CHUYEN DE BAT DANG THUC

BAI TAP VAN DUNG
Bai 1. Véi x,y,z 13 cac sb thuc duong sao cho x.y.z = l

1 1
3 3 + 3 3 + 3 3 = 1'
x +8y°+1 8y +27z°+1 27z +x°+1

Chung minh:
Loi giai

Co: x.y.z =% S oxyz=1

Taco: x° +(2y)3 > x.2y(x+2y)

1 < 1

S +(2y) +122xp(x+2y+3z2) = <
(2y) v(x+2y+32) ) el (e 2y e5)

1 < 1

Chuirng minh tuong tu: <
& s (2y)3+(3z)3+1 6yz(x+2y+3z)

1 1
<
(32)3 +x+1 3xz(x+2y+3z)

3313+ I S . 1 {1+1+Lj
X +(2y) +1 (2y) +(3z) +1 (3z) +x’+1 (x+2y+3z)(2xy 6yz 3zx
1 1 1
+ + <I.
X +8y°+1 8y +27z°+1 272 +x’+1

Bai 2. Cho x, y la cac sé thuc duong théa man x+y<3.

Tim gi4 tri nho nhét cua biéu thic: A=i+ 3
3xy \y+1
Loi giai
A:i_l’_ i:i.ﬁ.#
3y Ny+l 3wy 3(y+1)
> 2 6 2 xy+ 6 +y_+4_l(xy+y)_g

“3xy 3+y+1 3w 6 y+4 6 6 3
%/_/ %/—/

> >2

W

= AZZ—ly.(x+l)
6 —

<3-y+l1
1 1 1 2 4 2
22—gy.(3—y+1)=2—gy.(4—y)=2+g(y2—4y+4)—§=§+—(y—2)
4 ..
:>A2§V0’1m()1x,y.

Vay AMM:%khixﬂ;y:z.
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Bai 3. Cho cac s duong a,bthoa méan %(cf +b’+a +b)+ab <a’+b*+1.

a’+8 b’ +2
+ .
a b

Tim gi4 tri nho nhit biéu thirc: M =

Loi giai
Taco

%(a3+b3+a+b)+ab£a2+b2+1 @%(a+b)(a2+b2—ab+1)Sa2+b2—ab+l
Vi a’*+b*—ab+1>0 VabeR

:>§(a+b)£l<:>a+b£3

Khi dé ta co
2 2

yoer8 . p+2 8 2 4, 1 41
a b a b a b a

TR NPANEN

Ap dung bt dang thirc Co-si cho cac cip sb duong ta cé:

artso /a.izz\/Z=4
a a

bilso /bl—zﬁ—z
b-\N"b

Déu “=" xay ra khi { b=

Vay M dat gia tri nho nhat 1a 9khi a=2;p=1.

Bai 4. Cho x, yla céac s thyc duong thoa man x>+ 1> =1.

\ I SR , 1 1
Tim gia tri nho nhat cua biéu thuc: P=x+—+y+—.
X y
Loi giai
v x, y>0:

(x—y)2 >0 x’ —2xp+ )’ 20@2(x2+y2)2x2+2xy+y2 @2(x2+y2)2(x+y)2

<:>x+y$1/2(x2+y2).
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x+y 4

(x—y)220<::>xz—2xy+y2 >0 x°+2xp+)° 24xy<::>(x+y)2 24xy <

1 1_ 4
o2 .
X y X+y

P=x+l+y+l=x+L+y+L+l l+l 22\/x.L+2 y.L-i-l. 4 =22+ 2
x y 2x 2y 2\{x vy

P22\/5+;:2\/§+

2
1/2(x2+yz) ﬁ

Déu "=" xay ra khi va chi khi x=y=

ol

Vay gia tri nho nhit ciia P 1a 32 khi x=y= g

Bai 5. Chirg minh rang:

V&i moi x >1,ta ludn cod 3(x2 —izj < 2()(3 —%)
X X

Ta co S(x2 —sz<2(x3 —%j
X X
= 2(x3—%j—3(x2—%)>0
X X

:>(x—— 2x* +%—3x—§+2J>0

Loi giai

X X X

x—— 2x2+2+x+2+%+l—4x—i—2}>0
X X X X

[

Y AT RTENET IVANEI
[
[

vt (xet-2)2xe 210
x—%)[@}(%ﬁ%ﬂ) >0

Vi x>1 pen
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Bai 6. Cho a,b,c 14 cic s6 thuc duong thoa man: ab +bc +ac = 3abe . Tim gia tri nho nhat cia

.2 , B a’ b* c?
bicu thie K = c(02 +a2)+ a(a2 erz)er(b2 +c2) .

Loi giai
1 1 1
ab+bc+ac=3abc & —+—+—=3 (1)
a b c
, 2 2 2 2 1 Cauchyl 1
Ta co 2a ~= a2+02 - ZC ~=—- 2ac ~ 2 —-—.
c(c +a ) c(c +a ) c(c +a ) c a(c +a ) c 2a
2 2
Tuong tu, _ by 11 _c 1 1

a(a2+b2) “a 20’ b(b2+cz) b 2

0
Khi d6 Kzl(l+l+lj=§.
2 2

a b c
A . 3
Vay MinK ==—<a=b=c=1.

a,b,c>0

Bai 7. diém) Cho a, b 1a cac s6 khac 0 thoa man diéu kién: (a+b)ab = (a—b)2 +ab. Tim gia

tri 16n nhit cta biéu thirc P = % + bl_3 +2.
a

Loi giai
Theo gia thiét:
(a+b)ab = (a—b)2 +ab

< atb+ab’ =a* —ab+b?

Do a#0; b#0 nén chia ca hai vé cho b ta dugc: l+1=L2—L LZ
a b a ab b
1

bat x=—; y:l ta duoc :
a b

x+y=x"—xy+y* (1)

<:>x+y=(x+y)2—3xy

2

(x+y)  x+y

S xy=
4 3 3

(x+y)2

4

Ma (x+y)2 >4xy hay xy <

(x+7) _x+y _(x+p)
3 4

Suy ra

<:>(x+y)2—4(x+y)SO

&S 0<x+y<4

DIEN PAN GV TOAN THCS VIETNAM 98 GIAO VIEN CU MINH QUANG



CHUYEN DE BAT DANG THUC

Ta co: P=L+bi3+2=x3+y3+2 =(x+y)(x2—xy+y2)+2 :(x+y)2+2 (do 1)

3
a

Ma 0<x+y<4 nén 2s(x+y)2+2318.

Viy gid trj 16n nhit ciia P 13 18khi x=y=2 va azbzé.

Bai 8. Cho cic s6 thuc thoa min x> + % —xy =4.
Tim GTLN va GTNN cua biéu thitc P=x>+ .
Loi giai
+) Tim GTLN cua P:
Tacd x> +y* —xy=4
<:>2)c2+2)/2—2xy:8<:>(x2+)/2)+()c—y)2:8<::>P+()c—y)2=8CI>P=8—()c—y)2
Ta co (x—y)2 >0 v6i moi x, y

Suyra P<8
x—y=0
Max P=8<4 , | Sx=y=12.
X +y —xy=4
Vay Max P=8 khi x=y=42.
+) Tim GTNN cua P:
Taco x> +y* —xy=4
& 2x°+2y" —2xy=8
<:>3(x2+y2)—(x+y)2=8 <:>3P=8+(x+y)2

Ta co (x—y)2 >0 véimoi x, y

Suy ra 3P28<:>P2§

x—i

=—X \/5
y 2 y_—i

x+y=0 =—x = 3
Min P=> o 2y2 <::>y2 =" NEER= V3

3 X +y —xy=4 3x =4 2
P

V3 2

ligre

8 ... 2 2 2 2
Vay Min P=— khi x=—;y=—— hoac x=——;y=—1 .
ay 3 \/g Yy \/g 3 Yy \/5
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Bai 9. Cho ba s duong a, b, ¢ thdoa man Jab ++be +ea =1

2 2 2
X e s 1o 1AL . 1.2 , a b c
Tim gia tri nho nhat cta biéu thuc: 4= + +
a+b b+c c+a

Loi gidi
2 pr (a+b+c)2

Ap dung bét déng thire: &+ 2+ >2""""" ta dugc
X y z x+ty+z

_ a’ . b? . c? 2(a+b+c)2 22(a+b+c)
a+b b+c c+a 2(a+b+c) 4

_(arb)+(bre)+(era) 2(Vab ++/be +ea)

4 4

Diu "=" xayrakhi a=b=c=1.

>1
2

2 2 2
Vay gi4 trj nho nhét ctia bidu thire: 4=+ 4+ < 1a L khi a=b=c=1.
a+b b+c c+a

Bai 10. Cho x* 4 y* + 2 :%. Chtng minh: 8+14x 48+ 14y ++/8+14z <3+3/7.
Loi giai
PKXD: x,y,zz_T4.

Ap dung bat dang thirc C6 —si cho hai s khong am (8 +2\/7) va (8+14x), ta co:

\/(8+2ﬁ)<8+14x>§8+2\/7;r8+14x

<:>\/(ﬁ+1)2 (8-+14x) <847 +7x

o FTTa <3+ (1)
J7+1
Chiing minh tuong tu, ta co:
8+7+7y
N8+ 14y < —————. 2
YT @
o BT <8I 4Tz 3)
J7 +1
Cong theo vé cac bat dang thie (1), (2), (3) ta dugc:
24437 +7(x+y+2)

8+ 14x +/8 414y ++/8 4142 <

J7+1 '

Ta co:
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(x—l—y+z)2 =x"+y 427+ 2xy +2yz +2z2x.

Ma: 2xy+2yx+22x§2(x2—|—y2 —i—zz).

Suy ra: (x—i—y—l—z)z §3(x2+y2+zz):3.

| w

9
2

Do do: x+y+z<

-

Suy ra:
3

24437 +7.- % 3(84 247
ol ) g

J7 +1 INCES J7+1

A , C o e 1
Dau “=”xay rakhivachikhi x=y=z=—.

7

Bai 11. Tim cdp s6 (x ; y) v6i y 1a s6 nho nhat théa man diéu kién

V8 14x 4+ 8 +14y ++/8+14z <

X2+ 5y*+2y —4xy-3=0
Loi giai
Phuong trinh ¢6 nghiém an xkhi va chi khi
A'=4y" —(5y" +2y-3)20
& —y?=2y+320
S(y+l) <4 2<y+1<26 -3<y<I

Gia tri nho nhit cia y 1a -3 khi d6 phuong trinh < x> +12x+36 =0 < x=—6
Bai 12. Cho 3<x<5.
2 2 1

Tim gia tri nho nhit cta biéu thuc: 4= + -
x=3 5-x J(x-3)(5-x)

Loi giai

Taco3<x<5nén x-3>0;5-x>0

. 5 7 )
Ap dung BDT Cauchy: + >9 _
p dung y x—=3 5—x (x—3)(5—x) \/(x—3)(5—x)
Y>3

(x=3)(5-x)
Ap dung BDT Cauchy: (x_3)(5_x)sx—3;5—x=1

1
Suy ra ——————>1
(x—3)(5-x)
Suyra 4>3.

Vay GTNN 4 =3 khivachikhi x-3=5-x< x=4.
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Bai 13. Cho x,y 1a céc sb thuc dwong thoa man diéu kién x+ y<6. Tim gia tri nho nhét cta

biéu thirc: P=x+y+g+ﬁ.
x oy

Loi giai

, 6 24 4 16 2 8

Tacd: P=x+y+—+—=x+—+y+—+—+—

x y x y x y

1+2)°
22\/Z+2\/E+2u24+8+2.2:15
x+y 6

Vay gia tri nho nhit cia P=15. Dau bang xay ra khi x=2;y =4

Bai 14. Cho a,b,c>0. Chimg minh ring
2 2
%+—+—>\/a —ab+b> +b* —bc+c* +JP —ca+a’ .

C a
Loi giai
2 2 2
bat %+—+C—2\/a2 —ab+ b +~b? —be+c? +ct —ca+d® (*).
C a
2 b2 CZ
Vi a,b,c>0 nén ap dung bat dang thirc Co-si cho cac s6 khong 4m a,b,c,— PR ta dugc
¢’ a

2 2 2 2 2 2
a—+b221/a—.b:2a, b—+0221/b—0—2b —+a>2,[c—.a=2c
b b c c a a

2 2 2 2 2 2 2 2 2
a- b° ¢ a c a c
Suy ra 7-1——-1——2a+b+c:>2(—+—+—]2—+—+—+a+b+c (1)

c a c a c a
., at b ¢’ a’—ab+b> b*—bc+c* c*—ca+a’
TacO —+—+—+a+b+c= ; + + +a+b+c.(2)
c a c a

2 2 2 2 2 2
Ap dung bat dang thirc Co-si cho céac s6 khong am a abb b ,b, b'=bete ¢ -cata

5c, b

c a

ta duoc

2 2 2_ 2 2 :

: abb+—b s> fa—abab?, TP o Thew e, CTTY a0 —card
c a

3)

2
Tu (1), (2) va (3) suy ra 2(%+—+c—]> 2a® —ab+b* +2b> —be+c* +23c —ca+a’ hay

2 2
a

7+—+—>\/a —ab+b> +b> —bc+c* +c* —ca+d’
c a

Do d6 (*) dugc chimg minh. Dau bang xay ra khi ddu bang tai (1) va (4) xay ra. Tuc la
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a _, c
—_—= —=C.—/@ =da
b ¢ a a=bb=cc=a
=
a*—ab+b’ b b*—bc+c* —ca+ad a*—ab+b* =b*,b* —bc+c* =, —ca+a’ =da*
= R :c, =dad
b c a

at=b b =c*ct=a*
& .
a(a—b)=0,b(b—c)=0,c(c—a)=0

Vi a,b,c >0 nén suy ra dau bang xdy ra khi a=b=c.

Bai 15. Cho a, b, ¢ 1a d0 dai 3 canh cua mot tam giac. Tim gia tri nhé nhét cta biéu thuec:
a b c
= + +
\/2b2+2cz—a2 \/2az+202—b2 \/2612+2b2—02

P

Vi a,b,c 13 3 canh cta tam gidc nén V2a? +2¢ = b2 2a2 + 207 — 2 2B 426 - P
déu 1a cac sé duong.
Ap dung cong thirc Cauchy ta co:

\/3a2 (2b2+202_a2)<3612+2b2+202—612
B 2

a _ az\/g > az\/g
V202 +2¢% - a’ \/3a2(2b2+202_a2) S at+b +
a b c \/g(az +b +cz)
- + + 2 2, 72, 2
22 +20% —a® 2a°+267 -0 2d+267—cF  a'+bi+c
Vay GTNN P =+/3 khi va chi khi a =b=c hay la tam giac déu.

=a’+b* +c?

Ta co:

=P -3

2) Ta coi nhu hinh v& thanh bai todn dudng tron tim (O) ndi tiép tam gidc déu ABC vay tam
(O0) clia duong tron s tring voi trong tAm tam giac ABC vy nén dudng cao cua tam giac

déula 3R (véi R 14 ban kinh dudng tron (0))

Suy ra BC = 23R _ 2\3R.

J3

0 2
Thé tich hinh nén 1a: ¥ = %ﬁRz.h - %ﬂ(\/gR) 3R =37R’

Thé tich hinh cdu la: ¥ = %m

Vay tinh thé tich theo R phin hinh nén nim bén ngoai qua cau kem 1a

V =3zR’ —iﬁR3 =§;zR3.
3 3

Bai 16. Cho ba sb duong a, b, ¢ thod man \/E+\/E+\/521.
2 2 2
Tim gia tri nho nhat cta biéu thue A = e b .
a+b b+c c+a
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Loi giai
Ap dung bat dang thirc Bu-nhi-a-cop-xki ta co
a b’ ¢’

2(a+b+c)A=(a+b+b+c+c+a) + + >(a+b+c)
a+b b+c c+a

a+b+c

Suyra A>

Ap dung bat dang thic Co-si ta co

a+b>2Jab
b+c22¢%

c+a=2\ca

Vay gié tri nho nhit ciia A 1a %

2 2
Bai 17. Cho a,b >0 thoa man 2a—ab—-4>0. Tinh gia tri nhé nhat cua T = a +b2b .
a

Loi giai
Taco 2a—ab—420<:>a(2—b)24.
4

Két hop véi a>0 tasuyra b<2 :azﬂ.

TacoT=2420_7a, a 2b Ta
a 8 8 a 8b
+121.;+1:2'

2 2

(2—b+bj2
2

+1
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4
Déu bing xay ra khi va chi khi {a =T {g 4
2-5=b 0=

Viy gi4 tri nho nhét cia 7 12 % dat duoc khi a=4 va b=1.
Bai 18. ) Cho cac s thuc x;y;zthéamin 2<x<3;4<y<6;4<z<6va x+y+z=12.
Tim gié tri 16n nhét cua biéu thic P=xyz.

Loi giai

2
Ta co P=x(yz)£x[yzzj =%x(12—x)(l2—x).

= L(0)(2-x)(12-)] SL()HMI <i(3+24)3 <2

120 3 ) 120 3 4

Vay MaxP=2+:3khi x=3;y=z:%.
Bai 19. Cho x, yla céc sb thuc thda man x> —xy+)” =3.
Tim gi4 tri nho nhit va gia tri 16n nhit cua biéu thirc P= x>+ ).
Loi giai
Tacod x> —xy+)° =3:>2(x2—xy+y2)=6

()c2+yz)+(x—y)2 =6:>P:6—(x—y)2 <6

2

f e s { x=y {x=y {X=y=\5
Dau “=” xayra < , & =
X —=xy+y =3

GTLN cua Pla 6 khi va chi khi {

+) Co
6:2(x2—xy+yz)=3(x2 erz)—(ery)2

:3P—()c+y)2 =6:3P=6+(x+y)2 3P=%(x+y)2+222

x=1

xX=-y x=—y<:> y=-1
3X2:3 )C=—1

y=1

A “_9 L2
Dau “="xay ra@{ 5

) S
X =xy+y =3

-1 —_1
Vay GTNN ctia Pla 2 khi va chi khi { g | hoge {x
y==
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Bai 20. Cho biéu thitc M =x* +1?voi x, y1a cc s6 thuc théamin 0< y<x<4va x+y<7.
Tim gia tri 16n nhat cia biéu thue M
Loi gidi
Taco M=x*+y’=x’+xy—xy+y> =x(x—y)+y(x+y)
Do 0<y<x<4va x+y<7 nén M <4(x-y)+7y
M <4x+3y
MS3(x+y)+xS3.7+4
M <25
DAu “="xayra o x=4;y=3
Vay Max M =25khi va chi khi x=4;y=3
Bai 21. Cho x, y 1a céc s0 duong thda man di€u kién x+ y =5. Ching minh

rang: x22+5y2 + 1)20’;5 >4.
Loi gidi
Dé dang chirng minh duge véi a>0, b>0 ta co é+% > aib (1). Dau “=" xay ra khi va chi
khi a=b.
Ap dung bat dang thic (1) ta co: > ! =+ L, 4 :i<:> 25 +12’5 >4.

X +y 2xy_(x+y)2 25 X+y° xy
Dau “=" xay ra khi va chi khi x=y=2,5 (thoa mén).
Bai 22. Cho x, y, z la cac sd thyc théa mén x>7, x+y>12 va x+y+z=15. Tim gi tri
nho nhit cua biéu thire 4=x>+ % +27.
Loi giai

Taco: x27, x+y>12 va x+y+z=15

(x=7) 20,Vx & x*~14x+492 0 < x> > 14x— 49

(y=5)20,¥y &y ~10x+2520 < y* 210y 25

(z-3)20,Vz & 22 ~6249>0 & 2 > 6x-9

= A=x"+y"+2">14x+10y + 6283

:>AZ(6x+6y+6z)+(4x+4y)+4x—83

:>AZ6(x+y+z)+4(x+y)+4x—83

= A>6.15+4.12+4.7-83 (Vi x>7, x+y>12 va x+y+z=15)

A=>83.

Déau “="xdyrakhi x=7, y=5, z=3 (thda man)
Viy A4 dat gia tri nho nhit bang 83khi x=7, y=5, z=3

DIEN PAN GV TOAN THCS VIETNAM 106 GIAO VIEN CU MINH QUANG



CHUYEN DE BAT DANG THUC

1 1 1
+ +
a+b b+c c+a

Bai 23. Cho a,b,c 14 cac s6 duong thay di thoa mén =2020 . Tim gi4 tri 16n

L 1 ! !
A o A 4 P: + +
nhat etia biu thite == e " 3at2b+ 3¢ 3a+3b+2¢”
Loi gidi

Ap dung bét dang thirc Cauchy cho cac s6 duong @,b,¢,d ta co:
a+b+c+d =>4 abcd

l+l+l+1244/ !
a b ¢ d abed

1 1 1 1 16
e e T —
a b ¢ d a+b+c+d

1 1
2a+3b+3c  (a+b)+(a+c)+(b+c)+(b+c)

Taco:

Ap dung bat dang thirc phia trén ta co :

1 SL.(1+1+1+IJ
(a+b)+(a+c)+(b+c)+(b+c) 16 \a+b a+c b+c b+c

1 1 1 1 2
= <—. + +
2a+3b+3c 16 (a+b a+c b+cj
Chumng minh tuong ty ta co:

IN

1 L 1 N 1 N 2
3a+2b+3¢ 16 \a+b b+c a+c

IN

1 L 1 N 1 N 2
3a+3b+2¢ 16 \a+c b+c a+b

:PSLA[ L + L + 1)
16 a+b a+c b+c

= P< i.2020 =505

. 3
Ay $0— ¢ LA 'a:b:c:—
Dau xay ra khi 2040

Bai 24. Cho biéu thitc M = x> +1?véi x, y1a cac s6 thuc théamin 0<y<x<4va x+y<7.
Tim gié tri 16n nhat caa biéu thuc M

Loi giai
Taco M =x"+y' =x"+xy—xy+y> =x(x—y)+y(x+y)

Do 0<y<x<4vad x+y<7 nén M <4(x—y)+7y
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M <4x+3y
MS3(x+y)+xS3.7+4
M <25

Déau “="xayra < x=4;y =3

Vay Max M =25khi va chikhi x=4;y=3

Bai 25. Tim gié tri nhd nhat cua biéu thirc: 4= x+2y—~/2x—-1 —5\/4y—1 +16.

Loi giai

A=x+2y—2x—1-5J4y-1+16

& 24=2x+4y—2v2x—1-10/4y—1+32
1)-24y-15+25]+8

@2A=[(2x—1)—2m“]+[(4y_
& 24=(V2x—1-1) +({ay-1-5)

=>A=4.
Min A4 =4 o | V21~ vax—1-
Jay—1-5=0 7| Jay-1-

x=1
13 (nhan).
©1,_13 (nhan)

+8>8 (v6i moi xZ%;ng).

4

= x—1=1 - . 1 3
voImol x>—;y=>=).
{ ~1=25 ( AEEYEY

Bai 26. Cho a, b, ¢>0thdéa min a+2b+3c>20. Tim GTNN cua biéu thic 4. Biét

2
x=1
Vay Min 4=4 <4 13,
y__
2
A=a+b+c+i+i+i.
a 2b c

Loi giai

Ta co:

A=a+b+c+é+i+i =(3—a+i + é+i + £+i +l(a+2b+3c)
2 2b 4 ¢) 4

a 2b c 4 a

Ap dung BPT C6 —si cho hai s6 khong am, ta dugc
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Do d6 A23+3+2+i(a+2b+3c)213.

Déiu “=” xdy rakhi a=2; b=3; c=4.
Vay GTNN cua biéu thic 4 bang 13 khi a=2; b=3; c=4.

X +2y°—4y+3=0 (1)

Bai 27. Cho hai s6 thuc x, y thoa méan hé diéu kién: .
X +x’y =2y=0 (2)

Tinh gi tri cta bicu thirc: P = x> + >,

Loi giai

Tu (1) tacod: ¥’ =-2(y-1) -1<-1=>x<-1. (3)

2
T (2) taco: x* = fy = x’< 22|y| LI P (4)
y +1 y +1 y +1

Tt (3) va (4),suyra x=-1= y=1.
Vay P=2.

Bai 28. Cho duong thang d : y:(m2 +1)x+4. Tim m dé khoang cach tir gbc toa do dén
duong thiang d 16n nhat.

Loi gidi
yl\
4
H
B o 1 e
@)

Vi m® +1#0voi moi mnén duong thang d ludn xac dinh.
Goi 4 1a giao diém cua dudng thing d véi truc Oy, B la giao diém cua duong thang d voi

truc Ox . Khi do toa dd cua 4 va B 1a A(0;4); 3(2—41;0)
m* +

V& OH 1 AB, khi 46 OH 1a khoang cach tir gbc toa d6 dén duong thing d .
4

m* +1

Tacd OA=4; OB=
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Xét tam giac OAB vudng tai O, vi OH 1 AB nén theo hé thirc lugng trong tam giac vuong ta

{11 :i+(m2+1)2:(m2+1)2+1 oA

OH: oL 0B® 16 16 16 / :
(m2+1) +1

Tacod m* >0 v6i moi m :>(m2+1) >1 véi moi m

co:

:>(m2+1)2+122:> (m2+1)2+12\/5Vdiinm =>0H =———— i:zﬁ.

4 <

Vay voi m=0 thi khoang cach tir gbc toa do dén dudng thing d dat gia tri 10n nhat 1a 2/2 .

Déu ding thire xay ra khi va chi khi m=0.

Bai 29. Mot doanh nghiép xuat khau gao wdc tinh rang , trong thang 2/2020 , néu doanh
nghiép xuit khau gao voi gia 14 500 USD/tin thi ho s& xuit khau duoc khoang 860 tin gao.
Tuy nhién néu ha gia gao va cr mdi lan giam gia 25 USD/tin thi s& xuit khau thém dugc 50
tin gao. Hoi doanh nghiép can ban gao véi gia bao nhiéu USD mbi tin dé doanh thu xuét
khau gao trong thang 2/2020 13 16n nhat?

Loi gii
Doanh thu dy kién xudt khau trong thang 2 13 860-500 = 430000 (USD)
Goi s6 1an giam gia 1a x (1an), diéu kién xe N",0<x<20
Gia gao sau khi giam gia 1a 500—25x (USD/tan)
Sb gao xuat khau dugc sau khi giam gia 1a 860+ 50x (tén)
Doanh thu sau khi giam gia gao 1a P =(500—25x)(860+50x) (USD)

Dé doanh thu xudt khiu gao trong thang 2/2020 1a 16n nhit thi P phai 1én
hon 430000

P—-430000>0 < (500—25x)(860+50x) —430000 > 0 < —1250x> +3500x > 0
<:>50x(70—25x)>0<:>0<x<2,8.

VixeN*=xe{l;2}.

Véi x=1= P=432250.

Véi x=2= P=432000.

Vay doanh nghiép ban gao voi gia 475 USD/tdn dé doanh thu trong thang 2/2020
16n nhat .
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Bai 30. Cho x, y 14 hai s6 khong am théa man x* +y* <4 . Tim gia tri 16n nhat cia biéu thic:
A= x\/2y(x+5y) +y\/2x(y+5x) )

Loi giai
Vé&i moi a, b tacod (a—b)2 20<:>(a+b)2 32(a2+b2):>a+b£ 2(a2+b2)
Ap dung két qua trén ta dugc

A =x\/2y(x+5y) +y\/2x(y+5x) S\/2(2x2 (xy+5y2)+2y2 (xy+5x2))
:\/2(2xy(x2 +y2)+20(xy)2)
< \/2(8xy+20(xy)2)

< . A, a2 , A e e . X A A . +
Mat khéc theo bat dang thuc Co-si véi hai so khong am x, y ta cd xy < al 5 Y n

>
=]

taco xysgzz.

Vay nén A < \/2(8xy +20(xy)2) < ,/2(8.2+20.22) =83,

Khi x=y=+2 thi A=83, do d6 gié tri 16n nhit ciia A 1a 8/3.

Bai 31. Giai phuong trinh +/2x—5 ++/7—2x =3x* —18x+29
Loi giai
bat a=2x-5, b=7-2x
,b>0
Ta co: ¢
a+b=2

Phuong trinh ¢6 dang: v/a ++/b =3. ab+35

+29 & —4(\/5+\/13) —3ab-11
Binh phuong hai vé phurong trinh ta co:
16(a+b+2x/E) —94%b* —66ab+121 = 16(2+2\/E) —94%b? —66ab+121
& 942> —66ab—32ab +89 =0

o (@—1)[9(@)3 +9ab—57@—89}

Jab =1
9(@)3+9ab—57@—89:0

+) Vi Jab =1= ab=1 thé b=2—-a vao ta c6

a(2—a)=1<:>a2—2a+1=0<:>a=l:>x=3

+) Véi 9(\/5)3 +9ab—57\Jab—89=0

0

=

Do ab < “;b =1 nén 9(\/%)3+9ab—57@—89s9+9—0—89=—71 nén phuong trinh vo

nghiém.
Vay phuong trinh c6 nghiém duy nhét x=3.
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Bai 32. Cho ba s duong x,y,z thoa min didu kién x+y+z=1.

Chl'rngminh:\/ 24 +\/ b +\/ il <3
Xy+z VZ+X xz+y 2

Loi giai
St dung gia thiét x+ y+z =1 va bat dang thirc AM-GM ta co:

LHS = 24 + ’Z + =
xy+z(x+y+z) \yz+x(x+y+z) \zx+y(x+y+z)

=J<z+x;‘fy+z>+J<x+y§zz+x>+J<y+z§z;+y>

X y 1 1
— |+= +—
z+x y+z) 2 x+y z+x 2 y+z xX+y

[ e Mmoo

+y
L
3

A
N | —

N | —

Dau "=" xay ra khi vachikhi x=y=z=

Bai 33. Cho céc s thuc a,b,c thdamin a>3,b>7,c>7 va a® +b* +¢> =122 . Tim gia tri nho nhat
ctia biéu thie P =8a+15b+17c.

Loi giai
Coa*=122-b"-c*<122-7*-7"=24=a<5
:>3Sa<5:>(a—3)(a—5)£0:>8a2a2+15(1)
b*=122-a*—c*<122-3*-7"=64=b <8
=7<b<8=(b-7)(b-8)<0=15b>b" +56(2)

A =122—a*-b*<122-3* -7 =64=¢c<8<10

:>7Sc<10:>(c—7)(c—10)£0:>17c202+7O(3)

Tu (1), (2), (3) suyra 8a+15b+17c 2 a” +b* +c* +15+56+70 =122 +141=263
a’+b*+c* =122 a=3

Xay ra ddu “="khi | 8a +15b+17c =263 <{b=8
3<a<57<bhb<87<c<8 7

GINN P=263<a=3 b=8 c=7,
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Bai 34. Mot doanh nghiép xuat khau gao udc tinh rang , trong thang 2/2020 , néu doanh
nghiép xuit khiu gao véi gia 1a 500 USD/tAn thi ho s& xuét khau dugc khoang 860 tin gao.
Tuy nhién néu ha gi4 gao va cr mdi 1an giam gia 25 USD/tan thi s& xuat khau thém dugc 50
tan gao. Hoi doanh nghiép can ban gao véi gia bao nhiéu USD mdi tin dé doanh thu xuét
khau gao trong thang 2/2020 14 16n nhat?

Loi giai

Doanh thu du kién xudt khau trong thang 2 1a 860-500 = 430000 (USD)
Goi sb 1an giam gia 1a x (1an), diéu kién xeN",0<x <20

Gi4 gao sau khi giam gia 1a 500-25x (USD/tan)

Sb gao xuat khau duoc sau khi giam gia 1a 860+ 50x (tin)

Doanh thu sau khi giam gia gao 1a P =(500—25x)(860+50x) (USD)

Dé doanh thu xudt khau gao trong thang 2/2020 1a 16n nhat thi P phai 16n
hon 430000

P—-430000>0 < (500 —25x)(860 + 50x) —430000 > 0 < —1250x” +3500x > 0
<:>50x(70—25x) >0 0<x<2,8.

Vi xeN*:xe{1;2}.

Véi x=1= P=432250.

Véi x=2= P=432000.

Viy doanh nghiép ban gao voi gia 475 USD/tan dé doanh thu trong thang 2/2020

16n nhét .

Bai 35. Cho X, ¥ 14 cac s6 thuc dwong théa mén x+y <3

Tim gi4 tri nho nhat cia biéu thirc 4 =%+ ﬁ
Loi giai
2 3 2 6
42 3y(3—y)+\/3(y+1) : 3y(3—y)+3+y+1
2 6 4 36 (2+6)

3y(3—y)+3+y+1 - 6y(3—y)+6(y+4) C18y—6)° +6y+24

(2+6) 64 _64_4

18y—6)° +6y+24 48—6(y—2)2 48 3

4
=>GTNNcﬁaA=§ khi x=1y=2
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Bai36 Chobasd a, b, cduong.

Ching minh rang: 21 + 21 + 21 Sa+b+c
a +bc b +ac c +ab 2abc

Loi giai
+ Vi a,b,c > 0nén theo BDT Co6 si ta co:

a+b>2Jab

b+c22\/E :>a+b+c2\/E+ bc+\/a
c+a22\/;

+ Vi a,b,c > 0nén ta co:

a* +bc>2a~be
1 1
= <
a’ +bc 2a~/bc

abc \/E

<X
a* +bc 2

Chlrng minh tuwong tu ta co:

abc <\/%

b*+ac 2
abc <\/E
ct+ab 2

2abc N 2abc N 2abc S\/E
a - +bc b +ac c¢ +ab 2

+

Yo b 1 e s iz )< 40

2 2
1 1 1 a+b+c
2 + 2 + 2 S
a +bc b +ac c¢ +ab 2abc

Bai 37. Cho a,b,c 13 hai sb thuc khong dm thoa man a +5b + ¢ =1.Chiing minh rﬁng:

Ja+b +Jb+c +Je+a </6.

Loi giai

Vi ‘v’x,yZO:(\/;—\/;)2 >0 2Jx/[y <x+y vid a+b+c=1néntaco:

(\/a+b +Vb+c +\/c+a)2 =2(a+b+c)+2a+bb+c+2Vb+ceta+24c+aa+b
<2(a+b+c)+(a+b+b+c)+(b+c+c+a)+(c+a+a+b)=6(a+b+c)=6

Dau bang xay ra khi va chi khi a=b=c= !
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Bai 38. Tim gi4 tri nho nhét cua biéu thirc P =2x? —2xy+ y* —3x +l+ 24/x =2 +2020.
X
Loi gidi:
DK: x>2. Ta co: P=x2—2xy+y2+x2—4x+4+x+l+2\/x—2+2016
X
P=(x—y)2+(x—2)2+2\/x—2+x+l+2016.
X

Theo BDT Co-si va x> 2thi x+4=>4+112x>2 X143

x 4 x 4 4'x 4

N Nw,

037

> M D4u “=" khi x=y=2.Ké&t lugn:min P = ——

Vay P22016+5=

Bai 39. Vi a, b, cla cac sb duong théa man diéu kién a+b+c+ab+bc+ca=6abc. Chung
1

. 1 1
mlnh ;4‘?-{'—223
Loi giai
Tacd a+b+c+ab+bc+ca=6abc

a+b+c+ab+bc+ca
- =
abc

1 1 1 1 1 1
>—4—+—+—+—+—=6.
a b ¢ ab bc ca

6

Ap dung bat dang thirc C6 — si ta dugc :

1 1 1 1 1

—+1 |+ 5+l |+ =+1 |22 —+—+—| (1
e e o) o

I 1 1 I 1 1 1 1 1 1 1 1
2=ttt |=| 5t |t S5 | H S5t (22 —+—+—| (2
[az b’ cz) (az sz (bz czj (cz az) (ab bc caj()

Cong vé voi vé (I)va (2) suyra LZ+LZ+L223.

Q
S| -

Dau “="xayrakhi a=b=c=1.

Bai 40. Cho ba s6 thuc duong a,b,c thoa man diéu kién axJb +bJe +cva > 24 . Tim gia tri
nho nhét cua biéu thuc S=a+b+c

Loi giai

Ap dung bat dang thirc Co-si ta co:
4a+ab>4a\b = alb < 4a:ab'

4b+bc

4b+be > dbe = be <

4
4c+ca24cx/Z:>c\/ZS c:ca.
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Do do:

24Sa\/z+b\/;+c\/gs4a:ab+4b;rbc+4c;:ca :a+b+c+ab+1;rc+ca (1)

Ma (a+b+c)2 —3(ab+bc+ca) =%(a—b)2 +%(b—c)2 +%(c—a)2 >0 Va,b,c

2
= (a+b+c) 23(ab+bc+ca):>ab+bc+ca£—(a+[;+c) (2)

Tu (1) va (2) suyra:

(ar+b+c)2

(a+b+c)+ >24 & (a+b+c) +12(a+b+c)-288>0

S(a+b+c-12)(a+b+c+24)20
Ma (a+b+c+24)>0 v6i Va,b,c>0

=a+b+c-12>20=a+b+c>12
Vay gid tri nho nhat cta biéu thic S=a+b+c 1a 12 khi a=b=c=4

Bai 41. Cho céc sb duong a, b, ¢ thoa man diéu kién a+b+c=2019. Tim gia tri nho nhét

cua biéu thirc P=\/2¢12+ab+2b2 +\/2b2 +bc+2c* +\/202+ca+2a2 .

Loi giai
2 2 2 2 2 2 2

Ta b 2a® +ab+op? < & H2ab+b”  3a”+3b :(a+b) +3(a +b)

2 2 2 2
Ma a®+b° > (a+b)2 - 3(612+b2) Zé(a_i_b)z :3(a+b)2 |

2 2 2 4

2 2 2
Suy ra 2a2+ab+2b22(a+b) +3(a:b) :S(a:b)

Suy ra 24’ +ab+2b° 2%(41 +b).
Chirng minh tuong tu ta ¢d v/2b> + bc +2¢° 2§(b+c) s N2t +ca+2at > g(c+a).

Cong vé theo vé ta c6 Pzg(a+b+b+c+a):2019\/§.

, . :b:
Dau "=" xay ra khi ¢ ¢ Sa=b=c=673.
a+b+c=2019

Vay gia tri nho nhét cia P bﬁng 2019/5, dat duoc khi a=b=c=673.
Bai 42. a) Cho x, y, z 1a ba s6 duong. Chimg minh (x+y+z)(l+l+lJ >9,
X y z

b) Cho a,b,c 13 ba sé duong théa mén a + b+ ¢ = 6. Tim gia tri 16n nhit ctia biéu thirc

B ab N bc N ca
a+3b+2¢c b+3c+2a c+3a+2b
Loi giai
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a) Ta co:

1 1
VT=(x+y+Z)( +_+_j:£+£+ﬁ+l+l+l+f+l+i
y z

Xy z x Yy z z z zZ

:3+(£+1]+(£+£j+(l+ij23+2+2+2:9’ diu bang xay ra khi x=y=z.
z X z X

b) Ap dung bat ding thirc & phan a) ta c6:

9ab 9ab ab ab a

= < + +—;

a+3b+2c (a+c)+(b+c)+2b c+a c+b 2
Twong tir 9b¢ < bc bec b 9ca . _ca ca N %

< + +=; < +
b+3c+2a a+c a+b 2 c+3a+2b b+a b+c

Cong theo cac vé ciia ba bt ding thire trén ta dugc

9A<ab ab a  bc bec b ca ca ¢

< — - —+ +
cta c+b 2 a+c a+b 2 b+a b+c 2

( ab bc ab ca bc ca atb+c
& 94< + + + + + +
c+a a+c c+b b+c a+b b+a 2

< A<1 dau bang xay rakhi a=b=c=2.Suy ra GTLN cta 4 bang 1.
Bai 43. Goi m 1a gia tri nho nhat trong ba s (x—y)2 ,(y—z)2 ,(z—x)2 V6i x,y,z 1a ba s thuc
bat ki. Chirng minh m < %(x2 +y*+2° )
Loi giai
Vix,y,z laba sb thuc bat ki nén gldis x> y>z.
Ma m 1a gia tri nho nhat trong ba s (x—y)2 ,(y—z)2 ,(z—x)z.

= «/m 12 56 nho nhat trong ba sd |x -y

,y—z,z—ﬂ.

Ta co:
lz=x|=x—z=(x=p)+(y—z)=|x—y|+|y—2[22Jm .
Do d6 (z-x)’ >4m.
ma (y—z)2 >m

(x=y)' >m
(x+y+z)2 >0=>x"+ )y  +27 +2xy+2yz+2x2 >0
:>3(x2+y2+22)2(x—y)2+(y—z)2+(z—x)2 > 6m

= x*+y’ +z° >2m hay mﬁé(x2+y2+zz).
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Bai 44.
Ngudi ta gidng luéi dé nudi riéng mot loai ca
trén mot goc ho. Biét rang ludi dugc
giang theo mot dudng thing tir mot vi

tri trén bo ngang dén mot vi tri trén bo
doc va phai di qua mét cai coc da cam
san ¢ vi tri A. Hoi dién tich nho nhat co Béy

thé giing 1a bao nhiéu, biét ring de

khoang cach tir coc dén bd ngang 1a 5 A
m va khoang céch tir coc dén bd doc 12 Khu nuoi
12 m. cd riéng
Bo ngang
Loi giai
('T
X
J 12 9
5
1 K B

Dit tén cac diém nhu hinh v&. DatCJ = x, (x > 0).

Vi hai tam gidc AJC va BKA 1 hai tam gidc dong dang nén:

cJ JA x 12 60
e el S o KB="
AK KB 5 KB X
Dién tich cuia khu nu6i ca la: S = %(x+5).[@+12).
X

<:>S(x)=%[60+12x+ﬂ+60j<:>S(x)=6x+@+60
X X

Ap dung bt diang thirc C6 si ta co:
6x+@ 22, /6x.@ =60
X X

Dau bang xay ra khi 6x =220 s ¥ 225 x=5.
X

NénS(x)z6x+@+60260+60=120
X

Suy ra dién tich nho nhét c6 thé giang 1a 120(m?), dat duoc khi x = 5m.
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Bai 45. Cho x, v,z 1a ba sd thuc duong théa man diéu kién xy+ yz+xz<3xz .
Tim gié tri 16n nhat cta biéu thirc:
1 1 1

P= + +
\/2x2+xy+y2 \/2y2+yz+z2 \/222+Zx+x2
Loi giai:
TRy L1101
Tur gid thiét ta c6: —+—+—<3.
X y z
, J5x+3) +7(x-y) _ sx43y 1 4
Tacod \2x° +xy+)° = > = <
4 4 \/2x2+xy+y2 Sx+3y
1 4 1 4
Tuong tu: < ; <
\/2yz+yz+z2 5y+3z 222 4 zx+x7  5z+3x
16P < 64 64 64

4x+(x+3y)+4y+(y+3z)+4Z+(z-|—3x)

lep< 16, 16 16 16 16 16

— + +
4x 4y 4z x+3y y+3z z+3x

4 4 4 4 4 4 4 ( 4 4}
< —+—+— |+ +— |+ +— [+ +—
X y z x+y 2y y+z 2z z+x 2x

S8(l+l+1]§24
X y z

:>P£E .
2
Déu bang xay rakhi x=y=z=1.

Vay max P = %

Bai 46. Cho hinh vuéng ABCD c6 canh 1a 30cm .

A E G B A= E
Trén canh AB lay hai diém E, G sao ] R G
cho =.
AE =GB =x(cm) va diém E nam gitra ;ghmn -
diém 4 va diém G.Qua E ké duong 5
thang ;
vuéng goc véi AB cat CD tai F;qua G 5 F g fo b= e
ké H

duong thiang vudng goc voi AB cit CD tai H . Ngudi ta gap hinh vuong theo hai
canh EF va GH sao cho canh 4D trung canh BC nhu hinh v& dé tao thanh hinh
ling tru dumg khuyét day. Tim x dé thé tich hinh ling tru 16n nht.

Loi giai
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G K E

Tacdo AE=GB=x (0<x<15)= EG=30-2x.
K¢é duong cao 4K cua AAGE.
EG 30-2x

Vi AAGE cantai 4 nén KE:T_ 5 =15-x (cm).

AAKE vuong tai K:>AE>KE:>x>%.

Ap dung dinh 1y Py-ta-go vio tam gidc vudng AKE ta co

AK* + KE* = AE?
& AK? = AE* —KE®
= AK=\/m
< AK =4/x? —(15—)c)2
@AK:\/M.
Dién tich day AGE la
S o =%AK.GE =%m.(30—2x): V30x-225.(15-x) (em?).
Thé tich lang tru 1a ¥ =304/30x—225.(15-x) (cm’).
V =304/30x—225.(15-x) =30,4/15.(2x~15) /15— xA15-x

=104/15.332x—15:/15—x15-x .
Ap dung bat dang thirc C6-si cho ba s duong 2x—-15, 15—x, 15—x ta duoc
3.3/(2x-15)(15—-x)(15-x) < (2x-15)+ (15 —x) +(15—x)
<

& Y(2x-15)(15-x)(15-x) <5
<:>(2x—15)(15—x)(15—x)£53
o J(2x-15)(15-x)(15-x) <5 =5{5

=V <104/15.3.5{5 =V <7504/3.
Déu "=" xay ra khi va chi khi 2x—-15=15-x < x=10.
Vay x=10 thi thé tich ling try 16n nhAt.

Bai 47. Cho cac sb thuc X, y thoa man (x +/3+x7 )(y +4/3+° ) =9. Tim gi4 tri nho nhit cta

biéu thirc P=x"+xp+)".

Loi giai

DIEN DAN GV TOAN THCS VIETNAM 120 GIAO VIEN CU MINH QUANG



CHUYEN DE BAT DANG THUC

(x+m)(y+m)=9c> 3

\/3+y2 —x.\/3+x2—y

Xy + X342 3+ 57 +\/(3+y2)(3+x2)

Ta co:

:>xy+\/(3+yz)(3+x2) =5

Do |3+ 7)(3+7) < o [ )3 s O

2 2
:>2xy+6+x Ty >5&2p+x" +)° 24<::>(x+y)2 >4,

2

Ta co: 2P=2(x2+y2+xy)=(x2+y2+2xy) (x +y ) (x+y)

=2P>6= P>3 = minP=7 dat dugc khi x=y =

Bai 48. Cho cac s6 x>0,y >0. Tim gid tri nhd nhét cua biéu thirc

g Xy */E.

+
Xy xX+y

Loi giai

—

x+y)2

Taco: x* +y°> >

&

2
(x+) s
2xy X+y

A>

x+y \/— x+y
\/_

A>2 x+y x+y
£ 2
NS Sxy
£ Ja 335
2 2 2

Déu bang xay ra khi x =y

Vw:Angcm:y

xy—xx/3+x2 —y\/3+y2 +\/(3+y2)(3+x2)

:9©(W—x)(\/ﬁ—y)=1

6+x +y°

2
(x+2y) >442=6
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Bai 49. Véi a, b, ¢ 1a cac sd duong thdéa man ab +bc = 2ac . Tim gia tri nhd nhét cta biéu

thue:
P a+b N c+b
2a-b 2¢c-b
Loi giai
‘s % , o 2
Véi a, b, c 1a cac s6 duong thoa mén ab +bc = 2ac = b(a+c)=2ac = b= ac
a+c
2ac 2ac a’* +ac+2ac ac+c* +2ac
a+ c+
—~p= a+b + c+b _ atc | a+c _ a+c + a+c
- - - 2 2
2a=b 2c-b , _2ac , _2ac 24’ +2ac-2ac  2ac+2c” -2ac
atc atc a+c a+c

a’+3ac *+3ac 1 3¢ 1 3a 3(c a
= P= —+ — ==t —t—t—=l+—| —+—
2a 2c 2 2a 2 2c 2 \a ¢

Theo bat dang thirc AM-GM, ta c6: £+322,/£-£ = 2:>P21+%-2:4
a ¢

a c
a,b,c>0
T a,b,c>0
A ” C a
Dau"="xayra{—=— <<qa=c Sa=b=c
a C )
b_2ac bzzi
- 2a
a+tc

Viy gia tri nho nhit cta biéu thie P 13 4 khi a=b=c
Bai 50. Cho xy+ yz+zx =1 Tdm gié tri nhé nhét clia bidu thire: S =3(x* + )7 )+2°
Loi gidi
Ap dung BDT Cauchy, ta co:
2(x2 +y2) > 4xy
P +4x" 24xz = 6xX" +6)° +22° 2dxy+dxz+4yz

z2 +4y2 >4yz
<::>2(3x2 +3y° +22)24(xy+xz+yz)

:>2(3x2+3y2+22)24 (do xy+yz+zx=1) S3x° 43y + 25 =22

=522
X’ =y

Diu “="xdyra < {2 =2x CNC:)’Z%.MQ
z=2y

NG 25

xy+yz+zx:1:xzsz_r?;ZzJ_r S

Vs,
5 b

S}
ulgl
()

Vay Sy =2, datdugctai x=y=%-——;z=+*
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Bai 51. Vi cac s6 thue a, b, ¢ thaydéithéamﬁn a21l;b>1; 0<c<lvaa+b+c=3

2 2 2
Tim gi4 tri 16n nhat, gia tri nho nhat cta biéu thirc P _axbre
ab+bc+ca
Loi giai
Ta c6:
B at+bh?+c? B (a+b+c)2—2(ab+bc+ca) _9—2(ab+bc+ca) B 9
~ab+bc+ca ab+bc+ca a ab+bc+ca " ab+bc+ca

a*+b>>2ab
Lai cé: 40> +¢* 22bc = 2a” +2b* +2¢* > 2ab+2bc+2ca = a’* +b> +¢* 2 ab+bc +ca

ct+a*>2ca
:>a2er2+cz+2ab-|—2bc+2ca23ab+3bc+3ca:>(a+b+c)2 23(ab+bc+ca)

b 2

ab+bc+ca 3

=ab+bc+ca<
Dau "=" xdyra <a=b=c=1

Mat khac: a>1; bZl:>(a—1)(b—1)20:>ab—a—b+120:>ab2a+b—l
:>ab+bc+ca2a+b—1+bc+ca:>ab+bc+ca2a+b—1+c(a+b)

Ma a+b+c=3:>a+b=3—c:>ab+bc+ca23—c—1+c(3—c)
:>ab+bc+ca22—c+3c—c2:>ab+bc+ca22+2c—02:>ab+bc+ca22+c(2—c)

Do OScSl:>c(2—c)20:>2+c(2—c)22:>ab+bc+ca22

Sy T A P Y
ab+bc+ca 2 2
(a-1)(b-1)=0
% —c)= =1;b=2;¢=0
Dau "=" xayra < ¢(2-¢)=0 =l ¢
a+b+c=3 a=2:b=1;c=0
a>1;b>21;0<c<1
. ) =1;b=2;¢=0
Vay MinP=1khi a=b=c=1; MaxP =2 khi | ¢
2 a=2;b=1;¢c=0
2
Bai 52. Cho x, y 1a hai s6 thuc duong sao cho x+2y23i.
X
\ T VY , 2x—y
Tim gia tri nhé nhat cia biéu thuc P = .
x+y
Loi giai

L s Los A , " 3y’
Véi x,y 1a hai sé thuc duong théa man x+2y =22 = x> +2xy > 3)°
X

:>xz+2xy+y224)}2:>(x+y)224)/2:>,/(x+y)2 >4y > x+y22y=>x>y.

x—y=0 X+Xx—-y2x 2x—-y=>x 2x—y
= = =>P=
X+x=2x+y 2x2x+y x+y<2x xX+y

Max>y= > X l
2x 2
Dau "=" xay ra khi va chi khi x=y>0.

Vay MinP=% khi x=y>0.
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a’ b
+
b-1 a-1

Bai 53. V6i a,bla cac s thuca>1,h>1. Tim gia tri nhé nhét cua biéu thuc P=

Loi Giai
Via>1Suyraa—1>0, b>lsuyra b—1>0
Ap dung bat dang thic C6 si ta co:

=
o

Suyra P+4b—4+4a—-4>4a+4b—= P>8

2
a

b-1

—4(b-1)

b a(a-1) e T2 G asb=a(mu
Déu “ = “xay ra khi va chikhi | 4—1 (a=)=y, _, ,=a=b=2(TM)

Vay Gi4 tri nho nhat ctia P =8khi va chikhi a=b=2
Bai 54. Cho cac so khong am x, y, z théa man x+ y+z=1. Tim gia tri 16n nhat cta bi¢u

thirc: Q=\/2x2+x+1+\/2y2+y+1+\/222+z+1
Loi giai
Tacod x,y,z>20 va x+y+z=1suyra 0<x,y,z<1
:>x(1—x)20©x—x220<:>x23x.
V6i X’ <xtacd ¥ <xox* +x° +x+1<x+x" +x+1
<:>2x2+x+1£xz+2x+1<:)2x2+x+1£(x+1)2 SN2 +x+1<x+1

Chirng minh twong tu ta c6 /2)° +y+1<y+1 va 22> +z+1<z+1.

Twr d6 suy ra

\/2x2+x+l+\/2y2+y+1+\/2zz+z+1 <x+l+y+l+z+l=x+y+z+3=4

&S 0<L4.

x(l—x) 0
Déu bing xdy ra <4 y(1-y)=0< (x.y.z) €{(0,0,1);(0,1,0);(1,0,0)}
~z)=0

Z(l Z)

Vay QO dat gid trj 16n nhat 1a 4 tai (x.y.z) €{(0,0,1);(0,1,0);(1,0,0)}.
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Bai 55. Cho a, b, ¢ > 0 théa man abc = 1. Tim gia tri 16n nhét cua biéu thic :

I SRS R
ab+a+2 bc+b+2 ca+c+2
Loi giai
Ta chirng minh bd d sau :
Cho a,b>0 , chitng minh rang : l—i—l > 4
a b a+b

Thuc hién xét hiéu ta duoc :

1,1 4 a+b 4  (a+b)—4ab (a—b)

a b a+b ab a+b ab(a+Db) ab(a+Db)
1 1 4
—t—>
:>a+b_a+b

Diu"="xay rakhi:a=»5

>0,Va,b>0

Ta c6 thé viét dudi dang : ! < l[lJrl]
a+b 4la b

Ap dung bit dang thirc bd dé ta co:

1 B 1 l[ 1 n 1 ]_l[ abc n 1 ]_l[ c 1 ]
ab+a+2 ab+1+a+1" 4lab+1 a+1 4\ab+abc a-+1 4\lc+1 a+1
Tuong tutacod :

1 l[ a n 1 ]
bec+b+2 4la+1 b+1

1 1[ b 1 ]
<- +
ca+c+2  4\b+1 c+1
Cong vé voi vé cua 3 bit dang thirc ta co :
VT§l a+1+b+1+c+1 21.3:é :>Mmm:§ .Dau"="xayra a=b=c=1
4{a+1 b+1 c+1) 4 4 4
a;b;c>0

atb+c=1

Bai 56. Cho { Tim Min S =v7a+9 +7b+9 +/7¢+9

Loi giai
a>0;b>0;c=0;

. la;b;e=0
Co: =0<a<1;0<h<;0<c<]l =
1-a>20;1-620;1-c>0

a+b+c=1
:>aU—a)20¢>aZa%:7a+92aAHm+9¢3v7a+92a+3

Tuong tu V7b+9>b+3
NT7c+9>c+3

=>~7a+9+N7b+9 +37c+9 2 (a+b+c)+9 < S>10

Viy gié tri nho nhat S =10

Déu bang xay ra khi (a;b;¢)=(1;0;0) va cac hoan vi.
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Bai 57. Cho x,y,2>0 va \Jxy +[yz +4/xz =3

Tim gi4 tri nho nhét cua biéu thiue P =

( \/_
Loi giai

Dat \/zza,\/;zb,\/_zc (a,b,c>0)
Khi @6 ab+bc+ca=3

Ta co: a* +b* + 2 2ab+bc+ca:(a+b+c)2 >3(ab+bc+ca)=9=a+b+c>3
2op A2 +b+c)
TacéPza—+b—+c—2u=a+b+cz3
c a a+b+c

=P, =3,ddu“="xdyra < a=b=c=l<x=y=z=1
Bai 58. Goi m 1a gia tri nho nhit trong ba s (x—y) ,(y—z) ,(z—x)2 v6i x, y,z 1abasd
thye bit ki. Chimg minh m < (x*+° +2*)

Loi giai

Vi x, y,z cb vai tro nhu nhau nén gid sur x> y>z.

Vi m 14 s6 nho nhét trong ba sé (x—y)",(y-2)",(z—x)".

Nén +/m 14 s6 nho nhét trong ba sb

Taco: |z—x|=x—z=(x—y)+ )=|x- y|+|y z|>2\/_

Nén (x—z) >4m

Ma (y-z)2m;(x-y) 2m

:>3(x +y +z) (x y) (y—z)2+(z—x)226m

1 2 2 2
>m—(x"+y +z
Bai 59. Chox,ylécécséthucthéamﬁn xX>2vax+y>3.

, , 1 1
Tim gid tri nhd nhét ctia biéu thiee : P = x° +y° +—+

X Xx+y
Loi giai
D@ thdy diém roidattai x=2;y =1
1 1
1d6 P=(x—2) 1V L dx a2y~ _5
Khido P=(x—2) +(y—1) +4x+ ot
4) (7 17
P (x2V it (p—1V 22 _6 2[ _4__]__ s
& (x )+(y )+ [x+y +x+yJ+ x . x+x+y+
2 —3)Y  2(x=2)
X+y X x x+y

7 17
—+
X XxX+y

35

= P> >—| =+ ]+15_
2 3 6

. 35 An " 5 5 ~ A [N
Vay Min, = v .Dau"=" xayra < x=2;y =1 (théa man dicu kién)
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Bai 60. Cho cac s6 duong x, y, z théa man x + y +z = 2020. Tim gia tri 16n nhat cta biéu thirc

= * 4 Y N z .
X++4/2020x +yz Yy +4/2020y +2x  z+4/2020z +xy
Loi gidi

B d&: Cho a.b,¢ 1a céc s6 duong. Chimg minh /(a+5)(a+c) >~ab+ac (1)

BDT (1)< a’+ac+ab+bc>ab+ac+2\a’be < a® +be > 2+ a*be (ludn ding)
Viay b6 dé duoc chimg minh.
Ap dyung

Taco +/2020x + yz =\/x(x+y+z)+yz =\/x2+xy+xz+yz =\/(x+y)(x+z)
Ap dung bd @& (1) ta co: +/(x+¥)(x+2) 2\/E+\/x_z

§ x 3 x Wk
X4 /2020x + yz —\/;(\/;J”/;Jﬂ/;):> x+4/2020x+yz x/;(\/;+ y+\/;) Ve fyz

Chung minh tuong tu:
Yy < \/; . z < \/;
y+2020y +2x ~ x+yfy +4z7 24420202+ x5y Jx+fy++/z
Nxafy ez 2020
< =l=>P =lox= z=—"-
Suyra \/—+\/;+\/— max Y= 3

Bai 60. Cho ¢>0, >0, ¢>0thoa man 2(b2+bc+c2)=3(3—a2)

\ T T VI ST , 2 2 2
Tim gia tri nhd nhat cia bicu thuc T:a+b+c+—+g+—
a C

Loi giai
Ta co:
2(b2+bc+c2)=3(3—a2) & 2b2 +2bc+2¢* =9-3a> < 2b> +2bc+2¢> +3a% =9
c>(a2+b2+cz+2ab+2bc+2ca)+(a2+b2—2ab)+(a2+cz—2ac)=9
c>(a+b+c)2+(a—b)2+(a—c)2=9 c>(a+b+c)2S9 =0<a+b+c<3

Ta di chimg minh bét ding thic phy:
1 1 1 9

s
a b ¢ a+b+c
Ta cé:
1 1 1
1 l-}-lz 4 <:>(a+b+c)(—+—+—j29<:>1+3+3+2+1+é+£+£+129
a b ¢ a+b+c a c b ¢ a c a
a b b ¢

2242021540556
b ¢ a ¢ a b

Ap dung bat dang thuc co-si ta co:
£+222
a
2+£22
c b
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24850
C a
Cong vé theo vé ta co:
b b

2i8: 242454556

C a C a
Déu “=" xay rakhi a=b=c.
Ap dung c6-si cho 2 s6 duong theo timg cip:

1
—>2(2
a+a> ()

Ap dung bat dang thirc phu: LI PO 5)
a b ¢ a+b+c
Cong vé véi vé cua cac bat ding thire (2).(3).(4).(5)ta dugc

T=a+l+b+l+c+l+l+l+l22+2+2+2
a b c a b ¢ 3

Vay gia tri nho nhit cua biéu thie T bang: 9 khi va chi khi a=b=c=1.

Bai 61. Chohaisé x>0, y>0 va x+y=1.
Tim gi4 tri nho nhét cua biéu thire M =(1—i2j(1——zj
X
Loi giai
I)V('rihaiséx>0 y>0va x+y=1taco:

L[l j (+-1) ("1 _@=nesn-n(r+)

X y2 x2y2
( yﬂx l( xy+1) xy+(x+y) 1:1+££
x’y? xy Xy
Tacé:x+y22\/§<:>(x+y)224xy<:> ! < L o<l g
(x+y) 4w 4xy Xy

<:>1+129©M29.
xy

Dau bang xay ra khi x=y=%.

Viy gia tri nho nhit ciia M bang 9 khi x =y =%.

DIEN PAN GV TOAN THCS VIETNAM 128 GIAO VIEN CU MINH QUANG



CHUYEN DE BAT DANG THUC

Bai 62. Cho bdn s6 duong a, b, ¢, d. Tim gia tri nhé nhét cua biéu thuc :

a=(4bie d)fb e d A, b d® —ab—be—cd —da+2004
b ¢ d a)la b ¢ d

Loi giai:

A=(£+é+£+£j(é+£+i+ﬁj+az+b2+cz+d2—ab—bc—cd—da+2004
b ¢ d al\a b ¢ d

Chiing minh dugc (£+2+£+ij(é+£+i+£)216 (1)
b ¢ d a)/la b ¢ d

Dau “="xayrakhivachikhia = b = ¢ = d

Chtrng minh duoc a” +b* +c* +d* —ab—bc—cd —da >0 (2)

Dau “=" xay ra khivachikhi a=b=c=d

Tu (1) va (2) => 4>2020

Dau “=" xay rakhivachikhi a=b=c=d

Vay gia tri nho nhat cia A 14 2020 khi a=b=c=d >0
Bai 63. Cho cac s thuc duong a, b thay dbi ludn thoa mén ~a+3 +v/b+3 =4. Tim gia tri 16n
nhét cia biéu thue P =~/a +/b.

Loi giai

Ta chirng minh +x <2vx+3-3 v6i moi x>0.
That vy, Vx <2Jx+3 -3 o 2Jx+3>Vx +3 < 3(Wx =12 >0.
Apdung: Va<2Va+3-3;vb<2b+3-3 = P<2(Na+3+b+3)-6=P<2.4-6.

— P =2 khi va chi khi {\/;:1<:>a:b:1

max \/Zzl
Bai 64. Choa, b, ¢>0vaa+b+c = 1. Tim gia tri 16n nhét cua biéu thirc
A ab N bc L ¢
Je+ab Na+be b+ca
Loi giai
. b a+b 1 1 {1 1
Véi a,b>0tacc')a+1922\/ﬁ<:>aJr >l > = s—[—+—j
2Jab 2ab  ab "~ Nab  2\a b

Viét lai
c+ab=c.l+ab=c(a+b+c)+ab=car-|—cb+c2 +ab=c(c+a)+b(c+a)=(c+b)(c+a)
Tuong tw a+bc=(a+b)(a+c) va b+ca=(b+c)(b+a)

X6t ab _ ab <a_b( 1 N 1 ]
Je+ab \/(c+b)(c+a)_2 c+b c+a

bc <E( 1 N 1 j
\/a+bc_2 a+b a+c

ca ca[ 1 1 J
<— +
\/b+ca 2\b+c b+a

Cong vé véi ve ta duoc
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ab bc ca 1( ab ab bc bc ac ac j
A= + + <— + + + + +
Jevab Na+be b+ca 2\c+b c+a a+b a+c b+c a+b

@Agl[a(b+c)+b(a+c)+c(a+b)J

21 b+c a-+c a+b

Asl(a+b+c)SlC>ASl
2 2

2
Vay gia tri 16n nhat ctia 4 1a %khi a:b:czé

Bai 65. Cho basb ¢, b, ¢ dwong. Chirng minh 21 +— LR : I _atb+c
a +bc b +ac c +ab 2abc

’ o Loi giai
Ap dung bat dang thirc Cosi ta co

1
>+ bc>2a\bc = ——— / 1).
. €= sabe a +bc a\/bc ab ac (ab acj ( )

Tuong tu co: L<( + j (2).
b*+ac ba bc

2 11 1
<—| —+— 3).
c* +ab 2(ca+cb] ()

2 2 2 1( 1 lj 1[1 lj 1[1 IJ
> +— +— | —4+—|+—| —+— |[+—| —+—
a +bc b +ac ¢ +ab 2\ab ac) 2\ba bc) 2\ca cb
2 2 2 l[2+2 2)

2 +2 +2 S
a“+bc b +ac c +ab 2

1 1 1 1[ 1 1 lj
= +— +— <—| —+—+—
a +bc b +ac ¢ +ab 2\ab bc ca
1 1 1 a+b+c
2 + 2 + 2 S
a +bc b +ac c¢ +ab 2algc
Pang thirc xdy rakhi a=b=c¢
Bai 66. Cho x, y, z la cac so thuyc duong thoa man x+ y+z=1. Tim gid tri nho nhat cua
biéu thire:

(diéu phai chimg minh).

1 2020
+

P=— 2, 2 .
X +y +z° xy+yz+zx

Loi giai

Ap dung bat dang thirc (x+y+z)(l+l+lj29, taco:

X y z

[(x2+y2+22)+(xy+yz+Zx)+(xy+yz+zx)](2 12 ~+ 1 + 1 J29.
X +y +z° xy+yz4+zx xy+yz+zx

1 1 1
<:>(x2+y2+22+2xy+2yz+2zx)( —— 5+ + J29.
X +y +z° xy+yz+zx xy+yz+zx

1 2
Hay ————+ >9.
X +y 4+z0 xy+yz+zx
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Taco: (x—y)2+(y—z)2+(x—z)220<:>x2+y2+222xy+yz+zx

:>()c+y+z)2 =x2+y2+22+2(xy+yz+zx)23(xy+yz+zx)

2
+y+
3xy+yz+zx£mzl
3 3
Tur d6 suy ra:
P= ! + 2 + 2018 >9+6054 = 6063

X +y +z xy+yz+zx xy+yz+ox

< P>6063.

Daubang xayra < x=y=z=

3

Vay GTNN ciia P = 6063 <:>x=y=z=%.

Bai 67. Cho céc s thuc duong a,b,c.

a’ b*

c? a+b+c
>

Chung minh rang:

Loi giai

+ + >
V3a2 +8b> +14ab  \3b* +8¢* +14be /3¢ +84a° +14ca 5

Ta ¢6: \3a® +86 +14ab = [(3a* +12ab) +(2ab+80*) = [3a(a+4b)+2b(a+4b)

= (a+4b)(3a+2b)

2

Ap dung bit dang thirc Co-si cho hai sb duong a+4b va 3a+2b ta cd
Jla+4b)(3a+2b) < “+4b+23“+2b _dar6b
Cl2 Cl2 a2

a

= > hay >
Ja+4b)(3a+2b) 2a+3b 7 34718 +14ab 2a+3b

Tuong ty ta cling ¢0 :

b? b* ¢’ c*

> va >
3> +8¢% +14be  2b+3¢ 3> +8a% +14ca 2¢+3a

Khi do

a’ b? c’

2
a

b* ¢’

+ + > + +
J3a2 +8b% +14ab  \3b> +8c% +14be 3¢ +8a> +14ca 2a+3b 2b+3c 2c+3a

2
a

. 2a+3b
va ta

(1)

co:

Ap dung bit dang thirc Co-si cho hai s6 duong
2a+3b

a +2a+3b>2\/ @ 2a+3b 2
2¢+3b 25  N\2a+3b 25 5
a’ 2a 2a+3b 8a-3b

= > _ =
2a+3b 5 25 25
Tuong tu ta cling c6

25
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2 2
b >8b—3c va c >8c—3a

2b+3¢ 25 2¢+3a 25
a’ b* ¢’ 8a—-3b 8b-3¢c 8c-3a a+b+c
= + + > + + = (2)
2a+3b 2b+3c 2c+3a 25 25 25 5

Tur (1) va (2)suyra
a’ b? c? a+b+c
+ + >
V32 +80 +14ab  \[3b> +8c2 +14be N3¢t +8a> +14ca 5
Diu “="xayrakhi a=b=c

Bai 68. Cho a,b,c 14 cac sb duong va a+b+c</3.
a N b N c
Ja+1 AP +1 e +1
Loi giai

Tim gia tri 10n nhét cua biéu thirc: P =

Vi a,b,c>0,taco:
(a+b+c)2—3(ab+bc+ca)
=a*+b*+c*—ab—bc—ca

_1 2 2 2

—5[2.(61 +b +c —ab—bc—ca)]

1
:5[(a—b)2 +(b—c)2 +(c—a)2JZO
:>(a+b+c)2 >3(ab+bc+ca)

:>32(a+b+c)2 >3(ab+ bc + ca)
& 12zab+bc+ca
& a’+12a’ +ab+bc+ca
<:>a2+12(a+b)(a+c)
1 1 1 a a

T : (a+b)(a+c) <~ Ja? +1 : \/(a+b)(a+c) = Ja? +1 : (a+b) (a+c)

1)

Ap dung bat dang thirc C6 si cho 2 s6 duong: ﬁ; ( ? )
a+ a+c

T R e N e Nl

Tir (1) va (2) suy ra

a 1| a a
<— + (*
Jat+1 2la+b a+c
Chirng minh tuong tu, ta co

= b sl b + b (¥%)
\/b2+1 2la+b b+c

= ¢ Sl|: ¢ + ¢ :l (***)
Je2+1 2la+c b+c
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Cong vé voi vé cua (¥), (¥%),(**%), ta co
a b c 1| a a b b c c
= + + <— + + + + +
\/a2+1 \/b2+1 \/C2+1 2la+b a+c a+b b+c a+c b+c

:>P£é
2

Dau bang xdy ra: a=b=c=

w|% =%

Vay maxP=§<:>a=b=c=

Bai 69. Cho x>0, tim gi tri nho nhat M =9x> —5x+9i+2021.
X

Loi giai
M =9x° —5x+L+2021 = (9x7 —6x+1)+[x+Lj+2020 =GBx-1)° +[x+Lj+2020
9x 9x 9x
Ta co: (3x—1)2 >0.

Vi x>0 nén i20.

9x
‘ A, a2 , . X L1 1 1 1 2
Ap dung bat dang thirc Cauchy cho hai s6 x va — tadugcx+—2>=>2, [x.— =2.—=—.
9x 9x 9x 3 3
DodéM20+g+2020=g+2020=@.
3 3 3
3x-1=0
Dau " ="xay ra khi va chi khi 1 <:>x=§.
xX=—
9x

Viy gié tri nhé nhit M =¥ khi x =§.

Bai 70. Cho x, y,z 1a cac s6 duong thod man xy + yz + xz = 4xyz .
1 1 1

Chung minh: P = + + <1
2x+y+z x+2y+z x+y+2z
Loi giai
. xXy+yz+xz I 1 1
Tacd xy+yz+xz=dxyz>—""——""—=4=>—+—+—=4
Xyz X y z

Apdungl+lz 4 = ! sl(l+1J
a b a+b a+b 4\a b

, 1 11 1 11 11 1 If1r 1 1
TacO ———<—| —+ S| —+—|—+—||S=| —+—+—| ()
2x+y+z 4\(2x y+z) 4|2x 4\y =z 8lx 2y 2z

Chung minh tuong tu c6
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;@(;;L] @)

x+2y+z 8\2x y 2z
x+y+2z 8\2x 2y =z
Tu (1), (2), (3) tacd
P= ! + 1 + ! gl l l l =1.
2x+y+z x+2y+z x+y+2z 4\x y z
Chi y: P=Y ! LI N S 0 PR 1 R R 8 Y
cyc(x+y)+(z+x) l65:\x y z) 4\x y z

Bai 71. Cho hai s6 dwong x va y . Ching minh ring [x+zj.(1+2j >8
y X

Loi giai:

Coé x,y>0

[ng(lJrszS@[_xy+2](_y+2x)28
Y)\x Yy X
+2 +2
Xy

< (xp+2)(y+2x)28xy (Vix,y>0)
& xpt +2x°y+2y+4x>8xy

S X +2x°y+2y+4x—8xy >0

S XY +2x°y+ 2y +4x—4xy—4xy >0
<:>(xy2—4xy+4x)+(2x2y—4xy+2y)20
<:>x(y2—4y+4)+2y(x2—2x+1)20

<:>)c(y—2)2+2y(x—l)2 >0 (luon dang véix,y >0 )

1 A 9 _2:0 :2
Vay (X+£J-(Z+2j28 vOix,y>0.Dau “=" xay ra <:>{y =0 <:>{y
y)\x

Bai 72. Cho biéu thirc : B=(1+x)(1+1J+(1+y)(1+lj.
y X

Véi x>0, y>0 va x> +y* =1. Tim gia tri nho nhat cia B .

Loi giai
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1 1
B:(1+x)(1+lj+(1+y)(1+lj=2+x+y+—+—+£+Z
y X Xy y X
:2+x+y+i+i+L+L+£+Z
2x 2x 2y 2y y «x

( 1 j 1 x y| If1 1
=24 x+— |+ y+— |+ —F+= |+ —F+—|.
2x 2y y x) 2{x vy

Ap dung bit dang thirc C6 — si ta co:

L PR 1)
2x 2x
1 1

yr—22. |yp— =42 )
2y 2y

s 22X (3)

y X y X

l l_lr_l > 1

20x y) Jxy

Ap dung bit diang thirc C6 — si ta co:

<lx2+2:>x<lx2+2:>1> 2 = :ll+l>
wel(ee) s e ey) R ER R HLed]eE @

Tu (1), (2), (3), (4) ta duogc:
2+(x+Lj+(y+ij+££+ZJ+l(l+lJ24+3\/§.
2x 2y vy x) 2{x y

VAy MinB=4+32.

N
=
ks

Déu ding thuc dong thoi xdy ra khi va chi khi: Sx=y=

_ L
2y
X+ =5x>0,y>0

y

Bai 73. Cho x, y, z 14 cac s6 duong thoa man xy + yz + xz = 4xyz.

Chung minh: P = ! + ! + ! <1
2x+y+z x+2y+z x+y+2z

Loi giai:
Xy+yz+xz I 1 1

4= —+—+—=4
xXyz X y z

-Taco xy+yz+xz=4xyz =

4 1 1.1 1 1 1 1.1
S (—+)—2
a+b a b4 a+b atb a b 4

- Ap dung l+lz
a b
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1 1,1 1 1|1 1
TacO ——<—(—+ < —+—(—+) |[S=(—+—+—) (1
2x+(y+z) 4(2x y+z 4[2)( 4( z)} ( )( )
. . , 1 1
- Chtirng minh tuong tw ¢6: —— < — (— —+—) 2)
x+2y+z 8 2x y 2z
1 1 1
vi——<—(—+—+-) (3
xX+y+2z 8(2x 2y z) ®)
\ . 1 1 1 1,1 1
T (1),(2),(3)tacd P= + + <—(—+—+ —)—l(dpcm)
2x+y+z x+2y+z x+y+2z 4 x y

Bai74.Cho x ; y ; z >0va l+1+1=4 . Chirng minh rang :

X y z
1 1 1
+ + <1
2x+y+z x+2y+z x+y+2z
Loi giai

, . ] 2x>0
ApdungBDTl+l2 4 (v6i (4B>0)) Cox;y;z>0 = *

A B A+B y+z>0

2x y+z 2x+y+z 2x+y+z 4\ 2x y+z
Co l+lz 4 = ! sl l+l <:>l L+ ! sl L+i+L
y z y+z y+z 4\y z 4\2x y+z) 4\ 2x 4y 4z
- 1 < 171 1.t 1 1)
2x+y+z 4{ 2x 4y 4z

Tuong tu cm : ;S l(L+L+Lj (2); ;g l(L+L+_j (3)

S

2y+x+z 4\ 2y 4x 4z 2z4+x+y 4\2z 4x 4

Te(H@Q)va@d) »>—— 41 U
2x+y+z x+2y+z x+y+2z

£ , 3
Dau «=»xayra < x=y=z=z
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Bai 75. V6i x,y 1a cac s6 duong thoa man didu kién x>2y, tim gia tri nho nhat cia biéu

2 2
thite: M ="
Xy
Loi gidi
2 2
Taco: M=2"7 :£+Z:[f+4_yj_3_y_
Xy y x \y «x X

Vi x,y >0, ap dung bat ding thirc Co-si cho hai s6 duong £;4_y

y X
Ta co: £+4—)}22 /£.4—y:4.
y X y x

A "9 2 4
Diu“="xdyra & > =2 e =4y> = x=2y.
y X
Vi x22y:>lsl:>ﬂ2_—3,d‘u“=”xéyra & x=2y
x 2 X 2

Suy ra, M24—%=§,d§u “="xayra < x=2y
Vay GTNN cta M 1a§ khi x=2y.

Bai 76. Cho hai s6 dwong @ va b théa man l% — 2. Tim gi tri 16n nhit cia bidu thirc:
a

p_ 1 n 1
a* +b>+2ab* b +a>+2ba*

Loi giai
ab>1
a+b>2

Tir gia thidt l+%:2:>“+b
a

; :2:>2ab:a+b22@;>{
a

Ap dung BDT c¢6 si véi 2 sb duong ta co
a*+b*>2Ja'b* = a* +b* +2ab* >2a’b+2ab’
b +a* >2Ub'a* = b* +a* +2a*h > 2ab* +24a*b

1 1 1 1

1
=P= + < + <=
at +b*+2ab*  b*+a*+2ba* " 2a*b+2ab*  2ab*+2a*h 2

A ) 1
Dau “=" xay ra <:>a=b=5.

Vay gié tri 16n nhit cia P 1a % khi a=b =%.
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Bai 77. Cho a,b 13 cc s6 khong am thoa man a® +b><2.

Chimg minh ring: a,f3a(a+2b) +b\3b(b+2a) <6.
Dy doan ddu bang xay ra khi e =b=1.Khi d6 3a=a+2b, 3b=b+2a nén ta co thé ap dung
bat ding thire Cauchy truc tiép cho biéu thirc trong dau can.

xX+y

St dung bét ddng thirc Cauchy dang \/E < , d& thay

a,/3a(a+2b) Sa%zhf +ab,b,/3b(b+2a) SbMT-’_za=2b2+ab.

Cong hai bat dang thirc nay lai vé theo vé, ta duoc:
M =a\[3a(a+2b)+b\3b(b+2a) <2(a’ +b*)+2ab=4+2ab.

Tiép tuc str dung bat dang thirc Cauchy két hop véi gia thiét, ta co: 4+2ab<4+a’+b>=6. T
d6 ta co ngay M <6. Dau bang xdy ra < a=b=1.

Bai 78. Vé6i a, b, ¢ la cac sb duong thod man c¢é ab+bc =2ac . Tinh gia tri nhd nhét cua biéu
a+b c+b

thuc P = +
2a—b 2c-b .

Loi giai
Véi a, b, c 1a cac so0 duong ta co:

ab+bc=2ac=b= 2ac , thay vao P ta dugc
a+c
2ac 2ac
a+ c+
p= atc | atc
2a— 2ac e 2ac
a+c a+c

a(a+c)+2ac_kc(a+c)+2ac

_2a(a+c)—2ac 20(a+c)—2ac

a+3c c+3a
= +

2a 2c
=1+3(ﬂ+fj21+§-2=4.
2\c a 2

Vay gia tri nho nhit cia P la4 khi a=b=c.

Bai 79. Cho x+y=1. Chting minh x*+ * 2%.

Loi gidi
(x+y)2

Taco x*+y° > 5

(1) v6imoi x, y.

That vay, (1)< 2x*+2y° 2x’+2xy+)* & x* - 2xp+)’ 20 & (x—y)2 >0 ludn dang véi moi
giatricua x, y.

Ap dung (1) ta co:
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2 2 (x2+y2)2 (x+y)2
x4+y4=(x2) +(y2) ZT va x*+y* > S

i . A 1
Theo gi thiét tacd x+y=1nén x° +)° 25.

1 2
Suy ra x4+y42@:—.
2 8
Péng thirc xy ra khi va chi khi x = y=%.

Bai 80. Mot cong ty du lich du dinh td chire mot tour du lich xuyén Viét nhan ki niém ngay
giai phong hoan toan mién Nam 30-4. Cong ty du dinh néu gia tour 1a 2 tri¢u dong thi s& c6
khodng 150 ngudi tham gia. Dé kich thich moi ngudi tham gia, cong ty s& quyét dinh giam
gi4 va clr mdi 1an giam gia tour 100 nghin dong thi s& c6 thém 20 ngudi tham gia. Hoi cong
ty phai giam gia tour 1a bao nhiéu dé doanh thu tir tour xuyén Viét 1a 16n nhat.

Loi gidi
Goi x1a gi tour (triéu dong; 0<x<2)
Gi4 da giam so v6i ban dau 13 2—x (triéu dong)
Vimdi lan gidm gia tour 100 nghin dong thi s& c6 thém 20 ngudi tham gia nén sd nguoi tham
gia ting thém khi giam 2—x tridu dong 14 (2-x):0,1.20 =400—200x (ngudi)
Téng s6 nguoi tham gia 1a: 150 +400 —200x = 550 —200x ( ngudi)
Téng doanh thu 14 :
L =x(550-200x) ( triéu dong)
Tim x dé doanh thu L 16n nhét véi 0<x <2
Str dung bat dang thirc Cosi, ching ta co:

Da

2 2
L=x(550—200x)=ﬁ[200x(550—200x)]£2(1)0(200X+550_200x) : (550) _ 3029

2 ~200l 2 8
u "="xdy ra & 200x =550—200x <> 400x =550 < x=1,375
Vay gia tour 1 1,375000 triéu dong.

2 2
Bai 81. Cho x>0;y >0 théa min x+y <1. Tim gi4 tr nho nhit cia M=(x+lj +{y+1J

Loi giai
Chtrng minh cac bét ding thic phy:
Ta c6: v&i a,b>0
(ar—b)2 >0 a’+b*-2ab20< 2(a2 +b2)—a2 —-b*-2ab>0

2
@2(a2+b2)2a2+b2+2ab:a2+b2 2M

(1)
Lai c6: vo1 a,b>0
(a—b)2 >0 a’+b*-2ab>0< a’ +b> +2ab > 4dab

Sab+at+ b +ab24ab<:>a(a+b)+b(a+b)24ab (*) .
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Via,b>0=ab>0;a+b>0

Do d6 ta duoc:

(*);; a(a-%b) N b(a-kb) S 4ab
ab(a-%b) ab(a-+b) ab(a-kb)

:>l+12 4 ) (2)
a b a+b

Ap dung bt dang thirc (1) va (2) cho M ta dugc:

2 2
:le x+y+l+l 21 xX+y+ 4 :le xX+y+
2 X y 2 xX+y 2

2
3 } (Ap dung bdt thirc Cauchy cho cip s6 {( x+y); 1 }
4 x+y

:M21{2+
2 x+

=>M 2%.(2+3)2=§ (Vi x+y<1)

Déy "=" Xéyrakhivéchikhixzyzé
N S . 25

Vay gia tri nho nhat cia M 1a >

Bai 82. Cho hai s6 dwong x,y, cd x+y=1.

. SN T , 1
Tim gié tri nhd nhat cua biéu thirc Bz(l——2

X

Loi giai

S (R e

2
1 3
+
xX+y) x+y

_=D-De+Dy+D _ (w-x-y+l)(xp+x+y+1)

2.2 2.2
Xy Xy
(xy—=1+1)(xp+1+1)
x2y2

Xy’ +2xy 2
=55 =lt—
X’y Xy

2
xyg(ﬁy) :i

<:>1+iz9:>329
Xy

Xéy ra ddu “= khi x= yzé(TM)

Vay GTNN B =9 khi x:y:%
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Bai 83. Cho céc sb thuc a,b,c théaman a+b+c=7 vaab+bc+ca=15
. . N 11
Chtrng minh rang: aS?
Loi giai
Via+b+c=T=b+c=T-a
ab+bc+ca=15:>bc=15—a(b+c)215—a(7—a)=a2—7a+15
Ap dung dinh 1i Vi-ét dao c6 bva ¢ 1a nghiém ctia phuong trinh:
x*=(7T-a)x+a’—=Ta+15=0 (4n x)
Ta co: A=(7—a)2—4(a2—7a+15)=—3a2+14a—11=(3a—11)(1—a)

Dé ton tai hai sb b, ¢ thi Azo@(3a—11)(1—a)20<:>13asE

3
11
Vay a<—
ay 3

Bai 84. Cho ba sb thuc khong am a ;b ;c thay ddi thoa man Va +Vb +vJec >3 .

Tim gia tri nhé nhat cia biéu thuec :

M =+/2019a% — 4026ab +2019b* +~/20195> —4028bc +2019¢> +~/2020a* —4030ac +2020c

Loi giai

Ta c6 2019a* —4026ab +2019b* >3 (a+b).
Thét viy: 2019a* —4026ab+2019b* >3(a+b)’.

< 20194 —4026ab +2019b” > 3a” + 6ab +3b* < 20164’ —4032ab +2016h"> > 0

©2016(a” —2ab+b*)20 < 2016(a—b) 20 (luon ding )

Ta c6 v2020b* —4028bc +2020¢> >3 (b+c).

That vay: 2020a> —4028ab +20206* >3(a +b)’.
& 20205 - 4028bc +2020¢* > 3b* + 6bc +3¢> <> 2017h% — 4034be +2017¢* > 0.

©2017(b* =2bc+c*)20 < 2017(b—c) 20 (ludn dung).

Ta ¢6 v2021a> —4030ac +2021c* >3 (a+¢).

That vay: 2021a* —4030ac +2021c* > 3(a + c)z.

< 2021a* —=4030ac +2021¢* >3a* + 6ac +3¢* < 2018a* —4036ac +2018¢* > 0.
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©2018(a” - 2ac+c*)20 < 2018(a—c) 20 (luén ding).

:>M22\/§(a+b+c).

(\/Z+ b+\/E)2

3
(\/Z+ b+\/2)2

Taco a+b+c>

That vay: a+b+c> & 2a+2b+2¢>2Jab +2+be + 2ac .

@(\/E—\/B)2+(\/E—\/E)2+(\/E—\/E)2 >0 (ludn ding)
:M2¥(JZ+\/Z+\/Z)2 z¥.9 = M >63.

Vay gié tri nho nhit M =643 du biang xay rakhi a=b=c=1.
Bai 85. Cho a,b 1a cic s6 thuc sao cho a® —ab+b* =a+b. Tim gia tri 16n nhat va gid tri nho
nhét cta biéu thirc P = 5054 +505b.

Loi giai
Tim Min:

2
a’ —ab+b* =a+b:>a+b=(a—%bj +%b2 >0

= P =505a+505b=505.(a+b)>0= MinP=0.Dau "="xdyra < a=h=0.

Tim Max:

a’—ab+b*=a+b=(a+b) ~3ab=a+b.

Do ab< (a+b)2

2_3(Cl+b)2

2
=a+b>(a+b) <:>a+b2@<:>a+bs4(do a+b>0)

= P<505.4=2020.

Dau "="xdyra < a=b=2.

= MaxP =2020 tai a=b=2

Bai 86. Vi cac sb thuc khong dm a,b,c thoa man a+b+c=3. Tim gia tri 16n nhét va gia tri

nho nhét cua biéu thicc P = ab+bc+ca —labc.

Loi giai
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Ta co P=ab+bc+ca—%abc:

V6i Q0 =da*>+b* +c* +abe . Ta tim gtln gtnn cia biéu thirc O.
Gia st c=min{a,b,c} = 3=a+b+c>3¢c = 0<c<l1.

Ta co:
Qz(a2+2ab+b2)+cz—2ab+abc=(3—c)2+cz—ab(2—c).

2 2
Tir gid thibt co ab(2-¢)>0 va 0<ab< (a+b) _(=¢)

4 4
= %(ﬁ —3c+18)£Q£(3—c)2 +c’
Ta co:
1 1 16
na —3c+18):Z[(c—l)z(c+2)+l6]ZZ=4

Déu bang xay rakhi a=b=c=1.

Do 0<c<1 = ¢(c—1)<0 = (3-¢) +¢? =2¢* —6c+9=2c(c~1)~4c+9<9

Dau déng thire xdy ratai ¢=0,ab=0,a+b+c=3 hay ¢=0,a=3,b=0 hoac ¢=0,a=0,b=3
= GTNN cua Q lad4khi a=b=c=1.

Va GTLN cua Q 1a9 khi ¢=0,a=3,b=0 va cac hodn vi cua nd.

Vay GTLN cua P 1:31% khi a=b=c=1

GTNN cua P 1a 0 khi ¢=0,a=3,b=0 va cac hoan vi cta no.

Bai 87. Cho xy+ yz+xz =1. Tim gi4 tri nho nhit cua biéu thic: M = S(x2 +y2)+ z°.

Ta co: a* +b*>>2ab vOimoi a,beR :%zz +2x7 2 2xz (1)
Chirng minh tuong tu, ta duoc %zz +2y" 22yz (2)

x*+y" 22 (3)
T (1); (2); (3) tasuyra

M 22(xy+yz+zx)=2.

1
.X:y:ﬁ
1 2
Dau “ = xay ra khi x:y:EZ S V5 .
J5
=2
U5

Véay M dat gia tri nho nhét bang 2.
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Bai 88. Cho a,b,c duong va a+b+c=1. Tim gia tri 16n nhat ctia biéu thirc

A ab

bc

ca

, ab ab 1 1 1
Ta co = = <ab.—| —
Je+ab \/c(a+b+c)+ab \/(b+c)(a+c) 2\b+c a+c
Tuong tu
bc 1 1 1 ca 1 1 1
<bc.— ; <ca.—
NJa+be 2(b+a c+aj Jb+ca 2(c+b a+b}
Suy ra
Aga_b 1 1 Jrb_c 1 1 +ﬂ 1 1
2\a+c b+c 2\b+a c+a 2\c+b c+a
1({ ab bc ab ac bc ac

[

=§(a+b+c)=%.

+ + + + +
a+c a+c b+c c+b a+b a+b

£ , 1
Dau “=" xay ra <:>a=b=c=§.

J

Vay gid trj 16n nhit ciia 4 bing % khi a=bh=c =§.

+ + .
\/c+ab \/a+bc \/b+ca

Bai 89 Cho 3 sd thuc duong x,y,z thoa man diéu kién x+ y+z=3

Tim gi4 tri nho nhét cua biéu thic P

X

y z

2

vy +

Loi giai

V4

Y

z22+1

yz
>y-+;
4 2

Tuong tu: >z

X+l
Xy + yz+2x

Suyra P>x+y+z— 5

LaicO xy+yz+zx<x’+y° +z2° = xp+yz+2x <

4
A

:>P23—§= .D
2

N | W

= Pmin =

N | W

1.Do Y122y =

zX

2

1

+

xy2

v+l 2y

Z4+1 X+l

2
<X =% (x,3,2>0)

2
(x+y+z) 3

u"="xayra &x=y=z=1.
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Bai 90. Cho x, y, z la ba sb thyc thoa min diéu kién: x(x=1)+y(y-1)+z(z-1)<

SSEIEN

Tim gié tri 16n nhit cta biéu thic P, biétrang P=x+y+z.

Loi giai
Theo bat dang thirc Cauchy-Schwarz, ta co:
(1.x+1.y+1.z)2S(lz+12+12)(x2+y2+22) 3(x+y+z)233(x2+y2+22)
Ma x(x—l)+y(y—1)+z(z—1)£§ :>(x2+y2+zz)—(x+y+z)S§
:x2+y2+zzsg+(x+y+z) :3(x2+y2+22)£4+3(x+y+z)
:>(x+y+z)2£4+3(x+y+z) :>(x+y+z)2—3(x+y+z)—430

=>-1<P=x+y+z<4 = P<4.

+y+z=4
P=4<:>{x rrE <:>x=y=z=i.
xX=y=z 3

Viy MaxP =4 khi x=y=z=%.

Bai 91. Cho cac s6 thuc duong x, y thoéa min: x+y=15. Tim gia tri I6n nhat cua biéu thirc
A=x+1+y+2
Loi giai

Vi céc sb thue duong x, y thi4>0, gia tri cia biéu thirc 4 duoc xéac dinh.

A:\/x+1+\/y+2 =1.\/x+1+1.\/y+2 didu kién: x>-1;y>-2
Chung minh cong thirc:
(ar)c+by)2 < (a2 +b2)(x2 +y2)

Ap dung bat dang thirc Bunhiacopxki ta co:

A :(1.\/x+1+1. y+2)2 s((\/x+1)2+(,/y+2)2).(12+12)
S(x+1+y+2).(0+1)
<(x+y+3)2
<(15+3).2=36

Suyra4d<6 (vi 4>0)

Déu bang xay rakhi Vx+1=y+2 ©x+l=y+2< x—y=1

Ma x+y=15

+y=15 =(15+1):2 =8 .
Nén ta c6 h¢ phuong trinh {x 4 = {x ( ) =S {x (Thoa man dicu

x—y=1 y=([15-1):2 y=T
kién)

Viy gia tri 10n nhat cia biéu thirc 4 12 6 khi x=8; y=7
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Bai 92. Cho céc s6 thuc duong x, y 1a nhimng s thuc théa man: x+ y+xy=8. Tim gia tri nho
nhit cta biéu thue P =x>+7.
Loi giai

Ta co: (x—2)2+(y—2)2+2(x—y)2 >0 vGi moi x,y

S X —Adx+4+ )" —4y+4+2x7 —dxy+2y° >0

<:>3(x2+y2)24(x+y+xy)—8=24:>x2+y228

Déu bang xay ra khi x=y=2

Vay MinP =8 khi x=y=2.

. % \ N 7
Bai 93. Cho hai s0 thuc x, y thoa man: x+y+xy =E'
Tim gia tri nho nhit cua biéu thirc P =x>+4y> +4xy.
Loi giai

Do x+y+xy=% :>xy=%—(x+y)

Thay xy=%—(x+y) vao P=x"+4y" +4xy, ta co: P=x2+4y2+4{%—(x+y)}

P=x"+4)y" +14—4x—4y=(x" —4x+4)+(4y’ 4y +1)+9 =(x-2) +(2y-1) +9.

. (x—2)220 . )
Vi ( )2 voimol x;y = P>9.
2y-1) =20

Dau "=" x4y ra khi va chi khi ,

(x-2)" =0 @{x—2=0 ¥
(2y-1)' =0

2
2y—1 0© L
y—1= y=3

A .7 . 5 A 5 < R A \ . \ 1
Vay gia tri nho nhat cia biéu thiec P 1a 9 tai x=2 va y=—.

Bai 94. Tim gi4 tri 16n nhit va gia tri nhé nhat cia bidu thite P=v2+x +/2—x —/4-x> .
Loi gii
+ Pibu kién: —2<x<2

FDRt 1=N2ex+2-x 20 va £ =(V2hx 442 -x) =4+2V4-x (%)

t* -4 -

=V4-x' = =P=t-

4 =2P=—(t-1)"+5

Xét biu thirc £ =2+x+/2—x>0
=4+ 24— 5
V&imoi x théa man diéu kién xac dinh thi

2 2 2 t22
Nd—x" 20 ©4+2V4d—-x" 24 <t >4 & (<

Mat>0nén =2
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t=2=J4-x* =0 x=+2 (tm)

V61 moi x théa man dieu kién xac dinh thi {

Ap dung BDT C6 —si ta co:
2J2+x)2-x)L2+x+2-x=4
=4+2/4-x" <8

<17 <8

ot<2\2

24+x20
2—-x20

Déu “=" xay ra <> 2 =x=2-x < x =0(thda man)

+Vi t>2nén
(1-1) > (2-1)?

o —(t-1) <1

o —(t-1)+5<-1+5
©2P<4

< P<L2
Suyra P, =2khit=2&x=%2

+ Vi 1 <242 nén
= (1-1) <(2v2-1)
= —(1-1) 2 ~(242-1)

:>—(t—1)2+52—(2\/5—1)2+5:4\/5—4

—2P>42-4

= P>2/2-2

=P =2{2-2c1=2J2=x=0
Vay P, =2 khi x=%2 va P

=22 -2 khi x=0

Bai 95. Cho ba s6 thyc duong x,y,z thoamin x+ y+z>6. Tim gi4 tri nho nhét cia biéu

3 3 3 3 3 3
X"+ +z zZ +Xx
Sty Yz

thirc P= 5
X +y

V' +z2 P +x°

Loi giai

X +y3 _ (x+y).()c2 +y2—xy)

x2+y2 2 2

Ta co:

3 3 3
zZ+Xx

y +z3>y+z .

Tuong tu ta co: > ; >
gh V' +z 2 22+ x°

3 3
Khi d6 ta co: P== i

3 3 3 3
+z zZ +Xx
+ 212 >

Z+X
>

2

x+y+y+z+z+x

2

x*+yt Y4z

S P2x+y+z26

2 2=
zZ T+ X

2 2 2
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N =
Il

Dau “=" xay ra> Sx=y=z=2.

Y
z
x
+y+z=06
Vay MinP=6 khi x=y=z=2.

Bai 96. Cho x, y, Z la cac sé duong thoéa man x+ y +z = 2020.

Tim gia tri 16n nhét cta biéu thirc P = a4 Yz

zX

Loi giai

Thay x+ y+z=2020 vao biéu thizc P ta duoc :

P Xy N vz N zx

\/(x+y+z)z+xy \/(x+y+z)x+yz \/(x+y+z)y+zx

Xy vz zx

= +
\/xz+yz+22+xy \/x2+xy+xz+yz \/xy+y2+yz+zx

Ap dung bt dang thirc Co-si, ta co :

Xy B Xy | xy oxy 1 xy Xy
= = . < + (1)
\/xz+yz+zz+xy \/(x+z)(y+z) x+z y+z 2\y+z x+z
vz _ vz _ [y e <1{ vz, ] 2)
\/x2+xy+xz+yz \/(x+z)(x+y) x+z x+y 2\x+z x+y
zx _ zx _ = = Sl( > = ] (3)
\/xy+y2+yz+zx \/(x+y)(y+z) x+y y+z 2\x+y y+z
Cong 2 vé (1), (2), (3) ta dugc :
xy vz zx
+
\/xz+yz+zz+xy \/x2+xy+xz+yz \/xy+y2+yz+zx
Slnyr)chryz+szrszrzx
2\y+z x+z x4z x+y x+y y+z
:lxy+zx+xy+yz+yz+zx
2\y+z y+z x+z x+z x+y x+y
_l (y+z)+y(x+z)+z(x+y)
20 y+z xX+z x+y
1 2020
=—(x+y+z)=——-=1010
2( y+z)= 2
A s e |XTEYVE
Dau “=” x4y ra khi va chi khi =z @x:yzzzﬁ,
x+y+z=2020 3
2020
Vay gié tri 16n nhat cia biéu thie P=1010 khi x=y=z=" 3

2020z + xy " \J2020x + yz ' 2020y +2x
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Bai 97. Cho x>0 ,y>0,z>0 va x+2y+3z>20
Tim gi4 tri nho nhit cua biéu thic P=x+y+z+i+zi+i
x 2y z

Loi giai

P:£+l+3_z+ §+3_x + i+l + i+£
4 2 4 \x 4 2y 2 z 4
y+3 x+2y+3z2
2 4 4

Taco:

4;|><
+

Taco: —+—=2,/——=3

Taco: —+=2>

Taco: i+£22,/4 Z_2 =P>13
z 4 z 4

Vay gia tri nho nhit P =13 d4u bang xay rakhi x=2 ;y=3 ;z=4
16

Bai 98 V&i x,y >0, tim gia tri nho nhit cua biéu thie P =x* +y? + ——m—.
(x+1)(y+1)
Loi giai
X+y+2 16 32
= >

2 JoH)(p+1)  x+y+2

Taco ((x+1)(y+1) <

2
64

( ) xX+y+2
Laico (x+y) +4>4(x+y) (x+y)2+1224(x+y+2)

i22\/4(x+y+2).i =32
x+y+2

X+y+2
=2P>220=P2>210=P_. =10

min

Khi d6 2P

=2P+1224(x+y+2)+

Diu "=" xdyra < x=y=1.

Bai 99. Cho ba s x, y,z>0thoa manx+y+z = xyz.

Tim gié tri 16n nha tcua biéu thic S = al + J + z

\/yz(1+x2) \/xz(1+y2) \/xy(l—i-zz).

Loigiai

S = al + 4 + z = al + 4

\/yz(1+x2) \/xz(l—i-yz) \/xy(1+22) \/yz-l—xyz.x \/xz+xyz.y+\/xy+xyz.z.

z

Ma theo dé bai, x + y + z = xyz nén ta co:
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_ X N v N z
\/yz+(x+y+z).x \/xz+(x+y+z).y \/xy+(x+y+z).z
_ X N v N z
\/yz+xz+x(x+y) \/xz+yz+y(x+y) \/xy+zy+z(x+z)
X v z
= + +
\/z(x+y)+x(x+y) \/z(x+y)+y(x+y) \/y(x+z)+z(x+z)
X ¥ z
= + + (1).
\/(z+x)(x+y) \/(z+y)(x+y) \/(y+z)(x+z)
Tac6 x,y,z>0nén suy ra al , al , J , Y , z , z déuléséduong.
Z4+X X4y z4+y x+y y+z x+z

Véix,y,z>0, ap dung bat dang thirc Cosi cho 2 s duong ta duoc

S

) . Y § al 2).
z+x x+y z+x x+y \/(Z+x)(x+y)
NS Y Y e S Y —

z+y x+y Z+y X+y \/(z+y)(x+y)

R Y -EE R} : (4)
y+z x+z y+z x+z \/(y+z)(x+z)

Déau"="ctia(2),(3),(4)ddng thoi xay ra khi va chi khi x=y=2>0.

Cong vé véi vé cua (2),(3),(4) taduoc

X X y y z z X y z
+ + + + + 2. + +
z+x x+y z+y x+y y+z x+z \/(z+x)(x+y) \/(z+y)(x+y) \/(y+z)(x+z)

x+z x+ +z
AR AR,

i + Y + z
Z+x Xty z+y '[\/(z+x)(x+y) \/(z+y)(x+y) \/(y+z)(x+z)J

S

@322.[ al + Y + z J
JErx)(x+y) Jz+p)(x+y) J(r+2)(x+2)

@%2 a + 4 + = (5).

\/(z+x)(x+y) \/(z+y)(x+y) \/(y+z)(x+z)

Tir (1) va (5) suy raSS%.

Dau"="xay ra khi va chi

x,y,2>0 x,y,z>0 x,y,z>0 x,y,2>0
khi X+ty+tz=xyz & 3x=x’ < {3=x Pt x=\/§ @x:y:zz\/g(th(")amﬁn)'
x:y:z x:y:Z x:y:Z x:y:z

Véy gié tri 16n nhéit ciia § biing S < % dat duoc khix= y=z=+/3 .
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Bai 100. Cho x, y 13 cac s thuc duong théa man x+y <1 .

2
+_
¥ +y7 oy

Tim gi4 tri nho nhét cua biéu thirc 4 =4xy+

Loi giai

Cho cac s6 thuc duong x, y ta co: (x+y)(l+l]24<:>l+lz 4

Xy X y x+Yy
1 1 1 1
That vay x—i—y>2\/— —+ >— = (x+y) +— 24 & (x+y)| —+—|24.
Xy \/> y X y
Tacé x+y> 2w =12 2w @xyﬁ%.
A=4xy+— +i:4xy+1+212+1+5.
x*+y xy 4xy x"+y° 2xy 4xy
Ta co
1
4xy+——2=22.
4xy

1 1 4
+—>
X +y2 2)Cy (x+y)2

>4.

S5,

->5.
4xy (x+y)

= A=11.

Vay gia tri nho nhat 4 =11 diu bang xdy ra khi x=y =

l\.)|>—‘

Bai 101. a) Cho x, y, z 1a ba s duong. Chimg minh (x+ y+z)(l+l+lj >9.
X y z

b) Cho a,b,c 13 ba s6 duong thoa man a + b+ ¢ = 6. Tim gia tri I6n nhét ctia biéu thic
ab bc ca
+ + .
a+3b+2c b+3c+2a c+3a+2b

Loi giai

a) Ap dung bat dang thirc X125 chohaisé x> 0; y > Ota chirng minh duogc
y X

(x+y+z)(l+l+lj29

X y z

Ap dung bit dang thirc ¢ phan a) ta co:

9ab _ _ _ab N ab a. 9c  _ be bc

< +—, < +
a+3b+2¢c c+a c+b 2 b+3¢c+2a a+c a+b

b
+2.
2
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9ca < _ca N ca c
c+3a+2b b+a b+c 2

Cong theo cac vé ciia ba bat dang thuc trén ta dugc

ab N ab a bc bc é ca ca +£
c+a c+b 2 a+c a+b 2 b+a b+c 2

( ab bc j [ ab ca j ( bc ca j a+b+c
< 94< + + + + + +
c+a a+c c+b b+c a+b b+a 2

94 <

Bai 102. Cho hai s thyc duong a,b théoaméin a+b+3ab=1.
12ab

4 —a’ b
a+b

Tim gi4 tri 16n nhat cta biéu thac P=

2
Ta co: (a—b)’ 20 <> a’ +b° > 2ab < (a+b)’* > 4ab; a* +b* ZM

T gid thiét a+b+3ab =1 :>a+b=1—3ab21—%(a+b)2

<:>3(a+b)2+4(a+b)—420<:>[a+b+2][3(a+b)—2}20<:>a+b2§.

3ab 1-(a+b) 1 B g
a+b a+b a+b 2 2

2
a* + b’ zﬂzg:—(a%bz)s—z
2 9
pi2ab o ., 3ab —(a2+b2)£2—%=&-
a+b a+b 9 9

a=b

1
Sa=b=—.
a+b+3ab=1 3

Gié trj 16n nhat ctia P bing % khi {
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