Chuong I:
TU GIAC
Chuyén dé 1.
TU GIAC
A. Kién thirc cin nhé
1. Tt giac ABCD 1a hinh gém bdn doan théng AB, BC, CD, DA, trong d6 bét ki hai doan théng nao cling

khong ciing nam trén mot duong thang (h.1.1 a, b).
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Hinf I.1
Ta phan biét tr giac 161 (h.1.1 a) va tir gidc 16m (h.1.1 b). Noi dén ttr gidc ma khong chu thich gi thém, ta
hiéu d6 1a tu giac 10i.

2. Tong cac goc clia tir giac bang 360°.

A+B+C+D=360°.

B. Mt s6 vi du
Vi du 1: Cho tir gidc ABCD, A — B = 40°. Céc tia phan gidc cta goc C va goc D cht nhau tai O. Cho bidt
C% =110°. Chimg minh rang AB | BC.

Giai (h.1.2)
* Tim cach giai
Mubn chimg minh AB | BC ta chitng minh B=90°.
P biét hidu A— B nén cin tinh tong A+ B.

* Trinh bay loi giai

- ~ ~ C+D
Xét ACOD cb COD:180°—(C2+D2):180°—C%

Hinh 1.2

o~ o~

(vi C,=C,; D,=D,).

Xét it gide ABCD ¢6: C+ D = 360°— (K + TB), do do
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360°—(4+ B) A+ B

COD =180°— :180°—180°+T
——  A+B —

Vay COD === Theo dé bii COD =110° nén A+ B=220°.

Miit khac, A— B =40° nén 32(2200—40"):2:90". Do d6 AB L BC.

Vi du 2: T giac ABCD c6 AB = BC va hai canh AD, DC khong bing nhau. Pudng chéo DB 1a dudng
phan giac ciia goc D. Chig minh rang cac goc ddi ctia tir gidc nay bu nhau.

Gidi (h.1.3 a,b)
* Tim cach giai
Dé ching minh hai goc A va C bu nhau ta tao ra mot goc thir ba 1am trung gian, goc nay bang goc A
chang han. Khi d6 chi con phai chirng minh géc nay bu véi goc C.

* Trinh bay loi giai

A
- Xét truomg hop AD < DC (h.1.3a) =%
Trén canh DC lay diém E sao cho / 5
D E C
DE =DA a)
Hink 1.3

AADB = AEDB (c.g.c)

= AB=EB vi A=E, .

—~

Mit khac, AB = BC nén BE = BC. Viy ABEC cin = C=E,.
Tacé: E, +E, =180° = A+ C = 180°.

Do d6: B+ D =360°—180° =180°.
- Xét truvong hop AD > DC (h.1.3b)
Trén tia DA 14y diém E sao cho DE = DC
Chirng minh tuong tu nhu trén, ta dugc: A+C=180° ; B + D= 180°.
Vi du 3. Tir gidc ABCD c6 tong hai duong chéo bang a. Goi M 1a mét diém bat ki. Tim gi4 tri nho nhat
ctia tong MA -+ MB+MC+ MD .
Giai (h.1.4)
* Tim cach giai
Dé tim gia tri nho nhét cua tong MA + MB+ MC + MD ta phai ching minh MA + MB+ MC + MD >k
(k 13 hing sb).
Ghép tong trén thanh hai nhom (MA -+ MC)+(MB+ MD).
Ta thdy ngay c6 thé ding bat déng thirc tam giac mo rong.

* Trinh bay loi giai
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Xét ba diém M, A, C c6 MA+MC > AC (dau “=" xay rakhi M € AC).
Xét ba diém M, B, D ¢c6 MB+ MD > BD

(ddu ‘=" xay rakhi M € BD).

Do d6: MA+MB+MC+MD > AC+BD =a.

Vay min(MA +MB+ MC + MD) = g khi M trung véi giao diém O cua

duong chéo AC va BD.

Hinh [ 4

C. Bai tap van dung
¢ Tinh s6 do goc
1.1. Chimg minh ring trong mdt tt giac, tong hai goc ngoai tai hai dinh bang téng hai goc trong tai hai

dinh con lai.

1.2. Cho tir gidc ABCD cb A+ B = 220°. Céc tia phan gidc ngoai tai dinh C va D cét nhau tai K. Tinh
s6 do ctia goc CKD.

1.3. Tu giac ABCD co 2 = 6 . Ching minh rang cac dudng phéan giac cua goc B va goc D song song

v6i nhau hodc trung nhau.

o~

1.4. Cho tir giac ABCD c6 AD = DC =CB; C= 130°; D =110°. Tinh s do goc A, goc B.

( Olympic Toan Chau A - Thai Binh Duong 2010 )
¢ So sanh cac d¢ dai
1.5. Co6 hay khong mdt tir gidac ma do dai cac canh til¢ véi 1, 3,5, 10 ?
1.6. Tir gidc ABCD c6 hai duong chéo vudng goc. Biét AB =3; BC =6,6; CD = 6. Tinh d6 dai AD.
1.7. Chimg minh ring trong mét t&r giac tong hai dudng chéo 16n hon ntra chu vi nhung nhé hon chu vi
cua tur giac.
1.8. Cho bdn diém A, B, C, D trong d6 khéng c6 ba diém nio thing hang, bat ki hai diém nao ciing c6
khoang cach 16n hon 10. Chirng minh rang ton tai hai diém da cho c6 khoang cach 16n hon 14.
1.9. Cho tir gidc ABCD c6 d6 dai cic canh 1a a, b, ¢, d déu la cic sb ty nhién. Biét tong
S=a+b+c+d chia hét cho a, cho b, cho ¢, cho d. Chung minh rr:ing tdn tai hai canh cua tir giac
bang nhau.
o Bai toan giai bing phwong trinh t6 mau
1.10. C6 chin ngudi trong d6 bat ki ba ngudi nao ciing c¢é hai ngudi quen nhau. Ching minh rang ton tai

mdt nhém bon ngudi doi mot quen nhau.

Trang 3



Huwéng din giai
1.1. + Truwong hop hai géc ngoai tai hai dinh ké nhau (h.1.5)
Goi a , Bl 1a s6 do hai goc trong; l/)\2 , l/); 14 s6 do hai géc ngoai tai hai A

dinh ké nhau 1a C va D. Ta c6:

C,+D, =(180°~C, ) +(180°~ D) =360°~(G, + D, ). (1)
Xét tir gise ABCD co: 2+E:360°—(a+13,) L)

Tir (1) va (2) suyra: C, +D, = A+B.

o Truong hop hai géc ngoai tai hai dinh d6i nhau (h.1.6)

—~

Chung minh tuong tu, ta duoc 22 +C, = B+D
1.2. (h.1.7)

Ta cé: CDx+DCy = A+ B =220°. (bai 1.1).

_ EDXHCDY 100 Do ds D, +C, =110°.

Xét ACKD c6: CKD=180°~(D, +C, | =180°~110° = 70°
1.3. (h.1.8) Hinh 1.7
Xét tir giae ABCD ¢6: B+ D = 3600—(21+ 6) ~360°-2C.

Vi B =B,, D,=D, nén B,+D,=180°-~C= B,+D, +C =180°.
(1)

Xét ABCM ¢ B, +M,+C =180°. (2)

Tir (1) va (2) suyra D, =M, . Do d6 DN //BM .

14. (h.1.9) Hinh 1.8
V& duong phan gidc ctia cac goc CvaD chung cit nhau tai E.
Xét AECD co @:180%%:609 A E 5
AADE = ACDE (c.g.c) = AED = CED = 60°.
ABCE = ADCE (c.g.c) = BEC = DEC = 60°. D C
Hinh 1.9

Suy ra AEB =180° do d6 ba diém A, E, B thang hang
Vay BAD = EAD= ECD = 65°. Do d6 ABC =360°—(65°+110°+130°) = 55°.

1.5. (h.1.10)
Gia str tir giac ABCD c6 CD 1a canh dai nhat.
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Ta s& chimg minh CD nho hon tong ctia ba canh con lai (1). A

B
That vay, xét AABC tacod: AC< AB+BC.
Xét AADC c6: CD < AD+ AC.Dodé CD < AD+ AB+ BC. D C

Ta théy néu céc canh ti 18 vé6i 1, 3, 5, 10 thi khong théa man diéu kién (1) nén Hinh 110
khong co tlir gidc nao ma cac canh ti 1€ véi 1, 3, 5, 10.

1.6. (h.1.11)

Goi O la giao diém cua hai duong chéo. B

Xét AAOB, ACOD vuong tai O, ta co: 3 6.6

AB* +CD* =04’ +OB* + OC* + OD" . o

Chtmng minh tuong tu, ta dugc: W
BC? + AD* = OB* + OC* + OD* + 04> iR B

Do d6: AB*> +CD? = BC* + AD.

Suyra: 3°+6°=6,6°+ AD* = AD* =9+36-43,56=1,44= AD =1,2.
1.7. (hl.12)

Goi O 1a giao diém cta hai dudng chéo AC va BD cua tir giac ABCD.
Goi d6 dai cac canh AB, BC, CD, DA lan luot 1a a, b, ¢, d. Van dung

bat
dang thirc tam giac ta duoc:

OA+OB>a; OC+0D >c.

Hinh 1.12

Do d6 (04+0C)+(OB+0D)>a+c hay AC+BD>a+c. (1)
Chiing minh tuong tu, ta dugc: AC+BD >d +b.(2)
Cong timg vé cta (1) va (2), ta dugc:

2(AC+BD)>a+b+c+d:>AC+BD>w

Xét cac AABC va AADC taco: AC<a+b, AC<c+d

=2AC<a+b+c+d.(3)

Tuong tuw c6: 2BD<a+b+c+d. (4)

Cong timg vé ctia (3) va (4) duge: 2(AC+BD)<2(a+b+c+d)

= AC+BD<a+b+c+d.

Tir cac két qua trén ta duoc diéu phai chirmg minh.

1.8. o Trudc hét ta chimg minh mot bai toan phy:

Cho AABC, A>90°. Chimg minh ring BC> > AB> + AC”.
Giai (h.1.13).

Vé BH L AC.Vi 4>90° nén H ndm trén tia dbi cua tia AC.

Xét AHBC va AHBA vudng tai H, ta co6:
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BC* =HB’ + HC* =(AB* - HA* )+ (HA+ AC)’

H
= AB* —HA* + HA* + AC* +2HA.AC = AB* + AC* +2HA.AC . ’fi/‘\ A

Vi HA.AC>0 nén BC* > AB* + AC* ( déu “=" xdy ra khi H = 4 tic 14 khi /\

. R C
AdABC Vuong),. i Hinh 1.13
e Van dung két qua trén dé giai bai toan da cho

A —B
D
Hinh 1.14 Hinh 1.15

Truong hop tir giac ABCD la tir giac 16i (h.1.14)
Taco: A+B+C+D=360°.

Suy ra trong bén goc ndy phai c6 mot goc 16n hon hodc bang 90°, gia sir 4>90°.

Xét AABD tacd BD* > AB* + AD* >10% +10> =200 suy ra BD >+/200, do d6 BD >14.
Truong hgp tir giac ABCD la tir giac 1om (h.1.15)

N&i CA, Ta cb: ACD+ACB+BCD =360°.

Suy ra trong ba goc nay phai c6 mot goc 1én hon hoic bang 120°.
Gia st ACB>120°,do d6 ACB la goc tu

Xét AACB c6 AB> > AC* +BC* >10> +10% =200.

Suy ra AB>~/200 = AC > 14.

Vay ludn ton tai hai diém di cho c6 khoang cach 16n hon 14.

1.9. (h.1.16)

Ta chtng minh bang phwong phap phan ching.

Gia st khong c6 hai canh nao cua tir giac bang nhau.

Tacothé giast a<b<c<d.

Tacé: a+b+c>BD+c>d.
Dodé a+b+c+d>2d.Tadat a+b+c+d=S thi §>2d.(¥)

Hinh 1.16

Taco: Sia=>S=ma(meN) (1)
Sib=S=nb(neN) (2

S:c=8S=pc (pEN) 3)
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Sid=S=qd (g€ N) (4)
Tu (4) va (*) = gd >2d dodd g>2.
Via<b<c<dnéntu(l),(2),3),d)suyram>n>p>qg>2.

Dod6 g>3; p>4;,n>5m>6.

Tu (1), (2), (3), (4) suy ra

1_a,
m S’

Tur do: EZI,V(”) 1i.
20

Viy diéu gia st 14 sai, suy ra ton tai hai canh cta t& giic bang nhau.

1.10. Coi mdi nguoi nhu mot diém, ta ¢6 chin diém A B,C,...

N&i hai diém vé6i nhau ta dugec mot doan thing. Ta t6 mau xanh néu hai ngudi khéng quen nhau, ta to
mau d6 néu hai nguoi quen nhau. Ta s& chirng minh ton tai mot t& gidc c6 cac canh va dudng chéo cung
to mau do.

e Truong hop cd6 mot diém 1a ddu mut cta bdn doan théng mau xanh AB, AC, AD, AE v¢& nét dut
(h.1.17)

B
Aﬁ:h::: _________ _.C
\. "D
'\“
E
AL Hinh 1.18

Xét AABC c6 hai doan thing AB, AC mau xanh nén doan thang BC mau d6 vi bat ki tam giac nao ciing
c6 mot doan thing mau d6. Tuong tu cac doan thang CD, DE, EB, BD, CE ciing c6 mau do (v& nét lién)
(h.1.18). Do d6 tir giac BCDE c6 cac canh va dudng chéo duoc td do nghia 13 t6n tai mot nhom bdn
nguodi doi mot quen nhau.

e Trudng hop moi diém déu 1a dau mat ciia nhiéu nhét 1a ba doan thang mau xanh. Khong thé moi diém
déu 1a ddu mit ctia ba doan thang mau xanh vi khi d6 s6 doan thang mau xanh 13 92—3 ZN.

Nhu vay ton tai mot diém 1a dau mut cta nhiéu nhit 13 hai doan théng mau xanh, chéng han d6 1a diém A,
do d6 A 1a dau mut cua it nhét 1a sau doan thang mau do, gia st d6 1a AB, AC, AD, AE, AF, AG (h.1.19)

Trong sau diém B, C, D, E, F, G t0n tai ba diém 1a dinh cua mot tam giac c6 ba canh cung mau (day la bai

toan co ban vé phuwong phép t6 mau) chang han d6 1a ABCD (h.1.20).
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G G
Hinh 1.19 Hinh 1.20
Trong ABCD ¢6 mdt canh mau d6 (theo dé bai) nén ba canh cia ABCD cing mau d6. Khi do6 ttr giac
ABCD Ila tr gidc c6 céac canh va duong chéo dugc t6 do, nghia la tdn tai mot nhom bdn nguoi doi mot

quen nhau.
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Chuyén dé 2.
HINH THANG . HINH THANG CAN.

DUNG HINH THANG

A. Kién thirc cin nhé
1. Hinh thang 1a tr giac c6 hai canh d6i song song (h.2.1)
Dbac bi¢t : Hinh thang vudng 1a hinh thang c6 mot goéc vuong (h.2.2)

A B A B
/ Y ——\
r.u‘ \\\. : \\
/ | %
D¢ =L !}L-_._.._—_._..\.h.(_'
.":;.'-'..l:' __ { J;}f.-'.-'.'.':f .:I .j
2. Hinh thang can 12 hinh thang c6 hai goc ké mét day bang nhau (h.2.3)
3. Trong hinh thang cén :
- Hai canh bén bing nhau ;
- Hai duong chéo bang nhau ( h.2.4)
A B A_ B
/ .."_ ; -:‘-' - 1_\_ \:lll
/ \ /. X
D——— =0 D4 e

Jlr .I|l I |I -.I JI .:I=| |i - ; -Ir IrI :I J-' 'll |I : 4

4. Déu hiéu nhan biét hinh thang can :

Hinh thang c6 hai goc ké mot ddy bang nhau I3 hinh thang cén ;

Hinh thang c¢6 hai d6i bu nhau 13 hinh thang cén ;

Hinh thang c¢6 hai dudng chéo bang nhau 14 hinh thang can.
5. Dung hinh

e  Dung cu dung hinh : Thudc va compa.

e  Céc budc giai mot bai toan dung hinh :

- Phéan tich ;

- Céach dung;

- Chung minh;

- Bién luan.

Dbi v6i mot bai toan dung hinh don gian ta c¢6 thé khong trinh bay budc phén tich .
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e Dé dung hinh thang ta can biét bon yéu té cua no, trong d6 sé goc cho trude khong qua hai.
B. Mot s6 vi du
Vi dy 1. Cho hinh thang ABCD(AB//CD), céc tia phén gidc clia goc A, goc D cdtnhau tai M  thudc

canh BC. Cho biét AD =7cm, chimg minh ring mot trong hai ddy cua hinh thang ¢6 do dai nho hon
4cm.
Gidi(h.2.5)

*Tim cdch gidi
Pé chimg minh mot canh day nao d6 nho hon 4cm ta cd thé xét tong cua hai canh day rdi chimg minh
téng nay nho hon 8cm . Khi do ton tai mot canh day c6 do dai nho hon 4cm.
*Trinh bay loi gidgi

Goi N la giao diém cua tia AM vatia DC.

Taco: AB//CD nén 1/4; = ]/\7(50 le trong )

Mat khac , :4\1 = ;4\2 nén :4\1 =N =aDAN cantai D
= DA = DN. (1)

Xét aDAN co Bl = l/)\2 nén DM ddng thoi 1a dudng trung tuyén :

MA=MN. D
aABM =aNCM (g.c.g) = AB=CN. Hinh 2.5

Tacd: DC+ AB=DC+CN = DN = DA=Tcm.Vay AB+CD < 8cm.
Vay moét trong hai day AB,CD phai c6 do dai nho hon 4cm.
Vi du 2. TG giac ABCD ¢6 AC=BD va AD = BC. Ching minh ring tir giic ndy 1a hinh thang cén .
Giai (h.2.6)
*Tim cach giai
Ta gidc ABCDd3 c6 hai dudng chéo bang nhau nén dé chimg minh né 13 hinh thang can, chi can
ching minh AB//CD. Muén viy ta chirg minh mét cip goc so le trong bang nhau .

*Trinh bay 1oi gidi

aADC =aBCD(c.c.c) = a = 51 A l 4
aDAB =aCBA(c.cc)=> B, = 4,. 0

Miit khc, COD = AOB (d6i dinh ) & INe
nén 2C, =24 Hinh 2.6

= C, =4, dodé AB//CD.

Vay tir gidc ABCD 1a hinh thang. Hinh thang nay c6 hai duong chéo bang nhau nén 1a hinh thang

can.
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Vi du 3. Mot hinh thang cin c6 day nho bang canh bén va goc ké véi day 16n bang 60°. Biét chidu cao cua
hinh thang can nay la a~/3 . Tinh chu vi cta hinh thang can.
Gidi(h.2.7)
* Tim cdch gidai
Ta da biét hinh thang c6 hai canh bén song song thi hai canh bén bang nhau, hai canh day bang nhau. Tir d6

ta v& thém hinh phy dé tim sy lién hé giira déy 16n va ba canh con lai. Ta v& AM //BC(M € CD). Mt khac,

dé bai c6 cho goc 60°, goi ¥ cho ta van dung tinh chit cia tam giac déu dé tinh d6 dai mdi canh theo chiéu

cao cuano.
*Trinh bay loi gidi
Tadat AD=AB=BC =x. A B

V& AM //BC(M e CD), ta dugc

AM =BC =x va MC = AB = x /
D

aADM cén, c6 D = 60° nén la tam giac déu.

suy ra: DM = AD = x.

H M C

Hinh 2.7

V& AH 1. CD thi AH 1a dudng cao cia hinh thang cin, ciing 1a dudng cao cua tam gidc déu:

ADA3

2

AH = Vi AHza\/gnén%:a\/g:xzhz.

Do do6 chu vi cta hinh thang can 1a : 2a.5=10a.
Nhén xét: Qua mot dinh v& dudng thing song song vi mot canh bén ciia hinh thang 1a mot cach v& hinh phu

dé giai bai toan vé hinh thang.

Vi dy 4. Dung hinh thang ABCD(AB//CD) biét: A 2 B X
AB =2¢m,CD = 5¢cm,C = 40° D =70°,
Gidi(h.2.8) 70° ' a0
D 'E C
a) Phan tich
Gia sir ta dd dung duogc hinh thang ABCD théa man dé bai. Hinh 2.8

V& AE//BC(E e CD)ta dugc

AED =C =40°, EC=AB=2cm va DE =DC—EC=5-2=3cm,
- aADE dyng dugc ngay (g.c.g).
-Piém C thoéa mén hai diéu kién: C nam trén tia DE va C cach D 1a 5cm.
- Piém B théa man hai diéu kién: B nam trén tia Ax//DE (hai tia Ax va DE cung nam trén mot ntra mat
phang bd AD) va Bcach A 1a 2cm.
b) Céach dung

-Dung aADE sao cho DE =3cm; D= 70°; E = 40°
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- Dung tia Ax//DE (hai tia Ax va DE cing nam trén mot nira mit phang bo 4D).
- Trén tia Ax dat AB =2cm.
- Trén tia DE dat DC = 5cm.
-N&i BC ta dugc hinh thang ABCD phai dung.
¢) Chung minh
Theo cach dung tr gidc ABCD c6 AB//CD nén no la hinh thang.
Xét hinh thang ABCE ¢6 CE=5-3= 2(cm);

AB=2cm nén AB=CE do d6 AE//BC = BCD = AED = 40°.

Nhu vay hinh thang ABCD ¢6 AB = 2cm; CD =5cm; D =70° va C = 40°
d) Bién luan

Bai toan c6 mét nghiém hinh.
Vi du 5. Dung tam gidc ABC, biét A= 70°, BC =5c¢m va AC— AB =2cm.

Gidi (h.2.9)
a) Phan tich

Gia sir ta da dung duoc tam giac ABC thoa mén dé bai.

Trén tia AC ta lay diém D sao cho AD = AB.

Khi d6: DC=AC—-AD = AC— AB =2cm.

AABD cin, A=70°= ADB =55°= BDC =125°.

- aDBCxéc dinh duoc (CD —2em; D=125% CB = 5cm).

Hinh 2.9

- DPiém 4 théa mén hai diéu kién: nim trén tia CD va A nam trén dudng trung truc cia BD.

b) Cach dung:

- Dung aDBC sao cho D= 125°,DC =2cm va CB =5cm.

- Dung duong trung tryc cia BD cattia CD tai A.

- No&i 4B tadugc aABC phai dung.

¢) Ching minh
2ABC théa min d& bai vi theo cach dung, diém A nam trén duong trung truc ciia BD nén AD = AB .
Dod6é: AC—AB=AC— AD = DC =2cm; BC =5cm va
ADB =180° —125° = 55° = BAC =180° —2.55" = 70",

d) Bién luan

Bai toan c6 mot nghi¢m hinh.
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Nhén xét : Dé bai c¢6 cho doan thang 2¢m nhung trén hinh v& chua co

doan thrfmg nao nhu vay. Ta da lam xuét hién doan thrfmg DC =2cm ’1,* -

bing cich trén AC ta dit AD=AB. Khi d6 DC chinh 1a hidu B 5

AC — AB . Ciing c6 thé lam xuét hién doan thrfmg 2cm br:ing cach trén tia 1 _ H‘HMH

AB tadit AE = AC (h.2.10). 6/ St
Khi d6 : BE = AE — AB = AC — AB = 2cm.. g R

sMEC cin, c6 A =70" i

= E=(180"-70"):2=55". Hinh 210

AaBEC xac dinh duoc.

Khi d6 diém A thoa man hai diéu kién : 4 nam trén tia EB va 4 nam trén dudng trung truc cua EC.

C. BAI TAP VAN DUNG

Hinh thang

2.1 Cho tir giac ABCD. Céc tia phan giac ctia gbc 4, goc D cit nhau tai M . Cac tia phan giac
clia goc B, goc C cat nhau tai N .
Cho biét AMD = 90° , chimg minh rang :
a) Tu giac ABCD 1a hinh thang.
b) NB L NC.

2.2 Cho hinh thang ABCD vudng tai A va D. Goi M 1a trung diém cia AD. Cho biét
MB 1 MC.
a) Chtg minh rang: BC = AB+CD .
b) V& MH L BC . Chiing minh rang tr giac MBHD 12 hinh thang,

2.3.  Chung minh rang trong mot hinh thang vudng, hiéu cac binh phuong cua hai dudng chéo bang
hi€u c4c binh phuong cta hai day.

2.4.  Cho hinh thang 4BCD vuong tai 4 va D. Cho biét 4D =20,A4C =52 va BC =29. Tinh d6
dai 4B.

Hinh thang can

2.5. Cho tam giac déu ABC, mdi canh c6 do dai béng a.Goi O 1a mot diém bat ki ¢ trong tam
giac. Trén cac canh AB,BC,CA lan  luot léy cac diém M,N,P sao cho
OM |/ BC;ON /| CA va OP /] AB. Xéc dinh vi tri ciia diém O dé tam giac MNP 1a tam
giac déu. Tinh chu vi cta tam giac déu do.

2.6.  Cho hinh thang ABCD (4B // CD), ADC > BCD.
Chung minh rang : AC > BD.
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2.7. Cho goc xOy c6 sb6 do 16n hon 60° nhung nho hon 180°. Trén canh Ox liy diém A, trén

canh Oy lay diém C. Chimg minh rang: AC > M

2.8. Ti gidc ABCD c6 AC=BD;C =D va BD L BC.Hdi tit gidc ABCD c6 phai la hinh thang
can khong?
e Dung hinh
2.9. Dung hinh thang ABCD (4B // CD) biét AD =2cm;BD =3cm; AC = 4cm va géc nhon xen
giita hai dudng chéo bang 70°.
2.10. Dung hinh thang ABCD (4B // CD) biét A =120, AB = 2cm;BD = 4cm va BC =a.
2.11. Dung ti gidc ABCD biét AB =2,5¢m;CD = 4dem; A=120°B8 =100°va C = 60°

2.12. Dung tam gidc ABC vudng tai B c¢6 chu vi bang 8cm va C=m’.

HUONG DAN GIAI
2.1 (h2.11)

a) Xét aMAD cb6 M =90°.

~ ~

A+ D
2

— A+D=180" = AB//CD 5

— 4, +D, =90° = =90°

Vay tir gidc ABCD 1a hinh thang. M

b) Ta cd ABC +BCD =180° (hai goc k& véi mot canh bén).

:ABC+BCD:900 hayé\l+a:900. Hinh 2.11
Xét aNBC ¢6 N =180° — (B, +C,) =180° —90° =90°.
Vay NB L NC.
2.2. (h.2.12)
a) Goi E la giao diém cua tia BM vditia CD.
aABM =aDEM (g.c.g)
= AB = DE va MB = ME .
ACBE ¢6 CM vira la dudng trung tuyén vira l1a dudng cao I'“i
nén la tam giac can. F
= CB=CE / .
= CB=CD+DE = CB=CD+ AB (Vi AB = DE). D
b) aCBE can tai C,CM L BM (1) Hinh 2.12
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2.3.

24.

2.5.

= a = 6; — MH = MD (tinh chit diém nam trén tia phan giac).
AHCM =aDCM (canh huyén — goc nhon) = CH = CD =aCHD can .
=CM L DH.(2)
Tu (1) va(2) suyra BM // DH do d6 t&r giac MBHD 1a hinh thang.
(h.2.13)
Xét hinh thang ABCD vuoéngtai 4 va D.Gidse AB<CD.
4p dung dinh 1y Py-ta-go, ta co : AC*> = AD* + DC*; BD*> = AD* + AB*.

Suyra AC*> — BD*> = (AD* + DC*)—(AD* + AB*).

Do d6 AC* — BD* = CD* — AB*.
(h.2.14)
V&BH 1 CD tadugc AB=DH; BH = AD =20.

Xét ABHC vuong tai H co:

HC? = BC* —=BH? =29* -20° =441 = HC =21.
Xét aADC vuong tai D co:

CD? = AC* — AD* =52 -20% = 2304 = CD = 48.
Do d6: DH = CD -~ HC =48 -21=27= AB=27. Hinh 2.14
Nhan xét: Bai nay da vé thém duong cao BH cua hinh thang. P6 1a mdt cach vé hinh phu thuong dung
khi giai toan vé hinh thang.
(h.2.15)
Tt gidc MONB c6 OM // BC nén la hinh thang. Hinh thang nay c6 MBN = ONB (= A/C\B) nén la hinh
thang can.
Chirng minh tuong tu ta dugc cac tir gidc ONCP, OMAP cling 1a hinh thang can.
Suy ra: MN = OB; NP =0C; MP = OA .
Do d6 aAMNP 1a tam giac déu < MN = NP = PM .
< OB =0C = 04 < O 1a giao diém ciia ba duong trung truc ciia a ABC.
Trong tam giac déu, giao diém cua ba dudng trung truc ciing 13 giao diém

ctia ba dudng cao, ba duong trung tuyén.

Y , ., A , A , a
Chiéu cao / cua tam giac déu canh a dugc tinh theo cong thirc: h =——.

Hinh 2.15
:0A=3h=3.&= ay3.
3 3 2 3

Do d@6 chu vi cuia aAMNP la: a33 3= Cl\/g.
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2.6. (h.2.16)
Trén nira mit phang bo CD c6 chira 4 vé tia Cx sao cho
DCx = ADC. x
Tia Cx cattia 4B tai E. Y
Khi d6 hinh thang AECD 1a hinh thang can.

= AC = DE va DAB = CEB.
Xét aABD c¢6 goc DBE 1a gbc ngoai nén

DBE > DAB = DBE > CED (Vi@:@).

. o
Do d6 DBE > DEB = DE > BD = AC > BD. Hinh 2.16
2.7.
e Xét truong hop 04 =0C (h.2.17). 0

2aAOC latam giéac can.

ViO>60° nén A=C <60° = AC>0A4=0C. \

Do doé: 2AC>0A+0C:>AC>%. /
X

Hinh 2 17
o Truong hgp 04 <OC (h.2.18)
Trén tia Ox 13y diém D, trén tia Oy 1dy diém B sao cho OB = 04, OD = OC .
Cac a0OA4B va aODC cantai O nén:

—— L — 0_/\
OAB:ODC:%:AB//CD.

= Tt gidc ABCD la hinh thang.

Mat khac ODC = OCD nén ABCD la hinh thang can
= AC=BD.

Goi K 1a giao diém cua AC va BD. Ta c6:
AC = AK + KC; BD =BK +KD.

= AC+ BD = (AK + BK) + (KC + KD) (1).

Vi 4K + BK > AB; KC+ KD > CD (2).

néntu (1) va(2)suyra: AC+BD > AB+CD (3).

Xét a0A4Bcod O > 60° nén OAB = OBA<60° = AB > OA.
Tuong tw CD >OC.Dod6: AB+CD > OA+ OC (4).

Tir (3) va (4) suy ra: AC+BD > OA+0OC hay 24C > 04+ OC.

Do d6 AC>24+9C.

e Truong hop OA4 > OC : Chiing minh tuong tu.
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2.8. (h.2.19)
Qua 4 v& mot duong thang song song v&i CD cit tia CB tai \
B'. Hinh thang AB'CD c¢6 hai gbc & day bang nhau nén 1a hinh g
thang can.
- Vaynéu B' tring véi B thi tir giac ABCD 1a hinh thang can.
- Néu B' khong tring véi B, tacé: AC=B'D.
Mat khac, AC =BD nén B'D =BD.

Do d6 aDBB' cin = DB'B = DBB' =90°, v6 li. D

Hinh 2.19

Vay B' trung v61 B va tlr gidc ABCD 1a hinh thang can.
2.9. (h.2.20)
a) Phan tich:
V& BE // AC (E € tia DC), ta duogc:
DBE =110°, BE = AC = 4cm, CE = AB = 2cm.

- aABDE dung dugc ngay (c.g.c); x A 2 B

- Piém A thoéa man hai diéu kién: A nim trén tia Bx// DE
va cach B 1a 2em . 0
-Piém C théa man hai diéu kién: C nam trén tia ED va cach
E 14 2cm. D : C E
n Hinh 2.20
b) Céch dung:

- Dung aBDE sao cho DBE =1 10°, BD =3cm, BE = 4cm .
- Dung tia Bx// DE va trén d6 dat BA =2cm (hai tia Bx va ED cing nam trén mot nira mit phang
bo BE).
- Trén tia ED dat EC =2cm.
-Nbi 4D, BC ta dugc hinh thang ABCD phai dyung.

¢) Chung minh:
Tt gidc ABCD theo cach dung c6 4B // CD nén la hinh thang.
Xét hinh thang ABEC ¢6 AB = EC =2cm nén AC// BE va AC = BE =4cm.
DOC = DBE =110° = BOC = 70"
Hinh thang ABCD theo céach dung co:
AB =2cm, BD =3cm, AC = 4cm va BOC =170°.

d) Bién luan: Bai toan c6 mgt nghiém hinh.

2.10. (h.2.21)
Cach dung:
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- Dung aABD sao cho A=120",AD=2,DB=4.

- Dung tia Dx // AB (haitia Dx va AB cung nam trén mot nira mit phang by AD).

- Dung cung tron tdm B, ban kinh a cit Dx tai C.

- Néi BC ta duoc hinh thang ABCD phai dyng.

Bién luan:
V& AH 1 CD thi DAH =30°.

Do do6 DH=%ADzlcm.

= AH =22 1> =3

A
i
:
a1
H

Hinh 2.21

- Néu a <3 thi duong tron (B;a) khong cit tia Dx nén bai toan khong co nghiém hinh.

- Néu a =+/3 thi duong tron (B;a) c6 chung véi tia Dx mot diém, bai toan c6 mot nghiém hinh.

- Néu 3 <a<4 thi duong tron (B;a) cit tia Dx tai hai diém C va C', bai toan c¢6 hai nghiém hinh.

- Néu a >4 thi duong tron (B;a) cit tia Dx tai mot diém C # D nén bai toan c6 mot nghiém hinh.

2.11. (h.2.22)
a) Phan tich:

Gia sir ta da dung duoc tir gidc ABCD théa man dé bai.

Ta thdy 4B =2,5cm dung dugc ngay.

Trén tia BC lay diém C'. V& doan thang C'D'//CD va

C'D'=CD.Khidé C'=C=60"va DD'//CC".

b) Cach dung:

-Dung AB =2,5cm.

- Trén cing mot nira mit phang bd 4B dung cac tia Ax va By
sao cho BAx =120°, 4By =100°.
- Trén tia By lay diém C'.
- Dyng doan thang C'D' sao cho BC'D'
-Dung DD'=BC'(D € Ax).

=60" va C'D'=4cm.

-Dung DC// D'C'(C € By).

T gidc ABCD la tlr gidc phai dung.

Céc budce con lai, ban doc tu giai.
2.12. (h.2.23)

a) Phan tich:

Gia sir da dung duoc aABC théa min dé bai.

Hinh 2.22

Trang 10



Trén tia ddi cua tia BC 13y diém D ; trén tia d6i cua tia v
CB lay diém E sao cho BD = BA,CE =CA .
Khi d6: DE = DB+ BC + CE = BA+ BC +CA =8cm.

AABD vudng can tai B nén D =45,

& mu._ |'II"'-l il
L L, 1L}
Goc ACB la goc ngoai cua tam giac can CAE nén D A E
L - ..
ACB=2F =B ",
CB=2E=E=—. Hinh 2.23

- AADE dung dugc (g.c.g).
-Piém B théa min hai diéu kién: B nam trén doan th'fmg DE va AB 1 DE .
- Piém C théa man hai diéu kién: C ndm trén doan thing DE va nidm trén dudng trung truc cia AE
(vi C cach déu hai ddu doan thing AE).
b) Cach dung:
0

_Dung aADE sao cho DE =8cm; D=45" va E = m?

-Dung AB 1 DE (B € DE).
- Dyng dudng trung truc cia AE cit DE tai C.
-Nbi AC ta duoc aABC phai dung.

c¢) Chimng minh :

aABD vudng tai B c6 D =45° nén la tam giadc vudng can = BA = BD .
Piém C nam trén duong trung truc ciia AE nén CA = CE .

AABC ¢ AB+BC +CA=BD + BC +CE = DE = 8cm: B =90° va @:2@:2."; —m°.

d) Bién luan :
-Néu m > 90 thi bai toan khong c6 nghiém hinh.

-Néu 0 < m <90 thi bai toan c6 mot nghiém hinh.
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Chuong I
Chuyén dé 3
PUONG TRUNG BINH CUA TAM GIAC, CUA HINH THANG
A.Kién thirc cin nhé
1. Dinh nghia
e DPuong trung binh ciia tam giac 1 doan thang nbi trung diém hai canh cia tam giac (h.3.1)
e Puong trung binh ciia hinh thang 13 doan thing nbi trung diém cta hai canh bén cua hinh thang

(h.32)

Hinh 3.1 Hinh 3.2
2. Tinh chat
e Duong trung binh cta tam giac thi song song véi canh thir ba va bing ntra canh y.

Trén hinh 3.1 thi MN//BC va MN =BTC

e Duong trung binh ciia hinh thang thi song song v6i hai canh day va bang nira tong hai day.

Trén hinh 3.2 thi MN//AB//CD va MN = AB+CD

3. Pinh li
e Duong thing di qua trung diém mot canh ctia tam giac va song song véi canh tht hai thi di qua
trung diém cta canh thir ba
e Duong thing di qua trung diém mot canh bén cta hinh thang va song song véi hai day thi di qua
trung diém ctia canh bén thir hai
B. Mt s6 vi du
Vi du 1. Cho tr gidc ABCD. Goi M va N lan luot 13 trung diém cia AB va CD.Goi G 1a trong tim
ctia tam giac BCD . Ching minh ring AG chia d6i MN .
Gidi (h.3.3)
* Tim cdch gidai
Két luan cuia bai toan goi ¥ cho ta ding dinh 1y dudng thang di qua trung diém mot canh ctia tam giac va
song song v&i canh th hai thi di qua trung diém cta canh thi ba. Goi H 13 trung diém cua BG thi ta c6
thé ding dinh 1y duong trung binh dé ching minh.
* Trinh bay loi gidi
Goi O 1a giao diém cua AG va MN .
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Goi H la trung diém cua BG .

Theo tinh chét cua trong tam, ta c6: BH = HG =GN .
Xét AABG ¢6 MH la duong trung binh = MH//AG .
Xét AHMN c¢6 AG//MH va NG =GH nén ON =0OM .
Vay AG chia doi MN .

Nhin xét: V& thém trung diém ciia mot doan thing 1a cach v& hinh phy thudng ding dé van dung dinh 1y
dudng trung binh cta tam giéc.
Vi du 2: Cho td giacABCD c¢6 chu vi la 4a. Goi E, F,G, H lan luot 1a trung diém cua
AB, BC, CD, DA . Chimg minh rang trong hai doan thang EG va HF c6 mot doan thang c6 do dai khong
16n hon a.

Gidi (h.3.4)
* Tim cdch gidai
Dé chimg minh mot trong hai doan thang EG va HF c6 do dai khong 16n hon a, ta ching minh tong

ctia hai doan nay khong 16n hon 24 . Khi d6 mot trong hai doan thing c6 d dai khong 16n hon a.

* Trinh bay loi gidi
Goi M la trung diém cta BD.
. . NP . A AB
Xét AABD c6 HM 1a duong trung binh nén HM =—.
B
cD Efﬂ"‘fﬂ"
Xét ABDC ¢6 MF la duong trung binh nén MF == "I‘//;:E \
- = F

AB+CD i 7 »——jr H\‘

Xétba diém M H,F 5 HF < MH+MF =“— == L |
D i'

Hinh 3.
Chung minh tuong tu, ta dugc: EG < M . Lok

Vay HF + EG > AB+CD;AD+BC:47“:2a.

Suy ra mét trong hai doan thang HF,EG c6 d6 dai khong 16n hon a.
Nhén xét: Phuong phap vé& hinh phy trong vi du nay van 13 v& trung diém cua doan thang BD. Ciing c6
thé v& trung diém ciia doan thang AC thay cho trung diém ctia doan thang BD.

Vi du 3: Cho tam giac ABC,BC=6c¢m. Trén canh 4B liay diém D sao cho AD=%AB. %S

DE//BC(E € AC) . Tinh d¢ dai DE .

Giai (h.3.5)

* Tim cdch gidai
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1 2 . .
Vi ADZEDB nén ta vé trung diem F cua DB. Tu F v€ mdt duong thang song song vdi BC thi

DE chinh 1a duong trung binh ctia mot tam gidc. Tur do s€ tinh dugc do dai cua no.

* Trinh bay loi gidi
Goi F 1a trung diém cua DB.Khi d6: AD=DF =FB. "
V& FH//BC(H < AC). P

D F\
Xét AAFH ¢6 DE//FH va AD = DF nén AE =EH . F A SOH
Xét hinh thang DECB ¢6 FH//BC va DF = FB nén EH = HC . Hf' i o

rll\.'lll
Tadat DE =x. Hinh 3.5
1

Tacd DE 1a duong trung binh cia AAFH = DE = EFH = FH =2x.

Tacd FH la duong trung binh cta hinh thang DECB

:FH:M2>2x=x+6:x:2(cm).
2 2
Vay DE =2cm .

Nhén xét: Phuong phap v& hinh phu trong vi du nay 13 ngoai viéc v& trung diém cia mot doan thing ta
con thém duong thang song song voi mot canh cua tam giac.

Vi du 4: Cho hinh thang ABCD, AB 1a day nho. Goi M, N, P, QO lan luot 1a trung diém cua

AD, BC, BD va AC. .:*a 1[;
! o
a) Chung minh rang bon diém M, N, P, O thang hang; f \/( \“\
M— & ~_ AN
{ “n N
CD—- 4B oAl RN
b) Chung minh PQ//CD va PQ =————; / ™~
2 ol e
¢) Hinh thang 4BCD phai c6 diéu kién gi d& MP = PQ = ON HI 3.0

Gidi (h.3.6)
* Tim cach giadi
Trong hinh v& c6 nhiéu duong thing cung di qua mot diém va cing song song v6i mot duong thiang nén
c6 thé van dung tién dé O-clit ¢é ching minh thang hang.
* Trinh bay loi gidi
a) Xét AABD c¢6 MP la duong trung binh = MP//AB = MP//CD .
Xét AADC c6 MQ la duong trung binh = MQ//CD.
Xét hinh thang ABCD c¢6 MN la dudng trung binh = MN//CD .
Qua diém M co cac duong thing MP,MQ,MN cing song song véi CD nén cac dudng thing nay tring
nhau, suy ra bén diém M, N, P,Q thang hang.

b) Ta c6: MN //CD nén PQ//CD; PO =MQ—MP = % —% = % .
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¢) Ta cb: MP:NQ:%MP:PQ@%:%

& AB=CD - AB < 2A4B = CD (day 16n gap doi day nho).
Nhin xét: Duong trung binh MN cua hinh thang va doan thang PQ nbi trung diém hai duong chéo co
tinh chit gidng nhau 13 cung song song véi hai day, c6 tinh chit khac nhau 1a MN bang nira tong hai day
con PQ bang nira hiéu hai day.
C. Bai tap van dung

e Duwong trung binh cia tam giac
3.1. Cho tr gidc ABCD, dudng chéo BD la dudng trung truc ctia AC . Goi M, N lan luot 13 trung diém
cia AD va AB. V& ME L BC va NF LCD(EeBC,FeCD). Ching minh ring ba duong thang
ME,NF va AC dong quy.
3.2. Cho tam gidc ABC. Trén canh 4B lfiy diém D, trén canh AC léy diém E. Goi M, N lan luot 1a
trung diém ctia BE va CD.Puong thang MN cit tia AB va AC lan luot 1a tai P va Q. Hoi hai diém
D va E phai c6 diéu kién gi dé tam gidc 4PQ can tai A?
3.3. Cho tam gidc ABC. Goi Bx va Cy lan luot 1 cac duong chira tia phan gidc cta cac goc ngoai tai
dinh B va C.Goi H va K lan luot 13 hinh chiéu cua 4 trén Bx va Cy.
a) Chung minh ring t giac BCKH 13 hinh thang;
b) Tam gidc ABC phai c6 diéu kién gi dé hinh thang BCKH 14 hinh thang can?
3.4. Cho tam giac ABC, truc tim H . Goi O 1a giao diém cua ba dudng trung truc. Chimg minh rang

khoang cach tir O dén BC bang nira d6 dai AH .
3.5. Cho tam gidc ABC can tai 4, duong cao AH va duong phan giac BD. Biét rang AH = %BD, tinh

s6 do cac goc ctia tam giac ABC

3.6. Cho tam giac ABC vuédng cin tai 4. Lay diém D & trong tam giac. V& tam giac ADE vudng can
tai A sao cho D va E thudc hai nira mat phéng ddi nhau bo AC. Goi M, N, P lan luot la trung diém
ciia BC, CD va DE . Tinh s6 do cac goc cua tam giac MNP .

3.7. Cho hinh thang can 4BCD (AB//CD) , O 14 giao diém cua hai dudng chéo. Goi G, E, F lan luot 1a

trung diém ctua O4, OD va BC . Cho biét COD = 60° , tinh cac gdc cua tam giac GEF' .

3.8. Cho tam gidc ABC, goc A nhon. V& vé phia ngoai ctia tam giac nay cac tam giac vudng can ABM
va CAN theo thtr tu c6 canh day 1a 4B va AC. Goi O 1a trung diém cua BC. Chimg minh ring tam
giac OMN la tam giac vudng can.

3.9 . Tam giac ABC,AB< AC. Trén canh AB léy diém E, trén canh AC léy diém F sao cho
BE =CF . Goi M 1a trung diém ctia EF . Chimg minh ring khi £ va F di dong trén AB, AC thi trung

diém M cta EF nam trén mot duong thang ¢b dinh.
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3.10. Cho doan théng AB va n diém 0,,0,,...,0, Kkhong nam gita A4 va B sao cho
O, A+0,A+..+0 A=0B+0,B+..+0 B=a. Chimg minh ring ton tai mot diém M sao cho

OM+OM+..+0 M <a.

~

3.11. Cho tam giac ABC,C < B<A. Biét trung diém cta ba duong cao thing hang. Ching minh ring
tam giac ABC vudngtai 4.
e Duwong trung binh cia hinh thang

3.12. Cho hinh thang can ABCD(AB < CD). V& AH 1 CD.Chung minh ring:

a) HD bang doan thang ndi trung diém hai dudng chéo;
b) HC bang dudng trung binh ciia hinh thang.
3.13. Cho tam giac ABC. Goi M 1a trung diém ctua AB. Trén tia d6i cta tia BC lay diém O sao cho

BO :%BC. Puong thaing OM cit OC tai N . Chtng minh rang: AN :%AC.

3.14. Cho tam giac ABC, canh BC c6 dinh. V& ra ngoai tam giac ndy cac tam giac ABM vudng can tai
B, tam gidc CAN vudng cin tai C. Ching minh ring khi 4 di dong trén mot nira mit phang bd BC thi
duong thaing MN luén di qua mot diém cd dinh.

3.15. Cho diém M nim giita hai diém 4 va B nhung khong 13 trung diém cta doan thang AB. Trén
cing mot nira mit phing by 4B v& cac tam giac CAM va DBM cantai C va D sao cho C=D. Goi

H va F lan luot 1a trung diém cia AD va BC. Chimng minh ring: HF = %CD.

3.16. Chimg minh rang trong cac tam giac c6 mot goc bang nhau, xen giira hai canh co tong bang nhau thi
tam giac can c6 chu vi nho nhét.

Huwéng din giai

3.1. (h.3.7)

Goi O 1a giao diém cua AC va BD.
Tacd: AC L BD va O4A=0C.

Xét AABD c6 MN la duong trung binh
= MN//BD va OA L MN (vi OA L BD).
Xét AABC c¢6 ON la duong trung binh
= ON//BCva ON L ME (vi ME 1 BC). F
Xét AACD c¢6 OM 1a dudng trung binh

= OM//CDva OM 1L NF (vi NF L CD).

Xét AOMN cb OA,ME,NF 1a ba dudng cao nén chiing dong quy.
3.2. (h.3.8)

Hinh 3.7

Goi O 1a trung diém cua BC .
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Xét AEBC ¢6 OM la duong trung binh

= OM//CE va OM:%.

Xét ADBC c¢6 ON la duong trung binh

= ON//BD va ON:%.

o~ — o~ - Hinlt 3.8
Taco: M, =AQP,N, = APQ (so le trong).

AAPQ cantai A< Q=P< N, =M, < OM =ON < CE=BD.

3.3.(h.3.9)
a) Goi D va E thu ty 1a giao diém cua AH va AK voi duong thang BC.

AABD c6 BH vura la dudong phan giac, vira 1a dudong cao nén 1a tam gidc can—= HA = HD .

Tuong tu, ta c6: K4A=KE . . A y

Xét AADE c6 HK la duong trung W

binh nén HK//DE He (K

— HK//BC. A/ N
D B C E

Hinh 3.9

Do @6 tir gidc BCKH 1a hinh thang.
b) Ta co: 1/1\1 = ]/9:]/(\1 = a (so le trong).
Hinh thang BCKH 1a hinh thang can < I/-I\1 = f(: = 23\1 = a

@@zﬁ@ﬁzﬁ@MBCcéntai A.
3.4.(h.3.10) "

Goi M va N lan luot la trung diém cua BC va CA. F

Goi F va G lan luogt 1a trung diém cua AH va BH . H N

Tacd6 MN la duong trung binh cia AABC,; FG

1a dudng trung binh cua AABH . 2 O

Suy ra MN//AB va MN L B D M C
2 Hinh 3.10

FG//AB va FGzéAB.

Do d6 MN//FG va MN = FG . D& thy OM //AD,ON//BE .

—_—

AOMN va AHFG c6: MN = FG;OMN = HFG;ONM = HGF (hai goc c6 canh tuong ung song song).

Vay AOMN = AHFG (g.c.g) = OM = HF :%.

3.5.(h.3.11)
Goi M 1a trung diém cta BD thi:

Trang 6



D
MD = %BD =AH .
AABC can tai 4, AH 1a duong cao nén HB = HC'. B H C
Ta c6 HM la dudng trung binh cia ABCD = HM //AC . Hinh 3.11

Hinh thang HMAD c6 hai dudng chéo bang nhau nén 13 hinh thang can.

~

AADH = ADAM (c.c.c)=> 4 =D, =90°~C =B +C (1)
Tadit B=C =x thi (1)<:>90°—x=§+x<:>x=36°

Vay AABC ¢6 B=C =36°A=108°.

3.6. (h.3.12)

AABD va AACE co:

AB = AC; 4 = 4, (cung phu v6i goc DAC);
AD = AE.

Do d6 A4BD = AACE(c.g.c)

Hinh 3.12

= BD=CE va B, =C, .
Goi H va K lan luot 14 giao diém cua duong thang BD véi CE va CA.

Ta ¢6: B, + BKA=90° = C, + CKH =90° = H =90°.

Xét ACBD c6 MN la duong trung binh = MN//BD va MN:%BD

Xét ACED c6 NP la duong trung binh = NP//CE va NP=%CE .

Vi BD =CE nén MN = NP.

Ta c6: MNP = H =90° (hai goc c6 canh tuong Gng song song).
Do d6 AMNP vudng can tai N = N =90° M = P =45°.
3.7.(h.3.13)

AADC va ABCD c6 AD = BC,AC = BD, CD chung.

Do @6 AADC = ABCD(c.c.c)

— ACD = BDC = ACOD can.

Mit khac COD = 60° nén ACOD déu.

Ta co: OF = ED nén CE la dudng trung tuyén

Hinh 3.13

ctia tam giac déu, do 46 CE ciing la dudng cao.

Vay CE L BD.
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Xét AEBC vudng tai E c¢6 EF 1a dudng trung tuyén ¢mg véi canh huyén nén EF = %BC .
Chtng minh tuong tu, ta c6: GF = %BC .
Xét AAOD c6 EG la duong trung binh nén EG = %AD

:EG:%BC (vi AD =BC)

Vay EF=FG=EG(=%BC):>AGEFdéu —G=E=F=60°.
3.8. (h.3.14)

Goi D va E thir ty 13 trung diém cia AB va AC.
Taco OD va OF la duong trung binh cuia A4ABC nén
OE//AD va OF = AD; OD//AE va OD = AE .

BDO = ];4\C CEO = BAC (d6ng vi).
Vi AMAB vudng cantai M nén MD 1 AB va
AMAD vudng can = AD=MD.

Tuong tu, NE L AC va ANEA vudng can = AE = NE .
AOMD va ANOE co:

Hinh 3.14

MD = OF (= AD);ODM = OEN (=90°+ BAC);OD = NE(= AE).

Vay AOMD = ANOE (c.g.¢)=> OM = ON va OMD = NOE .

— e~

Do ¢6 MON = MOD + DOE + NOE = MOD + BDO + OMD =180°—-90° = 90° .
Vay AMON vuong can.

3.9. (h.3.15)

V& duong phan giac AD thi AD 1a mot dudng thang ¢ dinh.

Goi O 1a trung diém caa BC thi O 1a mot diém cb dinh.

Goi P,Q lan luot 1a giao diém cua
duong thaing OM véi cac duong thang
AC va AB.

Xét AEBC ¢6 ON la duong trung binh

= ON//BE va ON:%BE.

Xét AECF ¢6 MN la duong trung binh

Hinh 315

= MN//CF va MN:%CF.
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o~

Vi BE =CF nén ON = MN = AOMN céan :>ZTl\1:O

1

~ ~

Tacs B=31,(-2):0=0= 7 =0.
Xét AAPQ co BAC 1a gdc ngoai nén Eﬁl??:}A’lJr@.

Mitkhac 4 = A4, nén 4, = P = OP//AD.

Vay M nam trén mot duong thing di qua O va song song v6i AD . D6 1a mot duong thing c¢b dinh.

3.10. Goi M 1a trung diém cta 4B va O 1a mot diém tiy y khong nam giita 4 va B
e Truong hop O nam trén tia d6i cuia tia AB hay tia dbi cua tia B4 (h.3.16), ta
OA+OB

'

chirng minh dugc OM =

0 & A Tm B
Hinh 316

e Truong hop O khong thang hang véi 4 va B (h.3.17).
Goi N la trung diém cia OB, khi d6 MN 1a

duong trung binh cia AOAB, MN = %

Xét AOMN , ta cd: OM < MN +ON
0A+OB. (2)

= 0M <

Tu (1) va (2) suy ra: OM SM.

Ap dung hé thirc (*) d6i voi n diém 0,,0,,...,0, ta co:

0,A+0,B 0,4+0,B

JOM S E T OM <

OM < OIA;LOIB

Cong timg vé cac bat dang thic trén ta dugc:

0O A+OB 0O,A+0O,B 0,A+0O,B
+ +o A

OM+O0O,M+...0M <

5 5 5
_ OA+0,A+...+0,4 N OB+0,B+...+0,B _a_ a_
2 2 2 2
Nhu vay diém can tim chinh 1a trung diém M cta AB.
3.11. (h.3.18)
Vi AA',BB',CC' 1a ba duong cao cua na AB.
AABC.Goi M,N,P latrung diém cua cac C
duong cao do. Goi D, E,F tht tu 1a trung F

diém ciia BC,CA va AB.
Ta co: EF,FD,DE la cic duong trung binh
cua AABC

B A" D C
Hinh 3.18
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= EF//BC,FD//CA,DE//AB.
Vi M 1a trung diém cia 44" nén M € FE .
Vi N 1a trung diém ctia BB’ nén N € FD. Vi P 1a trung diém cta CC’' nén P € DE .
Theo d¢ bai ra, ba diém M,N,P thang hang nén cac diém nay chi c6 thé ndm trén mot trong cic canh
DE,DF hoac EF cua ADEF .
e Néu ba diém M,N,P cing nim trén DE thi N tring véi D, M tring véi E, khi d6 AABC
vuong tai C, trai véi gia thiét goc C 1a gbc nhoé nhat cia AABC
e Néubadiém M,N,P cung nam trén DF thi cling 18p luan nhu trén, AABC vudng tai B, trai véi
gia thiét B < A.
e Vaybadiém M,N,P cingnim trén EF .

Lap luan tuong tu nhu trén ta dugc A4ABC vuong tai 4

3.12. (h.3.19) " i

a) V& BK L CD tadugc AH//BK va AB//HK

— AB=HK . ,«F*:'{*Qn‘
AADH = ABCK = HD = KC. Pt FKH‘ C
Ta co: HD+KC =CD~HK < 2HD = CD— AB Hinh 3.19

< HD = M

Theo vi du 4 thi doan thing PO ndi trung diém cua hai dudng chéo bang ntra hiu hai day. Vay
HD = PQ

CD-AB _CD+ AB

b) Taco: HC=CD-HD=CD - 5

Puong trung binh cta hinh thang bing nira tong hai day. Do d6 HC bang do dai dudng trung binh cua
hinh thang.

3.13. (h.3.20)

Goi D 1a trung diém cua BC.

Vé BE//ON,DF//ON(E,F € AC).

1 ' -
Ta co: OB:BD=DC=§BC. Hinh 3.20

o X¢ét AABE c6 MN//BE va MA= MB nén NA= NE. (1)
e Xét hinh thang ONFD c¢6 BE//ON va OB=BD nén NE=EF.  (2)

e Xét ACBE c6 DF//BE va BD =DC nén EF =FC. (3)

Tir (1),(2),(3) suy ra: AN = NE = EF = FC , do do AN:%AC.
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3.14. (h.3.21)

Goi O 1a trung diém cua MN .

Vé OF L BC; AH 1 BC;MD 1 BC va NE 1 BC.

Ta co: OF //AH//MD//NE. N

‘ A
ABMD = AABH (canh huyén — goc nhon) i 9
— MD=BH va BD=AH. (1)
0 N -
Tuong tu, ACNE = AACH
Hinh 3.21

= NE=CH va CE=AH.  (2)
Tu (1) va (2) suyra BD=CE(=AH).
D@ thay OF la dudng trung binh cta hinh thang MDEN

_MD+NE _BH+CH BC
2 2 2

Taco: FD=FE;BD=CE = FB=FC.

= OF

(khong dbi).

. .. .. BC
Vay O nam trén dudng trung truc cia BC va cach BC mot khoang khong doi 1a - Do d6 O 1a mot

diém cb dinh.
Suy ra MN di qua mot diém cb dinh 1a diém O.
3.15. (h.3.22)

* Tim hwdong giai

Diéu phai chimg minh 1a HF = %CD goi ¥ cho ta nghi dén dinh 1i duong trung binh cta tam giac. Ta v&

duong trung binh EG cua AMCD thi EG = %CD . Chi con phai chimg minh HF = EG .

* Trinh bay loi giai

Goi E la trung diém caa CM , G 1a trung diém

cua DM .Khi dé EG la dudng trung binh cia
1

AMCD:>EG=5CD. (1)

ACAM va ADBM cantai C va D ma C =D nén

cac goc ¢ day cua chung bang nhau:

Hinh 3.22

— —

CAM = CMA = DMB = DBM .

= CA//DM va CM /DB (vi c¢6 cac cip goc dong vi bang nhau).

Xét ACMB c¢6 EF la duong trung binh = EF//MB .

Xét ADAM c6 HG la duong trung binh = HG//AM .

Suy ra: EF//HG (vi cung song song voi AB ). Vay tu giac EFGH 1a hinh thang.
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Xét hinh thang ACDM ¢ EH 1a doan thang ndi trung diém hai duong chéo nén EH//AC .
Tuong tu, xét hinh thang CDBM c6: FG//DB .

———

Do d6 EHG = CAM ,FGH = DBM .
Mait khac CAM = DBM (chiing minh trén) nén EHG = FGH .
Vay hinh thang EFGH 1a hinh thang cdn = HF = EG.  (2)

Tur (1) va (2) suy ra: HF:%CD.

3.16. (h.3.23)

V& AABC cantai 4.

Trén canh AB 13y diém M , trén tia d6i cua tia CA lay
diém N sao cho BM =CN.

Nhu vay 4B+ AC = AM + AN. (1)

Ta phai chirng minh chu vi AABC nhé hon chu vi AAMN .
Mubn vay ta phai chimg minh BC < MN . Hinh 3.23
Ta v& MD//NE//BC (D € AC,E etia dbi cua tia BA).

Hinh thang MDCB 1a hinh thang can = MB = DC , ma

BM =CN va DC=CN .

Xét hinh thang can MDNE ¢6 BC//NE va DC =CN nén MB = BE .

Vay BC la dudng trung binh cua hinh thang MDNE .

Vé MH L EN thi HN = BC (xem bai 3.12).

Xét AMHN vuong tai H ¢6 HN < MN = BC < MN. (2)

Tur (1) va (2) suy ra chu vi AABC nh¢ hon chu vi AAMN.
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Chuyén dé 4

HINH BINH HANH

A. Kién thire cin nhé

1.

Dinh nghia
Hinh binh hanh 13 t& gidc ¢6 cac canh di song song (h.4.1).

A B TS

! / /H,f’"ﬁm"x.
/ / D ":.‘j..________.jf_yf.

I.J F. /(..
Hinh 4.1 Hinh 4.2

2. Tinh chit

Trong hinh binh hanh (h.4.2):
Céac canh d6i br?mg nhau;
Céc goc dbi bang nhau;

Hai duong chéo cit nhau tai trung diém mdi dudng.

3. Diu hiéu nhén biét

Tt giac co cac canh dbi song song 14 hinh binh hanh;

Tt gidc co cac canh dbi bang nhau 13 hinh binh hanh;

T giac co hai canh ddi song song va bang nhau 13 hinh binh hanh;
Tt gidc ¢6 cac goc ddi bang nhau 13 hinh binh hanh;

Tt giac c6 hai dudng chéo cit nhau tai trung diém cta mdi duong 13 hinh binh hanh.

B. Mt s6 vi du
Vi du 1: Cho hinh binh hanh ACBD. Trén tia d6i ciia tia AD ldy diém M, trén tia ddi cua tia CB lay diém
N sao cho AM =CN . Chimg minh rang ba duong thing MN, AC, BD gip nhau tai mot diém.

* Tim cach giai

AC va BD Ia hai duong chéo ctia hinh binh hanh ABCD nén chiing
cdt nhau tai trung diém O cua AC. Ta con phai chimg minh MN di
qua O. Mudn véy chi can chimg minh AMCN 1a hinh binh hanh dé
suy ra duong chéo MN di qua trung diém O ctia AC.

Giai (h.4.3)

Hinh 4.3
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* Trinh bay loi gidi
T gidc: AMCN c6 AM ||CN va AM =CN nén la hinh binh hanh. Suy ra hai duong chéo MN va AC
cit nhau tai trung diém O cua AC.
Mait khac, ABCD la hinh binh hanh nén hai duong chéo BD va AC cit nhau tai trung diém O cua AC.
Vay cac duong thang MN, BD va AC cing di qua trung diém O cta AC.
Nhan xét: Hai hinh binh hanh AMCD va ABCD c¢6 chung duong chéo AC thi cac duong chéo cua ching
ddng quy tai trung diém cua dudng chéo chung.
Vi du 2: Cho hinh binh hanh ABCD. V& ra phia ngoai ctia hinh binh hanh cac tam giac déu ABM va
AND. Chirg minh rang tam giac CMN la tam giac déu.

Gidi (h4.4)
* Tim cach giai

beé bai cho hinh binh hanh va cac tam gidc déu nén c6 nhi¢u doan thang bang nhau, nhiéu goc bang nhau.

Do d6 c6 thé nghi dén viéc chimg minh tam giac bang nhau. M
* Trinh bay loi giai
Ta dat: ABC =« thi ADC =a;BAD =180°—«; -
— N i
MAN:36O°—(60°+6O°+1800—0{):60°+a. — —>B
[ #A1
AMAN va ACDN cb: \/
—_— —_— YL
AM =DC (= AB); MAN = CDN (= 60°+a); AN = DN. D C
Hinh 4.4

Do d6: AMAN = ACDN(C.g.c) = MN = CN.(I)
Chimng minh twong tu, ta dugc: AMAN = AMBC (c.g.c) = MN = MC.(2)
Tur (1) va (2)suy ra: MN =CN =MC . Vay ACMN déu.

Nhan xét: Viéc dat ZEE‘ = a la mot k¥ thuat gitip ta tinh toan va so sanh géc dugc nhanh chong, tién loi.
Vi du 3: Chimg minh ring néu mot tam giac co hai dudng trung tuyén vudng goc voi nhau thi tong cac
binh phurong ciia hai dudng trung tuyén niy bang binh phuong dudng trung tuyén thir ba.

Gidi (h4.5)
* Tim cach giai
Két luin cia bai toan goi y cho ta van dung dinh 1y Py-ta-go.
Mubdn vy phai v& dudng phu tao ra mot tam giac vudéng co ba
canh bing ba dudng trung tuyén.

* Trinh bay loi giai

Gia sir tam giac ABC 1a tam giac c6 ha duong trung tuyén BD va B 4

CE vudng goc v6i nhau. Ta phai chimg minh BD’ + CE* = AF?

Hinh 4.5

(AF la dudng trung tuyén thir ba).
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Trén tia ED ldy diém K sao cho D 1a trung diém cta EK. Tt gidc AKCE c6 hai duong chéo cit nhau tai
trung diém cta mdi duong nén 13 hinh binh hanh.

— AK ||CEva AK =CE .
Ta co: DE|| BC va DE=%BC:>DK||BF va DK = BF.

Vay tir gidc DKFB Ia hinh binh hanh = KF' || BD va KF = BD.

Mat khéc, BD 1 CE nén AK L KF.

Do d6 AKAF vudng tai A= AK’> + KF* = AF* = CE* + BD* = AF*.

C. Bai tap van dung

e  Tinh chit hinh binh hianh

4.1. Cho tam giac nhon ABC. V¢€ ra phia ngoai cua tam giac nay cac tam giac ABD va tam gidc ACE
vuong cén tai A. Goi M 1a trung diém cta DE. Ching minh riang hai duong thang MA va BC vudng goc
v61 nhau.

4.2. Cho hinh binh hanh ABCD. V¢ ra ngoai hinh binh hanh cac tam gidc ABM vuong can tai A, tam giac
BCN vudng can tai C. Ching minh rang tam giac DMN vudng can.

4.3. Cho tam giac nhon ABC c6 tryc tdm H. Ching minh ring chu vi cta tam giac ABC 16n hon

3 (HA+ HB+ HC).
2

4.4. Cho hinh thang can ABCD(AB I CD) va mot diém O ¢ trong hinh nay. Chirng minh réng c6 mot tuor
giac ma bdn canh lan luot b?mg OA, OB, OC, OD va bén dinh nam trén bdn canh cua hinh thang can.

4.5. Cho hinh binh hanh ABCD va duong thang xy khéng cét cac canh cua hinh binh hanh. Qua cac dinh
A, B, C, D v& cac duong thang vudng goc voi xy, cit xy lan luot tai 4, B’,C",D'. Ching minh rang
AA'+CC'=BB'+ DD'".

4.6. Cho hinh binh hanh ABCD(AD < AB) . V& ra ngoai hinh binh hanh tam giac ABM cén tai B va tam

giac ADN can tai D sao cho ABM = ADN.

a) Ching minh ring CM = CN;

b) Trén AC ldy mét diém O. Hay so sanh OM véi ON.

4.7. Cho tam gidc ABC can tai A, AB< BC . Trén tia AB c6 diém D, trén tia CA c6 diém E sao cho
AD = DE = EC =CB . Tinh cac goc cua tam giac ABC.

e Nhin biét hinh binh hanh

4.8. Chtig minh rang trong mot tir giac, doan thang ndi trung diém hai dudng chéo va cac doan thang ndi
trung diém cua hai cap canh dbi dién gap nhau tai mot diém (dinh li Giéc-Gon, nha Toan hoc Phép).

4.9. Cho tir gidac ABCD. Goi M, N lan luot 13 trung diém ctia AB va CD. Goi E, F, G, H lan luot 1a trung
diém cua NA, NB, MC, MD. Chimg minh ring ba duong thang MN, EF, GH dong quy.
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4.10. Cho doan thiang PQ va mot diém A & ngoai dudng thing PQ. V& hinh hinh hanh ABCD c¢6 duong

chéo BD||PQ va BD=PQ . Ching minh rang mdi duong thang BC va CD ludn di qua mot diém cb

dinh.

4.11. Trong tit ca cac t& giac v6i hai dudng chéo c6 do dai m va n cho trudc va goc xen giira hai dudng

chéo ¢6 do 16n a cho trude hiy xac dinh tir gidc c6 chu vi nho nhét.

e  Dung hinh binh hanh

4.12. Cho tam gidc ABC. Dung diém M € 4B , diém N € AC sao cho MN || BC vi BM = AN .

4.13. Dyng hinh binh hanh ABCD biét vi tri cac diém A va vi tri cac trung diém M, N ciia BC va CD.

4.14. Cho trude hai diém A va B thudc hai nira mit phang d6i nhau bo 1 dudng thing d. Mot doan thing

CD c6 do dai a cho trudc nim trén dudng thiang d. Hiy xac dinh vi tri cia diém C va D dé tong

AC +CD+ DB nhd nhat.

4.15. Hai diém dan cu A va B & hai bén mot con séng ¢ hai bd d va d' . Chiéu rong con soéng bang a.

Hay tim dia diém bac cau sao cho quing dudng tir A sang B 1a ngin nhét (cau vudng goc voi bo song).
Huéng din giai

4.1. (h.4.6)

V& hinh binh hanh DAEF. Khi d6 AF di qua M.

Goi H 1a giao diém ciia MA véi BC.

Taco: EF = AD = AB.

AEF + DAE =180° ma BAC + DAE =180° nén

AEF = BAC.

—_

AAEF = ACAB(g.c.g)= 4 =C,.

Ta c6: 4, + A, =90°= C, + A4, =90° = H =90°.

Do d6: MA L BC. Hinh 4.6
M

4.2. (h4.7)

Tadat ADC =a thi DAM =90°+a; NCD =90° + .

ADAM va ANCD cb: A
AM =CD(= AB); DAM = NCD(=90°+a); “ A B
|
AD=CN(=BC). :
D
Do d6 ADAM = ANCD(c.g.c) H o\ -
— DM = DN (1) g "

va DMA = NDC. .
Hinh 4.7

Trang 4



Kéo dai MA céit CD tai H. Ta c6:
MA 1 AB= MH 1| CD.

Xét AMDH ¢6 DMA+ ADM + a =90°

= NDC + ADM +a = 90°

Hay MDN =90°  (2)

Twr (1) va (2) suy ra ADMN vudng can tai D
4.3. (H.4.8)

V& HM || AC(M € AB),HN || AB(N € AC).

Vi CH L AB nén CH L HN.Vi BH L AC nén BH 1 HM.
Xét AHBM vuongtaiHco BM > HB. (1)

Xét AHCN vuong taiHco CN > HC . 2)

Xét hinh binh hanh ANHM c¢6

AM + AN = AM + MH > HA.. 3)

T (1), (2), (3) suy ra:

BM +CN+ AM + AN > HB+ HC + HA

do d6 (MB+AM )+(CN + AN)> HA+ HB + HC

hay AB+ AC > HA+ HB + HC. Hinh 4.8

Chiing minh tuong ty, ta dugc: BC+ BA> HA+ HB+ HC
CA+CB>HA+HB+ HC.
Cong timg vé ba bét dang thirc trén ta duoc:

2(AB+BC+CA)>3(HA+HB+HC)

Do d6 AB+BC+CA>%(HA+HB+HC).

4.4. (h.4.9)

Qua O dung mot duong thang song song véi BC cit AB va CD lan luot tai E va G. Qua O dung mot
dudng thing song song vai CD cit AD tai H.

Qua E dung mét duong thing song song v6i OC cit BC tai F.
Khi d6 tir gidc EFGH thoa man dé bai.

That vay, cac tir giac AEOH, HOGD la nhiing hinh thang can.
— OA=EH;0OD=HG. (1)

Tw giac EFCO 1a hinh binh hanh = OC=EF  (2)

va OF =CF . Suyra OG = BF

Vay tr gidc OBFG la hinh binh hanh = OB = GF.(3)

Tu (1), (2), (3) suy ra tir giac EFGH thoa man dé bai.

Hinh 4.9
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4.5. (h.4.10)
Goi O la giao diém cua AC va BD. V&
00' 1 xy.

Taco: A4'|| BB'||CC'|| DD’ || OO
Xét hinh thang AA'C'C ¢6 OA=0C
va 00'|| A4’ nén 0'4' =0'C’,

Al
Do d6 OO’ 1a duong trung binh cta Hinh 4.10

hinh thang 44'C'C = 00’ = # hay AA'+CC'=200".

Xét hinh thang DD'B'B , cling chirng minh twong tu, ta ¢6: BB'+ DD' =200
Tiur d6 suy ra: 44"+ CC'=BB'+ DD’

4.6. (h.4.11)

a) Vi ABCD la hinh binh hanh nén ABC = ADC.

Ta dat ABC =m°, ABM = n°,khi do

MBC =CDN =m°+n°
AMBC va ACDN cbé:

MB =CD(= AB);MBC = CDN (chung minh trén);

BC = DN (= 4D).Vay AMBC = ACDN (c.g.c)= CM =CN.

b) Cac AABM va AAND 1a nhiing tam gidc can c6 goc & Hinh 4.11
dinh bﬁng nhau ma AB > AD nén AM > AN (ban doc ty chirng minh)

Xét AACM va ACAN c6 CM =CN ; CA chung va AM > AN nén ACM > ACN.

Xét AOCM va AOCN c6 CM =CN ; CO chung va ACM > ACN nén OM > ON.
4.7. (h.4.12)

V& hinh binh hanh BDEF thi EF = BD(1); ED = FB.
Ta co: AD=CE;AB=AC = BD = EA.(2)

Tu (1) va (2) suyra EF = EA.

Ta co: CEF = DAE (so le trong);

DEA = DAE (hai goc ¢ day cua tam giac can).

Suy ra CEF = DEA.

ACEF = ADEA (c.g.c) = CF = AD.

Tir d6 suy ra: BF = CF = BC = AFBC déu.

Hinh 4.12
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Ta dat ER = mo,ﬁ =n°.

V& tia Fx 1a tia d6i cua tia FC.

Vi CFE = DAE nén EFx=BAC =m°.

Ta co: BFx=120° hay m®+n°=120°. (*)

Trong ACEF tacd ECF=D= n°; CFE = CEF = 60°+ n°.
Do do: n°+ (60° + n°) +(60+ n°) =180°= 3n° =60°= n° =20°.
Tir (*) = m®=100°. Suy ra ABC = ACB = 40°.

4.8. (h.4.13)

Goi M, N, P, Q, E. F lan luot 13 trung diém cua AB, BC,
CD, DA, AC va BD. Ta phai chiing minh MP, NQ va EF
cung di qua mot diém.

Xét AABC c6 MN la duong trung binh

= MN || AC va MN:ATC.

Chiing minh tuong ty, ta co:

PO|| AC va PQ:ATC.

D P C
Suy ra MN || PO va MN = PQ . Do d6 tor giac MNPQ la Hinh 4.13

hinh binh hanh.

Ching minh tuong tu, ta dugc tir giac MEPF 1a hinh binh hanh.

Hai hinh binh hanh MNPQ va MEPF c6 chung dudng chéo MP nén cac duong chéo MP, NQ va EF dong
quy tai trung diém ctia mdi duong.

4.9. (h.4.14)

Ban ching minh tor gidlc MGNH va MFNE la hinh binh
hanh.Hai hinh binh hanh nay c6 chung duong chéo MN

nén cac duong chéo MN, EF va GH dong quy.

Hinh 4.14
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4.10. (h.4.15)

Qua A v& dudng thing xy || PO.
Trén tia Ax lay diém M, trén tia Ay lay diém N sao cho
AM = AN = PQ. X

Nhu vay cac diém M va N ¢b dinh.
T giac AMBD c6 hai canh dbi dién song song va bang nhau

nén 1a hinh binh hanh = BM || AD.

Mat khac, BC || AD nén ba diém B, M, C thfmg hang (tién dé
O-clit)
Do d6 duong thang BC di qua diém cb dinh M.

Hinh4.15

Chitrng minh tuong tu, ta dugc duong thang CD di qua diém cb dinh N.
4.11. (h.4.16)

Xét tir gidc ABCD ¢6 AC=m,BD=n va BOC =a.
V& hinh binh hanh ADBE va v& hinh binh hanh CAEF.
Khi d6: EF = AC =m;CF = AE = BD =n,

EAC=BOC=a.

Nhu vay hinh binh hanh CAEF hoan toan duogc xéac dinh, do do
hai duong chéo AF va CE khong dbi.

D@ thay tir giac BFCD 14 hinh binh hanh = BF = CD.

Chu vi tu gidc ABCD la:

Hinh 4.16

(AB+CD)+(BC+AD)=(AB+BF )+(BC+BE)> AF +CE.

. q {A,B,F thang hang {AB |CD
Dau "="xayra < &

C,B,E thiang hang AD || BC
<> ABCD la hinh binh hanh.
Vay chu vi ctia tr gidc ABCD nho nhét khi va chi khi ABCD 1a hinh binh hanh.
4.12. (h.4.17)

a) Phan tich
Gia st da dung duoc MN || BC sao cho BM = AN.

Tt giac MNDB Ia hinh binh hanh
= DN =BM ma BM = AN nén DN = AN =

—_

ANAD can = 4, = D,.

A
A,
V& ND|| 4B(D e BC) M N
\/
& D

Mat khac, 21:51 (so le trong) nén Z:AAZ Hinh 4.17
inh 4.
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Do d6 AD la dudng phan giac cua goc A.

Piém D dyung duoc suy ra cac diém N va M ciing dung duoc.
b) Cach dung

- Dung duong phan giac AD cua tam giac ABC.

- Dung DN || AB(N € AC).

- Dung NM||BC(M eAB).

Cac budc con lai, ban doc tu giai.

4.13. (h.4.18)

a) Phan tich

Gia su da dung dugc hinh binh hanh thoa man dé bai.

Goi O 1a giao diém cua hai duong chéo va K 1a giao diém
cua MN va AC.

Xét ACBD c6 MN la duong trung binh, MN || BD.

Xét ACOB ¢6 MB=MC va MK ||OB nén CK = KO.

Vay MK la duong trung binh nén MK = %OB.

Chung minh tuong tu, ta dugc KN = %OD.

Mat khac, OB =0D nén KM =KN.
Vay diém K 1a trung diém cua MN xéc dinh duoc.

1 1

D@ thiy OK=KC=EOC=EOA:>KC=%AC suy ra KC=§KA.

4 M A . A 5 . \ ’ A 5 1
biém C nam trén tia doi cia tia KA va cach K mdt khoang 3 AK.

Piém C xac dinh dugc thi cac diém B va D cling xac dinh duoc.
b) Céach dung

- Dyung doan thang MN.

- Dung trung diém K ctua MN.

- Dung tia AK.

- Trén tia d6i cua tia KA dung diém C sao cho KC = %KA

- Dung diém B sao cho M 1a trung diém ctia CB.
- Dyng diém D sao cho N 1a trung diém ctia CD.
- Dung céc doan théng AB, AD ta dugc hinh binh hanh phai dung.

Ban doc giai tiép cac budc con lai.

Hinh 4.18
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4.14. (h.4.19)

Gia str d3 xac dinh duoc vi tri cia C va Ded dé tong AC+CD+ DB nhé nhat. V& hinh binh hanh

CDBB' (chii y CD va BB’ nguoc chiéu nhau).

Khi d6 BB'=CD =a (khong ddi); DB =CB'. A

Piém B'cb dinh.

Ta ¢ téng AC+CD+ DB nho nhit <> AC+ DB nho nhit ¢ 2 D
(vi CD =a khong dbi). . o /
& AC +CB' nho nhat < 4,C, B' thang hang. B B

Tur d6 ta x4c dinh diém C e d nhu sau:

Hinh 4.19

- Qua B v& mot duong thang song song véi d, trén d6 ldy B’ sao cho BB'=a (BB’ nguogc chiéu voi CD)

- Lay giao diém C ciia B'4 vad

-Liy D ed saocho CD=a (CD va BB' ngugc chiéu)
Khi d6 tong AC + CD + DB nho nhat.

Phan ching minh danh cho ban doc.

4.15. (h.4.20)

Gia str da xé4c dinh duoc vi tri CD cta ciu (Ced;Ded') sao cho tong AC +CD + DB nho nhit.

V& hinh binh hanh ACDA'.
Tacd: AC=A'D,AA' =CD=a va A4 1d. A
Khi d6 4’ 1a mot diém cd dinh.

Ta c6 tong AC +CD+ DB nho nhat

'
& AC + DB nhé nhat (vi CD = a khéng doi) A |

& A'D+ DB nho nhit < A', D, B thang hang. h & d
Tur d6 ta x4c dinh vi tri CD cua ciu nhu sau: H - a

-Vé AH 1. d d’
- Trén tia AH 1ay 4’ sao cho 44'=a D

- Lay giao diém D ctia 4'B va d'. B
-V& DC Ld(Ced). Hinh 4.20

Khi d6 AC +CD+ DB nhé nhét.

Phan ching minh danh cho ban doc.
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Chuyén dé 5.
HINH CHU NHAT. TINH CHAT CUA CAC PIEM CACH PEU MQT PUONG THANG CHO
TRUOC
A. Kién thirc cin nhé
1. Dinh nghia
Hinh chit nhat 1a tir gidc c6 bdn goc vudng (h.5.1)
A B A B

(0)

D ) D
Hinh 5.1 = Hinh 5.2 C

2. Tinh chat

Trong hinh chit nhat, hai duong chéo bang nhau va cit nhau tai trung diém ciia mdi duong (h.5.2).
3. Déu hiéu nhén biét

- Tt giace c6 ba goc vudng 1a hinh chir nhat;

- Hinh thang can c6 mot goc vudng la hinh chir nhat;

- Hinh binh hanh ¢6 mt goc vudng 1a hinh chir nhat;

- Hinh binh hanh c6 hai dudng chéo bang nhau 14 hinh chit nhat.

4. Ap dung vao tam giac (h.5.3) B

AABC: MB=MC

M
A=90° = AM =L BC.
2
A C
Hinh 5.3

5. Tinh chit cic diém cach déu mdt dwong thing cho trwéc (h.5.4)
Tap hop cac diém cach déu mot dudng thang cd dinh mot khoang cach M a

. . , , h
bang & khong doi 1a hai duong thang song song voi duong thang do va -
cach duong thang d6 mot khoang bang /. § h o

a' M'

Hinh 5.4
B. Mt s6 vi du
Vi du 1: Cho hinh chit nhat ABCD . Trén duong chéo BD lay mot diém M . Trén tia AM lay diém N
sao cho M 1a trung diém cta AN.Goi E va F lan luot 1a hinh chiéu cia N trén dudng thang BC va
CD . Chung minh rang ba diém M, E, F thang hang.
Gidi (h.5.5)
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* Tim cach giai

Xét ACAN , duong thang EF di qua trung diém ctia CN , muén cho EF di qua trung diém M cia AN
ta can chimg minh EF // AC .

* Trinh bay loi giai

T giac ENFC c6 ba goc vuong nén 1a hinh chir nhat.

Goi O 1a giao diém cia AC va BDva K 1a giao diém cua EF M

va CN . Theo tinh chét hinh chir nhat, ta co: o
OA=0B=0C=0D; ENCx
KC=KN =KE = FE. 5 T
Xét ACAN c6 OM la duong trung binh nén OM // CN . Do Hinh 5.5

do BD // CN.

—~ —
2 =

AOCD,AKCF can, suyra D, =C,,C, =F,.

Mat khac, l/)\1 = 6‘: (cdp goc dong vi) nén a = 1/[7; .Suyra AC // EF .
Xét ACAN cb duong thang EF di qua trung diém K cua CN va EF // AC nén EF di qua trung diém
cia AN, tirc 1a di qua M . Vay badiém M,E,F thing hang,
Vi du 2: Cho tam giac 4BC can tai A. Tir mot diém trén ddy BC, v& duong thiang vudng goc véi BC
cit cac duong thrfmg AC,AB lan luot tai M va N.Goi H va K lan luot 1a trung diém cua BC va
MN . Chimg minh rang tir gidc AKDH 14 hinh chit nhat.

Gidi (h.5.6)
* Tim cach giai
D@ thay tt giac AKDH c6 hai gbc vudng 1a H =D =90° nén chi cin chirng minh tor gidc nay c6 mdt géc
vudng nita la thanh hinh chir nhat.
* Trinh bay loi giai

AABC cantai 4, AH 1a duong trung tuyén nén ciing 1a dudng cao, dudng phan giac.

Do d6: H,=90° va A = 4,. N
Ta c6: AH // DN (vi cung vudng goc voi BC) A K
12
= N = 4, (cap goc ddng vi); M, = A, (cap goc so le trong). IM\
N AT o T T 1 O
Doddo N=M, (vi 4 =4,). B H D C

Vay AAMN cantai 4 ma AK 1a duong trung tuyén nén AK ciing Hinh 5.6

1a dudng cao, K =90°. Tt gidc AKDH c¢6 K = H =D =90° nén né 1a hinh chit nhat.

Vi du 3: Cho tam gidc ABC vudng cin tai 4. Trén canh huyén BC lay diém D. V&
DH 1 AB,DK 1 AC. Biét AB=a, tinh gia tri 1on nhét cua tich DH.DK .
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Giai(h.5.7)

* Tim cach giai

Ta thdy DH + DK = AB (khong d6i). Dua vao cac hang ding thirc ta c¢6 thé tim duoc mdi quan hé giira

tich DH.DK véi tong DH + DK . M6i quan hé nay duogc biéu dién nhu sau:

Ta co: (x—y)2 >0 x"+)° 22xy<::>x2Jr)/2+2xyZ4xy<::>(x+y)2 > 4xy

(x+y)2
4

S xy <
* Trinh bay 101 giai.

T giac AHDK c¢6 ba goc vudng nén 1a hinh chit nhat.

Tam gidc HBD c¢6 H= 90°;IA§ =45° nén la tam gidc vudng can. Ta dat:

DH=x,DK =y thi HB=x,AH =y va x+y=a.

2 2
+ .
Ta cb: xy < bety) _a (khong dbi).
4 4
Dau "=" xayra < x =y < D la trung diém cia BC.

2

Vay gia tri 16n nhit cua tich DH.DK 1a % khi D 1a trung diém cua BC.

C
K y D
X
A_] y H X B
Hinh 5.7

Vi du 4: Cho hinh thang 4ABCD, A=D=90°. Trén canh AD c6 mot diém H ma AH < DH va

BHC =90°. Chimg minh rang trén canh 4D con mot diém K sao cho BKC =90°.

Giai (h.5.8)

* Tim cach giai

Gia su da chung minh duogc BKC =90° thi ABHC va ABKC la hai tam giac vuong c6 chung canh

huyén BC nén hai duong trung tuyén ting véi BC phai bang nhau. Do d6 can ching minh hai duong

trung tuyén nay bang nhau.

* Trinh bay loi giai

Goi M va N lan luot 14 trung diém ciia AD va BC.Khi d6 MN la dudng trung

binh cta hinh thang ABCD, suy ra:

MN // AB

= MN L AD (vi AB L AD)

Trén canh AD ldy diém K sao cho DK = AH = MK = MH . ANHK

c6 NM vua la duong cao, vira la dudng trung tuyén nén la tam giac can

= KN = HN .

Hinh 5.8
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. 1 . . ) 5
Xét AHBC vuong tai H c6 HN :EBC (tinh chat duong trung tuyén Ung véi canh huyén). Suy ra

KN :%BC (vi KN = HN).

Do 6 AKBC vuéng tai K = BKC =90°.
Vi du 5: Cho duong thing xy. Mot diém 4 ¢ dinh nim ngoai xy va mot diém B di dong trén xy . Goi
O 1a trung diém cua 4B . Hoi diém O di dong trén duong nao?

Giai (h.5.9)

Vé AH 1 xy,0OK 1L xy. A

Ta co6: AH 1a mot doan thiang cb dinh. Xét AABH c6 OK // AH va i
OA=0B nén KH =KB.

Vay OK la duong trung binh suy ra: 1 ml

OK =L am (khong d6i).
2 Hinh 5.9

DPiém O cach duong thing xy cho trudc mot khoang khong doi 1a %AH nén diém O di dong trén

duong thang a // xy va cach xy la ATH (dudng thang ¢ va diém A4 cing nim trén mot nira mat phang

bo xy).
C. Bai tap van dung
* Tinh chét va d4u hiéu nhn biét ciia hinh chir nhat
5.1. Cho tam gidc ABC vudng can tai 4, duong cao AD. Goi M 1a mot diém bat ki trén canh BC. V&
ME 1 AB,MF 1 AC . Tinh s do cac goc cua tam giac DEF .

5.2. Cho hinh binh hanh ABCD. Biét AD = %AC va BAC = %5}1?7. Chimg minh réng hinh binh hanh

ABCD 1a hinh chir nhat.

5.3. Cho hinh chir nhat ABCD,AB=8,BC =6. Piém M nidm trong hinh ch@t nhat. Tim gia tri nhd nhét
ctia tong: S = MA® + MB* + MC* + MD*.

5.4. Cho tam giac ABC vudng tai A. Goi O 1a modt giao diém bat ki trong tam gidc. V&
OD 1 AB,OE 1 BC va OF 1 CA. Tim gié tri nho nhét ctia tong: S = OD? + OE? + OF*

5.5. Cho hinh chir nhat ABCD, dudng chéo AC =d . Trén cic canh AB, BC,CD va DA lan luogt 13y cac
diém M,N,P,Q. Tinh gi4 tri nho nhét cia tong: S = MN? + NP? + PQ* + OM*

5.6. Cho tam giac déu ABC canh a. Trén cac canh AB,AC lan luot léy cac diém D va E sao cho
AD = CE . Tim gia tri nhé nhat cua do dai DE .
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* Tinh chit dwong trung tuyén ciia tam giic vudng
5.7. Cho tam gidc ABC vudng tai A. Trén canh huyén BC lay mot diém M . V& MD 1 AB,ME 1 AC

va AH 1 BC. Tinh s6 do cta goc DHE .

5.8. Cho tam giac ABC vudng tai A4, dudng cao AH , dudng trung tuyén AD.Vé HE 1 AB,HF 1 AC.
Goi M va N lan luot I3 trung diém ctia HB va HC .

a) Chimg minh rang EM // FN // AD;

b) Tam gidc ABC phai c6 thém diéu kién gi thi ba duong thang EM,FN.AD 1a ba dudng thing song
song cach déu.

5.9. Cho tam gidc ABC vuéng tai A(AB< AC), duong cao AH . Trén canh AC lay diém D sao cho
AD = AB . Goi M 1a trung diém ctia BD . Chiing minh rang tia HM 14 tia phan giac ctia goc AHC .
5.10. Cho hinh chir nhat ABCD, AB =15, BC =8. Trén cac canh AB,BC,CD, DA lan luot liy cac diém
E,F,G,H . Tinh gié tri nho nhét cta chu vi t& giac EFGH .

* Puong thing song song véi mot dwong thing cho truée

5.11. Cho goc xOy c6 sd do bang 30°. Diém A cd dinh trén tia Ox sao cho OA4 =2cm. Ly diém B bat
ki trén tia Oy . Trén tia dbi ctia tia BA 1ay diém C sao cho BC =2BA. Hoéi khi diém B di dong trén tia
Oy thi diém C di dong trén duong nao?

5.12. Cho goc xOy c6 sb do bang 45°. Piém A cb dinh trén tia Ox sao cho 04 = 32em . Liy diém B
bat ki trén tia Oy . Goi G 1a trong tAm cia tam gidc OAB . Hoi khi diém B di dong trén tia Oy thi diém
G di dong trén dudong nao?

5.13. Cho tam gidc ABC can tai 4. Trén cac canh 4B va AC lan luot léy cac diém M va N sao cho
AM =CN . Goi O 1a trung diém ciia MN . Hoi diém O di dong trén dudng nao?

5.14. Bén trong hinh chit nhat kich thuéc 3x6 cho 10 diém. Ching minh rang ton tai hai diém trong sd
10 diém d6 c6 khoang cach nho hon 2,3.

5.15. Bén trong hinh chit nhat co kich thuéc 3x6 cho 8 diém. Chimg minh ring ton tai hai trong sb 8

diém d6 c6 khoang cach nho hon 2,3.
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Huwéng din giai
5.1. (h.5.10)
T giac AEMF c¢6 ba goc vudng nén 1a hinh chit nhat .
= AE = MF

Tam giac FMC vuong tai F,a =45° nén la tam gidc vuong can = CF = MF . Do d6 AE =CF .

Tam giac ABC vudng can, AD 1a duong cao nén dong thoi 1a duong

A
trung tuyén, dudng phan giac nén 4D = DC = %BC;EZI\D = FCD = 45°. E
F
AEDA = AFDC (c.g.c)=> DE = DF va EDA=FDC
- - - D M &
Ta c6: ADF + FDC =90° = ADF + EDA=90° hay EDF =90°.
~ -~ I Hinh 5.10
Do d6 ADEF vudng can = E = F =45°% EDF =90°.
5.2. (h.5.11)
Goi O 1a giao diém ctia AC va BD,tacd O4=0C A K B
]
Vi 4D :%AC nén AD = AO
V& AH 1 OD,0K 1 AB. (8)
Xét AAOD can tai A,AH la duong cao = AH ciing la dudng trung
tuyén, cling 13 duong phan giac. D Hinh S.11 C
Do d6 HO=HD va 4, =4, .
Vi BAC =L DAC nén 4 =4, = 4.
2
AAOK = AAOH (canh huyén, goc nhon)
1 1 ~
:>0K=0H=50D:>0K=EOB:>B1 =30°.
Xét AABH vudng tai H c6 B, =30° nén HAB = 60° suy ra DAB =90°.
Hinh binh hanh 4ABCD c6 mot goc vuong nén 1a hinh chir nhat.
5.3. (h.5.12)
ABCD 14 hinh chit nhat nén AC = BD =+/8" +6° =10. ,B
X .7
Tadat MA=x,MC=y. M 7
Xét ba diém M, A,C tacd: MA+MC > AC g
27NN
do do x+y210:>(x+y)22100 hay x* + 3 +2xy >100. (1) g AN
Mit khac, (x—y)" >0 hay x>+ y* —2xy > 0. 2 >
( y) y Y Y @ Hinh 5.12 c




Tir (1) va (2) suy ra 2(x* +y°) 2100

= x"+y° >50.
Diau "=" xdyra < M niam giita 4 va C va MA=MC < M 1a trung diém cia AC .

Chung minh tuong ty, ta duge: MB? + MD? >50 dau "=" xdyra < M la trung diém cua BD.
Vay MA*> + MC? + MB* + MD* >100.

Do d6 gia tri nho nhat cta tong S 1a 100 khi M 1a giao diém cua hai dudng chéo AC va BD.
5.4. (h.5.13)

Vé AH 1 BC,OK 1 AH..

Ta gidc ADOF va KOEH 1a hinh chit nhat nén OF =AD va
OE =KH .

Xét AAOD vuodng tai D, ta cod

OD* + AD* = 04> > AK*. Hinh 5.13
Do d6 OD?* + OF* + OE* = OD* + AD* + OE* > AK* + KH*

(AK+KHY  AH>
2

> (khong ddi)

Dau "=" xayra < O nam giita 4 va H va AK = KH < O 1a trung diém cia AH
2

Vay gia tri nho nhét cua tong S 1a khi O 14 trung diém ctua AH .

5.5. (h.5.14)
T gidc ABCD 1a hinh chit nhat nén

A~ A~ ~

A=B=C=D=90°.
Ap dung dinh li Py-ta-go, ta co:

MN? =BM?* + BN*; NP> =CN* + CP’?;

PO* =DP?> +DQ*;OM* = AQ* + AM". Hinh 5.14
Do d6: S = MN’ + NP> + PO* + OM*

=(A4M’ + BM*)+(BN* +CN?)+(CP* + DP* ) +(DQ’ + 40”)

(a+b)2
2

Van dung bét dang thic a® +b° > (diu "=" xayrakhi a=b), ta dugc:

(AM +BM)" (BN +CN) (CP+DP)2+(DQ+AQ)2

S2 + +
2 2 2 2

AB* BC* CD* AD* 2(4B’+BC?)
2 2 2 2 2

=AC* =d’.

Vay gia tri nho nhét cua téng S 1a d* khi M,N,P,Q lan luot 1a trung diém cua cac canh hinh chir nhat.
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5.6. (h.5.15)
Vé DH | BC,EK 1 BC va DF 1 EK A

Tk giac DFKH ¢6 3 goc vudng nén 1a hinh chit nhat.

Suyra DF = HK . E

~ 1
AHBD vudng tai H c6 B =60° nén D

OF

o~ l
D, =30°= BH = %BD.

~ ~ 1 1 B H K C
AKCE vudng tai K c6 C=60° nén E =30°= CK =5CE =5AD. Hinh 5.15
Ta c6: DE> DF = HK = BC—(BH+KC) = BC—(%BD+%ADJ = BC—%AB =%.
Vay gi4 tri nho nhit cia DE 1a % khi D va E lan luot 1a trung diém cua AB va AC.
5.7. (h.5.16)
T gidc ADME ¢6 ba gbc vudng nén 1a hinh chir nhat nén AM = DE .
Goi O la giao diém cua AM va DE , ta co: A
0OA=0M =0D =OE. D
Xét AAHM vuong tai H ,tacod: HO = %AM / E
— HO=1DE. B HM C

2 Hinh 5.16

Xét AHDE ¢4 HO 1a duong trung tuyén Gng véi canh DE ma HO:%DE nén AHDE vudng tai

H => DHE = 90°.

5.8. (h.5.17)

a) Tk giac AFHE c6 ba géc vudng nén la hinh chir nhat
= 04=0F =0H =0OE.

Xét AABC vuodng tai 4 c6 AD la duong trung tuyén nén
AD = DB = DC.

ADAC cin = 4, =C.

Mat khac, C= 1/4; (cung phu véi B ); Hinh 5.17

4, = ZZ\I (hai gbc & day cua tam giac can)

Suy ra :4\1 =E,.
Goi K 1a giao diém cua AD va EF .
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Xét AAEF vudngtai A ¢6 E,+F =90°= A + F =90°= K =90°.

Do do6: AD 1 EF, (D)
Taco: AOEM = AOHM (c.cc)= OEM = OHM =90°= EM L EF.  (2)
Chimg minh tuong tu, ta dugc: FN L EF. 3)
T (1), (2), 3) suyra: EM // FN // AD (vi cung vudng goc voi EF).

b) Ba duong thang EM,FN va AD 1a ba duong thang song song cach déu
&S KF=KE< K=0< AD = AH < AABC vudng can.

5.9. (h.5.18)
Vé DE 1 BC,DF 1 AH. A

AHAB va AFDA c¢6: H =F =90°; AB= AD:; X

HAB = FDA (cung phu véi FAD ).
Do 46 AHAB = AFDA (canh huyén-géc nhon) LM e
— AH = FD. (1)

T giac FDEH c¢6 ba goc vudng nén 1a hinh chir nhat Hinh 5.18

— HE = FD. 2)

T (1) va (2) suyra: AH = HE.

Ta co AM:EM:%BD.

AAHM = AEHM (c.c.c)= AHM = EHM.

Do d6 tia HM 1a tia phan giac cua goc AHC
5.10. (h.5.19)
Goi M,N,P lan luot 12 trung diém cua HE,HF va FG A E B

Theo tinh chat duong trung binh cta tam giac, tinh chit dudng trung N
tuyén tng v6i canh huyén ciia tam giac vudng, ta co: ~o F

EF = 2MN FG = 2CP;GH = 2NP: HE = 2AM. H N oSy

Do d6 chu vi cua hinh tir gidc EFGH 1a: D G C
EF + FG+GH + HE = 2(AM + MN + NP+ PC). AR

Xét cac diém A, M,N,P,C, tacd: AM+MN+NP+PC> AC (khong ddi).

AC* = AB* + BC* =15 +8* =289 = AC =17.

Vay chu vi cia tir giac EFGH >2.17=34 (ddu "=" xdy ra < M,N,P nim trén AC theo thir ty d6
< EF /| AC /| HG va HE // BD /| FG).

Do d6 gia tri nho nhat cua chu vi tir gidac EFGH 1a 34.
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5.11. (h.5.20)
Goi M 1a trung diém cua BC. >

V& AH L Oy,MD 1 Oy va CE L Oy. 4
Xét AAOH vudng tai H,c6 O =30° nén D E
) O H B Oy
AH =—0A4 =1cm.
2 M
AMDB = AAHB = MD = AH =lcm. :
Xét ABCE , dé thady MD 1a duong trung binh nén CE = 2MD = 2cm. Hinh520 C

Diém C cich Oy mot khoang 1a 2cm nén C di dong trén duong thang a / Oy va cach Oy 1a 2cm .

5.12. (h.5.21)
Goi M 1a trung diém cua OB. X
Khid6 Ge AM va AG=2GM . A
Goi N la trung diém cia AG, ta duoc AN = NG =GM . /
~ \ N T G a
Vé AD,NE,GF cung vudng goc voi Oy .
\ 2 \ \ . 2 / L \
Ba duong thing AD,NE va GF la ba duong thing song DEFM B Y
. Hinh 5.21
song cach déu nén DE = EF = FM.
Tadit FG=x thi EN =2x va EN=FG“2L—AD. Dodo 2x="42  yp_3,.

Xét ADOA vudng can tai D = OA” =2DA>.

Do d6 2DA* = (3\6)2 = DA=3(cm)= FG =lcm.

Piém G cach Oy mot khoang khong ddi 12 lem nén diém G di dong trén dudng thang a // Oy va cach
Oy l1a Iem .

5.13. (h.5.22)
V& ND /| AB(D e BC). A

~

Ta co b\l =B (cdp goc ddng vi) ma B=C

Nén D, =C = ANDC can. Do dé6 ND = NC a

Mat khéc, AM = NC nén ND = AM .
Suy ra tir gidc ANDM 1a hinh binh hanh, trung diém O ctua MN ciing

1a trung diém O cia AD. B D K c
Hinh 5.22

Ta c6 diém 4 va BC cb dinh, theo vi du 5, thi diém O di dong trén

dudng thing a // BC va cach BC mot khoang ATH (AH 1a duong cao cua AABC).
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5.14. (h.5.23)

Chia hinh chir nhat c6 kich thudc 3x6 thanh 9 hinh chir nhat nhé co
kich thudc 1x2. C6 10 diém nim trong 9 phan nén ton tai hai diém
chiang han 4 va B thudc cing mot phan.

D@ thay AB < d6 dai dudng chéo cia mdi hinh chir nhat nho, tic 1a

AB <P 122 =5<2,3

5.15. (h.5.24)

Chia hinh chit nhat c6 kich thudc 3x6 thanh 7 phan nhu hinh 5.24. C6
8 diém nam trong 7 phan nén ton tai hai diém chang han 4 va B thudc

cing mot phan.

D2 thdy AB<+1>+2% =5<2,3

Hinh 5.23

Hinh 5.24
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Chuong 1

Chuyén dé 6

HINH THOI VA HINH VUONG

A. Kién thire cin nhé

1. Pinh nghia:

Hinh thoi 13 tt giac c6 bdn canh bang nhau (h.6.1).

Hinh vuéng 13 tir gidc c¢6 bdn goc vudng va ¢ bon canh bang nhau (h.6.2).

B A } B

Hinh 6.1 Hinh 6.2

2. Tinh chét:
* Trong hinh thoi:

Hai duong chéo cua hinh thoi vudng goc véi nhau;

Hai duong chéo la cac duong phan giac cua cac goc cua hinh thoi;

* Hinh vudng c6 du cac tinh chat ctia hinh chit nhat va hinh thoi.
3. Déu hiéu nhén biét:

* Nhén biét hinh thoi:

T giac co bon canh bang nhau 1 hinh thoi;
Hinh binh hanh c6 hai canh ké bang nhau I3 hinh thoi;
Hinh binh hanh c¢6 hai duong chéo vudng gdoc véi nhau 1a hinh thoi;

Hinh binh hanh ¢6 mdt duong chéo 1a duong phan giac cia mot goc 1a hinh thoi.

* Nhan biét hinh vudng;

Hinh chit nhat c6 hai canh k& bang nhau 13 hinh vuéng;

Hinh chir nhat ¢6 hai duong chéo vudng goc 1a hinh vuong;

Hinh chit nhat c6 mot duong chéo 1a duong phan giac cia mot goc 1a hinh vuong;
Hinh thoi ¢6 mgt goc vudng 1a hinh vudng;

Hinh thoi ¢6 hai dudng chéo bang nhau 14 hinh vudng.

B. Mt s6 vi du
Vi du 1: Cho hinh thoi ABCD, d6 dai mdi canh 1a 13cm. Goi O 1a giao diém cua hai duong chéo. Vé
OH L AD . Biét OH = 6cm , tinh ti s6 ciia hai duong chéo BD va AC.
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Gidi (h.6.3)
* Tim cach giai
V& thém BK 1 AD & dung dinh li dudng trung binh cta tam giac, dinh 1y Py-ta-go tinh binh
phuong d6 dai ctia mdi duong chéo.

* Trinh bay loi giai

Vé BK 1 AD.

Xét aABKD c6 OH || BK (vicung vuong goc voi AD ) va B

OB =0D nén KH = HD.

Vay OH la duong trung binh cua aBKD . A 0] C
1

Suy ra OHZEBK,dO dé BK =12cm. K

Xét aABK vudngtai K, cod H

D

2 _ yp2 2 _ 132 _192 _ _ . "
AK® = AB" —BK” =13 —-12° =25= AK =5cm Hinh 6.3

do 36 KD =8cm.
Xét aBKD vudng tai K c6 BD* = BK*> + KD*> =12% +8° =208.
Xét AAOH vuodngtai Hco OA> =OH* + AH> =6° +9* =117.

2
:{%} =117= AC* = 468.

2
Do do: 8D :&—i BD—E

> =—=—==,
AC 468 9 AC 3

Vi du 2: Cho tam gidc ABC cén tai A, hai duong cao BE va CF cit nhau tai H.Duong thing AH cit
EF tai D, cat BC tai G. Goi M va N lan luot 1a hinh chiéu cua G trén 4B va AC. Chung minh
rang tr giac DNGM 1 hinh thoi.

Giai (h.6.4)
* Tim cach giai
Dung dinh 1y duong trung binh cua tam giac ta chiing minh A
duoc tr gidc DNGM 1a hinh binh hanh. Sau d6 chimg minh hai
canh ké bang nhau.
* Trinh bay loi giai
2 ABE =a ACF (canh huyén, goc nhon) = AE = AF va ¥ D E
BE =CF.
Vi H 1atryc tim cia aABC nén AH la dudng cao, dong thoi M H N
la duong trung tuyén, tr d6 GB = GC va DE = DF'.
B G C

Hinh 6.4



Xét aAEBC c6 GN || BE (cung vudng goc vo1 AC ) va GB = GC nén NE = NC.

Chiing minh tuong tu, ta dugc: MF = MB.

Dung dinh 1y duong trung binh cua tam giac ta chimg minh dugc DM || GN va DM = GN nén ti
giac DNGM 1a hinh binh hanh.

Mit khac, DM = DN (cung bing % ctia hai canh bang nhau) nén DNGM 14 hinh thoi.

Vi du 3: Cho hinh vuéng ABCD. Lay diém M trén dudng chéo AC.Vé ME 1 AD, MF 1 CD va
MH 1 EF. Chiing minh rang khi diém M di dong trén AC thi duong thang MH ludn di qua mot diém
¢d dinh.
Giai (h.6.5)
* Tim cach giai
V& hinh chinh x4c ta thdy duong thing MH di qua mot diém c¢d dinh 1a diém B . Vi thé ta s&

chimg minh ba diém H,M, B thiang hang bang cach ching minh ZTI\I =M,.

* Trinh bay loi giai

Goi N 14 giao diém ctia duong thing EM va BC. A 1B

Khi d6 BN = AE ; AE = ME (vi AAEM vudng céan) suy ra ’
BN = ME . £

Ching minh tuong tu, ta dugc: MN = MF .

N6i MB ta dugc: aBMN =aEFM (c.g.c).

—

SuyraZ?::]/E\1 dod(')]Tl\l:Mz. H

Tir d6 ba diém H,M,B thing hang.

A a 2 A e aid A aet 1x asd Hinh 6.5
Vay duong thang MH lu6n di qua mot diém co dinh la diém B.

Vi du 4: Cho hinh vuéng ABCD canh a . Trén canh BC lay diém M , trén canh CD ldy diém N sao
cho chu vi cac tam giac CMN bang 2a . Chimg minh ring goc MAN c6 sb do khong doi.

Gidi (h.6.6)

* Tim cach giai A B
V& hinh chinh x4c ta ludn thiy MAN =45°. Vi vay ta v€ hinh -
phu tao ra goc 90° rdi chimg minh MAN bang nira goc vudng M
do.

* Trinh bay loi giai
Trén tia di ctia tia DC 1dy diém E sao cho DE = BM . L - - 4 C

E D N

ABAM =aDAE (c.g.c) suy ra AM = AE vi BAM = DAE .

Hinh 6.6

Py 1“115 <



Ta co: m+D/AZ\\1=9OO.
— DAE + DAM =90° hay EAM =90°.

Theo dé bai, CM + CN + MN =2a ma CM +CN + MB + ND =2a nén MN = MB + ND hay
MN = DE+ ND = EN .

AMAN =aEAN (c.c.c) = MAN + EAN = ZAM _ 450

Vay, goc MAN c¢6 s6 do khong doi.

Vi du 5: Cho hinh vuéng ABCD . Trén cac canh AB, BC,CD lan lugt léy cac diém M, N, P sao cho

AM = BN =CP.Qua N v& mot duong thing vudng goc voi MP cit AD tai Q. Chung minh ring ti
giac MNPQ 1a hinh vudng.

Giai (h.6.7)

* Tim cach giai

Tir gia thiét ta nghi dén viéc ching minh cac tam giac bang nhau dé suy ra bbn canh ctia tir giac
MNPQ bang nhau, ta duoc tir gidc ndy 14 hinh thoi. Sau d6 chting minh hai duong chéo bang

nhau dé duoc hinh vuéng.

* Trinh bay loi giai

Vé ME 1. CD, NF 1 AD.

Goi O 1a giao diém ciia ME va NF .

Tacd: AB=BC=CD=DA ma AM = BN = CP nén
BM =CN =DP.

D@ thiy ttr gisc AMOF 13 hinh vuéng.

aEMP va aFNQ c6:

E=F= 90°; ME = NF (béng canh hinh vudng);

EMP = F/’N\Q (hai goc c6 canh twong trng vudng goc)

=aEMP =aFNQ (g.c.g) = MP =NQ va EP=FQ.
Taco: DE = AM = AF = DP = AQ dodé DQ =CP.

Hinh 6.7

Céc tam giac BNM,CPN,DQP va AMQ bang nhau suy ra:
MN = NP = PO =0M .

Do d6 tir gidc MNPQ 1a hinh thoi. Hinh thoi ndy ¢6 hai dudng chéo bang nhau nén 14 hinh vudng.

C. Bai tap van dung

Hinh thoi
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6.1. M6t hinh thoi c6 goc nhon bang 30°. Khoang cach tir giao diém ctia hai duong chéo dén mdi
canh bﬁng h . Tinh do dai mdi canh cta hinh thoi.

6.2. Cho hinh thoi ABCD, chu vi bang 8cm . Tim gi4 tri 16n nhét cua tich hai dudng chéo.

6.3. Cho hinh thoi ABCD, 4=40°. Goi M la trung diém ciia AB.Vé DH L CM . Tinh sé do
cua goc MHB.

6.4. Cho hinh thoi ABCD. Trén nira mit phang bd BD c6 chira diém C, v& hinh binh hanh
BDEF ¢b DE = DC . Ching minh rang C 1a tryc tim cta tam giac AEF .

6.5. Cho hinh binh hanh 4BCD, hai duong chéo cit nhau tai O. Goi E,F,G,H lan luot 1a giao
diém cac dudng phan giac cua tam gidc AOB, BOC,COD va DOA. Chimng minh t&r gidc EFGH
12 hinh thoi.

6.6. Dung hinh thoi ABCD biét AC + BD =8cm va ABD =25°.

Hinh vuong

6.7. Cho hinh vuéng ABCD . Trén canh BC lay cac diém E va F sao cho BE = EF = FC . Trén

canh AD liy diém G sao cho AG = %AD.

Tinh tong: AEG + AFG + ACG
6.8. Cho hinh vuéng ABCD . Trén duong chéo AC lay mét diém M . V& ME 1 AD, MF 1. CD .
Chung minh rang ba duong thing AF,CE va BM dong quy.
6.9. Cho tam giac ABC vuong tai 4, duong cao AH . V& ra phia ngoai tam giac nay cac hinh
vudng ABDE va ACFG . Chiing minh rang:
a) Ba duong thang AH,DE va FG dong quy;
b) Ba dudng thing 4H,BF va CD dong quy.
6.10. Cho hinh vuéng ABCD. Trén tia dbi ciia tia B4 liy diém E. Trén tia ddi cia tia CB lay
diém F sao cho AE = CF . Goi O la trung diém cia EF . V& diém M sao cho O 1a trung diém
ctia DM . Chimg minh rang t&r gisc DEMF 14 hinh vuéng.
6.11. Cho tam giac ABC, A=45". V& ba duong cao AD,BE,CF cit nhau tai H . Goi M, N, P,O
lan luot 1a trung diém ctua AB, AC, HB va HC . Ching minh rang t giac MNPQ 1a hinh vudng.
6.12. Cho hinh binh hanh ABCD. V& ra phia ngoai cta hinh binh hanh cac hinh vuoéng c6 mét
canh 1a canh cua hinh binh hanh. Goi E,F,G,H lan luot 1a tim (tic 1a giao diém cua hai duong
chéo) cua cac hinh vudng vé trén cac canh AB, BC,CD va DA . Chimg minh rang: EG = HF va
EG 1 HF .
6.13. Dyng hinh vuéng ABCD biét dinh 4 va trung diém M cua CD.
6.14. Mot ban co hinh vudng co kich thude 6x6. C6 thé ding 9 manh g hinh chir nhat ¢ kich

thudc 1x4 dé ghép kin ban co duoc khong?
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6.15. Mot hinh chit nhat c6 kich thuéc 3x6. Hiy chia hinh chit nhat nay thanh nhiéu phan (hinh

tam gidc, tir giac) dé ghép lai thanh mot hinh vudng (sé phan dwoc chia ra cang it cang tbt).

Huéng din giai
6.1. (h.6.8)

Gia st ABCD 1a hinh thoi, A=30". Hai duodng chéo cit nhau tai O.
Vé OH L AD, BK 1 AD thi OH||BK va OH la duong trung binh clua tam gidc

BKD = OH = %BK. (1)

Xét aABK vuong tai K, 4=30° = BK = %AB. 2)

Tu (1) va (2) suyra: = OH :%AB dod6 AB=40H =4.h.

6.2. (h.6.9)
Goi O 1a giao diém cua hai dudng chéo.
Tadat O4A=x,0B =y thi AC =2x,BD =2y.

Tacd: AB=8:4=2cm va x> +y° =4.

Tir bat dang thie x> + y* > 2xy suyra xy <

0

Do d6: AC.BD =2x.2y =4xy <8.

B
\
x2+y2:i:2 A A B i
> : /

D

Vay gié tri 10n nhat ciia tich 4C.BD 1a 8(cm®) khi x =y Hinh 6.9

< AC =BD < ABCD 1a hinh vuong.
6.3. (h.6.10)

Goi N 1a trung diém cta CD.

Taco AM ||CN va AM =CN nén tua giac AMCN 1a hinh binh R

hanh = AN || CM .

Mat khac, DH 1. CM nén DH 1 AN tai K.

Xét aAHCD c6 KN ||CH va NC = ND nén KH =KD

==




2ADH C6 AK vira 1a duong cao vira 1a duong trung tuyén nén aADH can
= AH = AD. Hinh 6.10
Mat khac, AB = AD nén AH = AB =aABH can.

Suy ra ADH = AHD va ABH = AHB.
Xét tir giac ABHD c6 ADH + DHA+ BHA + ABH =360° — A
— 2(DHA + BHA) = 360° — 40° = 2BHD =320° = BHD =160’ .
Mit khac, DHM =90° nén MHB =160° —90° = 70° .
6.4. (h.6.11)
Tacd AC L DB ma DB|| EF nén AC 1 EF . (D)

V& diém M sao cho D la trung diém cua EM .
. 1
Xét aACEM c¢6 CD la duong trung tuyén ma CD =5EM nén

AaCEM vudng tai C.
= CM L CE.
Ta giac MDFB c6 hai canh d6i song song va bang nhau nén 1a

hinh binh hanh.

= DB va MF cit nhau tai trung diém ctia mdi duong.

Mait khac, O 1a trung diém cia DB nén O la trung diém cua
MF .

T gidc AMCF c6 OA=0OC,0OM = OF nén la hinh binh hanh

Hinh6.11
= CM || AF

— CE 1 AF . )
Xét aAEF c¢6 AC va EC 1a hai duong cao cét nhau tai C nén C 14 truc tAm.
Nhén xét: Néu v& hinh binh hanh DBEF vé phia diém A thi két luan cta bai toan van ding.

6.5. (h.6.12)
Tacd OE 1. OH,0G 1L OH (hai tia phan giac cua hai goc ké bur)
= E,0,G thing hang,

Chimng minh tuong ty, ta dugc H,0, F théng hang.
Tacod AB| CD = BAC = ACD

— EAO = ACG (mot nira ca hai goc bang nhau)
2 AOE =aCOG (g.c.g) = OE =0G .
Ching minh tuong tu, ta dugc OF = OH .

Hinhol2?
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Ta giac EFGH c¢6 hai duong chéo cat nhau tai trung diém cta mdi duong nén 13 hinh binh hanh.

Hinh binh hanh c6 hai duong chéo vudng géc nén 1a hinh thoi.

6.6. (h.6.13)
Gia sir da dung duoc hinh thoi ABCD thoa mén dé bai.
Goi O 1a giao diém cua hai dudng chéo.
Tacdé AC L BD va OA=0C;0B=0D.
Do d6 OA+ OB =8:2=4(cm).

Trén tia OD lay diém E sao cho OF = OA. E
Khi d6 BE =4cm va aAOE vudng can
= AEB =45". Hinh 66,13

Tu d6 aAEB dung dugc ngay (g.c.g).

e Diém O théa min hai diéu kién: O nam trén BE va O nim trén dudng trung truc cua AE .

e Diém C théa man hai diéu kién: C ndm trén tia 40 sao cho OC = OA .
e Diém D thoéa man hai diéu kién: D nam trén tia BO sao cho OB = OB.

Cac budc con lai, ban doc tu giai.

6.7. (h.6.14) A
Cac tor giaic ABEG, AEFG, AFCG 1a hinh binh hanh nén: G
AB|| EG, AE || GF, AF || CG
Suyra E, = 4:F, = 4,;C, = 4,
D

Dodé: E, +F,+C, = A + A, + 4, = BAC =45°.

6.8 (h.6.15)

* Tim cach giai

Hinh 6. 14

Mubn ching minh AF,CE va BM dong quy ta chimg minh ching 1a cac duong thing chia

duong cao cia aBEF .
* Trinh bay loi giai

T giac MEDF c¢6 ba goc vudng nén 1a hinh chit nhat

= ME = DF;MF = DE A

aADC vudng can = CAD = ACD = 45°. b

Do @6 aAEM va aCFM vudng can = AE = ME

= AE = DF ; E
CF =MF = DE =CF .

Hinho l5
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aABE =aDAF (c.g.c) = B, = 4 = H =90"

(H 1a giao diém cia BE va CF).

Chung minh tuong tu, ta duwoc CE L BF .

Goi N la giao diém ciia EM vé6i BC; K 1a giao diém cia BM véi EF .

Tacd MF = MN (vi M nam trén tia phan giac cta goc C).

ME = BN(= AE)

AMFE =aNMB (g.c.g)= MFE = NMB

Taco: NMB + FMK =90°(vi NMF =90°).

— MFE + FMK =90" = K =90° = BM | EF

Vay ba duong thing AF,CE va BM 1a ba dudng cao ciia aBEF nén chung dong quy.

6.9 (h.6.16)

a)

b)

Goi K 1a giao diém cua hai dudng thing DE va FG .

T gidc AGKE c6 ba gbc vuong nén la hinh chir nhat.
Goi O 1a giao diém cua AH va EG .

~AEG =2 ABC (c.gc) = G, =C, .

Ta lai co: a = 1/4: (cung phu v6i @); Va :4\1 = 1/42\

= G, = 4, . Do d6 s0AG cén.

= 0G =04

Chimng minh tuong tu, ta dugc OF = OA4

= 0G =0E

Xét hinh chit nhat AGKE ¢6 O la trung diém ciia duong
chéo EG nén duong chéo AK phai di qua O hay duong
thang AH diqua K .

Vay ba duong thing 4H,DE, FG dong quy.

Hinh 6.16

aBCF va aKAC cb:

BC = KA (cing bing EG); BCF = KAC (vi 90° +C, =90 +1/4;); CF = AC.

Do d6 aBCF =aKAC = F, =C,

Goi M 1a giao diém ctua BF va KC.

Tacé C,+C, =90° = F, + C, =90° = M =90". Vay BF L KC

Chiing minh tuong tu, ta dugc CD L KB

Xét aKBC c6 cic dudng thaing AH,BF,CD chira ba duong cao nén chung déng quy.
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6.10. (h.6.17)

aADE =aCDF (c.g.c) = DE = DF va ADE = CDF . - T
Ta c6 ADE + CDF = 90"
— CDF + CDE =90 hay EDF =90". D ¢
T giac DEMF ¢6 hai duong chéo cit nhau tai trung diém cua mdi -
duong nén 13 hinh binh hanh. Hinh binh hanh nay c6 hai canh ké
bang nhau nén 1a hinh thoi. Hinh thoi nay c6 EDF =90° nén la F
Hinh 6.17
hinh vudng.
6.11. (h.6.18)
aFAC vudngtai F, 4 =45° nén 14 tam giac vudng can
= AF = FC A
sAFH va aCFB c6: = AFH = CFB =90°; AF = FC;
FAH = FCB (hai goc c6 canh twong trng vudng goc)
Do d6 aAFH =aCFB (g.c.g) = AH = BC M N
Van dung dinh li duong trung binh cia tam gidc ta chung minh F H E
duogc MNPQ 1a hinh binh hanh. Q =
Ta c6: MQ=%AH;MN=%BC B C
ma AH = BC nén MQ = MN Hinh 6.18

Hinh binh hanh MNPQ c6 hai canh k& bang nhau nén 13 hinh
thoi.

Ban doc tuy ching minh M =90° suy ra MNPQ 1a hinh vuong.
6.12 (h.6.19)

Ta dit B = a(ar < 90°)

Khi 46 EBF = GCF =90° +

AaEFB =aGFC (c.g.c)

= EF = GF va EFB=GFC .

Ta c6 CFE + EFB = 90°

— CFE + GFC = 90° hay EFG = 90"

Chiing minh tuong ty, ta dugc FG = GH = HE

Hinh 6. 19
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Ta giac EFGH c6 bdn canh bang nhau nén 14 hinh thoi.

Hinh thoi nay c6 EFG =90° nén la hinh vuong, suy ra EG = HF va. EG 1 HF .

6.13 (h.6.20)
a) Phan tich
Gia str da dung duoc hinh vuéng 4BCD théa mén dé bai.
Goi N 1atrung diém cta AM . V& NH 1 AD.
Qua M v& mdt dudng thing vudng goc voi AM cit duong thang AD tai E .

Xét aADM c¢6 NH || MD va AN = NM nén AH :HD:%AD.

Mat khac, MD = MC = %CD nén MD = AH

Ta c6 DME = HAN (cung phu véi DMA ).

aDME =aHAN (g.c.g) = ME = AN = %AM

Vay E xac dinh duogc, tir d6 xac dinh duwgc D,C,B. I"
£
b) Cach dung B'
- Dung duong thing d 1 AM tai M ; *n

- Trén d lay diém E sao cho ME = %AM ;

-Dung MD | AE
- Dyng diém C sao cho M 1a trung diém cua CD; Hinh 6.20
-Dung Cx|| AD va Ay || CD ching cit nhau tai B.
T gidc ABCD 1a hinh vudng phai dung.

C) Chtrng minh
That vay, tir gidc ABCD cb cac cip canh ddi song song nén 1a hinh binh hanh.

Hinh binh hanh nay cé D =90° nén la hinh chit nhat.
Goi N la trung diém ctia AM . V& NH L AD thi AH = %AD .

AHAN =aDME (canh huyén, goc nhon) = AH = DM = AD = DC
Hinh chit nhat c6 hai canh k& bang nhau nén 13 hinh vuéng.
d) Bién luan
C6 hai cach ldy diém E trén duong thang d (vé hai phia cta diém M ) nén bai toan c6 hai

nghiém hinh 1a c4c hinh vuéng ABCD va ABCD'.
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6.14 (h.6.21)

T mau ban co nhu hinh 6.21. Lic nay trén ban co c6 20 6 den va 16 6

tréng.

(@)

MObi manh gd 1x4 khi dit 1én ban cd che 1ap duoc 2 6 den va 2

tréng.

Do d6 9 manh gd 1x4 chi che lap duoc 18 6 den.

Nhu vay véi moi cach dat 9 manh go 1én ban co bao gid cling con thira

hai 6 den khong duoc che 1p.

Vay khong thé ding 9 manh gd 1x4 dé 1ap kin ban co. Hinh 6.21

6.15 (h.6.22)

Hinh 6.22
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Chuong 1
Chuyén dé 7
POI XUNG TRUC - POI XUNG TAM
A. Kién thirc cAn nhé
1. Cac dinh nghia
e Hai diém d6i xtng nhau qua duong thang d, néu d 1a duong trung truc ciia doan thing ndi hai diém do6
(h.7.1).

e Hai diém ddi xtng nhau qua diém O néu O 13 trung diém cta doan thing ndi hai diém d6 (h.7.2).

Ay Al

O

Al A

Hinh 7.1 Hinh 7.2
e Hai hinh goi 1a d6i xtmg nhau qua dudng thang d (hoic qua diém O) néu mdi diém thudc hinh nay dbi
xtng v6i mot diém thudc hinh kia qua dudng thang d (hoic qua diém O) va nguoc lai.
2. Tinh chat
Néu hai doan thing (goc, tam giac) d6i xting véi nhau qua mot dudng thiang (hodc qua mot diém) thi
chung bang nhau.
3. Hinh c6 truc di xirng, c6 tim doi xirng
- Hinh thang cén c6 truc d6i xtmg 13 dudng thang di qua trung diém hai day.
- Tuong tu hinh chit nhat c6 hai truc ddi xung.
- Hinh thoi c6 hai truc di xtng 13 hai duong chéo. Hinh vudng c6 4 truc dbi ximg
- Hinh binh hanh, hinh chit nhat, hinh thoi, hinh vudng c6 tim d6i ximg 1a giao diém hai dudng chéo.
B. Mt s6 vi du
Vi du 1: Cho tir giac ABCD, hai duong thang AB va CD khéng vudng goc v6i nhau. Dung diém M trén
duong thang CD sao cho tia phan giac ctia goc AMB vudng goc véi duong thang CD.

Gidi (h.7.3)

a) Phan tich
Gia str d3 dung dugc diém M trén dudng thing CD sao cho tia phan gidc Mx cta gbc AMB vudng goc
v6i duong thang CD. Trén tia d6i cia tia MB 1dy diém A'sao cho MA' = MA.
Vi tia Mx 14 tia phan giac ciia goc AMB va Mx L CD nén duong thing CD la dudng phan giac ciia goc
AMA' .
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Xét AMAA' can tai M c6 MD la duong phan giac nén MD ciing X
1a duong trung truc, suy ra A va A’ dbi xing qua duong thing A
CD.

b) Cach dung

- Dung diém A’ dbi ximg v6i A qua CD; D
- Dung giao diém M ciia A'B véi duong thang CD. Khi d6 M

3

1a diém can dung. :__1.‘-
¢) Ching minh Hinin 7.3
Vi A va 4" dbi xtimg qua CD nén CD 1a dudng trung tryc ciia A4’ , do d6 CD ciing 12 dudng phén giac
cua goc AMA'.
Néu Mx 1a tia phan giac ctia gobc AMB thi Mx L CD (tinh chat hai tia phan giac ctia hai goc ké bu).
d) Bién luan: Bai toan luén c6 mot nghi€ém hinh.
Nhin xét: Cach dung diém M nhu trén con cho ta két qua 1a tong AM + MB ngén nhat.
Vi du 2: Cho hinh thang ABCD (AB // CD). Trén day AB lay diém K tuy y. V& diém E d6i xtmg v6i K
qua trung diém M ctia AD. V& diém F ddi xtng véi K qua trung diém N cta BC. Ching minh rang EF c6
d6 dai khong doi.

Gidi (h.7.4)
* Tim cdch gidi
Ta thay: EF = ED+DC+CFma CD khong d6i nén mudn
ching minh EF khong dbi ta can chitng minh ED + CF khong
déi. M i
* Trinh bay 10i gidi < / -
DE va AK do6i xiing nhau qua M nén DE = AK va DE // AK do
doé DE // AB.
Mit khac, DC // AB suy ra ba diém E, D, C thang hang.
Chimg minh tuong tu, ta dugc: BK = CF va ba diém D,C, F

Hinh 7.4

thang hang.
Ta co
EF = ED+DC +CF = AK + DC + BK = AB + CD (khong d6i).
Nhdn xét: Khi diém K di dong trén ca duong thang AB thi do dai ciia doan thiang EF van khong doi.
Vi du 3: Cho goc xOy khéac goc bet va hai diém M, N nam trong goc d6. Dyng hinh binh hanh AMBN
sao cho A€ Ox va BeOy.
Giai (h.7.5)
a) Phan tich
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Gia sir 3 dyng duoc hinh binh hanh AMBN thoa mén dé bai. Goi E 1a giao diém cta hai duong chéo. V&

diém F d6i xtung véi O qua E. Khi d6 tir giac AOBF 1a hinh binh hanh.

e Diém B thoa mén hai diéu kién: B e Oyva Be Ft// Ox.

e Diém A théa mén hai diéu kién: 4 € Ox va A thudc tia BE.
b) Cach dung

- Dyng trung diém E ctia MN;

- Dung diém F ddi xtng v6i O qua E;

- Dung tia Ft // Ox cit tia Oy tai B;

- Dyng giao diém cua tia BE va tia Ox.

¢) Chirng minh

AAOE = ABFE(g.c.g) = EA =EB.

Mait khac, EM = EN nén to gidc AMNB Ia hinh binh hanh.

d) Bién luan: Bai toan luén c6 mot nghiém hinh.

Hindy 7.5

Vi du 4. Cho tam giac ABC vudng tai A (AB < AC), diém D thudc canh huyén BC. V& diém M va diém

N dbi xtg véi D 1an lugt qua AB va AC. Ching minh rang:
a) M va N ddi ximg qua A;
b) X4ac dinh vi tri ciia diém D dé MN ngén nhat, dai nhét.
Giai (h.7.6)
* Tim cach gidi
Mubdn chirng minh hai diém M va N déi xtng qua A, ta ching
minh AM = AN va MAN =180°.
* Trinh bay loi gidi
a) AM d6i xtng v6i AD qua AB nén AM = AD va :4\1 = 1/4; . (1)
AN d6i xtg voi AD qua AC nén AN = AD va :4\3 = 1/4; . )
Tur (1) va (2) suy ra:
AM = AN va MAN =2(4,+ 4,)=2BAC =2.90° =180°.

Viy ba diém M, A, N thang hang.

Tir d6 suy ra M va N déi xtng qua A va MN =24D .
b) V& AH 1L BC,tacd AD> AH ,do dd MN >2AH .
Vay MN ngan nhit 1a bang 24H khi D=H (h.7.7).

Duya vao quan hé giita duong xién va hinh chiéu ta c6 AD < AC suy ra MN =2A4D <2AC.

Do d6 MN dai nhét 1 bang 24C khi D =C (h.7.8).

M
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C. Bai tap van dung

e Di xing truc

7.1. Cho tam giac ABD. V& diém C ddi xtng véi A qua BD. V& cac duong phéan gidc ngoai tai cac dinh
A, B, C, D cua tir giac ABCD chung cit nhau tao thanh tir giac EFGH.

a) Xac dinh dang cua tu gidc EFGH;

b) Ching minh rang BD la tryc d6i xtng ciia ttr giac EFGH.

7.2. Cho tam gidc nhon ABC. Goi D 1a diém nam giita B va C. V& cic diém M va N ddi xtmg véi D lan
luot qua AB va AC.

a) Chung minh rang goc MAN ludn c6 sé do khong doi;

b) Xéc dinh vi tri ciia D d& MN c6 do dai ngin nhét.

7.3. Cho tam giac nhon ABC. Goi D, E, F 1an luot 1a cac diém nam trén cac canh BC, CA, AB. Xac dinh
vi tri cua D, E, F dé chu vi tam giac DEF nho nhat.

7.4. Cho hai diém A, B cung thudc mot nira mit phiang bd xy. Hiy tim trén xy hai diém C va D sao cho
CD =a cho trude va chu vi tr gisc ABCD 1a nho nhét.

7.5. Cho tam gidc ABC, dudng phan giac AD va mot diém M & trong tam giac. V& cac diém N, P, 4’ d6i
xtmg véi M 1an luot qua AB, AC va AD.

a) Chimg minh riang N va P d6i xtng qua A4A4';

b) Goi B',C'la cac diém ddi ximg voi M 1an lugt qua cic duong phan gidc cua goc B, goc C. Chimg
minh rang ba duong thing A4', BB',CC’ dong quy.

7.6. Cho tir giac ABCD va mot diém M ndm giita A va B. Chimg minh ring MC + MDnhé hon sb 16n
nhat trong hai tong AC + AD; BC + BD .

o Ddi xitng tim

7.7. Cho tam gidc ABC va O 1a mot diém tiy y trong tam giac. Goi D, E, F 1an luot 1a trung diém cua BC,
CA, AB. Goi 4',B',C"1an luot 1a cac diém ddi xtg voi O qua D, E, F. Chimg minh ring ba duong thang
AA', BB',CC’ d6ng quy.

7.8. Cho goc xOy khéc goc bet va mot diém G & trong goc d6. Dung diém A4 € Ox, diém B e Oy sao cho
G la trong tam cua tam giac OAB.

7.9. Cho tam giac ABC. V& diém D ddi xtmg véi A qua diém B. V& diém E d6i xing v6i B qua C. V&
diém F dbi xtmg voi C qua A. Chirng minh rang tam giac ABC va tam giac DEF c6 cting mot trong tam.
7.10. Dung hinh binh hanh ABCD biét vi tri trung diém M cua AB, trung diém N cua BC va trung diém P
cua CD.

7.11. Dyng ti giac ABCD biét AD = AB = BC va ba diém M, N, P lan luot 13 trung diém ctua AD, AB va
BC (Biét M, N, P khong thang hang).
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7.12. Cho mot hinh vuong gém 4% 406 vuong. Trong mdi 6 viét mot trong cac s6 1,2, 3, 4. Chirng minh
rang ton tai mot hinh binh hanh c6 dinh 13 tim ctia bon 6 vudng sao cho téng hai s6 & hai dinh ddi dién 1a

bang nhau.

Trang 6



Huwéng din giai
7.1. (h.7.9)
a) Vi C dbi xtmg voi A qua BD nén AABD ddi ximg véi ACBD qua BD.

—~ o~ ~

Do d6 AABD = ACBD, suyra: B, =B,;D, =D, ; BA=BC va DA=DC
Ta c6 BD va BE la cac tia phan giac trong va ngoai tai dinh B nén BD 1 BE.
Chiing minh tuong ty, ta dugc: BD | DH .

Suy ra EF // HG = Tu giadc EFGH la hinh thang. E

Ta co I/)\3 = 1/)\4 (cing phu véi hai goc bang nhau).

~

4 = ,\1 (mot nira clia hai goc bang nhau). BG

Suy ra H=G

Hinh thang EFGH c6 hai goc ké mot day bang nhau nén 1a

hinh thang can.

b) AADH = ACDG(g.c.g)= DH = DG . Hinh 7.9

Chiing minh tuong ty, ta dugc: BE = BF'.
Puong thing BD di qua trung diém hai day cta hinh thang cin nén 1a truc d6i xtng cua hinh thang can
EFGH.

7.2. (h.7.10)

a) Cac doan thang AM va AN dbi xtmg voi AD lan luot qua AB va AC

A

nen:

AM = AD; AN = AD; 4, = Ay; 4, = 4, .

Ta co:
MAN = MAD + NAD = 2( 4, + 4,) = 2BAC (khong dbi). Hinh 7.10

b) Xét AAMN c6 AM = AN (cing bang AD) nén 1a tam giac can. Tam giac cin nay c6 goc MAN khong
d6i nén canh day MN ngan nhat

& canh bén AM ngin nhat < AD ngén nhét (vi AM = AD)

& AD 1 BC < D la hinh chiéu ctia A trén BC.

7.3. (h.7.11)

V& diém M d6i ximg véi D qua AB va v& diém N ddi xtmg véi D qua AC. Khi 6 MF = DF;EN =ED.
Chu vi ADEF = DF + FE + ED = MF + FE + EN

Chu vi ADEF nhé nhit khi d6 dai duong gip khuc MFEN ngan nhét.
Muén vay bdn diém M, F, E, N phai théng hang theo thur ty do.

A

Do d6 ta phai tim diém D trén BC sao cho MN nho nhét.

Hinh 7.1



Theo két qua bai 7.2, d&& MN nho nhat thi D 1a hinh chiéu

ctia A trén BC. Khi d6 E va F lan luot 1a giao diém cia MN

v6i AC va AB (h.7.12).

Ta ching minh véi cach xac dinh D, E, F nhu vay thi chu vi ADEF nho nhét.
That vay, khi AD 1 BC thi chu vi ADEF bang MN va MN nho nhit. (1)
Khi D, E, F & nhitng vi tri khac thi chu vi ADEF bang d6 dai duong A
gip khic MFEN do d6 16n hon MN. (2)

Chii y: Ta c6 nhan xét diém E 1 chan dudng cao vé tir dinh B, diém

F 1a chan duong cao vé tir dinh C cua A4ABC. y . B N
That vay, xét ADEF c6 cac duong BF va CE lan luot 1a cac duong N

phan gic ngoai tai dinh F va E. Hai duong thing nay cét nhau tai A Bi== D ——

nén tia DA 1a tia phan giac ciua goc EDF. Hinh.7.12

Ta co: DC L DA nén DC la tia phan giac ngoai tai dinh D cia ADEF .
Mat khéc, EC la duong phan gidc ngoai tai dinh E.

Piém C 1a giao diém cua hai dudng phan giac ngoai nén FC 1a dudng phan giac trong. Két hop voi FB 1a
dudng phan giac, suyra FC L FBhay CF L AB.

Chiing minh tuong ty, ta dugc BE 1L AC.

Nhu vay ba diém D, E, F ¢6 thé xac dinh boi chan cta ba duodng cao cua tam giac.

7.4. (h.7.13).

Gia sur da dung duogc hai diem CvaD e xysao cho CD=ava
chu vi tr gidc ABCD nho nhit.

V& hinh binh hanh BMDC (diém M ¢ phia gan A).

Khi d6 BM =CD =a va DM =BC

. . . . . x D cC ¥
Ve diém N doi xang voi diém M qua xy, diém N 1la mot diém \
¢b dinh va DN = DM . N
Tacéd AB+ BC+CD+ DA nhé nhat Hinh 7.13

& BC + DA nhé nhat (vi AB va CD khéng doi)

& DM + DA nho nhat < DN + DA nho nhat < D nam giita A va N,

T d6 ta xac dinh diém D nhu sau:

- Qua B v& mot duong thang song song véi xy va trén d6 1iy diém M sao cho BM = a (diém M ¢ phia
gﬁn A);

- V& diém N d6i xting v6i M qua xy;

- LAy giao diém D ctia AN véi xy;

- Lay diém C e xysao cho DC = MB = a (DC va MB cung chiéu).

Khi d6 tong AB + BC +CD + DA nho nhat.
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Phan ching minh danh cho ban doc.

7.5. (h.7.14)

a) AN ddi xtng v6i AM qua AB

— AN = AM va NAB = MAB. (1)

e AP d6i ximg v6i AM qua AC

— AP=AM vi MAC=PAC. (2)

o A4’ d6i ximg v6i AM qua AD nén MAD = A'AD .
Mit khéc, BAD = CAD nén MAB=CAA'  (3)

Tir (1) va (3) suy ra NAB = MAB = CAA'.

—

Tacd A'AP=A'AC+ PAC = MAB+ MAC = BAC .

Chiing minh tuong ty, ta dugc: A'AN = BAC , suy ra: AAP=A'AN .

Ql D &

Himh 714

AANP can tai A c6 AA'1a duong phan giac nén A4’ ciing 1a duong trung tryc cia NP =N va P d6i ximg

qua AA".
b) Goi Q 1a diém dbi xtmg cuia M qua BC.

Ching minh tuong ty nhu trén ta dugc BB'la duong trung tryc cua NQ va CC’ 1a duong trung tryc cia

PQ.

Vay AA', BB',CC' 1a ba dudng trung truc cia ANPQ nén ching dong quy.

7.6. Truée hét ta chirng minh bai toan phu:

Cho tam gidc ABC, diém M ¢ trong tam giac (hodc & trén mot
canh nhung khong trung véi cac dinh ctia tam giac). Chung
minh ring MB+ MC < AB+ AC (h.7.15).

That vay, xét AABD, ta c6 BD<AB+ AD hay
MB+MD < AB+ AD . (1)

Xét AMCD c6 MC <DC+MD. (2)
Cong timg vé cua (1) va (2) ta duoc:

MB+MD+MC < AB+ AD+ DC+MD = MB+MC < AB+ AC
Bit déng thtrc trén van dang néu diém M nam trén mot canh
nhung khong trung véi dinh cua tam giac.

Bay gio ta van dung két qua trén dé giai bai toan di cho.

V& diém E dbi xtmg voi D qua dudng thing AB (h.7.16).

Khi d6 AE = AD; ME =MD va BE =BD.

Hinh 715

Himh 716

Vi diém M nam giita A va B nén hodc diém M nam trong ABEC hoic diém M nam trong AAEC hoic

diém M nam trén canh EC.
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J4

[ME+MC<AE+AC {MD+MC<AD+AC
Ta co y

ME+MC < BE+BC MD+MC <BD+BC

Do do MD+MC<max{AD+AC;BD+BC} .

7.7. (h.7.17)
Tacd AC' va BO d6i xting nhau qua F nén 4C' = BO va AC'// BO. (1)
BO va CA’ddi xtmg nhau qua D nén BO = C4' va BO //CA’ (2)

Tu (1) va (2) suy ra: AC'=CA'va AC'//CA’, do d6 tr giac ACA'C’ la
hinh binh hanh.

Chirng minh tuong tyu ta dugc tir gidc ABA'B’ 1a hinh binh hanh. Hinh 7.17

Hai hinh binh hanh ACA'C'va ABA'B' c6 chung duong chéo A4A4'nén cac duong chéo AA',BB',CC’

ddng quy.
7.8. (h.7.18)
a) Phan tich

Gia st dd dyng dugc diém A4eOx va BeOysao cho G la

trong tam cua A4OB .

Tia OG cit AB tai trung diém M ctia AB va OM = %OG . Hinh 7.18

V& diém N dbi ximg v6i O qua diém M. T giac ANBO 1a hinh binh hanh = NA // Oy; NB // Ox, tir 6
xac dinh duoc A va B.
b) Cach dung

- Trén tia OG lay diém M sao cho OM = %0G .

- Dung diém N dbi xtmg v6i diém O qua M.

- Tir N dyng mot tia song song voi Oy cét Ox tai A.

- Tir N dung mot tia song song v6i Ox cit Oy tai B.

Khi d6 G 1a trong tam cua tam giac AOB.

¢) Chirng minh

T gidc ANBO 14 hinh binh hanh, suy ra AB va ON cit nhau tai trung diém cta mdi duong.
Mait khac, M 1a trung diém ctia ON nén M la trung diém cua AB.

Vay OM la duong trung tuyén cta tam giac AOB.

Tacd OM = %0G nén G la trong tam cua AAOB .

d) Bién luan: Bai toan luén c6 mot nghiém hinh.

7.9. (h.7.19)
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V& dudng trung tuyén AM ciia tam gidc ABC va duong trung tuyén DN cua tam gidc DEF. Goi G 1a giao
diém cua hai duong trung tuyén nay. Goi H va K 1an luot 13 trung diém cua GA va GD.

Xét AFCE c6 AN la duong trung binh = AN // CE va

)
Yo
AN =L CE do d6 AN // BM va AN = BM , din 16i ANMB 1a r Wohe
2 N Ty .
1 | A." \ I
hinh binh hanh =MN // AB va MN =—AD . SN N
fi AN e
Mit khac, HK 13 dudng trung binh ciia AGAD nén HK // AD B e —3
1 /&
va HK =~ AD. /
2 W
Tu d6 MN // HK va MN = HK . Hinh 7.19

Suy ra MNHK 14 hinh binh hanh, hai duong chéo HM va NK cit nhau tai G nén G 1a trung diém ctia mdi
duong.

Do d6 GM = GH = HA = G la trong tam ctia A4BC.

GN =GK = KD = G la trong tdm cua ADEF .

Vay AABCva ADEF c6 cung mot trong tam.

7.10. (h.7.20)

a) Phan tich

Gia su da dung dugc hinh binh hanh ABCD théa man dé bai.

Goi O 1a giao diém cua hai dudng chéo. Ta c6 M va P déi xing

qua O.

Goi Q 1a giao diém ctia NO v6i AD thi Q va N ddi xtng qua O.

Vay diém Q xéac dinh duoc, tir d6 xac dinh duoc hinh binh hanh ABCD.
b) Cach dung

- Dung trung diém O ctia MP;

- Dung diém Q dbi xtmg voi N qua O;

- Qua M va P dung nhitng dudng thang song song véi NQ; qua N va Q dung nhitng dudng thing song
song v4i MP ta dugc cac giao diém A, B, C, D.

Khi d¢6 tir giac ABCD 1a hinh binh hanh phai dung.

Cac phén con lai, ban doc tu giai.

7.11. (h.7.21)

a) Phan tich

Gia sir da dung duoc tir gidc ABCD thoa mén dé bai.

V& cac dudng trung truc cia MN va NP chung cét nhau tai O.

Goi Q 1a diém ddi xtng ctia O qua N. Tt giac AOBQ 14 hinh binh hanh.

e Diém A théa man hai diéu kién:
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A ndm trén duong trung truc cia MN va QA song song v6i dudng trung
truc cuia NP.

e Diém B théa man hai diéu kién:

B nam trén dudng trung truc cia NP va QB song song véi duong trung truc ctia MN.
Khi d6 hai diém C, D con lai duoc xac dinh d& dang.

c¢) Céach dung

- Dung cac duong trung truc d, cua MN va d, cua NP, chiing cit nhau tai O;
- Dung diém Q dbi xtmg v6i O qua N;

- Qua Q dung mdot duong thang song song véi d, cat d tai A;

- Qua Q dung mdot duong thang song song véi d, cat d, tai B;

- Dung diém C d6i xtmg v6i B qua P;

- Dyng diém D dbi xtg véi A qua M;

Khi d¢6 tir giac ABCD 1a tur gidc phai dung.

Cac budc con lai, ban doc tu giai.

7.12. (h.7.22) ;
»

Hinh vudng c6 4x4 =160 vuong, chia thanh 8 cap doi xiing nhau qua . :

tam hinh vudng. Xét cac cip hai sb ¢ hai 6 d6i xtng qua tam do. - = = -

Téng hai s6 ctia mdi cap nho nhat1a 1+1=2,16n nhat1a 4+4=8.

30" | |

C6 7 téng (12 2, 3, 4, 5, 6, 7, 8) ma cb 8 cip sd nén phai c6 hai cip co

tong bang nhau. Hinh 7.22

Vi trf ctia 4 s6 trong hai cip nay 1a dinh cia mét hinh binh hanh phai tim (trudng hop dic biét: 4 sé nay

4
A

nam trong 4 6 c¢6 tdm thiang hang, ta n6i hinh binh hanh “suy bién” thanh doan thang).
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Chuyén dé 8

HINH PHU PE GIAI TOAN TRONG
CHUONG TU GIAC

A. Kién thirc cin nhé

Nhiéu bai toan trong chuwong ti gidc can phai v& hinh phu thi méi giai duoc. V& hinh phu dé tao
thém su lién két giira gia thiét va két luan tir d6 d& tim ra cach giai. Mot s6 cach v& hinh phy thuong ding
trong chuong nay la:
1. Néu dé bai c6 hinh thang thi tir mot dinh c6 thé v& thém mot duong thang:
- song song v&i mot canh bén,;
- song song véi mot duong chéo;
- vudng goc voi day.

Khi v& nhu vay, mdt doan thrfmg da duogc doi song song voi chinh no tir vi tri nay dén mot vi tri
khac thuan lgi hon trong vi¢e lién két véi cac yéu td khac, tir d6 giai dugc bai toan.
2. V& thém hinh binh hanh dé chimg minh hai dudng thiang song song, chimg minh quan hé vé do dai,
chimg minh ba duong thang dong quy, ba diém thang hang, tinh sb do goc,...
3. V& thém trung diém ciia doan thing dé van dung dinh ly duong trung binh cua tam giac, cua hinh
thang, dinh 1y dudng trung tuyén tmg véi canh huyén cua tam giac vudéng. Ciing c6 thé v& thém duodng
thang song song dé tao ra dudng trung binh ctia tam giac, hinh thang.

Dung dinh 1y dudng trung binh ¢6 thé chimg minh cac quan hé song song, thing hang, cac quan
hé vé d6 dai,...
4. V& diém ddi xtmg véi mot diém cho trude qua mot duong thang hodc qua mot diém. Nho cach vE nay
ta cling co thé doi mot doan thrfmg, mot goc tur vi tri ndy sang vi tri khac thudn 1¢i cho viéc chimg minh.
B. Mt s6 vi du
Vi du 1. Chirng minh ring trong mét hinh thang tong hai canh bén 16n hon hiéu hai canh day.

Giai (h.8.1)

* Tim cach giai

Xét hinh thang ABCD (AB // CD), ta phai chung minh 4D + BC > A B

CD - AB. Diéu phai ching minh rit gin voi bat ding thirc tam ,’

giac. Piéu nay goi y cho ta v& hinh phu dé c6 AD + BC 1a téng cac ’fl

do dai hai canh cia mot tam giéc. ,’

* Trinh bay 10i giai D M C
V& BM //AD(M e CD) ta dugc DM = AB vaBM = AD. Hinh 8.1

Xét ABMC ¢6 BM + BC > MC = AD + BC > DC — DM hay AD+ BC > CD — AB (dpem).

Trang 1



Trudng hop hai canh bén song song thi hai ddy bang nhau, bai toan hién nhién dting.
Vi du 2. Cho hinh thang ABCD (AB // CD), hai dudng chéo vudng géc véi nhau.
Biét AB = 5cm, CD = 12cm va AC = 15cm. Tinh d6 dai BD.

Giai (h.8.2)
* Tim cach giai

Ba doan théng AB, AC va CD da biét d6 dai nhung ba doan

thang nay khong phai ba canh clia mot tam giac nén khong A 2B

tién sir dung. Ta s& doi song song dudng chéo AC dén vi tri

BE thi tam gidc BDE vudng tai B biét d6 dai hai canh, dé& P

dang tinh dugc do dai canh thtr ba BD. 2 12 C E
* Trinh bay loi giai Hinh 8.2

V& BE//AC(E etia DC). Khi do: BE = AC = 15cm; CE
=A4B = Scm.
Tacoé: BE L BD (vi AC L BD).
Xét ABDE vuéng tai B ¢ BD =17 —15*=8 (cm).
Vi du 3. Hinh thang ABCD ¢6 4 =D =90° Biét 4B = 3cm; BC =22 cmva
CD = 5cm. Chung minh rﬁnglA? =3C.
Giai (h.8.3)
* Tim cach giai
Néu doi song song doan thiang 4D téi vi tri BH thi dugc ABHC vudng tai H. Ta d& dang tinh dwgc HC =

HB, do d6 tinh duoc goc C, goéc B.
A 3 B

* Trinh bay loi giai
|

V& BH 1. CD (HeCD) thi BH // AD, do 46 DH = AB = 3cm : 3.2
I

suy ra: HC=5-3 =2 (cm). :

Xét ABHC vudng tai H, ap dung dinh ly Py-ta-go, ta co: D~-

-
- -
- -

HB =+/BC*-HC*? =,/(2\/§)2 —2% =2 (cm). Hinh 8.3

Vay AHBC vudng can = C =45°do d6 ABC =135°suyra ABC =3C.
Vi du 4. Cho tir gidc ABCD, hai dudng chéo cit nhau tai O. Cho biét AOB = 60° va AC = BD = a. Chimg
minh ring AB+CD>a.
Giai (h.8.4)
* Tim cach giai
Tir diéu phai chimg minh ta thay can van dung bét ding thirc tam gidc. Do d6 can v& hinh phy dé tao ra

mot tam gidc ¢ hai canh 1an luot bang 4B, CD va canh tht ba bang dudng chéo AC.
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Néu v& thém hinh binh hanh 4BEC thi cic yéu cau trén dugc B

thoa man.

A
* Trinh bay loi giai
V¢ hinh binh hanh ABEC, ta duoc BE // AC ~
suy ra DBE = AOB = 60°
E
BE =AC=a; AB= CE.
Tam gidc BDE 1a tam giac déu= DE =a . B C
Xét ba diém C, D, E ta ¢6: CE+CD > DE hay AB+CD>a
Hinh 8.4

(ddu “=" xay ra khi diém C nam giita D va E hay DC // AB. Khi
do tr giac ABCD 1a hinh thang can).
Vi du 5. Cho hinh chit nhat ABCD. V& AH 1 BD. Goi K va M lan luot 13 trung diém cta BH va CD.
Tinh sb do cua goc AKM.

Gidi (h.8.5)
* Tim cach giai
Bai toan c6 cho hai trung diém K va M nhung chua thé van dung truc tiép duoc.
Ta v& thém trung diém N ctua AB dé van dung dinh 1y duong trung binh cta hinh chir nhat, dudng trung
binh cta tam giac.
* Trinh bay loi giai
Goi N la trung diém ctra AB thi MN 1a duong trung binh cta A
hinh chttr nhat ABCD = MN //AD . ’
Mat khac, AN // DM nén tit gidc ANMD 1a hinh

~ o -
binh hanh. Hinh binh hanh nay c6 D =90"nén la hinh chir AR
nhat. Suy ra hai dudng chéo AM va DN cét nhau tai trung diém ,’I H \\\
O cia moi duong: D M C
04 = OM = ON = OD.
Hinh 8.5

Xét AABH c¢6 NK 1la duong trung binh nén
NK//AH = NK 1 BD (vi AH L BD). Do d6 AKDN vudng tai K.

. ) ; 1
Xét AKDN c6 KO la duong trung tuyén trng véi canh huyén nén KO = EDN

:>KO=%AM=OA=0M

Vay AKAM vuong tai K = AKM =90°
Vi du 6. Cho hai diém 4 va B thudc cing mot nira mat phang bo 1a duong thing d. Tim trén d mot diém
M sao cho hai tia MA, MB tao v&i dudng thing d hai goc nhon bang nhau.

Gidi (h.8.6)
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T e .
Tim cach giai B

Gia str da tim duoc diém M ed sao cho M\l Zﬂz. A
V& diém 4’ d6i ximg v6i A qua d thi M =M suy

4
ra M>=M;(cing bang M). Do d6 ba diém A’ M, B thiang - 5 d
hang. M
* Trinh bay loi gidi T
- V& diém 4’ d6i xtng voi 4 qua d, A"
- V& doan thang A'B cit duong thang d tai M,

Hinh 8.6

- V€ doan thrfmg MA ta duoc ]\71 = Mz .

That vay, do 4’ ddi xung voi A qua d nén ]\71 = ]\73.

Mit khéc, M2 = M. (d6i dinh) nén M, =M, .

C. Bai tap van dung

* V& thém duong thing song song

8.1. Chirg minh rang néu mét hinh thang c6 hai canh bén bang nhau thi d6 14 hinh thang can hodc hinh
binh hanh.

8.2. Cho hinh thang c6 hai day khong bang nhau. Chiémg minh rang tong hai goc ké day 16n nho hon tong
hai goc ké day nho.

8.3. Cho hinh thang ABCD (4B // CD), BD 1. CD . Cho biét AB + CD = BD = a. Tinh d6 dai AC.

8.4. Cho hinh thang can ABCD (AB // CD), dudng cao bang 4 va tong hai day bang 2k. Tinh goc xen giita
hai duong chéo.

8.5. Chimg minh rang trong mot hinh thang thi tong cac binh phuong ctia hai dudng chéo bang tong cac
binh phurong ciia hai canh bén cong véi hai 1an tich cua hai canh day.

*VEé thém hinh binh hanh

8.6. Cho tam giac ABC. Dung ra ngoai tam giac ndy cac tam giac déu ABD, BCE, CAF. Chimg minh ring
trong tdm cua tam giac DEF trung voi trong tam cua tam giac ABC.

8.7. Cho tam giac déu 4BC. Trén canh BC lay diém M. Qua M v& mot dudng thang vudng goc véi 4B cit
AB tai H, cat duong thing vudng goc vdi AC vé tir C tai diém K. Goi N la trung diém cua BM. Ching
minh rang tam gidc ANK c6 sb do cac goc ti 18 véi 1, 2, 3.

8.8. Dung tu gidc ABCD sao cho AB=2,5¢cm; BC =3cm; CD =4,5¢cm; DA=3,5cm va géc nhon giira

hai duong thang 4D, BC 1440° .

* V& thém trung diém - Tao dwong trung binh
8.9. Cho hinh thang ABCD(AB// CD), A4=90°, 4B =%CD. V& DH 1 AC. Goi K 1a trung diém cua

HC. Tinh s do cua goc BKD.
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8.10. Cho hinh vuéng ABCD, hai duong chéo cit nhau tai O. Goi M va N lan luot 1a trung diém cua 04
va CD. Chimg minh rang tam giac MNB vudng cén.

8.11. Cho tam giac ABC cn tai 4, duong phan giac BM. Tir M v& mot dudng thang vudng goc voi BM cit
duong thang BC tai D. Ching minh rang: BD = 2CM .

8.12. Cho tir gidc ABCD,CAD = CBD =90°. Goi E va F 1an luot 1a hinh chiéu ciia C va D trén duong
thang AB. Chirg minh rang AF = BE.

8.13. Cho duong thang xy. V& tam giac ABC trén mot nira mit phang bo xy. Goi G 1a trong tim cia tam
gidc ABC. Tir 4, B, C va G vé& cac dudng thing song song v4i nhau cat xy 1an luot tai A, B’ C’' va G,
Chtrng minh rang:

AA'+ BB+ CC’=3GG".

8.14. Cho tam giac ABC vudng can tai 4. Trén cac canh AB va AC lan luot lay cac diém M va D sao
cho AM = AD. Tir A va M vé& cac dudng thing vudng goc véi BD chung cit BC lan luot tai E va F.
Chung minh rang:

_ BD+MF
2

8.15. Cho tir giac ABCD. Goi A, B', C', D' 1an luot 14 trong tim ctia cac tam gidc BCD, CDA, DAB, ABC.

AE

Chtrng minh rang:

a) Cac duong thang A4, BB', CC’, DD’ cing di qua mot diém;

b) Piém nay chia 44’, BB, CC’, DD’ theo cliing mot ti sb.

8.16. Cho tam gisic ABC va mot diém O niam trong tam gidc sao cho ABO=ACO. V&
OH 1 AB,OK 1 AC . Chimng minh rang dudng trung tryc cia HK di qua mot diém cd dinh.

* V& thém hinh ddi xing

8.17. Cho goc xOy c6 sb do bang 60° va mot diém 4 & trong goc d6 sao cho 4 cach Ox 1a 2cm va cach
Oy la lem.

a) Tim mot diém B trén Ox va mot diém C trén Oy sao cho chu vi tam gidc ABC nho nhét;

b) Tinh d6 dai nho nhét cua chu vi tam giac ABC.

8.18. Dyung tam giac biét mot dinh, trong tdm va hai duong thang di qua hai dinh con lai.
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Huwéng din giai
8.1. (h.8.7)
Xét hinh thang ABCD(AB//CD) A B

* Truong hop hai canh bén song song:

Khi d6 tir giadc ABCD 1a hinh binh hanh. Didu kién

AD = BC & dé bai duoc thoa man. D E C
* Trudng hop hai canh bén khong song song: Hinh 8.7

V& AE//BC(E e CD)ta dugc ABCE 1a hinh binh hanh = 4E = BC .
Mit khéc, AD=BCnénAE=AD= D=E\. (1)
Ta lai ¢6: AE / /BC = C = E\ )

Twr (1) va (2) suy ra: D=C , do d6 hinh thang ABCD 1a hinh thang can.
8.2. (h.8.8)
Xét hinh thang ABCD c6 AB//CDva AB<CD. Ta phai

cht’mgminh:g+f3>a+ﬁ. A] .

V& AM //BC(M e CD)khido B=M,va C=4, .

Ta c6: A> 1/4\1 = aZTl\l > ]S(tinh chit goc ngoai ctia AADM) D NII C
— B>D.Dod6A+B>C+D. Hinh 8.8

8.3. (h.8.9)

VE@BE//AC, E€CD . Tadugc CE = ABva BE = AC.
Tacd: AB+CD=CE+CD = DE.

Vi AB+CD=a nén DE =a.

Tam gidc BDE vuong can= BE = a2 = AC=av2. Hinh 8.9
8.4. (h.8.10)
Qua B v& BE//AC(eG duong thing CD), ta duoc BE = AC va
CE=A4B. A B
Do d6 DE=DC+CE=DC+ AB=2h.
()
Ta c6: BD = AC (hai duong chéo cua hinh thang cén)
ma BE = AC nén BD = BE . 1 r\
A o A A s % D H C E
ABDE can tai B, BH la dudng cao nén ciing la dudng trung tuyén, suy
Hinh 8.10

raDH = HE = h; BH = h . Do d6 céc tam giac HBD, HBE vudng can
— D, = E =45°Suy ra ABDE vudng tai B= COD = EBD = 90° .

8.5. (h.8.11)
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« Trudng hop hinh thang c¢6 hai goc ké mot day cung tu, hai
goc ké day kia cung nhon

Vé AH 1. CD,BK L CD thi HK = AB

Ta c6: AC* — HC? = AD* — DH> (= AH2);

BD? -KD?=BC?-KC? = (: BKz) D

Cong timg vé hai dang thirc trén ta duoc:
(AC2 —HC2)+(BD2 —KDz) = (AD2 +BC2)—DH2 —CK*?
— AC*+BD’ = (AD2 +BC2)+(CH2 —CK2)+(DK2 —DH2)

A
/v"'\
u| u B\
H K C
Hinh8.11

= AD?+ BC* +(CH —CK )(CH +CK )+ (DK — DH )(DK + DH)

= AD’ + BC* + HK (CH + CK )+ HK (DK + DH )
= AD? + BC* + HK (CH +CK + DK + DH)

= AD? + BC* + HK (CD+CD)

= AD?+ BC* +2A4B.CD

* Truong hop mdi day c6 mot goc ti (hodc mdt goc vudng), mot goc nhon: Ciing ching minh tuong tu.

8.6. (h.8.12)
V&€ hinh binh hanh DAFH.

Goi N 1a giao diém cua hai dudng chéo DF va AH, M 14 giao diém cta EH va BC.

Tac6 NA=NH, ND = NF.
Ta dit DAH = AFH = thi BDH = HFC = o +60° .
DAF =180° = a;
BAC =360° — BAD — CAF — DAF

=360 -60° —60° - (180° - )

=a+60°
ABDH va AHFC ¢6: BD = HF (= AD); BDH = HFC (chimg minh
trén); DH = FC(= AF). Do d6 ABDH = AHFC (c.g.c)
= HB = HC. (1) Chimg minh twong tu, ta duoc
ABAC = AHFC (c.g.c)
= BC=HC. (2)

Tir (1) va (2) suy ra HB = HC = BC .

E
Hinh 8.12

T gidc BHCE c6 cac cdp canh dbi bang nhau (cung bang BC) nén 1a hinh binh hanh = MB = MC va

MH = ME .

« Xét AAEH c6 AM va AN 13 hai dudng trung tuyén nén giao diém G cua chung 14 trong tim
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= EG :§EN va AGz%AM .
« Xét AABC cb AM 1a dudng trung tuyén ma AG = %AM nén G la trong tam cia A4BC.

« Xét AEDF c¢6 EN 1a dudng trung tuyén ma EG = %EN nén G la trong tam cia AEDF.
Vay AABC va AEDF ¢6 cung trong tam G.

8.7. (h.8.13)

AHBM vuéng tai H c6 ABC = 60° nén: HMB =30°

ACAK vuéng tai C c6 ACB =60°nén: KCM =30°

Suy ra: KMC = KCM (cing ndm ITJ\E)

Do d6 AKMC can = KC=KM. .

V& hinh binh hanh BKMD = BD//KM va BD = KM .

Do d6 BD 1 AB(ViKM L AB) va BD=KC(vi cung
bang KM).

AABD = ACK (c.gc)= A = 4,vadD = AK .

Hinh 8.13

Tam giac ADK can, AN 1a duong trung tuyén nén 1a duong

cao, duong phan gidc = AN L DK, AHK = 90°

Tac6 A, +BAK = BAC =60° = A + BAK = 60°

hay DAK =60° = NAK = 60° :2 =30°

Do d6 AKN =90° —30° = 60°

Xét AANK c6 NAK : NKA: ANK =30° :60° :90° =1:2:3

8.8. (h.8.14)

a) Phan tich

Gia sir da dung duoc tir giac ABCD thoa man dé bai.

V& hinh binh hanh DABE ta dugc BE = AD =3,5¢cm; DE = AB=2,5¢m.Goi O 1a giao diém cua hai
duong thang AD va BC.

Do BE//AD nén CBE = O = 40°.

Tam giac BCE dung duoc (c.g.c). Tam gidc CDE dyng duoc (c.c.c). Piém A4 thoa man hai diéu kién:
- A nam trén duong thang qua D va song song voi BE;

- A nam trén dudng thang qua B va song song voi DE.

b) Cach dung

- Dung ACBE sao cho B =40; BC =3cm; BE =3,5cm.
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- Dung ACDE sao cho CE da biét; CD = 4,5¢m; ED =2,5cm .

- Qua D dung mdt dudng thing song song v6i BE. Qua B dung mot

duong thang song song véi DE chiing cit nhau tai A.
Tt giac ABCD 1a tir giac phai dung.
¢) Chirng minh

Theo cach dung, ABED la hinh binh hanh nén 4B =DE =2,5cm;

AD=BE=35cm

COD = CBE = 40°.

T gidc ABCD c6 AB =2,5cm; BC =3cm;

CD = 4,5¢cm; DA =3,5¢cmva COD =40°, thod man d& bai.

d) Bién luan

Bai toan co6 hai nghiém hinh 1a tir gidc ABCD va tr giac A'BCD".
8.9. (h.8.15)

Goi M 1a trung diém cta CD.

Xét AHCD c6 KM 1a duong hung binh nén KM //HD do dé
KM 1 AC(ViHD L AC).

Ta giac ADMB c6 AB//MD va AB=DM (z%CDjnén

ABMD 1a hinh binh hanh.

Hinh 8.14

Hinh binh hanh nay cé A4=90°nén 1a hinh chit nhat. Suy ra
AM =BDva OA=0M =0OB=0D.

Xét AKAM vudng tai K ¢6 KO 1a duong trung tuyén nén KO = %AM =

—BD.
2

Hinh 8.15

Xét AKBD ¢ KO 1a dudng trung tuyén ma KO = %BD nén AKBD vuong tai K, do do BKD =90°.

8.10. (h.8.16)
Goi E la trung diém cua OB thi ME la dudong trung binh cua

AAOB = ME//AB VéME=%AB.

Do d6 ME//NC vaME = NC.

Tt gidc MECN 1a hinh binh hanh = CE//MN va CE = MN .

Ta c6: ME 1 BCtai F (viAB L BC),BO L AC (tinh chat duong
chéo hinh vudng).

Xét AMBC c6 E la tryc tam nén CE 1 MB do doOMN | MB. (1)
AMAB va AEBC cb:

A

D

B
\

_______ A - -ﬂF

0
\\
‘\

\I-l

N &
Hinh 8.16
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AB = BC; MAB = EBC = 45°; MA = EB (m0t nira cua hai doan thang bang nhau).
Vay AMAB = AEBC (c.g.c)=> MB=EC= MB=MN (2)

Tur (1) va (2) suy ra AMNB vuong can.

8.11. (h.8.17)

Goi E 1a giao diém cua duong thang DM véi AB. Tam giac BDE
c6 BM vura 1a dudng phan giac vura la dudong cao nén la tam giac
can, do d6 BD = BE vaMD = ME .

Goi N 1a trung diém ctia BE thi MN 1a dudng trung binh cta
AEBD = MN //BD

= M, =B,,dods M, =B,(=5,)

= ANBM can = BN = MN.

Tt gidc BCMN 1a hinh thang can= BN =CM .

= MN =CM

Hinh 8.17

Xét AMBE vudng tai M ¢6 MN 1a duong trung tuyén nén MN = %BE .

= BE =2MN = BD =2CM

8.12. (h.8.18)

Ta c6: CE//DF (cung vudng goc voi AB). Tt gidc FECD
12 hinh thang.

Goi M, N lan lugt 14 trung diém cua EF va CD, MN la
duong trung binh cua hinh thang CEFD. Do d6 MN //CE
= MN 1 EF.

1 . .
Ta c6: AN = BN :ECD (tinh chat duong trung tuyén cua

Hinh 8.18

tam gidc vuong) = ANAB can

Mit khac, NM 1a duong cao nén ciing 1a dudng trung tuyén = MA = MB dan t6i AF = BE .

8.13. (h.8.19)

V& duong trung tuyén AM. Goi N 1a trung diém cua AG. A

Qua M va N v& cac dudng thing song song vdi AA4' cit xy tai

M'vaN' C
* X¢ét hinh thang BB'CC’ c6:
BB'+ CC'=2MM'". (1)

« Xét hinh thang 44'G'G ¢6: X B'
44"+ GG’ = 2NN".  (2) Hinh 8.19

A NG M

« Xét hinh thang NN'M'M ¢6 NN '+ MM '=2GG'= 2(NN'+ MM ') = 4GG'
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Tur (1) va (2) suy ra: A4+ BB+ CC'+ GG'=2(NN'+ MM ).

= AA'+ BB'+CC'+GG'=4GG".

Do d6: A4+ BB'+CC'=3GG".

8.14. (h.8.20)

Trén tia ddi cua tia AB iy diém N sao cho: B
AN = AM .

AACN =AABD (c.g.c)=>CN=BDva ACN=ABD ma
CAE = ABD (cung phu véi BAE ) 1 E
nén ACN = CAE = AE/ICN

Do d6 MF //CN (vi cung song song voi AE).
Xét hinh thang MFCN c6 AE//CN

va AM = AN nén EF = EC .

MF+CN _MF + BD
2 2

Hinh 8.20

Suy ra AE =

8.15. (h.8.21)
a)GoiM, N, P, O, E F lan luot 12 trung diém ctia AB, BC, CD, DA, AC va BD. Theo dinh 1y Giéc-gon
(bai 4.8) thi ba duong thang MP, NO, EF dong quy tai diém O la trung diém ctia mdi doan thing d6.

Goi giao diém cua 40 v6i DN 1a G.
VEQH //AG .

Xét ANQH ta dugc NG=GH

Xét AADG ta dugc GH = HD

Vay NG =GH = HD = HG = %DN. (1)

Vi A'1a trong tam cia ABCD nén A'e DN

va NA'=%DN (2)

T (1) va(2) suyra G= A'do d6 A4'di qua O. Hinh 8.21
Chimg minh tuong tu, cac duong thang BB,

CC', DD' déu di qua O.

Suy ra AA', BB', CC', DD' ddng quy tai O.

b) Ta co: OA':%QHmél QH:%AA'nén OA':iAA'.

Suy ra: OA':lOA hay %:l
3 04 3
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OB' _OC' OD' 1

Chiing minh tuong ty, ta dugc = = =—,
OB OC OD 3

8.16. (h.8.22)

Goi E, F, M lan luot 13 trung diém caa OB, OC, BC. Theo tinh

chat duong trung tuyén ng voi canh huyén cua tam giac vuong
ta co:

EH:EB:EO:%OB;FK:FC:FO:%OC.

Theo tinh chat dudng trung binh cta tam gidc ta c6 tir giac

OFME 1a hinh binh hanh

= OEM =OFM (1)
Mit khac, HEO = 24BO; KFO =2A4CO
ma ABO = ACO nén HEO = KFO . (2)

Tir (1) va (2) suy ra: HEM = MFK .
1

Hinh 8.22

AHEM va AMFK c6: HE = MF (: EOB) ; HEM = MFK (chting minh trén); EM = FK (= OC)

Do d6 AHEM = AMFK (c.g.c)= MH = MK (3)
Goi N 1a trung diém ctia O4, ta c6: NH = NK(z %OA) (4)

Tu (3) va (4) suy ra MN la duong trung truc cua HK.
Vay dudng trung truc cua HK di qua diém cb dinh M 1a trung
diém cua BC.
8.17. (h.8.23)
a) V& diém M d6i xtmg A qua Ox.
V& diém N dbi xtmg 4 qua Oy.
Hai diém M va N 14 hai diém c6 dinh.
Poan thang MN cit Ox tai B, cat Oy tai C. Khi d6 chu vi AABC 1a
nho nhét.
That vay, vi M d6i xing v6i 4 qua Ox nén AB = MB. Vi N dbi
xtmg véi A qua Oy nén CN = CA.
Chu vi AABC=AB+BC+CA
=MB+BC+CN = MN.
Do d6 chu vi AAMN nho nhét 12 bang MN.
b) VEMH 1 AN , ta co:

Hinh 8.23

MAH =0 = 60° (hai goc c6 canh twong tmg vudng goc cung nhon) = AMH =30°.
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Xét AAMH vuéng tai H, AMH =30°nén AH = %AM = %.4 =2 cm.

Xét AHMN vuong tai H, ta co:
MN* = MH® + HN* = MH* +(HA+ AN)’
= MH? + HA> + AN* +2HA.AN
=(MH’ + HA* )+ AN® + 2HA.AN
= AM? + AN + 2HAAN =4* +2* +2.2.2 =28
— MN =+/28 5,3
Vay d6 dai nho nhét cia chu vi AABC 13 5,3 cm.
8.18. (h.8.24)
a) Phan tich

Gia sir da dyng dugc tam gidc ABC c6 dinh A4 tai vi tri 4 cho trude

co trong tam G tai vi tri G cho trude, c6 dinh Be b ,dinh C ecvéi
b, ¢ cho trudec.

Goi M la giao cua tia AG véi BC.
Tacd AM = %AG nén diém M xac dinh dugc.

Goi D 1a mot diém trén b. V& diém E d6i xtmg v6i D qua M.

Khi d6 dudng thing b’ di qua C va E 1a dudng thang d6i xtmg véi b qua M.
« Piém C thoa mén hai diéu kién: CecvaCeb'

«Piém Bebva BeBetia CM.

b) Cach dung

Dung diém M thudc tia AG sao cho AM = %AG ;

Dung dudng thang b’ d6i xtig véi b qua M, b’ cit ¢ tai C;
Dung giao diém B ciia duong thang b voi tia CM;
V& cac doan thiang AB, AC ta duoc AABC phai dung.

Cac phén con lai ban doc tu giai.

Hinh 8.24
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Chuyén dé 9:
TOAN QUY TiCH

A. Kién thirc cin nhé
1. Dinh nghia

Quy tich ciia nhitng diém c6 tinh chat T nao d6 1a tap hop tat ca nhimg diém c6 tinh chit T do.
2. Cac quy tich co ban
- Quy tich cac diém cach déu hai dau ctia mot doan thang ¢ dinh 1a duong trung tric cia doan thing do.
(1).
- Quy tich cac diém ndm bén trong mot goc va cach déu hai canh ciia goc 14 tia phan giac cua goc do. (2).
- Quy tich cac diém cach mot duong thang ¢ dinh mot khoang bang h khong ddi 1a hai duong thing
song song voi duong thang d6 va cach dudng thing d6 mot khoang bang h. (3)
- Quy tich nhitng diém cach mot diém O ¢ dinh mot khoang R khong ddi 1a duong tron tam O, ban kinh
R. (4).
3. Cach giai bai toan tim quy tich cic diém c6 chung tinh chit T nao dé
a) Phan thudn: Chirng minh rang néu diém M c6 tinh chat T thi diém M thudc mot hinh H nao do.
b) Phan ddo: Chimg minh rang néu diém M thudc hinh H thi diém M c6 tinh chat T.
¢) Két lugn: Quy tich cua diém M 14 hinh H.
4. Mot s6 luru ¥ khi giai bai toan tim quy tich.
a) Tim hiéu dé bai
Cén xét xem:
- Yéu t6 nao cb dinh ( vi trong cac quy tich co ban déu c6 noi dén yéu t6 ¢b dinh nhu diém, doan théng,
goc,....).
- Yéu té nao khong d6i ( thuong 1a khoang cach khong ddi, goc co sé do khong doi,...);
- Quan h¢ nao khong doi (vidu diém cach déu hai dau doan th'fmg, cach déu hai canh ciia mot g6c,...);
- Yéu t6 nao chuyén dong ( diém nao c6 vi tri thay ddi, lién quan dén diém phai tim quy tich nhu thé
nao?).
b) Du dodn quy tich.
V& nhép vai vi tri ctia diém can tim quy tich ( thuong 1a v& ba vi tr).
- Néu ba diém nay thang hang thi ta du doan quy tich 1a duong thang ( duong thing song song, dudng
trung truc, tia phan giac,...).
- Néu ba diém khong thiang hang thi quy tich c6 thé 1a dudng tron.
¢) Gioi han quy tich
C6 nhiéu bai toan quy tich can tim chi 1a mot phén cua hinh H, phﬁn con lai khong théa man diéu kién
ctia bai toan, ta phai loai trir phan nay. Lam nhu véy goi 1a tim gi6i han ctia quy tich.

Viéc tim gidi han ctia quy tich thudng 1am sau phan thuan, trude phan dao.
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B. Mt s6 vi du
Vi du 1: Cho tam gisic ABC va D la mot diém di dong trén canh BC. V& DE//AB, DF//AC
<E € AC, Fe AB) . Goi M 1a trung diém cta EF. Tim quy tich ctia diém M.
Gidi (h.9.1)
a) Phan thuan
Ta giac AEDF c6 DE//AF, DF//AE nén la hinh binh hanh.
Suy ra AD va EF cit nhau tai trung diém ctua mdi dudng. Vay trung diém
M cua EF ciing 1a trung diém cua AD. };4

Vé MK L BC, AH L BC. /F N\ HE

Do AH c6 dinh nén AH c6 do dai khong doi. B

1 ;. b
Xét AAHD c6 MK 1a dudng trung binh, MKZEAH ( khong dbi). Hinh 9.1
Diém M cach dudng thing BC c¢b dinh mot khoang %AH khong d6i nén diém M nam trén duong thing

xy//BC va cach BC mot khoang %AH . (xy nam trén ntra mit phang bo BC ¢6 chira A).

Gidi han: Khi diém D di dong t&i diém B thi diém M di dong t6i trung diém P cua AB. Khi diém D di
dong toi diém C thi diém M di dong t6i trung diém Q ctia AC. VAy M chi nam trén dudng trung binh PQ
cua tam giac ABC.

b) Phan déo

Liy diém M bit ki trén doan thiang PQ. V& tia AM cat BC tai D. V& DE // AB, DF // AC
<E € AC, Fe AB) . Ta phai ching minh M 1a trung diém ctia EF.

That vay, xét tam gidc ABC c6 PQ // BC va PA = PB nén MA = MD.

T giac AEDF 1a hinh binh hanh nén hai duong chéo cit nhau tai trung diém cta mdi duong. Do M 1a
trung diém ctia AD nén M 1a trung diém cta EF.

¢) Két luan

Vay quy tich ctia diém M 1a duong trung binh PQ ctia tam giac ABC.

Nhin xét: Diém M 1a trung diém cua EF. Pay 1 tinh chdt ban dau cua diém M, chua phai tinh chdt co
ban theo cac quy tich (1), (2), (3), (4). D6 d6 chua thé van dung dé tra 16i diém M nam trén hinh nao.

Ta di giai quyét van dé nay bang cach bién d6i tinh chat ban dau cua diém M lan luot nhu sau:

M la trung diém ciia EF ( tinh chét ban dau)

= M la trung diém cta AD ( tinh chét T”)

= M cach duong thang BC ¢b dinh mot khoang khong ddi bang ATH ( day méi 1a tinh chét co ban cia

diém M)
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= M nam trén duong thang xy // BC va cach BC mét khoang ATH

Nhu vay ta phai chuyén tinh chdt ban dau cta diém M qua céc tinh chat trung gian dén finh chdt co ban
ctia diém M rdi theo cac quy tich co ban tra 161 diém M nam trén hinh nao.
Vi du 2: Cho goc vudng xOy, diém A ¢ dinh trén tia Ox, diém B di
dong trén tia Oy. V& hinh chit nhat AOBC. Goi M 1a giao diém cua hai

dudng chéo AB va OC. Tim quy tich diém M. ’ t
Giai (h.9.2) Bi< = C
a) Phan thuan \“:,,,:!;]’
M la giao diém hai dudong chéo cua hinh chit nhat nén MO = MA. il - T .
Piém M cach déu hai diu cua doan théng OA cb dinh nén M nam trén = M, A -
duodng trung truc cua OA. Hinh 9.2

Gidi han: Khi diém B tién dan t6i diém O thi diém C tién dan dén diém A. Khi d6 diém M tién dan dén
M, la trung diém cua OA. Khi diém B ra xa vo tan thi diém M cling ra xa voO tan. Vay M nam trén tia
Mt thugc dudng trung truc ciia OA, tia nay nam trong goc xOy, trir diém M, .
b) Phan dao
Liy diém M bét ki trén tia M,t. Vé tia AM cit tia Oy tai B. V& hinh chit nhat AOBC. Ta phai chiing
minh M 1a giao diém ctia hai duong chéo.
That vay, xét AAOB ¢6 M t//OB ( vi cung vudng goc voi OA).
Mit khéc, M,0 =M, A nén MA=MB. Vay M la trung diém cta AB
= M ciing la trung diém ctia OC ( vi AOBC 12 hinh chit nhat).
¢) Két luan
Vay quy tich ctia diém M 14 tia M.t thudc dudng trung truc ciia OA, tia nay nam trong goc xOy, trir diém
M, .
Vi du 3. Cho goc vudng xOy. Diém A ¢b dinh trén tia Ox sao cho OA = 2cm. Diém B di dong trén tia
Oy. V& tam gidc ABM vudng can tai M trong d6 M va O thudc hai ntra mit phing d6i nhau bd AB. Tim
quy tich ciia diém M.

Gidi (h.9.3)
a) Phan thuan

—

V& MH | Ox, MK 1 Oy ta dugc HMK =90°.
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Mat khac, A/]\E% =90° nén Pﬁ/]?( = 15/1\3 (hai goc co canh tuong tmg vudng  x {

gbc cung nhon). H s

AHMA = AKMB ( canh huyén, goc nhon). A <

Suyra MH = MK . M, N

Piém M nim trong goc xOy va cach déu hai canh cua goc d6 nén diém M nam  © K B ¥

trén tia phan giac Ot cua goc xOy. finsise

Gidi hgn: Khi diém B tring v6i diém O thi diém M trung véi diém M, (M, ndm trén tia Ot va
OM, = \/5 cm). Khi diém B ra xa v6 cung thi diém M ra xa v6 cing. Vay M nam trén tia M.

b) Phan dao

Lay diém M bat ki trén tia M ¢t. Tir M v& mot dudng thang vudng géc véi MA cit tia Oy tai B. Ta phai
ching minh AABM vuodng can tai M.

—

That vay, vé MH 1 Ox, MK 1 Oy taco MH = MK va HMK = 90°

= HMA = Ia/l\B (hai goc c6 canh tuong tng vudng gbéc cung nhon).
Do d6 AHMA = AKMB (g.c.g) = MA= MB.

AABM vudng tai M c6 MA = MB nén la tam gidc vudng can.

¢) Két luan

Viy quy tich cta diém M 1a tia M | nam trén tia phan giac cua goc xOy.

Vi du 4. Cho hinh binh hanh ABCD, canh AB ¢4 dinh, BC = 2cm. Tim quy tich giao diém O cta hai

duong chéo.

Giai (h.9.4)
a) Phan thuan
Goi M 14 trung diém cua AB. m
Do AB c6 dinh nén M 1a diém c6 dinh. A M >
O 1a giao diém hai duong chéo ciia hinh binh hanh /
= 0A=0C. N '

D C

Vay OM Ia duong trung binh cuia AABC il 154

:>0M:%BC: lem.

Diém O cach diém M cd dinh mot khoang 1 cm nén diém O nam trén duong tron tim M, banh kinh 1 cm.

Gidi han: Viba diém O, A, B khong thang hang nén diém O ndm trén dudng tron tim M, ban kinh lcm
trir giao diém cua duong tron nay véi dudng thing AB.

b) Phan déo

Liy diém O bét ki trén duong tron tim M, ban kinh lcm thi OM = lem. V& diém C ddi xtimg voi A qua
0, x& diém D d6i xtmg v6i B qua O. Ta phai chimg minh t&r giic ABCD 1a hinh binh hanh va BC = 2cm.

Trang 4



That vay, t gidc ABCD c6 hai dudng chéo cét nhau tai trung diém ciia méi dudng nén 14 hinh binh hanh.
OM Ila duong trung binh cua tam gidc ABC nén = OM = %BC = BC=2.1=2cm.

¢) Két luan
Quy tich cua diém O 1a duong tron tim M ban kinh lem trir giao diém cta duong tron nay voi dudng

thang AB.

C. Bai tap van dung

e Puodng thang song song

9.1. Cho hai dudng thang a va b song song v&i nhau va cach nhau 2cm. Tim quy tich nhitng diém M c6
téng khoang cach dén a va b 1a 4cm.

9.2. Cho goc vudng xOy va mot diém A c6 dinh trén tia Ox sao cho OA = a. Piém B di dong trén tia Oy.
V& viao trong goc vudng ndy tam giac ABC vudng can tai A. Tim quy tich cta diém C.

9.3. Cho doan thing AB va mot diém C nam giita A va B. Trén cling mot nira mit phang bo AB v& cac
tam giac DAC va EBC vudng can tai D va E. Goi M I trung diém cta DE. Tim quy tich ctia diém M khi
diém C di dong giira A va B.

9.4. Cho doan thang AB va mot diém C nim giira A va B. V& cic tam giac déu DAC va EBC trén cing
mot nira mit phang bd AB. Goi M 1 trung diém cta DE. Tim quy tich cia diém M khi diém C di dong
gitra A va B.

9.5. Cho tam giac ABC cén tai A. Mot diém D di dong trén day BC. Pudng thang vudng goc véi BC vé
tir D cét cac duong thing AB va AC lan luot tai E va F. Goi M 1a trung diém cua EF. Tim quy tich cua
diém M.

e Puwong trung tryc va dwong thing vudng goc

9.6. Cho goc vudng xOy va mot diém A & trong goc d6. Mot goc vudng dinh A quay quanh A, mot canh
cit Ox tai B, canh kia cét Oy tai C. Goi M 1a trung diém cua BC. Tim quy tich cua diém M.

9.7. Cho hinh chit nhat ABCD. Goi M 1a mét diém & trong hinh chit nhat hodc trén cac canh cua no

1) Ching minh rang MA?+MC? = MB*4+ MD?;

2) Tim quy tich ctia diém M néu MA +MC = MB+ MD .

9.8. Cho tam giac déu ABC. Trén nira mat phang bd BC ¢6 chira A vé tia Bx 1. BC va trén d6 1dy mot
diém D. V& tam giac déu CDM (M va B thudc hai nira mit phang d6i nhau bd CD). Tim quy tich cua
diém M khi D di dong trén tia Bx.

e Tia phan giac

9.9. Cho hinh vudng ABCD. Trén tia ddi ctia tia AD ldy diém E di dong. Trén tia d6i cua tia BS lay diém
F di dong sao cho DE = BE. V& hinh binh hanh ECFM. Héi diém M di dong trén dudng nao?
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9.10. Cho ta giac ABC vuong tai A. Doi D va E lan luot 1a cac diém di dong trén hai canh AB va BC sao
cho BD = BE. Tir E v& mot dudng thang vudng goc voi DE cit AC tai F. Goi M 1a trung diém cta DF.
Tim quy tich cua diém M.

9.11. Cho goc xOy ¢6 s6 do bing 60°. Mot hinh thoi ABCD c6 canh bing a, B = 60°, dinh B di dong
trén tia Ox, dinh D di dong trén tia Oy, hai diém A va O thudc hai nira mat ph'fmg ddi nhau b BD. Tim
quy tich cua diém A.

e Dudng tron

9.12. Cho hinh vuéng ABCD canh 4cm. Tia Dx nim gitta hai tia DA va DC. V& tia phan giac cta goc
ADx cit AB tai E, tia phan giac cua goc CDx cat BC tai F. Tia Dx cat EF tai M. Hoi khi tia Dx quay
quanh D tir vi tri DA dén vi tri DC thi diém M di dong trén dudng nao?

9.13. Cho goc vudng xOy. Mot doan thing AB = 2a khong ddi, c6 A €Ox va beOy. Tim quy tich
trung diém M cua AB.

9.14. Cho hinh binh hanh ABCD canh CD ¢6 dinh, AC = 2cm. Tim quy tich cua dinh B.
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Huwéng din giai

9.1 (h.9.5)

e Xét truong hop diém M nam trén nira mat phiang bo a khong chira b.

a) Phan thuan M d

V& MH L a, duong thang MH cit b tai K. a—f1 ll"'

Ta c6: MH + MK = 4cm; MK — MH =2cm . " i
[

Suy ra: MH:(4—2):2:1cm. o K_I r:,K

DPiém M nim trén nira mit phang bo a khong chtra b va cach a 1a ? o

lcm nén diém M nam trén duong thang d song song voi a va cach a Hinh 9.3

la lem.

b) Phan dao

Lay diém M bat ki trén duong thang d. V& MH L a cit duong thang d tai K.

Ta co6: MH = 1cm; HK =2cm = MK =3cm . Do d6 MH + MK = 4cm .

¢) Két luan

Vay quy tich ctia diém M la duong thiang d // a va cach a 1a Iem ( d nam trén nira mit phang bo a khong
chtra b).

e Xét truong hop diém M nam trén nira mit phiang bo b khong chua a.

Ciing chirng minh tuong tu nhu trén, ta dugc quy tich cua diém M 1a dudng thang d’// b va cach b 1a
lcm (d' ndm trén nira mit phang bo b khong chira a).

Két hop ca 2 trudng hop trén ta duoc: Quy tich ciia diém M 14 hai duong thang d va d’ nam ngoai phan
mat phang giéi han boi a va b sao cho d// a va cach ala lem; d’// b va cach b 1a lem.

9.2 (h.9.6)

a) Phan thuan

Vé CH L Ox tadugc 6‘\1 = ;l\l (cung phu véi ;X; ).

AHAC = AOBA ( canh huyén, goc nhon) = CH =0A=a.

Diém C cach duong thang Ox mot khoang bang a nén C nam trén duong thing d//Ox va cach Ox mot
khoang a cho trudec.

Gi6i hgn: Néu B tring voi O thi C tring voi C, (C,ed va
CALOA). Néu B ra xa v cung thi diém C ciing ra xa vo cing. Vay

diém C nam trén tia C,t cua duong thang d.

b) Phan dao

Lay diém C bat ki trén tai C,t. V€ doan thang AC.
T A vé AB L AC(B€Oy). Ta phai ching minh tam giac ABC Hinh 9.6
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vuong can tai A.

That vay, vé CH L Ox.

AHAC va AOBA ¢6: H=0=90%HC =0A=a,C, = A, (cling phu véi A, ).
D6 d6 AHAC = AOBA (g.c.g) AC=AB.

Vay AABC vuong tai A.

¢) Két luan: Vay quy tich cua diém C 12 tia C,t//0x va cach Ox mot khoang bang a.

9.3. (h.9.7) fnk

a) Phan thuan | /%%XHQ :
Goi O la giao diém cua hai tia AD va BE. / ¥ h AN
Nhu vay O 13 mot diém cé dinh. i o "f{ e X
Xét AAOB ¢6 A= B =45° nén AOB =90°. Hinh 9.7

T gidc OECD c6 ba goc vuong nén la hinh chir nhat.
Hai duong chéo DE va OC cit nhau tai trung diém ctia mdi duong nén trung diém M cua DE ciing 13

trung diém cua OC.

V& OH 1 AB, MK | AB thi MK la duong trung binh cuia AOHC, suy ra MK = %OH .

DPiém M cach duong thing AB cho truéc mot khoang la OTH nén diém M nam trén duong thang

xy//AB vacach AB la %

Gidi han: Khi diém C di dong dan toi A thi diém M dan t6i trung diém P ciia OA. Khi diém C di dong
dan t6i B thi diém M dan t6i trung diém Q ciia OB. Vay diém M chi di dong trén duong trung binh PQ
ciia AOAB (trir hai diém P va Q).

b) Phan déo

Liy diém M bat ki trén doan thang PQ (M khong trang voi P, Q). V& tia OM ciat AB tai C. V&
CD 1 OA, CE 1 OB . Ta phai chung minh cac ADAC, AEBC vudng can va M la trung diém cta DE.
That vay, xét AOAB c¢6 OP = PA, PQ//AB nén MO = MC.

Xét ADAC vudng tai D co ;X =45° nén la tam giac vudng can tai D.

Tuong tu, AEBC vuodng can tai E.

Tt gidc OECD c6 ba goc vudng nén 1a hinh chir nhat. Do d6 hai dudng chéo cit nhau tai trung diém cua
mdi dudng.

Mit khac, M 14 trung diém ctia OC nén M ciing 14 trung diém cua DE.

¢) Két luan

Viy quy tich cta diém M la dudng trung binh PQ cta tam giac OAB trir hai diém P va Q.
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9.4 (h.9.8) .

Goi O 1a giao diém ctia hai tia AD va BE. 1.

Nhu vy O I diém c6 dinh, J nk lﬁ S
Giai twong tu nhu bai 9.3, ta dugc quy tich cua diém M 1a duong trung -_;r’ : \_ Hlljj‘fx
binh PQ cia AOAB trir hai diém P va Q. i \‘_li_f” .
9.5. (h.9.9) Hinh 0.8

a) Phan thuan

Vé AH | BC thi AH//DE va ;\\1 = ;\; (tinh chat ctia tam giac can).

Ta co: ;:\1 = ;l\l (cap gobc so le trong); ;7: = ;1; (cap goc dong vi).

Vi ;1\1 :;X; nén El:;l Suy ra AAEF can.

Taco: ME=MF = AM | EF .

Tt gidc AHDM c6 ba goc vuong nén 1a hinh chit nhat = MD = AH

(khong dbi).
Diém M cach dudng thang BC cho trudc mot khoang bang AH nén diém

M nam trén duong thang xy / BC va cach BC mot khoang bang AH.

Hinh 9.9

Gidi han: Khi diém D tring voi B thi E trung v6i B va diém F trung véi

F (F, ndm trén tia CA va AF, = AC). Khi d6 diem M tring v6i M, (M, la giao diém cta xy véi BF).
Tuong tu, khi diém D tring v6i C thi diém M trung véi M, . Vay M chi nim trén doan thang M M, cua
duong thang xy.

b) Phan dao

Liy diém M bat ki trén doan thang M M, . Qua M v& mot duong thang vudng goc voi BC cat BC, AB,
AC lan luot tai D, E, F. Ta phai chung minh M 1a trung diém cua EF.

That vay, tor gidc AHDM c6 hai cip canh d6i song song nén 13 hinh binh hanh. Hinh binh hanh nay c6
H =90° nén 12 hinh chi¥ nhat, suy ra M = 90°.

Ta co: EZ\I:XI,%I:XZ ma ;l\l:;\; nén EI:IAVI.Dod() AAEF can.

Vi AM la dudng cao nén ciing 1a dudng trung tuyén = ME = MF .

¢) Két luan

Viy quy tich cta diém M la doan thing M M, cia duong thang xy // BC va cach BC mot khoang AH.
9.6. (h.9.10)

a) Phan thuan

V& cac doan théng MO, MA ta duogc:

MOzMA:%BC.
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biém M céach déu hai dau cua doan thang OA c6 dinh nén diém M nam

trén duong trung tryc ciia OA. x
Gidi hgn: Xhi diém C di dong t6i diém O thi diém B di dong téi B, =
(AB, L AO), khi d6 diém M di dong t6i M, la trung diém cia OB,. B
Khi B di dong dén t6i O thi diem C di dong t6i C,(AC, L AO), khi d6 M M A
diém M di dong t6i M, 13 trung diém cia OC, . Vay diém M chi di dong v
o C M, v

trén doan thang M M, .
b) Phin dio Hinh 9.10
Ly diém M bat ki trén doan thang M M, . Trén tia Ox ldy diém B (B = 0 ) sao cho MB = MA . Tia BM
cit Oy tai diém C. Ta phai chimg minh AABC vudng tai A va M 14 trung diém cta BC.

That vy, ta c6: MB=MA ma MO = MA (vi M nam trén dudng trung truc cia OA) nén MB = MO . (1)
— AMOB cin = B, =0, .

Xét AOBC vuéng tai O c6 B, + BCO =90° = O, + BCO = 90°

= MOC = MCO (vi cing phy véi 0,) = AMOC can = MO = MC . (2)

Tir (1) va (2) suy ra MB = MC . Vay M 1a trung diém cua BC.
Xét AABC c¢c6 MA=MB = MC nén MA= %BC = AABC vudng tai A.

¢) Két luan

quy tich ctia diém M 1a doan thang M M, thudc duong trung truc cia OA.

9.7. (h.9.11)

1) Chimg minh MA*> + MC* = MB*> + MD” . (1)

Qua M v& dudng thang vudng goc v6i hai cap canh ddi cua hinh chit nhat rdi dung dinh 1y Py-ta-go dé
chirng minh.

2) Tim quy tich ctia diém M A B

a) Phan thuan M
Taco: MA+ MC = MB+ MD (2)

2 2
Suyra (MA+MC) =(MB+ MD)

2 2 _ 2 2 D \
= MA"+MC” +2MA.MC =MB” +MD" +2MB.MD Hinh 911

= 2MA.MC =2MB.MD (3)
Tur (1) va (3) ta c6: = MA® + MC?> —2MA.MC = MB*> + MD*> —2MB.MD

= (MA—MC) =(MB— MDY
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Suy ra MA— MC = MB—MD (4) hoic MA— MC = MD — MB (5)

. Tir (2) va (4) ta co: {ng Zg z Zg J:Zg
Do d6: 2MA =2MB = MA = MB.

Vay diém M nam trén dudng trung truc cua AB.
MA+MC = MB+MD

o Tur (2) va (5) ta co; .
MA—-MC =MD —-MB

Do d6: 2MA =2MD = MA = MD A‘ E B
Viay diém M nam trén duong trung tryc cua AD. M N | : M,’/,
Gidi han: Vi M nim trong hinh chit nhat hodc trén cac canh G ¥ ’,:"\\ H
clia n6 nén M nam trén hai doan thang EF va GH ndi trung e gl Ry
diém hai cap canh dbi dién cua hinh chix nhat. D F C
b) Phén ddo (h.9.12) Hinh9.12

Ly diém M bat ki trén doan thang GH.

Khi d6 MA= MD; MB= MC .

Viy MA+MC = MB+ MD .Néu M € EF ta ciing c6 két qua trén.

¢) Két luan: Quy tich ciia diém M 1a hai doan thang EF va GH ndi cac trung diém cua hai cap canh dbi
dién cua hinh chir nhat.

9.8. (h.9.13)

a) Phan thuan
AMAC va ADBC c6: MC =DC; C, = C, (vi ciing cdng v&i ACD cho 60°); CA=CB .

Vay AMAC = ADBC (c.g.c) y
— X M
= MAC = DBC =90°. Suyra MA 1 AC tai A. ;

Do d6 diém M niam trén mot dudng thang di qua A va vudng goc véi D
AC.
Gidi han: Khi diém D tring voi B thi diém M trung véi A. Khi diém

D ra xa v6 cung thi diém M cling ra xa vo cung. Vay diém M chi nam B 2N
trén tia Ay. Hinh.9.13
b) Phan dao

Ly diém M bat ki trén tia Ay. V& doan thang MC. Trén tia Bx 14y diém D sao cho CD = CM.
Ta phai chimg minh AMCD déu.

That viy, AMAC va ADBC ¢6: A= B =90%CM =CD; CA=CB.
Do d6 AMAC = ADBC (canh huyén, canh goc vudng).

Suy ra 51:52:»1\75=13/C71=60°.
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o —

AMCD cin c6 MCD = 60° nén la tam giac déu.

¢) Két luan.

Quy tich ctia diém M la tia Ay 1. AC (tia Ay nam trén nira mit phang bo AC khong chira B).
9.9. (h.9.14)

ADCE = ABCF (c.g.c) = CE=CF v C, =C, .

Ta cé: C, +BCE =90° = C, + BCE = 90°.

X
S— M
Hinh binh hanh ECFM ¢6 CE = CF va ECF =90° nén ECFM la K| pr
hinh vuéng -y \‘\
= ME = MF . gl "
—_— A L
V& MH 1 AB, MK | AD ta dugc MHK =90°. A B \"F
\\ H e -
Mit khac, EMF =90° nén HMF = KME (hai goc c6 canh tuong \‘\ ’,”
LY -
rng vudng goc cung nhon). D N é’
Suy ra AHMF = AKME (canh huyén, goc nhon)
Hinh.9.14
= MH = MK .

Diém M niam trong goc vudng EAB va cach déu hai canh ctia goc ndy nén M nam trén tia phan giic Ax
cua goc EAB.

Luu y: Bai toan khong hoi quy tich ciia diém M, ma chi hoi diém M nam trén duong nao do d6 trong 16
giai chi trinh bay noi dung ctia phan thuén.

9.10 (h.9.15)

. ; 1
Xét AEDF vuong tai E c6 EM la duong trung tuyén nén EM = EDF =DM .

ABDM = ABEM (c.g.c) = B, =B, .

Vay diém M nam trén tia phan giac Bx cua goc B.
Gioi han:

« Khi diém D tring v6i A thi diém M tring v6i diém M, (M, 1a giao diém cia tia Bx véi AC)
« Khi diém D tring v6i B thi diém M tring véi diém M, (M, 1a trung diém cia BM,).

b) Phan dao

Lay diém M bét ki trén doan thing MM, .

Lay diém D trén canh AB sao cho MD = MA. (1)
Lay diém E trén canh BC sao cho BE = BD.

Tia DM cit canh AC tai F.
Ta phai ching minh M 1a trung diém cta DF va EF | DE

Hinh.9.15
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That viy, ABMD = ABME (c.g.c) = MD = ME . (2)

AMAD cin =D, =A .

Taco: D, +F =90% A +A =90° ma D, = A nén F = A,

= MF = MA (3)

Tu (1), (2), (3) suyra: MD = ME = MF .

Vay M 1a trung diém ctiia DF va ADEF vuéng tai E = EF | DE .

¢) Két luan: Vay quy tich ctia diém M 1a doan thang M M, cua tia phan gidc cua goc B.
9.11. (h.9.16)

a) Phan thuan

V& AH 1 Ox, AK L Oy. Khi do

—

HAK =180°—60°=120°

Mit khac, BAD = 180° — 60° = 120°

Nén HAK = BAD = A = A, .
AHAB = AKAD (canh huyén, gdc nhon) Hini .0.16

= AH = AK

Piém A nam trong goc xOy va cach déu hai canh ciia goc xOy nén A nam trén tia phan giac Or cua goc
xOy.

Gidi hgn: Khi diém B tring véi O hogc khi D tring véi O thi diém A tring v6i A, (A, €Ot va cach O
mot khoang OA =a). Khi AB L Ox thi AD 1L Oy, diém A trung véi A, (A, €0t va cach O mot
khoang OA, =2a).

b) Phan déo

Lay diém A bat ki trén doan thang AA, . V& AH 1 Ox, AK L Oy thi AH = AK (tinh chat tia phan giac).
Trén doan thang HO 14y diém B, trén tia Ky iy diém D sao cho AD = AB = a. V& hinh binh hanh ABCD,
ta phai chimg minh ABCD 1a hinh thoi canh a, B=60°.

That vay, hinh binh hanh ABCD c6 AB = AD = a nén d6 1a hinh thoi canh a.

AHAB = AKAD (canh huyén, canh goc vudng) = ;1\] = ;l:

. BAD = HAK —=180°— 60° = 120°. Do d6 B = 180° —120° = 60°.

¢) Két luan

Viy quy tich ctua diém A 13 doan thang A /A, thudc tia phan giac Ot cua goc xOy.
9.12 (h.9.17)

Taco: D,=D,, D, =D,
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= D,+D, =D, +D, =90°:2=45° N__A L B

Trén tia db6i cua tia AB ldy diém N sao cho /x
AN =CF . M
AADN = ACDF (c.g.c)

— DN =DF va D, =D, . | F
Dodé D, + D, =D, + D, = 45°. 22 .
Suy ra ]VDTE: I«TDE:45°_ Hinh9.17

—

ANDE = AFDE (c.g.c) = NED = FED

Do d6 ADAE = ADME (c.g.c) = DM = DA =4cm.

Diém M cach diém D cho trudc mot khoang khong doi 1a 4cm nén diém M nam trén dudng tron tam D,
ban kinh 4cm.

9.13 (h.9.18)

a) Phan thuan

) 1 . : .
V& doan thang OM ta c6: OM = EAB = a (tinh chat trung tuyén cua tam giac vuong).

Diém M cach diém O cho truéc mot khoang a cho trude nén M nam trén dudng tron tim O, ban kinh a.

Gioi han:
2 2 X
o Khi diém B di dong t6i O thi A toéi diém A €Ox va
Ali
OA, =2a. Khi d6 diém M di dong t61 M, la trung diém cua
OA,. A
2 : . o M,
e Khi diém A di dong t6i O thi B téi diem B €Oy va M
OB, =2a. Khi d6 diém M di dong t6i M, 1a trung diém cua ] X
2
OB,. = M, B B ¥
Hinh.9.18

Vay M nim trén cung M M, cta duong tron tim O, ban kinh a.

b) Phan déo

Ly diém M bat ki trén cung MM,.

Trén tia Ox lay diém A sao cho MA = MO (1)

Tia AM cit tia Oy tai B. Ta phai chirg minh M 1 trung diém ctia AB va AB = 2a.
That viy, vi MA = MO nén AMOA nén = A =0, .

Xét AAOB vudng tai O c6 A + B, =90°= 0, + B, = 90°

:>6;:1/9; (cung phu véi 51)
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Do d6 AMOB can MB= MO . (2)

T (1), va (2) suyra: MA=MB=MO =a.Do do: AB=2a
¢) Két luan

Quy tich cua diém M 1a cung M M, cua duodng tron tdm O, ban kinh a
9.14. (h.9.19)

a) Phan thuan

Goi O 1a diém ddi xtmg véi D qua C thi O 1a mot diém cb
dinh.

T giac ABOC ¢6 AB // OC; AB = OC (vi cung bang CD)
nén ABOC 1a hinh binh hanh = OB =AC =2cm.

biém B cach diém O c¢6 dinh mdt khoang 2cm nén di€ém

B nam trén dudng tron tdm O ban kinh 2cm.

Gidi han: Vi B, C, D khong thang hang nén B nim trén

Hinh.9.19

duong tron tim O, ban kinh 2 cm trir giao diém cia duong

tron ndy véi dudng thang CD.

b) Phan 4o

Ly diém B bat ki trén dudng tron tdm O ban kinh 2cm (trir cac giao diém ciia dudng tron nay véi duong
thang CD). Suy ra OB = 2cm. V& hinh binh hanh ABCD. Ta phai chimg minh hinh binh hanh ¢6 AC =
2cm.

That vay, AB//CD va AB=CD =-AB//CO va AB=CO.

Do do tir giac ABOC 1a hinh binh hanh, suy ra AC = OB = 2cm.

¢) Két luan

Viy quy tich cta diém B 1a dudng tron tdm O ban kinh 2cm.
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Chuong 11

PA GIAC - DIEN TiCH PA GIAC
Chuyén dé 10

PA GIAC, PA GIAC PEU

A. Kién thirc cAn nhé

1. Pa giac 16i 1a da giac ludn nam trong mot nira mit phang c6 bo 1a duong thang chira bat ki canh nao cua da

giac do.
2.Da gidc déu la da gidc co tat ca cac canh bang nhau va tat ca cac goc bang nhau
3.B6 sung

e Téng céc goc trong cua da gidc n canh (n>2)1a(n-2).180°

A 4 o A e \ (”_3)~n
e SO duong chéo cua mdt da giac n canh (n >2) la ——

e Tong cac goc ngoai cua da gidc n canh (n >2) 1a 360° ( tai mdi dinh chi chon mot goc ngoai).

eTrong mot da giac déu, giao diém O cua hai duong phan gidc cua hai goc ké mot canh 1a tdm cua da giac
deu. Tam O cach déu céac dinh, cach deu cac canh cua da gidc déu. Co6 mot duong tron tdm O di qua cac dinh

cua da giac déu goi 1a dudng tron ngoai ti€p da gidc déu.
B. Mot s0 vi du
Vi du 1. Tim s6 canh cua mot da gidc bict s6 duong chéo hon s6 canh 1a 7.
Giai
* Tim cdch giai. Bai nay biét moi lién hé gitra sO duong chéo va s6 canh nén hién nhién ching ta dat s6 canh
n (n —3)
2

ctia da giac 1a nbiéu thi so duong chéo 1a — tir do ta tim duoc s6 canh.

* Trinh bay 16i gidi



. . n.(n-3 X
bit sO canh cua da gidc la n(n>3)thi sO dudng chéo Ia (T)theo dé bai, ta co:

n.(n—3)

> —n=7<n’-51-14=0<(n+2)(n-7)=0

Vin=3nén n—7=0< n="7.Viysd canh cia da giac 1a 7.

Vi du 2. Trong tit ca cac goc trong va mot goc ngoai ciia mot da gidc ¢ sd do 1a 47058,5°. Hoi da giac d6

¢6 bao nhiéu canh?
Giai

*Tim cdach gidi. Néu ta dat n 1a sb canh, o 1a sé do mot gbc ngoai cua da thi 0° <o <180°va (n - 2).180° la

mot sO nguyén.

Do do suy ra (n — 2).180° + 0. =47058,5°, tir d6 ta co ala s6 du ciia 47058,5° chia cho . Bing cach suy ludn
nhu vay, chiing ta c6 101 gidi sau:

*Trinh bay loi gidi

Goi n 1a sb canh cua da giac (n eN,n2 3)

Téng sb do goc trong cua da giac bang (n — 2).180°

Vi tong cac goc trong va mot trong cac goc ngoai ctia da giac co sd do 1a 47058,5° nén ta co:

(n—2).180°+ a. = 47058,5° (o 1a s6 do mdt goc ngoai cua da gide véi 0° < o < 180°)

= (n - 2).180° + 0o =216.280°+78,5°

=>n-2=261=n=263
Vay s6 canh cua da giac 12 263

Vi du 3. Tong sd do ciac goc cia mot da giac n — canh trir di géc A cua nd bang 570°. Tinh s canh cia da
giacdova A.

Giai
“Tim cdch gidi. Theo cong thirc tinh tong cac goc trong, ta co: (n - 2).180° —A=570°. Quan sat va nhin
nhan, ta c6 thé nhan thiy chi c6 thém didu kién ne N, n>3 va 0° < A < 180°. Tir d6 ta c6 10 giai sau:
*Trinh bay loi gidi

Ta co: (n—2).180°— A =570° < A = (n—2).180° - 570°



Vi 0°< A <180° = 0 < (n—2).180° - 570° < 180°
< 570° < (n—2).180° < 750°

19 25

= <n—2<—<:>51<n<6l. VineNnén n=6
6 6 6

Pa gic d6 c6 6 canh va A = (6 -2).180° - 570° = 150°

Vi du 4. Mot lyc gidc déu va mot ngii giac déu chung canh AD (nhu hinh v&). Tinh cac goc cla tam gidc

ABC
Giai

*Tim cdch gidi. Vi AD la canh cua lyc giac déu va ngii giac deéu,

nén dé dang nhan ra AABD ,AACD ,ABCD la cac tam giac can

p A
dinh D va tinh dugc s6 do cac goc ¢ dinh. Do vdy AABC s¢€ tinh
dugc sd do cac goc.
*Trinh bay loi gidi
D
Theo cong thirc tinh goc cua da giac déu, ta co: B &

—  (6-2).180°

ADB = —120° = DAB = DBA = 30°

o

—  (5-2).180 —
ADC = ———— =108 = DAC = DCA =36

Suy ra: BDC = 360°—120°—108° = 132°

Ta c6: ABDC (DB = DC) can tai D. Do d6 DBC = DCB = w = 24°

Suyra BAC =30°+36°=66°, ABC = 30° +24° = 54°, BCA = 24° + 36° = 60°

Vi du 5. Cho lyc giac déu ABCDEF. Goi M, L, K lan luot 13 trung diém EF, DE, CD. Goi giao diém AK véi
BL va CM lan luot 13 P, Q. Goi giao diém ciia CM va BL 1a R. Chtrng minh tam gidc PQR 1a tam giac déu.

Giai



Céc tir giac ABCK, BCDL, CDEM c6 cac canh va cac goc déi mot bang nhau. Cac goc cua luc giac déu la
120°

Dat@(:(x :>C{B\L:D/CT/I:(1; @:B
LBA =B = CKA = EMC = DLB = = o, + B = 120°
Trong tam gidc CKQ cé 6Q7(+OL+B=180°:>@=600

L —

Trong tam gidc PBA c6 APB+a+ B =180°= APB =60°

Tir d6 suy ra: ROP = RPQ = 60°, Vay APOR déu

Vi du 6. Cho bat gisc ABCDEFGH c6 tit ca cac goc bang nhau, va do dai cac canh 1a s nguyén. Chimg

minh rang cac canh doi dién cua bat giac bang nhau.
Giai

Céc goc cua bat giac bang nhau, suy ra so do cia moi goc la
C N

(8-2)180° M__B
I
Kéo dai canh AH va BC cét nhau tai M. Ta c6: h d D
H E
MAB = MBA = 180° —135° = 45° suy ra tam giac MAB la tam giac X f %
vuodng can. Q G F P

Tuong tu cac tam gidc CND, EBF,GQH ciing 1a cling 1a cac tam giac vudng can, suy ra MNPQ Ia hinh chir
nhat.

bait AB=a; BC=b;CD=c; DE=d; EF=¢; FG=f,GH=g; HA=h
Tu cac tam giac vudng can, theo dinh ly Py-ta-go, ta co:

MB=-1 cN="%néen MN=-L+p+

V2’ V2 22

Tuong tu PQ=i+f+

8
V2 2



+f+iz>i(a+c—e—g):f—b

NCRRANG)

Do MN = POnén- 4+ h+ - =S

V200 2 2

Do fva b la s6 nguyén nén vé phai ciia dang thure trén 1a s6 nguyén, do do6 ve trai 1a s6 nguyén. V¢ trai chi cé

thé bang 0, tirc 1a £ =b, hay BC = FG. Tuong tu ¢4 AB = EF, CD = GH, DE = HA.

Nhan xét. Dua vao tinh chét s hitu ty, sb vo ty ching ta dd giai duoc bai toan nén trén. Ciing véi ki thuat
do, chung ta co thé giai dugc bai thi hay va kho sau: Cho hinh chitr nhat ABCD. Léy E, F thudc canh AB; G,
H thudc canh BC; LJ thudc canh CD; K, M thudc canh DA sao cho hinh 8 — gidc EFGHIJKM c6 céc goc
bang nhau. Chimg minh ring néu d6 dai cac canh ctia hinh 8 — giac EFGHIJKM la céc s6 hitu ti thi EF =1J

(Tuyén sinh I6p 10, THPT chuyén, tinh Hung Yén, nam hoc 2009-2019)

C. Bai tap van dung

10.1. S6 duong chéo ciia mot da giac 1on hon 14, nhung nho hon 27. Héi da gidc d6 bao nhiéu canh?
Giai

Goi sO canh da giac lan, diukiéu ne N, n>3

) n(n—3) 5
Ta co: 14<T<27<:>28<n -3n<54

1Y 37 (15 11 3 15
S|l—| <|ln—-—=| <|—| &©&—<n—-—=<—

2 2 2 2 2 2
& T<n<9 < n=8
10.2. Tong s6 do cac goc ciia mot da gidc n — canh trir di goc A ctia né bang 2570°. Tinh sb canh cia da giac
dova A.

Giai

Téng cac goc trir di mot goc ciia da gidc bang 2570° nén:

(n—2).180°— A = 2570°.
& A=(n-2).180°-2570°

Vi 0°< A <180° = 0 < (n—2).180° - 2570° < 180°



<:>16i<n<17i.VineN:>n=l7
18 18

Vay da giac d6 c6 17 canh.

10.3. Cho AABC c6 ba goc nhon va M 1a diém bat ki nam trong tam giac. Goi A,; B,; C,la cac diém dbi

xtng voi M 1an luot qua trung diém cac canh BC, CA, AB.

a) Chimng minh céc doan AA,; BB,; CC,cung di qua mot diém.

b) Xac dinh vi tri diém M dé luc giac AB,CA,BC,c6 cac canh béng nhau.
Giai

a) Ta c6: AMBC, ; BMCA, va CMAB, la céc hinh binh hanh.

Suy ra cac duong chéo AA,; BB,; CC, dong quy (xem bai 7.7).

b) Theo tinh chat cac hinh binh hanh, ta co:

AC, = AC=MB;AB = AB=MC;BC, =BC =AM

Al

Pé hinh lyc giac AB,CA BC, c6 cac canh bang nhau thi MB = MC = AM hay M 1a giao diém ba duong trung

truc cua tam giac ABC.

10.4. Mot ngii giac déu co 5 duong chéo va nhom 5 dudng chéo nay chi co6 mot loai do dai (ta goi mdt loai do
dai 13 mot nhom cac dudng chéo bang nhau). Mot luc gidc déu c6 9 duong chéo va nhom 9 duong chéo nay

c6 2 loai dg dai khac nhau (hinh vé).

Xét da giac déu c6 20 canh. Hoi khi d6 nhém cac duong chéo c6 bao nhiéu loai do dai khac nhau?



Giai

Xét cac duong chéo xuat phat tir cing mot dinh. Ta chon mot dinh nao d6 rdi danh sé 1, cac dinh tiép theo

theo chiéu kim ddng hd danh 1an luot s6 2,3,....

Puong chéo ngin nhét 13 dudng chéo ndi dinh 1 véi dinh 3. Pudng chéo dai nhat 1a duong chéo ndi dinh 1

voi dinh 11. T @6 ta c6 9 loai do dai khac nhau.
10.5. Cho ngii gi4c 16i ABCDE c0 tét ca cac canh bang nhau va ABC =2DBE . Hay tinh ABC .
Giai

Tact: DBE =L 4BC =5 +5, =L45C (1)

A

E

ViEA = AB = AEAB cin /
|
:>E B :>B —90°—@
2 B

Vi CB=CD = B, _900—? ! -

D

Thay vao (1) ta duogc:

90° — EAB 90°—BC—D=1@I‘
R 2 2

.= EAB+ ABC + BCD =360°
Téng cac gdc cua ngii giac bang 540°.
= CDE + DEA = 540° - 360° = 180°.

D +E —900—% 90°—DTEA—90°:>ADLCE

Mit khac AEAD cén tai E, ACDE can tai D ma AD L CEnén AD va CE cit nhau tai trung diém mdi duong
= AEDC la hinh binh hanh

— AC = DE = AB = BC = CA = AABC d&u = ABC = 60°



Vay ABC = 60°

10.6. Cho ngii giac ABCDE c6 cic canh bang nhau va A=B=C.

a) Chtirng minh tur gidc ABCD Ia hinh thang can.
b) Chimg minh ngii giac ABCDE 1a ngii giac déu.
Giai
a) AABC va ABCD ¢6 AB = BC ; ABC = BCD; BC = CD
= AABC = ABCD(c.g.c) = AC = BD.
AABD va AACD c6 AB = DC ; AC = DB; AD chung
= AABD = AACD(c.g. c) — BAD = CDA
= ABAH = ACDK = BH =CK = BC//CD
= ABCD Ia hinh thang can
b) Chirng minh tuong tu cau a, ta c6 ABCE la hinh thang can.
Ta co: AABCcén:>§4\C:B/C7\,mé 2&:6 :>5475:A/C\D
= AAEC = ACDA(c.g.c) = ACDE la hinh thang can
(Chting minh tuong tu cau a)
Ta co:
AB [/ CK (ABCD la hinh thang cén)
BC// AK (ABCE la hinh thang céan)
ma: AB = BC
Suy ra ABCK I hinh thoi= A =C, =C,

ACDE la hinh thang can




—~~ —~ —_~  ~

=C,=E, =E =C = =C,

— AABC = ACDE = ABC = CDE

Chirng minh tuong tu, ta dugc: BAE = AED

Dodé: A=B=C=D=Evi AB=BC=CD=DE = EA(gt)

— ABCDE la ngii giac déu

10.7. Cho ngii giac ABCDE, goi M, N,P,Q lan luot 13 trung diém cta cach canh AB, BC, CD, EA va 1, J lan

luot 14 trung diém cia MP, NQ. Chimg minh rang 1J song song v6i ED va IJ = %

Giai
Nb6i CE, goi K 1a trung diém cua CE. Ta c¢6 QK la duong trung

binh cta tam gidc ACE suy ra QK //AC va QK = %AC

M,N lan luot 1a trung diém cua AB va BC. Ta c6 MN la duong
trung binh cua tam gidc ABC, suy ra MN//ACva MN=%AC . T

d6 ta c6: MN//QKva MN=QK = MNKQIa hinh binh hanh

= M, J,K thiang hang va MJ=JK

Xét AMKP ¢6 1, J 1an luot 13 trung diém cua MP va MK. Ta c6 1J 13 duong trung binh cta tam giac MKP

= IJ//PK va IJ=%PK (1)

Xét tam giac CDE, PK 1a duong trung binh = PK//DEva PK=%DE (2)

Tir (1)va (2)suy ra: 1J//DE va nz%

10.8. Cho lyc giac déu ABCDEF. Goi A’,B',C',D',E',F' lan luot 1 trung diém cta cic canh AB, BC,
CD, DE, EF, FA. Chting minh rang A’B'C'D'E'F' 1 lyc giac déu.

Giai



Nhan thdy AAA'F'; ABA'B' ; AAB'C' ; ADC'D'; AED'E' ; AFE'F' ; bang nhau (c.g.c).
= A'B'=B'C'=C'D'=D'E'=EF' =F'A' (1)
ABA'B' ¢6 BA' = BB' = ABA'B' can tai B.

:@’:@EMT_B:%"

Tuong tu, dbi véi AAA'F' ta co:

AA'F' = AF'A’ = 30°

— B'A'F' =180°— AA'F' — BA'B' = 120°

Chung minh tuong tu ta duoc:

e — e

A'BC'=B'C'D'=C'D'E'=D'E'F' =E'F'A"=120° (2)
Tur (1)va (2), suy ra diéu phai chimg minh.
10.9. Cho luc giac 16i ABCDEF c¢6 cac cap canh ddi AB va DE, BC va EF, CD va AE vira song song vua
bang nhau. Luc gidc ABCDEF c6 nhit thiét 14 luc giac déu hay khong?
Giai

Luc gidc ABCDEF khong nhét thiét phai 1a luc gidc déu.
That vay:

e Trén mit phang 1ay diém O tuy ¥, v& 3 tia OA, OC, OE F A
sao cho @ dai 3 doan OA, OC, OE d61 mdt khac nhau va
do 16n cua 3 goc AOC, COE, EOA ciing d61 mdt khac

nhau.

e V& cac hinh binh hanh OABC, OCDE, OAFE khi d¢ ta C
c¢6 duoc luc giac 161 ABCDEF.

R& rang AB//CD , AB=ED, BC//EF , BC = EF ,CD//FA ,CD=FA nhung ABCDEF khéng phai 14 luc giac déu.

10.10. Chirg minh ring trong mot ngii giac 161 bat ki ludén tim dugc ba duong chéo c6 do dai ba canh 13 mot

tam giac.



Giai

Gia sit AD 1a dudng chéo 16n nhit cua ngii gisc ABCDE. Goi O 1a giao
diém AC va BD. E \

B
Xét tam gidc AAOD c6 AD < OA+OD

Ma OA < AC ;0D < BD = AD < AC + BD D

m

Mat khac: AC < AD,BD < ADnén AD, AC, BD la d6 dai ba canh cua

mot tam giac
10.11. Chimg minh rang tong do dai cac canh ctia mot ngii giac 161 bé hon tong d6 dai cac dudng chéo cua
no.

Giai

Ap dung tinh chat vé quan hé cac canh cuia tam gidc, ta co:
A

AB+BC +CD+ DE + EA < (AN + NB)+(BP + PC) E

X

+(CO+0D)+(DK + KE)+(EM + MA) (1)

N>
Mat khac:
AN + PC < AC;BP+DQ < BD ;CQ + KE < CE ; DK + MA < DA D

C
;EM + NB < EB (2)

|

Tir (1) va (2) suy ra diéu phdi chimg minh
Nhan xét. Nhitng bai toan vé bat dang thic, ban nén dua vé bat ding thirc tam giac.

10.12. Muén phu kin mit phang boi nhitng da gidc déu bang nhau sao cho hai da giac ké nhau thi ¢6 chung

mot canh. Hoi cac da gidc déu nay co thé nhiéu nhét bao nhiéu canh?
Giai
Goi da giac déu trén c6 n canh dé xép cac da giac déu bang nhau khéng c6 khe hé thi:

(n—2).180° . : :
360°———— < 360ni(n—2)180° < 2nin—2 < 2n—4+4in-2
n



S 4din-2&ne {3;4;6}
Vay da giac c6 nhiéu nhat 1 6 canh
10.13. Cho lyc giac ABCDEF c6 tit ca cac goc bang nhau, cac canh doi khéng bang nhau. Chimg minh rang
|BC —EF | = |DE —AB| = |AF —CD|. Nguoc lai néu c6 6 doan thrfmg thoa mén diéu kién ba hiéu trén br?mg
nhau va khéc 0 thi chiing c6 thé 1ap duoc mot luc giac c6 cac goc bang nhau.
Giai
(6-2).180°

TheogiathiétXZBZGZB:EZﬁZTzlzoo B

Gia sit BC > EF ,DE > AB,AF >CD. Qua A ké dudng thang
song song v&i BC, qua C ké dudng thing song song v6i DE, qua E

ké duong thing song song véi FA, ching cét nhau tao thanh tam
gidc PQR. Ta co ABCP 13 hinh binh hanh nén APC = B = 120°suy

ra Q/P7€:60° 3 5
Tuong tu PRO = 60°, do d6 APOR déu, PR = PQ = OR, tiic la: BC — EF = DE — AB = AF —CD

Ngugc lai gia st c6 6 doan thang AB,,BC,,CD,,DE, ,EF, ,FA  thoa man diéu kién
|BC1 —EFI| = |DE1 —ABI| = |AF1 —CD,|=a. Dung tam gidc déu PQR véi canh bang a. Dit trén cac tia QP,
RQ, PR cac doan thing twong tmg bing doan thing 16n hon trong cac cip AB va DE,, CD,va FA,,EF va
BC, . Dung thém cac hinh binh hanh, tir d6 ta xac dinh duoc luc giac can tim.
10.14. Chimg minh rang trong mét luc giac bat ki, luén tim duge mot dinh sao cho ba duong chéo xuat phat
ttr dinh d6 c6 thé 14y 1am ba canh cua mot tam gic.

Giai

Xét dudng chéo dai nhat cia luc giac. 3
B
Truong hop 1. Truong hop dudng chéo dai nhét chia luc giac

thanh mot ngli giac va mot tam giac. K




Gia str duong chéo dai nhat cia mot luc giac 1a AE, chia luc gidc thanh ngii giac va tam giac. Néu ba dudng
chéo tir dinh A khong 1a 6 dai ba canh cia mot tam gidc thi AC + AD < AE (1)

Ta s& chimg minh ba duong chéo ké tir dinh E thoa méan tinh chét do.

Goi I 1a giao diém cta EB va AC; K 1a giao diém ciia EC va AD. Ta co: Al + AK < AC + AD, két hop véi
(1) suyra Al + AK < AE (2)

Talai c6: Al +IE + AK + KE > 2AE , kéthop v6i (2) suyra IE + KE > AE (3)

Mat khac, EB+ EC > EI + EK nén tur (3) suy ra EB+ EC > AE . Vay EA, EB, EC lam thanh ba canh cua
mot tam giac.

Truong hop 2. Trudng hop dudng chéo dai nhat cta luc giac chia luc giac thanh hai tir giac.

Gia st AD la dudong chéo dai nhét cua luc giac, chia luc giac thanh
hai tr gidc. Néu ba dudng chéo xuét phat tir dinh A khong 1a ba
canh cua mot tam giac thi: AC + AE < AD (4)

Goi I, K 1an luot 1 giao diém hai dudng chéo cua tir giac ADEF va A

ABCD. Tir (4) suyra: Al + AK < AE + AC < AD (5)

Ta lai c6: Al +ID+ AK + DK >2AD . Két hop voi (5)suy ra ' E

DI + DK > AD
Do d6 DB + DF > DA

Vay DA, DB, DF lam thanh ba canh ctia mot tam giac

A

10.15. Cho luc giac ABCDEG c6 tit ca cic canh A + C+E=B+D+G. Chimg minh rang céac cip canh ddi
cua luc giac song song vdi nhau.

Giai
Tong cic goc cua luc giac ABCDEG la: (6 - 2).180° =4.180° =720°, theo gia thiét ta co:
A+B+C+D+E+G =360°

Dung goc E/D7(=z@ va DK = BC



= AEDK = AABC(c.g.c) = EK = AC (1)
Tt EDK +CDE + AGE =360°suy ra CDK = AGE
= ACDK = AAGE (c.g.c) = CK = AE (2)

Tu(1)va(2)suy ra ACKE la hinh binh hanh
ACD + DCK + CAE =180°ma DCK = GAE nén ACD + GAE + CAE = 180° = CD /| AG

Tuong tu chimg minh, ta dugc: AB//DE va BC//EG




Chuyén dé 11
DIEN TiCH PA GIAC
A. Kién thirc cin nhé
1. Mdi da giac c6 mot dién tich x4c dinh. Dién tich da giac 1a mot ) duong c6 cac tinh chét sau:
- Hai tam gi4c bang nhau thi c6 dién tich bang nhau.
- Néu mot da giac dugc chia thanh nhiing da giac khong c6 diém trong chung thi dién tich cta né bang
tong dién tich cta nhitng da giac do.
- Hinh vudng canh c6 d6 dai br?mg 1 thi c6 diéntich Ia 1.
2. Cac cong thirc tinh dién tich da giac
- Dién tich hinh chit nhat br:ing tich hai kich thudc cia n6 S = a.b(a,b 1a kich thudce hinh chit nhat).

- Dién tich hinh vuéng bang binh phuong canh ctia n6 S = a*(a 1a d6 dai canh hinh vuong).

- Dién tich hinh vuéng c6 dudng chéo dai bang d 1a %d 2
- Dién tich tam giac vudéng bang nira tich hai canh goc vudng S = %a.b (a,b 1a o dai hai canh goc vudng).

A s .7 M 5 ’ 5 A 7 A ) 7 r 1 \ A ]
- Dién tich tam giac bang nura tich ctia mot canh véi chi€u cao tng véi canh d6 S = Ea.h (a,h 1a do dai

canh va dudng cao tuong Ung).

- Dién tich hinh thang bang nira tich ctia tong hai day véi chiéu cao:
S= %(a + b).h (a, b 1a do dai hai day, h 1a 46 dai dudng cao).

- Dién tich hinh binh hanh bﬁng tich ciia mot canh véi chiéu cao ung voi canh do: S =a.k(a, hla do dai
mot canh va dudng cao tuong ung).
- Dién tich ttr giac ¢ hai duong chéo vudng goc bang nira tich hai dudng chéo.
1 S
S= E.dl d, (d,;d,la do dai hai duong chéo twong tmg).

- Dién tich hinh thoi bang nira tich hai duong chéo S :%.dl d,(d,;d,la do dai hai duong chéo tuong

ung).

3. B sung

- Hai tam gidc c6 chung mét canh (hodc mot cip canh bang nhau) thi ti sé dién tich bang ti s6 hai duong
cao ung vdi canh do.

- Hai tam giac c6 chung mot duong cao (hodc mot cip dudng cao bang nhau) thi ti s6 dién tich bang ti s6
hai canh tng véi duong cao do.

- ABCD 14 hinh thang (4B//CD) . Hai dudng chéo AC va BD cit nhau tai O thi S on =Spoc -

- Trong céc hinh chit nhat c¢6 cting chu vi thi hinh vuéng c¢é dién tich 16n nhit.

Trang 1



- Hai hinh chit nhat ¢6 cing chiéu cao thi ti s6 dién tich bang ti s hai day.

a*\3

4

- Tam giac déu canh a c6 di¢n tich la

B. Mt s6 vi du
Vi du 1: Cho hinh chit nhat ABCD c6 4B =12cm, AD =6,8cm. Goi H, I, E K 1a céc trung diém tuong
ung cua BC, HC, DC, EC.
a) Tinh dién tich tam giac DBE;
b) Tinh di¢n tich tir giac EHIK.

Giai
* Tim cach giai. D& dang tinh duoc dién tich hinh chit nhat ABCD. Mat khac, dé bai xuat hién nhiéu yéu
t6 trung diém nén chung ta c6 thé van dung tinh chét: hai tam giac c6 chung dudng cao thi ti sé dién tich
bang ti s6 hai canh day tng v6i dudng cao d6. Tir d6 rat ra nhan xét: duong trung tuyén cia tam giac chia
tam giac ay thanh hai phan c6 dién tich bang nhau.
Twr nhan xét quan trong do, ching ta 14n luot tinh duoc dién tich cac tam giac BCD, BCE, DBE, BEH,
ECH, HKC, CKL,....
* Trinh bay loi gidi

a) ABCD Ia hinh chit nhatnén §,., = %.SABCD = %.AB.AD = %.12.6,8 = 40,8cm’.

E 1a trung diém ctia CD, suy ra: S,,, =S, = %.SBCD =20,4cm’” .

. .2 1 1
b) H 1a trung diém BC = S, = E'SBCE = 5.20,4 =10,2cm’. R B

K la trung diém CE = S, = %.SCHE =5,lcm’.

114 trung diém CH = S,,, = %.SHKC =2,55cm’.

Vay S,k = Seur —Sene =10,2-2,55="7,65cm” . D
Vi du 2: Cho hinh chit nhat ABCD c¢ dién tich 24cm’. Léy diém E thudc BC va F thudc CD sao cho
dién tich tam giac ABE va ADF lan luot 1a 4c¢m® va 9cm?. Tinh dién tich tam giac AEF.
(Olympic Todn, Chdau A- Thai Binh Dwong, nam 2001)

Giai
* Tim cach giai. Quan sat hinh v&, suy luan rat ty nhién: mudn tinh dién tich tam giac AEF chung ta chi
can tinh dién tich tam giac CEF.
Nhan thdy khong thé va ciing khong can tinh cu thé do dai CE va CF. Chung ta biét ring
BC.CD =24cm?, nén chi can tim mdi quan hé giira CE va BC; CF va CD. Phan tich nhu vay, ching ta

chi can tim mdi quan hé giita BE va BC; DF va CD.
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Mait khac hinh chit nhat ABCD va tam gidc vuong ABE c6 chung canh AB, déng thoi biét dién tich cua
chung nén dé dang tim dugc mbi quan hé giita BE va BC. Tuong ty nhu vay hinh chit nhat ABCD va tam
giac vuong ADF c6 chung canh AD, dong thoi biét dién tich ctua chung nén dé dang tim dwoc mdi quan
hé gitta DF va CD. Tur d6 ta c6 101 giai sau:

* Trinh bay loi giai

.. _ 2 :
Taco: S, ;. =24cm”suy ra:

| A B
Sasc =Sacp :ESABCD =12cm’
AABC va AABE c6 chung duong cao AB E
nén BE S _ %
BC S, 12
hay E:ljgzg D F C
BC 3 BC 3

AADF va AADC c6 chung durong cao AD nén £=S/‘i=iha E—ESC—F—

1
DC S, 12 °DC a4 D 4

Ta cb: Segr  CECF _

S pep  2.BC.CD

1 1 1 1
2:63 Scer :E'SABCD =E.24 =2cm”.

12
2°3
Do VAY Sz = Sipep = Supe = Supr = Scur = Sypr =24-4-9-2=9cm”.

Vi du 3. Cho hinh thang can ABCD (4B//CD). Biét BD =7cm; ABD=45°. Tinh dién tich hinh thang
ABCD.

(Olympic Todn Chédu A- Thdi Binh Dwong 2007)

Giai

Cach 1. N6i AC cat BD tai E. AABE vudng cdn = BE 1 AC . Dién tich 7 \
hinh thang la:
S:%AC.BD:%BDZ =%cm2 D C
Cach 2. Kéo dai tia BA léy diém E sao cho AE =CD, ta duoc : E A B
AAED = ACDB (c.g.c) suy ra: AED=CDB=45°. Tu 46 suy ra:
ABDE vuong can tai D.
Sascp =Sasp T Scps = Sasp +S e > C

=S s :%BDZ :fcmZ H A B
Cach 3. K¢ DH | AB,BK L CD. Do AB//CDnén HDK =90°ma DB 1a
phan giac HDK (vi BDK = 45°)

) K ¢
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— HDKB 14 hinh vuéng ma AHAD = AKCB (canh huyén — goc nhon)

Suyra S, =Sz nén

SABCD = SABKD + SCKB = SABKD + SAHD = SDHBK

2
=BK’ = Bf =%(0m2)

Vi du 3. Cho A4ABC vuong tai A. AH 1a duong cao. Goi M, N 1a hinh chiéu cua H trén AB, AC. Goi I 1a

giao diém ciia BN va CM. Ching minh: § sic =Sy
Giai

Ta co: AANH va ABNH c6 chung HN va dudng cao ha tir A va

B bang nhau, nén S, = Spv = S + Sewr = Savr + Sewns A

=Sne=Spe (D 3

Mat khac MA=HN nén S, =S, (2) y

Tur (1) va (2) ta c6: B H G

Seve = Saue = Save =Syic = Saue = Swic

Vay Sye =S

Nhan xét.

Ki thuat so sanh §,,.vé1 S, tasosanh S, . v61 S, .. Ma AM =HN ,nénta S,,,. =S ,,.,dodotaso
sanh S, voi S, tir d6 dan dén so sanh Sy, va S . .

Vidu 4. Goi M, N lan luot la trung diém céc canh BC va CD cua tu giac 16i ABCD. Chirng minh rﬁng:

S wep < %(AM +AN)’.

Giai
* Tim cach gidi. Nhan théy vé phai ctua phén két luan co do dai hai canh cua tam giac AMN, mit khac dé

(a+b)2
4

1 1 (AM +AN)’

thiy S oy SE.AM AN SE. (van dung két qua ab < ). Do vay chung ta can bién

doi S, theo S, . Dinh huéng cudi cung 1a S ,, <4.5,,, .
* Trinh bay loi giai
SABCD = SABC + SACD = 2'SAMC + 2'SANC
=2(S e +Sane ) =28 en =28 w28y
Goi giao diém AM vaBD 1a I

= SCMN = SIMN < SAMN
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1 (AM + ANY’
= S <48y =4 AMNH <2 AM AN <22 —=.

Suyra S, < %(AM +AN)’.

Vi du 5. Cho tam giac ABC v¢i D 1a diém thudc canh BC va F 1a diém thudc canh AB. Piém K d6i ximg
véi diém B qua DF. Biét rﬁng K, B nam khac phia so véi AC. Canh AC cat FK tai P va DK tai Q. Téng

dién tich cuia cac tam giac AFP, PKQ va QDC 1a 10cm®. Néu ta cong tong dién tich nay voi dién tich tir
. 2. . . .
giac DFPQ thi bang 3 dién tich tam giac ABC. Tinh dién tich tam gidc ABC theo cm’.

(Olympic Todn hoc Tré Quoc Té Han Quoc KIMC 2014 (Malaysia dé nghi))
Giai

Ta co: SDFPQ S isc ( sor TS upp + CDQ) =S 5c _(SDFK +8ip + SCDQ)

= (SDFPQ + SKPQ +S 4+ SCDQ)
2
SABC _ESABC 3 SABC
1

= SKPQ +S o SCDQ = ESABC

=S e =3.10=30cm’

B D c
Vi du 6. Chin duong thing ¢ cung tinh chat 1a mdi dudng thiang chia hinh vudng thanh hai t&r giac c6 ti

A 1oy 2 Ja . M A s A \ M A S . A s R
sO bang 3" Chtrng minh rang ton tai it nhat ba duong thang trong s6 do cung di qua mot diém.

(Thi vo dich CHLB Nga- nam 1972)

Giai
* Tim cach giai. Ching minh ton tai it nhit ba duong thang trong s d6 cung di qua mot diém, ma khong
chi ra dugc cu thé tuong minh d6 1a diém nao, chung ta lién tudong toi kha ning van dung nguyén ly
Dirichle. Trong trudng hop ndy, chiing ta can chi ra 9 dudng thang phai di qua it nhat 1 trong 4 diém cd
dinh nao d6. Tir ¢6 néu mdi diém c6 nhidu nhat chi ¢6 2 dudng thang B

di qua thi nhiéu nhét chi c6 4.2 =8 dudng thing (nho hon 9), vo 1y. B M C

Chung ra c6 cach giai sau:
* Trinh bay cach giai

Cac duong thiang dd cho khong thé cit cac canh ké nhau cua hinh

vudng ABCD. Béi vi thé khong thé tao ra hai tir gidc ma 1a tam giac

va ngll giac.

Gia st mot duong thang cat cac canh BC va AD tai cac diém M va N. % _ D

Céc hinh thang ABMN va CDNM c¢6 cic dudng cao bang nhau do do
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ti s6 dién tich cuia ching bang ti s6 cac duong trung binh. Ttc 14 MN chia doan thang ndi trung diém cta

cac canh AB va CD theo ti sb % .

A A ’ < R . , \ 3 5 3 A b A 2 \
Tong so cac diém chia cac duong trung binh cia hinh vudng theo ti s6 3 la 4.

Boi s6 duong thang d cho 1a 9 va déu phai di qua mot trong s6 bon diém néi trén, nén c6 mot diém thude
it nhat 3 dudng thang. Tirc 1a c6 it nhat ba duong thang trong s d6 cing di qua mot diém.
Vi du 7. Bén trong hinh vudng c6 canh bang 10 c6 1000 diém, khong c6 ba diém nao thang hang. Ching

minh rang trong so cac tam gidc c¢6 dinh la cac diém do6 hodc cac dinh hinh vudng, ton tai mot tam gidc cod

dién tich khong qua 50 .
1001

Giai
* Tim cach giai. Nhan thdy ring hinh vudng c6 dién tich 10.10 =100 . Suy luin mot cach tu nhién, ching
ta nghi mot cach tir 1000 diém va 4 dinh ndi véi nhau nhu thé nao dé tao thanh cac tam giac khong c6
diém chung trong. Khi d6 tong dién tich cac tam gic tao thanh c6 dién tich bang 100. Chung ta s& lap
luan dién tich nhé nhét ciia mot tam giac tao thanh thoa man yéu cau dé bai.
* Trinh bay cach giai

Goi 1000 diém trong hinh vuong canh bang 10 13 A4, 4, ..., 4,4, - g B

Bude tha nhét, ta ndi 4, v6i céac dinh cta hinh vudng, ta dugc bon
tam gidc. Xét diém A, v6i k=2,3,4,..,1000. Néu 4, nam trong
mot tam giac da tao ra (chéng han 4, & hinh v¢), ta ndi A, véiba

dinh ctia tam giac d6, sé tam giac ting thém hai (tir 1 thanh 3), néu

A, thudc mot canh chung cua hai tam giac tao ra (chéng han 4,6
D

hinh v&), ta ndi A4, voi cac dinh dbi dién voi canh chung, sd tam
giac cling tang thém hai (tir 2 thanh 4).
Nhu vay, sau budc thu nhét ta duoc bdn tam giac. Trong 999 budce con lai, mdi bude tang thém hai tam
giac. Tong cong ta co:
4+2.999 =2002 tam gidc
Téng dién tich cua 2002 tam gidc d6 bang 100. Do d6 ton tai mot tam giac c6 dién tich khong qua

100 50
2002 1001

Nhan xét. Tir cach giai trén, ching ta c6 thé giai duoc bai toan tong quat sau:
- Bén trong mot hinh vudng c6 canh 14 a cho n diém. Ching minh rang trong s6 cac tam giac c¢6 dinh 13

2

cac diém do6 hodc cac dinh hinh vudng, ton tai mdt tam gidc c6 dién tich khong qua T
n+
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- Bén trong mot da giac 16i n canh c6 dién tich 1a S lay m diém. Chimg minh ring trong s cac tam giac
c6 dinh 1a cac diém do hodc céc dinh da giac, tdn tai mot tam giac c6 dién tich khong qua Py
m+n-—
Vi du 8. Ching minh ring hai hinh chit nhat cung kich thuéc axb dugce xép sao cho ching cit nhau tai 8
diém thi dién tich phan chung 16n hon nira dién tich mot hinh chit nhat.
Giai

V& CM, CN (nhu hinh v&) = CM =CN .

Suy ra CA 1a tia phan giac gdbc MAN va goc MCN. Chirng minh /\
A N E

tuong tu, ta c6: BD la phan giac cua EBF . ] \
\ < . . , o . . H B
Dua vao cdp goc c6 canh tuong ung vudng goc, ta co: //l>
MAN = EBF nén CAE = DBF S .
Tirdo suyra AC L BD.
! C

Do d6 S 50 = %AC.BD

1 1 1
SAEBFC]DH > SABCD = EACBD > ECNBD > Eab .

Nhan xét. Str dung ki thuét ctia chuyén dé tam giac dong dang. Cac ban co thé giai duoc bai toan sau: cho
hai hinh chir nhat cung kich thudéc axb. Mgt hinh chir nhat cac canh t6 mau do, mot hinh chir nhat cac
canh t6 mau xanh, duoc xép sao cho ching cét nhau tai 8 diém. Chting minh rang hinh bat giac c6 tong
cac canh mau d6 bang téng cac canh t6 mau xanh.

C. Bai tap van dung

11.1. Cho hinh chit nhat ABCD c¢6 CD = 4cm, BC =3cm . Goi H 1a hinh chiéu cua C trén BD. Tinh dién
tich tam giac ADH.

11.2. Cho hinh thang ABCD c6 d6 dai hai day la 4B =5cm,CD =15c¢m, dd dai hai dudong chéo la
AC =16¢m , BD =12c¢m . Tinh dién tich hinh thang ABCD.

11.3. Cho tam giac ABC vudng can tai A. Cac diém D, E theo tht tu di chuyén trén AB, AC sao cho
BD = AE . X4c dinh vi tri D, E sao cho tr gidc BDEC ¢6 dién tich nhé nhét.

11.4. Cho tam giac ABC c6 dién tich 1a S, trén canh AB léy diém D sao cho AD =2DB. Goi E 1a trung
diém cta AC va I 1a giao diém CD va BE. Tinh dién tich ctia tam giac IBC.

11.5. Cho tir giac 16i ABCD. Qua trung diém K cta dudng chéo BD dung duong thang song song véi
duong chéo AC, dudng ndy cit AD tai E. Chimg minh riang CE chia tt giac thanh hai phan c6 dién tich
bang nhau (biét E nam giita A va D).

11.6. Cho hinh binh hanh ABCD. Trén canh AB va CD lan luot lay cac diém M va K sao cho AM =CK .
Trén doan AD léy diém P bat ki. Poan théng MK léan luot cit PB va PC tai E va F. Chirng minh réng:

SPEF = SBME + SCKF

Trang 7



A B

11.7. Cho tam gidc ABC c¢6 cac trung tuyén AD va BE vudng goc voi nhau

tai O. Biét rr:ing AC =b; BC =a. Tinh di¢n tich hinh vudng cé canh Ia a. N

11.8. Dit mot hinh vudng nho vao bén trong mot hinh vudng 16n rdi nbi 4 3 i
dinh cua hinh vuong 16n tuwong Ung theo thu ty véi 4 dinh hinh vuong nhé

(nhu hinh v¢). Q

Chimg minh rang: S5 + Sepor = Sapon +Sscen

D (o

11.9. Cho AABC vudng tai A c6 AH la duong cao. Trén AB, AC lay K, L sao cho AK = AL = AH .
Chimg minh ring S, < %.SABC :

11.10. Cho tir gidac ABCD. Goi M; N lan luot 1a trung diém AB; CD. Goi P; Q lan luot 13 trung diém BM

va DN. Ching minh rang S MNPO = %S

ABCD *

11.11. Cho hinh chit nhat ABCD. Trén canh AB ldy hai diém M, N sao cho AM =MN =NB va P la
trung diém canh CD. Goi O 1a giao diém ctia ND va MP. Biét dién tich tam giac DOP 16n hon dién tich
tam giac MON 1a 7¢m” . Tinh dién tich hinh chit nhat ABCD.

11.12. Cho tir giac ABCD ¢6 AC =10cm, BD =12c¢m . Hai dudng chéo AC va BD cit nhau tai O, biét
AOB =30° . Tinh dién tich tir gisc ABCD.

11.13. Cho tir gi\c ABCD. Goi M, P, N, Q lan luot 14 trung diém cac canh AB, BC, CD, AD; O la giao
diém caa MN va PQ. Chimg minh:

a) 8,00 +Ssor = Supo -

1
b) SAOD +SBOC =5SAECD .

11.14.Cho mdt hinh binh hanh va 13 dudng thang, mdi dudng thiang déu chia hinh binh hanh thanh hai t

giac co ti so dién tich bang . Chung minh rang trong 13 duong thang do, co it nhat bon duong thang

cung di qua mot diém.
11.15. Bén trong mdt hinh vudng c¢6 canh bang 1 cho 1000 diém trong d6 khong ¢ ba diém nao thing

hang. Chimg minh ring trong s6 cac tam giac co dinh 14 3 trong 1000 diém do, ton tai mot tam giac co
1
dién tich khong qua —.
; gq 993

11.16. Cho 37 diém, khong co ba diém nao thang hang, nim & bén trong mot hinh vudéng ¢ canh bang 1.

Chtng minh rang luén tim dugc nam diém trong 37 diém d6 thoa man: cic tam giac dugc tao boi trong
. ;7\ 4 r A ’ A r 1
nam diém doé co6 dién tich khong qua TS

11.17. Cho mét da giac 16i. Chirng minh rang ton tai mot hinh binh hanh c6 dién tich khong qué hai lan

dién tich da gidc sao cho cac dinh cua da gidc nam trong hodc trén bién ctia hinh binh hanh.
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11.18. Cho lyc giac 16i ABCDEF c¢6 céc cdp canh dbi song song.

Ching minh S, > %.S

ABCDEF *

11.19. Cho tir gi\c ABCD. Goi I, E, G, H lan luot 13 trung diém ciia AB, BC, CD, DA, dudng thang CI
cit BH va DE lan luot tai M va N, duong thang AG cit DE va BH lan luot tai P va Q. Ching minh rang:

SMNPQ = SIBM + SCEN + SDGP + SAHQ .

11.20. Cho tam giac ABC, goi M, N, D lan luot 13 trung diém cua BC, CA, AB va P 1a diém tiy y ndm
ngoai tam giadc. Chung minh réng trong ba tam giac PAM, PBN, PCD luén tdn tai mot tam giac co dién
tich bang tong dién tich hai tam giac con lai.

Huéng din giai

11.1. Ap dung dinh 1y Py-ta-go trong tam giac vuéng BCD, ta c6:

BD? =BC*+CD*=3>+4*>=25=5’nén BC =5cm. A B
CH - 284y _ BCCD _3.4 _ 2.4(cm) H
BD BD 5

Xét tam gidc vudong CDH, ta co:
DH’> =CD*-CH* =4 -2,4

K
=10,24 =3,2°

09 35 D C
nén DH =3,2cm .
Keé AK 1 BD.Tacé: S, ,, =S, nén AK =CH =2,4cm .

R 1 1 2
Vay S ,,n :EDH.AK :5.3,2.2,4:3,86(cm ).
11.2.
A B
E D C

Qua A ké dudng thing song song v6i BD, cét duong thang CD tai E. Suy ra ABDE 1a hinh binh hanh.
= AE =BD =12cm; DE = AB =5cm = CE =20cm .

Tacod: AE® + AC* =12° +16° = 400.

CE* =20" =400.

Do d6: AE* + AC* = CE* = AACE vuong tai A.

=S, :%.AC.AE = %.16.12 =96(cm’).
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Mit khac: S,,, =S, (Vi AB = DE ; dudng cao ké tir A; C clia hai tam giac d6 bang nhau).
= Spep = Suse ¥ Suco = Sape +Suco = Sace = Supep = 96cm’”.

11.3. Taco: S, = %AD.AE - %AD.BD

B
S =%AD(AB—AD) :%(AB.AD—ADZ)
1 AB AB*  AB’
=S8 =——(AD*-2"—.AD+ + D
ADE 2( 2 4 ) 8
1 AB., AB* AB?
=8 =——(AD-") + <
ADE 2( 2 ) 8 8
2 2
Vay Sype =S 50 =S pr > A8 AR 3 g khong doi. 0

Do d6 min S, = %AB2 khi D, E lan luot 1a trung diém AB, AC.

11.4. Goi H, K 14 hinh chiéu cta D, C trén BE.
1

S 85 = Ssce == SscsScos =§SABC;

2

(%)

BDE DH

Sese CK

W | =

3 1
= SIBC = 3SIBD :ZSCDB =ZS .

11.5. Do KE//CA nén S, =S
Vay: SCBAE = SABC + SCEA = SABC + SCKA = SABCK

1 1 1
= SCKB + SKBA = _'SBCD +_'SBAD = _SABCD

2 2 2
Tir d6 suy ra diéu phai chimg minh.
11.6. Ta ¢c6 ABCDva APBC cb chung canh BC va dudng cao ung voi canh BC bang nhau nén

1
SBCD = SPBC suy ra: SPBC :ESABCD (1)

Tacd: AM =CK.AB=CDsuyra BM =DK .
Ké BQ L CD, ta co:

(BM +CK) (DK+KC).BQ CD.BQO 1
SBMKC = # BO = > = > = 5 SABCD (2)

Suyra Sppe = Spuke 1aY Sppe +Sppre = Spue + Skre + Saprc -
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Vay Sppe = Spue + Skrc -

D K C Q
11.7. Ta c6 AD, BE la cac duong trung tuyén nén O 1 trong tim suy ra: OB = 2.0E;0A4 =2.0D
Ap dung dinh 1y Py-ta-go ta co:
OA’ +OE” = AE” :% b
2

OB? + OD* = BD? ="T

a’+b*
4

= (04° + OB*)+(OE* +OD*) =

OA’+0B*> _a’+b’
4

= (04> +OB*) +

AB? _a2+b2 a’ +b*

= AB*+— = = AB* =
4 4

a’ +b*

Vay dién tich hinh vuong canh AB la: (dvdt).

11.8. Qua M, N, P ké cac dudng thing song song voi canh hinh vuéng ABCD (nhu hinh v&). Khi d6 ta
duoc IKHE 1a hinh vudng va cac tam giac INM, KPN, HQP, EMQ

bang nhau. A B
Ta co: 1 ? ;
: . : N s 4
S v SCDQP =8+ 8,+ 8+ Sy + S5 +Ss+ S, + SHPQ 2 12
P

SAMQD +Spvep =S, +5, +5; +SEMQ+S4+S12 +85 4+ Skpy 0 M

‘ S
Ma S1:S2;S3:S4;SSZS(,;S7:S8; E Q H

.

S, +S,, =(AD—IE).IN;S, +S,, = (AB—IK).ME " Wi -t %
=8 +8,,=5,+S,. Dovay: S+ SCDQP = SADQM +Spepy - D e

11.9. Taco: S, = %AK.AL = %AHZ 3 S e = %AH.BC

Goi M 1a trung diém ciia BC, ta c6 BM = MC = AM = BC =2.AM
Mait khac AH < AM (quan h¢ duong vuong goc va duong xién)
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= 2AH < BC

1 11 1
Tudosuyra: S, =—AH’ <—.—AH.BC=—.5
Y KL = 2 5 "asC
Ping thirc xay ra khi H = M hay AABC vudng can.

11.10. Ta c6: AP = %.AB S %.SABC :

3 3 3 3
CQ=—-CD= SACQ = _SACD = SAPCQ = SACP +SACQ = _SABC +_SACD
4 4 4 4
3 B
= SAPCQ :_SABCD (1)
4 A
.. 1 1
Ta co: MP = EAP = Spou =§SAPQ .
1 1
NQ:ECQ:SPNQZESPQC D C
1 1 1
= Supng = SPQM +Spnp = ESAPQ +§SPQC = SMPNQ = ESAPCQ ()
\ \ 13 1
T (1) va (2) suy ra: Sy = E‘ZSABCD = ZSABCD'
11.11. Ta cd: S,y = Sump = Spop — Syoy = Tem’
M Syvp _ MN _ 1/3.4B :% A M B
Sopy DP - 1/2.AB 3
- SMNP _ 2 O
Sopy =S 372
S Sue o aem?
7 MNP . D C

Taco: S, = AB.AD =3MN.AD =6S,,, = 6.14=84cm’.
11.12.

Ké BH 1 AO;DI L OC

ABHO ¢6 BHO =90°; BOH =30° = BH :%BO

ADIO ¢6 DIO =90° DOI =30° = DI :%DO
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1 1

Taco: S pep =S50 +Sucn ZE.AC.BH+E.AC.DI

1 1

1

= l.Ac.l.BD = l.AC.BD =—.10.12 =30cm’.
2 2 4 4

11.13. a) V& A4, BB',MM' vudng gbc véi PQ.

_Lucr+pn=LaclLso+Llpo
2 2 2 2

Ta c6: Tir giac MPNQ 1a hinh binh hanh = OQ = OP

S0 = %OQ.AA'; S,op = %OP.BB’

1 ' '
S 100 T Ssop :EOQ.(AA +BB') =

N | =

1
2

‘ 1 ,
M 8, == POMM'3= 8,09 + S0 = S

b) Ching minh tuong tu, ta cd: S;,,,+Scop = Sypp -

= SAOQ + SBOP + SDOQ + SCOP = SMPQ + SNPQ

Ssop T Spoc = SMPNQ (1)
Ké MI 1 AC,BK 1 AC. Suy ra, ta co:

S, prp = MP.MI = %AC%.BK = i.AC.BK

‘ 1 1
M S e = ACBK = Sy = S e

'SACD

N | —

Tuong tu, ta co: Sy, =

1

. 1
Do d6: S,y = E'SABC +

'SACD = E 'SABCD

N | —

\ \ 1
T (1) va(2)suyra: S,,, +Sz0c :ESABCD .

1

PO2.MM' = E.PQ.MM'

2)
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11.14. Cac duong thing da cho khong thé cit cac canh

ké nhau cta hinh binh hanh ABCD. Boi vi néu thé — ]
khong thé tao ra hai tr giac ma la tam giac va ngii giac. \ /
Gia st mot duong thrfmg cit cac canh BC va AD tai cc /
diem M va N. Cac hinh thang ABMN va CDNM c6 céc
dudng cao bang nhau do dé ti sb dién tich cia chung /
A N D

bang ti s6 cac dudng trung binh. Tirc 14 MN chia doan

thang ni trung diém cua cac canh AB va CD theo ti s6 =. Tong s cac diém chia cac duong trung binh

(RN

cua hinh binh hanh theo ti s6 % 1a 4.

Boi s6 duong thiang da cho 14 13 va déu phai di qua mot trong sb bén diém noéi trén ma 13=3.4+1, nén
c6 mot diém thudc it nhat 4 duong thang. Trc 1a c6 it nhat bon duong thang trong s6 d6 cung di qua mot
diém.
11.15. Theo bd dé vé da giac bao, ton tai mot da giac c6 n dinh (1 <1000)1a n diém trong s6 1000 diém
da cho va 1000—n diém con lai da cho ndm trong da giac.
Ta ndi mot diém da cho chiang han A, v61 n dinh cua da gidc n canh, ta dugc n tam gidc. N6i mot diém
nam trong mot tam giac da tao ra v4i ba dinh cta tam giac d6, s6 tam giac ting thém hai (tir 1 thanh 3).
Tong cong ta co:

n+2.(1000—n—-1)=1998 —n (tam giac)
Vi n <1000 nén 1998 —n >998.

Ton tai mot tam giac c6 di¢n tich khong qua 598 dién tich da giac. Do do6 tam giac do co di¢n tich khong

ua —.
d 998

11.16. Chia hinh vudng thanh chin hinh vuéng nhé ¢ canh bang %, dién tich mdi hinh vudéng nho 1a %

Vi 37=4.9+1 nén ton tai mot hinh vudng nho chira ndm di€ém, ba diém vao trong ndm di€ém ay cung la

dinh cua mét tam gidc c6 dién tich khong qua mdt nira hinh vuéng nhd. Do do6 cac tam giac duoc tao boi

ba trong nim diém d6 c6 dién tich khong qua % .

11.17. o of” - d/

P
Goi a 1a dudng thing chira canh AB cua da giac.
Goi C la dinh cua da giac cach xa AB nhit. Qua C ké duong ) g
thang b//AB .
Goi D, E 1a cac dinh cua da giac cach xa AC nhét vé hai phia - / M A B / H
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ciia AC. Qua D ké duong thang ¢//AC, qua E ké duong thang d//AC.
Goi MNPQ 14 hinh binh hanh tao béi cic dudng thang a, b, ¢, d cac dinh ciia da gidc nam trong hodc trén
bién cua hinh binh hanh.

Hién nhién S,., +S,, <8,

la giac

\ 1 .1
Ma SACD + SACE = E'SMNPQ nen E'SMNPQ = Sda gidc
e 13 8,00 <254, g
11.18. V¢ hinh binh hanh ABCQ; CDER; AFEP

Ta ¢6: S yeprer = 28 o5 +2:Scan +2:8 100+ Spog

= 2'SAEC = SABCDEF - SPQR 2 SABCDEF .

Vay S 2

'SABCDEF :

N | —

, 1 1 1
11.19. Ta co: S, :ESACD’SAC[ :ESACB = S6cr :ESABCD (1)

1
Tuong ty S, = ESABCD (2)

Tur (1) va (2) suy ra:

SAGCI + SDEBH = SABCD

= SMNPQ = SIBM + SCEN + SDGP + SAHQ

11.20. Goi G 1a trong tdm cua tam gidc ABC, ta c6:

Soic = %SPAM,SPBG = %SPBN,SPCG = %SPCD , ta s& ching minh trong ba tam giac PAG, PBG, PCG ton tai

mot tam giac c6 dién tich bang tong dién tich hai tam giac kia.
Xét truong hop A va B nam khac phia véi C déi voi duong
thang PG.

Ha 4H | PG,BK 1 PG,CF 1 PG,DE 1 PG

— AH//DE//CF//BK , theo gia thiét DA = DB

= AH + BK =2DFE , G la trong tam = CG =2GD

= CF =2DE = CF = AH + BK

= Spcc = Spac +Spsc = Secp = Spaur + Seay

Tuong ty véi cac truong hop con lai, trong ba tam giac
PAM, PBN, PCD luén ton tai mot tam giac c6 dién tich bang

téng dién tich hai tam giac con lai.
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Chuyén dé 12

PHUONG PHAP DIEN TiCH
A. Kién thirc cin nhé
1. Ta d3 biét mot sb cong thire tinh dién tich cia da giac nhu cong thic tinh dién tich hinh tam giac, hinh
thang, hinh binh hanh, hinh chir nhat, hinh thoi,... Khi biét d6 dai ctia mot sé yéu td, ta co thé tinh duoc
dién tich cua nhiing hinh éy. Nguoc lai néu biét quan hé dién tich cta hai hinh chéng han biét hai tam giac
c6 dién tich bang nhau va co6 hai ddy bang nhau thi suy ra dugc cac chiéu cao twrong tng bang nhau. Nhu
vay cac cong thirc tinh dién tich cho ta cac quan h¢ vé d6 dai cta cac doan thrflng.
2. Dé so sanh hai d dai nao d6 bang phuong phap dién tich, ta c6 thé 1am theo cac budc sau:
- Xéc dinh quan h¢ dién tich gitra cac hinh.
- Str dung céc cong thirc dién tich dé biéu dién mbi quan hé d6 bang mot dang thirc ¢ chira cac do dai.
- Bién d6i dang thirc vira tim duoc ta c6 quan hé vé d6 dai giita hai doan thang can so sanh.
3. M6t s6 bién phép thuc hién:
- Sir dung tryc tiép cong thirc tinh dién tich tam gic.
- Sir dung tinh chat: Néu hai tam giac c6 cing chiéu cao thi ti s6 hai ddy tuong tng bang ti sb hai dién
tich. Nguoc lai, néu hai tam giac c6 cung day thi ti s6 hai chiéu cao twong tmg bang ti sb hai dién tich.
- Sir dung tinh chat: Néu mot tam gidc va mot hinh binh hanh c¢6 ciing d4y va ciing chiéu cao (g voi day
d6) thi dién tich tam giac bang nira dién tich hinh binh hanh.
B. Mt s6 vi du
Vi du 1: Cho tam gidc ABC, mot dudng thang cit canh AB, AC lan luot tai M va N. Chtng minh rang:

Sow _ AM.AN
S e ABAC A
Giai
Ap dung tinh chat hai tam giac c6 cung duong cao, ta co: N
Soww _ AN S0 AM M

Sy AC’S,. AB

Tt do suy ra: Sav _ Say _SAMC _AM AN
SABC SAMC SABC AB.AC

(diéu phai chimg minh)
Vi du 2: Cho tam giac ABC va AA'B'C' ¢6 A=A'.
S, g AB.AC

Chtrng minh rang: =
S e AB.AC

Giai
Trén duong thang AB, AC ldy hai diém M va N sao cho AM = A'B', AN = A'C".

Tur do suy ra: A4'B'C' = AAMN (c.g.c).
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Chung minh tuong ty vi du 1, ta co: S v = AM AN )
AB.AC

ABC

T do suy ra: Sape _ ABAC .
S ..  ABAC

AI

B’

i
Nhan xét: Vidu 1; 2 1a mot két qua dep vé ti sb dién tich. Chiing dugc van dung trong nhiéu bai toan vé
sau. Ban nén nhé tinh chit nay.
Vi du 3: Cho tam giac ABC, goi D 1a trung diém AB. Trén canh AC lay diém E sao cho AE =2.EC. Goi
O 1a giao diém cua CD va BE. Chimg minh rang:
) Szoc =S.oc
b) BO=3.EO

Giai
* Tim cach giai
Vi D la trung diém AB nén suy ra ngay dugc
S ven = SpensSiop = Spop NéN dé dang din dén S,,. =S,
Nhan thdy rang BO, CO 1a hai canh cia tam gidc BOC,
COE c6 chung duong cao ké tur C.
Do d6 dé so sanh BO va CO, ta so sanh dién tich tam giac

BOC va COE. Tu cau a, ta so sanh di¢n tich tam giac AOC B C

va COE, hién nhién ta can so sanh AC va EC. T d6 ta c6 10i giai sau:
* Trinh bay loi giai
a)Taco: AD=BDnén S,,, =S50S0 = Scap

suy ra: Se,p = S,0p = Scap —Sosp DAY S0¢ = Spoc

b) Ap dung ti s6 dién tich hai tam giac chung chiéu cao, ta c6: —%< = A—g =
0AC

1
3

ma Sore _OFE L OE 1 hp_ 308,
S, OB OB 3

Nhin xét: Dé ching minh OB =3.0F 1a chiing ta chimg minh S, =3.5,,.
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Phuong phap dién tich la dé tim ti s6 doan théng, ta tim ti s& dién tich cta hai tam giac nhan hai doan
thang 4y lam canh.

Vi du 4: Cho tam gidc ABC can dinh A. Mot diém M thudc canh BC, ké MD vudng goc véi AB, ME
vudng goc véi AC. Chimg minh rang tong MD + ME khong phu thudc vao vi tri diém M trén canh BC.

Giai

* Tim cach giai : Nhan thdy khi diém M di dong trén canh BC thi quan hé MD vudng goc v6i AB, ME
vudng goc voi AC 1a khong d6i, nén dé dang nhén biét duoc téng dién tich hai tam giac ABM va ACM la
khéng ddi. Do vy chiing ta nghi toi phuong phap dién tich.

A

* Trinh bay loi giai
Ké BH L AC = H c¢b dinh = BH khong dbi.
Taco: S, +Sue =S e

= %AB.DM +%AC.ME = %AC.BH

= %AB.(MD+ME) = %AC.BH (Vi AB=AC)

Do d6 DM + ME = BH khong phu thudc vao vi tri cia M trén canh BC.

Nhén xét:

- Ngoai cach gidi trén, chung ta con c6 cach giai khac nhu sau: Ké MI vudng goc voi BH. Ching ta chimg
minh dugc MD =BI,ME =1IH , tt d6 suy ra DM + ME = BH khong phu thudc vao vi tri cua M trén
canh BC.

- Tam gidc ABC déu sé& 1a truong hop didc biét clia tam giac can, do vay véi k¥ thuat trén chung ta giai
duoc bai toan sau: Cho tam giac déu ABC. Mot diém M bat ki thudc mién trong hodc trén canh cua tam
gidc ABC. Chimg minh rang tong khoang cach tir diém M dén cac canh cua tam giac ABC khong phu
thudc vao vi tri diém M.

- Néu cho diém M chuyén dong trén tia ddi ciia tia CB, ta co: S, —S 0 =S, 5. VOi k¥ thuat trén
chung ta giai dugc bai toan sau: Cho tam giac ABC can dinh A. Mot diém M tuy y trén tia d6i cua tia CB.
Ké MD vudng goc v6i canh AB, ME vudng goc véi AC. Ching minh rang hiéu MD—ME khong phu
thudc vao vi tri diém M.

- Ban chat cta cach giai 1a dung dién tich, két hop véi 4B = AC dé ching minh két qua trén bang do dai
duong cao tng voi canh bén. Véi tu tudng 4y ching ta giai duoc bai toan sau: Cho tam giac déu ABC.
Mot diém M bét ki thuéc mién trong goc A, nhung nam ngoai tam gidc ABC. Ké MD vudng goc véi canh
AB, ME vuong goc v6i AC, MK vudng goc v6i BC. Ching minh rang: MD+ ME — MK khong phu
thudc vao vi tri diém M.

Vi du 5: Mot hinh chit nhat bang gidy duoc gip theo dudng chéo AC nhu hinh v&. Dién tich cta hinh

nhan duoc bﬁng % cta dién tich ban dau. Biét dién tich tam giac AMC 1a 18cm’.
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a) Tinh dién tich hinh chit nhat ban dau.
b) Chung t6 d6 dai AM gap 3 1an d6 dai BM.

Giai
* Tim cach giai : Nhan thdy rang khi gap to gidy hinh chit
nhat theo dudng chéo thi phan to gidy xép chdng 1én nhau
chinh la phén AAMC . Mat khac, dién tich ctia hinh nhan

M 5 5 A ’ A <\ , A 9
duoc bang g cua dién tich ban dau. Tu d6 suy ra cau a, chi

can bién doi khéo 1éo 1a giai dugc.

Trong cau b, nhan théy AM, BM lan luot 1a d6 dai hai canh . —

cua hai tam giac AMC, BMC c¢6 chung duong cao ké tur C.

Do vay mudn so sanh AM va BM chung ta nén di so sanh dién tich AAMC va dién tich ABMC .

* Trinh bay loi giai

a) Khi gép to gidy hinh chir nhat theo duong chéo thi phan td gidy xép chdng 1én nhau chinh 1 phan

AAMC . Do vay dién tich nhan dugc so voi dién tich hinh chit nhat ban dau da giam di dung bﬁng dién

tich AMAC . Tirc 1a giam di 18cm?. Dién tich hinh nhan dugc bang % dién tich hinh chit nhat ban dau
A A s D 5 3 LA

nén dién tich AAMC bang: 1— 2 = 3 (dién tich hinh chir nhat).

Do d6 dién tich hinh chir nhat la: 18: % = 48(cm2) ;

b) Di¢n tich tam gidc ABC la: 48:2=24(cm’) .

Dién tich tam gidc MBC la: 2418 =6(cm” )

Hai tam giac MBC va AMC c6 chung duong cao BC nén:

AM S0 18

=—=3 suyra AM =3.MB .
MB  S,,0 6

Vi du 6: Cho hinh thang 4BCD(AB||CD) . Goi O la giao diém cta AC va BD. Qua O ké dudng thang d

song song v6i CD. Puong thiang d cit AD va BC lan luot tai M va N. Chimng minh rang: OM = ON .
Giai

* Tim cach giai : Khi n6i vé dién tich ctia hinh thang, thi dic trung 13 tam gidac AOD; BOC 1a c6 dién tich

bang nhau. Khai thac yéu t6 ndy, ta c6: S, +Spoy = Ssoy +Scoy - Tir nhan xét trén, muén so sainh OM

va ON chung ta di so sanh téng thé cac dudng cao twong tmg voi canh OM va ON.

Trang 4



13

* Trinh bay loi giai
Ké AP vudng goc CD va ciat MN tai I;

N\
,
BQ vudng goc CD va cat MN tai J; N

N [
I -
™~

e
-

Q) C

DK vuong goc MN tai K; CH vudng
goc MN tai H;

Ta co:

1 1
SACD =§CDAP, SBCD = ECDBQ

Ma AP=BQ ,nén S,, =Syp = S,00 = Ssoc

Mat khac,

1 1 1 1

S o0 = Siom T Spoy = E.OM.AI - E.OM.DK = E.OM.(AJ +DK) = 5.OM.AP
1 1 1 1

Ssoc =Spon +Scon = E.ON.BJ + 5.ON.CH = E.OM.(BJ +CH )= E.ON.BQ

Suy ra: %.OM AP = %.ON .BQ = OM =ON
Vi du 7: Cho xOy =90° c6 tia Oz 1a phan gidc. LAy diém P c6 dinh thuc Oz(P #0). Qua P ké duong

thang d bat ki cit Ox, Oy tai M, N. Chiémg minh khi d thay d6i thi OLM + OLN khéng doi.

Giai
Ké PI L Ox,PH L Oy ,tacd PI =PH vakhong doi.
Taco: Sppy, +Sopy = Souy » NEN:

%OM.PI+%ON.PH =%OM.ON

Chia hai vé cho %OM.ON

, PI PH
Tacd: —+——=
ON OM
111 ‘. 0 .
Do PI = PH ,néntacdé: —+——=— khong doi. O H N
ON OM PI H "

Vi du 8: Trong tam gidc ABC nhon goi 4 ,h,,h, 1a do dai cac du:(‘)'n1g.cao ung voi canh BC, CA, ABI. Goi
X, y, z 1a khoang cach tir diém M thudc mién trong tam giac dén BC, CA, AB. Chiing minh rang;
min(h,,h,,h. )< x+y+z<max(h,,h,h)
Giai

Gidstt h, <h, <h, thi c<b<a
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Ma 2.S=ax+by+cz<ax+ay+az
=>XxX+y+z2 =h, (1)
28 =ax+by+cz>cx+cy+cz

=>x+y+z< =h (2)

Tir (1) va (2) suy ra diéu phai chimg minh

C. Bai tap van dung
12.1. Cho hinh vuéng ABCD va E la diém trén canh AD sao cho S, =144cm® va S, =%SABCD .

Tinh d6 dai doan AE.
(Olympic Toan Tudi Tho toan qudc, nim 2014)
12.2. Cho hinh thang ABCD(AB||CD) . Goi M, N lan lugt 14 trung diém cta AB, CD. Mot duong thing

song song voi hai day cit AD & E, MN ¢ I, BC ¢ F. Chimg minh IE = IF .
12.3. Cho tam giac ABC. Qua diém O tuy ¥ ndm trong tam giac ta ké cac duong thang AO; BO; CO cit
BC, CA, AB lan luot tai M, N, va P. Chimg minh rang:

OM ON OP

Ivi + BN + P =1
12.4. Cho AABC trung tuyén AM. Mot dudng thang song song voi BC, cit canh AB, AC va AM tai D,
E, F. Chting minh FD = FE .
12.5. Cho hinh binh hanh ABCD. Trén BC lay diém I va trén AB 1ay diém K sao cho 47 =CK . Goi O 1a
giao diém cua Al va CK. Chirng minh OD 14 tia phan gi4c cua goc AOC.
12.6. Cho hinh thang ABCD(AB|| CD), AB < CD. Lay diém M trén CD sao cho BM chia ABCD thanh
hai phan c6 dién tich bang nhau. Goi N 14 trung diém AD. Chiing minh MN || BC .
12.7. Cho tam gidc ABC. Cac diém M, N, P theo thtr tu thudc cac doan thing BC, CA, AB. Céc diém X,
Y, Z theo thir tr thudc cac doan thrfmg NP, PM, MN. Biét r?mg YZ; ZX; XY theo thu tu song song voi

BC, CA, AB. Ching minh AP = MB .
XN MC

12.8. Cho tam giac ABC. Trén canh AB lay diém D sao cho BD =3DA, trén CB ldy diém E sao cho
BE =4.EC . Goi F 1a giao diém cta AE va CD. Ching minh rang FD = FC .

12.9. Cho tir giac 16i ABCD. Trén hai canh AB va CD ta lan luot 1y hai diém E va F sao cho % _r

DF’
Chtrng minh rang néu duong chéo AC di qua trung diém I cua doan thiang EF thi AC chia d6i dién tich
cua tu giac ABCD.
12.10. Cho tam gidc ABC vudng can tai A va hai duong phan giac BD va CE. Lay diém I bat ki trén doan
thang DE. Chimg minh rang : _ Swe  _ NO

IAB + SIAC

Trang 6



12.11. Cho tam giac ABC voi1 BC =a,CA=b,AB = ¢ va ba dudng cao ung véi ba canh lan luot c6 do dai
h.,h,,h . Goir la khoang cach tir giao diém cia ba dudng phan gidc cuia tam gidc dén mot canh cua tam

gidc. Chimg minh rang:

h, h, hr

a

12.12. Cho tam giac ABC c6 ba dudng phan gidc AD, BE, CF cit nhau tai . Ching minh ring:

A’ N BI’ N cro 1
AB.AC BABC CACB
12.13. Hai duong chéo cua tir giac ABCD cat nhau tai O, chia tir giac thanh bdn tam giac co dinh O la

OAB, OBC, OCD, OAD. Biét s6 do dién tich cta cac tam giac ndy 1a cac sd nguyén. Chimg minh ring
tich cac s6 do dién tich ctia cac tam giac d6 1a mot sb chinh phuong.

12.14. Cho luc giac ABCDEF, mdi duong chéo AD, BE, CF chia lyc giac thanh hai phén co dién tich
bang nhau. Chimg minh rang AD, BE, CF dong quy.

12.15. Cho luc gidc ABCDEF. Goi cac trung diém cua AB, BC, CD, DE, EF, FA lan luot 1a L,
M,N,P,Q.R. Biét mdi doan LP, MQ, NR déu chia luc giac thanh hai phﬁn co dién tich br:ing nhau. Chirng
minh rang LP, MQ, NR dong quy.

12.16. Cho tir giac ABCD ¢6 E, F lan luot 1a trung diém cua cic canh AD, BC. Puong thiang EF cit cac
duong théng AB, CD lan luot tai M, N. Chirng minh rﬁng MANC = MB.ND

Hudéng din giai

12.1. Ta cd: S, = AD* =144(cm’ ) nén AD =12cm

Mit khac: S ;, :éSABCD nén %AB.AE zéAB.AD

= AEz%ADz%.H:S(cm)

A I D
12.2. Ta c6: AM = MB;DN =CN , ma AMND va BCNM la
A M 13
hinh thang c¢6 chung dudng cao, nén S ,,,,p, = Szcn - = /1’\\
/ \ 3
Taco: S, =S, vi AM =BM va duong cao ha tr E; F fl T
M1 = O BMF g : ,-"I 1 ~ “C\h \\\ ;
M - _._,-'-"'-F-FFF- | .,
bang nhau. E ."g‘“H-H g
Ta ¢6: S,y =Sy Vi ND=NCva dudng cao ha tir E; F fio, TR T A N
. / N/// \__\
bang nhau = §,,,, =S, L S [T
3 M

K¢ EK L MN;FH 1 MN nén EK =FH .
Suy ra AEKI = AFHI nén EI = FI .
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12.3. Pt dién tich AOBC,AOAC,AOAB,AABC lan lugtla S;;S,;S, vaS.

Ap dung ti s6 dién tich hai tam gidc c6 chung dudng cao va

tinh chat ddy ti s6 bang nhau, ta co:

OM _ Spm _ Socs _ Soms +Soew _ S,

AM S5 Siow Susw FSuew S
S

5
AN SABN S BCN SABN + S BCN S

ON S, _

OCN S OAN + SOCN —

% _ SOAP — SOBP SOAP + SOBP _ i

CP SACP SCBP SACP + SCBP S '

Ma S, +8,+S8, =5 . Tudo suy ra: 0—M+O—N+£=i+i+i=l .
AM BN CP S S S

124. V¢ Al 1 EF,BH 1 EF,CK 1 EF .
Ta co: MB=MC nén

SABM = SACM;SFBM = SFCM

Suyra S, =S ,cr H F E K

< SADF + SBDF = SAEF + SCEF ]_J [ \ Lll

[

: I

o %DF.(BH+AI) :%EF.(AI+CK) ' .
B M C

Ma BD =CK suyra DF = EF .
12.5. V& DM L AI;DN L CK (M € AI,N € CK)

, 1
Taco: Sy = E.SABCD

1

SADI =5'SABCD -

1 1
nén Spc =S, = ALDM =—.CK.DN

Mit khac Al =CK, suy ra DM = DN = D cach déu hai canh C
cua goc 40C .

Vay OD la tia phan gidc cia goc AOC.

12.6. Trén tia dbi cua tia DC iy diém E sao cho DE = AB

Tt giac ABDE 14 hinh binh hanh, ma N 1a trung diém AD

= N la trung diém BE.

Taco: AABN =ADEN ,nén S, =S, = S,sc0 = Sper-

Diém M thudc CD sao cho BM chia ABCD thanh hai phan c6 dién tich bang nhau:
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1 1

= SBMC :ESABCD = ESBCE

:CMz%CE:CM:ME

ABCE ¢6 MC =ME,NB = NE ) C

= MN la duong trung binh cua ABCE .
= MN || BC.

SMXY + SPXY

12.7. N&i MX;BX;BY;CX;CZ . Ta cb: ;‘; _Suw _

S MXN S MXZ + S NXZ
Tir d6, v6i cht y rang: BP||YZ thi S,,, = S,y
va CN || ZX thi S,,, =S, . Taco:

XP _ Sy T Spy 1)
XN S,z +Sexs

Mat khac vi YZ || BC nén ta co:

MB _ SXMB _ SYMB _ SXM _SYMB

MC - SXMC SZMC SXMC _SZMC

SMXZ +SCXZ
Tu (1) va (2) suy ra: % =]]:/[4—B;.

12.8.Ké DH 1 AE;CK 1 AE . Taco:

SAEC_EC_l.SADE_AD l
BE 4°S,. AB 4

S ABE

(Vi BE=4.EC;BD =3.DA)

S S
- A —_APE — § =S, =>CK=DH

SABE SABE

Suy ra AHFD = AKFC

(vi H=K =90°%FHD = FCK;CK = AH)

= FD=FC
12.9. K¢ DD',BB',EH,FK cung vudng goc vdi AC.

Do EH || BB = ZH _AE
BB AB

FK”DD':K:C_F
DD'" CD
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B

ma ﬂ——( t) suy ra _fK
AB CDg I

Ta co: AHIE = AKIF (vi IE =IF,

HIE = KIF) = HE = FK viy BB'=DD'.

Suyra: S, =S 5c-

Vay AC chia déi dién tich tor giac ABCD. y  ——
12.10. Ta thiy A4BD = AACE(g.c.g) nén AD = AE

Vay tam gidc ADE vudng can tai 4 = ADE = AED =45°

Do d6 DE||BC nén S, =S,,. (1)

Dung DH L BC(H € BC) . Ta thiy

ADBH = ADBA (canh huyén —goc nhon)
nén DH = DA

1 BC.DH
DBC —

Suy ra: = 21 =
Soss ~ AB.DA
2

BC—\/E

ml .
AB B H (

hay _ Sepe  _ 2

SABC ~ “bpsC
\ \ S]BC SIBC
Tur (1) va (2) suy ra: —tmwe  _\p—_Smc _[p
SABC o SIBC SIAB + SIAC
12.11. Van dung hai tam giac c6 chung mét canh thi ti s6
dién tich bang ti s6 hai duong cao Gmg v6i canh do la:

' Sose. " _Sosc. T _ Sous

3

h SABC hb SABC h SABC

c

:L+L+L: SOBC +SOAC +S0AB =1
h hb h SABC

VéyL-f-i-l-L:l
hoh, h o or

a

c

12.12. Goi M; N; P 1a diém d6i xtng cua I qua AB, AC,
BC.
Goi IM giao AB tai H; IN giao AC tai K; IP giao BC tai J.

Ta c6: MAI = BAC(: 2.1/3/71)

nen: Sww _ AMAL
S o AB.AC
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Ar _ S i _ S inik (1)
ABAC ™ S, S

2
Tuong tu, ta co: Bl = Sper — Seru )
AB.AC S0 S e
CIZ — SCNI — SCKIJ (3) -
AB.AC S, S

Tir (1), (2), (3) cong vé véi vé ta co diéu phai chirg minh.
12.13. Goi §,,S,,S;,S, theo thir tyr 1a dién tich cua cac

tam giac O4AB,OBC,0OCD,0OAD

S 04
Suyra +t=—— (1
y s, - oC (1)
S, ocC
S S
Tu(l)va(2)taco: L =—%
(Dva() s, s, 1

Suyra S,S, = 5,8, nén S,5,S,S, =(S,S,)" 1a mot s6 chinh phuong.

12.14. Gia st AD, BE, CF khong dong quy, goi giao diém céc cip dudong chéo AD va BE 1a M, BE va CF
la N, CF va AD la P. Do M khong thugc CF nén M nam trong mot trong hai tir gidc FABC hoac CDEF,
gia st M nam trong tr gidc FABC. Theo gia thiét AD, BE cung chia da gidc ABCDEF thanh hai phan c6

A 13 . 1
dién tich bang nhaunén S ,;., =S, pr = ESABCDEF =S8 = Supe

_ Suws _,_, MAMB _| A

Sune MD.ME .

= MA.MB = MD.ME > PD.NE (1)
Chiing minh tuong ty, ta co:

1 ‘ C
SCDEF = SDEFA = ESABCDEF = SPCD = SPFA F N

= PC.PD =PF.PA>NF.MA (2)

1
Serap = Srapc = ESABCDEF = Syer = Ssc E D

= NE.NF = NB.NC > MB.PC  (3)

Tu (1), (2) va (3) suy ra: MA.MB.PC.PD.NE.NF > MAMB.PC.PD.NE.NF V6 li.
Vay AD, BE, CF dong quy.

12.15. Goi giao diém ciia LP vaMQ 13 O, taco: S,,, = S,,,

bat Sl = SOLA = SOLB >
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Tuong tu S, =S4, = Souc >
S3 = SONC = SOND’S4 = SOPD = SOPE >
S5 = SOQE = SOQF>S6 = Sorr =Sora

1
S sscper =S5 S1pcpp = SMCDEQ ==S,

2

= Sowsu = SOPEQ

= Sl + S2 = S4 + Ss = SOABC = SODEF

Cong hai vé voi S, +S, duoc: : E D

Sasevo = Snperro = %S , ma NR chia lyc giac thanh hai phan c6 dién tich bang nhau nén O phai thudc

NR. Vay LP, MQ, NR ddng quy.

12.16. Ta co: M
M_A _ SEAM _ SFAM _ SEAM _SFAM — SFAE (1)

MB S EBM S FBM SEBM -S FBM SEBF

ND — SEDN — SFDN — SEDN _SFDN — SFDE (2)

NC SECN SFCN SECN - SFCN SECF

ViE, F lan luot 12 trung diém cta AD va BC nén ta co:
Sear =Seop>Spar =Sper (3)
Tur (1), (2) va (3) suy ra:

MA_ND
MB NC

= MA.NC = MB.ND
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Chuong II1.
TAM GIAC PONG DANG
Chuyén dé 13.
PINH LY TA-LET TRONG TAM GIAC
A. Kién thirc cAn nhé
e Ti s ciia hai doan thing. Ti s6 ciia hai doan thing 14 ti s6 d6 dai cta chung theo ciing mét don vi do.

e Doan thi'ing ti 1€. Hai doan théng AB va CD goi la ti 1€ véi hai doan

thang A’B va C’D néu c6 ti 18 thic: A
AB_A'B' o AB _ CD. /\«\
CD C'D’ A'B" C'D’ iy / \L ¢
e Dinh ly Ta-let trong tam giac. Néu mot duong thiang song song / I
v&1 mot canh cua tam giac va cit hai canh con lai thi n6 dinh ra trén hai _/ \
canh d6 nhitng doan thing twong tng ti 18. B ¢
Trong hinh bén
AABC }: AB' _ AC' AB' _ AC'" B'B _ c'c
B'C//BC| =~ AB AC B'B C'C AB AC
1. Pinh Iy Ta-lét dio. Néu mot duong thang cit hai canh ctia mot tam giac A
va dinh ra trén hai canh nay nhitng doan thang tuong tng ti 1é thi dudng /‘\
thang d6 song song v4i canh con lai cia tam giac. B ad
AABC / \_
Trong hinh bén 4B’ 4¢' = B'C'//BC B C
BB C'C

2. Hé qua ciia dinh 1y Ta-1ét. Néu mot dudng thang cit hai canh ciia mot tam giac va song song v6i canh
con lai thi n6 tao thanh mdt tam gidc méi cd ba canh tuong ting ti 1€ voi ba canh ctia tam gidc da cho.

AABC } AB' AC' B'C'
_ AB'_AC"_

Trong hinh bén: = =
B'C"//BC AB AC BC

Chii y. Hé qua trén van dung cho truong hop dudng thang a song song véi mot canh cta tam giac va
cit phﬁn kéo dai cua hai canh con lai.
AB'" AC' B'C’
AB AC  BC
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B. Mt s6 vi du

Vi du 1. Cho tam giac ABC c6 trung tuyén AM. Tir mot diém E trén canh BC ta ké duong thang Ex song
song v6i AM va cit tia CA, BA 1an luot tai F va G.

Chung minh: EF + EG =2.AM.
Giai

* Tim cach giai.

- Pé chimg minh EF + EG = 2.AM , suy luan thong thuong 1a dung doan thang trén tia EF, EG bang
doan thang AM, rdi bién ddi cong trir doan thang. Chang han trong vi du nay, qua A ké dudng thang song
song voi BC, cat EF tai I. D& dang nhéan thiy EI = AM, do véy chi can chimg minh GI = IF 14 xong. Tuy
nhién dé chirng minh GI = IF bing cach ghép vao hai tam giac bang nhau 13 kho khan, chinh vi vy chung

ta chimg minh ti sb bang nhau c6 cung miu s6. Quan sat k§ nhan thay GI va IF c6 thé dit trén mau sb 1a
NP . AN pA X 4 .. FI IG |,
IE! Ttr d6 van dung dinh 1y va hé qua Ta-let dé chiing minh i = i la xong.

Ngoai cach trén, chung ta c6 thé bién d6i két luan thanh tong ti sb va chimg minh %+% =2 1la

xong. Do d6 van dung dinh 1y Ta-1ét va bién d6i linh hoat ty 1¢ thirc 1a yéu cau tit yéu trong dang toan
nay.

* Trinh bay loi gidgi

Cach 1. Gia stir E thudoc doan BM.

Qua A ké dudng thiang song song v6i BC cét EF tai I. Ta c6 AMEI 1a hinh binh hanh, suy ra EI = AM.
Ap dung dinh 1y Ta-1ét, xét AEFC c6 Al// CE,
AM/EF = £ FA_EM g

IE AC MC
Xét AGEB c¢6 Al// BE, AM // GE
Tir (1) va (2), két hop voi BM = MC
Suy ra IG = IF.
Taco: EF + EG = EI + [F+EI - IG=2.EI=2.AM

B E M (
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Cach 2. Gia st E thudc doan BM.
Theo h¢ qua dinh 1y Ta-lét:
EF _EC

Xét AEFC co EF//AM = (3)
AM  CM

Xét AABM cb EG/AM = L& = BE (4)
AM  BM

Cong vé theo vé (3) va (4) ta co:
EF EG EC BE EF+EG BC
+ = + hay =
AM  AM CM  BM AM  BM
Suyra EF + EG=2.AM.
Vi du 2: Cho hinh thang ABCD (AB//CD). Trén tia ddi cua tia BA 1y diém E sao cho BE = CD. Goi

giao diém ctia AC v6i DB va DE theo thi tw 1a I va K. Chirng minh hé thirc Ili—]é = £

CcI

=2.

Giai

* Tim cdch gidi. Nhan thdy ring: ching ta khong thé chimg minh tryc tiép z—]é = Ié—(; do vay nén st

dung ti ) trung gian. Khai thac BE = CD va AB//CD rat ty nhién chung ta van dung hé qua dinh 1y Ta-
1ét.
* Trinh bay loi gidi
biat AB =a, BE = CD =b. Theo h¢ qua dinh Iy Ta-1ét
AK AE a+b

Ta co: AE/CD = = = 1 =
b 3 (1) A B E
ABycp=AL_AB _a
c CD b
AI+CI a+b  AC a+b
= = = = (2)
Ccl b CI b
AK AC
T (l)va(2) suyra: —=——-.
(1) va (2) suy XC_CI
Vi du 3. Cho tam giac ABC c6 A= 120°, AD 1a duong phan giac. Chimg minh rang: L L =
AB AC AD

Giai
Ké DE // AB, ta co:

—~

D, = A =60°; A = 60° nén tam giac ADE déu. Suy ra AD = AE = DE.

Ap dung hé qua dinh 1y Ta-1ét: DE _CE hay AD _ CE .
AB AC AB AC B

Mt khac AP _AE o AD AD _CE AE _AC _

nén
AC AC AB AC AC AC  AC




1 I 1
Suyra —+——
AB AC AD’

Nhdn xét. Nhitng bai toan ching minh déng thirc ¢6 nghich dao d¢ dai doan théng, ban nén bién dbi va
chimg minh hé thirc trong dwong c6 ti s6 ctia hai doan thing.

Vi du 4. Mot duong thang di qua trong tim G cua tam giac ABC cét canh AB, AC lan luot tai M va N.
Chtrng minh rang:

oA, AC_, SLIN
AM AN AM AN

Giai
% , .00 VA ., « AB AC _, A A . , s ~ LA
Tim cach gidi. D¢ tao ra ti sO Wﬁ chung ta can van dung dinh ly Ta-let, ma hinh v& chua cé yéu

t6 song song do vay chiing ta can ké thém yéu t6 song song. K¢ duong thing song song véi MN tir B va C
vura khai thac duoc yéu to trong tdm, vua tao ra dugc ti $6 yéu cAu.

* Trinh bay loi giai

Trwong hop 1. Néu MN // BC, thi 101 giai gian don (danh cho ban doc).

Truwong hop 2. Xét MN khong song song véi BC.
a) Goi giao diém cua AG va BC 1a D= BD = CD.
K¢ BI// CK//MN (1,K € AD)

Xét ABDI va ACDK ¢6 BD =CD:IBD = KCD:IDB = KDC nén

ABDI = ACDK (g.cg)

= DI =DK.

AB Al
A dung dinh 1y Ta-1ét,ta c6 ——=—— MG // BI
p dung y - AC (vi );

£:A—K( GN // CK).
AN AG

Suy ra 4B + AC = 2.AD =3 (1)(vi 4D :i.AG).
AM AN  AG 2

BM GI CN KG

b) Xét = ; =
AM  AG AN AG
BM CN Gl +GK 2 GD BM CN
ay =/, suyra —+——=1.
AM AN AG AG AM AN

=3 . Vay néu G khong phai la

Nhin xét. Tir két qua (1), ching ta thay rang boi G 1a trong tAm nén 2;5

trong tam thi ta c6 bai toan sau:
- Mot dudng bét ky cit canh AB, AC va dudng trung tuyén AD cta tam giac ABC lan lugt tai M, N va

AB AC 2AD
AM AN "AG

G. Chung minh rang;
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- Néu thay yéu t6 trung tuyén bang hinh binh hanh, ta c6 bai toan sau: Cho hinh binh hanh ABCD. Mot

dudng thang bat ky cat AB, AD va AC lan luot tai M, N va G. Chiing minh ring: 48 AD AC
AM AN AG
Vi du 5. M6t duong thing di qua trong tim G cia tam gidc ABC cét canh AB, AC lan luot tai P, Q.
Chung minh rang: —B oc < =
PA QA 4

(Olympic Toan, Tdy Ban Nha, nam 1995)
Giai
B OC

.5 ~ 1.3 \ , , A A 2 A P ~ 7 9 A s \ 7
* Tim cach gidi. V& hinh xong va quan sat, chiing ta nhan thay ti s6 aa dacoddcaub, vidu4vaco

ocC

két qua la % todC 1 . Do vay khai thac yéu t nay, két hop voi bat dang thirc dai s6 cho 10i giai dep.

* Trinh bay loi gidi

cQ _J A
A0

Ap dung bét ddng thie (x+ y)2 > 4xy; Q

Dua vao vi du 4, ta co: —+
AP

P

2
Taco: I= £+Q 24.£.£ hay ﬁgﬁi .
AP AQ PA QA P4 04 4 B M C
Vi du 6. Cho ABCD Ia hinh binh hanh ¢6 tam O. Goi M, N la trung diém BO; AO. Léy F trén canh AB
sao cho FM cét canh BC tai E va tia FN cét canh AD tai K. Chtrng minh rﬁng:

)ﬁ BC_ =4, b) BE + AK > BC.
BF BE

Giai
* Tim cach gidi.
Véi phan tich va suy luan nhu cau a, vi du 4 thi cau a, vi du nay khong qua kho.

Twong tu cdu a, chung ta c6 két qua: j—?+j—1§ =4 vasuyra AD + 48 + 48 + BC _ 8 dé lién két duoc

AK AF BF BE

BE + AK v6i nhau, ma véi suy luan trén thi BE, AK cung nim ¢ mau sd, do d6 ching ta lién tudng toi
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A N , - A I [ ~ , A A e A ) ) & PR IPREE
bat dang thuc dai s6 —+—2> s€ cho ching ta yéu cau. Véi suy luan do, chung ta c6 101 giai sau:

Xy X+ y
* Trinh bay 16 gidi
a)Ké CI //AH // EF (v&i I,H e BD)
XétAAOH va ACOI ¢6 AOH =COI (d6i dinh); OA = OB; HAO = ICO (5o le trong)
— AAOH = ACOI (c.g.c)= 10 = OH . Ap dung dinh 1y Ta-lét, ta c6:

BA BC _BH Bl _BH+BI _BO+OH+BO-O0I _2.B0 _

LB - 4.
BF BE BM BM  BM BM BM

b) Tuong tu ta co:

AD AB AD AB AB BC
—t—=4= + + + =8
AK AF AK AF BF BE

Ap dung bt dang thirc i+iz
X y x4y
1, 4 4y ( 11

> = S AB|—+— 1|24
AF  BF _ AF+BF AB AF  BF

(Vo1 x;y>0)

Ta co:

1 1
Tu (1) va (2)suyra: BC.| —+—|<4
(1) va (2) suy (AK j

BE
Ma L Lo 4 a1, _4BC
AK  BE  AK +BE AK  BE )" AK + BE
_1BC . 4K +BE>BC
4K + BE

Vi du 7. Cho tam giac ABC nhon c6 AH 1a dudng cao. Trén AH, AB, AC lan luot 1y diém D, E, F sao

cho EDC = FDB = 90°. Chimng minh rang: EF//BC .
(Thi hoc sinh gioi Toan 9, tinh Quang Ngai, nam hoc 2011-2012)
Giai
* Tim cdch gidi. Dé chimg minh EF/BC, suy luin mot cach tu A
nhién chung ta can van dung dinh 1y \
N

Ta-let dao. Do vay can chtirng minh ti 1€ thuc A—B = A—C Nhan théy /?‘/' ) 5
AE  AF £/, /\\ b
/ M \
/ \

dé dinh huong ti 1& thac 4y cing nhu khai thac duoc

—_ e \ 5 V4 S N
EDC = FDB = 9(° chung ta can ké BO L CD;,CM 1 DB, d c6 cac Z J x
li

duong thang song song rdi van dung dinh 1y Ta-let. Tir 46 chung ta c6
101 giai sau:

* Trinh bay 16 gidi.
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KéBO 1L CD;CM L DB, BO va CM cit nhau tai [ = D 1a truc tam caa ABIC
= DI 1 BC = I, D, A thing hang.

DE//BI = AL = ﬁ
AD AE

IC//FD = AL = A€ suy ra A8 = AC = EF//BC
AD AF AE

(Pinh 1y Ta-let dao).
Vi du 8. Cho tam giac ABC vudng can tai A c6 BM la duong trung tuyén. LAy diém F trén canh BC sao
cho FB=2.FC.Chung minh AF 1 BM .

Giai
* Tim cdch gidi. Nhan thiy tir FB=2.FC suy ra: % = 2 mang tinh chat trong tim tam giac. Do vdy néu
goi G 1a trong tAm tam giac, AH 1a duong trung tuyén thi d& dang nhan duoc GF // AC va AH | BC nén
G 1a truc tdm tam giac ABF. Do do ta c6 101 giai sau:
* Trinh bay loi gidi.
Goi G 1a trong tam tam giac ABC va AG kéo dai cit BC
tai H= AH 1a duong trung tuyén ciia tam gidc ABC. B
Mat khac, AABCvuong can tai Anén AH 1 BC

Ta co: ﬁ =2 (vi G la trong tam);
GM

BF

Va —— =2 (gia thiét G F

7C (g )
= BG = BF = FG//AC (theo dinh 1y Ta-let ddo)

GM FC A M {:
= FG 1 AB nén G la truc tam

AABF = BG 1 AF hay BM | AF .

Vi du 9. Cho tam giac ABC. Biét ton tai diém M, N lan lugt trén canh AB, BC sao cho Z.% = %

va BNM = ANC . Chtng minh tam giac ABC vuong.
Giai
Cich 1. Goi P 13 trung diém cua AM, Q 1 giao diém cua AN v6i CP

BM _,BM _BN

Ta co: = MN//CP (dinh ly Ta-let ddo).
PM AM N

= QCN = MNB = ANC => AQCN cén tai Q.

Mit khic PA = PM,PQ//MN = QA =ON nén Q4= QC = ON

ACAN vudng tai C = AABC vuong tai C.
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Cich 2. Dyng D la diém db6i xtmg cia N qua C
= ND=CN+CD=2CN

MB:BN:MB: BN :BN

MA CN MA 2CN DN

= MN//AD (dinh 1y Ta-let dao).

Taco: 2

-~~~

= D=N,=N, = AAND can. Do d6 duong trung tuyén AC ciing 1a

duodng cao.

Vay AC L CB = AABC vudng tai C.

Vi du 10. Cho tam gidc ABC c¢6 AD la duong trung tuyén. Goi M la diém tily ¥ thudc khoang BD. Lay E
thudc AB va F thudc AC sao cho ME // AC; MF // AB. Goi H 1a giao diém MF va AD. Pudng thing qua

B song song voi EH cat MF tai K. Pudng thang AK cit BC tai I. Tinh ti s& % ?

Giai
Qua D ké duong thiang song song véi AB, cit tia Al tai P. Ap dung dinh 1y Ta-let, cho cic doan thing
song song ta co:

IB_AB AB HK

DP//AB = — =22 = 22 T2 (),
ID DP HK DP
ME/C = A8 _AB _ BC )
HK BE BM
HK AH BM

HK//DP va MH//AB = 3).

DP AD BD
Tur (1), (2) va (3) suy ra:

Vi du 11. Cho A4BC nhon. Hinh chir nhat MNPQ thay ddi thoa man M thudc canh AB, N thudc canh
AC va P, Q thudc canh BC. Goi giao diém ctua BN voi CM 14 X ctia QN v6i PM 1a Y. Goi H 1a giao diém

ctia XY voi BC. Chirng minh rang duong thang AH vudng goc véi BC.

Giai
* Tim cAch giai. Bai toan c6 nhidu yéu t6 song song, do viy dé chimg minh dudng thing AH vudng goc
v6i BC, chiing ta nén chimg minh AH song song véi NP hodc MQ. Vi dinh hudng 4y chung ta tim cach
véan dung dinh 1y Ta-let dao. Chang han néu chirng minh AH song song véi NP, chung ta can chimg minh

g—g = j—]g Bang cach van dung dinh 1y Ta-1ét ciing hé qua va bién ddi khéo 1éo cac ddy ti sé bang nhau,

chung ta s€ c6 101 giai dep.

* Trinh bay loi gidi.

-
Uy
o0




Goi Z 1a giao diém cia XY véi MN vi t&r giac MNPQ 14 hinh chit nhat, HP = ZM va MN // BC nén:
HP _ZM _XM _MN _ AN

HC HC XC CB AC

Do d6 AH // NP (dinh ly Ta-let ddo) ma NP L BCnén AH | BC.

Vi du 12. Cho hinh binh hanh ABCD ¢6 I; E 1a trung diém cia BC; AD. Qua diém M tuy y trén AB ké
duong thang MI cit duong thang AC tai K. Pudng thang KE cit CD tai N. Chtrng minh rang: AD = MN.

Giai

Goi P 14 giao diém ctia duong thang MI va CD

Goi Q 1a giao diém ctia duong thang KN va AB.

Nhan thay: AIBM = AICP (g.c.g) nén BM = CP.

AM ~ AM KA
B CP KC

Nhan thdy AEAQ = AEDN (g.c.g) nén DN = AQ.

Ta c6 theo dinh 1y Ta-1ét AM//CP nén

(1)

Theo dinh Iy Ta-1ét, ta c6: AQ // CN nén 2N A9 _ K4

NC NC KC
AM_DN __AM____ DN __ AM_DN
MB NC _ AM+MB DN+NC _ AB DC

)

Tu (1) va (2) suy ra:

Suy ra AM = DN.

Do d6 ADNM Ia hinh binh hanh suy ra AD = MN.
C. Bai tap van dung

13.1. Cho hinh binh hanh ABCD c6 AC = 24 ¢cm . Piém E thudc canh AB sao cho AFE = éEB .PiémF la

trung diém cta BC. Goi I, K theo thu tu 1a giao diém cua AC v&i DE, DF. Tinh cac d6 dai AL IK, KC.
13.2. Cho tam giac ABC c¢6 BC la canh 16n nhét. Trén canh BC léy cac diém D, E sao cho BD =BA;

CE = CA . Puong thang qua D song song v6i AB cit AC tai M. Pudng thang qua E song song véi AC
cit AB tai N. Chimg minh AM = AN.

(Tuyén sinh 16p 10 chuyén Todn, TP. Ho Chi Minh, nam hoc 2013 - 2014)

13.3. Cho tam giac ABC vudng tai A, dudng cao AH. Goi I 14 trung diém ctia AH. Pudng vudng goc voi
BC tai C cat duong thang BI tai D. Chtrng minh DA = DC.
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13.4. Cho hinh binh hanh ABCD. Trén dudng chéo AC ldy mot diém I. Tia DI cat dudng thang AB tai M,
cat duong thang BC tai N. Ching minh rang:

AM DM CB

AB DN CN’

b) ID’ = IM IN.

a)

13.5. Cho tam gidc ABC vuédng tai A. V& vé phia ngoai hai tam giac ABD va ACE vuéng cén tai B va E.
Goi H 1a giao diém ctia AB va CD; K 1a giao diém ctia AC va BE. Chimg minh rang;

a) AH = AK;

b) AH’ = BH.CK .

13.6. Cho hinh vuéng ABCD, diém E thudc canh BC. Goi F 1a giao diém cua AE va CD, G 1a giao diém
cua DE va BF.

a) Goi I va K theo thir tu 1a giao diém ctia AB va CG va DG. Chtrng minh rang IE song song véi BD.

b) Chimg minh rang AE vudng goc véi CG.

13.7. Cho tam giac ABC va D 1a mot diém tuy y trén AC. Goi G 1a trong tim A4BD . Goi E 1a giao diém

cia CG va BD. Tinh 28 _ <4
ED CD

13.8. Cho hinh binh hanh ABCD, diém E thudc canh AB, diém F thudc canh BC. Goi I la giao diém cua
CE va AD, goi K 1a giao diém ctia AF va DC. Chirng minh rang EF song song véi IK.
13.9. Cho tam giac ABC can tai A. Trén canh BC kéo dai vé phai C lay diém M. Mot duong thang A di

qua M cit cac canh CA, AB lan luot tai N va P. Chimg minh ring %—2—% khong d6i khi M va A

thay d6i.

(Thi hoc sinh gioi Toan 9, tinh An Giang, nam hoc 2009 - 2010)

13.10. Gia st O 1a giao diém cta hai duong chéo AC va BD cua tir giac 16 ABCD. Goi E, F, H lan luot 1a
chan cac duong vudng goc ké tir B, C va O dén AD. Ching minh rang: AD.BE.CF < AC.BD.OH . Ping
thirc xay ra khi nao?

13.11. Cho tam giac ABC vudng tai A. Céac tr gidc MNPQ va AXYZ la cac hinh vudng sao cho
M e AB;Q,Pe BC;N € AC; X, Y, Z tuong tng thuéc AB, BC, AC. Chimg minh MN < AX .

13.12. Goi M 1a diém bat ki trén dudng trung tuyén trén duong trung tuyén AD cia tam giac ABC. Goi P
1a giao diém cua BM va AC, goi Q 1a giao diém cia CM va AB. Chtrng minh PQ // BC.

13.13. Cho tam giac ABC c6 AB<BC, dudng phéan giac BE va duong trung tuyén BD (E;D thudc AC).
Puong thiang vudng goc véi BE qua C cit BE, BD lan luot tai F, G. Ching minh riang dudng thang DF
chia d6i doan thing GE.

13.14. Cho tam giac ABC. Lay diém O nam trong tam giac, cac tia BO va CO cit AC va AB lan luot tai
M va N. V& hinh binh hanh BOCF. Qua N ké duong thiang song song v6i BM cét AF tai E. Ching minh

rang:
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a) MONE 1a hinh binh hanh;

AE _AM.AN _OM.ON
AF  AB.AC  OB.OC

13.15. Cho hinh thang ABCD c6 day 16n CD. Qua A ké duong thing song song v6i BC cét duong chéo
BD tai M va cit CD tai I. Qua B ké duong thing song song voi AD cit canh CD tai K. Qua K ké duong

b)

thang song song véi BD cit BC tai P. Ching minh rang: MP//DC.

13.16. Cho tam giadc ABC c¢6 CM la trung tuyén. Qua diém Q trén AB v& duong thang d song song voi
CM. Puong thiang d cit AC, BC lan luot tai P, R. Ching minh rang néu QA.QB = QP.QR thi tam giac
ABC vudng tai C.

13.17. Cho tam giac ABC c6 trong tam G. Mot diém P thudc canh BC. Cac dudng thang qua P theo thir
tur song song voi CG va BG cit AB, AC lan luot tai E va F. Goi giao diém ctua BG va CG véi EF lan luot
1a1, J. Ching minh rang:

a) EI=1J =JF;
b) PG di qua trung diém cua EF.
13.18. Cho hinh thang ABCD ( AD<CD,AB//CD) c6 dudng chéo AC biang canh bén AD. Mot duong
thang d di qua trung diém E cua CD cit BD va BC tai M; N. Goi P; Q la giao diém ciia AM; AN véi CD.
Chtrng minh @ZQ/AE’
13.19. Cho tam gidc ABC. M 1a diém thuéc BC. Ching minh rang:

MAMB < MC.AB+ MB.AC.

13.20. Cho tam giac nhon ABC co6 A= 45°, cac duong cao BD va CE cit nhau ¢ H. Pudng vudng goc
v6i AB tai B cit AC & L. Puong vudng goc voi AC tai C cit AB ¢ K. Goi F 1a giao diém cua BI va CK, G
1a giao diém cua FH va EI. Chimg minh rang G 1a trong tAm cua tam giac AIK.
13.21. Duong théng d di qua trong tam G cua tam gidac ABC cit canh AB tai M, canh AC tai N va tia CB
tai P. Ching minh rang;
AB°  ACT  BCT
AM .BM AN.CN BP.CP

13.22. Cho tam giac ABC véi diém M thudc mién trong tam giac. Goi I, J, K thtr ty 1a giao diém cua cac
tia AM, BM, CM voi cac canh BC, CA, AB. Buong théng qua M va song song voi BC cat IK, IJ tai E,F.
Chting minh: ME = MF.

Huéng din giai
13.1. Ta co: ﬂzA—E=A_E=
IC CD AB

Do do: AIzéACzé.M:é(cm).

1
>
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CK CF CF
KA AD BC
, 1 1

Do dé: CK=§AC=§.24=8(cm).

Ta lai co:

L
>

Suy ra IK=24—6—8=10(cm).

13.2. Tir DM/AB =M _BD _ . ACBD _AC.AB
AC  BC 2c = BC
Evac AN _CE . _ABCE _AB.AC
Do d6 AM = AN.
A
M
N
- E D c

13.3. Goi M 1a trung diém ctia AC, N 1a giao diém ctia MI va AB. Tam gidc AHC c¢6 MI 1a duong trung
binh nén M1 // HC, tuc 1a MN // BC.

Theo dinh ly Ta-1ét:
Do AH // CD nén 1B _HB (1)
ID HC A
Do MN // BC nén 1N=A1=IM, N M
HB AH HC 1
IN HB 5
Tacla —=—— 2
IM  HC (2) 8 : ‘

IB IN .
Tu (1) va (2) suy ra;: — =——, do d6 BN // DM (dinh ly Ta-let dao).
(1) va (2) suy DI ( y )

Talai co: BN L AC nén DM 1L AC. Vay DM la duong trung truc cia AC, suy ra DA = DC.
13.4. a) Ap dung hé qua dinh 1y Ta-1ét vao tam gidc BMN véi BM // CD, ta cé:
MN BN  MN+ ND _ BN + NC (tinh chét ti 16

= = M
ND NC ND NC
thirc)
MD BC B / > c
— —
I

=~
ND NC
Ap dung hé qua dinh 1y Ta-1ét vao tam giac MAD véi

BN // AD
A [3
AM DM
taco: —=—-(2)
AB DN
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AM DM _ CB
AB DN CN
b) Ap dung hé qua dinh 1y Ta-1ét vao tam gidc ADI v6i AD // NC, ta co:

Twr (1) va (2) suy ra:

D_H s
IN IC
Ap dung hé qua dinh 1y Ta-1ét vao tam giac DIC v6i DC // AM, ta co:
M _14 (4)
ID IC

ID IM
Tur (3) va (4) suy ra;: — =— hay ID? = IM.IN.
(3) va (4) suy WD y

13.5.2) BD//AC(L 4B)

_AH _AC _AH _ AC __ AH __AC
BH BD ~ AH+BH BD+AC ~AB BD+AC
M BD = AB nén AH = 2-AC (1)
AB+AC
AB//CE(L AC)
AK 4B AK AB AK 4B
KC CE ~AK+KC BD+EC ~AC BD+EC
Ma CE = AC nén AK = 24C (2)
AB+ AC

£

B c
T (1) va (2) suy ra: AH = AK.

b) BD/AC = A _AC
BH

(3).cE/aB =KL (4
AK  AB

Ma AC=CE, BD = AB.

; . AH CK
Két hop voi (3) va(4)tacdO —=——,suyra 4H’ = BH.CK.
op vOi (3) va (4) 0 - Y
13.6. a) Ta s€ chung minh E:E Do BK // DF nén theo dinh ly Ta-Iét, ta co: s = 1G = L
IB ED CD GC CF
suy ra K _CD (1)
Y IB CF
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Cing theo dinh 1y Ta-lét vé61i AK // DF, ta co:
KE_BE_AB ()
ED EC CF

Talai c6: AB=CD nén tu (1) va (2) suy ra: LS = E
IB  ED

Theo dinh ly ddo Ta-1ét ta co: IE // BD.
b) Tacoé: BD L AC valE//BDnén IE 1L AC.
Tam giac ACI c6 CB L Al,IE 1 AC nén E 1a tryc tam cua tam giac ACI. Suyra AE 1 CG.

Luwu y: Cau a) 1a cAu goi y dé giai cau b).
13.7. Goi F 1a giao diém BG véi AC thi AF = FD.
Lay M thuéc CG sao cho DM // BG.
Tacd: CA+CD = CF + FA+CF —FD hay
CA+CD=2CF = CA=2.CF = CA=2.CF-CD
Vi G la trong tam A4ABD nén GB =2.GF
EB CA _GB 2CF-CD _2GF 2CF

Vi MD//BG = +1 (1)
ED CD MD CD MD  CD
Ma GF // MD nén GF = C—do vay, tur (1) suy ra: EB_C4 =1.
MD CD ED CD

13.8. Goi O 1a giao diém cua AF va CE.
Theo dinh ly Ta-let:
|

aE/cK = 9E 04

oC OK’

A B

picr =9 _9F E

o 04
. OE OE OC 04 OF OF
Ta co: = ) = . = ]

O OC O OK 04 OK F

Iy .
gf OF _, gryik (theo dinh 1y Ta-let dao). C "

13.9. K¢ NH // AB (V61 H € BC) suy ra:
BM CM MH CM MH CM CH
BP CN NH CN CN CN CN o\

Mit khac NH //AB o \
I_.'"ll x““"“—-._\_\_i‘t\_ Ny
_CH _CN _ CH_BC ol
BC AC ~CN AC / I S

I_I.-' I II"L 'H.H

S . N ..
vay BM _CM _ BC |1 5ng déi khi M va A thay déi. b T M

BP CN AC .
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13.10. KéATJ_BD(TeBD),thi AT < A0

Nén AD.BE = BD.AT (=2.8 )

Suyra AD.BE < BD.AO

— AD.BE<4C.BDAZ (1)
AC

Mt khac, OH // CF nén 22 = 97 (5)
AC ~ CF

Tur (1) va (2) suy ra: AD.BE < AC.BD.Z—;I < AD.BE.CF < AC.BD.OH.

Ding thirc xay ra khi T tring voi O hay AC vudng goc voi BD.,
13.11. Pat x; y 1a canh hinh vudng MNPQ; AXYZ; va a, b, c 1a d6 dai BC, AC, AB. Ké AH 1 BC; dat
AH=h. Tir d6 suy ra: ah=b.c(=2.5,,.) va a’ =b* +c’.

Tacod (a+h)2 =a2+h2+2ah>b2+c2+2bc=(b+c)2
A

=a+h>b+c
N N o

a+h b+c 1 1 1
= > =>—+—>—+— (1) X
ah bc h b c J
Theo dinh ly Ta-let, ta co: > =
B Q HY P
MN+MQ_AM+MB_]
BC AH AB AB

XY 7Y BY CY 1 1 I 1
AC AB BC BC a h b ¢

1
—+
a

X X
_+_ el
a h
v,y
b ¢

Tu (1) va(2) suyra: x<y hay MN < AX .

13.12. Qua A ké duong thang song song voi BC,

1an lugt cat BP va CQ kéo dai tai E va F. F A E

Ap dung hé qua dinh 1y Ta-let, ta co:

AF  AM  AE

CD MD BD Q
Ma CD =BD nén AF = AE.

Ap dung hé qua dinh ly Talet, ta co:
AF _AQ AE AP
BC OB BC PC

B D C

Suy ra: AP _AQ = PQ//BC (dinh ly ddo Ta-let).
PC QOB

13.13. Goi giao diém cua CG va AB 1a K va giao diém cta DF va BC 1a M.
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Ta c6 ABCK can (vi c6 BF vtra 1a duong phan giac, B

vura la duong cao)

= F 1a trung diém cuia CK. M
AACK c6 FK = FC, AD = CD suy ra DF la duong
trung binh= FD//AK .

ABCK ¢6 FK = FC, FM // BK suy ra M la trung

diém cua BC.

Xét tam giac DBC c6 trung tuyén DM, theo bai toan

13.12. thi GE//BC, suy ra 5—5:% Ma BM =

MC
MC, do d6 OE = OF hay DF chia d6i doan thing GE.

13.14. a) Goi G la giao diém ctia NE va AC, H 1a giao diém CF va AB.
Theo dinh ly Ta-let, ta co:

NEycH = SE _CEF
EN FH
GM NB( NO
MC BH\ oOC)

NE//BM//CH =

CN//BF = S = ﬂ
FH BH

Suy ra GE = oM = ME//NC
EN MC

= MONE la hinh binh hanh.
b) Ta c6 BM // HC va NE // HF, theo dinh ly Ta-1ét, ta co:
AMAN _AM AN _AB AN AN _AE ) i

AB.AC AC AB AH AB AH AF
OM.ON OM ON NG NC NG
OB.OC OC OB NC HC HC

Ta c6: OM // NG; OB // CH. Theo dinh 1y Ta-Iét, ta c6: //HC

Ma NG/HC = 20 - AN
HC ~ AH

NE/HF — AN _ AE N OM .ON _ AE
AH AF OB.OC AF

(2)
Tir (1) va (2) suy ra diéu phai chimg minh.
13.15. T gidc ABKD c6 AB // DK; BK //AD nén ABKD la hinh binh hanh, suy ra: DK = AB (1)
T giac ABCI c¢6 AB // CI, Al // BC nén ABCI 1a hinh
binh hanh, suy ra: CI=AB (2)

Tu (1) va(2)tacd: DK =CI = DI =KC

A B




Ap dung dinh 1y Ta-1ét vao AABM véi AB // DI, ta co BM 114)?

BP _ DK BP AB
hay = )
- KC PC KC

Ap dung dinh 1y Ta-1ét vao ACBD vé&i KP // BD, ta ¢

Ma DI =kC =48 _AB _ BM _ BP ) 46 MP //CD (dinh Iy Ta-lét dao).
D] KC MD PC

13.16. Trong tam giac BQR c6 CM//QR

Nen% = MB (hé qua dinh ly Ta-let) = CM = OR = MB = %.MB
OR OB 0B op
OR _04
(do Q4.0B=0P.QOR = QB op

Mat khéc, trong tam giac ACM c6 PQ // CM

04 AM A
OP CM

Nén:

Vi CM:%.MB nén CM:g—gMB 5
— CM’ = MAMB = AM’ (vi MA = MB)
— CM = AM = BM.

Vay AABC vuong tai C. P

13.17. a) Goi BM va CN la cac duong trung tuyén cua tam giac ABC. Goi giao diém cua BG va EP 1a H,
cutaCGvaFPIaT.

Tu HI // PF, EP // CN, theo dinh ly Ta-let, ta co:
El EH NG I

EF EP NC 3

Suyra EI = éEF

Tuong tu ta co: FJ :éEF.

Do do: EI:IJ:FJ:éEF.

b) Tur PE // CN, theo dinh 1y Ta-let, ta co: % _G_2

CN 3

Tir PF // BM, theo dinh 1 Ta-let, ta c6: =59 _ 2 PH i ; do d6 TH // EF (dinh 1§ Ta-let

PF BM 3 PE
dao).
Goi O, K 1a giao diém cua PG v&i HT va EF. Ta ¢6 PHGT 14 hinh binh hanh = OH = OT.
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Theo h¢ qua dinh 1y Ta-1ét, ta co: HO = PO = or . Tir d6 suy ra KE = KF, diéu phai ching minh.
EK PK KF

13.18. Goi I 12 giao diém cua duong thing d va AB. IS, ’
Ap dung dinh ly Ta-lét, ta co:
DP DE EC NC QC

AB//CD = = = = = A B
AB BI Al NB AB

Do d6 DP = QC theo gia thiét AC = AD = AADC can tai M

A

= ADP = ACQ = AADP = AACQ (c.g.c)

Suy ra ]\Zél\D:Q/AZ’

13.19. Ké MN // AB (hinh v€). Ta co6:

MN _MC _ \in = ap M
"AB BC BC
NA_MB _ jymacME
AC  BC BC
Ma AM < MN+ NA (bét dang thirc tam giac),

Hay AM < AB. A;—gmcﬁ

BC
Vay AM.BC < MC.AB+ MB.AC.

13.20. Tam gidc vuong ACK co A=45° nén la tam giac vuong can, CE la duong cao nén AE = EK, IE
1a dudng trung tuyén cua AAIK.

Ta s& chimg minh IG = 2.GE (bang cach chtrng minh FI = 2EH).
Ta co:

FI =CF~J2 (vi ACIF vuéng can),

CF = BH (vi BFCH la hinh binh hanh).

BH = EH~J2 (vi ABEH vudng can) nén FI = 2EH. Do EH // FI
nén theo dinh 1y Ta-let, ta co:

£=£=2 suy ra IG = 2GE.
GE EH

Vay G la trong tdm cia AA4IK.

13.21. Qua A va C ké duong thing song song véi duong thang d, cit duong thing BG lan luot tai A’ va
C.
AB AC AC BC

Ap dung vi du 4, ta co: =3; =3 (1)
AM AN CN CcpP

Vi MN cit tia CB tai P nén tuong tu cach ching minh vi du 4, ta co:
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BA_B_A"B_A_BC’jBA_BC_ 2)
BM BG BP BG ~BM BP '

AB  AC AC BC K AB BC _

AM AN CN CP BM BP

AB(AM+MB)+AC(AN+NC) BC(CP-BP)
AM .BM AN.CN BP.CP

Tur (1) va (2) suy ra:

AB’ AC? BC’
& + -
AM .BM AN.CN BP.CP

= 9 (diéu phai chimg minh).

Nhin xét. Dua trén bai toan trén, ching ta giai duoc bai toan sau: Puong thiang d di qua trong tim G cia
tam gidc déu ABC, canh a, cit canh AB tai M, canh AC tai N va tia CB tai P. Chirng minh réng:
1 1 1 9

+ - =—.
AM.BM AN.CN BPCP da’
13.22. Goi EF cit AB, AC tai P, Q. Theo dinh 1y Ta-1ét, ta co:

MP_IB -y
MQ IC
e
MP BC
MO _BC 3
MF  BI

T (1), (2) va (3) nhan vé véi vé ta duogc:

MP ME MQ IB IC BC

MQ MP MF IC BC IB

— ME _ | hay ME = MF.
MF
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Chuong
Chuyén dé
TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

A. Kién thirc cin nhé

1. Pinh ly

Trong tam gidc, dudng phan gidc cia mot goc chia canh ddi dién thanh hai doan théng ti 1€ v&i hai canh
ké hai doan ay. A

e

BAD =CAD DC AC

2.Chuy /

B D C

* Pinh 1y van dung véi doi1 voi duong phan gidc gbe ngoai cua tam giac.

AABC(AB?&AC) EB AB
o =——="—
BAE = CAE EC AC

* Céc dinh 1y trén co6 dinh 1y ddo
DB AB
——=——= 4D la dudng phan giac trong cua tam giac.
DC . AC gp g g g
EB_AB
EC AC
B. Mt s6 vi du

= AFE la duong phan gidc ngoai cua tam giac.

Vi du 1: Cho tam gisc ABC, trung tuyén BM cit phan gidc CD tai P. Chung minh ring:
PC AC _ |

PD BC
Giai
PC AC PC AC
- =l = +
BC PD BC
DA_AC _ DA, _AC

Dua vao dinh y Ta-lét:

CD 1a phan giac cia AABC nén = 1= +1
BC DB BC
= A8 =A—C+1 . Vi vay chi can ching minh: PC = ﬁ
DB BC PD DB
Cdch 1.
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Vé DK // BM (K thuoc AM ), theo dinh ly Ta-Iét, ta co:

PC _MC MA AB
PD MK MK DB

B (6
Cich 2.
V& DI /| AC (I thudc BM), p
Theo dinh ly Ta-1ét, ta co:
PC _MC MA _AB y :
PD DI DI DB :

B C

Cich 3.
V& AN // BM (N thudc tia CD) A

Do MA=MC suyra PC =PN 4
- PC_PN " M
PD PD ’\
ND _ DA

Mat khac ——=—— (do AN // BP), B »
PD DB

Cich 4. A
V& AH // CD (H thudc tia BM),

Ta c6: AAMH = ACMP(c.g.c)

Suy ra PC:AH:>£=£.
PD PD

Mait khac, do PD // AH nén theo h¢ qua dinh 1y Ta-lét, ta c6: B
AH=AB:>PC=AB.

PD DB PD DB

Cdch 5.

Trén tia d6i cia tia MB, 1ay diém E sao cho MB=ME . Suy ra

A
ABCE 14 hinh binh hanh. Suyra 4B // CE va AB=CE.
Theo hé qua cia dinh 1y Ta-Iét, ta co: D M
PC_CE_4B
PD BP DB
@

@]

al
m
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Vidu 2: Cho A4BC can tai A va A=36°. Ching minh rang: 4B* = AB.BC + BC*

Giai
* Tim c4ch gidi. Phan tich d& bai, ching ta thu duge B = C =72°, nhan thy 72°=2.36° do d¢ ching ta
nén ké phan giac goc B (hodc goc C) 1a suy luan ty nhién. Tir d6 van dung tinh chit dudng phan giac
trong tam giac va bién doi linh hoat ti 1¢ thirc ta duoc 101 giai hay. A
* Trinh bay 101 giai.
Ké phan gidc BD ciia ABC(D e AC), khi d6 B, = B, =36°
= AABD cantai D va ABCD cantai B—= AD = BC = BD.
Theo tinh chat duong phan giac trong tam giac ABC, ta co: -

BA_AD _ B4 __ BC
BC CD ~BC AC-AD
Ma AB= AC;AD = BC B3 C

N

. B4 BC
nén =
BC BA-BC

< BA(BA-BC)=BC’

& BA>—BA.BC = BC* < AB* = AB.BC+ BC”.
Nhan xét. Tuong tu chung ta giai dugc bay toan sau: Cho AABC can tai A va 4=108°. Chtrng minh
rang: AB* = BC* — AB.BC..
Vi du 3. Cho tam gidc ABC c6 trong tim G va [ 1a giao diém cua ba duong phan giac trong. Biét ring
IG // BC . Chitng minh rang: AB+ AC =2.BC.

Giai
* Tim cach gidi. Nhan thay dé khai thac /G // BC chung ta nén ké dudng phan gidc goc 4 va trung

tuyén mg v&i canh BC thi s& van dung duogc gia thiét do.
<\ A r , J A 5 AI o r . A AI A re \ . + R 5
Tur suy luan d6 chung ta c6 két qua D 2. Mat khac, ti so D két hop véi I 1a giao di€m cua ba

duong phan giac trong cho phép ching ta lién tuong t6i kha nang van dung tinh chit duong phan giac
trong tam giac ABD, ACD . Ttr d6 chung ta c6 101 giai sau:
* Trinh bay loi giai
Goi D,M lan luot la giao diém cua Al, AG vé6i BC. A
Theo tinh chat duong phan giac trong tam gidc ABD, ACD , ta co:
14 _AB _CA _AB+AC _AB+4C
ID BD CD BD+CD BC
IA  GA AB+ AC \
- = =)= -~ -9 B D .
ID GM BC M C

IG /I BC =
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Hay AB+ AC =2BC.
Nhin xét. Voi ki thuat va 16i tu duy trén, ching ta c6 thé giai dugc bai toan ddo: Cho tam giac ABC c¢6
trong tim G va I la giao diém ba duong phan giac trong. Biét ring AB+ AC = 2.BC . Chiing minh rang:
1IG /I BC.
Vi du 4. Cho tam gidc ABC c6 ti s giira hai canh chung dinh 4 1a 3:2. V& dudng trung tuyén AM va
duong phan gidc AK . Tinh ti sé dién tich cta hai tam giac AKM va AKB.

Giai

AB 3 A
Truwong hop 1. Xét — =—.
& hop AC 2

KB-KC . KC_AC
2 KB AB
Ta co: & K M B

SAKM_KM_KB—KC_l(I_Ej 1(1 ﬂj 1(1 2)_

Chu y rang: KM =

2

KB 2KB 2\ KkB) 2\ 4B)”

SAKB
AC 3
Truwong hop 2. Xét —=—.
& hop AB 2
KC-KB v KC AC
2 KB 4B

Ta co: \
SAKM_KM_KC—KB_l KC_1 _l £_1 1 3_1 _
KB 2KB 2\ KB AB 2

Chu y rang KM =

SAKB 2

Nhin xét. Bai nay dé bo sot trudng hop.
Vi du 5. Cho tam gidc ABC ¢6 BE va CF 1a hai duong phén gidc cit nhau tai O. Ching minh rang néu

0OB.OC =%BE.CF thi AABC vuongtai 4.

Giai
* Tim cach giai. Véi gia thiét OB.OC = %BE.CF va chimg minh A4BC vudng tai A, dé dang nhan thay
tir mdi quan hé vé d6 dai ma chimg minh tam giac vudng, tit yéu ching ta nghi toi dinh 1y Py-ta-go dao.

PRI 1
Do d6 ching ta can biéu dien OB.OC :EBE.CF thong qua cac canh

ctia tam giac ABC . Dinh huéng cudi cung 13 a* = b* + 2.
* Trinh bay loi giai.
Pat BC=a, AC=b, AB =c.

Theo tinh chat duong phan giac, ta c6:

BF _BC __BF __ BC
FA AC~ BF+FA BC+AC
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L BE_ a4 g %

c a+b a+b’
OF_BF_ c :>OF+OC_a+b+c:> CF_a+b+c
OC BC a+b oC a+b oC a+b

., BE a+b+c
Tuong tu, ta co: O—: .

a+c

BECF _ (a+b+c)

= —_t =2
OBOC ~ (a+c)(a+b)

Tur gia thiét  OB.OC = %BE.CF =3

& a’ +b* + ¢ +2ab+2ac+2bc =2a” +2ab + 2ac + 2bc
a’>=b"+c* ,suyra AABC vudng tai 4.
Vi du 6. Cho tam giac ABC vudng tai 4 c6 G la trong tdm, BM la duong phan giac. Biét ring
GM L AC.Chimg minh raing BM vudng gbc véi trung tuyén AD .
Giai

Cidch 1. (Khong dung tinh chat dudng phan giac). Goi I 1a giao diém cta BM va AD,H 1a trung diém
AC= DH /| AB va DH =%AB (vi DH la duong trung binh A4ABC).

Laicd6 GM // AB (cung vudng géc voi AC)
= GM // DH . Ap dung hé¢ qua dinh Iy ta-1ét:
Xét AADH c¢6 = GM // DH D

GM _AG 2 __GM 2 \X
> — === — = —,
DH AD 3 DH 3
Xét AABI 6 GM J/ 4B — ZL_OM _GH _1 A M H C
Al  AB BH 3
GI+ Al A+3 3 32 AD
= —

S AI==AG==2AD= Al ==
Al 4 43 2

= ] 1a trung diém ctia 4D .
AABD c6 BI vira 1a duong phan gic, vira 1a duong trung tuyén, suy ra AABD can tai B nén BI vira la

duong cao vura 1a duong phan gidc. Do dé BM 1 AD.

Cach 2. AADH c6 GM //DH:>A—M:£2333.AM:2.AH:AC:AM+MC
AH AD 3

hay MC =2.4AM .

Ap dung tinh chat duong phan giac trong AABC, ta co:

B—C:M—C:2:>AB:B—C:BD.

AB  MA

Vay AABD cantai B nén Bl vua la phan giac vura la dudng cao.

Do do BM 1 AD
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Vi du 7. Cho tam giac ABC c6 I la giao diém cta ba duong phan giac. Puong thing qua / cit cac
duong th'fmg BC,CA, AB lan luot tai D,E,F sao cho D,E nam cung phia ddi voi diém 1 . Chung minh

BC AC _ 4B
ring: — +-—
D IE IF

Giai
Ap dung tinh chat duong phan giac trong va ngoai cua tam giac, ta co:

BD BF CE CD AF AE
D IF'IE ID'IF IE

., BC BD CD BF CE
Ta co: = - = —— (1)
ID ID ID IF IE

. AC_AE CE _AF CE
Tach: —=——+—=—+— (2)
IE IE IE IF IE

Tir (1) va (2) cong vé véi vé, suy ra:

BC AC _ BF AF 4B
ID IE ]F IF IF’

2bc

Vi du 8. Cho tam giac ABC , dudong phan gidc AD . Pit AC =b, AB = ¢. Ching minh raing AD < bic
+c

Giai
Cich 1. Qua D ké duong thing song song v6i 4B, cit AC ¢ E.
Taco: l/)\l =:4\1 =22nén AE = DE . Ta tinh DE theo b va c.

DE _DC

Do DE // AB nén theo dinh 1y Ta-1ét thi — = (1).
AB  BC
Theo tinh chat duong phan giac bc = A¢ = b
DB AB ¢
an DC b
DC+DB b+c
&

tue la: be = b )

BC b+c
Tu (1) va (2) suy ra: DE = b .

c b+c
Do d6 DE =25
b+c
2bc

Tam gidc ADE ¢6 AD < AE+ DE =2DE =

b+c
Cich 2. (khong dung tinh chét duong phan giac).
Qua B ké duong thang song song véi AD , cat duong thang AC & K .
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Taco: K, = 4B, =4, =K, =5,
= AABK cantai K,nén AK = AB=c.
Do BK // AD nén theo dinh 1y Ta-lét thi

AD _AC b b

i — AD=——BK (1)
BK KC b+c b+c
Tam giac ABK ¢c6 BK <AB+AK =2c (2)
Tir (1) va (2) suy ra: AD <225,

b+c

B

Nhin xét. Tir két luan bai toan, suy ra: ! > btc = ! > 1 l+l .
AD 2bc  AD 2\b ¢

Tuong tuy nhu vay ddi v6i duong phan gidc goc B va goc C, thi ching ta giai dugc bai toan hay va kho
sau: Cho tam giac ABC . Goi [ ,/,,I 1a do dai duong phan giac goc 4,B,C. DatBC=a,AC=b,

AB = ¢ . Chimg minh rang;

Vidu 9. Cho AABC c6 AD la dudng phén giac,  1a giao diém cua ba dudng phén gidc va K 1a trung

diém cta AB . Biét rang KIB =90°. Ching minh rang: 4B+ AC =3BC.

Giai
Trén BA liy diém E sao cho BE = BD 4
[\
Ta cd: ABDE cantai B c6 Bl 1a duong phan gidc nén Bl | BE [\ N\
f\ \
KE DI [
dodé DE //KI(LBI)=—=— (1) [\
KA Al KA \ \
, , | <\ "\‘
Ap dung tinh chat duong phan giac trong AABD,AACD £l '\\\ ' \\
[ N AN
. BD _ID_CD e '
taco0: —=—=— (2) L N\
BA 14 CA e = .
BD CD B
Do do _D_ ¢ (3)

BA CA BA+CA

Ttr (1) va (2) suy ra: KE_BD _BE_ BE
KA BA BA 2.KA

Hay 2KE = BE

:BEZEBK:BD:lBA:>£:l 4)
3 3 B4 3

Twr (3) va (4) suy ra: B—C:l: AB+ AC =3.BC.
BA+CA 3
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C. Bai tap van dung

14.1. Cho tam giac ABC, duong phéan giac 4D . Biét ring BC =10cm va 2.AB=3.AC. Tinh d6 dai
doan thang BD va CD.

14.2. Goi Al 1a duong phén giac cua tam gidc ABC;IM,IN thu ty la cac duong phéan giac cua goc AIC
va goc AIB . Chimg minh ring: AN.BI.CM = BN.IC.AM

14.3. Cho tam giac ABC c6 chu vi bang 18cm . Puong phan giac ciia goc B cit AC tai M , dudong phan

giac cua goc C cit AB tai N . Biét rang: MA = l,N—A = i Tinh d¢ dai cac canh cua tam giac ABC.
MC 2 NC 4

14.4. Cho AABC vudng céan tai 4. Puong cao AH va dudong phéan giac BE cét nhau tai /. Chirng minh
rang: CE =2.HI
14.5. Cho hinh chit nhat 4ABCD. Goi M 1a trung diém AD,N la trung diém BC. Trén tia dbi cua tia
DC lay diém P, duong thing PM cat AC tai O vacat BC tai S.Pudng thing ON cit DC tai R.
Chtrng minh rang:
a) ANPR la tam giac can.
o M0 _S0

MP SP
14.6. Cho AABC c6 AM.BN.CP la cac duong phan giac. Pat BC =a; AC =b; AB =c. Chimg minh

s S _ 2abc
S e (arb)(brc)(cra)

14.7. Cho AABC c¢6 AB =4cm; BC = 6cm;CA=8cm . Goi I 1a giao diém ba duong phan giac ciia tam
giac ABC va G la trong tam. Tinh d6 dai doan théng 1G.

14.8. Cho hinh binh hanh ABCD(AD < AB) céc diém M, N lan luot thudc AB, AD sao cho BM = DN .
Goi O 1a giao diém cua BN va DM . Puong thing CO cit duong thing AB va AD theo thirtyla [ va
K . Chting minh rang: CD = DK; BI = BC

14.9. Cho tam giac ABC vudng tai 4. C6 duong cao AH , dudng trung tuyén BM va dudng phan giac

. ) . . BC BH
CD dong quy tai O. Chirng minh rang; — = ——.
gquy ta g g 1C_ CH

14.10. Cho tam gidc ABC vudng tai A . Hai dudng phan giac BD va CE cit nhau & O. Biét s6 do dién
tich tam giac BOC bang a . Tinh tich BD.CE theo a.

14.11. Cho tam giac ABC c¢o BAC =34CB. Chc diém D, E thudéc canh BC sao cho
EE):EE:EE. Goi M 1a diém thudc canh AB,MC cat AE tai L; goi K la giao diém ME va
AD . Chiing minh rang KL // BC.

14.12. Cho tam giac ABC véi duong trung tuyén CM . DPiém D thudc doan BM sao cho BD =2.MD.

Biét rang MCD = BCD. Chung minh rang: AACD la tam giac vudng.
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Huwéng din giai

14.1. Tacod: 2AB=3AC suyra AB :i. A
AC 2

AD la duong phan giac cua gobc BAC nén

BD 3 :BD_E
BD+CD 3+2 10 5 B D C

3.10

Suyra BD = 6(cm);CD:4(cm).

14.2. Ap dung tinh chéat duong phan giac vao cac tam giac
ABC, ABI, AIC .

BI_AB_AN AL CM_IC

IC AC 'NB BI 'MA Al

BI AN CM _AB Al IC_ 4B IC_, : i ‘
IC'NB MA AC BI Al AC BI

= BI.AN.CM = BN.IC.AM

14.3. Xét AABC c6 BC la dudong phan giac cia AABC nén:

A
AM:AB:AB:l:AB:lBC.
MC BC BC 2 2 M

Goi CN la duong phan giac cua AACB, suy ra:

NA:AC:ACZESACZE.BC B o
NB BC BC 4 4

Ta co: AB+BC+AC:18<:>%+BC+%BC:18

@%.BC:B: BC:8(cm)

Tir d6 ta tinh dugc 4B =4(cm); AC = 6(cm)
14.4. Ta co:

ZIE:@I+ZB\I:%(2+§):45°+
Suy ra AAIE cantai A= Al = AE (1).

Ap dung tinh chat duong phan gic cia AABH va ABAC, ta cé: H
IH_BH _ AB_BH

=== (2); l
IA BA Al IH
EC BC AB BC

= = = 3) A E £
EA BA AE EC

BH BC

Te2)va(3)suyra: —=—— 4

(2) va (3) suy T EC 4)
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Vi AABC vudng can tai vnén BC =2.BH .

Tir 6 két hop véi (4), suy ra EC =2.1H .

14.5.

a) Taco: CN // DM ;CN =DM va NCD =90° nén CDMN 12 hinh chit nhat
= MN // CD

Goi O 1a giao diém cia AC va MN .

AAOM vi ACON cb: AM = CN; AMO = CNO = 90° MAO = NCO
= AAMO = ACNO(c.g.c)= MO =ON.

Ap dung hé qua dinh 1y Ta-1ét, ta co:

MO /| CP= MO QO ,NO /| CR=> No QO

QC CR QC

Suyra£=wméM0=NOSuyraCR=CP.
CR CP

ANRP ¢c6 NC L. PR,CR=CP.
nén ANRP can.

b) MN // RP nén ONM = NRP, MNP = NPR
ma ]@z@:Q/Nﬂ\lzijM la tia phan giac ONP .
Taco: NS L MN nén NS latia phan gidc goc ngoai dinh N cia APNQ.

Ap dung tinh chit duong phan giic

; S
trong va ngoai cua ANPQ, ta co:
MQ _NQ 50 _NQ
MP NP’ SP NP . £ B
Q/
_ Mo _SQ
~mp SP M 5 =
k//
P D C

14.6. Theo tinh chat dudng phan giac cia AABC, ta co:
AN  AB - AN AB
NC BC  NC+AN BC+AB
AN_ € av=te
b c+a c+a

bc

Tuong ty, ta c6: AP =

b+a

Mat khic: S vp _AN.AP _ bc
Supc ABAC (a+b)(a+c)

(1
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Tuong tu: Swur _ ac (2)

BC (a+b)(b+c)
) Scwv _ ab
Y S (@vo)(bro) ©)

Tir (1), (2) va (3) ta co:

SMNP —1- SANP _ SBMP _ SCMN

SABC SABC SABC SABC

bc ac ab

(a+b)(a+c) (a+b)(b+c) (a+c)(b+c)

3 (a+b)(a+c)(b+c)—bc(b+c)—ac(a+c)—ab(a+b)

- (a+b)(a+c)(b+c)
S\we _ 2abc
S e (a+b)(a+c)(b+c).

14.7. Goi D, M lan luot 1a giao diém ctua AI, AG v6i BC.
Ap dung tinh chat dudng phén giac trong tam gidc ABD, ta co:
BD 4B N BD AB

CD AC ~BD+CD AB+AC

3& i:>BD:ﬂ:26m.

6 4+8

D_BD_ ID_2
4

—— = =
1A AB IA

B p M ¢
Mait khac G 1a trong tim A4ABC = Z_AGl = %

:Q:G—M :l = IG // DM (theo dinh 1y Ta-lét dao)
A GA\ 2
= IG = AG:> IG =%:>IG=%DM.
DM AM DM 3 3
2 2 2

IG=2.(BM-BD)==.(3-2)=2cm.

14.8. Goi E 1a giao diém ctia duong thang BN va CD

BM // DE nén %:E
ED OE
ma BM = DN nén B—O:ﬂ (1)
E ED
Taco DN // BC nén DN _ BC 2)

D CE




BO BC
Te(l)va(2)suyra —=——
(1) va (2) suy OE - CE

= CO la duong phan giac BCD

:>51<\C=1)/(17<(=§17<):>ACDK can tai D= CD = DK

:>§1\C=551(=17?1\)):ABCJ can tai B= BI = BC.

14.9.Ké MI L HC vi AH L HC nén MI // AH .
Mait khac MA=MC nén HI =CI = 2.HI =CH .
Ap dung tinh chat duong phan giac va dinh Iy ta-1ét, ta c6: D

BH BH BO  BC BC 0 I
CH 2HI 20M 2CM AC

(101 giai khéc, cac ban c6 thé xem & chuyén dé dinh 1y Cé-va) A M C
14.10. Pt BC=x;CA=y;AB=z.
Theo tinh chit duong phan giac ciia A4BC, ta co: B

DA_AB_Z:> DA __Z L py=~
DA+DC z+x zZ+Xx

DC BC «x

(1)

AO 1a phan giac BAD nén
OB 4B OB AB £

- - 2) o
OD DA OB+OD AB+DA

.
D c
Tir (1) va (2) suy ra: 28 = _**2 A
BD x+y+z
Tuong tu OC: xry . Tu do
CE x+y+z

OBOC _(x+y)(x+z) _ 0BOC _ Cxyrxz+yz 1
BD.CE (x+y+z)2 BD.CE 2(x2 +xy+yz+zx) 2

2
Vi y*+2% = nén OB.OC= x2+xy+xz+yz _l
BD.CE 2(x +xy+yz+zx) 2
hay BD.CE =2.0B.OC 3)

Dé y ring néu ké BH L OC, mit khac d& thdy BOC =135°, nén ABHO vuédng can tai H .

1 V2

Do d6 8. =~ BH.OC =~~0BOC, suyra OB.OC = 202 (4

Tu (3) va (4) suy ra: . BD.CE =4a2
14.11. Trén AE lay diém N sao cho MN // BC.

Tir gia thiét EAC = ECA = AEAC cintai E= AE=EC (1)
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Ciing theo gia thiét AEB=EAC + ECA=2.ECA=EAB = ABAE can tai B—=> AMAN can tai M (vi
MN /| BE )= AM = NM (2)

LM NM AM KM .
VaytacO —=—— (vi MN // EC) =—— (theo (1) va (2)) = —— (theo tinh chat dudng phan giac
ay C EC ( ) 1k (theo (1) va (2)) XE ( g phan giac)

Suy ra KL // BC (dinh ly Ta-1ét dao)

A
M
K

B D E ¢

14.12. ABCM c6 CD la duong phan giac nén BC = BD =2=>BC=2CM
CM MD

Trén tia d6i cia tia MC 1dy diém P sao cho MC = MP suyra CP=2.CM
— CP=BC = ACBP cantai C, P s
ma CD la phan gidc nén CD L BP (1)
Mt khéc: ACMA = APMB(c.g.c). »
Do d6 CAM = PBM suyra AC /| BP ©)
Tu (1) va(2),tacd: CD L AC hay AACD vuong tai C. i /

Trang 13



Chuyén dé 15.
CAC TRUONG HQP PONG DANG CUA TAM TAC
A. Kién thirc cin nhé

1. Khai niém hai tam giac dong dang

a. Pinh nghia A
AA'B'C’ duoc goi 1a dong dang v6i AABC néu: j/\
2’:2;@:@;6’:6; M/ﬁ N

AB _AC _BC / \
AB  AC  BC >

b. Tinh chat B

- Mi tam giac dong dang véi chinh no.

-Néu A4'B'C' ~ AABC thi AABC -~ AA'B'C".

-Néu A4'B'C’' ~ A4"B"C" va AA"B"C" -~ AMBC thi AA'B'C' ~ AABC

c. Dinh li

Néu mot duong th'fmg cit hai canh cua tam giac va song song voi canh con lai thi n6 tao thanh mot tam
giac méi dong dang véi tam giac di cho.

AABC

= AMN ~ AABC .
MN //BC

Chii y. Pinh 1y ciing dung cho trudng hop dudng thiang cit phan kéo dai hai canh ctia tam giac va song
song vdi canh con lai.
2. Truomg hop ddng dang thir nhit

Néu ba canh ctia tam giac nay ti 1é v6i ba canh cuia tam giac kia thi hai tam giac d6 dong dang.

A
Néu  AABC  va  ALBC o /\ w
AB BC (A
AB BC CA
— ABC «~ A4'B'C’ Z\
B C g &4

3. Truong hop dong dang thir hai

Néu hai canh cua tam gidc nay ti 1¢ voi hai canh cta tam

A
giac kia va hai goc tao boi cac cap canh do béng nhau, thi A/
hai tam giadc dong dang.
Néu A4BC va AA'B'C' c6: > s
B cC g 54

A= va 2B _AC i ABC - AMBC
AB C

4. Trudng hop dong dang thir ba
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Néu hai goc ctia tam giac nay lan luot bang hai goc cua A

tam giac kia thi hai tam giac d6 dong dang v6i nhau. A/

Néu AABC vi AA'B'C' cb: A'=4; B'=B thi /\

AA'B'C' -~ AABC. d ® 4 -
B c g c

B. Mt s6 vi du
Vi du 1: Cho t& gidc 16i ABCD ¢6 BAC = CAD va ABC = ACD. Hai tia AD va BC cét nhau tai E.
Chtng minh ring AB.DE = BC.CE .

Giai
* Tim cdch gidi. Dé chimg minh dang thc tich, théng thudng ching ta bién doi chung duéi dang ti 18

thirc va chimg minh ti 1& thic 4y. Vay dé chimg minh AB.DE = BC.CE chung ta can chimng minh

AB E . . AB : ; ) AB AE
—= CE . Nhan thay ti s6 — c6 thé van dung dugc tinh chat duong phan gidc vatac6 — =——.
BC DE BC BC CE

A , A , .. CE _AE _. . . . , . A .
vay chung ta can ching minh OE = CE Tur d6 ching ta tim cach chiing minh ACDE ~ AACE , vay chi

can chirg minh ECD = BAC 1a xong.
* Trinh bay loi gidi
Vi BAC + CBA = ECA (gbc ngoai tam giac) va ABC = ACD nén ECD = BAC

CE AE
do d6 ACDE -~ AACE(g.g), —=—q
odo (g.g),suyra DE - CE (1)

AE AB
Trong AABE c6 AC la duong phan giac suyra — =—— (2
g gphang yre o =go (2)

Tir (1) va (2) suyra 22 = <E —, 4BDE = BCCE
BC DE

B

A D E

Vi du 2: Cho tam gidc ABC vudng tai A c6 diém D nidm giita A va C. Qua C dung CE vudng goc voi
dudng thang BD tai E. Chimg minh:
a) AADE -~ ABDC
b) AB.CE + AE.BC = AC.BE
Giai
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* Tim cdch gidi.
AADE va ABDC ¢ ADE = BDC ; dé tim mot cip goc nita bang nhau that kho khan. Do d6 ching ta

tim cach chtmg minh cap goc trén ti 1¢ thong qua hai tam giac khac. Chang han can c6 g—; _DbE chiing

ta nén ching minh AABD ~ AECD

- Bé chimg minh AB.CE + AE.BC = AC.BE , ta c¢6 vé trai 1a mot tong nén vé phai ta can tach thanh mot
téng: AC.BE = AC.x+ AC.y véi x+y = BE . Do vay ta chon diém F thuoc BD khi 46 x = BF , y = FE
va chimg minh AB.CD = AC.BF , AD.BC = AC.FE. T d6 ching ta chi cin chon diém F sao cho
AABF » AACE, AAFE «» A ABC la xong.

* Trinh bay 1oi gidi
WY |
a) Xét AABDva AECD ¢6 ADB = EDC ; BAD = CED =90° (gt) FahY
rd LY
DA DE
AABD ~ AECD(g.g) = ——=—— i \
DB DC . \
s
— — DA DE A T
AADE va ABDC ¢b6 ADE = BDC ; v et
DB DC T o
//.-""’J-J'f- HHR\ """'.
suy ra AADE -~ ABDC (c. g.c) o il ™~

b) Céch 1. Goi M la giao diém AB va CE.

Xét AMBE va AMCA ,tac6 M chung; MEB = MAC (=90°) = AMBE & AMCA(g.g) = % = %

Xét AMAE va AMCB ¢6 % :M—C M chung = AMAE AMCB(c.g. c):>MEA MBC

MA’
Liy F e BE sao cho AF 1 AE.Xét AABF va NACE cb:

BAF = 6475(: 900—5,47«“); ABF = A/C\E(9()°—A7)

= MBF - DMCE (g.g) = ji ff; = AB.CE = AC.BF (1)

Xét AAFE va AABC c¢b
EAF = BAC (=90°); AEF = ACB (clng phu véi hai goc bing nhau)

= AAFE - AMBC(g.g)= j(Ej_?; = AE.BC = AC.EF (2)

Tir (1) va (2) cong vé véi vé:

AB.CE+ AE.BC = AC(BF + EF) = AC.BE

Cdch 2. Goi J 1a diém trén canh AC sao cho ZE] = ﬁ?C .
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Xét AABJ va AEBC ¢6: BAC = BEC(=90°); 4BJ = EBC s,

/? i
= ANABJ - AEBC(gg) / f‘;axhxij?f_____.a-”x,i._\zl
.x"iﬁ“""#- "“M_H \
AB A 4BCE=BEAT (3) F
BE CE L~ N
o o — o i
Xét AABE va AJBC co: ABE = JBC: AEB = JCB 2
AE _BE

= AABE - AJBC =
JC  BC

= AE.BC = BE.JC (4)
Tir (3) va (4) cong vé v6i vé: AB.CE + AE.BC = BE(AJ +JC) = BE.AC
Vi du 3: Cho tam giac ABC c¢6 AB=2cm; AC=3cm; BC=4cm. Ching minh rang
BAC = ABC +2.4ACB

Giai
* Tim cach gidi. V& mit suy luan, mudn chimg minh mét goc BAC thanh tong cac goc nhu dé bai. Ta co
hai cach suy nghi:
Céch 1: trong goc BAC dung mot goc BAD hoac DAC bang goc ABC va chimg minh phan con lai
bang 2.ACB. Tuy nhién cach nay van gap khé khin boi con hé sb 2.
Céch 2: trong goc BAC dung mot goc BAD bang goc ACB va ching minh phan con lai bang

DAC = ABC + ACB. Cach nay c6 tinh kha thi. That vay, ta viét BAC = ABC + ACB + ACB nén néu lay

diém D trén canh BC sao cho BAD = ACB , thi d& dang nhan thiy ADC = ACB + ABC nén chiing ta chi
can chimg minh tam giac ACD cén tai C 13 xong.

Vi suy luan nhu trén, chung ta c6 hai cach trinh bay sau:

* Trinh bay loi giai

Cich 1. Trén doan thiang BC ldy diém D sao cho BAD = ACB suy ra AABD - ACBA(g.g). Suy ra

BD _AB _ BD _2

— = — = BD=1cm = CD=BC-BD =3 cm
BA CB 2 4
= CD = AC nén AACD can tai C, do vay DAC = ADC .
Ma ADC = ABC + BAD (tinh chat goc ngoai tam giac).

Suyra: BAC = BAD+ DAC = ACB + ADC = ACB+ ABC + BAD

Do d6 BAC = ACB +2.4CB.
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A

B N ¢

Cich 2. Trén doan thang BC lay diém D sao cho BD =1cm
= CD=BC-BD=3cm = CD=AC nén AACD can tai C
Do viy DAC = ADC (1)

AABD va ACBA c6 ABD chung va % _4B_1

CB 2
Suy ra AABD -~ ACBA(c.g.c) — BAD = BCA (2)
Tur (1) va (2) ta co:

BAC = BAD + DAC = ACB+ ADC = ACB + ABC + BAD

Do d6 BAC = ABC +2.4CB.

Vi du 4: Cho tam giac ABC (4B = AC) c6 gbc & dinh bang 20° canh ddy BC =a; canh bén 4B =b.

Chung minh rang a® +b° = 3ab’.
Giai

Cach 1.

Dung tia Bx & nira mit phang bd BC ¢6 chira diém A sao cho CBx = 20° ;

tia Bx cit AC & D; ké AH 1 Bx.Tam giac ABC céan tai A, ta co:
A=20°= B =C=80°= ABH = ABC — CBx = 80°—20° = 60°
Suy ra AABH c6 ABH = 60°; ZI?B:90°:>BH=%=%.
Taco: AH® = AB> — BH* (dinh 1y Pi-ta-go)

b* 3’

= AH? =p* —— ="
4 4

ABDC ¢6 BCD =80°; CBD =20° = BDC = 80°
— ABCD cantai B = BD = BC = a,

Do do DH=BH—BD=§—a.

. BC AC
Nhan thidy: AABC -~ ABDC(g.g)=> —="—
’ 4 (22) CD BC

~ BC® & ‘ 2

— CD ~ % maAD=AC-cD=b-L
AC b b

H
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2 2
Va AD? = AH? + DH? =%+(%—aJ =b’—ab+a’.

2

2
Vay [b—%j =b*—ab+a’ < b*+a' -2a°b* =b* —ab’ +a’b’

= a(a3 er3)=3c12b2 o a + b =3ab?

Cach 2.

Dung tam giac ABE déu sao cho E va C niam cuing phia so v6i AB.

Dung AACD céan tai A sao cho D; E nam cung phia véi AC va
CAD =20°=> ABC = ACD = ADE (c.gc).

Goi F va G la giao diém coa BE v6i AD AC. Khi 46 BG=EF =a. Vi

ABE = 60° nén CBG = BAC = CBE =20° va ACBG cén tai B.

2
E:Ejﬁ:%jCG:a_
AC BG b a b

2

Ta co: AG=AC—CG=b_%

= ABAC - ACBG(g.g) =

Ta c6: FG//CD nén theo dinh 1y Ta-1ét, ta co:

a2

GF 4G GF " b ab® —a’
= = = =>G0F=———

CD AC a b b*

Ma BE =BG +GF + FE

2 3
b"—a

:>b:2a+a pE o b =2ab” +ab’ -a°

s ad + b =3ab?

Vi du 5. Cho hinh thoi ABCD c6 A=60°. Goi M la mot canh thudc canh AD.

Puong thing CM cat dudng thiang AB tai N.
a) Chirng minh AB* = DM .BN ;
b) BM cit DN tai P. Tinh gbc BPD .

Giai

a) Ta «c¢6: AM//BC (do AD//BC), suy ra:

ANAM « ANBC = 24 _ VB
AM  BC

NA NB
hay — =— (1) (vi BC = 4B).
Y s~ g D )
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Taco: NA//DC (do AB//DC), suy ra ANAM — ACDM = 24 _ €D

DM
NA AB
Hay —— =—— (2) (vi CD = 4B
ATy 2)( )-
Tur (1) va (2) suy ra: N—Azﬂh AB* = DM .BN .
AB DM

. NB  AB NB _ BD
AB DM BD DM

Xét ABND va ADBM 6 B — BD s NBD = BDM = 60°
BD DM

b) Tir

Suy ra ABND ~ ADBM (c.g.c)= MBD = BND

— MBD + MBN = BND + MBN = 60°

Ma BPD = BND + MBN nén BPD = 60°

Nhin xét. Vi ki thudt nhu trén, ban c6 thé giai bai toan sau. Cho hinh thoi ABCD c6 A =60° vé duong
théng qua C cit tia d6i cua tia BA tai M va cit tia d6i cua tia DA tai N. Goi K 1a giao diém cua DM va

BN. Tinh s6 do MKB .
Vi du 6. Cho AABC can tai A. Liy M tiy y thuoc BC, ké MN song song v6i AB (véi N € AC), ké MP

song song voi AC (v6i P € AB). Goi O 1a giao diém ctia BN va CP. Ching minh ring OMP = AMN .
Giai

* Tim cdch gidi. Nhan thiy BPM = MNC = OPM = ANM

Do d6 OMP = AMN < AOPM ~ AANM . Mt khac chiing ta thiy

A QOPM va AANM khé c6 thé tim thém dugc mot cip goc nita bang /

nhau. Do viy ching ta nén tim cach bién d6i thém hai cip canh ké

v6i hai goc ﬂl\P; AMN ti 1€ 1a xong.

* Trinh bay 1oi gidi

Gia sit MB < MC . Goi Q 1a giao diém MO va AB; K 1a giao diém
CP va MN.

Vi MNAP la hinh binh hanh nén OPM = ANM (1)

Vi AABC can tai A nén suy ra APBM can tai P va ANCM can tai
N.

Do d6 PB=PM = AN va NC = NM = AP két hop v6i MN / /AP, suy ra:

PQ PO _KM _PB_ NA
PM PB KN P4 NM

Tur (1) va (2) suy ra: AQPM ~ AANM (c.g.c)

)
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— OMP = AMN hay OMP = AMN .

Diéu phai ching minh.

Vi du 7. Cho tam gidc ABC ¢6 B=2.C, AB =4cm, AC =8cm. Tinh d6 dai canh BC?
Giai

* Tim cdch gidgi. Khai thac gia thiét, tir B=2C chung ta can dung thém yéu t phu dé van dung diéu nay

duogc. Chung ta ¢6 hai hudng giai:

- Cdch 1. Ké dudng phan giac BD cua goc B dé khai thac dugc goc bang nhau.

- Cdch 2. Tl dinh C dung thém mot goc bang goc B.

V6i hai huéng d6 chung ta c6 hai 101 giai sau:

* Trinh bay loi gidi

Cach 1. Ké duong phan giac BD cua tam giac ABC.

r \ . s — 14/3% .r'f )

Xét AABC va AADB c6 A chung, ACB = ABD| = —— / i, I
Suy ra AABC ~ AMDB(g.g) /// s

2 2 i e )
A8 _AC  p=AB Y 5 (em) ! L

AD AB AC 8
= CD =6(cm)
AABC c6 BD la duong phan giac nén BC = D = BC = AB.CD = 46 =12(cm)
AB AD AD 2

Cdch 2. Trén nira mat phang bo BC khong chira diém A dung tia Cx sao cho
BCx = ACB = ACB = ABC
Goi E 1a giao diém ctia Cx voi duong thang AB.

Xét AABC va DACE ¢6 A chung, ABC = /TC\E(= 2.20\3)

suy ra MBC - MCE (g ¢) B oo P

:%:j—g:AE=AC; :§:16(cm)

= BE =12 (cm)

Tir ABC =2.4CB = 2.BCE

Suy ra ABCE cén tai B, do d6 BC = BE =12(cm)

Vi du 8. Cho tam gidc ABC ¢6 AB =2 cm, AC =3 cm va BC =2,5cm. Chémg minh ring B = 2.C..

Giai
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* Tim cach gidi. Bai toan nay c6 nét dao cua vi du 7, do d6 hoan toan tu nhién ching ta cling nghi toi

viéc ké thém yéu t6 phu. Dé ching minh B = 2.C, chiing ta ciing c6 hai huéng sau:

~

- Céch 1. Dung phan giac BD va ching to ABD=C.
- Cach 2. Tir dinh C dung thém mét goc bang goc B va chirng minh cip goc bang nhau.
Vi bai toan biét kha nhiéu d6 dai doan thing nén chung ta chimg minh cip gbc bang nhau bang cach

chimg minh hai tam giac dong dang theo truong hop canh-goc-canh.

* Trinh bay loi gidi
Cach 1. Ké duong phan giac BD cua tam giac ABC.
AD AB AD AB A
suy ra = = =
DC BC AD+DC AB+BC D
4D __ 2 = AD = 4 (cm).
3 2+25 3
, AB 2 3 AC 3
Ta co: = =—, =— B C
AD 4/3 2 AB 2
AC AB
suyra — =——.
AB  AD

Xét AABC va AADB c¢6 A chung, % = j—g suy ra AABC ~ AADB(c.g.c)

Do d6: ACB = ABD,viy ABC =2.C.

Cich 2. Trén tia d6i tia BA 1dy diém E sao cho BE = BC
suy ra:

ABC =2.BEC = 2.BCE

. AB 2 4AC_ 3 2 C
AC 37 AE 2+2,5 3

AC 4B
suyra — =—.
AE ~ AC
Xét AABC va MCE o6 4 chung, 2S48 Gy ra
AE ~ AC

AABC -~ AACE(c.g.c)

do @6 ACE = ABC suy ra ACE =2.BCE = ACB = BCE
Hay ABC =2.ACB.
Vi du 9. Cho tam gidc ABC ¢ A4 =90° va B =20°. Céc diém E va F 1dn luot ndm trén céc canh AC va

AB sa0 cho ABE =10° va ACF =30°. Tinh CFE .
(Thi Olympic Todn quéc té Pai Loan TAIMC, niam 2012)

Giai
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* Tim cdch gidi. Nhiing bai toan tinh s do goc thuong kho, trude hét chiing ta nén v& hinh chinh xéc, sau
d6 phan tich gia thiét dé du doan k¥ thuat ké thém yéu t6 phu. Trong gia thiét chung ta nhan thiy
ACF =30°= FC =2.4F . Tt B=20°= C=70°, khi 46 BCF =40°, chiing ta co lién tudng gi goc
40° nay véi goc 20° va 30° & dé bai khong? Véi suy nghi 4y, chung ta 14y diém G trén AB sao cho
BCG = 20° khi do bai toan tao nén nhitng yéu t6 médi: CF 1a phan giac goc ACG, tam giac BCG can tai
G. V6i hinh v& chinh xac, ching ta hoan toan c6 thé du doan dugc CG song song v6i FE. Tir d6 dinh
huéng dé chimg minh dyu doan iy bang dinh 1y Ta-1ét dao.

* Trinh bay loi gidi

Xét AABC ¢6 A=90° va B=20°= C = 70°
AACF ¢6 4=90° va ACF =30°

= FC=2.4F.

Goi D 1a trung diém cua BC va G 1a diém trén

AB sao cho GD vuong goéc voi BC.
Do d6 AABC -~ ADBG

_, BD _ B4 5GB - GBC = 20° = GCF = 20°
BG BC
Mit khac CG va BE 1an luot 1a tia phan gidc caa BCF va ABC nén
FC BC BA _AE
FG BG BC EC

lFC lBC
2 _2

AF

~ _BD _BA_AE _ AF _AE
FG FG

Do do: = = = =
BG BG BC EC FG EC

Tirdo ta co: CD//EF (dinh Iy Ta-1ét ddo) = CFE = GCF = 20°.
Vi du 10. Cho tam giac ABC c6 34+ 2B =180°. Tinh sb do cac canh ctia tam giac biét sé do dy 13 ba s6
tu nhién lién tiép.

Giai

L

A D B

Vi 3;1+21§:180°:;1+§+6’:>6:2.2+§:>(A?>j4 va (A?>ZA3 = AB > BC va AB > AC
Trén AB lay diém D sao cho 4D = AC = D nam giita A va B.
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Ta c6: AACD can tai A nén ﬁ=lgo__A

Ma 32+2§=180°:>180°—2=2(21+1§)

- 2(;1+1A3)

— ADC = —A+B

— CDB =180°— ADC = C

4B _BC

Vay AABC -~ ACBD(g.g)= c=30°> BC? = AB.BD = AB(AB—-AC) (*)

Do AB, BC, AC la ba so nguyén lién tiép va AB=max{4B,BC,AC} nén AB=BC+1 hoic
AB=BC+2.

Truwong hop 1. Néu AB = BC +1 thi AC = BC —1 thay vao (¥), ta ¢6:

BC? —2.BC -2 =0, khong ton tai BC 1a s6 nguyén.

Truwong hop 2. Néu AB = BC +2 thi AC = BC +1 thay vao (*), ta co:
BC*-BC-2=0<(BC-2)(BC+1)=0< BC=2 (vi BC>0).

Vay BC=2; AC=3 va AB=4.
Nhdn xét. Van dung k¥ thuat trén, ban co6 thé lam dugc bai toan dao:

Cho tam giac MNP théa man PN> + MP.MN — MN* = 0. Chimg minh ring: 3.M +2.N =180°.

Vi du 11. Cho tam gidc ABC nhon c6 hai dudng cao BE va CF. K¢ FI va EJ cung vuong géc véi BC (I; J
thudc BC). Cac diém K, L lan luogt thuéc AB, AC sao cho KI//AC, LJ//AB. Chung minh r?mg ba
duong thang EI, FJ va KL dong quy.

Giai

Goi O 1a giao diém cua EI va FJ. Ta co:
KFI = FCB (clng phu v6i géc IFC) =90° — ABC =90°— LJC = EJL (1)
Lai co: IKF = ELJ (cang ba véi BAC) (2)

KF FI
Tir (1) va (2) suy ra: AKFI ~ALJE(g.g) = —— =22 (3
(1) va (2) suy (g.g) 7 EJ()
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Xét AFOI va AJOE ¢6 IFO = EJO (so le trong)

FOI = JOE (déi dinh) nén AFOI -~ AJOE(g.g)suy ra g—? - % (4)

Lai co: KFO = LJO (so le trong) (5)

Tix (3), (4), (5) suy ra AKFO = ALJO(c.g.). Do d6 FOK = JOL , ma hai goc & vi trf déi dinh. Suy ra K,
O, L thing hang, ttc 1a FJ, EI, KL dong quy.

Vi du 12. Cho hinh thang ABCD (CD > AB) voi AB//CD va AB 1 BD. Hai duong chéo AC va BD
cit nhau tai G. Trén duong thang vudéng goc véi AC tai C 1ay diém E sao cho CE = AG va doan thang
GE khong cat dudng thang CD. Trén doan thang DC lay diém F sao cho DF = GB.

a) Ching minh AFDG ddng dang véi AECG .

b) Chung minh GF L EF .

(Thi tuyén hoc sinh giéi I6p 9, tinh Quang Nam, Niam hoc 2008-2009)

Giai
\ B
PO
A S e et
R i
| e -
* G N~ S E
\"- HH" H‘"\ -
\\.__ .: 'l._. E-M""‘-\-\H \HH"‘\\ -f___..-""f‘
-\\ i .."'\ HH::‘KH
\ 1 __,--""' il
y o C
| ) I
a) Tacé: AB//CD = Ezg .Ma AG=CE; BG=DF = bF_GD
AG  GC CE GC’
Xét AFDG va AECG c6: % = g—g; GDF = GCE nén AFDG - AECG(c.gc)

b) AFDG -~ AECG = G, =G, ; 22 = ¢€
GF ~ GE

Xét AGDC va AGFE o0 22 = 5C . bGe = FaE Wi G =G,)
°GFGE’

AGDC = AGFE (c.g.¢)= GFE = GDC =90°. Do d6 GF 1 FE.

C. Bai tap van dung

15.1. Cho tam gidc nhon ABC, cac duong cao AD, BE, CF cit nhau tai H.
a) Ching minh ring: AE.AC = AF.AB;

b) Chirng minh rang: AAEF ~ AABC ;

¢) Chimg minh ring H 1a giao diém ba dudng phan giac trong ciia ADEF .
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15.2. Cho hinh hinh hanh ABCD c6 dudng chéo AC 16n hon DB. Goi H, K 1a hinh chiéu cua C trén

duong thang AB, AD. Ching minh ring ACHK ~ ABCA .

15.3. Cho tam gidc ABC vudng goc tai A c6 duong phan giac BD cat duong cao AH tai I. Chimng minh

AD.BD = BI.DC.

15.4. Cho tam giac ABC, dudng phan giac CD. Chimg minh ring CD? < CA.CB .

15.5. Cho tam giac déu ABC. Trén tia BA 1dy diém E (A nam giita B va E). Goi D 1a diém ddi xtng v6i E

qua duong thang BC. Goi F la giao diém cta duong thing CD va AB. Chimg minh ring
1 1 1

BC BD BF

15.6. Cho hinh binh hanh ABCD c6 goc A ti. Tir A, v& cac duong thang vudng goc véi BC, CD cat CD,

BC tuong tng tai E va F. Puong thang qua A vudng goc voi BD, cat EF tai M. Ching minh ME = MF .
15.7. Cho tam giac déu ABC, goi M la trung diém ctia BC. M6t goc xMy bang 60° quay quanh diém M
sao cho 2 canh Mx, My luon cit canh AB va AC lan luot tai D va E. Chirng minh:

2
a) BD.CE = 2€

b) DM; EM lan luot 14 tia phan giac cua cac goc BDE va CED;

¢) Chu vi tam giac ADE khong doi.

15.8. Cho hinh vudéng ABCD. Trén canh AB lay diém M. V& BH vudng goc v6i CM. Néi DM. Goi HN
vuong goc voi DH (N thude BC).

a) Chung minh riang tam giac DHC dong dang véi tam giac NHB;

b) Ching minh ring AM.NB = NC.MB

15.9. Cho tam gidc ABC théa man AB =2.4C va A=2.B.Chéng minh ring A4BC 1a tam gidc vuong.
15.10. Cho A4ABC nhon c6 AH la duong cao léy diém M thudc doan BC, ké MK vuong goc voi AB va
ML vudng goc véi AC. Pudng thing qua A vudng goc voi AM cit MK, ML tai E va F. Tir B ké dudng
thang vuong goc v6i CE cat AH tai I. Chting minh ring:

a) AAIB ~ AMCE

EM=ML VéBMzAI;

FM KM FM  AC

¢) AH, BF, CE ddng qui.

b)

15.11. Cho tam gidc ABC c6 cac trung tuyén AD, BE thoa man diéu kién CAD = CBE =30°. Chung
minh ABC 1a tam giac déu.

15.12. Cho AABC . Goi P 1a giao diém cuia ba duong phan giac trong ciia tam giac. Mot dudng thang di
qua P vudng goc v6i CP, cat AC va BC lan luot tai M va N. Chig minh rang:

AM ([ APY
a) —=|— | ;
BN \ BP
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AM BN  CP?
+ + =1.
AC BC AC.BC

b)

15.13. Cho tam giac ABC vudng tai A (AC > AB), duong cao AH (H e BC). Trén tia HC lay diém D

sao cho HD = HA . Puong vudng goc voi BC tai D cit AC tai E.

a) Chirng minh rang hai tam giac BEC va ADC dong dang. Tinh d6 dai doan BE theo m = AB.

b) Goi M 1a trung diém ctia doan BE. Ching minh ring hai tam giac BHM va BEC dong dang. Tinh sé do
cua goc AHM

¢) Tia AM cit BC tai G. Chimg minh: 6B ___HDb .
BC AH + HC

15.14. Trong tam giac ABC, cac diém D, E, F twong tmg ndm trén cac canh BC, CA, AB sao cho:
AFE = BFD, BDF = CDE , CED = AEF .

a) Chirng minh rang; BDF = BAC

b) Cho 4B =5, BC =8, CA="7.Tinh d6 dai doan BD.

15.15. Cho ABCD la hinh binh hanh. Gia st MAB = MCB . Chiig minh ring MBC = MDC .

15.16. Gia st D 1a mot diém nam trong tam giac nhon ABC sao cho ADB = ACB+90° v

AC.DB = AD.BC . Chimg minh 5P _ 5
AD.BC

15.17. Cho tam giac ABC céan tai A. Tu diém M thuoc canh BC v& MB L1 AB; MQ 1 AC;

(Pe AB;Q e AC). V& PE L PQ; QE 1 PQ(E;F e BC). Chimg minh ring: BE = CF

15.18. Cho tam gidc ABC nhon c6 dudng cao BE, CF. Qua A v& cac duong thing song song voi BE, CF
14n luot cit cac duong thrfmg CF,BE taiPva Q.

Chiumg minh rang: PQ vudng goc vai trung tuyén AM.

15.19. Cho tam giac BAC cén tai A c¢6 goc BAC =20°. Dyng tam giac déu BDC sao cho D, A cing phia
so v&i BC. Dung tam gidc DEB can tai D ¢6 goc EDB =80° va C, E khac phia so vé1 DB. Ching minh
tam giac AEC can tai E.

15.20. Cho tam gidc ABC c6 A=90°. Léy diém D thudc doan théng AC sao cho CD =2.4AD. Goi E la
diém thudc doan thang BD sao cho CED = ABC.. Goi F 1a diém d6i xtmg v6i C qua A. Chimg minh rang

DEF =2.4BC.
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Hwéng din giai
15.1.

B D iy

a) Xét AABE va AACF ¢6 AEB = AFC =90°; BAC chung
= AABE «~ NCF (g.g)

:>£:£:>AE.AC=AF.AB
AC AF

b) Tir AE.AC = AF.AB = AL _ A
AB~ AC

Xét AAEF va AABC co % = A—F; BAC chung

AC
= AAEF «~ ABC(c.g.c)
¢) Chuing minh tuong tu, ta ¢6: AAEF -~ AABC = AEF = ABC
Chimng minh twong tu, ta dugc: = ACAB -~ ACDE(g.g) = ABC = CED
Tir d6 suy ra AEF = CED = EB la tia phén giac DEF .

Chtrng minh tuong tu, ta c6 DA 1a tia phan giac EDF . Tir d6 suy ra diéu phai chimg minh.
15.2.

H

H:/"' \ C

A D K

ACBH va ACDK co:

B = CKD(=90°).FIBC = K= BCD)
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= ACBH - ACDK(g.g):C—H:C—K
CB CD

Ma CD = AB nén C—H:C—K
CB AB

ACHK va ABCA ¢6 CH _CK
CB 4B

Va ABC = HCK (cing ba véi BAD ) suy ra ACHK ~ ABCA(c.g.c).

15.3.

£ H 2

AIAB va ADCB ¢6 ABI = @; I4B = DCB (hai goc cung phu véi @)

AB _ Bl

= AIAB »» ADCB =
BC BD
AABC c6 BD la duong phan giac
AB _ AD
BC DC’

Do d6: — Bl _AD = AD.BD = BI.DC .
BD DC

Nén

15.4.

[

B &

Tacoé CDB > 4 (tinh chat goc ngoai), do do trén canh BC 14y E sao cho CDE = 4.
AACD va ADCE ¢6 C, =C,; A=CDE

AC_cp

AACD & ADCE (g.9) = 2< _
- “ (&2)=p=cr
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— CD* = AC.CE < AC.BC

15.5.

D

Taco A/ﬁ?:?D\C va 5&7:@2’:60"

Vi DBC = ACB = 60° nén AC//BD.

Suy ra: ﬁ:ﬁ?:ﬁ?:MECWAACF(g.g)

AC AE AB AE AB AE
AF  AC AF AB AB+ AF  AB+ AE
AB AE  AB AB

s = s = - —
BF BE  BF BE
AB AB 1 1 1

>t =l ———=—
BF BE BF BE AB

1

1

. biéu phai chtrng minh.

= + =
BD BF BC

15.6.
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¥

Tir gia thiét suy ra C 1a tryc tim AAEF nén AC L EF .
Két hop voi BD 1. AM va ED 1| AF

— — -~

theo tinh chit goc co canh twong tng vudng goc ta c6: ICD = MFA; CDI = MAF
= AICD «» AMFA

IC MF
=>—=—1(1)
ID MA
IC ME
Tuong tu AICBNA AMEA(g.g)=>—=— (2
gty (g-2) == @
Tur (1) va (2) két hop voi gia thiét IB = ID suyra ME = MF .
15.7.
A
.-. :r \.“k‘.
F -""?‘x_l
F il { \
I ) i ] i'l \
H/.'
/é , At
.r"r Y ."..I ) \
B v C

—

a) Trong tam giac BDM ta c6 D, =120°= M,

—~

Vi M, =60° néntacd: M, =120°-M,
Suyra D, =M, ma B=C=60°

Do d6 ABMD ~ ACEM (1)

Suy ra 8D = M , tr d6: BD.CE = BM.CM
BM CE
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BC?

Vi BM =CM = %, nén ta c6: BD.CE =

BD MD BD MDD
b) Tu (1) suyra — =—— ma BM =CM néntacd: —=——
CM EM BM EM

Do @6 ABMD «» AMED .

—~

Tur d6 suy ra: I/)T =D, , do d6 DM la tia phan giac cua goc BDE.

Chtng minh tuong tu ta c6 EM 1a tia phan giac cua goc CED.

¢) Goi H, L, K 14 hinh chiéu cua M trén AB, DE, AC.

Theo tinh chat duong phan giac, ta c6: DH = DI, EI = EK = AH = AK .

Ttr d6 suy ra chu vi tam giac ADE bang:

AD + DE + EA = AD + DH + EK + EA = 2AH . Vay chu vi tam giac ADE khong doi.
15.8.

Xét ADHC va ANHB ¢6: DHC = 1@(: 90° — C/fﬁv); HCD = ﬁz%(: 90° —B/CTJ)
Suy ra: ADHC ©» ANHB(g.g)

b)

/}4_[:

va

B <
Xét AMBH va ABCH co: MHB = BHC (=90°); MBH = HCB(=90°~CBH )

MB HB
Suy ra AMBH «» ABCH ( o. > —=——/(1
uy (g.g) 20 " He (1)
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Ma ADHC o ANHB(g.g) = g—i:?(z) va BC =CD

nén tu (1) va (2), suyra: MB = NB = AM =CN ,suyra AM.NB = NC.MB.
15.9. Trén tia dbi cua tia AC 14y diém D sao cho 4D = AB.
Tir d6 suy ra DC =3.4C va BAC = 2BDA nén BDC = ABC .

T d6 AABC e» ABDC = AC g g = BC?>=DC.AC

BC
= BC?> =3.AC*> = BC* + AC* =4.AC?
nén AB> = BC® + AC. Vay AABC 1a tam gidc vudng tai C.
15.10.
a)

[§] i M C

Ta co: EIZ:MCTE(: 900—1731\{) ().

Lai co: @+@:180°;@+m:180°;va
ﬂ?{:%(ﬂOtﬁ):@:@ )
Tur (1) va (2) suy ra: AIAB «» AMCE(g.g)

b) AMAK va AMEA c6 MKA = MAE (=90°), AME chung

= AMAK & AMEA(g.g) = MA_ME _ \g> = MEMK A3).
ME  MA

M4 ML
MF  MA

EM _ ML
KM

Tuong tw: AMAL 2 A(g.g)= = MA® = MF .ML (4).

Tu (3) va (4) suy ra: ME.MK = MF.ML =

Tacs. MB _ Sus _ ABMK
MC S, ACML

EM ML MK MF

Mat khac = = =
FM MK ML ME
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MB _ ABMF _ MB _ ABMC
MC  ACME ~ MF ACME

)

Suy ra

Mat khic A4IB o AMCE , suyra 1€ = AL (6
ME 4B

MB _ AB.AI _ Al
MF ~ AC.AB  AC

c) AMBF va AAIC ¢6 @=£
Al AC

Twr (4) va (5) suy ra:

va m:lﬁl\F:AMBFUJAAIC(C.g.c):ZI?fzm

ma AIC + ICB =90°(AI 1 BC)=> MBF + ICB = 90° hay BF vuéng goc vdi CL.

Tam giac IBC ¢ IH, BF, CE la dudng cao, suy ra diéu phai chimg minh.
15.11.

B D C

Ta c6: AADC » ABEC(g.g),

CB
suy ra g=C—D=2—=Q:>CA2 =CB> = CA=CB (1)
CB CE 1 A
ECA

— CA =2.CD. Mit khic DAC =30°= C = 60° (2)
Tir (1) va (2) suy ra ABC la tam giac déu
15.12.
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a) Ta co: @zlSOO—Z—Z/Rj :180°_£_§
2 2

360°—A—B  180°+C 180°+C C

= = = =90°+—.
2 2 2 2

~

Xét ACMP ¢6 M, = MPC + MCP = M, :90%%:@:@.

AAPB va AMAMP c6 APB=M, ; 4, = A, = APB & NAMP.

:ﬂ=£:> AM .AB = AP* . (1)
AP  AB

Tuong tu, ta c6: AAPB «» APNB(g.g)=> BN _BP
BP 4B
= BN.AB = BP* (2)
AM  (4APY
Tu (1) va (2) suy ra: —— =| — | , di€u phai chirng minh.
(1) va (2) suy BN ( BPJ p g
b) Xét AAMP @ AAPB (chiing minh trén); A4APB «» APNB (ching minh trén).

AM _ P

= AAMP «» APNB = N = AM .BN = PN.MP

hay AM .BN = MP’
ACMN c6 CP la phan giac, CP la duong cao nén ACMN can tai C
— CM =CN;MP = PN .

Xét AM.BC + BN.AC + CP* = AM .BC + BN.AC + CM? — MP?

= AM .BC + BN.AC + CM* — AM .BN
= AM .(BC—BN)+BN.AC +CM”*

=CM.(AM +CM )+ BN.AC

=CM.AC+BN.AC = AC.(CM + BN) = AC.BC
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Do d6: AM.BC + BN.AC + CP* = AC.BC..
AM BN CP?

Suy ra =1, diéu phai chimg minh.

+—+
AC BC AC.BC

15.13.

a) ACDE va ACAB co: CDE = CAB =90°, DCE chung,
o _c

suy ra ACDE A ACAB(g.g)=> =——
Y (88)= g =ca

Xét AADC va ABEC ¢6: ACB chung, b = “ (chimg minh trén)
CE CB
Do d6 AADC e» ABEC(c.g.c)

Suy ra: BEC = ADC =135° (vi tam gidc AHD vudng can tai H theo gia thiét).
Nén AEB = 45° do d6 tam giac ABE vuong can tai A.
Suyra: BE = ABN2 =m2

BM 1 BE 1 AD

b) Ta céd =—. =—. (do ABEC &2 AADC)
BC 2 BC 2 AC

ma AD = AH2 (tam gidc AHD vuéng cén tai H)

nén Ble.ADzl.AHﬁz s _BH (do AABH « ACBA).
BC 2 AC 2 AC  ABJ2 BE

Xét ABHM va ABEC 6 BM _ B\ CBE chung
BC BE

Do d6 ABHM « ABEC(c.g.c), suy ra:

BHM = BEC =135° = AHM = 45°.

¢) Ta c6 AG con 1a phan gidc goc BAC = GB = ﬁ
GC AC
ABC o ADEC = A8 _ED _ AH(ED//AH)=@
AC DC HD HC
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:GB_HD: GB HD :>GB_ HD
GC HC ~GB+GC HD+HC ~BC AH+HC'

15.14.

S,

’I:I /{? \-‘\

.'-______.- /]
FI. v ey

/ \T{ y .."'l.
- \l/ ¥

i N .
B D C

a) Pt AFE = BFD = , BDF = CDE = a,CED = AEF = 3.
Ta co: I;4\C‘+,B+a)=180° (™)

Goi O 1a giao diém ba dudng phan giac cta tam giac DEF. Suy ra OD, OE, OF lan luot vudng goc voi
BC, AC, AB.

— OFD + OED + ODF =90° (1)

Ta co: @+w+@+ﬁ+0/ﬁ7+a:270° (2)
(Hva2) = a++w0=180° (**)

(*) va (**) = BAC = o = BDF .

b) Chung minh tuong tu cau a), ta co:

B=p,C=w= MEF © ADBF @ ADEC © ABC

Suy ra

BD_BA_> pp 3BE App 3B sp=22~
BF BC 8 8 8 8
D_CA_T _Jep-IE lep-ICE ~lcp=IE

CE CB 8 8 8 8

AE _AB 5 |TAE=54F |7(7-CE)=5(5-BF) |7CE-5BF =24
AF  AC 7

= CD-BD=3 (3)
Talaico: CD+ BD =8 (4)
Ter(3)va@4) = BD=2,5.
15.15.
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\//

[}

Ké tor M céac duong théng song song voi cac canh AB, BC cit cac canh tai E, F, G, H (hinh v¢)

Ta c6: AGM = C/J«“A\/I(z A/B\C)

Mit khac MAB = MCB do &6 AAGM & ACFM
AG MG

:>—=W Mat khac, AG = DH;CF = MH;MG = FB nén

CF

Ta lai co: DHM = ﬁl(= Z?CT)) (2)

Tir (1) va (2) suy ra: ADHM  ABFM = MDC = MBC

15.16.

LE¥]

B o C

I
Vé phia ngoai AABC v& ABCE vudng can tai C

:ﬁ:ﬁ(=@+90°)

A_D:BD (Vi AC.BD = AD.BC)
AC

:A—Dzy do do AABD"/JAACE(cgc) (1)
AC CE

=4 =A2:>EE?:5;4\C

DH  BF
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AB AE

Tu (1) = E:A_cd 0 d6 AABE & AADC(c.g.c)

AB _ BE
AD DC

= AB.CD = AD.BE .

Mt khac, AABE vuéng can nén BE = +/2.BC.

Do dé AB.CD =/2.4D.BC hay 52 _ 5.
AD.BC
15.17.
A
P
Q
B E M g C

Lay N trén PQ sao cho MN L BC.

Ta cé: PBE = PMN (cung phu véi P/]\ES)
BPE = MPN (cung phu véi EPM )

nén APBE ©» APMN (g.g)

BE _BP = BE = MNE(I)
MN MP

Tuong tu, ta c6: CF = MN Q (2)
MQ

BP _CQ

Mit khic ABPM &2 ACOM (g.g) = Y Q

T (1), (2) va(3) suyra: BE =CF .
15.18.
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C

Goi H 1a giao diém cua BE va CF. Goi I 1a giao diém ctia AH va PQ.
Ta co: @ = A/CTD(: 900—@);@ = PAC

suy ra AABQ & AACP(g.g)

AQ_AB:AQ_AP
AP  AC ~ AB AC’

Mat khac APHQ 1a hinh binh hanh nén AP = HQ = % = Zl—g .

Ta lai c6: BAC = A/Q?I(z 180° — FA\Q) suy ra AABC » AQHA(c.g.c)

04 AH Al

(vi BC =2.BM.AH =2.AI).

Do d6: AABM & NQAI (c.g.c)=> BAM = AQI

— OAM + AQI =180° = AM L PQ
15.19.
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Goi P 1a giao diém cua AB va DE; Q 1a giao diém cua BD va CE.
ADEC ¢6 DC = DE(= DB) va EDC = 60° +80° = 140°

nén DEC = DCE =~ (180°~ EDC) = 20°,

Ta cb: ABD + DBC = ABC nén ABD =20°.

ABDP va AEDQ c¢6 DEQ = DBP = 20°% BD = ED;EDB chung
= ABDP = AEDQ(c.g.c)= EQ = BP; PD = DQ.

ABPD va ANABC co:

PDB = ABC =80°, DBA = BAC = 20° = ABPD  ABC(g.g)

AB_BC _BD _ED  AB_ED
BP PD PD PD ° BP PD

— AE //BD (dinh 1y Pa-1ét dao)

— EAP = PBD (so le trong) — EAP = 20° = EAC = 40°.

Mit khic ACE = ACD + DCE = 40° = EAC = ACE
= AACE cantai E.
15.20.
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Goi K 1a diém déi xtmg véi B qua A. Goi M 1a giao diém cua BD va CK.
ABCK c6 CA la duong trung tuyén (AB = AK ) ,ma CD =2.4AD nén D la trong tdm tam giac
= MC =MK . ABCK c6 AK = AB,MC = MK nén AM la duong trung binh

— AM //BC = AMB = EBC ma

— — — e~~~

ABC = DEC = ABM = ABC — MBC = DEC — EBC = ECB
AAMB va AEBC c¢6 AMB = EBC, ABM = ECB

::>AAMB<7-’AEBC(gg):>B—C:ﬁ

MB AM
Taco: AB= AK,AC = AF va BK | CF nén BCKF Ia hinh thoi
= BC=CK = AM =MC .

BF BC BE BE BF BE
MB MB AM MC MB MC

ma EBF = CMB = AEBF & ACMB(c.g.c)=> BEF = MCB
két hop v6i BCKF 1a hinh thoi nén:

DEF =180° — BEF =180° — MCB = FBC = 2.4ABC hay DEF =2.4BC.
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Chuong
Chuyén dé 16
CAC TRUONG HQP PONG DANG CUA TAM GIAC VUONG
A. Kién thirc cin nhé
1. Hai tam gidc vuéng dong dang néu:
- Tam giac vudng ndy c6 mot goc nhon bang goc nhon ctia tam giac vudng kia;
- Tam gidc vuong nay co6 hai canh goc vuodng ti 1€ véi hai canh goc vudng ctia tam giac vuodng kia;
- Néu canh huyén va mot canh goc vudng cua tam giac vudng nay ti 1& voi canh huyén va mét canh goc
vuong cua tam giac vudng kia.
2. Ti 56 hai dwong cao, ti s6 dién tich cia hai tam gidc vuéng dong dang.
- Ti s6 hai duong cao twong tmg cua hai tam gidc déng dang bang ti sb dong dang.
- Ti s6 dién tich cua hai tam giac ddng dang bang binh phuong ti s6 dong dang.
B. Mt s6 vi du

Vidu 1: Cho tam gidc nhon ABC c6 dudng cao CK. Dung ra phia ngoai tam gidc ABC hai tam gidc ACE

—_—

va CBF tuong tng vudng goc tai E; F va thoa man ACE = CBA; BCF = CAB. Ching minh rang:

CK® = AE.BF .

Giai
* Tim cach giai. Pé ching minh CK? = AE.BF chiing ta khong thé van dung dinh 1y Ta-1ét hay xét mot
cap tam giac dong dang la xong ngay dugc. Do vy, ching ta suy luan dé tao ra CK?, chiing ta can ghép
CK vao hai cip tam giac dong dang. Mdi cip tam giac dong dang d6 déu biéu thi CK dudi dang biéu thirc
(chira AE hoic BF). D& dang nhan thay c6 hai cip tam gidc dong dang thoa mén diéu kién trén.
* Trinh bay loi giai
AACK va ACBF ¢ : CKA=BFC =90% CAK = BCF

CK BF
= AACK # ACBF (g.g) = — =—"— (1).
(g.2) A BC (1)

Tuong tu, ta c6: ABCK # ACAE (g.g)

K _AE
S _AE )
CB  AC

Nhan timg vé cua (1) va (2) ta duoc:
CK CK BF AE
CA'CB BC AC

Vi du 2: Cho hinh binh hanh ABDC (AC > BD) vé€ CE vuong goc véi AB tai E, vé CF vudng goc voi AD

— CK?> = AE.BF .

tai F. Chimg minh raing: AB.AE + AD.AF = AC>.

Giai
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*Tim cach giai. Dé chimg minh AB.AE + AD.AF = AC?, ta ¢6 vé trai 1a mot tong nén vé phai can tach

ra mot tong: AB.AE 4+ AD.EF = AC.x+ AC.y véi x+y= AC . Do viy ta chon diém H thudc AC khi d6

x=AH,y=HC va chimg minh AB.AE = AC.AH, AD.EF = AC.CH. T d6 chung ta chi can chon

diém H sao cho AABH # AACE la xong. Nhan thdy tam giac ACE vudng tai E, nén tt yéu can ké BH

vuong goc voi AC.
* Trinh bay 1oi giai
V& BH L AC(H € AC)

Xét AABH va AACE co

ABH = AEC = 90° BAC chung.

Suy ra AABH # AACE (g.g) H

AB AH

== = AB.AE = AC.AH . (1)
AC  AE

Xét ACHB vi ACAF c6 BCH — CAF (so le trong); CHB = ﬁ(z 90°)

Suy ra ACHB#ACAF (g.g) :%zi—;{:BC.AF:AC.CH (2)

Cong vé theo vé (1) va (2) ta duoc:

AB.AE+BC.AF = AC.AH +AC.CH = AB.AE + AD.AF = AC(AH + CH) — AC?.

Vi du 3. Cho tam gidc ABC vudng tai A. Liy mot diém M bat ky trén canh AC. Tir C v& mot duong

thang vudng goc v4i tia BM, duong thang nay cit tia BM tai D, cit tia BS tai E.

a) Ching minh: EA.EB = ED.EC.

b) Ching minh rang khi diém M di chuyén trén canh AC thi tong BM.BD +CM.CA c6 gié tri khong dbi.

c) Ké DH 1 BC, (H € BC ) Goi P, Q lan luot 1a trung diém cua cac doan thrfmg BH, DH. Ching minh

CO L PD.
Giai

a) Ching minh EA.EB = ED.EC

Xét AEBD va AECA co:

ADB = Eﬁl\C = 900,5472’ chung nén

AEBD#AECA (g-g)

Tur d6 suy ra

EB ED

—=—=FAEB=ED.EC
EC EA

b) Ké MI vudng géc véi BC (I € BC).
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Ta c6: ABIM va ABDC c¢6 BIM = BDC =90°, MBC chung, nén:

ABIM # ABDC (g-g)

:%ZE:BM.BD =BC.BI.(1)
BC BD
Tuong tu: AACB #AICM (g-g) = ;—Ag = % = CM.CA=BC.CI (2)

Tir (1) va (2) cong vé voi vé, suy ra:

BM .BD + CM.CA = BC.BI + BC.CI = BC(BI +CI ) = BC* (khong dbi)

BH HD 2HP HD _HP HD

c) Xét ABHD#ADHC (g-g) = = = =
DH HC 2HQ HC HQ HC

— AHPD #AHQC (c-g-c) = PDH = QCH

Ma HDP + DPC = 90° = HCQ + DPC = 90° = CQ | PD

Vi du 4. Cho tam giac ABC. Liy diém E, F, P lan luot thuéc AB, AC, BC sao cho BEFP 13 hinh binh

hanh. Biét rang dién tich AAEF va CFP lan luot 13 16¢m?; 25cm?*. Tinh dién tich AABC .

Giai

* Tim cach gidi. Khi v€ hinh xong, chiing ta c6 hai hudng suy luan:

Vi tam gidc AEF, FPC cung dong dang véi tam gidc ABC nén chiing ta tim méi lién hé giira ty s6 hai tam

giac dong dang.

Hudng thu hai, dé tinh dién tich tam giac ABC, chung ra tim céach tinh di¢én tich hinh binh hanh. Nhan

thdy tam giac BEF va BPF c6 dién tich bang nhau, mit khac tam giac AEF va BEF c6 chung dudng cao

ké tir F; tam giac BPF va CPF c6 chung duong cao ké tir F. sir dung tinh chat d6, két hop véi dinh 1y Ta-

1ét, chung ta c6 101 giai hay.
* Trinh bay loi giai

Cach 1. Ta co: AAEF #/AABC ; AFPC # AABC nén:

Sr [EFY _ NSur _EF
S \BC S.,. BC
2
Se _(CP) _ NSwe _ CP
S \BC S BC
IS 4S8
Tir d6 suy ra ~—225 e _ EF +CP =1
\/SABC BC BC

Hay \/S,5e =S +/Supe =4+5=S,,. =9 =8lem’.

Cach2.bat S, =S, =x cm’.
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Tam giac AEF va BEF c6 chung duong cao ké tur F, suy ra:

Spea _ AE _ 16 _ AE.
S BE x BE’

FEB
Tam giac BPF va CPF c6 chung duong cao ké tu F, suy ra:
Sup BP  x _BP

FBP

== =
s . CP 25 CP

FPC

Ap dung dinh 1y Ta-let, ta co: A—E:A—Fzﬁﬁgzg:x2=400$x:20.
BE FC CP x x

Vay S, =16+204+20+25=81cm".

ABC

Nhin xét. Tu két qua

2 2
\/SABC = \/SAEF +\/SFPC = Sy = (a+b) = Sy = <a+b> —a’ —b* =2ab
Tir d6 ta co thé giai duoc bai toan sau:
Cho tam giac ABC. Léy diém E, F, P 1an luot thudc AB, AC, BC sao cho BEFP 1a hinh binh hanh. Pit

_ 2.
SAEF =a, SCFP

=b* (voi a;b>0).

a) Tinh dién tich hinh binh hanh BEFP.

b) Xac dinh vi tri diém E, F, P trén AB, AC, BC dé dién tich hinh binh hanh BEFP dai gi4 tri 16n nhat.

Vi du 5. Cho tam giac ABC. Qua diém F nidm trong tam giac ké MN //BC, PQ // AB, IK // AC. (

I,M € AB; N,P € AC; Q,K € BC). Biét rang;

=16cm*;S

_ 2,
=9cm~; S oK

PFN

=25cm’* . Tinh dién tich AABC..

SIMF
Giai
* Tim cach giai. Vi 16i tu duy nhu vi du trén, chiing ta hoan toan nghi téi hai cach giai. Song trong vi du

nay sé& trinh bay mot cach giai, ma ban chét cta bai toan 1a van dung két qua jgg + glé + Z](\; =1 két

hop véi ty sé dién tich cta hai tam giac dong dang,

* Trinh bay loi giai

Nhan thdy BMFQ, CNFK 14 cac hinh binh hanh.

Ta c6: AFQK # AABC; AIMF # AABC; APFN # AABC

i VS _ MF.
SABC BC
VSror _ 0K
S BC %
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N \/SIMF +\/SPQK +\/SPFN _ MF +QK+FN _
S BC

ABC

1

:>\/SABC :\/SIMF +\/SPQK +\/SPFN =3+5+4=12
=S, e = 144 cm* .

Nhin xét: Nhu vy, voi cac giai trén, chiing ta hoan toan lam dugc bai toan tong quat sau: Cho tam gidc

ABC. Qua diém F nim trong tam gidc ké  MN//BC;PQ//AB; IK//AC

(I,MEAB;N,P eAC;Q,KeBC).

1% _ 2,
Dat SIMF =a ’SPFN

=b; Seox = c’ (a;b;c > O)

Chtrng minh rang: Sise = (a +b+ c)2 .

Vi du 6. Cho tam giac ABC. Qua diém F nam trong tam gidc ké MN // BC, PQ // AB, IK // AC
(I, MeAB, N,PcAC;Q,K € BC). Pat dién tich tam giac ABC 1a S. Tim vi tri diém F dé tong

T= SAPF1+S

wsor T S.yrc dat gid tri 16n nhat.
Giai
* Tim cach gidi. Tuong tu vi du trén, ching ta dat:

_ 2.
SIMF =a ’SPFN

= b*: S ok =c? (a;b;c> 0)

Chung ta hoan toan biéu thi téng T=S,, +S wsor T Sy theo a, b, c. Viy hién nhién dé tim gia tri 16n

. e A . : 1
nhat chung ta dung cuc tri dai s6 v&i cht y rang ab + bc 4+ ca < E(a +b+ 0)2 .
* Trinh bay loi giai

bat S, =a*Ss

N = b’; S ok =c’ (a;b;c> 0) A

Ta co: = \/SABC = \/SIMF +\/SFQK +\/SPFN ! F

2
Hay §,,. :(a—l-b—l—c) .

= SAPFI + SMBQF + SCNFK = SABC - (SIMF + SPFN + SFQK) Z A \

:>T:(a+b+c>2—<a2+b2+cz) B Q K )

T:2(ab+bc+ca>§%(a+b+c)2 _ 25
3 3
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Vay T = %S khi a = b = c hay F la trong tam cta tam gidc ABC

Vi du 7. Cho tAm bia hinh thang ABCD c6 A= D = 90°, AD — 4cm; AB = 32¢m, CD = 64em . GAp tim
bia lai dé cho hai diém C va B tring nhau. Tinh d6 dai ctia nép gip.

Giai
* Tim cach gidi. Trudc hét chung ta hiy vé& va xac dinh duong nép gap: Goi M 1a trung diém cta BC, qua
M ké duong thang vudng goc véi BC, cat CD tai N. Do dai nép gip can tinh chinh 1a d6 dai doan thing
MN. Tir d& bai A= D =90°; AD = 4em; AB = 32¢m, CD = 64em, d& dang tinh duoc do dai BC bing
dinh 1y Py-ta-go. Tir d6 tinh duoc d6 dai CM. Do vdy dé tinh dugc CM trong tam giac vudong CMN,
chung ta chi can tinh dugc d6 dai hai canh ctia mot tam giac vudéng dong dang véi tam giac vudng CMN
la xong. Tur do, ching ta c6 hai cach vé thém duong phu:
Cach 1. Vi ;1 = IA) =90° nén chi can goi giao diém DA va CB 1a E. Sau dé tinh d6 dai canh cua tam giac
vuong CDE.
Cach 2. Ké BF vudng goc voi CD, khi d6 AMCN # AFCB. Bai toan cling dugc giai.
* Trinh bay loi giai
Goi M 1a trung diém ctia BC, qua M ké dudng thing vudng goc voi BC, ciat CD tai N. Do dai nép gip can
tinh chinh 12 d6 dai doan thang MN.
Cich 1. Goi E 1a giao diém ciia AD va BC; F 1a chan dudng vudng goc ké tir B toi CD. D@ thay F la
trung diém cta CD, tir d6:
BC? = BF? + FC* =24 +32% =1600
Suy ra BC = 40cm = MC =20 (cm)

Ciing tir F 1a trung diém cta CD,

SuyraBva A 1an luot 1a trung diém cua CE va DE,
Suyra DE =2AD =48cm .

Ta nhan thiy AMCN # ADCE

MC MN 20 MN
_—_:>_—_

Nén = —
DC DE 64 48

= MN =15cm

Vay d6 dai nép gap 1a 15cm.
Cach 2. Taco AMCN # AFCB suy ra:

%:M:>§:M:>MN:1SCYH
CF BF 32 32

Vay do dai nép gap 1a 15cm.
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Vi du 8. Cho tam giac ABC can tai A. Trén AB ldy diém D va trén BC ldy diém E sao cho hinh chiéu cua
DE lén BC bang %BC . Chting minh rang duong vudng goc véi DE tai E ludn di qua mot diém cd dinh.

Giai
Goi M, H lan luot 14 hinh chiéu vudéng goc ctia D va A trén BC. Gia st dudng thang qua E vudng goc véi

DE cit duong thang AH tai N.

Ta co: BH:%BC:>BM:HE.

— —

Mait khac ta c6: HNE = MED (cung phu véi HEN );

DME = NHE , nén AHNE # AMED

HN_HE:>2HN_HE:>2HN_BM
ME DM BC DM BC DM

BM BH 2HN BH BH.BC
== =" S HN=
HA ~ BC HA 2.HA

Vay N 1a diém c6 dinh

Mait khac

Nhin xét: Diém mau chdt ciia bai 1a khai thac didu kién “Hinh chiéu ctia DE bang %BC ” dé tir d6 xac
dinh vi¢c ké thém duong phu.

C. Bai tap van dung

16.1. Cho tam gi4c ABC c6 hai goc B va C théa man didu kién B—C = 90°. Ké dudng cao AH. Ching
minh rang: AH> = BH.CH

16.2. Cho tam gisc nhon ABC c6 hai dudong cao BD va CE cédt nhau tai H. Ching minh ring
BH.BD +CH.CE = BC”.

16.3. Cho tam giac ABC can tai A (;1<90°), duong cao AD, truc tam H. Ching minh h¢ thtc

CD? = DH.DA

16.4. Cho tit gidc ABCD ¢6 ABD = ACD = 90°. Goi I, K tht tu 1a hinh chiéu cua B, C trén canh AD.
Goi M 1a giao diém cua CI va BK, O 1a giao diém ciua AC va BD. Chiing minh rang OM 1 AD .

16.5. Cho AABC c6 dinh c6 cac g6c B, C nhon va hinh chit nhat MNPG thay doi nhung luén c6 M, N
trén canh BC con P, Q 14n luot trén canh AC va AB. Xac dinh vi tri cta cac diém P, Q sao cho hinh chir
nhat MNPQ c6 dién tich 16n nhat.

16.6. Cho tam giac ABC vudng tai A. Hinh chit nhat MNPQ thay ddi thoa man M thudc canh AB, N
thudc canh AC va P, Q thudc canh BC. Goi giao diém cua BN voi MQ l1a K, cia CM va NQ 1a L. Chung

minh ring KAB = L/AE .
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16.7. Cho tam giac ABC vudng tai A. Mot hinh vudng ndi tiép tam giac ABC véi D thudc canh AB, E
thudc AC va F, G thudc canh BC. Goi H 1a giao diém cua BE va DG, I la giao diém cua CD va EF.
Chtrng minh rang IE = HG.

16.8. Cho hinh vudéng ABCD, F 1a trung diém cua AD va E 1a trung diém cua FD, Cac duong thang BE
va CF cit nhau tai G. Tinh ti sé dién tich caua tam giac EFG véi dién tich hinh vuéng ABCD.

A E B
M
N F
D C

16.9. Cho hinh chit nhat ABCD c6 dién tich 150cm® (nhu hinh v&). Goi E, F 1a trung diém cua AB va
BC. Goi M, N 1a giao diém cta DE. DF v¢i AC. Tinh tong dién tich phan t6 dam.

16.10. Cho tam gidc ABC vudng tai A, dudng cao AH. Biét AB 2 rinesé FB
AC 3 HC

16.11. Cho tam giac nhon ABC c6 AD, BE, CF la duong cao cit nhau tai H.

HB.HC HC.HA+HA.HB_1 | b
AB.AC BCBA CACB

16.12. Trong hinh v€ dudi day cac tam giac ABC va CDE co6 2

Chumng minh rang:

dién tich bang nhau va F 1a giao diém cua CA va DE. Biét AB
song song v&i DE. AB=9cm va EF=6cm. Tinh d§ dai theo cm
cua DE

(Olympic Todn hoc tré quoc té Bulgaria (BICMC), nam 2013 —

Philippines dé nghi)

16.13. Cho hinh vuéng ABCD. Goi Q, E lan luot 1a trung diém ctia AB, BC. Goi M 1a giao diém ctia DE
va CQ; goi I 1a giao diém ctia AM va BC. Chimg minh ring AM = 4 MI.

16.14. Gia sir AD, BE va CF la cac duong phan giéc ctia tam giac ABC. Ching minh rang tam giac ABC

déu khi va chi khi dién tich tam giac DEF bing % dién tich tam giac ABC.
(Tuyén sinh I6p 10, THPT chuyén, tinh Hoa Binh, nam hoc 2013 — 2014)
16.15. Cho tam gidc ABC vudng cin, A =90°. CM I3 trung tuyén. Tir A v& duong thing vudng goc voi

MC cit BC ¢ H. Tinh ti sé: BH
HC
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(Tuyén sinh I6p 10, THPT chuyén, DHKHTN Ha Ngi, nam hoc 2013 — 2014)

16.16. Cho tam gidc ABC vudng tai A c6 AH la duong cao. Biét rang chu vi tam gidc ABH, ACH lan
lugt 1a 30cm, 40cm. tinh chu vi tam gidc ABC.

16.17. Cho AA'B'C’ # AABC ¢6 chu vi lan luot 1a 50 cm va 60 cm. Dién tich AABC 16n hon AA'B'C’
1a 33¢m” . Tinh dién tich mdi tam giéc.

16.18. Qua diém M thudc canh BC cua tam giac ABC ké cac dudng thang song song voi cac canh AB va
AC, chiing tao thanh v&i hai canh 4y mét hinh binh hanh. Tim vi tri ciia diém M dé hinh binh hanh d6 c6
dién tich 16n nhét.

(Thi hoc sinh giéi I6p 9, TP. H6 Chi Minh, nam hoc 2014 — 2015)
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Huwéng din giai

16.1. Ta c6: ABC = BAH + AHB = BAH +90°.

A
Ma ABC = ACB +90° = ACH = BAH
Twr d6 suy ra: AABH # ACAH (g.g)
=>A—H—ﬁ:>AH2 — BH.CH .
c B H

CH AH

16.2 K¢ HI L BC tail

— —

ABIH vi ADBC cb BIH = BDC = 90° ma DBC chung do do:
ABIH # ABDC (g.g)

éﬁzﬂé BH.BD = BI.BC . (1)
BC BD
Tuong tu ta c6: ACIH # ACEB (g.g) E
H 1
= CH_<co = CH.CE=BC.CI (2)
CB CE

B

C
Tir (1) va (2) cong timg vé ta co:

BH.BD + CH.CE = BI.BC + BC.CI = BC (BI + CI) — BC?

A
[»]
|
. - . J A
16.3. Ta c6: BAD — BCH (: 90° — ABC)
Va CDH = ADB(=90°). |
Suy ra: ACDH # AADB (g.g)
Nen 2 _DPH H
AD DB
'm
B D

Ta lai c6: CD = DB nén CD* = DA.DH .

C

16.4. Qua O ké dudng thing song song véi AD, cit dudong thing BI CK lan luot tai E, F

OFE 1L BI,OF L CK.
B
C .

E

Xét ABEO va AAIB cb: BEO = AIB :

XB?:E&E(: 90°—53\1)

BO EO

ABEO#AAIB (g.g) = — = — (1 -
(g2 B 1B (D
Chiing minh tuong ty, ta co: A [
CcCO OF
ACFO # ADKC (g.g) =>=—=—— (2
(g2 D CK (2)

Trang 10



Xét AAOB va ADOC co:

AOB = DOC: ABO = DCO

. AAOB # ADOC(g.g) = 22 = 9C 3y

AB CD
EO OF OE IB
J— é J—

Tu 91), (2), va (3) suy ra: = =
» @) (3) suy IB CK OF CK

(4)

Tacod: BI//CK nén ﬁzﬁ (5)
CK MK

OE BO
Ta c6: ABEO # ANFO (g.g) == —=—— (5
(g2 OF _ ON (5)

Twr (5) va (6) suy ra % = % ,dodd OM //NK (dinh ly Ta-1ét ddo) hay OM | AD.

16.5. Goi AH 1a dudng cao cuia ABC, AH cit PQ tai L.
bat BA=a; AH=h; PQ=x; MQ =Yy
Tacd: Al=h—y

— alh—
ViAAPQ#AACBnénQ:iﬁﬁzh—yéx:u
BC AH a  h

= SMNPQ :xy:%(h—y>y

a+b

2
Vi a, h 12 cdc hang s6 duong nén S 16n nhét khi (h — y)y 16n nhat. Ap dung hé thirc: ab < ] , ta co:

2
g cal_ah
4

Vay gid tri 16n nhat cua S 1a "Th of E

Zh
TT
:

Khi h—y:y<:>y:5 tirc P, Q lan luot la trung diém cua AC, 4

AB.
16.6. Lay U, V theo thir tu thuéc AK, AL sao cho

—

ABU = ACV =90°, Ta ¢o:

B BK L N
NA//BUé—U:— (1)
NA NK

NA BK

MN//BC:>_:— 2 B Q P C
MA NK @) \(J \/
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MA//VC:>M—A:ﬂ 3)
Ccv CL

Tur (1), (2) va (3) suy ra:

BU NA MA BK BK ML
NA MA CV NK NK CL

BU BQ CA MN BQCA BQ CA NP

== = T =—= === (vi MO = NP)
CV NM BA ' CP BACP MQ BA CP

_ BU_BA CA BA ;i ABMQ # ABCA: ACNP # ACBA)

CV CA BA CA

Hay 2Y —AB (s ABU = ACV (=90°) do d6 AABU # AACV (c.g.0)
CV  AC

Vay K/,—L\T? = L/A?f
16.7.

e — e .
5 . . i |
| e Tl
" i._ i .
& | e
i i — 5
e
.

Ta c6: ADE + EDG + BDG = 180°, ma EDG = 90°

Nén ADE + BDG = 90°.

Mt khac, ta lai c6: ADE + AED = 90° nén BDG = AED .
— ABGD # ADAE (g.g) (1)

Chiing minh tuong ty, ta c6 AEFC # ADAE (g.g) (2)

Tt (1) va (2) suy ra: ABGD # AEFC = BG _EF (3)
DG FC
Str dung dinh 1y Ta-1ét trong ABHG , tac6: DE//BG = HG = BG
HD DE

Ma DE = DG (tinh chit hinh vudng) nén HG _ BG (4)

HD DG
Tuon tu, ta co: IE _DE_EF (5)

EF FC FC
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H IE H IE
Tu (3), (4) va (5) ta co: HG =—, suy ra: G =
HD IF HG+HD IE+IF

H IE
Hay —G:—.Mé DG =EF néntaco HG=IE.
DG EF

16.8. Vi ED=EF nén S, =S, . ma AF=2.EF nén S, =2.S

EFG *

5C

S
Ta lai c6 AGBC #AGEF nén —<2¢ —
S EF

2
] = Sepc =168y, B

EFG

Do d6 Sy, + Sy +Sepe = (14 14+2+16).5,,, =20.5,,,

1

(1

Mé SEFG +SGED +SGAF +SGBC :E'SABCD
1 S 1
Vay S, =—.S = L —
* y EFG 40 ABCD SABCD 40 A
16.9. Ta c6: AAME # ACMD = E— = £ = l =DM =2.EM
DM DC 2

S
bat §,,, =x.Taco: M:ﬂ:léa\w =2x.

Sou DPM 2
Ta co:

1 1 )
SAEM+SADM:SADE:ES S = x+2x=37,5cm

ABD :Z ABCD
2 2
= x=12,5cm”~ =§,,  =25cm".

Tuong tu, ta co: S, =12,5cm*; S, =25cm’.

=Sy =Sucn = Sup — Sewp = 15 —25—25=25cm’

= dién tich phan t6 dam l1a: 12,5+12,5+25=50cm’
16.10. Céc tam giac AHB va CHA c6 chung chiéu cao ké tir A

S
Neén HB _ S (1)
HC SCHA A

Ta lai c6: AAHB # ACHA (g.g)

S ABY (2) 4
Nén Sam | 221 120 2 o)
S Ac| 3] 9

CHA

HB 4
Tu(l)va(2)suyra: —=—.
(1) va (2) suy e 9

16.11. D& thiy ACHE # ACAF (g.g)— <1 — ¢

CA CF’
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1

—HB.CE
S
' 5 AB.CF ABC

HC.HA _S,,. HAHB S,
BCBA S,. CACB S,. b

ABC B D C

Tuong ty ta co:

HB.HC HCHA  HBHA _ Sy +Suci +Sme _
ABAC BC.BA CACB S

ABC

Tt do6 suy ra:

16.12. Cdch 1. V& hai hinh binh hanh DECG va ABCH, do d6 diém H thudc doan GC. Goi K 1a giao

diém cua AH va DF. Ta c6: A—B:E:E va CE =2.BE .
EF 6 2

Vi hai tam giac ABC va CDE c6 dién tich bang nhau nén hai hinh binh hanh ABCH va DECG c6 dién
tich bang nhau.

Do d6 CH =2.HG . Suy ra:
DE—=GC=9+4+4,5=13,5¢m va
DF = DE—EF =13,5—-6="17,5cm

Cdch 2. Ké duong cao CI cia AABC, CI cat EF tai J. Ta c6:

O _EF_6_2
CI AB 9 3 B E c
Hai tam gidc ABC va CDE c6 dién tich bang nhau nén AB.CI = DE.CJ

i£:£:>£z£z>DEz£.ABz£.9:13,5cm
DE CI DE 3 3 2

Suyra: DF = DE—EF =13,5—6="7,5cm

—

16.13. Ta c6 ACBQ = ADCE (c.g.c) = BCQ — CDE

A Q B
Ma CDE + CED =90° nén BCQ + CED =90° \
Do do: EMC =90°
Vay tam gidc vuéng DCE, DMC, CME dong dang E
_DC_DM _MC s pc—2cE M

CE MC ME I

= DM =2.MC; MC =2.ME = DM =4.ME

D C
Ma EI//AD nén A—M:%:4:>AM:4.MI

MI ME

16.14.
* Chitng minh diéu kién can. Cho tam giac ABC déu, AD, BE va CF la cac dudng phan giac trong cia

tam gidc ABC ta can ching minh:
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Spsr _ ( 1 j 1

Spe \2 4

Do tam giac ABC déu va AD, BE, CF la cac duong phan giéc ctia tam A\
giac nén ta co: =

DE _EF _DF —l:>ADEF # AABC

AB BC AC 2

S _(DEY _(1)_1
S sc AB 2 4
* Chitng minh diéu ki¢n dii. Cho tam giac ABC, AD, BE va CF 1a cac duong phéan giac cia tam giéc,

~ S 1 Ao : . o aA
thoa man —2££ = — | ta can chung minh : AABC la tam giac déu.

ABC
bat BC=a, AC=b; AB=c(a, b, c>0)
Vi AD la duong phan giac BAC nén ta co:
DB c DB c DB c — DB = ac

—_— == = =
DC b DB+DC c+b a c+b c+b

DC=a-DB=q_¢ _ b
c+b c+b

Chiing minh tuong ty, ta co:

EC=9b gy P gy b pp_ca
a+c a+c a+b a+b
Ta co: SDEF — SABC _SAEF _SBDF _SCDE =1- SAEF _ SBD _ SCDE
ABC SABC SABC SABC SABC
_, AF.AE BF.BD CE.CD
AB.AC BA.BC CA.CB
1 bc B ab B ac
(a+b)(a+c) (a+c)(b+c) (a+c)(b+c)
B 2abc
(a+b)(b+c)(c+a)
Theo gia thiét ta co: 2abe = 1
(a+b)(b+c)(c+a) 4
:>(aer)(bJrc)(c%ra):8abc<::>a(b—c)2 Jrl)(c—a)2 +c(b—a)2 =0 R
\ K
< a=b=c< AABC latam gidc déu. H
16.15. Goi giao diém cua AH va CM 1a I. Goi K 1a trung diém cta BH, thita
co MK // AH.
D@ thiy ba tam giac vudng AMC, IAC va IMA dong dang ma AC = 2.AM
A C
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Nén IC = 2.1A = 4.IM.
HK IM 1 __BH 2HK 1

:—:—:>—_—
HC IC 4 HC HC 2
16.16.. Ta c6: AABH ~ ACAH nén ti s6 chu vi bang ti s6 dong dang, suy ra:
AH 30 AH 3 AH HC
— = —=—=——=—.
HC 40 HC 4 3 4 A

pt AL _HC (k>0)

= AH =3k, HC =4k

Ap dung dinh 1y Py-ta-go, ta co:
AH?+HC? = AC* = AC =5k .

Ma chu vi ACAH 1240 (cm) nén 3k +4k+5k=40=k = % (cm)

Suyra AH =10 (cm), HC:? (cm), AC:?(cm).

Ta c6 AABC # AHAC nén ti s6 chu vi bang ti sb ddng dang, suy ra:

Cope _AC_S073_5 :%.40 =50(cm)

= ===
C,c. HC 40/3 4
16.17. Nhan xét rang ti s6 chu vi ciia hai tam giac dong dang bang ti s6 dong dang. Ti sb dién tich cua hai
tam giac dong dang bang binh phuong ti s6 ddng dang nén:

2
AAB'C’ # AABC = Sa5c _ (ﬂ) _ Super _ 25
ABC 60 SABC 36

SA'B’C' _ 25 = SA'B'C’ _ 25

S e —Spe 36-25 33 11

= =S 50 =75 (cm®)

= S pe =33+75=108(cm’)

16.18. Qua diém M trén canh BC v& dudng thang song song voi AB cit AC tai E, v& duong thiang song
song v6i AC cit AB tai D.

Ta c6 ADBM # AABC # AEMC

:>SDBM_ BM 2.SEMC_ CM ’
BC )’ BC

SABC SABC

Ta co:

2 2 2 2
Supae ZI_SDBM_SEMC —1- (BM) +(%j Sl_l(%j +(%j :l
S pe BC BC 2\ BC BC) 2

SABC SABC

1
) = SMDAE < E'SABC

2
I z +
(4p dung bat dang thirc dai s6: x° + y* > %
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Vay khi M 14 trung diém ciia BC thi hinh binh hanh AEMD c6 dién tich 16n nhat la: %.SABC

A
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Chuong 3

Chuyén dé 17. PINH LY MENELAUS, PINH LY CE-VA, PINH LY VAN-OBEN

A. Kién thirc cin nhé

1. Pinh ly Menelaus

Menelaus sinh ra khoang nim 70 va mét khoang nam 130, nhiing gi duoc biét vé cudc doi ong rét it,
thong qua mot s tac pham khoa hoc clia nhitg ngudi sau. Chi biét chung chung rang ong c6 mét thoi 1a
sinh vién truong dai hoc Alexandrie ¢6 dai, roi 1am can bo giang day ciing & d6 va vé sau thanh nha thién
van hoc & La Ma. Trong hinh hoc 6ng c¢6 mot dinh 1y ndi tiéng mang tén 6ng: dinh 1y Menelaus.

- Pinh Iy: Cho tam giac ABC va ba diém A',B’,C’ (khong tring véi cac dinh cua tam giac) 1an luot trén
cac duong thang BC,CA va AB sao cho ca ba diém 4',B’,C’ déu nam trén phan kéo dai cua ba canh,
hodc mot trong ba diém nam trén phén kéo dai mot canh va hai diém con lai nam trén hai canh cua tam
A’B'B’C‘C’A 1

A'C B'4A C'B

Giai

gidc. Diéu kién can va dia dé 4',B',C’ thang hang 1a:

Truong hop 1. Néu trong ba diém A4',B’,C’ c6 dang hai diém thudc canh cia tam gidc ABC, ching han
la diém B’ va C'.

e Néu 4" B.C' thrfmg hang.

Qua A4 ké duong thang song song véi BC
cit B'C' tai M , ta co:

C'A AM B'C AC Vav:

C'B AB BA AM

AB B'C C'A AM A'C A'B 1

AC BA CB AB AM A'C

A'B B'C C'4 1

AC BA CB

Goi A"1a giao diém cua B'C’ voi BC.
A"B B'C C'4 _A'"B_A'B

A"C B'A C'B CA'C AC

Do B',C’' 1an luot thudc canh CA, AB nén A" nam ngoai canh BC.

e Nguoc lai, néu

Theo phan thudn: 1. Suyra

Vay 4B _AB va A", A' cing nam ngoai doan BC .
A"C AC
Suyra A"=4".

Vay ba diém 4',B’,C’ thang hang.
Truong hop 2. Trong ba diém A',B',C’ khong c6 diém nao thudc canh cua tam giac duge chimg minh
tuong tu.

2. Pinh ly Ce-va.

Trang 1



- Ce-va 1a k¥ su ngudi Y, nhung yéu thich Toan hoc. Ong sinh nim 1648, mat nim 1734 . Thoi thanh
nién Ce-va theo hoc ¢ Pai hoc Pise rdi gitip viéc cho Quén céng ving Mantoue. Cong trinh nghién ctru
ctia ong 1a vé Co hoc va Hinh hoc. Doi sau biét dén 6ng thong qua mot dinh 1y hinh hoc mang tén ong:
dinh ly Ce-va.

- Pinh Iy: Cho ba diém D,E,F nam trén ba canh twong tmg BC,CA, AB cua tam giac ABC (khong
trung v&i ba dinh cia tam giac) khi d6 ba dudng thiang AD,BE,CF ddng quy khi va chi khi
DB EC FA

DC EA FB

Giai
e Xét dudng thang AD,BE,CF ddng quy
Qua A4 ké dudng thang song song vdi BC, duong thang nay cat dudng thang BE,CF lan lugt tai Q
va P.
Ap dung dinh 1y Ta-1ét, ta co:
FA AP EC _BC
FB BC EA AQ

AP_AQ(_AM)DAP_CD
CD BD\ MD)  AQ BD

< s DB EC FA AQ BC AP B D ¢
Tu d6 suyra: —.— . — =1.
DC EA FB AP AQ BC

Nguoc lai, néu % EC F—Azl.

DC EA FB
Goi M 1a giao diém cua BE va CF.Goi D' 1a giao diém ciia AM va BC.

Theo phén thuan, ta co:

D'B EC FA 1:>DB DB: D'B DB
D'C EA FB D'C DC D'B+DC DB+ DC
:DB DB = BD'=BD=D=D'".

BC BC
Vay AD,BE,CF dong quy.

3. Pinh ly Van Oben.
- Van Oben (Van Aubel) sinh ngay 20.11.1830 tai Maastricht (Ha Lan), mat ngay 03.02.1906 tai
Anlwerpen (Bi). Ong nghién ctu va day Toan cho cac 16p du bi dai hoc & Atheneum, Maastricht (Ha
Lan) va dai hoc Gent (Bi). Trong qua trinh nghién ctru, 6ng cong bd nhiéu tinh chit, dinh 1y hinh hoc dic
sic mang tén 6ng
- Pinh Iy: Cho M 1a mot diém nam trong tam gidc ABC. Goi D,E,F thir tu 1a giao diém cia

AM AE AF

AM ,BM ,CM véi cac canh BC, AC, AB . Khi d6 thi:
MD EC FB'
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Giai
Ciach 1. Qua A ké duong thiang song song v6i BC cat duong thang CM va BM lan lugt tai P va Q

Ap dung dinh 1y Ta-1ét, ta co: P A Q
AQ//BC = AF AQ .

- BC
AP//BC = AE _ AP .

" BC

AF  AE _AQ+A4P _PQ

= .
FB EC  BC  BC
PQ PM  AM AM  AF N AE

tor do suy ra = .
BC MB MD MD FB EC

Cich 2. Ap dung dinh 1y Menelaus cho A4BD va ba diém F,M,C thiang hang ta co:

Mit khac PQ//BC =

AF BC MD | AF _CD AM

— =1= =—
FB CD AM FB  BC MD
Ap dung dinh 1y Menelaus cho AACD va ba diém E,M,B thing hang ta co:

AE BC MD | AE_ED MA4

EC BD AM ~~ EC BC MD
Tur (1) va (2) suy ra: AF+ AE _ AM CD BD\ AM
FB EC MD'\BC BC) MD

B. Mt s6 vi du
Vi du 1. (M6 réng Van-Oben) Cho tam gidc ABC . Trén tia ddi ciia tia BA lay diém K, trén tia dbi ctia
tia C4 iy diém N . Goi E la giao diém CK va BN ; goi M la giao diém cia AE va BC.Chig minh

Giai
* Tim cach gii. Vi cach suy luan nhu dinh Iy Van-Oben, chiing ta ciing c6 thé chimg minh béng hai cach.

* Trinh bay loi giai p A Q

Cich 1. Qua A ké duong thing song song vi BC
cit duong thang BN va BK lan lugttai P va Q.
; M
Ap dung dinh 1y Ta-Iét, ta co:

B —
AoiBC = 2K _AQ E
KB BC
K

APIBC = AN _ AP
~BC |
ABM va ba dié
_ AK AN _AQ+4P _PQ PR ®
KB NC _ BC  BC’ - s

Mit khac PO//BC
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PO PE AE ., AE _AK AN
> —=—=——tudosuyra: = + .
BC BE ME EM KB NC

AK BC ME

Cich 2. Ap dung dinh 1y Menelaus cho AABM vaba diém K,E,C thing hang ta c6: —.—.——=1
KB CM AE

AK CM AE
== : (1).
KB BC ME
Ap dung dinh 1y Menelaus cho AACM va ba diém E,N,B thing hang, ta co:

AN BC @_1Z>AN_BM EA 2)

NC BM  EA NC BC ME

Tir (1) va (2) suy ra: o AN _ AE [CM+BM]=AE.
KB NC " ME\BC BC) ME

Vi du 2. (Pinh Iy Menelaus trong tir gidc) Cho tir gidc ABCD . Puong thing d cit AB,BC,CD,DA tai

MA NB PC QD _
MB NC PD QA

M,N,P,Q.Chung minh rﬁng

Giai
* Tim cach giai. Tuong ty nhu ching ta chimg minh dinh Iy Menelaus trong tam giéc, chung ta c6 nhiéu
cach chung minh. Sau day la mot cach.
* Trinh bay loi giai
Tu A,B v& AE//BF//CD (E;Fed)
Theo h¢ qua cua dinh ly Ta-1ét:

MA _AE NB _BE QD DpP
MB BF NC CP’ o) T AE

MA NB PC QD AE BE PC DP _
MB NC PD 04 " BF CP PD AE

Suy ra:
, [ A A A < R BD 1 A < A A
Vi du 3. Cho tam gidc ABC. Trén canh BC lan lugt lay diém D sao cho DC =5. Lay diém O trén

doan thang 4D sao cho % =4.Goi E la giao cia hai duong thang AC va BO. Tinh ty sd g—i

Giai
Tl:fQ:l suyra£=3. A.
DC 2 BD /r "
Ap dung dinh 1y Menelaus cho AADC véi / i e
ba diém B,0,E théng hang, ta co: // ] (\_\_,\,\.k-.
/ L) : -"'JHJ’-} ‘.'\\
AE BC OD __AES1_(AE_% g P
EC BD 04 EC 4 EC 3 13 D ) l'

Nhan xét. Ngoai cach van dung dinh 1y, chiing ta c6 thé ké thém duong thang song song dé van dung

dinh 1y ta-1ét.
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Vi du 4. Cho tam giac ABC nhon ¢ BD,;CE la dudng cao, H 1a tryc tam. Qua H ké duong thang cat
canh AB,AC tai M,N . Chung minh rﬁng:

HM\ _BM.EM
HN) DNCN

Giai
Ap dung dinh 1y Menelaus cho B, H,D thang hang dbi voi AAMN , ta co:
HM.DN. AB _1 (1)
HN DA BM
Ap dung dinh 1y Menelaus cho C,H,E thiang hang ddi véi AAMN |, ta cé:
(2)

Tur (1), (2) nhan vé ta co:

HM CN AE .
HN CA EM

HM® DN CN AB AE 1
HN* DA CA BM EM

(3)

Mt khac AAEC ~ AADB (g.g)

:>£:A—D2AB.AE=AC.AD. ,
AC AE B C

Thay vao (3) suy ra: (diéu phai ching minh).

HM® DNCN _ (HM T _ BM.EM
HN* BM.EM HN DN.CN

Vi du 5. Cho tam gidc ABC vuodng tai 4 c¢6 duong cao AH , trung tuyén BM , phan gidc CD cét nhau
tai diém O. Chtg minh ring BH = AC

Giai
* Tim cach giai. Dé chimg minh BH = AC bang cach ghép vao hai tam giac 1a khong kha thi boi khong
khai thac duoc tinh ddng quy cua gia thiét. Dé khai thac duogc tinh dong quy cua gia thiét nay, chung ta

lién tudng t6i dinh 1y Ce-va. Van dung dinh 1y Ce-va, chung ta suy ra dugc Z—Iég—g =1. bi xuét hién

BH song chua c6 AC . Dé xuit hién AC, ching ta van dung tiép yéu té gia thiét CD 1a phan giac. T
d6 ching ta suy ra dugc: BH.AC=HC.BC. Pé ¢c6 BH=AC, phan cudi cing 1a ching minh
HC.BC = AC?. A

* Trinh bay loi giai
Theo dinh ly Ce-va ta co: " D
BH MC DA |

HC MA DB

md MA =MC nén 2L P41 C Ho .
HC DB
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Vi CD la phan gidc nén ba_Ac (2)
DB BC
BH AC | BH.4AC=HCBC (3)

C
Tu (1) va (2) ta co:
U (1) va (2) taco O BC

HC _AC
AC BC
Tir (3) va (4) suyra BH.AC = AC* hay BH = AC.

Nhén thdy AUBC ~ AHAC (g.g)= = AC*=HC.BC (4)

Vi du 6. Cho tam gidc ABC c¢6 diém M nam trong tam giic cic tia AM,BM,CM cit cic canh
BC,CA, AB tuong ung tai D,E,F . Goi H la giao diém cta DF va BM . Goi K la giao diém cta CM
va DE . Chimg minh AD,BK,CH dbng quy.

Giai
* Tim cach giai. Dé chimg minh AD, BK,CH ddng quy, dé dang nghi t&i viée van dung dinh 1y Ce-va

KM BH CD _

dao trong tam giac MBC . Pé van dung dinh 1y Ce-va, chiing ta can ching minh . : =1.
KC HM BD

. KM BH CD

Mubdn xuét hién ti sb ; ; chung ta can linh hoat trong cic tam giac dé van dung dinh 1y
KC HM BD

Menelaus hoac Ce-va.
* Trinh bay loi giai
Ap dung dinh 1y Menelaus trong tam giac AMC; AMB
, KM EC DA BH DM FA
Ta co: . ) =1, ) —=1
KC EA DM HM DA FB
KM _EA DM BH _FB DA ()
KC EC DA HM FA DM

Suy ra

Ap dung dinh 1y Ce-va trong tam gidc ABC, ta co:

CD BF AE_1:>CD_EC FA 2)
BD FA EC BD AE BF

Tir (1) va (2) nhan vé véi vé ta dugc:

KM BH CD EA DM FB DA EC FA:KM BH CD_1
KC HM BD EC DA FA DM AE BF ~ KC HM BD
Theo dinh Iy Ce-va dao ta c6 AD,BK,CH dong qui.

Vi du 7. Cho tam gidc ABC nhon c6 AH 1a duong cao. Lay diém O tuy y thudc doan AH (O khac
A;H ). Cac tia BO va CO cit AC; AB tuong mg tai M, N . Ching minh rang HA 1a tia phan giac cia
MHN .

Giai
Cach 1. Qua 4 ké duong thiang xy song song v6i BC. Goi I;K lan luot 1 giao diém cua cac tia

HN;HM véi dudong thang xy.
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Al AN AK AM A K
BH BN CH MC’

Theo hé qua dinh ly Ta-1¢ét, ta co:

Ap dung dinh 1y Ce-va trong tam gidc AABC ddi M

v6i ba duong thang dong qui AH,BM ,CN ta co: i

AN BH CM _, Al BH CH _, .

BN CH MA BH CH AK

AL 1= ak. B H C
AK

Xét AHKI c¢6 HA L IK; Al = AK
= AHIK cantai H = HA la dudong phan giac MEHN .
Cach 2. Xét truong hop AABC(AC > AB).

Dung AABP cantai 4 c6 AH la duong cao. AP cit HM tai 0.Goi N' la diém dbi xtng voi Q qua

AH . Vi 4,0,P thing hang suy ra 4, N’ B thang hang. Khi d6 HA 1a duong phan giac cia QHN' va

04 _N4
OP NB’

Ap dung dinh 1y Menelaus cho AACP véi ba diém thang hang H,Q,M ta co:
HP MC Q4 _, _ HB MC N4

. . = 1= —.
HC MA QP HC MA NB
Theo gia thiét AH,BM,CN dong quy

=1, theo dinh 1y déo ciia Ce-va thi 4H,BM,CN' dong quy.

— N =N'.Vay HA 1a duong phan giac MHN
Xét truong hop AABC(AC < AB).

Chung minh twong tu nhu trén.

Xét truong hop AABC(AC = AB).

Dé chtig minh, nhuong cho ban doc.
Vi du 8. Gia sir O 13 diém bét ki ndm trong tam giac ABC cac tia A0, BO,CO lan lugt cit BC, AC, AB

AO.AP BO.BM CO.CN
OP = OM ~ ON

tai M,N,P . Chimg minh rang: khong phy thude vao vi tri diém O.

Giai
* Tim cach giai. Nhan thay phan két luan cta ching ta 1a mot tich cac ti s6 nén chung ta lién tudng t6i

AO.AP . AO AP
thi hay —
OP oP oP

hai dinh 1y c6 thé dung 1a Menelaus hodc Ce-va. Nhan thidy néu mudn cé

khong thé xuat hién duoc néu van dung dinh Iy trén (bdi ca hai dinh 1y déu khong xuét hién ti sb trén).

A 5 X A ’ \ Ny A AO y A A [N \ A . ’
Song néu ddo mau so, tuc la thi ti sO O_M c6 thé xuat hién dugc nho van dung dinh 1y Menelaus
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trong tam gidc AMC hodc AMB . Nhan thiy ¥ tuong d6 kha thi. Tiép tuc biéu dién cac ti s6 % co

OP

mdt cach tuong tu, chung ta c6 mot 101 gidi hay.
* Trinh bay 101 giai.
Ap dung dinh 1y Menelaus trong: A
AAMC véiba diém B,O,N thing hang ta co:
40 BM CN _, _ AO _ BC AN (1) i
OM BC NA OM BM CN
ABCN véiba diém 4,0,M thing hang, ta co:
BO AN CM:>BO_AC BM
ON AC MB ~ON AN CM
Xét AACP véiba diém B,O,N thing hang ta co:
CO BP AN CO 4B NC

BLAN O _AB NC )
OP BA NC OP BP AN
Tu (1),(2) va (3) taco:

(2) B M C

AOAP BO.BM COCN AO BO CO
0) OM ON  OM ON OP

_ BC AN AC BM AB CN
BM CN AN CM BP AN

- BC.AC.4BZMAPCN (4)

"CM .BP.NA
Mit khac, ap dung dinh 1y Ce-va ddi véi AABC c6 ba dudng thing AM,BN,CP ddng quy ta co:

AP.BM .CN

AP.BM.CN

BM CN AP

— . ——=1 (5

CM AN BP

Tur (4) va (5) suy ra: AO'AP.BO'BM . COCN =BC.AC.AB.
OP oM ON

Khong phu thudc vao vi tri diém O

Vi du 9. Trén ba canh BC,CA,AB cua tam giac ABC lan luot liy ba diém H,M,N sao cho
AH,BM,CN ddng quy tai G . Goi P,Q lan luogt 1a giao diém cia HN va BM;HM va CN . Tia AP va
tia AQ cat BC lan luottai £ va F .

LAQ 3(AN AM)
QF NB MC

Chimg minh rang: —

Giai
* Tim cach gidi. Dinh huéng va su lya chon dinh 1y dé van dung van dé quan trong, nod quyét dinh su
thanh cong ciia bai toan. Trong bai toan nay, nhan thiy c6 nhiéu duong dong quy, mat khac phan két luan

lai xuat hién tong céac ti s0 nén viéc van dung dinh ly Van-Oben la di€u chung ta nén nghi téi. D& xuat
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hién % nén van dung dinh 1y Van-Oben trong tam giac A4BH d6i v6i AE,BG va HN dong quy. Dé

xuat hién g nén van dung dinh 1y Van-Oben trong tam giac ACH d6i voi AF,CG va HM dong quy.

Sau d6, vi vé phai chi xuat hién 1]6\11_];74_1;/[_1\(1;’ chiing ta nén véan dung dinh ly Van-Oben trong tam gidc

ABC d6iv6i AH,CN va BM ddng quy. Tir d6 chung ta c6 10i gii hay.

* Trinh bay 1061 gidi.

Ap dung dinh 1y Van-Oben cho AABH véi AE,BG,HN dong quy tai P, ta cé:

AP AN AG
7ty ()

PE NB GH

Ap dung dinh 1y Van-Oben cho AACH

v6i AF,CG,HM dbng quy tai O, ta co: M

A

AQ _AM  AG )
OF  MC ' GH

Tur (1) va (2) cong vé v6i vé, ta duoc:

B E H F
AP AQ AN AM , AG ()
PE OF NB MC @ ~GH

Ap dung dinh 1y Van-Oben cho AABC d6i v6i AH,BM,CN dong quy tai G, ta co:

(4)

AG AN AM
GH NB MC

‘ ‘ LAQ (AN AM
Tu (3 4 — =3.
i (3) va (4) suyra: 20 [

OF NB = MC

Nhan xét. Tir két luan cta bai toan, chung ta nhan thay:

j (Diéu phai chirng minh).

AN AM  AG

- Ap dung dinh 1y Van-Oben cho AABC d6i v6i AH,BM,CN ddng quy tai G, ta co
NB MC " GH

do d6 chung ta giai dugc bai toan: Trén ba canh BC,CA, AB cua tam giac ABC lan lugt liy ba diém
H,M,N sao cho AH,BM,CN dong quy tai G.Goi P,Q lan luot 1a giao diém cia AN va BM ; HM

va CN .Tia AP vatia AQ cit BC lan luottai E va F .Chung minh rang: E Q =3. (ﬁj

OF GH

- Truong hop H 14 trung diém ciia BC thi MN//BC. Ta c6 két qua sau: ;—Z =% do d¢ ta giai dugc

bai toan sau: Trén ba canh BC,CA, AB cua tam gidc ABC lan lugt lay ba diém H,M,N sao cho
AH,BM,CN ddng quy tai G . Goi P,Q lan luogt 1a giao diém cia HN va BM;HM va CN . Tia AP va

tia 4Q cit BC lan luot tai £ va F . Chimg minh rang: E Q =0. (A—Nj

OF NB
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- Trudng hop G 14 trung diém cia AH thi 1;—]; + ;14—]‘5 =1. Do d6 ta giai dugc bai toan sau: Trén ba canh

BC,CA, AB cla tam giac ABC lan luot lay ba diém H,M,N sao cho AH,BM,CN dong quy tai G .
Goi P,Q lan luot 14 giao diém cua HN va BM;HM va CN . Tia AP vatia AQ cat BC lan luot tai E

va F . Chimg minh rang; £+£ =3.
PE QF
C. Bai tap van dung
. . A L 4R . . . BD (CA 1 .
17.1. Cho tam gidc ABC . Trén canh BC,CA lan luot lay diém D va E thoaman —=——=—.Goi O
DC EA 2
1a giao diém cua AD va BE. Tinh ty sb 40 va &
OD OE

17.2. Cho tam giac ABC vuédng tai 4. C6 duong cao AH , duong trung tuyén BM va phan gidc CD

p . BC BH
dong quy tai O. Ching minh rang: — = ——
g quy te g g 1C _CH

17.3. Cho tam gidc ABC c6 duong cao AH , duong trung tuyén BM va phan giac CD dong quy. Pat
a,b,c 1an luot 1a ¢ dai ba canh BC,CA4, AB . Chimg minh ring: (a+b)(a” +b* —c*)=24’b.

17.4. Cho tam giac ABC (AB <AC ) , M 1a trung diém cua BC. Mot duong thiang qua M va song song
v6i dudng phan gidc 4D cua goc BAC cit AC, AB lan lugt & E va F . Ching minh ring CE = BF .
17.5. Cho tam giac ABC lfiy diém E thudc canh 4B va diém F thudc canh AC. Goi AM la duong

trung tuyén cta tam giac ABC . Chirng minh rang diéu kién can va di dé EF song song voi BC la

AM ,BF va CE dong qui.
.y , A A ' R AK - N 2
17.6. Cho tam giac ABC co6 trung tuyén AD . Trén AD lay diém K sao cho <D 3. Hoi duong thang

BK chia tam gidc ABC theo ti s6 nao?
17.7. Cho tu giac ABCD . Canh 4B cit CD kéo dai tai E, canh BC cit AD kéo dai tai I . DPuong chéo

AC cat BD va EI lan lugttai M, N . Ching minh rang M=ﬂ
MC NC

17.8. Cho tam gidc ABC. Léy K thudc canh AB va T thudc tia dbi tia BC. Goi F 1a giao diém cua
TK véi AC;O 1a giao diém cua BF va CK . Goi E 1a giao diém cia 40 va BC. Chimg minh ring:
T8 _EB

C  EC

17.9. Cho tam gidc ABC c¢6 D la diém bét ky ndm trong tam giac. Liy diém M tuy ¥ thuoc 4D . Goi
giao diém cia BM va AC 1a E; goi giao diém CM va AB 1a F.Cactia DE va CM giao nhau tai K ;
cac tia DF va BM tai H.Chtng minh ring CH; AD; BK ddng quy.
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17.10. Cho tam giac nhon ABC c6 ba duong cao AD,BM,CN cét nhau tai H . Chimg minh rang:
HD HM  HN _ DB MC NA

AD BM CN DC MA NB'

17.11. Tir diém 7 thudc mién trong tam gidc ABC,ké AI cat BC tai D.Qua I ké MN,PQ va RS lan

luot song song voi BC, AB, AC (M, S thudc AB;Q,R thudc BC; N, P thuéc AC) Ching minh ring:
IM DB

) - -

IN DC’
IM I[P IR

)___

17.12. Cho tam gidc ABC vuong tai C c6 duong cao CK . V& duong phan gidc CE cua tam giac ACK .
Puong thiang qua B song song véi CE cit duong thing CK tai F . Chimg minh rang dudng thing EF
chia doan thang AC thanh hai phan bang nhau.

17.13. Cho hinh binh hanh ABCD. Trén canh AB lay diém K. Qua K ké duong thing song song vai
AD . Trén duong thang d6 14y diém L bén trong hinh binh hanh, trén canh 4D ldy diém M sao cho
AM = KL . Chimg minh rang ba duong thang CL, DK va BM dong quy.

17.14. Cho AABC khong can c6 CD la dudng phan giac. Lay diém O thudc duong thang CD (O khac
C va D). Goi M,N lan luot 1 giao diém cia dwdng thang 40,BO véi BC va AC. Goi P 1a giao
diém ctia duong thaing MN va AB . Chimg minh rang CD vudng goc v6i CP.

17.15. Cho tam gidc ABC c6 diém O nam trong tam giac. Cac dudng thang 40, BO,CO cit cac canh
BC,CA, AB lan luot tai D,E,F . Qua O ké duong th'fmg song song voi BC, cit DF,DE lan luot tai M
va N . Chtng minh ring: OM = ON .

17.16. Cho tam giac ABC c¢6 diém M nam trong tam gidc. Goi D,E,F thir ty 1a giao diém cia duong

thang AM,BM,CM véi cic canh BC, AC, AB . Chimg minh ring trong cac ti sd AM ; M ; cm co it
MD ME MF

nhit mot ti s6 khong 16n hon 2 va it nhat mot ti s6 khong nho hon 2.

(Thi vé dich Todn Quéc té, IMO — nim 1961)

17.17. Cho tam giac ABC. Goi I 14 trung diém ctia canh BC.Lay M thudc tia dbi cua tia CA . Tia MI
cit duong thang AB tai N . Trén tia d6i cua tia BC lay diém E, tia EN céttia AC tai P. Tia PI ct
duong thang 4B tai Q. Goi F 1a giao diém ciia QM va IC . Ching minh IE = IF .

17.18. Cho tam gidc ABC, trén ba canh BC,CA, AB lan lugt 1y ba diém A',B',C’ sao cho A4',BB',CC’
dong quy tai K. Goi M,N lan lugt 1a giao diém cia A'C' va BB'; A'B' va CC'. Tia AM ,tia AN lan
luot cat BC tai E,F . Chiing minh réng:

a) EN,FM,AA' dong quy tai /

b) I4.KA'=3.14'.KA.
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Huwéng din giai
BD CE 1 BD 1 CD_, AE 2

171. Tt —=—=—suyra —=—, =2, —=—.
DC EA 2 BC 3 DB AC 3

Ap dung dinh 1y Menelaus trong AADC véi ba
diém B,0,E théng hang, ta co:
AO BD CE_1 AO 11 | A0 _

—_——=1= ——=1= =6.
OD BC EA OD 3 2 OD

Ap dung dinh 1y Menelaus trong ABEC véi ba

diém 4,0,D th'fmg hang, ta co:

BO AE CD BO 2 2 BO 3
. . =1= ——=l>—=—.

OE AC DB OE 3 1 OE 4

17.2. Trong tam giac ABC ¢6 AH,CD,BM dong quy tai O.

Theo dinh ly Ce-va, ta co: ﬁC—MA—D =1
HC MA DB
. CM . BD BC
mi——=1va —=——
MA AD AC

(Tinh chat dudng phan giac)
BH | AC BC BH
a . =1= = .
HC BC AC CH

suy r.

(cach giai khac, ban doc xem & chuyén dé duong phan giac)

17.3. Ap dung dinh 1y Ce-va cho ba dudng thing dong quy AH,BM,CD , ta cb:

AD BH CM _ | o v =M

BD CH AM

. AD BH AD CH

nén . =1= = .
BD CH BD BH

Mat khéac, CD 1a dudng phan gidc nén
AD AC b CH b
BD BC a Y BH a

hay a.CH =b.BH (1)

Ap dung dinh 1y Py-ta-go cho tam giac vudng, ta co:
a’=BC?=HB’ + HC® +2.HB.HC

b* = AC* = HA> + HC?

¢’ = AB*> = HA’ + HB’

T d6: (a+b)(a’ +b* —c*)=(a+b)(2a.CH)=2a.(a.HC +b. HC)

= 2a.(b.BH +b.HC) ( theo (1))

A

/

%

P oy
[s/L/J_L = z

> M
"
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=2a.ab=2a’h.

17.4. Cach 1. (khong dung Menelaus)
Ta giai vén tit nhu sau:
Tw AD//FM va ME//AD
Ap dung dinh 1y Ta-1ét, ta co:

BA BF . CE (4

BD _ BM ()VaC—MZC—D (2)
Mit khac, theo tinh chat dudng phan

. BA CA
fo taco: o4 - CA4 3
gictaco: 2o=7p ) .
BF CE
T (1),(2) va :——=——+.Dodb6 BF =CFE BM =CM).
U (1).(2) va (3) suyra = c odo CE (do CM)

Cach 2. (dung Menelaus)

Xét tam giac ABC véibadiém F,E,M thiang hang, ta cé: E—A.M—C.Ezl (4)
EC MB FA

Do AEF = AFE = B4€

nén AAEF cin & A.Suyra AE=AF (5)

Tur (4) va (5) suyra BF = CE . Diéu phdi chimg minh.
AE BM CF _AE CF

_— === 1
EB MC FA EB FA (1)
e Néu AM, BF,CE dong qui thi theo dinh

17.5. Xet

, AE BM CF
ly Ce-va: —.——.—=1.
EB MC FA

AE CF _ _AE_AF

. = =—
B FA EB CF
— EF//BC (dinh Iy Ta-1ét d4o).

o Néu EF/BC= 2L _ AL 1y (1) suy ra: AE BM CF _AE CF_,
BE CF EB MC FA EB FA

— AM ,BF,CE d6ng qui (theo dinh 1y Ce-va d4o).

17.6. Goi E 1a giao diém ctia duong thing
BK va AC . Ap dung dinh 1y Menelaus
trong AACD ddi v6i ba diém B, K, E théng

. ., AK BD CE
hang, ta c6: —.—.—=
KD BC EA
1 CE CE 2

>3- — o —=—.
2 EA E4 3

Mat khac AABE va ABCE c6 chung
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S ise _ AE — S ise :i'
CE S,

duong cao ké tr B, suy ra:
BCE

17.7. Ap dung dinh Iy Menelaus trong AAEC vé&i ba diém M, D, B thang hang, ta co: ﬂﬁﬁ =1.
MC DE BA

Ap dung dinh 1y Menelaus trong AABC véiba diém N,I,E thiang hang, ta cé: N—AEE =1
NC IB EA

MA DC BE NA IC EB

Suyra —— = 2 =0~ =
MC DE BA NC'IB EA
MA NA IC DE AB (0

do do = — )
MC NC [IB DC AE

Ap dung dinh 1y Menelaus trong ABEC
v&ibadiém I,D, A théng hang, nén

E'Q'EZI (2)
IB AE DC

MA NA
Tu (1) va (2 —_—=
(1) va ( )suyraMC NC

17.8. Ap dung dinh Iy Ce-va trong
AABC véi 3 duong thiang dong

quy AE,BF,CK , ta co:

e ()

Ap dung dinh 1y Menelaus trong A4BC
v6ibadiém T,K,F thing hang, ta co:

E'E.EZI (2)

TB KA FC

Tur (1) va (2) nhan vé véi vé ta duge: E=E
TC EC

17.9. Goi BC giao v6i AD tai G .

Ap dung dinh 1y Menelaus trong AABM ,AAMC ta duoc:
DM F4 1By ()

DA FB HM

DM‘EA.KC 1 (2)

DA EC KM

Chia (1) cho (2), ta duoc:

EC FA_ KC HM (3)
EA FB KM HB

Trang 14



GB EC FA EC FA GC
1=>—= -2

Vi AG,BE,CF dong quy = — . —.—— = —= (4)
GC EA FB EA FB GA

GC KC HM:GB KC HM _
GB KM HB ~ GC KM HB

Tur (3) va (4):

Ta c6 diéu phai chimg minh.

17.10. Ap dung ti s6 dién tich hai tam giac c6 /

chung canh day, ta co6: \
M
HD+HM+HN=SHBC _I_SHCA +SHAB =1 . /
AD  BM  CN  Syc Sipe Sisc N \
H

Ap dung dinh 1y Ce-va, ta co: b :
DB MC NA / T
1 B B

DC MA NB B = %

Tir d6 suy ra diéu phai chimg minh.

17.11. a) Ap dung hé qua dinh 1y ta-1ét, ta co:
mrypp =L _ AL
AD

I
INJ/ICD = IN AI M N
C’D AD
MI IN MI DB
= N T AR T T T A B o p C
BD CD NI  DC R
b) Goi E la giao diém cua giao diém cua duong thing BI va AC, F la giao diém cia dudng thing CI

va AB.

IP _AF IR _CE

Ching minh tuong tu cdu a, ta c6: —=——
10 BF’ IS AE’

Ap dung dinh 1y Ce-va trong AABC d6i v6i AD,BE,CF dong quy, ta co:

BD CE AF | IM IP IR | Bidy phai chimg minh.

. . =1=
CD AE BF IN IQ IS

—

17.12. Ta ¢6: BEC = A+ ACE = KCB + KCE = BCE A
Do d6 ABCE cantai B nén BE = BC'. 4
Mat khac BF//CE nén theo dinh ly Ta-1ét, ta co: E
CK EK:CK-FFK EK+BK:CF_BE B
FK BK FK BK FK BK
ma BC = BE nén or_BC (1)
FK BK r .

Vi CE la duong phan giac cua goc ACK
AE A
on: AE_AC ()
KE CK
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BC AE

AABC ~ ACBK —=— (3
(ee)=5c=cx O
CF AE
Tur (2) va (3 LAy
U (2) va (3) suyra P (4)

Gia stir duong thang EF cit AC tai D. Ap dung dinh 1y Mennenlaus vao tam gidc ACK bi cét tuyén

DEF cit cac canh, ta co: A—D F E:1 (5)

CD KF AE
‘ ‘ AD ,
Tur (4) va (5) suy ra: C—D=1 hay ta c6: AD=CD.

17.13. Goi N 1a giao diém cau hai duong thing BM va CL. TG gidc MLKA 1a hinh binh hanh. Gia st
duong théng ML cét canh BC tai P. Khi do, ta c6: LP=KP; MD =CP. Ta s€ chiing minh D,N,K
thang hang.

Ap dung dinh 1y Mennenlaus vao tam giac

BMP bi cit bdi cat tuyén CLN cit cac canh, _ =
ta co: N

BNMLPCI BNAKMDl M
ME L - I

NM LP CB NM KB AD
Suy ra ba diém K, N,D thing hang

FJ

(theo dinh ly Menelaus dao vao AABM )
Vay ba duong thang CL, DK va BM dong quy.

17.14. Ap dung dinh Iy Ce-va vao tam giac 4BC, ta c6: C—Nﬂ% =1 (1)
NA DB MC

Ap dung dinh 1y Menelaus vio tam giac

ABC véibadiém N,M,P thiang hang, ta co:

CN AP BM 1 (3

NA PB MC

CN AD BM _CN AP BM

Tuw (1) va (2 . . = —
u()va()suyraNA DB MC NA PB MC

Sa=as )

DB PB

Tur gia thiét CD 1a dudng phén giac cia AABC
AD CA __ AP _CA

== — = CP la duong phan
DB CB  PB CD

giac ngoai cua tam gidc ABC.
Twrdosuyra CD L CP.
17.15. Qua A ké duong thing xy song song v6i BC cit DM, DN lan luottai H va I .
Theo hé qua dinh 1y Ta-lét, ta co:
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AH AF Al _AE
BD BF CD EC

Ap dung dinh 1y Ce-va trong tam giac
ABC véi ba duong AD, BE,CF dong
quy tai O, ta co:
AF BD CE |

BF CD EA

AH BD CD _, _ AH

BD CD Al

— 2= =1 hay AH = AI
Al

OM DO ON

MN//HI theo hé qua dinh 1y Ta-1ét, ta c6: y

Ma AH = Al nén OM =ON

17.16. K¢ ba dudng trung tuyén A7, BK,CP cla
tam gidc ABC c6 trong tdim G chia tam giac
thanh 6 tam giac BGI,BGP,CGK,AGK, AGP,
CGI . Do d6 diém M nam trong mot trong 6 tam
giac d6 ké ca trén canh.

Giai st M nam trong hodc trén canh ctia AAGK .
Theo dinh ly Van-Oben, ta co:

AM AF AE _AF AE

D FB EC B TRC T’

BM BF BD _BF BD
Sl et Sl
E FA DC PA IC

Mait khac

H DA

Al

Dau bang xay rakhi M tring v6i G . Suy ra diéu phai chtng minh.

17.17. Ap dung dinh Iy Menelaus trong A4BC
v&iba diém M, N, I th'fmg hang, ta co:

IB MC NA MC NA

—— =1 —=1 (1)

IC MA NB MA NB

Ap dung dinh 1y Menelaus trong AABC

v6i ba diém O,P1 th'fmg hang, ta co:

— P_A‘@ =1 (2)
PC 04

Ap dung dinh 1y Menelaus trong AABC

IC P4 0B _
IB PC QA

véiba diém N,E, P théng hang, ta co:
EEM =1 ( 3)

EC PA NB

Ap dung dinh 1y Menelaus trong AABC
v6i ba diém O, M, F thing hang, ta co:

A

\

b
\
b
L1 i!

/
/)
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Tir (1) va (2) suyra: MC NA QB rA do d6 PC NA QB MA
MA NB QA PC PA NB QA MC

. EB PC NA_FC QB MA
" EC PA NB FB 04 MC

Tu (3) va (4) suyra

EB FC EB FC
= =

Tt do6 suy ra: =
EC FB EB+EC FB+FC

EB _FC

=>BE=FC=IE=IF.
BC

17.18. a) Ap dung dinh 1y Menelaus cho tam gisic ABE vé6i 3 diém thang hang 4',M,C’, ta co:
AM EA" BC'

ME AB CA
AM C'A A'B
ME ~ BC'EA
Ap dung dinh 1y Menelaus cho tam gidc AFC vé6i 3 diém thang hang 4',N,B’, ta cé: ﬂ 4B ,CA =
NA B'C AF
FN AF BC
NA CA' 4B
&t AM EA" FN (CA A'B\ EA'( AF B'C
ME A'F NA \BC' EA') AF\ CA' 4B’
_C4 4B BC _
BC' CA' 4B

(Do AA',BB',CC" ddng quy tai K - dinh Iy Ce-va)
Ciing theo dinh 1y Ce-va ta c6 A4, EN va FM ddng quy tai /.
b) Ap dung dinh 1y Van-Oben cho tam giac
ABA'; ACA'; AEF , ta cb:

AM  AK  AC'

ME KA CB (1)

AN _AK  AB o)

NF KA BC

AM AN _ Al o)

ME NF I4'

Thay (1),(2) vao (3) ta duoc:

2AK AC' AB' Al (4)
'KA'" C'B BC /G
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AC' AB' _ AK
CB BC KA

Ap dung dinh 1y Van- Oben cho tam gidc ABC, ta cé:

Thay vao (4) , ta duoc: 3.% = }4] =3.14". AK = KA' . Al .

!
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Chuong IV: HINH LANG TRU PUNG - HINH CHOP PEU
Chuyén dé 18. HINH HOP CHU NHAT

A. Kién thicc cn nhé

1. Hinh h¢p chir nhat

- Hinh 18.1 cho ta hinh anh ctia mgt hinh hop chir nhat.

- Hinh hop chit nhat c6 6 mat, 8 dinh va 12 canh. : \\\ d ¢
- Hinh lap phuong c¢6 6 mat 1a nhitng hinh vuong. /,'— --- —\l\-\- ----
; i b
’ _ \
Hinh 18.1

2. Di¢n tich xung quanh va thé tich ciia hinh hp chir nhit

e Dién tich xung quanh ctia hinh hop chit nhét bang chu vi day nhan vé6i chiéu cao.

S, =2(a+b).c

e Dién tich toan phan cta hinh hop chir nhat bang téng ctia dién tich xung quanh va dién tich hai ddy.

S, =2(ab+bc+ca)

e Thé tich ctia hinh hop chir nhat bang tich ctia ba kich thudc.

V =abc

e Dic biét, d6i v6i hinh 1ap phuong thi:

S, =4a’ S =6a> V=d

p

3. Tinh chit dwdng chéo ciia hinh hdp chir nhat
e Bén duong chéo cua hinh hdp chir nhat cit nhau tai trung diém ctia mdi duong.

e Binh phuong ciia mdi dudng chéo bang tong cac binh phuong ctia ba kich thudc.

d*=d*+b*+¢*

4. Quan hé vi tri ciia hai dwong thiang phan biét trong khong gian (h.18.2)

e Cit nhau: Néu hai duong thing c6 mot diém chung. ":" B
Vidu: AB va BC. D ]
e Song song: Néu hai dudng théng cung nam trong mdt mat phéng va j_ _______ E—__ "
khong ¢ diém chung. J;A' /
Vidu: AB va CD. l)" C

Hinh 8.2

e Chéo nhau: Néu hai duong thang khong cliing ndm trong mot mit phang

nao.
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Vidu: ABva CC’

Nhdn xét. Hai dudng thang phan biét ciing song song voi mot dudng thing thir ba thi song song,
5. Quan hé song song ciia dwong thing va mit phang (h.18.2)

e Puong thing song song voi mit phang khi chung khong c6 diém chung.

Vidu: AB// mp(A'B'C'D').

e Néu AB & mp(P); A'B' « mp(P)va AB//A'B'thi AB /| mp(P).

Nhin xét. Néu A, B € mp(P) thi duong thang AB nam tron trong mp(P).

6. Quan hé song song ciia hai mit phing (h.18.3)

a
e Hai mit phang song song khi ching khong ¢ diém chung. A’,X /

e Néu mp(P) chira hai duong thang cit nhau a va b; mp(Q) chira hai dudng

thang cit nhau o' va b’ trong d6 a//a’ va b//b'thi mp(P)// mp(Q). /a.,>< /
e Néu mp(P) chita hai dudng thang cit nhau a va b ma a // mp(Q) L
va b// mp(Q) thi mp(P)// mp(Q). Hinh 18.3

Nhin xét. Hai mit phang c6 mot diém chung thi chung cit nhau theo mot duong thing di qua diém
chung 4y, goi 12 giao tuyén ciia hai mit phang,

7. Quan h¢ vuong goc (h.18.4)

e Néu mot dudng thang vudng goc v6i hai duong thing cit nhau ctia mit

phang thi ta n6i duong thang vudng goc v6i mat phing. =
e Néu duong thang a L mp(P)tai diém O thi duong thang a vudng goc /H k /

v6i moi duong thang qua O va ndm trong mp(P).

e Néu a e mp(P)va a L mp(Q) thi mp(P) L mp(Q) .

Hinh I8 4

B. Mt s6 vi du
Vi du 1: Cho hinh hdp chit nhat ABCD.A'B'C'D'. Goi M va N lan luot 13 trung diém cua CD va C'D’.
Chtng minh rang MN// mp(BCC'B').

Giai (h.18.5)
*Tim cach giai
Mubdn chimg minh MN// mp(BCC'B')ta phai chimg minh MN song song v&i mot dudng thing cia mit
phiang (BCC'B').

*Trinh bay loi gidi ? ¥
Xét tir gide MCC'N' ¢6 MC// NC'va MC = NC' . pl—M .
Vay tir giac MCC'N 1a hinh binh hanh, suy ra MN// CC". ,JJI_;L*- ------ --</B
Puong thiang MN khéng nim trong mit phang (BCC'B’)con duong thang ’ 4

CC'nam trong mit phang (BCC'B'Yma MN// CC'nén MN// mp(BCC'B'). Hinh 18.5
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Vi du 2: Cho hinh hop chit nhat 4BCD.A'B'C'D' . Trén cac canh AA', DD', BB',CC'lan luot lay cac diém

E, F, G, Hsao cho AE = DF = %DD’;BG =CH = %CC’ . Chirng minh rang mp(ADHG)// mp(EFC'B').
Giai (h.18.6)

*Tim cach giai

Pé chung minh mp(ADHG)// jhp(EFC'B')ta tim cich chimg minh hai duong thang cit nhau cua

mp(ADHG) twong ting song song v6i hai duong thiang cit nhau cua mp(EFC'B').

*Trinh bay loi gidi

Tu giac BCHG c¢6 BG =CH;BG//CH nén 1a hinh binh hanh, suy ra - B
HGI/IBC. Ay
L9
Mt khac BC//B'C'nén HG//B'C'. EL /
T4 giac DHC'F ¢6 DF//HC' va DF = HC' nén la hinh hinh hanh, suy ra ; o j_a_'__::::-_;h -
DH =FC'.
D C

Xét mp(ADHG) ¢6 HG va DH cit nhau tai H.
Xét mp(EFC'B")cd B'C'va FC'cit nhau tai C'.

Hinh 18.6

T d6 suy ra mp(ADHG)// mp(EFC'B').

Vi du 3. Cho hinh hdp chit nhat ABCD.A'B'C'D'" .

a) Chirng minh rang tr gidc ADC'B’ 14 hinh chit nhat.

b) Tinh dién tich cta hinh chit nhat 4ADC'B' biét: AB =12, AC' =29,DD' =16.
Giai (h.18.7)

a) T giac ADD'A’ 1a hinh chir nhat, suy ra AD /// A'D" va AD=A'D’.

Tu giac A'B'C’'D'1a hinh cht nhat, suy ra B'C'// A'D'va B'C'=A'D’.

Do d6 AD j// B'C'va AD=B'C".

Vay tit gide ADC'B’ 14 hinh binh hanh. D

Taco: AD L DD'va AD 1 DC nén AD 1 mp(DCC'D"). Suyra AD 1 DC'.

s
Hinh 187

Do d6 hinh binh hanh ADC’B’ 1a hinh chir nhat.

b) Xét ADD'C'vudng tai D' c6 DC' =~/ DD” + D'C”> =+/16* +127 =20.

Xét AADC' vuéng tai D ¢6 AD =+ AC” = DC"* =~/29° —20> =21.

Vay dién tich hinh chit nhat ADC'B"1a S = DC".AD =20.21 =420 (dvdt).

Vi du 4. Cho hinh hdp chit nhat ABCD.A'B'C'D'" .

a) Chirng minh rang mp(DCC'D") L mp(CBB'C").

b) Trong s6 sau mat ciia hinh hop chit nhat, c6 bao nhiéu cip mit phing vudng goc v6i nhau?

Giai (h.18.8)
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* Tim cdch gidi
Mubn ching minh mp(DCC'D") vubng goc véi mp(CBB'C')ta cin
ching minh mot duong thing cia mp(DCC'D')vudng goc véi hai

dudng thang giao nhau cia mp(CBB'C').

* Trinh bay loi gidi : _
a) Vi DD'C'Ca hinh chir nhat nén D'C' L CC'. Hinh 18.8
Vi A'B'C'D'1a hinh chit nhat nén D'C' L B'C’.

Vay D'C’ vudng goc véi hai duong giao nhau cua mp(CBB'C") do d6 D'C' L. mp(CBB'C").

Mat khac, D'C' < mp(DCC'D")nén mp(DCC'D") L. mp(CBB'C")
b) Chirng minh tuong tu nhu cau a), ta dugc cac cap mat cd chung mdt canh thi vuong géc voi nhau.
Hinh hdp chit nhat c6 12 canh nén c¢6 12 cdp mat vudng goc vai nhau.
Vi du 5. Cho hinh hop chit nhat 4BCD.A'B'C'D’ . Dién tich cac mat ABCD, BCC'B'va DCC'D'lan luot
1a 108cm?, 72¢em* va 96¢m*.
a) Tinh thé tich cua hinh hop.
b) Tinh d¢ dai duong chéo cua hinh hop.
Gidi (h.18.9)

* Tim cdch gidai

Dién tich cdc mat da cho 1a tich cua hai kich thuéec. A a B
Thé tich ctuia hinh hop 14 tich cua ba kich thudc. Vi vy ta can str dung D E .

I3 \ 1 )
cac tich cua tung cap hai kich thudc dé dua vé tich cua ba kich thudc. c AR B'
* Trinh bay loi gidgi o L
a) Goi do dai cac canh AB,BC,CC'lan luot la a, b, c. Hinh 189

Tacod: ab=108 (1); bc=72 (2); ca=96 (3)
Suy ra: ab.bc.ca =108.72.96 hay (abc)’ = 746496 .
Do d6 abc =~746496 = 864(cm’) .

Vay thé tich ctia hinh hop 12 ¥ =864(cm’) . (4)

abc 864
b)Tu(4)va(l)tacdé: c=——=—-=8 .
) Tu (4) va (1) ¢=— =710z (cm)
T (4) va (2) ta co: a=a—bc=@=l2(cm).
bc 72
Tur (4) va (3) ta co: bza—bc=&=9(cm).
ac 96

Vay duong chéo cua hinh hop chir nhat c6 do dai la:

d=a+b +c* =122 +9> +8° =17(cm).
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C. Bai tap van dung

¢ Quan h¢ song song. Quan hé vuéng goc

18.1. Cho hinh hdp chit nhat ABCD.A'B'C'D" .

a) Chimg minh rang mp(ACD") |/ mp(A'C'B) .

b) Chirng minh rang mp(CDB') va mp(BCD') cit nhau. Tim giao tuyén cta chiing.

18.2. Hinh hop chit nhat ABCD.A'B'C'D'cé day ABCD la hinh vudng. Chimg minh rang
mp(DBB'D") vudng goc voi mp(ACC'A").

18.3. Cho hinh hdp chit nhat ABCD.A'B'C'D’ .

a) Tim giao tuyén m cta hai mat phang (4CC'4A") va (DBB'D').

b) Chirng minh giao tuyén m L mp(4'B'C'D").

¢) Chtirng minh mp(BDD'B") 1. mp(A'B'C'D").

e Cac mat — Cac dinh cia hinh h¢p chir nhat

18.4. Nguoi ta ghép 480 hinh 1dp phuong nhd canh lcm thanh mdt hinh hop chir nhat kich thudc
8x12x 5cm roi son tt ca sdu mit cia hinh hdp chir nhat nay. Héi:

a) Co bao nhiéu hinh 13p phuong nhé canh 1cm khong dugc son mat nao?

b) C6 bao nhiéu hinh 1ap phuong nho canh 1ecm c6 it nhét mot mat duge son?

18.5. Mot hinh 1ap phuong canh n don vi (n € N;n > 2)), cad 6 mat déu dugce son mau xanh. Nguoi ta chia

hinh 1ap phuong nay thanh »* hinh 14p phuong canh 1 (don vi). Cho biét s6 hinh 14p phuwong nhé canh 1
(don vi) khong dugce son mét nao 1a 27. Tinh:

a) Gia tri ctia n;

b) S6 hinh 14p phuong nho dugc son ba mit;

¢) Sb hinh 1ap phuong nho dugc son hai mit;

d) S6 hinh 14p phwong nhoé duoc son diing mot mit.

18.6. Mot chiéc hop hinh 1ap phuwong canh 6ecm duge dat trén mat ban. Tinh quing duong ngian nhit ma
con kién phai bo trén mit hop tir trung diém M cia C'D’ dén dinh A.

18.7. Cho hinh hép chit nhat ABCD.A'B'C'D" .

a) Hoi c6 bao nhiéu doan thing ma hai ddu cia n6 14 hai dinh cua hinh hop chit nhat?

b) Chimg t6 rang trong cac doan thang ndi trén, chi c6 téi da 7 gia tri khac nhau vé do dai.

18.8. Nguoi ta ghi vao sdu mat cua mot hinh 1ap phuong cac sb tu nhién tr 1 dén 6. Sau d6 ctr mdi luot,
ta cong thém cing mot s6 ty nhién vao hai mit cua hinh lap phuong d6. Hoi sau mot s6 luot, ¢ thé xay ra
sdu s6 bang nhau & siu mit cua hinh 14p phuong dugc khong?

e Tinh d¢ dai — Dién tich — Thé tich
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18.9. M&t hinh hdp chir nhat ¢6 cac kich thude béng 8,9, 12. Tinh d6 dai 16n nhét cua mot doan théng co
thé dat trong hinh hop chir nhat do.

18.10. Mot hinh hop chit nhat c6 tong ba kich thude bang 61cm va dudng chéo bang 37cm. Tinh dién tich
toan phan cta hinh hop chit nhat do.

18.11. Puong chéo ctia mot hinh 1ap phuong dai hon dudng chéo mdi mit cua nd 1a lem. Tinh dién tich

toan phan va thé tich cua hinh 1ap phuong do.
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Huwéng din giai
18.1. (h.18.10)
a) Xét hinh binh hanh ACC’4A" ¢c6 AC J// A'C’
— AC JJl mp(BA'C’).

Xét hinh binh hanh ABC'D'c¢6 AD' /// BC'
= AD'// mp(BA'C’). Hinh 18.10

Vi AC va AD' ct nhau tai A nén mp(ACD') Jj/ mp(BA'C').

b) (h.18.11) A o
Mit phing (CDB') ciing 1a mat phing (CDA'B'). D |
Mit phang (BCD')ciing 1a mit phang (BCD'A'). ™ I

Hai mat phing nay c6 hai diém chung 1a C va A4’ nén chung cat nhau £ s

theo giao tuyén C4'. . _ L:IH

18.2. (h.18.12)

Tu giac ADD'A’ 1a hinh chit nhat nén DD' L D'4’. ? 0 ?
T giac DCC'D’1a hinh chi¥ nhat nén DD’ L D'C’ . D S
Suyra DD’ L mp(A'B'C'D'). Do d6 DD' L D'B' . R
Ta giac DBB'D' ¢6 DD'// BB'va DD' = BB'nén 1a hinh binh hanh. Hinh E'{ o= OF . Y
binh hanh nay c6 DD’ 1. D'B' nén la hinh chir nhat. Hinh 18.12

Goi O la giao diém cua AC va BD. Goi O'la giao diém cua 4'C'va B'D'.

Ta c6 OO’ 1a duong trung binh cua hinh chit nhat DBB'D'nén OO' 1. DB .

Talai c6 AC L BD (tinh chat duong chéo hinh vudng) suy ra BD L mp(ACC'A').
Mit phing (DBB'D') chira BD nén mp(DBB'D’) L mp(ACC'A'") .

18.3. (h.18.12)

a) Goi O 1a giao diém ctua AC va BD. Goi O'la giao diém ctia 4'C'va B'D'.

Taco: O e ACma AC < mp(ACC'A’Ynén O e mp(ACC'A').

O e BDma BD c mp(BDD'B")nén O € mp(BDD'B’).

Vay O 1a diém chung cta hai mét phing (4CC'A")va (BDD'B').

Chung minh tuong ty, O'1a diém chung cta hai mit phing (4CC'4") va (BDD'B').
Hai mit phang (ACC'4") va (BDD'B’)c6 hai diém chung 12 O va O’ nén chiing cit nhau theo giao tuyén
m 1a duong thang 00’ .

b) Trong mat chéo (DBB'D') c6 OO'1a duong trung binh nén OO’ L B'D' (tai O").
Chtrng minh tuong ty, ta dugc 00" 1. A'C'(tai O").
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Puong thing OO vudng goc voi hai duong thang giao nhau cia mp(A'B'C'D')nén
00" L mp(A'B'C'D").

c) Taco: OO L mp(A'B'C'D"Yma OO" — mp(BDD'B"Ynén mp(BDD'B") L. mp(A'B'C'D").

18.4. a) Céc hinh 1ap phuong nhoé khong dugc son mét nao 1a cac hinh 1ap phuong & bén trong. Chung tao
thanh mot hinh hop chir nhat c6 dd dai céc canh la:

8—2=6(cm);12—-2=10(cm);5—2=3(cm).

Thé tich ctia hinh hop chir nhat d6 1a: 6.10.3 =180(cm’).

Viy c6 tit ca 180 hinh lap phuong nho khong dwgc son mit nao.

b) Co tat ca 480 hinh 1ap phuwong nho, trong d6 c¢6 180 hinh khéng dugc son mat ndo. Vay sb hinh 1ap
phuong nhd cé it nhéit mot mat duge son 1a:

480 —180 =300 (hinh)

18.5. (h.18.13)

a) Cac hinh 13p phuong don vi khong dugc son mit nao & bén trong hinh

lap phuong da cho, ching tao thanh mot hinh 1dp phuong c6 canh dai
V27 =3 (don vi).

Do do6 canh cua hinh 1ap phuong da cho dai la:

n=3+2=>5(don vi dai).

Hinh {8.13

b) O mdi dinh c6 mét hinh 1ap phuong duoc son ba mit. C6 tat ca 8 dinh nén c6 8 hinh 1ap phuong don
vi dugc son ba mat.

C) O mbdi canh c6 ba hinh lap phuong don vi dugc son hai mat. Co tt ca 12 canh nén c6 3.12 =36hinh
1ap phuong don vi dugc son hai mat.

d) O mdi mit ¢6 9 hinh lap phuong don vi dugc son mot mat. Co tt ca 6 mit nén c6 9.6 =54 hinh lap
phuong don vi dugc son mdt mat.

18.6. (h.18.14)

Khai trién hinh 14p phwong rdi trai phing ba mat (4BCD),(CDD'C")va (ADD'A") ta dugc hinh dudi.

Ay B

ol
\

A DM

]

flinh {814

e Xét truong hop kién bo qua canh DD’ dé t6i dinh A: Poan dudng ngan nhat ma kién phai bo tir M dén
A la:
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MA =J(6+3)* +6> =117 ~10,8(cm).

e Xét truong hop kién bo qua canh DC dé toi dinh A: Poan dudng ngan nhit ma kién phai bo tir M dén A

la:

MA, = J(6+6)* +3> =153 12, 4(cm)

e Xét truong hop kién bo qua canh CC’ dé t6i dinh A: D& thdy doan dudng ma kién phai bo tir M dén A
dai hon nhiéu so véi hai truong hop trén.

Két luan: Vay doan dudng ngin nhat ma kién phai bo 1a 10,8cm.

18.7. (h.18.15)

a) Hinh hQp chir nhat c6 8 dinh. S6 doan théng ma hai dau cta no6 1a hai
dinh cua hinh hdp chir nhat la:

% = 28 (doan thang).

b) 28 doan thang nay chia lam 7 nhom, mdi nhom 4 doan thang dai bang

nhau (chang han AB=CD=C'D'= A'B"). Hink 18.15

Tir d6 suy ra trong 28 doan thang nay chi c6 t6i da 7 gia tri khac nhau vé do dai.
18.8. Luc dau tong 6 s6 6 6 mit 13 1+2+3+4+5+6=21. D6 1a mot sb 1.
Sau mdi luot, tong nay ting thém mot s6 chin nén tong cac sé & 6 mit ludn 1a mot sb 1é, khong chia hét
cho 6. Do d6 khong thé xay ra ca 6 s bang nhau.
18.9. Ap dung cong thirc tinh d6 dai duong chéo ctia hinh hdp chit nhat.
d’=a’+b*+c* =8 +9" +12° =289.
Suyra d =289 =17
Vay do dai 16n nhét cia mot doan théng c6 thé dat trong hinh hop chir nhat 1a 17.
18.10. Goi ba kich thudc ctua hinh hop chit nhat 1a a, b, c. Ta cé:
a+b+c=61 1))
{az +b’+c* =37 (2)
T (1)suyra (a+b+c)* =61 = a’>+b* +c* +2(ab+bc+ca) =3721.
Do d6 2(ab+bc+ca) =3721-1369 = 2352(cm’) .
Vay dién tich toan phan cta hinh hop chit nhat 1a 2352(cm?).
18.11. Goi a 1a d6 dai mdi canh cua hinh 1ap phuong va d 13 d6 dai dudng chéo cua hinh 1ap phuong doé.

Ta cé: d* =3a*> = d = a3(cm).

Do dai dudng chéo moi mit ctia hinh 1ap phuong d6 1a a2
Ta co: aﬁ—aﬁzl@a(\/g—\/i)=l<:>a:\/§+\/§(cm).

Dién tich toan phan cta hinh 1ap phuong la:
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S =64” = 6(\/§+\/§)2 ~59,39(cm?) .

\ 3
Thé tich ciia hinh lap phuong la: V = ¢® = (ﬁ 2 ) ~31,14(cm’).
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Chuong
Chuyén dé 19.

HINH LANG TRU PUNG
A. Kién thirc cin nhé
1. M6 ta hinh danh lang tru dirng
Hinh 19.1 cho ta hinh 4nh ctia mot hinh lang tru ding. B

A
* Cac mat bén la nhitng hinh chir nhat. '

* Cac canh bén song song va bang nhau.

* Hai day 1a hai da giac nam trong hai mit phang song song.

' B'
. . , ) A
* Cac canh bén cling nhu cac mat bén déu vudng goc voi hai mat phang day.
2. Dién tich xung quanh — Thé tich ciia hinh ling tru ding. D' C
* Dién tich xung quanh cua hinh ling tru ding bang chu vi day nhan véi chiéu cao. Hinh 19.1

S, =2ph

( p la nira chu vi ddy; % 1a chiéu cao)

S, =S, +25,,
* Thé tich ctia hinh lang try ding bang dién tich day nhan véi chiéu cao

V=_Sh
(S 1a dién tich day; 4 1a chiéu cao)
B. Mt s6 vi du
Vi du 1: Cho hinh lang tru ding ABC.A'B'C'. Goi D, E,F theo tht ty 1a trung diém cua AA',BB', A'C’.
Chimg minh rang mp(AEC") // mp(DB'F)
Giai (h.19.2)

* Tim cach giai
Mubn chimg minh mp (AEC') // mp(DB'F) ta chimg minh hai duong thing giao A

nhau cua mp(AEC ’) tuong g song song véi hai dudng thang giao nhau cua

mp(DB'F).

* Trinh bay loi giai

Tacod: AD // EB' va AD = EB' nén tlt gidc AEB'D la hinh binh hanh.
Suy ra AE // DB’ (1)

Xét AAC'A" ¢6 DF 1a duong trung binh nén DF // AC'. (2)

Hinh 19.2

Tu (1) va (2) suy ra mp(AEC") //mp(DB'F)
Vi du 2: Cho hinh lang tru dtng ABC.A'B'C’ , day ABC la tam giac vuong tai 4.
a) Chimg minh ring mp(ABB'A") L mp(ACC'A").
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b) Goi M 1a mot diém bat ki trén canh B'C’. Chiing minh rang mp (AA'M) Lmp(A'B'C").

¢) Xac dinh vi tri cia diém M trén canh B'C’' dé d6 dai AM nho nhét.
Giai (h.19.3)

* Tim hwong giai

Mubdn chimg minh mp (ABB'A") L mp(ACC'4’) ta chimg minh mot dudng thang ciia mit phang nay

vudng goc voi mit phing kia.

* Trinh bay loi giai

a)taco: AB L AA' va AB L AC nén AB L mp(ACC'A').
Mat khac 4B < mp(ABB'A") nén mp(ABB'A") L mp(ACC'A")
b) Hinh lang tru ABC.A'B'C’ 1a hinh lang tru dirmg nén

AA' L mp(A'B'C").

Mit khac, 44" < mp(AA'M ) nén mp(AA'M ) L mp(A'B'C").
c) Xét AAA'M vudng tai A, ta co:

AM? = AA” + A'M” trong 46 AA4" khong doi.

Viy AM nho nhit < A'M nho nhét.

Xét mp(A'B'C') tacé A'M nhdnhit < A'M L B'C'

Vay dé d6 dai AM nho nhét thi M phai la hinh chiéu cta 4 trén B'C’.

Hinh 19.3

Vi du 3. Cho hinh lang try dimg ABC.A'B'C’ day 1 tam giac vudng can tai 4. Biét hinh tru ny co chiéu

cao 12 4m va thé tich 1a 18m° . Tinh dién tich toan phan ciia né.
Gidi (h.19.4)
, 14
Taco:V:S.h:S:Z. B
Vay dién tich day cua hinh lang tru nay la:

18
S=?=4.5(m2). .

Vi AABC vudng cantai 4 nén S :%AB2
Do do %ABZ =4.5= AB> =9= AB=3(m).

Suyra BC = 3\/§(m)
Di¢n tich xung quanh cua hinh lang truy la:

S, =2ph=(3+3+3V2) 4=24+12J2(m’)

Dién tich toan phén 1a: S, =24+122+9=33+12v2 ~50(m’)

Y

;

AI
Hinh 19.4

Cl
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Vi du 4. Mot hinh ling tru déu (tirc 1a ling tru c6 day la da giac déu) co tat ca 18 canh, mdi canh dai
4/3¢m . Tinh thé tich cua hinh lang tru do.
Giai
* Tim cach giai
Pé tim duoc thé tich lang try dung khi da biét chiéu cao, ta can tinh dién tich day.
bay la mét da giac déu, da biét do dai mdi canh nén can biét s6 canh day la xong.
* Trinh bay loi giai
Goi sb canh cua mot day la n. Khi do s6 canh bénla 7.
Suy ra tong s6 canh cta hinh ling tru dimg 1a n+n+n=3n.
Theo dé bai ta co: 3n=18=n=6.
Vay hinh lang tru ding da cho 13 hinh ling tru luc giac déu. W3
Co thé coi dién tich day l1a téng dién tich ctia 6 tam giac déu, moi canh bang S ied
43em . (h.19.5)

M#ﬁ =723 (em’)

Do d6 dién tich day la: S =

Thé tich hinh lang try la: ¥ = S.h = 72+/3.44/3 =864 (cm’).

C. Bai tap van dung

* Chirng minh song song, vudng géc. Tinh chiéu cao.

19.1. Cho hinh ling tru dtng ABC.A'B'C'. Goi E va G lan luot 13 trong tdm cua tam giac ABB' va
ACC'. Trong mit bén ABB'A'" v& EM //BB'(M e AB). Trong mit bén ACC'A" V&
GN // CC'(N € AC).

Chimg minh rang mp(MNGE) // mp(BCC'B').

19.2. Cho hinh lang tru dimg ABC.AB'C’ ¢6 canh ddy AB = AC =10cm va BC =12cm . Goi M 1a trung
diém cia B'C'.

a) Chimg minh rang B'C’ L mp(AA'M).

b) Cho biét AM =17cm , tinh dién tich toan phﬁn cua hinh lang try.

19.3. Mot hinh lang tru déu ¢6 téng s6 mat, sd dinh va sb canh 1a 26. Biét thé tich cua hinh lang tru 1a
540cm’ , dién tich xung quanh 13 360cm?. Tinh chiéu cao ciia hinh ling tru do.

19.4. Hinh hop dimg ABCD.A'B'C'D' c6 day 1a hinh thoi ABCD canh a, goc nhon 30°. Cho biét dién
tich toan phan cta hinh ling try dimg bang hai lan dién tich xung quanh ctia n6. Tinh chiéu cao cta hinh
lang tru.

* Tinh dién tich, tinh thé tich.
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19.5. Hinh ling try dtmg ABC.A'B'C’' ¢6 AB=5cm, AC =12¢m va chiéu cao 44" =10cm . Biét dién tich

xung quanh cua hinh ling try 13 300cm?, tinh thé tich cta no.

19.6. Mot hinh lang tru dimg c6 day 13 hinh thoi vé6i cac dudng chéo bang 16cm va 30cm . Dién tich toan
phan cua hinh lang try nay 1a 2680¢m?, tinh thé tich ciia no.

19.7. Hinh lang tru ngii giac déu ABCDE.A'B'C'D'E' ¢6 canh day bang a. Biét hidu giita cac dién tich
xung quanh cta hai hinh ling try ding ABCE.A'B'C'E' va CDE.C'D'E' 1a 4a*. Tinh dién tich xung
quanh cua hinh lang try da cho.

19.8. Cho hinh ling tru ding ABCD.A'B'C'D' c¢6 ddy ABCD 1a hinh thang vudng tai 4 va D. Biét
AB = AD =a,BCD =45° vi AC' =3a. Tinh:

a) Thé tich cua hinh ling try dtmng;

b) Dién tich toan phan cua hinh ling tru dtng.

19.9. C6 mot tim bat hinh chit nhat kich thuéc axb(a >b). Ding tm bat nay dé dung mét chiéc 1éu trai
c¢6 dang hinh lang tru dung, hai ddy (tirc 13 hai cira) 1a hai tam gidc vudng can. Ca tim bat thanh hai mai
1éu che sat mat dat.

a) Chtrng minh rang du cing tim bat theo chiéu dai hay chiéu rong thi dién tich cia mit dat bén trong 1éu
la nhu nhau.

b) Trong hai truong hop trén, trudng hop nao thé tich khong khi bén trong 1&u 16n hon?

19.10. Cho hinh ling try ding ABCD.A'B'C'D' c6 day 1a hinh thoi. Biét thé tich ctia n6 1a 1280cm’ va
chiéu cao 14 20cm . Tinh gia tri nho nhét cia dién tich xung quanh.

19.11. M6t chiéc dén 16ng c6 dang hinh ling try dtng, chiéu cao 40cm va day 1a luc gidc déu canh 18cm
a) Tinh dién tich gidy bong kinh dé lam mat xung quanh ctia dén.

b) Tinh thé tich cua dén.

¢) Néu giit nguyén chiéu cao cua dén thi phai giam d6 dai canh day bao nhiéu 1an dé thé tich cua dén

giam di hai lan.
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Huwéng din giai
19.1. (h.19.6)
Goi F 1a giao diém cua AB' va BA'.
Goi H 1a giao diém cua AC' va CA'.
Vi E la trong tam cia AABB’ nén

BE =EBF =lBA'.
3 3

Vi G latrong tim cia AACC’ nén

CngCH=lCA’.
3 3

Taco: EM // BB'= EM /] AA";
GN /| CC'= GN /] AA'.

Xét ABAA' ¢6 EM // AA" nén BM _ BE :l. (1)
BA BA" 3
Xét ACAA' c¢6 GN // AA" nén C—Nzﬁzl. (2)
CA Cc4 3
T (1) va (2) suy ra BT _ C—N(z lj Do d6 MN // BC
BA CA\ 3

Mt khac, ME // BB' nén mp(MNGE) // mp(BCC'B').

19.2. (h.19.7)

a) Cac mat ABB'A' va ACC'A' 1a nhitng hinh chir nhat c6 cung kich thudc
nén duong chéo cua chung phai bang nhau: AB' = AC'.

Xét AAB'C' cantai A, c6 AM 1a dudng trung tuyén nén AM L B'C'. (1)
Xét AA'B'C’' cantai A, c6 A'M 1a dudong trung tuyén nén A'M L B'C'. (2)
Tu (1) va (2) suy ra: B'C' Lmp(AA'M).

b) Xét AA'B'M vudng tai M ,taco: A'M =10 -6 =8(cm).

Xét AAA'M vubdng tai A', tacod: AA'=+17" -8 =15(cm).
Dién tich xung quanh cta hinh lang tru la:

S, =2ph=(10+10+12).15=480(cm’).
Dién tich day ctia hinh lang tru 1a : S = %B’C’.A’M = %.12.8 =48(cm*).

Dién tich toan phan cta hinh ling tru la: S, =480+48.2= 576(cm2 )

Hinh 19.6

Hinh 19.7

19.3. Goi s6 canh ciia mot day la n. Khi do téng sb canh cua hinh lang tru 1a 3n; téng sb dinh 1a 2n va

téng s6 mit 1a n+2 . Theo dé bai, ta cé:
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(n+2)+2n+3n =26=>n=4.
Vay hinh ling try déu nay c6 day 1a hinh vuéng.
Ta co: V =S.h=>540(cm’);S,, =2ph=360(cm’).

2

Suyral=ﬂhayﬂ=§:>i=§.Dodéa—=i:>a=6(cm).
o 360 2ph 2 2p 2 4a 2
Chiéu cao cﬁahinhléngtrulé:h=L=¥=15(cm)

day
19.4. Vi dién tich toan phan bang hai 1an dién tich xung quanh nén dién tich hai ddy bang dién tich xung

quanh. (D)

Xét day 1a hinh thoi ABCD canh a, goc nhon 30° (h.19.8) A B
Vé AH L CD,tacé: AH =~ aD=2, . /
2 2 30 I
) D H C
Dién tich ABCD 1a: S, = a.% - %(z) Hinh 19.8
Taco S, =2ph=4ah. 3)
a2 a
Tir (1), 2) vi 3), ta duge: 2.5-=dah = h=".
19.5. (h.19.9)
o S, B &
Tu cong thie S, =2p.h suyra 2p = Tq
Vay chu vi cta hinh lang tru ding la: A
300
2p=—-=30 . '
p 10 (Cm) Bl ——————— P C
Suy ra BC =30—(5+12)=13(cm). \
Al
. 2 _ 4p2 2 (3172 _ g2 2
Tacdo BC*=AB"+ AC” (vi 137 =5"+12°). Hirk o

Do d6 AABC vudng tai 4.

Di¢n tich day ctia hinh lang tru la:
S=2apac=Ls12 =30(cm’).
2 2

Thé tich ciia lang try 1a: ¥ = S.h =30.10 =300(cm’).

19.6. (h.19.10)

Di¢n tich day ctia hinh lang tru la:
S=11630= 240(cm’).
2

Di¢n tich xung quanh la:
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S, =2860-240.2 = 2380 (cm’ ).

b0 dai canh day la: A B

AB =\JOA4* + OB* =8 +15* =17(cm). !

Chu vi day la: 17.4 = 68(cm).

Chiéu cao cua hinh ling try la:

S 7
ﬂ:&:%(cm)_ F
2p 68 s a

h:

Thé tich ciia hinh lang tru 1a: ¥ = S 2 = 240.35 = 8400(cm’* ).

Vay thé tich cta cbc 1a 54cm’ Hinh 19.10

19.7. (h.19.11)

0

Goi & 1a chiéu cao ctua hinh lang truy.
Dién tich xung quanh cua hinh lang tru ding ABCE.A'B'C'E’ 1a:
S,=(AB+BC+CE+EA).h=(3a+CE).h.

Dién tich xung quanh cua hinh lang try deng CDE.C'D'E’ 1a:

S,=(CD+DE+EC).h=(2a+CE).h

Vi S, -8, =4a’ nén (3a+CE -2a—-CE).h=4d’

Hay ah=4a" = h=4a’ :a=4a.

Hinh 19.11

Vay dién tich xung quanh cua hinh lang tru dtrmg da cho la:
2
S,, =2ph=>5a4a=20a" (dvdt).
19.8. (h.19.12)
a) Xét hinh thang ABCD vuoéngtai A va D.Veé BH 1 CD (h.19.13)

Hinh [9.12 | Hinh 19.13
T giac ABHD 1a hinh vuéng va AHBC vudng can tai H .
Suyrta DH = AB = AD = BH = CH = a;CD =2a; BC = a/2.
Xét ADAC vuéng tai D cb: AC* = AD* + DC* = a* +(2a)’ =5a>.

Suyra A'C"” =5a"..
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Trong hinh lang tru dung, canh bén vuong gbéc vdi day nén
AA' L mp(A'B'C'D")= A4’ L A'C".

Xét AAA'C vudng tai A', ta co:

AA' = AC? = 4'C"? =\9a* —54° =2a.

(AB+CD).AD B (a+2a)a B 34’
2 227

Dién tich day hinh lang tru la: S =

2
Thé tich hinh lang tru 1a: ¥ = Sk = 3%.za =34’

b) Dié¢n tich xung quanh hinh lang try dung la:
Sy = (a+a+2a+a\/§).2a = 84" +224°.
Dién tich toan phan hinh lang tru dtng 1a:

2
S, =8a* +22d* +%.z =11a* + 224",

19.9. (h.19.14)

Hinh 19.14

a) Xét trudng hop thir nhat: TAm bat duge cang theo chiéu dai (h.a).

Ta co: BC = AB\2 =§\/§.

Dién tich mat dét bén trong 1éu la: S, =BC.CC'= gx/ia = abf (dvdt).
Xét truong hop thir hai: TAm bat duoc cang theo chiéu rong (h.b).

Ta c6: EF = DEN2 = %\E.

Dién tich mat dat bén trong 1éu 1a: S, = EF.FF' = “*2/5 b= “bz‘/z (dvdt).

So sanh hai két qua ta thay S, = S,.

b) Xét trudng hop tht nhét: Thé tich khong khi bén trong 1éu 1a:

2
V, :l(éj .azlab2 (dvdt).
2\2 8
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Xét truong hop thir hai: Thé tich khong khi bén trong 1éu 1a:

1(aY 1
V,=—| Z| b==a% (dvdb).
2 2(2) 8a ( )

Taco: V, -V, =%a2b—éab2 =%ab(a—b)>0 (Vi a>b).Suyra: V, >V,.

Vay néu cing tam bat theo chiéu rong thi thé tich khong khi bén trong 1éu s& 16n hon.
19.10. (h.19.15)
Tadat AC =2m;BD =2n.

1 A B
Dién tich ddy ABCD la: S = E.2m.2n =2mn. :
0)
D ' ,
Mt khéc: S=K=@=64(cm2) } ¢
h 20 |
I
A 1
Vay 2m.n:64(cm2). A,'J---—— - - B
Dién tich xung quanh hinh lang truy ding la: ,’/
S,, =4.4B20=804B. D' C
Hinh 19.15
Vay S, nho nhat khi 4B nhé nhat.
Goi O 1a giao diém cuia hai dudng chéo AC va BD.Tacé AC L BD tai O.
Xét AAOB vudng tai O, tacd: AB> = 04> +OB* =m’* +n’.
Mat khac m* +n* > 2mn. Do d6 AB* > 64 = AB>8(cm).
Vay gia tri nho nhit cia AB 13 8¢m khi m=n tic 1a khi ABCD 1a hinh vuéng.
Gia tri nho nhét cia dién tich xung quanh 13 4.8.20 = 64O(cm2 )
19.11. (h.19.16)
a) Chi vi ddy cua dén la: 18x6 =108 (cm).
Di¢n tich xung quanh ctia dén la: S, =2p.h=108x40 = 4320(cm2 )
Vay dién tich gidy bong kinh dé lam mit xung quanh cua dén 1a 432O(cm2 )
b) Dién tich day den la: A B
vy
2 2 | \
S=“*B,6=18 *5.6:486\5(67712). AR ¢
4 4
R i n i A | [E P
Thé tich cua dén long la: | !
V = S.h=486+/3.40 =194403 (cm* ) ~ 33671 (cm’ ). A’-L Bse -y
c)Goi avab lan luot 1a d6 dai canh day den léng trudc va sau khi gidm thé F--- -‘.;(1’: T C'
tich. Goi S, va S, 1a c4c di¢n tich day tuong tmg. Khi do: - . . A
Hinh 19.16 -
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Vi=8.hV,=S5,.h

2 2
Sih 5 S _y o @N36 DPN3E
S, S, 4 4

Ta co: ﬁ=2

2

odb=2ca:b=2

Vay do dai canh day phai giam di V2 lan.
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Chuyén dé 20
HINH CHOP PEU

A. Kién thirc cin nhé

1. M ta hinh chép - hinh chép déu

* Hinh chop c6 déay la mot da giac.

Cac mat bén la nhitng tam giac chung dinh.
Puong thang di qua dinh va vudng goc voi
mat phang day goi 1a dudng cao ctia hinh chop.

« Hinh ch6p déu 1a hinh chép c6 mit day 1a mot da gidc déu, cac mit

bén 1a nhitng tam giac cn bang nhau (h.20.1). Hinh 20.1

« Trong hinh chép déu, chan dudng cao tring véi tAm cua da giac day, vi du SH. Pudng cao ctia mdi mit
bén v€ tur dinh S goi 1a trung doan cua hinh chép, vi du SM.
2. Hinh chép cut déu

Cit hinh chop déu bang mot mit phang song song véi day.
Phén hinh chép nam gitra mit phang d6 va mat phang day
goi 13 hinh chép cut déu (h.20.2).

M&i mit bén cua hinh chép cut déu 1a

mot hinh thang can. Hinh 20.2
3. Dién tich xung quanh ciia hinh chép déu

« Dién tich xung quanh ciia hinh chop déu bang tich ciia nira chu vi ddy véi trung doan.

Sxg=p.d

(p 1a ntra chu vi day; d la trung doan).
« Dién tich xung quanh ciia hinh chép cut déu bang:
- Dién tich mdt mat bén nhan véi s6 mat bén;
- Dién tich xung quanh ctia hinh chép déu 16n trir di dién tich xung quanh

cua hinh chop déu nho; hoac:

qu = (p +p9d

(Trong do6: - p, p' 1a ntra chu vi day 16n, day nho.
- d 1a trung doan ctiia mat bén.)

4. Thé tich ciia hinh chép déu

V=L
3

(S 1a dién tich day; h 1a chiéu cao).
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« Thé tich cta hinh chop cut déu bang:

- Thé tich ctia hinh chop déu 16n trir di thé tich ciia hinh chop déu nho; hodc:

V=%(SI+S2+ AV

(Trong d6: Sy, S2 1a dién tich hai day; 4 1a chiéu cao.)
B. Mt s6 vi du
Vi du 1: Cho hinh chép tam giac déu S.ABC, dudng cao SH. Trén cic canh S4, SB, SC lan luot iy cac
diém A’ B’ C’sao cho SA' = SB' = SC'. Chung minh rﬁng:
a) mp(A'B'C')//mp(ABC);
b) mp(SCH) L mp(SAB).

Giai (h.20.3)
* Tim hwdng giai
Muén chimg minh mp(A4'B'C")//mp( ABC)ta ching minh hai canh ciia A4'B'C’ twong tng song song
vo1 hai canh cia AABC.
* Trinh bay 1oi giai

a) Xét ASAC c6 SA=SC;S4'=SC"' nén ﬁzﬂ
S4  SC

= A'C'//AC. (1)
Chiing minh tuong tu, ta dugc: A'BY//AB (2)
T (l)va(2)suyra A'B'C"/ /mp(ABC).

b) Xét AABC c6 H 1a giao diém ciia ba dudng trung tuyén. Goi M 1a

trung diém ctia 4B, ta co:

CM 1 AB;SM L AB.Vay AB L mp(SCM). Hinh 20.3
Mat khac AB c mp(SAB)nén mp(SAB) 1 mp(SCM) hay mp(SAB) 1 mp(SCH).
Vi du 2: Cho hinh chép S.ABC c6 day 1a tam giac déu va S4 1a duong cao cia hinh chép. Goi M 1a trung
diém cta BC.
a) Chimg minh ring mp(SAM ) L mp(SBC).
b) Cho biét SMA = 30° ching minh rang dién tich tam giac BCS bang tong dién tich ctia cac tam giac ABS
va ACS.
Gidi (h.20.4)

* Tim cach giai
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Vi BC cmp (SBC ) nén mubn chiing minh
mp (SBC ) 1L mp (SAM ) ta chi can ching minh BC vudng goc voi AM
va SM.

* Trinh bay loi giai

a)SA L mp(ABC)= SA L AB;SA L AC.

ASAB = ASAC (c.g.c) = SB = SC.

Xét ASBC cantaiS = SM | BC;

Xét AABC ddu=> AM L BC . Suyra BC L mp(SAM).. Hinh 20.4

Mat khac BC mp(SBC)nén mp(SBC) 1 mp(SAM).
b) Xét ASAM vuodng tai A, SMA=30°nén SA = %SM hay SM =254

Dién tich ABCS la: %BC.SM = %BCQSA =BC.54. (1)

Téng dién tich cac AABS va AACS 1a:

%AB.SA +%AC.SA = %SA(BC+ BC) =S4.BC (2)

Tir (1) va (2) suy ra diéu phai chimg minh
Vi du 3: Cho hinh chép cut tir gidc déu ABCD.A'B'C'D’. Mot mit phing song song v6i day cta hinh chop
cut cit cic canh 4 A' B B' C C', DD’ lan luot tai M, N, P, Q. Chimg minh rang tt giac MNPQ 1a hinh
vuong.

Giai (h.20.5)
Goi S 1a dinh cua hinh chop sinh ra hinh chop cut.
Vi mp (MNPQ) / Imp (ABCD) nén hinh chép cut

ABCD.MNPOQ 14 hinh chép cut déu. Cac mit bén cua né
déu 1a hinh thang can.

Suy ra: NP//BC; MQ//AD.

Mat khac BC//ADnén NP //MQ

Chiing minh tuong tu ta dugc MN //PQ .
Do d6 tir gidc MNPQ 1a hinh binh hanh.

Xét ASBC ¢c6 NP/ /BC nén E =S—B .
NP SN

Xét ASAB 6 MN / /4B nén 22~ 5B (5
MN SN

(1)

Hinh 20.5
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Tir () va 2) = 5C = AB 114 BC = 4Bnén NP=MN.
NP MN

Hinh binh hanh MNPQ c6 hai canh ké bang nhau nén 13 hinh thoi.

Hai duong thang MP va AC cing nam trong mit phing (SAC) va hai dudng thing nay khong c6 diém
chung (vi ndm trong hai mit phiang song song) nén MP//AC .

Chimg minh tuong tu, ta dugc NQ//BD .

Tac():£=£=S—B=£.ViAC:BDnénMP:NQ.
MP SP SN NQ

Hinh thoi MNPQ c6 hai duong chéo bang nhau nén 1a hinh vudng.
Vi du 4: Cho hinh chép tam giac déu S.4BC c6 d6 dai canh day 1a 12cm, do dai canh bén 1a 8cm. Hay
tinh:
a) Thé tich caa hinh chop;
b) Dién tich toan phan ctia hinh chop.
Giai (h.20.6)
* Tim hwdng giai
Dé tinh thé tich va dién tich toan phan cta hinh chop déu khi da S
biét do dai cua canh day va canh bén, ta can tinh chiéu cao va

trung doan cua hinh chop.

* Trinh bay 1oi gii C B
a) Goi M 1a trung diém cua AC va O 1a giao diém cta ba duong
trung tuyén ctia AABC. M
Ta c6 BM 1a duong cao cia tam gidc déu nén A

inh 20.6
BM=AB\/§=6\/§ om Hinh )

2
2
BO==BM = 43 cm
ASBO vudng tai O nén ta co:
2
SO’ =SB’ ~0B* =8—(4\3) =16
= SO =4(cm)

Dién tich AABC la

2
AB4xB _ 144:@ _ 3645 (end),

Thé tich cua hinh chop 1a: ¥ = %S.h = %.36\5 4=48.f3 (cm?).

b) Tam gidc SMA vudng tai M nén SM* = SA* — MA* =8 -6
— SM =+/28 =27 (cm)
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Dién tich xung quanh cta hinh chop la:

S, =pd= %.2\5 =36+/7 (cm?)

Dién tich toan phan cta hinh chop la:

S, =367 +363/3 = 36(ﬁ+\@) ~157,6 (cm?).

Vi dy 5. Cho hinh chép cut tam giac déu ABC.A'B'C’ ¢6 canh bén bﬁng 17cm, canh day l6n béng 28cm,
canh day nho bang 12cm. Tinh dién tich xung quanh cta hinh chép cut.
Giai (h.20.7)
* Tim hwéng giai i B'
Dé tinh dién tich xung quanh ctia hinh chép cut déu khi da biét 17 7
do dai cua canh day 16n, do dai canh day nhé con phai tinh chiéu
cao cua mat bén.
* Trinh bay loi giai H
Trong mat bén A’B’BA vé A’'H 1 AB ta dugc: A

AB —2A B _ 28;12 _ 8 (cm). Hinh 20.7

Xét AA'AH vuong tai H, ta c6:

AH =

A'H® = AA"— AH? =17> 8% =225= A'H =15 (cm).

(12+28)15

Dién tich xung quanh cua hinh chop cut 1a: S, = 3=900 (cm?)

C. Bai tap van dung

* Chirng minh song song, vudng goc. Tinh chiéu cao

20.1. Cho hinh chép tir gidc déu S.ABCD. Trén cac canh S4, SB, SC, SD lan luot 1y cac diém 4’, B, C',
D'sao choSA'=SB'=SC'=SD" . Chirng minh ring:

a) Bon diém A’ B’ C, D’ cing thuc mot mit phang. C6 nhan xét gi vé miat phang (4'B'C'D") va
mp(ABCD).

b) mp(SAC) 1 mp(SBD).

20.2. Cho hinh chép tir giac déu S.4BCD. Cho biét SA L SC.Chimg minh rang cac mit bén 1a nhimng tam
giac déu.

20.3. Cho hinh chép S.4BC, ca bdn mit 1a nhitng tam giac déu c6 canh bang a. Goi M, N, P, Q lan luot la
trung diém cta SC, SB, AB, AC. Ching minh rang tir giac MNPQ 14 hinh vudng,

20.4. Cho hinh chép tam giac déu S.4ABC, cac mit bén 1 nhitng tam giac vudng can tai S.

a) Chtng minh rang mdi mit bén vudng goc voi hai mit bén con lai.

b) Goi do dai cua mdi canh day 1a a, Tinh chiéu cao cta hinh chop.
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20.5. Mot hinh chop cut tir gidc déu co dién tich xung quanh bang téng dién tich hai day. Biét canh day
16n bang 6¢m, canh day nho bang 4cm. Tinh chidu cao ciia hinh chép cut déu.

20.6. Cho hinh chép cut tir gidc déu ABCD.4,B,C,D, ¢6 canh AB=a,A B, =b(a>b). Mot mit phang
song song v&i hai day cua hinh chép cut cit cac canh AA,,BB,,CC,va CC, lan luot tai 4,,B,,C,,D,va
chia hinh chép cut 16n thanh hai hinh chép cut nho c6 dién tich xung quanh bang nhau. Goi ¢ 1a canh

a’+b’
;

hinh vuéng 4,B,C,D, . Ching minh rang: ¢* =

* Tinh di¢n tich, tinh thé tich

20.7. Cho hinh chép ti gidc déu S.ABCD c6 canh déy bing a+/2 va canh bén binga+/10 . Tinh thé tich
hinh chop.

20.8. Cho hinh chép luc giac déu S.ABCDEF c6 AD = 2a va dién tich tam giac SAD 1a &*. Tinh dién tich
xung quanh cua hinh choép.

20.9. Cho hinh chép tam giac déu S.ABC c6 cic canh bén déu bang a. Chimng minh rang khi cac canh bén
vudng goc voi nhau timg d6i mot thi dién tich xung quanh s& 16n nhét.

20.10. Cho hinh chép ttr giac déu S.ABCD c6 canh bén dai 5cm va dién tich xung quanh bang 48cm? .
Tinh thé tich cta hinh chop do.

20.11. Cho hinh chép tam giac déu S.4BC ¢ canh bén bang 17cm va chidu cao bang 15cm. Goi 4, B
C'1an luot 13 trung diém cua S4, SB, SC. Tinh thé tich ctia hinh chop cut 4'B'C".ABC.

20.12. Cho hinh 1ap phuong ABCD.A'B'CD' canh a. Tir hinh 1ap phwong nay cit ra hinh chép C.BDC'.
Chtrng minh rang:

a) Hinh chop C.BDC' 1a hinh chép déu.

b) Ti s6 giita dién tich xung quanh va dién tich day cua hinh chép la V3

¢) Ti sb giita thé tich hinh chop va thé tich hinh 1ap phuong 12‘1%.
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Huéng din giai

20.1. (h.20.8)

a) Xét ASAB c6 S4=SB;S4'=SB’ nén% =Si;:> A'B'//AB

Chirng minh tuong tu, ta dugc: CD'/ /CD. A ?

Mat khac AB//CDnén A'B'//C'D".

Tt d6 suy ra bon diém A", B',C',D' cung nam trén mot mat ph'fmg. t

Ta c¢6: A'B'//AB;B'C'//BC ma A'B’ va B'C’ cit nhau tai B’; AB Hinh 8.7 ¢ ¢ va

BC cét nhau tai B.

Tur d6 suy ra: mp(A'B'C'D')//mp(ABCD).
b) Goi O 1a giao diém cua AC va BD.

Vi S.4BCD 14 hinh chép déu nén 40 L SO; AO L DO = AO L mp(SOD).
Vi A0 c mp(SAC) nén mp(SAC) 1 mp(SBD).

20.2. (h.20.9)
Ta dat

aV2
2

AB=a= AC=a\2 = 04 =

X6t ASAC ¢6 SA=SC; ASC =90°

nén ASAC vudng can = SAO = 45°

Hinh 20.9

X6t ASOA cb = SOA=90°,S40 = 45°
nén ASOA vuong can = SO = 04

aﬁ]i{aﬁ}z at a )

Tacod: SA> = SO* + 04> :( >

Dod6S4=a.
Xét mit bén SAB ¢6 SA=SB = AB = a nén 1a tam giac déu. Do d6 cic mit bén 13 nhimg tam giac déu.

20.3. (h.20.10)

Xét ASBC ¢6 MN 1a duong trung binh nén MN //BC MN = % (1)

Xét AABC c6 PQ la dudng trung binh nén PQ//BCva MN = B—2C (2)

Tu (1) va (2) suyra MN //PQvaMN = PQ.
Do @6 tir giac MNPQ 1a hinh binh hanh. Ta cé:
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my=BC_% . yo_54_a
2 2 2 2
Vay MN = MQ, suy ra hinh binh hanh MNPQ 1a hinh thoi.
, , a3 A
Xeét OBS c6 OB=0S = Tnen AQBS can= NQ L SB.
Xét AQONS vudng tai N co:
2 5 )
2
ON? = OS? — NS* =(&) —(ﬁj -4 S OoN= "‘/_.
2 2/ 2 2 Hinh 20.10

NG

. 2
Chtng minh tuong tu, ta dugc: MP = aT do d6 ON = MP

Hinh thoi MNPQ c6 hai dudng chéo bing nhau nén 1a hinh
vuong.

20.4. (h.20.11)

a) Taco SC L 84; SCJ_SB:>SCJ_mp(SAB). C B

Mat khac SC mp(SAC) nénmp(SAC) 1 mp(SAB).

SC c mp(SBC) nén mp(SBC) 1 mp(SAB).

: A
Do d6 mat bén (SAB) vudng géc voi cac mat bén (SAC) va

(SBC). Chtrng minh twong tw ta duoc mdi mit bén (SBC), (SCA) Hinh 20.11
déu vudng goc voi hai mit bén con lai.

b) Xét tam giac déu ABC. Goi O 1a giao diém cua cac dudng trung tuyén CM va BN . Khi d6

Bo-2py_2 a3 _al3
3 3 2 3

a2

Xét ASAB vuong can tai S c6 AB=a nén SB = —
Xét ASOB vuong tai O, ta co:

2 a\/§2_a2
13 ) 6

a

SO? = SB* —OB*? =( 22

= S50=

NG
6

20.5. (h.20.12)

Xét hinh chop cut tir gidc déu ABCD.A'B'C'D".

Goi M va M 1an luot 13 trung diém cta BC va B'C'. Tacd OM //AB;O'M '/ | A'B' ma A’B'//AB

nénO'M'//OM .
Trong hinh thang O'M 'MO tavée M 'H 1 OM.
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Tadugc M'H 1L OO';OH =0'M"

Ta

co

OM =6:3=3(cm);O'M'=4:2=2 (cm); HM =3-2=1 (cm).
Tdng dién tich hai day 1a: S, +S, =6 + 4% =52 (cm?).

(6+4).MM'

Dién tich xung quanh la: §, = 4=20MM '(cm?).

Theo d& bai ta c6: 20MM '=52 = MM '=2,6(cm).

Xét AM ' HM vudng tai H, ta co:

M'H=NM'M* -HM* = /(2.6)' 1> =2,4 (cm).

Do d6 chiéu cao cta hinh chop cut déu 1a 2,4cm.
20.6. (h.20.13)
Goi S la dinh hinh chop sinh ra hinh chop cut.

Goi dién tich xung quanh cta hinh chép S.ABCD va hinh chop
S.4,B,C,D, lan lugtla Sva S,.

Goi cac dg dai trung doan cua hinh chop S.ABCD va hinh chop
S.4,B,C,D, 1an lugt 1a d va d>. Ta co:

S :4—a.d =2ad; S, zﬁ.d2 =2cd,.
2 2

Xét ASBC c6 BC//B,C,nén:

d SB BC a

d, SB, BC

, <
S 2ad a’

Dodo > =294 _24_¢9
S, 2cd, cc

Chtrng minh tuong tu, ta dugc: S =
, ¢

Theo dé bairatacé: S-S, =85, —S,

Suy ra: 25, = S+5,, do dé S5L_ 2.
2
2 2 2 2 2 2
Viy S5 ppay LB e a
, S, ¢ ¢ c 2

20.7. (h.20.14)

* Tim cach giai

Hinh 20.12

Hinh 20.13

S
/
|
I
1
:
]

Hinh 20.14
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Dé tim thé tich ctia hinh chop déu khi da biét canh day ta can tinh chiéu cao ctia hinh chop. Co thé van
dung dinh 1y Py-ta-go d¢ tinh.

* Trinh bay loi giai

ABCD la hinh vudng canh a+2 nénBD =av2+/2 =24 = OB =a.

Vi S.ABCD 1a hinh chép déu nén SO L mp(ABCD)= ASOB vuéng tai O.

Ta c6: SO* = SB* —OB> = (a\/_) —a* =94 = SO =3a.

N 2
The tich cua hinh chép la: V' = %S.h = %(a\/i) 3a=2a’.

20.8. (h.20.15)

Goi O 1a tam cua luc giac déu ABCDEF.
Taco: SO L AD.

Di¢n tich tam giac ADS la:

%AD.SO = %2a.SO =a.S0

Theo d& baitacé: a.SO=a’ = SO=a.
Goi SM 1a mdt trung doan cua hinh chop, khi d6 OM L BC.

Hinh 20.15
Xét AOBC déu, canh a, duong cao OM = _a\2/§ )
2
2
Xét ASOM vudng tai O, ta cd: SM> =SO* +OM* =a’ +(a\/§J :7%: M = af-
2
Dién tich xung quanh cua hinh chop 1a: S| 62a a\z/— 3a 2\/_

20.9. (h.20.16)

Goi M 1 trung diém ciia AB.

Khi d6 SM 1a trung doan cua hinh chop.
Ta dat AB = x thi:

2 2
SM? = SB —(fJ —t - o sm =%\/4a2 —x2.

2 4

Dién tich xung quanh cia  hinh chop la:
s, 3x 1\/427 m Hinh 20.16

Van dung bat dang thic o +b* > 2ab hay

2 2

abSa ;b ta dugc: xA/4a’> —x <x+4#—2a2.
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Do do S, Si.Za2 :Eaz.
4 2

Déu "=" xay ra khix =v4a’> —x* © x* =4a’ - x> & x* =24> .

Khi d6 S4> +SB* = AB* (vi a’ +a* =2a”).
Theo dinh ly Py-ta-go ddo thi ASAB vuong= SA4 L SB..
Chiing minh tuong tu, ta c6: SB 1 SC; SC 1L SA.

Vay max S, = %az khi S4, SB, SC vudng goc voi nhau ting doi mot.

20.10. (h.20.17)
Ta dat BC =2a vatrung doan SM =d(a<d).
2a.4

Khi d6 S, =2~ d = 4ad.

Theo dé bai ta co: 4ad = 48 = ad =12 (1)
Xét ASMC vudng tai M, ta c6: MC* + SM* = SC*.

Do dda® +d*> =25.Suyra a’ +d’ +2ad =25+ 24

:>(a+al)2 =49=a+d=7.02)

a=4;d =3 (loai)

Hinh 20.17
L =3;d =4 (Thoa man).

. . a+d=17
Tu (1) va (2) ta duoc: &
ad =12

Khi d6 SO*=SM>-OM*>=d*—a*=16-9=7=h=S0=+7 (cm). Vay thé tich hinh chép la:

- %S.h _ éﬁﬁ ~124/7 (cm?).

20.11. (h.20.18)

Xét ASOC vudng tai O, ta co:

OC*> =SC*-S0*=17"-15"=64= 0C = 8(cm) =CM = 12(cm)
Goi dg dai canh day l1a a.

a\/g ﬁ

Taco: CM =——= a3 =24=a=—(cm)
2 V3

Dién tich day cua hinh chop S.ABC la:
a3 (24 B
= = 22| X2 =483 (em?
5 5) 4 (cm”)
Thé tich cua hinh chop S.4BC 1a:

v, = %.Sl = %.48.@.15 = 240~/3 (cm®)

Sl

Hinh 20.18

Theo tinh chat duong trung binh cia tam giac ta

cOA'B'//AB;A'C"/AC ; suyra mp(A'B'C")/ /mp(ABC).
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Do d6 hinh chép cut A'B'C'.ABC 1a hinh chép cut déu.

Xét ASOC ¢6 £=£=l:>50=7,5cm.
SO SC 2

12

V3

= Ezﬁ_ 2
Sz—(\/gj 2 —12\/§(CI1’1)
1

Thé tich hinh chép S.4'B'C'1a: V, = S = %.12.6.7,5 =30~/3 (cm?).

Taco: A'C'= %AC = (cm). Do d6 dién tich tam giac A'B'C la:

Thé tich hinh chép cut ABC.A’B'C' 1a:

V=V —V, =24043 =303 =210/3 (cm?).

20.12. (h.20.19)

a) Hinh chop C.BDC' ¢6 day la tam giac déu, mdi canh dai bang av2. Ba mdt bén la nhiing tam giac

vudng can bang nhau, moi tam gidc c6 canh bén bang a va canh

r M 71 J N1y J A A B
day bang a~/2 . Do d6 hinh chop C.BDC' 1a hinh chép déu. |
b) Dién tich xung quanh cua hinh chop la: D ' C
|
a’ 3 !
=—3==4 IA?
M2 2 s el i = eI
2 Pl
a2) A3 D' C
Dién tich d4y hinh chop 1a: § = () _a\3 .
4 2 Hinh 20.19

Ti s6 gitta dién tich xung quanh va dién tich day hinh chop la:

ﬁzia%#:f

3
s 2
¢) Xét hinh chop C.BDC' (h.20.20) c6: CB=CD=CC'=a;BD =BC'=D(C' = a2
Goi M 1a trung diém cua BC',CO L DM.

(V2)V3 e

Ta co: DM = = :
2 2

OD=EDM=3.“*/E="‘/g

3 372 3
Xét ACOD vudng tai O co:

2
2

COZ:CD2—D02:a2—[a36J :%:CO:#.

(a\/z)z B o &

, 1 1
Thé tich hinh 1ap phuong la: V. =—Sh =—. .
PP gl =y 3 4 4 6

Trang 12



Thé tich hinh lap phuong 1a: V, = 4.

vtoa 1
Viy —=—:a'=—
R 6.

Trang 13
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