Chuyén dé 1. HAI GOC POI biNH

A. Kién thitc can nhé

1. Hai goc d8i dinh 1a hai géc ma mdi canh ctia gbc nay la tia d8i ctia mot canh ctia géc
kia (hinh 1.1).
2. Hai goc d6i dinh thi bang nhau:

ZAOC = /BOD; ZAOD = ZBOC >< o

Hinh 1.1

B. Mot s6 vi du

Vi du 1. Cho gbc bet AOB. Trén hai nita mit phang d6i nhay bo AB vé hai tia OM va ON
sao cho ZAOM = ZBON . Chitng minh rdng hai géc AON va BOM la hai géc d8i dinh

Gidi (h1.2)

* Tim cdch gidi

Dé chiing t6 hai géc AON va BOM la hai géc ddi dinh, ta can chiing t6 mdi canh caa goc
nay la tia d6i mot canh ctia goc kia. Vi da cé hai tia OA va OB d6i nhau nén chi con phai
chting t6 hai tia OM, ON d8i nhau bang cach chiing to MON 1a géc bet.

* Trinh bay 10i gidi:

Goc AOB la goc bet nén hai toa OA, OB d6i nhau. Hai goc AOM va BOM ké bu nhau nén
ZAOM + ZBOM = 180°.

Mit khac ZAOM = ZBON ( dé bai cho) nén ZBON + £ZBOM =180°.

Suy ra ZMON =180°.

Hai g6c AON va BOM c6 mdi canh ctia goc nay la tia d6i mot canh ctia goc kia nén chting
la 2 géc doi dinh.

Vi du 2. Cho hai duong théng EF va GH cit nhau tai O tao thanh bon goc khong ké goc
bet. Biét tong ZEOG + ZGOF + ZFOH  =250°. Tinh s6 do cuia bon goc tao thanh.

Gidi (h.1.3)

THCS.TOANMATH.com TAI LIEU TOAN HOC




" *Tim cdch gidi:
Pé tinh duoc sd do ctia bon gdc tao thanh, trwede tién ta phai tinh dwoc s6 do cua mot trong
bon gdc do. E

* Trinh bay 10i gidi:

Ta c6 LEOG + ZGOF + ZFOH  =250° (dé bai cho), S o H
Ma ZEOG + £GOF=180° (hai goc ké bu1) nén

ZFOH =250°-180 °

ZFOH + ZGOF =180° (hai goc ké bu) => ZGOF = 180°-70°=110°
Vay ZEOG = ZFOH =70° (hai géc d6i dinh); ZHOE = ZGOF =110° (hai gbc doi dinh).

* Nhdn xét: Sau khi tinh duoc s6 do mot goc ta tinh dwgce s6 do ba goc con lai nho van

dung tinh chat goc ké bu va gdc ddi dinh.
Vi du 3. Cho bon duong théng cit nhau tai mé diém. Xét cac goc khong co diém trong

chung, chitng t6 rang ton tai hai goc nhé hon 45°.

Gidi (h1.4)
*Tim cdch gidi: L3
Hai gdc ddi dinh thi bang nhau. Do d6 dé chitng t6 ton tai hai 1 A
g6 nho hon hodc bing 45, ta chi can chiing minh ton tai mot L1 :
gbc nhé hon hogc bang 45.

*Trinh bay loi gidi:

Bon duong thang cit nhau tai mot diém tao ra 8 goc khong cé diém trong chung. Néu tat
ca cac goc nay déu 16n hon 45° thi tong ctia ching lon hon 45°x8=360°. Biéu nay vo ly vi

tong ctia 8 goc nay dung bang 360°.

Vay phai ton tai mot goc nhé hon hodc bang 45°. Géc nay va goc d6i dinh né bang nhau.

Do d6 ton tai hai géc nho hon hodc bang 45°.

Vi dy 4. Trong hinh 1.5, hai goc AOC va BOD la A
hai géc di dinh. Hai tia OE va OF 1a hai tia d6i P
nhau. Biét OE 1a tia phan gidc ctia géc AOC, ANy 1
chting to rang OF 1a tia phan gidc cia goc BOD /
B
H15
Gidi.

* Tim cdch gidi : Ta can chiing té6 £ Os =2 O+ Mudn vay ta phai sit dung tinh chat ctia hai
goc dai dinh.

* Trinh bay 10i gidi :

Hai géc AOC va BOD la hai goc d6i dinh nén cac tia OA, OB d6i nhau. Ngoai ra hai tia
OE, OF cling d6i nhay nén ta c6 £01=2£03; £02-£0s

Vi £01=£02nén £03=204(1)

THCS.TOANMATH.com TAI LIEU TOAN HOC




Mit khéc tia OF nam gitta hai tia OB, OD (2)
Nén ttt (1), (2) suy ra OF la tia phan giac caa goc BOD.

C. Bai tap van dung.

e Tinh s6 do goc.

1.1 Hai duong théng AB, CD cit nhau tai O tao thanh bén goc khong ké goc bet. Biét £
AOC + /BOD= 100°. Tinh s& do mdi gdc tao thanh.

1.2 Cho hai duong thang MN, PQ cat nhau tai O tao thanh b&n géc khéc gdc bet biét ~
NOP= %4 MOP . Tinh s& do mdi gdc tao thanh.

1.3 Cho hai dwong thang AB, CD cat nhau tai O. V& tia OM 1a tia phan gidc goc AOC. Biét
2/ BOD= a° ( 0<a<180). Tim gia tri ctia a d¢ £ BOM= 155°

1.4 Cho hai duong thang EF, GH cat nhau tai O. Vé tia phan gidc OK cta goc EOG. Biét £
FOK=m"® (0<m<180). Tim gia tri cia m d€¢ £ FOH=110°.

1.5 Cho hai duong thang AB, CD cit nhau tai O, £ BOC =60°. Mot tia Ox ¢6 thé trung véi
tia OB hodc OC hodc ndm giita hai tia nay. Vé tia Oy 1a tia d6i ctia tia Ox. Tim s6 do
16n nhat cua géc Aoy.

1.6 Cho ba duong thang AB, CD, MN cat nhay tai O.

a) Trong hinh vé c¢ tat ca bao nhiéu goc.
b) Chitng t6 rang trong cac goc trén ton tai hai goc .

e Ching t6 hai tia d6i nhau:

1.7 Chiing to hai tia phan gidc cua hai goc d6i dinh la hai tia d6i nhau.

1.8 Cho hai duong thang AB va MN cat nhau tai O sao cho £ AOM< 90°. Trén ntra mat
phang bo AB ¢6 chua tia OM, vé tia OC sao cho tia OM la tia phan giac ctia goc AOC.
Trén ntta mgt phang bd AB c6 chita tia ON vé tia OD sao cho ON 1la tia phan gidc géc
BOD. Chting t6 rang hai tia OC va OD d6i nhau.

¢ Chirng t6 mét tia la phan giac:

1.9 Cho hai géc AOB va AOC 1a hai géc ké bang nhau, mbi géc déu la goc tu. Vé tia OB’
la tia d6i cuartia OB, tia OC’ 1a tia d6i ctia tia OC. Chitng t6 rang OA 1la tia phan giac
goc B'OC".

1.10 Cho gbc bet AOB. Trén cling mdt nita mit phang bo AB vé cac tia OC va OD sao cho
/ AOC= /BOD= 150°. V& tia OE 1a tia d&i cta tia OD. Chting t6 rang tia OB 1a tia
phan giac goc COE.

e Dém goc, dém tia:

1.11 Cho bon duong théng cit nhau tai mét diém. Tim s6 cap goc doi dinh duoc tao thanh
(khong ké goc bet).

a) Bang cach liét ké.
b) Bang cach tinh toan.

1.12 Cho n dudng thang cat nhau tai mot diém, chiing tao thanh:
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a) 20 cap goc doi dinh. (khong ké gdc bet)
b) 90 cap goc ddi dinh (khong ké gdc bet)

Tinh gid tri cia n trong mdi tredng hop trén.

Chuyén dé 2. HAI PUONG THANG VUONG GOC
A. Kién thirc cAn nhé

1.Hai duong thang AB,CD cit nhau va trong cac goc tao thanh c6 mot géc vudng duoc
goi 12 hai duwong thang vudng géc.Trong hinh 2.1 ta c6 AB LCD.

2.C6 mdt va chi mot duwong thang a’ di qua O va vudng géc voi duong thang a cho

truede (h.2.2).
a al x
C
(o]
I ’—I 4
a o a " A M B
D Y
Hinh2.1 Hinh 2.2a Hinh 2.2b Hinh2.3

3.Dudng thang vudng goc véi mot doan thing tai trung diém ctia né duoc goi la
duong trung triec ctia dona thang dy.Trong hinh 2.3,duong thang xy 1a duong trung

truec cua AB

B. Mot s6 vi du
Vi dy 1.Cho gdc bet AOB va tia OM sao cho A0M = 60°. V& tia ON nam trong géc BOM
sao cho ON1OM.Chting to rang BON = % AOM.

Gidi (h.2.4)

Muén so sanh hai géc BON va AOM ta can tinh s6 do cua
ching. M
Pa biét s6 do ctia goc AOM nén chi can tinh s6 do cia géc BON N
* Trinh bay loi giai: 60°

N — — A 0 B

Hai g6c AOM va BOM ké bunén AOM +BOM =180°
Hinh2.4

— BOM =180° —60° =120° . Vi OM L ON nén MON = 90°

Tia ON nam trong géc BOM nén BON + MON = BOM

— BON =120° —=90° =30°. Vi 30° :%.600 nén BON :%A/OTA
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Vi du 2: Cho g6c bet AOB. Trén ciing mdt nita mat phang bo AB vé cac tia OE, OF sao cho
AOE = BOF < 90° . V& tia phan gidc OM ctia goc EOF. Chting to ring OM L AB
Gidi (h.25)
*Tim cdch gidi
Pé€ chitng minh OM L AB ta can ching té6 goc AOM
(hodc géc BOM) ¢6 s6 do bang 90°. B

E
Trinh bay loi gidi: A\o/ 5
Ta c6: AOE = BOF; MOE = MOF (d# bai cho) Hih 2.5

1. = AOE +MOE = BOF + MOF(1)

Tia OE nam gifta hai tia OA, OM. Tia OF nam giita hai tia OB, OM nén tit (1) suy ra
AOM = BOM.. Mt khac AOM +BOM =180° (hai goc ké bi1) nén AOM =180 : 2 =90°, suy
ra OM LOA.Do d6 OM L AB

Vi du 3: Cho goc tut AOB. Vé vao trong goc nay cac tia OM, ON sao cho OM L OA,
ON L OB.Vé tia OK la tia phan giac ctia goc MON. Chting t6 rang tia OK ciing 14 tia phan
giac cua goc AOB
Giai (h.2.6)
2. *Tim cdch gidi:
Mudn chiing to tia OK la tia phan giadc ctia géc AOB ta can
chting t6 AOK = BOK . Muén vay can ching to
AON + NOK = BOM +MOK
*Trinh bay loi gidi:
Ta c6 OM L OA = AOM =90° ; ON L OB = BON =90°
Tia ON nim gitta hai tia OA, OM nén AON + NOM = AOM = 90°
Tia OM ndm gitta hai tia OB, ON nén BOM +MON =BON = 90°
Suy ra AON = BOM (cung phu véi MON )
Tia OK la tia phan giac cia goc MON nén NOK = MOK
Do d6 AON +NOK = BOM + MOK . (1)

Hinh 2.6

Vi tia ON ndm gitta hai tia OA, OK va tia OM nam giita hai tia OB, OK nén tt (1) suy ra
AOK = BOK Mt khac, tia OK ndm gitra hai tia OA, OB nén tia OK ciing la tia phan
giac ctia géc AOB.
C. Bai tap van dung;:
e Tinh s6 do géc
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2.1. Cho hai dwong thang AB va CD vuodng goc véi nhau tai O. Vé tia OK 1a tia phan
giac ctia goc AOC. Tinh s do géc KOD va KOB.

2.2. Cho géc AOB va tia OC nam trong géc d6 sao cho AOC =4BOC . V& tia phan giac
OM cua géc AOC. Tinh s do cua géc AOB néu OM L OB

2.3. Cho goc tir AOB, AOB =m". V€ vao trong goéc nay cac tia OC, OD sao cho
OC LOA;0OD L OB

a) Chiing t6 rang AOD =BOC

b) Tim gia tri ctia m d& AOD = DOC = COB <
o Chiing t6 hai duong thing vuoéng goc: 4

2.4. Trong hinh 2.7 ¢6 géc MON la goc bet, goc AOC la goéc

vuong. Cac tia OM, ON lan luot la cac tia phan giac ctia cac A ¢

g6éc AOB va COD. Chiing t6 rang OB L OD

2.5. Cho géc nhon AOB. Trén ntta mit phang bo OA c6 D

chtta tia OB, vé tia OC L OA. Trén ntra mat phang bd OB c6 Hinh 2.7

chita tia OA vé tia OD L. OB. Goi OM va ON Ian lwot la cac

tia phan giac ctia cdc géc AOD va BOC. Chiing té rang OM L ON

2.6. Cho gbc bet AOB. Trén cling mdt nita mit phang bd AB vé cac tia OM va ON sao

cho AOM =BON = m°(90 < m <180) . V& tia phan gidc OC cua géc MON.

a) Chting t6 rang OC L AB

b) Xac dinh gia tri cia m d¢€ OM L ON

Chuyén dé 3. DAU HIEU NHAN BIET HAI PUONG THANG SONG SONG

A. Kién thitc cin nho

1. Dinh nghia:
* Hai duong thang song song 1a hai duwong thang khong c6 diém chung.
* Hai duong thang phan biét thi hodc cat nhau hodc song song.
2. D4u hiéu nhan biét hai dwong thing song song
* Néu duong thang c cit hai duong thang a, b va trong cac goc tao thanh cé mot cap
g6c so le trong bang nhau thi a // b (h.3.1.a).
* Néu duong thang c cit hai duong thang a, b va trong cac goc tao thanh cé mot cap
gbc dong vi bang nhau thi a //b (h.3.1.b).
* Néu duong thang c cat hai duong thing a, b va trong cac géc tao thanh mot cap goc
trong cung phia bu nhau thia //b (h.3.1.c).
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a) b) c)
Hinh 3.1

B. Mot s6 vi du

e~

Vidy1.Chohinh32c5 M, =3M, ; N,=3N, .Chtngtoringa//b.

2
Loi giai

* Tim cach giai:

Hai duong thing a va b tao véi cat tuyén c mot cip goc so

le trong la M; va N, hodc M, va N,.Do d6 chi can a

1 2
ching to
M, = N;hode M, = N, 0 AN

* Trinh bay 101 giai:
Tacé: M, + M, =180°
Mit khac: M, =3M, nén M, =180°: 4 = 45°

Twong tu N\1 + N\2:1800 va @:3@ = N\2:45O

Vay I\//I\2 = KI\Z(: 45°) suy ra:a // b (vicé cap goc so le trong bang nhau)

Vidy2. Hinh33c6: A =a’; B, =b°. Biét / /
a® +b° =180" , chitng to rang Ax // By. 1 .
A 2)\/5

Hinh 3.3

* Tim cach giai:

Hai tia Ax va By tao vdi cat tuyén la duong thang AB cdp goc R va /B\l ¢ vi tri dong vi .
Muén chimg to Ax // By, chi can ching to A =B,

* Trinh bay 10i giai:

Tacé: B, + B, =180° (2 goc k& bur). Suy ra: B, =180° — B, =180° —b° (1)
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Mit khac: A =a° =180°—b° (2)

Ttr (1) va (2) suy ra: R N /B\l . Do d6 Ax // By (vi c6 cép goc dong vi bang nhau).

Vidu3.Hinh34c5: A+B =A +B, . a A
. 2/1
Chtng to rang a // b.
b 2 1
B
Hinh 3.4

* Tim cach giai:

Cac goc R va /B\l hoac ,/0; va é; la c3p gbc trong cling phia ctia hai dwong thing a va b
(461 v6i cat tuyén AB) . Mudn chiing to a /b ta can chiing to R + /B\l =180° (Hoic

A, +B, =180°)

* Trinh bay 10i giai:

Ta c6: (A\l+ /B\l)+(,5;+ é;):(g+ ,/6\2\)+(/B\1+ é;)=360°

Ma: A +B, = A +B, (débaicho)nén A +B, =360°:2=180°

Suy ra:a// b (vico cdp goc trong cung phia bu nhau )

C. Bai tap van dung

e Xdc dinh cdc cdp goc so le trong, dong vi, trong cung phia

3.1. Xem hinh 3.5 r6i cho biét gdc nao so le trong, dong A B
vi, trong cung phia:
a) Véi goc ADC;
b) Véi goc BAC. 5 N
)

Hinh 3.5

e Vin dung cdp goc so le trong

~ —~ ~ —~~ B

3.2.Hinh3.6c6: A=0, ; C=0, .
Chting to rang AB // CD. /\
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Hinh 3.6
3.3. Cho tam giac ABC, A=70° ;6 =40°. Trén nira mat phéng bo AB ¢6 chira C vé tia
Ax sao cho BAX =110° . Chuting to Ax // BC.

3.4. Hinh 3.7 c6 : BAD =130°; C =50°. V& tia AM la tia d6i cuia tia AD. Biét tia AM 1a
tia phan giac ctia goc BAC. Chting to réng AD // CE.

a A
N2
3\
b B
Hinh 3.7 Hinh 3.8
3.5.Hinh 3.8 c6 A —2A, =B, — 2B, .Chting to ringa// b A s
3.6. Trong hinh 3.9, géc ACE bang trung binh cong ctia hai géc Ci
N 1
va C, ddng thoi cling bang trung binh cdng ctia hai goc A va AN
E.
—~ —~ ~ ~ \ F
Biét C,—C, = A— E = 20°. Chting to réing AB // CD va CD // )
EF.
Hinh 3.9

e Vin dung cap géc dong vi

3.7. Trong hinh 3.10 c6 Az\ = ; R ; é\l - é; =100° . Hoi Ax va By c6 song song véi nhau

khong ?
& X a 1%

s VA

/2
i 5 b /B

Hinh 3.10 Hinh 3.11

3.8. Trong hinh 3.11 R+A2\+é;:a° ; /B\1+é;+gzb°,trongdé 180° <a® <360° ; \\\
180° <a’ <360°va a° +b° =540° . Chiing to ring : a // b

3.9. Hinh 3.12 c6 Az\ - R = é; - /B\l . Chting to rang a // b
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C
¥

v

BA
b/z

Hinh 3.12 Hinh 3.13

3.10. Hinh 3.13 c6 A=50°, E =60°, géc C, hon géc C,1a 10°, géc C, hon géc ACE la
10°.
Chting t6 rang : AB // CD ; CD // EF

o Vin dung nhiéu dau hiéu song song

3.11. Trong hinh 3.14 ¢6 A = D, =105°, C, = 75°. Chimg té réng AB // CD vi BC // AD.

3.12. Trong hinh 3.15 c6: A =3B,; A =3C, va C, =45°. Hay ké tén cic cip duong thing

song song.

Hinh 3.14 Hinh 3.15

3.13. Cho tam giac ABC c6 A=70°; B =55". Trén tia d6i ctia tia AB 1dy diém M . Vé tia
Mx trén ntta mit phang bo MB khong chita C sao cho BMXx = 55°. V& tia Ay la tia
phan gidc cua goc CAM.

Chitng t6 rang Mx // BC va Ay // BC.

Chuyén dé 4. TIEN PE O-CLIT.
TINH CHAT CUA HAI PUONG THANG SONG SONG
A. Kién thirc cin nhé
1. Tién dé O - clit:
Qua mot diém 6 ngoai mot duong thang chi c6 mot dwong thang song song véi duong

thang d6.
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Trong hinh 4.1, dudng thang m di qua O va song song voi
a la duy nhat.

Hinh 4.1
2. Tinh chdt ciia hai duwong thing song song:
Né&u mot duong thang cat hai duong thang song song thi:
a) Hai géc so le trong bang nhau;
b) Hai géc dong vi bang nhau;
c) Hai gdc trong cung phia bu nhau.
3. Quan hé giita tinh vubéng goéc voi tinh song song
a) Hai duong thang phan biét ciing vuong goc véi mot duong thang thit ba thi ching
song song voinhau (h.4.2);
b) Mot duong thang vudng géc véi mot trong hai duong thang song song thi né ciing

vudng gdc véi duong  thang kia (h.4.2);

C
a u a
b
b o .
Hinh 4.2 Hinh 4.3

¢) Hai dwong thang phan biét cling song song véi mot duong thang thit ba thi ching
song song voi nhau (h.4.3)

B. Mét s6 vi du:
Vi dy 1: Cho tam giac ABC c6 A=75% B =60°. Trén ntra mat phang bo BC ¢6 chita A vé

cac tia Cx va Cy sao cho ACX =75°; B/C\y =120°. Chitng t6 rang cac tia Cx va Cy trung
nhau .

Giai (H4.4)
* Tim hwong gidi:
Dé€ chiing to6 hai tia Cx va Cy trung nhau ta ching to A
hai duong thang chita hai tia d6 trung nhau, dong x
thoi hai tia nay cling nam trén mot nira mit phang ” y
bo BC. .
B £%0 C
Hinh 4.4
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* Trinh bay 10i gidi :

Tacéd: ACx=A=75" = Cx// AB (Vi c6 cdp goc so le trong bang nhau) (1)
Ta c6: BCy + B =120° + 60° = 180°

= Cy // AB (Vi c6 cdp goc trong cung phia bu nhau) (2)

Tt (1) va (2), theo tién dé O-clit, ta c6 hai dwong thang Cx va Cy tring nhau. Mt khac, hai
tia Cx va Cy cling nam trén mot ntra mat phang bo BC c6 chita A nén hai tia nay trung
nhau.
Vidy2:Hinh45c8a//bva A —B, =30° . Tinh s§ do A, va B,
Giai:

* Tim hwong gidi:

Via//bva Az\ , é; so le trong vdi cac goc g , /B\l nén chi can tinh R , /B\l thi c6 thé suy ra
A, va B,

* Trinh bay 10i gidi :

Ta co:a// b nén @ + /B\l =180° (cap goc trong cling phia) 1A2
M3t khac A — B, =30° (theo dé bai) nén \
A = (180° +30°) : 2 =105° 53
Va B, =180° —105° = 75°

Suy ra: 70; = /B\1 = 75°(cap goc so le trong) ,
~  ~ Hinh 4.5
B, = A =105°(cdp géc so le trong)

Vidu 3:
a A \c
2 y

—~  ~

Tinh cac s6 do x, y trong hinh 4.6, biét g - Az\ ; Bj=B,va

-

X==
7y b

N
>

Hinh 4.6
Giai:
* Tim hwong gidi:
Néu chttng minh dwoc a // b thi sé tim duoc x va y (day la bai toan tim 2 s6 khi biét tong

va ti sO).
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* Trinh bay 10i gidi :
Tacé: A+ A =180°(hai géc ké bir), ma A=A, (débai)nén A =180°:2 = 90°
Suyra: AB L a

Tuong tu: AB LD

Do d6 a // b (cing vudng goc voi AB)

Ta cd: x + y =180° ( cdp gdc trong cling phia) , ma X = % y

Nén x:%zsﬁ’; y =126°
10
Vidu 4:
~ ~ — A
Hinh 4.7 c6 A=30°; B=70°; AOB =100° 30° *
Chitng t6 rang: Ax // By o0
70°

B y
Hinh 4.7

Giai:
* Tim hwong gidi:
Ta phai chitng minh hai duwong thang Ax va By song song. Giita hai dwong thang nay
chuta c6 mot duong thang thit ba cat chiing nén chura thé van dung d4u hiéu nhan biét
nao dé€ chiing minh ching song song.
Ta sé vé thém mot duong thang thit ba 1am trung gian roi dung d&u hiéu: hai duong
thang phan biét cing song song véi mot duong thang thie
* Trinh bay 10i gidi( Hinh 4.8):
Trong goc AOB, vé tia Ot // Ox . Khi do6
AOt = A =30° (cdp goc so le trong)
Suy ra: BOt =100° —30° = 70°

Vay B =BOt = 70°

Do d6 By // Ot (vi ¢6 cap goc so le trong bang nhau)
Tt d6 Ax // By (vi cung song song vdi Ot) Hinh 4.8

C. Bai tap van dung

o Tién dé O-clit
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4.1. Cho tam giac ABC. V& diém M sao cho géc BAM béng va so le trong véi goc B. Vé

dieém N sao gbc CAN bang va so le trong véi goc C. Chiing to rang ba diém M, A, N
thang hang.

4.2. Qua diém A ¢ ngoai duong thang a vé 101 duong thang. Chiing to rang it nhat cling
c6 100 duong thang cat a.

4.3. Cho diém O ¢ ngoai dudong thang xy. Qua O vé n duong thang. Xac dinh gia trj nho
nhat ctia n d€ trong s8 cac duong thang da vé, it nhat ciing ¢6 10 duwong thang cat xy.

o Tinh chit hai duong thing song song

4.4. Cho tam giac ABC. Tt diém D trén canh BC vé DE // AB, DF // AC (E € AC, F € AB)).

a) Ké& tén nhitng gdc 6 trong hinh vé bang goc A;
b) gia str B+C =110, tinh s do goc A

4.5. Cho tam giac ABC. Ttr diém M trén canh BC vé MD // AB, ME // AC (D € AC, E € AB).
Xéac dinh vi tri ctia diém M dé€ tia MA la tia phan giac caa goc DME.

4.6. Hinh 4.9 ¢6 C = m°(m < 90°) A
ABC =180° — 2m° va Bx // AC. Chting

minh rang tia Bx 1a tia phan giac ctia goc
ABy. Y

Hinh 4.9
o Vin dung ddu hi¢u nhin biét va tinh chdt ciia hai duong thing song song

4.7. Hinh 4.10, ngoai nhitng s0 do da ghi con biét /D\l = 6\2 .Chiing to rang b L m

7 b

A/k® |B m A B
m

20° . 2

1 1 n
6P

/C 2D ¢ D

Hinh 4.10 Hinh 4.11

4.8. Hinh 4.11 ¢6 AB L AC,CD 1 AC va OE L AC .Biét OAB=m° , OCD =50°.
Tim gia tri m dé€ tia OE la tia phan giac cua goc AOC
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4.9. Hinh 4.12 ¢ AEF =45°  EFC = 3AEF . Céc tia Em va Fn Ian luot 1a cAc tia phan giac
ctia cac goc AEF va EFD. Chiing t6 rang Em // Fn.

A E B
A X
m n n ~
¢ F D m>B y
Hinh 4.12 Hinh 4.13

4.10. Hinh 4.13 c6 A= B va va Ax // Bm. Chting t6 rang Ay // Bn.

411. Hinh 4.14 6 A=2a’ , B=b°(a,b <90°). Chting to ring Ax // By.

A A B
mo
o)
no
G 5
Hinh 4.14 Hinh 4.15

A B

4.12: "

Hinh4.15c6 A=m°,C =n°(90°<m°, n°<180°);

AOC =180°— (m°+n°) .Chting t6 ring AB//CD.

Hinh 4.15

4.13: Hinh 4.16 ¢6 A=130°, C =140° vd OA 1 OB. Chuing t6 ring AB//CD.

A
130 X

140

Hinh 4.16

4.14: Cho gdoc AOB. Trén tia OA 1ay diém M, trén tia OB 1dy diém N . Vé ra ngoai goc AOB
cac tia Mx va Ny song song véi nhau .
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* Cho biét AMx =140°, BNy =150°. Tinh s8 do géc AOB.

4.15: Hinh 4.17 c6 Ax//By, OA L OBva A=145°. Tinh s§ do goc B.

X

Hinh 4.17 Hinh 4.18

4.16: Hinh 4.18 c6 Ax//By. Tinh s6 do gbc AOB.

Chuyén dé 5. DINH LY
A. Kién thirc cAn nhé

1.Dinh 1y :
Dinh ly 1a 1 khang dinh suy ra tir nhitng khang dinh dugc coi 1a dung.
e Mbi dinh ly déu phai c6 2 phan:
+ Phan da cho goi la gia thiét ctia dinh ly
+ Phan phai suy ra goi la két luan cua dinh ly
Khi dinh ly dwoc phat biéu dudi dang “Néu A thi B” thi A la gia thiét con B la két luan .
2. Chting minh dinh ly 1a dung lap luan dé€ tir gia thiét suy ra kétluén .
3. Hé quala 1 dinh ly duwoc suy ra truc tiép tir 1 dinh ly hodc tt 1tich chat duoc thira nhan.
4. Xét dinh ly “Néu A thi B” ¢6 ménh dé ddo la “Néu B thi A”. Néu ménh dé dao nay dung
thi ménh dé dao duoc goi la dinh Iy ddo ctia dinh ly da cho va dinh ly da cho duoc goi
la dinh ly thudn

B. Mot s6 vi du:
Vi dy 1: Dinh ly “hai goc ddi dinh thi bang nhau” c¢6 dinh 1y dao khong ? B

Giai
Dinh ly : “Hai géc d8i dinh thi bang nhau” ¢6
ménh d& dao la “ Hai goc bang nhau thi d8i dinh” 1a ménh dé sai .
Vidu, Xét gbc AOB, tia phan gidc OM .(h5.1) °
R4 rang géc AOM va BOM bang nhau nhung
khong doéi dinh~v‘1 mdi canh ctia géc nay khong Hinh 5.1
la tia d6i cia moi canh goc kia . -
Vay dinh ly “Hai géc d8i dinh thi bang nhau” khong c6 dinh ly déo .
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Nhin xét : Mot vi du ching to 1 ménh dé nao d6 la sai goi la 1 phan vi du. Nhw vay ta da

dung phuong phap mot phan vi du dé chitng t6 ménh dé “Hai géc bang nhau thi d&i

dinh”.

Vi dy 2: Chiing minh dinh ly : “ Néu hai géc c6 canh tirong ting song song thi bang nhau

néu hai goc cung nhon hodc cung tu”

Gidi (h5.2)
*Tim cdch gidi :
b€ chiing minh 0=0'ta chttng minh chiing cung
bang 1 gdc thit 3. Dya vao gia thiét c6 cac cip

o K
duong thang song song, ta nghi dén viéc van /

o
dung tich chat ctia hai duong thang song song

dé tim ra cac cip goc bang nhau .
*Trinh bay 10i gidi:
Goi K 1a giao diém ctia cdc duwong thing Ox va Oy’
ViOy//O’y’'nén O = xKy' (cdp goc dong vi )
Vi Ox//O’x'nén O = xKy' (cdp goc dong vi )
Do d6: O :6'( cting bang )&7)
Nhdn xét : Nguoi ta cling chiing minh duoc rang;
Neéu hai géc ¢ cac canh tuwong ting song song thi:

- Chang bu nhau néu géc nay nhon, goc kia tu.

- Goc nay vudng thi goc kia vuong .

Hinh 5.2

Vi dy 3:Chting minh dinh ly : “Néu hai goc ¢ canh tuong ting vudng goc thi ching bang

nhau néu hai géc cing nho hoac cung tu”

Giai (h5.3)
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Hinh 5.3 Hinh 54

*Tim cdch gidi :

b€ chiing minh )@ = m 'ta chttng minh chung cting bang mot géc thit 3. D& tao ra géc
thtt 3 nay ta vé O'm//Ox va O'n//Oy, hai tia nay cting thudc mot nira mit phang bo
O'x’(h5.4)

Khi d6 theo dinh ly : “ Néu hai goc ¢ cac canh twong ting song song thi chiing bang nhau

néu hai géc cung nhon hodc cung tu” ta duoc X/O\y =mOn' Ta chi con phai chttng minh

x'0O'y'= mon'
*Trinh bay 101 gidi :

e Truong hop hai goc déu nhon
Vé O’'m//Ox va O'n//Oy. Vi O’x’vudng gdc voi Ox nén O'x” vudng goc voi O'm
do d6 mO'x'=90° (1)
ViOy’ vudng goc vdi Oy nén O’y’ vuong goc voi O'n do do : rﬁ\y =90° (2)
Tir (1) va (2) suy ra X'O'y'=mO'n (3)
Mit khéc xOy =mO'n.(4)
Tir (3) va (4) suy ra xOy = x'OY'
e Truong hop hai géc déu nhon (cmtt)
Nhdn xét : Nguoi ta cling chiing minh duoc rang;
Néu hai gdc c6 cac canh tuwong ting vudng goc thi :
- Chung bu nhau néu goéc nay nhon, goc kia tu.
- Goc kia vuong thi gdc nay vudng
C.Bai tap van dung

5.1: Cho g6c bet AOB .Trén cling mdt nita mit phang vé cac tia OC va OD sao cho
AOC = BOD < 90°.V& tia OM trong géc COD. Chitng minh réng OM vuéng goc véi AB
khi va chi khi OM la tia phan giac ciia COD.
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: Cho dinh ly: “ Hai duong thang phan biét cing vudng géc voi duong thang thit 3 thi
ching song song v6i nhau”. Hay phat biéu dinh ly dao va chitng minh .

5.3: Cho dinh ly : “ Hai tia phan gidc ctia hai goc ké bu thi vudng goc v6i nhau” Hay viét
gia thiét, két luan ctia dinh ly dao ctia dinh ly nay va chtrng minh .

5.4: B4c bo cAc ménh dé sau bang cach dwa ra phan vi du :

a) Tong s3 do ctia hai géc nhon bang s6 do ciia mot géc tu .

b) tong sd do cua mot gdc nhon va mot goc tu 1la mot goc bet .
5.5: Dién vao chd trong:

a) Cho A+0=90° va B+0=90°. Suy ra ......( vi ........

b) Cho A=A'va §=§'.Suyra A=B o ... (V1....... )
5.6: Dién vao chd trong :

a) Cho AB=CD. Suy ra 3AB....3CD ( vi.......... )

b) Cho AB=CD va MN=PQ. Suy ra AB+MN.....CD+PQ ( Vi..........)

5.7: Chting minh dinh 1y : “Néu mot duong thang cat hai duong thang song song thi hai

goc so le trong bang nhau”.
5.8: Cho gdc A va B la hai gdc ¢ canh tuong ting song song.Tinh s6 do cua cac goc A va B
biét

a) A+B=130°

b) A—B=100°

5.9: Cho hai goc cé canh twong ting song song cung nhon hoac cung tu . Biét hai tia phan
giac ca chiing khong cting nam trén mot dwong thang . Chitng minh hai tia phan giac

nay song song voi nhau . A

Hinh 5.5
5.10: Cho diém M va hai duwong thang AB va CD cat nhau tai O nam ngoai pham vi to
gidy (h.5.5). Hay néu cach vé mot duong thang qua M va vudng gdc véi tia phan
giac ctia goc AOC.

THCS.TOANMATH.com TAI LIEU TOAN HOC



5.11: Cho 10 duong thang ma khong c6 hai dwong thang nao song song. Chting minh rang
ton tai hai duong thrfmg tao véi nhau mot goc nhd hon hodc b:?mg 18¢
Chuyén dé 6. CHUNG MINH BANG PHAN CHUNG
A. Kién thirc cin nhé

Khi giai bai 5.7 trong chuyén dé 5 ta dung phuwong phap chitng minh phan ching .
Phuong phap nay thudc loai chitng minh gian ti€p . D€ chitng minh ménh dé A la dang ta
chitng minh pht dinh ctia A 1a sai.Noi dung chitng minh phan ching gom 3 budc:

# Bwoc 1 (Phu nhan két luan ): Gia st ¢6 diéu trai véi két luan cua bai toan.

4 Budc 2 (Di dén mau thuan): Tir diéu gia st 6 trén va tir cac diéu da biét ( gia
thiét, tién dé, dinh 1i,...) ta suy ra mot diéu vo li ( trai voi gia thiét, trai véi kién
thitc da hoc hodc mAau thuan véi nhau).

4 Buodc 3 (Khang dinh két luan): Vay diéu gia st 1a sai, diéu phai chiing minh 1a
dung.

Chuay:

Trong budc 1 ta phai pht dinh diéu phai chitng minh.

#+ Phu dinh ctia “c6 A” 1a “khong c6 A”.

# Phu dinh ctia “khoéng c6 B” 1a “c6 B”.

Vi du:
Phu dinh cta “3 diém A, B, C thing hang” 1a “3 diém A, B, C khong thing
hang”.
Pht dinh ctia m>n la m<n ( Ttc la m<n hoac m=n).
Trong budc 2 nhat thiét phai suy ra dwoc mot diéu mau thuan véi diéu da cho, da biét.
Néu khong thi chura thé khang dinh dugc didu gia sue & bude 1 1a sai.

B. Mot s6 vi du:
Vi du 1: Cho 12 duong thrfmg cit nhau tai O tao thanh mot s& goc khong c6 diém chung.
Chting minh rang trong cac goc do cé it nhat 2 goc cd s6 do khong vuot qud 15°.

Giai (h.6.1) °

* N z 2 .
Tim cdch giai: al

Dé thdy tdng s6 do cac géc khong co diém chung ding bang 360°. /
VI vay ta chi can biét c6 bao nhiéu géc khong c6 diém trong chung |
dwoc tao thanh.

*Trinh bay loi giai:

al2

Hinh 6.1

12 dwong thang cat nhau tai O tao thanh 24 géc dinh O khong c6 diém chung. Téng s6 do
cac goc ban 360° nén phai ton tai 1 goc nhé hon hodc bang 360°:24=15¢.

Ta chitng minh diéu nay bang phan chtng:

Gia st moi goc d6 16n hon 15¢ thi tdng ctia chting 1én hon 15.24=360° ( Vo 1i )
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Vay trong s& cac goc d6 ton tai mot gde khong vieot qué 15°. Goc nay bang goc d6i dinh
v&ind nén ton tai 2 gbc khong vuot qua 15°.

Vi dy 2: Hinh 6.2 c6 OA vuodng goc véi OB, /A=m°, B =n°, voi m+n<90°. Chitng minh rr?mg
Axva By.

A

Hinh 6.2

*Tim cdach gidi:

Bai toan yéu cau chiing minh Ax va By khong sog song. Néu ta dung phuwong phap phan
chting gia sit Ax//By thi c6 thé van dung dinh li vé tinh chat ctia 2 dwong thang song song
d€ giai, Tuy nhién gitta Ax va By chura ¢ mdt cat tuyén nao nén ta vé tia Ot 6 trong goc
AOB sao cho Ot//Ax; Ot//By. Khi d6 cac goc A va géc B Ian luot biang goc O1, goc Oa rat
thuan loi trong viéc lién hé véi goc AOB cho truoc.

*Trinh bay loi gidi:

Gia stt Ax//By. Trong goc AOB vé tia Ot//Ax//By.

Ta cé: (/)\1 =A=m° ( Hai goc so le trong )

o~

0, = B=n° (Hai goc so le trong )

Do d6 (/)\1+(/)\2 =m°+n°

Mat khac (/)\1 + (/)\2 = AOB ; m°+ n°<90e.

Diéu nay mau thuan véi géc AOB bang 90° ( Vi OA vuong goc véi OB )

Vay diéu gia st la sai, suy ra Ax va By khong song song.

Vi dy 3: Cho goc tu xOy, tia Ot trong gdoc do sao cho goc xOt nhéd hon gdc yOt. Trén tia Ox
1ay diém A. Qua A vé duong thang m vudng géc véi Ox. Chitng minh rang cac duong

thdng Ot va m cat nhau.
Giai(h.6.4)

y
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~ *Tim cdch gidi:
Diéu phai chitng minh 1a cac dwong thang Ot va m cit nhau. Mudn chiing minh bang
phan chiing ta gia st Ot//m, tlt d6 suy ra Ot vudng géc véi Ox do dé gde xOt bang 90-.
Dé dua dén mau thuan ta chi can chitng minh géc xOt nho hon 90°.

*Trinh bay loi gidi:

Gia st cac duong thang Ot va m khong cat nhau = Ot//m.

Mit khac Ox L m (GT) nén Ox L Otdo d6 goc xOy =90° (*)

Ta c6: XOt + )76t = X/O\y<180° ma xOt < y/O\t nén xOt <90°, mau thuan véi (*)

Vay diéu gia str 1a sai, do d6 cac duong thang Ot va m cat nhau.

Vi dy 4: Cho 3 tia phan biét OA, OB, OC sao cho AOB = BOC = AOC . Chitng minh ring

trong 3 tia da cho khong c6 tia nao ndm giita 2 tia con lai.

Gidi(h.6.5)

Hinh 6.5

*Tim cdch gidi:
Dé giai vi du nay bang phuong phéap phan chiing, ta gia st trong ba tia da cho ¢6 1 tia
nam gitta 2 tia con lai roi dung tinh chat cong s& do cac goc dan dén két qua cé 2 tia trung
nhau trai véi gia thiét.

*Trinh bay loi gidi:

Gia st trong 3 tia OA, OB, OC c6 1 tia nam giita 2 tia con lai. Khong lam giam tinh tong
quét, ta gia st tia OB nam gitra 2 tia OA va OC. Khi d6 ta c6 AOB +BOC = AOC .

Nhung do AOB = BOC = AOC ma AOB+BOC = AOC do d6 AOB =0°

Suy ra OA trung v6i OB, trai véi gia thiét.

Vay diéu gia str 1a sai, suy ra trong ba tia da cho khong cé tia nao nam gitra 2 tia con lai.
C. Bai tap van dung

o Chitng minh hai dwong thing cit nhau
6.1: Chitng minh dinh li: Néu mot duong thang cat mot trong hai duwong thang song song
thi né ciing cat duong kia.
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~ 6.2: Cho 2 duodng thang a va b virong goc véi nhau tai O. Chirng minh duong thang ¢
khong vudng géc véi b thi hai duong thang a va c cat nhau.

6.3: Cho goc xOy khac goc bet. Trén tia Ox 1dy diém A, trén tia Oy ldy diém B. Tt A vé
duong thang a | Ox, tit B vé duong thang b 1 Oy. Chttng minh rang 2 duong thang a
va b cat nhau.

6.4: Hinh 6.6 c6 géc AOB nhon, A=134°, B=135°. Chiting minh rang a va b khong song

song.

Hinh 6.6 Hinh 6.7
6.5: Hinh 6.7 c6 goc A tu, AB L BD, AC L CE. Vé tia Bx va Cy Ian luot la tia phan giac cua
cac goc ABD va ACE. Chting minh rang Bx va Cy cat nhau.

6.6: Cho 2 diém A va B ndm ngoai dwong thang m. Qua A vé 50 duong thang trong d6 c6
duong thang qua B. Qua B vé 50 duong thing trong d6 c6 duong thang qua A. Hoi co
it nhat ciing c6 bao nhiéu giao diém cta duong thang m véi cac duong thang da vé?

o Chitng minh 2 géc khong bang nhau. Tinh s6 do géc
6.7: Trong hinh 6.8, cho biét A # B, . Chirng minh C, # D,

Hinh 6.8

6.8: Cho 9 duong thang cat nhau tai O tao thanh mét s8 géc khong ¢ diém chung. Chiing
minh r?mg trong cac goc d6 ton tai mot goc 1on hon hodc b?mg 20° va ton tai mot goc
nhoé hon hoac b:?mg 20°.

6.9: Qua diém O nam ngoai duong thang a vé mot s6 duwong thang khong phai tat ca déu
cat a. Nhitng duong thang cat a dugc 78 tam giac chung dinh O. Chiing minh rang
trong cac duong thang da vé qua O ciing c¢6 2 duong thing cat nhau theo mot gbc nhod
hon 13°

THCS.TOANMATH.com TAI LIEU TOAN HOC




e Cic dang khdc
6.10: Chting minh dinh li: Trén tia Ox c6 OM =a, ON =b. Néu a <b thi diém M nam giita
2 difm O va N.
6.11: Chting minh rang néu 2 tia Ox va Oy thudc 2 ntra mat phang ddi nhau bo chita tia Oz
sao cho zOX + zOy =180° thi 2 tia Ox, Oy d6i nhau.
6.12: V& 9 doan thang trén mat phang. Hoi c6 thé xay ra truong hop moi doan thang cat
dting 5 doan thang khéc khong?

Chuyén dé 7. TAM GIAC

A. Kién thitc cin nho

1. Tong ba géc cia mot tam giac (Hinkh a)
Téng ba goc ctia mot tam giac bang 180°
AABC = A+ B+C =180°

p Hinh
2. Ap dung vao tam giac vuéng (Hinh b) Hma

a) binh nghia: Tam gidc vuong la tam gidc cé mot goc vuong.

b) Tinh chat: Trong tam giac vudng hai gdc nhon phu nhau.

AABC . . A
~ =B+C=90°.
A =90° Hinh b
B C b
Hinh c

3. GOc ngoai ctia tam giac (Hinh c)
a) Dinh nghia: Géc ngoai ctia tam giac la goc ké bu véi mot goc cta tam gidc.
b) Tinh chat:

*Mbi géc ngoai clia mot tam giac bang tdng ctia hai géc trong khong ké véi nd.
ACD=A+B

*Goc ngoai ctia tam gidc 1én hon mdi goc trong khong ké véi né.

ACD > A,ACD > B

B. Mot s6 vi du:

Vidy 1. Tim X, trong hinh vé bén:

A M

4x° 126°

U

Hinh 1 Hinh 2 Hinh 3
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Giai

o Tim cich gidi. D€ tim sd do x, chung ta van dung;:

- Tong ba gbc ctia mot tam giac bang 180° .

- G6c ngoai ctia mdt tam gidc bang tdng hai goc trong khong ké véi né.
o Trinh bay 101 gidi.

+Hinh 1. AABC c6 A+B+C =180° (tinh chat)

41° +2x° +28° + x° =180° <> x° =37°

+Hinh 2. AMNP c6 MPx=M +N (tinh chat goc ngoai ctia tam gidc )

3x° +4x° =126° < x° =18°

+ Hinh 3. ADEF ¢ D+E +F =180° (tinh chat)

x°+70° +x°—42° =180° < x° = 76°
Vi du 2. Cho tam gidc ABC c6 A==80°%; B =60°. Hai tia phan giac ctia goc B va C cit nhau
tai I. V@ tia phan gidc ngoai tai dinh B cat tia CI tai D. Chiing minh BDC =C

Giai

o Tim cdch gidi:

Dé bai cho s do goc A va gbc B nén hién nhién tinh dwgc s6 do goc C. Dua theo két
luan cta bai toan thi chiing ta chi can tinh s6 do géc BDC. Khi tinh toan sd do goc, chiing
ta Iwu y gia thiét c6 yéu t6 tia phan giac.

o Trinh bay 10i gidi.

AABC c6 A+B+C =180 (tinh chat)
80° +60° + C =180°; C = 40",

AABC c6 ABx=A+C =120 .

~

:>’B]=Bz=%@=6o° D A

Ta c6: 61:6;:%6:200

ABCD ¢6

BDC +C, + CBD =180° \

BDC +20° +60° +60° =180° = BDC = 40°.  * B —e

Do d6 BDC =C.
Vi du 3. Hai doan thfmg AB va CD cét nhau tai E. C4c tia phan giac KC\E; DBE cit nhau

¢ K. Chttng minh: BKC = BAC +BDC .

Giai

o Tim cdch gidi.
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Chuang ta nhan thay goc BKC la goc ctia tam giac BKG; CKH nén can phai ghép vao hai
tam gidc ay. Khai thac yéu cau cta bai toan (lién quan dén A.C) dong thoi d€ van dung
yéu t0 tia phan giac cta gia thiét, chung ta can xét cac cap tam gidc AKGB, AAGC va cdp
tam gidc AKHC, ADHB.

o Trinh bay 1oi gidi

Goi G la giao diém ctia CK va AE va H la giao

diém cua BK va DE.

Xét AKGB va AAGC co:

57

C
>
KGB = AGC (d8i dinh) \
=K+ /B\l = K+(/3\1 @

A H
Xét AKHC va ADHB cé: D
KHC = BHD (d6i dinh) K
=K +(/3\2 =D+ BA2 (2)

Tir (1) va (2) két hop v6i B,=B,;C, =C, = 2K = A+ D= R =2+ 2

Vi du 4. Cho hinh vé bén, biét rang BD va CE la cac
tia phan gidc ctia goc B va goc C.
a) Néu A=80° tinh BIC
b) Néu BDC =84% BEC =96° . Tinh A .
Giai

a) AABC c6 A+B+C =180° nén B+C =1000.

B,+C,=38+2C

B, +C, =50°ABIC co B, +C, + BIC =180° nén BIC =130°

b) ABDC c6 BDC +B,+C =180° ma BDC =84° nén B, +C = 96",
ABEC c6 BEC+B+C,=180° ma BEC =96°nén B+C, =84".
Suy ra B, +B+C+C, =96° +84°

Do d6 %(§+6):1800 B+C =120° nén A=60°
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Nhan xét

A~

- Néu A=80° thi ta ludn chiing t6 duoc BIC =90° +§ *)

- Détinh A chting ta cAn tim géc B+C  hodc B2 +C> ma khong can tinh timg goc B
va goc C. Ngoai ra dwa vao cong thikc (*) ta ¢6 thé tinh BIC bang cach xét ABIE va
ACID dé tim dwoc:

B, + EIB+ DIC +C, =84° +96°

Valuuy: B +C,=B,+C,=EIB=DIC ta tinh duoc EIB
Vi du 4. Cho AABC 6 A=90° .Ké AH vuong goc voi BC (He BC). Céc tia phan giac goc
C va BAH cét nhau tai K. Chting minh rang AK 1 CK .

Giai
A
AABH; AABC vudng nén BAH = HCA (cung phu véi ABC )- A
w1 = NS
Mt khac A =2 BAH;C, =~ HAC do d6 A =C, C
Tac6 A +KAC =90° 5 H

= C, + KAC =90°
Suy ra tam giac KAC vudng tai K
Vay AK L CK

Nhdn xét: Qua bai ta nhan thdy c¢6 thém mot dau hiéu nhan biét tam giac vudng la chiing

minh tam giac c6 tong hai géc bang 90°.

C. Bai tap van dung

7.1. Tim x, trong cac hinh vé sau:

A

<

7.2. Cho hinh vé bén. Biét ring A=45. B, =130°. Tinh C, ?
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7.3. Cac géc ngoai dinh A, B, Ctile véi 2; 3; 4.
Tinh ti 1€ ba goc trong cuia tam giac do.

7.4. Cho tam gidc ABC c6 A=2B va B=3C.
a) Tinh goc A; B; C?

b) Goi E 1a giao diém ctia dwong thing AB véi tia phan

gidc ctia goc ngoai tai dinh C. Tinh géc AEC?
7.5. Tam giac ABC co B>C .Tia phan gidc géc BAC cat BC tai D.

a) Chttng minh ADC - ADB=B-C.

b) Puong thang chira tia phan gidc goc ngoai ¢ dinh A ctia tam gidc ABC cat duong thang
BC tai E. Chitng minh rang AEB = %

7.6. Cho tam giac ABC co B—C =18". Tia phan gidc goc A cat BC tai D. Tinh s6 do gdc
ADC? géc ADB?

7.7. Cho tam gidc ABC. Tia phan gidc goc A cat BC tai D. Biét ADB =85° .

a) Tinh B-C.

b) Tinh cc goc ctia tam gide ABC néu 4B =5C .

7.8. Cho tam giac ABC, O la diém nam trong tam giac.

a) Chting minh rang BOC = A+ ABO + ACO,

b) Biét ABO + ACO =90° —g va tia BO 1a tia phan gidc ctia géc B. Chiing minh rang CO 1a
tia phan giac ctia goc C.

7.9. Cho tam gidc ABC c6 A=180°-3C

a) Chting minh rang B=2C

b) Tt mot diém D trén canh AC vé DE//BC (E e AB ). Hay xac dinh vi tri cua D sao cho tia
DE la tia phan giac cta goc ADB .

7.10. Chting minh véi mdi tam giac bao gid cling ton tai mdt goc ngoai khong 16n hon 120°
7.11. Cho tam gidc ABC vuong tai A. Tia phan gidc cta C cit AB tai D.

a) Chttng minh rang géc BDC la géc .
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b) Gia st BDC =105° . Tinh s8 do goc B
7.12. Cho hinh vé bén.

Tinh tong A+B+C+D+E+F? |

Chuyén dé 8. HAI TAM GIAC BANG NHAU.
CAC TRUONG HOP BANG NHAU CUA HAI TAM GIAC
A. Kién thttc cin nhé

1. Pinh nghia: Hai tam gidc bang nhau 1a hai tam giac c6 cac canh twong ting bang nhau,

cac goc teong ting bang nhau.

A=A"B=B"C=C"

AABC=AA'B'C'<
AB=A'BAC=A'C,BC=B'C'

A

Bv

2. Cac truong hop bang nhau ctia hai tam giac
e Néu ba canh ctia tam gidc nay bang ba canh ctia tam gidc kia thi hai tam giac d6
bang nhau.
AB=A'B'
AC=A'C': = AABC =AA'B'C'(c.c.c)
BC=B'C'

s Tol

e Neéu hai canh va gbc xen gitra cia tam giac nay bang hai canh va gdc xen gitra cua
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tam giac kia thi hai tam giac d6 bang nhau.

AB=A'B'
B=B' — AABC = AA'B'C'(c.g.C)
BC=B'C'

A Al
. | - BACl

e Néu mot canh va hai goc ké ctia tam gidc nay bang mot canh va hai géc ké cua tam

giac kia thi hai tam giac d6 bang nhau.

A=A’
e AB=A'B''= AABC =AA'B'C'(g.c.q)
B=B'
A Al
3. Hé qua

¢ Néu hai canh géc vudng ctia tam gidc vudng nay bang hai canh géc vuong ctia tam
gidc vuong kia thi hai tam giac vudng do bang nhau.

e Néu mot canh goc vudng va mot goc nhon ké canh ay clia tam giac vuong nay bang
mot canh géc vudng va mot goc nhon ké canh ay ctia tam gidc vudng kia thi hai tam
giac vudng d6 bang nhau.

¢ Né&u canh huyén va mot géc nhon ctia tam gidc vudng nay bang canh huyén va mot

gécnhon cua tam giac vudng kia thi hai tam gidc vuong d6 bang nhau.

A=A"=90°
BC=B'C' = AABC =AA'B'C' ( Canh huyén = géc nhon)
B=B'
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B. Mot s6 vi du:
Vidu 1. Cho AABC = AMNP
a) Viét ky hiéu vé sy bang nhau ctia hai tam gidc bang nhau bang ba cach.
b) Cho AB = 5cm; AC = 6cm;NP = 7 cm. Tinh chu vi mdi tam giac? Hay néu nhan xét?
Gidi
o Tim cdch gidi: Khi viét hai tam gidc bang nhau thi cdc dinh tuwong tmg phai viét theo
cung mot th tw. Viét nhu vay, thi viéc suy ra cac cap canh tuwong ting b?mg nhau mai
chinh xac.
o Trinh bay loi gidi
a) AABC =AMNP; ACBA=APNM; ABAC =ANMP.
b) AABC =AMNP suyra AB=MN =5cm; AC=MP=6cm; BC=NP=7cm.
Chu vi AABC bang AB+BC + AC =5+6+7 =18(cm)
Chu vi AMNP bang MN +MP + NP =5+6+7 =18(cm)
o Nhin xét. Hai tam gidc bang nhau thi c6 chu vi bang nhau.
Vidyu 2. Cho AABC = AHIK , biét A+B =124 H —1 =16". Tinh c4c gdc ctia mbi tam gidc.
Gidi
e Tim cdch gidi. Bai toan yéu cau tinh s6 do géc cua tam gidc nén tiv AABC = AHIK
chting ta chi quan tam téi cip goc tuong ting bang nhau.
o Trinh bay loi gidi.
AABC = AHIK = A=H;B =
Vi A+B=124"=H +1=124°H -1 =16, nén
H = (124° +16°):2=70°
| =(124° -16°): 2 =54°
AHIK 6 H+1+K =180 70° +54° + K =180° = K =56

—

.C=K (cdp goc trong tng).

Vi AABC =AHIK nén A=H=70"B=1=54°C=K=56".
Vi du 3. Cho goc nhon xOy, 18y diém A thudc Ox, diém B thudc Oy sao cho OA = OB. Vé
hai cung tron tim A va tam B c6 cling ban kinh nho hon OA sao cho chting cét nhau tai
hai diém C va D. Chitng minh rang;
a) AAOC = ABOC.
b)Ba diém O, C, D thang hang.
Gidi
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OC canh chung.
= AOAC = AOBC(c.c.c)
b) AOAC = AOBC(c.cc) nén AOC =BOC
Tuong tw AOAD = AOBD (c.cc) = AOD = BOD.
Nén C, D cung thudc tia phan giac géc xOy hay
O, C, D thang hang,.
o Nhin xét
~ Khi chttng minh hai tam giac bang nhau ban nén cht y canh ch
~Mudn chttng minh ba diém thang hang , ta c6 thé chiing minh ba y
diém d6 cting ndm trén tia phan gidc ctia mot goc.
Vi du 4. Cho AABC ¢ AB = AC. Ldy M thudc canh AB; 1ay N thudc tia d6i ctia tia CA sao
cho CN = BM. Goi I 1a mot diém sao cho IB = IC; IM = IN. Chttng minh rang IC L AN.
Gidi

Ta c6 AABC = AACI (c.c.c) = ACI = ABI. AMBI = ANCI (c.c.c) = NCI = ABI.

Suy ra ACI =NCI , ma d6 la hai géc ké b, nén
ACI =NCI =90°, hay IC L AN.
o Nhin xét M

Pay la bai toan khé . B€ chitng minh IC L AN

B¢
chiing ta suy nghi va chitng minh ICA=ICN 1adidu m
N

can thiét. Sau d6 chung ta hdy tim cac tam giac bang

—

nhau ma trong cac tam gidc &y c6 chita ICA va ICN .

Vi dy 5. Cho tam giac ABC c6 A=90° . Ké dudng phan B
gidc goc B cat AC tai D. Trén canh BC 1y diém M
sao cho MA = MB.

a) Chtng minh MD 1 BC. 1
b) Chitng minh AM L BD. M
¢) Néu bist AMD =36° .
Tinh s& do goc B, géc C ctia tam gidc ABC.
__om A c
a) AABD va AMBD c6 BA=BM;ABD = MBD;BD
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la canh chung = AABD = AMBD(c.g.C)
— BAD = BMD = 90°
= DM 1 BC
b) Goi I 1a giao diém ctia AM va BD. Xét AABI va AMBI c6 AB =MB; ABI = MBI; Bl la
canh chung = AABI = AMBI (c.g.c) = AIB = MIB

Ma AIB+MIB =180° = AIB = MIB =90° = AM L BD.

¢) AMD =36° nén IMB =90° —36° =54°

ABIM vudng nén IBM =90° —54° = 36°

Suy ra B=236°2=72° do d6 C =90°-72° =18".

Vi dy 6. Cho tam giac ABC c6 ba goc
nhon. Vé doan théng AM L AB;
AM = AB sao cho M va C khac
phia d8i v6i duwong thang AB. Vé
doan thang AN L AC va AN = AC
sao cho N va B khac phia d6i véi
duong thang AC. Goi I, K Tan lwot 1a
trung diém BN va CM. Chting minh
rang:
a) AAMC =AABN.
b) MC = BN va MC L BN ;
Q) Al = AK va Al L AK .

M

a) MAC =BAN( =90° + BAC) nén AAMC =AABN (c.g.c)
b) AAMC =AABN = BN = CM va AMC = ABN .

Goi P la giao diém ctia AB va CM

Ta c6: AMC +APM = 90° (Vi A AMP vudng)

— ABN +BPO = 90° = MC L BN

CM = BN = MK = Bl ,ma AMK = ABN; AM = AB
nén AAMK =AABI (c.g.c)=> AK = Al

= MAK = BAI ; ma MAK + KAB =90°
— BAI +KAB =90° hay Al 1 AK.
Vidy 7. Cho AABC vudng tai A c6BC = 2.AB . Tia phan giac ctia goc B cat AC tai D

a) Chttng minh rang BD = CD.

b) Tinh gdc B va goc C ctia tam giac ABC.
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Giai
a) Goi E la trung diém cua BC.

Suyra BE = CE = AB (=%BC)

A ABD va AEBD ¢6

BA =BE

ABD = EBD (gia thiét);

BD la canh chung H
=>A ABD = AEBD (c.g.c) D

=> BAD = BED => BED=90°
Xét ABDE va A CDE cé: BED = CED =90°; BE = CE; DE chung
=>ABDE = A CDE (c.g.c)
=>BD=CD.
b) ABDE =A CDE(c.g.c)=> B=2C
Miit khéc: B+C =90° (vitam giac ABC
vuong tai A)
=>2C +C =90°=> C=30°, B=60°
Vi du 8. Cho tam giac ABC c6 A = 60°. Cac tia phan gidc goc B, goc C cat nhau tai O va cat
AC; AB theo thit te D; E. Chiing minh rang: OD = OE.
Gidi
A ABC c6 A+ B +C =180°
Ma A = 60° nén B+C =120°

ABOC c6 BOC + B, +C,=180°
Nén BOC =120°, O1=60°

Ké Ox la tia phan gidc goc BOC, cat BC tai I nén Ox= Os=60°
Xét ABEO va ABIO ¢6 B, = B, (gia thiét); O1= O (=60°)

BO la canh chung do d6 ABEO = ABIO (c.g.c). Suy ra OE = Ol
Chiing minh twong tu ta c6 ACOD = ACOI nén OD = Ol

Vay OE = OD (=OI)
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* Nhan xét

- P& chiing minh OE = OD, ta chura thé ghép chiing vao hai tam giac nao bang nhau duoc.
Do vay ta nghi dén cach ké dwong phu. Cho s6 do goc A ta lién hé voi bai da biét nén tinh
duoc s6 do géc BOC va goc BOE nén dung duoc diém L
- Bai toan con c6 cach khac, 1a 1ay diém I trén BC sao cho BI = BE, sau d6 chirng minh
ABOE = ABOI r6i chitng minh ACOD = ACOL
- Tt cach trén ta con suy ra két qua dep la BE + CD=BC
Vidu 9. Cho tam gidc ABC. Tk Bké BD L AC, CE L AB. Goi H la giao diém ctia BD va CE.
Biét rang HD = HE.
a) Chting minh rang ABHE = ACHD;
b) Chiing minh réng AABD = AACE.
c) Chttng minh AH 1a tia phan giac cta BAC
d) Goi I 1a giao diém ctia AH va BC. Chitng minh rang AI L BC.

Gidi
a) ABHE va ACHD cé BEH =CDH (=90°); HD = HE; A
BHE =CHD => ABHE = ACHD (g.c.g)
b) ABHE = ACHD =>BH = CH; ma HD = HE
=>BD = CE
AADB va AAEC c6 ADB = AEC (= 90°); BD = CE;
BAC chung E D
=> AADB = AACE (canh huyén, gbc nhon)

B C

c) AABD = AACE => AB = AC.

AABH va AACH c6 AB = AC; AH la canh chung; BH = CH (chttng minh trén)

=> AABH = AACH (c.c.c)

= BAH =CAH => AH Ia tia phan giac cua BAC .

d) AABI va AACI c6 AB = AC; BAI =CAI ; Al la canh chung => AABI = AACI (c.g.c)
= AIB = AIC; ma AIB+AIC=180°=> AIB = AIC =90°, hay AT L BC.

Vi du 10. Cho tam gidc ABC vudng tai A. Goi M 1a trung diém ctia BC. Chting minh rang

AM = % BC.
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A C

*Tim cach gidi. D& ching minh AM = % BC

ta can chiing minh BC = 2.AM.

Vé mit suy luan ta can dung mot doan théng

bang 2.AM, rdi chitng minh doan thing d6

bang BC.

* Trinh bay 10i gidi. Trén tia d6i cua tia MA 1dy diém D sao cho MD = MA. Suy ra
AD=2.AM.

AAMB va ADMC c6 AM = MD; M, =M, , MB = MC nén AAMB = ADMC. Suy ra AB = DC;

3. A =D, nén AB//CD=>DC L AC
AABC va ACDA c6 AB = CD; BAC = DCA (=90°), AC chung => AABC = ACDA (c.g.c)

=>BC =DA =>BC = 2AM hay AM = %BC

* Nhan xét: Bai nay la mot tinh chat thu vi cta tam gidc vudng, thuong duoc sit dung
trong nhitng bai n6i trung di€m ctia canh huyén véi dinh géc vuong.
Vi dy 11. Cho hinh vé bén. Biét rang A B
AB // CD, AD // BC. Chttng minh
rang: AB=CD, AD =BC

Gidi
AB//CD = /@I\D = (ﬁ (cdp so le trong)
AD//BC => A/D\B = C/BB (cap so le trong)
AABD va ACDB c6 ABD =CDB, BD la canh chung, ADB =CBD, Suy ra AABD = ACDB
(8-c.8)
= AB=CD, AD =BC.

Nhan xét. Day 1a mot tinh chat tha vi, goi la tinh chat doan doan chin song song. Tinh

chat nay duoc van dung trong nhiéu bai tap, dem lai hiéu qua cao.

C. Bai tap van dung
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8.1. Dién vao chd trong (....) trong cac phét bidu sau:
a) Néu AABC=AMNP thi AB=.....; ........ =MP;BC=..........
b) Néu ATHK = ADEF thi 1 = ... .. = F; H=....

8.2. bBién vao 6 trong:

A B M N
A\

\

8.3. Cho AABC = AMNP biét B—C =10°% N + P = 120°. Tinh s8 do cac géc ctia mdi tam gidc.

8.4. Cho AABC = AMNP. Biét AB + AC =9cm; MN — NP = 3cm; NP = 5cm. Tinh chu vi ctia
moi tam gidc.

... BC AB | , x. ,
8.5. Cho AABC = ARST, biét = = = va ST — RS = 8cm; AC = 18cm. Tinh moi canh cua
moi tam giac.

8.6. Bién vao 6 trong: E

A E 1 M N
Q M
R Si i \Y U
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C

8.8. Trong hinh vé bén biét AB = CD, AD =BC.

Chiing minh: AB // CD; AD // BC. Z/ | //

8.9. Cho AABC c6 A =50° AB = AC. Goi M 1a trung diém ctia BC. Tinh cac goc cia AABM ;
AACM.

e Truwong hop c.g.c

8.10. Cho AABC vuéng tai A. Tia phan gidc ctia ABC cit AC ¢ D; E 1a mot diém trén canh
BC sao cho BE = BA.

a) Chting minh rang: AABD = AEBD.

b) Chting minh rang: DE L BC.

c) Goi F 1a giao diém ctia DE va AB. Chting minh rang DC = DF.

8.11. Cho tam giac ABC nhon. Ké BDLAC (DeAC), CELAB (E€AB). Trén tia d6i cua tia
BD lay diém H sao cho BH = AC. Trén tia ddi cua tia CE 1dy diém K sao cho CK = AB.
Chitng minh:

a) ABH = ACK ;

b) AH = AK.

8.12. Cho tam gidc ABC c6 B =2.C . Tia phan gidc goc B cit AC & D. Trén tia d6i BD 14y

diém E sao cho BE = AC. Trén tia d5i CB 14y diém K sao cho CK = AB. Chttng minh rang;
AE=AK
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8.13. Cho AABC. Goi D; E theo thtt tu la trung diém cua AB, AC. Trén tia d6i cua tia ED
lay diém F sao cho EF = ED. Chiing minh:

a) BD =CF; AB // CF.
b) ABCD = A FDC.

¢) DE // BC.

8.14. Cho AABC vuong tai A, AB < AC. Tia phan giac ctia ABC cit AC tai D. Trén canh
BC ldy diém E sao cho BE = BA. Vé AH vudng goc véi BC tai H.

a) Chirng minh réng AD =ED.
b) Chting minh rang AH // DE.

c) Trén tia DE 14y diém I sao cho DI = AH. Goi O 1a trung diém ctia doan thang DH.
Chting minh rang ba diém A, O, I thang hang.

8.15. Cho AABC c6 B<90° . Trén nita mit phang bo BC chita diém A. V& tia Bx vudng gdc
v6i BC. Trén tia Bx 18y diém D sao cho BD = BC. Trén nita mit phang bo AB chtta diém C
vé tia By vuong goc véi BA. Trén tia By 14y diém E sao cho BE = BA. Chting minh rang.

a) AD = CE.
b) AD L CE.

8.16. Cho AABC ¢6 A <90°; Goi M 1a trung diém canh BC. Trén nira mat ph:?mg bo AB
khong chita diém C ké tia Ax vudng goc voi AB, trén tia Ax 1ay diém D sao cho AD = AB.
Trén ntta mt phang bo AC khong chira diém B ké Ay vudng goéc véi AC. Trén tia Ay 1y
diém E sao cho AE = AC. Trén tia d&i tia MA 18y MN = MA. Chting minh rang;

a) BN = AE;

¢) AM LDE.
8.17. b€ do khoang cach AB ma khong do truec tiép,
nguroi ta da thuc hién nhu sau:

- Chon vi tri diém O.

- Ldy diém C trén tia d6i tia OA sao cho OC = OA.

_Léy diém D trén tia d6i tia OB sao cho OD = OB. D

- Do d6 dai doan thfmg CD, d6 chinh la khoang cach AB.
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Hay giai thich tai sao?
e Trwong hop g.c.g

8.18. Cho tam gidc ABC c6 A = 120°. CAc tia phéan gic BE, CF ctia ABC va ACB cét nhau
tai I (E, F lan lwot thudc canh AC, AB). Trén canh BC 14y hai diém M, N sao cho

BIM =CIN =30°

a) Tinh s6 do ctuia MIN ;

b) Chiing minh CE + BF <BC.

8.19. Cho tam gidc ABC c6 B +C = 60°, tia phan gic ctia BAC c4t BC tai D. Trén AD ldy
diém O, trén tia d6i cua tia AC lay diém M sao cho ABM = ABO . Trén tia déi cua tia AB
14y diém N sao cho ACN = ACO . Chting minh ring AM = AN.

8.20. Cho tam giac ABC c6 BC = 5cm. Trén tia AB lay diém K va D sao cho AK =BD.
V& KI// BC; DE // BC (I E cAC).

a) Ching minh Al = CE.

b) Tinh d6 dai DE + KL

8.21. Cho A ABC vudng tai A c6 AB = AC. Lay M thudc BC (BM >MC). Ké BD va CE
vudng gbc v6i duong thang AM. Chitng minh rang;

a) A ABD = A CAE.
b) BD - CE = DE.

Chuyén dé¢ 9. TAM GIAC CAN

A. Kién thitc cin nho

1. Tam giac can
a) Dinh nghia: Tam giac can la tam gidc c6 hai canh bang nhau.

AABC A
AB=AC
b)Tinh chit. Trong tam gidc can, hai géc & ddy bang nhau.

AABC can tai A=>B=C

AABC can tai A & {

¢) Ddu hiéu nhdn biét

e Theo dinh nghia.
e Néu mot tam giac c6 hai goc bang nhau thi tam giac d6 la tam giac can.

2. Tam gidc vudng can
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a) Dinh nghia: Tam gidc vudng can la tam giac vuong co hai B
canh géc vudng bang nhau.

AABC €
AABC vudng can tai A < { A=90°
AB=AC A \ C

b)Tinh chdt: mdi géc nhon ctia tam giac vudng can bang 45°
B=C=45°
3. Tam giac déu
a) Dinh nghia: Tam giac déu la tam gidc c6 ba canh A

bang nhau.

5 AABC
AABC déu &
AB=BC=CA
b) Tinh chit. Trong tam gidc déu, mdi géc bang 60°. B " ¢

c¢) Ddu hi¢u nhan biét
e Theo dinh nghia.
e Néu mot tam giac cé ba géc bang nhau thi tam giac d6 1a tam giac déu.

e Né&u mot tam giac can cé mot goc bang 60° thi tam giac d6 1a tam giac déu.

B. Mot s6 vi du:
Vidu 1. Cho hinh vé bén. Biét

A
rang AB=AC=AD D
ABC =45° ACD =75°. Tinh s3 .
do goc BAD B i
C
Gidi

* Tim cich gidi. Chung ta lieu ¥ rang: trong mot tam gidc can, néu biét mot goc thi tinh duoc

hai gdc con lai. Chéng han: néu AABC can tai A thi: A=180° - 2 B =180°-2C hoac

* Trinh bay loi gidi
AABC can tai A nén BAC = 180° - 2. ABC = 90°

AABC can tai A nén CAD =180°-2 ACD =30°
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Ta c6 BAD = BAC + CAD =120°

Vidu 2.

a) Mot tam gidc can c6 mot goc 1la 80°. SO do cua hai gdc con lai la bao nhiéu?
b) Mot tam gidc can c6 mot goc la 100°. S6 do cuia hai goéc con lai la bao nhiéu?
Giai

180°-80° _

a) Néu goc & dinh tam gic can 1a 80°, thi mdi goc & ddy tam giac can la: 50°

- Néu mbi goc o day tam gidc can 1a 80° thi géc ¢ dinh tam gidc can la: 180° - 80° - 80° =

20°.

b) Néu goc ¢ ddy tam gidc can la 100°; thi tong hai goc & day la: 100° + 100° + 200° > 180

(khong xay ra)

Do d6 gbc & dinh tam gidc can 1a 100° thi mdi goc & day tam giac can la

180° -100°
2

=40°

* Nhan xét: Bai toan nay dé bo sot cac truong hop. Khi dé bai chwra cho cu

thé s6 do la s6 do ¢ dinh hay ¢ day , ta can xét ca hai truong hop.

Vidu 3. Cho hinh vé bén . Biét AB = AC; AE = DE =CD va BC =CE. Tinh s6 do BAC
Giai

*  Tim cdch gidi . bai toan xuat hién nhiéu A

tam giac can, nén c6 nhiéu géc bang

nhau. D&10i giai don gian, khong bi nham lan,

chung ta nén dat géc nhd nhat trong hinh vé 1a D

X.

Sau d6 biéu dién cac géc khéc theo x. Trong qué

trinh giai,
lwu y tinh chat goc ctia tam gidc can va tinh chat

gbdc ngoai cia tam giac.

* Trinh bay loi gidi

ADEC cén tai D. P4t DCE = DEC = x
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ADEC ¢4 ADE = DCE + DEC = 2x ( goc ngoai tam giac )
AAED can tai E nén EAD = ADE = 2x
AAEC c6 BEC = CAE + ECA =3x ( goc ngoai tam giac)
ABCE can tai C nén B = BEC =3x
AABC can tai A nén B =BCA=3x
AABC ¢6 A+B+C =180
Suy ra 2x+3x+3x =180 < x =22,5°
Do d6 BAC =2.22,5° = 45°
Vi du 4. Cho tam giac ABC vudng tai A. Trén canh AC lay diém E sao cho
EBC = 2.ABE . Trén tia BE 14y diém M sao cho EM = BC. So sanh
MBC va BMC.
Giai
*, Cdch 1. Trén tia BE 1ay diém K sao cho BK =BC = ABKC can tai B

180° —KBC B

= BCK = BKC = =90° - ABE = AEB

ACEK can taiC = CE =CK;

L c
— — — — A7
CEK =CKE = CEB=CKM ma
K
BK = EM = BE = KM
= ACEB = ACKM (c.g.c), suy ra: MBC = BMC w

* Cach 2. Ké MH L AC(H € AC)

Goi MH cat tia phan gidc BCE tail.

Tacé:rmzﬁa:@z(:%@zj

ma ABE = EMI ('so le trong)

. EWi - CBi (- ABE

ABIM c6 IBM = IMB = ABIM can tail = IB = IM
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Tt d6 suy ra AIBC = AIME(c.g.c)

= I[E=IC=AIECcantail, ma IH LEC
Nén dé c6 AEMH = ACMH (c.g.c)

= EM =CM = BC =CM

= ABCM can tai C suy ra MBC = BMC

Vi du 5. Cho tam giac ABC c6 ba gbc nhon ( AB < AC), vé vé phia ngoai tam gidc ABC cac
tam giac déu ABD va ACE. Goi I la giao diém ctia CD va BE, K la giao diém ctia AB va CD.

a ) Chting minh rang AADC = AABE
b ) Ching minh ring DIB =60°.
¢) Goi M va N Ian luot 1a trung diém ctia CD va BE . Chting minh rang AAMN  déu.
d ) Chttng minh rang IA+I1B=1D.
e ) Chting minh rang TA 1a tia phan giac ctia géc DIE.

Giai
a) AADC va AABE c6
AD=AB DAC = BAE (=60’ + BAC; AC = AE

= AADC = AABE ( c.g.c)

b) AADC = AABE => ADC = ABE

AADK c6 KAD = 60°nén ADC + AKD =120°

= ABE + BKI =120° = BKI = 60°hay
DIB = 60°
¢) AADC = AABE = DC = BE = DM = BN
AADM va AABN c6 AD = AB: ADK = ABN: DM = BN

= AADM = AABN (C.g.c) = AM = AN = AAMN can

— e~ e~

DAM = BAN => DAM + MAB = MAB + BAN => MAN = 60°
= AAMN déu

d ) Trén tia ID 14y IF = IB.

Ta c6 BIF =60° nén ABIF la tam gic déu.

Xét ABED va ABIAcS BD = BA DBF = KEﬁ(: 60° — F/B\A), BF = BI
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éuy ra ABFD = ABIA(c.g.c)=> DF = 1A

Do d6 IA+1B = DF +Fl = ID

e) ABIF déu nén BFI =60° = BFD =120° = BIA =120°
Ma BID =60° nén DIA=60° = AIE = 60°DIA = AlE(=60")
Hay IA la tia phan giac cua goc DIE

Vi du 6. Cho tam giac ABC nhon (AB<AC), goi M la trung diém cta doan théng BC.
Goi H 1a hinh chiéu vudng gbc ctia B trén doan thang AM. Trén tia di tia AM 14y diém N

sao cho AN =2 . MH. Chtng minh BN = AC.
( Tuyén sinh 16p 10, THPT chuyén DHKHTN Ha N§i , nim 2015)
Giai
* Tim cdch gidi . Bai toan chua hé ghép BN va AC vao hai tam giac bang nhau truc tiép
dugc. mat khac MNB = MC, do vay rat tu nhién chiing ta nghi téi viéc trén tia d6i cua tia

MA lay MD = MA boi day la gia thiét quen thudc, d€ suy ra AC = BD. Sau d6 chi viéc
chtrng minh BD = BN

* Trinh bay 1oi gidi .
Trén tia d6i cta tia MA 1ay MD = MA,

Xét AACM va ADBM ¢
AM =MD, AMC = DMB, BM =CM

Suy ra AACM = ADBM (c.g.c)= BD = AC . M

Ta c6 HN = HA+ AN = HA+2.HM = AM + HM
HD=MD+HM =AM +HM =HN=HD
ADBN c6 BH L DN;HD = HN = ADBN can tai B = BN =BD Vay BN = AC.
Vi du 7.Cho tam giac ABC vudng can tai A. Lay diém D thudc nira mat
phang b AB khong chtta C sao cho tam gidc DAB vuong can tai D;
diém E (khéc A) thudc doan AD. Puong thing qua E, vudng goc véi BE
cat AC tai F. Chting minh rang EF = EB.

Giai

* Tim cich gidi. D€ chiing minh EF = EB , thong thuong chung ta nghi téi viéc ghép vao hai
tam gidc , sau d6 chting minh hai tam gidc d6 bang nhau. Tuy nhién , véi hinh vé nay
chung ta chwa thé ghép duoc . Phan tich dé bai, chiing ta ¢6 nhiéu goc vudng , goc 45°
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cling nhw cac cip canh bang nhau DA =DB, AB = AC. Vi su phan tich trén , ching ta
nghi ti viéc ké thém duwong phu nham két hop dwoc gia thiét véi nhau ciing nhu ghép EF
va EB 1a hai canh twong ting ctia hai tam gidc bang nhau.

* Tir d6 chung ta c6 hwéng giai sau:

e Cach 1. Cé thé ghép EF vao AAEF c6 EAF =135° nén can ghép EB vao tam gidc co
gbc ddi dién véiné cling bang 135° . Khai thac yéu t& tam gidc vudng can ADB, 18y
diém K trén BD sao cho ADEK vuéng can .

e Cach 2. Nhén thay BAD =45° nén , tia AD 12 tia phan giac goc ngoai dinh A ctia
AABC, nén c6 thé ké thém EM, EN vudng géc véi cac duong thing AC, AB . Dé
chitng minh duegc EM = EN . Ttr d6 cling 6 1oi giai.

* Trinh bay loi gidi

Cdch 1. Trén doan BD lay di€ém K sao cho D E A
BK=EA (1).

Vi tam gidc DAB vuong can tai D

nén ADKE vuoéng can tai D, suy ra K .
DKE = 45° B c

do d6 : BKE =180° — 45° =135°

ma EAF = 45° +90° =135°

nén BKE = EAF (2)

Mt khéc KBE =90° - DEB = AEF (3) (do BEF =90°)
Tix (1), (2),(3) suy ra : ABKE = AEAF (g.c.q)

Tt d6 EF = EB
Cdch 2. V& EM, EN vudng géc véi cac duong thang AC, AB
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Xét AAME va AANE cé M

AME = ANE (=90°); /0\
D E A

MAE = NA\E(: 450), AE la canh chung

= AAME = AANE ( canh huyén géc nhon ) Q F

= EM =EN
Mat khac, AAME va AANEla tam gidc

vudng can, suy ra MEN =90°

ABNE va AFME ¢6 :

|§\|T3=|§/|\F(=900);§5N=F/Eﬁ(=9o°—@);EN — EM

ABNE = AFME ( canh huyén géc nhon ) = EF =EB
Vi du 8. Cho tam gidc ABC vuéng tai A, c6 ABC =30°. Chtng minh ring AC = %.Bc

Giadi

* Tim cdch giai . Tte dé bai, suy ra dwoc. Goi cho chung ta lién twong téi goc ctia tam gidc

déu . Phan tich két luan AC = %.BC , dé dang cho ching ta hai huéng suy luan :

o Hudng 1. Tao ra mot doan thang bang 2.AC, sau d6 chiing minh doan
théng &y bing BC. Cht1 y ACB =60, nén chiing ta dung diém D trén tia

CA sao cho CD =2.AC. Sau d6 chttng minh BC = CD. Bai toan duoc giai quyét.

e Hudng 2. Tao ra mot doan thang bang %.BC , sau d6 chttng minh doan

thang dy bang AC. Chay ACB =60°, nén ching ta goi trung diém M cua BC.
Sau d6 chtiing minh CM = AC. Bai toan duoc giai quyét.
*  Trinh bay 10i giai
Cdch 1. Dung diém D trén tia d6i cua tia B
AC sao cho AD = AC.

AABC va AABD c6 AD=AC

BAC = BAD =90°, AB la canh chung, do d6
AABC = AABD (c.g.c) = BC = BD _

ABCD ¢6 ACB =60°, BC = BD = ABCD déu
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= BC=CD

Vay AC = %BC

Cdch 2. Goi M la trung di€ém ctia BC

B
AABC vudng tai A c6 M la trung diém
cua BC, suy ra;
MA =MB = MC ( theo vi du 10, chuyén
dé 8)
AMAC c6 MA=MC, ACB =60° nén
AMAC la tam
giac déu, suy ra AC=MC. Vay A C

AC zl.BC
2

* Nhan xét. Day la mot tinh chat thu vi vé tam gidc vudng dac biét .
Tinh chat duoc phat biéu nhu sau; Trong mét tam giac vudng cé mot goc
bang 30°, thi canh d6i dién véi géc 30° bang ntra canh huyén.,
Vi dy 9. Cho tam gidc ABC c6 M 1a trung diém canh BC. Biét rang AM = %.BC , chiing
minh rang tam giac ABC vuong tai A.
Gidi

AAMC ¢c6 AM =CM nén AAMC can tai M

B

= A =B,
L 1
AABC c6 A+B,+C, =180°
A~~~ ~ ~ M

= A+A,+A =180° = 2.A=180° = A=90°

Vay tam gidc ABC vuong tai A

c
A

* Nhdan xét . Day la mot tinh chat tha vi d€ nhan biét tam gidc vudng.

C . Bai tap van dung

9.1 Cho hinh vé bén. Biét ring AB = AC ; AD = AE va BAD =60°. Tinh s& do géc CDE
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B ¢ ¥ *C

9. 2 Cho tam gidc ABC co B =80°va diém D trén canh AC. Lay E thu¢c AB, F thuoc BC sao
cho AE = AD va CF = CD. Tinh s6 do EDF.

9.3. Cho tam giac ABC vudng tai B ( AB > BC). Puong trung tuyén ctia doan thang AC cat

AC va ABlinluot tai D va E. Biét ring DTCE _ %E. Tinh s8 do ACB.

9.4. Cho tam giac ABC c6 duong phan giac goc A cat BC tai D. Biét rang
BAC =114°; AB + BD = AC . Tinh s6 do géc ACB.

9.5. Cho tam giac ABC vudng tai A. Trén canh BC 1dy hai diém M va N sao cho BM = BA,
CN = CA. Tinh géc MAN.

9.6. Cho tam giac ABC nhon. Lay D thudc canh AC sao cho AB =BD, lay diém E thudc AB
soa cho AC = CE. Goi F la giao diém cua BD va CE. Biét BFC =150°. Tinh s8 do goc BAC

9.7. Tim x trong hinh vé sau:
A
40°

2X

9.8. Cho tam giac ABC can tai A. Trén tia d6i ctia tia BC 1dy diém D, trén tia d6i cua tia
CB lay diém E sao cho BD=CE.

a ) Chting minh rang tam gidc ADE la tam gidc can.
b)Ké BH L AD(H € AD), ké CK L AE(K e AE). Chttng minh rang BH = CK.

¢) Goi O la giao diém ctia BH va CK. Tam giac OBC la tam giac gi ? Vi sao?
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©9.9. Cho tam giac ABC co B=2C.Ké AH vuong goc voi BC ( H thudc BC). Trén tia doi
ctia tia BA 14y BE = BH. Puong thang EH cat AC tai F. Chting minh:

a)FH=FA =FC.
b) AE = HC.

9.10. Cho tam gidc ABC (BAC <90°), dwong cao AH, Ké HI vudng goc véi AB, ké HK
vuong goc voi AC. Goi E, F lan luot 1a diém sao cho I; K [an luot la trung diém cua HE va
HF. Duong tang E F cat AB ; AC lan luot tai M va N. Chiing minh rang:

a) AE = AF;
b ) HA 12 phan gi4c cia MHN .

9.11. Cho doan thang AB va diém C nam gitta A va B. Trén cling mdt nita mit phang bo
AB vé hai tam giac déu ACD va BCE. Goi M va N lan luot 1a trung diém ctia AE vaBD .

Chting minh rang;
a) AE=BD
b) ACME =ACNB.
¢ ) Tam giac MNC la tam giac déu.
9.12. Cho tam giac LMN c6 3 goéc déu nhon. Dung ra phia ngoai tam gidc dy ba tam giac
déu LMA; MNB va NLC. Chting minh rang: LB = MC = NA.
9.13. ChoxOz =120°. Oy la tia phan giac cua X0z ; Ot 1a tia phan giac cua )@ M la diém

mién trong goc yOz. V& MA vuong goc Ox, MB vuong goc Oy, MC vudng goc Ot . Chiing
minh rang: OC = MA - MB.

9.14. Cho tam giac ABC vudng can tai A. Trén canh AB 1ay diém D, trén canh AC 1dy diém
E sao cho AD = AE . C4c duong thang vudng géc ké tir A va E véi CD cat BC 6 G va H.
Puong thing EH va duong thang AB cit nhau & M. Puong thang ké tit A song song véi
BC cit MH 6 L.

Chttng minh r?mg:
a) AACD = AAME
b) AAGB = AMIA
¢)BG=GH
9.15. Cho tam gidc ABC v6i ABC = ACB =36°. Trén tia phan giac ciia goc ABC 14y diém N
sao cho BCN =12°. So sanh do dai ctia CN va CA.

9.16. Cho AABC c6 cac tia phan giac trong ctia goc B va C cat nhau tai I. Qua I ké duong
thang song song véi BC cat AB, AC tai D va E. Chiing minh BD + CE = DE.
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9.17. Cho AABC c6 M la trung diém ctia BC. Biét rang AM la tia phan gidc ctia géc BAC.
Chting minh rang AABC can

9.18.Cho M la mot diém bat ki nam trong tam giac déu AABC . Chiing minh rang tit ba
doan MA, MB, MC ta c6 thé dung dwoc mot tam giac

Chuyén dé 10. PINH LY PYTAGO
A. Kién thirc cAn nhé

Trong toan hoc, dinh ly Pi-ta-go 1a mot lién hé gitta hinh hoc phang gitta ba canh tam giéc
cua mot tam giac vuong.

- Pythagoras (sinh khoang nam 580 dén 572 TCN — mat khoang nam 500 dén 490 TCN) la
mot nha triét hoc ngwoi Hy Lap va la nguoi sang 1dp ra phong trao tin ngudng co6 tén hoc
thuyét Pythagoras. Ong thuong duoc biét dén nhu mot nha khoa hoc va toan hoc vi dai.
Trong tiéng viét, tén ctia 6ng thuwong duoc phién am tir tiéng Phap (Pythagore) thanh Py-
ta-go.

- Pythagoras da thanh cong trong viéc chitng minh tdng 3 goc ctia mot tam giac bang 180°
va noi tiéng nhat nho dinh 1y toan hoc mang tén 6ng. Ong cling duwoc biét dén la “cha dé
ctia s6 hoc”. Ong da c6 nhiéu déng gép quan trong cho triét hoc va tin ngudng vao cudi
thé'ky 7 TCN. Vé cudc doi va sy nghiép cta 6ng, ¢ qua nhiéu cac huyén thoai khién viéc
tim lai su that lich st khong dé dang. Pythagoras va cac hoc tro ctia dng tin rang moi su
vat déu lién hé dén toan hoc, va moi sy viéc déu co thé tién doan trudc qua cac chu ky.

1. Dinh ly Py-ta-go

Trong mdt tam gidc vudng, binh phuwong ctia canh huyén bang téng cac
binh phuong cua hai canh goc vuong.

AABCvudng tai A = BC* = AB* + AC’

2. Dinh ly Py-ta-go dao

Néu mot tam giac c6 binh phwrong ctia mot canh bang tdng cac binh

phuong cta hai canh kia thi tam gidc do la tam gidc vuong.

AABC : BC? = AB? + AC? = BAC = 90"

B. Mot s6 vi du:
Vi du 1. Cho hinh vé sau. Tim x:
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Giai.
e Tim cdch gidi: Trong mot tam gidc vudng néu biét do dai hai canh thi tim dwgc d6 dai
canh th& ba.
Xét AADE ta tinh duwoc AE tir d6 xét AABC, tinh dwoc BC.
e Trinh bay loi giai
AADE vudng tai A. Ap dung dinh ly Py-ta-go, ta c:
AD’ +AE* =DE’ = 3* + AE* =5 = AE=4
Tir d6 suy ra AB=38.
AABC vudng tai A. Ap dung dinh ly Py-ta-go, ta co:A

AB? + AC? =BC? = 8%+ 6> =BC? = BC=10.

Vi du 2. Cho AABC vudng tai A. Biét 3AB=4AC va BC =20cm . Tinh d¢ dai cac canh AB
va AC.
Giai.
o Tim cdch gidi. Bai toan biét d0 dai canh huyén tam giac vuong, tinh d dai hai canh gbc
vudng ctia tam giac vudng dy, tat yéu suy nghi téi viéc dung dinh ly Py-ta-go.
Bai toan cho 3AB = 4AC. Khai thac yéu t0 nay, ching ta c6 thé giai bai toan theo ba cach.
o Trinh bay loi giai
Cach 1. AABC vudng tai A. Ap dung dinh Iy Py-ta-go, ta co:
AB’ + AC? =BC? = AB* + AC* =100
2 2

Tt dé bai: 3AB=4AC = AB_AC = ABT_AC

4 3 16 9

Ap dung tinh chat day ti s6 bang nhau, ta co:

AB®  AC® AB’+AC’ 400 _16
16 9 16+9 25

= AB?> =16.16 = AB = 16cm.
AC?=9.16 = AC = 12cm.

Cach 2. AABC vudng tai A. Ap dung dinh Iy Py-ta-go, ta cé:
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AB? + AC? =BC? = AB’ + AC* =400
NP k k , k7 'S
Tu dé bai, dat: 3AB:4AC:k(k>0):>AB=§;AC=Z:>AB =5 AC =2
k2 k2
AB*+AC? =BC?* = 3+E =400 = 25k* = 57600 = k* = 2304
Véi k>0=k=48. Tix d6 suy ra AB=16cm,AC =12cm.

Cach 3. AABC vuong tai A. Ap dung dinh 1y Py-ta-go, ta cé:
AB’ + AC? =BC’ = AB’ + AC* =400

2
Tt 46 bai ta dit: 3.AB=4.AC = AB= # _ Ap? = 16AC
2 2
AB’ +AC? =BC® = 161;(: 1 AC? =400 = 222C _ 4005 AC? =144

Tt d6 suy ra AB=16cm,AC =12cm.
Vi dy 3. Gdp mot manh gidy hinh ch® nhat nhu hinh dudi day sao cho diém D trung véi
diém E 12 mot diém ndm trén canh BC. Biét re‘”mg AD =10cm,AB =8cm . Tinh d6 dai ctaa
CE.

Giai.
e Tim cach giai. Khi gdp hinh, ching ta luu y cac
yéu t6 bang nhau. Suy ra dugc AE = AD.
bé tinh CE, ching ta chi can tinh BE. Tur d6
chuing ta co 10i giai sau:
« Trinh bay 16i giai
Ta c6 AEF = ADF = 90°, AD = AE = 10cm .

Ap dung dinh ly Py-ta-go trong tam giac vuong
ABE, ta co:
BE’ = AE® — AB’ = BE* =10” — 8’ =36 = BE = 6cm.
Suy ra CE=10—6=4cm.
Vi du 4. Cho AABC can tai A; A= 30;BC=a. L4y diém D trén canh AC sao cho
CBD = 60°. Tinh d6 dai AD theo a.

Giai.
Céach 1. AABC can tai A; A=30° nén ABC=ACB=75". Trén
ntta mit phang bo BC, chita diém A vé ABIC vudng can tai I thi A
I nam trong AABC. Ta co:
CBI = 45°;IBA =30° = IBD = 15" = ABD = 15"
AIAB va AIAC c6 AB=AC,IB=IC,Al la canh chung. Do d6
AIAB = AIAC (c.c.c)

—~JAB=IAC=15".
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~ AIAB va ADBA c6 IAB=DBA (=15); AB a canh chung; ABI =BAD(=30").
y
~ Dodé AIAB=ADBA(g.c.g) = IB=AD.

AIBC vudng can tai I, theo dinh ly Py-ta-go, ta co:

B> +1C2 =BC? =a’ = 2Bl =a’ = Bl = ——

L2 A

a

Suy ra AD = N

Céch 2. Trén ntra mt phiang bd AC khong chta diém B, dung tia
Ax sao cho CAx =45°. Trén Ax ldy diém E sao cho AE=BC. Suy
ra BAE=75".

AABC va ABAE c6 AB la.  canh  chung;
ABC = BAE(=75");AE = BC. Do d6 AABC = ABAE (c.gc)

= AC = BE; ABE = BAC = ABE =30’ = DBE =15

AABD va AEBD c6 AB=EB(=AC), ABD=EBD(=15"), BD la
canh chung. Do d6 AABD = AEBD(c.g.c)= AD=ED = AAED

W ¢
(@]

vuong can tai D.
AAED vuong can tai D, theo dinh ly Py-ta-go, ta cé:

AD? +ED? = AE? =a’ =2 AD? —=a’ = AD = ——.

V2

Vidu 5. Cho AABC vudng tai A. Lay D 1a trung diém ctia AB. Tt D ké DE vudng goc voi

BC. Chting minh rang: EC* —EB” = AC”.

Giai.

e Tim cdch gidi. D& chtiing minh dang thiic chi chita cac binh phwong d6 dai doan thang,
chiing ta sit dung dinh ly Py-ta-go vao cac tam gidc vudng, chu y tao ra vé trai, roi bién
doi dai s0 tao ra vé€ phai.

o Trinh bay loi giai.

Van dung dinh ly Py-ta-go trong tam gidc vudng,

ta co:

EC? =DC? —DE?*;
BE’ = BD? — DE*;
— EC? —BE’ = (DC2 - DE2) _ (BD2 - DEZ)

= EC? —BE’ = DC* —BD’
= EC* —BE’ = DC* — AD? (Vi BD=AD)
= EC? —BE’ = AC?

Vi du 6. Cho AABC vuong can tai A. Qua A ké duong théng xy khong cit doan théng BC.
Ké BM va CN vudng goc véi xy. Chitng minh:
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a) AACN = ABAM.

b) CN +BM = MN.

c) BM? +CN? khong phu thudc vao vi tri xy.

d) Tim diéu kién xy d€ A la trung di€m cua MN.
Giai.

o Tim cdch gidi.

b€ chiing minh mot biéu thitc hinh hoc
khong phu thudc vao vi tri cta yéu td hinh
hoc nao d¢, ta bién doi, ching to biéu thuc
d6 bang két qua chi chira yéu t& ¢S dinh.

DPé tim diéu kién hinh hoc thoa man yéu M
cau nao do, ta coi yéu cau do la gia thiét t 2l
} c
dé suy ra diéu kién can tim. AN
e Trinh bay loi giai
a) Ta ¢c6 B,+A,=90"A,+A,=90" nén N

B=A,.

ABAM va AACN cé:

M=N(=90");B, = A;;AB= AC

Nén ABAM = AACN(ch—gnh).

b) ABAM = AACN nén BM = AN;AM =CN

Suy ra BM+CN = AN +AM = MN.

c) Ap dung dinh ly Py-ta-go cho tam giac vuéng BAM:
BM® + AM’ = AB* hay BM’ +CN’ = AB’

Suy ra BM’ + CN? khong phu thudc vao vi tri xy.

d) ABAM = AACN nén AM =CN

AM = AN < AN =CN hay AACN vudng can tai N < A, =45’ < xy // BC.
o Nhan xét:

Néu goi I la trung di€ém ctia BC ta con c6 két qua dep: AIMN vuong can.
Vi du 7. Cho AABC c¢6 A =50";B=20". Trén dudng phan giéc BE ctia goc ABC 18y diém F
sao cho FAB = 20". Goi I la trung diém ctia AF, K la giao diém ctia tia EI véi AB; M la giao
diém cua CK vé6i EB. Chting minh rang: AI” +EI* = AF.[MF —i—%KE] :

Giai.
e Tim cdch giai. Phan tich két ludn AI® +EI” goi cho chiing ta dung dinh ly Py-ta-go.
Duwa vao hinh v€, ching ta phan doan tam giac AIE vudng tai I. Sau d6 chitng minh dw

doan nay.
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Phan tich t&r gia thiét, véi cac yéu t6 vé goéc, chiang ta tinh duoc
C;FAE = 30°; ABE = CBE = 10°. Tix d6 tinh dwoc BEC = 60°. Tir phan tich d6, ching ta c6
1o giai sau:
e Trinh bay loi gidi
AABF c6 AFE = BAF + ABF = 30" (Tinh chét goc ngoai cua tam gidc).

Suy ra EAF = EFA = AEAF can dinh E=> EA =FF.
AEAI va AEFI <6 IA=IF,EA=EFEl la canh chung
= AEAI = AEFI(c.c.c)

— AEI = FEL AIE = FIE = 90" :KEI:FEI:%KETF:@O.
Tt d6 suy ra ACEB= AKEB(g.c.g)

= EC = EK;BC = BK; BEC = BEK = 60’

= AEKM = AECM (c.g.c)

= EMK = EMC =90’

~ EM = %EK (theo vi du 8, chuyén dé 9).

AAIE vuong tai I suy ra:

AP’ +EI’ = AE’ = AE.EF = AE(MF+EM) = AE[MF —i—%EK] :

Vi du 8. Cho AABC c6 M la trung di€m cta canh BC. Biét AB=2cm, AC=4cm va
AM =+/3cm . Hay tinh s8 do géc BAC va d6 dai BC.
Giai.
Trén tia AM 14y diém D sao cho M Ia trung diém ctia AD = AD = 2+/3cm.
AAMB va ADMC c6
MB = MC, AMB = DMC,MA = MD
= AAMB = ADMC (c.g.c)
= AB=DC =2cm.

A

w
=

AADC co

2
DC? + AD? =22 +(2J§) —16;AC> =16 = DC? + AD? = AC>
= AADC vudng tai D (dinh ly Py-ta-go)
— MDC = 90° = MBA = 90°.
Goi E 1a trung diém ctia AC = DE =2cm = CE = DC (theo vi du 10, chuyén dé 8)
= ADCE la tam giac déu.
— DCI = 60° = MAC = 30° = BAC = 120°.

2

AABM vudng tai Anén MB’ = AB® + AM” = 2" + (3] =7
— MB =+/7cm = BC = 2+/7cm.
C. Bai tap van dung
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10.1.Cho tam giac ABC nhon, ké AH vudng goéc véi BC tai H. Biét
AB=10cm; AH = 8cm; HC = 15cm . Tinh chu vi tam giac ABC.
10.2. Tim x trong hinh vé sau:

10.3. Cho tam giac ABC c6 goc A nhon. Vé ra phia ngoai tam gidc d6 cac tam giac ABM,
CAN vudng can tai A. BN va MC cit nhau tai D.

a) Ching minh: AAMC = AABN.

b) Chiing minh: BN L CM.

¢) Cho MB = 3cm,BC =2cm,CN = 4cm . Tinh MN.

d) Chting minh réng DA 1a tia phan gidc géc MDN.

10.4. Cho hinh vé& sau. Biét ring A =60";B =D =90",BC =4cm,CD =6cm. Tinh d6 dai
doan thrfmg AB?

|| 4
B c

10.5. Trong tam giac vudng dwdi day, biét BC =3cm;CD =2cm,AC =n,AD =m. Tinh gi4

tri cia m* —n”.
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3cm C 2cm D

os]

10.6. Cho tam gidc ABC vuodng tai A. Ké AH vudng géc véi BC tai H. Chitng minh rang:

BH® +CH” +2AH” =BC’.

10.7. Cho tam giac ABC can tai A. Vé AH L BC.Vé HM L AB, HN L AC. Ching minh:

a) AAMN can;

b) Chttng minh MN // BC.

¢) Chting minh AH? +BM’ = AN® + BH’.

10.8. Cho tam giac ABC vuong tai A. Goi M la trung diém ctia BC. Chiing minh:
3

BM® = BC’ —ZAC2

10.9. Cho AABC cin tai A c6 A<90°. Ké BH vudng géc véi AC. Chimng minh ring:
AB’ +AC? +BC* =3BH” +2AH” + CH’.

10.10. Cho tam gidc ABC. Tt diém M nam bén trong tam gidc ké MD, ME, MF Ian luot
vudng géc v6i BC, CA, AB. Chiing minh rang: AF* 4+ BD? + CE? = AE® + BF? + CD”.

10.11. Cho tam gidc ABC nhon c6 duong cao AD, BE cat nhau tai H. Chitng minh rang
AH? +BC* =CH” + AB’.

10.12. Cho doan thang BC ¢§ dinh, M la trung diém ctia doan thing BC. Vé géc CBx sao
cho CBx = 45°, trén tia Bx 1dy di€ém A sao cho d6 dai doan théng BM va BA ti 1é vdi 1 va
V2. L4y diém D bat ki thudc doan thing BM. Vé BH va CI vudng goc véi dudng thing
AD. Duong thang AM cat CI tai N. Chtrng minh rang;

a) BH? + CI* c6 gid tri khong d6i khi D di chuyén trén doan thang BM.

b) Tia phan giac cua géc HIC ludn di qua mot diém cd dinh.

10.13. Cho tam giac ABC vudng tai A. Puong cao AH, trén d¢6 1y diém D. Trén tia d61i HA
14y E sao cho HE = AD. Duong vudng géc véi AH tai D cat AC tai F. Chitng minh réng EB
vuong gbc voi EF.

10.14. Cho tam giac ABC c6 A=30". Dung bén ngoai tam giac ABC tam giac déu BCD.
Chting minh rang AD? = AB® +AC.
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Chuyén dé 11. CAC TRUONG HOP BANG NHAU CUA TAM GIAC VUONG

A. Kién thitc can nhé

Ngoai cac truong hop bang nhau da biét ctia hai tam giac vudng, con cé treong hop bang
nhau theo canh huyén — canh géc vudng.

e Néu mot canh huyén va mot canh goc vudng clia tam giac vudng nay bang canh huyén
va mot canh goc vudng ctia tam gidc vudng kia thi hai tam gidc d6 bang nhau.

A=A"=90"

BC=B'C' = AABC=AA'B'C'(ch—cgv)

AC=A'C

B. Mot s6 vi du:
Vi du 1. Cho tam giac ABC can tai A. Prong thang vudng goc
voi AB tai B cit duong thang vuong géc véi AC tai C 6 D.
Chitng minh rang AD la tia phan giac ctia goc BAC.

Giai
* Tim cdch gidi: D€ chiing minh AD la tia phan giac cua goc
BAC, ching ta can chitng minh BAD =CAD . Do d6 hién
nhién can chitng minh ABAD = ACAD

/
\

* Trinh bay 10i giai:
Xét ABAD va ACAD cé6: ABD=ACD (=90°); AD la canh
chung;

AB=AC (AABC can tai A)

Do d6 ABAD = ACAD (canh huyén — canh géc vuong)

—> BAD =CAD (cap goc tuong tng)

Vay AD la tia phan giac goc BAC

* Nhan xét: Chuing ta con c6 DA 1a tia phan gidc ctua goc BDC, tam giac DBC can tai D.

AD vuong goc voi BC

Vi dy 2: Cho tam giac ABC vudng tai A, vé AH vuong goc v6i BC. Trén canh BC lay diém

E sao cho BE=BA.Keé EK L AC (K € AC). Chting minh AK = AH. %
Giai:

* Trinh bay 107 gidi: AABE can tai B nén BAE = BEA

EK //AB ( vi cung vuong goc voi AC)
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— EAB = AEK (so le trong) — AEH = AEK
= AAEH = AAEK (canh huyén - géc nhon), suy ra AK = AH
Vi du 3: Cho tam giac ABC (AB <AC), M la trung diém ctia BC. Duong trung triec cua BC
cat tia phan giac ctia goéc BAC tai diém P. vé PH va PK lan luot vudng goc véi duong
thdng AB va duong thang AC
a) Chttng minh: PB = PC va BH =CK
b) Chting minh ba diém H, M, K thang hang
c) Goi O la giao diém ctia PA va HK. Chiing minh: OA? + OP? + OH? + OK? = PA?

Giai
a) APMB va APMC c6 PMB = PMC (=90%), MB = MC, MP la canh chung
= APMB = APMC (c.g.c) = PB = PC (hai canh tuong ttng) A

APHA va APKA ¢4 PHA=PKA (=909), PAH = PAK, AP 13 canh chung,
= APHA = APKA (canh huyén — géc nhon)

= PH =PK (hai canh twong tng)

APHB va APKC c6 PHB = PKC=90", PB=PC,PH=PK |,
= APHB = APKC (canh huyén — canh gdc vudng)

= BH = CK (hai canh twong tng)

Ké BE //AC (E € HK) = BEH = AKH (hai goc dong vi) (1)
Ma APHA = APKA (chttng minh trén) = AH = AK (hai canh twong ting)
— AAHK cAn tai A = AHK=AKH (tinh chat tam giac can) (2) P

Tt (1) va (2) = BEH=AHK hay BEH=BHE

= ABEH cantaiB = BH =BE

b) Ma BH = CK (chttng minh trén) = BE = CK

ABEM va ACKM c6 MB = MC, EBM = KCM , BE = CK

= ABEM=ACKM (c.g.c)

— BME=CMK (hai géc teong tng)

Ma BME + EMC =180° (hai géc Ké bu)

= CMK +EMC =180° = EMK =180° = E, M, K théng hang

Ma E € HK =H, M, K thang hang.

c) AAOH va AAOK c6 AH = AK, OAH=0AK , AO la canh chung

= AAOH =AAOK, suy ra AOH=AOK , ma hai goc nay ké bu nén AOH=AOK =90°
=PA 1 HKtai O

Ap dung dinh ly Pitago vao cac tam giac vudng tai O la OAH, OAK, OPH, OPK ta c6 :
OAZz+ OH?=AH?; OA2+OK?= AK?

OP2+OH?=PH?; OP?+ OK?=PK?

— 2(OA? + OP2 + OH2 + OK?) = 2(AH2 + PH?) ( vi AH = AK va PH = PK)
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= OA?+OP?+ OH2 + OK2 = AH? + PH?
Ma tam gidc PAH vuong tai H = AH? + PH?=PA? (dinh ly Pi ta go)
= OA?+ OP?+ OH? + OK? = PA?
C. Bai tap van dung
11.1. Cho tam giac ABC can tai A. Trén canh BC 1dy D, E (D nam gitta B va E sao cho BD =
CE.VEDM 1 ABtaiM, EN L AC tai N. Goi K la giao diém cua MD va NE. Ching minh
rang:

a) AMBD = ANCE

b) AMAK = ANAK
11.2. Cho tam giac ABC can tai A. Trén tia d0i cua tia BC 1dy diém D, trén tia d6i cua tia
CB lay diém E sao cho BD = CE. Ké BH L AD tai H, ké CK L AE tai K. Chiing minh re‘ing:

a) ABHD = ACKE

b) AAHB = AAKC

c) BC//HK
11.3. Cho tam gidc ABC c6 M la trung diém cua BC, AM la tia phan giac goc A. Ké MH
vudng goc véi AB, MK vudng géc véi AC. Ching minh rang:

a) MH = MK

b) Tam giac ABC can
11.4. Cho tam giac ABC vudng tai A c6 C=30°, duong cao AH. Trén doan HC 1ay diém D
sao cho HD = HB. Tt C ké CE | AD. Chttng minh rang;

a) Tam giac ABD la tam giac déu

b) EH song song véi AC
11.5.Cho tam giac ABC vudng tai A. Trén canh BC 1ay di€m D sao cho BD =BA. Qua D vé
duong thang vudng gdc véi BC cat AC tai E. Chitng minh rang AE = DE.
Puong phan gidc géc ngodi tai C cit duwong thing BE tai K. Tinh BAK ?
11.6. Cho tam gidc ABC c6 AB = AC, BAC=90° va M 1a trung diém ctia BC. Trén tia ddi
cta tia CB 14y diém D. Ké BK vudng géc v6i dudng thang AD tai K. Chitng minh réang KM
1 tia phén giac ctia BKD .
11.7. Cho tam gidc DEF vuong tai D va DF > DE. Ké DH vuong géc véi EF (H thudc canh
EF) Goi M la trung diém ctia EF. Chitng minh rang MDH = E-F
11.8. Cho tam giac ABC vudng can ddy BC. Goi M, N 1a trung diém cua AB, AC. Ké NH L
CM tai H, ké HE L AB tai E. Chting minh rang:

a) Tam giac ABH can

b) HM la tia phan giac goc BHE
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Chuyén dé 12. VE THEM HINH PHU DE GIAI TOAN

A. Kién thitc can nhé

Trong mot s6 bai toan ¢ cac chuyén dé trude, chung ta da phai vé thém hinh phu thi
moéi giai duoc. Trong chuyén dé nay, ching ta hé thong mot vai ki thuat vé hinh phu dé
giai toan.

1. Muc dich cua viéc vé thém hinh phu
Khi vé thém duong phy, chiing ta thiwong nham cac muc dich sau day:
Pem nhiing diéu kién da cho ctia bai toan va nhitng hinh c6 lién quan dén ching

minh tap hop (6 mot hinh méi) lam cho chiing c6 lién quan dén nhau,
Tao nén doan thang (hay goc) bang tong, hiéu gdp d6i hay bang % doan thang (hay

goc) cho trude d€ dat duoc chirng minh cua bai tap hinh hoc.
Tao nén nhitng dai lvong mdéi (doan thang hay géc) bang nhau, thém vao nhitng dai
luong bang nhau ma dé bai da cho d€ gitp cho viéc chtiing minh.
Tao nén mot hinh mdi, d€ c6 thé ap dung mét dinh 1y nao do.
Bién d6i két luan, hinh vé 1am cho bai todn trd 1én dé chiing minh hon.

2. Cac loai dwong phu thuong vé:
- Kéo dai mot doan th:fmg cho trudc voi mot do dai tuy y hodc cdt mot duong thrfmg
khéc.
- Noi hai diém cho truede hodc cd dinh
- Tt mot diém cho trudc dung duong thang song song véi mot duwong thang cho truedce
- Dung dwong phan gidc cia mot goc cho truedce
- Dung duong thiang di qua mot diém cho truedc hop thanh véi duong thang khac mot
gbc bang mot goc cho trude.

* Chit y: Khi vé duong phu phai c6 muc dich khong vé tuy tién

B. Mot s6 vi du:
Vi dy 1: Cho tam gidc ABC can tai A co A=100° . Tia phan giac ctia géc B cat AC tai D.
Chttng minh BC = AD + BD

Giai
* Tim cdch giai: Day la bai todn kho tuy nhién néu ban biét lvu tam dén gia thiét ctia bai
toan va phwong phap ké duong phu thi bai toan tré nén don gian. Phan tich két luan,
chiing ta c6 hai hudng vé duong phu cho bai toan nay.
- Vi A, D, B khong thang hang, ma két luan AD + BD = BC, do vay ching ta vé thém hinh
phu sao cho AD + BD bang mot doan thang. Sau d6 chitng minh doan thang d6 bang BC.
- Phan tich két luan ching ta ciing ¢ thé nghi téi viée tdch BC thanh tong hai doan thang
ma trong d6 c6 mot doan thang bang BD (hoic AD) va chiing minh doan thang con lai
bang AD (hoéc BD).
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- Trong hai hudng suy nghi trén, chung ta luu y dén gia thiét 1a tam gias can va biét s6 do

goc dé tinh tat ca cac goc co thé.

* Trinh bay loi giai:
Cdch vé 1: Trén tia d6i cta tia DB 1ay diém K sao cho DA = DK. Trén canh BC ldy diém E
sao cho BE =BA A
~ - K
AABCcantai A c6 A=100° nén B=C =40°. D
Ta ¢c6 AABD = AEBD(c.g.c) = AD = DE. 5/3
BED =BAD =100" = D, =D, = D, = 60",
Ma BD la phan giac ctia géc B nén 1/9\1 = 23; =20 B E C

Mit khac: BDC =120° = D, =60°

Tirdo tacod:

AKDC=AEDC (c.g.c) = DKC=DEC =180°-100° =80°

— KCB =80° => ABKC can tai B = BC =BK =BD + DK =BD + AD

Vay BC =BD + AD

Cdch vé 2: Trén tia BC 1ay diém M sao cho BM = BA, 1dy diém N sao cho BN =BD
AABD = AMBD(c.g.c)= AD = DM (*), A

~ —_

A=BMD =100° D

Ta co:

Do BMD =100° = DNM =380’ (1)
Mat khac ABDN can tai B nén
BDN = BND =80’ (2) B E N C

Tt (1) va (2) ta c6: AMDN can tai D nén

DM = DN (*%)

Ta c6: NDC=NCD = 40°

= ADNC can tai N, nén NC = ND (**¥)

Tix (*) (**) (**)= AD=NC =BC=BN + NC = BC=BD + AD
Cdch vé 3:

Trén canh BC 1dy diém F sao cho BF = BD, trén canh AB

ldy diém K sao cho AK = AD. Ta sé chitng minh dugc

tam giac BKD can tai K nén KB = KD, ma KB = DC nén K D
KD =DC do d6 AAKD=AFDC (g.c.g) => AD =FC

= BC=BF+FC=BD + AD

Vay BC=BD + AD

Vi dy 2: Cho tam giac ABC vuong can tai A, cac diém D va E thudc BC sao cho DAE=45°
(D nam gifta B va E). Chttng minh rang: BD? + CE? = DE>
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Giai

*Tim cdch giai:
T két luan dé nhan thay BD, CE, DE thoa man dinh ly Pitago. Do vay ta sé tao ra mot tam
giac vudng co ba canh bang BD, CE, DE trong d6 DE la do dai canh huyén. Do BD, CE, DE
cung nam trén mdt duong thang. Do vay can ké thém duong phu. Tir C ké CK 1 BC va
lay CK =BD (K va A cung phia d6i véi BC). Chi can chitng minh KE = DE

* Trinh bay loi giai:

Tt C ké CK LBC valdy CK=BD (K va A cung phia

A
d6i v6i BC)
Ta c6 C,=90°-C, =90° —45° =B , CK = BD (theo c4ch 2
dung), AC = AB (giai thiét) K
Do d6 AACK=AABD (cg.c) suy ra AK = AD, 1
A, = A B D E C

Ta lai c6 A,=45° (gia thiét) nén A, +A, =45° suy ra

EAK = A, + A, =45° = EAD

Xét AEAK va AEAD c6 AD = AK, AE la canh chung,

EAK = EAD (=45°) = AEAK=AEAD (c.g.c) = KE = DE

Tt day, hién nhién ta c6 diéu phai chitng minh

Vi du 3: Cho tam gidc ABC vuong tai A, o
C=15" . Trén tia BA lay diém O sao cho

BO =2 AC. Chtrng minh OBC can.

Giai
* Tim cdch giai:
Trong bai todn trén vi phat hién thay C=15° suy ra B=75" ma
75° — 150 = 60° 1a s8 do ctia mdi géc trong tam giac déu. Didu nay goi y cho chiing ta vé tam
giac déu BCM nhu hinh vé. Nho cac canh ctia tam giac déu bang nhau, cac goc ctia tam
gidc déu bang 60°, chung ta chiing minh dwoc AHMB = AABC (c.g.c); AMOB = AMOC (c.g.c)
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dan téi AOBC can tai O. Do dé nén nghi tdi viéc van dung vé thém tam giac déu vao giai
toan.

* Trinh bay 1oi giai

Ta c6 AABC: A =90% C=15%(gt); = B =75

Vé tam gidc déu BCM (M va A thudc nira mat phang bo BC)

Ta cé: OBM = ABC - MBC = 75° - 60° = 15°

Goi H 1a trung diém ctia OB = HO=HB = % OB

Mat khac BO=2 AC (gt) nén AC = % OB, ttr d6 ta c6 AC=BH

Xét AHMB va AABC c6: BH = AC (cmt) HBM = ACB (=15°)
MB = BC ( canh tam giac déu BMC)
Do d6 AHMB = AABC (c.g.c) = H=A=90° = MH 1 OB
AHMB va AMOH c6 MHB = MHO =90° ; BH = HO ; MH chung
— AMBH=AMOH = OBM=BOM = OBM=BOM =15’
= BMO=180"-2.15°=150"
Tir 46 MB = MC, CMO = BMO (=150°) , OM la canh chung
Do d6 AMOB = AMOC (¢c.g.c) = OB=0C
Vay tam giac OBC can tai O (diéu phai chitng minh)
Vi du 4: Cho tam giac ABC can tai A, duong phan giac BD. Trén tia BA 14y diém E sao
cho BE = 2CD. Chttng minh rang: EDB =90°
Giai
*Tim cdch gidi :
Tt giai thiét BE = 2CD, goi y cho chung ta vé trung diém F ctia BE. Mudn chitng minh
EDB =90° ma FB = FE, nén chting ta chi cAn chimg minh BF = FD = FE.
* Trinh bay 1oi giai
Cach 1: Goi F 1a trung diém ctia BE thi FB = CD ( ciing bang %BE) .Ma AB =AC(AABC can

tai A) nén AF = AD = AAFD can tai A.
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Tir d6 AFD = ABC(ciing bing M).
E
Suy ra DF // BC ( hai géc dong vi bang nhau ). Nén
FBD = FDB( cuing bang DBC) . Didu nay dan dén
AFBD can tai F, hay FD=FB = %BE

/4 \ - A2 \ 1 A
ABDE c6 F la trung diém canh BE va FD = EBE nén

ABDE vudng tai D hay EDB =90( diéu phai ching

minh)

Cach 2: T D ké DF//BC(F € AB). Suy ra FDB = Cﬁ(so le trong)

— FBD = FDB = AFBD cAn tai F= BF = FD.

Mat khac, AAFD va AABC can tai A, suy ra AF = AD, AB=AC = BF=CD.
Tt d6 suy ra BF = FD = FE = ABDE vuodng tai D hay EDB = 90°( diéu phai chi'ng minh)

Vidy 5. Cho AABC (AB < AC), ké AH L BC tai A
H. Goi M la trung diém ctia BC. Biét rang AM
chia géc A thanh 3 géc bang nhau. Chiing I
minh rang:
a) AABC la vuong.
b) AABM la déu. H M C

Giai

* Tim cach giai. Mud chttng minh AABC vuong tai A ta can ké thém duong thang vudng
g6c v6i AC va chiing minh duong thang do song song véi AB, tit d6 suy ra AB L AC va
suy ra A =90’
* Trinh bay 10i giai.
a) Vé MI vuong goc voi AC.

AAHM va AAIM cb AHM = AIM = 90°, AM la canh chung, HAM = IAM

= AAHM =AAIM (ch - gn) =MI=MH.

AAHM va AHB c& AHM = AHB = 90°, AH la canh chung, HAM = HAB
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= AAHM =AAHB (g.c.g) =BH=MH.
y

:>BH=MH=%BM:>M1=%MC:>5=30°;IZ4\C=60°.

Vay BAC =(60".3):2=90 = AABCIa vuong tai A.

b) Tacé: C=30° = B =60"; AM=MB=%BC:>AABMcén 6 mot goc bing 60° = AABM

déu.
Vidu 6. Cho AABC véi BAC =40° v ABC =60°. Goi D v E theo thit tw 13 cac diém ndm
trén canh AB va AC sao cho DCB =70 va EBC =40°; F Ia giao diém cua DC va EB.
Chting minh rang : AF vudng gdc véi BC.

Giai
Trén AC 1dy dém N sao cho ABN =40°. Ta cé: A
ABN = BAN =40°nén AABN can tai N, suy ra
BNC = 80° ( tinh chat géc ngoai cua tam giac). Do
d6 BNC = BCN = 80" , suy ra ABFC can tai B
— BN = BC()
ABFC ¢6 FBC =40°,FCB =70° nén BFC =70’
Vay ABFC can tai B = BC = BF(2)
Tr (1) va (2) suy ra BN = BF (3). Kéo dai BC 14y
diém M sao cho BM = BA = AABM déu. B c M

Xét AABN va tam giac AMBF c¢6 AB =MB;BN=BF(do(3)), ABN =FBM =48

Do d6 AABN =AMBF (c.g.c). Ma aABN can tai N, suy ra AMBF can tai F. Tt AB=AM(do
AABM déu), FB=FM = AABF = AAMF (c.c.c) suy ra BAF = MAF

Mit khac, AABM déu nén AF vudng gdc véi BC.

Nhan xét:

- Bai toan nay twong d6i kho vi phai vé thém nhiéu duong phu.

-Ngoai cach giai trén day, c6 thé dung thém tam giac déu BCK hodc tam giac déu AFH,
cting di dén két luan cta bai toan

C. Bai tap van dung

12.1 Cho AABC (AB=BC), trén canh AB lay diém D, Trén phan kéo dan ctia canh AC 1dy
diém E sao cho BD=CE. Goi F la giao diém cua DE va BC. Chiing minh DF=FE

12.2 Cho aABC c6 B=45°; A=15°.Trén tia d&i caa CB 14y D sao cho CD =2.CB. Tinh ADB
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12.3 O trong goc nhon X/O\y vé tia Oz sao cho X0z =% yOz. Qua diém A thudc Oy vé AH

vudng goc Ox cit Oz & B. Trén tia Bz 14y D sao cho BD=OA. Chitng minh tam giac AOD
can

12.4 Cho aABC c6 ABC =50° BAC =70°. Tia phén gidc géc ABC cit AB tai M. Trén MC ldy
diém N sao cho MBN =40°. Chting minh rang BN=MC

12.5 Cho tam giac déu ABC. Trén tia ddi cta tia CB, 1dy diém D sao cho CAD =15°. Puong
cudng goc véi BC tai C cat AD o E. Tia phan giac ctia goc B cat AD ¢ K. Chiing minh rang
AK=ED.

12.6 Cho tam giac ABC véi trung diém M ctia BC. Trén nita mit phang chita dinh C bo 1a
duong thang AB ké doan thang AE vudng goc véi AB sao cho AB=AE. Trén ntra mat
phang chita dinh B bo la duong thang AC ké doan thang AF=AC va AF vuong goc véi
AC. Chting minh rang EF=2AM va EF 1L AC

12.7 Cho tam gidc ABC vudng can tai A. Goi E la trung di€m cua canh AC. Qua A ké
duong thang vudng gdc véi BE tai D. Chitng minh rang AD=2ED

12.8. Vé phia ngoai ctia tam giac ABC, dung tam gidc XBC can tai X c6 goc XBC bang 120°
va cac tam gidc YCA, ZAB déu. Chiing minh XA vuoéng goc goc YZ.

12.9. Cho tam giac ABC vuong tai A co ABC =54°. Goi M Ia trung diém ctia BC. Buong
thang AM ctia va duong phan giac trong CD ctia tam giac cit nhau tai E. Chttng minh
rang CE=AB

12.10. Cho AABC vudng tai A, AB<AC. Vé AH vudng géc v6i BC. Trén canh AC 1dy diém

D sao cho AD=AB. Goi I 1a trung diém ctia BD. Chting minh rang BIH = ACB
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Chuyén dé 13. CHUNG MINH BA PIEM THANG HANG

A. Kién thitc can nhé

Ba diém thang hang la ba diém cting cling thudc mot dueong thang . D& chitng minh ba
diém thang hang, ching ta c6 thé su dung mdt s6 phwong phép sau day:
1.Phuwong phap 1
Néu ABD +DBC +CBD =180° thi ba diém A ,B,C thing hang
2. Phwong phap 2
Né&u AB//a va AC//a thi ba diém A,B,C thang hang
(Co sd cua phuong phap nay la : tién dé O-clit)
4. 3 Phuwong phap 3.
5. Néu AB L a; Ac L athibadiém A, B, C théng hang
(co s& ctia phwong phap nay la : c6 mot va chi mot)
4.Phuwong phap 4.
Né&u hai tia OA va OB la tia phan giac cta goc xoy thi ba diém O,A,B thang hang
(co s6 ctia phrong phép nay 1a mdi géc khac gdc bet cd mot va chi mot tia phan giac
Hodc: hai tia OA va OB cling nam trén ntta mat phang bo chira tia Ox, ma XOA = xOB
thi ba di€ém O, A, B thang hang)
5. Phwong phap 5
Néu K 1a trung diém cua BD, K’ 1a giao diém ctia BD, AC.Néu K’ la trung diém cua BD
thi K=K’ va K,B,D thang hang
( co s0 ciia phuong phap nay la: mbi doan thang chi cé mot trung diém )

B. Mot s6 vi du:
Vi du 1 .Cho tam giac ABC vudng ¢ A, M la trung diém AC. Ké tia Cx vudng gdc v6i CA (
tia Cx va diém B & hai ntra mat phang ddi nhau bo AC). Trén tia Cx 18y diém D sao cho
CD=AB.Chting minh ba diém B,M,D thang hang.

Giai
TIm céch giai: Mudn B, M, D thang hang thi AMB + BMD =180°. Nén can chitng minh
AMB = DMC

Trinh bay loi giai:

X C
AAMB va ADMC ¢6: b .
AB=DC(gt), BAM = DCM =90°
MA=MC (M la trung diém cuia AC) ;
Do d6 AAMD = ACMD (c.g.c) suy ra AMD = DCM | B
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Ma AMB +BMC =180° k& b nén BMC +CMD —1g0°
Vay ba diém B; M;D théng hang

Vi du 2. Cho doan thing AC va BD cit nhau tai trung diém O ctia mdi doan. Trén tia AB
1ay diém M sao cho B la trung diém ctia AM. Trén tia AC 1ay diém N sao cho C la trung
diém ctia AN. Chttng minh ba diém M, C, N thang hang.

Giai

Tim cdch gidi . Chttng minh CM//BD va CN//BD tit d6 suy ra M, N, C
thang hang

D
Trinh bay 10i gidi: VA
AAOD va ACOB c6 OA=0C '} <
(v10O la trung diém cta AC) B

AOD = COB ( hai géc ddi dinh ) OD=OB

(V1O la trung diém BD)

Do d6 AAOD = ACOB

Suy ra: DAO = OCB Ma hai gbc 0 vi tri so le trong, do d6 AD// BC, nén EATB ~CBM (ovi

tri dong vi)

ADAB va ACBM c6: AD=BC (do AAOD =ACOB), DAB = CBM

AB=BM ( B Ia trung diém ctia AM). Vay ADAB =ACBM (g ¢) suy ra ABD = BMC .Do do
DC//CM (1)

Lap luan twong tw ta c6 BD // CN.(2)

Tt (1) va (2), theo tién dé O Clit suy ra ba di€ém M, N, C thang hang

Vi du 3. Cho tam giac ABC c6 AB=AC. Goi M la trung diém ctaa BC

a) Chttng minh AM 1 BC
b) vé duong tron tam B va tam C c6 cting ban kinh sao cho chting cit nhau tai hai diém P

va Q. Chttng minh rang ba diém A, P, Q thang hang
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Tim cdch gidi : Chtiing minh ba diém A, P,Q thang hang. Chung ta c6 thé chiing minh
AM,BM,QM cung vuong goc voi BC

Hodc AP va AQ la tia phan giac ctia goc BAC

Trinh bay loi gidi:
a) Tam giac ABM va ACM, c6 AB=AC (gia thiét) AM chung , MB=MC ( M la trung diém
cua BC)

Vay tam giac ABM va ACM(c.c.c) do do AMB = AMC ( hai goc twong ttng ) ma
AMB + AMC =180° hai géc ké bt nén AMB = AMC = 90°

Do d6 AM 1 BC(diéu phai chttng minh)

b) Chitng minh twong ty ta dugoc ABFM = ACPM (c.c.c)

Suy ra PMC =PMB ma PMC + PMB=180° nén PMC = PMB=90°
Do do6 PM 1L BC
Lap luan teong te: QM L BC

Tt diém M trén BC ¢6 AM 1L BC,PM 1 BC,QM 1 PC nén ba diém ME L BC A,P,Q thang
hang

Vi dy 4. Cho tam giac ABC can tai A. Trén canh AB 1ay diém M, trén tia d6i CA 14y diém N
sao cho MB=CN. Goi K 1a trung diém MN. Chiing minh ba diém B,K,C thing hang

Giai
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N

Cdch 1: Ké ME L BC,NF L BC tam giac BME va CNF vudng tai E va F c6 BM=CN
MBE = NCF . Do d6 ABME = ACNF suy ra ME=MF. Goi K la giao diém BC va BN.

Xét AMEK va ANFK vudng géc 6 E va F c6 ME= NF géc EMK’ bang géc ENK'( so le trong
cua ME va FN). Vay AMEK = ANEK do d6 MK=NK. Vay K’ 1a trung diém MN nén K=K’
Do d6 ba diém B, K, C thang hang A

Cdch 2: ké ME//AC (EeBC)
= ACB =MEB (hai goc dong vi)

Ma ABC = ACB nén BME = MEB

Vay tam gidc MBE can tai M B E K\%
Do d6 MB=ME két hop véi gia tiét MB=NC ta duwgc ME=CN. N

Goi k 1a giao diém cua BC va MN tam giac MEK va NCK c6 KME = KNC (sole trong cuia
ME//AC)

ME=CN ( chttng minh trén), MEK =NCK

Do d6 ANCK =AMEK = NK = MK

Vay k 1a trung diém MN nén K=K’ Do d6 ba diém B, K, C thang hang

Vi dy 5: Cho tam gidc ABC can tai A, BAC =108°. Goi O 1a difm ndm trén tia phan gidc cua

gbc C sao cho COB =12°. V& tam giac déu BOM (M va A cung thudc nira mat phéng bo
0). Chiing minh ba diéfm M, A, C théng hang.
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Gidi
Tim cich gigi: Chting minh OCA=0CM TU d6 suy ra CA va Cm la hai tia trung nhau
Trinh bay 10i gidi: Tam giac ABC can tai A nén

180 10%_36° ( tinh chat tam gidc can )

ABC = ACB=
Ma CO Ia tia phan giac ACB

Nén ACO = BCO =18°. Do d6 BCO=150°

ABOM déu nén BOM =60°

Vay MOC =360°-(150°+60°)=150°

ABOC va AMOC c6 OB = OM (vi ABOC déu) BOC = MOC =150°

OC chung, do d6 ABOC = AMOC

Suy ra OCB =0OCM ma OCB =0OCA nén OCM =OCA

Hai tia CA va CM cung nam trén nita mat phang bo CO va OCM =OCA nén tia CA va
Cm 1a hai tia truing nhau. Vay ba diém C, A, M thang hang

Vi du 6: Cho tam giac ABC vudng tai A va B=60°. V& tia Cx L BC va lay CE=CA(CE va
CA cuing phia v6i BC). Trén tia d8i tia BC va 14y F sao cho BF = BA. Chting minh rang:

a) AACE déu b) E, A, F thang hang

Giai
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Tim cdch gidi: Nhan thay tam giac ABC vudng tai A, B=60° nén ACB =30° suy ra ACE =60°
nén tam gidc ACE déu. Do d6 mudn chiing t E, A, F thang hang thi ta chi can chiing to
BAF =30°
Trinh bay loi gidi:

a) ABC vuong tai A, B=60° nén ACB=30° suy ra ACE =60° nén tam giac ACE déu

b) ta c6 BA=BF = ABFA can= ABC = 2BAF suy ra BAF =30°

Vay ba diémE, A, F théng hang
C. Bai tap van dung

Bai 13.1 Cho tam giac ABC, M la trung diém cua BC. Trén tia d6i cia MA 1dy diém E sao
cho MA=ME

a, Chttng minh rr?mg AC=EB, AC//EB

b, Goi I 1a mét diém trén AC, K 1a mét diém trén EB sao cho Bai AI=EK. Ching minh ba
diém I, M, K thang hang

Bai 13.2 Cho tam giac ABC can tai A, c6 goc A<90°. Ké BD vudng goc voi AC, ké CE
vudng goc voi AB, goi k 12 giao diém ctia BD va CE. Chitng minh rang

a, ABCE = ACBD

b, ABEK = ACDK

¢, AK 1a phan giac goc BAC

d, Ba diém A, K, I thang hang ( v4i I 1a trung diém BC)

Bai 13.3 Cho tam gidc ABC c6 AB<AC, ké tia phan gidc AD ctia goc BAC. Trén cach AC lay
diém E sao cho AE=AB. Trén tia AB 13y diém F sao cho AF = AC. Chting minh rang

a, AADF = AEDC

b,F, E, D théng hang

c,AD 1L FC

Bai 13.4 Cho tam giac ABC vudng can tai A. vé ra phia ngoai tam giac ABC tam giac BCM
can tai M c6 goc & ddy 1a 15°. Trén nira mit phang AB chit diém C, vé tam gidc déu ABN.
Chting minh ba diém B, M, N thang hang
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Bai 13.5 Cho tam gidc ABC . vé vé phia ngoai tam giac ABC cac tam giac vudng tai A la
AADB; AACE c6 AD=AD; AC=AE, ké Ah vudng gdc véi BC; DM vuong goc véi AH va EN
vudng géc AH. Chitng minh rang

a, DM=AH

b, Goi I 1a trung diém ctia MN. Chttng minh rang D, I, E thang hang

Bai 13.6 Cho goc xoy. Trén hai canh ox va oy lan luot 1a hai diém B va C sao cho OB=OC.
Vé duong tron tam B va tam C c6 ciing ban kinh sao cho chting cat nhau tai hai diém A va
D

Nam trong goc xoy. Chting minh rang ba diém O, A, D thang hang

Bai 13.7: Cho tam gidc ABC vudng tai A . Trén nita mit phang bo BC khong chira diém A .
Vé cac diém D va E sao cho BD vudng géc va bang BA , vudng géc va bang BC . Goi M 1a
trung diém ctia doan thang CE . Chitng minh A,D, M thing hang .

Bai 13.8: Cho AABC vuong tai A BC=2AB goi D la diém nam trén canh AC sao cho

ADB = % ABC. Lay E la mot diém nam trén canh AB sao cho ACE = %, BD citCEtai F, I
va K theo tht ty Tan luot la chan cac duong vudng goc ké tix F dén BC va AC . Vé cac diém
G va H sao cho I 1a trung diém ctia FG, K 1a trung diém cua FH . Chitng minh rang 3 diém
H,D,G thang hang .

Bai 13.9: Cho tam giac ABC vuong tai A . Ké AH vuong goc véi BC tai H, ACB =30°.
Duyng tam giac ACD déu (D va B ndm khac phia d&i v6i canh AC). Ké HK vudng goc véi
AC tai K. Duong thang qua H va song song véi AD cat AB kéo dai tai M . Chting minh 3
diém M,K,D thang hang .

Chuyén dé 14. TINH SO PO GOC
A. Kién thitc can nhé

Dé giai tot bai toan tinh s6 do géc thi chiing ta phai nam viing kién thiic co ban sau :
*Trong tam giac :
- Téng ba goc trong bang 180°
- Biét hai goc ching ta xac dinh dwoc goc con lai
*Trong tam giac can :
- Biét mot goc chung ta xac dinh dwgc goc con lai .
*Trong tam giac vuong :
- Biét mot goc nhon ching ta xac dinh dwgc géc nhon con lai
- Canh géc vudng bang nita canh huyeén thi géc ddi dién véi canh géc vudng d6 thi
bang 30°
*Trong tam gidc déu :
- Cac gbc ¢6 s8 do bang 60°

- DPuong phan giac ctia mot gdc chia goc d6 ra thanh hai géc bang nhau.
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| *Mét s6 tinh chit cin nho:

- Hai tia phan giac cta hai goc ké bu thi vudng goéc véi nhau.

- Hai géc d&i dinh thi bang nhau

- Tinh chat ctia géc so le trong , dong vi, trong cting phia ctia mot dwong thang cat hai
duong thang song song.

- Trong thuc t&, d€ giai bai todn tinh s§ do gdc ta thuong xét cac géc d6 nam trong
mdi quan hé véi cac goc cd trong hinh dac biét da néu & trém hoac xét cac goc twong

tng bang nhau ......roi suy ra két qua.

B. Mot s6 vi du:
Vi du 1: Cho AABC,C =30°, ké AH vudng goc voi BC tai H, biét rang AH = % BC.GoiD la
trung diém ctia AB. Tinh s6 do ACD?

Giai

(O B

-
H
*Tim cich gidi: Xuat phét tir AAHC vudng c6 C =30°va AH = % BC. Véi hai yéu to nay gitp

ta nghi téi viéc chitng minh tam giac vudng c6 mot goc bang 30°. Véi lap luan d6 ching
ta nghi tdi viéc chitng minh AABC can.

*Trinh bay loi gidi:

Xét AAHC c6 C =30°, AHC =90° = AH =%AC

Ma AH =%BC(GT):> BC = AC

= AACB cén tai C= CD la dudng phan gi4c cia C = ACD =15°.

Vi du 2: Cho AABC c6 tia phan giac goc B va géc C cat nhau tai I. Goi M 1a trung diém ctia
BC. Biét ring BI=2IM va BIM =90°. Tinh s8 do goc A.

Giai
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*Tim cdch gidi : Dwa vao Vi du 4 chuyén dé 7 chting ta biét rang BIC =90° —g. Do vay

ching ta chi can tinh BIC . Mt khac, theo gia thiét BIM =90° nén chiing ta chi can tinh
MIC . Do MB=MC va BI=2.IM nén d& dang suy luén duoc tao ra diém D sao cho M 1a
trung diém ID. Ttr d6 ching ta c6 1oi giai sau .

* Trinh bay loi gidi

Trén tia ddi ctia tia MI 18y MD = ML BMI =CMD; IM = DM =aBIM =2CDM (c.g.c)
— Bl =CD; BIM =CDM = CDI = 90°
Tir = Bl =2.IM = Bl = ID(=2.IM)

= CD = ID = ACDI vudng can tai D
— CID = 45° = BIC =135°

ABIC c6 BIC =135° nén IBC + ICB = 45°

Bl va CI la phan giac ctia BvaC nén B M\/

/TBE+A/C\B=2(E;E+E:E)=900:>A=90° D

Vi du 3. Cho AABC can tai A véi BAC < 90°ké BD, AH lan Iuot vudng goc véi AC, BC.
Trén tia BD lay diém K sao cho BK =BA. Tinh s6 do géc HAK

Cdch vé 1. Vi tam giac ABC can tai A ¢6 AH vudng goc véi BC dé chiing minh duoc AH 1a

duwong phan giac cua goc BAC = g =A

Mit khac BA =BK (gia thiét) nén AABK cn tai B = BAK = BKAhay BKA= A +2A, (1)
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Trong tam gidc ADK c6 : A
LA _ano

K+A =90" (2) f
Tt (1) va (2) ta duoc

2A +2A, =90° = A + A, =45 K

Vay HAK =45°

Cdch vé 2. Goi I la giao diém ctia AK va BC
ABIK c6 AKB =i +CBD ( goc ngoai tam giac )
Ma CBD=A, (=90°—ACB)nén AKB=1i+A, (1)
KAB=IAH +A, (2)

Mit khac AKB = KAB (3)

T (1) (2) va (3) suy ra

A+ A= 4A,

Lai c6 @:&:ﬁﬁ:i
— AAIH can tai H= HAK = 45°
* Nhan xét

*Bai toan nay cd nhiéu cach giai. Ngoai cach giai trén day ching ta con c6 thé ha
KJ L AH(J € AH) r6i chttng minh tam giac AK vuong can tai J

Né&u BAC >90° ta c6 két qua HAK =135° (ban doc tw chttng minh theo y trén)

Vi dy 4 Cho tam gidc ABC vuong can tai A. Trén tia AC 1ay diém E va F sao cho ABE =15°
va CE = CF. Tinh s6 do goc CBF

Gidi:
Trén nita mgt phang bo BE chira diém F dung tam gidc déu BED. Ta c6

EBC = ABC — ABE = 45° —15° =30° = CBD = 30°
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Khi d6 BC la tia phan gidc caa géc EBD nén b
ABCD =ABCE (c.c.c) = CD=CE=CF
= ADEF vudng tai D. Ta c6
DEF =180° — AEB - BED =180° — 75° —60° = 45
-
Vay ADEF vuong can tai D A E C E

Lai c6

DFE = 45°; ACB = 45° = DFE = ACB do d6 BC song song voi DF

Ta lai 6 tam gidc BDF can tai D ( vi DB=DF=DE) va BDF = BDE + EDF = 60° +90° =150°
nén DFB = DBF =15° = CBF = DFB =15°. Vay CBF =15

* Nhan xét . Dya vao ky thuat trén, chtiing ta c6 thé giai duoc bai toan dao

Cho tam gidc ABC vudng can tai A. Trén tia d6i ctia tia CA 14y diém F sao cho CBF =15°.
Trén canh AC 1ay diém E sao cho CE=CF. Tinh s& do goc CBE.

Vi dy 5: Cho tam giac ABC can tai A co A =20°. Trén canh AC lay diém D sao cho
AD=BC. Tinh ACD

Gidi:
* Tim cich gidi. Tir dé bai ta tinh dugc B=C=80°. Do d6 A

B—A =80°—20° = 60° 12 mdt goc clia tam gidc déu. Do d6 c6
thé nghi dén phuong phap dé vé duong phu la tam giac déu.

Khi vé duwong phu ching ta cht1 y vé xuat phat diém luon
ludn xuat hién mai lién hé gitra 20°;60°%;80°. Sau day 1a mot
vai cach giai.

* Trinh bay loi gidi

Cdch vé 1. Dyng diém I nam trong tam gidc sao cho tam giac

BIC la tam giac déu

Ta c6 AABI va AACI c6 AB = AC, IB =1C, Al la canh chung =
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AABI= AACI (c.c.c) = BAIl = CAl =10° (1)

Mt khac AADC va ACIA c6 AD = CI (=BC), DAC = ICA(=20°) , AC la canh chung nén
AADC = ACIA (c.g.c) = ACD =CAI (2)
Tir (1) va (2) = ACD =10°

Cdch vé 2:. Dung tam gidc déu ADM (M va C ndm

A

khéc phia vdi so v6i AB) = CAM =20° +60° =80°
AABC va ACAM c6 MA =BC, ABC = CAM(=80°) , AC
la canh chung
— AABC = ACMA (c.g.c) = ACM = 20° va CM = AC
AADC va AMDC c6 AD=MD, AC=MC, CD la canh
chung

S
= AADC = AMDC (c.c.¢) = ACD = MCD= =10 & L,

Cdch vé 3. Dung tam giac déu CAN( B, N khac phia so véi AC)

DAN = 20° +60° = 80°

Xét AABC va ANAD c6 AD=BC; ABC = NAD(=80°)
AB=AN (=AC) = AABC = ANAD(c.g.) /RN
D
C

— AC = ND va AND = 20°

Xét ADNC c6 ND = NC ( ciing bing AC) =>ACND can

tai N ma
CND = 60° — AND = 60° — 20° = 40°

NCD:M:NO — ACD = 70° —60° =10°

Cach vé 4. Dung tam giac déu ABK ( K; C cung phia so v6i AB)
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Ta c6 AACK can tai A ma A

. . 0 _ 0
CAK = 60° —20° = 40° = AKC = 130 —40" _ 740 b
K
Mit khac AADC va ABCK
c6 AD = BC; DAC = CBK (= 20°); AC = AK (= AB) K 4

=AADC =ABCK(c.g.c) =
ACD = BKC = 70° —60° =10°

* Vi du 6. Cho tam giac ABC, M la trung diém cta BC, BAM =30°; MAC =15°. Tinh s& do
goc BCA?

Gidi:
*Tim cdch giai. Do BAC =45°nén ching ta nghi téi dung tam gidc vuong can. Do vay
chiing ta giai nhu sau :
* Trinh bay cdch gidi.

Ké CK L AB. Ta c6 AAKC vudng can tai K A S

(vi BAC=45°)=KA =KC

Vé AASC vuodng can tai S (K, S khac phia
voi AC) B

Do ABKC vuéng tai K = KM =%BC - MC ¢

AKMC can tai M
— MKC = MCK = AKM =SCM
Dé dang chiing minh duwgc AKAC = ASAC= AK=KC=CS=5A

AKAM va ACSM c6 KM = CM, AKM =SCM, KA =KS=AKAM = ACSM (c.g.c)
— CSM =30° = ASM = 60°va SAM =60° =AASM déu = AS=SM = AK =AAKM can tai
A

— MKC = MCK =90° —75° =15° = BCA = 45° —15° = 30°

Vi dy 7. Cho tam giac ABC can tai A c6 A =3B. Trén ntra mit phing bd BC, chita diém A,
vé tia Cy sao cho cat tia phan giac Bx ctia gbc B tai D. Tinh s8 do géc ADB

Giai
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Tir gia thiét AABC cén tai A vd A=3B = B=C =36°. Trén tia BA 1dy diém E sao cho
BE=BC ( E ndm ngoai doan AB). Khi d6 tia Bx 1a tia phan giac cta ABC, tir d6 dé dang
chitng minh dugc BD vuong goc véi CE

AEBC can tai B c6 EAC = ABC + ACB = 72°

AEC = M =72°. Do d6 AEC = CAE = AACE can tai C nén CA = CE (1)

Ta lai c6 ADEC can tai D va ECD =132° —72° =60° nén ADEC la tam gidc déu (2)

=42°

o - 0 _ 0
Tix (1) va (2) suy ra AACD can tai C, 6 ACD =132° —36° =96° = ADC = M

Trong tam gidc BCD ¢6 BDC =180° —130° —18° = 30°
— ADB =ADC - BDC =42° —30° —18° =12°

Vay ADB=12"

C. Bai tap ap dung

14.1. Cho tam giéc ABC cén tai A, A =80°, diém D thudc mién trong tam gidc sao cho
DBC =10";DCB = 30°. Tinh s§ do ADB

14.2. Cho tam giac ABC vuong can tai A. Diém D thudc mién trong tam giac sao cho
ADC =150° v tam giac DAC cén tai D. Tinh s§ do géc ADB.

14.3. Cho tam gidc ABC c6 B =45% A =15°. Trén tia d6i cua tia CB 14y diém D sao cho CD
—2BC. V& DE L AC (E € AC)

a) Chting minh rang EB = ED

b) Tinh s& do géc ADB

14.4. Cho tam gidc ABC cén tai A c6 A =100°. Qua B dung tia Bx sao cho CBx =30°. Tia
phan giac cua goc ACB cit tia Bx tai D.

a) So sanh CD va CA.
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b) Tinh s6 do géc BDA

14.5. Cho tam gidc ABC cén tai A c6 A =40°. Trén tia phan gidc AD ctia goc A 14y diém E
sao cho, trén canh AC ldy diém F sao cho CBF =30°

a) Chiing minh rang :AE =AF

b) Tinh s6 do goc BEF

14.6. Cho tam giéc ABC can (AB=AC) véi BAC = 20°. Trén canh AC ldy diém D sao cho
CBD =50°, trén canh AB 18y diém E sao cho BCE =60°. Tinh goc CED.

14.7. Cho tam giac ABC can co BAC =100°. Diém M ndm trong tam giac sao cho

MAC = MCA =20°. Tinh s3 do géc AMB

14.8. Cho tam gidc ABC véi géc BAC =55 ABC =115°. Trén tia phan giac ctia géc

ACB 14y diém M sao cho MAC = 25°. Tinh s6 do géc BMC

14.9. Cho tam gidc ABC can tai A c6 BAC =80°. Piém M ndm trong tam gidc sao cho
MAC = MCA =10°. Tinh s8 do géc AMB.

14.10. Cho tam giac ABC can tai A co BAC =80°. M la diém nim ngoai tam gidc sao cho
MBC =10°: MCB =30°. Tinh s8 do cac gdc AMB: AMC

14.11. Cho tam giac déu ABC, diém D nam gitta A va B. Duong thang vé tir D vudng goc
v6i AC cat duong thiang vé tir B vudng goc voi BC tai diém M. Goi N 1a trung diém ctia
AD. Tinh s6 do géc MCN.

Chuyén dé 15. QUAN HE GIUA CANH VA GOC POI DIEN
TRONG MOT TAM GIAC
A. Kién thttc cin nhé

* Dinh ly 1. Trong mot tam giac
- Goc d6i dién véi canh 16n hon la goc 16n hon.
- Bao lai, canh d6i dién véi gdc 16n hon la canh 16n hon

A

Trong hinh 15.1

AABC: AB>AC< B>C

(Hinh 15.1)
Suy ra trong mot tam giac
- G6c d6i dién v6i canh nho nhatla géc nhd nhat

- Canh d6i dién vdi goc tu (hoac goc vudng) la canh 16n nhat
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|| * Pinh 1y 2. Hai tam giac c6 hai cip canh bang nhau

- Néu canh thit ba khong bang nhau thi géc d6i dién véi canh 1én hon 1a géc 1én hon.
-Pao lai néy, hai goc xen gitta khong bang nhau thi canh d8i dién véi géc 16n hon 1a canh
16n hon.

B. Mot s6 vi du:

Vi dy 1. Chttng minh r:?mg néu mot tam gidc vudng cé mdt géc nhon 16n hon 30°thi canh

doi dién voi goc ay 16n hon canh huyén

Gidi (H.15.2)
*Tim cdch gidi
Gia str tam gidc ABC vudng tai A, ABC >30°, ta phai ching minh AC > % BC . Mu6n vay
ta chitng minh 2AC > BC
Tao ra doan thang 2AC bang cach 14y diém D

trén tia d6i cua tia AC sao cho A
AD =AC, khi d6 xét ABDC chi can chitng minh
DC >BC
*Trinh bay loi giadi.
Trén tia d6i cta tia AC ldy di€ém D sao cho AD
=AC i
AABD =AABD (c.g.c) = BD > AC va D < N ©
ABD = ABC >30° = DBC > 60°
(Hinh 15.2)

ABCD cén c6 ¢6 goc 6 dinh 16n hon 60°1én céc goc 6 ddy nhoé hon 60°
Xét ABCD c6 DBC > D nén DC > BC (Quan hé gitra canh va goc d6i dién)
Do d6 2AC >BC = AC >%
Vi du 2. AABC co6 goc B, goc C la nhitng goc nhon, B >45%C <45°. V& duwong cao AH.
Hay so sanh HA, HB, HC.

Giai

*Tim cdch giai.

Ta thay HA, HB, HC khong phai la ba canh cua
mot tam gidc. HA, HB la hai canh ctia tam giac
HAB con HA va HC 1a hai canh cta tam giac HAC.
Vi vay ta dung HA lam trung gian d€ so sanh HA,

HB, HC. —| c
H

(Hinh 15.3)
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* Trinh bay 10i gidi

Xét AABH c6 H =90%;B > 45°nén A < 45°

Vay A <B = HA< HB(l) (Quan hé gifta géc va canh d&i dién)

Xét AACH c6 H = 90°; C < 45°nén g > 45° (Quan hé gitta goc va canh doi dién)
Vay C <A, = HA<HC (2)

Tw (1) va (2) = HB < HA< HC

Vi dy 3. Cho doan thang AB va CD cat nhau tai trung diém O ctia AB. Chting minh rang
néu AC > BC thi BD > AD
Gidi
* Tim loi gdi
ABDO va AADO c6 hai cip canh bang nhau do d6 dé chitng minh BD > AD ta can chiing
minh BOD > AOD
*Trinh bay loi giai:
AAOC va ABOC c6 OA=0B, OC chung, AC >BC

L
— AOC > BOC (Dinh 1§ 2) do d6 BOD > AOD »
ABOD va AAOD c6 OB = OA; OD chung ; BOD > AOD ®
BD > AD ( Theo dinh ly 2) A
D
(Hinh 15.4)

Vidu 4:
Tam gidac ABC ¢ B>90° va AB= % AC . Hay sap x&p ba canh ctia tam giac theo thit tu téng
dan
Gidi (H.15.5)
*Tim cdch gidi.

Vi géc B la goc tu nén canh AC la canh 16n nhat .

A
Khai thac diéu kién AB = % AC ta lam xuat hién
1 M
yéu to 5 AC bang cach vé trung diém M ctia AC.
Khi d6 AB va BC la hai canh cua hai tam gidc ¢4 C
hai cip canh bang nhau, do d6 ta ¢ thé chiing B
minh dinh ly 2.
(Hinh 15.5)
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*Trinh bay loi gidi:
Xét tam gidac ABC c6 B >90°nén canh AC la canh 16n nhat, do d6 BC < AC (1)
Goi M la trung diém ctia AC. Xét tam gidc ABM c6 AB =AM (= % AC)nén tam giac ABM

cAn = B, =M, <90°, do d6 M, >90°. Vay M, <M,

AAMB va ACMB c6 MA=MC, MB chung va M, <M, nén AB<BC (2)

Tt (1) va (2) suy ra AB<BC <CA

C. Bai tap van dung.

* Quan hé giita canh va géc doi dién trong tam gidc

15.1.Cho tam giac ABC can tai A. Goi M 1a mot diém trén duong thang BC. Hay so sanh
AM va AB.

15.2. Cho tam gidc ABC. Tia phan gic ctia goc A cat BC tai D . Cho biét géc ADB la nhon.
Hay so sanh AB va AC.

15.3 Tam giac ABC c6 AB < AC . Trén canh AB 1ay diém M (M = B). Trén nita mit phang
bo AB khong chita diém C vé tia Mx song song véi AC va trén tia nay 1y di€ém N sao cho
MN=MB. Chttng minh BC < NC

15.4. Cho tam gidc ABC, A =60°; B =75°. Trong tam gi4c 1dy diém O sao cho

OAC = OCA=15°. Chitng minh OA 1 OB

15.5. Cho tam giac ABC. Vé AH L BC (HeBC) va BK L AC (Ke AC). Biét

AH >BC;BK > AC

Tinh s6 do cac goéc cta tam gidc ABC.

15.6. Trong tam gidac ABC c6 AB < AC . Tia phan gidc cuia goc A c4t BC tai D. Goi M la mot
diém trén doan thang AD. Hay so sénh MB va MC.

15.7. Cho tam giéc ABC cén tai A. Trén BC 14y E va F sao cho BAE = EAF = FAC . Chting
minh r?mg doan théng EF c6 d6 dai nho nhat trong ba doan théng BE, EF, EC.

15.8.Cho tam gidc ABC can tai A. Trén canh BC ldy M va N sao cho BM=MN=NC. Chiing
minh géc MAN la géc 16n nhat trong ba goc BAM ; MAN; NAC

15.9.Chttng minh rang néu mot tam gidc c6 mot goc 16n hon 60°thi canh ddi dién véi goc
dy 16n hon trung binh cong ctia hai canh con lai.
15.10.Cho tam gidc ABC vudng can tai B. Goi M 1la mét diém nam trong tam giac sao cho

BMC >105°. Chting minh MA> M2 +ME

*Hai tam gidc bang nhau

15.11. Tam giac ABC c6 AB < AC . Trén tia d6i cta tia BA 1ay diém E (E = B) . Trén tia d6i
cua tia CA lay diém F (F # C) sao cho BE=CF. Goi D la trung diém ctia BC . Chttng minh
DEF > DFE .

15.12. Cho tam gidc ABC can tai A. Goi M 1a mot diém nam trong tam giac sao cho
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ABM < ACM . Hay so sanh cac goc AMBva AMC

15.13. Cho tam gidc ABC can tai A Lay diém M nam gitta A va B. Goi O 1a trung diém
ctaCM . Tia AO cat BC tai D.Chiing minh rang BD >CD.

15.14. Cho tam gidc ABC can tai A Ldy diém M nam trong tam gidc sao cho

AMB > AMC . Tai AM cit BC tai D. Chting minh rang MD < MB.

15.15. Cho tam gidc ABC, AB< AC. Goi M la trung diém cta BC. Lay diém D nam gitta
A va C sao cho AMD > 90°. Chttng minh MD < MB.

15.16. Cho tam giac ABC, A=60°, tong AB+ AC =10cm. Tim gia tri nho nhat caa chu vi
tam gidc ABC.

Chuyén dé 16. QUAN HE GIUA DPUONG VUONG GOC VA PUONG XIEN,
PUONG XIEN VA HINH CHIEU

A. Kién thitc can nhé

¢ Khai niém: Trong hinh 16.1
-Diém H goi la hinh chiéu ctia A trén duong thang d. A
-Poan thing AH goi la duong vuong goc, doan thang

AB goila duong xién. .

- Doan thang HB goi 1a hinh chifu ctia duong xién AB ” N
trén duong thang d. Hinh 16.1
e Dinh Ii 1: Trong cac duong xién, duong vuong goc ké ti

mot diém & ngoai mot dwong thiang dén duong thang d6, duong vuong goc la duong

ngan nhat. .
- Trong hinh 16.1 ta c6 AH < AB. N
Bo sung: Trong hinh 16.2: A¢d; M ed; AH Ld. \\\\
Tacé AM > AH (ddu"="xayra &M =H). d _ o
e Dinh Iij 2: Trong hai dwong xién ké tir mot diém nam ngoai . : s M
n .

duong thang dén duong thang do:
- Buong xién nao c¢6 hinh chiéu 16n hon thi 16n hon;
- BPuong xién nao 16n hon thi c6 hinh chiéu 16n hon;
- Néu hai duong xién bang nhau thi hai hinh chiéu bang nhau. Nguwoc néu hai hinh

chiéu bang nhau thi hai dudng xién bang nhau.

B. Mot s6 vi du:
Vi dy 1: Cho hai doan thang AB va DC song song va bang nhau. Mot duéng thang xy
khong song song, khong vudng géc véi hai doan thang d6. Hay so sénh cac hinh chiéu cta
AB va DC trén duong thang xy.

Gidi (h.16.3)

* Tim cdch gidi
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" Muéh c6 hinh chiéu ctia AB va DC trén

xy ta vé AA', BB', CC', DD' cung vudng B D
goc véi xy . Ta phai ching minh
A'B'=C'D'. Muon vay ta tao hai tam giac
bang nhau bang cach vé duwong phu.

* Trinh bay 10i gidi. A B c D

Ve AA' L xy,BB' L xy,CC'Lxy, DD"L xy. Hinh 16.3

Khi d6 A'B' va C'D' Ian luot la hinh

chiéu caa AB va CD trén xy.

Vé A'M J/ AB,C'N //CD theo tinh chat doan chin song song ta c6 A'M = AB; C'N =CD.

Mat khac do AB=CD nén A'M =C'N.

AMA'B'=ANCD' ¢6 B'= 6(= 90°); A'M =C'N va M =N (hai goc c6 canh tuong tng

song song cung nhon).

Do d6 AMA'B'=ANC'D'(canh huyén, goc nhon). Suy ra: A'B'=C'D’

Vi du 2: Cho tam gidc ABC vuodng can tai A, BC = a+/2 . Trén cac canh AB, BC, CA Ian

luot 1ay cac diém D, M, E. Chtiing minh MD + ME > a.
Gidi (h16.4)

* Tim cdch gidi.

Ta thdy gitta cic d6 dai a va av/2 c6 su lién hé véi nhau:

av/2 la do dai canh huyén ctia mot tam gidc vudng can

c6 canh gbéc vudng c6 do dai la a. Ta phai chitng minh

MD +ME > AB. Vi MD,MEla cac duwong xién ké tit M

dén cac canh goéc vudng AB, AC nén ta vé thém cac

duong vudng gbéc tv M dén AB, AC dé c6 thé dung

Hinh 16.4

dinh ly vé mdi quan hé gitta duong vuong goéc va duong

xién.

* Trinh bay 10i gidi

Ta L AB? + AC* =BC = 2B =(av2) = AB=a.

Vé MH L AB; MK L AC, khi d6 MH // AC; MK // AB suy ra MK = AB (tinh chat doan chén

song song)

AHBM vuodng can = MH =BH.

Ta c6 MD2>MH; MF >MK (dau "=" xay ra khi D =H ) (quan hé gitta duong vudng goc
va duong xién). Do do:

MD+ME >MH + MK =BH + AH =a.

Vi dy 3: Cho tam gidc ABC vudng tai A, AB< AC. Puong trung truc cia BC cat BC tai
M, cit AC tai N. Lay diém K trén doan thang CN. Hay so sanh BK va CN.
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Gidi (h16.5)
* Tim cdch giai.
Ta c6 thé dé dang so sanh duwong xién BK va BN nho

so sanh cac hinh chiéu ctia chtiing. Vay chi con phai s6 g \

sanh BN véi CN ma thoi. K

* Trinh bay 10i gidi

Ta c6 BK va CN Ila cdc duong xién vé tx B toi B | " | c
duong thang AC, con AK va AN 1la cic hinh chiéu Hinh 16.5

cta chung trén AC.

Vi AK>AN nén BK>BN (quan hé gita duong xién va hinh chiéu)
(1)

Mit khac, MN L BC va MB=MC nénNB=NC (2)

T (1) va (2) suy ra BK > NC.

C. Bai tap van dung

e Duong vudéng goc va duong xién

16.1. Cho tam giac ABC. Vé AD L BC,BE L AC,CF L AB(DeBC, E € AC, F € AB). Chting
minh réang AD +BE +CF nho hon chi vi tam gidc ABC.

16.2. Cho tam gidc ABC, goc A ti. Qua A vé duong thang d cit canh BC tai O. Chiing
minh rang tong khoang cch tlr B va C dén duong thang d ludn nho hon hogc bang BC.

16.3. Cho tam giac ABC vudng tai A. Goi M 1a trung diém ctia AC. Chiing minh rang
trung binh cong cac hinh chiéu ctia AB va BC trén duong thang BM thi 1én hon AB .

16.4. Cho tam giac ABC vuodng can tai A.Qua A vé duong thang xy khong cat canh BC.
Goi Dva E theo tht tu la hinh chiéu cia B va C trén xy. Xac dinh vi tri cia xy dé
BD + CE =BC.

16.5. Cho tam giac ABC va mot diém M ndm trong tam giac. Biét duong trung truc cta
CM diqua A.Haysosanh AB va AC.

16.6. Cho ABC can tai A. Trén cac tia dGi ctia tia BA va CAlan luot 1ay cac diém M va N

sao cho BM = CN . Chitng minh rang:

a) BN > MN + BC

b) BM > MN—_BC

16.7. Cho doan thang BC = 5cm va trung diém M ctia né. Vé diém A sao cho BAC = 90°.
Qua M vé mot doan th.’fmg vuong goc voi AM cét cac tia AB, AC Tan luot tai E va F.
Xéc dinh vi tri ciia dim A d€ EF c6 d6 dai ngédn nhat. Tinh ¢ dai ngan nhat d6.

e Duong xién va hinh chiéu.

16.8. Cho tam giac ABC vudngtai A.Vé AH L BC ( H € BC).
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Cho biét BAH = CAH . Hay so sanh HB véi HC .

16.9. Cho tam gidc ABC, B < C < 90°. Chttng minh rang véi moi vi tri ctia diém M nam
gitta B va Ctaludon c6 AM < AB.

16.10. Cho tam giac ABC vuong tai A, AB =5cm; AC =12cm. Vé AH L BC. Goi M la mot
diém trén doan thang AH . Chting minh rang: 13 < MB + MC <17.

16.11. Cho tam giac ABC.Vé AH L BC ( H nam gita B va C). Lay diém M nam trén

AH . Goi D va E lan lwot la hinh chiéu cia M trén AB va AC.
Chting minh rang néu BD = CE thi tam gidc ABC la tam giac can.

Chuyén dé 17. QUAN HE GIUA BA CANH CUA MOT TAM GIAC

A. Kién thitc cin nho

1. B4t ding thitc tam giac:

Trong mot tam giac d6 dai mot canh bao gio cling 16n

hiéu va nho hon tong cac d¢ dai ctia hai canh con lai. g

Trong hinh 17.1 ta cé: [b—c| < a < |b+c|. c b

Dao lai néu |b—c|<a<|b+c| thi a b, c cé thé la do

dai ba canh cia mdt tam gidc. ° . a ¢
Hinh 17.1

2. Bt dang thirc tam gidc mé rong:
Véiba diém M, A, B bat ki ta ludn c6: MA + MB > AB.

D&u “= xayra < M thudc doan thang AB.

B. Mot s6 vi du:

Vi dy 1.Cho hai doan thang AB va CD cat nhau tai diém O nam gitta hai dau mdi doan
thang . Biét AB = 3cm; CD = 5¢cm. Chitng minh rang trong hai doan thang AC va BD it
nhat cling c6 mot doan thang c6 dd dai nhé hon 4cm.

Gidi:
* Tim cdch gidi:

Mubn chitng minh hai doan thang AC va BD it nhat ciing c6 mot doan thang cé d6 dai
nho hon 4cm ta chiing minh tong AC + BD < 8cm.

Ta thdy AC la mot canh cta tam giac AOC, BD la mot canh cta tam giac BOD. Vay can
van dung quan hé gitra ba canh cua tam giac d€ danh gia AC va BD.

* Trinh bay 10i gidi:

Xét AAOC c6: AC < OA + OC . Xét ABOD c¢:
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BD <OB +OD.

Cong ting v& bat dang thiic trén ta duoc:

AC + BD <OA +0OC + OB + OD

= AC +BD <AB +CD =3+5=28(cm)

Suy ra trong hai doan thing AC va BD it nhat ciing c6 mot doan thang nho hon 4 cm.

* Nhin xét: Trong 10 giai trén ta da dung mot tinh chat cta hai bat déng thikc cling chiéu:
Néu a<b va c<d thi a+c<b+d .

Vi dy 2. Chttng minh rang trong mot tam giac, mdi canh bao gid cfing nho hon nita chu vi

cua tam giac ay.
Giai (h.17.3)
* Tim cdch gidi.

Ta phai chitng minh a < a+Tb+c . Muon vay

ta phai chttng minh 2a<a+b+c. Trit a vao
hai v& ctia bat dang thitc ta dweoc 2a—a<a+b+c—a
dantéi a<b+c. ¢ b

Bat dang thitc nay dting nén ta c6 thé xuat phat tir day

roi chitng minh “nguoc” 1én.

* Trinh bay loi gidi.

Goi a 1a do dai ciia mot canh bat ki ctia tam gidc. Goi b va ¢ 1a d¢ dai hai canh con lai.
Theo quan hé¢ gitta ba canh con lai ctia tam gidc ta c6: a<b+c.

Cong a vao hai v& ctia bat dang thitc nay ta duoc: a+a<a+b+c dantéi 2a<a+b+c

a+b+c
Suyra a<———.

* Nhin xét: Trong 10i giai trén ta da ding cac tinh chat sau ctia bat dang thuc:

- Cong cting mot s8 vao hai v& ctia mot bat dang thike thi dwoc mot bat dang thikc cling

chiéu.

- Nhan (hay chia) ca hai v& ctia mot bat dang thikc voi cling mot s§ duong thi duge mot bat

dang thttc cting chiéu.
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Vi du 3. Cho tam giac ABC . Goi D, E, F lan lwgt 1a trung diém ctia AB,BC,CA. Ching
minh rdng ba doan thang AD, AE, AF c6 thé 1a ba canh ctia mot tam giac.

Gidi (h.17.4)
*Tim cdch gidi.
Muodn chiing minh ba doan thr?mg AD, BE, CF

C6 thé'1a ba canh ciia mot tam giac, ta chiing minh ba doan
thdng d6 thoa man bat dang thiic tam giac hogc chiing minh

ching Tan luot bang ba canh ctia mot tam gidc nao do.

*Trinh bay loi gidi:
Trén tia d6i cua tia EA 18y diém K sao cho EK = EA.
AABE = AKCE (c.g.c) = AB =CK . ‘ K

Xét AACK , theo bét déng thiic tam gidc ta c6: [CA—CK|< AK <CA+CK
Do d6 |2AF —2AD|< 2AE < 2AF +2AD

(vi AC =2AF,AB=2AD)

Suy ra|AF — AD| < AE < AF + AD

Ba doan thing AD, AE, AF thdéa man bat dang thitc tam gidc nén chting c6 thé 1a ba canh
ctia mot tam gidc.

C. Bai tap ap dung

e Tinh d¢ dadi

17.1. Mot tam gidc can c6 chu vi la 40cm va mot canh ¢é d6 dai 10cm. Tinh d¢ dai hai canh

con lai.
17.2. Tinh chu vi ctia m§t tam gidc can biét do dai hai canh ctia né b?mg:
a)llem va 20cm b)1lcm va 23cm.

17.3. Ba canh ctia mt tam gidc c6 s8 do 1a ba s& chdn lién tiép (tinh bang xen-ti-mét). Tam

giac d6 c6 chu vi nho nhét 1a bao nhiéu?

17.4. Mot doan day thép c6 do dai 25cm.

Hoi c6 thé udn nd thanh mot hinh tam giac c6 mot canh la:
a)l3cm 12cm?

® So sanh mgt d6 ddi voi chu vi cua tam gidc.
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~ 17.5. Cho tam giac ABC. Goi M va N lan lwot la trung diém caa AB vaAC .
Hay so sanh d6 dai BC vdi chu vi tam gidc AMN.
17.6. Chting minh rang canh 16n nhat ctia mot tam giac thi:

a) Nho hon ntta chu vi tam gidc;
b) Lén hon hogc bang % chu vi cua tam giac.

17.7. Cho tam giac ABC. Goi D, E, F Ian luot la trung diém caa BC, CA va AB. Chting

minh réng tdng AD + BE +CF 16n hon ntta chu vi nhung nhé hon chu vi tam giac.
17.8. Cho hinh 17.5. Chting minh rang;

AB+BC+CD+DE+EA<AD+DB+BE +EC +CA

Hinh 17.5 Hinh 17.6

17.9. Cho hinh 17.6.
a) Tim diém O sao cho tong cac khoang cach tir O dén A, B,C, D ¢6 do dai nho nhat.
AB+BC +CD+ DA
2
17.10.Cho tam gidc ABC c6 chu vi la 2p. LAy di€ém M bat ki ndm trong tam giac.

b) Chting minh rang AC +BD >

Chting minh rang p < MA+MB +MC <2p

o Chifng minh bt ding thitc hinh hoc

17.11. Cho tam gidc ABC . V& duong thang xy chia tia phan gidc géc ngoai tai dinh A.
Trén xy 14y di€m M khac A.Chiing minh rang: AB+AC < MB+MC

17.12. Cho tam giac ABC. Goi M, N Ian luwot 1a trung diém ctia AB va AC. Chitng minh

rang khong thé xay ra dong thoi BN < % AC va CM < % AB.

17.13. Cho doan théng AB vabadiém M, N, P khong c6 diém nao nam trén duong
thang AB . Cho biét MA+NA+PA=MB +NB+PB =s. Chtrng minh rang ton tai mot diém
O théaman MO+NO+PO<s

17.14. Cho tam giac déu ABC . Trén cac canh AB, AC, BC lan luot 1dy cac diém M, N, K
khong tring véi cac dinh ctia tam giac sao cho AM = AN . Chting minh ring

KM + KN > KA
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17.15. Tam gidc ABC khong c6 hai canh nao b:?mg nhau. Do dai mdi canh c6 sd do 1a mot
s6 nguyeén (tinh bang xen-ti-mét). Biét AB =2 cm,BC =3 cm. Vé duong trung triec xy ctia
BC, trén do6 lay mot diém M . Xac dinh vi tri ctia di€fm M dé€ tong MA+ MB c6 gia tri nho
nhat. Tinh gia tri nho nhat do.

Chuyén dé 18. TINH CHAT BA PUONG TRUNG TUYEN CUA TAM GIAC

A. Kién thitc can nhé

1. Duong trung tuyén cta tam giac 1a doan thang ndi mot A
dinh ctia tam gidc véi trung di€ém ctia canh d6i dién.
2. Ba duong trung tuyén ctia mot tam gidc cung di qua mot F L
diém (diém nay goi la trong tam cua tam giac). ¢
A . X o A : s o2 .
Trong tam cach moi dinh mot khoang bang 3 do dai # D ¢
Hinh 18.1

duong trung tuyén di qua diém d6 (hinh 18.1).

B. Mot s6 vi du:
Vi dy 1. Cho tam giac ABC, hai duong trung tuyén BM va CN cat nhau tai G . Trén tia
GB va GC lay cacdiém F va E sao cho G la trung diém cua FM dong thoi la trung
diém caa EN . Chitng minh rang ba duwong thang AG, BE va CF dong quy.
Giai (hinh 18.2)
* Tim cach gidi.
Dé chitng minh ba duong thing AG, BE va CF dong quy
ta c6 thé chitng minh chiing la ba duong trung tuyén
cua tam giacGBC . A
* Trinh bay loi giai.
Goi D 1a giao diém cua AG vaBC. Vi

N M
G la trong tam cua AABC nén AD la duong trung tuyén,
suy ra DB =DC.
Ta c6 GF =GM :%BM,GE:GN:%CN. s p

1 1 Hinh 18.2
Do dé: GF=GB (:EBMJ;GE:EC (:§CN]

Xét AGBC c6 GD, BE, CF la ba duwong trung tuyén nén chung dong quy suy ra ba duong
thang AD, BE, CF dong quy.
Vi du 2. Cho tam giac ABC . Trén nita mit phang bo AB khong chita C vé tia Bx // AC.
Liy diém D eBx va diém E thudc tia ddi cta tia CA sao cho BD =CE . Chting minh rang
AABCva AADE c6 cung mot trong tam.

Giai
* Tim cdch gidi.
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AABCva AADE c6 chung dinh A nén mudn chiing minh ching c6 cung mét trong tam,
chi can chiing minh c6 chung mot duwong trung tuyén xudt phat tte dinh A.

* Trinh bay 1oi gidi.

Vi Bx//AC nén CBx =BCE (so le trong).

Goi M la trung diém cua BC.

Ta c6 ABMD = ACME(c.g.c)

Suy ra MD = ME (1) va BMD = CME

Ta c6: BME + CME =180°( k& bu)

Do d6 : BME + BMD =180° = D, M, E thing hang (2)

Tt (1) va (2) suy ra M 1a trung diém cta DE.

AABCva AADE c6 chung dinh A, chung duong trung tuyén AM nén trong tam G ctia hai
tam giac nay trung nhau.

* Nhdn xét: D€ chtirng minh hai tam giac c6 cung trong tam ta cd thé chiing minh chung c6
chung mot dinh va chung duong trung tuyén di qua dinh ay.

Vi dy 3. Cho tam giac ABC, duwong trung tuyén AD. Trén tia d6i cua tia DA 1dy diém K sao
cho DK = %AD. Qua B v& mot duong thang song song véi CK cat AC tai M. Chiing minh

rang M 1a trung diém cta AC.

Giai

* Tim cdch gidi.
b€ chitng minh M la trung diém caa AC ta chttng minh BM la duong trung tuyén.
Mudn vay, chi can chitng minh BM di qua trong tam G .

* Trinh bay loi gidi A
Goi G la giao diém ctia BM va AD. Ta c¢: M
ABDG = ACDK (g.c.g)
1 . .
Suy ra DG=DK ==AD y ' C
K

AABC c6 diém G nam trén duong trung tuyén AD

ma GD = % AD nén G la trong tam. Suy ra BM la

duong trung tuyén do d6 MA = MC.

Vi dy 4: Chitng minh rang ba duwong trung tuyén ctia

mot tam giac co thé'la ba canh cua mot tam gidc khac.
Giai (h.18.5)

*Tim cdch gidi
Dé chiing minh ba duwong trung tuyén ctia mot tam giac nay cé thé 1a ba canh cia mot tam

giac khac, ta chitng minh ba dwong trung tuyén do ti 1é véi ba canh ctia mét tam giac.
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*Trinh bay loi gidi

Goi AD, BE, CF la ba duwong trung tuyén

ctia AABC. Ba dudng trung tuyén cat nhau

tai G. Trén tia d6i cta tia DG lay diém H

sao cho DH =DG.

Ta c6: ACDG = ABDH (c.g.c) = GCHB B
Theo tinh chdt cua ba duong trung tuyén

cta AABC ta co:

AD:§GA=§GH;BE=§GB;CF =§GC=§BH
2 2 2 2 2

AD BE CF 3
Suyra: = = =—
GH GB BH 2
Vay ba duong trung tuyén AD, BE, CF ti lé véi ba canh ctia tam gidc GHB, do d6 ba

duong trung tuyén nay c6 thé la ba canh cia mot tam giac.

C. Bai tap van dung

e Chitng minh dong quy, thing hang.

18.1. Chting minh rang trong tam giac c6 hai canh khong bang nhau thi duong trung
tuyén tng vdi canh 16n sé nhd hon dwong trung tuyén tng véi canh bé.

18.2. Cho tam giac nhon ABC. Vé AH vudng goc BC. Cho biét

AB =+/10cm, AC =+/13cm, AH =3cm. Goi O la mo6t diém trén AH sao cho AO =2cm. Goi M
va N Ian luot 1a trung diém ctia AB va HC. Chting minh rang ba diém M, O, N thang
hang.

¢ Chirng minh trong tam

18.3. Cho tam giac ABC. Goi D va E la 2 diém trén canh BC sao cho AD = DE = EC. Vé
duong trung tuyén AO cua tam giac ABC. Trén tia d6i cua tia OA 1ay diém F sao cho OF =
OA.

a) Chttng minh D la trong tam tam giac BAF; E la trong tam tam gac CAF.

b) Tia AD cat BF tai N, tia FE cat AC tai M. Chting minh rang tam gidc ABC va tam giac
AMN c6 cung mot trong tam.

18.4. Cho tam gidc ABC. Qua A vé duodng thang a // BC. Qua B vé& duong thang b // AC va
qua C vé& duong thang c // AB. Cac duong thang b va c cat nhau tai A’ va cat duong thang
alan lwot tai C' vaB’.

Chiing minh AABC va AA’B’C’ c6 cung mot trong tam.

18.5. Cho goc xOy va mot diém G 6 trong goc d6. Hay xac dinh A e Ox, B € Oy sao cho G 1a
trong tam ctia tam giac AOB.

e Tinh d6 dai cic dwong trung tuyén

18.6. Cho tam giac ABC can tai A, AB = 3J41cm,BC =24cm. Tinh d6 dai duwong trung
tuyén BM.
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18.7. Cho tam gidc ABC vudng tai A. C4c duong trung tuyén BE va CF cat nhau tai G. Biét
GB = 4/61¢m, GC = 24/601¢m. Tinh chu vi tam gidc ABC.

18.8. Cho tam giac ABC vuong tai A, AB?>=2AC2

Chiting minh rang cac duong trung tuyén AM va CN vuong goc véi nhau.

18.9. Chttng minh rang téng ba dudong trung tuyén ctia mot tam giac thi 16n hon %Chu vi
cta tam giac do.

e Chitng minh trung tuyén, trung di€ém

18.10. Tam giac ABC c6 hai duong trung tuyén la BE va CF bang nhau. Goi G la trong tam
cua tam gidc ABC. Chiing minh AG vuong goc véi BC.

18.11. Cho tam giac ABC. Trén canh AC ldy diém D sao cho AD = % AC. Trén tia d6i cta

tia CB 1ay diém E sao cho CE = CB. Tia BD cat AE tai diém M. Trén tia CM 14y diém N sao
cho M 1a trung diém cua NC. Chitng minh rang AN = BC.

18.12. Cho tam gidc ABC va trong tam G ctia n6. Chiing minh rang tam giac ABC la tam
giac can khi va chi khi AB+GB=AC +GC.

18.13. Cho tam gidc ABC, duong trung tuyén AM. Chiing minh réng AM >%BC khi va
chi khi A<90°.
18.14. Cho tam gidc ABC trong tam G. Chung minh rdng néu BGC <90° thi

AB+ AC > 3BC.

Chuyén dé 19. TINH CHAT TIA PHAN GIAC CUA MOT GOC
TiINH CHAT BA PUONG PHAN GIAC CUA TAM GIAC

A. Kién thitc cin nhé

1. Diém nam trén tia phan giac ctia mot goc thi cdch déu hai canh ctia géc d6 (h.19.1).

2. Do lai, diém nam bén trong mot goc va cach déu hai canh cta géc thi nam trén tia phan
giac ctia goc do.

3. Ba duong phan giac cia mot tam giac cung di qua mot diém. Diém nay cach déu ba
canh cta tam gidc do (h.19.2).

X A R
K
t | B c
O

THCS.TOANMATH.com TAI LIEU TOAN HOC




4. Trong mot tam gidc, hai duwong phan giac cta hai goc ngoai va duong phan gidc ctia goc

trong khong ké cung di qua mot diém (h.19.3).

B. Mot s6 vi du:
Vi du 1. Cho tam gidc ABC can tai A. Trén ntra mat phang bo AC khong chita B vé tia Ax //

—

BC. Lay diém O trén tia Ax, diém M trén AB va diém N trén AC sao cho AMO = ANO.
Chting minh rang AOMN 1a tam giac can.

Giai (h.19.4)
* Tim cdch giai.
Ta c6 Ax // BC nén dé thay Ax la tia phan giac cta goc H
ngoai dinh A cta tam giac ABC. Vi diém O nam trén tia A/1 0 X
phan gidc nay nén ta vé OH L AB, OK L AC d¢€ van

dung tinh chat cach déu hai canh ctia diem O. Tk d6

dung phuong phap tam gidc bang nhau dé chiing minh
OM =ON. M

* Trinh bay loi giai. N

Ta ¢ Ax // BC nén A\l -B (cdp goc dong vi); A\Z =C B ¢

(cap goc so le trong).

~ —~

Mat khéc, B= C (hai goc nay 6 ddy cua tam gidc can) nén '5\‘1 =A

-
vé OH L AB, OK L AC ta dugc OH = OK (tinh chat diém nam trén tia phan giac).
Ta chitng minh dwoc AHOM = AKON (g.c.g). Suy ra OM = ON, do d6 AOMN can.

Vi du 2. Cho tam giac ABC vudng tai A, AB < AC. Trén canh AC 1dy diém D sao cho AD =
AB. Goi E la mot diém nam gitta A va D sao cho tia BD la tia phan giac ctia géc CBE. Vé
EH L BC. Tinh s6 do cua géc CHD.

Giai (h.19.5)
* Tim cdch gidi.
Vé hinh chinh x4c, ta duw doan CHD =45°. Do d6
can chitng minh HD la duong phan giac cua goc
CHE. Muén vay phai chitng minh EC la duong 2
phan giac ngoai tai dinh E ctia tam gidc EBH.
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*Trinh bay loi gidi

Tacé E = ABC (cung phu véi géc C). Do do é\l - ABD +B. (1)

Lai c6 E, =D, + B, (2)(tinh chat goc ngoai cia AEBD).

~

MétkhéC,A/\B\D=E)\1(= 45O)Vé /B\1= é\z nén E\1= E,

Xét AEBH c6 D la giao diém ctua duong phan giac goc B vdi duwong phan gidc goc ngoai tai
dinh E nén HD la dwong phan giac géc ngoai tai dinh H.

Suyraﬁ‘l?)=90022=450

Vi du 3. Cho tam giac ABC vudng tai A .Vé AH L BC . Tia phan giac goc HAC vt BC tai
K. C4c duong phan gidc cia goc BAH va géc BHA cat nhau tai O. Goi M 1a trung diém ctia
AK. Chting minh 3 diém B,O,Q thang hang.

Giai (h.19.6)
*Tim cdch gidi

Xét tam giac ABH c6 O la giao diém ctia hai dwong phan giac nén O nam trén duong phan
gidc ctia géc B. D& chiing minh 2 diém B, O, M thang hang ta chi can chiing minh M ciing
nam trén duong phan giac ctia goc B. Mudn thé ta phai chitng minh tam giac BAK cén tai
B.

*Trinh bay loi gidi
Ta c6: BAK + KAC =90% wi BAC =90°
BKA+ KAH =90° vi AHK =90°

Mat khac, @TZ = K/Aﬁ nén ISA\\K = B/KTA\ , suy ra ABAK can tai B
Xét AABH c6 O la giao diém ctia hai duong phan giac cua géc A va goc H.
Suy ra BO la duong phan gidc ctia goc B.

Xét ABAK can tai B c6 BO la duwong phén giac nén dong thoi la duong trung tuyén, do dé
BO di qua trung diém M cua AK.

Vay 3 diém B, O, M thang hang.
C. Bai tap van dung

* Tinh géc do, tinh d¢ dai
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19.1. Cho ta giac ABC . Goi K 1a giao diém cua dwong phan giac ctia goc B v6i duong phan
giac goc

ngoai tai dinh C.

Cho biet AKC =65 , tinh s8 do ctia goc ABC.

19.2. Cho tam gidc ABC, ba duong phan gidc AD, BE, CF cat nhau tai O.

Cho biét, B/O\C =150° , tinh s8 do ctia goc EDF.

19.3.Cho tam giac ABC vuodng tai A, C4c tia phan gidc cta géc B, goc C cat nhau tai O. Cho
bict OA=+/8cm

Tinh khoang cach tir O dén ba canh ctia tam giac.

19.4. Cho tam giac ABC. AB =3cm, AC =5cm, BC = 6cm. Goi O 1a giao diém cac duong
phén giac ctia gbc B, goc C. Vé OH L BC

Tinh cac d6 dai HB va HC.

*Chitng minh tai phan gidc

19.5. Cho tam giac ABC vudng can tai A. Vé tam gidc OBC vuong tai O sao cho O va A
thudc hai nita mat phang d6i nhau bo BC.

Chting minh rang tia OA 1a tai phan giac ctia géc BOC.

19.6. Cho tam gidc ABC vuong can tai a. Goi M la trung diém ctia BC. Lay diém N nam
gittaMva C.VéBH L AN . Chting minh réng khi diém N di dong thi tia phan giac ctia
goc BHN luon di qua mét diém 6 dinh.

19.7.Cho tam gidc ABC. Trén tia d0i cta tia BC lay diém M, trén tia d0i cta tia CB lay diém
N sao cho MB =BA va CN =CA. vé BH L AM,CK L AN. Hai duong thang BH va CK
cat nhau tai O. Chitng minh rang tia AO 1a tia phan gidc ctia géc BAC.

19.8. Cho tam gidc ABC, A=120° . Cac duong phan gidc ctia gée B, goc C cat nhau tai O.
Vé tia Bx sao cho BA la tia phan gidc cua goc OBx. V€ tai Cy sao cho CA la tia phan giac
g6c OCy. Hai tia Bx va CA cat nhau tai E, hai tia Cy va BA cat nhau tai D. Chitng minh
rang:

a)Tam giac ODE la tam giac déu;

b)Tia OA la tia phan giac cua géc DOE .

19.9.Cho tam giac ABC . Néu cach vé doan théng MN // BC M € AB ,N € AC) sao cho BM
+CN =BC.

19.10. Cho tam giac ABC, A= 105°, B = 40°. V& diém D, diém M trén canh BC sao cho AD
1 ACva AD la duong phan giac cua goc BAM.

Chttng minh rang AB + AM = BC

* Chitng minh thing hang, dong quy

19.11. Cho tam giac ABC. Goi D, E, F Tan luot nam trén canh BC, CA, AB sao cho BF = BD
va CE = CD. Pudng thang qua B va vudng goc véi DF cit duong thing qua C va vudng
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gbc v6i DE tai I. Duong thang qua B va song song véi DF cat duong thang qua C va song
song véi DE tai K. Chiing minh ba diém A, I, K théng hang.

19.12. Cho tam gidc ABC vudng tai A, tam gidc DBC vudng tai D trong &6 D va A nam
trén cing mot nita mdt phang bo BC. V& tia Ax sao cho AC la phan gidc ctia géc Dax. Vé
tia Dy sao cho DB la tia phan giac ctia géc Ady. Hai tia Ax va Dy cat nhau tai K.

Chting minh ba diém B, K, C thang hang.

19.13. Hay néu cach vé mot duong thang chita tia phan giac ctia mot goc ¢6 dinh nam
ngoai to giay.

19.14. Cho tam gidc ABC can tai A. Qua A vé duong thang xy // BC. Cac duong phan giac
ctia goc B va gée C cat nhau tai O va cat xy Ian luot tai D va E.

Chang minh cac duwong BE, CD va AO cung di qua mot diém

Chuyén dé 20. TINH CHAT BA DPUONG TRUNG TRUC
BA PUONG CAO CUA TAM GIAC
A. Kién thitc can nhé

1. Diém nam trén duwong trung truc ctia mot doan théng thi cdch déu hai mut cta doan
thang do.

2. Diém cach déu hai mtt ctia doan thang thi nam trén duong trung truc ctia doan thang
do.

3. Ba duong trung truc cua mot tam giac cung di qua mot diém. Diém nay cach déu ba
dinh ctia tam giac va la tam ctia duong tron di qua ba dinh ctuia tam giac (goi la duong

tron ngoai ti€p tam giac)

hinh 20.1

4. Tron mot tam giac, doan thang vudng géc vé tir mot dinh dén dwong thang chita canh
doi dién goi la 1a duwong cao cua ta giac do.

5. Ba duwong cao ciia mgt tam giac cung di qua mot diém (hinh 20.2).Diém nay goi la tree

tam ctia tam giac.
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B D
6. BO sung tinh chat ctia tam gidc can
- Trong mot tam gidc can dwong trung truc ing véi canh ddy dong thoi la duong phan
giac, duong trung tuyén, duong cao xudt phat tir dinh ddi dién véi canh do.
- Trong mot tam gidc, néu hai trong bon loai dwong trung nhau thi tam giac d6 la tam

gidc can

B. Mot s6 vi du:
Vi du 1. Cho tam giac ABC, AB < AC. Trén canh AC 1y diém M sao cho CM = AB. Vé
duong trung triec ctia AC, cat duong phan gic ctia goc A tai diém O. Chiing minh rang O
nam trén trung tric ctia BM

Giai (h.20.3)
*Tim cach giai
Mudn chitng minh diém O nam trén A
duong trung tryee ciia BM ta can chiing M
minh diém O cach déu hai dau doan thang
BM, nghia la phai chitng minh OB = OM. /
Muén vay phai chitng minh A ABO = A B
CMO
Dé thay hai tam gidc nay c6 hai cdp canh

bang nhau nén chi can chtrng minh cgp
gbc xen gitta bang nhau 1a du
* Trinh bay o1 gidi:

Diém O nam trén duong trung truc cia AC nén OA = OC.

Do d6 AOAC can tai O, suy ra Az\ ~OCA; OA=0C nén AABO = ACMO(c.g.c) . Suy
ra OB =0M.

Diém O céch déu hai dau cua doan thing BM nén O nam trén duong trung tryc cuia

BM .
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Vi du 2: Cho tam gidc ABC vudng tai A, duong cao AH . Tia phéan giac ctia goc HAB va
HAC cat BC lanluot tai M va N . Cac duong phan giac ctia goc B va C cat nhau tai
O . Chting minh rang O 1a tam duong tron ngoai tiép tam giac AMN .

Giéi (h20.4)
* Tim cdch gidi:
Mudn chitng minh O la tam duong tron ngoai ti€p
tam gidc AMN , ta phai chiing minh O la giao
diém cac duong trung truc ctia cac canh AM va
AN .
Xét AABN c6 BO 1a cdc duong phan gidc goc B
nén d€ ching minh BO 1a duong trung truc cta
AN thi chi can chiing minh AABN 1a tam gidc can tai B.

Hinh 20.4

*Trinh bay 10i gidi:
Tacé BAN + CAN =90° (vi BAC=90°) (1)
BNA+ NAH =90° (vi H =90° ) @)

Mat khac, CAN = NAH nén tr (1) va (2) suy ra BAN = BNA do d6 AABN can tai B.
Xét AABN céan tai B ¢6 BO la duong phéan giac ctia géc B nén BO ciing la duong trung
truec ctia canh AN.
Chiing minh twong tu ta duoc CO la duong trung truc ciia canh AM.
Xét AAMN c6 O la giao di€ m cua hai dwong trung truc ctia hai canh AN va AM nén O
14 tdm duong tron ngoai tiép AAMN .
Vi du 3: Cho tam gidc ABC vuong tai A, duong D
trung tuyén BM . Qua M vé& mot duong thang
vudng goc voi BC cit duong thang AB taiD . Vé
diém E saocho M 1a trung diém ctia DE . Chting
minh rang AE | BM.
Giai ( hinh 20.5) A

*Tim cdch gidi
xét ADBC, dé thay M la truc tam, suy ra

BM L CD. Do dé mudn chitng minh BM L AEta B* - °C
chi can chirmg minh CD //AE T
* Trinh bay 10i gidi:

E
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Xét ADBC c6 CAva DM 1a hai duong cao cit nhau tai M nén M 1a tric tam. Suy ra
BM 1a duwong cao thit ba, do do BM L CD (1)

Ta c6 AMEA=AMDC(c.g.c)

Suy ra MEA = MDC. Do d6 AE //CD ()
Tt (1) va (2) ta duoc AE | BM

Vi du 4: Cho tam gidc ABC can tai A, A=145° vz duong trung tuyén AM , duong
trung truc ctia canh AC cit AB tai.Trén canh AC 14y diém E sao cho CE = BD.
Chting minh rang ba duwong thang AM,BE,CD dong quy.

Giai ( hinh 20.6)
* Tim cdch gidi: A
Vé hinh chinh xdc ta dw doan ba duong thang
AM,BE,CD 1la ba dudng cao cta tam gidc ABC nén
chuing dong quy. Do d6 ta can ching minh
AM 1 BC,CD L AB va BE L AC. 5 £
*Trinh bay loi gidi:
Diém D nam trén duong trung truc cia AC nén g M C

DA=DC. Hinh 20.6
Do d6 ADAC cén suy ra ﬁ) = (ﬁ — 459,
Xét ADAC <6 ADC =180° —(45° +45°)=90°. vay CD L AB.

Ta lai c6 ABCD = ACEB(c.g.c) = E = D =90°. Do d6 BE 1 AC.

Mit khac, AM 1a duong trung tuyén tng véi canh day cuia tam giac can nén AM L BC.
Xét AABC ¢6 AM, BE va CD laba duong cao nén ching déng quy.

C. Bai tap van dung

* Tinh chit duwong trung truc

20.1. Cho tam giac ABC, goc A ti. Cc duong trung truc cia AB va AC cat BC Ian
luot tai D va E. Biét goc DAE c¢6 s8 do bang 30°, tinh s6 do ctia goc BAC.

20.2. Cho tam giac ABC. Trén cac tia BA va CA lan lugt 1dy cac diéfm D va E sao cho
BD +CE = BC. Chting minh rang khi D va E di dong thi duong trung triec ctia DE ludn
di qua mot diém 6 dinh ¢ trong tam giac ABC.

20.3. Cho goc vudng Oxy va mot diem A cd dinh ¢ trong géc d6. Vé géc BAC bf?mg 90°
sao cho B eOx, C €0y. Goi M la trung diém cta BC. Chitng minh rang M nam trén mot

duong thang cd dinh.
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20.4. Cho tam giac ABC vuong tai A. Trén canh BC 1dy diém M bat ki. Vé cac diém D va
E sao cho AB la duong trung truc cia MD, AC la duong trung triec cia ME. Xac dinh vi
tri ctia diém M d€ cho doan thing DE cé d6 dai ngan nhat.

20.5. Cho tam giac ABC vudng tai A, duong cao AH. Trén canh AB ldy diém M, trén
canh AC 1dy diém N sao cho MHN =90°.

a) Goi O la trung diém ctia MN. Chiing minh rang khi M va N di dong thi diém O di
dong trén mot duong thang 8 dinh.

b) Xac dinh vitricuia M va N d& MN c¢6 do dai nhé nhat.
20.6. Cho goéc xOy khac goc bet. Lay di€m M trén toa Ox, diém N trén tia Oy sao cho
OM +ON =a khong ddi. Chiing minh rang khi M va N di dong trén cac tia Ox,Oy thi
duong trung triee ciia MN ludn di qua mot di€ém cd dinh.

~

20.7. Cho tam giac ABC sao cho B<90° va C > % B. hay tim di€m M rén canh AB, diém
N trén canh BC sao cho BM = MN = NC.
¢ Chitng minh d6ng quy thang hang

20.8. Cho tam giac ABC AB < AC. Trén c4c tia BA va CA lan luot 1dy cac difm M va N
sao cho BM =CN. Trén canh AC ldy diém D sao cho CD = AB. Chttng minindng cac
duong trung treee ciia AD,BC va MN cung di qua mot diém.

20.9. Cho cac tam gidc ABC vuong tai A, tam giac DBC vuong tai D trong d6 A va D
cung thudc mot nira mat phéng bo BC. Goi M va N lan luwot 1a trung diém cua AD va
BC. V& AE L DN;DF L AN. Chting minh rang ba duong thang AE,DF,MN ciing di qua
mot diém.

20.10. Cho tam giac nhon ABC, duwong cao AD. Trén tia DA ldy diém H sao cho
DH =DB. Trén tia DC 1dy diém K sao cho DK = DA

Chting minh rang KH L AB.

20.11. Cho tam giac ABC vuong tai A. Trén canh AB ldy di€ém H, trén canh BC lay diém
D sao cho AHD +ACD =180°.Duong thang DH cat duong thang AC tai O.

Chting minh rang hai duong thang OB va CH vudng géc véi nhau.

20.12. Cho tam gidc nhon ABC, A=60°. Hai duong cao BE,CF cat nhau tai H. Puong

trung triec ctia HB cit AB tai M, duong trung truc cia HC cit AC tai N. Chitng minh
rang ba di€m M,H,N thang hang.

20.13. Cho tam gidc nhon ABC. Goi O la tam duong tron ngoai ti€p tam giac va H 1la truc

tam ctia tam gidc. Chitng minh rang BOC + 2BHC =360°.
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e Tam giac can

20.14. Cho tam gidc ABC, duong phan giac AD. Mot duong thang song song véi AD cat
cac duong thang AB va AC lanluottai E va F. Chting minh rang duong trung triec cia
EF ludn di qua mot diém cd dinh.

20.15. Cho tam giac nhon ABC, duong cao AH, duwong trung tuyén BM va duong phan
gidc CD cat nhau tai ba diém phan biét E, F, G. Héi tam gidc EFG c6 thé 1a tam giac déu
khong?

Chuyén dé 21. CHUNG MINH BA PUONG THANG
CUNG PI QUA MOT PIEM (PONG QUY)

A. Kién thitc cin nhé

4 Trong cic chuyén dé trudc ta gdp mot s6 bai todn vé chiing minh ba duong thang
dong quy.

+ Phuong phap giai cc bai toan nay la van dung dinh ly vé cac duong dong quy cua
tam giac:

= Ba duong trung tuyén ctia mot tam giac dong quy;
» Ba duwong phan giac cia mot tam gidc dong quy;

= Ba duong trung triee ciia mot tam giac dong quy;

= Ba duong cao ciia mot tam gidc dong quy.

4 Néu ba duong thang a, b,c da cho khong phai la cac dwong chti yéu ctia tam giac thi
dé€ chting minh a, b, c dong quy, ta c6 thé goi giao diém cua a va b 1la O r6i ching
minh duong thang ¢ di qua O hay chiing minh O nam trén duong thang c.

#+ MOt s truong hop c6 thé dua bai toan chitng minh 3 duwong dong quy vé chitng minh

ba diém thang hang.

B. Mot s6 vi du:

Vi dy 1: Cho tam gidc ABC, géc A tu. V& cic duong thang m va n Tan luot 1a duong
trung truc ctia AB va AC, cit BCheo thit tw tai E va F. Vé tia phan gidc Ax cta goc
EAF. Chtng minh rang cic duong thang

m,n va Ax dong quy. A

Gidi (h.21.1)

1\2

- Tim cdch giai:

Goi O la giao diém ctia m va n. Ta phai

chiing minh tia AX di qua O. Mudn vay
phai chitng minh OAE = OAF .
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- Trinh bay 10i gidi:

Goi O 1a giao diém ctia hai duong thang m va n.

Ta c6: OB=0C =0A

AAOE = ABOE (ccc). Suy ra A, = B,

AAOF = ACOF (ccc). Suy ra A, =C,

Mt khéc B, =C, (vi ABOC cantai O)nén A =A, .

Do d6 AO Ila tia phan gidc cua goc EAF.

Suy ra ba duong thang m,n va Ax dong quy tai O.

Vi du 2. Cho tam giac ABC can tai A. Trén cac canh AB, AB Ian lugt 18y cac diém D va E

sao cho AD = AE. Goi M la trung diém cta BC.
Chitng minh rang ba duong AM, BE,CD dong quy.

Giai (h.21.2)
- Tim cdch gidi:

Goi la giao diém ctia BE va CD Ta phai chitng minh tia AM di qua O ttc 1a phai ching
minh ba diém A,OM thang hang.

- Trinh bay 10i gidi:
Tacé AB=AC,AD = AE, suyra BD=CE.

A
AEBC = ADCB(c.g.c)= B, =C,.
Goi O la giao diém ctaa BE va CD.
D
Vi ABOC can tai O nén OB=0C. (1)
Mit khdc AB = AC (gia thidt) (2)
B 1
M

va MB=MC (gia thiét) (3)

Tt (1), (2), (3) suy ra ba diém A,0,M thang hang Hinh 21.2

(Vi cing ndm trén dwong trung truc ctia BC).

Do d6 ba duong thang AM, BE,CD dong quy.

Vi du 3. Cho tam giac ABC. Cac duong phan gidc cac goc ngoai clia tam giac cat nhau tai
D,E,F (D ndm trong géc A, E ndm trong géc B, F nam trong géc C).

a) Chttng minh rang cac duong thang AD, BE,CF dong quy tai mot diém O.

b) DBi€ém O c6 vi tri nhuw thé€ nao d6i voi tam giac D?
Giai (h.21.3)
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- Tim cdch gidi:
Tt gia thiét cic duong phan giac ngoai cat
nhau ta nghi dén dinh 1li ba duwong phan
giac cua tam giac dong quy. Vi vay d€
ching AD,BE,CF dong quy ta chi can
chitng minh AD,BE,CF la ba duong phan

giac cua tam gidc ABC.

- Trinh bay 10i gidi:

Xét tam giac ABC, cidc dwong phan giac
ngoai dinh B va dinh C cat nhau tai D.
Suy ra AD la duong phan giac trong dinh
A.

Hinh 21.3
Chang minh twong ty ta duoc BE,CF lan luot la cac duong
phan gidc trong tai dinh B,C ctia tam gidc ABC
Do d6 ba duong thang AD, BE,CF dong quy tai mot diém O.
b) Ba diém F,B,D théng hang, ba diém E,C,D théng hang, ba diém F,AE théng hang.
Xét ADEF c6 AD L EF (hai duong phan giac cta hai goc ké bu).

Tuwong tw BE L DF,CF L DE nén AD,BE,CF la ba duong cao gap nhau tai O. Do d6 O la

triec tam cta tam gidc DEF .

Vi du 4. Cho tam giac ABC co A=135". Vé ra ngoai ta gidc nay cac tam giac ADB, EAC

vudng can tai D va E. Vé AH L BC. Chitng minh rang ba dwong AH,BD,CE dong quy.
Giai (h.21.4)

- Tim cdch gidi:

Trong dé bai c6 yéu td goc vudng, co yéu t6 duong cao nén ta c6 thé dung dinh 1i ba

duong cao trong tam giac dong quy. '

- Trinh bay 10i gidi:

Tam gidc DAB vudng can tai D = A =45°.

Tam gidc ECA vuéng can tai E = A, = 45°

Ta c6: BAD+BAC =45° +135° =180°, suy ra ba diém B H C
D,AC théng héng Hinh 21.4

Chting minh twong tu ta duoc ba diém B, A E thing
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- hang.
// Xét tam gidc ABC c¢6 AH,BD,CE la ba dwong cao nén ching dong quy.
' C. Bai tip van dung

o Dua chitng minh dong quy vé chitng minh thing hang

21.1. Trong hinh 21.5 co
AB||CD,AB=CD,AM =CN. Chting minh ba
duong thang AC,BD,MN déng quy.

A B

Hinh 21.5

21.2. Cho tam giac ABC vuong tai A, B=60°. Goi M 1a mot diém o trong tam giac sao
cho MBC =40°,MCB =20°. V& diém Dva E sao cho dudong thing BC 1a trung truc ctia
MD va duong thing AC la trung triec ciia ME . Chttng minh ba duong thang BM, AC va
DE dong quy.

21.3. Cho tam giac nhon ABC va diém M ndm trong tam gidc sao cho AMB = AMC =120°.
Trén ntta mgt phang bo BC khong chita A vé cac tia Bx,Cy sao cho CBx = B/(S/ =60°.
Chting minh ba dwong thang AM, Bx,Cy déng quy. y

21.4. Hinh 21. 6 c6 ABx=ABy<90°. Goi d la duong y

trung truc cia AB. Ching minh rdng cac duong

thang Ax,By va d dong quy.

21.5. Cho tam giac ABC va mot diém O ¢ trong tam
giac. Goi F,G lan luot 1a trong tam ctia cac tam giac Hinh 21.6
AOB, AOC. Chitng minh ba duong thang AO,BF,CG
dong quy.

e Ba dweong phan gidc dong quy

21.7. Trong hinh 21.7, hai dwong thang AB va CD

khong song song. Chttng minh rang ba duong thing
AC,CD,MN dong quy.

21.8. Cho tam giac ABC, A=120". V& cac duong phan C

gidc AD,CE cat nhau tai O. Tt B vé cdc duong thang D
xy L BO. Chttng minh ridng ba duong thang xy, DE, AC Hinh 21.7
dong quy.
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21.9. Cho tam gidc nhon ABC, duwong cao AD. Vé cac diéfm M,N sao cho AB,AC theo
thit tw la cadc duong trung truc caia DM, DN . Goi giao diém caa MN véi AB,AC theo thi
twla F va E.

Chting minh rang ba dwong thang AD, BE,CF dong quy.

e Ba dwong cao dong quy

21.10. Cho tam gidc ABC vudong 6 A, duong cao AH. Goi O va K Ian luot la giao diém
ctia cac dwong phan giac ctia tam gidc ABH,ACH . Vé AD 1L OK . Chtng minh rang cac
duong thang AD,BO,CK dong quy.

21.11. Cho tam gidc ABC, duong AD. Trén ntta mit phang bo 1a AB khong chtta C vé
doan thang BF L BA, BF =BA. Trén ntta m4t phang bo 1a AC khong chita B vé doan
thang CE sao cho CE LCA va CE =CA. Chttng minh rang ba duwong thang AD, BE,CF
dong quy.

21.12. Cho tam giac ABC vuong tai A, duong phan giac AD. Tkt A ,B,C vé cac duong
d,,d,,d, vuong géc véi AD. Cac duong thang d,,d. [an lwot cat AD tai E,F. Chting minh
rang ba duong thang d,,BF,CE dong quy.

e Ba dwong trung truc dong quy, ba dwong trung tuyén dong quy.

21.13. Cho tam giac ABC vuodng tai A, duong cao AH . Vé cac duong phan giac ctia goc
BAH va goc CAH cat BC tai E,F. Goi M la trung diém cia EF. Qua M vé duong
thang d || AH . Chting minh rang cac dwong phan gidc trong géc B, géc C va duong
thang D dong quy.

21.14. Cho tam giac ABC vudng tai A, AB=4cm, AC =6cm. Trén canh BC 1ay diém D sao
cho CAD = ACD . Trén canh AC 1ay diém E, trén canh AB 1dy diém F sao cho BE =5cm,
CF =+/40cm.Chting minh ring cac duong thing AD,BE,CF dong quy.

21.15. Cho tam giac nhon ABC, duong cao AH, dwong phan gidac AD, duong trung tuyén
AM . Cho biét tam gidc HDM la tam giac déu. Chting minh réng cac duong thang
AH,BD,CM dong quy.

Chuyén dé 22. BAT PANG THUC VA CUC TRI HINH HOC
A. Kién thttc can nho

o D& chitng minh hai dogn thing, hai goc khong bang nhau ta cé
2 A
thé:
1. Dung quan hé gitta gbc va canh déi dién trong mot tam
giac (h22.1)
B C
Hinh 22.1
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AABC
AC>AB < B>C

Suy ra trong tam gidc tt1 (hodc tam gidc vuong) thi canh ddi dién

véi goc tu (hodc goc vudng) la canh 16n nhat.

2. Duing quan hé gitta géc va canh ddi dién trong hai tam giac c6 hai cgp canh bang nhau
(h.22.2)

A A’
AABC va AA'B'C' co:
AB=A'B"AC=AC’
Khi dé BC>B'C'< A> A’
B C B c
Hinh 22.2

3. Dung quan hé gitta duong vudng goc va duong xién, gitta dwong xién va hinh chiéu.
A

AH 1 a;B,M ea (h.22.3). Khi d¢:
e AM>AH (ddu “=” xay ra

SM=H) a |
e AM>AB & HM >HB B H c
Hinh 22.3
4. Duing bat dang thikc tam giac (h.22.4) A
c b
AABC :
Ib—c|<a<b+c B . C
Hinh 22.4

Mo rong: Véiba diém A,B,C bat ki bao gio cling c6 AB< AC+BC (ddu “=” xayra < C
thudc doan thang AB ).

o Tim gid tri I6n nhdt ciia d6 dai dogn thang AB thay doi

Ta phai di chttng minh AB<a (s6 a khong d6i) va chi ro khi nao dau “=" xay ra. Khi d6
gid tri lon nhat ctia 46 dai AB bang a. Ta viét max AB=a.
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| o Tim gid tri nhé nhat cia @6 dai dogn thing AB thay doi
Ta phai di chttng minh AB>b (s6 b khong d6i) va chi rd khi nao dau “=" xay ra. Khi d6
gia tri nho nhat ctia do dai AB bangb . Ta viét min AB=b.

B. Mot s6 vi du:
Vi dy 1. Tam gidc ABC c6 C<B.Vs duong trung tuyén AM . Trén tia doi cua tia MA 1ay
diém D.Chtng minh rdang AB+CD < AC +BD.
Giai (h.22.5)
- Tim cdch giai:

bé ching minh AB+CD <AC+BDta cd thé ching

minh AB> AC va CD <BD. Sau d6 cong ting vé hai A

bat dang thtrc.

- Trinh bay 10i gidi:

Tam gidc ABC c6 CAB < ABC suy ra AB< AC (1).

Xét AAMB va AAMC c6: MB=MC, AM chung, B C
AB=AC nén AMB < AMC.

Suy ra CMD > BMD

Xét ACMD va ABMD c6 MB=MC, MD chung, nén
CD<BD (2).

Tt (1) va (2), suy ra AB+CD <AC+BD.
< Nhadn xét: Néu a<b vac<d thi a+c<b+d.

D
Hinh 22.5

Vi duy 2: Cho tam gidc ABC c6 B>90°. Goi O la trung diém cua BC . Vé

BD 1 AO;CE L AO (D,E thudc duong thang AO). Chiing minh rang AB < AD+AE .

Giai (h.22.6)
- Tim cdch giai: A
Ta c6 AB<%©2AB<AD+AE. S
D& chitng minh 2AB < AD + AE ta biéu dién AB ) H .
theo hai cach khac nhau r6i dung tinh chat cong B H O\/
ting v& ctia hai bat dang thirc cling chiéu sé& c6 g
duoc 2AB. Hinh 22.6

- Trinh bay 10i gidi:

Ta c6 ABOD = ACOE (canh huyén — géc nhon) = OD =OE .
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Xét tam giac AOB c6 B>90° nén OA 1a canh 16n nhat, do d6 AB <OA. (*)
Suy ra AB< AD+0D. (1)
Tir (*) ta duoc AB< AE—OE. (2)

Tt (1) va (2) suy ra 2AB < AD+ AE (vi OD =0E)

Vay AB < ADFAE.

Vi du 3. Cho doan thing AB va trung diém O ctia né.

Trén cing mot nira mat phang bo 1a AB vé cic tia

Ax,By cung vuong gbéc v6iAB. Lay diém E € Ax,
diém F e By sao cho EOF =90°. bat AOE =m°. Xac
dinh gia tri cia m d& EF c6 do dai ngan nhat.

Giai (.22.7)

*Tim cdch gidi

V& EH L By. D& thdy AF > IH = AB (khong ddi)

Ta can tim gid tri cia m dé€ ddu “=" xay ra.
Khi &6 minEF = AB
*Trinh bay loi gidi

Vé EH L By. Theo tinh chat doan chan song song ta dwoc EH = AB va AE = BH.

Theo quan hé gitra duwong vudng goc va duong xién ta c6 AF >IH do d6 EF > AB. Dau
“=" xay ra © FF = H © AE =BF © AAOE = ABOF

& AOE = BOF =45° (vi AOE +BOF =90°).

Vay EF c6 do dai ngdn nhat (bing do dai AB) khi va chi khi AOE =45°, tirc 1 khi
va chi khi m =45.
Vi du 4. Cho goc nhon xOy va moét diém A & trong goc dé. Xac dinh diém M trén tia Ox,
diém N trén tia Oy sao cho OM = ON va Tong AM + AN nho nhat.
giai(h.22.8)

*Tim cdch gidi
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Xét 3 diém A, M, N ta c6 AM + AN > MN nhung d¢
dai MN lai thay d6i. Do d6 khong thé két luan Tong
AM + AN c6 gia tri nho nhat bf?mg dd dai MN duoc.
Ta phai thay thé Tong AM + AN béng téng ctia hai
doan théng o tong 16n hon hoac bf?mg do dai cia mot
doan théng c6 dinh. Mudn vay ta can vé thém hinh

phu d€ tao thém mot diém E ¢ dinh.

*Trinh bay loi gidi
Trén nita mit phang bdo Oy khong chita A Vé tia Ot sao cho )Tat = AOX
Trén tia Ot 1y diém E sao cho OE = OA. Nhu vay hai diém A va E cd dinh doan thang
AE c6 d6 dai khong doi

Tac6 aAOM =aEON (c.g.c) >AM =EN . Do d6 AM + AN = EN + AN

Goi F 1a giao diém cta AE vdéi tia Oy

Xétba diém N, A, E ta c6: EN + AN > AE (dau “=" xay ra twong duwong N trung F)

Vay min AM + AN = AE khi N = F. Biém M € Ox sao cho OM = ON.

C. Bai tap van dung

® Quan hé giiva canh va goc doi dién trong tam gidc

22.1. Cho tam gidc ABC, 4 = 60°. Chiing minh rang BC® < AB® + AC3.
22.2. Cho tam giac ABC, AB < AC. Vé ra ngoai tam giac nay cac tam gidc vuong can tai A
la ABE va ACF. Goi D la trung diém cta BC.

Chting minh rang DE < DF.

22.3. Cho tam gidc ABC, A = 90° va AB == BC. Chimg minh rang ¢ >

N |

22.4. Cho tam giac ABC, duong trung tuyén AM.
Chting minh rang AM > BZ—C khi va chi khi géc A nhon.
22.5. Cho tam gidc ABC va mot diém D nam trong tam gidc. Chitng minh rang trong 4
diém A, B, C, D ton tai 3 diém la ba dinh ctia mot tam gidc c6 mdt gde 16n hon 29°.
® Quan hé giiva dwong vudng goc va dwong xién
22.6. Cho diém A nam ngoai duong thang a. 18y diém B € a. Qua A vé mot duong thing
vudng gbc v6i AB cat duong thang a tai C.
Xac dinh vi tri ctia diém B d€ BC c¢6 d6 dai nho nhat.
22.7. Cho tam giac ABC can tai A, BC = a. Goi O la mot diém trén day BC. Qua O vé cac
duong thang song song véi hai canh bén, cit AB va AC Ian lwot tai M va N. Tim d6 dai

nho nhat caia MN.
22.8. Cho tam giac déu ABC canh dai 4cm. Trén cac canh AB va AC Ian luot 1dy cac diém

D va E sao cho AD = CE. Tinh d0 dai nho nhat ctia DE.

TAI LIEU TOAN HQOC
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~ 22.9. Cho tam gidc ABC, B = 45°, € = 30° va AC =52cm. Diém M ndm giita B va C. Tinh
// gia tri 16n nhét cta tong cac khoang cach tit B va C dén duong thang AM.

' 22.10. Chting minh réng trong cac tam gidc c6 mot goc bang a va tdng hai canh ké goc Ay
bang 2a thi tam giac can c¢6 goc & dinh bang a 1a tam giac c6 chu vi nho nhat.

e Biit ding thitc tam gidc

22.11. Cho tam giac ABC. Goi xy la duong phan giac gosc ngoai tai dinh C. Tim trén xy
mot diém M sao cho tdng MA + MB ngan nhat.

22.12. Cho tam giac ABC c6 AM =12, AC = 16. Goi M 1a mot diém trong mat phang. Tim
gia tri nho nhat caa biéu thiee S = 7MA + 3MB + 4MC.

22.13. Cho tam giac nhon ABC, triec tim H. Chitng minh rang téng HA + HB + HC nho
hon % chu vi ctia tam giac ABC.

22.14. Cho tam giac ABC vudng can tai A, AB = a. Tim mot diém M sao cho tam gidc MAC
can tai M, dong thoi tong MA + MB nho nhat.

Tim gia tri nho nhat do.

22.15. Cho duong thang xy va tam giac ABC ¢ canh AB nam trén mot nita mawjt phang
bo xy con dinh C di dong trén xy. Biét AB = 13cm, khoang cach tir A va B dén xy lan luot
bang 2cm va 7cm.

Tim gid tri nho nhdt cua chu vi tam giac ABC.

22.16. Mot hop gd hinh 1ap phuong mdi canh dai 20cm. Day ABCD dat ap sat mat ban.
Nap hop A'B'C'D’ ¢6 thé mé dung diing 1én trén (h.22.9). Mot con kién ¢ dinh A mudn bo
t6i dinh C’ bang cach vurot qua canh A’B’ thi phai bd mot quang dwong ngan nhat 1a bao

nhiéu?
D1 C1
D <
A S =
D »
A B
Hinh 22.9
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HUGNG DAN GIAI
Chuyén dé 1. HAI GOC POI biNH

1.1. (h.1.6) -
Ta c6: AOC = BOD(Hai g6c d6i nhau)
ma A0C + BOD = 100°nén
A0C = BOD = 100°: 2 = 50°. h = B
Hai géc AOC va BOC ké bu nén
BOC = 180° — 50° = 130° D
Hinh 1.6
Do d6 A0D = BOC = 130°(Hai géc ddi dinh)
12. (hl7) P
Hai g6c NOP va MOP ké bu nén NOP + MOP = 180°
Ma NOP = 2 MOP nén M N
NOP = 2222 = 729, FOP = 180° - 72° = 108". o
Suy ra MOQ = NOP = 72° (Hai goc ddi dinh) o
NOQ = MOP = 108°(Hai géc ddi dinh). Hinn 1.7
13. (h.1.8)
Ta c6 AOC = BOD = a°(Hai g6c d6i dinh) C
Tia OM la tia phan giac ciia goc AOC nén M
AOM =MoC =&, et
2 A O B
Hai g6c AOM va BOM k& bunén 5
AOM + BOM =180° suy ra BOM =180°—%. Hinh 1.8

Ta c6 BOM =155° @1800—% ~155° % —180°—155° < % _ 250

< a°=50°. Vaya=>50.
Luuy: Kihiéu < docla “ khi va chi khi “
Khi viét A< B ta hiéu tir A suy dwoc ra B va nguoc lai, tir B suy dugcra A
14  (h.1.9)
Hai goc EOK va FOK ké bii nén EOK + FOK =180°

— EOK =180°—me.
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Tia OK la tia phan giac cua goc EOG

Nén EOG = 2(180° — m°)

Vi FOH ddi dinh véi EOG nén FOH = EOG = 2(180°— m°)

Ta c6 FOH =110° < 2(180° —m°) =110° <> 180° —m

< m°=180°-55° < m°=125°. Vay m =125

1.5 (h. 1.10)

Hai g6c Aoy va Box 1 hai géc d6i dinh nén AOy =

Ta c6 BOx<BOC nén A/(X/SBO" ;
dau “ = “ xay ra khi tia Ox trung vdi tia OC.
Vay s6 do 16n nhat ctia géc Aoy la bang 60°

khi tia Ox trung vdi tia OC

1.6

[e] :550
E F
c
BOX
X

A
- B

y

Hinh 1.10

a) Ba duong théng cét nhau tai O tao thanh 6 tia . S8 do 6 tia tao thanh la : 6—25 =15

(g6c).

b) Xét hai duong thang AB va CD trong ba duong da cho (h.1.11).
Hai duong thang nay tao thanh bén goc khong c6 diém trong chyng

Tong bdn gdc nay bang 360° nén trong bon goc d6 phai ton tai

mot géc 1én hon hodc bang 90° .
That vay , néu méi goc déu nho hon 90° thi
tong cua chung nhé hon 90°.4=360°, v 1i.
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Gia st gdc ton tai néi trén la géc BOD.
Né&u BOD >90° thi AOC =BOD >90° , bai toan da gii xong.
Né&u BOD =90° thi ta xét ti€p duong thing thtt ba MN di qua O (h.1.12).

Gia st tia ON nam trong géc BOD. Khi d6 géc BON 1a géc nhon

dod6 AON 1a géctii (vi BON va AON 14 hai goc ké bur ). " C

G6c AON la goc tir thi goc BOM la gbe ti (vi BOM = AON ).

Vay luodn ton tai hai gdc ti trong s6 15 gdc duoc tao thanh 4 o < B
Hinh 1.12 p N

1.7 (h.1.13)

Xét hai gdc d6i dinh AOC va BOD. Goi tia OM la tia phan giac ctia géoc AOC, Tia ON
la tia phan gidc cua géc BOD. Ta phai chiing t6 hai tia OM , ON d6i nhau.

Ta c6 AOC = BOD (hai goc d6i dinh )

ma (1:6\2;6\3 :6?1 nén (/)\1:(/)\3 ( mot nra ctia
hai géc bang nhau ).

Vi AOB =180° nén AOD + DOB =180°

— AOD+0, + 0, =180°

— AOD+0, +0,=180° (vi 0,=0, ) Hinh 1.13
1.8. (h.1.14)
Theo dé bai ta c6 AOM = MOC, BON = DON , C
A

ma AOM =BON (hai géc d&i dinh ) nén MOC = DON . M \\
Ta c6 MOD + DON =180° ( hai goc ke bit ), ) \

B
— - o
suy ra MOD + MOC =180°. \
\
Hai géc MOD va MOC 1a hai géc k&, c6 tong bang 180° \\ N
nén hai tia OC , OD d&i nhau . Hinh 1.14”

1.9. (h.1.15)
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Ta cé AOB=AOC (dé baicho)

4 ma BOC'=COB' nén AOB-BOC'=AOC-COB".
Do d6 AOC'=AOB". (1)

Mit khac, tia OA ndm gita hai tia OB’

va OC' (2)
Neén tir (1) va (2) ta c6 dueoc tia OA la tia phan giadc cua goéc B'OC". Hinh 15
1.10 (h.1.16)
Hai goc AOC va BOC ké bu nén AOC + BOC =180°
, _ D C
Tuong tw, ta tinh dugc AOD =30°
Ta c6 BOE = AOD =30° ( hai géc d6i dinh ). A
R 0
Suy ra BOC =BOE =30° (1)
Tia OB nam giita hai tia OC va OE . (2) Hinh 1.16

Tt (1) va (2) ta dugc tia OB la tia phan giac cta géc COE.
1.11. (h.1.17)

a) Liét ké cac cap gdc ddi dinh

Xét cac cap goc “don” :

Goc 1 d6i dinh v6i goc 5 ; Goc 2 d6i dinh

vdi goc 6 ; Goc 3 ddi dinh véi goc ; Goc 4 doi
dinh v6i goc 8 . Co tat ca 4 gdp goc “don” d6i dinh. Hinh
1.17

Xét cac cap goc “ghép do6i” ( ghép hai goc don ké nhau thanh mot goc “ghép do6i”):
Goc 12 d6i dinh v6i goc 56 ; Goc 23 ddi dinh vdi goc 67; Goc 34 d6i dinh véi gdc 78 ;
Goc 45 ddi dinh véi goc 81. Co tat ca 4 goc “ghép dodi” ddi dinh.

Xét cac cdp goc “ghép ba” ( ghép ba goc don ké nhau thanh mot goc “ghép ba”):

Goc 123 d6i dinh vdi goc 567 ; Goc 234 doi dinh véi goc 678; Goc 345 doi dinh vdi goc
781 ; Goc 456 ddi dinh véi goc 812. Co tat ca 4 goc “ghép ba” ddi dinh.

Vay tong cong co 4 . 3 =12 cdp goc dbi dinh.

b) Xay dung cong thitc tinh s6 cdp goc doi dinh
c6 4 dwong thang cat nhau tai mot diém nén c6: 4 . 2 = 8 (tia).

SO goc do 8 tia tao ra la % =28 (goc).
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Khong ké sd goc bet thi s6 gdc con lai la : 28 - 4= 24 (gdc).
Mbi goc trong 24 goc nay déu c6 mot goe ddi dinh véi nd nén s6 cap goc d6i dinh tao
thanh la
24 :2 =12 (cap).
Nhdn xét : Néu cé n duong thang cat nhau tai mot diém thi s6 cap goc ddi dinh
(khong ké goc
bet ) dwoc tao thanh la n(n-1).
That vay , so tia do n duong théng cit nhau tai mot diém tao ra 1a 2n (tia)
S6 gdc do 2n tia tao ra la :—Zn(22n 1) =n(2n-1) .
Khong kker n gdc bet thi sd goc con lai la
n(2n-1)-n=2n*>-n-n=2n’-2n=2n(n-1).
2n(n-1)

S6 cdp goc doi dinh 1a =n(n-1).
1.12
a) Ta cd : n(n-1) =20 b) Ta c6 : n(n-1) =90
n(n-1)=5 .4 = n=5. n(n-1)=10 .9 = n=10.
Vay n=5. Vay n=10.
HUGNG DAN GIAI

Chuyén dé 2. HAI PUONG THANG VUONG GOC

2.1. (h.2.9) <
1. (h.2. .
Vi ABLCD nén AOC =90° . .
Vi tia OK la tia phan giac cia géc AOC nén C/)\1 = C/)\2 =45°, A 2 —|0 B
Ta c6 KOD +0, =180° ( hai goc ké bi1)
— KOD =180°— 45° =135°,
KOB+0, =180° (hai goc ké bir) Hinll)l 2.9
— KOB =180°—45° =135° .
2.2. (h.2.10) c M

Tia OM la tia phan giac caa goc AOC

N@nngm\c ma AOC = 4BOC

THCS.TOANMATH.com TAI LIEU TOAN HOC




Nén MOC =2BOC .
Néu OM L OB thi MOB =90° Hinh 2.10

Ta c6 MOC +BOC =90° do d6 2BOC +BOC =90° = BOC =30°.

Vay AOC =4.30° =120°,

Tia OC nam trong géc AOB nén AOB = AOC + BOC =120° +30° = 150°.

2.3. (h.2.11)

a) Taco OC L OA nén AOC = 90°; D

OD L OB nén BOD =90°. A C
Tia OD nam trong géc AOB nén

AOD +BOD = AOB

— AOD = AOB - BOD = m°-90°. (1) 0
Tia OC nam trong géc AOB nén AOC +BOC = AOB Hinh 2.11

— BOC = AOB — AOC =m°—90°. (2)

Tur (1) va (2), suy ra: AOD = BOC (= m°—90°).

Tia OC nam gifta hai tia OB va OD . Suy ra BOC + DOC = BOD = 90°.

Néu BOC = DOC thi DOC =90°: 2 = 45°,

Do d6 AOD = DOC =COB < AOB =3.DOC = 3.45° =135° <> m =135.
2.4.(h.2.7)

Vi MON 1a gbc bet nén O, +0, + AOC =180°. (1)

0, +0, + BOD =180°. (2)

Mit khéc, O, =0,;0, =0, (d bai cho ) nén tit (1) va (2) suy ra AOC = BOD.

Vi AOC =90° nén BOD =90°= OB L OD.

2.5. (h.2.12) D o
Ta ¢6 OC L OA= AOC =90°.0D L OB = BOD =90°. 1/ A

Tia OB nam giita hai tia OA va OC. o '( 3 B
Do d6 AOB +BOC =90°. (1) 4
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Tuong tu, ta c6 AOB+ AOD =90°. (2)
Tir (1) va (2) = BOC = AOD (cuing phu véi AOB ). Hinh 2.12

Tia OM la tia phan gidc cia AOD = (/)\1 = (/)\2 = %

Tia ON la tia phan giac caa BOC = 6\3 = (/); = %

Vi AOD =BOC nén (/)\1:(/)\2:(/)\3=(/);.

Ta c6 AOB+BOC =90°= AOB+0, + 0, =90°= AOB +0, + O, =90°.
Do d6 MON =90°=> OM L ON.

2.6. (h.2.13)

a) Ta c6 AON + BON =180 BOM + AOM =180°

(hai goc ké bu) ~ C o
ma AOM = BON (d@ bai cho ) nén AON = BOM.

Mat khac, tia OC la tia phan giac cia goc MON

Nén CON =COM. A 0 B
OC L OB => Do dé AON +CON =BOM +COM (1) Hinh 2.13

Ta c6 tia ON nam gitta hai tia OA, OC; tia OM nam gitta hai tia OB, nén tit (1) suy ra
AOC =BOC =180°:2=90°. Vay OC L AB .

b) Tia OM nim gitta hai tia OB va ON nén BOM +MON = BON =m°. (1)
Mt khac BOM =180° — AOM =180° —m° )
2.7 (h.2.14)

a) Tia OM la tia phan giac cua goc AOB c

nén M
AOM = BOM =120° : 2 = 60°

Ta c6 OC L OB => BOC =90°nén N

BOM +COM = BOC = COM =90° -60° = 3
Tia OC nam gitta hai tia OA, OB nén

ON L OB o
— AOC =120° —90° = 30°

Vay AOC =COM (=30°) (1)
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Tia OC nam giita hai tia OA, OM
nén tte (1) suy ra tia OC la tia phan giac ctia AOM .
b) Ta c6 OM L ON => MON =90°.
Tia OA ndm giita hai tia ON, OM nén AON + AOM = MON.
Suy ra AON = MON — AOM =90° - 60° = 30".

Vay AON = AOC(=30°) (2)

Tia OA nam gitta hai tia ON, OC nén tit (2) suy ra tia OA la tia phan giac ctia CON.

2.8 (h2.15)
Ta cé OC L AB nén AOC = BOC =90° (1) C
Tia OC nim giua hai tia OA, OB. (2) N
Tt (1) va (2) = tia OC la tia phan gidc ctia M
AOB.
Tacé@=@=%§é€=3o°. A o B

h.2.15
Tia ON nam trong BOC nén

BON +CON = BOC = BON =90° —30° = 60".
Tia OM nam gifta hai tia OB, ON. (3)

Do d&6 BOM +MON = BON = MON = 60° —30° = 30°,

Vay BOM = MON =CON =30°. (4)
Tir (3) va (4) = tia OM la tia phan gi4c ctia COM.
Tém lai, cac tia OC, OM, ON Ian luot la cac tia phéan giac cua cac goc AOB, BON va COM.
2.9. (h.2.16)

Ta c6 OM L ON => MON = 90".

Tia OM Ia tia phan gidc cta AOC nén

AOM = MOC.
Xét tong

— e — h.2.16 B
AOC +BOC =2MOC +2NOC = 2(MOC + NO(
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= 2MON = 2.90° =180"
Hai goc ké AOC va BOC c6 tong bang 180° nén hai tia OA, OB d8i nhau.
2.10. (h.2.17)

Trueong hop AE =BF <a: X
Goi M la trung diém cua AB. Khi d6 MA=MB =a

Diém E nam gitra hai diém A va M, diém F nam gitta

hai diém B va M. A E M E B

Do d6 ME = MA- AE = a- AE;

MF = MB-BF =a-BF . y

h.1.17
Vi AE =BF nén ME =MF. Vay M la trung diém

chung ctia hai doan thang AB va EF. Qua M vé
xy L AB thi xy la duong trung truc chung ctia AB va

EF.
Trueong hop AE =BF > a: Chitng minh tuong tu.
2.11. (h.2.18)

Tacd MN L xy; NP L xy (vixy la duong trung X

truc cua NP).

Qua diém N chi vé duegc mot duong thang
vuodng goc véi xy, suy ra ba diém M, N, P thang

e
Ze
Te
Vol |

hang. (1)

Ta cd NP L xy,PQ L xy. Qua diém P chi vé duoc

mot duong thang vudng géc véi xy, suy ra ba y
diém N, P, Q thang hang. (2) h.2.18

Tt (1) va (2) suy ra cac diém M, N, P, Q thang

hang vi ching cling thudc duong thang NP.
2.12. Trén hinh 2.8a) c6 AH L Ox, AK L Oy nén cac goc co canh tuong ttng vudng goc la
HAK va X/O\y; HAt va X/(i/
Trén hinh 2.8b) c6 AB L AC va AH L BC nén cac goc c6 canh twong trng vuong goc la:
BAH va 6; CAH va B.
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HUGNG DAN GIAI
Chuyén dé 3. DAU HIEU NHAN BIET
HAI DPUONG THANG SONG SONG

3.1. (h.3.5)

a) Xét hai duong thang AD va Bm, d6i véi cat tuyén Dx thi:
- G6c DCm so le trong véi goc ADC;
- G6c BCx dong vi voi goc ADC;
- G6c DCB trong cung phia voi goc ADC.
b) Xét hai duong thang AB va Dx, d&i véi cat tuyén Ay thi:
- G6c ACD so le trong véi goc BAC;
- Goc xCy dong vi vdi goc BAC;
- Géc ACx trong cung phia véi goc BAC.
3.2. (h.3.6)
* Tim cdch gidi:
D& chiing to AB//CD ta chitng to mot cip goc so le trong bang nhau. Ta nghi dén viéc
ching t6 A=C vi c6 thé ding cac géc O, va O, lam trung gian.
* Trinh bay 10i gidi:
Ta 6 A=0,;C =0, (dé bai cho)ma O, =0, (d6i dinh) nén A=C.

Suy ra AB//CD vi c6 cip goc so le trong bang nhau.

3.3. (h.3.16)
Tia AC ndm gitta hai tia AB va Ax nén A
——— —— —— X
BAC + CAx = BAx 70°
= CAx =110° — 70° = 40",
Do d6 CAx=C(=40").
40°
B °C

Suy ra Ax//BC vi c6 cip goc so le trong bang nhau.
MAC = MAB = 50"
3.4. (h3.7)

* Tim cdc gidi:
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D& bai c6 cho hai tia d6i nhau nén ta van dung tinh chat cua hai gdc ké bu. Ngoai ra dé bai

con ¢6 tia phan gidc nén trong hinh vé ¢4 hai géc bang nhau.

* Trinh bay 10i gidi:

Hai goc MAB va BAD ké bu nén MAB =180° —130° = 50"

Do d6 MAC =C (: 500) = AD//CE vi c6 cap gobc so le trong br?mg nhau.
3.5. (h.3.8)

Taco: A+A, =B, +B,(=180") = 2A +2A, = 2B, + 2B, (1).

Mit khac: A —2A, =B, - 2B,. (2)

Céng ting vé cac bat ding thiic (1) va (2) duoc 3A =3B, = A =B,

= a//b vicé cap goc so le trong bang nhau.

3.6. (h.3.9)

* Tim cdch gidi:

—~

Trong hinh vé da co6 cac cap goc so le trong la: A va C. Eva C/Z\Z Mudn ching to
AB//CD va CD//EF chican chingtd A=C, va E=C,.
* Trinh bay 10i gidi:

—~  ~

Ta co: ,@:CN;CZ :>(/3\1+C/3;=2A/\C-Z\E.

Mit khac C, +C, + ACE =360° nén 2ACE + ACE =360° = ACE =120".
Do dé C, +C, =360° —120° = 240° ma C,-C, = 20° = C, =130°,C, =110°.

Ta co: A=C,(=130°)= AB//CD;E =C,(=110") = CD//EF vic6 cip goc so le trong bing
nhau.

3.7. (h.3.10)

PR Py e A Py 0
Tacod A +A, =180° ma A2=$Al nén A2=¥

= 40°.
B,+B, =180° ma B,—B, =100° nén B, =40".

Vay A, =B, =40° = Ax//By vi c6 cip goc dong vi bing nhau.
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3.8. (h.3.11)
Tacé A+A +B,=a’= B, =a’-180°. (1)

B,+B,+A =h"= A =b°-180° (2)

Tir (1) va (2) suy ra: B, + A =(a’ +b°)-360" = 540° —360° = 180".
Mt khéc A, +A =180° (Ké bir)nén B, + A = A, + A (=180°).
Suy ra é; = A; = a//b vicd cap goc dong vi bang nhau.

3.9. (h.3.12)

* Tim cich gidi

Trong hinh vé da c6 nhiing cdp goc dong vi, cap goc trong cung phia, diéu kién trong dé
bai, ta c6 thé suy ra dugc tdng cua hai goc trong cung phia bu nhau, ttr d6 suy ra dwoc hai

duong thang song song.

* Trinh bay loi giai

Ta co g—g=/8\2—/8\1:>g+é\1=é\2+g.

Mit khac A, + B, +B, + A =360° nén A, + B, =180".
Suy ra a//b vico cap goc trong cung phia bu nhau.

3.10. (h.3.13)

Dt ACE =m° thi C, =m°+10° va C, =m’ + 20",

Ta cé ACE +C, +C, =360° do dé

m°+(m® +10°)+(m° +20°) =360° = 3m’ +30° = 360" = m° =110°.
Vay C, =120%C, =130°.

Ta c6: A+C, =50°+130° =180° = AB//CD;E +C, = 60° +120° =180°

= CD//EF vi c6 cap goc trong cung phia bu nhau.

3.11. (h.3.14)
Ta cé D, =D, =105° (d6i dinh); C, =C, = 75° (d&i dinh).

Vay A =D,(=105")= AB//CD vi ¢ cip géc dong vi bang nhau.
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3.12. (h.3.15)

*Taco: B, = 61 = % R — Bx//Cz Vi c6 cip goc so le trong bang nhau.

*Tac6 B, =C, =45° = A =135°. Vay B, + A =45° +135° =180°
= Bx//Ay vi cé cap goc trong cung phia bu nhau.

*Tac6 C, va C, kébut = C, =180° —C, =135°. Vay C, = A =135° = Ay//Cz vi c6 cip goc
dong vi bang nhau.

3.13. (h.3.17)

*Ta c6 BMx =B =55 = Mx//BC vico c&p goc so le trong bang nhau.

*Ta c6 CAM +CAB =180° (hai goc ké bu) X M
= CAM =180° - 70° =110°.
Tia Ay la tia phan giac cta CAM

— A=A =55 dodb A =B=55"

Suy ra Ay//BC vi c6 cip goc dong vi bang nhau. B¢ e
h.3.17

HUONG DAN GIAI
Chuyén dé 4. TIEN PE O-CLIT
TINH CHAT CUA HAI PUONG THANG SONG SONG
4.1. (h.4.19)

Ta c6 BAM =B = AM //BC vic6 cdp goc so le trong

1
> >
1

bang nhau.

CAN =C = AN //BC vicé cap goc so le trong bang
nhau.

Theo tién dé O- clit qua di€ém A chi c6 mot duong h 410
thdng song song véi BC, do d6 ba diém M, A, N thang -

hang.
4.2. (h.4.20)
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Gia str trong s6 101 dwong thang vé qua A ¢6
chura d&n 100 duong thang cat a. Suy ra it nhat
con hai duong thang khong cat a. Hai duong
thdng nay cuing di qua a va cling song song véi
a. biéu nay trai véi tién dé O-clit. Vay diéu gia

stt la sai, do d6 qua A c6 it nhat 100 duong
thang cat a.

h.4.20

4.3. Trong s8 n duong thang da vé, nhiéu nhat 1a ¢ mot va chi mot duong thang song
song voi xy. Do &6 mudn c6 it nhat 10 duong thang cat xy thi s6 duwong thang phai vé it
nhat1a 11. Vay n=11.

4.4. (h4.21)

a) Ta c6 DE//AB nén DEC = A (hai goc dong vi)

DF //AC nén BFD = A (hai géc dong vi).

Mt khac BFD = FDE (hai goc so le trong caia DE//AB )

—

Suy ra A=DEC = BFD = FDE,

b) Tacé D, =B (hai géc dong vi ctia DE //AB )

61 =C (hai goc so le trong caa DF //AC );

Do d6 D, +D, =B+C =110° Suy ra FDE =180° —110° = 70.
Vay A=70° (vi A=FDE ).

4.5. (h.4.22)

Ta co MD // AC suy ra R = IT/I\l (cdp gocso le
trong)

ME // AC suy ra A\l = g (cdp goc so le trog))
Tia MA nam gifta hai tia MD va ME,do d6 tia
MA 1a tia phan giac cia goc DME

EOC =OCD =50° M la giao diém ctia BC véi
tia phan gidc goc A

h.4.22
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4.6. (h.4.9)
Ta c6 ABC =180° —2m° nén ABy =180° — (180° —2m°) = 2m°
Miit khéc Bx // AC nén xBy =C = m° (hai goc dong vi);

suy ra )?B\y:CAZ:mO.Véy @(z)@:m" (1)
Tia Bx nam gitta hai tia BA va By )

Ttr (1) va (2) suy ra tia Bx la tia phan giac cua goc Aby.
4.7. (h.4.10)

Ta c6 ACD =180° —120° =60°. Vay ACD = BAa =60°
Suy ra m//n (vic6 cip goc dong vi bang nhau)

Tac6 D, +D, =180° ma D, =D, nén D, =90°
Suyrablndoddé bLlm(vim//n)

4.8. (h.4.11)

Tacé AB L AC;CD L AC;OE L AC (dé bai)

Suy ra AB//CD//OE ( cung vudng goc véi AC)

Do d6 AOE =OAB =m° (hai goc so le trong);

EOC = OCD =50° (hai goc so le trong).

Tia OE nam gifta hai tia OA va OC nén tia OE la tia phan giac ctia géc AOC
< AOE = EOC < m=50.

4.9. (h.4.12)
Ta c AEF +EFC = 45° + 45°.3=180".
Suy ra AB//CD (vicd hai géc trong cuing phia bu nhau).

Do d6 AEF =EFD (hai goc so le trong)

Mat khac E\l =1A/\I-EI\:; I/:\1 =1E/F\D nén E1 = I/:\l dan téi Em//Fn (vi c6 hai géc so le trong
2 2

bang nhau).

4.10. (h.4.23)

Goi C 1a giao diém ctia hai duong thang Ay va
Bm (h.4.23) n

Ta c6 Ax//Bm nén A= ACm (hai goc so le trong).

Mt khac, A=mBn nén Kc?n:r@m(: A).

Do dé Ay//Bn (vi c6 hai géc dong vi bang nhau).

4.11. (h.4.24)
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O trong gbc AOB vé tia Ot//Ax. Khi d6
AOt = A=a° (hai géc so le trong).

Suy ra BOt =b°. Vay §6t:§(=b°). i O

Do d6 By//Ot (vicé hai géc so le trong bang B /bo

nhau).
) h.4.24 y

Vay Ax//By (vicung song song voi Ot).
4.12. (h.4.25)

Trong goc AOC vé tia Ot sao cho A
Ot//AB.

Khi d6 A+ AOt =180° (hai géc trong
cung phia) o) t

Suy ra AOt =180°—m°.

Do d6 COt = AOC - AOt =
h.4.25

=360°—(m°+n°)—(180° —m°*) =180° —n°.
Vay C+COt =n°+(180° —n°) =180".
Suy ra CD//Ot (vic6 hai goc trong cuing phia bu nhau).

Do d6 AB//CD (vicung song song voi Ot).
4.13. (h.4.26)

Vi OA_LOC nén AOC =90°. Trong géc AOC v& tia Ot sao cho Ot //AB. Khi d¢
A+ AOt =180° (hai géc trong cling phia).

Suy ra AOt =180° —130° = 50" A B
Vi AOC =90° nén COt = 40" 130°
Ta c6 C+COt =140" +40° =180". 0 t
Do d6 CD/ /Ot (vicé hai goc trong cung phia
bu nhau). 1400

C h.4.26 b

Suy ra AB//CD (vicung song song vdi Ot).

4.14. (h.4.27)
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Vi AMx =140° nén M, =40°,
Vi BNy =150° nén N, =30".

O trong géc AOB vé tia Ot //Mx, khi d6
Ot//Ny (vi Mx//Ny ).

Ta c6 O, =M, =40° (hai goc so le trong);

0, =N, =30° (hai goc so le trong).

Suy ra AOB =0, +0, =40° +30° = 70" y

4.15. (h.4.28)

O trong gbc AOB vé tia Ot//Ax. A

Khi d6 Ot//By (vi Ax//By ). 145°

Ta c6 OA_L OB nén AOB =90°.

Mit khac A+0, =180° (hai gic trong o
cung phia)

Nén O, =180° —145° = 35", b

B h.4.28
Suy ra O, =90° —35° = 55",

Ta c6 O, +B=180° (hai géc trong cling
phia)
Do d6 B =180° -55° =125

4.16. (h.4.29)

<
>

Trén nira mit phang bo OB c6 chira tia By
vé tia Ot// By. Khi d6 Ot // Ax (vi

Ax /I By ). Ta c6 OBy +BOT =180° (cip
goc trong cung phia).

Suy ra BOt =180° —150° = 30°. Ta c6 ©
AOt = AOX =50° (Céap goc so le trong).

Tir &6 AOB =50° —30° = 20°,
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HUONG DAN GIAI
Chuyén dé 5. DINH LY

5.1. (h.5.6)

e Tim cach giai . M

Vi cau trac khi va chi khi ta phai chttng minh hai D
ménh dé thuan va dao sau :

- Meénh dé thuan : Néu OM L AB thi OM 1a tia
phan giac COD.

- Meénh dé dao : Néu OM 1a tia phéan giac caa A 0 B
COD thi OM L AB. .
! Hinh 5.6

e Trinh bay 10i giai
- Chtng minh ménh dé thuan : OM L AB (gt) suy ra AOM = BOM =90°. Do dé
AOC +COM = BOD + DOM (vitia OC nam gifta hai tia OA,OM; tia OD nam giita hai
tia OB va OM).

Mit khac AOC =BOD (gt) nén COM = DOM . (1)
Tia OM nam gitta hai ta OC va OD. (2)
Tt (1) va (2) suy ra tia OM la tia phan giac cua goc COD.
- Chting minh ménh dé dao :

OM 1la tia phan giac cua goc COD (gt). Suy ra COD = DOM.

Mit khac AOC =BOD (gt) nén AOC +COM = BOD + DOM.

Do d6 AOM = BOM (vitia OC nam gifta hia tia OA,OM; tia OD ndm giita hai tia)
Lai c6 AOM +BOM =180° (hai goc ké bi1) nén AOM =180° : 2 = 90°.

Suy ra OM L AB.

5.2. (h.5.7)

Phat biéu dinh li dao: Mot duong thang vudng goc véi mot trong hai dreong thing
song song thi n6 vudng goc véi duong thang kia.

allb
a A —|1
GT cla
KL| clb -
b B
Hinh 5.7

Chttng minh
Ta c6 allb(gt) suy ra A =B, (cip goc dong vi).

Mit khac, ¢ La (gt) nén A =90°. Do d6 B, =90° Suy ra ¢ Lb.
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e Nhan xét: Ta co thé viét gop ca dinh li thuan va dinh li dao ctia dinh 1i trén nhu sau:

alc
blceallb

Ki hiéu < docla “khi va chi khi”. Ki hiéu nay c6 nghia la ménh dé ¢ bén tréi suy ra duoc
ménh dé & bén phai va nguoc lai.

5.3. (h.5.8)

AOB va BOC ké bui
OM la tia phan giac cua

GT AOB
ON nam trong goc BOC C
OM L ON.

KL ON la tia phan giac ctua

BOC.

Chting minh
Tac6 OM LON (gt) nén MON =90°.
Tia OB nam gitta hai tia OM va ON nén (/)\2 +C/)\3 = MON = 90°.
Vi AOB va BOC ké buinén AOB+BOC =180°.
Do dé (/)\1+(/)\2 +(/)\3 +(/)t1 =180°.
Mat khac, (/)\2 + (/); =90° (chttng minh trén) nén 0, + (/)t1 =90°.
Suy ra (/)\2+C/)\3 :(/)\l+(/);mé (/)\1=(/)\2 (gt) nén (/)\3 =(/);.
Tia ON nam gitta hai tia OB va OC. (2)
Tt (1) va (2) suy ra ON la tia phan giac ctia goc BOC.
54.
a) A=30%B =40°
= A+B=70°<90° (khong phai la s6 do ctia mot goc tir).
b) C =30°;D =100° = C + D =13° # 180"
5.5.

a) Suy ra A=B (vi cung phu véi goc O).
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b) A'=B' (vi cing bang hai goc bang nhau).
5.6.
a) “=" (vi gap ba Ian hai doan thang bang nhau thi digc hai doan thang bang nhau).

b) “=” (vi thém nhitng doan thang bang nhau vao nhitng doan thang bang nhau thi tdng

bang nhau).
5.7. (h.5.9) X
c
allb
A
A va B, la cip gocso le a 14 ,
GT trong
KL A =B, b /ﬁ
Chiing minh .
Hinh 5.9

Gia str cac goc R va /B\l khong bang nhau.
Qua A vé duong thang xy tao véi dudong thang ¢ goc XAB = /B\l
Khi d6 theo dau hiéu nhan biét hai duong thang song song ta dwoc xy /b,

Mit khac, a//b (gt) nén qua A c6 hai duong thang song song véi b trai véi tién dé O-
clit. Do &6 xy phai triing véi dwong thang a.

Suy ra X/ATB=/B\1 hay 70\\1=§I
5.8. Hai goc c6 canh tuong ting song song thi bang nhau hodc b nhau.
a) Néu A+ B =130° #180° thi hai gbc A va B phai bing nhau.

Vay A=B=130°:2=65°,

b) Néu A—B =100° thi A= B, do d6 A+B =180°.

Suy ra A=(180°+100°): 2 =140° B =180°—140° = 40°

5.9 (h.5.10) e
— gy " ’
GT | AOB va CKD cung nhon (ti) 2
OA//KC: OB//KD K 1 D
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KL | Ox//Ky

Chttng minh
Hinh 5.10
Hai géc AOB va CKD 1la hai géc ¢ canh tuong tng song song

cung nhon hoac cung tit nén AOB =CKD.
Tia Ox la tia phan gidc cua goc AOB, tia Ky la tia phan giac cia géoc CKD nén

0.-1aoB; K -1cop
2 2

Suy ra 61 = k\l (Mot nita ctia hai géc bang nhau)

Mat khac H\l = k\l (cap goc so le trong cua OB//KD ) nén 61 = ﬁ\l(: R\l) Do d6 Ox//Ky (vi
c6 cép goc so le trong bang nhau)

5.10 (h.5.11)

T M vé cac tia Mx//AB, My//CD va tia
Mt la tia phan gidc cua goc xMy .

Qua M vé duong thang d 1 Mt, khi d6 d
vuong goc tia phan gidc ctia goc AOC.

That vay, cac goc xMy va AOC la cac géc

cO cac canh twong rng song song, cung

nhon nén cac tia phan gidc ctia chung song
song voi nhau. Mat khac d L Mt nén d vudng
goc tia phan gidc ctia goc AOC. Hinh 5.11

5.11 (h.5.12)

Goi 10 dwong thang da cho 1a a,,a,,...,a,,. Tt
mot diém O bat ki vé 10 duong thang
d,,d,,...,d,, trong ttng song song véi 10 duong
thdng da cho. Vi trong 10 duong thang da cho
khong c6 hai dwong thang nao song song nén
10 duong thang d,,d,,...,d,, khong c6 hai

duong thang nao tring nhau. 10 duong thing
ndy cat nhau tai O tao thanh 20 goc khong c6
diém trong chung nén ton tai mot géc nho hon

hodc bang 360°:20 =18°. Géc nay bang goc co
canh teong ting song song voi nd. Vay trong 10 duong .
Hinh 5.12

thdng da cho, ton tai hai duong thang tao véi nhau mot
g6c nho hon hodc bang 18°.
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HUGNG DAN GIAI
Chuyén dé 6. CHUNG MINH BANG PHAN CHUNG

6.1 (h.6.9)

[
Cho a//b, ¢ cat a tai O. Ta phai chiing /
minh ¢ cit b. Gia sita ¢ khong cit b thi @ 0

c//b. Nhu vay qua diém O c6 hai duong
thdng 1a a va ¢ cling song song vdi b, trai
vai tién dé Ocolit. Vay diéu gia st 1a sai, suy

raccath.

Hinh 6.9

6.2 (h.6.10) |
(/ K

1]

o Truong hop duong thang ¢ di qua O thi ¢ va
a citnhau tai O.
o Trueong hop duong thang ¢ cat b tai K 0.

Gia stra ¢ va a khong cat nhau thi chiing song 0

song véinhau. Vi b L a nén b L ¢, trai véi gia thiét. Vay ¢ va a phai cit nhau.

Hinh 6.10
6.3 (h.6.11) !

b
eGia st a va b trung nhau. Nhu vay, qua O c6 hai duong

thdng 1a Ox va Oy cung vudng goc vdi duong thang a

(hoac b), vo li. Vay a va b khong trung nhau. (1)

eGiaskt a//b.Tacd Ox La nén Ox Lb.Mat khac Oy L b @
(gt), nhut vy qua diém O c6 hai duong thang 1a Ox va Oy 0 AT

cting vudng goc véi duong thang b, vo 1i. Vay diéu gia st
la sai, suy ra a va b khong song song (2).

Hinh 6.11

Tt (1) va (2) suy ra a cat b.

6.4 (h.6.12)

Gia st Ax//By. Trong goc AOB vé tia
Ot//Ax thi Ot//By (vi Ax//By).

Ta c6 O, + A=180°= O, =180°—134° = 46°

0, + B =180°= O, =180°—135° = 45°.

Do d6 O, +0, =46°+45° hay AOB =91°>90°.
Diéu nay mau thuan véi gia thiét 1a géc AOB 1a goc nhon. Vay Hinh 6.12
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diéu gia st la sai, suy ra Ax va By khong song song.
6.5 (h.6.13)

Tacd AB L BD,

AC L CE = ABD = ACE =90°.

Do d6 ABx = ACy = 45°.

Ta chting minh Bx va Cy cat nhau
bang phuong phéap phan ching.

Gia st Bx//Cy. O trong goc A ta vé
At//Bx thi At//Cy (Vi Bx//Cy)

Ta co E = ABx =45° (cdp gbc so le trong)

A, = ACy =45° (cip goc so le trong) Hinh 6.13

Do d6 A +A, =90° hay BAC =90° tri v6i gia thiét1a A ti.
Vay diéu gia str 1a sai, suy ra hai dwong thang Bx va Cy cat nhau.
6.6 (h.6.14)

Trong s6 50 duong thang vé qua A it nhat
cling c6 49 duong thang cat m.

Ta chitng minh diéu nay bang phan ching.
Gia st c6 chuwra dén 49 duong thang cat m,
suy ra it nhat cfing con 2 duong thang khong
cat m. Hai duong thang nay cting di qua
diém A va cung song song véi m. DIéu nay

vO ly vind trai véi tién dé Oclit. Vay diéu gia

st la sai, do d¢6 ¢ it nhét ciing ¢6 49 duong
thang cit m.

\

Néu duong thang AB//m thi s6 giao diém ctia dwong thang m véi cac duong thang da vé
it nhat cting la 49+49 =98 (diém).

e Néu duong thang AB va duong thang m khong song Hinh 6.14

song thi giao diém ctia duong thang AB véi duong -

thang m ciing la giao diém ctia duong thang BA véi duong thang m. Do d6 s6 giao diém
ctia duong thang m véi cac duong thang da vé it nhat ciing 1a 49+49-1=97 (diém).

6.7. (h.6.8)
Gia str C,=D,, suy ra AC//BD (vi c6 cip goc dong vi bing nhau).
Do do E = /B\l (cap goc so le trong).

biéu nay trai gia thiét.
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Vay diéu gia str 1a sai, do d6 C, = D, .
6.8. (h.6.15)

9 duong thang cit nhau tai O tao thanh 18 géc khong c6 diém
trong chung.

Tong ctia 18 goc nay bang 360°  (*)

e Néu tat ca cac goc déu nho hon 20° thi tdng ctia chiing nho hon

20°.18 =360°, mau thuan véi (*). Vay ton tai mot goc 16n hon hodc

be‘“mg 20° Hinh 6.15

e Né&u tat ca cac goc déu 16n hon 20° thi tdng ctia chiing 1én hon 20°.18 = 360°, mau thuan
véi (*). Vay ton tai mot géc nho hon hodc b?mg 20°.

6.9. (h.6.16)

Goi s6 duong thang vé qua O va cat duwong thang a 1a n. S3
tam gidc dinh O c6 canh d&i dién nam trén duong thiang a

n(n-1
duoc tinh theo cong thitc %

n(n-1
Theo dé bai ta co (2 ):78

Hinh 6.16

<n(n-1)=156=13.12=n=13.

Vay c6 13 duong thang di qua O va cit duong thang a. Theo dé bai, qua O con ¢ duong
thdng khong cat a. Theo tién dé O-clit chi c6 mot duwong thang nhuw thé. Vay s8 duong
thang da vé qua O 1a 14.

14 dwong thang nay tao nén 28 géc dinh O khdng cé diém trong chung va c6 tdng s6 do

bang 360°. (%)

Vay it nhat phai c6 mgt géc nhéd hon hoac b:?mg 360°:28=12"51'<13" vi néu khong cé gbc
nao nho hon 13" thi tdng ctia 28 géc nay sé 16n hon hodc bang 13°.28 = 364°, mau thuan véi

().

6.10. (h.6.17)
eDiém O khong nam gitta hai diém M va N (1) vi M b
va N nam trén tia OX. ;-""— ‘--""\..
. O “~~-a-- M N =
¢Gia st diém N nam gitta hai diém O va M thi ¢
Hinh 6.17

ON=NM =OM do d6 b+NM =a.
Suyra NM =a-b<0 (vi a<b). Diéunay vo1livi NM >0.
Vay diéu gia stt 1a sai, do d6 diém N khong nam gitta hai diém O va M . (2)
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Trong ba diém O, M, N thing hang phai c6 mot diém nam gitra hai diém con lai nén tir
(1) va (2) suy ra diém M nam giita O va N .
6.11. (h.6.18)

Gia st hai tia Ox, Oy khong d6i nhau.

Ta vé tia Oy' la tia d6i ctia tia OX. ’,gi-
Khi d6 zOx+zOy'=180° (hai géc ké bi). z 3 m

o Hinh 6.18
Mat khac, zOx+zOy =180" (gt).

Suy ra Z/OV = Z/O\y (cung bu véi z0x). Didu nay vo li vi trén cling mdt nita mit phang bo
chtta tia Oz bao gio cling cé moét va chi mot tia Oy sao cho Z/O\y =m".
Vay diéu gia st la sai, do d6 hai tia Ox, Oy d6inhau.

6.12. Khong thé xay ra truong hop mdi doan thang cit diing 5 doan thang khac. Ta chiing
minh bang phan chting.

Gia stt mdi doan thang cat ding 5 doan thang khac.

Nhu vay véi ca 9 doan thang ta duoc 9.5=45 truong hop hai doan thang cat nhau. Nhung
nhu thé thi mbi truong hop da duoc tinh hai Ian (vi doan thang AB cat doan thang CD

thi ngueoc lai, doan théng CD ciing cit doan thfmg AB) do d6 thuc sw chi co % truong
hop hai doan théng cit nhau. Vi 4—25 ¢ N nén diéu gia st la sai.

Do d6 khong thé xay ra treong hop moi doan thang cat ding 5 doan thang khac.

HUONG DAN GIAI
Chuyén dé¢ 7. TONG BA GOC TRONG MOT TAM GIAC
7.1.
- Hinh 1. AABC c6 A+B+C =180° A
56° +x° +12° + x° =180° < x° =56°.
- Hinh 2. AMNP vuéng tai M = N + P =90°
2x° +x°=15° =90° < x° =35°.
A A A B*®
- Hinh 3. ADEF ¢6 D+E+F =180’ —%~

X% +3x°—25% + x° +10° =180° < x° =39°.
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7.2.Taco A, = A =45°(ddi dinh).

Ta c6 B,+B, =180° = B, =50°.

AABC c6 él = AQ + I§2 (g6c ngoai ctia tam gidc) suy ra: éz =95°.

7.3. Dat s6 do géc ngoai dinh A; B; C lanlwotla x; y; z. Theo dau bai ta co:

=2 == va x+y+2=360°.

Y
3

X z
2 4

Giai ra, ta dwoc: x=80°; y=120°; z=160°.

Twr d6 ta suy ra cac goc trong dinh A, B, C twong tng la 100°, 60°, 20°.

Do d¢ tilé ba goc trong la: 5:3:1.

7.4.

a) Ta co A=2B; B=3C = A=6C.
AABC c6:

A+B+C =180° = 6.C +3.C + C =180°
= C=18"; B=54°; A=108".

b) Ta c6 ACx+C, =180° (hai gbc ké bi)
ACX +18° =180° = ACx =162°

~ o~ 1 -—

Tac6: C,=C; =7 ACx=81I°

ABCE ¢6 E + B+ BCE =180°

E +54° +18° +81° =180° = E = 27° hay AEC =27°.

7.5.
a) AABD c6 A + B+ ADB =180°;

AACD c6 A, +C + ADC =180°;

Ma Kzf%\ nén

C+ADC =B+ ADB = ADC - ADB =B-C;

b) AABC c6 BAx=B+C (géc ngoai tam
giac)
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AACE 6 g=§+6(gécngoéi):ﬁzg—éz@:8+c C AEB_B-C

7.6. AACD c6 f)\z =B+ R (g6c ngoai tam giac)
AABD c6 f)\l =C+ g (g6c ngoai tam gidc)

ma K:Kz nén f):—/D:=§—6

— D,-D, =18° ma D, +D, =180° nén

0 (0] ~ 0_ (0] B
_ 180 2+18 :990;D1:180218 _ep

—°C

O ¢

D,
7.7.
a)Tacé/(D\B:BSOZMATD\C:QSO. A
AABD c6 A; + B+ ADB =180°;

AACD ¢6 A; +C +ADC =180°;

Ma /&121&2 nén 6+ﬁ:=§+;@

~ ABC-ADB=B-C.

Vay B—C=95"—85°=10°. B
b) 4.@:5.6:%:9

@)
(@)

B~ 0
_B-C_100 _,p

Ap dung tinh chat day ty s& bang nhau, ta cé: )

ol | o
INJ Q)

Suy ra: B =50 C = 40°.
7.8.
a) AABO c6 O: = A; + ABO (g6c ngoai tam giac).
AACO 6 O; = A2 + ACO (g6c ngoai tam giac).
— 01+ 02 =A:+ A, + ABO + ACO Hay BOC = A +ABO +ACO.

~

b) Tir /@+@zgoo_§

3§2+62=180_A:>§2+62=—B+C
2 2
=B, +C, :%+% ma BO la tia phan
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N | T
N | OO

giac cua Bnén B: = suy ra Co=—=; hay CO Ia tia phan gidc ctia goc C.

7.9.
a)Tt:A=180°-3C=>A=A+B+C-3C A
suy ra B=2C
b) DE // BC = ADE = C (g6c dong vi) va D
EDB = DBC (g6c so le trong).
Tia DE la tia phan giac cua ADB
< ADE = EDB < C=DBC

B C

ma (E:l

2
Vay khi D a giao diém ctia tia phan gidc Bva AC thi DE la tia phan giac ctia ADB..

DBC =1

B nén DBC = > B < BDIatia phan giac cua ABC .

7.10. Gia st ca ba géc ngoai ¢ ba dinh déu 1én hon 120° suy ra mdi goc trong déu nhod hon
60°.

Vay tong ba goc trong ctia tam giac nhé hon 180°, v6 Ii. Do d6 ton tai mdt gée ngoai cb s&
do khong 16n hon 120°.

7.11.

a) Goc BDC la goc ngoai tai dinh D cua
tam gidc ACD nén BDC > A =90°;
90° < BDC <180° = BDC la géc ti1.

@

b) BDC =A +ACD (g6c ngoai tam gidc) b

— ACD =15°

— ACB=30° = B=60°. -
A

7.12. Xét AABI c6 A + B =180° — AIB

Xét ACDH ¢6 C+D =180° — CHD

Xét AEFK c6 E + F =180° — EKF

Suy ra: A+§+6+[A)+E+IA::54O°—(A/\WB+C/HB+E/K\F):

540° —(Klﬁ +IHK + @) = 540° —180° = 360°.

HUGNG DAN GIAI
Chuyén dé 8. HAI TAM GIAC BANG NHAU
CAC TRUONG HQP BANG NHAU CUA HAI TAM GIAC
e Dinh nghia tam gidc bang nhau
8.1. Dap so:
a) AB=MN; AC = MP; BC = NP.

~ A~ ~

b) 1=D;:K=F, H=E.
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- 8.2. bap s6: AABC = ADEC; AMNP = AMKQ; ATHL = AKLH.

// 8.3. AABC = AMNP suy ra: B=N; C =P mu N + P =120°
| — B+C =120°
Tacé: B—C =10"nén B =(120° +10°): 2 =65°
C =(120°-10°): 2 =55’
AABC c6 A+B+C =180°
A+120° =180°%; A= 60"
Vay M =A=60% N =B =65’ P=C =55".
8.4. AABC = AMNP = AB = MN; BC = NP; AC = MP (cap canh tuong tGng).
Vi AB+AC=9cm = MN+MP =9cm, ma MN — NP =3cmnén
MN =(9+3):2=6(cm)
MP =(9-3):2=3(cm)
Do d6 chu vi AMNP la: MN + NP+ MP =6+5+3=14cm
Vi AABC = AMNP nén chu vi AABC bang chu vi AMNP va bang 14cm.
8.5. AABC = ARST = AB =RS; BC =ST,; AC = RT (cdp canh twong ting).
Vi ST -RS=8cm = BC - AB =8cm.
Ap dung tinh ch4t day ti s8 bang nhau :
BC = AB = BC-AB :§:4:> BC=45=20cm; AB=3.4=12cm.
5 3 5-3 2
Vay : AB=RS=12cm; AC =RT =18cm; BC =ST =20cm.
e Truwong hop c.c.c
8.6. Dap s6 : APQS = ARAE ; ANUV = AVMN ; AEKI = AEHI.
8.7. AOAB va AOCB ¢6 OA =0C; AB=CB; OB chung
= AOAB = AOCB (c.c.c)
— AOB =COB (cdp goc trong tng), hay OB la tia phan giac cua AOC.
8.8. Noi AC.

Xét AABC va ACDA ¢6: A B
AB=CD; AD =BC

AC canh chung
Nén AABC = ACDA (c.c.c)

Suy ra DAC = BCA b ¢
Xét AABC va ACDA ¢6:

AB =CD; AD =BC ; AC canh chung

Nén AABC = ACDA (c.c.c)

Suy ra DAC = BCAma hai goc o vi tri so le trong = AD//CD

BAC = DCAma hai goc o vi tri so le trong = AB//CD.
8.9. AAMN va AAMC c6 AM chung; AB=AC; BM =CM
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= AAMB = AAMC (c.c.c)

— BAM =CAM (goc twong tng)

— BAM = CAM :%B/A\C:%.w = 25°.

— AMB = AMC (g6c trong tng).

Ma AMB + AMC =180°nén AMB = AMC = 90°

AAMB c6 ABM +BAM + AMB =180°.

ABM + 25° +90° =180° = ABM = 65°suy ra ACM =65’
e Trwong hop c.g.c

8.10. a) AABD va AEBD c6 AB = BE; 5
ABD = E/BTD; BD chung

= AABD = AEBD (c.g.c).

b) AABD = AEBD = BED = BAD
— BED =90° = DE L AB.

¢) AABD = AEBD => AD = ED A
AADF va AEDC ¢6 ADF = EDC;

AD = ED; FAD = DEC(=90")

— AADF = AEDC (g.c.g)= DC = DF

8.11.
a) AABD c6 ADB=90° = ABD+BAC=90° (1)
AACE c6 AEC =90° = ACE + BAC = 90° )

T (1) va (2), suy ra: ABD = ACE do d6ABD = ACE.
b) AABH va AKCA c6 AB = CK; ABD = ACE;
BH = AC = AABH = AKCA (c.g.c) = AH = AK .

H

8.12. Ta c6: ABE + ABD =180°; ACK + ACB =180° (céip goc ké bir)

Ma /@:@(:%@j:r%:ﬁ.

TAI LIEU TOAN HQOC
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AABE va AACK ¢6 : AB = CK: ABD = ACK: BE = AC
= AABE = AKCA (c.g.c)=> AE =KA.

8.13.
a) Ta dé chttng minh duwgc AADE = ACFE (c.g.c)
Suyra AD=CF = BD=CF

Va 2\ = F/C\E , ma hai goc ¢ vi tri so le trong nén CF // AB.
b) Xét ABDC va AFCD ¢6 : BD = FC
(chttng minh trén)

BDC = FCD (so le trong ; AB // CF) ;
CD la canh chung do do: D N _E N F
ABDC = AFCD (c.g.c) L 2

c) ABDC = AFCD (chttng minh trén)
nén 61 = 61, ma hai gbc ¢ vi tri so
le trong suy ra DE // BC.

® Nhin xét . Tte két luan ABDC = AFCD, chung ta con suy ra duwgc DE = %.BC .

8.14. a) AABD va AEBD c6 ABD = EBD (gia thiét) ; B
BE =BA ; BD la canh chung
— AABD = AEBD (c.g.c) = AD = ED.

b) AABD = AEBD = BAD = BED 5

— (@)
— BED =90° = DE L BC, ma
AH 1 BC = AH//DE X 5 c

c) AH //DE = AHO = ﬁ)?)(cép goc so le trong).

AAHO va AIDO ¢6 AHO = IDO ; OH=0D ; AH = ID =AAHO = AIDO (c.g.c)
— AOH =10D.

Ma AOH + AOD =180° (ké bir) = 10D + AOD =180°.

Suy ra A, O, I thang hang.

8.15.
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a) CBD = ABE(=90")

= CBA +ABD = CBA + CBE

— ABD = CBE.

Xét AABD va AEBC c6 AB = EB;

ABD = CBE (cung phu véi goc ABC)
BD = BC = AABD = AEBC (c.g.c)

= AD=CE.

b) Goi H, 11a giao diém ctia duong thang AD
voi CE va BC.

AABD = AEBC suy ra: BDA =BCEma
BDA + BIA = 90° = BCE + CIH = 90"
= ACIH vudng, hay AD L CE.

8.16.

a) AAMC va ANMB c6 AM = MN ;
AMC = NMB; BM = CM

= AAMC = ANMB (c.g.c)

— AC=BN, ma AC = AE

—BN = AE.

b) Ta c6 BAD =90°; CAE = 90°

— BAC + DAE =180° (1)

AAMC = ANMB (chttng minh trén)
— MAC = MNB =BN // AC

— BAC+ABN =180° (2)

Tir (1) va (2), suy ra: DAE = ABN

Xét AABN va ADAE ¢6 AD = BA: DAE = ABN ; AE = BN

= AABN = ADAE (c.g.c)

= AN =DE; ma AN=2.AM:>AM=%.

c) Goi C 1a giao diém cua duwong thang AM va DE.
AABN = ADAE (chttng minh trén) = EDA = NAB (1)

Ma DAB =90° = DAl + NAB=90° (2)

Tt (1) va (2), suy ra: EDA + DAI = 90°, hay AM L DE.

8.17. AOAB = AOCD (c.g.c) = AB=CD.

e Truwong hop g.c.§
8.18.

TAI LIEU TOAN HQOC
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a) AABC c6 A =120° = B+C =60°.
Ta c6: @E+E\B=%§+%6=3o".

ABIC ¢6 IBC + ICB + BIC =180° = 30° + BIC =180° = BIC =150°.

Tt d6 MIN = BIC — BIM = CIN = MIN =150° —30° —30° = 90°.

A

B M N c

b) BIC =150° = BIF = CIE =30°.

ACIN va ACIE c6 E& = ﬁ& ; CI'1a canh chung

EIC = NCI =(30") = ACIN = ACIE (g.c.g) = CE=CN (1)
Chiing minh twong tu, ta c6 : ABFI = ABMI (g.c.g) = BM = BF (2)
Tu (1) va (2), tac6:CE+BF=CN+BM < BC

8.19. AABC c6 B+C = 60° = BAC =120°.
Ta 6 AD I tia phan gidc BAC = %:SATD:%B/AE:W".

AABO va AABM co6 ﬂjzm(zeo") ; AB chung ; ﬁsﬁ :ATB?)

=AABO =AABM (g.c.g) = AM=AO (1)
Chttng minh twong tw, ta co: AACO = ACAN (g.c.g) = AN =AO (2)
Tt (1) va (2), suy ra: AM = AN.

8.20.
a) K¢ EM // AB (M e BC) A

Tam giac DEM va tam giac MBD co !
61 = M\l; DM chung; 62 = K/l\z K /1 |

nén ADEM = AMBD (g.c.g) suy ra

BD = ME; DE = BM. 5 E
Ta 6 AB//EMnén Ai = E1Bi=M5: 2 /\
Lai c6 KI //BCnén Ki = B. 1 2 /3

B M C
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Tam giac AKI va tam giac EMC c6 A =E:; AK=EM (=BD)
Ms = Ki(=B: ) nén AAKI = AEMC (g.c.8)

Suy ra Al = EC va KI=MC.
b) Ta c6 KI = MC ; DE =BMsuy ra Kl +DE = MC+BM =BC =5cm.

8.21.
a) Xét AABD va ACAE c6 BDA= AEC =90°. B
AB = AC (gia thiét) B; = C: (ciing phu véi A;) )

do d6 AABD = ACAE (canh huyén — géc nhon).
b) AABD = ACAE nén BD = AE ; AD =CE
do &6 BD-CE =AE-AD M

Vay BD-CE =DE
2 D

A C

* Nhin xét: D& chitng minh mot doan thang bang tong hay mot hiéu hai doan thang ta
thuong bién ddi doan thang d6 thanh hai doan cling ndm trén mot duong thang va st
dung cong, trir doan thang.

HUONG DAN GIAI
Chuyén dé¢ 9. TAM GIAC CAN
9.1. AABC (AB = AC) can. D4t B=C =« A

AABD c6 ADC = B+ BAD = « + 60°
AADE (AD = AE) can nén ADE = AED

— e~~~

ACED c6 AED =C +CDE 3/5
Tt d6 suy ra:
80°

— o+ 2.CDE = & +60° = CDE = 30° B = c

9.2. AABC c6 A+B+C=180"ma B=80° = A +C =100°
0_/'\
AAED can tai A = Dy =280 —A

~ O_A
ACDF can tai C = D> =M.

~  360°—A-C

Suy ra Di+D; = =130°.

Do vay Ds =50° = EDF =50°.
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9.3. AAEC ¢6 ED la duong trung triec cia AC A
nén dé dang chitng minh duwgc AAEC can tai E
= DEC = BAC ma BAC + ACB = 90°

= DCE +ACB = 90"

5CE BCE

bat — =X

2 E
— DCE =5x";BCE = 2x° -
Suy ra: 5x° +5x° +2x° =90° = x° = 7,5° B

Do vay DCE =5.7,5° =37,5%; BCE =2.7,5° =15°

— ACB =37,5° +15° =52,5°

9.4. Trén canh AC 1ay diém M sao cho AM = AB

Tt gia thiét suy raMC =BD (1)

AABD va AAMD c6 AB = AM; BAD = CAD; AD la canh chung
— AABD = AAMD (c.g.c) = BD = MD; ABD = AMD (2)

Tt (1) va (2) suy ra MD = MC = AMCD can = AMD = 2.ACB (g6c ngoai cia tam giac)

— ABC = 2.ACB
ma ABC +ACB =180° —114° = 66°nén ACB = 66° : 3= 22°

A
M

B D C
9.5 AABM (BA = BM) can tai B A
. Avip 180’ =B
ACAN (CA =CN) can tai C
ANG - 180°-C
Suy ra: B N
ANIB 4 ANC — 189° —@;180" -C e

AAMN c6 AMB + ANC + MAN =180°

Suy ra: 135° + MAN =180° = MAN = 45°

TAI LIEU TOAN HQOC
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9.6 Theo tinh chat goc ngoai tam gidc, ta co:

BFC = BEF + ABD;
BEF = BAC + ACE; E
:>B/F?3=,@I\D+K(E+I§A\C(l)

AABD cén tai B nén: ABD =180° —2.BAC

AACE can tai B nén: ACE =180° — 2.BAC

Thay vao (1) ta cé: B
BFC =180° — 2.BAC +180— 2.BAC + BAC

Suy ra: BAC =70° .

9.7 AADE c6 EAD = EDA = 40° ,nén no la tam giac can.
Suy ra: AED =180° — 2.40° =100°.

AAEB can tai E, theo tinh chat goc ngoai ctua tam giac: AEC =2.B=4x .
Suy ra: 4x+x =100° . Do d¢: x = 20°

9.8

a) ABD + ABC =180°; ACE + ACB =180° (cip goc ké b
Ma: ABC = ACB = ABD = ACE

AABD va AACE c6: AB = AC; ABD = ACE ; BD = CE

— AABD = AACE(c.g.c) = AD = AE = AAED can.

A

b) ABHD = ACKE

TAI LIEU TOAN HQOC
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y

| 4

~ BHD =CKE;ADB = AEC;BD =CE

— ABHD = ACKE = BH = CK
¢) ABHD = ACKE => HBD = KCE = OBC = OCB => AOBC cén tai O.
9.9

a) ABHE (BH = BE) can tai B.
— ABC = 2.BHE

Ma:

ABC=2C=C=BHE = C=FHC

= ACHF can tai F
= FH =FC())

Ta c6: FHC +FHA =90°;CAH + C =90° ma FHC +C = 90°; FHC = C = FHA = CAH
= AFHA cantai F = FA =FH (2)

Tt (1) va (2) suy ra: FH=FA=FC

b) Trén tia HC lay HI = HB

= AAHB = AAHI(c.g.c)

— AB = Al: ABH = AlH = 2.C(1)

Ma AAIC 6 AlH = C + IAC(2)

Tt (1) va (2), suy ra: C+IAC=2C=IAC=C

= AIAC cantail = AI=IC

Ttr d6 suy ra AB = IC. Mat khac BE = HI (=BH)

— AB+BE = IC + Hl hay AE = HC A F
9.10

\ , N
a) AAIE va AAIH, cé:
AlH = AIE(= 90°); IE = IH; Al chung
— AAIE=AAIH(c.g.c) = AE = AH
Tuong tw, ta co: AAKF = AAKH E
— AF=AH = AE=AF

B H C
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b) AAIE = AAIH < EAI = HAI

AAEM va AAHM cé: AE = AH; EAM = HAM; AM chung
= AAEM = AAHM(c.g.c)

— AEM = AHM

Twong tu, ta co: AAHN = AAFN

— AHN=AFN

Ma AAEF can tai A nén:

AEM = AFN = AHM = AHN

Suy ra: HA la tia phan giac MHN

9.11

a) AACE va ADBC cé: AC = DC; ACE = DBC(=120°):EC = BC

— AACE = ADBC(c.g.¢) = AE = BD

b) AACE = ADCB(c.g.c) = CEM = CBN. D

ACME va ACNB ¢6 CE = CB;
CEM=CBN ;
EM = BN = ACME = ACNB(c.g.c)

ACME = ACNB
¢) = CM =CN; MCE = NCB

— MCE — NCE = NCB - NCE = 60° A
— MCN =60° = AMNC 1a tam gi4c déu.
9.12
AMLC va AALN c6 AL=LM; L

A
ALN = MLC(= 60° + MLN) <

LN = LC = AMLC = AALN(c.g.c)

= MC=AN. M N
Chiing minh twong tu, ta co:

TAI LIEU TOAN HQOC
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AMAN = AMLB(c.g.c)
= AN=BL
= LB=MC=NA

9.13
Goi E, I 1a giao diém caa MC v6i Oy, Ox.

= AEOI déu. Tir d6 dé dang chiing minh dwoc AOCE = AEKO
= 0C=EK

Vé EH L MAEK L Ol

Dé dang chiing minh dwoc:

AMBE = AMHE

= MH = MB;
AOCE = AEKO

= EK=0C

MA -MB=MA -MH
=HA=EK=0C

9.14

a) Ta co:
ACD =A/|\/|\E(90° —KEY;);EA\D - MAE
AD = AE = AACD=AAME(c.g.c)

AACD = AAME = AC = AM

b)
= AB =AM

AAGB va AMIA c6: ABG = MAI

(d@ong vi); AB = AM; BAG = AMI

(dong vi)
= AAGB = AMIA(c.g.c)

c) AG//MH (cung vudng goc voi CD)

— GAH = [HA (so le trong)

AH chung, suy ra: AAGH = AHIA(c.g.c)
= HG = Al .Mat khac: AAGB = AMIA
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= Al =BG . Tt d6 suy ra: BG=HG
9.15

Trén tia BA 1ay diém D sao cho BD =BC.
Ta c6 tam giac BCD can tai B.

—— — 180°-36°

Vi ABC =36° nén BCD =BDC = — 720

Ta lai c6: DAC = ABC + ACB = 36° +36° = 72° (Tinh chét ctia géc ngoai)
BDC = DAC(=72°)
Suy ra tam giac ACD can tai C, do d6: CA =CD (1)

Xét ta gidc BDN va BCN ta cé:

A
BN chung, BD = BC va CBN = DBN
nén suy ra: ABDN = ABCN(c.g.c)
= CN =DN = A NCD can tai N, lai co: N
B
NCD = BCD - BCN = 72° —12° = 60° A

= ANCD 1la tam giac déu
= CN=CD (2)
Tt (1) va (2) ta c6: CA =CN.

9.16

—~

DE//BCnén: |, =B,;1,=C,.

A
Ma B, = B, (theo gia thiét) /N
61 = 6\2 (gia thiét) suy ra:
L=B,l,=C, . ¥
Do d6, ADIB,AEIC 1a céc tam giéc can dinh D va E. s+ 13
Nén DI = BD, El = CE. Vay DE = DI +IE = BD + CE X
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9.17
Trén tia d6i cua tia MA 18y D sao cho MD = MA
Xét AABM va ADMC cé: MB = MC (gia thiét)

—~

M, = M, (d6i dinh) AM = MD, do dé:

o~ o~

AAMB = ADMC (c.g.c)nén AB=DC; A, =D,
Mt khac: '5‘\1 = A\z suy ra 6\1 = 'E‘\z hay AACD can tai C
=AC=CD=AC=AB

Vay, AABC can.

* Nhan xét: D€ chitng minh AABC can ta chwa tim duoc cach nao truc ti€p dé€ ching
minh c&p canh bang nhau hodc cip goc bang nhau, ciing

nhu van dung BM = CM. Vi vay, viéc ké thém duong A

phu la diéu can thiét.
9.18

Duyng tam giac déu AMN (N va B khac phia d&i véi AC) N
. Ta c6 MA = MN.

Mat khac CAN = BAM =60° - MAC .Suy ra
AMAB = ANAC (c.g.c) dan d&n MB = NC. R& rang, tam
gidc MCN c6 c4c canh twong ting bang MA, MB, MC. B C

HUONG DAN GIAI
Chuyén dé 10. PINH LY PYTAGO
10.1 Ap dung dinh li Py-ta-go, ta cé:

AABH vudng, nén AH? + BH? = AB’ A
64+BH’ =100 = BH = 6cm

10cm

AAHC vuong, nén AC? =64 +125= AC =17cm 8cm

Chu viAABCla: AB+BC+AC=10+17+6 + 15 =48 (cm) -
B H 15cm

10.2

Tam gidc ABC vuodng tai A. Ap dung dinh li Py-ta-go, ta co:
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AB? + AC* =BC* = 6° +6° =BC* = BC* =72.

Tam giac BCD vuong tai C. Ap dung dinh I Py-ta-go, ta co:
BC?+CD?=BD*=72+3 =BD*=81=BD =9

Tt d6 suy ra: x=9.

10.3

a) Ta co: MAC = BAN (cing bang 90° + BAC )

MA = AB (AMAB vuong can tai A)

AC=AN (ANAC vudng can tai A)

AAMC = AABN (c.g.c)

b) Goi giao diém ctia BN véi AC la F.

ANF = FCD (vi AAMC = AABN ), AFN = CFD (d6i dinh)

Tir d6 suy ra: FDC = FAN . Do d6 BN L CM

B C
a) Ap dung dinh 1i Py-ta-go vao cac tam giac vuéng MDN, BDC, MDE, NDC, ta c6:
MN? + BC? = MD? + ND? + BD? + CD?
BM? +CN? = MD? + BD? + ND* + CD?
= MN? + BC* = BM? + CN?
= MN? = BM? + CN? - BC?
Thay MB =3cm, BC =2cm CN = 4cm vao déng thitc trén, ta dwoc MN = \/ﬁ cm
b) Trén tia BN 1ay diém E, sao cho BE =MD
AAMD = AABE (c.g.c)
Suy ra AD = AE = AADE can tai A (1)

TAI LIEU TOAN HOC
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AAMD = AABE = MAD = BAE = DAE = MAB = 90°
= AADE vudng tai A (2)

Tir (1) va (2) KD\E:45°:>KD\E:%|\WD\N

Suy ra: DA la phan giac MDN

10.4

Ta kéo dai AD va BC sao cho ching cat nhau tai E. Suy ra E =30°

ACDE vuong tai D c6 E =30° nén CE =2.CD =12 cm. (theo vi du 8, chuyén dé 9)

= BE=4+12=16cm

Dit AB =x, AABE vuodng tai B c6 E =30° nén AE = 2.AB = 2x. (theo vi du 8,
chuyén dé 9)
Ap dung dinh li Py-ta-go, ta c6: D
BE® + AB’ = AE’
BE® =16 — 256 y oE
C

Ta cé: AB? = x*; AE? = 4x?

256 + X* = 4x? <> 256 = 3x°
Nén

3 V33

10.5 A
AABC vudng suy ra:
AB? = AC* -BC’
AABD vudng suy ra: m
AB? = AD’ - BD? n

. AD?-AC? = BD’ - BC? L
Do doé: B D

—>m?-n*=5"-3*=16 B C  2m

10.6
Ap dung dinh Iy Py-ta-go trong tam gidc vudng

ABC, AHB, AHC, ta co:
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BC? = AB® + AC?

= BC? = AH? + BH® + AH? + HC?
= BC? = BH’ + CH* + 2.AH?
(biéu phai chitng minh)

10.7

a) AAHB va AAHC c6 AB = AG;

AHB = AHC(=90°);:B=C

= AAHB = AAHC (canh huyén — géc nhon)
— BH = CH;BAH = CAH.

AAMH va AANH c6 AMH = CAH (=90°); N

MAH = NAH , AH chung B C

= AAMH = AANH (canh huyén gdc nhon) H
= AM = AN = AAMN can.

b) AABC can tai A 3:@?.“,:%

AAMN can tai A= AMN _180-A

Suy ra ABC = AMN ma hai goc nay o vi tri dong vi nén MN//BC.
¢) Ap dung dinh 1y Py-ta-go trong cac tam giac vudng, ta c:

AH? + BM? = AN? + HN? —HM? = AN? + BH? (vi HM = HN)

10.8 C

Ap dung dinh ly Py-ta-go ta cé:

BM? = AB? + AM? T
BM? = BC? — AC? + AM? M

2
BM? = BC? _ AC? + 2C 4
hay BM? = BC? —%ACZ AL
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10.9

A
Ap dung dinh ly Py-ta-go ta c6:
AB? = BH? + AH?(1)
BC? = BH?+CH?*(2) H
AC? = BH? + AH*(3)
Cong tirng vé (1) (2) (3) ta co:
AB? + AC? + BC? =3.BH? + 2.AH? + CH? B
10.10 A
Ap dung dinh ly Py-ta-go ta co:
AF? = AM? — MF? F E
BD? = BM* — MD?
CE?=CM?-ME?
Suy ra: B C
D
AF? + BD? + CE? = AM? + BM?
+CM? — MF? — MD? - ME?
=(AM? - ME?)+(BM’ - MF?) +(CM? - MD?) = AE* + BF’ + CD’
10.11
Ap dung dinh ly Py-ta-go ta co: E
AH? = AE? + HE?;BC? = BE? + CE”.
— AH? + BC? = AE? + BE? + HE? H
+CE? = AB? + CH?
C

10.12
a) Tir ké tia My vudng gbc véi BC va cat tia Bx tai A’
Tam giac BMA vuong can tai M nén MB, MA = 1: J2

Suy ra A = A’ nén AM vudng goc véi BC.
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Ta c6: AAMB = AAMC (c.g.c)nén AB = AC
va ACB = 45°

Tam giac ABC vudng can tai A va cé

BAH = CAIl = 90° - CAH

H, I1a hinh chiéu ctia B va C trén AD

~

nén H=1=90°

Suy ra: AAIC = ABHA (ch.gn)

= Cl=AH

Ta c6: BH? + CI> = BH® + AH? = AB* (Khong d6i)

b) ABHM = AAIM (c.g.c) = HM = MI va BHM = IMA

Ma IMA + BMI = 90° = BMH + BMI = 90°

= AHMI vuéng can = HIM = 45° ma HIC =90° = HIM = MIC = 45°
=IM la tia phan giac ctia goc HIC

Vay tia phan gidc caa HIC ludn di qua diém c8 dinh M

10.13

Vi AD = HE (gt) nén AH = DE

Ap dung dinh ly Py-ta-go trong cac tam giac vudng A

ABF; ABH; ADF; BHE; DEF ta duoc: =
BF? = AB? + AF? =
(BH2 + AHZ) +(A D+ DFZ)
= BH? + DE? + HE? + DF? m
2 2 2 2 B H C
=(BH" + HE") + (DE* + DF*)
— BF? = BE? + EF? E

Suy ra, tam gidc BEF vuong tai E (dinh ly Py-ta-go dao) = BE L EF.
10.14
Dung ra phia ngoai tam giac ABC tam gidc déu ACE

— BAE = BAC + CAE =90° vi AC=AE=CE
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AABE 6 BAE =90°
Theo dinh ly Py-ta-go ta c6: AB* + AE® = BE?

B D

E

— AB?+ AC?=BE’ (1)
ACAD va ACEB 6 CA=CE;

CAD va ECB ECB(=60° + ACB) CA=CE.
— ACAD = ACEB(c.g.c)

= BE = AD(2)
Tt (1) va (2) suy ra:
AB? + AC® = AD?.

HUGNG DAN GIAI

Chuyén dé 11. CAC TRUONG HOP BANG NHAU CUA TAM GIAC VUONG
11.1.
a)Xét AMBD va ANCE c6: BMD =CNE(=90°)
B=C;BD=CE. Do dé AMBD =ANCE
(canh huyén — gbéc nhon)= MB = NC
b) AMBD = ANCE (chiing minh trén)
= MB=NC M N
AM + MB =AN +NC nén AM = AN E
Xét  AMAK va ANAK cé: AMK = ANK (= 90°);
AKla canh chung ; AM=AN.
Do d6 AMAK=ANAK(canh huyén — canh géc vudng).
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11.2.
a)Ta c6 ABD + ABC =180°; ACE + ACB =180"°

Ma ABC = ACB = ACE = ABD.

AABD va AACE c6 AB=AC;

ABD = ACE;BD =CE

— AABD = AACE(c.g.c) = ADB = ACE

ABHD va ACKE c6 BHD = CKE (= 90°); HDB = KEC;

BD =CE = ABHD = ACKE (canh huyén- goc nhon).

b)Ta c6 AAHB va AAKC c6 AHB = AKC (= 90°);
= AAHB = AAKC (canh huyén- canh goc vudng).
c) AAHB = AAKC = AH = AK

o — 0—/\
— AAHK cin tai A= AHK =180 —HAK

0 e
AADE cin tai A= ADE =00 —DAE

— AHK = ADE = BC || HK

11.3
a)AAHM va AAKM c6 : AHM = AKM =90°
AM chung: HAM = KAM
= AAHM = AAKM (canh huyén géc nhon)
= MH = MK
b)ABHM va ACKM c6 BHM =CKM (90°);
BM = MC ; MH=MK
= ABHM =ACKM ( canh huyén, canh goc vudng)
= B=C = AABC cén tai A.
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114
a)AAHB=AAHD(c.g.c), suy ra AB=AD.
AABC vudng tai A, c6 C =30° 6 B =60°
Tam giéc ABD cén, ¢6 B =60° nén AABD la tam gi4c déu.

b) c

EAC = BAC - BAE = 90" - 60° =30’ c

= EAC = ACB

= AAHC = ACEA (canh huyén- géc nhon)

Suy ra CH= AE. H

AADC can tai D vi DAC = DCA nén DA-DC.

Suy ra AE - AD = CH - CD hay DE=DH. Do d6 ADEH can tai D. 5 B

Hai tam gidc can DAC va DEH c6 gdc ¢ dinh

ADC = EHD = EAC = AEH = EH //AC.

11.5

a)AABE va ADBE c6:

A=D=90° (Vi AE L AB, AD L BC)AB = AD (gia thiét),BE: canh chung.

Vay AABE = ADBE (canh huyén - canh goc vuong)

= AE =DE. N

b)Ttr cau a) suy ra ABE = DBE , do d6 BK 1a phan giac cta goc ABC.

VéKN L BA,KH L AC,KM L BC. A K
Tam giac vuong KMC va tam giac vudng KHC co: 61 = (/:; (gia thiét); E

CK canh chung »

B D C M

Do d6 AKMC = AKHC (canh huyén — géc nhon), suy ra KM = KH(1)

Ta lai c6 AAKH = AAKN(canh huyén - canh géc vuong)

= A = A, =45° = BAK =135",

11.6. Ké MH 1 BK,MI L KD

AABC vuong can tai A c6 MB = MC nén dé dang suy ra AAMB = AAMC(c.c.c) tit d6 suy ra
AM L BC,BMA =CAM => AM = MB; MAC = 45’

Ta c6: KBA=CAD(= 90° — BAK) = KBC = MAI

ABMH va AAMI ¢6 AIM = BHM =90°;BM = AM.

MBH = MAI = AAMI (canh huyén - géc nhon)= MH = MI.
AMHK va AMIL ¢6 MHK = MIK =90° ; MK chung; MK = ML

= AMHK = AMIK (canh huyén — canh goc vuoéng) = HKM = IKM.
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 Vay KM 1a tia phan gidc BKD

11.7 Ap dung vi du 10 chuyén d& 8, ta c6: ME = MD
= AMDE c4n tai M = MDE =E.

Miit khéc, ta c6: HDE = F (cung phu véi goc HDF). E 0 M F
Ta c6: MDH = MDE — HDE = E = F.
11.8
a)Ttt Aké AK L MC tai K va AQ L HN tai Q. B
Hai tam giéc vuong MAK va NCH co
MA=NC(== AB) Al C (cung phu véi goc AMC)
M \K
— AMAK = ANCH = AK = HC(1) D
~ o~ E |
ABAK va AACH c6 AK=CH ,A =C,,AB=CA
A C

— ABAK = AACH (c.g.c) = BKA = AHC.
AAQN va ACHN c6 AN = NC. Q
ANQ =CNH => AANQ = ACNH (ch—gn) = AQ = CH(2)

Tt (1) va (2), suy ra: AK=AQ.

AAKH va AAQH(ch-cgv) KHA=QHA = HA tia phan giac ctia géc

KHQ = AHQ = 45° = AHC =135° = BKA =135".

Ttr BKA+BKH + AKH =360° = BKH =135".

Tam gidc AKH c6 KHA =45° nén né vudng can tai K, suy ra KA = KH.
ABKA = ABKH 6 BK chung, BKA=BKH =135°, KA = KH

— ABKA = ABKH (c.g.c) = BA = BH hay AABH can tai B

b) D& chiing minh dwoc AAKB va AHKB (c.c.c)= A = H,

Ma HE // CA = H, =C, (g6c dong vi)vi A =C, = H, =H,.

Hay HM Ia tia phan gidc géc BHE

HUONG DAN GIAI
Chuyén dé 12. VE HINH PHU DPE GIAI TOAN
12.1. Cich 1.Tir D ké DH // AC (H € BC) suy ra DHB = ACB , ma
ABC = ACB => DHB = ABC => ADHB can tai D = DH = DB = DH =CE.

ADHEF va AECF ¢6 DHF = ECF, DH = CE, HDF = CEF
Suy ra ADHE = A ECF (c.g.c)= DF = FE
Cich 2. Tir E ké EK //AB (K e BC)
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— ABC = CKE ma ABC = ACB

— ACB =CKE = ECK =CKE
— AECK cén tai E = CE = KE = BD = KE
ABDF va AKEF c6 DBF = EKF, BD = KE, BDF = KEF
Suy ra ABDF va AKEF (c.g.c)
W

Cich 3. Ha DH L CE,EK L BC(H,K € BC)
ABDH va ACEK c6 BHD = CKE =90° BD = CE, DBH = KCE

Suy ra ADBH = AECK(canh huyén , géc nhon)

= DH =EK
AHDF va AKEF c6 DHF = EKF = 90°, DH = KE, DFH = KFE FN
Suy ra ADHF = AEKF(c.g.c)= DF = FE. E

Tém lai: Chttng minh DF = EF dya vao cdp ta giac bang nhau, do d6 can tai ra cap tam giac
bang nhau.

12.2 Tim cdch gidi.
Ta thdy DCA=60° ma CD =2BC, nén ta nghi tdi tam gidc vudng cd géc nhon 60°
Taha DE L AC=CD=2CE=CE=CB

A
Dé thay ABED va ABEA can tai E

= AEAD can tai E.

Tt &6 tinh dwoc:

ADE =45° EDB =30° = ADB = 75".

12.3. Dbat )@:a:@:Za

Lay diém E trén Bz sao cho OE = OA , AAEO can tai O

- 0
— AEB- 180" - 2«

AEB =90° — ; ABE = OBH = 90° —
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— AEB = ABE
— AED = ABO;OB = ED; AE = AB

AAOB = AADE(c.g.c) = AO = AD

= AAOD can.

12.4.AABC c6 A=50"B =70° = C = 60",

CM la tia phan gi4c cia C nén MCA = MCB = 30"

C6 NBC = B—MBN =50° —40° =10".

Ta c6 MNB = MCB + NBC =30° +10° = 40° (g6c ngoai cia ANBC)

= AMNB can tai M A

Tir M vé MH L BC tacé MH :%MC(l)

H
Tit M vé MK L BN = BK :%BN(Z)
Xét AMKB va ABHM c6 BHM = BKM (=90°) , BM la canh chung
MBK = BMH = 40° = ABHM (canh huyén, gdc nhon)
— MH =KB (2)
Tt (1)(2)(3) = BN = MC (diéu phai chitng minh).
12.5.
Ké BH L AD;CI L AD .

AABK c6 AKB = KBD + KDB =30° + 45° = AKB = 75".
AABK c6 BAK = AKB(=75°),BH L AK nén AH = KH.

BH la tia phan giac cia ABK nén ABK = % ABK =15".

B

ACDE c6 ECD =90°;CDE =45° nén ACDE vudng can tai C.
Ké CI L ED suy ra EI=1ID =Clsuy ra ED =2.CIL.

AAHB va ACIA c6 AHB = CIA(=90°); AB = AC; ABH = CAI (=15°) A

Nén AAHB = ACIA (canh huyén — géc nhon) suy ra AH = CL. Tt d6

suy ra F

AK = ED. B YERE
12.6.
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Truong hop BAC =90° , két qua 12 hién nhién.
Ta chitng minh cho trudng hop BAC < 90°
Truong hop BAC >90°, chitng minh hoan toan tuwong tu .
Trén tia d6i cua tia MA 18y diém D sao cho MA = MD.
N&i B véi D. Tt B ké duong thang vudng géc véi AB cat AD tai G.
Xét hai tam gidc AMC VA DMB c¢6 AM = MD; A

AMC = DMB; BM = MC

Nén AAMC = ADMB(c.g.c), suy ra CAM = BDM (1) va BD = AC.

Tacé AE L AB;BG L AB nén BG // AE suy ra EAM = BGA (so

le trong)(2) F B C
Ma BGA=GBD+BDM va EAM =EAC +CAM (3)
Nén tir (1), (2) va (3) suy ra EAC =GBD

Ta c6 AE = AB; EAF = ABD =180° — BAC; BD = AF(=AC). D
Do d6 AEAF = AABD(c.g.c) suy ra EF = AD.

Ma AD =2.AM (cach vé) nén EF = 2.AM.

Do AEAF = A ABD nén AEF = BAD ma BAD + DAE =90° nén AEF + DAE =90°
Suy ra AM L EF (diéu phai chitng minh).

12.7.

Qua C vé duong thang vuong goc véi AC cat tia AD 6 F. Do AB = AC.

ABE = CAF (cung phu v6i goc AEB) B
BAE = ACF =90° nén
ABAE = AACF (g.c.g) = AE = CF = CE = CF. D

Suy ra A CED = ACFD (c.g.c) R
Trén tia DE lay diém G sao cho EG = ED. G
AAEG va ACED c¢6 AE = CE.

AEG =CED, EG = ED suy ra AAEG = ACED(c.g.c)=> CDE = AGE
vaAG//DC,do dé DAG = FDC (dong vi) suy ra DAG = DGA .

Vay ADAG can tai D, hay DA = DG = 2DE(diéu phai chitng minh).

12.8.
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Goi E 1a giao di€ém cua XA véi YZ. Trén nira mat ph:?mg bo XC khong chira A 1ay diém K
sao cho AXCK = AXBA.

Ta c6 XK = XA va KXC = AXB suy ra AXK = BXC =120°

Do dé XAK =30° . Mit khac, ta c6 CK = AZ(vi AXCK = AXBA va AABZ déu) ; CA=AY(vi
AYCA deu);

— — — — ~

=C +30°+30° + B =60° +(180° — A)
= 240° - (360° —YAC — ZAB—-YAZ) =YAZ;
Suy ra ACAK =AAYZ (c.g.c) X X

Do d6 CAK = AYZ = EYZ

Ta 6 : EAY +CAK =180° — (YAC + XAK) =180° — (60° +30°) = 90°

AEAY c6 EAY +EYA=90° Suy ra AEY =90° .Vay XAL1YZ

12.9.
B N
D
A Cc

Trén tia d6i cta tia MA 1dy A’ sao cho MA” = MA.
Khi d6 AMCA’=AMBA(c.g.c),

Suy ra CA’ = AB(1)

MCA' = ACB +BCA'=36° +54° = 90",

Tir AABC = ACA’A(c.g.c) = AA'=BC;MC = MA:%BC, MAC = MCA = 36°.

Miit khéc, CD 1a phan gicas ACB nén ECA=18", A'EC la géc ngoai ctia tam gidc AEC nén
A'EC = EAC + ECA=36"+18"=54° =EA'C,

Suy ra tam giac ECA’ can tai C, nén CE = CA’(2)

Tt (1), (2) suy ra CE = AB.

12.10.

THCS.TOANMATH.com TAI LIEU TOAN HOC




Ké DE L BC tai E, DF L AH taiF.

Xét cac tam gidc vuong ABD va EBD c6 IB=ID nén Al =El = B_2D .

Ta c6 AABH = ADAF (canh huyén, géc nhon) = AH = DF (1)

AHED = ADFH (canh huyén, géc nhon)= HE = DF (2)

Tt (1) va (2) suy ra AH = HE. Ttr d6 AIHA = AIHE(c.c.c)

— IHA= IHE =90° : 2 = 45°. Ta c6 BIH + IHB = IHE = 45°

Ma IBH = FDI (soletrong):liﬁ — ADF. Lai c6 ADF = ACB ( dong vi)

Suy ra BIH = ACB diéu phai chting minh ).

HUGNG DAN GIAI
Chuyén dé 13. CHUNG MINH BA PIEM THANG HANG
13.1.

a) AAMC va AEMBc6 MA=ME,
AMC = EMC; MB = MC A
= AAMC = AEMC (c.g.c) !

— AC = EB:CAM = MEB 5 / c

= AC//BD

b) AAIM va AEKM ¢6 AM =EM ;

CAM = MEB; Al = EK = AAIM = AEKM (c.g.c)

— AMI = EMK ma AMI + IME =180° = EMK + IME =180°

=1,M,K théng hang
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13.2
a) ABCE va ACBD c6 BEC =CDB =90 EBC = DCB ; BC la canh chung
= ABCE = ACBD ( canh huyén , géc nhon )

b) ABCE =ACBD = BE=CD

ABKE va ACDK c¢6:

BEK = CDK =90°; BE = CD; BKE = CKD

= ABKE = ACDK ( g6c nhon, canh géc vudng )

c) ABKE = ACKD = KE = KD.

AAEK va AADK cé AEK = ADK = 90°:

Al chung; KE = KD = AAED = AADK = EAK = DAK
Hay AK 1a tia phan gi4c BAC (1)

d) AABI va AACI c6 AB = AC la canh chung; Bl =CD
— AABI = AACI (c.c.c)

= BAI =CAI hay Al la tia phan giac cua BAC (2)

Tt (1) va (2) suy ra A;K; I thang hang.

13.3.

a) AABD va AAED c6 AB = AE; BAD = EAD; AD la canh chung
= AABD = AED(c.g.c) = BD = ED; ABD = AED

M3t khéc ABD + DBF =180°; AED + DEC =180° nén DBF = DEC
Ta c6 AF = AC; AB=AE = BF =EC.

ADBF va c6 DB =DE

= ABDF = AEDC (c.g.c)

b) ABDF = AEDC

— BDF = EDC ma BDF + FDC ==180°
— EDC + FDC =180°

= F,D,E thang hang .
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c) Goi H la giao diém cua AD va CF.

AAHE va AAHC c6 AF =AC; FAH =CAH ; AH chung
AAHE = AAHC (c.g.c) = AHF = AHC ma AHF + AHC =180°
= AHF = AHC = 90°

Vay AH L FC hay AD L FC B
13.4. Goi y : Tinh géc ABN = 60°

— ABM = ABC + CBM =60°ma BN;BM thudc cing mot nira mat
phang bd AB nén tia BM truing véi tia BN Vay B,M,N thang

hang.

A
13.5.

a) Ta c6 ADMA vudng tai M nén MDA+ MAD =90° ma BAH + MAD = 90°
(vi BAD =90°)= MDA = BAH.
Xét ADMA va AAHB c6 DMA = AHB = 90°;

MDA = BAH; AD= AB nén ADMA = AHB s
( canh huyén, géc nhon )= DM = AH '

b) Chttng minh tuwong tw cau a, ta co : A
AANE = ACHA, suy ra AH =EN
Xét AMID va ANIE ¢6 IMD = INE(=90%),

IM =IN,DM =DN (= AH), suy ra -

AMID = ANIE (c.g.c) = MID = NIE

Mt khac MID + NID =180° = NIE + NID =180°

Vay D,I,E thing hang.

13.6. ABOD va ACOD c6 OB =0C(gt); OD canh chung.

BD =CD (D la giao diém ctia hai duwong tron tam B
va tam C cung ban kinh ). Vay ABOD = ACOD (c.c.c),
suy ra BOD =COD.

Diém D nam trong géc xOy nén tia OD nam gitta

hai tia Ox va Oy.

Do d6 OD Ia tia phan giac cia xOy .
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Chiing minh twong tu ta dwoc OA 1a tia phan gidc ctia XOy .

Goéc xOy chi cé mot tia phan gidc nén hai tia OD va OA trung nhau.
Vay ba diém 0O, D, A thang hang.

13.7. Ké MK L AB;MH L AC;

Ta ¢ M la trung diém ctia CE nén ABME = ABMC(c.c.c)
— EBM =CBM =45’

Miit khac EBC =90° = KBE + ABC =90".

Ma ,@+:®=900, suy ra KBE = ACB = KBM = HCM.

Lai c6 BM = MC = AKBM = AHCM

( canh huyén, géc nhon )= MK = MH

= AAKM = AAHM (canh huyén, canh goc vuong)
= KAM = HAM = AM 14 tia phan gidc cua goc A. A |_H ¢

Mit khac, ABAD vudng can tai A = BAD = 45° = AD la tia phan gidc cta géc A
= A; D; M thing hang (vi A; D; M cling thudc tia phan giac ctia géc A)

13.8. Theo dé bai AABC vudng tai A c6 BC =2AB nén G
ABC = 60°; ACB =30". g

|
—

ABD:%,@\C:ZOO: DBC = 40°

Eﬁ):%/ﬁzlmzﬁs\czzo‘) S

ACIF va ACIG c6 IF = IG(gt)

CﬁE :a@ =90% IC canh chung

= ACIF =ACIG(c.g.c)

— CG =CF va KCH = KCF =10°

Tir d6 suy ra CG =CH va GCF + FCH =2ACB =60°, do d6 CHG =60° (1)

ADKF = ADKH vi c6 KF = KH ( gia thiét ), DKF = DKH =90°, KD canh chung, do d6
DF =DH , vi thé ACDF =ACDH (c.c.c)

Suy ra CHD =CFD
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AABD vudng tai A 6 ABD = 20° = DB =70° = CDF =110°
— CFD =180° - CDF — FCD =180° —110° —10° = 60° vi th& CHD =60° (2)

Tt (1) va (2) suy ra CHD =60° = CHG ma hai tia HD, HG cing nam trén mot nita mét
phang bo 1a duong thing HC nén HD trung véi HG, nghia 1a ba diém H,D,G thang
hang.

13.9. Goi F la trung diém cta AC

= AH :A—ZC:> AAHF déu

= HF //AD = M ,H,F thang hang
Ma AK = KF; AAMF =AFDA(g.c.Q)
= AM = DF

= AAMK = AFDK (c.g.c)

— AKM = DKF

=M, K, D thang hang.

HUONG DAN GIAI
Chuyén dé 14. TINH SO PO GOC

14.1. Tim cdch giai: Day la bai toan kho béi chung ta khé nhan ra méi quan hé gitra gia
thiét va két luan dé tim cach giai quyét bai todn. Ta c6 ABC + DBC =60° 1a mot goc ciia
tam gidc déu. Tt d6 chung ta co thé vé d€ tao ra tam giac déu theo cac hudng sau:

- Cdch 1. Dung tam giac déu BCM (A;M cung phia so

voi BC). M
AABM va AACM c6 AB = AC; MB = MC;MA la canh

chung.

Suy ra AABM = AACM (c.c.c)

— AMB = AMC = 30°
Xét AABM va ADBC ¢4 BM = BC,

AMB = DCB = 30°: ABM = DBC =10° . D .
= AABM = ADBC (g.¢.g)= AB=DB
= AABD can tai B
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- 0400
:ADB:M:NO

- Cdch 2. Dung tam gidc déu ABE(C va E cung phia A
so voi AB)
Ta co AACE can tai A, ma

—— 180°-20°

CAE =20° = ACE = - 80°

— BCE =80° ~50° =30° = ABDC = ABEC(g.c.g) g c
= BD = BE = BA= ABAD cAn tai B E

P 0_ 0
:ADB:M:NO

Cdch 3: Dung tam giac déu ACK(B; K cung phia so A
voi AC )
Ta c6 AABK can tai K,

ma BAK = 20° = ABK =80°.

— CBK =80° —50° = 30° B C
= ABDC = ACKB(g.c.9) K

= BD = CK = AABD can tai B

Ma ABD = 40°

. 0_ 0
:ADB:M:NO

Cdch 4:

Keé tia phan giac ctia goc ADB cit CD kéo dai tai A
M

Ta c6 MBC = MCB =30° = ABMC cén tai

M = BMC =120° ,
360° —120°

Mit khac AAMB = AAMC = — = 120° B C

= AABM = ADBM (c.g.c)

= AB=DB = AABD can tai B,
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M3 ABD = 40°

o 0_ 0
:ADBzMz?OO

14.2. Nhan xét . D€ tinh duoc géc ADB ta can chitng minh tam gidc ABD can tai B. Ta c6
150° —90° = 60° 1a mét gbc ctia tam gidc déu. Do vay trong bai toan nay ta phai tim cach vé

ké dé€ tao ra tam giac déu ttr d6 tim cach tinh goc ADB. C6 thé vé duong phu theo cac
cach sau:

Cdch 1: Dung A déu ADF ( B; F cung phia so v4i AC ) B

Ta c6 : AADC can tai D ma ADC =150°
— 180°-150°

:>CAD:T:15°
:ETA\F:90°—(15°+60°)=15° F

= AADC = AAFB(c.g.c) = AFB =150°
Vi ABF =15° = DFB = 360° ~(60° +150") =150° D
— AAFB = ADFB(c.g.c) = AB = DB => AABD can tai B ma

ABD = 30°

o 0_ 0
_ ADB =180 -30 > 30° _ 750

Cdch 2: Dung tam giac déu ACE ( E; B khac phia so véi AC)
AADE va ACDE c¢6 AD =CD,AE=CE,

DE 1a canh chung, suy ra AADE=ACDE (c.c.c)

= ADE = CDE = 75".

AADE va AADB c6 AB = AE, A ¢
BAD = @B(z 750), AD la canh chung,

Suy AADE =AADB(c.g.c)

— ADE = ADB = 75°
Vay ADB = 75°

Cach 3 : Dung tam gidc déu CDK (K; B cung phia so véi B
AC) suy ra DCB = KCB =30°

ADCB va AKCB ¢ CD=CK,
DCB = KBC =30°; BC 1a canh chung,

Suy ra ADCB = AKCB(c.g.c)
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= DB =KB (*)
AADB va AADC c¢6 DK =DC,
ATD\K = ﬁ =150°, AD canh chung

Suy ra AADC = AADK (C.g.C) = AC=AK;AC=AB= AK=AB (1)

Mt khéc: CAD = KAD =15° = KAB = 90° —30° = 60° (2)
Tt (1) va (2) = AABK la tam giac déu = BK = BA(**)
Tt (*) va (**) = DB=BA= AABD can tai B

= BAD = BDC =90° -15° = 75°

Vay ADB = 75".

Cdch 4: Dung tia Bx sao cho ABx =15°(BX va Cnim cung B
phia so voi AB).

Tia Bx cit tia CD tai
Ta c6 ABIC can tai | (ﬁsE —ICB =3o°)
= Bl =CI = AABI = AACI (ccc)

= BAI = Al =45° do ABIC can tai I

= BIC =150° - (30° +30° ) =120’

Mat khac, AACI ¢o :

ACI =15";CAI = 45" = AIC =180° - (15° +45°) =120’

Tir d6 ta c6 : AlB =360 —(120° +120°) =120°

Vay AIB=DIB=120° (*)

Xét tam giac AID co AID = ACD + CAD =30° ( goc ngoai tam giac)
DAI =45° —15° =30° = AAID cantai | = IA=ID (**)

Tix (*) va (**) = AAIB = ADIB (c.g.c) = AB = DB va ABI = DBI =15°
= AABD can tai B
o 0_ 0
— ABI =M=750
2
14.3.
a) Taco ACD = ABC + BAC = 45° +15° = 60°

Tir d6 trong tam gidc ECD vuéng tai E, c6 CDE =30°
nén CD=2CE ( theo vi du 8, chuyén dé 9), ta lai c6 G
CD =2BC nén CE =BC, suyra CBE =30° = CDE.
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AEBD can tai E suy ra EB =ED

b) ta c6 ABE = ABC —CBE = 45° —30° =15° = EAB = AEAB can tai E
talai c6 EA=EB =ED = AEAD vudng cén tai E= EDA = 45°
Vay ADB = ADE + EDB = 45° + 30° = 75°

14.4.

a) Dung tam giac déu BEC sao cho E va
A nam cling trén nita mit phang bo E
BC.
Ta c6 BA=CA,BE =CE, AE 1 canh
chung = AABE = AACE(c.c.c)

Suy ra AEB = AEC =30° 5
AABC can tai A c6 A=100° nén suy ra
ACB = ABC = 40" = ECA = ACD = DCB = 20"
Suy ra ADBC = AAEC(c.g.c)=CD =CA

b) Ta c6 BDA=180°-(ABD +BAD) (1)
Ma ABD = ABC - DCB =10° (2)
e 0 AP 0_9n0
BAD = BAC - DAC = BAC —(M) =100° —(Mj =20 (3)
Tt (1), (2), B)suy ra:
BDA=180° - ABD + BAD | =180° - (10° + 20°) =150°
*M6 rong bai todn : Co thé thay két luan bang yéu cau : Tinh s§ do cac géc ADC; BAD.
14.5.

a) Ta c6 FBA=40° = BAC = ABFA
cantai F=> FA=FB ()

AH 13 phan gi4c ctia BAC nén BAE = 20°
Dung tam giac déu ABD sao cho D

nam trén nira mit phang bo AC
khong chita diém B thi DA = DB,

FAD =20° (2)

Tix (1) va (2) suy ra AADF = ABDF (c.c.c)

— ADF = BDF = 30°.

T d6 dé dang suy ra AFAD = AEAB(g.c.g) = AE = AF
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b) Ta c6 DFA=180° — ADF — DAF =180° —30° — 20° =130°

Ta c6 DFA = DFB =130°; EFA =80°nén suy ra EFB = 20°, EBF =10°
Trong ABFE thi BEF =180° - (EBF + EFB) =150’

14.6.

- Cdch 1. Vé tam giac déu ACF sao cho F nam trén

ntta mit phang bo AB khong chira diém C

Goi giao diém cua CF va AB laK

Ta c6 BCK = 20° ECK = 40°;

BKC =180° —(&a? + B/CT<)=80°

= ACBK cén tai C = CK =BC (1) F D
BDC =180° —(635+ B/CI\D)=50°

= ACBD cén tai C = CD=BC (2) B c
Tt (1) va (2) suyra = CD =CK

— AKCD cén tai C v DCK = 60°

= AKCD la tam giac déu = CK = DK (3)

ACKE c6 KCE = KEC =40° nén ACKE can tai K = CK = EK (4)
Ttr (3) va (4) suy ra EK = DK = AEKD can tai K va c6

EKD =180° —(&\m B/K\C)=40° nén KED =70° ma BEC = 40°
— CED =30°

- Cdch 2: Vé EF //BC(F thudc AC). Goi P la giao diém cua BF
va CE, do BCE =60° nén ABPC déu = CP=CB(1)

Do CBD =CDB =50° nén ABCD can tai

C,dan dén CD=CB (2)

Tt (1) va (2) suy ra ADCP can tai C nén CPD =80°; DPF = 40",
Ma DFP =40° nén

ADPF can DP = DF,

Tir d6 ADPF = ADFE (c.c.c)

Suy ra PED = FED =30° . Hay CED =30°

-Cdch 3: trén tia CA;CB1ay V va U sao cho CV =CU =CE.

LT
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Ta c6: CE =CU va BCE =60°nén ACEU déu, do d6 EU = EC,CEU =60° .Vi CEB =40° nén
BEU =20° .Lai c6 aACE cannén AE =CE dodé AE=EU .Cé

AAEV = AEUB (AE = EU), EAV =UEB = 20°, AV = AC —CV = AB - EC = AC — AE = EB) nén
EV =BU va AVE = EBU =180° - ABC =180° —80° =100° .

Mat khac,BU =CU -BC =CV -CD =DV nén EV =DV . Do d6 AEVD can tai V, suy ra

D/IE\V=%K\/\E=500.

Ta c6: ACVE cén tai C ¢6 ECV =20°,suy ra CEV =CVE =80°. Tix d¢:

CED =CEV — DEV =80° —50° =30°. 4
-Cédch 414y F trén AB sao cho DCF =60° = FCB = 20° = ABCF cin

(CFB =CBF =80),

Nén CF =CB .Ta c6 ABCD can (CBD =CDB =50°) suy ra CB=CD

E
Tir d6 CF =CD ma DCF = 60°nén ACDF déu, do d6 D
FCE = 40° = FEC nén FE=FC,suyra FE=FD. F
Vay AFED cantai F .Vi EFD =40°, suy ra FED = 70°. B c

Ta cé: CED = FED - FEC =70° —40° =30°.

14.7. Gia st CM cit AB tai E, tia phan giac géc BEC cit BM ,BC Tanluottai H va K
.Ta ¢6 tam gidc MAC cantai M ,nén AME =20° +20° = 40° Lai c6 CEA=CEK = BEK =60°,
suy ra ACEA =ACEK(g.c.g) = AMEA = AMEK(c.g.c)

A
Suy ra AME = KME =40°.Vi EBK =40°nén '
AEKB = AEKM (g.c.g) suy ra AEHB = AEHM (c.g.c) E
,do d6 EHM =90°. A»
Xét tam giac HEM co ﬁ-ﬁ =90°, H/E-M =60°,nén B p ~ -

EMH =30°.Do d6
AMB = BME + EMA = 30° + 40° = 70°.

14.8. Ta c6 C =180° — (55° +115°) =10°
Ké DE L AM (E € AC).

Ta c6 DAM = DMA =30° = ADAM cén tai D tit d6
suy ra ADM =120° ,va DE la duong phan giac

ctia gbc ADM nén EDM = BDM =60°.Do dé

B
D
4 F
AEDC = ABDC(g.c.g) = BC = EC..

Xét ABMC va AEMC c6 BC = EC; MCB = MCE =5°, MC chung.
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Do d6: ABMC = AEMC(c.g.c)

= BMC = EMC =180° - DME =180° - DAE =180° - 55" =125".
14.9. V& tam gidc AME déu véi E va B cling nam trén mot nira mt phang bo AM .

Ta c6 BAE =80° —10° —60° =10°, ABAE va ACAM c6 4
AB = AC, BAE = MAC(=10°), AE = AM
suy ra ABAE = ACAM (c.g.c), ABE = ACM =10".

/\_/\_ 0 /\_ 0
Do d6 EAB = EBA=10" = AEB =160

— BEM =360° —60° —160° =140°

Xét tam giac BEM c6 BE = AE = EM B c
nén EBM = EMB = (180° —140°) : 2 = 20°

Do d6 AMB = 20° +60° =80°.

14.10. Dyng tam gidc BCD déu véi A, D cing ndm trén

mot nita mit phang bo BC .Ta c6 ABC = ACB =50° ,suy ra
ABD =10".

Tir AADB = AADC(c.c.c) = ADB = ADC = 30".

Tt @6 ABAD = ABMC(g.c.g),suy raBA = BM, dan dén tam : \C

- B
gidc BAM déu, suy ra AMB =60° va N/

AMC = (180° —10° —30°) - 60° = 80". M

14.11. Vé tam giac déu MCE (N va E thudc cting mot nita mat phang bo CM ).

Ta c6 ACE = BCE (cling + MCA =60°). E
AACE va ABCM c6 : A

BC = AC, ACE = BCM, MC = EC N

— AACE = ABCM (c.g.c) = CAE = CBM = 90°

= AE//DM (cung L AC) = EAN = @(soletrong) M D

Ta c6 MBD = MDB =30° = AMBD can tai M = MB = MD . 5 c

Ma MB = AE (vi AACE =ABCM ) = MD = AE.
AAEN va ADMN c6 : MD = AE, MDN = EAN =150° = AAEN = ADMN (c.g.c) = MN = NE

AMCN va AECN c6 :
MC = EC,MN =EN,CN la canh chung = AMCN = AECN (c.c.c) = MCN = NCE.
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Ma @+@:mzﬁo°:@:%nﬁzsoo.

HUONG DAN GIAI

Chuyén dé 15. QUAN HE GIUA CANH VA GOC POI DIEN TRONG TAM GIAC
15.1.

o Truwong hop M =B hoac M =C :Khidé AM =AB .

o Truong hop M nam giita B va C (h.15.6)
Ta c6 AMB > ACB (tinh chét goc ngoai tam gi4c ).Do d6 AMB > ABC (vi ACB > ABC
)-
Xét AAMB c6: ABM > AMB Suyra AM < AB (quan hé gitta gbc va canh d6i dién).

Hinh 15.6

e Truwong hop M € tia Bx la tia d6i ciia tia BC va M = B (h.15.7)
Ta c6: ABC = ACB <90° (tinh chat ctia tam gidc
can).Do d6 ABM > 90° . 4
Xét AABM c6: ABM la goc tiinén AM 1a canh 16n
nhét. Vay AM > AB.

Chting minh twong ty, néu M e tia Cy 1a tia d6i i\ 2
B
ctia tia CB va M =C thi AM > AB. D
15. 2.(h.15.8) Hinh 15.8

Goéc ADB la géc nho nén goc ADC la goc tu.

~ o~ A\ A ~ A A
AABD va AACDco: A =A,;Di1<D2 nén B>C. N
~ A~ I
AABC ¢6 B>C = AC > AB (dinh i 1). ||
1
15.3. (h.15.9) \ M
|
1
B C

Hinh 15.9
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Ta c6 MN//AC = MNC = ACN (so le trong).Mat khac, ACN < ACB nén MNC < ACB (1)

AABC c6: AB< ACnén ACB<ABC. (2)

Tux(1) va (2), suy ra MNC < ABC  (3)

Tam gidc MNB can = MNB =MBN  (4)

Tix (3) va (4), suy ra MNC + MNB < ABC < MBN .

Do d6 BNC < NBC = BC < NC (dinh lil).

15.4. (h.15.10)

Ta c6 ACB =180° — (BAC + ABC) =180° — (60° + 75°) = 45".
Mit khac, A =C, =15° (gia thiét) nén

A, =60° —15° = 45°,C, = 45° —15° =30° .

Gia sit OA va OB khong vudng goc véi nhau, tiec la
AOB #90° .

e  Xét truong hop AOB < 90°

Hinh 15.10

Ta c6 B2 =180° — (AOB + A) =180° — (AOB + 45°) > 45",
Vay B2 > A; = OA> OB (dinh I 1)
Mit khac, AAOC cén nén OA=0C suy ra OC >OB = B; > C; (dinh 1i 1).Tix d6 ta duoc
B2+ Bi > Az +C, =45° +30°hay ABC > 75° (tréi gia thiét).

e Xét truong hop AOB >90° ,chitng minh twong tu ta dugc ABC < 75°(trdi gia thidt).
Vay AOB=90° = OA L OB.
15.5.(h.15.11)

4
Xét AAHC vuong tai H , ABKC vudng tai K .Ta co:
AH < AC;BK <BC 1) K
Mat khac: BC < AH; AC < BK (gia thiet) (2). Tt (1) va (2),
suy ra BC < AH < AC <BK <BC.
-
Do d6 BC = AH = AC =BK . Vay AABC phai la tam gidc B H ¢

~ b N A 0 Hinh 15.11
vuong can tai C .Suyra C=90",A=B=45".

15.6. (H.15.12)

Trén canh AC 13y diém E sao cho AE = AB .Vi AE < AC nén diém E nam giita A va C .
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AABM = AAEM (c.g.c) = MB = ME va M, =M; .

Xét AAME ¢6 MEC la géc ngoai nén MEC > M do dé6
@>M\2;M\2>61;61>KC\D;A/C\D>E/CW.

Xét AMEC ¢6 MEC > ECM = MC > ME (dinh 1i 1).Do d6
MC > MB (vi MB = ME ).

15.7.(h.15.13)

Hinh 15.12

AABE = AACF(g.c.g) = AE = AF va BE=CF (1)
AAEF cAn = AEF <90° nén AB > AE .Trén canh AB ldy diém D sao cho AD = AE

AADE = AAFE(c.g.c) = ED = EF.

AADE cin = ADE 1a géc nhon = BDE 1a goc tu . 4
— 3
Xét ABDE c6 BDE la goc tt = BE la canh 16n nhat . !
Do d6 BE > DE = BE > EF. (2) D
Tt (1) va (2) suy ra EF c6 d¢ dai nho nhat tong 3 doan B
thing BE,EF va FC . E F
Hinh 15,13

15.8. (h.15.14)

Trén tia d6i ctia tia MA 1dy diém D sao cho
MD =MA .

AAMN = ADMB(c.g.c)= A, =D va AN =BD

Ta c6 ANC > ABC = ANC >C .Do d6 AC > AN
(dinh1i1)Suyra AC>BD=D>A = A >A .

D& thdy A = A, do dé A, 1a géc 16n nhat trong ba p  HwhI514

goc AL A, A, .
15.9. (h.15.15)

Gia stz tam giac ABC c6 ABC >60°, ta phai chiing

minh AC > @ .Trén tia d6i cua tia BC 1dy diém

D sao cho BD=BA.Vé CH 1L AD

Tam gidc ABD cantai B==ABC=2D=D=——. Hinh 15.15
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Vi ABC >60° nén D > 30°
Xét AHCD tai H ¢ D >30%nén CH >%CD (xem vi du 1).

Mait khac AC >CH nén

AC >%CD :%(DB+ BC) :%(AB+ BC) .

15.10. (h.15.16)

Trén nita mat phang bo MB khong chita C , vé tam

\ M
giac BDM vuodng can tai B . D_:____--——-‘;,_7:;--..__.______“\

‘
ey

AABD = ACBM (c.g.c) = AD =CM va p
ADB = BMC > 105°

ABDM vuéng can tai B = BDM =45° = ADM > 60° .

AD + DM

Xét AADM c6 ADM > 60°nén MA > (xem bai

15.9) 5/

Mat khac, DM > MB (vi ABDM vudng ) suy ra

.\-

Hinh 15.16

MA > MC + MB

15.11. (h.15.17)
AABC 6 AB < AC = ACB < ABC. Do &6 FCB < EBC .

AFCD va AEBD cé: CF = BE,CD = BD, FCB > EBC nén DF > DE
(dinh 1y 2).

Xét ADEF c6 DF > DE nén DEF > DFE (dinh Iy 1).
15.12. (h.15.18)
Tam giac ABC cantai A= ABC = ACB .

Ta c6 Bi<C, (gia thiét)= B, >C, = MC > MB (dinh Iy 1). Xét
AABM va AACM cé: :
AB = AC, AM chung, MB < MC = MAB < MAC (dinh ly 2).

Mat khac §1<61nén I\m+§1<l\m+(§l.Do do M\1<M\2.

15.13. (H. 15.19)

Trén tia d6i ctia tia OA 1ay diém N sao cho ON =OA .
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AAMO = ANCO(c.g.c) = AM = NC va A =N,.Tacé AB>AM = AC > NC.
Xét AACN c6AC>NC = Ni>A = A >A .
AABD va AACDcé: : AB=AC,AD chung,A <A, nén BD >CD (dinh 1y 2).

15.14. (h.15.20)

Trén ntta mgt phang bo AC khong chita B ,vé tia Ax sao
cho CAx = BAM.

Trén tia Ax lay diém N sao cho AN =AM .
AAMB = AANC(c.g.c) = BM =CN va AMB = ANC .

Mit khac, AMB > AMC nén ANC > AMC (1)

AAMN can tai A nén ANM = AMN (2) b

Hinh 15.20
Tix (1) va (2), suy ra MNC > NMC = MC > NC .
AAMC va AANC c6: AM = AN, AC chung va MC > NCnén MAC > NAC (dinh ly 2)

do d6 MAC > MAB .

e — A
ADAC va ADAB c6 : AC = AB, AD chung, DAC > DAB
nén DC > DB (dinh ly 2).
15.15. (h.15.21)
AAMB va AAMC ¢6 : MB = MC, MA chung, AB < AC nén D
AMB > AMC (dinh ly 2).= M, la gdc nhon , 2 2 . c
— — B T T
— M, < AMD M
Hinh 15.21

Theo tinh chat géc ngoai tam gidc ta c6: MDC > M, .
Mt khac, M1 >M,,M, >Cnén MDC >C .
Xét AMDC c6 MDC >C = MC >MD (dinh Iy 1).

Lai do MC =MB nén MB > MD hay MD <MB .

15.16. (H15.22)

o Xét truong hop AB = AC B
AABC la tam giac can, co A=60° nén la tam giac déu.
Suy ra AB=BC =CA=5cm . M 15,22

THCS.TOANMATH.com TAI LIEU TOAN HOC




Chu vi tam gidc ABC la 5x3=15(cm). (1)
o Xét truong hop AB = AC
Khong mat tinh tong quat, gia st AB < AC (h.15.22).
Trén cac tia AB, AC lan luot 1ay cac difm M va N sao cho AM = AN =5cm Khi d6 AAMN
la tam gidc déu = MN =5cm.
Vi AM + AN = AB+ AC(=10cm) nén AB+BM + AN = AB+ AN +CN = BM =CN.
Ta c6 BMC > BMN; BMN = ANM; ANM > NCM (Tinh chat goc ngoai tam giac)suy ra
BMC > NCM .

ABMC va ANCM c6 : BM =CN, MC chung, BMC > NCM suy ra BC > MN (dinh Iy 2).
Chu vi AABC = AB+BC +CA=10+BC >10+MN =15(cm)  (2)

Tt (1) va (2), suy ra chu vi AABC nho nhét la 15cm,khi AB = AC =5cm .

HUONG DAN GIAI
Chuyén dé 16. QUAN HE GIUA DPUONG VUONG GOC VA PUONG XIEN,
DUONG XIEN VA HINH CHIEU.
16.1. (h.16.6)

Vi AD L BC nén AD < AB (d&u”=" xay ra <> ABC =90°).
Vi BE L AC nén BE < BC (d&u”=" xay ra < ACB =90°).

Vi CF L AB nén CF <CA (d&u”=" xay ra <> BAC =90°).

Do cac dau “=" khong thé xay ra dong thoi nén
AD +BE +CF < AB+BC +CA =chuviAABC .

i

16.2. (h.16.7)

Vé BH Ld;CK Ld. Theo quan hé¢ gitta dwong vuong
goc va duong xién ta c6 BH <BO;CK <CO. Do do
BH+CK <BO+CO=BC.

Dau"=" xay ra <> H =0 va K=0<d LBC . 5 0 ¢
Vigdc A tinén d ludn cat BC .

16.3. (h.16.8) Hinh 16.7
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Vé AH L BM,CK L BM thi BH va CK lan luot A
la hinh chiéu ctia AB va BC trén duong thang K
BM. M
Ta c6 AHAM = AKCM (canh huyén, goc nhon)
= MH = MK. B H
Ta c6 AB < BM (quan hé gitta duong vudng goc
va duong xién) Hinh 16.8
Do d6 AB <BH + HM. (1)
Mat khéc cting do AB <BM nén AB < BK - MK. (2)
Tt (1) va (2), suy ra 2AB < (BH+HM) + (BK— MK).
BH +BK

Lai c6 MH = MK nén 2AB <BH + BK hay AB <

16.4. (h.16.9)

AABD va ACAE ¢6 : D =E(=90°). E y
AB = AC, ABD =CAE (cung phu voi goc
BAD)

Do d6 AABD = ACAE (canh huyén, goc
nhon). SuyraBD=AEva AD=CE. @~ [/ ___.----—-""""""

Ta c6 BD + CE = AE +AD =DE. B C

Hinh 16.9

X

Vé BH L CE thi DE = BH (tinh chat doan thang song song).
Vi BK <BC (quan hé gitta duong vudng goéc va duong xién) nén DE <BC
(dau “="xay ra < C =H hay xy // BC). Vay khi xy // BC thi BD + CE = BC.

16.5. (h.16.10)

Goi N 1a giao diém cua AB va tia CM. A
Vi M nam trong tam gidc ABC nén tia CM

cit canh AB tai diém N ndm gitta A va B, do

d6 AB > AN. (1)

Theo quan hé gitta dwong vuong goéc va Y

duong xién, ttt HN > HM B H

Suy ra AN > AM. (2)

Tt (1) va (2), ta co AB > AM.

Mit khac AM = AC (vi HM = HC) nén AB >
AC.

N

Hinh 16.10

16.6. (h.16.11)
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a) Tacé AB = AC, BM =CN = AM = AN. A
AABC va AAMN can tai A

N
:>ABC:AMN:18O —A

= BC//MN (vi cé cip gbéc dong bi bing nhau). 4
V& AH L BCthi AH L MN (tai K). B, 5 c
Ta co BHZEBC;KNZEMN. /E\

2 2 Al
Goi O la giao diém ctia BN véi AK.
Theo quan hé gitta duong vudng goc va duong
xién ta c6 :

BO > BH :%BC;ON > KN :%MN.

Do BN =BO+ON nén BN > B;+M2N - MN;BC.

b) Vé Bl L MN = BI //HK . Do d6 IK = BH (tinh chat doan chan song song).

1

Tacd MI = MK — IK:EMN —%BC:M.

2

Mt khiac BM > MI nén BM > MN -BC )

16.7. (h.16.12)

Goi N la trung diém cua EF. Céac tam A
giac ABC va AEF la nhitng tam giac

vuong, M va N la trung diém ctia canh

huyén nén B H

1 1 M c
AM =BC, AN = EF. (1) N

Suy ra BC=2AM ; EF = 2AN.

Theo quan h¢ gitta dwong vuong goéc va dwong xién ta cd AN > AM. (2)
Tt (1)va (2), suy ra EF>BC =5cm.

Dé xac dinh khi d6 ddu “=" xay ra, ta goi H la giao diém cua AN véi BC. Ta c6 AH L BC
(ban doc tw chitng minh).

Tacd EF=BC& AN=AM ©N=M < H=M.

Khi d6 tam gidc ABC c6 MB=MC, AM L BC (vi M =H ) nén la tam gidc vudng can. Do
d6 d6 dai ngén nhat ctia EF 1a 5cm khi va chi khi A 1a dinh ciia mot tam gidc vudng can c6
canh huyén la BC.

16.8. (h.16.13)
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Ta ¢6 C=BAH (cung phu B );
B = HAC. (cung phu véi C)

Ma BAH <HAC (gia thiét) nén B H C
C<B.

Xét AABC ¢6 C < B nén AB < AC(quan hé gitta canh va goc d6i dién trong tam giac). Suy
ra HB < HC (quan hé gitta duong xién va hinh chiéu)

16.9. (h.16.14)

Vé AH L BC.

Vi cac géc B va C nhén nén H nam gitra
BvaC.

Ta 6 B<C= AC<AB (quan he¢ gitra
canh va goc ddi dién trong tam giac).

-Néu M =H thi AM < AB (quan hé gitta duong vudng goéc va duong xién)

- Néu M nam gitta B va H thi HM < HB
= AM < AB (quan hé gitta duong xién
va hinh chiéu).

- Néu M nam gitta H va C(h.16.15)

Ta c6 HM <HC

= AM < AC (quan hé gitta duong xién
va hinh chiéu)

ma AC < AB nén AM < AB.

16.10. (h.16.16)

Theo dinh 1i Py-ta-go ta cé:
BC? = AB? + AC? =5° +12° =169 = BC =13.

Ta c6 BM >BH (ddu “="xayra <M =H ); 5 . C
CM >2CH (dau”="xayra <M =H).

Do d6 BM +CM 2 BH +CH =13 ( d&u “="xay ra < M = H ).(1)

Ta c6 HM <HA nén BM <BA (dau “="xay ra < M = A).

Tuong tt CM <CA (dau “="xayra <M =A)

Do d6 BM +CM <BA+CA=5+12=17 (ddu “="xay ra < M = A)(2)
Tt (1) va (2), suy ra 13< MB+MC <17.
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16.11. (h.16.17)

Gia sit AB < AC theo quan hé¢ gitta duong xién va hinh chiéu ta c6 HB < HC, do d6 MB <
MC.

Tt diéu kién AB < AC va BD = CE suy A

ra AD < AE.

Theo dinh 1i Py-ta-go, ta co: D E

MD? = AM? - AD?; ME? = AM ? — AE?

Do d6 MD? > ME®.

Ta co B H C
MB? = MD? + BD?*; MC? = ME?* + CE®.

Vi MD? > ME?,BD? =CE? nén

MB? > MC? suy ra MB > MC.

Theo quan hé gitta dwong xién va hinh chi€u ta suy ra HB > HC, do d6 AB > AC(trai gia
thiét).

Chitng minh trong tw, néu AB > AC thi cling suy ra mau thuan.

Vay AB = AC hay tam gac ABC la tam gidc can.

HUGONG DAN GIAI

Chuyén dé 17. QUAN HE GIUA BA CANH CUA MOT TAM GIAC.
17.1.

- Né&u canh ddy dai 10 cm thi mdi canh bén dai 1a (40-10):2=15(cm).

Ba d¢ dai 10, 15, 15 1a thoa man bat diang thitc tam gidc vi [15-15/<10 <15+15.

Vay d6i dai hai canh con lai la: 15cm, 15cm.

- Néu canh bén dai 10cm thi canh ddy dai la 40 — 2.10 = 20(cm)

Ba d6 dai 10, 10,12 khong thoa man bat dang thic tam giac. Vay truong hop nay bi loai
17.2. a)

Néu canh day dai 11cm thi canh bén dai 20cm.

B0 ba dai 11, 20, 20 thoa man bat déng thitc tam gidc vi |20 - 20| <11< 20+ 20.

Chu vi ctia tam gidc can la: 11 + 20 + 20 = 51(cm)

- Néu canh day la 20cm thi canh bén dai 11cm

BO ba dai 20, 11, 11 thoa man bat déng thitc tam gidc vi |11—11| <20<11+11.

Chu vi ctia tam giac can la : 20 +11+11=42(cm)
THCS.TOANMATH.com TAI LIEU TOAN HOC



y

| 4

- b)-Neéu canh day dai 11 thi canh bén dai 23cm.

BO ba dai 11, 23, 23 thoa man bat déng thitc tam gidc vi |23— 23| <11<23+23.

Chu vi ctia tam gidc can la: 11 + 23+23=57(cm).

- Néu canh day dai 23 thi canh bén dai 11cm.

Bo ba dai 23, 11, 11 khong thoa man bat ding thikc tam gidc. Vay treong hop nay bi loai.
17.3. Goi d0 dai ba canh ctia tam gidc la n, n +2 va n+4(n la sd ty nhién chan).

Theo quan hé gitta ba canh cua tam giacla n+(n+2)>n+4=n>2 .

S6 chan nho nhat 16n hon 2 14 4.

Vay d6i dai ba canh ctia tam gidc d6 1a 4, 6, 8(cm)

Chu vi nho nhét cua tam giac la 4 + 6+8 =18(cm).

17.4.a) Néu mot canh dai 13cm thi tong hai canh con lai la : 25 — 13 = 12(cm).

Ta thdy mot canh 16n hon t8ng ctia hai canh con lai, khong thoa man bat dang thikc tam
giac. Vay khong thé uén doan day thép trén thanh mot hinh tam giac c6 moét canh la 13cm.

b) Néu mot canh dai 12cm thi tong hai canh con lai 1a : 25 - 12 = 13(cm).

Doan day thép 13cm nay cé thé udn thanh hai doan chang han 8cm va 5cm. RS rang 8 -5 <
12 < 8 +5 thda man bat dang thirc tam gidc.

Vay c¢6 thé uén doan day thép 25cm thanh mot tam giac c6 mot canh 12cm.
17.5. (h.17.17)

Xét AMBC ta c6 : BC<MB + MC.(1)

Xét AMNC ta c6 : MC <MN + NC (2) A

Tt (1) va (2) suy ra BC <MB +MN +NC.

Do d6 BC < MA +MN+NA(vi MA =MB

va NA =NC) M N
Suy ra BC < chu vi Xét AAMN.

17.6. Goi a, b, cla ba canh ctia tam giac ABC.
Gia str a la canh 16n nhat: a>b; a>c.
a) Theo quan hé gitta ba canh ctia tam gidctacé a<b+c.

Cong a vao hai vé& ctia bat dang thiic nay ta dwoc: a+a<a+b+c.
a+b+c

Do d6 2a<a+b+c,suyra a<
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b) Vi a>b;a>cnén 2a>b+c.
a+b+c
3

Cong a vao hai vé€ ta duwoc 3a>a+b+c.Suyra a>

17.7. (h.17.8)
* Xét AABD va AACD, ta co: AD+BD > AB;AD+CD > AC.
Suy ra 2AD+BC > AB+ AC = 2AD > AB+ AC-BC. (1)
Tuong tw . 2BE > BC + BA- AC. (2)

2CF >CA+CB - AB (3)
Cong tling vé& ctia cac bat dang thitc (1), (2), (3) ta dugc:
2(AD+BE+CF)>(AB+AC-BC)+(BC+BA-AC)+
(CA+CB-AB)=AB+BC+CA

Do dé: AD + BE +CF >w *)

* Trén tia doi cua tia DA 18y diém K sao cho DK = DA.
AACK = AKCD (c.g.c)= AB=CK.

Xét AACK c6 AK < AC+CK =AC+AB=2AD<AB+AC
Chttng minh twong tw ta dugc:

2BE < BA+BC:; 2CF <CB +CA.

Cong tling vé& ctia ba bat dang thitc trén ta duoc:
2(AD+BE +CF) < 2(AB +BC +CA).

Do dé AD+BE +CF < AB+BC+CA=chuvi AABC. (**)
Tt (*) va (**) suy ra diéu phai chttng minh.

17.8. (h.17.9)

Goi cac diém A,B,,C,,D,, E,la cac diém nhu trong hinh 17.9.

Theo quan h¢ gitta ba canh ctia tam gidc ta co:
AB < AA+AB; BC <BB+BC; CD<CC +C,D;
DE <D,D+D,E; EA<EE+EA.
Cong tling vé& cac bat dang thitc ta duoc:
AB+BC+CD+DE+EA<(AA+BC)+(AB+EE)+
(B,B+C,D)+(C,C+D,E)+(D,D+EA)
<AC +BE +BD +CE + DA
17.9. (h17.10)
a) Goi M la diém bat ki, ta c6: MA+MC > AC (d&u “=" xay
ra &M E[AC]).
MB + MD > BD (d&u “=" xay ra <> M €[BD]).
Suy ra MA+MB+MC +MD > AC +BD (khéng d5i).
Do d6 t5ng MA+MB +MC +MD nhé nhét bing AC +BD
khi va chi khi M
la giao di€ém O ctua AC va BD.
b) Xét cac tam gidc AOB, BOC, COD, DOAta cé:
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~ OA+OB> AB;0B+0C > BC;
OC +0D >CD; 0D +0OA > DA
Cong ting v& cia bdn bat dang thirc trén ta dwoc:
2(OA+0B+0C+0D)> AB+BC +CD + DA,
Suy ra 2(AC+BD)> AB+BC +CD + DA.
AB+BC +CD + DA

5 :
17.10. (h.17.11) A
* Chirng minh MA+MB +MC > p
Xét cac tam gidc MAB, MBC, MCAta co:
MA+MB > AB; MB+ MC > BC; MC + MA > CA.
Cong ting v& ba bat dang thiic trén ta dwoc:
2(MA+ MB + MC) > AB+BC +CA
AB+BC+CA

Do d6 AC +BD >

Suy ra MA+MB+MC > (*) B c
* Chirng minh MA+MB+MC <2p Hinh 17 11

Goi D la giao diém ctia tia CM véi canh AB.

Xét AMBD c6 MB <MD + DB. Cong thém MC vao hai vé ta duoc

MB + MC < MC + MD + DB.

Suyra MB+MC <CD+DB. (1)

Xét AADC c6 CD < AD + AC.

Cong thém DB vao hai vé ta dwoc CD + DB < DB + AD + AC.

Suyra CD+DB<AB+AC (2)

Tt (1), (2) suy ra MB+MC < AB+ AC.
Chttng minh twong tw ta dugc: MC + MA<BC + BA;, MA+MB <CA+CB.

Cong tling vé ba bat dang thiic trén ta duoc:

2(MA+MB+MC)<2(AB+BC+CA)= MA+MB+MC < AB+BC +CA=2p (**)

Tt (*) va (**) suy ra p<MA+MB+MC <2p

17.11. (h. 17.12)

Trén tia d6i cta tia AB 1dy diém D sao cho AD = AC.

AAMD = AAMC (c.g.c).Suy ra MD = MC.

Tacé: AB+AC=AB+AD=BD (1)
MB+MC=MB+MD>BD (2)

Tt (1) va (2) suy ra AB+ AC <MB+MC.

17.12. (h17.13)
Ta chting minh bang phuong phap phan ching.

Hinh 17.12
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Gia st dong thoi xay ra BN <%AC va CM < % AB.

Khi d6 BN +CM <%(AB+AC). @

Goi G la giao diém ctia BN va CM.
Xét AMBG va ANCG, theo quan hé gitta ba canh ctia tam giac ta c6: m N
BM <GB +GM;CN <GC +GN.

Suy ra BM +CN <GB +GM +GC +GN hay BM +CN <BN +CM
Do d6 BN +CM > BM +CN :%(AB+AC). (2)

(1) va (2) mau thuan. Vay diéu gia st 1a sai.

Do d6 khong thé xdy ra dong thoi BN < % AC va CM < % AB.

Hinh 17.13

17.13. (h17.14)
Goi O la trung diém cta AB.
Ta chttng minh dugc (xem bai 17.7):

MO < %(MA+ MB);

NO <%(NA+ NB); PO <%(PA+ PB).
I

W 32 A A 0

Cong tirng vé ba bat dang thirc trén ta dugc:

Hinh 17.14
MO + NO + PO <%(MA+ NA + PA)+%(MB+ NB + PB):%S+%S =s. "

17.14. (h17.15)

Trén ntta mgt phang bo AC khong chira B
ta vé tia Ax sao cho CAX = BAK.

Trén tia Ax 1dy diém D sao cho AD = AK .
AAMK = AAND (c.g.c)= KM =DN.

— o — e~ e~

= KA=KD.

Goi O la giao diém ctia AC va KD.
Xétba diém N, K, D ta c6: KN + DN > KD
(dau “=" xay ra < N =0).

Do d6 KN +DN > KA (vi KA=KD). X

Hinh 17.15

17.15. (h17.16)

Dit AB =b. Theo bat dang thitc tam gidc ta c6:
3-2<b<3+2 hay 1<b<5.

Vib nguyén nén b e {2;3;4}.

M3t khac AABC khéng c6 hai canh nao bang nhau
nén b=4cm.

Vi M e xy nén ta chitng minh dwgc MB=MC.

Al LIEU TOAN HOC
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Ta c6: MA+MB = MA+MC.

Xét ba diém M, A,C tacd MA+MC > AC =4cm

(dau “=" xay ra < M =0véi O la giao di€m cta xy voi AC).

Suy ra MA+MB >4cm.

Do d6 tong MA+MB c6 gia tri nho nhat la 4cm khi va chi khi M la giao di€ém ctia xy v6i
AC.

HUGNG DAN GIAI
Chuyén dé 18. TINH CHAT BA PUONG TRUNG TUYEN CUA TAM GIAC.

18.1. (h.18.6)
Xét AABC c6 BE va CF la hai duwong trung tuyén cat nhau tai G.

Gia st AB > AC, ta phai chttng minh BE <CF .

Ta vé thém duwong trung tuyén AD,theo tinh chat ba duong trung
tuyén ta c6 AD di qua G.

Xét AADB va AADC c¢:

DB=DC, AD Chung va AB<AC

Nén ADB < ADC (dinh 1y hai tam giac c6 hai cgp canh bang nha

Xét AGDB va AGDC co:
DB =DC, GD chung va ADB < ADC (ching minh trén) Hinh 16.6

nén GB <GC, suy ra %BE<§CF,dodé BE <CF

18.2. (h.18.7)
Ap dung dinh 1y Py-ta-go vao cac tam giac vudng ABH va AHC
ta tinh dwoc HB =1cm, HC = 2cm.
ViN la trung diém caa HC nén HN = NC =1cm.
Do d6 HN =HB =1cm.
A \ A 2 C

Vay AH la trung tuyén cia AABN .

Mait khac AH =3cm, AO =2cmnén AO = % AH, Hinh 18.7
M
18.3. (h. 18.8) \
a) Xét ABAF c6 OA =0OFnén BO la duong trung tuyén. B =
biém D ndm trén duong trung tuyén BO ma
1 2

o \ , C
BD=§BC=§BO (vi BC=2BO) nén D la trong tam cua
ABAF.
F

Chttng minh twong tw ta duwoc E la trong tam caa ACAF.

suy ra O la trong tam ctia AABN .
Ta c6 NM la mot duwong trung tuyén cua AABN do d6 NM
phai di qua trong tam O. Vay ba diém N, M, O thang hang.

™~ ..

A

Hinh 18.8
b) Vi D 1a trong tdm ctia ABAF nén duong thang AD 1a mot
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duong trung tuyén

Vi AD cat BF tai N nén FN = BN=%BF (1)

Chiing minh twong tu ta duwoc AM = MC :% AC (2

Ta c6 AOFB = AOAC (c.g.c)

Suy ra BF = AC (3) vd OFB =OAC .

Ti (1), (2), (3) suy ra AM = FN .

AAOM = AFON (c—g—c) , suy ra OM =ON (4) va AOM = FON

Ta c6 AOM + FOM =180° (Ké biy)

Suy ra FON + FOM = 180°, do d6 ba diém M,0O,N théng hang (5)

Tt (4) va (5) suy ra O la trung diém cta MN do d6 AO la duong trung tuyén ctia AAMN .
AABC va AAMN c6 chung dinh A, chung duong trung tuyén AO nén c6 cung trong tam G.
18.4 (h.18.9)

Theo tinh chat doan chan song song ta c6

AB'=BC,AC'=BCsuyra AB'=AC'

Chttng minh twong tw ta dugc: BA'=BC';CA'=CB'

Xét AA'B'C' ba dudng thang A'A;B'B;C'C laba
duong trung tuyén nén ching dong quy tai mot
diém G.

Goi M la giao diém ctia A'A v6i BC; N la giao diém
cua BB' v6i AC; P la giao diém ctia CC' vdi AB Hinh 18.9
Ta co AAMC = AA'MB (c.g.c) suy ra CM = MB

Vay AM la duong trung tuyén ting voi canh BC ctia AABC

Chttng minh twong tw ta dugc BN, CP la dwong trung tuyén tng véi canh AC, ABctia
AABC.

Ba duwong trung tuyén AM, BN, CP cia AANC gdp nhau tai mot diém. Mat khac ba duong
thang AM, BN, CP ciing la ba duong thang A'A;B'B;C'C . Do d6 trong tam G ctiaAA'B'C’

cling la trong tam ctia AABC.

18.5 (h.18.10)
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Tim cdch giai
Gia st da vé duwgc AAOB sao cho G la trong tam ctia no.
Tia OG cat AB tai trung diém M. Trén tiaOG 14y diém K
sao cho OK =30G. Ta chitng minh dwoc
AAMK = ABMO(c—g—c); AAMO = ABMK (c—g —c).
Suy ra KA // Oy; KB //Ox. Do d6 xac dinh dwoc A va B.
o Trinh bay loi gidi

. Vé tiaOG, trén d¢ lay diém K sao cho OK =30G.

. Tt K vé KA // Oy (A< Ox) ;KB //Ox (B Oy)

. V& doan thang AB cat OK tai M. Khi d6 G 1a trong tam

cua AAOB . Thuc vay, ta c6 AK = OB (tinh chdt doan chin

song song).

AAMK = ABMO(c—g—c), suy ra MA = MB (1) va MK = MO.

Vi OK =30G nénOM = %OG hay OG =§OM . (2
Tt (1) va (2) suy ra G la trong tam cua AAOB

18.6(h.18.11)

Vé cac dwong trung tuyén AD, BM cit nhau tai G.

Ta c6 AADB =AADC(c—c—c). Suy ra DB=DC = 12cm;
ADB = ADC =180 : 2= 90°

Ap dung dinh ly Py-ta-go vao A ABD vudng tai D ta dwoc

2
AD? = AB? - BD? = (3\/1) ~12% = 225= AD =15(cm)
Vi G la trong tam cua A ABC nén GD =% AD = 5cm.

Ap dung dinh ly Py-ta-go vao A GBD vudng tai D ta duoc
GB? =GD? + BD? =57 +12? =169 = AD =13(cm)

Suy ra BM =§ BG = %-13 =19,5(cm)

18.7(h.18.12)
Vi G la trong tam cua A ABC nén BE =

%BG:%A\/ﬁ:e\/ﬁ(cm); =

3

B
Hinh 18.10

Hinh 18.11

CF=-CG = % .4/601 = 6+/601(cm) 5

e XétAABE vudng tai A ta co:

THCS.TOANMATH.com

Hinh 18.12

TAI LIEU TOAN HQOC



AC’?

BE? = AB?+ AE? = AB® + — = (GJE)Z =2196. (1)

o XétAACF vuong tai A ta co:
2 2
CF?=AF’+AC? = %+ AC’ = (3\/601) = 5409. @)

Tir (1) va (2), suy ra %(ABZ +AC?)=7605, m3t khac AB? + AC? = BC?.

Suy ra %BCZ = 7605 = BC? = 6084 = BC = 78(cm).

AC? 3AC?
+

Ta viét (3) thanh AB? + =6084. (%)

2
Ma theo (1) thi AB*+ ACT o106, (**)
4

So sanh (*) va (**) ta duoc %ACZ — 6084 — 2196 = 3888

= AC? =5184 = AC =T72(cm)

Tt d6 ta tinh dwoc AB? =BC? — AC® = 6084 —5184 = 900 = AB = 30cm.

Vay chu vi AABCla: 78 + 72 + 30 =180 (cm)

)

18.8 (h18.13)

C
D3t AC =b. Ap dung dinh li Py-ta-go cho AABC vudng tai
A ta co:
BC? = AB? + AC? = 2AC” + AC? =3AC” = 3b* = (\/3b)’ b M

G

= BC=+/30= AM :%BC =§b
, A N
Ap dung dinh li Py-ta-go cho AACN vuong tai A ta co: Hinh 18.13

4 4

2
2 2 2
CN2=AC2+AN2:AC2+AE _ac? 4 2AC =&=(§b] =CN =3

Goi G la trong tam cta tam giac ABC, ta co:
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XétAGAC c6 CG? + AG? :%bz +%b2 _p?

ma AC® =b’nén AC? =CG?+ AG®

Do d6 theo dinh li Py-ta-go dao ta dwgcAGAC vudng tai G. Suy raAM L CN
18.9 (h18.14)

Xét AABC c6 cac duong trung tuyén AD, BE,CF cit nhau A

tai G.

Xét AGBC ta c6 GB+GC>BC:>§(BE+CF)>BC F E

= BE+CF >%BC (1)

B D C
Tuwong tw, ta co AD +CF > g AC (2 Hinh 18.14

BE + AD >%AB 3)
Cong tling vé& cac bat dang thie (1); (2); (3) ta dugc:

2(BE+CF +AD)>%(BC+CA+ AB)

Suy ra BE+CF + AD > %(BC+ CA+AB).

* Nhdn xét :Trong bai 17.7 ta da chttng minh duwoc AD + BE +CF 16n hon chu vi tam giac.
Nhu vay két qua bai nay manh hon két qua ¢ bai 17.7.
18.10. (h 18.15)

Xét AABC c6 BE va CF la hai duong trung tuyén va

BE =CF.
\ . N N 2 2
Vi G la trong tam nén GB =—BE; GC =—CF.
3 3 F E
Do d6, GB =GC; GE =GF.
Ta c6 : AGBE = AGCE (c.g.c)
— BE =CF dan t6i AB=AC. B c

Goi D la giao diém ctia duong thang AG véi BC.

Do G latrong tam nén AG la duong trung tuyén.
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Suy ra DB =DC.
Ta c6: AADB =AADC (c.c.c),
do &6 ADB = ADC =180°:2=90° = AG L BC. Hinh 18.15

18.11 (H 18.16)

Xét AABE c6 AC la duong trung tuyén.
Mat khc D e AC va AD =2 AC

Neén D la trong tam ctia AABE.

Suy ra duong thang BD chira duong trung tuyén tng véi
canh AE Do d6 MA= ME.

Ta c6 AAMN = AEMC (c.c.c)= AN =EC.
Do do6, AN =BC (vi BC=EC) Hinh 18. 16

18.12 (h 18.17)

*Chirng minh ménh dé néu AB+GB = AC +GC thi AABC cin tai A.
Ta chitng minh bang phan chiing

Giase AB<AC (1)

Vé tia AG cit BCtai D.

Khi d6 AD 1la duwong trung tuyén nén DB =DC A
Xét AADB va AADC co:

AD chung ; DB =DC; AB =AC F £

Nén ADB < ADC (dinh li 2 tam gidc co hai cdp canh

bang nhau) .

Xét AGDB va AGDC c6 GD chung, GDB =GDC va

DB=DC = AGDB=AGDC (c.g.c) Hinh 18.17
—~GB=GC (2)

Tt (1) va (2) suy ra: AB+GB < AC+GC (trai gia thiét)
Vay diéu gia st AB < AC la sai (*)

Néu AB > AC ta ciing di d&n mau thuan AB > AC 1a sai (**)
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Tt (*) va (**) suy ra AB=AC do d6 AABC can tai A
Chirng minh ménh dé néu AABC cin tai Athi AB+GB=AC+GC.
Goi E la giao diém cua BG véi AC;F la giao diém cua CG v6i AB.

Khi d6, EA= EC, FA= FB.
AABE = AACF (c.g.c)= BE =CF , do dé %BE _ %CF dAn t6i GB = GC

Suyra AB+GB=AC+GC.

18.13. (H 18.8) A

*Chitng minh ménh dé néi A<90° thi AM > % BC
Ta chitng minh bang phan chting:
Gia st AM = % BC , khi d6 A=90°, tréi gia thiét.

Gia sit AM <%BC,tt’rcl:‘a AM <BM va AM <MC

Xét AABM c6 AM <BM =B <A .

Hinh 18.18
Xét AACM c6 AM <MC = C <A,.
Do do, §+6<R+g=§ﬁb
180°

Suy ra A+B+C <2A= A>=——=00°, tréi gia thiét.

Vay néu A<90° thi AM > % BC
*Chitng minh ménh dé néu AM > % BC thi A<90°.
Tacé AM >%BCt1’rcl:‘a AM >BM va AM >CM .

Xét AABM 6 AM >BM = B> A . Xét AACM ¢6 : A
AM >CM :>6>76;.Dodé, §+6>E+A;=I§AE.

~ 180°

Suyra A+B+C>2A= A< =90°.

18.14 (H 18.19)

Goi D la giao diém ctia AGvéi BC.
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Ta c6: DB=DC do d6 GD la duwong trung tuyén cua AGBC .

Xét AGBC c6 GBC <90°(gt)

Suy ra GD > % BC (xem bai 17.13)

Do d6 AD >%BC (1)

Trén tia AD 1dy diém K sao cho DK = DA.
AACD = AKBD (c.g.c). Suy ra AC = BK.
Xét AABK c6 AB+BK > AK.

Do d6: AB+AC >2AD. (2)

Tix (1) va (2), suy ra AB+AC > 2.%.3(: = 3BC. Hinh 18.19

HUGNG DAN GIAI
Chuyén dé 19. TINH CHAT TIA PHAN GIAC CUA MOT GOC.
TINH CHAT BA PUONG PHAN GIAC CUA TAM GIAC.
19.1. (h. 19.7)

Xét AABC c6 duong phan giac ctia Bva duong phan gidc ngoai tai dinh C cit nhau tai K .
Suy ra AK la duong phan gidc ngoai tai dinh A x

Ta dst ABC = x (d9) thi CAx=x+C,;
ACy =x+A .
Do d6: CAx+ ACy = x+C, + X+ A = x+180°.

Suy ra Mzgo0 +§

Hinh 19.7

Xét AAKC c6 AKC =180° —w ~180° — (900 + gj —90° —g

Vi AKC =65° nén 90°—§=65° — x =50°
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19.2 (h 19.8)

Xét ABOC c6 BOC —180° - B+C
R .
gy 180°-BAC Bﬁz\c

M3 BOC =150°nén

SAR D H19.8
90° +¥ =150° = BAC =120°

Vé cac tia Ax, Ay lan lwot la tia d6i ctia cac tia AB, AC

Déthdy A =A =A = A, =60°

Xét AABD c6 AC la duwong phan gidc ngoai tai dinh A, BO la duong phan gidc trong
khong ké. Hai duwong phan giac nay cat nhau tai E, suy ra DE la dudong phan giac ngoai
tai dinh D cua AABD

Chiing minh twong tu ta dwoc DF la duwong phan giac ngoai tai dinh D cia AACD
Suy ra DE L DF (hai dudng phan gi4c ctia hai géc ké bir) do d6 EDF =90°

19.3 (h19.9)

Vi Ola giao diém cac duwong phéan giac ctia goc A
B, goc C nén AOla duong phan giac goc A,

do d6 OAB = OAC = 45°

Vé OH L AC thi AHAO vudng can tai H, suy

ra AH 1 OH ©

Ap dung dinh ly Pytago ta co:

H19.9
AH? +OH? = OA? = 20H? = (VB) =8 A
=OH?=4=0H =2 |
Vay khoéang cach tir O t6i mdi canh cua tam
giacla 2cm

19.4 (h 19.10)

Vé thém OK L AB;OIl L AC B¢
H Higao
AAOK = AAOI (canh huyén-go6c nhon)

= AK = Al
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Chting minh twong tu ta dwoc BK =BH;Cl =CH

Suy ra BK +CI =BH +CH =BC =6cm
Do d6 AK + Al =(3+5)—6=20m ma AK = Al nén AK = Al =1cm

Vay BK =3-1=2cm= BH =2cm va CH =6-2=4cm

19.5 (h 19.11)
— 0
Vé AH 1 OB; AK L OC ta dugc ABH = ACK (hai goc
co canh trong tng vudng goc) ®
H
AABH = AACK (canh huyén-gdc nhon)
Suy ra AH = AK
biém A o trong goc BOC va cach déu hai canh ctia
3\ K
gocnay nén A nam trén tia phan giac cua goéc do.
Nhu vay tia OAla tia phan gidc ctia goc BOC
19.6 (h 19.12) A Hio11 ©
Vé MD L BH;ME L AN
ADBM va AEAM c6 B
—~ ~ 1
D=E=90°
1
BM = AM (= > BCJ M
B, = A (cung phu véi N,) E
1 —"H
Do d6 ADBM = AEAM (canh huyén-géc nhon) A on c
Suy ra MD = ME
biém M cach déu hai canh ctua géc BHN nén A
HM 1a tia phan giac ctia goc BHM .
Noi cach khac tia phan gidc ca goc BHM luon di ) S
qua mot diém c6 dinh la diem M .
M B T

19.7 (h 19.13)
H19.13

AABH = AMBH (canh huyén- canh gdc vudng)

Suy ra ABH = MBH

Chttng minh tuong tw ta dugc ACK = NCK
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Xét AABC c6 BH va CK 1a hai duong phan gidc ngoai tai dinh Bva dinh C cat nhau tai
Onén AOla duong phan giac ctia goc BAC

19.8 (h 19.14)

Xét AABC c6 hai duong phan giac goc B, goc x Y
C citnhau tai O

Suy ra tia AO la duwong phan giac thit ba

Tir d6 ta dugc BAO = CAO = CAD = BAE = 60°

ABAE = ABAO(g.c.g)= BE =BO

ACAD =ACAD(g.c.g)=CD=CO

Do d6 ABDE = ABDO(c.g.c)

= DE =DO(1)

ACED = ACEO(c.g.c) = DE =OE(2)

Tt (1) va (2) suy ra OD = OE = DE nén AODE déu
b)ta co BDE = BDO (hai géc tuong tng cta hai tam giac bang nhau)
CED =CEO (hai géc tuong tmg cta hai tam giac bang nhau)

Xét AODE c6 hai duong phan gidc ctia goc D, gbéc E cat nhau tai A, suy ra OAla duong
phan giac cia goc DOE

19.9 (h 19.15)
Tim cich gidi

Gia st vé dwoc MN // BC sao cho BM +CN =BC

A
Lay diém D € BC sao cho BD =BM , khi d6 CD=CN
ABMD cén tai B= I\//I\1 = E)\l ma l\//l\2 = f)\z (cap goc so le trong) nén " N M\l = M\Z

o~ o~

Chttng minh twong tw ta dugec N, =N, .

Xét AAMN co6 D la giao diém hai duwong phan giac

gbéc ngoai tai dinh M va N, suy ra AD la duong
phan gidc ctia goc A. Hinh 19.15

Cach vé MN
Vé duong phan giac AD cua AABC ;
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| 4

- Trén canh BA 1ay diéfm M sao cho BM =BD ;

- T&r M vé MN//BC (N e AC).

Khi d6 MN 1a doan thing can vé.
e Ching minh
Theo cach vé taco MN //BC . Do d6 I\//I\2 = f)\l (so le trong)
Ma I\//I\1 = f)\l (hai goc ¢ day cua tam giac can) nén @ = I\//I\l .
Xét AAMN c6 D la giao diém cua duwong phan giac géc A va duong phan giac goc ngoai
tai dinh M nén ND 1a dudng phén gidc ngoai tai dinh N dodé N, =N, .
Mat khac, [/)\2 = KI\Z (so le trong) nén N\l = [/); , suy ra ACND can, dan téi CN =CD .
Vay BM +CN =BD+CD=BC.
19.10. (h19.16)

Trén tia d6i cta tia AB 1dy di€ém N sao cho AN =AM .
Xét AABM c6 AD L AC ma AD la duong phan giac trong

cta géc A nén AC la duong phan gidc ngoai tai dinh A . N
Ttr d6 suy ra AANC = AAMC (c.g.c)
— A
= ANC = AMC .
Ta c6 BAD =105 —90° =15, do d6 BAM =30 2
Xét AABM c6 goc AMC 1a gbéc ngoai nén
AMC =BAM +8 =70 B A
Suy ra N =70°. Hinh 19.16
Xét aBCN c6 BCN =180°—(B+N)=180" (40" +70')=70". g

Vay BCN = /N\(= 700), suy ra ABCN can tai B.

Do d6 BN =BC, dan t6i AB+AN =BC hay AB+AM =BC.
19.11. (h19.17)

ABDF vaACDE Ia nhitng tam giac can. y

Mat khac, Bl L DF,Cl L DE nén ta cé

Bl va Cl lan luot la cac duwong phan giac ctua

g6éc B va C.Suyra | nam trén duong phan

gidc cuia goc A. (1)

Ta c6 BK//DF ma Bl L DF nén Bl 1 BK, K
do d6 BK la duong phan gidc ngoai tai dinh B Hinh 19.17
cua AABC.

Chttng minh tueong tw ta c6 CK la phan giac
ngoai tai dinh C cia AABC. Do d6 K nam trén
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CTu (1) va (2).Suy rabao diém A,1,K thang hang. A
19.12. (h.19.18) .- ‘

Xét AADK co6 AC la duwong phan giac cta goc
trong tai dinh A.Madt khac, AB L AC nén AB la

duong phén gidc cua goc A, (2) D -

duong phan giac goc ngoai tai dinh A. Xét

B K
AADK
c6 B la giao di€ém ctia mot dwong phan giac trong y X

va phan giac ngoai khong ké nén tia KB la duong Hinh 19.18
phan giac goc ngoai tai dinh K.

Goi O la giao diém cua AC va BD .

Xét AADK c6 O la giao diém cua hai duwong phan

giacnén KO la dwong phan giac cta goc K.

= KO L KB (tinh chét 2 dwong phén giac ctia hai héc ké bu). (1)
Chting minh twong tu ta duwoc KO L KC (2)

Tt (1) va(2), suy raba diém B,K,C thang hang.

19.13. (h.19.19)
Gia st goc xOy 6 dinh O nam ngoai to giay,
con lai mot phan ctia hai canh ndm trong to giay.
ta xé dueong thang chua tia phan giac ctia goc

xOy nhu sau:

- Lady AeMx va BeNy ;
- V@ cac tia phan giac cia goc MAB va NBA,

chting cat nhau tai | ;
- Vé duong thang IK , dudng thang nay chua tia Hinh 19.19
phan giac cua goc xOy .

That vay, xét AOAB c¢6 | la giao diém cua cac

duwong phan giac ctia goc A, goc B, con K 1a giao diém cua cac duong phan giac ngoai
tai dinh A, dinh B. Do d6 I,K cling ndm trénn dudong phan gidc ctia géc xOy, tic 1a

duong thang IK chira tia phan gidc ctia goc xOy .
19.14. (h.19.20)
biém O la giao diém hai duong phan giac x E Ak

cua goc B

va goc C nén AO la dwong phan giac cua goc A.
Vé tia At la tia d6i cuia tia AB .

A = ABC (cip goc dong vi);

K
Hinh 19.20



,/A; = ACB (cdp goc so le trong)

Ma ABC = ACB nén KF'&;

Xét AABC c6 D la giao diém cua phan giac goc

B va dwong phan giac goc ngoai tai dinh A nén
CD la duong phan giac goc ngoai tai dinh C .
Chttng minh twong tu ta dwoc BE la phan giac
gbc ngoai tai dinh B .

Ba duong phan giac BE,CD, AO la hai duong
phan gidc goc ngoai va duwong phan giac cua goc
trong khong ké nén chung cung di qua mot diém.
HUGONG DAN GIAI

Chuyén dé 20. TINH CHAT CUA BA PUONG TRUNG TRUC,

BA PUONG CAO CUA TAM GIAC.

20.1. (h.20.7)

Diém D nam trén duong trung truc cia AB nen DA = DB.

Suy ra ADAB cén, do d6 A =B
Chting minh tuong tu ta dwoc A, =C.
Tac6 A+A,=B+C =180° - BAC.

Mit khac A, = Qx\c—(ﬁﬁg)

nén 30° = %—(1800— @AT:).

Suy ra 2BAC —180° =30° = BAC =105

20.2. (h.20.8)
Vé tia phan giac ctia goc B, géc C, chung
cat nhau tai diém O 6 trong tam gidc ABC.
D6 la mot diém 6 dinh.
Trén canh BC 1ay mot diém M
sao cho BM =BD, khi d6 CM =CE.
ABOD = ABOM (c-g-c) = OD = OM (1)
ACOE = ACOM (c-g-c) = OE =OM.(2)

B

@)

E

D E
Hinh 20.7

M
Hinh 20.8

Tir (1) va (2) suy ra OD=OE .Diém O cach déu hai dau doan thdng DE nén O nim trén

duong trung triec ctia DE . N6i cach khéac, duong trung treee cia DE ludn di qua mot diém

cd dinh la diém O.

20.3. (h.20.9)
Tam gidc ABC vuodng tai A, tam giac OBC
vuong 6 O c6 la cac duong trung tuyén tng
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v6i canh huyén nén MA= MO = % BC .

Diém M cach déu hai dau doan thang OA
¢ dinh nén M nam trén duong trung truc

ctia OA.Do d6 M nam trén mot duong

thang ¢S dinh.
20.4. (h.20.10)
Vi AB, AC la duong trung triec cuia MD, ME nén E
A
AD = AM; AE = AM . 5
AAMD va AAME can tai A, suy ra A=AA=A .
Do d6 MAD = 2A,; MAE = 2A, .
L AL NAR YN = N N DA 0 0 B M c
Tac DAE =MAD + MAE =2(A, + A, ) = 2BAC = 2.90° =180°.
Hinh 20.10

Suy raba diém D, A E thiang hang va DE = AD + AE = 2AM .
DE ngéan nhit < AM ngan nhat< AM 1 BC
Vay khi M 12 hinh chiéu ctia A trén BC thi DE ngan nhat hay khi MA 1a dwong cao xuat
phat tir dinh A ctia AABC thi DE ngan nhat.
20.5. (h.20.11)

a) Theo tinh chdt duong trung tuyén tng voi canh A

huyén cta tam giac vudng ta cé: /Mgk

OA=2MN;OH =2 MN ' S :
2 2 N

vay OA=0H. 7 5 v c

biém O cach déu hai dau doan thang AH nén O

di dong trén duong trung truc xy c6 dinh. Hinh 20.11

b) Tacé MN =OM +ON =0OA+OH > AH A

(bat dang thitc tam giac moé rong).

Ddu "=" say ra M

= Ondm giita A va H va OA=OH 2 N

< 0 la trung diém cau AH

< MO la dwong trung tuyén ting véi AH cta : -

AAMH va MO :%AH = HM L AB;HN L AC 2012

Vay c6 d6 dai nho nhatlabang khi va Ian lwotla
hinh chiéu cua trén (hinh 20.12).

20.6. (h.20.13)
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X
T y
A
Hinh 20.13 b=
Hinh 20.14

Trén tia Oy 1dy diém A sao cho OA=a.Vi OM +ON =a

nén OM = NA. Vé duong phan giac Ot ctia goc xOy va vé duong trung truc cia OA
chting cat nhau tai K . Ta phai chitng minh K 1a mot diém c8 dinh va duong trung trueoc
caa MN diqua K.

Ta c6 OA trén tia Oy ma OA =a khong d6inén A la mot diém c6 dinh, do d6 duwong
trung truege cua OA cling ¢6 dinh. Tia Ot la tia phan giac cua géc xOy nén Ot clng cd
dinh. Diém K 1a giao diém ctia hai duong thang ¢8 dinh nén K ¢ dinh.

Diém K ndm trén duong trung truec cia OA nén KO = KA, do d6 AKOA can = A=0,.
Mt khac O, =0, nén A =0, .

AKMO va AKNA c6: OM = NA; O, = A va KO = KA. Do d6 AKMO = AKNA = KM = KN .
Vay K nam trén duong trung triec cia MN, néi cach khac duong trung truc cia MN - di
qua diém cd dinh la diém K.

20.7. (h.20.14)

o Tim cdch gidi

Gia str da xac dinh dwoc diém M e AB,
diém N € BC sao cho BM = MN = NC.

Ta c6 AMBN cén tai M nén B = N\l

o~

AMNC can tai N nén N/I\1 =C,.
Xét AMNC cé N\l la géc ngoai nén N\l =C, + K/I\1 =2C,.

=G 5N, -2B.

Do dé xac dinh dugc diém M r6i diém N .

Cdch xdc dinh diém M, diém N
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- Otrong géc C, vé tia Cx sao cho B/C\X:%g Tia Cx cat AB tai M .

- V& duong trung triec ctia MC cat BC tai N . Khidétacéd BM = MN =NC.

o Chirng minh
Diém N nam trén duong trung tric cia MC nén NM = NC. (1)
AMNC cantai N = M, =, . Dodé N, =2C, =228 - B.
= AMBN 1Ia tam gidc can = MB = MN . 2)

T (1) va(2) => MB=MN =NC.
20.8. (h.20.15)
Vé cac duwong trung truc cta
AD va BC, chting cat nhau tai
O.Diém O nam trén duong trung
triec cia AD nén OB =0C.
Ta c6 AOBA = AOCD (c.c.c).
= OBA=0CD.
Do d6 AOBM = AOCN (c.g.c)
= OM =ON Hinh 20.15
Diém O nam céch déu hai dau
doan thing MN nén O nam trén duong
trung truc cua MN .
Vay ba duong trung truc cia AD, BC va MN cluing
di qua diém O
20.9. (h.20.16)
Xét AABC vuodng tai A, ADBC vudng tai D co
AN va DN la cdc duwong trung tuyén tng voi
canh

Hinh 20.16

huyén BC nén AN = DN =%BC. A
= ANAD cantai N, do
b6 duong trung tuyén NM F
cling la duong cao.
Ba duong thang AE, DF, MN
la ba duong cao cia ANAD D K C
nén cung di qua mot diém. Hinh 20.17
20.10. (h.20.17)
Goi E la giao diém cua BH va AK.

ADBH vuéng can tai D nén DBH = 45°
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 ADKA vuéng can tai D nén DAK = 45°
Xét AEBK c6 DBE + BKE = 45° + 45° = 90°
— BEK =90°, do d6 BE L AK.

Xét AABK c6 AD va BE la hai duwong 0

cao cit nhau tai H.

= KH Ia dwong cao thit ba, do d6 KH L AB. A
20.11. (H.20.18)

Ta c6 AHD + ACD =180° (gia thiét) (1)

va AHD + BHD =180° (ké bu) @)

Tir (1) va (2) = ACD = BHD . B D ¢

Xét AABC vudng tai A c6 ABC + ACB =90°. i 2018

Do d6 ABC + BHD = 90° = BDH =90°.

Vay HD L BC.

Xét AOBC c6 OD va BA la hai duwong cao cit nhau tai H, A

= CH la dueong cao thit 3. Do d6 CH L OB
20.12. (h.20.19)

BAC va BHC 1a hai goc co canh trong tng

vuong goc, mot gdc nhon, mot gdéc ti nén

ching bu nhau:
A+ BHC =180° = BHC =180° —60° =120°.
Diém M nam trén duong trung triec cia HB Hinh 20.19

Nén MH = MB. Do d6 AMHB can tai M = MHB = MBH = 30° .Chting minh tuong tu ta
duoc: CHN =30°.
Vay MHB + BHC + CHN =30° +120° +30° = MHN =180°.

20.13. (h.20.20) A
Vi AABC nhonnén O va H nam trong tam giac.
Piém O cach déu ba dinh ctia AABC nén \
OA=0OB=0C. %

do d6 AAOB, AAOC can tai O.

)
=0,=2A;0,=2A,. 7/4\
B

Do d¢: O, +0, =2(A + A | hay

Hinh 20.20
BOC = 2BAC .
Diém H 1a truc tam caa AABC nén BH L AC, CH L AB. d
Hai goc BAC va BHC la hai goc c6 canh twong F A tng vuong goc,
mot géc nhon, mot goc ti nén : ‘
BUC~ . BAC 0 » 0 RAR 9! N\
BHC + BAC =180" = =180" - BAC,
Do d6 2BHC =360° — 2BAC .
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 Vay BOC +2BHC = 2BAC +(360° _ 2@:) — 360°.
© 20.14. (h.20.21)

Tacé EF //AD nén FEA=A;F =A,.

Mit khac: A = A, nén FEA=F.

= AAEF cantai A.

Trong tam giac can, duong trung triec ctia canh

day dong thoi la duwong phan giac ctia goc & dinh

nén duong trung triec d ctia EF di qua dinh A,

D6 1a mot dinh 6 dinh.
20.15. (h.20.22)

Giai st AEFG 1 tam giac déu = CEH = 60°

nén C, =30°, C, =30°. Ta con c6 CMG = EGF = 60°.

Do d6 CMG =180° — (30° + 60°) = 90°.

= BM L AC.

Xét AABC x6 duong trung tuyén BM dong thoi la B

duong cao nén AABC can. Hinh 20.22

Mit khac: ACB =30° +30° = 60° nén AABC

La tam giac déu.

Do d6 ba dwong AH,BM,CD phai dong quy, tiec la ba diém E,F,G trung nhau tréi gia
thiét. Vay AEFG khong thé la tam gidc déu.

HUONG DAN GIAI
Chuyén dé 21. CHUNG MINH BA DPUONG THANG
CUNG PI QUA MOT PIEM (PONG QUY).

21.1. (h.21.8)
Goi O la giao diém cta AC va BD, ta phai chitng minh MN di qua O, titc 1a phai chitng
minh ba diém M,O, N théng hang.
Ta c6: AAOB =ACOD (g.c.g)
= 0A=0Cva A=C.
AMOA =ANOC (c.g.c) = MOA = NOC.
Ta c6 MOA +MOC =180° (k& bu1)
— NOC +MOC =180° = MON 1a goc bet.
Do d6 ba diém M,O, N théng hang, dan t6i Hinh 21.8
ba duong thang AC,BD va MN déng quy.
21.2. (h.21.9)
Goi O la giao diém ctia hai duong thang
BM va AC.
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Ta phai chitng minh DE diqua O.

Xét AABC vudng tai A, B =60° = C =30".

Ta co: BOC =180° —(40° +30°) =110°.

Do d6: CMO =180° - (110° +10°) = 60°.

Diém C nam trén duong trung tric cia MD va ME nén CD = CM = CE.

—~

Tacé A=A = A=A, =60°. ACEO=ACMO(c.c.c)= CEO =CMO =60°

Xét tam giac CDE can tai C co

DCE = DCM + ECM =2(BCM + ACM ) = 2ACB = 60°

Vay tam gidc CDE 1a tam giéc déu = CED = 60°

Vay CED =60° =CEO (: 60° ), hai tia ED va EO trung nhau dan téi ba diém D, O, E thing
hang. Do d6 ba duong thang BM, AC, va DE déng quy.

21.3

Goi O 1a giao diém cua cac tia Bx va Cy.

Ta phai chitng minh dwong thang AM di qua O. Vé OH 1 MB;OK 1L MC.

Tam gidc BOC la tam gidc déu nén BOC =60°. (1)

Ta c6 tdng AMB + AMC + BMC = 360°
= BMC =360° - (120° +120°) =120° (2)
Tir (1) va (2) ta tinh dwoc MBO + MCO =180". O

Mt khac MBO + HBO =180°.

Nén MCO = HBO (ciing b1 v6i MBO)

Ta c6 AKCO = AHBO (canh huyén — goc nhon)

= OK =0H

AMOK = AMOH (canh huyén — canh géc vudng)

= KMO = HMO =120°: 2 = 60°

Do d6 AMC +KMO =120° +60° =180" d
Suy raba diém A, M, O thang hang, o)
dan t6i ba dwong thang AM, Bx, Cy dong quy.
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214
// . \ . «A? B o g \
y Goi O la giao diém cta hai tia Ax va By.

Xét AABO c6 A=B nén OA = OB,

suy ra diém O nam trén duong trung truec d ctia AB.
Vay cac duong thang Ax, By va d dong quy.

21.5

Goi M la trung diém cta OA.

Xét tam giac AOB c6 F la trong tam nén duong
thang BF di qua trung diém M ctia AO.

Xét tam giac AOC c6 G la trong tam nén duong
thang CG di qua trung diém M cta AO.

Do d6 ba duong thang AO, BF, CG déng quy tai
trung diém M caa AO. B C

21.6

Hai duong thang AB va CD khong song song nén chiing cat nhau tao thanh mot géc. Hai
diém M va N ndm trong goc do, cling cach déu hai duong thang nay nén chiing nam trén
tia phan giac ctia gdc nay. Suy ra ba duong thing AB, CD, va MN dong quy tai dinh ctia
goc.

21.7

Xét tam gidc ABC c6 hai duong phan gidc AD, CE cat nhau tai O nén BO 1a phan gidc caa
goc ABC.

Puong thang xy di qua B va vudng géc véi BO nén xy la duong phan giac ngoai tai dinh B
ctua géc ABD.

Goi Ax 1a tia d6i ctia tia AD.

Vi BAC =120°nén d& thdy A = A, = A, = A, = 60".

Xét tam giac ADC c6 AE la duong phan giac ngoai tai dinh A, CE la phan giac trong tai
dinh C nén DE la phan gidc ngoai tai dinh D.

Xét tam gidc ABD c6 duong thang AC 1a duong phan gidc ngoai tai dinh A, duwong thang
xy la dudng phan gidc ngoai tai dinh B, duong thang DE la duwong phan giac trong tai
dinh D. Do d6 ba dwong thang xy, DE, va AC déng quy.

21.8
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~ Diém F ndm trén duong trung triec cia DM nén FD = FM

Suy ra tam giac FDM can tai F do d6 FB la duwong phan gidc ngoai tai tai dinh ctia ctia tam
giac DEF.

Chttng minh tueong tu ta dwoc EC la duong phan giac ngoai tai dinh cua tam giac DEF.

Xét tam giac DEF c6 hai duong phan gidc ngoai cat nhau tai A nén DA la duong phan giac
cua EDF (1)

— — e~~~ -~

Mit khac AFB = FAC + FCA = FAH + BAH = FAB DB L DAnén DB la duong phan giac
ngoai cua goc D

Diém B la giao diém cta hai duong phan giac ngoai tai dinh F va D cta tam giac DEF nén
EB la duwong phan giac cua goc DEF (2)

Chiing minh twong tu ta duoc FC 1a dwong phan giac cua goc DEF (3)
Tt (1), (2), (3) suy ra AD, BE, CF déng quy.
e Luu y: Néu b diéu kién nhon ctia tam gidc ABC thi bai todn van dung.
21.9 Xét tam giac ABC vuong tai A, AH L BC nén BAH = ACB ( cing phu voi goc ABC)
Goi M la giao di€ém ctia AO va CK, N la giao di€ém ctia AK va BO.
Vi K 1a giao diém cua cac duwong phan giac ctia tam giac ACH nén ACK =BCK
Xét tam giac AMC c6

m+m=m+ACB:m+#=m+M/@:§A€:QOO

= AMC =90° = CM L AO

Chiing minh twong tur ta duocBN L AK

Xét tam gidc AOK c6 AD, BO va Cklaf ba duong cao nén dong quy.

21.10

Trén tia d6i cua tia AD 14y diém K sao cho AK =BC

Xét tam gide ADC c6 gbc KAC 1a géc ngoai nén KAC =D+ ACB =90° + ACB
M3t khac BCE =90° + ACB = KAC = BCE

—

Ta c6 AKAC = ABCE (c.g.c)=C,=E
Vi C,+C,=90°= E +C, =90°

Goi G la giao diém caa BE va CK
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Xét tam gidc GCE 6 E +C, =90° = G =90° = BE L CK

Chttng minh twong tw, ta co CF L AB

Xét tam gidc KBC c6 AD, BE, CF la ba dwong cao nén ching dong quy.
21.11

Tam giac EAB vuong tai E, A =45"nén la tam gidc vudng can.

Suy ra EA = EB, Tuong tir ta c6 FA =FC

T F vé& mot duong thang vudng géc véi CE cat d tai G

Goi K 1a giao diém ca duong thang EG véi BF

Ta c6 AFG = FCE ( Hai gdc c6 canh trwong ting vudng goc)

AAFG = AFCE(g.c.g)= AG = FE
AAGE = AEFB(c.g.c) = AGE = EFB

Ta c6 AGE + AEG = 90° = EFB + KEF =90° = EK L BF

Xét tam gidc EFG c6 CE, BF va d, 1a ba duong cao do d6 ba duwong thang nay dong quy.
21.12

Tam gidc ABC vudng tai A, AH L BCnén BAH = ACB (ciing phu véi géc ABC)

Ta c6 CAH = ABC (cung phu v6i goc ACB)

Xét tam gidc AFC c6 goc AFB la géc ngoai nén AFB = FAC + FCA = FAH + BAH = FAB

Suy ra tam gidc BAF can tai B do d6 duong phan giac cuia goc B dong thoi la duwong trung
truec caa AF

Chttng minh teong tw ta dwoc tam giac CAE can tai C do d6 dwong phan gidc cua goc C
cling la duong trung triec cua AE

Ta c6 d//AH ma AH vudng goc vdi EF nén d vuong goc véi EF.

Xét tam giadc AEF c6 cac dudng phan gidc ctia gée B, goc C cuing véi duong thang d 1a ba
duong trung triec nén chung dong quy.

21.13

Ta 6 <> E=F < DH = EK <> AHBD = AKCE < BD =CE <> BD = AD < D
CAD = ACD => ADAC can => DC = DA(1)

AABC vudng tai A=> ABC + ACB =90°
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M3t khac, BAD +CAD =90°ma ACB = CAD nén ABC = BAD

Do d6, ADAB can=> DB = DA (2)

Tt (1) va (2) suy ra DB =DC. Vay D 1a trung diém ctia BC

Xét tam gidc ABE vudng tai A c6 AE® =BE? - AB® =25-16=9= AE =3(cm)

= Ela trung diém ctia AC

Xét tam gidc AFC vuong tai A c6 AF* =CF? — AC” =(~/40 )2 —6° = 4= AF=2(cm)
Suy ra F 1a trung diém ctia AB

Xét tam giac ABC c6 AD, BE, CF la ba duong trung tuyén nén ching dong quy.

21.14

Tam giac ABH vudng tai H, c6 HM 1a dwong trung tuyén nén HM = % AB

Suy ra DM :%AB (vi HM = DM)

Do d6 tam giac DAB vuong tai D.
Tam giac ABC c6 BD vira la dwong phan gidc vira la duong cao nén la tam gidc can tai B
= BA=BC(1)= DA=DC

Xét AHAC va AHAB vuong tai H c6 HD = % AC;HM = % ABma HD = HM nén AC = AB (2)

Tte (1) va (2) suy ra AB=BC = CA do d6 tam giac ABC déu.

Trong tam gidc déu ABC duong cao AH, dwong trung tuyén CM ciing la duwong phan
giac. Suy ra AH, BD, CM dong quy.

HUONG DAN GIAI
Chuyén dé 22. BAT PANG THUC VA CUC TRI HINH HOC.
22.1

* Néu B =C thi tam gidc ABC can, A =60"nén tam giac ABC déu. Do d6 AB = BC = CA

Suy ra AB>=BC’=CA’.Vay BC’ < AB* +CA’
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e Néu B>Cthi B>60° (vi B+C=120")

Do d6 A<B= BC<AC= BC? < AB’+ AC’

e Néu B<C, cling chiing minh twong tw ta dwgec BC? < AB® +CA?
222
Theo dinh ly Pytago ta ¢6 BE* =2AB?,CF? =2AC’ma AB < AC nén BE < CF,
Dé thdy AABF = AAEC(c.g.c)= BF =CE

Xét ACBEva ABCF c6 : BC chung, CE = BF, BE < CF

:>E/C73<F/B\ChayE/CB<F/BB

Xét AECDva AFBD c6 CE = BF, DC = DB va ECD < FBD = DE < DF ( Dinh 1y hai tam gidc
¢6 hai cdp canh bang nhau)

22.3

Vé duong trung triee ctia BC cat BC tai M, cat AC tai N.

Ta c6 NB = NC; tam gidc NBC can = C = NBC

Tam giac BAM c6 BA = BM (: % BC j nén la tam gidc can

Suy ra A\I:M\lmé BAN > 90°, BMN = 90" = MAN > AMN = MN > AN ( Quan hé giita

canh d6i dién trong mot tam giac)

AMHN va AABN c6 BM =BA, BN chung, MN > AN

Do d6 MBN > ABN ( dinh 1i hai tam giac c6 hai cgp canh bang nhau)

—

Suy ra MBN + MBN > ABN + MBN

Do do 2@>XI§E:>26>]§(V‘1 6=1\//I’BZ\\I):>6>§
224

Trén tia d6i cua tia AM 18y diém D sao cho MD = MA
AABM = ADCM (c.g.¢)= AB=CD; A, = D

Do d6 AB//CD

— BAC + DCA =180" ( cdp goc trong ciing phia) (*)
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¢ Chting minh ménh dé “ Néu goc A nhon thi AM > % ”

N&u AM = %thi 2AM = BC do d6 AD = BC.

AABC = ADCA(c.c.c)= BCA=DCA=180": 2= 90", tréi GT
Néu AM <= thi 2AM < BC do dé AD <BC

ABAC va ADCA c6 AB = CD; AC chung va BC> AD
Do d6 BAC > DCA
Tix (*) suy ra BAC > 90°, tréi GT

Vay néu géc A nhon thi AM > %

¢ Chiing minh ménh dé “ Néu AM > % thi goc A nhon”
Né&u A = 90°thi tit (*) suy ra DAC = 90"
ABAC = ADCA(c.g.c)=> BC = AD hay AM = %, trai GT

Néu A > 90 thi tir (*) suy ra DCA < 90°. Vay BAC > DCA

ABAC va ADCA c6: AB = CD; AC chung va BAC > DCA

Do d6 BC > AD hay BC > 2AM ttcla AM < % , trai GT

Vay néu AM > % thi gbc A nhon.
22,5

V& céc doan thing DA, DB, DC. Ta c6 ADB+BDC +CDA = 360"

Suy ra ton tai it nhat mot géc c6 s8 do nhod hon hodc bang 120° ( vi néu ca ba géc déu 16n
hon 120° thi tong cua ching 16n hon 360°, v 1)

Gia str goc do la goc BDC

Xét tam giac BDC co BDC <120" , suy ra DBC + DCB > 60"
Do d6 ton tai it nhdt mot goc 16n hon hoac béng 300 > 290
Vay ba diém can tim la B, C, D.

22.6
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Goi M 1a trung diém ctia BC va H 1a hinh chiéu ctia A trén duwong thang a. Khi d6 AH ¢6
d6 dai khong d6i. Ta c6 tam gidc ABC vudng tai A nén AM = % BC hay BC =2AM > 2AH (
Quan hé gitta dwong vuong goc va dueong xién)

Do d6 BC c¢6 d6 dai nho nhat la 2AH < M = H < AABH vudng can.

Ta xac dinh diém B nhu sau:

- Dung AH 1 BC;
- Trén duong thang a dat HB = HA

22,7

Vé MH 1 BC;NK 1 BC;NI 1 MH khi &6 IN = HK va IH = NK (tinh chat doan chin song
song)

Ta c6 OM//AC= BOM =C = B

Do @6 AMBO can tai M, tix 6 ta dwoc HB = HO

Tuong ty ta c6 KC = KO. Suy ra HK :%BC =%

Theo quan hé gitta duong vuong goc va duong xién ta co MN >IN = HK =%

Dau “=" xay ra
s M=]< MH=NK < AMHB=ANKC < BH=CK< OH=0K < 0OB=0C <0 la
trung diém cta BC.

Vay min MN = % khi O la trung diém caa BC.

22.8

Vé DH | BC;EK L BC; DF 1 EK, ta ¢6 DF = HK ( tinh chat doan chin song song)
Céc tam gidc vudng HBD va KCE c6 D =E =30"nén BH = % BD;CK = %CE . Do dé

BH+C1<=1(BD+CE)=1(BD+AD)=1AB=2cm
2 2 2

Suy ra HK =2cm.

D&u “=" xay ra

< E=F < DH =EK < AHBD = AKCE < BD=CE < B A

la trung diém ctia AB ( Khi d6 E la trung diém cua

AQ) 5

Vay d6 dai nhé nhat cta DE la 2cm khi D va E [an

luot la trung di€m cua AB va AC : -
22.9. (h.22.20) :

Vé BD L AM,CE L AM(D,E € AM).
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Ta c6 BD <BM,CE <CM (quan hé¢ gitta duong vuong goc va duong xién). Do d6
BD+CE<BM +CM =BC (Ddu "=" xayra < D va E trung véi M < AM L BC).

o Tinh d dai BC (h.22.21)
V& AH 1 BC, AAHC vuéng tai H c6 C =30° nén AH :%AC =52:2 = 26(cm)

Ta cé HC? = AC? — AH? =522 — 262 = 2028 = HC = 45(cm)

Xét AABH vuodng tai H, co B =45° nén la tam gidc vudng can.

— BH = AH =26¢m. Do d6 BC =26+ 45 =71(cm).

Vay gid tri 16n nhat caa tong BD +CE la 71 cm khi M 1a hinh chiéu ctia A trén BC.

22.10. (h.22.22)

Xét AABCc A= va AB+AC =2a.

Ta phai chitng minh rang khi AB = AC =a thi AABC
chu vi sé nho nhat.

That vay, gia st AB<AC.

Trén tia ABlay diém B’, trén tia AC 1dy diém C' sao
cho AB'=AC'=a. B P
Khi d6 B'va C' la cac diém c6 dinh va B'C'c6 d6i dai
khong ddi. V”
Tacé AB+AC=AB'+AC'=2a. :

Do d6 AB+(AC'+C'C) = (AB+BB)+AC' =CC'=BB'

Vé BH LB'C vaCK LB'C".

ABB'H =ACC'H (canh huyén, géoc nhon) = HB'=KC' do d6 HK =B'C".(})

Goi M la giao diém cta BC va B'C'.

Ta c6 MH <MD,MK < MC = MH + MK < MB+MC hay HK <BC. (2)

Tt (1) va (2) suyra BC>B'C".

Ta c6 chu vi AABC = AB+BC +CA>2a+B'C' (khong
doi).

Dau “=" xayra < B'=Bva C'=C.

Vay chu vi AABC nho nhat khi AB = AC =a, tic la khi
AABC can tai A.

22.11.(h.22.23)
V& AH L xy, tia AH cat duong thang BC tai D.Khi do
BD khong doi.
ACHA=ACHD (g.c.g) = HA=HD = xyla duong trung
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treec caa AD.
Goi M la mét diém bat ki trén xy .
Ta c6 MA =MD (Tinh chat diém nam trén duong trung truc).
MA+MB =MD +MB>BD (ddu “=" xayra <M =C).

Vay tong MA+MB ngan nhat 1a bang BD khi va chikhi M =C.
22.12. (h.22.24)

Ta c6: S=7MA+3MB+4MC

= 3(|V|A+ MB) =3.12+4.16 =100

D&u "=" xay ra < M thudc doan thang AB va AC
<>M=A.

Vay minS =100 khi M =A. =

22.13. (h.22.25)

Tt H vé duong thang song song véi AB cat AC tai D; .
duong thang song song véi AC cat AB tai E. Theo tinh

chét doan thang song song ta c6 AD = HE, AE = HD.

Vi HB L AC nén HB L HE = HB < HE (quan hé gitta B o

duong vudng goéc va duong xién).

Chiing minh twong tu ta dwoc HC < HD.

Xét AAHD c6 HA < AD + DH (bat dang thitc tam gic). Suy ra:

HA+HB+HC < (AD +DH)+BE +CD = (AD + AE)+ BE+CD
=(AD+CD)+(AE+BE)<AC+AB. (1)

Chttng minh twong tu, ta duoc:

HA+ HB + HC < AB + BC. )

HA+HB+HC <BC +CA (3)

Cong tling vé& cac bat dang thiic (1), (2), (3) ta duwgc: 3(HA+HB +HC) < 2(AB + BC +CA)

Do d6: HA+HB+HC <§(AB+ BC +CA)

22.14. (h.22.26)
Tam gidc ABC vuong can tai A nén theo dinh ly Py —ta—go ta
tinh dwoc BC = a2 .
Tam gidc MAC can tai M= MA=MC, do 6 M nam trén
duwong trung tryec d cta AC.
Xét tong MA+MB = MC +MB >BC =a/2.
Dédu “ =" xay rakhi M =0 véi O la giao di€m cua d v6i canh !
BC.
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Vay gia tri nho nhét ctia tdng MA+MB 12 av/2 khi M =0.

e Nhdn xét: Ta thdy MA+ MB > AB = a nhung khong c6 vi tri nao cia M dé dau “ =" xay ra.
Vi thé khong thé két luan min(MA+MB) =a.

22.15. (h.22.27)

o Xdc dinh vi tri ctia C dé’ chu vi tam gidgc ABC nhé nhdt

Chu vi ctita AABCla CA+CB+ AB.

Do AB ¢6 dinh nén chu vi AABC nhé nhat < CA+CB nho
nhat.

Vé AH L xy. Trén tia d6i cta tia HA 1dy diém D sao cho
HD =HA.

Khi d6 BD la mot doan théng ¢ dinh. Goi C’ 1a mot diém
trén xy.

AAHC'=ADHC'(c.g.c)=C'A=CD.

Xét ba diém BDC’ ta ¢6 C'B+C'D > BD (Dau “=" xay ra < C'=C vdi C la giao diém cua BD
vOi xy)

Do d6 C'B+C'D nho nhat 1a bang BD khi C'=C.

Suy ra khi C la giao di€ém ctia BD véi xy thi chu vi tam gidc ABC la nho nhat.

o Tinh gid tri nho nhit ciia chu vi tam gidc ABC
Vé BK L xy,Bl L. AH ta tinh dwgc HI = 7cm; IA =5cm va ID = 9cm
Ap dung dinh ly Py-ta-go vao AIAB vudng tai I ta cé: Bl = AB? — IA? =13 -5 =144
Ap dung dinh 1y Py-ta-go vao tam gidc vuoéng IDB ta dugc:
BD? = I1B® + ID? =144 +9* = 225 = BD =15(cm)
Vay gid tri nho nhat ctia chu vi tam giac ABC la:
CA +CB + AB =BD + AB = 15 + 13 =28 (cm)

22.16 (h22.28)

Goi M la diém trén canh A’B’ ma con kién phai qua khi bo tir A dén C.
Mo nap hop A’'B'C’'D’ dting 1én dén vi tri A’B’'C:iDs
Xét ba diém A, M, Ci1 ta c6 MA + MCi>AC:
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D&u “=" xay ra
<M trung véi giao diém O ctia AC1 v6i canh A’B’
& AA'AM = AB'C,M(g.c.g) <> MA' = MB'
<M la trung diém cua A'B’
Ta c6: AC? = AB? + BC? = 207 + 407 = 2000 = AC, = /2000 ~ 44, 7cm

Vay quang duong ngan nhat ma kién phai bo 1a 44,7 cm khi kién bo qua trung diém M
ctia canh A’B’ theo hanh trinh doan thfmg AM 16i doan théng MC’

Dy Ci
I/

A’ 0 B
/A

A ” B
Hinh 22.28
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