong trinh > >
X’ +xy+2y’ =4

(Tuyén sinh lop 10, THPT chuyén , DBai hoc Quéc Gia Ha N§i, niam hoc 2014-2015)

Giai

2
-1
o Xét x=0 tacéhe {yz , hé vo nghiém
y =

2

x“ =1
. Xéty:Otacc')hé{ , 4hév6nghiém
X =

e Vay x;y khac0 dat x =ty;t=0

tzyz_ty2+y2:1 yz(tz_t+1)=l
=

(*)
t’y’ +ty’ +2y° =4 yz(t2+t+2):4

Ta co he {

Vi mdi v& hé (*) khac 0 ta chia 2 v& hé (*) cho nhau ta duoc :

2
Ul L 4 44— 4t120 30 —5t+2=0

2 rte2 4
< (t-1)(3t-2)=0<

2

Véi t=1= x =y thay vao hé (¥) ta dwoc: {Z ,

Vo4 giai ra ta cé nghiém (x;y) e {(1;1);(—1;—1)}

Voi t = % =X = %y thay vao hé (*) ta duoc:

gy2—§y2+yz=l %y2=1
=

2

4 2 2 2 2
-y +=y +2y =4 —y =4
y 3}’ y 9Y

9
Giai ra ta c6 nghiém (x;y) e {¥’g],[ 207 \/7}

9 > 3

Vay tap nghiém ctia hé phuong trinh la :



3

(x;y)e {(1;1);(—1;—1);(¥;ﬂ}£_¥;_?J}

Nhdn xét . Hé phuong trinh trén 1a hé phuong trinh dang cap bac hai . Ngoai cach giai trén , chiing
ta con c6 thé dong nhat hai phwong trinh , bang cach nhan phwong trinh (1) véi 4 roi vé trir vé . Ta
dwoc phuong trinh: 3x* —5xy + 2y’ =0 , sau d6 phan tich da thitc thanh nhén t

‘+y +x+y=38

Vi du 2: Giai hé phuong trinh : YRy
x> +y +xy=7
(Thi hoc sinh gioi Todn Iop 9, tinh An Giang , nam hoc 2008-2009)
Gidi
. . ) u’ —2v+u=8(1)
Ddt x + y =u;xy = v hé phrong trinh c6 dang :
ul—v= 7(2)

T phuong trinh (2) ta ¢6: v=u’ -7 thay vao phuwong trinh (1) ta duoc:

u’? —2(u2 —7)+u:8<:>u2 —u-6=0 .Giairataduwoc u, =-2;u, =3

e Truonghop 1. Xét u=-2 suyra v=(-2)" -7=-3

+ 2
Ta dugc: {X Y . Suy ra x,y la nghiém ctia phwong trinh

Xy =-3
X? +2X-3=0 .Giai ra ta duwoc: X, =1;X, =-3
, . . . |x=1 |x=-3
Do d6 nghiém ctia hé phwong trinh la : ;
y=-3ly=1
. 2 x+y=-3
e Truonghop2.u=-3;v=(-3) -7=2, ta duoc
xy =2
Suy ra x;y la nghiém cta phuong trinh : X* +3X-2=0
34417 _3-17
2 7 2
3417 -3-417
X = X =
2 2
y_—3—\/ﬁ’ 34417

2 Y 2

Giai ra ta dwoc X, =

Do d6 nghiém ctia hé phuwong trinh la :

Vay nghiém cta hé phuong trinh la :

) {(1;—3);(—3;1);(_3 —2JT 3 +2\/ﬁ]{—3 +;/T 3 —jﬁ]}




Nhin xét . Hé phuong trinh trén la hé phuong trinh d6i xting loai mét . Hé phuong trinh d6i xtng
loai mot la hé phuwong trinh néu ddi vai tro cua an cho nhau thi moi phuong trinh khong thay doi .
D¢ giai hé phuong trinh dang nay, chung ta thwong dat an phu x+y=u;xy =v . Sau d6 giai hé
phuong trinh nay.

) o . X3+1=2(X2—X+y)(1)
Vi du 3: Giai hé phwong trinh :
y3 +1= Z(y2 -y+ X)(2)
(Thi hoc sinh gioi Todn I6p 9, tinh Tién Giang , nam hoc 2011-2012)

Gidi

Ttr phuong trinh (1) va (2) vé trit v€ ta duoc:
x' -y’ :Z(X2 —yz)—4(x—y) = (X—y)(x2 +xy+y’ —2(X+y)+4) =0

Taco: X2+xy+y2—2(x+y)+4:0

2 2
<:>3(X+Y) 4+(x—y) —-2(x+y)+4=0

& 3(x+y) +(x—y) —8(x+y)+16=0

<:>2(X+y)2—8(x+y)+8+(x+y)2 +(X—y)2+8:O
<:>2(X+y—2)2+(X+y)2+(x—y)2+8=0

Phuwong trinh vo nghiém , nén x —y =0 , thay vao phuong trinh (1) ta dugc:
H1=2x" o x' -2x" +1=0e (x-1)(x* —x 1) =0

e Truonghopl: x-1=0&x=1

1+J§_X 1-5
2 9

e Truong hop 2: x-1=0< x =1 Giaira ta duoc x, = 5 5

Vay tap nghiém cta phwong trinh la :

(x:y)e {(1;1){1+2J§;1+2\/§){1—2\/§;1—2J§J}

Nhdn xét . Hé phuong trinh trén 1a hé phwong trinh d6i xting loai hai . Hé phuong trinh déi xting

loai hai 1a hé phuwong trinh néu dodi vai tro cua an cho nhau thi phwong trinh nay thanh phuong
trinh kia va nguoc lai . D€ giai hé phuong trinh dang nay, chiang ta 1dy vé triv v€ r6i phan tich da

thitc thanh nhan t phwong trinh vira nhan dwoc .



4 xy-2y° =0
Vi du 4: Giai hé phuong trinh AR
Xy +3y’ +x=3

(Thi hoc sinh gioi Todn I6p 9, tinh Hai Dwong , nam hoc 2011-2012)

Gidi
Tim cdch gidi . Quan sat k§ moi phuong trinh, ta nhan thdy phuong trinh thit nhat, vé trai phan
tich da thirc thanh nhan ti dugc . Ttr d6 chiang ta cd thé dua vé

{A =0
AB=0 C=0
hé phuong trinh tich : { =

C=0 B=0
C=0
Céc nghiém ctia hai hé phuwong trinh sau la nghiém ctia hé phuong trinh da cho
Trinh bay loi giai

{x2+xy—2y2=0 {(x—y)(x+2y)=0 {x—y:O
= =

xy+3y’ +x=3 xy+3y’ +x=3 Xy +3y’ +x=0

. | x+2y=0
hodc )
xy+3y  +x=3

X — :0 X =
. Giéihé{ Y 3@{ Y

Xy +3y° +X = x> +3x° +x=3
3
X=—
X=y x=-1 4
= , = ;
{4){ +x-3=0 {y:—l 3
}’:Z

x+2yv=0 X=-2
. Giéihé{ Y { y

=
Xy +3y’ +x=3 -2y* +3y’ -2y =3
X =-2y x=2 [x=-6
== = ;
y —2y-3=0 y=-1|y=3
33

Vay nghiém cta phuong trinh la: (x;y)e {(—1;—1);(Z,Zj;(2;—l);(—6;3)}

X +y +2x+2y=11

2.2

Vi du 5:Giai hé phuong trinh
X’y +2x°y + 2xy° +4xy = 24

(Thi hoc sinh gioi Todn I6p 9, tinh Qudang Ngai , nam hoc 2012-2013)

Giai



Tim cdch gidi. Hé phuong trinh nay la hé phuwong trinh d&i xting loai mot nén ching ta cé thé giai
nhu vi du 2. Tuy nhién chdng ta nhan thay vé trai cta phuong trinh hai phan tich thanh nhan t

duwoc ma tong hai nhan t chinh la v€ trai cia phuong trfinh thitu nhat . Nén ching ta dung cach
dat an phu khac cho 10i gia ngan gon va hay hon

Trinh bay loi giai

{X2+y2+2x+2y:11 @{(X2+2X)+(y2+2y)=11

X’y® +2x°y +2xy° +4xy = 24 (x2 + 2)()(y2 + 2y) =24

u+v=11

. Suy ra u,v la nghiém ctia
uv =24

Dit: x* +2x =u,y’ +2y = v . Hé phuong trinh c6 dang : {

phuong trinh: X* 11X +24=0
Giai phuwong trinh , ta dugc: X, =3,X, =8

u=3'u=8
v=8’

Suy ra: {

v=3

. Cfu=3 [x*+2x=3 |(x+1) =4 (x+1=%2
Truon hop 1. Xét = = , &
v +1)" =9

y: +2y=8 (y 1) y+1=43

Suy ra nghiém ctia phwong trinh : (x;y) € {(1;2),(1;-4),(-3:2),(-3;—4)}

. Cfu=8 [x*+2x=8 [(x+1)'=9 (x+1=43
Truong hop 2 . Xét &9 = , ©
v y +2y=3 |(y+1) =4 (ytl=%2

Suy ra nghiém ctia phuong trinh : (x;y) € {(2;1),(2;—3),(—4;1),(—4; —3)}

Vay tap nghiém ctia hé phuong trinh Ia :

(x5) €{(1:2),(5,-4),(=3;2),(=3;-4),(2:1),(2-3),(~4:1),(~4-3)}

Vi du 6: Giai hé phuwong trinh : {\/yz T \/XZ 8y =3
X(x—3)+y(y+8) =13
(Thi hoc sinh gioi Todn lop 9, tinh Nam Dinh , nam hoc 2011-2012)
Giai
{\/y2 -3x +\/X2 +8y =5 - {\/y2 -3x +\/x2 +8y =35

x(x—3)+y(y+8):l3 (y2—3x)+(x2+8y):13

bat \/y2 -3x :u;\/x2 + 8y = V(u ZO;VZO)



uw+v =13
v=5-u u=2 [u=3

= 5
uw-5u+6=0 v=3 |v=2

2 Wy -3x=2 {yz—Bx:4(l)
ta co =9,
Vx> +8y =3 x* +8y=9(2)

thay vao phuong trinh (2) ta dugc :

) . ) u+v=>5 v=5-u
Hé phuong trinh cé dang < s

u’ +(5—u) =13

u
\'%

e  Truong hop 1. Xét {

2 —
Tt phuong trinh (1) ta c6 x = y —4

) 2
[y . 4} +8y =9y —8y? +72y—65=0

0

< (y-1)(y+35)(y-2)(y-3)

* Véiy-1=0=>y=1=>x=

* Vé’iy+5=0:>y=—5:>xz

* Véiy-2=0=>y=2=x=

2
* Véiy—3=0:>y:3:>x:334:§

u=3 Jy?=3x =3 {y2—3x=9(3)
a co P
v /x2 +8y =2 x? +8y:4(4)

, thay vao phuon trinh (4) , ta dwoc:

e  Truonghop 2. Xét {

2

y -9
3

Tt phuong trinh (3) suy ra: x =

4 2
Y I8y 8l e 4oyt o 18y + T2y + 450

(v —6y+15)(y’ —6y+3)=0
Xét y* —6y+15 =0, phwong trinh vd nghiém
Xét y* —6y+3 =0, giaira ta duoc: y, :3—\/g;y1 =3++/6 tir d6 tim duwoc: X, :—2\/8;x2 =26

Vay tap nghiém ctia hé phuong trinh la :

(x;y) e {(—1;1),(7;—5),(0;2),(%;3],(—2\/6;3 ~6),(26:3+ \/8)}



x+y+l+l+4=0

Vi du 7: Giai hé phuong trinh : Y
I x vy
Xy+—+—+=-4=0
Xy y X
Giai
1 1
x+y+l+l+4=0 [X+_j+(Y+_j+4=0
X y X y
I x
xy+—+—+l—4=0 (x+1j. y+l -4=0
Xy y X X y

batu=x +l;v = y+l hé phwong trinh c6 dang
y

X uv—-4=0 uv=4

{u+v+4=0 {u+v=—4
=
Suy ra u, v 1a nghiém ctia phwong trinh X* +4X+4=0

Giai ra ta dwoc X, =X, =-2

Suyrau=v=-2.Dodd

y=-1

X+l——2
X x> 4+2x+1=0 {x=—1
= =
v +2y+1=0

y+—=-2
y

Vay hé phuong trinh ¢6 nghiém duy nhét (x;y) =(-1-1)
B. Bai tap van dung

x> -3xy+y’ =-1

21.1. Gidi hé phuong trinh :
3x° —xy+3y* =13

(Thi hoc sinh gioi Todn I6p 9 , tinh Nghé An , nam hoc 2012-2013)

Huéng dan giai — dap s6

2
— 1
e Xét x=0 tacohe {y , hé vo nghigm

3y’ =1
x> =-1

° Xét y=0 taco he hé vo6 nghiém
3x* =13 &

. Vay x;y khac 0 dat x =ty;t #0

'y’ =3ty’ +y’ =-1 y’ (tz —3t+1) =-1
=N
3y’ —ty’ +3y’ =13 |y’ (3t —t+3)=13

*

Ta co hé {

Vi mdi v& hé (*) khac 0 ta chia vé hé (*) cho nhau ta dwoc :



2
t2 S ol 30 3064132 3 +t—3 22 —5t42=0
3tT—-t+3 13

_y2 =1

e Vdi t =2 = x =2y thay vao hé (*) ta duoc:
13y* =13

Giai ra ta c6 nghiém (x;y) e {(2;1);(—2;—1)}
o V6i t=%:> X =%y thay vao he (*) ta duoc:

1 2 3 2 2 1 2
—y -y +y =-1 ——y =-1
4Y 23’ y 4Y

3., 1., 2 13 ¥
2y =y +3y* =13 =13
47 T2 4’

Giai ra ta ¢6 nghiém (x;y) e {( 2)5(-1; 2)}
Vay tap nghiém cta hé phuong trinh 1a : (x;y) e {( 1); (—2;—1);(1;2);(—1;—2)}
X’ =2x+ y(l)
y3 =2y+ X(Z)

(Thi hoc sinh gioi Todn Iop 9, tinh Hai Dwong , nam hoc 2013-2014)

21.2. Giai hé phuong trinh : {

Huwéng dan giai - dap s6
Tt phuong trinh (1) va (2) v€ trit v€ ta duoc
x’ -y :x—y<::>(x—y)(x2 +Xy+y’ —l)=0
o Truong hop 1.Xét x —y =0 < x =y thé vao phuong trinh (1) ta c6 :
X’ :2x+x<:>x(x2 —3):0 suy ra x=0;x =/3;x = —/3
o Truong hop 2. Xét x* +xy+y’ —1=0
Ttr phuong trinh (1), (2) cdng vé€ vdi vé ta duoc

X +y =3(x+y)<:>(x+y)(x2—xy+y2—3)=0

C|x+y=0 =-X y=-x [x=-1
Xet 2 2 = 2 2 2 A 2 )
X +xy+y —1=0 X" =X +X = x*=1 |y=1

, {xz—xy+y2—3:O {xz—xy+y2—3:0
Xét =

x> +xy+y —1=0 3x° +3xy+3y° -3=0



V& trir vé& ta duoc : 2(x2 +2xy+y2) =0 x=-y

. x=1 x=-1
Giai nhu trén ta duwoc ;
y=-1ly=1

Vay tap nghiém ctia hé phuong trinh Ia :
(x:) € {(0:0)3(V3:33 )s(~V3:3 )5 (1= 1)s (-1}

21.3. Giai hé phuong trinh : {X; 2y=3(1
x* +2y° —2xy = 5(2)

Huwéng dan giai - dap s6
Tt phwong trinh (1) suy ra x =5-2y , thé vao phuong trinh (2) ta dwoc :
(5—2y)2 +2y° —=2y(5-2y)=5<y* -3y+2=0
Giadiratadwocy, =Ly, =2
e Voi y=1tadwoc x=5-2.1=3
e V6i y=2 tadwoc x=5-22=1
Vay nghiém ctia hé phuong trinh 1a (x;y) € {(3;1);(1;2)}
x> +y* =2xy+1

21.4. Gidi hé phuong trinh
X' -y =2xy+3

Huéng dan giai — dap s6

x> +y’ =2xy+1 x—y=1 x—-y=-1
y Y = y3 hodc § | y3
X’ -y =2xy+3 X' -y =Ixy+3 X" -y =2xy+3

X—y= 1(1)
e Truong hop 1: Giai hé phuong trinh

X -y = 2xy+3(2)
Tt phrong trinh (1) ta c6 x =y +1 thay vao phuong trinh (2) ta duoc:
(erl)3 -y = 2y(y+1)+3 Sy +y-2=0

Gidiratadwocy, =1=x, =2y, =-2=x, =-1

x—y:—1(3)

e Truong hop 2 : Giai hé phuong trinh {x3 g = axy+3(4)

Tt phrong trinh (3) ta cd x = y —1 thay vao phuong trinh (4) ta dugc

(y- 1)3 -y’ =2y(y—-1)+3 < 5y’ +4 =0 phuong trinh v nghiém



Vay nghiém ctia hé phuong trinh 1a (x;y) € {(1;2);(—2;—1)}

4xy+4(x2+y2)+ 3 2:%
+
21.5. Giai hé phurong trinh : (x+y)
1 13
2x + =—
x+y 3

(Thi hoc sinh gioi , Tinh Thai Binh , ndm hoc 2009-2010)

Huéng dan giai — dap s6

4xy+4(x2+y2)+ 3 2:8?5 3(x+y)2+(x—y)2+ 3 2=8?5
1 13 (X+Y) - l(X+1};>)

2 = — -

x+Xer 3 (x+y)+(x y)+x+y 3

Dat x +y =u;x —y = v hé phuong trinh c6 dang

2
3u2+V2+%=% 3(u+lj +V2=_103(1)
1 u13 u 3
1 13
ut+v+—=— =
03 u+u 3 v(2)

Tt phuong trinh (2) thay vao phuong trinh (1) ta duoc
2
3(?—0 +v? :%@M —13v+11=0

11
Giai ra ta dwoc v, =1;v, :?

e Truong hop 1 : Xét v:1:>u+l:2—l<:>3u2—10u+3:0 . Giai ra ta duoc u,

u
., {u=3 x+y=3 X =2
o Xét = =
v=1 x—y=1 y=1
1 1 X =—

u= X+y=—

o Xét §<:> 3 &
v=1 Xx—-v=1 = __
y y 3

e Truong hop 2: Xét v:% ta cod u+l=1?3—%
u

< 6u’ +7u+6=0 phuong trinh nay vd nghiém

Vay nghiém cta hé phuong trinh 1a (x;y) € {(2;1);(%;%)}

= 3;u2 =



(x* +1)(y* +1)=10
(X +y)(xy—1) =3

(Thi hoc sinh gioi todn 9, tinh Thanh Héa , nam hoc 2008-2009)

21.6. Giai hé phuong trinh : {

Huwéng dan giai - dap s6
{x2y2+x2+y2+1:10 (X+y)2+(xy—l)2:10
=
(x+y)(xy—l)=3 (x+y)(xy—1)=3

Dat u =x+y;v =xy—-1 hé phuwong trinh c6 dang :

uv =3 uv =3

{uz +v> =10 {u2+vz+2uv=l6 (quV)2 =16
= =
uv =3

u+v=4

e Truong hop 1. Xét { 3
uv =

Suy ra u, v 1a nghiém ctia phuong trinh X* —4X+3 =0(1)

Phuwong trinh (1) c6 nghiém X, =1;X, =3 . Suy ra {u
V=

. {u=1 x+y=1 x+y=1
Xét = =
v=3 xy—1=3 xy =4

| Il
W —
—
< <
I
W

Suy ra x; y 1a nghiém ctia phuong trinh X* — X +4 =0(2) phuong trinh (2) v6 nghiém

, |lu=3 Xx+y=3 Xx+y=3
Xet = =
v=1 xy—1=1 xy =2

Suy ra x; y 1a nghiém ctia phuwong trinh X* —3X +2=0(3)

=1 )
Phwong trinh (3) c6 nghiém X, =1;X, =2 suy ra {X 2;{)( {
y = y =

ut+v=-4

uv=3

o Truong hop 2. Xét {

Suy ra u; v la nghiém ctia phuong trinh X’ +4X+3=0(4) phuong trinh (4) ¢6 nghiém la :

u=-1 |u=-3
X, =-1X,=-3 .Suyra{ ;{

v=-3 |v=-1
=-1 +y=-1 +y=-1

Xét 4 R N
v=-3 xy—-1=-3 Xy =-2

Suy ra X, y 1a nghiém ctia phuong trinh X* + X -2 =0(5)



Giai phuwong trinh (5) ta dwoc X, =1;X, =2

x=1 |x=-2
Suy ra ;
y=-2 y=1

u=-3 X+y=-3 x+y=3
Xét{ :{ Y <:>{ Y

v=-1 xy—1=-1 xy=0
-0 =3
Suy ra * ; :
y=-3 [y=0

Vay tap nghiém cua hé phuong trinh la:
(x3y) € {(21):(1:2)3(L-2)5(-2:1):(0:-3)5(-3:0)}

1 2
X+y+—+—=35

21.7. Giai hé phuong trinh : Y

x> +y’ +L2+—2:7

Yy
(Thi hoc sinh gioi Todn I6p 9 , tinh Ha Tinh , ndm hoc 2007-2008)

Huwéng dan giai - dap s6
1 2
x+y+l+£:5 (X+—)+(Y+—J=5
X y X y
&

1 4
X +y +—+—5=7 x2+i2 + y2+i2 =7
0y y y

1 2
batu=1+—v=y+—
X y

R . , u+v=>, u+V:5(1)
Hé phuong trinh cé dang

w=2+vi—-4=7 u2+V2=13(2)

Tt phwong trinh (1) ta ¢ u =5-v thay vao phuong trinh (2) ta dugc v, =2;v, =

1—2
. , X+;_ x> =2x+1=0
e Voiv=2=>u=3taco =

Y _3

y+d— y> =3y+2=0
2

.« 2 . A 4 oA X:1 X:1
Giai hé c6 nghiém { 1;{

1
. . . X+;:3 x> =3x+1=0 x> =3x+1=0
e Véiv=3thiu=2tacod = PN

y+Z=2 y' =2y+2=0 (y—1)2+1:0
y



vO nghiém

Vay tap nghiém ctia h¢ phuong trinh 1a : (x;y) € {(1;1);(1;2)}

x+y+l+l=%(1)
21.8. Giai hé phuong trinh : 1 * Sy
Xy +—= —(2)
Xy 2

(Thi hoc sinh gioi Todn 9,tinh Quang Ngai , nam hoc 2009-2010)
Huwéng dan giai - dap s6

Tt phuong trinh (2) ta co :

2(xy) —5xy+2=0 (2xy-1)(xy-2)=0 = xy:%;xyzz
5 . 1 1 . .
o Truong hop 1. Xét xy = 5 =>y= P thay vao phuong trinh (1) ta duoc:
X

x+i+l+2x:2<:>2x2—3x+1:0
2x X

1 1
Giairata duoc: x, =1=y, ==3% :E:>y2 =1

e Truong hop 2. Xét xy:2:>y:g
X

Thay vao (1) ta c6 x+2+l+§=2<:>x2 -3x+2=0
X X

Gidira ta dwoc x, =1=y, =3;x, =2;y, =1
Vay tap nghiém cta phuong trinh la: (x;y) e {(1;%);(5;1};(1;2);(2;1)}

21.9. Giai hé phuong trinh : {& +y +4Jxy =16
x+y=10
(Thi hoc sinh gioi Todn 9, tinh Hai Dwong , nam hoc 2012-2013)
Huwéng dan giai - dap s6
biéu kién x > 0;y >0

Dat u=\/;+\/§;v=\/g voiu>0;v>0

u+4v=16(1)

Hé phuwong trinh c6 dang :
FPRons e {u2—2V:10(2)



Tt phwong trinh (1) suy ra v= 167—u thay vao phuong trinh (2) ta dugc:

u? —2(164_“}10@2112 +u—36=0

Giai phuwong trinh ta duoc: u, = —% (loai)

u, =4 (thdéa man)

Jx +.Jy =4
Jxy =3

Suy ra Jx; \/§ 1a nghiém ctia phuong trinh X* -4X +3=0

Véiu=4=v=3 .Suyra{

Giaira ta dwoc: X, =1;X, =3

et

Vay tap nghiém cta phuong trinh la: (x;y) e {(1;9);(9;1)}

Suyra: {

. \ 2x* -y’ =1(1)
21.10. Gidi hé phwong trinh :
Xy +x° = 2(2)
(Thi hoc sinh gioi Todn lop 9, tinh Phii Tho , nam hoc 2011-2012)

Huéng dan giai — dap s6

Xy+X2=2(2) Xy +x’ =2

{2% -y'=1(1) {4){2 —2y* =2
f—

Suyra: 4x° =2y’ =xy+x’ < 3x* —xy -2y’ =0

x-y=0

_ ) =
< (x—y)(3x+2y) O<:>LX+2Y:O

o Truonghop 1. Xét x —y =0 < x =y thay vao phuwong trinh (1) ta dwoc:

2x* -y’ =l x=+Ly=+I
o Truonghop?2. 3x+2y:0<:>y:_37X thay vao (1)

2 2
2x° —9%=1<:> —XT=1 vO nghiém

Thtt lai hé phuwong trinh
Vay tap nghiém cta phuong trinh la (x;y) € {(l;l);(—l;—l)}



2(x+y):3(%/g+{/$)
3/;+3y=6

(Thi hoc sinh gioi Todn lop 9, tinh Hai Dwong , nam hoc 2009-2010)

21.11. Giai hé phuong trinh :

Huwéng dan giai - dap s6
Pt /x =a;ify =b , hé phuong trinh tré thanh :
2(a’ +b’)=3(a’b+ab’ 2 b)(a® —ab+b’)-3ab b)=0
{(a+ ) (a +a )@{(a+ )(a ab + ) ab(a+Db)

a+b=6 a+b=6

2@2+K)—%b:0 2(a+b)’ —9ab=0 {a+b=6
= = Rt
a+b=6 a+b=6 ab=8

Suy ra a; b 1a nghiém ctia hé phuong trinh X? —6X +8 = 0. Giai ra ta dwgc

a=2 |la=4
X, =2X,=4 dodé{ {

b=4"|b=2
o fa=2 [x=2 (x=38

Vi = =
b=4 g/§=4 y =64
.. la=4 Yx =4 X =64

e Vii = =
b=2 " |3fy=2 y=38

Vay hé phuong trinh da c6 cho nghiém (x;y) la (8;64);(64;8)

U . 3x* +xy —4x +2y =2
21.12. Giai hé phuong trinh :
X(x+1)+y(y+1)=4
(Thi hoc sinh gioi todn I6p 9 , tinh Hai Dwong , nam hcoj 2014-2015)
Huéng dan giai — dap s6

3% + Xy —4x+2y =2 37 +xy—4x+2y-2=0
X*+y +x+y—-4=0

x(x+l)+y(y+1):4<:>
2x* +xy -y —5x+y+2=0
{X2+y2+x+y—4:0
Tacod: 2x> +xy—y’ —5x+y+2:O<:>(y+x—2)(y—2x+1):0
< y=2-x hoac y=2x-1
e Vé4i y=2-xthay vao (2) ta duwoc: x* —2x+1=0 suyra x =1

Ta dugc nghiém (1;1)



e Vé&i y=2x-1 thay vao (2) tadugc: 5x> —x-4=0, suy ra x:l;x:_?4

Ta tinh dugc nghiém (1;1) va (_?4 ,_TBJ

Vay hé phuong trinh ¢6 nghiém (1;1) va (%4,_?8)
. . . X2+y2=2X2y2
21.13. Gidi hé phwong trinh : 5
(x + y)(1+ xy) =4x"y
(Thi hoc sinh gioi Todn I6p 9 , tinh Thanh Hoa , nam hoc 2014-2015)
Huéng dan giai — dap s6
e V6i x =y =0 langhiém ctia hé phuwong trinh

e Nhan thdy néu x #0 thi y # 0 va nguoc lai

Xét x # 0;y # 0hé phuong trinh twong duong voéi

Xl_z_f_%zz %-{-%:2(1)
I 1 1 g 1 1 2
(—+—j(l+—j:4 (—+—J(2+—j:8(2)
XYy Xy XYy Xy
1oy 11 oy
Thay(l)v‘ao(Z)tadu)cyc(—+—j =8 —+—=2= Y =>x=y=
Xy Xy 1,
Xy

Vay hé c6 nghiém (x;y) 1a (0;0);(1;1)

X(X+ij+i2=2
y) ¥

x[2+lj+g:3
y) ¥

(Tuyén sinh l6p 10, THPT chuyén , Dai hoc Sw pham TP. H6 Chi Minh, ndm hoc 2015-2016)

21.14. Gidi hé phwong trinh :

Huwéng dan giai - dap s6

x(x+iJ+i2=2 XP+—4—=2

Ta co y )y = y ¥

X 2+l +2=3 2x+£+3=3
y) y y 'y



2 2
(x+1j +2—X=2 (XJFLJ +2—X=2
PN y y - y y
2(x+lj+§=3 4(x+1J+2—X=6
y) ¥ y y

2
Suy ra [x+lj —4(x+lj:—4<:>(x+l—2j:0
y y y

1 X
SX+—=2=>—=-1=x=-y
y y

Tir dd6 tacod: X+L=2<:>X2—2X—1=0<:>l:
—X

Voi X:1+\/§:>y:—l—\/§
Voi x:l—\/§:>y:\/§—l

x=l+\/§‘ x=1-2
y=1-v2"[y=+2-1

Thr lai ta thay : { la nghiém ctia hé phuong trinh

2 + 2 — 5
21.15. Gidi hé phwrong trinh : Ty
x’ +2y’ =10x +10y
(Tuyén sinh 16p 10, THPT chuyén , TP. Ha N§i , nam hoc 2015-2016)
Huwéng dan giai - dap s6

Tacod:

X2+y2:5 X2+y2=5

= 3 3
x’ +2y’ =10x +10y X' +2y’ =5(2x+2y)

X’ +y'=5 X>+y’ =5
A 3 3 2 2 < 3 3 3 2 2 3
X +2y =(x +y )(2X+2y) X +2y =2X"+2xy +2X°y+2y

x? +y2 =5
=
X(X2 +2xy+2y2)=0

2,y225  [x=0
Treomg hop1.Xét 1~ 7Y =° o
x=0 y=+/5

X2+y2:5 X2+y2:5
S

, , 5 vO nghiém
X +2xy+2y° =0 (X+y) +y' =0

Truong hop 2. Xét {

Vay hé c6 nghiém (x;y) la (0;\/5);(0; —\/g)



x> +y> =3xy=-1

21.16. Giai hé phuong trinh :
P & {9){3 -2y’ =(x—y)(4xy—1)
(Tuyéh sinh lop 10, THPT chuyén , tinh Gia Lai , nam hoc 2014-2015)

Huwéng dan giai - dap s6

X’ +y’ —3xy = —1(1)
Taco:
Ox’ -2y’ = (x—y)(4xy—l)(2)

Thay (1) vao (2) ta dwoc:

9x’ -2y’ = (X—y)(4xy+x2 +y’ —3xy) = (X—y)(x2 +y’ +Xy)
S 2y =X~y &8’ =y ©y=2x

Thay y =2x vao phuong trinh (1) ta duoc: x> -1=0 < x = +1
Véi x=1thi y=2

Voi x =—1 thi y=-2

Vay phuong trinh c6 hai nghiém: | ;1
y=2 y=-2



Chuyén dé 22. PHUONG TRINH VO Ti
A. Kién thirc cin nhé
Phuong trinh vo ti la phwong trinh chita an trong dau can. D€ giai phuwong trinh vo ti, ta thuong
lam nhu sau:
+ Dat diéu kién cho an
+ Binh phwong hai vé€ khi hai v&€ déu duong.
+bat an phy, giai phuwong trinh an méi.
+Danh gia hai v€ ctia phuong trinh.
+ Sau khi tim duoc nghiém can kiém tra lai diéu kién cua nghiém, chon thich hop.
B. Mot s6 vi du
Vi du 1: Giai phuong trinh: 4x° +10x+9 =5~/2x" +5x+3
(Thi hoc sinh gioi Todn 9, Tinh Quang Tri nam hoc 2012 - 2013)
Giai

Tim cdch giai. Quan sat dé bai, chung ta nhan thay bai toan c6 dang: a.f(x)+ b, /f(x) +c=0 .Do

dé nén dat: | /f(x) = y. Giai phuong trinh an y.
Trinh bay loi giai
Dat V2x° +5x+3 :y(yZO), suy ra 2x’ +5x+3=y".

Phuong trinh ¢6 dang: 2y° +3=5y < 2y’ -5y +3=0 .

Gidira ta duoc: y, =1y, =§.
e Voiy=1thi 2x2+5x+3:Ic>2x2+5x+3=]c>2x2+5x+2=0©x1:—Z'x :—é

> 72

e Vi yz% thi

—S—JEW _—5+x/ﬁ
4 Tt 4

N2xP+5x+3 :§<:>2x2+5x+3=§<:>2x2+5x+§:0<:>x3 =

Vay tap nghiém ctia phuwong trinh la: S = {—2; _é; ) _4\/5 : - +4\/E }

4

Vi du 2. Giai cac phwong trinh sau:



a) (x2—3x)2—6(x2—3x)—7:0

b) \/8+fo3 +\/5—fo3 =5

C) \/x+x2 +\/x—x2 :x+1+\/x+x2 +\/x—x2 =x+1

(Thi hoc sinh gioi Todn 9, TP H6 Chi Minh, nam hoc 2007 - 2008)

Giai
a) Dt y =x’ - 3x, phuong trinh da cho tré thanh y’ -6y-7=0.

Gidira taduwoc: y, =—1;y,=7.

2

-Véiy=-1tacd x*—3x=-1 giaira ta duoc x, = S =
-Véiy=7tacd x’ —3x=7 giaira ta duoc x, :3+237 P X, :3_237
Vay tap nghiém ctia phwong trinhla: S = {3;\/5 ; 3_2\/5 ; 3+2 57 ; 3_2 37}

b) Diéu kién 3<x<28.

bat y=vx-3 (y 20) phuong trinh da cho tro thanh:
J8+y++5—y :5<:>8+y+24/(8+y)(5—y)+5—y:25
SAE+Y)5-y)=6=y +3y-4=0

Gidi ra ta duoc y, =1 (thoa man); y,=—4 (khong thoa man)

Véiy=1tacd: Jx—3=1<x=4

Vay phuong trinh c¢6 nghiém duy nhat x = 4.

Nhan xét: Ngoai cach giai trén, ta c6 thé chuyén mot dau can sang vé kia (c6 lap can thic). Sau do
binh phuong hai vé.

c)Diéukién x+x°>0;x—x*>0;x+1>0

Ap dung bat dang thitc Co-si cho hai s§ khong am ta co:

\/(x+x2).l +\/(x—x2).ls x+);2+]+x—);2+]:x+]

<:>\/x+x2 +\/x—x2 <x+1



o +x’ =1 +x’=1=0
Dau bang xay ra khi {x * @{x *

x—x'=1 x-x’=1=0
Hé trén vo nghiém nén dau bang khong xay ra. Vay phuong trinh da cho v6 nghiém.
Vi du 3. Giai phuong trinh: x> —v/x+5 =5
(Thi hoc sinh gioi tinh Binh Dinh, ndm hoc )
Gidi
Tim cdch gidi. Quan sat phuong trinh ta c6 thé ti€p can cach giai theo cac hudng sau:
- Huéng 1. Quan sat néu nang lén lay thira d€ khir can thi duwoc phuong trinh bac bén, nén néu c6

nghiém thi hoan toan giai dugc bang cach phan tich da thiic thanh nhan tt.

2

2

- Hudng 2. Bai todn 6 dang x* =m +x+m nén c6 the dua vé [x +é} _ (m +éj Tt d6 gidi
ti€p dugc phuong trinh don gian.
- Huéng 3. Bai toan ¢ dang x* = m+~x+m nén cé thé chuyén vé giai hé phuwong trinh doi xtng,
bang cach dat Jx+m= y ta dugc hé phuong trinh:

X’=m+y
{ y=m+x
Trinh bay loi giai

" A +520 —5<x<—/5
Cich1.Tacd: x*—5=+x+5 cb diéu kién {x <:{ * \/7

=520 | xx4/5
Binh phuong hai v€ta dugc: x* —10x* +25=x+35

x* —10x° —x+20:0<:>(x4 + X —4x2)—(x3 +x —4x)—(5x2 +5x—20)=0

<:>(x2+x—4)(x2—x—5):0.

Giai phuong trinh: x> +x—4=0 ta duoc x, =

2

—Z+\/ﬁ_x_—1—\/ﬁ
2 T2

Giai phuong trinh: x’ —x-5=0 ta duoc x, =

]+\/Z'x_]—\/5
PR

! 2
Két hgp vdi tap xac dinh ta duoc, nghiém ctia phuong trinh la:

S_{]+ 21.—1—\/5}

2 2




Cach 2. Xét x? —/x+5 :5<:>x2+x+§:x+5+\/x+5+§

x+é=\/x+5+é (1)

2 2
<:>(x+éj =(\/x+5+é] =
x+§:_\/x+5_§ (2)

- Giai phwong trinh (1): x=vx+5 dk x>0

Suyra x’=x+5< x’—x-5=0 ta duoc x, =

]+\/E.x _1—\/5
PREh

P2
- Giai phuwong trinh (2): x +é =—Jx+5 —é < x+5 =—x—1 véi diéu kién

—5SxS\/§<:>x+5=x2+2x+]<:>x2+x—4=0

_1-17
2

Giai ra ta duoc: x, = (thoa man), x, =

-1+ \/ﬁ .
— (loai).

Két hgp voi tap xac dinh ta duoc, nghiém ctia phuong trinh la:

S:{H\/ﬂ.—l—\/ﬁ}
PR

2
Cach 3.bat Vx+5=y (y>0):>x+5:y2

Két hgp voi phuong trinh dé bai ta ¢ hé phwong trinh {xz =y ()
vy =x+5(4)

Tt phuong trinh (3) va (4) vé trix vé ta duoc:

x' =y :y—x<:>(x—y)(x+y+1)=0

* Treong hop 1. Xét x =y, thay vao phwong trinh (3) ta duogc:

X=x+5<x -x-5=0.

1+N21 121

2 ? 2

Gidi ra ta duoc x, =

* Treong hgp 2. Xét x+y+1=0 < y=—-x—1 thay vao phuong trinh (3) ta duoc:

X=—x—-Il+5x+x-4=0.

—1-~17
2

Giai ra ta duoc: x, = (thda man), x, =

-1+ \/ﬁ .
— (loai).

Két hgp vdi diéu kién ta duoc, nghiém ctia phwong trinh la:



2 2

S_{]+ 21.—1—\/5}

Vi du 4. Giai phuwong trinh: x* +x+12vVx+1=36.
Giai
biéu kién x>-1.

Cach1. bat r =vx+1 (t > 0) phuong trinh ¢6 dang: xt* +12t—36 =0

x = 0, khong phai la nghiém cta phuwong trinh nén x=0. Giai phuwong trinh an t, ta duoc:

_—6—-06\x+1 . _ —6+6Nx+1
= o1, =
X X

t

1

6—6Nx+1

* Truong hop 1. 1=— S ix=—6-6t<(x+6)r=—6 (loai) vi x+6>0,120.

X

—6+6Nx+1
x

Six=—0+6tt=

* Truong hop 2. ¢ = SAx+1= 6L' binh phuong hai vé ta
—X

—X

duoc: )ch]:L2 VOl x<6<x’ —11x*+24x=0<x"-11x+24=0,
36 —-12x+x

vi x #0 < x, =3 (théa man), x, =8 (loai)

Vay tap nghiém ctia phwong trinh la S = {3} .
Cach2. & x> +2x+1=x+1-124x+1 +36<:>(x+])2 :(\/x ]—6)2

- x+I=~Nx+1-6
x+1=6—-+x+1

e Truong hop 1. x+/=Vx+/-6x+7=Nx+1 x> +14x+49=x+1< X’ +13x+48=0 VO

nghiém.

o Truong hop 2. x+1=6-x+1 <x+] =5-x < x+1=25-10x+x° véi dieu kién x<5.
X’ —=11x+24=0.

Giai ra ta dwoc x = 3 (thoa man), x = 8 (khong thoa man).

Vav tap nghiém ctia phuong trinh 1a § = {3} .

Vi du 5. Giai phuong trinh: x> —2x=2y2x—1

(Thi hoc sinh gioi Todn 9, tinh Hai Dwrong, nam hoc 2009 - 2010)

Giai



Tim cdch gidi. Quan sat dac diém ctia phuong trinh, ta thay c6 hai hudéng suy nghi:

e Cach 1. Vi v€ phai xudt hién dang: 2,/f (x) con vé trai xuat hién x?, nén tim cach dwa vé héng

2
dang thuic: (x + a)2 = (4 /f(x) + b) . Sau d¢ giai tiép.
* Cach 2. Dua vé hé phuong trinh d6i xiing loai hai.
Trinh bay loi giai
Cach 1. x’ -2x=2y2x-1< x* =2x+2y2x—1 . Diéu kién x Zé.

? =2x—-1+1(1
<:>x2:2x—]+2\/2x—]+]<:>x2:(\/Zx—l+1) o | XN I+
x==l2x—1-1(2)

¢ Gidi phwong trinh (1): x =v2x-1+1
& x—1=+2x—1 Diéukién x> 1
2 2
o (x-1) =2x-1x* —4x+2=0.
Gidi ra ta duoc: x, =2+2 (thoa man) x, =2-2 (loai).

e Giai phuwong trinh (2): x =—v2x—-1-1 vi x Zé va —2x—1—-1<0 nén phuong trinh v6 nghiém.

Vay phuong trinh da cho c6 nghiém duy nhat: x =2+ V2
Cach 2. Diéu kién x>2
Dat V2x—-I1=y—-1 diéukién y>1. = 2x-1=y>-2y+1 két hop v6i phuong trinh ban dau ta c6

2 _2x=2(y-1 2 _2x—2y=-2
hé phuong trinh {x * (y ) @[x ey

2x—I:y2—2y+] y =2y-2x=-2

xX=y
xX=-y

V& trir vé ta duoc x* -y’ =0 {
* Truong hop 1. Xét x =y suy ra: \2x—/ =x— 1< 2x—1=x"—2x+ 1= x’ —4x+2=0.

Gidi ra ta duoc: x, =242 (thoa man), x, =2-2 (loai).

* Truwong hop 2. Xét x = - y suy ra V2x—I=-x—1.V6i x22 thi 2x-1>0; ~x-1<0= vd
nghiém.

Vay phuong trinh c6 nghiém duy nhat: x=2++2.

Nhan xét. Ki thuat cta bai la viéc chon an phu ttr viéc lam nguoc.



bat v2x-1 :ax+b:>x2—2x=2<ay+b> va (ax-i—b)2 =2x—1.

Dé duoc hé ddi xting thi ta chon a=1; b=-1. Tt d6 ta ¢ cach giai trén. Ngoai ra ta c6 thé binh

phuong hai v€ r6i giai phuwong trinh bac 4. That vay
(xZ—zQZ=4(zn<gcsx4—4x3+4x2—8x+4=0<3(x?—4x+2xx2+2)=0 tr d6 ta cling giai

duoc.

Vi du 6. Gii phuong trinh. x+ V17 -x" +x17-x> =9

(Thi hoc sinh gioi Todn 9, thanh phd" H6 Chi Minh, nam 2008 - 2009)
Gidi

Tim cdch giai. D€ giai dang toan nay, ta thuong c6 hai cach:

* Cach 1. Chuyén thanh hé phuong trinh d6i xting loai 1, bang cach dat phan chita cin bang y.
2 \
* Cach 2. Nhan thay: x* va (\/ 17 - x* ) 6 tong la hang s0, dong thoi trong phuong trinh xudt hién

xvV17—x* , nén chung ta c6 thé dat: x++/17-x* =y . Sau d6 biéu dién phan con lai theo y.
Trinh bay loi giai
Cach 1.Dat y=+17-x’ (y20)2>x2+y2 =17.

2 2
Twr @6, ta cd hé phuong trinh ¥4y =17
xX+y+xy=9

2 - =
bat x+y=u; xy =v. Hé phuong trinh c6 dang w=2v=17(1)
u+v=9(2)
Tt phuwong trinh (2) ta c6 v=9-u thay vao phueong trinh (1) ta dugc:
W =2(9-u)=17 <’ +2u-35=0

Gidiratadwoc: u,=5=v,=4; u,=-7=v,=16.

+y=5
* Trwong hop 1. Xétu=5; v=4tacod {x Y
xy=4
= x, y la nghiém cta phuong trinh X’-5X+4=0 (3). Gidi hé phuong trinh (3) ta duoc
X =1 X,=4

x=1 |x=4
Suy ra ;
{y=4 {y:I



x+y=-7
xy=16

* Treong hop 2. Xét u=-7; v=16 ta cd {
= x, y la nghiém ctia phuwong trinh X’ +7X+16 =0 (4).
Phuwong trinh nay vo nghiém.

Suy ra hé phuong trinh nay vo nghiém.

Vay tap nghiém ctia phuwong trinh [a S = {1; 4} .

Cach 2.

2
Dat: y=x+VI17-x> =y’ =17+2x\17 - x" = x\17 %’ =2 2]7

2

Phwong trinh da cho c6 dang: y+y ;]7 =9y +2y-35=0.

Gidirataduwoc y, =5, y,=-7.
* Truong hop 1. Véiy=5tacd x+v17-x" =5.
V17-x" =5-x dieukién |x|<17;x<5

S17-x"=25-10x+x" = x*-5x+4=0

Giai ra ta dwogc x =1; x =4 (thoa man).
* Truong hop 2. Véiy =-7tacod x+v17-x" =-7

V17 —x? =—x-7 diéu kién x<-7;

Vay tap nghiém ctia phuwong trinh [a S = {1; 4} .

x| < \/ﬁ . Suy ra v nghiém.

C. Bai tap van dung

1.1. Giai phwong trinh: x* —2x+3=2v2x* —4x+3

(Thi hoc sinh gioi Todn 9, tinh Phii Tho, nam hoc 2009 - 2010)
Huéng dan giai - Pap s6

X =2x+3=2N2x"—4x+3 & 2x°  —4x+6 =42x" —4x+3

Dit y=+v2x? —4x+3v6i y20=2x> —4x+3 =y’

Phuong trinh c6 dang y’ +3=4y <y’ -4y +3=0

Giairata dwocyi=1;y2=3

-Voiy=1thi V2x’ —4x+3=12x" -4x+3=12x" -4x+2=0x=1



-Véiy=3thi V2x’ —4x+3=32x" -4x+3=9 < 2x’ -4x-6=0

Giai ra ta duwocx=-1, x=3.

Vay tap nghiém ctia phwong trinh la S = {];—1;3}

1.2. Gidi phuong trinh: Vx*—x-6+x° -x—-18=0

(Thi hoc sinh gioi Todn 9, tinh Thira Thién Hué, nam hoc 2008 - 2009)
Huwéng dan giai - dap s6

Dat Vx° —x—-6 :y(y > 0), phuong trinh c6 dang y+y* —12=0

Giai ra ta dwoc y = 3 (thoa man); y = - 4 (khong thoa man)

Véi y=3=x"—x-6=3x"-x-6=9

_1=N61 __1+V61

Gidi ra ta duoc x, = ;
2 2

1.3. Giai phwong trinh 2x+,fx+‘/x—§ =2.

Huwéng dan giai - dap s6

Dicu kién x zé

2
1/x—i+i :2<:>2x+1/x—i+i=2
4 2 4 2

2
=S x—i:£—2x<:>x—i= i—Zx voi diéu kién xSi
4 2 4 |2 4

<::>x—i=2—6x+4x2 <:>4x2—7x+£:0 Giai ra ta duwoc x = ;xzi.
4 4 2 4

1
2
So sanh véi diéu kién, ta dugc x =é (thdéa man)

A - A 2 \ \ ]
Vay nghiém cua phuong trinh la x = 3

1.4. Gidi phueong trinh:
a) x’ —3x’ +2(x+2)\/x+2 =6x ;



S v v
Huwéng dan giai - Dap s6
a/ x3—3x2+2(x+2)\/m:6x<:>x3—3x(x+2)+2(x+2)m:0
Diéu kién x> -2
Dat \/E=y(y20) phuong trinh ¢6 dang: x’ —3xy° +2y° =0
& x’ —xy? =2xy° +2y° :0<:>(x—y)2(x+2y)20
-Treong hop 1. Xét x—y=0<x=y
SVx+2=xx"—x-2=0 vbi x>0. Giai ra ta dugc x = -1 (loai), x =2 (thda man).

- Truong hop 2. Xét x+2y=0 x+2Vx+2=0

2
<:>(\/x+2+]) =3 x+2+]=\/§<:>x=2—2\/§
Vay tap nghiém ctia phwong trinh la S = {2;2—2\/§ }

b) Pit t=Vx—1(t20)=>F +y5+1=5
i 1 Y 1Y
<:>t2+t+—=t+5—\/t+5+—<:>[t+—j :[\/t+5——j
4 4 2 2
1 1{ . 1 1
<:>I+E=\/t+5—3(wt+5>0,\/t+5 >Ej

St+l=At+5 P2 +2t+1=1+5

NI 1417
— (loa

o’ +1—4=0gidirata duge ¢, = i), 1, = T(théa man)

Voi t=

\/ﬁ—ljmzx/z—zszzz—;/ﬁ

2
1.5. Giai phuwong trinh: V16 —-8x—3x> =x* +3x—4 .
(Thi hoc sinh gioi Todn 9, tinh Quang Binh, nam hoc 2009 - 2010)
Huwéng dan giai - dap s6
Dit 1=x"+3x-4(20)
=1'=16-8x-3x"=4+x-3x"-9x+12=4+x-3t hay ’ +3t=4+x

£ +3t=x+4

Tt do, ta cd hé phuong trinh
X’ +3x=t+4



Trir ting v€ cac phuong trinh ta duoc

£ —xZ+3t—3xzx—t<:>(t—x)(t+x+4)=0

-Truong hgp 1. Xétt=xtacd x’ +3x—4=x < x*+2x-4=0

Gidi ra ta duoc x, = —1++5; X, = —1-+5 (loai)

- Truong hop 2. Xétt+x+4=0tacd X’ +3x-4+x+4=0<x" +4x=0
Giai ra ta dwoc x =0 (loai), x =-4.

Vay nghiém cta phuong trinh la S = {—4;—] +5 }

1.6. Giai phwrong trinh: x = ,f]—i +, /x—i .
x x

Huéng dan giai — Dap s6

Dat u:J]—i; v:,/x—ivdi uz0;v=0;x>1
X X

U+v=x

2 2

Ttr d6 ta c6 hé phuong trinh {
u —vi=I1-x

u+v=x utv=x
= = —
(u+v)(u—v):l—x u—v=1 X
X
]_x 1 2
=>2v=x-— =>2v=x——+1hay 2v=v+lsv=1

X X

Voiv=I1=> x—i:]©x2—x—120

x
Giai ra ta duoc x, = # (loai); x, = ! +2\/§ (thdéa man)
Vay nghiém cua phuong trinh la § = {I +2\/E}

1.7. Gidi phuwong trinh: i+‘/x—i =X+, f2x—£
x x x

(Thi hoc sinh gioi Todn 9, Tinh Nghé An, nam hoc 2011 - 2012)

Huéng dan giai - Pap s6

bat 1/x—i =u; 2x—£ :v(u20;v20)
X X



Diéu kién x—iZO;Zx—EZO
X X
4 4
—tu=x+v U—v=x——

Ta c6 hé phuong trinh {*

Suy ra u’ —v’ +u—v=0< (u—v)(u+v+1)=0

Dou>0;v>0 nén u+v+1>0

Suy ra u—v=0<:>\/x—i:\/2x—£<:>x—i:2x—£<:>x:i<:>x:i2
X

X X X X
s 1 1 3 , -
Thtrla1x=2:>x——=2——=5>0thoaman.
X
1 1 3 N . ~
x=—2:>x——=—2+5=—5<0 (khong théa man).
X

Vay nghiém cua phwong trinh la: x = 2.
1.8. Giai cac phuong trinh:

a) 104X +1=3(x*+2);

b) 2x* +5x—1=7x"—1;

¢) 2(x?+2x+3)=5Vx" +3x7 +3x+2 .

(Thi hoc sinh gioi Todn 9, TP Ha N¢i, nam hoc 2010 - 2011)

Huéng dan giai - Pap s6

a/ <:>]0.\/(x+])(x2—x+]) :3(x2+2) diéu kién x > -1

Dat Vx+1=u;Ax* —x+1 =v(u20;v>0)

Phuong trinh ¢6 dang: 10uv =3 (uz + v2)

< 3u’ = 9uy —uv + 3v° :0<:>(u—3v)(3u—v):0@[u_3v:0
Su-v=0
- Trwong hop 1. Xét u—-3v=0<u=3v
Suyra 3Wx'—x+1=x+1 < 9% —9x+9=x+1< 95> —10x+8=0 vd nghiém.
- Trwong hop 2. Xét 3u—-v=0<v=3u

Suyra VX’ —x+1=3Vx+1 < x’ —x+1=9x+9 < x* —10x-8=0.



Giai ra ta duoc x, :5+\/§;x2 =5-433

Vay phuong trinh c6 tap nghiém la: § = {5 ++/33:5-/33 }

b/ <:>7\/(x—1)(x2+x+1) =2x" +5x—1 diéu kién x> 1

Diat Vx—I=u;Nx* +x+1 =v(u20;v>0)

Phuong trinh ¢6 dang : 7uv = 2v* + 3u’

v—3u=0

<:>2v2—6uv—uv+3u2=0<:>(v—3u)(2v—u):0c>{2 0
v—u=

- Trwong hop 1. Xét v—3u=0 < v=3u. Suy ra:

Vil tx+l=3x—l o +x+1=9x-9 < x* —8x+10=0

Gidi ra ta duoc: x, :4—\/8;x2 :4+\/g

- Trwong hop 2. Xét 2v-u=0<2v=u

Suy ra 2Vx’ +x+1 =Nx—1 = 4x’ +4x+4=x—1< 4x° + 3x+5=0 vd nghiém.

Vay phuong trinh c6 tap nghiém la: S = {4 —J6:4+6 }

of ¢ 2(x* +2x+3) =5 [(x+2)(x* + x+1) dibu kién x> -2

Diat Vx+2 =u;Vx' +x+1 =v(u2 0;v> 0). Phuong trinh c6 dang;:
2(142+v2):5uv<:>2u2—4uv—uv+2v2:0<:>(2u—v)(u—2v):0

- Treong hop 1. Xét u—-2v=0< 2v=u.

Suy ra 2Vx’ +x+1 =\x+2=>4x’ +4x+4=x+2< 4x> +3x+2=0 vO nghiém.

- Treong hop 2. Xét 2u—v=0 Vx> +x+1=2vx+2

Sxl+x+l=4x+8 = x*-3x-7=0

_3-N37 34437
’ 72

Giai ra ta duoc: x, = > >

(thoa man).

2

3—\/5.3%/5}
o

Vay tap nghiém cta phwong trinh: S = {

1.9. Gidi phwong trinh: 3x—17+ x4— I_ V3x+1
x

(Thi hoc sinh gioi todn 16p 9, tinh Phii Tho, nam hoc 2013 - 2014)



Huwéng dan giai — Pap s6
oA LA 1
Diéu kién xac dinh: x > Y x#0

Phuong trinh twong duong v6i 12x° —(3x+1)=4xy3x+1

bat a=2x,b=~3x+1

Ta c6 phuong trinh 34’ —b” = 2ab < (b—a)(b+3a)=0<> b=a hodcb =-3a

Khi d6 V3x+1=2xhodc v3x+1=-6x

-V6i V3x+1=2x,diéu kién x>0, ta co:

V3x+1=2x < 3x+1=4x" < 4x> —3x—1=0 < x = Thoic x=—§ (loai)

_Véi 3x+1=—6x, didu kien ‘éﬁ x<0, tachd:

3-~N153 3++1
72

N3x+1=-6x < 3x+1=36x" < x= hoac x:Tﬁ(loai)

3-153

Vay phuong trinh c6 hai nghiém x=1,x = =

1.10. Giai phuong trinh: 2x° +x+3=3xv/x+ 3

(Thi hoc sinh gioi todn 16p 9, TP. H6 Chi Minh, nim hoc 2014- 2015)
Huéng dan giai - Pap s6

DKXD: x>-3

2x2+x+3=3x\/m<:>(2x—\/m)(x—\/m):0

x>0

<::{ZX—\/)H3:O<:> 2x:\/m<:> x=1 \/7
—\Vx+3=0
X X+ x:\/m x:]+2]3

.]-I-\/E}

Vay tap nghiém ctia phwong trinh la: S = {1, >

1.11. Giai phwong trinh: x° +5x+8 = 3\/2x3 +5x°+7x+6
(Tuyén sinh I6p 10, THPTchuyén Todn, tinh Hung Yén, ndm hoc 2013-2014)

Huéng dan giai — dap s6



Nhan xét: 2x3+5x2+7x+6:(2x+3)(x2+x+2)

DKXD: x > —%

Phuong trinh viét du6i dang (x +x+2)+2(2x+3) = 3,(2x+3)(x* +x+2)

Pat V2x+3 =aNx’ +x+2 =b(a20,b>0)

a=b

Phuong trinh 6 dang b’ —3ba+2a’ =0 < (b—a)(b—2a)=0 <
2a=>

Truong hgp 1. Xéta=b, ta cé: x’ +x+2=2x+3 < x’—x—1=0

]+\/§ ]—\/E

(thdéa man), x=
2 2

Phuwong trinh ¢6 hai nghiém: x = (thda man)

Truong hop 2. Xét 2a=b, tacd: VX’ +x+2=2v2x+3 < x* -7x-10=0

7+@ 7—\/@
2

Phwong trinh c6 hai nghiém: x = > (théaman), x=

(khong théa man).

1445 1=\ 74489

Vay phuong trinh da cho c6 ba nghiém: x = > > >




Chuong
Chuyén dé 23. PHUONG TRINH, HE PHUONG TRINH,
BAT PHUONG TRINH KHONG MAU MUC
A. Mot s6 vi du

, o \ {2x23y2+xy=12(1)
Vidu 1. Giai hé phuong trinh

6x+x¥y=12+6y+y%x(2)
(Tuyén sinh l6p 10, chuyén Todn, Dai hoc Khoa hoc tw nhién Ha Noi, ndm hoc 2014-2015)
Giai
2x* =3y’ +xy= 12(])
{6x +x°y=12+6y+y’x (2)

6x—6y+x’y—y'x=12 (x—y).(6+xy)=]2

{2x2 ~2xy+3xy =3y =12 _ {(x—y)-(2x+3y) =12
Vi v& phai ctia mdi phuong trinh 1a s8 khac 0, nén x—y #0.

x—3=0
y—-2=0

Suyra2x+3y:6+xy¢3(x—3Xy—2):0¢3{
* Trwong hop 1. Xét x—3 =0 = x =3 thay vao phuwong trinh (1) ta duoc:
18-3y° +3y=12y' —y-2=0

Gidirataduwoc y, =—1;y,=2 .

* Treong hop 2. Xét y—2=0= y =2 thay vao phuwong trinh (1) ta duoc:
2 —1242x=12 x*+x-12=0

Giai ra ta dwoc x, =3, x, =—4.

Vay hé phurong trinh da cho cé nghiém (x;y) la: (3;—]);(3;2);(—4;2).
Vx—T++y—1 =3(1)

Vi du 2. Giai hé phuong trinh: {
xy+x+y=x"-2y° (2)
Gidi
Tim cdch gidi. Ta nhan thay néu binh phuong 2 vé phuwong trinh (1) thi thu duwoc két qua khong
kha quan. Vi vay ta tap trung vao phan tich phuwong trinh (2) thanh nhan ti. Sau d6 biéu thi x theo

y, thé vao phuong trinh (1) ta duoc phuwong trinh mot an y. Giai phwong trinh vira nhan dwoc.

Trinh bay loi giai



Diéukién x>1;y>1.
Phuwong trinh (2) <:>(x+y)(x—2y—]):0<:>x—2y—]:0 (vix+y>0)<:>x:2y+1, thay vao

phuong trinh (1) ta duoc:

2y +y-1=30(J2y=2)+(y-1-1)=0

2y—4 y—1-1

2 I
—0(y-2 —0oy=2.
T ez oi+i =0 )[\/5+2+\/y—1+1] =

S x=2y+1=5

Vay hé phuong trinh da cho c6 nghiém (x;y) la: (5;2).

Vi du 3. Gidi hé phuong trinh: {xz For=3(7)
v +y’x+3x-6y :0<2)
Gidi

Tim cdch giai. Cac phuong trinh (1), (2) khong thé dwa vé phuwong trinh tich dwoc. Quan sat
phuong trinh (2) ching ta thay cac hang ti la cac don thic bac nhat hodc bac ba, con phuwong trinh
(1) cac hang tx chi chita bac hai va bac 0. Do vady chtng ta thé phuwong trinh (1) vao phwong trinh
(2) d€ cac hang tir déu bac ba. Phuong trinh méi luén phéan tich da thirc thanh nhan t& duoc, cach
giai trén goi la cdn hing bic.
Trinh bay loi giai
x =y =0 khong la nghiém cua phuong trinh.
Ttr phuong trinh (1) thay vao phuong trinh (2) va thu gon ta duoc:
y’ +y2x+(x—2y)(x2 +xy):0 sy +x’-x’y-xy’=0
& (x+y)(x—y)2 =0<:>{x+y =0

x-y=0
* Truong hop 1. Xét x+y=0< x=—-y thay vao phuong trinh (1): y* -y’ =3 vd nghiém

* Truong hop 2. Xét x—y =0 < x =y thay vao phwong trinh (1): 2y2:3<:>y:\/§<:>y=x: J

2
A 1A . . A \ 3 /3
Vay hé phueong trinh ¢6 nghiém (x; y) la {, /5 A /EJ

X’ +2xy" +12y =0 (1)

Vi du 4. Giai hé phwong trinh
X +8y* =12(2)



Giai
Tt phrong trinh (2) thay vao phuwong trinh (1) ta dwoc:
x4+ 2xy° er.(x2 +8y2):0
& (x3 +8y3)+(x2y+2xyz)=0<::>(x+2y)(x2 —xy+4y2)=0

x+2y=0
x’—xy+4y’ =0

* Truong hop 1. x+2y =0 < x =-2y thay vao phuong trinh (2) ta duoc:

o4y’ +8y' =12y’ =l<y=+1.Suyrax=7 2.

* Truong hop 2. x* —xy+4y’ =0 < x =y =0 thay vao phuong trinh (2) vd nghiém.
Vay phuong trinh cé nghiém (x;y) la: (—2;]);(2; —I) .

) o . x2+y2+xy+lz4y(]>
Vi du 5. Giai hé phwong trinh
(xZ +])(x+y—2) = y(2)

(Thi hoc sinh gidi Todn 9, tinh Bic Giang, nidm hoc 2013-2014)
Giai
Tim cdch gidi. Bai todn kha kho phat hién cach gidi. Quan sat ki cdu tao mdi phuong trinh, ching
ta nhan thdy néu tir phuong trinh (1) x*+1=4y-y’—xy thé vao phuong trinh (2) thi hai vé& ¢
nhan tir y chung, nén cé kha nang giai dwoc dé dang, d6 1a cach giai 1. Ngoai ra, phuwong trinh (1)
6 thé 1am xuat hién x*+1 va x+y—2 nén ta nghi téi dat &n phy, d6 1a cach giai 2.
Trinh bay loi giai
Céch 1. Ttr phuong trinh (1) suy ra: x* +1= y(4 —x —y).
Thay thé vao phuong trinh (2) ta duoc:
y(4—x— y)(x+y—2):y <:>y[(4—x—y).(x+y—2)—]] =0
* Treong hop 1. Xét y = 0 thay vao phwong trinh (1) ta duoc:
X’ +1=0 vo nghiém.
* Trwong hop 2. Xét (4—x—y)(x+y—2)—] =0
Dit x+y=t, taduoc: (4—1)(1-2)-1=0=1r -61+9=0<1=3.

Suy ra x+y=3= x=3-y thay vao phuong trinh (1) ta duoc:

(3—y)2+y2+(3—y)y+]:4y<:>y2—7y+10:0.Giéi rataduoc: y, =2;y,=5.



*Voiy=2tadwocx=3-2=1.
*Voiy=>5taduwocx=3-5=-2.
Vay hé phueong trinh da cho c6 nghiém (x; y) la: (1;2);(—2;5 ) .

Céch 2. * Xét y = 0 thay vao phuong trinh (1) ta dwoc: x° +1=0.
Phwong trinh vo nghiém.
* Xét y # 0 hé phuwong trinh c6 dang:

2

) X+
1 -2)=2
(x + )+y(x+y ) y y

]+(y+x—2):2

2 _ 2
()C +]).(X+y—2)—y X +].(X+y—2):]
y
2 + :2
Dit = +]=u,x+y—2=v hé phuong trinh c6 dang;: {u ’ ;
y uy =

Suy ra u, v 1a nghiém ctia phuong trinh x> —2x+/=0<x, =x,=1

el Py ]= Py=3 Pyx-2=0
Dodbu=1,v=1={ y @{x 3—y<:>{x N x@{x e
y=3-x

y=3-x y=3—-Xx

x+y-2=1
Giai hé phuong trinh trén ta duoc nghiém cua hé phuong trinh (x; y) la: (I 2) (—2;5 )

2x y+y\/;=3 4y -3

29x +xyfy =3V4x -3

Giai

Vi du 6. Giai hé phwong trinh {

Tim cdch gidi. Bai toan c6 dang d6i xting loai 2. Suy luan tw nhién ta c6 hai cach giai:
- Cich 1. Banh gia cac an, d€ ching to x =y.

- Cdch 2. V€ trir v€, roi ching to x =y.

Trinh bay loi giai

Cach 1. biéu kién x> %;y 2% )

{2x y+ydx =3 w3 Vo (2Vx +y)=34y-3
2)’\/;+x y =3\J4x-3 \/5(2\/;_,_\/;):3@

*Né&u x >y suy ra v4x—3 >+/4y—3 dan dén:



\/E(Z\/;+x/;)>\/5(2\/;+\/;):>y>x mau thuan.

* Néu x <y teong tu dan dén mau thuan.

Do do x =y suy ra:

2xvx +xx = 3Jdx -3 o 3xdx =34x—3 = X —4x+3=0
—1-+13 14413
2 T

Giai ra, ta dwoc: x, =1, x, =

Vay hé phurong trinh cé nghiém (x; y)la:

1) [—l—x/ﬁ_—l—x/ﬁj_ {—1+\/B_—1+\/§]
;D 5 ; ; :

2 2 2

Cach 2. Tt phuong trinh (1) va (2), v€ trir v€ ta duoc:

2y —y\x +34x—3-3J4y-3=0

- xy(\/;_\/;)+3(4x—3—4y+3)_0

J4x-3+/4y-3
12(\/5—\5)(\/%\5)

Vix—3+4J4y-3

= xy(\/;—\/;)+

=0

+
J4x=3+\J4y-3

@\/;—\/;:0c>x:y

Suy ra: 2xv/x +xvx =3J4x-3 < 3xfx =34x -3 o ¥ —4x+3=0
113 —1+413

2 T

@(&_@)(@ 12 J:O

Gidi ra, ta duoc: x, =1, x, =

Vay hé phueong trinh c¢6 nghiém (x;y) la: (1;1); ;

(1:1) (—]—\/E.—Z—\/EJ [—1+\/E.—1+JE]
2 2 2 2

xz=x+4(1)
Vi du 7. Giai hé phuong trinh: {2y’ =7xz-3x—14 (2)
x+7 =35—y2(3)
Giai
Tk phwong trinh (1) x=xz—-4 thay vao phuong trinh (2) ta dugc

2y* =7xz—=3(xz—4)-14 =y’ =2xz-1



Thay vao phuong trinh (3) ta duoc:

P4 =35-(2x-1) & (x+2) =36 = x+z=6
xX+z=-6

* Truong hop 1. Xét x+z=6 < z=6—x thay vao phuong trinh (1) ta duoc:

x.(6—x):x+4 ex-5x+4=0< x,=lix,=4.

Véi x=1= z=6-1=5; thay vao phuong trinh (3): /+25=35-y’ < y=143.

Véi x=4=7=6-4=2; thay vao phuong trinh (3): 16+4=35-y’ < y= +15 . Vay tap nghiém
hé phuong trinh da cho c6 nghiém (x; y; z) la:

(1:3:5):(1:-3:5)3 (4:15,:2)3 (415 :2).

* Treong hop 2. Xét x+z=-6 ta co:

=—7i\/§
2

X(—6—X)=X+4<:>X2+7X+4=0<:>X

—7—«/52> —5+4/33
2 2

Véi x = z= 3 thay vao (3) ta dugc phuong trinh vo nghiém.

Vi x

—7+\/§ —5—\/_
= 2 —> 7=

5 33 thay vao (3) tim dwoc y = +433 .

Vay tap nghiém hé phuong trinh da cho c6 nghiém (x; y; z)la:

(—7+2\/§;%; —5—2\/5}{—7—2\/5;_%; —5+2\/§J

x> +xy+y’ =1(1)
Vi du 8. Giai hé phuwong trinh {y* +yz+2z° =4(2)

2 +zx+x° =7(3)

Giai

Tim cdch gidi. V& trai cia moi phuong trinh, cac bién c6 vai trdo nhu nhau, con vé phai la ba 8 1; 4;
7 cach déu. Do d6 rdt tu nhién chiing ta nghi t6i viéc v€ trit v€ ctia hai phuong trinh dé duoc hai
phuwong trinh méi cé vé& phai 1a - 3, tir d6 so sanh vé& trai. Chting ta biéu dién dugc hai an theo an
con lai, tir do6 giai dugc phwong trinh.
Trinh bay loi giai

Trtr ting vé€ cac phuong trinh (1); (2) va trir tieng vé€ cac phuong trinh (2); (3) ta dwoc:



Xz—z2+xy—yz=—3<:> (X_Z)(X+Y+Z):_3
y —x+yz—zx=-3 (y—x)(x+y+z):—3
Suyra: x—z=y-x<2x=y+z (4).

T phuong trinh (1) va (3) v€ trir vé ta duoc: y* —z° +xy —zx =—6 < (y —z)(x+y +z) =—6 két hop

v6i (4): (y-2).3x=—6 & y-z=-=
Mat khac y+z=2x.

Suy ra: y =x —l; z=X+ 1 thay vao phuong trinh (2) ta duoc:
X X

2 2
[x+1] +[x+lj(x—l]+(x—lj =4 3x -4x*+1=0
X X X X

V3 V3

Giairata duoc: x, =1, x, =1 X, =—; X, =———
3 3

e Véix=1suyra: y=1-1=0; z=1+1=2.

e Véix=-1lsuyra: y=1+1=2;z=1-1=0.

Vi3 23 B3 43

* Voi x:% suy ra: y =—-—

3 B 3 T3 RT3

.. 3 Vo3 23 33 —4[
e Vii x=——"suyraay=—+—==——;z2=———-——
3 3 3 3 3 B3

Vay hé phuong trinh da cho c6 nghiém (x; v z) la

NN 4[}( ﬁ_zﬁ.-m@]

(1;0;2“120)(3 3 3 373 3

x> —2x4Jy +2y =x
Vi du 9. Giai hé phuong trinh < y* oyz42z=y
. 2Z\/; +2x=z

(Thi hoc sinh gidi Todn 9, tinh Bic Ninh, nidm hoc 2009-2010)

Gidi
Tim loi gidi: Bai toan nay la dang hoan vi vong quanh vi vay ching ta nén dung ky thuat danh gia
an. V& trai ctia mdi phuong trinh c6 béng déng ctia hang dang thiec nén chiing ta dwa vao doé dé

danh gia an.



Trinh bay loi giai
biéu kién: x >0;y >0;z>0
2
x=ly) =x=y()
2
| =y-22)

—&)2:2—);(3)

—

58

Hé phuong trinh twong dwong voi (y -

—_—
N

Tt cac phrong trinh (1);(2);(3) ta co:

x—y=>0
yV—220=>X2y2z22X=>X=y=2

z—x20

S x=y=z20 0 ho3 1
uy ra &Sx=y=z=0hodc x=y=z=
X—\/_=0

Tht lai thdy thoa man
Vay tap nghiém ctia hé phuong trinh (x; y;z) la (0;0;0);(1;1;1)
B. Bai tap van dung

P 2xy+x-2y+3=0
1.1. Giai hé phuong trinh: * ALy
Y =X +2xp+2x—2=0

Huéng dan giai — Dap s6

,{x?—lw+x—2y+3=0(L) {2xhﬂhy+2x—4y+6:0
Ta co: =

Y =X +2xy+2x-2=0(2) Y =X +2xp+2x-2=0

=X+ = 2xp+4x—4y+4=0

c%x—y+2Y:0c>y:x+2

Thay vao phuwong trinh (1) ta dwoc: x* +5x+1=0< x=

_5+21
2

\ [—5—\/5 ,—I—JEM—H\/E .—1+\/E]

Vay hé co hai nghié y) 1
ay hé c6 hai nghiém (x,y) 1a > > 3 >

X' =2y+1=0(1)

1.2. Gidi hé phuong trinh
YV 4+x=3y+1=0(2)

(Thi hoc sinh Gioi Todan 9, tinh Dong Nai, nam hoc 2012 —2013)

Huéng dan giai - Pap s6



Tt phuong trinh (1) va (2) vé trir vé ta duoc

x2_y2_x+y:0©(x_y)'(X+y_]):0<:>|:i;§ji]0:0

Truong hop 1. Xét x—y =0 < x =y thay vao phuong trinh (1) ta dwoc:
x’=2x+1=0<x=1suyra y=1

Truong hop 2. Xét x+y—1=0 <> y=1-x thay vao phuong trinh (1) ta duoc:
X =2(1-x)+1=0<x"+2x-1=0

Giai ra ta duoc: x,:—1+\/§:>y,:1—(—1+\/§):2—\/§;
x,==1=2 =y, =1-(-1-2)=2+2

Vay tap nghiém cta hé phuong trinh (x; ) la (1;1);(—1+ J2:2 —\/E);(—] —J2;2+ \/5)

243x=S (1)

3

1.3. Giai hé phuong trinh: 5
X' -2==(2)
Yy

(Thi hoc sinh gioi Todn 9, tinh Thanh Hoa, Nam hoc 2012-2013)
Huéng dan giai - Pap s6

Ttr phuong trinh (1) va (2) cong v€ véi vé ta duoc

3

X’ +3x:i3+£<:>x3 —i+3x—£:0<:>(x—£].( ? +ﬁ+iz+3j:0

y oy y Y y y oy
2
Ta c6 x2+§+iz+3:[x+ij +iz+3>0 nén x-2-0ex=2 thay vao phuong trinh (1) ta
yoy y y Y y

duoc:

—-1=0 =1
2+£:i3<:>y3+3y2—4:0<:>(y—1)-(y+2)2:OC:’ Y =|”
vy y+2=0 y=-2

- Véi y:]:x:§:2

- Véi y=—2:>x:%:—]

Vay tap nghiém cta hé phuong trinh (x;y) la (2;1),;(-1;-2)



y=x(1)
1.4. Giai hé phuwong trinh: {z=xy(2)
1 1

1103
X y z

(Thi hoc sinh gioi Todn 9, tinh Quang Ngai, nam hoc 2011-2012)
Huéng dan giai - Pap s6

Tt phrong trinh (1) va (2) thay vao phuong trinh (3) ta dugc:

6
———:—3:x2—x:6<:>x2—x—6:0
x x x

Giai ra ta dwoc x, =-2;x, =3
- Véi x, =-2 thay vao phuong trinh (1); (2) ta dwoc y=4,z=-8
- V6i x, =3 thay vao phuong trinh (1); (2) ta dwoc y=9,z=27
Vay hé phuong trinh ¢6 nghiém (x; y;z) 1a (-2:4,-8):(3,9:27)

x+y—-1= 3( 1)
1.5. Giai hé phuong trinh: * 3

(x+y)2+2:—2(2)

X

(Thi hoc sinh gioi Todn 9, tinh Quang Binh, ndam hoc 2011-2012)

Huéng dan giai - Pap s6
Tt phuong trinh (1) suy ra x+y =1 +£thay vao phuong trinh (2) ta duogc:
X

2
[1+£j +2:iz<:>1+i+iz+2=iz<:>3x2+4x+1:0
X

x X X x
Giai ra ta dwocx, =—1;x, =——

- V6i x, =—1 thay vao phuong trinh (1) ta dugc —/+y—-1=-2< y=0

-Véi x, = —é thay vao phuong trinh (2) ta dwoc §+ y-l=-6<y= _714
A 1A \ ~ . A \ -1 —14
Vay hé phuong trinh da cho c6 nghiém (x;y) la (-/;0); (?T)

X yextyt =11
1.6. Giai hé phuong trinh: Yooty =10
Xy-x+xy=1(2)



Huéng dan giai — Dap s6
Tt phuong trinh (1) va (2) vé trix vé ta duoc:
4 3 2.2, .2 2 2 2
X' =2x"y+x".y +x —xy:0<:>(x —xy) +(x —xy):O
x=0
= x(x—y)(xz —xy+1):0<:> x-y=0
X —xy+1=0
- V6i x = 0 thay vao phuwong trinh (1), phwong trinh v6 nghiém.
-V6i x—y=0< x=y thay vao phuong trinh (1) ta duoc x* —x’ +x' =l o x=+l< y==+]
-Véi x* —xy+1=0< x° —xy =—-1 hé phuong trinh viét duéi dang:
x4—xy(x2—xy):] xrxy=1
< 3
x3y—(x2—xy):1 xy=0
- Néu x =0= phuong trinh v6 nghiém
- Néu x # 0 thi y = 0 thay vao phuong trinh (2) suy ra x° =—1 (loai).
Vay hé phuong trinh da cho cé nghiém (x; y) 1a (1;1):(-1;-1).

A (y+D)(x+y+1)=3x"—4x+1
1.7. Giai hé phuong trinh: (y+1)(x+y+1)
xy+x+1=x"

Huéng dan giai - Pap s6

(y+1)(x+y+1)=3x"-4x+1 (xy+x)(x2 +xy+x):3x2—4x+1(])
=
xy+x+1=x°

xy+x=x"-1(2)

Tt phuong trinh (2) thay vao phuong trinh (1) ta dwoc:
(xz—I)(x2+x2—1)=3x2—4x+1c> 2x? —6x2+4x:0<::>2x(x—1)(x2 —2x—2):0
- Véi x = 0 thay vao phuong trinh (2) ta duoc 0.y +0=0°—1= vd nghiém

- V6i x =1 thay vao phwong trinh (2) ta dwoc 1.y+I1=1-1< y=-1

- Xét x? —2x—2=0 giaira ta dwoc x, = 1+~/3,x,=1-/3

2+\/§
I+\/§

2-+3
1-3

+V6i x = 1++/3 thay vao phuong trinh (2) ta tinh duoc y =

+Véi x=1-+3 thay vao phuong trinh (2) ta tinh duoc y =




N . 1++/3 1-3
Vay hé phuong trinh da cho cé nghiém (x;y) 1a (1,=1);| 1+3;——= || 1-/3;—=
yhep g g ( J’) ( ) ( 2+\/§) ( 2_\/}}

x 42Xy + X’y =2x+9(1)

1.8. Giai hé phuong trinh:
X +2xy=6x+6(2)
Huéng dan giai — Dap s6

2
Tt phwong trinh (2) ta cé: xy = % thay vao phuong trinh (1) ta dugc:

2 2
@(xuxyf:zxw@(xu%] x40

P ; 5 3 x=0 x=0
S x'+12x" +48x° +64x =0 = x.(x+4) =0

x+4=0 @ x=—4

- V6i x = 0 thay vao phuwong trinh (1) ta duwoc phuong trinh vo nghiém.
- V6i x = -4 thay vao phuong trinh (2) ta dugc y = 4,25.

Vay hé phuong trinh ¢6 nghiém (x; y)la (—4,4,25).

X' -8x=y"+2y

1.9. Giai hé phuong trinh:
p g {x2_33(y2+1)
Huéng dan giai - Pap s6

X =8x=y"+2y Xyt =2(4x+y)(1)
Taco: § 5 9, ,
¥ =3=3("+1) T |¥-3"=6(2)

2 9.2
Tt phuong trinh (2) ta cé: 2= X 3y

thay vao phuong trinh (1) ta duoc:

3(x3—y3):(x2—3y2)(4x+y)<:>x3+x2y—]2xy2 =0
x=0
<:>x(x—3y)(x+4y):0<:> x—=3y=0
x+4y=0

- Trwdng hop 1. Xét x = 0 thay vao phwong trinh (2) ta dwgc: -3y° =6 = V06 nghiém.
- Truong hop 2. Xét x -3y =0 < x =3y thay vao phuong trinh (2) ta duwogc: 9y° -3y’ =6 < y==+I

- Trwong hop 3. Xét x+4y =0 & x =—4y thay vao phuwong trinh (2) ta duoc:

6 6
16y° -3y =6 < :J_r/—<:>x=—4f—
y y y 3 + 13



6 6 6 6
Vay hé phuong trinh da cho c6 nghiém (x; y)1a (3:1),(=3;=1),| 4|+~ || 4|57y
4y hé phuong trinh da cho ¢6 nghiém (x;y)1a (3;1);( )( 3 13)( 13 13j

x+y—\/5:3(])
x+l+(y+1=4(2)

Huéng dan giai - Pap s6

1.10. Giai hé phuong trinh: {

* Ap dung bt dang thitc C6 — si ta c6:

x+y
2

x+y:3+\/533+ S x+y<6(3)

*Ap dung bat dang thiic ax +by <a’ +b° Jx* +1° ta co:
p 8 g

\/x+1+\/y+1£\/x+]+y+l.\/]+] <:>4£w/x+y+2.\/§<:>x+y26(4)
Tt (3) va (4) suy ra x+y =6 . Dang thitc xay ra khix =y =3

Vay hé phuong trinh ¢6 nghiém (x; y)la (3;3)

X y+2yx/;=3x\/2x—]
y\/;+2x\/;:3y«/2y—]

Huéng dan giai - Pap s6

1.11. Giéi hé phuong trinh: {

Pidu kién x> L p> L
2 2
o (Ve + 24y) = 3x/2x - 1
Hé phuong trinh c6 dang;:

Vo (Vv + 2V ) = 392y
- Néu x >y suy ra3xy2x—1>3y\/2y—1 dan dén: \/E(\/;+2\/;)>\/E(\/;+2\/;):>y>x mau

thuan.

- Néu x <y tuwong tw dan dén mau thuan.

Do do x =y suy ra: xNx+2xx =3x2x -1 o Jx=2x-1 = x=1
Vay hé phuong trinh ¢6 nghiém (x; y)la (1;1)

x3 + 3 — ZZ
1.12. Tim nghiém nguyén duwong cta hé phuong trinh sau: 4
3xy+z=2"

Huéng dan giai — Dap s6

3 3 2 3 3 2 3 3 2
X +y =z X +y =z X +y =z(1
Tacé:{ 4 <:>{ 4 <:>{ 4 (1)

3xy+z=12° 3xyz+z' =2 3xpz+x’+y =2°(2)
y . . y



Tk phuong trinh (2): x° +y’ -z’ +3xyz:0<:>(x+y—z)(x2 +y’ 47 —xy+yz+zx):0
*Ma x*+y’ +2° —xy+yz+zx:0,5(x—y)2 +0,5(y+z)2 +0,5(z+x)2 >0
Suyrax+y-z=0eox+y=z
Vay vdi x; y; z thoa man x + y = z thi hé phuong trinh c6 nghiém.
Thay x + y = z vao phueong trinh (1) ta duoc:
x+y’ =(x+y)2 ox—xy+y =x+y(vix+y>0)
<:>y2—(x+])y+x2—x:0
Phuong trinh bac hai (any) cé nghiém khi va chi khi:
A=(x+1) -4(x -x)20 e 3(x-1) <4
Do x nguyén duong nén x =1 hodc x =2
Véix=1suyray=2;,z=3
Véix=2suyrayi=1,z1=3
y2=2;72=4
Vay hé phuong trinh ¢6 3 nghiém nguyén duong (x;y,z)1a (1:2;3),(2:1,3):(2,2:4)

Vr+y=7

Vx=20+y+3=6

1.13. Giai hé phuong trinh: {

(Thi hoc sinh gioi todn 9, tinh Binh Dinh, nam hoc 2008 - 2009)
Huéng dan giai - Pap s6
Diéu kién x>20;y>0

bat u=\/x—20;v:~/y+3(u20,‘\)20)

Suy ra x=u2+20,'y:v2—3

il +20+\0V =3 =7(1)

trong do u<6,v<6.
u+v==6(2)

Hé phuong trinh da cho c6 dang {

Tt phuwong trinh (1) binh phuong hai vé ta duoc:

u2+20+v2—3+2\/(u2+20)(v2—3)=49 3)

Tt phuong trinh (2): v=6-4 thay vao phuong trinh (3) ta duoc:



> +20+(6-u)’ —3+2\/(u2 +20)(u’—12u+33) =49

o \/(u2 +20)(u’ ~12u+33 = —” + 6u—2
o (u*+20)(u® ~12u+33) = (—u® + 6u—2)
o 13u® 216U +656 =0

Giai ra ta dwoc u, =4,;u, = % > 6 (loai).

Vx—=20=4 {x:36
=

y=1

Véiu=4thiv=2suyra
y+3=2

Vay hé phuong trinh da cho c6 nghiém (x; y)la (36;1)

X' +y’ =4(1)

1.14. Cho hé phwong trinh véi an x: , ,
X +(5y+2)x+4y’ +2y<0(2)

Tim y sao cho hé trén cé nghiém x.

(Thi hoc sinh gioi toan 9, TP. H6 Chi Minh, nim hoc 1992 — 1993 — Vong 2)
Huéng dan giai — Dap s6

Tt (1) cod y' =4—x"<4 dodd -2<y<2

Tacd x=+/4-y° vbi -2<y<2.Hé cd nghiém.

(«/4—y2 )2+(5y+2).«/4—y2 L 4y? 2y <0
(—\/4—)/2 )2+(5y+2)(—«/4—y2)+4y2+2y<0

(5y+2)4/4—y2 <-3y’-2y-4
(5y+2)4-y* >3)" +2y+4

S|5y+24-y" >3y +2y+4

o (5y+2) (4-7)> (3 +2y+4)

&34y +32y° —68y° —64y <0
& 2y(y'=2).(17y+16)<0

@—g<y<—\/§ hodc 0 <y <2

Do d6 gid tri y d& hé c6 nghiém x 1a 0< y <+/2 hodc —]76<y <2



37 +2y —4xy+x+8y—4=0

2

1.15. Giai hé phuong trinh:
¥ =y +2x+y-3=0
(Thi hoc sinh gioi toan 9, tinh Phii Tho, nam hoc 2013 - 2014)
Huéng dan giai - Pap s6

3 +2y —dxy+x+8y—4=0 [3xX°+2y —dxy+x+8y—4=0 (1)
Ta co: &
’ 2x° =2y" +4x+2y-6=0 (2)

¥ =y +2x+y-3=0
Lay (1) trie (2) theo v€ véi vé ta co:
(xz—4xy+4y2)—3(x—2y)+2=0<:>(x—2y)2—3(x—2y)+2:0

& (x=2y-1)(x—2y-2)=0<x=2y+IThodc x=2y+2

-V6i x=2y+1, thé€ vao (2) varat gon, tacd y(y+3)=0< y=0 hodc y=-3
Suyrax=1,y=0hodcx=-5y=-3.

-Véi x=2y+2, thé vao (2) va rat gon ta co:

3y2+13y+5:0<:>y:% hoac y:L V109

6

—7+~N109 —13++109
Suyra x= Y=
3 6
v -7 =109 —13-~109
Hoac x = 3 Y= 5

Vay hé phuong trinh ¢6 tap nghiém (x;y) la

S= {(1;0);(_5;_3){—7+;/@ .13 +6\/@};[—7—;/@ =13 —6\/@)}

y=2Jx-1
Jx+y=x"-y

(Thi hoc sinh gioi toin 9, TP. H6 Chi Minh, nam hoc 2014 - 2015)

1.16. Giai hé phuong trinh: {

Huéng dan giai — Dap s6

DKXD: x>1va x > —y.

y=2Nx-1 y=2x-1
=
\/x+y=x2—y Nx+23V0x—1=x"=2Vx-1

Do x+2\/;:(\/:+1)2nén:



Viltl=x -2x—1e&x —1=3Vx-1 (X -1} =9(x~1)
x=1=y=0

= (x—])(x—Z)(xz +3x+5)=0c>{x:2:>y:2
Vay tap nghiém ctia phuong trinh 1a (x;y) € {(1;0):(2:2)}

2 2
X +y +xy=2
1.17. Giéi hé phuong trinh: yory
3 3
X +y =2x+4y

(Thi hoc sinh gioi todn 9, tinh Ngh¢ An, nam hoc 2014 - 2015)
Huéng dan giai - Pap s6

, {x2+y2+xy:2 {XZ‘*‘)/Z"'XJ/—? (1)
Ta co:

Yayi=oxrdy |(x42) (- yT)=2x+4y (2)

Tt phuong trinh (1) thé vao phwong trinh (2), ta duoc:

(x+2)(2-2xp)=2x+4y =X’ y+xy°+y=0

y=0
Sy Xr+l)=0s
y( Y ) X +xy+1=0

- Trwong hop 1. Xét y = 0 thay vao phuong trinh (1), ta dwoc x=++/2.

- Truong hgp 2. Xét x’+xy+I1=0=x"+xy=-1, thay vao phuwong trinh (1) ta duoc
Y =3sy= +3

Suy ra x’ #/3.x+1=0 c6 A<0=> phuong trinh v6 nghiém.

Vay hé phuong trinh ¢6 nghiém (x;y)la S = {(\/50)(—\/30)} )



Chuyén dé Bai Toan Thuc T€ - DAI SO

Chuong I
CAC BAI TOAN THUC TE SO HOC VA DAI SO
CHUONG TRINH PANH GIA HOC SINH QUOC TE PISA
A. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

~ Bat dau tir mot van dé thuc t&

— Dién dat lai noi dung van dé duoc dat ra theo cac khai niém toan hoc va xac dinh cac
kién thirc toan hoc c6 lién quan.

- Chuyén bai toan thuc t€ thanh bai toan dai dién trung thue cho hoan canh thuc t€
thong qua qua trinh ddt gia thuyét, tong quat, hinh thiec hoa.

- Giai quyét bai toan bang phuong phap toén hoc.

- Lam cho 10i giai cé y nghia ctia hoan canh thyec tién bao gom xac dinh nhitng han ché

cua loi giai.

C6 thé minh hoa phuong phap giai nhw hinh vé

5
Loi giai thuc td — gl todn hod
5
4
~ o 12,3 T O
Wan de thuc té] > Wan dé toan hocl
Thé gidi hién thuc Thé gidi toan hoc

Vidu 1 (Van trueot)

Eric la mot ngwoi rat thich mon trwgt van. Anh dy dén mot ctra hang co6 tén 1a SKATER dé
xem gia ca ctia cac loai van truot.

O ctra hang nay ban c6 thé mua van trugt hoan chinh hodc ¢é thé mua cac bd phan roi cua
noé: than van, mot bo phan 4 banh xe, 2 truc, 1 bo cac chi tiét di kem (vong bi, miéng dém cao
su, bu-16ng va cac dai 6c) va te 1ap cho minh mot cai van trieot. Sau day 1a bang gia ctia ctra
hang (Hinh vé).

Bang gia cua ctra hang

Cac mat hang Gia (zed)
Van truot hoan chinh 82 hodc 84
Than van 40, 60 hoac 65
Mot bo 4 banh xe 14 hoac 36
Mot b gom 2 truc 16
M6t bo céc chi tiét 10 hoac 20
(vong bi, miéng dém cao
su, bu-16ng, dai 6c)
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Cau hoi
Eric ¢4 120 zeds va mudn mua mot van truot tot nhat tong kha nang co6 thé. Eric ¢ thé tra
bao nhiéu tién cho mdi bo phan ctia vén triegt. Hay viét cau tra 10i vao bang dwdi day:

Bang liét ké s6 tién Eric

tra khi mua cac bo phan cua van truot

B6 phan So tién (Zeds)

Than van

Mot bo 4 banh xe

Mot b gom 2 truc

Mot bo cac chi tiét (vong bi, miéng dém cao

su, bu - 16ng, dai dc)

Ta c6 nhitng phan tich sau d6i vdi bai toan:

Van dé duoc dét ra la chon mua van truot ¢d chat luong tot nhat. Day la tinh hudng thuc té,
thue sw phan anh thuc t€ cudc song hang ngay cta nhiéu Hoc sinh vi hau hét chi c6 mot
lwgng tién nhat dinh dé chi tiéu va mudn mua van truot chat lwgng tot nhat véi s6 tién minh
c6. B6i véi nhitng hoc sinh khong quen véi van truot thi cac hinh anh duoc dua ra dé€ cung
cap thém cac thong tin can thiét.

C6 4 thanh phan cho mét chiéc van truot va hoc sinh phai lwa chon 3 trong s6 4 thanh phan
d6 (vi chi c6 mot muc gid cho mot bd truc). Hoc sinh ¢6 thé dé dang xac dinh cac so tién dé
mua khi thay d6i cdc thanh phan va so sanh n6 véi s6 tién ban dau. C6 thé xay dung ban tinh

ban dau nhu sau:

Than van 40 60 65
Mot bo 4 banh xe 14 36

Mot b gom 2 truc 16

M6t bo céc chi tiét 10 20

Tong soO tién Eric cd 120

Can tim 4 s§ ma tong t&i da ctia ching nho hon hodc bang 120. Nhitng han ché d8i véi
nhtng con s0 la: s6 dau tién la 40, 60 hodc 65; s thit hai la 14 hodc 36; sO thit ba la 16; s thi
tw 1a 10 hodc 20. Bai toan c6 thé dwoc dién dat dwédi dang ngdn ngtt toan hoc nhu sau:

Tim 3 s6 a,b,c la s0" tw nhién khic 0 biét rﬁng a+b+16+c¢<120 (hay a+b+c<104) véi diéu
kién a = 0,b = 0,c = 0 va a € {40;60;65},b € {14;36},c € {10;20} .

Tir day ta cd 10i giai bai toan:

Cach 1:

Hoc sinh st dung phuong phap liét ké duwoc phuong an cé thé:
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40 14 16 10
60 14 16 10
65 14 16 10
40 36 16 10
60 36 16 10
65 36 16 20
40 14 16 20
60 14 16 20
65 14 16 20
40 36 16 20
60 36 16 20
65 36 16 20

Va tinh tdng cua ching dé tim ra phuong an phu hop la (65,14,16,20).

Tuy nhién cach nay mat nhiéu thoi gian vay cé cach nao do ton thoi gian hon khong? Gido
vién co thé goi y hoc sinh tinh sd tién nhiéu nhat phai bo ra va tim cac phuong én giam gia
thanh.

Cdch 2:

C6 thé thay rang van truot tot nhat c6 gid: 65+ 36 + 16 + 20 = 137 1a qué nhiéu so véi s& tién
ta cd nén can lya chon phuwong an khac. Can giam gia thanh xudng it nhat 17 zeds. Co
nhitng kha nang sau d€ c6 thé giam gia thanh:

Théan van: Co thé giam 5 hodc 25 zeds

Mot bd truc 4 banh xe: c6 thé giam 22 zeds

Truc: khong giam duoc gi

Cac chi tiét: giam 10 zeds

Danh sach trén lam ta thdy dwoc phuong phap ro rang d6 1a giam lwong tién mua banh xe
thi tong sO tién mua sé la 115 zeds va la phuwong an t6i wu nhat.

So sanh hai cach lam ta thdy diéu phai liét ké kha ndang xay ra nhung cach giai quyét sau
ngan gon, gitip ta tim thdy duoc ngay 10i gidi t6i wu va day ciing 1a mot cach lam cé thé ap
dung trong nhiéu tinh hudng khac trong thuc t€ cudc song. Nhu vay khi giai quyét mot bai
todn can suy nghi dén tat ca nhitng giai phap c6 thé, danh gia dé€ tim dwoc giai phap t6i vu
nhat vé mot y nghia nao do (tiét kiém thoi gian, tién bac, cong stc,..)

Qua cac budc trén ta thay rang phuong an t&t nhat tim dwoc 1a (65,14,16,20). Tuy nhién bai
toan trén ciing cho thay mot thue t&€ rang gitta ly thuyét va thuc t& c6 nhitng khéc biét nhat
dinh. Cu thé'la ¢ vi du nay vdi lap luan thich hgp, mot trong nhitng giai phap dua ra o trén
(40,36,16,20) c6 thé duoc coi la “tdt hon” vi du hoc sinh c6 thé 1ap luan r?ang do6i voi mot chiéc
van trugt c6 by banh xe chat lwgng tot la van dé quan trong hon ca.

Vi du 2 (Nhip tim)

Vi Iy do stec khoe, ngueoi ta nén han ché'nhitng no lyc cia ho, vi du nhw trong thé thao nhip tim khong
viegt qud tan s nhat dinh. Trong nhiéu nam qua moi quan hé giiva ty 1€ khuyén cdo giita nhip tim t6i

da va d tudi ciia mot nguwoi dwoc mo ta boi cong thire sau:

3. Toan hoc So do




Chuyén dé Bai Toan Thuc T€ - DAI SO

Nhip tim t6i da dwoc khuyén cdo = 220 — tuoi
Nghién cieu gin thdy cho thdy rang cong thitc nay nén dwoc siva d6i mot chiit. Cong thire méi nhw
sau:
Nhip tim t6i da dwoc khuyén cdo = 208 — (0, 7xtuoi)
Cau hoi 1
Hoan thién bang sau vé nhip tim t6i da dwoc khuyén cdo:
Bang nhip tim tdi da dwgc khuyén cdo

Tudi (theo nam) 9 12 | 15 | 18 | 21 | 24
Nhip tim toi da dwoc khuyén cdo | 211 208 | 205 | 202 | 199 | 196
(cong thikc cil)
Nhip tim toi da dwoc khuyén cio | 201,7 197,5 | 195,4 191,2
(cong thiec moi)
Cau hoi 2
O tudi nao thi cong thiec cii va maoi cho chinh xdc cung mot gid tri va gid tri do la bao nhiéu?
Cdu hoi 3

Ban Hoa chii  ring hiéu s6 ctia hai nhip tim t6i da dwgc khuyén cdo trong bang cé vé gidm di khi tudi

tang lén. Tim mot cong thirc thé hién hi¢u s nay theo tudi.

Cdu hoi 4

Nghién cieu ciing chi ra rang tdp thé duc cé hiéu qud nhdt khi nhip tim la 80% ctia nhip tim toi da
dwoc khuyén cio theo cong thirc moi. Hay viét va riit gon cong thirc cho nhip tim higu qua nhit dé'tdp
thé'duc theo tuoi.

Cdu hoi 5

Cong thirc méi dd lam thay doi nhip tim khuyén cdo theo dg tudi nhw thé' nao? Hay gidi thich cdu tra
107 ciia ban m@t cich 1o rang.

Bai toan cung cap thong tin thuc t€ vé sttc khoe con nguoi. D€ lam dwoc bai toan nay, hoc
sinh can phai chuyén duoc nhitng thong tin da cho trong dé bai thanh phuong trinh dai s6
(hay ham s0), biét van dung cac ky nang dai s6 d€ giai quyét Ian lwot cac van dé dat ra.

Cu thé'la:

- Cau 1 chi yéu cau hoc sinh ky ndng tinh toan don gian dé€ dién s6 liéu vao bang cho
trudce.

- Cau 2 doi hoi hoc sinh phai biét cach biéu dién nhip tim t6i da dwgc khuyén cio theo
hai cong thitc ¢ va méi lan lwgt la hai ham s6 f(z) =220 —2 va g(z) =208 — 0,7z vOi y thé
hién nhip tim t&i da trong mdi phut va z dai dién cho tudi tinh theo ndm. Vi hai ham s& c6
hé s6 géc khac nhau nén do thi cua ching cit nhau tai mot diém. Hoc sinh ¢6 thé tim ra duoc
diém nay bang cach giai phuong trinh

220 — 2z =208 —-0,7z.

Hodc giai hé phuong trinh bac nhét hai an dé suy rala = =40 va y = 180.
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- No6i dung cta cau 3, 4 thuwe chat ing voi kj nang rat gon biéu thie. D6 1a rat gon:
220 — z — (208 — 0,77) va 0,8(208 — 0, 7z).

- Cau 5 sé duoc gidi quyét dé dang néu hoc sinh biéu dién do thi ctia hai ham s& trén
cung hé truc toa do (Hinh vé).

Két hop véi cau 2 ta thdy, khi z > 40 ta c6 d6 thi ham f(z) = 220 — z nam phia dudi d6 thi
ham g(z) = 208 — 0,7z va khi z < 40 thi d6 thi ham f(z) = 220 — z nam phia trén d6 thi ham
g(z) =208 — 0,7z . DBiéu d6 c6 nghia 1a & d tudi trén 40 thi nhip tim duoc khuyén cao & cong
thirc méi cao hon cdng thirc ban dau va thap hon cdng thirc ban dau véi Ita tudi dudi 40.

DO thi bi€u dién nhip tim theo cong thitc cit va méi
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Bai toan trén minh hoa clid nhitngfloi ich cffa togn Hc trong Wiéc! giai quyét nhiing van dé c6

lién quan dén chat lwong cudc song cuia con nguoi. Hoc sinh phai két hop nhiéu ky nang da
hoc: ky nang xay dung ham s, ky nang rat gon biéu thiic, k§ ndng vé va doc hiéu y nghia
thuee t&€ cua do thi...

Vi du 3 (Gia sich)

D& lam dwoc mot gid sdch ngueoi thg mc cin cdc b phdn sau: 4 tim g6 dai, 6 tdm g6 ngdn, 12 cdi
kep nhé, 2 cdi kep 16n va 14 cdi 6c vit. Nguoi thg mdc dang cé 26 tam g6 dai, 33 tdm g6 ngin, 200
kep nhé, 20 kep I6n, 510 cdi dc vit. Nguwoi thg mdc ¢ thé lam dwoc nhiéu nhat la bao nhiéu cdi gid
sdach?

Ta c¢6 nhitng phan tich sau d6i vdi bai toan:
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Van dé dat ra la tim s0 gid sach nguoi thg mdc cd thé lam dwgce. Cau hoi duoc ddt trong boi
canh thé gidi thuc va su thuc té nay la xac thuc tuy nhién it phtrc tap hon so véi hau hét cac
van dé thyce t€ do hau nhu khong cé thong tin khong lién quan hoac duw thira dwoc dua ra.
Mot cai gid sach can s6 tdm gd dai, tim gb ngan, kep nho, kep 16n, 8c vit theo thit tu 1a: 4, 6,
12, 2 va 14. Ching ta c6 theo d@é bai s6 t&m gd dai, tim gd ngan, kep nho, kep 16n, 8¢ vit theo
thw tw la 26, 33, 200, 20, 510.
Can chuyén cau hoi: “Nguoi tho mdc c6 thé’ lam dwgc bao nhiéu cdi gid sach?” thanh mot van dé
toan hoc. D6 ¢6 thé la tim boi s6 16n nhat ctua tap dau tién (4, 6, 12, 2 va 14) théa man tap con
lai (26, 33, 200, 20, 510).
Ttr d6 hoc sinh sé c6 mod hinh toan hoc ctia bai toan thuee té€ trén thuee chat 1a di tim £ 1a so tw
nhién  16n  nhat (k = 0) dong  thoi théa man cac  diéu  kién
4k < 26,6k < 33,12k < 200,2k < 20,14k < 510 (hay noi cach khacla & la sd ty nhién 16n nhat thoa
26 33 200 20 510

man dong thoi cac diéu kién: k< — k<= k<— k< — k<— k=0).
4 6 1 2 14

Tir day ta cd 1oi giai bai toan:

Cdch 1

Hoc sinh c6 thé giai bai toan bang c4ch liét ké theo bang dudi day:
4 6 12 2 14) cho1caigia
(8 12 24 4 28)  cho 2 cai gia
(12 18 36 6 42)  cho 3 cai gia
(16 24 48 8 56)  cho 4 cai gia
(20 30 60 10 70)  cho 5 caigia
(24 36 72 12 84)  chi6 caigia

Tiép tuc liét ké dén khi thdy mot con s6 vugt ra ngoai gia tri cua tap con lai. O bai toan trén,
hoc sinh sé thdy rang néu lam 6 gia sach thi can c6 36 tim gb ngan trong khi theo dit kién dé
bai ta chi 6 33 tim gb ngan. Vay nguedi tho moc cé thé lam duoc nhiéu nhat 1a 5 cai gia sach.
Tuy nhién cach nay kha dai dong va néu s0 liéu dua ra la nhitng con s0 rat 16n thi cach nay
khong kha thi. Vay con cach nao khac khong?

Cdch 2

Hoc sinh c6 thé giai quyét bai toan rat nhanh dwa theo sy wdc tinh: %: 6 + soconlai,

% =5+ soconlai, cac ti sO %;%;% déu 1én hon hodc bang 10. Vay cau tra 1oila 5.
Vidu4

Xay dwng nhirng hinh khoi:
Susan thich xép nhirng khoi hinh tir nhitng khoi ldp phwong nho nhw hinh 1 dwoi day:
Hinh 1
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Susan c6 rat nhiéu nhitng hinh khoi 1dp phwong nhé nhw thé. Ban &y sie dung keo dé' gin cdc hinh khoi
v6i nhau dé dwoc nhitng hinh khoi khdc. Ban dy da gan 8 khéi lgp phwong dé dwoc mot khoi nhuw hinh

2. Hinh 2
L
Cdu hdi 1
Susan cin bao nhiéu khoi ldp phwong nhé dé’lam dwoc mot khoi nhuw trong hinh 3?
Hinh 3
Cdu hoi 2
Susan cin bao nhiéu khoi ldp phwong nhé dé'lam dwoc mdt khoi nhw trong hinh 4?
Hinh 4
//
//
Cau hoi 3 |

Susan nhdn ra ring ban dy di st dung nhiéu cic khoi lgp phwong nhé hon mikc cin thiét dé'lam duwoc
hinh khoi nhw trong hinh 2. Ban dy thdy co thé din cic khoi nho dé dieoc mot khoi trong giong nhuw
hinh 2 nhung rong bén trong. Em cé biét s6'lwong 61 thiéu cdc khoi lgp phwong nhé ma ban &y cin dé
lam dwoc hinh khoi nhw hinh 2 nhwng rong bén trong la bao nhiéu khong?

Cdu hoi 4

Bady gio Susan mudn lam mot hinh khoi trong giong nhw mot hinh khoi dic cé d¢ dai la 6 khoi lap
phwong nho, chiéu rong la 5 khoi ldp phwong nho va chiéu cao la 4 khoi ldp phwong nho. Ban dy
mudn ding it nhat cdc khoi ldp phwong nho bang cich dé’l6 rong lon nhat c6 thé'é bén trong hinh khoi
nay. SO'toi thiéu cdc khoi ldp phwong nho ma Susan cin dung dé’lam hinh khoi nhw trén la bao nhiéu?

Bai toan trén gom mot loai cau hoéi khai thac nhitng kién thirc vé thé tich ctia hinh hop chi
nhat tuy nhién cac kién thttc toan hoc khong dwoc duwa ra mot cach twong minh ma an gidu
dwdi mot loat tinh hudng xay ra trong thuc t€ ma hoc sinh ¢6 thé quan sat duoc. D€ giai
quyeét duoc bai tap hoc sinh can phai hiéu duoc nhitng kién thirc toan hoc an dau bén trong
tinh huéng dua ra la gi. Néu chua thé hiéu ngay duogc thuc chét yéu cau thi véi cau 1 mot
cach ty nhién 1a hoc sinh sé tim cach d& dém cac khdi lap phuong nho. O hinh 1 ¢6 2 16p khéi
1ap phuong mdi 16p c6 2x3=6 khdi lap phwong nho. Vay tong s khdi 1ap phuong sé 1a
6x2 =12 khoi. O hinh 2 véi cach tinh tuong tu ta ciing tinh duoc s8 khéi 1ap phuong can
thiét sé 1a 27 khoi. GV c¢6 thé dua ra cau hoi: Vay dé tinh dwoc sd khoi lap phuong can thiét
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cho mot khoi hinh hop chit nhat bat ki ta ¢6 thé lam thé nao? Dua trén viéc so sanh cach lam
& mdi vi dy, hoc sinh sé ¢ thé nhan xét 1a vé mat thuc chit ta c6 thé tinh s& luwong khoi lap
phuwong can c6 thong qua tinh thé tich hinh hop chit nhat véi méi khéi 1ap phuong nho c6
thé hiéu la hinh 1ap phuwong don vi. Day ciing cd thé la mot cach xay dung cach tinh thé tich
hinh hop chir nhat, hinh 1ap phuong rat ty nhién.

Cau 3, 4 la cau hoi doi hoi van dung sau hon. Véi hinh vé triec quan hoc sinh c6 thé tinh dwoc
ngay sO khoi lap phuong t6i thiéu ¢ cau 3 1a 26 khdi. Tuy nhién muc d kho tang 1én & cau 4,
hoc sinh khong thé dwa trén hinh vé triec quan nita vi vay GV c6 thé c¢é nhitng goi y dé gitp
hoc sinh tim dwoc cach lam. Cu thé c6 thé coi hinh can xay dung gom 4 16p ma mdi 16p gom
c6 5x6 = 30 khoi lap phwong nho. Vay ta c6 thé bo bét cac khoi lap phwong nho & 16p nao ma
khong lam anh hudng dén hinh dang bén ngoai ctia khoi? Cau tra 101 1a chi c6 thé bo cac khoi
1ap phuong nhoé nam & cac 16p gitra trit cac khdi bao quanh. Vay s& khéi lap phwong c6 thé
bd bdt ¢ 16p thit 2 1a bao nhiéu? (12 khoi). Tte d6 tinh duoc s6 luong khoi lap phuong can
thiet la: 6x5x4 —12x2 = 96 khai.

B. LOIBINH

Pisa dwgc xay dung boi cac nha khoa hoc ¢6 uy tin & cac nuwde phat trién nén dam bao tinh
chinh xac. Nhiéu ndi dung cta Pisa hoan toan 4p dung dugc trong chwong trinh Trung hoc
co s0 & nudc ta. Hoc sinh thong qua cac ndi dung ctia Pisa sé thay duoc moi lién hé gitra tng
dung ctia toan hoc va thuc tién cudc song. Hoc sinh cam thay thich tha hang say hoc toan
hon rat nhiéu so véi viéc hoc cac kién thirc toan hoc triru teong, kho khan. Pisa gitp hoc sinh
thay toan hoc that sy hdp dan, thit su bé ich. Pisa kich thich long ham mé, hoc tap cua cac
em hoc sinh. Véi cac cau hoi da dang, phong pht, phtu hop véi nhiéu mtee d¢ trinh d6 hoc
sinh khéc nhau, Pisa giup gido vién danh gia day du duoc nang luc, tw duy, nang lwc ngon
ngtt, nang lic van dung todn hoc vao thuyec tién ctia hoc sinh. Pisa chinh 14 tai liéu quan trong
va can thiét cho viéc day va hoc toan ¢ bac Trung hoc co s6 ¢ nudc ta hién nay.

C. BAITAPLUYEN TAP

Bai toan 1 (Ti gia)

Mei — Ling tir Singapore dang chudn bi dén Nam Phi theo chwong trinh trao d6i sinh vién. Cé dy cin
doi mot s6'do la Singapore (SGD) thanh dong rand Nam Phi (ZAR).

Cdu hoi 1

Mei — Ling biét rang ti gid giita do la Singapore va dong rand Nam Phi la: 1SGD = 4,2ZAR . Mei —
Ling mudn déi 3000 do la Singapore thanh dong rand Nam Phi véi t gid trén. Mei — Ling d6i duoc
bao nhiéu dong rand Nam Phi?

Cdu hoi 2

Quay tré lai Singapore sau 3 thing, Mei — Ling con 3900ZAR. C6 Ay mudn doi thanh do la Singapore
va ti gid lic nay la: 1SGD = AZAR . Mei — Ling d6i dwoc bao nhiéu do la Singapore?

Cdu hoi 3

Trong 3 thing, ti gid d thay doi tiv 4,2 xuéng 4ZAR cho mdi SGD . Mei — Ling c6 loi khong khi cd

doi dong rand Nam Phi thanh d6 la Singapore? Hay duwea ra 10i gidi thich cho cdu tra 1o ciia ban.
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Bai toan 2 (Tro chuyén qua Internet)

Mark (tir Sydney, Australia) va Hans (tie Berlin, Dikc) thuong xuyén trao doi véi nhau bang cdch st
dung “Chat” trén Internet. D¢ c6 thé tro chuyén, ho phdi ding nhip cing mot liic vao mang. DEé tim
thoi diém thich hop, Mark tim & bang miii gio quoc té (Hinh vé) va thay nhw sau:

Bang mui gio quoc té

Greenwic Ntra dém Berlin 1:00 AM Sydney 10:00 AM
Cdu hoi 1
Khi ¢ Sydney la 7 gio chiéu thi ¢ Berlin la mdy gio?
Cdu hoi 2

Mark va Hans khong thé'lién lac voi nhau vao khodng thoi gian tiv 9 Qio sang dén 4 gio 30 phiit budi
chiéu (gio dia phwong) vi ho phai di hoc. Ngoai ra, tir 11 gio toi dén 7:00 sang (gio dia phwong) ho
ciing thé'tro chuyén vi dé la gio di ngil.

Khi nao la thoi gian thudn lpi nhdt dé’ Mark va Hans c6 thé’ tro chuyén véi nhau? Hay viét gio dia

phiwrong vao bang dwdi diy:

Dia diém Thoi gian

Sydney

Berlin

Bai toan 3
Ban Lan ndi v6i ban Tudn rang: “Trdi dat xoay quanh mdt troi va cdch mdt troi 150 trigu km. Néu

khodng cdch nay tang thém mot kilomet thi thoi gian ma trdi dat quay quanh mdt troi ciing chi mit
thém chwa diy é Qidy théi”. Ban Lan ndi cé ding khong néu ta coi quij dao khi trdi dat xoay quanh
madt troi la hinh tron?

Hinh m6 phong quy dao cta trai dat

g ,'. -"-I:'-..' - oy dan &3
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Bai toan 4
Cuwéc phi bwu dién ciia Zealand dwa vao trong lwong ctia cic mdt hang (tinh theo gam), dwoc cho ¢

bang dwéi ddy:
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Bang cudc phi buu dién ctia Zealand

Trong luong (tinh bang gam) Cudc phi
Dudi 20g 0,46 zeds

21-50 g 0,69 zeds

51—-100 g 1,02 zeds

101-200 g 1,75 zeds
201-350 g 2,13 zeds
351500 g 2,44 zeds

501 —1000 g 3,20 zeds

1001 —-2000 g 4,27 zeds

2001 - 3000 g 5,03 zeds

Cau hoi
Jan mudn giri 2 bwu phdm cho mot nguoi ban véi trong lwong Ian lwet la 40 gam va 80 gam. Theo
bang ciedc phi trén thi Jan nén guei 2 bwu phdm thanh mot bwu kién hay giri tach riéng thanh 2 buu
kién thi cd loi hon. Visao?
Bai toan 5 (Sw ting trwong)

Ndim 1998, chiéu cao trung binh ciia nam niv thanh thiéu nién 6 Ha Lan dwoc biéu dién bang biéu do

dwoi day:
Chafu can 5 - i — -
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Biéu d6 veé chiéu &ao cta Tou mien Ha Bafdam 1998

Cdu hoi 1

So voi ndam, chiéu cao trung binh ciia nit thanh nién 20 tudi da ting 2,3cm 1én t6i 170,6cm . Chiéu
cao trung binh cia mot nir thanh nién 20 tudi vao nam 1980 la bao nhiéu?

Cdu hoi 2

Theo biéu do nay, trung binh thoi gian ndo trong cudc doi niv gioi cao nhanh hon nam gioi cung do
tudi?

Cdu hoi 3

Gidi thich biéu do dé' thiy rang toc dj ting trudng vé chiéu cao ciia tré em gdi chdm lgi sau 12 tudi.
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D. DAP SO VA HUONG DAN GIAI

Bai toan 1 (Ti gia)

Cdu hdi 1

Kiéu cau hoi: Cau hai cé cau tra 10i dong.

Dap an: 3000x4,2 = 12600(ZAR).

Cd hoi 2

Kiéu cau hoi: Cau hai cé cau tra 10i dong.

Dap an: 9755GD .

Cdu hoi 3

Kiéu cau hoi: Cau hoi ¢ cau tra 16i mo.

Dép an: C6 thé c6 nhiéu cach 1ap luan nhuw

- C6 lgi vi ¢ dy nhan 4,2ZAR cho 1SGD nhung chi phai tra 4ZAR cho 1SGD.

- Co, boi ty gia hoi doai thap hon, Mei -Ling sé nhan dwgc nhiéu d6 la Singapore hon
v6i s6 tién dang co.

- Cé, boi vi mdi SGD ré hon duoc 0,2ZAR.

- C6, bdi vi khi ban chia cho 4,2 két qua sé nho hon so véi khi ban chia cho 4.

- C9, 6 1oi cho minh boi néu nd khong xudng thi o dy sé nhan it hon khoang 50SGD .
Nhan xét

Hai cdu hoi dau tién cua bai tdp thudc vé nang lwc tdi hién. Ca hai déu yéu ciu hoc sinh lién két cdc
thong tin cung cdp theo yéu ciu tinh toin tuy nhién cdu 2 khé hon vi né yéu ciu dao nguoc suy ngh.
Cau 3 ¢6 mirc dg khé cao hon yéu ciau hoc sinh trwdc hét la xdc dinh cdc dit kién todn hoc cd lién quan,
s0 sanh cd hai cdu tra 101, két ludn vi dong thoi gidi thich két lugn dwa ra. O ki danh gid 2003 c6
79,7% hoc sinh thugc khoi OECD tra loi diing cdu hoi 3.

Bai toan 2

Cdu hdi 1

Kiéu cau hoi: Cau hai cd cau tra 10i dong.

DPap an: 10 gio sang.

Cdu hoi 2

Kiéu cau hoi: Cau hoi c6 cau tra 16i ngan.

DPap an: Hoc sinh sé tra 10i dang néu dwa ra duoc bat ki thoi gian nao phut hop véi diéu
kién da cho va chénh 1éch vé thoi gian la 9 gio. Bap an c¢6 thé duoc 18y tir mot trong nhitng
khoang thoi gian sau day:

Sydney: 4:30 PM - 6:0 PM; Berlin: 7:30 PM - 9:00 AM.
Sydney: 7:00 AM - 8:00 AM; Berlin: 10:00 PM - 11:00 PM.

Nhan xét

Mic du cic dir kién duea ra it va c¢6 ve don gian nhwng ddy la mgt ciu hoi kha phitc tap. Hoc sinh
cin hiéu dwoc rang thoi gian ngi va thoi gian & trieong han ché thoi gian thich hop hai nguwedi 6 thé

tro chuyén v6i nhau. Didu tién cin phdi xdc dinh thoi gian r0i cia mdi ngueoi theo gio dia phwong sau
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do so sanh dé tim diwgc thoi gian ma cd hai c6 thé thwe hién chiing cung mét liic. Theo bdo cio cua
PISA nam 2003, chi ¢6 29% hoc sinh cdic nwéc trong khoi OECD tra loi thanh cong cau hoi nay.

Bai toan 3

Né&u ban kinh ctia quy dao trai dit bang R (km) thi chigu dai quy dao 1a 27R (km). Khi
ta kéo dai ban kinh thém mot km thi chiéu dai cua quy dao méi sé la 2m(R +r) = 27R + 27
(km) (hinh vé):
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Nhu vay quf dao méi chi dai thém™27 km hay xdp xi 6& km. O day dit kién chua biét &
gia thiét chinh 1a t6c d6 chuyén dong ctia Trai dat xung quanh Mat troi, toc do do la 30 km/h
nhu vay thuee chat thoi gian chi tang ¢ gan é giay thoi.

Bai toan 4

bay 1a moét bai tap tuy khong khé nhung c6 noi dung rat thuc té€ gitp gido duc cho hoc
sinh y thttc t6i wu trong suy nghi cling nhu trong viéc lam. Giai bai todn nay hoc sinh sé thay
rang néu gri buu phdm nhu hai buu kién riéng biét thi chi phi sé ré hon néu gii thanh mot
buu kién.

Bai toan 5

Cau 1: 168,3cm .

Cau 2: Ttr 11 — 13 tudi.

Cau 3: C6 nhiéu cach ly giai:

- TO6c d6 tang tredng chiéu cao tir 10 — 12 tudi la khoang 15¢m nhung tir 12 — 20 tudi chi la
17cm.
- Chiéu cao trung binh tang 7,5 cm/nam ttr 10 — 12 tudi nhung tadng 2 cm/ndm trong giai
doan 12 - 20 tudi.
- Db thi khong di 1én ma kéo thang ra.
§2. LAI SUAT NGAN HANG
A. KIEN THUC LIEN QUAN
1. Laidon
SO tién 1ai chi tinh trén so tién goc ma khong tinh trén s6 tién 1ai do s6 tién goc sinh ra. Cong
thire tinh [ai dén: 7= M(1+r.n) .
Trong do:

T :S0 tién ca von lan 1ai sau » ki han;
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M : Tién gti ban dau;
n : SO ki han tinh 13i;
r : Lai suat dinh ki, tinh theo %.
2. Laikép
La s0 tién 1ai khong chi tinh trén s0 tién géc ma con tinh trén s6 tién 1ai do tién goc sinh ra
thay d6i theo ttrng dinh ki.
a. Lai kép, glri mot Ian
T =M1+7r)".
Trong do:
T : S8 tién ca von 1an 13i sau n ki han;
M :Tién gtii ban dau;
n :S0 ki han tinh 13i;
r :Lai suat dinh ki, tinh theo %.
b. Lai kép, gti dinh ki
Truong hop 1: Tién dwoc glti vao cudi moi thang.
Goi n la thang th n (n 1la mot sO cu thé).
+ Cudi thang tht nhat ciing 1a ltc nguwoi d6 bat dau gui tien 7, = M

+ Cudi thang tht 2, nguoi dé cé so tién la:

M(1+7’)+M:M[(l+7’)+1]:ﬁ[(1+7~)2_1]
:%[(14—7“)2 —1]

+ Cudi thang th 3:

%[(MLT)Q —1}(1+r)+%r=¥{(1+r)2 —1]~

+ Cudi thang tht n, nguoi d6 co so tién la:

T :%[(Hr)" -1 .

oo
Ta tiép can cong thirc T bang mot cach khac nhu sau:
+ Tién gtii thang thit nhat sau n —1 kihan (n —1 thang) thanh: M(1 + )"
+ Tién gt thang tht 2 sau n —2 kihan (n —2 thang) thanh: M(1+r)"?

+ Tién gui thang cudi cung la M(1+r)’
SO tién cudi thang n la:
S=MI+r)" +MA+r)" +. . +MA+7r) + MQOA+7)
A+7r)S=MA+7r) +MQA+r)" >+ MA+7r)"" +. .+ M1+7)
rS=MQ1+r) —M

S:%[(l—i-r)” —1].

T
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Trudng hop 2: Tién giri vao dau moi thang
M

T :7[(1+r)" ~1)a+r) .

B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE

PHUONG PHAP GIAI

- Sur dung cong thurce tinh 1ai don, 1ai kép.
- Rat ra két luan bai toan.

Vidul
Ong A vay ngin han ngan hang 100 triéu dong, véi ldi sudt 12% mdi nam. Ong mudn hoan no cho
ngan hang theo cich sau: sau ding 1 thdng ké'tir ngay vay, 6ng bit ddu hoan ng; hai [in hoan no lién
tiép cdch nhau ding mot thang so'tién hoan ng mdi lan la nhw nhau va trd hét no sau ding ba thing
ké’tir ngay vay. Hoi theo cich do, so'tién m ma éng A phdi tra cho ngin hang theo cdich vay dé la bao
nhiéu? Biét rang, ldi sudt ngdn hang khong thay déi trong thoi gian ong A hoan ng.
Lai suat 12% /ndm tuong ting 1% /thang, nén r = 0,01 (do vay ngan han).
SO tién gocsau 1 thangla: T+ Tor—m=T(1+7r)—m.
SO tién gdc sau 2 thang la:

[T+ 7)—m|+[TA+7) = m]r—m=TA+r) —m|[0L+7r)+1].
SO tién goc sau 3 thang la: T(1 + )’ — m[(l +r) + 147+ 1] =0.

. T(1 ’ T(1 i 1,01’ ‘A
Do do: m = 2( ) _ K +§) - ’03 ~ 34 triéu dong.
14+ry+14+r+1 (1+4+r) -1 101"-1

Vidu?2
Ong Tian mong mudn sé hitu khodn tién 20.000.000 dong vao ngay 02/03/2012 & mét tai khodn i
sudt nam la 6,05% . Hoi 6ng Tan cin ddu tw bao nhiéu tién trén tai khoan nay vao ngay 02/03/2007 dé
dat dwoc muc tiéu dé ra?
Goi V, la lwong von can dau tu ban dau, liong von sé duoc dau tu trong 5 nam nén ta co:
20000000 = V(1 4 0,0605)°
= V, = 20000000.(1 + 0,0605) " = 14909965,25 (d).
Vidu3
Mot ngueoi dwoc linh lwong khoi diém la 700.000 d/thing. Cie ba ndm anh ta lai dwgc tang lwong
thém 7%. Hoi sau 36 ndam lam viéc anh ta dwoc linh tat ca bao nhiéu tién?
Tt dau ndm tht 1 dén hét nam thit 3, anh ta nhan duoc
u, = 700000 x 36
Tt dau ndm tht 4 dén hét nam thit 6, anh ta nhan duoc

u, = 700000(1 + 7%) x 36

14. Toan hoc So do6




Chuyén dé Bai Toan Thuc T€ - DAI SO

Ttr dau ndam thir 7 dén hét nam thit 9, anh ta nhan duoc
u, = 700000(1 4 7%)* x 36

Tt dau ndm th 34 dén hét ndm th 36, anh ta nhan duoc
u,, = 700000(1 + 7%)" x 36

Vay sau 36 nam anh ta nhan duoc tong so tién la:

. 12
Uy -ty 41, o+ 1y, = 700000 x 36 x L0 F T
1-(1+7%)

— 450788972 (dong).

Vidu4
Ba Hoa giri 100 trigu vao tai khoan dinh ki tinh 1ai kép voi 1ai sudt la 8% /ndm. Sau 5 ndm ba riit
toan bg tién va dung mot nita dé’siva nha, s6'tién con lai ba tiép tuc dem givi ngdn hang trong 5 ndam
voi cung lai sudt. Tinh s0'tién 1ai thu dwoc sau 10 nam?
Sau 5 nam ba Hoa rut duoc tong so tién la:
100(1 + 8%)° = 146,932 (triéu dong).
Suy ra s0 tién lai la: 100(1 + 8%)’ —100 = L, .
Ba Hoa dung mot nira d€ stta nha, ntra con lai gii vao ngan hang.
Suy ra sO tién ba gui ti€p vao ngan hang la:
73,466(1 + 8%) = 107,946 (triéu dong).
Suy ra s0 tién lai la: 107,946 — 73,466 = L, .
Vay s0 tién lai ba Hoa thu duoc sau 10 nam la:
L + L, ~ 81,412 (triéu dong).
Vidu5
Mot ngueoi ldn dau guri tién vao ngan hang 100 trigu dong voi ki han 3 thdang, ldi sudt 2% /quy theo
hinh thikc 1di kép. Sau ding 6 thing nguwoi dé guei thém 100 trigu dong voi ki han va lai sudt nhw
truée do. Tong so'tien ngueoi do nhan dwoc 1 nam sau khi givi thém tién la bao nhiéu?
Ba thang =1 quy nén 6 thang =2 quy va 1 ndm tng vdi 4 quy.
Sau 6 thang nguoi do6 co tong so tién la:
100.(1+2%)" = 104,04 (triéu dong).
Nguoi d6 giri thém 100 triéu nén sau d6 tong so tién khi do la:
104,04 + 100 = 204,04 (triéu dong).
Suy ra sO tién sau 1 nam nira la:
204,04 x (1+2%)" ~ 220 (triéu dong).
Vidubé6
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Mot ngueoi guei vao ngdn hang 100 triéu dong véi lai sudt ban dau 4% /nam va lai hang nam dwoc
nhdp vao von. Cir sau mot nam 1di sudt tang 0,3% . Hoi sau 4 ndm tong so tién nguoi do nhin dwoc
la bao nhiéu?

Nam tht 1: T = 100.[1 + % ; SO tién 1ai nam thi nhat 1a;

L =T —T =4 (triéu dong).
Twong tw, nam th 2: T, = T,. [1 + f’T(?;]' thi sO tién 1ai ndm tht hai so vdi ndm thi nhat 13;

L, =T, —T = 4,47 (triéu dong).

Nam th® 3: T, = T,.|1+ f(’)—g ; SO tién 1ai nam thit ba so véi nam thit hai 13;

L, =T, — 1T, = 4,99 (triéu dong).

Nam tht 4: T, = T.. [1 + % ; SO tién 1ai nam thi tw so voi nam thit ba 13;

L, =T, —T, =556 (triéu dong).
Tong s6 tién nhan duoc sau 4 nam la:
100+ I, + I, + I, + L, = 100 + 4 + 4.47 + 4.99 + 5.56
= 119,02 (triéu dong).
Vidu?7
Co gido day van guri 200 tri¢u dong logi ki han 6 thdng vao ngin hang véi lai sudt 6,9% /nam thi sau
6 nam 9 thang héi co gido day vin nhdn dwgc bao nhiéu tién cd von va ldi biét rang cd gido khong riit
1ai ¢ tat ca cdc ki han trwdc va néu rut triedc ngan hang sé tra 1ai sudt theo loai ldi sudt khong ki han la
0,002% /ngay (1 thang tinh 30 ngay).
Kihan 6 thang nén mdi ndm cé 2 ki han.

6,9%

Suy ra 1ai suat mdi ki han la: r = = 3,45%.

6 nam 9 thang = 81 thang =13.6 + 3 thang =13 ki han +3 thang.
SO tién co gido thu dwoc sau 13 ki han la: T, = 200.(1 + 3,45%)".
SO tién co gido thu duoc trong 3 thang ti€p theo la:
T, = 200 x (1 4 3,45%)" x 0,002% x 3% 30.
Vay s0 tién c6 gido nhan dwgc sau 6 nam 9 thang la:
T =T + T, ~ 311392005,1 (dong).
Vidu 8
Mot ngueoi guri vao ngdn hang 100 trigu dong voi ki han 3 thang 1ai sudt 5% mdt quy theo hinh thikc
lai kép (sau 3 thdng sé tinh ldi va cong vao goc). Sau ding 6 thing, nguwoi do giri thém 50 trigu dong
v0i ki han va lai sudt nhw trweée do. Cho biét so'tién ca goc va ldi diegc tinh theo cong thirc
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T = Al +r)", trong do A la s6'tién guvi, v la 1di sudt va n la s6'ki han guvi. Tinh tong sotién nguoi
do nhan dwoc 1 nam sau khi giei tién.
Sau 6 thang (2 quy = 2 ki han) nguoi d6 ¢ s6 tién:
T, =100.(1+5%)* — 110,25 (triéu dong).
Sau khi giri thém 50 triéu thi sO tién trong ngan hang la:
T, =T, + 50.
Suy ra s0 tién thu duoc sau 6 thang ntta d€ tron 1 nam la:
T, =T,.(1+45%) = (T +50).(1+5%)".
Vay tong sO tién thu duoc sau 1 nam la:
T=T =T,.01+5%) = (T, +50).(1+5%)" = 176,68 (triéu dong).
Vidu9
Mot ngueoi guei ngin hang 80 triéu dong theo hinh thirc ldi don v6i ldi sudt 3% /quy. Hoi sau it nhat
bao ldu so'tién thu vé hon gip rwdi so'tién von?

Goi z la s6 quy dé thu vé so tién hon gap rudi von

1.8() = 40] .
2
Vi la hinh thttc 13i don nén ta co:
50
80.3%2 > 40 & 7 > == = 16,67 .

Suy ra z phaibang 17 quy.
Vay s0 thang can la: 17.3 = 51 (thang).
Vidu10
Mot nqueoi guei ngin hang 100 trigu dong theo hinh thiec 1ai don véi lai sudt 8% /ndam. Hoi sau 3 nam
tong so'tien thu vé la bao nhiéu?
Vi hinh thtrc 1ai don nén ta c6 tong so tién sau 1 nam la:
100 +100.0,8 = 108 (triéu dong).
Tong sO tién sau 2 nam la: 108 +100.0,08 = 116 (triéu dong).
Tong s6 tién sau 3 nam la: 116 +100.0,08 = 124 (triéu dong).
Vi du 11
Ong Bich dy dinh ddu tw khodn tién 20.000.000 dong viao mot dw dn véi lai sudt ting din 3,35%
trong 3 nam dau; 3,75% trong 2 nam ké'va 4,8% ¢ 5 nam cudi. Tinh gid tri khoan tién 6ng Bach
nhdn dwoc vao cudi nam thir 10.
SO tién 6ng Bach thu dugc trong 3 ndm dau:
T = 20000000.(1+ 3,35%)° = 22078087 (dong).
SO tién 6ng Bach nhan duwgc trong 2 nam tiép theo:
T, = T.(1+3,75%)° = 23764991 (dong).
S6 tién 6ng Bach thu duoc ¢ 5 nam cudi:
T, = T,.(1+ 4,8%) = 30043053 (dong).

Vay s0 tién ma 6ng Bach thu duoc 6 cudi nam thi 10 la:

17. Toan hoc So do6




Chuyén dé Bai Toan Thuc T€ - DAI SO

T =T, = 30043053 (dong).
Vidu12
Ong Bdch giri vao tai khodn 7.000.000 dong. Mot niam sau ong riit ra 7.000.000 dong. Mot nim sau
ngay rit ong nhin dwgc khoan tién 272.340 dong. Tinh ldi sudt dp dung trén tai khodn 6ng Bich.
SO tién 6ng Bach nhan duwgc sau 1 nam la: A(1+r), trong d6 A4 la s6 tién ban dau, r 1a 1ai
suat.
Sau d6 6ng rat s6 tién bang sd tién ban dau nén s6 tién con lai trong ngan hang
AL +7)— A= Ar.
Sau 1 ndm 6ng nhan dwogc so tién 272.340 dong.
Vay ta co:

272340 r =0,0375 = 3.75%
Ar(1 = 272340 1 =
f+) ! & i) 7000000 < r=-1,037 <0.

Vay lai sudt la 3,75%.

C. LOIBINH

Bai toan tinh 1ai suat ngan hang c6 vai tro ddc biét quan trong trong doi song, kinh té. Cac
dang toan nay lién quan tryec ti€p dén viéc phat trién kinh té, ciing nhu gitp cho doi song
nhan dan trd nén giau hon.

Chinh vi thé ching ta can quan tam ciing nhw nghién cttu dén dang toan tinh 1ai suat ngan
hang nay.

D. BAITAPLUYEN TAP

Bai toan 1

Ong Bdch mua chiéc xe gid 10,5 trigu. Mot cong ty tai chinh dé nghi éng Bdch trd ngay 1.800.000
dong tién mdt, 2.900.000 dong cudi 2 ndam tiép theo va 2.000.000 dong cudi cdc nam thir ba va thir tuw.
Biét lai sudt dap dung la 5,85% hoi 6ng Bdch sau 4 ndam con ng bao nhiéu tién?

Bai toan 2

Ong Bdch dy tinh mua tré chdm mot chiéc xe gin mdy, mdy bang cdch trd ngay 2.200.000 dong tién
madt, 3.800.000 dong cudi nim sau va 5.300.000 dong cudi nim ké'tiép. Biét lai sudt dp dung la
6,24% , héi rang gid chiéc xe la bao nhiéu?

Bai toan 3

Ong Bdch thanh todn tién mua xe bang cdc ki khodn ndm: 5.000.000 dong, 6.000.000 dong,
10.000.000 dong va 20.000.000 dong. Ki khoan diu thanh toin 1 ndm sau ngay mua. Voi ldi sudt dp
dung la 8% . Hoi gid tri chiéc xe 6ng Bdch mua la bao nhiéu?

Bai toan 4

Trong vong 4 nam, 6ng Bach giri vao mot tai khoan ldi sudt 8% voi cdc khodn tién lin lwot la:
5.000.000 dong, 6.000.000 dong, 10.000.000 dong, 20.000.000 déng. Ngay sau khi guri tién lin cudi
cung, tong so'tién trong tai khodn ciia 6ng Bdch la bao nhiéu?

Bai toan 5
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Ong Bdch quyét dinh dau tw mdi nam 3.000.000 dong vao mot tai khodn tiét kigm trong vong 4 nim.
Khodn tien dwoc dau tw vao thang 7/2006. Lai sudt nam trén tai khoan nay la 3,75% . Vio thing
10/2010, 6ng Bdch s hitu bao nhiéu tién?
E. DAPSO VA HUONG DAN GIAI
Bai toan 1
Sau khi tra ngay 6ng Bach con no lai: 8.700.000 dong.
Sau 2 nam ong Bach ng lai:
8,7.(1+5,85%) — 2,9 = 6,31 (triéu dong).
Sau ndm thit 3 6ng Bach no lai:
6,31.(1+ 5,85%) —2 = 4,68 (triéu dong).
Sau ndm thit 4 6ng Bach con no lai:
4,68.(1+5,85%) — 2 ~ 2,95 (triéu dong).
Sau 4 ndm Ong Bach van chua tra hét no. Khong nén nhan dé nghi.
Bai toan 2
Goi = la gia tri chiéc xe.

m,,m, lan lrot la s6 tién can tra con lai cudi nam th nhat va nam thi 2.

z — 2200000 = m, x = 10472500, 77
Ta co {m, (14 6,24%) — 3800000 = m, < {m, = 8272500,77
m, (1 + 6,24%) — 5300000 = 0 m, = 4988704,819

Bai toan 3
32.412.582 dong.
Bai toan 4
44.096.960 dong.
Bai toan 5

~ 12.692.033 dong.

§3. DANG TOAN CHUYEN PONG
TRONG GIAI PHUONG TRINH BAC NHAT

A. KIEN THUC LIEN QUAN

1. Phwong trinh mdt an

Cho A(z) va B(z) la hai biéu thirc chtta mot bién = .

Khindi A(z)= B(z)la mdt phuong trinh ta hiéu rdng phai tim gid tri cia = dé cac gid tri
tong tng ctia hai biéu thitc nay bang nhau.

- Bién z duoc goi la an.

- Gia tri tim duwgc cua an goi la nghiém.

- Viéc tim duogc nghiém goi la giai phuwong trinh.
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- Mbi bidu thitc goi la mot vé& ctia phurong trinh.

- Mot phurong trinh ¢6 thé ¢6 1;2;3... nghiém; hodc vo sd nghiém hodc v nghiém.

2. Hai phuwong trinh twong duwong

— Hai phuong trinh goi la twong duwong néu ching c6 cung tap hop nghiém.

— Khi giai phuong trinh ta phai bién d6i phwong trinh da cho thanh nhitng phuwong trinh
twong dwong voi nd. Phép bién d6i nhuw thé goi la phép bién doi twong duong.

3. Phuwong trinh bac nhat mot an

— Dang tong quat ctia phuwong trinh bac nhat mét an: ez +b =10

trong d6 a va b 1a cac hang s6, a = 0 .
— Phuong trinh bac nhét c6 nghiém duy nhat z = — b
a

4. Cac dang phwong trinh thwong gap
— Phuong trinh tich c6 dang: A(z).B(z) = 0.

bé giai phwong trinh tich can nho:

A(z).B(z) =0 < A(z) =0 hoac B(z)=0.

—  Phuong trinh ¢6 an s6 & mau thtec:

Cac budc giai:
— Tim tap xac dinh.
—  Quy dbng mau thtc r6i khir mau.
— Gidi phuong trinh vira tim dwoc.
B. VI DU MINH HQA UNG DUNG TOAN HQC VAO BAI TOAN THUC TE.

PHUONG PHAP GIAI

— Goi phuong trinh bac nhat mdt 4n can tim ¢6 dang: ax +06=0
trong d6 a va b la cac hang so, a = 0 .

—  Phuong trinh c6 nghiém duy nhit z = — b .
a

Vidul
Hai 6 t6 khéi hanh tie hai diém A, B di nguoc chiéu dé ¢ap nhau. Xe thir nhdt chay 0,08 quaing
dwong AB hét 3 gio. Xe thir hai chay % quang dwong ABhét 2 gio 30 phit. Khi hai xe gdp nhau
thi xe thir nhat da chay dwoc 800 km. Tim vdn toc xe thir hai biét rang hai xe khoi hanh cing mot lic.
Goi chiéu dai quang duong AB la z (km).
0,08z

Van toc xe 1 chay tir A la: ; (km/h).
AN . \ Tz b Tz
Van toc xe tht 2 chay tit B la: —: == — (km/h).
120 2 300
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Thoi gian 2 xe chay d€ gap nhau:

0.08z 30000

800 : =2 (h).

Vi hai xe khoi hanh ciing mot Idc nén ta ¢ phuong trinh:
0,08z  7x | 30000
3 300)

xr
Giai ra ta dwoc z = 1500 (km).
Van t6c xe thit hai 1a: Xglgoo _ 35 (km/h).

Vidu2

Hai thanh hop kim déng-kém c6 ti I¢ khdc nhau. Thanh thir nhat khoi lieong 10 kg 6 ti ¢ dong-kém
4:1. Thanh thir hai c6 khoi lwong 16 kg co ti 1¢ dong-kém la 1:3. Ngueoi ta bo hai thanh dé vao 10 luyén
kim va cho thém mdt lwong dong nguyén chit dé’dwpc mét logi hop kim dong-kém cé ti 1¢ dong-kem la
3:2. Tinh khoi lwong hop kim mdi nhin duoc.

Goi m (kg), n (kg) lan lwot la khoi luong dong, kém co trong thanh thit nhat.

,m n m+n 10

Tacdb —=—= =—=
4 1 5 5)

Vay m =8,n=2.

Goi m' (kg), n’ (kg) lan lwot 1a khoi lwgng dong, kém cé trong thanh thit hai.
Ta co: ﬂ/:n—/: m’ ' :E:zl

103 4 4 '
Vay m' =4,n' =12.

Goi z (kg) 1a luong dong nguyén chat cho thém. Khoi lwong dong trong 10 luyén kim la
m+m' + 2 (kg), khoi luong kem 1a n + n’. Ti 1€ dong-kém trong hop kim méi la:
m+m'+z 124z

n+n' 14

Theo gia thiét ti 1¢ nay la 3:2. Ta c6 phuong trinh: 1211 =3,

Giai ra duoc z =9 (kg).

Khoi luong ctia hop kim méila 10+ 16 +9 = 35 (kg).

Vidu3

Mot doan tau khdc roi tinh A di vé phia tinh B. Cung lic d6 mot doan tau hang roi B di vé phia AB.
Cd hai doan tau di voi vin toc khong déi. Sau khi chiing gdp nhau dwoc 2 gio thi chiing cich nhau
280 km. Ké'tir khi SH nhau, tau khach chay thém 9 gio nita thgi‘en B, con tau h%g chay thém 16

gio nita thi dén AB,Héi-vamtoc cia mbi tau, quing dwong AB vi thoi ﬁmz—chqy—ca qudng duong
Tau khach Tau hang

AB ctia moi tau?
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Goi C 1a vi tri hai thu gdp nhau. Sau khi di qua C thi tati hang va tau khach mdi lic mdi xa
nhau hon. Néu goi z (km/h) la van t6c tau khach, suy ra van toc tau hang la

20727 _ 40— 5 (km/h).

Theo gia thiét, ta cd: CB = 9z va AC =16(140 — z) (km).
Mat khac, néu goi ¢ (h) la thoi gian hai tau chay ttr Itic khoi hanh dén khi gdp nhau tai C'.
Do do ta cé: AC = xt;CB = (140 — z)t (km).
16(140 —z) 9z
z 140 — =z
Hay 16(140 — z)* = 92° trong d6 = > 0,140 — 2 > 0 nén 4(140 — z) = 3z . Giai ra ta duoc: z = 80.
Vay van toc tau khach la 80 km/h; van tdc tau hang la 60 km/h.
Quang duong AB = AC + CB =16(1140 — 80) + 9 x 80 = 1680 (km).

Suy ra ta c6 phuong trinh:

Thoi gian tau khach chay quang duong AB la t + 9 (h).

Thoi gian tau hang chay quang duong ABla ¢ +16 (h), trong do
,_AC _16(140 —z) _ 16(140 — 80)
T x 30
Vay thoi gian tau khach chay quang duong AB la 21 gio.

=12.

Thoi gian tau hang chay ca quang duong AB la 28 gio.

Vidu4

Mot cong nhan ¢ mirc lvong 1.000.000 dong/thing. Sau 2 lin nang lwong lién tiép theo cung ti I¢
phin tram, cong nhan dé dwoc lanh lwong madi la 1.254.400 dong/thing. Tinh ti ¢ phan trdm ning
lwong?

Goi 2% la ti 1é phan trdm lwong duoc nang moi ky.

Sau lan nang luong tht nhat, cong nhan d6 dwoc lanh:

1000000 + 1000000 x & =10000.(100 + z) (dong/thang).
Sau lan nang luong thi hai, cong nhan d6 dwgc lanh:

10000.(100 + z) + 10000.(100 + x).ﬁ

=100.(100 + z)* (dong/thang).
Ta c6 phwrong trinh: 100.(100 + z)* = 1254400 .

Hay (100 + ) = 12544 = 100 + & = \12544 =112,

Vay z =12.

Vidub5

Tir m@t cai bon didy dwng 729 lit axit nguyén chdt nguoi ta rot ra m (1it) r6i 46 thém nwéc vao cho
diy bon. Sau khi khudy bon cho déu nguwoi ta lai rot ra m (lit) dung dich axit do, v6i lai d6 nwdc vao
cho didy bon va khudy déu. Sau khi nguoi ta lién tiép lam cong viéc do 6 lan thi dung dich axit trong
bon chira 64 lit axit nguyén chat. Tinh m .

Thé tich axit nguyén chat cé trong bon sau lan roét ra lan tht nhat 1la 729 — m (lit).
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Néu rét nude vao bon cho day thi thé tich axit nguyén chat c6 trong 1 lit dung dich trong bon

la ——.
729
Do d6 theé tich axit nguyén chat duwoc rét ra trong lan thi 2 la:
(729 —m).m (Iit).
729

The tich axit nguyén chat con lai trong bon sau lan rét thi 2 la:
(729 —m).m (729 —m)’

729 —m — - (lit).
729 729
Néu rét nuede vao bon cho day thi thé tich axit nguyén chat cé trong 1 lit dung dich trong bon
la:
(729 — m)*
729
Do d6 theé tich axit nguyén chat dwoc rét ra trong lan tha 3 la:
_ 2
(729 —m)".m (Ift).
729°

The tich axit nguyén chat con lai trong bon sau lan rét tha 3 la:
(729 —m)* (729 —m)’m (729 —m)’

729 7297 7297
Ly luan twong tw nhw cac lan trude, thé tich axit nguyén chat duoc rét ra trong lan thi 4 1a:
_ 3
(729 —m)*.m (Ift).
729°

Thé tich axit nguyén chat con lai trong bon sau [an rét thi 4 la:
(729 —m)* (729 —m)’m (729 —m)"

- = - (lit).
729° 729° 729°
Thé tich axit nguyén chat con lai trong bon sau [an rét thie 5 la:
(T29=m)’ i),
729
The tich axit nguyén chat con lai trong bon sau lan rét thi 6 la:
_ 6
@29 =m)" )
729°
_ 6
Ta c6 phuong trinh % =64.

Déy rang 729 = 27° = (3*)* = 3°.

Vay (729 —m)® = 2°.(3°)° = (2.3°)°.

Hién nhién réng m <729 ,nén 729 —m > 0.

Vay 729 —m = 2.3" = 486 .

Vay m = 243 (lit).

Vidubé6

Ba 6 t6 khéi hanh dong thoi tiv A dé'chay dén B theo ciing mgt dwong. Vin toc xe thir hai l6n hon
vdn toc xe thir nhat 30 km/h nén dén B som hon xe thit nhat 3 gio. Xe thir ba di mot nira thoi gian
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cua xe thir nhat va niea thoi gian con lai no di véi van toc cua xe thir hai nén xe thir ba dén B som
hon xe thir nhit 2 gio. Tinh quang dwong AB?

Goi t (h) 1a thoi gian xe tht nhat di quang duong AB(t > 3).

Suy ra t — 3 (h) la thoi gian xe thit hai di quang duong AB. ¢t —2 (h) la thoi gian xe thi ba di
quang duwong AB.

Van tdc cua xe thit nhat la ATB (km/h).

Van tdc cua xe thit hai la tA—'i’, (km/h).

Ta c6 phuong trinh:
AB t-2 AB (t-2) .,
t 2 t—3 2
t—2 t—2
+ j—
2t 2(t—3)
(t—2)(t —3)+ t(t —2) = 2¢(t — 3)
—Tt+6 = —6t
t=6.
Thay t = 6 vao cac van toc xe thi nhat va xe thit hai ta co:
AB_AB _ 4.
3 6

Giai ra ta dwoc AB =180 (km).

Quang duwong AB dai 180 (km).

Vidu?7

Mot tau hang roi ga A liic 5 gio sang dé’di vé phia ga B. 1 gio 30 phiit sau dé mgt tau khdc roi ga
A chay vé hwéng B vdi vdn toc cao hon tau hang 5 km/h. Vao liic 9 h 30 phiit t6i ciung ngay
khodng cdch gitta hai tau la 21 km. Tinh vdn toc cua tau hang.

A N M B

Thoi gian tau hang chay tir 5 gio sang dén 21 gio 30 phatla 16 gio 30 phut hay % gio.

Thoi gian tau khach chay la 15 gio.

Goi z (km/h) 1a van tdc tau hang.

Suy ra z +5 (km/h) la van toc tau khach.

Gia str vao ltc 9 gio 30 phut t6i cung ngay tau hang dén vi tri M, tau khach dén vi tri N thi
MN =21 (km).

Ta co: AM:BBTaC va AN =15(z +5).

Ta dwoc phuong trinh: ‘33790 —15(x + 5)‘ =2l |3:1: - 150| =42.
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3z — 150 = 42

Va én 2 = 64 hay z = 36.
Wl —150 = —42 " e

Do d6 van toc ctia tau hang 1a 36 km/h hay 64 km/h.
Vidu8
Co hai thanh hop kim A, B chita t1 1¢ phin tram chi khdc nhau. Thanh A c6 khoi lwong 6 kg, thanh
B c6 khoi lwgng 12 kg. Ngueoi ta cit tie A ra mot khiic A’ va cdt tie B ra mot khiic B’ sao cho A'va
B’ c6 khéi lwgng bang nhau. Sau dé ta cho phiin con lai cua thanh Ava khiic B'vao 10 luyén ra hop
kim 1, cho phin con lai cua thanh Buva khiic A’ vao 1o luyén kim ra logi hop kim 2. Cho biét hai logi
hop kim moi 1va 2 c6 cung t 1¢ phian tram chi. Tinh khoi lwong khiic A" hodc B'.
Goi z (kg) 1a khoi luwong ctia khuc A’ (hodc B').

y% la ti lé phan tram chi trong thanh hop kim A4 .

2% la ti 1¢ phan tram chi trong thanh hop kim B,y,z € (0;100).y = 2.

Khéi luong chi trong khiic 4” : % (kg).
Khéi luong chi trong khiic B’ : % (kg).

Khéi Iuong chi trong phin con lai cta thanh A 1a: % (kg).

Khéi lrong chi trong phéan con lai ctia thanh B la: %

(kg).

6—2)y a2 K

100 * 100 (kg)-

(12—-z)z a2 K

100 - 100( 8)-

(6 —z).y + xz
60

Khéi lwong chi trong 6 kg hop kim 1 la:
Khéi luwgng chi trong 12 kg hop kim 2 la:

Ti 1é phan tram chi trong hop kim 1 la: (%).

i

6—2)y+az (12—x)z+ay
600 1200
Phuong trinh twong duong voi:
206 —z)y + 222 = (12— z)z + 2y
& (12-32)y+ (32 —12)2 =0
< (12-3z)(y—2)=0
(véi moi y, z € (0;100)).

Ti 1é phan tram chi trong hop kim 2 la:

Ta c6 phuong trinh:

Vay ta phai co: 12—-32=0 (do y =z ). Suyra z = 4.
Do d6 khoi lwgng ctia khtic A" hay khic B’ la 4 kg.
C. LOIBINH
Chung ta can thiét 1ap duoc phuong trinh bac nhdt theo bién z , trong d6 = la dai luong

can tinh. Giai phwong trinh bac nhat nay ching ta sé tim dwoc gia tri ma dé bai yéu cau. O
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bac Trung hoc co so, dang toan nay la dang toan quan trong va c6 rat nhiéu ttng dung trong
thuec té.
D. BAITAP LUYEN TAP

Bai toan 1

Khodng cdch giita hai thanh phd” A, B la 30 km. Mot xe buyt roi A chay trén xa 1§ dé'dén B voi
vin toc khong doi. Mwdi phiit sau, mot chiéc tryc thang roi A, bay doc theo xa 1§ hwéng vé B. Sau
khi khéi hanh dwoc 5 phiit, triec thing bit gdp xe buyit & phia duwdi, sau do trec thing tiép tuc bay vé
phia B. Khi dén B, truc thing lgp tirc bay tré vé A ngueoc lai dwong cil v6i cing vdn toc va bit gip
xe buyt 20 phuit sau khi tryec thang roi A. Xdc dinh vdn toc xe buyt va vdn toc ciia truec thing.
Bai toan 2
Trong vu liia he thu nam nay hop tic xa nong nghiép 1 thu hoach 21 tin théc moi hecta. Hop tic xa
nong nghiép 2 c6 dién tich it hon 12 hecta nhung thu hoach dwgc 25 tin théc moi hecta. S6'théc hop
tdc xd 2 thu hoach dwoc nhiéu hon hop tdc xi 1 1a 300 tan théc. Hoi s6'thdc thu hoach ciia moi hop
tdc xa nong nghiép.
Bai toan 3
C0 hai logi hop kim dong — kém. Loai thir nhadt co ti 1¢ khoi liegng dong —kém la 5:2, loai thit hai co ti
1¢ khoi lwong dong —kém la 3:4. Hoi phdi si dung bao nhiéu kg loai thit nhat va bao nhiéu kg loai thir
hai dé’tao diegc 28 kg hop kim madi c6 ti 1¢ dong —kem la 1:1.
Bai toan 4
Nguwoi ta d6’ 4 lit dung dich axit sunfuric 70% wvao binh 1 ¢é dung tich 6 lit va d6"3 lit dung dich axit
sunfuric 90% vdo binh 2 ciing c6 dung tich 6 lit.
a) Héi phadi d6'bao nhiéu lit dung dich axit sunfuric tiv binh 2 sang binh 1 dé dwoc mot dung dich
axit sunfuric p% ¢ binh 1.
b) Tim diéu kién ciia p dé’bai todn cé nghiém.
E. DAP SO VA HUGNG DAN GIAI

Bai toan 1

A C

® u
0m

Goi C 1a vi tri triee thang s€ gap xe buyt lac di.
D la vi tri triec thang gap xe buyt lac ve.
Ta tim duoc xe buyt di duwoc quang duong AC trong 15 phut trong khi d6 theo gia thiét thi
triee thang bay qua quang duong AC chi c6 5 phut.
Vay néu goi v (km/h) la van tdc xe buyt thi van tdc triec thang la 3v (km/h).
Tt d6 ta tinh duwoc:

v

4
AB+BD =v=BD=v-30 .

Ac=2.cD
4
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Pua dén phuong trinh: §+§+v—30:30©%:60@v:40 :

Van tdc xe buyt: 40 (km/h), van toc truc thang: 120 (km/h).
Bai toan 2
Goi z (tan) la s thdéc thu hoach cua hop tacxa 1.

z+300
25

12.

St dung gia thiét duwa dén phuong trinh: % -

Vay z = 3150 (tan).

SO thoc thu hoach cua hgp tac xa 2 1a: 3150 + 300 = 3450 (tan).

Bai toan 3

Goi z (kg) 1a khoi lwgng ctia hop kim thit nhat c6 ti 1é dong —kémla 5:2.

Suy ra khdi luong dong trong = kg hop kim thit nhat: 5736 .

Khoi lvong kém trong z kg hop kim thit nhat: 27:1; .

Khéi lwong hop kim thit hai la: 28 — = (kg).
Suy ra tuong tuw khoi lwong dong, kém trong hop kim thit hai.
5 . 3(28 —x)

Pua dén phuong trinh L——T_ —1,

2z 428 — 1)
— + N 7
7 7
Giai phwong trinh ta 9, loai tht nhat: 7 kg; loai thit hai: 21 kg.
Bai toan 4
a) Goi z (lit) la thé tich dung dich axit sunfuric 90% phai d6 tit binh 2 sang binh 1.
Diéu kién 0 <z < 2.

Thé tich axit nguyén chat cé trong binh ltc do:

4x70 LT x 90 (lit).
100 100
Thé tich dung dich axit c¢6 trong binh 1 ltc d6 la:
z + 4 (lit).
Ta dugc phuong trinh: 4 x 70 + 90z = p(z + 4).
Vay » = 22=20 qp),
90—1p
b) Didu kién: 0 <z <2 dindén 0<22=280 5
90 —p
4p —280 >0 230

Suy ra , suy ra 7O§p§T.

4p — 280 < 180 — 2p

§4. DANG TOAN SO TRONG GIAI HE PHUONG TRINH
BAC NHAT HAI AN
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A.  KIEN THUC LIEN QUAN

Dang toan giai toan bang cach lap phuong trinh, hé phuong trinh bac nhat hai dn thuong
xuyén gdp trong nhitng dé thi tuyén sinh 16p 10. Pay la dang toan kho trong chuwong trinh
Trung hoc co s6. Hoc sinh thuwong xuyén quén va chwa biét 4p dung cac kién thirc lién quan
de giai toan.

Khi 1ap duoc hé phuong trinh ta 4p dung cac phwong phép da hoc dé giai tim nghiém cua
bai toan.

- Phuong phap giai tong quat cta loai toan nay la: ta lan luot dat tieng thanh phan la
z,y va dya vao cac gia thiét ctia bai toan d€ lap hai phuong trinh thé hién méi lién quan cua
cac an va tir d6 giai d€ duoc z,y. B6i chiéu diéu kién ctia an.

- Hién nhién, néu sau nay két hop vdi kién thirc phwong trinh bac hai, ta ¢6 nhitng hé
phuong trinh cao hon nhung chung quy lai van dung nhiing kién thiic co so nay.

- Loai todn giai bang cach 1ap hé phuong trinh bac nhat hai 4n s6 ¢ bon dang chinh:
Dang toan vé so;

Dang toan chuyén dong;

+ o+ o+

Dang toan nang suat;
Dang toan tg dung hinh hoc.
Nhac lai cdng thirc lién hé gitra s8 bi chia, s6 chia, thuong va s§ du.

S6 bi chia = (S8 chia) x (thwong) + (s6 dw); (s6 du < s6 chia).
Nhéc lai cich viét s6 c6 hai chit s6 dudi dang mot tong (cau tao sO):
Néu a la chit s6 hang chuc, b 1a chi s6 hang don vi thi

ab=10a+b (Véi a,p e N va1<a<9,0<b<9).

B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE
PHUONG PHAO GIAI

Cac budc giai bai toan bang cach lap phwong trinh

Buéc 1: - Chon an va dat diéu kién thich hop cho an.

- Bi€u dién cac dai luwong chua biét theo an va cac dai lwong da biét.

- Lap cac phuong trinh biéu thi sy twong quan gitta cac dai luong.

Bueoc 2: - Giai phuwong trinh

Buoc 3: - Chon két qua thich hop va tra 1oi.

Cach giai hé phuwong trinh

- Bang phwong phdp thé:

+ Bi€u thi mot an (gia sit z ) theo an kia tit mot trong hai phuong trinh ctia hé.
+ Thay gid tri ctia y vira tim dwoc vao biéu thitc ctia z d€ tim gid tri cuia = .
- Bang phwong phdp cong dgi s6°

+Cong hodc trir tiing v€ cta hai phwong trinh dé khtr an = .

+ Giai phuong trinh c6 mot an y, d€ co y.
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+ Thay gid tri y vira tim duoc vao mot trong hai phuwong trinh ban dau dé tim gia tri cta .
+ Két luan nghiém cta hé phuong trinh.

Cac budc giai toan bang cach 1ap hé phwong trinh

Tuong tu nhu giai bai toan bang cach 1ap phuong trinh bac nhat mot an, chi khac la:

- Phai chon hai an so.

- Lap mot hé hai phuwong trinh.

- Giai hé bang mot trong hai cach: phuong phép thé, hodc phuong phéap cong dai s6 nhue

trén.

Vidul

Ban Vin va ban Lan dén cira hang mua trdi cdy. Ban Van mua 10 qud quyt va 7 qua cam hét
17800 dong. Ban Lan mua 12 qud quyt, 6 qud cam hét 18000 dong. Héi gid tién mua moi qud cam,
quyt la bao nhiéu?

Goi z,y (dong) lan luwot la s6 tién cua 1 qua quyt va 1 qua cam.

Diéu kién z,y > 0.

Nhu vay so tién ban Van phai tra cho 10 qua quyt va 7 qua cam la:

10z + 7y (dong).

Theo gia thiét, ta cd: 10z + 7y = 17800 (1)
SO tién ban Lan tra cho 12 qua quyt va 6 qua cam la: 12z + 6y (dong).
Theo gia thiét, ta cd: 12z + 6y = 18000 (2)
10z + Ty = 17800

Tt (1) va (2) ta c6 hé phuong trinh: L% + 6y = 18000

Giai hé nay ta cé: { =8
y = 1400

Vay gid tién cua mot qua quyt la 800 dong.
Gia tién cua mot qua cam la 1400 dong.
Vidu?2
Mot cong ty c6 85 xe cho khich gom hai loai, logi xe cho dwoc 4 khich va logi xe cho dwegc 7 khdch.
Diing tét cd s6'xe d6, toi da cong ty ché mot lin dwoc 445 khdch. Hoi moi loai cong ty do c6 miy xe?
Goi z,y 1an luot 1a s8 xe chd duoc 4 chd/khéach va loai xe chd dwoc 7 chd/khach.
Diéu kién z,y > 0.
Ta c6: SO xe ca hailoaila 85, do d6 = +y =85. (1)
Ca hai loai xe cua cong ty nay cho toi da la 445 nguoi nén:

dx 4+ Ty = 445 2)
z+y=28b

Tir (1) va (2) ta ¢6 h¢ phuong trinh: LI I

z =50

Giai hé nay ta duwoc: .
y=35
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Vay cong ty nay c6 50 xe ché dwoc 4 chd va 35 xe chd duge 7 chd.

Vidu3

Mot gia dinh c6 bon ngueoi I6n va ba em bé mua vé xem xiéc hét 370.000 déng. Mot gia dinh khac
c6 hai ngueoi 16m va hai e, bé ciing mua vé xem xiéc tai rap dé hét 200.000 dong. Hoi gid bian ciia moi
logi vé nguedi 16m va em bé la bao nhiéu? Biét rang mdi nguoi vio xem phdi c6 mot vé diing han.

Goi z,y (d6ng) lan luot 1a gid tién cua mdi vé nguoi 16n va em bé.

Diéu kién: z,y > 0.

Bon nguoi 16n va ba em bé mua vé xem xi€c hét 370.000 dong nén ta c6 phwong trinh:
Az + 3y = 370000 (1)

Hai ngwoi 16n va hai em bé cling mua vé xem xiéc tai rap dé hét 200000 dong nén ta cé
phuong trinh: 2z + 2y = 200000  (2)

Tt (1) va (2) ta c6 hé phuong trinh:

4z + 3y = 370000 (1) z = 70000
22 -+ 2y = 200000 2 7 |y = 30000

Vay gid mdi vé loai nguodi 16n 70.000 dong.

Gia mdi vé loai em bé 1a 30.000 dong.
C. LOIBINH

Dang toan s6 la dang toan quan trong, c6 nhiéu ting dung trong thuec t€. D€ giai duoc
dang toan nay hoc sinh can phai lap dwgc hé phuong trinh biéu thi moi lién hé gitta cac an.
Ttr do, rat ra loi giai bai toan.
D. BAI TAP LUYEN TAP
Bai toan 1
Tim hai s8 tie nhién, biét rdng tong ctia chiing bang 1006 va néu 14y sd 16n chia cho s& nho thi
dwoc theong la 2 vadwla 124.
Bai toan 2
Tim mét s ¢ hai chir s&. Néu d6i chd hai ctia né thi ta dwoc mot s8 16n hon s6 da cho 1a 63.
Biét rang tong ctia s6 da cho va s6 mdi tao thanh bang 99.
Bai toan 3
Tim s8 tu nhién c6 hai chit s3. Biét rang 14y s6 d6 chia cho chit s§ hang don vi ctia né thi
duoc thuong la 7 va du 2. Néu ldy s6 d6 chia cho tong cac ch s6 thi duoc thuong la 4 va
du 6.
Bai toan 4
Tim s6 tw nhién c6 hai chit s6 biét tong ctia hai chit s§ d6 bang 10. Néu thém chit s6 0 vao
gitta hai chit s0 thi dugc s6 ty nhién c6 ba chit s6 va néu l1dy s tw nhién c6 ba chit s6 nay chia
cho sd can tim thi thuong la 7 va duwla 12.
Bai toan 5.
Tim s6 tw nhién c6 hai chit s6. Biét tdng cac chit s8 bang 8, néu ddi vi tri hai chit s6 cho nhau

thi sO tw nhién d6 tang lén 18 don vi.
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E. DPAP SO VA HUONG DAN GIAI

Bai toan 1

Goisd lon honla z va s6 nho honla y (diéu kién: (z,y € N;y > 124). Theo dé bai, tong hai s&
bang 1006 nén ta c6 phuong trinh:

2+ y = 1006 (1)

V1 14y s0 16n chia cho sd nho thi duoc thuong la 2 du la 124 nén ta c6 phuwong trinh:
r=2y+124 2)

z +y = 1006

Tt (1) va (2) ta co hé phuong trinh: L =2y +124

T =712

Giai hé phuong trinh ta duoc: L/ _ 904

Vay s6 lon la 712 va s6 nho la 294 .

Bai toan 2

Goi chir s6 hang chucla 2 va cht s6 hang donvila y .
Diéu kién: z,y e N;1 <,y <9.

Theo gia thiét ta c6 s6 da cho la: 2y =10z +y.

D61 cho hai chit s6 ban dau thi ta duwoc mot s6 mdi 1dn hon ban dau la 63 nén ta co:

(10y + z) — (10z + y) = 63 (1)
Biét tong ctia s6 da cho va s mai tao thanh bang 99 nén ta co:
(10z + y) + (10y + x) = 99 (2)

Tt (1) va (2) ta co hé phuong trinh:
(10y + z) — (10z 4+ y) = 63
(10z + y) + 10y 4+ z) = 99

Giai hé phuong trinh ta duoc: ; ; 3
Vay s6 can tim 1a 18.

Bai toan 3

Goi 6 can tim ¢6 dang la :v_y )

Piéu kién: 1<2<9,0<y<9.

Khi d6 gid tri ctia s8 zy 1a 10z + .

Khi 1dy s6 d6 chia cho chit s6 hang don vi cua né thi dueoc thuong la 7 va duw 2 nén ta cd

phuong trinh: 10z +y = 7y + 2 < 10z — 6y = 2 (1)
Khi 1dy s6 d6 chia cho tong cac chit sO thi duoc thuong la 4 va du 6 nén ta c6 phuong trinh:
10z+y=4(z+y)+6<6x—-3y=6<=2r—y =2 2)
10z — 6y = 2 =25
Tt (1) va (2) ta c6 hé phuong trinh: Y
20 —y =2 y=2_8
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Vay s0 can tim la 58.

Bai toan 4

Goi s0 can tim ¢6 dang la ac_y .

Diéu kién: 1<2<90<y<9.

Khi d6 gid tri ctia s6 zy 1a 10z + .

Ta c6 tong ctia hai chir s§ d6 bang 10 nén ta c6 phwrong trinh:

r+y=10 (1)

Khi thém chir s6 0 vao gitra hai chit sd thi dwgc s6 ty nhién c6 chit s6 la:
20y = 100z + y

Néu 1ay s6 tw nhién c6 ba chir s6 nay chia cho s6 can tim thi dwgc thuong la 7 va du la 12
nén ta cé phueong trinh:

100z +y = 710z + y) + 12 & 302 — 6y = 12 < 50—y = 2 (2)

z+y=10 {a::2

Tix (1) va (2) ta c6 he phuong trinh: 7" ©

y=2~8
Vay s0 can tim la 28.

Bai toan 5

Goi chir s6 hang chucla 2 va ch s6 hang don vila y
biéu kién: z,y < 9,7 = 0 va z,y la nhing s0 ty nhién.
Tacod: z+y=38

S6 da cho dwoc phan tich thanh 10z +y .

Néu d6i hai chir s0 ta duoc gia tri ctia s6 méila 10y +z.
10y+2-10z—y=18«= 9y -9z =18 —x+y =2
z+y=28 [m =5

Ta c6 hé phuwong trinh: {m L=

y=3

Vay s6 can tim 1a 35.

§5. DANG TOAN CHUYEN PONG TRONG GIAI
HE PHUONG TRINH BAC NHAT HAI AN

A. KIEN THUC LIEN QUAN

Toan chuyén dong cé ba dai luong tham gia vao la: van toc, thoi gian, quang duong.
Cong thite: s = vt (s la quang duong, v la van tdc, ¢ la thoi gian).

Cong thirc tinh van t6c xudi dong va ngugc dong:

e A ) e A
B. Vi DUMINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

Bueoc 1: Lap hé phuwong trinh

- Chon an va dat diéu kién thich hgp cho an (ghi rd6 don vi cua an).
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- Biéu dién cac dai luong chua biét theo an va cac dai luong da biét.

- Dwa vao cac dit kién va diéu kién cta bai toan dé€ 1ap hé phuwong trinh.
Buwoc 2: Giai hé phuong trinh
Buéc 3: Kiém tra, nhan dinh két qua thich hop va tra 1oi.

Vidul

Mot 6 to di tir A va dw dinh dén B lic 12 gio triea. Néu xe chay véi van téc 35 km/h thi sé dén
B chdm 2 gio so v6i dw dinh. Néu xe chay voi van toc 50km/h thi sé dén B sém 1 gio so vdi di
dinh. Tinh d¢ dai quang dwong AB va thoi diém xudt phdt clia 6 6 tai A.

Ta c6 bang phan tich bai toan nhu sau:

S (km) V (km/h) T (gio)
Duw dinh T Yy
Néu xe chay cham | g 35 y+2
Néu xe chay T 50 y—1
nhanh

Tir day ta cd 1oi giai nhuw sau:
Goi z (km) la d0 dai quang dwong AB (z > 35).
Thoi gian dy dinh dén B luc 12h treala y (h), (y >1).

Néu xe chay v6i van tdc 35 (km/h) thi sé dén B cham hon 2 gio so véi du dinh, ta co

phuong trinh:
z = 35(y +2) (1)
Néu xe chay v6i van tdc 50 (km/h) thi sé dén B sém hon 1 gio so véi du dinh, ta co
phuong trinh:
z=50(y—1) )
Tt (1) va (2) ta ¢6 hé phuong trinh: [i Z izg i i))

y=38

Giai hé phuong trinh ta duoc: LU _ 350

Vay quang duong AB 1a 350km va thoi diém xudt phat ctia 6 to tai A 1a 12 -8 = 4 (gio).

Vidu?2

Hai 6t6 A va B khoi hanh cting mot liic tir hai tinh, cich nhau 150km, di nguwoc chiéu va gap
nhau sau 2 gio. Tim vdn toc ciia mdi 6 to, biét rang néu van téc cua 6 to A ting thém 5 km/h va vin
toc ctia 6 t6 B gidm di 5km/h thi vdn toc cia 6 t6 A bang 2 lin vn toc clia 6 t0 B.

Goi van toc caa 6 td6 A 1a z (km/h), (z > 5).

Van técctia 6 td6 B 1a y (km.h), (y > 5).

Hai 6 t6 A va B khoi hanh cuing mot ltc tir hai tinh, cach nhau 150km, di nguwoc chiéu
va gap nhau sau 2 gio ta c6 phuong trinh:

2 + 2y = 150 )
Véan toc cua 6 to0 A sau khi tang thém 5km/h la: z +5 (km/h).
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Véan tdc cua 6 to B sau khi giam 5km/hla: y —5 (km/h).

Vivan tdc cua 6 t6 4 bang 2 lan van tdc cua 6 td B nén ta ¢ phuong trinh:

r+5=2y—-5) < r—-2y=-15 (2)
\ \ A o[22 +2y =150
Tt (1) va (2) ta co hé phuong trinh: [m 9y = 15
e A \ r =45
Giai hé phuong trinh ta duoc: | 30"
y =

Vay van toc ctia 6 t6 A la 45 km/h, van t6c ctia 6 t6 B la 30 km/h.

Vidu3

Liic 7 gio mot nguot di xe mdy khoi hanh tir A v6i van téc 40 km/h. Sau do, liic 8 gio 30 phiit,
m@t nguwoi khic ciing di xe mdy tie A dudi theo véi vin toc 60 km/h. Héi hai nguwoi gdp nhau liic may
gio?

Déi 8 gio 30 phat = 8% (gio).

Goi z (h) la thoi gian hai nguwoi gdp nhau (diéu kién: z > g).

Goi y (km) la quang duong tir A t6i di€m gdp nhau (diéu kién: y > 0).
Véi gia thiét:
Nguoi tht nhat di véi van toc 40 km/h va xuat phat ltc 7 gio, ta duoc:
40z —7) =y < 40x —y = 280 (1)
Nguoi thit hai di v6i van toc 60 km/h va xuat phat ltc 8 gio 30 phut, ta duoc:

60

x—%]:y@GOx—y:E)lO (2)

Tir (1) va (2) ta 06 hé phuong trinh: |7~ ¥ =250
w a a Co ne uon Tl .
v > phvong 60z — y = 510
1t
Giai hé phuong trinh, ta duoc: v 9.
y =180

Hai nguoi gap nhau lac lléh, hay 11 gio 30 phut.

Vidu4

Mot chiéc ca nd dw dinh di tir A dén B trong mot thoi gian dw dinh, néu vin toc ca nd ting 3
km/h thi dén B sém hon 2 gio, néu vdn téc ca nd giam 3 km/h thi dén B chdm hon 3 gio. Tinh
chiéu dai khiic song AB.

Goi van toc dy dinh ciacando ditir A dén B la y (h); (y > 2).

Thoi gian dy dinh di tir A dén B 1a 2y (km).

Néu van t6c ca nd tang 3 km/h thi dén B sém hon 2 gio so véi du dinh nén ta cé
phuong trinh:

(z+3)(y—2)=uay @)
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Néu van t6c ca nd giam 3 km/h thi dén B cham hon 3 gio so véi du dinh nén ta cé
phuong trinh:
(z=3)(y+3)=ay 2)
Tt (1) va (2) ta co hé phuong trinh:
(z+3)(y—2)=uzy 2z — 3y = —6
(x—3)(y+3)=$y® 3z—3y=9
Giai hé phuong trinh, ta duoc z = 15,y =12 (thoa man).
Vay khtic song AB dai 15.12 = 180 (km).
Vidub5
Mot 6 t6 du dinh di tir A dén B trong mot thoi gian nhdt dinh. Néu xe chay vdi van toc 35 km/h
thi dén chdm mat 2 gio. Néu xe chay vdi vdn toc 50 km/h thi dén sém 1 gio. Tinh quang dwong AB
va thoi gian dw dinh di liic dau.
Goi z (h) la thoi gian du dinh di lac dau (z > 0).
y (km) la d¢ dai quang duong AB (y > 0).

Néu xe chay v6i van tdc 35 km/h thi dén cham mat 2 gio, ta duoc
%:z+2<:>35x—y:—70 (1)

Néu xe chay v6i van toc 50 km/h thi dén sém hon 1 gio, ta duoc:

%::;:—1@5095—;/:50 ()
\ \ 7 A \ . 35:1; - y — _70
Tt (1) va (2), ta c6 hé phueong trinh: | 500y = 50
cas 1A \ =28
Giai hé phuong trinh ta duoc: | .
y = 350

Vay quang duong AB bang 350 km va thoi gian du dinh di lac dau la 8 gio.

Vidubé6

Mot 6 t6 duw dinh di tiv A dén B trong khoang thoi gian nhat dinh. Néu 6 t6 chay nhanh hon 10
km/h moi gio thi dén noi sém hon so véi dw dinh 1o 3 gio. Néu 6 t0 chay chdm hon 10 km/h moi gio
thi dén noi chdm mat so véi dw dinh la 5 gio. Tinh vdn toc va thoi gian dw dinh ctia 6 t0.

Goi z (km/h) la van tdc du dinh ctia 6 t6 va y la thoi gian du dinh cta 6 t6 d€ di hét
quang duwong AB.

Diéu kién 2,9 > 0.

Vay quang duong AB dai zy (km).

Néu 6 t6 chay nhanh hon 10 km/h méi gio thi dén noi sém hon so véi du dinh 1a 3 gio.

Nén ta c6 phuong trinh: (z + 10)(y — 3) = zy (1)
Néu 6 t6 chay cham hon 10 km/h moi gio thi dén noi cham mat so véi duw dinh 1a 5 gio.
Nén ta c6 phuong trinh: (z —10)(y + 5) = zy (2)

Tt (1) va (2) ta c6 hé phuong trinh:
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(z+10)(y —3) =2y zy — 3z 4+ 10y — 30 = 2y
=
(x—10)(y +5) = zy zy + 5z — 10y — 50 = zy

32 +10y =30 [z=40
{5x—10y:50 [y:15'

Vay van toc ctia 6 to la 40 (km/h) va thoi gian 6 t6 di hét quang duong AB 1a 15 gio.

Vidu?7

Quang dwong AB gom mot doan lén doc dai 4 km, mot doan xudng doc dai 5 km. Mot nguoi di
xe dap tiv A dén B hét 40 phit va ditie B vé A hét 41 phit. Biét rang vidn toc khi lén doc cd di va
vé la giong nhau va van toc khi xudng doc ca di va vé la giong nhau. Tinh vdn toc liic 1én doc va vin
toc khi xudng doc.

Goi z,y (km/h) la van t6c xe dap ltuc 1én d6c va xudng doc.

Diéu kién: z,y > 0.

Thoi gian di tir A dén B 1a 2+ 2 ().
Ty

Thoi gian ditir B vé A 1 2+ 2 (n).
z oy

4,5_49
Theo gia thiét ta c6 hé phuong trinh: g Z Zg .
z y 60

Giai hé phuong trinh nay bang phuong phap dat an phu ta dwoc nghiém cta hé 1a
=12
y=15
Vay van toc ctia xe dap ltuc 1én doc la: 12 (km/h) va van toc cua xe dap lic xuéng ddoc la:
15 (km/h).
Vidu 8
Hai ngueoi 6 hai dia diém cich nhau 8 km va khoi hanh cing liic nhung di nguwoc chiéu nhau.
Gdp nhau 6 mdt vi tri cach mot trong hai dia diém khoi hanh la 5 km. Néu vin toc khong doi nhung
nguwoi di chdm xudt phdt triedec nguoi kia la 32 phiit thi hai ngueoi gdp nhau ¢ diém giita quang
dwong. Tinh vdn toc clia moi nguoi.
Goi z (km/h) la van tdc ctia nguoi di cham hon va y (km/h) la van t6c ctia nguoi di
nhanh hon.
Diéu kién z,y > 0.
Vi hai nguoi gdp nhau tai diém cach mot trong hai nguoi. Suy ra dia diém dé cach nguoi
di cham la 5 km va cach nguoi di nhanh la 3 km.
Do thoi gian di ctia hai nguoi trén quang duong ho bang nhau nén ta cé phuong trinh:

2=2q)
Tz oy
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Vi gap nhau tai diém ¢ gitta AB, ma nguoi di cham xudt phat tir trede 32 phat tie %

gio. Nén ta c6 phuong trinh: % = 3 + % (2)
3_53
Tw (1) va (2) ta 6 hé phuong trinh: A m A y 2"
z y 60

Giai hé phuong trinh nay bang phuong phép dit an phu ta dwoc nghiém ctia hé phurong
z=3

trinh 1a: .
y=>5

Vay van toc ctia nguoi di cham 1a: 3 (km/h), van toc nguoi di nhanh la: 5 (km/h).
Vidu9
Hai ca n6 cung khoi hanh tie A dén B cich nhau 85 km va di nguoc chiéu nhau. Sau 1 gio 40
phiit thi gdp nhau. Tinh vén toc thit ciia mdi ca nd, biét rang vin toc ca nd di xudi dong 16m hon vin
toc ca nd di nguoc dong la 9 km/h va van téc dong nwéc la 3 km/h (vin toc thit cia ca nd khong doi).
Goi van tdc that cua cand di xudila z (km/h) va van toc that cta ca nd di nguocla y
(km/h) (z,y > 3). Ta c6 hé phuong trinh:
z+3-(y—3)=9 T =27
g(a:+3)+§(y—3):85© y=24"

Vidu10

Mot chiéc ca nd chay trén song 7h, xudi dong 108 km va nguoc dong 63 km. Mot lin khdc ca nd
ciing chay trong 7h, xudi dong 81 km va ngwoc dong 84 km. Tinh vdn téc cua dong nwdc chay va
vdn toc riéng cua ca no.

Goi z (km/h) la van tdc riéng cta ca nd, y (km/h) la van tdc caa dong nudce chay.

T >
Piéu kién {y > 0
>y
Vén tdc cua ca nd khi xuo6i dong la: (z + y) (km/h).
Van tdc cua ca nd khi nguoc dong la: (z —y) (km/h).

108 .
(gi0).
Y

Ta co6: Thoi gian ca no ltc xu6i dong la:
z+

63
T—Y
Chié€c ca no chay trén song 7h, xudi dong 108 km va nguoc dong 63 km nén ta c6
108 63
+
r+y xT—y

Thoi gian ca nd ltc ngugc dong la:

(gi0).

phuong trinh:

=7 (1)

81
T+

Mat khac: Thoi gian ca nd ltc xudi dong la:

(810).
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Thoi gian ca nd lac nguwoc dong la:

84 .5
(i0).
4
Chiéc ca no chay trén song 7h, xu6i dong 81 km va nguwgc dong 84 km nén ta cd
81 84

phuong trinh: + =7 (2)
Tty T—yY
108 n 63 _
Tt (1) va (2) ta c6 hé phuong trinh: { Y 2—¥
81 84
TR LI
Tty x—y

Giai hé phuong trinh nay bang phuong phép dit an phu , roi ddi chiéu diéu kién ctia bai

=24
toan ta cd nghiém ctia phurong trinh la: 5 (thoa man).
y =

Vay van toc riéng ctia ca n6 la 24 km/h; van t6c dong nuwécy = 3 km/h.
C. LOIBINH

Dang toan chuyén dfng la dang toan quan trong trong chwong trinh Trung hoc co so.
bay ciing la dang toan thwong xudt hién trong cac ki thi vao 10. Cac cong thic s = vt (s la
=V, +V:V

quang duong, v la van toc, ¢ la thoi gian), V, Ve =V, =V, thuong duge st

dung giai dang toan nay.
D. BAITAP LUYEN TAP

Bai toan 1

Bic Toan di xe dap tir thi xd vé lang, c6 Ba Ngan ciing di xe dap, nhwng tir lang lén thi xd. Ho
Qap nhau khi bic Toan da di dwoc 1 gio rwdi, con c6 Ba Ngan da di dwoc 2 gio. Mot lan khdc hau
nguoi cing di tir hai dia diém nhuw thé nhwng ho khéi hanh dong thoi; sau 1 gio 15 phiit ho con cich
nhau 10,5 km. Tinh vdn toc cua moi nguoi, biét rang lang cdch thi xa 38 km.

Bai toan 2

Ga Sai Gon cich ga Dau Gidy 65 km. Xe khdch ¢ Thanh pho" Ho Chi Minh, xe hang ¢ Didu Gidy
di ngwoc chiéu nhau va xe khdch khoi hanh sau xe hang 36 phiit, sau khi xe khdch khoi hanh 24 phiit
no gap xe hang. Néu hai xe khoi hanh dong thoi va cung di Ha N§i thi sau 13 gio hai xe gdp nhau.
Tinh vén toc ciia moi xe, biét rang xe khdch di nhanh hon xe hang.

Bai toan 3

Hai 6 t6 khoi hanh cung liic tiv A va di nguwoc chiéu nhau. Sau 4 gio hai 6 t0 cdch nhau 380 km.
tinh vén toc mdi xe biét rang van toc ciia 6 to thie hai kém van toc cia 6 to thie nhadt la 5 km/h.

Bai toan 4

Doan dwong AB dai 200 km. Cung liic mot xe mdy di tir A va mot 0 t6 di tir B, xe mdy va xe 0
t6 gap nhau tai C ciach A 120 km. Néu xe mady khoi hanh sau 6 t0 1 gio thi gdp nhau tai D cich C
24 km. Tinh vin toc cua 6 t0 va xe mdy.

Bai toan 5
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Phi cong A mat nhiéu thoi gian hon phi cong B 18 phiit dé'vwot qua quang dieong 450 ddm.
Néu tang vin toc lén gap doi thi phi cong A dén sém hon phi cong B la 36 phut. Tinh van toc liic
ddu cuia phi cong A va vdn toc cua phi cong B. (don vi tinh van toc la dam/phiit).

E. DAP SO VA HUONG DAN GIAI
Bai toan 1
Goi van tdc ctia bac Toan la z (km/h), z > 0; van toc cua ¢ Ba Ngan la y (km/h), y > 0.

1,5z 4+ 2y = 38

Ta c6 hé phuwong trinh:
P & %x+%y:38—10,5

Tra loi: Van toc ctia bac Toan 1a 12 km/h, van tdc cua ¢d Ba Ngan 1a 10 km/h.

Bai toan 2

Goi van toc xe khach 1a z (km/h), z > 0; van tdc ctia xe hang la y (km/h), 0 <y < =z.

Theo dau bai, xe khach di 24 phat hay % gio, con xe hang di 1 gio thi ching gap nhau
va quang duwong dai 65 km. Do d6 c6 phwong trinh

%x y=65 (1)

Néu ching khoi hanh dong thoi thi dén ltc gdp nhau xe khach da di nhiéu hon xe hang
65 km. Sau khi di duoc 13 gio thi chung gdp nhau nén cé phuong trinh: 13z —13y =65 (2)

Giai hé gom hai phuong trinh (1) va (2) ta duoc: (z,y) = (50;45).

Tra 1oi: Van tdc xe khach la 50 km/h; Van toc xe hang la 45 km/h.

Bai toan 3

Goi z (km/h) 1a van toc cua 6 t6 thit nhat; y (km/h) la van toc ctia 6 t6 thit hai.

Diéu kién: z,y > 0.

Van t6c ctia 0 to tht hai kém van tdc cua 6 t6 thit nhat1a 5 km/h nén ta c6 phuong trinh:
r=y+5&r—y=>5 (1)

Trong 4 gio 0 t6 thit nhat di dwoc 4z (km);

Trong 4 gio 0 to thit hai di dwoc 4y (km).

Vay sau 4 gio hai 6 t6 cach nhau: 4z + 4y (km).

Theo gia thi€t hai 6 t6 cdch nhau 380 km nén ta c6 phuwong trinh:

Az + 4y = 380 )
Tt (1) va (2) ta co hé phuong trinh:

T—Yy=2>5 z =950
& .
4z + 4y = 380 y =45
Vay van toc ctia 6 t6 thit nhat 1a 50 (km/h) va van toc cua 6 to thit haila 45 (km/h).

Bai toan 4

Goi van tdc ctia xe may la z (km/h) va van téc ctia 6 to la y (km/h) (z,y > 0).
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120 80
Ta c6 hé phuong trinh R ? & =00
> PITons 104 96 y=40°

kA A
Y X

Bai toan 5

Goi 7,y (dam/phat) la van tdc cua phi cong A va phi cong B.

Diéu kién: z,y > 0

Vi phi cong A mat nhiéu hon phi cong B la 18 phuat d€ vuot qua quang duong 450 dam
450 450

nén ta cd phuwong trinh: — = — +18 (1)
z Y
Mt khac khi tdng van toc lén gdp doi thi phi cong A dén sém hon phi cong B 1a 36
phut nén ta c6 phuong trinh: ? _ 20 g4 (2)
z Y
450 _ 450, o
Tt (1) va (2) ta c6 hé ph trinh: | * y .
u (1) va (2) ta co hé phuwong tri 450 450
22 36
2z Y

Giai hé phuong trinh nay bang phuong phap dat an phu ta c6 duoc nghiém caa hé

25
phuong trinh 1a: {* ~ g (thoa man diéu kién).
y=>5

Vay van toc ctia phi cong A la % (dam/phut) va van tdc cta phi cong B la 5

(ddm/phnt).
§6. DANG TOAN NANG SUAT TRONG GIAI HE PHUONG TRINH
BAC NHAT HAI AN

A. KIEN THUC LIEN QUAN

D¢ giai bai toan bang cach 1ap hé phuong trinh, can phai “phién dich ngon ngit thong
thwong sang ngon ngir dai s6”, tirc 1a can biéu thi cac dai lwong trong bai toan theo an va cac s6
da biét roi thiét 1ap hé phuong trinh dién dat sy twong quan gitra cac dai lwong trong bai
toan.

Pé lam t6t cong viéc “phién dich” nay, hay chi y dén cac cong thitc c6 lién quan dén bai
toan nhu:

Sanluong = Nangsuatx Thoigian

Dang bai toan lam chung, lam riéng thwong phai phan tich dwoc:
- Nang sudt lam riéng dwoc mot phan cta cong viéc.
- Thiét lap phuong trinh khi lam riéng cong viéc.
- Thiét lap phuong trinh khi lam chung cong viéc.

Dang toan nang suat lién quan dén phan tram:

100 = 100 + =

1% = — va tdng vuot mic 2% ticla: — +— =
100 100 100 100
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B. VI DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

Buwoc 1: Lap hé phuong trinh

- Chon an va dat diéu kién thich hop cho an (ghi rd don vi ctia an).

- Biu dién céc dai luwong chua biét theo an va cac dai lwong da biét.

- Dyra vao cac dit kién va diéu kién ctia bai toan d€ 1lap hé phuong trinh.
Buwoc 2: Giai hé phuong trinh.
Buéc 3: Kiém tra, nhan dinh két qua thich hop va tra loi.

Vidul
Hi dgi cong nhan ciung lam mot dogn dweong trong 24 ngay thi xong. Mdi ngay, phin viéc dgi A

lam dwoc nhiéu gip rudi doi B . Hoi néu lam mot minh thi moi doi lam xong dogn dwong dé trong bao

lau?
Ta c6 bang phan tich:
Dgi Thoi gian hoan thanh céng viéc | Ning sudt 1 ngay
(ngay)

Doi A x 1
z

Dgi B y 1
4

Hai doi 24 1
24

Tir day ta cd 1oi giai bai toan:
Goi = (ngay) la s6 ngay dé€ ddi A lam mot minh hoan thanh toan b cong viéc; y (ngay)

la s6 ngay dé€ doi B lam mot minh hoan thanh toan bo cong viéc (diéu kién z,y > 24)
X. \ n- \ ~ A ~- \ 1, . A
Moingay: Poi A lam dugc 1 (cOng viéc); doi B lam dugc — (cOng viéc).
z Y

Do mdi ngay, phan viéc ctia d6i 4 lam dwoc nhiéu gap rudi doi B nén ta ¢ phuong
trinh:
1 1 1

—:1,5.—@—:2
z Y x 2

1
- (1)

Y

Hai d6i lam chung trong 24 ngay thi xong cong viéc nén moi ngay 2 doi cing lam thi

duoc i (cong viéc), ta co phurong trinh:

1 1 1

PR &
131
Tw (1) va (2) ta c6 hé phuong trinh: 1x_12'y1.
z y 24

Giai hé phuong trinh ta dwoc: z =40 va y = 60 (thoa man).
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Vay doi A lam mot minh trong 40 ngay thi hoan thanh toan b cong viéc, doi B lam
mot minh trong 60 ngay thi hoan thanh cong viéc.

Vidu?2

Hai doi xay dwng lam chung mot cong viéc va dw dinh hoan thanh trong 12 ngay. Nhung lam
chung dwoc 8 ngay thi dgi mot dwoc dieu dong di lam viéc khdc. Tuy chi con m@t minh dgi hai lam
viéc, do cdi tién cdch lam, nang sudt cua doi hai tang gap doi, nén ho da lam xong phiin viéc con lai
trong 3,5 ngay. Héi voi niang sudt ban diu., néu moi dgi lam mot minh thi phdi lam trong bao nhiéu
ngay moi xong cong viéc trén?

Ta c6 bang phan tich sau:

Doi Thoi gian hoan thanh cong viéc | Ning suit 1 ngay
(ngay)

Doi mot z 1 (V)
x

Doi hai y 1 (CV)
Y

Hai doi 19 1 V)
12

Ta 6 101 giai bai toan:

Goi thoi gian doi mot lam mot minh (vdi ndng sudt ban dau) dé€ hoan thanh cong viéc la
z (ngay), (z>12).

Thoi gian d6i hai lam mdt minh (véi nang suat ban dau) dé hoan thanh cong viécla y

(ngay), (y >12).
M&i ngay déi mot lam duoc L (cdng viéc), doi hai lam duoc L (cong viéc). Hai doi lam
z Y

chung trong 12 ngay thi hoan thanh cong viéc nén ta c6 phwrong trinh: 1.1 % (1)
Ty

Hai d6i lam trong 8 ngay dwoc % = % (cong viéc), do cai tién cach lam ndng suat cta
d6i hai tang gap doi duoc 2, nén ho da lam xong phan viéc con lai trong 3,5 ngay, ta co
Y
phuong trinh:

_+2_Z:1<:>—:—<:>y:21 (2)
y 2

21 12

Tz =28

Giai hé phuong trinh, ta dugc: 01"
y =
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Vay véi nang suat ban dau, d€ hoan thanh cong viéc doi mot lam trong 28 ngay, doi hai
lam trong 21 ngay.

Vidu3

Ndm ngodi, hai don vi san sudt nong nghiép thu hoach dwoc 720 tin théc. Nam nay, don vi thir
nhat lam viegt mirc 15%, don vi thit hai lam vwot mirc 12% so voi nam ngoai. Do do ca hai don vi

thu hogch dwgc 819 tin théc. Hoi nam ngodi moi don vi thu hoach dwoc bao nhiéu tin thic?

Ta c6 bang phan tich:
Nam ngoai Nam nay
Don vi mot r (tan) 1153% (tan)
Don vi hai y (tan) 112y% (tan)
Hai don vi 720 (tan) 819 (tan)

Tt day ta c6 10i giai bai toan:
Goi z (tan) la sO thdéc thu hoach duoc nam ngoai ctia don vi mot, y (tan) la sO thoc thu
hoach dugc ndm ngodi ctia don vi hai (z,y > 0).
Nam ngoai ca hai d6i thu hoach dwoc 720 (tan) ta c6 phuong trinh:
4y =720 )
Nam nay d6i mot thu hoach dwoc 115% (tan) thoc, doi hai thu hoach dwoc 112% (tan)
thoc, tong 2 doi thu hoach dugc 819 (tan) ta c6 phuong trinh:

115%z + 112%y = 819 2)
Tt (1) va (2) ta co hé phuong trinh:
T +y="720 r+y="720
{115%:1: S 112%y = 819 {115x 4112y = 81900
Giai hé phuong trinh, ta dugc: [z i 338 .

Vay nam ngodi doi mot thu hoach dwoc 420 tan thoc.
D61 hai thu hoach dwoc 300 tan théc.
Vidu4

Hai mdy cay c6 cong suit khdc nhau cung lam viéc, hai mdy cay da cay duwoc % canh dong trong
15 gio. Néu mady thir nhat lam mot minh trong 12 gio, mady thir hai lam mot minh trong 20 gio thi cd
hai sé cay dwgc 20% cdnh dong. Héi néu méi mdy lam viéc riéng thi c6 thé xong canh dong trong bao
lau?

Ta c6 bang phan tich sau:

Thoi gian Khoi luong cong viéc | Khoi luong cong viéc Khoi leong cong

cta may th nhat cta may tht hai viéc

ciamay 1, 2
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May 1 va may 2 15 15 1
cung lam 15 Qio x 6
May 1 lam 12 gio 12 20 1
My 2 lim 20 gio T y 5

Tt day ta co 10i giai bai toan:

Goi thoi gian may th nhat cay mot minh xong canh dong la z (h); thoi gian may thit hai
cay mot minh xong canh dong la y (h); diéu kién: z,y > 20.

Hai mdy cay da cung cay canh dong trong 15 gio; nén mot gio may th nhat cay duoc la

15 (canh dong), mot gio may thit hai cay duoc 5 (canh dong).
x Y

Nén ta c6 phuong trinh: 15 + 15_ % (1)
T 4

Theo gia thiét, ta c6 12 gio may thit nhat cay dwoc 12 (canh dong), 20 may thi hai cay
xT
20, "
duwocla — (canh dong).
Y

12 20 1

Nén ta c6 phuong trinh: — + — = (2)
T Y 5
15 15 1
== E
. . 1on STy
Tt (1) va (2) ta co hé phuong trinh: 1220 1
T Yy 5

Giai hé phuong trinh, ta c6 z = 360;y = 120 (thoa man).

Vay may cay thit nhat lam mot minh mat 360 gio, mdy thi hai lam mot minh mat 120
gio.

Vidub5

Co hai ddy chuyén may do so mi. Ngay thir nhat cd hai ddy chuyén may dwoc 930 do. Ngay thir
hai ddy chuyén thir nhdt ting cong sudt lén 18% va ddy chuyén thir hai tang nang sudt lén 15% thi s6’
do ctia hai ddy chuyén may dwgc la 1083 cdi do. Hoi trong ngay thik nhat moi ddy chuyén may dwoc
bao nhiéu cdi do?

Goi z,y lan luot la sd 4o ctia day chuyén thi nhat va day chuyén th hai may duoc trong
ngay thi nhat.

Ta cod: z+y =930 (1)

Ngay th hai day chuyén th nhdt may duoc la:

8 18 118 , ,.,
t+—z=|1+—|z =— (cdi ao)
100 100

Ngay tha hai day chuyén th hai may duoc la:

2y 2y = 0y (i do)
Y100 100 ~ 100" )

Vay trong ngay thit hai ca hai day chuyén may duoc la:
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118 115 Iy
—z+—y (caiao)
100 100
Dodé: 28, 1o 083 (2
100 100

z+y =930

Tt (1) va (2) ta co hé phuong trinh: [11895 + 115y = 108300

z = 450

Giai hé nay ta duwoc: .
y = 480

Vay ngay th nhat day chuyén thit nhat may dwoc 450 cdi 4o va day chuyén thit hai may
duwoc 480 cai ao.

Vidubé6

Hai nguoi tho xidy mot birc twong trong 7 gio 12 phiit thi xong (vdi vita va gach cé cong nhin
khdc vin chuyén). Néu nguweoi thir nhdt lam trong 5 gio va nQuoi thir hai lam trong 6 gio thi cd hai
xay dwng diegc % birc twong. HOi mdi nguoi lam mot minh thi bao ldu xong birc tuong?

Goi z (gio) 1a thoi gian nguoi th nhat xay mot minh xong bttc tuong, y (gio) la thoi

gian nguoi thit hai xdy mot minh xong btrc twong (diéu kién z > 0,y > 0).

Trong mot gio ngwoi thit nhat lam duoc 1 (bttc tuong).
x
Trong mot gio nguoi thit hai lam duoc 1 (bttc tuong).

Ta co: 7 gio 12 phat = ? (gio)
Vi hai nguoi tho cing xay mot bic twong trong 7 gio 12 phut thi xong nén ta co phuwong
1 S

trinh: 1 +-=— (1)
x y 36

Nguoi thir nhat lam trong 5 gio va nguoi tht hai lam trong 6 gio thi xay duoc % btrc

twong nén ta cd phuwong trinh: 5 + 6_ 2 (2)
Ty
1 1 5)
—_ _|_ —_—
Tw (1) va (2) ta c6 hé phuong trinh: {7 y6 336 :
4=
x y 4

Giai hé phuong trinh bang phiong phép dat an phu roi d6i chiéu diéu kién ta duoc:
x =12,y =18.

Vay nguoi thit nhat hoan thanh cong viéc mot minh trong 12 gio; ngwoi thit hai hoan
thanh cong viéc mot minh trong 18 gio.

Vidu?7
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Trong thang 3 hai t6 trong dwgc 720 cdy xanh. Trong thing 4, t6'1 vwegt mirc 15%, t6' 2 viegt
mirc 12% nén trong dwoc 819 cdy xanh. Tinh xem trong thing 3 moi t6 trong dwoc bao nhiéu cdy
xanh.

Goi z (cay) la sO cay xanh t0 1 trong duogc trong thang 3 (z € N*).

Goi y (cay) la s cay xanh t6 trong duoc trong thang 3 (y € N*).

Thang 3 hai t6 trong duoc 720 cay xanh, ta dwoc = +y = 720.

Thang 4, t0 1 vuot muc 15%, t0 2 vuegt mic 12% nén trong duoc 819 cay xanh, ta duoc:

= 819 & 115z 4+ 112y = 81900 .

15 12
TH—T|+|Yy+——y
100 100

x+y="T720

Ta dugc hé phwong trinh: .
1157 + 112y = 81900

z = 420

Giai hé phuong trinh ta duoc: | .
y = 300

Vay trong thang 3 t6 1 trong duoc 420 cay va t6 2 trong dwoc 300 cay.

Nhan xét

Vidu 7 teong tw vi du 3.

Vidu8

Hai ciin cdu 16m boc do mot 16 hang & cang Sai Gon. Sau 3 Qio thi ¢6 nam cin cdu bé (cong sudt
bé hon) ciing lam vigc va cd bdy cin cdu lam vige trong 3 gio nita thi xong. H6i mdi cin cdu lam viéc
mot minh thi bao ldu sé xong cong viéc? Biét ring néu cd bdy cin cdu cung lam viéc thi sau 4 gio sé
xong cong viéc.

Goi z (gio) la thoi gian ma mot can cau cd cdng suat 16n lam xong cdng viéc mot minh.

Goi y (gio) la thoi gian ma mot can cau cé cong sudt nho lam xong cong viéc mot minh.
biéu kién: z,y > 0.
A -\ \ ~ A ~? 4 A A, 4 ~ ~ 1 ~ \
Trong mot gio thi mdt can cau co cong suat 1én bdc do duwge = (16 hang).
T

Trong mot gio thi mot can cau cd cong suat bé boc dd dugc 1 (16 hang).

Hai can cau 16n bdc d& 16 hang thi 3 gio sau ¢6 thém nam can cdu 16n dén ciing bdc do

va tat ca lam viéc trong 3 gio nita mdi xong nén ta c6 phwong trinh:

2. . 12 1
28+3) 53 _, 12 15, (1)
T Y x Y
Mat khéc khi ca bay can cau (can cau cong sudt 16n va can cau cong sudt nho) cung lam
viéc thi sau 4 gio sé béc do xong 16 hang nén ta c6 phuwong trinh: 8,20, (2)
r oy
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215
Tt (1) va (2) ta c6 hé phuong trinh: g 2?(/)
z Y

Giai hé phuong trinh nay bang phuong phép dit an phy, ta duoc nghiém ctia hé phuong

trinh1a | ., thoa man diéu kién.
y =30

Vay mot can cdu c6 cong sudt 1on lam viéc mot minh trong 24 gio thi béc dd xong 16
hang, mét can cau c6 cong sudt bé lam viéc mot minh trong 30 gio thi bdc dd xong 16 hang.

Vidu9

Dé'san xudt mot may dién thoai A cin 3kg dong va 2kg chi, dé’san xudt mét may dién thoai B
cin 2kg dong va 1kg chi. Sau khi san xudt da si dung hét 130kg dong va 80 kg chi. Hoi di san xudt
dwoc bao nhieu may dién thoai loai A, bao nhieu may dién thoai loai B ?

Goi z 1a s6 mdy dién thoai loai A da san xuat.

y la sO may dién thoai loai B da san xuat.

S6 kg dong da st dung la: 3z + 2y (kg)

SO kg chi da st dung la: 2z +y (kg)

3xr + 2y =130

Ta cd hé phuwong trinh: .
¥ PITONS 20 +y = 80

Giai hé phuong trinh ta dwoc 2 = 30,y = 20.

Vay da san xuat duoc 30 mdy dién thoai loai A va 20 may dién thoai loai B.

Vidu10

Moi voi A, B khi mé chay nwdc vao ho chiva v6i lwu lwgng déu. Néu voi A chdy trong 4 gio va
v0i B chay trong 3 gio thi nwdc trong ho la 55 lit. Néu voi A chay trong 3 gio va voi B chdy trong
4 Qio thi mwedc trong ho la 57 lit. Vay néu hai voi chay cung lic thi lam ddy ho véi 320 lit nwdc trong
bao lau?

Goi z (lit) la luu lwong nurdc ma voi A chay trong mot gio.

Goi y (lit) Ia lvu lwong nudc ma voi B chay trong mot gio.

Diéu kién: =,y > 0.

Vi khi mo voi A chay trong 4 gio va voi B chay trong 3 gio thi nwdc trong ho 1a 55 lit.
Nén ta c6 phuong trinh 4z + 3y = 55 (1)

Mat khac khi md voi 4 chay trong 3 gio va voi B chay trong 4 gio thi nuwdc trong ho la
57 lit. Nén ta c6 phuong trinh: 3z + 4y = 57 (2)
4z 4 3y = 55

Ttr (1) va (2) ta co hé phuong trinh: {Sx Cay =57

r="7

Giai hé nay, ta duoc: | 9"
y =
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Do do6 trong mot gio voi A chay duoc luu luong la 7 lit va voi B chdy duoc luu lwong la
9 lit.

Ca hai voi chay cung luc trong mot gio sé chay dwoc 7+ 9 =16 (lit).

Vay dé€ khi mé hai voi chay dong thoi thi sau % = 20 (gio) sé chay day bé 320 lit.
C. LOIBINH

Dang toan nang suat la dang toan quan trong trong chuong trinh todn Trung hoc so so.
Chuing ta can chu y dén cac cong thikc c6 lién quan dén bai toan:

Sanluong = Nangsuatx Thoigian

Day la dang toan thuec té€ cling thuong dwgc st dung nhiéu trong cac ki thi 16p 9 vao 16p
10.
D. BAITAP REN LUYEN

Bai toan 1

Hai ngueoi phu trich danh mady lai mgt tai li¢u. Néu ca hai nguwoi cuing lam lién tuc thi sé hoan
thanh xong sau 4 gio 48 phut. Mgt ngay, nguwoi thir hai bgn nén nguoi thir nhat danh mady trong 4
Q10 thi ban giao lai cho nguwoi thit hai. Nguoi thir hai dinh may tiép trong 3 gio thi phai di cong viéc.
Vi vdy ma nguoi thie nhat quay lai ddnh mady va sau 2 gio thi hoan thanh xong. Hoi néu moi nguweoi
lam riéng 1é thi sau bao ldu thi danh mdy xong tdp tai lidu, v6i gid thiét rang ning sudt dinh mdy cia
moi nguoi la nhw nhau tai moi thoi diém?

Bai toan 2

Trén mot canh dong cdy 60 ha liia giong moi va 40 ha liia giong cii. Thu hoach duwgc tit ca 460
tan théc. Héi ning sudt mdi logi lita trén 1 ha la bao nhiéu biét rang 3 ha trong liia méi thu hoach
duwgc it hon 4 ha trong liia cii la 1 tan.

Bai toan 3

Hai c6ng nhin cung son ciea cho mot cong trinh trong bon ngay thi xong viéc. Néu nguwoi thir
nhat lam mot minh trong chin ngay roi nguoi thir hai dén cung lam tiép trong mot ngay niva thi xong
vigc. H6i moi ngueoi lam mot minh thi bao ldu xong viéc?

Bai toan 4

Dé sira mot ngdi nha can mot s6'th lam viéc trong mot thoi gian quy dinh. Néu gidm ba nguoi
thi thoi gian kéo dai sau ngay. Néu tang thém hai nguwoi thi xong sém hai ngay. Hoi theo quy dinh cin
bao nhiéu tho va lam trong bao nhiéu ngay, biét rang kha ning lao dong ciia mdi thy déu nhw nhau?
E. DAP SO VA HUONG DAN GIAI

Bai toan 1

Goi z va y lan luot la sO gio néu ngwoi thit nhat va ngwoi thit hai riéng 1é danh may
xong tap tai liéu. Diéu kién: z,y > 0.

Suy ra trong mot gio:

_ Ngudi thtt nhat danh may duoc - tai lidu.
X
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Nguoi thit hai danh may duoc = tai liéu.
)

Vay trong mot gio, néu ca hai nguoi cung danh may sé hoan thanh duoc

1 + l] tai liéu.
Ty
Ta co 4 gio 48 phut :4+4—8 2

[
|
9a.
Q

Trong — gio, ca hai nguoi cung danh may sé hoan thanh xong tai liéu nén trong mot gio

s€ hoan thanh trong 1: #

2 gidy
24g'

Ta c6 phuong trinh: 1 + 1.2

x y 24 @

Nguoi tht nhat danh may lan dau la 4 gio valan sau 2 gio nén tong so gio danh may la
6 gio.

Trong mot gio, nguoi thi nhat danh may dugc 1 tai liéu nén trong 6 gio sé danh duwoc
T

S i lieu.

T

Nguoi thit hai danh may chi trong 3 gio. Trong mot gio, nguoi thit hai danh may duoc
- tai ligu nén trong 3 gid 58 dénh mdy duge S tai liéu.
Ta c6 phuong trinh: g +§ =1 (2)
bat u = va v = % biéu kién w,v=0.
Tt (1) va (2) ta c6 hé phuong trinh:

u+v—5 u:i—v u S _
| T et (s 24 o 2
6u+3v=1 6[——v]+3v —3v=——
5 1
24 Ty
< 9 = .
1 1
v =— v=—
12 12
1 1 1
U= -T2 =28
Khi 8 tacoir 8 o
v—i l:i y=12
12 y 12

Vay néu danh may riéng 1é thi sau 8 gio tht nhat hoan thanh xong va sau 12 gio nguoi
thtt hai hoan thanh xong.

Bai toan 2
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Goi nang sudt trén 1 ha ctia lta giong méila z (tan), cta laa giong ct la y (tan);
x>0,y >0.

60z + 40y = 460

Ta cd hé phuwong trinh:
> P & dy—3x =1

Tra loi: Nang sudt 1 ha lua giong méi la 5 tan, nang suat 1 ha lta giong cti 1a 4 tan.
Bai toan 3
Goi thoi gian nguoi th nhat lam mdt minh xong cong viécla z (ngay), = > 0; thoi gian

nguoi thit hai lam mdt minh xong cong viécla y (ngay), y > 0.

1 1 1
==

Ta 6 hé phuong trinh: {% ¥ 4.
10 1
|
r oy

Giai hé phuong trinh ta dwoc (z;y) = (12;6).

Tra loi: Nguoi tht nhat lam mot minh trong 12 ngay thi xong viéc, nguoi thit hai lam
mot minh trong 6 gio thi xong viéc.

Bai toan 4

Goi s0 tho can thiét1a = (nguoi), = € N *, thoi gian can thiétla y (ngay), y > 0.

Goi toan bd cong viéc nhu mot don vi cong viéc, thi mot ngroi tho trong 1 ngay lam
1 ~ A
duwoc — (coOng viéc).
Ty

Néu giam di ba nguoi thi thoi gian kéo dai thém 6 ngay. Nhw vay z — 3 nguoi lam trong

y+6 ngay thi dugc (z — 3)(y + 6)— = 1 (toan b cong viéc).
Yy
Tuwong ti néu tang thém hai nguoi thi chi can y — 2 ngay. Nhu vay z +2 nguoi lam
trong y — 2 ngay duoc (z +2)(y — 2)i =1.
Ty

Tom lai ta c6 hé phwong trinh: (=3 +6)= v
(z+2)(y—2)=my
Giai hé ta duoc (z;y) = (8;10).
Tra 1oi: 8 nguoi va 10 ngay.
§7.BAI TOAN THUC TE PUA PEN HE PHUONG TRINH
NHIEU AN (SO AN LON HON 2)

A. KIEN THUC LIEN QUAN
Giai todn hé phuong trinh nhiéu an (s6 an) cling twong tie nhuw giai todn hé phuong trinh
hai an, chi khéc la:
- Phai chon nhiéu an so.
- Lap mot hé nhiéu phuong trinh.

Noi chung chon bao nhiéu an sd thi phai c6 1ap mot hé c6 bay nhiéu phuwong trinh.
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B. VI DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Goi z2,y,2t,... la cdc an can tim.
- Lap hé phuong trinh chtta cac an z,y, z,t,... nay.
- Giai hé phuong trinh.

- Ratra két qua bai toan.

Vidul
Co 4 voi nwée co thé’bom nwdc vao mdt cdi bé. Néu mo cic voi 1,2,3 cung mot lic thi bé' ddy trong
12 phiit. Néu mé cdc voi 2,3,4 cung mot liic thi bé' diy trong 15 phiit. Néu mé cic voi 1 va 4 cing
mot liic thi bé’ddy trong 20 phiit. Hoi néu mo cd 4 voi 1,2,3,4 ciing mot liic thi bé'sé ddy trong bao
nhiéu phiit?
Goi z (phat), y (phuat), 2 (phut), v (phut) [an luot la thoi gian ma voi 1,2,3,4 chay mot minh
day bé.
Trong 1 phut voi 1 chay duoc 1 e
X

Voi 2 chay duoc 1 bé;

Y

Voi 3 chay duoc L bé;
z

Voi 4 chay duoc 2 bé.
v

Theo gia thiét, trong 1 phat voi 1,2,3 cung chay dwoc % bé; voi 2,3,4 cung chay duoc %
bé.

Voi 1,4 cling chay duoc % bé.

Yy oz v

X v - %
Cong ba phwong trinh trén lai ta duwoc:
11,1 1] 111

2 — .
1215 20

—+—+—-+-
T Yy z v

1 1 1 1 1
Suyra —+—+-4+—=—.
z y 2z wv 10

Néu mo ca 4 voi cung mot lace thi trong 1 phut chay dwoc % bé.

Vay néu mod ca 4 voi cung mot ltc thi bé sé day trong 10 phut.
Vidu?2
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Ba céng nhan phai san sudt 80 vdt dung giong nhau. Néu cung lam chung thi ho san xudt dwoc 20
vt dung moi gio. Trudc tién, cong nhan 1 lam mot minh dwgc 20 vat. Phin con lgi clia cong viéc
danh cho cong nhin 2 va cong nhan 3 cung lam chung trong 4 gio moi xong. Hoi cong nhan 1 lam
riéng mot minh phai mat bao nhiéu gio moi xong céng viéc?

Goi z (h) la s gio cong nhan 1 lam mdt minh xong cong viéc;

y (h) la s0 gio cong nhan 2 lam mot minh xong cong viéc;

z (h)1a s6 gio cong nhan 3 lam mdt minh xong cdng viéc;
Trong 1 gio, 3 cong nhan cung lam dwoc % = i cong viéc.

Vaytaco L4 lilo2 (1)
xr y 2z 4

Phén viéc con lai danh cho 2 cong nhan 2 va 3 lam chung trong 4 gio la: % :% cong viéc.

vay 244.3 @ suyrat+i-3 (@)
y z 4 y =z 16
Te()va@)tach: ~=2-3 L
r 4 16 16
Vay cong nhan 1 lam mgt minh trong 16 gio thi xong cong viéc.

Vidu3
Ndm nguoi cing co trach nhiém lam mgt cong viéc. Néu nguoi 1, nguoi 2, nguoi 3 cung lam thi
cong vigc xong trong 7,5 gio. Néu nguoi 1, nguoi 3, ngueoi 5 cung lam thi cong viéc xong trong 5
Q10. Néu nguoi 1, nguoi 3, nguoi 4 cung lam thi cong viéc xong trong 6 gio. Néu nguoi 2, nguoi
4, nguwoi 5 cung lam thi cong viéc xong trong 4 gio. Hoi cd nam nguwoi cung lam thi cong viéc sé
xong trong may gio?
Goi z (h) la thoi gian ngwoi 1 1am mot minh xong cong viéc;
y (h) 1a thoi gian ngroi 2 lam mot minh xong cong viéc;
z (h) la thoi gian nguoi 3 lam mot minh xong cong viéc;
¢t (h) la thoi gian ngwoi 4 lam mot minh xong cong viéc;
v (h) la thoi gian ngwroi 5 lam mot minh xong cong viéc.
Trong 1 gio, nguoi 1, ngwoi 2, ngwoi 3 cung lam duogc:
14141 cong viéc.

X Yy z
Theo gia thi€t néu ba ngwoi 1,2,3 cung lam thi cong viéc xong trong 7,5 gio. Do do, trong 1
gio, ba nguoi 1,2,3 cung lam duwoc % hay % cong viéc.

)

Vay ta c6 phuong trinh: 1ilplo2 (1)
x y 2z 15

Trong 1 gio, nguroi 1, nguoi 3, nguoi 5 cung lam duoc
11

1 . A
—+—+— cong viec.
x 4 v
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Ta c6 phuong trinh: l—|—l—|—l:l (2)
r z v 5

Trong 1 gio, nguoi 1, ngroi 3, nguwoi 4 cung lam duogc.

1.1 1 4 in
—+—+ - cong viec.
r z i
4 \ 1 1 1 1
Ta c6 phuong trinh: — +—+-=— 3)
z z t 6
Trong 1 gio, nguoi 2, nguoi 4, nguoi 5 cung lam duoc
1. 1,1 . A
— 4=+ — cOng viec.
y t v
. \ 1 1 1 1
Ta c¢6 phuong trinh: —+ -4+ —=— (4)
y t v 4
11 2
St =50
r y =z 15
1 1 1 1
—+=+===(2)
Ta duoc hé phuong trinh: {2 2 v 5
1 1 1 1
—+—+-==(3)
x z t 6
1 1 1 1
—t+=-+—-==(4)
y t v 4

Ttr hé phwong trinh trén ta phai tinh: LRFIE S % + 1
T Yy z v

Cong ba phwong trinh (1), (2) (3), trong hé:

1 1 1T 1 1 2 1 1 1
J|I—+—|+—F-F—=—=+—-+—-=—.
x 2z y t wv 15 5 6 2
1 1 1 1 1 1 1 1 1 1
Suyra: 3|—+—|+—+-+—+2|-F+—-+—|==+2.|—
x z/] y t w y t v 2 4
1 1 1 1 1:1.

@3[——1———1———1———1——
T Yy 2z t w

~ 1 1 1 1 1 1
Vay: —+—+—-+-+—=—-.
r y z t v 3

*\ ? 4 N\ . \ 1 Pay oA
Trong 1 gio ca ndm nguoi lam dwoc 5 cong vice.

Vay ca ndm nguoi cing lam chung thi cong viéc sé xong trong 3 gio.

C. LOIBINH

Bai toan thuec t€ dwa vé hé phuwong trinh nhiéu an thuong dua vé phueong trinh la loi giai caa
bai toan yéu cau. Dang toan nay khong yéu cau tim mot cach cu thé cac bién z,y,2,t,... la gi
ma thuong tinh mot tong c6 chita cac an nay. Dang toan nay la mot dang toan hay, doi héi
nguoi giai toan khong theo duong mon nép ci la giai giong hé phuong trinh hai an.

D. BAITAPREN LUYEN

Bai toan 1
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Ba céng nhan ciing lam mot cong viéc xong trong 10 ngay trong doé ngwoi thir ba chi lam trong 3
ngay dau. Trong 3 ngay lam chung, cd ba nguwoi lam dwoc 37% cong viéc. Khoi lwgng cong viéc ma
nguoi 1 lam dwoc trong 5 ngay bang khoi lwong cong viéc ma nguoi 2 lam duoc trong 4 ngay. Hoi
moi nguoi lam mot minh xong céng viéc trong bao nhiéu ngay?

Bai toan 2

C6 ba ngueoi tho nang lwec khdc nhau cing lam mgt cong viéc. Nquoi 1 lam trong 6 gio, tiép theo do
nguoi 2 lam trong 4 gio va cudi cung ngwoi 3 lam trong 7 gio thi xong cong viéc. Néu nguoi 1 lam
trong 4 gio, tiép theo dé nguoi 2 lam trong 2 gio va cudi cung nguwoi 3 lam trong 5 gio thi ho chi

\ 2 A A 7 2. A 2 b A b AY \ A ‘A 7 by A ~
lam dwoc 5 cong vige do. Hoi néu ca 3 nguoi dong thoi cung lam cong viéc do thi bao ldu sé xong

cong viéc?

E.  DAPSO VA HUONG DAN GIAI

Bai toan 1

Goi z (ngay) la thoi gian ngwroi 1 lam mot minh xong cong viéc, y (ngay) la thoi gian ngwoi

2 lam mot minh xong cOng viéc.

Trong 1 ngay, ngroi 1 lam dwoc 1 cong viéc.
T

Trong 1 ngay, nguoi 2 lam duoc 1 cong viéc.
Y

Trong 7 ngay cudi, hai nguoi cong nhan 1,2 lam dwoc % cong viéc.

1 1 63:7 9

Dung gia thiét din dénhe: T Y 100 100

Giai hé duwoc z,y
Nguwoi 3 lam trong 3 ngay duoc: ﬁ; §+§
100 |z v

DPap s6: Nguoi 1: 25 ngay; Nguoi 2: 20 ngay; Nguoi 3: 30 ngay.

cong viéc.

Bai toan 2

6 gio.
§8. BAI TOAN THU'C TE PUA PEN PHUONG TRINH BAC HAI MOT AN

A.  KIEN THUC LIEN QUAN
1. Dinh nghia
Phuong trinh bac hai mgt an la phuong trinh ¢6 dang:
ar’ +br+c=0,
z la @n s6; a,b,¢ 1a nhiing s6 cho trudce, goilahé s6 va a = 0.

2. Cach giai phuong trinh bac hai mot an dic biét
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- Truong hop ¢ =0, Iic dé phwong trinh c6 dang az® +bz = 0.

ar’ +br =0 zlaz+b) =0 2=0 hOéC:E:—E.
a

- Truong hop b = 0, luc &6 phuong trinh c6 dang az® + ¢ =0.

ar’ +c=0% 1° =-°
a
+ Néu a va ¢ cing ddu thi —< < 0, phuong trinh v6 nghiém
a
+ Néu o va c trai dau thi —< > 0, phwong trinh ¢6 hai nghiém d6i nhau z = +,/—< .
a a
3. Céch giai phuwong trinh bac haii mét 4n tong quat

Phuong trinh az® + bz +c¢=0 (a = 0).
Xét biét thirc A = b* — 4ac.
A > 0, phuong trinh c6 hai nghiém phan biét:
b+JA  —b—AA
r=————r, = ———.
2a 2a
A =0, phuong trinh c6 vo nghiém kép: z, =z, = —2i.
a
A < 0, phuong trinh v6 nghiém.
B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE

PHUONG PHAO GIAI

- Goi z la an can tim.
- Pua bai toan vé tim nghiém ctia phwong trinh bac hai d6i véian z.
- Tinh biét thitc A.

- Rt ra nghiém.

Vidul
Mot ngueoi di xe dap tir A dén B cdch nhau 120 km v6i vin toc dy dinh trudc. Sau khi duwroc %

quang dwong AB, nguwoi do ting vdn toc thém 10 km/h trén quang dwong con lai nén nguoi do dén
B som hon dw dinh 24 phut. Tim vdn toc dw dinh va thoi gian nguoi do dw dinh di tir A dén B.
Goi z (km/h) la van tdc xe dap du dinh di.

biéu kién: z > 0; 24 phut = % gio —% gio.
. —_ N 120 .
Thoi gian xe dap ditit A dén B la — gio.
T
1 ~ \ ST |
3 quang duwong dau dai : 3.120 =40 (km).

Thoi gian nguwoi do di é quang duong dau : 40 gio.
x
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% quang duong con lai dai : 120 — 40 = 80 (km).

Van tdc ma nguoi do di % quang duong con lai la: (z +10) km/h.

Suy ra thoi gian ma nguoi do di % quang duwong con lai: 10 gio.
x
Suy ra tong thoi gian ma ngwoi dé di hét quang duwong AB la:
40 80
— + .
r x+10

Ma nguoi d6 dén sém hon du dinh % gio nén thoi gian thuc t€ nguwoi dé di hét quang duwong

Apla 22
x )
Ta c6 phuong trinh:
=40
0, 80 1202 e 10:-2000=0 < .
v 410 z 5 z =-50

Vay van toc xe dap la 40 km/h.
Vidu?2

Hai ngueoi dong thoi khéi hanh tai hai dia diém A, B cich nhau 40 km di nguoc chiéu dé ¢ap nhau.
Nguwoi di bo tie di tie A, ngueoi di xe dap di tiv B. Ho gdp nhau tai C sau khi di dwegc 2 gio. Sau khi
gddp nhau nguwoi di b tiép tuc di vé B va nguoi di xe dap di vé A. Biét rang ngueoi di b vé dén B tré
hon ngueoi di xe dap vé dén A 7 giv 30 phit. Tim vin toc ciia moi nguoi.

Goi z (km/h) la van toc nguoi di bo.

Sau 2 gio nguoi di b di quang dwong AC = 2z (km).

Vay quang duong nguoi di xe dap di trong 2 gio la: CB = 40 — 2z (km).

40 — 2z

Van tdc nguoi di xe dap la: =20 -2z (km/h) (0 <z < 20).

Thoi gian nguoi di bo di tir 4 dén B 1a 22 (h).
X

Thoi gian nguoi di xe dap di tir B dén 4 la: 2040 (h).
— T
Ta c6 phuong trinh: 40 2040 = % < 80(20 — z) — 80z = 152(20 — z)
X — T

< 16(20 — z) — 162 = 32(20 — z)
< 322 =922 +320=0.

Gidira z — 4,2 — % (loai).

Vay van t6c nguoi di bo la 4 (km/h), van tdc nguoi di xe dap la 16 (km/h).

Vidu3

Hai nguoi khdi hanh dong thoi tiv hai dia diém A, B cich nhau 50 km di dé’gap nhau. Ho gdp nhau
sau 5 gio tai diém C trén dogn AB. Sau khi gdp nhau, nguoi 1 (di tiv A dén B) gidm vin toc bét di
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1 km/h va nguoi 2 (di tie B dén A) tang vin toc thém 1 km/h. Két cudc, nguoi 1 vé dén B sém hon

2 gi0 so vdi ngquoi 2 vé dén A. Tim vin toc liic ban diu ctia moi ngueoi.

Goi z (km/h) la van t6c ctia nguoi 1 trén quang duong AC.
Quang duong nguwoi 1 di trong 5 gio la: AC = 5z (km).

Quang duong nguoi 2 ditrong 5 gio la: OB = 50 — 5z (km).
50 — 5z

Van tdc nguoi 2 trén quang duwong CB la: =10 -z (km/h)

Van t6c nguoi 1 trén quang duong CB la: z —1 (km/h).
50 — bz (h).

z—1
Van t6c nguoi 2 trén quang duong AC la: 11—z (km/h)
oT

Thoi gian nguoi 1 dite ¢ dén B la:

Thoi gian nguoi 2 dite € dén 4 la: = (h).
— X
Theo gia thi€t nguoi 1 vé dén B sém hon nguoi 2 vé dén A 2 gio nén ta cd phuong trinh:
or 50 —bz 9
11—z z—1

< bx(x—1)— (50 —5z)(11 —2) =2z —1)(11 — z)
< 100z — 550 = —22° 4 24z — 22

& 22" + 76z — 528 = 0.
Giai phueong trinh ta ¢6 z = 6;2 = —44 (loai).
Vay ltc ban dau van tdc cua nguoi 1 la 6 km/h, van t6c ciia nguoi 2 la 4 km/h.
Vidu4
Mot chuyén tau hoa toc nhanh di tir thanh phd” A dén thanh phd” B cdch nhau 80 km. Tau khoi hanh
chdm 16 phut so véi dw kién ban diu nén nguwoi ldi tau phdi ting van toc théem 10 km/h so véi vin toc
dw kién. Vi vdy tau hoa B dén diing gio so voi quy dinh. Hoi vdn toc dw kién ban diu ciia tau va thoi
Qian tau da di tir A dén B.
Goi z (km/h) la van tdc dw kién ctia tau hoa, z > 0.
Vi khoi hanh € 16 phiit = = = — gid nén van tdc tau 13 o +10 (km/h)

Thoi gian tau du dinh chay tir 4 dén B 1a: 22 (h).
X

80
z+10

Thoi gian tau thuc su chay tir 4 dén B la: (h).

Vitau dén B dung gio du dinh nén ta c6 phuong trinh:

8080 4
z z+10 15
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20 20 1
@ z+10 15

& 3000 = 2° + 10z

& 2° +10° —3000 =0

Giai phuong trinh ta dwoc z = 50,2 = —60.

Hay

Vay van toc du kién ban dau caa tau hoa la 50 km/h.
Thoi gian tau da chay tr 4 dén B la:
80
50 +10

_g (h) hay 1 gio 20 phit.

Vidu5

Vi tri hai tau A, B trén mdt bién va bén cing

P tao thanh tam gidc déu PAB c6 canh la . Hai
tau khoi hanh cung mot lic di theo 2 dwong AP
va BP, cung hwong vé P. Tau 1 khoi hanh tir A,
tau 2 khoi hanh tie B . Khi tau 2 di dwoc 80 km thi

tau 1 dén vi tri hai tau va cang P tao thanh mgt tam

Qidc vuong goc. Khi tau 1 dén cang P thi tau 2 con
cich P 120 km/h. Tim « ?

Goi v, (km/h)la van toc tau 1;

v, (km/h) la van t6c tau 2.
Khi tau 1 dén cang P ticlatau 1 di z (km) thitau 2 di: z —120 (km).
Vay ta c6: = = 2= 120 (1)

Y Yy

biéu nay cho thay tau 2 di chdm hon tau 1.

Khi tau 2 di 80 km dén vi tri B, thitau 1 dén vi tri 4 sao cho tam giac PA B, la tam giac
vuong goc c6 goc P = 60" va PA < PB,.

Vay PA B, lantta tam giac déu co canh la:

PB =BP BB =z —80.

PB —

Do dé PA =1 = ngo
Vay Ad =g Z=80_2+80

2 2
Ta c6 phuong trinh v +80 _ 80 (2)

20, v,
Tt (1) va (2) suy ra T _ 2780 4iva dén phuong trinh bac hai:
x —120 160

z° — 200z — 9600 = 0
Giai ra ta dwoc: z =240 va z = —40 (loai).
Vay canh tam giac déu PAB la z = 240 (km).
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Vidubé6

Hai 6 t6 khéi hanh cung mot liic tai diéim A va ciing chay vé B. Viin toc xe 1 la 40 km/h, vdn toc xe
2 la 50 km/h. 30 phiit sau, xe 3 cung khoi hanh tai A va chay vé phia B. Xe 3 gdp xe 2 dung 1 gio
30 phiit sau khi né gap xe 1. Tim vin toc xe 3.

Goi v (km/h) la van tdc xe 3; v > 50.

Goi t, (h)la thoi gian xe 3 gdp xe 1.

Ta co: 40t, = o(t, —0,5).

Suy ra: t, = m

Goi ¢, (h) la thoi gian xe 3 gdp xe 2.

Ta co: 50t, = v(t, — 0,5).

0,5v

Suyra: t = ——.

y v —=50

Theo gia thiét, ta c6 phuong trinh:
0,50 0,50 :Ehay v v g
v—50 wv—40 2 v—50 wv—40

Ta c6 phuong trinh (v — 40) — v(v — 50) = 3(v — 40) (v — 50)
& 10v = 3v* — 270v + 6000 .
Rat gon ta dugc: 3v° —280v + 6000 = 0.

Giai ra ta duwgc v =60 va v = % (loai).

Vay van toc ctia xe 3 1a 60 km/h.

Vidu?7

Hai nguoi di xe dap khéi hanh dong thoi tai A dé'di dén B. Nguwoi thir 1 di dwoc 42 phiit thi dirng
lgi tai C cdch B 1 km. Nguoi 2 di dwoc 52 phuit thi dirng lai tai D cich B 2 km. Néu nguoi 1 di
quang dwong AD va nguoi 2 di quang dwong AC thi thoi gian di ctia nguoi 1 it hon thoi gian di
ctia ngueoi 2 1a 17 phiit. Tinh khodng cdch AB va vdn toc ctia moi ngueoi.

A D C B

Goi z (km) la chiéu dai quang duwong AB.
Nguoi tht 1 di quang duong AC =z —1 (km) trong 2—3 = % gio nén van tdc nguoi tht 1 la:

M7 (km/h).
N .~ \ 52 13 .\ A A -
Nguoi thit 2 di quang duong AD =z —2 (km) trong w0 "1 8o r> 2 nén van toc nguoi

thie 2 1a %3‘2) (km/h).
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Thoi gian nguoi 1 di quang duong AD la Tz —2) gio
10(z — 1)
. . . . L 13z —1) .,
Thoi gian nguoi 2 di quang duwong AC la B2 gio
7 —

Ta c6 phuong trinh;
13z —-1) 7@-2) 17
15(z—2) 10(z—1) 60
& 52(x — 1) —42(z —2)’ =17(x — 1)(z — 2)
& 102° + 641 — 116 = 172> — 51z + 34
& 72" — 1152 +150 = 0.

Giai phuong trinh, ta duoc z = 15;2 = % (loai).

Vay khoang cach AB la 15 km.

Van toc nguoi 1 la 20 km/h

Van tdc nguoi 2 la km/h.

Vidu 8

C6 hai voi nwdc ciing gian vao mot cdi bé. Voi 1 chdy vio bé, voi 2 thdo nuwedc ra. Thoi gian voi 1 lam
diy bé nhiéu hon thoi gian voi 2 chdy ra can bé' 2 Qio. Bé dang chira % nwdc, nguoi ta mo hai voi

chay ciing mot liic trong 8 gio bé' can. Tim thoi gian voi 1 chdy mot minh ddy bé"va voi 2 chay ra mot
minh can bé.
Goi z (h) la thoi gian voi 1 chay mot minh day bé thi z —2 (h) la thoi gian voi 2 chay mot

minh can bé, z > 2.

.\ N . 2 \ A? 1 A?
Trong 1 gio voi 1 chay vao bé duoc — be.

ZT
Trong 1 gio voi 2 chay ra khoi bé ! 5 bé.
:E J—
B N TSR T PO 1. .
Trong 1 gio ca hai voi chay lam bé voi di 5T bé.
T — T

Theo gia thiét, é bé dwgc chay can trong 8 gio.

Vay trong 1 gio can duoc % 18 = i bé.
Ta c6 phuong trinh: L 1.1
r—2 =z 24

& 24z —24(x —2) = z(x — 2)

&a’—2r-48=0
Giai phuong trinh ta dwoc: =z = 8,2 = —6 (loai).
Vay voi 1 chay mot minh trong 8 gio thi day b€, voi 2 chay mot minh trong 6 gio thi can bé.
Vidu9
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Ba nguoi thy xdy cing nhau xdy dung xong mot bikc twong trong a gio. Néu moi nguoi xdy riéng 1

minh thi dé'xdy xong birc twong d6 nguoi thiv nhat lam nhanh hon nguoi thir ba 2 lin va sém hon

ngueoi thir 2 1 gio. Hoi moi ngueoi xdy riéng mot minh xong bikc tuong trong bao liu?

Goi z (h) la thoi gian ngwoi thit ba xay mot minh xong bttc turong.

z +1 (h) la thoi gian ngwoi thit hai xay mot minh xong bttc tuong.

Trong 1 gio ca ba nguoi cung lam duoc L bae tuong.
a
Trong 1 gio nguoi tht nhat xay duoc 1 bie tuong.
X

Trong 1 gid ngudi thit ba xdy duoc QL burc tuong.
X

Trong 1 gio nguoi thit hai xay dwoc

btrc tuong.
z+1

Ta c6 phuong trinh:
1 1

1

z 2z z+1
< 3a(z + 1)+ 2az = 2z(x — 1)
22> — (5a —2)r —3a = 0

1
.

A =(5a —2) +24a =25a" +4a+4>0
Nghiém cuia phuong trinh la:
o= 5a — 2+ +/25a” + 4a + 4
4

_ _ 2
o 5a — 2 22@ +4a + 4 (loai)

Vay nguoi thit nhat xay mot minh xong bttc twong trong:

5a — 2 +4/25a° + 4a + 4

h
- ®)
Nguoi thir hai xay mot minh xong bttc trong trong:

5a + 2+ 250 +4a + 4

h
- (h)
Nguoi thit ba xay mot minh xong btrc tong trong;:

5a — 2 +4/25a° + 4a + 4

2

(h).
Vidu10

Hai nguwoi tho ciing lam mgt cong viéc xong trong 12 ngay. Néu nguwoi thir nhat lam mt minh xong

1 o P VRN 1 A ea
o Cong viéc roi sau do nguoi thir hai lam mot minh xong 5 cong viéc con lai thi xong cong viéc trong

25 ngay. Hoi moi nguoi lam mot minh thi xong cong viéc trong bao ldu?

Goi z (ngay) la thoi gian ngwoi thit nhat lam mot minh xong % cong viéc.
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Vay 25—z (ngay) la thoi gian nguwoi thit hai lam mot minh xong % cong viéc.

Suy ra 2z (ngay) la thoi gian nguoi th nhat lam mot minh xong cdng viéc va 50 — 2z (ngay)

la thoi gian ngwoi thir hai lam mat minh xong cong viéc.

Trong 1 ngay ngudi thit nhat lam dugc QL cong viéc.
X

Trong 1 ngay nguoi thit hai lam dwoc cong viéc.

50 — 2z
Trong 1 ngay ca hai nguoi cung lam duoc:
1 A N
—+ cong viec.
2z 50 -2z

Theo gia thiét, ca hai nguoi cing lam xong cong viéc trong 12 ngay nén trong 1 ngay ca hai
nguroi cung lam duoc % cong viéc.

1 1 (0 <z <25).
50 —2z 12

Khai trién dwa dén phuong trinh: z* — 25z +150 = 0.
Giai phuong trinh ta dwoc: z = 15,2 = 10.

Ta c6 phuong trinh: QL +
x

Khi z =15 ta c6 dap s6: Nguoi tht nhat lam mot minh trong 30 ngay thi xong cong viéc.
Nguoi thit hai lam mot minh trong 20 ngay thi xong cong viéc.
Khi z =10 ta c6 dap s6: Nguoi thit nhat lam mot minh trong 20 ngay xong cong viéc.
Nguoi thit hai lam mo6t minh trong 30 ngay xong cong viéc.
Vidull
Mot ngueoi lam xong mot cong viéc nhanh hon nguwoi thir hai 4 gio. Ddu tién hai nguoi cung lam
chung cong viéc dé trong 2 gio. Phian con lai, ngueoi thir nhdt lam trong 1 gio thi xong. Hoi thoi gian
nguwoi thir hai lam mot minh xong cong viéc?
Goi z (h) la s0 gio nguoi thit hai lam mot minh xong cong viéc.
Nguoi tht nhat lam nhanh hon 4 gio nén s6 gio it hon:

r—4 (h), z>4.

Trong 1 gio nguoi thit nhat lam dwoc

cong viéc.
r—4

Trong 1 gio ngwoi thit hai lam dwoc 1 cong viéc.
x

Nguoi thir nhat lam trong 3 gio duoc

cOng viéc.

Nguoi thit hai lam trong 2 gio duoc 2 cong viéc.
X

3 +2:1:>x2—9x+820.
r—4 x

Ta c6 phuong trinh:

Giai phuong trinh ta dwoc 2 = 8,2 =1 (loai).

Vay nguoi thit hai lam mdt minh xong cong viéc trong 8 gio.
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Vidu 12
Hai xe khéi hanh tai 2 thanh phd” A, B cdch nhau 220 km chay ngwoc chiéu dé gdp nhau. Néu 2 xe
khoi hanh cting mot liic thi chiing sé gap nhau sau 4 gio. Néu xe chay tir A khoi hanh som hon 2 gio
thi 2 xe gdp nhau tgi trung diém M cia AB. Tim vdn toc ciia moi xe.
Goi = (km/h) 1a van tdc xe khoi hanh tir A.
Trong 4 gio xe nay chay duwoc 4z (km).
Trong 4 gio xe khoi hanh chay tt B chay dwoc 220 — 4z (km).
Van toc xe khoi hanh tir B la:
220 — 4x
4

Thoi gian xe chay tir A4: 1o (h).
X

=55—= (km/h) (0 <z <55).

110
95— ()
Xe chay ttt A khdi hanh sém hon 2 gio nén ta c6 phuong trinh:
110 110
Tz 95—z -
6050 — 220z = —22° + 110z
2z° — 330z 4 6050 = 0

Giai phuong trinh ta dwoc z = 105 _25 005 T = 105 +25 605

Thoi gian xe chay tit B:

(loai)

Van t5c xe di tir A Ia: % V605 kcm/h).
Van t8c xe di tit B 1a: 5602—‘55 (km/h).

Vidu 13

Hai mdy gat cung gat mgt dam rudng xong trong 4 ngay. Néu 1 mdy gat niea dam rugng do, tiép
theo mdy thie hai gt niea con lgi thi gat xong ddm rudng do la 9 ngay. Hoi moi mdy gat mot minh
xong dam ruong trong bao nhiéu ngay?

Goi z (ngay) la thoi gian mdy gat thi nhat gat mot minh xong ddm rudng, = > 0.

Goi y (ngay) la thoi gian may gdt thit hai gat mot minh xong ddm rudng, y > 0.

Ta c6 phuong trinh: g +% =9 hay z+y =18 (2)
Trong 1 ngay mady thit nhat gat dwoc 1 dam ruong.
X

Trong 1 ngay may thit hai gat duoc 1 dam ruong.
Yy

Trong 1 ngay ca hai may gat duoc 1,1 qim rudng.
Yy
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Theo gia thi€t ca hai may cung gdt thi xong trong 4 ngay nén trong 1 ca hai may gat duoc i

dam rudng.
, \ 1 1 1
Ta c6 phuong trinh: —+—=— (2)
x y 4
z+y=18(1)
Vay ta dugc hé phuong trinh: {1 N 1 1
r y 4

T (2) ta co: 1y _ 1 en Ty =T2.
xy 4

Vay z,y la nghiém ctia phuong trinh: X* — 18X +72 =10

Giai phwong trinh ta dwoc: X' =12, X" =6.

Do d6 may gdt thit nhat gdt mot minh xong trong 12 ngay, may gat thit hai gat mot minh

xong trong 6 ngay.

Hay may gat thit nhat gat mot minh xong trong 6 ngay, may gat thit hai gdt mot minh xong

trong 12 ngay.

Vi du 14

Mot chiéc ghe di xudi dong tir A dén B cich A 10 km roi tro vé A. Vin toc cua ghe khi niedc dirng

yén la 3 km/h. Thoi gian di xudi dong it hon thoi gian di ngroc dong 2 gio 30 phiit. Hoi ghe phai

chay v6i vin toc bao nhiéu dé'thoi gian xudi dong tiv A dén B la 2 io.

Goi z (km/h) la van tdc cta dong nude, 0 <z < 3.
10

3+

10
3—x

Thoi gian ghe di tir 4 dén B (xudi dong) la (h).

Thoi gian ghe di tlt B dén A (nguoc dong) la (h)

10 10

Ta c6 phuong trinh: — =
3—z 3+«x

>

2

Khai trién, thu gon z° + 8z —-9=0.

Giai phuong trinh ta dwoc 2 =1,z = -9 (loai)

Vay van toc ctia dong nuwdc chay tir A dén B 1a 1 km/h.

Néu goi v (km/h) la van toc cua ghe trude khi nude ding yén thi van toc ghe khi xu6i dong
la v+1 (km/h).

10
v+1

Thoi gian xudi dong la:

(h)

10

=2.
v+1

Ta c6 phuong trinh:

Vay v =4 (km/h).
Do d6 ghe phai chay véi van toc 4 km/h.
Vidu15
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Hang ngay, mgt chiéc thuyén di tiv A dén B r0i tré vé A ngay. Mot hom, do cong viéc khin cip nén
vdn toc cua thuyén khi nwéc dirng yén tang lén gap doi thi thoi gian di tir A dén B 16i tré vé A ngay
ctia thuyén chi con bang é thoi gian thweong 1¢ hang ngay. Héi van toc thuyén hang ngay 16n gip bao

nhiéu [in van toc ciia dong nudc.
Goi z (km/h) la van t6c ctia thuyén khi nuwdc ding yén trong cac chuyén binh thuong.
Goi y (km/h) 1a van t6c dong nudc.
Thoi gian ctia mot chuyén di va thuong 1€ cua thuyén la:
AB AB
(h)

_l’_
Tty T-yY

Thoi gian ctia m§t chuyén di va vé trong treong hop khan cap la:
AB AB

+ (h)
2r+y 2z—y
Ta c6 phuong trinh:
AB AB 1| AB AB
+ == +
2x4+y 22—y OSlz+y z—y
1 1 1 1 1
== +
5

Dét£:t>0
Y

, 1 1 1 1 1
Ta co: + [ + ]

9% +1 2—1 5lt+l t—1

2N 200 2 S AP —1=10t* — 10
a8 -1 -1
S6tP=9st= g

Vay van toc ctia thuyén khi nuwdc ding yén trong cac chuyén binh thueong phai gap \/g van

toc ctia dong nudc.

Vidu 16

MGt doan tau danh cd dw dinh ddnh bat 1800 tan cd trong mot s6 ngay nhat dinh. Do bi bio nén
trong 3 ngay diu tién doan thanh bit it hon ké'hoach méi ngay 20 tan. Trong cdc ngay con lgi, doan
ddnh bit viegt hon ké'hoach 20 tdn mdi ngay. Vi vdy doan da hoan thanh ké hogch ddnh bt trwedc thoi
han 2 ngay. Héi theo ké'hoach mbi ngay doan tau danh bat bao nhiéu tan cd va thoi gian danh bt
theo ké'hoach la bao nhiéu ngay?

Goi z (tAn) 1a s6 tan ca du dinh bat mdi ngay theo ké& hoach.

Vay 2% heay 1a thoi gian danh bt theo k& hoach.
T
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SG ca danh bat duoc trong 3 ngay bi bao: 3(z — 20) tan.
1800

X

S& ca con phai ddnh bat trong -3

ngay con lai la:

1800 — 3(z — 20) = 1860 — 3z (tan).
SG ca danh bat dwgc mdi ngay sau khi bao la: z +20 (tdn).

1860 — 3z

S& ngay danh bat ca sau khi bao la: 0 (ngay).

Theo gia thiét, doan tau vuot ké hoach thoi gian 1a sém duoc 2 ngay.
1800 3] 18603z _,

Do d¢ ta c6 phuong trinh:

T z + 20

1800 1860 — 3z _ 5
T x4+ 20

& 1800z + 36000 — 1860z + 32* = 5a* + 100z
& 22”4160z — 36000 = 0.
Giai phuong trinh ta dwoc: z =100,z = —180 (loai).

Vay

Vay theo k& hoach mdi ngay doan tau phai danh bat 100 tan ca.

Thoi gian danh bat theo k& hoach 1a 18 ngay.

Vidu17

Theo ké hoach, mot doi cong nhin ldm nghiép phdi cuea 216m* g0 trong mot s6'ngay nhat dinh. Trong
3 ngay ddu tién, dgi hoan thanh ké hoach mdi ngay. Sau dé, di ctia viegt mirc ké'hoach moi ngay 8m’
va cwea dwge 232m’ trwde ké'hoach thoi gian mot ngay. Hoi dji cong nhin do phdi cwa bao nhiéu m’
90 mdi ngay theo ké'hoach.

Goi z (m*) 1a s8 gd ma ddi cong nhan phai cra mdi ngay theo ké hoach.

S6 gb doi phai cura trong cac ngay con lai la: 232 — 3z (m?).

SO ngay theo ké' hoach d6i cong nhan phai lam viéc: 216 (ngay).
T

SO ngay con lai sau 3 ngay lam dung ké hoach: 216 5.
x

SG gb duoc cua moi ngay sau d6: z +8 (m*)

SO ngay doi thuc su lam viéc ¢ dot sau: 232 — 3u (ngay).

Theo gia thiét, doi vuot ké hoach thoi gian 1 ngay nén ta cé:
216 232 — 3z 216 232—3x

—=3
T T+ 8 T z+8

4

& 2162 +1728 — 2320 + 32° = 42’ + 322 & 2° + 482 —1728 = 0
Giai phuong trinh ta dugc: z = 24;2 = —72 (loai).
Vay, theo k& hoach mdi ngay doi cong nhan dé phai cua 24m* gb.
Vidu 18
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MGt nha hdt ¢6 500 chd ngoi dwoc xép dit thanh nhiéu hang ghé, moi hang c6 s6'ghé nhw nhau. Sau
khi sira chita, s6'chd ngoi ctia nha hdt gidm di % chd ngbi. S6'hang ghé’gidm di 5 hang nhiwng moi
hang ghé'lai ting thém 5 ¢hé. Tim s6 hang ghé va s6'ghé trong moi hang trudc khi siea chira.

Goi z la s6 hang ghé'luc dau (z nguyén, duong)
S§ ghé trong mdi hang ghé lac dau 1a: 22 ghd.
Zz

Sau khi stra chita chd ngdi trong nha hat 1a:

500.% = 450 (chd ngdi)
SO hang ghé sau khi stta chita la: z —5 hang (z > 5)
S6 chd ngdi trong mdi hang ghé sau khi stra chia la: ;305
Ta c6 phuong trinh: ;iog) - % =5
Hay :1:9—05 —%: 1 < 90z — 100z + 500 = z° — bz

& 2’ 452 —500=0.

Giai phuong trinh ta duoc z = 20,2 = —25 (loai)
Vay ldc dau nha hat c6 20 hang ghé va mdi hang ghé& c6 25 chd ngoi.
Vidu19
Mot binh chira diy glyxerin nguyén chat. Nguwoi ta rét ra 2 lit glyxerin o1 vét vao 2 lit nwdc va
khudy tron déu. Lian hai nguoi ta vét ra 2 lit dung dich roi vét vao 2 it nwdc va khudy tron déu. Lan
ba nguoi ta rot ra 2 lit dung dich roi rot vao 2 lit nwdc va khudy tron déu. Sau ba lin rot ra r6i dong
diy thi thé'tich nwdc trong binh nhiéu hon thé'tich glyxerin nguyén chit co trong binh la 3 lit. Héi co
bao nhiéu lit glyxerin va bao nhiéu lit nwéc trong binh sau ba lin rét ra r6i dong ddy trén.
Goi z (lit) la dung tich binh.
The tich glyxerin nguyén chat con lai trong binh sau lan rét thit nhat 1a (z —2) (lit), z > 2.
D4 thém 2 lit nwdce vao, tron déu thi thé tich glyxerin nguyén chat cé trong 1 lit dung dich
z—2

x

sau khi rot ra, cham vao Ian thit nhat la:

The tich glyxerin nguyén chat dwoc roét ra lan 2 la: =22 (lit).
X

Thé tich glyxerin nguyén chat con lai trung binh sau lan rét thit hai la:
200 -2) (z—-2)
x B x

(2 —2)— (i)

Thé tich glyxerin nguyén chat c6 trong 1 lit dung dich sau hai lan rét ra, cham vao la:
(z—2)

2
T

2
The tich glyxerin nguyén chét duoc rot ra lan thi ba 1a: 22 —2" (it
xr
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The tich glyxerin nguyén chdt con lai trung binh sau Ian roét thit ba la:
2 2 2
(z-2) 2x-2) _(z— 2) (lit)

2 2
T i T

2
Suy ra thé tich nuwéc trong binh la: @=2) 4 (lit)
T

2
Thé tich nudce va thé tich glyxerin nguyén chat lam day binh. Vay ta c6 phwong trinh:
(z—2f (-2
2 + 2

T T

& 22’ — 62" +122 —8) + 32" = 2°

+3=22x-2"+3"=2"

& o’ — 92" + 242 —16 =0
(z—1)(2" —82+16) =0
Giai phuong trinh ta duoc: © = 4,2 =1 (loai)
Vay dung tich binh Ia 4 lit.
(-2 2°

Thé tich glyxerin nguyén chat c6 trong binh sau ba [an r6t ra, cham vao la: ~——— =~ =10,5
x 47

(lit).
Thé tich nwdce c6 trong binh sau ba [an rét ra cham vao la 3,5 lit.
Vidu 20

Sau 2 Iin ting liong, tién livong clia mot ngueoi bing ? lwong cil. Hoi ty ¢ phiin tram diwegc nang
lwong cia lin ting lwong diu tién biét rang i 1¢ phiin tram [in sau gap doi lin ning dau.

Goi z la tién luong cii.

Goi y% la ti 1é phan tram nang lvong lan dau, y > 0.

Suy ra 2y% la ti 1€ phan tram nang luong lan sau.

Luong sau Ian nang dau tién: o + —2 = |1+ —|.
100 100

Luong sau 1an nang tht hai: 2|14+ —2 |+ 2|1+ —— 2 iy Y|4 2
100 100 /100 100 100

~————

Theo gia thiét, ta co:

v
100

X
16y> + 2400y — 70000 = 0.

z|{l+

[ o ]
100
= 185 & 8(100 + y)(100 + 2y) = 150000

Giai phuong trinh ta dwoc y = 25,y = —175 (loai).

Ti 1é phan tram dwoc nang lwong dau tién la 25%.

Vidu 21

Hai ngueoi khoi hanh dong thoi tai hai diém A, B va di ngueoc chiéu dé gdp nhau. Sau khi gdp nhau tai
C cich B 12 km ho tiép tuc di vé phia triegc. Khi dén thanh phd’ B, A ho ldp tirc quay tro vé diém
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xudt phat. Lin nay ho lai gdp nhau tai diém D cich A 6 km va sau lic gdp nhau lin 1 6 diém C 6

¢i0r. Tim khodng cich AB va vdn toc ciia moi nguedi.

Goi z (km) la khodng cach AB.

v, (km/h) la van toc ctia nguoi 1 (di tte A).

v, (km/h) la van t6c ctia nguoi 2 (di tir B).

Thoi gian ngudi 1 di doan AC = z —12 (km) cing bang thoi gian nguoi 2 di doan BC =12
(km).

z—12 _ 1)_2 (1)

1 2

Vay

v
Thoi gian tir lic gap nhau lan 1 dén ltc gdp nhau lan 2 ngwoi 1 di duwoc doan duong
CB + BD , nguoi 2 di dugc doan duong CA+ AD.
CB+BD _CA+AD _ . 1245-6_2-12+46 _

Vay 6 6 )
vl /UQ Ul U2
(1) Chota: £=12_14%
/UQ

(2) Cho ta tr6_1u

T — ’U2
Suyra:II;?:erg®x2—18x+72:72+12x<:>x2—30x:0.

T _

Giai phuong trinh ta duoc z = 30,2 = 0 (loai).

Thay z =30 vao (2): v, =6; v, =4.

Vay quang duong AB dai 30 km.

Van toc nguoi di tir 4 la 6 km/h.

Van toc nguoi di tir B 1a 4 km/h.

Vidu 22

Mot nguoi di mo t6 khéi hanh tiv A dé'di dén B . Hai gio sau mgt 6 t6 khéi hanh tiv A chay vé phia
B. Mo tova 6 té dén B cung mot liic. Néu mo t0 va 6 t6 khoi hanh dong thoi tir A va B di nguoc
chiéu nhau thi ho sé gap nhau 1 gio 20 phiit sau khi khoi hanh. Tinh thoi gian mo t6 di tiv A dén B.
Goi t (h)1a thoi gian mo t6 di tix A dén B.

Goi t—2 (h)lathoigianoto ditt A dén B (t >2).

Van t6c mé to: ATB (km/h)
Van t8c 6 t6: ;4_32 (km/h).

Khi di nguoc chiéu thi 6 t6 va mo t6 gap nhau sau khi khoi hanh 1 gio 20 phut = % gio.
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Vay ta co: 448, 4B\ _ 4p.
31t t—2
Suy ra: Ty b 330 uirs=o.
t t—-2 4

Giai phuong trinh ta dugc: ¢ = 4,t = % (loai).

Vay thoi gian md t6 di tr A dén B la 4 gio.
Vi du 23
Hai nguoi di xe gin mdy dong thoi khéi hanh tai 2 diém A, B di nguwoc chiéu dé’ ¢dp nhau. Sau khi di

dwgc 1 gio 36 phiit khodng cdch giika hai nguoi bang A?B Hoéi mbi nguoi di quang dwong AB mat
bao léu biét rang nguoi di tiv A mat mot thoi gian it hon 3 gio dong hd so vdi nguoi di tir B.

Goi ¢ (h) la thoi gian ma ngroi di tit A di quang duong AB (¢ > 0).

Vay ¢+ 3 (h) la thoi gian ma nguoi di tit B di quang duwong AB.

Van toc nguoi di tlr A4: ATB (km/h).
Y NP AB
Van toc nguoi di tir B: T3 (km/h).

Quang duong ma 2 nguoi di duoc trong 1 gio 36 phut :% gio la:

8|AB AB
—|—+——| (km).
o ¢t t+3

Co 2 truong hop:

a) Néu hai nguoi chira gdp nhau Ian nao thi quang duong d6 bang:

apAB_ 448

S b}

Ta c6 phuong trinh: 8|48 + AB |_ 448

ol t t+3 5
1 1 1
Vay —=+——==.Suyra t* —t—6=0.
%y t t+3 2 y

Giai ra ta dwgc nghiém ¢ = 3;t = —2 (loai).

Nguoi di tt A mat 3 gio d€ di quang duwong AB.

Nguoi di tv B mat 6 gio dé di quang duong AB.

b) Néu hai ngudi da gép nhau thi quang duong d6 bang:

Ap+AB _ 648
) )
Tacc')phu_’cmg’clr‘mh:§ AB+ AB :6AB.
o t t+3 5
Véy1+L:§.
t t+3 4

Khai trién thu gon ta dwgc: 36> +¢—12=0.
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\/145—1t —145 -1

Giai phuong trinh ta duwoc: ¢ = e = ; (loai).

V145 —1 ~ V145 +17 gid

Vay nguoi di tir A mat e gio, nguoi di tt B mat ————

Vidu 24

Mot cdi ho dwoc boi nwéc vao boi 2 cdi voi. Voi thir 1 dwgc mo ra trong thoi gian cin thiét dé'voi
thir 2 bom mot minh day h6. Sau dé nguwoi ta ding voi 1 va mo voi 2 trong thoi gian cin thiét dé

v0i 1 bom mot minh ddy ho. Tong cong hai voi bom duwgc % ho. Néu ca hai voi dwoc mo cung mot liic
thi h6 diy trong 2,4 gio. Hoi thoi gian cin thiét dé' méi voi bom mot minh ddy ho.

Goi z (h) la thoi gian voi 1 bom mét minh day ho;

y (h) la thoi gian voi 2 bom mot minh day ho;

vV (m®) la dung tich ho.

Trong 1 gio voi 1 bom dwgc v (m®).
T

Trong 1 gio voi 2 bom duoc v (m*).
Y

Voi 1 bom trong thoi glan Y (h) thi dugc

Voi 2 bom trong thoi gian 5 (h) duoc

_ 5V hay i—i-i:%.

y,Va
y 2 6 3z 2y

Ta c6 phuong trinh: vy +

z 3

Trong 1 gio ca 2 voi bom vao ho nude dwoc: v + v (m*).
r oy
V.V 5V

Ta c6 phuong trinh: v +—=—==—.
x oy 2,4 12

A1 1 5

Viy = +—-—=— 2

VT TR (2)

\ \ «, T \ .1 Kk 5

Tt phwong trinh (1) ta dat — =% thitaco: —+—=—.
y 3 2 6

Suy ra 3k* —5k+2=0.

Giai phuon trinh ta dugc £ =1,k :%
. . 2 2 5
Khi k=1 hay z =y thay vao (2) tacoé: — === —.
x oy 12

Véyx:y:%:él,S (h) hay z =y =4 gio 48 phut.
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Khi k:% thi x:%y thay vao (2) ta duog; ;—Fl_i nen y =6,z =4.
4

4
Vay voi 1 bom mot minh day ho trong 4 gio 48 phut, voi 2 bom mot minh day ho trong 4
gio 48 phut.
Hodc voi 1 bom mot minh day ho trong 4 gio, voi 2 bom mot minh day ho trong 6 gio.
Vi du 25
Mot xe ca khoi hanh tir K dé¢'di toi M va mot xr buyt khoi hanh tie M dé' di t6i K cung mgt lic. Khi
xe ca di dwoc 0,4 quang dwong KM thi xe buyt con cich xe ca 4 km. Khi xe buyt di dwoc 0,5 quing

dwong KM thi xe ca cich xe buyt 10 km. Tinh ti s6'thoi gian ma xe ca va xe buyt phdi chay cd quang

dwong KM . Cho %éi o8 8 cuia 2 xe kh%g dé’i.B 0,58 Xebuyt » .
o 2 ol . ! o
) 10km )

K-X® 5 o4 B E S
m

’ K 0.5s

Goi s (km) la chiéu dai quang duong KM .
v, (km/h) la van toc ctia xe ca, ¢, (h) l1a thoi gian xe ca di quang duong KM .

v, (km/h) la van t6c ctia xe buyt, ¢, (h) la thoi gian xe buyt di quang dwong KM .

Thoi gian xe ca di quang duong KC = 0,4s la 0,45 (h)
/Ul
Trong thoi gian d6 thi xe buyt di quang duwong MD = 0,45 v, (km).
/Ul
Ta co: CD =4 (km).
CD = MC — MD = (s — 0,4s5)— 22 4 =4 (1)
7)1
o 0,4s
Hodc CD = MD — MC = v, —(s—=0,45)=4 (2)
Ul
Ta co: vt, =vt, = KM.Vay + = kel
t2 vl
ot v
bat L=z thi 2 =12
t2 Ul
Hai phwong trinh (1) va (2) viét thanh: | 0,6s — 0,4sz |= 4 (3)
K Xeca s 0.4s C D : Xebuyt M
4km
!{% 0,4s p g MB
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Thoi gian xe buyt di quang duong MB = 0,5s la 0.5 (h).
(%

2

Trong thoi gian do, xe ca di quang duong: KE, = %‘”1'
'U2

Hoac quang duong KE, = %.vl sao cho BE, = BE, =10 (km).
'02

Ta co: BE, =5—0,5s — %.Ul 4)

BE, =——uw, —(s—0,55)  (5)

Hai phwong trinh (4) va (5) viét thanh: ‘0, 55— 208
T

—10 (6)

Tt hai phwong trinh (3) va (6) ta co:

[0.6-04c|_2 |6-dc| 2
————==hay ——=-=.
05| 5 51 5
T

0,5— 52

X

z—1

Phuong trinh twong duong véi 10. | 3 — 2z |= 10

Néu 0 < z <1 thi:
1—=z
—-

3—2z > O,QE—_1 < 0. Vay ta c6 phuong trinh: 3 —2z =
X

Hay 22° —4z +1=0.

Giai phuong trinh ta duoc z = 2 _2\/5 =2 +2\/§ (loai).
Néu 1<z <1,5 thi 3—2m>0,x;1 >0.

Vay ta c6 phuong trinh: 3 — z = ""”;1 hay 22° — 22 —1=0.
Giai ra ta duoc z = L +2\/§ = L _2\/3 (loai).

Néu z > 1,5 thi 3—2z < O,m—_1 > 0. Vay ta c6 phuong trinh:
T

z—1

2z -3 = hay 22* —4z+1=0.

2442 _2-\2
2 T 9

X

Giai phuong trinh ta dwoc: = = (loai).
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Bai toan c6 ba dap so:

22 1443 242
2 o2 7 o2
Vidu 26
Hai 6 t6 kh6i hanh ciing mot liic tiv hai diém A, B chay nguwoc chiéu dé' gdp nhau tai diém C . Sau khi
Qadp nhau, xe 1 (chay tiv A dén) phai mat 16 gio nita moi dén B, con xe 2 (chay ti B dén) phai mit
25 gi0 nita méi dén A. Hoi thoi gian di quang dwong AB ciia moi xe?
Goi v, (km/h)la van toc ctia xe 1 di ttr 4.
v, (km/h) la van t6c ctia xe 2 ditlt B.
t (h) la thoi gian ttr luc khoi hanh dén khi hai xe gdp nhau tai C.
Ta co: AC = vt = 250,; BC = u,t = 16v,

2
25 16 N N .
Y _ vl.Vay U :§,nen:ﬂ:§.Dodo
/Ul ’U2 ’02 16 4

Suyra t=

B 161}1

Yy

t

S
=16.—=20 (h
64 0 (h)

Thoi gian ttr lic khoi hanh dén khi hai xe gdp nhau 1a 20 gio.

Vay thoi gian xe 1 chay tir 4 dén B la: 20 + 16 = 36 gio.

Thoi gian xe 2 chay tit B dén A4 la: 20 + 25 = 45 gio.

C. LOIBINH

Chuang ta vira c6 mot s6 kham pha thu vi xoay quanh bai toan thuce té€ dua dén phwong trinh
bac hai. Cac dang toan khac nhau da mang dén cho chiing ta rat nhiéu diéu bo ich. Dang toan
nay cling thuong rat hay duoc dua ra thi trong cac ki thi hoc sinh gioi cling nhw chuyén cap.
D.  BAITAPREN LUYEN

Bai toan 1

MOt chiéc xe phdi di tir A dén B cich A 30 km. Xe d6 khéi hanh tiv A tré mit 3 phiit so v6i dw kién
ban ddu. Vi vdy dé'dim bdo dén B diing Qio quy dinh nguoi tai xé phai cho xe chay nhanh hon duy
kién 1 km/h. Tinh vdn toc xe da chay tir A dén B.

Bai toan 2

MGt doan tau hod cho hang giika hai dia diém A, B cich nhau 20 km theo diing lich trinh dd vach ra
v0i vin toc khong doi da dinh truéc. Mot lin no, sau khi di dwegc phan niva doan dwong tau dieng lgi
3 phuit r6i tiép tuc dén B dung gio quy dinh sau khi da tang vdn toc thém 10 km/h trong nira doan
dwong con lgi. Lan khic, tau dieng lai 5 phiit ngay tai trung diém doan AB. Héi tau phai di chuyén
v6i vin toc bao nhiéu trén niva dogn dwong con lai dé’dén B diing gio di quy dinh.

Bai toan 3

Mot nguoi di xe dap khoi hanh tie tinh A di dén tinh B cich A 96 km, dy kién dén B liic 14 gio
chiéu cung ngay. Nguoi do khoi hanh chdm mat 2 gio nén da ting van toc them 4 km/h va dén B
vao liic 14 gio 48 phiit cung ngay. Hoi liic ddu nguwoi do dinh di voi van toc bao nhiéu?

Bai toan 4
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Hai thw ki ciing nhau danh mdy mgt quyén sach c¢6 65 trang. Nguoi thir hai gioi hon nén dinh may
moi gio nhiéu hon nguoi thir nhit 2 trang. Khi xong quyén sdich thi nguoi thiv hai dinh mdy dwoc
nhiéu hon nguwoi thit nhat 5 trang nhwng véi thoi gian it hon 1 gio so véi thoi gian cua nguweoi thir
nhat. Hoi moi gio ngueoi thuw ki dé danh may dwoc bao nhiéu trang sdch.
Bai toan 5
Mot thuyén may chay xudi mot dong song 14 km r6i di ngueoc dong 9 km mat tat ca 5 gio. Tim van
toc ciia dong nuwedc biét rang vdn toc cua thuyén mdy trong nudc yén ling la 5 km/h.
E.  DAP SO VA HUONG DAN GIAI
Bai toan 1

., 1 .
3 phat = 20 810
Goi z (km/h) 1a van tdc xe da chay tir A dén B.
Giai phwong trinh ta dwgc: z = 25 thoa man dé bai.
Pép s6: 25 km/h.
Bai toan 2
Goi z (km/h) la van tdc da dinh trude.

10 1

Ta c6 phuong trinh:

Lan dau ta c6 phuong trinh: 10 =—.
r o+10 20

Tim dwoc z = 40 thoa man.
Goi v (km/h) la van tdc can tim.
10 1

Lan khac ta c6 phuwong trinh: 0 1_1
40 v 12

Giai phuong trinh ta duwgc: v = 60 km/h.
Bai toan 3
Nguoi d6 khoi hanh chdm mat 2 gio nhung nho tdng van tdc thém 4 km/h nén cudi cung

chi cham c6 48 phut (% gio).

Vay nho ting van t6c nén thoi gian rat ngan dwoc g gio.

Néu goi z (km/h) la van t6c duw dinh. Ta c6 phuong trinh:
96 96 6

x z+4 5
Giai phuong trinh ta duoc z = 16 thoa man dé bai.
DPép s6: 16 km/h.
Bai toan 4
Goi ¢ (trang) la s6 trang danh may ctia nguwoi tht nhat khi da danh may xong thi ¢ + 5 1a s6
trang da danh may ctia ngwoi thit hai.
Vay t+(t +5)=65.
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Ta tim dwoc: ¢t = 30.

Goi z (trang) la s trang nguoi thit nhat danh may duoc trong 1 gio.

Vay z +2 (trang) la sO trang nguoi tht hai danh may duwoc trong 1 gio.
30 35

z langhiém ctia phuwong trinh: P 1.

Giai phuong trinh ta dugc: z =5 thoa man dé bai.
Vay nguoi thit nhat danh may dwoc 5 trang va nguoi th hai danh may duoc 7 trang.
Bai toan 5
Goi van toc can tim 1a z (km/h) la nghiém cua:
14 9
+
S+x S-—u

=5voi0<z<5.

Giai phwong trinh ta dwoc: z = 2 thoa man dé bai.

§9. BAI TOAN THUC TE PUA DEN HE PHUONG TRINH
BAT PHUONG TRINH BAC HAI

A.  KIEN THUC LIEN QUAN
Bai toan hé phuwong trinh va bat phwong trinh bac hai ¢é nhiéu cach ti€p can khac nhau.
Thong thuong ching ta biéu dién mot an theo an con lai va dua vé phuong trinh c6 thé tim
nghiém.
B.  VIDUMINH HOA

PHUONG PHAP GIAI

- Biéu dién y theo z.
- Thay y theo z rat ra phuwong trinh c6 thé tim duoc = .

- Rat ra gia tri y can tim.

Vidul
Ba bén tau A, B,C ¢ trén cung mot dong song chdy tir A dén C. B la trung diém ciia AC . Vin toc
cua dong nwoc la 5 km/h. Hai tau khoi hanh ciing mot liic tai bén tau B. Tau 1 di tir B dén C, tau
2 ditir B vé A voi van toc v km/h khi nwoc dieng yén. Sau khi dén A, tau 2 1dp tirc tro vé C . Hoi
vdn toc v thod dieu kién gi dé'tau 2 dén C tré hon tau 17
Dé tau 2 c6 thé vé dén A ta phai c6 diéu kién v > 5.
Thoi gian tau 2 ditlr B vé dén A roitir 4 dén C la:
vB—A5 - vA+C5 N vB—A5 - f —B;-f; (Vi AC=254)
BA(3v—5)
(v—>5)(v+5)
Thoi gian tau 1 ditr B dén C vdi van toc o' batki la:
BC _ BA
v'+5 v+

. (gio) vi BA= BC'.

76. Toan hoc So do




Chuyén dé Bai Toan Thuc T€ - DAI SO

Dé& tau 2 tré hon tau 1 ta phai cé:
BA(3v—5) _ BA
(v=>5)(v+5) v +5
3v—95 B /1 50
(v=>5)(v+5) v +5
Ta cé: (3v—5)(v +5)—(v—=5)(v+5) >0 véimoi v' > 0.

voimoi o' > 0 hay

(3v—5)v + 150 —v* > 0 véimoi v > 0.

w—-5>0 (1)

, v6i v thoa man diéu kién v > 5.
150 —v* >0 (2)

Vay ta phai co hé:
Do d6 van toc ctia tau 2 phai thoa diéu kién 5(km / h) < v < 15(km / h).
Vidu?2
Co 2 mdy xiic 1 va 2. Cho mdy xiic 1 hoat dong mdt minh, may xiic 2 hoat dong mot minh, cd hai
mdy cung hoat dong dé'lin liegt lam ciing mot cong viéc. Ta co thoi gian mdy xiic 1 hoat ddng mot
minh nhiéu hon trieong hop ca hai may cung hoat dong 8 gio. Thoi gian mady xiic 2 hoat djng mot
minh nhiéu hon trieong hop cd hai mdy cing hoat dong 4 ¢io 30 phiit. Hoi moi may hoat dong mot
minh dé’lam cong viéc ndi trén mat thoi gian bao ldu?
Goi z (h)la thoi gian may 1 lam mot minh xong viéc.
Goi y (h) la thoi gian may 2 lam mot minh xong viéc.
Trong 1 gio ca hai mady cung lam dwoc 1.1 cong viéc.

r oy
Suy ra thoi gian ca hai mdy cing lam xong cong viéc la:

1 Ty
= h
T ®

1
~+
Ty

Ta c6 hé phuwong trinh:

Trir (1) cho 2): © —y =3,5. VAy 2 = y + 3,5 3)

Thay (3) vao 2): y— 29535 _ 4 5 qua dén v —oy—15,75 = 0.
2y + 3,5

Giai phuong trinh trén ta dwoc y = 10,5,y = —g (loai).

Suy ra z =10,5+3,5=14.

Vay may xtic 1 lam mot minh xong cdng viéc trong 14 gio.

May xtic 2 lam mot minh xong cong viéc trong 10 gio 30 phut.

Vidu3

Mot cdi thung dung tich 425m® va hai cdi voi cé cong dung dé’bom nidc vao hodc hiit nwéc ra voi

lwew lwong moi gior khong doi. Lin thie nhét, ngueoi ta ding cd hai voi dé'bom nuwéc vao diy thing
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dang khong chira nweéc. Thoi gian voi 1 dwoc mo ldu hon voi 2 la 5 gio. Lan thir hai, thung dang
rong, nguoi ta bom nwdc vao thimg bang voi 2 trong mot thoi gian bang thoi gian hoat dong ciia voi
1 lan treée. Sau d6 ngueoi ta bom nwdc ra khéi thing bang voi 1 trong mot thoi gian bang thoi gian
hoat djng cia voi 2 lin trwdc. Két qud la voi 1 chi bom ra dwegc phan niva thé tich nwéc ma voi 2 da
bom vao thung. Lin thir ba, nguoi ta bom ciing mot liic cd hai voi 1 va 2 vao thing dang rong trong
17 gio thi thung day nwedc. Tinh thoi gian hoat dong ctia voi 2 ¢ lan thir nhat va lvu lwong nwéc bom
dwgc trong mdi gio ctia moi voi.
Goi z (h) la thoi gian voi tht hai hoat dong ¢ Tan thi nhat.
Suy ra z +5 (h) la thoi gian voi tht hai hoat dong ¢ Ian th nhat.
Goi v, (m’ / h) la Ivu lvong nieédc bom duoc cta voi thi nhat va v, (m® /h) laluu luong
nudc bom duwgc ctia voi thir hai.
Phuong trinh xac dinh hoat dong ctia hai voi lan thi nhat:

v (4 5) 4+ v,x = 425.
Lan thit hai thé tich nwéc dwgc bom vao: v,(z +5) (m?).
Thé tich nudc duoc bom ra: vz (m?).
Phwong trinh chi sy hoat dong Ian thit hai la: vz = %% (x+5).
Trong 1 gio ca hai voi bom nuwdc vao duoc: v, +v, (m’).
Phuong trinh chi su hoat dong lan thi ba la:

17(v, +v,) = 425 hay v + v, =25.

v (z +5) +v,x = 425 1)
Ta c6 hé phwong trinh: { v,(z 4+ 5)—2vz =0 2)
v, +v, =25 (3)

Nhaén hai vé€ cua phuwong trinh (1) véi 2z, ctia phuong trinh (2) véi (z + 5) r6i cdng lai, ta co:

2¢*v, + (v + 5)*v, = 850z .

A 850z
22" 4+ (z +5)
5
(2) chota v, = %@ +5) _ _A%@+5) .
2z 22° + (z +5)
Thay v, va v, vira tim duoc vao (3): 850z + 425(z +5) _ 25

22° + (z +5)°
Don gian hai vé& cho 25, quy dong mau s&:
34z + 17z + 85 = 3z° + 10z + 25
32* — 41z — 60 = 0.
Giai phuong trinh ta duwoc: z =152 = —% (loai).

Thay z =15 vao ta tinh duoc v, =10,v, =15.

Vay ¢ Jan moét, voi thie hai hoat dong trong 15 gio.
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Luu luong nwdc bom trong 1 gio cuia voi tht nhat la 10m® / k.

Luu lwgng nwde bom trong 1 gio ctia voi tha haila 15m® / k.

Vidu4

Co ba ngueoi tho A, B,C . D€' lam mgt cong viéc thi anh A cin 3 gio nhiéu hon thoi gian cd hai ngueoi
B,C cung lam. Thoi gian anh B lam mdt minh bang thoi gian cd hai anh A va C cing lam. Anh B
lam mgt minh mat mot thoi gian it hon 8 gio so voi 2 lan thoi gian anh A lam m@t minh. Hoi cd 3
nguoi thg A, B,C do cung lam thi trong bao ldu sé xong cong viéc ay?

Goi z (h) la thoi gian anh 4 lam mo§t minh xong cong viéc.

Goi y (h) la thoi gian anh B lam mot minh xong cong viéc.

Goi z (h) la thoi gian anh €' lam m§t minh xong cong viéc.

Trong 1 gio anh A lam dwoc 1 cong viéc.
T

.\ . 1 . .
Trong 1 gio anh B lam dwoc — cong viéc.
Y

Trong 1 gio anh C' lam duoc ! cong viéc.
zZ

TR \ s 1 1 4 .
Trong 1 gio ca hai anh B,C cung lam dwoc: —+ — cong viéc.
Yy z

Vay ca hai anh B,C cung lam xong cong viéc trong;: ;1 = Zf (h).
S
X z
Ta c6 phuong trinh: ¥ 13-z (1)
y+z

Thoi gian anh B lam mdt minh bang thoi gian ca hai anh A va ¢ cuing lam. Vay trong 1 gio
lwong cong viéc A va C cling lam bang lieong cong viéc B lam mot minh. Ta c6 phurong
trinh: 242 -1 (2)

x oz oy
Theo gia thiét thoi gian B 1am mot minh it hon 2 Tan thoi gian A 1am mot minh 8 gio. Vay
ta co phwong trinh: 22 -8=y  (3)

+3=u
y+z (1)
LA \ 1 1 1
Ta c6 hé phuwong trinh: { —+—-=—
vozoy (@2

Yz

Ttr (1) ta suy ra: =z—3
y+z
Suyra:y+zz L véiz>3.
Yz T —
1 1 1
Hay —+-=—— (4)
y z -3
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Tt (2) suy ra: 1. 1.1 (5)
Yy oz

Pay \ 14 2 1 1

Cong (4) va(d)tacod: == ——+— (6)
y x—3 =z

\ , 2 1

T (3) ta co: 2(x —4) =y.Suyra — = (7)
y c—4

\ \ 1 1

T (6) va (7) ta dwoc: +==

t—3 2z z—4

Quy déng mau goc: z(z —4) + (¢ — 3)(z — 4) = z(z — 3)
2’ —4r 42 —Tr+12=2" -3z
P —8x+12=0.

Giai ra ta dwoc: z =6,z =2 (loai).

2 1
Suyra;: ==——.Va =4.
y y 64 ay y

Vayt=2-L1ol 11 pay o
‘yz y = 4 6 12 y .

Trong 1 gio ca ba anh tho 4, B,C' cung lam duwoc
1,1 1 1,1 1 2+3+1 1

-+ —+t-—-=+-"+—= =—
r y =z 6 4 12 12 2

(cong viéc).

Suy ra ca ba anh tho A4, B,C' cung lam trong 2 gio thi xong cong viéc do.

Vidub5

Hai thanh phd” A, B 6 bén bo mot dong song ma dong nwéc chay déu tiv A dén B mat 24 gio. Mot
chiéc thuyén tir A dén B va quay tro vé ngay mat khong it hon 10 gio. Néu ting vdn toc cia thuyén
khi nwoc dirng yén thém 40% thi cung quang dwong dé thuyén mat khong nhiéu hon 7 gio. Tim thoi
gian ciin thiét dé’thuyén di tir B vé A khi chwa ting thém vdn toc.

Goi S (km) la chiéu dai quang duong AB.

Goi z (km/h) la van tdc thuyén khi nuedc ding yén (chua tang lén).

Goi y (km/h) 1a van tdc ctia dong nude chay tiv A dén B (z > y).

Ta c6 thoi gian nuée chay tr A dén B 1 =24 (1)
4
Thoi gian thuyén di va vé khi chua tang van t6c lén:
S 5 s )
rT+y xT—Yy

Khi téng van tdc thém 40% thi van t6c madi cua thuyén khi nwde ding yén la 1,4z.
Thoi gian thuyén di va vé lac nay la:
5 + 5 <7
L4z +y L4z —y
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§:24 @
Y
Tacéhe: | 2+ 5 >0 @
rT+y x—y
S n S
Ldz+y  Ldr—y (3)
S o
(2) cho ta: + >10.bat ==k >1
T T
yl—+1 y[—l
Y Y
tacé:AJrAle.
k+1 k-1

24(k — 1) +24(k +1) > 10(k +1)(k — 1)
10k* — 48k —10<0
Vik—-1>0k+1>0.

@) Chota—> 45 4

y[1,4x+1] y[1,4x—1
y y

1, 4i4+ 'l 1,43@4— 1 =7

24(1,4k — 1) + 24(1, 4k +1) < 7(k — 1) (k + 1)
1,96k> — 9,6k —1 >0

Vi 1,4k —1> 0;1,4k+ > 0.

Hay

o |10k —48k—10<0 (k—5)(5k+1)<0
Ta co hé:

1,96k> —9,6k—1>0  [(k—5)(49%k+5) >0

k—=5<0

Do 5k +1> 0;49k +5 > 0 nén {k_E)ZO.Suyra k—5=0.

Vay k=5.
Thoi gian thuyén di tit B vé A khi chwa tang thém van tdc la:
S S 24 24

= = :—:6.
r—y

k-1 4
Y

T
y

Vay thoi gian thuyén di tit B vé A khi chwa tang van tocla 6 gio.

C. LOIBINH

Chting ta vita c6 mot s6 khdm phé xoay quanh viéc giai bai toan thuc t& bang cach duwra vé hé
phuong trinh, bat phuong trinh bac hai. Pay la dang toan twong d6i kho. Bai viét nay can
trao doi gi thém? Mong dugc su chia sé ctia cac ban.

D. BAITAPREN LUYEN

Bai toan 1
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Hai 6 t6 khéi hanh ciing mot liic tai hai diém A, B di nQugc chiéu dé ¢ap nhau. Chiing gdp nhau tai

diem C sau 6 ngay. Néu xe 1 di trong 1,8 ngay va xe 2 di trong 1,6 ngay thi 2 xe gin nhau dwoc
520 km. Néu xe 1 di % quang dwong BC va xe 2 xe di % quang dwong AC thi thoi gian xe 1 di it

hon 2 xe la 2 ngay. Tinh quang dwong di dwoc ctia moi xe va quiang duong AB.

Bai toan 2

Ban giam doc mot xi nghiém quyét dinh trich quij khen thuéng dé’thuwéng dong déu cho so’ cin by
cong nhan vién co thanh tich cao ctia xi nghiép. Khi thwec hién, cé thém 3 nguoi dwoc thirong ngoai
danh sdch di dwgc duyét. Phong ké'hoach tai chinh nhdn thiy so'tién dd trich chia cho téng s6 nguoi
dwgc khen thudng thi moi nguoi sé nhin it hon mikc dy kién 400.000 dong. Do d6 ban gidm doc quyét
dinh trich thém 9.000.000 dong dé'bd’sung vao so'tién khen thuwdng da trich. Vi vdy, moi ngueoi dugc
khen thwong nhan dwoc 2.500.000 dong. Hoi s nguwoi dwoc khen thieong va so’tien da phit?

Bai toan 3

Hai miéng dong thau cé tong khoi lwong bang 60 kg. Miéng thir nhét chiva 10 kg dong nguyén chat,
miéng thir hai chira 8 kg dong nguyeén chat. Tinh khoi lieong miéng dong thau thir nhat va ti ¢ phin
tram dong nguyén chat chita trong miéng thir nhét biét rang ti 1¢ phin trim dong nguyén chat chira
trong miéng thir hai cao hon miéng thir nhit 15%.

Bai toan 4

Ba mady gdt cii va 2 mdy gat méi cung hoat dong trong 6 ngay moi gdt xong mot canh dong liia chin.
Biét rang dé gat xong cdnh dong lita dé néu ta chi ding 3 mdy maoi thi sé gdt sém hon dwgc 5 ngay
so vGi khi ta chi dung 9 mady giat cii. Hoi nang sudt gat cua 1 may moi gap bao nhiéu lin nang sudt
Qat cua 1 mdy cil.

Bai toan 5

Hai bén song A, B cdch nhau 10 km. Nwéc chdy tie A dén B véi van toc 1 km/h. C6 hai thuyén chay
trén song cung vdn toc khi nweéc yén lang. Thuyén 1 khoi hanh lic 8 gio tir B chay vé A r0i ldp tikc
quay vé ddu tai trung diém M cua AB. Thuyén 2 khoi hanh liic 8 gio 40 phiit tir A chay vé B ri

ldp tikc quay vé ddu tai trung diém M ciia AB.

a) Tim vdn toc cua hai thuyén trong nwéc yén lgng dé’cho 2 thuyén vé dén M cung mot lic.
b) Tim vi tri lic hai thuyén gdp nhau trong khi di chuyén trén song trwedc khi vé dén M .
c) Tinh thoi gian ctia chuyén di ctia moi thuyeén.

E.  PAPSO VA HUONG DAN GIAI

Bai toan 1

Goi z (km/ngay) la quang dwong di duoc trong 1 ngay ctia xe 1 va y (km/ngay) la quang
duong di duoc trong 1 ngay cua xe 2.

1,82 + 1,6y = 520
z va y langhiém cua hé: 2t 4y 0

y oz
Giai hé ta c6: z =200,y = 100.

Dép s6: Xe 1: 200 km/h.
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Xe 2: 100 km/h; AB =1800 km.

Bai toan 2

Goi z (dong) la s6 tién trich d€ khen thwong ltc dau va y (nguoi) 1a s6 nguoi duoc khen
thuong luc dau cd trong danh sach (z > 0,y nguyén duong).

Theo gia thiét, ta c6 hé phwong trinh:

T T

y y+3
z + 9000000 = 2500000(y + 3)

= 400000

Giai he ta dwoc = = 36000000,y = 15 .

Dép s6: s6 nguoi khen thuwong la 18 nguoi va sd tién phat 1a 45000000 dong.

Bai toan 3

Goi 2% la ti1é dong nguyén chat trong miéng dong thau tht nhat va y (kg) 1a khoi lwong

miéng dong thau tht nhat, y > 0,2 > 0.

Ty
2 —10
a y la nghiém ctia hé phuong trinh: 100
v vay langhi > phtong (x+15)(60 —y)
100

Giai hé ta duoc: y = 40,2 = 25.
Bai toan 4
Goi z (ha/ngay) la nang sudt gat cia mdy gat méi va y (ha/ngay) la nang suat gat cia may

gatctiva S (ha) la dién tich cia canh dong lta chin dang xét.

6(2z +3y) = S @)
Duavao giai thichtacohé: y 5 5
9y 3z B (2)

Thay (1) vao (2) dua dén phuong trinh:

k:£>0
Y

4k —21k—18 =0

Giai phuong trinh ta dwoc £ =6.
bap so: 6 lan.
Bai toan 5
Goi v (km/h) 1a van toc ctia hai thuyén khi dong nuéc ding yén; v > 1.
Thoi gian thuyén 1 chay tt B dén A r6i quay tro lai M la:
vl—o 1 * v j— 1 ®
Thoi gian thuyén 2 chay tit A dén B r6i quay tro lai M la:
vl—i(-) 1 * v i 1 )

Thuyén 2 khoi hanh sau % (h) nhung lai vé dén M cung mot lac véi thuyén 1 nén:
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10 5
+ —_
v—1 wv+1

2
=

vl o—1] 3 Y1 wx1

10+5]:2h&1 5 5

Giai ra ta tim dwoc: v=14.
Goi C lavitri gap nhau (AC =2z (km); 0 <2 <10).

Ta c6 phuong trinh: NN SR U E N
v—1 ov+1 3 3 5) 3

baép so:

a) v =4 (km/h).

b) Gdp nhau tai M ltc 9 gio 40 phut.

C) Thuyén 1: 4 gio 20 phut, thuyén 2: 3 gio 30 phut.

§10. BAI TOAN GAUSS VA NHUNG VAN DE LIEN QUAN PEN THUC TE

A.  KIEN THUC LIEN QUAN
Truyén ké réng khi con nho, nha toan hoc Dtrc Cari Friedrich Gauss (1777 — 1855) da thé hién
tai nang toan hoc phi thwong. Nam 10 tudi (con la hoc sinh tiéu hoc) trong mét budi hoc
todn, thay gido héi hoc sinh: Tong ctia 1+2+ 3 +...+ 99 + 100 la bao nhiéu? Xem ai tinh
nhanh va chinh xac. Thay gido vira n6i xong thi Gauss da gio tay tra 10i tdng 100 s6 d6 1a
5050.
Khi nghe Gauss cho dap s6 nhanh dén nhu vay, cac ban hoc sinh déu nhin Gauss vira ngac
nhién, vita nghi ngo, chi c6 thay gido biét dap s6 d6 diing. Gauss lam thé nao tinh nhanh nhu
vay?
Gauss ndi v6i moi nguredi rang cau ay phat hién trong day sd tit 1 dén 100 c6 mot diém la cie
cong hai s6 dau va s6 cudi theo thit dan vao gitta déu dwoc 101 va tat ca c6 50 doi. Nhu vay
trong 100 sO tir 1 dén 100 c6 50 do6i 101. Vi vay tong ctia 100 s6 do 1a 101.50 = 5050 .
Chung ta xem bang dwdi day:
1-2—=3—..—-48—49—50
100 - 99 — 98 — .... — 53 — 52 — 51

101 101 101 101 101 101
C6 phai dung la diéu ma Gauss da phat hién?
Trén day la giai thoai vé cach giai doc ddo ma nha toan hoc Gauss da tim ra 10i giai bai toan
ma thay gido ra cho. D€ ghi nhan tinh sang tao cua nha toan hoc Gauss nén nhiéu nguoi da
goi bai todn tinh tong 142 +... 4+ 99 + 100 la bai toan Gauss, mac du Gauss khong phai la
nguoi tim ra bai todn nay dau tién.
B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE

PHUONG PHAP GIAI

- Biéu dién bai todn toan hoc bang bai toan thuc té tuong duwong.

- Giai bai toan thuec té.
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- Rt ra két luan bai toan.

Vidul

Tinh tong 1+2+3+...+(n—1) +n.

Ta giai bai toan thuc t& bang hod bai todn toan hoc nhu sau:

“Ban t6’ chirc ciin chon ra 2 trong s6 n + 1 nguoi dé tham gia chwong trinh “Tro choi X” trén kénh
truyén hinh Y. Hoi ¢6 bao nhiéu cich chon?”

Ta lap luan theo hai cach:

Thir nhat

Nguoi thtt nhat ¢ n +1 cach chon. Sau dé con n nguoi nén nguoi thit hai ¢6 n cach chon.
Vay c6 n(n +1) cach chon.

Nhung cach chon hai nguoi AB ciling la cach chon hai nguoi BA, do d6 sd cach chon la

nln +1) cach chon.

Thit hai
Néu c6 2 nguoi thoi thi co 1 cach chon. Néu c6 thém nguoi thit ba thi cé thém cac cach chon
c6 nguoi thit ba nay. Ta phai chon mét trong hai nguoi ltc dau thi dau véi nguoi thit ba nay
va c6 thém 2 cach chon. Néu c6 thém nguoi thie tu thi ¢d thém cac cach chon cho nguoi thir
tw nay. Ta phai chon mot trong ba ngwoi trede d6 thi ddu véi nguoi thi tee nay, va ¢ thém 3
cach chon, ... Néu c6 thém nguoi tht n +1 thi c6 thém cac cach chon c6 nguoi thit n + 1 nay.
Ta phai chon mot trong n nguoi da c6 d€ thi ddu véi nguoi thit n +1, va cd thém n cach
chon. Vay s6 cach chon la:

142+3+...4(n—1)+n cach chon.
Vi hai két qua ctia cach 1ap luan thit nhat va tha hai la mot, nén:

1+2+3+...+(n—1)+n—@.

Vidu?2
1.2 23 34 n(n +1)

Tinh tong —+ =+ —"—+ ...+ ———.
2 2 2 2

Ta thuc t&€ hod vi du 2 thanh bai toan sau

“Co (n +2) nguoi ding ki tham gia choi “Tro choi E” trén kénh truyén hinh F. Ban t6 chitc mudn
chon 3 ngueoi vao vong choi. Hoi ¢6 bao nhiéu cich chon?”

Ta lap luan theo hai cach:

Thir nhit

Nguoi thir nhat c6 (n +2) cach chon. Sau d6 con (n + 1) nguoi nén nguoi thit hai c6 (n + 1)
cach chon. Cudi cung con lai n nguwoi nén cé n cach chon nguoi thit ba. Vay co

n(n +1)(n +2) cach chon.

Nhung cach chon ba ngwoi ABC cliing la cach chon ba nguoi ACB, BCA,BAC,CAB,CBA. Do

d6 s6 cach chon chi la n(n+1(n+2)

cach chon.
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Thir hai
Néu ¢ 3 nguoi thoi thi co 1 cach chon. Néu c6 thém nguoi thit tu 1a ¢d thém cac cach chon

c6 nguoi thi twe nay. Ta phai chon hai trong ba nguoi lac dau thi dau véi nguoi thit tw nay.
Theo cach lap luan 1 cua vidu 1, cé % cach chon. Néu thém nguwoi thtt nam thi c6 thém cac
cach chon cho nguoi thit nam nay. Ta phai chon hai trong bon nguoi trudc do thi dau véi
nguoi thtt nam nay, va cé thém 374 cach chon. Néu c6 thém nguoi tht (n +2) thi ¢d thém cac

cach chon cé nguoi th (n +2) nay. Ta phai chon hai trong (n + 1) nguoi da c6 d€ thi ddu voi

ngudi thit (n +2) va c6 them 2P+ csch chon. Vay s6 cach chon 1a:
12,23 34 114D seh chon.
2 2 2
Vi hai két qua ctia cach 1 va cach 2 la mot, nén:
%—i—?—l—%—i—...—i— n(n;—l) _ n(n +1)(n +2)
Vidu3
Tinh tong
1.2...(m—1) 2.3...m 3.4...(m+1) m+(n—(m—l))...(n—Q)(n—l)
1.2.3..(m—1) 123..(m—1) 1.23..(m—1) 1.2.3....(m — 1)

Trudc tién ta can thyee t€ hoa vi du 3 nhu sau:
“Ban t6 chikc ciin chon ra m trong s6’ n nguwoi dé tham gia mot vong choi ciia chwong trinh “Tro choi
X" (m < n). Hoi cé bao nhiéu cich chon?”
Ta c6 nhan xét, d€ chon m trong s6 n nguoi tham gia thi ta c6 hai kha nang;:
+) Néu khong tinh dén thi tw lua chon thi chi c6 mot cach chon duy nhat.
+) Néu co tinh dén thit ty cua nhiing ngwoi duoc lya chon thi sé ¢6 1.2.3....(m —1).m cach
chon khac nhau (chon nguoi tht nhat trong s6 m ngwoi thi cé6 m cach chon, chon nguoi the
hai trong s6 m —1 nguoi con lai thi ¢c6 m —1 cach chon,...; nguwoi tht m chi con lai mot minh
nén c6 mot cach chon duy nhat). Néu dat M =1.2.3....(m —1) thi s6 kha nang sé€ la m.M .
Ta lap luan nhu sau:
Thir nhit
Chon nguoi th nhat trong s6 n nguoi thi c6 n cach chon; chon nguoi thi hai trong s6 n —1
nguoi con lai thi cé n —1 cach chon,...; chon nguroi thtt m trong s6 n — (m — 1) nguoi con lai
thi c6 n —(m —1) cach chon.
Vay néu tinh dén thit tu ctia nhitng nguoi duoc lua chon thi ¢d tat ca la
n(n —1)(n —2)...(n — (m — 1)) cdch chon m trong n nguoi. Theo nhan xét trén, ta co s6 cach
chon thuc sw chi la

n(n—1)(n —2)...(n — (m —1))

m.M

Thir hai
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1.2.3....(m —1)

Néu chi c6 m ngwoi thoi thicd 1= cach chon.

Néu c6 thém nguoi the (m + 1) thi c6 thém cdc cach chon c6 nguoi thit (m + 1) nay. Ta phai

, 2.3...(m—1).m

chon m —1 nguoi ¢ trong m nguwoi luc dau thi ddu véi nguoi nay. Ta co cach

chon.

3.4...(m+1)

Néu c6 thém nguoi thit (m +2) thi ¢d thém cach chon cé ngwoi tht m + 2 nay.

Ti€p tuc nhu trén khi cé thém nguoi th n thi cé thém

(n—(m—1).(n—2)(n—1)
M

Vay s0 cach chon m trong n nguoi la:

1.2...(m—=1) n 2.3..m n 3.4...(m+1) T (n—(m—=1))...(n—2)(n—1) .
M M M M

Vi hai két qua la mot, ta cé:

1.2...(m—1) n 2.3..m n 3.4..(m+1) I (n—(m—1))...(n—2)(n—1)

cach chon.

M M M M
_n(n-1(n—-2)..(n—(m—-1))
m.M

(trong d6 M =1.2...(m —1)).

C. LOIBINH

Trén day la mot ing dung cta viéc thuc t€ hod bai toan toan hoc. D€ giai bai toan toan hoc, ta
phat biéu né thanh bai toan thuc té. Sau d¢, ta giai bai toan thuc té€. T d6 ta rat ra két qua
cua bai toan toan hoc. Muc nay cho thdy vé tuyét dep ctia moi lién hé gitra bai toan thuec té€ va
bai toan toan hoc.

D. BAITAPLUYEN TAP

Bai toan 1

Cho (n +1) diéin phin biét. C6 bao nhiéu doan thing ndi (n+1) diéin d6?

Bai toan 2

Trong cudc thi ddu bong ban ngay Hoi Khoé Phit Dong, cdc ddu thi: dén dw thi déu bit tay nhau.
Ngueoi ta dém duwgc tat cd 120 cdi bit tay. Hoi c6 mdy dau thil di thi?

E. DAPSO VA HUONG DAN GIAI

Bai toan 1

SG doan thang dwoc tinh qua cach sau:

Thir nhat

Mdi diém tao v6i n di€m con lai n doan théng. Co (n+1) diém, nén c6 n(n + 1) doan théng.

doan thang.

Nhung moi doan thang da dugc tinh hai lan, nén s§ doan thang c6 la: @

Thir hai
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Qua hai diém c6 1 doan théng ndi chang. Diém tht nhat n6i véi n diém con lai, do d6 ¢ n
doan thing. Piém thi hai do da ndi véi diém thit nhat nén chi con ndi (n —1) diém con lai,
do d6 ¢6 (n—1) doan thang. Diém thit ba do da ndi véi diém thir nhat va diém thi hai nén
chi con néi (n —2) diém con lai, vi vay c6 (n —2) doan thing... Diém thit n chi con ndi véi
diém thtt (n + 1) nén c6 doan thang. Diém thtt (n 4 1) da ndi véi n diém trudc d6.

Vay cé: n+(n—1)+(n —2)+(n—3)+...+1+0 (doan thang) ndi (n +1) diém do.

Do hai cach lap luanlamot, nén 1+2+3+...+(n—1)+n = n(n2+ 1).

Bai toan 2

Ta danh dau trén hinh vé mdi d&u tht 1a mot diém va mdi cai bat tay gitta hai d&u tha la mot
doan théng nodi hai diém. Vi hai diém ké dwoc mdt doan théng. Véi 3 diém ké duoc 3 doan
théng (hinh a), v6i 4 diém ké dwoc 6 doan théng. Vi 5 diém ké duwoc 10 doan théng (hinh
b). Véi 6 diém ké duoc 15 doan thang. Vi 7 diém ké duoc 21 doan thang. Véi 8 didém ké
duoc 28 doan théng. Vi 9 diém ké duwoc 36 doan théng. Vi 10 diém ké dwoc 45 doan
théng. Véi 11 diém ké dwoc 55 doan théng. Véi 12 diém ké dwoc 66 doan théng. Véi 13
diém ké duoc 78 doan thfmg. Vi 14 diém ké dwoc 91 doan théng. Vi 15 diém ké dwoc 105
doan théng. Véi 16 diém ké dwoc 120 doan théng. Vay ¢6 16 dau tha du thi.
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