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mil ma wAm 

Nhhm muc dich giup cdc ban hoc sinh l&p 10, lap 11, l&p 12 cd tu lieu doc 

them dendng cao trinh do, cdc ban hoc sinh gidi tu hoc bo sung them kien thitc ky 

ndng, cac ban hoc sinh chuyen Todn tu nghien cuu them cdc chuyen de, nhd sdch 

KHANG VIET hap tdc bien soqn bo sdch BOI DLtONG HOC SINH GIOI, BOI 

DWONG CHUYEN TOAN gom 3 cum: 

- TRONG DIEM TOAN LOP 10 i«» 

- TRONG DIEM TOAN LOP 11 

- TRONG DIEM TOAN LOP 12 

Cuo'n TRONG DIEM TOAN LOP 11 nay c6 21 chuyen devoi noi dung Id 

torn tdt kien thuc trong tarn cua Todn pho thong vd Todn chuyen, phan cdc bdi 

todn chon loc co khodng 900 bdi voi nhieu dang loqi vd miec do tie ca ban den phuc 

tap, bdi tap tu luyen khodng 250 bdi, cd huang dan hay ddp so. 

Cudi sdch c6 3 chuyen dc ndng cao: DA THltC, PHitONG TRINH 

NCHIEM NGUYEN vd TOAN SUY LUAN. 

^ Dii da cogdng kie'm tra trong qud trtnh bien tap song cung khong trdnh khoi 

nhirng khiem khuyel sai sot, mong don nhqn cdc gap y cua quy ban doc de'ldn in 

sau hodn thien han. 
Tdc gia 

LE HOANH PHO 

caur^n ae t: HHM SO W O N G GIRC 

1. K I E N T H U C T R O N G T A M 

C a c tinh c h i t cua ham s 6 : 
- Tinh c h i n - le cua ham s6 y = f(x) i 6c mi^-' 

T$p xac dinh D : x € D = > - x e D 

N§u f ( -x ) = f(x), Vx e D thi f 1^ ham s6 c h i n 
N 4 U f ( -x ) = - f (x ) , Vx e D thi f la h^m s6 le ^ 

- Tinh den di$u cua y = f(x) tren K = (a; b). Vx,, X2 e K 
Hku xi < X2 ^ f(xi) < f(x2) thi f d6ng b i l n tren K ' 
N§u Xi < X2 => f(xi) > f(x2) thi f nghich bien tren K. 

- Ham so tu^n hoan 

Ham s6 y = f(x) xac dinh tren tap ho'P D du-p-c gpi la ham so t u i n hoan n§u 
CO s6 T 0 sao cho vol mpi x e D ta c6: 

x + T e D, X - T £ D va f(x + T) = f(x). 
Neu CO so T du'ong nho n h i t thoa man c^c di§u ki^n tren thi ham s6 do 
du-gc gpi la mot ham s6 tu^n hoan vai chu ki T. 

Chu ki cua cac ham s6 y = sinax, y = cosax la T = — , cua c^c h^m so 
a 

y = tanbx, y = cotbx IS T = — . 
b 

C a c ham s 6 lipcyng giac: 

Ham s6 y = sinx: c6 tap xac djnh la R , tap gia trj Id [ - 1 ; 1], ham so le, ham 

s6 tu^n hoan vai chu ki In, ddng bi^n tren m6i khoang ( - ^ k27r; ^ + k27i) 

va nghjch bien tren m5i khoang + kZn; ^ + k27i), k e Z va c6 do thj la 

mot duang hinh sin. 

Ham s6 y = cosx: c6 tap xSc djnh la R, tap gid trj la [ - 1 ; 1], ham s6 c h i n , 
ham s6 t u i n hoan vai chu ki 2n, d6ng bi§n tren moi khoang ( - T I + k27i; k27t) 
va nghjch bi4n tren m6i khoang (k27i; T: + k2n), k € Z . Co 6b thj la mot 
d u a n g hinh sin. 

Ham s6 y = tanx: c6 tap xac djnh la: D = R \ krt I k e Z } , t | p gia trj 

la R , ham s6 le;ham s6 tuan hoan vai chu ki n,d6ng bi§n tren moi khoang , 

(-^ + kn; ^ + kn) , k e Z , d6 thj nhan moi d u a n g t h i n g x = ^ + kn ^ 

lam mot du'6'ng tipm can. 
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H^m so y = cotx: c6 t§p x^c dinh id: D = R \n I k e Z}, t | p gid trj Id R ; 
hdm so le, ham s6 tu^n hodn vai chu ky n; nghich bi4n tren moi khoang (k7r; 
71 + kTi), k e R; CO d6 thj nh$n m6i du-o-ng t h i n g x = k;: (k e Z) Idm mpt 
d u a n g tiem c^n 
C a c ham s 6 lu'9'ng giac ngiPQi 'c: 

Hdm s6 y = arc^inx: c6 t | p xdc djnh Id [ - 1 ; 1], t^p gid trj la [ - ^ ; ^ ] . 

y = arcsinx o 
71 n 

- - < y < -
2 ^ 2 

l s ' ny = x 

1^ Ham s6 y = arccosx: c6 tap xdc dinh la [ - 1 ; 1 ] , tdp gid trj Id [0; TT ] 

[0 < y < jt 

cosy = X 
• « . 

- Hdm so y = arctanx: c6 tap xac dinh la R, t | p gia trj la ( - ^ ; 

y = arccosx <=> \ 

y = arctanx — < y < « 
2 2 

tany = x 

- Ham s6 y = arccotx: c6 tap xac djnh Id R, tap gia trj la (0; n ) . 

0 < y < K 

coty = X 
y = arccotx 

2 . C A C B A I T O A N 

Bai toan 1.1: T im tap xac djnh cua moi ham so sau: 

a ) y = 
1 - c o s x 

sinx 
b ) y = tan (2x+ - ) . 

Hipo-ng d i n giai 
a) Hdm so chi xdc djnh khi sinx o <=> x k7t, k e Z. 

Vay tap xdc djnh cua hdm so Id D = R \i I k e Z}. 

b) Ham so chi xac dinh khi cos(2x + - ) 5^ 0 
3 

< : : > 2 x + - ^ - + k 7 i . k e Z c ^ x ^ — + k - , k e Z . 
3 2 12 2 

Vay tap xac djnh Id D = R \— + k - I k € Z}. 
12 2 )i 

Bai toan 1.2: T im tap xdc dinh cua moi hdm s6 sau: 

a) y = V 3 - 2 C O S X b) y = 
1 - s i n x 
1 + cosx 

Hipang d i n glai 
a) Vi 3 - 2cosx > 0 v6'i mpi x, n§n tap xdc djnh cua hdm s6 Id D = R. 
b) Ta c6 1 - sinx > 0 vd 1 + cosx > 0 v6i mpi x nen hdm so chi xdc djnh khi 

cosx 5 ^ - 1 <=> X 9t (2k + 1)7t, k e Z 
V | y tap xdc djnh cua hdm so Id D = R \k + 1)7i I k e Z}. 

Bai toan 1.3: T im t | p xdc dinh cua cdc hdm s6 sau: 

a) y = b) y>= 
sin7tx V s i n x - c o s x 

Hu'dng d i n giai 

X . . . f x > 0 f x > 0 f x > 0 
a) Dieu kien<^ . „ 

sin 7ix 5t 0 
<=> •, 

7iX5tk7t l x ; 4 k , k e Z 

Vay tdp xdc djnh: D = ( 0 ; + 0 0 ) ^ N 

b) Dieu k i^n: sinx - cosx > 0 V2 sin(x - - ) > 0 
4 

o sin(x - - ) > 0 <=> k27t < x - - < 71 + k27t 
4 4 1 

» - + k 2 7 i < x < — + k27i, k G Z 1 
4 4 % 

Bai toan 1.4: T im tap xac djnh cua cac hdm s6 sau: 

a) y = N /-CO SX b) y = 7sin(cosx). 

Himng d i n giai 
a) Dieu ki0n: - cosx > 0 <=> cosx < 0 

< » - + k 2 7 : < x < — + k27t, k 6 Z 
2 2 

b) Dieu ki$n: sin(cosx) > 0 <=> k27t < cosx < TI + k27i 
Vi -1 < cosx < 1 v ^ i mpi x n§n di^u ki$n Id: 

0 < cosx < 1 <=> - - + k27r < X < - + k27t, k e Z. 
2 2 

Bai toan 1. 5: T im cdc gid trj cua m de hdm so : 

f(x) = ^ s i n ^ x + cos ' 'x - 2msinxcosx xdc djnh vb-i mpi x . • 

HiPO'ng d i n giai 
Dieu ki$n: sin''x + cos^x - 2m sinx cosx > 0 , V x 

o 1 - 2sin^x cos^x - 2m sinx cosx > 0 , V x \ 

o 1 - - sin22x -msin2x > 0, V x 
2 

o sin^2x + 2m sin2x - 2 < 0, V x 
D^t t = sin2x, - 1 < t < 1 thi bdi todn t ra thdnh: t im m d l 
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f(t) = + 2mt - 2 < 0 thoa m§n vb-i mpi t e [ - 1 , 1 ] : 
f ( -1) < 0 r - 2 m - 1 < 0 l ^ ^ ^ " " <=>J <z> — — < m < — . 
f(1) < 0 [ 2 m - 1 < 0 2 2 

Bai toan 1.6: Xet tinh chin le cua c^c ham so: 
a) y = f(x) = tanx + 2 sinx b) y = f(x)= cosx + sin^x 

HifO'ng din gial 

a) D = R \- + k7t I k e Z}: X G D -x e D 
2 

f(-x) = tan(-x) + 2sin(-x) = -tanx - 2sinx = -f(x) 
Vay f la h^m s6 le. 

b) D = R: X e D - X e D 
f(_x) = cos(-x) + sin^(-x) = cosx + sin^x = f(x) 
Vay f IS ham s6 chin. 

Bai toan 1. 7: Xet tinh chin le cua cSc hSm s6: 
a) y = f(x) = sinx.cos^x b) y = f(x) = sinx + cosx. 

Hu>ang din giai 
a) D = R: x e D => - x € D 

f(-x) = sin(-x). cos^(-x) = -s inx.cos\ -f(x). Vgy f Id hSm so le. 
b) f(x) = sinx + cosx, tap xSc dinh la R. 

Ta c 6 : f ( ^ ) = ^ / 2 , f ( - ^ ) = 0 
4 4 

Vi f ( - I ) ^ f ( - ) nen f(x) kh6ng phai Id hdm s6 chin. 
4 4 

Vi f ( - - ) ;t - f ( - ) nen f(x) kh6ng phai IS hSm so le. 
4 4 

VSy hSm so f(x) = sinx + cosx khong phai la ham s6 chin hay le. 
Bai toan 1. 8: Tim cSc khoang <j6ng b\6n vS nghjch bien cua ham so: 

X X 
a)y = c o s - b)y = t a n - . 

2 <j 
Hipo'ng din giai 

a) Ham s6 y = c o s ^ dong bien trong cSc khoang mS: 

n+ k27i< - < 2n + k27t o 27c + k4K < x < 47i + k47i, k G Z 
2 

Ham s6 nghjch bi ln trong cSc khoang mS: 

k27t < - < 7t + k2n <^ k47i < X < 27t + k47:, k G Z 
2 

V|y hSm*s6 d6ng bien trong cac khoang (27t+4k7t ; 4K+4k7t); nghjch 
trong cSc khoang (4k7r; 2n + 4k7i), k G Z 

6 

b) HSm s6 y = tan ̂  d6ng bi4n trong c^c khoang mS: 

- f + k 7 r < | < | + k T t C : > - | ^ + 3 k K < X < ^ + 3 k n , k G Z 

VSy ham s6 d6ng bien trong cSc khoang ( - ^ + 3k7r; ^ + 3k7t), k G Z 

Bai toan 1. 9: Chipng minh tren moi khoang mS hSm s6 y = sin^x dong bi4n thi 
ham s6 y = cos^x nghjch bien. 

Hipo-ng din giai 
Tren khoang K, ham s6 y = sin^x d6ng bien thi vai X i , xa tuy y thupc K 
mS Xi < X2 => sin^Xi < sin^X2. 
Do do cos^xi = 1 - sin^xi > 1 - sin^Xz = cos^Xj, tupc IS hSm s6 y = cos^x 
nghjch bi§n tren K. 

Bai toan 1.10: Chi>ng minh: 
4 2 2 

a) arcsin- + a rccos -^ = arccot— b) arctan(-2) + arctan(-3) = - — . 
i> v5 11 4 

Hu'6ng din giai 

a) oat a = arcsin-, b = a rccos-^ , 0 < a < - , 0 < b < -
5 75 2 2 

4 2 
thi: sina = - , cosb = - ^ v S 0 < a + b<7 : 

5 Vs 
Taco: cosa = = 1 ; sinb = = 

25 5 ' V 5 75 

Suy ra cot(a + b) = ^ - t ^^^ tanb 2 ^ ^ ^ ^ ^ g^^^^^_2 . 
tana + tanb 11 11 

b) est a = arctan(-2), b = arctan(-3), < a < - - , - - < b < - - thi 
2 4 2 4 

tana = - 2 , tanb = - 3 vS -7t < a + b < - -
2 

Ta c6tan(a + b ) = i ^ ^ ^ : : | i I l ^ . l . S u y r a a + b = - ^ : d p c m . 
1-tan a tanb 4 

Bai toan 1.11: Chung minh r ing: 
a) arcsin(-x) = - arcsinx , | x | S 1 

b) arcsinx + arccosx = - , | x | S 1 

c) arcsinx = arctan , ^ , I x I < 1. 

7 
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trong cSc khoang (4k7r; 2n + 4k7i), k G Z 

6 

b) HSm s6 y = tan ̂  d6ng bi4n trong c^c khoang mS: 

- f + k 7 r < | < | + k T t C : > - | ^ + 3 k K < X < ^ + 3 k n , k G Z 

VSy ham s6 d6ng bien trong cSc khoang ( - ^ + 3k7r; ^ + 3k7t), k G Z 

Bai toan 1. 9: Chipng minh tren moi khoang mS hSm s6 y = sin^x dong bi4n thi 
ham s6 y = cos^x nghjch bien. 

Hipo-ng din giai 
Tren khoang K, ham s6 y = sin^x d6ng bien thi vai X i , xa tuy y thupc K 
mS Xi < X2 => sin^Xi < sin^X2. 
Do do cos^xi = 1 - sin^xi > 1 - sin^Xz = cos^Xj, tupc IS hSm s6 y = cos^x 
nghjch bi§n tren K. 

Bai toan 1.10: Chi>ng minh: 
4 2 2 

a) arcsin- + a rccos -^ = arccot— b) arctan(-2) + arctan(-3) = - — . 
i> v5 11 4 

Hu'6ng din giai 

a) oat a = arcsin-, b = a rccos-^ , 0 < a < - , 0 < b < -
5 75 2 2 

4 2 
thi: sina = - , cosb = - ^ v S 0 < a + b<7 : 

5 Vs 
Taco: cosa = = 1 ; sinb = = 

25 5 ' V 5 75 

Suy ra cot(a + b) = ^ - t ^^^ tanb 2 ^ ^ ^ ^ ^ g^^^^^_2 . 
tana + tanb 11 11 

b) est a = arctan(-2), b = arctan(-3), < a < - - , - - < b < - - thi 
2 4 2 4 

tana = - 2 , tanb = - 3 vS -7t < a + b < - -
2 

Ta c6tan(a + b ) = i ^ ^ ^ : : | i I l ^ . l . S u y r a a + b = - ^ : d p c m . 
1-tan a tanb 4 

Bai toan 1.11: Chung minh r ing: 
a) arcsin(-x) = - arcsinx , | x | S 1 

b) arcsinx + arccosx = - , | x | S 1 

c) arcsinx = arctan , ^ , I x I < 1. 
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HiP^ng d i n giSi 

a) y = arcsinx <=> 
71 

< y < _ 

2 2 <=> 
siny = X 

- I l < - y < ^ 
2 2 

sin(-y) = - s i n y = - x 

o - y = arcsin(-x). Do do arcsin(-x) = - arcsinx . 

b) y = arcsinx <=> 

71 71 
— <y < -
2 2 

siny = x 

0< — - y <7 i 

cos 
71 

= siny = x 

7t 7̂  

^ ^ - y = arccosx <=> y + arccosx = -

Do 66 arcsinx + arccosx = —. 

c) y = arctan 

7t 7t 
— < V < — 

2 ^ 2 

tany = 

<=> { 

<=> 

71 7t 
— <y < — 

2 ^ 2 

1 + cot^ y = 1 + 
1 - x ' 

4^ 
71 7t 

— <y < — 
2 ' 2 

1 1 

sin^y x̂  

71 7t 

< V < — 
2 2 <=> y = arcsinx. 

s iny = x 
Do do arcsinx = arctan < 1. 

Bai toan 1.12: ChCrng minh rang: 

a) arctan(-x) = - arctanx , x e R 

c) arctanx = arcsin , X e R. 

b) arctanx + arccotx 

Hu-ang d in giai 

a) y = arctanx <=> 

7t Tt 
— <y < — 

2 2 

tany = x 

71 7t 
— < - y < -

2 2 

tan(-y) = - t a n y = - x 

<=> - y = arctan(-x). Do d6 arctan(-x) = - arctanx . 
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b) y = arctanx <=> 
7t Tt 

— < y < — 
2 ' 2 » 

tany = x 

0 < — - y < rt 

cot 
71 
2 - y = tany = x 

^ - y = arccotx <=> y + arccotx = ^ 

Do do arctanx + arccotx = —. 
2 

c) y = arcsin 
+ x̂  

7t ̂  7t 
— <y < — 

2 ^ 2 

siny 
+ x̂  

71 7t 
— < y < — 

2 ' 2 

cos^ y = 1 -
1 + x ' 

— < y < — 
2 ' 2 

1 

1 + tan^y 1 + x̂  

71 T: 
— <y < — 

2 2 <=>y = arctanx. 
tany = X 

Do do arctanx = arcsin , X G R. 

Bai toan 1.13: Cho |x| < 1 va |y| < 1.Ctii>ng minh rSng: 

arccosx . a rccosy = 1^^^ °̂̂ ^^ " ̂ • ^ ) ' ^ - V >- 0 

[in-arccos(xy - V l -x^.^ l -y^) ,x + y < 

Hirang d i n giai 

V6 i |x| < 1 |y| < 1, dat X = cos u, y = cos v, 0 < u,v < n . 

Ta C O sinu, sin v > 0 va 0 < u +v < 27i n§n 

xy - Vl-x^.7l-y^ = cos u. cos v - sin u. sin v = cos(u + v ) . 

- Xet X +y > 0 <=> cosu + cosv > 0. 

N^u X > 0, y > 0 thi 0 < u,v < - nen 0 < u+ v < n . 
2 

Do do u +v = arccos( xy - Vl-x^.^l-y^ ). 

N 6 u x > 0, y < O t h i 0 < u< - nen 0 < 7t - v < - . 
2 2 

Tl> cosu > - cosv = C 0 S ( 7 t - V ) = > U < 7 l - V = > U + V < Tt 



HiP^ng d i n giSi 

a) y = arcsinx <=> 
71 

< y < _ 

2 2 <=> 
siny = X 

- I l < - y < ^ 
2 2 

sin(-y) = - s i n y = - x 

o - y = arcsin(-x). Do do arcsin(-x) = - arcsinx . 

b) y = arcsinx <=> 

71 71 
— <y < -
2 2 

siny = x 

0< — - y <7 i 

cos 
71 

= siny = x 

7t 7̂  

^ ^ - y = arccosx <=> y + arccosx = -

Do 66 arcsinx + arccosx = —. 

c) y = arctan 

7t 7t 
— < V < — 

2 ^ 2 

tany = 

<=> { 

<=> 

71 7t 
— <y < — 

2 ^ 2 

1 + cot^ y = 1 + 
1 - x ' 

4^ 
71 7t 

— <y < — 
2 ' 2 

1 1 

sin^y x̂  

71 7t 

< V < — 
2 2 <=> y = arcsinx. 

s iny = x 
Do do arcsinx = arctan < 1. 

Bai toan 1.12: ChCrng minh rang: 

a) arctan(-x) = - arctanx , x e R 

c) arctanx = arcsin , X e R. 

b) arctanx + arccotx 

Hu-ang d in giai 

a) y = arctanx <=> 

7t Tt 
— <y < — 

2 2 

tany = x 

71 7t 
— < - y < -

2 2 

tan(-y) = - t a n y = - x 

<=> - y = arctan(-x). Do d6 arctan(-x) = - arctanx . 
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b) y = arctanx <=> 
7t Tt 

— < y < — 
2 ' 2 » 

tany = x 

0 < — - y < rt 

cot 
71 
2 - y = tany = x 

^ - y = arccotx <=> y + arccotx = ^ 

Do do arctanx + arccotx = —. 
2 

c) y = arcsin 
+ x̂  

7t ̂  7t 
— <y < — 

2 ^ 2 

siny 
+ x̂  

71 7t 
— < y < — 

2 ' 2 

cos^ y = 1 -
1 + x ' 

— < y < — 
2 ' 2 

1 

1 + tan^y 1 + x̂  

71 T: 
— <y < — 

2 2 <=>y = arctanx. 
tany = X 

Do do arctanx = arcsin , X G R. 

Bai toan 1.13: Cho |x| < 1 va |y| < 1.Ctii>ng minh rSng: 

arccosx . a rccosy = 1^^^ °̂̂ ^^ " ̂ • ^ ) ' ^ - V >- 0 

[in-arccos(xy - V l -x^.^ l -y^) ,x + y < 

Hirang d i n giai 

V6 i |x| < 1 |y| < 1, dat X = cos u, y = cos v, 0 < u,v < n . 

Ta C O sinu, sin v > 0 va 0 < u +v < 27i n§n 

xy - Vl-x^.7l-y^ = cos u. cos v - sin u. sin v = cos(u + v ) . 

- Xet X +y > 0 <=> cosu + cosv > 0. 

N^u X > 0, y > 0 thi 0 < u,v < - nen 0 < u+ v < n . 
2 

Do do u +v = arccos( xy - Vl-x^.^l-y^ ). 

N 6 u x > 0, y < O t h i 0 < u< - nen 0 < 7t - v < - . 
2 2 

Tl> cosu > - cosv = C 0 S ( 7 t - V ) = > U < 7 l - V = > U + V < Tt 



Do d6 u +v = arccos( xy - Vl -x^.>/l -y^ ). 
N4U X < 0, y > 0 thi giai tirang ti^. 

- X6t X +y < 0 « cosu + cosv < 0. 

N§u X < 0, y < Othi - < u, v < ix nen TI < U +V< 2-K 
2 S'yf-

= > 0 < 2 7 i - u - v < 7 t v a cos( 2 K - u -v) = cos( u +v) 

Do do 2 71 - u -V = arccos( xy - . ). 
NIU X > 0 , y < O t h i O < u < ^ . 0 < 7 i - v < | 

nen 71 < u +v< 27t . 
Tu' cosu < - cosv = cos( 7I -V)=> U> 7l - V = > U + V>71 
0 < 2 7 i - u - v < 7 i v a cos( 2 TT - u -v) = cos( u +v) 

Do do 2 71 - u -V = arccos( xy - V l ^ - V I - y ^ )• 

Neu X < 0, y > 0 thi giai tu-ang ty. 
Bai toan 1.14: Cho xy ^ IChu-ng minh ring: 

arctan ^,xy < 1 
1-xy 

arctan x +arctan y = 71 + a r c t a n x y > 1, X > 0 
1-xy 
X + V 

7r-arctan ^,xy >1,x <0 
1-xy Hu-ang din giai 

Vb-i xy 1. D$t u = arctanx, v = arctany 

_Z1 < u < < V < - , tanu = x, tanv = y. 
2 2 2 2 

_ . x + y tanu + tanv 
Ta C O — = = tan(u + v) 

1-xy 1-tanu. tanv 
- X6t xy <1 : vi cosu >0, cosv >0 nen 

xy = ̂ i n ^ i ^ < 1 « c o s ( u + v ) > 0 
cosu. cosv 

Do d o - - < u + v < - n e n u + v = arctan-^^-i^. '"^^ 
2 2 1-xy 

- Xet xy >1 : vi cosu >0, cosv >0 n§n 
sinasinv , ^ ^ cos(u^,) <o . . ^ ^ 

cosu.cosv 
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Nlu X > 0 thi 0 < u< - n§n - < u + V < — . 
2 2 2 

=> - ^ < u + v - 7r< - ^ v d tan(u + v - 7t) = tan(u+v) 

x + y X + V Do d6u + v - 7 t = arctan-—— => u + v = TI + arctan-
1-xy 1-xy 

N§u X < 0 thi - - < u < 0 n§n — ^ < u + v < - - . 
2 2 2 

r::> - ^ < 7 r + u + v < ^ v a tan( 71 + u+v) = tan(u+v) 

X + v X + V ' 
Do do 7: + u + V = arctan => u + v = 7i - arctan . 

1-xy 1-xy 
Bai toan 1.15: ChCrng minh cac ham so sau day la tuin hodn: - , j 

a) y = f(x) = 2sin2x b) y = f(x) = c o s - + 1 
3 

Hu'O'ng din giai 
a) D = R. Chon s6 L = 7r O.Ta c6 *̂ ' 

f(x + L) = f(x + 7t) = 2sin2(x + 7i) = 2sin(2x + 27i) = 2sin2x = f(x). Vay f la ham 
s6 tuan hoan. 

b) D = R chgn s6 L = 67t ;t 0. 

Ta C O f(x + L) = f(x + 67i) = cos^^^^ + 1 
3 

= cos(^ + 27i) + 1 = c o s - + 1 = f(x) 
o 3 

Vay f la ham so tuin hoan. 
Bai toan 1.16: Chirng minh cdc hdm so sau dSy Id tuin hodn: 

a) y = f(x) = 2sin^x - 3cosx + 1 b) y = f(x) = -tanSx 
Hu'O'ng din giai 

a) D = R chpn s6 L = 27i ̂  0. 
Ta C O f(x + L) = f(x + 27t) = 2sin (̂x + 27c) - 3cos(x + 27t) + 1 

= 2sin^x - 3cosx + 1 = f(x) 
Vay f la ham so tuin hodn. 

b) D = R \- I k e Z}. Chpn so L = - ;̂  0. 
3 3 

Ta c6: f(x + L) = f(x + - ) = -tan3(x + - ) 
3 3 

= -tan(3x + 7t) = -tan3x = f(x) 
V|y f Id ham s6 tuin hodn. 

V 
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Do d6 u +v = arccos( xy - Vl -x^.>/l -y^ ). 
N4U X < 0, y > 0 thi giai tirang ti^. 

- X6t X +y < 0 « cosu + cosv < 0. 

N§u X < 0, y < Othi - < u, v < ix nen TI < U +V< 2-K 
2 S'yf-

= > 0 < 2 7 i - u - v < 7 t v a cos( 2 K - u -v) = cos( u +v) 

Do do 2 71 - u -V = arccos( xy - . ). 
NIU X > 0 , y < O t h i O < u < ^ . 0 < 7 i - v < | 

nen 71 < u +v< 27t . 
Tu' cosu < - cosv = cos( 7I -V)=> U> 7l - V = > U + V>71 
0 < 2 7 i - u - v < 7 i v a cos( 2 TT - u -v) = cos( u +v) 

Do do 2 71 - u -V = arccos( xy - V l ^ - V I - y ^ )• 

Neu X < 0, y > 0 thi giai tu-ang ty. 
Bai toan 1.14: Cho xy ^ IChu-ng minh ring: 

arctan ^,xy < 1 
1-xy 

arctan x +arctan y = 71 + a r c t a n x y > 1, X > 0 
1-xy 
X + V 

7r-arctan ^,xy >1,x <0 
1-xy Hu-ang din giai 

Vb-i xy 1. D$t u = arctanx, v = arctany 

_Z1 < u < < V < - , tanu = x, tanv = y. 
2 2 2 2 

_ . x + y tanu + tanv 
Ta C O — = = tan(u + v) 

1-xy 1-tanu. tanv 
- X6t xy <1 : vi cosu >0, cosv >0 nen 

xy = ̂ i n ^ i ^ < 1 « c o s ( u + v ) > 0 
cosu. cosv 

Do d o - - < u + v < - n e n u + v = arctan-^^-i^. '"^^ 
2 2 1-xy 

- Xet xy >1 : vi cosu >0, cosv >0 n§n 
sinasinv , ^ ^ cos(u^,) <o . . ^ ^ 

cosu.cosv 
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Nlu X > 0 thi 0 < u< - n§n - < u + V < — . 
2 2 2 

=> - ^ < u + v - 7r< - ^ v d tan(u + v - 7t) = tan(u+v) 

x + y X + V Do d6u + v - 7 t = arctan-—— => u + v = TI + arctan-
1-xy 1-xy 

N§u X < 0 thi - - < u < 0 n§n — ^ < u + v < - - . 
2 2 2 

r::> - ^ < 7 r + u + v < ^ v a tan( 71 + u+v) = tan(u+v) 

X + v X + V ' 
Do do 7: + u + V = arctan => u + v = 7i - arctan . 

1-xy 1-xy 
Bai toan 1.15: ChCrng minh cac ham so sau day la tuin hodn: - , j 

a) y = f(x) = 2sin2x b) y = f(x) = c o s - + 1 
3 

Hu'O'ng din giai 
a) D = R. Chon s6 L = 7r O.Ta c6 *̂ ' 

f(x + L) = f(x + 7t) = 2sin2(x + 7i) = 2sin(2x + 27i) = 2sin2x = f(x). Vay f la ham 
s6 tuan hoan. 

b) D = R chgn s6 L = 67t ;t 0. 

Ta C O f(x + L) = f(x + 67i) = cos^^^^ + 1 
3 

= cos(^ + 27i) + 1 = c o s - + 1 = f(x) 
o 3 

Vay f la ham so tuin hoan. 
Bai toan 1.16: Chirng minh cdc hdm so sau dSy Id tuin hodn: 

a) y = f(x) = 2sin^x - 3cosx + 1 b) y = f(x) = -tanSx 
Hu'O'ng din giai 

a) D = R chpn s6 L = 27i ̂  0. 
Ta C O f(x + L) = f(x + 27t) = 2sin (̂x + 27c) - 3cos(x + 27t) + 1 

= 2sin^x - 3cosx + 1 = f(x) 
Vay f la ham so tuin hodn. 

b) D = R \- I k e Z}. Chpn so L = - ;̂  0. 
3 3 

Ta c6: f(x + L) = f(x + - ) = -tan3(x + - ) 
3 3 

= -tan(3x + 7t) = -tan3x = f(x) 
V|y f Id ham s6 tuin hodn. 

V 
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Bai to^n 1.17: Chung minh hdm s6 
a) y = cosx tu in ho^n va c6 chu lei T = 27i 
b) y = tanx tu in hoan c6 chu ki T = TI. 

Hu-o-ng din giai 
a) D = R. Chpn s6 L = 27i ^ 0. Ta c6: 

f(x + L) = f(x + 271) = c o s ( x + 2K) = c o s x = f(x) ~ = ^V- v •> u 

V$y f la ham s6 tu in h o d n . 

Ta c h L P n g m i n h 2n la s6 duang va b6 n h l t t r o n g cac so L ?t 0 t h o a m§n: 
f(x + L) = f(x) v6i mpi x, x + L thupc D. * 

Gia SLF CO s6 T': 0 < T' < 27t sao cho: 
f(x + T') = f(x), Vx ̂  cos(x + T') = cosx, Vx 
Chon X = 0 thi cosT' = 1: V6 ly vi 0 < T' < 2n. v 
Vay ham so c6 chu ki T = 2n. 

b) D = R \ kTT I k € Z}. Chpn so L = K 0. 

f(x + L) = f(x + 7t) = tan(x + 7t) = tanx = f(x). 
V§y f la ham s6 tuSn hoan. 
Ta chLPng minh n la s6 duang va be nhat trong cac so L 0 thoa man: 

f(x + L) = f(x) vai mpi X, x + L G D. 
Gia si> c6 s6 T': 0 < T' < K sao cho: f(x + T') = f(x), Vx, x + T' e D. 
=> tan(x + T') = tanx, Vx, x + T' e D. 
Cho X = 0 thi tanT' = 0: V6 ly vi 0 < T' < n. 
Vay ham s6 c6 chu ki T = T I . 

Bai toan 1.18: Chung minh hdm s6 
a) y = I sinxl la tu in hoan vai chu ki T I . 
b) y = sin2x Id tuan hodn vai chu ki n. 

HiPO'ng din giai 
a) Hdm s6 f(x) = I sinxl c6 tSp xdc (Snh la R. Chpn s6 L = TI ^ 0. 

Ta c6: X e R => X + 71 e R vd: 
f(x + L) = f(x + 7i) = lsin{x + 71)1 = l-sinxl = Isinxl = f(x) (1) 

Vay f(x) Id ham so tudn hoan. Ta chung minh chu ki cua n6 Id n, tu-c Id n la 
s6 duang nho nhit thoa man (1). 
Gia su' con c6 s6 duang T' < T: thoa mdn (1) vai mpi x: 

|sin(x + T')| = Isinxl, Vx e R 
Cho X = 0, ta dugc I sinTl = 0 hay sinT = 0: v6 ly, vi 0 < T" < T I . 
Vgy chu ki cua ham s6 da cho Id T I . 

b) Ham so f(x) = sin2x c6 tap xac djnh Id R. Chpn so L = TI ^ 0. 
T a c 6 x G R = > x + T iGRvd 

f(x + L) = sin2(x + TI) = sin(2x + 2Tt) = sin2x = f(x) (1) 
Vay f(x) la hdm s6 tu^n hodn. Ta se chu-ng minh chu ki cua no Id rt. 

12 

That vdy, gia si> hdm s6 f(x) = sin2x c6 chu ki A md 0 < A < n, khi 66 ta c6: 
sin[2(x + A)] = sin2x, Vx e R. 

Cho X = - thi sin2( - + A) = sin -
4 4 2 

=r> s in(^ +2A) = ^ => C0S2A = 1: v6 If, vi 0 < 2A < 2TI. 

Vay chu ki cua hdm s6 y = sin2x la T I . X i 
Bai toan 1.19: Chung minh cac ham s6 sau khong tudn hoan: 

a)y = x + sinx b) y = cos(x^) 
HiPO'ng din giai 

a) Gia si> f(x) = x + sinx id ham tudn hoan, ttpc Id c6 s6 T ;̂  0 sao cho: 
f(x + T) = f(x) <=> (x + T) + sin(x + T) = x + sinx, Vx € R 

Cho X = 0 ta duac: T + sinT = 0, cho x = TI ta du-gc: T - sinT = 0. 
Do do T + sihT = T - sinT = 0 => 2T = 0 => T = 0: v6 li. 
Vay hdm s6 khong tudn hodn. 

b) Gia su- hdm s6 y = cos^x Id tudn hodn, nghTa Id t6n tai L ̂  0 sao cho: 
cos(x + L)^ = cosx^ vai mpi X. 

Suy ra (x + L)^ = x^ + k2Ti hoac (x + L)^ = -x^ + k2Ti. 

Do do L = - X ± vx^ + k2Ti hoac L = - x ± V-x^ +k2Ti nen L phu thupc x: v6 If. 
Vay ham s6 khong tuan hoan. 

Bai toan 1. 20: Cho ham s6 y = f(x) = 2sin2x. Lap bang bien thien cua ham so 

tren doan [ - J ; J ] vd ve 66 thi cua ham. 

Hu'O'ng din giai 
Bang bi§n thien 

X ^ t - TI TI 

2 4 ^ 2 2 

y = 2sin2x 

Dya vao BBT vd cac gia tri dac biet, ta c6 do thj:' 



Bai to^n 1.17: Chung minh hdm s6 
a) y = cosx tu in ho^n va c6 chu lei T = 27i 
b) y = tanx tu in hoan c6 chu ki T = TI. 

Hu-o-ng din giai 
a) D = R. Chpn s6 L = 27i ^ 0. Ta c6: 

f(x + L) = f(x + 271) = c o s ( x + 2K) = c o s x = f(x) ~ = ^V- v •> u 

V$y f la ham s6 tu in h o d n . 

Ta c h L P n g m i n h 2n la s6 duang va b6 n h l t t r o n g cac so L ?t 0 t h o a m§n: 
f(x + L) = f(x) v6i mpi x, x + L thupc D. * 

Gia SLF CO s6 T': 0 < T' < 27t sao cho: 
f(x + T') = f(x), Vx ̂  cos(x + T') = cosx, Vx 
Chon X = 0 thi cosT' = 1: V6 ly vi 0 < T' < 2n. v 
Vay ham so c6 chu ki T = 2n. 

b) D = R \ kTT I k € Z}. Chpn so L = K 0. 

f(x + L) = f(x + 7t) = tan(x + 7t) = tanx = f(x). 
V§y f la ham s6 tuSn hoan. 
Ta chLPng minh n la s6 duang va be nhat trong cac so L 0 thoa man: 

f(x + L) = f(x) vai mpi X, x + L G D. 
Gia si> c6 s6 T': 0 < T' < K sao cho: f(x + T') = f(x), Vx, x + T' e D. 
=> tan(x + T') = tanx, Vx, x + T' e D. 
Cho X = 0 thi tanT' = 0: V6 ly vi 0 < T' < n. 
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12 

That vdy, gia si> hdm s6 f(x) = sin2x c6 chu ki A md 0 < A < n, khi 66 ta c6: 
sin[2(x + A)] = sin2x, Vx e R. 
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4 4 2 

=r> s in(^ +2A) = ^ => C0S2A = 1: v6 If, vi 0 < 2A < 2TI. 
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2 4 ^ 2 2 
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Bai toan 1.21: Xet ham so y = f(x) = cos | . L$p bang bien thien cua ham tren 

doan [-2n; 2n] va ve 66 thj cua ham s6. . 

Hu'O'ng din giai 
Bang bi^n thien 

X -271 - ; t 0 7t 271 

X 
y = cos — 

2 

1 . . ^ ^ 

Do thi: 

Bai toan 1. 22: Tu' d6 thi cua ham s6 y = sinx, hay suy ra d6 thj cua cac ham 
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y 

y = -sinx 

y = sit i \ 

b) y = I sinx I = 
sinx khi sinx > 0 , ^ i . i . 

nen do thi cua ham so y = I sinx I co 
-s inx khi sinx < 0 i \ 

du-gc tu" d6 thi cua ham s6 y = sinx b^ng each: 
- GiO nguyen phin d6 thj n im phia tren tryc hoanh Vk ca ba Ox. 
- L ly doi xung qua true hoanh cua phln do thj nSm phia du-ai true hoanh 

khong k§ ba Ox. 
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y 

y = 

c) Ham s6 y = s i n l x l la chin, nen d6 thj cua no nhan true Oy lam true d6i 

xLPng. Khi X > 0 thi y = sinlxi = sinx, nhu- vay phin x > 0 cua d6 thj hdm s6 
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y ^ 
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O 
2 \ 

• 
\ 

y = sinx 
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71 w 
X 

b) y = tan2x, 2x - + kn « x ^ - + k - , k e Z 
2 4 2 . 

D6 thj CO eae ti?m can X = - + k - , k e Z 
4 2 ! 

4i qi^'i*:? ("ft 
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Bai toan 1. 24: Chu-ng minh r i n g mgi giao d i l m cua du-ang t h i n g xac dinh bai 

phu-ang trinh y = - va i d6 thj cua ham s6 y = sinx dku each g6c tea do mot 
3 

khoang each han A/TO . 
H i r i n g d i n giai 

Du'ang t h i n g y = - di qua cac d i l m A ( -3 ; - 1 ) va B(3; 1) 

y 

1 1 

^ 
0 • X 

Ta CO - 1 < y = sinx < 1 vai mpi x. Chi c6 dogn t h i n g AB cua duang t h i n g 
d6 n i m trong dai {(x; y) | - 1 < y < 1}. Do d6 c^c giao d i l m iVI, N cua du-ang 

t h i n g y = - vai do thj cua h^m s6 y = sinx phai thuoc doan AB. 
3 

Ta c6 OA = /̂TT9 = TTo ; OB = VT+9 = VTo 

Vi M, N khae A, B nen OIVI, ON < OA = 0 B = ViO . 
Bai toan 1. 25: o6 thj ham so y = sinx b i l n thanh d6 thi nao qua: 

a) Phep tinh t i l n vecta u = ( ^ ; 1) b) Phep d6i xLPng tam l( | ; 3) 

c) Phep d6i XLFng true d; X = 2. 
HiPO'ng d i n giai 

a) Ph6p tjnh tien vecta u bien d i l m M(x; y) thanh M'(x'; y'). 

16 

[y = y ' - 1 

The vao d6 thj y = sinx thanh d6 thj ( C i ) . , ': * 

y' - 1 = sin(x' - - ) = - sin( ^ - x') = - sinx' \ ^ 

Do do y' = 1 - s inx ' . Vay ( C i ) : y = 1 - sinx . 
b) Phep d6i xupng tam I bien d i l m M(x; y) th^nh M'(x'; y') 

r x + x ' = 2xo rx = 7 t - x ' 
' y + y ' = 2yo [y = 6 - y ' 

T h I vao d6 thj y = sinx th^nh d6 thj ( C 2 ) : 

6 - y' = sin(Tt - x') = sinx' =:> y' = 6 - sinx'. > 
Vay 66 thj ( C 2 ) : y = 6 - sinx. 

c) Phep d l i xLPng true d: x = 2 b i l n d i l m M(x; y) thanh M'(x'; y") 
ix + x' = 4 fx = 4 - x ' 

,y = y ' i y = y ' 

T h I vao 66 thj y = sinx thanh d6 thi ( C 3 ) : 
y' = sin(4 - x'). Vay ( C 3 ) : y = sin(4 - x). 

Bai toan 1. 26: Chung minh vai k nguyen tuy y: 
a) Cac d u a n g t h i n g d: x = kn, k e Z la true d6i xCrng cua do thj y = cosx 
b) C ^ c d i l m \(\^n; 0) Id t § m d6i xung cua do thj y = sinx 

c) Cac d i l m E ( y ; 0) la tam doi xCpng cua 66 thj y = tanx. 

HiKO'ng d i n giai 

a) Gpi I(k7r; 0), k e Z. Ph6p tinh t i ln 01 b i ln d6i h# trgc Oxy thanh IXY: \ 
[ y=Y 

T h I vao y = cosx thanh Y = cos(X + kit) = (-if .cosX 
Vi cac ham so Y = cosX, Y = - cosX deu Id ham so c h i n nen 66 thj nh$n 
trgc tung lY: x = kn lam true doi xu-ng: dpcm. 
C a c h khdc: Phep d6i XLPng tryc d: x = kjt, k e Z b i l n d i l m M(x; y) thdnh 

M'(x'; y"): x + x ' = 2k7i Jx = -x '+k27t 

i y ' = y l y = y ' 

T h I vao y = cosx thanh y' = cos(-x ' + k27t) = cosx' chinh Id y = cosx. Do do 
d6 thj khong thay doi (dpcm). 

b) Phep doi xu-ng tam I(k7t; 0), k e Z b i l n d i l m M(x; y) thdnh M'(x'; y'): * - ^ 
x + x ' = 2k7i Jx = -x'+k27c . , -

y + y ' = o 

/ / J ^ y ti 
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lU&^gdiSm hoi difdng hoc strm grormon loar 7 11 - LB nuunn rnu 

Ta CO M(x; y) e (C); y = sinx 
<=> -y ' = sin(-x' + kn) » y' = sinx' o M'(x'; y") e (C) 
Vay l(l<7i; 0), k e Z Id t§m doi xii-ng cua do tiij. 

c) Pliep tjnh tien vecta OE bien d6i h$ tryc Oxy thanh EXY: 

'̂  = ̂ ^ ' ^ f ' ' ^ ^ ^ . T h e v S o y = tanxthdnhY = t a n ( X + y ) . 
y = Y + 0 
Khi k = 2m thi Y = tanX la hdm so le 
Khi k = 2m+1 thi Y = -cotX Id hdm so le 

V?y d6 thi nhgn g6c l ( y ; 0), k € Z lam tam d6i xiJng. 

Cach khac: Ph6p doi XLPng tam E ( y ; 0), k e Z bi ln d i lm M(x; y) thdnh 

x + x' = 2k7i Jx = -x'+k7t 

y + y' = o l y = - y ' 

1 h4 vao y = tanx thanh -y" = tan(-x' + k7t) = -tan x' hay chinh Id y = tanx: dpcm. 

M'(x'; y'): 

1 h4 vao i 
Bai toan 1. 27: Tim gia tri Ian nhdt va nho nhat cua cac ham s6: 

a) y = coc X +2sinx+ 2. b) y = sin^x - 2cos^x + 1 
Hu'O'ng din giai 

a) Ta c6: y = cos^x + 2sinx + 2 = 1 - sin^x + 2sinx + 2 
= 4 - (sinx - ^f. Suy ra: 0 < y < 4 Vx 

Vay miny = 0 khi sinx = - 1 <=> x = + k27t, k e Z 

maxy = 4 khi sinx = 1 <=> x = ^ + k27i, k e Z 

b) y = sin^x - 2cos^x + 1 = sin^x - 2(1 - sin^x) + 1 
= sin^x + 2sin^x - 1 = (sin^x + 1 ) ^ - 2 

Ta CO 1 < sin^x + 1 < 2 nen -1 < x < 2 Vx 

maxy = 2 khi sin^x = 1 < n > x = ^ + k 7 t , k e Z 

miny = - 1 khi sin^x = 0 o x = k7t. 
Bai toan 1. 28: Tim gia trj 16'n nhIt vd nho nhk cua cac ham so: 

2x 4x . . , cosx + 2sinx + 3 
a) y = sin 

a) Ddt t = sin 

l + x^ 

2x 

+ COS-
1 + x^ 

- + 1 b)y = 
2 C 0 S X - sinx + 4 

1 + x 

Hu'O'ng ddn giai: 

2 . Ap dung bat d ing thu-c Cosi: 

1 +x^ > 2 l x l 
2x 

1 + x ' 
< 1 => - 1 < 

2x 
1 + x ' 

< 1 

INHH MTV DWH Hhang Vm 

Ta CO < - 1 < 1 < ^ nen -s in i < t < sini 

y = t + 1 - 2t ' + 1 = -2 t ' + t + 2 = f(t) 

Ta c6 he so a = - 2 < 0, hodnh dO dinh t = - . 
4 

BBT x -s in i 
4 

sini 

y 

Vay maxy = f ( - ) = -

miny = min{f(-sin1); f(sin1)} = f(-sin1) = -2sin' l - sini + 2. 

t ' + 2t + 2 b) Odt t = tan 
.2 

thi y = 
t ' - t + 3 

-r ma 

«3 

(y - 1)t' - (y + 2)t + 3y - 2 = 0 
N^u y = 1: phu'ang trinh tra thdnh - 3t + 1 = 0 thi phu-ang trinh c6 nghi^m. 
N I U y 1 : phu'ang trinh c6 nghiem khi 

A > 0 « (y + 2) ' - 4(y - 1)(3y - 2 ) > 0 « ; p ^ < y < 2 . 

Do do maxy = 2 khi t = t a n - - 2 <=> - = arctan2 + kit 
2 2 

<» X = arctan2 + k27t, k e Z 

va miny = A khi t = t a n - = = arctan 
11 2 3 2 

' 4^ 
+ k7t 

<=> X = arctan 
V " 3 , 

+ k27i, k e Z 

Bai toan 1. 29: Tim gid trj Ian nhat vd nho nhat cua hdm so: 

a) y = _ 3 s i n x - c o s x 
b ) y = -

2sin2x + cos2x 
sinx + 2cosx-4 • sin2x-cos2x + 3 

Hiring din giai 
a) Ta CO | sinx I < 1, | cosx | < 1 vai mpi x nen sinx + 2cosx < 3 < 4, do d6 tap xdc 

djnh D = R. 
Ta chuyin ham s6 v§ phu-ang trinh: 

„ _ 3s inx -cosx - . / „ 
y — : 7 <=> 3sinx - cosx = y(sinx + 2cosx - 4) 

sinx + 2 c o s x - 4 
<=> (3 - y)sinx - (1 + 2y)cosx = -4y 
Do do: (3 - y ) ' + (1 + 2y)' > (-4y)'<=> 11y' + 2y - 10 < 0 
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4 

sini 

y 

Vay maxy = f ( - ) = -

miny = min{f(-sin1); f(sin1)} = f(-sin1) = -2sin' l - sini + 2. 

t ' + 2t + 2 b) Odt t = tan 
.2 

thi y = 
t ' - t + 3 

-r ma 

«3 

(y - 1)t' - (y + 2)t + 3y - 2 = 0 
N^u y = 1: phu'ang trinh tra thdnh - 3t + 1 = 0 thi phu-ang trinh c6 nghi^m. 
N I U y 1 : phu'ang trinh c6 nghiem khi 

A > 0 « (y + 2) ' - 4(y - 1)(3y - 2 ) > 0 « ; p ^ < y < 2 . 

Do do maxy = 2 khi t = t a n - - 2 <=> - = arctan2 + kit 
2 2 

<» X = arctan2 + k27t, k e Z 

va miny = A khi t = t a n - = = arctan 
11 2 3 2 

' 4^ 
+ k7t 

<=> X = arctan 
V " 3 , 

+ k27i, k e Z 

Bai toan 1. 29: Tim gid trj Ian nhat vd nho nhat cua hdm so: 

a) y = _ 3 s i n x - c o s x 
b ) y = -

2sin2x + cos2x 
sinx + 2cosx-4 • sin2x-cos2x + 3 

Hiring din giai 
a) Ta CO | sinx I < 1, | cosx | < 1 vai mpi x nen sinx + 2cosx < 3 < 4, do d6 tap xdc 

djnh D = R. 
Ta chuyin ham s6 v§ phu-ang trinh: 

„ _ 3s inx -cosx - . / „ 
y — : 7 <=> 3sinx - cosx = y(sinx + 2cosx - 4) 

sinx + 2 c o s x - 4 
<=> (3 - y)sinx - (1 + 2y)cosx = -4y 
Do do: (3 - y ) ' + (1 + 2y)' > (-4y)'<=> 11y' + 2y - 10 < 0 



W tTQng dIS'm b6i dUdng hqc sinh gidi mdn Todn 11 - LS Hodnh Phd 

« _ : ( I I l ± 2 < y < l l I i _ l . vgy max y = ^ ^ - ^ p j — , mm y = 

b) Ta CO I sin2x I < 1, I cos2x I < 1 v6i mpi x nen 
sin2x - cos2x > -2 > -3, do d6 D = R. 

^ 2sin2x + cos2x ^ 2sin2x + cos2x = y(sin2x - cos2x + 3) 
sin2x-cos2x + 3 

o (2 - y)sin2x + (1 + y)cos2x = 3y 

Dodo: (2-y)^ + (1 + y)^ > (3y)^» 7y^ + 2y - 5 < 0 « - 1 < y < - . 

Vay max y = y , min y = - 1 . 

Bai toan 1. 30: 

a) Tim gia tri nho nhit cua: y = (sinx + cosx)~ 

b) Tim gia tri Ian nhit cua: y = sinx Vcosx + cosx Vsinx . 
Hip^ng din giai: 

a) Ta c6 (sinx + cosx)^ = 2 N/2 COS^X - ^ ) > -2 V2 , 

d ing tiiLPC xay ra, cl i ing iian khi x = , 

1 4 
va: — ^ _ i ^ - = -4—>4 

sin X COS X sin^2x 

ding tfiCfC xay ra, ching iian khi x = ± ^ . 

Do d6 y > 4 - 2 /̂2 , d ing thii-c xay ra, ching han khi x = -

37t 

+ 
sin^ xcos^ X 
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4 

Vay min y = 4 - 2 N/2 , ching han khi x = - ^ 

4 

b) Di^u ki$n sinx, cosx > 0, ta c6 

y^ = (sinxVcosx + cosx Vsinx )̂  < (sin^x +cos^x)(sinx + cosx) 

= V2sin(x + - ) < /̂2 ^ y < il2 . 
4 

D iu = xay ra, ching han khi x = - . V$y max y = ^ . 
4 

Bai toan 1.31: Tim gia trj Ian nhit - b6 nhit cua: 

, 12x^+8x^ + 3 „ ^ _ (X + y)(1 - xy) 

HyjftmQ din giSi: 

a)Dat x>/2 = tant, vai t e ( - ^ , ^ ) . Ta c6 

f(x) = 
StanM + 4tan^t + 3 

(tan^ t + 1)̂  
3 - ^sin^2t =g(t). 

Vi sin^2t < 1 « - < g(t) < 3 

Cho t = 0 thi y = 3, cho t = - thi y = - . 

V|y max f(x) = 3 ching hgn khi x = 0 min f(x) = - , ching han khi x = 

b) D§t X = tana , y = tanp vai a , p € ( - ^ , 

,̂ , (tana +tanp)(1 - tanatanB) . , „, , 1 • o/ 
f(x;y) = {'\' = sin(a + P).cos(a + p) = -s in2(a + 

(1 + tan-^aKI +tan^p) 2 

Nen - I < f(x;y) < ^ . 

V$y, max f(x;y) = - ching hgn a + p = - hay (x = 0; y = 1). 
2 4 

min f(x;y) = - - ching han a + p = - - hay (x = 0; y = - 1 ) . 
2 4 

Bai toan 1. 32: ChCpng minh bat ding thCrc 

a) sin''x + cos^^x < 1 vai mpi x. b) sinx ^ x, Vx > 0. 

Hu'O'ng din giai 

a) Vi I sinx I < 1, I cosx | < 1 n§n: 

sin '̂x < sin^x, cos^^ x < cos^x Vx 

^ sin^x + coŝ ^x < sin^x + cos^x = 1, Vx 

b) Xet X > 1 thi sinx < 1 < x o 

Xet 0 < X < 1 thi 0 < X < -
2 

nen sinx = MH < IVIA = (Jd]\?IA = x. 

Bai toan 1. 33: Chtcng minh v6'i mpi x thi c6 bat ding thipc : 

M 

tan( cosx )>cos(x + sinx). 



W tTQng dIS'm b6i dUdng hqc sinh gidi mdn Todn 11 - LS Hodnh Phd 
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371 
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4 
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2 

nen sinx = MH < IVIA = (Jd]\?IA = x. 

Bai toan 1. 33: Chtcng minh v6'i mpi x thi c6 bat ding thipc : 

M 

tan( cosx )>cos(x + sinx). 



Hw&ng dSn giai 

V6'i mpi X thi : 0 < cosx < ^ < ^ ^ tan( cosx cosx 

Dau bIng khi cosx = 0. 
IVIa cosx > cosx nen vb-i mpi x thi 

tan(|cosx|) > |cosx| > cosx (1) 

Dau bang khi cosx = 0 
Ta chu-ng minh: cosx >cos(x +sinx) (2) * 

Khi sinx =0 thi BDT dung 
Khi sinx >0 thi x = a +k27t , 0<a<7t , k nguyen 
Vi 7t -a > 0 nen sin (TT - a ) > 7t - a hay la sina < TI - a 
Do d6 0 < a < a + sina < TI nen cos a > cos (a + sina ) 

cos (X - k27t) > cos (X -k27: + sin(x - k27t)) 
cos X > cos ( X + sinx) 

Khi sinx <0 ta nhgn du'p'c BDT bSng each thay x bai -x 
Vi d i u bkng cua BDT (2) khi sinx = 0 khdng d6ng thai xay ra vai BDT (1) 
nen vai mpi X ta C O : tan(|cosx|)>cos(x + sinx). 

Bai toan 1.34: Chipng minh n^u f(x) = a.cosx + b.sinx > 0 vdi mpi x thi a = b = c 
d = 0. 

Himng din giai 
N § u f(x) = a.cosx + b.sinx > 0 v6'i mpi x thi 

f(x + 7t) = - a.ccsx - b.sinx > 0 vai mpi x 
Ma f(x) + f(x + 7t ) = 0 vdi mpi x 
Nen phai c6 f(x) = f(x + K ) = 0 v^i mpi x . 
Chpn X = 0 thi f(0) = a = 0. 

Chpn X = ^ thi f ( | ) = b = 0. Vgy a = b =0. 

Bai toan 1. 35: ChCpng minh neu: 
f(x) = a.cos2x + b.sin2x +c.cosx +d.sinx > 0 v&\i x thi a = b = 0. 

IHirang din giai 

Ta C O sinx + sin(x + — ) + sin(x + — ) = 0,Vx 

cos X + cos(x + — ) + cos(x + — ) = 0, Vx 
3 3 

sin 2x + sin 2(x + — ) + sin 2(x + — ) = 0, Vx 

cos2x + cos2(x + ^ ) + cos2(x + 4r) = 

22 

I 
Nen f(x) + f(x + ^ ) + f(x + 4 ^ ) = 0,Vx 

Id f(x) > 0,f(x + ^ ) s 0,f(x + > 0, Vx 

N § n p h a i c 6 f(x) = 0,f(x + ^ ) = 0,f(x + ^ ) = 0,Vx ""^ " / ', 

Ta c6 0 = f(0) = a +c, 0 = f( 71 ) = a - c => a =c = 0 >X 

VdO = f ( - ) = - a + d => d = 0. ''•'̂  

0 = f ( l l ) = b + ^ ( c + d ) ^ d=0. 
4 V2 

V^y a =b =c =d = 0. 
Bai toan 1. 36: Cho hdm s6 f(x) = cos2x + a.cosx + b.sinx . 

a) Chu'ng minh f(x) nhgn gid tri du-ang va gia tri am. 
b) Chu'ng minh n§u f(x) > - 1 , V x thi a = b = 0. 

Hu'O'ng din giai 
a) X6t a = b = 0 thi f(x) = cos2x nhan gia tri du-ang va gi^ trj Sm. 

X6t a va b khong d6ng thd-i bIng 0 thi a +b va a - b khong dong thai bIng 0. 

Ta C O f(^) + f ( ^ ) = -^{a + b) - - l ( a + b) = 0 
4 4 V2 V2 

571, , T:, ,,37t. Nen caps6f(-) ,f(—) hay f ( - - ) , f ( ^ ) kh^cdlu. 
4 4 4 4 

b) Gia su' a va b khong d6ng thai bSng 0, ta chirng minh ton tgi XQ sao cho 
f ( x o ) < - 1 . 

- X6t b ^ 0: vi f(^) - - 1 + b; f ( - | ) = -1 - b nen trong 2 s6 - 1 +b va - 1 - b 

phai c6 mpt so nho han - 1 . 
- X § t b = 0 thi a ^ 0: f(x) = cos2x + a.cosx = 2.cos^ x + a.cosx - 1 . 

I a I X —a 
Chpn sp du'ang m >2 sap chc — < 1 thi tpn t?i XQ de C P S X Q = ; — . -;: 

m m 

^ f(Xo) = 2 ^ - ^ - 1 ^ - 1 - ^ ( 1 - ^ ) < - 1 . 
m m m m 

B^itoan1.37:ChPhams6 

||, f(x) = a.cps2x + b.ccsx + 1 > 0 vd-i mpi x. 

ChLPng minh |a| + |b| < %/2 . 



Hw&ng dSn giai 

V6'i mpi X thi : 0 < cosx < ^ < ^ ^ tan( cosx cosx 
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Khi sinx =0 thi BDT dung 
Khi sinx >0 thi x = a +k27t , 0<a<7t , k nguyen 
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22 
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Ta c6 0 = f(0) = a +c, 0 = f( 71 ) = a - c => a =c = 0 >X 

VdO = f ( - ) = - a + d => d = 0. ''•'̂  
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571, , T:, ,,37t. Nen caps6f(-) ,f(—) hay f ( - - ) , f ( ^ ) kh^cdlu. 
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I a I X —a 
Chpn sp du'ang m >2 sap chc — < 1 thi tpn t?i XQ de C P S X Q = ; — . -;: 

m m 

^ f(Xo) = 2 ^ - ^ - 1 ^ - 1 - ^ ( 1 - ^ ) < - 1 . 
m m m m 

B^itoan1.37:ChPhams6 

||, f(x) = a.cps2x + b.ccsx + 1 > 0 vd-i mpi x. 

ChLPng minh |a| + |b| < %/2 . 



Hipd'ng ddn gidi 
Vi f(x) = a.cos2x + b.cosx + 1 > 0 vb-i mpi x. 
nen f(x + 7t) = a.cos2x - b.cosx +1 > 0 vb-i mpi x. 
Tu- 66 ta c6 th^ gia su' b > 0. 

- Xet b = 0 thi f(x) = a.cos2x +1 > 0 v6i mpi x nen |a| < 1. 

Do do |a| + |b| = 1 < N/2 . 
- X e tb>0 th i f ( 7 t ) = a - b + 1 > 0=> b-a < 1. 

N lu a < 0 thi |a| + |b| = b - a < 1 < V2 . 

N § u a > 0 thi f ( ^ ) = + l > 0 =^ a+b < 2 
3 2 2 

Do do |a| + |b| = a +b < V2 . 
Bai toan 1. 38: Cho a, b, t sao cho ham so 

f(x) = a.cos2x + b.cos(x -1) + 1 > 0 voi mpi x. 
ChLPng minh: 

a) |a| < 1. b) |b| < 72 . c) f(x) < 3 vdi mpi x. 
Hu'O'ng din giai 

a) Ta c6 f(x) = a.cos2x + b.cos(x -1) +1 > 0\J&\i x. 
nen f(x + TI ) = a.cos2x - b.cos(x -1) + 1 > 0 voi mpi x. 
Do do 2a.cos2x + 2 > 0 vb-i mpi x. 
Hay a.cos2x + 1 > 0 voi mpi x. 
Chpn X = 0 va x = 71 thi c6 a +1 > 0 va -a +1 > 0 
=> -1 < a < 1 => I a| < 1. 

b) Ta CO f(x) = a.cos2x + b.cos(x -1) + 1 > 0 v6'i mpi x. 

nen f(x - ^ ) = - a.cos2x + b.sin(x -1) + 1 > 0 vai mpi x. 

Do d6 b[ sin(x - t ) + cos(x - t ) ] + 2 > 0 vd'i mpi x. 

Hay b.sin(x - t + - ) + 72 > 0 vd'i mpi x. . 
4 

Chpn x = t + - v^x = t + — th ic6b+ 7 2 > 0 v a - b + 7 2 > 0 
4 4 

=> -72 < b < 7 2 ^ | b | < x ^ . 

c) Ta c6 cosx + cos(x + — ) + cos(x + — ) = 0,Vx 
3 3 

cos 2x + cos 2(x + — ) + cos 2(x + — ) = 0, Vx 

Nen f(x) + f ( x ' + — ) + f(x + — ) = 3,Vx 
3 3 

24 

f(x + ̂ ) a O , f ( x + :y)>0,Vx 

Nen phai c6 f(x)<3,Vx 
Bai toan 1. 39: Cho ham so f(x) = cos3x + a.sin2x + b.sinx . 

Chu-ng minh n§u f(x) > - 1 , V x thi a = b = 0. 
Hirang din giai 

Ta CO f { | ) > - 1 ; f ( - | ) ^ - 1 

=:> a +b > 0; -a -b > 0 nen a +b = 0 => b = -a. 
Do do f(x) = cos3x + a(sin2x - sinx) > - 1 , V x 

„ n 3x ^ X 3x . ,, 
=> -1 + 2cos — + 2a.s in—.cos—>-1,Vx 

2 2 2 

3x 3x X 
=> c o s — ( C O S — + a.s in-)>0, Vx 

2 2 2 
3x 3x X 

Thayx ba i - x t h i du-p 'ccos—(cos—-a.s in- )>0, Vx 

3x 3x X 
Nentich: cos^—(cos^ — - a ^ . s i n ^ - ) > 0 , Vx 

3x X 
=> cos^ — >a^.sin^-, Vx => 1 + cos3x>a^(1-cosx),Vx 

2 2 

cos3x + a^cosx>a^-1,Vx=> cos3x+ a^cosx>-1,Vx 

=> 4cos^x-3cosx + a^cosx>-1,Vx 

D$t t = cosx thi c6 t(4t^ + a^ - 3) > -1 , Vt € [-1;1 

Gia su- a 0 thi chpn dup'c 11| < 1 0 sao cho t(4t^ + a^ - 3) < -1 

=> a = 0 nen b = 0. Do do a= b = 0. 

art 

iV 
Bai toan 1. 40: Cho c^c goc a i , a j , as, .... an vai 0° < ai < 180°, i = 1,2 n 

n 

sao cho gia trj cua ^ ( 1 + cosa|) la mpt s6 nguyen le. 

n 
ChLPng minh r^ng : ^sina, > 1. 

i=i 
Hu'O'ng din giai 

Tu' gia thiet, ta c6 : 

2^ (1 + costtj) = 2 y cos^ —i- = 2a + 1 (a nguyen khong am), va : 

S= I s i na , = X2 s i n^co s^>2X s i n2 - ^ + 2 f c o s ^ ^ 
1=1 1=1 i=k+l 
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Hipd'ng ddn gidi 
Vi f(x) = a.cos2x + b.cosx + 1 > 0 vb-i mpi x. 
nen f(x + 7t) = a.cos2x - b.cosx +1 > 0 vb-i mpi x. 
Tu- 66 ta c6 th^ gia su' b > 0. 

- Xet b = 0 thi f(x) = a.cos2x +1 > 0 v6i mpi x nen |a| < 1. 

Do do |a| + |b| = 1 < N/2 . 
- X e tb>0 th i f ( 7 t ) = a - b + 1 > 0=> b-a < 1. 

N lu a < 0 thi |a| + |b| = b - a < 1 < V2 . 

N § u a > 0 thi f ( ^ ) = + l > 0 =^ a+b < 2 
3 2 2 

Do do |a| + |b| = a +b < V2 . 
Bai toan 1. 38: Cho a, b, t sao cho ham so 

f(x) = a.cos2x + b.cos(x -1) + 1 > 0 voi mpi x. 
ChLPng minh: 
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4 

Chpn x = t + - v^x = t + — th ic6b+ 7 2 > 0 v a - b + 7 2 > 0 
4 4 

=> -72 < b < 7 2 ^ | b | < x ^ . 

c) Ta c6 cosx + cos(x + — ) + cos(x + — ) = 0,Vx 
3 3 

cos 2x + cos 2(x + — ) + cos 2(x + — ) = 0, Vx 
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3 3 
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f(x + ̂ ) a O , f ( x + :y)>0,Vx 

Nen phai c6 f(x)<3,Vx 
Bai toan 1. 39: Cho ham so f(x) = cos3x + a.sin2x + b.sinx . 
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Ta CO f { | ) > - 1 ; f ( - | ) ^ - 1 

=:> a +b > 0; -a -b > 0 nen a +b = 0 => b = -a. 
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„ n 3x ^ X 3x . ,, 
=> -1 + 2cos — + 2a.s in—.cos—>-1,Vx 

2 2 2 

3x 3x X 
=> c o s — ( C O S — + a.s in-)>0, Vx 

2 2 2 
3x 3x X 

Thayx ba i - x t h i du-p 'ccos—(cos—-a.s in- )>0, Vx 

3x 3x X 
Nentich: cos^—(cos^ — - a ^ . s i n ^ - ) > 0 , Vx 

3x X 
=> cos^ — >a^.sin^-, Vx => 1 + cos3x>a^(1-cosx),Vx 

2 2 

cos3x + a^cosx>a^-1,Vx=> cos3x+ a^cosx>-1,Vx 

=> 4cos^x-3cosx + a^cosx>-1,Vx 
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=> a = 0 nen b = 0. Do do a= b = 0. 

art 

iV 
Bai toan 1. 40: Cho c^c goc a i , a j , as, .... an vai 0° < ai < 180°, i = 1,2 n 

n 

sao cho gia trj cua ^ ( 1 + cosa|) la mpt s6 nguyen le. 

n 
ChLPng minh r^ng : ^sina, > 1. 

i=i 
Hu'O'ng din giai 

Tu' gia thiet, ta c6 : 

2^ (1 + costtj) = 2 y cos^ —i- = 2a + 1 (a nguyen khong am), va : 

S= I s i na , = X2 s i n^co s^>2X s i n2 - ^ + 2 f c o s ^ ^ 
1=1 1=1 i=k+l 
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= A + B, vb'i A, B > 0 
N4U B > 1 thi t6ng S > 1. 
Neu B < 1 thi : 

A = 2 X s i n ^ ^ = 2X 
i=i ^ i=i 

1 - COS^ - 1 -

(1) 

= 2k -25 ]cos2 .^>0 
i=i 2 

Suyra : 2 k > 2 ^ c o s 2 ^ = 2a + 1 - B =^ 2k > 2a + 1 

Theo(1)thi : S > A + B 
n 

Vay : S > 2k - (2a + 1 - B) + B > 1 + 2B > 1, tiic la : ^sinai > 1 

Bai toan 1. 41: Cho n s6 thi^c ai, az an va h^m so: 
f(x) - ao + aicosx + a2Cos2x + ... + ancosnx 

nhan gia tri duang Vx e R. Chung minh ring ao > 0. 
Hu'O'ng din giai 

Vai Vk = 1,2 n.O§tAk= Jcos 
i=0 

i.2k.7i 
n + 1 

Ta c6; 2Jn 
kn ^ 

n + l .A, 

k.r . 3k7i k7t . 5k7i . 3k7t = 2 sin + sin sin +sin --sin + 
n + 1 n f 1 n + 1 n+1 n+1 

. (2n + 1)k7t . (2n-1)k7t +... + .sin-̂  sin-
n + 1 n + 1 

kTt . (2n + 1)k7i -
^ S. I + sin-̂  — = 0 

n + 1 n + 1 
kTi 

Vi Lin ^ 0, Vk 6 {i,2,..,n} nen Ak= 0 
n + 1 

Dod6:T= y p f 2 l l V y y a , c o s f — 

^ S ^ h Z c o s ^ ^ =(n + 1)ao + ̂ ak.Ak =(n + 1)ao 
Vi f(x) - 0, Vx € R nen T > 0 => ao > 0 (dpom). 

Bai toan i . 42: Cho s6 nguyen duang n va m = 2" - 1. Chung minh r i n g vai 
mpi £v e R, ham so 

f(x) ="cos2"' + aiC0s(2" - 1)x + a2Cos(2" - 2)x + ... + amCosx, 
khong t h i chi nhan gia trj cung dSu. 

Hirang din giai 
Gia su f(x) chi nhan gia tn duang. Khi do 

2 6 

fi(x) = ^ + f(x + 7i)) > 0 vdi mpi x e R. 

Do cos(x + kTc) = (-1)" cosx nen h^m s6: 
f,(x) = cos2' 

Do d6 ham s6: 
fi(x) = C0S2"'' + a2COS(2" - 2)x + ... + am-2COs2x > 0 vdi moi x e R. 

f2(x) = 2 ^̂ '̂̂ ^̂  + + 2 '̂ ^̂  ̂  ° 
Tuang ty nhu tren ta cung thu duo'c: l-;T 

f2(x) = cos2"'* + a4COs(2n - 4)x + ... + am-4COs4x. 
1 1 Vay: f(x) = - (f2(x) + + - T I ) ) > 0 vai mpi x e R. 

Lap lai qua trinh tren, sau huu han buac ta thu du'p'c 
g(x) = cos2"'* > 0 vai mpi x e R: v6 ly. 

Chung minh tuang tu khi f(x) chi nhan gia trj am la khong xay ra. r^^^ 
Bai toan 1. 43: Cho a va a tuy y. Xet f(x) = cos2x + a.cos(a + x). 

Gpi m, M Ian lup't la gia trj nho nhat, gi^ tri Ian nhit cua f(x). 
ChLPng minh m^ + > 2 

Hu'O'ng din giai 
Ta c6: f(x) = cos2x + acos(x + a) 
Suy ra f(0) = 1 + acosa, f(7r) = 1 + acos(7c + a) = 1 - acosa 
nen f(0) + f(7t) = 2. 
Vi M = max f(x) nen M > f(0), M > f(7t). 

D o d 6 : M > M ± ! ( ! ! ) ^ M > 1 = ^ M ^ > 1 
2 

Tuang tu: f 

V9y:M2 + m^>2. . ( B 
Bai toan 1. 44: Cho cac so thuc a, b, A, B v^ h^m s6 

f(x) = 1 - acosx - bsinx - Acos2x - Bsin2x > 0, Vx € R. 
ChCrng minh ring: â  + b̂  < 2, A^ + B̂  < 1. J^^JQ ,;g 

Hu'O'ng din giai 

D$t: Va^+b^ = r; V A ^ + B ^ = R. iMB - o 
Khi do t6n tai a, p d l a = r cosa; b = r sina, 

acosx + bsinx = rcos(x - a), A = Rcos2p; B = Rsin2p, 
Acos2x + Bsin2x = Rcos2(x - P) : £ .1 ~ ; 

Suy ra: f(x) = 1 - rcos(x - a) - Rcos2(x - p). "OO 

71 
= -2 nen m = minf(x) < -1 => m^ > 1 

•ft w-

D§t : f (a+^) = P , f (a - i ^ ) = Qthi 
4 4 
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p = 1 -

Q = 1 -

72 
r 

- Rcos2 

- Rcos2 
V2 

Nlu > 2 thi 1 -

a - p + - <nv TNHHMTVDWH Hhong Vi$t 

72 
<0. 

Trj tuyet d6i cua hieu hai goc 2 
4 

2 

K l t quaD = R\ |  + KTT I k e Z}. 

b) y 1 - sinx > 0 va 1 + sinx > 0 vai mpi x. 

K§ tquaD = R \ { | + k 2 K I k e Z}. 

b^ng n nen cac Bai tap 1. 3: Cho |x| < 1 |y| < 1.Ch.>ng minh r^ng: 

cosin cua chung trai d i u nen trong hai bilu thuFC 

Rcos2 
4 

va Rcos2 CO mpt bilu thti-c khong am. 

. Tu' do d i n d§n trong hai so P va Q c6 mpt s6 am. Vgy it nhat mpt trong hai 

gia tri f(a + - ) va f(a - - ) la so am. 
4 4 

Dieu do Id v6 ly (do gia thi lt f(x) > 0, Vx € R). 
Vgy r̂  < 2, suy ra a^ + b^ < 2. 
Tuang ty ta c6: 

f((J) = 1 - rcosCP - a) - RcosO = 1 - rcos(p - a) - R; 

f(P + 7t) = 1 - rcos(P - a + 7i) - R. 
N6U xay ra truang hpp R > 1 thi 1 - R < 0 va do hieu cua 2 gpc p - a + 
va p - a bing TI nen lap lugn tuang ty nhu' tren ta thu dupe mpt trong hai 
s6 f(P) va f(p + 7i) la s6 am, v6 ly. V|y: + < 1. 

3. BAI LUYEN TAP 

Bai tap 1.1: Tim t$p xac djnh cua cdc hdm s6; 

a)y = c o t ( x + | ) b)y = tan(2x- ;^) . 
b 

Hu'O'ng din 

a) D i e u k i § n x + - ^ k TT . Ketqua D = R { - - + k;: I k G Z}. 
3 3 

b) D i e u k i ? n 2 x - - * - + k i t . Ketqua D = R \ { - + k - I k E Z}. 
6 2 ^3 2 

Bai tap 1. 2: Tim tap xac djnh cua cac ham s6: 

a)y = 
1-sinx 

cosx 
b)y = 1 + sinx 

1-sinx 
Hipang din 

a) Dieu ki^n cosx ^ 0 

28 

arcsinx + arcsiny = 

arcsin(x7l-y^ + yVl-x^),xy < 0 hay x^ + y^ < 1 

7t-arcs in(xA/l-y^ +y7l-x^),x >0,y >0, x^ +y^ >1 

-71 -arcsin(xA/l - y^ + y V l - ) , x < 0,y < 0, x^ +y^ >1 

Hu'O'ng din 
Dung djnh nghTa ham ngu'p'c: 

Ham s6 y = arcsinx: c6 tap xac djnh la [-1; 1], tap gia tri la [--^; ^ ] . 

y = arcsinx <=> 

71 71 
— <y < -

2 ^ 2 
siny = x 

Bai tap 1. 4: Xet tinh chSn, le cua ham so sau: 

a) y = sinx + 1 

c) y = Isinxl 

b) y = sinx + sin — 
3 

d) y = x^ + cosx. 

Hu'O'ng din 

a) D = R va tinh f ( | ), f ( - | ). Ket qua khong c6 tinh chan le. 

b) Ket qua ham so le. 

c) D = R va tinh f(-x ) = f(x ). K§t qua hdm so chin. 
d) Ket qua ham s6 chin 
Bai tap 1. 5: Tim cdc khoang dong bien va nghjch bien cua cac hdm so 

a)y = sin2x b)y = cos(x-1) 
Hu'O'ng din 

a) K i t qua d6ng bien trong cac khoang ( - - + k7r; - + kTi); nghich bien trong cSc 
4 4 

khoang ( - + k7r; — + k7t), k e Z 
4 4 

K it qua ding biln trong cdc khoang (1+7i+k27i; H-27T+k27i:); nghich biln trong 
c^c khoang (1 + k27T; 1 + TT + k27r), k e Z 
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4 

2 
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4 4 
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W tr<?ng diSm bSi dUdng hqc sinh gidi m6n To6n 11 - LS Hodnh Ph6 

Bai t9P 1. 6: Tu' d6 thj h^m so y = f(x) = coSx, hay suy ra (36 thj cua cac h^m s6 va ve 
do thj cua c^c h^m s6 : 

a)y = cosx + 2 ; b)y = c o s ( x - ^ ) 

HiPO'ng din 
a) ely y = cosx + 2 = f(x) + 2 

b) D l y y = c o s ( x - ^ ) = f ( x - ^ ) . 
4 4 

Bai t?p 1. 7: 06 thj h^m so y = cosx bien thSnh do thi nao qua: 

a) Phep tinh ti§n vecta u = ; 1) 

b) Ph6pd6i xupngtam l ( | ; 3) 

c) Ph6p d6i XLPng tryo d: x = 2. 
Hip6ng din 

a) K i t qua (Ci): y = sinx + 1 
b) K§t qua (C2): y = cosx + 6. 
c) Ket qua (C3): y = cos(4 - x). 
Bai tgp 1. 8: Tim chu ky cac ham s6 sau: 

a) f(x) = sin2x + cos3x b) f(x) = | cosx | 

c ) f ( x ) = t a n — d)f(x) = cot4x 
3 

HiFO-ng din 

a) D = R. T = BCNN{ — ; — } . Ket qua T = 2 71 
2 3 

b) K i t qua T = TT 

c) Di§u k i e n — ^ - + kn, k e Z . Ket qua T = -

d) K i t qua T = -
4 

Bai tgp 1. 9: Cho h^m so f(x) = cos3x + a.cos2x + b.cosx . 
ChiJng minh neu f(x) > - 1 , V x thI a = b = 0. 

HiPO'ng din 
Su-dung f(K) > - 1 ; f ( - ) > - 1 . 

3 
Bai tap 1.10: Tim a de mpi x c6 f(x) = cos2x + a.cosx + 2 > 0. 

Hipang din 
Du'a ve b$c hai theo t = cosx. Ket qua |a| < 2 \/2 . 

Cty TNHHMTVDWH Hhang Vl$t 

Bai t|ip 1.11: Tim gia trj nho nhat nho nhat cua c^c ham so: 
1 

a)y= -sin^x + 2sinx + 2 

5) y = - + sin^x tren dogn [ " g • 2 '̂ 

Hu'O'ng din 

a) Ket qua : maxy = 1 khi x = + k2Tu, miny = - khi x = - + k27t, k € Z . 
2 5 2 

b) K i t qua max y = 1 + ^ khi x = ^ . 

Bai t?p 1.12: 
a) Tim gi^ trj Ian nhi t cua y = 2sin^x + Scos^x. 
b) Tim gi^ tri nho nhat cua: 

y = sin^ X + • 
sin^ X ) 

2 1 cos X + 
COS^ X J 
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= (sin''x + cos^x) 

1 - - s i n ^ 2x 
2 

1 + : 
sin" X cos" X y 

1 + - 16 

sin" 2x 
+ 4 > 

+ 4 

1 - -
2 

1 + 
16 

I 1 J 
+ 4 = 25 

Ki t qua min y = 25 
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Bai t9P 1. 6: Tu' d6 thj h^m so y = f(x) = coSx, hay suy ra (36 thj cua cac h^m s6 va ve 
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4 4 
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3 
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2 3 
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4 
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3 
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Cty TNHHMTVDWH Hhang Vl$t 
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1 
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Churenae2: PHVONG mlNH LVONG GinC 

1 . K I E N T H U C T R O N G T A M 
- Dat di§u kien xac djnh n§u c6, 6k bai c6 dan vj hay khong? 

- Goc khong dac biet n§u t6n tai thi dat hlnh thu-c a 

- K^t hap nghi^m bSng each b i l u dien tren duo-ng tron lu'ang giac, so s^nh 

hoac xet nghiem bang nhau khi nao,... 

- Bi§n d6i v § phu-ang trinh ca ban, phuang trinh thu-exng g$p, tich cac d?ng, 

dung b i t d i n g thi jc, danh gia 2 v l , . . . 

PhiFcng trinh lifcyng giac c c ban: 

- Phuang trinh sinx = m CO nghiem khi I m l < 1. 

^ ^ " " ' ' ' ^ ( k e Z ) 

TNHHMTVDWHHhang Vm 
phuang trinh d6i xipng theo sin, cos: 

Qang: a(sinx + cosx) + b(sinxcosx) + c = 0 

Ogt t = sinx + cosx = N/2 sin x + - , 111 < N/2 

Chi jy : t = s i n x - c o s x = v'2sin x - - , i t | < \/2 
X 

I 4 , 

mm 

sinx = sina c=> 

Hay sinx = m <=> ( k e Z ) 

x = 7 t - a + k27i 

X = arcsinm + k27T 

X = 7t -a rcs inm + k27: 

- Phu'ang trinh cosx = m c6 nghiem khi I m I < 1. 

( k e Z ) cosx = cosa <=> 

Hay cosx = m<=> (k i Z) 

X = a + k27r 

X = - a + k27r 

X = arccosm + k27r 
X = -a rccosm + k27i 

- Phuang trinh tanx = m luon c6 nghiem vai moi m. 

tanx = tan a <:>x = a + kn, keZ 

Hay tanx = m <=> x = arctan m + kix, k e Z 
- Phu'ang trinh cotx = m luon c6 nghi$m vai moi m. 

cob< = co ta <j:>x = a + k7i, k e Z 
Hay cotx = m o x = arccotm + krc, k e Z 

Phu'cyng trinh thipo-ng gap: 
- Phu'ang trinh theo ham s6 lu-gng giac: giai tn^c tt4p, neu can dat In phu roi giai. 

- Phuang trinh thuan nhat( d i n g d p ) bac n: Xet cosx = 0, xet cosx ^ 0 roi 

chia 2 v § cho cos"x d l du-a v§ phu'ang trinh theo t = tanx. 

| . * ^ Neu chia sin"x thi du'a ve phu'ang trinh theo t = cotx. Chu y bac t§ng, giam 

tuang d6i cua lu-gng giac. 

- Phu'ang trinh bSc nhat theo sin, cos ( c6 d i l n ) : 

D^ng: a.sinu + b.cosu = c, chja 2 v6 cho va^ +b^ r6i du-a sin, cosin cua 

^ g6c x^c dinh. 

Dieu ki$n c6 nghiem: a^ + b^ ^ c^. 

Phu-ang trinh chu-a gia th tuy^t doi, cSn thu-c ta su- dyng c^c bi§n d6i dgi s6 
nhu" xet d i u , binh phu-ang tu-ang du-ang, .... 

2. C A C B A I T O A N 
Bai toan 2 . 1 : Giai cac phu-ang trinh: 

a) sin^ {X - ^) = ŷ2 sinx. 

b) Scos^x - 4cos^x . sin^x + sin''x = 0 r ityriD 

Hirang din giai 
a) Ta bi§n d6i phu-ang trinh da cho nhu- sau 

[ — ( s i n x - c o s x ) f =sf2 sinx c=> (sinx - cosx)^ = 4sinx 

Vi cosx = 0 khong thoa man phu-ang trinh, nen chia hai v § cua phu-ang 
trinh cho cos^x / 0 ta du-o-c phu-ang trinh: 

.\smx - cosx 

cosx 
*3 - A*^r.^M ^ f „ „ 2 . 

= 4 sinx 

cos^x 

o ( t a n x - l f = 4tanx(1+tan^x) (1) 

Dat t = tanx ; 

( 2 ) « (t - ^f = 4t(1 + t^) ^ 3t^ + 3t^ + t + 1 = 0 

o ( t + 1)(3t^ + 1) = 0 <^ t = - 1 

Vay X = - ^ + kTt, k € Z . 
4 

5) Vi cosx = 0 khong thoa m§n, nen chia hai ve cho cos^x 0 ta du-p-c 

phu-ang trinh tu-ang du-ang, t = tan^x > 0 

3 - 4tan^x + tan^x = 0 o t ^ - 4 t + 3 = 0 

^ t = 1 hay t = 3 o tanx = ± 1 hay tanx = ± yl3 

« x = ± 1 + k 7 r ; x = ± - + k 7 t , k 6 Z . 

ai toan 2. 2 : Giai cac phu-ang trinh: 

1 . 1 10 
+ smx + = — 

cosx sinx 3 

a) cosx 

1 1 » 
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^ ^ " " ' ' ' ^ ( k e Z ) 

TNHHMTVDWHHhang Vm 
phuang trinh d6i xipng theo sin, cos: 

Qang: a(sinx + cosx) + b(sinxcosx) + c = 0 

Ogt t = sinx + cosx = N/2 sin x + - , 111 < N/2 

Chi jy : t = s i n x - c o s x = v'2sin x - - , i t | < \/2 
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mm 
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X = arcsinm + k27T 
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4 

5) Vi cosx = 0 khong thoa m§n, nen chia hai ve cho cos^x 0 ta du-p-c 
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« x = ± 1 + k 7 r ; x = ± - + k 7 t , k 6 Z . 
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+ smx + = — 
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1 1 » 



W tr<png diSm bSl dUOng hgc sinh gioi mSn Too,; 

b) 2(tanx - sinx) + 3(cotx - cosx) + 5 = 0 

Ic HoanliPh6 

Hipdng dSn giai 

a) Di§u ki0n ''̂  * ^ ^ k e Z . Phu'ang trinh dugc bien d6i 

sinx + cosx + sinx + cosx 
sinx. cosx 

10 
(1) 

D^t t = sinx + cosx = N/2sin(x + - ) , i t | < N/2 thi sinx cosx 
4 

vd(1) 3t' - 10t^ + 3t + 10 = 0 
» (t - 2)(3t^ - 4t - 5) = 0 

Chpn 

3 3 

t = ^ - - ^ = V2sin(x . 4) 

7t, 2 - Vl9 . . . . . <=> sin(x + - ) = T=— = sina nen co nghiem 
4 372 

x = a - - + k 2 7 t ; x = — - a + k27t , k€Z ( tm). 
4 4 

b) Di§u kien x ^ k e Z . Phu-ang trinh: 

2 ( i ! ! l l - sinx + 1) + 3 ( ^ ^ - cosx + 1) = 0 
cosx sinx 

<=> (sinx + cosx - sinx cosx) [- ] = 0 
cosx sinx 

<=> ( sinx + cosx - sinx cosx ) ( 2.tanx + 3 )=0 = 0 
Xetsinx + cosx - sinx cosx = 0 (1) 
Datt = sinx + cosx, | t | < %/2 

( 1 ) « t -
t^ - 1 

= 0 « t ' - 2 t - 1 = 0 

<^ t = 1 + (logi) ; t = 1 - >/2 

n§n sin(x + - ) = ^ — = s i n a , dod6 
4 V2 

y = a - - + k27r hay x = — - a + k27i, k € Z (tm). 
4 4 

Xet 2.tanx + 3 tanx = tanp <:>x = p + k7i, k e Z (tm). 

Cty TNHHMTVDWH Hhang Vi$t 

Bai toan 2. 3: Giai cac phu'ang trinh: 
a) 2cos9x(3 - 4sin^x)(3 - 4sin^3x) = 1 
b) cos9x + 3cos3x + sin3x = 3sinx. 

Hu'6ng d i n giai 
a) Xet sinx = 0 thi khong la nghiem cua phu'ang trinh. 

X6t sin X 5-̂  0. PT: 2cos9xsinx(3 - 4sin^x)(3 - 4sin^3x) = sinx 
2cos9xsin3x(3 - 4sin 3x) = sinx <=> 2cos9xsin9x = sinx 

o s i n l S x = s i n x o 18x = x + 2 k K 
18x = 7i - x + 2k7t 

x = k ^ , (k^17m) 

71 , 271 
x = — + k— 

19 19 
b) PT: cos9x + 3cos3x = 3sinx - sin3x 

o 4cos^3x = 4sin^x <=> cos3x = sinx 

<=> cos3x = cos X 

2 

3x = - - x + 2k7t 
2 

3x = x - - + 2k7i 
2 

71 k7t 
X = — + 

8 2 
X = — + k7t 

4 

, (k € Z) 

Bai toan 2. 4: Giai cac phuang trinh: 

a) cos + 2cosx = -— 
2 

b) (16cos\ 20cos^x + 5)(16cos''5x - 20cos^5x + 5) = 1. 
Hu'O'ng d i n giai 

a) PT: cos - - 2 x + cosx + cosx + C O S - = 0 
3 

<=> 2 COS 
71 X 

l 6 " 2 
COS 

fTt 3x> 
+ 2 COS 

f7t X^ 
. + 2 COS — + — cos 

U 2 ) 
.6 1) 

= 0 

o 2 cos 7t _ X 

6 2 
3x^ rsTt x^ 

COS -cos 
rsTt 

U 2 J u 2y 
= 0 

X6tcos 

Xet cos 

n X 

6 ~ 2 j 
= 0 « x = - — + k 2 7 i , ( k e 2 ) 

3x^ f57I x^ 
= cos u 2> v 6 2 j 

27t ^ , 
X = + 2k7t 

• (k e Z) 
X = — + k7t 

2 
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3 3 
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4 V2 
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4 4 
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2 
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8 2 
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4 
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2 
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3 
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COS 

fTt 3x> 
+ 2 COS 

f7t X^ 
. + 2 COS — + — cos 

U 2 ) 
.6 1) 

= 0 
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6 2 
3x^ rsTt x^ 

COS -cos 
rsTt 

U 2 J u 2y 
= 0 
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n X 
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= 0 « x = - — + k 2 7 i , ( k e 2 ) 

3x^ f57I x^ 
= cos u 2> v 6 2 j 

27t ^ , 
X = + 2k7t 

• (k e Z) 
X = — + k7t 

2 



10 tr<png diem bSi dUdng hgc sinh gioi mon Toon TT-Le Ho5nhFfto 

b) X6t X = - + k7t, k e Z khong la nghi$m cua phu'ang trinh 
' 2 

X6t x 9t - + kn, k e Z dung cong thu-c: 
2 

cos5x = 16cos^x - 2cos^x + 5cosx, ta c6 PT 

C O S 5 X ^ 2 i 2 5 x ^ ^ ^ ^ ^ g 2 5 x = cosx 
cosx cos5x 

25x = x + 2k7t 

25x = - X + 2k7c 

x = k ^ (k^12m + 6, m,keZ) 

x = k 
13 

( k e Z ) 

Bai toan 2. 5: Giai cac phu-ang trinh: 

a) sin ^ - 3 x + sin ^ - x 
6 

+ sin4x = 1 

b) ^ + sin 
^7t ^ 

- - X 

3 

X . f 71 X 
+ sinx = 4cos-sin - + -

2 V 3 ^ 

Hiro'ng din giai . 

a) PT: sin 

<=> 2 sin 

<=> 2sin 

X6tsin 

^ - 3 x 
3 

4 
I^-2x 

+ sin 
71 

X 
6 

i l - 2 x 

cos 

cos 

71 

12 

12 

+ sin4x - s in— = 0 
2 

- X 

- X 

+ 2 cos 

cos 

2x + I i 
4 

sin 2 x - - = 0 

= 0 

4 

. TC kTl ,. 
= 0 c ^ X = - - y , ( k 6 Z ) 

Xetcos 
12 

- X = cos 
V 

T: , 27t . , 
x = + k — , k e . 

18 3 
x = - I ^ + k27t,keZ 

3 

b) PT: s i n - +sin 
3 

7t 

3 - " 
+ sinx = 4cos-cos 

2 

7t _ X 

6 " 2 

. 71 „ . T: 
o s i n - + 2sin-cos 

'71 X ' T I X^ '71 
- X = 4 C O S - c o s U J 2 .6 2. 

<=> 2s in-. 
6 

cos—+ cos 
6 

^7t ^ = 4 cos-cos 
2 6 l] 

ci> 4sin-.cos 
6 

71 X 

6 ^ 2 
cos — = 4 cos—cos 

2 2 

<=>cos-cos 
71 _ X 

6^2) 

X = 7i + 2k7i 

471 . (k e Z) 
x = — - + 2k7t 

= 0 <=> cos— = 0 hay cos 

7t _ £ 

6 2 

U 2 

fn x^ 
= 0 

Bai toan 2. 6: Giai cac phu'ang trinh: 
a) 2 + tanxtanSx = tan^x b) 2tanx + tan3x = tanSx 

HiPO'ng din giai 

a) Di^u kien: cosx ^ 0, cos3x ^ 0 

PT: (1 - tan^x) + (1 + tanxtan3x) = 0 

cos2x 
<=> — + 

cos2x 

cos^x cosx cos 3x 
= 0 <=> cos2x(cosx + cos3x) = 0 

Xet cos2x = 0 « 2 x = - + k 7 t ox = - + — ( k e Z ) (tm) 
. 2 4 2 

Xet cos3x = -cosx = cos( TT - x) <=> 

71 kTI 
X = — + 

4 2 

x = + kTt 

2 

Chon nghi^m x = + y , (k € Z). 

b) Oieu kien: cos'' ^ 0, cos3x ^ 0, cos5x ?t 0 

PT: (tanx + tan3x) + (tanx - tanSx) = 0 

sin4x sin4x 

cosxcos3x cosxcosSx 
= 0 <=> sin4x(cos5x - cos3x) = 0 

Xet sin4x = 0 o 4x = krt o x = k - , (k e Z) (tm) 
4 

X6t cos5x = cos3x 
X = k7l 

1 Tt 

X = k -
4 

7t kTt 
Chpn nghi^m x = kTi, x = - + — (k e Z) 

4 2 
Bai toan 2. 7: Giai cac phu-ang trinh: 

a) (3 - tanS<)(3 - tan^3x) = tan9x(1 - 3tanS<)(1 - 3tan^3x) 

b) tanx + 2tan2x + 4tan4x = cotx - 8. 

; t, 
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b) X6t X = - + k7t, k e Z khong la nghi$m cua phu'ang trinh 
' 2 

X6t x 9t - + kn, k e Z dung cong thu-c: 
2 

cos5x = 16cos^x - 2cos^x + 5cosx, ta c6 PT 

C O S 5 X ^ 2 i 2 5 x ^ ^ ^ ^ ^ g 2 5 x = cosx 
cosx cos5x 

25x = x + 2k7t 

25x = - X + 2k7c 

x = k ^ (k^12m + 6, m,keZ) 

x = k 
13 

( k e Z ) 

Bai toan 2. 5: Giai cac phu-ang trinh: 

a) sin ^ - 3 x + sin ^ - x 
6 

+ sin4x = 1 

b) ^ + sin 
^7t ^ 

- - X 

3 

X . f 71 X 
+ sinx = 4cos-sin - + -

2 V 3 ^ 

Hiro'ng din giai . 

a) PT: sin 

<=> 2 sin 

<=> 2sin 

X6tsin 

^ - 3 x 
3 

4 
I^-2x 

+ sin 
71 

X 
6 

i l - 2 x 

cos 

cos 

71 

12 

12 

+ sin4x - s in— = 0 
2 

- X 

- X 

+ 2 cos 

cos 

2x + I i 
4 

sin 2 x - - = 0 

= 0 

4 

. TC kTl ,. 
= 0 c ^ X = - - y , ( k 6 Z ) 

Xetcos 
12 

- X = cos 
V 

T: , 27t . , 
x = + k — , k e . 

18 3 
x = - I ^ + k27t,keZ 

3 

b) PT: s i n - +sin 
3 

7t 

3 - " 
+ sinx = 4cos-cos 

2 

7t _ X 

6 " 2 

. 71 „ . T: 
o s i n - + 2sin-cos 

'71 X ' T I X^ '71 
- X = 4 C O S - c o s U J 2 .6 2. 

<=> 2s in-. 
6 

cos—+ cos 
6 

^7t ^ = 4 cos-cos 
2 6 l] 

ci> 4sin-.cos 
6 

71 X 

6 ^ 2 
cos — = 4 cos—cos 

2 2 

<=>cos-cos 
71 _ X 

6^2) 

X = 7i + 2k7i 

471 . (k e Z) 
x = — - + 2k7t 

= 0 <=> cos— = 0 hay cos 

7t _ £ 

6 2 

U 2 

fn x^ 
= 0 

Bai toan 2. 6: Giai cac phu'ang trinh: 
a) 2 + tanxtanSx = tan^x b) 2tanx + tan3x = tanSx 

HiPO'ng din giai 

a) Di^u kien: cosx ^ 0, cos3x ^ 0 

PT: (1 - tan^x) + (1 + tanxtan3x) = 0 

cos2x 
<=> — + 

cos2x 

cos^x cosx cos 3x 
= 0 <=> cos2x(cosx + cos3x) = 0 

Xet cos2x = 0 « 2 x = - + k 7 t ox = - + — ( k e Z ) (tm) 
. 2 4 2 

Xet cos3x = -cosx = cos( TT - x) <=> 

71 kTI 
X = — + 

4 2 

x = + kTt 

2 

Chon nghi^m x = + y , (k € Z). 

b) Oieu kien: cos'' ^ 0, cos3x ^ 0, cos5x ?t 0 

PT: (tanx + tan3x) + (tanx - tanSx) = 0 

sin4x sin4x 

cosxcos3x cosxcosSx 
= 0 <=> sin4x(cos5x - cos3x) = 0 

Xet sin4x = 0 o 4x = krt o x = k - , (k e Z) (tm) 
4 

X6t cos5x = cos3x 
X = k7l 

1 Tt 

X = k -
4 

7t kTt 
Chpn nghi^m x = kTi, x = - + — (k e Z) 

4 2 
Bai toan 2. 7: Giai cac phu-ang trinh: 

a) (3 - tanS<)(3 - tan^3x) = tan9x(1 - 3tanS<)(1 - 3tan^3x) 

b) tanx + 2tan2x + 4tan4x = cotx - 8. 

; t, 
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Hu'O'ng din giai 
a) Dieu kien: cosx ̂  0, cos3x ^t 0, cos9x ̂  0 

Xet (1 - 3tan^x)(1 - 3tan^3x) = 0 thi khong thoa m§n 
Xet (1 - 3tan^x)(1 - 3tan^3x) ^ 0 phu-ang trinh: 

^ S-tan^x V 3 - t a n 2 3x^ 
<=> 

1-3tan^x 1-tan2 3x 
= VstanQx 

< ^ ^ = V 3 t a n 9 x « 
tanx 

tan9x = 0 

1 ^ tanx = -7= 
V3 

x = y (k€Z)( l09i) 

x = ^ + k7t (loai) 
6 

b) D i lu kien: sin8x ^ 0 Phu-ang trinh da cho tu-ang du-cng vai 
cotx - tanx - 2tan2x - 4tan4x = 8 

o 2cot2x - 2tan2x - 4tan4x = 8 <=> 2(cot2x - tan2x) - 4tan4x = 8 
4cot4x - 4tan4x = 8 o 4(cot4x - tan4x) = 8 

<:^8cot8x = 8ci.cot8x= 1<:>8x= •̂  + k7t « x = ^ + k|, k e Z (tm) 

Bai toan 2. 8: Giai cac phu-ang trinh: 
a) tanxtan2x + tan2xtan3x + tan3xtan4x + 3 = 0 

tanx tan2x tan4x ^ 
b) + + = 0 

cos2x cos4x cos8x 

Hu'6ng din giai 
a) Di4u kien: cosx ?t 0, cos2x it 0, cos3x ^ 0, cos4x ?t 0 

Khi sinx = 0 khong thoa m§n phu-ang trinh 

Khi sinx ^ 0, phu-ang trinh da cho tu-ang du-ang vdi 

(tanxtan2x + 1) + (tan2xtan3x + 1) + (tan3xtan4x + 1) = 0 

tan2x-tanx tan3x-tan2x tan4x-tan3x „ 
<=> + + = 0 

tanx tanx tanx 

otan4x = tanxci>4x = x + k7tox = k^ (k^t 3m, k, m e Z) 

b) Di^u kien: cosx ^ 0, cos2x * 0, cos4x ^ 0, cos8x ^t 0 
Phu-ang trinh da cho tu-ang du-ang vai: 

(tan2x - tanx) + (tan2x - tan4x) + (tan8x - tan4x) = 0 

o tanSx = tanx<=>8x = x + k7t<::>x = — ( k e Z ) (tm) 

Bai toan 2.9: Giai cac phu-ang trinh: 

a) ' ' . ' . = 0 
sinxsin2x sin2xsin3x sin3xsin4x 

b) 
cosx cos3x ^ cos9x ^ 
sin3x sin9x sin27x 

Hu'6ng din giai 
a) Oi^u kien: sin3x ^ 0, sin4x ;.t o =:> sinx =t 0 

NhSn hai v6 vai sinx ^ 0 ta du-ac 
sinx sinx sinx = 0 

sinxsin2x sin2xsin3x sin3xsin4x 

<=> (cotx - cot2x) + (cot2x - cot3x) + (cot3x - cot4x) = 0 

<^cotx = co t4xox = 4x + k7i<=>x = k - (k e Z, k5^3n, n € Z) 

mn 
b) Dilu kien: sin27x ^ O o x ^ — , ( m e Z ) 

27 

„^ 2cosx 2cos3x 2cos9x . 
PT: + + = 0 

sinSx sin9x sin27x 

o (cotx - cot3x) + (cot3x - cot9x) + (cot9x - cot27x) = 0 

<=> cotx = cot27x <=> X = 27x + kn 

K 
<=> X = k-

26 
( k ^ 26m, k, n e Z) 

Bai toan 2.10: Giai cac phu-ang trinh:. 
a) tan^x + sin^2x = 4cos^x 
b) cos^3x + cos^x + 3cos^2x + cos2x = 2. 

Hu'O'ng din giai 
a) Di§u ki$n: cosx ^ 0 . 

PT <=> (tanx + sin2x)^ - 4(cos^x + 4sin^x) = 0 

« (tanx + sin2x)^ - 4 = 0 

<=> (tanx + sin2x - 2)(tanx + sin2x + 2) = 0 

<=> 
tanx+ s in2x-2 = 0 

tanx + sin2x + 2 = 0 

t ^ - 2 t 2 + 3 t - 2 = 0 

t^+2t^ + 3t + 2 = 0 
(t = tanx) 

tanx = 1 

tanx = -1 

x - - + k7i (k6Z)(tm) 
4 

x = - - + k7t (k6Z ) (tm) 
4 

b) PT: o (cos3x + cosx)^ = 2 - 3cos^2x + 2cos^2x - 1 

<=> (cos3x + cosx)^ = sin^2x <=> 
cos 3x +cosx = sin2x 

cos3x + cosx = -sin2x 

^et cos3x + cosx = sin2x 

2cos2xcosx = 2sinxcosx o cosx(cos2x - sinx) = 0 

.)0 eT (cl 
•if 



Hu'O'ng din giai 
a) Dieu kien: cosx ̂  0, cos3x ^t 0, cos9x ̂  0 

Xet (1 - 3tan^x)(1 - 3tan^3x) = 0 thi khong thoa m§n 
Xet (1 - 3tan^x)(1 - 3tan^3x) ^ 0 phu-ang trinh: 

^ S-tan^x V 3 - t a n 2 3x^ 
<=> 

1-3tan^x 1-tan2 3x 
= VstanQx 

< ^ ^ = V 3 t a n 9 x « 
tanx 

tan9x = 0 

1 ^ tanx = -7= 
V3 

x = y (k€Z)( l09i) 

x = ^ + k7t (loai) 
6 

b) D i lu kien: sin8x ^ 0 Phu-ang trinh da cho tu-ang du-cng vai 
cotx - tanx - 2tan2x - 4tan4x = 8 

o 2cot2x - 2tan2x - 4tan4x = 8 <=> 2(cot2x - tan2x) - 4tan4x = 8 
4cot4x - 4tan4x = 8 o 4(cot4x - tan4x) = 8 

<:^8cot8x = 8ci.cot8x= 1<:>8x= •̂  + k7t « x = ^ + k|, k e Z (tm) 

Bai toan 2. 8: Giai cac phu-ang trinh: 
a) tanxtan2x + tan2xtan3x + tan3xtan4x + 3 = 0 

tanx tan2x tan4x ^ 
b) + + = 0 

cos2x cos4x cos8x 

Hu'6ng din giai 
a) Di4u kien: cosx ?t 0, cos2x it 0, cos3x ^ 0, cos4x ?t 0 

Khi sinx = 0 khong thoa m§n phu-ang trinh 

Khi sinx ^ 0, phu-ang trinh da cho tu-ang du-ang vdi 

(tanxtan2x + 1) + (tan2xtan3x + 1) + (tan3xtan4x + 1) = 0 

tan2x-tanx tan3x-tan2x tan4x-tan3x „ 
<=> + + = 0 

tanx tanx tanx 

otan4x = tanxci>4x = x + k7tox = k^ (k^t 3m, k, m e Z) 

b) Di^u kien: cosx ^ 0, cos2x * 0, cos4x ^ 0, cos8x ^t 0 
Phu-ang trinh da cho tu-ang du-ang vai: 

(tan2x - tanx) + (tan2x - tan4x) + (tan8x - tan4x) = 0 

o tanSx = tanx<=>8x = x + k7t<::>x = — ( k e Z ) (tm) 

Bai toan 2.9: Giai cac phu-ang trinh: 

a) ' ' . ' . = 0 
sinxsin2x sin2xsin3x sin3xsin4x 

b) 
cosx cos3x ^ cos9x ^ 
sin3x sin9x sin27x 

Hu'6ng din giai 
a) Oi^u kien: sin3x ^ 0, sin4x ;.t o =:> sinx =t 0 

NhSn hai v6 vai sinx ^ 0 ta du-ac 
sinx sinx sinx = 0 

sinxsin2x sin2xsin3x sin3xsin4x 

<=> (cotx - cot2x) + (cot2x - cot3x) + (cot3x - cot4x) = 0 

<^cotx = co t4xox = 4x + k7i<=>x = k - (k e Z, k5^3n, n € Z) 

mn 
b) Dilu kien: sin27x ^ O o x ^ — , ( m e Z ) 

27 

„^ 2cosx 2cos3x 2cos9x . 
PT: + + = 0 

sinSx sin9x sin27x 

o (cotx - cot3x) + (cot3x - cot9x) + (cot9x - cot27x) = 0 

<=> cotx = cot27x <=> X = 27x + kn 

K 
<=> X = k-

26 
( k ^ 26m, k, n e Z) 

Bai toan 2.10: Giai cac phu-ang trinh:. 
a) tan^x + sin^2x = 4cos^x 
b) cos^3x + cos^x + 3cos^2x + cos2x = 2. 

Hu'O'ng din giai 
a) Di§u ki$n: cosx ^ 0 . 

PT <=> (tanx + sin2x)^ - 4(cos^x + 4sin^x) = 0 

« (tanx + sin2x)^ - 4 = 0 

<=> (tanx + sin2x - 2)(tanx + sin2x + 2) = 0 

<=> 
tanx+ s in2x-2 = 0 

tanx + sin2x + 2 = 0 

t ^ - 2 t 2 + 3 t - 2 = 0 

t^+2t^ + 3t + 2 = 0 
(t = tanx) 

tanx = 1 

tanx = -1 

x - - + k7i (k6Z)(tm) 
4 

x = - - + k7t (k6Z ) (tm) 
4 

b) PT: o (cos3x + cosx)^ = 2 - 3cos^2x + 2cos^2x - 1 

<=> (cos3x + cosx)^ = sin^2x <=> 
cos 3x +cosx = sin2x 

cos3x + cosx = -sin2x 

^et cos3x + cosx = sin2x 

2cos2xcosx = 2sinxcosx o cosx(cos2x - sinx) = 0 

.)0 eT (cl 
•if 



COS X = 0 

cos2x = sinx = cos — + X 

1 
X = — + KTt 

n , 2n 

6 3 

.(k e Z) 

X6t 3cosx + cosx = -sin2x <=> cosx(cos2x + sinx) = 0 

cosx = 0 

cos2x = -sinx = cos - X 

X = — + k7t 
2 

x = - - + k—-
6 3 

, (k 6 Z) 

Bai toan 2.11: Giai c^c phu'ang trinh: 

a) cos + cos^ 2x + cos^ X = -
4 

b) 16cos^x = 1 + 5cos3x +lOcosx. 
Hu'O'ng din giai 

a. PT: 14 COS 
271 

I 3 
6x + cos4x + cos2x 

7 
4 

o cos 

<=> cos 

271 

3 

f2n 

-6x 

-6x 

+ cos4x + cos2x = — 
2 

- cos - + cos4x + cos2x = 0 
3 

<=> - 2 sin sin - - 3 x 

o 2cos3x cosx-cos 

+ 2cos3xcosx = 0 

= 0 

Xet cos3x = 0<»3x= ^ + k7i<=>x = ̂  + ^ , ( k 6 Z ) 
2 6 3 

X6t cosx = cos 
x = — + k7I 

6 
7: kTt 

X = + 

, ( k e Z ) 

12 2 
b) Ta c6: 

16coŝ x = 2(4cos^x)(2cos^x) = 2(cos3x + 3cosx)(1 + cos2x) 
= 2cos3x + 6cosx + (cos5x + cosx) + 3(cos3x + cosx) 
= cos5x + 5cos3x +lOcosx 

Phucng trinh da cho tu'ong du-ang vai: cos5x = 1 o 5x = 2k7i 

V | y : x = ^ ( k E Z ) 

gai toan 2.12: Giai cSc phu-o-ng trinh: 

a) v'2(sinx + cosx) = tanx + cotx 

b) 3+ sin^2x = 2sin2x + cos2x + 2 72 sinx. 
Hu'O'ng din giai: 

a) D\hu kien : x / y , k € Z . 

P T o N/2.V2sin(x + ^ ) = - — ^ 
4 sinx cosx 

o sin2x sin(x + - ) = 1 
4 

<=>i 

sin2x = 1 

sin X + — 
4 y 

= 1 
hay 

sin2x = -1 

sin 
71 

X + — 

4 
- 1 

X = — + k7t 
4 

X = - + 1271 
4 

hay 
X = + k7r, k e Z 

4 
X = -

37t 

n 6v (t) rini^t gaoDP.S 

+ 1271, k 6 Z 

V^y X = - + k27r, k € Z 
4 

b) Phifang trinh d§ cho tuang difang vdi 

(sin^2x - 2sin2x + 1) + (2 - cos2x - 2 N/2 sinx) = 0 

o (sin2x - 1)̂  + ( N/2 sinx - 1)̂  = 0 
sin2x=:1 

1 <=> x = - + 2k7t, (k e Z) 
sinx = ̂  4 

f A re 
Bai toan 2.13: Giai cac phu-ang trinh: 

a) sin3x ( cosx - 2sin3x) + cos3x (1 + sinx - 2cos3x) = 0 

b) sin«x + cos«x = 2(sin^°x + cos^°x) + ^ cos2x. -"^^'^^^'^^ 
4 

n i i (c-
HiPO'ng ddn giai: 

a) sin3x (cosx - 2sin3x) + cos3x (1 + sinx - 2cos3x) = 0 
<̂  sin3xcosx - 2sin^3x +cos3x + sinx cos3x - 2cos^3x = 0 co BT i. 
<=> sin4x + cos3x = 2 x''̂ '̂V.(̂  6v 

sin4x = 1 
cos3x = 1 

n kTt 
X = — + — 

8 2 . 

X = 
k27t 

: v6 nghi^m . 

41 



COS X = 0 

cos2x = sinx = cos — + X 

1 
X = — + KTt 

n , 2n 

6 3 

.(k e Z) 

X6t 3cosx + cosx = -sin2x <=> cosx(cos2x + sinx) = 0 

cosx = 0 

cos2x = -sinx = cos - X 

X = — + k7t 
2 

x = - - + k—-
6 3 

, (k 6 Z) 

Bai toan 2.11: Giai c^c phu'ang trinh: 

a) cos + cos^ 2x + cos^ X = -
4 

b) 16cos^x = 1 + 5cos3x +lOcosx. 
Hu'O'ng din giai 

a. PT: 14 COS 
271 

I 3 
6x + cos4x + cos2x 

7 
4 

o cos 

<=> cos 

271 

3 

f2n 

-6x 

-6x 

+ cos4x + cos2x = — 
2 

- cos - + cos4x + cos2x = 0 
3 

<=> - 2 sin sin - - 3 x 

o 2cos3x cosx-cos 

+ 2cos3xcosx = 0 

= 0 

Xet cos3x = 0<»3x= ^ + k7i<=>x = ̂  + ^ , ( k 6 Z ) 
2 6 3 

X6t cosx = cos 
x = — + k7I 

6 
7: kTt 

X = + 

, ( k e Z ) 

12 2 
b) Ta c6: 

16coŝ x = 2(4cos^x)(2cos^x) = 2(cos3x + 3cosx)(1 + cos2x) 
= 2cos3x + 6cosx + (cos5x + cosx) + 3(cos3x + cosx) 
= cos5x + 5cos3x +lOcosx 

Phucng trinh da cho tu'ong du-ang vai: cos5x = 1 o 5x = 2k7i 

V | y : x = ^ ( k E Z ) 

gai toan 2.12: Giai cSc phu-o-ng trinh: 

a) v'2(sinx + cosx) = tanx + cotx 

b) 3+ sin^2x = 2sin2x + cos2x + 2 72 sinx. 
Hu'O'ng din giai: 

a) D\hu kien : x / y , k € Z . 

P T o N/2.V2sin(x + ^ ) = - — ^ 
4 sinx cosx 

o sin2x sin(x + - ) = 1 
4 

<=>i 

sin2x = 1 

sin X + — 
4 y 

= 1 
hay 

sin2x = -1 

sin 
71 

X + — 

4 
- 1 

X = — + k7t 
4 

X = - + 1271 
4 

hay 
X = + k7r, k e Z 

4 
X = -

37t 

n 6v (t) rini^t gaoDP.S 

+ 1271, k 6 Z 

V^y X = - + k27r, k € Z 
4 

b) Phifang trinh d§ cho tuang difang vdi 

(sin^2x - 2sin2x + 1) + (2 - cos2x - 2 N/2 sinx) = 0 

o (sin2x - 1)̂  + ( N/2 sinx - 1)̂  = 0 
sin2x=:1 

1 <=> x = - + 2k7t, (k e Z) 
sinx = ̂  4 

f A re 
Bai toan 2.13: Giai cac phu-ang trinh: 

a) sin3x ( cosx - 2sin3x) + cos3x (1 + sinx - 2cos3x) = 0 

b) sin«x + cos«x = 2(sin^°x + cos^°x) + ^ cos2x. -"^^'^^^'^^ 
4 

n i i (c-
HiPO'ng ddn giai: 

a) sin3x (cosx - 2sin3x) + cos3x (1 + sinx - 2cos3x) = 0 
<̂  sin3xcosx - 2sin^3x +cos3x + sinx cos3x - 2cos^3x = 0 co BT i. 
<=> sin4x + cos3x = 2 x''̂ '̂V.(̂  6v 

sin4x = 1 
cos3x = 1 

n kTt 
X = — + — 

8 2 . 

X = 
k27t 

: v6 nghi^m . 

41 



b) PT: sin®x(2sin^x - 1) + cos®x(2cos^x - 1) + - c o s 2 x = 0 

<=> cos^x cos2x - sin^x cos2x + - cos2x = 0 

» cos2x(cos X - sin^x + - ) = 0 
4 

» c o s 2 x = 0 ( 1 ) h o $ c sin^x = cos^x + ^ ( 2 ) . 

Ta CO (1) <=> 2x = - + kn o X = - + — 
2 4 2 

Phuang trinh (2) v6 nghiem vi VT < 1 ; VP > - > VT. 
4 

V^y phu-ang trinh c6 nghi$m : x = — + — . 
4 2 

Bai toan 2.14: Giai cac phu-ang trinh: 

a) (sinx + cosx)" = 5 - sin^2x b) l^Jsinx + Vcosx + Vcosx 

Hu'O'ng d i n giai 

a) Ta c6: (sinx + cosx)" < 4 va 5 - sin^2x > 4 

Vay dau b i n g xay ra khi va chi khi 

(sinx + cosx)" = 4 [ s i n x + cosx 

sin^2x = 1 cos2x = 0 

- ^ 1 / I -» \ 

<=> X = - + kTt, ( k € Z) 
4 

b) Ta c6: 2Vsinx = 2^s\n^x> 2sin^ x 

Vcosx + N/COSX = \/cos^ X + \/cos^x > 2cos^ X => VT > 2 

Dau bang chi xay ra khi va chi khi: 

sinx = 0,cosx = 1 

sinx = 1,cosx = 0 

x = - + 2k7t „ 
2 , (k e Z) 

X = 2k7i 

Bai toan 2.15: Giai cac phu-ang trinh: 

a) s\n'°'°x + cos^"^"x = 1 2020„ _ b) sin^°x + cos '°x = 
32 

Hu'O'ng d in giai 

a) Ta c6 cos^°^°x < cos^x, dau = xay ra khi cosx = 0 hoSc cosx = ± 1 

v^ sin^°^°x < sin^x, d i u = xay ra khi sinx = 0 ho$c sinx = ± 1 

Nen sin^°2°x + cos^"^"x < sin^x + cos^x = 1 . 

Do do d i u d i n g thu-c xay ra, phuang trinh tu-ang du-ang vai 

AO 

Ap dyng bit ding thi>c 

xay ra khi va chi khi a = b, ta c6: 

a^°+b^° r a + b^ 

I 2 

10 

, vai a, b > 0 va dau ding thtpc 

VT = ( s i n V ° + ( c o s V ° > 2 

DIU bing cua bit ding thuc xay ra khi va chi khi: 

n 

4 

sin^ X + cos x 
10 

1 1 

512 

sin^x = cos^x = - <=> x = + - + k 7 i , k e Z . 
2 

Bai toan 2.16: Giai cac phuang trinh 2 In: 

a)4cos^x + 3tan^y - 4N/3COSX + 2^/3 {any + 4 = 0 

b) cos^x + s i n ^ + 
1 1 

+ 
cos'' X sin" X 

= 8 + 
siny 

Giai 
a) Phuang trinh tu-ang du-ang 

4cos^x -4N/3COSX + 3 + (Stanyf 2N/3tany + 1 = 0 

o {2C0SX - S f + (Vstany + ^f = 0 

V3 
COSX = 

tany = -
V3 

X = ± - + k2Tc 
6 

y = - - + IK 

v6i k, / e Z . 

b)Di^uki$n : X ^ — , k e Z . T a c o 
2 

VT = (cos^x + sin"x)(1 + 
1 

= (1 - 2sin^x cos^x)(1 + 

= (1 - - s in^2x)( 1 + 

sin x cos x 

16 

(2sinx cosx) 

16 

T ) 

sin" 2x 
) 

> (1 - | ) ( 1 + 16) = y . D l u " = " x a y r a k h i 

Sin22x = 1 <=>cos2x = 0 o 2x = - + k:: « x = - + — , k e: 
2 4 2 ft.. /I-J 



b) PT: sin®x(2sin^x - 1) + cos®x(2cos^x - 1) + - c o s 2 x = 0 

<=> cos^x cos2x - sin^x cos2x + - cos2x = 0 

» cos2x(cos X - sin^x + - ) = 0 
4 

» c o s 2 x = 0 ( 1 ) h o $ c sin^x = cos^x + ^ ( 2 ) . 

Ta CO (1) <=> 2x = - + kn o X = - + — 
2 4 2 

Phuang trinh (2) v6 nghiem vi VT < 1 ; VP > - > VT. 
4 

V^y phu-ang trinh c6 nghi$m : x = — + — . 
4 2 

Bai toan 2.14: Giai cac phu-ang trinh: 

a) (sinx + cosx)" = 5 - sin^2x b) l^Jsinx + Vcosx + Vcosx 

Hu'O'ng d i n giai 

a) Ta c6: (sinx + cosx)" < 4 va 5 - sin^2x > 4 

Vay dau b i n g xay ra khi va chi khi 

(sinx + cosx)" = 4 [ s i n x + cosx 

sin^2x = 1 cos2x = 0 

- ^ 1 / I -» \ 

<=> X = - + kTt, ( k € Z) 
4 

b) Ta c6: 2Vsinx = 2^s\n^x> 2sin^ x 

Vcosx + N/COSX = \/cos^ X + \/cos^x > 2cos^ X => VT > 2 

Dau bang chi xay ra khi va chi khi: 

sinx = 0,cosx = 1 

sinx = 1,cosx = 0 

x = - + 2k7t „ 
2 , (k e Z) 

X = 2k7i 

Bai toan 2.15: Giai cac phu-ang trinh: 

a) s\n'°'°x + cos^"^"x = 1 2020„ _ b) sin^°x + cos '°x = 
32 

Hu'O'ng d in giai 

a) Ta c6 cos^°^°x < cos^x, dau = xay ra khi cosx = 0 hoSc cosx = ± 1 

v^ sin^°^°x < sin^x, d i u = xay ra khi sinx = 0 ho$c sinx = ± 1 

Nen sin^°2°x + cos^"^"x < sin^x + cos^x = 1 . 

Do do d i u d i n g thu-c xay ra, phuang trinh tu-ang du-ang vai 

AO 

Ap dyng bit ding thi>c 

xay ra khi va chi khi a = b, ta c6: 

a^°+b^° r a + b^ 

I 2 

10 

, vai a, b > 0 va dau ding thtpc 

VT = ( s i n V ° + ( c o s V ° > 2 

DIU bing cua bit ding thuc xay ra khi va chi khi: 

n 

4 

sin^ X + cos x 
10 

1 1 

512 

sin^x = cos^x = - <=> x = + - + k 7 i , k e Z . 
2 

Bai toan 2.16: Giai cac phuang trinh 2 In: 

a)4cos^x + 3tan^y - 4N/3COSX + 2^/3 {any + 4 = 0 

b) cos^x + s i n ^ + 
1 1 

+ 
cos'' X sin" X 

= 8 + 
siny 

Giai 
a) Phuang trinh tu-ang du-ang 

4cos^x -4N/3COSX + 3 + (Stanyf 2N/3tany + 1 = 0 

o {2C0SX - S f + (Vstany + ^f = 0 

V3 
COSX = 

tany = -
V3 

X = ± - + k2Tc 
6 

y = - - + IK 

v6i k, / e Z . 

b)Di^uki$n : X ^ — , k e Z . T a c o 
2 

VT = (cos^x + sin"x)(1 + 
1 

= (1 - 2sin^x cos^x)(1 + 

= (1 - - s in^2x)( 1 + 

sin x cos x 

16 

(2sinx cosx) 

16 

T ) 

sin" 2x 
) 

> (1 - | ) ( 1 + 16) = y . D l u " = " x a y r a k h i 

Sin22x = 1 <=>cos2x = 0 o 2x = - + k:: « x = - + — , k e: 
2 4 2 ft.. /I-J 



lU lHJ))y U)iti)i uui uuuiiy ;»v>i sum yiui muii HJL 

VP = 8 + siny < 8 + 1 17 

Dau bing xay ra khi siny = 1 <=> y = — + m27r, m e Z . 

Vay nghi#m: x = - + — v ^ y = ^ + m2n vo-i k, m e Z . 
4 2 2 

Bai toan 2.17: Giai cac phu-cng trinh: 

a) 2 C 0 S X - I sinx 1=1 b) N/2 (|sinx| + |cosx|) = 2sin4x 
HiPO'ng din giai 

a) Phuang trinh da cho tu-ang du-ang vd-i 

2cosx - 1 = 1 sinx 

1 
cosx > -

2 
(1) 

(2cosx - 1)̂  = sin2x(2) 

(1) « _ 5 + k2rr < X < J + k27t , k e Z . 
3 3 

(2) <=> 4cos^x - 4cosx + 1 = 1 - cos^x 
« Scos^x - 4cosx = 0 

4 
<=> cosx = 0 ( log i ) hay cosx = - (thich hp'p) 

D 

Do do cosx = - = cosa 
5 

X = ± a + k27t, k e Z . 

y ?CiO b) Xet d iu Ian lu-p-t 4 goc phSn tu" cua x thi k^t qua: 

x = - +k2 7 r , x = — +k2 7c ,x=— +k2 7 t , x = — +k27t, k e ! 
3 5 3 53 

Bai toan 2.18: Giai c^c phu'cng trinh: 
a) cosx sinx + | cosx + sinxl = 1 . 
b) I sinx - cosx | + 2sin2x = 1 . 

Hirang d i n giai 

a)Dat t = I cosx + sinx I = N/2 I sin(x + - ) 
4 

=>0< t < / 2 sinx cosx = ^( t^ - 1 ) . 

Phu-ang trinh 6h bai tra thanh 

^( t^ - 1) + t - 1 = 0 o t̂  + 2t - 3 = 0 

» t = 1 hay t = - 3 (loai). 

Chpnt = 1 thi |sin(x+ - ) | = — » sin^(x + - ) = I 
4 2 4 2 

A A 

-Uy^rNHH MTV OWH Hhang W ? " 

( ^ 1[1 - C 0 S 2 ( X + 1)] = 1 « 1 + cos(2x + | ) = 1 

^ - sin2x = 0c:>2x = k7t <=>x = y . k e Z . 

b) oat t = I sinx - cosx I = 72 | sin(x - J ) i = > 0 < t < > / 2 ^ 

sinx cosx = - ^ (t^ - 1) . Phu'ang trinh da cho tra thanh 

t + 2(t^ - 1) = 1 2t^ + t - 3 = 0 
3 

<=> t = 1 hay * = ~ 2 • 

V(^i t = V2 |s in (x - - ) | = 1 <^ |sin(x - - ) | = V2 
4 4 2 

o s i n ' ( x - - ) = - » - [ 1 - c o s 2 ( x - - ) ] = -
4 ^ 2 4 2 

« cos(2x = 0 o sin2x = 0 o x = y- • 

kn 
V§y nghiem cua phuang trinh : x = — , k e Z . 

Bai toan 2.19: Giai c^c phuang trinh: 
1 a)|cotxi = tanx -

sinx 
K \x 1 I 1 b) = I tanx + 1 

tanx - 11 I tanx - 1 

Hu'O'ng d i n giai 

a) Di4u ki?n : tanx - > 0 . 
sinx 

Phyang trinh <=> cot^x = (tanx ^ f 
sinx 

<=> cot^x = tan^x + —\ + — ^ 
sin X cosx 

9 1 0 2 
<» cot X = — — - 1 + cot X + 1 -

cos X cosx 
1 2 

o 5— = 0 0 2 C 0 S X - 1 = 0 
cos X cosx 

•» cosx = - o x = ± - + k27t, k e Z . 
2 3 



lU lHJ))y U)iti)i uui uuuiiy ;»v>i sum yiui muii HJL 

VP = 8 + siny < 8 + 1 17 

Dau bing xay ra khi siny = 1 <=> y = — + m27r, m e Z . 

Vay nghi#m: x = - + — v ^ y = ^ + m2n vo-i k, m e Z . 
4 2 2 

Bai toan 2.17: Giai cac phu-cng trinh: 

a) 2 C 0 S X - I sinx 1=1 b) N/2 (|sinx| + |cosx|) = 2sin4x 
HiPO'ng din giai 

a) Phuang trinh da cho tu-ang du-ang vd-i 

2cosx - 1 = 1 sinx 

1 
cosx > -

2 
(1) 

(2cosx - 1)̂  = sin2x(2) 

(1) « _ 5 + k2rr < X < J + k27t , k e Z . 
3 3 

(2) <=> 4cos^x - 4cosx + 1 = 1 - cos^x 
« Scos^x - 4cosx = 0 

4 
<=> cosx = 0 ( log i ) hay cosx = - (thich hp'p) 

D 

Do do cosx = - = cosa 
5 

X = ± a + k27t, k e Z . 

y ?CiO b) Xet d iu Ian lu-p-t 4 goc phSn tu" cua x thi k^t qua: 

x = - +k2 7 r , x = — +k2 7c ,x=— +k2 7 t , x = — +k27t, k e ! 
3 5 3 53 

Bai toan 2.18: Giai c^c phu'cng trinh: 
a) cosx sinx + | cosx + sinxl = 1 . 
b) I sinx - cosx | + 2sin2x = 1 . 

Hirang d i n giai 

a)Dat t = I cosx + sinx I = N/2 I sin(x + - ) 
4 

=>0< t < / 2 sinx cosx = ^( t^ - 1 ) . 

Phu-ang trinh 6h bai tra thanh 

^( t^ - 1) + t - 1 = 0 o t̂  + 2t - 3 = 0 

» t = 1 hay t = - 3 (loai). 

Chpnt = 1 thi |sin(x+ - ) | = — » sin^(x + - ) = I 
4 2 4 2 

A A 

-Uy^rNHH MTV OWH Hhang W ? " 

( ^ 1[1 - C 0 S 2 ( X + 1)] = 1 « 1 + cos(2x + | ) = 1 

^ - sin2x = 0c:>2x = k7t <=>x = y . k e Z . 

b) oat t = I sinx - cosx I = 72 | sin(x - J ) i = > 0 < t < > / 2 ^ 

sinx cosx = - ^ (t^ - 1) . Phu'ang trinh da cho tra thanh 

t + 2(t^ - 1) = 1 2t^ + t - 3 = 0 
3 

<=> t = 1 hay * = ~ 2 • 

V(^i t = V2 |s in (x - - ) | = 1 <^ |sin(x - - ) | = V2 
4 4 2 

o s i n ' ( x - - ) = - » - [ 1 - c o s 2 ( x - - ) ] = -
4 ^ 2 4 2 

« cos(2x = 0 o sin2x = 0 o x = y- • 

kn 
V§y nghiem cua phuang trinh : x = — , k e Z . 

Bai toan 2.19: Giai c^c phuang trinh: 
1 a)|cotxi = tanx -

sinx 
K \x 1 I 1 b) = I tanx + 1 

tanx - 11 I tanx - 1 

Hu'O'ng d i n giai 

a) Di4u ki?n : tanx - > 0 . 
sinx 

Phyang trinh <=> cot^x = (tanx ^ f 
sinx 

<=> cot^x = tan^x + —\ + — ^ 
sin X cosx 

9 1 0 2 
<» cot X = — — - 1 + cot X + 1 -

cos X cosx 
1 2 

o 5— = 0 0 2 C 0 S X - 1 = 0 
cos X cosx 

•» cosx = - o x = ± - + k27t, k e Z . 
2 3 



Vai X = - + k27t, k e Z : 
3 

t a n ( - + k27r) -
3 

1 

sin 
= N/3 - -1̂  > 0 : thich hp-p. 

+ k2n 

Vai X = - - + k27 i , k e Z : 
3 

tan( - - + k27r) -
3 

sin - ^ + k27: 
3 

= - V3 
>/5 

< 0 : loai. 

Vay nghiem cua phuang trinh la x = — + k27i, k e Z . 

b) Di§u ki$n : x - + kn ; x / - + krc, k € Z . Ta xet cac truang hp-p 
2 4 

Vai tanx < - 1 : 
tanx + 1 < 0 
tanx - 1 < 0 

tan^x 

Phu-cng trinh tra thanh 

1 
= - (tanx + 1) - -

tanx - 1 tanx - 1 

<=> - (tanx + 1) - 1 
tanx --1 

Nen moi x thoa tanx < - 1 la nghipm . 
f tanx + 1 > 0 

< 1 : <̂  

= - (tanx + 1) - 1 
tanx - 1 

Vai - 1 < tanx 

tan^x 

tanx - 1 < 0 
. Phu'ang trinh tra thanh 

1 = (tanx + 1) -
tanx - 1 tanx - 1 

1 o - (tanx + 1) - , 
tanx - 1 

<» tanx = - 1 : loai. 
tanx + 1 > 0 

= (tanx + 1) - 1 
tanx - 1 

Vai tanx > 1: 
tanx - 1 > 0 

Phii-ang trinh tra thanh ^ = (tanx + 1) + ^ 
tanx - 1 tanx - 1 

<t:> tanx + 1 + 1 = tanx + 1 + 1 
tanx - 1 tanx - 1 

Nen mpi x thoa tanx > 1 la nghiem . 

Vay nghi$m cua phu'ang trinh ; 

_ Z I + k 7 t < x < - - + k 7 i ; - + k 7 r < x < - + k 7 r , k e Z . 
2 4 4 2 

Bai toan 2. 20: Giai cac phu'ang trinh: 
a) sinx - 2sin2x + sin3x = 11 - 2 cosx + cos2x I 
b) cos4x - sin4x = I cosx | + I sinx I . 

HiPO'ng d i n giai 
a) Phuang trinh tu-ang du'ang vai 

2sin2x cosx - 2sin2x = I 2cos^x - 2cosx I 
<r> sin2x(cosx - 1) = I cosx | . i cosx - l | 
<=> sin2x(cosx - 1) = - | cosx I (cosx - 1) Of npdO 
<r> (cosx - 1)(sin2x + I cosx I) = 0 
o cosx = 1 (1) hay sin2x + |cosx| = 0 (2) 
Tac6(1) X = k27t, k e Z . 

V^ (2) o I cosx I = - sin2x (3) <=> cos^x = sin^2x, sin2x < 0 

o ^ ( 1 - cos2x) = 1 - cos^2x, sin2x < 0 

<=> 2cos^2x - cos2x - 1 = 0 , sin2x < 0 

o cosx = 1 hay cosx = - ^ . sin2x < 0 

Vai X = y + k2Tt, k e Z thi c6 sin2x = s i n 2 ( y + k27r) < 0 (thoa) 

V^i x = - + k27i, k 6 Z thi c6 sin2x = sin2( - — + k27i) > 0 (loai) 
3 3 

V|y phu'ang trinh c6 nghiem : x = k27r; x = k27:, k e Z . 

b) Ta xet cac truang hp'p : 
sinx > 0 
cosx > 0 

Phuang trinh tra thanh: cos4x - sin4x = cosx + sinx 

Vai k27i < x < - + k27r, k e Z ; 
2 

o cos(4x + - ) = cos(x - - ) 
4 4 

4x + - = x + k27r 
71 k27i 

X = + 

6 3 
4x + - = - x + - + k27r 

4 4 

Chpn c^c nghiem: x = k27 i ; x = 

X = 
k27T 

271 
+ k27t, k e ! 



Vai X = - + k27t, k e Z : 
3 

t a n ( - + k27r) -
3 

1 

sin 
= N/3 - -1̂  > 0 : thich hp-p. 

+ k2n 

Vai X = - - + k27 i , k e Z : 
3 

tan( - - + k27r) -
3 

sin - ^ + k27: 
3 

= - V3 
>/5 

< 0 : loai. 

Vay nghiem cua phuang trinh la x = — + k27i, k e Z . 

b) Di§u ki$n : x - + kn ; x / - + krc, k € Z . Ta xet cac truang hp-p 
2 4 

Vai tanx < - 1 : 
tanx + 1 < 0 
tanx - 1 < 0 

tan^x 

Phu-cng trinh tra thanh 

1 
= - (tanx + 1) - -

tanx - 1 tanx - 1 

<=> - (tanx + 1) - 1 
tanx --1 

Nen moi x thoa tanx < - 1 la nghipm . 
f tanx + 1 > 0 

< 1 : <̂  

= - (tanx + 1) - 1 
tanx - 1 

Vai - 1 < tanx 

tan^x 

tanx - 1 < 0 
. Phu'ang trinh tra thanh 

1 = (tanx + 1) -
tanx - 1 tanx - 1 

1 o - (tanx + 1) - , 
tanx - 1 

<» tanx = - 1 : loai. 
tanx + 1 > 0 

= (tanx + 1) - 1 
tanx - 1 

Vai tanx > 1: 
tanx - 1 > 0 

Phii-ang trinh tra thanh ^ = (tanx + 1) + ^ 
tanx - 1 tanx - 1 

<t:> tanx + 1 + 1 = tanx + 1 + 1 
tanx - 1 tanx - 1 

Nen mpi x thoa tanx > 1 la nghiem . 

Vay nghi$m cua phu'ang trinh ; 

_ Z I + k 7 t < x < - - + k 7 i ; - + k 7 r < x < - + k 7 r , k e Z . 
2 4 4 2 

Bai toan 2. 20: Giai cac phu'ang trinh: 
a) sinx - 2sin2x + sin3x = 11 - 2 cosx + cos2x I 
b) cos4x - sin4x = I cosx | + I sinx I . 

HiPO'ng d i n giai 
a) Phuang trinh tu-ang du'ang vai 

2sin2x cosx - 2sin2x = I 2cos^x - 2cosx I 
<r> sin2x(cosx - 1) = I cosx | . i cosx - l | 
<=> sin2x(cosx - 1) = - | cosx I (cosx - 1) Of npdO 
<r> (cosx - 1)(sin2x + I cosx I) = 0 
o cosx = 1 (1) hay sin2x + |cosx| = 0 (2) 
Tac6(1) X = k27t, k e Z . 

V^ (2) o I cosx I = - sin2x (3) <=> cos^x = sin^2x, sin2x < 0 

o ^ ( 1 - cos2x) = 1 - cos^2x, sin2x < 0 

<=> 2cos^2x - cos2x - 1 = 0 , sin2x < 0 

o cosx = 1 hay cosx = - ^ . sin2x < 0 

Vai X = y + k2Tt, k e Z thi c6 sin2x = s i n 2 ( y + k27r) < 0 (thoa) 

V^i x = - + k27i, k 6 Z thi c6 sin2x = sin2( - — + k27i) > 0 (loai) 
3 3 

V|y phu'ang trinh c6 nghiem : x = k27r; x = k27:, k e Z . 

b) Ta xet cac truang hp'p : 
sinx > 0 
cosx > 0 

Phuang trinh tra thanh: cos4x - sin4x = cosx + sinx 

Vai k27i < x < - + k27r, k e Z ; 
2 

o cos(4x + - ) = cos(x - - ) 
4 4 

4x + - = x + k27r 
71 k27i 

X = + 

6 3 
4x + - = - x + - + k27r 

4 4 

Chpn c^c nghiem: x = k27 i ; x = 

X = 
k27T 

271 
+ k27t, k e ! 



n ^ , sinx > 0 
Vai - + k27t < X < T: + k27r, k G Z => <̂  

2 [cosx < 0 
PhLPcng trinh tra thanh: cos4x - sin4x = - cosx + sinx 

<::> s i n ( - - 4x) = sin(x - 4 ) 
4 4 

— - 4 x = x - — + k27i 
4 4 
n 
4 

4x = — X + k27t 

71 k 2 7 t 
X = + 

10 5 
n k 2 7 i 

X = + 
3 3 

Chpn cac nghi^m : x = ^ + k2n ; x = - ^ + ^ ^ ^ ^ • 

371 
Vai 71 + k27t < x < — + k27i, k € Z 

2 

sinx < 0 

cosx < 0 

Phu'ang trinh t ra thanh: cos4x - sin4x = - cosx - sinx 

sin(4x - - ) = sin(x + - ) 
4 4 

. T: 71 , _ 
4x = x + - + k27i 

<=> 
4 4 

7t 371 

71 k27I 
X = — + 

6 3 
71 k27t 

X = — + 
5 5 

Chpn cac nghi^m : x = TI + k27i ; x = — + k27r. 
o 

4x - - = 
4 4 

- X + k27i 

Va i 
. 371 

+ k27t < X < 271 + k27r, k € Z => 
sinx < 0 

cosx > 0 

Phu'ang trinh t ra thanh cos4x - sin4x = cosx - sinx 

<=> cos(4x + —) = cos(x + —) 
4 4 

4 x + — = x + — + k27i 
4 4 

4x + — = - X - — + k27i 

X = 
k27t 

7t k27r 

Chpn c^c nghiem : x = ^ + k27t • ^ ~ ~ * '^2'^' ^ e Z . 

Bai t o ^ n 2. 21: Giai cac phu-ang trinh 

a) 2 sinx + cosx I + cos^x = 2 b) = sinx +|cosx 
2 + sinx 

3 + cosx 

HuH^ng d i n giai 

a) Ta c6: 2 I sinx I > 2sin^x, I cosx | + cos^x > 2cos^x 

Suy ra VT > 2 

DIU b i n g chi xay ra khi chi k h i : 

-sin^x = 1,casx = 0 ^ ^ ^ ^ . ^ ^ ^ ^ ^ 

sinx = 0,cos^x = 1 2 
b) Ta c6: VP: I sinx I + I cosx I > sin^x + cos^x = 1 

Va VT S 1 2 + I sinx I < 3 + I cosx | 
<=> I sinx I < 1 + I cosx I (dung) 

sinx = 1 7j 
Do do PT <t> » X = - + k T i , (k € Z) 

[|cosx| = 0 2 

Bai toan 2. 22: Giai cac phu'ang trinh: 

a) 2sin(3x + ^ ) = V"" + 8s in2x cos^2x 

sin3x - sinx 
b) 

^1 - cos2x 
= sin2x + cos2x, x e (0; 27r), 
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4 
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4 

o 2[ I - cos(6x + ^ ) ] = 1 + 4sin2x(1 + cos4x) 
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n 
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9 

x = — + kTt 
12 
571 , 

X = — + k7r 
12 

Thu ' l a i d ieuk i ^n tadu 'p ' c nghiem : 

X = ^ + k27t; X = + (2k + 1)7t, k e Z . 

^) ei4u ki^n cos2x ^ 1 « 2x ^ k 2 7 t » x ^ k7t, k e Z <=> x TI vi x e (0; 27t). 
sin3x - s inx 

yf\ C0S2X 
= sin2x + cos2x 

^ 2 c o i 2 x s i n x . „ „ 
^ = sin2x + cos2x(1) 

V2 sinx 



n ^ , sinx > 0 
Vai - + k27t < X < T: + k27r, k G Z => <̂  

2 [cosx < 0 
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4 4 

— - 4 x = x - — + k27i 
4 4 
n 
4 

4x = — X + k27t 

71 k 2 7 t 
X = + 

10 5 
n k 2 7 i 

X = + 
3 3 

Chpn cac nghi^m : x = ^ + k2n ; x = - ^ + ^ ^ ^ ^ • 

371 
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2 
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Phu'ang trinh t ra thanh: cos4x - sin4x = - cosx - sinx 

sin(4x - - ) = sin(x + - ) 
4 4 

. T: 71 , _ 
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4 4 

7t 371 

71 k27I 
X = — + 

6 3 
71 k27t 

X = — + 
5 5 
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o 
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4 4 
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Va i 
. 371 

+ k27t < X < 271 + k27r, k € Z => 
sinx < 0 

cosx > 0 

Phu'ang trinh t ra thanh cos4x - sin4x = cosx - sinx 

<=> cos(4x + —) = cos(x + —) 
4 4 
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4 4 
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k27t 

7t k27r 

Chpn c^c nghiem : x = ^ + k27t • ^ ~ ~ * '^2'^' ^ e Z . 
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V 6 ' i s i n x > 0 : (1) c o s 2 x = c o s ( 2 x - ^ ) 
4 

« 2 x = ± (2x - - ) +k27 i « X = + ^ , k e Z . 
4 16 2 

C h p n n g h i e m t hup c (0, 2n) \a : ^, , ^ . ' -

ThLP lai d i l u ki^n s i nx > 0 ta 6w(?c c a c ngh i em : 7^, 7 ^ ( t m ) . 
16 16 

V a i s i n x < 0: (1) o - c o s 2 x = co s ( 2 x - 7 ) 
4 

« c o s ( 7 i - 2 x ) = c o s ( 2 x - - ) 0 7 I - 2 X = ± (2x - ^ ) + k27r 
4 4 

571 kn , „ 
< » x = — + — , k e Z . 

16 2 

^ . , 1, - « X . . Srt ISTT 2171 2971 
C h o n n g h i e m t huo c (0, 27t) la : 

16 16 16 16 

?l7t 

16 ' 16 
Thu- lai d i eu k i en s inx < 0 ta d u p e c a c ngh i em : - - ^ , ( t m ) . 

n 9n 2I71 2971 
V a y n g h i e m pha i t im la : — . 

Bai toan 2. 23: G i a i c a c phu-ang t r inh: 

a) 73 - c o s x - yjcosx + 1 = 2 

b) Vs sin2x - 2coŝ x = 2^2 + 2cos2x . 

Hu'O'ng d§n giai 

a) P h u a n g tr inh d u a c viet l a i : 

73 - c o s x = 7cosx +1 + 2 (1) 

Ta c 6 V P > 2 . D i u " = " x ay ra khi c o s x = - 1 . 

3 - c o s x < 4 => V T < 2 . D I U " = " x a y ra kh i c o s x = - 1 

D o d o p h u a n g t r inh d e ba i t u a n g d u a n g v a i 

c o s x = - 1 <=> X = 7t + k27c, k 6 Z. 

b) -Jz sin2x - 2cos^x = 2^2 + 2cos2x 

o 2 \/3 sinx cosx - 2cos^x = 2 V4cos^ x = 4 cosx 

<=> cosx (Vs sinx - cosx) = 21 cosx i ( 1 ) . 

N 6 u cosx = 0: (1) thoa man nen c 6 ngh i em ^~ ^ k 7 r ; k e Z 

50 

|sjeu c o s x > 0 : (1) <=> s in(x - ^ ) = 1 = > x = ^ + k27t ( logi, v i c o s x < 0 ) . 

IMIU c o s x < 0 : (1) c i . s in(x - | ) = - 1 : r > x = | + k 2 7 t ( logi , v i c o s x > 0) 

V a y p h u a n g t r inh c 6 n g h i e m : x = ^ + k7i, k e Z . 

Ba a! toan 2. 24: G i a i c a c phu-ang t r inh: 

4 x 7 
c o s - — - COS^ X 

3 = 0 . 

b) sin^x + cos\ s'm\x + cos^x t anx = V 2 s i n 2 x , k e Z . 

Hu'O'ng d i n giai 

a) D i §u k ien : tan^x < 1 <=> | t anx | <1<:> - - + k 7 i < x < - + k 7 t . 
' 4 4 

4X 

4 

4 x 
P T o c o s — - c o s ^ x = 0 <:i> c o s 

3 3 
- ( 1 +cos2x) = 0 

cos2 
^2x^ 1 1 

_ _ c o s 3 
2 2 

^2x^ 

V 3 y 
= 0 

<=> [cos — - 1].[4cos^ 
v 3 y 

2x 

I 3 - 3 ] = 0 

c > x = k37rhay x = + - + — , k e Z . 
4 2 

K i t h a p d i l u k i en , n g h i e m c u a phu-ang t r inh: x = k37i, k € Z . 
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= sin^x (s inx + co s x ) + cos^x(s inx + co s x ) 

= s i nx + c o s x 
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^ . ^ f s i n x + c o s x > 0 
s inx + c o s x = 72sin2x « 

s in x + ^ 
4 

sin2x = 1 

1 + sin2x = 2sin2x 

> 0 7t 
« X = - + k27i ( chon) . 

4 

phu-ang tr inh c 6 ngh i em : x = - + k7i, k € Z . 
4 
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b) Vs sin2x - 2coŝ x = 2^2 + 2cos2x . 

Hu'O'ng d§n giai 

a) P h u a n g tr inh d u a c viet l a i : 

73 - c o s x = 7cosx +1 + 2 (1) 

Ta c 6 V P > 2 . D i u " = " x ay ra khi c o s x = - 1 . 

3 - c o s x < 4 => V T < 2 . D I U " = " x a y ra kh i c o s x = - 1 

D o d o p h u a n g t r inh d e ba i t u a n g d u a n g v a i 

c o s x = - 1 <=> X = 7t + k27c, k 6 Z. 

b) -Jz sin2x - 2cos^x = 2^2 + 2cos2x 

o 2 \/3 sinx cosx - 2cos^x = 2 V4cos^ x = 4 cosx 

<=> cosx (Vs sinx - cosx) = 21 cosx i ( 1 ) . 

N 6 u cosx = 0: (1) thoa man nen c 6 ngh i em ^~ ^ k 7 r ; k e Z 

50 
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2 2 
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v 3 y 
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c > x = k37rhay x = + - + — , k e Z . 
4 2 
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Phu-ang tr inh d § ba i tu-ang du-ang v a i 

^ . ^ f s i n x + c o s x > 0 
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4 
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> 0 7t 
« X = - + k27i ( chon) . 

4 

phu-ang tr inh c 6 ngh i em : x = - + k7i, k € Z . 
4 



Bai toan 2. 25: Giai cac phu-ang trinh: 

71 - sin2x + 71 + sin2x 

sinx a)-

b) 
1 

sinx \ 
1 1 

1 - cosx 1 + cosx 

= 4C0SX 

- V2 = - V2 1 + 3cos^ X 
sin^ X 

Hu^ng din giai 
a) Di lu ki^n sinx ^ 0 c 5 > x ^ l < 7 i , k e Z . Phu-ang trinh dugc vi4t Igi 

Sinx - cosx I sinx + cosx I = 4sinx cosx 

c=> I sinx - cosx + I sinx + cosxi = 2sin2x 

Dieu ki^n sin2x > 0. 
PT 2 + 2|sin^x - cos^xl = 4sin^2x 

<=> 2cos^2x + I cos2x | - 1 = 0 <=> I cos2x I = -
2 

So vd'i di4u ki^n, ta dLpgc nghiem cua phu-ong trinh: 

x = - + k 7 t ; x = - +k7t, k e Z . 
3 6 

b) Ta rut gpn phtfang trinh — 
1 

sinx vsin'^x 
- V2 = - V 2 

1 + Scos^ x 

sin^ x 

1 

sinx sinx 

^ 4cos^x -

+ 5— = 0 <=> 
sin X 

sinx 
. f £ ^ = o (1) 

sinx 

X6tsinx > 0 :(1) o 4cos x + 1 = 0 : loai 

Xet sinx < 0 : (1) <=> 4cos^x - 1 = 0 o sin^x = -

N/3 Tt 

o sinx = <=> X = + k27i ; x = 
2 3 

471 
+ k27t. 

So vai 6\hu ki$n, ta du'gc nghiem cua phu'ang trinh: 

X = + k2T: ; x = 
3 

471 
+ k27i, k e Z . 

Bai toan 2. 26: Xac dinh m sao cho phu'ang trinh 

,2 71 71 . 
3cos x +2 sinx = m c6 nghiem duy nhat thuoc doan [ ; - ] . 

4 4 
IHu'O'ng din giai 

Phu'ang trinh tu-ang du'ang vai 
3(1 - sin^x) + 2 1 sinx I = m 

<=> Ssin^x - 2 1 sinx I + m - 3 = 0.(1) 

Ctj/ TNHHMTVDWH Hhong Vm 

\jc3\^ ^ t ~ ^ ] . De y ring, n lu x la nghiem cua (1) thi - x cung la 

nghi?m. Nen de x la nghiem duy nhit thi x = 0 . 
Thayx = Ovao(1)=>m = 3. 
Ngu-ac lai, vai m = 3 . Ta du'ac phuang trinh 

3sin^x - 2 I sinx | = 0 
2 

<r>|sinx| = 0 hay I sinx I = — : c6 nhilu han 1 nghiem . 
3 

V^y khong c6 m d l phu'ang trinh da cho c6 nghi#m duy nh^t trong dogn 

^ 4 4 ' 
Bai toan 2. 27: Tim m d l phuang trinh: 

(4 - 6m )sin^x+ 3(2m- 1)sinx + 2(m - 2)sin^xcosx - (4m- 3)cosx = 0 . 
CO nghiem thupc khoang (0; ^ ) . 

l-lu'6'ng din giai: 
D l y ring vb'i cosx = 0 thi VT = ± 1 0 = VP nen phu'ang trinh v6 nghiem. 
Do do chia hai v l cho cos\ 0, rut gpn r6i dgt t = tanx, thi duac phu'ang trinh: 

t ' - (2m + 1)t^ + (6m - 3)t - (4m - 3) = 0 
» (t - 1)(t^ - 2mt + 4m - 3) = 0 (1) 

Va i xe ( 0 ; - ) thi t = tanx e (0; 1). 
4 

Va(1) o t = 1 (loai) hay t^ - 2 m t + 4m - 3 = 0 
Bai toan tra thanh tim m d l (2) c6 nghiem thuOc (0;1): 

hoac 0 <t i < t2< 1 o 

(2) 

af(0) > 0, af(1) > 0 

A > 0 : v6 nghiem 

hole 0 < ti < 1 < t j 

_ti < 0 < t2 < 1 

0 < - < 1 
2 

» f (0 ) . f (1 ) < 0 

^ (4m - 3)(m - 1 ) < 0 < = > - < m < 1 . 
4 

^^y I < m < 1 . 
4 

91 toan 2. 28: Tim tham s6 d l 2 phu'ang trinh tuang du'ang 
2cosxcos2x = 1 + cos2x + cos3x (1) 
4cos2x _ cos3x = a cosx + (4 - a)(1 + cos2x) (2). 
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Hu-ang din giai 
Tac6(1)<=> cosx + cos3x = 1 + 2cos^x - 1 + cosSx 

<=> cosx = 2cos^x <=> cosx = 0 tio$c cosx = ^ 

(2) o 4cos^x - (4cos^x - 3cosx) = a cosx + 2(4 - a) cos^x 
o 4cos^x + (4 - 2a)cos^x + (a - 3) cosx = 0 
<=> cosx(2cosx - 1)[2cosx - (a - 3)] = 0 

1 a - 3 
<=> cosx = 0 iioac cosx = — hioaccosx = 

2 2 
Hal phiu'cng trinli da clio tu'cng diicng l<lii 

Lzl= 0 i i o ^ c ^ - ^ = - hoSc > 1 ho^c < - 1 
2 • 2 2 - 2 2 

<=> a = 3 hogc a = 4 iioSc a > 5 ho$c a < 1 . 
Vay iiai pliuang trinli tirang ducng \(.h\: 

a = 3 lioac a = 4 tio^c a < 1 iiogc a > 5 . 
Bai toan 2. 29: Tim tliam so d l 2 pjiu-ang trinh tifang difcng 

sin3x + cos2x = 1 +2sinx.cos2x (1) 
sin3x - msinx = (4 - 2|m|)sin x̂ (2). 

Himng din giai 
T a c 6 ( 1 ) » sin3x + cos2x = 1 + sin3x + sinx 

o 2sin^x - sinx =0 <=> sinx = 0 hogc sinx = ^ 

Nen (1) CO nghi$m x = - the v^o (2) thi m = |m| nen m > 0. 
6 

Va (2) « > 3sinx - 4s in\ msinx = (4 - 2m) sin^x 
<=> sinx[ 4sin^ x + (4 -m)sinx + (m - 3)] = 0 
<=> sinx = 0 ho$c 4sin^ x + (4 -m)sinx + m - 3) = 0 
Tu do, giai du-gc 2 phifo-ng trinh da cho tirang ducng l<hi 

0 < m <1, m = 3, m=4, m >5. 
Bai toan 2. 30: Giai phu-ang trinh: 8x̂  - 4x^ - 4x + 1 = 0. 

HiPO'ng din giai: 
Xet l<hoang (-1 ;1), d^t x = cost, 0 < t < TI thi phu'ang trinh tra thanh: 

8cos^ t - 4cos^t ^ c o s t + 1 =0 
hay 4cost( 2cos^t - 1 )= 4 ( 1 - sin^t) - 1 

4cost.cos2t = 3 - 4sin^t 
hay sin4t = sin3t (v i sint > 0 ) 

Giai roi chpn nghi$m t, = y , t 2 = ^ . t j = ^ 

Vay phu-o-ng trinh b$c 3 cho c6 3 nghi^m 

^ 371 STC Xi = coSy, X2 = c o s — , X3 = c o s — . 

toan 2. 31: Giai phifo-ng trinh: (8x^ + 1)̂  = 162x - 27. 
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£)§t u = 2x, phu-ang trinh: 

(u^ + l f = 27(3u - 1) « û" + 1 = 3^/31 1̂ 

Lgi d|t V = ^ 3 u - 1 o + 1 = 3u 

Ta c6 he: 
u^+1 = 3v 

+1 = 3u 

f u ' + 1 = 3v 

u^+1 = 3v 

u^-v^ = 3 ( v - u ) 

+1 = 3v 
u - v = 0 (u - v)(u^ + vu + + 3) = 0 

Do do + 1 = 3u hay 8x̂  - 6x + 1 = 0 
X 6 t x e [ - 1 ; 1] nen d|tx = cost 

PT: 2(4cos3t-3cost) = - 1 o c o s 3 t = - l « t - + — + (ke Z) 
2 9 3 

TCf do CO 3 gi^ trj cua x va cung chinh la 3 nghi^m cua phu-ang trinh bac 3: 

2% kin 

x = cos-
27t 

X =cos 
871 

X = cos 
147t 

9 • 9 ' •" 9 
Bai toan 2. 32: Phu-ang trinh 8x(1 - 2x2)(8x'' - 8x2 + 1) = 1 c6 ^^.^^ 

nghiem n i m trong [0; 1]. 
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"•""> dieu l<ien 0 < t < | , suy ra c6 b6n nghi$m thich hgp 1̂  

^ ^'"TTT; X = sin — 
18 18 

X =s\n^ x = ^ 
14 14 
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2 2 
Hal phiu'cng trinli da clio tu'cng diicng l<lii 
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2 • 2 2 - 2 2 

<=> a = 3 hogc a = 4 iioSc a > 5 ho$c a < 1 . 
Vay iiai pliuang trinli tirang ducng \(.h\: 

a = 3 lioac a = 4 tio^c a < 1 iiogc a > 5 . 
Bai toan 2. 29: Tim tliam so d l 2 pjiu-ang trinh tifang difcng 

sin3x + cos2x = 1 +2sinx.cos2x (1) 
sin3x - msinx = (4 - 2|m|)sin x̂ (2). 

Himng din giai 
T a c 6 ( 1 ) » sin3x + cos2x = 1 + sin3x + sinx 

o 2sin^x - sinx =0 <=> sinx = 0 hogc sinx = ^ 

Nen (1) CO nghi$m x = - the v^o (2) thi m = |m| nen m > 0. 
6 

Va (2) « > 3sinx - 4s in\ msinx = (4 - 2m) sin^x 
<=> sinx[ 4sin^ x + (4 -m)sinx + (m - 3)] = 0 
<=> sinx = 0 ho$c 4sin^ x + (4 -m)sinx + m - 3) = 0 
Tu do, giai du-gc 2 phifo-ng trinh da cho tirang ducng l<hi 

0 < m <1, m = 3, m=4, m >5. 
Bai toan 2. 30: Giai phu-ang trinh: 8x̂  - 4x^ - 4x + 1 = 0. 

HiPO'ng din giai: 
Xet l<hoang (-1 ;1), d^t x = cost, 0 < t < TI thi phu'ang trinh tra thanh: 

8cos^ t - 4cos^t ^ c o s t + 1 =0 
hay 4cost( 2cos^t - 1 )= 4 ( 1 - sin^t) - 1 

4cost.cos2t = 3 - 4sin^t 
hay sin4t = sin3t (v i sint > 0 ) 

Giai roi chpn nghi$m t, = y , t 2 = ^ . t j = ^ 

Vay phu-o-ng trinh b$c 3 cho c6 3 nghi^m 

^ 371 STC Xi = coSy, X2 = c o s — , X3 = c o s — . 

toan 2. 31: Giai phifo-ng trinh: (8x^ + 1)̂  = 162x - 27. 
Hu'6ng din giai: 

£)§t u = 2x, phu-ang trinh: 

(u^ + l f = 27(3u - 1) « û" + 1 = 3^/31 1̂ 
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rucrgng clfem vol auuiiy III^L binii yiui niuii luuii 11 - nuuini rinj 

Bai toan 2. 33: Giai phifcng trinh 
(64x^ -112x^ + 56x - if = 4(1 - x) 

Hu'd'ng din giai: 
(64x^ -112x^ +56x-7f =4(1-x) nen X < 1. 

Nlu X < 0 thi d$t X = -y thi y > 0, phuang trinh 

(64y^ +112y2 + 56y + 7)2 = 4(1 + y) 

Xet y > 1 thi VT > VP : v6 nghi#m 
Xet 0 < y < 1 thi VT > 49 > 8 > VP : v6 nghi$m 
N4U X = 0 thi khong phai Id nghi#m 

Nlu 0 < X < 1 thi dat X = cos^ t , v^i 0 < t< -
2 

Phirang trinh trd thdnh 

(64 cos^ t -112 cos^ t + 56 cos^ t - 7)^ = 4 sin^ t 

« (64 cos^ t -112 cos^ t + 56 cos^ t - if cos^ t = sin^ 2t 

<=> cos^ 7t = sin^ 2t 

<=> cos14t =-cos4t 
71 7t 57t 77t 7t 37t Chon nghiemt= 
18 6 18 18 10 10 

Do do phLcang trinh oho c6 6 nghi$m x la 
2 2 71 2 STC 2 2 7t 

COS —,cos -,cos —,cos'^ —,cos 
18 6 18 18 10 

,cos 
37t 
10 

Bai toan 2. 34: Giai phu-ang trinh x^ + 7(1 - x^f =xV2(1 -x^) . 

HiFang din giai: 
Di§u Icien : I x | < 1 nen d$t x = cosu, u e [0; TI] . 
Phu-ang trinh tra thanh 

cos^u + sin^u = N/2sinucosu (1) 

Dat t = sinu + cosu, |t| < N/2 . 

(1) <=> (sinu + cosu)(1 - sinucosu) = v^sinucosu 

t^ + V2t2 - 3t - V2 = 0 

o (t - N/2)(t^ + 2V2t + 1) = 0 

^ t = V2 hay t = -N/2±1 

Chpn t = N/2 thi C6 X = _ V2 

V^y nghi0m: ^ - ^ ; x -

a)sin11x + — sin7x + -cos7x = 0 

I 3. BAI LUYEN TAP 
Bait?p2.1: Giai cac phyang trinh 

^ s i n7x . I 
2 2 

b)sin8x - cos6x = N/3(sin6x + cos8x) 
HiPO'ng din ''̂  

a) PT:sin(7x + J ) = sin(-llx) 
b 

Kitquax = - + i^,x = ^ l ^ . k e Z 
108 9 24 2 

b) Kit qua X = - + k7t,x = — + — , k e Z . 
4 12 7 

Bai t|p 2. 2: Giai cac phuang trinh 
X ^ X .1 

3 ) 4 0 0 5 ^ 2 + -sinx + 3sin% = 3 

b)cos^x - sin^x = sinx-cosx 
HiPO'ng din 

a) PT ding cap bac 2, K§t qua x = - | + k27i, k € Z . 

b) Kit qua X = ^ + kTi, k e 2. 
4 

tap 2. 3: Giai cac phu-ang trinh 
a) sin3x + sin5x + sin7x = 0 
b) sinx + sin2x + sin3x = cosx + cos2x + cos3x 

Hu'd'ng din 
a) du-a v l tich s6: sin5x + (sin7x + sin3x) = 0 e 

^) ̂ Ju-a v l tich so: sin2x + (sin3x + sinx) = cos2x + (cos3x + cosx) " ' i 

t?P 2.4: Giai cdc phu-ang trinh ' " ' ' 
9) tanx + cot2x = 2cot4x 
^) sinx + sin^x + sin^x + sin^x = cosx + coŝ x + cos\ cos\ 
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a) Kk qua X = - - + k27c; x = k2n; x = — + k2n, k € : 
' ^ 4 2 

Hiro'ng din 
a) Tach va ghep: tanx - cot4x = cot4x - cot2x. 

K§t qua X = (3m ± 1) - vai m nguyen. 
3 

b) K§t qua X = - + k27i; x = k27r ; x = - + k27i, k e Z. 

Bai tap 2. 5: Giai cac phu-cng trinh 
a) cos^x + sin^x = cos2x b) 2cos^x + cos2x + sinx 

Hiro'ng din 
371 

t- KZK ; X = KZK; X = 

b) Bi§n d6i thanh t ich. 

K4t qua X = a - - + k27i ; x = — - a + k27t ; 
4 4 

n -• • 1 - >/3 
X = — + k27t vai s ina = j = — . 

2 

Bai tap 2. 6: Giai cac pfiu'ang trinh 

a) Vcos2x + Vl + sin2x = 2^Js\nx. +cosx 

b) ^ 3 - c o s x - 7cosx + 1 = 2 

Hu»6ng din 

a) Oieu kien va binh phuang . K i t qua x = - - + k7i, x = k27i, k e Z . 

4 
b) Oieu ki^n va binh phu-ang. KM qua v6 nghi^m 
Bai t i p 2. 7: Giai cac phu'ang trinh : 

a) tanx + tan2x = tan3x b) 3tanx + 2cot3x = tan2x 
Hipo-ng din 

a) dung c6ng thupc bidn d6i tan a + tan b. 
b) Tach va ghep: 2(tanx + cot3x) = tan2x - cot3x. 
Bai t$p 2. 8: Giai cac phuang trinh : 

, s in5x s in3x . ,3:1 x , . ,n 
a) = b)2s in ( ) = s i n ( — + 

5 3 10 2 10 
HiPd-ng din 

a) dung ti I? thipc hoSc bien d6i 5x = 3x +2x 
371 x b) dat t = 
10 2 

Cty TNHHMTVDWH Hhang Vm 

gal tap 2- 9- phu-cng trinh : 

a) /̂sirTx - ^ / c ^ s ^ = N / 2 C O S 2 X 

b) c o s | ( 3 x - Vsx' - 16x - 80) = 1,x e Z 

Hipang din 
a) Lap phu'ang 2 v§ va biln d6i tich so 
b) K i t qua x = -21 v^ x = - 3 

Bai tap 2.10: T im tham s6 d l phu'ang trinh v6 nghi^m 

a) (tanx + -^cotx)" = cos"x + sin"x vdi n e N, n > 2 

b) (cos 4x - cos 2x)^ = (a^ + 4a + 3)(a^ + 4a + 6) + 7 + s in3x 

HLFang din 
a) danh gia bat d i n g thCfc AlVI-GM. K i t qua n > 3 

b) danh gia VT < 4. 
Bai tap 2.11: Giai cac phu-ang trinh: 

a) sin ^°^^x + cos ^ ° ^ \ = 1 

b) (sin^x +-\-f + (cos^x +—^-—f = — c o s ^ y 
sin^ x cos^ X 4 

Hirang din 

a) danh gia VT > 1. K i t qua x = k ^ ; k e Z 

Q H 

b) danh gia VT > — > VP. 
4 

B a i t 9 p 2 . 1 2 : Giai cac phu'ang trinh: 

a) 8x̂  - 6x + = 0 

b) 64x^ - 1 1 2 x ^ +56x2 - 7 = 2 N / I - X 2 

Hipang din 

a) b i l n d6i: 8x' - 6x + = 0 o 4x̂  - 3x = - — . 
2 

K^x , 5 7 t 177t 2971 
f^et qua X = cos — , x = cos , x = cos 

18 18 18 
^) B i l u kien |x| < 1 nen dat x = sint. 

KAt „ , • 71 571 1371 1771 371 771 

f^et qua cos — ,cos — ,cos ,cos ,cos — ,cos — 
18 18 18 18 10 10 
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Chuy^n ae 3: BIIT PHVONG TRINH Vn 
H€ PHVONG TRINH LlfONG GIRC 

1 . K I ^ N T H U G T R O N G T A M 
Bit phu-cng trinh lu'O'ng giac: 

- B i t phuang trinh ca ban: 

sin X > 0 o V.2-K < x < TI + k 2 n , k e Z 

sin x < 0 o -7 t + k27i < x < k 2 7 r , k e Z 
B ' ^ > ^ 

J. A 

c o s x > 0 < = > - - + k 2 7 c < x < — + k 2 7 i , k e/Z 
2 2 

c o s x < 0 o - + k 2 7 i < x < — + k27r, k e Z 
2 2 

t a n x > 0 < = > k 7 t < x < — + k 7 t , k e Z t a n x < 0 < = > - — + k 7 c < x < k 7 t , k e Z 
2 2 

c o t x > 0 < : > k 7 i < x < —+ k 7 i , k e Z c o t x < O o - — + k 7 i < x < k 7 i , k e Z . 
2 2 

- B i l u dien tren du-ang trbn lup'ng giac d l xac dinh cung goc la nghiem cua 
b i t phu-ang trinh 

- Bi4n d6i l yang giac v4 b i t phu'ang trinh c c ban 
- D | t I n phu, bi6n d6i thanh tich, so sanh 

He phu 'O 'ng t r i nh lu 'O 'ng g iac: 

- Khi CO x ± y = a su- dung cong thCpc bi§n d6i tdng thanh tich 

- D0t I n phu, bien doi t ich,. . . 
- Du-a v§ cac h$ dgi s6, h$ c6 bgc nh i t , h^ d6i xCcng, doi xu-ng logi II, he d i n g 

d p , . . . 

- O a n h g i a 2 v e , d u n g b l t d l n g t h i i - c , . . . 

2 . G A C B A I T O A N 

Bai toan 3 . 1 : Giai cac b i t phu'ang trinh; 
a) sin3x < sinx b) cos4x + cos2x < 0. 

Hu'6ng d i n giai 
a) Ta c6 sin3x < sinx o sin3x - sinx < 0 

<=> cos2x sinx < 0 o 
cos2x > 0 

sinx < 0 
(I) hay 

cos2x < 0 

s inx > 0 
( I I ) . 

(I) <^ 

, A . "A 

- - + k27t < 2 x < - + k27t 
2 2 

- n + k27i < x < k27i 

- — + k 7 r < x < — + K7t 
4 4 

- 7t + k27i < X < k27r 

o n + k27i < X < — + k 2 n hay - - + k27i < x < k27i, k € Z 
4 4 

(11)^ 
- + k27r < 2 x < — + k 2 K 
2 2 

k2rc < X < 71 + k2rt 

- + kTi < 2x 
4 

+ ku 

k27i < X < 71 + k27r 

371 
« - + k27u < X < 

4 4 
+ k27:, k € Z . 

Vay nghiem cua b i t phuang trinh :7i+ k27t < x < — + k27r 

4 

hay - - + k2Tr < x < k27r hay - + k27:< x < — + k27r, k € Z 
4 4 4 

b) Ta CO cos4x + cos2x < 0 <=> 2cos3xcosx < 0 

cos3x > 0 , c o s x < 0 7t , 57t , Tt „ 
o - + k 7 i < x < — , X 9 i k - , (k e Z) 

c o s 3 x < 0 , c o s x > 0 6 6 2 
Bai loan 3 . 2 : Giai cac b i t phu-ong trinh: 
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1 (I) hay 
C O S X < -

2 

sin2x < 0 

1 (11) 
cosx > -

2 

( l ) o 
k27i < 2x < 71 + k27r 

1 r, 57t , „ 
— + k27i < X < — + k27r 
3 3 

~ + k 2 7 r < X < - + k27i hay 71 + k27i < X < — + k 2 7 t . 
3 2 ' 3 



Chuy^n ae 3: BIIT PHVONG TRINH Vn 
H€ PHVONG TRINH LlfONG GIRC 
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B ' ^ > ^ 

J. A 
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2 2 
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2 2 
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2 2 
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3 2 ' 3 



( I I ) « 
- n + k2n < 2x < k2n 

- k ? T r < X < 
3 

- - + k27t < X < - +k2n 

<=> - - + k27t < X < k27i. 5 <• 

Vay nghiem : - +k2n < x < - +k27t; - T t +k27r< x <k27t, keZ 
3 2 

va X ^ - — + k27i, k e Z . 
3 

b) Di§u ki0n 2 x ; ^ ^ + k 7 i v a x 7 ^ ^ + k T c . 

4 t s n X 

Ta CO 2tan2x < 3tanx <=> — < 3 tanx 1 - t a n ^ X 

t ^ " ^ . > 0 
(tanx + 1)(tanx - 1 ) 

<=> 
tanx > 1 
- 1 < t a n x < 0 

— + k 7 i < X < — + k7r 

- - + kTr<X<k7: 
4 

Bai toan 3. 3: Giai cac b i t ptiu-cng trini i; 

a) cos^x cos3x - sin3x sin^x < - . 
8 

b) 2sinxcosx - (sinx + cosx) + 0. 

Hi rang d i n gia i : 

a) Ta CO cos\x - sin3x sin^x 

= — (3cosx + cos3x) cos3x - sin3x . — (3sinx - s in3x) 
4 4 

3 1 
= — ( c o s 3 x c o s x - sinSx sinx) + — (cos^3x + sin^3x) 

4 4 

= - c o s 4 x + - . 
4 4 

3 1 
Nen b i t p i i u a n g t r in f i da ctio t u a n g du 'ang - c o s 4 x + -

4 4 
<=> cos4x < — 

2 

6 2 ,.'•.,•/..,„ 

+ k27t < 4x < 57t + k27r 

J L + 1 ^ < X < 
12 2 

571 . kjc , _ + — , k e Z . 
12 

1 
ib) 

Xa CO 2sinxcosx - (sinx + cosx) + - < 0 

f 1 ' ( 0 sinx - — c o s x - -I 2 , I 2 j 

2 

<0 o 

1 1 s inx > —, c o s x < — 
2 2 
1 1 sinx < —, c o s x > — 
2 2 

+ 2 k 7 i < X < — + 2k7i, k G Z 
3 6 

- - + 2 k 7 t < x < - + 2k7i, k £ Z 
3 6 

Bai toan 3. 4: Giai cac b i t p l i t jang trinh: 

, s in2x - cos2x + 1 
a) - : — ^ > 0 sin2x + c o s 2 x - 1 

b) 
1 - 4 s i n ^ X 

cos2x + c o s x 

HiHo-ng d i n gia i : 

<2 

a) Di4ukien sin(2x + - ) ^ 
4 2 

-r , . s in2x - cos2x + 1 
ra CO — > 0 

s in2x + c o s 2 x - 1 

^ (cosx + sinx)^ - (cos^x - s in^x) ^ ^ 

(cos^x - s i n ^ x ) - (cosx - sinx)^ 

(cosx + s inx ) (cosx + s inx - cosx + s inx) ^ ^ 
(cosx - s inx ) (cosx + sinx - cosx + sinx) 

^ cosx + s inx Tt 

^ ~ ^ > 0 <^ tan(x + - ) > 0 
cosx - s inx 4 ^ k n < x + 1 < 1 ^kn 

4 2 

7 + k 7 t < x < - + k 7 t , k e Z . 
^ 4 

b) BPT : J L i (1-cos"x) 1 - 4 ( 1 - c o s " x ) 

'^cos x + c o s x - 1 2 c o s ^ x + c o s x - 1 

'18 
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3 
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3 2 
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3 
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4 

Bai toan 3. 3: Giai cac b i t ptiu-cng trini i; 
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2 

6 2 ,.'•.,•/..,„ 

+ k27t < 4x < 57t + k27r 

J L + 1 ^ < X < 
12 2 

571 . kjc , _ + — , k e Z . 
12 

1 
ib) 

Xa CO 2sinxcosx - (sinx + cosx) + - < 0 

f 1 ' ( 0 sinx - — c o s x - -I 2 , I 2 j 

2 

<0 o 

1 1 s inx > —, c o s x < — 
2 2 
1 1 sinx < —, c o s x > — 
2 2 

+ 2 k 7 i < X < — + 2k7i, k G Z 
3 6 

- - + 2 k 7 t < x < - + 2k7i, k £ Z 
3 6 

Bai toan 3. 4: Giai cac b i t p l i t jang trinh: 

, s in2x - cos2x + 1 
a) - : — ^ > 0 sin2x + c o s 2 x - 1 

b) 
1 - 4 s i n ^ X 

cos2x + c o s x 

HiHo-ng d i n gia i : 

<2 

a) Di4ukien sin(2x + - ) ^ 
4 2 

-r , . s in2x - cos2x + 1 
ra CO — > 0 

s in2x + c o s 2 x - 1 

^ (cosx + sinx)^ - (cos^x - s in^x) ^ ^ 

(cos^x - s i n ^ x ) - (cosx - sinx)^ 

(cosx + s inx ) (cosx + s inx - cosx + s inx) ^ ^ 
(cosx - s inx ) (cosx + sinx - cosx + sinx) 

^ cosx + s inx Tt 

^ ~ ^ > 0 <^ tan(x + - ) > 0 
cosx - s inx 4 ^ k n < x + 1 < 1 ^kn 

4 2 

7 + k 7 t < x < - + k 7 t , k e Z . 
^ 4 

b) BPT : J L i (1-cos"x) 1 - 4 ( 1 - c o s " x ) 

'^cos x + c o s x - 1 2 c o s ^ x + c o s x - 1 

'18 



2cosx +1 

2cos^x + cosx-1 

cosx < - —,cosx ^ -1 
2 

1 
cosx > — 

2 

> 0 <=> 
cosx + — 

2 > 0 
(cosx + 1) 

'2n 

cosx - -
2 

47t 
+ k27i < x < — + k27t, X ̂  (2k +1)-

3 3 

- - + k 2 7 i < x < - + 2k7t 

Bai toan 3. 5: Giai cac bat pliLfang trinh: 
a) 4sin3x + 5 > 4cos2x + 5sinx 

, , . X tanx - 2 
b) tan—; . 

2 tanx + 2 
Himng d i n giai 

a) Bi t phiicng trinh: 4sin3x + 5 > 4cos2x + 5sinx 
4(3sinx - 4sin^x) + 5 > 4(1 - 2sin^x) + 5sinx 

<^ - 1 6 s i n \ Ssin^x + 7sinx + 1 ) > 0 
<ri. (1 - sinx)(16sin^ X + 8sinx + 1) > 0 
cr> (1 - sinx)(4sinx + 1)^ > 0: dung vai mpi x. 
Vay S = R. 

b) Datt = t a n - => tanx = 
1-t ' 

BPT 
, 2 t - 2 + 2t2 (t-1)(t^ + t + 1) ^ 

; \ ^ < 2t + 2 - 21^ t ^ - t - 1 
(t - 1) (t^ - t - 1) < 0 vi t̂  + t + 1 > 0, Vt 

o t < l : : ^ h a y i < t < l l ^ 
2 2 

0$t 1 ^ =tana, ^ = tanp , - ^ < a < 0 < p < J 
2 2 2 2 

thi nghi$m:-7t + k27t < x < 2a + k27i, ^ + k27t < x < 2p + k27r, k e Z . 

Bai toan 3. 6: Giai c^c bat phu-ang trinh : 

a) N /5 -2s inx > 6 s i n x - 1 
b) 4(x^ - 2x + 1 )(sinx + 2cosx) > 91 x^ - 2x + 1 . 

Hirang d i n giai 

a) Neu sinx < - t h i VT <0 nen BPT du'gc nghiem dung 
6 

1 ^ l A i I c 

CtyTNHHMTVDWH Hhang \/i$t 

M^u sinx> - t h i VT > 0, 

gpTci> 5 - 2 s i n x > ( 6 s i n x - 1 ) ^ 

-2 1 
^ 3 6 s i n ^ x - 1 0 s i n x - 4 < 0 < = > — < s i n x < -9 2 

Chpn sinx s - . Do d6 b i t phu-ang trinh tu-ang du-ang sinx S —. 

V|y + 2k7r < x < I + k27r, k 6 Z. ^^..^^ efe marten V^V 

b)Tac6|sinx + 2cosx| = |1.sinx + 2.cosx| < 4^ 

_ X6t x^ - 2x + 1 >0 thi bat phu-ang trinh: 
4(x^ - 2x + 1)(sinx + 2cosx) > 9(x^ - 2x + 1) 

o 4sinx + Scosx > 9 : v6 nghiem. 
_ Xet x^ - 2x + 1 < 0 thi bat phu-ang trinh: 

4(x^ - 2x + 1)(sinx + 2cosx) > -9(x^ - 2x + 1) 
<=> 4sinx + Scosx < - 9 : v6 nghiem. 

- X6t x^ - 2x + 1 = 0 thi b i t phu-ang trinh 0 > 0: dung. 
Khi d6 nghipm x thoa : x^ - 2x + 1 = 0 
o (x-1)(x2 + x - 1 ) = 0 

o x = z l ^ h a y x = ^ l ^ h a y x = 1. 

Bai toan 3. 7: Giai c^c h? phu-ang trinh: 

27t 

a) 
x - y = 

cosx + cosy = 
b) 

x + y = 
27t 

sinx + siny = — 
2 

l-lu'd'ng d i n giai 
3) Ti> phu-ang trinh thu- hai cua h^ d§ cho 

2cos" ^ y cos'^ -
2 2 

y _ 

<=^2cos^ ^ ycos'^ 
2 3 

_ 
2 

<^cns-^ + y _ V3 
2 2 

= c o s -
6 



2cosx +1 

2cos^x + cosx-1 

cosx < - —,cosx ^ -1 
2 

1 
cosx > — 

2 

> 0 <=> 
cosx + — 

2 > 0 
(cosx + 1) 

'2n 

cosx - -
2 

47t 
+ k27i < x < — + k27t, X ̂  (2k +1)-

3 3 

- - + k 2 7 i < x < - + 2k7t 
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2 
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_ 
2 
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= c o s -
6 



X - y = 
2n 

<=> 

y = - . k 4 . 

X = - + k27i 
2 

y = - - + k27i 
^ 6 

X - y = 
271 

X + y = - — + k4n 
3 

X = - + k 2 K 
6 

y = - I + k27r 

Vay nghiSm cua phtrang trinh: ( - + k2n;-- + kin); ( J + k27t; ~ +\Q 
2 6 6 2 

k e Z . ;̂  
b) TLF phLFcng trinh thii' hai cua h$ da cho 

„ . x + y x - y 3 
2sin cos = -

2 2 2 
^ . 71 X - y Vs 

<=> 2 s i n - c o s = — 

x - y 1 71 

<=>cos = - = c o s - <=> x 
2 2 3 

V 6 i I 
x + y = 

X - y = 
27t 

2n 

<=> s 

27t 
y = ± — + k47t 

X = 
271 

+ k27t 

k27i 

X + y = 
27: 

V a i 
271 

X - y = - — + Mn 
3 

X = k27t 

y = — + k27i 
' 3 

V?y nghi^m cua h$ phu-ang trinh : 

( — + k27t; k27:) ; (k27t; — + k27t), k e Z . 
3 3 

Bai toan 3. 8: Giai cac h? phu-cng trinh 

a) 

X + y = — 
2 

tanx + tanv 
73 

b) 
X - y = 

27t 

tanx . tany = 1 

Hira'ng d i n giai: 

a) D'iku k i ^ n x , y ^ + kTt, k e Z . TO phu-ang trinh thCp nhSt 

Oj/ TNHHMTVDWH Hhang Vm 

y = — - X => tany = cotx. 

Thay v^o trong phu-ang trinh thu' hai 

tanx + cotx = 7 3 + - ^ 
73 

1 
cos X c o s y s in2x ^ 3 

x = - + k 7 t = > y = - ^ - k 7 t , k e Z 
6 3 

x = - + k7t=:>y = - - k 7 r , k € Z 
3 6 

V | y nghiem cua he phu-ang trinh 1^ 
' \ \ 

7t I TT , 7t , 71 , , ^ 
- + k7i; - - k7i ; - + k7:; - - k7i , k e Z 
6 3 j 3 6 

n a J ; ' 

b) Di4u kien x , y ^ + k7t, k € Z . Ta c6 

t a n ( x - y ) = ' ^ ^ ^ ^ n6n du-gc h0 
1 + tanx . tany 

tanx - t a n y = - 273 
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y = 75° + k360° 
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= > k - p = 1 r : ^ k=p + 1: 
X = 

7t 

12 
+ (p + 1)7t 

571 
y = + P7t, P 6 . 



X - y = 
2n 

<=> 

y = - . k 4 . 

X = - + k27i 
2 

y = - - + k27i 
^ 6 

X - y = 
271 

X + y = - — + k4n 
3 

X = - + k 2 K 
6 

y = - I + k27r 

Vay nghiSm cua phtrang trinh: ( - + k2n;-- + kin); ( J + k27t; ~ +\Q 
2 6 6 2 

k e Z . ;̂  
b) TLF phLFcng trinh thii' hai cua h$ da cho 

„ . x + y x - y 3 
2sin cos = -

2 2 2 
^ . 71 X - y Vs 

<=> 2 s i n - c o s = — 

x - y 1 71 

<=>cos = - = c o s - <=> x 
2 2 3 

V 6 i I 
x + y = 

X - y = 
27t 

2n 

<=> s 

27t 
y = ± — + k47t 

X = 
271 

+ k27t 

k27i 

X + y = 
27: 

V a i 
271 

X - y = - — + Mn 
3 

X = k27t 

y = — + k27i 
' 3 

V?y nghi^m cua h$ phu-ang trinh : 

( — + k27t; k27:) ; (k27t; — + k27t), k e Z . 
3 3 
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a) 
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2 
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73 

b) 
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27t 

tanx . tany = 1 
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a) D'iku k i ^ n x , y ^ + kTt, k e Z . TO phu-ang trinh thCp nhSt 

Oj/ TNHHMTVDWH Hhang Vm 
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tanx + cotx = 7 3 + - ^ 
73 

1 
cos X c o s y s in2x ^ 3 
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6 3 
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571 
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10 trgng dISm bSi dUdng hqc sinh giOi man loan 11 - HodnKFfi^ 

X6t: 

tanx = - V 3 - 2 = tan 

tany = >/3-2 = tan 

12 
7t 

12 

57t , 
X = + KTt 

12 
n 

y = + pn 
12 

y i x - y = f = : > - | . ( k - p ) K = f 

=> k - p = 1 => k = p + 1 

V$y nghi^m cua phu-o-ng trinh: 

X = — + (P + 

y = — + pTi, p e , 

X = + (p + 1)7t 
12 

y = - - j ^ + pTt, peJ 

Bill toan 3. 9: Giai c^c h? phu'cng trinh 

a) 

•2 2 1 
sin'^x + cos y = -

2 
x + y = -

4 

b) 
sinx.siny = -

4 
3 

cosx.cosy = -
4 

Hird'ng din giai: 
a) Phu-ang trinh thtK nhat cua h§ du-p-c bien d6i nhu- sau 

1(1 - cos2x) + ^ ( 1 + cos2y) = ^ 

o - 2 s i n ( x + y).sin(x - y) = 1 

c i > - 2 s i n - . s i n ( x - y ) = 1 
4 

<=> sin(x - y) = --4= = sin 
N/2 

X - y = — + k2n 
4 

X - y = — + l<27i, k e Z 
4 

V6i 

7t 
x + y = -

4 
71 

x - y = - - + k27i 
4 

X = k7i 

y = - - k 7 i , k e Z 
4 

x + y = -

X - y = — + k27t 

X = — + kn 
4 

y = - | - k 7 i , k e Z 

Vay nghi^m cua he phu-ang trinh: 

X = k7i 

y = - - k7t, k € Z 
4 

3K , 
X = — + krt 

4 

y = -|-k7t, k e Z uitV 

b) Cpng tru- ta du-ac h0 tu-ang du-ang 

c o s ( x - y ) = 1 
1 <=> 

cos(x + y) = -

X - y = k27i 

x + y = ± ^ + m27i 

Vay nghiem cua he phu-ang trinh: 

(1 + {k+m)7i, - J +(k-m)7:); ( - J +(k+m)7t, - +(k-m)7t). 
D O 6 6 

Bai toan 3.10: Giai cac he phu-ang trinh 

75 
a) 

y?>00 = U , J § Q ('.' 
sinx + cosy = 

cos^x + sin^y = -
4 

b) 2V3COSX + Ssiny = 3 + 12sin^y 

4N/3COSX + 2 s i n y = 7 

Hiwyng din giai 
a) D t̂ u = sinx; v = cosy, I u I, | v I < 1 . 

He phu-ang trinh tu-ang du-ang: 

u + V = 

1 - + 1 - = £ 

U . V = ^ (1) 

û  + = I (2) 

(1) . 75 - u , thay v^o ( 2 ) : û  + ( ̂ - u ) ^ = 1 
2 ' 4 

^ 2u2 - V̂ u = 0 « u = Ohayu = ^ 
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4 
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4 

V6i 

7t 
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4 
71 
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4 
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4 
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4 
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4 

3K , 
X = — + krt 

4 

y = -|-k7t, k e Z uitV 

b) Cpng tru- ta du-ac h0 tu-ang du-ang 

c o s ( x - y ) = 1 
1 <=> 

cos(x + y) = -

X - y = k27i 

x + y = ± ^ + m27i 

Vay nghiem cua he phu-ang trinh: 

(1 + {k+m)7i, - J +(k-m)7:); ( - J +(k+m)7t, - +(k-m)7t). 
D O 6 6 

Bai toan 3.10: Giai cac he phu-ang trinh 

75 
a) 

y?>00 = U , J § Q ('.' 
sinx + cosy = 

cos^x + sin^y = -
4 

b) 2V3COSX + Ssiny = 3 + 12sin^y 

4N/3COSX + 2 s i n y = 7 

Hiwyng din giai 
a) D t̂ u = sinx; v = cosy, I u I, | v I < 1 . 
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u + V = 

1 - + 1 - = £ 

U . V = ^ (1) 
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(1) . 75 - u , thay v^o ( 2 ) : û  + ( ̂ - u ) ^ = 1 
2 ' 4 
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_ s 
2 

sinx = 0 
V a i u = : 0; V _ s 

2 
: ta diTQfc h§ • 

cosy = s 
2 

X = m7t X = : 17171 
<=> 

y + n27i 
liay 

y = - - + n27t 
6 

V a i u = 
2 

;v = 0 : ta 6if(?c h$ sinx = 
2 2 

cosy = 0 

X 
71 

+ m27t 
^ 27t 
X = + m27: 

o • 

y 

3 
71 

2 
+ n7t 

hay • 3 
7t 

+ n7t 

Vo'i V 12 
=> u = 

43 > 1 : v6 nghlem . 
24^3 

V$y nghi#m cua he: ( | + m27t, | + n27i); (- | + rn2n, ̂  + n2n), 

5n 

a) 

b) 

V^y nghi0m cua h0 phu-ang trinh : 

(m7t, - - + n27i); ( — + m27:, - + n7t), m, n € Z. 
6 3 2 

b) D$t u = cosx ; v = siny, u 

H$ phuang trinh tuang du-ang: 

< 1. 

2V3u + 6v = 3 + 12v2 

4N/3U + 2V = 7 (2) 

(1) 

5 + m27t; - + n27i); (- + m27t; — + n27:); m,n € Z 
^ 6 6 6 6 

Bai toan 3 . 1 1 : Giai cac h^ phu-ang trinh 

jcos^x - cosx + siny = 0 

sin^y - siny + cosx = 0 

sin^x + tany = 1 

tan^y + sinx = 1 

HiTO'ng din giai: 
a) oat u = cosx, V = siny; | u, |v| < 1. 

He phu-ang trinh tra th^nh: 

û  - u + V = 0 (1) 

- V + u = 0 (2) 

Lly ( l)tru' (2) : (u - v)(u^ + + uv) = 0 

=> u = V hay û  + + uv = 0 . 

X6tu = V : thayvao (1) => û  = 0 => u = v = 0 

TCP (2) =̂  u = - — , thayvao (1): (7 - 2v) + 12v 
4V3 

<=> 24v^ - lOv - 1 = 0 <=> V = - hay v = 
2 12 

= 6 + 24v^ cosx = 0 

siny = 0 
<=> 

X = - + nriTi 
2 

y n7t 

Vdi V = - ; u = — : ta c6 h$ 
2 2 

cosx = 

siny = -

hay 

X = - + m27i 
6 

y = - + n27t 
6 

X = - + m27t 
6 

y = — + n27i 
6 

hay 

7t X = — + m27t 
6 

7t 

hay 

y = - + n27: 
6 

X = + m27t 
6 

y = — + n27t 

Xet û  + + uv = 0 o u = V = 0. 

V|y h$ phu-ang trinh c6 nghi$m •.{^+mn; nn), m, n e Z . 

b)Oi4ul<i0n y ^ I + k7t, k € Z . 

E)3t u = sinx ; v = tany : | u | < 1 . H$ tra th^nh 

j û  + V = 1 (1) 

[v^ + u = 1 (2) 

TrCp v4 theo v4 => (u - v)(u + v - 1) = 0 

^ ^ = V hay u + V - 1 = 0. 

^' ^ = V : thay v^o (2): + u - 1 = 0 

70 



_ s 
2 

sinx = 0 
V a i u = : 0; V _ s 

2 
: ta diTQfc h§ • 

cosy = s 
2 

X = m7t X = : 17171 
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71 
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X = + m27: 

o • 

y 

3 
71 
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hay • 3 
7t 

+ n7t 
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V$y nghi#m cua he: ( | + m27t, | + n27i); (- | + rn2n, ̂  + n2n), 

5n 

a) 

b) 
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6 3 2 
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2V3u + 6v = 3 + 12v2 
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5 + m27t; - + n27i); (- + m27t; — + n27:); m,n € Z 
^ 6 6 6 6 
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TCP (2) =̂  u = - — , thayvao (1): (7 - 2v) + 12v 
4V3 

<=> 24v^ - lOv - 1 = 0 <=> V = - hay v = 
2 12 

= 6 + 24v^ cosx = 0 

siny = 0 
<=> 

X = - + nriTi 
2 

y n7t 

Vdi V = - ; u = — : ta c6 h$ 
2 2 

cosx = 

siny = -
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X = - + m27i 
6 
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6 
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6 
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6 
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6 

7t 

hay 

y = - + n27: 
6 

X = + m27t 
6 

y = — + n27t 

Xet û  + + uv = 0 o u = V = 0. 
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E)3t u = sinx ; v = tany : | u | < 1 . H$ tra th^nh 

j û  + V = 1 (1) 

[v^ + u = 1 (2) 

TrCp v4 theo v4 => (u - v)(u + v - 1) = 0 

^ ^ = V hay u + V - 1 = 0. 

^' ^ = V : thay v^o (2): + u - 1 = 0 

70 



<=> U = 

Do 66 

IJLJI hay u = zlJlJi<-^ (logi) 

- 1 + >/5 
sinx = = s ina 

2 

tany = ~ "* ^ = tanp 

<=> 
X = 71 - a + m2n 

y = p + H T : 
hay 

X = a + m2jt 

y = p + 071 

V6 ' iu + v = 1 = : > v = 1 - u : thay v^o (2): 
u - u = 0 <=>u = 0 hay u = 1 

Do 66 

<=> 

hay 

hay 

j u = 0 

V = 1 

sinx = 0 

[tany = 1 

X = nriTt 

71 hay 
y = - + n 7 i 

4 

u = 1 

V = 0 

sinx = 1 

tany = 0 
•ID 

X = - + m27t 
2 

y = nTT 

V | y h$ c6 nghi^m : (mTt; ^ + HTI) ; + m27t; n T i ) , ( a + m27t; p + n7t); (TI - a 

+ m27r; p+ nTi), m, n € Z . 

Bai t oan 3 . 1 2 : Giai c^c h$ phu'ang trinh 

a) 
tany - tanx - tanxtany = 1 

cos2y + V 3 c o s 2 x = - 1 
b) 

s inx c o s y = -
4 

3tanx = tany 

Hird'ng d i n gia i 

a)D\hu k\^n: x, y ^ ^ + l<7t, keZ. 

J(y phu-ang trinh thu- nhat cua h$ phu'ang t r i nh : , 

M + ~. Y n*-' 
S 

Tt&i. = V : 3cn 
tany - tanx = 1 + tanx tany , 

Gia su-1 + tanx tany = 0 tany = tanx 

1 + tan^x = 0: v6 ly n§n 1 + tanx tany ^ 0 . 

Do 66 phu'ang trinh tr^n t uang du'ong vdi ,(v ^0 

tany - tanx _ ^ 

1 + tany. tanx 
o tan(y - x) = t a n -

4 

72 

r < = > y - x = — + l<7i < = > y = — + x + k7t, 
4 4 

Thay vao phu'ang trinh thCK h a i : 

c o s 2 ( - + X + k7r) + >/3cos2x = - 1 <=> s i n 2 x - N / 3 C O S 2 X = 1 ^ " * 
4 

« s i n ( 2 x - - ) = - = s i n - « 

X = 

71 

4 " 
371 

7t 

2 

-

2x -
71 7t 

+ m27t 
3 6 

2x -
7t 7n + m27t 
3 6 

i + k)7t (loai) r -~ xSnie 

+ nriTt => y = 71 + (m + k)7t Y I HI? ^ 

V$y nghi^m cua h0 
37t 

X = — + m7: _ 
4 , m, n e Z . 

y = 7t + (m + n)7t I 
b) Dieu ki#n : x , y ^ ^ + kTt, k e Z .Tir phu'ang trinh thu' hai 

„ s inx s iny „ . 
3 = — o 3s inxcosy = s inycosx 

c o s x c o s y 

<=> siny cosx 

s inx .cosy 

3 

4 

Do d6 ta c6 he phu'ang tr inh: • 

C6ng , trCf ve theo ve thi 6vf(?c 

s iny .cosx = -

sin(x + y) = 1 < » x + y = - + m27t. 

• V • 

- U ? 9.1 

sin(x - y) = - - o x - y = - - + n27t hay x - y = ^ + n27i. " 
2 6 6 

V|iy nghi^m cua h$: 

x = - + (m + n)7i 
6 

y = I + (m - n)7t 

57t 
X = ^ + (m + n)7i i 

6 , m , n e Z ' : + V )n i ^ ; 

y = - — + (m - n)7t ' 

3 , i 9 n 6 i 6 t > n 4 r 5nu!:>^eM,!M. 

73 
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72 
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6 , m , n e Z ' : + V )n i ^ ; 

y = - — + (m - n)7t ' 

3 , i 9 n 6 i 6 t > n 4 r 5nu!:>^eM,!M. 
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Bai toan 3. 13: Giai cac he phu-ang trinh 

71 

a) 
tanx + c o t x = 2s in(y + —) 

4 

tany + c o t y = 2 s i n ( x - — ) 
4 

b) 
J s inx + s iny = 72 

c o s x + c o s y 
mo 

Hu'O'ng d i n giai 

a) Di§u kien : x , y ^ ^ , k e Z . Phu-ang trinh thLC n h i t tu-ang du-ang 

- — ' = 2sin(y + - ) < = > sin2xsin(y + - ) = 1 
s i n x c o s x 4 4 

s i n 

s i n 2 x = 1 

71 
y " 4 = 1 

hay 
s i n 

sin2x = - 1 

7t 

<=> 

X = — + m7t 
4 

y = - + n27: 
4 

hay 
X = + nriTt 

4 

y = - ^ + n 2 . 
4 

Phu-ang trinh thCf hai tu-ang duang : sin2y sin(x - - ) = 1 
4 

<=> < 

s in2y = 1 

s i n 
71 

X 
4 

= 1 
hay 

sin2y = - 1 

s i n 

37C 
X = — + m27: 

y = - + nTt 
4 

hay 

7T 
X = + m27c 

4 

y = - ^ + nn 
4 

K e t h 9 ' p t a d u - Q - c n g h i $ m ( — + m27t; - — + n27t), m, n e Z . 
4 4 

b ) T u ' h 0 s u y r a sinx + cosx + siny + cosy = 2yf2 \" ^ 

o sin(x + - ) + sin(y + - ) = 2 
4 4 

71 
= 1 sin X + — = 1 = 1 

f <=> • 
71 

= 1 sin y + — 
4 ; 

= 1 

X = - + m27t 
4 

y = - + n27t 
4 

Thu- l^i dung nen d6 Id nghi^m cua h? phu-ang trinh 

• - (y -

74 

toan 3.14: Giai cdc h§ phu-ang trinh 

a) 

c o s x + c o s y + cosz = 1 

cos^x + c o s ^ y + cos^z = 1 

x + y + z = 71 

b) 

x > 0 , y > 0 , z > 0 

x + y + z = K 

s inx s iny s inz 
1 

Hu'O'ng d i n giai: 

a) y r i n g , n§u x la nghiem thi - x cung Id nghiem. 
Do do ta CO the xet X , y , z > 0 . 
Phu-ang trinh thii- n h i t tu-ang du-ang v6i 

X V Z X V z 
1 + 4 s i n - s i n - s i n - = 1 <=> s i n - s i n - s i n - = 0 

2 2 2 2 2 2 
Phu-ang trinh thu- hai tu-ang du-ang 

1 - 2 C 0 S X cosy cosz = 1 <=> cosx cosy cosz = 0 . 

TO d6 suy ra nghi§m cua h$ Id 

X = m27c 

2 = ^ - ( n + 2m)7t 

vd cdc hodn vj cua bO ba ndy , m, n € Z . 

b) Ta c6 {n; 0; 0 ) ; (0; n; 0); (0; 0; n) Id nghiem cua h^. 

Ta x6t X , y , z > 0. Tu- gia thiet ta c6 t h i coi x , y , z l l n lu-p-t Id ba goc 
mOt tarn gidc XYZ . 

X6t tarn giac ABC c6 b =CA =2, c = AB = Vs, vd a = BC = 1 . ob ' 
2 2 u,2 

T h I t h i c o s B = ^ ^ ~ ° = 0 B = - ; m ^ d c n 
2ac 2 '̂ 

Tu-ang ty-, ta du-p-c : C = - ; A = - . 
3 6 

Gpi R Id bdn k inh du-e/ng tron ngogi t i l p tarn gidc XYZ thi YZ = 2Rsinx; 
ZX = 2R siny ; XY = 2R sinz . 
Sau do tu- phu-ang trinh thu- ba cua he suy ra 

s inx ^ s i n y _ s inz ^ 2Rs inx _ 2Rs iny _ 2Rs inz 

1 a 
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toan 3.14: Giai cdc h§ phu-ang trinh 
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Nen YZ 
BC 

ZX 
CA 

XY 
AB 

Do do hai tam giac ABC XYZ dAng dgng nen x = — ; y = — ; z = —. 
6 2 3 

Vay , nghipm cua h#: {n; 0; 0); (0; n; 0); (0; 0; JT); ( - ; - ; - ) 
6 2 3 

Bai toan 3.15: Giai phu-ang trinh . :j"^hr 

s inx = sin^ y + s iny +1 
a) s iny = sin z + s inz +1 

s inz = sin^ x + s inx +1 

b) 

sin^ X + — \ r - + Icos^ y + ^ 
sin^ X cos^ y 

/sin^y + — ^ + J c o s ^ x + ^ 

20y 

(x + y 

|20x 

sin^ y cos^ X fx + y 

Hu'O'ng d in giai 

a) Dat a =sinx, b = siny, c= sinz thi h$: 

a = b^ + b + 1 

b = c^ + C + 1 

c = a^ + a + 1 

Vi ham so f(t) = t^ + t + 1 dong bien tren tren D = R 

Nen h? 

a = b % b +1 

b = c^ + c +1 <=> 

a = f(b) 

b = f(c) o \ 

c = f(a) 

a=:b = c 

a = f(a) 
c = a^ + a +1 

Do do: a = a^ + a + 1 <=> a = -1 n6n c6 a = b =c = - 1 . 

V^y ngh i$mx = --J +k27t, y = - - +m27r,z = - - +n27r, m, n, k e : 
2 2 2 

b) Oieu kipn sinx, cosx, siny, cosy ^ 0 xy>0. Nhan 2 PT thi 

sin^ X + — ^ — + Icos^ y + — 1 -
sln^ X 

cos y J 
lsin^y + — ^ + ./cos^x+ 

sin^ y cos^ X 

= 20 
20xy 

Ap dgng bat d i n g thupc Cauchy AlVI-GIVI: 

V(x + y ) ' 

76 

Cty TNHHMTVDWH Hhang Vi\ 

S\r? X +• 
1 1 

sin^ xy 

2 1 cos X + 
cos Xy 

3 

+ 
2 2 l s i n 2 x l 2 l s i n 2 x l 

I s inx cosx I +-
1 

I s inx cosx I 

I s i n 2 x l 1 
A2 /• f^^2 

1 + -
2 v2. 

Jvfang ti^ 
• 2 1 sin^ y + — 

s i n - y j 

2 1 
cos y + c o s ^ y j v2. 

n§n + 
6' 

sin^ X + 
sin^ X V 

2 1 
cos y + cos^ y 

sin^ y + — ^ + 
I sin'^ y \ 

2 1 cos X + 
COS^ X 

> 4 4 j 

> 4? 

Sin X + 
1 ^ 

sin^ X 

2 1 
cos y + -

cos y 

• 2 1 
sirT^ y + — 

sin^y 

2 1 
cos'^ X + cos X ) 

= 1 0 > 2 0 
20xy 

V(x + y)^ 
01 T K 'T 

Dau = xay ra khi |sin2x|= 1, x = y nen nghiem x = y = + k ^ k e Z . 

Bai toan 3.16: Xet b i t phu'cng trinh * >S^r 

x^ + 2x{ cosy - s iny) + 2sin^y > 0 . 

a) T im y d l b i t phu-ang trinh dung vai mpi x . 

b) T im y d l b i t phu-ang trinh dung vai mpi x > 0 . 

Hirang d i n giai: 

a) Ve tr^ i cua b i t phuang trinh la tam thuc bgc hai theo x c6 h$ so theo x^ la 

1 > 0, b i t phu'ccng trinh dung vai mpi x <=> A' < 0 

<=>(cosy - s iny)^ - 2sin^y < 0 <=> 1 - sin2y - (1 - cps2y) < 0 

o s i n 2 y - cos2y > 0 \ ^ s i n (2y - - ) > 0 
4 

<»s in(2y - - ) > 0 o k2Tc < 2x - - < 7t + k27t 
4 4 

o - + k27c < 2x < — + k2Tt - + k7i < X < — + kn , k e Z . 

4 4 8. 8 
b) Di§u kien 6h bai du-p-c thoa, ngoai truang hp-p a cau a), ta con c6 tru'ang hap: 

A > 0 

af(0) > 0 o 

- - 0 > 0 
2 

s in < 0 

sin^ y > 0 

siny - cosy > 0 



Nen YZ 
BC 

ZX 
CA 

XY 
AB 
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76 

Cty TNHHMTVDWH Hhang Vi\ 
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• 2 1 sin^ y + — 

s i n - y j 

2 1 
cos y + c o s ^ y j v2. 

n§n + 
6' 

sin^ X + 
sin^ X V 

2 1 
cos y + cos^ y 

sin^ y + — ^ + 
I sin'^ y \ 

2 1 cos X + 
COS^ X 

> 4 4 j 

> 4? 

Sin X + 
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a) Ve tr^ i cua b i t phuang trinh la tam thuc bgc hai theo x c6 h$ so theo x^ la 

1 > 0, b i t phu'ccng trinh dung vai mpi x <=> A' < 0 

<=>(cosy - s iny)^ - 2sin^y < 0 <=> 1 - sin2y - (1 - cps2y) < 0 
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4 4 
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4 4 8. 8 
b) Di§u kien 6h bai du-p-c thoa, ngoai truang hp-p a cau a), ta con c6 tru'ang hap: 

A > 0 
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2 

s in < 0 

sin^ y > 0 

siny - cosy > 0 



10 trgng diem hoi dudng hgc sinh gioi nion Toon I J iS Hoanh Phd 

+ k27t < y <^k27t 
8 8 

y ^ kn 

- + k27r < y < — + k27u 

<^ ^ + k27i < y < — + k27r y ^ 7t + k27i, k e Z . - ; ' 
8 ' 8 

Bai toan 3.17: Tim a de bat pliu-ang trinh 
sin^x + cos^x - a(sinx + cosx) > sinx cosx(sinx + cosx) niSt 

',/ 

nghi^m dung vcci mpi xthupc [0; — ] . 
4 

Hu'O'ng d i n giai: 
Bk phu'CTng trinh tu-o-ng du-ang 

(sinx + cosx)(1 - a - 2sinx cosx -sin^xcos^x) > 0. (1) 

V6'i x e [ 0; - ] : sinx + cosx > 0. Do do (1) tra th^nh 

1 - a - 2sinx cosx - sin^x cos^x > 0 
<r:>sin^2x + 4sin2x + 4a - 4 < 0 (2) ^ 
d ^ t t = sin2x thi (2) <^ t^ - 4t + 4a - 4 < 0, t € [0;1] 
<=> 4a < - t^ + 4t + 4 , t € [0; 1]. 
Xet ham s6 bac hai: f(t) = - t^ + 4t + 4, 0 < t < 1 c6 a < 0 hoSnh 
dp dinh t = 2 < 1 nen di§u ki^n d§ bai thoa man khi: 

4a < maxf(t) = f(1) <=> 4a < 4 a < 1 . 

I0;1J 

Bai toan 3.18: Tim m d4 b i t phu'CTng trinh 

2sin^x- m c o s x - 3 < 0 dugc nghi$m dung vb-i mpi X€ (0; ^ ) . 

Hu'O'ng d i n giai: v -

re 

Bat phu-ang trinh de bai tu-ang du-ang vb-i 

2(1 - cos^x) - m cosx - 3 < 0 

<=> 2cos^x + m cosx + 1 > 0. 

D$t t = cosx , 0 < X < ^ : r > 0 < t < 1 

f(t) = 2t^ + mt + 1 > 0 , a = 2 >0. 

Oi^u ki$n f(t) > 0 thoa man vdi mpi t € (0; 1): 

X 6 t A < 0 < = > m ^ - 8 < 0 < = > |m| < 2^2 ; 

f & v-cAr 

Xet 

Xet 

A > 0 

af(0) > 0 » 

- - 0 < 0 
2 

A > 0 

af(1) > 0 o 

S - 1 > 0 
2 

m| > 2V2 

1 > 0 « m > 2^/2 ; 

m 
< 0 

4 

m > 2N/2 

m + 3 > 0 (v6 nghr^m ). a * x ?.o„«; 

1 > 0 
4 

Vgy dieu ki$n: m > 

Bai toan 3.19: Tim m d l h$ phu-o-ng trinh c6 nghi^m: 

Huf&ng d i n giai 

Di§u kien y ^ + kvi, k e Z. 

Oat u = sinx; v = tany, | u { < 1. 
.2 

sin^ x + mtany = n-

tan^ y + msinx = m 

u'' + mv = m (1) 
2 

He tra thanh < 

V + mu = m (2) 

Lly (1) trCf (2) :^ (u - v)(u + v - m) = 0 

=> u = V hay u + v - m = 0 . 

Vai u = v:thayvao (1) => u^ + mu - m = 0 (3). 

H? CO nghi^m khi (3) c6 nghiem G [ - 1; 1] 

af(1) > 0 

o f ( 1 ) . f ( - 1 ) < 0 hole 

o m > - .hogc 

a f ( - 1 ) > 0 

A > 0 

- + 1 > 0 
2 

l - K O 
1 > 0 

1 - 2m > 0 

m^ + 4 m > 0 < = > m > 0 . 

2 - m > 0 

- m - 2 < 0 

d ,6 

•• X 



10 trgng diem hoi dudng hgc sinh gioi nion Toon I J iS Hoanh Phd 

+ k27t < y <^k27t 
8 8 

y ^ kn 

- + k27r < y < — + k27u 

<^ ^ + k27i < y < — + k27r y ^ 7t + k27i, k e Z . - ; ' 
8 ' 8 

Bai toan 3.17: Tim a de bat pliu-ang trinh 
sin^x + cos^x - a(sinx + cosx) > sinx cosx(sinx + cosx) niSt 

',/ 

nghi^m dung vcci mpi xthupc [0; — ] . 
4 

Hu'O'ng d i n giai: 
Bk phu'CTng trinh tu-o-ng du-ang 

(sinx + cosx)(1 - a - 2sinx cosx -sin^xcos^x) > 0. (1) 

V6'i x e [ 0; - ] : sinx + cosx > 0. Do do (1) tra th^nh 

1 - a - 2sinx cosx - sin^x cos^x > 0 
<r:>sin^2x + 4sin2x + 4a - 4 < 0 (2) ^ 
d ^ t t = sin2x thi (2) <^ t^ - 4t + 4a - 4 < 0, t € [0;1] 
<=> 4a < - t^ + 4t + 4 , t € [0; 1]. 
Xet ham s6 bac hai: f(t) = - t^ + 4t + 4, 0 < t < 1 c6 a < 0 hoSnh 
dp dinh t = 2 < 1 nen di§u ki^n d§ bai thoa man khi: 

4a < maxf(t) = f(1) <=> 4a < 4 a < 1 . 

I0;1J 

Bai toan 3.18: Tim m d4 b i t phu'CTng trinh 

2sin^x- m c o s x - 3 < 0 dugc nghi$m dung vb-i mpi X€ (0; ^ ) . 

Hu'O'ng d i n giai: v -

re 

Bat phu-ang trinh de bai tu-ang du-ang vb-i 

2(1 - cos^x) - m cosx - 3 < 0 

<=> 2cos^x + m cosx + 1 > 0. 

D$t t = cosx , 0 < X < ^ : r > 0 < t < 1 

f(t) = 2t^ + mt + 1 > 0 , a = 2 >0. 

Oi^u ki$n f(t) > 0 thoa man vdi mpi t € (0; 1): 

X 6 t A < 0 < = > m ^ - 8 < 0 < = > |m| < 2^2 ; 

f & v-cAr 

Xet 

Xet 

A > 0 

af(0) > 0 » 

- - 0 < 0 
2 

A > 0 

af(1) > 0 o 

S - 1 > 0 
2 

m| > 2V2 

1 > 0 « m > 2^/2 ; 

m 
< 0 

4 

m > 2N/2 

m + 3 > 0 (v6 nghr^m ). a * x ?.o„«; 

1 > 0 
4 

Vgy dieu ki$n: m > 

Bai toan 3.19: Tim m d l h$ phu-o-ng trinh c6 nghi^m: 

Huf&ng d i n giai 

Di§u kien y ^ + kvi, k e Z. 

Oat u = sinx; v = tany, | u { < 1. 
.2 

sin^ x + mtany = n-

tan^ y + msinx = m 

u'' + mv = m (1) 
2 

He tra thanh < 

V + mu = m (2) 

Lly (1) trCf (2) :^ (u - v)(u + v - m) = 0 

=> u = V hay u + v - m = 0 . 

Vai u = v:thayvao (1) => u^ + mu - m = 0 (3). 

H? CO nghi^m khi (3) c6 nghiem G [ - 1; 1] 

af(1) > 0 

o f ( 1 ) . f ( - 1 ) < 0 hole 

o m > - .hogc 

a f ( - 1 ) > 0 

A > 0 

- + 1 > 0 
2 

l - K O 
1 > 0 

1 - 2m > 0 

m^ + 4 m > 0 < = > m > 0 . 

2 - m > 0 

- m - 2 < 0 

d ,6 

•• X 



10 trpng diS'm hoi dUdng hpc sinh gidi mon loan 11 LS Ho6nh Ph6 

Vb-i u + v - m = 0 = > v = m - u : thay vao (1) thi du'p'c phu-ang trinh 
- mu + - m = 0 . 

A = - 3 m ^ + 4 m > 0 < = > 0 < m < —: h$ d§ c6 nghi^m 6" ph^n tr§n. 
3 

Vgy h0 CO nghi^m l<hi m > 0 . |» r . I 
Bai toan 3. 20: T im tham so d l h$ phu-o-ng trinh c6 nghi$m 1 

s inx + s in2x = a 

c o s x + cos2x = b 

Hip6ng d i n giai 

s inx + s in2x = a 
Ta c6 

c o s x + c o s 2 x = b 
Suy ra (a -s in2x)^ + (b - cos2x)^ = 1 

sinx + s in2x = a sinx(1 + 2 c o s x ) = a (1) 

c o s x + cos2x = b [cosx(1 + 2 c o s x ) = b + 1 (2) 

c o s x = 0 
Nfeu b = - 1 tCf (2) « 1 

c o s x = 
2 

Vb-i cosx = 0 t u (1) => a = ± 1; Va i cosx = - - t u (1) => a =0 

V^y (a = ± 1 ; b = - 1 ) , (a = 0 ; b = 0) 
N l u b + 1 ̂  0: 

• a - • o 2a(b + 1) ^ (b + 1)2-a2 
D o d 6 t a n x = - n e n s i n 2 x = ——^ H r , c o s 2 x = 

b + 1 

2a(b + 1) 

a ^ + ( b + 1)^j 

a^ + (b +1)' 

(b + 1 ) ^ - a ^ ^ ' 

a 2+(b + 1)2 

a ' + ( b + i r 

hay 
a ( a ' + b^-1) 

a ^ + ( b + 1)2 j 

\
{b + 1)(a2+b2-1) 

= 1 

= 1 0 > a 2 +(b + 1)2 

hay (a2+b2-1)2=a2+(b + 1)2. 

Dao laj n§u a, b thoa (a^ + b^ -1)^ = a^ + (b +1)^ thi chpn x thoa man: 

s i n x ^ ^ ( ^ ^ ^ ^ ^ - , r c o s x J ^ ^ ^ ) ( ^ ^ ^ ^ ^ - ^ ) i 
a ^ + { b + 1)̂  

\ „ 2 

a^ + (b + \f 

^ . ^ 2a(b + 1) „ (b + 1 ) ^ - a ^ 
N6n c6 s in2x = ——^ ^ , c o s 2 x = ̂  , 

a 2 +(b + 1)' a 2 +(b + 1)2 } 
Suy ra h? thoa m§n. 

V$y d i^u ki^n cua a b d i h$ phu-o-ng trinh c6 nghi^m : 

(a2+b2-1)2=a2+(b + 1)2. 

Bai toan 3. 21: T im tham s6 de h? phu-ang trinh c6 nghi^m 

c o s x = a .cos y 

s inx = a .s in^y 

Hu'O'ng din giai 

X6t a = 0 thi h0: • ~ ° v6 nghi^m . 
s inx = 0 

X6t a 0 , tu- h9 phu-ang trinh da cho suy ra 

cos^ X = a^ cos^ y 

sin^ X = a^ sin® y 

=> 1 = cos^x + sin^x = a^ (cos^x + sin^x) 

1 = a^(1 - ^sin22y) = a ^ C - - - cos4y) 
2 4 4 

o cos4y = 
3a^ - 4 

•̂1 6vJ BJ oh. 

^nia • r)V:' 

'••fifa •••• I ••'eoo'--?' 

'lie + le ito:.-' 

Phuang trinh nay c6 nghi^m khi 

Thu- Igi h$ cho c6 nghi^m. 

3a' - 4 
< 1 <» 1 < l a l < %/2 . 

Bai toan 3. 22: Giai bat phu-ang trinh 7l + x - ^1 - x < x 

Hu^ng d i n giai: 

Dieu ki$n. - 1 < x < 1 nen dat x = cos2t, t e [0; ~ ] . 

Bat phu-ang trinh tra thanh 

7l + cos2 t - 7l - cos2t < cos2t 

o Vi I cost I - N/2 I sint | < cos't - s in ' t 

o %/2 (cost - sint) < (cost + s in t ) (cos t -s in t ) 

o c o s ( t + - ) ( c o s ( t - - ) - 1 ) > 0 o c o s ( t + - ) < 0 
4 4 4 

o - < t < - <^ - < 2 t < 7 i < » - 1 < x < 0 . 
4 2 2 

Nghiem cua b i t phu-ang trinh la: - 1 < x < 0 . 

81 
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Bai toan 3. 23: GiSi bit phu-ang trinh 

4(V(1-x^)^ -x^) + 3(x- V l - x 2 ) < >/2 

Hu^ng din giai: 
7t 7t . 

Dilu Icî n x̂ c djnh - 1 < x < 1 n6n d$t x = sint vb-i t e [ - - ; - ] . 

Do do ta CO 4(V(1-x2)^ -x^) + 3(x- Vl-x^) 

4(7(1 - sin^ t)̂  - sin^ t) + 3(sint - Vl-sin^t) 

4(Vcoŝ  t - sin^ t) + 3(sint - Vcos^t) 

4(cos^ t - sin^ t) + 3(sint - sin^ t) 

(4cos^ t - 3cos t) + 3(sint - sin^ t) 

cos3t + sinStl = V2sin(3t + - ) 
4 

V$y 4(7(1-x^)^ - x̂ ) + 3(x - 7l-x^) < N/2 nen b t̂ phu-ang trinh c6 nghi$m 

- 1 < X < 1 . 

Bdi to^n 3. 24: Giai h$ phu-ang trinh K ^ " ^ 
[x(y^ -1) = 6 

Hirang din giai: 

Do X ;t 0 nen h§: 

8 
- 3 y = 1 

<=> < 
t^-3y = 1 
ŷ  - 3t = 1 

(t = - ) 

suy ra ( t - y)( t̂  + ty + 3) = 0 
n§nt = ydod6 y ^ - 3 y = 1 (1) 

X6t - 2 < y < 2, d^tt = 2cosa, a e [0; n] 

(1): 8cos^ a - 6 cosa = 1 hay cos3a = ^ 

Tu- do giai chpn 3 nghi$m a IS ZL;^;Z!1 : ,> ^ 
9 9 9 

Vi (1) la phu-ang trinh bac 3 nen c6 dung 3 nghî m y 

82 

2 c o s - ; 2 c o s — ; 2 c o s — 
9 9 9 

suy ra 3 nghiem (x; y) cua h$. 

Bai toan 3. 25: Giai he phu-ang trinh 

VJx, y, z = ± 

X - 3ẑ x - 3z + ẑ  = 0 
y - 3x̂ y - 3x + x̂  = 0 
z - 3y ẑ - 3y + ŷ  = 0 

Hipang din giai: 

khong IS nghiem nen h# phu-ang trinh: 

x(1 - 3z2) = 3z - ẑ  
y(1 - 3x^) = 3x - x̂  
z(1 - 3y^) = 3y - ŷ  

X = 

y = 

z = 

3z -z^ 
1 - 3z2 

3x -x^ 
1 - 3x2 

3y -y^ 
1 - 3y2 

,E n&r, 

X q ,0̂ ^̂  

D$t X = tana ; a G ( " g ' 2 ^ ^ ~ ' ^ ~ • ^ " tan27a 

Tu- do, (x; y; z) la nghiem cua h$ thi tana = tan27a 
l<71 

=:> 26a = kTi o a = — ; k e [ - 12; 12], k g Z . 
26 

Thu- Igi, h$ c6 25 nghiem 
„ . k7t , k37t ^ k97t , 
x = t a n — , y = tan ,z = tan , k = 0,+ 1, 

26 26 26 

.t nsc 

± 12 . 

Bai toan 3. 26: Giai h$ phu-ang trinh 
2x + x̂ y = y 
2y + ŷ z = z 
2z + ẑ x = x 

IHiJ'O'ng din giai: s 
Tu- cSc phu-ang trinh cua ĥ  phu-ang trinh da cho suy ra x , y , z +1. 
Nen h$ da cho tu-ang du-ang vai 

2x A , -

^ 1 -2y = (1-x2)y 
2y = (1-y2)z « 
2 z = ( 1 - z2)x 

z = 
2y 

1 - ŷ  
2.7 

X = — 
1 -

'".r, • ;̂ { i " 
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y(1 - 3x^) = 3x - x̂  
z(1 - 3y^) = 3y - ŷ  
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o a t X = tan t thi y = tan2t; z = tan4t; x = tanSt . 

Ta du-gc phu'ang tr inh: tanSt = tant < = > t = y ^ , k = 0 , 1 , . . . , 6 . 

cac nghiem t nay thich hgp nen suy ra cSc nghi^m x, y, z. 

x ' + f = A 

z^ + t^ = 9 

xt + yz > 6,xz max 

Bai toan 3. 27: Giai he 

HiPO'ng d i n giai: 
D$t x = 2cosa, y = 2sina; z = 3cosp, t = 3sinp,a , P € [0; 2n] thi 

xt + yz > 6 » 6(cosasinp + sinacosp) > 6 

o 6sin(a + p ) > 6 < = > a + p = - | . 

Luc d6, P = xz = 6cosacosp = 3[coss(a - P) + cos(a + P)] 
= 3cos(a - P) 

dat gia tri Ian n h i t khi cos(a - p ) = 1 < = > a - p = 0 . 

S u y r a a = p = - ^ « x = y = V2; z = t = ^ . 

V$y nghi$m cua h e : x = y = V 2 , z = t = 
3N/2 

Bai toan 3. 28: Cho a, b, c la cac so du-ang cho tru-ac. 

Giai he phu-ang tr inh: 

x + y + z = a + b + c (1) 

4xyz - (a^x + b^y + c^z) = abc (2) 

x,y,z > 0 

Hu'O'ng d i n giai: 

T a c 6 ( 2 ) : 4 = ^ . ^ . ^ . f ^ c 
yz zx xy xyz 

3 [D C 

D$t = x i ; - = = y i ; - = = z, thi 4 = x f + y^ + z^ + XiyiZi , 

sjyz Vzx 

trong do 0 < Xi < 2, 0 < y i < 2, 0 < Zi < 2 . ^ '• ; 
BSng each xem phu-ang trinh m^i la phu'ang trinh bac hai theo Zi, bi?t 

( 4 - x f ) ( 4 - y f ) gp-i y rSng ta dat | 

Xi = 2sinu, 0 < u < ̂  yi = 2sinv, 0 < v < ^ nen c6 

4 = 4sin^u + 4sin^v + zf + 4 si sinu.sinv.Zi 

84 

Cty TNHHMTVDWH Mhang Vi<ft: 

Nhu- th6 (Zi + 2sinu . sinv)^ = 4(1 - sin^u)(1 - sin^v) . 

hay I Zi + 2sinu . sinv I = I 2 cosu . cosv | . •» P V 
Vi Zi, sinu, sinv deu du'ang nen bo dlu gi^ trj tuy$t d6i thi: 

Zi = 2(cosu . cosv - sinu . sinv) = 2 cos(u + v) y^.r^,^^ ^4.̂  

do do 2sinu . ̂ /yz = a, 2sinv . v/zx = b, g j,^^, ;^ 

2(cosu .cosv - sinu .sinv) ̂ xy = c. 

TCf (1): X + y + z = a + b + c thi 

( N / X C O S V - Tycosu)^ + (>/xsinv + ^ysinu - Vz)^ = 0 ''-'^ ^ 

-~ < xao'v (ft 

nen N/Z = N/X sinv + sinu = Vx y + Vy y . Jb §V -

yd feup i^>;: • 

Vi the Vz = N/X — ^ + 7y - 1 = nen z = 
a + b 

2^yzx 2^/yz 2 

^ ^ , c + a b + c 
Tu-ang t y co y = ——-, x = — — . 

Ro r^ng bp ba (x; y; z) = ( ^ | ^ ; ^ ^ ) thoa h$ phu-cyng trinh da 

cho. V?y d6 la nghi^m duy n h i t . 
Bai toan 3. 29: Giai h0 phu'ang trinh - '"̂ ^ 

x + 3ŷ  - 2y = 0 

36(xVx + 3y^) - 27(4y2 - y) + (2N/3 - 9)Vx - 1 = 0 

Hu'6'ng d i n giai 
Oieu kien x > O.Ta c6 

x + 3y2 - 2y = 0 o (N/SX)^ + (3y -1 )^ = 1 

N§n t6n tgi so 1 6 [0; n ] sao cho Vsx = sint va 3y- 1 = cost. 
Phuang trinh 2: 

36(xVx + 3y^) - 27(4y2 - y) + (2N/3 - 9)Vx - 1 = 0 

T r a t h ^ n h 4cos^ t - 3 c o s t + 4N/3sin^t-3>/3sint + 2.s in t = 0 

« s i n ( 3 t - | ) = s int - ^ 

> . r»» .1 . • . t 77t 1 97t , 

V I t e [0; K ] nen chpn t = - ; — ; — . ^ . M ) 

TCr d6 suy ra nghi^m cua h? ^ ^ ^ 

2 - V i . 4 + 7 2 + V6 4 - 7 2 + >/6.4 + 72(4 + 72-76) ^ ..̂ .g, ^ 12 ' 12 ^'^ 24 • 12 . 
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nen N/Z = N/X sinv + sinu = Vx y + Vy y . Jb §V -

yd feup i^>;: • 

Vi the Vz = N/X — ^ + 7y - 1 = nen z = 
a + b 

2^yzx 2^/yz 2 

^ ^ , c + a b + c 
Tu-ang t y co y = ——-, x = — — . 

Ro r^ng bp ba (x; y; z) = ( ^ | ^ ; ^ ^ ) thoa h$ phu-cyng trinh da 

cho. V?y d6 la nghi^m duy n h i t . 
Bai toan 3. 29: Giai h0 phu'ang trinh - '"̂ ^ 

x + 3ŷ  - 2y = 0 

36(xVx + 3y^) - 27(4y2 - y) + (2N/3 - 9)Vx - 1 = 0 

Hu'6'ng d i n giai 
Oieu kien x > O.Ta c6 

x + 3y2 - 2y = 0 o (N/SX)^ + (3y -1 )^ = 1 

N§n t6n tgi so 1 6 [0; n ] sao cho Vsx = sint va 3y- 1 = cost. 
Phuang trinh 2: 

36(xVx + 3y^) - 27(4y2 - y) + (2N/3 - 9)Vx - 1 = 0 

T r a t h ^ n h 4cos^ t - 3 c o s t + 4N/3sin^t-3>/3sint + 2.s in t = 0 

« s i n ( 3 t - | ) = s int - ^ 

> . r»» .1 . • . t 77t 1 97t , 

V I t e [0; K ] nen chpn t = - ; — ; — . ^ . M ) 

TCr d6 suy ra nghi^m cua h? ^ ^ ^ 

2 - V i . 4 + 7 2 + V6 4 - 7 2 + >/6.4 + 72(4 + 72-76) ^ ..̂ .g, ^ 12 ' 12 ^'^ 24 • 12 . 



10 trqng diSm boi dUdng hgc sinh gioi m6n To6n 11 - LS Hodnh Ph6 

, ,4 + V2-V6 4-7^2(4-V2 + v/6), 

3. B A I LUYfiN T A P 

Bai t?p 3 . 1 : Giai c^c b t̂ phu-cyng trinh sau 

a)cosx > - — b)cob( > — . 
2 3 

c) cosx < sinx d) cosx + Vs sinx > 0 . 
Hu>6ng din 

a) Ve du'6'ng tr6n lu-cng gi^c bilu di§n cung g6c. n i t xV •= sV f«^«; 

Kit qua kn < x < ^ + KTC, k e Z 

b) Kit qua k7t < X < - + kTt, k e Z 
3 

T' 

c) Kit qua - + k27r < X < — + k27t, k € Z 
4 4 

d) Kit qua - - + k27t < X < — + k27i, k e Z 
6 6 

Bait^ipS. 2: Giai cdc bit pliu-ang trinh sau > iS , ; 
a) 2sin^ x - 3sinx +1 >0 b) coŝ  - 3cosx + 2 < 0 

Hipo'ng din 
a) 2sin^ x - 3sinx +1 >0 <=> sinx < ^ hay sinx > 1. 

Kitqua — + k 2 7 c < x < - + (2k + 1)Tt, k e Z 
6 6 

b) Kit qua x=k27c, k e Z 
Bai t$p 3. 3: Giai Ccic bat phuang trinh sau ' ' 

a) COSX + — ^ — b ) sinx + — ^ > — 
cosx 2 sinx 2 

HiPî ng din f 
a) Dilu ki^n cosx * 0, chuyin v l quy dong phSn s6. 

Kitqua - + k27t<x< — + k27t, k e Z 
2 2 

b) Kit qua k 2 7 t < x < - + k27i, — + k27i<x<(2k + 1)7t, k e Z 
6 6 

B î t|ip 3. 4: Giai cdc bit phu-cng trinh sau 

a) sinx < cos^ x b) — ^ — < \/2 
cos2x 

. - I + V5 
a) Kitqua-arcsin ^ 

b) X6t cos 2x <0 thi BPT thoa mSn. 

I 

Hu'ang din 

+ (2k + 1)7t< X < arcsin . - I + V5 
+ 2(k +1)71, k e 

X6t cos 2x >0 thi BPT cos2x > 
I2 

Bai tip 3. 5: Giai c^c bit phuo-ng trinh sau 

2 2sinx + cosx + 3 ^ _ 
a) -— < < i. b) 

cos3x + 3sin3x + 1 
cos3x + 2 11 2cosx-sinx + 4 

Hyd-ng din 
a) IVlIu thu-c luon luon du-ang. Kit qua mpi x 
b) Dua v l b$c nhit theo sin3x cos3x. Kit qua mpi x 
Bai t|p 3. 6: Giai cSc h^ phuang trinh sau 

I + 2V7 

a) 
cos6x + cos8x =:0 
cos3x = 2sin^ 2x 

b) 
sinx. sin y = 

cosx. cosy = 4i 

Hifdng din 

a) PT(1) o 2cos7x.cosx = 0. Kit qua x = ^ + k 7t, k G : 

b) Kit qua x = ( - + — + k)7t;y = ( - + — - k ) 7 t , m, k e Z 
6 2 3 2 

Biii t̂ p 3. 7: Giai c^c h$ phu-ang trinh sau 

1 
a) 

sinx. sin y = 

tan x. tan y = 

2^2 
_ l _ 

b) 
sinx + cosy = 

• so:.'; 

Vi r.cq 

cos^ x + sin^ y = -

Hip^ng din 
a) Dua v l cos(x+ y) = sin 15°, cos(x-y)= cos 15° 

b) Kltqua x = kjt;y = ± - + 2n7t 
6 

x = - + k27t;y = - + n7t; x = ̂  + k2;t;y = ^ + nTc, k.ne! 
3 2 3 2 

B î t$p 3. 8: Giai c^c h$ phu-ong trinh sau 

a) 
ftanx + 3tany = 0 
1 4x + 2y = 57t 
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b) 

~TO trpng dISm h6\ hoc sinh gidi man To6n 11 - Le hto6nh Ph6 

2N/3COSX + 6siny = 3 + 12sin^y 

4^3 cos X + 2siny = 7 

Hipang din 

a) Rut thI. 

Kit qua (^+ku, 1 1 ^ 1 - k ^ ) ; ( - ^ + k 7 t . 1 9 i ^ - k i ^ ) . 
3 6 2 3 6 2 

b) K§t qua 

X = - + m27: 
6 

It 
y = - + n27t 

6 

X = + m27i 
6 

y = — + n27t 
6 

X = - + m2n 
6 

y = — + n2n 

X = + m2Tc 
6 

y = — + n2n 

a) 

a) Bien d6i thanh tich so. 

K e t q u a x = J + k — ; x = 7t + k27i 
6 3 

b) Ket qua + (m + n)2n , - + m 2 K ) ; ( — + (m + n)27i, — + m2n). 
4 4 4 4 

Bai tap 3.10: Giai cac h$ phu-cng trinh sau 

a) 
sin X = cosXcosy 

cos^x = sin X sin y 
b) 

cosx = cosycosz 

cosy = cosxcosz + 
_1_ 

1 

cosz = cosxcosy + - 7 = 
i=Y.s/3 

•fee 

Bai t|p 3. 9: Giai cac h^ phu-ang trinh sau 

sinx + sin2x = 0 sinx + siny = 

cosx + cos2x = 0 [cosx + cosy = V2 

Hii'6'ng din 

sinxsinz 

sinx sin y 
•i(a 

Hirang din 

a) COng v4 theo v4 thi c6 cos(x -y) = 1. 

Tru- ve theo v6 thi c6 cos(x +y) = -cos2x. 

K l t q u a ( ^ + m J ; - - + m - +n27r). 
4 2 4 2 

b) Kit qua (m27t; n27t; k27t). 

Bai tap 3 

a)L 8c( 

Ctj/ TNHHMTVDWH Hhong Vk 

Bai tap 3. 11: V6i gia trj m nao thi h$ phu-ang trinh c6 nghi^m 

X + y = m 

8cosx.cosy.cos(x - y) + 1 = 0 

sinx + sin2x = m 

cosx + cos2x = m 

Hu'O'ng din 

a) PT(1) suy ra y = m -x roi the v^o PT(2). >li \u\ 

Ket qua . m = kTi, k e Z 

b) Ket qua m = 0 , m = - 1 , m = (1±N/3)/2. 
.;fi,(, ,<Ju J9fiJ • 

3(x + -) = 4(y + ̂ ) = 5(z + l) 
X y z v ' : ;o Bai tip 3.12: Giai h$ phu-ang trinh < 

xy + yz + zx = 1 

Hifo-ng din 

Nhan xet x,y,z cung dau nen xet x, y, z >0. 

A B C 
Dung lu-ang giac h6a. D$t x = tan—;y = tan—;z = tan— 

2 2 2 

Ket qua (-; -; 1), (-1;-I; 
3 2 3 2 ' 

1 dOfo 
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10 trgng diSm hoi dUdng hoc sinh gidi mSn Toon J 1 - LS Hoanh Pho 

Chuy&n as 4: TO HOP Vfl XIIC SUIIT 

1. KlfiN THUG TRONG T A M 
Quy t i c CQng: Gia su- mOt cong viec c6 t h i du'O'c tien hSnh tiieo mpt trong 
k phu-ang an A i , A2, Ak. Phuang an A] c6 the thi^c hi^n theo n; each, thi 
cong viec c6 t h I thyc hien theo t6ng ni + n2 + ... + nk cSch. 
Quy t i c nhan: Gia su- mpt cong vi$c nSo d6 bao g6m k cong dogn Ai , A2, 

Ak. Cong dogn A, c6 the thi/c hi$n theo ni cSch, thi cong vi$c c6 the thi/c 
hi$n theo tich nin2...nk cSch. 
Hoan vj: Cho t |p hgp A c6 n phin tu", n >1. I\/I0t hoSn vj cua n phin tu" cua 
A IS mOt bp s ip thu' tu n phan tu nSy, moi phin tu c6 m$t dung 1 l ln . So 
hoSn vj n phin tu: Pn = n I 
Chinh hQ-p: Cho tgp hp-p A c6 n phin tu, n > 1 va so nguyen duang k, 1 < k < n. 
Mpt chinh hp-p n chap k phan tu cua tSp A IS mOt bp s ip thu tu k phin tu tu 
n phSn tu cua A. S6 chinh hp-p n chap k: 

A'! = =n(n - 1 ) (n -2 ) . . . (n -k + 1) 
" ( n - k ) ! ' ^ ' 

lb h9"p: Cho tSp hp-p A c6 n phin tu, n >1 vS sc nguy§n k: 0 < k < n. Mpt t6 
hp'p n chSp k phan tu cua tgp A IS mpt tSp hp'p con cua A c6 k phSn tu.So 
t6 hp'p n chSp k (sc t$p cpn k phan t u ) : 

n! ^n(n-1) . . . (n -k + 1) 
" k ! (n -k ) ! k! 

Hoan vj lap, chinh hp-p l$p, t6 hp-p l |p 
Cho tSp E CO n phSn tu, ta gpi n- tSp E. 
HinhthSnhtu tSp E= {xi;x2;...;Xn} 

S6 cSc r- hoSn vj ISp IS 
n^ln^l.-nj 

So cSc r- chinh hp'p ISp IS n̂  

s6 cacr-t6 hgp î p IS c;;;;_, = c;,̂ ,_,. 
Th i l t l9p anh x^, song anh 
Anh xa f: A B khi m6i phin tu a thuOc A diu c6 1 tuang ung duy nhat 
b thupc B, b gpi IS anh cua a: b = f(a). 
Dan anh f: A B khi f IS Snh xg mS hai phan tu khSc nhau bat ky thupc A 
deu c6 hai anh khSc nhau trcng B. 
ToSn anh f: A -> B khi f IS anh xg mS m5i phan tu b thupc B deu ton tgi 
phan tu a thupc A de b = f(a). 
Song anh f: A B khi f vua don Snh vua toSn Snh. 

Cty TNHHMTVDWHHhong Vi$t 

Cho anh xa f tu tap huu hgn A vao tap huu hgn B 
N§u f dan anh thi so phin tu: IA I < I B I 
N^u f toan anh thi s6 phan tu: IA I > I B | 
Neu f song anh thi s6 phSn tu: IA I = I B |. 
Phu-ang phap gpp vao va logi di : Cho mpt n- tSp E cac phan tu vS mpt 
N- tap cSc tfnh chi t PI,P2,..,PN mS cSc phin tu cua E c6 pi hay khong cc p. 
tinh chat do thi s6 phSn tu: 

N 

n(Pi,P2.-.PN) = "-Z"(Pi)+ Z "(Pi'Pj) 
1=1 

1<i<j<N 

- Z n(p.,Pj,pJ + ... + (-1)^.n(p,,P2....,p^) 
1si<j<k£N 

Oim sd phin to cua hap cac tip hQ'p 
Vd'i 2 tap A, B thi: IAU B| = IAI + |Bi - l A n B| 
Vai 3tSpA, B, Cthi : ' 'J-ff ' ' 'A' 

IAUBUCI = | A | + | B | + | C | - lAnBl - iBnCi - ICnAl + l A n B n C h -
T6ng quSt vai n tap: j 0 0 (t 
Cho Ai,..., An IS n tap hp'p huu hgn (n>2) thi: , ,,.,13 ic 

A , u . . . u A ^ =IKI- I 
i=1 1<i<k£n 

A. n A , - z 
l£i<k<f£n 

A , n A , n A , 

A: P(A) = 

+ ...+(-irMAin...nAnl 
Xac su i t : Gia su phep thu T c6 khong gian mau IS Q vS cac ket qua cua T 
IS d6ng kha nSng. 

Neu A IS mpt bi4n c6 vS QA IS tSp hp'p m6 ta A vai QA c Q thi xac sui t cua 

^ i .k, fKsfit' rfoe: 

Tinh chit: 0 < P(A) < 1 vdi mpi bien c6 A, P(0) = 0, P(Q) = I'. ' = \ 
BiSn c6 hQ-p A u B: Khi bien cc A hoSc bi4n c6 B xay ra. " t ^ 
TSp mo ta IS QA u QB ^̂'"̂^̂  
Bi§n c6 xung kh i c : Hai bien c6 A vS B dup'c gpi IS xung khSc neu bien c6 
nSy xay ra thi bi§n c6 kia khcng xay ra. 

Q A n Q B = 0 

Quy t i c cpng hai b i i n cd xung kh ic : 
Neu A vS B xung khic thi P(A u B) = P(A) + P(B) =• .6 
Tong quSt: N iu n bien c6 d6i mpt xung khic Ai , A 2 , A n thi: ., js-'r'' 

P(AiU A2 u ... u An) = P(Ai) + P(A2) +... + P(An) ' • ' 

B i i n c6 ddi cua A: LS bi4n c6 A khdng xay ra, ki hi$u A . 
Kgtqua: P(A) = 1 -P(A) 
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Cty TNHHMTVDWHHhong Vi$t 
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N§u f dan anh thi so phin tu: IA I < I B I 
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N 

n(Pi,P2.-.PN) = "-Z"(Pi)+ Z "(Pi'Pj) 
1=1 

1<i<j<N 

- Z n(p.,Pj,pJ + ... + (-1)^.n(p,,P2....,p^) 
1si<j<k£N 

Oim sd phin to cua hap cac tip hQ'p 
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A. n A , - z 
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A , n A , n A , 
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10 trqng diSm bSi dUdng hgc sinh gidi m6n Todn 11 - LS Hodnh Ph6 

Biln c6 giao A n B ho îc AB: Khi hai bi^n c6 A va bien c6 B cung xay ra. 
Tapm6ta: Q A ^ Q B -

Biln c6 dpc lap: Hai bi§n c6 A B du-p-c gpi Id dpc lap n4u vi^c xay ra 
hay khong xay ra cua biln c6 ndy khong Idm anh hu-ang tai xdc suit xay ra 
cua biln c6 kia. 
Quy tic nhan 2 bi§n c6 dpc l$p: ^\ 
Nlu A va B dpc lap thi P(AB) = P(A). P(B) 
T6ng quat: Neu k bi§n c6 doi mot dpc lap nhau Ai, A2,...,Ak thi: 

P(AiA2...Ak) = P(Ai).P(A2)...P(Ak). 
Xac suit CO di4u kien: Xac suat cua bi§n c6 A trong dieu ki$n bi§n c6 B d§ 

xay ra: P(A IB) = ̂ St^l, P(B) > o. 
P(B) ^ 

Suy ra P(AB) = P(A|B).P(B). 

2. C A C B A I T O A N 

Bai toan 4.1: Vai cdc chu' so 0, 1, 2, 3, 4, 5 c6 the Igp du'p'c bao nhi§u 
a) So le g6m 4 chu' so khac nhau? 
b) S6 chin gom 4 chO so khdc nhau? 

Hu^ng din giai 
a) Gpi so le dang xet gom 4 chu' so c6 dang abed trong do 

d e {1, 3, 5}; a , b, c €{0, 1, 2, 3, 4, 5}, a ^ 0. 
Ta CO 3 cdch chpn d le. Khi d da chpn thi a con 5 - 1 = 4 cdch chpn. Khi d, a d§ 
chpn thi CO 6 - 2 = 4 c^ch chpn b va khi d, a, b da chpn thi c c6 3 c^ch chpn. 
V|y so s6 le cin tim la 3.4.4.3 = 144. 

b) Gpi cac s6 c6 4 chii' s6 khdc nhau du-p'c l|p tu- 5 so d§ cho la abed. Co 5 
each chpn a. Khi a da chpn thi c6 5 each chpn b. Khi a, b da chpn thi e6 
6 - 2 = 4 each chpn c va khi a, b, c da chpn thi c6 3 each chpn d. Do do c6 
5.5.4.3 = 300 s6 nhu vay. 
V|y so so chin la 300 - 144 = 156. 
each khac: x6t d = 0 va d e {2 ;4}. 

Bai toan 4. 2: Cho tap A = {1, 2, 3, 4, 5, 6, 7, 8}. Co bao nhi§u s6 ti^ nhien 
chin g6m 5 chO so khac nhau lay tu- A va khong bat dau bdi 125. 

Hu-o-ng din giai 

Dat a = a^agaga^ag, as chin, ai e A va doi 1 khac nhau. 

Vi as e {2,4,6,8} nen e6 4 each chpn. 

Do A kh6ng chCea s6 0 n§n â agagâ  c6 Â  = 840 each. 

Do d6 c6 4 x 840 = 3 360 s6 chin gom 5 chu' so khac nhau lly tu- A. 

' Ta loai di cac so bit diu bai 125 la cac s6 a = 1 2 6 3 4 3 5 vd-i 84, as thuOc 
{2,3,6,7,8} phan bi$t va as la s6 chin nen c6 3.4 = 12 each. 
Vaye6nlai3 3 6 0 - 12 = 3 348s6theoyeucau. 

Bai toan 4. 3: Hoi c6 bao nhieu s6 ti,*" nhien c6 9 chQ' so trong d6 eo 3 chQ' so 
le khac nhau va ba chu' so chin khac nhau, moi chu- s6 chin c6 mat dung 
hai lln? 

Hu'O'ng din giai o; r j )9i f B ' H U 
Gpi A la s6 cac s6 c6 9 chu s6 thoa man di§u ki$n d l bai, tinh c i cac s6 c6 
chu- s6 0 di>ng dlu. Co Ĉ  each chpn 3 chu' s6 le va eo 0\h chpn 3 chu-

s6 chin nen A = C .̂ Ĉ  = 4536000. ^ ,. 

Gpi B la s6 cac s6 CO 9 chu' so thoa man dieu kien d4 bai vdi chu- so 0 dipng dlu. 

Co Cg each chpn 3 chO so le va c6 <Z\h chpn 2 ehu' s6 chin khac 0, 

8' 
moi chO s6 chin eo mat dung hai lln nen B = C .̂ Ĉ  = 604800. , 

Vay s6 cac s6 thoa man d l bai la A - B = 3931200 ' 
Bai toan 4. 4: Co bao nhieu so ty nhi§n gom 4 ehO- so sao cho khong eo ehu' 

s6 nao lap lai dung 3 l ln. 
Hu-o-ng din giai - '̂̂  

S6 s6 ty nhien c6 4 chQ- s6 la: 9.10.10.10 = 9 000 •» 
Ta loai di cac s6 ma c6 1 chO s6 l̂ p lai dung 3 l ln 

- Xet ehu' s6 0 lap lai dung 3 l ln. 

Vi s6 abed, a ^ 0 nen phai e6 dang aOOO do do c6 9 so. 
Xet chu- s6 khac 0 lap lai dung 3 lln la a. 

Dang xaaa c6 8 so vi x 0 , x a 

3 d ,t '-.M^y 

1? I I I . 

Dang axaa,aaxa,aaax d6u eo 9 so 
Ma CO 9 so a khac 0 nen eo (8 + 9 .3)9 + 9 = 324 so 
Vgy eon lai: 9 000 - 324 = 8 676 s6 

Bai toan 4. 5: Tu cac chu- s6 0, 1, 2, 3, 4, 5 lap dup-c bao nhieu s6 ty nhi§n c6 
3 chO s6 khac nhau doi mpt va chia het cho 9. 

Hipo-ng din giai r,* -̂> 
Dat X = abc thi x chia het cho 9 khi t6ng cac chu- s6 chia \\kX cho 9. 

Xet {a,b,c} = {0, 4, 5} vi a ^ 0 nen c6 2 each chpn, b a nen c6 2 each con 
lai la s6 e. Do d6 CO 2.2.1 =4. f̂io ' . 
X6t{a,b,c} = {1,3,5}thi c6 3! = 6s6 r j ^ j t . } 
Xet {a,b,c} = {2,3,4} thi CO 3! = 6 s6 
Vayt6ngcpnge6 4+6+6 = 16s6theoy§uclu ! r'' 

93 
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Bai toan 4. 6: TCr c^c chO s6 0, 1, 2, 3, 5, 7, 9 lap du-p'c bao nhieu s6 tu' nhi§n 
CO 3 chu' s6 khac nhau <J6i mpt va chia het cho 15. 

Hu'd'ng din giai 

Dat X = abc th] x chia h§t cho 15 » x chia het cho 3 x chia het cho 5. 

Xet c = 5 thi x = abS , vi trong 6 chu" s6 c6n l^i 0, 1, 2, 3, 7, 9 c6 3 s6 chia 
het cho 3, c6 2 s6 chia cho 3 1, c6 1 s6 chia cho 3 du 2. 

- N I U b chia h i t cho 3 thi a chia cho 3 du" 1 nen c6 3.2 = 6 s6. 
- N§u b chia cho 3 du-1 thi a chia h i t cho 3 va a ^ 0 nen c6 2.2 = 4 so. 
- N§u b chia cho 3 dir 2 thi a chia cho 3 du- 2: loai. 

X6t c = 0 thj X = abO , vl trong 6 chu- s6 c6n l^i 1,2,3, 5, 7, 9 c6 2 s6 chia 
h§t cho 3, CO 2 s6 chia cho 3 dif 1, c6 2 s6 chia cho 3 du' 2. 

- N lu b chia h§t cho 3 thi a chia cho 3 nen c6 2.1 =2 so. 
- N I U b chia cho 3 du" 1 thi a chia cho 3 du- 2 nen c6 2.2 = 4 s6. 
- N I U b chia cho 3 du- 2 thi a chia cho 3 du-1 nen cso 2.2 s6. 

Vay tong cpng c6 20 s6. 
Bai toan 4. 7: TLF cac chO s6 0, 2, 4, 5, 8, 9 lap du-gc bao nhieu so ty nhien 

CO 4 chu' s6 chia h i t cho 5 va Ian han 2000. 
HiFO'ng din giai 

Dat X = abed thi x chia het cho 5 nen tan cung la 5 hay 0. 

Xet d = 0 thi x = abcO 

- N I U a, b, c b^ng nhau va a > 2 thi c6 5 s6. 

- N lu a, b, c chi c6 2 s6 bing nhau, a > 2 c6 6 . C 5 + 5.3 - 1 = 74 so. 

- Nlu a, b, c doi mpt phan biet va a > 2 thi c6 -P,^ =100 sc. 

38 

Xet d = 5 thi x = abc5. 

- N I U a, b, c bang nhau va va a > 2 thi c6 5 so. 

- Neu a, b, c chi c6 2 s6 b§ng nhau v^ a > 2 c6 6 . C 4 + 3.5 = 75 so. 

- N lu a, b, c doi mpt phan bi^t va a > 2 thi c6 Pg - P5 = 100 so. 

Vay tang cpng c6 359 so. 
Bai toan 4. 8: Trong tap S = {1,2,...,280} c6 bao nhieu s6 chia h i t cho it nhit 

mpt trong cac s6 2,3,5,7? 
Hu'O'ng din giai 

Gpi Ai = {!< € S / k chia h i t cho 2},A2 = {k G S / k chia h i t cho 3}, A3 = {k e 
S / k chia h i t cho 5}, A4 = {k € S / k chia h i t cho 7}. 
Bai toan yeu cku tim I Ai u A2 u A3 u A41. Ta c6: 

280 „ _ 1 . 1 [280" 
Ai = 140; A, = = 93 

94 

Ai n A21 = 

Ai n A41 = 

A2n A4 

280 
6 

280 

= 46; 

- = 2 0 ; 

| A 4 l = ^ = 4 0 

| A i n A 3 l = ^ = 2 8 

280 

14 

280 

21 

A2n A3 
15 

= 18 

Ai n A2 n A3 

Ai n A3 n A41 = 

= 13; 

280 

A 3 n A 4 l = ^ = 8 

•t 

- £ + r ; 
35 

30 

280 

70 

= 9; Ai n A2 n A4 

= 4 ; IA2 n A3 n A41 = 

280 

42 

280 

105 

= 6; 

= 2 

Ai n A2 n A3 n A4 
280 

210 
= 1 

Thay vao cong thiic t ing quat ta tim du-gc: 
| A I u A2U A3U A 4 I =216 

Bai toan 4. 9: Hoi tu- cac chO so 1, 2, 3, 4, 5 ta c6 t h i lap du'gc tat ca bao 
nhieu s6 c6 15 chu" s i ma trong moi s i m6i chu s i d i u c6 mat dung 3 |gn 
va khong c6 chu' s i nao chilm 3 vj tri lien t i lp trong s i ? 

Hu'O'ng din giai 
Gpi x la tap gom tat ca cac s i thoa man yeu cau de bai. a , 
A la tap g im t i t ca cac s i c6 15 chO s i dugc Igp nen bai c^c chu" s i 1 2 , 
3, 4, 5 ma moi chu" s i d I u c6 mSt dung 3 ISn trong s i . 

Khi d6: X = A \ 

Vai Ai la tap gom t i t ca cac s i thupc A m^ chu" s i i chilm dung 3 vj tri lien 
t i l p ( i = 1,2, 3,4, 5) 
Xet 1 < k < 5 ta chung minh dugc: 

i=1 

(15-2k)! 
35-k 

va CO 
15! 

Ap dyng cong thCrc: 

15! 1 13! 

3^ ' 3' 

i=i 
=Z(-ir I 

k=1 1Sii<i2...ix% i=1 

b- ^ ... 

' 33 '3' ' 3' 530-
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Bai toan 4. 6: TCr c^c chO s6 0, 1, 2, 3, 5, 7, 9 lap du-p'c bao nhieu s6 tu' nhi§n 
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A2n A3 
15 

= 18 

Ai n A2 n A3 

Ai n A3 n A41 = 

= 13; 

280 

A 3 n A 4 l = ^ = 8 

•t 

- £ + r ; 
35 

30 

280 

70 

= 9; Ai n A2 n A4 

= 4 ; IA2 n A3 n A41 = 

280 

42 

280 

105 

= 6; 

= 2 

Ai n A2 n A3 n A4 
280 

210 
= 1 

Thay vao cong thiic t ing quat ta tim du-gc: 
| A I u A2U A3U A 4 I =216 

Bai toan 4. 9: Hoi tu- cac chO so 1, 2, 3, 4, 5 ta c6 t h i lap du'gc tat ca bao 
nhieu s6 c6 15 chu" s i ma trong moi s i m6i chu s i d i u c6 mat dung 3 |gn 
va khong c6 chu' s i nao chilm 3 vj tri lien t i lp trong s i ? 

Hu'O'ng din giai 
Gpi x la tap gom tat ca cac s i thoa man yeu cau de bai. a , 
A la tap g im t i t ca cac s i c6 15 chO s i dugc Igp nen bai c^c chu" s i 1 2 , 
3, 4, 5 ma moi chu" s i d I u c6 mSt dung 3 ISn trong s i . 

Khi d6: X = A \ 

Vai Ai la tap gom t i t ca cac s i thupc A m^ chu" s i i chilm dung 3 vj tri lien 
t i l p ( i = 1,2, 3,4, 5) 
Xet 1 < k < 5 ta chung minh dugc: 

i=1 

(15-2k)! 
35-k 

va CO 
15! 

Ap dyng cong thCrc: 

15! 1 13! 

3^ ' 3' 

i=i 
=Z(-ir I 

k=1 1Sii<i2...ix% i=1 

b- ^ ... 

' 33 '3' ' 3' 530-
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Bai toan 4. 10: Ti> 6 chO- s6 1,3,4,5,7,8 lap cac s6 t i^ nhi§n c6 5 chO s6 kh^c 
nhau. Tinh t6ng t^t ca c^c s6 d6. 

Hirang din giai 
Neu hang dan vj b ing 1 thi c6 Ag each lap. 

Tu-ang ty as = 3,4,5,7,8 thi cung c6 Ag c^ch l$p. 

Do 66 t6ng cac chu' so a h^ng don vj Id: 

(1 + 3 + 4 + 5 + 7 + 8). A^ = 28. A^ = 3360 

TLTong ty cho hdng chuc, hang trSm, hang ngdn hdng vgn thi ta c6 tong 
tat ca cac s6: 
T = (1 + 10 + 100 + 1000+ 10000)3360 = 11111.3360 = 3732960. 
T6ng quat: Vol n chCF so a,b,c,..., e tir 1 d§n 9 phan biet tao ra cac so cho k 
chu' s6 khdc nhau thi tong cac hodn vj la: 

T = (n-1)!(a + b + c +...+ 0 - ^ ^ ^ — - • 
9 

Bai toan 4. 11: Cho n so tu-1,2 n. Co bao nhieu each chpn ra m s6 ma c6 2 
s6 lien tiep. 

Hirang din giai 

N I U m > thi b i t ki cdch chpn m s6 trong n s6 1,2,..,n iuon luon c6 2 so 

lien t i lp (hon nu-a s6 s6). Vay so cdch chpn Id: . 

Neu nn < thi so each chon ra m s6 tu- n s6 do la: C" 
2 " 

Ta lo?i di s6 each chpn m s6:ai < 82 < ... < a ,̂ ma khong eo 2 so lien tiep. 
0$t bj = ai + 1 - i thi m s6 bi phan bi^t. 

Vi: am < n <=> bm < n+1-m. Do do c6 C^^,_^cach chpn m s6 b| ty n+1-m s6: 

1,2 n+1-m.Vayee: C;;-C;^^,_^ edch. 

Bai toan 4.12: Cho tgp X c6 n phin tCr va tgp Y c6 m phdn ti>. * 
a) Co bao nhieu anh xa f tu X va Y. 
b) Co bao nhieu don dnh f t i i X vao Y. 
e) Co bao nhieu song dnh f tu" X vao Y. 

Hiring din giai 
a) M5i phdn tu" eua X e6 dung m edeh chpn phdn 

tu- tuong li-ng trong Y. Ma X eo n phan tu-. Do 
do s6 anh xg f tu- X vdo Y Id so each chpn m 
phin tu- eua n phin tCc: 

m.m...m (n Ian) = m"eaeh. 
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t)) De f Id 1 don dnh thi 2 phin tu- khdc nhau cua X l ly tuang u-ng 2 phin tu 
khdc nhau cua Y. Do d6 ta phai c6 n > m. 

S6 don anh f tu- X vao Y Id s6 chinh hp'p n chdp m bdng A ^ . 
c) R6 rang khi n = m thi don dnh f a cau tren Id toan anh nen f Id song dnh. 

Vdy so song anh Id A;^ = Pn = n! 
m 

Chu y vo-i n > m thi s6 todn dnh ti> X vdo Y: ^ ( -1) \C j^ . (m - k)" r ) c;) î T 
• '33,.+-'̂ ^ •, • 

Bai toan 4.13: Phu-ong trinh 
a) x + y + z = 16 c6 bao nhieu bp nghiem (x,y,z) nguy^n du-ong. 
b) X + y + z + t = 20 C O bao nhieu bp nghiem (x,y,z,t) ty nhien. 

Himng din giai ;.: 
a) Lipt k§ 16 s6 1 lien ti4p thi c6 15 khoang edeh e 

1 - 1 - 1 - 1 - -1 -1 ^ 'V 
Moi bp nghiem (x,y,z) nguyen du-ong eua phu'ong trinh 

x + y + 2 = 16 tu-ang ieng voi moi each chpn 2 ddu cdch tu- 15 khoang 
edeh d l c6 ede gia trj eua x, y, z Id s6 chO s6 1. -y^^, , 

Vdy s6 bp nghiem cdn tim Id C^g. 

b) Dat X = X - 1 , y = Y - 1, z = Z - 1, t = T - 1 thi X,Y,Z,T nguyen du-ong vd 
phyong trinh tra thdnh : 

X - 1 + Y - 1 + Z - 1 + T - 1 = 2 0 
Hay X + Y + Z + T = 24, X,Y,Z,T nguyen du-ong. 
Li$t ke 24 s6 1 lien ti^p thi eo 23 khoang e^ch v 

1 - 1 - 1 - 1 - - 1 -1 
M6i bp nghiem (X, Y, Z, T) nguy§n du-ong tu-ong li-ng vb-i mSi edeh chpn 3 
dau edeh tu- 23 khoang edeh de eo eac gid tri eua X, Y, Z , T Id s6 chu- so 1. 

Vdy s6 bp nghiem cdn tim Id C 2 3 . 

Bai toan 4.14: Co 50 hpe sinh vdo eu-a hdng giai khdt bdn 3 logi: che, kem va 
nuoc du-a, moi hpc sinh gpi mpt ly. Co bao nhieu sy lya chpn ? 

Hu'd'ng din giai 
Gpi X , y, z Ian lu-p-t Id so ly eh6, kem vd nu-d-e du-a, ta c6 x,y,z nguyen vd 
x,y,z > 0. Ta dya ve d4m phu-ong trinh x + y + z = 50 c6 bao nhieu bp 
nghipm (x,y,z) ty nhien. 
Moi bp nghipm (x,y,z) ty nhien tu-ong u-ng song dnh voi moi ddy nhj phdn 
52 so gfim 50 so 1 vd 2 so 0 x§p lien tiep: x s6 1, s6 0, y so 1, so 0 va z s6 

Vi C O C 5 2 day nhj phdn nhu- th4 n§n 66 Id so bO nghipm c in tim. 

Vay c6 sy lya chpn . 
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Bai toan 4. 10: Ti> 6 chO- s6 1,3,4,5,7,8 lap cac s6 t i^ nhi§n c6 5 chO s6 kh^c 
nhau. Tinh t6ng t^t ca c^c s6 d6. 

Hirang din giai 
Neu hang dan vj b ing 1 thi c6 Ag each lap. 

Tu-ang ty as = 3,4,5,7,8 thi cung c6 Ag c^ch l$p. 

Do 66 t6ng cac chu' so a h^ng don vj Id: 

(1 + 3 + 4 + 5 + 7 + 8). A^ = 28. A^ = 3360 

TLTong ty cho hdng chuc, hang trSm, hang ngdn hdng vgn thi ta c6 tong 
tat ca cac s6: 
T = (1 + 10 + 100 + 1000+ 10000)3360 = 11111.3360 = 3732960. 
T6ng quat: Vol n chCF so a,b,c,..., e tir 1 d§n 9 phan biet tao ra cac so cho k 
chu' s6 khdc nhau thi tong cac hodn vj la: 

T = (n-1)!(a + b + c +...+ 0 - ^ ^ ^ — - • 
9 

Bai toan 4. 11: Cho n so tu-1,2 n. Co bao nhieu each chpn ra m s6 ma c6 2 
s6 lien tiep. 

Hirang din giai 

N I U m > thi b i t ki cdch chpn m s6 trong n s6 1,2,..,n iuon luon c6 2 so 

lien t i lp (hon nu-a s6 s6). Vay so cdch chpn Id: . 

Neu nn < thi so each chon ra m s6 tu- n s6 do la: C" 
2 " 

Ta lo?i di s6 each chpn m s6:ai < 82 < ... < a ,̂ ma khong eo 2 so lien tiep. 
0$t bj = ai + 1 - i thi m s6 bi phan bi^t. 

Vi: am < n <=> bm < n+1-m. Do do c6 C^^,_^cach chpn m s6 b| ty n+1-m s6: 

1,2 n+1-m.Vayee: C;;-C;^^,_^ edch. 

Bai toan 4.12: Cho tgp X c6 n phin tCr va tgp Y c6 m phdn ti>. * 
a) Co bao nhieu anh xa f tu X va Y. 
b) Co bao nhieu don dnh f t i i X vao Y. 
e) Co bao nhieu song dnh f tu" X vao Y. 

Hiring din giai 
a) M5i phdn tu" eua X e6 dung m edeh chpn phdn 

tu- tuong li-ng trong Y. Ma X eo n phan tu-. Do 
do s6 anh xg f tu- X vdo Y Id so each chpn m 
phin tu- eua n phin tCc: 

m.m...m (n Ian) = m"eaeh. 
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t)) De f Id 1 don dnh thi 2 phin tu- khdc nhau cua X l ly tuang u-ng 2 phin tu 
khdc nhau cua Y. Do d6 ta phai c6 n > m. 

S6 don anh f tu- X vao Y Id s6 chinh hp'p n chdp m bdng A ^ . 
c) R6 rang khi n = m thi don dnh f a cau tren Id toan anh nen f Id song dnh. 

Vdy so song anh Id A;^ = Pn = n! 
m 

Chu y vo-i n > m thi s6 todn dnh ti> X vdo Y: ^ ( -1) \C j^ . (m - k)" r ) c;) î T 
• '33,.+-'̂ ^ •, • 

Bai toan 4.13: Phu-ong trinh 
a) x + y + z = 16 c6 bao nhieu bp nghiem (x,y,z) nguy^n du-ong. 
b) X + y + z + t = 20 C O bao nhieu bp nghiem (x,y,z,t) ty nhien. 

Himng din giai ;.: 
a) Lipt k§ 16 s6 1 lien ti4p thi c6 15 khoang edeh e 

1 - 1 - 1 - 1 - -1 -1 ^ 'V 
Moi bp nghiem (x,y,z) nguyen du-ong eua phu'ong trinh 

x + y + 2 = 16 tu-ang ieng voi moi each chpn 2 ddu cdch tu- 15 khoang 
edeh d l c6 ede gia trj eua x, y, z Id s6 chO s6 1. -y^^, , 

Vdy s6 bp nghiem cdn tim Id C^g. 

b) Dat X = X - 1 , y = Y - 1, z = Z - 1, t = T - 1 thi X,Y,Z,T nguyen du-ong vd 
phyong trinh tra thdnh : 

X - 1 + Y - 1 + Z - 1 + T - 1 = 2 0 
Hay X + Y + Z + T = 24, X,Y,Z,T nguyen du-ong. 
Li$t ke 24 s6 1 lien ti^p thi eo 23 khoang e^ch v 

1 - 1 - 1 - 1 - - 1 -1 
M6i bp nghiem (X, Y, Z, T) nguy§n du-ong tu-ong li-ng vb-i mSi edeh chpn 3 
dau edeh tu- 23 khoang edeh de eo eac gid tri eua X, Y, Z , T Id s6 chu- so 1. 

Vdy s6 bp nghiem cdn tim Id C 2 3 . 

Bai toan 4.14: Co 50 hpe sinh vdo eu-a hdng giai khdt bdn 3 logi: che, kem va 
nuoc du-a, moi hpc sinh gpi mpt ly. Co bao nhieu sy lya chpn ? 

Hu'd'ng din giai 
Gpi X , y, z Ian lu-p-t Id so ly eh6, kem vd nu-d-e du-a, ta c6 x,y,z nguyen vd 
x,y,z > 0. Ta dya ve d4m phu-ong trinh x + y + z = 50 c6 bao nhieu bp 
nghipm (x,y,z) ty nhien. 
Moi bp nghipm (x,y,z) ty nhien tu-ong u-ng song dnh voi moi ddy nhj phdn 
52 so gfim 50 so 1 vd 2 so 0 x§p lien tiep: x s6 1, s6 0, y so 1, so 0 va z s6 

Vi C O C 5 2 day nhj phdn nhu- th4 n§n 66 Id so bO nghipm c in tim. 

Vay c6 sy lya chpn . 
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B a i t o a n 4. 1 5 : Tim cac so bp ba (a. b. c; t i ong do a, b, c la c a c s6 nguySn 
thoa man 6\ku kien 

0 < a < 5 , 0 < b < 6 ; 0 < c S 7 v a a + b + c = 1 5 . 
Hu-ang d i n giai 

Ki hieu T la tap cac bp (a, b, c) thoa man 6'\hu kien d§ bai. 
Vai m6i bp (a, b, c) e T T a dat: f(a, b, c) = (a', b', c') 
Trong do a' = 5 - a, b' = 6 - b, c' = 7 - c. 
Ta CO (a', b', c') la bp ba cac s6 nguyen khong am vai 

a' + b' + c' = 18 - (a + b + c) = 3 
Hien nhien f la dan anh. Ta chipng minh f to^n ^nh : 
Vai m5i bp (a', b', c') cac s6 nguyen khong am \/&\' + b' + c' = 3, ta xet bp (a, b, c) 
vai a = 5 - a", b = 6 - b', c = 7 - c'. 
Ta c6: a + b + c = 1 8 - a ' - b ' - c ' = 1 8 - 3 = 15. 
Vi a' > 0 nen a < 5. 
Vi a' + b' + c' = 3, b', c' > 0 nen a' < 3, do do a > 0. 
TLrang t y ta c6 0 < b < 6; 0 < c < 7. 
Vay (a, b, c) e T va f(a, b, c) = (a', b', c'), do do f la song anh. 

Ma s6 cac bp (a', b', c') cac so nguyen khong am c6 t6ng b l n g 3 la = 10 

nen | T | = 1 0 . 

Bai toan 4. 16: T im so cac bp ba (a, b, c) trong do a, b, c la cac s6 nguyfen 
khong am c6 t6ng cua chung b^ng 15 va c6 it nhat mot s6 Ian han hay 
bSng 7. 

Hu'O'ng d i n giai 
Gpi A, B, C l l n lyp't la tap t i t ca cac bp ba (a, b, c) trong do a, b, c la cac s6 
nguyen khong am, a + b + c = 15 va l l n lu'p't t uang (rng vai 

a > 7, b > 7, c > 7. Ta c i n t im | A u B u C I . Ta c6: 

A u B o C = I A I + i B C l - A n B l - B n C 

C n A + I A n B n C (*) 

Va i moi bp (a, b, c) e A, ta d0t f(a, b, c) = (a', b', c') , trong do a' = a - 7, 
b' = b, c' = c. Ta c6 (a', b', c') la bp ba cac s6 nguyen khong am vai a' + b' + c' 
= a + b + c - 7 = 1 5 - 7 = 8. 

Vi f song anh nen | A I = C^g = 45. Tu-ang t y I B | = | C I = 45. 

Vai m6i bp (a, b, c) e A n B , ta dat g(a, b, c) = (a', b', c'). 
Trong do a' = a - 7, b' = b - 7, c' = c. Ta c6 (a', b', c') la bp ba cac s6 nguyen 

khong am a + b + c - 14 = 1 5 - 14 = 1. 

Vi g la song anh nen I A n B | = Cl=3. 

T u a n g t y I S n C l = | A n C | = 3 
Vi A n B n C = 0 , do do I A n B n C I = 0 
Vay: I A U B U C I = 4 5 + 45 + 4 5 - 3 - 3 - 3 + 0 = 1 2 6 . 
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Bai toan 4. 1 7 : Cho tru-b-c so nguy§n du-ang n v^ k. Phu-ang tr inh Xi + X2 +...+ 
Xk = n CO bao nhieu bp nghi^m (xi ; X2 ;...; X k ) nguyen khong am. 

Hu'O'ng d i n giai 
Gpi X la tap hap t i t ca cac bp nghi#m (xi ; X2 Xk ) thoa man phu'ang 
trinh Xi + xa + . . + Xk = n, tCpc Id Xi ; X 2 X k Id cdc s6 nguyen khong am va 
CO t6ng b i n g n. Gpi Y Id tap hap cac day nhj phan c6 n + k - 1 ki t y , trong 
do CO n ki t y 1 va k - 1 ki t y 0. 
Ta thi§t lap mot song anh tu' X den Y. 

Vo'i m5i bp (xi; X2;...; Xk) e X du-pc tuang ipng vai mot day nhj phan c6 n + k - 1 
ki ty, trong do c6 n ki t y 1 va k-1 ki t y 0, do do la mpt p h i n tur cua Y. Gpi f la 
phep tu-ang li-ng do, thi f la mpt anh xa tu- X den Y, han nOa f Id dan anh. 
Vai moi day n +k - 1 ki t y vai n ki t y 1 vd k - 1 ki t y 0, khi ta d i m tu- trai sang 
phai CO Xi s6 1, s6 0, X2 so 1, so 0, X3 so 1 Xk-i so 1, so 0 vd Xk so 1 thi day 
do se LPng vai bp (xi; X2;...; X k ) e X thoa man phu'ang trinh Xi + X2 +...+ Xk = n 
nen f Id todn dnh, do do f la song anh. 
Ta CO m6i day nhi phan c6 n + k - 1 ki ty, trong do c6 n ki t y 1 vd k - 1 ki t y 0, 
tu-ang u-ng vai each chpn k - 1 vi tri trong n + k - 1 vj tri d l ghi s6 0. Do do s6 

p h l n t u - | Y | = C'^-' 
n+k-1• 

Vay | x | = | Y | = C|^ ;^ tCrc id phu-ang trinh Xi + X2 +...+ Xk = n c6 C^„ll_^ 

bp nghiem (ai ; 8 2 a k ) nguyen khong am. 

Bai toan 4. 18: Cho tr\j&c so nguyen du-ang n va k. Phu-ang trinh Xi + X2 +...+ 

Xk = n CO bao nhieu bp nghiem (xi ; X 2 X k ) nguyen du-ang. •••' 

l-lu'6'ng d i n giai 
D i l u kien n > k. Gpi X Id tap hp-p t i t ca cac bp nghiem (xi ; X 2 X k ) thoa 
man phu-ang trinh Xi + X2 +...+ Xk = n, tire la Xi ; X 2 X k la cac so nguyen 
du-ang vd c6 tong b i n g n. Gpi Y la tap hap cac day nhi phan c6 n +k - 1 ki 
t y g6m n ki t y 1 vd k - 1 ki t y 0. 
Ta th i l t lap mpt song anh t y X d i n Y . 

Vai moi bp nghiem (xi ; X2;...; X k ) e X du-p-c tu-ang u-ng vai mpt day nhi phan 
CO n + k - 1 ki t y gom n ki t y 1 va k - 1 ki t y 0, do do id mpt ph In tu- cua Y . 
Gpi f Id phep tu-ang u-ng do, thi f la mpt dnh xa tu- X d i n Y , han nu-a f Id dan anh. 
Vai moi day n +k - 1 ki t y gdm n ki t y 1 vd k - 1 ki t y 0, khi ta d i m ti> trai 
sang phai c6 Xi s6 1, X2 so 1, X3 s6 1,..., Xk-i s6 1 va Xk s6 1 thi day do se Cpng 
vai bp (xi ; X 2 X k ) e X thoa mdn phu-ang trinh Xi + X2 +...+ Xk = n nen f la 
todn anh, do do f la song dnh. 

Ta CO moi day nhj phan c6 n +k - 1 ki t y g6m n ki t y 1 vd k - 1 ki t y 0, tu-ang 
u-ng vai m6i cdch chpn k - 1 vj tri khoang each n l i trong n - 1 vj tri khoang each 

n l i giu-a 2 ki t y 1. Do do so phan tu- I Y I = C"!"^. 
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B a i t o a n 4. 1 5 : Tim cac so bp ba (a. b. c; t i ong do a, b, c la c a c s6 nguySn 
thoa man 6\ku kien 

0 < a < 5 , 0 < b < 6 ; 0 < c S 7 v a a + b + c = 1 5 . 
Hu-ang d i n giai 

Ki hieu T la tap cac bp (a, b, c) thoa man 6'\hu kien d§ bai. 
Vai m6i bp (a, b, c) e T T a dat: f(a, b, c) = (a', b', c') 
Trong do a' = 5 - a, b' = 6 - b, c' = 7 - c. 
Ta CO (a', b', c') la bp ba cac s6 nguyen khong am vai 

a' + b' + c' = 18 - (a + b + c) = 3 
Hien nhien f la dan anh. Ta chipng minh f to^n ^nh : 
Vai m5i bp (a', b', c') cac s6 nguyen khong am \/&\' + b' + c' = 3, ta xet bp (a, b, c) 
vai a = 5 - a", b = 6 - b', c = 7 - c'. 
Ta c6: a + b + c = 1 8 - a ' - b ' - c ' = 1 8 - 3 = 15. 
Vi a' > 0 nen a < 5. 
Vi a' + b' + c' = 3, b', c' > 0 nen a' < 3, do do a > 0. 
TLrang t y ta c6 0 < b < 6; 0 < c < 7. 
Vay (a, b, c) e T va f(a, b, c) = (a', b', c'), do do f la song anh. 

Ma s6 cac bp (a', b', c') cac so nguyen khong am c6 t6ng b l n g 3 la = 10 

nen | T | = 1 0 . 

Bai toan 4. 16: T im so cac bp ba (a, b, c) trong do a, b, c la cac s6 nguyfen 
khong am c6 t6ng cua chung b^ng 15 va c6 it nhat mot s6 Ian han hay 
bSng 7. 

Hu'O'ng d i n giai 
Gpi A, B, C l l n lyp't la tap t i t ca cac bp ba (a, b, c) trong do a, b, c la cac s6 
nguyen khong am, a + b + c = 15 va l l n lu'p't t uang (rng vai 

a > 7, b > 7, c > 7. Ta c i n t im | A u B u C I . Ta c6: 

A u B o C = I A I + i B C l - A n B l - B n C 

C n A + I A n B n C (*) 

Va i moi bp (a, b, c) e A, ta d0t f(a, b, c) = (a', b', c') , trong do a' = a - 7, 
b' = b, c' = c. Ta c6 (a', b', c') la bp ba cac s6 nguyen khong am vai a' + b' + c' 
= a + b + c - 7 = 1 5 - 7 = 8. 

Vi f song anh nen | A I = C^g = 45. Tu-ang t y I B | = | C I = 45. 

Vai m6i bp (a, b, c) e A n B , ta dat g(a, b, c) = (a', b', c'). 
Trong do a' = a - 7, b' = b - 7, c' = c. Ta c6 (a', b', c') la bp ba cac s6 nguyen 

khong am a + b + c - 14 = 1 5 - 14 = 1. 

Vi g la song anh nen I A n B | = Cl=3. 

T u a n g t y I S n C l = | A n C | = 3 
Vi A n B n C = 0 , do do I A n B n C I = 0 
Vay: I A U B U C I = 4 5 + 45 + 4 5 - 3 - 3 - 3 + 0 = 1 2 6 . 
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Bai toan 4. 1 7 : Cho tru-b-c so nguy§n du-ang n v^ k. Phu-ang tr inh Xi + X2 +...+ 
Xk = n CO bao nhieu bp nghi^m (xi ; X2 ;...; X k ) nguyen khong am. 

Hu'O'ng d i n giai 
Gpi X la tap hap t i t ca cac bp nghi#m (xi ; X2 Xk ) thoa man phu'ang 
trinh Xi + xa + . . + Xk = n, tCpc Id Xi ; X 2 X k Id cdc s6 nguyen khong am va 
CO t6ng b i n g n. Gpi Y Id tap hap cac day nhj phan c6 n + k - 1 ki t y , trong 
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p h l n t u - | Y | = C'^-' 
n+k-1• 
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V $ y | x | = | Y | = Cj;:^ tCpc phu-ang trinh x, + Xz +...+ Xk = n cdC^Zi bp 

nghi^m (ai ; 82 a k ) nguyen du-ang. 
Cach khac: d§t ai = Xi - 1 , 82 = X2 - 1 , . . . , ak = Xk - 1 thi a-, , 82 Sk nguyen 
khong am va thoa man phuang trinh ai + 82 +...+ ak = n - k nen theo bai 

toan tren thi c6 C[^:k+k-i = C[^Ii ^0 nghi^m (ai ; 8 2 a k ) t y nhien tu-c IS c6 

C^^'_] bo nghiem (xi ; X 2 X k ) nguyen du-ang. 

Bai toan 4. 19: Cho tru-d-c s6 nguyen duang n so nguyen du-ang r thoa 
man r < n - r + 1. C6 bao nhieu tap con A cua S = { 1 , 2, n}, c6 r p h l n tu-
va A khong chii-a hai so nguyen lien ti§p. 

Hu'O'ng d i n giai 
Gpi Y IS t^p hop c^c t i p con CO r phan tu- cua tap {1,2 n - r + 1}. 
Ta th i l t lap mot song anh tu- X d i n Y. 

Gia sCr A € X, A = {a i , 82,..., ar} vai 81 < 82 < ... < 

Dat bi = 81, b2 = a 2 - 1 , bi = a-, + 1 - 1 , . . . , br = ar + r - 1 
Vi 81+1 - 8] s 2 nen bi < b2 < ... < br < n - r + 1 
Tgp {b i , b2, br} la mpt tap con c6 r phan tu- cua t$p { 1 , 2 n - r + 1}, do 
d6 Id mpt phan tu- cua Y. 
Gpi f la phep d0t tu-ang Ceng tgp A € X vd-i tgp B = {b i , b2, br} € Y. Khi do 
f la mpt dan anh. Gia su- B = {b i , b 2 , b r } e Y. 
D^t ai = b i , 82 = b2 + 1 81 = bi + i - 1, 8r = br + r - 1 
Ta c6: ai+i - 8i = bi+i - bi + 1 > 2, do do A € X va f(A) = B nen f la toan anh. 
Vay f song dnh tu- X vdo Y nen s6 p h i n tu- cua X bSng s6 cac tap con c6 r 
phan tu- cua tap { 1 , 2 n - r + 1}. 

Vay s6 ph^n t u cua X la C'̂ _^^^. 

Bai toan 4. 20: Cho tgp S = { 1 , 2 2n}. Mpt tap con A cua S du-p-c gpi la t$p 
can neu trpng tap dp, sp cac sc chan va s6 cac so le b i n g nhau. Xac djnh 
so tap can cua S. 

Hirang d i n giai 
Gpi X la tap hap tat ca cac t$p can cua S va Y Id hp tat ca cac tap con cua 
S CO dung n p h i n tu-. Ta thiet Igp mpt song anh tu- X d§n Y. 
Go iL = {1 ,3 , . . . ,2n-1}. 

Gia su- A e X la tap can. Gpi A i vd A2 tu-ang u-ng la tgp cac s6 c h i n vd tap cdc 
so le cua A thi I A i I = IA21 vd 

I A i u (L \) I = I A i i + I L I ^ IA21 = i L I = n 
nen t|lp A i u (L \) la mpt phan tu- cua Y. 
Gpi f Id phep dat tu-ang ti-ng tap A e X vai tap Ai u (L \.A2) e Y. 
Ta c o f la dan anh. 
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Cty TNHHMTVDWHHhang Vi$t 

Gia su- M e Y. Gpi Mi va M2 tu'ang u-ng la tap cac s6 c h i n va tap cac s6 le cua 
M. €)dt A i = M i ; A2 = L \2 va A = Ai u A2. Khi do A Id tap can vi : |Ai | = | Mi |, 
I i = I L I - I M2 I = n - I M21 = I M I - i M21 = I Ml I. 
Vdy e X vd f xac djnh bai f(A) = Ai u (L \) nen f Id toan dnh, do do f Id 
song anh. 
Vi CO mpt song dnh tu- X vdo Y nen s6 tap cStn cua S bdng so cac tap con c6 n 

phdn ti> cua S. Vay S c6 C^^ tap can. f H>:> 0 0 

Bai toan 4. 21: Mpt thdy gido c6 12 cu6n sach doi 1 khac nhau g6m 5 sach 
Van hpc, 4 sdch Am nhac vd 3 sdch Hpi hoa. Thdy Idy 6 cu6n sdch tang 
deu cho 6 hpc sinh. Co bao nhieu cdch tang md sau khi tdng xong thi moi 
loai sach con it nhdt 1 cu6n. 

Hu'O'ng din giai 1 1 

y t6ng 2 loai sdch ndo cung Ian han 6 n§n sau khi cho 6 cu6n thi khong 
t h i h i t ta i 2 loai sdch .S l each chpn 6 sdch tu-12 sdch khdc nhau cho 6 hpc 

sinh khdc nhau la A®2 = 665280. 

A^ .A| = 5040 

A^.A^ = 2 0 1 6 0 

A | . A | = 6 0 4 8 0 

Ta loai di cac tru-ang hpp: 

- Tdng h i t sdch Vdn hpc 

- Tang h i t sdch Am nhac 

- Tang h i t sdch Hpi hoa 

V?y tong so cdch tdng cdn t im la: 

665280 - (5040 + 20160 + 60480) = 579600. 
Bai toan 4. 22: Co bao nhieu cdch tgng 5 mon qud khac nhau cho 3 ngu-ai ma 

ai cung c6 qud? 

Himng d i n giai 
C6 2 tru-ang hpp nh$n qud 3 + 1 + 1 vd 1 + 2 +2. ^n-' 

- Xet tru-ang hpp nhgn qud 3 + 1 + 1 : 

C6 3 cdch chpn ra 1 ngu-d-i d l nhgn 3 qud, s6 cdch chpn 3 qud Id C^. Cdn 2 

ngu-ai nen c6 2 cdch lya chpn 2 qud con Igi. 

Do do s6 cdch chpn la 3. Cg. 2 = 60. , 

- Xet tru-ang hpp nhan qua 1 + 2 +2: 

Cp 3 cdch chpn ra 1 ngu-ai de nhgn 3 qud, s6 cdch chpn 1 qud Id 5. Con 2 

ngu-ai nen c6 C^ each li^a chpn 2 qud chc ngu-d-i thu- nhat va ngu-ai con lai 

thi nh$n 2 qud cu6i cung. 

Do do so cdch chpn Id 3.5. C^ . 1 = 90. 

Vgy tong s6 cdch tdng can tim Id: 6 0 + 9 0 =150. .1 

A i.K- C'-' 
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A i.K- C'-' 



10 trgng diSm hoi dUdng hoc sinh gidi m6n To6n J J - LS Hoonh Pho 

Bai toan 4. 23:Cho p diem trong khong gian trong do c6 q > 4 diem d6ng 
phing tren mat phing (R) khong c6 4 diem khong cung thupc (R) m^ 
dong phing. 
a) Co bao nhieu mat phing di qua 3 dilm trong so do. 
b) C6 bao nhieu ti j dien tao bai 4 dinh la 4 diem trong s6 do. 

, HiFO'ng din giai 
X 

a) S6 c^ch chon 3 dilm trong p dilm la 
X 

S6 each chon 3 dilm trong q dilm nlm tren 

(R) Id Cq. Tit ea eac eaeh nay ehi Xcie d|nh 

1 m$t phing (R).Vay s6 m$t phing tao 
thanh la: - + 1 

p q 
b) Lap luan dang nhu- tren va theo gia thilt thi so tu- di^n ein tim la: Cp - . 

Bai toan 4. 24: Cho da giac diu AiA2...A2n npi tilp du'ong tron (O). Bilt ring s6 
tarn gide eo eac dinh la 3 trong 2n dinh cho nhilu gip 20 lin s6 hinh chu' nhat 
CO eac dinh la 4 trong 2n dinh cho.Tim n. 

Hu'O'ng din giai 
S6 tarn giac eo eac dinh chon ti> 2n dinh da cho la 
Cj^.Vi da giac dIu c6 2n dinh nen c6 n du-ang 
cheo la du-ong kinh ma cu" 2 du-ang cheo logi nay 
thi tao ra 1 hinh ehu- nhat. Do do so hinh ehO' nh$t 

Id C? 

/ 

Theo gia thiet: Ĉ ^ = 20. Ĉ  (2n)! = 20. • n! 
3!(2n-3)! 2!(n-2)! 

o2n(2n - 1) (2n - 2) = 60.n(n - 1) 
Vi n nguyen va n > 2 nen rut gpn du-p-c: n̂  - 9n + 8 = 0 
« n = 1 hoae n = 8. Vay chon : n = 8. 

Bai toan 4. 25: Cho p + q + r vgt gom p vat logi 1 giong h$t nhau, q v$t loai 2 
gi6ng h t̂ nhau va r vgt logi 3 d6i mpt khae nhau. Tinh s6 cac t l hp-p c6 th i 
nhan du-p-c. 

Hiring din giai 
Ta c6 p v$t log! 1 nhu- nhau n§n c6 thi liy: 0,1 p vgt tu-e Id e6 p + 1 edch 
liy.Tu-ang ty q vgt log! 2 nhu- nhau e6 q + 1 cdch liy. 
Doi v^i r vat loai 3 khdc nhau do! mpt, m6i v$t c6 2 cdch lay hogc khong liy, 
do do CO 2' edch liy. 
Vaye6:(p+1)(q + 1)2't6hgp. 

Bai toan 4. 26: C6 bao nhiSu each phan ph6i n qua ciu nhu- nhau vdo m hpp 
phan bi$t: 

Cty TNHHMTVDWH Hhang Vi$t 

a) hop nao cung c6 qua ciu 
b) khong nhit thilt hop nao cung c6 qua ciu. 

Hyang din giai 
a) Vo-i dieu kien n > m thi so each phan phli khdc nhau ma hop nao cung eo 

qua ciu la : . 
That vay, ta bilu dien n qua ciu A lien tilp eo n-1 vach phan chia: 

A - A - A - . . . - A - A • , • 
Moi each phan ph6i la mpt each ehpn m-1 vgch tu" n-1 vach. ; . .. 

Vay s6 each phan ph6i la : O^l. 

b) S6 each phan phoi ma c6 thi c6 hop rdng la • 

That vay, ta bilu dien n qua ciu A va m s6 0 lien tilp thi c6 m + n - 1 vach 
phan chia, ching han: 

A - 0 - A - A - O - . . . - O - A - O 
Moi each phan ph6i c6 th i c6 hop r6ng la mpt each ehpn m-1 vach ti i m + n 
- 1 vach. 

Vay s6 each phan ph6i la C^'^-^, khong c6 dieu ki$n g\Qa m vd n. 
Bai toan 4. 27: Trong mat phing cho 100 dilm phan biet sao cho khong eo 3 

dilm nao thing hdng. 
Chiang minh ring trong s6 cac tam giac du-p-c tao thdnh t i i 100 dilm do, c6 
khong qua 70% cac tam giac nhpn. 

Hifang din giai 
Tu 4 dilm phan bi$t khong c6 3 dilm nao thing hang, nhilu lim la eo 3 
tam giac nhpn. Tu- kit qua ndy, suy ra vai 5 dilm phan bi$t khong eo 3 
dilm nao thing hdng, ta nhan du-gc 10 tam giac vd c6 khong qua 7 tam 
giac nhpn. 
Vai 10 dilm phan biet khong e6 3 dilm nao thing hdng, s6 eye dai eac tam 
gidc nhpn tao thanh Id: s6 cac tgp con 4 dilm nhan cho 3 roi chia cho so 
cac tap con 4 dilm ehCpa 3 dilm cho tru-ac. Trong khi do, s6 t i t ea cac tam 
giac tao thdnh cung eo bilu thue tu-ang ty nhu- tren nhu-ng thay vi nhdn 3 ta 
nhan cho 4. Do vgy so cac tam giac nhpn chilm khong qud 3/4 s6 t i t ea 
cdc tam giac (d6i vai 10 dilm). 
Li ludn tu-ang ty, ta xet 100 dilm phan bi$t sao cho khong eo 3 dilm nao 
thing hang. S6 eye dai cac tam giac nhpn tgo thdnh Id: so cdc tap con 5 
dilm nhan cho 7 r6i chia cho s6 cdc t$p eon 5 dilm chipa 3 dilm cho tru-ae. 
Trong khi do, s6 t i t ca cdc tam gidc tao thdnh cung c6 bilu thye tu-ang ty 
nhy tren nhyng thay vi nhan 7 ta nhdn cho 10. 
Do vdy so cdc tam gidc nhpn chilm khong qud 7/10 s6 tit ca cdc tam gidc 
tgo thanh, dilu phai chtpng minh. 



10 trgng diSm hoi dUdng hoc sinh gidi m6n To6n J J - LS Hoonh Pho 
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3!(2n-3)! 2!(n-2)! 

o2n(2n - 1) (2n - 2) = 60.n(n - 1) 
Vi n nguyen va n > 2 nen rut gpn du-p-c: n̂  - 9n + 8 = 0 
« n = 1 hoae n = 8. Vay chon : n = 8. 

Bai toan 4. 25: Cho p + q + r vgt gom p vat logi 1 giong h$t nhau, q v$t loai 2 
gi6ng h t̂ nhau va r vgt logi 3 d6i mpt khae nhau. Tinh s6 cac t l hp-p c6 th i 
nhan du-p-c. 

Hiring din giai 
Ta c6 p v$t log! 1 nhu- nhau n§n c6 thi liy: 0,1 p vgt tu-e Id e6 p + 1 edch 
liy.Tu-ang ty q vgt log! 2 nhu- nhau e6 q + 1 cdch liy. 
Doi v^i r vat loai 3 khdc nhau do! mpt, m6i v$t c6 2 cdch lay hogc khong liy, 
do do CO 2' edch liy. 
Vaye6:(p+1)(q + 1)2't6hgp. 

Bai toan 4. 26: C6 bao nhiSu each phan ph6i n qua ciu nhu- nhau vdo m hpp 
phan bi$t: 

Cty TNHHMTVDWH Hhang Vi$t 

a) hop nao cung c6 qua ciu 
b) khong nhit thilt hop nao cung c6 qua ciu. 

Hyang din giai 
a) Vo-i dieu kien n > m thi so each phan phli khdc nhau ma hop nao cung eo 

qua ciu la : . 
That vay, ta bilu dien n qua ciu A lien tilp eo n-1 vach phan chia: 

A - A - A - . . . - A - A • , • 
Moi each phan ph6i la mpt each ehpn m-1 vgch tu" n-1 vach. ; . .. 

Vay s6 each phan ph6i la : O^l. 

b) S6 each phan phoi ma c6 thi c6 hop rdng la • 

That vay, ta bilu dien n qua ciu A va m s6 0 lien tilp thi c6 m + n - 1 vach 
phan chia, ching han: 

A - 0 - A - A - O - . . . - O - A - O 
Moi each phan ph6i c6 th i c6 hop r6ng la mpt each ehpn m-1 vach ti i m + n 
- 1 vach. 

Vay s6 each phan ph6i la C^'^-^, khong c6 dieu ki$n g\Qa m vd n. 
Bai toan 4. 27: Trong mat phing cho 100 dilm phan biet sao cho khong eo 3 

dilm nao thing hdng. 
Chiang minh ring trong s6 cac tam giac du-p-c tao thdnh t i i 100 dilm do, c6 
khong qua 70% cac tam giac nhpn. 

Hifang din giai 
Tu 4 dilm phan bi$t khong c6 3 dilm nao thing hang, nhilu lim la eo 3 
tam giac nhpn. Tu- kit qua ndy, suy ra vai 5 dilm phan bi$t khong eo 3 
dilm nao thing hdng, ta nhan du-gc 10 tam giac vd c6 khong qua 7 tam 
giac nhpn. 
Vai 10 dilm phan biet khong e6 3 dilm nao thing hdng, s6 eye dai eac tam 
gidc nhpn tao thanh Id: s6 cac tgp con 4 dilm nhan cho 3 roi chia cho so 
cac tap con 4 dilm ehCpa 3 dilm cho tru-ac. Trong khi do, s6 t i t ea cac tam 
giac tao thdnh cung eo bilu thue tu-ang ty nhu- tren nhu-ng thay vi nhdn 3 ta 
nhan cho 4. Do vgy so cac tam giac nhpn chilm khong qud 3/4 s6 t i t ea 
cdc tam giac (d6i vai 10 dilm). 
Li ludn tu-ang ty, ta xet 100 dilm phan bi$t sao cho khong eo 3 dilm nao 
thing hang. S6 eye dai cac tam giac nhpn tgo thdnh Id: so cdc tap con 5 
dilm nhan cho 7 r6i chia cho s6 cdc t$p eon 5 dilm chipa 3 dilm cho tru-ae. 
Trong khi do, s6 t i t ca cdc tam gidc tao thdnh cung c6 bilu thye tu-ang ty 
nhy tren nhyng thay vi nhan 7 ta nhdn cho 10. 
Do vdy so cdc tam gidc nhpn chilm khong qud 7/10 s6 tit ca cdc tam gidc 
tgo thanh, dilu phai chtpng minh. 
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Bai toan 4. 28: Cho cac so nguyen du'ang k n vdi k < n. Hoi t i t ca c6 bao 
nhieu chinh hp'p chip k (ai, 82 aO cua n so nguyen du-ang dau tien, ma 
moi chinh hp-p (a,, az, ...,ak) thoa man it nhit mot trong hai di6u ki^n sau: 

(i) T6n tai s, t G {1; 2;...;k} sao cho s < t va as > at 
(ii) T6n tgi s e {1; 2;...;k} sao cho (as - s) khong chia h i t cho 2. 

Hupo'ng din giai 
Gpi A I I t i p hp-p t i t ca chinh hp'p chip k cua n s6 nguy§n du'ang d iu tien 
va Ai la tap hgp t i t ca chinh hp'p thoa man yeu c l u cua bai ra. 
Nlu ki hieu A2 = {chinh hgp ( a i , a O e A/ai < ai+i, i = 1, 2 k-1 va ai = i 
mod 2, i = 1,2,...,k} thi ro rang: 

A2 c A va Ai = A \. Suy ra: Ai A - IA2 
Bay gia ta xet A2. Vai moi (ai aO € A2 ta d§u c6 a, + i aj + j v6'i mpi i j e 
{1 ,...,k}, (ai + i) : 2 v l ai + i G {1 n+k} vb-i mpi i = 1,2,...,k. 

nl 
Ta chu-ng minh: A2 = Cr n+k suy ra: (n -k ) ! 

•-C n+k 

Bai toan 4. 29: Tim t i t ca cac s6 nguyen du'ang n c6 tinh chit sau: Co th I 
chia t i p hp'p 6 so {n, n+1, n+2, n+3, n+4, n+5} thinh hai t|p hp-p, sao cho 
tich t i t ca cac so cua t|p hp'p nay bing tich t i t ca c ic so cua t|p hgp kia 

Hu-ang din giat 
Ta h ly 6h y ring trong 5 s6 nguyen lien tiep phai c6 mot so chia het cho 5. 
Vi v|y neu t|p hgp 6 so {n, n+1 n+5} c6 tinh chit d§ neu trong d Iu bai, 
thi trong tap hgp l y phai c6 dung hai so chia het cho 5, dT nhien do phai la 
cac s6 n va n + 5, con cac so n + 1, n + 2, n + 3, n + 4 khong chia h i t cho 5. 
MIt khic, n l u trong 6 s6 cua t|p hgp tren chia h i t cho mot s6 nguyen t6 
p > 7, thi 5 s6 con l^i se khong chia h i t cho p, v l t|p hgp khong c6 tinh 
chit doi hoi. Tu- d l y d|c bi$t suy ra ring cac so n+1, n+2, n+3 v l n+4 chi 
chtfa cac thCfa s6 nguyen to 2 v l 3, tCPC I I : 

n + 1 = 2^i3'i 

n + 2 = 2''Z3'2 

n + 3 = 2''33'3 

n + 4 = 2''''3''', 
trong 66 ki, I i , . . . ,k4, 14 I I nhu-ng so nguyen khong Im. 
N lu n+1 ( v l do d6 n+4) chia h i t cho 3, thi n+2 v l n+3 khong chia h i t cho 3, 

v|y I2 = I3 = 0 v l n+2 = , n+3 = 2^^ nhu-ng nhu- the thi n+2 v l n+3 I I hai 
s6 nguyen lien tiep m l lai I I hai so chin, di lu n ly v6 Ii. 
L|p lu|n tu'ang ti^, ta th iy ring neu n+2 chia h i t cho 3, ho|c neu n+3 chia 
het cho 3, thi ta van g|p m lu thuan. 

Cty TNHHMTVDWH Hhong Vi$t 

MSu thuin l y chipng to khong c6 s6 nguyen du-ang n n^o thoa m§n di§u 
ki#n bai toan. 

Bai toan 4. 30: Tim t i t ca cac s6 nguyen du'ang k sao cho c6 t h i phan chia 
tap hgp X = {1990, 1990 + 1, 1990 + k} thInh hai tap con A, B thoa man 
di lu kien: T6ng cua t i t ca cac phan tu- thupc A bing t ing cua t i t ca cac 
phin tu-thupc B. 

Hipo-ng din giai 
Tru-b-c hit, ta quy uac: t i p s6 M du'gc gpi I I c6 tinh chit T n lu M c6 t h i 
du'gc chia thInh hai tap con rai nhau sao cho t ing cua t i t ca cIc phIn tu 
cua tap con n ly bing tong cua t i t ca cIc phan tu cua tap con kia. 
Theo bai ra, ta c i n tim t i t ca cac s6 nguyen duang k d l tap X c6 tinh chit 
T. D I thIy n lu X c6 tinh chit T thi t ing cua t i t ca cac phin tu cua x se la 
mpt s6 chin. M l t ing nly bing 1990(k + 1) + k(k + 1)/2 nen k(k + 1) ; 4. 
Suy ra, k c in c6 dang k = 4t + 3 hole k = 4t vai t G N. 
X6t truang hgp 1 : k = 4t + 3 G N. Khi do, s i phin tu cua X se I I 4(t + 1). 
Do do, ta CO t h i chia t|p X thInh t + 1 tap con rai nhau sao cho moi tap con 
dIu g im 4 s6 tu nhien lien t i lp. De thIy, tap gom 4 so tu nhien lien t i lp I I 
tap CO tinh chit T. Tu do suy ra t|p X se c6 tinh chit T. 
Xet trudyng hgp 2: k = 4t, t e N. Khi d6, tap X se c6 4t + 1 phin tu. Do d6, 
n lu X dugc chia thInh hai tap con rd'i nhau A, B thi mpt trong hai t|p con 
do, khong mi t t ing qu i t gia su I I A, phai c6 khong it han 2t + 1 phin tu. 
Nhu vay, tap B se c6 khong qua 2t phin tu. Suy ra, neu ki hi^u a, b tuang 
LPng I I t ing cua t i t ca cIc phin tu cua A, B thi: 

a > 1990 + (1900+1) + ... + (1900+2t) = 1990(2t+1) + t(2t+1) 

b < (1990 + 2t + 1) + ... + (1990 + 4t) = 1990 x 2t + t(6t + 1) 

V(̂ i gia thi lt a = b ta c6: . 

1990 X 2t + t(6t + 1) > 1990(2t + 1) + t(2t + 1) 

o 4 t ^ > 1990nent>23. . 

Vait = 23 tac6X = {1990, 1990 + 1,..., 1990 + 92} = AUB, '''':T^x^ 
V(̂ i: A = {1990 + 1, 1990 + 2 1990 + 46}. ' ' [ ^ 

B = {1990 ; 1990 + 47, 1990 + 48,..., 1990 + 92} 
Hiln nhien A, B rdxi nhau, v l bing tinh to ln tryc tiep d l th iy a = b. Nhu vay 
vai t = 23 ( ^ k = 92) t|p X c6 tinh chit T. 
V a i t > 2 3 t a c 6 : X = XiUX2 ^''^ 
Vai Xi = {1990, 1990 + 1 1990 + 92} I ^ , 
v l X2 = {1990+ 93, 1990 + 94 1990+ 4t}. 
Theo phin tren, t|p Xi c6 tinh chat t. Han nua, do t|p X2 c6 4(t - 23), phin 
tu nen, v|n dung nhOng l|p lu|n d l trinh b iy khi x6t trudyng hgp 1, ta se 
dugc t i p X2 CO tinh chit T. Tu d6 suy ra t|p X cung c6 tinh chit T. 
V|y, t6m lai, t i t ca cIc so nguyen duang k c in tim I I t i t ca c Ic s i c6 d^ng 
k = 4t + 3, t e N v l k = 4t, t G N, t > 23. 
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Bai toan 4. 28: Cho cac so nguyen du'ang k n vdi k < n. Hoi t i t ca c6 bao 
nhieu chinh hp'p chip k (ai, 82 aO cua n so nguyen du-ang dau tien, ma 
moi chinh hp-p (a,, az, ...,ak) thoa man it nhit mot trong hai di6u ki^n sau: 

(i) T6n tai s, t G {1; 2;...;k} sao cho s < t va as > at 
(ii) T6n tgi s e {1; 2;...;k} sao cho (as - s) khong chia h i t cho 2. 

Hupo'ng din giai 
Gpi A I I t i p hp-p t i t ca chinh hp'p chip k cua n s6 nguy§n du'ang d iu tien 
va Ai la tap hgp t i t ca chinh hp'p thoa man yeu c l u cua bai ra. 
Nlu ki hieu A2 = {chinh hgp ( a i , a O e A/ai < ai+i, i = 1, 2 k-1 va ai = i 
mod 2, i = 1,2,...,k} thi ro rang: 

A2 c A va Ai = A \. Suy ra: Ai A - IA2 
Bay gia ta xet A2. Vai moi (ai aO € A2 ta d§u c6 a, + i aj + j v6'i mpi i j e 
{1 ,...,k}, (ai + i) : 2 v l ai + i G {1 n+k} vb-i mpi i = 1,2,...,k. 

nl 
Ta chu-ng minh: A2 = Cr n+k suy ra: (n -k ) ! 

•-C n+k 

Bai toan 4. 29: Tim t i t ca cac s6 nguyen du'ang n c6 tinh chit sau: Co th I 
chia t i p hp'p 6 so {n, n+1, n+2, n+3, n+4, n+5} thinh hai t|p hp-p, sao cho 
tich t i t ca cac so cua t|p hp'p nay bing tich t i t ca c ic so cua t|p hgp kia 

Hu-ang din giat 
Ta h ly 6h y ring trong 5 s6 nguyen lien tiep phai c6 mot so chia het cho 5. 
Vi v|y neu t|p hgp 6 so {n, n+1 n+5} c6 tinh chit d§ neu trong d Iu bai, 
thi trong tap hgp l y phai c6 dung hai so chia het cho 5, dT nhien do phai la 
cac s6 n va n + 5, con cac so n + 1, n + 2, n + 3, n + 4 khong chia h i t cho 5. 
MIt khic, n l u trong 6 s6 cua t|p hgp tren chia h i t cho mot s6 nguyen t6 
p > 7, thi 5 s6 con l^i se khong chia h i t cho p, v l t|p hgp khong c6 tinh 
chit doi hoi. Tu- d l y d|c bi$t suy ra ring cac so n+1, n+2, n+3 v l n+4 chi 
chtfa cac thCfa s6 nguyen to 2 v l 3, tCPC I I : 

n + 1 = 2^i3'i 

n + 2 = 2''Z3'2 

n + 3 = 2''33'3 

n + 4 = 2''''3''', 
trong 66 ki, I i , . . . ,k4, 14 I I nhu-ng so nguyen khong Im. 
N lu n+1 ( v l do d6 n+4) chia h i t cho 3, thi n+2 v l n+3 khong chia h i t cho 3, 

v|y I2 = I3 = 0 v l n+2 = , n+3 = 2^^ nhu-ng nhu- the thi n+2 v l n+3 I I hai 
s6 nguyen lien tiep m l lai I I hai so chin, di lu n ly v6 Ii. 
L|p lu|n tu'ang ti^, ta th iy ring neu n+2 chia h i t cho 3, ho|c neu n+3 chia 
het cho 3, thi ta van g|p m lu thuan. 

Cty TNHHMTVDWH Hhong Vi$t 

MSu thuin l y chipng to khong c6 s6 nguyen du-ang n n^o thoa m§n di§u 
ki#n bai toan. 

Bai toan 4. 30: Tim t i t ca cac s6 nguyen du'ang k sao cho c6 t h i phan chia 
tap hgp X = {1990, 1990 + 1, 1990 + k} thInh hai tap con A, B thoa man 
di lu kien: T6ng cua t i t ca cac phan tu- thupc A bing t ing cua t i t ca cac 
phin tu-thupc B. 

Hipo-ng din giai 
Tru-b-c hit, ta quy uac: t i p s6 M du'gc gpi I I c6 tinh chit T n lu M c6 t h i 
du'gc chia thInh hai tap con rai nhau sao cho t ing cua t i t ca cIc phIn tu 
cua tap con n ly bing tong cua t i t ca cIc phan tu cua tap con kia. 
Theo bai ra, ta c i n tim t i t ca cac s6 nguyen duang k d l tap X c6 tinh chit 
T. D I thIy n lu X c6 tinh chit T thi t ing cua t i t ca cac phin tu cua x se la 
mpt s6 chin. M l t ing nly bing 1990(k + 1) + k(k + 1)/2 nen k(k + 1) ; 4. 
Suy ra, k c in c6 dang k = 4t + 3 hole k = 4t vai t G N. 
X6t truang hgp 1 : k = 4t + 3 G N. Khi do, s i phin tu cua X se I I 4(t + 1). 
Do do, ta CO t h i chia t|p X thInh t + 1 tap con rai nhau sao cho moi tap con 
dIu g im 4 s6 tu nhien lien t i lp. De thIy, tap gom 4 so tu nhien lien t i lp I I 
tap CO tinh chit T. Tu do suy ra t|p X se c6 tinh chit T. 
Xet trudyng hgp 2: k = 4t, t e N. Khi d6, tap X se c6 4t + 1 phin tu. Do d6, 
n lu X dugc chia thInh hai tap con rd'i nhau A, B thi mpt trong hai t|p con 
do, khong mi t t ing qu i t gia su I I A, phai c6 khong it han 2t + 1 phin tu. 
Nhu vay, tap B se c6 khong qua 2t phin tu. Suy ra, neu ki hi^u a, b tuang 
LPng I I t ing cua t i t ca cIc phin tu cua A, B thi: 

a > 1990 + (1900+1) + ... + (1900+2t) = 1990(2t+1) + t(2t+1) 

b < (1990 + 2t + 1) + ... + (1990 + 4t) = 1990 x 2t + t(6t + 1) 

V(̂ i gia thi lt a = b ta c6: . 

1990 X 2t + t(6t + 1) > 1990(2t + 1) + t(2t + 1) 

o 4 t ^ > 1990nent>23. . 

Vait = 23 tac6X = {1990, 1990 + 1,..., 1990 + 92} = AUB, '''':T^x^ 
V(̂ i: A = {1990 + 1, 1990 + 2 1990 + 46}. ' ' [ ^ 

B = {1990 ; 1990 + 47, 1990 + 48,..., 1990 + 92} 
Hiln nhien A, B rdxi nhau, v l bing tinh to ln tryc tiep d l th iy a = b. Nhu vay 
vai t = 23 ( ^ k = 92) t|p X c6 tinh chit T. 
V a i t > 2 3 t a c 6 : X = XiUX2 ^''^ 
Vai Xi = {1990, 1990 + 1 1990 + 92} I ^ , 
v l X2 = {1990+ 93, 1990 + 94 1990+ 4t}. 
Theo phin tren, t|p Xi c6 tinh chat t. Han nua, do t|p X2 c6 4(t - 23), phin 
tu nen, v|n dung nhOng l|p lu|n d l trinh b iy khi x6t trudyng hgp 1, ta se 
dugc t i p X2 CO tinh chit T. Tu d6 suy ra t|p X cung c6 tinh chit T. 
V|y, t6m lai, t i t ca cIc so nguyen duang k c in tim I I t i t ca c Ic s i c6 d^ng 
k = 4t + 3, t e N v l k = 4t, t G N, t > 23. 
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Bai toan 4. 31: Cho tap M = {1, 2 n} (n e N, n > 2). Tim so m nho nhit sao 
cho trong m6i tap con chCpa m phan cua M d§u ton tai it nh^t 2 s6 1 
trong 2 s6 la bp! cua s6 kia. 

Hirang din giai 
n 

+ 1; 
n + 2;...n n 

+ 1; + 2;...n • CO n -2 
+ 1; 

2 2 
Ta c6 C = 

n̂ o la boi cua it nh^t 1 phin tu kh^c thupc C. 
'n + l ' 

phan tu- va khong c6 phan ti> 

Suy ra: m > + 1 phan tu-.Ta chipng minh: m = n + 1 + 1 

Xet 1 tap con P bit ki chu-a n + 1 + 1 phan ti> cua IVi. Vai m5i p € P dat 

p = 2^q; s > 0; s e N va q la s6 le, vi 1 < p < n nen 1 < q < n m^ ti> 1 d4n n 

c6 n + 1 so le khac nhau nen trong bilu diin cac phin ti> p e P, phai c6 it 

nhit 2 s6 q le bing nhau suy ra t6n tai it nhit 2 s6 a, b e P sao cho: 

a = 2'1/, b = 2'2 /. Tupc la trong 2 s6 a, b phai c6 1 s6 la bpi cua s6 kia. 
Bai toan 4. 32: Chu-ng minh r̂ ng tap ho-p {1, 2, 3,...,1989} c6 the du-gc vi§t 

thanh hgp cua ĉ c tap rdyi nhau Ai, A2 An? sao cho mpi A,, i = 1, 
2,..., 117, ddu CO chLPa 17 phin tu- va tong gi^ trj cua cac phin tu- nhOng Aj 
d§u bang nhau. 

Hiring din giai 
Tru'O'c h§t, ta xay dyng 117 tgp hgp g6m 3 so sao cho tong cua 3 s6 do 
trong moi tap d§u bing 0 va chCing rai nhau tu'ng doi mpt nhu" sau: 
TCf tap {1, 2, 3 1989}, tao th^nh tgp M = {-994, -993 993, 994}, tap 
hgp nay c6 du-gc bing each lay tung s6 hgng cua tgp hgp da cho tru' di 995. 
Khi do, ta tao 116 t?p hgp gom 3 so noi tren la: 

Ni = {993, -496. -497}, N2 = {-993, 496, 497}, 
Nzk.i = {993-4k, 2k-496, 2k-497}, 
N2k.2 = {-993+4k, -2k+496, -2k+497}, 

N115 = {665, -382, -383}, Nue = {-665, 382, 383} 
Ngoai ra, ta dat N117 = { -1, 0, 1} 
Tit ca 117 tgp hgp tren d4u rgi nhau tung doi mpt. That vay, trong m6i t?p, 
do cac phIn tu thu hai deu chin nen cac phan tii thip hai cua cac t$p hgp 
Ni N116 khong thi trung vgi cac phIn tu- thi> nhat ho$c thup ba cua nhung 
tip hgp nay, tit ca cac phan tu' thCp nhit cua nhOng tap hgp nay c6 gia trj 
tuyet d6i Ign han tit ca phIn thCr ba, th^nh thu ĉ c tap hgp N| rd-i nhau 
tu'ng doi mpt. 

Cti^ TNHHMTX / n 1 ' Hhang Vi^i 

Ngoai ra, n4u so x nao do la phan tu' cua mot trong cac tap hgp Ni thi s6 (-x) 
cOng la phan ti j cua mpt trong cac tap hgp N|. 
£)h y ring 14.117 phIn tu- cua tap hgp M, khong thuoc v6 mpt trong cac tap 
hgp N„ du-gc chia thanh 7.117 cap s6 vai diu d6i nhau. Bing each tuy y ta 
them 7 c§p so phan biet vao tap hgp N| da chpn a tren, ta s§ chia dugc tap 
hgp M thanh 117 tap hgp con tu-ng cap khong giao nhau. Cu6i cung d§ 
thoa man yeu clu cua bai toan, ta chi can xay dyng 117 tap A| bIng each 
cpng 995 vao tu'ng phIn tu cua cac tap N, tuo'ng LPng. 

Bai toan 4. 33: Xet hoan vi So, Si Sn cua cac s6 0, 1, 2,...,n, ta tac dpng mpt 
phep biln d6i len hoan vi nay neu tim dugc i, j sao cho Si = 0 va Sj = Si_i + 1. 
Hoan vi mm tao thanh nhan dugc bIng each d6i cho hai phIn tu s, va s,. 
Hoi vai s6 n nao thi xult ph t̂ tu hoan vj (1, n, n-1, n-2,..., 3, 2, 0) ta c6 thi 
nhan dugc hoan vi (1,2 n,0) bIng each Igp lai nhi§u lln phep biln doi do? 

IHiFO'ng din giai 
Thu true tiep, ta thiy ring c6 the thue hien yeu clu cua bai toan trong 
truang hgp n = 1, n = 2, 3, 7, 15, nhung khong thye hien duge khi n = 4, 5, 
6, 8, 9, 10, 11, 12, 13,1 4. 
Tu do, ta dy doan ring cSc so dgng n = 2"̂  - 1 v̂  s6 n = 2 se thoa man 
dilu kien bai toan. 
Ta d l y, n§u n = 2m, thi sau m-1 lln bien d6i ta se c6 >oy 

I n O n-2 n-1 n-4 n-3... 4 5 2 3 i<5. 
va khong th i lam tilp duge. Vay vai n chin, n > 2 ta khong thye hi$n dugc 
NIU n = 15 ta CO t h i lam nhu sau: 
1 15 14 13 12 11 10 9 8 7 6 5 4 3 2 0 ' 

(bit dIu) 
1 0 14 15 12 13 10 11 8 9 6 7 4 5 2 3 

(sau 7 lln biln doi) 
1 2 3 0 12 13 14 15 8 9 10 11 4 5 6 7 

(sau 8 Ian biln dli) 
1 2 3 4 5 6 7 0 8 9 10 11 12 13 14 15 

(sau 8 l ln biln dli) 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 0 

(sau 8 lln biln dli) 
Ting quat, ta gia su n = 2"" - 1. Gpi Po la hoan vi dIu tien va Pr la hoan vi 
c6 dang: 

1 2 3...R-1 0, n-R+1, n-R+1 n-R+2 n-R+3... 
n, n-2R+1 n-2R+2...n-R R R+1 ... 2R-1 

day R la ki hieu cho so 2' v l dIu phly ngSn each bilu thj ring, sau hoan 
vj ban dIu 1, 2...R-1 0, t§ng l§n R s6 hgng. Nlu khai dIu tu Pr, thi so 0 
dugc ehuyin dl i th^nh cong v6i R, 3R, 5R,..., n-R+1, r6i vai R+1, 3R+1 • , 
n-R+2, tilp tyc vai 2R-1, 4R-1 n. Dilu nSy se cho ta Pr.i. De dang kiem 
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Bai toan 4. 31: Cho tap M = {1, 2 n} (n e N, n > 2). Tim so m nho nhit sao 
cho trong m6i tap con chCpa m phan cua M d§u ton tai it nh^t 2 s6 1 
trong 2 s6 la bp! cua s6 kia. 

Hirang din giai 
n 

+ 1; 
n + 2;...n n 

+ 1; + 2;...n • CO n -2 
+ 1; 

2 2 
Ta c6 C = 

n̂ o la boi cua it nh^t 1 phin tu kh^c thupc C. 
'n + l ' 

phan tu- va khong c6 phan ti> 

Suy ra: m > + 1 phan tu-.Ta chipng minh: m = n + 1 + 1 

Xet 1 tap con P bit ki chu-a n + 1 + 1 phan ti> cua IVi. Vai m5i p € P dat 

p = 2^q; s > 0; s e N va q la s6 le, vi 1 < p < n nen 1 < q < n m^ ti> 1 d4n n 

c6 n + 1 so le khac nhau nen trong bilu diin cac phin ti> p e P, phai c6 it 

nhit 2 s6 q le bing nhau suy ra t6n tai it nhit 2 s6 a, b e P sao cho: 

a = 2'1/, b = 2'2 /. Tupc la trong 2 s6 a, b phai c6 1 s6 la bpi cua s6 kia. 
Bai toan 4. 32: Chu-ng minh r̂ ng tap ho-p {1, 2, 3,...,1989} c6 the du-gc vi§t 

thanh hgp cua ĉ c tap rdyi nhau Ai, A2 An? sao cho mpi A,, i = 1, 
2,..., 117, ddu CO chLPa 17 phin tu- va tong gi^ trj cua cac phin tu- nhOng Aj 
d§u bang nhau. 

Hiring din giai 
Tru'O'c h§t, ta xay dyng 117 tgp hgp g6m 3 so sao cho tong cua 3 s6 do 
trong moi tap d§u bing 0 va chCing rai nhau tu'ng doi mpt nhu" sau: 
TCf tap {1, 2, 3 1989}, tao th^nh tgp M = {-994, -993 993, 994}, tap 
hgp nay c6 du-gc bing each lay tung s6 hgng cua tgp hgp da cho tru' di 995. 
Khi do, ta tao 116 t?p hgp gom 3 so noi tren la: 

Ni = {993, -496. -497}, N2 = {-993, 496, 497}, 
Nzk.i = {993-4k, 2k-496, 2k-497}, 
N2k.2 = {-993+4k, -2k+496, -2k+497}, 

N115 = {665, -382, -383}, Nue = {-665, 382, 383} 
Ngoai ra, ta dat N117 = { -1, 0, 1} 
Tit ca 117 tgp hgp tren d4u rgi nhau tung doi mpt. That vay, trong m6i t?p, 
do cac phIn tu thu hai deu chin nen cac phan tii thip hai cua cac t$p hgp 
Ni N116 khong thi trung vgi cac phIn tu- thi> nhat ho$c thup ba cua nhung 
tip hgp nay, tit ca cac phan tu' thCp nhit cua nhOng tap hgp nay c6 gia trj 
tuyet d6i Ign han tit ca phIn thCr ba, th^nh thu ĉ c tap hgp N| rd-i nhau 
tu'ng doi mpt. 

Cti^ TNHHMTX / n 1 ' Hhang Vi^i 

Ngoai ra, n4u so x nao do la phan tu' cua mot trong cac tap hgp Ni thi s6 (-x) 
cOng la phan ti j cua mpt trong cac tap hgp N|. 
£)h y ring 14.117 phIn tu- cua tap hgp M, khong thuoc v6 mpt trong cac tap 
hgp N„ du-gc chia thanh 7.117 cap s6 vai diu d6i nhau. Bing each tuy y ta 
them 7 c§p so phan biet vao tap hgp N| da chpn a tren, ta s§ chia dugc tap 
hgp M thanh 117 tap hgp con tu-ng cap khong giao nhau. Cu6i cung d§ 
thoa man yeu clu cua bai toan, ta chi can xay dyng 117 tap A| bIng each 
cpng 995 vao tu'ng phIn tu cua cac tap N, tuo'ng LPng. 

Bai toan 4. 33: Xet hoan vi So, Si Sn cua cac s6 0, 1, 2,...,n, ta tac dpng mpt 
phep biln d6i len hoan vi nay neu tim dugc i, j sao cho Si = 0 va Sj = Si_i + 1. 
Hoan vi mm tao thanh nhan dugc bIng each d6i cho hai phIn tu s, va s,. 
Hoi vai s6 n nao thi xult ph t̂ tu hoan vj (1, n, n-1, n-2,..., 3, 2, 0) ta c6 thi 
nhan dugc hoan vi (1,2 n,0) bIng each Igp lai nhi§u lln phep biln doi do? 

IHiFO'ng din giai 
Thu true tiep, ta thiy ring c6 the thue hien yeu clu cua bai toan trong 
truang hgp n = 1, n = 2, 3, 7, 15, nhung khong thye hien duge khi n = 4, 5, 
6, 8, 9, 10, 11, 12, 13,1 4. 
Tu do, ta dy doan ring cSc so dgng n = 2"̂  - 1 v̂  s6 n = 2 se thoa man 
dilu kien bai toan. 
Ta d l y, n§u n = 2m, thi sau m-1 lln bien d6i ta se c6 >oy 

I n O n-2 n-1 n-4 n-3... 4 5 2 3 i<5. 
va khong th i lam tilp duge. Vay vai n chin, n > 2 ta khong thye hi$n dugc 
NIU n = 15 ta CO t h i lam nhu sau: 
1 15 14 13 12 11 10 9 8 7 6 5 4 3 2 0 ' 

(bit dIu) 
1 0 14 15 12 13 10 11 8 9 6 7 4 5 2 3 

(sau 7 lln biln doi) 
1 2 3 0 12 13 14 15 8 9 10 11 4 5 6 7 

(sau 8 Ian biln dli) 
1 2 3 4 5 6 7 0 8 9 10 11 12 13 14 15 

(sau 8 l ln biln dli) 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 0 

(sau 8 lln biln dli) 
Ting quat, ta gia su n = 2"" - 1. Gpi Po la hoan vi dIu tien va Pr la hoan vi 
c6 dang: 

1 2 3...R-1 0, n-R+1, n-R+1 n-R+2 n-R+3... 
n, n-2R+1 n-2R+2...n-R R R+1 ... 2R-1 

day R la ki hieu cho so 2' v l dIu phly ngSn each bilu thj ring, sau hoan 
vj ban dIu 1, 2...R-1 0, t§ng l§n R s6 hgng. Nlu khai dIu tu Pr, thi so 0 
dugc ehuyin dl i th^nh cong v6i R, 3R, 5R,..., n-R+1, r6i vai R+1, 3R+1 • , 
n-R+2, tilp tyc vai 2R-1, 4R-1 n. Dilu nSy se cho ta Pr.i. De dang kiem 



W tTQng diSm h6i dUdng hpc sinh gidi m6n Todn 11 - LS Hodnh Phd 

tra du'p'c Po d i n d i n Pi va sau do d§n Pm 1^ vj tri ket thuc. Nhu- the, c6 the 
thyc hien dLfo-c theo yeu c l u de bai cho tru-o-ng hp-p n = Z"" - ! . 
Ti§p theo, gia su" n le nhu-ng khong c6 dang 2 ' ^ - 1 . Luc do, ta c6 t h i vi§t 
n = (2a + 1)2" - 1 (lay 2" la luy thu-a cao nh i t cua 2 sao cho n6 chia h i t n+1). 
Ta CO t h i djnh nghTa Po, Pi, . . . , Pb nhu tren. Ta c6 the dat den Pb nhu" tren: 

1 2... B-1 0, 2aB 2aB+1 ... (2a+1)B-1 , (2a-1)B ... 2aB-1 
3B, 3B+1, . . . 4 B - 1 , 2B, 2B+1 3 B - 1 , B, B+1, . . . , 2 B - 1 

vm B = 2" - 1. Khi do, 0 du-c^c chuy in vai B, 3B, 5B..., (2a-1)B, d$t no 
ngay ben phai cua (2a+1)B-1 = n, nen khong the tiep tuc du-gc xa ho-n, d i l u 
nay c6 nghTa khong t h i thu-c hien du'oc d l thoa man d i l u ki?n b^i toan cho 
n = ( 2 a + 1 ) 2 " - 1 . 

Bai t oan 4. 34: Trong l i n thi giao lu-u, mpt so thi sinh la ban b6 cua nhau, 
quan he ban be la quan he hai ch i l u . Gpi mpt nhom cac thi sinh la nhom 
ban be n l u nhu" hai ngu'6'i bat ki trong nhom nay la ban be cua nhau, so 
lu'p'ng cua mot nhom ban be du-p'C gpi la ca cua no.B i l t r i n g , ca cua mpt 
nhom ban be c6 nhieu ngua i n h i t la mpt s6 c h i n . 
Chi fng minh r i n g c6 t h i x i p t i t ca cac thi sinh vao hai phong sao cho ca 

cua nhom ban be c6 nh i l u nguai n h i t trong phong nay cung b i n g 05 cua 
nhom ban be c6 nhieu ngu'6'i nhat trong phong kia 

Hu'O 'ng d i n giai 
Ta gpi ca cua mpt tap hp'p A, ki hieu la c(A), Id ca cua nhom ban be dong 
ngu-ai nhat trong A. Gpi M la nh6m ban be dong ngua i nh I t trong tap hp'p G 
tat ca cac thi sinh, nhu vay c(M) = c(G) = 2m la so c h i n . 
Ta chi ra mpt cdch phan hogch G thanh hai tgp hgp c6 cung ca nhu sau: 
T ruac h i t A la mpt tap hp-p m thi sinh cua M va B = G - A. N h u vay c(B) > 
m > c(A). Chung nao c(B) > c(A) + 2 ta chuy in mpt thi sinh cua M t u B sang 
A. M6i l l n nhu vay ca cua B giam khong qua 1 va ca cua A tang dung 1. 
Do do, ta CO t h i thi^c hi^n dup'c vipc d i l u chinh ndy cho tai khi c(B) = c(A) 
ho0c c(B) = c(A) + 1. 

Trong t ruang hp'p c(B) = c(A)+1 ta thyc hi^n t i l p vipc d i l u chmh m6'i b I ng 
cdch xet t i t ca nhom bgn be B i , B2,...,Bs gom c(B) ngua i trong B. N l u t i n 
tai B, va m £ M-A sao cho m g Bi thi tgp hp'p A u { m } vd B - {m} Id hai tgp 
hgp c6 cung ca c(A) + 1. N l u m e Bi vai mpi Bi vd m e M-A thi Bi - (M-A) 
luon khac t^p rong vi Bi c6 it nh I t m+1 p h i n t u c6n M-A chi c6 nh i l u nh I t 
m phan t u . X u l t phat t u C = 0 ta chpn mpt phan t u cua Bi - (M-A) vdo C, 
vai B, Id nh6m bgn be ndo d6 c6 c(B) ngudyi trong tdp hp'p B-C. Qud trinh 
k i t thuc khi thu dup-c mpt tap hpp C sao cho c(B - C) = c(B) - 1 = c(A). 
Ta chupng minh c(A u C) = c(A). Th§t vgt, xet mOt nhom bgn be Q tuy y 
trong A u C. Do moi phan t u cua C Id bgn be cua mpi p h I n t u M-A cho nen 
Q \j (M-A) Id mpt nh6m bgn be trong G vd do d6: 

c(G) = 2 m > | Q u ( M - A ) i = IQ | + (2m - | A I ) 
Suy ra: IA | > | Q | . Vdy B - C vd A u C Id phdn hogch cua G thdnh hai tdp 
hap c6 cung ca (dpcm). 

o^ i toan 4. 35: C6 9 bi xanh, 5 bi do, 4 bi vdng deu c6 kich thudc khdc nhau. 
Chpn ra 6 bi. Tinh xac s u i t cua b i l n c6 
a) chon dung 2 bi do b) chpn bi do b I n g bi xanh 

Hiro-ng d i n giai 

Co 18 bi gom 9 bi xanh, 5 bi do, 4 bi vdng d i u c6 kich thu6'c khdc nhau, 

chpn ra 6 bi thi khong gian m l u Q c6 C^g= 18564 p h I n t u . • .,, 

a) S6 each chon ra dung 2 bi do C^.C^g = 7150 (cdch) „ ,̂  . ^ . 

V a y x a c s u l t P ( A ) = : j ^ « 3 8 % . 

b) C6 3 t ruang hap : * ' ' 

Chon 1 bi do, 1 xanh : C^.C^.C^ = 45 cdch 

Chpn 2 bi do, 2 xanh : C^.C^.C^ = 2160 cdch 

Chon 3 do, 3 xanh : C^.C^ = 840 each 

C o t l t c a : 45 + 2160 + 840 = 3045 each r 

Vay xac s u i t P(B) = « 1 6 %. 
18564 

Bai toan 4. 36: Mpt hop dung 4 vien bi do, 5 vien bi t r i n g vd 6 vien bi vdng. 
Nguai ta chpn ra 4 vien bi t u hpp d6. Tinh xac s u i t d l trong s6 bi l l y ra 
khong c6 du ca ba mdu? ^ ^ 

Hu'O'ng d i n giai 
pr, :y\ 

S6 each chon 4 bi trong 15 bi la : C^^ = 1365. 

Cdc t ruang hap ehon dupe 4 bi ca 3 mdu Id: "* • ' 

• J • 

C^C^C^ = 180 cdch 

C^C^C^ = 240 cdch 

C^C^C^ = 300 cdch 

hi ' 
- 2 do + 1 trIng + 1 vdng c6 

- 1 do + 2 trIng + 1 vdng c6 '> 

- 1 do + 1 trIng + 2 vdng c6 

So each chpn 4 bi c6 du 3 mdu Id: 180 + 240 + 300 = 720 

Do do s6 each chon d l 4 bi l l y ra khong c6 du 4 mdu Id: 1365 - 720 = 645. 

Vay xac suit cin t im: P = = ̂ . «' ""-̂  
1365 91 

Bai toan 4. 37: Chpn n g l u nhien mpt s6 t i^ nhien n gom 3 chu s6 khac nhau. 
Tinh xac suit d l n Id mpt s6 c h i n . J 

Hifcyng d i n giai » ¥ f 

Gpi n = n^n^ . Do n gom 3 chu s6 nen ni ^ O.Vgy c6 9 kha ndng chpn ni, 

9 cho nz, 8 cho n^. Suy ra e6 9 x 9 x 8 = 648 cdch chpn ra n. 
109 
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tra du'p'c Po d i n d i n Pi va sau do d§n Pm 1^ vj tri ket thuc. Nhu- the, c6 the 
thyc hien dLfo-c theo yeu c l u de bai cho tru-o-ng hp-p n = Z"" - ! . 
Ti§p theo, gia su" n le nhu-ng khong c6 dang 2 ' ^ - 1 . Luc do, ta c6 t h i vi§t 
n = (2a + 1)2" - 1 (lay 2" la luy thu-a cao nh i t cua 2 sao cho n6 chia h i t n+1). 
Ta CO t h i djnh nghTa Po, Pi, . . . , Pb nhu tren. Ta c6 the dat den Pb nhu" tren: 

1 2... B-1 0, 2aB 2aB+1 ... (2a+1)B-1 , (2a-1)B ... 2aB-1 
3B, 3B+1, . . . 4 B - 1 , 2B, 2B+1 3 B - 1 , B, B+1, . . . , 2 B - 1 

vm B = 2" - 1. Khi do, 0 du-c^c chuy in vai B, 3B, 5B..., (2a-1)B, d$t no 
ngay ben phai cua (2a+1)B-1 = n, nen khong the tiep tuc du-gc xa ho-n, d i l u 
nay c6 nghTa khong t h i thu-c hien du'oc d l thoa man d i l u ki?n b^i toan cho 
n = ( 2 a + 1 ) 2 " - 1 . 

Bai t oan 4. 34: Trong l i n thi giao lu-u, mpt so thi sinh la ban b6 cua nhau, 
quan he ban be la quan he hai ch i l u . Gpi mpt nhom cac thi sinh la nhom 
ban be n l u nhu" hai ngu'6'i bat ki trong nhom nay la ban be cua nhau, so 
lu'p'ng cua mot nhom ban be du-p'C gpi la ca cua no.B i l t r i n g , ca cua mpt 
nhom ban be c6 nhieu ngua i n h i t la mpt s6 c h i n . 
Chi fng minh r i n g c6 t h i x i p t i t ca cac thi sinh vao hai phong sao cho ca 

cua nhom ban be c6 nh i l u nguai n h i t trong phong nay cung b i n g 05 cua 
nhom ban be c6 nhieu ngu'6'i nhat trong phong kia 

Hu'O 'ng d i n giai 
Ta gpi ca cua mpt tap hp'p A, ki hieu la c(A), Id ca cua nhom ban be dong 
ngu-ai nhat trong A. Gpi M la nh6m ban be dong ngua i nh I t trong tap hp'p G 
tat ca cac thi sinh, nhu vay c(M) = c(G) = 2m la so c h i n . 
Ta chi ra mpt cdch phan hogch G thanh hai tgp hgp c6 cung ca nhu sau: 
T ruac h i t A la mpt tap hp-p m thi sinh cua M va B = G - A. N h u vay c(B) > 
m > c(A). Chung nao c(B) > c(A) + 2 ta chuy in mpt thi sinh cua M t u B sang 
A. M6i l l n nhu vay ca cua B giam khong qua 1 va ca cua A tang dung 1. 
Do do, ta CO t h i thi^c hi^n dup'c vipc d i l u chinh ndy cho tai khi c(B) = c(A) 
ho0c c(B) = c(A) + 1. 

Trong t ruang hp'p c(B) = c(A)+1 ta thyc hi^n t i l p vipc d i l u chmh m6'i b I ng 
cdch xet t i t ca nhom bgn be B i , B2,...,Bs gom c(B) ngua i trong B. N l u t i n 
tai B, va m £ M-A sao cho m g Bi thi tgp hp'p A u { m } vd B - {m} Id hai tgp 
hgp c6 cung ca c(A) + 1. N l u m e Bi vai mpi Bi vd m e M-A thi Bi - (M-A) 
luon khac t^p rong vi Bi c6 it nh I t m+1 p h i n t u c6n M-A chi c6 nh i l u nh I t 
m phan t u . X u l t phat t u C = 0 ta chpn mpt phan t u cua Bi - (M-A) vdo C, 
vai B, Id nh6m bgn be ndo d6 c6 c(B) ngudyi trong tdp hp'p B-C. Qud trinh 
k i t thuc khi thu dup-c mpt tap hpp C sao cho c(B - C) = c(B) - 1 = c(A). 
Ta chupng minh c(A u C) = c(A). Th§t vgt, xet mOt nhom bgn be Q tuy y 
trong A u C. Do moi phan t u cua C Id bgn be cua mpi p h I n t u M-A cho nen 
Q \j (M-A) Id mpt nh6m bgn be trong G vd do d6: 

c(G) = 2 m > | Q u ( M - A ) i = IQ | + (2m - | A I ) 
Suy ra: IA | > | Q | . Vdy B - C vd A u C Id phdn hogch cua G thdnh hai tdp 
hap c6 cung ca (dpcm). 

o^ i toan 4. 35: C6 9 bi xanh, 5 bi do, 4 bi vdng deu c6 kich thudc khdc nhau. 
Chpn ra 6 bi. Tinh xac s u i t cua b i l n c6 
a) chon dung 2 bi do b) chpn bi do b I n g bi xanh 

Hiro-ng d i n giai 

Co 18 bi gom 9 bi xanh, 5 bi do, 4 bi vdng d i u c6 kich thu6'c khdc nhau, 

chpn ra 6 bi thi khong gian m l u Q c6 C^g= 18564 p h I n t u . • .,, 

a) S6 each chon ra dung 2 bi do C^.C^g = 7150 (cdch) „ ,̂  . ^ . 

V a y x a c s u l t P ( A ) = : j ^ « 3 8 % . 

b) C6 3 t ruang hap : * ' ' 

Chon 1 bi do, 1 xanh : C^.C^.C^ = 45 cdch 

Chpn 2 bi do, 2 xanh : C^.C^.C^ = 2160 cdch 

Chon 3 do, 3 xanh : C^.C^ = 840 each 

C o t l t c a : 45 + 2160 + 840 = 3045 each r 

Vay xac s u i t P(B) = « 1 6 %. 
18564 

Bai toan 4. 36: Mpt hop dung 4 vien bi do, 5 vien bi t r i n g vd 6 vien bi vdng. 
Nguai ta chpn ra 4 vien bi t u hpp d6. Tinh xac s u i t d l trong s6 bi l l y ra 
khong c6 du ca ba mdu? ^ ^ 

Hu'O'ng d i n giai 
pr, :y\ 

S6 each chon 4 bi trong 15 bi la : C^^ = 1365. 

Cdc t ruang hap ehon dupe 4 bi ca 3 mdu Id: "* • ' 

• J • 

C^C^C^ = 180 cdch 

C^C^C^ = 240 cdch 

C^C^C^ = 300 cdch 

hi ' 
- 2 do + 1 trIng + 1 vdng c6 

- 1 do + 2 trIng + 1 vdng c6 '> 

- 1 do + 1 trIng + 2 vdng c6 

So each chpn 4 bi c6 du 3 mdu Id: 180 + 240 + 300 = 720 

Do do s6 each chon d l 4 bi l l y ra khong c6 du 4 mdu Id: 1365 - 720 = 645. 

Vay xac suit cin t im: P = = ̂ . «' ""-̂  
1365 91 

Bai toan 4. 37: Chpn n g l u nhien mpt s6 t i^ nhien n gom 3 chu s6 khac nhau. 
Tinh xac suit d l n Id mpt s6 c h i n . J 

Hifcyng d i n giai » ¥ f 

Gpi n = n^n^ . Do n gom 3 chu s6 nen ni ^ O.Vgy c6 9 kha ndng chpn ni, 

9 cho nz, 8 cho n^. Suy ra e6 9 x 9 x 8 = 648 cdch chpn ra n. 
109 



De n la so chin thi na phai la 0 hoac 0 3 G {2,4,6,8} 
Xet na = 0: CO 9 kha nang cho n,, 8 cho 02- Do do c6 9. 8 = 72 kha nSng. 
Xet r\3 e {2,4,6,8}: c6 8 kha nSng cho ni, 8 cho n2, 4 kha nang cho n^. Do do 
CO 8. 8. 4 = 256 kha n§ng . 
Vay c6: 72 + 4.64 = 328 kha nang chpn ra s6 chin n. 

328 
Xac suat cin tim la P = 0,51. 

648 
Bai toan 4. 38: Chpn ngau nhien mot s6 tie nhien gom 5 chO' s6 khac nhau. 

Tinh xac suit dl du'p'c mot so chia hit cho 9 va c6 mat chu' s6 9. 
Hu'O'ng din giai 

Chpn ngiu nhien mot s6 ty nhien g6m 5 chu so khac nhau thi khong gian 

mlu CO 9.A^ =27216 phin tu. 
Gpi n = n^njngn^n^ la s6 t i ^ nhien gim 5 chu' sp khac nhau chia hit cho 9 

va CO mat chO s6 9. 
Dat S = ni + nj + n 3 +n4 +n5 thi 

9 + 0 +1 +2+ 3 < S < 9 + 8+ 7+ 6 +5 ̂  15 < S < 35 

Vi n = n^ngPgn^n^ chia hit cho 9 nen S chia hit cho 9 do do 

S= 18 hay S = 27. 
- XetS = 18 thic6 3nh6m: {0;1 ;2;6;9}, {0;1 ;3;5;9} va {0;2;3;4;9}. 
- Xet S = 27 thi c6 10 nhom: {0;3,7;8;9}, {0;4;6;8;9}, {1;2;7;8;9}, {1;3;6;8;9}, 

{1 ;4;5;8;9}, {1 ;4;6;7;9}, {2;3;6;7;9}, {2;4;5;7;9}, {3;4;5;6;9} va {0;5;6;7;9} 
Trong 13 nhom c6 6 nhom c6 chO so 0 nen c6 13.5! - 6.4! = 1416 s6. 

Vay xac suit cIn tim la P = -111̂  = 5 % . 
27256 

Bai toan 4. 39: Co 5 doan thing c6 dp dai 1, 2, 3, 4, 5 (cm). L ly ngau nhien 3 
dogn, tim xac suit dl 3 doan nay lam 3 canh cua 1 tam giac. 

Hu'O'ng din giai 
Ti> 5 doan l ly ra 3 doan thi khong gian mau c6: C^ = 10 phIn tu-

Ba doan a < b < c l l y ra tao thanh tam giac khi a + b > c. Do do chi c6 3 kha 
nang chpn doan la {2,3,4}, {2,4,5} va {3,4,5}. 

3 
Vay xac suit cIn tim: P(A) = — . 

Bai toan 4. 40: Moi d l thi c6 5 cau du'p'c chpn ra tie 100 cau c6 sin. Mot hpc 
sinh hpc thupc 80 cau, Tim xac suit de hpc sinh do rut ngau nhien ra 1 dl 
thi CO 4 cau d§ hpc thupc. 

Hipang din giai 

Co Cfoo each l§p de thi gom 5 cau hoi. 

110 

C6 Cgo c^ch chpn ra 4 cau da hoc thudc v^ c6 each chpn ra 1 cau cbn 

Igi tu- 20 cau khong hpc thupc. Vay xac suit: 

P(A) = 
C ,̂.C ,̂ ^ 395395 

941094 
^100 

« 42%. 

Bai toan 4. 41: Cho bat giac diu npi t i lp trong 1 du'ang tron. Chpn ngau nhien 
ra 2 dinh, tim xac suit d l 2 dinh do nl i thanh du'ang cheo c6 dp dai be nhlt. 

Hu'O'ng din giai 

Co Cg. = 28 each chpn 2 dinh tuy y tu' 8 dinh cua bat giac dIu. ' 

Du-ong cheo ngin nhlt la duang n l i 2 
dinh g in nhlt khong lien t i lp chinh la 
cgnh cua hinh vuong npi t i lp. Vi c6 2 
hinh vuong npi t i lp nhu- t h i nen c6 8 
canh la 9 du-ang cheo ngIn nhlt. 

8 2 
Vay xac suit: P = — = - ~ 29%. 

28 7 
Bai toan 4. 42: Mpt bang vuong n x n 6 vuong. Chpn ngau nhien mpt 6 hinh 

chu" nhat, tinh xac suit d l 6 hinh du-gc chpn la hinh vuong. 
Hu'O'ng din giai 

Hinh chO nhat tao bai mpt canh ngang va mpt canh dpc. 
Vi CO n 6 vuong nen c6 n+1 di lm bien, cu' 2 di lm thi chpn du'p'c mpt canh 
nen cc Ĉ ^̂  each chpn canh ngang, va c6 Ĉ ^̂  each chpn canh dpc. Vay 

2 _ n^{n + ^f s ih inh chC^nhatla C^ ..C" = 
n+1 n+1 ^ 

Ta CO so 
hinh vuong canh 1 c6 n.n hinh 
hinh vuong canh 2 c6 (n- l ) . (n- l ) hinh 
hinh vuong canh 3 c6 (n-2).(n-2) hinh 

hinh vuong canh n c6 1.1 hinh 

Vay t ing cpng c6 f + 2^ +... + n^ = +' ')(^" + "I) hinh vuong. 
6 

Do do xac suit d l hinh du-gc chpn la hinh vuong: 

p _ n(n + 1)(2n +1). n^(n +1)^ _ 2(2n +1) 
6 4 3n(n +1) ' 

Bai toan 4. 43: Cho 1 hinh lap phu'ang c6 6 m|t sen m^u. Ta chia thanh 
10x10x10 = 1000 khii lap phu'ang nho nhu' nhau. Lly ra 1 khi i nho, tim xac 
suit d l : 
a) Co 2 m0t son mau. b) Khong c6 mat nao du'gc son. 
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328 
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648 
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Hu'd-ng dSn giai 
a) Khong gian mSu c6 1.000 p h i n ti> (chia c i t 

10.10.10 p h i n tu- deu nhau 3 m$t). 
y CO 8 kh6i a 8 dinh c6 3 m§t du-gc san. 

Kh6i nho c6 2 m$t san mau n i m dpc 
theo m6i canh tru- 2 kh6i dinh. Ta c6 khoi lap 
phu-ang c6 12 canh 
Do do CO (10 - 2) X 12 = 96 kh6i nho c6 2 mat 
san mau. 

/ 
y 

/ 
/ 

y^y xac su i t : P(A) = 
96 

1000 
= 0,096 

b) Kh6i lu'Q'ng khong c6 mat n^o du'P'c san nen thupc kh6i rupt. 
Do do GO: (10 - 2) . (10 - 2 ) . (10 - 2) = 8^ = 512 kh6i 

Vay xac su i t : P(B) = 
512 

1000 
= 0,512 

Bai t oan 4. 44: Co 9 em hpc sinh cung di mpt chuy in tau. Moi em chpn tuy y 
va ngau nhien mpt trong 3 toa tau da djnh. T im xac s u i t d l cua cac bien c6: 
a) Toa d i u c6 3 em 
b) Mpt tpa CO 4 em, mpt tpa nOa cc 3 em va toa ccn lai C P 2 em 

Hu'd-ng d i n gia i 
Khpng gian m l u c6 3® = 19683 p h i n tu". 

a) Trong 9 ban ta chpn du'P'c Cgtap hp'p 3 ban. Mat khac, CLP 3 ban len toa dau 

thi 6 ban con lai c6 t i t ca 2® each len 2 toa sau, vi day la mpt s y chpn 6 l l n 
CO hoan lai d6i va i tap hp'p 2 y4u t6 la 2 tpa sau. Nhu" vay s6 k§t eye thuan 
Ip'i cho viec 3 ban len toa d I u la 

C ^ 2^ = 5376. Vay xac s u i t phai tim 1^: = = . 
^ 19683 6561 

b) Tu-ang t y nhu- tren ta c6 xac s u i t d l cho 4 ban len toa d I u , 3 bgn len toa 
Q4 Q3 Q2 .J 

thCr hai va hai ban len toa thu- 3 la: ^' ^' ^ = . 
19683 2187 

Mat khac theo d I u bai ta c6 thS hoan vj so thup tt^ ba toa cho nhau nen xac 
s u i t d l cho mpt trong 3 toa c6 4 ban, mpt trpng hai toa con lai c6 3 Dan va 

280 
toa cuoi cung c6 2 ban la: P3 = 

729 
Bai toan 4. 45: Chpn ngau nhien mpt ve xp s6 cc 5 chu- s6 tir 0 den 9. Tinh 

xac s u i t d l s6 tren ve khong c6 chu' s6 1 hogc khong c6 chu" s6 5. 
Hifang d i n giai 

Gpi A Id b i l n c6 "kh6ng c6 chu' s6 1", B la b i l n c6 "khcng c6 chu- s6 5". 
Ta C P : P(A) = P(B) = (0,9)^ vd P(AB) = 0,8)^ 

112 

m N§n: P(A ^B) = P(A) + P(B) - P(AB) 
= 2(0,9)* - (0,8)* = 0,8533. 

Bai toan 4. 46: Ba k h i u sung dpc l |p b i n vdo 1 myc tieu. x^c s u i t b i n trung 
cua k.1 id 0,7, cua k.2 Id 0,8 vd cua k.3 Id 0,5. M6i k h I u bdn 1 vien, t im xac 
s u i t d l : 
a) C6 1 k h I u b i n trung b) C6 ft n h i t 1 k h I u b i n trung 

Hipang d i n giai ^ 
Go! Ai Id b i l n c6 k h I u thiF i b i n trung mgc tieu, i = 1,2,3. ^. " 
Xac sudt de c6 1 khau bdn trung Id: ^ . ^ 

P = P(Ai) .P(A2).P(A3) + P(Ai).P(A2).P(A3) + P(Ai).P(A2).P(A3) ' 
= 0,7.0,2.0,5 + 0,3.0,8.0,5 + 0,3.0.2.0,5 = 0,22 

b) Ta giai theo b i l n c6 d6i 

P(A) = P ( A i ) . P ( A 2 ) . P ( A 3 ) = 0 , 3 . 0 , 2 . 0 , 5 = 0,03 V 

Vay:P(A) = 1 - P ( A ) = 0,97. 
Bai toan 4. 47: Mpt cau lac bp tru-ang hpc c6 50% hpc sinh chai b6ng da; 70% 

hpc sinh chai bong bdn; 60% hpc sinh chai bong c h u y i n ; 30% hpc sinh 
chai bong da vd chai bong ban; 40% hpc sinh chai bcng ban va chai bong 
chuy in ; 20% hpc sinh chai bong da vd chai bong chuyen; 10% hpc sinh 
chai ca ba loai. Chpn ngdu nhien mpt hpc sinh, t inh xac s u i t de em do: 
a) chai bong da hoac chai bong chuy in . 
b) chai it nh I t mpt trpng ba Ipai tren. 
c) chai dung hai trong ba loai tren. pntvr, 

Hira'ng d i n giai 
Gpi A la b i l n c6 "Em dc chai bcng da ", B la b i l n c6 "Em do chai b6ng 
bdn", C la b i l n c6 "Em do chai bong chuyen". 
TCP d i l u kien bai ra, ta c6:P(A) = 0,5; P(B) = 0,7; P(C) = 0,6; P(AB) = 0,3; 

P(BC) = 0,4; P(AC) = 0,2 vd P(ABC) = 0,1 

a) Bi ln CO "Em do chai bong dd hodc chai bong chuyen." Id b i ln c6 A u B. 

Ta c6: P(A u B) = P(A) + P(B) - P(AB)= 0,5 + 0,7 - 0,3 = 0,9 
Vdy xac s u i t d l em do chai bong dd hodc chai b6ng chuy in . 
1^ P = 0,9 = 90%. 

b) B i l n c6 "Em do chai it nh I t mpt trong ba logi tr6n" Id A u B u C. Ta c6: 

P(AuBuC) = P(A)+P(B)+P(C)-P(AB)-P(BC)-P(AC)+P(ABC) 
= 0,5 + 0,7 + 0,6 - 0,3 - 0,4 - 0,2 + 0,1 = 1. 

Vdy xdc s u i t d l em d6 chai it nh I t mpt trong ba loai tren Id P = 1 . 
^) Gpi H la b i l n c6 "Em dc chai dung hai trong ba logi tren" thi 

_ _ _ • ft'' 
H = A B C u A B C u A B C . 

Theo quy t i c cpng: P(H) = P ( A B C ) + P ( A B C ) + P( A BC) 

113 
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Ta c6: AB = ABC ABC. 

Theo quy tSc cOng x^c suit: P(AB) = P(ABC) + P(ABC) 

Suy ra: P(ABC) = P(AB) - P(ABC) = 0,3 - 0,1 = 0,2 

Tu-ang tu-: P(ABC) = P(AC) - P(ABC) = 0,2 - 0,1 = 0,1 

P(ABC) = P(BC)-P(ABC) = 0 ,4 -0 ,1 =0,3 

NenP(H) = 0,2+ 0,1+0,3 = 0,6. 
Vay x^c suat d l em 66 chai dung hai trong ba logi tren la 0,6 = 60% 

Bai toan 4. 48: Xet sa do mang di^n c6 6 c6ng t§c khac nhau, trong do moi 
cong t i c CO 2 trang thai d6ng ma. 

A . . . B 

Tinh xac sui t d l mgng di^n thong mgch tu' P den Q? 
Hu^ng din giai 

Moi cSch d6ng - ma 6 c6ng t i c cua mang di^n dugc goi 1^ mOt trgng th^i 
cua mgng di$n. Theo quy t i c nhan, mgng di$n c6 2^ = 64 trgng thai, 
Trub-c het, ta tim c6 bao nhieu trgng thai khong thong mach tCrc la khong c6 
dong di#n di qua. Mach gom hai nhanh A ^ B va C ^ D. Trgng thai 
khong thong mgch xay ra khi chi khi ca hai nhSnh A -» B C ^ D deu 
khong thong mach. 
Vi nh^nh A B c6 8 trang th^i trong d6 chi c6 duy nhat mpt trang thai 
thong m?ch, con lai c6 7 trgng thai khong thong mgch. Tuang ty a nhanh C 
-> D CO 7 trang thai khdng thong mach. ; 
Theo quy t i c nhan, ta c6 7.7 = 49 trang thai m^ ca A ^ B va C -> D d4u 
khdng thong mgch. 
Nen mang di$n c6 64 - 49 = 15 trgng thai thong m?ch tu' P tai Q. 

V|y x^c sui t de mgng di^n thong mach la P = ^ » 23 %. 
64 

Bai toan 4. 49: C6 5 linh ki^n di?n tu- x^c suit hong tgi 1 thai di§m la 0,01; 
0,02; 0,02; 0,01 0,04 tuang u-ng. Tim xac sui t de c6 dong di^n chgy qua 
theo d?ng mgch sau: 
a) Mgch m ic n6i tilp 
b) Mgch mIc song song 

114 

Hu^ng din gidl 

a) Goi Ai la bien c6 linh kien thu- i t6t: i = 1,2,3,4,5 ^ '̂ '''•'̂ ^•^ 
A la bien c6 dong dien chay qua theo ki§u mIc n6i t i lp thi: 
A = A1A2A3A4A5. Vi cac bi ln c6 Aj dpc lap nen: - . , 
P(A) = P(Ai) . P(A2) . P(A3) . P(A4). P(A5) 

= (1-0,01) (1-0,02) (1-0,02) (1-0,01) (1-0,04) « 0,904 , ;, 
Vay xac sui t de c6 dong dien chay qua mach mIc n6i tiep la P(A) * 0,904. 

b) Goi B la bi ln c6 dong dien chay qua mach mIc song song thi B la bi ln c6 
ca 5 linh ki^n bi hong: B = A^A^A^A^A^ 

Ta c6: P(B) = 1 - P(B) = 1-P(A^)P(A2)P(A3)P(A,)P(A5) ^ 

Vay xac sui t d l c6 dong di?n chay qua mach mIc song song la 
P(B) * 0,999999998. 

Bai toan 4. 50: Bo ngau nhien 4 la thu khac nhau vao 4 phong bi ghi s in dia 
chi khac nhau. Tim xac suit d l c6 it nhit 1 Id thu- d in dung nguai nhgn. 

Hu'O'ng din giai 
So each bo nglu nhien 4 la thu- vao 4 phong bi Id 4!. 
Ta ky hieu (1;3;2;4) la la thu- 1 bo vdo phong bi 1, Id thu- 3 bo vao phong bi 
2, la thu 2 bo vdo phong bi 3 va la thu 4 bo vdo phong bi 4. 

Be CO it nhIt 1 la thu den dung nguai nhan ta xet cac truang hap: 
1 la thu d in dung nguai nhan: n lu la thu 1 dung nguai nhan thi c6 2 kha 
ndng (1 ;3;4;2), (1 ;4;2;3), do do c6 2. 4 = 8 kha ndng. 

- 2 la thu d in dung nguai nhan: c6 = 6 kha ndng. 

~ 3 la thu d i n dung nguai nhgn: khong xay ra 
~ 4 la thu den dung ngue^i nhan: (1;2;3;4) c6 1 kha nang. 

'-•o do t6ng cpng c6 c6 15 kha nang. Vgy xdc sui t de c6 it nhIt 1 la thu d in 

dung nguai nhan la P= — = 
24 8 

ai toan 4. 51: Bo ngau nhi§n n Id thu khdc nhau vao n phong bi ghi s in dia 
chi khac n'-^u Tim xac suit d l c6 ft nhIt 1 Id thu den dung nguai nhan. 

1 1 « 
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A . . . B 
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WtrQng drSmh61 cfi/dng hoc Sinn giUl man loan i i - la nounn mu ~ 
Himng d i n giai 

Goi Aj Id bien c6 Id thu- j den dung ngu-ai nhgn, j = 1,2,...,n. 
Vd A Id bien c6 c6 it n h i t 1 Id t h u den dung ngu-ai nhan thi: 
A = A i U A2 1^ A 3 U ... U An 

Ta c6: 

P(A) = XP ( A i)-lP ( A , n Aj) + X ^\)'* (-1)"-\P(nAj) 

i<j i<j<k 

_ ^ Q2 "I ^ Q3 1 4<-1)"~^ — 

"•n(n-1) "•n(n-1)(n-2) " n! 
= 1 _ l + l _ . . . + ( - 1 ) n - \ l . 

2! 3! n! 
Bai toan 4. 52: Trong mOt tr6 chai di$n ti>, xdc sudt d § game thu t h i n g trong 

mpt trdn la 0,4 (khong c6 hoa). Hoi phai chai t6i t h i § u bao nhieu tran de xac 
sudt thdng it nhdt mpt tran trong loat chai do Ib-n han 0,95? 

Hu'O'ng d i n giai 
Gpi n la s6 tran ma game thu thi/c hien 
Gpi A la bien c6 "Thing it nhdt mpt tran trong loat chai n trgn". 

^ A la bi4n CO thua ca n tr$n thi P ( A ) = (0,6)" 

Do d6: P(A) = 1 - (0,6)" 
Ta cdn t im so nguyen d u a n g n nho nhat thoa man: 
P(A) > 0,95 tLPC la 0,05 > (0,6)" 
Vi (0,6)^ ~ 0,078 ; (0,06)^ « 0,047 nSn n nho nhdt la 6. 
Vgy game thu phai chai toi t h i l u 6 trgn. 

Bai toan 4. 53: Co mpt tro chai x6 s6 n h u sau: T u 90 s6 Ban t6 chupc chpn 
n g i u nhien 5 so. Ngu-ai chai d u g c quyen ddt tien cho mpt so bat ki hay cho 
mpt nhom so. N § u tdt ca cac s6 n g u a i chai viet ndm trong 5 s6 cua Ban to 
chLPC thi ngu-ai chai t h i n g s6 t i § n b i n g 15 Idn s6 tien ddt neu ngu-ai chai 
v i § t mpt so; b I n g 270 l l n n § u ngu-ai chai viet hai so; b I n g 5500 l l n neu 
ngu-b-i chai viet ba so; b I n g 75000 Ian neu ngu-ai chai viet bon so; b I n g 
1000000 Idn n6u anh ta viet ndm so. 
T im s6 l l n t h i n g trung binh cua ngu-ai chai khi viet mpt s6, hai s6 ndm 
s6. Gia su- CO 100000 ngu-b-i d^t ti^n viet ba s6. T im xac s u i t sao cho c6 
han 10 ngu-ai t h i n g trong so hp. 

Hirdng d i n giai 
N l u ngu-eri chai vi^t k s6, thi xac s u i t PK sao cho t i t ca cdc so anh ta vi^t 
n i m trong nam s6 cua Ban to chu-c, b I n g : 

r'4 5 1 1 0 3 8 4 3 9 4 9 2 6 8 
Ki hieu Ek Id s6 l l n t h i n g trung binh cua ngu-d-i chai khi vi4t k so vd ddt a 
(J6ng, ta c6: 

Ei = 15a. 
18 

- a .1 = — a 
6 

c 2 9 1 
£ 2 = a » — a , 

89 3 
Vi tat ca < 0, nen ro rdng la tr6 chai x6 s6 ndy khong c6 ip-i cho ngu-b-i 
chai du v i § t m i y so. Xdc s u i t sao cho cb han 10 ngu-b-i t h i n g trong so 
nhOng ngu-b-i viet 3 so b I n g « 0,24. 

Bai toan 4. 5 4 : Hai d i u thu A vd B thi d i u trong mpt giai cb- vua. Ngu-b-i t h i n g 
mpt van du-p-c mpt diem vd khong cb vdn hod. Xac s u i t t h i n g mpt vdn cua 
d i u thu A la a vd cua B Id p. Ai han d6i thu hai diem thi t h i n g giai. Tinh xac 
s u i t t h i n g giai cua moi d i u thu. 

Htpang d i n giai " 
Gia su- a > p. Ki hi#u Pn(A) Id xdc s u i t t h i n g giai cua A sau n vdn; A i vd Bi 
Id cdc b i l n so tu-ang Cpng A vd B t h i n g vdn d i u tien. Khi db: 

Pn(A) = P(Ai)Pn-i(A/Ai) + P(Bi)Pn-i(A/Bi) = 

= a.Pn-i(A/Ai) + pPn-i(A/Bi) (*) 
Trong do Pn-i(A/Ai) Id xdc s u i t A t h i n g giai sau n - 1 vdn cbn Igi, khi A da 
t h i n g van dau tien; Pn-i(A/Bi) Id xdc s u i t A t h i n g giai sau n - 1 vdn cbn lai, 
khi B dd t h i n g vdn d i u tien. 
X6t n > 2. D l A t h i n g giai sau n - 1 vdn cbn lai, khi A dd t h i n g vdn dau, thi B 
phai t h i n g van thu- hai, nghTa Id: 

Pn-i(A/Ai) = P(Bi)Pn-2(A) = pPn_2(A) ^ 

Tu-ang t i^: Pn-i(A/Bi) = P(Ai)Pn-2(A) = aPn-2(A) 

Tu- db vd (*) ta cb Pn(A) = 2apPn-2(A), vd suy ra: 'J'^ 

P4(A) = 2aPa2 P2n(A) = la^r'a^ " ' ^ 
Khi n = 2 ta cb P2(A) = ' 

Vi khong cb vdn hod ndn a + p = 1, do db xdc s u i t t h i n g giai cua A Id: 

P ( A ) = l P 2 k ( A ) = a= 
k=1 

1 + 2 a p + (2ap)2 +. 

a a 
1 - 2 a p a^ + ps 

Bai t o a n 4. 55: Cb hai chi4c hOp chii-a bi. HOp thu- n h i t chii-a 4 vien bi do vd 3 
vi6n bi t r i n g , hpp thu- hai chil-a 2 vien bi do vd 4 vien bi t r i n g . L l y ngau nhien 
tu- moi hpp ra 1 vi6n bi, tinh xdc s u i t d l 2 vien bi du-gc l l y ra cb ci jng mdu. 
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Goi Aj Id bien c6 Id thu- j den dung ngu-ai nhgn, j = 1,2,...,n. 
Vd A Id bien c6 c6 it n h i t 1 Id t h u den dung ngu-ai nhan thi: 
A = A i U A2 1^ A 3 U ... U An 

Ta c6: 

P(A) = XP ( A i)-lP ( A , n Aj) + X ^\)'* (-1)"-\P(nAj) 

i<j i<j<k 

_ ^ Q2 "I ^ Q3 1 4<-1)"~^ — 

"•n(n-1) "•n(n-1)(n-2) " n! 
= 1 _ l + l _ . . . + ( - 1 ) n - \ l . 

2! 3! n! 
Bai toan 4. 52: Trong mOt tr6 chai di$n ti>, xdc sudt d § game thu t h i n g trong 

mpt trdn la 0,4 (khong c6 hoa). Hoi phai chai t6i t h i § u bao nhieu tran de xac 
sudt thdng it nhdt mpt tran trong loat chai do Ib-n han 0,95? 

Hu'O'ng d i n giai 
Gpi n la s6 tran ma game thu thi/c hien 
Gpi A la bien c6 "Thing it nhdt mpt tran trong loat chai n trgn". 

^ A la bi4n CO thua ca n tr$n thi P ( A ) = (0,6)" 

Do d6: P(A) = 1 - (0,6)" 
Ta cdn t im so nguyen d u a n g n nho nhat thoa man: 
P(A) > 0,95 tLPC la 0,05 > (0,6)" 
Vi (0,6)^ ~ 0,078 ; (0,06)^ « 0,047 nSn n nho nhdt la 6. 
Vgy game thu phai chai toi t h i l u 6 trgn. 

Bai toan 4. 53: Co mpt tro chai x6 s6 n h u sau: T u 90 s6 Ban t6 chupc chpn 
n g i u nhien 5 so. Ngu-ai chai d u g c quyen ddt tien cho mpt so bat ki hay cho 
mpt nhom so. N § u tdt ca cac s6 n g u a i chai viet ndm trong 5 s6 cua Ban to 
chLPC thi ngu-ai chai t h i n g s6 t i § n b i n g 15 Idn s6 tien ddt neu ngu-ai chai 
v i § t mpt so; b I n g 270 l l n n § u ngu-ai chai viet hai so; b I n g 5500 l l n neu 
ngu-b-i chai viet ba so; b I n g 75000 Ian neu ngu-ai chai viet bon so; b I n g 
1000000 Idn n6u anh ta viet ndm so. 
T im s6 l l n t h i n g trung binh cua ngu-ai chai khi viet mpt s6, hai s6 ndm 
s6. Gia su- CO 100000 ngu-b-i d^t ti^n viet ba s6. T im xac s u i t sao cho c6 
han 10 ngu-ai t h i n g trong so hp. 

Hirdng d i n giai 
N l u ngu-eri chai vi^t k s6, thi xac s u i t PK sao cho t i t ca cdc so anh ta vi^t 
n i m trong nam s6 cua Ban to chu-c, b I n g : 

r'4 5 1 1 0 3 8 4 3 9 4 9 2 6 8 
Ki hieu Ek Id s6 l l n t h i n g trung binh cua ngu-d-i chai khi vi4t k so vd ddt a 
(J6ng, ta c6: 

Ei = 15a. 
18 

- a .1 = — a 
6 

c 2 9 1 
£ 2 = a » — a , 

89 3 
Vi tat ca < 0, nen ro rdng la tr6 chai x6 s6 ndy khong c6 ip-i cho ngu-b-i 
chai du v i § t m i y so. Xdc s u i t sao cho cb han 10 ngu-b-i t h i n g trong so 
nhOng ngu-b-i viet 3 so b I n g « 0,24. 

Bai toan 4. 5 4 : Hai d i u thu A vd B thi d i u trong mpt giai cb- vua. Ngu-b-i t h i n g 
mpt van du-p-c mpt diem vd khong cb vdn hod. Xac s u i t t h i n g mpt vdn cua 
d i u thu A la a vd cua B Id p. Ai han d6i thu hai diem thi t h i n g giai. Tinh xac 
s u i t t h i n g giai cua moi d i u thu. 

Htpang d i n giai " 
Gia su- a > p. Ki hi#u Pn(A) Id xdc s u i t t h i n g giai cua A sau n vdn; A i vd Bi 
Id cdc b i l n so tu-ang Cpng A vd B t h i n g vdn d i u tien. Khi db: 

Pn(A) = P(Ai)Pn-i(A/Ai) + P(Bi)Pn-i(A/Bi) = 

= a.Pn-i(A/Ai) + pPn-i(A/Bi) (*) 
Trong do Pn-i(A/Ai) Id xdc s u i t A t h i n g giai sau n - 1 vdn cbn Igi, khi A da 
t h i n g van dau tien; Pn-i(A/Bi) Id xdc s u i t A t h i n g giai sau n - 1 vdn cbn lai, 
khi B dd t h i n g vdn d i u tien. 
X6t n > 2. D l A t h i n g giai sau n - 1 vdn cbn lai, khi A dd t h i n g vdn dau, thi B 
phai t h i n g van thu- hai, nghTa Id: 

Pn-i(A/Ai) = P(Bi)Pn-2(A) = pPn_2(A) ^ 

Tu-ang t i^: Pn-i(A/Bi) = P(Ai)Pn-2(A) = aPn-2(A) 

Tu- db vd (*) ta cb Pn(A) = 2apPn-2(A), vd suy ra: 'J'^ 

P4(A) = 2aPa2 P2n(A) = la^r'a^ " ' ^ 
Khi n = 2 ta cb P2(A) = ' 

Vi khong cb vdn hod ndn a + p = 1, do db xdc s u i t t h i n g giai cua A Id: 

P ( A ) = l P 2 k ( A ) = a= 
k=1 

1 + 2 a p + (2ap)2 +. 

a a 
1 - 2 a p a^ + ps 

Bai t o a n 4. 55: Cb hai chi4c hOp chii-a bi. HOp thu- n h i t chii-a 4 vien bi do vd 3 
vi6n bi t r i n g , hpp thu- hai chil-a 2 vien bi do vd 4 vien bi t r i n g . L l y ngau nhien 
tu- moi hpp ra 1 vi6n bi, tinh xdc s u i t d l 2 vien bi du-gc l l y ra cb ci jng mdu. 



10 trQng diem hoi ciUdng hoc sinh gidi m<5n Todn 11 - ue noannVn^ 

HiPO'ng din giai 
4 2 4 

X^c suSt 2 vien bi du-gc lly ra cung la bi do 1̂  : - • - = • 7 6 21 
3 4 2 

XSc suit de 2 vien bi duoc lay ra cung la bi trSng la : - • - = -
7 6 7 

Xac suit d§ 2 vien bi du-p'c lly ra c6 cung mau la : +1 = ^ ° 21 7 21 
Bai toan 4. 56: Gpi S la tap hp-p t i t ca so ty nhien gom ba chu s6 phan biet 

du'P'c chpn tCf cac s6 1; 2; 3; 4; 5; 6; 7. Xac djnh so phan ti i cua S. Chpn 
ngau nhien mpt s6 tu- S, tinh x^c suit d§ s6 du-p-c chpn la s6 chin. 

HiPO'ng din giai 
S6 each gpi s6 ty nhien gom 3 chu- so phan bi^t la: 5.6.7=210 
Vay s6 phlntu'SIS210. 
S6 each gpi so ty nhi§n g6m 3 chu' so phan bi$t Id so chin: 

3.6.5= 90 . 
V$y xac suit d l chpn 3 so ty nhien phan bipt la so chin tu" 7 s6 da cho Id: 

90 3 P = 
210 7 

3. B A I L U Y E W T A P 

Bai t|p 4 . 1 : Co bao nhieu s6 ty nhien khac nhau, b6 han 10 000 du'P'c tao ra 
tCr cacchO s6 0, 1, 2, 3, 4. 

Hifong din 
Chu y c6 chu- s6 0. Ket qua 625 s6 

Bai t|p 4. 2: Co bao nhieu so ty nhien gom 6 chu" s6 doi 1 khdc nhau trong do 
CO m|t s6 0 nhu-ng khdng c6 chu" s6 1. 

Hipang din 
Xet cac chu- so 0;2;3;4;5;6;7;8 vd 9.Ket qua 33 600 so 

Bai t?p 4. 3: Mpt bdn ddi c6 2 diy ghe doi di$n nhau. C6 bao nhieu cdch xep n 
hpc sinh lap A va n hpc sinh lap B md 2 hpc sinh doi dipn nhau khdc Idp va 
hai hpc sinh lien tilp cung khdc Ib-p. 

Hyang din 
Lgp sa do 
X Y X Y 
Y X Y X 
Ketqua2.nln 

Bai t?p 4. 4: Mpt t6 bO mon cua mpt tru-d-ng c6 10 gido vien nam vd 15 giao 
vien nO. Co bao nhieu cdch thdnh Igp mpt hOi dong gom 6 uy vien cua to bp 
mon, trong do so uy vidn nam it han so uy viSn nO? 

Cty TNHHMTVDWH Hhang Vl$t 

Hirang din 
X6t cdc tru'ang hap 0 nam va 6 nu-, 1 nam va 5 nu-, 2 nam va 4 x\\s. 
Kit qua 96460 each 

Bai t l p 4. 5: Co n diu - vd m diu +. D#t ehung len 1 hdng sao cho khong eo 
dlu + nao lien nhau. Co bao nhieu each d^t? 

Hu'O'ng din 
Oieu kien n +1 > m. DSt n dlu - trCr thdnh hang thi c6 n - 1 khoang each va 

2 vi tri bien thdnh ra c6 n +1 vj tri e6 the d$t dlu +: 

Ket qua c;;;,. iv ,aftof 

Bai tap 4. 6: Cho n dilm trong d6 c6 m dilm nIm trSn du-dyng thing d vd 
khong c6 3 dilm nao khong cung thupe d ma ehung thing hdng. 
Giasi>n>m>3. 
a) Nli ehung lai thi c6 bao nhieu duang thing? 
b) Noi ehung lai thi c6 bao nhigu tam gidc? ^ %. Q | J 

Hu'O'ng din . r . | i » 
a) Mpt du'ong thing xde djnh bd'i 2 diem M vd N phdn bi?t. 

X6t M, N cung thupe d vd M thupe d eon N khong thupe d. 
K l t q u a C ^ C ^ + 1 ^ 

b) Kl tquaC„3 -C^ 

Bai t?p 4. 7: Phu-ang trinh x + y + z + t = 2014 e6 bao nhigu bS nghipm 
a) (x,y,z,t) nguyen du-ang. b) (x,y,z,t) ty nhien. 

Hirang din Jdn p 
a) Oua v l dim so anh xg hay chpn 2013 vj tri khoang each giQa 2 chu' s6 1 

cua d§y 2014 chCr so 1. Ket qua Ĉ ^̂ g. 

b) 0$t X = x +1, Y = y +1, Z = z +1, T = t +1 thi X,Y,Z,T nguyen du-ang. Kit 
qua Ĉ  
^ ^2017 

Bai tap 4.8: Tu- cae chu' so tu- 0 din 9 Igp ede s6 ty nhi§n e6 3 chu' s6 khae nhau. 
a) Co bao nhieu so. b) Tinh tong ede s6 d6. 

Hu'O'ng din 
a) Kit qua 359 640 

Dung dgng so x = a,.100 + aj.lO + as. 
Bai tap 4. 9: Ba kl thu dy giai ed- dlu v6ng tr6n theo edeh thu-c nhu" sau: dlu 

tien A dlu vai B, ngu'ai thing se dlu vdi C, t i lp theo ngu-ai thing mai 
se dlu vd'i ngu-dyi d§ thua Giai se kit thuc nlu e6 ai d6 thing lien tilp 
hai van. 
3) Tinh xde suit thing cupc cua m6i kl thu neu t i t ea dlu ngang tdi. 
b) Tinh xac suit thing euOe cua m6i ki thu nlu vdn dlu ti6n A thing. 
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HiPO'ng din giai 
4 2 4 
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ngau nhien mpt s6 tu- S, tinh x^c suit d§ s6 du-p-c chpn la s6 chin. 

HiPO'ng din giai 
S6 each gpi s6 ty nhien gom 3 chu- so phan bi^t la: 5.6.7=210 
Vay s6 phlntu'SIS210. 
S6 each gpi so ty nhi§n g6m 3 chu' so phan bi$t Id so chin: 

3.6.5= 90 . 
V$y xac suit d l chpn 3 so ty nhien phan bipt la so chin tu" 7 s6 da cho Id: 

90 3 P = 
210 7 

3. B A I L U Y E W T A P 

Bai t|p 4 . 1 : Co bao nhieu s6 ty nhien khac nhau, b6 han 10 000 du'P'c tao ra 
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Bai t|p 4. 2: Co bao nhieu so ty nhien gom 6 chu" s6 doi 1 khdc nhau trong do 
CO m|t s6 0 nhu-ng khdng c6 chu" s6 1. 

Hipang din 
Xet cac chu- so 0;2;3;4;5;6;7;8 vd 9.Ket qua 33 600 so 

Bai t?p 4. 3: Mpt bdn ddi c6 2 diy ghe doi di$n nhau. C6 bao nhieu cdch xep n 
hpc sinh lap A va n hpc sinh lap B md 2 hpc sinh doi dipn nhau khdc Idp va 
hai hpc sinh lien tilp cung khdc Ib-p. 

Hyang din 
Lgp sa do 
X Y X Y 
Y X Y X 
Ketqua2.nln 

Bai t?p 4. 4: Mpt t6 bO mon cua mpt tru-d-ng c6 10 gido vien nam vd 15 giao 
vien nO. Co bao nhieu cdch thdnh Igp mpt hOi dong gom 6 uy vien cua to bp 
mon, trong do so uy vidn nam it han so uy viSn nO? 

Cty TNHHMTVDWH Hhang Vl$t 

Hirang din 
X6t cdc tru'ang hap 0 nam va 6 nu-, 1 nam va 5 nu-, 2 nam va 4 x\\s. 
Kit qua 96460 each 

Bai t l p 4. 5: Co n diu - vd m diu +. D#t ehung len 1 hdng sao cho khong eo 
dlu + nao lien nhau. Co bao nhieu each d^t? 

Hu'O'ng din 
Oieu kien n +1 > m. DSt n dlu - trCr thdnh hang thi c6 n - 1 khoang each va 

2 vi tri bien thdnh ra c6 n +1 vj tri e6 the d$t dlu +: 

Ket qua c;;;,. iv ,aftof 

Bai tap 4. 6: Cho n dilm trong d6 c6 m dilm nIm trSn du-dyng thing d vd 
khong c6 3 dilm nao khong cung thupe d ma ehung thing hdng. 
Giasi>n>m>3. 
a) Nli ehung lai thi c6 bao nhieu duang thing? 
b) Noi ehung lai thi c6 bao nhigu tam gidc? ^ %. Q | J 

Hu'O'ng din . r . | i » 
a) Mpt du'ong thing xde djnh bd'i 2 diem M vd N phdn bi?t. 

X6t M, N cung thupe d vd M thupe d eon N khong thupe d. 
K l t q u a C ^ C ^ + 1 ^ 

b) Kl tquaC„3 -C^ 

Bai t?p 4. 7: Phu-ang trinh x + y + z + t = 2014 e6 bao nhigu bS nghipm 
a) (x,y,z,t) nguyen du-ang. b) (x,y,z,t) ty nhien. 

Hirang din Jdn p 
a) Oua v l dim so anh xg hay chpn 2013 vj tri khoang each giQa 2 chu' s6 1 

cua d§y 2014 chCr so 1. Ket qua Ĉ ^̂ g. 
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3) Tinh xde suit thing cupc cua m6i kl thu neu t i t ea dlu ngang tdi. 
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Hu'ang din 
5 5 4 

b) K i tqua 5ft • u ;̂t: 

Bai tap 4. 10: IVIpt lioan vi {Xi, Xa Xan} cua tap hgp {1, 2,...,2n} du-p-c gpi la 
CO tinh chi t P, trong d6 n Id mpt so nguyen duang, n4u IX; - Xj+i I = n vol it 
nhit mot i thupc {1, 2 2n-1}. 
Chipng minh r ing vdi moi n, s6 cdc hOcin vj c6 tinh chi t P Idn han so cac 
hoan vi khong c6 tinh chi t d6. 

Hu'O'ng din 
L#p anh xg f tCr tSp khong c6 tinh chi t P vdo t|p c6 tinh chi t P. 

Chii-ng minh f khong toan dnh ho$c chu'ng minh: IAI > (2n)! 

Bai t i p 4 . 1 1 : Gpi S Id t|p hp'p t i t ca cdc n-bO ( X i , X j Xn) vb-i m6i Xi Id mpt 
tdp con cua t$p {1 , 2,...,1998}. Vdi mpi k thupc S (tupc la k la mpt n-bp nhu 
tren), ta gpi f(k) Id s6 t i t ca cdc phin tu" trong hOi cua n tap hp'p cua k. Tim 
t6ng t i t ca cdc f(k) khi k chgy trong khip S. 

Hirang din 
Ket qua X| Id mpt tdp con cua tgp {1, 2, 3 m} thi tong can tinh Id s(n, m) 

Bai tap 4. 12: Cho S = {1 , 2, 3...,280}. Tim so t i / nhien n nho nhat sao cho 
mpi tap hp'p con g6m n phIn ti> cua S deu chii-a 5 s6 doi mpt nguyen t6 
cung nhau. 

Hipang din 
Ki t qua n = 217 

Cty TNHHMTVDWH Hhang !//( 

Ciiuren aS J: CAC DAI LITONG TO HOP Vn 
NHI THITC NCUITON 

1. K I ^ N T H U C T R O N G T A M 

Cac dai iiPO'ng to ho-p A, P, C: DFG 
Giai thu-a: n! = 1.2.3...(n-1).n va 0! = 1 
S6 hoan vi n phIn tu" cua 1 tap: Pn = n! 

S6 chinh hp'p chap k cua 1 tgp c6 n phIn tu': = 

6 to hp'p chip k cua 1 tap c6 n phIn tii: = 

n! 
( n - k ) ! 

n! 

• -in flrit:!^; • -

Q>iu(; 

k ! (n-k ) ! 
Cac h ing d i n g thipc (tarn giac sd Pascal) 
(a + b)° = 1 
(a + b)^ = a + b 
(a + b)^ = a^ + 2ab + b^ 
(a + b)^ =a^+ 3a^b + 3ab^ + b^ 
{a+ b)^ = a^t 4a^b+ 6a^b^ + 4ab^ + b" 
(a+ b)^ = a^ + Sa^b + 10a^b^+ 10aV + 5ab^ + b^... 
Nhj thipc Newton( Niuto-n) 

(a + b)"= J cy-^'b'' = C°a" + cy-'b +... + C;;-^ab"-^ + cy 
k=0 

K i t q u a : ( i +x)" = xc;;.x^ =c°+c;;x+...+c;;.x" 
k=0 

(a - b)" = [a + (-b)]" = X cy-\-bt = 2; (-1)'C>"-'b' 
k=0 k=0 

C ° + C U C ^ + . . . 4 C " =2" ; C ° - C U c 2 - . . . + (-1)".C"=0 
n n n n ' n n n ^ ' n 

Chu y; 
1) = , A;; = C^.P,, + c;;̂ ^ = C^- ( Pascal), 

:/3 „ 

2) Khai tr i ln t6ng quat ^ a, = ^ 
J "r"2 

V6i tong I l ly theo ni + nz + ... + n^ = n 

n! •a> " 2 . . .a> ? S « f n c : 
n InJ . . .n_! i 2 

1̂ 3 x: y^'-
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3) He s6 cua x" trong khai then cua tich: B(x). Q(x) la t6ng cac h? so sau khi 
phSn tich d^y du (nlu c6) dang: 

^ k ^ ^ k ^ 1 ^ ^ k - 2 ^ 2 ^ ^ ^ O ^ k 

4) T6ng c^c h$ s6 sau khai then Id P(1) 

Tong cdc h$ s6 theo luy thCfa le : ^ ^ " ^ ^ ^ 

Tong cac h$ s6 theo luy thi>a chin : ^ ^ ^ ^ ^ ' " ^ 

5) Danh gia cac h$ so: so sdnh lign t i lp cdc he s6 ak vd ak+i 
6) Cac hu-^ng gia! todn v4 h$ thu-c t6 hgp: 
- Dung cong thtpc, tinh gpn, dung quy nap 
- D e m bing 2 each khac nhau 
- Chpn gid trj cdp so a, b cua nhi thii-c. D l khi> cdc t6 hp'p chap le hay 

chin thi ta chpn 2 gia trj x d6i nhau r6i cpng hay tru' hai h? thtpc. 
- So sdnh dong nhat (1 + x ) " . (1 + x)'" = (1 + x)"*"" 
- Dgo ham: m6i d p dgo hdm cua 2 ve vd chpn gia trj cua x cho ta mpt h$ 

thu-c to hp-p. 

(1 +x ) "= C ° + C > + CV+... + C y + ... + C"x" 
* ' n n n n n 

=> n(1 + X) " - ' = C +2C^x+...4kC \x '" ' +... + nC"x"- ' 
^ ' n n n n 

^ n(n-1)(1+x)"-2 = 1.2.C^+2.3C^x+... + n(n-1)C;;.x"-2 

^ n(n-1)(n-2)(1+x)'^ = 1.2.3.C^ + 2.3.4C*+...4n(n-1)(n-2)C;;J<"-^ ... 

C6 khi ta nhan chia biln x, x^,... Vcio 2 v4 truac khi dgo hdm de tgo h? thupc m6i. 

2 . C A C B A I T O A N 

Bai toan 5 . 1 : Giai cac phu-o-ng trinh: 

m H m - 1 ) ! ^ 1 b ) - ^ = 210 
(m + 1)! 6 A;; : ; .P3 

Hu'O'ng d i n giai 
a) Oieu ki^n m nguyen du-ang. 

m(m-1) ! - (m-1) ! ^ 1 m - 1 1 
(m-1)l.m.(m + 1) 6 m(m + 1) 6 

< :>6m-6 = m^ + m <::>m^-5m + 6 = 0 
o m = 2 ho^c m = 3. 

b) DK :x e N, x > 4. _ 5 < ± 2 _ = 210 o =210 
A X : : P 3 1 ^ 3. 

3! • 

<:>x.(x+ 1)(x + 2) = 210. 
Vi 210 = 5.6.7 nen suy ra x = 5 (chpn) 

Bai toan 5. 2: Giai cac phu-ang trinh 2 an k, n: 

a) ^ = 240.A^:3^ , b)CS ,=(3nf 

Hiwng d i n giai n)<fr + n}(y • 

a) Oi§u kien 0<k<n .Phu 'ang trinh: 1 ^ ^ = 2 4 0 . , ; . S - n ) ; - X 

« ( n + 3)! (n + 4) (n + 5) = 240(n + 3)1 ' '"^^'VJ^y 
o n^ + 9n - 220 = 0 n = 11 ho$c n = -20 (log!) -J^ g 
\J^\/ nghi^m la (11; k) vai k nguyen, 0 < k < 11 

b) Ta c6: C ,̂ = (3n)^ 

H3n)-c . (^^-^) '(^"-^)(^"L(3n)^ 
n!(2n)! (n - 1)!n(2n - 1)!(2n) 

(3n -2 ) ! ^ (3n)'^-\2n^ ^ ^ 3^-\2n.n^ 

(n-1)!(2n-1)! ~ (3n-1) ^ 3 " " ^ " 3 n - 1 ' ^ j 
: j 

Vi C^;!, 6 Z Vn > 1 nen 3'^-\2n.n^ \) (1) 
Md(3, 3n-1) = 1,(n, 3n-1) = 1 ! 
N e n ( 1 ) x a y r a o 2 n i ( 3 n - 1 ) 
Do do 2n > 3n-1 <=> n < 1 o n = 1 

ThLP Igi c; = 3'* o k = 1. Vay (n; k) = (1; 1). 

Bai toan 5. 3: Giai cac bdt phucng trinh: \

a ) C " : U C " > - A 2 b ) - ^ i ^ < — ^ .^i'J'^ ' 
n.2 2 " (n + 2)! (n-1) l 

Hu'O'ng d i n giai 

a) Di lu kien n nguyen, n > 2. BPT: ^ ^ ^ ^ > ^ . - i l l — 
n!3! 2 (n -2 ) l 

o - 9n^ + 26n + 6 > 0 o n(n^ - 9n + 26) + 6 > 0 : Dung 
Vay nghiem n nguyen, n > 2 

b) Oieu kien n nguyen du-ang. 
(n + 4)! 15 (n + 2)!(n + 3)(n + 4) 15 

< <=> • <• 

+ K 

8 

K ' 

n!(n + 2)! (n-1) l (n - 1)!n(n + 2)! (n-1) ! 
<»(n + 3)(n+ 4) < 15n « . n ^ - 8 n + 1 2 < 0 
<» 2 < n < 6. V$y: n = 3; 4; 5 Mo o£,v s-

1 '^1 
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Vi C^;!, 6 Z Vn > 1 nen 3'^-\2n.n^ \) (1) 
Md(3, 3n-1) = 1,(n, 3n-1) = 1 ! 
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(n + 4)! 15 (n + 2)!(n + 3)(n + 4) 15 

< <=> • <• 

+ K 

8 

K ' 

n!(n + 2)! (n-1) l (n - 1)!n(n + 2)! (n-1) ! 
<»(n + 3)(n+ 4) < 15n « . n ^ - 8 n + 1 2 < 0 
<» 2 < n < 6. V$y: n = 3; 4; 5 Mo o£,v s-

1 '^1 
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Bai toan 5. 4 : : Giai bat phu'ang trinh va i hai I n n, k: 

"̂ "̂ ^ < 6 0 . A ! : i . 
( n - k ) ! 

Hipo'ng d i n giai 
Di§u ki0n n, k nguyen, n > k > 0. B P T bien d6i thanh: 
(n + 5) (n + 4 ) ( n - k + 1 ) < 6 0 
Xet n > 4 thi v6 nghiem. Xet n = 3 thi chpn k = 3 
X6t n = 2 thi chpn k = 2. X6t n = 1 thi chpn k = 0; 1 
Xet n = 0 thi chpn k = 0. 
Vay 5 bp nghi?m (n,k) 1̂ : (0; 0 ) , (1 ; 0 ) , (1; 1), (2 ; 2) (3 ; 3 ) . 

Bai toan 5. 5: Giai c^c h? phu'ang trinh: 

b) — ^ a) 
SA); - 2<Z\ 80 

IHimng d i n giai 

a) Oi§u ki$n x, y nguyen x > y > O.D^t u = AJJ, v = , ta c6 h^ 

2u + 5v = 90 

5u - 2v = 80 

x ! 

u = 20 

v = 10 

( x - y ) ! 

x ! 

= 20 

y ! ( x - y ) ! 
= 10 

x ! = 2 0 ( x - y ) ! 

y ! = 2 

N6n y = 2 x = 5 (thoa mSn). Vay: ^. 
[y = 2 

b) Dieu ki?n x, y nguy§n du-ang 2 < y + 1 < x, ta c6 h$: 

(x + 1)! x ! 

-1 

<=> { 

2 

x + 1 

6y ! ( x + 1 - y ) ! 5 ( y + 1 ) ! ( x - y - 1 ) ! 

(x + 1)! x ! 

6y ! ( x + 1 - y ) ! 2 ( y - 1 ) ! ( x - y + 1)! 

1 

6 ( x - y ) ( x + 1 - y ) 5(y + 1) 

x + 1 1 

6y 2 

Do d6 X + 1 = 3y <=> X = 3y - 1 

The vao ta c6 : y = 3. Vgy nghi^m 
x = 8 

y = 3 

g^l toan 5. 6 ChCpng minh: 

a) = ELJillc;; , v6-i cac s6 ti^ nhi§n 1 < k < n 
" k 

•>r+1 

•I 

3 nhc/. 

) nC^ = (r + 1)C *̂̂  + rC'^, vb-i cac so tu' nhien n > r + 1. 

l-lLPO'ng d i n giai 
01) > 

, _ n! ( k - 1 ) ! ( n - k + 1)! _ n - k + 1 s i '0» ; D 7 0 

a) T a c o — - i^i^^l^^,. ^, - ^ ^ 

V | y : c:;=—^c^^ 

b) Ta c6 nC; , = (n - r + r)C;, = (n - r)C;, + rC;, 1̂  " 

( P _ r ) — - — + r C l = ( r + 1 ) 1̂: + rC' t ; 
^ r ! ( n - r ) ! " ' (r + i)!(n - r - 1 ) ! 

= (r + 1 ) C + r C : , . 

Bai toan 5. 7: Cho cac s6 nguyen du'O'ng k, n. ChCfng minh: 
a) T = (k + 1) (k + 2 ) . . . (k + n) chia h§t cho n!. 
b) (4n)! chia h§t cho 2^".3", 

HifO'ng d i n giai *- C ( 

a) T a c 6 : T = (k + 1 ) ( k + 2 ) . . . ( k + n ) = ( ? i ± ; ^ = i ^ i ; l l . n ! = . C L . n 
k! k!n! 

Vi s6 to hgp la s6 nguyen nen T chia h§t cho n!. 

Ket qua: T ich n s6 nguyen lien ti4p chia h§t cho n! ,j:,;,pi-

n(n+1) ; 2 ; n(n+1)(n+2) I S ; n(n+1) (n+2) (n+3) \
b) Ta CO 2^".3" = 24" = ( 4 ! ) " 

Xet s6 each phan phoi 4n nguai vao n phong, moi phong 4 nguai thi c6 

T = c : . . c : „ 4 . c : „ s . . . c : = ( ^ = - ^ c a c h . 
4n 4n-4 4n-8 4 ^^|^n ^24)" 

Vi so each T la so nguyen nen (4n)! chia h t̂ cho 2^".3". 
Bai toan 5. 8: Chung minh: 

a) t = Vlo((1 +VlO)'°°-(1-Vl0V°°) la s6 tu nhien v^ la boi 20. ^̂ '̂  

b) p h i n nguyen cua u = (2 + Vs)", n nguyen duang 1̂  s6 tu nhien le. 

IHiPO'ng d i n giai 

a) Ta CO t = ViO((1 + VlO)̂ °° - ( 1 - VTo)̂ °°) P ' 
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"5J " V 

= / l O 
100 
2 : C J o o ( > / l O ) ' - Z C ^ o o ( -V^) ' 

,k=0 k=0 
, — ' 1 0 0 , — A , f wo , 

= /̂1o 2Xcfi;J.(VTor^ =Vio 2Xc?-\io'(Vio) 
V i=o > V i=o ^ 

100 

= 20^ C f ; ; \' la s6 t y nhien va la bp! 20. 
i=0 

b) Ta CO u = ((2 + Ts)" + (2 - Vs)") - (2 - Vs)" 

Vi 0<2-V3<1=>0<(2- x/3)" < 1 
Va (2+Vs)"+(2 - N/3)" = ^c;;.2"-^(V3)' + ̂  c;;.2"-\(->/3)' k=0 k=0 

n! 
k ! ( n - k ) ! 

= 2^C^'.2"-2 '.3' Id s6 ty- nhien c h i n 

i=0 

Nen p h i n nguyen [ u ] = (2 + Vi)" + (2 - Vs)" - 1 Id s6 t i^ nhien le. 

Bai toan 5. 9: Chipng minh vai cac s6 nguyen: 

a) C : , + 2 C - U C - ^ = C ^ ^ ^ , 2 < r < n 
b) C ^ + 3 C - U 3 C - ^ + C - ^ = C ^ ^ 3 , 3 < r < n 

HiPO 'ng d i n giai 

Ngoai each chii-ng minh true tiep t u cong thu'c t6 hp'piCj^ = 

dyng he thii-c Pascal: C|; + Cj;*^ = C|;;,̂  nhu- sau: 

a) Ta co: . 20';^ + C^^ = ( c - - ^ C ^ ^ ^ ' - ) 

b) Ta c6: +30^"^ +30'-^ + 
n n n n 

= ( c ^ 2 c ; - U c - ) ^ c - V 2 c - + c - ) 

Bai toan 5 .10 : Chu'ng minh : 

a) c;; = c;;-'̂  v^ i cac s6 t y nhiSn n > k. 

b) + 2.0^:1 + ̂ tl = Cn vai cac so t y nhien n - 2 > k. 

ta s u 

H u ^ n g d i n giai 
fsjgoai each dung cong thu-c, h$ thCrc Pascal, ta c6 t h i 6&m 2 cdch 

a) Xet t§P E c6 n phan tu-. 

s6 t$P con k phan ti> la . M6i each tgo ra mpt tgp eon k ph^n tir t uong 

Lcng duy nhat mot tap con n - k phan tu- c6n lai cua E. gno-. r ; 

So tgp con n - k phan tie la c;;'' nen c6 = c;̂ "''. ^*• n s! cib • o 

b) Xet t i p E CO n phdn tu-, co 2 phdn tO a va b. 

So t i p con k p h i n tu" la . 

Ta chia cac tap con k phdn tu- thanh 3 loai khdc nhau: . ^.^^ - v . . ̂ . 

_ Cac tgp con khong chipa a va b ttfc Id tap con k phan tiJ cua F = E \} 

nen co Cĵ ^g con k phan tu-. ^ . . „ ., 

- Cdc tap con khong chii-a a hodc chi>a b: lay tdp con k - 1 p h i n tu- cua 

F = E \} nen co Cj^Ig tap con r6i b6 sung a hode b thi co 2. C|^:^ tap con 

k phan tip, 

- Cac tap con chu-a a va chu-a b: lay tap con k - 2 phan t u cua F = E \} 

nen co C^ll tgp eon r6i b6 sung a va b thi co C^ll tap con k phdn tu'. 

Vi each phan chia tap rai nhau nen co Cl_^ + 2.C^^ll, + C^^'l = . 

Bai toan 4 . 1 1 : Chipng minh vai n, k nguyen duang. : 
[n/2] 

a ) 2 - ^ ( x " + y " ) . 2 : c n x + y p ( x - y f (1) hai s6 thyc x,y. ^ ^ . 
i=0 

k=0 
n+r+1 

Hu 'O 'ng d i n giai 

u + v u - v 
vao y = a ) 0 $ t u=:x + y v d v = x - y t h i x = 

2 ' 2 
. [n/2] 

Khi db (1) t ra thdnh: (u + v ) " + (u - v ) " = 2 ^ C^'u"-^^^^ 

Ap dyng cong thCfc nhj thyc Newton, ta c6 

(U + v ) " + (U - V)" = X C n U " - ' v ' h + ( -1 ) ' 
k=:0 

[n/2] 

V d c h u y t h e m £ c y - V 1 + ( - l ) = 2 J cy-^^ = 2 ^ C > " - V , 

ta c6 dpem. 
k=0 k;2,k=0 i=0 

0 r. 
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nen co Cĵ ^g con k phan tu-. ^ . . „ ., 

- Cdc tap con khong chii-a a hodc chi>a b: lay tdp con k - 1 p h i n tu- cua 

F = E \} nen co Cj^Ig tap con r6i b6 sung a hode b thi co 2. C|^:^ tap con 

k phan tip, 

- Cac tap con chu-a a va chu-a b: lay tap con k - 2 phan t u cua F = E \} 

nen co C^ll tgp eon r6i b6 sung a va b thi co C^ll tap con k phdn tu'. 

Vi each phan chia tap rai nhau nen co Cl_^ + 2.C^^ll, + C^^'l = . 

Bai toan 4 . 1 1 : Chipng minh vai n, k nguyen duang. : 
[n/2] 

a ) 2 - ^ ( x " + y " ) . 2 : c n x + y p ( x - y f (1) hai s6 thyc x,y. ^ ^ . 
i=0 

k=0 
n+r+1 

Hu 'O 'ng d i n giai 

u + v u - v 
vao y = a ) 0 $ t u=:x + y v d v = x - y t h i x = 

2 ' 2 
. [n/2] 

Khi db (1) t ra thdnh: (u + v ) " + (u - v ) " = 2 ^ C^'u"-^^^^ 

Ap dyng cong thCfc nhj thyc Newton, ta c6 
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b) X6t day (x^,X2 , . . . ,x^^^^,) gom n +1 chu- so 1 r chu' s6 o. BSng c^ch chon 

r vi tri cho s6 0 trong n +r +1 vj tri nen c6 C'̂ ^̂ ^̂  day. 

IViat l<hac, ta xet vj tri chiJ s6 1 cuoi cung cua day, vj tri c6 t h i c6 la n +1 , 
n+2, .., n + r +1. Ta gpi mpt day logi k n § u vj tri chu" s6 1 cu6i cung 1̂  n + k 
+1. Trong moi day loai k thi sau chu- s6 1 cu6i cung la r - k chu' s6 0 va 

tru-dc d6 Id n +k chu' s6 g6m k chCe s6 0 vd n chO s6 1 n6n c6 C^^^^ d § y loai 
r 

k. Suy ra so day la tong cac logi day s6 k = 0, k= 1 k = r: ^ Cj;^^. V^y ta 
k=0 i V i 

c o d u g c i : C n . k = C L . r 
k=0 

Bai toan 4. 12: Cho S Id tap hap {1, 2 n}, n > 1. Ta gpi Pn(k) la s6 cac hodn 
vi cua S CO dung k dienn c6 djnh. 

n 

C h L f n g m i n h r l n g : ^k.p^(k) = n ! . 
k=0 

HiPO 'ng d i n giai 

Ta c6; nC*:"; = k C ' ^ -C ' ^ - ; = C > e u k ^ 0 
n-1 n 1̂  n-1 n 

O l y : P , (k) = C > „ _ , ( 0 ) , Xp,(k) = n! nen ,j 
k=0 

i p n ( k ) = i k . c > , . , ( 0 ) = nic^:;p,.,(0) = Zc:;_,p,_,_,(o) 
k=0 k=0 k=0 k=0 

= p,_,(k) = n (n -1 ) ! = n! 
k=0 

Cach khac: ta dem bSng 2 each 
i j n g vai moi hoan vj ta v i l t bp thCr t i / (d i , d2,...,dn) sao cho dj = 1 neu i thupc 
S la d i l m c6 djnh cua hoan vj da cho va sao cho dj = 0 trong tru-ang hgp trai 
lai, Vi s6 hoan vj la n! nen ta vi^t dugc n! bp thip t y . Ta d4m s6 dan vj tong 
quat trong tat ca cac bp thiP t y nay b l n g hai each khac nhau. 
So bp thLP t L f , trong each viet ma c6 dung k dan vj, bSng Pn(k) vi th4 s6 dan 

n 
vj tong quat trong t i t ca cac vecta b i n g : ^ k.p^(k) 

k=0 

Mat khac, s6 bp thCp t u trong do c6 dan vj a vj tri thu" i, b Ing 
( n - 1 ) ! . Vay s6 dan vi a vi tri thCr i trong t i t ca cac bp thu- tu- b I n g (n-1) ! va 
s6 tong quat t i t ca dan vj trong t i t ca cac bp thCp t y se b I n g n(n-1) ! = n!, 

Vay Xk-Pn(k) = nl. 
k=0 
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o2n-1 
gai toan 5 .13: C h ^ n g minh: 

b ) C ° , . 3 ° + + C^..3^ + ...^l:.3'" = 2^"-^(22" +1) . . ^ '(Sv'- : 

HiPO 'ng d i n giai i « h 

a) xet nhi thi>c (1 + x)^" = £c^ , . x^ ^^^^ ' ' 

Chpnx = - 1 t h i : 0 = X C ^ , . H f . r^^O^r. . : 

Chpn x = 1 thi c6: 2^" = ^ ^ ^ s n = A + B = 2A , 

. Vay: C^n +C^n + - ^ 2 n =C^n < -K..+C^r 4-2'" = 2 ' " ^ 
b) Ta CO 2 khai t r i l n : 

(1 + 3)^" = + c;^.3^ + +. . . + c2;;.32" 

( 1 - 3 ) ^ " = C ° ^ - C ; , . 3 ^ + C ^ ^ . 3 ^ - . . . + C^;;.3^" 

Cong ve thep v4: 4^" + 2^" = 2(c°„ +Cl^.3^+... + Cl"^.3^" 

Dodo: C ° ^ + C , ^ „ . 3 ^ + . . . . C - . 3 - = ^ ! : ^ 

pjjjjjljjjll' = 2^""'' + 2^""^ = 2^"~^ (2^" + 1) 

B^i toan 5.14: Chyng minh 

a) c ° . 2 0 ^ . 4 0 ^ + . . . . 2 ^ c - . . . . = o^^T^i^-^r 
n 2 

b) C U 2 C ^ + 4 C = + . . . + 2 ' <C2^^^+ = l l ± ^ / 2 ) M l : l v ^ 

" " " 2V2 
Hi r ing d i n giai 

^) ' c6: (1+V2)" = C ° + + 2C^ + +2^0"^ + 
' n n n n n 

(1 -V2)" = C ° - 2 ' ' ^ C l + 2Cl -2^'^C^ +2^CU... 

^Ong lai 2 v l theo v l : 

. (1 + %/2r 4< , ."^l" := 2 ( C ° + 2C^ + 4C^ +. . . + 2 ^ C f +. . . ) 

• 1'I 

•3 ' !•• • v . ' : 



b) X6t day (x^,X2 , . . . ,x^^^^,) gom n +1 chu- so 1 r chu' s6 o. BSng c^ch chon 

r vi tri cho s6 0 trong n +r +1 vj tri nen c6 C'̂ ^̂ ^̂  day. 

IViat l<hac, ta xet vj tri chiJ s6 1 cuoi cung cua day, vj tri c6 t h i c6 la n +1 , 
n+2, .., n + r +1. Ta gpi mpt day logi k n § u vj tri chu" s6 1 cu6i cung 1̂  n + k 
+1. Trong moi day loai k thi sau chu- s6 1 cu6i cung la r - k chu' s6 0 va 

tru-dc d6 Id n +k chu' s6 g6m k chCe s6 0 vd n chO s6 1 n6n c6 C^^^^ d § y loai 
r 

k. Suy ra so day la tong cac logi day s6 k = 0, k= 1 k = r: ^ Cj;^^. V^y ta 
k=0 i V i 

c o d u g c i : C n . k = C L . r 
k=0 

Bai toan 4. 12: Cho S Id tap hap {1, 2 n}, n > 1. Ta gpi Pn(k) la s6 cac hodn 
vi cua S CO dung k dienn c6 djnh. 

n 

C h L f n g m i n h r l n g : ^k.p^(k) = n ! . 
k=0 

HiPO 'ng d i n giai 

Ta c6; nC*:"; = k C ' ^ -C ' ^ - ; = C > e u k ^ 0 
n-1 n 1̂  n-1 n 

O l y : P , (k) = C > „ _ , ( 0 ) , Xp,(k) = n! nen ,j 
k=0 

i p n ( k ) = i k . c > , . , ( 0 ) = nic^:;p,.,(0) = Zc:;_,p,_,_,(o) 
k=0 k=0 k=0 k=0 

= p,_,(k) = n (n -1 ) ! = n! 
k=0 

Cach khac: ta dem bSng 2 each 
i j n g vai moi hoan vj ta v i l t bp thCr t i / (d i , d2,...,dn) sao cho dj = 1 neu i thupc 
S la d i l m c6 djnh cua hoan vj da cho va sao cho dj = 0 trong tru-ang hgp trai 
lai, Vi s6 hoan vj la n! nen ta vi^t dugc n! bp thip t y . Ta d4m s6 dan vj tong 
quat trong tat ca cac bp thiP t y nay b l n g hai each khac nhau. 
So bp thLP t L f , trong each viet ma c6 dung k dan vj, bSng Pn(k) vi th4 s6 dan 

n 
vj tong quat trong t i t ca cac vecta b i n g : ^ k.p^(k) 

k=0 

Mat khac, s6 bp thCp t u trong do c6 dan vj a vj tri thu" i, b Ing 
( n - 1 ) ! . Vay s6 dan vi a vi tri thCr i trong t i t ca cac bp thu- tu- b I n g (n-1) ! va 
s6 tong quat t i t ca dan vj trong t i t ca cac bp thCp t y se b I n g n(n-1) ! = n!, 

Vay Xk-Pn(k) = nl. 
k=0 
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o2n-1 
gai toan 5 .13: C h ^ n g minh: 

b ) C ° , . 3 ° + + C^..3^ + ...^l:.3'" = 2^"-^(22" +1) . . ^ '(Sv'- : 

HiPO 'ng d i n giai i « h 

a) xet nhi thi>c (1 + x)^" = £c^ , . x^ ^^^^ ' ' 

Chpnx = - 1 t h i : 0 = X C ^ , . H f . r^^O^r. . : 

Chpn x = 1 thi c6: 2^" = ^ ^ ^ s n = A + B = 2A , 

. Vay: C^n +C^n + - ^ 2 n =C^n < -K..+C^r 4-2'" = 2 ' " ^ 
b) Ta CO 2 khai t r i l n : 

(1 + 3)^" = + c;^.3^ + +. . . + c2;;.32" 

( 1 - 3 ) ^ " = C ° ^ - C ; , . 3 ^ + C ^ ^ . 3 ^ - . . . + C^;;.3^" 

Cong ve thep v4: 4^" + 2^" = 2(c°„ +Cl^.3^+... + Cl"^.3^" 

Dodo: C ° ^ + C , ^ „ . 3 ^ + . . . . C - . 3 - = ^ ! : ^ 

pjjjjjljjjll' = 2^""'' + 2^""^ = 2^"~^ (2^" + 1) 

B^i toan 5.14: Chyng minh 

a) c ° . 2 0 ^ . 4 0 ^ + . . . . 2 ^ c - . . . . = o^^T^i^-^r 
n 2 

b) C U 2 C ^ + 4 C = + . . . + 2 ' <C2^^^+ = l l ± ^ / 2 ) M l : l v ^ 

" " " 2V2 
Hi r ing d i n giai 

^) ' c6: (1+V2)" = C ° + + 2C^ + +2^0"^ + 
' n n n n n 

(1 -V2)" = C ° - 2 ' ' ^ C l + 2Cl -2^'^C^ +2^CU... 

^Ong lai 2 v l theo v l : 

. (1 + %/2r 4< , ."^l" := 2 ( C ° + 2C^ + 4C^ +. . . + 2 ^ C f +. . . ) 

• 1'I 

•3 ' !•• • v . ' : 



Suy ra dpcm. 
b) Ta c6: V2(1 +42T = 72C° + 2C\ 2^20^ + 4C^ +... 

V2(1 -Vi)" = V 2 C ° - 2C\ 2^201 - 4C^ +... 
TrCf ve theo v§ : 
N/2(1 + >/2)" - V2(1 - Vi)" = 4 (C;, + 2C^ + 4C^ + ...+2^.Cf + ...) 
Suy ra dpcm. 

Bai toan 5.15: Chung minh 

' n n n n n n+4 

b)(c : f^c; )%. . .^c : f = cs„ 
Hu'O'ng din giai 

a) Ta c6: (1 + x)" . (1 + x)" = (1 + x)"'" 
4 n n+4 

nenXC^-x'.IC;,.x' = Xc:,.x'" 
i=0 j=0 m=0 

He so theo x** cua ve phai 1^ C[̂ ^̂  va cua ve trai la: 

c°.c^ + c:.c^-S c^c^^ + ĉ ĉ -̂  + c^.cr 
n n 

k , /( , c , A , o k - 4 o k 
= 1 . C > 4 .Cr+ 6.cr'+4.cr+c„ 

n n n n n 
So sanh dong nhat 2 ve : c;; + 4.c;;-' + 6.c;;-̂  + 4.C;;--' + c;;-̂  = ci^^ 
Ta c6 t h i dung tri/c tiep h? thijc Pascal: c;, +C *̂̂  = C'„;^, 

b) Ta CO (1 + X ) " . (1 + X)" = (1 + x)^" 
2n 

k 
nen Ic:,.x\Ic;,.x'^ XC^,,.x 

i=0 j=0 k=0 

De y: x" = x°. x" = xV x""' = ... = xV x° va c;, = C;;-̂  

Do do s6 cua x" cua v l phai la Cg^va cua v § trai la: 

Cn-C"+C^C"-^+.. . + C".C° 
n n n n n n 

= c°.c°+c^c>...+c".c" = fc°f 4/cM%...4/c"f 
n n n n n n y n j y n j \

So sanh dong nhSt, ta c6: (c° )̂  )%... +|c;; )̂  = C^^. 

Bai toan 5.16: Chung minh h? thipc: 

a) C\ 2Cl +... +kC': +... + nC" = n.2"-^ 
' n n n n 

n n 

b) 1.2.3.C^ + 2.3.4C,V +... 4n(n - 1)(n - 2)C:;.7"-3 = n(n - 1)(n - 2)8"-^ 
Hu'vng din giai 

Ta c6 (1 ^ X)" = C° + C > + C^x^ +... + c y +... + Cl^.x" . 
a) Ogohamc lp1 ^ •; 

n(1 + x)"-^ = + 2 C ^ x ^ k C ^ x - ' - S . . . + nC:;.x"-V 

Chpnx =1thi C > 2 C ^ . . . ^ C ^ + . . . + nC:;=n.2"-^ ^ ^ 
b) Oaohamcap2 !>i H 

n(n-1)(1+xr^ = 1.2.C^+2.3C^x+... + n(n-1)C;;.x"-2 T ^ 

ego ham d p 3 
n(n-1)(n-2)(1+x)'^ = 1.2.3.C^ + 2.3.4C^x +...-m(n - 1)(n - 2)C;;.x"-^ 

Chpn X = 7 thi c6 dpcm. 
Bai toan 5.17: Chu-ng minh he thuc: 

a) 1 .C° + 2 C U . . . 4<n - 1)C;; = (n + 2)2"-^. 

b) (-1)̂ ĉ c;;+{-i)̂ \̂ĉ ,̂.c;;̂ u...+(-i)".c;;.c;; = 0 vai k < n. 
PJlJÎ , HiPO'ng d i n giai 

a) Tac6:(1+x)" = XC^x^ V:ot : .i 
k=0 

Nh§n 2 v l cho x: x.(1+x)" = ^C|;.x' ' '^ 

Lly dgo ham 2 v§ : (1 + x)" + nx{1 + x)""^ = J ] C|;.(k + 1)x'̂  ' ̂= 
k=0 

Chpn X = 1 thi dup-c k i t qua c in chung minh. 

b) Tac6(1+x)"= C ° + C ^ . x + C2x2+... + C > ' + . . . + C;;.x" 

L^y dao ham lien tiep k Ian 2 ve: 

nd+x)"-̂  = 1.CU2.C^.x+...4kCy-S... + C"nx"-^ 
n n n n 

n(n-1)(1+xr2= 1.2.C2+2.3.C^+... + n(n-1)C;;.x"-2 

"(n-1)...(n-k+1)(1+xr'* = - - k + 1).Ci,x 
i=k 

Chpn X = -1 va chia 2 ve cho k! thi c6 dpcm. 



Suy ra dpcm. 
b) Ta c6: V2(1 +42T = 72C° + 2C\ 2^20^ + 4C^ +... 

V2(1 -Vi)" = V 2 C ° - 2C\ 2^201 - 4C^ +... 
TrCf ve theo v§ : 
N/2(1 + >/2)" - V2(1 - Vi)" = 4 (C;, + 2C^ + 4C^ + ...+2^.Cf + ...) 
Suy ra dpcm. 

Bai toan 5.15: Chung minh 

' n n n n n n+4 

b)(c : f^c; )%. . .^c : f = cs„ 
Hu'O'ng din giai 

a) Ta c6: (1 + x)" . (1 + x)" = (1 + x)"'" 
4 n n+4 

nenXC^-x'.IC;,.x' = Xc:,.x'" 
i=0 j=0 m=0 

He so theo x** cua ve phai 1^ C[̂ ^̂  va cua ve trai la: 

c°.c^ + c:.c^-S c^c^^ + ĉ ĉ -̂  + c^.cr 
n n 

k , /( , c , A , o k - 4 o k 
= 1 . C > 4 .Cr+ 6.cr'+4.cr+c„ 

n n n n n 
So sanh dong nhat 2 ve : c;; + 4.c;;-' + 6.c;;-̂  + 4.C;;--' + c;;-̂  = ci^^ 
Ta c6 t h i dung tri/c tiep h? thijc Pascal: c;, +C *̂̂  = C'„;^, 

b) Ta CO (1 + X ) " . (1 + X)" = (1 + x)^" 
2n 

k 
nen Ic:,.x\Ic;,.x'^ XC^,,.x 

i=0 j=0 k=0 

De y: x" = x°. x" = xV x""' = ... = xV x° va c;, = C;;-̂  

Do do s6 cua x" cua v l phai la Cg^va cua v § trai la: 

Cn-C"+C^C"-^+.. . + C".C° 
n n n n n n 

= c°.c°+c^c>...+c".c" = fc°f 4/cM%...4/c"f 
n n n n n n y n j y n j \

So sanh dong nhSt, ta c6: (c° )̂  )%... +|c;; )̂  = C^^. 

Bai toan 5.16: Chung minh h? thipc: 

a) C\ 2Cl +... +kC': +... + nC" = n.2"-^ 
' n n n n 

n n 

b) 1.2.3.C^ + 2.3.4C,V +... 4n(n - 1)(n - 2)C:;.7"-3 = n(n - 1)(n - 2)8"-^ 
Hu'vng din giai 

Ta c6 (1 ^ X)" = C° + C > + C^x^ +... + c y +... + Cl^.x" . 
a) Ogohamc lp1 ^ •; 

n(1 + x)"-^ = + 2 C ^ x ^ k C ^ x - ' - S . . . + nC:;.x"-V 

Chpnx =1thi C > 2 C ^ . . . ^ C ^ + . . . + nC:;=n.2"-^ ^ ^ 
b) Oaohamcap2 !>i H 

n(n-1)(1+xr^ = 1.2.C^+2.3C^x+... + n(n-1)C;;.x"-2 T ^ 

ego ham d p 3 
n(n-1)(n-2)(1+x)'^ = 1.2.3.C^ + 2.3.4C^x +...-m(n - 1)(n - 2)C;;.x"-^ 

Chpn X = 7 thi c6 dpcm. 
Bai toan 5.17: Chu-ng minh he thuc: 

a) 1 .C° + 2 C U . . . 4<n - 1)C;; = (n + 2)2"-^. 

b) (-1)̂ ĉ c;;+{-i)̂ \̂ĉ ,̂.c;;̂ u...+(-i)".c;;.c;; = 0 vai k < n. 
PJlJÎ , HiPO'ng d i n giai 

a) Tac6:(1+x)" = XC^x^ V:ot : .i 
k=0 

Nh§n 2 v l cho x: x.(1+x)" = ^C|;.x' ' '^ 

Lly dgo ham 2 v§ : (1 + x)" + nx{1 + x)""^ = J ] C|;.(k + 1)x'̂  ' ̂= 
k=0 

Chpn X = 1 thi dup-c k i t qua c in chung minh. 

b) Tac6(1+x)"= C ° + C ^ . x + C2x2+... + C > ' + . . . + C;;.x" 

L^y dao ham lien tiep k Ian 2 ve: 

nd+x)"-̂  = 1.CU2.C^.x+...4kCy-S... + C"nx"-^ 
n n n n 

n(n-1)(1+xr2= 1.2.C2+2.3.C^+... + n(n-1)C;;.x"-2 

"(n-1)...(n-k+1)(1+xr'* = - - k + 1).Ci,x 
i=k 

Chpn X = -1 va chia 2 ve cho k! thi c6 dpcm. 



Bai toan 5. 18: Tinh t6ng 

a) T n = — + - ^ + ... + ^ vdi n nguy§n, n > 2. 
K A , A „ 

b) Sn = 

a) Ta c6: 

^ • + ... + —^—v^ i n nguyen, n > 3 
^ n + m 

Himng d i n giai 

A ^ 

Do do: T n = 

b) Ta c6 : 
A ^ 

( k - 2 ) ! 1 1 1 
k! k ( k - 1) k - 1 k 

_i_ 
(^ 1^ 

-4- 4-
( 1 

.. . t n - 1 

( k - 3 ) ! 1 
k! k ( k - 1)(k- 2) 

1 1 1 1 r 1 1] 
k - 1 k(k --2) k - 1 ' 2 [ k - 2 

1 1 1 1 ^( 
2 ( k - 1)(k-2) ' 2 ( k -1)k A 
i f 1 1 1 1 

= 1 - I = Ilzi 
n n 

2 r 
• + — k - 2 k - 1 k 

n + m n + m - 1 n - 1 n - 2 

Bai toan 5.19: Tinh t6ng: 

a) S = CP+CP-VCl+CP-^.C2+... + c;' „ , v C r ' +CP 
' n n-i n n-2 n n-p+l n n 

b) T = lC°+2C ; ,+3C2+... + (n + 1)C;; 

Hu'O'ng d i n giai 

( n - k ) ! n! 
a)Tac6: C^-.C^ = 

( p - k ) ! ( n - p ) ! k ! (n-k) ! 

n! p! 
p ! (n -p ) ! ' k ! ( p - k ) ! P 

Dodo: S = C P ( C J + C ; + . . . ^ ^ ) = CP.2P 

Vay: S = 0^.2^ —. 
p!(n-p) ! 

b) Vi: C;; = C;;-'' nen: T = 1C° + 2 C > 3C^ +... + (n + 1)C;; 

hay T = ic^ + 2c;;^^ + 30;;^^ +... + (n + 1)C° 

TNHHMTVDVVH HHangVm 

C6ng theo ve: 2T = (n + 2) (c° + C > +... 4C;̂ ) = (n + 2).2" 

^ ^ y T = (n + 2)2-^ 
gai toan 5. 20: Tinh c^c tong : 

p . 1 . C U 2 . C ^ 3 . C ^ . . . + n.C: 

Q = 12£>l + 2.3.C„^ + 3.4.C,* +... + (n - 1)n.C;; 

Hu>ang d i n giai 

Ta chi>ng minh kC;; = nC;;:; : 

n! (n-1)! 

f 9-0 f' 

kC':=k: • = n- = nC|^:|. Ap dyng thi c6 
'k!(n-k)! (k-1)!(n-k)! 

P = 1 .CU2.C,^+3 .C^ . . . + n.C:; 

= n{C^+c : . ,+C„l,+.. . + C- ] ) = n.2-^ 
k(k - i)c;; = k.nc;::;=n.kc;;:;=n(n - n§n 

Q = 1.2.C^ +2.3.C^ +3.4.C;|+... + (n-1)n.C;; 

= n(n - 1)(C°_2 + Ĉ _2 + +... + C-^) = n(n -1).2"-2 

Bai toan 5. 21: Tinh cac t6ng : 

1 „ n 1 ^ 1 1 1 

1 

E = -.c° + -.ci + -.c^+...+—.c:: 
1 " 2 " 3 " 

n + 1 

F = — - 0 ° + — . C l + — . C 2 + . . . + 
1.2 " 2.3 " 3.4 " 

1 
(n + 1)(n + 2) "^" 

Hifang d i n giai 

Ta chCeng minh 

1 

1 1 .^k + 1 . 

k + 1 " 

k + 1 " n + i "^^ • 

1 n! 1 (n + 1)! 

Ap dung thi c6 

1po 1 

k + 1 k ! ( n - k ) ! n + 1(k + 1)!(n-k)! n + 1 

E = -!.c°+-.ci + -!zl +...+—.c:: 
2 " • 3 ' ^ " n + 1' " 

ta C O 

1 1 1 ^ k . i ^ 1 1 
(i<Tl)(k + 2 ) ^ " k + 2 n + 1^"^^ n + 1k + 2^""^ (n + 1)(n + 2) ^"'^ > 

, k . 1 • 1 >k+2 



Bai toan 5. 18: Tinh t6ng 

a) T n = — + - ^ + ... + ^ vdi n nguy§n, n > 2. 
K A , A „ 

b) Sn = 

a) Ta c6: 

^ • + ... + —^—v^ i n nguyen, n > 3 
^ n + m 

Himng d i n giai 

A ^ 

Do do: T n = 
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( k - 2 ) ! 1 1 1 
k! k ( k - 1) k - 1 k 

_i_ 
(^ 1^ 

-4- 4-
( 1 

.. . t n - 1 

( k - 3 ) ! 1 
k! k ( k - 1)(k- 2) 

1 1 1 1 r 1 1] 
k - 1 k(k --2) k - 1 ' 2 [ k - 2 

1 1 1 1 ^( 
2 ( k - 1)(k-2) ' 2 ( k -1)k A 
i f 1 1 1 1 

= 1 - I = Ilzi 
n n 

2 r 
• + — k - 2 k - 1 k 

n + m n + m - 1 n - 1 n - 2 

Bai toan 5.19: Tinh t6ng: 

a) S = CP+CP-VCl+CP-^.C2+... + c;' „ , v C r ' +CP 
' n n-i n n-2 n n-p+l n n 

b) T = lC°+2C ; ,+3C2+... + (n + 1)C;; 

Hu'O'ng d i n giai 

( n - k ) ! n! 
a)Tac6: C^-.C^ = 

( p - k ) ! ( n - p ) ! k ! (n-k) ! 

n! p! 
p ! (n -p ) ! ' k ! ( p - k ) ! P 

Dodo: S = C P ( C J + C ; + . . . ^ ^ ) = CP.2P 

Vay: S = 0^.2^ —. 
p!(n-p) ! 

b) Vi: C;; = C;;-'' nen: T = 1C° + 2 C > 3C^ +... + (n + 1)C;; 

hay T = ic^ + 2c;;^^ + 30;;^^ +... + (n + 1)C° 

TNHHMTVDVVH HHangVm 

C6ng theo ve: 2T = (n + 2) (c° + C > +... 4C;̂ ) = (n + 2).2" 

^ ^ y T = (n + 2)2-^ 
gai toan 5. 20: Tinh c^c tong : 

p . 1 . C U 2 . C ^ 3 . C ^ . . . + n.C: 

Q = 12£>l + 2.3.C„^ + 3.4.C,* +... + (n - 1)n.C;; 

Hu>ang d i n giai 

Ta chi>ng minh kC;; = nC;;:; : 

n! (n-1)! 

f 9-0 f' 

kC':=k: • = n- = nC|^:|. Ap dyng thi c6 
'k!(n-k)! (k-1)!(n-k)! 

P = 1 .CU2.C,^+3 .C^ . . . + n.C:; 

= n{C^+c : . ,+C„l,+.. . + C- ] ) = n.2-^ 
k(k - i)c;; = k.nc;::;=n.kc;;:;=n(n - n§n 

Q = 1.2.C^ +2.3.C^ +3.4.C;|+... + (n-1)n.C;; 

= n(n - 1)(C°_2 + Ĉ _2 + +... + C-^) = n(n -1).2"-2 

Bai toan 5. 21: Tinh cac t6ng : 

1 „ n 1 ^ 1 1 1 
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E = -.c° + -.ci + -.c^+...+—.c:: 
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n + 1 
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lutTQng aiem bOi duang tiqc sinh giOl m6n To6n J J - Hodnh Phd 

• " 3 . 4 •• (n + 1)(n + 2 ) 

1 

Nen F = — . C ° + — • C ; ' + — . C ^ 
1.2 " 2.3 " 3.4 " 

(n + 1)(n + 2)^ n + 2 - - n ^ 2 

(n + 1)(n + 2) " 

2 " ^ 2 _ n - 3 
(n + 1)(n + 2). 

Bai toan 5. 22: Tfnh tong 

T = 1 
1991 ^̂ ^̂  1990 1989 

... + 
(-1)" 

1991-m ^̂ ^̂ -"1 + ...-
1 C995 

996 
' ' Hu-ang din giai 

Vdi n = 1, 2,..., ta d$t S(n) = X(-'')'"Cm • ^rong do t6ng dipgc l ly to m = o 
m 

cho d§n liet nhCrng s6 hang khac 0. 

Tac6t6ng: i c ; ; = C ^ > e n : 

Z s(k)gi(-irc,=Z(-ir 2 ĉ _, 
k=m k=0 m m k=2m 

= I(-irc:;i:;l^ = i-s(n) - o ' 
m 

n-2 
Ta c6 S(n) = 1 - ^ ^(k) • suy ra S(n + 1) = S(n) - S(n - 1) (1) 

k=0 

Ta CO S(0) = S(1) = l.tCrdb 
S(2) = 0, S(3) = - 1 , S(4) = - 1 , S(5) = 0, S(6) = 1, S(7) = 1 
TCi- (1) ta CO S(m) = S(n) neu m = n (mod 6). 

" C"' „ = C"' „ + C^J ' , nen ta difgc: 
n-m n-m n-m-1 ^ 

Do 
n - m 

1991. 1 C° 
1991 1990 ^-1990 +.,989^1989 

(-1)" 
1991-m '̂ ^^-"^ +... -

"I p995 

996 

Cty TNHHMTVDWti Hhang Vi?t 

HiPO'ng din giai 

{ 1 ' 
7 7 

o k .,7-k 
x + — —' 

k=0 

'/I 

P(x) = 
V 

= C°.x^+c;.x^ + C^.x^ + C^.x^ 

+ C^.x2 
^ 1 ^ + C^.x 

= x^ + 7x^ + 21x^ + 35x+ — + ^ + ̂  + ^ -
V v > 0 \ / ' 

35 21 7 1 
— + — + ^ + — 

b)Tac6 (x2-1)^= C ° ( x 2 ) M + C ; (x2 )^( -1)UC^x^-1 )2+C^x^(-1 )3 

+ C^x^.H)" +C|x(-1)^ +C^(-1)^ 

= x'^ - 6x^° + 15x^ - 20x^ + 15x^ - 6x2 ^ ^ .-^ 

Dod6: Q(x) = (x^+1)(x^2-6x^°+ 15x^-20x^+ ISx"-6x^+1) 
= x'" - 5x^2 + 9x'° - 5x^ - 5x^ + gx" - Sx^ + 1. vv 

Bai toan 5. 24: Tim so hgng khong chCpa x trong khai trien: 

X . \ / x + X 15 a) X^ + -

V X y 

, x^O 

a) So h?ng tong qu^t: 

b) 

Hu'6ng din giai 

,bi§t c>c;;-Sc;;-2 = 79. 

a K = Cjgix^ys-k 

S6 hang khong chua x li-ng 30-3k = 0 <=> k = 10 1̂  = 3003 

b) Ta c6: c;; + c;;-̂  + c;;-2 = 79 (n nguyen, n > 2) 
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B <t> n = -13 hay n = 12. Chpn n = 12 
V6in = 12 sdhgng tong qu^tcua khai trien: _ 

1 

v X y 

_ /->k v2(15-k) v -k _ p k y30-3k 
-O^g.X .X - ' - ' i s * 

= 1 

Suy ra T = 1 
1991 

Bai toan 5. 23: Khai trien; 

{ r' 
a)P(x)= x + -

l x 

I.::. 

a.= c ; , ( x , ^ ) ' " ' . 15 X 

\

28 
"15 

V y 

240-48k 

= C^2.X 15 

b) Q(x) = ( x ' + 1 ) ( x " - l f 
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V$y s6 hang khong chCra x \k. <Z\^ = 792. 
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Bai toan 5. 25: Tim cac s6 tiang nguyen cua khai trien: 

a) V2+^3 b) 

HiTO-ng din giai 

a) So hgng tong qu^t cua khai then: +%/3 1̂ : 

5-k ^ ii 
Tk.i = C^(V2) { ^ ) ^ = C ^ 2 2.33 

D l Tk.i nguygn thi ^ — ^ - nguy§n , k = 0, 1 5 

Do do k = 3. Vgy s6 hgng nguyen Id T 4 =C^.2.3 = 60 

b) So hgng thu k la: 

Tk+1 = C l V5) 
7-k 5k 

= C^.5 2 .22%dik = 0,1 7 

X 7 ~ k 5k So hang n g u y § n thi vd — la s6 nguyen nen k = 3 

Vay s6 hang nguyen la: T 4 = .5^.2^ = 28 000. 

Bai toan 5. 26: Tim h^ s6 cua : 
a) x'^trong khai trien P(x) = (1 + x)^. (1 + x)" 
b) x" cua khai tr i ln: Q(x) = (1 + 2x + 3xy° 

Himng din giai 

a) P(x) = (1 + x)^. (1 + x)" = (1 + 3x + 3x2 ^ 
n ^ 

,k 

>,k=0 

k=0 k=0 k=0 k=0 

. k „ k + 3 

V6i n > k > 3 thi h§ so cua x^ C" + SC''-^ + S.C^"^ + C"* 
n n n n 

K^: C ' :+3C ! : -U3.C '-2+C '^-3 
n n n n 

b) Ta CO Q(x) = (1 + 2x + 3x2)'° ^ ^ ̂ x) + 3x2)'° 
10 10 

= Z Co + 2x)'°-^3x2)'^ = £ 3\Cjo(1 + 2x)'°-\x2'< 
k=0 

H$ s6 cua x" chi c6 khi k < 2 

V6i k = 0 thi c6 6a thtpc: 3°.C°o(1 + 2 x ) ' ° 

V6i k = 1 thi CO da thu-c: 3lCJo(1 + 2x)^x2 

Cty TNHHMTVDWHHhang Vi$t 

Vo-i k = 2 thi CO da thuc: a^CfgO + 2x)^x'* 

V^y h? so theo x" la: 

3°C?o.C;,.2^ +3\C;o.C2.22 +32.C2„ .C°.2° =8085 . 

Bai toan 5. 27: Tim h§ so cua 

a) x^^ trong khai then 
^ 1 ^" 

- + x' biet r ing 
- r 

b i l t r i ng C ^ ; - C : ; , 3 =7(n + 3).^ , ^ ^ 

(1) 

b) x' trong khai th in \^ 
w 

HiPO'ng din giai 

a) TC. gia th i§t suy ra: C ° , , , + C ,̂̂ ^ +.. + = 2' 

Vi C^ „ , , - C^;;^;-^, Vk, 0 < k < 2n + 1 nen: 

cLi + ^ - + = ̂ (c° . , + - + c 2 - ; ) (2) 

Tu- khai then nhi thu-c Niutan cua (1 + l )^"* ' suy ra: 

C L i + C L , + . . . + C - X l + 1 ) 2 - = 2 2 - ' (3) 
TCi-CI), (2)va(3)suyra: 2^" = 2^° hay n = 10 = S K -

/ 1 V° 10 10 

Tac6: 4 + ̂ 1 = XC(x-̂ V°-̂ (x )̂' =IC^„x''^-^° 
VX J k=0 k=0 

$6 cua x2^ IS vai k thoa man: 11k -40 = 2 6 o k = 6 

Vgy h$ so cua x̂ ^ Id: C^^ =210. 

b) Ta CO - = 7(n + 3 ) « ( c - J + Cl,) - C:;,3 = 7(n + 3) 

oil̂ ±^K l̂l̂  = 7(n + 3 ) « n + 2 = 7.2! = 1 4 « n = 12 . 
2! 

S6 hang t6ng qudt cua khai th in Id: C^^^^^'^t-

Taco: ^ ^ " ^ ^ ^ 

5 
X2 

60-11k 
= C'' X 2 

^ = 8 nen k = 4. Do d6 h$ so cua x® la C^g-, 

/ 4 
Bai toan 5. 28: Trong khai th in: P(x) = x + -

a) Tim h? so cua x""' 

1 
22 

x + 
2" 

b) Tim h0 so cua x"-2. 
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10 l/;yn<j i "''/(•/" I'oi dudng hoc oinh gioi moti To6n J 1 - LS Hodnh Phd 

H i F a n g d i n giai 

Ta C O P(x) = 
1 

x + 
_1_ 

2') 
1 

x + — 
, 2" J 

= x" +A.x"-^ + B.x""2 + . . . 
a) s6 cua x""^ la : 

A 1 1 1 1 
A = — + — + ... + — = —. 

2 2^ 2" 2 

1 -
v 2 . 

- 5 
= 1 - . 

2" 

U N L J - ^ • n - 2 , ; , D 1 1 1 1 1 1 4" - 3 . 2 " + 2 
b) so cua x" Id : B = - . — + - . — +.. . + — - . 

2 2^ 2 2^ 2"-^ 2" 3.4" 

Ta c6 A^ = 
1 1 1 

— + — + ... + — 
2 2^ 2" 

N 2 

. I . ± . . . . . : L , 2 B 
4 4 2 4" 

^ 2 

4 ' 

Suy ra B = -
2 

1 -
v 4 . • + 2 B = - ( 1 - — ) + 2B 

1_1 3 ' 4" 
4 

1 1 
A ^ - x ( 1 — r ) 

4 " - 3 . 2 " + 2 

3.4" 3 4 " ' j 

Bai toan 5. 29: T im so cua x^° trong khai t h i n : 

a) P(x) = (1 + x)^°°° + (1 + yCf^^ + (1 + x)^^« +. . . + x + 1 

b) Q(x) = (1 + x)^°°° + x(1 + x)^^^ + x 2 ( l + x)^^« +. . . + x^°°°. 

Hipdng d i n giai 

a) P(x) = (1 + x)^°°° + (1 + x)^^^ + (1 + y.f^^ +.. . + (1 + x) + 1 

1000 999 50 49 

= I C ôoo.><' + IC^99 -x ' -^••• + IC^o-X^ + IC :9 . x^ - H . . . + 1 
k=0 k=0 k=0 k=0 

so cua x^° trong khai t h i n ung va i k =50 Id: Cf°„„ + 0^°^ + - + C|° 

b) Ta C O ( X +1)^°°° - x^°°° = ( X + 1 - 1).Q(x) = Q(x) nen h§ so cua x ' ° trong khai 

t h i n Q(x) Id he so cua x^° trong khai t h i n (x+1)^°°°. 
1000 

Md ta c6 (x +1)^°°° = (x + = £ CjooQ.x'̂  . 
k=0 

Vdy hO so cua x^° trong khai t h i n Q(x) Id Cf"^^. 

Ojy TNHHMTVDWH Hhang Vi?t 

Qai toan 5. 30: T im he s6 cua trong khai then: 

P(x) = (1 + X ) ' + 2(1 + x )2 + 3(1 + x )3 + . . . +1000(1 + x)^°°°. 

Hif^ng d i n giai 
999 f^000 

Ta c6 P(x) = (1 + x).X i(1 + x)'"^ = (1 + x). £ (1 + x)' 
i=i i=i 

= (1 + x). (1 + x) 
1-(1 + x) 1000 > 

1-(1 + x) 

_ 1000(1+ xy°°^ (1 + x)^°°^- (1 + x) 

X 

Suy ra he so cua x^° trong khai t r i l n la 1 O O O C ^ Q Q , - Cf^^^ a 

Bai toan 5. 31 : Xdc dinh h^ s6 cua x^ cua khai t h i n ' 
P(x) = . . . ( ( ( X - 2f - 2 f - ... - 2f , k Ian m a d6ng ngodc. 

Hu'O'ng d i n giai 
Ta c6: 
P(0) = (...(((-2)^ - 2f -if - ... - 2 ) ^ k Idn m a dong ngoac 

= (... ((4 - 2f - 2f - ... - 2f, k - 1 l l n m o dong ngoac 
= (... ((4 - 2f - 2f - . . . - 2 ) ^ k - 2 Ian m a d6ng ngodc 

= ((4 - 2f - 2f = (4 - 2f = 4. 
O^t Ak la he s6 cua x, Bk Id he so cua x^ va Pk.x^ id tong cac so hgng chu-a 
cdc luy thua I6n han 2 cua x. 
Ta c6 t h i v i l t : 

P(x) = ( . . . ( ( ( x -2 )^ -2 f - . . . -2 f , k l l n m a d6ng ngo$c. 
= PkX^ + B k x 2 + A . x + 4 
= [ ( . . . ( ( x -2 f -2 f . . . )2-2f, k - 1 Ian ma d6ng ngo^c. , i 
= [(Pk- iX^ + B k V + A k - i . x + 4 ) - 2 f 

Pk-1 x^ + B k V + Ak-1 . X + 2)2 

P ' - i X ' + 2P , . A - iX= + (2Pk_,\_, + B,%)x^ 

+ (4P,., + 2B,_,A,.,)x^ + (4B,_, + iKiy + 4A, . ,x + 4 

P̂kV̂  + 2P,_,B,_,x2 + (2P,. + B,%)x + 

+ 4(P,_, + 2 B , _ , \ _ , ] x ^ + (4B, . , + A,^,)x^ + 4A, . ,x + 4 

u- d6 Ak = 4Ak-i , Bk = A 2 _ , + 4B^.^ 

a tinh Ak: 
(x - 2f = x^ - 4x + 4, nen ta c6 A i = - 4 . 
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= (... ((4 - 2f - 2f - . . . - 2 ) ^ k - 2 Ian m a d6ng ngodc 

= ((4 - 2f - 2f = (4 - 2f = 4. 
O^t Ak la he s6 cua x, Bk Id he so cua x^ va Pk.x^ id tong cac so hgng chu-a 
cdc luy thua I6n han 2 cua x. 
Ta c6 t h i v i l t : 

P(x) = ( . . . ( ( ( x -2 )^ -2 f - . . . -2 f , k l l n m a d6ng ngo$c. 
= PkX^ + B k x 2 + A . x + 4 
= [ ( . . . ( ( x -2 f -2 f . . . )2-2f, k - 1 Ian ma d6ng ngo^c. , i 
= [(Pk- iX^ + B k V + A k - i . x + 4 ) - 2 f 

Pk-1 x^ + B k V + Ak-1 . X + 2)2 

P ' - i X ' + 2P , . A - iX= + (2Pk_,\_, + B,%)x^ 

+ (4P,., + 2B,_,A,.,)x^ + (4B,_, + iKiy + 4A, . ,x + 4 

P̂kV̂  + 2P,_,B,_,x2 + (2P,. + B,%)x + 

+ 4(P,_, + 2 B , _ , \ _ , ] x ^ + (4B, . , + A,^,)x^ + 4A, . ,x + 4 
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WtrQnq cfiSm !'6i oiinng ;inh gidi m6n To6n 11 - LS Hodnh Ph6 

Do do A2 = -4.4 = -4^, A3 = - 4 ^ ... mpt each tong qu^t AR = - 4 \ 

Ta tinh BK: BK = A^ , + 4B,_, 

= A^.,+4(A^_2+4B,_3) 

= ALI+4A ,%+4^(A^_3+4B,_3) 

= A^, + 4A^_,+4^A^^3+4^(A^.,+4B,_,) 

= + 4A2 2 + 42A,% +... + 4^-3A2 + 4 ^ - 2 + 4'<-̂ B, 

The Bi = 1, Ai = -4 , A2 = - 4 ^ A 3 = -4^ Ak-i = -4'̂ "^ v^o bi lu thu-c ta 
6 di/oc: Bk = 4''-2 + 4.4''-" + 4 ' . 4^'-^ + ... + 4 -̂2 . 4' + 4'-^ . 1 

^ 42k-2 .̂ 42k-3 ^ 42k-4 .̂ .̂ 4k+i .̂ 4k ^ 4k-i 

= 4^-^(1+4+ 4'+ 4^ + ... + 4 -̂2 +4'̂ -̂ ) 
- ^K - i 4^-1 

4 - 1 ' - ^ - i - ' ^ 

V$y h$ so theo la Bk = 
42k-i _ 4k-i 

3 
Bai toan 5. 32: Tim he so cua : 

a) x^°V^^ trong khai trien (2x - 3y)2°° 

b) x® y V trong khai tr i ln (2x - 5y + z)^* 

Hiro'ng din giai 
200 200 

a) (2x-3y) '°°= £(2x)2°°-^(-3y) ' - X(-1)^2'°°-^3'x'°°-^y'< 
k=0 k=0 S i 

Nen h? so cua x'°V^^ u-ng vai k = 99 1̂  -C^^o2^°^3^^. 

b) Ta CO (2x - 5y + z ) ' ' = 2cJ5(2x-5y)^5-'2' 

= f c ^ s S c;,_,(2xy=-^-(-5yyz^ 
k=0 i=0 

N6n h? so cua x V z " u-ng v6i k = 4, i= 5 la 2^ (-5)*. 
6!5!4! 

Bai toan 5. 33: Trong khai tri ln ciia 
a) (1 + x)^", tim s6 hang chfnh giu-a. 

b) (a- '̂̂ 7b + b" "^ '^^)^\c dinh so hang thLP k m^ luy thu'a cua a b 

bing nhau. 

Hird^ng din gidi 

a) Ta c6: (1 + x)^" = Vi 2n ch in nen so hgng chinh giOa li-ng vb-i 
2n 

k=0 

... p n , n ( 2n ) ! n 1.3.5...(2n-1) ^ 
=:nl^:C„„.x = — X = : .2.x 

n!n! n! 

b) Ta CO (a-̂ '̂ Vb = f;c^,(a- '̂̂ b '̂̂ t(b- '̂̂ a '̂̂ )^^ 
^ k=0 

21 

E 
k=0 

21 

k=0 

21-k k 
3 6 

k 21-k 
2 6 

2r = I C ^ i a 

42-3k 4k-21 

I. 42 — 3k 4k —21 
Lu9 thua cua a va b giong nhau khi: = <=> 63 = 7k <=> k = 9. 

6 6 
Bai toan 5. 34: Sau khi khai triln: P(x) = (1+ x^- x̂ )̂ °°° v^ Q(x) = ( 1 - x^+ x̂ )̂ °°° thi 

he s6 cua x̂ ° cua da thu-c nao Ian hon? 
HiPO'ng din giai 

Ta c6 P(x) = (1 + x̂  - x̂ )'°°° va H( X) = (1 + x̂  + x̂ )'°°° = P(-x) nen h^ s6 cua x̂ ° 
hai da thirc bing nhau, ki hi$u 320-
Ta CO Q(x) = ( 1 - x̂  + x̂ )'°°° va K( x) = ( 1 - x^- x̂ )̂ °°° = Q(-x) n§n he so cua 
x̂ ° hai da thu-c b4ng nhau, ki hieu b2o. 
Trong khai trien H( x) = (1 + x̂  + x̂ )̂ °°° toan he s6 du-ang nen h? so cua x̂ ° cua 
H(x) Ian han he s6 cua x̂ ° cua K(x). 
Vay azo > b2o nen sau khi khai triln he so cua x̂ ° cua P(x) = (1+ x̂  - xV°°° Ian 
han he so cua x "̂ cua Q(x) = ( 1 - x^+ xV°°° • 

Bai toan 5. 35: Cho n la mpt so nguyen du-ang. Tim so cac h$ s6 le cua da 
thu-c Un(x) = (x^ +X + 1)" 

Hu-ang din giai 
X6t cac da thu-c c6 he so nguyen P(x) va Q(x). Ta ki hieu P(x) ~ Q(x) neu 
P(x) - Q(x) chi gom cac h? s6 chin (do do so cac h? s6 le cua P(x) va Q(x) 
bang nhau). Quan h0 nay c6 nhu-ng tinh chit; 

1) N4u P(x) ~ Q(x); Q(x) ~ G(x) thi P(x) ~ G(x) 
2) N4u P(x) ~ Q(x); G(x) ~ H(x) thi P(x). G(x) ~ Q(x). H(x) 
3) N6u P(x) (x^ + x+1) ~ 0 thi P(x) ~ 0. 

Bing qui nap d§ d^ng chu-ng minh du-gc vb-i n = 2^ thi (x^ + x + 1)̂ ^ ~ 

x̂ ^̂ ^ + x^^ + 1 do do s6 c in tim, ki hi?u 1̂  T(Un(x)) bing 3. 

Xet n = 2"" - 1. Ta phan biet hai tru-b-ng hgp: 

V6i m = 2k+1 khi do m ^ 1 (mod 3) xet da thii-c: 

R(x) = (X + 1) (x'"-^ + x ' " - ' + ... + x"^') + x"-^ + x" + x"-^ 
+ ( x+1 ) (x " -'' + x"'^ +...+ x ' + 1). 
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Tu' cac nhan xet suy ra: R(x) (x^ + x + 1) 
~ (X + 1) (x "̂"̂  + x "̂ + ... + x"*^ + x""') + 2"-\x^ + x̂  + 1) 

+ (X + 1) (x"-^ + x""^ + ... + x + 1) 
~ (x^"'^ + . .. + xn'^) + (x"'^ + x"*̂  + x""^) + (x""' + 1) 
~x2"^2 + xn*^ + 1/n ;:;D,*in;-;. 
M§t khac Un(x) (x^ + x + 1) ~ (x' + x + 1)' ~ x""'" + xn"' + 1 
Vay: (Un(2) . R(x)) (x' + x + 1) ~ 0 Un(x) ~ R(x). ) u 

T(Un(x)) = T(R(x)) = 
3 

Vai m = 2k, n = 0 (mod 3) 
Khi do lap lugn tu-ang ty vai da thirc: 
R(x) = (x + 1) (x "̂"̂  + x^""" + ... + x"'^ + x"'^) + x" 

'•Jr., 

+ (x+ 1)(x"-^ + x"-^ + ... +X^ + 1) 
pm+2 _ J 

Ta du'c?c;T(Un(x)) = T(R(x)) = 

Tom lai voi n = 2'" - 1 thi T(Un(x)) = ' 
3 

Xet tru'ang hgp t6ng quat. Viet n trong h0 nhj phSn: 

n = L J 2 ^ 1^ 0 0 0 ^ 1 ^ 0 ^ 

OatSi = bi ;S2 = bi + ai + 
Sk = bi + ai + ... + ak-1 + bk 

k 
thi n = ^2^'(2^i -1) Dodo: 

i=i 

un(x)=n(x'+X+1)^'^ (2 î -1) ~n(x'''''+x''' + f^''' 

i=1 i=1 

= t^Mf vai ej(x) = U _̂/x) i=i 

Do da thCpc f ,Si+1 ,Si 
^ + x^ + 1 

CO h$ s6 khac khong di>ng tru-ac 2̂  (v > 0). 

R6 rang 2 '̂ chia h§t cho v va: 

V < 2^'*\(2^' - 1) < 2̂ '̂ '̂""̂  < 2^'"''''"'''' = 2^'*\ 
Do do s6 cac chu' s6 1 trong khai triln nhj phan cua v chi c6 th i chi§m vi tri 
vai S i < t < S i + i - 1. 

142 ^ 

j=i i=i 

tu-c la d = Cj day di la so cac he s6 le cua e^, 

Hann&a: n(x^'-Vx^'-2^... + x^i-^ i )= ^ x^i-'i^^i^Pa-m 

Tit ca cac s6 nay la phan biet do sy giai thich a tren. -,i ; | , ; ;3f. ui,', 
k pai+2 _ /_-| \ai 

V§y:T(U,(x)) = n 

Bai toan 5. 36: Gia Q(x) la da thtrc khac khong. Chung minh vdi moi 
n e da thLPC P(x) = (x - 1)" Q(x) c6 khong it han n+1 he so khac khong. 

Hu'O'ng din giai 
Ta Chung minh bing qui nap theo n e Z*. Vai n = 0 da thupc 

P(x) = Q(x) CO It nhit mot he s6 khac khong, vi Q(x) khong = 0. 
Gia su" n > 1, da chung minh duac ring nlu da thipc R(x) khac khong thi da 
thLPc(x-1)"''R(x) CO khong it han n he s6 khac khong. " .... , 
Gia thilt ring vai da thuc khac khong Q(x) = x .̂Qo(x), r € Z+, Qo(0) ^ 0, da 
thu-c P(x) = (x - 1)" Q(x) = x'(x - 1)" . Qo(x) c6 khong nhieu han n he s6 
khac khong. 
Khi do da thCpc Po(x) = (x - 1)" . Qo(x) cung khong nhi§u han n h$ s6 khac 
khong, con P'o(x) c6 khong nhieu han n-1 he s6 khac khong. ,. , , 
Nhung P'o(x) = (x - 1)" Q'o(x) + n(x - ^T'' Qo(x) ! o ' • 

= (X - 1)""^ R(x) vai R(x) khong = 0 (vi Po(x) khong phai hing 
s6). Dilu nay mau thuan vai gia thilt qui nap. 
Vay khang dinh du-gc chung minh xong. 

Bai toan 5. 37: Cho 0 < a < Chung minh ring vai moi da thuc Q(x) e R[x] 
n + 2 

bgc n thi da thuc: P(x) = (x^ - 2xcosx + 1).Q(x) khong th i c6 t i t ca cac he 
so diu khong am. 

Hu'O'ng din giai . i .^ 

Gia SCP: Q(x) = aox" + aix" + ... + an-ix + an 
va P(X) = boX"^' + biX"^^ + ... + bn.iX + bn.2. » ' .^C-

Khi do: P(x) = (x^ - 2x.cosa + 1 ).Q(x) cho ta: . ,̂ 
bo = ao xv-^f . ' ' ' ' . 

bi = ai - 2aocosa '.rf ;,;e;:M,>n6 v̂ 

^2 = a2 + ao - 2aiC0Sa 

143 
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bn+1 = an+1 - 2anC0Sa 

bn+2 = an 

Suy r a : bk = ak + a k ^ 2 - 2ak_i cosa, an+2 = an+i = 0, a i = aa = 0 
n+2 «.> {!•>>:• . 

X '^k sinka = 0 
• • J . 

Ma sinka > 0 vi a 0,- nen ton tai h$ so bi < 0. 
n + 2 

Bai to^n 5. 38: Tim he s6 \&n nhk cua khai tr i ln: (1 + 2x)^^ ' 
Hu'O'ng d i n giai 

So hang t6ng quat cua khai th in: (1 + 2x)^^ la ak = .(2x)'' 

c6 he s6 bk = C^,. 2\t bk < bk.i < ^ -2' < C^2 ' -2 ' ' ' ^ 

^ .2^ < — .2^^^«k + 1 < 2 ( 1 2 - k ) <=>k< — 
k!(12-k! ) (k + 1)!(11-k)! 3 

Do 66: b i < bz < b 3 < .. . < b 7 < bs > bg > b i o > b n > b i 2 
^8 
' 1 2 -Vay he so Ian nhat la bs = C^, -2® = 126 720. 

Bai toan 5. 39: Trong khai tr i ln: P(x) = ( 2 - 3x + 5x^) 
a ) Tinh t6ng t i t ca he so. 
b) Tinh tong tat ca he so cua cac luy thu-a le cua x. 
c) Tinh tong t i t ca he s6 cua cac luy thu-a chan cua x. 

{Hu'O'ng d i n giai 
Ta CO P(x) = ( 2 - 3x + 5x^) = ao + a i x +a2X^ + . . . + a246X^ ' ' 

Nen P(1) = ao + a i + 8 2 + . . . + 8 2 4 5 

P ( - 1) = ao - a i +a2- . . . + 8 2 4 6 

a ) Tdng t i t ca he s6 la P(1) = ( 2 - 3 + 5 ) = 4 ^ " 
b) Tong tat ca he s6 cua cac luy thCfa le cua x: 

P (1 ) -P ( -1) _ 4^^^ -10^^^ 
2 " 2 

c) T6ng t i t ca he so cua cac luy thu-a chin cua x: 

P(1) + P(-1) _ 4^^^ +10^^^^ 
2 " 2 • 

Bai toan 5. 40: Cho day da thu-c Pn(x) xac djnh dinh theo fn(x): 

Tinh tong cac he s6 cua Pn(x). 
Hu'ang d i n giai 

T6ng cac he s6 cua Pn(x) la Pn(1). 
144 

Ta CO P,.i(x) = (1 - x)"^^U,(x) = (1 - x r ^ x . f ;_,(x) 

=(i-xr2.x Pn '(x). 1 , (n + 1).P„(x) 
(1 -xr' o - x r ^ 

= x((1-x).P„'(x) + (n + 1).P„(x)) 

Dod6Pn.i(1) = (n+1).Pn(1) 
N6n Pn(1) = n.Pn-i(1)= n(n-1).Pn-2(1)=... 

= n(n-1)(n-2)...1.Po(1) = n(n-1)(n-2)...1.1 = n I 
V§y t6ng c^c h$ so cua Pn(x) Id Pn(1) = n !. 

Bai toan 5. 41 : Tim so nguy§n du-ang n bilt rSng h^ so: 

a)cuax" ^ trong khai tiien X 

4 
bing 31. 

SI* .3 i'\h(.K Ih'l:. 

b) cua x^"-^ trong khai tri ln (x^+1)"(x+2)" Id: aan-a = 26n. 
Hu'O'ng dSn giai 

a) Ta c6: X — 
4 
1^ n 

k = 0 

i-k nen h$ s6 cua x^ la Cf. 

Tu- dieu kien = 31 ta suy ra n = 32 

b) e l y (x^ + 1'". (X + 2)" Id tich 2 da thu-c c6 bgc 2n va bgc n nen c6 bgc khai 
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k = 0 i=0 
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Chpn nghiem n = 5. 

toan 5. 42: Cho khai tr i ln 
X - 1 X 

2 2 +2 "3 c6 so hgng thu- tu- bSng 20n vd 

"^n = 5C^. Tim s6 nguyen duo-ng n vd x. 

Hifang d i n giai 

n nguyen, n > 3, ta c6 = 5Cl <=> n! = 5- n! 
3 ! (n-3) l I K n - l ) ! 
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• • J . 
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<=> (n-1 )(n-2) = 30 <=> n ̂  - 3n - 28 =0 

r x-1 x> 
Chgn n = 7 nen c6 2 2 + 2"3 = 

^ ) V 

S6 hgng thii- tu- blng 20n = 140 n§n 

1 x>| 7 

( x-1> 4 

2 2 2"3 

V /* 

= 140 

« 35.2 '̂""^2"'' = 140 » 2""^ = 4 <» X = 4 ( chpn). 
V$y n = 7 X =4. 

Bai toan 5. 43: Tim so nguySn duang n sao cho: 

a) C° + 2 C > 4C2 +... + 2".C;; = 243 

b) C^n+C^n+- + Cr=2048 
Hu-ang din giai 

a) Tac6:V = (2 + 1)"= hay3" = C°+2C^+... + 2".C;; 
k=0 

Do d6: 3" = 243 = 3^ V|y n = 5. 
b) Dung c^c khai then nhj thCpc (1-1)^" (1+ 1)^" 

Ta c6 (1 + 1)^" = IC^,, = Cl ^ Cl ^ Cl + + Ĉ ^̂  + C -̂̂  

y. *,t; 

k=0 

(1-1)^" = Ĉ n =Ĉ n -Cl^Cl- -C^r 
k=0 

Tru- ve theo v4 thi du-gc: 2 "̂ - 0 = 2 [ + Ĉ , +... + Ĉ ;;-̂ ] 

Ĉ 2n + +... + Ĉ ;;-̂  = 2'" nen 2 ^ " = 2048 = 2 " 
Do d6 2n -1 = 11 « 2n = 12. V$y: n = 6. 

Bai toan 5. 44: Tim so nguyen du-ang n sao cho: 

a) 1.C^+2.C^+... + n.C;;=11264 

b) f c;̂  + 2^Cl +... + n̂ c;; = n(n +1)2^"' 

Himng din giai 

a) X6t: (1 + x)" = X^n-^" '̂ V ^^"^ ^ " 
k=0 

n.2"-̂  = Xk.Cl̂ hay l.c;,+ 2.C^+... + n.C;; =n.2"-^ 
k=1 

Dodo: n.2"-' = 11264 
Vi day Un = n.2""̂  tSng Un = 11.2^°= 11264 n§nn = 11. 

Lly dgo h^m 2 ve v^ nhSn x v^o 2 ve r6i dao h^m tiep iln nOa, cho x 
thi dugc: î .C: + 2^0^ +... + n̂ .c;; = n(n +1)2""^ 

DO do n(n +1)2^2 "̂ = n(n +1)2"-^ o 2""^ = 2^234 ^ n = 1237 . f * '/"̂  

i n 

,n-2 

gai toan 5. 45: Tim s6 nguyen du-ang n sao cho: 

a) 1.2.C,'+2.3.C^+3.4.C^+... + (n-1)n.C;;= 105.2^3 

. X 1 .C° + -.C^ + -.C„2 +... + -L.C" = ^ — 1 ^ 
D; ^ n 2 " 3 " n + 1 " 2020 

HiPO'ng din giai 

a) Ta chLFng minh 

1.2.Ĉ 2 + 2.3.C^ + 3.4.C„̂  +... + (n - 1)n.c;; = n(n -1).2 

Dodo n(n-1).2"-2 =105.2^3 =21.20.2^^ .jj iS"^ ' ' 

X6t n < 21 thi n(n - ^).2"-^ < 21.20.2^^ : logi * 

Xet n > 21 thi n(n - ^).2"-'^ > 21.20.2^^ : logi 

Xet n = 21 thi thoa man . Vgy n = 21. 

b) Ta chLfng minh -.C°+-.C^ +1.0^+... + _Lc" = -?— 
1 " 2 " 3 " n + 1' " n + 1 

Dod6 —= n +1 = 2020 c»n = 2019. 
n + 1 2020 

Bai toan 5. 46: Cho c^c s6 ti/ nhien thoa 0 

Chi>ngminh:C^„^,.C^,_,<(c^^f :oJ 

Hu'O'ng din giai 

^^*"'=CLiCLi v< îi = 0.1 n 
Ta chu-ng minh day (Ui) giam.Th^t v^y vdi i > 1: 

^ j2n +i)! (2n-i)! ^ (2n + i-1)! (2n-i +1) 
^ n!(n + i)!'n!(n-i)r n!(n + i-1)!'n!(n-i + 1)! 

**(2n+i)(n-i+1)<(2n-i+1)(n+i)c^ (2i-1).n > 0: dung. 
^ 0 36: Uk<Uk_i <Uk-2<. . . <Uo 
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Bai toan 5. 47: Cho n nguyen, n > 2. 

Chu-ng minh b i t d ing thtpc : 2 < <3. 

Hira'ng d i n giai 
Khai triln nhj thCrc: 

n k=0 
= Ĉ  

^0° + cl = 1 + 1 + 

n Vi c^c so hang c6n lai du-cng n§n: >2 

v6i n nguyen, n > 2: 

n! = 1 + 1 + -2!(n-2)! 

^ n 
1 + -

n 

n! 

k=0 

3!(n-3)! 
+... 

- 1 n-1 1 (n-1)(n-2) ^ 1 1 = 2 + —. + — .-̂  - + ...<2+ — + — + ... + — 
2! n 3! 2! 3! n! 

< 2 . J - . - l . , . . . , . 1 

= 2 + 
(̂  0 f l 0 f ^ ^1 4 + ...+ 
l l 2; l2 3j ^n-1 nj 

Tom lai, ta da chCpng minh 2 < 

1.2 2.3 

= 3 - - <3 
n 

<3. 

(n-1)n 

Bai toan 5. 48: Cho n nguyen duong, n > 2 a, b > 0. 

ChLPng minh: 
2 " - 2 

Hu'O'ng d i n giai 
Ta c6: C° + C^ + C^ +... + C;; = 2" va l̂ hai then nhj thuc: 

y C' a""' .b' - a" - b" Y C' .a""' .b' 
(a + b ) " - a " - b " ^ "^"^ " 

2 " - 2 2 " - 2 2 " - 2 

1 1 
2 " - 2 2 

gc;, a"-^b^gc:,.b"-Va^ 
n-1 

i=1 

148 

Oy TNHHMTVDWHHhang Vi$t 

.^C^7a".b" (Cauchy) 

_ L _ ( 2 " - 2).VaV = V(ab)" . ''̂  ' " ^ ' 
" 2" - 2 

gal toan 5. 49: Cho cac so nguy§n duang m n sao cho n < m. Chu-ng nTiinh 
„ , (m + n)! , 2 \rang: 2".n! < ) ^ ^ , ^ (m' + m) . , ^ 

Hu'O'ng d i n giai ^ ^̂ ^̂  

Ta c6: = (m + n)(m + n - 1)...(m - n + 2)(m - n + 1) , 
(m-n ) ! .a q̂ t 

= ]~[(m + 1-i)(m + i) , : ; O I } ' A V L 

i=i 

n 

Ngo^i ra 2". n! = 2M.2.3.n = (2.1)(2.2)...(2n) = n2i ^^^^^ 

(m^ + m)" = (m^ + m)(m^ + m)...(m^ + m) = ^ ( m ^ + m) 
n 

i=1 

Do do, cac bat ding thu-c cin chu-ng minh tu'ang du-ang v6-i 
n n n - . • 

W 21 <]~[ (m +1 - i) (m + i) < J~[ (m^ + m) < iT .e q î i i f 
i=1 i=1 i=1 

Ta c6: 2i = î  + i - î  + i < m^ + m - î  + i = (m + 1 - i)(m + i) q 
< m(m + 1) = m^ + m 

vi i la so nguyen nim giu-a 1 va n. Suy ra: 
2i < (m + 1 - i)(m + i) < m^ + m 

n n 
do do ta du-ac: f7 2i < ] ^ (m +1 - i)(m + i) < (^^ + m) 

i=1 i=1 i=1 

Vgy cac bat d ing thu-c da cho la dung. 

1 3. BAl LUYEN TAP 
^a ' t?p5.1 : Khaitrien: 

a) P(x) = (2x + 1)̂  b) (a + b / 
Hipangdln 

3) DCing cong thu-c Nhj thCfC -w^O jrt; 6o a"' ••• f' 

(a + b)"= ^ C^a"-'b'' = C°a" + C>"-'b +... + c;;-^ab"-' + C;;b" 2Sc. &up ' • 

•̂ t̂ qua P(x) = 32x^ + SOx" + 80x^ + 40x^ + 10x + 1 . 
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< m(m + 1) = m^ + m 

vi i la so nguyen nim giu-a 1 va n. Suy ra: 
2i < (m + 1 - i)(m + i) < m^ + m 

n n 
do do ta du-ac: f7 2i < ] ^ (m +1 - i)(m + i) < (^^ + m) 

i=1 i=1 i=1 

Vgy cac bat d ing thu-c da cho la dung. 

1 3. BAl LUYEN TAP 
^a ' t?p5.1 : Khaitrien: 

a) P(x) = (2x + 1)̂  b) (a + b / 
Hipangdln 

3) DCing cong thu-c Nhj thCfC -w^O jrt; 6o a"' ••• f' 

(a + b)"= ^ C^a"-'b'' = C°a" + C>"-'b +... + c;;-^ab"-' + C;;b" 2Sc. &up ' • 

•̂ t̂ qua P(x) = 32x^ + SOx" + 80x^ + 40x^ + 10x + 1 . 



W trQng diSir. h6\ hoc sinh gidi mdn To6n 11 - Ho6nh Phd 

b) Ket qua a ' + 7a% + 21a'b' + SSâ b̂ * + SSa^b" + 21a2b^ + 7ab^ + b̂  
Bai t^p 5. 2: Tim so hgng chinh giu-a cua Ichai triln: 

s2014 

a) (1 + X) 10 b) P(x) = X + 

Hirang din 
a) S6 hang chinh giu'a cua khai trien Id s6 hgng thu" 6. 

Ketqua252x^ 
' ^1007 

N1007 ^1007 ' 
b) K i t qua C^°i4->^^°°' " ^ 2 0 1 4 - ^ ^1007 

Bai tap 5. 3: Tim h0 SO cua : 
a) x^trong khai tr i ln: P(x) = (1 + x f + (1 + x)^° + ... + (1 + x)^" 

b) x^ trong khai tri ln P(x) = (x + l f .(3-x)^°. 
Hirang din 

a) Dung Nhi thCfc Newton 

( i + x ) " = xc^x^=c° + c> + ...+c:;.x" 
k=0 

Ki t qua C^+C?o + ... + C ,̂ =3003 

b) K i t qua -CIQ.S^ +2.0^0.38 -Ĉ Q-̂ ' = 131220. 

Bai t|ip 5.4: Tim so hgng khong chCfa x cua khai tri ln: 

a) P(x) = 
X 

>12 

, v6i X > 0 b) I 
j-iu'd'ng din 

/X +- v^i X >0 

a) Diing c6ng thu-c Nhi thu-c (a + b)"= Cna " ' ' ' b ' ' .Kit qua = 495 
k=0 

b) K i t qua = 35. 

Bai t?p 5. 5: Tim cdc so hgng nguy§n cua khai tri ln: 

a) b) (N/3+^)'. 

Hird-ng din 

a) Dung cong thij-c Nhj thtpc (a + b)"= £ c;;a"-'̂ b''. 
k=0 

Ki t qua 625 vd 143360. 
b) K i t qua 4536 vd 8 

A'* + 3A^ 
3 ) T i n h g i M r i M = ^ j ; l ^ b i l t r d n g : . 

C - 2 . C L - 2 . C L - C L =149 '̂ 

^ ) Tim cdc so hgng du-ong cua ddy Xn = - A^^ - Ĉ _, + Ĉ _,, n > 4 

l-fu '6ngdln auD ; vt ; 

Dung cong thu-c n! = 1.2.3...(n-1).n vd 0! = 1 

. nl nl 

3 
K l tquan = 5, M= -

b) Kit qua c6 7 so hang du-ang Id X4, X5, Xe, X/, Xs, Xg vd Xio. 
Bdi t?p 5. 7: Tinh tong: §up (»> 

a)T = " +2 " +.. 
n 

^n-1 

b) T = ^ ^ ^ ^ 
Hipd-ng din 

a) Tinh so hgng tong qudt tru-dc. K i t qua l̂ iTLL!) , s JfaG 

b) Kit qua (" + 2 ) ' - 2 ' ' ' ^ ^ 

Bai t^p 5. 8: Cho s6 nguyen k: 0 < k < 2014. Chu-ng minh: 
,pk+1 ^ p 1 0 0 7 . ^ 1 0 0 8 

^ 2 0 1 5 + ^ 2 0 1 5 - ^ 2 0 1 5 +*^2015 

Hip^ng din 
Dung nhj thu-c vd cdc t ing to h(?p. 

^ai t$p 5. 9: Cho nhi thCpc P(x) = (3 - 2x)", n nguy§n du-ang. Sau khi khai tri ln. 
a) Tinh tong tdt ca cdc h$ so 

Tinh t ing t i t ca cdc h^ so theo luy thCra le. 
Tinh t ing tat ca cdc he so theo luy thu-a chin. T ii^p-hh 

Hird-ngdln 
*^hai tri ln t ing qudt tu- bdc th ip I6n bdc cao 
Tinh P(-1) vd P(1) thi t ing cdc h$ s i sau khai tri ln Id P(1) 

151 
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T6ng c^c h$ so theo luy thu-a le : ^^^^^^ va tong c^c h$ s6 theo luj 

2 
a) Kit qua 1 

b) Kit qua 

c) Ketqua 1 ^ * 

Bai tap 5.10: Giai bSt phu-ang trinh: 

a) A,^+5A,^>21n b) C^^ > CJe 

Hveang din 

Dung c6ng thu-c Pn = n!; A[̂  = 
n! n! 

va = 
(n-k)! " k!{n-k)! 

a) Ket qua n € N, n > 5 

b) Ketqua n =11, 12 18 
Bai tap 5.11: Cho n Id mOt s6 nguy6n duo-ng. 

• \2n+1 

Chu-ng minh 7 < 

eat a, = 1 + -
n 

1 + - <8. 

Hirdng din 

, chu-ng minh: ak < ak_i thi du-p-c an < 8 

Vd chLPng minh: (1 + a f > 1 + ma + (m - 1)V. 
n+1 
2 

Bai t̂ p 5.12: Vdi mpi s6 nguygn du-o-ng n, tinh tong 1 = ^ 0 ^ , 

Hirvng din 
i=0 

i-i+1 

n+1 
2 

D$t a„ = X ^'n-M thi c6 ao = 1, a, = 2, an = an-i + an-2 
1=0 

Kit qua T = 
5 + 3V5 1 + V5~ 5-3S( 1-̂ /5 

10 10 
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CUuren ae €: CAP SO Vfl TONG 

l.KI^NTHUCTRONGTAM 
Phu-cng phap quy nap 
el chu-ng minh mpnh dl chu-a biln A(n) Id mOt m$nh de dung M6\i gid 
trj nguyen du-ang cua n, ta thi^c hi^n hai bu-ac sau: 

Bu^c 1: Chu-ng minh A(n) la mpt mpnh d l dung khi n = 1. 
Bu<fc 2: Vo-i k la mpt s6 nguyen du-ang tuy y, tu- gia thilt A(n) la mpt m$nh de 

dung khi n = k, chii-ng minh A(n) cung la mpt m$nh de dung khi n = k + 1. 
NIU A(n) dung vai mpi so nguyen du-ang n > no thi ta kilm chii-ng A(n) dung 
khi n = no, con a phin sau, vai gia thilt quy ngp la A(n) dung khi n = k > no. 
Clps6 cpng 

_ Cap so cpng la mpt d§y s6 hu-u han hay vp han md trong do, ke tu- so hang 
thu- hai, moi s6 hang diu bdng tong cua so hang du-ng ngay tru-ac n6 vd 
mpt s6 d khong d6i, gpi Id cong sai: 

(Un) la d p so cpng <=> Vn > 2, Un = Un-i + d. 

-1 + u k+1 - NIU (Un) la mpt d p sp cpng thi: Uk = 
z 

- Nlu mpt d p s6 cpng c6 s6 hang ddu Ui va c6ng sai d thi s6 hang ting 
qudt: Un = Ui + (n - 1)d. 

- T6ng n so hang ddu tien cua mpt cap so cpng: 
D$t Sn = Ui + U2 + ... + Un thi ;,a : 

2 2 
Cip s6 nhan 

- Cip sp nhan la mpt ddy s6 (hu-u hgn hay v6 hgn) md trong d6, k l tu- so 
h?ng thu- hai, moi so hang deu bdng tich cua so hgng dupng ngay tru-ac no 
vd mpt so q khong doi, gpi Id ccng bpi: 

(Un) Id cap SP nhan <» Vn > 1, Un = Un-i .q 

- Nlu (Un) Id mpt d p so nhdn thi: û  = Uk-i . Uk+i. 

Nlu mpt d p s6 nhan c6 SP hgng ddu ui vd cong bpi q ?i 0 thi s6 hgng t6ng 
quatUn = Ui.q"-\ 
T6ng n so hgng ddu tien cua mOt d p s6 nhdn: 

fi$tSn = Ui+U2+... + UnthiSn= _ q ^ 1 . 
1-q 

T6ng cua d p s6 nhdn lui v6 hgn c6 cong bOi q vd-i I q I < 1: 
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2 LI. 
S = Ui + U i q + U i q + ... = 1-q 

Cac t6ng vo-i mpi s6 nguyen diro-ng n 
^ ^ r, n(n + 1) 

1 + 2 + 3 + ... + n = — - — q§r»'(^up qsnci 

^2 r.2 n2 2 n(n + 1)(2n + 1) 6 

I3 . 2 3 . 3 3 . . . . . n 3 = n > ± 1 ) l ^^^^'"^'^ 
4 

f + 2 ' ' + 3 ' * + . . . + n'' = 
4 n(n + 1)(2n + M3n^ + 3n -1) 

30 

2. cAc B A I T O A N 
Bai toan 6.1: ChCfng minh vdi mpi so nguyen duang n: 

1 4 + 2 ^ 3 " + I ^^n(n + 1)(2n + 1)(3n^+3n-1) 
30 

HiPO'ng din giai 
Ta chLPng minh bSng phuang phap quy ngp 

Khi n = 1 thi VT = 1, VP =1^:^ = 1 nen ding thu-c dung khi n = 1. 
30 

Gia su' d ing thu-c diing khi n = k > 1: 

^U2'+3U , | , 4 _ k ( k + 1)(2k + 1)(3k^+3k-1) 
30 

Ta chu-ng minh d ing thCpc dung khi n = k + 1: 

f . 2 - . 3 - . . . . . k - . ( k . ir = ' '̂ ^̂ ' ^̂ ^̂ '̂ 
^ ' 30 

Th|t v$y, tit gia thilt quy ngp ta c6: 

f . 2 ^ 3 ^ •••. k ^ . ( k . V = " " " - n ( k . ̂ r 
30 

= (k +1) '<(2k + 1)(3k^ + 3k -1) + 30(k +1)3 
30 

6k^+39k3+91k^+89k + 30 
30 

_ (2k"4-7k + 6)(3k^+9k + 5) 
30 

(|< + 1)(k + 2)(2k + 3)(3k^+9k + 5) . 
= ̂  30 • 
Vay d ing thipc diing vai mpi s6 nguyen du-ang. (j^-- ; -, y 

Bai toan 6. 2: Chung minh v6i mpi so nguyen du-ang n, ta c6: p, ^ 
3 , 4 n . 2 ^ 

1.2.2 2.3.2^ n(n + 1).2" (n + 1).2" 

Hu^ng din giai 

K h i n = 1 t h i V T = : ^ = | , V P = 1 - J ^ = | - . . 1 . 

Dod6(1)dungkh in = 1. 1J Rn5. <;a 
Gia su- (1) dung khi n = k, k nguy§n duang. 
Ta chLPng minh (1) dung khi n = k + 1. Th$tv$y, theo gia th i l tquy ngp: 

3 k + 2 k + 3 -'sooG, 
• + ...H - + -1.2.2 k(k + 1)2' (k + 1)(k + 2)2'^^ ,̂  

= 1 _ _ _ l _ + _ J i ± 3 _ _ = 1_.2('< + 2 ) - (k+3) 4^'-; 
(k + 1)2'' (k + 1)(k + 2)2*̂ "̂  (k + 1)(k + 2)2'̂ ^^ 

= 1 1 : dpcm. ^ 6F> oQ 
(k + 2)2'"^ ; 

Vay (1) dung vai mpi so nguyen du-ang n. 
Bai toan 6. 3: Chu-ng minh v6-i mpi s6 nguyen du-ang n, ta c6: -

(1 +x)"= G°+c> + ...+c;;-V-Ucy=Xc^/ ( i ) :a.anL--
k=0 

Hu>ang din giai 

Khin = 1thi (1 + x)̂  = C°+C].x = 1 + x nen (1) dung khi n =1. 

Gia su- khing djnh (1) dung v6-i n nguy§n du-ang. Ta chii-ng minh (1) dung 
v6i n + 1. Thgt v^y: 

(1 + x)"^^ = (1 + x) (1 + x)" = i c;;.x̂  + 2̂  ĉ x"̂ '̂  ^ '- '^ 

•ifft T6S 

Tac6: ZC^x^ = U S C ^ x \^x^^U^C^.x^ + x^^ 
k=0 k=1 k=0 k=1 

Thay vao d ing thu-c tr§n ta du-ac: ^-.. ' 

(1 + x)"*^ = 1 + s(c;; ^I'Y +x"^' ui i f^v ibr i 
k=i , \ 



2 LI. 
S = Ui + U i q + U i q + ... = 1-q 

Cac t6ng vo-i mpi s6 nguyen diro-ng n 
^ ^ r, n(n + 1) 

1 + 2 + 3 + ... + n = — - — q§r»'(^up qsnci 

^2 r.2 n2 2 n(n + 1)(2n + 1) 6 

I3 . 2 3 . 3 3 . . . . . n 3 = n > ± 1 ) l ^^^^'"^'^ 
4 

f + 2 ' ' + 3 ' * + . . . + n'' = 
4 n(n + 1)(2n + M3n^ + 3n -1) 

30 

2. cAc B A I T O A N 
Bai toan 6.1: ChCfng minh vdi mpi so nguyen duang n: 

1 4 + 2 ^ 3 " + I ^^n(n + 1)(2n + 1)(3n^+3n-1) 
30 

HiPO'ng din giai 
Ta chLPng minh bSng phuang phap quy ngp 

Khi n = 1 thi VT = 1, VP =1^:^ = 1 nen ding thu-c dung khi n = 1. 
30 

Gia su' d ing thu-c diing khi n = k > 1: 

^U2'+3U , | , 4 _ k ( k + 1)(2k + 1)(3k^+3k-1) 
30 

Ta chu-ng minh d ing thCpc dung khi n = k + 1: 

f . 2 - . 3 - . . . . . k - . ( k . ir = ' '̂ ^̂ ' ^̂ ^̂ '̂ 
^ ' 30 

Th|t v$y, tit gia thilt quy ngp ta c6: 

f . 2 ^ 3 ^ •••. k ^ . ( k . V = " " " - n ( k . ̂ r 
30 

= (k +1) '<(2k + 1)(3k^ + 3k -1) + 30(k +1)3 
30 

6k^+39k3+91k^+89k + 30 
30 

_ (2k"4-7k + 6)(3k^+9k + 5) 
30 

(|< + 1)(k + 2)(2k + 3)(3k^+9k + 5) . 
= ̂  30 • 
Vay d ing thipc diing vai mpi s6 nguyen du-ang. (j^-- ; -, y 

Bai toan 6. 2: Chung minh v6i mpi so nguyen du-ang n, ta c6: p, ^ 
3 , 4 n . 2 ^ 

1.2.2 2.3.2^ n(n + 1).2" (n + 1).2" 

Hu^ng din giai 

K h i n = 1 t h i V T = : ^ = | , V P = 1 - J ^ = | - . . 1 . 

Dod6(1)dungkh in = 1. 1J Rn5. <;a 
Gia su- (1) dung khi n = k, k nguy§n duang. 
Ta chLPng minh (1) dung khi n = k + 1. Th$tv$y, theo gia th i l tquy ngp: 

3 k + 2 k + 3 -'sooG, 
• + ...H - + -1.2.2 k(k + 1)2' (k + 1)(k + 2)2'^^ ,̂  

= 1 _ _ _ l _ + _ J i ± 3 _ _ = 1_.2('< + 2 ) - (k+3) 4^'-; 
(k + 1)2'' (k + 1)(k + 2)2*̂ "̂  (k + 1)(k + 2)2'̂ ^^ 

= 1 1 : dpcm. ^ 6F> oQ 
(k + 2)2'"^ ; 

Vay (1) dung vai mpi so nguyen du-ang n. 
Bai toan 6. 3: Chu-ng minh v6-i mpi s6 nguyen du-ang n, ta c6: -

(1 +x)"= G°+c> + ...+c;;-V-Ucy=Xc^/ ( i ) :a.anL--
k=0 

Hu>ang din giai 

Khin = 1thi (1 + x)̂  = C°+C].x = 1 + x nen (1) dung khi n =1. 

Gia su- khing djnh (1) dung v6-i n nguy§n du-ang. Ta chii-ng minh (1) dung 
v6i n + 1. Thgt v^y: 

(1 + x)"^^ = (1 + x) (1 + x)" = i c;;.x̂  + 2̂  ĉ x"̂ '̂  ^ '- '^ 

•ifft T6S 

Tac6: ZC^x^ = U S C ^ x \^x^^U^C^.x^ + x^^ 
k=0 k=1 k=0 k=1 

Thay vao d ing thu-c tr§n ta du-ac: ^-.. ' 

(1 + x)"*^ = 1 + s(c;; ^I'Y +x"^' ui i f^v ibr i 
k=i , \ 



n n+1 
= C°..x° + + C-Jx-^ = Zcl,x' :dpcm 

k=1 k=0 

Vay (1) dung v6'\i so nguyen du'ang n. 
Bai toan 6. 4: Chu-ng minh v&\i so nguyen du'ang n > 2, ta c6: 

c o s ^ = -lV2+72 + ^ ^ ^ ( n - 1 d a u c g n ) . 

Hipong din giai 

Khi n = 2 thi c o s - ^ = cos— = — : dOng 

Gia sir cong thu-c dung khi n = k, k nguyen, k > 2. Ta chu-ng minh cong thuc 
dung khi n = k + 1. Thgt vay: 

2cos2 — = 1 + c o s — = 1 + -\/2 + V27/r7^ 

Do do cos^ 
n 1 

=>cos-

2k+i 4 

71 1 

, n - 1 dliu cSn 

2 + V2 + >J+̂ T̂ , n-1 dau can 

+ >/2 + 7... + vf , n d i u cSn: dpcm. 

Bai toan 6. 5: ChCrng minh v6'i mpi s6 nguyen du'ang n, ta cc: 

1 1 1 , 
• + + ... + - • > 1. n + 1 n + 2 3n + 1 

Hu>6ng din giai 

Khi n = 1 thi BDT: - + - + - > ^ ^ — >^ 
2 3 4 12 

Do 66 BDT dung khi n = 1. 

Gia sij BDT dung khi n = k, k e N ' : — ^ + ^ +... + — — - > 1. 
k + 1 k+2 

Ta chLPng minh BDT dung khi n = k + 1: 

3k+ 1 

1 1 1 1 1 1 , 
• + - + ... + + + + > 1 k + 2 k + 3 3k+ 1 3k+ 2 3k+ 3 3k+ 4 

That v § y , tie gia thiet quy ngp ta c6: 

VT = 
1 1 1 

• + + .. .+• 
k + 1 k+2 3k+ 1 

+ 1 1 1 
• + + • 

1 

3k+ 2 3k+ 3 3k+ 4 k + 1 

> 1 + -
1 1 = 1 + > 1. 

3k+ 2 3k+ 3 3k+ 4 (3k + 2)(3k + 3)(3k + 4) 
Vly BDT dung vai mpi so nguyen duang n. 

gai toan 6. 6: Chung minh vdi mpi so nguyen du'ang n: 
1!3!... (2n + 1)!>((n + 1)!r' (1). 

Hu'O'ng din giai 
Khi n = 1 thi (1) « 1 !3! > ( 2 ! ) ^ » 6 > 4: dung 
Gia su" (1) dung khi n = k, k nguyen duang. 
Ta chu'ng minh (1) dung khi n = k + 1. Th^t vgy: 

1!.3! ... (2k + 1)! . (2k + 3)! > ((k + 1)!)̂ "̂  . (2k + 3)!. , 
Ta can chu-ng minh: ((k + 1)'̂ '̂  . (2k + 3)! > ((k + 2)!^*^' -
» (2k + 3)! > (k + 2)! (k + 2 ^ ; 
o ( k + 3)(k + 4).. . (2k + 3 ) > ( k + 2)^'\ 
BDT nay dung vai mpi m > 2 thi k + m > k + 2. 
V^y (1) dung vai mpi so nguyen duang k. îds':,. 

Bai toan 6. 7: Cho a + b > 0. Chipng minh vai mpi s6 nguyen du'ang n: ,5 

If 

a + b a"+b" 
(1). 

Hu'O'ng din giai 

Khin = 1:(1)<^ • ^ < - ^ : d u n g 

Gia su' (1) dung khi n = k, k nguyen duang: a + b a^+b^ 

Ta chu-ng minh (1) dung khi n = k + 1. That v$y, vi a + b > 0. 

(2) 

••P if!?'' 

n6n (2) => a + b a + b a^+b^ a + b 

a + b 
vk+1 

Ta chCpng minh: 

^ ab' + a'b < a'̂ '̂  + b''*' (3) 
'^hong m i t tinh t6ng qu^t, gia su a > b. 
^ a + b > 0 nen a > -b, do do a > I b I =:> a"" > I b I > b"" v^i mpi m nguyen du'ang. 
Ta c6 (3) o a (̂a - b) + b''(b - a) > 0 <=> (a - b)(a'' - b") > 0: dung. 
^$y(1)dung vai mpi so nguyen duang n. 
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c o s ^ = -lV2+72 + ^ ^ ^ ( n - 1 d a u c g n ) . 

Hipong din giai 

Khi n = 2 thi c o s - ^ = cos— = — : dOng 

Gia sir cong thu-c dung khi n = k, k nguyen, k > 2. Ta chu-ng minh cong thuc 
dung khi n = k + 1. Thgt vay: 

2cos2 — = 1 + c o s — = 1 + -\/2 + V27/r7^ 

Do do cos^ 
n 1 

=>cos-

2k+i 4 

71 1 

, n - 1 dliu cSn 

2 + V2 + >J+̂ T̂ , n-1 dau can 

+ >/2 + 7... + vf , n d i u cSn: dpcm. 

Bai toan 6. 5: ChCrng minh v6'i mpi s6 nguyen du'ang n, ta cc: 

1 1 1 , 
• + + ... + - • > 1. n + 1 n + 2 3n + 1 

Hu>6ng din giai 

Khi n = 1 thi BDT: - + - + - > ^ ^ — >^ 
2 3 4 12 

Do 66 BDT dung khi n = 1. 

Gia sij BDT dung khi n = k, k e N ' : — ^ + ^ +... + — — - > 1. 
k + 1 k+2 

Ta chLPng minh BDT dung khi n = k + 1: 

3k+ 1 

1 1 1 1 1 1 , 
• + - + ... + + + + > 1 k + 2 k + 3 3k+ 1 3k+ 2 3k+ 3 3k+ 4 

That v § y , tie gia thiet quy ngp ta c6: 

VT = 
1 1 1 

• + + .. .+• 
k + 1 k+2 3k+ 1 

+ 1 1 1 
• + + • 

1 

3k+ 2 3k+ 3 3k+ 4 k + 1 

> 1 + -
1 1 = 1 + > 1. 

3k+ 2 3k+ 3 3k+ 4 (3k + 2)(3k + 3)(3k + 4) 
Vly BDT dung vai mpi so nguyen duang n. 

gai toan 6. 6: Chung minh vdi mpi so nguyen du'ang n: 
1!3!... (2n + 1)!>((n + 1)!r' (1). 

Hu'O'ng din giai 
Khi n = 1 thi (1) « 1 !3! > ( 2 ! ) ^ » 6 > 4: dung 
Gia su" (1) dung khi n = k, k nguyen duang. 
Ta chu'ng minh (1) dung khi n = k + 1. Th^t vgy: 

1!.3! ... (2k + 1)! . (2k + 3)! > ((k + 1)!)̂ "̂  . (2k + 3)!. , 
Ta can chu-ng minh: ((k + 1)'̂ '̂  . (2k + 3)! > ((k + 2)!^*^' -
» (2k + 3)! > (k + 2)! (k + 2 ^ ; 
o ( k + 3)(k + 4).. . (2k + 3 ) > ( k + 2)^'\ 
BDT nay dung vai mpi m > 2 thi k + m > k + 2. 
V^y (1) dung vai mpi so nguyen duang k. îds':,. 
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Bai toan 6. 8: Cho 2n s6 tuy y: a-,, 82 an bi, b 2 , . . . . bn. 
Chung minh b i t d i n g thCcc: 

7(a, + a, +... + a j ^ + (b, + b, +... + b , f < ^a? + bf + â̂  + b^ +... + + • 

Hip6ng d i n giai 

Khi n = 1 thi BDT: Jaf + bf < ^a^ + b^ : dung. 

Khi n = 2 thi BDT: ^(a, + 8 3 ) ^ + (b^ + bg)^ < ^a^ + bf + ^a^ + b^ 

o ( 8 1 + 8 2 ) ' + (b i+b2) ' < af + bf + a^ + b^ + 2 ^ ( a f + b f ) ( 8 ^ + b ^ ) 

o 8182 + b i b 2 < 7 ( a f +b f ) ( a^+b^ ) 

N§u VT < 0 thi BDT dung, con neu VT > 0 thi BOT 

« (8182 + b i b 2 ) ' < ( a ^ + b f ) ( a ^ + b 2 ) 

« > 2 a i a 2 b i b 2 < a^ + b^ + a^ + b^ <» ( a i b 2 - a 2 b i ) ' > 0: dung 

Gia sCr BDT dung l<hi n = l<, l< nguyen ducng. Ta chu-ng minh BDT dung l<hi 

n = k + L T h a t v^y. 

^(a^ + 8 2 +... + a, + a^^.f + (b, + b^ +... + b, + b,,,) ' 

= ^ ( ( 8 , + a, +... + a,) + a, J + ((b, + b^ +... + b j + b,,,) ' 

< ^ ( 8 , + 8 2 + . . . + a^f+ (b, + b^ +... + b^f + 7 a L i + b^.i 

< ^ a ^ + b ' + ^ 8 ^ + b ^ + . . . + ^ a ^ + b 2 + 7 a L + b ^ : ^ P c m 

Vay BDT dung vb'i mpi so nguyen ducng n. 

Bai toan 6. 9: Vai moi so nguyen duang n, chu-ng minh day Un = 7.2^""^ + 3 "̂"̂  

luon chia het cho 5. 

Hipang d in giai 

Khi n = 1 ta c6: Ui = 7.2^-^ + 3^-' = 7 + 3 = 10! 5 . 

Do do (1) dung l<hi n = 1.Gia su- (1) dung l<hi n = k, l< e N*, ta se chCrng minh 

(1) cung dung khi n = k + 1. 

That vay, ta c6: Uk.i = 7.2^^^*'^' + 3^^^''^ - 1 = 4.7.2^-' + 9.3^"^ 

= 4(7.2^-' + 3^-^) + 5.3^-^ = 4.Uk + 5.3'''-\ 

Vi Uk : 5 (theo gia thiet quy ngp) nen Uk+i i 5 (dpcm). 

Vgy (1) dung vai mpi so nguyen du-ang n. 

Bai toan 6.10: Chii-ng minh v6'i mpi so nguy§n du-ang n thi d§y: 

Un = 6 ' " + 3"* ' + 3" chia het cho 11. 

Hu'O'ng d i n giai 

Khi n = 1 thi Ui = 6 ' + 3^ + 3 = 66 i 11 (dung). 

1 <o 

f.iy f/vnn fvii v uwrmnang vj^ 

Gia su" m$nh de dung khi n = k, k nguy§n du-ang. Ta chu-ng minh menh d4 
(5ung kh i n = k+1. Th^tvay: 

Uk+1 - o 
^2k+2 + 3k*3 ^ 3k.1 ^ 3 g g2k 3 3k+2 + 3 3k 

= 36 (6 ' ' + 3"*-= + 3^) - 33(^^^" + 3^) 5 k + 2 3k+2 

= 36Uk - 3 3 ( 3 ' * ' + 3-̂ ) ; 11 (dung). 00 .B 

V$y Un chia het cho 11 vb-i mpi n nguyen du-ang. 

Bai toan 6.11: Xac djnh so hgng dau vd cong sai cua cap so cpng: 

a) 

u ^ - u , > 0 

u,, + u,^ = 11 b) 
U5 +u , 7 = 6 0 

^31 - " 3 4 

K + U 3 4 = 1 0 1 

Hu^ng d i n giai 
a) Ta c6 d = U 2 - Ui > 0 nen U34 > U31, v^ 

u ^ + u ^ = 1 1 7 0 ^-?'^c' 

U31 + U34 = ^ [ ( U 3 i + U 3 4 ) ' + (U31 - U 3 4 ) ' ] => 101 = ^ ( 1 2 1 + 9d ' ) . 

b) 

- 3 1 ^ - 3 4 2 ^ 

Dodo: 9 d ' = 2 0 2 - 121 = 8 1 , c h p n d = 3. 

11 = U31 + U34 = (Ui + 30d) + (ui + 33d) = 2ui + 63d 

=> ui = -89 . Vay Ui = - 6 9 va d = 3. 

(u,+4d) + (u,+ 16d) = 60 (1) 

(u, + 3 d ) ' + (u, +11d) ' = 1170 (2) 

Ta c6 (1) 2ui + 20d = 60 nen Ui = 30 - lOd 

The (2): (30 - 7d ) ' + (30 + d ) ' = 1170 

o 50d ' - 360d - 630 = 0 <=> 5 d ' - 36d - 63 = 0 

Do d6 d = 3 ho$c d = — . 
5 

u^+u^2 = 1170 

Khi d = 3 thi ui = 0, khi d = — thi ui =-12. 
5 

Bai toan 6.12: T im 4 so hgng cua d p so cpng c6 t6ng cua chung b i n g 22 va 
tong cac binh phu-ang cua chung bSng 166. 

l-iLPang d i n giai 

Gpi 4 s6 Igp cap s6 cOng la x - 3y, x - y, x + y, x + 3y. 

Ta c6 he- ~ + (x - y) + (x + y) + (x + 3y) = 22 Î r. . . , 

• [ ( X - 3 y ) ' + (X - y ) ' + (x + y)^ + (x + 3 y ) ' = 166 ') ly 

4x = 22 

4x^ +20y^ =166 

^^y 4 s6 phai t im 1^ 1, 4, 7, 10 hay 10, 7,4, 1. 

11 

" - J 

. - 4 
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11 

" - J 

. - 4 



Bai toan 6. 13: Mot cap so cOng hOu hgn Un c6 tong c^c s6 hgng tru' s6 hgng (Jiu 
tien bang -36; t6ng cac s6 hgng tru- s6 hgng cuoi cung bang 0. Tim s6 hgng 
d lu tien va cong sal biet Ui2 - U4 = -16. 

Hu'O'ng din giai 
Gpi d Id cong sal. Ta c6: ,, ^ 

S , - u , = - 3 6 

= 0 ^ ^ 
(u,+ 11d)-(u,+3d) = -16 

Sn - u = 0 
n n 

u , - u , = - 3 6 

Do do 4d =-16 => d = - 4 , vd Un-Ui = ( n - 1)d = -36 => n = 10. 

Ta CO S n - u i = -(2ui + (n - 1)d) - Ui = -36 Ui = 16. 

Vayui = 16vad = ^ . 
Bai toan 6.14: Cho day (Un) xac djnh: Ui = a, Un+i = 8 - Un, n > 1. 

Tim a de day (Un) lap d p so cong. 
HiPffng din giai 

Gpi d la cong sai cua d p s6 cpng thi; 
Un+1 = Un + d ma Un+i = 8 - Un Pen c6: 

Un + d = 8 - Un => Un = ^ — ^ voi moi n > 1. 
2 

Do do Un la day khong d6i nen Un+i = Un = Ui = a. 
Ta CO a = 8 - a => a = 4. Dao lai vai a = 4 thi Un = 4 vai mpi n > 1 nen day 

khong doi hay lap d p s6 cpng c6 cong sai d = 0. 
Vay a = 4. 

Bai toan 6.15: Vai gia trj nao cua a d l tim du'p'c x sao cho 3 s6 

^ 51-X; i ; 25" + 25-'' lap thanh c§p s6 cpng. 

l-lu'6'ng din giai 

Theo gia thiet ta c6: (5'*" + S'"") + (25' + 25"'') = 2. | nen 

a = (5 '̂" + 5'-'<)+(25'' + 25-'') > 2 Vs^^'S^^" + 2^/25^25-'< 

o a > 2^5^ + 2725° =10 + 2 = 12. 
DIU dSng thCcc xay ra khi x = 0. 
Vay vai a > 12 thi 3 s6 do lap thanh d p so cpng. 

Bai toan 6.16: Gpi Sn la tong n s6 hang d4u tien cua cSp s6 cpng Un 
Cho Sp = q va Sq = p. TInh Sp+q. 

Hirang din gidi 
Ta c6: Up+i = Ui + pd; Up+2 = U2 + p d ; U p + q = Uq + pd. 

Up+1 + Up+2 + •• + Up.q = Ui + U2 + ... + Uq + pqd. 

^ Sp.q - Sp = Sq + p q d . ^ Sp.q = Sp + Sq + pqd (1) 

l^$t khac Sp = I (ui + Up), Sq = ^ (ui + Uq) , 2 

2S„ 2S^ _ , „ . . ^ 2(qSp-pS^) 
p - q 

^ _ _ ! P - — ^ =Up-Uq = ( p - q ) d = ^ pqd = B i 

.3 nfeoi- u-k 
(p + q ) ( S - S ) 

Th^ vao (1) thi di^gc Sp.q = ^ = -(p + q). 

Bai toan 6. 17: Cho d6 thi hdm s6 y = x" + ax^ + b c i t true hocinh tai 4 di im 
phan biet c6 hoanh dp lap thanh d p so cpng. Tim h? thCrc giu-a a va b. 

Hipang din giai 
Cho y = 0 x^ + ax^ + b = 0 (1). • 
Oat t = x^, t > 0 thi CO phu-ang trinh: t̂  + at + b = 0 (2) 
Vi d6 thi d t true hoanh tai 4 di lm phan biet c6 hoanh dp lap c^p so cpng 

-a ± \/a^ - 4b 
nen (2) c6 3 nghiem 0 < t, < t2, ti,2 = 

Do do (1) CO 4 nghiem x, = X2 = - 7 ^ - ^3 = 7^ • ^4 = ^/t^ 

lap d p s6 cpng nen X4 - X3 = X3 - X2 = X2 - Xi. iGMV̂ âri <1f 

^ 7 ^ = 3 ^ t ; ^ t2 = 9ti' • 

_^ -a + Va^ - 4 b „ - a - Va^ - 4b / 2 o 2 " ^- 2 - 4b = 8a 

sVa^ - 4 b = -4a 25(a^ - 4b) = 16a^ ̂  9â  - 100b = 0. 
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T- . ft, + t , = 3m + 5 [1 Ot, = 3m + 5 -̂ * ' ^ ' ' 
!^ t ( m . f ..^K.t...^^ 



Bai toan 6. 13: Mot cap so cOng hOu hgn Un c6 tong c^c s6 hgng tru' s6 hgng (Jiu 
tien bang -36; t6ng cac s6 hgng tru- s6 hgng cuoi cung bang 0. Tim s6 hgng 
d lu tien va cong sal biet Ui2 - U4 = -16. 

Hu'O'ng din giai 
Gpi d Id cong sal. Ta c6: ,, ^ 

S , - u , = - 3 6 

= 0 ^ ^ 
(u,+ 11d)-(u,+3d) = -16 

Sn - u = 0 
n n 
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2 
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Dod6 9 ̂ 3m + 5^ ' 
10 

= {m + ^f » 1 9 m ^ - 7 0 m - 1 2 5 = 0 

19 
<^ m = hole m = SThu- l^i vb-i m = - — va m = 5 thi (2) deu c6 2 

1 
25 

sinx = = 0 (1) 
cosx = 1 (2) 

a 
cosx ZZ (3) 2 V / 

nghiem du-ang phan biet. Vay m = ho$c m = 5. 
1 y 

Bai toan 6.19: Tim a sao cho cSc nghiem I<h6ng am cua phirang trinh: 
(2a - 1)sinx + (2 - a)sin2x = sinSx tao thanh mpt c lp s6 cpng. 

HiPO'ng din gial 
PT : (2a - 1 )sinx + 2(2 - a)sinxcosx = Ssinx - 4sin^x 

o sinx[2cos^x - (2 - a)cosx - a] = 0 » 

Tit (1) va (2) ta c6: x = I^K, l< e N (do chi xet x > 0). 
Neu I a I > 2 thi (3) v6 nghiem. Vay cac nghiem cua phu'cng trinh tao thanh 
mpt clip s6 cpng. 
Neu I a I < 2: Phu'ang trinh (3) c6 nghiem. Gpi XQ la nghiem cua phu-ong 
trinh nay vai 0 < XQ < TI thi: 
(3) <=> X = ± Xo + l<27i, k e Z. 
N4U cac nghiem cua phuong trinh cho tao thanh mpt d p s6 cpng thi phai 

CO hoac Xo = 0 => a = - 2 ; ho$c Xo = | => a = 0; ho$c XQ = n => a = 2. Thu- lai 

dung nen cac gia tri can tim a = 0 ho9c I a I > 2. 
Bai toan 6. 20: Cho 2 d p so cpng hOu han, moi cap s6 c6 100 so hang: 4, 7, 

10, 13, 16, ... va 1, 6, 11, 16, 21... Hoi c6 tat ca bao nhieu so c6 m§t trong 
ca 2 d p so tren. 

Hifo-ng din gial 
Gpi d p so cpng thCf nhat Id (Un) va d p s6 cpng thif hai la (Vn). 
Ta c6: Un = Ui + (n - 1)d = 4 + 3(n - 1) => Un = 3n + 1 
Vk = vi + ( k - 1 ) d = 1 + 5 ( k - 1)=^Vk = 5 k - 4 . 
V6i k, n G Z , , 1 < k < 100, 1 < n < 100. 
Ta CO Un = Vn <=> 3n + 1 = 5 k - 4 5k-3n = 5<=> 3n = 5(k-1) nen n chia het cho 5. 

D$t n = 5t, t 6 Z ^ k = 3t + I.Do 1 < k < 100, 1 < n < 100 nen 

t 6 (l;2;...;20}. V§y c6 20 so d6ng thai c6 m$t trong ca 2 d p so cpng tren: 

16. 31,46. .... 301. 

"xty /ivnn /VIIV uvvn nnang^-yi^ 

gaj toan 6. 21: Chu-ng minh day (Un) x^c djnh bai: 

Ui + U 2 + ... + Un = "^^ ^ l$p thanh d p s6 cOng. 

HiPO'ng din gial 
Ta c6 S n = ui + U 2 + ... + Un-1 + Un; S n - 1 = Ui + U 2 + ... Un_i nen: 

_ o - n(7-3n) (n-1)(7 -3 (n-1)) _ A 
Un = S n - i»n-l ^ ^ 5 - 3n U • . 

Vi Un*i - Un = 5 - 3(n + 1) - (5 - 3n) = -3: khong doi vb-i mpi n > 1. V#y day 
Un l^p d p so cpng c6 cong sai d = -3. 

Bai toan 6. 22: Chipng minh khong ton tgi mpt cap so cpng nao chii-a 3 so 
hang 72, va 4i. 

HiPO'ng din gial ^ 
Gia si>: \/2 , N/3 , \/5 la 3 so hang thtp m + 1, n + 1, k + 1 phan biet cua d p 
so cpng Un c6 cong sai d, s6 hang d lu Ui. 

Ta c6: \/2 = Ui + md, N/S = Ui + nd, N/S = Ui + kd 

72 - N/3 = (m - n)d, 73 - 75 = (n - k)d 

72 - 73 _ m - n 
Va-Ts n - k 

72 - 73 = t(73 - 75 ) ^ 72 + t75 = (t + 1)73 

=> 2 + 5t̂  + 2t7lO = 3(t + 1)2 ^ 2t7T0 = -2t' + 6t + 1. 
\ —2t̂  + 6t + 1 

=> Vl 0 = la so hu'u ti: v6 ly =:> dpcm. 

Bai toan 6. 23: Chufng minh a, b, c la 3 so hang cua c^p s6 cOng, di^u ki^n 

d n va du la: + qb + rc = 0 ^ 
p + q + r = 0 

Hipang din gial 
pia su- a, b, c la so hang thu- k + 1. n + 1. m + 1 cua mpt d p s6 cpng c6 Ui 

s6 hang d lu , d la cong sai. 

= t , vb-i t hu'u ti 

"Ta c6 he: 
a = u, + kd 

b = u, + nd b - a = (n - k)d => d = 
c = u, + md 

kd = a -

b - a 
n - k 

Dod6u, = a - k d = a - ^ = ^ " - ' ^ ^ 
n - k r. - k 

N6n c = ^ m ̂  c(n - k) = a(n - m) . b(m - k) 
n - k n - k 
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a(n - m) + b(m - k) + c(k - n) = O.Oat p = n - m , q = m - k , 

r = k - n thi J "̂ "̂  '̂ '̂  " ° v6i p, q, r nguyen . 
p + q + r = 0 

Dao Igi, gia su' t6n tai cac so nguyen p, q, r sao cho a, b, c thoa man: 

pa + qb + re = 0 ̂ ,.^^^g ^ ^ j ^ ^ ^ ^^^g q^^j gja si> a > b > c. 
p + q + r = 0 . ,8 

Ta c6 q = -{p + r) => pa - b(q + r) + rc = 0 => p(a - b) = r(b - c). 
Do do p va r cung dlu, gia su- p, r > 0. 

0 Dat d = ^—^ thi — = d => a - b = rd, b - c = pd. 
r p 

hay b = c + qdvaa = b + rd = c + (p + r)d. 
a - b 

Do do 3 so a, b, c n§m trong d p s6 cpng c6 ui = c, cong sai d = v6i 
b = Up+1 va a = Up+r+iBai toan du'gc chu-ng minh hoan toan. 

Bai toan 6. 24: Cho tarn giac ABC. Chiang minh 3 canh a, b, c lap d p so cgng 

khi va chi khi tan — .tan — = —. 
2 2 3 

Hu'O'ng din giai 
Ta c6 a, b.clap thanh c^p s6 cpng. 
<^ a.+ c = 2b <=> 2RsinA + 2RsinC = 4RsinB. 

A — C A — C ^ B 
<» sinA+sinC = 2 sinB <=> 2sin cos = 4sin^ p cos— 

2 2 ^ 2 
A - C ^ . B ,A C, _ ,A ^ C , 

o cos = 2sin— <=> cos( ) = 2cos(— + —) 
2 2 2 2 2 2 

A C . A . C ^ , A C . A . C -
ocos—cos— +sin— sin— =2(cos—cos sin —sin —) 

2 2 2 2 2 2 2 2 
^ . A . C A C , A , C 1 

<=>3sin —sin— = cos —cos— <=>tan—.tan— = -
.» 2 2 2 2 2 2 3 

Bai toan 6. 25: Cho 3 goc x, y, z lap cap s6 cong c6 cong sai d = ^ . 

a) Chu-ng minh: tanx.tany + tany.tanz + tanz.tanx = -3 
b) ChLPng minh: 4cosx.cosy.cosz = cos3y. 

Hirang din giai 
, ^ n , . , tan y- tan X a) Ta co: tan - = tan(y -x ) = 

3 1 + tanxtany 

1 A/ i 

^ 1 . t a n x . t a n y = ^ ^ " y - ^ ^ " \ 
V3 

Tu-cng tu' thi: 3 + tanx.tany + tany.tanz + tanz.tanx 
tany-tanx tanz-tany tany-tanx „ 

V3 V3 -V3 

V|y tanx.tany + tany.tanz + tanz.tanx = -3 > •'̂ •''̂  - " -

Ta cos: 4cosx.cosy.cosz = 4cos(y - -).cosy.cos(y + - ) ''i:' ' 
3 3 nStJK, 00 e.;. \

= 4cosy . ^(cos2y + cos2-) = 2cosy (2cos^y- 1 - - ) ' f ' > ) * . 3 ' ^ v 
2 3 2 

= 4cosV-3cosy = cos3y. ' •}•) + VitU • . • 

Bai toan 6. 26:Cho cap so cOng (Un) . ChCpng minh: 

a)-
n-1 

;u,>0(1) . 

b ) - ^ . - ^ . . . . . - L 1 1 1 
— + + ... + 

U 

; u , ^ o 
n > 

Hu'O'ng din giai 
a) Gpi d la cong sai cua cap so cpng. 

X6t d = 0 thi ui = U2 = ... = Un nen (1) dung. 

Xetd^Othi ^- = KlKl-Kz£l 
VC + VĤ  U , - U , _ , d 

Apdgng ta c6:VT = + ^ / ^ - ^ / ^ +... + 
d 

(n-1)d -VP 

b) Ta CP U i + Un = U2 + Un-1 = ... = Un + U i 

Do66 " i ^ " n _ " K + U 'n-k+1 = — + 
" k ' U n - k . l U , . U , _ , ^ , U, U „ _ , ^ , 

Ap dgng ta cc: 00 Ob 

Un-Ul 

+... + 
1 1 

— + — 
. n-1 1 ^ 

= 2 1 1 
— + — + . . . + • 
U, û  

dpcm. 
n y 
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U 

; u , ^ o 
n > 

Hu'O'ng din giai 
a) Gpi d la cong sai cua cap so cpng. 

X6t d = 0 thi ui = U2 = ... = Un nen (1) dung. 

Xetd^Othi ^- = KlKl-Kz£l 
VC + VĤ  U , - U , _ , d 

Apdgng ta c6:VT = + ^ / ^ - ^ / ^ +... + 
d 

(n-1)d -VP 

b) Ta CP U i + Un = U2 + Un-1 = ... = Un + U i 

Do66 " i ^ " n _ " K + U 'n-k+1 = — + 
" k ' U n - k . l U , . U , _ , ^ , U, U „ _ , ^ , 

Ap dgng ta cc: 00 Ob 

Un-Ul 

+... + 
1 1 

— + — 
. n-1 1 ^ 

= 2 1 1 
— + — + . . . + • 
U, û  

dpcm. 
n y 
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Bai toan 6. 27: Gp i Sn 1̂  t6ng n so hgng d i u tien cua c§p s6 cong Un-
a) Chu-ng minh:Sn+3 - 3Sn+2 + 3Sn+i - Sn = 0 (1) 
b) ChLPng minh: San = 3(S2n - Sn) (2) 

Hirang d in giai 

a) Ta C O (1) <^ Sn.3 - Sn.2 - 2(Sn.2 - S n . i ) + (Sn^i - Sn) = 0 

< » Un*3 - 2Un+2 + Un+1 = 0<=> Un+2 = "̂ ^ ^ "̂ ^ : dung. it V B ' 

b) Ta C6 3(S2n - Sn) = 3(Un*i + Un.2 + •- + U2n)= 3. (Un.i + U2n) ' 

Va San = (Ui + ... + Un) + (Un+1 + ... + Uzn) + (U2n+1 + ••• + Usn) iool-

= (Ul + Uai) + (U2 + U ^ l ) + ... + (Un + U ^ l ) + ^ (Un.1 + Uai) 

= n(Un+i + U2n) + ^ (Un+1 + U2n) 

= |(Un*i + U2n) = 3(S2n - Sn) nen (2): dung. 

Bai toan 6. 28: Gp i Sn la t6ng n so hang d i u tien cua cap s6 cpng Un. Chi ing 

m i n h n S u ^ = ̂ . n ^ m thi ^ = ^ . 
Sn \1 

Hu'O'ng d in giai 

T a c 6 | i ^ = ̂ =>5(2ui + (m -1 )d : § ( 2 u i + ( n - 1 ) d ) = ^ 
Sn n̂  2 2 

=:> n(2ui + (m - 1)d) = m(2ui + (n - 1)d) 

=:> 2(n - m)ui + (m - n)d = 0 (n - m)(2ui - d) = 0 => Ui = ^ . 

Do do Urn = ui + (m - 1)d = ^^y-^d; Un = u, + (n - 1)d = ^ y ^ d 

Vay ^ = 2 m - 1 
2 n - 1 

Bai toan 6. 29: T im so nguyen du cng n be nhat thoa man tinh ch i t sau: 
Khong t6n tai b i t cu- mpt d p s6 cpng nao g6m 1999 s6 hgng ma cap s6 
cpng do c6 chipa dung n so nguyen. 

Hipang d i n giai 

Gia s u ton tgi mot cap so cOng gom 1999 so hgng ma cap so cong do c6 
chu-a dung n s6 nguyen. Kh6ng mat tinh t6ng qu^t, c6 thI gia su- r i n g c i p 

1 cc 

LCi/ iNnn miv uvvn nnang vi^c 

s6 conQ ^° ^° chtpa n so nguyen 1, 2, 3, n va c6 cong sal Id - . Tu" 1 d§n 
k 

p ca hai s6 do, ta c6 (n - 1)l< + 1 s6 hang. Tgi m5i d i u mut, c6 nhieu l l m 

1̂ ' (k - 1) s6 hang nOa them vao de cho cap s6 ndy khong thI ch i ja s6 hang 

nguyen nao khac nO-a. Suy ra (n - 1)k + 1 < 1999 < (n - 1)k + 1 + 2(k - 1), 

2000 ^, ^1998 
hay < k < 

n+1 n - 1 

Nhu" thI, n^u mpt d p s6 cong nhu vgy t6n tai, thi phai t6n tgi mpt so 

nguyen k n i m giC^a 2000 ^, 1998 aC9r m 
° n + 1 n - 1 >' 

, , „ „ , e 3 . h , ^ . l M n . n : 1 9 9 8 = „ n - „ . r '^^S"^;.. 
voi q la mpt s6 nguySn vd 0 < r < n - 1. Luc dp q > 32 va * ' 
2000 = q ( n - 1 ) + r + 2 = q(n+ 1)(r + 2 - 2 q ) j^,,.^ 

2000 1998 
trong d6, r + 2 - 2q < n + 1 - 64 < 0. Suy ra: — ^ < q < , 

n + 1 n - 1 * 
vi vay gia trj q ndy c6 the du-o-c dung nhu" k a tren d4 tao nen mpt d p s6 
cpng. 

Voi n n Im giUa 64 va 69 (tinh luon 2 s6 d iu ) , ta c6 th4 d§ dang k i lm tra 
r ing k tdn tgi. 

i X 2000 1999 
Tuy nhien, vb-i n = 70, k khong th4 ton tgi du-p-c vi ca hai so va 

7 i 6Q 
dIu n Im trong khoang (28; 29). o... -
V^y s6 n phai tim la 70. 

Bai toan 6. 30: Hai d p so cpng c6 cung s6 p h i n tu-. Ti giOa s6 hgng cuoi cua 
d p s6 dau va s6 hang d Iu cua d p so thu- hai b i n g ti g iua so hang cuoi 
cua d p s6 thLP hai va s6 hang d Iu cua d p so thCr nh i t vd b Ing 4. Ti giOa 
t6ng cac s6 hang cua cap so thCp nhIt va tong cSc so hang cua d p so thCp 
hai bIng 2. T im ti giOa hai cong sai cua d p s6. 

Hu^ng d in giai 
Gia s u hai d p s6 cpng c6 n s6 hang vd-i s6 hgng dau Id a i , ccng sai d i , va 
s6 hang d I u la bi , ccng sai d2 

' b, a, ' b , + b 2 + . . . + b„ 

nen a i+ ( n - 1 ) d i b, + ( n - 1 ) d 3 _ ^ 2 a , + ( n - 1 ) d , _^ 

a, 2 b , + ( n - 1 ) d 2 , 

rdng di , d2 ?t 0. T u phuang trinh thu nhIt suy ra 

(n - 1)di = 4b i - a^ vd (n - 1)d2 = 4a i - bi 
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2 a , . (4b,-a,) 7 
2b,+(4a,-b,) ' 2 ' 

Dod6 :A = i ^ = ^ = 2 6 . 
(n-1)d2 4a, -b , 

Bai toan 6. 31: Hay tim mpt d p s6 cpng (Un) lap bo-i 2n+1 so ty nhien lien tigp 

thoa man 2 di4u kien sau: 

(ii) S6 1996 la mot s6 hang cua day 
l-lu'6'ng din giai 

Gpi s6 hang diu tien cua day la m, thi so hang thu- 2n+1 cua no la 2n+m 
Theo 6h ta c6: 

m^ + (m+1)^ + ... + (m+n)^ = (m+n+1)^ + ... + (m + 2n)^ (1) 

D|t:S. = 1 ^ . 2 ^ . . . . . k ^ = . S , = l ^ ( ' i ± l ^ (2) 
6 

Ding thu-c (1) vi§t lai du-ai dang sau: 
Sm+n ~ Sm-1 — Sm+2n ~ Sm+n => Sm-1 + Sm+2n ~ 2Sm+n (3) 

ap dyng cong thipc (2) vao (3) ta c6: 
(m - 1)m (2m - 1) + (m + 2n)(m + 2n + 1)(2m + 4n + 1) 

= 2(m + n)(m + n + 1)(2m + 2n + 1) 
ci> m^ - 2n^m - 2n^ - n̂  = 0 « (m + n)[m - n(2n + 1)] = 0 
<=> m = n(2n + 1) (do m + n > 0) 
Vay d p s6 cpng c6 dang: 
m, m + 1, m + 2, m + 2n vai m = n(2n + 1) 
Oi§u ki^n de 1996 la s6 h?ng cua day tren la: m < 1996 < m + 2n 

2n^ + n -1996 < 0 
<=> n(2n + 1) < 1996 < n(2n + 1) + 2n o 2n^ +3n -1996 > 0 

-3 + Vl 5977 -1 + Vl 5969 
<=> < n < 4 4 
Do n e Z => n = 31. Vay c6 duy nhit 1 d p s6 cpng thoa man dieu ki$n cu3 
deb^idola: 1953,1954 2015. 

Bai toan 6. 32: Xac djnh 4 so hang cua d p s6 nhSn Un biet ring: 
u, + U2 + U3 + U4 -15 

[u^ + Ug + U3 + U4 = 85 

Hipang din giai 

1 

Gpi q la cong bpi cua d p so nhan Un thi û  lap d p s6 nhan c6 s6 hang dau 

va cong bpi q^ 

Xet q = 1 thi he 
4u, = 15 

1 (loai) 
4uf = 15 

Xet q 7̂ 1 thi he tu-ong duang: 

^Cq"-!) 
q-1 

u?(q'-1) 

15 (1) 

= 85 (2) 

(1) u, = ^^^^ . Thay vao (2) ta c6: 
q - 1 

225.(q - 1)%(q^-1)(q^+1) ^ 225.(q - 1)(q^ + 1) ̂  + .1,; 

(q^-1)' (q-1)(q + 1) (q + 1)(q'-1) 

(q'+1) 17 
<:>14q^-17q^-17q^-17q + 14 = 0 

(q2 + 1)(q + 1)2 45 

Vi q = 0 khong la nghiem cua phuang trinh nen chia 2 v4 cho q^ 0 

14 
% 1' q + - -17 1 

q + -
q 

-17 = 0<:> 14 f 1 ( 1) q + - -17 q + -
l q> l q j 

1 5 
q + - = -

q 2 
q + - = - | (VN) 

q 7 

q = 2 

1 
^-2 

- 45 = 0 

Vai q = 2 thi ui = 1, q = ^ thi ui = 8. 

Vay, CO 2 d p s6 nhan la 1, 2, 4, 8 va 8, 4, 2, 1. 
Bai toan 6. 33: Xac djnh s6 hang diu va cong bpi cua d p sp nhan Un 

u , + U 3=35 

U, + U2 + U3 + U4 + Ug = 49 1 1 1 1 1 
— + — + — + — + — U, U2 U3 U, U 5 , 

Hu'O'ng din giai 
Oi^u kien cac s6 hang Un ̂  0. Gpi q la cong bpi. 
Xet q = 1 thi Ui = U2 = U3 = U4 = U4 nen h§: 

1 



2 a , . (4b,-a,) 7 
2b,+(4a,-b,) ' 2 ' 
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35 2u^ = 35 

5u,= 
49.5 2 (l09i) 

=49 

Xet q ;t 1 , vi dSy Un 0 lap d p s6 nhan c6 s6 hang dau Ui va cong bpi q 

nen d§y —lap cap s6 nhan c6 so hgng d iu — va cong bpi - . Ta c6 he 
u • u. q 

tuang daong: 

+ u^q^ = 35 
,2 „ 4 

+ u^q^ = 35 

1-q 

1 -
= 49. — .-

<=> 
u;̂ .q* =49 

u,q^ =7,u, =28 

u,q2 =-7,u, =28 

u , = 2 8 , q ^ = l 

^ = 2 8 , q 2 = - ) ( V N ) 
4 

ci>u, =28, q = ± - . 

Bai toan 6. 34: Tim t i t ca cSc so thi/c x sao cho tan 

tao thSnh mpt cap s6 nhan theo thCf ty nao do. 
Hird'ng din giai 

n 
X 

12 
, tan — , tan 

12 
7t 

— + X 
12 

DSt a = tan ̂  vS y = tanx. Xet ba tru-eyng hp'p cua 3 thCF tg-: 

Truong hp'p 1: tan 
12 

- X . tan 
12 

• + X = tan 2_7t_ 
12 

^ a - y a + y ^^2^^2_^2^ ^2^^ _^2^2^ 

1 + ay 1 - ay 
<=> (a" - 1)y^ = 0. Vi a ̂  ±1 ta c6 y = 0. 
Do do tanx = 0 o x = l< e Z la nghiem cua bai toSn. 

Tru'ong hp'p 2: t ^ i ^ : ^ • tan 
12 

• + X = tan' 12 
- X 

<=> a 
a + y 
1-ay 

a - y 
l l + ay 

(a^ + 1)y[ay^ + (a^ - 1)y + 3a] = 0 

1 nr\ 

Ta c6: y = 0 <=> X = K K , k e Z . 

Khi ay^+(a^-1)y + 3a = 0, vi a = t a n ^ ^ = tan 7t n 

4 ~ 6 
= 2 - V3 

y^-2N/3y + 3 = 0 , suy ra yi = y2 = N/S . nen 

Do do tanx = N / 3 < = > x = ^ + k 7 i , k e Z I a nghiem cua bSi toSn. 
O 

Tru'ang hp'p 3: tan — . tan 
12 

- X = tan' 12 
+ X 

Thay x bai -x , dya vao k i t qua tren thi nghiem bai toSn IS: 

x = - - + kTi, k £ Z. VSy cSc so can tim la x = kn va x = ± - + kn, k e Z 
3 3 

Bai toan 6. 35: Cho X i va X2 IS 2 nghiem cua phu'ong trinh: 
- 3x + a = 0, X3 vS X4 IS 2 nghipm phu-ang trinh : x^ - 12x + b = 0 . 

Bilt r ing X i , X2, X3, X4 theo thi> ty tren lap thSnh cSp so nhan. Tim a, b. 
Himng din giai 

Gpi q la cong bpi thi X2 = X i . q ; X3 = X i . q ^ ; X4 = X i . q ^ . ap dyng dinh ly Viet: 

X , + X g = 3 

x^x^ = a 

X 3+ x ^ =12 

X 3 X , = b 

<=> s 

Xi(1 + q) = 3 

x,X2=a 

(1) 

(2) 

x^q2(1-fq) = 12 (3) 

X3X4 = b (4) 

Tu'(1)vS (3)=>q^ = 4 ^ q = ±2 

Nlu q = 2 thi (1) =^ x i = 1. Thay vSo (2), (4): 

a = X1X2 = x ^ . q = 2 vS b = X3X4 = x ^ . q* = 32. 

Nlu q = - 2 thi (1) x , = -3 . Thay vSo (2), (4): 

a = x f q = -18 vS b = x f q* = -288 

V?y a = 2 
b = 32 

hoSc 
a = -18 
b = - 288 ' 

,1 l(j>^ 

B^i toan 6. 36: Cho day (Un) du-p'c xSc djnh bai: u, = a, Un+f= — vai n > 1. 

Tim a khac 0 6k day (Un) ISp d p so nhSn. 
HiPO'ng din giai 

a ^ 0 vS Un+1 = —nen cSc so hgng cua day d l u cung d iu . 
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35 2u^ = 35 

5u,= 
49.5 2 (l09i) 

=49 

Xet q ;t 1 , vi dSy Un 0 lap d p s6 nhan c6 s6 hang dau Ui va cong bpi q 

nen d§y —lap cap s6 nhan c6 so hgng d iu — va cong bpi - . Ta c6 he 
u • u. q 

tuang daong: 

+ u^q^ = 35 
,2 „ 4 

+ u^q^ = 35 

1-q 

1 -
= 49. — .-

<=> 
u;̂ .q* =49 

u,q^ =7,u, =28 

u,q2 =-7,u, =28 

u , = 2 8 , q ^ = l 

^ = 2 8 , q 2 = - ) ( V N ) 
4 

ci>u, =28, q = ± - . 

Bai toan 6. 34: Tim t i t ca cSc so thi/c x sao cho tan 

tao thSnh mpt cap s6 nhan theo thCf ty nao do. 
Hird'ng din giai 

n 
X 

12 
, tan — , tan 

12 
7t 

— + X 
12 

DSt a = tan ̂  vS y = tanx. Xet ba tru-eyng hp'p cua 3 thCF tg-: 

Truong hp'p 1: tan 
12 

- X . tan 
12 

• + X = tan 2_7t_ 
12 

^ a - y a + y ^^2^^2_^2^ ^2^^ _^2^2^ 

1 + ay 1 - ay 
<=> (a" - 1)y^ = 0. Vi a ̂  ±1 ta c6 y = 0. 
Do do tanx = 0 o x = l< e Z la nghiem cua bai toSn. 

Tru'ong hp'p 2: t ^ i ^ : ^ • tan 
12 

• + X = tan' 12 
- X 

<=> a 
a + y 
1-ay 

a - y 
l l + ay 

(a^ + 1)y[ay^ + (a^ - 1)y + 3a] = 0 

1 nr\ 

Ta c6: y = 0 <=> X = K K , k e Z . 

Khi ay^+(a^-1)y + 3a = 0, vi a = t a n ^ ^ = tan 7t n 

4 ~ 6 
= 2 - V3 

y^-2N/3y + 3 = 0 , suy ra yi = y2 = N/S . nen 

Do do tanx = N / 3 < = > x = ^ + k 7 i , k e Z I a nghiem cua bSi toSn. 
O 

Tru'ang hp'p 3: tan — . tan 
12 

- X = tan' 12 
+ X 

Thay x bai -x , dya vao k i t qua tren thi nghiem bai toSn IS: 

x = - - + kTi, k £ Z. VSy cSc so can tim la x = kn va x = ± - + kn, k e Z 
3 3 

Bai toan 6. 35: Cho X i va X2 IS 2 nghiem cua phu'ong trinh: 
- 3x + a = 0, X3 vS X4 IS 2 nghipm phu-ang trinh : x^ - 12x + b = 0 . 

Bilt r ing X i , X2, X3, X4 theo thi> ty tren lap thSnh cSp so nhan. Tim a, b. 
Himng din giai 

Gpi q la cong bpi thi X2 = X i . q ; X3 = X i . q ^ ; X4 = X i . q ^ . ap dyng dinh ly Viet: 

X , + X g = 3 

x^x^ = a 

X 3+ x ^ =12 

X 3 X , = b 

<=> s 

Xi(1 + q) = 3 

x,X2=a 

(1) 

(2) 

x^q2(1-fq) = 12 (3) 

X3X4 = b (4) 

Tu'(1)vS (3)=>q^ = 4 ^ q = ±2 

Nlu q = 2 thi (1) =^ x i = 1. Thay vSo (2), (4): 

a = X1X2 = x ^ . q = 2 vS b = X3X4 = x ^ . q* = 32. 

Nlu q = - 2 thi (1) x , = -3 . Thay vSo (2), (4): 

a = x f q = -18 vS b = x f q* = -288 

V?y a = 2 
b = 32 

hoSc 
a = -18 
b = - 288 ' 

,1 l(j>^ 

B^i toan 6. 36: Cho day (Un) du-p'c xSc djnh bai: u, = a, Un+f= — vai n > 1. 

Tim a khac 0 6k day (Un) ISp d p so nhSn. 
HiPO'ng din giai 

a ^ 0 vS Un+1 = —nen cSc so hgng cua day d l u cung d iu . 
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g 
Do do cong boi q > 0. Ta c6 Un+i = Un.q ma Un+i = — nen c6: 

9 . 2 9 Un.q = — = > u „ = - v6 ' imp in>1 . 

Xet a > 0 thi Un > 0 vai mpi n > 1, do do: 

- la day khong doi nen Un+i = Un = Ui = a. 

Ta C O a = - o a^ = 9, chpn a = 3 > 0. 
a 

Xet a < 0 thi Un < 0 vai mpi n > 1, do do 

Un = - 1 - la day khong d6i nen Un+i = Un = a. 

Ta C O a = - a^ = 9. Chon a = -3 < 0. 
a 

Oao lai, vCTi a = 3 thi Un = 3 vai mpi n > 1 con vai a = - 3 thi Un = - 3 v6i mpi n > 1. 
Hai day khong d6i nay d4u lap d p s6 nhan c6 cong bpi q = 1. 
Vay a = - 3 hoac a = 3. 

Bai toan 6. 37: Chtpng minh khong t6n tai mot cap s6 nhan nao chu-a cac s6 
hang 2, 3 va 5. 

HiPO'ng din giai 
Gia su C O d p s6 nhan Un chipa cac so hang 2, 3, 5 la cac s6 hang chii-a k + 
1, n + 1, m + 1 khac nhau. 

Ta C O 2 = u v q \ = Ui.q', 5 = Ui.q'"=^ | = q" - \ = q"" " 

^(fr=(fr-=^(fr.(f)^=(f)".(f)^ 
Do do 2 " . S'" . 5''= 2'".3\5" 
Xet n > m thi c6 2"""^:' 3"". 5'' = 3^5^ v4 trai la so chin c6n v l phai la s6 le: 
v6 ly. 
Xet n < m thi c6 3"̂  . 5'' = 2"^"" . 3'' . 5", v l trai la so le c6n v6 phai la s6 
chin: v6 ly. 
Vay khong t6n tai d p s6 nhan chua cac s6 hgng 2, 3 va 5. 

Bai toan 6. 38: Chti-ng minh a, b, c la 3 s6 hang cua d p so nhan thi di§u kien 

can va du la: vai p, q, r nguyen. 
p + q + r = 0 

Hu-ang d i n giai 
(3ia su" a, b, c l^n lu-at la thtp hang k + 1, n + 1, m + 1 cua mpt cap so nhan 
c6 s6 hang d^u tien Id Ui va cong bpi la q. Ta c6: 

= ui . q ' . b = u i .q " ,c = ui .q" ' . 

^5 = q^ - " , - = q"-'" 
b c 

xk-n 
_ q(k-n)(n-m) 

=> a 
n-m m̂-k ^k-n _ ^ (1) 

aP.b'^.c^ =1 
:dpcm. nat p = m - m, q = m - k, r = k - n thi tu' (1) : 

[p + q + r = 0 
Dao lai, gia su- t6n tai cac s6 nguyen p, q, r thoa man d l bai. .^j / 
Khong mJit tinh t6ng quat ta c6 t h i gia su" a > b > c. 

p + q + r = 0 => q = -(p + r). Do do tu' a''. b''. c' = 1 suy ra 

a P . q-<P"^>. ĉ  = 1 
a 1 ( c 
b 

= 1=> 
. b y 

(2) 

Vi — > 1 va — > 1 nen p va r cung d^u. 
a b 

0^ t t = b = a t^a (2) - = tP => c = be = at^'^ 

Di4u do chCrng to a, b, c l4n lu-at la s6 hang thu' 1, r + 1 va p + r + 1 trong 
mot c^p s6 nhan vai cong bpi t. 
Bai toan du-ac chu-ng minh hoan toan. 

Bai toan 6. 39: Hay xac djnh cac gia tri cua a sao cho phu-ang trinh: 
lex" - a x^ + (2a + 17)x^ - ax + 16 = 0 c6 4 nghiem lap thanh d p s6 nhan 

Hu'dng din giai 
Gia SLP a 6 R la gia trj ma phu-ang trinh da cho c6 4 nghiem lap thanh cdp 
s6 nhan vai cong bpi q . 
De thiy X = 0 khong la nghiem PT, nen q 0. 
N4u q = 1 thi (1) C O 4 nghiem bang nhau va bing 1 (hoac-1) 

Ta C O : • 
a = 4 
2a + 1 = 6 

hoac < a = -4 
2a +1 = 6 

"̂ a hai d i u khong xay ra. Vay q 1 
N4u q = - 1 : PT da cho c6 nghiem la: x, - x, x, - x => a = 0 
(1) o 1 ex" + 17x^ + 16 = 0 v6 nghiem - d s > 

Neu q ^ + -1 , q 0: khong mi t tinh t6ng quat, ta gpi 4 nghiem la: a, aq, a q ^ 
^ q ^ ( a ^ O , I q l > 1) 

' 0 0 

a < a q i a q ' aq^ 
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9 . 2 9 Un.q = — = > u „ = - v6 ' imp in>1 . 
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Ta C O a = - o a^ = 9, chpn a = 3 > 0. 
a 

Xet a < 0 thi Un < 0 vai mpi n > 1, do do 

Un = - 1 - la day khong d6i nen Un+i = Un = a. 

Ta C O a = - a^ = 9. Chon a = -3 < 0. 
a 

Oao lai, vCTi a = 3 thi Un = 3 vai mpi n > 1 con vai a = - 3 thi Un = - 3 v6i mpi n > 1. 
Hai day khong d6i nay d4u lap d p s6 nhan c6 cong bpi q = 1. 
Vay a = - 3 hoac a = 3. 

Bai toan 6. 37: Chtpng minh khong t6n tai mot cap s6 nhan nao chu-a cac s6 
hang 2, 3 va 5. 

HiPO'ng din giai 
Gia su C O d p s6 nhan Un chipa cac so hang 2, 3, 5 la cac s6 hang chii-a k + 
1, n + 1, m + 1 khac nhau. 

Ta C O 2 = u v q \ = Ui.q', 5 = Ui.q'"=^ | = q" - \ = q"" " 

^(fr=(fr-=^(fr.(f)^=(f)".(f)^ 
Do do 2 " . S'" . 5''= 2'".3\5" 
Xet n > m thi c6 2"""^:' 3"". 5'' = 3^5^ v4 trai la so chin c6n v l phai la s6 le: 
v6 ly. 
Xet n < m thi c6 3"̂  . 5'' = 2"^"" . 3'' . 5", v l trai la so le c6n v6 phai la s6 
chin: v6 ly. 
Vay khong t6n tai d p s6 nhan chua cac s6 hgng 2, 3 va 5. 

Bai toan 6. 38: Chti-ng minh a, b, c la 3 s6 hang cua d p so nhan thi di§u kien 

can va du la: vai p, q, r nguyen. 
p + q + r = 0 

Hu-ang d i n giai 
(3ia su" a, b, c l^n lu-at la thtp hang k + 1, n + 1, m + 1 cua mpt cap so nhan 
c6 s6 hang d^u tien Id Ui va cong bpi la q. Ta c6: 

= ui . q ' . b = u i .q " ,c = ui .q" ' . 

^5 = q^ - " , - = q"-'" 
b c 

xk-n 
_ q(k-n)(n-m) 

=> a 
n-m m̂-k ^k-n _ ^ (1) 

aP.b'^.c^ =1 
:dpcm. nat p = m - m, q = m - k, r = k - n thi tu' (1) : 

[p + q + r = 0 
Dao lai, gia su- t6n tai cac s6 nguyen p, q, r thoa man d l bai. .^j / 
Khong mJit tinh t6ng quat ta c6 t h i gia su" a > b > c. 

p + q + r = 0 => q = -(p + r). Do do tu' a''. b''. c' = 1 suy ra 

a P . q-<P"^>. ĉ  = 1 
a 1 ( c 
b 

= 1=> 
. b y 

(2) 

Vi — > 1 va — > 1 nen p va r cung d^u. 
a b 

0^ t t = b = a t^a (2) - = tP => c = be = at^'^ 

Di4u do chCrng to a, b, c l4n lu-at la s6 hang thu' 1, r + 1 va p + r + 1 trong 
mot c^p s6 nhan vai cong bpi t. 
Bai toan du-ac chu-ng minh hoan toan. 

Bai toan 6. 39: Hay xac djnh cac gia tri cua a sao cho phu-ang trinh: 
lex" - a x^ + (2a + 17)x^ - ax + 16 = 0 c6 4 nghiem lap thanh d p s6 nhan 

Hu'dng din giai 
Gia SLP a 6 R la gia trj ma phu-ang trinh da cho c6 4 nghiem lap thanh cdp 
s6 nhan vai cong bpi q . 
De thiy X = 0 khong la nghiem PT, nen q 0. 
N4u q = 1 thi (1) C O 4 nghiem bang nhau va bing 1 (hoac-1) 

Ta C O : • 
a = 4 
2a + 1 = 6 

hoac < a = -4 
2a +1 = 6 

"̂ a hai d i u khong xay ra. Vay q 1 
N4u q = - 1 : PT da cho c6 nghiem la: x, - x, x, - x => a = 0 
(1) o 1 ex" + 17x^ + 16 = 0 v6 nghiem - d s > 

Neu q ^ + -1 , q 0: khong mi t tinh t6ng quat, ta gpi 4 nghiem la: a, aq, a q ^ 
^ q ^ ( a ^ O , I q l > 1) 

' 0 0 

a < a q i a q ' aq^ 
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Mat khac — c u n g la nghiem (1), (1 = 0, 3 ) v^: 
aq' 

1 1 1 
> - > - < 

aq̂ * a aq aq^ aq̂ * 

1 3 1 
=> aq'^= — =>q = a ^ 

a 

Do do 4 nghi^m phu-ang trinh 1^: a . a ^ . a 3,a \o Ojnh li Viet, ta c6: 

1 1 
- - _i a 

a + a - ^ + a ' ^ + a = 

a 

16 
2 4 

^ + ̂  + ^ + a ^ + a ^ = 2a+ 17 
16 

1 ji 
O a t z = a3 + a ' 3 , z > 2 , t a c o : 

- 2z = a 
16 

z ^ - S z 
2 _ 2 a - 1 5 

16 

=^z^- 3z^ = 2(z^ - 2z) -
15 
16 

=> z ^ - 2 z ^ - 3 z ' + 4z + 
15 
16 

= 0 

3 
'-2 

5 
z — 

2 
z - • 

- I + V2 -1 - V ^ 
Z z 

= 0 

ma z > 2 nen z = - => a = 170 
2 >,̂ ,, 

Ngu'gc lai a = 170 thi phu'ang trinh tra th^nh: 

16x' - 170x^ + 357x^ - 170x + 16 = 0 c6 4 nghi^m U, ^ , 2, 8 
. 8 2 

th^nh d p so nhSn c6 q = 4. 
Vay; a = 170 

Bai toan 6. 40: Cho 4 s6 a, b, c, d theo thu- t y lap d p so nhan. 
Chung minh (d - b)^ + (b - c)^ + (c - af = (d - af. 

Hi rang d i n giai 
Gpi q la cong bOi d p s6 nhan, ta c6: b = aq, c = a q ^ d = a q ' nen 

(d - af = ( aq ' - af = a^(q' - ^f v^: 
(d - b)̂  + (b - 0 )^ + (c - af = (aq ' - qa)^ + (aq - aq^)^ + (aq^ - a)^ 

= a W - q ) ' + ( q - q Y + ( q ' - 1 ) ' l 
= a V - 2q' + q^ + q^ - 2 q ' + q" + q" - aq̂ ' + 1) 
= a^(q^ - 2 q ' + 1) = a'(q^ - 1)^ => dpcm. 

lap 

1 lA 

gal t o ^ " ®' ^ '^^"'^ '̂ "^^ ^^"^ 3 '^^ '^P th^nh d p s6 nhSn. Chipng minh 
- V5-1 45+ ^ 

cong bpi q thoa man: < q < . , , , 

Hu-ang d i n giai 
Gpi 3 canh lap d p so nhSn la x, xq, xq^ (x > 0, q > 0). ••' " ' 'S5 H: 
Vi tong 2 canh Ian han canh thi> 3 nen: > on';} .3 n ; 

•p Tilt v§H 0 . 
xq + xq^ > x [q2 + q - 1 > 0 

X + xq > xq^ ^ J q̂  - q - 1 < 0 
,2 

I - V 5 I + N/S " 

q < — ^ h a y q > — ^ •.. 

Bai toan 6. 42: Cho 3 s6 x, y, z ^ ^ + KTI thoa m§n tanx.tanz = 1. Chu-ng minh 

n§u sin^x, sin^y, sin^z lap d p so cpng thi tanx, tany, tanz lap d p so nhan. 
HiPO'ng d i n giai 

Ta CO sin x, sin y, sin z lap cap so cpng 6^ ,; 

=> sin^y - sin^x = sin^z - sin^y => cos^y - cos^x = cos^z - cos^y ;d &b 
1 1 1 1 © 

1 + tan^ y 1 + tan^ x 1 + tan^ z 1 + tan^ y 

2 2 + tan^ x + tan^ z 
= 1 

1 + tan^y 1 + tan^x + tan^z + tan^x . tan^z f og-v 

=> tan^y = 1 thi tanx.tanz = 1 nen 
tan^y = tanx.tanz . Vay tanx, tany, tanz Igp d p so nhan. ; 

Bai toan 6. 43: T im 3 s6 vi>a lap c§p so cpng vi>a lap d p so nhSn. 
H i m n g d i n giai 

Gpi 3 so can t im la x, y, z. Theo gia thiet: „ , 
X + z = 2y, y^ = xz => z = 2y - X nen y^ = x(2y - x) ; , 

Do do y^ = 2xy - x^ => (X - y)^ = 0 => x = y nen z = x. 
£̂ao lai vai 3 s6 X = y = z thi chung Igp d p s6 cpng c6 cong sai d = 0 va 
dong thai lap c^p s6 nhan c6 cong bpi q = 1. 

3 s6 can t im 1^ 3 so bSng nhau b i t ki. 
^a i toan 6. 44: T im 3 s6 Igp thanh d p so cpng, c6 tong b i n g 15. Bi6t r i n g 

f^^u them lln lyp't vao 1, 1, 4 thi 3 so m6i lap d p s6 nhan. 
HLrang d i n giai ^ 

Gpi d p s6 cOng Ui, U2, U3 c6 cong sai d. 
CO Ui + U2 + U3 = 15 => 3u2 = 15 => U2 = 5. 

1 7 ^ 
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Mat khac — c u n g la nghiem (1), (1 = 0, 3 ) v^: 
aq' 

1 1 1 
> - > - < 

aq̂ * a aq aq^ aq̂ * 

1 3 1 
=> aq'^= — =>q = a ^ 

a 

Do do 4 nghi^m phu-ang trinh 1^: a . a ^ . a 3,a \o Ojnh li Viet, ta c6: 

1 1 
- - _i a 

a + a - ^ + a ' ^ + a = 

a 

16 
2 4 

^ + ̂  + ^ + a ^ + a ^ = 2a+ 17 
16 

1 ji 
O a t z = a3 + a ' 3 , z > 2 , t a c o : 

- 2z = a 
16 

z ^ - S z 
2 _ 2 a - 1 5 

16 

=^z^- 3z^ = 2(z^ - 2z) -
15 
16 

=> z ^ - 2 z ^ - 3 z ' + 4z + 
15 
16 

= 0 

3 
'-2 

5 
z — 

2 
z - • 

- I + V2 -1 - V ^ 
Z z 

= 0 

ma z > 2 nen z = - => a = 170 
2 >,̂ ,, 

Ngu'gc lai a = 170 thi phu'ang trinh tra th^nh: 

16x' - 170x^ + 357x^ - 170x + 16 = 0 c6 4 nghi^m U, ^ , 2, 8 
. 8 2 

th^nh d p so nhSn c6 q = 4. 
Vay; a = 170 

Bai toan 6. 40: Cho 4 s6 a, b, c, d theo thu- t y lap d p so nhan. 
Chung minh (d - b)^ + (b - c)^ + (c - af = (d - af. 
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= a V - 2q' + q^ + q^ - 2 q ' + q" + q" - aq̂ ' + 1) 
= a^(q^ - 2 q ' + 1) = a'(q^ - 1)^ => dpcm. 

lap 

1 lA 

gal t o ^ " ®' ^ '^^"'^ '̂ "^^ ^^"^ 3 '^^ '^P th^nh d p s6 nhSn. Chipng minh 
- V5-1 45+ ^ 

cong bpi q thoa man: < q < . , , , 

Hu-ang d i n giai 
Gpi 3 canh lap d p so nhSn la x, xq, xq^ (x > 0, q > 0). ••' " ' 'S5 H: 
Vi tong 2 canh Ian han canh thi> 3 nen: > on';} .3 n ; 
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,2 

I - V 5 I + N/S " 

q < — ^ h a y q > — ^ •.. 

Bai toan 6. 42: Cho 3 s6 x, y, z ^ ^ + KTI thoa m§n tanx.tanz = 1. Chu-ng minh 

n§u sin^x, sin^y, sin^z lap d p so cpng thi tanx, tany, tanz lap d p so nhan. 
HiPO'ng d i n giai 

Ta CO sin x, sin y, sin z lap cap so cpng 6^ ,; 

=> sin^y - sin^x = sin^z - sin^y => cos^y - cos^x = cos^z - cos^y ;d &b 
1 1 1 1 © 

1 + tan^ y 1 + tan^ x 1 + tan^ z 1 + tan^ y 

2 2 + tan^ x + tan^ z 
= 1 

1 + tan^y 1 + tan^x + tan^z + tan^x . tan^z f og-v 

=> tan^y = 1 thi tanx.tanz = 1 nen 
tan^y = tanx.tanz . Vay tanx, tany, tanz Igp d p so nhan. ; 

Bai toan 6. 43: T im 3 s6 vi>a lap c§p so cpng vi>a lap d p so nhSn. 
H i m n g d i n giai 

Gpi 3 so can t im la x, y, z. Theo gia thiet: „ , 
X + z = 2y, y^ = xz => z = 2y - X nen y^ = x(2y - x) ; , 

Do do y^ = 2xy - x^ => (X - y)^ = 0 => x = y nen z = x. 
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Gpi d p s6 cOng Ui, U2, U3 c6 cong sai d. 
CO Ui + U2 + U3 = 15 => 3u2 = 15 => U2 = 5. 

1 7 ^ 



Do 36 Ui = 5 - d, U3 = 5 + d. 
Theo gia thiet thi u, +1 , U2 + 1, Ua + 4 lap d p nhan nen: 

( U 2 +1)^ = (Ui + 1)(U3 + 4). 
=> 36 = (6 - d)(9 + d ) = > d ^ + 3 d - 1 8 = 0 = > d = - 1 8 hogc d = 3. 
Vay 3 s6 c i n t im la 23, 5, - 1 3 ho^c 2, 5, 8. s Q( 

Bai toan 6. 45: Cho cl ip so cpng (Un) vol cong sai khSc 0. Bi§t r i n g cac s6 
U1U2, U2U3 va U3U1 theo thi> t y do lap thanh mot d p so nhan va i cong bpi 

q ^ O . H a y t i m q . 
H i r ang d i n gia! 

V i cap s6 cpng (Un) c6 cong sai khac 0 nen cac so Ui, U2, U3 doi mpt khac 
nhau. Suy ra U1.U2 ^ 0 va q 1. 
Ta CO U2U3 = UiU2.q va U3U1 = UiU2.q^. Do do U3 = Uiq = U2q^ 

Vi u i , U2, U3 la mpt c§p so cpng nen Ui + U3 = 2u2. 

Tu' k§t qua tren, suy ra: U2(q + q )̂ = 2u2 o q^ + q - 2 = 0 . Chpn q = - 2 . 
Bai toan 6. 46: Ha i d p so cpng va nhan vai cac s6 hang du'ang c6 cung mpt 

s6 cac s6 hang, trong do cac s6 hang d i u va cu6i t uang Crng nhu' nhau. 
T6ng cac so hang cua d p s6 nao se Ian han. 

l-lu '6ng d i n giai 
G p i d p s6 cpng la an v^ d i p s6 nhan la bn 
Theo d§: bi = a i , an = bn = bi.q""^ 

Oat: An = a i + a2 + ... + an; Bn = bi + b2 + ... + bn. 

T a c 6 : A „ = ^ . n = 5 ! < l ^ , „ ; B . - a , . ^ . 
2 2 q - 1 

Mat khac: 1 + q + q^ + ... + q""^ + q""' = ^ - ^ . 
q - 1 

q - 1 2 i'-

+ ... + (q""^ + 1)] 
T a CO q' + q""'̂ ^ > 1 + q""̂  

Bai v i : q' + q""'̂ ^ - 1 - q""' = (q"* - 1)(1 - q""^" )̂ < 0. 

. q " - 1 1 + q"-^ ^ ^ , a , . (Uq" - ^ ) .n a , . ( q " - 1 ) ^ . 
nen: < — - — . n .Do do - L ^ — - — — > — ^ (vi a , > 0) 

q - 1 2 2 q - 1 ^ 
V S y A n > B n . t 

Bai toan 6. 47: Cho cap s6 cpng: 308, 973, 1638, 2302, 2968, 3633, 4298ai 
H a y xac djnh d i p s6 nhan b i , b2, b3, b4, bs, be sao cho: 
308 < bi < 973 < b2 < 1638 < b3 < 2302 < b4 < 2968 < bs < 3633 < bg < 4298. 

Hipo-ng d i n gia i g,' 

tien, ta t im cong bpi x Ta c6: be = b^.x^ Gii, trj Ian n h i t cho b i Id 972 
gia trj nho n h i t cho be la 3634. Nhu th4 ta du-ac: 

3g34 < 972.x^ => 1,301 < x 
^^|t khac, tiy gia trj nho n h i t Id 2304 cua b4 va gid trj Ian n h i t la 4297 cua 
be, ta cung c6: 4297 > 2304 .x2 x < 1,37 

4 

. IVIa 3 ' = 243 n6n b, phai Id bpi cua 243, nhu-ng bi n i m 

^ A y : 1,301 < X < 1,37 nen dup-c: x = - . 
3 

l3j 
Khi 66 bg = 

giO-a 309 v a 972 nen b i = 486, 729 hay 972. K i t h(?p va i b i .x = b2 > 973, t a 
tim dupe b i = 972. V .b( r - n) 
V$y cap so nhan: 972, 1296, 1728, 2304, 3072, 4096. 

Bai toan 6. 48: Cho d p s6 cpng (Un) vd d p so nhdn (Vn) deu c6 c^c s6 hang 
du-ang. Lap day mai {Xn}; U i , V i , U2, V2,... V i l t c6ng thu-ctdng quat cua day 
Xn theo cac s6 hang dau vd cong sai, cong bpi. 

Hu'O'ng d i n giai 
Gpi d la cong sai cua d p s6 cpng thi Un = Ui + (n - 1)d (1) 

Xet d p s6 cpng mai; a i , a z , c 6 a i = Ui c6 d' = | la cpng sai. 

an = a i + (n - 1)d' = u, + (n - 1 ) | (2) 

Tu ' (1)vd (2) thi Uk = a 2 k - i , k = 1,2, ... 
Gpi q Id cong bpi cua d p s6 nhan da cho thi Vn = Vi.q""^ (3) 

Xet cap s6 nhan mai: bi, bz,... vai bi = Vi c6 q' = la cong bpi 

n-2 

=^bn = bi(qr-^ = v i q ^ (4) 
Tt> (3) v a (4) thi V2k = v i . q " - ^ = b^, k = 1, 2m... .V 

Tu bon d p s6 noi tren v a cdc ket q u a thi d a y {Xn}: U i , v , , U2, V2,.. . chinh Id 

% a i , b 2 . a 3 , b4,...nen: Xn = -
a„ khi n = 2 k - 1 

b„ k h i n = 2k 

D0d6 X - ^ " ^ " n ,/ 1)".^n-an 

2 a , + ( n - i ) ^ + b,.(qr - ^ - 1 ^ 
n-2, 

b , . q 2 - a , - ( n - 1 ) ^ 
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Tt> (3) v a (4) thi V2k = v i . q " - ^ = b^, k = 1, 2m... .V 

Tu bon d p s6 noi tren v a cdc ket q u a thi d a y {Xn}: U i , v , , U2, V2,.. . chinh Id 

% a i , b 2 . a 3 , b4,...nen: Xn = -
a„ khi n = 2 k - 1 

b„ k h i n = 2k 

D0d6 X - ^ " ^ " n ,/ 1)".^n-an 

2 a , + ( n - i ) ^ + b,.(qr - ^ - 1 ^ 
n-2, 

b , . q 2 - a , - ( n - 1 ) ^ 



n-2:i 

(n -1 )J + u, + v,.q 2 4<-ir 
n-2 

u,.q2 - u , - ( n - 1 ) J 

V $ y : x n = -

n-2 

U i + ( n - 1 ) ^ + v,.q 2 4<-1)'-
n-2 I 

u,.q2 - u , - ( n - 1 ) | 

Bai toan 6. 49: Chu-ng minh trong d p s6 c0ng g6m 1999 so hgng lien ti4 
I<h6ng t h i chpn du'p'c 12 s6 l$p th^nh d p s6 nh§n c6 cong bpi q > 1. 

Huwng d i n giai ^ 
Bang each chia t i t ca c^c so hgng cua d p s6 cpng cho so hang d i u 

d p s6 nhSn, gia sir d p so cOng chifa c^c so 1 ,q, q ^ , q " (q > 1) . 
q̂ ^ = 1 + (n - 1)d. Vb'i d Id c6ng sai d p so cpng, ta chung minh n > 1999 

q"' - 1 
Vi q"̂  Id cdc s6 hgng cua d p so cOng chCpa s6 1 nen la s6 t y nhien 

d 

Do do : ^ = q +1 Id so h&u ti ^ q hO-u ti => d hOu ti , f i 

D$t q = - ,d = - Id cdc phan so t6i gian. 
V b 

, u - 1 u - v q " - 1 u ^ ^ - v " 
.11 

Ta c6: 

d a d a V 

Vi (u, V) = 1, (a, b ) = 1 => u - v i a, b i v " 

= > u - v > a , b > v ^ \ T u ' u > v > 1 = > u > 2 . 
, u " - v ^ ^ b , u ' ^ - v " 

n = 1 + — . - > 1 + 
,11 

I BV 

')0 6! y 

a u - v 

= 1 + (u '° + u 'v + ... + v^°) > 1 + (2^° + 2 ' + + 2 + 1) = 2^^ 

= > n > 2 " = 2 048> 1999. 

Vdy d p so cpng gom 1999 s6 hgng khong the chii-a 12 so hgng cua m i 

d p so nhan c6 q > 1. - -

Bai toan 6. 50: T im c6ng thtFC tinh cdc t6ng sau: 

a ) S = 1^ + 3^ + ... + ( 2 n - l f b) T = 1.2 + 2.3 + ... + (n-1)n. 

HiPO'ng d in giai 
a) Ta c6: S = (2.1 - 1)^ + (2.2 - 1)^ + ... + (2n - 1)^. 

= 4 (1^ + 2^ + ... + n ^ ) - 4 ( 1 + 2 + ...+ n) + n 

3 

^ ^ n(n + 1)(2n + 1) ^ n(n + 1) ^ ̂ ^ n ( 4 n " - 1 ) 

b) 3T = 3k(k +1) =2 (k(k + 1)(k + 2) - (k - 1)k(k +1)) 
k=1 k>1 

n-1 

178 

= (n - 1)n(n + 1). V^y T = (" " +1) 
3 

C a c h k h a c T = _ ^ n(n ̂  1)(2n ̂  1) _ n ( n ^ 

k=1 k=1 

n(n +1) 2n +1 - 3 

6 
_ (n - 1)n(n +1) 

3 
Bai toan 6. 51: Tim cong th i jc tinh cdc t6ng sau: 

^ 1 1 1 a) S = — - + — + ...+ 
1.2 2.3 (n-1)n 

1 

a)S=I 

Hu-o-ng d i n giai 

1k(l< + 1) ^ k k + 1 
. 1 - 1 

n 

•2B 

0 *r S I'i.A, 

b) Tac6: I""" = " = 
1 2 n 

1̂ 2 2^ 

1 2 - 1 3 - 2 

2") 

n - (n -1 ) n 

1 -.i 

rjn+l 

_ 1 1 I n 
- — + — + ••• + 

2 " 2^+'\ 

1 -

2 2^ 

2n.1 _ 

1 - 1 
2 

rin+l 7 a 

Bai toan 6. 52: Hay t im da thCfC F(x) sao cho F(x) - F(x - 1) = x^ v6i mpi x. Tu-
do lap cong thCpc tinh long S n = 1^ + 2^ + ... + n .̂ 

Hu'O'ng d i n giai 

Ta thay hdm;F(x) = l ( x + 1 ) ' ' - l ( x + 1 ) ^ + ^ ( x + l ) ^ = l x ^ ( x + l f thoa m§n 
4 2 4 4 

<Jî u ki^n F(x) - F(x-1) = x ^ Suy ra: ^ " ; 

"̂=1̂ 3=1 (("(k) - F(k -1 ) ) = F(n) - F(0) - ln2(n + 1)^ 

k-1 k=i ^ 
I P - ; ) 6 ^ ^ i toan 6. 53: Tinh tong 

^J^"= ' ' + 11 + 111 + - + 1 1 . . . 1 1 ( n c h i f s 6 l ) 

^ So = 1 + 2a + 3a2 + 4 a ^ + ... + (n + 1)a", a la s6 cho tri^ac. , g 

Hwcyng d in giai 
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"̂=1̂ 3=1 (("(k) - F(k -1 ) ) = F(n) - F(0) - ln2(n + 1)^ 

k-1 k=i ^ 
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Hwcyng d in giai 



, ^ . ̂  1 0 - 1 10^-1 10^-1 10" - 1 
a) Ta CO Sn = + — - — + — - — + ... + -

9 

= 1(10 + 10^+... + 1 0 " ) - -
9^ 9 

10. 
10" - 1 n 10""^-10-9n 

9 " 81 

b) Xet a = 0; Sn = 1 

X6ta = 1:Sn = 1 . 2 . . . . . ( n . 1 ) = ( l l ± ^ ^ 

Xet a 0, a ̂  1, ta c6: 
aSn = a + 2a^ + 3a^ + 4a^ + ... + (n + 1)a"'^ 

^ Sn - aSn = 1 + a + a^ + a^ + ... + a" - (n + 1)a"*^ 

.4 M,-, 

Sn(1 - a ) = J _ ( n + i)a n+1 

a - 1 

Sn = 
1-a 

j H ^ i _1_(n + i)a"^\a-1) 

a - 1 

(n + 1)a""2 - (n + 2)a"^' + 1 n+1 

( 1 - a f 

Bai toan 6. 54: Cho I q I < 1. Tinh t6ng v6 han: 
a) A = 1 +2q + 3q^ + ... + nq"-' + ... 

b) B = 1 + 4q +9q^ +... + n V " ' + -
Hirang din giai 

a) Ta CO A = 1 + 2q + 3q^ + ... + nq""'' + ... 
nen Aq = q + 2q^ + 3q^ + ... + nq" + ... 
D o d 6 A - A q = 1 + q + q^ + ... + q" + ... 

nen A(1 - q ) = - ^ . VayA= ^ 
1-q (1-qr 

b) Ta CO B = 1 + 4q + 9q^ + ... + n^q""^ + ... 
Bq = q + 4q^ + 9q^ + ... + n^q + ... 

nen B(1 - q) = 1 + 3q + 5q^ + ... + (2n + 1)q" + ... 
Do do B(1 - q)q = q + 3q^ + 5q^ + ... + (2n + 1)q"'^ + . 
nen B(1 - q) - B(1 - q)" = 1 + 2q + 2q^ + ... + 2q" + ... 

B ( 1 - q ) ' = 1 +2q(1 +q + q2 + ...) =1 + 2 q . - L = | ^ 
1-q 1-q 

V$yB= 

180 

Cty TNHH MTV DWH Hhang Vm 

' ; ; i \oan6.55:Cho l a l < 1 , |b| < 1 . 
0atA = 1 + a + a + ••: B = 1 + b + b '+ ... 
Tinh t6ng v6 han T = 1 + ab + a V + ..̂  ^ 

Hu'O'ng din giai 

Ap dung cong thipc tinh t6ng ciia c i p so nhan lui v6 han: 

= 1 + a + a^ 4- — 
1 A - 1 \~. = 1 + a + a^ 

1-a CI 

A r 
B = 1 + b + b^ 

1-b B 

Tac6T= 1 +ab + a V + ... = — ^ — (vi lab 
1-ab 

< i ) ' 

1 AB AB 

1 -
r A - 1 ] r B - 1 ^ AB-(A-1)(B -1) A + B - 1 

1 - I A J 

00; 

ooor 

• c•j-ra.o" ?•••• 

Bai toan 6. 56: Cho cSp so nhan Ui, U2, Un; Ui > 0, cong boi q > 0 va q ; i 1 

biet 
u , + U 2 + . . . + u„=a 
1 1 1 ^ . Tinh P = UiU2...Un theo a b. 

— I 1-... H — = b 

Hipang din giai 

Uiq^.. 

•P'=uf.q"<"-^Theo gia thilt: 

n(n-1) C • 

Ta c6: P = UiU2...Un = Ui.Uiq.Uiq'...Uiq'̂ ^ = u;-. q''^**^'^'^ = u'^.q 2 

u/1 + q V q 2 + . . . + q"-i) = 3 

1 + — + — + ...+ 
q^ q"-^ 

= b 

a = u 

b = I . 

q"-1 
' q -1 

s n 
1 

i q j 
- 1 

1-1 
q 

Do do: - = a \^ > 0 do q > 0 
b 

_ u2nqn(n-1) 

Suy ra P̂  = a n 
<=> P 

l b , 

n 

H .Vi Ui > 0 va q > 0 nen P = 
v b y 

^' toan 6. 57: Bi§u d i ln cac s6 th$p phan v6 hgn tuan ho^n lam du-ai dang 
Ph§n so: 
^) 0,32111... b) 5,616161... 



, ^ . ̂  1 0 - 1 10^-1 10^-1 10" - 1 
a) Ta CO Sn = + — - — + — - — + ... + -

9 

= 1(10 + 10^+... + 1 0 " ) - -
9^ 9 

10. 
10" - 1 n 10""^-10-9n 

9 " 81 
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.4 M,-, 
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1-a 

j H ^ i _1_(n + i)a"^\a-1) 

a - 1 

(n + 1)a""2 - (n + 2)a"^' + 1 n+1 

( 1 - a f 

Bai toan 6. 54: Cho I q I < 1. Tinh t6ng v6 han: 
a) A = 1 +2q + 3q^ + ... + nq"-' + ... 

b) B = 1 + 4q +9q^ +... + n V " ' + -
Hirang din giai 

a) Ta CO A = 1 + 2q + 3q^ + ... + nq""'' + ... 
nen Aq = q + 2q^ + 3q^ + ... + nq" + ... 
D o d 6 A - A q = 1 + q + q^ + ... + q" + ... 

nen A(1 - q ) = - ^ . VayA= ^ 
1-q (1-qr 

b) Ta CO B = 1 + 4q + 9q^ + ... + n^q""^ + ... 
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Cty TNHH MTV DWH Hhang Vm 
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< i ) ' 

1 AB AB 

1 -
r A - 1 ] r B - 1 ^ AB-(A-1)(B -1) A + B - 1 

1 - I A J 

00; 

ooor 

• c•j-ra.o" ?•••• 
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q 
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Hiro>ng din giai 
a) 0,32111... = 0,32 + 0,001 + 0,0001 + 0,00001 + ... 

f 1 r 1 

100 1000 1000 , 1 0 , 1000 +... 

32 1 1 32 1 289 
+ + = + -100 1000 100 900 900 

10 
b) 5,616161... = 5 + 0,61 + 0,0061 + 0,000061 + ... 

= 5 + 0,61 + 0 , 6 1 + 0,61-V+••• 
10^ 10" 

,r 1 c 61 556 = 5 + 0,61 . = 5 + 

D'ljfl! a<Tdo jxiUf 

1 -
99 99 

10^ 

du-ang. Chung minh: > — + p 

Bai toan 6. 58: Cho d p so cpng Ui, Uz Up (n > 4), ma mpi s6 hang d4u 

n - +... + r 

HiKang din giai 

Ta c6: Ui + Ua + ... + Un = . BDT tu-ang du-ang: 

2 u , + u , + . . . + u„ ^ 2 
+ p + ... + p U1U2U3 

<:>Ui+U2+...+ Un > (j/u^U^^ + P + ... + P 

Ap dung BDT AM-GM cho n s6 du-ang: 

u,U2U3 

4u. +U5 +Ug + ... + u„ 

IU2U3U, n 

\ 4u + u , + u +... + û  

4u„ + u , + U s + . . . + u „ , , 

Cpng l̂ i n bit ding thuPC, ta C6: 

Cty TNHHMTVDWH Hhong V/^t 

n 1 + n 
VU2U3U, VU3U4U 

• + ... + P 
U1U2U3 

< U1+U2 ••• ... + Un 

^ dpcm. DIU "=" xay ra « Ui = U2 = ... = Un. 
gai toan 6. 59: Cho d p so cong a^, 82, 83 an c6 tit ca c^c s6 hgng khong 

am . chi>ng minh ^ <ja^.a^...a.^ < - ^ i ^ . 

Hira'ng din giai 

, a , + a 2 + - + a „ _ a , + a „ 
Ta CO. — ^ — 

n 
Ap dyng bit ding thupc AM-GM cho n so khong am: 

a.+a,+... + a^ 

B6 de: ai.an < a2.an-i < a3.an-2 ^ ... < ak.ak+i vb-i 2 < k < 
n + 1 

Ta phai chiing minh ring nlu 2 < k < thi ^i.a^K+2^ ^ • arv̂ +̂i-

Thgt vay, gpi d la cong sal ta c6: 

Bk-i . an-k+2 = [ai •+• (k - 2)d].[ai + (n - k + 1)d] 

= af + (n - 1)ai.d + (k - 2)(n - k + 1)d2 

ak. an-k+1 = [a^ + (k - 1)d]. [a, + (n - k)d] 

= af + ( n - 1 ) a i . d + ( k - 1 ) ( n - k ) d 2 

M :̂ (k - 2)(n - k + 1) = (k - 1)(n - k) + 2k - n - 2 

2 < k < — nen 2k - n - 2 < 0. 
2 

Do do: (k - 2)(n - k + 1) < (k - 1)(n - k) 
n6n ak_i. an-k*2 < ak.an-k+i (dpcm). 
Ap dgng ta c6: (ai.a2...an)' = (ai.an)(a2.an-i)... (anai) > (ai.an)" 

(2). 

"•" d̂), (2)=>dpcm. 

' 6.1: Chu-ng minh vb'i mpi n nguySn duang: 

^^2^+42+ , ,o^>2_2n(n + 1)(2n + 1) 
3 

"•nuG 

'..\isl JsB 

.19 e OB ( t 
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ak. an-k+1 = [a^ + (k - 1)d]. [a, + (n - k)d] 
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"•nuG 

'..\isl JsB 

.19 e OB ( t 
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b) V2-^2-sJ...-42 = 2.cos^(1 ^ — ) , n dau cSn. 

3 (-2) 
Hipo-ng din 

a) Dung quy nap tryc ti4p hay t^ch thCi-a so 4 cho gpn. 
b) Dung quy ngp 
Bai tap 6. 2: ChCeng minh vai mpi s6 nguyen duang n > 3, ta c6: •iW.i.r 

T-OO : 

3 •: : 

a) n"'^>(n + 1)" 
^, 3 7 4 n - 1 1 
b) - . - • • < 5'9"'4n + 1 Vn + 1 

Hifo-ng din 
a) Dung quy ngp bien doi tu-ang du'ang. 
b) Dung quy ngp 

Bai tap 6. 3: ChLPng minh d§y u„ = 1 r^ +12̂ ""̂  I 133 
Hu>ang din 

Dung quy nap tach s6 mu theo gia thiet quy nap. 
Bai tap 6. 4: Bi§u di§n cac so th$p phan v6 hgn tuin ho^n sau du-di dang 

phan so: . 
a) 0,444... b) 0,212121 

Hu'O'ng din 
. 4 

a) 0,444... = 0,4 + 0,04 + 0,004 + Ket qua -

b) 0,212121 = 0,21+ 0,0021 + 0, 000021 + .... Ket qua 
, 7 

33 
Bai tap 6. 5: Cho tarn gî c ABC c6 ba cgnh theo thu" a, b, c Igp cap s6 cong. 

Chung minh: 

a) ac = 6Rr 
3r C A b) c6ng sai d = — ( t a n — tan—). 
2 2 2 

Hu'O'ng din 

a) Dung a + c = 2b dung cong thuc di^n tich S = pr = 
abc 
4R 

b) Dung a + c = 2b cong sai d = ^ ( c - a ) . 

Bai tap 6. 6: Cho 2 cap so cpng 17, 21, 25 16, 21, 26...... Chyng minh 
cac s6 CO m$t chung trong 2 c^p s6 cpng 66 cung Igp thanh d p s6 cpng. 

Hu'O'ng din 
Cap s6 cpng 17, 21, 25 c6 s6 hgng t6ng qu^t Up = 17 + 4n 
Cap so cpng 16, 21, 26 c6 s6 hgng tong quSt Vm = 16 + 5m 
K4tquaui =21 vSd = 20. 

<nv TNHHMTVDWH Hhong Vi?t 
gai t?P 6- 7: Hai cap so cpng va nhan c6 cung s6 hang diu bSng 5, cung so 

hgng thu' ba nhu nhau, so hang thip hai cua d p s6 cpng Ian han so hgng 
thu' hai cua c^p s6 nhan 10. Xac dinh 2 d p so do. 

Hu'O'ng din 
Gpi d p s6 cpng 5, 5 + a, 5 + 2a thi d p so nhan la 5, 5 +a - 10, 5 + 2a. 

1̂  K̂ t qua 5, 5,5 ... va 5, -5, 5... ho$c 5, 25, 45, ... 5, 15, 45,... , 
2" - 5" 

Bai t|p 6. 8: Cho day Un = 2" +5" • ' ' 

Tinh tong Sk = —^— + — ^ — +... + — ! — >3 
û  - 1 U2 - 1 û  - 1 

Hu'O'ng din 
2" - 5" -2 5" 1 9 1 T a c 6 u n = — U n - 1 = -^:^=> —!-= -(£)"_I., 
2"+ 5" 2"+5" u „ - 1 5 2̂ '̂̂ '" 

K4tqua(2^3^)-^^-2"^ 6.5^ 
Bai t?p 6. 9: Cho c^p s6 cpng v6 han a, a + d, a +2d Tim dieu ki^n cua a 

va d d l trich ra dup'c mpt day v6 han lap thanh d p so nhan. 
Hu'O'ng din 

Ket qua d = 0 hoac - 1̂  s6 huu ti 
d 

Bai t?p 6. 10: Hay tim d p s6 nhan du'p'c lap bai 16 so ty nhien, sao cho: 
- 5 s6 hgng diu 1̂  s6 c6 9 chO so. 
• 5 so hang tiep theo la s6 c6 10 chO s6. , ,., 
• 4 s6 hang ti§p theo la so CO 11 chO'so. . i ' ; 
• 2 so hang sau cung la so CO 12 chu'so. 

Hu'O'ng din 

Tru-b-c h4t chu-ng minh c6ng bpi q < 2, cuoi cung IS q = -
3 

K4tquaui = 7.3'',q= -
3 •. ^ 

tap 6.11: Chyng minh rSng v^i mpi so thu-c M, ton tai mpt d p so cpng v6 
hgn sao cho: t6ng cac chu- so cua m6i s6 hgng (trong bieu dien thap phan) 
l<̂ n han M, moi s6 hgng la mpt s6 nguyen duang va cong sai khong chia 
hetcholO. 

Hu-dng din , 
Chpn cong sai dgng 10"" + 1 , ' : 
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Chpn cong sai dgng 10"" + 1 , ' : 
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D A V S O 

1 . K I E N T H U C T R O N G T A M 
Day s6 : Mpt ham so u xac djnh tren tap hp'p cac so nguyen d u a n g N* ( hay 
m a rpng N) du-p-c gpi 1^ mOt day so. Ki hi^u day so u = u(n) boi (Un), gpi 
la Un la s6 hgng t6ng quat cua day s6 do. ^ 
Day s6 (Un) viStdu-ai dang khai then: Ui, U2,..., Un,... ' ' 

Cac each c h o m o t day s6: 

- Cho day s6 bai cong thCpc cua so hang tong qu^t Un. ^ = gnoJ rin 

- Cho day so bai h^ thu'c truy h6i hay b i n g quy nap Ui Un+i theo Up; Ui, 

va Un+2 theo Un, Un+i;... 

- Di§n dat b^ng lai each xac djnh mfii s6 hang cua day s6. 
Cac day s d d^c bi$t : 

- Day cap s6 cpng: Un = Un-i + d, Vn € N* 

- Day d p s6 nhan: Vn = Vn-i.q, Vn e N* 
- Day Fibonaci: FQ = 0, Fi = 1 Fn+i = Fn + Fn-i n > 1 

Cong thu-c Binet F̂  = 
4i 

1-V5' 

- Day Lucas: Li = 1, L2 = 3 va U+i = U + U-i vai n > 2 

Ln = 
1 + %/5 I - V 5 

- Day Farey bgc n; day fn g6m cac ph§n s6 toi gian n i m giOa 0 v^ 1, c6 m l u 
s6 khong Ian han n , sSp xep theo thCr t i / t§ng d^n. 

f i - ( ^ . / f 2 ( 2 ' 2 ' 2 ^ ' ^ ^ 3 ' 3 " 3 ' 3 ^ - -

Day sd t ang , day sd g iam 

- Day s6 (Un) 1^ day s6 tang neu Un < Un+i, V ne N* 

- Day so (Un) 1^ day s6 tSng nghiem ngSt neu Un < Un+i, V ne N* 

- D§y so (Un) Id day s6 giam n4u Un > Un+i, V n e N * 

- Day so (Un) la day so giam nghiem ngSt neu Un > Un+i, V ne N* 
Cac day tang, d§y giam du'P'c gpi chung id d§y dan d i^u. 
Day s6 t udn hoan 

Day s6 (Un) t u i n hoan chu ky k n l u Un+k = Un, V n e N* 
Day s d bj c h | n : 

- Day s6 (Un) du'P'c gpi la day so bj chSn tren neu ton tai mpt s6 M sao cho: 
Vn e N*, Un < M. 

Cty TNHHMTVDWH Hhong Vl$t 

" ^ a y s6 (Un) du'P'c gpi la day so bj ch$n dua l n§u ton tai mpt so m sao cho: 
6 N', Un > m. 

pay so (Un) du'P'c gpi la day so bj chSn neu no vCra bj ch$n tren, vi^a bj ch^n 
duo'i; nghTa la, t6n tai mpt so M va mpt s6 m sao cho: Vn e N*, m < Up < M. 
Xac d jnh cac day s6 bang day p h u : 1 r ... ' 

Dgng Un+i = Un + f(n) thi dat day phy Xn = Un*i - Un hoac viet lien tiep Un = (Un -

Un-l) + (Un-1 - Un-2) + - + (U2 - Ui) + Ui . 

Hole cpng n d i n g thuc t u n = 1, 2 , . . . den n d l tinh. ^m, vM'^ 
Dang Un+1 - Un = Un - Un-1 + a , dat day phu Vn = Un - Un-1 thi du-gc: 

Vn+1 = Vn +a la day cap s6 cpng. ^ " s' 

Dang Un+1 - Un = b(Un - Un-1 ) , dat day phy Vn = Un - Un-1 thi du'P'c Bi ern. 
Vn+1 = b.Vn la day cap s6 nhan. 

Dang Un+1 = aun + b vai a 0, dat day phy Un = Vn +c thi du'P'c Vn+i = a.Vn 

+(ac + b - c), ta chpn hang so c sao cho ac + b - c =0 thi dup-c Vn+i = a.Vn la 
day d p s6 nhan. 

Dang: Un+2 = a.Un+i + b.Un thi t im 2 so a va (3 sao cho a + p = a, a.p = - b , khi 
do: Un̂ .2 = (a + P)Un+i - a.pUi => Un*2 - PUnn-l = a(Un.n - P.Un) 

Du'a v§ day phu Xn = Un+i - pui thoa man Xn+i = a . Xn day d p s6 nhan. 
Xac d jnh cac day s6 b l n g phu-o-ng t r i nh sa i phan : 
Cho day s6 (Xn). Xet phu'ang trinh ..•••sfSr^A 

a o X n . k + a i X n . k - i + - + akXn=g(n) (1)- - ' ^ • 
Ta gpi phu-ang trinh j^-

ao > ^ n . k +a / , , , . , + . . . + a , x , = 0 (2) 

la phu'ang trinh t h u i n nh^t tu'ang Ceng v6i phuang trinh (1). ' . 

v a gpi phuang trinh hw'k 

a g X ' ' + a , X ' ' - V . . . + a|̂ ?.=:=0 (3) 

la phuang trinh dac tru-ng cua phu'ang trinh (1) va cua (3). , , 

Nghiem t6ng quat cua (1) c6 dgng: = x^ + x^, n = 1;2;... 

trong do x^ la nghiem tdng quat cua (2) va la nghiem rieng b i t ky cua (1). 

Nghiem t6ng quat cua phuang trinh thuan n h i t (2) 

N^u phu'ang trinh dac trung c6 k nghi$m phan bi^t W \m 

(Jon ca) thi (2) c6 nghiem tdng quat 

x^ = c;k\ +. . . + o^^l, n = 1;2;... v jfedfi ni 'fril flnn.:̂  

x,,X2,...,x^ ta t im du'P'c k h l n g s6 c^.Cg c^. si ^^J-A ''^ ' 

^QS^^ -- iy - 5. 
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D A V S O 
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4i 
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f i - ( ^ . / f 2 ( 2 ' 2 ' 2 ^ ' ^ ^ 3 ' 3 " 3 ' 3 ^ - -
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Cty TNHHMTVDWH Hhong Vl$t 

" ^ a y s6 (Un) du'P'c gpi la day so bj ch$n dua l n§u ton tai mpt so m sao cho: 
6 N', Un > m. 

pay so (Un) du'P'c gpi la day so bj chSn neu no vCra bj ch$n tren, vi^a bj ch^n 
duo'i; nghTa la, t6n tai mpt so M va mpt s6 m sao cho: Vn e N*, m < Up < M. 
Xac d jnh cac day s6 bang day p h u : 1 r ... ' 

Dgng Un+i = Un + f(n) thi dat day phy Xn = Un*i - Un hoac viet lien tiep Un = (Un -

Un-l) + (Un-1 - Un-2) + - + (U2 - Ui) + Ui . 

Hole cpng n d i n g thuc t u n = 1, 2 , . . . den n d l tinh. ^m, vM'^ 
Dang Un+1 - Un = Un - Un-1 + a , dat day phu Vn = Un - Un-1 thi du-gc: 

Vn+1 = Vn +a la day cap s6 cpng. ^ " s' 

Dang Un+1 - Un = b(Un - Un-1 ) , dat day phy Vn = Un - Un-1 thi du'P'c Bi ern. 
Vn+1 = b.Vn la day cap s6 nhan. 

Dang Un+1 = aun + b vai a 0, dat day phy Un = Vn +c thi du'P'c Vn+i = a.Vn 

+(ac + b - c), ta chpn hang so c sao cho ac + b - c =0 thi dup-c Vn+i = a.Vn la 
day d p s6 nhan. 

Dang: Un+2 = a.Un+i + b.Un thi t im 2 so a va (3 sao cho a + p = a, a.p = - b , khi 
do: Un̂ .2 = (a + P)Un+i - a.pUi => Un*2 - PUnn-l = a(Un.n - P.Un) 

Du'a v§ day phu Xn = Un+i - pui thoa man Xn+i = a . Xn day d p s6 nhan. 
Xac d jnh cac day s6 b l n g phu-o-ng t r i nh sa i phan : 
Cho day s6 (Xn). Xet phu'ang trinh ..•••sfSr^A 

a o X n . k + a i X n . k - i + - + akXn=g(n) (1)- - ' ^ • 
Ta gpi phu-ang trinh j^-

ao > ^ n . k +a / , , , . , + . . . + a , x , = 0 (2) 

la phu'ang trinh t h u i n nh^t tu'ang Ceng v6i phuang trinh (1). ' . 

v a gpi phuang trinh hw'k 

a g X ' ' + a , X ' ' - V . . . + a|̂ ?.=:=0 (3) 

la phuang trinh dac tru-ng cua phu'ang trinh (1) va cua (3). , , 

Nghiem t6ng quat cua (1) c6 dgng: = x^ + x^, n = 1;2;... 

trong do x^ la nghiem tdng quat cua (2) va la nghiem rieng b i t ky cua (1). 

Nghiem t6ng quat cua phuang trinh thuan n h i t (2) 

N^u phu'ang trinh dac trung c6 k nghi$m phan bi^t W \m 

(Jon ca) thi (2) c6 nghiem tdng quat 

x^ = c;k\ +. . . + o^^l, n = 1;2;... v jfedfi ni 'fril flnn.:̂  

x,,X2,...,x^ ta t im du'P'c k h l n g s6 c^.Cg c^. si ^^J-A ''^ ' 

^QS^^ -- iy - 5. 



Wtripng diem hoi dUdng hoc sinh gioi man To6n 11 - LS Hodnh Phd 

Neu phu'ang trinh 6ikc tru-ng c6 q < k nghiem phan biet X^X^ X^ trong do 

X^ la nghiem bpi s, X^ la nghiem bpi h, con lai X^,X^ X^ la k- (s+h) 

nghiem dan , thi (2) c6 nghi#m t6ng qu^t 

+ (^21 + ^22" + • • • + ^2h^^~^ )Xl,'C\ X2\... 

Neu phu-ang trinh d^c tru-ng c6 s < k nghiem phan biet X^X^ X^ va 

= X + yi = r(cos()) + i.sincf)) Id nghiem bOi h thi so phi>c lien hiep X^ 

cung la nghiem bpi h, thi (2) c6 nghiem tong quat 

^ = c,^^ + c^Xl +... + cX + r"(Ai + Agn +. . . + A / - ' ) c o s n ( t ) 

+ r"(B, + Bgn +... + By-^)sinn(t), n = 1;2;... 

- Phu-ang trinh sai phan t u y i n tinh cap 1: 

x^ = a, ax^^, + bx^ = P(n), P(n) la da thtpc theo n. 

Phu'ang trinh dac tru-ng a^ + b = 0 c6 nghiem X = — 
a 

Nghiem tong quat c6 dang: x ^ = x ^ + x^, n = 1;2;... vai nghiem tong quat 

cua phu-ang trinh t h u i n nhat x^ = cX'^, n = 1;2;... 

Neu 1 thi nghiem rieng blit ky x^ la da thu-c cung bac vd-i P(n). 

N6u ? L = 1 thi nghiem rieng b i t ky x^= n.Q(n) vai Q(n) Id da thu-c cung bac 

vai P(n). 
- Phu-ang trinh sai phan tuyen tinh cap 2: 

= a, Xg = p, ax^^2 + '̂ '̂ n+i + '^^n = ^ ( " ) ' ^ ^ ^ ^ 

Phu-ang trinh dac tru-ng aX^ + bA. + c ^ 0 c6 2 nghiem X^X^ 

Nghiem t6ng quat codgng : x^ = x^ + x^, n^1;2; . . . 

N^u X^^.X^ la 2 nghiem thu-c phan biet thi nghiem tong qudt cua phu-ang 

trinh t h u i n n h i t x^ = AX"^ + BX^, n = 1;2;... 

N4U XyX^ la 2 nghiem thi /c bdng nhau thi nghiem tdng quat cua phu-ang 

trinh thudn n h l t x^ = (A + Bn)^2' " 

NIU XyX^ Id 2 nghiem phu-c thi du-a ve dang lu-ang gidc 

x + yi = r(cos(t) + i.sin(t)) thi nghiem tong quat cua phu-ang trinh thuan nhat 

=r"(Acosn(t ) + Bsinn(t)), n = 1;2;... 

NIU X^ * 1 thi nghiem rieng bat ky Id da thu-c cung bdc va i P(n). 

N6u X^ hay X^ = 1 thi nghiem rieng bdt ky x^= n.Q(n) vai Q(n) Id da thi>c 

cung bac vai P(n). 

N^u X^=X^ = 1 thi nghiem rieng bat ky x^ = n^.Q(n) vai Q(n) Id da thu-c 

cung bac va i P(n), 
Phu-ang trinh sai phan tuy§n tinh cdp 3: 

= a, X2 = P, X3 = y,ax^^3 + bx^^2 + cXn^i + dx^ = P(n), P(n) Id da thu-c theo n. 

Phu-ang trinh dac tru-ng aA,̂  + bX^ + cA. + d = 0 c6 3 nghiem X,,X^,X^ 

Nghi$m t6ng quat c6 dang: x^ = x^ + x ' , n = 1;2;... 

NIU XyX^,X^ Id 3 nghiem thy-c phan biet thi nghiem tong qudt cua 

phu-ang trinh thudn nhdt x^ = A A " + BA,2 + CA.3, n = 1;2;... 

Neu XyX^ Id 2 nghiem thuc bdng nhau vd X^ la nghiem dan thi nghiem 

t6ng quat cua phu-ang trinh thudn nhdt = (A + Bn)A2 + CX^, n = 1;2;... 

Neu ^^,^2,^.3 Id 3 nghiem thu-c bdng nhau thi nghiem tong quat cua 

phu-ang trinh thudn nhdt x^ = ( A + Bn +Cn^)X3, n = 1;2;... :.->(;. 

N l u A, Id nghiem thyc va X^,X^ la 2 nghiem phu-c lien hp-p 

x ± yi = r(cos{t) ± Lsincj)) thi nghiem t6ng quat cua phu-ang trinh thudn nhat 

x^ = AA:, '+r"(Bcosn(t ) + Csinn(t)), n = 1;2;... 

Neu A,, ^ 1 thi nghiem rieng bdt ky x' Id da thu-c cung bac vai P(n). 

N4U A, hay X^ hay A3 = 1 thi nghiem rieng bdt ky \ n.Q(n) vai Q(n) Id da 

thu-c cung bac va i P(n). 

Neu A, = A2 = 1 thi nghiem rieng bdt ky x^= n^Q(n) va i Q(n) la da thuc 

cung bac vai P(n). 

N^u A, = Ag = A3 = 1 thi nghiem rieng bdt ky x ' = n^Q(n) v6i Q(n) Id da 

thu-c cung bac va i P(n). ' 

\&y it 

V , 

. ) ' (> ' • ' 

0 x:»ri 
1 8 9 
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2 r\K 2n7t 

2 . C A C B A I T O A N 

Bai toan 7. 1: Tim 6 so liang d^u cua d§y:vn = sin^ ̂  + cos 
4 

Hipd'ng din giai 

The n = 1 thi vi = sin^T + cos — = =0 
^ 3 2 2 

- 2 - 471 , 1 1 
n = 2 thi V2 = sin o + cos — = 1 = -

r*. ' 3 2 2 
371 ^ 2 

n = 3 thi V3 = sin^~4~ + cos27i = - + 1 = -
f 2 2 

n = 4 thi V4 = sin^Tt + c o s — = 0 - - = - -
3 2 2 

• 2 57: IOTT 1 1 ^ 
n = 5 thi V5 = sin — + cos = =0 

4 3 2 2 

n = 6 thi Ve = sin^ 2 cos47t = 1 + 1=2 . 

Bai toan 7. 2: Tim 5 s6 hang d iu cua moi day so sau: 

2 
a) Ui = 0 va Un = — , vai moi n > 2. 

b) Ui = 1, U2 = - 2 va Un = Un-1 - 2un-2 vcci moi n > 3. 
Hu'O'ng din giai 

a) Ta C O Ui = 0 vd n > 2, Un = - ; => Ua = . = 2 

2 2 
U3= = - ; U4 = 

u^ +1 5 

2 
=> U2 = 

2 
=> U2 = 

2 2 50 

^ 1 
25 

29 

2 ^ 2 ^1682 

u ^ + 1 ~ 2500 ^ ~ 3341 

841 ^ 

b) Ta C O Ui = 1; U2 = -2 vS n > 3; Un = Un-i - 2un-2. 
Do do U3 = U2 - 2ui = -2 - 2 = -4, U4 = U3 - 2U2 = - 4 + 4 = 0 

Us = U 4 - 2 U 3 = 0 + 8 = 8. 
Bai toan 7. 3: Tim 6 so hang 6ku cua d§y cac doi tho trong thang thip n, theo 

quy luat: "Mot doi tho g6m mot tho du-c v^ mpt tho cai cCf m6i th^ng d e 
du'p'c mot doi tho con cung g6m mpt tho dye va mpt tho c^i; m5i doi tho 
con, khi tron hai thang tu6i, Igi moi th^ng de ra mpt doi tho con, va qua trinh 
sinh no CLP the tiep dien". 

190 

' " ^ Hipang din giai 
Qpj Fn la day cac doi tho trong thang thu- n. 
Thang 1 C O Fi = 1. 
Thang 2, doi tho chu'a de con nen c6 F2 = 1 , . ^ 
Th^ng 3, «J6i tho bat dau de con nen C O F3 = 1 + 1 = 2. ĵ. ^ ,.. . 
Thang 4, doi tho ti§p tyc de con nen c6 F 4 = 2 + 1 = 3. 
Th^ng 5. <36i tho tiep tuc de con v^ doi tho con dau tien b i t d i u de con nen 
c6F5 = 3 + 1 + 1 =5. 
Th^ng 6, doi tho ti§p tgc de con va hai doi tho con d i u tien cung de con nen 
CO Fe = 5 + 1 + 1 + 1 = 8. 

Bai toan 7. 4: Tim so hang thu-1000 cua d§y s6 sau: i rtn!,-?, py • ^ • 

a ) u , = | ; ^ b)u,=4.u,^,=5u„ 

Hu'O'ng din giai ^ ~ 

^) = ̂  " ^ 11999 

b) u, = 4,u^,,=5u^ nen ^l}v.c^--.. 

"1000-^"999 ^998 " 9 9 7 u ^ - ' t . o . 
Bai toan 7. 5: Cho day so (an): 1, 8, 22, 43, 71,... ChiKng minh so 35351 la mpt 

s6 hang cua day an. 
Hu'O'ng din giai 

Ta c6 cac hieu s6 cua so dung sau va so dung ngay truoc n6 l$p thanh c lp 
so cpng: 7, 14, 21, 28,... 
Theo gia thi^t a2 = ai + 7.1; 83 = 82 + 7.2;...; an = an-i + 7(n-1) ' 
Cpng n-1 ding thuc thi an = ai + 7(1 + 2 + ... + (n - 1)) 

= 1 + 7 ^ ^ 
2 

Xet 1 + 7 i l Z ^ = 35351 <^ + yp - 70700 = 0, n > 1. 
2 

Chpn n = 101. Vay s6 35351 la s6 hang thu-101 cua day (an). 
Bai toan 7. 6: Cho day s6 (Un) du'p'c xac dinh: -

Ui = 2, U2 = 3, Un = 3un-i - 2un-2, n > 3. 
S6 16385 c6 n im trong day Un khong? 

Hu'O'ng din giai 

Ta C6: Un = 3Un-i - 2Un_2 Un - Un-1 = 2(Un-i - Un-2). 
£)$t Vn = Un - Un-1, n > 2, thi V2 = 1. 

Ta C O Vn = 2Vn-i nen Vn = 2.Vn-i = 2^Vn-2 = 2^Vn_3 
= ... = 2"-lv2 = 2 " - l 

3 vf>.... v-;. 
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f 2 2 

n = 4 thi V4 = sin^Tt + c o s — = 0 - - = - -
3 2 2 

• 2 57: IOTT 1 1 ^ 
n = 5 thi V5 = sin — + cos = =0 

4 3 2 2 

n = 6 thi Ve = sin^ 2 cos47t = 1 + 1=2 . 

Bai toan 7. 2: Tim 5 s6 hang d iu cua moi day so sau: 

2 
a) Ui = 0 va Un = — , vai moi n > 2. 

b) Ui = 1, U2 = - 2 va Un = Un-1 - 2un-2 vcci moi n > 3. 
Hu'O'ng din giai 

a) Ta C O Ui = 0 vd n > 2, Un = - ; => Ua = . = 2 

2 2 
U3= = - ; U4 = 

u^ +1 5 

2 
=> U2 = 

2 
=> U2 = 

2 2 50 

^ 1 
25 

29 

2 ^ 2 ^1682 

u ^ + 1 ~ 2500 ^ ~ 3341 

841 ^ 

b) Ta C O Ui = 1; U2 = -2 vS n > 3; Un = Un-i - 2un-2. 
Do do U3 = U2 - 2ui = -2 - 2 = -4, U4 = U3 - 2U2 = - 4 + 4 = 0 

Us = U 4 - 2 U 3 = 0 + 8 = 8. 
Bai toan 7. 3: Tim 6 so hang 6ku cua d§y cac doi tho trong thang thip n, theo 

quy luat: "Mot doi tho g6m mot tho du-c v^ mpt tho cai cCf m6i th^ng d e 
du'p'c mot doi tho con cung g6m mpt tho dye va mpt tho c^i; m5i doi tho 
con, khi tron hai thang tu6i, Igi moi th^ng de ra mpt doi tho con, va qua trinh 
sinh no CLP the tiep dien". 
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' " ^ Hipang din giai 
Qpj Fn la day cac doi tho trong thang thu- n. 
Thang 1 C O Fi = 1. 
Thang 2, doi tho chu'a de con nen c6 F2 = 1 , . ^ 
Th^ng 3, «J6i tho bat dau de con nen C O F3 = 1 + 1 = 2. ĵ. ^ ,.. . 
Thang 4, doi tho ti§p tyc de con nen c6 F 4 = 2 + 1 = 3. 
Th^ng 5. <36i tho tiep tuc de con v^ doi tho con dau tien b i t d i u de con nen 
c6F5 = 3 + 1 + 1 =5. 
Th^ng 6, doi tho ti§p tgc de con va hai doi tho con d i u tien cung de con nen 
CO Fe = 5 + 1 + 1 + 1 = 8. 

Bai toan 7. 4: Tim so hang thu-1000 cua d§y s6 sau: i rtn!,-?, py • ^ • 

a ) u , = | ; ^ b)u,=4.u,^,=5u„ 

Hu'O'ng din giai ^ ~ 

^) = ̂  " ^ 11999 

b) u, = 4,u^,,=5u^ nen ^l}v.c^--.. 

"1000-^"999 ^998 " 9 9 7 u ^ - ' t . o . 
Bai toan 7. 5: Cho day so (an): 1, 8, 22, 43, 71,... ChiKng minh so 35351 la mpt 

s6 hang cua day an. 
Hu'O'ng din giai 

Ta c6 cac hieu s6 cua so dung sau va so dung ngay truoc n6 l$p thanh c lp 
so cpng: 7, 14, 21, 28,... 
Theo gia thi^t a2 = ai + 7.1; 83 = 82 + 7.2;...; an = an-i + 7(n-1) ' 
Cpng n-1 ding thuc thi an = ai + 7(1 + 2 + ... + (n - 1)) 

= 1 + 7 ^ ^ 
2 

Xet 1 + 7 i l Z ^ = 35351 <^ + yp - 70700 = 0, n > 1. 
2 

Chpn n = 101. Vay s6 35351 la s6 hang thu-101 cua day (an). 
Bai toan 7. 6: Cho day s6 (Un) du'p'c xac dinh: -

Ui = 2, U2 = 3, Un = 3un-i - 2un-2, n > 3. 
S6 16385 c6 n im trong day Un khong? 

Hu'O'ng din giai 

Ta C6: Un = 3Un-i - 2Un_2 Un - Un-1 = 2(Un-i - Un-2). 
£)$t Vn = Un - Un-1, n > 2, thi V2 = 1. 

Ta C O Vn = 2Vn-i nen Vn = 2.Vn-i = 2^Vn-2 = 2^Vn_3 
= ... = 2"-lv2 = 2 " - l 

3 vf>.... v-;. 
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Do do Un = (Un - Un-i) + (Un-1 - Un-2) + ••. + (U2 - Ui) + u, 
= Vn + Vn-1 + ... + vi + 2= (2"-^ + 2"-^ + ... + 1) + 2 

= £ ! l : l^+2= i+2" -^ 
2 - 1 

Xet Un = 16385 » 1 + 2"" ' = 16385 o 2""^ = 16384 = 2^^ 
« n = 15. Vay 16385 la s6 hang thu-15 cua day Un. 

Bai toan 7. 7: Cho day s6 (Un) xac dinh bai : 
2 

Ui = 1 va Un+1 = , v6'i moi n > 1. ' " ^ 
u„^+1 

ChLPng minh r i n g (Un) 1^ mot day s6 khong d6i. 
Hu'O'ng d i n giai 

2 2 
Ta GO: U I = 1, U2 = — - = 1 , U3 = = 1 

1+1 1+1 
Ta chCpng minh quy nap Un = 1, n > 1 (1). 
Khi n = 1 thi Ui = 1: dung 
Gia s\j (1) dung khi n = k, k nguyen du'ong. 
Ta chu-ng minh (1) dung khi n = k + 1. 

That vay: u,^^ = = A = 1: ^Pom. 

Vay Un = 1 vai mpi n nguyen du-ang. 

li toan 7. 8: Cho day s6 

tap cac gia trj cua day. 

Bai toan 7. 8: Cho day s6 Un = sin(2n - 1 ) - . Chu-ng minh day tuSn hoan. Tim 
3 

Hu'O'ng d i n giai 

T - . . 71 N/S . „ . 5n ^|3 
Ta co: Ui = sin - = — , U2 = sinTi = 0, U3 = sin — = 

3 2 ' 2 2 
. 7n S • o ^ • N/3 

U4 = sm — = — , Us = SIHSTI = 0, Ue = sin = . 
2 2 2 2 

Vn > 1, Un.3 = sin(2(n + 3) - 2 ) - = s i n ( ( 2 n - 1 ) - + 2K) t ; 
3 3 

= s i n ( 2 n - 1 ) - = U n . 
3 

Vay day t u i n hoan n§n cac gia trj khac nhau cua Un 1^ hOu han va tgp gia tri 

cua U n i a { - ^ ; 0 ; ^ } . 

192 

.^in 7. 9: Cho d§y so Un x^c djnh bai: Ui = 1, Un+i = — u^ + - u + 1, n > 1 
gai 2 " 2 " 

Chi>n9 '^ ' " '^ ho^n.Tinh t6ng 18 s6 hgng dau tien. 
HiTO-ng d i n giai :t:: 

- r acbu i = 1 ,U2 = 2 ,U3 = 0 , U 4 = 1 , U 5 = 2,... * 
Xa c h L c n g minh quy nap: Un*3 = Un, n > 1 (1). '-'̂  
Kh in = 1 thi u . = 1 = u , : dung. t̂ J '̂..,. , 
Q-^^ ^^(1) dung khi n = k,k nguyen dwang. ' 
Ta chLPng minh (1) dung khi n = k + 1. That v§y: 

3 2 5 , , , _ 3 , 5 
UK.4 = -2" " ' - 3 ^ 2""^^3 ^ " ~ 2 + 2 ^ " • ^^'^'^^ 
T6ng 18 s6 hang d i u tien , 
S18 = (Ui + U2 + U3) + (U4 + Us + Ue) + ... + (U16 + Ui7 + U18) 

= 6(ui + U2 + U3) = 6(1 + 2 + 0) = 18. 
Bai toan 7.10: Cho day s6: u, = 1, U2 = 2, Un+i = aun - Un-i vai mpi n > 2 

a) Chu-ng minh va i a = N/S thi day s6 (Un) tuin ho^n : i ' = 
3 

b) Chung minh vai a = - thi day so (Un) khong tuSn hoan mm • 

Hu'O'ng d i n giai 

a) Vai a = N/S thi Ui = 1, U2 = 2, Un+i = N/S Un - Un-i vai mpi n > 2 

Ta c6: Ui = 1, U2 = 2, U3 = 2 N / 3 - 1 , U4 = 4 - V 3 , U5 = 2^-2, 

Ue = 2 - N/S , U7 = - 1 = - U i , Us = - 2 = - U 2 

Ug = -U3, U12 = - U e 

=>Ui3 = - u 7 = 1, Ui, Ui4 = -U8 = U2, ...=> Un+i2= Up voi moi n > 2 . 
Vay (Un) la day t u i n hoan chu ki 12. 

b) V a i a = I t h i : u i = 1,U2 = 2 ,Un . i = | u n - U r ^ i V d^ impin > 2 

Taco U5= U6= - - . 
2 4 

^et b i l u dien Un = -5̂ - v6i qn le, Sn e N, n > 5. O l chCeng minh day s6 (Un) 

••̂ hong t u i n hoan, ta chCrng minh 
~ n - 4 vai mpi n > 5 b i n g quy nap theo n. 
n = 5, 6 thi k h i n g djnh dung, 

^ ' a st> khIng dinh dung vai mpi 5 < n < k, k > 6. Ta se chu-ng minh khIng 
"̂ if̂ h cung dung cho n = k + 1. 
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Do do Un = (Un - Un-i) + (Un-1 - Un-2) + ••. + (U2 - Ui) + u, 
= Vn + Vn-1 + ... + vi + 2= (2"-^ + 2"-^ + ... + 1) + 2 

= £ ! l : l^+2= i+2" -^ 
2 - 1 

Xet Un = 16385 » 1 + 2"" ' = 16385 o 2""^ = 16384 = 2^^ 
« n = 15. Vay 16385 la s6 hang thu-15 cua day Un. 

Bai toan 7. 7: Cho day s6 (Un) xac dinh bai : 
2 

Ui = 1 va Un+1 = , v6'i moi n > 1. ' " ^ 
u„^+1 

ChLPng minh r i n g (Un) 1^ mot day s6 khong d6i. 
Hu'O'ng d i n giai 

2 2 
Ta GO: U I = 1, U2 = — - = 1 , U3 = = 1 

1+1 1+1 
Ta chCpng minh quy nap Un = 1, n > 1 (1). 
Khi n = 1 thi Ui = 1: dung 
Gia s\j (1) dung khi n = k, k nguyen du'ong. 
Ta chu-ng minh (1) dung khi n = k + 1. 

That vay: u,^^ = = A = 1: ^Pom. 

Vay Un = 1 vai mpi n nguyen du-ang. 

li toan 7. 8: Cho day s6 

tap cac gia trj cua day. 

Bai toan 7. 8: Cho day s6 Un = sin(2n - 1 ) - . Chu-ng minh day tuSn hoan. Tim 
3 

Hu'O'ng d i n giai 

T - . . 71 N/S . „ . 5n ^|3 
Ta co: Ui = sin - = — , U2 = sinTi = 0, U3 = sin — = 

3 2 ' 2 2 
. 7n S • o ^ • N/3 

U4 = sm — = — , Us = SIHSTI = 0, Ue = sin = . 
2 2 2 2 

Vn > 1, Un.3 = sin(2(n + 3) - 2 ) - = s i n ( ( 2 n - 1 ) - + 2K) t ; 
3 3 

= s i n ( 2 n - 1 ) - = U n . 
3 

Vay day t u i n hoan n§n cac gia trj khac nhau cua Un 1^ hOu han va tgp gia tri 

cua U n i a { - ^ ; 0 ; ^ } . 
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.^in 7. 9: Cho d§y so Un x^c djnh bai: Ui = 1, Un+i = — u^ + - u + 1, n > 1 
gai 2 " 2 " 

Chi>n9 '^ ' " '^ ho^n.Tinh t6ng 18 s6 hgng dau tien. 
HiTO-ng d i n giai :t:: 

- r acbu i = 1 ,U2 = 2 ,U3 = 0 , U 4 = 1 , U 5 = 2,... * 
Xa c h L c n g minh quy nap: Un*3 = Un, n > 1 (1). '-'̂  
Kh in = 1 thi u . = 1 = u , : dung. t̂ J '̂..,. , 
Q-^^ ^^(1) dung khi n = k,k nguyen dwang. ' 
Ta chLPng minh (1) dung khi n = k + 1. That v§y: 

3 2 5 , , , _ 3 , 5 
UK.4 = -2" " ' - 3 ^ 2""^^3 ^ " ~ 2 + 2 ^ " • ^^'^'^^ 
T6ng 18 s6 hang d i u tien , 
S18 = (Ui + U2 + U3) + (U4 + Us + Ue) + ... + (U16 + Ui7 + U18) 

= 6(ui + U2 + U3) = 6(1 + 2 + 0) = 18. 
Bai toan 7.10: Cho day s6: u, = 1, U2 = 2, Un+i = aun - Un-i vai mpi n > 2 

a) Chu-ng minh va i a = N/S thi day s6 (Un) tuin ho^n : i ' = 
3 

b) Chung minh vai a = - thi day so (Un) khong tuSn hoan mm • 

Hu'O'ng d i n giai 

a) Vai a = N/S thi Ui = 1, U2 = 2, Un+i = N/S Un - Un-i vai mpi n > 2 

Ta c6: Ui = 1, U2 = 2, U3 = 2 N / 3 - 1 , U4 = 4 - V 3 , U5 = 2^-2, 

Ue = 2 - N/S , U7 = - 1 = - U i , Us = - 2 = - U 2 

Ug = -U3, U12 = - U e 

=>Ui3 = - u 7 = 1, Ui, Ui4 = -U8 = U2, ...=> Un+i2= Up voi moi n > 2 . 
Vay (Un) la day t u i n hoan chu ki 12. 

b) V a i a = I t h i : u i = 1,U2 = 2 ,Un . i = | u n - U r ^ i V d^ impin > 2 

Taco U5= U6= - - . 
2 4 

^et b i l u dien Un = -5̂ - v6i qn le, Sn e N, n > 5. O l chCeng minh day s6 (Un) 

••̂ hong t u i n hoan, ta chCrng minh 
~ n - 4 vai mpi n > 5 b i n g quy nap theo n. 
n = 5, 6 thi k h i n g djnh dung, 

^ ' a st> khIng dinh dung vai mpi 5 < n < k, k > 6. Ta se chu-ng minh khIng 
"̂ if̂ h cung dung cho n = k + 1. 
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That vSy, tir cong thipc U K + I = - U K - Uk_i 
' -^7^^ 7. 13: X^c djnh s6 hgng t6ng qu^t cua d§y so: 
^^a)° 1 = 2, Un = Un-1 + 7, n > 2. _ b) Vi = 3, Vn = 

.1 =̂  ,U V. 

Do 3qk - 4qk-i le nen ta c6 Sk+i = (k + 1)- 4: dung => dpcm. 
Bai toan 7.11: X^c djnh s6 hgng t6ng quat cua day so: 

a ) u n = l ' + 3 ' + ... + ( 2 n - 1 ) ' b) Vn = 1.2̂  + 2.3^ + ... + (n - i y 
Hu^ng din giai 

a) Un=1^+ 3^+... + {2n-^f 
= 4( 1̂ + 2̂  + ... + n^) - 4(1 +2 +..+n) + n 

n(n + 1)(2n + 1) ^n(n + 1)^^ _ n(4n^ -1) 
6 2 3 

b) Vn = 1.2̂  + 2.3^+ ... + (n - 1 )n^ 
= (1^+2^ +. . .+ n ^ ) - (1^+2^ +. . .+ n^) 

_n^{n + ̂ f n(n + 1)(2n + 1) _ n(n^ -1)(3n + 2) 

4 6 12 
Bai toan 7.12: X^c djnh s6 hang t6ng quat cua d§y s6: 

a) u = — + — + ... + 
' " 1.4 4.7 (3n-2).(3n + 1) 

b) V = — + — + ... + 
' " 1.4 2.5 n(n + 3) 

HiPO'ng din giai 

1 1 1 
a) u = — + — + ...+ 

' " 1.4 4.7 (3n-2).(3n + 1) 
1(1^1) 1_\1 _ _ ! _ ) = _ D _ 

" 3 1 4 3 4 7 3 3 n - 2 3n + 1 3 3n + 1 3n + 1 

b) v„ - — + — + . . .+ 
1.4 2.5 n(n + 3) 

1/1 1x 1 / 1 1x 1 / 1 I N 1 / 1 1N 

= 3 < 1 - 4 ) " 3 ^ 2 - 5 ) ^ 3 ^ 3 - 6 ) ^ 3^Z-7)^-

^ 3 n - 3 n^^3 n - 2 n + 1 3 n - 1 n + 2 3 n n + 3 

= 1(1+1+1) _I(_L+_L+_L) = 1!._I{_L+_L + _L). 
3 1 ^ 2 ^ 3 3 n + 1 ^ n + 2 ^ n + 3 18 3 n+1 n + 2 n + 3 

n 2 2: Un = Un-1 + 7 n^n: 

Himng din giai 
b) v i = 3, Vn = 5vn_i , n > 2. 

= Un-1 + 7 = (Un-2 + 7) + 7 = Un-2 + 2.7 = (Un-3 +7) + 2.7 
= Un-3 + 3-7 = Ui + (n - 1 )7 = 2 + (n - 1)7 = 7n - 5. 

r _ 

•ar . )Vc^ ins2 .Vn = 5 V n - i n § n . 

w = 5Vn-1 = 5(5Vn-2) = 5'.Vn-2 = 5 ' (5Vn-3) = 5 l V n _ 3 = ... 

= 5"-\vi = 5"-V3 = 3.5"-\ 
gai toan 7.14: Xac djnh s6 hgng t6ng qu^t cua day: 

a) ui = 2, Un+1 = Up + n; n > 1. b) Ui = 1. Up+i = Up + 2n-1 , n > 1. 

HiTO'ng din giai - ( , 
a) Vdi n > 1: Un+i = Un + n nen: " ?. 

Up = Un-1 + (n - 1) = (Up_2 + n - 2 ) + (n - 1) " 
= (Un-3 + n - 3) + (n - 2) + (n - 1) = ... ^ 6..: 
= (ui + 1) + ... + ( n - 2 ) + ( n - 1) anfin6? vi-

= 2 + (1 + 2 + ... + (n - 1)) = 1 + (1 + 2 + 3 + ... + n) =̂ rV i 

_ ^ ^ n(n +1) _ n̂  + n + 2 

b) Xet day Vp = Un+i - Up, n > 1. ^ " " ' ' 

Ta c6: Up.i = Up + 2n - 1, n > 1=i> Vp = Up.i - Up = 2n - 1 
Do d6 Vp.i = 2(n + 1) - 1 => Vp.i - Vp = 2: khong doi nen day (Vp) Igp cap so 
cpng c6 cong sai d = 2 so hgng dau Vi = Uz - Ui = 1. 
Ta C6 Up = (Up - Up_i) + (Un_i - Un_2) + . . .+ ( U j - U i ) + Ui 

= Vp_i + V p _ 2 + ... + V i + 1 '^"^ 

= Sp_ i + 1 = 

- n - 1 

n - 1 
(2vi - (n - 2)d) + 1 

(2 + (n - 2)2) + 1 = n^ - 2n + 2 

V|y so h^ng t6ng quat Up = - 2n + 2. 
3' toan 7.15: X^c dinh s6 hgng t6ng qu^t cua dSy: 

3) u,=3, u „ ^ , = - i . n > i . b) Vi = 5, Vp+i. Vn = 1, n> 1. 

Hiwng din gi^i 

" T ' c 6 u , = 3 , u , = | . 3 . u , = | = 3 . u , = | = 3,.., 

tdng qu^t Un = 3 vai mpi n. 
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That vSy, tir cong thipc U K + I = - U K - Uk_i 
' -^7^^ 7. 13: X^c djnh s6 hgng t6ng qu^t cua d§y so: 
^^a)° 1 = 2, Un = Un-1 + 7, n > 2. _ b) Vi = 3, Vn = 

.1 =̂  ,U V. 

Do 3qk - 4qk-i le nen ta c6 Sk+i = (k + 1)- 4: dung => dpcm. 
Bai toan 7.11: X^c djnh s6 hgng t6ng quat cua day so: 

a ) u n = l ' + 3 ' + ... + ( 2 n - 1 ) ' b) Vn = 1.2̂  + 2.3^ + ... + (n - i y 
Hu^ng din giai 

a) Un=1^+ 3^+... + {2n-^f 
= 4( 1̂ + 2̂  + ... + n^) - 4(1 +2 +..+n) + n 

n(n + 1)(2n + 1) ^n(n + 1)^^ _ n(4n^ -1) 
6 2 3 

b) Vn = 1.2̂  + 2.3^+ ... + (n - 1 )n^ 
= (1^+2^ +. . .+ n ^ ) - (1^+2^ +. . .+ n^) 

_n^{n + ̂ f n(n + 1)(2n + 1) _ n(n^ -1)(3n + 2) 

4 6 12 
Bai toan 7.12: X^c djnh s6 hang t6ng quat cua d§y s6: 

a) u = — + — + ... + 
' " 1.4 4.7 (3n-2).(3n + 1) 

b) V = — + — + ... + 
' " 1.4 2.5 n(n + 3) 

HiPO'ng din giai 

1 1 1 
a) u = — + — + ...+ 

' " 1.4 4.7 (3n-2).(3n + 1) 
1(1^1) 1_\1 _ _ ! _ ) = _ D _ 

" 3 1 4 3 4 7 3 3 n - 2 3n + 1 3 3n + 1 3n + 1 

b) v„ - — + — + . . .+ 
1.4 2.5 n(n + 3) 

1/1 1x 1 / 1 1x 1 / 1 I N 1 / 1 1N 

= 3 < 1 - 4 ) " 3 ^ 2 - 5 ) ^ 3 ^ 3 - 6 ) ^ 3^Z-7)^-

^ 3 n - 3 n^^3 n - 2 n + 1 3 n - 1 n + 2 3 n n + 3 

= 1(1+1+1) _I(_L+_L+_L) = 1!._I{_L+_L + _L). 
3 1 ^ 2 ^ 3 3 n + 1 ^ n + 2 ^ n + 3 18 3 n+1 n + 2 n + 3 

n 2 2: Un = Un-1 + 7 n^n: 

Himng din giai 
b) v i = 3, Vn = 5vn_i , n > 2. 

= Un-1 + 7 = (Un-2 + 7) + 7 = Un-2 + 2.7 = (Un-3 +7) + 2.7 
= Un-3 + 3-7 = Ui + (n - 1 )7 = 2 + (n - 1)7 = 7n - 5. 

r _ 

•ar . )Vc^ ins2 .Vn = 5 V n - i n § n . 

w = 5Vn-1 = 5(5Vn-2) = 5'.Vn-2 = 5 ' (5Vn-3) = 5 l V n _ 3 = ... 

= 5"-\vi = 5"-V3 = 3.5"-\ 
gai toan 7.14: Xac djnh s6 hgng t6ng qu^t cua day: 

a) ui = 2, Un+1 = Up + n; n > 1. b) Ui = 1. Up+i = Up + 2n-1 , n > 1. 

HiTO'ng din giai - ( , 
a) Vdi n > 1: Un+i = Un + n nen: " ?. 

Up = Un-1 + (n - 1) = (Up_2 + n - 2 ) + (n - 1) " 
= (Un-3 + n - 3) + (n - 2) + (n - 1) = ... ^ 6..: 
= (ui + 1) + ... + ( n - 2 ) + ( n - 1) anfin6? vi-

= 2 + (1 + 2 + ... + (n - 1)) = 1 + (1 + 2 + 3 + ... + n) =̂ rV i 

_ ^ ^ n(n +1) _ n̂  + n + 2 

b) Xet day Vp = Un+i - Up, n > 1. ^ " " ' ' 

Ta c6: Up.i = Up + 2n - 1, n > 1=i> Vp = Up.i - Up = 2n - 1 
Do d6 Vp.i = 2(n + 1) - 1 => Vp.i - Vp = 2: khong doi nen day (Vp) Igp cap so 
cpng c6 cong sai d = 2 so hgng dau Vi = Uz - Ui = 1. 
Ta C6 Up = (Up - Up_i) + (Un_i - Un_2) + . . .+ ( U j - U i ) + Ui 

= Vp_i + V p _ 2 + ... + V i + 1 '^"^ 

= Sp_ i + 1 = 

- n - 1 

n - 1 
(2vi - (n - 2)d) + 1 

(2 + (n - 2)2) + 1 = n^ - 2n + 2 

V|y so h^ng t6ng quat Up = - 2n + 2. 
3' toan 7.15: X^c dinh s6 hgng t6ng qu^t cua dSy: 

3) u,=3, u „ ^ , = - i . n > i . b) Vi = 5, Vp+i. Vn = 1, n> 1. 

Hiwng din gi^i 

" T ' c 6 u , = 3 , u , = | . 3 . u , = | = 3 . u , = | = 3,.., 

tdng qu^t Un = 3 vai mpi n. 
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b) Vai n > 1: Vn+i . Vn = 1 => Vz = — = ,V3 = — = 5, 
V, 5 

V 4 = — = ^ , V 5 = — = 5, . . .V9y v„ = 
V3 5 V , 

5 khi n = 2k + 1 

-1 khi n = 2k 
5 

Bai toan 7.16: Tim s6 hang t6ng qu^t cua day s6 (Un) xac djnh bai: 
a) Ui = 1 va Un+1 = 5un + 8 vai mpi n > 1. 
b) Ui = 1 va Un = 2 u n - i + 3 vai mpi n > 2. 

HiFO'ng din giai 
a) Xet day s6 (Vn), vai Vn = Up + 2. 

Ta CO Un+1 = 5Un + 8, n > 1, nen v6'i Vn = Un + 2 thi 
Vn+1 = Ur,+1 + 2 = 5Un + 10 = 5(Un + 2) = 5Vn, n > 1. 

Do do day Vn lap c^p so nhan c6 s6 hang d^u Vi = 2, cong bpi q = 5. 
So hang t6ng quat cua cap s6 nhan Vp la Vp = Vi.q""^ = 2.5""^ 

Vay s6 hang t6ng quat Up = Vp - 2 = 2.5""'' - 2. 
b) Dat Vp = Up + a thi Up = Vp - a 

Do do Un. - = 2up + 3 <=> Vp+i - a = 2{Vn - a) + 3 

<=> Vp.i = 2vp + (3 - a). 
Chon 3 - a = 0 nen a = 3 thi day Vp lap c^p so nhan c6 s6 hang dau 

Vi = Ui + a = 4, cong bpi q = 2 nen 
Vp = v , .q" -^ =4.2"-^ = 2 " ^ \ 

Vay s6 hang t6ng quat Up = 2"*^ - 3. 
Bai toan 7. 17: Xac ditih s6 hang t6ng quat cua day (Up) xac dinh bai: 

a) Ui =1, U2 = 0 , u„*; = Un+1 - Up, n > 1 
b) Up+1 = (a + b)Up - abUp_i vai n > 1, theo a, b, Uo, Ui cho tru-^c. 

Hu-o-ng din giai 
a) Un^2 = Up+1 - Up <z> Up.2 - Un*i + Up = 0. 

7 1 ± iVs 
Phuang trinh dac tru-ng x - x + 1 =0 c6 2 nghif m phtpcx = — ^ — 

Ta CO dang luang giacx = ^ ' ' " ' ^ =cos —+ isin— nen cong thCcc tdng 
2 3 3 

, n7t . nTt . „ 
u„ = Acos — + Bsin — , n==1;2;... 

3 3 

R 
Ui =1, U2 = 0 nen A = 1 v^ B = — 

3 

... i . nn Vs . nTt Vay so hang tong quat u^ = cos — + — s i n — . 
3 3 3 
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gia thi§t => Un-n - aup = b(Up - aup_i) 
Vn*i = b.Vn Vn = b " - V .V i £)|t Vn = Up - aUp_i 

po do: Up - aun_i = V i b " 

iggn: Up = Un - aup_i + a(Up_i - aun_2) +...+ a""\ui - a.uo) + a"uo 
n-2 

= a"uo + (a""' + a""^b + ... + ab""" + b""')(ui - auo) 
5 (a'^' + a'̂ ^b +...+ ab'^^ + b'^Vi - ab(a'^^ + a'^b +...+ab'^ + b"-̂ )uo 
Vay, khi n > 2 

,n-2 .,n-1\ 

t^eu a ^ b thi Un = 
a " - b " ^a"-^-b" -^ 

.u. - a b 
a - b ^ 

a - b ° 
Neu a = b thi Up = na""^Ui - (n-a)a"uo 

each 2: Up+i = (a + b)Un - abUp_i c6 phu-ang trinh dgc tru-ng 
- (a + b)x + ab = 0 <=> Xi = a, X2 = b 

ngn Un = a.a" + p.b" 
Ta c6: Uo = a + (3, Ui = a.a + p.b 
Tir 66 xac djnh du'p'c a, p. 

Bai toan 7. 18: Tu- hinh vuong A1B1C1D1 c6 canh bing 6cm, di^ng cac hinh 
vuong A2B2C2D2, A3B3C3D3, ApBpCpDn,... theo c^ch sau: 
Vai m6i n = 2, 3, 4,... l ly cac diem Ap, Bp, Cp va Dp tu-ang u-ng tren c^c canh 
Ap_iBn_i, Bn_i Cp_i, Cn-iDn-i v^ Dp-iAn-i sao Cho An-iAp = 1cm va AnBpCpDp 
la mot hinh vuong. Lap day so (Un) v6i Un la dp dai cgnh cua hinh vuong 
ApBpCpDp bai he thtpc truy h6i. 

Hipdng din giai 
Vdi moi n nguyen duang, xet hai hinh vuong ApBpCpDn cgnh Up va 
Ap+iBp+iCp+iDp+i cgnh Up+i. 
Taco: Up., = An.iBn.i ^" ' 

= >/(AnB,-1)^+1^ 

% U i = 6, U p . i = 7un'-2u^+2 ,n>1. 

toan 7.19: Xac dinh so hgng t6ng qu^t cua d§y s6: 

c3n) ^) Ui = V2, Up = + ^2 + +\l.. + sf2. (n d iu 

b)v ,= V ^ , V p , = -Xa V 2 - I 

1 + (1-N /2)V„ 
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10 trong diSm bSi dUdng hqc sinh gidi man To6n 11 -U Hodnh Phd 

Hiro-ng d i n giai 

a) Ta c6 c o s - = ^ V2 = u, = 2cos- = 2cos4- sr 
4 2 4 2 

va cos— = 
1 + cos — 

4 _ 
1 + 

f2 
2 _ 2W2 

•t-

=> V2 + V2 = u, = 2cos- = 2cos^ 
2 8 2̂  

Ta chii-ng minh quy ngp: Un = 2 cos 
2n+1 

J. 

8: 

1_cos^ 1-:^ „ 
b)Tac6 t a n ^ ^ = i = % = ^ ^ = 3-242 

^ 1 + c o s ^ uJl 2 + >/2 
4 2 

^ t a n - = V2-1n§n v,, , = ^ 

n g 

v . . 7 2 - 1 ^ t a n | . t a n | ^ ^ ^ ^ ^ ^ ^ ^ ^ 

1 + {1-72)v, 1-(V2-1)V3 i _ t a n ^ . t a n ^ ^ ^ 
3 8 

„ ^ . t a n ( - + - ) + t a n - '"̂  

U (1 - V 2 ) v , i _ t a n ( ^ + ^ ) . t a n ^ ^ ^ 
3̂ 8̂  8 

Ta chtpng minh quy ngp: Vn = t a n ( - + (n - 1)-). 
3 8 

Bai toan 7. 20: XSc djnh s6 hgng t6ng qu^t cua d§y s6 (Un) xac djnh boi 
Ui = 1 va Un+1 = Un + (n + 1).2" v6i mpi n > 1. 

Huxyng d i n giai 
Ta se chCpng minh: Un = 1 + (n - 1).2" vdi mpi n > 1 (1), bSng phu'ang phaP 

quy ngp. 
V6i n = 1, ta c6 Ui = 1 = 1 + (1 - ^).2\o d6 (1) dung khi n = 1. 
Gia su" (1) dung l<hi n = k, k e N*, ta se chCrng minh n6 cung dung khi n = k + "I 
Th$t v$y, tu- h$ thu-c xSc djnh day s6 (Un) va gia thi^t quy ngp, ta c6: 
Uk+1 = Uk + (k + ^).2^ = 1 + (k-1).2'' + (k + ^).2^ = 1 + k.2''*\ 
V$y (1) dung v6i mpi n ̂  1. 

60 

••toan 7. 21: Xac djnh s6 hang t6ng quat cua d§y s6 Fibonaxi: 
= 0, F i = 1, Fn.2 = Fn + Fn. i , n > 0. 

Hu'd'ng d i n giai 

j(^t 2 so a > b sao cho a + b = 1, ab = -1, thi a, b la nghi^m phu'ang 

t r i n h t ^ - t - l = O n § n a , b = I ^ . 

DO d6 Fn.2 = Fn + Fn*i = - a b F n + (a + b)Fn.i 

=> Fn+2 - aFn+1 = b(Fn+i - aFn). 

oat Vn = Fn^i - aFn thi Vn+1 = bVn lap c l p SO nhan. 
Tu- do tinh dugc Vn roi suy ra: 

n 
I - V 5 

2 
V / 

2 1 
^ + ^f5 1-V5 Vs 

1 + V5I 1-V5 

2 2 
each khac: Fn+2 = Fn + Fn+i <=> Fn+2 - Fn+i - Fn = 0 

Phuang trinh dac tru-ng 

r - X-1 = 0 <=> X, = — ^ ; x„ = — ^ 

d3 f̂ T' 

X 

n§n u„ = A. 
n 

+ B. 
n 2 2 

ma ta CO Fo = 0 va F i =1 nen tim du-p-c 2 h§ s6 A, B. 

Suyra Fn = 1 

4i 

n 

2 
V J 

2 
*v J 

Bai toan 7. 22: Xac dinh so hang tong quat cua day so Lucas: 
L i = 1, L2 = 3 va Ln*i = Ln + Ln-1 vdi n > 2 

Hifo-ng d i n giai 
T a C6 Ln.i = Ln + Ln-1 « Ln.i - Ln - Ln-1 = 0. 
Phu'ang trinh dac tru'ng 

n^n: Ln = a I - V 5 1 
+ P 

1 +V5 
,1} ciJ' 

"fhay L i = 1, L2 = 3 thi a = p = 1.V|y Ln = f l - V 5 
+ 

I + V5 
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W tnpng diSm bdi dUdng hqc sinh gidi mdn To6n 11 - LS Hodnh Phd 

2 
Bai toan 7. 23: Cho d§y (an): an = — - ^ - ^ • ^ i " ^ ^ ° '^^"S ^ ^ ^ t cy^ 

+ 4n 

d§y so (bn): bi = ai, bn.i = bn + an.i, n_> 1. 

Hirang din giai 

Ta c6: bi = a i , b2 = bi + 82 = ai + 82 

b3 = b2 + 83 = ai + 32 + 33,..., bn = 31 + 32 + ... + 3n. 

2 1 1 
T 3 c6 3k = — = ; — 7 - ; — - nen: 

k2+4k + 3 k + 1 k + 3 

b n = a ,+a2+.. . + a„ = 

,1 

1 1 1 1 1 1 
— + — + — + — + ... + - + 
2 3 4 5 n n + 1 

1 1 1 
= — + ' . V J v b „ = | ^ - ' 

1 1 1 1 1 
— + — + — + ... + + — 
4 5 6 n + 2 n+3 

1 

2 3 n + 2 n + 3 ' ' 6 n + 2 n + 3 

Bai toan 7. 24: Cho day so thu-c (Xn) x^c dmh bo-i: 

XQ - 1, Xn+1 = 2 + ^ - 2 1̂ + ^ . v6i mpi n e N. T im cong thtpc t6ng quat 
n 

cua d§y (yn) xac djnh bo-i cong thuc y„ = X^iS', Vn e N . 

i=i 
Hu'vng d i n giai 

Taco: x„^, = 2 + -2^1 + ^ = f , / l + ^ - 1 ' 

+1 = • ^6 tinh du'gc: 

x , = ( V 2 - l ) ' ,x^=iJ42-^ \- 2 2 " _1 nen 

1 

X i = 1 + 2 -2V2; X 2 = 1 + 72-2.2^ 

1 ^ ± 

X 3 = 1 + 2 " -2 .28 ; xn= 1 + 22""' _2.22" 

Do do: y = 2 + 4 +... + 2" + 4 - 2""l22" = 2"̂^ 
' n 

1-2 2" + 2 

Cty TNHHMTVDWH Hhong Vi$t 

2 X 

X i = — Va Xn+1 = 

3 2(2n + 1)x„ +1 

Hu'O'ng d in giai 
Ta CO x„,i = 

2(2n + 1)x„ + 1 
<=> X n+1 

Suy ra: 2(2n + 1) = X n - X n . 1 

2{2n + 1)x„+1 

1 

Dat Vn = Vn.i = Vn + 4n + 2 

Suyra: Vn = v i + 2 n ( n - 1 ) + 2(n-1) = 2 n ^ - . Vay X = ^ 
2 4n'^ - 1 

Bai toan 7. 26: Xac djnh t i t ca cac day so thu-c a , , 32,..., 32015 thos man di§u 

kien 27a„ - (n -1 ) > an+i - (n - 1) vai n = 1,2,...,2014 V3 S^Sgois - 2 0 1 4 > 

81+1. 
Hu'd'ng d i n giai 

Cpng cac bat d i n g thu-c da cho ta c6: 

H :T1 mid 

...1) f - H - i - K 

•̂ yt) r - >o 1:3:-

2 :q 

2015 

'Z27a,-(n-1)> 
n=1 

2014 

Z ( a n . i - ( n - 1 ) ) 
n=1 

2015 

+ ai +1 = Z [^n - (n -1) + 1 
n=1 

2015 r - 1 2015 

vai n S u y r a : 0 > X a „ - ( n - 1 ) + 1 - 2 7 a ^ - ( n - 1 ) l = ^ - ( " - ' ' ) - • ' 
n=1 '- -I n=1 

= 1,2,...,2015. Tu-do, v a i n = 1,2 2015tadu ' gc : 

^ - ( n - i ) - i = o h a y 3 n = n ^ 

Cu6i cung, d § dang k i l m tra du-gc r i n g day 3n = n thoa m§n C3C tinh chat 

hoi, vi 2Vn - (n -1 ) = (n + 1) - (n - 1) vai n = 1, 2,...,2014 va 

2V2015-2014 = 1 + 1 =^ dpcm. 

C^ch khac; 0 § t 82015 = 2015 + k, Ta se dung phu-ang phap quy nap lui theo n 

(bat d i u tCf 2015 tra xu6ng) d l chCrng minh r ing an > n + k 

Gia si> an+1 > n + k + 1, khi do: , ^ 

4(an - n + 1) > (an>i - n + 1)^ > (k + 2f > 4k +' 4, do do 

3n > n + k. Ket qua dung v6-i mpi n ma 2015 > n > 1 

•̂ 61 rieng, a, > 1 + k. Suy ra: '* ' ' 

4(32015 - 2014) = 4(1 + k) > (2 + k)^ = 4 + 4k + k^ tu- do 

s 0, tLPC 1^ k = 0. Nhu- t h i , an > n vd-i n = 1, 2 2014. . v,v-*f»« 



W tnpng diSm bdi dUdng hqc sinh gidi mdn To6n 11 - LS Hodnh Phd 

2 
Bai toan 7. 23: Cho d§y (an): an = — - ^ - ^ • ^ i " ^ ^ ° '^^"S ^ ^ ^ t cy^ 

+ 4n 

d§y so (bn): bi = ai, bn.i = bn + an.i, n_> 1. 

Hirang din giai 

Ta c6: bi = a i , b2 = bi + 82 = ai + 82 

b3 = b2 + 83 = ai + 32 + 33,..., bn = 31 + 32 + ... + 3n. 

2 1 1 
T 3 c6 3k = — = ; — 7 - ; — - nen: 

k2+4k + 3 k + 1 k + 3 

b n = a ,+a2+.. . + a„ = 

,1 

1 1 1 1 1 1 
— + — + — + — + ... + - + 
2 3 4 5 n n + 1 

1 1 1 
= — + ' . V J v b „ = | ^ - ' 

1 1 1 1 1 
— + — + — + ... + + — 
4 5 6 n + 2 n+3 

1 

2 3 n + 2 n + 3 ' ' 6 n + 2 n + 3 

Bai toan 7. 24: Cho day so thu-c (Xn) x^c dmh bo-i: 

XQ - 1, Xn+1 = 2 + ^ - 2 1̂ + ^ . v6i mpi n e N. T im cong thtpc t6ng quat 
n 

cua d§y (yn) xac djnh bo-i cong thuc y„ = X^iS', Vn e N . 

i=i 
Hu'vng d i n giai 

Taco: x„^, = 2 + -2^1 + ^ = f , / l + ^ - 1 ' 

+1 = • ^6 tinh du'gc: 

x , = ( V 2 - l ) ' ,x^=iJ42-^ \- 2 2 " _1 nen 

1 

X i = 1 + 2 -2V2; X 2 = 1 + 72-2.2^ 

1 ^ ± 

X 3 = 1 + 2 " -2 .28 ; xn= 1 + 22""' _2.22" 

Do do: y = 2 + 4 +... + 2" + 4 - 2""l22" = 2"̂^ 
' n 

1-2 2" + 2 

Cty TNHHMTVDWH Hhong Vi$t 

2 X 

X i = — Va Xn+1 = 

3 2(2n + 1)x„ +1 

Hu'O'ng d in giai 
Ta CO x„,i = 

2(2n + 1)x„ + 1 
<=> X n+1 

Suy ra: 2(2n + 1) = X n - X n . 1 

2{2n + 1)x„+1 

1 

Dat Vn = Vn.i = Vn + 4n + 2 

Suyra: Vn = v i + 2 n ( n - 1 ) + 2(n-1) = 2 n ^ - . Vay X = ^ 
2 4n'^ - 1 

Bai toan 7. 26: Xac djnh t i t ca cac day so thu-c a , , 32,..., 32015 thos man di§u 

kien 27a„ - (n -1 ) > an+i - (n - 1) vai n = 1,2,...,2014 V3 S^Sgois - 2 0 1 4 > 

81+1. 
Hu'd'ng d i n giai 

Cpng cac bat d i n g thu-c da cho ta c6: 

H :T1 mid 

...1) f - H - i - K 

•̂ yt) r - >o 1:3:-

2 :q 

2015 

'Z27a,-(n-1)> 
n=1 

2014 

Z ( a n . i - ( n - 1 ) ) 
n=1 

2015 

+ ai +1 = Z [^n - (n -1) + 1 
n=1 

2015 r - 1 2015 

vai n S u y r a : 0 > X a „ - ( n - 1 ) + 1 - 2 7 a ^ - ( n - 1 ) l = ^ - ( " - ' ' ) - • ' 
n=1 '- -I n=1 

= 1,2,...,2015. Tu-do, v a i n = 1,2 2015tadu ' gc : 

^ - ( n - i ) - i = o h a y 3 n = n ^ 

Cu6i cung, d § dang k i l m tra du-gc r i n g day 3n = n thoa m§n C3C tinh chat 

hoi, vi 2Vn - (n -1 ) = (n + 1) - (n - 1) vai n = 1, 2,...,2014 va 

2V2015-2014 = 1 + 1 =^ dpcm. 

C^ch khac; 0 § t 82015 = 2015 + k, Ta se dung phu-ang phap quy nap lui theo n 

(bat d i u tCf 2015 tra xu6ng) d l chCrng minh r ing an > n + k 

Gia si> an+1 > n + k + 1, khi do: , ^ 

4(an - n + 1) > (an>i - n + 1)^ > (k + 2f > 4k +' 4, do do 

3n > n + k. Ket qua dung v6-i mpi n ma 2015 > n > 1 

•̂ 61 rieng, a, > 1 + k. Suy ra: '* ' ' 

4(32015 - 2014) = 4(1 + k) > (2 + k)^ = 4 + 4k + k^ tu- do 

s 0, tLPC 1^ k = 0. Nhu- t h i , an > n vd-i n = 1, 2 2014. . v,v-*f»« 
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Bay gicy, n§u an = n + k, v a i k > 0, va i n nao do < 2015, thi li lugn tu-ang ty. 
nhu- tren ta cung c6 ai > 1 + k, suy ra: 

4 = 4(32015 - 2014) > (ai + 1)^ > (2 + k)2 = 4 + 4k + k^ > 4 

Dieu nay mau thuan. Vay an = n vd'i mpi n < 2015. 
Bai toan 7. 27: Hoi c6 t6n tai hay khong mot day v6 hgn tang cac so nguyen t6 

(Pk) thoa m3n: I Pk+i - 2pk I = 1 Vk > 1 , c;^ 
Hu 'O'ng d i n giai 

Gia su- t6n tai day cac s6 nguyen to (Pk) thoa man cac yeu c l u cua d§ bai. 
Khong m i t t6ng qu^t c6 the coi pi > 3. X6t Pk (k > 1) b i t k i . 
NSu Pk = - 1 (mod 3) thi phai c6 Pk+i = 2pk + 1 (vi 2pk - 1 = 0 (mod 3)) va do 
d6 Pk+1 = - 1 (mod 3). 

N§u Pk = 1 (mod 3) thi phai c6 Pk+i = 2pk - 1 (vi 2pk + 1 = 0 (mod 3) va do 
vay Pk+1 = 1 (mod 3). Tu- do suy ra: 
Neu Pi = - 1 (mod 3) thi Pk+1 = 2pk + 1 V k > 1. ' 
Do vay Vk > 1 ta c6 Pk = 2'""^ pi + (2^"^ - 1). 

Suy ra Pk = (2''-^ - 1) (mod pi) V k > 1 => p^^ = {2^^ - 1) (mod pi) = 0 (mod 

Pi) theo djnh li nho Fecma) mau thuan vai Pp̂  1^ s6 nguyen to. 

Neu Pi = 1 (mod 3) thi Pk+i = 2pk - 1 Vk > 1. ^ 

Do v$y Pk = 2^-Vi - (2""^ - 1) Vk > 1 => Pk = -(2'^-^ - 1) (mod pi) Vk > ' l 

=> Pp̂  = -{7^^'^- 1) (mod pi) = 0 (mod pi) (theo djnh li nho Fecma) mau 

thuan v6i Pp̂  la s6 nguyen t6. 

! !> c^c mau thuan nhgn d u g c ta c6 dpcm. 
Bai toan 7. 28: Xac djnh so hang tong quat cua 2 day so (Un); (Vp) x6c djnh nhii 

UQ = 0 ; VQ = c o s a 

u„ = u„ , + 2v„ . sin^ a 
n n - i n-i 

sau: 

v„ = v„ , + 2u„ , cos^ a 

Hu 'O'ng d i n giai 

Ta c6 Un + tana Vn = (1 + 2tana cos^a) (Un-i + tanaVn-i) 
Ap dung lien tiep n l ln ta c6 du-p-c: 

Un + tanaVn = (1 + 2tanacos^a)"(uo + tanavo) (1) 
Tu-ang ty thi ta cung c6 du-gc: 

Un - tanaVn = (1 - 2tanacos^a)"(uo - tanaVo) (2) 
Tu- (1) v^ (2) ket hp-p vb-i UQ = 0, VQ = cosa ta c6 h? sau: 

u^ + tan av^ = (1 + 2 tan a cos^ a)" sin a 

u^ - tan av^ = - (1 - 2 tan a cos^ a)" sin a 

Cty TNHHMTVDWH Hhang Vi$t 

racd: D 
1 t a n a 

1 - t a n a 
= - 2 tan a 

D u . = 
(1 + 2 t a n a c o s ^ a ) " s i n a t a n a 

( 1 - 2 t a n a c o s ^ a ) " s i n a - t a n a 

= -s inatana[ (1-2tanacos^a)" + (1+2tanacos^a)"] 

Dv . = 
1 (1 + 2 tan a cos^ a ) " sin a 

1 - ( 1 - 2 t a n a c o s ^ a ) " s i n a 

= -s ina[ (1-2 tanacos^a)" + (1+2tanacos^a)"] 

Du„ 1 
TLK do suy ra: u^ = = — s i n a (1 +sin 2a) " + ( 1 - s i n 2a) " 

^ " = D ' ' ' " - ^ ^ ' " " r ( , , 3 i , 2 a ) " - ( 1 - s i n 2 a ) " 
2 t a n a L 

Bai toan 7. 29: Xet t inh tSng, giam cua day s6: 

a) Un = n^ - 3n^ + 5n - 7 b) Un = 
5 n - 1 

2n + 3 
Himng d i n giai 

,a)Tac6: Un*i = (n + 1 ) ^ -3 (n + i ) ^ + 5(n + 1 ) - 7 = n^ + 2 n - 4 

Lap hipu Un+1 - Un = 3n^ + 3n + 3 = 3n(n - 1) + 3 > 0, Vn > 1. 

Un+1 > Un, Vn > 1. V^y day s6 tang. 

b ) T a c 6 u n . i = 5(n + 1 ) - 1 ^ 5 n 4 ^ 
2(n + 1) + 3 2n + 5 

'00 s?'̂  (£.• 

L|p hi$U Un+1 - Un = 
5n + 4 5n - 1 17 

2n + 5 2n + 3 (2n + 3)(2n + 5) 

^ Un.i > U n , Vn > 1. V^y day so tSng. 

> 0 , V n > 1 i o v ^ v 

,d 01 ir 
Bai toan 7. 30: X6t t inh tSng, giam cua dSy so. 

b) Ui = 9, Un+1 = Un - 2 + Sinn, n > 1. 

Hirang d i n giai. 

a) U n = (-1)" — 
n + 5 

^ ) T a c 6 u , = - l , u 3 = | , U 3 = - | 
b / o 

Vi Ui < U2, U2 > U3 nen hSng s6 khong tSng, kh6ng giam. 
' "^a CO Un+1 = Un - 2 + sinn 

Un+1 - Un = Sinn - 2 < 0, Vn (vi sinn < 1, Vn). 
d§y s6 giam. 

A mot 

. < .,0 on e"f (G 
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A mot 

. < .,0 on e"f (G 
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Bai toan 7. 31: Xet tinh tang, giam cua day s6: 

n + 1 . , 2 " 
a) Xn = - — b) yn = 

3" (n + 1)! 
Hird>ng din giai 

n + 2 
a) Ta c6: Xn > 0 va Xn+i = 

• . x> * n + 2 n + 1 n + 2 n + 2 . j . 

Lap ti so = : = = < 1, Vn >1 
3"̂ ^ 3" 3(n + 1) 3n + 3 

=> Xn+1 < Xn, Vn > 1. Vay day s6 giam. i); 
2n+1 

b) Ta CO yn > 0 va yn+i = 
(n + 2)! 

Laptis6: = — — = _ ^ < 1 _ v n > 1 . 
ŷ  (n + 2)! (n + 1)! n + 2 

=> Vn+i < yn, Vn > 1. Vay day so giam. 
Bai toan 7. 32: Xet tinh tSng, giam cua day s6: 

a)an= Vn+l-Vn b ) bp = 2-n 

HiPO'ng din giai 

V -r - \; r (n +1) - n 1 
a) Ta co: an = vn +1 - vn = — j = = — 

Vn + 1 + vn vn + 1 + Vn 
=>an+i= - = J — = = < - = J — ^ = a^,Vn>1. 

Vn + 2 + vn + 1 Vn + I + Vn 
Vay day s6 giam. 

b) Ta CO bn = - ^ - ^ = - 7n . Do do bn+i = , ^ - Vn + 1 
Vn vn Vn + 1 

Lap hieu s6: bn+i - bn = 
2 2^ 

.Vn + l Vn. 
=> bn+1 < bn, Vn > 1. Vgy dSy s6 giam. 

Bai toan 7. 33: Xet tinh tSng, giam cua day so: 

+ |Vn - Vn + l |<0,Vn >1. 

a) Un = 
' 2 
v 3 . 

.r/n b) Un = , n diu can 

a) Ta CO Un > 0 va Un+i = 
v3. 

IHiro'ng dan giai 

s6: ^ = 
u„ v 3 . 

.Vn + 1 : — .vn 
v 3 . 

2 n + 1 4n + 4 
1'.) * > ;. ,h •• 

4n + 4 < 1, Vn > 1. i 

i 

.n ^r^. ft •»•/r ... 

3 V n V 9n + 4 ^ ^n + 4 + (5n - 4) 

DO do U n . i < Un, Vn > 1. Vay day so giam. 

t,) Ta chLPng minh quy nap: Un+i > Un, Vn > 1 (1). 

Khi n = 1 thi U 2 > U i <=> Vs + Ts > N/S : dung. 

Do do (1) dung khi n = IG ia si> (1) dung l<hi n = k, l< nguyen du-ang: Un+i > Uk 

3 + U k . i > 3 + Uk ^ ^3 + Uk+i > N/3 + U ^ 

=> Uk+2 > Uk+1. Do do (1) dung khi n = k + 1. 
V|y (1) dung vai moi n nguyen du'ang, do do day so tang. 

Bai toan 7. 34: Xet tinh tang, giam cua day s6: 

a) Un = 1 - 1 
V 3 , 

1-
1 

1-

b ) V n = — ' - + ^ — + . . . + 

n+1 n+2 

1 

3n 

a) Ta CO Un > 0, Vn > 1, va 

1 ' 

V 3 , 
1- I - :L 

3" 

HiFang din giai 

1 
in+1 

Do do ^ = 1 - - J - < 1, Vn =̂  Un+1 < Un, Vn.Vay day s6 giam. 
Un 3""̂  

b)Tac6: v̂ ^̂  = - L + _ L + ... +JL + _ L _ + . 1 1 
• + • 

n + 2 n + 3 3n 3n + 1 3n + 2 3n + 3 

1 Dodo v^^,-v =-1- + - ^ ^ + ^ 
"̂ ^ " 3n + 1 3n + 2 3n + 3 n + 1 

2 9n + 5 1 1 
• + >0 

3n + 1 3n + 2 3n + 3 (3n + 1)(3n + 2)(3n + 3) 

"^n V n . i > vi, Vn > 1. Vay day so tang. 

^̂ i toan 7. 35: Cho day (Un): 0 < Un < 1, Un ^ | va Un.i(1 - Un) = n > 1-

ChCpng m i nh day tang. -
Hirang din giai . < 

'̂ P d u n g b i t d a n g thLPC AM-GIVl cho 2 s6 du'cng: S,, 
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205 



Un*l + (1 - Un) > 27u„^,(1 -Uj 

Un^l + (1 - Un) > 2, 
'1 

^ - Un+1 > Un, Vn. 

Hipang din giai 
T - . a 2 - 3 a a 2 - 3 a 
Ta CO Un = - + - — ^ — - => u^^, = - + • 2 2(2n2 + 3) 2 2 2(n +1)^ + 3 

^- 2 - 3 a 
Do do Un+1 - Un = 2 

1 1 

^2(n +1)^+3 2n^+3j 

D I U = xay ra khi Un+i = Un. Do d6: 
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« ( 2 U n - 1 ) ' = 0 < » U n = ^ (logi). , , 
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Bai toan 7. 36: Tim a d§ day Un = ^" ^ ^ 1 ^ : 
2n̂  +3 

a) day s6 giam b) day s6 t^ng ;) , 

Vi2(n + 1)^ + 3>2n^ + 3>0=> ^ - -^^— <0, V n > 1 . 
2(n + 1)2+3 2n^ + 3 

2 - 3a 2 
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2 3 
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n^ + 2n 

206 

.0... 

HiPO'ng d i n gliii 

m ..... =?I}^^f-Zlll>0:b\mn6^6\ 2 1: Un 

(6n^+12n)-14n + 1 ^ 14n-1 ^ . 
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^ n^+2n n^+2n 
V|y day so bj chgn. 
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M 
=> 4n < M, Vn => n < —, Vn: v6 ly. 

4 
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1 a) Un= J - + _ L + ... + . 
1.3 3.5 
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4n + 3 

2 

_ 1 

(2n-1)(2n + 1) 
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ri r 1 ri r 1 

+. . .+— 
2 

r 1 1 ^ 
[V3, 2 .'3 " 5 , 

1 
+. . .+— 

2 [ 2 n - 1 2n + lJ 

1 - - 1 
2n + 1 

n 
2n + 1 
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Un*l + (1 - Un) > 27u„^,(1 -Uj 

Un^l + (1 - Un) > 2, 
'1 

^ - Un+1 > Un, Vn. 

Hipang din giai 
T - . a 2 - 3 a a 2 - 3 a 
Ta CO Un = - + - — ^ — - => u^^, = - + • 2 2(2n2 + 3) 2 2 2(n +1)^ + 3 

^- 2 - 3 a 
Do do Un+1 - Un = 2 

1 1 

^2(n +1)^+3 2n^+3j 

D I U = xay ra khi Un+i = Un. Do d6: 

Un+l(1 - Un) = <=> Un(1 - Un) = j » 4 U^ - 4Un + 1 = 0 i 61?, 

« ( 2 U n - 1 ) ' = 0 < » U n = ^ (logi). , , 

Vay Vn > 1, Un+i > Un nen d§y so tSng. 

Bai toan 7. 36: Tim a d§ day Un = ^" ^ ^ 1 ^ : 
2n̂  +3 

a) day s6 giam b) day s6 t^ng ;) , 

Vi2(n + 1)^ + 3>2n^ + 3>0=> ^ - -^^— <0, V n > 1 . 
2(n + 1)2+3 2n^ + 3 

2 - 3a 2 
Do do: a) Day Un giam <=> > 0 <=> a < — 

2 3 
b) Day Un tang <=> - — — < 0 <=> a > — 

2 3 
Bai toan 7. 37: Chupng minh day: 

a) Un = n^ - 4n bi chan duai b) Vn = ^^^^ bi ch^n tr§n. 
n + 3 

HiPO'ng din giai 
a) Ta CO Un = n^ - 4n = (n - 2)2 - 4 = - 4 + (n - 2f > - 4 , Vn. 

Vgy day s6 bj ch$n du'ai. 

b) Ta c6 Vn > 1 thi n + 1 < n + 3 n6n Vn = < 1, Vn. 
n + 3 

Vay day s6 bj ch$n tren. 
Bai toan 7. 38: ChCpng minh day s6 bj ch$n: 

a) Un = ^"^ - 2 " + "* b) = ssinn + 7 cos2n. 
n^ + 2n 

206 

.0... 

HiPO'ng d i n gliii 

m ..... =?I}^^f-Zlll>0:b\mn6^6\ 2 1: Un 

(6n^+12n)-14n + 1 ^ 14n-1 ^ . 

Vi un= ^ ^ = 6 - ^ — : r < ^ - ^ ' ch^ntren 
^ n^+2n n^+2n 
V|y day so bj chgn. 

c5 _6 < 6sinn < 6, - 7 < 7cos2n < 7 
Do do: -13 < Vn < 13, Vn. Vgy day s6 bi chan. 

Bai toan 7. 39: ChCpng minh day: 
= + 4n + 7 khong bi chSn tren. 
= (-1)".n khong bj chan du-oi. 

Hu'O'ng din giai 
Ta dung phu'ang phap phan chCfng 

a) Gia SLP day Un bi ch^n tren nen ton tai s6 IVI sao cho Un < M, Vn 
r> n^ + 4n + 7 < M, Vn 

M 
=> 4n < M, Vn => n < —, Vn: v6 ly. 

4 
Vay day s6 khong bj ch^n tren. 

b) Gia SCP d§y Vn bi ch$n du'ai nen ton tai so m sao cho Vn > m, Vn 
r :>( -1)" .n>m, Vn. 
Chpn n = 2k + 1, k nguyen du-cng thI c6: 

-(2k + 1 )>m, Vk=>k< m + 1 
, Vk: v6 ly. 

V|y day s6 khong bj chSn du-ai. 
Bai toan 7. 40: ChCpng minh day bj ch^n: 

1 a) Un= J - + _ L + ... + . 
1.3 3.5 

b) vn= i i i H ) : 
4n + 3 

2 

_ 1 

(2n-1)(2n + 1) 

Hu^ng din giai 
ri r 1 ri r 1 

+. . .+— 
2 

r 1 1 ^ 
[V3, 2 .'3 " 5 , 

1 
+. . .+— 

2 [ 2 n - 1 2n + lJ 

1 - - 1 
2n + 1 

n 
2n + 1 

Do 36 0 < Un < 1, Vn nen day so bj ch^n. 
) Ta CO (-1)" b ing 1 hoac - 1 nen n - 1 < n + (-1)" < n + 1 



Do 66 ——— < V < " " ^ ^ => 0 < Vn < 1, Vn .Vay d ay so bi chSn. 
4n + 3 " 4n + 3 

B a i t oan 7. 41 : X e t t i n h d a n di^u va bi chgn cua day: 

; u,'^ H i r o - ngd i ng i a i 

10 2 
a) T a c6: u, = - 2 , U2 = 1, U3 = — = -

10 o 
Do do ui < U2, U2 > U3 nen day so khong t ang , k hong g i a m 

- 1 ^ 
Ta co: Un = — + 

2 2{2n^ - 3) 

V i V n > 1 -1 < — ^ — < - nen -2 < Un < 1 .Vgy d ay s6 bj ch§n. 
2n2 - 3 5 

b) Ta CO Vn > 0 v a i m p i n nguyen d u a n g 

x„}i=i<i«fri±Jl!<i«^<i 
V, 2n2 nV2 

o n + 1<nN/2 < ^ n > - 7 J — < = > n > 3 
V2-I 

X6 t ^ > 1 ^ n < < ^ n < 2 
V- V2 - 1 n 

Do do Ui < U2 < U3 va U3 > U4 > U5 > ... 

9 -
Vay day s6 k h o n g t ang , k hong g i am va 0 < Un < U3 = - , V n > 1 nen day so 

0 
bi Chan. 

Ba i t oan 7. 42: C h i i n g m i nh r§ng day so (Un) v a i Un = ^""^^ la m o t day so 
3n + d 

g i a m va bi chan . 

H i cang d i n giai 

^ . 2 5 . 2 5 
Ta CO Un = — + nen Un+i - - + 

Do do u „ , , - u „ = | 

3 3 (3n + 2) 3 3(3n + 5) 

< 0, v a i mp i n > 1. 1 1 
^3n + 5 3n + 2 

V a y (Un) la m o t d a y so g i a m . 

208 

Cti^ TNHH MTVDWH Hhang Vi$t 

la mot day giam nen bi chan tren bai M = ui = 1. 

va - ''• 3(3r?+ 2) > 0 nen Un > | , v n > 1: bj ch^n du-ai. 

V|y d i y (Un) bj Chan, 

gai toan 7. 43: Ch ipng m inh day Un = 
n 

8 t a ng va bi c han . . + 

H i m n g d i n giai 

Ta c6 Un > 0 va Un+i = 1 + 1 
\n+1 

n + 1 
nen 

n + 2 

n + 1 

1 

\n+1 
n + 1 n ^ + 2 n 

n+1 

s n+1 

(n + r 
n + 1 

1 - -
1 

n + 1 

n + 1 

n + 1 

Do do V n > 1 , Un+1 > Un: d a y s6 t ang . 

Vi day s6 t ang nen bj chan du'o i b a i Ui = 2. 

1 
Khai t r ien nh i thipc: Un = 1 + n ; 

= i x n I + " ( " - ' ' ) . 1 , n ( n - 1 ) ( n - 2 ) 1 n ( n - 1 ) . . . 1 1 

n 1.2 

= 2 + - L 2! 
( 

1 - 1 
n 3! 

1 - 1 

1.2.3 

n 
+ ... + • 

n! 
1 - 1 

1.2...n n" 

1 -
n - 1 

n 

<2 + i 4 , . . . , I < 2 , _ L , _ L , . . . , 
2! 3! n! 1.2 2.3 ( n - 1 ) n 

= 2-

= 2 + 1 

f i 2̂  
1 2 

2 

n 

2 3 
+ . . . + 

n -1 n 

3: bj c h$n t ren . V ay day s6 bi c han . 

^ai toan 7. 44: C h o so 
a e (0; 1). C h u n g m inh d§y Un: 

a 

2 2 
Hu'O'ng d i n giai 

a a 1 
1̂ = - , Un = - + - u ^ _ , , n > 2, t ang va bj ch^n. 

'̂ 0 < a < 1 n en Un > 0, V n 

"""̂  ch i>ng m i n h quy nap: Un+i > Un, n > 1 (1) 
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Whyng diSmbdl dUdng hQC sinh gidi m6n To6n ' le Hcdnt^ Phd 

Khin = 1 :u2= | + ^ - ^ > | = U i : dung 

Gia si> (1) dung khi n = k, k nguy§n du-ang. 

Ta chupng minh (1) dung khi n = k + 1. Th$t v$y: Uk+i > UR => û ^̂  

- + - u^ . > I + ^ u ^ => > Uk*i: d p c m . 
2 2 2 2 

Ta chLPng m i n h quy ngp: Un < 1, n > 1 (2) 

Khi n = 1: Ui = ^ < 1 : d u n g . 

Gia su- (2) d u n g khi n = k, k nguy§n du-ang. 

Ta chLpng minh (2) d u n g khi n = k + 1. Th§t v#y. 

u,,, = ^ + l . u 2 < - + - < - + - = 1 : dpcm. 

V^y day so tSng bj ch$n. 
Bai toan 7. 45: Cho day Fib6naxi (Un): Ui = Uz = 1; Un+i = Un + Un-i. 

ChLPng minh c^c tinh chit sau cua day: 

a) Un+2 = 1 + Ui + U2 + ... + U2n-

b) Ui + U3 + Us + ... + U2n-l = U2n-

C) U2 + U4 + ... + U2n = U2n+1 - 1 

d) u^+U2+... + u2=u,.u„^,. 

Hipô ng din giai 

a) Ta c6: Ui = U2 

Ui + U2 = U3 ' 

U2 + Us = U4 

Un + Un+1 = Un+2 

Cpng t u n g v6 thj c6: Ui + (Ui + U2 + ... + Un) = Un*2 

Ma ui = 1 nen 1 + Ui + U2 + ... + Un = Un+2 

b) Ta c6: Ui = U j ; U2 + U3 = U4; U4 + U5 = U e ; U 2 n - 2 + U2rv-i = U2n-

COng tu-ng th i c6: Ui + U3 + U5 + ... + U2n-i = U2n. 

c) Ta c6: U2 + U4 + Ue + ... + U2n = (ui + U2 + U3 + ... + U2n) - (ui + U3 

Theo phan tren thi U2 + U4 + ... + U2n = (u2n+2 - 1) - U2n 
= U2n+2-U2n-1 =U2n+1-1. 

d) U1.U2 = u^ (vi c6 Ui = U2 = 1) 

U2.U3 = U2(Ui + U2) = U1U2 + U2 

U3.U4 = U3(U2 + U3) = U2U3 + U3 

Cty TNHH MTVDWH Hhong Vl$t 

Un-Un l̂ = Un(Un-1 + Up) = Up-Up-i + 1 

cong tuFng v§thi c6: u ^ + . . . + u2= Un. Un.i. 

gai toan 7. 46: Gia su' Fn la so hgng thii- n cua day Fibonacci, xac djnh bai: 
Po = 0, F i = 1, Fn+1 = Fn + Fn_i vb'i moi n > LChii-ng minh rSng: 

= F 2 n . i v 6 i n 6 N 

b) Fm*n+i = Fm+iFn+i + FmFn v^i mpi m, n e N 

c) Fan = + - Fn-1. v< '̂ mpi n e N 

Hu'6'ng din giai 
Dung phu-o-ng ph^p quy nap to^n hpc su- dyng h? thtpc truy h6i: 

Fn+1 = Fn + Fn_i 

C^ch khac :Dung cong thCpc t6ng quat cua day Fibonacci: 

Fn = 

Bai toan 7. 47: Gia si> Fn , U tu'cng u-ng IS so hang thtp n cua day Fibonacci va 
day Lucas. Chipng minh ring F j n = Fn.U vai mpi so nguyen du-ang n. 

Himng din giai 

Ta c6 Fn = 

N§n Fan = 

1 

1 

1-^/5 
va Ln = 

1 

/ - \ 2 n / 
1+V5 

2 

s2n 

1 + 75^ 1-75 

J 

•CPC: 0"' 

=^F2n = Fn.Ln. 

°a" toan 7. 48: Cho a , b la cdc s6 thi^c thoa man 4b > va hai day s6 (Un); 
(Vn) du-p-c xac djnh nhu- sau: Uo = a ; Vo = b; 

VnM = Vn^ ; Un. 1 = 2Vn - Un^ , Vn = 0 , 1 , . . . 

Chu-ng minh ring tdn tai mpt so n > 0 ma Un > 0. 

Hu'O'ng din giai: 

^ " j " gia thiet suy ra Vn > 0 \/&\i n e N . Ta c6 

6t 
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10 trpng diSm bSi dUdng hgc sinh gidi m6n To6n J1 - LS Hodnh Phd 

= 1 - = 1 - 2 
2v, 2v , 

Dgt Wn= thi Wn + 1 = 1 - 2 w n ^ va wo = ^^-^rr--

2b -
va 4b > a^ 2b > 2b - a^ > - 2b nen - 1 < — — — < 1. 

2b 

H r. 

2b - a^ 
D§t = - cos(p, (p e (0; K ] . 

2b 

Vd i Wo = - coscp , b i n g quy nap ta c6 Wn = - cos(2" ( p ) . 

Do (p e (0; n] nen c6 k € N sao cho 2^(p € ; T I ] . 

Khi do Wk = - 0 0 5 ( 2 ^ ) => U|< +1 > 0 . 

an 1 + 2 

Bai toan 7. 49: Cho day (an): a, = 1, az = 1, an = — , n > 3. 

a) Chu-ng minh an nguyen voi moi n. 
b) T im s6 hang t6ng quat an. 

Hu'O'ng d i n giai 

a) Ta c6: ] " ""^ ""^ => anan-2 - an-i.an-3 = a^_^ - a^_2 i 6;̂  
. V l V 3 = V 2 + 2 

=> an_2(an + an-2) = an-i(an-i + an-3) 

^ an + V 2 ^ V l + a n - 3 _ ^ ^3 + ^ 3 + 1 ^ ^ 
a m V 2 ^2 1 

Do do: an = 4an-i - an-2 
Vi a i = 1, 32 = 1 nguyen n§n an nguyen voi mpi n. 

b) Xet 2 so a > p sao cho a + p = 4, ap = 1 thi a, p la nghiem phu'ong trinh 

x ^ - 4 x + 1 = 0 d o d 6 a , P = 2 ± N / 3 . 

Ta CO an = 4an-i - an-2 = (a + P)an-i - apan-2. 
an - aan-1 = p(an-i - aan-2)- DSt bn = an+1 - aan thi bn = pbn-i 

Tu- do tinh d u g c bn = - ( 1 + Vs )(2 - S T~\ 

Suy ra: a , = ̂ ( 2 + - ^ ( 2 - V s ^ • 

" . Af , 7. 50: Cho cAc s6 nguyen a, b, c thoa m§n a^ = b + 1. X6t day s6 (Un) 
0^' I—; T 

giyoc xac djnh boi : Ui = 0, Un+i = aun + i^bu^ , n e N. ChCpng minh r i n g 

day (Un) la day cac so nguyen. 
Hu'O'ng d i n giai ' ^i) • 

cac gia thiSt cua bai toan ta c6: b 

€2 - 2aUn.2-Un.i + <^ - c^ = 0 , Vn 6 N* 2 ^ ̂  ̂ ^ ^ 

va u,̂  - 2au,,,u, + u,^, - c^ = 0, Vn € N*. ' ^ 

Tru- theo v§, ta du-gc: (Un^2 - Un)(Un^2 + Un - 2a.Un+i) = 0, Vn € N. 

Do do Vn 6 N*, n4u Un e Z va Un+i € Z thi Un+2 e Z . 

Ma ui = 0 e Z va ui = I c | e Z nen suy ra Un € Z , Vn € N* \

Bai toan 7. 51 : Cho a e Z , day {Un} xac djnh boi : 
u , = 0 

;f.'j 
• A ^ 

Un.i = (Un +1) + (a + 1)u^ + 27a(a + 1)u„(u„+1) 

ChLPng minh r i n g Un e Z , Vn G N*. 
Hu'O'ng d i n giai 

Ta CO [Un.i - (2a + 1 )Un - = 4a(a + 1 )Un(Un + 1) ' • ''"̂ '•̂ '̂  " 

=^ + + a ' - 2(2a + 1)u,u„^, - 2a(u^ + u„^,) = 0 ,Vn e N* ^ ^.. 

Xet phuang trinh: X^ + u^ + a^ - 2(2a + 1)UnX - 2a(Un + X) = 0. -'J^ ^ 

o X^ - 2[(2a + 1)Un + a]X + (Un - af = 0. 
Theo tren, phu'ong trinh nay c6 2 nghiem la Un+i vd Un-i nen theo dinh li Viet 
ta c6: 

Un.i + Un-1 = (4a + 2)Un + 2a, Vn e N*. 
Ma Ui = 0, U2 = a € Z , ta suy ra Un e Z , Vn e N". • z^* : ' 

Bai toan 7. 52: Cho day s6 {Xn} xac djnh boi 

1̂ = 1 - Xn.i = 
n 

3 
x „ + 2 - - , n > 1 v a n e N 

n 

Chung minh r i n g t i t ca cac s6 hang cua day Id so nguygn. , ; 1 

Hu'O'ng d i n giai 
Tru-oc hk ta vi§t lai cong thCcc truy h6i duo i dgng 

3 ( x - 1 ) 
Xn.i = Xn + 2 + 

n -.rtdHn 

T a c o x , = 1,X2 = 3, X3 = 8, X4= 17, Xj = 3 1 , Xe = 51 , . . . nen l l n lug t 
n 

0. 3, 7, 12, 18, 25... vo i quy luat : "So thCf n b i n g so thu- n-1 cpng n+1" . 
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Ta chu-ng minh b i n g quy nap = 1 + 
( n - l ) n (n + 4) 

Th$t v^y, dieu n^y dung vdi n = 1. Gia su- ta da chirng minh du-qyc 

(k - 1)k(k + 4) 

6 feigo; 
x , = 1 + 

Khi do: x,^, = 

1 . ^ 
k 

k 

„ 3 

1 + 
(k - 1)k(k + 4) 

_ (k -1)k(k + 4) ^ ( k -1 ) ( k + 4) ^ g . ^ ^ k(k + 1)(k + 5) 

~ 6 2 6 

Theo nguyen ly quy nap ta c6 dieu phai chipng minh. 

De chLPng minh khlng djnh cua b^i toSn, ta chi ckn chi ing minh (n - 1)n(n + 4) 

Iu6n chia het cho 6. Th$t v$y 

(n - 1)n Id tich cua hai so nguyen lien tiep nen chia hit cho 2. 

(n - 1)n(n + 4) = (n - 1)n(n + 1) + 3(n - 1)n chia h§t cho 3. 

Bai toan 7. 53: Cho day cac so nguyen a i , 8 2 , a n . . . thoa man 

(n -1 ) an+ i = (n + 1)an - 2(n - 1) vd i m p i n > 1 . 

N 4 U 2000 chia het 81999, h§y t im so n nho nhit, vd i n > 2 sao cho 2000 chia 

h§t an. 

HiPO'ng d i n giai 

Hien nhiSn, iir d i n g thCrc a d§ bdi, ta c6 a^ = 0, vd khi n > 2 thi : 

n + 1 _ 

Do 66, d§y d§ cho du-p-c xdc djnh mOt cdch duy n h i t bai 82 

NgoSi ra, ta c6 an = (n - 1)(cn + 2), vdi c = - 1 Id mpt so thi^c tuy y, day 

an thoa man ding thu-c a 6\hu ki^n cua bdi todn. 
T i t ca cdc day an thoa m§n dieu kipn cua bai toan d§u c6 dgng nhu- the. Vi 
tit ca cdc so hgng cua d§y 6ku Id cdc s6 nguyen vd 2000 chia hit 81999 nen 

ta dl thiy ring c Id s6 nguygn vd c = 1000m + 2. Nhu- thI, suy ra 2000 chia 

het 8n khi vd chi khi 1000 chia hit (n - 1)(n + 1). Tu- d6 n = 2k + 1 vd k(k + D 

chia hit cho 250 = 5^2. Vi k vd (k + 1) nguyen t6 cung nhau n§n ta suy 

s6 n nho nhIt, n > 2, Id: 
2 X 124 + 1 =249. 

Bai toan 7. 54: Cho ddy s6 Un = 1 + 2"(n - 1). Tinh t i n g : 

A = 1 + 2.2^ + 3.2^ + 4.2^ + ... + 2018.2^°^^ 

00' 

.38 ,T rtsol i K i 

Hu^ng d i n gidi 
Tac6:un = 1 + 2 " ( n - 1 ) s u y r a : 

Un.i = 1 + 2"*\  +  1  -  1) = 1 + 2" . 2n =^ Un.i - Un = (n + 1).2". 

3d: 2 . 2^ = U2 - Ui; 3.2^ = U3 - U2; 4.2^ = U4 - U3;.... 

?018.2^°^^ = U2018 - U2017 f 'tni cir-.r.: 

A = 1 + U2018 - Ui = U2018 = 1 + 22°^l2017. 

• j toan 7. 55: Cho ddy (Un) du'oc xdc djnh: 

ui = 2000; U2 = 2001; Un.2 = 2Un+i - Un + 3, n = 1, 2, 3... '<^(- '''̂ "^ 

Tinh tong n s i hang d i u ti§n Sn. 

HiTO'ng d i n giai , < „e pnJ^ 1 v V3 

Ta CO Un+2 - 2Un+i + Un = 3 

DO 66 U3 - 2U2 + Ui = 3; U4 - 2u3 + Uj = 3;...;Un - 2un-i + Un-2 = 3. 

COng tCfng v l n - 2 d i n g thu-c trgn thi du-p-c: 

Un - Un-1 - U2 + Ui = 3(n - 2). 

Un - Un-1 = 3(n - 2) + U2 - Ui = 3n - 5. P ' 

Do 66 U3 - U2 = 3.3 - 5;u4 - U3 = 3.4 - 5;...;Un - Un-i = 3.n - 5. 

Cpng tu-ng v l n - 2 d i n g thupc tr§n: 

Un - U2 = 3(3 + 4 + ... + n) - 5(n - 2) 

Un = _ 5n . 2011 nen Un = ^ + 2002 

Do d6 Sn = I(1^ + 2^ + ... + n ^ ) - | ( 1 + 2 + ... + n) + 2002.n ' 

V|y S„ = n ( n - 3 ) ( n + 1) + 2002.n. 

B î toan 7. 56: Cho ddy s i (Un) xdc djnh nhu" sau: 

3 
" n = - ^ u „ . i ,n = 2,3.... 

Chu'ng minh r i n g Vn e N*, ta c6: Ui + Ua + ... + Un < 1. 

HiPO'ng d i n giai 

k > 2, theo quy t i c xdc djnh ddy ta c6: 

2k.Uk = (2k - 3).Uk-i hay 2(k - 1)Uk-i - 2k.Uk = U K - I . 
^nay l l n lu'(?tk = 2,3 n + 1.tac6: 

iJi = 2ui - 4u2; U2 = 4U2 - 6U3;...; Un-i = 2(n - 1)Un-i - 2nun 

/ ' n = 2 n U n -2(n + 1)Un.i 
^^f ig tu-ng v l n d i n g thu-c tr6n. ta c6: 

+ U2 + ... + Un = 2Ui - 2(n + 1)Un.i = 1 - 2(n+1)Un.i 

®o cdch xdc djnh ddy, ta c6 Un > 0, Vn nguy§n du-ang n§n 

^i + U2 + ...+ U n < 1 , V n e N * . 

61 vi/r: 

215 
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Bai toan 7. 57: Day (an) cJu-p-c th^nh l§p theo quy tlic sau: 

ai = 1, a2 = ai + — an = an-i + — 

ChLcng minh V2n-1 < a„ < V3n -2 , n > 1 

HiPO'ng d in giai 

y&i mpi k > 1 ta CO a^ = a^^ + 2 + 1 

D l y rang ak > 1, Vk > 1 nen â _̂  + 2 < a^ < a^^, + 3 

TL^ do ta c6: al, + 2<al< al, + 3 ; a^,^ + 2 < a^_, < a^ ^ + 3 

a ^ + 2 < a | < a ^ + 3; a ? + 2 < a ^ < a ^ + 3 

S u y r a : 2 n - 1 < a^ < 3 n - 2 , Vn > 1 

Vay 72n --1 < a„ < yl3n-2 , Vn > 1 (dpcm). 

Bai toan 7. 58: Gia su- cac s6 ao, ai, a 2 , B n thoa man cac di^u ki?n: 

2 n 
3 0 = - ^ , ak+1 = ak + - a ^ , vai mpi k = 0, 1 , n - 1 . 

Chupng minh ring 1 - - < a < 1. 
n 

Hu'd'ng d in giai 

Ta se Chung minh bing quy nap theo k: 

n + 1 n 

2n - k + 2 ^ 2 n - k 

Khi k = 1, ta c6: a, + - a o 

, v6'i mpi k = 1, 2,..., n. 

1 2 2n + 1 

. Do do b i t d i ng thuc dung khi k = 1. n + 1 
Suy ra < a. < 

^ 2n + 1 ^ 2 n - 1 
Gia su- b i t d i n g thuc dung v6'i mpi k = r < n, ta c6: 

Suy ra: a^ . > 
n + 1 

2n - r + 2 

1 + - a 

, 1 n + 1 
1 + - . -n 2 n - r + 2 

n + 1 . n + 1 

2n - r +1 2n - (r +1) + 2 

M$t khac, vi (2n - rf > (2n - r + 1)(2n - (r + 1)) nen ta l^i c6: 

n 

2 n - r 

n 

n 2 n - r 

n(2n - r +1) n 

(2n-rf 2 n - ( r + 1) 
: dpcm. 

216 

^hi k = n, ta nhan dugc: 1 - - < 1 - —L. = < a < = 1 
n n + 2 n + 2 " 2 n - n 

each khac: Tir gia thi^t suy ra day tSng bi§n d6i: 
1 _ J _ _ 1 _ l _ ^ J 1 _ ^ Jl̂  V ^ ^ idbKX: 

gal toan 7. 59: Vai n = 1, 2,..,, ta gpi (Un) la day dup'c x^c dinh bai: ,u 

Ui = 1, U2 = 2, Un*2 = 3Un+i - Un 

Chung minh Un+2 + Un > 2 + -n± i , vai mpi n. 

Hu-ang d i n giai , r . | v u l l ^ 

B ing quy nap ta chCrng minh UnUn.2 = u^^, +1 vb-i mpi n > 1. ^ 

Ta CO U3 = 5 nen cong thuc dung khi n = 1. i> O J si c,. OS - >» 

Gia si> cong thuc tren dung khi n = k > 1. Ta chCeng minh cong thipc dung 

khi n = k + 1: Uk.iUk*3 - UkUk+2 = û ĝ " ^ ^ ^ i (1) 

Thgt vay (1) <=> Uk^i(Uk*i + Uk.3) = Uk+2(Uk + Uk+2) 

ci> Uk+i.3Uk+2 = Uk+2-3Uk : dung \f i 
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Suy ra: u„ . + u = ^^nilll + u = ̂  + 
" u " u 

1 
> 2 + ^ 

Un 
Bai toan 7. 60: Cho day (Un) duac xac dmh nhu- sau: 

2 . „ „ 
yfr^^ + ^ W = - — - ;n = 1,2.3... 

^ / 2n + 1 

Chung minh r i n g Ui + U2 + U3 +... + U2015 < --im 
2017 

Hw&ng d i n giai 

Ta c6: u = 2 ^ 2(Vk71-Vk) ' ^'^^ "̂ ^X • ̂  

' (2k + 1)(Vk7l + Vk) 2k+ 1 

^ u^<2(Vk7^-7^) do j , ^ < ' < ^ ( k ^ 1 ) . 2 k + 1 
2Vk(k +1) ^ ' ' 2 2 
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1 1 

Dod6: u .+u„ + U 3 +. . . + U < 1--7= + -j=--r +•••+ /;—: 

1 
U i + U 2 + U 3 + . . . + U ,<1 - V k T l 

V4k + 4 Vk2+4k + 4 1̂  + 2 k + 2 

|{ 

Nhu- v$y ta di den: + Ug + U3 +... + u,, < - — -
K + 

Va-i k = 2015 ta c6 di iu phai chu-ng minh. 

3. B A I LUYfiN T A P 

Bai t9p 7.1: Tim 6 so hgng d i u cua day: 
a ) u n = ^ ^ b)u„=( - i r .V4^ 

n 
Hirang din 

a) Tinh tryc tiep vai n = 1,2,3,4,5 va 6. 

5 ^ 29 47 23 
K 6 t q u a u i = - 1 , Uz = - , U 3 = 5; U4 = — , " 5 = — : Ue = — 

b) Ket qua Ui = -2; U2 = 4, U3 = -8; U4 = 16, U5 = -32, Ug = 64. 
Bai t?p 7. 2: Xac djnh so hang tong qu^t cua dSy so.: 

1 1 1 1 
a) Ui = — ; Un = — + — + •••+ • 1.2 1.2 2.3 n(n + 1) 

b)v i = 1 - l ; v n = ( 1 - ^ ) ( 1 - ^ ) . . . ( 1 - ^ ) . 

HiFdng din 

n 

on;. 

a) Dung sal ph§n. Ket qua Un = 
n +1 

b) Tinh gpn phSn so. K§t qua Vn = -
n 

Bai t?p 7. 3: X^c djnh so hgng tong qu^t cua d§y so: 
a ) U n = 1 + 3 + 5 + ... + ( 2n - 1 ) b )Vn= 1.2 + 2.3 + ... + n(n + 1) 

Hu'ang din 
a) d p so cOng c6 Ui = 1 d =2. Kk\a Un = n^ 

918 

^,Tachra2.ang.K4.quav„= !}<!1±|!1±=) 

•j tap 7- '^'"^ "̂ "̂S 

a) (Un) xdcdjnh bai: u, ="3 va u„+i = Un + 5 vai mpi n > 1. Q .n,f ̂ -^^^ ;.; 
(Un) xac ^nh bai: Ui = 1, Un+i = 3un + 10, n > 1. 

HiPO'ng din 

g) Vi^t ' i ^ " *'̂ P '^^^ Un = 5n - 2 
b) Dung day phu Un = Vn + a. Ket qua Un = 2.3" - 5, n > 1. 
Bai tap 7. 5: Xac dinh s6 hang t6ng quat cua day s6: 

Ui = 2, U2 = 5, Un4.2 = 5Un+i - 6Un , n > 1. 
Hu>6ng din 

Biln d6i Un+2 -Un+i = 6(Un+i - Un) r6i d$t d§y phy. 

:i Qf%s:t fiAfS i i f t i l 

Kit qua Un = 
3.5""V5 

Bai tap 7. 6: Xac djnh s6 hang t6ng quSt cua day so: 

'if fit) ono ..i >; 

Du-a v4 Un+1 = 6 U n - Un-1 

Kit qua u = ^ ^ ^ ^ 
8 

Hu-ang din 

8-V66 

8 
(3-V8)" (3 + 78)" 

Bai tap 7. 7: X6t tinh tang, giam cua d§y s6 (Un) xac ^nh bai: 

a)ui = 1, Un+1 =3Un+ 10, n > 1. 
u^+9 

b)ui = 3, Un î = , n > 1 . 
6 

HiPO'ng din 
a) Nlign xet Un > 0 vai mpi n. Ket qua day so tSng 
b) Kit qua day so khong d l i nen khong tSng, khong giam 

t?P 7. 8: Cho day so thyc Xo, Xi, X2... du-qyc xac djnh bai 

Xo = 1, Xi = 1, n(n + 1)Xn+i = n ( n - 1 )Xn - (n -2 )Xn- i 

H§yt imT= ^ + + + . '50 
Xl ^2 "51 

Hu'O'ng din 

^ien d l i ve ^ = n + 1, Vn > 2. K i t qua T = 1326. 
n̂+1 

^' % 7. 9: X6t day t i t ca c^c s6 le va igp nh6m (1), (3,5), (7,9,11),... sao 
^rio nhom thu- n c6 n chu' s6. Tinh tong cac s6 cua nh6m thii- k. 

21d 
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21d 



Hu-ang d i n 
Nhom thLf k CO k chu' s6 lap cap so cpng nen chi can tim quy luat cua chu 
so dau tien cua nh6m.K§t qua T = k̂  

Bai tap 7. 10: Cho day s6 (Sn) v a i Sn = sin(4n - 1 ) ^ Chi>ng minh day tu4n 

hoan. Hay tinh t6ng 15 so hang dau tien cua day so da cho. 
Hipang d i n 

Tinh lien t i l p S i , S2, S3, S4,.. hay du-a vao bi lu thtpc luang giac 

s i n ( 4 n - 1 ) - = s i n ( - - + y ) . 

Ki t qua Sn+3 = Sn; S15 = 0. 
Bai tap 7 . 1 1 : Cho day Fibonaxi (an); ^ • '^fe • 

a i = a2 = 1, an*2 = an + an.i vai Vn e N ' 

Va cho da thLPC f(x) bac n vai he s6 nguyen biet: 
f{k) = ak v a i Vk = 1002; 1003;...; 2014. Tim f(2015) 

Hu'd'ng d i n 
Dung f(2n+3) = ajn.i - 1 + f(2n+2) = azn+i + a2n.2 - 1 = azno - 1 
Ketquaf(2015) = a 2 o i 5 - 1 -

Bai tap 7 . 1 2 : Gia si> Fk la so hang thip k cua Fibonaci 1, 1, 2, 3, 5, 8,... Chi>ng 
minh vai mpi n thi; 4Fn_2FnFn.2FnM la s6 chinh phu-ang. 

Hipo-ng d i n 
Day Phibonaxi (Fk) thi c6: I Fn+4 • Fn-2 - Fn+2Fn 1=3 

Kk qua s6 chinh p h u a n g (2FnFn*2 ± 3)^. 

Ctjj TNHHMTVDWHHhang Vi$t 

Chuyen ae S: G I0 I HQN DAV SO 

. 1 np' 1 K I E N T H U G T R O N G T A M 

Gio-i han day s6 
lim Un = 0 hoac U n - > 0 k i ! J - n - ^ ^ : 
^ Ve > 0, 3no e N ' : n > no => I Un I < F. 
lim Un = L hoac U n L _ 

Ve > 0, 3no 6 N : n > no => I Un - L I < e 

lim Un = +« hoac Un ^ +=c / -tfij 
<^ VA > 0, 3no e N" : n > no => Un > A. . , .,> 
lim Un = hoac Un -> -00. y 
o VA < 0, 3no € N * : n > no => Un < A. 
Neu day c6 giai han h&u han thi gpi la day hpi tg, con day khong c6 giai 
han hay c6 giai han khong hilu han (- x hoac + x ) thi gpi la day phan ky. 
Cac djnh ly c c ban gio-i han day s6: 

• Giai han n§u c6 cua 1 day la duy nhlt. 
• Neu limun = A, limvn = B va c la mpt hing s6 thi 

lim(Un + Vn) = A + B ; lim(Un - Vn) = A - B 

u A 
lim(Un. Vn) = AB ; lim(cun) = cA ; lim = — (neu B * 0). 

N4U Iql < 1 thi limq" = 0. ^crn 'oV 

Neu I Un < Vn vai mpi n va lim Vn = 0 thi limun = 0. 
Nlu a < Un < b vai mpi n > No va lim Un = L thi a < L < b. 
N4U Vn < Un < Wn vpi mpi n > NQ va lim Vn = lim Wn = L thi lim Un = L . 

Khu' dang v6 djnh —, 00 - oc , 0.« : 

Chia t i i va miu cua phan thij-c chc n vai luy thu-a Ian nhit cua tiJ hoac mau, cho 
a vai a c6 ca s6 Ian nhlt a tu" hoac miu, viec nay cung nhu dat thu-a chung 
Ei^t thua Chung, nhan, chia lu-p-ng lien hiep bac hai, bac ba 

biet la them bat dai lu-ang dan gian nhit d l cac giai han mai c6 cung 
dang va v6 djnh, ... 
Cac djnh ly mo' rong gid-i han day s6: ' 
f^lu day hpi ty thi day do bi chan. 

Ojnh ly Bolzano- Weierstrass : Tu mpt day bi chan luon trich ra du-pc mpt 
^ay con hpi tu. 
^ l u d§y dan dieu va bi chan thi day hpi tg. 1 i;g;i 

•^^y (Un) dup-c gpi la day Cauchy n lu 
i g ^ V e > 0, 3no 6 N ' ; V m, n > no I Urn - Un I < e 
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10 trgng diem hoi dUdng hoc sinh gidi mdn Toon 7 J - LS H h ,=? '^hd_ 

- Day (Un) hpi tu khi va chi khi day (Un) la dSy Cauchy. 
- N4U day (Un) c6 day con (uzn) tSng bj ch$n tren va day con (U2n*i) Qiatn 

bi ch$n du-di, han nu-a 2 day n^y cung c6 giai han L thi day Un c6 gjo., 
hgn L. 

- Djnh ly trung binh Cesaro: 

N4U lim Un = L thi lim"^ = L. 

Hay lim (Un+i - U n ) = L thi Mm— = L. 

n 
- Djnh ly Stolz: Nlu 2 d§y (Un), (Vn) trong do d§y (Vn) 1̂  d§y s6 dyang tang va 

l im"" ""-^ ton tgi thi l i m ^ = lim-"" ^"'^ 
V. - V . 

n n-1 

2. cAc B A I T O A N 

Bai toan 8.1: Dung djnh nghTa chu-ng minh cSc day s6 sau c6 giai han blng 0: 
5n-3 a) Un = 
n + 1 

CO giai han bang 5 

b) Un = -7= c6 gi6i han bing 0. 
Vn 

HiroTig din giai 
a) y&\i s6 8 > 0 tuy y cho tru-ac: 

Xet Un - L < e <=> 
5n-3 
n + 1 

- 5 < 8 <=> 
_8_ 
n + 1 

< e 

8 8 
c : > n + 1 > - <=>n> — 1. 

8 8 
8 

Chpn no 6 N sao cho no > — 1. 
8 

8 
Ta CO Vn e N*, n > no n > — 1 => U n - 51 < s 

e 

Vay theo djnh nghTa thi limun = 5. 
b) Vai mpi s6 e > 0 tuy y cho tru-ac 

Xet Un < 8 <=> 
3 9 

<8<=>-;=<e<=>n> — 

9 
Chpn no e N sao cho ho > —. 

8^ 

Ctj/ TNHHMTVDWHHhang Vi?t: 

-fa c6 Vn e N*, n > no => n = — => | Un I < e: dpcm. 

Bai toan 8. 2: Chtpng minh: 
-M^^u la I < 1 thi limq" = 0. 3) N^u I q 

2 

Neu q > 1 thi lim— = 0, lim— = 0 . 
q" q" 

HiTO'ng din giai 

< 1 thi 1 1 - > 1 nen 1 

q q q 
= 1+hvaih>0 rVij 

Ta c6: 1 1 = (1 + h)"> 1 + nh > nh q" <-.-v6' i mpi n. 
h n 'gn ('• < B i\' 

Vi l im- =0 nen l i m - . - = 0. Tu- dp suyra lim q" = 0. 
n h n 

b) Vd-i q > 1 nen dat q = 1 + h vai h > 0. 

Tac6q' = (1 + h)" = C°+C;;h + C2h'+... + c y 

Vih>Ov^ C[;>0n6n: 

q" = (1+h)"= XC^h^>C2.h2 .:>q"> ̂ ([Izlh^ 
k=0 2 

Dodo ^ < ^" 
q" n(n - 1)ĥ  (n - 1)h'̂  

Vi i im-? - = 0 n§n l im—^—T = 0 suyra lim — = 0 
n - 1 (n-l)h^ 

Tac6 '-^ = n' n n 

2 

Vi q > 1 nen Vq > 1 do d6 lim — ^ = 0. V$y lim— = 0 

' ••01 in3 

~ p tC.'. • ' 3 

C 

^ai toan 8. 3: Chipng minh: 

a)Neua>Othi lim — = 0 
ni 

b) Neua> 1,ktuyythi lim — = 0. 
a" 

HiTO'ng din giai 
^) Cho a > 0 nen ton tai s6 nguyen du-ang m sao cho m+1 > a. 



10 trgng diem hoi dUdng hoc sinh gidi mdn Toon 7 J - LS H h ,=? '^hd_ 
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bi ch$n du-di, han nu-a 2 day n^y cung c6 giai han L thi day Un c6 gjo., 
hgn L. 

- Djnh ly trung binh Cesaro: 

N4U lim Un = L thi lim"^ = L. 

Hay lim (Un+i - U n ) = L thi Mm— = L. 

n 
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n n-1 

2. cAc B A I T O A N 
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JO trQng diSm hoi dUdng hpc sinh gioi m6n Too,) ' ' < c ^/, ^ Phd_ 

Vai n kh^ I6n, 
n! 

a. a. a. a a < . a " 

Vi -— la hSng s6 dLFcng, 0 < 
m! m + 1 

a 
Do do lim — = 0 , 

n! 

n! 1 ' 2 " ' m m + l 'm + 2 " n m l ' 

< 1 nen lim 
, V n~m 

a 
m +1 

= 0 

b) Cho k tuy y nen t6n tai s6 nguyen du-ang m sao cho m > k. 

Ta CO 
n' n^ 
a" a" 

Vi a > 1 nen 7a > 1 thi lim ^ = 0 nen lim 
n 

"7a)" 
= 0. 

Vay l im— - 0. 
a" 

Bai toan 8. 4: Chi>ng minh rSng 

a ) l i m N / 2 - 1 b) limN/n = 1 
HLHO-ng d i n giai 

a) D a t q = ^ - 1 > 0 2 = (1 + q)" = ^ C n ^ ' ^ C;,q = nq 

^ ^ > q = : ! y 2 - 1 : = i . 1 < N / 2 < 1 + - = > dpcm. 
n n 

b) Vai n > 3, theo b i t d ing thu-c AM-GM, ta c6: 

2 
— — < 1-t 

n /n 

Nhu-vay 1 < ̂  < 1 + = : > lim\/n = 1 
Vn 

each khac:q = !y^-1>0=>n = (q + 1)" = > C^q^ = 

0 < q < j — =̂  1 < ̂  < 1 + J-^ ^ Vn-1 Vn-1 
Bai toan 8. 5: Chu-ng minh cac day sau khong c6 giai han : 

n(n -1) ^ 2 

a) Up = cosnTi b) Vn = sin(n7t + - ) 

HiKS-ng d i n giai 
n = 2m thi Un = U2m = cos2m7r = 1 ^ 1 

Xet n ' 2m+1 thi Un = U2m+i = cos(2m + l)7t = - 1 ^ - 1 ^ 1. 
V^y d§y Un khong c6 gidi hgn. r 

n = 2m thi Vn = V2m = sin(2m7i + - ) = 1 ̂  1. 

X6t n = 2m+1 thi Vn = Vzm^i = sin((2m+1)7i + - ) = -1 ^ - 1 ^ 1. 
2 ,, S \

V^y day Vn kh6ng c6 giai hgn. 
Bai toan 8. 6: Tinh cac gid-i han sau: 

(2n + 1) ' (4-n) 
b) lim 3n2 -n + 1 

n̂  + 4n2 + 6 

. (2n + 1 ^ 4 - n ,. 
a) lim^̂  ' = lim 

(3n + 5)^ 

,, ,. 3n^ - n +1 ,. b) hm^^ ; =:|im-

2 + -
n 

Hiro-ng d i n giai 

2^(-1) n 

3 + 
27 

3 - - 4 
1 n 
n n' J _ 

n-" + 4n'' + 6 
= lim 

3 - 1 . 4 
n n̂  

n + 4 + n + 4 + 6 
= 0. 

Bai toan 8. 7: Tinh giai han cua cac d§y sau: 

a^n„= >/2n^ + 3 n - 2 

an'' - n + 3 
b) N (n^ -7n^ -5n + 8 

n + 12 
Hipo'ng d i n giai 

•iV 
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2 ,, S \
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(2n + 1) ' (4-n) 
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(3n + 5)^ 

,, ,. 3n^ - n +1 ,. b) hm^^ ; =:|im-
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n 

Hiro-ng d i n giai 

2^(-1) n 

3 + 
27 

3 - - 4 
1 n 
n n' J _ 

n-" + 4n'' + 6 
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n + 4 + n + 4 + 6 
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W trqng diS'm hSi dUdng hgc sinh gidi mdn 

b) Un = 
n + 12 1 12 

Vi lim 3 1 _ ^ - A + A = 3/̂  = 1>0, lim 
V 

<; 

1 1 2 
va - + — > 0 vai mpi n nen limun = +<». 

1 12 = 0. 

n 
Bai toan 8. 8: Tinh giai han cua cac day sau: 

3 2n+i _2.3"'^^ a) Un = 
4 + 3" 

b) Un = 

HiPffng din giai 

22n ̂  5n+2 

3" +5.4" 

a) Un = 

b) Un = 

6.2" - 6 . 3 " 
5 + 3" 

4" +25.5" 
3" +5.4" 

- 6 

v3y 

0 — 6 
nen limun = = - 6 . 

0 + 1 

1 + 25 
^5^" 
v 4 . 

+ 5 

1^ 

Vi l im ( - ) " = +00, 25 > 0, l im ( - ) " = 0 nen limun = +«. 
4 4 

Bai toan 8. 9: Tinh giai han cua cac day sau: 

n!+(n + 1)! 
a) Un = ^ 

2(n + 1)!+ 7n! 
(n + 2)! + (n + 1)! 

(n + 2)! - 5(n + 3)! 

HifO'ng din giai 

n!+n!(n + 1) _ 1 + (n + 1) ^ n + 2 ^ n 
" 2n!(n + 1) + 7n! ~ 3(n + 1) + 7 ~ 2n + 9 ^_^9 

n 

1 
Do do limUn = - . 

2 

b) Un = 
(n + 1)!(n + 2) +(n + 1)! (n + 2)+1 

(n + 1)!(n + 2) - 5(n + 1)!(n + 2Xn + 3) (n + 2) - 5(n + 2)(n + 3) 

^W^HHim/DWH MhongW^i 

n + 3 1 + 

<"*^ '< -=" - '^ ' " (n .2 ) , -6 - H , 
-—TT- n§n limun = 0. 

a) lim 

8. 10: Tinh cac gib'i han sau: 

^ n ^ + n ^ - ^ / l ^ b) lim 

Huxyng din giai 
3 , „2 /„3 T i V- ^ ^ ^ ^ - - , ^ n^ - (n^ +1) •-- -

n^- l 

+ n^3/l + ^ .3/1 + 4.+n2.3l 
n V n^ 

,2 n' 

1 - A 
n^ 

1 + 

nen lim/^n^+n^ -x/n^+l 

b) i i m ( ^ / ^ ^ - n) = lim 

~ 3 

n̂  + l - n ^ 

^ ^ ) ^ + ^ ^ . n + n2 

= lim- 1 

+ 3| 
1 

= 0. 

^ai toan 8.11: Tinh c^c giai han sau: 

^) A = iim( /̂77 -̂7;;̂ 73î ] b) B = l i m - ^ I z J ^ 
^ ^ ^ - ^ n ^ + n ^ 

Hu'O'ng din giai 

+ n^ - n = n^+n^ -n^ i 

( ^ ^ ^ ) ^ + ̂ ^ . n + n^ 



W trqng diS'm hSi dUdng hgc sinh gidi mdn 
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3" +5.4" 
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2 
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(n + 1)!(n + 2) - 5(n + 1)!(n + 2Xn + 3) (n + 2) - 5(n + 2)(n + 3) 

^W^HHim/DWH MhongW^i 

n + 3 1 + 

<"*^ '< -=" - '^ ' " (n .2 ) , -6 - H , 
-—TT- n§n limun = 0. 

a) lim 

8. 10: Tinh cac gib'i han sau: 

^ n ^ + n ^ - ^ / l ^ b) lim 

Huxyng din giai 
3 , „2 /„3 T i V- ^ ^ ^ ^ - - , ^ n^ - (n^ +1) •-- -

n^- l 

+ n^3/l + ^ .3/1 + 4.+n2.3l 
n V n^ 

,2 n' 

1 - A 
n^ 

1 + 

nen lim/^n^+n^ -x/n^+l 

b) i i m ( ^ / ^ ^ - n) = lim 

~ 3 

n̂  + l - n ^ 

^ ^ ) ^ + ^ ^ . n + n2 

= lim- 1 

+ 3| 
1 

= 0. 
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+ 3/1 + ^+1 

/ p ^ n2-(n2+3n) -3n 
va n - Vn^ + 3n = \ ?== 

_3 • - I ;0r S i-i 

n + Vn^ + 3n n + slrF+3n u 2 
n 

nen A = - - - = — 
3 2 6 

b) Tac6: 

V n ' + 2 - N / ^ n ^ + 2 - ( n ^ + 1) 1 

n f V n ' + 2 - 7 ^ 1 n(Vn2+2 + V n ^ ) 

va 2-n'^ 

J n J 

2 J . 1 . L . 2>2 

nen B = 0.(-3) = 0. 
Bai toan 8 .12: Tinh cac gib-i hgn sau: 

a) Iim72.3" - n + 2 b) lim 
V 3 n T 2 - A / 2 r M i 

Hipo-ng d i n giai 

a) Ta CO 72.3"-n + 2 - (^JsJ J2 - + ^ vdi mpi n. 
3" 

n P 
Vi l i m — = 0 l i m — = 0 nen lim 

3" 3" 3" 3" 

Ma lim imjVs)" = +00. Dodo limV2.3" - n + 2 = + 0 0 . 

998 

tJ) ' ' " ' : 7 3 ^ 2 - V 2 n + 1 
= lim-

Vi lim 7n = lim 

= 0. 

Bai toan 8 .13: Tinh gib-i hgn cua c^c d§y sau: 
1^+2^+3^+... + n^ 

(1 + 4 + ... + (3n-2))2 

HuHyng d i n giai 

a)Tac6t6ngl2 + 22 + 32 + ... + n^= '^i^ + Wr^ + ^) 
6 

• *• i 

D0d6:un="<"^^)(^"^n 
6(7n + 2)^ 

2 + -

n 

n§n limun = 1.2 1 

6.7^ 2058 • 
b) Ta c6: (3k - 2) ' = 27k' - 5Ak^ + 36k - 8 n§n tu thtpc bSng : 

P7 ! l ' ( n + 1)' 54 n(n + 1)(2n + 1) n(n + 1) 
4 6 2 

d§y 1, 4 , 3 n - 2 ISp thSnh d p so cOng c6 s6 hgng d i u Ui = 1, c6ng sai 
° = 3 va g6m n s6 hgng nen mlu thtpc bing 

^ n 2 ( n + 1)2-9n(n + 1)(2n + 1) + 18n(n + 1)-8n 
^0 d6 Up = — „ J 

Viti> 

4n2(3n-1)2 

Q"7 Q 

mau cung bgc 4 vdci h$ so — vd - nen suy ra limUn = 3. 
4 4 
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Bai toan 8. 14: Tim giai hian cua c^c day so sau : 

1 1 1 
a) Un = — + ^ - + . . . + 1.2 2.3 

b) Un = 
n(n +1) 

Hira'ng din giai 

, 1 1 1 
1 + — H + . . . H 

2 2^ 2" 
i . A . A . . . . . ^ -

5 5 ' 5" 

a) Vai moi so nguyen du-cng k, ta c6: -—^ 
1 1 

|<(l< +1) k k +1 

Un = 1-1 
V 2 , 2 3 

+ . . . + 
1 1 

n - 1 n 
1 1 
n n + 1 

= 1 
n + 1 

Do do: limu„ = lim 1 - -
1 

n + 1 
= 1. 

b) Ap dyng cong thCcc tinh t6ng cua c^p so nhan: 

1 -

2" . 1 2 2' 

if 

1 -
1 -

v 2 . 

•ft'.' 

1 + I.4....,1. = 1.. 
5 5^ 5" 

1 -
v5y 

1 -
1 -

v 5 . 

Vi lim 
v 2 . 

= 0, lim = 0 nen limun = - . 
5 

Bai toan 8.15: Tinh gid'i hgn cua c^c day sau; 

a) Un = 

b) Un = 

, 1 1 1 
1 + - + - + ... + -

2 3 n 
, 1 1 1 
1 + - + - + ... + 

2 3 n + 1 ' i V 0 ( 1^ 1-1 i _ I ... 1-2 
2 j 3 n 

a) Ta CO Un = 1 -

Himng din giai 

1 

(n + 1) . 1 1 1 
1 + —+ — + ... + 

2 3 n + 1 

Vi lim(n + 1) 
, 1 1 1 
1 + — + — +... + 

2 3 n + 1 

= +O0 n§n limun = 1 - 0 = 1 . 

1 2 A , 1 = —^ = - nen limUn = 0. 
„)TacoUn 2 3 n n 

^^in 8 16: Tfnh giai han cua cac day sau: 0̂ 1 toan o. 

a) Un = 
1 -

3^ J 
b) Un = 

23 - 1 33 - 1 n ^ - l 
2^+1 3^ + 1 n^+ l 

HiPO'ng din giai 

. , 1 k ^ -1 (k-1)(k + 1) . 
3 ) V d i k s 2 t a c o 1 - - = - — = ^ - L ^ . n e n : 

2 

V.^ ? k' 

1.3 2.4 3.5 (n -3 ) (n -1 ) (n-2)n (n-1)(n + 1) 

( n - 2 f (n-1)2 n' 

1 n +1 _ 1 
2 ' n 2 n 

nen limun = - . 
2 

^ , , k̂  - 1 (k - 1)(k^ + k +1) 
b) Vĉ i k >2 ta co: — — = •'̂  '-̂  '-

(k - 1)(k2 + k +1) 

k" +1 (k + 1)(k" - k +1) (k +1) 

1 + - + —-

(k -1)2 +<k -1>+1 

2 n^ +n + 1 2 n ^ ^ . ,• 2 
Nen: Un = - . — = - . — ' - ^ - ^ , do do limun = - . 

3 (n + 1)2 3 f •t\ 3 

n 

Bai toan 8.17: D0t f(n) = (n^ + n + 1)^ + 1. Xet day s6 (Un) sao cho 

_ f(1).f(3).f(5)...f(2n-1) 
Un = •. Tinh limnJu„ 

f(2).f(4).f(6)...f(2n) " " 

HiPO'ng din giai 
Ta c6: f(n) = [(n^ + 1) + n f + 1 = (n^ + 1)^ + 2n(n2 + 1) + n^ + 1 

= (n^ + 1)(n2 + 2n + 2) = (n^ + 1)[(n + 1)^ + 1]. 

Dodo l(2k -1) ^ (4k2 - 4k + 2)(4k2 +1) ^ (2k - f +1 
f (2k) (4k2 +1X4k' + 4k + 2) (2k + 1)^+1 

Suy ra u = 3^+1 5^+1 (2n-1)^+1 ^ 1 
3 2 + 1 5 ^ + 1 7 ^ + 1 (2n + 1)2+1 2n2+2n + 1 



10 trgng diem hoi dUdng hgc smh gidi mSh loan 11 - Le Hodnh Pho_ 

Bai toan 8. 14: Tim giai hian cua c^c day so sau : 

1 1 1 
a) Un = — + ^ - + . . . + 1.2 2.3 

b) Un = 
n(n +1) 

Hira'ng din giai 

, 1 1 1 
1 + — H + . . . H 

2 2^ 2" 
i . A . A . . . . . ^ -

5 5 ' 5" 

a) Vai moi so nguyen du-cng k, ta c6: -—^ 
1 1 

|<(l< +1) k k +1 

Un = 1-1 
V 2 , 2 3 

+ . . . + 
1 1 

n - 1 n 
1 1 
n n + 1 

= 1 
n + 1 

Do do: limu„ = lim 1 - -
1 

n + 1 
= 1. 

b) Ap dyng cong thCcc tinh t6ng cua c^p so nhan: 

1 -

2" . 1 2 2' 

if 

1 -
1 -

v 2 . 

•ft'.' 

1 + I.4....,1. = 1.. 
5 5^ 5" 

1 -
v5y 

1 -
1 -

v 5 . 

Vi lim 
v 2 . 

= 0, lim = 0 nen limun = - . 
5 

Bai toan 8.15: Tinh gid'i hgn cua c^c day sau; 

a) Un = 

b) Un = 

, 1 1 1 
1 + - + - + ... + -

2 3 n 
, 1 1 1 
1 + - + - + ... + 

2 3 n + 1 ' i V 0 ( 1^ 1-1 i _ I ... 1-2 
2 j 3 n 

a) Ta CO Un = 1 -

Himng din giai 

1 

(n + 1) . 1 1 1 
1 + —+ — + ... + 

2 3 n + 1 

Vi lim(n + 1) 
, 1 1 1 
1 + — + — +... + 

2 3 n + 1 

= +O0 n§n limun = 1 - 0 = 1 . 

1 2 A , 1 = —^ = - nen limUn = 0. 
„)TacoUn 2 3 n n 

^^in 8 16: Tfnh giai han cua cac day sau: 0̂ 1 toan o. 

a) Un = 
1 -

3^ J 
b) Un = 

23 - 1 33 - 1 n ^ - l 
2^+1 3^ + 1 n^+ l 

HiPO'ng din giai 

. , 1 k ^ -1 (k-1)(k + 1) . 
3 ) V d i k s 2 t a c o 1 - - = - — = ^ - L ^ . n e n : 

2 

V.^ ? k' 

1.3 2.4 3.5 (n -3 ) (n -1 ) (n-2)n (n-1)(n + 1) 

( n - 2 f (n-1)2 n' 

1 n +1 _ 1 
2 ' n 2 n 

nen limun = - . 
2 

^ , , k̂  - 1 (k - 1)(k^ + k +1) 
b) Vĉ i k >2 ta co: — — = •'̂  '-̂  '-

(k - 1)(k2 + k +1) 

k" +1 (k + 1)(k" - k +1) (k +1) 

1 + - + —-

(k -1)2 +<k -1>+1 

2 n^ +n + 1 2 n ^ ^ . ,• 2 
Nen: Un = - . — = - . — ' - ^ - ^ , do do limun = - . 

3 (n + 1)2 3 f •t\ 3 

n 

Bai toan 8.17: D0t f(n) = (n^ + n + 1)^ + 1. Xet day s6 (Un) sao cho 

_ f(1).f(3).f(5)...f(2n-1) 
Un = •. Tinh limnJu„ 

f(2).f(4).f(6)...f(2n) " " 

HiPO'ng din giai 
Ta c6: f(n) = [(n^ + 1) + n f + 1 = (n^ + 1)^ + 2n(n2 + 1) + n^ + 1 

= (n^ + 1)(n2 + 2n + 2) = (n^ + 1)[(n + 1)^ + 1]. 

Dodo l(2k -1) ^ (4k2 - 4k + 2)(4k2 +1) ^ (2k - f +1 
f (2k) (4k2 +1X4k' + 4k + 2) (2k + 1)^+1 

Suy ra u = 3^+1 5^+1 (2n-1)^+1 ^ 1 
3 2 + 1 5 ^ + 1 7 ^ + 1 (2n + 1)2+1 2n2+2n + 1 



M%\l - Mm 
1 1 

n xf 

Bai toan 8.18: Tinh gid'i h^n dSy 
n 1 
t i ( i + 1)(i + 2)...(i + 2015) 

HiPO'ng d i n giai 

Dung phu-ang ph^p quy nap, t inh 

, n 6 N 

1 1 

^ i ( i + 1)(i + 2)...(i + a) a 

1 

Ta c6: = 
1 1 1 

^ 1.2.3...(a + 1) (a + 1)! a 

n! 
. vdi a e N' 

(n + a) ! 

"a + 1 - l ' _ 1 " 1 1! 

L ( a + 1 ) ! , a a ! " (a + 1)! J 
Gia su": a = -

l<! 1 

a! (a + l<)! 

Ta c6: u,^, = + 
1 

(k + 1)(l< + 2)(l< + 3)...(l< + 1 + a) 

•• (l< +1 + a - a) = -
a.a! a.(l< + 1 + a) ! a 

1 (l< + 1)! 

V l i y V a e N " , u , = £ -

D o d 6 : u „ = X -

1 1 

^ i ( i + 1)(i + 2)...(i + a) a 

1 1 

a! (l<+1 + a) ! 

1 n! 

a! (n + a) ! 

1 n! 

Ta c6: l imu . = 

t i ( i + 1)(i + 2)...(i + 2015) 2 0 1 5 [ ( 2 0 1 5 ) ! (n + 2015) ! 

1 .. n! 
- l i m -

" 2001.(2001)! (n +2001)1 

lim-
n! 

= l im-
1 

= 0 
(n + 2015) ! (n + 1)(n + 2)...(n + 2015) 

V|iy l imu = ^ . 
" 2015. (2015) ! 

Bai toan 8 .19: Tinh gid'i hgn sau: 

cos (7 iJ i . \ /n^ + 3n^ + n +1 ] + s i n f m ^ n ^ + 3n^ + n + 1 lim 

Hu'd'ng d i n giai 

D$t yn = \ /n^ + 3n^ + n + 1 n§n ta c^n t inh 

lim[cos(7tn.yn) + sin(K .n .yn)] 

po n(n + 1) 1^ s6 c h i n n§n ta c6: 
cos(Kn.yn) = cos[-n7iyn + n(n + 1)7t] = cos7tn(n + 1 - yn) 

(n + 1 ) ' - y ^ 27in2 
s c o s m : - = cos-

= cos 

— \^\JO 

(n + 1)2 +y^(n + 1) + y2 (n +1) + y^(n +1) + y^ 

27t 
2 

+ y^. + 
n 

Tu-ong tu': sin (Ttn.y^) = - sin - 271 

1 + i 
n 

1 + 1 

y ? i r 1 
Taco : l im- ! ^ = 1 nen l i m c o s ( m y „ ) = c o s — = - - -

n " 3 2 

limsin(7cn.yj = - s i n — = 

V | y l im[cos(Ttn .y^) + sin(rtn.y^) ^ + ^I3 

Bai toan 8. 20: Tinh gidi han cua d§y s6 (Un) x^c djnh bai : 

u 
Ui = 10 Un+1 = 3 vdi n > 1. 

5 

Hu'O'ng d i n giai 

0 ^ t V n = U o - — . T a c o : 
4 

15 u 15 u„ 3 
V n . , = U n . i - - ^ = ^ + 3 - ^ = ^ - : i . 

4 5 4 5 4 

V 4 
15^ 3 . 1 . 

- - nen Vn+i = - V n , vdi mpi n. 
4 5 

Do 66 day so (Vp) la mOt cap s6 nh^n lui v6 hgn v&\g bOi q = - . 
5 

Ta CO Vn = v i ; q" '^ vd'i = Ui -

' ,.8"'nliii:»'i«s; 

Hfitufu-i'ic e'i 

15 ^ 25 _ 2 
4 4 5 

: ' I- .X 

n6nvn= 25 . . ( l ) " - \n = 0 
4 5 

^^y i imun = l i m ( v n + ^ ) = l ^ . 
4 4 I'-H'l 



M%\l - Mm 
1 1 

n xf 

Bai toan 8.18: Tinh gid'i h^n dSy 
n 1 
t i ( i + 1)(i + 2)...(i + 2015) 

HiPO'ng d i n giai 

Dung phu-ang ph^p quy nap, t inh 

, n 6 N 

1 1 

^ i ( i + 1)(i + 2)...(i + a) a 

1 

Ta c6: = 
1 1 1 

^ 1.2.3...(a + 1) (a + 1)! a 

n! 
. vdi a e N' 

(n + a) ! 

"a + 1 - l ' _ 1 " 1 1! 

L ( a + 1 ) ! , a a ! " (a + 1)! J 
Gia su": a = -

l<! 1 

a! (a + l<)! 

Ta c6: u,^, = + 
1 

(k + 1)(l< + 2)(l< + 3)...(l< + 1 + a) 

•• (l< +1 + a - a) = -
a.a! a.(l< + 1 + a) ! a 

1 (l< + 1)! 

V l i y V a e N " , u , = £ -

D o d 6 : u „ = X -

1 1 

^ i ( i + 1)(i + 2)...(i + a) a 

1 1 

a! (l<+1 + a) ! 

1 n! 

a! (n + a) ! 

1 n! 

Ta c6: l imu . = 

t i ( i + 1)(i + 2)...(i + 2015) 2 0 1 5 [ ( 2 0 1 5 ) ! (n + 2015) ! 

1 .. n! 
- l i m -

" 2001.(2001)! (n +2001)1 

lim-
n! 

= l im-
1 

= 0 
(n + 2015) ! (n + 1)(n + 2)...(n + 2015) 

V|iy l imu = ^ . 
" 2015. (2015) ! 

Bai toan 8 .19: Tinh gid'i hgn sau: 

cos (7 iJ i . \ /n^ + 3n^ + n +1 ] + s i n f m ^ n ^ + 3n^ + n + 1 lim 

Hu'd'ng d i n giai 

D$t yn = \ /n^ + 3n^ + n + 1 n§n ta c^n t inh 

lim[cos(7tn.yn) + sin(K .n .yn)] 

po n(n + 1) 1^ s6 c h i n n§n ta c6: 
cos(Kn.yn) = cos[-n7iyn + n(n + 1)7t] = cos7tn(n + 1 - yn) 

(n + 1 ) ' - y ^ 27in2 
s c o s m : - = cos-

= cos 

— \^\JO 

(n + 1)2 +y^(n + 1) + y2 (n +1) + y^(n +1) + y^ 

27t 
2 

+ y^. + 
n 

Tu-ong tu': sin (Ttn.y^) = - sin - 271 

1 + i 
n 

1 + 1 

y ? i r 1 
Taco : l im- ! ^ = 1 nen l i m c o s ( m y „ ) = c o s — = - - -

n " 3 2 

limsin(7cn.yj = - s i n — = 

V | y l im[cos(Ttn .y^) + sin(rtn.y^) ^ + ^I3 

Bai toan 8. 20: Tinh gidi han cua d§y s6 (Un) x^c djnh bai : 

u 
Ui = 10 Un+1 = 3 vdi n > 1. 

5 

Hu'O'ng d i n giai 

0 ^ t V n = U o - — . T a c o : 
4 

15 u 15 u„ 3 
V n . , = U n . i - - ^ = ^ + 3 - ^ = ^ - : i . 

4 5 4 5 4 

V 4 
15^ 3 . 1 . 

- - nen Vn+i = - V n , vdi mpi n. 
4 5 

Do 66 day so (Vp) la mOt cap s6 nh^n lui v6 hgn v&\g bOi q = - . 
5 

Ta CO Vn = v i ; q" '^ vd'i = Ui -

' ,.8"'nliii:»'i«s; 

Hfitufu-i'ic e'i 

15 ^ 25 _ 2 
4 4 5 

: ' I- .X 

n6nvn= 25 . . ( l ) " - \n = 0 
4 5 

^^y i imun = l i m ( v n + ^ ) = l ^ . 
4 4 I'-H'l 



wtTQng cfism hdi^anrTg^ n^c 5/nn gionnun loan 11 - eg Hodnh nmr 

Bai toan 8. 21 : Tinh gioi han cua day s6 (Un) xac dinh bai; 
u - 4 

Ui = 1, Un+1 = ——- v6'i n > 1. 
u„ + 6 

HiHO'ng din giai 
u +1 

Ta chu-ng minh quy nap Un ^ - 4 vai moi n. DSt Vn = — u^ + 4 

+ 1 
u„ , +1 u + 6 2u + 2 

Tacovn. , = - ^ 5 i ^ = ̂ ^ — = ^ " „ 

2 u +1 2 
= —.-^ = — Vn, vol mpi n 

5 u^ + 4 5 
2 

Do do Vn lap thanh cap so nhan c6 cong bpi q = - . 

nen Vn = Vi .q"" ' = Vi.(-r^ => limvn = 0 
5 

u +1 4v„ - 1 . ,. 
Ma Vn = — => u„ = — — nen limun = - 1 . 

Bai toan 8. 22: Cho day (Xn) du-pc xac djnh nhu- sau: 

Vl = V ^ n ( X n + 1 ) K + 2 ) ( X , + 3 ) + 1 

n "I 

DSt yn ^ X o • ''"'"^ ''"^y"-
Hu'ang din giai 

Taco: x,,, = ^(x^ + 3xJ(x^ + 3x^ + 2) +1 = x^ + 3x„ +1 

Ta Chung minh qui nap du-p-c: Xn*i > 3" nen suy ra limxn = +<» 
Ta lai C6: Xn+i + 1 = (Xn + 1)(Xn + 2) 

1 1 1 
ZZ^ 

x„ + 2 x„ + 1 x„ . +1 
n n n+1 

H i n 

i=1 X. + ^ 

' 1 
^ X .+1 x,^, + 1 x, + 1 x^^, + 1 

^-— V$y limy = - . 
2 x„^r^1 " 2 

Cty TNHHMTVDWHHhang Vi?t 

• toan 8. 23: Tinh cac gidi han sau: 

n + 2sin(n + 1) b) l im-(-2)" 
3^" + 4 

-ili '0''< B". 

Hwang din giai 

n + 2sin(n + 1) l ^ j ^ n + 2 

1 

^ ( n + 2) ^ 

vi l i m T T - = 0 nen limun = 0. 
' ' • ' • : . > fc: 

b ) B | t u „ = ^ 

2 
Vi 0 < — < 1 nen lim 

(-2)" 
3^" +4 

(-2)" 
33n v27 . 

v 2 7 , 
= 0, 

Theo nguyen li kep, ta c6 limun = 0. 
Bai toan 8. 24: Tinh cac gioi han sau: 

2"+ 5""^ 
a) lim 

5" 

2" + 5"+'' 
a) lim — = lim 

b ) l i m 3 : ^ " - ^ ° ^ ( " - ^ ) 
7" 

l-iu>6ng din giai 

(2" ' 
/ 

(2' n >| 

— + 5 = lim + 5 
V 

. 5 , 
J 

5" 

Vi 0 < I < 1 nen l i m ( - ) " = 0, do do l i m ^ - i ^ 
5 5 5" 

= 5. 

b) l img:Z"-cos(n + 1) _ , . 

Ta CO 

7" 

cos(n +1) 

lim 
3_cos(n+ j ) 

r 

T T 

> (I :\: . 

51 V'-'S 

^ 0 < I < 1 nen l im(I)" < 0. do 66 \\n^S£l^ = 0. 
' 7 7" 

V0y , i ^3 .7 " - cos (n + 1) _ ^ 

' *oan 8. 25: Tinh gioi hgn cua d§y so: 

^) Un= 

(n + 2)! 
b) Un = 

3" 



wtTQng cfism hdi^anrTg^ n^c 5/nn gionnun loan 11 - eg Hodnh nmr 

Bai toan 8. 21 : Tinh gioi han cua day s6 (Un) xac dinh bai; 
u - 4 

Ui = 1, Un+1 = ——- v6'i n > 1. 
u„ + 6 

HiHO'ng din giai 
u +1 

Ta chu-ng minh quy nap Un ^ - 4 vai moi n. DSt Vn = — u^ + 4 

+ 1 
u„ , +1 u + 6 2u + 2 

Tacovn. , = - ^ 5 i ^ = ̂ ^ — = ^ " „ 

2 u +1 2 
= —.-^ = — Vn, vol mpi n 

5 u^ + 4 5 
2 

Do do Vn lap thanh cap so nhan c6 cong bpi q = - . 

nen Vn = Vi .q"" ' = Vi.(-r^ => limvn = 0 
5 

u +1 4v„ - 1 . ,. 
Ma Vn = — => u„ = — — nen limun = - 1 . 

Bai toan 8. 22: Cho day (Xn) du-pc xac djnh nhu- sau: 

Vl = V ^ n ( X n + 1 ) K + 2 ) ( X , + 3 ) + 1 

n "I 

DSt yn ^ X o • ''"'"^ ''"^y"-
Hu'ang din giai 

Taco: x,,, = ^(x^ + 3xJ(x^ + 3x^ + 2) +1 = x^ + 3x„ +1 

Ta Chung minh qui nap du-p-c: Xn*i > 3" nen suy ra limxn = +<» 
Ta lai C6: Xn+i + 1 = (Xn + 1)(Xn + 2) 

1 1 1 
ZZ^ 

x„ + 2 x„ + 1 x„ . +1 
n n n+1 

H i n 

i=1 X. + ^ 

' 1 
^ X .+1 x,^, + 1 x, + 1 x^^, + 1 

^-— V$y limy = - . 
2 x„^r^1 " 2 

Cty TNHHMTVDWHHhang Vi?t 

• toan 8. 23: Tinh cac gidi han sau: 

n + 2sin(n + 1) b) l im-(-2)" 
3^" + 4 

-ili '0''< B". 

Hwang din giai 

n + 2sin(n + 1) l ^ j ^ n + 2 

1 

^ ( n + 2) ^ 

vi l i m T T - = 0 nen limun = 0. 
' ' • ' • : . > fc: 

b ) B | t u „ = ^ 

2 
Vi 0 < — < 1 nen lim 

(-2)" 
3^" +4 

(-2)" 
33n v27 . 

v 2 7 , 
= 0, 

Theo nguyen li kep, ta c6 limun = 0. 
Bai toan 8. 24: Tinh cac gioi han sau: 

2"+ 5""^ 
a) lim 

5" 

2" + 5"+'' 
a) lim — = lim 

b ) l i m 3 : ^ " - ^ ° ^ ( " - ^ ) 
7" 

l-iu>6ng din giai 

(2" ' 
/ 

(2' n >| 

— + 5 = lim + 5 
V 

. 5 , 
J 

5" 

Vi 0 < I < 1 nen l i m ( - ) " = 0, do do l i m ^ - i ^ 
5 5 5" 

= 5. 

b) l img:Z"-cos(n + 1) _ , . 

Ta CO 

7" 

cos(n +1) 

lim 
3_cos(n+ j ) 

r 

T T 

> (I :\: . 

51 V'-'S 

^ 0 < I < 1 nen l im(I)" < 0. do 66 \\n^S£l^ = 0. 
' 7 7" 

V0y , i ^3 .7 " - cos (n + 1) _ ^ 

' *oan 8. 25: Tinh gioi hgn cua d§y so: 

^) Un= 

(n + 2)! 
b) Un = 

3" 



id trpnq cHem hoi du'dng hoc sinh gioi nion ToSn 11 - LS Ho6nh PnO 

HiPO'ng din giai 

a ) T a c 6 U n = - . - . - . . . - ^ . ~ < | . | . . . | . | (n thu-a s6). 
' 2 3 4 n + 1 n + 2 3 3 3 3 

2 
Dod6 |un < ( - ) " vdi mpi n. 

3 

Vi 0 < - < 1 nen l i m ( - ) " = 0, do do limun = 0. 
3 3 

u 2 
b) Ta chii-ng minh rSng < - vb-i mpi n. 

I- (1 

Un = n 
3^ 

n + 1 
Un+1 = — - , vai mpi n 

n +1 _ n _ 1 

gn+l • gn ~ 3 

n + 1 1+1 2 
< -

3 

T a c 6 u n > 0 , Vnv^ n e n u n + i < - . U n . S 
Un 3 3 

Do d6 Un < | . U n - l < ( | ) ' . Un-2 < ... < ( f Ui 
3 3 3 

Ma Un = - nen Un < ( - r V - < (-)". 
3 ^ 3 3 3 

Vi 0 < - < 1 n§n l i m ( - ) " = 0. Ta c6 limUn = 0. 
3 3 

Bai toan 8. 26: Cho s6 a e (0; 2). Tinh gib-i hgn cua d§y (Un): 
Un+2 = aUn+1 + (1 - a)Un, n = 0, 1, 2,...theo Ceic giS trj Uo, Ui . 

Hira>ng din giai 
Ta C6: Un+i - Un = ( a - 1)(Un - Un-i) = ... = ( a - 1)"(Ui - Uo) 

n+1 n 
Suy ra Un+i - Uo = ^ ( U k - ^k-i) " - "o) 

k=1 k=0 

= ( u , - u . , | , a - 1 , - = , u , - u „ , . l ^ i ^ 

TCr a e (0; 2) =̂  I a - 1 I < 1 =i> lim[(a - 1)"] = 0 

Do do: linn(Un+i - Uo) = iim . 1 - ( a - i r ^ 
(U. - Un). ^ — 

^ ° l - ( a - l ) 

" i - " o 
2 - a 

V^y | i m u „ = ^ + u ,J^-")"°-^"^ 
. " 2 - a ° 2 - a 

T^^n 8. 27: Tinh gip-i hgn d§y: 
1 3 2 n - 1 

a) Un 2 ' 4 2n 

1 

b ) ^ " " 7 7 7 1 ^ V ^ ^ ' " ' V n 2 + n 
Hipong din giai 

2k - •< _ 2 k - 1 2I<-1 ^ /2I<-1 
a ) T a c 6 - ^ = ^ - ^ / ^ = V 2 k + 1 

[T /3~ /2n -1 1 

Dodo 
1 1 ,. . 

< - = < , vol mpi n. 
V2n + 1 N/TI 

Vi Iim-4- = 0 nen limUn = 0. 

b) Ta c6: , "* < -7=1= < , "* 
Vn^+n vn^+l< Vn^+I 

, vail< = 1,2,....n. 

n n 
<u < 

Vn^ +n " Vn +1 

Vi lim^=L= = lim^=L= = 1 nen CO limUn = 1 . ' / = " " I 

Vn^+n Vn^+1 
Bai toan 8. 28: Tinh: 

a) l i m ^ ^ + - + ^ 
nVn 

b ) l i m X 
k=1 

Hu'O'ng din giai 

1 + 

^) Ta chLPng minh | V n < (n + 1)Vn + 1 - n%/n < |7n7l 
^Pdung vai n = 1,2 n: 

=̂  •'+V2+...+v^<^^r(k+i)Vk7i-i<Vk 
o • -'k=o'-

(n + ^)^/n + ^ - 1 

^^1 +72 +... + > .£^ri<7k-(k - i )V inl >-n>A^ 



id trpnq cHem hoi du'dng hoc sinh gioi nion ToSn 11 - LS Ho6nh PnO 

HiPO'ng din giai 

a ) T a c 6 U n = - . - . - . . . - ^ . ~ < | . | . . . | . | (n thu-a s6). 
' 2 3 4 n + 1 n + 2 3 3 3 3 

2 
Dod6 |un < ( - ) " vdi mpi n. 

3 

Vi 0 < - < 1 nen l i m ( - ) " = 0, do do limun = 0. 
3 3 

u 2 
b) Ta chii-ng minh rSng < - vb-i mpi n. 

I- (1 

Un = n 
3^ 

n + 1 
Un+1 = — - , vai mpi n 

n +1 _ n _ 1 

gn+l • gn ~ 3 

n + 1 1+1 2 
< -

3 

T a c 6 u n > 0 , Vnv^ n e n u n + i < - . U n . S 
Un 3 3 

Do d6 Un < | . U n - l < ( | ) ' . Un-2 < ... < ( f Ui 
3 3 3 

Ma Un = - nen Un < ( - r V - < (-)". 
3 ^ 3 3 3 

Vi 0 < - < 1 n§n l i m ( - ) " = 0. Ta c6 limUn = 0. 
3 3 

Bai toan 8. 26: Cho s6 a e (0; 2). Tinh gib-i hgn cua d§y (Un): 
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n+1 n 
Suy ra Un+i - Uo = ^ ( U k - ^k-i) " - "o) 

k=1 k=0 

= ( u , - u . , | , a - 1 , - = , u , - u „ , . l ^ i ^ 

TCr a e (0; 2) =̂  I a - 1 I < 1 =i> lim[(a - 1)"] = 0 

Do do: linn(Un+i - Uo) = iim . 1 - ( a - i r ^ 
(U. - Un). ^ — 

^ ° l - ( a - l ) 

" i - " o 
2 - a 

V^y | i m u „ = ^ + u ,J^-")"°-^"^ 
. " 2 - a ° 2 - a 

T^^n 8. 27: Tinh gip-i hgn d§y: 
1 3 2 n - 1 

a) Un 2 ' 4 2n 

1 

b ) ^ " " 7 7 7 1 ^ V ^ ^ ' " ' V n 2 + n 
Hipong din giai 

2k - •< _ 2 k - 1 2I<-1 ^ /2I<-1 
a ) T a c 6 - ^ = ^ - ^ / ^ = V 2 k + 1 

[T /3~ /2n -1 1 

Dodo 
1 1 ,. . 

< - = < , vol mpi n. 
V2n + 1 N/TI 

Vi Iim-4- = 0 nen limUn = 0. 

b) Ta c6: , "* < -7=1= < , "* 
Vn^+n vn^+l< Vn^+I 

, vail< = 1,2,....n. 

n n 
<u < 

Vn^ +n " Vn +1 

Vi lim^=L= = lim^=L= = 1 nen CO limUn = 1 . ' / = " " I 

Vn^+n Vn^+1 
Bai toan 8. 28: Tinh: 

a) l i m ^ ^ + - + ^ 
nVn 

b ) l i m X 
k=1 

Hu'O'ng din giai 

1 + 

^) Ta chLPng minh | V n < (n + 1)Vn + 1 - n%/n < |7n7l 
^Pdung vai n = 1,2 n: 

=̂  •'+V2+...+v^<^^r(k+i)Vk7i-i<Vk 
o • -'k=o'-

(n + ^)^/n + ^ - 1 

^^1 +72 +... + > .£^ri<7k-(k - i )V inl >-n>A^ 



2 1 + V2+... + Vn 2 (n+ 1h/n71-1 
Nen; — < ^= < — JF= 

3 nvn 3 nVn 

,. 2(n + 1)Vn7l-1 2_,_ 1 + 72 + ..• +Vn 2 

3 nVn 3 nVn ^ 

b) Ta chLPng minh: 

Thay x bai — va tinh t6ng hai v4 tu-1 den n, ta dugc: 

^ ^ < 7 T + x - 1 < - , v6 ' i x>0 . 
2 + x 2 

n I , n 

k=1 2n2 

^ - ,. 1 r n(n + 1) 1 Taco: l i n n — - V k := lim ' , - T ! 
2n' k=i 4n^ 

= 1 -2n2 2n^ + k 1̂  2n^ (2n^ + k) 

^ J < ^ ^ ^ n ( n . 1 ) ( 2 n . 1 ) _ ^ Q Suy ra: 
i ^4n^ 24n^ 

6l2n2+k ^2n' 

k 
î Tl 2n' + k ^ 2n2 4 

n 
Theo nguyen Ii kep, ta c6: l i m ^ 

k=1 V 4 

Bai toan 8. 29: Cho (an) la mpt day v6 hgn c^c s6 nguyen du-ang 

oat u , = -
1 2 3 n 

— + — + — + ... + — a 
. Tim limun. 

Hu-o-ng din giai 
Ta Chung minh an > n vai mpi n nguyen du-ang, n > 2 bing phan chu-nS 
Gia su- ton tai n € N* sao cho an < n. 

Vai m6i n > 2 d$t Xn = 
a„ 

a. n-1 

«.tv> iiwn I mi V uvvn nnang vi^i 

Theo gia thiet ta c6 Xn > Xn-i v&\i n > 2. Vi a, = 1 nen n > 1. Gpi n la s6 
pho nhit CO tinh chat tren thi an-i > n > an. 

a , 
po do Xn = — ^ < 1. Tu- 1 > Xn > Xn-i... suy fa rang vai moi i > n thi Xj < 1 

TCi- day suy ra a, = X j a ^ < aM vai mpi i > n nen an > an^i > an+2 > ... Suy ra 
(an) khong the la mpt d§y s6 v6 han c^c so nguyen du-ang. Oi§u nay mau 
thuin vai gia thilt. 
Do do an > n vai mpi n > 2, nen: , n&n ? - :-. : 

1 2 n , , ' \ 
— + — + . . . H — < 1 + 1 + 1 ... + 1 = n. 
^1 ^ 2 ^n ' • • > , v 

Suyra luni < - • Vi l i m - =0nen limun = 0. ' '^^ ? -'^^«>' 
n n 

Bai toan 8. 30: Cho so a> 1. Tinh giai han cua d§y so (Un) xac djnh bai: 

Ui =a, Un î = n> 1. 

Hiro'ng din giai 
Ta chu-ng minh quy nap Un > 1, vai mpi n. •J w : 

I— U 
Va CP Un+1 - 1 = yu^ - 1 = - p 

u „ - 1 

K + 1 

Vi ^ > 1 nen ̂  + 1 > 2 , do do Un - 1 < 
2 

D o d 6 U n -1< ^ < ^ ^ < < ^ = i l - l 
2 2^ 2""'' 2""'' 

Suy ra 0 < Un - 1 < — . 

Vi = 0 nen l im(Un- 1) = 0. Vay limun = 1 . , ^ 

Bai toan 8. 31: Tinh giai han cua day s6 (Un): 

1 2 U l = - l , U n . i = U,2 + ^ , n > 1 . ' '" '^'^ 

IHu'O'ng din giai 

Ta chu-ng minh quy nap 0 < Up < - . 
4 

Ta 06 Un.i = Un(Un + l ) = > ^ < U n + ^ 
2 u„ 2 

1 O - J O 
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Nen; — < ^= < — JF= 

3 nvn 3 nVn 
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3 nVn 3 nVn ^ 
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k=1 V 4 
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pho nhit CO tinh chat tren thi an-i > n > an. 

a , 
po do Xn = — ^ < 1. Tu- 1 > Xn > Xn-i... suy fa rang vai moi i > n thi Xj < 1 

TCi- day suy ra a, = X j a ^ < aM vai mpi i > n nen an > an^i > an+2 > ... Suy ra 
(an) khong the la mpt d§y s6 v6 han c^c so nguyen du-ang. Oi§u nay mau 
thuin vai gia thilt. 
Do do an > n vai mpi n > 2, nen: , n&n ? - :-. : 

1 2 n , , ' \ 
— + — + . . . H — < 1 + 1 + 1 ... + 1 = n. 
^1 ^ 2 ^n ' • • > , v 

Suyra luni < - • Vi l i m - =0nen limun = 0. ' '^^ ? -'^^«>' 
n n 

Bai toan 8. 30: Cho so a> 1. Tinh giai han cua d§y so (Un) xac djnh bai: 

Ui =a, Un î = n> 1. 

Hiro'ng din giai 
Ta chu-ng minh quy nap Un > 1, vai mpi n. •J w : 

I— U 
Va CP Un+1 - 1 = yu^ - 1 = - p 

u „ - 1 

K + 1 

Vi ^ > 1 nen ̂  + 1 > 2 , do do Un - 1 < 
2 

D o d 6 U n -1< ^ < ^ ^ < < ^ = i l - l 
2 2^ 2""'' 2""'' 

Suy ra 0 < Un - 1 < — . 

Vi = 0 nen l im(Un- 1) = 0. Vay limun = 1 . , ^ 

Bai toan 8. 31: Tinh giai han cua day s6 (Un): 

1 2 U l = - l , U n . i = U,2 + ^ , n > 1 . ' '" '^'^ 

IHu'O'ng din giai 

Ta chu-ng minh quy nap 0 < Up < - . 
4 

Ta 06 Un.i = Un(Un + l ) = > ^ < U n + ^ 
2 u„ 2 

1 O - J O 



V i O < U n < ^ . V n n e n ^ < ^ + ^ = | 

Do do v6i mpi n: Un+i s - Un nen: 
4 

Un< I .Un-i<(f )^Un-2<...<(frVui. 
4 4 4 

M^ui = - < - n e n u n < ( - ) " , Vn. 
4 4 4 

Vi 0 < - < 1 nen l i m ( - ) " = 0. Vgy limun = 0. 
4 4 

Bai toan 8. 32: Cho day s6 (Un) du-gc x^c djnh bo i : 
Ui = U2 = 1, Un+1 = 4Un - 5Un - i , v^j mpj n > 2. 

Chi>ng minh r ing vai mpi s6 thi^c a > \/5 , ta dku c6 lim — = 0. 
a" 

Himng din giai 
Ta CO Un*i = 4Un - 5Un-i <=> Up.i - 4Un + 5Un-i = 0. 

Phu-ong trinh d$c tru-ng x^ - 4x + 5 = 0, A ' = - 1 < 0 nen c6 2 nghiem phuc 
lien hi^p Xi 2 = 2 ± i . 
Suy ra c6ng thi>c tong qu^t cua d§y d§ cho 1^: 

u ,=(V5)" 
3 1 . —cosna — s i n n a 
5 5 

Vi 
3 1 . - c o s n a - - s i n n a 
5 5 

, Vn 

1 nen U n <(V5) " , Vn = 1,2,3,... 

Suy ra : 0 < < nen l im -2- = 0. 
a" • 

Bai toan 8. 33: Cho d§y (Xn) du-gc xac dinh nhu" sau: 

Xi = 3 , Xn.i = X^ - 3Xn + 4. 

a) Chu-ng minh r ing (Xn) la mpt dSy khong bj ch0n tren. 

b) Xet d§y ( y n ) : yn = — + + ... + — T i m limyn. 
X , - 1 X g - I X - 1 

Hu'O'ng din giai 
a) Ta Chung minh b ing quy nap r ing Xp > n + 2. 

Hi ln nhien b i t d ing thuc dung khi n = 1. 
Gia su- b i t d ing thu-c vol n = k > 1 thi: 

Xk.i = Xk(Xk - 3) + 4 > (k + 2)(k - 1) + 4 > k + 3. 

940 

Vay Xn > n + 2 khi n = 1, 2, 3, ... Do d6 d§y kh6ng bj ch$n tr§n. 

iTa C O 

1 1 1 1 
l ' ) ^ ' x , , , - 2 ( x , - 1 ) ( x , - 2 ) - x , - 2 x , - 1 

1 1 1 
X K - 1 X , - 2 x , ^ , - 2 

Cpng cac d ing thi>c tren, v6i k = 1, 2,..., n ta du-p'c: 

_ J 1 _ . 1 
^ " ' x , - 2 x , ^ , - 2 

= 1 — 

Vi 0 ^ ^ I suy ra l i m — 1 — = o. V|y: limyn = 1.; 
X n . 1 -2 n 

Bai toan 8.34: Chupng minh cac day sau hpi tg: 

1 1 1 
b) u^=^ + ̂  + ... + JL^2^ . 

V1 V2 Vn ^P':^ 
Hipo-ng din giai 

a ) T a c 6 : u „ . , = l . ± . . . . . - i . ^ = u „ . ^ 

nen Un*i > Un, Vn > 1: day tang 
Vi d§y s6 tSng nen bi chSn dudi boi m = Ui = 1 

. , 1 1 1 , 1 1 1 
Ta co: Un = 1 + — + — + ... + — < ^ + z—z + ^r^ + — + 1.2 2.3 (n - 1)n i 

= 1 + f1 1^ f l N 

f ^ M = 1 + — + — +... + 
U 2 , l 2 3 . (n-1 n j 

= 2 - 1 <2 , V n > 1 : b i ch$n tren. 
n 

V|y day so t§ng va bj ch^n nen hOi tg. 

'^^Tacb: un.i= J . + - l + ... + J = + ^ I = - 2 N / ; ^ , D o d 6 : 
VI V2 Vn Vn + 1 

Vn + 1 Vn + 1 

< 0: day giam 
,̂ 2Vn+l yji^ + Vn 
' s6 giam nen bj chan tren boi Ui = - 1 . 

Vk Vk7i + Vk 
= 2(Vk7l-7k),^p dgng: 



V i O < U n < ^ . V n n e n ^ < ^ + ^ = | 

Do do v6i mpi n: Un+i s - Un nen: 
4 

Un< I .Un-i<(f )^Un-2<...<(frVui. 
4 4 4 

M^ui = - < - n e n u n < ( - ) " , Vn. 
4 4 4 

Vi 0 < - < 1 nen l i m ( - ) " = 0. Vgy limun = 0. 
4 4 
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Suy ra : 0 < < nen l im -2- = 0. 
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a) Ta Chung minh b ing quy nap r ing Xp > n + 2. 

Hi ln nhien b i t d ing thuc dung khi n = 1. 
Gia su- b i t d ing thu-c vol n = k > 1 thi: 
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940 

Vay Xn > n + 2 khi n = 1, 2, 3, ... Do d6 d§y kh6ng bj ch$n tr§n. 

iTa C O 

1 1 1 1 
l ' ) ^ ' x , , , - 2 ( x , - 1 ) ( x , - 2 ) - x , - 2 x , - 1 

1 1 1 
X K - 1 X , - 2 x , ^ , - 2 

Cpng cac d ing thi>c tren, v6i k = 1, 2,..., n ta du-p'c: 

_ J 1 _ . 1 
^ " ' x , - 2 x , ^ , - 2 

= 1 — 

Vi 0 ^ ^ I suy ra l i m — 1 — = o. V|y: limyn = 1.; 
X n . 1 -2 n 

Bai toan 8.34: Chupng minh cac day sau hpi tg: 

1 1 1 
b) u^=^ + ̂  + ... + JL^2^ . 

V1 V2 Vn ^P':^ 
Hipo-ng din giai 

a ) T a c 6 : u „ . , = l . ± . . . . . - i . ^ = u „ . ^ 

nen Un*i > Un, Vn > 1: day tang 
Vi d§y s6 tSng nen bi chSn dudi boi m = Ui = 1 

. , 1 1 1 , 1 1 1 
Ta co: Un = 1 + — + — + ... + — < ^ + z—z + ^r^ + — + 1.2 2.3 (n - 1)n i 

= 1 + f1 1^ f l N 

f ^ M = 1 + — + — +... + 
U 2 , l 2 3 . (n-1 n j 

= 2 - 1 <2 , V n > 1 : b i ch$n tren. 
n 

V|y day so t§ng va bj ch^n nen hOi tg. 

'^^Tacb: un.i= J . + - l + ... + J = + ^ I = - 2 N / ; ^ , D o d 6 : 
VI V2 Vn Vn + 1 

Vn + 1 Vn + 1 

< 0: day giam 
,̂ 2Vn+l yji^ + Vn 
' s6 giam nen bj chan tren boi Ui = - 1 . 

Vk Vk7i + Vk 
= 2(Vk7l-7k),^p dgng: 



Un = 2 ( N / 2 - + 2(V3 - 72) +... + 2(N/ rvM - N / H ) - 2N/n 

= - 2 + 2 N / n 7 l - 2N/n = - 2 + 2 ( N / n 7 l - /̂n) > - 2 . 

Do do day s6 bj ch^n du-di. V|y day s6 hpi tg. ** 
Bai toan 8. 35: Cho a > 0. Chu-ng minh d§y hpi ty 

Un = ^a + ̂ / a T \ / Z T ^ (n dau c3n). 
Himng din giai 

J*' Ta Chiang minh quy nap: Un+i > Un, V n > 1 (1) 

Khi n = 1: U2 = Va + Va > Va = Ui : dung. 
Gia sii Uk+1 > Uk => a + Uk+i > a + Uk ^ 

=> V^ + ̂ k.i > V^ + =^ > Uk+i: dpcm. 
Vay day so Un tang. 
Ta c6 Un > 0 tu" (1) n§n yja + u^ > Un 

r:> a + Un > U^ => U^ - U,̂  - 8 < 0 

1-743 + 1 1 + V4a +1 . ^. .̂ => < u„ < nen day bi ch^n. 

Vay day so t^ng va bi chgn nen hpi ty. ^ ^ 
Bai toan 8. 36: Chung minh 2 day sau hpi tu: 

Un = ; Vn = 

sn+1 

HiFO-ng din giai 

Ta G O : Un < Un+i <=> n 

\n+1 

1 + 
n + 1 

« 1 + - < 
n 

1 + 1 
n + 1 

n + 2 n + 2 n(n + 2) 
n + 1 (n +1)̂  n + 1 V 

Ap dyng bk ding thCcc AM-GM cho n so duang phan bi$t: 

n + f 'n + 2 , , n + 1 1 
= "1.1...—- <-

n+1 V n+2 n 

1 + 1 + ... + 1 + n + 2 

_ n̂  + 2n - 1 n(n + 2) . Vay (Un) la day tang 
n{n + 2) n̂  + 2n +1 

Tuang ty, ta chu-ng minh du-gc Vp < Vn-i , Vn > 2. 
V$y day (Vn) gigm 

OA-}. 

1+i 
n 

1 + 1 
n n 

> 1 + 1 
n = Un a C O Vn -

DO (Un) la day t^ng, (Vn) la day giam nen 2 = u, < Un < Vn S Vi = 4 
pgn cac day s6 bi ch$n. 
Viy day s6 (Un) tang va bj chan nen hpi tu, day s6 (Vn) giam va bj chgn nen 
hoi ty-

gai toan 8. 37: Cho a, b duang v^ ph^n bi$t. Xet 2 day (Un), (Vn) 

U„ + V „ ; 

Un.1=-V^-Vn.1=V"n-Vn. n>1 
Chi>ng minh 2 day hpi ty va c6 cung giai han 

Hu-ang din giai 
Ta c6: Ui = a > 0, v, = b > 0 nen chu'ng minh quy ngp dugc v6i mpi n thi u 
> 0 va Vn > 0. V n 

Ap dung bit ding thu-c AM-GM: 
u + v„ r 

"n*1 = ^ V"n-Vn = Vn.l , n > 1 

Suy ra vai mpi n > 2 thi Un > Vn. 

Do do Un+1 = 
U„ + V u + u 

< - = u„, n > 2 nen day Un giam va 

^"^1 = ^ Vvv^ = v^, n > 2 nen day Vn tang. 
Han nOa Un > Vn, n > 2 nen c6 6u/gc: 

a + b I— 

U2 = > Un > Vn > V2 = Vab 
^iy day Un giam va bj chgn du'ai con day Vn tSng va bj chSn nen ca 2 day 
<Jeu C O giai han hu'u han: limun = A, limvn = B. 

Chuyin Un.i = qua giai han thi du-gc: 
2 .... i,. 

A= A + B 
nen A = 8: dpcm. 

5ai 
*°an 8. 38: Tinh giai hgn cua day so (Un) xac dinh bai: 

2u„ +1 
Ui = 1, Un+1 = — 2 — , n > 1. 

Un+1 
Hu-ang din giai 

•r < X 
Un+1 



Un = 2 ( N / 2 - + 2(V3 - 72) +... + 2(N/ rvM - N / H ) - 2N/n 
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=> V^ + ̂ k.i > V^ + =^ > Uk+i: dpcm. 
Vay day so Un tang. 
Ta c6 Un > 0 tu" (1) n§n yja + u^ > Un 

r:> a + Un > U^ => U^ - U,̂  - 8 < 0 

1-743 + 1 1 + V4a +1 . ^. .̂ => < u„ < nen day bi ch^n. 

Vay day so t^ng va bi chgn nen hpi ty. ^ ^ 
Bai toan 8. 36: Chung minh 2 day sau hpi tu: 

Un = ; Vn = 

sn+1 

HiFO-ng din giai 

Ta G O : Un < Un+i <=> n 

\n+1 

1 + 
n + 1 

« 1 + - < 
n 

1 + 1 
n + 1 

n + 2 n + 2 n(n + 2) 
n + 1 (n +1)̂  n + 1 V 

Ap dyng bk ding thCcc AM-GM cho n so duang phan bi$t: 

n + f 'n + 2 , , n + 1 1 
= "1.1...—- <-

n+1 V n+2 n 

1 + 1 + ... + 1 + n + 2 

_ n̂  + 2n - 1 n(n + 2) . Vay (Un) la day tang 
n{n + 2) n̂  + 2n +1 

Tuang ty, ta chu-ng minh du-gc Vp < Vn-i , Vn > 2. 
V$y day (Vn) gigm 

OA-}. 

1+i 
n 

1 + 1 
n n 

> 1 + 1 
n = Un a C O Vn -

DO (Un) la day t^ng, (Vn) la day giam nen 2 = u, < Un < Vn S Vi = 4 
pgn cac day s6 bi ch$n. 
Viy day s6 (Un) tang va bj chan nen hpi tu, day s6 (Vn) giam va bj chgn nen 
hoi ty-

gai toan 8. 37: Cho a, b duang v^ ph^n bi$t. Xet 2 day (Un), (Vn) 

U„ + V „ ; 

Un.1=-V^-Vn.1=V"n-Vn. n>1 
Chi>ng minh 2 day hpi ty va c6 cung giai han 

Hu-ang din giai 
Ta c6: Ui = a > 0, v, = b > 0 nen chu'ng minh quy ngp dugc v6i mpi n thi u 
> 0 va Vn > 0. V n 

Ap dung bit ding thu-c AM-GM: 
u + v„ r 

"n*1 = ^ V"n-Vn = Vn.l , n > 1 

Suy ra vai mpi n > 2 thi Un > Vn. 

Do do Un+1 = 
U„ + V u + u 

< - = u„, n > 2 nen day Un giam va 

^"^1 = ^ Vvv^ = v^, n > 2 nen day Vn tang. 
Han nOa Un > Vn, n > 2 nen c6 6u/gc: 

a + b I— 

U2 = > Un > Vn > V2 = Vab 
^iy day Un giam va bj chgn du'ai con day Vn tSng va bj chSn nen ca 2 day 
<Jeu C O giai han hu'u han: limun = A, limvn = B. 

Chuyin Un.i = qua giai han thi du-gc: 
2 .... i,. 

A= A + B 
nen A = 8: dpcm. 

5ai 
*°an 8. 38: Tinh giai hgn cua day so (Un) xac dinh bai: 

2u„ +1 
Ui = 1, Un+1 = — 2 — , n > 1. 

Un+1 
Hu-ang din giai 

•r < X 
Un+1 



lU tf^^ Ol&m hUl uuuny nt^u hinn yiui inan-rx injuini I 

Ta chLPng minh quy nap 0 < Un < 2 nen day bj chSn. 

1 
Va Un+1 - Un = (2 ' ' {2- ' ] 

Ta chLPng minh quy nap day tSng: 

Kh in = 1 th i U2 = | > U i = 1:eung. 

Gia su- Un > Un-1, t i j cac k§t qua tren thi c6 Un+i > Un: dpcm. 

Day Up tang va bj ch0n nen c6 giai han hOeu han. 

Dat L = limun thi 0 < L < 2 va iimup+i = L. 

Chuy in Un.i = qua giai han thi dygc: 

L = 2 k l l « L ^ _ L - 1 = 0 . C h p n L = l ! # . 
L + 1 2 

Bai toan 8. 39: Cho day s6 (Un) xac dinh nhu- sau; 

U=Xu,=2 
,n = 1,2, 3,... 

U n . 2 =2U , , , + U „ 

Bat Xn = — , n = 1, 2, 3,... Tinh gi^i han lim x^ 
n 

Hipo-ng d i n giai 

Ta chLPng minh b i n g quy nap r i ng : 

u L - U n U n . . = ( - i r c . - ^ - ^ = (-1)" 

-n+l - 2 - 1 = (-1)" 

Cti^ TNHHMTVDWH Hhang Vi?t 

Vi day (Un) tSng va khong c6 chSn tren nen limUn = +=0 

Ta c6 day Xn = ^ , n = 1,2,3,... tSng va bj chan tren bai 2 nen c6 giai 
Un 

dSt gidi han do la L.Chuyin qua giai han suy ra: 

L 2 _ 2 L - 1 = 0 O L = 1 + V2 ho$c L = 1 - V2 . 

Vi Un > 1 nen chpn L = 1 + N/2 .Vay limxn = 1 + N/2 . ^ 

Bai toan 8. 40: Gia si> Xn thupc khoang (0; 1) la nghi^m cua phu'ang tn^ 

1 1 1 

— + + ...+ 
X x - 1 x - n 

= 0. 

ChLPng minh day (Xn) hpi tu. Tim gidi han d6 

Hipo'ng d i n giai 

x ^ - n - 1 
< 0 Ta th i y 0 < Xn < 1 nen: f^^^(xj = f „ ( x j + — 

n 

f rong khi do fn-n(0*) > 0. Theo tinh c h i t cua ham lien tuc, tren khoang 
(0- Xn) CO It n h i t mot nghi^m cua fn+i(x). Nghiem do chinh la Xn^i. Suy ra 
Ĵ ^̂^ < Xn. TLPC la day s6 (Xn) giam. Do day nay bj chan du-ai bai 0 nen day so 

gic^i han. , '^^^ orir̂  K ^̂ ^̂  
Ta chufng minh gib-i han noi tren b§ng 0. 

Th^t vay, gia si> limxn = a > 0. Khi do, do day (Xn) giam n^n ta c6 Xn > a vai 

mpi n. nn? V 

Do 1 + + + ^ khi n ^ +00, n§n t6n tai N sao cho vai mpi n > N 
2 3 n >•» «i(iiv:s.. 

. 1 1 1 1 
t a c o : 1 . - . 3 . . . . . - > -
Khi do vai n > N thi: 

„ 1 1 
0 = — + + ...+ 

X. x_ - 1 

1 1 1 1 1 1 1 ^ 
< — + — + — + ... + — < = 0 

X n - n x„ -1 - 2 - n a a 
iVIau thu ln . Vay phai c6 limXn = 0 

Bai toan 8. 41: Cho s6 thi/c a > 2. 

Dat fn(x) = a^V^^° + x" + ... + X + 1 (n = 1, 2,...). 

Cht>ng minh r i n g va i moi n phu-ang trinh fn(x) = a c6 dung mot nghi$m 
Xn e (0; +oc) va day s6 (Xn) c6 giai han h&u hgn. 

Hu-ang d i n giai 

Vai m5i n, dat gn(x) = fn(x) - a; khi d6 gn(x) 1^ ham lien tyc, tang tren [0, +00). Ta 
CO gn(0) = 1 - a < 0; gn(1) = a^° + n + 1-a > 0, nen gn(x) = 0 c6 nghi^m duy 
nhatxntren (0; +00). 

E'e Chung minh t6n tgi gid-i han limxn, ta chCeng minh d§y (Xn) tSng va bj chSn. 

Ta c6: 9n f l - l l f l - l l 
1 - 1 - -

a 

n+1 

- a 1-1 1-1 
a 

- 1 = a 

2 
a 

r 1 
1 - -

a 

- a 

i •••x> 

. ( ( a - 1 ) ^ - 1 ) > 0 

H r a : x n < i - 1 , n = 1,2,... 
a 

^^tkhac.tC.gn(Xn) = a - r ° + x : ; , _ _ _ , ^ _ 3 ^ 0 ^ suy ra 



lU tf^^ Ol&m hUl uuuny nt^u hinn yiui inan-rx injuini I 
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-n+l - 2 - 1 = (-1)" 

Cti^ TNHHMTVDWH Hhang Vi?t 

Vi day (Un) tSng va khong c6 chSn tren nen limUn = +=0 

Ta c6 day Xn = ^ , n = 1,2,3,... tSng va bj chan tren bai 2 nen c6 giai 
Un 

dSt gidi han do la L.Chuyin qua giai han suy ra: 

L 2 _ 2 L - 1 = 0 O L = 1 + V2 ho$c L = 1 - V2 . 

Vi Un > 1 nen chpn L = 1 + N/2 .Vay limxn = 1 + N/2 . ^ 

Bai toan 8. 40: Gia si> Xn thupc khoang (0; 1) la nghi^m cua phu'ang tn^ 

1 1 1 

— + + ...+ 
X x - 1 x - n 

= 0. 

ChLPng minh day (Xn) hpi tu. Tim gidi han d6 

Hipo'ng d i n giai 

x ^ - n - 1 
< 0 Ta th i y 0 < Xn < 1 nen: f^^^(xj = f „ ( x j + — 

n 

f rong khi do fn-n(0*) > 0. Theo tinh c h i t cua ham lien tuc, tren khoang 
(0- Xn) CO It n h i t mot nghi^m cua fn+i(x). Nghiem do chinh la Xn^i. Suy ra 
Ĵ ^̂^ < Xn. TLPC la day s6 (Xn) giam. Do day nay bj chan du-ai bai 0 nen day so 

gic^i han. , '^^^ orir̂  K ^̂ ^̂  
Ta chufng minh gib-i han noi tren b§ng 0. 

Th^t vay, gia si> limxn = a > 0. Khi do, do day (Xn) giam n^n ta c6 Xn > a vai 

mpi n. nn? V 

Do 1 + + + ^ khi n ^ +00, n§n t6n tai N sao cho vai mpi n > N 
2 3 n >•» «i(iiv:s.. 

. 1 1 1 1 
t a c o : 1 . - . 3 . . . . . - > -
Khi do vai n > N thi: 

„ 1 1 
0 = — + + ...+ 

X. x_ - 1 

1 1 1 1 1 1 1 ^ 
< — + — + — + ... + — < = 0 

X n - n x„ -1 - 2 - n a a 
iVIau thu ln . Vay phai c6 limXn = 0 

Bai toan 8. 41: Cho s6 thi/c a > 2. 

Dat fn(x) = a^V^^° + x" + ... + X + 1 (n = 1, 2,...). 

Cht>ng minh r i n g va i moi n phu-ang trinh fn(x) = a c6 dung mot nghi$m 
Xn e (0; +oc) va day s6 (Xn) c6 giai han h&u hgn. 

Hu-ang d i n giai 

Vai m5i n, dat gn(x) = fn(x) - a; khi d6 gn(x) 1^ ham lien tyc, tang tren [0, +00). Ta 
CO gn(0) = 1 - a < 0; gn(1) = a^° + n + 1-a > 0, nen gn(x) = 0 c6 nghi^m duy 
nhatxntren (0; +00). 

E'e Chung minh t6n tgi gid-i han limxn, ta chCeng minh d§y (Xn) tSng va bj chSn. 

Ta c6: 9n f l - l l f l - l l 
1 - 1 - -

a 

n+1 

- a 1-1 1-1 
a 

- 1 = a 

2 
a 

r 1 
1 - -

a 

- a 

i •••x> 

. ( ( a - 1 ) ^ - 1 ) > 0 

H r a : x n < i - 1 , n = 1,2,... 
a 

^^tkhac.tC.gn(Xn) = a - r ° + x : ; , _ _ _ , ^ _ 3 ^ 0 ^ suy ra 



W trgng diS'm hoi difdng hoc sinh gidi m6n To6n 1J - LS Hoanh Pho ^ 

Xngn(Xn) = a^°''" ^ + ... + Xn - BXn = 0 
=> gn.l(Xn) = Xngn(Xn) + 1 + BXn - 3 = BXp + 1 - 3 < 0 

Do Xn< 1 - - >s 6*; h'.-, 

toi' a . , 
f Vi gn.i la h^m t§ng va 0 = gn+i(Xn+i) > gn*i(Xn) nen Xn < Xn*i'.' " 

Vay day (Xn) (n = 1, 2,..) tang va bj chan, nen ton tai limxn. 
Bai toan 8. 42: Cho day so (an) du-gc xSc djnh bo-i: 

a i > 0 , a2>0vaan . i= Ja^ + 7 a ^ . n ^ 2. p . . . . 
X6t day s6 (Mn) vai Mn = max{an, an+i, 4}. Chupng minh r ing day s6 (IVI,) 
tg, suy ra giai han cua day so (an). ^ • 

Hu-o-ng din giai 
Day s6 (Mn) v6'i Mn = max{an, an+1, 4} 
N § u Mn = 4 thi an, an*i < 4, suy ra an+2 2 4. Tu do Mn+1 = 4 

N § u Mn = an+1 thi an+i > an, an+1 > 4. Khi d6: 

= an.i - ^ > an.i - > ̂ /a^ 

Suy ra an.2 = /̂â  + ^/a^ ^ N/Q̂  + = an.i 

suy ra Mn+i = max{an+i, an+2, 4} = an+i = Mn 
Neu Mn = an thi an > an+i, an > 4. Khi do: 

an.2= + ^ ^27^ ^ an i 

Suy ra Mn+i :S an = Mn 
Vay trong mpi tru-dyng hap thi Mn î ^ Mn, ttpc (Mn) la day so giam va day (MJ 
bj ch^n duai bai 4 nen day nay c6 giĉ i h?n M > 4. Ta chung minh giai han 
M = 4. 
Thgt vgy, gia sCr giai hgn 1̂  M > 4. Khi do vai mpi e > 0, t6n tai N sao cho 
vai moi n > N thi M - e < Mn < M + e. 
Chpn n > N sao cho Mn+2 = an+2-

Ta c6: M - e < Mn.2 = an+2 = x/a^ + ^/a^ < 2 ViVI + e 

o M(M - 4) - e(2M + 4 - e) < 0 
Mau thuIn vi M > 4 v^ e c6 t h i chpn nho tuy y 
Do d6 lim Mn = 4 suy ra lim an = 4 . 

n 
Bai toan 8.43: Cho day so (an) thoa m § n : l i m a ^ ^ a f = 1 . 

i=i 
Chung minh lim^/3n.a^ = 1 

Cti/ TNHHMTVDWH Hhang Vi$t 

Himng din giai 
n 

i=1 

Xa c6 iimsn.an = 1 => liman = 0, limsn = +<» vd limanSn-i = 1. 
DO d6: lim(s,3 _ gS^^ J ^ ,(^32(52 ^ 5̂ 3̂ ^^ ^ ^a^^^ ^ 3 

s 3 
Theo djnh li trung binh Cesaro, ta c6: lim — = 3 

n 

1 n . n . i m f ^ . % = 3 . - ^ 

Do do lim \/3n.a„ = limsn.an = 1. ^ * 

Bai toan 8. 44: Cho day so (an) thoa m§n: -̂j r 

ai e (0; 1) va an.i = an - â  ,n = 1,2,3 Tinh lim nan. 

Hiwyng din giai 

Bing quy nap, ta chii-ng minh du-p-c; a < — ^ Vn 
" n + 1 

Ta cQng c6: an î - an = -a^ < 0, Vn, suy ra d § y (an) giam, d6ng thdyi no bi 
chSn dual nen c6 giai han L. 
Chuyin qua giai han thi L = L - => L= 0. 

B|tcn= — . T a c o : 

^'^K.^ - Cn) = lim ^""^"^^ = lim = lim — = 1 
an-a„,i a ^ ( 1 - a j 1-a„ 

Theo djnh li trung binh Cesaro, ta du-p-c: 

I i m ^ = 1 =>iim n.an= 1. 
n 

toan 8. 45: Cho day s6 (Un) thoa mSn 
''m(U2n + U2n*l) = A V^ lim(U2n + U2n-i) = B. 

Tinh l i m - ^ . 
^20.1 

Hu-ang din giai 
an = U2n, bn = U2n.i, n = 1,2,3,... ta c6: 

gn±Llfn _ A n ^ 2 - U 2 n _ ("2n.2 + "20.1) " K. I + "2n) 

^ . 1 - \3 - Û ^̂ , (U2„^3 + U2„,2 ) - K . 2 + ^2..^) 

r»8 ,(k>''ST 



W trgng diS'm hoi difdng hoc sinh gidi m6n To6n 1J - LS Hoanh Pho ^ 

Xngn(Xn) = a^°''" ^ + ... + Xn - BXn = 0 
=> gn.l(Xn) = Xngn(Xn) + 1 + BXn - 3 = BXp + 1 - 3 < 0 

Do Xn< 1 - - >s 6*; h'.-, 

toi' a . , 
f Vi gn.i la h^m t§ng va 0 = gn+i(Xn+i) > gn*i(Xn) nen Xn < Xn*i'.' " 

Vay day (Xn) (n = 1, 2,..) tang va bj chan, nen ton tai limxn. 
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tg, suy ra giai han cua day so (an). ^ • 
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n 
Bai toan 8.43: Cho day so (an) thoa m § n : l i m a ^ ^ a f = 1 . 
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Cti/ TNHHMTVDWH Hhang Vi$t 
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10 trgng diem hoi dUdng hoc sinh gidi mdn To6n 11 i<- i^odnfy 

(U '2n+3 "2n+2 )-("2n.2+U2,,i) 

2B-2A 
2A-2B 

= -1 . 

Theo dinh li trung binh Cesaro, ta c6 lim - 1 . 
i\rvM ;c 

u '2n+1 

Bai toan 8. 46: Tinh gib-i hgn sau: lim 1 + -

HiPO'ng d i n giai 

V2 Vn 
Ta CO day yn tang thi^c si^ vd lim yn = + oo 

1 

vd l i m ^ - - - ^ " = lim ^ ^ = l i m ^ ^ ^ 
V n ^ i - V n Vn + 1-Vn Vn + 1 

Theo djnh li Stolz thi: l i m ^ = 2 . 
iO Lilt i<int t. 

Vn> 

= 2 

1 1 1 
Vgy lim —I 1 + - ^ + ...+ 

= 2. V t̂ Vi Vn. 
Bai toan 8. 47: Cho a Id so thi^c du-cng bit ki I6n han 1. 

,2 " 

Tinh lim n 
.n+1 

a' a' 
3 + + . . . + — 

a" a"^^ 
D a t X n = a . - ^ . . . . - . y „ = — 

Ta GO: 
. Vn+I nai >1, v^i mpi n > 

Hirang din giai 

, vn 
1 

y n +1 ' ' " a - 1 

tuc la vai n du 16'n thi d § y (yn) tang. Han nua 

yn = 
a"̂ ^ a" 

• > 
"l + (a-1) 

n 
a 

> 

n+1 

C ^ ( a - 1 ) ' - ( n - 1 ) ( a - f 
n 2 

Taco: l im^^:^^!-^ = lim n + 1 

n + 1 n 5 

1 
a - 1 

-> +00 

Cfy TNHHMTVDWH Hhang Vi?t 

Theo djnh li Stolz thi l i m ^ = —!—. 

gal toan 8. 48: Vb'i cdc so thu-c du'ang X Q , yo, a, p ta x6t hai day so {Xn} va {y,} 
p 

3 . n = 0.1,2,... (1) ^ r 

"n n 

Tim di^u ki^n cln va du d6i vb-i a, p 6h ta c6 Xn - > +oo vd yn -> +oc v6i mpi 
xo, yo > 0 

Hifang din giai ^ 
Cho Xn - » +00, yn ^> +00 : t 

Giasu- 0< a < I . D a t ^ = c . Ti> gia thigt (1) ta c6: ^ = ^ 
yo yn.i \ 

Dov?y: x^,,, = ay^^ + = ^ x^^ + 
^2. C X2„ -HiH 

= ^ ( a c x , , . , + ^ ) + P 

^̂ 211-1 

= a % n - i + A , „ . / (2) 
Trong do; A2n-i 0 khi n ^ oo (do Xn ^ oo) > jt^;. 
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thilt day Xn->+oo. V9ya>1 . 
Tu (1) ta GO: X^^, + y^ ,̂ > a^(y.l + y 2 ) + 2ap (f= 
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Vay: a > 1 , p > 0 t u y y . 

t̂ ai toan 8.49: Cho day so {Xn} xao djnh nhu- sau: ,„ iky . 

X2013 va tinh lim Xn. 

5Xn-i+18 

'"n X2013 va tinh lim Xn. 

H i r a n g d i n giai 

^^tun = xn + 3thi x ,=1 ;x„ = - ^ ^ ^ " - ^ - ' \ n > 2 
5Xn-i+18 



10 trgng diem hoi dUdng hoc sinh gidi mdn To6n 11 i<- i^odnfy 

(U '2n+3 "2n+2 )-("2n.2+U2,,i) 

2B-2A 
2A-2B 

= -1 . 

Theo dinh li trung binh Cesaro, ta c6 lim - 1 . 
i\rvM ;c 
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Cfy TNHHMTVDWH Hhang Vi?t 
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lOtrQng diS'm /•oi diidng hoc r.inh gidim6n Todn 7/ //, n PH5_ 

s u y r a u , = 4 ; u , = ^ ^ . n . 2 

D o d o ^ = 5 + — , n > 2 = > - + f = 3 ( — + | ) . n > 2 

•"n-l 

S u y ra + ̂  = 3 " - ^ ( - + - ) ^ — = -̂ ^ 
^ u„ 2 2' 1 1 . 3 " - ^ - 1 0 

N6n X = u - 3 = 3 
n n 1 1 . 3 " - 1 - 1 0 

V a y X 
2 0 1 3 

A 3 va l im Xn = 0 
1 1 . 3 ' ° ^ ' - 1 0 

3 . B A I L U Y E N T A P 

B a i t9p 8 . 1 : T i m c a c g i a i h gn s a u : 

, ,. nVl + 2 + 3 + ... + n 
a) iim 

3 n 2 +n - 2 

b) l im 

HiPO'ng d i n 

1 - 2 + 3 - 4 + ... + ( 2 n - 1 ) - 2 n 

2n + 1 

a) D u n g t ong 1 +2 +3+...+n = DilLLl. K e t q u a - j = -

b) D u n g t 6ng 1 - 2 + 3 - 4 + . . . + ( 2 n - 1 ) - 2 n = - 1 - 1 - . . . - 1 =-n. 

K S t q u a - - ! . : 

Bai tap 8. 2: T i n h g i a i l i ? n c u a c^c d§y s6 s a u : 

c o s 3 n _ s i n (n + 3) 

" . ' " " " " ^ 
HiFO-ng d i n 

a) D u n g d jnh ly k^p 0. K§ t q u a limun = 0. 

b) K i t q u a limUn = 0 

Bai tap 8. 3: C h o s o tu- nhi^n c > 3. T i n h gidci hgn d § y s6 tu- nh i §n (an) 

s a u : a i = c, an = an- i . + 1 ;n = 2, 3.... 

Hipo-ng d i n 

D u n g phu-ang ph^p qu i ngp chCpng m inh day an g i a m v a bj ch^n du-o-i bdi 

K§ t q u a l iman = 3. 

B a i t i p 8. 4: Chu-ng m i nh c a c d a y s 6 s a u khong c 6 g i a i h gn : 

371 
a) Un= COS — 71 

b) Vn= s in( n n 

ClyfNHHMTVDWH Hhong Vi$t 

Hu'O'ng d i n 

g) C h o n 2 d a y c u a n m a Un c 6 gia-i hgn k h a c nhau , c h I n g h gn : 
n = 4 m va n = 4 m +2. 

b) C h p n 2 d a y c u a n m a Un c 6 g i a i h an k h a c n hau 

ggj t a p 8. 5: T i n h c a c g i a i h an s a u : 

a) l im 
(5n + 2)(2n2+1)" 

n^(3n-1)^ 
b) i im 

(n^ + n ^ ) ( - 3 n - 2 ) ^ ^ 

4n3(n2+9) , 2 3 

Hu'O'ng d i n 

8 0 
o\- thLPC v a m l u thu-c cCing b a c 9. Ke t q u a 

7 2 9 

b) Ti> thLFC CO b a c Ib-n h a n b a c m a u thu-c. K e t q u a - 00 

Ba i t a p 8. 6: T i n h c a c g i a i h an s a u : 

b) l i m ^ - ^ 

H i f d n g d i n 

a) T h e m ba t n. Ke t q u a 0 

b) Nhan ch i a lu-g-ng l ien h i ep c h o tu- v a m l u . K4 t q u a + oo 

3 ) l i m ( \ ' n ^ + 3 - V n 2 + 2 ) 

B a i t ? p 8 . 7: C h o d a y (Un ) : 

" U 
T inh : l i m V - ' 

U n . - U n = ^ ( U , ^ - U J , n . 1 

l-lu'O'ng d i n 

Day Un t ang v a k h o n g bi c h a n t ren nen Un +00 

Ket q u a 2 0 1 5 

^ai tap 8. 8: T i n h g i a i h an c u a day: 

;0 VPf; 

...... ^iU 

flni!) ct.̂ >'.-( 

a ) U n = ^ 
, 2 0 1 4 

1 - 3 n , 2 0 1 3 

V6n^-n^+m-1 
b) Un = ; 

3n3 - 2n2 + 1 
HiFO'ng d i n 

^> T C P thu-c C O b a c be h a n b a c m l u thu-c. K§ t q u a 0 

^ ) K 4 t q u a H - o o 

tap 8. 9: C h o day s o {Un} du-gc d inh b a i : 

,^ i=1 ,u „=^2 u 
,, ^ ( n 6 Z " ) . T i n h : l i m ^ . 

1^^0.2= u „ + 2 u „ , , u , 

Hu'O'ng d i n 

^hCpng m i nh qu i n a p ( U n . , ) ^ - U n . Un*2 = ( - 1 ) " 
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in t'onn <//r',r! !'oi diinnq hoc nii'h aioi mdn lo6n 11 - Ho6nh 1 ^ 

K i t qua L = 1 + V2 
Bai tap 8. 10: Tinh cac giai han sau: 

2 n . 2 0 1 4 ^ 5 3 n _ 2 5n 
a) lim : b) l im-

5 . 2 " - 3 ' 

1 + 3 " + 4 . 5 " ' 2 " " ^ ° ^ ^ + 3 " " ^ + 1 

Hipo-ng d i n 
a) Chia tiK va m l u oho a" c6 ca s6 Ian nh^t la 5 " 

b) Chia t u va m i u cho a" c6 ca so Ian n h l t la 3 " . Ket qua ^ . 

Bai tap 8 . 1 1 : Tinh giai han cua d§y (Un) xac djnh bai : 

u, = 2 0 1 4 
a) 

Un.1 = V̂ n 
b) 

UQ = 2 0 0 3 

2".u - 1 . 8 q i i 

Hu'O'ng d i n 

a) Day Un giam va bj chan du-ai nen Un L. Ket qua lim Un = 1 

b) K§t qua limun = 2 0 0 1 
Bai tap 8 . 1 2 : ChCfng minh cac d§y so c6 giai hgn va t im giai han do: . 

1*̂  + 2 " + ... + n'' 1 2 n 
a )u = - + — + ... + — 

n i--

k + 1 

Hu'O'ng d i n 

a) X^c dinh Un nhb- hi$u s6 Un - 3Un. K4t qua -
4 

b) K§t qua | 

Chuyen 4te 9 : GIOI HAN HAM s o VA U€N TUC 

i, KI^N T H I J C T R O N G T A M 

Gio'i han cua ham s 6 

, Gia si> (a; b) la mpt khoang chua d i l m XQ va f la mpt ham s6 xac dinh tren 
' t a p h a p ( a ; b ) \ { X o } . 

lim f (X) = L « V ( x J , x^ ^ XQ , x^ -> XQ => f(x„) L . T.-
x -»Xo 

lim f(x) = +00 » V ( x J , x ^ ^ Xg .x^ ^ Xg ^ f(x ) +oo ''̂  t " :, 

lim f(x) = -co c:> V ( x J , x ^ ^ Xg .x^ Xg ̂  f ( x j ^ 

•0 

y 6 : ; ; • 

_ Gia su ham s6 f xac dinh tren khoang (a; +«;). 

lim f(x) = L o V(x^) , X + x f ( x J ^ L 
x - » + » : 

_ Gia su ham s6 f xac dinh tren khoang ( ^ ; b ) . 

lim f (X) = L <=> V (X^ ) , X^ ^ -00 =i. f(X^) -> L -f! ' ' r 

- Gia su ham so f xac djnh tren khoang (XQ; b). 
Ham s6 f CO giai han ben phai la s6 thuc L khi x dan d i n XQ: 

lim f ( x ) = : L c > V ( x J , x ^ > X o , x „ - ^ X g : ^ f ( x J ^ L P H I I 

H^m s6 f CO giai han ben trai la so thyc L khi x d i n den Xo: 

lim f(x) = L <^ V ( x J , x ^ < Xg , x „ ^ Xg =^ f ( x j L 
x->x5 

Cac djnh ly v l gio'i h?n 

Gia si> lim f(x) = A va lim f(x) = B (A, B € R ) . 

Khi do: lim [f(x) + g(x)] = A + B; lim [f(x) - g{x)] = A - B 

j im [f(x).g(x)] = AB; lim M ^ ^ ^ ^ ^ 

° x ^ X o g ( x ) B 

Ojnh ly v i n dung khi thay X ^ Xo bai X - > + 0 0 ho0c X - 0 0 . 

lim | f ( x ) | = +oothi lim — = 0 . 
x ^ X o f(x) 

lim f(x) = lim f(x) = L thi lim f(x) = L. I 
B J 

2 5 3 



in t'onn <//r',r! !'oi diinnq hoc nii'h aioi mdn lo6n 11 - Ho6nh 1 ^ 
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s inx 
- Ham so lu'p'ng gi^c lim = 1 suy ra day Mm—-!1 = o . 

x->o X ^ 
n 

Khu- dang v6 djnh 

- Neu CO dang v6 djnh ^ khi x ^ Xo thi phSn tich ti> thtpc va m§u thupc ra 

thu-a s6 (X - Xo), hay nhan chia lu'gng lien hgp, b i l n d6i lu-gng giac v4 

sinu -
- , u ^ 0 , . . . ix-^ u 

CC 
- N6u CO dang v6 djnh — khi x -» + « , x - co thi chia tu- thipc va mau thuc 

cho luy thi>a cao nhk cua x, hay nhan chia iu-gng lien hiep d l khCp can thuc, . 

- N§u CO dang v6 djnh oc - « , O.oo thi dat nhan tu- chung la luy thu-a cao nhk 

cua X, quy d6ng phan s6, nhan chia 'u-gng lien hgp d§ khi> can,....chuyln 

qua dang khac. Chu y them bat, chia tach, dat I n phu,... 

Ham s6 lien tuc 

- Gia S C P ham s6 f xac djnh tren khoang (a; b) va Xo e (a; b). Ham so f duoc 

gpi la lien tuc tai d i l m XQ nfeu: lim f(x) = f(Xo). Ham s6 khong lien tuc tai 
-̂ 0 

diem Xo dugc gpi la gian doan tai diem XQ. 

Ham f du-gc gpi la lien tuc ben phai tgi Xo n l u lim f(x) = f (Xo ) . 

Ham f du-gc gpi la lien tuc ben trai tai Xo n l u lim f(x) = f ( x ^ ) . " 

Do do ham f lien tuc tai Xo e (a; b) n^u f lien tuc ben phai va lien tuc ben trai 

tai Xo. 

- Ham s6 f lien tgc tren mot khoang neu no iien tuc tai mpi di§m thupc tap hop 

do.Ham s6 f xac djnh tren doan [a; b] dugc goi la lien tuc tren doan [a; b] 

n l u no lien tuc tren khoang (a; b) va , 

lim f(x) = f(a), lim f(x) = f(b). 
x-^a^ x->b' 

- Tong, hieu, tich, thuang cua hai ham s6 lien tuc tai mot d i l m la nhOng ham 

s6 lien tuc tai d i l m do (trong truang hgp thuang, gia trj cua m i u tai d i l m do 

phai khac 0). 

- Ham da thuc va ham phan thii-c hOu ti lien tuc tren t§p x^c djnh cua chung 

Cac ham s6 lugng giac y = sinx, y = cosx, y = tanx, y = cotx lien tuc tren tap 

xac djnh cua chung. 

-}<A 

L, ham s6 f lien tyc tren dogn [a; b] thi ton tai g i ^ trj ign nhat va gia tri nho 
I t tren doan do. 

Jnh I' gia tn trung gian cua ham s6 lien tyc 

M^u f la "^^^ ^^"^ tren [a,b] thi f nhan mpi gia trj trung gian giua gia 

tVj nho nhat m va gia tri Ian n h i t M cua no tren doan do. 

Q\a SLf ham s6 f lien tyc tren doan [a; b]. N l u f(a) ^ f(b) thi va i moi s6 thuc 

nam gii^a va f(b), t6n tai it n h i t mot diem c G (a; b) sao cho f(c) = M. 

He qua: N l u ham s6 f lien tuc tren doan [a; b] va tich f(a) f(b) < 0 t i n tai it nh i t 

f^pt d i lm c e (a; b) sao cho f(c) = 0, tuc la phuang trinh f(x) = 0 c6 it nh i t mpt 

nghiem x = c thupc khoang (a; b). 

y'nghia hinh hoc: N l u ham s6 f lien tuc tren doan [a; b] va c6 tich f(a).f(b) < 

0 thi d l thj cua ham s6 y = f(x) c i t true hoanh it n h i t tai mpt d i l m c6 ho^nh 

(jp c e (a; b). 

2. CAC B A I T O A N 

Bai toan 9.1: Dung dinh nghTa, tim cac g\di han sau: 

x^ - 3 x - 4 . . . . 1 
a) lim 

X + 1 
b) lim - , 

'<-*W5-x 

a) Vai X - 1 , ta c6: f(x) = 

Hu'O'ng d in giai 

x^ - 3 x - 4 _ (x + 1 ) ( x - 4 ) 
= x - 4 

x + 1 x + 1 

Vai mpi day s6 (Xn) trong R \} sao cho limxn = - 1, ta c6: 

limf(Xn) = lim(Xn - 4) = - 1 - 4 = - 5 . Vay lim 
x^ - 3x - 4 

x->-1 

b) Ham $6 f(x) = 

x + 1 

xac dinh tren khoang (-OD; 5) 

= - 5 . 

Vai mpi day so (Xn) trong ( ^ ; 5) \} sao cho limXn = 1, ta c6: 

l i m f ( x j = i i m - ^ _ = I . V a y l i m - ^ =1 . 

toan 9. 2: Dung dinh nghTa, tinh cac giai han sau: 

a) lim x s i n - b) lim — 
x - 5 ( x - 5 ) 2 

^)^6tham 

Hu'O'ng d in giai 

an, 

s6 f(x) = x s i n - . Vai mpi day s6 (Xn) ma Xn ^ 0, v^ i mpi n va limxn = 0 

^^^6f(x,) = x n s i n ^ nen: 



s inx 
- Ham so lu'p'ng gi^c lim = 1 suy ra day Mm—-!1 = o . 

x->o X ^ 
n 

Khu- dang v6 djnh 

- Neu CO dang v6 djnh ^ khi x ^ Xo thi phSn tich ti> thtpc va m§u thupc ra 
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sinu -
- , u ^ 0 , . . . ix-^ u 

CC 
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-̂ 0 
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-}<A 

L, ham s6 f lien tyc tren dogn [a; b] thi ton tai g i ^ trj ign nhat va gia tri nho 
I t tren doan do. 

Jnh I' gia tn trung gian cua ham s6 lien tyc 

M^u f la "^^^ ^^"^ tren [a,b] thi f nhan mpi gia trj trung gian giua gia 

tVj nho nhat m va gia tri Ian n h i t M cua no tren doan do. 

Q\a SLf ham s6 f lien tyc tren doan [a; b]. N l u f(a) ^ f(b) thi va i moi s6 thuc 

nam gii^a va f(b), t6n tai it n h i t mot diem c G (a; b) sao cho f(c) = M. 

He qua: N l u ham s6 f lien tuc tren doan [a; b] va tich f(a) f(b) < 0 t i n tai it nh i t 

f^pt d i lm c e (a; b) sao cho f(c) = 0, tuc la phuang trinh f(x) = 0 c6 it nh i t mpt 

nghiem x = c thupc khoang (a; b). 

y'nghia hinh hoc: N l u ham s6 f lien tuc tren doan [a; b] va c6 tich f(a).f(b) < 

0 thi d l thj cua ham s6 y = f(x) c i t true hoanh it n h i t tai mpt d i l m c6 ho^nh 

(jp c e (a; b). 

2. CAC B A I T O A N 

Bai toan 9.1: Dung dinh nghTa, tim cac g\di han sau: 

x^ - 3 x - 4 . . . . 1 
a) lim 

X + 1 
b) lim - , 

'<-*W5-x 

a) Vai X - 1 , ta c6: f(x) = 

Hu'O'ng d in giai 

x^ - 3 x - 4 _ (x + 1 ) ( x - 4 ) 
= x - 4 

x + 1 x + 1 

Vai mpi day s6 (Xn) trong R \} sao cho limxn = - 1, ta c6: 

limf(Xn) = lim(Xn - 4) = - 1 - 4 = - 5 . Vay lim 
x^ - 3x - 4 

x->-1 

b) Ham $6 f(x) = 

x + 1 

xac dinh tren khoang (-OD; 5) 

= - 5 . 

Vai mpi day so (Xn) trong ( ^ ; 5) \} sao cho limXn = 1, ta c6: 

l i m f ( x j = i i m - ^ _ = I . V a y l i m - ^ =1 . 

toan 9. 2: Dung dinh nghTa, tinh cac giai han sau: 

a) lim x s i n - b) lim — 
x - 5 ( x - 5 ) 2 

^)^6tham 

Hu'O'ng d in giai 

an, 

s6 f(x) = x s i n - . Vai mpi day s6 (Xn) ma Xn ^ 0, v^ i mpi n va limxn = 0 

^^^6f(x,) = x n s i n ^ nen: 



| f (Xn) l = 
. 7 x„ sin — < i Xn I va lim I Xn I = 0 

Do do limf(Xn) = 0 . V$y lim xs in — 
X 

= 0. >h'.:. 
x->0 

b) X6t h^m so f(x) = — . Vai mpi d§y s6 (Xn) ma Xn 5 v6f\j n limxp = 5 ta 
(X - df 

CO f(xn) = — . Vi lim(-3) = - 3 < 0, lim(Xn - 5)^ = 0 va (Xn - 5)^ > 0 v6i moi, 

nen limf(Xn) = -<o 

Vay lim ^ — = 

' < - 5 ( x - 5 ) 2 

Bai toan 9. 3: Chu-ng minh c^c giai hgn sau-khong t6n t?i: 

a) lim s i n x b.). lim cos2x 

Hu-o-ng d i n giai 

a) L§y 2dayXn = nn,\=^+ 2nnthi limXn = +«>, lim x'̂  = +« . 

Dat f(x) = sinx thi limf(Xn) = Iimsin(n7r) = limO = 0 

limf(x'n) = l i m s i n ( | + 2n7i) = Iim1 = 1. 

Vi limf(Xn) ^ iimf(x'n) nen khong t6n tai lim sin x 
X - > t c o 

b) L i y 2 day: Xn = nn , x'n = ^ + nn thi:limxn = lim \ +oo. 
4 

Dat f(x) = cos2x thi : limf(Xn) = limcos(2n7t) = Iim1 = 1. 

limf(x'n) = l i m c o s { | + 2n7i) = limO = 0. 

Vi limf(Xn) ^ limf(x'n) nen khong ton t?i lim cos2x. 
X->+oo 

Bai toan 9. 4 : Co ton tgi khong c^c gib-i hgn sau: 

1 4 
a) lim c o s - b) l i m s i n -

x->0 X x-̂ o X 

Hu^ng d i n giai 

r hpn 2 d§y: \ thi limXn = 0, lim x' = 0. 
(2n + 1 ) | 

nat f(x) = c o s - thi : limf(Xn) = limcos(2nTc) = Iim1 = 1. •? 

ljmf(x'n) = l 'mcos (2n+1 ) | =l imO = 0. 

\/i iimf(Xn) * limf(x'n) nen khong ton tai lim cos - . 
' x->n V 

b) Chon 2 day: Xn = — , — ^ — thi limXn = 0, l imx^= 0. ' "̂ ' 
- + n7r 
8 

4 
Dat f(x) = sin - thi: limf(Xn) = Iimsin4n7r = limO = 0. 

X 

limf(x'n) = l i m s i n ( - + 4n7t) = Iim1 = 1. 

Vi iimf(Xn) ^ limf(x'n) nen khong ton tai lim sin - . 
x->0 X 

. 4 

Bai toan 9. 5: T im cac giai han sau: ' 

a) lim ^ ^ - ^ b) lim ' > 
x -o* x^ , ^ 2 ^ x^ - 2x ,,j 

Hu'O'ng d i n giai 

x'̂  + X - Vx x^ + X - x^ a) Vai x > 0, ta c6: _ 

x^(Vx^ + x + Vx) x(\/x^ + x + Vx) 

lim x(Vx2+x + Vx) = 0 va X ( 7 x 2 + x + 7;^) > Q v6i x>0 ^ '-

n^n lim V ^ - N / ^ , 
x^O^ X^ ' x 

b ) V 6 i x > 2 

,0 > X rt^^ 
V(x - 2 X x 2 +2x + 4) V x 2 + 2 x + 4 1 . 

^ 2x = — 7 ^ 

' i m - ^ = + . v a l i m ^ ^ - ! ± ^ = V ^ > O n e n lim ^ = .00. 
"-^^ Vx x ^ 2 - X , ^ 2 . x^ - 2x 



| f (Xn) l = 
. 7 x„ sin — < i Xn I va lim I Xn I = 0 

Do do limf(Xn) = 0 . V$y lim xs in — 
X 

= 0. >h'.:. 
x->0 

b) X6t h^m so f(x) = — . Vai mpi d§y s6 (Xn) ma Xn 5 v6f\j n limxp = 5 ta 
(X - df 

CO f(xn) = — . Vi lim(-3) = - 3 < 0, lim(Xn - 5)^ = 0 va (Xn - 5)^ > 0 v6i moi, 

nen limf(Xn) = -<o 

Vay lim ^ — = 

' < - 5 ( x - 5 ) 2 

Bai toan 9. 3: Chu-ng minh c^c giai hgn sau-khong t6n t?i: 

a) lim s i n x b.). lim cos2x 

Hu-o-ng d i n giai 

a) L§y 2dayXn = nn,\=^+ 2nnthi limXn = +«>, lim x'̂  = +« . 

Dat f(x) = sinx thi limf(Xn) = Iimsin(n7r) = limO = 0 

limf(x'n) = l i m s i n ( | + 2n7i) = Iim1 = 1. 

Vi limf(Xn) ^ iimf(x'n) nen khong t6n tai lim sin x 
X - > t c o 

b) L i y 2 day: Xn = nn , x'n = ^ + nn thi:limxn = lim \ +oo. 
4 

Dat f(x) = cos2x thi : limf(Xn) = limcos(2n7t) = Iim1 = 1. 

limf(x'n) = l i m c o s { | + 2n7i) = limO = 0. 

Vi limf(Xn) ^ limf(x'n) nen khong ton t?i lim cos2x. 
X->+oo 

Bai toan 9. 4 : Co ton tgi khong c^c gib-i hgn sau: 

1 4 
a) lim c o s - b) l i m s i n -

x->0 X x-̂ o X 

Hu^ng d i n giai 

r hpn 2 d§y: \ thi limXn = 0, lim x' = 0. 
(2n + 1 ) | 

nat f(x) = c o s - thi : limf(Xn) = limcos(2nTc) = Iim1 = 1. •? 

ljmf(x'n) = l 'mcos (2n+1 ) | =l imO = 0. 

\/i iimf(Xn) * limf(x'n) nen khong ton tai lim cos - . 
' x->n V 

b) Chon 2 day: Xn = — , — ^ — thi limXn = 0, l imx^= 0. ' "̂ ' 
- + n7r 
8 

4 
Dat f(x) = sin - thi: limf(Xn) = Iimsin4n7r = limO = 0. 

X 

limf(x'n) = l i m s i n ( - + 4n7t) = Iim1 = 1. 

Vi iimf(Xn) ^ limf(x'n) nen khong ton tai lim sin - . 
x->0 X 

. 4 

Bai toan 9. 5: T im cac giai han sau: ' 

a) lim ^ ^ - ^ b) lim ' > 
x -o* x^ , ^ 2 ^ x^ - 2x ,,j 

Hu'O'ng d i n giai 

x'̂  + X - Vx x^ + X - x^ a) Vai x > 0, ta c6: _ 

x^(Vx^ + x + Vx) x(\/x^ + x + Vx) 

lim x(Vx2+x + Vx) = 0 va X ( 7 x 2 + x + 7;^) > Q v6i x>0 ^ '-

n^n lim V ^ - N / ^ , 
x^O^ X^ ' x 

b ) V 6 i x > 2 

,0 > X rt^^ 
V(x - 2 X x 2 +2x + 4) V x 2 + 2 x + 4 1 . 

^ 2x = — 7 ^ 

' i m - ^ = + . v a l i m ^ ^ - ! ± ^ = V ^ > O n e n lim ^ = .00. 
"-^^ Vx x ^ 2 - X , ^ 2 . x^ - 2x 



Bai toiin 9. 6: Tim cAc g\&\n sau: 

+ 3x + 2 
O) 

HiPO'ng din giai 

a) lim 
x ^ ( - l f Vx̂  + X^ 

b) lim Jl^ll 
V 9 - x ^ 

a) Vai mpi x 
x^ + 3x + 2 (X + 1)(x + 2) N/X7I(X + 2) 

>—1, I . • - „ I - , 
7x7i 

^. ,. x^+3x + 2 „ Do do: lim , = 0. 
x- * ( - r Vx^ + x'* 

b) v . i - 3 < X <3 . = = ^ 
7 9 - x ^ V(3-x)(3 + x) V3 + X 

^ ^. , Vx2-7x + 12 
Do do: lim 

1 Ve 
x->3" 

Bai toan 9. 7: Cho f(x) = 
x^ - 2 x + 3 khi x < 2 „ ,. , . Tim lim f(x). 
4 x ^ - 2 9 khi x > 2 "-^ 

Hiro-ng din giai 
Vdi X < 2 thi f(x) = x^ - 2x + 3 n6n 
lim f(x) = lim (x^ - 2x + 3) = 4 - 4 + 3 = 3 

V6i X > 2 thi f(x) = 4x^ - 29 nen 
lim f(x) = lim (4x^ - 29) = 32 - 29 = 3 

x->2* X-2+ 
Vi lim f(x) = lim f(x) = 3 n6n lim f(x) = 3. 

x-*2^ x -2 x->2-

Bai toan 9. 8: Gpi d la hdm dliu: d(x) = 

Tim lim d(x), lim d(x) va lim d(x) 

-1 khi x < 0 
0 khix = 0 
1 k h i x > 0 

HiFang din giai i 

V 6 ' i x < 0 t a CO d(x) = - 1 , 
dodo lim d(x) = lim (-1) = - 1 1 

x-^O" x->0" 

V a i x > 0 , t a c6 d(x) = 1, 0 X 

do do lim d(x) = lim 1 = 1 I 
x^O* x->0+ 

rj lim d(x) ^ lim d(x) ndn khong t6n tgi lim d M >î <4a 

toan 9. 9: Ta gpi phin nguygn cua s6 thi^c x Id s6 nguyen I6n nhit va 
jQfig vu'Q'tqudx, ki hi^u[x].__ ^ 'indi va 

Tim lim 
X->2' 

X , lim X vd lim 
'- - x-+2̂  X-+2 

Hiro-ng din giai 
Vdj 1 < X < 2 thi [X] = 1 n§n lim [ x l = 1 

x-»2" 
V6i 2 < X < 3 thi [X] = 2 nen lim f x ] = 2 

x-»2-' 
^ lim X 

L J x->2"̂  
L J 

Vi lim [ x j * lim [x 
x->2- x->2+ 

Chu y: D6 thi hdm y = [x] 

n§n khdng t6n tgi lim_ 
x->2l- J 

1 

-1 

-2 

X) 

- rn;! 'p 

Bai toan 9.10: Tim c^c gi6i hgn sau 

2x2 + x - 1 0 a) lim 
7 - 3x^ b) lim x"* - x ^ +3 

x-^+oo 2 x ^ - 7 

Hu^ng din giai 

a)Tac6- 2 ^ ^ ! : L X ^ x 7 
• - 7 7 ^ = - ^ . v 6 i x ^ 0 . 

: : 2 - 3 ^ 

n§n lim g x ^ + x - I O 

X ' 
•s 

= 0. 

2x^ - 7 ,2 7 
, vci-i x 9t 0. 

2 x ^ -

^^n x l - x ^ + 3 _ 
2 x ^ - 7 



Bai toiin 9. 6: Tim cAc g\&\n sau: 

+ 3x + 2 
O) 

HiPO'ng din giai 

a) lim 
x ^ ( - l f Vx̂  + X^ 

b) lim Jl^ll 
V 9 - x ^ 

a) Vai mpi x 
x^ + 3x + 2 (X + 1)(x + 2) N/X7I(X + 2) 

>—1, I . • - „ I - , 
7x7i 

^. ,. x^+3x + 2 „ Do do: lim , = 0. 
x- * ( - r Vx^ + x'* 

b) v . i - 3 < X <3 . = = ^ 
7 9 - x ^ V(3-x)(3 + x) V3 + X 

^ ^. , Vx2-7x + 12 
Do do: lim 

1 Ve 
x->3" 
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Vi lim f(x) = lim f(x) = 3 n6n lim f(x) = 3. 

x-*2^ x -2 x->2-

Bai toan 9. 8: Gpi d la hdm dliu: d(x) = 
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-1 khi x < 0 
0 khix = 0 
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HiFang din giai i 

V 6 ' i x < 0 t a CO d(x) = - 1 , 
dodo lim d(x) = lim (-1) = - 1 1 

x-^O" x->0" 

V a i x > 0 , t a c6 d(x) = 1, 0 X 

do do lim d(x) = lim 1 = 1 I 
x^O* x->0+ 

rj lim d(x) ^ lim d(x) ndn khong t6n tgi lim d M >î <4a 

toan 9. 9: Ta gpi phin nguygn cua s6 thi^c x Id s6 nguyen I6n nhit va 
jQfig vu'Q'tqudx, ki hi^u[x].__ ^ 'indi va 

Tim lim 
X->2' 

X , lim X vd lim 
'- - x-+2̂  X-+2 

Hiro-ng din giai 
Vdj 1 < X < 2 thi [X] = 1 n§n lim [ x l = 1 

x-»2" 
V6i 2 < X < 3 thi [X] = 2 nen lim f x ] = 2 

x-»2-' 
^ lim X 

L J x->2"̂  
L J 

Vi lim [ x j * lim [x 
x->2- x->2+ 

Chu y: D6 thi hdm y = [x] 

n§n khdng t6n tgi lim_ 
x->2l- J 

1 

-1 

-2 

X) 

- rn;! 'p 

Bai toan 9.10: Tim c^c gi6i hgn sau 

2x2 + x - 1 0 a) lim 
7 - 3x^ b) lim x"* - x ^ +3 

x-^+oo 2 x ^ - 7 

Hu^ng din giai 

a)Tac6- 2 ^ ^ ! : L X ^ x 7 
• - 7 7 ^ = - ^ . v 6 i x ^ 0 . 

: : 2 - 3 ^ 

n§n lim g x ^ + x - I O 

X ' 
•s 

= 0. 

2x^ - 7 ,2 7 
, vci-i x 9t 0. 

2 x ^ -

^^n x l - x ^ + 3 _ 
2 x ^ - 7 



Bai toan 9. 11: Tim c^c gib'i lian sau 

(X + 1)^(2x +1)^ 
a) lim (2x3 + 1 ) ( x - 2 r 

3) <iiJ !<2l±J);.,im 

x-.«(2x3+1)(x-2)^ x - * . -

b) lim 
(2x + 3)^(x^ - 2 )^ 

{ x 2 + l f ( 4 x + 5 r 

Hirang din giai 

A3 
X 

= 4 

2 + 1-2 
X 

> X -

2 + 1-
x^J 

X — ( x ^ + l f ( 4 x + 5 y ' ' X1+4 4 . 5 
X 

x14 
= 0 

Bai toan 9.12: Tim cac giai han sau 

, ,. V2x̂  - 7 x + 1 
a) lim 

x - ^ - « 3 X - 7 

a) Vai moi x ^ 0 , ta c6: 

b) lim (x +1), 
x ' -^+«^" ' 2x'' + x̂  +1 

Hipang dSn giai 

j( 2 — — H 

V2x^-7x + 1 i x x^ _ 

' o 7 1 

2 - - + 
2-1.4 

X x̂  
- 7 

3 - 3 -

^, ,. V 2 x 2 - 7 x + 1 Vi 
Do do lim — 

- 7 

b) V6'i X > 0, ta c6: 

(x + 1). 
\2xUx'+^ V2x^+x2+1 

1̂  2 
X 1 + 

1̂  
V 

1 1 
2 + + 

Vi lim> 

X 1 + -
= +00 pen lim (x +1). 

2x'* + x̂  +1 

CtyTNHHMTVDWH Hhang Vi^t 
g^j toan 9.13: Tim cac giai han sau:* 

^ ^ l l ^ b) lim V Z l Z ±2x 
x - * - " 2x + 3 X-+-MO 2x +1 

'Hirang din giai StE 

ta f 

2 

3 

7x^4^±2x _ 1 + - + 2X - x J l + - + 2 x -,1 + 1+2 

^ ' i ; ^ V X ^ + X + 2X 1 
Dodo: l i m — — = -

x - » - « 2x + 3 2 
b) Vo'i moi x > 0, ta c6: 

X x 
,2 

»,2 .= lim - v x _ j ^ ^ : ^ ^ o . 

2X + 3 2x + 3 2x + 3 „ 3 „ v , 

2 + - «>-' fu 

x 

, 1 i" \ •"''f"' 
77;^+2x ^^^-^x^^'.Y^x^^' v̂ r̂̂  

2x + 3 2x + 3 2x + 3 g + l ' 

X 

^ ^, ,. Vx̂  + x + 2x 3 
Do do: lim = - . 

2x + 1 2 
Bai toan 9.14: Tim c^c gi^i hgn sau 

> ,. , x^+2x ,. xVx-5 
a) hm 3.̂  b) lim — , ~. c v v iv»iv 

x ^ - " VSx^-x + 5 '<-^+"x^-x + 2 
Hirang din gidi 

1 + -
a) Ta 06: lim = Mm ^ = I , j , , , , 

x^-<»8x2_x + 5 ^^-"g_I+ 5 8 « V -

nen lim SLZÎ X̂  _ 3(1 _ I 
'"-^-"VSx^-x + S V8 2' 

J___5 
b) i i m J W ^ - 5 /̂;̂  0 ' ' 

x" - x + 2 x - * ^ " ^ _ 1 + A ^ ^ " 

toan 9 . 15: Tim cSc gib-i hgn sau: 

^) lim b) l im 4 x ^ - f ' ^ ^ 
x^-x / i 3_x2 x^i(x_i)(x3+X -2) 



Bai toan 9. 11: Tim c^c gib'i lian sau 

(X + 1)^(2x +1)^ 
a) lim (2x3 + 1 ) ( x - 2 r 

3) <iiJ !<2l±J);.,im 

x-.«(2x3+1)(x-2)^ x - * . -

b) lim 
(2x + 3)^(x^ - 2 )^ 

{ x 2 + l f ( 4 x + 5 r 

Hirang din giai 

A3 
X 

= 4 

2 + 1-2 
X 

> X -

2 + 1-
x^J 

X — ( x ^ + l f ( 4 x + 5 y ' ' X1+4 4 . 5 
X 

x14 
= 0 

Bai toan 9.12: Tim cac giai han sau 

, ,. V2x̂  - 7 x + 1 
a) lim 

x - ^ - « 3 X - 7 

a) Vai moi x ^ 0 , ta c6: 

b) lim (x +1), 
x ' -^+«^" ' 2x'' + x̂  +1 

Hipang dSn giai 

j( 2 — — H 

V2x^-7x + 1 i x x^ _ 

' o 7 1 

2 - - + 
2-1.4 

X x̂  
- 7 

3 - 3 -

^, ,. V 2 x 2 - 7 x + 1 Vi 
Do do lim — 

- 7 

b) V6'i X > 0, ta c6: 

(x + 1). 
\2xUx'+^ V2x^+x2+1 

1̂  2 
X 1 + 

1̂  
V 

1 1 
2 + + 

Vi lim> 

X 1 + -
= +00 pen lim (x +1). 

2x'* + x̂  +1 

CtyTNHHMTVDWH Hhang Vi^t 
g^j toan 9.13: Tim cac giai han sau:* 

^ ^ l l ^ b) lim V Z l Z ±2x 
x - * - " 2x + 3 X-+-MO 2x +1 

'Hirang din giai StE 

ta f 

2 

3 

7x^4^±2x _ 1 + - + 2X - x J l + - + 2 x -,1 + 1+2 

^ ' i ; ^ V X ^ + X + 2X 1 
Dodo: l i m — — = -

x - » - « 2x + 3 2 
b) Vo'i moi x > 0, ta c6: 

X x 
,2 

»,2 .= lim - v x _ j ^ ^ : ^ ^ o . 

2X + 3 2x + 3 2x + 3 „ 3 „ v , 

2 + - «>-' fu 

x 

, 1 i" \ •"''f"' 
77;^+2x ^^^-^x^^'.Y^x^^' v̂ r̂̂  

2x + 3 2x + 3 2x + 3 g + l ' 

X 

^ ^, ,. Vx̂  + x + 2x 3 
Do do: lim = - . 

2x + 1 2 
Bai toan 9.14: Tim c^c gi^i hgn sau 

> ,. , x^+2x ,. xVx-5 
a) hm 3.̂  b) lim — , ~. c v v iv»iv 

x ^ - " VSx^-x + 5 '<-^+"x^-x + 2 
Hirang din gidi 

1 + -
a) Ta 06: lim = Mm ^ = I , j , , , , 

x^-<»8x2_x + 5 ^^-"g_I+ 5 8 « V -

nen lim SLZÎ X̂  _ 3(1 _ I 
'"-^-"VSx^-x + S V8 2' 

J___5 
b) i i m J W ^ - 5 /̂;̂  0 ' ' 

x" - x + 2 x - * ^ " ^ _ 1 + A ^ ^ " 

toan 9 . 15: Tim cSc gib-i hgn sau: 

^) lim b) l im 4 x ^ - f ' ^ ^ 
x^-x / i 3_x2 x^i(x_i)(x3+X -2) 



10 trQiig diem hoi dUdng hoc sinh gioi mon lOOn 11 -TS Ho^nh hno 

HiPO'ng d i n giai 

a) Dang —, ta c6 

+ 3V3 _ (X + V3)(x̂  -x73+3) _ x̂  - xVs + 3 

Vs-x 3 - x " (x + 73)(x -V3) 

Do 36: lim 
x - V S S - x ^ 

3^3 

2V3 
4x^-5x*+1 ,. ( x - 1 ) ( 4 x * - x 3 - x 2 - x - 1 ) 

b) lim = lim-^ -
'<^ i ( x - 1 ) ( x^ + X - 2 ) ( x - 1 ) ( x ^ + X - 2 ) 

,. 4 x ' ' - x 3 - x 2 - x - 1 ,. (x-1)(4x^+3x2+2x + 1) 
= lim = lim 

x ^ + x - 2 x - ' i (x - 1)(x^ + x + 2) 

,. 4x^+3x^+2x + 1 10 5 
= lim = — = - . 

x^ + x + 2 4 2 
Bai toan 9 .16: T im c^c gidi l ign sau vdi m,n nguyen du-ang: 

, ,. x" - 1 
a) lim 

x - l x " ' -1 

x" -1 
a) Ta c6: lim = lim 

x->1 x'" - 1 i^-*! 
V<^ix5^ 1,ta c6: 

b) lim 
x->1 

Hir(>ng d i n giai 

x + x^ + x ^ + . . . + X" - n 

x 2 - 1 

x" - 1 . x^ -1 

x - 1 ' x - 1 

X " - 1 ( X - 1 ) ( x " - U x " - 2 + . . . + X + 1) n-1 n-2 n 
= = X + X + . . . + X + 1 

X - 1 x - 1 

nen l i m ^ ^ = 1+ 1 + ... + 1 + 1 = n (c6 n so 1). 
x-»l x - 1 

A ,. x " - 1 ,. f x " - 1 x ' ^ - l l n 
A p d y n g t h i : l i m = lim : = —. 

x-fixf" -1 x-+il x - 1 x - 1 ) m 

b) lim 
x->1 

= lim 
x->1 

= lim 
x^1 

x + x^ + x ^ + . . . + X" - n 

x ^ - l 

x - 1 x^ -1 x^ - 1 

X 2 - 1 x ' - 1 X ^ - l 
• + ...+-

x " - 1 

, „ n - 2 l 1 x + 1 x ^ + x + l x " - V x " - ^ + . . . + f 
• + - + :— + ...+ 

X+1 X+1 X+1 x + 1 

1 2 ^ 3 ^ , n _ n ( n + 1) \ 

= 2^2 2 2 4 " 

pai toan 9 .17: T im c^c gi6i han sau 
x"*^ - (n + 1)x + n i b) lim (1-^xX1 + 2x)..^1 + n x ) - 1 

a)Ta c6 

( x - l f 

Hiro'ng d i n giai 

x " ^ ^ - ( n + 1)x + n _ x""^-1-(n + 1)x + n + 1 

(x - 1 ) ' (x - 1 ) ' 

( x - 1 ) ( x " + x " " U . . . + x - n ) ^ x " - 1 + x"'^-1 + ... + x - 1 

r 

x - 1 —mi! of> 

= (x"'̂  + x " " ' + ... + 1) + (x"" ' + x"'^ +...+ 1) + ... + (x+1) + 1 

,. x"*̂  - (n + 1)x + n , , ^ ^ . n(n + 1) 
Do 36: lim ^- ^ = n + n-1 + n-2 + ...+1 = 

x^1 (x - 1 )2 2 

b)Ta c6 (1+x)(1 + 2x)...(1 + nx) = 1 + !^i!lllx + f(x).x', n6n .-u X) 

lim 
X-+0 

(1 + x)(1 + 2x)...(1 + n x ) - 1 ,. •' + ̂ ^ ^ x + f ( x ) . x ' - 1 
- = lim 

x->0 

n(n +1) 
^ x + f(x).x' , 

= i i m - 2 L l_. , im(£( !L l1) 
"-^o X x^o 2 + f(x).x) = n(ll±l 

2 
Bai toan 9 .18: T im c^c gi6i h?n sau 

a) lim ̂ ^-j^ ' 

Hu'd'ng d i n giai 

a) _V^ 7 2 - V 2 ^ ^ ( 2 -xX^ / ;^£^^^ /3^) 

' " ^ V x ^ - N ^ ^ ''-2(2X-4)(N/X72+>/2X) 

a Ijm N/X + 1 + - X ^ _2_ ^ 2 * 
' ' - * ' - 2 (V^ + 7 2^)" -8 4 ' 

•G 

b) l i m ^ ^ L l ^ T ^ 
x-*l X - 1 

x^ l<hi X - > 1 thi t 1 

\5!"-2>/î  + 1 .. -21^ + 1 = l im-
X - 1 x ^ i {6 _ .| 

lim ( t - 1 ) ( t ^ - t ' - t - 1 ) 

o5 oG 

if-*! = lim t ^ - t ' - t - 1 

( t - 1 ) ( t = + t % t 3 + t 2 + t + 1) x - n ^ + t ^ + t ^ + t ^ + t + l 6 3 ' -J 



10 trQiig diem hoi dUdng hoc sinh gioi mon lOOn 11 -TS Ho^nh hno 

HiPO'ng d i n giai 

a) Dang —, ta c6 

+ 3V3 _ (X + V3)(x̂  -x73+3) _ x̂  - xVs + 3 

Vs-x 3 - x " (x + 73)(x -V3) 

Do 36: lim 
x - V S S - x ^ 

3^3 

2V3 
4x^-5x*+1 ,. ( x - 1 ) ( 4 x * - x 3 - x 2 - x - 1 ) 

b) lim = lim-^ -
'<^ i ( x - 1 ) ( x^ + X - 2 ) ( x - 1 ) ( x ^ + X - 2 ) 

,. 4 x ' ' - x 3 - x 2 - x - 1 ,. (x-1)(4x^+3x2+2x + 1) 
= lim = lim 

x ^ + x - 2 x - ' i (x - 1)(x^ + x + 2) 

,. 4x^+3x^+2x + 1 10 5 
= lim = — = - . 

x^ + x + 2 4 2 
Bai toan 9 .16: T im c^c gidi l ign sau vdi m,n nguyen du-ang: 

, ,. x" - 1 
a) lim 

x - l x " ' -1 

x" -1 
a) Ta c6: lim = lim 

x->1 x'" - 1 i^-*! 
V<^ix5^ 1,ta c6: 

b) lim 
x->1 

Hir(>ng d i n giai 

x + x^ + x ^ + . . . + X" - n 

x 2 - 1 

x" - 1 . x^ -1 

x - 1 ' x - 1 

X " - 1 ( X - 1 ) ( x " - U x " - 2 + . . . + X + 1) n-1 n-2 n 
= = X + X + . . . + X + 1 

X - 1 x - 1 

nen l i m ^ ^ = 1+ 1 + ... + 1 + 1 = n (c6 n so 1). 
x-»l x - 1 

A ,. x " - 1 ,. f x " - 1 x ' ^ - l l n 
A p d y n g t h i : l i m = lim : = —. 

x-fixf" -1 x-+il x - 1 x - 1 ) m 

b) lim 
x->1 

= lim 
x->1 

= lim 
x^1 

x + x^ + x ^ + . . . + X" - n 

x ^ - l 

x - 1 x^ -1 x^ - 1 

X 2 - 1 x ' - 1 X ^ - l 
• + ...+-

x " - 1 

, „ n - 2 l 1 x + 1 x ^ + x + l x " - V x " - ^ + . . . + f 
• + - + :— + ...+ 

X+1 X+1 X+1 x + 1 

1 2 ^ 3 ^ , n _ n ( n + 1) \ 

= 2^2 2 2 4 " 

pai toan 9 .17: T im c^c gi6i han sau 
x"*^ - (n + 1)x + n i b) lim (1-^xX1 + 2x)..^1 + n x ) - 1 

a)Ta c6 

( x - l f 

Hiro'ng d i n giai 

x " ^ ^ - ( n + 1)x + n _ x""^-1-(n + 1)x + n + 1 

(x - 1 ) ' (x - 1 ) ' 

( x - 1 ) ( x " + x " " U . . . + x - n ) ^ x " - 1 + x"'^-1 + ... + x - 1 

r 

x - 1 —mi! of> 

= (x"'̂  + x " " ' + ... + 1) + (x"" ' + x"'^ +...+ 1) + ... + (x+1) + 1 

,. x"*̂  - (n + 1)x + n , , ^ ^ . n(n + 1) 
Do 36: lim ^- ^ = n + n-1 + n-2 + ...+1 = 

x^1 (x - 1 )2 2 

b)Ta c6 (1+x)(1 + 2x)...(1 + nx) = 1 + !^i!lllx + f(x).x', n6n .-u X) 

lim 
X-+0 

(1 + x)(1 + 2x)...(1 + n x ) - 1 ,. •' + ̂ ^ ^ x + f ( x ) . x ' - 1 
- = lim 

x->0 

n(n +1) 
^ x + f(x).x' , 

= i i m - 2 L l_. , im(£( !L l1) 
"-^o X x^o 2 + f(x).x) = n(ll±l 

2 
Bai toan 9 .18: T im c^c gi6i h?n sau 

a) lim ̂ ^-j^ ' 

Hu'd'ng d i n giai 

a) _V^ 7 2 - V 2 ^ ^ ( 2 -xX^ / ;^£^^^ /3^) 

' " ^ V x ^ - N ^ ^ ''-2(2X-4)(N/X72+>/2X) 

a Ijm N/X + 1 + - X ^ _2_ ^ 2 * 
' ' - * ' - 2 (V^ + 7 2^)" -8 4 ' 

•G 

b) l i m ^ ^ L l ^ T ^ 
x-*l X - 1 

x^ l<hi X - > 1 thi t 1 

\5!"-2>/î  + 1 .. -21^ + 1 = l im-
X - 1 x ^ i {6 _ .| 

lim ( t - 1 ) ( t ^ - t ' - t - 1 ) 

o5 oG 

if-*! = lim t ^ - t ' - t - 1 

( t - 1 ) ( t = + t % t 3 + t 2 + t + 1) x - n ^ + t ^ + t ^ + t ^ + t + l 6 3 ' -J 



Wtrqng diSm !^6i duong hoc sinh gioi m6n To6n 11 - LS Hodnh Phd 

Bai toan 9. 19: Tim cac giai han sau 
, V2x - 1 + - 3 x + 1 a) lim-

X^-1 

^, ,. \/x-2 + x̂  - x + 1 b) lim-
x̂  - 4x + 3 

Hipang d i n giai 
, V2x -1 + x̂  - 3x +1 V2x -1 -1 x2-3x + 2 

a) = + : x ^ - 1 
V2X-1 - 1 ̂  x^ - 3x + 2 

x"-1 x^-1 

x-2 
x^- l x2-1 (x + 1X72X -1+1) x + 1 

r> •• V2x-1 + x2-3x + 1 2 1 -
Do (36 lim^^ ; = - - - = ̂ -

x^- l 4 2 
b) f(x) = 

\/x-2 + x̂  - X + 1 ^x - 2 + 1 ^ x^-x 

{x-1)(x-3) 

x̂  - 4x + 3 x̂  - 4x + 3 x̂  - 4x + 3 
x -1 , x(x -1) 

(x-1)(x-3) ^ ( x -2f -^Ix^ +1 

1 : 

( x - 3 ) ^{x-2f -^f^ + ^ x - 3 

Dodo limf(x) = — + 4: = -?-
x ^ i ' - 6 -2 3 

Bai toiin 9. 20: Tim cac giai hgn sau 

a) lim 
x-*0 

7i+4x.?/i4o<-i ?/77X+N/3TX-4"' 
b) im : 

-̂1 x^_1 

a) 

Hirang d i n giai 

Vi + 4x.?/i + x - i Vi + 4x^/T7x-?/i7x+^/T7x-i 

7l + 4 x + 1 3/(1 + x)2 + ̂ / u x + 1 

^ , ,. Vl + 4 x . ? / u x - 1 _ 4 1 7 
Do do: lim = - + - = - . 

x-»o X 2 3 3 
b)f(x) 

= v̂ 7 + x+V3 + x - 4 _ ^7+ 7 - 2 ^ A/3 + X - 2 

x^-1 x^-1 x^-1 

Ct,^ TNHHMTVDWH Hhang Vi$t 

Ta c6-
x-1 

X^-1 (x3_1) 

1 

^(7 + x)̂  + ^7 + x + 4 

(x^+x + 1) + +^7 + x + 4 

x-1 

^ ŝTT" (x̂  - 1)(V'37X +2) (x̂  + X + 1)(V37X + 2) " ^ '̂ ^^ 

n6nlimf(x) = ̂  + ̂  = f 

Bai toan 9. 21: Tim cac giai han sau 
3 r 

- - \ 

a) lim 
Vx^-x /x 

x->8 X - 8 
b) lim %/x72 - ^x + 20 

"-^7 ^/xTg - 2 
Hu'O'ng d i n giai 

7 ^ - ^ _ , . 7 x ^ - 2 + 2 - ^ a) lim = lim 
x-»8 X - 8 X - . 8 x - 8 

= 11^ (^I^-2){J^ + 2) ^ , . ^ ( 2 - ^ ) ( 4 + 2 ^ + ^ ) 
( x -8 ) ( ^ / ) ^ ^ + 2) ( x -8 ) (4 + 2 ^ + ^ ) 

= 1 -JL = I 
~ 4 12 ~ 6 

b) , j ^ ^ / ; ^ - 3 + 3 - ^ 
'"-̂ ^ 7 x 7 9 -2 7 x 7 9 -2 

Tac6 lim ̂ - ^ = lim ^ =1 
x->7 x - 7 '^-^^1x72 +3 6 

, i^3-77r^ „ 

' 6t 0(1 

• ( • 

20 

X-.7 

* lim 
X->7 

IÎ T;; 

x - 7 
-= lim 7 - x 

I I I . — — 

(X - 7)(9 + 37x + 20 + 7x + 20 )2 ) 

-1 -1 

. x + t 

! nil! 

9 + 3^x + 20 + ̂ (x + 20)3 27 

x - 7 

•3(OS ̂  

lim Vx + 9 - 2^ 
x-*? x - 7 (X _ 7 ) ( ( 4 / 7 ^ ) 3 ^2(7x^9)2 + 4(7x79)^ + 8) , , . 

mi' (6 

X-*7 
' yfix + 9f + 27(x + 9f + 4^l(x + 9f +8 2̂ 



Wtrqng diSm !^6i duong hoc sinh gioi m6n To6n 11 - LS Hodnh Phd 

Bai toan 9. 19: Tim cac giai han sau 
, V2x - 1 + - 3 x + 1 a) lim-

X^-1 

^, ,. \/x-2 + x̂  - x + 1 b) lim-
x̂  - 4x + 3 

Hipang d i n giai 
, V2x -1 + x̂  - 3x +1 V2x -1 -1 x2-3x + 2 

a) = + : x ^ - 1 
V2X-1 - 1 ̂  x^ - 3x + 2 

x"-1 x^-1 

x-2 
x^- l x2-1 (x + 1X72X -1+1) x + 1 

r> •• V2x-1 + x2-3x + 1 2 1 -
Do (36 lim^^ ; = - - - = ̂ -

x^- l 4 2 
b) f(x) = 

\/x-2 + x̂  - X + 1 ^x - 2 + 1 ^ x^-x 

{x-1)(x-3) 

x̂  - 4x + 3 x̂  - 4x + 3 x̂  - 4x + 3 
x -1 , x(x -1) 

(x-1)(x-3) ^ ( x -2f -^Ix^ +1 

1 : 

( x - 3 ) ^{x-2f -^f^ + ^ x - 3 

Dodo limf(x) = — + 4: = -?-
x ^ i ' - 6 -2 3 

Bai toiin 9. 20: Tim cac giai hgn sau 

a) lim 
x-*0 

7i+4x.?/i4o<-i ?/77X+N/3TX-4"' 
b) im : 

-̂1 x^_1 

a) 

Hirang d i n giai 

Vi + 4x.?/i + x - i Vi + 4x^/T7x-?/i7x+^/T7x-i 

7l + 4 x + 1 3/(1 + x)2 + ̂ / u x + 1 

^ , ,. Vl + 4 x . ? / u x - 1 _ 4 1 7 
Do do: lim = - + - = - . 

x-»o X 2 3 3 
b)f(x) 

= v̂ 7 + x+V3 + x - 4 _ ^7+ 7 - 2 ^ A/3 + X - 2 

x^-1 x^-1 x^-1 

Ct,^ TNHHMTVDWH Hhang Vi$t 

Ta c6-
x-1 

X^-1 (x3_1) 

1 

^(7 + x)̂  + ^7 + x + 4 

(x^+x + 1) + +^7 + x + 4 

x-1 

^ ŝTT" (x̂  - 1)(V'37X +2) (x̂  + X + 1)(V37X + 2) " ^ '̂ ^^ 

n6nlimf(x) = ̂  + ̂  = f 

Bai toan 9. 21: Tim cac giai han sau 
3 r 

- - \ 

a) lim 
Vx^-x /x 

x->8 X - 8 
b) lim %/x72 - ^x + 20 

"-^7 ^/xTg - 2 
Hu'O'ng d i n giai 

7 ^ - ^ _ , . 7 x ^ - 2 + 2 - ^ a) lim = lim 
x-»8 X - 8 X - . 8 x - 8 

= 11^ (^I^-2){J^ + 2) ^ , . ^ ( 2 - ^ ) ( 4 + 2 ^ + ^ ) 
( x -8 ) ( ^ / ) ^ ^ + 2) ( x -8 ) (4 + 2 ^ + ^ ) 

= 1 -JL = I 
~ 4 12 ~ 6 

b) , j ^ ^ / ; ^ - 3 + 3 - ^ 
'"-̂ ^ 7 x 7 9 -2 7 x 7 9 -2 

Tac6 lim ̂ - ^ = lim ^ =1 
x->7 x - 7 '^-^^1x72 +3 6 

, i^3-77r^ „ 

' 6t 0(1 

• ( • 

20 

X-.7 

* lim 
X->7 

IÎ T;; 

x - 7 
-= lim 7 - x 

I I I . — — 

(X - 7)(9 + 37x + 20 + 7x + 20 )2 ) 

-1 -1 

. x + t 

! nil! 

9 + 3^x + 20 + ̂ (x + 20)3 27 

x - 7 

•3(OS ̂  

lim Vx + 9 - 2^ 
x-*? x - 7 (X _ 7 ) ( ( 4 / 7 ^ ) 3 ^2(7x^9)2 + 4(7x79)^ + 8) , , . 

mi' (6 

X-*7 
' yfix + 9f + 27(x + 9f + 4^l(x + 9f +8 2̂ 



ivffi>/i§ a/gmbOi uuong n(fc ainn gioi mon loan i i~is HannhPnir 

112 
Do (Jo : B = 

27 
Bai toan 9. 22: T im cac gi6i i ian sau: 

a) Mm (Vx^ + x - 74 + x2) b) lim 
2018 2017 

1 - x 2018 1 - X 2017 

H y a n g d i n giai 
Dang v6 djnh 00 - 00 

a) V ^ i mpi x < - 1 , ta c6: 

Vx̂  + x - + X^ = 
x - 4 x - 4 

Vx^ + X + 74 + x̂  1 + ^ + 1 + 

x - 4 
1 -1 

X 

-xj1 + | - x j l + ^ 
1 - 4 

D o d o lim (7x^ + x - ^ 4 + x^) = — = . 
X - » - c o -1-1 

1 n - ( 1 + x + x ^ + . . . + x""^) 

~ ~ 1 - x " 
b) Ta C O 

1 - x " 1 - x 

1 - x l - x ^ 1 - x 
• + +. . . + 

n-1 

1 - x " 1 - x " 

1 

1 + X + ... + x""^ 1 + X + . . . + X' 

1 - x " 

1 + x 
n-1 • + ...+-

1 + X + . . . + X 
n-2 

1 + X + . . . + X' 
n-1 

Do (J6 lim 
x-»1 

1 

1 - x " 1 - X 

Ap dung v^o b^i to^n: 

^ 1 + 2 + ... + ( n - 1 ) _ (n -1 )n _ n - 1 
n " 2n " 2 

lim 
x->1 

^ 2018 2017 ^ 

I l - x 2 ° ^ « 1 - X 
^ 2 0 1 8 - 1 2 0 1 7 - 1 1 

2 2 " 2 
Bai toan 9. 23: T im cac g i^ i han sau: 

^2017 

,. , 2018 1 - lim 
x ^ l 

2017 1 
1 _ x 2 0 i ^ 1 - x , 

3x a) lim (x^+l) ^ ^ 
x->(-i)+ V x̂  - 1 

Dgng v6 dinh O.oo 

b) lim 
x + 4 

Mill — 

x - * 2 ( x - 2 ) v 4 - x 

Huo-ng d i n giai 

(X 

_ - | < X < 0 , ta c6: 

3x 
. 3+1) U ,2 

= (x + 1Xx2 - X + 1),, 
x^-1 ' V (x-1)(x 

= 0. 
I 3x 

lim 
x + 4 

= +00. 

x->1 

; ' ^ 2 ( x - 2 ) 2 •V4-X 

Bhi toan 9. 24: T im cac giai hgn sau: 

1975 
a) lim ^ 

' x-^i(x-1)(x2-3x + 2) 

IHipang d i n giai 

1975 1 1975 

( x - 1)(x2 - 3 x + 2) ( x - 1 ) 2 x - 2 

Vi l i m — ^ — = +00 l i m ^ ^ ^ = - 1 9 7 5 < 0 nen 

r 1 - x " Vx2+3x + 4 

x-*Mx-l)^ 

lim l^ZS 
'<-»Mx-1)(x2-3x + 2) 

x->i X - 2 

= —00 

b)V6' ix< 1 , tac6 : 

1 x 2 - 3 x + 2 1 ( x - 1 ) ( x - 2 ) 

1-x"Vx2 + 3x + 4 (1 -x ) (1 + x + ... + x"-^)V x2+3x + 4 

1 x - 2 

1 + x + ... + x"-^ V ( x - 1 ) ( x ^ + 3 x + 4) 

Do36 lim ^ U'-3x + 2 
= +00. 

g , . x - r 1 - x " V x ^ + 3 x + 4 
" toan 9. 25: T im cac gi6i hgn sau: 

a) l i n ^ t a n x - s i n x 

s in^x 
b) lim 1 + s i n x - c o s x 

)̂ l im tanx -s inx ,. 1 - c o s x , 
» = lim — = iim 

x - > o i - s i n x - c o s x 

IHu'O'ng d i n giai 

1 1 
sin^x " ^ o c o s x . s i n ^ x "-•o cos x(1 + cos x) 2 
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27 
Bai toan 9. 22: T im cac gi6i i ian sau: 
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2018 2017 

1 - x 2018 1 - X 2017 
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x - 4 x - 4 
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x - 4 
1 -1 

X 

-xj1 + | - x j l + ^ 
1 - 4 
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X - » - c o -1-1 

1 n - ( 1 + x + x ^ + . . . + x""^) 

~ ~ 1 - x " 
b) Ta C O 
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• + +. . . + 

n-1 

1 - x " 1 - x " 

1 

1 + X + ... + x""^ 1 + X + . . . + X' 

1 - x " 

1 + x 
n-1 • + ...+-

1 + X + . . . + X 
n-2 

1 + X + . . . + X' 
n-1 

Do (J6 lim 
x-»1 

1 

1 - x " 1 - X 
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^ 1 + 2 + ... + ( n - 1 ) _ (n -1 )n _ n - 1 
n " 2n " 2 

lim 
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^ 2018 2017 ^ 

I l - x 2 ° ^ « 1 - X 
^ 2 0 1 8 - 1 2 0 1 7 - 1 1 

2 2 " 2 
Bai toan 9. 23: T im cac g i^ i han sau: 
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10 trpng diem hoi dUdng hoc sinh gidi mdn Toan ' 7 ;e floanhHno 

2 s i n 2 - + 2s in -cos -b) , i^1 + sinx-cosx ^ 2 2 2 . 
X - . 0 1 - sin X - cos X - ° 2 sin^ ̂  - 2 sin ̂  cos J 

2 2 2 

s i n | + cos^ 
= l i m — ^ ^ = x—: = "^-

x-»o . X X 0 -1 
sin — cos-

2 2 
Bai toan 9. 26: Tim cac gidi iign sau: 

, ,. 1-cosx.cos2xcos3x 
a) lim — 

x->0 

sin(a + x)sin(a + 2x ) -s in2 
D) Mm 

x - O X 1-cosx 
Hu'O'ng din giai 

a) 1 - cosx.cos2x.cos3x = 1 - cosx + cosx(1 - cos2x.cos3x) 
= 1 - cosx + cosx [1 - cos2x + cos2x(1 - cosSx)] 
= 1 - cosx + cosx(1 - cos2x) + cosxcos2x (1 - cos3x) 

1-coskx 
1-cosx 

« • 2 kx 2sin^ — 
2 _ 

^ • 2 X 

2sin^-

r . kx l sin — 2_ 
l<x 

X 

2 
. X 

sin — 
2 

nen lim 
x->0 

1-cosx. cos 2x COS 3x 

= lim 
x->0 

1 + cosx. 

1 - C O S X 

1-cos2x 
1 - C O S X 

= 1 + 1.4 + 1.9 = 14 
b) sin(a + x)sin(a + 2x) - sin^a 

+ COSX. cos 2x. 
1-cos3x 
1-cosx 

= -^[cos(2a + 3x) - cosx] (1 - cos2a) 

= [cos(2a + 3x) - cos2a] - ^ [1 - cosx] 

= sin(2a + - X ) sin sin'^-. 
2 2 2 

„ .• sin(a + x)sin(a + 2x)-sin^a 
Do 36 i i m — — ^ 

x-»0 X 

I - 3 . = lim—sin x-»o 2 
2a + ̂ x 

2 

.'J ^ 

( . 3x^ r . x i sin — 
2 ,. 1 . X 

- Iim — sin — 
s in -

2 3 
= -sin2a 3x X-+0 2 2 X 2 

I 2 > . 2 ) 

9. 27: Tinh cic gidi hgn sau: 

a) Ĵ o 1 - C 0 S 2 X 

1-72x^+1 

-2x 

b) l i ^ l - V g ^ + sinx 
V3X + 4 - 2 - X 

Hu'6ng din giai 
2 / ^2 

a) i , c o s 2 x 2sin2x(1 +V2x%1) 

1-72x^ + 1 _ , 1 1 
Do'̂ l̂'iTo 1 - C 0 S 2 X 2 " " 2 -

' X ^ 

sinx 
1 

1 + 72x^+1 ^ 

1--72x + 1 + sinx ^ 
b ) - ; ^ T - 2 - x 

1-72X + 1 ^ sinx) . 7 3 x 7 4 - 2 - : 

-2 sinx -1-x 
J + 72X + 1 X J • V3x + 4 + 2 + X 

^-2 ~ ^ 1-72x + 1 + sinx Dodo Iim—, = 
73X + 4 - 2 - X 

Bai toan 9. 28: Tinti cac gidi han 

+ 1 

a) lim tan 2x.tan 
4 

4 - ^ b) lim sinx -73 cosx 
x->-

3 
t 2 C 0 S X - 1 

Hu'O'ng din giai 

a ) D $ t t = ^ - x t h i x = ^ - t . x - > ^ c > t ^ O 
4 4 4 

lim tan2x.tan(^ - x ) = limtan( J -2t).tant = limcot2t. tant 
x->i 4 t-»o 2 

= l i m ^ ? l ^ ! l i ^ , j m _ ^ £ ^ - I 
'-*osin2t cost 1^02005^1 2 

b) lim sinx -73cosx , ^ s i n x - ^ c o s x 

3 "^3 cos X - c o s -
3 

2sin 
* lim. 

X n 
. c o s 

fx n] 

3 -2 Sin 
X n 

U^6. 
. s i n 

fx n] 
[2~6J 

-cos 
= lim [2 6 

sin 
/ ^ 

— + — 
2 6 

7^-
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Bai toan 9. 29: Tinh c^c gib-i hgn: 

a) l im ( l - x ) t an - b) lim 

Hipo-ng d i n giai 
a) Dat t = 1 - X thi X = t - 1 , X - > 1 <=> t -> 0. 

Iim(1 - x ) t an— = l imt . tan^^^^^ = - l i m t . c o t ^ 

-sin(x^ 

.. 2 Ttt 
= - lim—.cos—. 

1^0 n 2 

Ttt 

2 
. Ttt 

S i n — 
2 J 

2 
71 

b) lim 1 -sin(x^ - 4 ) = lim 
x 2 - 4 s i n ( x 2 - 4 ) 

x ^ 2 x 3 - 8 " " " " ' ^ - 2 x 3 - 8 ' x 2 - 4 

x + 2 sin(x2 ^ 4 1 
= lim — . 

x-»2 + 2x + 4 x - 4 

Bai toan 9. 30: Cho h^m s6 f(x) = 

12 3 

x + 2 + a kh i1<x<9 

x 2 - 8 1 

N / X - 3 
khi X > 9 

Tuy theo tham a x6t sy t6n tai gib'i hgn Nm • 

Hipo-ng d i n giai 
V6i 1 < X < 3 thi f(x) = X + 2 + a n6n: 

lim f{x) = lim(x + 2 + a)=5 + a 
x->9" x->9" 

V x - 3 N / X - 3 

= ( : / ^ z 3 ) i ^ l M ^ = (V;^^3)(x + 9) 
^ - 3 

nen lim f(x) = lim {^[^ + 3)(x + 9) -12(V3 + 3) 
x-^g-' x->9* 

Ta c65 + a = 12(N/3+3)<=>a = 12(N/3 +3)-5, dod6 

khia = 12(>/3 +3)-5 thi limf(x) = 12(73 + 3), 
x->9 

khi a ^ 12( N/3 + 3) - 5 thi khong ton tai lim f{x). 
x->9 

970 

9- 31: Chung minh c^c h^m so sau lien tyc tren R. 

b) g(x) = 

^ - 2 
x - 2 

khi X 2 

khi x = 2 

x-' + x - 2 . . . ^ khi x > 1 
x - 1 

7 x - 3 khi x < 1 

HiPO'ng d i n giai 
s6fxacdinh tren R. a) H^m 

v 4 x - 2 
yjjj X ̂  2 thi f(x) = — lien tyc 

v/(̂ i X = 2 thi f(2) = - l i m f ( x ) = l im ' ^ ' ^ 
3 x->2 X —2 

= lim 
4 x - 8 = lim 

' ' - 2 ( x _ 2 ) r ^ ^ + 2 ^ + 4 l ""'^'167 + 2 ^ + 4 

= I = f(2) nen f lien tyc tai x = 2. Vgy h^m s6 lien tyc tren R. 
3 

b) H^m s6 xac djnh tren R. 

Vĉ i x > 1 thi g(x) = x^ + X - 2 lien tyc 
x - 1 

Vol X < 1 thi g(x) = 7x - 3 lien tyc 
Vai x = 1 thi g(1) = 4 va lim g(x) = lim (7x - 3) = 4 

x->1 x->1 

lim g ( x ) . lim . O^'W'^>^^2) 
x-*1^ x~»1+ x - 1 X - 1 

= lim (x^ + X + 2) = 4 = lim g(x) 
x - r 

nSn lirTig(x) = 4 = g(1): lien tyc.Vly ham s6 g lien tyc tren R. 

Bai toan 9. 32: Chtrng minh cac ham s6 sau lien tyc tren tgp xac <^nh. 

3 ) ^ ( x ) = V ^ b)g(x)= 78-2x2 
9> ̂  Hu'O'ng d i n giai 

H^m s6 f xac dinh khix + 8 > 0 o x > - 8 . D = [-8; +00) 

0̂'' rnpi Xo e (-8; +00): lim f(x) = lim 7x78 - Jx +8 = f(x ) 

° ^6 f lien tyc tren khoang (-8; +00) 

'im f(x) = 7-8 + 8=0 = f(-8). Vgy f lien tyc tren D. 

0 7 1 
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0 7 1 



b) Ham so g(x) = Vs - ^^c dinh tr§n D = [-2; 2] 

Vai mpi Xo e (-2; 2) ta c6: !im g(x) = = f(x J 

Do do ham s6 f lien tuc tren khoang (-2; 2) 

Va lim g(x) = Vs - 2(-2f = 0 = g(-2) 

lim g(x) = N/8-2.2^ = 0 = g(2) .V$y ham s6 f lien tuc tren D. ^ ' 

Bai toan 9. 33: Tim cac gia tri cua tham s6 d l ham s6 lien tyc tai x = 2. • 

Vx + 2 - a 
b) g(x)= ' a) f(x) = 

^!Lz^^ k h i x < 2 
-2x 

mx + m + 1 khi X >2 
Hu'O'ng din giai 

a) Ta C O f(2) = 2m + m + 1 = 3m + 1 
lim f(x) =2m + m + 1=3m + 1= f(2) va 

. khi x 
Vx + 7 - 3 
x2-3bx khlx = 2 

x->2+ 

lim f(x) 
,. x 2 - 3 x + 2 , (x-1))(x-2) ,. x - 1 1 = lim = lim ——:—-= lim = -

x-" - 2 x x->2~ x(x-2) x ^ 2 - X 

Ham s6 f lien tuc tai dilm x = 2 khi 3m + 1 = « m = - - i . 
2 fa 

b) Ta C O g(2) = 4 - 6b. 
Khix ^ 2 thi Vx + 7 - 3->0;Vx + 2 - a ^ 2 - a . 
Gia su a ^ 2 thi giai han khong hOu han: loai nen a = 2. 

.. , , , V x 7 2 - 2 ,. (x -2) (Vx77+3) 
lim g X = lim , = lim " . -
'<-2 x^2 7 x 7 7 - 3 '<-*2(x_2)(Vx + 2 + 2) 

,. Vx + 7 + 3 6 3 
= hm . — = T = 7:-

'<^2 7x + 2 + 2 4 2 
Vay ham s6 lien tuc tai x =2 khi va chi khi: 

3 5 
a = 2; lim g(x) = g(2) <^a = 2;4-6b = - » a = 2;b = — . 

X .2 2 12 
Bai toan 9. 34: Tuy theo tham so, xet sy lien tyc cua h^m s6: 

f(x) = 
^ x - 1 
ax + b 
x^ + 4x + 3 

x^ -9 

khi x > 1 

khi - 3 < x < 1 

khi X < -3 

272 

Hu'O'ng din giai 

Tao x^c djnh D = R. V6i X > 1 thi f(x) = ^^^^^ lien tyc 
'•^^ \ / x -1 

_3 < X < 1 thi f(x) = ax + b lien tyc 

^^i X < -3 thi f(x) = ^ " " / ^ ^ ^ li§n tyc vfe\

Vdix=1thif(1) = a + b ' x . v { « 

f(x) = lim (ax + b) = a + b = f(1) «y 

^ lim^JL^ „ ^ x - 1 ^ + ̂  + 1 
lim f(x)= I'm r 7 = — = lim ^ = '-

x-.1^</x-1 x ^ f (x-1)(Vx+1) 

x->i^ Vx +1 2 
Vb-i X =-3 thi f(-3) =-3a + b 

lim f(x)= lim (ax + b) =-3a + b = f(-3) 
x-*(-3)+ x-^(-3)+ 

,im f(x)= lim i ^ l ± i ^ = lim ^^^ ' )^^^^) 
x - * ( -3 r X ^ - 9 x^( -3) - ( X - 3 ) ( X + 3) 

x-»(-3)" X - 3 -6 3 

3 1 
V$y; a + b = - ; -3a + b ̂  - thi f gian doan tai x = -3 

^ o 
3 1 

a + b ,4 - ; -3a + b = - thi f gi^n dogn tai x = 1 

3 -j 
a + b 5^ - ; _3a + b - thi f gian doan tai x = -3, x = 1 

3 / 

3 + b = | ; _ 3 a + b = ^ o a = : ? ; ^ , b = | ^ thi f lien tyc tren R. 
B'- . 4 24 ! 

toan 9. 35: Chu-ng minh phu'ang trinh 
a) + 6x' - x' + 2x + 123 = 0 c6 nghi$m 
b) 3x' - - 6x2 + 12x - 20 = 0 c6 2 nghj^m. 

gv Hu'O'ng din giai 
"0t f(x) = x̂  + 6x« - x^ + 2x + 123 thi f lien tuc tren R 

b) ' ̂  ^° f(0) = 123, f(-6) = - 1296 nen f(-6).f(0) <0 : dpcm. ^ 
f(x) = 3x' - 4x' - 6x' + 12x - 20 thi f lien tyc tren R 

'ac6f(0) = -20 



b) Ham so g(x) = Vs - ^^c dinh tr§n D = [-2; 2] 

Vai mpi Xo e (-2; 2) ta c6: !im g(x) = = f(x J 
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-2x 
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. khi x 
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lim f(x) 
,. x 2 - 3 x + 2 , (x-1))(x-2) ,. x - 1 1 = lim = lim ——:—-= lim = -
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2 fa 
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Gia su a ^ 2 thi giai han khong hOu han: loai nen a = 2. 
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,. Vx + 7 + 3 6 3 
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'<^2 7x + 2 + 2 4 2 
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3 5 
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X .2 2 12 
Bai toan 9. 34: Tuy theo tham so, xet sy lien tyc cua h^m s6: 
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^ x - 1 
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x^ -9 

khi x > 1 

khi - 3 < x < 1 

khi X < -3 
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Hu'O'ng din giai 
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^ lim^JL^ „ ^ x - 1 ^ + ̂  + 1 
lim f(x)= I'm r 7 = — = lim ^ = '-

x-.1^</x-1 x ^ f (x-1)(Vx+1) 

x->i^ Vx +1 2 
Vb-i X =-3 thi f(-3) =-3a + b 

lim f(x)= lim (ax + b) =-3a + b = f(-3) 
x-*(-3)+ x-^(-3)+ 

,im f(x)= lim i ^ l ± i ^ = lim ^^^ ' )^^^^) 
x - * ( -3 r X ^ - 9 x^( -3) - ( X - 3 ) ( X + 3) 

x-»(-3)" X - 3 -6 3 

3 1 
V$y; a + b = - ; -3a + b ̂  - thi f gian doan tai x = -3 

^ o 
3 1 

a + b ,4 - ; -3a + b = - thi f gi^n dogn tai x = 1 

3 -j 
a + b 5^ - ; _3a + b - thi f gian doan tai x = -3, x = 1 

3 / 

3 + b = | ; _ 3 a + b = ^ o a = : ? ; ^ , b = | ^ thi f lien tyc tren R. 
B'- . 4 24 ! 

toan 9. 35: Chu-ng minh phu'ang trinh 
a) + 6x' - x' + 2x + 123 = 0 c6 nghi$m 
b) 3x' - - 6x2 + 12x - 20 = 0 c6 2 nghj^m. 

gv Hu'O'ng din giai 
"0t f(x) = x̂  + 6x« - x^ + 2x + 123 thi f lien tuc tren R 

b) ' ̂  ^° f(0) = 123, f(-6) = - 1296 nen f(-6).f(0) <0 : dpcm. ^ 
f(x) = 3x' - 4x' - 6x' + 12x - 20 thi f lien tyc tren R 

'ac6f(0) = -20 



M$t kh^c : lim f(x) = +co n6n t6n tgi x, < 0 f(xi) > 0 
X - > - o o 

lim f(x) = + 0 0 n § n t6n tgi X2 > 0 f(x2) > 0 
X - » + c O 

do 66 f(0).f(xi) < 0 va f(0). f(X2) < 0 , ^ 
nen 3 Xo e (x,; 0) x'o € (0; X2) d l f(Xo) = 0 f(x'o) = 0 
Vay phu-cng trinh d§ cho c6 2 nghi^m. - * €-

Bai toan 9. 36: Chu'ng minh phu-o-ng trinh 
a) 2x̂  - 6x + 1 = 0 CO 3 nghi^m phSn bi^t 
b) x̂  - 5x' + 4x - 1 = 0 c6 5 nghi^m phSn bi^t. 

Hiwng din giai 
a) D$t f(x) = 2x^ - 6x + 1 thi f ii^n tyc tr§n R 

Ta c6 f(0) = 1, f( 1) = - 3 , f(2) = 5, f(-2) = - 3 
f(-2).f(0) < 0 ; f(0).f(1) < 0 ; f(1).f(2) < 0 

Vay phu-o-ng trinh c6 3 nghipm tren cSc khoang (-2; 0 ) ; (0; 1) (1; 2) 
b) Xet ham so f(x) =x̂  - 5x̂  + 4x - 1 , khi d6 f(x) lien tgc tren R 

f(-2) = - 1 , f ( - | ) = | | , f(0) = - 1 , f ( | ) = f(1) = - 1 . f(3) = 119 do do 

f(_2).f(-|)<0; f (-|).f(0) <0: f(0).f(^) <0; f(^).f(1) <0; f(1).f(3) = - 119 <0 

3 
nen phuang trinh c6 5 nghi^m phSn bipt thupc 5 khoang ro-i nhau: (-2; 

( - | ; 0 ) , ( 0 ; l ) , ( | ; 1 ) v ^ ( 1 ; 3 ) . 

Bai toan 9. 37: ChCcng minh phu'ang trinh ax̂  + bx + c = 0 Iu6n luon cb 
nghi^m vai mpi tham s6 trong c^c tru-ang hp'p: 

a ) — ^ + - ^ + — - 0 , m > 0 b)5a + 4b + 6c = 0 
m + 2 m + 1 m 

Hu-ang din giai 
a) X6t f(x) = ax̂  + bx + c , khi 66 f(x) lifen tyc tren R. Ta c6 f(0) = c 

nen f( I I l± l) = — Z ^ d o d6f(0) . f ( i l l i^) = — ^ < 0 , m >0 
m + 2 m(m + 2) m + 2 m(m + 2) 

V^y phu'ang trinh luon luon c6 nghi^m vai mpi tham s6 a,b,c,m. 
b) Xet f(x) = ax̂  + bx + c , khi do f(x) lien tyc tren R 

Tac6 f(0) = c, f(2) = 4a + 2b+c. f(^) = | + | + c 

nen f(0) + 4. f ( - ) + f(2) = 5a + 4b + 6c = 0 / 
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do 

^ 1 ^ 
, f(2) phai CO it nhlt 2 so trai dau. 

(j6 tan tai 2 gia trj p,q€|o;|;2 thoaf(p).f(q)<0 

p6n phucng trinh luon luon c6 nghi^m vai mpi tham so a,b,c. j ^ 
. j toan 9. 38: Chiang minh phu'ang trinh sau luon c6 nghi^m: 

a) ^ '̂̂ ^ '® 
b) da thLPC f(x) bac chin c6 it nhit 2 nghi^m khi f(1) + f(3) + f(5) = 0. 

Hiro-ng d i n gia! 
phuong trinh da thu-c b|c le c6 dang U H noi 

aox̂ '"'̂  + aix̂ '̂  + ... + a2mX + aẑ +i = 0, ao ^ 0, m IS s6 ty nhi§n. 
^X^-^UbiX^'"+ ... + b2.X + b2. . i = 0 . 

Xet ham s6 P(x) = x̂ '"*̂  + bix''" + ... + bzmX + b2„,.i , khi d6 ham da thii-c 

P(x) xac djnh va lien tyc tren R. ma 

°̂ x'i"l ^^^^" tai a < 0 de P(a) < 0 v^ lim P(x) = + 0 0 nen t6n 

tai b > 0 d§ P(b) > 0 ^ 
Do do ta luon c6 P(a) . P(b) < 0 nen phu-ang trinh b^c le P(x) =0 luon luon 
CO it nhat 1 nghiem. 
Kk qua: phu-ang trinh b$c 3 luon luon c6 nghiem. 

b) Vi f la ham da thuc bac chin nen lien tyc tren R . 
n6n lim f(x) = + 0 0 ngu ao > 0, lim f(x)= - 0 0 n§u an < 0 

Theo gia thi4t f(1) + f(3) + f(5) = 0 . 
Neu \k ca gia trj f(1) = f(3) = f(5) = 0 thi phu'ang trinh c6 3 nghiem, neu trai 
191, thi trong 3 gia tn f(1), f(2), f(5) phai c6 2 gia tri du-ang va 1 gia tri am 
noSc ngu-gc Igi. 

Do do c6 2 khoang (a, b) va (b,c) de f(a).f(b) < 0 v^ f(b).f{c)<O.Vay f c6 it 
rihat2 nghipm. 

3' toan 9. 39: Chteng minh c^c phu-ang trinh sau Iu6n c6 nghi6m: 

sinx cosx 

)̂ asin3x + b.cos2x + c.cosx + sinx = 0 
Hu>d>ng d i n giai 

'''' '̂ '̂  ^ i i ^ ^ - • lien tyc tren (|; 

^^^f(x) = - . ^ 3 a e ( | ; | . s ) , ( ^ ; ^ . s ) e ( | ; . ) , f ( a ) < 0 



M$t kh^c : lim f(x) = +co n6n t6n tgi x, < 0 f(xi) > 0 
X - > - o o 

lim f(x) = + 0 0 n § n t6n tgi X2 > 0 f(x2) > 0 
X - » + c O 

do 66 f(0).f(xi) < 0 va f(0). f(X2) < 0 , ^ 
nen 3 Xo e (x,; 0) x'o € (0; X2) d l f(Xo) = 0 f(x'o) = 0 
Vay phu-cng trinh d§ cho c6 2 nghi^m. - * €-
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Ta c6 f(0) = 1, f( 1) = - 3 , f(2) = 5, f(-2) = - 3 
f(-2).f(0) < 0 ; f(0).f(1) < 0 ; f(1).f(2) < 0 
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b) Xet ham so f(x) =x̂  - 5x̂  + 4x - 1 , khi d6 f(x) lien tgc tren R 

f(-2) = - 1 , f ( - | ) = | | , f(0) = - 1 , f ( | ) = f(1) = - 1 . f(3) = 119 do do 

f(_2).f(-|)<0; f (-|).f(0) <0: f(0).f(^) <0; f(^).f(1) <0; f(1).f(3) = - 119 <0 

3 
nen phuang trinh c6 5 nghi^m phSn bipt thupc 5 khoang ro-i nhau: (-2; 

( - | ; 0 ) , ( 0 ; l ) , ( | ; 1 ) v ^ ( 1 ; 3 ) . 
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nen f( I I l± l) = — Z ^ d o d6f(0) . f ( i l l i^) = — ^ < 0 , m >0 
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do 
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P(x) xac djnh va lien tyc tren R. ma 

°̂ x'i"l ^^^^" tai a < 0 de P(a) < 0 v^ lim P(x) = + 0 0 nen t6n 

tai b > 0 d§ P(b) > 0 ^ 
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n6n lim f(x) = + 0 0 ngu ao > 0, lim f(x)= - 0 0 n§u an < 0 
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Do do c6 2 khoang (a, b) va (b,c) de f(a).f(b) < 0 v^ f(b).f{c)<O.Vay f c6 it 
rihat2 nghipm. 
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sinx cosx 

)̂ asin3x + b.cos2x + c.cosx + sinx = 0 
Hu>d>ng d i n giai 

'''' '̂ '̂  ^ i i ^ ^ - • lien tyc tren (|; 

^^^f(x) = - . ^ 3 a e ( | ; | . s ) , ( ^ ; ^ . s ) e ( | ; . ) , f ( a ) < 0 



lim f(x) = +00 => 3b e (n - e'; 7i),(7i - e'; n) c (^; 7i)f(b) > 0 2 ' 

do 66 f(a).f(b) < 0 vd-i mQi m:dpcm. 
b) Xet h^m so f(x) = a.sin3x + b.cos2x + c.cosx + sinx , khi do f(x) lien tyc tr̂  

R. T a C O f(0) = b + c , f ( - ) = - a - b + 1 
2 M 

f ( K ) = b - c , f ( ^ ) = a - b - i Ĵ ;; 

, 7 t . ... „ 3 7 l * nen f(0) + f ( | ) + Kn) + f ( y ) = 0 vol mpi a,b,c 

thoa f(p).f(q)<0 do d6 t6n t?i 2 gia trj p,q € • 0;—;::; — 

nen phuang trinh luon luon c6 nghi$m vb-i mpi tham s6 a,b,c. 
Bai toan 9. 40: ChCpng minh phuang trinh: 

a) ab(x - a)(x - b) + bc(x - b)(x - c) + ca(x - c)(x - a) = 0 luon c6 nghiem 

b) x^ - 3x + 1 = 0 C O 3 nghiem Xi < X2 < X3 va thoa X 3 = 2 + Xa. 

Hirang din giai 
a) D§t f(x) = ab(x-a) (x-b) + bc(x-b) (x-c) + ac(x-a) (x-c) thi f lien tyc tren D= R. 

Ta c6: f(a) = be (a-b) (a-c), f(b) = ac (b-a) (b-c), f(c) = ab (c-a) (c-b) 
nen f(a).f(b).f(c) = -a^b^c^ (a-b)^ (b-c)^ (c-a)^ < 0 isr l : 
Do do trong 3 gia trj f(a), f(b), f(c) c6 mpt gi6 tri khong dtfang, gia suf la f(a 
Ma f(0) = a^b^ + b^c^ + a^c^ > 0 nen f(a) . f(0) < 0 va f lien tyc tren R. Vi 
phucng trinh luon c6 nghiem v^i mpi a, b, c 

b) Ta C O f(x) = x^ - 3x + 1, lien tyc tren R 
va f(-2) < 0 , f(-1) > 0, f(1) < 0, f(2) > 0 
Suy ra phu-ang trinh f(x) = x^ - 3x + 1 = 0 c6 ba nghiem Xi, X2, X3 thoa 

-2 < Xi < - 1 < X2 < 1 < X3 < 2 
Do do 3 nghiem cua phuang trinh deu thoa i Xi I < 2. 
D$t X = 2.cosa, 0 < a < 180° thi: x^ - 3x + 1 = 0 

c=> 8cos^x - 6cosx + 1 = 0 <:> 2cos3a = - 1 o cos3a = - -
2 

Vdi: a € [0°, 180°] thi c6 3 goc thoa man la: 
ai =40°, a2 = 80°, as = 160°. 

Vgy xi = 2.cos160°, X2 = 2.cos80°, X3 = 2.cos40° v^ 

x^ = 4cos^40° = 2(1 + cos80°) = 2 + 2.cos80° = 2 + Xj. 

CtvTNHHM1\'DWH Hhnnq Vi$t 
•j toan 9. 41: Cho a,b,c,d Id ckc so thyc. ChiFng minh neu phu-ang trinh 

+ (b + c)x + d + e =0 C O nghiem thyc thupc [1; +00) thi phuang trinh: 
g / +bx^ +cx^ +dx + e =0 cung c6 nghiem thyc. 

Hiro-ng din giai 
j thupc [1 ;+oo) IS nghiem thyc cua phyang trinh cho thi 
aXo^ + (b+c)xo +d + e =0 hay: axô  +cxo + e = -(bxo +d ) 

•0. ham s6 f(x)= ax" +bx̂  +cx^ +dx + e, khi do thi f lien tyc tren R. 

Ta c6 f(̂ /><̂ ) = + + e) + ^ ( b x ^ + d) 

f(-xS) = (axo' + CXQ + e) - ^x^ibx^ + d) 

suy ra f(VXo )-f(-V'<o) = ( a v + CXQ + e f - Xo(bXo + dr 

= (axg^ + CXQ + Qf - Xglaxo^ + cx^ + e f 

= (3X0^ +cXo +e ) 2 (1 -Xo )<0 

Do 66 phyo-ng trinh f(x)=0 c6 it nhit 1 nghiem thuOc dogn -.Jx^;-y/x^ . 

V|y phyang trinh ax'' +bx̂  +cx^ +dx + e =0 c6 nghiem thyc. 
Bai toan 9. 42: Cho 2 ham so f(x),g(x) lien tyc tren R va thoa man 

f[g(x)]=g[f(x)]. Chyng minh n§u phyang trinh : f(x)= g(x) v6 nghiem thi 
phyang trinh f[f(x)]=g[g(x)] cung v6 nghiem. 

IHyang din giai 
Vi phyang trinh f(x)= g(x) v6 nghiem va f(x), g(x) lien tyc tren R n§n c6 2 
kha nSng xay ra, hoSc 

f ( x ) -g (x )>0 ,Vx^f ( x )>g (x ) ,Vx 
=> f(f(x)) > g(f(x)) = f(g(x)) > g(g(x)), Vx 

do 66 phyang trinh f[f(x)]=g[g(x)] v6 nghiem, ho$c 
f(x) - g(x) < 0, Vx => f(x) < g(x), Vx 

=>f(f(x))<g(f(x)) = f(g(x))<g(g(x)),Vx 
do 36 phyang trinh flf(x)]=g[g(x)] v6 nghiem 
^^y trong ca 2 tryd'ng hp-p thi phyang trinh v6 nghiem. 

toan 9. 43: Cho phyang trinh x^^ +1 = 4x'' N / X " - 1 . !' 
Tim so n nguyen dyang be nhat de phyang trinh c6 nghiem. 

Hijxyng din giai 
^ C6 di^u kien x" - 1 > 0. Neu n le thi x > 1, c6n neu n chin, khi phyang 

"̂ 1̂ C O nghiem thi phai c6 nghiem x > 1. Do d6 ta chi c i n x6t x > 1. Ap 
^̂ 9̂ b i t dSng thCPC AM-GM: 

^ ^ +1 = (x" + 1)(x^ - x" +1) = (x* + 1)(x*(x'' -1) +1) 

> 2x^2x2 .Vx ' ' -1 = 4 x * .Vx * -1 

> 4x \Vx^ - 1 > 4x^^/x^ - 1 > 4x^^/x - 1 

a 



lim f(x) = +00 => 3b e (n - e'; 7i),(7i - e'; n) c (^; 7i)f(b) > 0 2 ' 
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R. T a C O f(0) = b + c , f ( - ) = - a - b + 1 
2 M 

f ( K ) = b - c , f ( ^ ) = a - b - i Ĵ ;; 

, 7 t . ... „ 3 7 l * nen f(0) + f ( | ) + Kn) + f ( y ) = 0 vol mpi a,b,c 

thoa f(p).f(q)<0 do d6 t6n t?i 2 gia trj p,q € • 0;—;::; — 
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Do do 3 nghiem cua phuang trinh deu thoa i Xi I < 2. 
D$t X = 2.cosa, 0 < a < 180° thi: x^ - 3x + 1 = 0 
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2 
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CtvTNHHM1\'DWH Hhnnq Vi$t 
•j toan 9. 41: Cho a,b,c,d Id ckc so thyc. ChiFng minh neu phu-ang trinh 

+ (b + c)x + d + e =0 C O nghiem thyc thupc [1; +00) thi phuang trinh: 
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aXo^ + (b+c)xo +d + e =0 hay: axô  +cxo + e = -(bxo +d ) 

•0. ham s6 f(x)= ax" +bx̂  +cx^ +dx + e, khi do thi f lien tyc tren R. 

Ta c6 f(̂ /><̂ ) = + + e) + ^ ( b x ^ + d) 

f(-xS) = (axo' + CXQ + e) - ^x^ibx^ + d) 

suy ra f(VXo )-f(-V'<o) = ( a v + CXQ + e f - Xo(bXo + dr 

= (axg^ + CXQ + Qf - Xglaxo^ + cx^ + e f 

= (3X0^ +cXo +e ) 2 (1 -Xo )<0 

Do 66 phyo-ng trinh f(x)=0 c6 it nhit 1 nghiem thuOc dogn -.Jx^;-y/x^ . 

V|y phyang trinh ax'' +bx̂  +cx^ +dx + e =0 c6 nghiem thyc. 
Bai toan 9. 42: Cho 2 ham so f(x),g(x) lien tyc tren R va thoa man 

f[g(x)]=g[f(x)]. Chyng minh n§u phyang trinh : f(x)= g(x) v6 nghiem thi 
phyang trinh f[f(x)]=g[g(x)] cung v6 nghiem. 

IHyang din giai 
Vi phyang trinh f(x)= g(x) v6 nghiem va f(x), g(x) lien tyc tren R n§n c6 2 
kha nSng xay ra, hoSc 

f ( x ) -g (x )>0 ,Vx^f ( x )>g (x ) ,Vx 
=> f(f(x)) > g(f(x)) = f(g(x)) > g(g(x)), Vx 

do 66 phyang trinh f[f(x)]=g[g(x)] v6 nghiem, ho$c 
f(x) - g(x) < 0, Vx => f(x) < g(x), Vx 

=>f(f(x))<g(f(x)) = f(g(x))<g(g(x)),Vx 
do 36 phyang trinh flf(x)]=g[g(x)] v6 nghiem 
^^y trong ca 2 tryd'ng hp-p thi phyang trinh v6 nghiem. 

toan 9. 43: Cho phyang trinh x^^ +1 = 4x'' N / X " - 1 . !' 
Tim so n nguyen dyang be nhat de phyang trinh c6 nghiem. 

Hijxyng din giai 
^ C6 di^u kien x" - 1 > 0. Neu n le thi x > 1, c6n neu n chin, khi phyang 

"̂ 1̂ C O nghiem thi phai c6 nghiem x > 1. Do d6 ta chi c i n x6t x > 1. Ap 
^̂ 9̂ b i t dSng thCPC AM-GM: 

^ ^ +1 = (x" + 1)(x^ - x" +1) = (x* + 1)(x*(x'' -1) +1) 

> 2x^2x2 .Vx ' ' -1 = 4 x * .Vx * -1 

> 4x \Vx^ - 1 > 4x^^/x^ - 1 > 4x^^/x - 1 

a 
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do d6 phu-ang trinh khong c6 nghi$m khi n = 1,2,3,4. 

X6t n = 5, phu-ang trinh tra thanh x^^ +1 = 4x'*Vx^ - 1 

D$t f(x) = x^2 +1 - 4x^Vx^ - 1 , khi d6 f(x) lien tyc tren (1 ;+oo) 

Ta c6 f(1) = 2 > 0, f(^) = (|)^^ +1 - 4 ( | ) ^ - 1 < 0 

Chu-ng minh h^ phu-ang trinh c6 nghi^m . 

(5) , , 
5 5 5 V t. OS 

nen f(x) c6 nghiem x > 1. 
Vgy gia trj n nguyen du-ang b6 nh^t cin tim 1̂  n =5. 

Bai toan 9. 44: Cho 2 h^m so lien tyc f,g: [a;b] ->[a;b] thoa man cac (jj^^ 
ki?n: (1) f[g(x)]=g[f(x)] (2) ham so f(x) dan di^u tSng. 

f(x) = x 
.g(x) = x 

Himng din giai 
O^t h(x)= g(x) - X , khi d6 h(x) lien tyc tren [a;b] 

Theo gia thidt ta c6 h(a)= g(a) - a > 0 va h(b)= g(b) - b < 0 
do do ton tgi c thuoc [a;b] sao cho h(c) =0 hay g(c) = c 
Neu f(c) = c thi c6 di§u phai chu-ng minh. 
Neu f(c) ^ c thi dat X , = f(c),X2 = f(x,) x„ = f(x„_^) 
Vi f(x) dan di0u tSng n6n day { X n } 1̂  day dan di?u c6 gi^ trj thupc doan 
[a;b] nen hpi ty ve Xo thupc [a;b]: lim x„ = x^ 

i f 
Khi d6 g(xi)=g[f(c)]=flg(c)]=f(c) =xi 
BSng quy ngp ta chu-ng minh du-ac g(Xn)=Xn v6i mpi n. 
Vi f(x), g(x) li§n tyc nen chuyin qua gid-i hgn ta c6: 

lim x„ = lim f(x„ J - f(Xo); lim x„ = lim g{xj = gCx̂ ) 
n-»«> " n->oo " ' " n->oo 

n6n f(xo)= g(xo)= xo => dpcm 

Bai toiin 9. 45: Cho h^m s6: f(x) = 
x ^ - x - 7 

2x + 1 
. ChCi-ng minh t6n tgi c e (1:5 

sao cho f(c) = - . 
4 

Hiring din giSi 
7 13 

Ta c6 f(x) li§n tyc tr§n dogn [1; 5] c6 f(1) = - - f(5) = — 

7 
3 11 

n6n theo djnh li v4 gi^ trj trung gian cua ham s6 li§n W*̂  

n6n t6n tgi it nhit mpt di^m c e (1; 5) sao cho f(c) = ^ . 
4 

Cly TNHHMTVDWH Hhong Vl$t 

g^i toan 9. 46: Cho f: [0; 1] ̂  [0; 1] la mpt h^m lien tyc. Chii-ng minh ring t6n 
tai di^m c e [0; 1] sao cho f(c) = c. . 

Hip6>ng din giai 
j(6t h^m so g(x) = f(x) - x tr6n [0; 1] thi g Ii6n tyc tr6n [0; 1] 
Ta c6: g(0) = f(0) - 0 > 0 ; g(1) = f(1) - 1 S 0 '"^ -™ ^ \ 
^ g(0). g(1) < 0 do d6 t6n tgi c e [0; 1] sao cho g(c) = 0 • ^ • 

f(c) - c = 0 ̂  f(c) = c. * ^ . • ^^SJ n6' oi c 

ĝ j toan 9. 47: Cho h^m so f(x) xSc djnh, lien tyc trfin [a;b] mS f(a) ;4f(b). Hai 
c, d bit ki md cd >0. Chipng minh t6n tgi so r thoa mSn 

cf(a) + df(b) - (c + d )f(r) = 0 . " ' ' • 
Himng din giai o /u t^b ivu 

m g(x) = cf(a) + df(b) - (c + d )f(x), khi do g(x) lien tyc tren [a;b]. ' 
Ta c6; g(a) = cf(a) + df(b) - (c + d )f(a)= d( f(b)- f(a)) 

g(b) = cf(a) + df(b) - (c + d )f(b) =c( f(a) - f(b)) ' " 
dod6 g(a).g(b)=-cd(f(b)-f(a) f<^ *^ :® '' 
n§n phu-ang trinh g(x) = 0 c6 nghi^m x = r ' 
V|y t6n tgi so r de cf(a) + df(b) - (c + d )f(r) = 0 . 

Bai toan 9. 48: Cho h^m s6 f(x) x^c djnh, li§n tyc tr§n R. 
Chi>ng minh neu f(0) = f(1) v6-i m nguy6n duang bat ky thi t6n tgi c de 

f(C+I) = f(c). 
m 

Hip6ng din giai 

V6-i m nguygn du-ang . D^t g(x) = f(x + I ) - f(x), khi d6 g(x) li§n tyc tren R. 
m 

Ta c6 t6ng: g(0) + g(I) + g( l ) + ... + g(niz]) 
m m m 

=(f(~)- f(0)) +(f(-| ) )+ ( f ( | ) - f ( | ))+...+(f(1>- )) = f(1) - f(0) = 0 

tit ca c^c gi^ tri g(0) = g(- ) = g(- ) = ... = gcHlzl ) = o thi c6 ngay " 
1̂ / ^ m m m 

qua, c6n tr^i Igi, neu t i t ca giS trj kh6ng d6ng thdyi bing 0 thi ton t?i 2 gi^ 

t1 tr^i diu tu-c 1̂  t6n tgi 2 s6 a,b €{0;I; - ; } d l g(a).g(b) < 0, 
dn^A m m m 
° g(x) c6 nghi^m. ' 

Phu-ang trinh f(x + - ) = f(x) c6 nghi$m x = c: dpcm. 
m 
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Bai toan 9. 49: Cho ham s6 f: [a;b] [a;b], vol a<b va thoa dieu kie^ 
I f(x) - f(y) I < I X - y|, voi mpi X, y phan bi0t thuoc [a;b]. 

Chung minh t6n tgi duy nhlit s6 c e [a;b] sao cho f(c) = c. 
Hiro-ng dSn giai 

My gia thi l t cho thi c6 f(x) lien tgc tren [a;b] 
Xet ham s6 g(x) =| f(x) - x |, khi d6 g(x) lien tgc tren [a;b] 

Dod6t6ntaiC€ [a;b] sao cho: g(c) = min g(x). (*) 
xe[a,bj 

Ta se chu-ng minh g(c) = 0. Gia su- g(c) ^ 0, do do f(c) ^ c . 
!!> bat d i n g thuc da cho thi: | f(f{c)) - f(c) | < | f(c) - c| 
Suy ra g(f(c)) < g(c): mau thuin v^i (*) 
Nen g(c) = 0 nghTa la f(c) = c . 
Gia su- phu-ang trinh f(x) = x con c6 nghi$m Ci c, Ci thuOc [a; b] thi: j 
f(ci) - f(c) I = I Ci - c|: m^u thuan vb-i gia thiet => dpcm. 

Bai toan 9. 50: Cho ham s6 f(x) lien tgc tren R nh|n gi^ trj du-ang Ian gia 
trj am. Chtpng minh t6n tgi d 9̂ 0 va c thoa man: 

f(c) +f(c+d) +f(c+2d) = 0. 
Hirang d i n giai 

Theo gia thi§t thi ton tgi XQ de f(xo) <0. Vi f(x) lien tgc tren R nen t6n tai 
khoang K=(a,b) chupa Xo m^ f(x) < 0 tren do. 
Tren K t6n tai d p so cong ao,bo,Co ma tong f(ao) + f(bo) + f(Co) <0. 
Tii-ong tg- ton tai cap so cong ai,bi,Ci ma tdng f(ai) + f{bi) + f(Ci) >0 
Xet cac ham so a(t) = aot + ai(1-t), b(t) = bot + bi(1-t), c(t) = Cot + Ci(1-t) thi 

a(t), b(t) va c(t) Igp d p so cpng v^i mpi t. , 
D$t g(t) = f(a(t)) + f(b(t)) + f(c(t)), khi do thi g(t) lien tgc tren R 
va c6: g(0) = f(ai) + f(bi) + f(Ci) > 0, g(1) = f(ao) + f(bo) + f(Co) < 0 . 
nen t6n tgi m d l g(m) = 0 
do d6 f(a(m)) + f{b(m)) + f(c(m)) = 0 
Chon d = b(m) - a(m) = c(m) - b(m) thi d 0 => dpcm. 

Bai toan 9. 5 1 : Gia su- c^c h^m so f, g: (0; +*) ^ (0; +oo) li§n tgc v^ thoa dî u 
ki$n: Vx > 0 mS g(x) x ta deu c6: flg(x)] = 1 f(x) ^ 1. 
Chtfng minh ton tai so c > 0 de g(c) = c. i; 

Hirang d i n giai 
Ta dung phan chu'ng:Gia su- g(x) ^ x, Vx > 0 

f[g(x)] = 1 =̂  f(x) ^ 1 Vx > 0 
D$t: h(x) = flg(x)] - f(x) vĉ i x > 0 
Ta CO h(x) lien tgc tren (0, +oo) (do f v^ g lien tgc) 

'h(x) < 0 Vx > 0 

h(x) > 0 Vx > 0 
D6ng thoi h(x) ?t 0, Vx > 0 

C/y TNHHMTVDWH Hhang Vl$t 

c ... . 
u • 

g j x ) = g[g[...g(x)]]] (mhamg) 
Nl̂ u h(x) > 0 VX > 0 thi: f(x) < flg(x)] < ^(x) ] < V x > 0 
N/̂ u h(x) < 0 V x > 0 thi: f(x) > 1Ig(x)] > fIg2(xo] > f[g3(x)] V x > 0 , ^ ^ , ^ 
;;f"^ytheo(1)tathly: 4 nto> 
isj^u: f(x) = 1 thi f[g(x)] ^ 1 ^ f[g2(x)] = 1, . 
(sĵ n f(x) = flg2(x)]; mau thuin, con neu f(x) ^ 1 thi f[g(x)] = 1 • ^ • • 
^f[g2 (x ) ]^1 =>f[g3(x)] = 1 f , .«v 
po do: f[g(x)] = f(g3(x)] cung mau thuin => dpcm. 

gal toan 9. 52: Giai phu'ong trinh 8x^ - 4x^ - 4x + 1 = 0 ^ 
Hu'O'ng d i n giai 

Xet ham s6 f(x) = 8x̂  - 4x̂  - 4x + 1, khi d6 f(x) lien tgc tren R 

Ta CO f(-1) = -7; f(0)= 1; f(I)= - 1 ; f ( l ) = 1 nen f(x) = 0 c6 dung 3 nghiem 

3 nghiem nay thuoc khoang (-1;1). 

Xet khoang ( - 1 ; 1), dat x = cost, 0 < t < K thi phuong trinh: '̂'̂ '̂  
8cos^ t - 4cos^t ^ c o s t + 1 =0 o 4cost( 2cos^t - 1)= 4 ( 1 - sin^t) - 1 

o 4cost.cos2t = 3 -^sin^t <:> sin4t = sin3t ( vi sint > 0 ) •' 

Giai roi chpn 3 nghiem t, = - . t , = — , t , = — 
7 2 7 3 -f ^^.^ 

Vgy phu-ong trinh c6 3 nghi$m x, = c o s - , x , = cos — , x , = c o s — ° 
7 2 7 3 y 

Bai toan 9. 53: Giai phuang trinh sin^ x + 4cos^ x = Scosx. 
Hirang d i n giai 

Do sinx= 0 khong phai la nghiem nen phu-ong trinh tu-ong du-ong Q 

1 + 4cot^x = 3 c o t x . — ^ 
sin^ x ' 

1 + 4cot^x = 3cotx(1 + cot2x) <^ c o t ^ x-3cotx + 1 = 0 . 
^^t t =cob<, h^m so f(t) = t̂  - 3t + 1 lien tgc tren R ''"̂  " 
Ta CO f(-2) = - 1; f(_i) = 3; f ( i ) = _ i . f(2) = 3 pen phuang trinh f(x) = 0 c6 3 
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^ c o s 3 u = - l « u,=^,u,=^,u,^^ 

'°<^6 t , . 2 c o s | , t 3 = 2 c o s f . t 3 = . 2 0 0 3 - 2 ' ^ 

Phuong trinh cho c6 3 nghiem 
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xe[a,bj 
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ki$n: Vx > 0 mS g(x) x ta deu c6: flg(x)] = 1 f(x) ^ 1. 
Chtfng minh ton tai so c > 0 de g(c) = c. i; 

Hirang d i n giai 
Ta dung phan chu'ng:Gia su- g(x) ^ x, Vx > 0 

f[g(x)] = 1 =̂  f(x) ^ 1 Vx > 0 
D$t: h(x) = flg(x)] - f(x) vĉ i x > 0 
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C/y TNHHMTVDWH Hhang Vl$t 

c ... . 
u • 
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7 2 7 3 -f ^^.^ 
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7 2 7 3 y 
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=arccot(2cos—),X2 = arccot(2cos^),X3 = arccot(2cos^) 
9 y y 

Bai toan 9. 54: Giai bat phu'O'ng trlnh Vx + 1 + \/7-x > 2 
Hu^ng din giai 

X§t phu-ang trinh %/xTl + ̂ 7 -x = 2 

0 # t u = N/X+1>0;V = ^ 7 - X 

u + v = 2 u = 2 - v u = 2 - v 

(2 - V)(v2 + 3v + 2) = 0 

Dod6 
v = 2 
V = - 1 
v = -2 

x = - 1 
x = 8 
x = 15 

(chpn) 

Vi f(x) = N/X+1 + ̂ 7 - x - 2 la hSm s6 lien tyc tren [-1; +oo) nen f chi doi dau khi 
qua3dilmx = -1,x = 8,x=15. ,̂ ^̂ ^ ^ , , 

Ta c6: f(7) = Vs - 2 > 0; f(9) = N / T O + ^ - 2 < 0 

f(34) = 7 3 5 + - 2 > 0 
Vay nghi^m cua bit phycng trinh 1̂  - 1 < x < 8, x > 15. 

Bai toan 9. 55: Tinh giai hgn cua d§y so {Un} x^c djnh bo-i: 

u„ = 2".V2 - ^2 + 72 + ... + ̂  (n + 1 diu V") 
l-iu'6'ng d in giai 

oat = V2 + >̂  + ̂ ^ r + ^ (n diu V~) 

Ta chLPng minh quynapdu-p'c v^==2cos-^ n6n 

û  = 2".V2 - ^/2 + /̂2 + ... + ^ 

I = 2"^2-2cos 

= 2""̂  sin 

7t 
2n+1 

in+2 " 2 

= 2", 2.2sin ,2 

)n+2 

V^y: limu^ =lim2"^^-sin 71 ,. 1 2"''̂  
— = l i m — 7 t — - — = — 

2 2""2 2 _7t_ 2 
on+2 

Cf;/ TNHHMTVDWHHhong Vl$t: 

" ^ t o a n 9. 56: Cho hai day so (an), (bp) du-p'c xac djnh nhu- sau: 

+ b„ 
an = ^ '̂̂ ''̂ -^- '̂ ̂ " = V^n-̂ n-i 'Tim limbn va lim an. 

Hyo-ng d in giai 

a = 2015,b = 2016 

cosa = - ( 0 < a < - ) 

a + b bcosa + b ^ o a 
ai= — = ^ = bcos^-

b , = 7 ^ = Jb2cos2| = bcos| 
Ta c6: 

a,+b, bcos^^ + bcos^ 
^ 2 - 2 

2 1- ct 2 a =b cos—cos — 

= = j b W | ^ ^ ^ = bcos|cos| 

a,=bcos^.cos4...cos-^.cos2-^ 
2 2̂  2""̂  2" 

b„ = bcos^.cos-^...cos—.cos — 
2 2 2""'' 2" 

Suyra b̂  = ^ .sina = 
« n . a 

a 
2" bsina 

use n ;̂ 

2" sin sin 
a 

n̂ n: limb, = ^ c6: an = bn .cos^ 
a 2" 

V$y: lima = ^ . l i m c o s ^ = ^ 
a 2" " ' a 

- i l l i i b 
0 • 
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û  = 2".V2 - ^/2 + /̂2 + ... + ^ 

I = 2"^2-2cos 

= 2""̂  sin 

7t 
2n+1 

in+2 " 2 

= 2", 2.2sin ,2 

)n+2 

V^y: limu^ =lim2"^^-sin 71 ,. 1 2"''̂  
— = l i m — 7 t — - — = — 

2 2""2 2 _7t_ 2 
on+2 

Cf;/ TNHHMTVDWHHhong Vl$t: 

" ^ t o a n 9. 56: Cho hai day so (an), (bp) du-p'c xac djnh nhu- sau: 

+ b„ 
an = ^ '̂̂ ''̂ -^- '̂ ̂ " = V^n-̂ n-i 'Tim limbn va lim an. 

Hyo-ng d in giai 

a = 2015,b = 2016 

cosa = - ( 0 < a < - ) 

a + b bcosa + b ^ o a 
ai= — = ^ = bcos^-

b , = 7 ^ = Jb2cos2| = bcos| 
Ta c6: 

a,+b, bcos^^ + bcos^ 
^ 2 - 2 

2 1- ct 2 a =b cos—cos — 

= = j b W | ^ ^ ^ = bcos|cos| 

a,=bcos^.cos4...cos-^.cos2-^ 
2 2̂  2""̂  2" 

b„ = bcos^.cos-^...cos—.cos — 
2 2 2""'' 2" 

Suyra b̂  = ^ .sina = 
« n . a 

a 
2" bsina 

use n ;̂ 

2" sin sin 
a 

n̂ n: limb, = ^ c6: an = bn .cos^ 
a 2" 

V$y: lima = ^ . l i m c o s ^ = ^ 
a 2" " ' a 

- i l l i i b 
0 • 
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3 . B A I L U Y E N T A P 
Bai tap 9. 1: Dung djnh nghTa, tinh c^c gidi han sau: 

a) lim 
x - » 0 

xcos — 
X 

b) lim 1975 
(x -2 ) ^ 

Hu'O'ng din 
a) Dung djnh ly k^p 0. K i t qua 0 
b) K e t q u a + « 
Bai tap 9. 2: Tim c^c gib-i han sau: 

a) l im— b) lim 
x^ - 1 6 

' ' i h \ 

:.30',; 

" ^ - 2 x^ + 6x + 8 
Hirang din 

a) Dang v6 djnh ^ phan tich thiia so (x-2). K§t qua 3 

b) Dang v6 djnh ^ phan tich thi>a s6 (x+2). K§t qua -16 

Bai tap 9. 3: Tim cac giai han sau: 

a) lim 
x" - 2 7 x 

2x^ - 3x - 9 

a) Dang v6 dinh ^ phan tich thu-a so (x-3). Ket qua 9 

b) Dang v6 djnh ^ n h § n chia lu-p-ng lien hiep. K§t qua 

Bai tap 9. 4: Tim cac gio-i hgn sau 

. ^ - f ^ ' f ^ " ^ ,m ( X ^ 1 ) ( X ^ ^ 1 ) - ( X " . 1 ) 

b) lim 
3 \ / l ^ 

I I 7 = 
r 2V1 - X + 1 - X 

HiHang din 

a) lim : ^ = b) lim 
x - » 0 3 r 3 / - 4 r x^-Hx. 

- V 4 + X - \ / 8 - x -N /1 + X 
2 

Hifang din 

(n"x" +1) 2 

0 - , 24 
a) Dang v6 djnh - nhan chia lu'cj'ng lien hiep. Ket qua — 

0 5 
n(n+1) 

00 ' 
b) Dang v6 djnh — . Ket qua n 2 . 

00 

Bai tap 9. 5: Tim c^c giai hgn sau: 

2 x - s i n x a) lim 
x-^o-" N / 1 - C 0 S X 

b) lim 
x^O 

Vl + tanx - Vl + sinx 

Hipo-ng din 

Dang v6 dinh ^ chia tu" va m lu cho x. Kit qua N/2 

t,) Dang v6 djnh ^ nhan chia lu-gng lien hi0p. Ket qua ^ 

0ai tap 9- 6: Tinh cac giai han mot ben: 

X + 2Vx . . . . 4 - x^ 
a) lim 

->o+ X 

b) lim -j= 
x ^ 2 - V2 - X 

Hyang din 

a) Dang v6 djnh - chia rut x. Kit qua -2 

b) Dang v6 dinh ^ phan tich thu-a s6 (x-2). Kit qua 0 

Bai tap 9. 7: Cho ham so f(x) = 4 x ^ - 5 x k h i x < 2 

\jx + 7 + 4a khix > 2 

Tim a d l ham so c6 giai han khi x - » 2. 
Hu'O'ng din 

X§t giai han 2 ben. Kit qua a = - . 
4 

Bai tap 9. 8: Tim cac khoang, niJa khoang ma ham s6 lien tuc 

a)f(x) = x^ +3x + 4 
2x + 1 b) g(x) = VxTl - 2 ^ x ^ 

Hu'O'ng din 
a) H^m phan thicc lien tuc tren tap xac dinh. 

Kit qua D = ( - 0 0 ; - - ) u ( - - ; 
2 " 2 ^ 

Ket qua D = [3; +oc) 

tap 9. 9: Tim cac di lm gian doan cua ham s6 

3) f(x) = tanx + 2cotx b)g(x) = 2sinx 

sinx cosx 
Hu'O'ng din 

' "^^m gian doan tai c^c d i lm khong xac dinh. 

*^^tquax = k - , k € Z . 
2 

' ^ ) ' < ^ t q u a x = ^ f k T r , k e Z . 
3 
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Bai tap 9. 10: T im cac g i^ th tham so a d l Inam s6 lien tyc tren R. 

a) f(x) = 

b) g (x )= 

xs in— khi X > 0 
X 

a COS X - 5 khi X < 0 

N/X + 6 - a 

li§n tyc tr§n R 

V x T l - 2 
khi x ^ 3 

'•J 

x̂  - ( 2 b + 1)x khi x = 3 ' 

H ipang d i n ' 

a) T inh f(0) g i^ i han 2 ben cua s6 0. K i t qua a = 5. 

b) Khi X 3 thi VxTl - 2 -> 0 nen phai c6 Vx + 6 - a -> 0 do do a = 3. TU 

do xac djnh b va th i i lai. 
B a i t | i p 9 . 1 1 : ChLPng minh phu-ong trinh 

a) ax^ + bx + c = 0 voi 12a + 15b + 20c = 0 c6 nghiem 
b) x̂  - 10x^ + 9x - 1 = 0 CO 5 nghiem phan bi^t 

Hipo'ng d i n 

a) DiJng t 6 n g — f + ^ f(0) = 0 nen f 
^ 4 ^ 

v5y 
va f(0) trai d i u . 

b) Chon 6 gia tri x tang dan ma f(x) lien ti4p d6i d i u . 

Bai tap 9 .12: T im tham s6 m d l phuang trinh: 

a) mx" + 2x^ - X - m = 0 CO 2 nghiem. 

b) x^ - 3x^ +2mx +m -2015 = 0 c6 3 nghi?m X i< - 1 < X2< X j 

Hifdng d i n 

a) Xet m = 0, xet m ?t 0 chia 2 ve cho m. 
K i t qua mpi m thi phuong trinh luon luon c6 2 nghiem. 

b) 

Phu-ang t r inh 3 nghiem X i < - 1 < X2< X3 thi f ( - 1 ) = - 2019 - m >0 nen 
I m < - 2 0 1 9 . Dao lai dung phan tich theo nghiem. K i t qua m < -2019 . 

.0 (•'... 

f 

286 

en as tC: DflO HAM Vn VI PHAN 

J jd^N THUG TRONG TAM •A 

pinh nghTa d?o ham, vi phan 
Cho ham s6 y = f(x) xac djnh tren khoang (a; b) d i l m Xothupc khoang do, 
^^t AX = X - Xo 1^ so gia cua b i l n s6 va 

Ay = f(Xo + Ax) - f(xo) la s6 gia cua ham s6. Dao hSm cua f tgl XQ: 

f'(Xo) = y ' (Xo) = ^^""1'^^^°^ = (hC^u han) 
X-^XQ X - X, Ax->0 Ax "0 - - 0 

Vi ph^n cua ham s6 y = f(x) tai d i l m Xo u'ng vai s6 gia Ax du'p'c kf hi?u df(xo) 
1^: df(xo) = f '(Xo)Ax hay dy = f '(x)dx = y'dx. 

ham s6 y = f(x) c6 dao ham tai XQ thi lien tyc tgi d i l m XQ. 
Cong thiFC va quy t i c 
y = c = > y ' = 0 ; y = x=> y' = 1 y = x" y' = nx"-^ ; 

r= N/X => / = 
2Vx 

( x>0 ) ; 

' rtniT 

y = sinx 

y = tanx => y' = 

y = cosx; 

1 

COS^ X 

y = cosx 

y = cotx =:> y' = 

y = -s inx; 

- 1 

sin^ x • 

y = a r c s i n x = > y ' = 

y = arc tanx=> y ' = 

(u + V)' = u' + V'; 

(u . V)' = u'.v + u.v'; 

Vi-7 
y = a rccosx => y ' = 

- 1 

1 + x 2' 
y = arc co t x => y ' = 

4^: 
- 1 

1 + x2 
(u - v)' = u' - v'; 

u ' . v - u . v ' 

4S 

^ u ^ 

H ^ m h g p : f = f ^ . u'x; hSm ngu'gc : x ' = — . 
y ' 

ham d p n: 
f^inh nghTa : f<"'(x) = [f<"-'' (x)]' 

(sinx)'") = (-1)".nl 
.,n+1 

fighTa CO hpc : c h u y i n dpng s = s(t) c6 vSn t i c tgi d i l m to: 
"0) = s'(to) va gia t i c tai d i l m to: a(to) = v'(to) = s"(to). 
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Bai tap 9. 10: T im cac g i^ th tham so a d l Inam s6 lien tyc tren R. 

a) f(x) = 

b) g (x )= 

xs in— khi X > 0 
X 

a COS X - 5 khi X < 0 

N/X + 6 - a 

li§n tyc tr§n R 

V x T l - 2 
khi x ^ 3 

'•J 

x̂  - ( 2 b + 1)x khi x = 3 ' 
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a) T inh f(0) g i^ i han 2 ben cua s6 0. K i t qua a = 5. 

b) Khi X 3 thi VxTl - 2 -> 0 nen phai c6 Vx + 6 - a -> 0 do do a = 3. TU 

do xac djnh b va th i i lai. 
B a i t | i p 9 . 1 1 : ChLPng minh phu-ong trinh 

a) ax^ + bx + c = 0 voi 12a + 15b + 20c = 0 c6 nghiem 
b) x̂  - 10x^ + 9x - 1 = 0 CO 5 nghiem phan bi^t 

Hipo'ng d i n 

a) DiJng t 6 n g — f + ^ f(0) = 0 nen f 
^ 4 ^ 
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.0 (•'... 

f 
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en as tC: DflO HAM Vn VI PHAN 

J jd^N THUG TRONG TAM •A 
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Ti§p tuyfen ti§p xuc 
- Dao ham cua ham so y = f(x) tai diem 

Xo la he s6 goc cua tiep tuy§n cua do 
thj tai di§m XQ; k = f '(xo). 
Phu'ong trinh tiep tuyen tai dilm 
Mo(xo; f(xo)): 

y = f '(xo)(x - Xo) + f(Xo). 
- Ti§p tuy§n di qua di^m K(a; b). 

Lap phu'ang trinh ti§p tuy^n tai XQ r6i 
cho tiep tuy§n di qua didm K(a; b) thi 
tim ra XQ. 

- Di4u kien tiep xuc cua 2 d6 thi f(x) va g(x) Id h$ 

V' 

f(XM) 
( C I / 
M l / 

V' 

f(XM) 
^ T 

f(Xo) 
/ 1 1 / 1 1 / 1 1 

' 0 Xo XM 

f(x) = g(x) 
f'(x) = g'(x) CO nghieni 

Nghiem chung Xo la hoanh dp ti§p dilm. 
Tinh gSn dung: 

f(Xo + Ax) « f(Xo) + f '(xo)Ax 
Quy t^c L'Hospital 
Gia su- hai ham so f va g lien tgc tren khoang (a: b) chCpa XQ , c6 dao ham 
tren (a ;b) \} va c6 f(xo) =g(xo) = 0. 

N6u lim - ^ = L thi lim ^ = L. 
XQ g'(x) 

D ĉ biet: f (Xo) = Nm 

Xo g(x) 

f (x ) - f(Xo) f (x ) - f (x j 
X-XQ X - Xr 

• lim 
X^XQ X - Xr 

= f'(xj-

2. cAc BAI TOAN 

Bai toan 10.1: Dung djnh nghTa, tinh dao ham cua moi hdm s6 : 

b ) y = X o - 1 . 

Hu'd'ng din giai 

3x +1 „ 
a) y = T: . XO = 3. 

x - 2 

a) Cho Xo = 3 s6 gia Ax 

Ay = f ( 3 . A x ) - f ( 3 ) - M ± ^ _ I 0 = - Z l ^ 
^ ^ ' ^ ^ (3 + Ax)-2 1 1 + Ax 

lim ^ = lim = -7 . Vay f '(3) =-7. 
Ax^o Ax Ax-»o 1 + Ax 

1 b) Cho Xo = - s6 gia Ax thi Ay = f 
8 

—+ Ax 
8 

- f 
. 8 . 
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^ 3 p + A X - - = - F = 
Ax 

\2 

+ Ax . 1 3 - 1 . A X . 1 
2V8 4 

lim. ^ = lim 1 1 
0 AX 

V^yf 

A x - » 0 

4 
3 

— + Ax 
8 2 V8 4 

1 34 ^ 1f , 0 « 4 

Bai toan 10. 2: Dung djnh nghTa, tfnh dgo hdm cua moi hdm s6 : 
1 + x 

^^^"v^^ v6innguy§nduong 

Hu^ng din giai 
a) Vdi mpi x thupc khoang ( -00; 1), ta c6; 

1 + x + Ax 1 + x Ay = f(x + Ax) - f(x) = 
Vl-x-Ax ^fux 

3 (1 + X + AX)N/p7-(1+X)Vl-X-AX 
Vl-x-Ax.V^o< 

= (1 + X ) ( N / I ^ - VI - X - Ax) + A X N / I ^ 

Vl-x-Ax .-JuH 

(1 + x) + A X VT^ 
^lux + Vl - x - AX 

V l - x - A x . 7 l ^ 

lim ^ = lim 1 + x + VTr;^(Vir^ + Vi-x-Ax) 3 - x 

vi - X - AX.V1 - x(Vi - x - AX wi - X) ^ 2Vir̂  
V|y y = 3 - x 

, vb'i x < 1. 
2V(1-x)3 

m6i X thupc R, cho s6 gia A x, ta c6: 

= (X+Ax)" - x" = C>"-̂ Ax + Cy-^AX^ +... + C:;-̂ xAx"-̂  + Ax" 

= liZ^^y'' ^ ^nX-'AX + ... + C - + AX"-̂ ) 

= C y - U nx"-V V ŷ y-= n.x"-\ 
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lurr^ng ojemnvi uuuny ni^i, oinn yiui nnjti 

Bai todn 10. 3: ChCeng minh c^c h^m so l i§n tyc tgi x = 0 nhung khdng c6 
hdm tgi 66. 

a)y = f (x )=Jx | b ) y= f ( x ) = 

Humig din giaj 
x + 1 

a)Ta c6f(0) = 0, lim>yixl = 0 = f(0) nen f lien tyctgi x = 0. 
x-»0 

Cho X = 0 s6 gia Ax, ta c6: Ay = f(0 + Ax) - f(0) = ^ \

lim ^ = lim m XI — I = lim 
1 

Ax Ax^o* AX Ax^o+^AX 

V?y khdng t6n tgi dgo h^m t?i x = 0. 

= + 0 0 

b) Ta CO f(0) = 0, lim -LL = 0 = f(0) nen f lien tyc tgi x = 0. 
x - » 0 X + 1 

Chox = 0s6gia Axthi: Ay = 

-1 

Ax 
Ax + 1 

- 0 = AX 
Ax + 1 

lim Ay = lim 
AX->0" AX Ax-*0" 

lim Ay = lim 
Ax-̂ O-" Ax Ax->0+ 

= -1 

1 . = 1 . l i m ^ 
I Ax->0- AX i 

Vay f khong c6 dgo ham tgi x = 0. 

Bai toan 10. 4: Cho ham s6 f(x) = 
khi x ^ O 

khi x = 0 

Chirng minh f lien tyc c6 dgo ham tai x = 0. 
HiFO'ng din giai 

Ta c6 f(x) - f(0) = llJlzL _ I 
x 2 

^ 2-X-2N/T^^ (2-X)^-4(1-X) _ X 
2x 2x(2 - X + 2 v / l ^ ) 2(2 - X + 2 v / l ^ ) 

f (x ) - f (0) ,. 1 1 
lim — — — = lim , = -
x - o x - 0 '<-02(2-x + 2 V l - x ) 8 

V$y t6n t^i f '(0) = - n § n f l i§n tyc tgi x = 0. 
8 

g ĵ toan 10. 5: Cho ham so f x^c djnh: f(x) = 

Chu-ng minh r ing f lien tyc c6 dao h^m tren R. 
HiFO'ng din giai xS - V ndM 

9 1 
x ^ s i n - khi x 7 ^ 0 

X khi x = 0 

r 

Ta CO f(x) = x^sin - x^c djnh va lien tyc tren R \{0}va 

l imf(x)= lim x^ s i n - = 0 vi: 
x-»0 

I x^s in l < x^; lim x^ = 0 
x-»0 

N§n lim f(x) = f(0) = 0 do do f l i§n tyc tgi x = 0 n§n lien tyc tren R' 

Khi x ^ 0 thi f '(x) = 2xs i n l - cosx. Ta ti'nh f ' tgi x = O.Ta c6: 

Ay_f(Ax)-f (0)_ 
Ax Ax Ax 

1 (Ax)^sin 0 
Ax = Ax sin- ^ 

Ti> do: lim — = 0 vi; 
.\x^o Ax 

Ax sin 1 
Ax 

Ax! 

< Ax 0 nen f '(0) = 0 

Vay f(x) CO dao ham tren R. 

Bai toan 10. 6: Tim a, b 6k ham s6 f(x) = x ^ - 2 k h i x < 0 
x^ +ax + b khi x >0 

CO dao ham tai x = 0, khi 66 tinh f '(0). 
Hu-o-ng din giai 

Ham s6 CO dao ham tgi x = 0 thi lien tyc tai x = 0 n § n 

Jim f(x) = f(0) => lim (x^ + ax + b) = -2 => b = -2 . 
x-»0-^ 

Tac6 , i ^ ! W _ i t ( 0 ) = , i m ^ = l i m ( x + a) = a . , 

, i ^ ! W : L M = , i m ^ = l i m x ^ = 0 

Suy ra d i§u ki$n t6n tgi dao ham t?i x = 0 la a = 0 va b = - 2 . 
Khi 36 f '(0) = 0. 

^'to^n 10. 7: Tinh dao h^m: ' i - . ^ -.-.^^^^^ 

a)y = 3x ' 
+ abx b) y = (x -1 ) (x + 2 ) ( x -3 ) . 
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g ĵ toan 10. 5: Cho ham so f x^c djnh: f(x) = 

Chu-ng minh r ing f lien tyc c6 dao h^m tren R. 
HiFO'ng din giai xS - V ndM 

9 1 
x ^ s i n - khi x 7 ^ 0 

X khi x = 0 

r 

Ta CO f(x) = x^sin - x^c djnh va lien tyc tren R \{0}va 

l imf(x)= lim x^ s i n - = 0 vi: 
x-»0 

I x^s in l < x^; lim x^ = 0 
x-»0 

N§n lim f(x) = f(0) = 0 do do f l i§n tyc tgi x = 0 n§n lien tyc tren R' 

Khi x ^ 0 thi f '(x) = 2xs i n l - cosx. Ta ti'nh f ' tgi x = O.Ta c6: 

Ay_f(Ax)-f (0)_ 
Ax Ax Ax 

1 (Ax)^sin 0 
Ax = Ax sin- ^ 

Ti> do: lim — = 0 vi; 
.\x^o Ax 

Ax sin 1 
Ax 

Ax! 

< Ax 0 nen f '(0) = 0 

Vay f(x) CO dao ham tren R. 

Bai toan 10. 6: Tim a, b 6k ham s6 f(x) = x ^ - 2 k h i x < 0 
x^ +ax + b khi x >0 

CO dao ham tai x = 0, khi 66 tinh f '(0). 
Hu-o-ng din giai 

Ham s6 CO dao ham tgi x = 0 thi lien tyc tai x = 0 n § n 

Jim f(x) = f(0) => lim (x^ + ax + b) = -2 => b = -2 . 
x-»0-^ 

Tac6 , i ^ ! W _ i t ( 0 ) = , i m ^ = l i m ( x + a) = a . , 

, i ^ ! W : L M = , i m ^ = l i m x ^ = 0 

Suy ra d i§u ki$n t6n tgi dao ham t?i x = 0 la a = 0 va b = - 2 . 
Khi 36 f '(0) = 0. 

^'to^n 10. 7: Tinh dao h^m: ' i - . ^ -.-.^^^^^ 

a)y = 3x ' 
+ abx b) y = (x -1 ) (x + 2 ) ( x -3 ) . 



lUtrQng diSni hOI aUOrig lll^U aiiin yiui muii i\jun i i i.v noowm 

HLi><yng din glii 

a) Ta c6 y = - - - x^ + abx, D = R 
a a 

N § n y ' = - . S x " - - . 2 x + a b = - x ' ' - - x + ab 
a a a a 

b) y' = (x-1)'(x+2)(x-3) + (x-1)(x+2)'(x-3) + (x-1 )(x+2)(x-3)' ^ 
= (x+2)(x-3) + (x-1){x-3) + (x-1)(x+2) = 3x^ - 4x - 4 

Bai toan 10. 8: Tinh dgo ham c^c h^m so 

;X)t mi' x^+x + l (x - x + ir 
Himng dSn giai 

._ 5(x^ + X +1) - (5x - 3)(2x +1) ^ -5x^ + 6x + 8 

(x ' +x + 1)2 (x2+x + 1)2 

b) D§t u = x^ - X + 1 thi y = 

, _ = -5u^u' ^ -5u ' _ -5(2x-1) , 

" (u=)2 ( x ' - x + lf • 
Bai toan 10. 9: Tinh dao h^m cua cac hSm so sau : >'< 

ax + b ., ax^ + bx + c 
a) y = b) y = 

cx + d a ' x ' + b ' x + c' 

Hiro-ng din giai ĵ ,,̂  ^ x ,s,s,i 

(cx + d)^ (cx + d)^ 13 • 

, ^ (2ax + b)(a' x^ + b' X + c') - (ax^ + bx + c)(2a' x + b') 

^ (a ' x^+b 'x + c f 

_ (ab '-a 'b)x- +2(ac ' -a 'c)x + bc ' - b ' c * 

(a ' x^+b ' x + c f 

Bai toan 10.10: Tinh dgo h^m c^c h^m s6: 
a) y = (X - b) y = (X + 1)(x + 2f (x + 3) ' 

Hirang din giai 
a) y' = 32(x - xYX^^ - x^) = 32(x - x^)^\(1 - 2x) ^ 
b) y' = 1 .(x+2)^ (x+3)^ + (x+1).2(x+2)(x+3)^ + (x+1)(x+2)^.3(x+3)^ 

= (X + 2)(x+3)^[(x + 2)(x + 3) + 2(x + 1)(x+1) + 3(x+1)(x+2)] 
= (X + 2)(x+3)^[x^ + 5x + 6 + 2(x^ + 4x+3) + 3(x^ + 3x + 2] 
= (X + 2)(x + 3)^ [6x^ + 22x + 18] = 2(x + 2)(x + 3)^(3x^ + 11 x + 9). 

toan 10.11: Tim dgo ham cua moi ham so: 

a) y = b) y = 

a) Ta c6: y 
x ^ + l 

Hiro-ng din giai, 

= . X + -
X V X 

y' = 

^ 1^ 
x + -

X 
1-

x i _ - ^ 2 - 1 

2 ^ 2 ^ " 2 / x ^ ( x ^ + 1) 

1 . > / ^ ^ - x ^ J ^ 
2 V a 2 - x 2 (a^-x2) + x2 b)y'= -2 ; 

Bai toan 10.12: Tinh dgo h^m c^c h^m s6 sau: 

a)y 

a ) V = i l ± ^ _ 1 

2VI+N/X 47X.VI + %/X 

b)y = 

HiTO'ng din giai 
f1 + X 

b) Ta c6 y3 = I J l ndn lly dgo ĥ m 2 vl: 3 / / = . 

Do d6: y' = ~2 
3y2(1 + x)2 

-2 

(1 + x) 

-2 

3?l 1-x 
1 + x 

(1 + x)2 
3^(1-x)2(1 + x)^ 

toan 10.13: Tim dgo hdm cua c^c hSm s6 

^) y = cos V2X + I - cot^ x b) y = 2sin3x.cos5x 

Hipang din giai 

^^y'= -sin(V2x + 1).(N/2X +1)' -3001^x(cotx)' 

sau: 

a Z 5 i ! l ( V ^ ^ ^3 C O t ^ ( 
VixTl sin^ x 

^6 y = sin8x - sin2x n6n y' = 8cos8x - 2cos2x. 



lUtrQng diSni hOI aUOrig lll^U aiiin yiui muii i\jun i i i.v noowm 

HLi><yng din glii 

a) Ta c6 y = - - - x^ + abx, D = R 
a a 

N § n y ' = - . S x " - - . 2 x + a b = - x ' ' - - x + ab 
a a a a 

b) y' = (x-1)'(x+2)(x-3) + (x-1)(x+2)'(x-3) + (x-1 )(x+2)(x-3)' ^ 
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Bai toan 10. 8: Tinh dgo ham c^c h^m so 

;X)t mi' x^+x + l (x - x + ir 
Himng dSn giai 

._ 5(x^ + X +1) - (5x - 3)(2x +1) ^ -5x^ + 6x + 8 

(x ' +x + 1)2 (x2+x + 1)2 

b) D§t u = x^ - X + 1 thi y = 

, _ = -5u^u' ^ -5u ' _ -5(2x-1) , 

" (u=)2 ( x ' - x + lf • 
Bai toan 10. 9: Tinh dao h^m cua cac hSm so sau : >'< 

ax + b ., ax^ + bx + c 
a) y = b) y = 

cx + d a ' x ' + b ' x + c' 

Hiro-ng din giai ĵ ,,̂  ^ x ,s,s,i 

(cx + d)^ (cx + d)^ 13 • 

, ^ (2ax + b)(a' x^ + b' X + c') - (ax^ + bx + c)(2a' x + b') 

^ (a ' x^+b 'x + c f 

_ (ab '-a 'b)x- +2(ac ' -a 'c)x + bc ' - b ' c * 

(a ' x^+b ' x + c f 
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= (X + 2)(x+3)^[(x + 2)(x + 3) + 2(x + 1)(x+1) + 3(x+1)(x+2)] 
= (X + 2)(x+3)^[x^ + 5x + 6 + 2(x^ + 4x+3) + 3(x^ + 3x + 2] 
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2VI+N/X 47X.VI + %/X 
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Do d6: y' = ~2 
3y2(1 + x)2 

-2 

(1 + x) 

-2 
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toan 10.13: Tim dgo hdm cua c^c hSm s6 

^) y = cos V2X + I - cot^ x b) y = 2sin3x.cos5x 
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Bdi toan 10. 14: Tinh dao h^m c6c h^m s6: 

1 
a)y = 

sinx 
b)y = 

Hu^yng din giai 

1 + tan 1 
x + — 

X 

a) Ta c6 y = 
1 . , -(Vsin^x)' -2sinxcosx -cotx 

n§n y' = ^ -
Vsin^ x sin^x sin^ xVsin^ x sinx 

1 -
b) y" = 

x ^ - l 

2 cos' 
• ^^ 

x + -
X 

1 + tan X + 2x^ cos^ 
1 

x + -
X 

1 + tan X + -
X 

Bai toan 10.15: Tinh dao ham cua ham so: 
a) y = sin(cos^x).cos(sin^x) b) y = sin"x.cosnx, n > 2. 

Hu'O'ng din giai 
a) y = cos(cos^).(cosS<)'.cos(sin^) + sin(cos )̂(-sin(sinS<))(sinS<)' 

= -2sinxcosx.cos(cos^)cos(sinS() - 2sinxcosx.sin(cos )̂.sin(sinS() 
= -sin2x[cos(cos^x).cos(sin^x) + sin(cos^x).sin(sin^x)] 
= -sin2x.cos(cos^x - sin^x) = -sin2x.cos(cos2x) 

b) y' = nsin""\.cosx.cosnx + sin"x(-sinnx).n 
= nsin""^x(cosx.cosnx - sinx.sinnx) 
= nsin""\.cos(n+1)x. 

Bai toan 10.16: Tinh dao h^m cua h^m so: 

a) y = arcsin(4x^-7) b) y = arccot Vl-Sx 
Hipo-ng din giai 

(4x^ - 7)' 8x 
a) y = arcsin(4x^ - 7) => y' = , = , 

V l - (4x2 -7f V 5 6 x 2 -16x ' -48 

b) y = arccotN/l-3x ^ y • ^ zi:/lz.?^ = ^ 
1 + (1 - 3x)^ 2(2 - 6x + 9x^) V1 - 3x 

Bai toan 10.17: Tinh vi phSn cua h^m s6: 
-2x^ - 2x +1 

a) y = X + V2^x^ 

a) y" = 1 -
2x 

2V2̂  

b)y = 

Hirang din giai 

V2-X' - X 

V2^ 

(x2+x + 1)' 

^ 72-x^ - X . 
d y - , , dx 

' 13 

M X - 2)(x^ + X + 1)̂  - (-2x^ - 2x + 1)2(x̂  + X + 1)(2x +1) 
t , ) / ' (x^ + X +1)'' 

-2(2x + 1)(x̂  + X +1) - 2(-2x^ - 2x + 1)(2x +1) 

(x2+x + lf - • ^ ( f U i o v 

2(2x + 1)(x̂  + x - 2 ) ^ ^ 2(2x + 1)(x̂  + x-2)^^^ , , , , , , 

(x^ + x + lf {x^ + x + ^f 

.-toan 10.18: Tinh vi phSn cua h^m s6: ^ ^ ^ ^ ' ^ ^ ^ i . ; {<i 

a) y = cos(cosx) b) y = ^ !€ + r (11 ) \ 
{1 + tanx)2 rsnJtea 

Hipo-ng din giai i>i:)t 
a) y' = -sin(cosx). (cosx)' = sinx.sin(cosx) 

Do do dy = sinx.sin(cosx)dx ; m^rl OJ^Q 

- 2 ( U t a n x ) - l - _^ j^^^ 

(1 + tanx)'' ~ cos^x(1 + tanxf ' ' ̂  '» 

B̂ i toan 10. 19: Cho hai h^m f g c6 dgo h^m tr6n R. Tinh dgo h^m cua 
ĥ m so hop: 

a) y = f(x') - g(x2) b) y = V^M + gV) 
Hu-ang din giai , , -y 

a) y = f '(x^). (x^)' - g'(x^)(x^)- = 3x^ f '(x^) - 2x.g'(x2) ,^i,9 » 

b ) y = J!!W±gVr^ ^ 2f(x).f'(x) + 6xg^(x^).g'(x") 

2Vf'(x) + g'(x2) 2^f{x) + g'{x') ' 

Bai toan 10. 20: Cho h^m so y = f(x) c6 dgo ham tren R. Chu-ng minh: >S = \ 
a) N§u f chin thi f • le. b) N4U f le thi f ' chin. 

Hirang din giai 
)̂ N4u f chin tr§n R thi v(M mpi x e R: f(-x) = f(x). 

"-̂ y dgo h^m 2 ve thi du-ĉ c: f '( -x). (-x)' = f '(x) - f '(-x) = f '(x) 
b . ^ / ' ( - > ^ ) = - f " ( x ) . V 9 y f le. 

f le trSn R thi v6i mpi x e R: f(-x) = -f(x). 

ham 2 v4 thi du-cjyc: f '( -x). (-x)' = - f '(x) => - f '(-x) = - f '(x). 
g,?̂  f'(x) = f ( x ) . V | y f chin. 
a)f 2°^" lO- 21: Cho hdm s6 y = f(x) c6 dgo hSm v6i mpi x thoa m§n: 

^)zil^^''^ = ^-^'^^-^)'^'^^^^V). ..... ... ,.^o,m' 

9)u HiKyng din giai ^ ^ ^ ^ ^ . ^ ( E 
^ ^90 hSm 2 v4, ta c6: *̂  
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^ ^90 hSm 2 v4, ta c6: *̂  



4f(1 + 2x) . f '(1 + 2x) = 1 + 3f0 - X) . f '(1 - x). 
T h § x = 0:4f(1) . f (1 ) = 1+3f2(1) . f ' (1) n 

Th^ X = 0 v^o f{1 + 2x) = X - f'(1 - X) =̂  f^(1) = - f ' (1) . 
^^f'CIKI +f(1)) = 0=>f(1) = 0ho$c f (1 ) = - 1 . 
Vdif(1) = 0thin:0 = 1 (loai) 

Vd i f (1) = -1 thin:^f '(1) = 1 + 3 f (1) f '(1) = ̂ . 'l'*^' 

b) L l y dgo h^m 2 ve, ta c6: 2f '(x) = f '(x) + 3xf ̂ (x). f '(x). ^ 
Th4x= 1 v ^ t a c 6 f ( 1 ) = 1 n§n: 

2f'(1) = 1 +3f ' (1)=^f ' (1) = - 1 -
Bai toan 10. 22: Cho ham s6 f(x) c6 dgo h^m vai moi x thoa man 6ihu kien 

f(2x) = 4cosx.f(x) - 2x. Tinh f '(0). 
Hu'O'ng d i n giai aoc)' 

Dgo h^m 2 ve, ta c6 2f '(2x) = ̂ s inxf(x) + 4cosxf '(x) - 2 
Thay x = 0, ta c6: 2f '(0) = 4f '(0) - 2. 
V 9 y f ( 0 ) = 1 

Bai toSn 10. 23: ChCeng minh c^c h^m so sau c6 dgo h^m y' = 0, >̂  
a) y = sln^x + cos^x + 3sin^xcos^x. 

b) y=oos^(l _x)+oos^(- +x)+oos^(— -x)+oos^(— +x)-2sin^ 
3 3 3 3 

Hipo-ng d in giai 
a) y' = Ssin^xcosx - Bcos^xsinx + 6sinxcos^x - 6cosxsin^x 

= 6sinxcosx[(sin''x - cos^x) + (cos^x - sin^x)] 
= 3sin2x[(sin^x - cos^x)(sin^x + cos^) + (cos^ - sinSc)] = 0 

Cach khac: Bien d6i lu'p'ng gi^c tru-^c thi y = 1. 

b) y' = 2 c o s ( - - x ) s i n ( - - x) - 2 c o s ( - + x ) s i n ( | + x) 
3 3 3 3 

+ 2cos (—-x ) s i n (—-x ) -2cx ) s (— +x)sin(—+x)-4sinxcosx 
3 3 3 . 3 ^ 

= [sin( ̂  -2x) - sin( y +2x)] + [sin( y -2x) - sin( y +2x)] - 2^11^ " * ̂  ̂ ' 

= 2cosy s in(-2x) + 2cosy sin(-2x) - 2sin2x ^ 

-1 -1 • 
= - 2 — .sin2x - 2 — sin2x - 2sin2x = 0. 

2 2 
Bai toan 10. 24: Gia i phu-ang trinh y' = 0 v6i h^m s6: 

x^ - 3x + 4 . , vx^ - 2x + 3 
a) y = b) y = 

x 2 - x + 1 2X + 1 

^ mHH/VITVDVVHmang Vi?t 

HiTO-ng d in giai 
c6: x̂  - X + 1 > 0 va i moi x. 

^ (2x - 3)(x2 - x +1) - (x2 - 3x + 4)(2x -1) ^ 2x^ - 6x + 1 

y ' ' ( x 2 - x + i ) 2 -

n§ny" = 0 c > 2 x 2 - 6 x +l =0<:>x= ^ 

(x^-x + l f - ^ x n i e ] 

3 + 7? , 

2̂ _ 2x + 3 > 0 v6 i mpi x n6n di§u kien: x ^ 

- y ^ ^ " ^ (2x +1) - V x 2 - 3 x + 3.2 
2Vx^ - 2x + 3 

^ ' (2x + 1)2 

_ (x-1)(2x + 1 ) - - 2 ( x 2 - 2 x + 3) 3 x - 7 
(2x +1)2 V x 2 - 2 x + 3 (2x + \f V x 2 - 3 x + 3 

D o d 6 y ' = 0 < » 3 x - 7 = 0 « > x = - (chpn). 
3 

B î toan 10. 25: Cho ham s6 f(x) = V x 2 - 2 x . Giai b i t phi^ang trinh: 

a ) f ' M < 0 b) f ' (x)<f(x) . 
Hu'O'ng d in giai 

Dieu l<î n x ^ - 2 x > 0 < = > x < 0 ho^c x > 2. 

2x - 2 x - 1 

•n) = Y (£ 

n) = Y (d 

\o B~\

V 

Ta c6 f '(x) = 

a ) f ( x ) < O o \ 

'^)^'(x)^f(x) 

2Vx2 - 2x Vx^ - 2x 
x - 1 < 0 

x^ - 2x > 0 
< » x < 0 

^ ^ •< Vx^ - 2 x 
X < 0 hay x > 2 

x - 1 < x^ - 2x Vx^ - 2 x 

x < 0 h a y x > 2 ^ 

3 - N / 5 _ 3 + V5 o x < 0 hay x > ^ y ^ 
X s hay x > 

2 2 
' toan 10. 26: Giai phu-ang trinh y' = 0 vdi h^m s6: 

^ y - c o s x + sinx b ) y = 2 x - c o s x - V s s i n x 
Hipang d in giai s v i e c ' 

a c6: y = _2cosxsinx + cosx = cosx(1 - 2sinx) 

^ ^6: y = 0 o cosx(1 - 2sinx) = 0 cosx = 0 ho$c 1 - 2sinx = 0. ' ' 

- xjf, o 0 = (X)'t 
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^ mHH/VITVDVVHmang Vi?t 

HiTO-ng d in giai 
c6: x̂  - X + 1 > 0 va i moi x. 

^ (2x - 3)(x2 - x +1) - (x2 - 3x + 4)(2x -1) ^ 2x^ - 6x + 1 

y ' ' ( x 2 - x + i ) 2 -

n§ny" = 0 c > 2 x 2 - 6 x +l =0<:>x= ^ 

(x^-x + l f - ^ x n i e ] 

3 + 7? , 

2̂ _ 2x + 3 > 0 v6 i mpi x n6n di§u kien: x ^ 

- y ^ ^ " ^ (2x +1) - V x 2 - 3 x + 3.2 
2Vx^ - 2x + 3 

^ ' (2x + 1)2 

_ (x-1)(2x + 1 ) - - 2 ( x 2 - 2 x + 3) 3 x - 7 
(2x +1)2 V x 2 - 2 x + 3 (2x + \f V x 2 - 3 x + 3 

D o d 6 y ' = 0 < » 3 x - 7 = 0 « > x = - (chpn). 
3 

B î toan 10. 25: Cho ham s6 f(x) = V x 2 - 2 x . Giai b i t phi^ang trinh: 

a ) f ' M < 0 b) f ' (x)<f(x) . 
Hu'O'ng d in giai 

Dieu l<î n x ^ - 2 x > 0 < = > x < 0 ho^c x > 2. 

2x - 2 x - 1 

•n) = Y (£ 

n) = Y (d 

\o B~\

V 

Ta c6 f '(x) = 

a ) f ( x ) < O o \ 

'^)^'(x)^f(x) 

2Vx2 - 2x Vx^ - 2x 
x - 1 < 0 

x^ - 2x > 0 
< » x < 0 

^ ^ •< Vx^ - 2 x 
X < 0 hay x > 2 

x - 1 < x^ - 2x Vx^ - 2 x 

x < 0 h a y x > 2 ^ 

3 - N / 5 _ 3 + V5 o x < 0 hay x > ^ y ^ 
X s hay x > 

2 2 
' toan 10. 26: Giai phu-ang trinh y' = 0 vdi h^m s6: 

^ y - c o s x + sinx b ) y = 2 x - c o s x - V s s i n x 
Hipang d in giai s v i e c ' 

a c6: y = _2cosxsinx + cosx = cosx(1 - 2sinx) 

^ ^6: y = 0 o cosx(1 - 2sinx) = 0 cosx = 0 ho$c 1 - 2sinx = 0. ' ' 

- xjf, o 0 = (X)'t 



cosx = 0 
1 

sinx = — 
2 . 

X = - + k27l 
2 

X = - + k27t 
I - 6 
x = — + k27i (k e Z) 

b) y' = 2 + sinx - Vs cosx 

Do d6 y' = 0 <=> sinx - N/S cosx = - 2 <=> - sinx - — cosx = -1 
2 2 

» s i n ( x - - ) = -1 « x - - = - - + k 2 7 t . 
^ 3 3 2 

» x = - - +k27t, k € Z . 
6 

Bai toan 10. 27: Tim m 6^ phuang trinli y" = 0 c6 nghî m x vtii h^m s6: 
a) y = (m - 1)sinx - (2m + 3)x 
b) y = (m + 1)sinx + mcosx-(m + 2)x + 1. 

Hve&ng din giai 
a) Ta c6 y' = (m - 1)cosx - (2m + 3) 

y' = 0 <=> (m - 1)cosx = 2m + 3 
Xet m = 1 thi O.cosx = 5: v6 nghi^m (loai) 

2m+ 3 Xet m ?̂  1 thi cosx = 

Oieu ki?n c6 nghi^m x Id 

m-1 
2m+ 3 
m-1 

< 1 <=> 12m + 31 < i m-1 

2 
o (2m + 3)^ < (m - 1)̂  o 3m^ - 14m + 8 < 0 o - 4 < m < — . 

3 
b) Ta c6 y' = (m + 1 )cosx - msinx - (m + 2) 

y' = 0 <=> (m + 1)cosx - msinx = m + 2 
Dieu ki$n c6 nghi^m x: â  + b̂  > ĉ  
<=> (m + 1)^ + m^ > (m + 2)^ <:> m^ - 2m - 3 > 0 
<=> m < -1 ho$c m > 3. 

Bai toan 10. 28: Chof(x) = m - l 4 m - 2 3 2 . 0 4 -x +—:—x'^-mx + 3 x - 1 
4 3 

Giai vd bi^n lu^n phuang trinh f '(x) = 0. 
Hu'O'ng din giai 

Ta c6 f '(X) = (m - 1)x^ + (m - 2)x^ - 2mx + 3. 
f '(X) = 0 (x - 1)[(m - 1)x^ + (2m - 3)x - 3] = 0 (1). 

"^66 f "(x) = 0 Iu6n c6 nghi^m x = 1. 
X6t (m - + (2m - 3)x - 3 = 0 (2) 
^ isĵ u m = 1 thi - X - 3 = 0 <=> x= -3. 
^ M û m ^ 1 thi A = (2m - 3)^ + 12(m - 1) = 4m2 - 3. .-. y 

/ - '\ 

^fii A < 0 4m' - 3 < 0 I m I < (2) v6 nghi^m ,3 

K h i A > 0 c > 4 m ' - 3 > 0 o Iml > :^ : (2)c6hainghi0m: 

3 - 2m ± V4m' - 3 
X1.2 - 2(m -1) ' ^ 

Q îtoan 10. 29: Giai va bi$n lugn phuong trinh y' = 0 vai hdm so: 

y = _Isin2x-(2m-5)cosx + 2 (2 -m)x+1. \

Hu'O'ng din giai 
y' = -cos2x + (2m - 5)sinx + 2(2 - m) 

= 2sin^x - 1 + (2m - 5)sinx + 4 - 2m. 
= 2sin'x + (2m - 5)sinx + 3 - 2m. 

Do do y' = 0 <=> 2sin'x + (2m - 5)sinx + 3 - 2m = 0 
. . ^ . 3 - 2m „ o sinx = 1 ho$c sinx = » 

2 
3-2m . . ^ 3-2m ^ 5 ^ 1 ^ u - • 3-2m 

Neu < -1 ho$c > 1 <=> m > - ho$c m < - thi sinx = 
2 ' 2 2 2 2 

I v6 nghi^m nSn phu-ang trinh y' = 0 c6 cdc nghi$m ̂  " ^ k27t, k e Z. 
N4u-1 < ̂ .I^ < 1 - < m < - , d|t = sina n§n sinx = sina 

2 2 2 2 
^ X = a + k27i ho$c x = n - a + k27t. 

Phuang trinh y' = 0 c6 cac nghi^m x = - + k27: vd x = a + k27t, x = 7t - a + k27i, 

^'toin 10. 30: Tinh gid trj d?o hdm tai dilm: 

' ) y = ( 5 x + 1 ) « , y " ' ( 0 ) b ) y = ^ .y"(1). 
x + 2 

a\ JHiTO'ng din giai 
J,*8(5x+1)\ = 40 ( 5 x + l f 
P^40.7(5x+1)^5=140(5x+1f 

^ •'40.6(5x + 1)^5 = 4200(5x + 1)^Do do /"(O) = 4200. 
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^ 3(x + 2) - (3x - 1) ^ 7 I 0 
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^ (x + 2)2 (x + 2 f ' ' 27 
Bai toan 10. 31: Tinh dgo ham d4n d p : " r̂n4> 0 . 

a) y = sin5xsin3x, y*"* b) y = sin^x, y'". 
Hirang din giai 

a) Ta c6: y = - - ( cosSx - cos2x) = - ^ c o s 8 x + •Jcos2x. 
2 2 2 

y' = 4sin8x - sin2x, y" = 32cos8x - 2cos2x 
y'" = -256sin8x + 4sin2x, y*"' = -2048cos8x + 8cos2x. 

b) Ta c6 y = sin^x = 
1-cos2x 1 •> = -^(1 - 2cos2x + cos 2x) 

1 1 -2cos2x + 
1-cos2x 3 1 1 = cos2x + - c o s 4 x 

8 2 8 
• t "• •• 

n§n y' = sin2x - - sin4x, y" = 2cos2x - 2cos4x. . 
^ Y -

y'" = -4sin2x + 8sin4x. 
Bai toan 10. 32: Cho h^m s6 vdi tham so a: > 

f(x) = x^-2cos2a.x^ +-sin2a.sin6a.x^ + 723-1-3^ . x + a^ 
2 

C h u ' n g m i n h f " ( - ) > 0 . 
2 )nfn§: 

hHu'O'ng din giai 
D i ^ u k i $ n 2 a - 1 - a ^ > 0 < = > ( a - 1 ) ^ < 0 o a = 1. >i 

Khi do f(x) = x" - 2cos2.x' + - sin2.sin6.x^ + 1. 
2 

n6n f '(X) = 4x̂  - 6cos2.x^ + 3sin2.sin6.x; g, 
f " (x )= 12x^-12cos2.x + 3sin1.sin6 

=> f"(1) = 3 _ 6cos2 + 3sin2.sin6 = -6cos2 + 3(1 + sin2.sin6). ,, 

Vi - < 2 < 71 n6n cos < 0 va sin2.sin6 > -1 n§n f " ( - ) > 0. '̂ ^^ 
2 2 

Bai toan 10. 33: 

a) ChLPng minh quy ngp: 
ax + b (ax + b)""^ 

1 0 X - 4 
,w ra dao h^m cap n cua hdm s6: y = — ; y = 

S'̂ " x^ - 4x 

n = 1 thi 1 
ax + b 

HiKyng din giai 

- a 
(ax + b)2 (ax + b) 

(-1)\1!3 ^. 
: dung 

gja si> c6ng thu-c dung khi n = k, k > 1, tu-c Id: 

^H/^k!^ L l ydao hdm 2 v4: 
(ax + b)*̂ ^̂  

( 1 

1 
ax + b 

(k+1) 

Vf B'to'ljT 

,k+i ;„ = (-1)'<k!a^ J i + 1 ) ( a x + ^ = (-1)''Vk + 1)3 
(3x + b)2^^2 (ax + b ^ ^ 

N6n c6ng thtfc dung khi n = k + 1. V$y c6ng thu-c dung v6i Vn e N*. i VG 

b) X6t hdm so g(x) = - - thi g'(x) = ^ . 

Do d6 y'"' = _ ( - i r ( n + 1)! 
v,n+2 

_ . 1 0 X - 4 1 0 X - 4 A B C 
Ta CO — = —; r = — + + x ^ - 4 x x | x ^ - 4 ) j X x - 2 x + 2 

15x - 4 = A(x^ - 4) + Bx(x + 2) + Cx(x - 2) 
= (A + B + C)x^ + 2(B - C)x - 4A. 

D^ng nhat h? s6 2 v4, ta c6: -

Dod6,y=I + ̂  3 _ 
X x - 2 x + 2 

1 

A + B + C = 0 
2(B-C) = 10 « 
-4A = -4 

A = 1 
B = 2 
C = - 3 

RT 

^n+1 ( x - 2 r ^ (x + 2) ,n+1 
Suyra:y(") = (_i)".n! 

toan 10. 34: 

^hi>ng minh cong thi>c: (sin(ax + b ) f ' = a".sin(ax + b + n | ) 

^ ra dao hani d p n cua ham so: 
, y = sin^x + cos''x ; y = cos3x . cosx. 

Huwng din giai 

' ^ = 1: (sin(ax + b))' = acos(ax + b) = asin(ax + b + ^ ) : dung 
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, y = sin^x + cos''x ; y = cos3x . cosx. 

Huwng din giai 

' ^ = 1: (sin(ax + b))' = acos(ax + b) = asin(ax + b + ^ ) : dung 



Gia S\J: (sin(ax + b)r' = a \x + b + k - ) . 

Lly dao h^m 2 ve, ta c6: 

(sin(ax + b))*''*'' = a'*\cc 

thLFC dung khi n = k + 1:dpcm. 

(sin(ax + b ) f ' = a'*\cos(ax+b + k j ) = a''*'. sin(ax+b + ( k +1 ) - ) nen 
o 2 2 

•'6., -

Tuang ty: (cos(ax + b))'"' = a".cos(ax + b + n ^ ) . 

b) Ta c6 y = sin^x + cos''x = (sin^x + cos^x)^ - 2sin^xcos^x ' u 

= 1 - -sin^2x = 1 - - (1 - cos4x) = - + -cos4x. 
2 4 4 4 

Vay y'"' = -(sin4x)'"-^' = -A"-^ .sin(4x + (n - 1) | ) j ; 

1 " 
Ta CO y = cos3x . cosx = -(cos4x + cos2x) 

Suy ra: y<"' = ^ [4".cos(4x + n | ) + 2".cos(2x + n | ) ] . ^ ' 

Bai toan 10. 35: Tinh dao ham cap n cua h^m s6: 

a) f(x) = (3x - 2)'* b) f(x) = N/X . 

Hu'O'ng d i n giai 
a) f ' ( X ) = 12(3x - 2)^ f " (X ) = 108(3x - 2)^ 

f "'(x)= 648(3x - 1), = 1944, f<"' (x) = 0 vai n > 5. 

b) f ' (x)= - ^ = - x 2 , f " (x )= -lx^f^X= - x 2 , f < ^ * X = - — X 2 

24x 2 " A 8 16 

Ta chLPng minh quy ngp: r'"'x = (-"") • ( 2 n - 3 ) ! ! ^ — ^ 
2" 

trong do (2n - 3)!! = 1.3.5...(2n - 3), Vn > 2 ,(-1)!! = 1. 

Bai toan 10. 36: Cho ham so f(x) = . H§y tinh f^^^^ (0). 
x^ +3 

(Hu'O'ng d i n giai 

Ta CO f(x) = « f(x).(x^ + 3) = 2x + 9 
x^ +3 

Do do: f '(x)(x^ + 3) + 2xf(x) = 2 
f "(x)(x^ + 3) + 4x f (X ) + 2f(x) = 0 
f '"(x)(x^ + 3) + 6xf "(x) + 6f "(x) = 0 
Bing quy nap ta chung minh du'Q'c cong thCfc: 

f<")(x)(x' + 3) + 2nxf<"-^'(x) + n(n-1)f<"-2>(x) = 0 

Suyra:f<"'(0) = ^ f < " - ' ( 0 ) 

' ^ ' 3999 ^ ' g999 

0aj toan 10. 37: Cho f(x), g(x) la c^c ham so c6 dgo h^m den d p n, chCcng 

^ i nhc6ng thu ' c ( f . g f ' = Xc^f'V-'^ X . 

Hu'O'ng din giai 
Ta se chCfng minh quy ngp theo n. Khi n = 1: dung 

Gia su' cong thii'c dung vai n : (f.g)'"> = ^ cy^^g^"'*'i 
k=0 

suy ra; (fg)'"*^' = ((fg)'">)' = f^c'^ (f(k)g(n-k)], 

= Z^In (f'^^^'g*"""* + fC '̂g'"*!-"*) ) 

= xCnf"*V^'* + 2]c;;f"''g<"^^-^» 
n+1 n 

= Z C;; -̂ f"<>g'"̂ -̂'̂ ' + 2; Cj^f^^'g'"*^-^' 

= f'"'^'g + 2;c;;-¥^'g(-^-^' +^C;;f<'<'g'"^^-^' +fg'"^^' 
k = 1 . ' 

k=1 

= f'"̂ '̂g+2;(c;;-Vc;;)f(V î-̂ '+fg'"̂ )̂ 
k=1 

n 
= f'"'' 'g + ̂ c;; , /"g<"' '" '" + fg*"'" 

k=1 

.C - f (n^ 1 , g^^C^^^ f (k , g (n . 1 -k , ^C° , , f g< -^ ' 

k=l 

toan 10. 38: Cho ham s6 f(x) = (x^ - 2x + 2)sin(x - 1). Chu-ng to he 

P'lU'ang trinh sau CO nghi^m: ^ , , 
[ x ^ + y 2 = 1 0 



Gia S\J: (sin(ax + b)r' = a \x + b + k - ) . 

Lly dao h^m 2 ve, ta c6: 

(sin(ax + b))*''*'' = a'*\cc 

thLFC dung khi n = k + 1:dpcm. 

(sin(ax + b ) f ' = a'*\cos(ax+b + k j ) = a''*'. sin(ax+b + ( k +1 ) - ) nen 
o 2 2 

•'6., -

Tuang ty: (cos(ax + b))'"' = a".cos(ax + b + n ^ ) . 

b) Ta c6 y = sin^x + cos''x = (sin^x + cos^x)^ - 2sin^xcos^x ' u 

= 1 - -sin^2x = 1 - - (1 - cos4x) = - + -cos4x. 
2 4 4 4 

Vay y'"' = -(sin4x)'"-^' = -A"-^ .sin(4x + (n - 1) | ) j ; 

1 " 
Ta CO y = cos3x . cosx = -(cos4x + cos2x) 

Suy ra: y<"' = ^ [4".cos(4x + n | ) + 2".cos(2x + n | ) ] . ^ ' 

Bai toan 10. 35: Tinh dao ham cap n cua h^m s6: 

a) f(x) = (3x - 2)'* b) f(x) = N/X . 

Hu'O'ng d i n giai 
a) f ' ( X ) = 12(3x - 2)^ f " (X ) = 108(3x - 2)^ 

f "'(x)= 648(3x - 1), = 1944, f<"' (x) = 0 vai n > 5. 

b) f ' (x)= - ^ = - x 2 , f " (x )= -lx^f^X= - x 2 , f < ^ * X = - — X 2 

24x 2 " A 8 16 

Ta chLPng minh quy ngp: r'"'x = (-"") • ( 2 n - 3 ) ! ! ^ — ^ 
2" 

trong do (2n - 3)!! = 1.3.5...(2n - 3), Vn > 2 ,(-1)!! = 1. 

Bai toan 10. 36: Cho ham so f(x) = . H§y tinh f^^^^ (0). 
x^ +3 

(Hu'O'ng d i n giai 

Ta CO f(x) = « f(x).(x^ + 3) = 2x + 9 
x^ +3 

Do do: f '(x)(x^ + 3) + 2xf(x) = 2 
f "(x)(x^ + 3) + 4x f (X ) + 2f(x) = 0 
f '"(x)(x^ + 3) + 6xf "(x) + 6f "(x) = 0 
Bing quy nap ta chung minh du'Q'c cong thCfc: 

f<")(x)(x' + 3) + 2nxf<"-^'(x) + n(n-1)f<"-2>(x) = 0 

Suyra:f<"'(0) = ^ f < " - ' ( 0 ) 

' ^ ' 3999 ^ ' g999 

0aj toan 10. 37: Cho f(x), g(x) la c^c ham so c6 dgo h^m den d p n, chCcng 

^ i nhc6ng thu ' c ( f . g f ' = Xc^f'V-'^ X . 

Hu'O'ng din giai 
Ta se chCfng minh quy ngp theo n. Khi n = 1: dung 

Gia su' cong thii'c dung vai n : (f.g)'"> = ^ cy^^g^"'*'i 
k=0 

suy ra; (fg)'"*^' = ((fg)'">)' = f^c'^ (f(k)g(n-k)], 

= Z^In (f'^^^'g*"""* + fC '̂g'"*!-"*) ) 

= xCnf"*V^'* + 2]c;;f"''g<"^^-^» 
n+1 n 

= Z C;; -̂ f"<>g'"̂ -̂'̂ ' + 2; Cj^f^^'g'"*^-^' 

= f'"'^'g + 2;c;;-¥^'g(-^-^' +^C;;f<'<'g'"^^-^' +fg'"^^' 
k = 1 . ' 

k=1 

= f'"̂ '̂g+2;(c;;-Vc;;)f(V î-̂ '+fg'"̂ )̂ 
k=1 

n 
= f'"'' 'g + ̂ c;; , /"g<"' '" '" + fg*"'" 

k=1 

.C - f (n^ 1 , g^^C^^^ f (k , g (n . 1 -k , ^C° , , f g< -^ ' 

k=l 

toan 10. 38: Cho ham s6 f(x) = (x^ - 2x + 2)sin(x - 1). Chu-ng to he 

P'lU'ang trinh sau CO nghi^m: ^ , , 
[ x ^ + y 2 = 1 0 



Hiring din giai 
0 § t a = x - 1 , b = y - 1 
f(x) = (x̂  - 2x + 2)sin(x - 1) = (â  + 1)sina = g(a) h$ phuang trinh tra than^ 

g<^°^°>(a) + g<2°2°'(b) = 0 (1) 

(a + 1)2 +(b + 1)2 =10 (2) ' 
g(x) Id hdm s6 le nen g'(x) Id hdm s6 chin. g"(x) Id hdm so le..,or r'-
Tong qudt: g'̂ °̂ °*(x) Id hdm s6 le 
nen vai b = -a thi (1) thoa mdn ' Q̂ *̂̂  
Thay b = -a vdo (2) c6 (a + 1)̂  + (a - i f = 10 
Giai ra du-p'c (a = 2; b = -2) hodc (a = -2, b = 2) 

x = - 1 
y = 3 ' j.16.7 „• • 

Vay nghi$m: 
y = - 1 

Bai toan 10. 39: Viet phu-ang trinh tiep tuyen cua do thj ham s6: 

a) y = — bi§t hoanh dp tiep diem Id xo = 0. "̂^̂  
x + 1 

b) y = — x^- 2x^- 3x + 1 CO he so goc Ian nhat. 
3 

Hirang din giai 
a) Phu'ang trinh ti§p tuyin tai dilm (xo, f(xo)): 

y = f '(xo)(x - Xo) + f(Xo). Ta CO Xo = 0 nen f(xo) = -1 
^ i ( x . i ) - ( x - i ) ^ _ ^ ^ ^ 

Th4 vdo thi c6: y = 2(x - 0) - 1 = 2 x - 1 . 
b) He so goc cua ti^p tuyen Id dao hdm tgi d6: 

y' = - x ^ - 4 x - 3 = 1-(x + 2)2<1. 

Do d6 h? s6 g6c I6n nhit Id y' = 1 tai XQ = -2 => f(xo) = | 

Tiep tuy4n can tim: y = 1(x + 2) + - = X + ^ . 

Bai toan 10. 40: Lap phu'ang trinh ti4p tuyen cua do thj hdm $6: 
a) y = x̂  - 3x + 2, bi^t tiep tuyen song song trgc hodnh. 
b) y = 2x̂  - 3x + 9, bilt ti§p tuy§n hgp vai tryc hodnh goc 45°. 

Hifo-ng din giai 
a) y' = 3x̂  - 3. Tilp tuyen song song vdi true hoanh nen he so goc Id dao haî  

y'= 0 o 3x̂  - 3 = 0 o Xo = ±1 . 
Vai Xo = 1 thi f(xo) = 0: logi , ubc. .v 
Vai Xo = -1 thi f(xo) = 4 nen c6 tiep tuyen: y = 4. 

in A ! 

y' = 4X - 3. Ti4p tuy4n hap vb-i tryc hoanh goc 45° nen h? s6 g6c 
' ~ " k = ±tan45° = ±1. 5 

X̂ t y' = 1<=>4x-3 = 1<=>Xo=1 
Ta c6 f(Xo) = 8 nen c6 tiep tuyen: y = x + 7. 

X6t y' = 4x - 3 = - 1 <=> XQ = -1 
Ta c6 f(Xo) = 8 n§n c6 ti^p tuyin: y = -x + y . 

a-j toan 10. 41: Viet phu'ang trinh tilp tuyin cua f 
(P): y = -x^ + 7x - 66 bilt tilp tuyin di qua B(2; 0). 

Hipang din giai 
Ta c6: y' = -2x + 17. Phu-ang trinh tilp tuyin tai dilm Mo(xo; yo): 
y = (-2x0 + 17)(x - Xo) +{-xl + 17xo - 66) = (-2xo + 17)x +x^ - 66 

Vi tilp tuyIn di qua P(2; 0) nen ta c6: 
0 = (-2xo + 17).2+ x̂  - 6 6 

o x̂  - 4xo - 32 = 0 Xo = - 4 ho$c Xo = 8. 
Vdi'i Xo = -4 thi CO t i lp tuyIn: y = 25x - 50 
Vol Xo = 8 thi CO tilp tuyIn: y = x - 2. 
V̂ y c6 2 tilp tuyIn y = x - 2vdy = 25(x-2). 

Bai toan 10. 42: Co bao nhieu tilp tuyIn cua do thj (C): y = x̂  - 3x̂  + 3 di qua 

<JilmE(^;-1). 
y 

Hird'ng d in giai 

Phuang trinh du-drng thing d di qua E ( — ;-1) c6 h$ s6 g6c k: 
9 

y = k ( x - ^ ) - l = k x - — - 1 . 
9 9 

Ê 'lu kien d tilp xuc v6i (C): ^ - -

|f(x) = g(x) 
f'(x) = g'(x) 

x 3 - 3 x 2 + 3 = kĵ x 23k 1 
- 1 (1) 

3x̂  - 6x = k nr (2) 

23 

k tu (2) vdo (1): x' - 3x' + 3 = (3x' - 6x)(x - y ) " 1 • 

^ - 16x2 + 23x - 6 = 0 o (x - 2)(3x' - 10x + 3) = 0 

^0 = 2 hodc xo = 3 hodc Xo = ^ • 



Hiring din giai 
0 § t a = x - 1 , b = y - 1 
f(x) = (x̂  - 2x + 2)sin(x - 1) = (â  + 1)sina = g(a) h$ phuang trinh tra than^ 

g<^°^°>(a) + g<2°2°'(b) = 0 (1) 

(a + 1)2 +(b + 1)2 =10 (2) ' 
g(x) Id hdm s6 le nen g'(x) Id hdm s6 chin. g"(x) Id hdm so le..,or r'-
Tong qudt: g'̂ °̂ °*(x) Id hdm s6 le 
nen vai b = -a thi (1) thoa mdn ' Q̂ *̂̂  
Thay b = -a vdo (2) c6 (a + 1)̂  + (a - i f = 10 
Giai ra du-p'c (a = 2; b = -2) hodc (a = -2, b = 2) 

x = - 1 
y = 3 ' j.16.7 „• • 

Vay nghi$m: 
y = - 1 

Bai toan 10. 39: Viet phu-ang trinh tiep tuyen cua do thj ham s6: 

a) y = — bi§t hoanh dp tiep diem Id xo = 0. "̂^̂  
x + 1 

b) y = — x^- 2x^- 3x + 1 CO he so goc Ian nhat. 
3 

Hirang din giai 
a) Phu'ang trinh ti§p tuyin tai dilm (xo, f(xo)): 

y = f '(xo)(x - Xo) + f(Xo). Ta CO Xo = 0 nen f(xo) = -1 
^ i ( x . i ) - ( x - i ) ^ _ ^ ^ ^ 

Th4 vdo thi c6: y = 2(x - 0) - 1 = 2 x - 1 . 
b) He so goc cua ti^p tuyen Id dao hdm tgi d6: 

y' = - x ^ - 4 x - 3 = 1-(x + 2)2<1. 

Do d6 h? s6 g6c I6n nhit Id y' = 1 tai XQ = -2 => f(xo) = | 

Tiep tuy4n can tim: y = 1(x + 2) + - = X + ^ . 

Bai toan 10. 40: Lap phu'ang trinh ti4p tuyen cua do thj hdm $6: 
a) y = x̂  - 3x + 2, bi^t tiep tuyen song song trgc hodnh. 
b) y = 2x̂  - 3x + 9, bilt ti§p tuy§n hgp vai tryc hodnh goc 45°. 

Hifo-ng din giai 
a) y' = 3x̂  - 3. Tilp tuyen song song vdi true hoanh nen he so goc Id dao haî  

y'= 0 o 3x̂  - 3 = 0 o Xo = ±1 . 
Vai Xo = 1 thi f(xo) = 0: logi , ubc. .v 
Vai Xo = -1 thi f(xo) = 4 nen c6 tiep tuyen: y = 4. 

in A ! 

y' = 4X - 3. Ti4p tuy4n hap vb-i tryc hoanh goc 45° nen h? s6 g6c 
' ~ " k = ±tan45° = ±1. 5 

X̂ t y' = 1<=>4x-3 = 1<=>Xo=1 
Ta c6 f(Xo) = 8 nen c6 tiep tuyen: y = x + 7. 

X6t y' = 4x - 3 = - 1 <=> XQ = -1 
Ta c6 f(Xo) = 8 n§n c6 ti^p tuyin: y = -x + y . 

a-j toan 10. 41: Viet phu'ang trinh tilp tuyin cua f 
(P): y = -x^ + 7x - 66 bilt tilp tuyin di qua B(2; 0). 

Hipang din giai 
Ta c6: y' = -2x + 17. Phu-ang trinh tilp tuyin tai dilm Mo(xo; yo): 
y = (-2x0 + 17)(x - Xo) +{-xl + 17xo - 66) = (-2xo + 17)x +x^ - 66 

Vi tilp tuyIn di qua P(2; 0) nen ta c6: 
0 = (-2xo + 17).2+ x̂  - 6 6 

o x̂  - 4xo - 32 = 0 Xo = - 4 ho$c Xo = 8. 
Vdi'i Xo = -4 thi CO t i lp tuyIn: y = 25x - 50 
Vol Xo = 8 thi CO tilp tuyIn: y = x - 2. 
V̂ y c6 2 tilp tuyIn y = x - 2vdy = 25(x-2). 

Bai toan 10. 42: Co bao nhieu tilp tuyIn cua do thj (C): y = x̂  - 3x̂  + 3 di qua 

<JilmE(^;-1). 
y 

Hird'ng d in giai 

Phuang trinh du-drng thing d di qua E ( — ;-1) c6 h$ s6 g6c k: 
9 

y = k ( x - ^ ) - l = k x - — - 1 . 
9 9 

Ê 'lu kien d tilp xuc v6i (C): ^ - -

|f(x) = g(x) 
f'(x) = g'(x) 

x 3 - 3 x 2 + 3 = kĵ x 23k 1 
- 1 (1) 

3x̂  - 6x = k nr (2) 

23 

k tu (2) vdo (1): x' - 3x' + 3 = (3x' - 6x)(x - y ) " 1 • 

^ - 16x2 + 23x - 6 = 0 o (x - 2)(3x' - 10x + 3) = 0 

^0 = 2 hodc xo = 3 hodc Xo = ^ • 



Vai xo = 2 thi k = 0 ; Vb-i Xo = 3 thi k = Q.Vdi Xo = ^ thi k = . V§y c6 ; 

tiep tuyen cua do thi di qua di lm E. 
Bai toan 10. 43: Tim m d§ du-ang thing r 

a) d: y = mx - 1 tiep xuc v&\o thj (C): y = x ' - x^ + 4x. 

b) d : y = 7 - X tiep xuc vb-i do thj (C): y = 
x^ +m 

x - 1 
Hu'O'ng d i n giai 

a) Ou-ang thing d ti§p xuc vbi (C) khi h? sau c6 nghiem 

f(x) = g(x) 

f'(x) = g'(x) 

x^ - x^ + 4x = mx - 1 (1) 

N o r- •• y 

3x2 - 2x + 4 = .̂1 (2)' 

Th§ m tCr (2) vao (1): x^ - x^ + 4x = (Sx^ - 2x + 4)x - 1 

<^ 2x^ - x^ - 1 = 0 o (X - 1)(2x^ + X + 1) = 0. 

<=> X - 1 = 0 (vi 2x^ + X + 1 > 0 vai moi x). 

<=> X = 1. T h i vao (2) thi m = 5. V$y 2 do thi t i lp xuc khi m = 5. 

b) Vai y = 
x^ +m 

x - 1 
thi y" = 

x^ - 2 x - m , 

Vaiy = 7 - x t h i y' = - 1 . 
Oieu kien 2 d6 thj ti§p xuc khi he sau c6 nghiem: 

x^ +m 
- 7 - x 

x - 1 

x^ - 2 x - m 
= -1 

2x2 - 8x + m + 7 = 0 

2x2-4x + 1-m = 0 -J 

x ^ 1 
(x-1)^ I 

Khu'm thi du-gc: 4x^ - 12x + 8 = 0. 

<=> x = 1 (loai) hoac x = 2 (chpn). 

Th§ vao thi du-gc m = 1 la gi^ trj c in tim. 

Bai toan 10. 44: Cho f(x) = (x - x,) (x - xj) ... (x - Xn), bi§u di§n cac t6ng sâ  

day theo f(x) va f '(x): 
n 

^=1 
1 

i=1 X X| 
,B= y - ^ v^c= y - A _ 

HiPO-ng d i n giai 

Ta c6 f(x) = (X - xi) (X - X2) ... (x - Xn) 

f '(X) = (X - X2) (X - X3) ... ( X - X n ) + ( X - X i ) ( X - X 3 ) . . . (X - Xn) + 

X i ) ( X - X 2 ) ... (x-Xn- i ) 

3061 

DO do; 

^ " ^ x - x . 

B 
n y ri 

1 _ ( X - X g ) ( x - X 3 ) . . . ( X - X „ ) + ( X - X , ) ( X - X 3 ) . . . ( X - X j + ... _ f ( x ) 

f(x) (x-x,)(x-X2).. . (x-xJ 

^ n 

x - x . 
- 1 

" x 

f(3) 

w x - x . f(x) 

Bai toan 10. 45: Cho phu-ang trinh: - ^x"* - 5x ' + x^ + 4x - 1 = 0 

a) ChLcng to phu'ang trinh c6 dung 5 nghiem Xi ( i - 1 5 ). ' . 

b) T i n h t 6 n g S = | ; ' ' . 
M 2xf - x,̂  - 2 

Hipang d i n giai 

a) Xet ham so f(x) = x ' - i x ' - 5x' + x^ + 4x - 1 thi f(x) la h^m so lien tuc tren 

R.Tac6:f(-2) = - 5 < 0 f(0)=-i<o f(1) = - l < o 

( 3 ' 
= 2>0 = 2>0 f 

. 2J 
f f(3 ) . I Z 5>0 

v - y - - - ^ 

Phuang trinh f(x) = 0 c6 c^c nghiem Xi, X2, X3, X4, X5 sao cho: 
3 1 

-2 < Xi < — < X2 < 0 < X3 < - < X4 < 1 < X5 < 3. if 
2 2 

Hon nu-a, vi f(x) = 0 la phu-ang trinh bgc nam nen c6 dung 5 nghiem 
Ta c6 Xi 1^ nghi$m cua phu'ang trinh nen: 

xf - x,̂  - 5xf +4x. - 1 - 0 <^ 2xf - x."* - 2 = 2(5xf - xf - 4x.) 

D o d 6 : S = y " ' ^ ^ 
t r 2 ( 5 x f - x f - 4 x . ) 

-^tbilu there g(x)= = . 
5 x ^ - x 2 - 4 x x(x-1)(5x + 4) 

^9 C6: X +1 

Mx-1)(5x + 4 ) % ' " ^ + ^ 

L 2 5 
Mx-1) (5x .4 ) 4x^9 (x -1 )^36 (5x + 4) 

nen dong nhit du-p-c: 



Vai xo = 2 thi k = 0 ; Vb-i Xo = 3 thi k = Q.Vdi Xo = ^ thi k = . V§y c6 ; 

tiep tuyen cua do thi di qua di lm E. 
Bai toan 10. 43: Tim m d§ du-ang thing r 

a) d: y = mx - 1 tiep xuc v&\o thj (C): y = x ' - x^ + 4x. 

b) d : y = 7 - X tiep xuc vb-i do thj (C): y = 
x^ +m 

x - 1 
Hu'O'ng d i n giai 

a) Ou-ang thing d ti§p xuc vbi (C) khi h? sau c6 nghiem 

f(x) = g(x) 

f'(x) = g'(x) 

x^ - x^ + 4x = mx - 1 (1) 

N o r- •• y 

3x2 - 2x + 4 = .̂1 (2)' 

Th§ m tCr (2) vao (1): x^ - x^ + 4x = (Sx^ - 2x + 4)x - 1 

<^ 2x^ - x^ - 1 = 0 o (X - 1)(2x^ + X + 1) = 0. 

<=> X - 1 = 0 (vi 2x^ + X + 1 > 0 vai moi x). 

<=> X = 1. T h i vao (2) thi m = 5. V$y 2 do thi t i lp xuc khi m = 5. 

b) Vai y = 
x^ +m 

x - 1 
thi y" = 

x^ - 2 x - m , 

Vaiy = 7 - x t h i y' = - 1 . 
Oieu kien 2 d6 thj ti§p xuc khi he sau c6 nghiem: 

x^ +m 
- 7 - x 

x - 1 

x^ - 2 x - m 
= -1 

2x2 - 8x + m + 7 = 0 

2x2-4x + 1-m = 0 -J 

x ^ 1 
(x-1)^ I 

Khu'm thi du-gc: 4x^ - 12x + 8 = 0. 

<=> x = 1 (loai) hoac x = 2 (chpn). 

Th§ vao thi du-gc m = 1 la gi^ trj c in tim. 

Bai toan 10. 44: Cho f(x) = (x - x,) (x - xj) ... (x - Xn), bi§u di§n cac t6ng sâ  

day theo f(x) va f '(x): 
n 

^=1 
1 

i=1 X X| 
,B= y - ^ v^c= y - A _ 

HiPO-ng d i n giai 

Ta c6 f(x) = (X - xi) (X - X2) ... (x - Xn) 

f '(X) = (X - X2) (X - X3) ... ( X - X n ) + ( X - X i ) ( X - X 3 ) . . . (X - Xn) + 

X i ) ( X - X 2 ) ... (x-Xn- i ) 

3061 

DO do; 

^ " ^ x - x . 

B 
n y ri 

1 _ ( X - X g ) ( x - X 3 ) . . . ( X - X „ ) + ( X - X , ) ( X - X 3 ) . . . ( X - X j + ... _ f ( x ) 

f(x) (x-x,)(x-X2).. . (x-xJ 

^ n 

x - x . 
- 1 

" x 

f(3) 

w x - x . f(x) 

Bai toan 10. 45: Cho phu-ang trinh: - ^x"* - 5x ' + x^ + 4x - 1 = 0 

a) ChLcng to phu'ang trinh c6 dung 5 nghiem Xi ( i - 1 5 ). ' . 

b) T i n h t 6 n g S = | ; ' ' . 
M 2xf - x,̂  - 2 

Hipang d i n giai 

a) Xet ham so f(x) = x ' - i x ' - 5x' + x^ + 4x - 1 thi f(x) la h^m so lien tuc tren 

R.Tac6:f(-2) = - 5 < 0 f(0)=-i<o f(1) = - l < o 

( 3 ' 
= 2>0 = 2>0 f 

. 2J 
f f(3 ) . I Z 5>0 

v - y - - - ^ 

Phuang trinh f(x) = 0 c6 c^c nghiem Xi, X2, X3, X4, X5 sao cho: 
3 1 

-2 < Xi < — < X2 < 0 < X3 < - < X4 < 1 < X5 < 3. if 
2 2 

Hon nu-a, vi f(x) = 0 la phu-ang trinh bgc nam nen c6 dung 5 nghiem 
Ta c6 Xi 1^ nghi$m cua phu'ang trinh nen: 

xf - x,̂  - 5xf +4x. - 1 - 0 <^ 2xf - x."* - 2 = 2(5xf - xf - 4x.) 

D o d 6 : S = y " ' ^ ^ 
t r 2 ( 5 x f - x f - 4 x . ) 

-^tbilu there g(x)= = . 
5 x ^ - x 2 - 4 x x(x-1)(5x + 4) 

^9 C6: X +1 

Mx-1)(5x + 4 ) % ' " ^ + ^ 

L 2 5 
Mx-1) (5x .4 ) 4x^9 (x -1 )^36 (5x + 4) 

nen dong nhit du-p-c: 



5 
Ma f(x) = (X - X i ) ( X - X2)(X - X3)(X - X4)(X - X j ) 

5 ^ 1 
X - X : 

V$y X ^ Xi( i = 1,5) ta 6UQ>C ^ = £ 

Ux) i=i 

f "(x) = Sx" -2x^-15x^ + 2x + 4, do do: 

f ' ( i ) ^ | . _ L = , J . •> '̂(1) 
i=1 "I ~ 

5 

X X 

f(i) i i r i - X i t t X i - 1 f(i) 

f'(0) ^ 1 ^ 1 f'(0) 

= -12 

f(0) 

5 H 5 - 1 

i=1 X. X. f(0) 
= 4 

1 

'<-5-> " ' - l - ^ 

• => 
^ 1 

y _ L _ = 5_ 
X , . - f ( - - ) 

i=1 

12900 
4789 

h .0, 

Vgy S = -
8959 
4789 

Bai toan 10. 46: Tinh tdng; 

• T = C||,(cos X - sin x) + OC^ + 3 sin x cos x(sin x - cos x) +... + 
+ CJJ.nsinx cos x(sin""^x-cos"^x) 

Hu'O'ng d in giai 
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Do do: T = y' = [(1 + cosx)" + (1 + sinx)"]' 
= n(1 + cosx)""^ . (-sinx) + n(1 + sinx)""^ cosx 
= n[cosx(1 + sinx)""' - sin x(1 + cosx)""']. 

Bai toan 10. 47: Tinh t6ng 
a) P = 1 + 2x + 3x^ + ... + nx 

ins 

.n-1 b)Q = 1̂  + 2̂ x + 3V + ... + n 

Cty TNHHMTVDWH Hhang Vm 

Hipang d in giai 

,̂= , = 1 th iP = 1-^2 + . . . - H n = I ^ 

•f 

rf.Sn 

j y dao h^m hai v§: 

, , 2x^3x-^ . . .^nx"- '= ( "^^)>^" (^-^)- (^"" -^) 
(X -1)^ 

„ nx""' - (n + 1)x" +1 

— — • 
, ) Kh i x=1th iQ=1^-H2^ + 3^-H... + n^= ^ "l̂ ^^ "̂ ^ 

Khi X # 1, nhSn x v^o hai ve v^o ding thtec cSu a) 
P.x= 1.x + 2.x^ + 3.x^ + ... + nx" 

n.x""2-(n + 1)x""' + x , ^ 2 o 3 
^ 1 = 1 .X + 2.x^ + 3.x^ + ... + nx" 

(x-1)2 
Dgo ham ve phai: 1̂  + 2̂ x + 3 V + ... + nV~' = Q 
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Q _ n^x"-^ -(2n^ + 2n - l )x"-' - (n + 1)^x" f 

3' toan 10. 48: Cho so nguygn du-ang n. Tinh t6ng: 

Sk(n) = 1̂  + 2'' + ... + n^ v6i k = 1,2,3. 
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2(2x + 3x '+ . . . + nx"-') + (x-1) (2.1 + 3.2.x + . . . + n(n-1)x"-2) 

*('^^1).n.x"-'-2 

^^°^=1, tac6 2(2 + 3 + .. . + n) = (n-1).(n-2) = 2(Si(n) - 1) . ^ ^ ^ 

.,ti • 
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10 trQnq diem l^oi dUdng hoc sinh gidi mon Toon 1 ' hJ finn,:!i Phd 

V § y : S , ( n ) = ^ . 

Lay dgo h^m d p ba F ""(x), ta c6: 
3(2.1 + 3.2.x + ... + n(n-1)x""2)+ , 

(x-1)(3.2.1 + 4.3.2.x + ... + n(n-1)(n-2).x"-^) = (n+1)n(n-

Chox= 1,tac6: 3(2.1+3.2+ ... + n(n-1)) = (n+1)n(n-1) ^ 

Tu d6: X m(m -1) = ^"^ = 8^(0) - S,(n) 

V^ySa(n)="^"^'')(^"^''). 
6 

TLfcyng ty-, l l y dgo h^m d p bon, ta c6: 

4(3.2.1 + 4.3.2 + ... + n(n-1)(n-2)x""^) ^ ^̂ ^̂ ^ ^ 

+ (x-1)(4.3.2.1 +... + n(n-1)(n-2)(n-3)x"-^) = (n+1)n(n-1)(n-2)x^ 

Chox=1 , t a c6 : 
4(3.2.1 + 4.3.2 + ... + n(n-1)(n-2)) = (n+1)n(n-1)(n-2) 

nen m(m - 1)(m - 2) = (" + - IK" " 2 ) , 53(0) - 382(0) + 28i(n) 
m=1 4 

V^y:S3(n)="^<-''^ * 
4 

C^ch kh^c: Ta c6 th i dung sai phSn Ax2 = (x+1)̂  - x̂  d l tinh S i , 
AX3 = (x+1)̂  - x ' d l tinh 82, AX4 = (x+l)" - x" d l tinh 83. 

Bai toan 10. 49: Chipng minh: 

a) 1 .c;i, +20^.9+... 4kc;;.9'̂ -̂ +...+nc;;.9"-̂  = n.10"-̂  

b) 1 . C : + 3 C ^ 5 k C ^ 7 C ^ . . . = n.2"-̂  .5, 5 

Hipvng din giai 
r» \ . . .vO r »/..\ - . . / i * _i_„\n-1 e^t f(x) = (1 + X)" thi f '(x) = n(1+x)" ^ v6i mpi x 
m$t kh^c, khai trien nhj thCpc: 

n 

f(x)= lc;;.x'̂  f'(x)=£c;;.k.x''-v,̂ J 
n 

Do d6: XCĵ .k.x"'̂  -n(1 + x)""̂  vd-i mpi x . (: 

a) L l y x = 9 thi c6 dpcm 

b) L l y X = 1 thi 1 .C;; + 2Cl + 3C^ + ... + nC;; = n.2"-̂  

Ctjf TNHHMTVDWH Hhang Vi^t 

"^Lly X = -1 thi 1 .Ĉ  - 201 + 3.C„3 - . . . 4<-1)"-\n.C;j =0 ^ .. 

C$ng lai chia 2 thi c6 dpcm. 
gai toan 10. 50: Tinh c^c t6ng \ 

a) T= 1̂ C>22c„̂ +... + n2C, " fQ>\^2^0l^...^n^C^ 
Hiwyng din giai 

Ta c6 (1+x)" = 2] c;;.xNly dgo h^m 2 v4 thi c6: 
k=0 

•̂^ sT (d 
n 

a) Xet f(x) = ^ thi f '(x) = —1= v6i Xo = 27, Ax = -0,3 
3.^ x̂  

n(1 + x)"-̂  = IC k̂.x̂ -̂  ^ nx(1 + x)""^ = ^C^k.x^ 
k=1 k-1 

Lly dao ham 2 ve thi du-p-c 

n(1 + x)"-^ + n(n-1)x(1 + xr̂  = ̂ c;;.k^x''-^ 
k=2 

a) Chpn x = 1 thi c6: T = n(n + 1 )2"-'. 
b) Nhan x vao 2 ve, ti4p tgc lay dgp ham 2 v4 roi chpn x = 1 thi c6: 

S = n2(n + 3)2"-l M 
Bai toan 10. 51: Dung vi phSn, tinh g in dung: 

a) ^ / i i j b) ^ 1 = 

7203 
Hipdng din giii 

Ap dung cong thCfc g i n dung f(xo + Ax)«f(xo) + f '(xo).Ax. - \

=> ^ 2 7 ^ * ^ + — ( - 0 , 3 ) « 2,999. 
27 §X (d 

b) X6t s6 f(x) = - 1 . thi f '(x) = — 4 - v6i XQ = 20,25; Ax = 0,05 
Vx 2xVx 

i — . ( 0 . 0 5 ) «0,222. 
V20,3 4,5 40,5^20,25 

toan 10. 52: Dung vi phan de tinh g in dung 
^)cos45°30' b)tan29°30' 

Hip6'ng din giai 

'̂ P clyng cong thu-c g in dung: f(xo + Ax) « f(xo) + f '(xo).Ax. - j ^ X (?i 

)̂ Ta 0645030.= 5 + _iL_ 0)tWT 
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lOtrqng diSm hoi dudng hoc sinh gidi man Todn 11 ie Hoanh PhS^ 

X6t f(x) = cosx, f "(x) = -sinx vb-i Xo = ^ , Ax = ^ 

cos 
— + 

7t 
a C O S - - sin n 

1,4 360 , 4 . 4 , 
71 

360 

« 0,7009. 

b)Tac6 2 9 ° 3 0 - = - - 3 g ^ 

X6t f(x) = tanx, f '(x) = 1 + tan^x vo' Xo = | , Ax = - ^ 

tan 
71 7t 

6 360 
7t 

* t a n - + 
6 

1 + tan 271 -71 

360 

hay tan29°30'« 
1 

+ — 
S 3 

360, 
« 0,566. 

Bai toan 10. 53: Tinh cSc gidi hgn: 

a) lim 
x8 - 1 2 8 

>2 x 2 + 2 x - 8 

UN .• > /x -3 b) lim-
x->9 x - 9 

Hwang din gial 
Ap dyng quy t i c L'Hospitai: 

a) Xet f(x) = x ' - x ' - 128 thi f(2) = 0 f '(x) = 8x' - 7x^ 
X§t g(x) = x^ + 2x - 8 thi g(2) = 0 g'(x) = 4x + 2. 

^ . ^ x " - x ' - 1 2 8 _ f'(2) 576 288 
'̂-2 x 2 + 2 x - 8 g'(2) 10 5 

b) X6t f(x)= N/X - 3 thi f(9) = 0 f '(x) = 
2VX 

x->9 X - 9 x-»9 X - 9 6 
Bai toan 10. 54: Tinh cac gidi hgn sau: 

>yi + 2x + 2^1 + 3x+3x2-3 
a) lim : 

x->o sinx 
b) lim , — 

x - o ^ y u x - i 
Hirang din giai 

a) X§t f(x) = N/I + 2X + 2^1+ 3x + 3 x ^ - 3 

Thi f(0) = 0 f "(x) = + 6x. 

"(x+̂ :< 

<r<V TNHHMTVDWH Hhong Vi$t 

X^t g{x) = sinx thi g(0) =0 g'(x) = cosx 

TTTix + 2^1 + 3x + 3x^ - 3 f'(0) _ 1 2 - . 

-r-i*l ~ 

^ ' n-1 
n(i + x ) n 

g^j toan 10. 55: Tinh c^c gidi hgn sau: s\A {d 

a ) l i m i C ^ b ) l i m ( ^ ^ ^ ^ ) " - ( ^ ^ ^ ^ ) " 
' x - i x ' " - ! ' ' - o (1 + a x f - ( 1 + bx)^ '^y^ 

Himng din giai 
a)X6tf(x) = x" thif(1) = 1, f (x) = nx"-^ 

g(x) = x ' " th ig(1)= 1,g'(x) = mx'^^ 

x"-1 . , „ r x " - 1 x ^ - l l f'(1) n lim = lim 
x-^lx'" - 1 x->1 x - 1 • x - 1 g'(1) m 

b) X6t f(x) = (1 + ax)'° - (1 + bx)^° thi f(0) = 0, 
f'(x) = 1 0 a ( 1 + a x f - 1 0 b ( 1 + b x ) ^ 

va g(x) = (1 + ax)̂  - (1 + bx)^ thi g(0) = 0, 
g'(x) = 9a(1 +ax)^-9b(1 + bx)^ 

ngn lim O^axr-jUbxr ^ r(0) ^ 10a-10b _ 10 

(1 + ax)^-(1 + bx)^ g'(0) 9 a -9b 9 ^ ^ 

Bii toan 10. 56: Tinh c^c gi6i hgn sau: 

x^ x-^0 xsinx 
Hu-o-ng din giai 

a)|jnilanx^^sinx ( tanx -s inx ) ' 
X^ x-̂ 0 (x3). 

= lim Jg"^x + 1-cosx (tan^x + 1-cosx) ' 
3x2 ,^0 (3x2). 

* lim gjanx(tan2x + 1) + sinx ^ (2tan'^x + 2tanx + sinx)' ^ 
6x . - X . 0 (6x)' rndotffea 

* lim Stan^ x(tan2 x +1) + 2(tan2 x +1) + cosx 1 ^ ~ (x)^ 
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f'(x) = 1 0 a ( 1 + a x f - 1 0 b ( 1 + b x ) ^ 
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(1 + ax)^-(1 + bx)^ g'(0) 9 a -9b 9 ^ ^ 

Bii toan 10. 56: Tinh c^c gi6i hgn sau: 

x^ x-^0 xsinx 
Hu-o-ng din giai 

a)|jnilanx^^sinx ( tanx -s inx ) ' 
X^ x-̂ 0 (x3). 

= lim Jg"^x + 1-cosx (tan^x + 1-cosx) ' 
3x2 ,^0 (3x2). 

* lim gjanx(tan2x + 1) + sinx ^ (2tan'^x + 2tanx + sinx)' ^ 
6x . - X . 0 (6x)' rndotffea 

* lim Stan^ x(tan2 x +1) + 2(tan2 x +1) + cosx 1 ^ ~ (x)^ 



b) „ ^ i - c o s x ^ , . ^ ( i : : c o s x 2 : 

x->o x s i n x x-*o ( xs inx ) 

= lim ^ - ^ = l i m . x - o s i n x + x c o s x x - o ( s i n x + x c o s x ) ' 

,. COSX 1 .yVp\ 
= h m - ^— = - . ^ ' ^ , f x ; 

x->o2cosx-xsinx 2 — ^ 
Bai toan 10. 67: ChCpng minh: ' ^ ' 

a) N lu y = x^ - x thi (X + 2y)dx - xdy = 0 

b) N e u y = x + Vx^Tl thi N/I + X ^ . d y - y d x = 0 dJ-M 0 ' 
Hu>6>ng d i n giai 

a) Ta c6 dy = (2x - 1)dx nen 
(X + 2y)dx - xdy = (x + 2x̂  - 2x)dx - x(2x - 1 )dx = 0 

?X X V 
b) T a c 6 y ' = 1+ , = 1 + / = ; • 

2 V x 2 + 1 V x 2 + 1 V x ^ + I (>:• 

Do do : ^ = , ^ => Vx̂  + 1.dy - ydx = 0 . jmil 

Bai toan 10. 58: Chupng minh: ( 

a) N4U y = V2x-x2 thi y^y " +1=0. - \ 

b) Neu y = Asin(at + b) + Bcos(at + b) thi y" + a^.y = 0. -̂̂  
HiPO'ng ddn giai 

, , 2 - 2 x 1 - x ' p v 
a) y = / = / 0. 

2V2x - x^ V2x - x^ 

- \ / 2 x - x 2 - ( 1 - x ) . -
1 - x 

y . . , V 2 x - x ^ - (2x -x^)- (1 -x )^ 

2x-x2 (2x-x2)V2x-x2 

^ = ^ => y ^ y " = - 1 dpcm. 
.3 V (2x -x2)3 y ' 
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Bai toan 10. 59: Cho 2n s6 ai, bi, i = 1,2 n h^m so: 

f(x) = aisinbix + a2Sinb2X + ... + anSinbnX thoa m§n 
|f(x)| < Isinxl , Vx e [ - 1 ; 1]. 

Chung minh: I aibi + a2b2 + ... + anbn I < 1. 

TNHHMTVDVX'H Hhang Vi$t 

Hu-o-ng d i n giai 
f a CO f(0) = 0 f '(X) = aibiCosbiX + azbzcosbzx + ... + anbncosbnx 
pgn f '(0) = aibi + aabz + ... + anbn. Theo djnh nghTa: ' ' ^ ^ ' 

x-^osinx X 

Vo'i m p i x e [ - 1 ; 1], x ^ O : 
f(x) s inx 

s inx 
s inx 

lim — = 0 nen I f '(0) I < 1: dpcm. 
x-»1 X 

' * sup ?SV: 

r 
Bai toan 10. 60: Cho ham so f(x) = ax^ + bx + c thoa man: 
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Taco If(1)1 = |f(i) + f(_i)_2f{0)+ I(f(i)-f(_i) 

r - x< 

= | | f ( 1 ) + If(_1)_2f(0)| 

< 3 
2 f(1)l + | | f ( - 1 ) | + 2 | f ( 0 ) | < | + l + 2 = 4. 

..Qh q s l iiĵ ,..' 

, H S - x ) = y l e 

V,"-, Qnut „̂ 

Tac6 If(-1)1 = l - f ( 1 ) - f ( - 1 ) + 2 f (0)+ | ( f ( 1 ) - f ( - 1 ) 

= l - | f H ) - | f ( 1 ) + 2f (0) | 

3 
lf(-1)l + ^ | f ( 1 ) | + 2 k O ) | < ^ + I + 2 = 4 . 

T ^ 2 2 
rCr do suy ra di6u phai chii-ng minh . 

^- ^Al LUYEN TAP 
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^ ) y * x ' ' - 5 x , X o = - 1 b ) y = > / 3 ^ ,Xo = 4 

r :a .or qfel i E f i 

K ~ *x, = Y (a 
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To trQng diem l^6^_dUdng hoc sinh gidJ mdn To6n 11 -U Hodnh Ph6 

Hu-o-ng din 
f (x)-f (Xo) 

a) Dung djnh nghTa: fXXo) = yXXo)= I ' m — — — 

K § t q u a f ' ( - 1 ) = - 9 - - 1 . ( 0 ' 
b) Ketquaf'{4)= , ^ ^ , , 

Bai tap 10. 2: Dung dinh nghTa, tinh dao h^m cua moi h^m s6 : 
„ . •xnie ... 

J _ v a i x ^ - b)y = V 3 - X v d i X < 3 . "\'' a)y = 
2x - 1 2 

Hu-o-ng din 
f ( x ) - f ( x j 

a) Dung djnh nghTa: f'(Xo) = y'(Xo )=l im 
X->XQ X A Q 

_2 1 '̂ y' 
Ket qua y' = vdi x ^ - . 

(2X-1)' 2 

b) Ket qua y' = v^i x < 3 . 
2 v 3 - x 

Bai t$p 10. 3: Tim dao ham cua moi ham s6 sau: 

a)y = (x-2 ) (x^+1) ^^^^7^ 
HiFd-ng din , 

a) dung quy t§c dao hSm cua mOt tich. Ket qua y' = 4x' - 6x^ + 1. 

b) K e t q u a y ' = f""^ 
2V(1-x)=' 

Bai t?p 10. 4: Tinh dgo h^m c^c h^m s6 sau: 

sinx + cosx b)y = x W x 
s i n x - c o s x 

HiFO-ng din 
2 

a) dung quy t i c dgo hSm cua mOt thu-o-ng. K i t qua Y' = — (sinx-cosx)^ 43 

b) Ket qua y' = x^(3cos^x - xsin2x) 
Bai t?p 10. 5: Tinh vi phan cua c^c ham s6 sau: 

a)y = x ' - X N / ^ + 2 b ) y = Vcos2 2x + 1 
Hipo-ng din 

a) 

b)Dur 

Ket qua dy = (8x^ - | 7 ^ ) d x 

J,) Duri9 t'̂ '̂ '̂  ^^"^ '̂̂ ^ "̂ ^̂  '̂ '̂̂  2. 

K l t q u a d y = - . ^'""^ dx. = ^ feup ,c 
Vcos2 2x + i ^;3drt}T ;,rr o r q ^ t i g e 

gai t?P lO- 6: Dung vi phan, tinh gan dung 

^ > 5 ^ « ^ " 
Hipo-ng din p gnOO y-, 

a) Dung cong thipc f(xo + Ax) « f ( x o ) + f '(Xo)Ax ^ i - ' ' -

• < ^ * ^ ^ ' 5 : ^ ^ '̂̂ ^^^ 

b) Xethamy= ?/xvachonxo= 13. Ketqua ^ 2 0 1 5 * 12,6306. 
Bai t9P 10. 7: Giai phu-ang trinh y' = 0 vai ham so: 

a ) y = 7x^-2x^ + 3 b) y = ^sin2x + s i n x - 3 

Hu'O'ng din 

a) Ket qua x = 0 hoSc x = -
3 

b) Ket qua x = 71 + l<27r hoac = ± - + WZnk G7A 
3 

Bai tap 10. 8: Cho hypebol (H): y = .Tilp t u y § n (T) cua (H) tai d i lm M c6 

hoSnh dp X = a /2, cat tryc hoSnh Ox tai A va cSt du-ang thing d: x = 2 tai 
B̂  Chiing minh IVI la trung di lm cua AB va di^n tich tam giac giai han bai 
tiep tuyin, Ox va d I<h6ng d6i. 

Hu'O'ng din 
L|p phuang trinh t i l p t u y § n tai diem Mo(Xo; f(xo)): 

^ y = f '(Xo)(X - Xo) + f(Xo). 

'^etquaS = 2. 
^' tap 10. 9: Lap phuang trinh tidp tuyin chung cua 2 d6 thj: 

(Pi):y = x ^ - 5 x + 6va (P2): y =-x^ + 5x - 11. 
Hu'O'ng din 

^Pi phuang trinh ti§p tuydn chung la y = ax+ b r6i d6ng nhit. <.!;;. 

*'*^P10.10: Tinhcact6ng 
5 ^ - y = 3x - 10 va y = -3x + 5. 

^)S= 1.C°„^^,2.C^„„,.....20010--
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b) P = 1.2"'\Cl + 2.2"-^C^ + ... •Hi.2°C:; 
Hu-ang din 

a) Dung dgo h^m cua nhi thLFC. Ket qua S = 1001.2^°°° 
b) KetquaP = n.3"-' 
Bai tap 10.11: Tinh c^c g\&\n sau: 

' - 4x + 3 ; 
HLFO-ng din 

a) Dung quy t i c L'Hospital cho hai ham s6 f va g lien tgc tren khoang (a, 
chLPa xo, CO dao ham tren (a ;b) \} va c6 f(xo) =g(xo) - 0. 

N4U lim ^ = L thi lim - ^ = L. K§t qua - | . 
x '̂̂ o g'(x) ''-^"o g(x) 

b) K§tqua 3/5. 
Bai tap 10.12: Lap cong thu-c dao ham cSp n cua ham so: 

a ) y = _ l ^ ^ i ± i - b)y = sin2x-2014x + 3 
6x^ - X - 1 

Hu'O'ng din 

_ 2 3 . n , _ 2 J J ) ^ 3 ^ n ! 3 ^ 1 ^ 

a) K e t q u a y = — . — y - (ĝ ^̂ n̂. ( 2 x - i r ' ' 
b) y '= s in2x-2014. 

K^tqua y<">= 2"-Vsin(2x + { n - 1 ) ^ ) . 

"3r 

3 1 8 

^fturen ae u: D!NH U LflGRIINGC Vl) 

TiNH DOH OICU, CVC TBI, L6| L6M 

jjI^N T H U G T R O N G T A M 

^•pinhllLag'-a"ge: 
Cho Ha mpt ham lien tyc tren [a; b], c6 
jgo ham tren (a; b). 
Liic d6 tan tai c e (a,b) d l : 

/(b)-^(a) = (b-a)r(c) 

hay o 
b - a 

M 
(C)y, = f(x) 

a c 

Ojnh ly Rolle: Cho f la mpt h^m li§n tuc tren [a; b], c6 dao h^m tr6n (a; b) 
MZ /(a) = fl[b>. Luc do t6n tai c e (a; b) d l r(c) = 0. 
Ojnh ly Cauchy: Cho f va g la hai ham lien tyc tren [a, b], c6 dgo ham tren 
(a; b) va g'(x) / 0 tai moi x e (a; b ) . 

Lucd6 t6n ta i ce (a ,b )d i : i i^bM^lM. 
g(b)-g(a) g'(c) 

; el toy Ham hang 
N4U f '(x) = 0 vai mpi x G (a; b) thi ham so f = C khong d6i tren (a; b). 
Ham sd dan di^u: 
H^m s6 f xac djnh tren K IS mpt khoang, doan ho$c nu-a khoang. 

- fdfing biln tren K neu vai mpi X i , X2 € K: Xi < X2 => f(Xi) < f(X2) 
- f nghich bi4n tren K n§u v6i mpi Xi, Xj e K: Xi < Xz => f(Xi) > f(X2). 

Gia si> ham s6 c6 dao ham tren khoang (a; b) khi do: 
Neu ham s6 f d6ng bi ln tren (a; b) thi f '(x) > 0, V x G (a; b) 
N§u ham s6 f nghich bi ln tren (a; b) thi f '(x) < 0, V x e (a; b). 
N4u f '(x) > 0 vai mpi x e (a; b) va f '(x) = 0 chi tgi mpt s6 h&u hgn di lm cua 

b) thi ham so dong bi ln tren khoang (a; b). 
'^^u f '(x) < 0 v6'i mpi x e (a; b) vS f '(x) = 0 chi tgi mpt so huu han diem cua 

b) thi ham s6 nghjch bi ln tren khoang (a; b). 
CO them h^m so f lien tyc tren [a; b); tren (a; b]; tren [a; b] thi h^m s6 f dong 
nghich biln tu-ang u'ng tren [a; b); tren (a; b]; tren [a; b]. 
tn ham s6 

1̂̂0 ham s6 f xac djnh tr§n D. Diem XQ € D du-pc gpi la mpt diem eye dai 
f n lu tdn tai mpt khoang (a; b) c D chCpa d i lm XQ sao cho f(x) < f(Xo) 

fTipi x e (a; b) \. 
^°'ng ty d i lm eye t i lu XQ: f(x) > f(Xo) vai mpi x e (a; b) \. 

319 
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"3r 

3 1 8 

^fturen ae u: D!NH U LflGRIINGC Vl) 

TiNH DOH OICU, CVC TBI, L6| L6M 

jjI^N T H U G T R O N G T A M 

^•pinhllLag'-a"ge: 
Cho Ha mpt ham lien tyc tren [a; b], c6 
jgo ham tren (a; b). 
Liic d6 tan tai c e (a,b) d l : 

/(b)-^(a) = (b-a)r(c) 

hay o 
b - a 

M 
(C)y, = f(x) 

a c 
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B6 d § Fermat: Gia si> h^m so c6 690 h^m tren (a;b). N4U f dgt eye th 
diem Xo e (a;b) thi f (Xo) = 0. '̂ j 
Cho y = f (x) lien tye tren khoang (a;b) chua Xo, c6 dgo h^m t r § n c^e khoar,' 
(a;xo) (Xo;b): ^ 
N § u f (x) doi d i u tu' am sang du'ang thi f dgt eye t i l u tgi Xo 
N § u f '(x) d6i dau tCi" dLcang sang am thi f dgt eye dgi tgi XQ . 
Cho y = f(x) C O dao h^m clip hai tren khoang (a;b) chtpa XQ ^ 
N § u f '(Xo) = 0 va f "(xo) > 0 thi f d?t eye tieu tgi XQ 
Nku f '(xo) = 0 f "(Xo) < 0 thi f dgt eye dgi tgi XQ 

Tung dp eye tri y = f(x) tai x = Xo ngoai phep the yo = f(xo), vd i h^m da thi>c-

y = f(x) = q(x). f '(X) + r(x) ^ yo = r(xo), va ham hu'u ti: y = f(x) = ^ 
v(x) thi 

V(Xo) V'(Xo) < v. 

D0C biet: Va i ham bac 3 c6 CD, CT v^ neu y = q(x). y' + r(x) thi phuong 
trinh du'ang t h i n g qua CD, CT la y = r(x). 
T i n h Idi 16m cua d 6 t h j : ' ^ 
Ham s6 f xac dinh tren K la mot khoang, doan ho^c nu-a khoang. 
f gpi la 16m tren K n l u Va,p,u + (5 = 1:f(ax + py) < a f ( x ) + pf(y),Vx,y > 0 

f goi la I6i tren K n § u Vcx.p.a + p = 1: f(ax + py) > af(x) + pf(y), Vx,y > 0 . 

Cho h^m so y = f(x) lien tye va c6 dgo h^m c l p 2 tren K 

f 16m tren K f " (x) > 0, Vx e K 

f I6itren K » f' (x) < 0, Vx e K. 
O i l m u6n U la d i l m ngSn each phan I6i v^ p h i n 16m. Mpt ben t i § p tuy^n W 
d i l m U nkm phia tr^n do thj c6n a ben kia thi tiep tuyen n l m phia duo'i 6i 
thj. D i l m u6n (XQ ;yo) khi dao ham c i p 2 d6i dau qua XQ. 
N6U f I6i tren doan [a,b] thi GTLN = max{f(a); f(b)} va neu f 16m tr6n 3o9' 
[a,b] thi G T N N = min{f(a); f(b)}. 
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^^C BAI TOAN 
^' ^Lan 11 .1 : T im s6 e trong djnh ly Lagrang : 

^ j y = f(x) = x - x M r 6 n [ - 1 ; 3 ] b) y = f(x) = Vx^ - x tren [ 1 ; 5 ] . ^ 

Hira-ng din giai 
ri^m so y = f(x) = X - x^ lien tge trSn [ - 1 , 3 ] v^ c6 690 h^m " '̂ ^^ f̂ X 

a) ^^^j _. ^_ 3x^, theo djnh ly Lagrang thi t6n tgi s6 c e [ - 1 ;3] sao eho 

f ( 3 ) J H ) = f ' ( e ) c > ^ 2 4 - 0 ^ ^ _ 3 ^ , ( X ) -

- - ' - - 2 c M c . | . ^ 1 - 3 c ^ = - 6 » e 2 Chpn c 

b) H^m s6 y = f(x) = Vx^-x lien tyc t r § n [ 1 ; 5] v^ e6 dgo hSm 

^ ' ^ ' ^ ^ 2 ^ ^ • ^'"^ ""^^'^"^ ^ ° ̂  ^ I^-' 5] sao eho 

l i M l l = f (c) o = _ £ £ z J _ = I = , 
5 - 1 4 2 j c ^ 

« c ^ - e - 1 = 0 « c = ^ . C h 9 n e = : ^ . 
2 2 

Bai toan 11.2: T im s6 c trong djnh ly Lagrang cua h^m s6: 

'(X) = .2 n , „ tren [ -1; 2] du f khong lien tyc. 
- 2 x -1, -1 < X < 0 

. x ^ 0 < x < 2 '* 

Hu-ang din giai 

^ac6 f'(x) =. - 2 , -1 < x < 0 

2x , 0 < x < 2 

X6t p h y a n g t r inh = f ' ( c ) « 1 = f'(c) ^ 

6̂̂ 1 - 1 < c < 0 t h i 1 = - 2 : iogi 

0 < c < 2 thi 1 = 2c o c = ^ : chpn. 

1 1 . 3 : C h y n g minh: 
)̂sin2x + cos^x = 1, Vx. 

'̂ ^cosx + sinx. t a n | = 1, v x e ( - ^ ; ^ ) -
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nrtrQriQ cfiSm hOI auuritj llt^V aillll yiui nromuuii i f ™ L P injuinx 

Hipang d i n giai 
a) X § t f(x) = sin^x + cos^x, D = R. 

f '(x) = 2sinxcosx - 2cosxsinx = 0, Vx. 
Do do f(x) Id ham hSng tren R nen f(x) = f(0) = 1. 

b) Xetf(x) = cosx + sinx . tan J , D = (-^; ^ ) . 
2 4 4 

x sinx X X 
f '(x) = -sinx + cosxtan - + = -sinx + cosx.tan - + tan - . 

2 ^ 2 X 2 2 2cos2-

X X 2 -
= -sinx + tan 2 "*• " " ^ ' " ' ^ 2 ^ 

=-sinx + sinx = 0 vb-i mpi X e ( - - ; - ) ^ 
4 4 

Suy ra r ing f la mOt ham hing tren khoang { - - ; ^)• 
4 4 

Do do f(x) = f(0) = 1 vai mpi x e ( - - ; - ) . 
4 4 

Bai toan 11. 4: ChLPng minh ring: 

a) arcsinx + arccosx = ^ , I x U 1 

b) arctanx + arccobc = ^ , x G R 

Himng d i n giai 
a) N § u X = 1, x = - 1 thi dung. 

N § u - 1 < X < 1 thi xet ham so f(x) = arcsinx + arccosx 

V 1 - x 2 ^^_^2 2 2 

b) Xet ham s6 f(x) = arctanx + arccobc, D = R 

f'(x) = — ^ + - : l - = 0 = ^ f(x) = C = f ( 0 ) = ^ . 
1 + X 1 + x 

Bai toan 11. 5: ChLPng minh ring: 

1 + X , 7t . 

a) arctan arctanx =—,x < 1. 
1-x 4 

2x 
b) 2arctanX + arcsin = 7t ,x>1 

l + x̂  

H i w n g d i n giai 

- ' ^ =0. 
l + x^ 1 + x2 

Suyraf(x) = C = f ( 0 ) = i ^ - 0 = 3 
4 4 

2x b) Vdi X > 1, xet f(x) = 2 arctan x + arcsin . 
l + x̂  

Ta c6 f'(x) = — + 
1 + x^ 

Vbi X < 1, x6t f(x) = a r c t a n l i ^ - arctanx , 

2 - 2 x 2 
(1 + X2)2 

^ 2 - 0 ( v ix > 1). 
1 + x̂  1 + X^ 1 + X 

Suyraf(x) = C = f(1)= - - - = - . 
2 4 4 

Bai toan 11.6: Xac djnh ham so f(x) thoa m § n : 
f(0) = 8 vd f^(x).f '(x) = 1 -2x (*). 

Hu^ng d i n giai 

Ta 06 (*)<::> 1 (f3(x))' = 1 _ 2x « (f (x))' = 3 - 6x. 

^6t hdm s6 g(x) = f (x) - 3x + 3x̂  thi g'(x) = (f̂ (x))' - 3 + 6x = 0. 
g(x) = C: h ing so tren D, do d6: 

Hx) - 3x + 3x2 = c ^2^^^ 3 _3^2 + 3x + c. 
f(x) = ?/-3x2 + 3x + C . Vi f(0) = 8 ̂  C = 64. 

-Sx^ + 3x + 64 , thu- l^i dung. 
' 11.7: Xet sy- bien thien cua hdm s6: 

^)y = x3_2x2 + x + 1 b)y = x'' + 8x2 + 9 . ,3 ! 
3) 1̂  ^ HuHyng d i n giai 

* ' ^ T a c 6 y ' = 3x^-4x+ 1 , . ~==̂ lY 
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10 tr-Qng diem hdi dLfong hoc Sinn gioiinan^foan^ i 'e Honnn mu 

Cho y' = 0 » 3x^ - 4x + 1 = 0 <=> X = ^ hoUc x = 1. 

BBT X —ai 1/3 1 + 0 0 

y + 0 0 + 

y ^ ^ 
V$y ham s6 a6ng b i l n t r § n moi khoang (-oo; - ) ( 1 ; +<»), nghjch b i l n tr̂ ^ 

khoang ( — ; 1). 
3 

b) D = R. Ta c6 y' = 4x^ + 16x = 4x(x^ + 4), y' = 0 c:> x = 0. 
y > 0 tren khoang (0; +oo) => y ddng bien tren khoang (0; +oo) 
y' < 0 tren khoang (-<»; 0) => y nghjch b i l n t r § n khoang (-<o; 0). 

Bai toan 1 1 . 8 : Xet si^ bien t h i § n cua hSm so: 

3 . . - x ^ - 2x + 3 
a ) y = x . -

a) Tap xac djnh D = R \. 

Ta c6 y' = 1 -
x 2 - 3 

b ) y = 

Hu'O'ng din giai 

, y ' = 0 < : * x = ± > / 3 . 

x + 1 

BBT: X - 0 0 0 V3- +•» 

y" + 0 - - 0 + 

y 

tren moi khoang ( -N/S ; 0) (0; N/S ). 
b ) D = R \ { - 1 } . 

Ta CO y' = 
- x ^ - 2x - 5 < 0 Mii\i X ?i - 1 (vi A' = 1 - 5 < 0). 

Vgy hSm s6 nghjch bien t r § n moi khoang m6i khoang xac djnh. 
B^i toan 1 1 . 9 : T im khoang dan di?u cua ham so 

a ) y = V x ( x - 3 ) b ) y = ^ x - ^ 

HiPO'ng d i n giai 
a) D = [0; +oo). Va i x > 0, ta c6: 

1 , r 3 \ / x ( x - 1 ) , „ . 
y = — T = ( x - 3 ) + V x = — ! — i '- , y' = 0 <=> X = 1. 

2^/x 2x 

^ty rninrrivnvuvVH mang Vj$t 
BBT: X 0 1 + 0 0 

y' - 0 + 

y _ — - - " ^ + S 

V | y h^m s6 nghjch bien tren khoang (0; 1) d6ng b i l n t ren khoang 
( 1 ; + * ) -

,>n = R - V a i x ^ 0 , t a c 6 : y ' = - 1= = 1^L=J 

y' > 0 <=> \ / x ^ > 1 o x^ > 1 hoSc X < - 1 ho$c x > 1. 

y- < 0 o \ / x ^ < 1 <=> x^ < 1 <=> - 1 < X < 1 X ^ 0 . 

V$y ham so dong bien tren cac khoang {-co; - 1 ) va ( 1 ; +oo), nghjch bien tren 
khoang ( - 1 ; 1 ) . ^ ^ " ^ . i 

Bai toan 1 1 . 1 0 : X6t si^ bien thien cua ham so: 
..ki 

a)y = - - x + sinx b) y = X + 2 C 0 S X tren ( 0 ; n).; 

n 

Himng ddn giai ^ 

a) D = R. Ta c6 y' = - - + cosx < 0, Vx nen ham so nghjch bi6n tren R. 

b) y' = 1 - 2 sinx. Tren khoang (0; 7t). 
y' > 0 o sinx < 1 o - <x<— I 

2 6 6 •• rt 

y '< 0 o sinx > - « 0 < x < - ho$c — < X < - . 
2 6 6 6 

V^y h^m s6 dong b i § n t r § n khoang ( - ; — ) , nghjch bien tren moi khoang 
6 6 t 

1 1 . 1 1 : Chii-ng minh c^c h^m s6 

^) f(x) = Vx2+1 - X nghjch bi^n tren R. 

^) f(x) = 2x - cosx + N/3 sinx dong bi4n tren R. 

HiPO'ng din giai 

C6f(x) = 

1ft v'fS'/ 
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BBT: X - 0 0 0 V3- +•» 

y" + 0 - - 0 + 

y 

tren moi khoang ( -N/S ; 0) (0; N/S ). 
b ) D = R \ { - 1 } . 

Ta CO y' = 
- x ^ - 2x - 5 < 0 Mii\i X ?i - 1 (vi A' = 1 - 5 < 0). 

Vgy hSm s6 nghjch bien t r § n moi khoang m6i khoang xac djnh. 
B^i toan 1 1 . 9 : T im khoang dan di?u cua ham so 
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1 , r 3 \ / x ( x - 1 ) , „ . 
y = — T = ( x - 3 ) + V x = — ! — i '- , y' = 0 <=> X = 1. 

2^/x 2x 

^ty rninrrivnvuvVH mang Vj$t 
BBT: X 0 1 + 0 0 

y' - 0 + 

y _ — - - " ^ + S 

V | y h^m s6 nghjch bien tren khoang (0; 1) d6ng b i l n t ren khoang 
( 1 ; + * ) -

,>n = R - V a i x ^ 0 , t a c 6 : y ' = - 1= = 1^L=J 

y' > 0 <=> \ / x ^ > 1 o x^ > 1 hoSc X < - 1 ho$c x > 1. 

y- < 0 o \ / x ^ < 1 <=> x^ < 1 <=> - 1 < X < 1 X ^ 0 . 

V$y ham so dong bien tren cac khoang {-co; - 1 ) va ( 1 ; +oo), nghjch bien tren 
khoang ( - 1 ; 1 ) . ^ ^ " ^ . i 

Bai toan 1 1 . 1 0 : X6t si^ bien thien cua ham so: 
..ki 

a)y = - - x + sinx b) y = X + 2 C 0 S X tren ( 0 ; n).; 

n 

Himng ddn giai ^ 

a) D = R. Ta c6 y' = - - + cosx < 0, Vx nen ham so nghjch bi6n tren R. 

b) y' = 1 - 2 sinx. Tren khoang (0; 7t). 
y' > 0 o sinx < 1 o - <x<— I 

2 6 6 •• rt 

y '< 0 o sinx > - « 0 < x < - ho$c — < X < - . 
2 6 6 6 

V^y h^m s6 dong b i § n t r § n khoang ( - ; — ) , nghjch bien tren moi khoang 
6 6 t 

1 1 . 1 1 : Chii-ng minh c^c h^m s6 

^) f(x) = Vx2+1 - X nghjch bi^n tren R. 

^) f(x) = 2x - cosx + N/3 sinx dong bi4n tren R. 

HiPO'ng din giai 

C6f(x) = 

1ft v'fS'/ 



Vi Vx^ +1 > Vx^ = IXI > X, Vx n§n f '(x) < 0, Vx do do h^m so f nghjch bi 
tren R. 

b) y' = 2 + sinx - N/S COSX = 2(1 + ^ sinx - cosx). 

J 

.1 6.i ifv-
= 2[1+sin(x )] > 0, vd-i mpi X. 

3 
VSy h^m so d6ng bien tren R. 

Bai toan 11.12: Tim cac gia trj cue tham s6 d l hSm s6: 

a) f(x) = - x^ + ax^ + 4x + 3 d6ng bien tren R. 
3 

b) f(x) = mx - x^ nghjcli bi§n tren R. 
Hipang din giai 

a) f '(X) = x^ + 2ax + 4, A' = a^ - 4 
- N lu a^ - 4 < 0 hay -2 < a < 2 thi f "(x) > 0 vd-i mpi x € R nen h^m so a6ng 

bien tren R. 
- Neu a = 2 thi f '(x) = (x + 2)^ > 0 vd-i mpi nen h^m so ddng bien tren R 
- NIU a = -2 thi ham s6 f '(x) = (x - 2)^ > 0 vd'i mpi x ^ 2 nen ham so d6ng 

bi4n tren R. 
- Neu a < -2 ho$c a > 2 thi f '(x) = 0 c6 hai nghiem phSn bi^t n6n f ' c6 (!6i 

d^u: lo^i. 
Vgy ham s6 ddng bi4n tr§n R l<hi chi khi -2 < a < 2. 

b) y' = m - 3x^ 
- N§u m < 0 thi y' < 0 vdi mpi x € R nen f nghjch bien tren R 
- N§u m = 0 thi y' = -3x^ < 0 vdi mpi x € R, d ing thupc chi xay ra vd'i x = 0, 

nen hdm so nghjch bien tr§n R. 

- Neu m > 0 thi y' = 0 o X = ± ^ 

BBT X —OO Xi X2 +00 

y 0 + 0 

y 

Do d6 h^m so dong bi ln tren l<hoang (X i ; X2): iogi 
V$y hSm so nghjch bi^n tren R l<hi chi l<hi m < 0. 

Bai toan 11.13: Tim m d l h^m s6 dong bi ln tr§n moi l<hoang xac djnh: 

(3m - 1)x - m^ + m 
a) y = -

x + m 
b) y = x + 2 + m 

x - 1 

5 R \} Ta c6: 

(x + m) (3m-1 ) -

Hvp&ng din giAl 

(3m - 1)x - m^ + m 

(X + my 

4m^ - 2m 

(X + mf 

Ĥ m s6 ddng bien tren moi khoang xac 6\nh <=> 4m^ - 2m > 0 

^ m < O h o a c m > I . 

m 

b) Ta CO y' = 1 -
(x-1)^ 

, vdi mpi X 9t 1. 

, Neu m < 0 thi y' > 0 vdi mpi x 1. Do d6 ham s6 dong bi ln tren moi khoang 
' (_oo; 1)va(1; +=0). 

r v x u - . x ^ - 2 x + 1-m 
, Neum>Othiy '= . 

y' = 0 c = > x ^ - 2 x + 1 - m = 0 o x = 1 ± V m 
BBT X -00 ^-^[m 1 + Vm +00 

y' + 0 - - 0 + 

y 
m 

Vgy ham s6 ddng bi ln tren moi khoang xac djnh cua n6 khi va chi khi m < 0. 
Bai toan 11.14: Tim a de h^m so: 

a) f(x) = x^ - ax^ + X + 7 nghjch bi ln tren khoang (1; 2) 

1 1 ' ' ' ' 
b) f(x) = - - ( 1 + 2cosa)x2 + 2xcosa + 1, a € (0; 2n) d6ng bi ln tr6n 

khoang (1;+00). 

Hip6ng din giai 
' )f ' (x) = 3 x^ - 2ax+1 

^am s6 nghjch bi ln tren khoang (1; 2) khi v^ 
chi khi y"<Ovd'i mpi x e (1;2) 

<:5,jf(1)<0 [ 4 - 2 a < 0 13 

[H2)<0 l l 3 - 4 a < 0 4 
b)y.. 2 

' - (1 + 2cosa)x + 2cosa. Ta c6 0 < a < 2n. 

^ * 0 o X = 1 ho^c X = 2cosa. 
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chi khi y"<Ovd'i mpi x e (1;2) 

<:5,jf(1)<0 [ 4 - 2 a < 0 13 

[H2)<0 l l 3 - 4 a < 0 4 
b)y.. 2 

' - (1 + 2cosa)x + 2cosa. Ta c6 0 < a < 2n. 

^ * 0 o X = 1 ho^c X = 2cosa. 



notrgng &iSm B5i dUdng hoc Sinn giOl hJM Toon 7 ^ iS^Tf&SnnTTTQ-

Vi y' > 0 a ngoai khoang nghi^m n§n ham s6 ddng bien vb-i mpi x > l 

chi khi 2cosa < 1 o cosa < ^ <=> ^<a<^ 
2 3 o 

Bai toan 11.15: Tim m d l h^m so y = x^ + 3x^ + mx + m chi nghjch biln 
m0t dogn CO do d^i bing 3. 

Hu'O'ng din giai TJ? n^id ixKl. 

D = R, y' = 3x^ + 6x + m, A' = 9 - 3m 
X6t A' < 0 thl y' > 0, Vx : H^m Iu6n dong bi ln (loai) 

X6t A' > 0 <=> m < 0 thi y' = 0 c6 2 nghi^m X i , Xz nen X i + Xa = -2, X i X j = !!! 
3 

BBT: 
—00 X i X2 +00 

0 - 0 

Theo d§ b^ : X2 - x i = 3 (xz - X i ) ^ = 9 <::> + x^ - 2x^X3 = 9 

4 15 
^ ( X 2 + X i ) ^ - 4 x i X 2 = 9 <» 4 - - m = 9<^ m = - — ( thoa ) 

Bai toan 11.16: Tuy theo tham s6 m, xet sy bien thien cua h^m so: 

y = - x ^ - 2 m x ^ + 9 x - m 

Hirang din giai 
D = R. Ta CO y' = x^ - 4mx + 9; A' = 4m^ - 9 

- Neu A' < 0 <=> 4m^ < 9 » I m I < I thi y' > 0, Vx nen ham s6 dong bien tren R 

- Neu A ' > 0 o 4 m ^ > 9 

ml > I thi y' = 0 c6 2 nghi$m phan bi?t x i , 2 = 2m ±V4m^ - 9 

bang bi§n thien thi ham d6ng bi§n tren khoang (2m - V4fTf-9; 2m+>fifrM' 

nghjch bidn tren moi khoang (-^; 2m - \/4m^-9), (2m + V4nnP-9; 
Bai toan 11.17: Tim eye trj cua cac h^m so sau: 

a)f(x)= - x ^ + 2x2 + 3 x - 1 b) y = x " - 5x^ + 4 

HiTO'ng din giai 
a) D = R. Ta c6 f '(x) = x^ + 4x + 3 

f '(x) = 0 0 x^ + 4x + 3 = 0 o x = - 3 ho$cx = - 1 . 

CtW TNHH MTVT7WH Uhang Vi^t 

X —00 -3 - 1 +00 

y' + 0 - 0 + 

y 
—00 ' 

^ - 1 +00 

V|y ham so dat eye dai tai d i lm x = -3, f(-3) = -1 va dat eye tieu tai 

- 1 W3 ' 

b) D 

( j i lmx = -1,f(-1) = - - . 

= R. Ta CO y' = 4x^ - lOx = 2x(2x^ - 5) 

y' = 0 < » x = Ohoaex = ± J - ;y" = 12x2-10. 

Ta c6 y" '•1: 
\

= 20 > 0 , y"(0) = -10 < 0 nen ham so dat eye dai tai x = y, 

yco = 4 va dat eye tieu tgi x = + , ycj = —^. 

Bai toan 11.18: Tim eye tri cua cac h^m s6 sau: 
a) y = (x + 2 ) ' ( x - 3 ) l b ) y = | x ' + 3 x - 4 

l-iu'6'ng din giai 
a) y' = 2(x + 2)(x - 3)^ + 3(x + if (x-3)^ = 5x(x + 2)(x - 3)^ 

Ta CO y' = 0 <=> X = -2 ho|c x = 0 ho^c x = 3. 
BBT 

• 'rut 

X —00 - 2 0 3 +00 

y + 0 - 0 + 0 + 

y 

—00 " ^ - 1 0 8 ^ ^ 

+00 
0 ^ ^ 

V^y diem eye dai (-2; 0) va eye t i lu (0; -108). 

b) D = R y = j ^ ^ + 4 , X < -4 hay X > 1 

y'= ̂  

BBT 

- X - 3x + 4, - 4 < X < 1 

2x + 3 ,x <-4 hay X > 1 

-2x - 3, - 4 < X < 1 -xm 

y 

- 4 -3/2 +00 

0 

7 , 
^ ^ y h a m s o d g t c o ' ^ 

2' 4 

CD. 
^ C T - ^ " ^ 

, CT(-4; 0), CT (4;0) 



notrgng &iSm B5i dUdng hoc Sinn giOl hJM Toon 7 ^ iS^Tf&SnnTTTQ-

Vi y' > 0 a ngoai khoang nghi^m n§n ham s6 ddng bien vb-i mpi x > l 

chi khi 2cosa < 1 o cosa < ^ <=> ^<a<^ 
2 3 o 

Bai toan 11.15: Tim m d l h^m so y = x^ + 3x^ + mx + m chi nghjch biln 
m0t dogn CO do d^i bing 3. 

Hu'O'ng din giai TJ? n^id ixKl. 

D = R, y' = 3x^ + 6x + m, A' = 9 - 3m 
X6t A' < 0 thl y' > 0, Vx : H^m Iu6n dong bi ln (loai) 

X6t A' > 0 <=> m < 0 thi y' = 0 c6 2 nghi^m X i , Xz nen X i + Xa = -2, X i X j = !!! 
3 

BBT: 
—00 X i X2 +00 

0 - 0 

Theo d§ b^ : X2 - x i = 3 (xz - X i ) ^ = 9 <::> + x^ - 2x^X3 = 9 

4 15 
^ ( X 2 + X i ) ^ - 4 x i X 2 = 9 <» 4 - - m = 9<^ m = - — ( thoa ) 

Bai toan 11.16: Tuy theo tham s6 m, xet sy bien thien cua h^m so: 

y = - x ^ - 2 m x ^ + 9 x - m 

Hirang din giai 
D = R. Ta CO y' = x^ - 4mx + 9; A' = 4m^ - 9 

- Neu A' < 0 <=> 4m^ < 9 » I m I < I thi y' > 0, Vx nen ham s6 dong bien tren R 

- Neu A ' > 0 o 4 m ^ > 9 

ml > I thi y' = 0 c6 2 nghi$m phan bi?t x i , 2 = 2m ±V4m^ - 9 

bang bi§n thien thi ham d6ng bi§n tren khoang (2m - V4fTf-9; 2m+>fifrM' 

nghjch bidn tren moi khoang (-^; 2m - \/4m^-9), (2m + V4nnP-9; 
Bai toan 11.17: Tim eye trj cua cac h^m so sau: 

a)f(x)= - x ^ + 2x2 + 3 x - 1 b) y = x " - 5x^ + 4 

HiTO'ng din giai 
a) D = R. Ta c6 f '(x) = x^ + 4x + 3 

f '(x) = 0 0 x^ + 4x + 3 = 0 o x = - 3 ho$cx = - 1 . 

CtW TNHH MTVT7WH Uhang Vi^t 
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—00 ' 
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7 , 
^ ^ y h a m s o d g t c o ' ^ 

2' 4 

CD. 
^ C T - ^ " ^ 

, CT(-4; 0), CT (4;0) 



W WQng c7iSm hoi difdng hoc sn •:5n u- Hoarih Hhi> 

Bai toan 11. 19: Tim eye trj eua h^m s6 
- 2x + 3 

a ) y = 
x + 1 

b)y = 2x + 1 
x - 5 

Hu'O'ng din giai 

(x + 1)^ 
a)D = R \ { -1} . Ta c6 y ' = ^ ^ . y '= 0 ̂  x =-1 ± ^ 6 

BBT X - c o -1 -V6 -1 -1 + V6 
y' + 0 - 0 + 

y -4 -2 V6 + 0 0 + 0 0 

Vay diem CD(-1 - N/S ; ̂  - 2 N/B ), CT{-1 + N/G ; 2 - 4). 
-11 

b) D = R \. Ta c6 y' = 
(x-5)2 

tCrng khoang xac djnh, do do khong e6 eye trj. 
Bai toan 11. 20: Tim eye trj cua c^c ham s6 sau: 

< 0, Vx 5 nen ham so nghjch bien tr§n 

a) y = xV4 - x̂  b)y= Vx^ - 2x + 5 
Hu'O'ng din giai 

a) Di§u ki^n -2 < x < 2. Vai - 2 < x < 2 thi 

y 

BBT: 
V 4 - x 2 \ /4 -x^ 

, y' = 0<r>x = ± V 2 

X -2 2 

y' — 0 + 0 -

y 
CT-

V$y h^m s6 dat eye dai tgi x = 72 , yce = 2 dgt eye tieu tai x = - V2 , ycr = -2 

b) D = R. Ta eo y' = x - 1 
Vx^ -2x + 5 

, y' = 0 o X = 1. 

BBT X — 0 0 1 + 0 0 

y ^ « . . . 0 + 

y + 0 0 + 0 0 

V$y h^m sddgt CT(1;2) 

11. 21: Tim eye trj cua h^m so: 
Cfy INHHlVnVDWH Hhang VJW 

HiPO'ng din giai 
)TIP x^c djnh D = ( - O O ; - V / 6 ) U ( N / 6 ; + O O ) 

b) y = ^ ( x - 5) 

x^ -e 
7 x ^ - 6 ^ 3x^(x^ - 6 ) - x ' ' _ 2x^(x^ -9) c>; + 

V(x '-6)^ ~ V (x ' -6)^ 
y' = 0 X = 0 hoac X = +3. 
BBT 

X - 0 0 -3 ->/6 V6 3 + 0 0 

y' + 0 - - 0 + 

y -9V3 

- 0 0 ^ V o • +00 + 0 0 

V^y ham $6 dat eye dgi tai x = -3 va yco = -9 Vs , dat eye tilu tgi x = 3 va 
ycT= 9N/3. 

b)D = R .Va i x^Oth ]y= 3 / ; ; ^ ^2 (x -5 ) ^5 (x -2 ) 
3^x 3^x 

y' = 0 o X = 2. Bang bi^n thien 
X — 0 0 0 2 + 0 0 

y' + - 0 + 

y 

- 0 0 

^ 0 + 0 0 

^#y ham s6 dat eye d?i tai x = 0, yco = 0 
va dgt eye tilu tai X = 2, ycT = - 3 \/4 . 

^' toan 11. 22: Tim eye tri cua h^m s6 
^) y = X - sin2x + 2 b) y = 3 - 2cosx - cos2x. 

HiPO'ng din giai 
' ^ - R , y ' = 1-2cos2x J 

^ = 0ocos2x= - <=>x = + - + kTt.k€Z;y" = 4sin2x. 
2 6 ' 



W WQng c7iSm hoi difdng hoc sn •:5n u- Hoarih Hhi> 
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x^ -e 
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V(x '-6)^ ~ V (x ' -6)^ 
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BBT 

X - 0 0 -3 ->/6 V6 3 + 0 0 

y' + 0 - - 0 + 

y -9V3 

- 0 0 ^ V o • +00 + 0 0 
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ycT= 9N/3. 

b)D = R .Va i x^Oth ]y= 3 / ; ; ^ ^2 (x -5 ) ^5 (x -2 ) 
3^x 3^x 

y' = 0 o X = 2. Bang bi^n thien 
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y 
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^ 0 + 0 0 

^#y ham s6 dat eye d?i tai x = 0, yco = 0 
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^' toan 11. 22: Tim eye tri cua h^m s6 
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2 6 ' 



lUtrpnc, d!0mt>o\ iii^c sinii yiui mun ruan 11 - i.srraannrnu 

la CO y"(-- + k7t) = 4 s i n ( - - ) = -2 Vs < 0 nen h^m s6 dgt cu-c dgi tgi (jji 
"11 

x = - l + k 7 r . k € Z . y c D = - 5 + k 7 r + ^ + 2 . 
6 D <i 

i Ta CO y"(- + KTI) = 4 s i n - = 2N/3 > 0 nen h^m s6 dgt eye t i l u tai e^c ajî ^ 

X = H + kTi, k e Z; ycT = 5 + kTt - ^ + 2. 
6 6 2 

b) y' = 2sinx + 2sin2x = 2sinx(1 + 2eosx): 

sinx = 0 
y' = 0<^ 

271 
1 <=> X = kTt lio^c X = ± — + 2k7i, k € Z. 

eosx = — 3 
2 

y" = 2C0SX + 4eos2x 
Ta e6 y"(k7i) = 2cosk7r + 4cos2k7t = 2cosk7t + 4 > 0, vai mpi k e Z, nen ham 
s6 da Clio dat eye t i l u tai cae di lm x = kTi, yci = 2 - 2cosk7t bing 0 khi k 
chin va b i n g 4 khi k le. 

T a c 6 y " ( ± — + 2 k 7 t ) = 2 cos — + 4 e o s — = 6 c o s — = - 3 < 0 ndn hams6 
3 3 3 3 

271 9 
dat eye dai tai d i l m : x = ± — + 2k7i, k € Z, yco = - • 

Bai toan 11. 23: Chu-ng minh r§ng h^m so luon luon e6 eye dgi eye tilu vai 
tham s6: 
a) y = x̂  + ax̂  - (1 + b )̂x + a + 4b - ab 

x̂  + (m + 2)x + m^ + 2 b y = i '-
x + m 

HifO'ng din giai 
a) D = R. Ta eo y' = 3x̂  + 2ax - 1 - b̂  

A' = â  + 3(a + b̂ ) > 0, Va, Vb nen y' = 0 Iu6n luon e6 2 nghi^m phSn biet Xi 

X ^30 X2 +00 

y' + 0 - 0 + 

y 

- 0 0 - ^ 

CD 

CT^ 

+00 
t • -

Vgy ham so luon luon e6 mpt eye dgi mgt eye t i l u . 

R \. Ta c6: y' = 
x̂  + 2mx + 2m - 2 

(X + mf 

Tfj, thLKC g(x) e6 A' = m̂  - 2m + 2 > 0, Vm va g(-m) = -m^ + 2m - 2 0, Vm nen 
\ 0 luon CO hai nghi$m phan bi^t kh^c - m . Vi y' dli dau hai i l n khi qua 2 

ahî n '̂ vay ham s6 luon luon c6 eye dgi va eye tieu. 
• •toan 11. 24: Tim tham so d l h^m s6: 

^^a) y - "^'^^ ^"^^^^ ̂  ^"^^^ + 6x - 5 dat eye dgi t?i x = 1. 
, y^0-"^)>^-2 t j i ^ ^ ^ Q 

x + m 
Hirang din giai 

p = R. Ta CO y' = -3(m^ + 5m)x^ + 12mx + 6 
|vj|u h^m s6 dat eye dgi tgi x = 1 thi y'(1) = 0 

-3m^ - 3 m + 6 = 0 ' » m = 1 ho^e m = - 2 . " 
Tac6y" = -6(m^ + 5m)x +12m ' = 
Voi m = 1 thi y" = -36x + 12 nen y"(1) = - 2 4 < 0, ham s6 dat eye dai tai x = 1. 
W\ = - 2 thi y" = 36x - 24 nen y"(1) = 12 > 0, h^m so dat eye t i lu tai x = 1 
(loai). Vay gia tri can tim m = 1. 

< d " (Oy X 

b) D = R \. Ta c6 y' = X + 2mx - m̂  + m + 2 
(x + m)2 

Nlu ham so dat eye t i l u tgi x = 0 thi y'(0) = 0 
=>-m^ + m + 2 = 0 = > m = - 1 ho^c m = 2. 

Vai m = - 1 thi y = x̂  + 2x - 2 
x - 1 

= x + 3 + 
1 

x - 1 
=>y' = 1 - -

(x-1)^ 

Do do y" = 
{ x - l f 

y"(0) = - 2 < 0 = > x = 0IS di lm eye dai eua ham s6: loai. 

V6'i m = 2 thi y = X - x - 2 
x + 2 

= x - 3 + - =>y' = 1 - -
x + 2 ' {x + 2f 

1 > 0 ngn X = 0 1̂  d i l m eye t i l u eua hSm so. Dod6y"= — ? — , y"(0) 
(X + 2)^ 

g^y^ygi^trj eantim m = 2. 
^ ^' toan 11. 25: Tim cae tham s6 d l do thj ham so 

^ ~ f(x) = ax̂  + bx̂  + ex + d sao eho h^m so f dat eye t i l u tgi d i l m 
^ = 0, f(0) = 0 va dat eye dai tai d i lm x = 1, f(1) = 1. 
^ * f(x) = mx^ + 3mx^ - (m - 1 )x - 1 khong c6 eye trj. * 

g)̂ ^ Hiring din giai ^ j n ^ - i 

aili 
C 6 f '(X) = 3ax^ + 2bx + c. Vi f(0) = 0 nen d = 0. HSm so dat eye t i l u tai 

X = 0 n6n f '(0) = 0 do do e = 0. 
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t\Vr 

TUlrQng Jism hoi dudng hoc Sinn gioi man loan /1 - le noann mu 

Vi f(1) = 1 nen a + b = 1. Ham so dat eye dai tgi di§m x = 1 nen 
f (1) = 0 do do do 3a + 2b = 0. 

X u - L- * - u [a + b = 1 [a = -2 Ta e6 he phuang tnnh <^ _ ^ <=> K 
[3a + 2b = 0 [b = -3 

Thu- lai: f(x) = -2x' + 3x^ f '(x) = -6x^ + 6x, f "(x) = -12x + 6. 
f "(0) = 6 > 0. Ham so dat eye tilu tai diem x = 0: thoa man. 
f "(i) = _6 < 0. Ham s6 dat eye dai tgi diem x = 1: thoa mSn. 
Vay a = -2, b = -3 va e= 0. 'iJ 

b) Ta xet eae trudng ho'P sau: 
Khi m = 0 thi y = X - 1 nen ham s6 khong eo eye trj 
Khi m ;t 0 thi y' = 3mx^ + 6mx - m + 1 
Ham s6 nay khong eo eye tri khi va ehi khi phu-cng trinh y' = 0 khong c6 
nghiem hoae eo nghiem kep, tue la: 

1 
A' < 0 « 9m^ + 3m(m - 1) = 12m^ - 3 m < 0 < » 0 S m < -

4 

Vay di^u ki^n e^n tim la 0 < m < - . 
4 

Bai toan 11. 26: Tim eae tham s6 d l d6 thj ham so y =f(x) = -^x^+^ax^ + x + 7 

eo 2 eye trj va hoanh dp 2 dilm eye tri eua ham so do thoa man 1 + ^ > 7 . 
x^ ' x̂  

Hwang din giai 
D = R. Ta eo y' = x̂  + ax + 1. 
Vi y' la ham s6 bae hai nen h^m s6 eo 2 eye trj khi va ehi khi y'(x) = 0 c6 hai 

nghiem phan biet « A > 0 « a ^ - 4 > 0 < = > a < - 2 ho$e a > 2. 
Gpi xi va X2 la hai nghi?m eua y'(x) = 0 thi 

S = xi +X2 = -a, P = XiX2 = 1. 

N2 

Ta eo: -4- + - r > 7 <=> 

-2P 
\2 

2 ( 2 2\ 
- 2 > 1 <^ x̂  + x n 

U 2 ^1; 
X,X2 

>9 

> 9 » (a^ - 2)^ > 9 o a^ > 5 

Chpn gia tri a < - N/S ho$e a > Vs . 

-W^>W7W/l/Z?l4^/¥Ac?/7^"l^^y 
- j A j toan 11. 27: Cho do thj eua h^m s6: 

y = (3a^ - 1)x^ - (b' + 1)x2 + 3c'x + 4d c6 hai dilm cu-c tri la M(1- -7) 
M(2; -8)- Hay tinh t6ng T = â  + b̂  + c' + d .̂ 

Hu-ang din giai 
£)$tA = 3a^-1,B = -(b ' + 1), C = 3c^D = 4d,thih^ms6 da cho Id: 

y = Ax^ + Bx^ + Cx + D. 
Ta c6: y' = 3Ax̂  + 2Bx + C . Theo gia thilt thi " I h 

y'(1) = 0 |'3A + 2B + C = 0 [A = 2 
y'(2) = 0 ^ ll2A + 4B + C = 0 JB = -9 
y(1) = -7 A + B + C + D = -7 ^|C = 12 
y(2) = -8 [8A + 4B + 2C40 = -8 D = -12 

Nen du-gc a = ±1, b = 2, e = +2, d = -3. 
V|yT = â  + b̂  + ê  + d2= 1^ + 2^+2^ + 3^= 18. * 

Bai toan 11. 28: Vilt phu-ang trinh duong thing di qua dilm eu-e dai, eae tilu 
cua d6 thi: y = x + 3mx^ + 3(m^ - 1)x + m^ - 3m. 

Hy^ng din giai 
y' = 3x^ + 6mx + 3(m^ - 1), A' = 1 > 0, Vx nen d6 thi luon luon eo CD vd CT 
voi hoanh dp Xi, X2. 

Lly y(x) ehia eho y'(x) ta eo: y(x) = 1 m 
— X + — 
3 3 

y'(x)-2(x + m). 

Do do: yi = y(xi) = — X, + — 
3 ^ 3 

y'(xi) - 2(xi + m) = -2(xi + m) 

Va ya = y(x2) = 1 m 
-x„ + — 
3 2 3 

y'(x2) - 2(X2 + m) = -2(X2 + m) 

n§n daang thing qua CO, CT la y = -2(x + m). 

Bai toan 11. 29: Cho ham s6 y = ^ ^ 1±P^ trong do p ̂  0, p̂  + q^ = 1. Tim eae 
yc +1 

gia trj p, q sao eho khoang eaeh giOa hai dilm eye trj Id N/IO . 

l-iu'6'ng din giai 

Ta c6 y'= (2x + p)(x^ + 1) - 2x(x^ + px + q) -px^ - 2(q - 1)x + p 
(x' + 1)' (x2+1)2 

^'^u ki0n d l do thj eo hai dilm eye trj Xi, X2 la phuo-ng trinh sau e6 hai 
''phi0m phan bi^t: px^ + 2(q - 1)x - p = 0 
^'^0, p ^ O « ( q - 1 ) 2 +p2>0: dung vip^O. ' 

p 
Khid6x.+x.=z2(qzl.x^.x^._1 
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TUlrQng Jism hoi dudng hoc Sinn gioi man loan /1 - le noann mu 
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JUrr^ng diem hoi auuiiy ut^u yiui morrToan rr- m nuuiiii i 

Khoang each gi&a hai diem eye trj d: 

d' = (Xi - + 
2x̂  + p + p 

2x̂  2X2 
= (X, -X2)^ + 

\

2x, 2X2 

= (x,-X2)^ 1 + - ((q-1)2+p2)(1 + 4 ) 

Nen 1 0 = ( ( q - l f + 1 - q M ( 1 + - ^ ) 

« q̂  + 4q2 - 5q = 0 q(q^ + 4q - 5) = 0 

ChQP nghi^m q = 0 n6n p = ± 1. V$y p = ± 1, q = 0. 

~ 'V 

. • 0 
0-.. 
\. 

Q,. 

J.2 4 
Bai toan 11. 30: Cho ham so y = 3x - - c6 do thj (C). Chtpng minh r̂ ng 

2 X 

ĥ m so c6 ba diem eye tri phan bi$t A, B, C. Tinh di^n tich tarn gi^c ABC. 
Hipo'ng din gial 

-r X • o 1 -3x^+1 
Tac6:y' = x - 3 + — = 

x̂  x"̂  
y' = 0 ̂  x̂  - 3x̂  + 1 = 0 

Oat f(x) = x̂  - Sx̂  + 1 thi f(-1) = -3, f(0) = 1, f(1) = - 1 , f(3) = 1 nen theo tinh 
chit ham lien tuc, phu-ang trinh y' = 0 c6 3 nghi$m XA, XB, XQ thoa man dî u 
l<i$n - 1 < XA < 0 < XB < 1 < XC < 3. TU- do suy ra dpcm. 
Di$n tich tam giac ABC: 

S = 11 [XA - XB)(yA - yc) - (XA - Xc)(yA - ye) 

Theo dinh li Viete, ta c6: j 
XA + XB + Xc = 3, XAXB + XBXC + XQXA = 0 XAXBXQ = 1 2 2 

nen y A - y B = ^ ^ ^ -3(x^ - x j -2 

= ( X A - X B ) 

1 1 
XA Xg 

2 x^Xg^ 
= - | ( X A - X B ) ( X C + 1 ) 

Tu-ang ti/ yA - Vc = - - (XA - XC)(XB + 1 )• 

Ti> do suy ra S = 27 

Bai toan 11. 31: Tim Ichoang loi, lom diem uon cua do thj: 
a) y = x̂  + 6x^-4x+1 b)y = 3x^-5x^ + 3 x - 2 . 

. ' - ' ^ Hipo-ng din gial 
- R 

a) ^ ' j . ^ y'= 3x̂  + 12x - 4, y" = 6x + 12 

p o < ? 6 y " > 0 « x > - - , y " < 0 « x < - - , y " = 0 « x = - I ^ ; 

^̂ y 66 thj I6i tren khoang (-00 ; ), I6m tren khoang ( ; +00 ) va c6 

(Jilniu6nl(-- , 

Ta'co y' = 15x' - 20x̂  + 3, y" = 60x' - 60x' = 60x' (x -1) 'f' 
DO do y" >0 c> x > 1 , y" <0 o X < 1, X ^ 0, ' 
y" = 0 va d6i diu khi x = 1 , 
VSy d6 thi I6i tren khoang (-00; 1), I6m tren khoang (1; +00) va c6 dilm u.6n 
l(1;-1). 

Bai toan 11. 32: Tim khoang loi, lom va di§m u6n cua d6 thj: 

a)y = ? ^ r b) y = Vs + x̂  . ' 
Hirang din gial 

a) D = R : .i 

Taco y' = —^^L=;y" = ~f ^ 0 
3^(1-x)2 9(1-x)^(1-x)2 < 

Do do y" >0 <z> x > 1 , y" <0 <=> X < 1. 
V|y d6 thj loi tren khoang (-<»; 1), lom tren khoang (1; +00) va khong c6 
(Jiem u6n. 

b) D = R 

Ta CO y = -^=L=;y" . ~ — > 0. Vx 
VS + x̂  (5 + x2)V5 + x2 -Hfe 

g , % d 6 thj lom tren R. 
ai toan 11. 33: Chi>ng minh d6 thj sau c6 khoang l6i va khoang lom nhu-ng 

^̂ long CO dilm u6n : ; 

a)v-- 2 x - i x̂  + 4 X - 1 

Hu'O'ng din giai 

(2-3x)2' (2-3x)= 

- 5 T 7 
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2 2 Do do y" >0 « X < - , y" <0 X > - . 
3 3 

2 2 
V § y d6 thj loi tren khoang ( - ; + oo ) , i6m tren khoang ( - « > ; - ) va kho 

3 3 
d i l m u6n. 

b) Oieu ki^n x * 2 

^ ^ , x 2 - 4 x - 7 ,, 
T a c 6 y ' = ^ ; y = 

22 
^ 0 

(x-2f ' ( x - 2 ) ^ 

Do d6 y" >0 <=> X < 2 , y" <0 '.:> x > 2. 
Vay d6 thj I6i tren khoang (2; +<» ), 16m tren khoang ( - o o ; 2 ) va khong 
d i l m uon. 

Bai toan 1 1 . 34: ChCeng minh do thj: ^ 
a) y = - Sx" - 6x^ + 13 Iu6n Iu6n l6i ^ 

b) y = X arctan x luon luon 16m. ; " 
Hu'O'ng d i n giai 

a) D = R. Ta C O y ' = - 2 0 x ' - 12x, 
y" = -60x^ - 12 < 0 va i moi x nen d6 thj y = - Sx" - 6x^ + 13 luon luon 161 

b) D = R. Ta C O y ' = arc tanx + 

C6 

1 + x ' 

1 + - 2x2 

l + x^ 

1 1 - x ' 

(1+x2)2 U x ^ (1 + x2)2 (1 + x2)2 

nen do thj y = x arctan x luon luon 16m. 
Bai toan 1 1 . 35: T im tham so de do t h j : 

a) y = f(x) = x^ - ax^ + X +b nhgn 1(1; 1) lam d i l m u6n. 

b) y = f(x) = x" - mx^ +3 c6 2 d i l m u6n. 

Hirang d i n giai 
. a) D = R . Ta C O y ' = Sx^ - 2ax + 1, y" = 6x - 2a 

>0 ,Vx 

.jtoan 11 . 36: Chu-ng minh r i n g vd'i a e R, do thj ham s6« 

X + a 
V = —r> luon C O ba diem u6n t h i ng hanq 
' X + X + 1 a »• 

Hirang d i n giai 

+ 2ax + a - 1 

( x 2 + x + 1)2 

Ta c6: 
( x 2 + x + 1 ) - ( x + a)(2x + 1) 

' (x^ + x + \f 

2{y? + 3ax^ + 3(a - 1)x -1 ) 

y" = 0 o x^ + 3ax^ + 3(a - 1)x - 1 = 0 
Datf(x) = x^ + 3ax^ + 3 ( a - 1 ) x - 1 , x e R ' 
Taco: f(0) = - 1 < 0, f ( -1 ) = 1 > 0 

lim f(x) = lim f(x) = +oo v^ d6ng thb-i ham s6 ndy lien tyc t § n tgp so 

thi^c nen phu-ang tr inh f(x) = 0 c6 ba nghiem phan biet thupc cac khoang 
( - x ; - 1 ) , ( - 1 ; 0 ) , ( 0 ; + x ) 

Gia SLP hoanh dp cua mpt trong cac d i l m uon la XQ nen 

x 3 + 3 a x ^ + 3 ( a - 1 ) x , - 1 = 0 

Ta GO: XQ f 3aXo + Sax^ + 3a - 1 = 3X(, + 3a 

o ( x o + 3 a - 1 ) ( x ^ + X o + 1) = 3(Xo + a) 

S u y r a y o = ^ ^ . (x^ + 3 a - 1)(xg + x „ +1) x ^ + S a - l ' 
Xn + XQ + 1 3 (Xo+Xo+1) 

Do d6 y" = 0 <=> X = -
3 

1(1; 1 )1^ diem uon = ^ 
lf"(1) = 0 

a = 3 

b = 2 

b) D = R . Ta C O y • = 4x^ - 2mx , y" = 12x^ - 2m 

Do do y" = 0 o x^ = — . 
6 

D6 thi C O 2 d i l m u6n <=> — >0 <=> m >0. 
6 

Vay cac d i l m u6n cua d6 thi thupc duo'ng t h i n g y = — 

^hing hang 

LUYENTAP 

' ' * ? P 1 1 . 1 : T i m s l c trong djnh ly Lagrang : 
^ ' y = ^ x ) = 2x2 + x - 4 tren [ - 1 ; 2] 

)̂ y = f(x) = ^ t r e n [ 2 ; 5 ] . . - -

nen chung 

Qiai 
Hu'O'ng d i n 

Phuong trinh f(b) - /(a) = (b - a)r(c). K i t qua c = I 
qua V10 
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lU tTQng eJISm boi ouang npc smn gioi mon loan 11 - LB nounn < 

Bai t|p 11. 2: Chipng minh r i n g : 

a) a r c t a n ^ 5 ^ + arctanx = - ^ , x > - 1 . 
1 + X 4 

b) 2a rc tanx + arcsin 
2x 

l + x^ 
= - 7 t , X < - 1 

HiPO'ng d i n 

a) HSm s6 f(x) cua VT c6 dgo ham b i n g 0 nen f(x) = f(0). 

b) Ham so f(x) cua VT c6 dao ham b i n g 0 nen f(x) = f ( -1 ) . .̂ 

Bai t|p 11. 3: Tim cac khoang dan di^u cua ham s6: 

a ) y = 
x - 2 

x^ + x +1 
b ) y = 

2x 

< 2 - 9 

Hu-ang din 
a) TInh dao ham va xet dau. 

Ket qua dong b i l n tren (2 - N/? ; 2 + N/? ) v^ nghich bien trSn ( - x ; 2 - ^ 7 

(2 + V? ; 
b) K6t qua nghjch bien tren cac khoang {-oo; - 3 ) , (-3; 3), (3; + « ) 

Bai tap 11. 4: T im khoang dan di?u cua ham so 

X^ u s x + l 
a ) y = - ^ ^ ^ )y= i r = 

V x ^ Vl-x 
Hirang din 

a) K6t qua d6ng bien tren ( ^ ; -3) , (3; +<«), nghjch bi§n tren (-3; - N / G ), {Ve ; 3). 
b) K6t qua d6ng bi§n tren khoang (-oo: 1). 
Bai tap 11. 5: Cho ham so a, b thoa man b ;̂  a + kn, k e Z . Chupng minh ham 

y = ^ ' " ^ ^ ^ ^ ^ dan di^u tren tu-ng khoang xac (Jnh. 
sin(x + b) 

Hipang din 

Vi y- = ^'"^"^"^^ CO ti> thLPC khong d6i dau tren tu-ng khoang xac dinh. 
sin^(x + b) 

Bai tap 11. 6: ChCrng minh ham so sau khong c6 dao ham tai x = Xo nhu^g 

eye trj tai di^m do. 

a) f(x) = I x^ - 2015x+ 2014 I + 2016 vai X Q = 2014 

-2x khi X < 0 
b) f {x) = X vai Xo = 0. 

s i n - k h i x > 0 
2 

HLP6ng d i n 

a) Dung djnh nghTa tinh dgo h^m. K6t qua CT (2014; 2016). 

ii\ini)/vii V uvvn nnuiiffVT^ 

i t : .n 

/ < J q u a CD(0;0) 

6 11- ^- ^'"^ ^^'^ tham s6 thyc sao cho h^m so 

e^^^^ q 
^(x) = x + p + — ^ dat eye dai tai diem A(-2; - 2 ) . 

a) y ' X + 1 

> = a.sinx + ^ sin3x dgt CD tgi x = J 
wy 3 3 

HiPO'ng din 

g) piing (Ji^u l ^ ' ^ " ^ ^ °- P^^ "̂" 

Dims la f ' ( I ) = 0- K4t qua a = 2. 

g) Tim d i l u kien a, b d§ ham s6 c6 2 eye trj 

b) Chung minh phu-ang trinh y = 0 khong t h i c6 3 nghi$m phSn bi?t. 

JHirangdln 
a) Kit qua a.b > 0. ' -

b) X6t tru-ang hgp khong c6 eye trj va c6n tru-ang c6 eye trj thi ta chCpng minh 

ycoYcT s 0. 

Bait$p 11. 9: Tim dieu ki$n eo CD, CT v^ lap phu-ang trinh du-ang t h i n g qua 
CD, CT cua d6 thj y = x^ - 2x^ + mx - 1. 

Hifong din 
L l y y ch i a y ' . 

i^Air,..A 6 m + 8 2 m - 9 / Ket qua m < — , y = x + 
3 9 9 

Bait^p 11.10: Chu-ng minh trong t i t ca tiep tuyen cua do t h j : r{ 

y = - ^ x^ +12x^ - 4x +7 thi tiep tuyen tai diem u6n c6 h$ so g6c 16-n nh l t . 
o 

L̂ P phu-ang trinh ti4p tuyen d6. 

Hipang din 
s6 g6c cua tiep tuyen la g i ^ trj dao h^m tgi diem 66. 

"•"inh y va t im GTLN. 

qua y = 140X -569 . 

' *?P 11. 11: Chu-ng minh 66 thi sau c6 khoang I6i va khoang 16m nhyng 
•̂̂ n̂g c6 diem uon : 

5x2 _ 3x +1 9)y si^Lil 
5 - 3 x 

^["^ng minh y" kh^c 0 v^ c6 d6i dau 

b)y = 

Hw&ng d i n 

7 x - 2 

^ng minh y" kh^c 0 vd c6 d6i d i u 
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cnuren a412: UWG DUNG OIIO HAM 

1. K I ^ N T H U C T R O N G T A M , ^ " ' 

Tim gia tn lo-n nfiSt, niio n l i l t 
Doi vb-i ham s6 y = f(x) tren D. X6t d i u dao h^m y' ho§c \\y bang bien th; 

c6 ket luan ve GTLN, GTNN. Neu can thi d^t In phy t = g(x) vai di4u kl 
' day du cua t. 

' N l u y = f(x) d6ng b i l n tr§n dean [a;b] thi: min f(x) = f(a) va max f(x) = 
Ngu-gc lai v6'i h^m nghjch bi§n. 
Neu y = f(x) lien tgc tren doan [a;b] v^ f '(x)= 0 c6 nghi^m Xj th i : 

min f(x) = min { f (a ) ; f(xi); f(x2);...; f ( b ) } 

max f(x) = max { f ( a ) ; f(Xi); f(x2);...; f ( b ) } 
N4U f l6i tren doan [a,b] thi GTLN = max{f(a); f(b)} v^ neu f 16m tren (Jo 
[a; b] thi GTNN = min{f(a); f(b)}. 
Doi vai c^c dgi lu'O'ng, chon d$t bien x (ho$c t), k6m di^u ki^n t6n tai. DJ? 
vao gia thi^t, c^c quan h? cho d l x^c l$p h^m so c i n t im gia trj Ian nhIt, 
nho nh l t . 

^ Chi>ng minh b i t d i n g thu>c: 

Neu y = f(x) c6 y' > 0 thi f(x) d6ng b i l n : 

x > a =^ f(x) > f(a); x < b =^ f(x) < f(b) 

D6i vai y' < 0 thi ta c6 b i t d i n g thii-c ngu-gc l^ i . 
Vi$c x6t d i u y' doi khi phai can den y ", y ho$c xet dau bo phan, 

c h i n g hgn tu- s6 cua mpt phan so c6 m l u du-ang N § u y" > 0 thi y' (J6ns| 

bien tu- d6 ta c6 d^nh gia f '(x) r6i f(x),... 
T Tu- bang b i l n thien ta cung nh$n du'p'c GTLN, GTNN d ^ c6 danh gia. 

- B i t d i n g thii-c c6 bieu thu-c dgng ~ ^̂ ^̂  1^ dung djnh ly Larange 
b - a 

~ ^^^^ = f ' ( c ) , SM" t6n t?i s6 c 6 (a;b) hay g i ^ trj f '(c) cung c6 danh 
b - a 

b i t d i n g thCPC. 
- Co t h i phoi hp'p vtn c6c b i t d i n g thu-c ca ban. 

Phipo'ng phap t i l p tuydn 

Cho n s6 ai thuOc D c6 tong a i + a2 +...+ an = nb khong d6i. 

B i t d i n g thu-c c6 dgng f (a i ) + f( a2)+...+ f ( an ) > n f (b ) . 

L$p phu-ang trinh t i l p tuyen tgi x = b: y = Ax + B. 

Neu f(x) > Ax + B tren D, dau b i n g xay ra khi x = b. 

K h i d 6 f ( a i ) + f(a2)+...+ f(an)) 

> A (a i + 32 +...+ a n ) + nB 

7, = Anb + nB = n( Ab + B) = nf(b) 

Q^u bIng xay ra khi a, = az =...= an = b. 
nlu f(x) < Ax + B tr§n D. diu bIng xay ra khi x = b thi c6 ngu-gc laj 

f(aO + f(a2)+-+f(an) nf(b). ^ ' 
Cd thi dung tinh I6i 16m de khing djnh hay dg- doan bit ding thu-c. 
g i t d ing thu>c J e n s e n 

Cho h^m so y = f(x) lien tyc va c6 dao h^m d p 2 tren K. 
I^gu f " (x) > 0, Vx € K f i6m tr§n K 

^ Va,P,a + P = 1:f(ax + Py)<af(x) + pf(y),Vx ,y>0 

moi a, b, c, d thupc K th i : 
f(a) + f ( b ) ^ 

2 

a + b .f{a) + f(b) + f(c) 
< f 

^ a + b + c ^ 

f lo i t rdn K i . NIU f "(X) < 0, Vx e K 
^ Va,p,a + p = 1: f(ax + Py) > af(x) + pf(y), Vx,y > 0 . 
Vdi moi a, b, c, d thupc K thi: 

f(a) + f(b) 
>f 

r a + b .f(a) + f(b) + f(c) 
>f ^ a + b + c ^ 

Gia! phu-ang trinh, h? phirvng trinh, b i t phirang trinh: 

Neu h^m s6 f dan di^u tren K thi phu-ang trinh f(x) = 0 c6 t6i da 1 nghi^m. 
Nlu f(a) = 0, a thugc K thi x = a 1^ nghi^m duy nh l t . 

Neu f c6 dao hdm d p 2 khong doi dIu tr§n K thi f Id hdm dan di^u nen 
phu-ang tr inh f(x) = 0 c6 toi da 2 nghi^m tr§n K. N I U f(a) = 0 vd f(b) = 0 
vb-i a ;t b thi phu-ang trinh chi c6 2 nghi^m Id x = a, x = b . 

Nlu f Id mOt hdm lien tgc tren [a; b], c6 dao hdm tr6n (a; b) thi phu-ang 
trinh f{b) - f{a) = (b - a)r(x) c6 it n h l t mOt nghi^m c € (a; b). 

Nlu f i d mot hdm lien tgc trSn [a; b], c6 dgo hdm tren (a; b) vd /(a) = f{b) = 0 
thi giu-a hai nghi^m cua f c6 it n h l t mOt nghi^m cua f ' . 

N^u 2 hdm f vd g lien tgc tren [a; b], c6 d?o hdm tren (a; b) vd g'(x) ^ 0 

*9i moi x e (a; b) thi phu-ang trinh ^^^^"^^^^ = c6 ft n h l t mpt nghi^m 
g (b ) -g (a ) g'(x) 

^ : C 6 ( a . b ) . 

^'^u ki^n phu'o-ng trinh v § nghi^m : 

y = f(x) tren D dgt gia trj \&n nh l t , nho nh l t : GTLN = M vd 
QTNN = m t h i 

^^O'ng trinh f(x) = k c6 nghi$m o m < k < M 

phu-ang trinh f(x) > k c6 nghi^m o k < M 

Phu-ang trinh f(x) < k c6 nghi^m o k > m 

Phuang trinh f(x) > k c6 nghi^m mpi x thupc D <=> k < m 

^^tphu-ar yng trinh f(x) < k c6 nghî m mpi x thuOc D k > M 
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W tTQng diSm b6i dUdng hpc sinh gidi mdn To6n 11 - LS Hodnh Phd 

Chu y: 
1) Til ' BBT ta tInh du-p-c s6 nghi^m phuang tr inh, di§u ki$n ve s6 nghi^ 

phu-o-ng tr inh. IVIpt so bai toan ta chuyen tham so ve 1 ben dgng m = f(x) 
2) S6 nghiem cua phuang trinh b$c 3: ax^ + bx^ + cx + d= 0, a 0. 

N§u f '(X) > 0, Vx hay f '(x) < 0, Vx thi f(x) = 0 chi c6 1 nghiem. 
N§u f '(x) = 0 c6 2 nghiem ph§n bi^t sih: 

Va i y c B y c T > 0 : phyo-ng trinh f(x) = 0 chi c6 1 nghiem 
Vb-i y c B y c T = 0 : phu-ang trinh f(x) = 0 c6 2 nghiem (1 dan , 1 kep) 
Vo-i yco y c T < 0 : phu-ang trinh f(x) = 0 c6 3 nghi$m phan biet 

3) Khai t r i l n Taylor cua ham f tai d i l m x = XQ: 

f(x) = f ( X o ) ^ ( x - x , ) . ^ ( x - x „ ) ^ . . . . 

! ! ! ( ^ ( x - x ) " . ^ ( x - x r 
n! ^ °^ (n + 1)!^ °^ 

2 . C A C B A I T O A N 

Bai toan 12 .1 : T im g i ^ trj I6n nhat va g i ^ trj nho nhat cua ham so: 

a) f(x) = — + 2x2 + 3x - 4 ^^^^ ^ ^ g ^ QJ J ^ , . , 

, o 'Si , 

b) f(x) = I x^ + Sx^ - 72x + 90 tren doan [-5; 5]. 
HiPO'ng d i n giai 

a) f '(X) = x^ + 4x + 3, f '(x) = 0 <=> X = - 1 hoac x = - 3 . 

Ta CO f M ) = - — , f ( -3) = - 4 ; f ( -1) = ~ , f(0) = -A. 
3 3 

16 
Vay min f(x) = - — ; nr iax f (x) = - 4 

X€[-4;0] 3 xe[-4;0] 

b) Xet h^m so g(x) = x^ + Sx^ - 72x + 90 tren dogn [-5; 5] 
g'(x) = Sx^ + 6x - 72; g'(x) = 0 x = 4 hoSc x = - 6 (logi) 
f ( -5 ) = 500; f(5) = - 7 0 ; f(4) = - 8 6 . 
Do d6 - 8 6 < g(x) < 400, Vx e [ -5; 5] vi ham so g(x) lien tyc tren (Joai 
[ -5 ; 5] nen 0 < f(x) = | g(x) I < 400. 
Vgy min f(x) = 0 ; max f(x) = f ( -5 ) = 4 0 0 . 

xe[-5;5] Xe[-5;5] -. 

Bai toan 12. 2: T im g i ^ trj 16-n n h i t nho n h i t cua hSm s6 

2 x 2 + 2 x + 3 x ' ' - 2 x ^ + x 2 - 1 . . ^ ^ 2 
a) y = — • — b) y = v6 i x 2 ^ 

x^ + x + 1 x ' ^ - x 

Hird'ng d i n giai 
2x + 1 , „ 1 

a) y = — 7 , T , y = 0 o X = — 
( x 2 + x + 1)2 2 

BBT x 0 - 1 / 2 

y + 0 -

y 
2 ^ 

10/3 
^ 2 

Cty TNHHMTVDWH Hhong Vl$t 

> 

10 
V | y maxy = — va khong t6n tai GTNN. 

3 

U) V6-i X > 2 thi mau thu-c x^ - x = x(x - 1) > 0, ta c6: 

r = X ^ - X -
1 

X^ - X 
= 2 x - 1 + -?^i_L>o, v x > 2 

( x 2 - x ) 2 

N6n h^m so d6ng bi4n tr§n [2; +oo). 

V^y miny = f(2) = | v^ khong ton tai GTLN. 

Bai toan 12. 3: T im g i ^ tn nho n h i t cua ham so: 

a) y - x ^ - x 2 + x + 4---T + - b ) y = l x i + x^ x^ X 

Hu-o-ng d i n giai 

a) Di§u kien x ^ 0. D^t t = x + - , | 11> 2 thi 
X 

1 + -
x - 1 

y ^ x - ' - x ^ + x ^ -
A .,2 

+ _ = _ 5t2 + t +4 
X" X^ X 

Xet h^m so f(t)= t" - St^ +1 + 4 v6-i 111 > 2 
f'{t) = 4t^-10t+1,f"( t )= 121^-10 

Khi t > 2 thi f "(t) >0 ndn 

f'(t) > f ' (2)= 1 3 > 0 dod6f(t) > 2. 
Khit < - 2 thi f " ( t )>On§n 

f '(t) < f '(-2) = -11< 0 do d6 f(t) > - 2 . 
So sanh thi min y = f(- 2) = - 2 khi x = - 1 . 

^)Tac6 y = i x l 1 + 
x - 1 

=1x1 + 
x + 1 
x - 1 

,2 

. D ieukienx ^ ^ l . 

'^hi -1 < x < O t h i h a m s d y = ^ ^ 
1 - x • 

T a c r t w - x ^ + 2 x + 1 , „ r-

(X - 1 ) 2 

y(-1) = 1 ,y(0) = 1 , f ( 1 - V 2 ) = 2 V 2 - 2 

o8 
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x - 1 

,2 

. D ieukienx ^ ^ l . 

'^hi -1 < x < O t h i h a m s d y = ^ ^ 
1 - x • 

T a c r t w - x ^ + 2 x + 1 , „ r-

(X - 1 ) 2 

y(-1) = 1 ,y(0) = 1 , f ( 1 - V 2 ) = 2 V 2 - 2 

o8 



lU trQng JISm bdl dU<snd "'Pg Sinn gioi /»M loan 11 - LS Hoann HIU 

Sosanhthi min y = 2̂ 2 - 2 tai x = 1 - V2 . 
-1<x<0 

K h i x < - 1 ho3cx> 1 t h i y > 1>2V2-2 
Khi 0 < X < 1 thi y > 1 > 2 V2 - 2. \ 
V$y min y = 2 N/2 - 2 tai X = 1 -Vi . 

Bai toan 12. 4: Tim gia tri Ian nhat va gia tri nho nhit cua cac ham s6: 

a)y = f(x) = x + N / 4 - X 2 

b) y = f(x) = V-x^ + 4X + 21 - V-x^ + 3X + 10 
Hipo'ng d i n giai 

a) Ham s6 f xac dinh va lien tyc tren doan [-2; 2] 

x 
f ' {x)=1 -

V 4 - X ' 
, vai moi x e (-2; 2) 

f '(x) = 0 c ^ 1 - 4^ 
= 0 <=> V 4 - x ^ = X <=> <i 

0 < X < 2 
4 - x 2 = x 2 

<=> X = 

Ta CO f( N/2 ) = 2 V2 ; f(-2) = -2; f(2) = 2. 

So s^nh thi max f(x) = 2 72 va rpin f(x) = -2. 
X6[-2;2] X€[-2;2] 

b) Oi§u ki?n 
-x^ +4x + 21>0 -2 < X < 5 

y' = 

-x^ + 3x +10 > 0 

- X + 2 -2x + 3 

V-x^ +4X + 21 2%/-x2 +3X + 10 

( 4 - 2 x ) V ^ + 3 X + 10 -(3-2x)V-x^ + 4 X + 21 

2V-x^ + 4x + 21.N/-X2 + 3X + 10 

Cho y' = 0 <:> (4 - 2x)V-x2 + 3 X + 10 = (3 - 2x)V-x^+4x + 21 

( 4 - 2 x ) ( 3 - 2 x ) > 0 
(4 - 2x)2 (-x^ + 3x +10) = (3 - 2x)2 (-x^ + 4x +11) 

<=> { 

x < — hay x > 2 

-51x^ + 1 0 4 x - 2 9 = 0 

1 
o X = 

3 

Tac6 y(-2) = 3;y4) = V2;y(5) = 4 

V$y min y = V2 tai X = ^ , max y = 4 tai x = 5. 

g^j toan 12. 5: Tim gia trj Ian nhIt va nho nhat cua h^m so 

a) f(x) = ~ ̂ '"^'^ • ̂ 1 y - sinx + ^ sin2x 

Hu'O'ng d i n giai 

a) f '(x) = 1 - 2cos2x ; f '(x) = 0 o cos2x = I = c o s ^ ; v , 

^ 2 x = ± J + k 2 7 i o x = ± - + k 7 r , k e Z . * 
3 6 

< x < 7 r , f ( x ) = 0 c ^ x e l-'^-^;^'' 
6 6 6 

f ( - f ) = f ; f ( . ) = . . 

Sosanhthi max f(x) = ̂  + ̂  ; min f(x) = - - . 
K —i:t 2 

b) Ham so lien tgc tren D = R, tuan hoan vdi chu ki 27t n§n ta xet tren doan [-TT; TC]. 

/ = cosx + cos2x = 0<=>x = ± - , x = ±7t 
3 

Ta CO f(-7r) = 0. f ( - J ) = . f( J ) = ^ , f(;:) = 0. 
3 4 3 4 

V | y m a x y = ^ . m i n y = - 3 : ^ . 
4 4 

..2 . ..2 
^ai toan 12. 6: Tim GTLN, GTNN cua T = — ^ ^ — ^ , trong do x, y tuy y 

H x^ + xy + 4y^ 
khong dong theyi b ing 0. 

Hi r i ng d i n giai 
y = 0 thi X ̂  0 nen T =1.Xet y ^ 0, d|t x = ty thi: 

T = _ _ t V + y ^ _ • ' 
t V T t T ^ M ^ t2+ t + 4 

*2 

= f(t), D = R. 

/ H i t ? S / 
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, ',.=:,, hdi dildftg nfd sinn gio) /t^M laon ii - L& manrrpnu-

10 + 2%/To . 
Lap BBT thi c6 maxT = f(-3 - ViO ) = 

15 

minT = f ( -3+ V10)= — ^ 

Bai toan 12. 7: Cho 2 s6 du-ang thay d6i x va y thoa man x + y = 1. 

Tim GTNN cua 

a)Q = x y + ^ b ) P = - ^ + ̂ ^ ^ 
' xy V l -x V l -x 

IHirdng din giai 

a) Dat t = xy, vi X, y > 0 va x + y = 1 > 2 Txy n § n 0 < t < . 

Ta c6 Q = f(t) = t + J => f '(t) = 1 - - ^ < 0 nen f nghjch b i§n tren (0; ^ ] . 

VayminQ = f ( | ) = ^ . 
4 4 

b) Vai X, y > 0, X + y = 1 nen dSt x = sin^a, y = cos^a vai 0 < a < ^ 

„ sin^ a cos^ a sin^ a + cos^ a 
P = + = — • 

cos a sin a sin a + cos a ..,., 
Oat t = sina + cosa = V2 sin 

71 
a + — 

4 

^ ' ' ^ ' ^ t ^ - 1 • ( t ^ - i f 

Nen f nghjch bi§n tren [1; V2 ]. V|y minP = f( N/2 ) = N/2 

Bai toan 12.8: Cho 3 s6 du-ang a, b, c thoa man a^ + b^ + ĉ  = 1. 

a^ - 2a^ + a ,2 b^ - 2b^ + b 2 c^ - 2c^ + 0 ^ 2 
TimGTLNcua S = ^ — r— -b'+ -Ĉ  + . ^2 

b^ + c^ c^ + a^ + b*" 
Hipang din giai 

Theogiath i l t th i a, b, c € (0; 1) 

1 -3^ l - b ^ 1-0^ 
= a(1 - a^)b^ + b{1 - b V + c(1 - c^)a^ 

X6t f(x) = x(1 - x^) tren khoang (0; 1) 

f . ( x ) - 1 - 3 x ^ f ( x ) = 0<=>x= 

Lgp BBT thi 0 < f(x) < .Do do S < ^ (b2+c2+a2) = 
3V3 ' 

1 2 n l u bang khi a = b = c = - 7 = . Vay max S = — T = 
S 3V3 

X 0 1 -00 

f 0 + 
f 16 ^ 10 ' 

TLI- do: f(x) > 0 => F > 10, Diu ding thu-c xay ra khi x = y = 1. 
N§u x < 0 thi x^ + y^ - 8x + 16 > 16 
Vgy minF = 10, dat du-gc khi x = y = 1. 

Bai toan 12.10: Cho 2 < x < 3 < y. Tim GTNN cua: 

T = + y^ + 2x + y 
xy 

Hu'O'ng din giai 

xy y x ' 

9'(y)= ^ ^ ^ + - , gXy ) = 0 « y = J2^^{^) 

BBT 
X 3 Jlxix + l) -<c 

y' - 0 + 
y 

gai toan 12. 9: Cho x, y la cac s6 thy-c thay d6i va thoa dieu kien 
< y. Tim gia trj nho nhit cua bi lu thu-c: F = x^ + y^ - 8x + 16. 

Hu'6ng din giai 
NSu x > 0 thi x̂  < / va F = x^ + / - 8x + 16 > X® + x^ - 8x + 16. 
X6t ham s6: f(x) = x^ + x^ - 8x + 16 vai x > 0. 
f'(x) = 6x^ + 2x - 8; f "(x) = 30x^ + 2 > 0, V x > 0. 
Dodof ' (x) d6ng b i§n : 
x> 1 =>f ' (x )> f ' (1 ) = 0 ; 0 < x < 1 '(x) < f ' (1) = 0 
BBT 
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I t — L P I lUUt III I 

Do do min g(y) = g( V2x(x +1)) = 2V2 + 1 + ^ 

Xetf(x) = - + 1 + - , 2 < x < 3 t h i 
1 X X 

1 
f '(X) = - — < 0 nen f nghjch bi ln tren doan [2; 3] do d6: 

minf(x) = f(3)= ^ ^ ! ^ . D o d 6 B < ^^4^,dlu bing khi x = 3, y = 2 Ve . 
3 3 

. ^ 4 ^ 6 + 1 
V$y minT = 

Baitoan12.11 :Chox, y, z > 0 thoa man x + y + z < - . 

V w X x^ 
Tim GTNN T = — + - | - + — + — + — + 

y^z z^x x^y y z X 

Hu'O'ng din giai 

Ap dung BDT Co si: T > 3 . 3 — ^ + 3.^/(xyz)^ 
V (xyzr 

D?t t = ^/xyz thi 0 < t < 
x + y + z 1 

Xet ham so f(t) = + 3 t ^ 0 < t . 

T a c 6 f ( , ) = 4 . 1 2 . ' = 5 ( ^ < 0 . Vte 

tren 0;1 
2 

t̂  

, do do f(t) > f 

t-̂  

195 
16 

nen f nghich bi§n 

1 195 
Dau = khix = y = z = - . Vay min i = - — 

2 16 
Bai toan 12.12: Cho phu-ang trinh: x" + ax' + bx^ + ax + 1 = 0 GO nghi?m. Tim 

gia tri be nhit cua T = a^ + b^ 
Himng din giai 

Gpi Xo la nghiem: x^ + ax^ + bx^ + ax^ +1= 0 XQ 0 nen 

^^2 + axo + b + ^ + - l = 0 « X - ' • 0 ^ 2 
X + a|Xo + + b = 0 

t; y = Xo + ^ . Dieu kien l y l = | x o l + | ; - ^ | > 2 nen: 

(y" 

p | f y = Xo+ — • tiieu Kien i y i = | X o l + | — | > 2 nen: 'nn j*;.-

, 2 ^2 ) + ay + b = 0=^ |2-yM = iay + b | < Vâ  + b^ ̂ ŷ  +1 .̂ f̂  -u. j 

+ b^ > -5̂  —. m l :G* 
( 2 - y ^ 

U y ^ 

0$t: t = y^ t > 4. Ta chCfng minh > . 

X6tf(t)= , t > 4 th i f ' ( t )= - ^ i ^ > 0 ^ f d 6 n g b i i n 
1 + t (1 + t)2 

nen t > 4 =^ f(t) > f(4) = - .Dau = khi t = 4 ^ y = ±2 va - = -
5 y 1 

-2 -4 nen chon b = — , a = — . 
5 5 

Phu-ong trinh: x^ - I x ' - | x ^ - - x + 1 = 0 c6 nghiem x = 1 
5 5 5 

V|y: min(a' + b') = -
5 

Bai toan 12.13: Tim s6 hgng be nhit cua day xac djnh bai: 
U n = n ^ - 2 0 n ' + 0,5n^-13n. 

HiFang din giai 
Xet ham s6 f(x) = x^ - 20x' + 0,5x^ - 13x, x > 1. 

f '(X) = 4x'' - 60x^ + X = x(4x^ - 60x + 1) 

^ ^ i x > 1 thi f (x) = 0 C O nghiem x = ^ ° " ^ 
4 

•-̂ P BBT thi f dat GTNN tai X = ^ ^ 1 ^ e [14-15] 
-P 4 

a c6 f( i4) = -16548 ; f(15) = -16957,5. So sSnh thi s6 h^ng Ian nhat la U15 
^ , f (15 ) = -16957,5. 

oan 12. 14: Cho parabol (P): y = x^ vS diem A(-3; 0). Xac dinh diem M 
parabol (P) sao cho khoang cSch AM IS ngSn nhlt. 

,.3 

T 
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Hu-o-ng din giai 
Gpi M{x; x )̂ 1̂  mpt di§m bit l<i cua parabol (P) fi 
Ta C O AM = V(x + 3)^ + = N/X'' + x^ + 6x + 9 
Xet ham s6 g(x) = x̂  + x̂  + 6x + 9; D = R - ~ * -
g'(x) = 4x̂  + 2x + 6 = (x + 1 ){4x2 - 4x + 6); g'(x) = 0 » x = -1 . 
Lap BBT thi min g = g(-1) = 5.Vay minAM = S tai M(-1; 1). 

Bai toan 12. 15: Hinh thang can ABCD c6 day nho AB va hai cgnh ben â u 
dai 1m. Tinh goc a = DAB = CBA sao cho hinh thang c6 di$n tich Ian nĥ t 
va tinh dien tich I6n nhat do. 

Hiwyng dSn giai 

Ha AH 1 CD. D|t x = ADC , 0 < x < -

Ta du-ac AH = sinx, DH = cosx; 
DC = 1 + 2cosx. 

Dien tich hinh thang la: D H C 

S(x) = ^ ^ ^ ^ ^ .AH = (1 + cosx)sinx; 0 < x < | 

S'(x) = (cosx + 1)(2cosx - 1), 0 < X < J , S'(x) = 0 » x = 

Lap BBT thi maxS = S 

2K 

2' 3 

^ ] = ̂  nen hinh thang c6 di^n tich Ib'n nh^t khi 

a = 
3 

-3 Bai toan 12.16: Cho a, b, c > — va a +b +c =1. Tim gia trj Ian nhltcua: 

a^+ l b '+1 c '+1 
Hu-o-ng din giai 

• u a b c ^ 9 
Chung minh . — — + — + — — ̂  — 

a^ + l b^+l c^+l 10 

X -3 1 - x^ 
Xet ham s6 f{x) = ——vd' i x > — c6f'(x) = - — — 

+1 4 (x-̂  +1)' 

- r x . ^ , • 1 36X + 3 Tiep tuyen tai x = - la y = — — — . 
3 50 

. . X ^ 36x + 3 ,. -3 ^ ^ c h . > n g m m h - ^ ^ - ^ v a . x ^ -

git ding thu-c tii'ang duang : (36x + 3)(x^ +1) > 50x 

^ 36x^+3x^-14x + 3>0<=>(4x + 3)(3x-1)2 >0 : dung. ^ 

^ f,^. ^ f , s ^ 36a + 3 + 36b + 3 + 36c + 3 9 ~- * :1 QB it AP dung f(a) + f(b) + f(c) < — = ^ 

V ŷ max = ^ D^u = khi a =b =c = . ^'" 

gai toan 12. 17: Cho a, b, c la 3 s6 thy-c du-ang. Tim gia trj Ian nh§t cua: 
_ _ a(b + c) ^ b(c + a) c(a + b) 

^ ' ( b + c ) ' + a ' (c + a)'+b2 ^(a + b)2+c2 • (xV*t 
Hu-ang d in giai 
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+ (3-b)2+b2 ^(3-c)^+c2 " 5 

^ 6a-2a^ ^ 6b-2b^ ^ 6c-2c^ ^12 ,̂  
2a2-6a + 9 2b2-6b + 9 20^-60 + 9 ~ T 

L , 1 , 1 ^3 
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\i_2x + 3 _ , 1 p Y 4 . 9 
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25 5 "^l"^ 
^^ymaxT=^kh ia=b=c. 

5 
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I \^ %.f%^ity tji&rn uuwiiy I / I ^ L / ^UIII y i \ j i iu\^ii iv^it 

Bai toan 12. 18: Chu-ng minh: 

a) sinx > x , Vx > 0 
6 

Hira'ng din giai 

a) BDT: x sinx > 0, Vx > 0 
6 

b)tanx>x, V x € (0; | ) 

-TnjjrTJvnn mi v UWH Hhong V l ^ 

Ĥ m s6 fW = Sinx + tanx - 2x lien tyc tren ni>a khoang [0; - ) c6: 

f'(X) = COSX + — \x + — 1 2 = 1 - 2 = (cosx ^ ) ^ > 0 . 
cos^x cos^x cosx 

Xet f(x) = X sinx thi f li§n tuc tren [0; +«) 
6 

f '(x) = 1 - iL_ _ cosx ; f "(X) = - X + sinx 

f '"(x) = -1 + cosx < 0 n6n f " nghjch bien tr§n [0; +oo): 

x > 0 => f "(X) < f "(0) = 0 n§n f ' nghjch bien tren [0; +oo): 

X > 0 => f '(X) < f (0) = 0 nen f nghjch bien tren [0; +<»): 

X > 0 => f (x) < f (0) = 0: dpcm 

b) H^m so f(x) = tanx - x lien tyc tren niia khoang [0; ^ ) c6 dao 

po do h^m s6 f ddng bi§n tren [0; ) n§n f(x) > f(0) = 0. 

gai toan 12. 20: Chi>ng minh b i t ding thu-c: 

a)8sin^J+sln2x>2x, V X € (0;7t]. b ) t a n x < — , Vx 

Hiwng din giai 

a) X6t ham so f(x) = Ssin^l + sin2x - 2x, Vx € (0; TT]. 

f-(X) = 4sinx + 2cos2x - 2 = 4sinx(1 - sinx) > 0 nen f(x) dong bi4n trgn ni>a 
khoang (0; A do do f(x) > f(0) = 0: dpcm. 

b) N̂ u x = 0 thi BOT dung. 

^ ^ " ^ - % x e f o ; i i ' 

4x 

4 

f '(x) = 
1 

COS^ X 
0 vai mpi x e (0; ^ ) . Do do ham s6 f d6ng bi§n trer 

khoang [0; - ) nen f(x) > f(0) = 0 v6i mpi x £ (0; ^ ) . 

Bai toan 12.19: ChCpng minh c^c b i t ding thCpc vdi mpi x e (0; ^ ) 

a) tanx > x + b) sinx + tanx > 2x. 

Hu'd'ng din giai 

X 71 
a) H^m so f(x) = tanx - x lien tyc tren nCra khoang [0; - ) c6 dgo 

3 2 g 

f{x) = ^ - 1 - x^ = tan^x - x^ 
cos^ X 

= (tanx + x)(tanx - x) > 0 vai mpi x e (0; ^ ) do d6 f dong bien nen 

f(x) > f(0) = 0 vai mpi x e (0; - ) dpcm. 

Neu x > 0 thi BDT <=> < - , Vx e 

Xetf(x) = tanx f 
,Vxe 

4 

f'(x)= cosfjL 
- tanx 

_ x - s i n x c o s x 2x-s in2x 

x^ cos^ X ~ 2x2 cos^ x 

Vi 0 < X s ^ nen 0 < 2x < I =:> sin 2x < 2x do d6 f '(x) > 0 nen f d6ng bi^n 

tr§n 
V 

, s u y r a f ( x ) < f ( ^ ) = 1 ; dpcm 
4 7t 

^aitoSn 12. 21: Chu-ng minh b i t d ing thCpc: 

3) b.tana > a.tanb vai. 0 < a < b < ^ . 

b) 2cos3C-4cos2C + 1 ̂  ^ g j^^ ABC c6 A ^ B < C < 90°. 
cosC 

HiFang din giai 

a « i . tana tanb 
^ b.tana < a.tanb o < 

a b 
X6t 

^^^ms6 f ( x ) = l ^ , o < x < i E 
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f(x) = _ COS X 
. x - t anx - . . 2 „ x - s m x c o s x 2x -s in2x 

TNHHMTVDWH Hhang Vi$t 

9 2 
X'^.COS X 

2x^ cos^ X 

X6t g(x) = 2x - sin2x , 0 < x < -

g '(x) = 2 - 2cos2x = 2(1 - cos2x) > 0 
nSn g d6ng bi§n: x > 0 => g(x) > g(0) = 0, do do f '(x) > 0 nen f dong bidn trj„ 

[0; ^ ) . Vi 0 < a < b < ^ => f(a) < f(b): dpcm. 

b) Do cosC > 0 nen bat d ing thuc: 
2cos3C-4cos2C + 1 

cosC 
o 2(4cos^C - 3cosC) - 4(2cos^C-1)+1 > 2cosC 
o Scos^C - 8cos^C-8cosC+5 > 0. 

T i l gia thiet => 60° < C <90° <=> 0 < cosC < ^ 

> 2 

• jToa" "̂̂ ^ a, b, c > 0 + b^ = 1. Chii-ng minh bat d ing thii-c 

2 c^ + a^ a^+b^ 
Hu-o-ng din giSi 

g|t ding thii-o <=> 
a b 0 z4z 

- + - + _>_ !_ 1-a^ 1-b^ 1-0^ 

Dat cosC •= t, t € (0; xet ham s6: y = f(t) = 8t^ - 8t^- 8t + 5 

T a c 6 : y' = f ' ( t )= 24t^ - 1 6 t - 8 <0, V t e (0;-^] 

Do do min f(t) =0(dpcm). 
t 6 (0;I] 

Bai toan 12. 22: Chiing minh bat dSng thii-c 

1 x^ \
1 + - X - —<\/l + x <1 + - x , v a i x > 0 . 8 • 2 

Hu-o-ng din giai 

Xet ham s6f(x) = 1 + ^ x - VT+x tren [0; +oo). Ta c6: 

> 0 vdi X > 0 nen f(x) dong bien tren nua kho 
2 2Vl7x 

[0; +00). Do do f(x) > f(0) = 0 vai mpi x > 0. 

/ 1 x^ 
Xet ham so g(x) =V1 + x - 1 - - + — tr6n [0; +oo). 

2 8 
Ta c6: g"(x) = 

1 1 

2 V u ^ 2 4 ' 4 4(1 + x ) V l ^ 
> 0 

a(1 -a2) b ( 1 - b 2 ) 0(1-c^) 2 

X6t h^m so f(x) = x(1-x2) vo-i x € (0;1) 

Ta CO : f (x) = 1 - 3x̂ • f '(x) = 0 c> x = € (0; 1) 1 

Bang bien thien : 

n§n g' dong bi4n tren [0; +oo), do d6 g'(x) = g'(0) = 0. Suy ra g d6ng bie^̂  
[0; +00) nen g(x) > g(0) = 0 vai moi x e [0; +oo) => dpcm. 

Suyra f (x )< f ( - 1 ) = - 4 = , V x e (0;1) nen 
N/3 z4i 
b^ 

• + r - + -
a d - a ^ ) b ( 1 - b 2 ) c(1 -c2) 2 

C^ ^ 3>y3 , 2 .-2 2v 
(a^+b^+c^ ) = 

3^3 
(dpcm). 

Bai toan 12. 24: Cho x, y, z > 0, x + y + z = 1 .Chii-ng minh : 

x^y + y2z + z^x< ^ 
27 

Hiring din giai 

•̂ hong mi t tinh tong qu^t, gia su-: y = min{x, y, z} 0 < y < - . 

Tac6f(x) = x2y + y2z + z2x = x^y + / ( 1 - x - y ) + x ( 1 - x - y ) 2 
= x^ + (3y-2)x^ + ( 1 - 2 y ) x - y 2 - y ^ 

'̂̂ ) = 3x2 + 2 (3y -2)x+ 1 - 2 y 

= 0 o X = - hole x = 1 - 2y > -1. 

^ ~ 1 - y _ z < 1 - y nen ta c6 BBT: 

I-
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TNHHMTVDWH Hhang Vi$t 
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WtrQng diSm hormdngTiQCsirm giSI mSn ii>ar, 11 - lenoannmcr 

Ta c6 f 
v3y 

f(1_y) = y(1_y)2 _ 1.2y(1 - y)(1 - y) < ^ 
2 x + 1 - y + 1 - y _4_ 

27 

Vay f(x) < — suy ra dpcm. 

Bai toan 12. 25: Cho n nguyen du-ong. ChCeng minh vai mpi x: 
x2 y3 x' x̂ " 

1 - x + ^ ^ — — + ... + l-\{- + ... + —>0. 
2! 3! i! (2n)! 

Hu'd'ng din giai 

x̂  x̂ ' „ 2 n 

X e , f ( x ) = 1 - x * ± ^ - i ^ . . . . . H y i . . . , . | ^ , X e R 

V6i x < 0 thi f(x) > 1 > 0 : dung. Vai x > 2n thi: 

f(x) =1 + 
(2 ^ X fx^ 

X + — + ... + l 2 ! . 4! 
V 

3!j 

^2n .,2n-1 

(2n)! (2n-1)! 

^1 + A ( x - 2 ) + — ( x - 4 ) + ... + ^ ^ ( x - 2 n ) >1 ^0 :dung 
2! 4! (2n)! 

V6i 0 < X < 2n thl f lien tuc trdn dogn [0,2n] ndn t6n tai gi6 trj b6 nhat tai xo 
Nlu Xo = 0 hay Xo = 2n thi f(x) > f(Xo) > 1 > 0 
Neu Xo e (0,2n) thi f dgt eye tieu tgi d6. 

,2n 

-f(x) 
^2 w2n-1 

f'(x) = - 1 + X - — + ...+ 
2! (2n-1)! (2n)! 

,2n 

Vi f '(Xo) = 0 =̂  f(xo) = ^ > 0 f(x) > f(xo) > 0 : dung 

Baitoan 12. 26: Cho ê e so nguyen n (n > 2) hai s6 thye khong am 

ChCpngminh: ^x"+y" > "̂ /̂x"̂ U y"̂^ . 
Hirang din giai 

Vdci X = 0 ho$e y = 0, bit ding thCpc dung. 

xy ^ ^' <?ln9 thupc tuang duang n|l + 

ĥ m so f(t) = ^( l ^ v 6 - i t e (0; +«>). 

> 1 + 

t"-v1- t ) 
f'(t) = / <\n+2 / \n-1 

1 + ^ 1 ) W(i + t") 

•;f'(t) = 0 ^ t = 1. 

BBT X 0 1 + 0 0 

f ( t ) 0 + 0 -

f(t) 

1 

Suy ra f(t) > 1 vdi moi t € (0; + « ) => dpem. 
Bai loan 12. 27: Cho 4 s6 du-ang a, b, e, d eo tong a + b +e + d =1. 

ChLPng minh: 6(3^ + b̂  + ĉ  + d )̂ > â  + b̂  + ĉ  + d̂  + 1 . 
8 

Hu-ang din giai 
VI a, b, c, d du-ang c6 tong a + b +e + d =1 nen 0 < a,b,c, d < 1. 

B D T « 6 ( a ^ + b ^ + c 3 + d = ' ) - ( a 2 + b 2 + c 2 + d 2 ) > l . 
8 

o (Sâ  -a^) + (Sb̂  -b^) + (60^ -c^) + (Sd̂  -6^)>-. 
8 

« (6a3 - a' - + (Sb̂  - - 7^) + (6ê  - ĉ  - — ) + (Gd̂  - d̂  - -1) > o 
32 32 32' 32 

^6t ham s6 f(x) = 6x^ - x̂  - — thi f '(x) = ISx̂  - 2x 
32 

Phifong trinh tiep tuyen tgi x = - 1̂  y = - (x - - ) 
4 8 4 

0 < x < 1 , ta chu-ng minh Sx'-x' - — > - ( x - -1) . 
32 8 ^ 4^ 

^ h | t v | y 6 x ^ - x 2 - ± > ^ ( x - I ) 
32 8 ^ A' 

^6x-
8 

8(6x^ - x^) > 5x - 1 



WtrQng diSm hormdngTiQCsirm giSI mSn ii>ar, 11 - lenoannmcr 
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27 
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o (4x - 1)^(3x +1) > 0 : dung, dau bing khi x = - 1 . 

Dod6 

(6a^ - a^) + (6b^ - b )̂ + (6c^ - ) + (Gd̂  - d^) 
= f(a) + f(b) + f(c) + f(d) 

5 a - 1 5 b - 1 5 c - 1 5 d - 1 5(a + b + c + d) - 4 1 
> + — r — + —z— + —— = a ^ " ~ 8 ~ 8 8 8 8 

2 
8 V?y (6a^ -a^) + (6b' -b^) + (Sc^ -c^) + {66= - d ' ) ^ ;r 

D^u bang khi a = b =c = d = . 

Bai toan 12. 28: Cho 3 so du-ang a, b, c c6 tong a + b +c = 1 . 

• u 1 - b - c 1 - c - a 1 - a - b ^ 3 
Chu-ng minh , + ~ ? = + ~ 7 = T - "77X ' 

V u b ^ yfu? V10 
Hu'O'ng din giai 

Vi a, b, c du-ang c6 tdng a + b +c =1 nen 0 < a,b,c < 1 vd 

T - ^ 1 - c - a ^ 1 - a - b 

a b c 

' .lu^^^lu^^Ju?' 
1 

X6t hdm s6 f(x) = , thi f '(x) = , 
Vl + x2 (1 + x2)Vl + x2 

Phuang trinh tiep tuyen t?i x = ^ Id y = —J==(27x +1) 

X 1 
Vb-i 0 < X < 1 , ta chu-ng minh . < 7 = ( 2 7 x +1) 

V i + ^ ioVio 

Th$tv|y , ^ < — l = ( 2 7 x + 1) 

N/IHV IOVIO 

<:> 107T0x<(27x + 1)Vl + x ^ < » 1000x2 <(27x +1)2(1+ x2) 

o 729x^ + 54x'' - 270x2 + 54X +1 > o 
o (3x - 1)2(81x2 + 60x +1) > 0 : dung, dau bing xay ra khi x 

00 36 

TtvTNHFrMTVDWHHhang Vi$t 

00 36 

- J = = + - ^ = ^ + = f(a) + f (b) + f (c) 

< - ^ l = ^ ( 2 7 a + 1) + ~{27h + 1) + _ l _ ( 2 7 c + 1) 
10V10 IOV1O 10V10 

Dau bang khi a = b =c = - . 

Bai toan 12. 29: Cho tarn gidc ABC. Chu-ng minh 

a) sinA + sinB + s i n C < - ^ b) t a n - + t a n - + t a n - > Vs 
2 _ 2 2 2 . . 00 

Hiro-ng din giai 
a) Xet ham so f(x) = sinx , 0 < x < 71 t 

f(x) = cosx, f'(x) = - sinx 
Vi f "(X) <0 tren (0 ; 71 ) nen f loi, theo bat d i n g thtpc Jensen thi c6 

VT = f(a) + f(b) + f(c) > 3H^-^^±^) = 3. s i n ^ = ^ . 
3 3 2 ^ 

Diu = khi A =8 = C = - . 
3 !• !\

b) X6t ham s6 f(x) = t a n - , 0 < x < 71 Tv 

2 

f'(X) = ^ ( 1 + tan2 |);f "(X) = l t a n | ( 1 + tan21) 

Vi f "(X) >0 tren (0 ; TT ) nen f 16m, theo b i t d ing thu-c Jensen thi c6 

VT = f(a) + f(b) + f(c) < 3 f ( ^ ± ^ ) = 3.tan^ = yl3. 
3 6 v \

DIu = khi A =B = C = - . 

toan 6. 30: Cho a, b, c Id 3 so thu-c du-ffng. Chu-ng minh . 

a2 b2 ^ c2 ^ a + b + c ' 
b + c c + a a + b 2 

Hiro-ng din giai 
ding thii-c thuan nhat nen ta chuan h6a: a + b + c = 3. ' '̂ ^ \,. 

b o r t . a2 b2 c2 ^ 3 
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;o !'on<^ d^sni hot du'ong hcc sinh gjdi mdn To6n 11 - LS Hodnh nno 

X6t ham SO f(x) = v a i 0 < X < 3. 
3 - x 

, Tac6f '{x) = - ^ ^ ; f " ( x ) = — ' 
(3-x)^ (3-x)^ 

VI f "(x) >0 tren (0 ;3) n6n f 15m, theo bit ding thu-c Jensen thi c6 ' 

VT = f(a) + f(b) + f(c) > 3 f ( ^ ^ ^ ^ ^ ) = I . 

Bai toan 6. 31: Cho a, b, c, d la 3 s6 thi^c du'ong c6 t6ng a+b+c+d =1 . 

Chu-ng minh . - + - + - + - > a ^ + b ^ + c ^ + d ^ + — 
a b e d 4 

Hirang din giai 

- 1 - , 1 1 1 1 ? • ? ? ,? 63 
Ta c6 - + - + - + - > a + b + c + d + — 

a b e d 4 
1 2 1 1-2 1 2 1 -i2 63 

o - - a ^ + - - b ^ + - - c ^ + - - d ^ > — 
a b c d 4 

Xethamso f(x) = - - x 2 v6 iO<x< 1. 
X 

Ta c6 f(x) = 4-2x;f"(x) = 4-2 
Vi f "(X) >0 tr§n (0 ;1) nSn f lom, theo bit ding thu-c Jensen thi c6 

VT = f (a) + f(b) + f (c) + f (d) > 4f( ) = — . 
4 4 

DIU = khi a =b =c =d = — . 
4 

Bai toan 12. 32: Cho a, b, c, d > 0. ChCrng minh: 
Jabc + bcd + cda + dab ^ ab + be + cd + da + ac + bd 

1 6 
Himngdlngiai 

Khong mit tinh t6ng queit, gia si> a 5 b < c < d. 
X6t da thii-c: f(x) = (x - a) (x - b) x - c) (x - d) 
= x ' ' - (a + b + e + d)x^ + (ab + be + cd + da + ae + bd)^ 

- (abc + bed + cda + dab)x + abed 
Vi f CO 4 nghi^m nen f c6 3 nghi^m Xi, Xj, X3 > 0 
f '(X) = 4x^ - 3(8 + b + c + d)x^ + 2(ab + be + cd + da + ac + bd)x 

- (abc + bed + cda + da''' 

= 4(x - xi) (X - X2) (X - X3) 

Theo djnh ly Viete, ta c6: X1X2X3 = - (abc + bed + cda + dab) 
4 

! 6 - d 

X1X2 + X2X3 + X3X1 = ^ (ab + be + cd + da + ae + bd) 

Ap dgng bit ding thupc AM-GM: 

1 (ab + be + cd + da + ac + bd) = X1X2 + X2X3 + X3X1 
2 

2- 3^(XiX2^3)^ = 33|;|^(abc + bed + cda + dab)^ 

Ti> d6 suy ra dpcm. r,̂ ,̂, 
g^j toan 12. 33: Cho a,b,c Id 3 s6 md phuang trinh: x^ + ax^ + bx + e = 0 c6 3 

nghiem phan bi$t. 

Chu-ng minh: 127c + 2a^ - 9ab I < 2-\{^ - 2tof . 

Hirang din giai 
D t̂ f(x) = x̂  + ax^ + bx + c, D = R, f '(x) = 3x^ + 2ax + b. 
Vi f(x) = 0 CO 3 nghi$m phan bi?t nen f '(x) = 0 c6 2 nghi$m phan bi$t: 

-a -Va^ -3b -a + Va^ -3b 
Xi - , X2 = 

3 3 

Vd vi h$ so cao nhit eua f duo-ng n§n yco = f(xi) >0 vd f(X2) = ycr < 0. ' 

Ta CO f(x) = 
1 1 

—X + —a 
3 9 f'(x) + ^ (3b - a 2 ) x + c - ^ 

= * f ( X i ) = | ( 3 b - a 2 ) x , + c - ^ 

TCi- f(xi) > 0 ̂  -2V(a2-3b)^ < 2a^ + 27c - 9ab 

f(X2) < 0 =^ 2a^ + 27e - 9ab < 2^(3^ - 3b)^ , (, 

Do v$y: 12a^ + 27c - 9ab I < 2^(3^ - 3b)^ 
^ai toan 12. 34: ChCpng minh bit ding thu-c: 

a) is inb-s ina l< lb-a l v6'ia,btuyy. 

b) _ _ J . 1 1 

•1 

1 + (n +1)' 
<arctan-

n^+n + 1 1 + n' 
vai mpi n. 

Hu-ang din giai 
' ^^u a = b thi bit ding thue dung, 

'^^u a b thi bit ding thue tu-d'ng du-ang: 

'̂fih t6ng qudt, gia su b > a. 

sinb-sina 
b - a 

<1. Khong mat 
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W trgng diS'm bdi dUdng hqc sinh gidi mdn Toan Tl - LS Hoanh Pno 

Ham so f(x) = sinx lien tyc tren [a;b] va c6 dao ham f "(x) = cosx. 
Theo djnh li Lagrange, t6n tgi c e (a;b) sao cho: 

!MzM = f.(c)=. î!2̂ zl!n^ = cosc , x . x . , . . . 
b - a b - a 

s inb -s ina 
cose < 1 : dpcm. 

b - a 
b) Bat d ing thCrc tu-ang du-ong: 

1 arctan(n +1) - arctann ^ 1 
1 + (n + l f (n + 1) -n l + n^ 
Ham so f(x) = arctanx li§n tyc tren [n;n+1] va c6 dgo h^m ''^ 

f (x) = _ J _ . Theo djnh li Lagrange, ton tai c € (n;n+1) sao cho: 
1 + 

f (b)- f (a) . arctan(n + 1)-arctann _ 1 
b - a - ' ^ " " ^ ^ (n + 1) -n U c ^ 

Vi c e (n;n+1) nen ^ — 
1 + {n + 1)' 1 + c2 U n ^ 

=> dpcm. 

Bai toan 12. 35: Chu-ng minh r ing v6'i mpi s6 nguyen duong n, ta c6 b i t ding 

thirc: 

Himng d i n giai 
Ham s6 f(x) = ^/x lien tyc tren [0; +co) va c6 dao hSm 
f '(x) = _L tren (0; +oo). Theo dinh li Lagrange, vo-i mpi 

2Vx 

n > 1 ton tai Xi € (n -1 ; n) va Xa e (n; n+1) sao cho: 

n - ( n - 1 ) '^^ '^^ (n + 1) -n 
Hay —j= = 7n - Vn-1 ,—)= = Vn + 1 - /̂n 

Xg 

Vi 0 < Xi < n < X2 nen ^ 
2 ^ ^ 2Vn 2 ^ 

Do d6 .\/n + 1 ->/n <-4= < >/n - > / n ^ => cfpcm 
2>/n 

toan 12. 36: 5 s6 thyc du-ong x, y, z, a, b, thoa: ^ V ̂  z > 0 
^' [ a > b > 0 
Chi>ng minh x^(y'' - z") + y^(z^ - x") + z^x" - y") > 0 

Hu'O'ng d i n giai 
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b « 

a - -1 
nenf'(x) = —x'' 

b 

S-2 
xb > 0 do do f '(x) tang tren (z"; y") 
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nen: (x^ - y')(y'' - z") = f '(C2)[x'' - y'̂ Jfy" - z"] 
(y^ - z^Kx" - y'') = f (cOfx" - y V - 2*=] 

C2>ci nen f (C2) > f (ci) 

( x ' - y ' ) ( y ' - z") > (y^ - z V - y") 

x^y" - z^) + y^Cz" - x )̂ + z (̂x'' - y") > 0 (dpcm) 

Bai toan 12. 37: Cho day : J ^ ° " " ^ 
u^=s inu^-1 , n > 1 

ChLPng minh: 0<u^ 
n + 1 

HLHO-ng din giai 
Xet ham, dao ham d in d p 5, ta chirng minh dyp'c: 

x^ X^ Y 3 Y 5 

s i n x - x + < o ,Vx>0=^sinx<x- — + — 
6 120 6 120 

, V x > 0 

a Chung minh quy nap.Khi n = 1: 0 < Ui = sina < < J| (dung) 

my. 

;3« - P 

Gia si>: 0 < Un = sinun-i 
n + 1 

•""aco sinun< sin.Ll^< 
Vn+1 Vn+1 

do ta c in chCpng minh 

1 -1 . - 3 6 n + 1 120'(n + 1)2 

n + 1 6 n + 1 120 (n + 1)= n + 2 



W trgng diS'm bdi dUdng hqc sinh gidi mdn Toan Tl - LS Hoanh Pno 
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lU Ul^liy Uieitt UU) UUUlty iiyo j m u y i m iiixjii 

3 
<=> 1 -

1 
- + • 

2(n + 1) 40(n + 1)^ V n + 2 

n + 1 

1 + 
n + 1 

D g t x = 
n + 1 

,x6t f(x)= 1 - ^ + ̂ - ( 1 + x r 2 , 0 < x < l 
2 40 

5 
1 -

5 

(1 + X)2 

< 0 

=> f • nghjch bien: x > 0 ^ f '(x) < f '(0) = 0 => f nghjch bien 

Ma X > 0 ^ f(x) < f(0) = 0 r=> dpcm 

Bai toan 12. 38: Giai phu-ang trinh: 

a) V s - x + x^ - y j 2 + x-x^ - 1 

b) V2x^ + 3x^ + 6 X + 16 - 2̂ /3 + %/4-x 

Hu'O'ng d in giai 

a) Dat t = x^ - X thi phu-ang trinh tro- th^nh: 

/̂3 + t - ^ / 2 ^ = 1 , - 3 < t < 2 . 

Xet ham s6 f(t) = VsTT - V 2 ^ , - 3 < t < 2. 

+ > 0 nen f dong bi^n tren (-3; 2). Vai - 3 < t < 2 thi f '(t) = ; ^ , 

2V3 + t 2V2-t 
Ta C O f(1) = 2 - 1 = 1 nen phu-ang trinh: f(t) = f(1) 

2 . o 1±^/5 
c : > t = 1 < = > x - x - 1 = 0 o x = ^ . 

b) Dieu kien xac djnh: 

2x^ + 3 x ' + 6x + 16 > 0 _ J(x + 2)(2x2 - x + 8) > 0 

4 - x > 0 4 - x > 0 
« - 2 < x < 4 

PhLfang trinh t uang du-ang V2x^ + 3x^ + 6x +16 - V 4 - X = 2^3 

X6t ham s6 f(x) = N/2X̂  + 3x2 + 6x +16 _ 7 ^ , _ 2 < x < 4 

Thi f ' (x) = 
3(x2 + X +1) • 0 n§n f d6ng bien 

V2x3 +3x2 + 6 X + 16 2 7 4 ^ 

ma f(1)=2 N/3 , do do phu-ang trinh tra th^nh f(x) = f(1) o x=1 

V$y phu-ang trinh c6 nghi$m duy nh^t x=1 

•^ito^n 12. 39: Giai phu-ang trinh : 

a) ^ / ? ^ = V x 3 - 2 - x b) 3x2- l8x + 24 = 

Hirang din giai 

g)£) i^ukien:x> ^ . T a c 6 : 

75^3^ = X + \/x2 - 1 > x > 1 = > x ^ > 3 = > x > ^ 

Chia 2 v l cho \fx^ thi phu-ang trinh: 

1 ' 

1 

2 x - 5 x - 1 

= 0 
•7 

X6t f(x) la ham s6 ve trai, x > ^ thi 

f'(x) = 
9 - 5 x ' 

2x^.\/x 2XN/X 2x2 L 2 
< 0 . 

Do do ham so f nghjch bien tren khoang ( ^ ; +oo) ma f(3) = 0 nen phu-ang 
trinh c6 nghiem duy n h l t x = 3. 

b) Dieu kien x 1; - , phu-ang trinh t rd th^nh: 

( 2 x - 5 ) 2 -
1 

= ( x - i r 
1 

2 x - 5 ' ' x - 1 

X6tf(t) = t2- 1 v a i t > 0 . Ta c6: 

f '(t) = 2t + -1 > 0 nen f d6ng bi§n tren (0; +oo) 

Phu-ang trinh: f ( | 2 x - 5 | ) = f ( | x - l | ) o | 2 x - 5 | = | x - l | 

4x2 - 20x + 25 = x2 - 2x + 1 o 3x2 - 18x + 24 = Q 

t>x2-6x + 8 = 0 c ^ x = 2 hogcx = 4 (chpn) 

toan 12. 40: Giai b i t phu-ang trinh: 

a) VxTl + 2Vx + 6 < 20 - sVx +13 

412x - 1 I (x2 - X + 1) > x^ - 6x2 + 15x - 14. 

Hu-ong d i n giai 

^ '^u kien: x > - 1 . BPT viet lai: VxTl + 2VxT6 + 3Vx + 13 < 20 

^ ^ t f ( x ) la h^m so ve t r ^ i , X > - 1 . Ta c6: 

, .!• \.' 
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, .!• \.' 



f(x) = 
1 . > 0 

aVxTl Vx + 6 2Vx + 13 
nen f dong bi§n tren [ - 1 ; +^). Ta c6 f(3) = 20 nen BPT:f(x) < f(3) 0 x 5 3 
Vgy tap nghiem cua BPT la S = [ -1 ; 3]. 

b) BPT: I 2x - 1 I .[(2x - l f + 3] > (x - 2 f + 3x - 6 
12x - 1 P + 3 12x - 1 I > (x - 2)^ + 3(x - 2) 

Xet ham s6 f(t) = t̂  + 3t, D = R. 
Ta CO f '(t) = 3t^ + 2 > 0 nen f dong bi§n tren R. 
BPT: f( I 2x - 1 I ) > f(x - 2) 12x - 1 1 > x - 2. 
X6t X - 2 < 0 thi BPT nghiem dung. 
Xetx-2>01hl2x-1 >Onen BPT<=>2x-1 >x-2<=>x>-1:Dung 
Vay tap nghiem la S = R. 

Bai toan 12. 41: Giai he phu-ang trinh 

+ X 

a) 

x + 3 = y + V y ^ + 1 

y + 3 = z +Vz^ +1 

z + 3 = x +Vx^ +1 

b) 

x='-1 = y(y-1) 

y 3 - 1 = z(z-1) 

-1 = x(x -1) 

Hu'O'ng din giai 

a) Xet ham so f(t) = t + Vt^ + 1 - 3 , t e R 

thi f'(t) = 1 + 
t^ +1 +1 

^ | ^ ^ V t ^ 

nen f(t) d6ng bi4n tren R. Ta c6 he 

>0 Vt 
V t ^ 

x = f(y) 
y = f(z) 
z = f(x) 

Gia SCP X > y thi f(x)>f(y) nen z > x do do f(z)>f(x) tipc la y>z: v6 ly 
Gia S L P X < y thi f(x)<f(y) nen z < x do do f(z)<f(x) tupc la y<z: v6 ly 
Gia S L P X = y thi f(x) = f(y) nen z = x do do x = y = z. Jh6 vao he: 

X + 3 = X + 7x^+1 03 = 7x^+1 » x^ = 2 <=> X = ±72 

ThLP lai X = y= z= +72 thi h$ nghiem dung. 

Vay he phu-ong trinh c6 2 nghi$m x = y = z = ±72 . 

b) Ta c6 x^ = y^ - y + 1 = 
1 

y - 2 
3 3 1 1 
- > - > - = > x > - . 
4 4 8 2 

Tu-ang tu- y, z > ^ . D§t f(t) = t ' - 1 + 1, t > -1 thi 

1 A 0 

L t y /ivnn / V I I V uwH Hhong Vl^t 

^ - 2t - 1 > 0 nen f dong biln tren (^ ; +<») 

Ta c6h0 

X- = y2 _ y + 1 3 

y^ = z^ - z +1 « 
= x^ - X + 1 

x ' = f ( y ) 

y ' = f ( z ) 
z ' = f ( x ) 

Qia si> X > y thi f(x) > f(y) ^ z^ > x^ ̂  z > x. 
nen f(z) > f(x) => y^ > z ' => y > z. 

DO <J6 X > y > z > x: v6 ly. 
Tu'cyng tu x < y: v6 ly nen x = y => x = y = z. Ta c61^ = f(t) 
^ t ' _ t ' + t - 1 = 0 « ( t - 1 ) ( t 2 + 1) = 0 c ^ t = 1. 
V|y he CO nghiem duy nhat x = y = z = 1. 

g ĵtoan 12. 42: Giai he phu-ang trinh 

a) b) 
7 x ^ - 7 y = 8 - x 

. ( x - l ) ' = y 

Hu-ang din giai 
a)0i4u ki$n x > 1, y > 0. He phu'ang trinh tu-ang du'ang vai: 

(1) 
(2) 

(4x2 + 1)x+ (y-3)75-2y = 0 
4x2 ^ y2 ^ 273 - 4x = 7 

7 x ^ - ( X -1)2 + - 8 = 0 

y = ( x - i ) ' 

th^ms6f(t)= 7r^ - ( t - 1)2 + t ^ - 8 , v6it> 1. 

Tac6 f ( t )= -2 ( t -1 ) + 3t2 + = 3t2 - 2t + 2 + 
2 7 n 

> 0 vai mpi t > 1 
2 7 n 

'i*nf(t)d6ng bi§n tren (1; + 0 0 ) . 
Phuong trinh (1) CO dgng f(x) = f(2) nen (1) 

X = 2, thay vao (2) ta du'gc y = 1. 
nghi$m cua phu-ang trinh la (x; y) = (2; 1). 

^ ' ^ i ^ u k i e n x . l ; y . ^ . T 3 e 6 
4 2 a 

(4x2 + i)x + (y _ 3)^5 _ 2y = 0 (4x2 + l)2x = (5- 2y + 1 ) 7 5 ^ 

f̂ , do^̂ }̂  +1)t vai t e R thi f '(t) = 3t2 + 1 > 0 n§n f ddng bi4n tren 

"̂̂ ^̂  + 1)2x = (5 - 2y + 1)75-2y o f(2x) = f ( 7 5 ^ ^ ) 

x > 0 

5 -4x2 o 2x = 7 5 -2y <=> 
y = 
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X = 2, thay vao (2) ta du'gc y = 1. 
nghi$m cua phu-ang trinh la (x; y) = (2; 1). 

^ ' ^ i ^ u k i e n x . l ; y . ^ . T 3 e 6 
4 2 a 

(4x2 + i)x + (y _ 3)^5 _ 2y = 0 (4x2 + l)2x = (5- 2y + 1 ) 7 5 ^ 

f̂ , do^̂ }̂  +1)t vai t e R thi f '(t) = 3t2 + 1 > 0 n§n f ddng bi4n tren 

"̂̂ ^̂  + 1)2x = (5 - 2y + 1)75-2y o f(2x) = f ( 7 5 ^ ^ ) 

x > 0 

5 -4x2 o 2x = 7 5 -2y <=> 
y = 



T h § y = 5 - 4 x ' 

4x̂  + 
2 

vao phuang trinh sau ta duo'c 

\
+ 2^3 - 4x = 7 

3 3 
Vai X =0, X = - thi Ichong thoa m§n nSn ta chi xet khi 0 < x< - . 

Xet ham SO g(x) = 4x2 + - - 2x2 + 2V3 - 4x,0 < x < -

Thi g'(x) = 8x - 8 x ( - - 2x2) - ^ ^ 4x(4x2 - 3 ) — < o 
2 V3-4X V3-4X 

3 1 

nen g(x) nghjch bien tr§n (0;- ) , m^ g ( - ) = 7 nen phu-ang trinh sau 

nghiem duy nhat ^ " ^ > ^uy ra y = 2: chpn. 
Vay h§ CO nghiem (x;y)=(-;2). 

Bai toan 12.43: Giai h? bat phu-ang trinh: 
x2 - 12x + 35 < 0 (1) 

x3-3x2 + 9 x + ^ > 0 (2) 

HifOTig d i n giai 

Ta CO (1) - 12x + 35 < 0 « 5 < X < 7 
1 

Xet (2): D$t f(x) = x̂  - 3x̂  + 9x + - , D = R 
3 

28 

f '(X) = 3x2 - 6x + 9 > 0 , Vx eR ^^^-^ g^^^ > 5 ^ f(x) > — 

Do do f(x) > 0, VX€ (5 ; 7) 
Vgy t i p nghiem cua he bit phuang trinh la S =(5; 7) 

Bai toan 12. 44: Chirng minh phu-ang trinh c6 mot nghiem duy hit: 
a)3x^ + 1 5 x - 8 = 0 b) x * - x 2 - 2 x - 1 =0. 

Hiro-ng din giai 
a) Him f(x) = 3x' + 15x - 8 I I him s6 lien tgc v l c6 d?o him tren R. 

Vi f(0) = -8 < 0, f(1) = 10 > 0 nen t6n tgi mpt so Xo e (0; 1) sao cho K^o^' 
tCrc I I phu-ang trinh f(x) = 0 c6 nghiem. 
M|t khic, ta c6 y' = 15x'' + 15 > 0, Vx e R nen him so d l cho Iu6n' 
dong bien. V|y phu-cng trinh d6 chi c6 mpt nghiem duy nhat. 

b) Ta c6 X* - x2 - 2 X - 1 =0 o x * = x2 + 2 X + 1 o X* = (x+ 1) 2 > 0 n6n x' > 0 => x > 0 

^^t ĥ m so f(x) = x* - x2 - 2 X - 1 v6i x > 1. 
ra c6 y' = 5x̂  - 2x - 2 = (2x'' - 2x) + (2x'' - 2) + x̂  

= 2x(x^-1) + 2(x^-1) + x''>0, v6'impix>1. <ns(; 
fjgn ham s6 d6ng bien tren tap xlc djnh. 

f |i§n tyc vai mpi x > 1 v l c6 f(1) = - 3 <0, f(2) = 23 >0 n§n phu-ang trinh 
=0 c6 nghiem. 

V|y phu-ang trinh cho c6 mOt nghiem duy nhlt. 
j toan 12.45: Chii-ng minh phu-ang trinh c6 mOt nghiem duy nhaf '''' 

b) sin̂ x + cosx = m, |m| < 1 c6 nghiem duy nhlt thupc doan [0; 7t]. 

Hu-o-ng din giai - ' 
a) X6t him so f(x) = 2x2.Vx-2 ^̂  ^^1^ ĵ̂ l̂̂  Ij.̂ ^ ^̂ ^̂  

khoang [2;+00)- 1 

2 x V ^ + = ~ > 0 , vai mpi x e (2; +00) i^'S 

Vx-2 

f'(x)= 2 
2 V ^ J 

Do d6 him so d6ng bien tren nu-a khoang [2; +00). ^ 
Ta CO f(2) = 0, f(3) = 18. Vi 0 < 11 < 18 nen t6n tgi so c e (2; 3) sao cho 
f(c) = 11 tLPC c I I mpt nghiem cua phu-ang trinh f. Vi him so dong bien tren 
[2; +00) nSn c I I nghiem duy nhlt cua phu-ang trinh. 

b) X6t him s6 f(x) = sin2x + cosx, lien tuc tren dogn [0; 7t]. 
Ta CO f '(x) = 2sinxcosx - sinx = sinx{2cosx - 1), x E (0; 71) 

Vi sinx > 0 nen f '(x) = 0 o cosx = ^ o x = J . ,^ 

BBT: 
X 

I 
f(x) + 0 ^ 

f(x) ^ ^ ^ ^ ^ 5 

^^"1 f d6ng bi^n tren dogn [0; \l nghjch bien trdn doan [ - ; TT]. '̂ "̂  
3 3 

^̂ "̂  s6 f lien tyc tren doan [ J ; 7t], f( J ) = | v l f(7i) = - 1 . Theo d|nh if vg gia 
o o 4 tri 

' '""̂ fig gian cua ham s6 lien tyc, vai mpi m € ( -1; 1) c (-1; - ) , ton tai mot 
4 
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10 trQng diem hoi di/dng hoc sinh gidi m6n lodn 11 - LS Hoonn h'no 

SO thyc c e ( - ; 7t) sao cho f(c) = 0 tu-c c la nghi^m cua phuang trin^ 
3 • V| 

ham so f nghich bien tren [ - ; n] nen tren doan n^y, phuang trinh c6 
3 % 

nghi^m duy nhlt. 

Con vai mpi x e [0; - ] , ta c6 1 < f(x) < | nen phu-ang trinh khong ̂ . 

nghi^m suy ra dpcm. , . 
Bai toan 12. 46: Tim so nghiem cua phu-ang trinh : 

+ 2x^ - - x^ - 3x^ - 6x - 3 = 0. 
Hipang din giai 

Phu-ang trinh tuang du-ang: (x^ + 3)(x^ - x^ - 2x - 1) = 0. 
« x ^ + 3 = 0 h o $ c x ^ - x ^ - 2 x + 1 = 0 •̂ 
« x = - ^ h o § c x ' - x ^ - 2 x - 1 =0. 
Xet phu-ang trinh: x^ - x^ - 2x - 1 = 0 x^ = (x + 1)^ > 0. 
Do do x^ > 0 => X > 0 => ( X + l f > 1 =i> X * > 1 => X > 1. 
Do do nghi^m cua phu-ang trinh x* - x^ - 2x - 1 = 0 n6u c6 thi x > 1 . Dit 
f(x) = x ^ - x ^ - 2 x - 1 , x > 1. 
f '(x) = 5x^ - 2x - 2 = 2(x'' - 1) + 2x(x^ - 1) > 0. 
Dod6 f dong b i§n . 
Vi f ( i ) = - 3 < 0 va f(2) = 23 > 0 nen f(x) = 0 c6 nghi$m duy nhi t XQ > 1 . 
Vay phu-ang trinh cho c6 dung 2 nghiem. 

Bai toan 12. 47: Tim tham so d§ phu-ang trinh c6 nghipm: 
11 

CtiJ TNHHMTVl 

a) m 

b) (4m - 3) Vx + 3 + (3m - A)^K^ + m - 1 = 0 
Hu'6ng din giai 

a)Oieu ki$n - 1 < x < 1. DStt = Vux^- V1-x^ thi t > 0 

va t̂  = 2 - 2 7l-x^ < 2, d i u = khi x̂  = 1. Do d6 0 < t < V2 
- t 2 + t + 2 

PT:m(t + 2) = 2-t^ + tc:> m = 

Xet f(t) 

t + 2 

tsxhi ki#n -3 < X < 1. FT <=> — ^ = = = = — 
t,)^'® 4 V x 7 3 + 3 V l ^ + 1 

ta CO (N/XTS)' + (N/T^)' = 4 nen d$t: 

= m 

, 2t \ 
'x + 3 = 2sin(t) = 2. V 1 - x = 2cos(f) = 

1-t-
1 + t̂  1 + t 

Vdi t = tan ^ , 0 < ( p < ^ , 0 < t < 1. 

7 t ^ - 1 2 t - 9 7 t 2 - 1 2 t - 9 „ , , 
pT m = — — _ • D^t f(t) = — , 0 < t < 1. 

51^ - 1 6 t - 7 

0 rten f nghjch bi ln tr6n doan [0; 1], do d6 

St^ - l 6 t - 7 

, . . . . . _ - 5 2 t 2 - 8 t - 6 0 ^ 

( 5 , ^ - 1 6 . - 7 ) - ' 

dilu kien c6 nghiem: f(1) < m < f(0) <» - < m < - . 
9 7 

Bai toan 12. 48: Tim tham s6 de phu-ang trinh: 

a) V + 2x + 4 - 7x + 1 = m CO dung mOt nghiem 

b) Vx^+ mx + 2 = 2x +1 CO 2 nghipm p h § n bi^t. 
Himng din giai 

a) e^t t = VxTl > 0, phu-ang trinh tra th^nh Vt^Ts - 1 = m (*) 
Nh|n xet u-ng vai moi nghiem kh6ng Sm cua phu-ang trinh (*) c6 dung mpt 
nghiem cua phu-ang trinh da cho, do do phu-ang trinh d§ cho c6 dung mOt 
nghiem khi va chi khi phu-ang trinh (*) c6 dung mpt nghiem khong Sm. 

Xeth^m s6f(t)= N/t" + 3 - 1 v6i t > 0, f'(t) = - = £ 

nO) = ^3 v^ lim f(t) = 0 n § n c6 bang bien thien: 

- K O . 

(t + 2)= 

[0; \/2]. Di4u ki$n c6 nghiem: 

min f(t) < ni < max f(t) o f( V2) < m < f(0) <=> V2 -1 < m < 1 . 

t 0 +«> 

f ( t ) -

f(t) 
~ ~ ~ » 0 

^ ^ b i 4 n t h i § n s u y r a c a c g i ^ t r i c a n t i m c u a m l ^ 0 < m < v/i. 
2x +1 > 0 „ 2 1 

„ <=> 3x'' + 4x - 1 = mx, x > — 
x^ + mx + 2 = (2x +1)2 2 
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'a 

lOtrpng diem hoi du'dng hoc sinh gioi mSh To6n 11 IS Hodnh mo 

3x^ + 4x - 1 1 Vi X = 0 khong thoa m§n n6n: = m, x > - -

X6tf(x)=3^^1±^, x . - I . x . O t h i f ( x ) = ^ 
X 2 

LUp BBT thi di^u ki$n phu-ang trinh cho c6 2 nghi^m ph§n bi^t Id 
1 9 

f(x) = m c6 2 nghi0m phSn bi^t x > - - , X 9 t O < = > m > - . 

Bai toan 12. 49: Tim di4u ki$n de phu-ang trinh c6 nghi^m " ̂  ' 
a) 2(1 + sin2x.cos4x) - ^(cos4x - cos8x) = m 

b) t" - (m - 1)t̂  + at̂  - (m - 1)t + 1 = 0 
Huwng din giai .-i 

a) Ta c6: 2(1 + sin2x.cos4x) - ^ (cos4x - cos8x) 

= 2 + 2.sin2x.cos4x - sin6x.sin2x 
= 2 + sin2x(2cos4x - sin6x) 
D$t:t = sin2x(-1 < t < 1) x6t: y = f(t) = 41" - 4t' - St̂  + 2t + 2 
Tac6: f (t) = 16t ' - 12t̂  - 6t + 2 = (t - 1) (16t̂  + 4t - 2) 

f'(t) = 0 ^ t = 1 . t = - ^ , t = - l 

1 1 129 
So s6nh.: f(-1), f(1), f(-;^) vd f ( - ) thl max y = 5 ; miny = — -

2 4 b4 

129 
Vgy dieu ki?n c6 nghi$m < m < 5 

64 

b) Ta c61 = 0 khong Id nghi$m. Chia hai v4 cho t̂  

t='-(m - 1)t + 3 - ( m - 1) =0 

+ 1 =0 

0$t X = t + I thi I X I > 2 vd phu-ang trinh tra thdnh: 

X - (m - 1)x + 1 = 0 <=> y = = m 
X 

Tac6:y'= >0, v | x | >2vdf(-2)= :;^.f(2)= ^ 

2 

f t . l ] - (m-1) f t . l ] - (m-1) 

2' ' ' 2 

-CS^TNHHMI VDWH Hhang Vl^t 

3 7 
po do phu-ang trinh c6 nghi^m khi m < - - hay m > -
• i toa" 12. 50: Tim tham so de bit phu-ang trinh 

> . / i x ^ + 2V4 - X < m c6 nghi^m i a; ^ 
b ) a V 2 > < ^ 9 < x + a c6 nghi^m v6-i mpi X '̂ 

Hu^ng din giai ^ 

) X 6 t f ( x ) = ^ / 4 ^ + 2 V 4 ^ , D = [1;4] 

f'(x) = 
2 _ 1 ^ 2V4o< - V4x - 2 

V4X-2 7 4 - X V4x - 2 . V4 - X * 

Ta c6 : f ' (X ) > 0 « 2^4 - x > V4x - 2 (x;t4, x ^ - ) 
2 / 

« 4 ( 4 - x ) > 4 x - 2 < = > x < | 

X 

L$p bang bi4n thien thi c6 kit qua m > N/I4 . 

b)Tac6:aN/2x^ + 9 < x + a <=> a (V2x2 + 9 - 1)< 

o a < , "* — (vi 72x2 ^ g _ 1 > o_ vx) 
V2x2 + 9 - 1 

X6t f(x) = ^ . xeR. f '(x) = -==LJ^^ ; 
V2x2 +9-1 72x2 +9 . (72x2 +9 - 1 f ' 

Ta c 6 f (X) = 0 o 9 - 72x2 +9 = 0 0 2x̂  + 9 = 81 
o x2 = 36 o X = ± 6 

L^PBSTthi min f(x) = - - J 

BPT nghi^m dung Vx khi a < - | t> aA 

^̂ 'todn 12. 51: Tim dieu ki$n cua m 6h h^ c6 nghi^m: 

x + - + y + - = 5 
X y 

'<̂+4- + y ^ + - ^ = 15m-10 
y^ • I 

Hiro-ng din giai 

^'^u kî n X , y ?i 0. O0t u = X + - , V = y + -1 thi | u I > 2, I v I > 2 
i f t ' x y 
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lOtrpng diem hoi du'dng hoc sinh gioi mSh To6n 11 IS Hodnh mo 

3x^ + 4x - 1 1 Vi X = 0 khong thoa m§n n6n: = m, x > - -

X6tf(x)=3^^1±^, x . - I . x . O t h i f ( x ) = ^ 
X 2 
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1 9 
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1 1 129 
So s6nh.: f(-1), f(1), f(-;^) vd f ( - ) thl max y = 5 ; miny = — -

2 4 b4 

129 
Vgy dieu ki?n c6 nghi$m < m < 5 
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b) Ta c61 = 0 khong Id nghi$m. Chia hai v4 cho t̂  

t='-(m - 1)t + 3 - ( m - 1) =0 

+ 1 =0 
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X 

Tac6:y'= >0, v | x | >2vdf(-2)= :;^.f(2)= ^ 

2 

f t . l ] - (m-1) f t . l ] - (m-1) 

2' ' ' 2 

-CS^TNHHMI VDWH Hhang Vl^t 

3 7 
po do phu-ang trinh c6 nghi^m khi m < - - hay m > -
• i toa" 12. 50: Tim tham so de bit phu-ang trinh 

> . / i x ^ + 2V4 - X < m c6 nghi^m i a; ^ 
b ) a V 2 > < ^ 9 < x + a c6 nghi^m v6-i mpi X '̂ 
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) X 6 t f ( x ) = ^ / 4 ^ + 2 V 4 ^ , D = [1;4] 
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2 _ 1 ^ 2V4o< - V4x - 2 

V4X-2 7 4 - X V4x - 2 . V4 - X * 
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2 / 

« 4 ( 4 - x ) > 4 x - 2 < = > x < | 

X 
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b)Tac6:aN/2x^ + 9 < x + a <=> a (V2x2 + 9 - 1)< 

o a < , "* — (vi 72x2 ^ g _ 1 > o_ vx) 
V2x2 + 9 - 1 

X6t f(x) = ^ . xeR. f '(x) = -==LJ^^ ; 
V2x2 +9-1 72x2 +9 . (72x2 +9 - 1 f ' 
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o x2 = 36 o X = ± 6 

L^PBSTthi min f(x) = - - J 

BPT nghi^m dung Vx khi a < - | t> aA 

^̂ 'todn 12. 51: Tim dieu ki$n cua m 6h h^ c6 nghi^m: 

x + - + y + - = 5 
X y 

'<̂+4- + y ^ + - ^ = 15m-10 
y^ • I 

Hiro-ng din giai 

^'^u kî n X , y ?i 0. O0t u = X + - , V = y + -1 thi | u I > 2, I v I > 2 
i f t ' x y 



u + V = 5 
- 3u + - 3v = 15m - 1 0 

<=> 
J u + V = 5 

uv = 8 - m 

Do do, u, V la nghi^m phLcang trinh: t - 5 t + 8 - m = 0 
B^i toan du-a ve tim m de phu-o-ng trinh t^ - 5t + 8 = m c6 2 nghiem, 
m § n I t i I , i tz I > 2 
X6t f(t) = t^ - 5t + 8, D = R. Ta CO : f '(t) = 2t - 5 
Bang b i l n thien: 

t -00 - 2 > 5/2 +00 

f' — //// 0 + 

f + 00 

" ^ 2 2 
//̂  2 +00 

Vay: - < m < 2 hoSc m > 22 
4 

Bai toan 12. 52: Cho 9 va H/ la hai h^m lien tyc tren [a; b], kha vi tren (a; b) va 
(p'(x) * 0 tai m5i x e (a; b ) . Luc do ton tgi c e (a; b) d l : j, 
[(p(b) - (p(a)]v'(c) = [v|/(b) - H/(a)]cp'(c) _ 

Hipang din gia! 
Xet h^m F(x) = [H/(b) - H/(a)](p(x) - [(p(b) - (p(b)]v)/(x) thi F lien tyc tren [a,b] va 
c6 dgo ham tren (a; b). 
Them vao do F(a) = F(b). Do do theo djnh ly Rolle, ton tgi c e (a; b) d l cho 
F'(c) = 0, tLPC la [(p(b) - (p(a)]v|/'(c) = [it/(b) - v|;(a)]q)'(c): dpcm. 

Bai toan 12. 53: Cho hdm so f kha vi trgn [0;1] v^ thoa man: f(0)=0 ; f(1) = !• 
ChLPng minh t6n tai 2 so phan b i § t a ; b thupc (0;1) sao cho f'(a).f'(b) = 1. 

Hirang din giai 
X6t ham so g(x)= f(x) +x - 1 , khi do thi g(x) li§n tuc va c6 dao ham tren 
[0;1]. Ta c6: g(0)= - 1 < 0 va g(1)= 1 >0 nen ton tai so c thupc (0;1) sao 
cho g(c) =0. 
Do d6 f(c) + c - 1 =0 hay f(c) = 1 - c 

Ap dyng djnh ly Lagrange cho f tren cSc dogn [0;c] va [c;1] t h i : 

t6n tai a e (0;c) sao cho: ^̂ ^̂  ~ = f '(a) . I 

va t6n tgi b6(c;1) sao cho: M_JM = f(b) I 

n§n: f'(a).f'(b) = 

1-c 

f (c )1-f (c) (1-c)c 
- 1 

c 1-c c(1-c) 
V$y ton tgi 2 so phan bî t a;b thuOc (0;1) sao cho f '(a).f '(b) = 1. 

"inc. 

ĝ i toan 12. 54: Cho 3 s6 a,b,c thoa man abc ^ 0 v^ £ + ^ + f. = Q. ChCpng 

^inh phu-ang trinh : ax" + bx̂  + c = 0 c6 n g h i § m . 
Hifo-ng din giai 

Xet ham so F(x) = |x^ + |x* + |x', khi do F(x) lien tyc, c6 dao ham 

p-(x) = x^ (ax" + bx'+ c) = x^f(x) 

Ap dyng dinh li Lagrange tren [0; 1] thi ton tgi c e (0; 1): = f -(c). 

F(0) = 0, F(1) = ^ + ^ + 1 = 0 nen F '(c) = 0 hay clf(c) = 0 ^* ^''^ 

VI c e (0,1) nen ĉ  ^ 0 do do f(c) = 0 => dpcm. 
Bai toan 12. 55: Cho 0 < a < b v^ f Id mot ham lien tuc tren [a; b], c6 dao ham 

tren (a; b). ChCrng minh r^ng t6n tgi c thupc (a, b) sao cho: 

=f (c ) -cf' (c ) . 

tHirang ddn giai 

Ta c6 hai ham s6 g(x) = ^ vS h(x) = -1 thoa man di§u ki$n cua djnh li 
X X 

Cauchy. Do do, t6n tai c e (a; b) sao cho- ^^^^"^^^^ = 
h(b)-h(a) h'(c) . § e 

hay -VT~ ^ 1 ^ ^P^"'-

b " a 

Bii toan 12: 56: Cho hdm so f(x) c6 dgo hdm tren [0; 1] vd nhgn gia trj du-ang. 
Chung minh b i t phu-ang trinh: 

f '(X) - f(x) < -(f(1) - 2f(0)) CO nghi?m. 

Himng din giai 

^6t 2 hdm so: g(x) = arctgx;h(x) = tren [0; 1]. 
1 + x̂  

l + X'' (l + X )̂̂  1 + X̂  o 1 j * A * 

"•"heo djnh ly Cauchy thi ton tai c e(0;1) sao cho: *" v̂>* •• 'u'ft <= 
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V$y ton tgi 2 so phan bî t a;b thuOc (0;1) sao cho f '(a).f '(b) = 1. 

"inc. 
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f(1) 
h(1)-h(0) _ h ' ( c ) 
g ( i ) - g ( 0 ) g'{c) 

--f(O) 
hay 

^ - 0 
= f ( c ) - 2c 

1 + c^ 
-f(c) 

nen -(f(1) - 2f(0)) = f ' ( c ) - - ^ f ( c ) 
K 71 1 + C 

i 6s iv'.-, 

2c 
Vi 0 < c < 1 n 6 n 1 + c ^ > 2 c vd vi f (c) > 0 n§n f'(c) j f (c )> f ' (c ) - - f (c ) 

=> dpcm. 
Bai t oan 1,2. 57: Giai he phucng trinh 

.0/ 
4-2x(y -1) + - 6y +1 = 0 

Hiro^ng d i n gidi 

Oi§u Icien x > 1 

x2+ 2 (y - l )x + y 2 - 6 y + 1 = 0 « ( x + y - l f - 4 y = 0 n§n: y>0 

V x v i + ^ / ^ - V y ' + 2 = y 

« > / ; ^ + V ^ = ^ ( y ^ + l ) + 1 + ^ ( y "+ l ) - l ( * * ) 

Ddt f(t) ? Vr+1 + thi f dong bi4n t r ^n [ 1 ; +oo) 

Nen (**) o f(x) = f(y^ + 1) o X = y" + 1 
Th4 vao {*) ta c6 : 4y = (y* + y)^ = y^ + 2y^ + y^ 

y = 0 x = 1 

y^ 1- 2y'* + y = 4 

y = 0 

y = 1 

(vi g(y) *= y^ + 2y'' + y dong bien tren [0; +oo) 
Vgy nghipm cua h? (x; y) = (1; 0) hay (x; y) = (2; 1). 

C a c h k h a c : x ^ + 2 ( y - l ) x + y ^ - 6 y + 1 = 0 

X = - y + 1 ±2 Jy vi X > 1 

= > X = - y + 1 +27y 

D$t u = X - 1 > 0 vd v = y* > 0, ta dup-c Vu + 2 + Vu = Vv + 2 + N/V 

X6t hdm s6 f(t) = %/tT2 + ̂  tang tr§n [0; +oo) 
. f(u) = f(v) =>u = v = > x - 1 =y ' ' . 

Cly TNHHMVv'n^AAiHhong Vi^t 

pAI LUYfiN TAP 
12.1: T im gid trj Idn n h i t vd gid trj nho n h i t cua hdm so 

x^ - 2x + 2 
^^^^ x2+2x + 2" 

b ) y = -tren 
c o s x 2 ' 2 

HiPOTig d in 

Tinh dao hdm vd lap BBT. 

K i t qua max y = 3+ 2 >/2 vd min y = 3 - 2 \/2 

tj) K^t qua max y = - 1 . Ham so I<h6ng c6 gid trj nho nh l t . 
2' 2 

Bai t | p 12.2: T im gid trj Id-n n h i t vd nho n h i t cua hdm s6 

1 1 f(x) = 
s inx- i -4 c o s x - 4 
Hipang din 

= i; Uxi 

Quy dong m l u thu-c vd d^t t = cosx - sinx = V2 cos(x + ^ ) (111 < 2) j ^ t 

K i t qua min t = — ^ - p - ; m a x f = ^ 
8 + V2' 8 -N / 2 ' 

Bai t?p 12.3: Cho do thj (C): y = | x - m | - m - m + 1 

m^ - 3m + 3 
, 1 < m < 4 . 

61 

Tim GTLN, GTNN cua dipn tich gidf\n bai do thj vd trgc hodnh. 
Hird-ng din -r ~ (s)! JsX 

Tinh dipn tich da gidc gid-i hgn. 
K i t qua maxS = S(2) = 9, minS = S(1) = 1. '"''̂  

Bai t9p 12.4: Xdc djnh tam gidc vuong ABC c6 di^n tich Ian nhat biet tong mpt 
cgnh g6c vuong va cgnh huyen bSng a cho tru'b'c. 

Hipo'ng din 

Gpi X Id mpt canh g6c vu6ng thi x >0 vd tinh cgnh g6c vufing c6n l a i . Ket 
qua ABC la nu-a tam gidc deu 
t?p 12.6: Cho tam gidc ABC. ChCpng minh 

A B C 3V3 . A . B . C 3 , , 
a; c o s — + cos —+ c o s — < b) s i n — - i - s i n - + s i n — < -

2 2 2 2 2 2 2 2 
Hipdngdln ""'̂  "* 

^) Xet hdm s6 f(x) = cos ^ tren (0; n ) ' 

b\ ,^ ̂  ^ X "V 5-- ••' re iihiA 
' -^et hdm so f(x) = sin - tr§n (0; n ) 
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Bai tap 12.6: Cho cac s6 thyc x, y thoa man 0 < x < ^ v a O < y < ^ . 

ChLPng minh rSng: cosx + cosy < 1 + cos(xy). > 

Hipang d i n ^ 

Xet h^m so f(t) = 1 + cost^ - 2cost v6i t € [0; J ]. 

Bai tap 12.7: Cho cac so thi^c du-ang x, y, z vb'i x > y > z. Chipng minh 

2 ^ + y ! i + £ ! ^ > x 2 + y ^ + z ^ 
z X y 

Hipo-ngdin « 

Dat u = - , V = - vai u > V > 1, t h i : 
z z 

u \V - 1) + - uv(v^ + 1) + > 0 

Bai t?p 12. 8: Cho x, y, z > 0 v a x + y + z = 1. Chipng minh: 

0 < xy + yz + zx - 2xyz ^ ^ • 

Hu-ang d i n 

Gia sOf z la s6 be nh§t thi 0 < z < ^ . 

X6t f(z) = -2z^ + z2 + 1 , 0 < z < ^ 

Bai tap 12.9: Chii-ng minh bSt d i n g thuc 

a) BECNULI :Neu x > - 1 va a > 1 thl (1 + x)" > 1 + ax. 

Neu X > - 1 0 < a < 1 thi (1 + x)" < 1 + ax. 6J> fcv gnduv yao 

( a - b ) l ^ a ^ _ ^ ^ ( a - b ) l ^ ^ 

' 8 a 2 8b 
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^^ t ham so f(x) = 
2x^ - 2x + 3 

i-iu'd'ng d i n 

va lap phu-ong trinh tiep tuyen tai 

b) 

,. 4 x - 1 

gai tap 12.11: Giai phu'ang trinh, he phuong trinh : 

a) 7x^- 2V3X - 2 + Vx^ -3V3X + 4 = 3 

. ( x - i r = y 
Hu'O'ng d i n 

a) Tinh dao ham cua ham s6 VT. K§t qua x =3. 
b) Ket qua x =3, y =0. 
Bai tap 12.12: T im tham s6 d l phu'ang trinh 
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K6t qua - < m < — . 
6 6 
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Churen ae 13: PHCP RICN HINH VH DOI HINH 

1 . K I ^ N T H U C T R O N G T A M . 

Phep bien hinh 
Phep bi§n hinh F trong m t̂ phing la mpt quy t^c dl vai m5i dilm M thupc 
mgt phing, x^c djnh 6\yqz mot dilm duy nhat M' thuoc mat phlng ly, gpj |̂  
anh cua dilm M: F(M) = M'. 
Phep do-i hinh 
Phep dai hinh la phep biln hinh khong lam thay dli khoang each giOa hai 
dilm bat ki: F: M H> M', N N ' thi M'N' = M N . Doi khi ta con goi la phep 
ding cy. 
Dinh li co- ban: Phep dai hinh biln ba dilm thing hang thanh ba dilm 
thing hang va khong lam thay doi thu- tu- ba dilm do, biln du'O-ng thing 
thanh du'ang thing, biln tia thanh tia, biln doan thing doan thing bing no, 
biln tarn giac thanh tarn giac bing no, biln du'ang tron thanh du-ang tron 

CO cung ban kinh, biln goc thanh goc bing no. 
Cac phep dai hinh dac biet 

- Phep biln hinh ding nhit I biln m5i dilm M thanh chinh no, tu-c la anh M' 
luon trung vai M. 

- Phep tinh tiln theo vecta v cho tru-dc, la phep biln m6i dilm M thanh diem 

M' sao cho MM' = V, ki hieu T- . 

Trong he toa dp Oxy cho v (a; b). 

Gpi : M(x; y) ^ M'(x'; y') 

thi x' = X + a 
y' = y + b 

o 

- Phep doi xLPng qua duang t h ing d la phep biln moi dilm M cua mat phing 
thanh dilm M' dli xipng vai M qua d, ki hi?u la Dd hay Sd. , 

- Phep doi xLPng qua dilm I la phep biln dli m6i dilm M thanh dilm M' doi 

xLFng vai M qua I, ki hieu la D| hay S|. 
Trong he tog dp Oxy chp dilm l(a; b). 

Oi:M(x; y) ^ M'(x'; y') thi: • = ^ 

- Phep quay tam O goc quay cp, bien 
dilm O thanh O va biln m5i dilm M 
khac O thanh M'sao cho: o 

OM' = OM 
(OM,OM') = (t) 

^ ^ h i ^ u Q(o; «f) hay R(0; 

phep quay goc cp bien du-dng thing d th^nh du-d-ng thing d', neu 0 < cp < ^ 

thi (d, d') = (p, con nlu ^ < cp < K thi (d, d") = TI - cp. 

Xac djnh phep dd"! hinh 
|sj|u 2 tam giac bing nhau ABC va A'B'C tu-ang u-ng thi xac djnh chi mot 
phep d6i hinh biln A, 8 , C th^nh A',B',C' tu-ang u-ng. 
Hinh bing nhau 
Hai hinh du-p-c gpi la bing nhau nlu c6 phep dai hinh biln hinh nay thanh 
hinh kia. 

Chuy 
1) cac hu-ang chu-ng minh: dung quan h? hinh hpc; dung he thu-c v§ vecta d l 

suy ra quan he dp dai; dung phu-ang phap tpa dp,... 
2) Hpp thanh cua hai phep dai hinh lien tilp: 

Fi:M I—l\^vaF2: M' | M"> 
Xac dinh quy t ic biln M thanh M" theo d$c tru-ng cac phep db-i hinh. Tii d6 
ta lai CO phan tich mpt phep dai hinh thanh tich cac phep dai hinh nao do. 

3) D I xac djnh dilm ta thu-ang tim tu-ang giao. Thong thu-ang dilm cin tim 
thupc mpt du-ang da bill va mpt du-ang la anh qua phep dai hinh, dp do 
dilm can tim la dilm chung. Bai toan du-ng hinh diy du c6 4 bu-ac: phan 
tich, du-ng hinh, chii-ng minh va bipn luan, tuy nhien c6 th i lu-p-c gian di. 

4) Dl tim quy tich (tap hp-p dilm), nlu cc phep dai hinh biln dilm M thanh M' 
va (C) la tap hp-p dilm cua M thi anh (C) la tap hp-p dilm cua M'. Ta phli 
hpp vai cac quy tich ca ban. 

5) Goc djnh hu-ang 
(Ox,Oy) = a(mod27i) 

(OM,ON).a(mod27i) o ̂ ^i-l-Ji x 

(d,d') = a(mod7i) 

"•"am gj^c ABC : (AB, A"C) + (BC,BA) + (CA,CB) = 7i(mod 2ii) 

va (AB,AC) + (BC,BA) + (CA,CB)^0(mod7:) '̂ '"̂  
giac ABC npi tilp du-ang tron (O): 

(OA,OB) = 2(CA,CB)(mod27t) va (OA,OB) = 2(CA,CB)(mod7t) rintj;?? 

dilm A,B,C,D thupc du-ang tron 

(CA .CB ) H (DA,DB)(mod27t) hay (CA.CB) = -(DA,DB)(mod27i) 

*^ (CA,CB) = (DA,DB)(mod7t). yeV 
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lotrong ^em hoi auong npu unirrgTorTTjan man 11 - LB noann >-no 

2. cAc B A I T O A N 
Bai toan 13. 1: MQI diem goi la bat dpng n § u no trung vai anh cua no q̂ Jg 

ptiep bi6n hinh. ChCpng minh mot pliep dai hinh c6 hai di lm bat dpng la 
phep d6ng nhit hoac la mot phep doi xCpng tryc. 

HiFO-ng d i n giai 
Gpi F la phep dai hinh c6 hai dilm bit dpng A, B: F(A) = A, F(B) = B. 

L l y mot di lm C khong thing hang vd'i A, B va goi C = F(C) . 
Neu C = C thi F c6 ba dilm bit dong khong thing hang. Gia su- F khong 
phai la phep d6ng nhit thi c6 mpt dilm M ma anh M' khac M ta c6: AM = 
AM', BM = BM', CM = CM' nen A, B. C each deu M va M' nen n im tren 
trung tryc cua MM' do do chung thing hang: v6 li. Vay F la phep dong nhIt, 
N lu C khong trung C thi A C = A C va B C = B C nen AB 1̂  trung true cua 
C C . Khi do F chinh la phep d6i xung true, vai true la du-ang thing AB. 
K i t qua: N lu phep dai hinh eo ba dilm bit dpng khong thing hang thi 
phep dai hinh do la mot phep dong nhlt. 

Bai toan 13. 2: Chipng minh ring n lu phep dai hinh F biln moi du-ang thing a 
thanh du'ang thing a' vuong goc vai a thi F c6 mot dilm duy nhlt bi6n 
thanh chinh no. 

Hipo'ng d i n giai 
Tru-cc hit, F khong thi c6 hai dilm phan biet biln thanh chinh no vi khi do 
du-ang thing di qua hai dilm do phai biln thanh chinh no, trai vai gia thî t 
la F biln du-ang thing thanh du-ang thing vuong goc. 
D I chu-ng minh su- t in tai cua dilm biln ^ 
thanh chinh no, l ly mot dilm A nao do va — j '' • ' 
goi Ai = F(A), A2 = F(Ai). 
N lu A trung Ai thi A la dilm bien thanh 
chinh no, bdi vay ta gia su- ring A khac Ai. 
Khi do ta c6 doan thing AAi biln thanh v-

doan thing A1A2 nen AAi = A1A2, ngoai ra 
CO AAi 1 A1A2 nen tam giac AA1A2 vuong I, 
can tai Ai . 
L l y dilm A3 sao cho AA1A2A3 la hinh vuong va dilm A'3 la d i l m d i i xi>ng 
vai A3 qua dilm A2. Khi do, F biln dilm A2 thanh dilm A3 hoac dilm A'a- Ta 
chu-ng minh ring n lu F biln A2 thanh A'3 thi v6 li. That vay, n lu ta gpi I, 
K l ln lup-t la trung dilm cua cae doan thing AAi, A1A2, A2A'3 thi F biln 
thanh J va biln J thanh K ma IJ khong vuong goc vai IJ, v6 li. Vay F biln 
thanh A3 va cung tu-ang tu- F bien A3 thanh A. Nhu- vay F biln doan thanS 
AA2 thanh doan thing A1A3, suy ra F biln trung diem cua AA2 thanh trunS 
dilm cua A1A3, tCpc la biln tam O eua hinh vuong AA1A2A3 thanh chinh no 
V$y F CO duy nhlt dilm O biln thanh chinh no. 

-nu^TvinrTrvti v uvvn nnang i//gr 
^ ^ f i 13. 3: Cho du-d-ng thing a va mpt diem I n Im tren no. Goi F la phep 

j hinh biln a thanh a va Ma dilm duy nhat biln thanh chinh no. Chu>ng 
,nh ring F biln dilm M bit ki thanh dilm M' sao cho I la trung dilm MM'. 

,1111 
Giai 

i ^i^rn M bit ki n Im tren a va kh^c I, 
hep ^^'^^ ^ '^'^^ ^ thanh a nen biln 

5l|ni M thanh dilm M' tren a, IM = IM'. 
rggoai ra vi M khac M' nen I la trung 

;;ua MM'. 

N p : N 

a 
M 1 L M' 

N' r P' N' 

b 
P' ^^Q\ la du-ang thang di qua I vuong goc 

/ĉ i a thi F biln b thanh du-ang thing di 
qua I va vuong goc vai a. 
po do b biln thanh b. Cung lap luan nhu- tren, n lu N nIm tren b thi F biln N 
,hanh N' sao cho I la trung dilm cua NN'. Gia su- dilm P khong nIm Xfeu a va 
b. Ha PM 1 a va PN 1 b (M £ a, N e b). Theo tren M biln thanh M', N biln 
thanh N' sao cho I la trung dilm cua MM' va NN'. Suy ra P biln thanh dilm P' 
sao cho M'IN'P' la hinh chu- nhat va do do I la trung dilm eua PP'. 

I Bai toan 13. 4: Cho 2 tam giac bing nhau A B C va A ' B ' C . Chtpng minh c6 
phep dai hinh biln tam giac A B C thanh tam giac A ' B ' C 

Hu'6ng din giai 
Xet phep biln hinh, F biln m6i dilm M thanh dilm M' sao cho n lu 

CM = p C A + q C B 
\ 

thi C M ' = p C ' A ' = q C ' B " . \  ^  

Ta chu-ng minh F la phep dai hinh. 

Gia si> F biln N thanh N', n lu CN = k C A + t C B thi 

C'N' = k C ' A ' + t C ' B ' . 

Ta CO MN = CN - CM = (k - p) CA + (t - q) C B - , 

^ M N ^ = M N ' = ( k - p)^CA' + (t - q ) ' C B ' + 2(k - p)(t - q) C A . C B 

Ti^ongti/: M'N'2= M'hr' ' 
^. = (k - P ) ' C A ' + (t - q)2C'B'' + 2(k - p)(t - q)C 'K'. C ^ 

'̂ hai tam giac A B C va A ' B ' C bIng nhau nen C A = C A ' , C B = C B ' va 
^ A . C B = C ' A ' . C T B ' . DO do MN = M'N' hay F la phep dê i hinh, biln A, B, 
. lu-ol thanh A', B', C => dpcm. 

tr^°i" ?• ^ ' • ° " 9 "^^^ P^^"9 toa dp Oxy, v6i a , a, b id nhu-ng so cho 
xet phep biln hinh F biln m6i dilm M(x; y) thanh dilm M'(x'; y') trong 

|x ' = x c o s a - y s i n a + a 

i y = x s i n a + y c o s a + b ' 

^^9 minh phep F la phep dai hinh. ' ^ 
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-nu^TvinrTrvti v uvvn nnang i//gr 
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Giai 

i ^i^rn M bit ki n Im tren a va kh^c I, 
hep ^^'^^ ^ '^'^^ ^ thanh a nen biln 

5l|ni M thanh dilm M' tren a, IM = IM'. 
rggoai ra vi M khac M' nen I la trung 

;;ua MM'. 

N p : N 

a 
M 1 L M' 

N' r P' N' 

b 
P' ^^Q\ la du-ang thang di qua I vuong goc 

/ĉ i a thi F biln b thanh du-ang thing di 
qua I va vuong goc vai a. 
po do b biln thanh b. Cung lap luan nhu- tren, n lu N nIm tren b thi F biln N 
,hanh N' sao cho I la trung dilm cua NN'. Gia su- dilm P khong nIm Xfeu a va 
b. Ha PM 1 a va PN 1 b (M £ a, N e b). Theo tren M biln thanh M', N biln 
thanh N' sao cho I la trung dilm cua MM' va NN'. Suy ra P biln thanh dilm P' 
sao cho M'IN'P' la hinh chu- nhat va do do I la trung dilm eua PP'. 

I Bai toan 13. 4: Cho 2 tam giac bing nhau A B C va A ' B ' C . Chtpng minh c6 
phep dai hinh biln tam giac A B C thanh tam giac A ' B ' C 

Hu'6ng din giai 
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CM = p C A + q C B 
\ 

thi C M ' = p C ' A ' = q C ' B " . \  ^  
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Gia si> F biln N thanh N', n lu CN = k C A + t C B thi 

C'N' = k C ' A ' + t C ' B ' . 

Ta CO MN = CN - CM = (k - p) CA + (t - q) C B - , 

^ M N ^ = M N ' = ( k - p)^CA' + (t - q ) ' C B ' + 2(k - p)(t - q) C A . C B 

Ti^ongti/: M'N'2= M'hr' ' 
^. = (k - P ) ' C A ' + (t - q)2C'B'' + 2(k - p)(t - q)C 'K'. C ^ 

'̂ hai tam giac A B C va A ' B ' C bIng nhau nen C A = C A ' , C B = C B ' va 
^ A . C B = C ' A ' . C T B ' . DO do MN = M'N' hay F la phep dê i hinh, biln A, B, 
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tr^°i" ?• ^ ' • ° " 9 "^^^ P^^"9 toa dp Oxy, v6i a , a, b id nhu-ng so cho 
xet phep biln hinh F biln m6i dilm M(x; y) thanh dilm M'(x'; y') trong 

|x ' = x c o s a - y s i n a + a 

i y = x s i n a + y c o s a + b ' 

^^9 minh phep F la phep dai hinh. ' ^ 



HiFang din giai 
Phep F bi^n d i^m M(Xi ; y i ) thanh diem M'(x'i; yS), diem N(X2; yz) thanh g 

N'(x'2; y'2) 

x̂  = X, c o s a - s i n a + a 

y\ X, sin a + y, cos a + b 

Xg = X2 C O S a - y2 sin a + a 

y'g = X2 s i n a + c o s a + b 

Ta c6: MN = J(x, - x^)^ + (y, - y ^ f 

va M'N' = ^{^\-x\f +{y\-y'^f 

-l2 ( X , - X 2 ) c o s a - ( y ^ - y 2 ) s i n a j + [ (x , - X 2 ) s i n a + (ŷ  - y 2 ) c o s a 
-12 

Hipang din giai 
Q\a si> Da va Db la cac phep d6i xi>ng true c6 
true la a va b m^ a // b v^ F la hp'p thanh cua 
£)a va Db- L l y hai diem A, B l i n lu-gt n i m tren 
a b sao cho AB 1 a. Vai diem M bat k i , Da 
fjj'ln M thanh M, va Ob bi§n Mi thanh M2. 
|sj§u goi H va K \kn \\jeq/\a trung d i l m cua 
(^Mi va M1M2 t h i : 

/̂lM2 = MM; + M̂ M̂  

= 2(HM2 + M2K) = 2HK = 2AB : xac djnh 

b 

-C B 

-/ •—H-
M, 

(x^ - X2)^ cos^ a + (y, - y^f sin^ a +<x, - Xg)^ sin^ a M^j^ - y^f cos' 

= J ( x , - X 2 ) ' + ( y , - y 2 ) ' = M N . 

Vay phep F la phep deyi hinh. 

Ba! toan 1 3 . 6 : Chipng minh r i n g hgp th^nh cua mpt so hO-u han cSc phep tii 

ti§n la mpt phep tinh t i l n va ngugc lai mpt phep tinh ti§n du-gc xem la h( 

thanh cua mot s6 hO/u han cac phep tjnh ti§n. 

Hu-o-ng d i n giai 

Cho phep tinh ti4n T i theo vecta û  va ph6p tjnh ti§n T2 theo vecta u, G 

F la phep hgp thanh cua Ti va T2. 

Gia sir T i bi§n diem M thanh di§m Mi 

va T2 bi§n d i l m Mi thanh M2, tu-c la: 

MM^ = û  ; M^Mj = Ug 

Suy ra: MMg = + : xac dinh 

Vi phep hgp thanh F bi§n M thanh M2 

nen F la phep tjnh tien theo vecta : u, + • 

Mpt each t6ng quat: Hgp thanh cua mpt s6 hOu han phep tjnh tien Id mpt P'̂ 'jj 

tjnh tien theo vecta tong cua cac vecta tinh ti^n cua cac phep tjnh ti^n do. 

Do mpt vecta c6 t h i phan tich thanh t6ng hOu han cac vecta nen ta 

ket qua phan tich ngu-gc lai. 

Bai toan 13. 7: Chi>ng minh hgp thanh cua hai phep d6i xu-ng trye eo ca^ ,̂ 

d6i xLPng song song la mpt phep tjnh tien va ngu'ge lai, m5i phep tinl^, 

d^u CO t h i xem la hgp thanh cua hai phep d6i xung true c6 true d6i '̂^ 

song song b i n g nhi4u each. 

i 

Vi phep hgp thanh F bi§n M thanh M2 md MM^ = 2 A B nen F la phep tjnh 

t i ln theo vecta 2 A B . 

Ngu-gc lai, gia su' T la phep tjnh t i l n theo vecta u . L l y mot du-dyng t h i n g a 

ndo do vuong goc va i u va du-ang t h i n g b la anh cua a qua phep tjnh t i l n 

theo vecta ^ u thi phep tjnh tien T la hgp thanh cua phep d6i xung trqc Da 

vd phep doi xi>ng tryc Db. Vi c6 n h i l u each ehpn du'ang t h i n g a, nen c6 
nhi§u phep d6i xi>ng Da va Db c6 hgp thanh la T. 

Bai toan 13. 8: 

a) Cho phep d6i xung true Da qua du'ang t h i n g a va phep tjnh tien T theo 

vecta V vuong goc vai a. Chu-ng minh r i n g hgp thdnh cua Da va T la phep 
d6i xung trye. | 

b) Xac dinh hgp thanh cua m phep d6i xu-ng tSm. 

Hu-dng d i n giai 

a) Co t h I xem phep tjnh tign T la hgp thanh cua hai phep d6i xCrng true Db va 
^c- Vi vecta tjnh tien vuong goc va i a nen 
a // b // c. Do do, ta du-gc hgp thanh cua ba phep doi xii-ng c6 trye song 
song. Vay ta du-gc mpt phep doi xung trqc. 

) Ta CO hgp thanh cua 2 phep d6i xu-ng tarn A va B la phep tjnh tien vecta 

2 A S . Do do, hgp thanh cua m = 2n phep doi xu-ng tarn A i , A2 A2n la 

Phep tjnh t i l n vecta 2(A^Ag + A ^ + . . . M j ^ ^ i A J 

M" 

387 
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MM^ = û  ; M^Mj = Ug 

Suy ra: MMg = + : xac dinh 

Vi phep hgp thanh F bi§n M thanh M2 

nen F la phep tjnh tien theo vecta : u, + • 

Mpt each t6ng quat: Hgp thanh cua mpt s6 hOu han phep tjnh tien Id mpt P'̂ 'jj 

tjnh tien theo vecta tong cua cac vecta tinh ti^n cua cac phep tjnh ti^n do. 

Do mpt vecta c6 t h i phan tich thanh t6ng hOu han cac vecta nen ta 

ket qua phan tich ngu-gc lai. 

Bai toan 13. 7: Chi>ng minh hgp thanh cua hai phep d6i xu-ng trye eo ca^ ,̂ 

d6i xLPng song song la mpt phep tjnh tien va ngu'ge lai, m5i phep tinl^, 

d^u CO t h i xem la hgp thanh cua hai phep d6i xung true c6 true d6i '̂^ 

song song b i n g nhi4u each. 

i 

Vi phep hgp thanh F bi§n M thanh M2 md MM^ = 2 A B nen F la phep tjnh 

t i ln theo vecta 2 A B . 

Ngu-gc lai, gia su' T la phep tjnh t i l n theo vecta u . L l y mot du-dyng t h i n g a 

ndo do vuong goc va i u va du-ang t h i n g b la anh cua a qua phep tjnh t i l n 

theo vecta ^ u thi phep tjnh tien T la hgp thanh cua phep d6i xung trqc Da 

vd phep doi xi>ng tryc Db. Vi c6 n h i l u each ehpn du'ang t h i n g a, nen c6 
nhi§u phep d6i xi>ng Da va Db c6 hgp thanh la T. 

Bai toan 13. 8: 

a) Cho phep d6i xung true Da qua du'ang t h i n g a va phep tjnh tien T theo 

vecta V vuong goc vai a. Chu-ng minh r i n g hgp thdnh cua Da va T la phep 
d6i xung trye. | 

b) Xac dinh hgp thanh cua m phep d6i xu-ng tSm. 

Hu-dng d i n giai 

a) Co t h I xem phep tjnh tign T la hgp thanh cua hai phep d6i xCrng true Db va 
^c- Vi vecta tjnh tien vuong goc va i a nen 
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Vi hvp th^nh cua phep tjnh ti§n V va ph6p d6i xCfng tam I la ph6p ddi 1 
Do 66 h(?p th^nh cua m = 2n + 1 phep 66\ tam J sao cho U = v 

tam Ai, A2,..., Azn.i la ph6p do! xii-ng tam O sao cho: 

^2n.P = -(A1A2 + A3A, + ... +A2„.iA2j . • ' 
Bai toan 13. 9: Chi>ng minh hp'p th^nh cua hai ph6p <j6i xung trgc c6 true • 

nhau la mOt ph6p quay va ngugc l^i, m6i phep quay deu c6 thI xem la \
thanh cua hai phep d6i xCeng tryc c6 true cat nhau, b i n g nhieu each. 

HiPO'ng din giai 
Gia su" cho hai phep d6i xij-ng trgc Da 

va Db CO tryc a va b c l t nhau tgi O, con 

F la hp-p thanh cua Da va Db. L l y hai 

d i l m A, B khac O l l n lu'p't n i m tren a, 

.. , b sao cho goc AOS khong tu v^ d0t 

(p = (OA, OB). Vd i mpi diem M kh^c O, 

gia su' Da bien M thanh Mi va Db bi§n 

Ml thanh M2. 

Khi do, n§u gpi H v^ K Ian lu'p't la trung 

d i l m cua MMi v^ M1M2 thi ta c6: ?i 

OM = OM1 = OM2 
va (OM, OM2) = (OM, OM1) + (OM1, OM2) 

= 2 (0H, OM1) + 2 (0M i , OK) = 2 (0H, OK) = 2(p. 

Vay phep hp'p thanh F la ph6p quay tSm O goc quay 2(p. 

Ngupc lai, gia s u Q Id phep quay tSm O goc quay (p. Ta l l y du'O'ng thingj 

nao db di qua O v^ b la anh cua a qua ph6p quay tam O goc quay 

hgp th^nh hai phep d6i xCeng trgc Da v^ Db chinh la phep quay Q. 

I 

Bai toan 13.10: Xac dinh hpp th^nh cua m phep do! xCfng: 

a) CO trgc d6i xCrng d6ng quy. 

b) CO trgc doi xCfng song spng. 
Himng d i n giai 

a) Xet m = 2n. Hp'p thanh cua hai ph6p d6i xu-ng cc trgc d6i x i i ng song sona 

mpt phep tinh tien. Vi v$y, hpp th^nh cua 2n phep doi xirng true c6 

xung song song 1^ hp'p thSnh cua n ph6p tjnh tien, do 66 cung la phep tinh •! 
Xet m = 2n +1. Gia su' F Id hpp thdnh cua 2n + 1 ph6p doi xtcng. Gpi P1 
d6i XLPng thu- nhat la Di c6 trgc Id du'O'ng t h i n g a, 2n phep d6i xung c'^'^' 

CO hpp thdnh la phep tjnh t i l n T. Ta c6 the xem T Id hp'p thanh cua 

ph6p d6i XLPng md ph6p thii- n h i t Id Da vd ph6p thu' hai la Db. Vdy F 

thdnh cua ba ph6p d6i xCeng: Da, Da vd Db- Nhung vi hpp thdnh cua 

Da la phep d6ng nhat e nen F chinh Id ph6p d6i xCpng Db. 

m = 2n. Neu F la hp-p thdnh cua 2n ph6p do! xu-ng c6 trgc doi xtrng 
tJ) ̂ ^^g quy tai O thi F la hpp thdnh cua n ph6p quay c6 tdm O vd do do F la 

^ p t phep quay. 

m = 2n +1. Gia su- F Id hpp thdnh cua 2n + 1 phep doi xCfng trgc c6 ede 
trgc 6ku di qua O. Gpi Da Id ph6p d6i xCfng d l u tien, thi 2n ph6p d6i xung 
trgc con Igi co hpp thdnh Id phep quay Q tam O. Ta xem Q Id hpp thdnh 
cua hai phep d6i xipng trgc, trong do ph6p thu- nhat Id Da vd phep thip hai la 
0^ Nhu- vay F la hpp thdnh cua ba phep d6i xtpng trgc: Da', Da vd Db. Vdy F 
chinh Id phep d6i xipng trgc Db. 

Q-jtoan 13. 11: Tren ba du'ang tron co cung tam O vd co ban kinh R, 2R, 3R, 
l^n lu'p't ^ '^ "^ A, B, C sao cho tam gidc ABC vuong can tai B vd d i l m 

0 thuOc m i l n trong tam gidc ndy. Tinh di$n tich tam gidc ABC theo R. ,\ 

Hu'ang d i n giai 

Ph6p quay tam B g6c b i l n C 

thdnh A se b i l n d i l m O thdnh O ' , 

A 0 ' = 0 C = 3 R 

Ta CO 

[ B O ' = B O = 2 R , O B O ' = 9 0 ° 

=> A O B O ' v u o n g can 

=5 0 0 ' = 0 B V 2 = 2 R V 2 

TLF do: 0 0 ' ^ + OA^ = 8 R ^ + R^ = 9 R ^ = O ' A^ =; 

Ma: B O O ' = 4 5 ° nen B 6 A = 1 35° 

Oinh ly ham so cosin trong tam gidc BOA cho: 

AB^ = OA^ + OB^ - 2OA.OBC0SB0A = ( 5 + 2 V2)R2 

AABC vuong can 

^ai toan 13. 12: Cho hai du-b'ng t h i n g song song di vd d2 vd hai d i l m A, B a 
hai Phia cua day (di,d2). 

Tim M e d i , N e d2 sao cho MN 1 di vd AM + MN + NB Id n g i n nhdt. 

Hux^ng d f -
^ i a s i i M 6 d i , N € 62 sao cho: 

-I di ta CO NM = a : xdc dinh, ph6p 

Jf̂ h tien vectp a b i l n M thanh N, 

' A thanh A' do do AM = A'N nen : 

O ' O A = 9 0 ^ 

. S ( A B C ) = I A B 2 = i ± M R 2 
2 2 

d, 

A' 

M N + N B = I a I + A ' N + N B > a | + A ' B . 

= xay ra khi N Id giao d i l m cua A ' B vd'i dz, hg N M 1 d, thi M , N Id 2 
can t im. .. , 
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cua hai phep d6i xipng trgc, trong do ph6p thu- nhat Id Da vd phep thip hai la 
0^ Nhu- vay F la hpp thdnh cua ba phep d6i xtpng trgc: Da', Da vd Db. Vdy F 
chinh Id phep d6i xipng trgc Db. 

Q-jtoan 13. 11: Tren ba du'ang tron co cung tam O vd co ban kinh R, 2R, 3R, 
l^n lu'p't ^ '^ "^ A, B, C sao cho tam gidc ABC vuong can tai B vd d i l m 

0 thuOc m i l n trong tam gidc ndy. Tinh di$n tich tam gidc ABC theo R. ,\ 

Hu'ang d i n giai 

Ph6p quay tam B g6c b i l n C 

thdnh A se b i l n d i l m O thdnh O ' , 

A 0 ' = 0 C = 3 R 

Ta CO 

[ B O ' = B O = 2 R , O B O ' = 9 0 ° 

=> A O B O ' v u o n g can 

=5 0 0 ' = 0 B V 2 = 2 R V 2 

TLF do: 0 0 ' ^ + OA^ = 8 R ^ + R^ = 9 R ^ = O ' A^ =; 

Ma: B O O ' = 4 5 ° nen B 6 A = 1 35° 

Oinh ly ham so cosin trong tam gidc BOA cho: 

AB^ = OA^ + OB^ - 2OA.OBC0SB0A = ( 5 + 2 V2)R2 

AABC vuong can 

^ai toan 13. 12: Cho hai du-b'ng t h i n g song song di vd d2 vd hai d i l m A, B a 
hai Phia cua day (di,d2). 

Tim M e d i , N e d2 sao cho MN 1 di vd AM + MN + NB Id n g i n nhdt. 

Hux^ng d f -
^ i a s i i M 6 d i , N € 62 sao cho: 

-I di ta CO NM = a : xdc dinh, ph6p 

Jf̂ h tien vectp a b i l n M thanh N, 

' A thanh A' do do AM = A'N nen : 

O ' O A = 9 0 ^ 

. S ( A B C ) = I A B 2 = i ± M R 2 
2 2 

d, 

A' 

M N + N B = I a I + A ' N + N B > a | + A ' B . 

= xay ra khi N Id giao d i l m cua A ' B vd'i dz, hg N M 1 d, thi M , N Id 2 
can t im. .. , 
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Bai toan 13. 13: : Cho duo-ng thing d di qua hai di lm phan biet P, Q va (̂ g. 
di lm A, B n lm ve mOt phia d6i vai d. Hay x^c djnh tren d hai diem IVl, N 

cho MN = PQ AiVI + BN be nh^t. 
HiPO'ng din giai 

*̂  Gia su" dyng du'P'c hai diem M, N 

n§m tren d sao cho MN = PQ . L ly 

d i lm A' sao cho AA ' = PQ thi diem 
A' hoan toan xac djnh va AMNA' la 
hinh binh h^nh nen AM = A'N. 
Do do AM + BN = A'N + BN. 
Liy Ai doi xLFng A' qua d thi: 

A'N + BN = AiN + BN > AiB: Khong doi 
Vay d i lm N can tim la giao diem cua AiB va d, va diem M xac djnh bdi 

NM = QP. 
Bai toan 13. 14: Cho goc nhon xOy va mpt dilm A nSm trong g6c do. Xac dinh 

diem B tren Ox va diem C tren Oy sao cho tam giac ABC c6 chu vi nho nh4t. 
Hu'd'ng din giai 

Xet tam gi^c ABC c6 B vS C l l n lu'p't 
n im tren hai tia Ox va Oy. Gpi A' v^ 
A" la cac d i lm doi xCrng vdi di lm A 
l l n lu'p't qua cac duang thing Ox va 
Oy. Chu vi cua tam gi^c ABC 1 :̂ 
AB + BC + CA 
= A'B +BC + CA" > A'A". 
D iu "=" xay ra khi b6n di§m A', B, C, 
A" thing hang. Vgy chu vi tam gi^c 
ABC be nhit khi l l y B v^ C l ln lu'p't Id 
giao diem cua doan thing A'A" vai hai 
tia cua goc nhpn xOy. 

Vi goc xOy nhpn t6n tai cdc giao di lm B va C. 
Bai toan 13.15: Cho dinh O n im trong tam giac ABC. Gpi A', B', C Id anh cua 

A, B, C qua phep d6i xtrng tam O. Bi§t r ing A' b trong tam giac ABC, tim 
tri cua O d l phan chung T cua 2 tam giac ABC, A'B'C c6 di?n tich Ian nhit? 

Hifang din giai c 
T la hinh binh hdnh c6 hai canh lien 
t i l p nIm tren AB vd AC va mpt duang 
cheo la AA'. Gpi M la giap diem cua 
AA' vai canh BC va dyng hinh binh 
hdnh AKMH, c6 MK // AC vd MH // AB 
(K € AB, H £ AC). 

Cty TNHH MTV DWH Hh6i^gVi4t 

ra 
T a trong hinh binh h^nh AKMH, do do: Sj < SAKMN 

. Do MK // AC vd MH // AB n§n: 
S,.. AK AH 'AHK ^ 
S--- A B A C 'ABC 

CM AH BM . AK AH , 
va — + — = 1 BC ' AC BC AB AC 

A K A H 1 ( 
^pdyng bat dang thircCosi: j ^ - ^ ^ -

AK AH 

A B ^ AC 

N2 

2 
4 

• SAHK =S SABC ' SAKMH ^ — SABC-

V ŷ ST 16'n nhit khi O la trung di lm cua trung tuyin AM. 
Bai toan 13. 16: Tam giac ABC c6 BC = a, AC = b, C = cp (cp < 120°). Tim dilm 

M trong mat phing sao cho MA + MB + MC nho nhit va tfnh gia tri nho nhit 
cua t6ng do. 

Hu'O'ng din giai 

Thu-c hi0n phep quay: Q „ : M M', A A', thi MA = M'A'. 
(C;-60 ) 

Tam giac CMM' deu, nen MM' = CM. 
Do do: MA + MB + MC = BM + MM' + M'A' > A'B: khong dli 
Theo dinh li ham so cosin trong tam 
giacA'BC: 

A'B^ = a^ + b^ - 2abcos((p + 60°). 
Op dai du'b'ng g ip khuc BMM'A' ngin 
nhit khi M va M' nIm tren BA', do do 
CMA' = C A A ' = 60° nen thupc du'ang 
'ron ngoai t i l p tam giac ACA'. 
Vay dilm M c in tim la giao cua du'ang thing BA' va duang tron ngoai t i lp 
'am giac ACA'. Dp dai ngIn nhit cua t ing la: 

g _ MA + MB + MC = a^ + b^ - 2ab.cos((p + 60°). 
'toan 13.17: Tim anh qua phep: ' 

J tinh t i ln vecta u (-2; 3) cua duang thing d: 3x - 5y + 3 = 0 va duang 
||on(C):x^ + / - 2 x - H 4 y - 1 = 0 . 

Phep quay tam O , goc 90° cua du'ang thing d: y = 2x. 
Hu'O'ng din giai 

tinh t i ln vecta u (-2; 3) bi ln di lm M(x; y) thdnh d i lm M'(x'; y') thi ta 

' x ' = x - 2 

.y' = y + 3 
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Bai toan 13. 13: : Cho duo-ng thing d di qua hai di lm phan biet P, Q va (̂ g. 
di lm A, B n lm ve mOt phia d6i vai d. Hay x^c djnh tren d hai diem IVl, N 

cho MN = PQ AiVI + BN be nh^t. 
HiPO'ng din giai 

*̂  Gia su" dyng du'P'c hai diem M, N 

n§m tren d sao cho MN = PQ . L ly 

d i lm A' sao cho AA ' = PQ thi diem 
A' hoan toan xac djnh va AMNA' la 
hinh binh h^nh nen AM = A'N. 
Do do AM + BN = A'N + BN. 
Liy Ai doi xLFng A' qua d thi: 

A'N + BN = AiN + BN > AiB: Khong doi 
Vay d i lm N can tim la giao diem cua AiB va d, va diem M xac djnh bdi 

NM = QP. 
Bai toan 13. 14: Cho goc nhon xOy va mpt dilm A nSm trong g6c do. Xac dinh 

diem B tren Ox va diem C tren Oy sao cho tam giac ABC c6 chu vi nho nh4t. 
Hu'd'ng din giai 

Xet tam gi^c ABC c6 B vS C l l n lu'p't 
n im tren hai tia Ox va Oy. Gpi A' v^ 
A" la cac d i lm doi xCrng vdi di lm A 
l l n lu'p't qua cac duang thing Ox va 
Oy. Chu vi cua tam gi^c ABC 1 :̂ 
AB + BC + CA 
= A'B +BC + CA" > A'A". 
D iu "=" xay ra khi b6n di§m A', B, C, 
A" thing hang. Vgy chu vi tam gi^c 
ABC be nhit khi l l y B v^ C l ln lu'p't Id 
giao diem cua doan thing A'A" vai hai 
tia cua goc nhpn xOy. 

Vi goc xOy nhpn t6n tai cdc giao di lm B va C. 
Bai toan 13.15: Cho dinh O n im trong tam giac ABC. Gpi A', B', C Id anh cua 

A, B, C qua phep d6i xtrng tam O. Bi§t r ing A' b trong tam giac ABC, tim 
tri cua O d l phan chung T cua 2 tam giac ABC, A'B'C c6 di?n tich Ian nhit? 

Hifang din giai c 
T la hinh binh hdnh c6 hai canh lien 
t i l p nIm tren AB vd AC va mpt duang 
cheo la AA'. Gpi M la giap diem cua 
AA' vai canh BC va dyng hinh binh 
hdnh AKMH, c6 MK // AC vd MH // AB 
(K € AB, H £ AC). 

Cty TNHH MTV DWH Hh6i^gVi4t 

ra 
T a trong hinh binh h^nh AKMH, do do: Sj < SAKMN 

. Do MK // AC vd MH // AB n§n: 
S,.. AK AH 'AHK ^ 
S--- A B A C 'ABC 

CM AH BM . AK AH , 
va — + — = 1 BC ' AC BC AB AC 

A K A H 1 ( 
^pdyng bat dang thircCosi: j ^ - ^ ^ -

AK AH 

A B ^ AC 

N2 

2 
4 

• SAHK =S SABC ' SAKMH ^ — SABC-

V ŷ ST 16'n nhit khi O la trung di lm cua trung tuyin AM. 
Bai toan 13. 16: Tam giac ABC c6 BC = a, AC = b, C = cp (cp < 120°). Tim dilm 

M trong mat phing sao cho MA + MB + MC nho nhit va tfnh gia tri nho nhit 
cua t6ng do. 

Hu'O'ng din giai 

Thu-c hi0n phep quay: Q „ : M M', A A', thi MA = M'A'. 
(C;-60 ) 

Tam giac CMM' deu, nen MM' = CM. 
Do do: MA + MB + MC = BM + MM' + M'A' > A'B: khong dli 
Theo dinh li ham so cosin trong tam 
giacA'BC: 

A'B^ = a^ + b^ - 2abcos((p + 60°). 
Op dai du'b'ng g ip khuc BMM'A' ngin 
nhit khi M va M' nIm tren BA', do do 
CMA' = C A A ' = 60° nen thupc du'ang 
'ron ngoai t i l p tam giac ACA'. 
Vay dilm M c in tim la giao cua du'ang thing BA' va duang tron ngoai t i lp 
'am giac ACA'. Dp dai ngIn nhit cua t ing la: 

g _ MA + MB + MC = a^ + b^ - 2ab.cos((p + 60°). 
'toan 13.17: Tim anh qua phep: ' 

J tinh t i ln vecta u (-2; 3) cua duang thing d: 3x - 5y + 3 = 0 va duang 
||on(C):x^ + / - 2 x - H 4 y - 1 = 0 . 

Phep quay tam O , goc 90° cua du'ang thing d: y = 2x. 
Hu'O'ng din giai 

tinh t i ln vecta u (-2; 3) bi ln di lm M(x; y) thdnh d i lm M'(x'; y') thi ta 

' x ' = x - 2 

.y' = y + 3 
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Ta CO X = x' + 2, y = y' - 3. Thay vao phuang trinh cua d ta du-gc: 
3(x' + 2) - 5(y' - 3) + 3 = 0 hay 3x' - 5y' + 24 = 0. 

V|y phu-cng trinh cua d' la: 3x - 5y + 24 = 0. 
Thay vao phu-ang trinh (C) ta dugc: 
(x- + i f + (y' - 3)' - 2(x' + 2) + 4(y' - 3) - 1 = 0 
hay x'̂  + y'̂  + 2x ' - 2y ' - 4 = 0. 
Vay phu-ang trinh (C): x̂  + ŷ  + 2x - 2y - 4 = 0. 

b) Ou-ang thing d: y = 2x qua g6c O va 
M(1; 2) thi dilm O khong thay doi 
con M biln thanh M'(-2; 1). 
Do do anh cua d la du'ang thing 

,5A 
= 0. 

3 . 1" 

M 

M' H' / / 1 

K 0 H 3 
OM':y = - - x . 

Bai toan 13.18: Tim anh qua phep d6i xCrng; 
a) true d; X - 2y + 4 = 0 cua du-ang tron (C): x̂  + ŷ  - 2x - 10y + 1 = 0. 
b) tarn l(Xo; yo) cua du'ang thing A: ax + by + c = 0. 

Hu'O'ng din giai 
a) Du'ang tron (C) c6 tarn 1(1; 5) va 

ban kinh R = Vl + 25-1 = 5 
Ta tim hinh chieu cua I len d va tim 
dilm r d6i xung cua I qua d. 
Du'ang thing qua I vuong goc vai d c6 phu-ang trinir 

— = « 2x + y - 7 = 0. 
1 -2 

Hinh chilu H c6 toa dp thoa man he phuang trinh : 

x -2y + 4 = 0 jx = 2 
<=> \ 

2x + y - 7 = 0 [y = 3 
nendilm H(2; 3) => l'(3; 1) 

Vi R' = R nen (C): (x - 3)^ + (y - 1)̂  = 25. 
b) Cho M(x; y) va M'(x'; y') la anh cua M qua ph6p d6i xupng tarn vai tarn l(Xo: ^ 

thi x + X' = 2xo; y + y' = 2yo nen x = 2xo - x'; y = 2yo - y". 
ThI vao phuang trinh A thanh: a(2xo - x') + b(2yo - y') + c = 0 
hay: -(ax' + by' + c) + 2(aXo + byo + c) = 0 
Vay (A'): ax + by + c - 2(axo + byo + c) = 0. 

Bai toan 13. 19: Cho tam giac ABC, ve ra ngoai hinh chu' nhat BCDE 
du'ang thing qua D va E lln luat vuong goc vai AB va AC cit nhau ta' 
Chirng minh AK vuong goc vai BC. 

HiFO-ng din giai 
Gpi BB' v^ CC la hai duang cao cua tam giac ABC va H la true tam ^ 
tam giac nay. 

CCvJf^HMTVDWH Hhang Vl^t 

phep tinh tiln vecta BE = CD bi^n: 
gB' thanh EK (vi EK // BB') 
CC' thanh DK (vi DK // CC) 
Ma BB' va CC giao nhau tai H nen H 

K la hai dilm tu-ang u-ng trong phep 
tjnh tiln nay. 
DO do HK // BE nen HK 1 BC. 
Ma AH 1 BC, vay A, H, K thing hang, 
nghTa la AK vuong goc vai du-ang 
thing BC. 

gai toan 13. 20: Cho tip giac I6i ABCD khong phai la hinh thang. Gpi M va N 
l̂ n lu-at la trung diem cua AB va CD. Chu-ng minh ring neu MN tao vai cac 
canh AD va BC nhOng goc bing nhau thi AD = BC. 

/ Hu-ang din giai 

Du-ng ME BC va'MF = AD 
Cac tu- giac MBCE va MADE la hinh binh hanh nen 
ta c6: CE = BM, DP = AM nen CE = DP, CE // DP. 
Do do tii' giac CEDE la hinh binh hanh nen hai du-ang 
cheo EP va CD giao nhau tai trung dilm N. 
Theo gia thilt thi EMN = NMFnen tam giac EMP can 
vi CO du'ang phan giac vCfa la trung tuyln. 
Vay ME = MP :^ BC = AD. 

Bai toan 13. 21: Cho tam giac ABC. Tren duang phan giac ngoai cua goc C 
lly mpt dilm D khac vai C. 
Chii-ng minh ring: DA + DB > CA + CB. 

Hu'O'ng din giai 
Gpi A' la diem d6i xu-ng vai A qua CD. Do 
CD la phan giac ngoai cua goc C, nen A' 

gitiuoc tia d6i cua tia CB va A'C = AC 
"Ta c6: 
DA + DB = DA' + DB > BA' (do D g BA') 
Mat khac: BA' = CB + CA' = CB + CA 

^ Do do DA + DB > CA + CB. ' ' 
toan 13. 22: Cho tu- giac 161 ABCD c6 AB = a, BC = b, CD = c, DA = d. 

ChCeng minh tCr giac c6 dien tich S < ^^1^ . 3Pi ' -

Hu'O'ng din giai 
Ta du-ng du-ang trung true A cua du-ang cheo BD va gpi C 1̂  anh ciia C 
"̂"ong phep dli xu-ng qua A, khi do ABCD = ABCD, DC = BC = b, BC = DC = c. 
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Ta CO X = x' + 2, y = y' - 3. Thay vao phuang trinh cua d ta du-gc: 
3(x' + 2) - 5(y' - 3) + 3 = 0 hay 3x' - 5y' + 24 = 0. 

V|y phu-cng trinh cua d' la: 3x - 5y + 24 = 0. 
Thay vao phu-ang trinh (C) ta dugc: 
(x- + i f + (y' - 3)' - 2(x' + 2) + 4(y' - 3) - 1 = 0 
hay x'̂  + y'̂  + 2x ' - 2y ' - 4 = 0. 
Vay phu-ang trinh (C): x̂  + ŷ  + 2x - 2y - 4 = 0. 

b) Ou-ang thing d: y = 2x qua g6c O va 
M(1; 2) thi dilm O khong thay doi 
con M biln thanh M'(-2; 1). 
Do do anh cua d la du'ang thing 

,5A 
= 0. 

3 . 1" 

M 

M' H' / / 1 

K 0 H 3 
OM':y = - - x . 

Bai toan 13.18: Tim anh qua phep d6i xCrng; 
a) true d; X - 2y + 4 = 0 cua du-ang tron (C): x̂  + ŷ  - 2x - 10y + 1 = 0. 
b) tarn l(Xo; yo) cua du'ang thing A: ax + by + c = 0. 

Hu'O'ng din giai 
a) Du'ang tron (C) c6 tarn 1(1; 5) va 

ban kinh R = Vl + 25-1 = 5 
Ta tim hinh chieu cua I len d va tim 
dilm r d6i xung cua I qua d. 
Du'ang thing qua I vuong goc vai d c6 phu-ang trinir 

— = « 2x + y - 7 = 0. 
1 -2 

Hinh chilu H c6 toa dp thoa man he phuang trinh : 

x -2y + 4 = 0 jx = 2 
<=> \ 

2x + y - 7 = 0 [y = 3 
nendilm H(2; 3) => l'(3; 1) 

Vi R' = R nen (C): (x - 3)^ + (y - 1)̂  = 25. 
b) Cho M(x; y) va M'(x'; y') la anh cua M qua ph6p d6i xupng tarn vai tarn l(Xo: ^ 

thi x + X' = 2xo; y + y' = 2yo nen x = 2xo - x'; y = 2yo - y". 
ThI vao phuang trinh A thanh: a(2xo - x') + b(2yo - y') + c = 0 
hay: -(ax' + by' + c) + 2(aXo + byo + c) = 0 
Vay (A'): ax + by + c - 2(axo + byo + c) = 0. 

Bai toan 13. 19: Cho tam giac ABC, ve ra ngoai hinh chu' nhat BCDE 
du'ang thing qua D va E lln luat vuong goc vai AB va AC cit nhau ta' 
Chirng minh AK vuong goc vai BC. 

HiFO-ng din giai 
Gpi BB' v^ CC la hai duang cao cua tam giac ABC va H la true tam ^ 
tam giac nay. 

CCvJf^HMTVDWH Hhang Vl^t 

phep tinh tiln vecta BE = CD bi^n: 
gB' thanh EK (vi EK // BB') 
CC' thanh DK (vi DK // CC) 
Ma BB' va CC giao nhau tai H nen H 

K la hai dilm tu-ang u-ng trong phep 
tjnh tiln nay. 
DO do HK // BE nen HK 1 BC. 
Ma AH 1 BC, vay A, H, K thing hang, 
nghTa la AK vuong goc vai du-ang 
thing BC. 

gai toan 13. 20: Cho tip giac I6i ABCD khong phai la hinh thang. Gpi M va N 
l̂ n lu-at la trung diem cua AB va CD. Chu-ng minh ring neu MN tao vai cac 
canh AD va BC nhOng goc bing nhau thi AD = BC. 

/ Hu-ang din giai 

Du-ng ME BC va'MF = AD 
Cac tu- giac MBCE va MADE la hinh binh hanh nen 
ta c6: CE = BM, DP = AM nen CE = DP, CE // DP. 
Do do tii' giac CEDE la hinh binh hanh nen hai du-ang 
cheo EP va CD giao nhau tai trung dilm N. 
Theo gia thilt thi EMN = NMFnen tam giac EMP can 
vi CO du'ang phan giac vCfa la trung tuyln. 
Vay ME = MP :^ BC = AD. 

Bai toan 13. 21: Cho tam giac ABC. Tren duang phan giac ngoai cua goc C 
lly mpt dilm D khac vai C. 
Chii-ng minh ring: DA + DB > CA + CB. 

Hu'O'ng din giai 
Gpi A' la diem d6i xu-ng vai A qua CD. Do 
CD la phan giac ngoai cua goc C, nen A' 

gitiuoc tia d6i cua tia CB va A'C = AC 
"Ta c6: 
DA + DB = DA' + DB > BA' (do D g BA') 
Mat khac: BA' = CB + CA' = CB + CA 

^ Do do DA + DB > CA + CB. ' ' 
toan 13. 22: Cho tu- giac 161 ABCD c6 AB = a, BC = b, CD = c, DA = d. 

ChCeng minh tCr giac c6 dien tich S < ^^1^ . 3Pi ' -

Hu'O'ng din giai 
Ta du-ng du-ang trung true A cua du-ang cheo BD va gpi C 1̂  anh ciia C 
"̂"ong phep dli xu-ng qua A, khi do ABCD = ABCD, DC = BC = b, BC = DC = c. 
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TLP giac I6i ABCD c6 dien tich bSng S ^ ^ 
va cac canh lien ti§p AB = a, BC = c, 
CD = b, DA = d. 
S = SABC'D - SABC SADC 

= — .ac.sina+ — .bd.sinp 
2 2 

1 1 . . ac + bd 
"! < - ac + - bd = . 

2 2 2 
Bai toan 13. 23: Cho tii' giac ABCD noi ti^p duang tron (O). Gpi M, N, P, Q 

\\xq\a trung diem cua cac canh AB, BC, CD va DA. Ha MM', NN', PP', QQ. 
Ian lup-t vuong goc va i CD, DA, AB, BC. Gpi I la giao di lm cua MP va NQ, 
ChLPng to r^ng b6n du-ang thing MM', NN', PP', QQ' d6ng quy tai mpt dilm. 
Nhan xet gi ve vi tri diem d6ng quy va hai diem 1,0? n, 

HLPO-ng din giai 
Vi MNPQ la hinh binh hanh nen I la 
trung d i lm cua MP va NQ. 
Phep doi xLPng tam Di bi ln di lm M 
thanh diem P, bi§n duang thing MM' 
thanh du-ang thing di qua P va song 
song vai MM', tipc la vuong goc vai DC. 
Do do, du-ang thing MM' du-p-c biln 
thanh duang thing PC. Hcan toan 
tu-ang ty; duang thing NN' biln thanh 
duang thing QO, du-ang thing PP' 
bi ln thanh du-ang thing MO, du-ang 
thing QQ' bien thanh duang thing NO. 
Vi b6n du-ang thing MO, NO, PO, QO d6ng quy tai O nen bon duang thing 
MM', NN', PP', QQ' dong quy tai di lm O' d6i xu-ng vai tam O qua di lm I. 

Bai toan 13. 24: Cho hinh binh hanh ABCD va duang tron (C) bang tiep cua 
tam giac ABD, t i l p xuc vai phin keo dai cua AB va AD tuang ij-ng tai cac 
d i lm M va N. Doan thing MN c i t BC va DC tu-ang Ci-ng tai cac di lm P va 
Q. ChLPng minh ring duang tron npi t i lp tam giac BCD t i l p xuc vai cac 
canh BC va DC tai P va Q. A 

Hiro'ng din giai / \ 
Gpi K la t i l p d i lm cua (C) vai BD; (V) la 
du-ang trcn npi tiep tam giac ABD, tiep 
xuc vai AB tai M', vai AD tai N' va BD tai 
H; gpi I la trung di lm cua BD. 
Tu- MM' = NN' 
va MM' = BH + BK, 
NN' = DK + DH suy ra BH = DK. 
Ta CO phep d6i xii-ng Di: 
B D, H K. 

Cty TNHHMTVDWHHhang Vi$t 

"^rgrn g'S"^ '^'^'^ ^ ^' ^^"^ Qiac DON can tai D suy ra 
pQ = DN = DK = BH = BM'. Do do, Q la anh cua M' trong phep D,. Tu-ang 

p la anh ciia N' trong phep D,, phep D,: (V) i - ^ (V) di qua 3 di lm K, Q, 
p Vi IVI'. N', H la cac di lm chung duy nhit cua (V) vai AB, AD va BC, do do 
^ P cung la di lm chung duy nhat cua (V) vai BC, CD, CB suy ra dpcm. 

flij toan 13. 25: Cho tam giac ABC. V l phfa ngoai tam giac du-ng ba tam giac 
(jiu BCAi, ACBi, ABCi. Chu-ng minh ring AAi, BBi, CCi dong quy. 

Hu-ang din giai 
Gpil = AAi n C C r 
phep quay tam B goc 60° bi ln Ai thanh C, 
fjjln A thanh Ci, bi ln AiA thanh CCi, do 
(J6AIC, =60°. 

t l y tren CCi di lm E sao cho 
IE = lA thi tam giac EIA deu. 
Phep quay tam A goc 60° bi ln C, thanh B, 
biln E thanh I, C thanh Bi va vi Ci, E, C 
thing hang nen B, I, Bi thing hang. 
VayAAi, BBi, CCi d ing quy tai I. 

Bai toan 13. 26: Cho luc giac I6i ABCDEF npi tiep trong duang tron vai tam O 
ban kinh R. Bi lt r ing AB = CD = EF = R, chu-ng minh ring trung di lm cac 
dogn thing BC, DE va FA la dinh cua mpt tam giac d iu . 

Hu-ang din giai 
Gia su- luc giac ABCDEF dinh huang 
m. Gpi M, N va P theo thu- tu la trung 
(Jilm cac canh BC, DE va FA. 

1 
Taco: MP = -^(BA + CF) 

1 
= - (BA + CO + OF) 

^hep quay goc + - bi ln MPthanh : 
O 

1 
2 (BO + CD + OE) = -^(BE + CD) = MN 

^uy ra MP = MN va PMN = - . Do do tam giac MNP deu. 

9̂1 to- ^ 
oan 13. 27: Cho tam gi^c ABC. Dyng v l phia ngoai cua tam giac cac hinh 

BCIJ, ACMN, ABEF va gpi O, P, Q l in luot la tam cua chung. Chu-ng 
"̂ h AO vuong goc vai PQ va AO = PQ. 
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TLP giac I6i ABCD c6 dien tich bSng S ^ ^ 
va cac canh lien ti§p AB = a, BC = c, 
CD = b, DA = d. 
S = SABC'D - SABC SADC 

= — .ac.sina+ — .bd.sinp 
2 2 

1 1 . . ac + bd 
"! < - ac + - bd = . 

2 2 2 
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Hu'ang din giai 
Gpi D la trung diem AB thi phep 
quay tam C goc 90° bi^n MB thanh 

-Al, suy ra tam gi^c DPO vuong can 
tai D. 

0 
Phep quay tam D, goc 90° b i§n O 
thanh P, bi ln A thanh Q. 
Do do OQ = PQ va AO vuong goc 
vb-i PQ. 

J I 
Bai toan 13. 28: Ve ben ngoai tip giac ABCD b6n hinh vuong dyng tren 4 

canh. Chung minh tam cac hinh vuong do la dinh cua 1 tu- giac c6 2 duong 
cheo vuong goc. 

Hu-o-ng din giai: 
Gpi O 1 , O2, O 3 , O 4 la tam cua 4 hinh vuong.M, N, P, Q la trung dilm AB, 
CD, AD, BC. 
020^' = 02M + MN + N04 

= 02M + - i(AC + BD) + N67 (1) 

Xet phep quay goc - 9 0 ° : 

MB 
AB BC •QO, 

AD - • DC 

Nen o;o, > ^ + QO3 + 0,P + ̂  = O.P + PQ + QO3 = 0^3 

V$y O2O, OP3. 
Suy ra O2O4 = O1O3 v^ O2O4101O3. 

Bai toan 13. 29: Cho tam giac ABC. Lay tren AB mpt diem lu'u dpng M va tr 
AC mpt diem N sao cho BM = CN. Chu-ngminh trung tru-c cua MN q̂ J 
di lm c6 djnh va duang tron (AMN) qua 2 d i § m c6 dinh. 

HiPO'ng din giai 

(I 

I 

TTjp-Ti\inniv) V uvvH hnang v i ^ 
V^y N '^^^ M trong phep quay 
CO "̂ "̂ ^y ^ ^ thanh C. A ^ 
po do du'O'ng trung tryc cua MN qua 
t^m Quay O c6 dinh la giao diem cua 
(jLfO'ng trung tryc cua BC va cung 
chi>a goc cp di/ng tren day BC. 
1̂  va N la hai d i lm tucng u-ng, va A la 
giao di lm cua hai du'O'ng thing tu-ang 
i>ng BM va CN trong phep quay tren. 
DO do goc (CM ON) = (AM, AN) nen M, N, A, O cung a tren du'O'ng tron. 
Vay du'O'ng tron (AMN) qua 2 diem c6 dinh A v^ O. 

gai toan 13. 30: Gpi A la mpt trong hai giao di lm cua hai duang tron (O1) va 
(O2). Mpt duang thing A tuy y, quay quanh A, c i t lai 2 duo-ng tron 0 M,, 

1 

M 
A y 

1/_ —\ — T V M \ 

O2 / 

Tac6:BM = C N v a ( B M . CN) = (AB, AC) = (p 0 

M2. Tim quy tich cac diem M sao cho AM = ^M^Mj 

Hu'O'ng din giai 
Gpi I, K theo thu t i / 1̂  hinh chilu cua O1, 
O2 tren duang thing M1M2. 
Khi do Mil = lA, AK = KM2 va do do: 

lk = - M , M „ = AM 2 ' 2 

Gpi J la hinh chilu ciia O, tren O2K, l<hi 
dp 0 ^ = IK = AM 

Suy ra tu- giac A d J M la mpt hinh binh h^nh, do d6 JM = 0 ,A c6 djnh, vi 

vSy M la anh cua J qua phep tinh tien theo vecta O A nen: T— : J M. 

Do dilm J luon nhin doan O1O2 c6 djnh du-ai mpt goc 90° khong d6i, nen 
• quy tich d i lm J la duang trbn M du-o-ng kinh O1O2. Suy ra quy tich d i lm M 

anh cua du'6'ng tron co qua phep tjnh tien T ^ - ^ . 

^^'^oan 13. 31: Cho hinh binh hanh ABCD c6 dinh A c6 djnh, BD c6 dp dai 
khong d l i b ing 2a, con A, B, D n im tren mpt duang tron c6 dinh tam O, 
•̂ an kinh R. Tim quy tich dinh C, 

HiPO'ng din giai 
^9 keo dai c I t du-ang tron a K, nen K A 

djnh. Gpi H 1^ true tam tam giac 
^^D, I la trung d i lm cua BD. 

do suy ra: 

-JQ7 

= 201 = 2VR^ - : khong d6i nen suy ra H 

tren duang tron tam A, b^n kinh 2VR^ - a^ . 
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^9 keo dai c I t du-ang tron a K, nen K A 

djnh. Gpi H 1^ true tam tam giac 
^^D, I la trung d i lm cua BD. 
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DoABK = ADK = 90°, ma AB//DC, AD//BC 
BK 1 DC DK _L BC nen K la true t^m tam giac BDC 

:^CK1DB^CK//AH. 
Trong tam gi^c ACK, do Ol la du-ong trung binh, nen KC = 20I 
^ KC = AH => AHKC la hinh binh hanh 
=> HC = AK ; xac dmh. Phep tjnh tien vecta AK bien H thanh C, bi§n A 
thanh K. 
Vay quy tich cua C la du'ang tron tam K, ban kinh 2\/R̂  - a ^ . 

Bai toan 13. 32: Cho tam giac ABC c6 djnh. Ve hinh thoi BCDE ma E, D_ A 
.̂ cung phia d6i vai du-ong thing BC. Ha DDi 1 AB, va EE, 1 AC. Cac duam 

thing DDi va EEi cSt nhau tai M. Tim quy tich M. / l 
Hipang din giai ^' 

Gpi H la tryc tam tam giac ABC \i 
^ H c6 djnh.Ta c6: HC // DDi 
(vi cung vuong goc AC). 
=> MED = HCB va MDE = HCB • 

(goc CO canh tu-ong Cpng song song) 
=> AMDE = AHBC (g.c.g) 

=i. CH = MD. Ma CH // MD nen DM = CH : xac djnh. 
Phep tinh tiln theo vecta CH bi§n D thanh M va bi^n C thanh H. Ma CD = 
BC khong d6i nen C thupc daang tron (C; BC) nen quy tich cac dilm M la 
du-ang tron anh qua phep tinh tiln CH, chinh la du-ong tron (H; BC). 

Bai toan 13. 33: Cho tam giac diu ABC. Vai mpt diem M tuy y gpi Mi la dilm 
doi XLcng vai M qua du-ang thing AB, M2 la di§m d6i xu-ng vai Mi qua 
du-ang thing BC va M3 la di6m d6i xiing vai M2 qua duang thing CA. Tim 
quy tich trung dilm I cua MM3. 

HifO'ng din giai 
Gpi M' Id dilm d6i xirng cua M qua BC, 
K la trung dilm cua MM, (K G AB) va 
K' la trung dilm cua M'M2. Khi do'phep 
d6i xupng qua du'ang thing BC se biln 
M thanh M', Mi thanh M2 nen cung biln 
K thanh K' tu-c la biln BK thanh BK'. 
Suy ra goc hap bai BK' vd BC cung 
blng60° hayBK'//AC. . 
Vi M'M2 1 BK', M2M31 AC. suy ra ba diem M', M2, M3 thing hang. N̂ ^ 

gpi H' la trung dilm M2M3 (H' G AC) thi M'Mg = 2 K I f = 2BH vai BH 

du'ang cao cua tam giac ABC. 

ivl̂ u gpi P Id trung dilm MM' (P e BC) vd I Id trung dilm MM3 thi 

pi = - M'Mg = B"H . Vay phep tinh tiln theo vecta BH se biln dilm P thanh 

I vi P e BC nen quy tich I chinh la anh cua duang thing BC qua phep tinh 
tjin noi tren. Quy tich nay la du-ang thing di qua trung dilm cua hai canh 
ABvaAC. 

gal toan 13. 34: Cho tam giac ABC npi tilp trong du'ang tron (O) va mpt dilm 
M thay dl i tren (O). Gpi M, \a dilm dl i xung vai M qua A, M2 Id dilm dli 
XLcng vai Mi qua B, M3 Id dilm doi xtpng vai M2 qua C. Tim quy tich dilm 
Ms-

Hu'O'ng din giai 
Gpi I Id trung dilm cua MM3, ta c6: i -• /..' 

CI = ^(CM + CM3) = ^(CM + M^C) = ^M^M = BA 

Nhy vay dilm I c6 djnh, do do phep biln hinh F biln dilm M thdnh M3 Id 
phep dli XLcng qua dilm I. 
Vi M thay dl i tren (O) nen quy tich dilm M3 Id duang tron (O'), anh cua 
duang tron (O) qua phep doi XLPng tam vai tam I. 

Bai toan 13. 35: Cho duang tron (O) vd day cung AB c6 djnh, M Id mpt dilm 
di dpng tren (O), M khpng trung A, B. Hai duang tron (d ) , (O2) qua M theo 
thip tu tilp xuc vai AB tgi A vd B. Tim quy tich cac dilm N Id giao dilm thu 
hai cua (Oi)vd (O2). 

Hu'O'ng din giai 
Gpi I la giao dilm cua MN vd AB, ta c6: 
IÂ  = IM.IN = IB^;^IA = IB 
=> I la tnjng dilm cua AB c6 djnh. 
Gpi P id giao dilm thu hai cua MN v^i (O) 
ta c6: 
IÂ  = IA.IB = IM.IP 

IN = IP nen I la trung dilm cua PN, do 
to phep dl i xung tam I biln P thdnh N. 

TOO 
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d6i xupng qua du'ang thing BC se biln 
M thanh M', Mi thanh M2 nen cung biln 
K thanh K' tu-c la biln BK thanh BK'. 
Suy ra goc hap bai BK' vd BC cung 
blng60° hayBK'//AC. . 
Vi M'M2 1 BK', M2M31 AC. suy ra ba diem M', M2, M3 thing hang. N̂ ^ 

gpi H' la trung dilm M2M3 (H' G AC) thi M'Mg = 2 K I f = 2BH vai BH 

du'ang cao cua tam giac ABC. 

ivl̂ u gpi P Id trung dilm MM' (P e BC) vd I Id trung dilm MM3 thi 

pi = - M'Mg = B"H . Vay phep tinh tiln theo vecta BH se biln dilm P thanh 

I vi P e BC nen quy tich I chinh la anh cua duang thing BC qua phep tinh 
tjin noi tren. Quy tich nay la du-ang thing di qua trung dilm cua hai canh 
ABvaAC. 

gal toan 13. 34: Cho tam giac ABC npi tilp trong du'ang tron (O) va mpt dilm 
M thay dl i tren (O). Gpi M, \a dilm dl i xung vai M qua A, M2 Id dilm dli 
XLcng vai Mi qua B, M3 Id dilm doi xtpng vai M2 qua C. Tim quy tich dilm 
Ms-

Hu'O'ng din giai 
Gpi I Id trung dilm cua MM3, ta c6: i -• /..' 

CI = ^(CM + CM3) = ^(CM + M^C) = ^M^M = BA 

Nhy vay dilm I c6 djnh, do do phep biln hinh F biln dilm M thdnh M3 Id 
phep dli XLcng qua dilm I. 
Vi M thay dl i tren (O) nen quy tich dilm M3 Id duang tron (O'), anh cua 
duang tron (O) qua phep doi XLPng tam vai tam I. 

Bai toan 13. 35: Cho duang tron (O) vd day cung AB c6 djnh, M Id mpt dilm 
di dpng tren (O), M khpng trung A, B. Hai duang tron (d ) , (O2) qua M theo 
thip tu tilp xuc vai AB tgi A vd B. Tim quy tich cac dilm N Id giao dilm thu 
hai cua (Oi)vd (O2). 

Hu'O'ng din giai 
Gpi I la giao dilm cua MN vd AB, ta c6: 
IÂ  = IM.IN = IB^;^IA = IB 
=> I la tnjng dilm cua AB c6 djnh. 
Gpi P id giao dilm thu hai cua MN v^i (O) 
ta c6: 
IÂ  = IA.IB = IM.IP 

IN = IP nen I la trung dilm cua PN, do 
to phep dl i xung tam I biln P thdnh N. 

TOO 



Vi quy tich diem P la dirang tron (O) nen quy tich N la dirang tron (O') |̂  
anh cua (O) qua phep ddi xu-ng tam I, bo di hai diim A va B. 

Bai toan 13. 36: Mot diem M lu-u dpng tren cung AB Ian cua du'ang tron (O), voi /\ 
B la hai diem c6 dinh tren du-ang tron nay. Tren doan BM lly dilm N sao cho BN 
= AM. Tim tap hap dilm N. 

HiPO'ng d i n giai 
Duang trung tru-c cua cung AB cit 
cung AB Ian tai I c6 djnh. 
Ta CO hai tam giac IMA va INB b§ng 
nhau (c.g.c) 

^ I N = IMva(IM, IN) 

= (MA, MB) = (p: khongdai 
nen phep quay tam I goc cp bi§n M thanh N. 
Vay tap hgp dilm N la cung BIB' anh cua cung AIB qua ph6p quay tam I 
goc (p. 

Bai toan 13. 37: Cho hai duang tron (d), (O2) va mot du>ang thing d. Di/ng mot 
du-ang thing d' // d sao cho d' cit (d) va (O2) theo hai day cung bing nhau. 

Hwang d i n giai 
Gia su- da du-ng dugc du'ang thing d' song song vai d, cIt (O1) tai A, B va 
cIt (O2) tai C, D thoa man; AB = CD. 
Gpi h va I2 iln lu-gt la hinh chieu vuong goc vd-i O1O2 tren d. Gpi (0'2) la 
anh cua (O2) qua phep tjnh ti4n T--. 

\ 0, V 

Da AB = CD ^ AC = BD = nen phep tinh tiln do bi§n C thanh A. ^ 
thanh B, do do (O'z) cIt (O1) tgi A va B. TCr d6 suy ra each dyng. 
Dyng (O'z) la anh cua (O2) qua T--. Gpi A, B la cac giao dilm cua (0'2) 

'2'l 
(O1) thi du-ang thing d' di qua A, B se la du-ang thing cin du-ng. 

M 

toan 13. 38: Cho AB vd CD 1̂  hai day khong cIt nhau cua du-d-ng tron (O). 
mot dilm M nim tren du-dng tron, gpi E va F theo thii- ty- la giao di§m 

cua MA va MB vo-i CD. Xac djnh di§m M de EF c6 dp dai bIng a cho tru-dc. 
Hu'ang d in giai 

fa CO EF = a xac djnh. 
Gia su- da du-ng du-gc dilm M. 
Gpi A' = T̂  (A) thi MA // FA' 

pen A'FB = AMB = a: khong d6i. 
Do do, F la giao diem cua CD vdi 
cung chCra goc a nhin bai doan A'B. 
Til- do suy ra each dy-ng. 

_ Du-ng anh cua A qua T_̂  la A'. 

_ Dy-ng cung chu-a goc a tren day A'B. 
- Du-ng giao didm F cua CD vai cung do, thi M Id giao dilm cua BF vai (Oj 
Bai toan 13. 39: Cho hai du-ang tron (O; R), (O; R') va mpt duang thing d. 

Xac dinh dilm I tren d sao cho tilp tuyin IT cua (O; R) va tilp tuyln IT' cua 
(C; R) hgp thanh cac goc ma d la mpt trong cac du-ang phan giac cua cac 
goc do. 

Hu'O'ng d in giai 
Gpi I la dilm cin tim thi IT' la tilp tuyln 
Chung ciia hai du-ang tron ( d ; R) va 

» ( 0 ' ; R'). 
Suy ra each du-ng: Ve tilp tuyln chung 
t cua hai du-ang tron ( d ; R) va (C; R'). 
Giao dilm cua t va d chinh la dilm I 
cIn tim. Khi do tilp tuyln IT' chinh la t 
con du-ang thing d6i xii-ng vai IT' qua d 
1̂  tilp tuyln IT cua (O; R). 
_S6 nghiem phu thupc vdo s6 tilp tuyln chung va so dilm chung cua t va d 

' A R ° ^ " "13- 40: Cho 5 dilm Pi, P2, P3, P4, P5 . Du-ng mpt hinh ngu giac 
ABCDE sao cho trung dilm cac canh AB, BC, CD, DE va EA lln luat la P, 
f̂ 2' P3, P 4 , P5. 

•
jjfe^ Himng d in giai 

su da du-ng du-gc ngu giac ABCDE theo yeu clu. Lly mot dilm A' tuy 
y- gpi B' id dilm doi xii-ng cua A' qua Pi, CId dilm dli xung cua B' qua 

2. D' la dilm dli xung cua C qua P3, E' la dilm dli xung cua D qua ^ •. va 
1̂  dilm dli xLPng cua E' qua Pj. 

Khi ido AA • = P̂ A'-P,A = -P,B'+ P,B = -BB' 

AC\\ 



Vi quy tich diem P la dirang tron (O) nen quy tich N la dirang tron (O') |̂  
anh cua (O) qua phep ddi xu-ng tam I, bo di hai diim A va B. 

Bai toan 13. 36: Mot diem M lu-u dpng tren cung AB Ian cua du'ang tron (O), voi /\ 
B la hai diem c6 dinh tren du-ang tron nay. Tren doan BM lly dilm N sao cho BN 
= AM. Tim tap hap dilm N. 

HiPO'ng d i n giai 
Duang trung tru-c cua cung AB cit 
cung AB Ian tai I c6 djnh. 
Ta CO hai tam giac IMA va INB b§ng 
nhau (c.g.c) 

^ I N = IMva(IM, IN) 

= (MA, MB) = (p: khongdai 
nen phep quay tam I goc cp bi§n M thanh N. 
Vay tap hgp dilm N la cung BIB' anh cua cung AIB qua ph6p quay tam I 
goc (p. 

Bai toan 13. 37: Cho hai duang tron (d), (O2) va mot du>ang thing d. Di/ng mot 
du-ang thing d' // d sao cho d' cit (d) va (O2) theo hai day cung bing nhau. 

Hwang d i n giai 
Gia su- da du-ng dugc du'ang thing d' song song vai d, cIt (O1) tai A, B va 
cIt (O2) tai C, D thoa man; AB = CD. 
Gpi h va I2 iln lu-gt la hinh chieu vuong goc vd-i O1O2 tren d. Gpi (0'2) la 
anh cua (O2) qua phep tjnh ti4n T--. 

\ 0, V 

Da AB = CD ^ AC = BD = nen phep tinh tiln do bi§n C thanh A. ^ 
thanh B, do do (O'z) cIt (O1) tgi A va B. TCr d6 suy ra each dyng. 
Dyng (O'z) la anh cua (O2) qua T--. Gpi A, B la cac giao dilm cua (0'2) 

'2'l 
(O1) thi du-ang thing d' di qua A, B se la du-ang thing cin du-ng. 

M 

toan 13. 38: Cho AB vd CD 1̂  hai day khong cIt nhau cua du-d-ng tron (O). 
mot dilm M nim tren du-dng tron, gpi E va F theo thii- ty- la giao di§m 

cua MA va MB vo-i CD. Xac djnh di§m M de EF c6 dp dai bIng a cho tru-dc. 
Hu'ang d in giai 

fa CO EF = a xac djnh. 
Gia su- da du-ng du-gc dilm M. 
Gpi A' = T̂  (A) thi MA // FA' 

pen A'FB = AMB = a: khong d6i. 
Do do, F la giao diem cua CD vdi 
cung chCra goc a nhin bai doan A'B. 
Til- do suy ra each dy-ng. 

_ Du-ng anh cua A qua T_̂  la A'. 

_ Dy-ng cung chu-a goc a tren day A'B. 
- Du-ng giao didm F cua CD vai cung do, thi M Id giao dilm cua BF vai (Oj 
Bai toan 13. 39: Cho hai du-ang tron (O; R), (O; R') va mpt duang thing d. 

Xac dinh dilm I tren d sao cho tilp tuyin IT cua (O; R) va tilp tuyln IT' cua 
(C; R) hgp thanh cac goc ma d la mpt trong cac du-ang phan giac cua cac 
goc do. 

Hu'O'ng d in giai 
Gpi I la dilm cin tim thi IT' la tilp tuyln 
Chung ciia hai du-ang tron ( d ; R) va 

» ( 0 ' ; R'). 
Suy ra each du-ng: Ve tilp tuyln chung 
t cua hai du-ang tron ( d ; R) va (C; R'). 
Giao dilm cua t va d chinh la dilm I 
cIn tim. Khi do tilp tuyln IT' chinh la t 
con du-ang thing d6i xii-ng vai IT' qua d 
1̂  tilp tuyln IT cua (O; R). 
_S6 nghiem phu thupc vdo s6 tilp tuyln chung va so dilm chung cua t va d 

' A R ° ^ " "13- 40: Cho 5 dilm Pi, P2, P3, P4, P5 . Du-ng mpt hinh ngu giac 
ABCDE sao cho trung dilm cac canh AB, BC, CD, DE va EA lln luat la P, 
f̂ 2' P3, P 4 , P5. 

•
jjfe^ Himng d in giai 

su da du-ng du-gc ngu giac ABCDE theo yeu clu. Lly mot dilm A' tuy 
y- gpi B' id dilm doi xii-ng cua A' qua Pi, CId dilm dli xung cua B' qua 

2. D' la dilm dli xung cua C qua P3, E' la dilm dli xung cua D qua ^ •. va 
1̂  dilm dli xLPng cua E' qua Pj. 

Khi ido AA • = P̂ A'-P,A = -P,B'+ P,B = -BB' 

AC\\ 



Tirang ty BB' = -CC', CC' = -DD', DD' = -EE' , EE' = -AA' 

Do do AA • = - AA " n§n A IS trung dilm cua A'A". 
Tu" do suy ra each dyng: Lay mpt diem A' bit ki, roi dyng cac diim B' 
D', E', A" nhu- tren. Cuoi cung dM'ng trung diem A cua doan thing A'A", thi ' 
la mpt dinh cua ngu gî c can tim. Cac dinh con lai dî ng de dang. 
Bai toan c6 mOt nghî m hinh duy nhlt. Th^t vay neu c6 hai ngu gj^ 
ABCDE A'B'C'D'E' cung thoa man 6\&u kî n cua bai toan thi lap luan nhl 
tren ta c6 AA ' = - AA ' nen AA ' = 6 tire Id A trung y&\, vd do do B, Q Q 

E lln lu-ĉ t trung vai B', C, D', E'. ' '| 
Bai toan 13. 41: Trong m|t phIng cho duang thing d va hai du'ang tron (o,) 

va (O2) nim ve hai phia cua du'ang thing. H§y dyng hinh vuong c6 hai 
dmh thupc d, con hai dinh con Igi lln lu'p't nIm tren ( d ) va (O2). 

HiTO'ng d i n giai j 

Gia SLP di/ng du'p'c hinh vuong ABCD vdi B, D e d con A e (d) , C e (O2). 
Khi do A, C d6i XLPng vai nhau qua (BD) = d. 
Do 66 Do: C A, (O2) (0'2) ^ 
Suy ra ĉ ch dyng: _ - • -

Di/ng (0'2) = E>d((02)) vd A Id giao di§m cua (0'2) v6/\) 
Dyng C = Od(A) va I Id giao dilm cua AC v^i d (I Id trung diem AC). 

t Dî ng du'ang trbn tam I, bdn kinh lA, cit d tai hai di§m B, D 
N6i AB, BC, CD va DA ta du'p'c hinh vu6ng cdn dî ng. 

Bai toan 13. 42: Cho hai du'dng thing a, b song song va mpt dilm G klrS' 
nIm tren chung. Xac djnh tam giac deu ABC c6 A € a, B € c vd G la trP' 
tam cua tam giac d6. 

CiV TNHHMTVDWH Hhanq Vi^t 

sLr <Ja '̂ '̂ "9 ^^^^ AABC 
cac dieu kien 

Hu-d-ng d i n giai 

^. GA = GB = GC va ACB=BQC=0GA=12CP, 
do trong phep quay Q tam G goc 120° bien 

'̂ "ĥ nh B, bien a thdnh a' nen B = b n a'. 
Ĉ Jd6 suy ra each dt̂ ng: 

a' la anh cua a qua phep Q vd B = b n a'. Cdc dinh A, C la anh cua B 
î'a phep quay tam G, goc ±120°. 
\i\n luon c6 hai nghiem hinh, g6c quay ±120°. 

• toan 13. 43: Cho tam gidc ABC, c6 goc A = cp, vd mpt diem M nIm tr§n 
"̂ 'canh AB. Du-ng tren cac du-ang thing BC, CA cdc dilm N, P tuang ung 
sao cho MP = MN vd du'ang tron di qua A, M, P tilp xuc vdi MN. 

Hu'd'ng din giai 
I Gia si> da dung du'p'c hai dilm: 

N e BC, P e AC thoa man cac dilu kien. 
Tac6 NMP = MAP = cp, 

MP = MN nen phep quay Q tam M, goc cp bien M 
Atĥ nh A', PA thanh NA'. Gpi A'N n AC = I. 
Ta c6 NIC = (PA, NA') = cp ^NIC = BAG 
^IN//AB. 
Tif do suy ra each dung nhu sau: 
Phep quay tdm M, goc cp biln A thdnh A'. 
VeA'N//AB, N e BC. . : ' 

• n̂g tia MP cIt AC tgi P sao cho NMP = cp thi N vd P la cdc dilm cdn tim. " 
-3i toan C O mpt nghiem duy nhat. 

f̂ ' loan 13. 44: Cho tam gidc deu ABC canh a, M Id dilm tuy y. 
; ChCcng minh ring: Tu 3 dogn thing MA, MB, MC ta luon Iu6n dung dup-c 
' ^M "̂̂  Qiac (T) ndo db.Tam gidc (T) suy biln thanh dogn thing khi vd chi 

nIm tren duang tron ngoai tilp tam gidc ABC. 
Puy tich cua dilm M sao cho (T) Id tam gidc vuong. 

A IHu'O'ng d i n giai 
A 



Tirang ty BB' = -CC', CC' = -DD', DD' = -EE' , EE' = -AA' 

Do do AA • = - AA " n§n A IS trung dilm cua A'A". 
Tu" do suy ra each dyng: Lay mpt diem A' bit ki, roi dyng cac diim B' 
D', E', A" nhu- tren. Cuoi cung dM'ng trung diem A cua doan thing A'A", thi ' 
la mpt dinh cua ngu gî c can tim. Cac dinh con lai dî ng de dang. 
Bai toan c6 mOt nghî m hinh duy nhlt. Th^t vay neu c6 hai ngu gj^ 
ABCDE A'B'C'D'E' cung thoa man 6\&u kî n cua bai toan thi lap luan nhl 
tren ta c6 AA ' = - AA ' nen AA ' = 6 tire Id A trung y&\, vd do do B, Q Q 

E lln lu-ĉ t trung vai B', C, D', E'. ' '| 
Bai toan 13. 41: Trong m|t phIng cho duang thing d va hai du'ang tron (o,) 

va (O2) nim ve hai phia cua du'ang thing. H§y dyng hinh vuong c6 hai 
dmh thupc d, con hai dinh con Igi lln lu'p't nIm tren ( d ) va (O2). 

HiTO'ng d i n giai j 

Gia SLP di/ng du'p'c hinh vuong ABCD vdi B, D e d con A e (d) , C e (O2). 
Khi do A, C d6i XLPng vai nhau qua (BD) = d. 
Do 66 Do: C A, (O2) (0'2) ^ 
Suy ra ĉ ch dyng: _ - • -

Di/ng (0'2) = E>d((02)) vd A Id giao di§m cua (0'2) v6/\) 
Dyng C = Od(A) va I Id giao dilm cua AC v^i d (I Id trung diem AC). 

t Dî ng du'ang trbn tam I, bdn kinh lA, cit d tai hai di§m B, D 
N6i AB, BC, CD va DA ta du'p'c hinh vu6ng cdn dî ng. 

Bai toan 13. 42: Cho hai du'dng thing a, b song song va mpt dilm G klrS' 
nIm tren chung. Xac djnh tam giac deu ABC c6 A € a, B € c vd G la trP' 
tam cua tam giac d6. 

CiV TNHHMTVDWH Hhanq Vi^t 

sLr <Ja '̂ '̂ "9 ^^^^ AABC 
cac dieu kien 

Hu-d-ng d i n giai 

^. GA = GB = GC va ACB=BQC=0GA=12CP, 
do trong phep quay Q tam G goc 120° bien 

'̂ "ĥ nh B, bien a thdnh a' nen B = b n a'. 
Ĉ Jd6 suy ra each dt̂ ng: 

a' la anh cua a qua phep Q vd B = b n a'. Cdc dinh A, C la anh cua B 
î'a phep quay tam G, goc ±120°. 
\i\n luon c6 hai nghiem hinh, g6c quay ±120°. 

• toan 13. 43: Cho tam gidc ABC, c6 goc A = cp, vd mpt diem M nIm tr§n 
"̂ 'canh AB. Du-ng tren cac du-ang thing BC, CA cdc dilm N, P tuang ung 
sao cho MP = MN vd du'ang tron di qua A, M, P tilp xuc vdi MN. 

Hu'd'ng din giai 
I Gia si> da dung du'p'c hai dilm: 

N e BC, P e AC thoa man cac dilu kien. 
Tac6 NMP = MAP = cp, 

MP = MN nen phep quay Q tam M, goc cp bien M 
Atĥ nh A', PA thanh NA'. Gpi A'N n AC = I. 
Ta c6 NIC = (PA, NA') = cp ^NIC = BAG 
^IN//AB. 
Tif do suy ra each dung nhu sau: 
Phep quay tdm M, goc cp biln A thdnh A'. 
VeA'N//AB, N e BC. . : ' 

• n̂g tia MP cIt AC tgi P sao cho NMP = cp thi N vd P la cdc dilm cdn tim. " 
-3i toan C O mpt nghiem duy nhat. 

f̂ ' loan 13. 44: Cho tam gidc deu ABC canh a, M Id dilm tuy y. 
; ChCcng minh ring: Tu 3 dogn thing MA, MB, MC ta luon Iu6n dung dup-c 
' ^M "̂̂  Qiac (T) ndo db.Tam gidc (T) suy biln thanh dogn thing khi vd chi 

nIm tren duang tron ngoai tilp tam gidc ABC. 
Puy tich cua dilm M sao cho (T) Id tam gidc vuong. 

A IHu'O'ng d i n giai 
A 



10 trpng diSm hoi dUdng hcpc sinh gidi m6n To6n 11 - LS Hoanh Pho 

a) Xet phep quay (A; 60°): AB i -^ AC va AM i-^ AM" 
Tam giac AMM' deu nen: AM = AM' 
AABM = AACM' nen BM = CM' 
Vay tam giac MCM' c6 3 canh: MM' = MA, M'C = MB va MC. Do chi 
tam giac (T) cin di/ng. 
N§u (T) suy bi^n thanh doan thing: (M, C, M' thing hang) ,. 
Vi tam giac AMM' d4u nen: 
A M M ' = 60° AIVTC = A'BC = 60° 

Vay: M thuoc du'ang tron ngoai tilp tam giac ABC, dao l̂ i dung phep 

(A, 60°). Ta c6: A ' C M + A'iM= 180°. 

z\ABM = AACM'^ ACM' = ABM^ACM + ACM'= 180" 
Vay (T) suy bi§n thanh doan thing 

b) Tru-ac h^t, ta tim quy tich cac dilm M sao cho: MA^ = MB^ + MC^ 
Dyng I d6i xi>ng vai A qua BC. Gpi E = A! n BC. Ta c6: 

MB^ + MC' = 2ME' + ^ ; MA^ + Ml' = 2ME' + — 
2 2 

Suy ra: MA' + Ml' - MB' - MC' = a' 
Do do: AMCM' vuong tai C « MM' ' = MC' + M'C' 

M A ' = MB' + MC'c:> Ml' = a' o Mi = a 
Vay: Tap hp'p cac dilm M la du-ang trbn tam I ban kinh R = a tru hai dî  
B, C. 
Gpi J la dilm d6i xii-ng vai B qua AC va K la dilm dli xii-ng vai C qua AB. 
Tu- dp suy ra quy tich cua M la 3 du-ang tron 
(I; a), (J; a), (K; a) trCr 3 dinh cua tam giac ABC. 

Bai toan 13. 45: Cho tam giac ABC va cac dilm M, N, P ISn lu-p-t la trung def 
cua cac canh BC, CA, AB. 
a) Xet bin tam giac APN, PBM, NMC, MNP. Tim phep dai hinh biln ta' 
giac APN lln lu-p-t thanh mpt trong ba tam giac con lai. 
b) X6t tam giac c6 ba dinh la try-c tam cua ba tam gi^c APN, PBM va NC 
Chiing minh tam giac do bing tam giac APN. Chij-ng minh dilu do cij 
dung nlu thay tru-c tam bIng trpng tam, ho$c tam du-ang tron ngoa' *' 
hoac tam du-o-ng tron npi tilp. 

Hu'O'ng din giai 
a) Phep tjnh tiln vecta AP biln tam giac 

APN thanh tam giac PBM. Phep tinh 
tiln veca AN biln tam giac APN thanh 
tam giac NMC. 
Phep dl i xu-ng tam J la trung dilm cua 
PN, biln tam giac APN thanh tam giac 
MNP. 

'.Li^ iivnnivii V uvvM nnong vi^c 

j Hi, H2. H 3 l̂ n lu-o-t la tru-c tam cua cac tam giac APN, PBM, NMC. Phep 

tjnh tjin AP bien tam gi^c APN thanh tam gi^c PBM nen biln Hi th^nh H2, 

||c la H1H2 = AP nen AHi = PH2 Suy ra AHi = PH2 = NH3 . Do do phep 
tinh tiln theo vecta AHi biln tam gi^c APN thanh tam giac H1H2H3. 

vai trpng tam tam du-ang tron ngoai tilp, tam du-ang tron npi tilp, 
chi/f̂ Q "^'"'^ tu-ang ty. 

. j toan 13. 46: Cho luc giac ABCDEF thoa man cac dilu kien : tam giac ABF 
^^uong can tai A, BCEF la hinh binh h^nh, BC = 19, AD = 2013 va DC + DE 

s 1994 V2 Tinh dien tich luc giac ABCDEF. 
Hu'O'ng din giai 

C 

A 

Xet phep tinh tiln theo vecta BC biln A thanh K, F thanh E. 
Vi tam giac ABF vuong can tai A nen tam giac CKE vuong can tai K. 

Dodo KC = KE = ̂ = > ^ = V2 42 KE 
Ap dyng bit ding thu-c Ptoleme vao tu- giac CKED: 

KC.DE + CD.KE > CE.KD 
CE (DE + CD).KE > CE.KD =i> DE + DC>KD 
KE 

1994 >/2 > KD72 KD < 1994. 
W t̂khac AK = BC = 19nenAD < AK + KD < 19 + 1994 = 2013 = AD 

KD = 1994 nen K thupc doan AD, do do diu = trong bit ding thu-c xay ra. 
C, K, E, D cung thupc mpt du-ang tron. 

96c CDE = gbc CKE = 90° va DC + DE = 1994 V2 . 
la goc giu-a hai du-ang cheo KD va CE thi 

^ = SBCEF + ScKEF = BC.CE. sin a + - CE.KD. sin a 
2 

^•'9CE. sin a + - 1994.CE. sin a 
2 

*''016.CE. sin a 

-1 ; c 9 



10 trpng diSm hoi dUdng hcpc sinh gidi m6n To6n 11 - LS Hoanh Pho 
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= J 

Mat kh^c DC + DE = 1994 V 2 . 

=> E C . s i n ( a - - ) + EC.s in ( a + - ) = 1994 . 7 2 => CE. sin a = 1994 
4 4 

V ^ y d i e n t i c h 5 = 2022904. 

3 . B A I L U Y E N TAP 

Bai t |p 13. 1: Chu-ng minh cac ph6p tjnh t i l n , d6i xipng tarn, d6i xii-ng try 
phep quay deu la cac ph6p da i hinh. ^" 

Hipang din 
Dung djnh nghTa va chpn hu-ang giai hinh hoc, vecta hay tpa dp . 

Bai t i p 13. 2: Gia s u phep d6'i hinh F bien d i l m I da cho thanh chinh no 
bien mot diem IVI l<hac I thanh d i l m M' I<h6ng trung vai M. ' 
a) T im nhu-ng du-b-ng tron bien thSnh chinh no qua ph6p da i hinh F. 
b) Chu-ng to r i n g n l u du-ang t h i n g a I<h6ng di qua I thi F b i l n a tĥ ti 
d u p n g t h i n g a' Ichong trung v&i a. 

l-lu'6'ng din 
a) K i t qua c^c du-d-ng tr6n c6 tarn 1^ I. 
b) Dung phu-ang phap phan chu-ng. 
Bai tap 13. 3: Co hay khong mpt phep db-i hinh F sao cho mpi du-ang thin 

deu b i l n thanh du-ang t h i n g song song vai no? 
Hu'O'ng din 

K i t qua khong c6 phep da i hinh F. 
Bai t|ip 13. 4: Cho hinh binh hanh ABCD va d i l m IVi sao cho C nIm trong ta 

giac MBD. Gia su-IVIBC = M D C . 

Chu-ng minh A M D = BMC • 
Hu'O'ng din 

Dung ph6p tjnh t i l n theo vecta B A . ' 
Bai t|ip 13. 5: Cho tam giac ABC c6 dinh. Gpi Bx, Cy theo thij- tu- IS cac tia< 

cua cSc tia BA, CA. CSc d i l m D, E thu- tu- chuy in dpng tren cac tia Bx, 
Tim quy tich c^c trung d i l m M cua DE b i l t BD = 2CE. 

Hu'O'ng din 

K i t qua quy tich cSc trung d i l m M la tia Im: anh cua tia BNQ qua phep"! 

t i l n T - theo vecta B l . 

B a i tap 13. 6: T rong m$t p h i n g Oxy, cho du-ang t h i n g d c6 phu-ang 
x - 5y + 7 = 0 va du-ang t h i n g d' c6 phu-ang trinh 5x - y - 13 = 0. Tim Pi 
doi xu-ng qua tryc b i l n d thanh d'. 

Hu'O'ng din 

Phep doi xu-ng qua true IS phan giac. 

trini 

A r \

C t y  T N H H M T V D W H  H h a n g  V i $ t  

p(|t qua CO hai phep doi xu-ng qua cSc tryc; Ai c6 phu-ang trinh 
^ + y _ 5 = 0, A2 CO phu-ang trinh x - y - 1 = 0. ' 
i tap 13. 7: Du-b-ng trdn npi t i l p tam giSc ABC t i l p xuc v6-i cSc canh AB vS 
j^C tu-ang li-ng tai cac d i l m C vS B'. Chu-ng minh r i n g n l u AC > AB thi C C 
> BB'. 

Hu'O'ng din 

Gpi B" la d i l m d l i xu-ng cua B qua phan giSc g6c A. Khi d6 B" n I m tr6n 
canh AC va AB = AB". 

gal tap 13. 8: Cho hai d i l m B, C c6 dinh tren du-ang tron (O; R) va mpt d i l m A 
thay <Jli tren du-b-ng tron do. Chu-ng minh r i n g tr i /c tam H cua tam giSc 
ABC n I m tren mpt du-ang tron c6 djnh. 

Hu'6ng din 
Dung phep d l i xu-ng tam, doi xu-ng tryc hay tjnh t i l n . 

Bai tap 13. 9: Cho hai doan t h i n g b i n g nhau AB, A'B'. Hay xSc dinh phep 
quay b i l n A thanh A', B thSnh B'. 

Hyang din 
Xet 3 tru-ang hpp a // b , a n b = O, a = b. 

Bai tap 13.10: Cho ba d i l m t h i n g hang A, B, C d i l m B n I m giu-a hai d i l m A 
vS C. Dy-ng v l mpt phia cua du-d-ng t h i n g AC cSc tam giac d i u ABE vS 

^ , B C F . Gpi M va N l l n lu-at la trung d i l m cua AF vS EC. Chu-ng minh tam 
Bgi^c BMN d I u . 

Hu'O'ng din 

Dung phep quay tam B goc quay 60° vS cdc dogn anh b I n g tgo anh cua no. 
Bai tap 13. 11: Gpi O, O' la tam cua cSc hinh vudng, I la trung d i l m cua BC. 

Cho tam giSc ABC vS ve ra ngpSi hai hinh vuong ABMN, ACPQ. Chu-ng 
minh hai doan t h i n g BQ, CN b I n g nhau, vuong goc va i nhau va tam giSc 
010' vuong can. 

Hyang din 
Dung ph6p quay tSm A, g6c - 9 0 ° 

Bai t$p 13. 12: Da giac I6i n cgnh gpi IS n - giac deu n l u t i t ca cac cgnh cua 
n6 b I n g nhau va t i t ca cac g6c cua no b I n g nhau. Chu-ng to r i n g hai n -
giSc d I u b I n g nhau khi vS chi khi chung c6 cgnh b I n g nhau. 

Hyd-ng din 
Gpi O va O' Ian lu-pt la tSm cua cSc du-ang trbn ngogi t i l p hai da giSc d6 thi 
hai tam giac OA1A2 va O'A'iA'2 b I n g nhau nen c6 ph6p da i hinh F b i l n tam 
9iSc OA1A2 thanh tam giSc 0'A"iA'2. •"• 
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d u p n g t h i n g a' Ichong trung v&i a. 

l-lu'6'ng din 
a) K i t qua c^c du-d-ng tr6n c6 tarn 1^ I. 
b) Dung phu-ang phap phan chu-ng. 
Bai tap 13. 3: Co hay khong mpt phep db-i hinh F sao cho mpi du-ang thin 

deu b i l n thanh du-ang t h i n g song song vai no? 
Hu'O'ng din 

K i t qua khong c6 phep da i hinh F. 
Bai t|ip 13. 4: Cho hinh binh hanh ABCD va d i l m IVi sao cho C nIm trong ta 

giac MBD. Gia su-IVIBC = M D C . 

Chu-ng minh A M D = BMC • 
Hu'O'ng din 

Dung ph6p tjnh t i l n theo vecta B A . ' 
Bai t|ip 13. 5: Cho tam giac ABC c6 dinh. Gpi Bx, Cy theo thij- tu- IS cac tia< 

cua cSc tia BA, CA. CSc d i l m D, E thu- tu- chuy in dpng tren cac tia Bx, 
Tim quy tich c^c trung d i l m M cua DE b i l t BD = 2CE. 

Hu'O'ng din 

K i t qua quy tich cSc trung d i l m M la tia Im: anh cua tia BNQ qua phep"! 

t i l n T - theo vecta B l . 

B a i tap 13. 6: T rong m$t p h i n g Oxy, cho du-ang t h i n g d c6 phu-ang 
x - 5y + 7 = 0 va du-ang t h i n g d' c6 phu-ang trinh 5x - y - 13 = 0. Tim Pi 
doi xu-ng qua tryc b i l n d thanh d'. 

Hu'O'ng din 

Phep doi xu-ng qua true IS phan giac. 

trini 

A r \

C t y  T N H H M T V D W H  H h a n g  V i $ t  

p(|t qua CO hai phep doi xu-ng qua cSc tryc; Ai c6 phu-ang trinh 
^ + y _ 5 = 0, A2 CO phu-ang trinh x - y - 1 = 0. ' 
i tap 13. 7: Du-b-ng trdn npi t i l p tam giSc ABC t i l p xuc v6-i cSc canh AB vS 
j^C tu-ang li-ng tai cac d i l m C vS B'. Chu-ng minh r i n g n l u AC > AB thi C C 
> BB'. 

Hu'O'ng din 

Gpi B" la d i l m d l i xu-ng cua B qua phan giSc g6c A. Khi d6 B" n I m tr6n 
canh AC va AB = AB". 

gal tap 13. 8: Cho hai d i l m B, C c6 dinh tren du-ang tron (O; R) va mpt d i l m A 
thay <Jli tren du-b-ng tron do. Chu-ng minh r i n g tr i /c tam H cua tam giSc 
ABC n I m tren mpt du-ang tron c6 djnh. 

Hu'6ng din 
Dung phep d l i xu-ng tam, doi xu-ng tryc hay tjnh t i l n . 

Bai tap 13. 9: Cho hai doan t h i n g b i n g nhau AB, A'B'. Hay xSc dinh phep 
quay b i l n A thanh A', B thSnh B'. 

Hyang din 
Xet 3 tru-ang hpp a // b , a n b = O, a = b. 

Bai tap 13.10: Cho ba d i l m t h i n g hang A, B, C d i l m B n I m giu-a hai d i l m A 
vS C. Dy-ng v l mpt phia cua du-d-ng t h i n g AC cSc tam giac d i u ABE vS 

^ , B C F . Gpi M va N l l n lu-at la trung d i l m cua AF vS EC. Chu-ng minh tam 
Bgi^c BMN d I u . 

Hu'O'ng din 

Dung phep quay tam B goc quay 60° vS cdc dogn anh b I n g tgo anh cua no. 
Bai tap 13. 11: Gpi O, O' la tam cua cSc hinh vudng, I la trung d i l m cua BC. 

Cho tam giSc ABC vS ve ra ngpSi hai hinh vuong ABMN, ACPQ. Chu-ng 
minh hai doan t h i n g BQ, CN b I n g nhau, vuong goc va i nhau va tam giSc 
010' vuong can. 

Hyang din 
Dung ph6p quay tSm A, g6c - 9 0 ° 

Bai t$p 13. 12: Da giac I6i n cgnh gpi IS n - giac deu n l u t i t ca cac cgnh cua 
n6 b I n g nhau va t i t ca cac g6c cua no b I n g nhau. Chu-ng to r i n g hai n -
giSc d I u b I n g nhau khi vS chi khi chung c6 cgnh b I n g nhau. 

Hyd-ng din 
Gpi O va O' Ian lu-pt la tSm cua cSc du-ang trbn ngogi t i l p hai da giSc d6 thi 
hai tam giac OA1A2 va O'A'iA'2 b I n g nhau nen c6 ph6p da i hinh F b i l n tam 
9iSc OA1A2 thanh tam giSc 0'A"iA'2. •"• 



Cnuren ae t4: P H C P I I 6 N G D A K G 

vn P H C P NGHicH mo 
1. YlM T H U C T R O N G T A M 

Phep ddng dang 
Phep b i§n hinh D gpi la phep d6ng dang ti s6 k (k > 0) n§u vai hai di lm bit 
ki M. N va anh M', N' cua chung, ta c6 M'N' = kMN. 
Djnh li ca ban: phep dong dang bi§n ba di lm thing h^ng thanh ba dî m 
thing hang va khong lam thay d6i thu ty ba di lm do, bien du-ong thing 
thanh du-ong thing, bi ln tia th^nh tia, bien dogn thing thanh doan thing c6 
do dai k l ln , b i ln tam giac th^nh tam giac ddng dang vol ti s6 k, bi§n 
du-o-ng tron c6 ban kinh R thanh du-ong tron c6 ban kinh kR, bien goc thanh 
goc bing no. 
Vi phep d6ng dang bao toan dO Ian cua goc nen ta con gpi Id phep bidn 
hinh bao giac. nei' 
Xac djnh phep ddng dang 
Neu 2 tam giac d6ng dgng ABC va A'B'C tu-ang u-ng thi xac djnh chi mot 
phep d6ng dang bi ln A, 8, C thdnh A'.B'.C tu-ang Cfng. 
Phep vj ty 

- Cho di lm O va mpt so k 0. Ph6p vj ty tam 
O, ti s6 k bien d i lm M thanh di lm M' sao cho 

O M ' = k O M . 
Ki hieu V(o,k) hay H(o,k). 
Khi k >0 gpi la phep vj ty thugn, k <0 gpi la 
phep vj ty nghjch. 
N lu M", N' theo thCc ty IS anh cua M, N qua phep vj ty- ti s6 k thi M'N' = 

k.MIN; M'N'= |k | .MN. 
Hap thanh cua hai phep vj ty Vi c6 tSm d ti so k, va V2 c6 tam O2 ti s6 k. 
Id mpt phep tjnh t i ln n lu ki .k2 = 1; la mpt ph6p vi ty n lu ki .k2 1. 
Vai hai duang tron b i t ki luon c6 mpt phep vj ty bi ln duang tron nay than̂ i 
du-ang tron kia. Tam vj ty cua 2 duang trbn kh6ng dong tSm la 2 di lm chia 

R' 
trong va chia ngoai doan noi tam theo tf k = ± — . .,( 

R 

LCJINHHMIVD\A^h^ong Vi4t 

Quan he phep do-i hinh va ddng dang 
-pj phep dong dang F ti s6 |k| d i u la hgp thdnh cua mot ph6p vj ty V ti so k 

mpt phep dai hinh D. 
inh ddng dang 

Hai hinh gpi la ddng dang vai nhau n lu c6 phep d6ng dang bi ln hinh ndy 
ttianh hinh kia. D l chCpng minh 2 hinh (H,) va (H'i) d ing dang, ta su- dung 
hep V! bi ln hinh (Hi) thanh (H2) bIng (H',) r l i si> dung phep dai hinh 

biln (H2) thanh (H',). 
phep nghjch dao 
phep nghjch dao eye O, tf k (phu-ang tich) 

f: M -> M' khi OM.oivr = k 
phep nghjch dao eye O, phu-ang tich k bi ln A thanh A' , B thanh B' thi 

Ik l .AB 
A'B' = OA.OB 

va A,B, A',B' d ing vien. 

Phep nghjch dao f eye O, ti k: M ^ M' khi OM.OM' = k. Vai M thupc 
dudng tron (I), dat p = P 0 / (I) va gpi N la giao di lm khae M cua OM vai (I) 

thi OM.ON = p.Vi OM.OM' = k: 0 M ' = —ON nen M' la anh cua N qua 
P 

phep vi ty tam O ti - . 
P 

A' 

Phep nghjch dao eye O bi ln 1 du'ang thing qua eye O thanh chinh no, 
bien 1 du-ang thing khong qua eye O thanh dyang tron qua eye O. 

M 

M 

H 

^']ep nghjch dao eye O bi ln dudyng tron qua eye O thdnh du-ang thing, 
'^n mpt du-ang tron khong qua eye O thanh mpt dudng tron, dae biet bi ln 

^^c^ng tron tam la eye O va ban kinh Vk khi phu-ang tich k >0 thanh chinh no. 
•̂ ^P nghjch dao bao toan sy t i lp xuc va goc cua 2 y lu t6. 
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LCJINHHMIVD\A^h^ong Vi4t 
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)U tr<png dISm boi auang tiQC sinn gioi mi>n lo<:in 11 - LS Hodnh Hfio 

Ch u y: 
1) Phep vj t y tam O ti s6 k la mot mot ptiep dong dang ti s6 I k | nen c6 

t inh chat cua phep dong dang. Ngoai ra, phep vj t y c6 tinh c h i t 
sau: du-ang t h i n g n6i mot d i l m va anh cua no luon luon di qua O; \
cua du'ang t h i n g d luon song song hoac trung vai d, bao toan su J 
xuc. . . ^ ^ S 

2) Yeu to lien quan den phep vj t y la t h i n g hang va ti s6 khong d6i ti> (JQ ^. 
dung phep vj t y d l giai toan chii-ng minh, xac djnh d i l m , dyng hinh l\ 
t ich anh cua M khi b i l t quy tich cua M,... ^ 

3) T h i n g hang v^ d6ng quy 
- Dinh ly Menelaus: Tam giac ABC, ba diem M, N , P l l n lu-gt thupc ba diiori 

t h i n g BC.CA.AB: ^ 

M, N , P t h i n g hang o ^ . ^ . ^ = 1 
MC N A PB 

- Dinh ly Ceva: Tam giac ABC, ba d i l m M, N , P Ian lu-gt thupc ba duong 
t h i n g BC,CA,AB: 

;-.(V . 

AM, B N , CP ddng quy hoSc song song <=> ====. — . — = - 1 
MC N A PB 

- Djnh ly Ceva dang lu-gng giac: Tam giac ABC, ba d i l m M, N , P l l n lu-gt 
thupc ba d u a n g t h i n g BC,CA,AB: i 

A » , O K , r^r^^' s i nABN s inBCP s inCAM , 
AM, B N , CP dong quy « r = z - = 1 

s inCBN s inACP s inBAM 

- Djnh ly Camot: Tam giac ABC va ba d i l m M, N, P. 
Ba du'ang t h i n g l l n lugt qua M, N, P va vuong goc vd'i BC, CA, AB d6n 

quy ( M B 2 - M C 2 ) + ( N C 2 - N A 2 ) + ( P A 2 - P B 2 ) = 0 . 

2 . C A C B A I T O A N 

Bai toan 14 .1 : Trong mSt p h i n g toa dp Oxy cho: 
a) Du-ang t h i n g d: 2x + y - 4 = 0. Tim du'ang t h i n g d' la anh cua d 
phep vj t y tam O ti s6 k = 4 . 
b) Hai parabol (Pi): y = ax^ va (P2): y = bx^ (a b). T im phep vj tu-
parabol nay thanh parabol kia. 

Hu'O'ng d i n giai 
a) L l y A(0; 4 ) va B(2; 0) thupc d. Phep vi t y tam O ti so k = 4 , bien A thanf^ 
^ B thanh B'. T a c o 0 A ' = 4 0 A , 0 B ' = 4 0 B nen A ' ( 0 ; 1 6 ) , B ' ( 8 ; 0 ) 

ZH^mHFTMTV D WH Hhang l^W 

Do do d' la d u a n g t h i n g qua A', B' c6 phu-ang trinh dogn c h i n : 

i l + X = i<=>2x + y - 16 = 0. 
8 16 

„) Phep vj t y V(0 ; k) b i l n d i l m M(x; y) thanh M(kx; ky). ro , 
Gpi (Pi) la parabol: y = ax^ va (P2) 1^ parabol: y = bx^. g;:-- r 

Ta chu-ng minh r i n g V(o k): (Pi) (P2) vai k = - . 
a 

Thatvay, neu M(x i ; y i ) G (Pi) thi (x i ; y i ) = (x i ; a x f ) nen anh M' cd toa dp: 

a a 2 - x - - a x ? 
b ' b ' 

( 
a 2 

2^ 

= (x2;bX2) e (P2): dpcm. 

Bai toan 14. 2: Trong mat phIng Oxy cho hai d i lm A(2; 1 ) va B(8; 4 ) . Tim tog dp 
tam vj t y cua hai du'ang tron (A; 2) va (B; 4 ) . 

Hipang d i n giai 
Hai du-ang tron da cho khong d6ng tam va c6 ban kinh R = 2, R' = 4 nen c6 

hai phep vj t y ti s6 k = ± — = ±2, b i ln duang tron (A; 2) thanh du-ang tron (B; 
R 

4 ) . Gpi l(x; y) la tam vj ty , ta c6: 

I B = + 2 I A < ^ 
8 - X = ±2(2 - X) 

4 - y = ± 2 ( 1 - y ) ' 

X = - 4 ; y = - 2 

x = 4 ; y = 2 

Vay tam vj t y ngoai la l(-4; - 2 ) va tam vj t y trong 1^ l'(4; 2). 
Bai toan 14. 3: Xac djnh tam vi t y trong va tam vj t y ngoai cua hai du-ang tron 

trong cac tru-ang hap sau: 

a) Hai du-ang tron t i l p xuc ngoai vai nhau. 
b) Hai du-ang tron t i l p xuc trong vai nhau. 
c) Mot du-ang tron chu'a du'ang tron kia. 

" IHu'O'ng d i n giai 
Gpi I la tam vj t y ngoai, I' la tam vj t y trong cua hai duang tron (O) va (O'). 

) Neu (O) va (O') t i l p xuc ngoai thi t i l p d i l m I' la tam vj t y trong, giao d i l m 
cua 0 0 ' vai t i l p t u y i n chung ngoai cua (O) va (O') n l u c6 la tam vj t y 
ngoai. 
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b) N§u (O) va (O') ti§p xuc trong thi tiep diem I Id tam vj tu- ngoai, tam vi tu 
trong I' la giao di§m cua OO' va MM' trong do O M , O ' M ' la 2 vecta ban 
kinh ngugc huang cua (O) va (O'). 

c) N l u (O) chLPa (O') thi xac dinh I va I' qua c^c cSp vecta ban kinh cung 
huang va ngu'gc hu'ang. Dac biet, khi O trung O' thi I va I' trung O. 

Bai toan 14. 4: Gpi F la phep bi§n hinh c6 tinh c h i t sau day: Vai mpi cap d i lm 

M, N va anh M', N' cua chung, ta luon c6 M 'N ' = k M N , trong do k la mot s6 
khong d6i khac 0. Hay chCpng minh r i n g F la phep tinh ti§n hoac phep vi ty. 

HLPO'ng d i n giai 
L l y mot d i l m A c6 dinh va dat A' = F(A). Theo gia th i l t , vai d i l m M b i t ki 
va anh M'= F(M), ta c6: 

A ' M ' = k A M 

N l u k = 1, thi A~M' = AM 

nen M M ' = AA' : xac dinh. 

Vay F la phep tjnh t i l n theo vecta AA' . 

N l u k * 1 thi CO d i l m O sao cho O A ' = k O A . 

Ta CO C M ' = O A ' + A ' M ' = kOA + k A M = k O M 

Vay F la phep vi t y tam O, ti s6 k. 

Bai t oan 14. 5: Cho hai phep vj ti/ V, c6 tam Oi ti s6 ki va V2 c6 tam O2 tl s6 

k2. Xac djnh phep F la hp'p thanh cua Vi va V2. 
HifO'ng d i n giai 

L l y mpt d i l m M bat ki, n l u Vi b i l n M thanh M, va V2 bien Mi thanh M2 thi: 

O;M ;=k ,o ;M va O,M,=k,o7M; 
Khi dp, phep hp'p thanh F b i l n M thanh M2. 

Gpi I la anh cua O1 qua phep vi t i^ V2, i(rc la: 

0 ,1 = k, 0,0; 
Khi dc: I M , = kgO^M, = k^kgO^M 

N luk i . k 2 = 1 thi IM2= O1M nen 

M M , - 0,1 = O^O, + O j = (1 - k 2 ) 0 , 0 ' xac djnh. 

Vay F la phep tjnh t i l n theo vecta u = (1 - k 2 ) 0 , 0 2 . 

N l u ki.k2 ^ 1 ta chpn d i l m O 3 sao cho: O3I k , k 2 0 3 0 , 

Kh id6 : 0 3 M 2 = 0 3 l + rM^ = k,k2 0 3 0 , »k,k2 0 , M = k,k2 03M 

V$y F la phep vj t i^ tam O 3 ti s6 kik2. 

^INHHMJVDWHHhang YiWT 

Tam O 3 cua phep vi t u do 
dup'C xac djnh bai dang thu-c 

03i = k , k 2 O 3 0 ; 

hay O3O, + 0,07 + 021 = k,k2 O3O, 

^ Op2+l<2 020; = (1-k,k2)OP3' 

^̂ ^̂  ° ^ ° 3 = ^ O P 2 . 
Do do tam cua ba phep vj t i j Vi,V2 va F la ba d i l m t h i n g hang. 

Bai toan 14. 6: Trong mat ph ing Oxy xet phep b i l n hinh F b i ln moi d i l m M(x; y) 
thanh M'(3x + 1; -3y + 5). 
Chu-ng minh F la mpt phep d6ng dang. 

Hipo-ng d i n giai 
Phep F b i l n A(x i ; yO thanh A'(3xi + 1; -Sy , + 5) 

I B(X2; yz) thanh B'(3x2 + 1; -3y2 + 5) . >. ., 

Ta CO AB = J ( x 2 - x , f + ( y 2 - y , ) ' va 

A'B' = J(3x, - 3x2 )2 + (-3y, + 3y2)' = 3 7 ( x 7 - x / + ^ y , ) ^ . 3.AB 

Vay F la phep d6ng dang ti s6 k = 3. 

Bai toan 14. 7: Cho hinh vuong ABCD tam I c6 cac dinh A, B, C, D quay tt ,c. 

ch i lu di^ang. Xac dinh phep dong dang b i l n Al thanh C D . 
Hu'O'ng d i n giai 

Tl s6 dong dang la k = 
Al 

Gpi O la giao d i l m 2 cung chii-a goc 
371 
— di /ng tren day AC va ID. 

Hap thanh cua phep quay tam O, goc quay — va phep vi tu- tam O ti s6 

4 

k = V2 b i l n A thanh C, I thanh D nen chinh la phep dong dang c i n t im 

b i ln Al thanh C D . ' • • 
toan 14. 8: Chp hai dudyng tron c6 djnh (O; R) va (O'; R') vai 

R * R'. Hai d i l m M va M' Ian lu-p't di dpng tren hai du-ang tron (O) va (O') 
sao cho ( O M , O ' M ' ) = 60°. Xac dinh phep dong dang b i l n M thdnh M'. 
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Hu'O'ng dan giai 
M 

Ta CO = — , (OM, O'̂ M') = 60° 
OM R 

Gpi A va B la 2 tam vj ti/ cua 2 
du'ang tron (O) va (O') thi A, B chia 

OO'theoti s o + — . \ 
R 

Goi I la giao dilm cua du-ang tr6n du-dyng kinh AB vai cung chipa goc 60° 
di/ng tren day 00'. Ngp thanh cua phep quay tam I, goc 60° va phep vi tu 

tam I, ti s6 k = — bi§n OM thanh O'M' nen bî n M thanh M'. Do la phep 
R 

d6ng dgng cin tim. 
Bai toan 14. 9: Chipng minh neu phep dong dang F bien tam giac ABC thanh 

tam giac A'B'C thi trong tam, true tam, tam du-ang tron ngoai ti§p tam giac 
ABC lln lu-Q-t bien thanh trong tam, tryc tam, tam duang tron ngoai ti4p tam 
giac A'B'C. 

Hirang din giai 
- Gpi D la trung diem cua doan thing BC thi phep dong dang F bien dilm D 

thanh trung dilm D' cua doan thing B'C va vi thi trung tuyin AD cua tam 
giac ABC biln thanh trung tuyIn A'D' cua tam giac A'B'C. Doi vai hai trung 
tuyIn con lai cung thi. Vi trpng tam tam giac la giao dilm cua cac duong 
trung tuyIn nen trpng tam tam giac ABC biln thanh trpng tam tam giac 
A'B'C. 

- Gpi AH la duang cao cua tam giac ABC (H e BC). Khi do phep dong dang 
F biln duang thing AH thanh duang thing A'H'. Vi AH 1 BC nen A'H' 1 
B'C, noi each khae A'H' la du-ang cao cua tam giac A'B'C. Dli vai cac 
du-ang cao khae cung thi. Vi tru-c tam cua tam gî c la giao dilm cua cac 
du-ang cao nen tri/e tam tam giac ABC biln thanh tri,i-c tam tam giac A'B'C 

- Gpi O la tam du-ang tron ngoai tilp tam giac ABC thi OA = OB = OC nen 
nlu dilm O biln thanh dilm O' thi O'A' = O'B' = O'C = kOA = kOB = kOC 
do do O' la tam du-ang tron ngogi tilp tam gî c A'B'C. 

Bai toan 14. 10: Cho hai tam giac ABC va A'B'C c6 AB 1 A'B', BC 1 B'C, CA 
1 CA'. Chu-ng minh ring hai tam giac do d6ng dang. 

Hipang din giai 
Gpi (O) va (O') la cac du-ang tron ngoai tilp cac tam giac ABC v̂  A'B'C. Ta 
CO mpt phep vj ti^ biln du-ang tron (0') thanh du-ang tron (O). Ki hî u Ai. 
Bi, Ci Id Gull oL'a cac dinh A', B', C trong phep vi tu- do. 

-ca^ iNHfTMnrDWH Hhang Vl$t 

B' 

;̂ ^Bi // A'B', BiCi // B'C, CiAi // CA' nen AiBi 1 AB, BiCi 1 BC, d A i 1 
Thu-c hien phep quay tam (O) goc quay 90° biln tam giac A1B1C1 thanh 

tam gî '' A2B2C2. Tam giac A2B2C2 c6 3 eanh song song vd-i tam giac ABC 
cLing npi tilp trong mpt du-ang tron (O), do do cdc dinh cua A2B2C2 trung 

vdi dinh cua tam giac ABC. Dilu do chii-ng to ring ton tai mpt ph6p dong 
d̂ ing 1̂  hgp thanh cua mpt phep vi ty vai mpt phep quay biln tam giac 
;\'B'C' thanh tam giac ABC nen 2 tam giac do dong dang, 

jgaitoiin 14. 11: Chij-ng to ring cac da gidc diu c6 cung s6 canh thi d6ng 
d̂ ng vo-i nhau. 

Hifang din giai 
Cho hai n-gidc deu AiA2...An va BiB2...Bn c6 tam lln lu-p-t la diem O Mk 
dilm C. 

O'B 
A,A, OA i . Gpi V la ph6p vj ty tam O, ti s6 k va CiC2...Cn la anh 

I 

cua da giac AiA2...An qua phep vj ty V. Ta c6 CiC2...Cn cung Id da gidc deu 
C C 

vi - ^ - ^ nen CiC2...Cn = B2B2. Do d6 hai n-giac dIu C1C2 vd B2B2...Bn 

c6 canh bing nhau nen c6 phep dai hinh D biln CiC2...Cn thanh BiBz.-.Bn. 
N4U gpi F la phep hp-p thanh cua V va D thi F la phep ding dgng biln 
Mj.-.An thanh BiB2...Bn. V?y hai da giac dIu do dong dgng vai nhau. 
'toin 14.12: Cho tam gide ABC v6i trpng tam G, tryc tdm H vd tam du-6-ng 
Iron ngogi tilp O. Chu-ng minh GH = - 2G0 va ba dilm G, H, O cung nim 
'̂ n̂ mpt duang thing C-le. A 

Hirvng din giai 
3̂ C6 OA' 1 BC ma BC // B'C; nen OA' 1 B'C. 

"-"^ " " ^ D O // D u nen UA 1 B'C. 
, J'ng ty OB' 1 A'C. Vay O la tryc tam cua JiSc A'B'C. 
^ trpng tam tam giac ABC n§n 

*-2GA', GB = -2GB', GC =-2GC'. 
1 Ph6p vi ty V tam G, ti so - 2 biln tam 

^̂ 'B'C thanh tam giac ABC. 
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Bi, Ci Id Gull oL'a cac dinh A', B', C trong phep vi tu- do. 

-ca^ iNHfTMnrDWH Hhang Vl$t 

B' 

;̂ ^Bi // A'B', BiCi // B'C, CiAi // CA' nen AiBi 1 AB, BiCi 1 BC, d A i 1 
Thu-c hien phep quay tam (O) goc quay 90° biln tam giac A1B1C1 thanh 
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/ t/ I./ V/ ly Kjii^iil i'<~'i <^tJi~"iif iiyt̂  .juM. i - i ^ i ' 

CU3 

D i lm O la tryc tam cCia tam gi^c A'B'C nen phep vj t i / V bi§n O thanh 
tam H cua tam giac ABC. 

Do do GH = - 2 0 0 nen ba diem G, H, O thing hang. 
Bai toan 14. 13: Goi MA, MB, MC la 3 day cung cua dub-ng tron tarn 

Chung minh r ing cac giao di§m khac voi M cua 3 duong tron duang î jj 
MA, MB va MC l iy tung doi mpt la 3 di lm thing hang. ^ ' 

Hu'O'ng d i n giai 
Gpi Ai, Bi v^ Ci Ian lu-p-t la trung di lm 

•> cua MA, MB va MC; I, J, K Ian luat la giao 
If d i lm thu hai cua cac cap duang tron 

duang kinh MB, MC, duang tron duang 
'̂ kinh MC, MA va duang tron duang kinh 

MA, MB, 
Ta CO I, J, K la d i lm d l i xung cua M qua 
BiCi, CiAi va AiBi. 
Phep vi tu tam M ti so 2 bien c^c hinh chieu I, J, K cua M len cac canh < ' 
tam giac A1B1C1 thanh I, J, K. I 
Tu cac tu giac noi t i lp dupe thi goc K,I,M = J,I.|M nen I1, Ji, Ki thing haJ 

' dodo I, J, K th ing hang. \ 
Bai toan 14. 14: Cho hai duang tron (O) va (C) c6 ban kinh khac nhau, tilf 

xuc ngoai vai nhau tai A. Mpt duang tron (O") thay doi, luon luon tiep xu( 
ngoai vai (O) va (O') l ln lupt tai B va C. ChCrng minh r ing duang thing BC 
luon di qua mpt d i lm c6 djnh. 

Hu'O'ng d i n giai 
Keo dai BC c i t (C) tgi B'. Vi C la tam vj 
tu trong cua (C) va (C) nen hai vecta 

O 'B' va 0 " B ngup-chudng. 

Vi B la tam vi tu trong cua (O) va (O") 

nen hai vecta 0 "B va OB nguac 

huang. Do do hai vecta OB va O 'B' 

cung huang. 
Vay duang thing BB', cung chinh la duang thing BC, luon luon d i ' 
d i lm c6 djnh la tam vj ty ngo^i I cua (O) va (O'). 

Bai toan 14. 15: Cho hai duang tron (O) va (O") t i lp xuc ngoai vai nhau t?' 
Mpt goc vuong xAy quay quanh A, tia Ax c i t (O) t^i M con tia Ay c i t (O') 

a) Chung minh duang thing MM' luon di qua mpt d i lm c6 djnh. ^ 
b) Duang thing MM' c i t (O) tai N va c i t (O') tai N'. ChCrng minh N A N ' = ^0 

cac t i lp tuyin cua (O) tai M, N, c^c t i lp tuyin cua (O') tai M', N' cat 
tgo thanh mpt hinh binh hanh. I 

CtyTNHHMTVDWH Hhang Vl$t 
HiFO-ng d i n giai 

A' 1̂  g'a° ̂ ^ f " hai^cua OO' v^ dud-ng tr6n (C). Ta c6 ANJvr AM 
^6 cung huang suy ra OM va O'M' cung hudng. Vgy dudng thing MM' 
Hjgn luon di qua tam vj tu ngoai S cua (O) v^ (C). 

^. S 1̂  tam vj tu ngoai cua (O) v^ (O') nen ON v^ OTT cung hu^ng Suy 
ra AN // A'N', ma AN' 1 A'N' nen AN' 1 AN hay N A N ' = 90°. 
Qua phep vj ti^ tam^ S, t i lp tuyin tai M cua (O) bi ln thanh t i lp tuyin tai M' 
cua (O'), nen hai t i lp tuyen do song song. Cung tuang tu, t i lp tuyin tai N 
cua (O) va t i lp tuyen tai N' cua (O') cung song song. V^y b in t i lp tuyin d6 
tgo thanh mpt hinh binh hanh. 

Bai toan 14.16: Cho tam giac ABC can dinh A, A, Id trung d i lm BC. 
a) Chi>ng minh t i n tai duy nhit cap di lm Bi, Ci thoa cac di lu ki$n: Bi thupc 

(jo?n AC, Ci thupc dogn AB va B d + A1B1 = BAi + B1C1. 

b) ChiJ-ng minh khi do ban kinh duang tron npi t i lp tam giac ABC bing hai l in 
b^n kinh duang tron npi t i lp tam giac A1B1C1. 

A Hu'O'ng d i n giai A 

B ' 

H \ 

) 
N A, 

) O t̂ BC= 2, AiBi= A1C1 = y, ICi= IBi= x. AB= AC = b (b > 1) 
=> BCi = b(1 - X), ACi = bx. Ta c6: 

= 1 + b^ (1 - x)^ - 2b(1 - x)cosC = 1 + b^(l-x)^ - 2(1-x) 
y = BC, = 1 + 2x => y^ = [(1 + 2x - b(1 - x)]^ 

Do do: [1 + 2x - b(1 - x)f = 1 + b^(1 - x)^ - 2(1 - x) 
^ 2 ( 1 + b ) x ^ - ( b - 1 ) x - ( b - 1 ) = 0 ( 0 < x < 1) 
^^t f(x) = 2(1 + b)x^ - (b - 1)x - (b - 1). Ta c6: f(0) < 0 < f ( 1 ) vd f(x) la tam 

^ b|c hai nen ton tgi duy nhi t x e (0; 1) d l f(x) = 0. 
^ c^u a) thi tu giac BC1B1A1 ngogi t i lp duac dub-ng tron (IQ, TQ). Ta gpi M, 

c^c t i lp d i lm cua duang trbn (lo, ro) vai B1C1 va BAi. Do do: BBi, 
Q ' ^ . M N d ing quy tgi S. 

('1. n) Id dubng tron npi t i lp tam gidc ABC. 
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W tTQng diS'm hoi dUdng hqc sinh gidi m6n Toan 11 - LS Hodnh Ph6 

X6t cac phep vj ty V(B,ki) bi^n tJu'O'ng tron (lo, ro) thanh dipang tr6n (I, r) |1 
va qua V(B.k2) bi§n (h, ri) thanh (î  J — = — - . Ta c6} BA, B,C 

B N B N B,M 
2B,H 
B,M 

k.= ^ = M'.Tud6r = 2r. 
r, B,H I..' 

Bai toan 14. 17: Gia su- ba du'ang tron (AQ), (BQ) va (Co) c6 cung ban i 
theo thu tu" ti§p xuc vai hai canh cua cac goc A, B va C cua mot tam 
ABC. Gpi Do la du'ang tron thir tu- tiep xuc ngoai vai ca ba du-ang tron 

'nh, 

tren. Chtpng minh rSng tarn Do thSng hang vai tarn cac du'ang tron n« 
ngogi ti§p tam giac ABC. 

Hu^ng din giai 
Gpi I v^ O Ian lup't la tam cac du'ang tron npi, ngogi ti§p cua tam giac AB( 
Vi cac du'ang tron (AQ), (BQ), (CO) C6 ban kinh blng nhau va du'ang tron ([ 
tilp XUC ngoai vai ca ba duang tron do nen DoAo = DQBO = DQCQ hay ri 
each khac Do la tam duang tron ngoai ti§p cua tam giac AQBOCQ. 

Ma cac duang tron (Ao), (BQ), (CO) C6 ban kinh bing nhau nen AQBO // Al 
BoCo // BC va CoAo // CA. Han nua AAo, BBo va CCo d6ng quy tai I Do 
hai tam giac ABC va AoBoCo la anh cua nhau qua mot phep vi tu' tam I. 
Tu do suy ra O, I, Do thing hang 

Bai toan 14. 18: Cho hai duang tron ( d ) , (O2) cit nhau tai hai dilm phan tJ 
A, B. Cac ti4p tuy^n tai A va B cua duang tron ( d ) cit nhau tai C. ci 
duang thing MA, MB di qua mot diem M bat ki tren duang tron ( d ) c t̂| 
duang tron (O2) tai N, P theo thu tu do. Gpi J la trung dilm cua N P . 
Chung minh ring M, C, J thing h^ng. 

Giai 
Tu gia thiet suy ra MC la duang d6i trung cua tam giac MAB. 
Vi A, B, N, P cung nim tren mot duang tron va cac duang thing AN, 
cit nhau a M nen A M A B d6ng d^ng A M P N . 

Gpi I Id trung dilm cua AB. 
Gpi d la phan giac cua goc AMBkhi 
do d cung la phan giac cua goc 

^-.1. M P dat k = — 
MA 

Ta CO phep d6ng dang 
V(Mk)oOd: A h-̂  P, B K4N 
nen A M A B M. A M P N 

Do do trung tuyin Ml cua tam 
giac MAB biln thanh trung tuyin 
MJ cua tam giac M P N . 
Vi Ml vd MJ d6i xung vai nhau qua d, suy ra M, C, J thing hang. 

CtyTNHHMTVDWHHhanQ Viet 
jtoan 14. 19: Gpi A', B', C la cac hinh chilu vudng goc cua mpt dilm M bit 
ki "̂"""̂  P̂ "̂̂  "̂ ^^ 9'^^ ABC cho Ian lup-t tren cdc 
jL ĉyng thang chua duang cao AA,, BB, va CCi cua tam giac do. Chung 
^jnh rang tam giac A'B'C luon ding dang vai chinh no khi M chay khip 
oiStphSng. 

HiKd-ng din gî i i, , » 
Qpj H la true tam cua tam giac ABC. 
po bin dilm A', B', M, H ding vien, 
ĝn (A'B'; A'M) = (HB', HM) [modTr] 

po bin dilm A', C, H, M ding vien n^n 
(A'M; A'C) = (HM; HC) [modn] 

suy ra: ^ 
(A'B'; A'C) = (A'B'; A'M) + (A'M; A'C) , 
= (HB'; HM) + (HM; HC) = (HB'; HC) , 
= (AC; AB) [modrt] 
Tu'ong tu (B'C; B'A') = (BA; BC) [modn] 
Suy ra tam giac A'B'C luon ding dang nghich vai tam giac ABC c l dinh 
Vay, vai mpi vj tri cua diem M, cac tam giac A'B'C luon tu ding dang. ' 

Bai toan 14. 20: Cho tu giac i l l npi tilp mpt duang tron tam O. Phep quay tam 
0 goc (p (0 < cp < 7i) biln ABCD thanh tu giac A'B'C'D'. Chung minh ring 
cac cgp canh tuang ung AE '''B'; BC, B'C; CD, CD' va DA, D'A' cua hai 
ttp giac do giao nhau tgi cac o.jm M, N, P va Q la cac dmh cua mpt hinh 
binh hanh. 

Hu'O'ng din giai 
Gpi E, F, G, H theo thu tu la trung dilm 
cac canh AB, BC,CD, DA cua tip giac - " ^ 
ABCD va E', F', G', H' la trung dilm cac 
canh A'B', B'C, CD', D'A' cua tu giac 
A'B'C'D:. 

Taco Q,̂ ^̂  :Ai -^ A', Bi-^B' nen Ei->E 

Ma AB = A'B'nen OE = OE'nen hai tam 

9'ac vuong OEM, OE'M bing nhau (nguac huang) 

ûy ra: (QE; OM) = (OM; OE') = ^[modrr] 

"̂•̂  do phep ding dang 

\o;k)- Q , vai k = , 

cos 
biln E thanh M 

'̂'̂ HinK u^" ^^^^ 9'ac MNPQ md tu giac EFGH Id 
Dinh hanh nen suy ra MNPQ la hinh binh hanh. 



W tTQng diS'm hoi dUdng hqc sinh gidi m6n Toan 11 - LS Hodnh Ph6 
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B N B N B,M 
2B,H 
B,M 

k.= ^ = M'.Tud6r = 2r. 
r, B,H I..' 
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'nh, 
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ĝn (A'B'; A'M) = (HB', HM) [modTr] 

po bin dilm A', C, H, M ding vien n^n 
(A'M; A'C) = (HM; HC) [modn] 

suy ra: ^ 
(A'B'; A'C) = (A'B'; A'M) + (A'M; A'C) , 
= (HB'; HM) + (HM; HC) = (HB'; HC) , 
= (AC; AB) [modrt] 
Tu'ong tu (B'C; B'A') = (BA; BC) [modn] 
Suy ra tam giac A'B'C luon ding dang nghich vai tam giac ABC c l dinh 
Vay, vai mpi vj tri cua diem M, cac tam giac A'B'C luon tu ding dang. ' 

Bai toan 14. 20: Cho tu giac i l l npi tilp mpt duang tron tam O. Phep quay tam 
0 goc (p (0 < cp < 7i) biln ABCD thanh tu giac A'B'C'D'. Chung minh ring 
cac cgp canh tuang ung AE '''B'; BC, B'C; CD, CD' va DA, D'A' cua hai 
ttp giac do giao nhau tgi cac o.jm M, N, P va Q la cac dmh cua mpt hinh 
binh hanh. 

Hu'O'ng din giai 
Gpi E, F, G, H theo thu tu la trung dilm 
cac canh AB, BC,CD, DA cua tip giac - " ^ 
ABCD va E', F', G', H' la trung dilm cac 
canh A'B', B'C, CD', D'A' cua tu giac 
A'B'C'D:. 

Taco Q,̂ ^̂  :Ai -^ A', Bi-^B' nen Ei->E 

Ma AB = A'B'nen OE = OE'nen hai tam 

9'ac vuong OEM, OE'M bing nhau (nguac huang) 
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1 W tTQng diSm bdl dUdng hQC sinn gioi mSn lodn 11 - IS Hoai^n Hno 

Bai toan 14. 21: Tarn gi^c ABC c6 hai dmh B, C c6 djnh c6n dinh A chay ("J 
mOt du'd'ng tr6n (O; R) c6 djnh khong c6 di§m chung vd-i du-d-ng thing * 
Tim quy tich trpng t§m G cua tarn gi^c ABC. 

Hu'O'ng din giai 
Gpi I Id trung dilm cua BC thi I c6 djnh. B 
Vi G Id trpng tam cua tam gidc ABC nen 

IG = - lA . 
3 . 

1 
DO do ph6p vj ty V tam ti s6 - biln 

diem A thdnh dilm G. 
Tu d6 suy ra khi A chgy tr§n du-ang trdn (O; R) thi quy tich G la anh 

du'6'ng tron do qua phep vj ty V, tuc la du-ang tron (O'; R") md 10' = 11 
3 

vaR'= -R. 
3 

Bai loan 14. 22: Cho du-ang tron (O; R) va dilm I c6 dinh khdc O. Mpt dilm 
thay doi tren du-ang tron. Tia phan gidc cua goc MCI cSt IM tgi N. Tim 
tich dilm N. 

Hu'O'ng din giai 
D$t 10 = d. Theo tinh chit du'6'ng phan giac 

IN _ 10 _ d 

NM " OM ~ R I 
IN d . IN d ft 

Ta CO 

IN + NM d + R IM d + R 

Vi hai vectp IN va IMcung hu-d'ng nen 

d 
IN = IM. 

d + R 

Do d6 phep vj ty V tSm I ti so k = 

dilm M thanh dilm N. 
d + R 

biln 

Khi M p vj tri Mo tren du-d-ng trdn (O; R) sao cho IOMQ = 0° thi tia phan 9'̂  
cua goc IOMO khong c i t IM. Dilm N khong t6n tgi. 
Vgy khi M chay tr§n (O; R) (M khdc Mo) thi quy tich dilm N Id anh cua (0' 
qua phep vj ty V bo di anh cua dilm MQ. 

Bai toan 14. 23: Cho du'd'ng trdn (O) c6 du-ang kinh AB. Gpi C Id di^"^ 
XLPng v^i A qua B vd PQ Id du-d'ng kinh thay dl i cua (O) khdc du-d̂ ng [̂ 
AB. Du'd'ng t h i n g CQ cIt PA vd PB l l n lu-ĉ t tgi M vd N. Tim quy ticf̂ " 
dilm M va N khi du-c-ng kinh PQ thay dl i. - I 

-CZy TNHHMTVDWHHhang Vi$F 
HiPd'ng din giai , 

a CO QB // AP (vi cung vuong goc vd-i PB) va B Id trung dilm cua AC n§n 
Q la trung dilm cua CM. Tu-ang ty ta c6 AQ // BN (vi cung vuong gdc vdi 
AP) va B la trung dilm cua AC nen N Id trung dilm cua CQ. 

Ta c6 CM = 2CQ nen phep vi ty V tdm C ti so 2 bien Q thdnh M. Vi Q 
chay tren du'6'ng tron (O) tn> hai dilm A, B nen quy tich M Id anh cua 
(jii'd'ng trdn do qua phep vj ty V tru- 2 anh cua A, B. 

1 
Tuong tu" CN = — CQ nen quy tich N Id anh cua du'6'ng trdn (O) qua phep 

vj ty V tam C, tf so - try 2 anh cua A, B. 

Bai toan 14. 24: Tren mdt phIng cho tii- gidc loi ABCD vdi cdc cgnh doi khong 
song song. Tim quy tich tdm cua cdc hinh binh hdnh MNPQ md cac dinh M, 
N, P, Q theo thCp ty thupc cdc canh AB, BC, CD, DA nhyng khdng trung vp-i 
dinh ndp cua tu- gidc. 

{Hu'O'ng din giai 
Gpi A', B' Id dilm doi xyng cua 
A, B qua tam O cua hinh binh 
hdnh MNPQ. Do AB khong 
song song vdi CD nen O Id 
trung dilm cua MP tu'Png 
diFpng vdi hai doan B'A' vd CD 
'̂ ^t nhau hay A' thupc miln 
*̂ °ng cua mien hinh binh hdnhD , „ ... _„ . , 

CDD'C vdi DD'' = CC"' = AB. 

•̂̂ c la o thupc mien trpng cua mien binh hdnh EFFH anh cua mien binh 

^̂ nh CDD'C qua phep vi ty tdm A ti s6 ^ tu-c Id E, G, F, H Id trung dilm 

•̂̂a AC, AD, AD', AC. 
I ^"^fig minh tu-ang ty thi O thuOc miln trong cua miln binh hdnh lEJF vdi 
' ^ theo thLP ty Id trung dilm cua AB vd CD. 

quy tich cin tim Id phin giac cua hai mien trpng cua hai mien binh 
^'ih EGFH vd lEJF. 
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B a i t o a n 1 4 . 2 5 : C h o t a m g i a c A B C . Ha i di§m M , N chiuy§n d o n g tren 2 

AB, AC sao cho BM = CN. Tim quy tich trung diem MN va trong tarn 

giac AMN. 
HiFO'ng d i n g ia i 

Goi I, J, K, L Ian lugt la trung dilm 
cua MN, NB, BC va MG. Gpi A A i 1̂  
duang phan giac trong cua BAG; IQ 
la giao dilm cua du-ang thing di 
qua K song song vai A A i vai canh 
AB hoac AC. 
Phin thuan: Ta c 6 tip giac IJKL la 
hinh thoi va tu- do c 6 Kl // A A i . Do K 
c6 dinh nen I nim tren du'ang thing 
cIdinhKlo. B' 
Giai han: I nIm tren doan thing KIQ. 
Phin dao: Lly dilm I tuy y thupc doan KIQ qua I ke du-ang thing song son 
vai AB cit AC a 1'. Gpi N la dilm doi xCi-ng cua A doi vai 1' (N thuoc can 
AC) du'ang thing Nl cIt canh AB a M. Ta se chu-ng minh I la trung dî  
cua MN va BM = CN. 
Vay Quy tich cua I, trung dilm cua MN, la doan thing IQK. Suy ra quy 1 
trong tam tam giac AMN va doan thing Gh, anh cua doan thing IQK quâ  

phep v| tu" tam A, ti s6 —. 
3 

B a i t o a n 14. 26 : Gpi (L) la tiep tuyin cua du-ang tron (C) va M la mot dilm trS 
(L). Hay tim quy tich cac dilm P thoa man tinh chit: tin tai hai dilm R, Q' 
(L) sao cho RM = QM va tam giac PQR nhan (C) lam du-ang tron npi tilp 

H i f d n g d i n g ia i 
Cho X la giao dilm cua (C) va (L), 
O la tam cua (C). Gia SCP X O cIt 
(C) tai dilm thu- hai Z; Y la dilm tren 
QR sao cho M la trung dilm XY. 
Gpi (C) la du'ang tron bing tilp 
goc P cua tam giac PQR. 
Gia su- (C) tiep xuc v6 i QR tai Y'. 
Phep vi tu- tam P, ti so 
P Y ' 
^ b i l n (C) thanh (C) 

tilp tuyIn vd-i (C) tai Z 
biln thanh du-d̂ ng thing 
QR, suy ra Z biln th^nh 
r. 

se chLPng minh ring O X = RY'. 

QQO' = O R O ' = 9 0 ° =^ A Q Y ' O - ~ AOXQ=5 

R X O ' Y ' rucngtu:—= - ; ^ S u y r a : 

Q Y ' OX 
Y D ' XQ 

rr 
QY'.XQ = Y'O'.OX = RX.Y'R nen; 
QX _ _ _ Q X _ ^ _ R Y _ ^ R T ^ ^ PjY, 
p X " Q R - Q X Q R - R Y ' QY' 
lyiat khac, QX = RY nen Y trung Y'. Nhu vay, dilm P di dpng nhung iuon 
luon nIm tren tia YZ c6 dinh. ĉ fei 
£)ao lai, lly dilm P bit ki tren tia YZ, thi bIng each li luan tuang ty nhw 
tren ta cung c 6 QX = RY. Nhung M la trung dilm XY nen suy ra M la trung 
cfilm QR, nhu- thI P la dilm cua quy ticti. 
Tom lai. quy tich cua P la tia YZ. 

Bai toan 14. 27: Cho ba dilm A, B, C thing hang theo thip ty do. Gpi ( V i ) , (V2) 
theo thLP ty la cac du-ang tron du'ang kinh AB va AC. Mot dilm M chuyin 
dpng tren ( V , ) , du-ang thing AM cIt lai (V2) a dilm N. Tim quy tich giao 
dilm P cua BN va CM. 

Hiro'ng d i n giai 
Gpi O1, O2 theo thu- tu- la tan cua cac du-ang tron ( V i ) , (V2) 

0 | t AB = b, AC = c 
Ap dung djnh li Menelaus cho tam giac 
ANB vai cat tuyIn CPM ta dup-c: 

MA PN CB .| 

"MN P B C A 

DoBM/ZCN nen S ^ . f ^ . £ £ = i 
BC PB CA 

Dodo: PN 

PB 

CA 

BA 

BN PN-PB - a - b 
hay BP 

P B P B a ' B N a+b 
^^y, khi M thay dli tren du'ang tron ( O 1 ) thi quy tich dilm N la dijang tron 

(O2) va P la anh cua N qua phep vi tu- tam B, ti s6 , do do quy tich cua 
a + b 

<̂ îm P cin tim la du-ang tron co anh cua (O2) qua phep V, 
a+b 

4 2 3 
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la giao dilm cua du-ang thing di 
qua K song song vai A A i vai canh 
AB hoac AC. 
Phin thuan: Ta c 6 tip giac IJKL la 
hinh thoi va tu- do c 6 Kl // A A i . Do K 
c6 dinh nen I nim tren du'ang thing 
cIdinhKlo. B' 
Giai han: I nIm tren doan thing KIQ. 
Phin dao: Lly dilm I tuy y thupc doan KIQ qua I ke du-ang thing song son 
vai AB cit AC a 1'. Gpi N la dilm doi xCi-ng cua A doi vai 1' (N thuoc can 
AC) du'ang thing Nl cIt canh AB a M. Ta se chu-ng minh I la trung dî  
cua MN va BM = CN. 
Vay Quy tich cua I, trung dilm cua MN, la doan thing IQK. Suy ra quy 1 
trong tam tam giac AMN va doan thing Gh, anh cua doan thing IQK quâ  

phep v| tu" tam A, ti s6 —. 
3 

B a i t o a n 14. 26 : Gpi (L) la tiep tuyin cua du-ang tron (C) va M la mot dilm trS 
(L). Hay tim quy tich cac dilm P thoa man tinh chit: tin tai hai dilm R, Q' 
(L) sao cho RM = QM va tam giac PQR nhan (C) lam du-ang tron npi tilp 

H i f d n g d i n g ia i 
Cho X la giao dilm cua (C) va (L), 
O la tam cua (C). Gia SCP X O cIt 
(C) tai dilm thu- hai Z; Y la dilm tren 
QR sao cho M la trung dilm XY. 
Gpi (C) la du'ang tron bing tilp 
goc P cua tam giac PQR. 
Gia su- (C) tiep xuc v6 i QR tai Y'. 
Phep vi tu- tam P, ti so 
P Y ' 
^ b i l n (C) thanh (C) 

tilp tuyIn vd-i (C) tai Z 
biln thanh du-d̂ ng thing 
QR, suy ra Z biln th^nh 
r. 

se chLPng minh ring O X = RY'. 

QQO' = O R O ' = 9 0 ° =^ A Q Y ' O - ~ AOXQ=5 

R X O ' Y ' rucngtu:—= - ; ^ S u y r a : 

Q Y ' OX 
Y D ' XQ 

rr 
QY'.XQ = Y'O'.OX = RX.Y'R nen; 
QX _ _ _ Q X _ ^ _ R Y _ ^ R T ^ ^ PjY, 
p X " Q R - Q X Q R - R Y ' QY' 
lyiat khac, QX = RY nen Y trung Y'. Nhu vay, dilm P di dpng nhung iuon 
luon nIm tren tia YZ c6 dinh. ĉ fei 
£)ao lai, lly dilm P bit ki tren tia YZ, thi bIng each li luan tuang ty nhw 
tren ta cung c 6 QX = RY. Nhung M la trung dilm XY nen suy ra M la trung 
cfilm QR, nhu- thI P la dilm cua quy ticti. 
Tom lai. quy tich cua P la tia YZ. 

Bai toan 14. 27: Cho ba dilm A, B, C thing hang theo thip ty do. Gpi ( V i ) , (V2) 
theo thLP ty la cac du-ang tron du'ang kinh AB va AC. Mot dilm M chuyin 
dpng tren ( V , ) , du-ang thing AM cIt lai (V2) a dilm N. Tim quy tich giao 
dilm P cua BN va CM. 

Hiro'ng d i n giai 
Gpi O1, O2 theo thu- tu- la tan cua cac du-ang tron ( V i ) , (V2) 

0 | t AB = b, AC = c 
Ap dung djnh li Menelaus cho tam giac 
ANB vai cat tuyIn CPM ta dup-c: 

MA PN CB .| 

"MN P B C A 

DoBM/ZCN nen S ^ . f ^ . £ £ = i 
BC PB CA 

Dodo: PN 

PB 

CA 

BA 

BN PN-PB - a - b 
hay BP 

P B P B a ' B N a+b 
^^y, khi M thay dli tren du'ang tron ( O 1 ) thi quy tich dilm N la dijang tron 

(O2) va P la anh cua N qua phep vi tu- tam B, ti s6 , do do quy tich cua 
a + b 

<̂ îm P cin tim la du-ang tron co anh cua (O2) qua phep V, 
a+b 

4 2 3 



)UlH)ng OIBmvui UUUliy IK^C bum yiui mun luun r t - LV IIUUIIIH I'U 

Bai toan 14. 28: Cho mot du-ang tr6n (O), mOt du-b-ng t h i n g d m0t O i g ^ 
CO djnh. Va i m6i d i l m M thupc du-ang tron (O) ta xac dmh d i l m N d6i 
v6-i M qua d. Gpi I la trung d i l m cua dogn t h i n g PN. T im t$p hp-p di§m | 
M thay d6i tren du-b-ng tron. r-, y r , 

Hu'O'ng d i n giai 
Tu- dieu kien bai to^n ta suy ra tgp hp-p N la mot du-ang trdn (O') anh 
(O) trong phep d6i xu-ng tryc d. 

M^t khac, ta CO PI = - P N , nen I IS anh cua N trong ph6p vj ty t^m P, ti k = 1 

Tap hp-p c^c diem I Id mpt du-ang tron (O") vd anh cua (O') trong phep v| 

V , . Vgy tap hp-p cac diem I Id mpt du-b-ng tron anh cua (O) qua ph 

dong dang Id hp-p thdnh cua 2 phep Dd vd V T 
•"'i jt. 

Bai toan 14. 29: Cho hai du-b-ng t h i n g song song d vd d' va diem c6 djnh S o 
ngoai dai (d, d'). Mpt cat tuy§n di dpng qua S c i t d tai M va d' tai M', Chiing 
minh r i n g cac tiep di§m T va T' cua cac ti§p tuyen ve tu- S d§n du-ang tron 
du-b-ng kinh MM' a tren nhu-ng du-b-ng t h i n g c6 djnh. 

Hifang d i n giai 
Ve cat tuySn qua S vd vuong goc vb-i d tgi A va d' t?i B. 

DM-ng tiep tuyen SC vb-i du-bng tron du-b-ng kinh AB tam I vd tiep tuyin 

vb-i du-b-ng tron du-b-ng kinh MM' tdm O. s 

^ , SO SI SO OM 
Ta co: = — => = 

OM lA SI lA 

Do db du-b-ng trbn (O) la anh 
cua du-b-ng trbn (I) qua phep 
dong dang cb tam Id S. Trong 
phep dong dang ndy cdc d i l m T 
va T' la d i l m tu-ang Cpng cua 
c^c t i l p d i l m C va C cua 
du-b-ng trbn (I). 

Do db cac tam gidc SIO, SOT vd S O T dong dang vd vi S I O = 90" 

SCT = S C ' T ' = 9 0 ° . 

Vdy T vd r 6- tren cdc du-ang t h i n g IC vd I C c6 dinh. ^. 
Bai toan 14. 30: Cho tam giac nhpn ABC, hdy du-ng hinh vuong MNP^ 

cho hai dmh P, Q n i m tren canh BC vd hai dInh M, N Idn lu-p-t n i m trê ^ 
canh AB va AC. 

A'^A 

Himng d i n giai 
Q\a su- ta du-ng hinh vuong MNPQ thi phep vj 

BC 
tu- tdm A, ti s6 b i l n hinh vuong MNPQ 
^ MN 

-UymHFrMWDWH Mhang Vf^t 

thdnh hinh vuong BCP'Q'. Suy ra cdch du-ng: 
Q ĵ-ng hinh vuong BCP'Q' n i m ngoai tam 
gj^c ABC. Ldy giao d i l m P, Q cua BC vb-i 
cdc doan t h i n g tu-ang Cpng AP' va AQ'. Tu- P 
va Q, ve cac du-b-ng t h i n g vuong gbc vai 
B C Idn lu-p-t c I t AC vd AB tai N vd M. Khi db 
MNPQ chfnh Id hinh vuong cdn du-ng. 

Bai toan 14. 31: Dung mpt du-ang trbn (C) t i l p xuc vb-i hai du-ang t h i n g Ox, 
Oy cho san vd di qua mpt d i l m c6 djnh A cho s i n 6- trong gbc xOy. 

Hu-ang d i n giai 
Phan tich, gia su- du-ng du-pc du-ang trbn (C) di qua A va t i l p xuc vb-i Ox, 
Oy, phep vj tu- tam O b i l n (C) thdnh (C) chi thoa man 2 d i l u kien t i l p xuc 
vo-i Ox, Oy. _ y 

• m 

Cdch du-ng; 

* DM-ng du-ang trbn ( C ) tuy y t i l p xuc vai Ox va Oy. 

- Du-ng OA cIt (C ) tai A'. 
- Dyng giao d i l m A cua du-b-ng t h i n g OA" vb-i du-b-ng t h i n g qua C, song 

song CA' . 
- Ou-ang trbn tam C, ban kinh CA Id du-ang trbn phai du-ng. 

Chu-ng minh: Ou-b-ng trbn tam C, bdn kinh CA di qua A Id anh cua du-b-ng 

tr6n (C) trong phep vj ty- nen t i l p xuc vai Ox, Oy, tam O ti k = 

C A 
Bien luan: Du-b-ng t h i n g OA cIt (C) tgi 2 d i l m A ' l , A'2 nen bdi toan cb 2 

^ ngh i^mhinh. 
^' toan 14. 32: Cho hai du-b-ng trbn (O) vd ( C ) cb ban kinh khdc nhau t i l p 

'̂ "̂ c ngodi va i nhau vd mpt d i l m M tren (O). Dy-ng mpt du-ang trbn di qua M 
t i l p xuc vb-i ca hai du-b-ng trbn (O) vd (O'). 

HiFO-ng d i n giai 

f^<?i S la tam vj tu- ngodi cua (O) va (C ) . Gpi N Id anh cua M qua phep vj tu-
^ S b i l n (O) thdnh (O'). Du-b-ng t h i n g SN cIt (O') tai d i l m thi> hai M'. Gpi 

'a giao d i l m cua OM vd O'M'. > fTit.-.t v'sujp 
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Bai toan 14. 28: Cho mot du-ang tr6n (O), mOt du-b-ng t h i n g d m0t O i g ^ 
CO djnh. Va i m6i d i l m M thupc du-ang tron (O) ta xac dmh d i l m N d6i 
v6-i M qua d. Gpi I la trung d i l m cua dogn t h i n g PN. T im t$p hp-p di§m | 
M thay d6i tren du-b-ng tron. r-, y r , 

Hu'O'ng d i n giai 
Tu- dieu kien bai to^n ta suy ra tgp hp-p N la mot du-ang trdn (O') anh 
(O) trong phep d6i xu-ng tryc d. 

M^t khac, ta CO PI = - P N , nen I IS anh cua N trong ph6p vj ty t^m P, ti k = 1 

Tap hp-p c^c diem I Id mpt du-ang tron (O") vd anh cua (O') trong phep v| 

V , . Vgy tap hp-p cac diem I Id mpt du-b-ng tron anh cua (O) qua ph 

dong dang Id hp-p thdnh cua 2 phep Dd vd V T 
•"'i jt. 

Bai toan 14. 29: Cho hai du-b-ng t h i n g song song d vd d' va diem c6 djnh S o 
ngoai dai (d, d'). Mpt cat tuy§n di dpng qua S c i t d tai M va d' tai M', Chiing 
minh r i n g cac tiep di§m T va T' cua cac ti§p tuyen ve tu- S d§n du-ang tron 
du-b-ng kinh MM' a tren nhu-ng du-b-ng t h i n g c6 djnh. 

Hifang d i n giai 
Ve cat tuySn qua S vd vuong goc vb-i d tgi A va d' t?i B. 

DM-ng tiep tuyen SC vb-i du-bng tron du-b-ng kinh AB tam I vd tiep tuyin 

vb-i du-b-ng tron du-b-ng kinh MM' tdm O. s 

^ , SO SI SO OM 
Ta co: = — => = 

OM lA SI lA 

Do db du-b-ng trbn (O) la anh 
cua du-b-ng trbn (I) qua phep 
dong dang cb tam Id S. Trong 
phep dong dang ndy cdc d i l m T 
va T' la d i l m tu-ang Cpng cua 
c^c t i l p d i l m C va C cua 
du-b-ng trbn (I). 

Do db cac tam gidc SIO, SOT vd S O T dong dang vd vi S I O = 90" 

SCT = S C ' T ' = 9 0 ° . 

Vdy T vd r 6- tren cdc du-ang t h i n g IC vd I C c6 dinh. ^. 
Bai toan 14. 30: Cho tam giac nhpn ABC, hdy du-ng hinh vuong MNP^ 

cho hai dmh P, Q n i m tren canh BC vd hai dInh M, N Idn lu-p-t n i m trê ^ 
canh AB va AC. 

A'^A 

Himng d i n giai 
Q\a su- ta du-ng hinh vuong MNPQ thi phep vj 

BC 
tu- tdm A, ti s6 b i l n hinh vuong MNPQ 
^ MN 

-UymHFrMWDWH Mhang Vf^t 

thdnh hinh vuong BCP'Q'. Suy ra cdch du-ng: 
Q ĵ-ng hinh vuong BCP'Q' n i m ngoai tam 
gj^c ABC. Ldy giao d i l m P, Q cua BC vb-i 
cdc doan t h i n g tu-ang Cpng AP' va AQ'. Tu- P 
va Q, ve cac du-b-ng t h i n g vuong gbc vai 
B C Idn lu-p-t c I t AC vd AB tai N vd M. Khi db 
MNPQ chfnh Id hinh vuong cdn du-ng. 

Bai toan 14. 31: Dung mpt du-ang trbn (C) t i l p xuc vb-i hai du-ang t h i n g Ox, 
Oy cho san vd di qua mpt d i l m c6 djnh A cho s i n 6- trong gbc xOy. 

Hu-ang d i n giai 
Phan tich, gia su- du-ng du-pc du-ang trbn (C) di qua A va t i l p xuc vb-i Ox, 
Oy, phep vj tu- tam O b i l n (C) thdnh (C) chi thoa man 2 d i l u kien t i l p xuc 
vo-i Ox, Oy. _ y 

• m 

Cdch du-ng; 

* DM-ng du-ang trbn ( C ) tuy y t i l p xuc vai Ox va Oy. 

- Du-ng OA cIt (C ) tai A'. 
- Dyng giao d i l m A cua du-b-ng t h i n g OA" vb-i du-b-ng t h i n g qua C, song 

song CA' . 
- Ou-ang trbn tam C, ban kinh CA Id du-ang trbn phai du-ng. 

Chu-ng minh: Ou-b-ng trbn tam C, bdn kinh CA di qua A Id anh cua du-b-ng 

tr6n (C) trong phep vj ty- nen t i l p xuc vai Ox, Oy, tam O ti k = 

C A 
Bien luan: Du-b-ng t h i n g OA cIt (C) tgi 2 d i l m A ' l , A'2 nen bdi toan cb 2 

^ ngh i^mhinh. 
^' toan 14. 32: Cho hai du-b-ng trbn (O) vd ( C ) cb ban kinh khdc nhau t i l p 

'̂ "̂ c ngodi va i nhau vd mpt d i l m M tren (O). Dy-ng mpt du-ang trbn di qua M 
t i l p xuc vb-i ca hai du-b-ng trbn (O) vd (O'). 

HiFO-ng d i n giai 

f^<?i S la tam vj tu- ngodi cua (O) va (C ) . Gpi N Id anh cua M qua phep vj tu-
^ S b i l n (O) thdnh (O'). Du-b-ng t h i n g SN cIt (O') tai d i l m thi> hai M'. Gpi 

'a giao d i l m cua OM vd O'M'. > fTit.-.t v'sujp 



Ta CO OM // O'N = vi O'N = O'M' nen 0 "M = 0"M'. 
O 'N M 'O ' 

1/1 fVl 

Vay du-b-ng tr6n O" b^n kinh 0 "M ti§p xuc vai (O) tai M va ti§p xuc vai (O) 

tai IVI' la tarn c§n dung. .» 

Bai toan 14. 33: Dung tarn giac ABC ngu bi§t hai goc B = p, C = y va rript 

trong cac y l u t6 sau: 

a) Duang cao AH = h. 

b) Ban l<inh R cua duang tron ngoai tiep 
HiFffng d in giai 

a) Dung doan t h i n g B'C tuy y. Tren mot 
nua mat ph i ng c6 bo B'C dung tia B'x 

va C'y sao cho xB ' C ' = pva yC ' B ' = y . 

Hai tia do cIt nhau tai A va ta c6 tam 
giac AB 'C. 
Dung duang cao AH' cua tam giac 
AB'C. N4U AH ' = h thi AB 'C la tam giac 
chn dung. B H c 
N § u AH ' ^ h thi tren tia AH', ta l l y diem H sao cho AH = h r6i dung duang 
t h i n g a vuong goc vai AH tai H, cIt AB' tai B va cIt A C tai C. Tam giac c^n 
dung la ABC. 

b) Dung tam giac AB 'C nhu cau a) r6i dyng tam O' cua duang tron ngoai tiep 
tam giac AB 'C. Tren tia AO' l l y di§m O sao cho AO = R r6i dung duang 
tron (O) di qua A (tuc la c6 ban kinh b i n g R). Hai tia AB' va A C l l n luat cat 
(O) tai cac d i l m B va C (khac A). Tam giac ABC la tam giac c i n dung 

Bai toan 14. 34: Cho hai duang t h i n g a va b cIt nhau va d i l m C. Tim tren hai 
duang t h i n g a va b cac d i l m A va B tuang ung sao cho tam giac A^'^ 
vuong can a A. 

Hu'O'ng d i n giai 

Ta CO t h i y goc lugng giac (CA; CB) = - 45° va ^ = V2 . Do do B la 

cua A qua phep dong dang F c6 dugc bIng each thuc hien lien tiep P̂ ^̂  

quay tam C, goc - 4 5 ° va phep vi t u tam C, ti s6 A/2 . 

B ' / 

/ \ 

/ I T / ; 

each dung: 

^ Phep Q,, b i l n a thanh a', 

b i l n a' thanh a", 

\ 
g la giao d i l m cua a" va b, 
/\a giao d i l m cua b va trung true cua BC. 
-fam giac ABC la tam giac vuong can tai A c i n dung. V 

gal toan 14. 35: Cho hai duang tron (O; R), (O'; R'), hai d i l m A tren (O) va 
d i lm A' tren (O'), mpt duang t h i n g xx'. Dung doan t h i n g MM' song song 
vcci xx' sao cho M n i m tren (O); M' n i m tren (O') d i n g thai cac tam giac 
0AM, O'A'M' d i n g dang va cung huang. 

Hu-dng d in giai 
Phan tich : Gia s u da dung dugc hai 

d i lm M, M' thoa man d i l u kien cua 

d i u bai. L l y d i l m I sao cho AlOO' ~ 

AlAA' va cung huang. Oat a = 010 ' . 

Goi F la hap thanh cua phep vj t u 

tam I, ti s6 k = — va phep quay tam 
R 

I, goc a thi F b i ln A thanh A', O thanh 
0'. 

Gia su anh cua M trong F la M", ta c6 M" e (O'). 

Do F b i l n A thanh A', O thanh O', M thanh M' nen ta c6 AOAM ~ AO'A'M' 

va cung huang. Suy ra M" = M' hay AIMM' ~ AlOO' va cung huang. Do vay 

hai goc IMM', I O C bIng nhau va cung huang. 

CacAj dirng: T u I ve duang t h i n g cIt (O) tai cac d i l m M, Mi va cIt duang 

th ing XX' tai d i l m K sao cho hai goc IKx va 1 00 ' bIng nhau va cung 

huang. T u I ve tia IM' cIt duang tron (O') tai M' va M'i sao cho hai goc 

MIM', 010 ' bIng nhau va cung huang. 

Chung minh: do M e (O), M' e (0 ' ), MM' =6iO' va F: (O) =^ (O') nen F 

bien M thanh M'. Suy ra AIMM' ~ AlOO' va ta c6 IMM ' = l O O ' = IKx. Ma 

' I^M ' . iKx cung huang vai 1 0 0 ' , suy ra MM' // xx' ( d l i vai Mi, M'i cung 
^hirng minh tuang tu). 

Sien luan: So nghiem tuy theo s6 giao d i l m cua duang t h i n g IK vai duang 
tron (O). 



Ta CO OM // O'N = vi O'N = O'M' nen 0 "M = 0"M'. 
O 'N M 'O ' 

1/1 fVl 

Vay du-b-ng tr6n O" b^n kinh 0 "M ti§p xuc vai (O) tai M va ti§p xuc vai (O) 

tai IVI' la tarn c§n dung. .» 

Bai toan 14. 33: Dung tarn giac ABC ngu bi§t hai goc B = p, C = y va rript 

trong cac y l u t6 sau: 

a) Duang cao AH = h. 

b) Ban l<inh R cua duang tron ngoai tiep 
HiFffng d in giai 

a) Dung doan t h i n g B'C tuy y. Tren mot 
nua mat ph i ng c6 bo B'C dung tia B'x 

va C'y sao cho xB ' C ' = pva yC ' B ' = y . 

Hai tia do cIt nhau tai A va ta c6 tam 
giac AB 'C. 
Dung duang cao AH' cua tam giac 
AB'C. N4U AH ' = h thi AB 'C la tam giac 
chn dung. B H c 
N § u AH ' ^ h thi tren tia AH', ta l l y diem H sao cho AH = h r6i dung duang 
t h i n g a vuong goc vai AH tai H, cIt AB' tai B va cIt A C tai C. Tam giac c^n 
dung la ABC. 

b) Dung tam giac AB 'C nhu cau a) r6i dyng tam O' cua duang tron ngoai tiep 
tam giac AB 'C. Tren tia AO' l l y di§m O sao cho AO = R r6i dung duang 
tron (O) di qua A (tuc la c6 ban kinh b i n g R). Hai tia AB' va A C l l n luat cat 
(O) tai cac d i l m B va C (khac A). Tam giac ABC la tam giac c i n dung 

Bai toan 14. 34: Cho hai duang t h i n g a va b cIt nhau va d i l m C. Tim tren hai 
duang t h i n g a va b cac d i l m A va B tuang ung sao cho tam giac A^'^ 
vuong can a A. 

Hu'O'ng d i n giai 

Ta CO t h i y goc lugng giac (CA; CB) = - 45° va ^ = V2 . Do do B la 

cua A qua phep dong dang F c6 dugc bIng each thuc hien lien tiep P̂ ^̂  

quay tam C, goc - 4 5 ° va phep vi t u tam C, ti s6 A/2 . 

B ' / 

/ \ 

/ I T / ; 

each dung: 

^ Phep Q,, b i l n a thanh a', 

b i l n a' thanh a", 

\ 
g la giao d i l m cua a" va b, 
/\a giao d i l m cua b va trung true cua BC. 
-fam giac ABC la tam giac vuong can tai A c i n dung. V 

gal toan 14. 35: Cho hai duang tron (O; R), (O'; R'), hai d i l m A tren (O) va 
d i lm A' tren (O'), mpt duang t h i n g xx'. Dung doan t h i n g MM' song song 
vcci xx' sao cho M n i m tren (O); M' n i m tren (O') d i n g thai cac tam giac 
0AM, O'A'M' d i n g dang va cung huang. 

Hu-dng d in giai 
Phan tich : Gia s u da dung dugc hai 

d i lm M, M' thoa man d i l u kien cua 

d i u bai. L l y d i l m I sao cho AlOO' ~ 

AlAA' va cung huang. Oat a = 010 ' . 

Goi F la hap thanh cua phep vj t u 

tam I, ti s6 k = — va phep quay tam 
R 

I, goc a thi F b i ln A thanh A', O thanh 
0'. 

Gia su anh cua M trong F la M", ta c6 M" e (O'). 

Do F b i l n A thanh A', O thanh O', M thanh M' nen ta c6 AOAM ~ AO'A'M' 

va cung huang. Suy ra M" = M' hay AIMM' ~ AlOO' va cung huang. Do vay 
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CacAj dirng: T u I ve duang t h i n g cIt (O) tai cac d i l m M, Mi va cIt duang 

th ing XX' tai d i l m K sao cho hai goc IKx va 1 00 ' bIng nhau va cung 

huang. T u I ve tia IM' cIt duang tron (O') tai M' va M'i sao cho hai goc 
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tron (O). 
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Bai toan 14. 36: Cho ph6p nghjch dao f cî c O, phu-ong tich k >0. ChCpng m,^ 
f bi^n du'ong tron tam 1̂  eye O va ban kinh yjk thanh chinh no va 
du-ang tron (I) tryc giao vai dud-ng tron do deu bat bien. ' 

Hiwngdingiai 
Ph6p nghich dao eye O, phyong tieh k >0 

f: M -> M' khi OM.oivr = k 
Gpi M" la giao dilm eua OM vd-i dyang 

tron tarn la eye O bSn kinh s/kthi 

OI\/lOM" = k=>M" = M' nen phep nghieh 
dao bi^n dyong tron tarn la eye O 

ban kinh thanh chinh n6. 
Gpi dyong tron (I) tryc giao voi dyang tron tren, ve ti§p tuy§n OT 

Ta eo ON.ON' = P 0/(1) = OT^ = k nen mpi dyang tron (I) trye giao vai 
dyang tron do d§u bit bi§n. . 

Bai toan 14. 37: ChCpng minh djnh ly Ptoleme: 
TLP giac I6i n6i tilp mpt dyang trdn khi va chi khi tdng c^e tich 2 egnh d6i 
bing tich 2 cheo. 

Hu'd'ng din giai 
Cho ty giac ABCD npi tilp dyang tron (O). 
Xet phep nghjch dao f eye A, phyang tich k =1 
bi6n dyang tron (O) qua A th^nh dyang 
thing d. 

f biln 8, C, D thanh B', C, D' thing hang 
tren d. 

Ikl.BC BC 
Ta CO B'C' = 

Tyang ty C'D' = 

AB.AC AB.AC 

CD 
-;B'D' = 

BD 
ACAD' AB.AD 

Vi B'.C'.D' thing hang theo thy ty do nen B'C +C'D' = B'D' 

BC CD ^ BD 
AB.AC ̂  ACAD AB.AD 

o AD.BC +AB.CD = AC.BD. 
Dao lai n§u AD.BC + AB.CD = ACBD thi B',C',D' thing hang theo thu W 
do nen f biln duang thing d chCpa B', C, D' khong qua eye A th^nh 6^^^^ 
tron qua eye A, do do tgo anh B, C, D thuoc duang tron n^y => dpcm. 

Bai toan 14. 38: Cho 4 dyang tron ( d ) , (O2), (O3), {O4) ma moi dyang tron ^ 
ti§p xue ngoai vai 2 dyang tron khac. Chyng minh 4 tiep diem dong vief̂  

Himng din giai 
pj 4 ti§p di§m la A, B, C, D vdi A la tidp diem cua 2 du'ong tron ( d ) , (O2). 

"6t phsP nghieh dao f eye A. 
tjiln 2 dyang tron ( d ) , (O2) tiep xue ngoai v^ qua eye th^nh 2 dyang 

thing di, d2 song song nhau. 
^ bi^n 2 dyang tron (O3), (O4) tilp 
xue ngoai va khong qua eye thanh 2 
dyd-ng tron (O'a), (O^) ti^p xue nhau. 
f bien eac tiep diem B, C, D th^nh B', 
C' , D' . Vi B', D' la 2 tilp diem v^ nim 

, tr6n di, d2 song song nhau con C IS 2 
1(j|p dilm khae cua 2 dyang do nen 
,ife',C', D' thing hang. Suy ra tao anh B, 
'c , D thuoc mpt dyang tron qua eye A. 
Vly 4 tilp dilm A, B, C, D dong vien. 

Bai toan 14. 39: Cho 2 dilm A, B va dyo'ng tron (O). Dyng dyang tron (V) di 
qua A, B va tryc giao vai (O). 

Hipo-ng din giai 
Xet phep nghjch dao f eye A, tf s6 
k = P A/(0) thi f biln dyang tron (O) 
thanh chinh no va bi§n B thanh B'. 
Oyong tron (V) di qua A, B va tryc giao 
v^i (O) biln thanh dyang thing d qua 
tam O. 
Suy ra each dyng: 

- f: B -> B' A 
- dyng dyang thing d qua O, B'. 
- dclt(0)ta iM ' 
- AM'elt (O) tai M 
- clyng dyang tron (V) qua A, B va M. 
Bai toan 14. 40: Cho dyang tron (C) tSm I, ban kinh R va dilm O c6 djnh sao 

cho 01 = 2R, (Ci), (C2) la 2 dyang tron thay dli qua O, tilp xue vai (C) vS tryc 
9iao vp-i nhau, M la giao dilm thtp 2 cua ( d ) va (C2). Tim tap hpp dilm M. 

Hu'O'ng din giai 
Ph6p nghjch dao f eye O, 

Phuang tich Po/(C) = Ol ' - = SR̂  
'̂ 'en (C) thSnh (C). 
J^9i P, Q la dilm tilp xue eua 

(C2) M<y\, khi do: 

(Di) t i lp xue eua (C) tgi P': 

OP.OP' = 3R2 
(C2) 

M 
(D2) tilp xue vdi (C) tai Q': OQ.OQ' = 3R 
M' 
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Phuang tich Po/(C) = Ol ' - = SR̂  
'̂ 'en (C) thSnh (C). 
J^9i P, Q la dilm tilp xue eua 

(C2) M<y\, khi do: 
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Vi (Ci) t ryc giao (C2) => (Di) ± (D2) tai IVl'. 

LB noann t^tiu 

Ta CO IP'M'Q' la hinh vuong canh R nen IM' = R V2 tipc la M e (y) 1̂  ^\ybx\^ 

tron tarn I, ban kinh R ^2 M e (y) nghjch dao cua (y'). 

L i y M' 6 (y'), gia si> M = f{M') => OM.OM' = 3R^ 

Po/(.̂ ,j = 0|2 _ ( R V2 )^ = 2R^ = OM'.ON ; N e (y') => OM = - O N ^ 

3 
Vay quy tich cua M la duong tron (y) la hinh vj t u cua (y') trong V(0; - ) 

Bai toan 14. 41: Cho du-ang tron (O) du-ang kinh _AB = 2R. Gpi (A) la 
tuy§n cua (O) tai B. Goi (C) la du'ang tron thay d6i va luon ti§p xuc voi (O) 
va (A) tai hai ti4p di§m phan biet. Gpi (Ci) va (C2) la hai du-ang tron b^t ki 
cua (C) va (CO va (C2) luon ti§p xuc vai nhau tai M. T im quy tich cua M. 

HifOTig dan giai 
Xet phep nghich dao f ci/c B, phu'cng tich k = - 4R^. 

Do B e (A) nen qua f: (A) (A) 

Do B 6 (0) nen qua f; (0) (d) voi (d) la du'O-ng t h i n g vuong goc vai AB tai 

H v a i H = f (A) (BA , B H = - 4R^ ) 

Tu' gia thi4t thi (C,) va (C2) khong di qua cue B nen: 

(CO ^ (C'i) 
(C2) H-> (C'2) 
D i t h i y M ^ B do do f(M) = M'. Do M la t i i p d i i m cua (Ci) va (C2) nen M' la 
ti4p d i l m cua (C,) va (C'2). 

Do (Ci) ti4p xuc vai (O) va (A) nen ( d ) tiep xuc vai (A) va (d). 

Do (C2) ti4p xuc vai (O) va (A) nen (C'2) ti6p xuc vai (A) va (d). 
Suy ra quy tich cua M' la du-ang t h i n g (D), vai (D) vuong goc vai AB tai 
trung d i i m I cua BH. 
Do do, theo tinh c h i t doi hap cua phep nghich dao thi quy tich cua M la 
anh cua (D) qua f. Anh cua (D) qua f la du-ang tron du-d-ng kinh B J (f^J 
d i l m B ) . 

Va i f ( l ) = J (BL.BJ = -4R2) 

Vay quy tich cua M la duang tron du-ang kinh BJ (tru d i lm B). 

3. BAI L U Y E N T A P 

Bai tap 14 .1 : Cac k h i n g djnh sau day c6 dung khong: Phep vj t y 
a) Luon c6 d i l m b i t dpng (tuc la diem b i l n thanh chinh no). 
b) Khong t h i c6 qua mot d i l m b i t dpng. 
c) N l u CO hai d i l m b i t dpng phan bi^t thi mpi d i l m d i u b i t dpng. 

A1(\ 

Hu'O'ng din 

? K l t PiJ^ ^ ^ " 9 • ^^"^ ^' 
\t qua Sai. 

f<gt qua Dung. Chtpng minh khi do la phep d6ng nh i t . 
aai tap 2: Cho du-ang t h i n g d va du-ang tron (O). Mot du-ang tron lu-u 

dong t i l p xuc vai d va (O) tai M va N. Chii-ng minh r i n g MN di qua mot 
^j^rn c6 dinh. 

Hipo-ng din 
K^t qua Gpi AB la du-ang kinh cua du-ang tron (O) vuong goc vai d.. Vay 
(VIN qua d i l m c6 dinh A. 

gal tap 14. 3: Cho du-ang tron (O: R) va d i l m A c6 dinh. Mot day cung BC 
thay doi cua (O; R) c6 dp dai khong d l i BC = m. Tim quy tich trpng tarn G 
cua tam giac ABC. 

Hipang din 

Ki t qua Gpi I la trung d i l m cua BC. Phep vi t u V tam A t i s6 - b i l n d i l m I 
3 

thanh d i l m G. Quy tich G la anh cua quy tich I qua phep V. 
Bai tap 14. 4: Cho du-ang tron v(0; R) va day cung BC c6 dinh. Mot d i l m A chuyin 

dong tren du-ang tron do. Gpi H la try-c tam cua tam giac ABC. Tim quy tich 
hinh ch i l u vuong goc M cua H tren duang phan giac trong cua goc BAG. 

Hu'O'ng din 
Su- dung phep vi ty- va d l y quy tich try-c tam H la mot du-ang tron. 

Bai tap 14. 5: Cho hai duang tron (O) va (O') c i t nhau tai A va B. Hay dyng 
qua A mot du-ang t h i n g d c i t (O) a M va c i t ( C ) a N sao cho M la trung 
d i lm cua AN. 

Hu'O'ng din 
Dung phep vj t y V tam A ti s6 2. 

^3" tap 14. 6: Cho tam giac ABC npi t i l p du-ang tron (O) c6 djnh, trong do B 
C CO djnh con A di dpng. Tim quy tich t ryc tam H va trpng tam G cua 

tam giac ABC. 

Hipdng din 

^^t qua Ou-ang tron d6i xipng cua (O) qua BC tru- 2 d i l m va du-ang tr6n 

anh cua (O) qua V(l ; - ) , I trung d i l m AB. 

^ ' 1 4 . 7: Cho tam giac ABC va mot d i l m M n i m trong goc do. Dyng 
'JiJ'ang tron di qua M va t i l p xuc vai hai canh BC, BA cua tam giac ABC 

Hu'O'ng din 
^i^ng du-ang tron tuy y (E) t i l p xuc vai hai canh BC, BA cua tam giac ABC 

"^ng giao d i l m cua du-ang tron (E) vai du-ang t h i n g BM r l i dung phep vi 
V tam B. 
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Bai t9P 14. 8: Tim (3l§u kien d i hal hinh chO nhSt dong dang vdi nhau 
Hu'O'ng din 

Ket qua N6u hinh chu- nhat c6 chiiu rong a, chi§u dai b va hinh chu nh|t 
(H') CO chi^u rOng a', chi§u d^i b', dieu ki^n c^n va du d§ (H) dong dang vo, 

( H ' ) , . : ^ = f 

Bai tap 14. 9: Chtpng minh ph6p d6ng dang bi4n 3 dilm thing hang thanh 3 
di im thing h^ng, ddng thai bao to^n thu- ty c^c diem. 

Hu-ang din 
A, B, C thing h^ng theo thCc ty d6 <=> AB + BC = AC 

Bai t$p 14. 10: Trong mat phIng Oxy cho duang tron (C) c6 phuang trinh 
(X - 1)2 + (y - 2f = 9. H§y v i i t phuang trinh du'b'ng tron (C") la anh cua (C) 
qua phep d6ng dgng c6 dugc bing each thyc hi?n lien tiep phep vi tu- tam 
O ti so k = -2 va phep d6i xung qua true Oy. 

Hu-ang din 

Tu- dinh nghTaOM' = - 2 0 M d§ tim ra toa dp M'{x';y') theo M(x;y). 

Ketqua(C"):(x-2) ' + (y + 4)' = 36. 

Bai tap 14.11: Cho hinh thoi ABCD canh a, goc nhpn A = 60° c6 du-ang tron 
npi ti§p (I). Tim quy tich c^c dilm M c6 phu-ang tich M d6i vai (I) bIng 

a^ 
4 

HiFO-ng din 

Dung dung phep vj ty 
Bai tap 14.12: Cho duang thing d tiep xuc vai dudyng trbn (O; R) tai A. 

Cliu-ng minh c^c du-ang tron (I) tiep xuc vd-i d va tryc giao vai du-ang tron 
(O) thi luon t i lp xuc vai dud-ng tron c6 djnh. 

Hu'O'ng din 
Dung phep nghjch dao eye O phyang tich 

«.t̂ > nvnn ivii v uvvn nnang vi^i 

fliuren ae 13: O U A N H € S O N G S O N G 

jjÎ N T H U C T R O N G T A M 

'̂Thing hang va d6ng quy 
Tim chpn 2 m$t phIng phan bi^t cung chij-a cac di§m, cae dilm nay thing 
hang tren giao tuyin cua 2 mat phlng. Con cac du-ang ddng quy, c6 thI su-
dung tinh chit 2 du-ang cheo cua hinh binh hanh, cit cung ti le, chu-ng 
^jnh dong quy lien tilp, ho|c dung phan chu-ng,... 
giao d i lm va giao tuyIn cua du'O'ng thing va m?t phlng 
Tim mat phlng phu chu-a du-ang thing, dua v l tim giao dilm cua du-ang 
tiling da cho vai giao tuyIn cua m$t phlng cho vS m|t phlng phy. 
Tim 2 dilm chung cua 2 mat phlng, giao tuyIn la du-ang thing di qua 2 dilm 
chung nay, c6 thI tim 1 dilm chung v^ song song vd-i 1 du-o-ng thing khac. 

Thilt dien cIt kh6i da di?n bai mpt mat phlng 
Du-a ve tim giao d i lm vai canh cua khii da dien va tim giao tuyIn vo-i mat 
cua khii da dien. Thilt di^n can tim la mot da giac c6 cac canh thupc mot 
s6 mat cua khi i da dien. 

Khi tim giao dilm, giao tuyIn, thilt di^n ta c6 thI su- dung: trong mot mat 
phlng, cac du-ang thing cIt nhau hoac keo dai cIt nhau; du-6-ng gidng tu-
^inh xuing mat phlng hoSc du-d-ng giong song song; giao tuyIn cua 2 mat 
phlng lam g6c; giao tuyen song song, qugn h? dgc bi?t cua d l bai cho 
sin,... 

Bai toan y lu t6 c6 djnh va quy tich giao dilm cua 2 du'O'ng thing di 
^Png trong khong gian 
ĵ ya tren 2 quan h0: dgi lu-p-ng khong d l i v^ c^c ylu to c6 djnh da cho, cac 
^^o'ng giao cua 2 ylu t6 c6 djnh. 

2 mat^phlng c6 dinh va phan bi?t Ian lyp-t chi>a 2 dyang thing di dpng 
^' giao di lm thupc giao tuyen c6 dinh. Lu-u y gidi han va phin dao. 

nghla du'O'ng va mat song song 
^ ' 'b l^hi a , b d i n g p h l n g v a k h o n g c6 d i l m chung. 

(P) kh i C h u n g k h o n g c6 d i l m c h u n g . 

^ / ( Q ) kh i C h u n g k h o n g cd d i e m c h u n g . 

ij"! ly song song co" ban 
N4 

'^a cz(P), a//b, bc(P)thia//(P) 

i t ' ; ' ; 
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(H') CO chi^u rOng a', chi§u d^i b', dieu ki^n c^n va du d§ (H) dong dang vo, 

( H ' ) , . : ^ = f 

Bai tap 14. 9: Chtpng minh ph6p d6ng dang bi4n 3 dilm thing hang thanh 3 
di im thing h^ng, ddng thai bao to^n thu- ty c^c diem. 

Hu-ang din 
A, B, C thing h^ng theo thCc ty d6 <=> AB + BC = AC 

Bai t$p 14. 10: Trong mat phIng Oxy cho duang tron (C) c6 phuang trinh 
(X - 1)2 + (y - 2f = 9. H§y v i i t phuang trinh du'b'ng tron (C") la anh cua (C) 
qua phep d6ng dgng c6 dugc bing each thyc hi?n lien tiep phep vi tu- tam 
O ti so k = -2 va phep d6i xung qua true Oy. 

Hu-ang din 

Tu- dinh nghTaOM' = - 2 0 M d§ tim ra toa dp M'{x';y') theo M(x;y). 

Ketqua(C"):(x-2) ' + (y + 4)' = 36. 

Bai tap 14.11: Cho hinh thoi ABCD canh a, goc nhpn A = 60° c6 du-ang tron 
npi ti§p (I). Tim quy tich c^c dilm M c6 phu-ang tich M d6i vai (I) bIng 

a^ 
4 

HiFO-ng din 

Dung dung phep vj ty 
Bai tap 14.12: Cho duang thing d tiep xuc vai dudyng trbn (O; R) tai A. 

Cliu-ng minh c^c du-ang tron (I) tiep xuc vd-i d va tryc giao vai du-ang tron 
(O) thi luon t i lp xuc vai dud-ng tron c6 djnh. 

Hu'O'ng din 
Dung phep nghjch dao eye O phyang tich 

«.t̂ > nvnn ivii v uvvn nnang vi^i 

fliuren ae 13: O U A N H € S O N G S O N G 

jjÎ N T H U C T R O N G T A M 

'̂Thing hang va d6ng quy 
Tim chpn 2 m$t phIng phan bi^t cung chij-a cac di§m, cae dilm nay thing 
hang tren giao tuyin cua 2 mat phlng. Con cac du-ang ddng quy, c6 thI su-
dung tinh chit 2 du-ang cheo cua hinh binh hanh, cit cung ti le, chu-ng 
^jnh dong quy lien tilp, ho|c dung phan chu-ng,... 
giao d i lm va giao tuyIn cua du'O'ng thing va m?t phlng 
Tim mat phlng phu chu-a du-ang thing, dua v l tim giao dilm cua du-ang 
tiling da cho vai giao tuyIn cua m$t phlng cho vS m|t phlng phy. 
Tim 2 dilm chung cua 2 mat phlng, giao tuyIn la du-ang thing di qua 2 dilm 
chung nay, c6 thI tim 1 dilm chung v^ song song vd-i 1 du-o-ng thing khac. 

Thilt dien cIt kh6i da di?n bai mpt mat phlng 
Du-a ve tim giao d i lm vai canh cua khii da dien va tim giao tuyIn vo-i mat 
cua khii da dien. Thilt di^n can tim la mot da giac c6 cac canh thupc mot 
s6 mat cua khi i da dien. 

Khi tim giao dilm, giao tuyIn, thilt di^n ta c6 thI su- dung: trong mot mat 
phlng, cac du-ang thing cIt nhau hoac keo dai cIt nhau; du-6-ng gidng tu-
^inh xuing mat phlng hoSc du-d-ng giong song song; giao tuyIn cua 2 mat 
phlng lam g6c; giao tuyen song song, qugn h? dgc bi?t cua d l bai cho 
sin,... 

Bai toan y lu t6 c6 djnh va quy tich giao dilm cua 2 du'O'ng thing di 
^Png trong khong gian 
ĵ ya tren 2 quan h0: dgi lu-p-ng khong d l i v^ c^c ylu to c6 djnh da cho, cac 
^^o'ng giao cua 2 ylu t6 c6 djnh. 

2 mat^phlng c6 dinh va phan bi?t Ian lyp-t chi>a 2 dyang thing di dpng 
^' giao di lm thupc giao tuyen c6 dinh. Lu-u y gidi han va phin dao. 

nghla du'O'ng va mat song song 
^ ' 'b l^hi a , b d i n g p h l n g v a k h o n g c6 d i l m chung. 

(P) kh i C h u n g k h o n g c6 d i l m c h u n g . 

^ / ( Q ) kh i C h u n g k h o n g cd d i e m c h u n g . 

ij"! ly song song co" ban 
N4 

'^a cz(P), a//b, bc(P)thia//(P) 

i t ' ; ' ; 



N§u (P) chi>a 2 duang thing cit nhau cung song song \ic/\) thi hai 
phIng (P) // (Q). 

I-' V vn nnang^^r 

Trong tarn tu* dien 
Trong ttF dien 3 du-d'ng trung binh (doan n6i trung di§m 2 canh d6i 
dong quy tai trung dilm cua moi doan goi la trpng tarn tu- dien. 
Goi G la trong tarn cua tu- dien ABCD thi duang thing di qua G va mot 
cua tip dien se di qua trpng tam cua m$t d6i di^n vai dinh ly. N§u goi A' 
trong tarn cua mat BCD thi GA = 3GA'. 
Qiao tuy§n song song 
a / /(Q), V(P) 3 a,(P) n (Q) = A => A / /a 
a / / b , V a 3 a , V p D b , a n p = A=> A//a hay A //b 

a / /p, Vy, y n a = a, Y n p = b r=> a / /b 
Djnh ly Talet 
Hai cat tuy4n bit ky dinh ra tren 3 m|t phIng d6i mot song song cac doan 
tuang ung ti le. 
Oao i^i, tren 2 duang cheo nhau Ian luot lly cac diem A, B, C va A', B', C tl 

AB B C thu" tu", neu thi AA', BB', CC nam tren 3 mat phang song song 
A'B' B'C 

Goc giu'a 2 diHO-ng thing 
La goc giOa 2 duang thing cung di qua mpt dilm nao do va l ln luat song 
song vai 2 duong thing da cho. 
Hinh lang tru , hinh hpp 
Hinh lang tru c6 hai m§t day 1̂  hai hinh da gi^c c6 ĉ c canh tu-ang î n 
song song va bing nhau, c6 cac mat ben la nhOng hinh binh hanh, c6 
canh ben song song va bIng nhau. 
Hinh hpp la hinh ISng trg c6 day la hinh binh hanh. Trong moi hinh hop » l 
duang cheo cit nhau tai trung dilm moi duang, dilm cit nhau do 9°'^ 
tam hinh hpp. 

2. cAc BAI TO A N j 
Bal toan 15. 1: Cho 3 du-ang thing a, b, c doi mpt cit nhau. Co thi kit \f^\ 

du-dyng nay ding phIng va dong quy? Chu-ng minh : Nlu 3 du-ang thafi9j 
b, c doi mpt cit nhau v̂  khong dong phIng thi chung dong quy. I 

HiFang din giai ^ 
Khong chic. Ta minh hog 3 hinh ve sau tu-ang li-ng 3 duang thing 
ding phIng va ding quy; ding phIng va khong ding quy; khong 
phIng va dong quy. 

A1A 

oan' 

heo 

n = 3 Cho ba du-ang thing a, b, c doi 
cit nhau. Gpi A la giao dilm cua b va 

P Ta chu-ng minh du-ang thing a qua giao 
j i lm A 
gja si> a khong qua diem A thi a cit b, c 
j^j B, C khac dilm A.Do do, ba du-ang 
thing a. b, c cung nim tren mat phIng 
(ABC): v6 ly.Vay chung ding quy. 
T6ng quat; Nlu n du-ang thing doi mpt cit nhau va khong ding phIng thi 
Chung ding quy. 

Bai toan 15. 2: Cho n dilm (n > 4) trong do bat ki 4 dilm n^o cung ding 
phlng. Chu-ng to ring n dilm do ding phlng. 

Hu'O'ng din giai 
Ta diing phan chCrng. Gia su- n dilm do khong ding phlng thi it nhat phai 
CO 4 dilm trong chung khong ding phlng, trai gia thilt. 

Bai toan 15. 3: Cho hinh chop S.ABCD c6 day la tii- giac ABCD c6 hai canh 
' doi dien khong song song. Lly dilm M thupc miln trong cua tam giac SCD. 

Tim giao tuyin cua hai mat phlng: 
a) (SBM) va (SCD) b) (ABM) va (SCD) 
c)(ABM) va (SAC). 

Hu'O'ng din giai 
)̂ Ta CO S va M la hai dilm chung cua 2 

"ip(SBM) va (SCD) nen giao tuyIn la 
(Jirb-ng thing SM. 

' gia thilt, trong mp(ABCD) keo dai 
CD cit nhau tai I. 

^'' 6 AB, I £ CD nen I va M la 2 dilm 
'̂ ^̂ ng cua 2 mp(ABM) va mp(SCD) 

P giao tuyIn cua chung la 
'*̂ 3ng IM. du-o-ng 

S '̂ P(SCD), IM cit SC tai J thi giao 
'̂ ilnn A ' ' , ' ' '^P(ABM) va (SAC) la daang 

AJ. 



N§u (P) chi>a 2 duang thing cit nhau cung song song \ic/\) thi hai 
phIng (P) // (Q). 

I-' V vn nnang^^r 

Trong tarn tu* dien 
Trong ttF dien 3 du-d'ng trung binh (doan n6i trung di§m 2 canh d6i 
dong quy tai trung dilm cua moi doan goi la trpng tarn tu- dien. 
Goi G la trong tarn cua tu- dien ABCD thi duang thing di qua G va mot 
cua tip dien se di qua trpng tam cua m$t d6i di^n vai dinh ly. N§u goi A' 
trong tarn cua mat BCD thi GA = 3GA'. 
Qiao tuy§n song song 
a / /(Q), V(P) 3 a,(P) n (Q) = A => A / /a 
a / / b , V a 3 a , V p D b , a n p = A=> A//a hay A //b 

a / /p, Vy, y n a = a, Y n p = b r=> a / /b 
Djnh ly Talet 
Hai cat tuy4n bit ky dinh ra tren 3 m|t phIng d6i mot song song cac doan 
tuang ung ti le. 
Oao i^i, tren 2 duang cheo nhau Ian luot lly cac diem A, B, C va A', B', C tl 

AB B C thu" tu", neu thi AA', BB', CC nam tren 3 mat phang song song 
A'B' B'C 

Goc giu'a 2 diHO-ng thing 
La goc giOa 2 duang thing cung di qua mpt dilm nao do va l ln luat song 
song vai 2 duong thing da cho. 
Hinh lang tru , hinh hpp 
Hinh lang tru c6 hai m§t day 1̂  hai hinh da gi^c c6 ĉ c canh tu-ang î n 
song song va bing nhau, c6 cac mat ben la nhOng hinh binh hanh, c6 
canh ben song song va bIng nhau. 
Hinh hpp la hinh ISng trg c6 day la hinh binh hanh. Trong moi hinh hop » l 
duang cheo cit nhau tai trung dilm moi duang, dilm cit nhau do 9°'^ 
tam hinh hpp. 

2. cAc BAI TO A N j 
Bal toan 15. 1: Cho 3 du-ang thing a, b, c doi mpt cit nhau. Co thi kit \f^\ 

du-dyng nay ding phIng va dong quy? Chu-ng minh : Nlu 3 du-ang thafi9j 
b, c doi mpt cit nhau v̂  khong dong phIng thi chung dong quy. I 

HiFang din giai ^ 
Khong chic. Ta minh hog 3 hinh ve sau tu-ang li-ng 3 duang thing 
ding phIng va ding quy; ding phIng va khong ding quy; khong 
phIng va dong quy. 

A1A 

oan' 

heo 

n = 3 Cho ba du-ang thing a, b, c doi 
cit nhau. Gpi A la giao dilm cua b va 

P Ta chu-ng minh du-ang thing a qua giao 
j i lm A 
gja si> a khong qua diem A thi a cit b, c 
j^j B, C khac dilm A.Do do, ba du-ang 
thing a. b, c cung nim tren mat phIng 
(ABC): v6 ly.Vay chung ding quy. 
T6ng quat; Nlu n du-ang thing doi mpt cit nhau va khong ding phIng thi 
Chung ding quy. 

Bai toan 15. 2: Cho n dilm (n > 4) trong do bat ki 4 dilm n^o cung ding 
phlng. Chu-ng to ring n dilm do ding phlng. 

Hu'O'ng din giai 
Ta diing phan chCrng. Gia su- n dilm do khong ding phlng thi it nhat phai 
CO 4 dilm trong chung khong ding phlng, trai gia thilt. 

Bai toan 15. 3: Cho hinh chop S.ABCD c6 day la tii- giac ABCD c6 hai canh 
' doi dien khong song song. Lly dilm M thupc miln trong cua tam giac SCD. 

Tim giao tuyin cua hai mat phlng: 
a) (SBM) va (SCD) b) (ABM) va (SCD) 
c)(ABM) va (SAC). 

Hu'O'ng din giai 
)̂ Ta CO S va M la hai dilm chung cua 2 

"ip(SBM) va (SCD) nen giao tuyIn la 
(Jirb-ng thing SM. 

' gia thilt, trong mp(ABCD) keo dai 
CD cit nhau tai I. 

^'' 6 AB, I £ CD nen I va M la 2 dilm 
'̂ ^̂ ng cua 2 mp(ABM) va mp(SCD) 

P giao tuyIn cua chung la 
'*̂ 3ng IM. du-o-ng 

S '̂ P(SCD), IM cit SC tai J thi giao 
'̂ ilnn A ' ' , ' ' '^P(ABM) va (SAC) la daang 

AJ. 



Bai toan 15. 4: Cho hinh chbp tCr gi^c S.ABCD vb-i hai ducyng t h i n g AB 
cat nhau. Gpi A' la mpt diem nSm giO-a hai d i i m S va A. Hay tim cac 
tuy^n cua mp(A'CD) vai c^c mat ph ing j 
a) (ABCD), (SCD), (SDA) b) (SBC), (SAB). • 

Hu'O'ng d i n giai 

a) Theo gia thiet ta c6: 
(ABCD) n ( A ' C D ) = CD ; 

; (SCD) n (A'CD) = CD 
(SDA) n (A'CD) = DA'. 

b) Trong mp(ABCD), keo dai AB c i t CD tai K 
Trong mp(SAB), A'K cIt SB tai B' thi 
SAB) n (A'CD) = A'B', (SBC) n (A'CD) = CB' 

Cach khac: Trong mp(ABCD), AC cIt BD tai O. 
Trong mp(SAC), SO cIt A'C tai I. 
Trong mp(SBD), DI cIt SB tai B'. 

Bai toan 15. 5: Cho tu- dien ABCD. Gpi I, J 1^ c^c diem l i n lu'p't n i m t renl 
1 3 • 

canh AB, AD vo-i Al = - A B va AJ = - A D . Gpi G la trpng tam tarn J 
3 4 

ACD. Tim giap d i § m cua du-ang t h i n g IJ, IG v6i mp(BCD). 
Hu'O'ng d i n giai 

Trong mp(ABD), theo gia t h i § t IJ, BD 
khong song song nen keo dai cIt 
nhau tai K. 
Ta CO K e IJ, K e BD 
=^ K G IJ, K e (BCD). 
V | y IJ n (BCD) = K, =v 
Gpi M la trung di^m cua CD, trong 
mp(ABM) keo dai IG cIt BM tai E thi E 
chinh la giao d i l m cua IG vai mp(BCD). ^. 

Bai toan 15. 6: Tren 3 tia Sx, Sy, Sz khong dong p h i n g l l n lu'p't l l y c a c « 
A va D, B va E, C va F sao cho DE cIt AB tai I, EF cIt BC tgi J, FD ca | 
tgi K. ChLcng minh ba diem I, J, K t h i n g hang. ^ 

Hu'O'ng d i n giai 

Ta CO I = DE n AB 
DE c (DEF) 1 e (DEF) 
AB c (ABC) I e (ABC). 
Li luan t u c n g tu' thi J , K cung l l n 
lu'p't thupc v^ hai mat p h i n g tren , 
n6n I, J, K thupc v^ g i a p t u y § n 
cua (ABC) va (DEF) phan bi$t. 

Vgy 3 diem I, J , K t h i n g hang. 

Ctj/ TNHHMTVDWH Hhang Vi$t 

r^an 15- 9'^*^ ABCD nIm trong mat p h i n g (a) c6 hai canh AB va 
1 '̂ |<h6ng song song. Gpi S la mpt diem nIm ngoai mSt p h i n g (a) va M la 

nfl <Ji^"^ 6oar\g SC. Gpi N la giao diem cua du-ang t h i n g SD va 
"^at phSnQ (MAB), O la giao dî m cua AC va BD. ChCfng minh ba du'O'ng 
iJllpg SO, AM va BN d6ng quy. s ' 

Hu'O'ng d i n giai 
QQ\ la giao d i l m cua AB va CD. Hai 
^^ t ph^ng (MAB) va (SCD) c6 hai 
^jlrn Chung la M va E. Do do hai mat 
hlng nay c6 ME la giao t u y § n . Trong 

m$t ph ing (MCD), gpi N la giao d i l m 
cua SD va EM, ta c6 N la giao d i l m 
cua duong t h i n g SD va mat p h i n g 
(MAB). 
Qpj I la giao dilm cua AM va BN. 
Nhu vay d i l m I vua thupc mat p h i n g (SAC) vu'a thudc mSt p h i n g (SBD). 
M t̂ khac SO la giao t u y i n cua (SAC) va (SBD). Do do ba du'O'ng t h i n g SO, 
AM va BN dong quy tai I. 

Bai toan 15. 8: Cho tLP dien ABCD c6 cac canh thoa m§n AB.CD = AC.BD = 
AD.BC. Chi fng minh cac du'O'ng t h i n g di qua m6i dinh va tam d u a n g tron 
n0i t i lp cac mat d6i di$n ddng quy tai 1 diem. A 

Hu'O'ng d i n giai 
Gpi A', B', C , D' la tam du-ang tron npi t i § p 

cua m t̂ dpi dien cac dinh A, B, C, D. 
Vi AA', BB', C C , DD' khong dSng p h i n g 
nfin ta chLPng minh chung doi mpt cIt 
nhau. 

^Pi E = BA' n CD. 

^ BE la phan giac trong cua tam gi^c BCD nen 

c6 AC.BD = AD.BC nen — = — suy ra — = — , do do AE la phan 
BD AD ED AD 

trong cua tam giac ACD nen B' thupc AE. Vgy AA' cIt BB" trong 
J A B E ) , 

J 4^' '"9 " l inh t y a n g t y thi chung doi mpt cIt nhau v^ khong d6ng p h i n g nen 

Ki ^° ^ ^ " 9 ^^y-
A*!*" 15. 9: Cho hinh chop cyt t u giac ABCD.A'B'C'D' c6 c^c canh ben 1^ 
^ Dcii 

I w . ^ i v i w r L-» \  o a u i ^ q i I I I u ^ i I l a 

j "^B', C C , D D ; va CO day Ian ABCD la hinh binh hanh. Gpi M, N, P, Q 
^•^^t la giao di4m cua cac cap duang t h i n g AD' va B C , CB' va DA', BA' 

AB' va D C . ChLfng minh b6n diem M, N, P, Q d6ng p h i n g . j ^ , . ; ; 



Bai toan 15. 4: Cho hinh chbp tCr gi^c S.ABCD vb-i hai ducyng t h i n g AB 
cat nhau. Gpi A' la mpt diem nSm giO-a hai d i i m S va A. Hay tim cac 
tuy^n cua mp(A'CD) vai c^c mat ph ing j 
a) (ABCD), (SCD), (SDA) b) (SBC), (SAB). • 

Hu'O'ng d i n giai 

a) Theo gia thiet ta c6: 
(ABCD) n ( A ' C D ) = CD ; 

; (SCD) n (A'CD) = CD 
(SDA) n (A'CD) = DA'. 

b) Trong mp(ABCD), keo dai AB c i t CD tai K 
Trong mp(SAB), A'K cIt SB tai B' thi 
SAB) n (A'CD) = A'B', (SBC) n (A'CD) = CB' 

Cach khac: Trong mp(ABCD), AC cIt BD tai O. 
Trong mp(SAC), SO cIt A'C tai I. 
Trong mp(SBD), DI cIt SB tai B'. 

Bai toan 15. 5: Cho tu- dien ABCD. Gpi I, J 1^ c^c diem l i n lu'p't n i m t renl 
1 3 • 

canh AB, AD vo-i Al = - A B va AJ = - A D . Gpi G la trpng tam tarn J 
3 4 

ACD. Tim giap d i § m cua du-ang t h i n g IJ, IG v6i mp(BCD). 
Hu'O'ng d i n giai 

Trong mp(ABD), theo gia t h i § t IJ, BD 
khong song song nen keo dai cIt 
nhau tai K. 
Ta CO K e IJ, K e BD 
=^ K G IJ, K e (BCD). 
V | y IJ n (BCD) = K, =v 
Gpi M la trung di^m cua CD, trong 
mp(ABM) keo dai IG cIt BM tai E thi E 
chinh la giao d i l m cua IG vai mp(BCD). ^. 

Bai toan 15. 6: Tren 3 tia Sx, Sy, Sz khong dong p h i n g l l n lu'p't l l y c a c « 
A va D, B va E, C va F sao cho DE cIt AB tai I, EF cIt BC tgi J, FD ca | 
tgi K. ChLcng minh ba diem I, J, K t h i n g hang. ^ 

Hu'O'ng d i n giai 

Ta CO I = DE n AB 
DE c (DEF) 1 e (DEF) 
AB c (ABC) I e (ABC). 
Li luan t u c n g tu' thi J , K cung l l n 
lu'p't thupc v^ hai mat p h i n g tren , 
n6n I, J, K thupc v^ g i a p t u y § n 
cua (ABC) va (DEF) phan bi$t. 

Vgy 3 diem I, J , K t h i n g hang. 

Ctj/ TNHHMTVDWH Hhang Vi$t 

r^an 15- 9'^*^ ABCD nIm trong mat p h i n g (a) c6 hai canh AB va 
1 '̂ |<h6ng song song. Gpi S la mpt diem nIm ngoai mSt p h i n g (a) va M la 

nfl <Ji^"^ 6oar\g SC. Gpi N la giao diem cua du-ang t h i n g SD va 
"^at phSnQ (MAB), O la giao dî m cua AC va BD. ChCfng minh ba du'O'ng 
iJllpg SO, AM va BN d6ng quy. s ' 

Hu'O'ng d i n giai 
QQ\ la giao d i l m cua AB va CD. Hai 
^^ t ph^ng (MAB) va (SCD) c6 hai 
^jlrn Chung la M va E. Do do hai mat 
hlng nay c6 ME la giao t u y § n . Trong 

m$t ph ing (MCD), gpi N la giao d i l m 
cua SD va EM, ta c6 N la giao d i l m 
cua duong t h i n g SD va mat p h i n g 
(MAB). 
Qpj I la giao dilm cua AM va BN. 
Nhu vay d i l m I vua thupc mat p h i n g (SAC) vu'a thudc mSt p h i n g (SBD). 
M t̂ khac SO la giao t u y i n cua (SAC) va (SBD). Do do ba du'O'ng t h i n g SO, 
AM va BN dong quy tai I. 

Bai toan 15. 8: Cho tLP dien ABCD c6 cac canh thoa m§n AB.CD = AC.BD = 
AD.BC. Chi fng minh cac du'O'ng t h i n g di qua m6i dinh va tam d u a n g tron 
n0i t i lp cac mat d6i di$n ddng quy tai 1 diem. A 

Hu'O'ng d i n giai 
Gpi A', B', C , D' la tam du-ang tron npi t i § p 

cua m t̂ dpi dien cac dinh A, B, C, D. 
Vi AA', BB', C C , DD' khong dSng p h i n g 
nfin ta chLPng minh chung doi mpt cIt 
nhau. 

^Pi E = BA' n CD. 

^ BE la phan giac trong cua tam gi^c BCD nen 

c6 AC.BD = AD.BC nen — = — suy ra — = — , do do AE la phan 
BD AD ED AD 

trong cua tam giac ACD nen B' thupc AE. Vgy AA' cIt BB" trong 
J A B E ) , 

J 4^' '"9 " l inh t y a n g t y thi chung doi mpt cIt nhau v^ khong d6ng p h i n g nen 

Ki ^° ^ ^ " 9 ^^y-
A*!*" 15. 9: Cho hinh chop cyt t u giac ABCD.A'B'C'D' c6 c^c canh ben 1^ 
^ Dcii 

I w . ^ i v i w r L-» \  o a u i ^ q i I I I u ^ i I l a 

j "^B', C C , D D ; va CO day Ian ABCD la hinh binh hanh. Gpi M, N, P, Q 
^•^^t la giao di4m cua cac cap duang t h i n g AD' va B C , CB' va DA', BA' 

AB' va D C . ChLfng minh b6n diem M, N, P, Q d6ng p h i n g . j ^ , . ; ; 
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Hu'O'ng din g i a i 

Gpi S 1^ diem dong quy cua cac 
du-ang thing AA', BB', CC, DD'. Vi BC 
song song vai AD nen giao tuyen A 
cua hai mgt phing (BB'C'C), (AA'D'D) 
di qua S va song song vai BC. Ta c6 
IVl, N la hai d i lm chung cua hai mat 
phing n6i tren nen M, N d iu thupc A. 
Li luan tuang ty, hai diem P, Q thupc 
giao tuyen A' cua hai m§ t phing 
(ABB'A') va (CDD'C) (giao tuyen nay di 
qua S va song song vai AB). Vgy b6n 
di lm M, N, P, Q cung n im tren mp(A, A'). 

Bai toan 15. 10: Cho hai hinh binh hanh ABCD va ABEF tarn O, O' khon 
cung n im trong mot mat phing. 
a) ChLPng minh 0 0 ' song song vai c^c mSt phing (ADF) va (BCE). 
b) Gpi M va N la trpng tam cac tam giac ABD va ABE. Chipng minh 
song song vai mgt phing (CDEF). 

Hipang din giai 
a) Ta c6: 0 0 ' // DF, nen: 0 0 ' // (ADF). 

Tuang ty; 0 0 ' // CE nen 0 0 ' // (BCE). 
b) Gpi I la trung d i lm cua AB. 

Trong mp(IDE), vi M, N, la trpng tam 

nen: "^ = —= -1=^ MN // DE. Vi MN 
ID IE 3 

khong n im trong (CDEF) nen MN // 
(CDEF). 

Bai toan 15. 11: Cho tu- dien ABCD. Gpi I va J Ian lu'p't la trung di lm cua 
v^ BC. Tren canh BD, l iy d i lm K sao cho BK = 2KD. Gpi E va F la 
d i lm cua du-ang thing CD va AD vai mat phing (UK). 
a) Chi>ng minh DE = DC, FA = 2FD va FK//IJ 
b) Gpi M va N la hai di lm bi t ki l in lucyt n im tren hai canh AB va CD. Tim g'̂  
di lm cua du'ang thing MN vai mat phing (UK). ^ 

Hu>6ng din giai 
a) Trong (BCD), CD c i t JK tai E nen E la 

giao d i lm cua CD vai (UK). Trong tam 
giac BCD, dM'ng DD' // JK. 

Vi KD= - KB nen JD'= - J B . 
2 2 

Vi JB = JC nen JD'= - J C . 
2 

Suy ra: D'J = D'C. Do do: DE = DC 

Cty TNHHMTVDWH Hhang Vi$t 

frong (ACD), AD c i t IE tgi F. Day la giao diem cua AD vai (UK). Trong tam 
Qjac ACE, AD va El la hai trung tuyen, nen F la trpng tam. 
po do FA = 2 FD.Vi K va F la trpng t^m cac tam giac BCE va ACE nen ta 

KE FE 
C<̂- KJ Fl 

= 2 suy ra FK// IJ . 

yfP c^i IJ t?' P. c i t FK tai Q thi PQ la giao tuyin cua mp(MCD) va 
rnpCJ*̂ ) (MOD), MN c i t PQ tai O, chinh la giao d i lm cua MN vai 
(LJK). 

gaj toan 15. 12: Cho hinh chop ti> giac S.ABCD c6 day la hinh binh hanh 
ABCD. Gpi M va N theo thip ty la trung di lm cua AB va SC. . u ; 
a) Gpi I va J la giao di lm cua mp(SBD) vai cac du-ang thing AN va MN. 
Chtrng minh ba di lm B, I, J thing hang. 

• lA 
b) Tinh cac ti so — ; 

lA JM JB 
IN • J N • Jl 

Hu'O'ng din giai 
a) Gpi O la tam hinh binh h^nh ABCD. Trong 

ASAC, AN c i t SO tai I. Vay I la giao di lm cua 
AN va mp(SBD). 
Trong ANAB, MN c i t Bl tai J, Vay J la giao 
(Jilm cua MN va mp(SBD). 
Theo each ve thi B, I, J thing hang. A 

b) Vi I la trpng tam cua tam giac SAC nen | ^ = 2. Gpi M' la trung d i lm Al, thi 

MM' // BJ, va J la trung di lm cua M'N ngn — = 1. Ta c6: IB = 2MM', IJ = JN 

^MM'. Vay — = 3. 
2 Jl 

^ ^ A R ^ " ""S. 13: Cho tip di?n ABCD. Cac di lm P, Q Ian iu-gt 1^ trung di lm cua 
'̂ B va CD; d i lm R n im tren canh BC sao cho BR = 2RC. Gpi S 1̂  giao 

•ni cua mp(PQR) va canh AD. Tinh ti 

Hu-^ng din giai 
° ' ' 'a giao di lm cua RQ va BD; E 

9 trung di lm cua BR. Khi do EB = 
= R C va RQ // ED. 

SA 
SD 

T, 
giac BRI c6: ED // RQ, 

suyra, ^ = B E _ i 
DI m 



W tr<?ng diS'm hoi dUdng hgc sinh gioi m6n Todn 11 - LS Hodnh Phd 

Hu'O'ng din g i a i 

Gpi S 1^ diem dong quy cua cac 
du-ang thing AA', BB', CC, DD'. Vi BC 
song song vai AD nen giao tuyen A 
cua hai mgt phing (BB'C'C), (AA'D'D) 
di qua S va song song vai BC. Ta c6 
IVl, N la hai d i lm chung cua hai mat 
phing n6i tren nen M, N d iu thupc A. 
Li luan tuang ty, hai diem P, Q thupc 
giao tuyen A' cua hai m§ t phing 
(ABB'A') va (CDD'C) (giao tuyen nay di 
qua S va song song vai AB). Vgy b6n 
di lm M, N, P, Q cung n im tren mp(A, A'). 

Bai toan 15. 10: Cho hai hinh binh hanh ABCD va ABEF tarn O, O' khon 
cung n im trong mot mat phing. 
a) ChLPng minh 0 0 ' song song vai c^c mSt phing (ADF) va (BCE). 
b) Gpi M va N la trpng tam cac tam giac ABD va ABE. Chipng minh 
song song vai mgt phing (CDEF). 

Hipang din giai 
a) Ta c6: 0 0 ' // DF, nen: 0 0 ' // (ADF). 

Tuang ty; 0 0 ' // CE nen 0 0 ' // (BCE). 
b) Gpi I la trung d i lm cua AB. 

Trong mp(IDE), vi M, N, la trpng tam 

nen: "^ = —= -1=^ MN // DE. Vi MN 
ID IE 3 

khong n im trong (CDEF) nen MN // 
(CDEF). 

Bai toan 15. 11: Cho tu- dien ABCD. Gpi I va J Ian lu'p't la trung di lm cua 
v^ BC. Tren canh BD, l iy d i lm K sao cho BK = 2KD. Gpi E va F la 
d i lm cua du-ang thing CD va AD vai mat phing (UK). 
a) Chi>ng minh DE = DC, FA = 2FD va FK//IJ 
b) Gpi M va N la hai di lm bi t ki l in lucyt n im tren hai canh AB va CD. Tim g'̂  
di lm cua du'ang thing MN vai mat phing (UK). ^ 

Hu>6ng din giai 
a) Trong (BCD), CD c i t JK tai E nen E la 

giao d i lm cua CD vai (UK). Trong tam 
giac BCD, dM'ng DD' // JK. 

Vi KD= - KB nen JD'= - J B . 
2 2 

Vi JB = JC nen JD'= - J C . 
2 

Suy ra: D'J = D'C. Do do: DE = DC 

Cty TNHHMTVDWH Hhang Vi$t 

frong (ACD), AD c i t IE tgi F. Day la giao diem cua AD vai (UK). Trong tam 
Qjac ACE, AD va El la hai trung tuyen, nen F la trpng tam. 
po do FA = 2 FD.Vi K va F la trpng t^m cac tam giac BCE va ACE nen ta 

KE FE 
C<̂- KJ Fl 

= 2 suy ra FK// IJ . 

yfP c^i IJ t?' P. c i t FK tai Q thi PQ la giao tuyin cua mp(MCD) va 
rnpCJ*̂ ) (MOD), MN c i t PQ tai O, chinh la giao d i lm cua MN vai 
(LJK). 

gaj toan 15. 12: Cho hinh chop ti> giac S.ABCD c6 day la hinh binh hanh 
ABCD. Gpi M va N theo thip ty la trung di lm cua AB va SC. . u ; 
a) Gpi I va J la giao di lm cua mp(SBD) vai cac du-ang thing AN va MN. 
Chtrng minh ba di lm B, I, J thing hang. 

• lA 
b) Tinh cac ti so — ; 

lA JM JB 
IN • J N • Jl 

Hu'O'ng din giai 
a) Gpi O la tam hinh binh h^nh ABCD. Trong 

ASAC, AN c i t SO tai I. Vay I la giao di lm cua 
AN va mp(SBD). 
Trong ANAB, MN c i t Bl tai J, Vay J la giao 
(Jilm cua MN va mp(SBD). 
Theo each ve thi B, I, J thing hang. A 

b) Vi I la trpng tam cua tam giac SAC nen | ^ = 2. Gpi M' la trung d i lm Al, thi 

MM' // BJ, va J la trung di lm cua M'N ngn — = 1. Ta c6: IB = 2MM', IJ = JN 

^MM'. Vay — = 3. 
2 Jl 

^ ^ A R ^ " ""S. 13: Cho tip di?n ABCD. Cac di lm P, Q Ian iu-gt 1^ trung di lm cua 
'̂ B va CD; d i lm R n im tren canh BC sao cho BR = 2RC. Gpi S 1̂  giao 

•ni cua mp(PQR) va canh AD. Tinh ti 

Hu-^ng din giai 
° ' ' 'a giao di lm cua RQ va BD; E 

9 trung di lm cua BR. Khi do EB = 
= R C va RQ // ED. 

SA 
SD 

T, 
giac BRI c6: ED // RQ, 

suyra, ^ = B E _ i 
DI m 
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Do do DB = DI nen AD va IP la hal du-ang trung tuyen cua tarn giac /\̂ ^ 

nen giao diem S cua AD va IP 1^ trpng tam cua tam giac ABI va ta c6 As . 

SA 
2DS. Vay 

SD 
=2. 

Bai toan 15. 14: Tu' b6n dinh cua hinh binh hanh ABCD ve bon nCpa du6n 
t h i n g song song cung chi4u Ax, By, Cz va Dt sao cho chung cSt mat phg J 
(ABCD). MQt mat ph i n g (a) cSt b6n nu-a du-ang t h i n g theo thi> t i f noi tre^ 
tai A', B', C va • ' . Chung minh: 

a) (Ax, By) // (Cz, Dt), (Ax, Dt) // (By, Cz). 

b) Tu' giac A'B'C'D' la hinh binh h^nh va AA' + C C = BB' + DD". 

Hu'O'ng d in giai t 

a) Ta CO Ax // Dt =^ Ax // (Cz, Dt) D-

AB // DC ^ AB // (Cz, Dt) 

Vi mp(Ax, By) chCpa 2 du-ang t h i n g y 

Ax, AB cSt nhau cung song song -
vai (Cy, Dt) nen (Ax, By) // (Cz, Dt). 
Tu-ang t y (Ax, Dt)// (By, Cz). 

D;i 
/ 

/ 
/ 

/ 
/ 

/ 
/ ^ " 

/ ^ ^ " 

t 

b) Mat ph i ng (a) c i t 2 cap mat ph i ng 
song song (Ax, By) va (Cz, Dt); (Ax, 
Dt) va (By, Cz) theo cac giao tuy^n 

D;i 
/ 

/ 
/ 

/ 
/ 

/ 
/ ^ " 

/ ^ ^ " 
y4c[ 

la hinh binh hanh. 

Goi O, O' l l n lu-c^t la tam cac hinh binh hanh ABCD, A'B'C'D'. Ta c6 0 0 ' la 

du-ang trung binh cua hinh thang AA'C'C nen c6 0 0 ' = ^ ^ " ^ • 

Tuang tu- 0 0 ' = 
BB '+DD ' 

Vay AA' + C C = BB' + DD'. 
Bai toan 15. 15: Cho lang try tam giac A'B'C'.ABC. Gpi I, G va K l l n lu-gt la 

trpng tam cua tam giac ABC, ACC v^ A'B'C.ChLrng minh : 

a) (IGK) // (BB'C'C) b) (A'GK) // (AIB'). 

HiFO-ng dSn giai A- M' 

a) Gpi M va M' t uang li-ng IS trung d i l m cua AC vS A 'C. 

Theo tinh chat trpng tam cua tam giac ta c6: 

Ml MG 1 . ^ „ _ . ,|G//(8B'CC). _ . ^ = I ^ I G / / B C 
MB M C 3 

Ml M 'K 

MB M 'B ' 

va MM' // BB' IK//BB". B' 

Cti^ TNHHMTVDWH Hhong Vi$t 

^ IK//(BB'C'C). 

V$y (IGK)//(BB'C'C). ^ 

Qpi E va F tu-ang u-ng la trung di^m cua BC 

va B'C 

^ g'E // OF ^ B'E // (A'CF). Ma AE // A'F => AF // (A'CF). 

po do (AEB') // (A'CF)) hay (AIB') // (A'GK). 

gal toan 15. 16: Cho hinh hop ABCD.A'B'C'D'. 

a) ChLPng minh mat ph i ng (BDA') song song (B'D'C), du-ang cheo A C di 

qua trpng tam Gi va G2 cua hai tam giac BDA' va B'D'C, han nu-a d va G2 

chia doan A C thanh ba phan b i n g nhau. ^f, < • 
b) Cac trung d i l m cua sau canh BC, CD, DD', D'A', A'B', B'B cung n i m tr^n 
mpt mat ph i n g 

f Hu-o-ng d in giai 
a) Hai mat ph i n g (BDA') va (B'D'C) song 

song vi ta c6 BD // B'D', BA' // D'C 

^ BD, BA' // (B'D'C). 

Gpi 0 va O' l l n lu-p-t la tam cua day 

ABCD va A'B'C'D'. Du-ang chep A C 

n^m trong mat ph i n g (AA'C'C), A C 

c i t A'O tai Gi Xet tam giac BDA' thi 

A'O la mpt trung tuyen va AO // A ' C 

. G.O AO 1 
nen - J - = — - = - , do do d IS 

G^A 

0 

A ' C 2 

trpng tam cua tam giac BDA'. 

Tu-ang tu- thi G2 la trpng tam cua tam giac B'D'C 

Ta CO A'O // O'C va O trung d i l m AC, O' trung diem A 'C nen d la trung 

^i^m cua AG2 va G2 la trung di^m cua C'Gi. 

% A G i =GiG2 = G2C'. 
)̂ Gpi E, F, J, K, M, N l l n lu-gt la trung 

<̂ î m cua cac canh BC, CD, 

D'A', A'B', B'B. 

CO EF // JN, JN 
// BD, FJ // BA', 
// BA'. Do do hai ..... 

(EFJN) va (JKMN) d4u song song 
6̂-1 mp(A'BD). 

[^hu-ng hai mat ph i n g (EFJN), (JKMN) c6 chung diem J nen chung phai 
5,. ^fig nhau. Vay sau di§m E, F, J, K, M, N dong ph ing . 

toan 15. 17: Cho hinh hop thoi ABCD.A'B'C'D' c6 tat ca cac canh d i u 
gf/ig nhau. Tren AB, DD', C B ' l l y ba d i l m M, N, P sao cho AM = D'N = 

^- ChCpng minh r i n g mp(MNP) song song mp(AB'D'). 

DD', 

// KM va 
KM // BD, 
mat ph i ng 

r---jc' 
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Do do DB = DI nen AD va IP la hal du-ang trung tuyen cua tarn giac /\̂ ^ 

nen giao diem S cua AD va IP 1^ trpng tam cua tam giac ABI va ta c6 As . 

SA 
2DS. Vay 

SD 
=2. 

Bai toan 15. 14: Tu' b6n dinh cua hinh binh hanh ABCD ve bon nCpa du6n 
t h i n g song song cung chi4u Ax, By, Cz va Dt sao cho chung cSt mat phg J 
(ABCD). MQt mat ph i n g (a) cSt b6n nu-a du-ang t h i n g theo thi> t i f noi tre^ 
tai A', B', C va • ' . Chung minh: 

a) (Ax, By) // (Cz, Dt), (Ax, Dt) // (By, Cz). 

b) Tu' giac A'B'C'D' la hinh binh h^nh va AA' + C C = BB' + DD". 

Hu'O'ng d in giai t 

a) Ta CO Ax // Dt =^ Ax // (Cz, Dt) D-

AB // DC ^ AB // (Cz, Dt) 

Vi mp(Ax, By) chCpa 2 du-ang t h i n g y 

Ax, AB cSt nhau cung song song -
vai (Cy, Dt) nen (Ax, By) // (Cz, Dt). 
Tu-ang t y (Ax, Dt)// (By, Cz). 

D;i 
/ 

/ 
/ 

/ 
/ 

/ 
/ ^ " 

/ ^ ^ " 

t 

b) Mat ph i ng (a) c i t 2 cap mat ph i ng 
song song (Ax, By) va (Cz, Dt); (Ax, 
Dt) va (By, Cz) theo cac giao tuy^n 

D;i 
/ 

/ 
/ 

/ 
/ 

/ 
/ ^ " 

/ ^ ^ " 
y4c[ 

la hinh binh hanh. 

Goi O, O' l l n lu-c^t la tam cac hinh binh hanh ABCD, A'B'C'D'. Ta c6 0 0 ' la 

du-ang trung binh cua hinh thang AA'C'C nen c6 0 0 ' = ^ ^ " ^ • 

Tuang tu- 0 0 ' = 
BB '+DD ' 

Vay AA' + C C = BB' + DD'. 
Bai toan 15. 15: Cho lang try tam giac A'B'C'.ABC. Gpi I, G va K l l n lu-gt la 

trpng tam cua tam giac ABC, ACC v^ A'B'C.ChLrng minh : 

a) (IGK) // (BB'C'C) b) (A'GK) // (AIB'). 

HiFO-ng dSn giai A- M' 

a) Gpi M va M' t uang li-ng IS trung d i l m cua AC vS A 'C. 

Theo tinh chat trpng tam cua tam giac ta c6: 

Ml MG 1 . ^ „ _ . ,|G//(8B'CC). _ . ^ = I ^ I G / / B C 
MB M C 3 

Ml M 'K 

MB M 'B ' 

va MM' // BB' IK//BB". B' 

Cti^ TNHHMTVDWH Hhong Vi$t 

^ IK//(BB'C'C). 

V$y (IGK)//(BB'C'C). ^ 

Qpi E va F tu-ang u-ng la trung di^m cua BC 

va B'C 

^ g'E // OF ^ B'E // (A'CF). Ma AE // A'F => AF // (A'CF). 

po do (AEB') // (A'CF)) hay (AIB') // (A'GK). 

gal toan 15. 16: Cho hinh hop ABCD.A'B'C'D'. 

a) ChLPng minh mat ph i ng (BDA') song song (B'D'C), du-ang cheo A C di 

qua trpng tam Gi va G2 cua hai tam giac BDA' va B'D'C, han nu-a d va G2 

chia doan A C thanh ba phan b i n g nhau. ^f, < • 
b) Cac trung d i l m cua sau canh BC, CD, DD', D'A', A'B', B'B cung n i m tr^n 
mpt mat ph i n g 

f Hu-o-ng d in giai 
a) Hai mat ph i n g (BDA') va (B'D'C) song 

song vi ta c6 BD // B'D', BA' // D'C 

^ BD, BA' // (B'D'C). 

Gpi 0 va O' l l n lu-p-t la tam cua day 

ABCD va A'B'C'D'. Du-ang chep A C 

n^m trong mat ph i n g (AA'C'C), A C 

c i t A'O tai Gi Xet tam giac BDA' thi 

A'O la mpt trung tuyen va AO // A ' C 

. G.O AO 1 
nen - J - = — - = - , do do d IS 

G^A 

0 

A ' C 2 

trpng tam cua tam giac BDA'. 

Tu-ang tu- thi G2 la trpng tam cua tam giac B'D'C 

Ta CO A'O // O'C va O trung d i l m AC, O' trung diem A 'C nen d la trung 

^i^m cua AG2 va G2 la trung di^m cua C'Gi. 

% A G i =GiG2 = G2C'. 
)̂ Gpi E, F, J, K, M, N l l n lu-gt la trung 

<̂ î m cua cac canh BC, CD, 

D'A', A'B', B'B. 

CO EF // JN, JN 
// BD, FJ // BA', 
// BA'. Do do hai ..... 

(EFJN) va (JKMN) d4u song song 
6̂-1 mp(A'BD). 

[^hu-ng hai mat ph i n g (EFJN), (JKMN) c6 chung diem J nen chung phai 
5,. ^fig nhau. Vay sau di§m E, F, J, K, M, N dong ph ing . 

toan 15. 17: Cho hinh hop thoi ABCD.A'B'C'D' c6 tat ca cac canh d i u 
gf/ig nhau. Tren AB, DD', C B ' l l y ba d i l m M, N, P sao cho AM = D'N = 

^- ChCpng minh r i n g mp(MNP) song song mp(AB'D'). 

DD', 

// KM va 
KM // BD, 
mat ph i ng 

r---jc' 
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WtTQng diSm hSi dUdng hQC sinh gidi m6n To6n J1 - LS Hodnh Pho 

Hipang din giai 
Vi ĉ c cgnh cue hinh hop b§ng nhau 

va AM = D'N = BP nen MB = PC = ND. 
- MB _ MA _ AB 

M A " P B ' ' ^ P C ' ~ P B ' " C ' B ' 

Theo dinh ii Ta let dao, ĉ c du-ang 
thing BC, MP,AB' cung song song vai 
mot mat phIng hay MP // mp(AB'D'). 
Tu-ong ti/ thi du-ac MN // mp(AB'D'). Vay mp(MNP) // mp(AB'D') 

Bai toan 15. 18: Chu-ng minh rSng t6ng binh phu-ang tat ca cac dLrong cheo 
cua mot hinh hop blng tong binh phuo-ng t i t ca cac canh cua hinh hop (JQ 

Hu-ang din giai 
Ta bi§t trong mot hinh binh hanh, tong binh 
phu-ang hai du'ang cheo bing t6ng binh 
phuong b6n canh. 

Vai hinh hop ABCD.A'B'C'D'. 
Ap dung d6i vai 2 hinh binh hanh 
ACC'A' va BDD'B' B 
AC'^ + CA'^ = 2(AC' + AA'̂ ) 
va BD'^ + DB'^ = 2(BD^ + BB'̂ ) 
Nen AC'2 + CA'' + BD'' + DB'' = 2[(AC' + BD^) + (AA'' + BB'')] 

= 2[(2(AB' + AD') + 2AA''] = 4(AB' + A D ' + AA'') 
Vi 12 canh hinh hop chia lam 3 nhom song song va bing nhau => dpcm. 

Bai toan 15. 19: Cho hinh chop S.ABC va mot di4m M nim trong tarn giac 
ABC. Cac du-ang thing qua M lln lu-gt song song vai cac duang thing SA, 
SB.SC cIt cac mat phIng (SBC), (SCA), (SAB) tai A', B', C. Chung rninh 

i MA' MB' MC , 
r§nq + + 1. 

^ S A SB SC 
Hicdng din giai 

Keo dai AM cIt BC tai N. Trong mp(SAN) ke MA' song song vdi SA cIt SN 
tai A'. Dilm A' la di§m cin tim. s 
Tu-ang ty xac dinh dugc cac di§m B', C 
Ta c6: SMBC M N 

SABC A N 

ma 
MN _ MA' 
AN ~ SA 

Do do •'MBC 

-"ABC 

MA' 
SA 

TNHHMTVDWHHhang Vi$t 

Tu'cyngtu: ^ 

MA' 

SMCA _ MB' •̂MAB 

vay: 

ABC 

MB' 

SB 'S 
ABC 

MC S _ ^MBC 

_ MC 
" SC 

+ s 'MCA + ^MAB 
SA SB SC •'ABC 

_ '•̂ ABC 

•̂ABC 
= 1. 

toan 15. 20: Cho hinh chop S.ABCD c6 day 1̂  hinh binh hanh. Mot mat 
phIng (P) Ian luo't cIt cac canh SA, SB, SC tai A', B', C. Goi O la giao dilm 
cua AC va BD; I la giao dilm cua A'C va SO. Goi D' la giao dilm cua mp(P) 

SA SC vdi canh SD. Chung minh rang + SB SD 
• + SD' SA' • SC SB' 

Hipo-ng din giai 
Trong mp(SAC), A'C cIt SO tai I. Trong mp(SBD), B'l cIt SD tai D", Khi do 
D' chinh la giao dilm cua mp(P) vai SD. 
Trong mp(SAC), ve AE // A'C cIt SO 
tglE; veCF//A'C' cIt SO tai F. 

SA SE SO -OE Ta c6: 
SA' 
SC 

SI 
SF 

SC SI 

SI 

SO +OF 
SI 

Vi O la trung dilm cua AC va AE // CF, 
nen OE = OF. 

Suy ra : + SC 2S0 
SA' SC SI 

, tuang ty: 2S0 
SB' SD' " SI 
SB SD 

• + 

SD V|y S A ^ S C _ SB^ 
SA' SC SB' SD'' 

B̂ i toan 15. 21: Cho tCp dien ABCD va 
b6n dilm M, N, E, F lln lugt nim tren 
ĉ c canh AB, BC, CD va DA. Chung 
"linh ring: Nlu bin dilm M, N, E, F 

56ng PhIng thi ' ^ . ^ . ^ . f 5 = 1 
MB NC ED FA 

Hu'O'ng din giai 
^e^duang thing A bit ki cIt mgt 
Phang (MNEF) tai mot dilm O . Bin 
Jl̂ t phIng l ln lugt qua A, B, C, D va 
^ r̂ig thai song song vai mat phIng 
(MNEF) cIt duang thing A theo thu 
V tai A', B', C, D'. Theo dinh ly Ta-let 

CO: 
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WtTQng diSm hSi dUdng hQC sinh gidi m6n To6n J1 - LS Hodnh Pho 
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"linh ring: Nlu bin dilm M, N, E, F 
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CO: 



W trgng diem hoi dUdng hqc sinh gidi mdn To6n 11 - LS Hodnh Phd 

MA OA' NB OB' 
MB 

EC ^ 
ED " 

Vay: 

OB' 

P C 

OD ' ' 

MA 

NC 

FD 

O C 

OD' 

' FA " OA' 

NB EC FD OA' OB' O C OD' 
= 1. 

MB NC ED FA OB' O C OD' OA' 
Bai toan 15. 22: Ciio liinh chop S.ABCD. Trong tarn giac SCD, ta l̂ y mpt dilm 

M. Tim thi§t dien cua hinh chop vai mat phlng (ABM). 
HiPO'ng din giai ^ 

Gpi N la giao di lm cua SM va CD, K la 
giao di lm cua BN va AC. Giao tuyen cua 
(SAC) va (SBN) la du-ang thing SK. 
Trong mat phing (SBN), BM c i t SK tai O. 
Ta suy ra O la giao di lm cua BM voi 
(SAC). 
Trong mat phlng (SAC), AO c i t SC tai E, 
day la giao di lm cua (ABM) vai canh SC, 
EM cat SD tai F la giao di lm cua (ABM) 
vai canh SD. Thilt di$n c in tim la tCp giac 
ABEF. 

Bai toan 15. 23: Cho mpt hinh chop S.ABCD c6 d^y ABCD la mpt hinh binh 
hanh tam O. Gpi M, N, P l ln lu'p't la trung di lm cua SA, BC, CD. Dyng thî t 
dien cua hinh chop khi c i t bai mp(MNP) va tim giao di lm cua SO va 
(MNP). .s 

Hifo-ng din giai 
Ou-ang thing NP c i t AD tai I va c i t AB 
tai J, Ml c i t SD tai K; MJ c i t SB tai L, 
N6i NL, PK thi thilt dien la ngu giac 
MLNPK. 
Trong mp(ABCD), AC c i t NP tai E. 
Trong mp(SAC), SO c i t ME tai H thi H 
la giao di lm cua SO vai mp(MNP). 

Bai toan 15. 24: Cho hinh chop tCc giac S.ABCD. Ba di lm A', B', C l ln luQl 
n im tren ba canh SA, SB, SC nhu'ng khong trung vai S, A, B, C. X^c dinh 
thilt di$n cua hinh chop khi c i t bai mp(A'B'C'). 

JHirang din giai 
Gpi O la giao di lm cua hai duang cheo AC va BD. Gpi O' la giao di lm cua 
A ' C va SO; D' la giao di lm cua hai du'ong thing B'O' va SD. 

- N lu D' thupc doan SD thi thilt di^n la tie giac A'B'C'D'. 

l u D' nIm tren phan keo dai cua cgnh SD, gpi E la giao di lm cua CD va 
I'D', F la giao di lm cua AD va A'D'. Nol EC , EF thi thiet dien la ngu giac C 

A'B'CEF. 

Bai toan 15. 25: Cho hinh chop S.ABCD c6 day la hinh binh hanh. Xac dinh 
thilt dien cua hinh chop khi c i t bai mat phIng di qua trung di lm M cua 
canh AB, song song vai BD va SA. 

Hu'd'ng din giai 
Qua M ve du-ang thing song song vai 
BD cit AD tai N va c i t AC tai I. Qua M, 
I, N ve cac du-ang thing song song vai 
SA l ln lu'p't c i t SB, SC, SD tai R, Q, P. 
Thilt dien la ngu giac MNPQR. 
Cach khac: Tim giao di lm Q cua mat 
phIng c i t vai canh SC bing each nl i 
giao di lm J cua MN va BC vai R va keo 
dai c I t SC t a iQ . 

Bai toan 15. 26: Cho hinh chop S.ABCD, tu- giac day c6 cac canh d6i AB va 
CD keo dai c i t nhau tai E, AD va BC cit nhau tai F. Gpi (a) la mat phIng 
cit SA, SB, SC l ln lu'gt tai A', B', C, D'.Tim dieu kien cua mp(a) d l thilt 
dî n A'B'C'D' la: 

a) Hinh thang? b) Hinh binh hanh? 
IHu'O'ng din giai 

Ta CP (SAB) n (SCD) = SE, 
(SAD) n (SBC) = SF. 

3) Thilt dien A'B'C'D' la hinh thang 
^ A ' B ' / / C D ' hoacA'D'/ZB'C. 

(a) song song SD hoac SF. 
Thilt dien A'B'C'D' la hinh binh hanh 
^ A'B' // C D ' va A'B' // B'C 

(a) song song vai SE va SF. 

445 
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' FA " OA' 
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dî n A'B'C'D' la: 

a) Hinh thang? b) Hinh binh hanh? 
IHu'O'ng din giai 

Ta CP (SAB) n (SCD) = SE, 
(SAD) n (SBC) = SF. 
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Thilt dien A'B'C'D' la hinh binh hanh 
^ A'B' // C D ' va A'B' // B'C 

(a) song song vai SE va SF. 

445 



Bai toan 15. 27: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh 
AB = a, AD = 2a. Mat ben SAB la mot tarn giac vuong can tai dinh A. Trer̂  
canh AD lay mot di§m M va dat AM = x (0 < x < 2a). Xac dinh va tinh clier, 
tich thiet dien ck bai mp(a) di qua M, song song vai SA va CD. 

Hifang din giai 
Ta CO mp(a) song song vai giao tuy^n 
DC cua hai mat phing (SDC) va (ABCD) 
nen c i t hai mat phing nay theo hai 
giao tuyin song song: MN // PQ. 
Do do tu- giac MNPQ la hinh thang, 
han nua la hinh thang vuong vi: 

QMN = SAB = 90°. 

Ap dung dinh ly Talet, ta c6: 

PQ IQ_.,_QM--i QM DM 
MN IM IM SA DA 

>MQ = „ ^ X , MQ DM 2 a - X 
PQ = - va = = 

2 SA DA 2a 

Vay SMNPQ= |(MN + PQ).MQ= ^(a + | ) ^ ^ = ^ ^ - ^ . 

Bai toan 15. 28: Cho hinh chop tarn giac S.ABC. Gpi K, N theo thtP tu- la trung 
2 

d i lm cua SA, BC. D i lm M chia doan SC theo ti s6 - - . 
O 

a) Tim ti so dien tich tam giac ASC va AKM. 
b) Xac dinh thi§t dien cua hinh chop khi cM bai mat phIng (a) qua M, N, K 

Gia sCr mp(a) ck AB tai L, tinh tl so 
. LA 

LB ' 

Hu'6ng din giai 

a) Vi K trung di lm SA va SC = - SM nen: 
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dai MK c i t CA tai H. Trong mSt phIng (ABC) noi N vai H ck AB tai L 
''̂  -pi> giac MKLN la thi lt dien c in dung. 

Trong mp(SAC) ti> A ve AE // SC (E e MN) thi: 
2 . . „ HA AE 2 

3 
AE = S M = - M C 

Gpi 

AL//NI 

HC MC 
I la trung diSm cua AC thi: 

= - => HA = 2AC. 

AL HA 

Nl HI 

4 

5 
AL _ AL 

AB 2NI 
2 

5 

Vay 
LA 
LB 

2 

3 

gai toan 15. 29: Cho hinh chop S.ABCD c6 day la hinh thang ABCD v^i d^y la 
AD = a va BC = b. Goi I va J l l n lu-gt la trong tam cua cac tam giac SAD va 
SBC. Mat phing (ADJ) c i t SB, SC l ln iu-gt tai M, N. Mat phing (BCI) c i t 
SA, SD l ln lu-gt tai P, Q. 
a) ChCrng minh MN song song vai PQ. 

b) Gia si> AM c i t BP tai E; CQ c i t DN tai F. Chtpng minh r ing EF song 
song vai MN va PQ. Tinh EF. 

Hiro-ng din giai 
a) Vi AD // BC nen mp(ADJ) c i t (SBC) theo 

giao tuyin NK // AD, BC va mp(BCI) c i t 
(SAD) theo giao tuydn PQ // AD, BC. 
V$y MN // PQ. 

b) Ta c6: (AMND) n (PBCQ) = EF 

vaEF//AD, BC, MN, PQ 

Ta CO CP n EF = K EF = EK + KF. 

Vi PM // AB 

Vi FK//BC 

PE PM SP 

EB 

EK 

AB 

PE 

SA 

2 

3 

BC PB PE+EB 5 5 

Ti^ang tLf KF = - a . Vay EF = - a + - b = - ( a + b) ' 
8a- . ^ ' 5 5 5 ' ' - . f 

' *oan 15. 30: Cho hinh lang try tam giac ABC.A'B'C. Gpi H la trung di lm 
canh A'B'. 

^ ChCpng minh ring du-ang thing CB' song song vai mp(AHC'). 
J Tim giao tuyen d cua hai mat phing (AB'C) va (A'BC). Chiang minh ring 

song song vai mp(BB'C'C). Xac dinh thilt dien c i t bai mp(H; d). < 
. Hifang din giai 

'̂̂  I la tam cua hinh binh hanh AA'C'C. 



Bai toan 15. 27: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh 
AB = a, AD = 2a. Mat ben SAB la mot tarn giac vuong can tai dinh A. Trer̂  
canh AD lay mot di§m M va dat AM = x (0 < x < 2a). Xac dinh va tinh clier, 
tich thiet dien ck bai mp(a) di qua M, song song vai SA va CD. 

Hifang din giai 
Ta CO mp(a) song song vai giao tuy^n 
DC cua hai mat phing (SDC) va (ABCD) 
nen c i t hai mat phing nay theo hai 
giao tuyin song song: MN // PQ. 
Do do tu- giac MNPQ la hinh thang, 
han nua la hinh thang vuong vi: 

QMN = SAB = 90°. 

Ap dung dinh ly Talet, ta c6: 

PQ IQ_.,_QM--i QM DM 
MN IM IM SA DA 

>MQ = „ ^ X , MQ DM 2 a - X 
PQ = - va = = 

2 SA DA 2a 

Vay SMNPQ= |(MN + PQ).MQ= ^(a + | ) ^ ^ = ^ ^ - ^ . 

Bai toan 15. 28: Cho hinh chop tarn giac S.ABC. Gpi K, N theo thtP tu- la trung 
2 

d i lm cua SA, BC. D i lm M chia doan SC theo ti s6 - - . 
O 

a) Tim ti so dien tich tam giac ASC va AKM. 
b) Xac dinh thi§t dien cua hinh chop khi cM bai mat phIng (a) qua M, N, K 

Gia sCr mp(a) ck AB tai L, tinh tl so 
. LA 

LB ' 

Hu'6ng din giai 

a) Vi K trung di lm SA va SC = - SM nen: 

446 

dai MK c i t CA tai H. Trong mSt phIng (ABC) noi N vai H ck AB tai L 
''̂  -pi> giac MKLN la thi lt dien c in dung. 

Trong mp(SAC) ti> A ve AE // SC (E e MN) thi: 
2 . . „ HA AE 2 

3 
AE = S M = - M C 

Gpi 

AL//NI 

HC MC 
I la trung diSm cua AC thi: 

= - => HA = 2AC. 

AL HA 

Nl HI 

4 

5 
AL _ AL 

AB 2NI 
2 

5 

Vay 
LA 
LB 

2 

3 

gai toan 15. 29: Cho hinh chop S.ABCD c6 day la hinh thang ABCD v^i d^y la 
AD = a va BC = b. Goi I va J l l n lu-gt la trong tam cua cac tam giac SAD va 
SBC. Mat phing (ADJ) c i t SB, SC l ln iu-gt tai M, N. Mat phing (BCI) c i t 
SA, SD l ln lu-gt tai P, Q. 
a) ChCrng minh MN song song vai PQ. 

b) Gia si> AM c i t BP tai E; CQ c i t DN tai F. Chtpng minh r ing EF song 
song vai MN va PQ. Tinh EF. 

Hiro-ng din giai 
a) Vi AD // BC nen mp(ADJ) c i t (SBC) theo 

giao tuyin NK // AD, BC va mp(BCI) c i t 
(SAD) theo giao tuydn PQ // AD, BC. 
V$y MN // PQ. 

b) Ta c6: (AMND) n (PBCQ) = EF 

vaEF//AD, BC, MN, PQ 

Ta CO CP n EF = K EF = EK + KF. 

Vi PM // AB 

Vi FK//BC 

PE PM SP 

EB 

EK 

AB 

PE 

SA 

2 

3 

BC PB PE+EB 5 5 

Ti^ang tLf KF = - a . Vay EF = - a + - b = - ( a + b) ' 
8a- . ^ ' 5 5 5 ' ' - . f 

' *oan 15. 30: Cho hinh lang try tam giac ABC.A'B'C. Gpi H la trung di lm 
canh A'B'. 

^ ChCpng minh ring du-ang thing CB' song song vai mp(AHC'). 
J Tim giao tuyen d cua hai mat phing (AB'C) va (A'BC). Chiang minh ring 

song song vai mp(BB'C'C). Xac dinh thilt dien c i t bai mp(H; d). < 
. Hifang din giai 

'̂̂  I la tam cua hinh binh hanh AA'C'C. 



A' f -

•inh 

Xet tarn giac A'B'C thi HI la mpt duang 
trung binh cua no, nen CB' // HI. Mat khac 
HI nkm trong mat phlng (AHC) nen CB' // 
mp(AHC'). 

b) Gpi J la tam cua hinh binh hanh AA'B'B. 
Ta CO I, J la hai dilm chung cua hai m^t 
phing (AB'C) va (A'BC). Vay giao tuyen d 
cua chung la duang thing IJ. Vi d // B'C 
nen d // (BB'C'C). 
Duang thing HJ cit AB tai M. 
Ta CO AA' // HM, suy ra AA' // mp(H; d) 
nen mp(AA'C'C) cit mp(H; d) theo giao 
tuy4n qua I va song song vai AA'. 
Giao tuy§n nay cit AC va A'C'lIn iup't tai N va E. Vay thiSt dien la hinh b 
hanh MNEH. 

Bai toan 15. 31: Cho hinh lang try tam giac ABC.A1B1C1. 
a) Dyng thi^t dien cua hinh lang tru vai mp(u) di qua ACi va song song vai 
CB,. Goi Gi la trpng tam cua tam giac A1B1C1. Xac djnh giao tuy§n cua 
mp(a) va mp(BBiGi). 

b) Xac dinh giao dilm J cua du'ang thing BM vai mp(a) trong do M la trung 

dilm cua cgnh A1C1. Tinh tf so - j ^ 
Hu-o-ng din giai 

a) Theo tinh chit giao tuyin song song, trong 
mp(BCCiBi) ve qua Ci du'ang thing song 
song vai CBi, cI t BBi tai E, thi 

BiE = CCi = BBi. 
Trong mp(ABBiAi) AE n A1B1 = I thi I la trung 
dilm cua A1B1. Tam giac AC111̂  thiet dien cin 
dung. 
Gpi M, N lln lu'p't la trung dilm cua A1C1, 
AC. Ou-ang thing MN cI t AC, tai O. 
Ta CO O va Gi thupc hai mat phing (a) va 
(BB1G1) nen du-ang thing O d la giao tuyin 
cua chung; 

b) Giao diem J cua duang thing BM N 
vai mp(a) chinh la giao dilm J cua 
BM va OG1. 

rrmrrmivuvvHmong Vt^ 

— MN 
2 

2 
3 

. j toan 15. 32: Cho hinh hpp ABCD.A'B'C'D'. Tr§n ba cgnh AB, DD", CB" lln 
^ lu'P't l̂ y ^̂ '̂ "̂  P khong trung c^c dmh sao cho 

;xM_D'N^ B'P 
T̂ B D'D B ' C 
a) Chung minh ring mp(MNP) vS mp(AB'D') song song vai nhau. 
b) Xac dmh thiet dien cua hinh hOp khi cIt bai mp(MNP). 

Hipo-ng din giai D _ _ _ F _ _ _ ^ C ' 

AM 
a)Taco: — 

D'N _ B'P 
DD' ~B'C' 

AM MB BA 
D'N 

AM 

ND 

MB 

DD' 

BA 
P C C B ' A M 

Theo djnh li Ta-let dao, thi MN song song v^i mp(a) y(y\) song song 
v^i AD', BD va MP song song vai mp(p) vai mp(p) song song vai AB', BC. 
Vi BD // B'D', BC // AD' nen hai mp(a) va mp(p) deu song song vai 
mp(AB'D) do do MN va MP diu song song vai mp(AB'D'). Vgy mp(MNP) // 
mp(AB'D'). 

b) Ti> M ve ME song song vd-i AB', tCr P ve PF song song vai B'D'. Tu- N ve NK 
song song vai AD' cIt AD tgi K. Thiet di^n la luc gi^c MEPFNK c6 cac cgnh 
doi song song. 

Bai toan 15. 33: Cho hinh hpp ABCD.A1B1C1D1. Gpi M, N va O Ian ia 
trung dilm cua A1B1, CC, va tam cua day ABCD. 
a) Xac dinh giap diem S cua du-ang thing MN va mp(ABCD); dyng thiet 

î̂ n cua hinh hop khi cIt bai mp(MNO); 

°) Gpi 1 la giao dilm cua B1C1 v^ mp(MNO). Tfnh ti s6 

g, Hu-o-ng din giai 
E la trung dilm cua AB, thi ME // CN. 

J';ong mp(MNCE): S = MN n CE do 
° S cung la giao cua MN vai 

^P(ABCD). 
^0 cIt CD tai H va AB tai K. HN cI t 

tai J, JM cIt B1C1 tai I. Ngu giac 
^" ÎN la thilt dien c In du^ng. 



A' f -

•inh 

Xet tarn giac A'B'C thi HI la mpt duang 
trung binh cua no, nen CB' // HI. Mat khac 
HI nkm trong mat phlng (AHC) nen CB' // 
mp(AHC'). 

b) Gpi J la tam cua hinh binh hanh AA'B'B. 
Ta CO I, J la hai dilm chung cua hai m^t 
phing (AB'C) va (A'BC). Vay giao tuyen d 
cua chung la duang thing IJ. Vi d // B'C 
nen d // (BB'C'C). 
Duang thing HJ cit AB tai M. 
Ta CO AA' // HM, suy ra AA' // mp(H; d) 
nen mp(AA'C'C) cit mp(H; d) theo giao 
tuy4n qua I va song song vai AA'. 
Giao tuy§n nay cit AC va A'C'lIn iup't tai N va E. Vay thiSt dien la hinh b 
hanh MNEH. 

Bai toan 15. 31: Cho hinh lang try tam giac ABC.A1B1C1. 
a) Dyng thi^t dien cua hinh lang tru vai mp(u) di qua ACi va song song vai 
CB,. Goi Gi la trpng tam cua tam giac A1B1C1. Xac djnh giao tuy§n cua 
mp(a) va mp(BBiGi). 

b) Xac dinh giao dilm J cua du'ang thing BM vai mp(a) trong do M la trung 

dilm cua cgnh A1C1. Tinh tf so - j ^ 
Hu-o-ng din giai 

a) Theo tinh chit giao tuyin song song, trong 
mp(BCCiBi) ve qua Ci du'ang thing song 
song vai CBi, cI t BBi tai E, thi 

BiE = CCi = BBi. 
Trong mp(ABBiAi) AE n A1B1 = I thi I la trung 
dilm cua A1B1. Tam giac AC111̂  thiet dien cin 
dung. 
Gpi M, N lln lu'p't la trung dilm cua A1C1, 
AC. Ou-ang thing MN cI t AC, tai O. 
Ta CO O va Gi thupc hai mat phing (a) va 
(BB1G1) nen du-ang thing O d la giao tuyin 
cua chung; 

b) Giao diem J cua duang thing BM N 
vai mp(a) chinh la giao dilm J cua 
BM va OG1. 

rrmrrmivuvvHmong Vt^ 

— MN 
2 

2 
3 

. j toan 15. 32: Cho hinh hpp ABCD.A'B'C'D'. Tr§n ba cgnh AB, DD", CB" lln 
^ lu'P't l̂ y ^̂ '̂ "̂  P khong trung c^c dmh sao cho 

;xM_D'N^ B'P 
T̂ B D'D B ' C 
a) Chung minh ring mp(MNP) vS mp(AB'D') song song vai nhau. 
b) Xac dmh thiet dien cua hinh hOp khi cIt bai mp(MNP). 

Hipo-ng din giai D _ _ _ F _ _ _ ^ C ' 

AM 
a)Taco: — 

D'N _ B'P 
DD' ~B'C' 

AM MB BA 
D'N 

AM 

ND 

MB 

DD' 

BA 
P C C B ' A M 

Theo djnh li Ta-let dao, thi MN song song v^i mp(a) y(y\) song song 
v^i AD', BD va MP song song vai mp(p) vai mp(p) song song vai AB', BC. 
Vi BD // B'D', BC // AD' nen hai mp(a) va mp(p) deu song song vai 
mp(AB'D) do do MN va MP diu song song vai mp(AB'D'). Vgy mp(MNP) // 
mp(AB'D'). 

b) Ti> M ve ME song song vd-i AB', tCr P ve PF song song vai B'D'. Tu- N ve NK 
song song vai AD' cIt AD tgi K. Thiet di^n la luc gi^c MEPFNK c6 cac cgnh 
doi song song. 

Bai toan 15. 33: Cho hinh hpp ABCD.A1B1C1D1. Gpi M, N va O Ian ia 
trung dilm cua A1B1, CC, va tam cua day ABCD. 
a) Xac dinh giap diem S cua du-ang thing MN va mp(ABCD); dyng thiet 

î̂ n cua hinh hop khi cIt bai mp(MNO); 

°) Gpi 1 la giao dilm cua B1C1 v^ mp(MNO). Tfnh ti s6 

g, Hu-o-ng din giai 
E la trung dilm cua AB, thi ME // CN. 

J';ong mp(MNCE): S = MN n CE do 
° S cung la giao cua MN vai 

^P(ABCD). 
^0 cIt CD tai H va AB tai K. HN cI t 

tai J, JM cIt B1C1 tai I. Ngu giac 
^" ÎN la thilt dien c In du^ng. 



b) NC//ME, NC= - ME 

.AK = CH= ^ K E CH= •^AE= ^ A B = CiJ. 

IB, MB, 

c7 3 

Bai toan 15. 34: Cho hinh chop S.ABCD day la hinh binh hanh tam O c6 Ac 
a, BD = b. Tam giac SBD la tam giac dku. Mot mat phing (a) di dong so " 
song vai mat phIng (SBD) va qua di lm I ten doan AC. Xac dinh va tin^ 
dien tich thi lt di^n cua hinh chop vai mgt phSng (a ) . Tim x d l dien tich thi^f 

dien Ian nhlt. 
HifO'ng din giai 

Ta xet 3 tru-ang hgp 
- Neu I trung O thi thiet di$n la tam giac deu 

SBD canh b c6 SSBD = — — 
4 

7 N§u I thuoc doan OA: 0 < x < - . 
{ 2 

Vi (a) // (SBD) nen theo tinh chit giao 
tuyen song song thi (ABCD) cIt theo giao 
tuyen MN qua I, song song voi BD. 
Tuang tu (a) cIt (SAB) theo giao tuydn MP song song vai SB va cIt (SADi 
theo giao tuyen NP song song vai SD. 1 
Thilt dien la tam giac d§u MNP d6ng dang vai tam giac deu SBD. Ta cM 

^2 • • ' . - . . - . . . " i . a i , • 

-"MNP 

-"BCD 

MN 
[BD 

.DoMN//BD=^ 
MN _ Al _ 2x 

BD AO a 

3MNP ~ 
2x 

Nlu I thuoc doan OC: | < x < a. Ti^ang tu nhu- tren thi thi lt dien la ta 

giac deu HKL d6ng dang vai tam giac 6ku SBD. 
Q , s p y . \

^HKL _ r HL^ 
2 

( CI ^ 
2 

f 2 ( a ^ x ) ^ 

^BCD Ico, 

3HKL, 

go s 3 " ^ ^ khi X = ^ . 

15. 35: Cho tip di^n ABCD. Gpi M, N l l n lugt la trung diem cua BC v^ 
Q. p la mpt di^m thay d6i tren doan thing AD. 
Xac dinh giao d i lm Q cua mp(MNP) va cgnh AC. Chi>ng minh thi§t dien 

^fvjpQ la hinh thang khi P khac A va D. 
Tim quy tich giao diem I cua QM va PN. 

)̂ Tim quy tich giao di lm J cua QN va PM. 
Hw&ng din giai 

du'6'ng thing qua P song song vai 
CD c i t AC tai Q thi Q la giao di lm cua 

va mp(MNP). Ta c6 PQ // MN n§n 
thilt dien MNPQ la hinh thang. 

[,) Gia su' I la giao d i lm cua QM v^ PN.Ta c6: * 
QMcmp(ABC) c6 dinh. 

pNcmp(ABD) c6 dinh nen giao d i lm I thuOc 
giao tuyln AB c6 dinh. c ' ' ' 
Vi P thay doi tren doan thing AD nen I chi n lm tren phin cua du-d-ng thing 
AB tn> di cac di lm trong cua doan AB. 
Dao lai, lay mot d i lm I bat ki thuoc duang thing AB nhu-ng khong n im giOa 
A va B. Goi P, Q l in luat la cac giao di lm cua IN vai AD, cua IM vai AC. 
Khi do mp(MNP) c i t AC tai Q va giao di lm cua QM va PN la I.Vay quy tich 
giao dilm I cua QM va PN la phin du-ang thing AB tru* di cac d i lm trong 
cua doan AB. 

c) Ta CO QN cz mp(NAC) c6 djnh PM cz mp(MAD) c6 dinh nen giao di lm J 
thuOc giao tuyln AO c6 djnh vai O = CN n DM. Tu do thi quy tich giao 
(Jilrn I cua QN va PM la doan thing AO. 

^aitoan 15. 36: Trong mp(P) cho hai du-ang thing a va b c i t nhau tai I. Ngoai 
cho hai di lm M, N sao cho duang thing MN c i t (P) tai O v^ O 

khong nim tren a va b. Mot du-ang thing c thay d l i di qua O c i t a, b l i n 
'̂ 'P't tgi A va B. Goi A' 1̂  giao di lm cua AN v^ BM, B' la giao d i lm cua AM 
*BN. 

)̂ Tim quy tich A' va B'. 

Chu-ng minh du'ang thing A'B' luon di qua mpt di lm c6 djnh. 

Hu'O'ng din giai 
A' e mp(M; b) va A' € mp(N; a) nen quy tich A' la giao tuyln p cua hai 

Phing c6 djnh : mp(M; b) va mp(N; a). 

tif A ° ' ^ ^ rnp(M; a) va B' e mp(N; b) nen tu-ang tu quy tich B' la giao 
q cua hai mat phing c6 djnh: mp(M; a) va mp(N; b). 



b) NC//ME, NC= - ME 

.AK = CH= ^ K E CH= •^AE= ^ A B = CiJ. 

IB, MB, 

c7 3 

Bai toan 15. 34: Cho hinh chop S.ABCD day la hinh binh hanh tam O c6 Ac 
a, BD = b. Tam giac SBD la tam giac dku. Mot mat phing (a) di dong so " 
song vai mat phIng (SBD) va qua di lm I ten doan AC. Xac dinh va tin^ 
dien tich thi lt di^n cua hinh chop vai mgt phSng (a ) . Tim x d l dien tich thi^f 

dien Ian nhlt. 
HifO'ng din giai 

Ta xet 3 tru-ang hgp 
- Neu I trung O thi thiet di$n la tam giac deu 

SBD canh b c6 SSBD = — — 
4 

7 N§u I thuoc doan OA: 0 < x < - . 
{ 2 

Vi (a) // (SBD) nen theo tinh chit giao 
tuyen song song thi (ABCD) cIt theo giao 
tuyen MN qua I, song song voi BD. 
Tuang tu (a) cIt (SAB) theo giao tuydn MP song song vai SB va cIt (SADi 
theo giao tuyen NP song song vai SD. 1 
Thilt dien la tam giac d§u MNP d6ng dang vai tam giac deu SBD. Ta cM 

^2 • • ' . - . . - . . . " i . a i , • 

-"MNP 

-"BCD 

MN 
[BD 

.DoMN//BD=^ 
MN _ Al _ 2x 

BD AO a 

3MNP ~ 
2x 

Nlu I thuoc doan OC: | < x < a. Ti^ang tu nhu- tren thi thi lt dien la ta 

giac deu HKL d6ng dang vai tam giac 6ku SBD. 
Q , s p y . \

^HKL _ r HL^ 
2 

( CI ^ 
2 

f 2 ( a ^ x ) ^ 

^BCD Ico, 

3HKL, 

go s 3 " ^ ^ khi X = ^ . 

15. 35: Cho tip di^n ABCD. Gpi M, N l l n lugt la trung diem cua BC v^ 
Q. p la mpt di^m thay d6i tren doan thing AD. 
Xac dinh giao d i lm Q cua mp(MNP) va cgnh AC. Chi>ng minh thi§t dien 

^fvjpQ la hinh thang khi P khac A va D. 
Tim quy tich giao diem I cua QM va PN. 

)̂ Tim quy tich giao di lm J cua QN va PM. 
Hw&ng din giai 

du'6'ng thing qua P song song vai 
CD c i t AC tai Q thi Q la giao di lm cua 

va mp(MNP). Ta c6 PQ // MN n§n 
thilt dien MNPQ la hinh thang. 

[,) Gia su' I la giao d i lm cua QM v^ PN.Ta c6: * 
QMcmp(ABC) c6 dinh. 

pNcmp(ABD) c6 dinh nen giao d i lm I thuOc 
giao tuyln AB c6 dinh. c ' ' ' 
Vi P thay doi tren doan thing AD nen I chi n lm tren phin cua du-d-ng thing 
AB tn> di cac di lm trong cua doan AB. 
Dao lai, lay mot d i lm I bat ki thuoc duang thing AB nhu-ng khong n im giOa 
A va B. Goi P, Q l in luat la cac giao di lm cua IN vai AD, cua IM vai AC. 
Khi do mp(MNP) c i t AC tai Q va giao di lm cua QM va PN la I.Vay quy tich 
giao dilm I cua QM va PN la phin du-ang thing AB tru* di cac d i lm trong 
cua doan AB. 

c) Ta CO QN cz mp(NAC) c6 djnh PM cz mp(MAD) c6 dinh nen giao di lm J 
thuOc giao tuyln AO c6 djnh vai O = CN n DM. Tu do thi quy tich giao 
(Jilrn I cua QN va PM la doan thing AO. 

^aitoan 15. 36: Trong mp(P) cho hai du-ang thing a va b c i t nhau tai I. Ngoai 
cho hai di lm M, N sao cho duang thing MN c i t (P) tai O v^ O 

khong nim tren a va b. Mot du-ang thing c thay d l i di qua O c i t a, b l i n 
'̂ 'P't tgi A va B. Goi A' 1̂  giao di lm cua AN v^ BM, B' la giao d i lm cua AM 
*BN. 

)̂ Tim quy tich A' va B'. 

Chu-ng minh du'ang thing A'B' luon di qua mpt di lm c6 djnh. 

Hu'O'ng din giai 
A' e mp(M; b) va A' € mp(N; a) nen quy tich A' la giao tuyln p cua hai 

Phing c6 djnh : mp(M; b) va mp(N; a). 

tif A ° ' ^ ^ rnp(M; a) va B' e mp(N; b) nen tu-ang tu quy tich B' la giao 
q cua hai mat phing c6 djnh: mp(M; a) va mp(N; b). 



b) Trong mp(A'B'; MN) du'dyng thing A'B' cit MN tgi K. D\^mK cung chinh 
giao d i l m cua mp(p; q) c6 djnh dipang thing MN c6 djnh nen K 
dinh.V$y A'B' luon luon qua K c6 djnh. 

Bai toan 15. 37: Cho hai n i ia duang thing Ax va By cheo nhau. Hai dilm 
va N lln lu-gt di dpng tren Ax v^ By sao cho AM = BN. Chung minh r ing; 
a) Du-ang thing MN luon luon song song vai mpt m | t phing c6 djnh. 
b) Trung d i l m I cua MN thupc mpt m$t phIng c6 djnh. 

Hu-o-ng d i n giai 
a) Dyng Bx' // Ax. Trong mat phIng (Ax, Bx'), du'ang thing qua M song s 

vai AB cIt Bx' tgi M'. 
Ta c6: BM' = BN = AM. ^ 
Vay BNM' la tam gi^c can tgi B nen 
M'N song song vo-i phan giac ngoai Bt 
cua goc x ' B y . 

Ta c6: 
M M ' / / A B | M M ' / / ( A B , B t ) 

M ' N / / B t [ M ' N / / ( A B , B t ) 

Nen hai mSt p h I n g (MM'N) v^ (AB, Bt) 
song song vai nhau. 
T u do suy ra MN luon luon song song v6i mat ph Ing (AB, Bt) c6 dinh. 

b) Goi I' trung d i l m NM' thi Bl' vuong g6c NM' ma tam gi^c BNM' can tai 
nen I' thupc phan giac trong Bu c6 djnh. 
V i II' // MM' nen II' // AB do do I thupc mp(A, Bu) c6 djnh. 

Bai toan 15. 38 Cho tu- di^n ABCD. MOt m§t ph Ing (P) di dpng luon song s 
vP'i 2 du'ang t h i n g CD l l n lu-pt c I t cac cgnh AC, AD, BD, BC tai M, ̂ ' 
F. T im tgp hpp giao diem 2 cheo I cua t u giSc MNEF. 

Hipang d i n giai 
Ta CO AB // (P), AB c (ABC) (ABC) n (P) = MF // AB 
va AB // (P), AB c= (ABD) => (ABD) n (P) = NE / / A B . 
Do do MF // NE // AB . 

Cty TNHHMWDWH Hhong Vi$t 

ftfCng // E F // CD nen tu- gi^c 
•kjgF 1^ h'" '^ binh h^nh. 

H K l l n lu-pt Id trung d i l m cua B 

CD-
j J va L Ian lu-at Id cdc giao diem cua 

cac c iP tJu-ang t h i n g CH yd MF, DH vd 
•gg thi ba d i l m J, 1, L t h i n g hdng tren 
giao tuy in cua 2 mp(P) va (HCD). 
\z CO H, I, K t h i n g hdng. Vay khi (P) di 
(jOng thi tam I cua hinh binh hanh MNEF 
chgy tren doan t h i n g HK. 
f^gu-pc lai, l l y mpt d i l m I b i t ki tren doan t h i n g HK. Qua I ke du-ang t h i n g 
song song va i CD Ian lu-pt cIt CH vd DH tai J vd L. Qua J vd L Idn lu-pt ve 
hai duang t h i n g MF (M e AC, F € BC), NE (N e AD, E e BD) cung song 
song vai AB thi tu- giac MNEF la hinh binh hanh vd c6 tam Id I. 
V$y tdp hpp tam I cua hinh binh hdnh MNEF Id dogn t h i n g HK. > 

Bai toan 15. 39: Cho hai du'6'ng t h i n g cheo nhau a, b. Hai diem M, N Idn lu'pt 
thay (l6i tr§n a vd b. T im tap hpp nhOng d i l m I chia doan t h i n g MN theo 
mpt ti s6 k cho tru'ac, k 5t 0. 

Hu'O'ng d i n giai 
Liy hai d i l m c6 djnh Mo, No Ian lu-pt n i m trSn a, b va d i l m IQ chia MQNO 
theo ti so k cho tru-ac thi IQ C6 djnh. . 

Ta CO — = k 
IN 

IM IN MN |A 

Apdung dinh ly Ta- le t dao thi ba dogn 
thing lol, MoM, NoN n I m tren ba mgt 
PhSng song song. Do d6 I n I m tren 
^P(R) di qua lo vd song song vai a vd 

ni$t ph Ing ndy du'pc xdc djnh bai 2 
^'fo'ng t h i n g qua Mo Id a' // a, b' // b. 

Igi, l l y d i l m I e mp(R), hai mp(l; a) vd (I; b) c I t nhau theo giao tuyen, 
tuy in ndy c I t a va b tgi M, N. 

f̂̂ eo djnh ly Ta- le t thi: IM.IA 
IN I N 

= k . 
0 0 1 

^hlf".^^^ tich cdc d i l m I Id mdt ph Ing (R). 3A' 
•'5. 40: Cho hai tia Ax vd By n I m tr^n hai du-dyng t h i n g ch6o nhau. 

^ aiem M chay tren Ax vd mpt d i l m N chay tr§n By sao cho AM = kBN (k 
^^Ochotruac). 

' '^ng minh r ing MN song song vP'i mpt m$t phIng c6 djnh. 2' • ^ 
^ t i p hpp cac d i l m I thupc dogn MN sao cho IM = kIN. 



b) Trong mp(A'B'; MN) du'dyng thing A'B' cit MN tgi K. D\^mK cung chinh 
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M ' N / / B t [ M ' N / / ( A B , B t ) 
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HiHO-ng d i n giai 

a) Ve tia Bz song song cung hu'6'ng vai 
tia Ax. Tren cac tia Ax, By va Bz l̂ n lu-gt 
lly cac di§m c6 djnh Mo, No M'o sao 

•̂cho = k va BM 0 = AMo. 
BN„ 

L̂ y dilm M' thupc tia Bz sao clio 
BM' = AM thi MM' / / MQM'O va NM' // NQM'O. 

Do do (MNM') // nnp(MoNoM'o). 
Vay MN luon song song vai mat phIng c6 djnh (MQNOM'O). 

Cac/7 khac: Dung dinh iy Ta-let dao. 
b) Gpi O la mot di§m thupc doan thing AB 

sao cho — = k nen O c6 dinh. Tu- O ta 
OB 

ve hai tia Ox' va Oy' sao cho Ox' // Ax, 
Oy' // By. Ve MM' // AB, M' e Ox' v^ NN' // 
AB, N' e Oy'. 

Ta CO 
IM _ M'M ^ OA 
IN ~ N'N " OB 

= k ^ MN n M'N' = I 

. , . ^ K , IM' , OM' Trong tarn giac M ON: — = k = do do I nim tren tia phan giac 
IN' ON' ' 

cua goc x'Oy'. 
Dao lai, lliy I la mot dilm bit ki thupc tia phan gi^c Ot cua g6c x'Oy'. 
Ve iH // Oy', H e Ox'. Lay M' € Hx' sao cho HM' = kHO. 
M'l cat Oy' tai N' thi IM' = kIN'.Gpi M va N lln lu-p-t la nh&ng di§m thupc 
tia Ax, By sao cho AM = OM'; BN = ON'. 

IM 
Ta CO I, M, N thang h^ng va - - - = k . 

IN 
Vay tap hp'p cac diem I la tia phan giac Ot cua goc x'Oy'. 

Bai toan 15. 4 1 : Cho hinh ch6p tu- giac S.ABCD c6 AD cit BC. H§y tim di 

M nim tren canh SD va dilm N tren canh SC sao cho AM // BN. 
H i m n g d i n giai 

Gpi I la giao dilm cua BC va AD, khi do 
(SAD) n (SBC) = SI. 
Gia SUP CO M e SD, N e SC sao cho AM 
// BN thi khi d6 hai mat phIng (SAD) va 
(SBC( cit nhau theo giao tuyin SI phai 
song song vai AM v^ BN. lis d6 ta suy 
ra c^ch xac dinh dilm M va N nhu sau: 

Cty TNHH MTVDWH HhangVm 

jir A trong mp(SAD) ta ve 6wang thing song song vai SI, cSt SD tai M; ti> 
g trong mp(SBC) ta ve duang thing song song vai SI, cit SC tai N. Vay M 
^3 M la hai dilm cin tim. 

flgj toan 15. 42: Cho ti> dien diu ABCD c6 cac canh bing a. Gpi M va N \hn 
li/at la trung dilm ciia CD va AB. Hay xac djnh dilm I e AC, J e DN sao 
cho IJ // BM. Tinh dp dai doan thing IJ theo a. , 

hiFO-ng d i n giai 
Trong mp(BCD), ti> D ve du-ang thing ; 
song song vai BM cit CB tai K. Noi K v^ N 
cit AC tai I. Trong mp(IKD), ti> I ve du-ang 
thing song song vai DK cit du-ang thing 
DN tai J. Khi do theo each dung ta c6 IJ // 
BM. 
Do BM la du-ang trung binh cua tam 

giac CKD nen: KD = 2BM = 2.— = asl3 

2 
Gpi H la trung dilm cua BC, khi do: 

NK KH 3HC NH // AC -

NK = 3NI 

Nl HC HC 

KD = 3IJ. Vay IJ = 1KD = ^ 
3 3 

Bai toan 15. 43: Trong mat phing (a) cho tam gi^c ABC. Ti> ba dinh cua tam 
giac nay, ve cac tia song song cung chieu Ax, By, Cz khong nim trong (a). 
Tren Ax liy doan AA', tren By liy doan BB' tren Cz liy doan CC. 
a) Gpi I, J va K lin lu-at la cac giao dilm B'C, C'A' va A'B' vai (a), Chu-ng 

minh I, J, K thing hang va — . — . ^ = ] . 
IC JA KB 

b) Gpi G va G' l in lu-at la trong tam cua 
cac tam giac ABC va A'B'C. Chu-ng 
"linh GG' // AA'. 

Hu'O'ng d i l l giai 
a CO I, J, K thing hang tren giao tuyen A' 

cua 2 mp(ABC) va (A'B'C) 
CC // BB' 

IB BB' 
IC CC 

^u-ang tu c6 : 

CC 
JA AA' va 

KA AA' 
KB BB' 
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^ IB JC KA , 
Do d6: —. — . = 1 

IC JA KB 
b) Gpi H H' Ian lu-p't 1^ trung diem c^c canh BC B'C thi HH' // BB', do 

HH' // AA' 

T a c 6 — = - = — ^ G G " / / A A ' ' 
• 3 AH 3 A ' H ' _̂  _ 

Bai toan 15. 44: Cho hlnh ch6p S.ABCD c6 d^y IS mOt ttp giSc l6i. Gpi M, i 
O l l n lu'p't la trung di^m cua SD, AB, CD, IJ. ' ' 

a) Chii-ng minh r i n g n^u Gi, G2 l l n lu'p't la trpng tam cua tam giac SAB v4 
ABC thi G1G1 song song MJ. 

b) ChLPng minh r i n g tSm du'dyng t h i n g mS m6i du-drng t h i n g di qua trung 

cua mpt canh hinh chop vS trpng tam cua tam giac tao bai ba dinh hinh 
ch6p khong n i m tren cgnh n6i tren d6ng quy tgi mpt diem G vS d i lm G nin, 
tren doan thing SO vSGS = 4G0. s 

Himng d i n giai 

IG 
a) Ta c6 ^ 

I G , _ 1 
= - =>GiG2//SC. 

^ S IC 3 
M$t khSc MJ IS du'dng trung binh cua 

tam giac DSC nen MJ / / SC. 

TCf do suy ra G1G2//MJ. 
b) Ta CO tSm du-ang t h i n g d§ cho khong 

dong ph ing ; ta chi c i n chCfng minh 

Chung c I t nhau tu'ng doi thi dong quy. 

L l y hai du'ang t h i n g b i t ki trong tam du'ong t h i n g tren, c h i n g hgn nha hai 
du-ang t h i n g MG2 vS JGi. Theo cau a) thi G1G2 // MJ, do do MG2 va JGi 

n I m trong mp(GiG2JM). 

V^y MG2 vS JGi c I t nhau => dpcm. 

X6t mp(ABCD) ta c6: OA + OB + OC + OD = 6 

=> OD = -(OA + OB + OC) = -3OG2 (vi G2 IS trpng tSm tam giac ABC) ^ ^' 

G2, D t h i n g hSng va OD = 3OG2. , 

X6t ba mSt ph I ng (G1G2KM), (G2MD), (SIJ), ta c6 j 
(G1G2JM) n (G2MD) = G2M; (G1G2JM) n (SIJ) = Gi J; V 
(G2MD) n (SIK) = SO. Do d6 3 giao t u y i n G2M, GiJ vS SO dong quy. T^e'' | 

ket qua cSu b) thi G2M vS GiJ c I t nhau tai G. V^y diem G n I m tren SO. 

Ve MM' song song vai SO vS c I t G2D tgi M', ta c6: 1 

^ 0 G = - M M ' = - S O = > G S = 4GO. 

O M ' - M ' D = -0D= I0G2VS 
2 2 

OG OG2 OG 

MM- G2M' 
^ - 2 

5 

B A l L U Y f i N T A P 

•j t?P '•5- "^^^ phIng (P) va ba d i l m A, B, C khong nIm tren (P). Gia 
^^su' ^ 0 9 " t h i n g AB va doan t h i n g BC deu cIt mp(P). Chu-ng minh r i n g 

(Joan t h i n g AC khong cIt mp (P). 

Hipo-ng d i n 

pi^a vao quan hp cung phia, khac phia doi va i (P). ftT ir> 

gai t l P ^' ^ ' " '^ '^'" '^ '^^"^ ABCD va ABEF khong cung nIm trong 
mpt m$t ph lng . Gpi M va N IS hai d i l m di dpng tu'ong (rng tren AD va BE 

AM BN 
sao cho: = — . Chu-ng minh r i n g duang t h i n g MN luon luon song 

MD NE 
song voi mpt mat p h l n g c6 djnh. 

Hirang d i n 
DiJng dinh ly Talet dao. 

Bai t i p 15. 3: Cho tCc dipn ABCD va d i l m M thupc mien trong cua tam giac 
ACD. Gpi I va J tu'O'ng ipng IS hai d i l m tren cgnh BC vS BD sac cho IJ 
khfing song song vb'i CD. 

a) Xac dinh giao tuyen cua hai mSt ph l n g (IJM) vS (ACD). 

b) L l y N IS d i l m thupc m i l n trong cua tam giSc ABD sao cho JN cIt doan 
AB tai H. Tim giao t u y i n cua hai m^t ph l n g (MNJ) vS (ABC). 

Hu'O'ng d i n 

a) 2 du-eyng t h i n g CD vS IJ keo dSi cIt nhau tgi M'. K i t qua MM". 

b) DiJng 2 du'ang t h i n g keo dSi cIt nhau trong mpt mSt ph lng . 

Saitfip 15. 4: Cho hai mSt p h l n g (a) vS (p) cIt nhau theo giao tuyIn d. Trong 

(a) lay hai d i l m A vS B sao cho AB cIt d tai I. D i l m O IS mpt d i l m nIm 

ngoSi (a) vS (P) sao cho OA vS OB l l n lugt cIt (p) tai A' vS B'. 

a) Chtcng minh ba d i l m I, A', B' t h i n g hSng. 

b) Trong (a) lay cSc dilm C sao cho A, B, C khong t h i n g hSng. Gia SCP OC 

'^^t (p) tai C, BC cIt B'C tgi J, CA cIt C'A' tgi K. ChCfng minh I, J, K t h i n g 
hang. 

Hu'O'ng d i n 

^̂ ChCpng minh ba d i l m cung thupc 2 mgt ph l ng phan bi^t (a) vS (OAB). , iiiiiiii uci u iem cung mupc z n 

* d i l m t h i n g hSng tren giao tuy l n . 
'̂Mip 15. 5: Che hinh ch6p S.ABCD cc dSy hinh thang, AB IS dSy Ian. Diem 
"^.'u-u dpng ten canh SA. Gpi N IS giao diem cua SD va i mp(MBC). Chung 
^inh du'ang t h i n g MN luon di qua mpt d i l m cc djnh. ' •' 

Hu'O'ng d i n 
"̂ •̂  di qua K CP djnh, AD n BC = K. 
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^ IB JC KA , 
Do d6: —. — . = 1 

IC JA KB 
b) Gpi H H' Ian lu-p't 1^ trung diem c^c canh BC B'C thi HH' // BB', do 

HH' // AA' 

T a c 6 — = - = — ^ G G " / / A A ' ' 
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IG 
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I G , _ 1 
= - =>GiG2//SC. 

^ S IC 3 
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B A l L U Y f i N T A P 

•j t?P '•5- "^^^ phIng (P) va ba d i l m A, B, C khong nIm tren (P). Gia 
^^su' ^ 0 9 " t h i n g AB va doan t h i n g BC deu cIt mp(P). Chu-ng minh r i n g 

(Joan t h i n g AC khong cIt mp (P). 

Hipo-ng d i n 

pi^a vao quan hp cung phia, khac phia doi va i (P). ftT ir> 

gai t l P ^' ^ ' " '^ '^'" '^ '^^"^ ABCD va ABEF khong cung nIm trong 
mpt m$t ph lng . Gpi M va N IS hai d i l m di dpng tu'ong (rng tren AD va BE 

AM BN 
sao cho: = — . Chu-ng minh r i n g duang t h i n g MN luon luon song 

MD NE 
song voi mpt mat p h l n g c6 djnh. 

Hirang d i n 
DiJng dinh ly Talet dao. 

Bai t i p 15. 3: Cho tCc dipn ABCD va d i l m M thupc mien trong cua tam giac 
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AB tai H. Tim giao t u y i n cua hai m^t ph l n g (MNJ) vS (ABC). 

Hu'O'ng d i n 

a) 2 du-eyng t h i n g CD vS IJ keo dSi cIt nhau tgi M'. K i t qua MM". 

b) DiJng 2 du'ang t h i n g keo dSi cIt nhau trong mpt mSt ph lng . 
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Hu'O'ng d i n 

^̂ ChCpng minh ba d i l m cung thupc 2 mgt ph l ng phan bi^t (a) vS (OAB). , iiiiiiii uci u iem cung mupc z n 

* d i l m t h i n g hSng tren giao tuy l n . 
'̂Mip 15. 5: Che hinh ch6p S.ABCD cc dSy hinh thang, AB IS dSy Ian. Diem 
"^.'u-u dpng ten canh SA. Gpi N IS giao diem cua SD va i mp(MBC). Chung 
^inh du'ang t h i n g MN luon di qua mpt d i l m cc djnh. ' •' 

Hu'O'ng d i n 
"̂ •̂  di qua K CP djnh, AD n BC = K. 
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Bai tap 15. 6: Cho ti> dien ABCD. B6n dj^m P, Q, R, S Ian luo-t n i m t r e n ^ 
canh AB, BC, CD, DA va khong trung vai cac d h h cua tip dien. Chu-ng 
r i ng : b6n di^m P, Q, R, S dong ph ing khi va chi khi ba duang th ing 
RS, AC hoac doi mot song song ho^c d6ng quy. 

Hu-ang d i n 

Dung dinh ly 3 giao tuyen doi mot c i t nhau. 

Xet du-ang t h i n g PQ, RS song song va c i t nhau. 

Bai tap 15. 7: Cho hinh chop S.ABCD c6 day ABCD la mpt hinh binh hanh 
Trong mat ph l n g (ABCD) ve du-ang t h i n g d di qua A va khong song son 
vo-i cac canh cua hinh binh hanh. Goi C la mpt d i l m n l m tren canh Sc 
Tim thi^t dien c i t bai mat ph i ng (d; C). 

Hirang d i n 

Xet du'ang t h i n g d di qua di^m C va khong qua C. 

Bai tap 15. 8: Cho hinh chop S.ABCD day la hinh binh hanh tam O. Gpi M, N 

l i n lu'gt la trung d i l m cua SA, SD; P va Q la trung d i l m cua AB va ON. 

a) Chii-ng minh (OMN) song song vai (SBC). 

b) Chung minh PQ song song vai (SBC). 

Hipang d i n 

a) Chu-ng minh MN song song BC va CM song song SC ^ 

b) PQ n i m trong mp(OMN). 

Bai tap 15. 9: Cho lang tru ABC.A'B'C. Gpi H la trung d i lm cua A'B'. 

a) Chu-ng minh CB' song song vai mat ph ing (AHC). Tim giao d i lm cua 

A C vai (BCH). 

b) Mat p h i n g (a) qua trung d i l m M cua C C va song song vai AH va CB'. 

Xac dinh t h i l t dien va ti s6 ma cac dinh cua t h i l t di?n chia canh tu-ang i>ng 

cua lang trg. 

HiFO'ng d i n 

a) Gpi i la tam hinh binh hanh va chi ing minh CB' song song IH. 

Cty TNHHMTVDWH Hhong Vi$t 

b) K i t qua cac ti s6 1, 1, 3, - , 1. 
3 

Bai tap 15.10: Cho tu' dien ABCD. Gpi I la trung d i l m cua canh AB, M la rnP̂  
d i l m di dong tren canh CD, P la trung diem cua doan BM. Chu-ng minh rang 

IM va AP moi du-ang n i m trong mpt m$t ph i n g c6 djnh khi M di dong tref̂  
canh CD. Tim tap hgp cac giao d i l m G cua IM v^ AP. 

Hu'O'ng d i n 

G thupc 2 mat ph ing c6 dinh (ICD), (AEF) vdi E, F l l n l up l la trung d i lm ĉ Ĵ  
BC va BD, G thupc du-ang th ing HK la giao tuy in cua mat ph ing c6 djnh 

Bai tap 15. 11: Cho tu- dien ABCD. Hai d i l m M, N l l n lu-gt thay doi tren 

cgnh AB va CD. Tim tap hp-p cac trung d i l m E cua MN. 

Hu'O'ng d i n 

•"^pj I la trung d i l m cua AD roi di/ng cac du-6-ng trung binh cua tam qiac 
;^BD va ACD. 
K i t qua tap hp-p cac d i l m E la hinh binh hanh. 

paj tap 15. 12: Cho hinh chop S.ABC. Gpi K va N l l n lu-gt la trung d i l m cua 
SA va BC; M la d i l m n i m gi&a S va C. 

a) Chu-ng minh rang mat ph i ng di qua K, song song vai AB va SC thi di qua 
d i lm N. 

b) Xac djnh t h i l t dien cua hinh chop S.ABC khi c i t bai mp(KMN). KN chia 
th i l t dien thanh hai p h i n c6 ti dien tich? 

H y a n g d i n 

a) Gpi I la trung d i l m cua SB thi Kl song song vai AB va IN song song vai SC 
b) K i t qua hai p h i n c6 dien tich b i n g nhau. 

II 
III 

si 'O^^^r/ 
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Chuyen ae W: VCCTO TAONG KHONG GIAN 

1 . K I E N T H U G T R O N G T A M •' ! ' • 

Cac qui tic: . ' 

- COng , tri> AB + BC = AC , OM - ON = NM 

^ Trung di^m I cua AB: lA + IB = 6 

- Trpng tam G cua tarn giac ABC: GA + GB + GC = 0 

- Trpng tarn G cua tip dien ABCD: GA + GB + GC + GD = 6 

- HinhbinhhanhABCD: AB + AD = AC; AB-AD = DB •\r:. 

Hinh hop ABCD.A'B'C'D': AB + AD + AA'= A C 

Tarn ti cy: Tam ti ci/cua hp diem Â , A2,...,A|̂  kem k hp s6 m̂ .mg m,̂  

vai m̂  + mj +... + m,̂  0 la diem I duy nhit thoa 

m̂ .lÂ  H-mg-lAg + ... + m|̂ .IÂ  =0. 

TIch v6 hiHO-ng 

Tich v6 hu-ang cua 2 vecta : a.b =1 a I. I b I. cos(a, b) 

AB 1 CD khi AB.CD = 0. 

Tam giac ABC thi c6 AB.AC = ^ (AB^ + AC^ - BC^) 

TLP dipn ABCD thi c6 cos(AB,CD) = 
AB.CD 
AB.CD 

Cung phu'O'ng va ddng phlng: 

- Hai vecta cung phu-ang a, b khi b = k.a 

- Ca sa trong mSt phlng: cho 2 vecta a, b khong cung phu'ang thi nfioi 

vecta c trong mat phlng d^u phan tich mpt each duy nhit theo 

a , b : c = m . a + n . b 

- Ba vecta d6ng phlng khi chung nIm trgn 3 duang thing cung song son9 
vai 1 m t̂ phlng. 

- Oieu kipn 3 vecta d6ng phlng : Neu c = m. a + n. b thi d6ng phlng 

- Cho3vectaa, b, c. Neu ma +nb +pc = 0 thi m = n = p = 0: ba vecto 

khong dong phlng, con n§u mpt trong ba so m, n, p khac khong thi ba 

vecta a , b, c ddng phlng. 

Qa SO' cua khdng gian: Cho 3 vecta a , b, c khong d6ng phlng thi mpi 

^gcta u cua khong gian deu phan tich mpt each duy nhIt theo 3 vecta a , 

ji c u = x . a + y . b + z . c . 

. X MchiaAB theo tis6k;^1 thi mpi Obit ki: 0M = °̂ ::il2̂  '^'.^ 

2) €)l tinh MN thi ta bilu dien MN roi binh phuang v6 hu-ang. 

3) £)l chLPng minh A, B, C thing ĥ ng thi ta bi§u dien : AB = k.AC 

ho$c OC = m.OA + n.OB, m + n = 1. 

4) €)l chi>ng minh 4 dienî  A,B,C,D dong phlng thi ta bieu di§n AD theo 

AB, AC , ho$c OD = k.OA + I.OB + m.OC , k + / + m = 1. 

5) ol chung minh AB // CD thi ta AB = kCD va A khong thupc CD. y ... 

6) Ol chLPng minh AB // (UK) thi ta bieu di§n AB theo IJ, IK . 

2. CAC B A I T O A N 

B^itoan 1 6 . 1 : Cho hinh hppABCD.A'B'C'D'.Dat: AB = a , AD = b, AA' = c. 

H§y bilu diSn cac vecta AC', BD', CA' , DB', BC', A7D . 

Hu-o-ng din giai A Q 

AC = AB + BC + CC ' = a + tj + c ~ ) \ 

BD' = BA + AD + DD' = - a + b + c \\ G 
CA' = CD + DA + AA' =-a - b + c \ V - - ) D ' 

DB' = DC + CB + BB' = a - b + c C 

BC = BC + CC ' = b + c, AT) = A^D' + D'D = b - c. 
3' toan 1 6 . 2 : Cho hinh tip dipn ABCD, gpi A', B', C, D' Ian lu-p-t la trpng tam 

cua cac mgt BCD, CDA, DAB, ABC. O^t AA' = a, BB' = b, CC ' = c. 

•̂ Sy bilu dien cac vecta sau day theo a , b, c: DD', AB, BC, CD, DA . 
ip Hu'O'ng din giai 

G la trpng tam tip dipn ABCD, khi do; 

+ G § + GC + GD = O" hay AA' + BB' + CC ' + DD' = 0 . 

fi^nDD' =-a - b - c 

AB = G B - G A = - 4BB ' + - A A ' = - ( a - b) 
4 4 4 

461 
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- c) 

\ 
' ' M " - ^ \ 

c 

BC = GC - GB CC' + - BB' = - ( b 
4 4 4 

CD = GD - GC = - - DD' + - C C 
4 4 

= - ( a + b + c + c ) = - ( a + b+ 2c ) 
4 4 

DA = GA - GD AA' + | D D ' 

= ~ { - a - a - b - c ) = - - ( 2 a + b + c) . 
4 4 

Bai toan 16.3: Cho hinh chop S.ABC c6 SA = SB = SC = b va doi mot hop vol 
nhau goc 30°. Tinh khoang each ti> S d in trpng tarn G cua day. 

HifO'ng d i n giai 
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Bai toan 16.4: Cho tu- dien ABCD c6 AB = c, CD = c', AC = b, BD = b', BC = a, 

A D = a'. Tinh goc giu-a cac vecto BC va DA , 
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= ^ (CB'+ C D ' - BD^) - I (CB'+ C A ' - AB') 

= ^ (AB' + CD' - BD' - CA') 

D o d 6 c o s ( B C , DA) = c ^ ^ c ' ^ - b ^ - b ' ' 
2aa' 

Bai toan 16.5: Cho hinh chop tarn giac S.ABC c6 cac canh SA = SB = SC ' 

AB = AC = a va BC = a N/2 . Tinh goc giOa AB va SC . 
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S C . A B ( S A + A C ) . A B S A . A B + A C . A B 

SC AB 
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CO tarn giac SAB, SAC 6§u \A v^ ABC, SBC la tarn giac vuong 
a ' 

5A.SB =a.a.cos120° = - — va AC.AB = 0, dodo: cos(SC, AB) = 

" y r i y L -

nen: 

2 
V^y goc giu'a hai vecto AB va SC bing 120°. 

p-ai toan 16.6: Cho hinh t i j dien d iu ABCD c6 t i t ca cac canh bing m 
^jlm M va N l ln lu'gt la trung di lm cua AB va CD. A 

Tinh dp dai MN. 

t,) Tfnh goc giila MN voi cac vecto CD, BC. 
Hico-ng d i n giai 

£)at AD = a , AB = b AC = c 
g) Vi M, N la trung di lm cua AB va CD nen: ^ 

MN = ^ ( A D + BC) = l ( a + c - b) 

Cac 

nen M N ' = M N " - j(a^ + c" + t ) % 2a,c - 2a.b - 2b.c) = 1 . -2 

Vay MN = mN/2 

1 b)Tac6: MN.CD = - (a + c - b)(a - c) 

1 - 2 2 . . 

= - ( a + a .c - a b - a c - c + b e ) 

^ 2 ^ m' m' m' 2 m ' ' m + m + — = 0 
2 2 2 2 ^ 

Vay goc giOa hai vecto MN va CD bing 90' 

Taco: MN.BC = I (a + c - b) ( -b + c) 

= h • u • • -2 • • -2 • . 

p ( - a . b - b . c + b + a .c + c - b e ) 

. 1 
2 

, _ 2 m' 2 m' + m + — + m'̂  = - m ^ 
2 

^°<J6:cos(MN,BC) = ' ^ - ^ 
MN.BC 2 • 

96c giCra hai vecto MN va BC bSng 45' 
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Bai toan 16.7: Cho 4 tia Ox, Oy, Oz, Ot trong kh6ng gian, doi mgt hgp nh^i^ ^ 
g6c bSng cp. 
a) Tinh cp 
b) Mpt tia Ou khac Ox, Oy, Oz, Ot hgp vb-i cac tia do cac goc a i , az, aj, 

4 *• 

Tinh p= J^cosa. , q = ̂ c o s^ . 
i=i i=i 

^up^iTWmmTV^WVH Hhang Vi$t 

HiHO-ng din giai: 
a) Gpi = OAi, =0A2,63 =OA3 .e^ =OA4 1^ cac vecta don vj cua Ox, Oy 

Oz, Ot. 
, AA1OA2 = AA2OA3 = AA4OA1 (cgc) 

=^ TCf di0n A1A2A3A4 la tu' di$n d § u c6 trpng tSm la O nen: - ; 

^ + + e j + e7 = 6 => (e^ + 63 + 63 + ej2 =0 

=> 4 + 12cos(p = 0 => coscp = - - ^ 
o 

b) Gpi e la vecto- den vj cua Ou, ta c6 

p = X c o s a . = X e e ; = eXei =0 , q = I c o s ^ a, = l ( e e , ) 

ma e = x^e^ + X 2 e 2 + X 3 e 3 + X 4 e 4 

e,e=x,+ X><ie"iei =x.+ I x , ( - i (Vi=1,4) 

= Xi 
3 t r ' 3 ' 3 ^ 

i (e ;e )e ;4 lx , e^ -^ I x , Y.^, 
4 _ A ^ / 4 _ ^ 

1 
' ' 3[ ' ;v i=i 

4 -
= - e 

3 

-2 _ 
_^ p = x.a.n + y.b.n + z.cn = 0 =i> n = 0 : V6 ly 

%B, AC la hai vecta khong cung phu-ang nen diem M thupc mp(ABC) 
va chi khi c6: AM = /AB + m AC 

OM - OA = /(OB - OA) + m(OC - OA) vĉ i mpi dilm O. 

^ OM = (1 - / - m)OA + /OB + mOC. 
£,^t 1 - / - m = X, / = y, m = z thi: 

OM = xOA + yOB + zOC, vai X + y + z = 1 
^It qua M thupc tam giac ABC khi x + y + z = 1 va x, y, z > 0. ' i -

gai toan 16.9: Cho tu- di$n ABCD. A', B', C, D' tu-ang Cpng thupc AB, BC, CD, 
DA. Chu-ng minh dieu ki^n c in v^ du d l A', B', C, D' ddng phing 
A ^ B ^ C ' C D'D 
A ^ B ' C C ' D D ' A 

Hifang din giai: 

= 1 

Chpn he ca sa b = AB, c = AC, d = AD 

Cac dilm A', B', C , D' chia AB, BC, CD, DA theo ti ki,k2, ks, k4 thi: 

A A - k , A B 
AA ^ 

1-k. 
1-k 

^ b , y ^ ^ _ A B - k 2 A C b - k , c 

AC' = 

'1 • "1 

A C - k , A D c - k , d 

1 - k „ 1-k. 

1-k, 1-k 
3U A D - k , A A 

AD'= 
1-k •41 3̂ ' "̂ a 

Ta CO A', B', C , D' d6ng phing 
o AA' = mAB' + nAC' + pAD' ( m + n + p = 1) 

1-k. 

- - i - b = m ^ ^ ^ 
1-k. 1-k, 

c - k . d d 
+ n ^ + p-

1-k, 

_i=i 

Bai toan 16.8: Chu-ng minh: 
a) Ba vecta cung vuong goc vai vecta n ^ 0 thi d6ng phlng. ^ 
b) Oiem M thupc mp(ABC) khi va chi khi c6 ba s6 x, y, z ma x + y + ^ ' • 

sao cho OM = xOA + yOB + zOC vai mpi d i § m O. 
Hipo-ng din giai 

a) Gpi ba vecta cung vuong g6c vb-i n 1^ a, b, c thi a.n = b.n = c.n = 0 .Gia 

a, b, c khong d6ng phlng thi t6n tai 3 s6 

X, y, z sao cho n = xa + yb + zc . 

4(^4 

m 
l-k^ 1-k, 

b + 
mk. 

1-k, 

c + 
nk. 

1-k. 1 - k , , 
V 4 3 

d = 0 .M^ 

+ n + p = i=> _ k , ( i _ k ^ k ^ l - kg)-k,k2k3(1 - k , ) = 1 - k , 

o k , k 2 k 3 k , = 1 « ^ . - ^ . 2 ^ . 2 ^ = 1 
5̂ . . ' ' ' A 'B B'C C D D'A 

^^°an 16. 10: Cho tu- di?n ABCD. Cac di lm M va N l ln lu-p-t la trung diem 
^ AB va CD. L ly cac di lm P, Q l ln lup-t thupc cac du-ang thing AD va 

sao cho PA = kPD, QB = kQC (k ̂  1), Chu-ng minh rang cac di lm M, 
' Q cung thupc mOt m^t phlng. 
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lU lHJPy Uieni DUI UUuny n y L . J I M M yiui 

HiPO'ng d i n giai 

Chpn g6c M. Ta c6 PA = k P D . 

MA - k M D 
nen MP = 

1 - k 

TLrang ty : MQ = 
M B - k M C 

1 -k B 

MA + MB = 0 , MC + MD = 2 M N , n§n: 

1 .r.. MP + MQ = — ^ [ M A + MB - k ( M C + M D ) ] 
1 - k 

^•^-MN 
k - 1 

TNHHMTVDWHHhanq Vi$t 

j . ( b + a + b ) = --(a + 2 b ) 
* 2 2 

= -1(AA' + A C ) = 1(8 + a + c)= I ( 2 a + c) 

Do do M P , M Q , MN d6ng ph Ing nen cac d i l m M, N, P, Q cung thuQc 
mot mat phSng. 

Bai toan 16.11: Cho hinh hop ABCD.A'B'C'D'. Goi I la giao di^m hai duang 
cheo cua hinh binh hanh ABB'A' va K la giao d i l m hai duang cheo cua 
hinh binh hanh BCC'D'. 

ChLcng minh ba vecta B D , IK, B ' C d6ng ph lng . 
HiFang d i n giai 

AK = 

2 " ' 2 

AC'+ 2AB ' ^ a + c + 2(a + b) _ 3a + 2b + c 

DO do, t a c o AK = - ( A l + A J ) = > dpcm. 

Ta c6: BD = BC + CD 

= B 'C ' + ( A D - A C ) 

= B 'C ' + B 'C ' - 2 IK 

= 2B 'C ' ' - 2 I K 

(Vi IK la du-ang trung binh cua tarn giac AB'C) 

Vgy B D , IK, B^C' d6ng p h l n g . 
Bai toan 16.12: Cho hinh lang tru 

ABC.A'B 'C. G Q I I va J l§n luQ't la trung 
d i l m cua BB' va A ' C . D i l m K thuoc 

B'C sao cho KC ' = - 2 K B ' . Chung 
minh r i n g b i n d i l m A, I, J, K cung 
thuoc mot mat p h l n g . 

Hu'O'ng d i n giai 
.m&i' — - - — 

Chon ca sa AA ' = a , AB = b, AC = c A' 

Ta c6: Al = - ( A B + A B ' ) 
2 

gai toan 16.13: Cho hinh ti> dien ABCD, I, K, E, F la cac d i l m thoa man; 

2 IB + lA = 0 ,2KC + KD = o", 2EB + 3EC = o'va 2FA + 3 F D = o". 
Chung minh b i n d i l m I, E, K, F d i n g ph lng. 

Hu'O'ng d i n giai 

Chpn he vecta ca sa: BC = a , BD = b, BA = c 
Ta Chung minh cac vecta 

IE, IK. IF d i n g p h l n g . 

Taco IE = IB + BE 

= - ^ B A + | B C = - 1 C + 
3 5 3 5 

IF = lA + AF = - BA + - AD 
3 5 

= f B A + | ( B D - B A ) = | c + ^ ( b - c ) = ^ b + -
^ 5 5 5 ' 5 15 

IK = f a . i b - I c 
3 3 3 

^ a t i m h a i s l x v a y s a o c h o IK = x l E +yrF 

•• ^ a + K 1 • 3 • 3 • 1 1 
3 ' ' ^ o b - : ^ c = c ' ^^ ^ + ( — y - ^ x ) c 

1 

3 2 
r - 3 
3 1 

5 ^ = 3 

1 1 1 

T?^-r = - 3 

5 ' M 5 

10 
X = — 

- I 
''ay IK - 1 0 , ^ 5 , ^ 

n ^ dpcm. 
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W tr<?ng di&m hoi dUdng hoc smn gioi mon loan i / Lis nuun/i riiu 

Bai toan 16.14: Cho hinh to di#n ABCD, I va J l l n lu-gt la trung diem cijg 

va CD; M la d i^m thupc AC sao cho MA = ki M C , N la d i l m thuoc 

cho NB = k2Nb • Chu-ng minh r i n g cac d i l m I, J, M, N cung thupc 

p h i n g khi va chi khi ki = k2. 
Hu'6ng d i n gia 

9̂. 

Vi MA = k i M C nen IM = 

Tu-o-ng tu- ta c6: 

l A - k ^ l C 

1 -k , 

- I B - - k J D 
IN = = 

1 - k , 

- I A - k 2 l D 

1 - k . 

Xet IM = pIN + q U 

= P-

P 

U = 
1 

• A M - ^ -DN 
n a y 1 - k 1 - k 

minh tu-o-ng tu- nhu- tren ta c6: IK = 
1 

1 - k 

2 

- M B -
1 - k 

2k 

-NC 

NC • e 

I A - k , I C 

1 - k , 
l l ^ d ^ . ^ C . I D ) 

1 - k . 2 ' 

1 
• + • 1 - k , 1 - k 2 J 

l A -
1-k , 2 

1 0 + 
P^2 

1 - k , 
10 = 0 

at: 

Chiang 

./ij. MA = - 2 M B , ND = - 2 N C nen U = - ^ M B 
Ma "^'^ 1-k 1-k 
po do : U = 2 JK . V§y ba diem I, J, K thing hang. 

.jtoan 16.16: Cho ba mat phIng song song (a), (P), (y) va hai du-o-ng thing 
A ph^o nhau d, di cit chiing theo thu- tu- tai A, B, C va A i , B i , C i . Tu- mot 

^ 5igm O bit ki trong khong gian dyng cac vecto- OM = A A i , ON = B B i , 

OP = C C i . Chu-ng minh M, N, P thing hang. 
Hu'O'ng din giai 

Vi (a), (P), (y) song song vo-i nhau, hai du-ang thang d, di cIt chung l ln lu-o-t 
tai A, B, C va A i , B i , Ci nen theo dinh ly Ta-let thi B chia AC, Bi chia A i C i 
theo cung ti so nen: 

1 

1-k, l - k j 
= 0 

1-k, 
pk. 

<=> 
pk 2 _ 

1 -k , 1 - k , 
— ^ ki = k2. 

l -k^ 2 

Bai toan 16.15: Cho ti> dien ABCD, M va N la cac d i l m l l n lu-gt thupc AB .a 

CD sao cho MA = - 2 M B , ND = - 2 N C . Cac diem I, J, K Ian luat thuoc 

AD, MN, BC sao cho lA = kID , JM = k JN , KB = k K C . Chupng minh r 
cac d i l m I, J, K thang hang. 

HiHO-ng d i n giai 

Ta c6: U = lA + AM + MJ , 

U = ID + DN + NJ 

kU = kID + k D N + kNJ 

hay kU = lA + k D N + MJ 

D o d o ; (1 - k ) U = A M - k D N 

BA = k B C va B,A, =kB ,C , 

Do do: OB = 
OA - kOC 

1 - k 
va OBi 

OAi - kOCi 
1 -k 

nen: 

BBi = OBi - OB 

_ (OAi - OA) - k(OCi - OC) _ 1 — 
; AAl -

1 - k 1 - k 1 - k 

1 OM -0P=> NM = k N P Hay la : ON = 
1 - k 1 - k 

^aitoan 16.17: Cho hinh hpp ABCD.A'B'C'D' 
c6 cac canh b i n g m, cac goc tai A b i n g 
60° (BAD = A'AB = A ' A D = 60°). Gpi P 

Q la cac d i l m xac djnh bdi A P = D ' A , 

^ ' Q = D C ' . Chu-ng minh du-ang t h i n g P Q 
^[ qua trung d i l m cua cgnh BB'. Tinh dp 
^ai doan P Q . 

Hu'O'ng d i n giai 

^ I t A A ' = 

T; 
a , AB = b, AD = c 

^ c 6 : a . b = b . c = c . a = - m ^ 
2 

G . D _ 
M la trung diem cua BB' thi: MP = MB + BA + AP 



W tr<?ng di&m hoi dUdng hoc smn gioi mon loan i / Lis nuun/i riiu 
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- I B - - k J D 
IN = = 

1 - k , 

- I A - k 2 l D 
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1 - k 

2 

- M B -
1 - k 

2k 

-NC 

NC • e 

I A - k , I C 

1 - k , 
l l ^ d ^ . ^ C . I D ) 

1 - k . 2 ' 
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• + • 1 - k , 1 - k 2 J 

l A -
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1 - k , 
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OP = C C i . Chu-ng minh M, N, P thing hang. 
Hu'O'ng din giai 

Vi (a), (P), (y) song song vo-i nhau, hai du-ang thang d, di cIt chung l ln lu-o-t 
tai A, B, C va A i , B i , Ci nen theo dinh ly Ta-let thi B chia AC, Bi chia A i C i 
theo cung ti so nen: 

1 

1-k, l - k j 
= 0 

1-k, 
pk. 

<=> 
pk 2 _ 

1 -k , 1 - k , 
— ^ ki = k2. 

l -k^ 2 
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CD sao cho MA = - 2 M B , ND = - 2 N C . Cac diem I, J, K Ian luat thuoc 

AD, MN, BC sao cho lA = kID , JM = k JN , KB = k K C . Chupng minh r 
cac d i l m I, J, K thang hang. 

HiHO-ng d i n giai 

Ta c6: U = lA + AM + MJ , 

U = ID + DN + NJ 

kU = kID + k D N + kNJ 

hay kU = lA + k D N + MJ 

D o d o ; (1 - k ) U = A M - k D N 

BA = k B C va B,A, =kB ,C , 

Do do: OB = 
OA - kOC 

1 - k 
va OBi 

OAi - kOCi 
1 -k 

nen: 

BBi = OBi - OB 

_ (OAi - OA) - k(OCi - OC) _ 1 — 
; AAl -

1 - k 1 - k 1 - k 

1 OM -0P=> NM = k N P Hay la : ON = 
1 - k 1 - k 

^aitoan 16.17: Cho hinh hpp ABCD.A'B'C'D' 
c6 cac canh b i n g m, cac goc tai A b i n g 
60° (BAD = A'AB = A ' A D = 60°). Gpi P 

Q la cac d i l m xac djnh bdi A P = D ' A , 

^ ' Q = D C ' . Chu-ng minh du-ang t h i n g P Q 
^[ qua trung d i l m cua cgnh BB'. Tinh dp 
^ai doan P Q . 

Hu'O'ng d i n giai 

^ I t A A ' = 

T; 
a , AB = b, AD = c 

^ c 6 : a . b = b . c = c . a = - m ^ 
2 

G . D _ 
M la trung diem cua BB' thi: MP = MB + BA + AP 



lULTpng aiBrn rui uuuiiy nvi: bum yiui iiiuii luun i i - LIS nuunu rnu 

Do AP = D'A = - a - c 

a • • ' 3 " • • nen M P = b - a - c = — a - b - c 

~Tti,nTmFmTVDWH Hhang Vi$t 

Mat khac MQ = MB' +B'C' + C'Q = MB' +B'C' + DC' 

a + b + c nen MP + MQ = 0 (dpcm) 

Ta c6 PQ^= PQ =4MP 
•2 2 

f 3 • , 
2 

f g -2 
= 4 —a + b + c = 4 - a 

l2 ) l4 

\0\

^ 

'it t iV 

= 4. — = SSm^ PQ = m V 3 3 . 

Cach khac: Chieu theo phuang song song voi BB' len m3t day (A'B'C'D'). 
Bai toan 16.18: Cho hinh hop ABCD.A'B'C'D'. Mot duang thing A c^t cac 

duang thing AA', BC, CD' ISn lu'p't tai M, N, P sao cho NM = 2NP. Tinh 

MA 

M A ' ' I 
Hif^ng din giai 

ChQH CO" so AD = a , AB = t), AA' = c. Vi M thupc dipcyng thing AA 

n6n; AM = kAA' = k c ; 

Hu'O'ng d i n gia i 

^ ] IViN luon c i t mp(PBC) n§r\N khong song song PQ. 

^^y cac dii-ang thing MN va PQ c i t nhau hay d i lm M, N, P, Q d6ng phing 

ĵ gn t6n tai x, y sao cho MP = xMN + yMQ . " 

£)$t AB = b, AC = c, AD = d va ^ D 

BQ = tBC = - t b + t c . 

-pa CO. MP = MA + AP = -1 b + - d 
2 3 

MN = - ( A D + BC) =-Ib + - c + - d ^ 
2 2 2 2 

IViQ = MB + BQ = ^ b - tb + t c = ( | - t)b + t c . 

Dod6: - | b + | d = ( - | + | - y t ) b + ( | + yt)c + | d 

Ta CO he phu-ang trinh: 

X y . 1 
— + ̂ - y t = — 

2 2 2 

NthuQcBC, P thupc CD'nen: BN = t a , C ' P = m b 

Ta c6: MN = NB + BA + AM = - t a - b + kc 

NP = NB + BB' + B'C' + C P 

= - t a + c + a + m b = ( 1 - t ) a + mb + c. 

[-t = 2(1-t) 
Do NM = 2NP nen: 

MA 

- 1 - 2 m 
k = 2 

o k = 2,m = - - , t = 2 
2 

^ . y t = 0 

X 2 
2^ 3 

4 
X = — 

3 
2 

yt = - - « 

y = - i 

4 
x = -

3 

t = 2 
3 

•'0 

Vay BQ = - BC nen diem Q chia canh BC theo ty so -2. ] 

Bai toan 16.20: Cho hinh lang tru tam giac ABC.A'B'C. L ly cac di^m Ai, Bi, 
Ci i in lu-gt thupc cac canh ben AA', BB', CC sao cho 
AA, B'B, 

AA' BB' CC 
C'C 3 

f = - . Tren cac doan thing CA, va A'Bi Ian lu-p-t l l y cac 

, J sao cho IJ//B'Ci. Ti'nh ti s6 IJ 
B'C 

Bai toan 16.19: Cho M, N l in luat la trung diem cac canh AB, CD cua ti> '^^•m "Theo gja thilt, ta c6: 
ABCD, P la d i lm chia canh AD theo ty so - 2 . Hay xac dinh di lm Q '̂ ĵ 
canh BC sao cho PQ va MN c i t nhau. Khi do di lm Q chia canh BC ttie° ^eom 

Hu-ang din giai 

AA'= a , AB = b, AC = c. 

so nao? 
T; 

a , B'Bi = - - a , C ' C = - - a 
4 4 4 

^ C 6 : CAi = CA + AAi = - a - c 
4 

Ann 
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a + b + c nen MP + MQ = 0 (dpcm) 

Ta c6 PQ^= PQ =4MP 
•2 2 

f 3 • , 
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f g -2 
= 4 —a + b + c = 4 - a 

l2 ) l4 

\0\

^ 

'it t iV 

= 4. — = SSm^ PQ = m V 3 3 . 

Cach khac: Chieu theo phuang song song voi BB' len m3t day (A'B'C'D'). 
Bai toan 16.18: Cho hinh hop ABCD.A'B'C'D'. Mot duang thing A c^t cac 

duang thing AA', BC, CD' ISn lu'p't tai M, N, P sao cho NM = 2NP. Tinh 

MA 

M A ' ' I 
Hif^ng din giai 

ChQH CO" so AD = a , AB = t), AA' = c. Vi M thupc dipcyng thing AA 

n6n; AM = kAA' = k c ; 

Hu'O'ng d i n gia i 

^ ] IViN luon c i t mp(PBC) n§r\N khong song song PQ. 

^^y cac dii-ang thing MN va PQ c i t nhau hay d i lm M, N, P, Q d6ng phing 

ĵ gn t6n tai x, y sao cho MP = xMN + yMQ . " 

£)$t AB = b, AC = c, AD = d va ^ D 

BQ = tBC = - t b + t c . 

-pa CO. MP = MA + AP = -1 b + - d 
2 3 

MN = - ( A D + BC) =-Ib + - c + - d ^ 
2 2 2 2 

IViQ = MB + BQ = ^ b - tb + t c = ( | - t)b + t c . 

Dod6: - | b + | d = ( - | + | - y t ) b + ( | + yt)c + | d 

Ta CO he phu-ang trinh: 

X y . 1 
— + ̂ - y t = — 

2 2 2 

NthuQcBC, P thupc CD'nen: BN = t a , C ' P = m b 

Ta c6: MN = NB + BA + AM = - t a - b + kc 

NP = NB + BB' + B'C' + C P 

= - t a + c + a + m b = ( 1 - t ) a + mb + c. 

[-t = 2(1-t) 
Do NM = 2NP nen: 

MA 

- 1 - 2 m 
k = 2 

o k = 2,m = - - , t = 2 
2 

^ . y t = 0 

X 2 
2^ 3 

4 
X = — 

3 
2 

yt = - - « 

y = - i 

4 
x = -

3 

t = 2 
3 

•'0 

Vay BQ = - BC nen diem Q chia canh BC theo ty so -2. ] 

Bai toan 16.20: Cho hinh lang tru tam giac ABC.A'B'C. L ly cac di^m Ai, Bi, 
Ci i in lu-gt thupc cac canh ben AA', BB', CC sao cho 
AA, B'B, 

AA' BB' CC 
C'C 3 

f = - . Tren cac doan thing CA, va A'Bi Ian lu-p-t l l y cac 

, J sao cho IJ//B'Ci. Ti'nh ti s6 IJ 
B'C 

Bai toan 16.19: Cho M, N l in luat la trung diem cac canh AB, CD cua ti> '^^•m "Theo gja thilt, ta c6: 
ABCD, P la d i lm chia canh AD theo ty so - 2 . Hay xac dinh di lm Q '̂ ĵ 
canh BC sao cho PQ va MN c i t nhau. Khi do di lm Q chia canh BC ttie° ^eom 

Hu-ang din giai 

AA'= a , AB = b, AC = c. 

so nao? 
T; 

a , B'Bi = - - a , C ' C = - - a 
4 4 4 

^ C 6 : CAi = CA + AAi = - a - c 
4 

Ann 



lU ti-4)h^ (SlSrn hOI dUOng n^e Sinn giOl mOh IMn II - is HOailn h'no 

3 -
A'Bi = A 'B ' + B'Bi = a + b 

4 
3 -

B'Ci =B 'A ' +A 'C ' + C'Ci = — a - b + c 
4 

3 -
Vi I thuoc CAi nen C I = t C A i = - t a - t c 

4 

atua •<{ :< i. 

^ ', 0 OA , r • 

' + 6\- - o a t 

Do JthupcA'Bi nen A ' J = mA'B, = - - m a + mb 

U = IC + CA ' + A ' J = 1 - - t - - m 
4 4 

a + mb + (t - 1)c ^ 

S 

Ta CO IJ//B'Ci U =kB 'C, <^ 
4 4 4 

m 
t - 1 

= -k 

= k 

3 3 3 B'C, 3 

Bai toan 16.21: Cho mpt hinh hOp ABCD.A1B1C1D1. Mpt mat phing di qua D, 
song song vdi DAi va ABi cSt dudyng thing BCi tgi M. Tim ti so ma dî m M 
chia doan thing BCi. 

Hunyng din giai 

Gia su- MB = kMCi. Ta phai x^c djnh k sao cho ba vecta DA 1, AB, va 

D~M dong phlng. D$t D,A, = a , D,C, = b , D p = c 

Taco: DA, =D^A^-Dp = a - c , AB, =DC, = b - c 

D,B - kD,C, a + b + c - k b 

^ 1-k 1-k 

Di§u ki^n ba vecta D,M, DA,. AB, dong phlng ta phai c6 m, 

D,M=mDA, +nAB, 

^ a + (|-'<)b + c ^ ^ ( 3 _ g ) ^ r i ( b - c ) = ma + nb- (m + n)c 
1-k 

<=> { 

1 

1-k 

1 = m 

1 

1-k 

= m 

= -(m + n) 

m = 1 

m = - | . V|yk = 3. 

k = 3 

Cty TNHHMTVDWH Hhang Vi$t 

A j toan 16.22: Cho hinh lang tru tam giac ABC.A'B'C. Goi G va G' l ln lu-at la 
trpng tam ciia tam giac ABC va A'B'C, I la giao di lm cua AB' va A'B. Chung 
^ inh rang Gl // CG' 

Hiro'ng din giai 

Chpn ca sa goc A: AA' = a , 

= b , AC = c 

ir:^ b +c a +b 
Taco: AG = ̂ — , Al = - y -

- b +c 
AG' = AA' + A 'G ' = a + 

ngn Gl = A I -AG = 
a + b b + c 3 a + b - 2 c 

-^r.\/^i 77: — b +c — 3a +b - 2c CG = A G ' - A C = a ^ ^ c = 
3 3 

Suy ra: CG' = 2GI ma Gl, CG' phan bi^t nen Gl // CG' 

Bai toan 16.23: Cho hinh hpp ABCD.A1B1C1D1. Diem M chia doan AD theo ti 

s6 d i lm N chia dogn AiC theo ti so - | . ChCFng minh MN song song 

mp(BCiD). ^ A M 

Hipang dan giai Bf 

m BA = a , BBi = b, BC = c 
Khi do: 

BD = a + c; BCi = b + c, 

BAi = a + b 

BM = ^-^^^^P 5 a . c 

4 

;BN = ^ ^ - " 3 ^ ^ 3 a . 3 b . 2 c 

4 " ' 
Suy ra MN = i"N - BM = - ^ ^ ^ ^ b . c 

5 

^ Chung minh MN // mp(BDCi) ta phai chung minh ba vecta MN, BD v^ 

d6ng phlng, tuc la c6 m v^ n sao cho: 

=mBD . nBC i <^zHi l|^ =ma +nb +(m.n)c ^ '^ '^ - " ' ^ 



lU ti-4)h^ (SlSrn hOI dUOng n^e Sinn giOl mOh IMn II - is HOailn h'no 

3 -
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3 -
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3 -
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Ta CO IJ//B'Ci U =kB 'C, <^ 
4 4 4 

m 
t - 1 

= -k 

= k 

3 3 3 B'C, 3 

Bai toan 16.21: Cho mpt hinh hOp ABCD.A1B1C1D1. Mpt mat phing di qua D, 
song song vdi DAi va ABi cSt dudyng thing BCi tgi M. Tim ti so ma dî m M 
chia doan thing BCi. 

Hunyng din giai 

Gia su- MB = kMCi. Ta phai x^c djnh k sao cho ba vecta DA 1, AB, va 

D~M dong phlng. D$t D,A, = a , D,C, = b , D p = c 

Taco: DA, =D^A^-Dp = a - c , AB, =DC, = b - c 

D,B - kD,C, a + b + c - k b 

^ 1-k 1-k 

Di§u ki^n ba vecta D,M, DA,. AB, dong phlng ta phai c6 m, 

D,M=mDA, +nAB, 

^ a + (|-'<)b + c ^ ^ ( 3 _ g ) ^ r i ( b - c ) = ma + nb- (m + n)c 
1-k 

<=> { 

1 

1-k 

1 = m 

1 

1-k 

= m 

= -(m + n) 

m = 1 

m = - | . V|yk = 3. 

k = 3 

Cty TNHHMTVDWH Hhang Vi$t 

A j toan 16.22: Cho hinh lang tru tam giac ABC.A'B'C. Goi G va G' l ln lu-at la 
trpng tam ciia tam giac ABC va A'B'C, I la giao di lm cua AB' va A'B. Chung 
^ inh rang Gl // CG' 

Hiro'ng din giai 

Chpn ca sa goc A: AA' = a , 

= b , AC = c 

ir:^ b +c a +b 
Taco: AG = ̂ — , Al = - y -

- b +c 
AG' = AA' + A 'G ' = a + 

ngn Gl = A I -AG = 
a + b b + c 3 a + b - 2 c 

-^r.\/^i 77: — b +c — 3a +b - 2c CG = A G ' - A C = a ^ ^ c = 
3 3 

Suy ra: CG' = 2GI ma Gl, CG' phan bi^t nen Gl // CG' 

Bai toan 16.23: Cho hinh hpp ABCD.A1B1C1D1. Diem M chia doan AD theo ti 

s6 d i lm N chia dogn AiC theo ti so - | . ChCFng minh MN song song 

mp(BCiD). ^ A M 

Hipang dan giai Bf 

m BA = a , BBi = b, BC = c 
Khi do: 

BD = a + c; BCi = b + c, 

BAi = a + b 

BM = ^-^^^^P 5 a . c 

4 

;BN = ^ ^ - " 3 ^ ^ 3 a . 3 b . 2 c 

4 " ' 
Suy ra MN = i"N - BM = - ^ ^ ^ ^ b . c 

5 

^ Chung minh MN // mp(BDCi) ta phai chung minh ba vecta MN, BD v^ 

d6ng phlng, tuc la c6 m v^ n sao cho: 
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W trQn,- ,li,-.m l-oi (iild'V-! Iu\- - r i h gmi v.vi '",'-or, ! i 

^ r n = - - v a n = I (dpcm). 
5 5 

Bai toan 16.24: Cho hinh hpp ABCD.A'B'C'D'. Xet cac di lm M N l§, 
thupc cac dL^ang th ing A'C va C D sao cho MA' = l<iVIC, N C = 
(k, t ^ 1). eat BA = a , BB' = b, BC = c . Xac djnh k, t d l du-ong thg^g 
M N sona sono vai du-ang thing BD'. a -if-'^ MN song song vai du-ang thing 

HiKO'ng d i n giai 
Ti> gia thi4t ta c6: 

BA ' -kBC ^ 
BM = , do do: 

1-k 
BM = — a + - 7 - ^ b - 3—;-c 

1-k 1 - k " 1-k 

„ •, BC ' - tBD . . . 
BN = , do do: 

1-t 
BN = — a + — b + c 

1-t 1-t 
Vi BD' va C D la hai du-ong thing cheo nhau nen du'6'ng thing MN sor 

song vai du'ang thing BD' khi va chi khi MN = pBD' . 

Do MN = BN - BM nen ta c6: 

MN = 1 1 

1 1-t 1-k 
a + 

1 1 b + 1 + 
1-k J - t 1 - k , , , 

Ma' = a + b + c, , b, c la ba vecta khong dong phing nen: 

( . 1 • 

MN = p B D ' o 

" l - t 1-k 
1 1 

1-t 1-k 
- - P O 

1-k 

t - - 1 
k = -3 

1 
P = 4 

Vay khi k = -3 , t = - 1 thi du-ang thing MN va du-b-ng th ing BD' song 
vai nhau. 

Bai toan 16.25: Cho ti> dien ABCD. Gpi M va N l l n lu'gt la trung diem cua A 
va CD. Chung minh: 

a) MN = | ( A D + BC) = | ( A C + BD) 

b) D i lm G la trpng tam cua ti> dien ABCD khi v^ chi khi: 

GA + GB + GO + GO = o' 

Cti^ TNHHMTVDWHHhang Vi$t 

Hipo-ng d i n giai 
Ta c6: MN = MA + AD + DN, MN = MB + BC + CN 
Vi M, N la trung di§m cua AB, CD nen: 

A 
/̂lA + MB = 0 

DN + CN = O' 
• 1 • 1̂. 

Dodo: MN = - ( A D + BC) 
2 li. 

Tuang ty thi: MN = ̂ ( A C + BD) ; 

^,)Tac6: GA + GB = 2 G M , GC + GD = 2 G N C C 

Dodo: GA + GB + GC + GD = 0 o 2GM + 2GN = O' 

o GM + GN = 0 <=> G la trung di§m cua MN. 
o G la trpng tam tu- dien ABCD. 

Bai toan 16.26: Cho hinh hop ABCD.A'B'C'D'. Gpi Di, D2, D3 Ian lu'gt 1̂  d i lm 
d6i xijng cua d i lm D' qua A, B', C. ChCpng to r ing B la trpng tam cua tii" 
dien D1D2D3D'. 

Hmyng d i n giai 
Ogt AA' = a , AB = b, AD = c 
TOgiathilt, taco: BD' + B D i = 2 B A = - 2 b 
Ma BD' = a + + c. Vay BDi = - a - ti - c 
Lap tu-ang tu" nhu' tren ta c6: BDa = a + b - c 
va BD3 = - a + b + c.Vay BDi + BD2 + BDs + BD' = o' 
Dilu nay chu-ng to B la trpng tam cua ttp dien D1D2D3D'. 

Bai toan 16.27: Cho hinh chop S.ABCD. Gpi O la giao d i lm cua AC va BD. 

Chung to r ing ABCD la hinh binh hanh khi va chi khi ' 

SA + SB + SC + SD = 4 S 0 . ~ 
Hipang d i n giai 

Gpi M, N l l n lu-p-t la trung di lm cua AC, BD thi: 

OA + OC = 2 0 M , OB + OD = 2 0 N . 

Ta cc: SA + SB + SC + SD = 4 S d 

SO + OA + SO + OB + SO /.4--V-\r----->i) 

+ OC + SO + OD = 4 S 6 

OA + OB + OC + ob = 0 
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^ r n = - - v a n = I (dpcm). 
5 5 

Bai toan 16.24: Cho hinh hpp ABCD.A'B'C'D'. Xet cac di lm M N l§, 
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1-k 
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1-k 1 - k " 1-k 
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1-t 1-t 
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DN + CN = O' 
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2 li. 
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^,)Tac6: GA + GB = 2 G M , GC + GD = 2 G N C C 

Dodo: GA + GB + GC + GD = 0 o 2GM + 2GN = O' 

o GM + GN = 0 <=> G la trung di§m cua MN. 
o G la trpng tam tu- dien ABCD. 
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Ogt AA' = a , AB = b, AD = c 
TOgiathilt, taco: BD' + B D i = 2 B A = - 2 b 
Ma BD' = a + + c. Vay BDi = - a - ti - c 
Lap tu-ang tu" nhu' tren ta c6: BDa = a + b - c 
va BD3 = - a + b + c.Vay BDi + BD2 + BDs + BD' = o' 
Dilu nay chu-ng to B la trpng tam cua ttp dien D1D2D3D'. 

Bai toan 16.27: Cho hinh chop S.ABCD. Gpi O la giao d i lm cua AC va BD. 

Chung to r ing ABCD la hinh binh hanh khi va chi khi ' 

SA + SB + SC + SD = 4 S 0 . ~ 
Hipang d i n giai 

Gpi M, N l l n lu-p-t la trung di lm cua AC, BD thi: 

OA + OC = 2 0 M , OB + OD = 2 0 N . 

Ta cc: SA + SB + SC + SD = 4 S d 

SO + OA + SO + OB + SO /.4--V-\r----->i) 

+ OC + SO + OD = 4 S 6 

OA + OB + OC + ob = 0 
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<=> 2(OM +ON) = 0 dieu nay chCrng to O, M N thing hang. Mat khac \
thupc AC, N thupc BD va O la glao dî m cua AC va BD nen O, M, N thlriq 
hang chi xay ra khi O ^ M ^ N, tipc O la trung dilm cua AC va BD, hgy 
ABCD la hinh binh hanh: dpcm. 

Bai toan 16.28: Cho hinh hop ABCD.A'B'C'D' c6 P va R lln lu'p't la trung ( j j^^ 
cac canh AB va A'D'. Gpi P', Q, Q', R' l̂ n lu'P't la tam cua cac hinh binh 
hanh ABCD, CDD'C, A'B'C'D', ADD'A'. ChCrng minh hai tam giac PQR 
P'Q'R' CO cung trpng tam . 

Hu-ang din giai 

Ta chLPng minh ring PP' + QQ' + RR' = 0 . -

Tam giac ABC c6 PP' la du'ong trung binh nen PP' = - AD 

Tuong tg-: QQ' = - DA' = - A'A 

1 
Dodo: PP' + QQ' + RR' = - (AD + DA' + A 'A)= 0 >dpcm. 

Bai toan 16.29: Tren mat phing (P) cho hlnh binh hanh A1B1C1D1. V§ mot 
phia doi voi m^t phIng (P) ta dung hinh binh hanh A2B2C2D2. Tren cac 
doan A1A2, B1B2, C1C2, D1D2 ta iln lu-p-t lly cac dilm A, B, C, D sac cho: II 
AÂ  _ BB̂  _ eg _ CD, 
A ^ ' B ^ ' C C g "CDg 

. ChCrng minh ring tCr giac ABCD la hinh binh hanh 

Hu-ang dSn giai 

Lly diem O, dat OA1 = a^, OB1 = bi , OC1 = Ci, OD1 = di. 
A1B1C1D1 la hinh binh hanh nen: 

ai + ci = bi + di. 
Tuong ty dat: 

OA2 = 32 , OB2 = b2 , OC2 = C2 , 

OD2 = CI2 thi a2 + C2 = b2 + d2 

0$t OA = a, 08 = b, 00 = c, CD = d 

ai - ka2 
Ta G6 A chia Ai A2 theo ti -k nen a = 

1 + k 

J c 

• * 

D / ' 

, - b i - k b 2 - c i - k c 2 z cii -kd2 -Tuong ty b = — . c = , d = nen 
1 + k 1 + k 

a 
+ c = (ai+ci)-k(a2+C2) _ ^ + d = 

1 + k 

_ (bi+di)-k(bg+d2) 

1 + k 1 + k 

^ a + c = ID + d OA + OC = OB + OD => AB = DC. 
\/|y ABCD la hinh binh hanh. 

gai toan 16.30: Cho tCr dien ABCD. Gpi I, J, H, K, E, F lln lu-p't la trung dilm 
cua cac canh AB, CD, BC, AD, AC, BD.ChCrng minh: 

a) DA.BC + DB.CA + DC.AB =0. ' V̂ *'̂ ^ 
b) AB^ + CD' + AC' + BD' + BC' + AD' = 4(IJ' + HK ' + EP') . . 

Hu-o-ng din giai 

Ta c6: DA . BC + DB . CA + DC . AB 

= DA (DC - DB) + DB(DA - DC) + DC(DB - DA) 

= DA . DC - DA . DB + DB. DA - DB. DC + DC . DB -DC . DA = 0. 
b) Ta c6: A 

AC' + BD' + BC' + AD' = AB' + CD' + 4IJ' 

Dat DA = a , DB = b, DC = c. 

nen: U = !A + AD + DJ 

AB DC 
= + AD + 

- ^ / ^ K \ '\ - a - b + c . 
- - - ( - a + b) + (--a) + - = nen 

•2 
AB ^CD +4U = (b -a ) ' +c +(a + l D - c ) ' 

= 2b + 2a^ + 2c^ - 2a.c - 2b.c 

Ac' + B D ' + Bc' + A D ' = (c - a)' + b' + (c - b)' + a ' 

= 2a' + 2b' + 2c' - 2a.c - 2b.c 
Do do: AC' + BD' + BC' + A D ' = A B ' + C D ' + 4IJ' 
Twng ty: AC' + B D ' + A B ' + C D ' = BC' + A D ' + 4HK' 
AB ' + CD' + BC' + A D ' = AC' + BD' + 4EF' 
Do do:AB' + CD ' + AC' + BD ' + BC' + A D ' = 4(lj ' + HK ' + EF'). 

3' toan 16.31: Cho tam giac ABC va mpt dilm O. Vm m6i dilm M trong 
•̂ hong gian, ky hieu: f(M) = MA' + MB' + MC' + 3M0'. ChCeng minh ring 
'̂eu kien cin va du d l O la trpng tam AABC la f(M) iuon khong doi voi mpi 

fJiem M. 

Hu'O'ng din giai 
^Pi G la trpng tam cua AABC, thi: 
f(M) = MA'+ MB'+ MC ' - 3MO'= 3MG'- 3M0' 

+ (GA' + GB' + GC') = 3( M G + M O) OG + (GA' + GB ' + GC') 
A 7 7 
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<=> 2(OM +ON) = 0 dieu nay chCrng to O, M N thing hang. Mat khac \
thupc AC, N thupc BD va O la glao dî m cua AC va BD nen O, M, N thlriq 
hang chi xay ra khi O ^ M ^ N, tipc O la trung dilm cua AC va BD, hgy 
ABCD la hinh binh hanh: dpcm. 

Bai toan 16.28: Cho hinh hop ABCD.A'B'C'D' c6 P va R lln lu'p't la trung ( j j^^ 
cac canh AB va A'D'. Gpi P', Q, Q', R' l̂ n lu'P't la tam cua cac hinh binh 
hanh ABCD, CDD'C, A'B'C'D', ADD'A'. ChCrng minh hai tam giac PQR 
P'Q'R' CO cung trpng tam . 

Hu-ang din giai 

Ta chLPng minh ring PP' + QQ' + RR' = 0 . -

Tam giac ABC c6 PP' la du'ong trung binh nen PP' = - AD 

Tuong tg-: QQ' = - DA' = - A'A 

1 
Dodo: PP' + QQ' + RR' = - (AD + DA' + A 'A)= 0 >dpcm. 

Bai toan 16.29: Tren mat phing (P) cho hlnh binh hanh A1B1C1D1. V§ mot 
phia doi voi m^t phIng (P) ta dung hinh binh hanh A2B2C2D2. Tren cac 
doan A1A2, B1B2, C1C2, D1D2 ta iln lu-p-t lly cac dilm A, B, C, D sac cho: II 
AÂ  _ BB̂  _ eg _ CD, 
A ^ ' B ^ ' C C g "CDg 

. ChCrng minh ring tCr giac ABCD la hinh binh hanh 

Hu-ang dSn giai 

Lly diem O, dat OA1 = a^, OB1 = bi , OC1 = Ci, OD1 = di. 
A1B1C1D1 la hinh binh hanh nen: 

ai + ci = bi + di. 
Tuong ty dat: 

OA2 = 32 , OB2 = b2 , OC2 = C2 , 

OD2 = CI2 thi a2 + C2 = b2 + d2 

0$t OA = a, 08 = b, 00 = c, CD = d 

ai - ka2 
Ta G6 A chia Ai A2 theo ti -k nen a = 

1 + k 

J c 

• * 

D / ' 

, - b i - k b 2 - c i - k c 2 z cii -kd2 -Tuong ty b = — . c = , d = nen 
1 + k 1 + k 

a 
+ c = (ai+ci)-k(a2+C2) _ ^ + d = 

1 + k 

_ (bi+di)-k(bg+d2) 

1 + k 1 + k 

^ a + c = ID + d OA + OC = OB + OD => AB = DC. 
\/|y ABCD la hinh binh hanh. 

gai toan 16.30: Cho tCr dien ABCD. Gpi I, J, H, K, E, F lln lu-p't la trung dilm 
cua cac canh AB, CD, BC, AD, AC, BD.ChCrng minh: 

a) DA.BC + DB.CA + DC.AB =0. ' V̂ *'̂ ^ 
b) AB^ + CD' + AC' + BD' + BC' + AD' = 4(IJ' + HK ' + EP') . . 

Hu-o-ng din giai 

Ta c6: DA . BC + DB . CA + DC . AB 

= DA (DC - DB) + DB(DA - DC) + DC(DB - DA) 

= DA . DC - DA . DB + DB. DA - DB. DC + DC . DB -DC . DA = 0. 
b) Ta c6: A 

AC' + BD' + BC' + AD' = AB' + CD' + 4IJ' 

Dat DA = a , DB = b, DC = c. 

nen: U = !A + AD + DJ 

AB DC 
= + AD + 

- ^ / ^ K \ '\ - a - b + c . 
- - - ( - a + b) + (--a) + - = nen 

•2 
AB ^CD +4U = (b -a ) ' +c +(a + l D - c ) ' 

= 2b + 2a^ + 2c^ - 2a.c - 2b.c 

Ac' + B D ' + Bc' + A D ' = (c - a)' + b' + (c - b)' + a ' 

= 2a' + 2b' + 2c' - 2a.c - 2b.c 
Do do: AC' + BD' + BC' + A D ' = A B ' + C D ' + 4IJ' 
Twng ty: AC' + B D ' + A B ' + C D ' = BC' + A D ' + 4HK' 
AB ' + CD' + BC' + A D ' = AC' + BD' + 4EF' 
Do do:AB' + CD ' + AC' + BD ' + BC' + A D ' = 4(lj ' + HK ' + EF'). 

3' toan 16.31: Cho tam giac ABC va mpt dilm O. Vm m6i dilm M trong 
•̂ hong gian, ky hieu: f(M) = MA' + MB' + MC' + 3M0'. ChCeng minh ring 
'̂eu kien cin va du d l O la trpng tam AABC la f(M) iuon khong doi voi mpi 

fJiem M. 

Hu'O'ng din giai 
^Pi G la trpng tam cua AABC, thi: 
f(M) = MA'+ MB'+ MC ' - 3MO'= 3MG'- 3M0' 

+ (GA' + GB' + GC') = 3( M G + M O) OG + (GA' + GB ' + GC') 
A 7 7 



N4U O = G thi f ( M ) = GA^ + GB^ + GC^ = hang s6, V M 
N§u f(M) = hang s6, thi: f(0) = f(G) 

= > 3 0 G . OG = 3 G d . O G 6.0G^ = 0, h a y O ^ G . 

Bai toan 16.32: Cho hinh chop ttp giac S.ABCD day la hinh binh hanh. ivî ^ 
mat phing (P) cat cac canh SA, SB, SC, SD theo thCf tu- tai K, L, M, M 

. u - SA SC SB SD 
ChL^ngmmhrang: - + 

Hu'O'ng d i n giai 

Gpi O la tam hinh binh hanh day thi: SA + SC = 2 SO = SB + SD 

Dat: SA = a S k , SB = b S L , SC = c S M S , SD = d S N , a, b, c, d > 1. 

K h i d o : ^ . - ^ ^ = a . c v a S ^ . ^ = b . d 
SK Sv1 SL SN \ : , 

T a c o SN = - S D = - ( S A + S C - S B ) = - S A + - S C - ^ S B ^ 
d d d d d 

Vi K, L, M, N d6ng phIng n e n ; - + - - ^ = ^=> a+c = b+d (dpcm). 
d d d 

Bai toan 16.33: Cho hinh lang tru tam giac ABC.A'B 'C c6 dp dai canh ben 
bang a. Tren cac canh ben AA', BB', C C ta lay tuang u-ng cac di§m M, N, P 
sao cho AM + BN + CP = a. ChiJng minh ring mat p h l n g (MNP) luon liion 

di qua mot d i l m c6 dinh. 
Hu'O'ng d i n giai 

Gpi G va G' l l n Itppt la trpng tam cua tam giac ABC va tam giac MNP. 

Ta CP: A M = AG + G G ' + G 'M ^ ' ' 

BN = BG + G G ' + G 'N 

CP = C G + C G ' + G T 

Nen AM + BN + CP = 3 G G ' 

Vi lang tru c6 cgnh ben bang a va AM + BN + CP = a A 

nen AM + BN + CP = A A ' d o do AA' = 3 G G ' 

:=> G G ' = - AA ' . Vi G, A, A' c6 dinh nen G' c6 dinh. Vay (MNP) luon qua 
3 

G' c6 djnh. 
Bai toan 16.34: Cho hinh chop S.ABCD day la tu' giac, M la trung d i l m canh 

AB, N la trung diem cua canh CD, G va G^ l l n lu'p't la trpng tam cua day 
mat ben SCD. 

a) Xac djnh I: lA + IB + IC + ID + IS = 0 . 

4 7 8 

) Chu'ng minh doan t h i n g noi tu- dinh vai trpng tam cua day cung vo'i b6n 
Joan t h i n g n6i trung d i l m cua mpt canh day va\g tam mat d6i dien thi 
j6ng ci'jy tai I- Gpi E la trung d i l m cua SA, du-ong t h i n g El c i t mat p h l n g 
Jay t?' ^ ' chCeng minh F la trpng tam cua ABCD. ^ 

Hu'O'ng d i n giai 
, ^1IVI, N la trung diem cua AB va CD, ta c6: 

\p, + \B = 2 I M , IC + ID = 2 I N , 

i;^ + IB + IC + ID = 2 ( I M + IN) 

G la trung diem cua MN nen: 

IM + IN = 2 IG 

va GA + GB + GC + G D 

= 2 G M + 2 G N = 0 nen G la trpng tam cua ABCD. 

Dodo lA + IB + IC + ID = 4 I G n e n 4 I G + IS = o' 

Vay I la d i l m tren doan SG va — = -
• IS 4 

b) Gi la trpng tam ASCD nen c6 IC + ID + IS = 3IG i 

Dodo lA + IB + IC + ID + IS = 2IM + 3 I G i = 0 

_IM _ 3 

~ 2 • 

• IP 

Suy ra I la d i l m tren doan MG, va 
IG. 

Vgy MGi qua I va SG qua I. Ti^ang tu- thi c6 dpcm. 

Gpi F la trpng tam ABCD nen c6 IB + IC + ID = 3 IF . 

E la trung d i l m cua SA nen cc lA + IS = 2 IE . 

Do dp lA + IB + IC + ID + IS = 2IE + 3 IF = 0 suy ra I la d i l m thupc 

<̂ oan EF va — = - , EF qua I, va F la giac d i l m cua El va i mat day ABCD 

g,)'aF la trpng tam ABCD. 

^'Joan 16.35: Cho M, N l l n li^pt la trung diem cac canh AB va A i D i cua hinh 

'̂ PP ABCD.A1B1C1D1. Gpi P va Q la giao d i l m cua mat p h l n g (CMN) vai 

"̂ 9c duang t h i n g B1C1 va DBi . B i l u thj cac vecta AP va AQ theo cac 

^®cta AB = a , AD = b, AA, = c . 

Hu'O'ng din giai 1 0 ,d v 
' d i l m M, N, C, P d6ng p h l n g nen: 

= x A M + y A N + z A C , x + y + z = 1. 

470 



N4U O = G thi f (M ) = GA^ + GB^ + GC^ = hang s6, V M 
N§u f(M) = hang s6, thi: f(0) = f(G) 

= > 3 0 G . OG = 3 G d . O G 6.0G^ = 0, h a y O ^ G . 
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d d d 
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sao cho AM + BN + CP = a. ChiJng minh ring mat p h l n g (MNP) luon liion 

di qua mot d i l m c6 dinh. 
Hu'O'ng d i n giai 

Gpi G va G' l l n Itppt la trpng tam cua tam giac ABC va tam giac MNP. 

Ta CP: A M = AG + G G ' + G 'M ^ ' ' 

BN = BG + G G ' + G 'N 

CP = C G + C G ' + G T 

Nen AM + BN + CP = 3 G G ' 

Vi lang tru c6 cgnh ben bang a va AM + BN + CP = a A 

nen AM + BN + CP = A A ' d o do AA' = 3 G G ' 

:=> G G ' = - AA ' . Vi G, A, A' c6 dinh nen G' c6 dinh. Vay (MNP) luon qua 
3 

G' c6 djnh. 
Bai toan 16.34: Cho hinh chop S.ABCD day la tu' giac, M la trung d i l m canh 

AB, N la trung diem cua canh CD, G va G^ l l n lu'p't la trpng tam cua day 
mat ben SCD. 
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4 7 8 

) Chu'ng minh doan t h i n g noi tu- dinh vai trpng tam cua day cung vo'i b6n 
Joan t h i n g n6i trung d i l m cua mpt canh day va\g tam mat d6i dien thi 
j6ng ci'jy tai I- Gpi E la trung d i l m cua SA, du-ong t h i n g El c i t mat p h l n g 
Jay t?' ^ ' chCeng minh F la trpng tam cua ABCD. ^ 

Hu'O'ng d i n giai 
, ^1IVI, N la trung diem cua AB va CD, ta c6: 

\p, + \B = 2 I M , IC + ID = 2 I N , 

i;^ + IB + IC + ID = 2 ( I M + IN) 

G la trung diem cua MN nen: 

IM + IN = 2 IG 

va GA + GB + GC + G D 

= 2 G M + 2 G N = 0 nen G la trpng tam cua ABCD. 

Dodo lA + IB + IC + ID = 4 I G n e n 4 I G + IS = o' 

Vay I la d i l m tren doan SG va — = -
• IS 4 

b) Gi la trpng tam ASCD nen c6 IC + ID + IS = 3IG i 

Dodo lA + IB + IC + ID + IS = 2IM + 3 I G i = 0 

_IM _ 3 

~ 2 • 

• IP 

Suy ra I la d i l m tren doan MG, va 
IG. 

Vgy MGi qua I va SG qua I. Ti^ang tu- thi c6 dpcm. 

Gpi F la trpng tam ABCD nen c6 IB + IC + ID = 3 IF . 

E la trung d i l m cua SA nen cc lA + IS = 2 IE . 

Do dp lA + IB + IC + ID + IS = 2IE + 3 IF = 0 suy ra I la d i l m thupc 

<̂ oan EF va — = - , EF qua I, va F la giac d i l m cua El va i mat day ABCD 

g,)'aF la trpng tam ABCD. 

^'Joan 16.35: Cho M, N l l n li^pt la trung diem cac canh AB va A i D i cua hinh 

'̂ PP ABCD.A1B1C1D1. Gpi P va Q la giao d i l m cua mat p h l n g (CMN) vai 

"̂ 9c duang t h i n g B1C1 va DBi . B i l u thj cac vecta AP va AQ theo cac 

^®cta AB = a , AD = b, AA, = c . 

Hu'O'ng din giai 1 0 ,d v 
' d i l m M, N, C, P d6ng p h l n g nen: 

= x A M + y A N + z A C , x + y + z = 1. 
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nen AP = fx ' fx ' • y — + z a + — + z 1 2 . 1 2 J 
b + yc 

Mat khac, n§u dat; B̂ P = tB^c; thi AP = a + tt3 + c 

x + y + z = 1 

Ta CO h$: 
- + z = 1 
2 

y + z = t 
2 
y = 1 

x = -2 
y = 1 5 .-z = 2 . Dodo: AP = a + - b + c. 

t . ^ 
2 

1 Giai tu-ang tu: A Q = - (4 a + 5 b + 4 c). ' " ' 

Bai toan 16.36: Cho hinh hop ABCD.A'B'C'D'. Cac di§m M, N lin lu'O't thuoc 
CA va DC sao cho MC = mMA , ND = mNC'. Xac djnh m d§ cac dudng 
thing MN va BD' song song vai nhau. Khi liy, tinh IVIN biet 

ATC = A'BB' = C'BB' = 60° va BA = a, BB' = b, BC = c. 

Hu'O'ng d i n giai 

BA = a, BB' = b, BC = c thi 

BD' = a + b + c 

Do MC = mMA nen 

* „ . ; BC - mBA c - ma 
BM = = 

1-m 1-m 
Tu-ang ty ta c6: 

BD -mBC' a + c-m(b + c) _ 1 
BN = = a -

m 
1-m 1-m 1-m 1-m 

-b + c 

TO-do MN = BN - BM = l i i ^ a - - ^ b - - - ^ c 
1-m 1-m 1-m 

Do AC, BD' cheo nhau va DC, BD' cheo nhau nen 

MN//BD'o MN = l<BD <=> MN = l<a + kb + l<c. 

1 + m 

Vi a , b, c khong d6ng phing nen 

1-m 
-m 

1-m 
-m 

1-m 

k 

= k . 

= k 

480 

sLjy 
ra 1 + m = -m <=> m = - — .Tu' d6, ta c6 k = — . 

^ = thi MN // BD'. Ta c6: 
" 2 

MN= - ( a + b + c) 
3 

DO 
2 1 - 2 - 2 - 2 

(Jo IVIN =- (a +b +c + 2a.b + 2a.c + 2b.c) 
9 

'OA •> 

hay = I (â  + b̂  + ĉ  + ab + ac + be) 

= l V a ^ + b 2 c +ab + bc + ca . Vay MN g 

gal toan 16.37: Tren cac canh AB, AC vd AD cua tip dien ABCD lln lu'at lly 

ĉ c dilm K, L va M sao cho:AB = aAK , AC = pAL va AD = yAM. 
Chu-ng minh ring: 
a) N§u Y = a + p + 1 thi ĉ c m t̂ phing (KLM) luon di qua mot diem c6 dinh. 
b) NIU P = a + 1 va y = P + 1 thi cac mat phIng (KLM) luon di qua mot 
(jiiong thing c6 dinh. 

IHu'O'ng din giai 

Ô t: AB = a, AC = b, AD = c. Vi ba vectc a, b, c khong ddng phIng, 
ngn vol dilm X bit ki trong khong gian ta c6: 

AX = xa + yb + zc 

OilmX thuoc mp(KLM) <:> AX = pAK + qAL + rAM 
p + q + r=:1 

Taco AX =axAK + pyAL +yzAM 
3)Giasu':y = a + p + 1,thi: 

AX = ax AK + pyAL + (a + p + 1)z AM 
f̂ o do d l X £ mp(KLM) ta cin c6 didu kien: 
« x + p y + (a + p + 1)z = 1 hay:(x + z)a + (y + z)P + z = 1 (*) 

îeu kien (*) dung vai mpi a, p khi va chi khi:x = y = - 1 , z = 1. 

% di4m X sao cho AX = - a - b + c la diem c6 dinh nim tren moi 
^^WLM). 

)0i3 su-: p = a + 1, y = p + 1 hay a = p - 1, y = p + 1 thi: 

(p~1)x AK +pyAL +(p + 1)zAM. 
€ mp(KLM) ta cIn c6 di§u ki$n: 

1)x + Ry + (p + 1)z = 1 (X + y + z)p - x + z = 1 (**). • ' 
'̂̂ ^ kien (*-; dung vai mpi p khi va chi khi: x + y + z = 0 va -x + z = 1 hay z 
^ + 1 va y = -2x - 1. Vi vay, ta c6 th i lay dilm X ung vai x = 0, y = - 1 , z = 
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480 
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^ + 1 va y = -2x - 1. Vi vay, ta c6 th i lay dilm X ung vai x = 0, y = - 1 , z = 



1 Y u-ng v6i: x = 1, y = -3, z = 2 ching hgn, tu-c 1 :̂ AX = - b + c 
a - 3b + 2c thi X, Y 1̂  hai (Ji6m c6 djnh thugc mpi mp(KLl\/|) 
mp(KLM) luon di qua di^ang thSng c6 djnh XY. 

Bai toan 16.38: Cho tu' dien ABCD. Chu-ng minh: 
AC^ + BD^ < AD^ + BC^ + 2AB.CD. 

HiPO'ng din giai 
^ Ta c6: AC^ + BD^ < AD^ + BC^ + 2AB.CD i 

AV 

» A C ^ - A D 2 + BD^ -BC^< 2AB.CD 

(AC - AD X AC + AD )+(BD - BC XBD + BC )< 2AB. CD 
» DC(AC + AD)+ CD(BD + BC)< 2AB.CD 
o DC(AC + AD - BD - BC) < 2AB.CD 
<=> DC(AC + CB + AD + DB) < 2AB.CD 
<=> DC.2AB < 2AB.C0 o AB.CD < AB.CD: dung vi diu ding th,>c 
khong xay ra (AB khong song song CD). 

Bai toan 16.39: Cho tCf dien ABCD. Gpi M, N la hai dilm l4n lu'p't chia AD, nd 
theo ti s6 k < 0. Chu-ng minh MN < max(AB, CD). 

l-iu'6ng din giai: 
Ta CO M, N chia AD, BC theo ti s6 k nen , 

MB-kMC l\ + AB-k(MD + DC) MN = 
1-k 1-k 

MN 

(MA - kMD) + AB - kPC _ AB - kDC 
' - 1-k 1-k 

AB + (-k)DC AB-kDC 
1-k 

AB + (-k)DC 

1-k 

m = max(AB,DC) 

1-k 

AB-kDC 
1-k 

AB<m, DC<m 

(do k < 0) 

MN< 
m - km 

1-k 
= m. 

Bai toan 16.40: Cho tu- dien MABC, G Id trpng tSm tam giac ABC 
minh : MA^+ MB^+ MC^ > MA .GA + MB .GB + MC .GC 

> GA' + GB^+GC'. 
l-lu'6'ng din giai: 

Ta c6 iMA.GA + MB.GA + MC.GC 

> MA.GA + MB.GA + MC.GA 

/|G + G A) G A + (MG + GB) GB + (MG + GC) GC 

p MG(GA + GB + GC) + GA' + GB' + GC' 
^ Q A ' + G B ' + G C ' . 
"0 bit ding thu-c AM-GM : 2MA.GA < M A ' + G A ' 

^ ^ ^ B . G B < MB' + G B ' , 2MC.GC < MC' + GC' 
^ 2(MA.GA + MB.GB + MC.GC) < M A ' + M B ' + MC' + G A ' + GB' + GC' 
^gn MA '+ MB' + MC' - (MA.GA + MB.GB + MC.GC) 

2 (MA.GA + MB.GB + MC.GC)- (GA' + GB' + GC' ) > 0 
Suy'ra : M A ' + M B ' + MC' > MA.GA + MB.GB + MC.GC. 
^^y M A ' + MB '+ MC' > MA .GA + MB .GB + MC .GC 

> GA' + G B ' + G C ' . 

Bai toan 16.41: Cho ba tia Ox, Oy, Oz kh6ng d6ng phlng. D$t xOy = a, yOz = 
(5, z^x = y. Gpi Oxi, Oyi, Ozi l ln lu'p't la cac tia phan giac cua cdc g6c 
xOy, yOz, zOx. Chung minh ring: 

3 
a) cosa + cosp + cosy > - - • 

b) N4U 0XI vuong goc vb-i Oyi thi Ozi vuong g6c vai ca Oxi vd Oyi. 
Himng din giai 

Lly Ei, E2 ,E3 l ln lu'p't thupc cdc tia Ox, Oy, Oz sao cho 
OE, = OE2 = OE3 = 1. 

Chpn CO so OEi = ei, OE2 = 6 2 , OE3 = 6 3 . 
a) Do ba tia Ox, Oy, Oz khong ddng phlng nen: 

(e, + 63 + 6 3 ) ' > 0 o ei + ez + 63 + (2ei.e2 + 62.ea + ea.ei) > 0 

3 + 2(cosa + cosp + cosy) > 0 . V^y cosa + cosp + cosy > - g • 

c6: + // ; OE2 + OE3 // Oyi ; OE3 + OE1 // Ozi 

1̂ Oxi 1 Oyi => (oil + OE2)(OE2 + OE3) = 0 

'̂ ŷ 0E2 + oil .512 + oil .0E3 + oi2 .oia =0 

C6: (oii + oi2)(Oi3 + oii) 

= OE1 + 0Ei.0i2 + 0E2.0i3 + OEi.oia = 0 
\- Tuong ty, ta cung c6 Oy, 1 Ozi. 

O j 5 ° ? " "•6.42: Che tam di^n vuong Oxyz. MOt du'6'ng thang tiiy <i hp'p voi 
' "-̂ y, Oz cac gcc a, p, y. ChCeng minh a + p + y < n. 
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W trQng^^Sm bOI dUOng riQC hlllll yiui iiiuii luuii I I - L c T - n 

Hwang d i n giai: 

Khong mlt tong quat, gia su- d qua O. Goi i j . k .e l l n lu-gt la cac vect(> 
vj cua Ox, Oy, Oz va d. Ta chu-ng minh: 
cos^a + cos^p + cos^ y = 1 " 
That vay, dat: a'=( i,e), P'= ( j ,e) , y = (k,e) 

thi: e= cosa'. i + cosp'. j + COSY'.I< r ' 
I 2 _ „ 2 _ 

'^i-V TTwvnvnv uvvH hhana Vl0t 

LUYfiW TAP 

=> 1 = I e I = e = COS a' + cos P' + cos y' 

Do a, p, y < ^ nen a = a' hay a = 7t - a' 

Tuang ty: cos^p = cos'̂ p', cos'̂ y = cos'̂ y 2.. _ , 2 . . . 

cos^a = cos^a' 

, nen cos^a + cos^p + cos^y = 1=> cos2a + cos2p + 2cos^y = 0 • 

Gia su' a + p + y > 7t, > y > 7t - (a + p) > 0 I 
cosy < cos [7t - (a + P) = -cos(a + P) • 
cos2a + cos2p + 2cos^(a + p) > 0 I 

=> 2cos(a + P) [cos(a - P) + cos(a + P)] > 0 , V 
=i> COS (a + P) cosa cosp > 0: v6 ly vi 

cos(a + p) < -cosy < 0 va cosa > 0 , cosp > 0. Vay a + p + y < n 
Bai toan 16.43: Tij O nSm trong da di$n I6i, dy'ng cac vectc vuong gocci 

mat va c6 modun" bSng dien tich cac mat tucng u-ng. Chipng minh t6ng ci 

vecta n^y bing 0 . . 
Hipang din giai: • 

Ta Chung minh tong t i t ca vecto- hinh chieu cua cac vecta da cho t r f l 

duang thing d bit ky bing 0. I 
Xet hinh chieu cua da di?n ien mp (P) vuong goc vai d. Hinh chieu c u ^ 
di^n du-gc phu bing hinh chilu cua cac mat duai 2 lap, vi c6 thI c h i a ^ 
mat thanh 2 dang "cac mat phia tren" va "cac mat phia dual" khong can j 
den cac mat chieu thanh doan thing). Quy u-dc dien tich dai s6 hinh ^ 
cua m6i mat la dien tich hinh chilu cua mat do, lly diu (+) d6i v6i " * 
"phia tren", l ly dIu (-) d6i vai mSt "phia du-b'i", thi tong so dien tich 
hinh chifeu cua cac mSt bing 0. 
Mat khac, dien tich hinh chi§u cua moi mSt blng dp d^i hinh chi^u cua 

vecta tuang Ceng tren duang thing d. D6ng thai doi vai cac mSt khac 
thi hinh chieu cac vecta tuang ung ngugc hub'ng nhau nen suy ra tof̂  1 
d î dgi s6 hinh chi^u cua cSc vecta d§ cho tren du'6'ng thing d t)̂ "̂ ^ 
(dpcm). 

(6 
16. 1: Cho tu di$n ABCD vb-i trpng tam G: 

{,) Gpi 1^ trpng tam tam giac ABC. Chtpng minh: 

A'B . AA' + A ' C . AA' + A ' D . AA ' = 0 
HiPO'ng din 

piing 1 .̂ N la trung dilm cua AB, CD 
'̂ )<̂ t qua A' trpng tam tam giac BCD. 
j tiP 16. 2: Cho hinh hpp ABCD.A'B'C'D' vai tam O. Chung minh: 
g) AC' = AB + AD + AA ' 

AB + B^(? + D'D = AD + D-C + B ^ = >VC 

b) OA + OB + OC + OD + OA' + OB' + OC' + OD' = 0 

Hirang din 
ai Diing quy t ic 3 dilm 
bi 01^ trung dilm cac ch6o 
Baitip 16. 3: Cho tu giac ABCD. Chung minh ring: 

a) NIU ABCD la hinh chu nhgt thi vai mpi diem M trong khong gian ta luon 
c6MA^ + MC^ = MB^ + MD^ 
b) Nlu ABCD la hinh binh hanh thi MA^ + MC^ - MB^ - MD^ khdng phu thupc 

vj tri dilm M trong khong gian. Ngup-c Igi c6 dung khfing? 
Hifang din 

a) Ch6n giao diem O cua AC v^ BD. 
lilChdn giao dilm O cua AC va BD Id trung dilm moi cheo, ngup-c Igi diing. 
^̂ it*p 16. 4: Cho hinh ISng tru ABC.A'B'C. Gpi G' Id trpng tSm tam giac 

'̂B'C. D0t AA' = a , AB = b, AC = c. 

bieu thj m6i vecta B' C, BC', AG' qua a , b, c. 
1̂  Hiring din 

qua B'C = - a - b + c.BC' = a - b + c.AG' = - ( 3 a + b + c) 
3 

% 16. 5: Cho tu dien ABCD. TrSn canh AD lly dilm M sao cho AM = 

vd tren cgnh BC lly dilm N sao cho NB = -3NC . Chung minh ring 
'̂ l̂̂ cta AB, DC, MN ding phlng. 

Hu'd'ng din 

'•̂ 9 minh MN = - AB + - DC 
4 4 



W trQng^^Sm bOI dUOng riQC hlllll yiui iiiuii luuii I I - L c T - n 

Hwang d i n giai: 
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I 2 _ „ 2 _ 

'^i-V TTwvnvnv uvvH hhana Vl0t 

LUYfiW TAP 
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d î dgi s6 hinh chi^u cua cSc vecta d§ cho tren du'6'ng thing d t)̂ "̂ ^ 
(dpcm). 

(6 
16. 1: Cho tu di$n ABCD vb-i trpng tam G: 
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HiPO'ng din 
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'̂ )<̂ t qua A' trpng tam tam giac BCD. 
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AB + B^(? + D'D = AD + D-C + B ^ = >VC 
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Hirang din 
ai Diing quy t ic 3 dilm 
bi 01^ trung dilm cac ch6o 
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JO tr<png diSm b6i dUdng tiQC sinh gidi mdn To6n 7 7 c- fnanh Pho 

Bai t?p 16. 6: Trong khong gian cho hai hinh binh h^nh ABCD va A B ' C ' Q . 

CO Chung nhau mpt diem A . Chung minh ring 

a) Cac vecta BB', C C , DD' d6ng phlng. 
b) Hai tam giac BDC, B'D'C cung trong tam. 

Hipang din 

a) Chu-ng minh CC = BB' + DD' 

b) Chung minh BB' + DD' + C C = 0 . 
Bai tip 16. 7: Cho hinh tu di$n ABCD, I, K, E, F Id cac diem thoa man: 

2IB + IA = 0',2KC + KD= 0 , 2EB + 3EC = 0 vd2FA +3FD = 0 . Ch r̂. 

minh cac vecta BC, IK, AD Id dong phing, cdc vecta BA, B=, Ci 

TNHHMIVDWHHhang Vl$t 

4 
X = — 

3 
yt = - - o 

y = - i 

4 
X = — 

3 
y = i 
t = 2 

3 

d6ng phlng. 
Hipo-ng din 

Chpn h$ vecta ca sa: BC = a , BD = b, BA = c 
Bai tap 16. 8: Cho tup dien ABCD. Lly cac diem M, N, P, Q Ian lupt thuqc AB,( 

1 1 BC, CD, DA sao cho AM = - AB, BN = - BC, AQ = - AD , DP = kDCj 
3 3 2 

Hay xac djnh k d l bon dilm P, Q, M, N cCing nim tren mpt mat phlng. 
Hu'd'ng din 

Chpn h$ vecta ca sa: AB = b, AC = c, AD = d 

K4t qua k = . 

Bai tap 16. 9: : Cho M, N lln lu-p-t Id trung dilm cua cdc canh AB va CD cua 

\/ay BQ = - BC nen diem Q chia canh BC theo ty so - 2 . 
O 

t^p 16. 10: Cho hinh hop ABCD.A'B'C'D'. Gpi M va N lln lu-at Id trung 
^jlrn cua CD vd DD'; G vd G' l ln lugt Id trpng tam cua cac tCc dien A'D'MN 
va BCCD'. Chupng minh ring duang thing GG' vd mgt phlng (ABB'A') song 
song vai nhau. 

Hipdng din 

Chpn ca sa AB = a , AD = b, = c. 
Vi G' la trpng tam cua tu di?n BCCD' nen: 

bG'= - ( A B + AC + AC'+ AD') 
i" 4 
vd G Id trpng tam cua tip di^n A'D'MN nen: 

AG = - ( AA'+ AD'+ AM + AN) 
4 

TIP do chu-ng minh : GG' = - ( 5 a - c) 
8 

tip di$n ABCD; P Id diem thuOc dub-ng thing AD sao cho PA = kPD, k 
s6 cho trudc (k ^ 1). Xac djnh diem Q thuOc du-d-ng thing BC sao cho PO 

J 

vd MN cit nhau. Khi d6, hdy tinh ti so k = 
QB 
QC 

Hifang din 
Vi MN Iu6n cIt mp(PBC) nSn MN khong song song PQ. 
Vdy cac dudng thing MN vd PQ cIt nhau hay dilm M, N, P, Q dong P̂ ^̂ " 

nen t6n tgi x, y sao cho MP = xMN + yMQ . ^ 

Ddt AB = b, AC = c, AD = d vd 

BQ =tBC = - t b + t c . 
Dua v l Idp h? phuang trinh: 

-2 

nen AB, AA', GG' dong phlng. 

Bai tap 16.11: Chipng minh ring vb-i hai vecta a, b tuy y ta luon luon c6: a 

•b >(a . b)^ Dlu = xayrakhinao? 
Hii'O'ng din 

K4t qua khi a , b cung phuang. 
t?P 16. 12: Cho tip di?n ABCD vd M Id diem bit ky trong khong gian. Tim 

91^ trj nho nhat cua: 

^ ) T = I MA +2MB + MC + 3IVID 

)̂ S = MA' + MB' + MC' + MD' 
Hiring din 

I Id diem thoa mdn IA +2IB + IC + 3ID = 0 thi I c6 djnh vd • 

•ID 

5) K4t 
MA+2MB + MC + 3MD = 7MI. 

qua M Id trpng tam G cua tip di§n. 
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cnur^n as 17! QUAH H€ VUONG GOC 

1. K I £ N T H I J C T R O N G T A M 
Djnh nghTa vuong goc 
a 1 b khi g(a,b) = 90°. 
a 1 (P) khi a vuong goc vai moi duang thing cua (P). 
(P) ± (Q) khi goc cua 2 du-ang thing a, b Ian lu'p't vuong goc vai 2 r .̂, 
phlng blng 90°. 
Djnh ly vudng goc c c ban 0 ' 
Neu a 1 b, a 1 c, b, c c: (P), b c i t c thi a 1 (P) 1 
Neu (P) chLPa 1 du-ê ng thing vuong goc vai (Q) thi hai mat phing (P) i (Q^ 
N§u (P) 1 (Q), (P) n (Q) = A va a c (P), a 1 A thi a 1 (Q). 
Cho b' 1̂  hinh chi§u cua b len (P), va a c (P) . Neu a l b thi a i b ' 
ngu'p'c lai. 

/ 
Cac hinh khdi 
Hinh chop d4u: Day da giac d§u va cac canh ben bSng nhau. Hinh chi6u 
cua dinh la tarn cua day. Trung doan cua hinh chop d4u Id doan n6i dinh 
vai trung dilm cua canh day. 
Hinh lang tru d^u: Day da giac d§u va cac canh ben vuong goc vai day 
ISng try dCpng). 
Hinh hpp chQ' nhat: hop dCpng va c6 day Id hinh chO nhat. 
Hinh lap phu'ang: Hinh hop chu- nhat c6 3 kich thu-ac bing nhau. 
Goc giO-a du-o-ng thing va mat phIng 
Goc giOa 2 du-ang thing la goc hgp bai 2 du-ang thing cung di qua 
dilm va l ln lu'p't song song vai 2 du'ang thing da cho. 
Goc giua 2 mdt phIng la goc hgp bai 2 du-ang thing Ian lu-gt nim tren • 
mat phIng va vuong goc vai giao tuyen. _ .̂ 1̂  
Goc giOa du-ang thing va mat phIng la goc giu-a du-ang thing do M 
chi&u cua n6 len mat phlng. DSc biet n§u du-ang thing vuong goc vai ^ 
phIng thi c6 so do 90°. 

/lOO 

-ct^7 TnHH Ml VOWH HhangW^ 

GOC nhj di?n, tarn di?n 
QOC nhj dien la goc tao bai 2 nu-a mSt phlng c6 chung giao tuyen, s6 do 
bIng g6c CO dmh nim tren canh nhi dien va 2 tia cua goc n im tren 2 mat 
phlng va vuong goc vai giao tuy6n. 
(36c tam dien la goc hgp bai 3 tia khong d6ng phlng. , ' 

o " 

Khoang each giu-a diem, du'ang thing va mat phlng 
Khoang each tu- 1 didm d§n 1 du-ang thing la doan vuong goc ha tu- d i lm 
(jb den du-ang thing. 

Khoang each tu- 1 di lm d in 1 m|t phlng la dogn vuong goc ha tu- d i lm do 
(jln mat phlng. 

Khoang each giij-a 2 y l u t6 song song la each tu-1 d i lm cua y l u t6 nay d in 
ylu t6 kia. 

Khoang each giu-a hai du-ang eheo nhau la do dai doan vuong goc chung, cung 
Id khoang each tu- du-ang thing nay d in mat phlng song song chu-a du-ang 
kia. 

Chuy: 

1) Dung them quan he vecta d l giai todn. 

2) Nlu mot hinh c6 dien tich S n im tren (P) eo hinh ehilu len (Q) vai di^n tich 
S'thi: S' = S.cosa, a la goc giu-a 2 mat phlng. Tu- do suy ra cdch tinh goc 
aiQ-a 2 mat phlng nha dien tich. 

^' CAc BAl T O A N 

'Joan 17.1: Cho hinh tu- di#n ABCD, trong do AB 1 AC, AS 1 BD. Gpi P vd 

^ cac d i lm Ian lu-gt thupe cac du-ang thing AB vd CD sao cho 

^'^ = kPB ; QC = kQD (k 1). Chu-ng minh ring AB vd PQ vuong goc vai nhau. 

Hu'O'ng din giai i 

^3 CO PQ PA + AC + CQ ? u . n 
PQ = PB + BD + DQ =^ kPQ = kPB + kBD + kDQ nen: " 
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IdtTQng diSm hoi dildng hpc smh gidl mUn loCh 11 - le tioann rnu 

(1 - k ) P Q = P A - k P B + A C - k B D + C Q - k D Q = A C - k B D 

D o d o (1 - k ) P Q . A B = A C . A B - k B D . A B = 0 . > or, 

M a k * 1 n en P Q . A B = 0 => A B 1 P Q . 

Bai toan 17. 2: C h o tip d i$n A B C D , gp i P, Q Ian l u g t la t rung d i e m c u a A B v g 

C D . Chu-ng m i nh r i n g P Q la d o a n v uong g o c c h u n g c u a A B v a C D 

c:>AC = B D v^ A D = B C . 

Hu'O'ng d i n giai ^ 

D $ t D A = a , D B = b , D C = c thi 

— • a - b - c c - a - b • 
P Q = P A + A D + D Q = - ^ - ^ + 2 " 2 

T a c 6 A C = B D <=> c - a = b o (c - a) = b 

_ ( c - a ) 2 = O o ( a + b - c ) ( - a + t) + c) = 0 

» P Q . { - a + k3 + c) = 0 . 

Tu -ang t y A D = B C <=> 

f A C = B D 

c - b o a = (c - b)^ <=> P Q . ( a - b + c) = 0 

D o do; 
A D = B C 

P Q . 

P Q . 

( - a + b + c) + ( a - b + c) 

( - a + b + c ) - ( a - b + c) 

P Q . ( - a + b + c ) - 0 

P Q . ( a - b + c) = 0 

= 0 

= 0 
<=> i 

P Q . c = 0 

P Q ( b - a) = 0 

P Q I C D 

P Q I A B 

Bai toan 17. 3: C h o h i nh lap phu-ang A B C D . A ' B ' C ' D ' c 6 c a n h b i n g a . T ren cac 

c g n h D C v a B B ' ta l l n lu-gt l l y c a c d i e m M v a N s a o c h o D M = B N = ^ 

v a i 0 < X < a . C h u n g m i nh A C v a M N v u o n g g o c v a i n h a u . 

Hipang d i n giai 

D 0 t A A ' = a , A B = b , A D = c . 

thi B N = - . a v a D M = - . b . 
a a 

T a c 6 A C ' = A / V + A B + A D = a + b + c 

M a M N = A N - A M = ( A B + B N ) - ( A D + D M ) 

D 

D' 

- As / 
'/•\ / 

a ' \ 
1 \ 
1 > 
1 \ 

A' 1 

A C ' . M N = (a + b + c ) . 
^ "1 

X - 1 - X — 

— a + 1 - b - c 
a V ay 

01; 

= — a 
a 

X •2 - 2 / \ 

J X 
+ 1 - - b - 0 = x.a + 1 - -

l a y 
a^ - a ^ = 0 = > A C ' I M N . 

P î t o a n 17. 4: C h o b a d i l m A , B, C t h i n g hang v a du-ang t h i n g A. A ' , B', C la 

nhO-ng d i l m t ren A s a o c h o AA ' , BB ' , C C 6ku v u o n g g o c v d i A. C h u n g m inh 

A B A ' B ' 
n l u B C k h o n g v u o n g g o c A thi — = . 

B C B ' C 
Hu'O'ng d i n gia i 

V i A , B, C t h i n g h a n g n en : A B = k B C ; 

A', B', C c u n g t h ang h a n g n en A ' B ' = k ' B ' C A 

Go i V 0 la mo t v e c t a ch i p h u a n g c u a A th i : 

AA ' . v = B B ' . v = C C ' . v = O . T u ' A ' B ' = k ' B ' C ta s u y ra 

A A ' + A B + B B ' = k ( B ' B + B C + C C ) v hay A B . v = k ' B C . v 

V i A B = k B C n e n t u d o s u y ra k B C . v = k' B C v 

A R A ' R ' 
Ta CO B C v ^ 0 n e n k = k', hay la — = . 

B C B ' C 
Bai t o a n 17. 5: C h o h i nh c h o p S . A B C c 6 d a y A B C v u o n g tai B v a 2 ma t ben 

(SAB ) , ( S A C ) c u n g v u o n g g o c v a i dSy . 

a) C h u n g m i nh S A 1 ( A B C ) . 

b) H a A H 1 S B , A K 1 S C . ChCpng m inh ( A H K ) 1 ( S B C ) . 

HiPO'ng d i n gia i 

a) Ta CO ( S A B ) , ( S A C ) 1 ( A B C ) nen g i ao tuyen 

S A 1 ( A B C ) . 

)̂ Ta CO A B 1 B C n e n d u a n g x i en S B 1 B C do 
(36 B C 1 ( S A B ) 

=> ( S B C ) 1 ( S A B ) . V i A H v u o n g g o c v a i g i ao ^ 

tuy§n S B n en A H 1 ( S B C ) 

M a A H c ( A H K ) n en ( A H K ) 1 ( S B C ) . g „ t '.•^i-' 

t o a n 17. 6: C h o h i nh t u d i ? n v u o n g G A B C c 6 b a c a n h O A , O B , O C d6 i 

^9t v u o n g go c . H g A H v u o n g g o c v a i ( A B C ) . C h u n g m inh : 

3) T a m g i a c A B C c 6 b a g o c nhpn v a H la tri^c t^m t am g i a c A B C . 

1 1 

OH^ O A ^ ^ O B ^ ^ O C ^ 

HiPO'ng d i n gia i 

' ^ac t am gi^c O A B , O B C , O C A v u o n g tgi O n6n : 



IdtTQng diSm hoi dildng hpc smh gidl mUn loCh 11 - le tioann rnu 

(1 - k ) P Q = P A - k P B + A C - k B D + C Q - k D Q = A C - k B D 

D o d o (1 - k ) P Q . A B = A C . A B - k B D . A B = 0 . > or, 

M a k * 1 n en P Q . A B = 0 => A B 1 P Q . 

Bai toan 17. 2: C h o tip d i$n A B C D , gp i P, Q Ian l u g t la t rung d i e m c u a A B v g 

C D . Chu-ng m i nh r i n g P Q la d o a n v uong g o c c h u n g c u a A B v a C D 

c:>AC = B D v^ A D = B C . 

Hu'O'ng d i n giai ^ 

D $ t D A = a , D B = b , D C = c thi 

— • a - b - c c - a - b • 
P Q = P A + A D + D Q = - ^ - ^ + 2 " 2 

T a c 6 A C = B D <=> c - a = b o (c - a) = b 

_ ( c - a ) 2 = O o ( a + b - c ) ( - a + t) + c) = 0 

» P Q . { - a + k3 + c) = 0 . 

Tu -ang t y A D = B C <=> 

f A C = B D 

c - b o a = (c - b)^ <=> P Q . ( a - b + c) = 0 

D o do; 
A D = B C 

P Q . 

P Q . 

( - a + b + c) + ( a - b + c) 

( - a + b + c ) - ( a - b + c) 

P Q . ( - a + b + c ) - 0 

P Q . ( a - b + c) = 0 

= 0 

= 0 
<=> i 

P Q . c = 0 

P Q ( b - a) = 0 

P Q I C D 

P Q I A B 

Bai toan 17. 3: C h o h i nh lap phu-ang A B C D . A ' B ' C ' D ' c 6 c a n h b i n g a . T ren cac 

c g n h D C v a B B ' ta l l n lu-gt l l y c a c d i e m M v a N s a o c h o D M = B N = ^ 

v a i 0 < X < a . C h u n g m i nh A C v a M N v u o n g g o c v a i n h a u . 

Hipang d i n giai 

D 0 t A A ' = a , A B = b , A D = c . 

thi B N = - . a v a D M = - . b . 
a a 

T a c 6 A C ' = A / V + A B + A D = a + b + c 

M a M N = A N - A M = ( A B + B N ) - ( A D + D M ) 

D 

D' 

- As / 
'/•\ / 

a ' \ 
1 \ 
1 > 
1 \ 

A' 1 

A C ' . M N = (a + b + c ) . 
^ "1 

X - 1 - X — 

— a + 1 - b - c 
a V ay 

01; 

= — a 
a 

X •2 - 2 / \ 

J X 
+ 1 - - b - 0 = x.a + 1 - -

l a y 
a^ - a ^ = 0 = > A C ' I M N . 

P î t o a n 17. 4: C h o b a d i l m A , B, C t h i n g hang v a du-ang t h i n g A. A ' , B', C la 

nhO-ng d i l m t ren A s a o c h o AA ' , BB ' , C C 6ku v u o n g g o c v d i A. C h u n g m inh 

A B A ' B ' 
n l u B C k h o n g v u o n g g o c A thi — = . 

B C B ' C 
Hu'O'ng d i n gia i 

V i A , B, C t h i n g h a n g n en : A B = k B C ; 

A', B', C c u n g t h ang h a n g n en A ' B ' = k ' B ' C A 

Go i V 0 la mo t v e c t a ch i p h u a n g c u a A th i : 

AA ' . v = B B ' . v = C C ' . v = O . T u ' A ' B ' = k ' B ' C ta s u y ra 

A A ' + A B + B B ' = k ( B ' B + B C + C C ) v hay A B . v = k ' B C . v 

V i A B = k B C n e n t u d o s u y ra k B C . v = k' B C v 

A R A ' R ' 
Ta CO B C v ^ 0 n e n k = k', hay la — = . 

B C B ' C 
Bai t o a n 17. 5: C h o h i nh c h o p S . A B C c 6 d a y A B C v u o n g tai B v a 2 ma t ben 

(SAB ) , ( S A C ) c u n g v u o n g g o c v a i dSy . 

a) C h u n g m i nh S A 1 ( A B C ) . 

b) H a A H 1 S B , A K 1 S C . ChCpng m inh ( A H K ) 1 ( S B C ) . 

HiPO'ng d i n gia i 

a) Ta CO ( S A B ) , ( S A C ) 1 ( A B C ) nen g i ao tuyen 

S A 1 ( A B C ) . 

)̂ Ta CO A B 1 B C n e n d u a n g x i en S B 1 B C do 
(36 B C 1 ( S A B ) 

=> ( S B C ) 1 ( S A B ) . V i A H v u o n g g o c v a i g i ao ^ 

tuy§n S B n en A H 1 ( S B C ) 

M a A H c ( A H K ) n en ( A H K ) 1 ( S B C ) . g „ t '.•^i-' 

t o a n 17. 6: C h o h i nh t u d i ? n v u o n g G A B C c 6 b a c a n h O A , O B , O C d6 i 

^9t v u o n g go c . H g A H v u o n g g o c v a i ( A B C ) . C h u n g m inh : 

3) T a m g i a c A B C c 6 b a g o c nhpn v a H la tri^c t^m t am g i a c A B C . 

1 1 

OH^ O A ^ ^ O B ^ ^ O C ^ 

HiPO'ng d i n gia i 

' ^ac t am gi^c O A B , O B C , O C A v u o n g tgi O n6n : 



LB nuunn rnu lU trgng dl&fh hC)\ HQC Binn gioi man rooTr-rr 
AB^ = OA^ + OB^ BC^ = OB^ + OC^ 
AC^ = OA^ + OC^ 
Do do BC^ < AB^ + AC^ nen goc B cua tarn 

giac ABC la goc nhpn. Tu-ang tu thi tarn giac - x „ 
ABC nhQn. 

Vi H la hinh chi4u cua diem O tren mp(ABC) nen OH 1 (ABC). 

Ma OA 1 (OBC) nen OA 1 BC do do hinh chi4u AH 1 BC. 

Tuang tu- thi BH 1 CA. V^y H la tryc tarn tarn giac ABC. 

b) Neu AH 1 BC tai A' thi BC 1 OA'. Vi OH la duong cao cua tarn gi^c vuong 

AOA', vuong tai O va OA' la du-ang cao cua tarn giac vuong BOC, vuong 

tgi O nen: 

_ L = J L + _JL= _ L + _ L + ̂  " 
OH^ ~ OA^ ^ OA'2 OA^ ^ OB^ O C ' 

Bai toan 17. 7: Cho hinh chop S.ABC c6 SA 1 mp(ABC) va tarn giac ABC 
khong vuong. Gpi H vd K l^n lu-p-t la true tarn cua cac tarn giac ABC va 
SBC. Chu-ng minh r i n g : 

a) AH, SK, BC dong quy. b) H K1 mp(SBC); (SAC) 1 (BHK). 

Hu-ang d i n giai 

a) Gpi AA' la du-ang cao cua tarn giac ABC, do 
SA 1 (ABC) nen SA' 1 BC. Vi H la tryc tarn 
tarn giac ABC, K la tru-c tarn tarn giac SBC 
n§n H thupc AA', K thupc SA'. 
Vay AH, SK, BC d6ng quy tai A'. 

b) Do H la t ryc tarn tarn giac ABC nen BH 1 
AC, ma BH 1 SA nen BH 1 SC. Ma K la 

t ryc tam tam giac SBC nen BK1 SC. 

Vay SC 1 (BHK).Suy ra HK 1 SC. 

Ma HK 1 BC do BC 1 (SAA'). Vay HK 1 mp(SBC). 

Vi K la t ryc tam cua tam giac SBC nen BK 1 SC. Vi H la t ryc tSm cua tam 

giac ABC va SA 1 (ABC) nen BH 1 AC, BH 1 SA. 

Suy ra BH 1 (SAC) nen BH 1 SC. 

Do do SC 1 (BHK) nen ta c6 (SAC) 1 (BHK). 

Bai toan 17. 8: Cho hinh vuong ABCD va tam giac can SAB n i m tren hai 

ph i n g vuong goc vai nhau. Gpi I, J la trung d i l m AB, AD. 

a) Chii 'ng minh mp(SAD) 1 mp(SAB). 

b) ChLPng minh mp(SCK) 1 mp(SID). 

Hu-ang d in giai ^ 

a) Vi mp(ABCD) 1 mp(SAB) va AD 1 AB nen AD 1 mp(SAB), do do mp(SAP' 
1 mp(SAB). 

f a c6 2 tam gi^c vuong ADI v^ CDK 

b i n g nhau (c.g.c) nen goc ADI = CDK . 

fj\a AD 1 CD nen Dl J. CK. 

Vi I trung d i l m cua AB nen 

SJl AB =^ SI 1 (ABCD) 

SI 1 CK. 

V$y KC 1 mp(SID) va do do mp(SCK) 
I mp(SID). 

-gj/ TNHHMTVOWH Hhan^Vm 

B C t •• • 
gal toan 17. 9: Cho hinh lang try ABC.A'B'C c6 day la tam giac deu cgnh a, 

canh ben C C vuong goc vai d^y va C C = a. 

a) Gpi I, M la trung d i l m cua BC, BB'. ChCrng minh Al vuong goc vai BC va 
BC vuong goc v6i AM. 

b) Gpi K la d i l m tren doan A'B' sao cho B'K = ^ v a J la trung d i l m cua B'C. 

ChLPng minh AM vuong goc voi KJ. 

Hu'O'ng d in giai 

a) Tam giac d i u ABC nen trung t u y i n 

Al 1 BC. Theo gia th i l t , ta c6: C C 1 (ABC). 

Do do: C C 1 Al. Suy ra: Al 1 (BCC) 

Vay Al 1 B C 

Ta da c6: B C 1 Al. Mat kh^c, BCC'B' la hinh 
vuong canh a nen B C 1 CB'. IM la duong trung A-
binh cua tam giac BOB' nen IM // CB'. T u do ta 
c6: BC 1 IM. 

Ta suy ra: B C 1 (AIM). Vgy: B C 1 AM. 

b) Hinh ch i l u AM len (A'B 'C) la A'B'. Tam gi^c A 'B 'C deu nen C N 1 A'B' ma 
JK // C N nen JK 1 A'B'. Vay AM 1 JK. 

Bai toan 17. 10: Cho hinh chop S.ABCD c6 day la hinh thang vuong tai A, B 

va CO AD = 2AB = 2BC, SA vuong g6c vai d^y. Chu-ng minh: 

a) (SBC) 1 (SAB) b) (SCD) 1 (SAC). 

Hu'O'ng d in giai ^ 
^) Ta CO BC 1 BA ^ B C l SB 

"en BC 1 (SAB) 

Do ^ 0 (SBC) 1 (SAB). 

^ Qpi o la trung diem AD thi OA = AB = 

va OA // BC, ta c6 goc A, B vuong 
fi6n OBCD la hinh vuong. 

Do do OB 1 AC ma OBCD hinh binh 

•^anh nen OB // CD, do d6 CD 1 AC. W / / i' scS 



LB nuunn rnu lU trgng dl&fh hC)\ HQC Binn gioi man rooTr-rr 
AB^ = OA^ + OB^ BC^ = OB^ + OC^ 
AC^ = OA^ + OC^ 
Do do BC^ < AB^ + AC^ nen goc B cua tarn 

giac ABC la goc nhpn. Tu-ang tu thi tarn giac - x „ 
ABC nhQn. 

Vi H la hinh chi4u cua diem O tren mp(ABC) nen OH 1 (ABC). 

Ma OA 1 (OBC) nen OA 1 BC do do hinh chi4u AH 1 BC. 

Tuang tu- thi BH 1 CA. V^y H la tryc tarn tarn giac ABC. 

b) Neu AH 1 BC tai A' thi BC 1 OA'. Vi OH la duong cao cua tarn gi^c vuong 

AOA', vuong tai O va OA' la du-ang cao cua tarn giac vuong BOC, vuong 

tgi O nen: 

_ L = J L + _JL= _ L + _ L + ̂  " 
OH^ ~ OA^ ^ OA'2 OA^ ^ OB^ O C ' 

Bai toan 17. 7: Cho hinh chop S.ABC c6 SA 1 mp(ABC) va tarn giac ABC 
khong vuong. Gpi H vd K l^n lu-p-t la true tarn cua cac tarn giac ABC va 
SBC. Chu-ng minh r i n g : 

a) AH, SK, BC dong quy. b) H K1 mp(SBC); (SAC) 1 (BHK). 

Hu-ang d i n giai 

a) Gpi AA' la du-ang cao cua tarn giac ABC, do 
SA 1 (ABC) nen SA' 1 BC. Vi H la tryc tarn 
tarn giac ABC, K la tru-c tarn tarn giac SBC 
n§n H thupc AA', K thupc SA'. 
Vay AH, SK, BC d6ng quy tai A'. 

b) Do H la t ryc tarn tarn giac ABC nen BH 1 
AC, ma BH 1 SA nen BH 1 SC. Ma K la 

t ryc tam tam giac SBC nen BK1 SC. 

Vay SC 1 (BHK).Suy ra HK 1 SC. 

Ma HK 1 BC do BC 1 (SAA'). Vay HK 1 mp(SBC). 

Vi K la t ryc tam cua tam giac SBC nen BK 1 SC. Vi H la t ryc tSm cua tam 

giac ABC va SA 1 (ABC) nen BH 1 AC, BH 1 SA. 

Suy ra BH 1 (SAC) nen BH 1 SC. 

Do do SC 1 (BHK) nen ta c6 (SAC) 1 (BHK). 

Bai toan 17. 8: Cho hinh vuong ABCD va tam giac can SAB n i m tren hai 

ph i n g vuong goc vai nhau. Gpi I, J la trung d i l m AB, AD. 

a) Chii 'ng minh mp(SAD) 1 mp(SAB). 

b) ChLPng minh mp(SCK) 1 mp(SID). 

Hu-ang d in giai ^ 

a) Vi mp(ABCD) 1 mp(SAB) va AD 1 AB nen AD 1 mp(SAB), do do mp(SAP' 
1 mp(SAB). 

f a c6 2 tam gi^c vuong ADI v^ CDK 

b i n g nhau (c.g.c) nen goc ADI = CDK . 

fj\a AD 1 CD nen Dl J. CK. 

Vi I trung d i l m cua AB nen 

SJl AB =^ SI 1 (ABCD) 

SI 1 CK. 

V$y KC 1 mp(SID) va do do mp(SCK) 
I mp(SID). 

-gj/ TNHHMTVOWH Hhan^Vm 

B C t •• • 
gal toan 17. 9: Cho hinh lang try ABC.A'B'C c6 day la tam giac deu cgnh a, 

canh ben C C vuong goc vai d^y va C C = a. 

a) Gpi I, M la trung d i l m cua BC, BB'. ChCrng minh Al vuong goc vai BC va 
BC vuong goc v6i AM. 

b) Gpi K la d i l m tren doan A'B' sao cho B'K = ^ v a J la trung d i l m cua B'C. 

ChLPng minh AM vuong goc voi KJ. 

Hu'O'ng d in giai 

a) Tam giac d i u ABC nen trung t u y i n 

Al 1 BC. Theo gia th i l t , ta c6: C C 1 (ABC). 

Do do: C C 1 Al. Suy ra: Al 1 (BCC) 

Vay Al 1 B C 

Ta da c6: B C 1 Al. Mat kh^c, BCC'B' la hinh 
vuong canh a nen B C 1 CB'. IM la duong trung A-
binh cua tam giac BOB' nen IM // CB'. T u do ta 
c6: BC 1 IM. 

Ta suy ra: B C 1 (AIM). Vgy: B C 1 AM. 

b) Hinh ch i l u AM len (A'B 'C) la A'B'. Tam gi^c A 'B 'C deu nen C N 1 A'B' ma 
JK // C N nen JK 1 A'B'. Vay AM 1 JK. 

Bai toan 17. 10: Cho hinh chop S.ABCD c6 day la hinh thang vuong tai A, B 

va CO AD = 2AB = 2BC, SA vuong g6c vai d^y. Chu-ng minh: 

a) (SBC) 1 (SAB) b) (SCD) 1 (SAC). 

Hu'O'ng d in giai ^ 
^) Ta CO BC 1 BA ^ B C l SB 

"en BC 1 (SAB) 

Do ^ 0 (SBC) 1 (SAB). 

^ Qpi o la trung diem AD thi OA = AB = 

va OA // BC, ta c6 goc A, B vuong 
fi6n OBCD la hinh vuong. 

Do do OB 1 AC ma OBCD hinh binh 

•^anh nen OB // CD, do d6 CD 1 AC. W / / i' scS 



CD ± SA n§n CD ± (SAC). 
Vay (SCD) 1 (SAC). ;n . I 

Bai toan 17. 11: Tam gi^c ABC vuong c6 canh huyen BC n i m trong mp(^^ 
canh AB va AC l l n lu-p't tgo vol mp(P) cac goc p va y. Gpi a la goo tao b6 
mp(P) va mp(ABC). Chtpng minh sin^a = sin^p + sin^y. 

HiFO'ng d i n giai A 

Ha AA' vuong g6c v&\) thi A B A ' , 
AC A ' Ian lu-gt la goc gi&a AB, AC \J&\, 

theogiathi§t A B A ' = p, AC A ' =y. 
Ha du-ong cao AH cua tam g\dc vuong ABC 

thi A'H 1 BC nen AHA' = a 1^ goc giu-a A-

mp(ABC) va mp(P). 

^ . . „ AA' . AA' . AA' 
Ta co: sinp = , siny = — , sina = 

A B ' " ' AC 

Trong tam giac vuong ABC, ta c6: 

AA '2 

AH 

1 1 1 

AH^ AB^ AC^ 

AA'^ AA '2 
^ + • sin^a = sin^p + sin^y. 

AH^ AB^ AC^ v> 
Bai toan 17.12: Cho hinh hop chO' nh$t ABCD.A'B'C'D'. Gpi a, p, y va x, y, z la 

3 goc tao boi du-ong cheo A C voi 3 canh chung dinh A va 3 mat chung 
dinh A. Chupng minh: 

a) sin^a + sin^p + sin^y = 2 b) sin^x + sin^y + sin^z = 1 
Hipang d i n giai ^ 

Gpi 3 kich thu-oc AA' = a, 
AB = b, AD = c va du-ong cheo j 
d = A C thi a^ + b^ + c^ = d ^ 

a) Ta CO AA', AB, AD la 3 canh chung dinh A. 
Xet 3 tam giac vuong ACA ' , A C B , A C D : 

1 B' 
sin^a + sin^p + sin^y = ^ ( A ' C ^ + BC^ + DC'^) 

B 
C 

/ ' ' ' s , ^ ^ 

/ ; A ' 
- ̂  

/ 
C 

f 2c^) = 2. 

D' 

= J _ ( b 2 + c ' + c ' + a ' + a ' + b2)= - ^ ( 2 8 ^ + 2 b ' 
d ' d ' 3 

b) Hinh chi§u cua A C len 3 m^t chung dinh A l l n lu-p't Id AB', AD' va A C Xet 
tam giac vuong A B ' C , AD 'C , A C C . , 

, 2 „ ^ „ ; „ 2 . _ . ; „ 2 _ J _ ( j , 2 ^ jj2 ^ g2j , 
sin X + sin y + sin z = 

Bai toan 17. 13: Cho tip dien ABCD c6 cdc c?nh AB, AC, AD doi mpt vuori9 
goc voi nhau. Chii-ng minh r§ng: 

/ l O / l 

a) Ba du-ong trung binh cua X\s dien b i n g nhau. 

t,) N^u AB = AC + AD thi ABC + CBD + [DBA = 90°. 
Hu'O'ng d i n giai 

^ QQ\, J la trung didm AB, CD. 

l / = U = ( A J - A I ) ^ 

= -(AC +AD-AB)2 

K = 1 ( A C ' + A B ' + A D ^ ) 

^ B A B , A C , A D doi mpt vuong goc. 

^Ifu-ong tu- thi CO 3 du-ong tmng binh cung b^ng ^ VAB̂  + A C ^ + A D ^ 

b) Tren cac tia A C va A D l l n lu-p't l l y cac 
d i lm P va R sao cho: A P = A R = A B va 
ve hinh vuong A P Q R = > D R = A C va 
C P = A D . Khi do, ta c6: 
M B C = A R Q D va A A B D = A P Q C 

=> A B C D = A Q D C 

ABC + C B D + DBA = RQD + DQC + CQD = R Q P = 90° 

'Zhch khac: Dung djnh ly cosin. 

Bai toan 17.14: Cho hinh chop S.ABC c6 day la tam giac deu canh a va SA = 
SB = SC = b. Gpi G la trpng tam tam giac ABC. Xet mat p h i n g (P) di qua A 
va vuong goc vo i duang t h i n g SC. Tim he thCcc lien h0 giOa a va b d l (P) 
c l t SC tai d i l m C, n i m giu'a S va C. Khi do hay tinh di^n t ich t h i l t di^n cua 
hinh chop S.ABC khi cSt bai mp(P). 

Hu'O'ng d i n giai 
Ta CO SG 1 mp(ABC). 

(P) di qua A va vuong goc vo l SC 
• i n AB n i m trong (P). Ve du'6'ng cao 

cua tam giac SAC thi (P) chinh la 
^p(ABCi). Do tam giac SAC can tai S 

d i l m C i n I m trong dogn t h i n g S C 
•̂ hi va chi khi ASC < 90°. 

A C ' < S A ' + S C ' <=> a ' < 2b ' . Trong tru-ong hgp nay, t h i l t dien cua hinh 
^hop bj c i t bo i (P) IS tam giac A B C . 

= -1 A B . C C i = ^ a . C C i , v< î C la trung d i l m cua AB. 



CD ± SA n§n CD ± (SAC). 
Vay (SCD) 1 (SAC). ;n . I 

Bai toan 17. 11: Tam gi^c ABC vuong c6 canh huyen BC n i m trong mp(^^ 
canh AB va AC l l n lu-p't tgo vol mp(P) cac goc p va y. Gpi a la goo tao b6 
mp(P) va mp(ABC). Chtpng minh sin^a = sin^p + sin^y. 

HiFO'ng d i n giai A 

Ha AA' vuong g6c v&\) thi A B A ' , 
AC A ' Ian lu-gt la goc gi&a AB, AC \J&\, 

theogiathi§t A B A ' = p, AC A ' =y. 
Ha du-ong cao AH cua tam g\dc vuong ABC 

thi A'H 1 BC nen AHA' = a 1^ goc giu-a A-

mp(ABC) va mp(P). 

^ . . „ AA' . AA' . AA' 
Ta co: sinp = , siny = — , sina = 

A B ' " ' AC 

Trong tam giac vuong ABC, ta c6: 

AA '2 

AH 

1 1 1 

AH^ AB^ AC^ 

AA'^ AA '2 
^ + • sin^a = sin^p + sin^y. 

AH^ AB^ AC^ v> 
Bai toan 17.12: Cho hinh hop chO' nh$t ABCD.A'B'C'D'. Gpi a, p, y va x, y, z la 

3 goc tao boi du-ong cheo A C voi 3 canh chung dinh A va 3 mat chung 
dinh A. Chupng minh: 

a) sin^a + sin^p + sin^y = 2 b) sin^x + sin^y + sin^z = 1 
Hipang d i n giai ^ 

Gpi 3 kich thu-oc AA' = a, 
AB = b, AD = c va du-ong cheo j 
d = A C thi a^ + b^ + c^ = d ^ 

a) Ta CO AA', AB, AD la 3 canh chung dinh A. 
Xet 3 tam giac vuong ACA ' , A C B , A C D : 

1 B' 
sin^a + sin^p + sin^y = ^ ( A ' C ^ + BC^ + DC'^) 

B 
C 

/ ' ' ' s , ^ ^ 

/ ; A ' 
- ̂  

/ 
C 

f 2c^) = 2. 

D' 

= J _ ( b 2 + c ' + c ' + a ' + a ' + b2)= - ^ ( 2 8 ^ + 2 b ' 
d ' d ' 3 

b) Hinh chi§u cua A C len 3 m^t chung dinh A l l n lu-p't Id AB', AD' va A C Xet 
tam giac vuong A B ' C , AD 'C , A C C . , 

, 2 „ ^ „ ; „ 2 . _ . ; „ 2 _ J _ ( j , 2 ^ jj2 ^ g2j , 
sin X + sin y + sin z = 

Bai toan 17. 13: Cho tip dien ABCD c6 cdc c?nh AB, AC, AD doi mpt vuori9 
goc voi nhau. Chii-ng minh r§ng: 

/ l O / l 

a) Ba du-ong trung binh cua X\s dien b i n g nhau. 

t,) N^u AB = AC + AD thi ABC + CBD + [DBA = 90°. 
Hu'O'ng d i n giai 

^ QQ\, J la trung didm AB, CD. 

l / = U = ( A J - A I ) ^ 

= -(AC +AD-AB)2 

K = 1 ( A C ' + A B ' + A D ^ ) 

^ B A B , A C , A D doi mpt vuong goc. 

^Ifu-ong tu- thi CO 3 du-ong tmng binh cung b^ng ^ VAB̂  + A C ^ + A D ^ 

b) Tren cac tia A C va A D l l n lu-p't l l y cac 
d i lm P va R sao cho: A P = A R = A B va 
ve hinh vuong A P Q R = > D R = A C va 
C P = A D . Khi do, ta c6: 
M B C = A R Q D va A A B D = A P Q C 

=> A B C D = A Q D C 

ABC + C B D + DBA = RQD + DQC + CQD = R Q P = 90° 

'Zhch khac: Dung djnh ly cosin. 

Bai toan 17.14: Cho hinh chop S.ABC c6 day la tam giac deu canh a va SA = 
SB = SC = b. Gpi G la trpng tam tam giac ABC. Xet mat p h i n g (P) di qua A 
va vuong goc vo i duang t h i n g SC. Tim he thCcc lien h0 giOa a va b d l (P) 
c l t SC tai d i l m C, n i m giu'a S va C. Khi do hay tinh di^n t ich t h i l t di^n cua 
hinh chop S.ABC khi cSt bai mp(P). 

Hu'O'ng d i n giai 
Ta CO SG 1 mp(ABC). 

(P) di qua A va vuong goc vo l SC 
• i n AB n i m trong (P). Ve du'6'ng cao 

cua tam giac SAC thi (P) chinh la 
^p(ABCi). Do tam giac SAC can tai S 

d i l m C i n I m trong dogn t h i n g S C 
•̂ hi va chi khi ASC < 90°. 

A C ' < S A ' + S C ' <=> a ' < 2b ' . Trong tru-ong hgp nay, t h i l t dien cua hinh 
^hop bj c i t bo i (P) IS tam giac A B C . 

= -1 A B . C C i = ^ a . C C i , v< î C la trung d i l m cua AB. 



IU ff^/tg Oiem nOI UUUny nyo bmn yiui iiiuii i i M T , 

Ta c6: C C i . S C = S G . C C 

S G . C C C'Ci = .Vay; S 
SC 2b ^̂ 1̂ 4b 

Bai toan 17. 15: Cho hinh vu6ng ABCD canh a, tarn O. Tren du-ang th^ 

vuong g6c vai m$t phing ABCD tai O, lay di^m S sao cho SO = 

phing (a) qua A va vuong goc vai SC ISn lu'p't c3t SB, SC, SD tgi B', c, D' 
a) Chu-ng minh C 1^ trung diem cua SC va B'D' song song vai BD. 
b) Tinh di^n tich cua tu-giac AB'C'D'. S 

Hu'O'ng d i n giai 

a) Ta c6: (a) 1 SC va A C ci (a) =i. A C 1 SC 

aN/2 

0 do, qua J dyng du-dyng thSng song 
song vo'i B C , c§t S B v^ S C tgi N v^ P ta du-ac hinh thang M N P Q la thi i t 
jj0n c in di^ng. 
.ya c6: A S O B = A S O C S B = S C =:> A S A B = A S A C 

g,g = C P , B M = C Q , do d6: A B M N = A C Q P . 

po do: M N = Q P . Vgy thi§t di^n la hinh thang can. 

SBA = SCA v^ 

Vi OC = ^ SC' = SO' + DC' 

= 6 a ^ , ^ = 2 a ' ^ S C = a V ^ . ' 
4 4 

Vay SAC la mot tarn giac d4u. 
Do do C trung di^m SC. 
Ta c6: BD 1 AC, BD 1 SO 
=^ BD 1 (SAC) BD 1 SC. 
Ma: (a) 1 SC nen (a) // BD. ^ 
Do do, (a) cat (SBD) theo giao tuyin B'D' // BD. 

b) Vi BD 1 (SAC) nen B'D' 1 (SAC), do do B'D' 1 AC; 

S = - A C . B'D' 
2 

Ta c6: 
B'D' 

3 3 
= > S = 

=V5 

BD SO 3 
Bai toan 17 .16: Cho tam giac deu ABC c6 du-ang cao AH = 2a. Goi O la trung 

d i lm cua AH. Tren du-ang thing vuong goc vai mgt phlng (ABC) tai 0. laV 
d i lm S sao cho OS = 2a. Gpi I la mot d i im tren OH, dat Al = x, a < x < 2a. 
Goi (a) la mat phlng qua I va vuong goc 
vai du-ang thing OH. Dung thiet dien cua 
(a) vai tip dien SABC. V6i x nao thi di^n 
tich thi§t dien Ian nhlt. 

Hu'O'ng d i n giai 

Ta c6: BC 1 OH 
Qua I, dyng MQ // BC (M e AB, Q e AC) 
thi MQ 1 OH. Mat khac.ta c6: SO 1 OH, 
Du-ng IJ // OS (J G S H ) thi IJ e OH. 
Ta c6: MQ // BC => (a) // BC 

poAH = 2 a n e n B C = 4 ^ ^ MQ Al 

x - a 
• N P = 

N P _ S J ^ _ O I ^ 
B C ' S H O H 

U H I _ 2 3 - x 

O S ' H O " a 

SMNPQ= | ( M Q + N P ) I J = 2V3 

BC AH 2a 

x - a 4a\/3 

MQ = 2x>/3 

= ^(x-a))V^ 

=> IJ = 2(2a - x) 

2 
x - - a 

3 
( 2 a - x ) . « # a ^ 

DIU = xay ra khi X a = 2a - x o x = 
3 

4a 
(chpn). 

Bai toan 17. 17: Cho tu- dien ABCD trong do goc giu-a hai du-b-ng thing AB vd 
CD bing a. Gpi M la d i lm b i t ky thupc canh AC, d$t AM = x (0 < x < AC). 
X6t mat phlng (P) di qua d i lm M va song song vd'i AB, CD. X^c dinh vj tri 
diem M de dien tich thi l t di^n cua hinh tu- di^n ABCD khi c i t bai mp(P) dgt 
gid tri Ian nhlt. 

Hu'O'ng d i n giai 
Thiet dien la hinh binh h^nh MNQR. 
SMNQR = NM.NQ.sinMNQ 

Do MN // AB, NQ // CD nen g6c giu-a MN va NQ 
'̂ ^ng goc giu-a AB va CD nen sinMNQ = sina. 
T^C6 M N _ A C - x 

AB ACi 
MN: A B 

A C 
( A C - x ) 

NQ = ^^R_MR AM 

•"MNQR -

CD AC 

AB.CD 

AC 
MR = ^ x ! 

AC 

1 
(AC-x)x.s ina <-AB.CD.sina 

4 AC^ 

MNQR max <=> AC - X = X o x = AC 

M la trung d i lm cua AC thi di^n tich Iĉ n nhlt. 

-9nhV^' ^ ' " ^ ^^"^ ^^ "^ a, I vd K Ian lu-gt la trung di lm cua 
%Cl T "^^^ '^^"'^ '^'"^^ t"" d ' ^ " theo mpt thiet 

Tim thiet di^n c6 di$n tich Ian nhlt, nho nhlt. 

/in-7 



IU ff^/tg Oiem nOI UUUny nyo bmn yiui iiiuii i i M T , 

Ta c6: C C i . S C = S G . C C 

S G . C C C'Ci = .Vay; S 
SC 2b ^̂ 1̂ 4b 

Bai toan 17. 15: Cho hinh vu6ng ABCD canh a, tarn O. Tren du-ang th^ 

vuong g6c vai m$t phing ABCD tai O, lay di^m S sao cho SO = 

phing (a) qua A va vuong goc vai SC ISn lu'p't c3t SB, SC, SD tgi B', c, D' 
a) Chu-ng minh C 1^ trung diem cua SC va B'D' song song vai BD. 
b) Tinh di^n tich cua tu-giac AB'C'D'. S 

Hu'O'ng d i n giai 

a) Ta c6: (a) 1 SC va A C ci (a) =i. A C 1 SC 

aN/2 

0 do, qua J dyng du-dyng thSng song 
song vo'i B C , c§t S B v^ S C tgi N v^ P ta du-ac hinh thang M N P Q la thi i t 
jj0n c in di^ng. 
.ya c6: A S O B = A S O C S B = S C =:> A S A B = A S A C 

g,g = C P , B M = C Q , do d6: A B M N = A C Q P . 

po do: M N = Q P . Vgy thi§t di^n la hinh thang can. 

SBA = SCA v^ 

Vi OC = ^ SC' = SO' + DC' 

= 6 a ^ , ^ = 2 a ' ^ S C = a V ^ . ' 
4 4 

Vay SAC la mot tarn giac d4u. 
Do do C trung di^m SC. 
Ta c6: BD 1 AC, BD 1 SO 
=^ BD 1 (SAC) BD 1 SC. 
Ma: (a) 1 SC nen (a) // BD. ^ 
Do do, (a) cat (SBD) theo giao tuyin B'D' // BD. 

b) Vi BD 1 (SAC) nen B'D' 1 (SAC), do do B'D' 1 AC; 

S = - A C . B'D' 
2 

Ta c6: 
B'D' 

3 3 
= > S = 

=V5 

BD SO 3 
Bai toan 17 .16: Cho tam giac deu ABC c6 du-ang cao AH = 2a. Goi O la trung 

d i lm cua AH. Tren du-ang thing vuong goc vai mgt phlng (ABC) tai 0. laV 
d i lm S sao cho OS = 2a. Gpi I la mot d i im tren OH, dat Al = x, a < x < 2a. 
Goi (a) la mat phlng qua I va vuong goc 
vai du-ang thing OH. Dung thiet dien cua 
(a) vai tip dien SABC. V6i x nao thi di^n 
tich thi§t dien Ian nhlt. 

Hu'O'ng d i n giai 

Ta c6: BC 1 OH 
Qua I, dyng MQ // BC (M e AB, Q e AC) 
thi MQ 1 OH. Mat khac.ta c6: SO 1 OH, 
Du-ng IJ // OS (J G S H ) thi IJ e OH. 
Ta c6: MQ // BC => (a) // BC 

poAH = 2 a n e n B C = 4 ^ ^ MQ Al 

x - a 
• N P = 

N P _ S J ^ _ O I ^ 
B C ' S H O H 

U H I _ 2 3 - x 

O S ' H O " a 

SMNPQ= | ( M Q + N P ) I J = 2V3 

BC AH 2a 

x - a 4a\/3 

MQ = 2x>/3 

= ^(x-a))V^ 

=> IJ = 2(2a - x) 

2 
x - - a 

3 
( 2 a - x ) . « # a ^ 

DIU = xay ra khi X a = 2a - x o x = 
3 

4a 
(chpn). 

Bai toan 17. 17: Cho tu- dien ABCD trong do goc giu-a hai du-b-ng thing AB vd 
CD bing a. Gpi M la d i lm b i t ky thupc canh AC, d$t AM = x (0 < x < AC). 
X6t mat phlng (P) di qua d i lm M va song song vd'i AB, CD. X^c dinh vj tri 
diem M de dien tich thi l t di^n cua hinh tu- di^n ABCD khi c i t bai mp(P) dgt 
gid tri Ian nhlt. 

Hu'O'ng d i n giai 
Thiet dien la hinh binh h^nh MNQR. 
SMNQR = NM.NQ.sinMNQ 

Do MN // AB, NQ // CD nen g6c giu-a MN va NQ 
'̂ ^ng goc giu-a AB va CD nen sinMNQ = sina. 
T^C6 M N _ A C - x 

AB ACi 
MN: A B 

A C 
( A C - x ) 

NQ = ^^R_MR AM 

•"MNQR -

CD AC 

AB.CD 

AC 
MR = ^ x ! 

AC 

1 
(AC-x)x.s ina <-AB.CD.sina 

4 AC^ 

MNQR max <=> AC - X = X o x = AC 

M la trung d i lm cua AC thi di^n tich Iĉ n nhlt. 

-9nhV^' ^ ' " ^ ^^"^ ^^ "^ a, I vd K Ian lu-gt la trung di lm cua 
%Cl T "^^^ '^^"'^ '^'"^^ t"" d ' ^ " theo mpt thiet 

Tim thiet di^n c6 di$n tich Ian nhlt, nho nhlt. 

/in-7 



7,9 trpna n/S-mTOl OUOng III^U h i / ! ! / yiui I'lu,, - w ^ o n - r 

Hiring din gidi 
M#t phing (P) c§t canh BC tgi E_thi cat 

cgnh AD tai F va d$t BE = aBC thi 

1^ BC = a, AM = nen cos(BC,AM) = BC.AM 

AF = a A D v^iO < a < 1. 
N4U a = 0 thi E ^ B vd F ^ A, thi^t di0n ^ 
la tarn gidc ABK. ' 
N § u a = 1 thi E = C vd F ^ D, thilt di?n \ 
latamgidcCID. f 

Neu 0 < a < 1 thi E thu0c cgnh BC; F thuOc cgnh AD vd thiet di^n la tu-

lEKF. Chpn ca sa g6c B: BC = a , BD = b, BA = c - K ; 

Ta CO IK = ^ ( a + b - c) ,EF = - a a + a b + (1 - a ) c nen: IK.EF = o 

BC.AM 2s[z 

.• toan 17.19: Cho tu- di?n ABCD c6 BC = AD = a, AC = BD = b, AB = CD = c. 
^̂ '̂ (nh cac g6c a Id goc giu-a BC vd AD ; p la g6c giu-a AC vd BD ; y Id g6c 

fliO-a AB va CD. Chu-ng minh rdng trong ba so hgng a^cosa , b^cosp , 
ĉ cosy c6 mot so hang bdng t6ng hai so hgng con Igi. 

Hipang din giai 

Do d6 IK 1 EF nen: SIEKF = ^ IK.EF. " 

Tac6IK^=-(a + b - c)2= - ( 2 a ^ ) => IK = 

EF^ = (-aa + a b + (1 - a)c a V + (1 - a)^] 

Vi IK khong d6i len di^n tich lEKF Id̂ n nhit, nho nhi t khi 66 dai EF h 

nhdt, nho nhdt. ^ 
2 * 

V6i 0 < a < 1, EF^ = f(a) = a^[2a^ - 2a + 1] c6 gid tri nho nhit Id y , 

nhi t Id a^ So sdnh thi minS = - a^ max S = . 
4 4 I 

Ba! toan 17.18: Cho tu- di^n deu ABCD canh a. Gpi M Id trung di4m CD.' 
goc giu-a hai du-o-ng thing AB vd CD, BC va AM. 

Hu^ng din giai A 

Ta c6: BC.BA = BC(BA - BD) = BC.BA - BC.BD 

= I ( B C 2 + BA^ - CA") - -(BC^ + BD^ - CD^) 
2 2 

— • — • 2c^ - 2h^ - h2 
Nen: cos(BC,DA) = ^^5 = £ ^ 

23̂  
Vly n l u g6c giu-a BC va AD blng a thi: 

c^-b^ 
cos a = hay a cos a = 

Tu-o-ng tu- nhu- tren, n§u gpi p Id goc giu-a AC vd BD thi: 

cosp = 
T 

cosy = 

a^-c^ 

Ta c6: AB.CD = AB.(AD - AC) = AB.AD - AB.AC 

= a . a . c o s 6 0 ° - a . a . c o s 6 0 ° = 0 
r:> AB 1 CD nen goc cua AB vd CD bdng 9 0 ° . 

b^-a^ 

=>b^ cosp = 

=>c^ cosy = 

a^-c^ 

b^-a' 

vd y Id g6c giu-a AB vd CD thi 

Vdi a, b, c Id dp ddi cua BC, CA, AB, ta c6 the xet a > b > c thi 

a cos a = c ^ - b ' ; b^cosp = a^-c^ ; c cosy = b^-a-

Ta c6: BC.AB = (AC - AB). - (AC + AD) B 

= - (AC^ + AC.AD - AB.AC - AB.AD) 

= l { a 2 + a . a . c o s 6 0 ° - a . a . c o s 6 0 ° - a . a . c o s 6 0 ° ) = -
2 1 

J'J' do, trong tru-ang hp-p ndy ta c6 b^cosp = a^cosa + c^cosy 

'̂ toan 17. 20: Cho tij- di$n ABCD. Lly cac d i lm M vd N Ian \u<?t thupc cac 

^^(yng thing BC vd AD sao cho MB = kMC vd NA = kND vai k Id s6 thi,i-c 
'̂ ho tru-dc. oat a Id goc giu-a cdc vecta MN vd BA; p Id g6c giu-a cdc vecto-

vd CD. Tim moi lien h0 giO-a AB va CD d l a = p = 45°. 

HiFO-ng din giai 

^ ^ M P // AB thi NP // CD. Tu- do, goc giu-a MN vd 

bdng goc giu-a MN vd MP, do Id goc PMN. ' 
giu-a MN vd CD bdng goc giu-a MN vd PN, Q^ 

° ' ^ g 6 c P N M . 
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7,9 trpna n/S-mTOl OUOng III^U h i / ! ! / yiui I'lu,, - w ^ o n - r 

Hiring din gidi 
M#t phing (P) c§t canh BC tgi E_thi cat 

cgnh AD tai F va d$t BE = aBC thi 

1^ BC = a, AM = nen cos(BC,AM) = BC.AM 

AF = a A D v^iO < a < 1. 
N4U a = 0 thi E ^ B vd F ^ A, thi^t di0n ^ 
la tarn gidc ABK. ' 
N § u a = 1 thi E = C vd F ^ D, thilt di?n \ 
latamgidcCID. f 

Neu 0 < a < 1 thi E thu0c cgnh BC; F thuOc cgnh AD vd thiet di^n la tu-

lEKF. Chpn ca sa g6c B: BC = a , BD = b, BA = c - K ; 

Ta CO IK = ^ ( a + b - c) ,EF = - a a + a b + (1 - a ) c nen: IK.EF = o 

BC.AM 2s[z 

.• toan 17.19: Cho tu- di?n ABCD c6 BC = AD = a, AC = BD = b, AB = CD = c. 
^̂ '̂ (nh cac g6c a Id goc giu-a BC vd AD ; p la g6c giu-a AC vd BD ; y Id g6c 

fliO-a AB va CD. Chu-ng minh rdng trong ba so hgng a^cosa , b^cosp , 
ĉ cosy c6 mot so hang bdng t6ng hai so hgng con Igi. 

Hipang din giai 

Do d6 IK 1 EF nen: SIEKF = ^ IK.EF. " 

Tac6IK^=-(a + b - c)2= - ( 2 a ^ ) => IK = 

EF^ = (-aa + a b + (1 - a)c a V + (1 - a)^] 

Vi IK khong d6i len di^n tich lEKF Id̂ n nhit, nho nhi t khi 66 dai EF h 

nhdt, nho nhdt. ^ 
2 * 

V6i 0 < a < 1, EF^ = f(a) = a^[2a^ - 2a + 1] c6 gid tri nho nhit Id y , 

nhi t Id a^ So sdnh thi minS = - a^ max S = . 
4 4 I 

Ba! toan 17.18: Cho tu- di^n deu ABCD canh a. Gpi M Id trung di4m CD.' 
goc giu-a hai du-o-ng thing AB vd CD, BC va AM. 

Hu^ng din giai A 

Ta c6: BC.BA = BC(BA - BD) = BC.BA - BC.BD 

= I ( B C 2 + BA^ - CA") - -(BC^ + BD^ - CD^) 
2 2 

— • — • 2c^ - 2h^ - h2 
Nen: cos(BC,DA) = ^^5 = £ ^ 

23̂  
Vly n l u g6c giu-a BC va AD blng a thi: 

c^-b^ 
cos a = hay a cos a = 

Tu-o-ng tu- nhu- tren, n§u gpi p Id goc giu-a AC vd BD thi: 

cosp = 
T 

cosy = 

a^-c^ 

Ta c6: AB.CD = AB.(AD - AC) = AB.AD - AB.AC 

= a . a . c o s 6 0 ° - a . a . c o s 6 0 ° = 0 
r:> AB 1 CD nen goc cua AB vd CD bdng 9 0 ° . 

b^-a^ 

=>b^ cosp = 

=>c^ cosy = 

a^-c^ 

b^-a' 

vd y Id g6c giu-a AB vd CD thi 

Vdi a, b, c Id dp ddi cua BC, CA, AB, ta c6 the xet a > b > c thi 

a cos a = c ^ - b ' ; b^cosp = a^-c^ ; c cosy = b^-a-

Ta c6: BC.AB = (AC - AB). - (AC + AD) B 

= - (AC^ + AC.AD - AB.AC - AB.AD) 

= l { a 2 + a . a . c o s 6 0 ° - a . a . c o s 6 0 ° - a . a . c o s 6 0 ° ) = -
2 1 

J'J' do, trong tru-ang hp-p ndy ta c6 b^cosp = a^cosa + c^cosy 

'̂ toan 17. 20: Cho tij- di$n ABCD. Lly cac d i lm M vd N Ian \u<?t thupc cac 

^^(yng thing BC vd AD sao cho MB = kMC vd NA = kND vai k Id s6 thi,i-c 
'̂ ho tru-dc. oat a Id goc giu-a cdc vecta MN vd BA; p Id g6c giu-a cdc vecto-

vd CD. Tim moi lien h0 giO-a AB va CD d l a = p = 45°. 

HiFO-ng din giai 

^ ^ M P // AB thi NP // CD. Tu- do, goc giu-a MN vd 

bdng goc giu-a MN vd MP, do Id goc PMN. ' 
giu-a MN vd CD bdng goc giu-a MN vd PN, Q^ 

° ' ^ g 6 c P N M . 
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Vgy hai goc tren bSng nhau va bing 45° khi va chi khi. 
MN = NP va MPN = 90°. 

Suyra ^ . A B = — . C D va AB 1 CD. Ma PA = kPc5; 

Vay (Ji§u kien la 

AC 
AB 
CD 

AP 
PC 

Cti^ TNHHMTVDWH Hhang Vi^t 

va AB 1 CD. 

Bai toan 17. 21: Cho hinh chop S.ABCD c6 day la hinh vuong, canh bei, 
SB = SC = SD = b cung hgp vai day goc 60°.Gpi I la trung dilm cua o 
Tinh goc hp'p bai du-ang thing: '̂ •H 
a) SC vai mp(SBD) b) SI vĉ i mp(SAB). 

Hu'O'ng din giai 
a) Ha SO 1 mp(ABCD). 

Vi SA = SB = SC = SD 
=5> OA = OB = OC = CD nen O la tarn 
cua hinh vuong day, goc SCO = 60°. 
Ta c6: SO 1 OC, BD 1 OC 
^ OC 1 mp(SBD) nen SO la hinh 
chilu cua SC len mp(SBD). 
Tarn giac vuong SOC c6 goc C = 60° nen goc S = 30°. I 
Vay goc giO-a du-ang thing SC voi mp(SBD) bang 30°. I 

b) Gpi I la trung di^m cua AB, Ta c6 IJ 1 AB ma SO 1 AB nen AB 1 mp(s| 

Hu'O'ng dSn giai 
•j-g CO AM, AN cung vuong goc v6i SA nen g6c 
phpn MAN la goc giOa hai mat phlng (SAM) 

(SAN). Hai mat phlng do tao v6i nhau 

goc 45° khi va chi khi MAN = 45° N e CD. 

^ BAM + DXN = 45°. 

^1 =tan(B'AM + DAN) 

Dung cong thipc cpng va c6 tan BAM = a - x 

tanDAN- a - y thi di§u kien cin tim la: 

do do hinh chilu cua du-ang thing SI len mp(SAB) la du-ang thing S 
b 

Hinh vuong ABCD c6 du-ang cheo AC = SA = SB = b nen IJ = BC = 

bVa 
tam giac d§u SAC c6 du-ang cao SO = . 

Gpi (p la goc giu-a du-ang thing SI vS SJ, tam giSc vuong SOI: 

b 
01 ^ 2V2 ^ 1 

2 SO bVs 76 • . ^ 

Bai toan 17. 22: Cho hinh chop S.ABCD c6 day la hinh vuong canh a, SA 1 (A^C^ 
Hai dilm M va N lln lu-pl thay d6i tren hai canh CB va CD, dgt CM = x, CN ''j 
Tim h^ thuc lien h§ giiJ-a X va y de: 
a) Hai mat phlng (SAM) va (SAN) tgo vai nhau goc 45°. 
b) Hai mat phlng (SAM) va (SMN) vuong goc vai nhau. 
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2a^ + xy = 2a(x + y) 
t,)\/i SA 1 MN, (SAM) 1 (ABCD) nen: (SAM) 1 (SMN) khi va chi khi AMN =90° 

^ + (a - x)̂  + x̂  + ŷ  = â  + (a - y)^o ay = x(a - x). 
Bai toan 17. 23: Cho hai tam giac ABC v^ BCD nim trong hai mat phlng 

vuong goc vai nhau, AC = AD = BC = BD = a vd CD = 2x. 
a) Xac dinh doan vuong goc chung cua AB va CD. 
b) xac dinh x sao cho (ABC) vuong goc v6i (ABD). 

Hu'O'ng din giai 
a) Gpi I va J Ian lu-gt la trung dilm cua AB va CD. 

Tam giac ACB can dinh C va lA = IB nen CI ± AB. 
Tu-ong tu- Dl 1 AB nen AB l(CID) 
Do do IJ 1 AB. 
Tu-o-ng tu- CD 1 (AJB) nen IJ ICD . 

•5) Ta CO goc giu-a (ABC) va (ABD) la CID = 2CIJ 
(BCD) 1 (ACD) va BJ 1 CD => BJ 1 (ACD). 
V|y BJ 1 AJ. 

'^aAj = BJ= V a ' - x^ (a > x) => AB= V2 (a' -x ' ) 

n§n|j= IA .2 f ABl /a'-x^ rAB] 

V V 2 J 
^° <J6: (ABC) 1 (ABD) o CIJ = 45° 

^IJ= AB a^-x^ 
= x 3x̂  = â  <=> X = 

2 V 2 3 
17. 24: Cho hinh lang try tam giac deu ABC.A1B1C1 v6-i canh day 

^9 a va canh ben AAi = Gpi O, O, l ln lu-gt la tam cua hai tam giac 
% T - u ^ "inh goc giu-a AO1 vaOB,. 
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10 tr<?ng d/S'm bdi dUdng tiQC sinh gidi m6n To6n 11 - LS Hodnh Ph6 

Hirang din giai 

Chpn h$ ca sa AAi = a , AB = b, AC = c, 
Gpi a Id goc tgo bai hai du-b-ng thing AOi 

cos a = cos(OAi, OBi) 
AO1.OA 

AO,.OB^ 

Vi Idng tru tarn giac deu nen : 

AO^ = OB^ = AA^ + kp\
1 1 

vd OA1 = - ( A A i +ABi +ACi)= = - ( 3 a + b + c) 
3 3 

OB1 = - ( A B i + BBi +CBi) = ^(3a + 2b - c) 
3 3 

1 

1 

D o d o : OAi.OB = - (3a+b+cX3a + 2 b - c ) 
9 

= -(9a^ +2b^ -b.c + 2 b . c - c ^ = - a ^ V|y cosa= | . 
9 6 6 

Bai toan 17. 25: Cho hinh lap phu-ang ABCD.A'B'C'D' c6 cgnh la a. Gpi [ 
va M l l n iLfp't la trung diem cua AD, AB vd CC. 
a) Tinh g6c (p gifra hai mat phIng (ABCD) vd (EFM). 
b) Tinh dien tich S cua thi lt di$n c l t bai m$t phIng (EFM).| 

Hu'O'ng din giai 
a) Ta CO giao tuyen cua (ABCD) va (EFM) la EF vuong goc vai AC nen Ej 

vuong g6c IM. 
(p= MIC 

tancj) - CM _ 2 ^ ; 

cos iS) = 

coscj) = 

IC 3aN/2 3 

1 1 
1 + tan^ (t) ^ ^ 2 11 

9 

3 Ss/il 

11 11 

b) Gpi O, 0' Ian lu-^t Id tarn cua cac hinh vuong ABCD vd A'B'C'D'. I^^^ttii 
tai K. Duang thing qua K song song vai BD c i t BB' vd DD' tai P va ^ | 
di^n la ngu giac EFPMQ. 

S' Id dien tich hinh chieu EFBCD cua thiet di^n 

7a _ Is? 4v\l .̂ ^ r o S ' = = Scoscp nen S = „ . „ • -ra CO. o g v 8 3 24 

. ..^n 17- 26: TLP dien S A B C c6 tam gidc A B C vu6ng can dinh B vd A C = 2a, 
^̂ 'c6 ca"*̂  M\ior\q goc vdi mdt phIng ( A B C ) vd S A = a. 

.̂ .jpfi khoang each tu- S den du'ang thing B C . 
'̂ A H -L S B . Tinh khoang each t i j tnjng di lm O cua A C d i n du-d̂ ng thing C H . 

Hiro-ng din giai 
, t a c 6 S A l ( A B C ) , A B I B C 

" ĝn S B 1 B C => d(S; B C ) = S B . 

Tam gi^c A B C vuong can tai B, 
f^C = 2a nen A B = a >/2 . 
Tam gi^c S A B vuong tgi A. 

5B2 = S A ^ + A B ^ = â  + 2a^ = 3 a ^ ^ S B = a V 3 . M 

b)Ta CO B C 1 ( S A B ) ^ ( S A B ) 1 ( S B C ) 

n6n A H 1 S B thi A H 1 ( S B C ) . 

Gpi K Id trung d i l m cua O K // A H => O K 1 ( S B C ) . 

AH 
n6n O K 1 C H do do d(0; C H ) = O K = — 

2 
X6t tam gidc vuong S A B vai du'ang cao A H ta e6: 

1 1 
AH^ A S ^ A B ^ 2a2 

• A H = 
a •0K = a 

Bai toan 17. 27: Hinh eh6p S.ABCD c6 ddy Id hinh vuong ABCD tam O canh 
a, cgnh SA vuong g6c vai mgt phIng (ABCD) va SA = a. Gpi I Id trung diem 
cua canh SC vd M Id trung d i l m cua AB. 
Tinh khoang cdeh tu-1 d i n (ABCD), d i n du-d-ng thing CM. .tif^^x^n 

HiTO'ng din giai 
Ta CO SA 1 (ABCD) md 10//SA , 
^0 do 10 1 (ABCD) nen ;c 

(̂'; (ABCD)) = 10 = -

IH 1 CM thi OH 1 CM 
'^ti(l;CM) = IH 

N Id trung diem cua c?nh CD. 
V̂"' tam gidc vuong MHO vd MNC d6ng 
^̂ f̂ g nen: 

^ ~ 0 M ^ ^ . CN.OM a 
C M ^ ^ . D o d o O H = — = 

a 
2 
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TU trQngWSm hOI auong n^pu smn ^rur mcrr iuuii i i - w > I O T 

nen IH^ = lO^ + OH^ = 2 _ 3a^ 
20 10 

IH = 
10 

Bai toan 17. 28: Cho goc vuong xOy va mpt d i l m M n l m ngoai mat 
chLPa goc vuong. Khoang c^ch tu" M d i n dinh O cua goc vuong b i n g 2^^^ 

. va khoang each tu" M tb-i hai cgnh Ox v^ Oy d4u b i n g 17cm. Tinh ktioi^ 
each tuF IVI d i n m$t p h i n g (xOy) chCea g6e vuong. ^ 

HiPO'ng d i n giai 
Ha MH 1 (Ox, Oy) thi d(IVl, (xOy)) = MH 
Ha MA 1 Ox, MB 1 Oy 
Ta CO HA 1 OA v^ HB 1 OB 
nen tie gi^e OAHB la hinh chu' nh | t . 
Han nC^a vi MA = MB nen HA = HB 
nen OAHB Id hlnh vuong 
MH^ = MO^ - OH^ = MA^ - AH^ 
^ 23^ - 20A^ = 17^ - OA^ => OA^ = 240 
Do do MH^ = 17^ - 240 = 49 nen MH = 7cm. 

Bai toan 17. 29: Cho ti> di?n OABC c6 OA, OB, OC doi mpt vuong goc v( 
nhau va OA = OB = OC = a. Gpi I la trung d i l m cua BC. Xdc djnh va tinh d 
da! dpan vupng g6c chung cua cdc cSp du'ang t h i n g . 
a) OA va BC b) Al vd OC. 

Hu'O'ng d i n giai 
a) Ta c6 0 1 1 BC, 0 1 1 OA nen 01 Id dean vuong g6c chung cua OA va BC, ( 

_ BC _ aV2 
" 2 ~ 2 

b) Gpi K trung d i l m OB thi IK / / OC n § n OC / / 
mp(AKI). Ta e6 CO 1 (OAB) nen IK 1 (OAB), 
do do (OAB) 1 (AKI). 
Ha OH 1 AK thi OH 1 (AKI). 
Ve HE / / OC va i E e Al va ve EF // OH v6i F 
e OC thi EF la dogn vu6ng g6c chung cua Al 
v d O C , EF = OH. 

1 1 1 
Trong tam gidc vuong OAK: 

nen OH^ = a ^ 
5 

0 H = 

OH^ 

aVs 
OA^ OK^ 

Bai toan 17. 30: Cho hinh eh6p S.ABCD c6 ddy Id hinh vuong ABCD 
CO cgnh SA = x vd vuong g6c vd'i m^t phIng day. Dyng vd t inh dp da: 
vuong g6c chung cua cdc du'6'ng thing. 
a) SB vd CD b) SC vd BD; SC vd AB. I 

Hu'O'ng d i n giai 
^ T a CO BC ± SA, AB nen BC 1 (SAB) 

B C I S B . 

fj\a CO BC 1 CD n § n BC Id doan vuong 
goc chung cua SB vd CD, d(SB; CD) = 
BC = a. 

Ta c6: BD 1 SA, AC 
ngn BD 1 (SAC) tai O. Ha OH 1 SC. 
Ta CO OH 1 SC vd OH 1 BD nen OH Id 
(Joan vuong goc chung cua BD vd SC. 

.V i : ? t < = | 4 . n e n O H . O C S A 

r<V TNHHMTVDWH Hhang Vl$t 

OC SC SC „ . . - . . - M - ' " - : ^-

Ta CO AB / / CD ^ AB / / (SOD). 

CD 1 AD, SA nen C D 1 (SAD) => (SAD) 1 (SCD) 

Ha AK 1 SD thi AK 1 (SCD).Ve KE / / CD, K e SC, ve EF / / AK, F e AB thi 
EF la doan vuong goc chung cua SC vd AB. 

AS.AD _ a.2a 2aVs J-.. Ta CO EF = AK = 
SD a"" + 4a ' 

Bai toan 17. 31: Cho hinh lap phu'ang ABCD.A'B'C'D' c6 canh b i n g a. Tinh 
khoang each giQa hai du'ang t h i n g : 
a) AA' vd DB' b) B C vd CD'. 

Hirang d i n giai 
a) Ta CO AA' / / BB' ^ AA' / / mp(BB', DD') 

nen d(AA'; DB') = d(AA', (BB', DD') = d(A; (BB", DD') 

= d ( A ; D B ) = 1 A C = 
2 2 

Ta c6 CD' n i m trong mp(ACD') vd BC" 
n im trong mp(A'BC'). Vi D va B' each d i u 
<^c dInh cua 2 tam gidc deu ACD', A 'BC 
n§n: DB' l (ACD'), (A'BC) do d6 (ACD') 
//(A'BC). 

"Ta CO B'D c i t hai mdt p h I n g (ACD') 
(A 'BC) Ian tai G, G' thi DG = GG' = G'B'. 

4̂i 
^ § y d ( C D ' ; B C ' ) = 2 ^ = . ^ , 

1 7 ^ 2 : C h o h i n h hpp thoi ABCD.A'B'C'D' c6 cdc canh dIu b I n g a vd 

LJ) V 3 ( A B C D ' ) . 
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Bai toan 17. 29: Cho ti> di?n OABC c6 OA, OB, OC doi mpt vuong goc v( 
nhau va OA = OB = OC = a. Gpi I la trung d i l m cua BC. Xdc djnh va tinh d 
da! dpan vupng g6c chung cua cdc cSp du'ang t h i n g . 
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Hu'O'ng d i n giai 
a) Ta c6 0 1 1 BC, 0 1 1 OA nen 01 Id dean vuong g6c chung cua OA va BC, ( 

_ BC _ aV2 
" 2 ~ 2 

b) Gpi K trung d i l m OB thi IK / / OC n § n OC / / 
mp(AKI). Ta e6 CO 1 (OAB) nen IK 1 (OAB), 
do do (OAB) 1 (AKI). 
Ha OH 1 AK thi OH 1 (AKI). 
Ve HE / / OC va i E e Al va ve EF // OH v6i F 
e OC thi EF la dogn vu6ng g6c chung cua Al 
v d O C , EF = OH. 

1 1 1 
Trong tam gidc vuong OAK: 

nen OH^ = a ^ 
5 

0 H = 

OH^ 

aVs 
OA^ OK^ 

Bai toan 17. 30: Cho hinh eh6p S.ABCD c6 ddy Id hinh vuong ABCD 
CO cgnh SA = x vd vuong g6c vd'i m^t phIng day. Dyng vd t inh dp da: 
vuong g6c chung cua cdc du'6'ng thing. 
a) SB vd CD b) SC vd BD; SC vd AB. I 

Hu'O'ng d i n giai 
^ T a CO BC ± SA, AB nen BC 1 (SAB) 

B C I S B . 

fj\a CO BC 1 CD n § n BC Id doan vuong 
goc chung cua SB vd CD, d(SB; CD) = 
BC = a. 

Ta c6: BD 1 SA, AC 
ngn BD 1 (SAC) tai O. Ha OH 1 SC. 
Ta CO OH 1 SC vd OH 1 BD nen OH Id 
(Joan vuong goc chung cua BD vd SC. 

.V i : ? t < = | 4 . n e n O H . O C S A 

r<V TNHHMTVDWH Hhang Vl$t 

OC SC SC „ . . - . . - M - ' " - : ^-

Ta CO AB / / CD ^ AB / / (SOD). 

CD 1 AD, SA nen C D 1 (SAD) => (SAD) 1 (SCD) 

Ha AK 1 SD thi AK 1 (SCD).Ve KE / / CD, K e SC, ve EF / / AK, F e AB thi 
EF la doan vuong goc chung cua SC vd AB. 

AS.AD _ a.2a 2aVs J-.. Ta CO EF = AK = 
SD a"" + 4a ' 

Bai toan 17. 31: Cho hinh lap phu'ang ABCD.A'B'C'D' c6 canh b i n g a. Tinh 
khoang each giQa hai du'ang t h i n g : 
a) AA' vd DB' b) B C vd CD'. 

Hirang d i n giai 
a) Ta CO AA' / / BB' ^ AA' / / mp(BB', DD') 

nen d(AA'; DB') = d(AA', (BB', DD') = d(A; (BB", DD') 

= d ( A ; D B ) = 1 A C = 
2 2 

Ta c6 CD' n i m trong mp(ACD') vd BC" 
n im trong mp(A'BC'). Vi D va B' each d i u 
<^c dInh cua 2 tam gidc deu ACD', A 'BC 
n§n: DB' l (ACD'), (A'BC) do d6 (ACD') 
//(A'BC). 

"Ta CO B'D c i t hai mdt p h I n g (ACD') 
(A 'BC) Ian tai G, G' thi DG = GG' = G'B'. 

4̂i 
^ § y d ( C D ' ; B C ' ) = 2 ^ = . ^ , 

1 7 ^ 2 : C h o h i n h hpp thoi ABCD.A'B'C'D' c6 cdc canh dIu b I n g a vd 

LJ) V 3 ( A B C D ' ) . 
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Hu'd'ng din giai 
Tu gia thiet suy ra c^c tam giac A'AD, 
BAD, A'AB la cac tam giac can cung c6 
goc a dinh bing 60° nen chung la cac 
tam giac 6hu. Do do ttp di0n A'ABD la tii-
dien d§u cgnh a, hinh chi§u cua A' tren 

, mp(ABCD) chinh la tam H cua tam giac 
6eu ABD. Khoang each giOa hai day la 
A'H. Ta c6: 

A'H' = AA'2 - AH^ = — .V$y A'H = ^ . 
3 3 

Bai toan 17. 33: Tu dien SABC c6 ABC la tam giac vuong can dinh B, AS = g 
SA vuong goc vai (ABC) va SA = a V2 . Gpi (a) la m§t trung true cua SB, Q 
la trung didm cua BC, A 1̂  daang thing qua O va vuong goc vai mat phing 
ABC. Di/ng giao diem K cua A va mat phing (a). Tinh OK. 

HiPO'ng din giai 
Gpi M la trung dilm cua doan SB. 
Di/ng du-ang cao AH cua tam giac SAB 
r6i di/ng MF // HA, F e SA, ta duac: 
M F l S B . 
Mat khac ta c6: BC 1 (SAB) => BC 1 SB. 
Du-ng MN // BC, N e SC, thi: MN 1 SB 
Suy ra (a) la m§t phing (MNF). 
Vi A 1 (ABC) nen A // AS. 
Gpi p la m^t phing (SA, A). Trong (SBC) gpi I la giao diem cua MN va SO 
thi: p n a = Fl. Du-ang thing Fl cit A tgi K thi K chinh la giao diem ĉ n 
dung cua A va a. ^ 
Vi I la trung dilm cua SO nen OK = SF 
Hai tam giac vuong SMF va SAB d6ng 
dang nen ta c6: 

SF SM =^SF = SB.SM 
SB SA SA 

SB = aV3 ,SM= . ^ , S A = a 42. 
2 

Ta CO SF = 3aV2 Vgy OK = 3aV2 
4 ' 4 " 

Bai toan 17. 34: Cho hinh hop ABCD.A'B'C'D' c6 cac canh bing a, BAD 
B A A ' = D'AA' = 120°. 

a) Tinh goc giO-a cac cSp du-ang thing AB vd-i A'D vd AC vd-i AD. 
b) Tinh di^n tich c^c hinh A'B'CD v^ ACC'A'. 

Hipo-ng din giai 
^tiyrNHH MTV DWH Hh^n^i^t 

Chpn casa AB = x, A D = y, A A ' = z thi =y^ =z^ = a= 
• a^ -

x.y = T r ' y-2 = - ^ 

g) Vi AB // A'B' nen goc giu-a AB va A'D 
bIng goc A'B' va A'D, do la gdc DA'B' 
hay 180°-DA'B'. 
0|t DA'B' = a. 
Ta CO DB'̂  = A'D^ + A'B^ - 2A'D.A'B.cosa 
Vai A'D = a N/3 , A'B' = a 

DB' = X - y + z =̂  DB'^ = 38^ - a^ - + = 23^ 

nen 2a' = a' + Sa' - 2a.a x/s cosa ^ cosa = - 1 
N/3 

A' 

Ta CO AC'.Ab = (x + y + z)y = : i - + a 2 - £ _ = a2 

hay A C AD coscp = a^ coscp = 
12 

(p = 45= 

Vay goc giOa A D va A C bIng 45°. 

b) SABCD' = A 'D.A 'B 's inBA^B = a x/s a — 
• 3 

V|y dien tich S A T O = a'N/2 

Bit A"CC ' = p thi A C ' = A C ' + C C ' - 2AC.CC cosp 

7^ hay 2a' = 3a' + a' - 2a T .̂a. cos p cosp = J = ^ sinp = 
vS 3 

% dien tich SAcc'A=AC.CCsinp = a V 3 . a . ^ = a ' ^ 
5 3 

' A B r n ^'"!^o? "^^"^ ' t^^"g cua « va CD. Mat phang (P) qua IK, c^t BC tai E, cIt AD tai F. Chung minh 

^) N4u BE = aBC thi AF = a AD va BA.EF.CD d6ng phing 
) Neu IK 1 AB v^ IK 1 CD thi IK 1 EF tgi trung dilm O cua EF. '''̂ ^ 
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Hu'O'ng d i n giai ^ 

Chpn vecta c a sa : BC = a.BD = b,BA = c 

a) Ta c6 IE = IB + BE = - - + a a . D^t AF = p.AD thi i 

IF = IA + AF = | + P ( b - c ) ; I K = | + ^ - | 

Vi IK, IE, IF (Jong ph Ing nen c6 x, y sao cho : 

rk = xrE + y l F « | + | - | = - y + xaa + ̂  + y P ( b - c ) 

= xaa + ypb + 
2 2 

Xa = — 
2 

yp = ^ 

y X o 1 
2-2-'^-—2 

^ = y _ _ 
a = p nen AF = p.AD = a A D 

1 
xa = -

Ta c6: EF = EB + BA + AF = - a a + c + a(b - c) 

- a(b - a) + (1 - a)c = a C D + (1 - a)BA :dpcm. 

b ) T a c 6 : IK.EF = IK a C D + ( 1 - a ) B A 

= a. lK.CD + (1-a)IK.BA = 0 

Vay IK 1 EF tai O. 

Vi I, O, K t h i n g hang nen c6 so y sao cho : 10 = ylK 

Vi E, O, F t h i n g hang nen c6 s6 z sao cho : 

zlE + {1 -z ) IF = l d = 7lK 

Ma IE = - | + aa; IF = | + P(b-c) = | + a ( b - c ) 

nen z 
c 

— + a a 
2 V 

+ ( 1 - z ) - + a(b - c) = Y a b e 
2 ^ 2 2 

o z a a + ( 1 - z ) a b + 
- z 1 z 
— + a + za 
2 2 2 

c = I a + I b - ^ c 

( 1 - z ) = I «^ 
1 y 

z - a + z a = - — 
2 2 

1 

a = y 
1 

z = — 
2 

Suy ra 10 = - (IE + IF) => O la trung diem cua EF 

gai toan 17. 36: Hinh chop S.ABCD c6 day la hinh vuong ABCD canh a va c6 
mat ben SAD la tam giac d^u n i m trong mat ph Ing vuong goc va i day. Gpi 
I, M, P Ian lu'p't la trung d i l m cua AD, AB, SB va gpi K la giao di§m cua Bl 
va CM. 
a) Chung minh (CMF) vuong goc vai (SIB) va tam giac BKF can. 
b) Dung va tinh dp dai doan vuong goc chung cua AB va SD. Tinh khoang 
each giij-a hai duang t h i n g SA va CM. 

Hu'O'ng d in giai 

a) AlAB = AMBC (c.g.c) nen goc ABJ = BCM ma AB 1 BC. 
nen CM 1 Bl va c o C M 1 SI, do do CM 1 (SIB). 
Vay (CMF) 1 (SIB) 
Xet tam giac vuong BCM 

CO CM = ~ - va BK.CM = BM.BC 

I BK = ^^^^ _ aVs 
C M ~ 2 

Xet 2 tam giac vuong SIB, BKF: 

SB^ = S I^-H |B^= ^ + ^ =2a^. 

in FK ' = BF^ + B K ' - 2BF.BK.cosB = — nen FK = BK (dpcm). 

)̂ CD 1 (SAD) nen (SCD) 1 (SDA). Ha AE 1 SD thi E la trung di§m SD, 

^oan vuong goc chung cua SD va AB la AE = 
2 

^' SA // (CMF) nen d(SA; CM) = d(SA; (CMF)) 

SH 1 FK thi SH 1 (CMF). Do do (SA, CM) = SH, ta c6 : , . •, 

SF.sinSFH = SF.sinKFB = SF.sinSBI = SF. SI _ aVs 
S B ~ 4 , 

509 
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3' ca^ Bai toan 17. 37: Hinh chop S.ABCD c6 ddy la hinh vuong ABCD cgnh 

cgnh ben deu blng a \/3 . 
a) Tinh khoang cdch tu- S d^n nn$t phSng (ABCD). 
b) Xac dinh vd tinh thi§t di$n cua hinh chop vai m^t phlng (P) qua A, vuon 

goc v^i SC. GQ\p la goc g\(ja AB vd (P). Tinh sincp. 
Hipang din giai 

a) Gpi O la tdm cua hinh vuong ABCD thi SO la khoang cdch tu- S den (ABCD) 

Tac6:SO^ = SC^-OC^ = 3 a ^ - ^ = l ^ ^ ' 
A A 

Vay SO = 

b) Vi BD 1 (SAC) nen BD 1 SC. 
Hg AC ± SC, AC cdt SO tai H va c i t 
SC tai C. Trong (SBD), duang thing 
qua H va song song vai BD c i t SB va 
SD Ian lu-gt tai B' vd D'. 
Ta c6: B'D' 1 SC nen SC 1 p(AB'CD') 
va thi4t dien ckn tim la tii ' giac AB'C'D'. 

BD 1 (SAC) =̂  BD 1 AC => B'D' 1 AC nen S = - AC.BD'. 

Ta c6: AC = S O ^ _ ̂ . sc^ = SA^ - AC^ = ^ 
SC 3 ' 3 

SH = 
SC'.SC 4a 

SO /̂T0 
. Vi B'D' // BD nen: 

B ' D ' SH 4 
" B D " 

= l = > B ' D ' = - a V 2 . V § y S = 
SO 5 3 

2a '.V30 
15 

Ha OK 1 (P) thi K thupc AC. 

Ha BF 1 (P) thi BF = OK = 
2 6 

aVs ay J 
^ . . . — BF 6 V3 
Ta CO sincp = sin BAF = — = — ^ = — . 

BA a 6 
Bai toan 17. 38: Cho tu- di^n gdn deu ABCD c6 AB = CD = a, AD = BC 

AC = BD = c. Di/ng vd tinh dp ddi doan vuong g6c chung cua 2 c?nh ° 
AB, CD A 

Hu'O'ng din giai: I 

GpiM, N Id trung di^m AB, CD nen 2MN. AB = AD.AB - BC.BA I 

510 

= - [ ( A D ^ + A B ^ - D B ^ ) - ( B C ^ + B A ^ - C A ^ ) ] = 0 

£j0 d6 MN 1 AB. Tu-ang ty MN ± CD 

(AD + BC)^ _ AD^ + BC^ + 2AD.BC 

AD^ + BC^ + (AC^ + DB^ - AB^ - DC^) 

2b'+2c2-2a2 b^+c^-a^ .MN = 
b^+c^-a^ 

4 2 V 2 
gai toan 17. 39: Cho ti> di$n ABCD gpi Id tu- di$n tryc tdm. khi cdc canh doi 

di$n vuong goc vai nhau. 
a) ChCrng minh cac m^nh de sau day Id tu'ang du-ang: | ^ 
(i) ABCD Id tLP di^n tryc tdm. 
(ii) Chan du-ang cao cua t(r di^n ha tCr mOt dinh trung v6f\c tdm cua mdt 
doi dien. 
(iii) AB^ + CD^ = AC^ + BD^ = AD^ + BC^ 
b) Chil-ng minh rdng b6n du'ang cao cua tu' di^n tryc tam d6ng quy tai mpt 
diem. Diem do gpi Id tru'c tam cua tip dien noi tren. 

IHipang din giai 
a) ChLPng minh (i) <=> (ii) 

Hg AA' 1 (BCD) thi A' Id hinh chidu . 
cua A len mp(BCD). 
N§u AB 1 CD, AC 1 BD thi BA' 1 CD, 
OA' 1 BD. 

Vdy A' la true tam tam giac BCD. 
Ngu-pc lai, neu A' la true tam tam giac 
BCD thi BA' 1 CD, tu- do suy ra AB 1 CD. 
Tuang tu, ta eung eo AC 1 BD. 
TiJ- k i t qua tren, ta suy ra: dpem. 
Chung minh (i) <=> (iii). Ta eo: ' 

- - ' 7 

c 
— 1 

Atf + CD^ = AC^ + B D ^ « AB +(AD-AC)^ = AC + (AD -AB ) ^ 

^ - 2 A C . A D =-2AD.AB o AD(AB - AC) = 0 w 

^ AD . CB = 0 <:> AD 1 BC. * 
Tu-ang tu: AC^ + BD^ = AD^ + B C ^ « D C l AB. V 

, AB^ + CD^ = AD^ + BC^ D B 1 AC. ' 

' ^ ABCD Id tu dipn true tdm nen n4u ve eac dub-ng cao AA' vd BB' cua tu-
^'^n thi A', B' Ian luat Id true tam cua tam gide BCD va ACD. Khi do BA', 
^B' va CD ddng quy tgi I. Nhu vdy AA', BB' Id hai duang cao cua tam giac 
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3' ca^ Bai toan 17. 37: Hinh chop S.ABCD c6 ddy la hinh vuong ABCD cgnh 

cgnh ben deu blng a \/3 . 
a) Tinh khoang cdch tu- S d^n nn$t phSng (ABCD). 
b) Xac dinh vd tinh thi§t di$n cua hinh chop vai m^t phlng (P) qua A, vuon 

goc v^i SC. GQ\p la goc g\(ja AB vd (P). Tinh sincp. 
Hipang din giai 
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Tac6:SO^ = SC^-OC^ = 3 a ^ - ^ = l ^ ^ ' 
A A 

Vay SO = 
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Hg AC ± SC, AC cdt SO tai H va c i t 
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Ta c6: AC = S O ^ _ ̂ . sc^ = SA^ - AC^ = ^ 
SC 3 ' 3 

SH = 
SC'.SC 4a 

SO /̂T0 
. Vi B'D' // BD nen: 

B ' D ' SH 4 
" B D " 

= l = > B ' D ' = - a V 2 . V § y S = 
SO 5 3 

2a '.V30 
15 

Ha OK 1 (P) thi K thupc AC. 

Ha BF 1 (P) thi BF = OK = 
2 6 

aVs ay J 
^ . . . — BF 6 V3 
Ta CO sincp = sin BAF = — = — ^ = — . 

BA a 6 
Bai toan 17. 38: Cho tu- di^n gdn deu ABCD c6 AB = CD = a, AD = BC 

AC = BD = c. Di/ng vd tinh dp ddi doan vuong g6c chung cua 2 c?nh ° 
AB, CD A 

Hu'O'ng din giai: I 

GpiM, N Id trung di^m AB, CD nen 2MN. AB = AD.AB - BC.BA I 
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= - [ ( A D ^ + A B ^ - D B ^ ) - ( B C ^ + B A ^ - C A ^ ) ] = 0 

£j0 d6 MN 1 AB. Tu-ang ty MN ± CD 

(AD + BC)^ _ AD^ + BC^ + 2AD.BC 

AD^ + BC^ + (AC^ + DB^ - AB^ - DC^) 

2b'+2c2-2a2 b^+c^-a^ .MN = 
b^+c^-a^ 

4 2 V 2 
gai toan 17. 39: Cho ti> di$n ABCD gpi Id tu- di$n tryc tdm. khi cdc canh doi 

di$n vuong goc vai nhau. 
a) ChCrng minh cac m^nh de sau day Id tu'ang du-ang: | ^ 
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(ii) Chan du-ang cao cua t(r di^n ha tCr mOt dinh trung v6f\c tdm cua mdt 
doi dien. 
(iii) AB^ + CD^ = AC^ + BD^ = AD^ + BC^ 
b) Chil-ng minh rdng b6n du'ang cao cua tu' di^n tryc tam d6ng quy tai mpt 
diem. Diem do gpi Id tru'c tam cua tip dien noi tren. 

IHipang din giai 
a) ChLPng minh (i) <=> (ii) 

Hg AA' 1 (BCD) thi A' Id hinh chidu . 
cua A len mp(BCD). 
N§u AB 1 CD, AC 1 BD thi BA' 1 CD, 
OA' 1 BD. 

Vdy A' la true tam tam giac BCD. 
Ngu-pc lai, neu A' la true tam tam giac 
BCD thi BA' 1 CD, tu- do suy ra AB 1 CD. 
Tuang tu, ta eung eo AC 1 BD. 
TiJ- k i t qua tren, ta suy ra: dpem. 
Chung minh (i) <=> (iii). Ta eo: ' 

- - ' 7 

c 
— 1 

Atf + CD^ = AC^ + B D ^ « AB +(AD-AC)^ = AC + (AD -AB ) ^ 

^ - 2 A C . A D =-2AD.AB o AD(AB - AC) = 0 w 

^ AD . CB = 0 <:> AD 1 BC. * 
Tu-ang tu: AC^ + BD^ = AD^ + B C ^ « D C l AB. V 

, AB^ + CD^ = AD^ + BC^ D B 1 AC. ' 

' ^ ABCD Id tu dipn true tdm nen n4u ve eac dub-ng cao AA' vd BB' cua tu-
^'^n thi A', B' Ian luat Id true tam cua tam gide BCD va ACD. Khi do BA', 
^B' va CD ddng quy tgi I. Nhu vdy AA', BB' Id hai duang cao cua tam giac 
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ABI nen AA' BB' cat nhau. Tu-ang ty, n lu ke duang cao C C cua tu ̂ j,̂ " 
thi ta cung c6 AA', C C clt nhau va BB', C C c i t nhau. Mat khac, AA', ĝ !̂  
C C khong cung n im trong mot mSt phing nen AA', BB', C C d6ng q̂ y ^ ', 
mot di lm. Tu-ang ty ta c6 AA', BB', DD' d6ng quy (DD' la du-ang cao cua 
dien ABCD). 
Vay, khi ABCD la ti> dien tryc tam thi cac du-ang cao AA', BB', CC , 
d6ng quy tai mot di lm. 

Bai toan 17. 40: Mpt ti> dien go! la gkn d iu neu cac canh do! bing nhau ti>ng 
doi mpt. 
a) Voi tLP dien ABCD, chCpng to cac tinh chit sau la taang du-ang: 
(i) Tu- dien ABCD la g in dSu ; 
(ii) Cac doan thing n6i trung di lm cac cap canh doi dien doi mot vuong goc 
vai nhau ; 
(iii) Cac trong tuyin (doan thing noi dinh vai trong tam m t̂ doi dien) bing 
nhau ; 

(iv) T6ng cac goc tai moi dinh bing 180° . 
b) Chu-ng to hinh khai triln cua tip dien g in d iu ABCD tren mp(BCD) lam 
thanh mot tam giac nhon. ' 

Hu'O'ng din giai 

a) - Chu-ng minh (i) o (ii) 
Gpi M, N, P, Q, E, F l ln iu-gt la trung di lm cua AB, CD, BC, AD, AC, BD. 

(i) => (ii): Do AC = BD nen MPNQ la hinh thoi, vi 

th i MN 1 PQ. Tu-ang tu- ta c6 MN 1 EF, PQ 1 EF. 

(ii) =:> (i): NQ la hinh binh hanh ma MN 1 PQ nen 
MPNQ la hinh thoi, tijc la MP = MQ, tu- do AC = BD. 
Tu-ang tu c6 BC = AD, AB = CD. 

Chu-ng minh (i) <=> (iii) 
Gpi A', B' Ian lu-gt la trpng tam cua cac 
tam giac BCD va ACD. 
(i) (iii): Ta cp ABCD = AADC (c.c.c) 
nenBN = AN,tLPdpA'N = B'N. » 
Vay AAA'N = ABB'N (c.g.c), suy ra AA' = BB' 
Tu-ang tî  ta c6 dpcm. 

(iii) ^ (i): Do gia thilt ta c6 BB' = AA', ma AA' c i t BB' tai G, AG = 3GA', 
= 3GB' nen BG = AG va GA' = GB'. Cac tam giac BGA' va AGB' bIng 
nen BA' = AB' , BN = AN. 
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+ A D ' = 2AN ' + ^ ; B C ' + BD^ = 2BN 

AO do AC ' + AD ' = BC ' + BD ' . 
<LP(?ng tî  CA ' + C B ' = DA 

ra AD = BC va AC = BD. 
fu-cng ta c6 AB = CD. 
Chu-ng minh (i) <» (iv) 

' ,|) (iv): Do su- bIng nhau cua c^c tam 
giac ABC, CDA, BAD vai tam giac CDB 
nen ting cac goc tai B bIng 180°. D l i vai 
cac dinh con lai cung du-gc ly luan tu-ang 
ti; nhu- tren. 
(iv) => (i): Trai cac mat ABC, ACD, ABD len mat phIng (BCD). 
Qo ting cac goc tai B cung nhu- tai C, tai D deu bIng 180° nen cac bp ba 
dilm Ai , C , A2 ; A2 , D , A3; A3, B , Ai la nhu-ng bp ba di lm thing hang. 
Nhu- vay BC, CD, BD la ba du-ang trung binh cua tam giac A1A2A3. 
TCP do BD = A iC = CA2 = CA. Tu-ang tu- AD = BC , CD = AB. 

b) Theo chu-ng minh tren thi ta c6 hinh khai triln cua tip dipn ABCD tren m$t 
phIng (BCD) la tam giac A1A2A3. 
Ta chLPng minh tam giac A1A2A3 c6 ba goc nhon. 
That vay, xet tam giac A1A2A3 c6 AC = A iC = AC2 nen AAi 1AA2. 
TiPOTg ty- thi AAi , AA2, A1A3 doi mpt vupng goc. 

CD^ 

+ DB^ 

I, ft 

Ta 06: A,A^ = AAf + AA '̂ A Â  = A A ' + AA: 

AA^ + AAi^ 

=̂  Â Â ' + A,A^ > A ,A3' ; A.A? + A„A A.A^ 

,̂̂ °ung dinh ly ham s6 cosin cho tam giac A1A2A3 =̂  dpcm.. 
I toan 17. 41: Cho tam giac ABC. Tim tap hgp cac di lm M trong khong gian 

man m6i h0 thipc sau: 

^^AB.CM = C B . A M (1) b) MA'+ MB '= 2MC ' 

Hifang d i n giai 

A B ( C B + BM) = C B(A ' B + BM) 

(2) 

J 3 BM = C B . B M <=> BM(AB - CB) = 0 

. AC =0 
^ t a p 

i c i > M B l A C . 
(î i -̂̂ M hgp cac di lm M la mgt phIng di qua B va vuong goc vai du-ang 
^9 AC. 

^ 11 
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= 3GB' nen BG = AG va GA' = GB'. Cac tam giac BGA' va AGB' bIng 
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A B ( C B + BM) = C B(A ' B + BM) 
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(î i -̂̂ M hgp cac di lm M la mgt phIng di qua B va vuong goc vai du-ang 
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^ 11 



Wtrqng diSm hoi dudng hoc sinh gioi / 

b) Gpi G la trpng tSm va O la tam du'ang tron ngoai t i l p tam giac AB ^ 

c6:(2)c:>(OIVI - O A ) ^ + ( O M - OB)^ = 2 (OM - O C ) ' 

« OM^+OA^- 2 OM . OA + OM^ + OB^ - 2 OM . OB = 2 0 M ^ + 2 0 C ^ - 4 6M 

« 2 0 M ( 0 A + O B - 2 O C ) = 0 { v i O A = OB = OC) I 

o 2 0 M ( 0 A + OB + OC - 3 0 C ) = 2 0 M ( 3 0 G - 3 O C ) = 0 >5 

» 6 0 M ( 0 G - 6C) = 0 < o C5M.CG = 0 » M O l C G . 
Vay tap hp'p cac d i l m M la mat ph Ing di qua O va vuong goc vb'i cJu.̂ , 
t h i n g CG. 

Bai toan 17. 42: Hinh chop S.ABCD c6 day ABCD la hinh vuong canh a SA 
vuong goc vai (ABCD) va SA = a. Gpi M la d i l m di dpng tren doan CD t ' 
dat CM = X. Gpi K la hinh ch i l u cua S tren BM. ' 
a) Tinh dp dai doan SK theo a va x. . I 
b) T im tap hp'p cac d i l m K. 

Hu'O'ng d i n giai 

a) Ta c6: 

S A M B = ^ A B . M H = ^ a ' 

BM 

SK^ = SA^ + AK^ S K = a 
2a^ + x̂  
a^+x^ 

b) AKB = 90°, do do K a tren ducyng tron du'ang kinh AB trong mat phln( 
(ABCD). Mat khac vi M di dpng tren doan CD nen d i l m K luon luon nk 
trong goc C B D . Do do d i l m K a tren cung OB va i O la tam ciia hint 
vuong ABCD. 
Dao lai, ta chipng minh mpi d i l m K thupc cung OB d i u thpa d i l u kien cu 
bai toan. Vay tap hap cac d i l m K c i n t im Id cung OB ciia duong 
du'ang kinh AB tren mp(ABCD). 

Bai toan 17. 43: Cho d la mot d y a n g t h i n g vuong g6c v6'i mp(a) va c i t («)' 
O. Gia s i j A la mpt d i l m c6 djnh tren d, B va C la hai d i l m di dpng tren n|W 
du-ang t h i n g d' c6 dinh tren (a) va khong di qua O sao cho mp(B; d) - '̂ ^ 
d). Gpi A', B', C l l n lug t la chan cac duang cac AA', BB', C C cua .AAB^ 

a) Ch i ing minh A'B .A'C khcng doi, AB^ + AC^ - BC^ khong d l i va true 

H cua AABC luon c6 dinh. I 

b) T im tap hpp cac d i l m B' va C . 'J 

Hu'O'ng d i n giai M 

a) Vi AA' . 1 BC nen OA' 1 BC. I 

Cly TNHHMTVDWH Hhang Vi?!: 

^<^eo gia thiet (B; d) ± (C; d) vd do (a) L (C; d) •̂ 

^ O B l O C . 
O va d' c6 dinh nen A' c6 djnh. 

-frong tam giac vuong BOC c6: 
A'B A'C = OA'^ ( b i n g h i n g so). 

•4a Ta c6: A B ' + A C ' - BC ' 
, (AO' + OB ' ) + ( A O ' + OC ' ) - ( O B ' + OC' ) = 2 A 0 ' : khong doi. "• ' 
po O la hinh chilu cua B xuing mp(C; d) va B B ' 1 AC nen OB' 1 AC 

AC 1 mp(OBB') => AC 1 O H . Mat khac do BC 1 mp(OAA') nen BC 1 OH 
^ OH 1 mp(ABC) OH 1 A A ' . Vi tam giac vuong OAA' c6 dinh nen H c6 (Jnh. 

, Qac dilm B', C thupc mat phIng c6 djnh ( A ; d') vd dIu nhin doan th ing A H 
r m^nh dua i mpt goc vuong nen chung dIu thupc duang tron ( C ) du-ang kinh 

AH trong mat phIng ( A ; d'). 
DO AA' 1 BC nen BA va BH khong t h i vuong goc vai A A ' nen B ' ^ A , H , 
tLfcyng t y C * A , H . 

Ngî oc lai, l ly B ' G ( C ) \; H } . Gpi C = AB' n d' va B = HB' n d'. Ta phai 
chCrng minh: m p ( C ; d) 1 m p ( B ; d). 
That vay, do AC 1 B B ' , AC 1 OH nen AC l ( O B B ' ) =:> OB 1 AC. 
Ma OB 1 OA OB 1 mp(OAC) mp(B ; d) 1 mp (C ; d). 
Chung minh tuang t y dli vai C . Vay tap hpp cac dilm B', C la du'ang tr6n 
(C) tru' hai dilm A , H va trong mat phIng ( A ; d') 

Bai toan 17. 44: Cho tip dien ABCD va du'ang t h i n g d. T im dilm M thupc d d l 
X = MA' + 2 M B ' + 3 M C ' + 4 M D ' be nhlt. 

Hipang d i n giai 

Spi I la dilm sao cho: lA + 216 + 3IC + 4 ID =6 

t> Al = I AB + A AC + - AD 
5 10 5 

^odo I c6 djnh. Ha IH 1 d thi H c6 djnh. 

^3 CO X = M A ^ + 2 M B ^ + 3MC^ + 4MD^ 

MMi + I A ) ' + 2(MI + I B ) ' + 3(Mi + I C ) ' + 4(M1 + I D ) ' 

* + lA^ + 2IB' + 2IC' + 4ID' + 2 Ml (lA + 21B + 3IC + 4 ID ) | 
+ I A ' + 2 I B ' + 3 I C ' + 4 I D ' 

. + lA ' + 2 I B ' + 3 I C ' + 4 I D ' : khong d l i . 
^ b6 n h i t khi M la hinh ch i l u H cua I len d. 
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(C) tru' hai dilm A , H va trong mat phIng ( A ; d') 

Bai toan 17. 44: Cho tip dien ABCD va du'ang t h i n g d. T im dilm M thupc d d l 
X = MA' + 2 M B ' + 3 M C ' + 4 M D ' be nhlt. 

Hipang d i n giai 

Spi I la dilm sao cho: lA + 216 + 3IC + 4 ID =6 

t> Al = I AB + A AC + - AD 
5 10 5 

^odo I c6 djnh. Ha IH 1 d thi H c6 djnh. 

^3 CO X = M A ^ + 2 M B ^ + 3MC^ + 4MD^ 

MMi + I A ) ' + 2(MI + I B ) ' + 3(Mi + I C ) ' + 4(M1 + I D ) ' 

* + lA^ + 2IB' + 2IC' + 4ID' + 2 Ml (lA + 21B + 3IC + 4 ID ) | 
+ I A ' + 2 I B ' + 3 I C ' + 4 I D ' 

. + lA ' + 2 I B ' + 3 I C ' + 4 I D ' : khong d l i . 
^ b6 n h i t khi M la hinh ch i l u H cua I len d. 



3. B A I LUYfiN T A P 
Bai t|p 17. 1: Cho tip di$n ABCD c6 AB = AC = AD va SAC = 60°, BAD : 

Gpi I vd J \kn lu'p't la trung diem cua AB vd CD. Chung minh r i n g : AB 
CD, IJ 1 AB vd IJ 1 CD. 

Hiring din 

Dung tich v6 hu-b-ng, chu-ng minh AB.CD = 0 , ABJJ = 0 , CD.IJ = 0. 
. - i . . , , _ i u _ . . 

9) 
gjlu dien MN theo A'D';A'B 

j 

U U n g IIOII v u i i u w i i y , v ^ i i " " a 

Bai tap 17 2" Cho tip dien deu ABCD c6 tat ca cac cgnh bSng nhau. Gpi M 
N l l n lu-at la trung d i l m cua AB vd CD.J.ay cac diem U . K Ian lupt thu 
cac du-ang thing BC, AC, AD sao cho IB = kIC, JA = kJC, KA = kKD tro 
do k lei s6 cho trub-c. 
a) ChLPng minh r ing MN 1 IJ va MN U K . • 
b) Chung minh r ing AB 1 CD. " 

HiFO-ng din 

a) Chung minh tich v6 huang bing 0. 

b) Chung minh tich v6 huang bIng 0. ] 

Bai tap 17.3: Cho hinh chop S.ABC c6 SA = SB = SC = AB = AC = a va BC = a v/i 
Tinh goc giOa hai duang thing AB va SC. 

Hu-ang din 
. ABSC 

Dung tich v6 huang: cos(AB, SC) =1 cos(AB; SC) = — — \ 
AB.SC J 

K t̂ qua goc giua hai duang thing SC va AB bIng 6 0° . 

Bai tap 17. 4: Cho tu dien ABCD c6 CD = - A B . Gpi I, J, K Id trung dilm ci 
3 

BC, AC, BD ma CD vuong goc vai IJ va AB. Tinh 
AB 
JK 

Hu-o-ng din 

K i t qua 
AB 
JK 

6 

5 

Bai tap 17. 5: Cho hinh l|lp phuang ABCD.A'B'C'D'. Cac d i l m M, N l l n \ 
chia cac doan thing AD' va DB theo cung ti s6 k (k / 0, 1). Chung min 

a) MN luon luon song song vb-i mp(A'D'BC) 

b) N l u k = - ^ thi MN // A'C vd MN 1 AD' vd MN 1 DB. 

Hu'b'ng din 

C h p n c a s a AA'= a , AB = b , AD = c 

QWd^Q minh cung phuang. 
"'.•tap 17. 6: Tu dien OABC c6 cdc canh OA = OB = OC = a va A O B = A6C 
^^l60°, B 6 C = 90°, 

g) Chu-ng minh tam gidc ABC la tam gidc vuong. ' 
U) Chu-ng minh r ing OA 1 BC vd neu gpi I, J Ian luat Id trung d i l m cua OA, 
gC thi IJ J-OA va IJ 1 BC. Tinh doan IJ. 

Hipo-ng din ' 
)̂Ta chu-ng minh BC^ = AB^ + AC^ • 

, , ,, aV2 
)̂ Kit qua IJ= 

gai tiP l'̂ - 7= ABC vuong tgi B , AB = 2a, BC = a. Tren hai tia Ax 
Cy vuong goc vai mp(ABC) vd a cung phia doi vai (ABC), Idn luat l l y 

hai di lm A ' vd C sao cho A A ' = 2a, CC = x. Xdc djnh x sao cho: 
a) A ' B C'=90°. 

b) BA'C = 90°. Tinh goc giua hai mat phIng (ABC) va ( A ' B C ) . 

Hipang din 
a) Kit qua x = 0; 

D) Kit qua X = 4a ,cos(p = — . 
6 

Bai t9p 17. 8: Tu dien SABC c6 ABC la tam giac vuong can dinh B , AB = a, 
SA vuong goc vai (ABC), SA = a. Gpi (a) Id mdt phIng di qua trung di lm M 
cua AB va vuong goc vai SB. Tinh di^n tich cua thi l t di$n c I t bai mdt 
phIng (a). 

Hiring din 
^ Ît phIng (a) di qua trung di lm M cua AB vd vuong g6c v6i SB nen song 

song vai BC. Ket qua S - ^ ^ - ^ . 
32 

'̂ 17. 9: Cho tam gidc ABC vuong tgi C. Tr6n nua dud-ng thing At vuong 
9f>c vai mdt phIng (ABC) ta Idy mot diem S di dpng. Gpi H vd K Ian lu(7t la 

înh chilu vuong goc cua A tren SB vd SC. 
)̂ Tim tap h(?p cac d i lm H vd K. 
) Chung minh r ing duang thing HK di qua mpt d i lm c6 djnh. 

; Hipo-ng din 
J * qua Tap hgp cac di lm K Id nua dub-ng tron (Li) dub-ng kfnh AC n i m 
|° 9̂ mat phIng (C, At) vd nIm ve phia nua du6-ng thing At, tru d i l m C. 

hap cac d i l m H Id nua dud-ng tron duang kinh AB n I m trong mdt 
^^^ig (B; At) vd n I m ve phia nua dub-ng thing At, tru d i l m B. 

*qua I Id giao d i l m cua BC vd HK. 

5 1 7 
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3 
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6 

5 
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6 

Bai t9p 17. 8: Tu dien SABC c6 ABC la tam giac vuong can dinh B , AB = a, 
SA vuong goc vai (ABC), SA = a. Gpi (a) Id mdt phIng di qua trung di lm M 
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32 
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Bai t i p 17. 10: Cho hinh lap phu-ang ABCD.A'B'C'D'cgnh a. Tinh: 
a) Khoang each ti> A 6&n mp(A'BD). 
b) Khoang each t u A', B, C, D ' d § n du-ang t h i n g A C , 

Hipang din ^ 
a) Hinh chi4u A len mp(A'BD) la tn/c tarn H ciia tarn giac A'BD., 

K i t qua d(A; (A'BD)) = ' 

b) K i t qua khoang each tu- A', B, C, D' d i n A C deu b § n g . 

Bai tap 17. 11: Cho hinh lang tru ABC.A'B'C c6 t i t ca cac canh d i u blng 
G6c tao bai canh ben va mat p h i n g day b § n g 30°. Hinh c h i l u H cua di^ni^J 
tren mat p h I n g (A'B'C) thuoc d u a n g t h i n g B'C. i 
a) Tinh khoang each giOa hai mat p h I n g day. 
b) ChLPng minh AA' va B'C vuong goc, tinh khoang each giu-a chung. 

Hu-o-ng din 

a) Hinh c h i l u H ciia d i l m A tren mat p h I n g (A'B'C) la trung d i l m B'C. 

K i t qua AH = - . 

f^^arentiem: TH€ TfCH KHOI Dfl DI€N Vh KHOI C^U 

j^IJiN T H U C T R O N G T A M ^ 

^ ThI t'ch c u a khdi da dien 
-pfil tich cua k h i i lang tru b i n g tich s6 cua dien tich mat day va c h i l u cao 

" cua k h I i lang tru do: V = S .̂ h. e / ,3^ 

-phl tich cua mot khoi hpp chO nh^t b i n g tich s6 cua ba kich thu-ac: V = abc. 
^ T h I tich cua mot k h I i chop b i n g mot p h i n ba tich so'cua dien tich mat day 

va c h i l u cao cua k h I i chop do: V = - S<j. h. 
3 

1 

b) K l t q u a H K = 
a IN/3 

Bai tap 1 7 . 1 2 : Cho ti> di$n ABCD. Tim diem M thupc mp(ABC) sao cho ; 

a) I 4MA + 2 M B + M C - 6 M D | nho n h l t . 

b) 2MA2 + 4MB^ + SMC^ - 2 0 1 4MD2 nho n h l t . 

HiPO'ng din 

a) K i t qua M la hinh c h i l u cua d i l m I la d i l m sao cho 4IA + 2IB + IC - 6ID = C 

l e n m a t p h i n g (ABC). 

b) K i t qua M la hinh c h i l u cua d i l m E la d i l m sao cho 

2EA + 4EB + 5EC - 2 0 1 4 E D = 6 len m$t p h i n g (ABC). 

SI 8 

ThI tich khIi chop cut: V = - ( S + x/sŝ  + S')h. 
3 

Chuy: 
)̂ Ti> dien hay hinh chop tam giac c6 4 each chpn dinh. 

2) Tu dien npi tilp hinh hop, tu- dien gin dIu (c6 3 cap canh dli bing nhau) 
npi tilp hinh hpp chu' nhat va tiK dien dIu npi tilp hinh lap phu'ang. 

3) Khi tinh toan cac dai lu-ang, nlu can thi dat In rli tim phu'ang trinh d l giai 
ra In do. 

4) D l tinh dien tich, thI tich c6 khi ta tinh gian tilp bing each chia nho cac 
phIn hoac lly phIn Ian han toe di cac phIn du- hoac dung ti s6 dien tich, ti si 
thitich- ^ A C , V(S.A'B'C') _ S A ' SB' S C 

S(ABC) AB ' AC ' V(S.ABC) SA ' SB ' SC 

M?t c l u va khdi c l u 
Tap hap cac dilm trong khong gian, each dilm O c6 dinh mpt khpang R 
khong dli gpi la mat cau c6 tam la O va ban kinh bIng R. Ki hieu la S(0; R) : 
S(0; R) = {M I C M = R } 

Mat clu ban kinh R cc dien tich la: S = 47cR̂  

•̂ hli clu ban kinh R cc thI tich la: V = - ^T IR^ 

' trf tu-ang dli giOa mat clu va duang thing, m$t phIng: di/a vao so sanh 
kinh R va khoang each d tu tam mat cau O din duang thing, mat 

PnSng tuang ipng. N l u d < R thi mp cit mSt cau theo duang tron giao 

S i n CO tam la hinh chilu O len mp, ban kinh r = VP^-d^ . 
d i l m A nim ngoai mat cau S ( 0 ; R ) , c6 vp s i tilp t u y i n vai mSt cau, 

doan thing nil A vai cac tilp dilm dIu bIng nhau. 

("ii'; 

519 
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IUB^/i$ d)&m bOl uuong ni^c aiiiii yiui mar I lUUII I I 

Mat chu ngoai ti§p, npi ti§p hinh da dif n 
- Mat cau di qua mpi dinh cua hinh da dipn gpi la m$t c l u ngogi tidp \^]^^ 

dien hinh da dien gpi la npi tiep m$t cau d6. 
Di§u kien c^n va du de mpt hinh ch6p c6 nnat c lu ngoai tiep la day cija p̂, 
chop do CO du'O'ng tron ngoai tiep. ' 

- Di§u ki^n c i n du d l mpt hinh l§ng trg c6 m^t c l u ngogi ti§p la jâ ^ 
dCpng day cua hinh ISng tru do c6 du-dyng tr6n ngogi tiep. 
Xac djnh tam O cua mat c^u ngoai tidp hinh chop S.AiA2...An c6 day , 
gi^c npi tiep duang tron (C), gpi A 1^ true cua du-ang tron do va gg, r 
giao dJdm cua A vai mat phing trung tryc cua mpt canh ben, ching ̂  
canh SAi thi OS = OAi = OA2 = ... = OAn n§n O 1̂  t§m mat c^u ngoai ti^p^*^ 

- Mat cSu tiep xuc vai mpi m^t cua hinh da di$n gpi la mat cau ndi tidp h 
da dien va hinh da di$n gpiia ngoai tiep mat cau do. 
xac djnh tam I cua mat cau npi tiep khoi da di$n. Vai 2 mat song song th, | 
thupc mat phing song song each deu, vai 2 mat phing c i t nhau thi I thuqc 
mat phan giac (chipa giao tuyen va qua mpt du'O'ng phan giac cua goc tao 
bai 2 du-dng thing l l n lu'pl thupc 2 mat phing, vuong goe giao tuy§n). 

C h u y : 
1) Vai hinh chop d§u, lang trg deu thi si> dgng trgc cua hinh khoi. 

3V 
2) N§u khoi da di0n c6 mat cau npi tiep thi ban kinh r = 

3) Bai toan cg-c tri c6 t h i dCing b i t ding thu-c ca ban va dao ham. 

2 . cAc BAI T O A N 
Bai toan 18.1: TInh th§ tich cua khoi tam mat deu c6 c^nh 

Hiro'ng din giai 
Ta phan ehia kh6i tam m^t d l u cgnh a vdi 
cac dinh la A, 8, C, D, E, F thanh hai khoi 
chop ttp giac 6ku A.BCDE va F.BCDE . Vi 
hai khoi chop d6 blng nhau nen c6 the tich 
blng nhau, do do t h i tich V cua kh6i tam 
mat deu blng hai l l n t h i tich Vi cua khi i 
chop A.BCDE. 
Vi BCDE la hinh vuong cgnh a vai tam O va 
tam giac ABD la tam giac vuong can dinh- A 

n§n: V, = - S •BCDEAO = ^ a ^ a -
42 .42 

= a 

Suy ra khoi tam mat deu c6 th i tich la: V = 2Vi = a 

B, 

g î toan 18. 2: Cho kh6i l§ng trg tu- giac deu ABCD.A1B1C1D1 c6 khoang each 
gifra hai duang thang AB va AiD blng 2 va do dai du-ang cheo cua mat 
ben blng 5, 

a) Ha AK 1 AiD (K e AiD). Chu-ng minh ring; AK = 2. 
b) TInh the tich khdi lang trg ABCD.A1B1C1D1. , ., 

Hipo-ng din giai 
a) AB//AiBi =^AB//(AiBiD) 

=^d(A, (A1B1D)) = d(AB, AiD) 

Ta CO A1B1 1 (AAiDiD)=> A1B1 1 AK. 

Mat khac: AiD 1 AK =̂  AK 1 (A1B1D). 
Vay AK = d(A, (A1B1D)) = d(AB, AiD) = 2. 

b) Xet tam giac vgong AiAD, ta c6: AK^ = A1K.KD 

oat AiK = X =^ 4 = x(5 - X) - 5x + 4 = 0 X 

Vai 

\

7 
D 

1 hoac X = 4. 

ai X = 1, A D = V A K ^ + K D ^ = 2V5, A A , = ^ A ^ D ^ ^ A D ^ = Vs 

Khi<?6 V,3,,,^3^^^^^=20V5. 

Vai X = 4, ti^ang ty ta c6 : ^^^^^^^^^^^^ = 10^5 . 

Bai toan 18. 3: Cho hinh hop ABCD.A'B'C'D' c6 t h i tich V. Hay tinh t h i tich 
cua tu- dien ACB'D'. 

Hiro-ng din giai A D 

B 

cac tu' dien BACB', C'B'CD', DD'AC, 

A'AB'D' d i u CO t h i tich blng ^ . 

Dod6: V A C B D = V - 4 . - = - O' 
6 3 

Bai toan 1 8 ^ : Cho^hli hpp ABCD.A1B1C1D1 c6 tit ca cac cgnh blng nhau va 

blng a, A,AB = BAD = A,AD = a (0° < a < 90°). Hay tinh th i tich cua khii hop. 

Hipo-ng din giai 
'̂ a AiH 1 AC (H e AC) 
"̂ am giac AiBD can (do AiB = AiD) 
suy ra BD1A1O. 

•^^t khac BD 1 AC BD 1 (A1AO) 

=̂  BD 1 AiH. Do do AiH 1 (ABCD). 

^St A ^ = (p 

AiK 1 AD ̂  H K 1 AK. Ta c6: 



IUB^/i$ d)&m bOl uuong ni^c aiiiii yiui mar I lUUII I I 
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3V 
2) N§u khoi da di0n c6 mat cau npi tiep thi ban kinh r = 

3) Bai toan cg-c tri c6 t h i dCing b i t ding thu-c ca ban va dao ham. 

2 . cAc BAI T O A N 
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42 .42 
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B, 
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c o s c p . c o s « = ^ . ^ = -^'^ = coscp nencoscp= ^ 
2 AA, AH AA, ^^. .a 

2 

AiH = asincp = a 
cos^ a 

i cos 
2 a cos 

a 
(cos^ ^ - cos^ a -alt r̂1.i 

V A B C D A , B , c , n , = AB.AD.sina.A,H = 2a^ s in |^cos^ ^ - cos^ a . 

Bai toan 18. 5: Cho kh6i lang tru dCpng ABC.A'B'C c6 day la tarn giac ABc 

vuong tai A, AC = b, ACB = 60°. Du-ang thing B C tao vai mp(AA'CC) m o t 
goc 30°. Tinh do dai dogn thing A C va thi tich kh6i lang tru da cho. 

Hu'O'ng din giai 
Ta C O BA 1 AC, BA ± AA' nen BA 1 (ACCA') . c 

Vay A C la hinh chieu cua B C tren mp(ACC'A'). 
Do do goc B C A bing 30° nen: 
A C = ABcot30° = ACtan60°cot30° = b . N/3 = 3b. 
Taco : CC'^ = AC^-AC^= 8b^ 

Do do CC' = 2bV2. 

V = S.h = - A B . A C . C C 2 

= Ib73.b.2bV2 = b ^ ^ . 
2 

Bai toan 18. 6: Cho kh6i lang tru dCrng ABC.A'B'C c6 dien tich d^y bing S va 
AA' = h. Mot mat phing (P) c i t cac cgnh AA', BB", C C l ln lu'p-t tgi A i , B, va 
C i . Bi§t AAi = a, BBi = b, C d = c. 
a) Tinh thI tich hai ph^n cua kh6i ISng try du'O'c chia bai mp (P). 
b) Vai dieu kien nao cua a, b, c thi thI tich hai phan do bing nhau. 

Hu'6ng din giai 

a) Ta c6: ^^scA^Bf, = \ABC + \BCC,B, ^ 

-2 a 

= ^ a S + ls3,,^3^d(A,(BCC,B,)) 
3 

= l a S + - . - ( b + c).BC.d(A,BC) 
3 3 - 2 ' 

= - a S + - ( b + c)S = - ( a + b + c)S 
3 3 3 

^A.|B.|Cl .A'B'C' ~ ^ A ^ B , C . , . A B ' C ' ~ ^ A B C A^B^Ci 

522 

= S h - ^ ( a + b + c)S = - ( 3 h - a - b - c ) S o 3 

(,)£)i^U kien \/^BCA,Bf, = \ B i q A B ' C ' 

.v. - ii! 'Qa Ort'-'̂  c?' 0'"' 

^ I (a + b + c)S = - Sh « 2(a + b + c) = 3h. 'Oi^nfcr.j/, • 
3 2. 

gal toan 18. 7: Cho hinh lang tru tam giac d§u ABC.A'B'C c6 tit ca cac canh 
d^u bing d. Hay tinh: 
a) Khoang each tie dilm A tai du'ang thing B'C va goc hgp bai hai du'ang 
thing A'B va B'C. 
b) ThI tich tLK dien A'BB'C va khoang each giOa hai du'ang thing A'B va B'C. 

Hipang din giai ^ , ^ 
a) Tam giac AB'C la tam gi^c can 

B'C = B'A = d N/2 , AC = d, 
gpi B'l va AH la cac du'ang cao. 
Ta C O AH . B'C = AC.B'l 

=>AH.dV2 =d.B'l 

V ^ y A H = ^ = : ^ § ^ 2 ^ = ^ 
72 72 4 

Dat AA' = a , AB = b , AC = c thi b.c = 

Taco: A 'B .B 'C = (b -a ' ) . ( c - a ^ - b ) = 

A'B.B'C 

A ' 

' •'^ 

/ 

. C O S 60° = b 

2 2 

Dodo cos(A'B, B ' C ) = 
A 'B .B 'C 4 ' 

b) V . ^ n - v 1 dTs d'73 
' V A B B C - V A ' B B C - • — • = 

3 2 2 12 
Gpi h la khoang each gi&a hai du-ang thing A'B v^ B'C thi V ( A B B ' C ) = 

1 ' gA'B.B'C.h.sincp, suy r a : - ^ = id72.d72.hj1-

"'"l> do ta tfnh du'gc: h = ^ . 

14, 

5ai 
5 V 3 A 

*oan 18. 8: Cho khoi lang tru tam giac ABC.A'B'C c6 day la tam giac ddu 
^hh a, dilm A' each 6ku ba diem A, B, C, cgnh ben AA' tgo vai mgt phIng 
^ay mot goc 60°. 

"̂̂ h the tich va di?n tich xung quanh cua hinh ISng try. '̂ ^̂  •'̂ '̂  •' ' 
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Iurr<^nQ o)emnui uuuny nyi^ •=»""' i:^'"' " ' 

Hipang din giai 
Gpi O la tam cua tam giac deu ABC. Vi A'A = A'B = A'C 
nen A'O 1 mp(ABC) ^ ' 
Do do A'AO = 60°. Ta c6: 
A'O = AOtan60° 

= A0V^ = ^ . V ^ = a 
3 

Vgy t h ^ t ich c^n t im 1^: 

4 4 

Vi BC 1 A O nen BC 1 AA' hay BC 1 BB' 
nen BB'C'C la hinh chu nh^t.Gpi H la 
trung diem cua AB. Ta c6: 

Sxq = 2SAABB + SBBCC = 2A'H.AB + BB'.BC = 4^(Vl3 + 2 ) . 

Bai toan 18. 9: Tinh the tich khoi tip di$n ABCD c6 cac cap canh doi b3ng 

nhau: AB = CD = a, AC = BD = b, AD = BC = c. 
HiPO'ng din giai ' ' '" 

D y n g tii- dien APQR sao cho B, C, D 
l l n lu'p't la trung di§m c^c canh OR, 
RP, PQ. 

Ta c 6 A D = B C = - P Q 

Q-
• AQ = - PQ ma D la trung d i l m 2 

cua PQ ^ AQ 1 A P . 
Tu'ang t y : AQ 1 A R , AR 1 AP. 

Ta c6; VABCD = j VAPQR = j • ^ AP.AQ.AR 
4 4 6 

Xet cac tam gi^c vuong APQ, AQR, ARP ta c6: 
AP2 + AQ^ = 4 c ^ AQ^ + AR^ = 4 a ^ AR^ + AP^ = 4b^ 

\ D \

AP = V 2 . / ^ ? T b ^ . AQ = Vi.x/a^-b^+c^ 

A R = V ^ . J a ^ + b ^ - c ^ , , 

Vay: V^BCO = f ^ ^ ^ ^ ^ T ^ T ^ ^ ^ ^ ^ ^ ) ^ - ' • 

Dac b i§ t : Khi a=b=c thi tu- di$n deu VABCD = • 

C Z y INfinMIVL ngVi?t 

toan 18. 10: Cho t u dien ABCD. 

1 
ChLPng minh VABCD = - A B . C D . d(AB,CD).sin(AB,CD) 

6 
HiPO'ng din giai 

Xrong m5t p h I n g (ABC) ve hinh binh hanh CBAA': 
Ta CO AA'//BC nen VABCD = VABCD 

Gpi MN la doan vuong goc chung cua 
/\ va CD va i M e AB, N € CD. 
Vi BM / / CA' nen VBACD = VMACD 

Ta c6: MN 1 AB nen MN 1 CA'. u, 
fvjgoai ra MN 1 CD. 
nen MN 1 mp(CDA'). 
Ta c6: g(AB,CD) = g(A'C, CD) = a, do do: \• 

VMACD = ^ S A C D M N = ^ . - C A ' . C D . s i n a . M N = - AB.CD.d.sina. 
3 3 2 6 

Bai toan 18.11: Cho hinh chop tam giac d4u S.ABC, c6 do dai canh day b i n g 
a. Gpi M va N l l n lu'p't la cac trung d i l m cua cac cgnh SB va SC. Tinh theo 
a dien tich tam giac AMN, biet r^ng mgt p h i n g (AMN) vuong goc vo-i m^t 
phing (SBC). 

Hu'O'ng din giai 
Gpi K IS trung diem cua BC va I = SK n MN. ^ , ̂ „ , , 

Tu- gia thiet suy ra MN = - BC = - , MN // BC, suy 
2 2 

ra I la trung d i l m cua SK va MN. 

Ta CO ASAB = ASAC nen hai trung t u y i n tu-ang ung 
AM = AN, do d6 AAMN can tai A, suy ra Al 1 MN. 

Ma (SBC) 1 (AMN) => Al 1 (SBC) =^ Al 1 SK. 

Do do ASAK can t?i A, suy ra SA = AK = 

Ta c6 SK^ = SB^ _ BK^ = — nen: Al 
2 

= V S A ^ - S I ' = 

% S A M N = 4 M N .A i= 

5ai 
16 

(dvdt). 

toan 18. 12: Cho tip dien SABC c6 cac canh ben SA = SB = SC = d va 

ASB= 120°, BSC = 60°, ASC = 90°. Tinh the tich tii- di?n SABC. 

Hu'O'ng din giai 
'^f^ giac SBC d i u nen BC = d. 



Iurr<^nQ o)emnui uuuny nyi^ •=»""' i:^'"' " ' 
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\ D \
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2 

= V S A ^ - S I ' = 

% S A M N = 4 M N .A i= 

5ai 
16 

(dvdt). 

toan 18. 12: Cho tip dien SABC c6 cac canh ben SA = SB = SC = d va 

ASB= 120°, BSC = 60°, ASC = 90°. Tinh the tich tii- di?n SABC. 

Hu'O'ng din giai 
'^f^ giac SBC d i u nen BC = d. 



10 trQng diSm hoi dUdng hQC sinh gioi men loan 11 - i& Hoanh HhO 

Tarn giac S A B can va goc A S B = 120° 
nen S B A = S A B = 30°. Gpi H la trung 

dN/3 
diem cua A B ta c6 A H = B H = m 

2 

=> A B = dV3. ^ 
Tam giac S A C vuong tai S nen r\Q. = d,^ J! 
Tam giac A B C vuong tai C vi: ' 
B C ' + A C ' = d ' + 2d ' = 3d' = A B ' . ^• 

Vi S A = S B = S C nen hinh chilu cua 
dinh S xu6ng mat phSng ( A B C ) phai 
trung vai trung d i lm H cua doan A B . 

OR H 
Vi ASB = 120° nen SH = ^ = - , S 'ABC - — B C . A C ^ 

V - I Q H S - ^ ^ d ' ^ / ^ _ d ^ / ^ 
V s A B C - - S H . S A B C - 3 - 2 - y - - 12 

Bai toan 18. 13: Tinh the tich hinh chop d4u S.ABCD bi4t SA = b va goc glQa 
mat ben va day bing a, | 

HiPO'ng din giai I 
Ha SH L (ABCD) thi H la tam hinh vuong ABCD. Gpi M la trung diem BC t h | 
SM, HM i BC => SHM = a.Gpi a la canh day. 

: Trong tam giac vuong SMB c6: 

SM ' = S B ' - M B ' = 2 _ 4b' - a ' 
4 

Trong tam giac vuong SMH c6; 

sM = i l - ^ - = -A_. • 
cos(x 2 cos a 

Do do: a ' = cos'u(4b' - a') 
2 4 b ' c o s ' a . a = — nen a 

1 + c o s ' a 

2bcosaVl + cos ' g 

1 + cos ' a 

Trong tam giac SHM c6: SH = HM.tana = 
bs inav1+ :os ' a 

1 + cos ' a 

1 ^ , , .2 _ 4 b^ sing.cos' aVI + cos' a 
Suyra V = - .SH.a'= -

3 3 (1 + c o s ' g ) ' 

•^ j toan 18. 14: Cho hinh chop S.ABCD, day la ni>a lye giac deu AB = BC = CD 
= a. Canh ben SA vuong goc vai day va SA = a N/3 . 
a) Tinh th6 tich hinh chop. 

t,) Tim tren canh ben SB mpt dilm M khac B sao cho AMD = 90°. Mat phing 
(AMD) cat hinh chop theo mpt thilt dien, tinh dien tich thi l t dien do. 

Hu'O'ng din giai 

' = — SABCD- S A - —.3. —a. a)V 3 — ' 3 ' 2 ' 2 . 

[,) Ta dung vecta vai he vecta ca sa: 

AB = a , AD = b, A.S = c. 

£)|t SM = a. SB = g( AB - AS) = g( a - C) 
Vdi 0 < g < 1 . Ta c6: 

MA = SA - SM = - c - g ( a - c ) - a a + (g - 1)c 

MD = MA + AD = - a a + (g - 1)c + b. 

Taco: AMD =90°c:> MA.MD =0 

o [ - g a + - 1)c] [ -ga + (g - 1)c + b] = 0 

o g 'a ' - g(a') + (g - 1)'.3a' = 0 « g ' - g + ( g ' - 2g + 1)3 = 0 

9 3 

^p.4a - 7g + 3 = 0, chpn = - • 
Do do SM = - SB nen M e doan SB sao cho — = - . 

4 SB 4 
Thi§t dien la hinh thang AMND. 

^ = SM _ 3 _ ^ ^ ^ ^ 3 ^ H a M H l A D . 
BC SB 4 4 • 

est AH =(3AD thi MH = AH - AM =pb - g a + ( g - 1 ) c 

"•"aco: MH . AD =Oc:>[pb - ga + ( g - 1 ) c ] b = 0 

^P(4a ' ) - g(a') + 0 = 0 « p(4a') - - a ' = 0 o p = — . 
4 16 

Do do AH = — AD . Ta CO MH = A b _ 1 a - - c 
16 16 4 4 

^^n MH' = 3 - 3 • 1 -
— b - - a - - c 
16 4 4 

1 
256 

(36a'+ 144a'+ 4 8 a ' - 7 2 a ' ) = 

16 8 

156a' 
256 
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Di$n tich SAMND = i (AD+MN).MH = ^ ^39 
2 6 4 

Bai toan 18. 15: Clio iiinh cli6p S.ABCD c6 day ABCD la hinli thang vuong ta,. 
va D; AB = AD = 2a, CD = a; goc giua hai mat phing (SBC) va (ABCD) bĝ , 
60° . Gpi I la trung diem cua canh AD. Biet hai mat phing (SBI) va (SCI) cOr,̂  
vuong goc vai mat phing (ABCD), tinh t h i tich kh6i chop S.ABCD theo a, ^ 

HiFO-ng din giai 
Vi (SBI), (SCI) cung vuong goc v6'i day nen SI 1 (ABCD). ,.3 
Hg IK 1 BC thi SK 1 BC => SKI = 60° . 

1 
Ta CO SABCD = ^ (AB + DC). AD = 3a^ 

3a^ 3a^ 
Va SABI + ScDi ~- — ^ SiBc = 

Ta CO BC = (AB - CD)^ + AD^ = 5a^ 

=:> BC = ax/s 

va S,Bc= - B C . I K ^ I K = Sl = 
9 a V l 5 

V S y V = l s A B C D . S I = ^ ^ ^ . 

Bai toan 18. 16: Cho hinh lap phu-ong ABCD.A'B'C'D' canh a. Gpi M la trun 
di lm cua CD va N la trung di lm cua A'D'. Tinh: 
a) Th I tich kh6i tu- dien B'MC'N, goc va khoang each giOa hai du-ong th r 
B'M va C'N. 
b) Th^ tich hai phin cua kh6i Igp phu-ang bj phan chia bai mat phing di 
qua B', M, N, 

Hifang din giai 
a) Xem tip dien B'MC'N la kh6i chop dinh M A 

va day la tam giac B'C'N thi dien tich day 
a2 

la — va du-ang cao la a, vay the tich 

cua n6 la V = — . 
6 

' Gpi M' la trung di lm cua 
CD' thi B'M CO hinh chilu tren 
mp(A'B'C'D') la B'M". 
Ta CO B'M' 1 CN nen B'M 1 CN. 

93^ B'M^ = B'C^ + CC^ + CM^ = B'M = 
3a 

p.fgz = CD'^ + D'N^ = + ^ = . ^ ^ c ' M = : ^ 
^ 4 4 2 
^ f i l tich tu- di^n B'MC'N: 

^ = I B'M.CN.d.sin90°, trong do d Id khoang cdch giO-a B'M vd CN n&n V = 
6 

1 3a aj5 . a -.d = 6= 
. 6' 2 • 2 8 ' 15 
K60 ddi B"N cIt CD' tgi I, du-b-ng thing Ml cIt DD' tgi E va cIt CC tai J. N6i 
JB' cIt BC tai K. Ta du-p-c thiet di$n cua hinh Igp phu-ang khi cIt bai 
nip(B'MN) Id ngu gidc B'NEMK. Gpi V , la thi tich phIn hinh hpp bi phan 
chia CO chu-a dilm C, C vd D'. 

D'l = a, ED'= — , C K = -
3 4 

Ta CO V i = VKCMB'C'I - V(ENDI) trong do KCMB'C'I la mOt khii ch6p cyt c6 
dLPong cao la a va di$n tich hai day Id 

SBCI = a', SKCM = ^ C M . C K = - . i . i = .?!-
2 2 2 4 1 6 

V(KCMB'I) - -

1 

2 2 a^ a^ + — + J a ^ — 
1 6 1 6 

21a= 

J 
48 

1 a' 2a a= 

Va phIn con lai:V2 = a^ - V, = a^ -

18 

55a^ 

21a= a'̂  553^ 
48 18 144 

89a= 
144 144 

Bai toan 18. 17: Hinh ch6p S.ABCD c6 day la hinh vuong ABCD tarn O c6 
canh AB = a. Ou-ang cao SO cua hinh chop vuong goc vai mgt ddy (ABCD) 
va CO SO = a. 
a) Tinh t h i tich hinh ch6p. t 
^) Tinh khoang each giu-a hai du-d-ng thing : AC vd SD; SC vd AB. 

HifO'ng din giai 

' ^ ^ = ^ SABCD. SO=I.a^a = ^ 
3 

CP AC 1 BD, A C l SO =^ AC 1 (SOD). 
OE 1 SD thi d(AC; SO) = OE 

Ta giac SOD vupng tgi D 
1 

0^2 
1 1 

- + 
1 

OS^ OD^ a' a' a 
•0E = 
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2 6 4 

Bai toan 18. 15: Clio iiinh cli6p S.ABCD c6 day ABCD la hinli thang vuong ta,. 
va D; AB = AD = 2a, CD = a; goc giua hai mat phing (SBC) va (ABCD) bĝ , 
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Vi AB // CD nen AB // (SCD). 
Gpi I, K l i n lu-Q-t la trung d i l m cua AB, CD thl ta c6 O Id trung 6\krr\
Do do: ^ 
d(SC, AB) = d(AB, (SCD)) = d(l; (SCD)) = 2d(0; (SCD)) 
Ta c6 CD 1 SO, OK nen CD 1 (SOK) =^ (SCD) 1 (SOK) 
Hg OH 1 SK thi OH 1 (SCD) nen d(0 ; (SCD)) = OH 

Ta CO 
OH ' 

1 1 

V$y d(SC; AB) = 

OS' OK' 

2a^ 

JL 4 = A ^ O H = . 
a ' a ' 

Bai toan 18. 18:Hinh ch6p S.ABCD c6 ddy Id hinh thoi ABCD tSm I, c6 ca 

bdng a va du-b-ng ch6o BD = a. Cgnh SC = ^ ^ v u o n g g6c vai mdt ph|-

(ABCD). 

a) Tinh the tich hinh ch6p. 
b) Chi'mg minh (SAB) vuong goc (SAD). 

Hirang d i n giai 

a) V = - S A B C D - S C = - . a . — — - = — - — 
3 3 2 2 4 i 

b) Vi ABCD la hinh thoi nen BD 1 AC 

md BD 1 SC ^ BD 1 (SAC) 

BD 1 SA. 

Trong m^t ph I ng (SAC) hg 

IH 1 SA thi SA 1 (BDH). 

Do 66 BH 1 SA vd DH 1 SA nen g6c 

giQa hai m$t ph I ng (SAB) va (SAD) la 

g6c gi&a hai du-o-ng t h i n g HB, HD. 
Hai tam giac vuong AHI va ACS c6 goc nhpn A chung nen dong dgng-

A I . SC . .^_ 
r> ^ . IH SC IH = 

AS 

Vi BD = a nen ABD Id tam giac deu, do do: AC = 2AI = a N/S . 

nen tam giac BHD vuong 
2 2 

Vay hai m$t phdng (SAB) vd (SAC) vuong goc. ^ 

Bai toan 18.19: Cho hinh chop S.ABC c6 SA = SB = a, ASB= 120°, 

60°, CSA = 90°. Tinh th6 tich hinh chop. 

530 

Hipang d in giai 

gia thiet suy ra AC = a V2 

= a, AB = a v/3 

n^n A B ' = AC^ ^ BC^. 

\/^y tam gidc ABC vuong tai C. 

SH 1 mp(ABC), do SA = SB = SC 

r,6n HA = HB = HC md M B C vuong tgi 

Q n^n H Id trung di^m cua cgnh huyen 

AB . Ta c6: 

SH = a ' - ^ • i 

Thl tich hinh chop V = ̂  SABC - SH = ^.^.a.aV2.-| = . 

Bai toan 18. 20: Cho khoi hpp ABCD.A'B'C'D'. ChLFng minh rdng sdu trung 
ai^m cua sau canh AB, BC, CC, CD', D'A' vd A'A ndm tren mpt m$t ph Ing 

mdt ph Ing do chia kh6i hpp thdnh hai p h i n c6 the tich bdng nhau. 

IHiPO'ng d i n giai 
Goi M, N, I, J, K, E Idn lu-p't Id trung 
dilm cua cac cgnh AB, BC, CC, CD', 
D'A', A'A cua kh6i hpp ABCD.A'B'C'D', 
c6n O Id giao d i l m cua cdc du'6'ng 
ch6o cua kh6i hpp. 

Ta CO ba duang t h i n g MN, El va KJ 

36i mpt song song vd chung l l n lu'p't di 

qua ba d i l m t h i n g hdng M, O, J nen 

ba du'ong t h i n g d6 dong ph lng . 

% sau d i l m M, N, I, J, K, E cung n i m tr§n mOt m^t p h l n g {a).M^\g 

(«) chia khoi hpp thdnh hai kh6i da di?n, dpi xii-ng nhau qua diem O nen cc 

l^^tich b i n g nhau. 

'^'toSn 18. 21: Cho khoi chop S.ABC c6 du'b-ng cao SA b I n g 2a, tam gidc 

'̂ pC vuong a C c6 AB = 2a, CAB = 30°. Gpi H vd K Ian lu-gt Id hinh chieu 

^^aAtr^nSCvaSB. 

)̂ ChCrng minh r i n g AH 1 SB vd SB 1 (AHK). 

"̂•"•nh t h l tich khdi da di$n ABCHK. 

Huxyng d i n giai ^ 2d 

± SC, AH 1 CB ^^C6AH 

ra AH 1 (SBC) => AH 1 SB. 

^ 1 AK, suy ra SB 1 (AHK). 
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Bai toan 18. 20: Cho khoi hpp ABCD.A'B'C'D'. ChLFng minh rdng sdu trung 
ai^m cua sau canh AB, BC, CC, CD', D'A' vd A'A ndm tren mpt m$t ph Ing 

mdt ph Ing do chia kh6i hpp thdnh hai p h i n c6 the tich bdng nhau. 

IHiPO'ng d i n giai 
Goi M, N, I, J, K, E Idn lu-p't Id trung 
dilm cua cac cgnh AB, BC, CC, CD', 
D'A', A'A cua kh6i hpp ABCD.A'B'C'D', 
c6n O Id giao d i l m cua cdc du'6'ng 
ch6o cua kh6i hpp. 

Ta CO ba duang t h i n g MN, El va KJ 

36i mpt song song vd chung l l n lu'p't di 

qua ba d i l m t h i n g hdng M, O, J nen 

ba du'ong t h i n g d6 dong ph lng . 

% sau d i l m M, N, I, J, K, E cung n i m tr§n mOt m^t p h l n g {a).M^\g 

(«) chia khoi hpp thdnh hai kh6i da di?n, dpi xii-ng nhau qua diem O nen cc 

l^^tich b i n g nhau. 

'^'toSn 18. 21: Cho khoi chop S.ABC c6 du'b-ng cao SA b I n g 2a, tam gidc 

'̂ pC vuong a C c6 AB = 2a, CAB = 30°. Gpi H vd K Ian lu-gt Id hinh chieu 

^^aAtr^nSCvaSB. 

)̂ ChCrng minh r i n g AH 1 SB vd SB 1 (AHK). 

"̂•"•nh t h l tich khdi da di$n ABCHK. 

Huxyng d i n giai ^ 2d 

± SC, AH 1 CB ^^C6AH 

ra AH 1 (SBC) => AH 1 SB. 

^ 1 AK, suy ra SB 1 (AHK). 



lO trQng cfiSm hoi ClLfOng ntpc blllll yiui iiiuii luuii-r-r-

b) Tarn giac SAB can a A nen SK = ^ SB. 

Vs^HK _ SA SH SK 
V 

1 SH 1 SH.SC 1 SA^ 

S.ABC 

1 

SA • SC • SB 2 SC 2 SC^ 2 SA^ + AC^ 

4a^ _ 2 ^ 5 
o A 2 A 2 2 n n o ~ -7^ ^ABCHK 7 ^S.ABC 
2 4a + 43̂ ^ cos 30 ' ' 

VsABC - - ^ S A B C - S A - ^ V, 
5a^^/3 

ABCHK ~ 21 
Bai toan 18. 22: Kh6i ch6p S.ABCD c6 day la hinh binh hanh. Gpi M ig ( 

chop di lm SC. Mot m$t phing (a) di qua AM song song v6'i BD chia I<h6i ^ 
th^nh hai phln. Tinh ti so the tich hai phin d6. 

Hu^ng din giai 
Goi O la tarn cua day ABCD, AM ck SO tgi G 

SG 2 ^ 1 
Vi G Id trpng t§m cua tarn gidc SAC nen — = - • 

M|t khac mp(a) // BD nen se clit mp(SBD) theo giao tuy4n EF qua ^ 
song song vb'i BD (E € SB, F e SD), vi vgy: , 

S E ^ S F ^ S G ^ 2 
S B " S D SO 3 

Vi EF // BD va OB .= OD 
Nen GE = GE, SAEM = SAFM-

Vgy: %AEUF _ 2 ^ ^ ^ ^ SAEM 

^SABCD 
2 SABCD 

SABC 

SA SE SM 2 1 2 
3 

VMBCD + VMACD + VMABD + VMABC = VABCD-

is.MHi + |s.MH2 + ^S.MHs + -S.MH4 = - S . h 

Lcy imnn nnjvwvn nnang vj^ 

^ MHi + MH2 + MH3 + MH4 = h : Khong doi. 1 • 
j toan 18. 24: Cho tip dipn ABCD c6 di lm O Id tdm m$t c l u npi t i lp, bdn 
Kinh r . Gpi hA, he, he, ho l i n lu-pl Id khoang cdch ti> cdc d i lm A, B, C, D 
(jIn cac m|t doi di^n. 

. . . 1 1 1 1 1 
ChLPng mmhrdng - = — + — + _ - + - _ 

r h^ hg \, 

Hipang din giai 
Kh6i tLP di^n ABCD du'p'c phan chia 
thanh b6n khoi tCc di$n OBCD, OCAD, 
OABD, OABC, 

tac6: 
V, ABCD 

^O.ABD _ 

r V 
_ OCAD 
\ VABCD 

V, 
OABC 

V, A B C D V, ABCD 

V ^ 
COng l^i thi = r 

^ABCD 

r 

1 1 
— + — — = 1 => dpcm. 

SA SB SC 3 2 
Bai toan 18. 23: Cho diem M nSm trong hinh tui- di$n deu ABCD. Chung 

r ing tong cac khoang each tu' M tai b6n m^t cua hinh tup di?n la mOB 
khong phg thupc vao vj tri cua diem M. . ™ 

Hu'O'ng d i n giai 
Gpi h Id chieu cao vd S Id di$n tich cdc 
mdt tip di0n deu. 
Gpi Hi, H2, H3, H4 Ian lu'pl la hinh chilu 
cua diem M tren cdc m$t phdng (BCD), 
(ACD), (ABD), (ABC). Khi do MH,, MH2, 
MH3, MH4 lln lu-ĉ t Id khoang cdch tu-
d i lm Mtai cac m$t phing d6. Ta c6: 

A "B "C 

Bai toan 18. 25: Cho tu- di?n ABCD. Tim tdp hp-p cdc d i lm M: 
MA^ + MB^ + MC^ + MD^ = k^ k cho tru-dc. 

Hu'O'ng d i n giai 
Gpi I, J Id trung diem cgnh AB, CD vd G Id trung diem IJ. 
Ta c6 MA^ + MB^ + MC^ + MD^ = 

o 2 M p + ^ + 2 M / + ^ = k2 
2 2 

^2(MP + M / ) = k^- AB^^CD^ 

MG2 + u |2A 2 AB^+CD^ 

4 

f 2 ,,2 AB^+CD ^ l k ^ - U ^ - . = m hdng s6 

^ m < 0 thi tap d i lm Id 0 . N lu m = 0 thi tdp d i lm Id {G} 

fTi > 0 thi tap di lm Id mdt c lu tdm G c6 bdn kinh R= 4n\ 

'^^^c: SLP dyng h^ thCpc: GA + GB + GC + GD = 0 . 

till 



lO trQng cfiSm hoi ClLfOng ntpc blllll yiui iiiuii luuii-r-r-
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2 2 
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4 
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W tr(?ng diSm bdi dUdng hqc sinh gioi mdn Todn 11 - LS Hodnh Tfid 

Bai toan 18. 26: Cho diem A o- ngodi mgt c^u S(0; R). \ 
Mpt m$t phing bat ki di qua AO, c i t m$t c lu S(0; R) theo mpt duonq 
(C). Gpi AH la mpt tiep tuyen cua du-dng tr6n d6 tai H. ^ 
a) ChLpng minh rSng AH cung tiep xuc vai m$t cau tgi di lm H. 
b) Hg HI vuong goc vdi OA tgi I. ChCpng minh rSng I Id diem c6 dinh Kh-
phy thupc vdo tiep tuyin AH. Suy ra quy tich cac tiep d i lm H. ^ \ 

Hirang din giai 
a) Vi AH Id t i lp tuyin cua du-b-ng tr6n (C) 

tgi H nen khoang cdch tCr O tai du'6'ng 
thing AH bing R, vay AH cung tiep 
xuc vai mdt cau tai H. 

b) Vi HI la du'ang cao cua tam gidc vuong 

OHA nen OI.OA = OH^ hay 01 = — 
d 

(khong d6i). Suy ra I la di lm c6 djnh va 
do do H n im tren mp(P) vuong goc vai 
OA tai I. 
Ngoai ra, vi H c6n n im tr§n mdt cdu S(0; R) nen H ndm tren du-ang tron 
giao tuyin cua m^t cdu vd mp(P). 

Bai toan 18. 27: Cho hinh chop S.ABCD c6 day Id hinh chO nhat va SA vuong 
goc vai mdt phdng ddy. Gpi B', C, D' Ian lu-p't Id hinh chilu vuong goc cua 
A tren SB, SO, SD. ChCpng minh: 
a) Cac diem A, B', C, D' dong phdng 

b) Bay d i lm A, B, C, D, B', C, D' ndm tren mpt mgt cdu. 

HiPO'ng din giai 
a) Ta CO BC 1 (SAB), suy ra BC 1AB'. 

Md AB' 1 SB nen AB' 1 (SBC), suy ra 

AB' 1 SC. 

Tu-ang tu- AD' 1 SC. 

Do do SC 1 (AB'D') 
Gpi I Id giao d i lm cua SO vai B'D', gpi 
C" Id giao cua Al vai SC thi AC" thupc 
(AB'D') nen AC" 1 SC. Vgy C ^ C" 
!!> d6 A, B', C, D' cung thupc mdt phdng di qua A vd vu6ng goc vo'i SC, 
Id cdc di lm A, B", C, D' d6ng phdng. 

b) Theo gia thi lt ta c6 AB 1 BC, AD 1 DC. 
Theo chu-ng minh tren ta c6 AB' 1 B'C, AD' 1 D'C, AC 1 C'C. Ti> ̂ '̂  
d i lm A, B, C, D, B', C, D' cung nhin doan AC du-ai mpt goc vuong. o° 
Chung cung thupc mdt cau du'ang kinh AC. , , 

Bai toan 18. 28: Che mpt ti> di?n deu ABCD cgnh a. Mpt mdt cdu (S) tieP 
vai ba duang thing AB, AC, AD Ian lup-t tgi B, C vd D. 

Cty TNHHMTVDWH Hhang Vi$t 

Tinh ban kinh R cua mdt cdu (8). 
13) Mpt mdt cdu (S') CO ban kinh R' < R, tiep xuc vd'i mdt cdu (S) vd cung 
^n^n cac du-dyng thing AD, AB, AC Idm cac tiep tuyln. Tinh t h I tich khdi 

Hipang din giai 
(3pi O Id tam cua mat cdu (S) thi OB = OC = OD 

'̂ s R vd OBA, OCA, ODA Id nhi>ng tam gidc 
vuong tai cdc dinh B, C, D. Gpi H Id giao di lm 
£,,]a AO va mp(BCD) thi H la tdm cua tam giac 
d^u BCD. 

^ g c 6 A H = ^ D H = ^ 

/ r ~ 

/ 

\

1 ^^^\ 

\ H 

c 

Do do R = OD = 

) Gpi O; la tdm mat cdu (S') vd D' Id d i lm t i lp xuc cua (S') M(y\, c i t ca hai 
mdt cau bdi mat phdng (ADO) ta du-p'c hinh g6m hai du-dng tren tam O, tam 
0' t i lp xuc vai nhau va cung t i lp xuc vai AD tai D vd D'. 

Ta c6 
O 'D ' ^ AO' 

OD " AO 

Ma AO = VR^ + 3 ^ = 

A O - R - R ' 

AO 

â /6 
- + a' 

Do do R' = aV2 
(2-N/3) 

'.inlT it;) V ŷ: V ' = l ; r R ' 3 = ^ ( 2 - V 3 ) = 
3 2 

â! toan 18. 29: Cho hinh chop S.ABC bi l t ' rSng ' SA = a, SB = b, 
= c va ba canh SA, SB, SC doi mpt vupng gpc 

3) Tinh dien tich mdt cdu ngoai t i lp 
b) Chii-ng minh ring d i lm S, trpng tam tam gidc ABC vd tam mdt cdu ngcgi 
"̂ P do thing hdng. C 

Hu-^ng din giai 
J Id trung di lm ciia AB. Vi tam 
SAB vuong d S nen true A Id 

'̂ O'ng thing vuong goc vdi mp(SAB) 
Gpi I Id giao di lm cua A vd mdt 

trung tru-c cua doan thing SC 
each d i u b in di lm S, A, B, C. 
fTidt cdu ngoai t i lp hinh chop 

^^C CO tdm I vd c6 ban kinh R = lA. 



W tr(?ng diSm bdi dUdng hqc sinh gioi mdn Todn 11 - LS Hodnh Tfid 
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/ 

\
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\ H 
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J Id trung di lm ciia AB. Vi tam 
SAB vuong d S nen true A Id 

'̂ O'ng thing vuong goc vdi mp(SAB) 
Gpi I Id giao di lm cua A vd mdt 
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W trQng diem hoi dUdng hgc sinh gidi m6n To6n J 7 - LS Hodnh PhS 

Ta c6: = lA^ = IJ^ + AJ^ = |2 _ rsc^ z 
+ 

rAB^ 

I 2 , I 2 J 
Dien tich m$t c l u 1̂ : S = 47tR^ = ii(a^ + b^ + c^) 

b) Vi SC // IJ n6n SI cat CJ tgi mpt diem G do SC = 2IJ nen CG = 2Gj. 
Vi CJ \i trung tuy^n cua tarn gi^c ABC nen G la trpng tarn tarn gi^c ABc 
=> dpcm. 

Bai toan 18. 30: Cho hinh chdp S.ABC c6 SA = SB = SC = a, ASB= BQO 

BSC = 90° CSA = 120°. X6c (^nh tarn va tinh b^n kinh m$t cau ngogj ti§p 
Hipang d i n giai 

Tac6AB = a, BC = aV2 vaAC = a>/3 
nen tarn giac ABC vuong a B. 
Gpi SH la du'6'ng cao cua hinh ch6p, do 
SA = SB = SC nen HA = HB = HC suy 
ra H Id trung dilm cua cgnh AC. 

Tarn matc^u thupctn^c SH. 
Vi goc HSA = 60° nen gpi O Id diem 
doi xCfng vdi S qua diem H thi: OS = OA 
= OC = OB = a. Suy ra mat cau ngogi 
tiep hinh ch6p S.ABC c6 tSm O va c6 
ban kinh R = a.. 

Bai toan 18. 31: Cho hinh ch6p tCp gidc d^u S.ABCD cc canh ddy bdng a va 

canh ben bang a N/2 . 
a) Tinh the tich cua hinh chop da cho. 
b) Tinh di?n tich m$t c l u ngogi tiep hinh chop S.ABCD. 

HiPO'ng d i n giai 

a) Tarn gidc SAC la tam gidc d4u c6 cgnh 

bang a 72 nen c6 du-ang cao: 

SH = a V ^ ^ = ^ . 
2 2 

Ta CO SH la du-ang cao cua hinh chop 

nen \l = = —-— 
3 2 6 

b) Gpi O la trpng tSm cua tam giac d§u 
SAC thi O la tam m$t cau ngogi ti^p 
hinh chop. Ban kinh mgt c l u la: 

R = 0 S = 2 s H = ^ 
3 3 

=*S = 47tR2= - T t a l 
3 

Cty TNHHMTVDWH HhQngVi$t 

J to^n 18. 32: Cho hinh chbp tam giac deu SABC c6 du-ang cao SO = 1 va 

c^nh day blng 2 ̂ I6 . Diem iVI, N la trung d i lm cua canh AC, AB tu-ang u-ng. 

-pinh t h i tich hinh chop SAIVIN va ban kinh hinh c lu npi t i lp hinh chop do. 
Hu'O'ng d i n giai § 

po ABC la tam giac d i u nen: 

AF 
= MN = NA = ^ 

1 
SAAMN = -AM.AN.sin60°= ^ 

2 2 

Do d6: VsAMN 
3 ' 2 ' 2 

Vi SABC la hinh chop d iu nen O trung 
y/di\m du-ang tron npi t i lp tam giac 
ABC, 

Do do OM 1 AC, ON 1 AB va do SO 1 (ABC) nen ta suy ra SM 1 AC SN 1 
ABvaSM = SN. 
Xet tam giac vuong AOM; SOM: 

OM = ATtan30° = S . ~ = ^ = ON 
3 

SM^ = OM^ + SO^ = 2 + 1 = 3 ̂  SM = 73, nen: 

SsAM = ^ AM.SM = ; SSAN = - AN.SN = ^ 
^ 2 2 2 

Gpi K la trung diem cua MN thi S K 1 MN. 

SK̂  = SM^-KM^ = 3 - ^ = 3 ^ S K = ^ n e n : 

SsMN = ^ M N . S K = I ; SAMN = ^ M N . A K = ^ 
2 2 2 2 

do ban kinh hinh c l u npi tiep: r = 3V 7 i 
s,p 1+2V2 + V3' 

J>an 18. 33: Cho tu- di$n ABCD vd-i AB = CD = c, AC = BD = b, AD = BC = a. 
) Tinh ban kinh mat c lu ngogi tiep tu- di^n R. 

I Chung minh r ing c6 m^t cau npi tiep hinh tu- di?n. Tinh ban kinh mat 
nOi t i lp r. 

9) H iwng d i n giai •., , x , r 
tu- di^n ABCD la mOt phin cua hinh chu- nh|t vd-i 3 kfch thu-6c m, n, p 

" c6 h$: 



W trQng diem hoi dUdng hgc sinh gidi m6n To6n J 7 - LS Hodnh PhS 

Ta c6: = lA^ = IJ^ + AJ^ = |2 _ rsc^ z 
+ 

rAB^ 

I 2 , I 2 J 
Dien tich m$t c l u 1̂ : S = 47tR^ = ii(a^ + b^ + c^) 

b) Vi SC // IJ n6n SI cat CJ tgi mpt diem G do SC = 2IJ nen CG = 2Gj. 
Vi CJ \i trung tuy^n cua tarn gi^c ABC nen G la trpng tarn tarn gi^c ABc 
=> dpcm. 

Bai toan 18. 30: Cho hinh chdp S.ABC c6 SA = SB = SC = a, ASB= BQO 

BSC = 90° CSA = 120°. X6c (^nh tarn va tinh b^n kinh m$t cau ngogj ti§p 
Hipang d i n giai 

Tac6AB = a, BC = aV2 vaAC = a>/3 
nen tarn giac ABC vuong a B. 
Gpi SH la du'6'ng cao cua hinh ch6p, do 
SA = SB = SC nen HA = HB = HC suy 
ra H Id trung dilm cua cgnh AC. 

Tarn matc^u thupctn^c SH. 
Vi goc HSA = 60° nen gpi O Id diem 
doi xCfng vdi S qua diem H thi: OS = OA 
= OC = OB = a. Suy ra mat cau ngogi 
tiep hinh ch6p S.ABC c6 tSm O va c6 
ban kinh R = a.. 

Bai toan 18. 31: Cho hinh ch6p tCp gidc d^u S.ABCD cc canh ddy bdng a va 

canh ben bang a N/2 . 
a) Tinh the tich cua hinh chop da cho. 
b) Tinh di?n tich m$t c l u ngogi tiep hinh chop S.ABCD. 

HiPO'ng d i n giai 

a) Tarn gidc SAC la tam gidc d4u c6 cgnh 

bang a 72 nen c6 du-ang cao: 

SH = a V ^ ^ = ^ . 
2 2 

Ta CO SH la du-ang cao cua hinh chop 

nen \l = = —-— 
3 2 6 

b) Gpi O la trpng tSm cua tam giac d§u 
SAC thi O la tam m$t cau ngogi ti^p 
hinh chop. Ban kinh mgt c l u la: 

R = 0 S = 2 s H = ^ 
3 3 

=*S = 47tR2= - T t a l 
3 

Cty TNHHMTVDWH HhQngVi$t 

J to^n 18. 32: Cho hinh chbp tam giac deu SABC c6 du-ang cao SO = 1 va 

c^nh day blng 2 ̂ I6 . Diem iVI, N la trung d i lm cua canh AC, AB tu-ang u-ng. 

-pinh t h i tich hinh chop SAIVIN va ban kinh hinh c lu npi t i lp hinh chop do. 
Hu'O'ng d i n giai § 

po ABC la tam giac d i u nen: 

AF 
= MN = NA = ^ 

1 
SAAMN = -AM.AN.sin60°= ^ 

2 2 

Do d6: VsAMN 
3 ' 2 ' 2 

Vi SABC la hinh chop d iu nen O trung 
y/di\m du-ang tron npi t i lp tam giac 
ABC, 

Do do OM 1 AC, ON 1 AB va do SO 1 (ABC) nen ta suy ra SM 1 AC SN 1 
ABvaSM = SN. 
Xet tam giac vuong AOM; SOM: 

OM = ATtan30° = S . ~ = ^ = ON 
3 

SM^ = OM^ + SO^ = 2 + 1 = 3 ̂  SM = 73, nen: 

SsAM = ^ AM.SM = ; SSAN = - AN.SN = ^ 
^ 2 2 2 

Gpi K la trung diem cua MN thi S K 1 MN. 

SK̂  = SM^-KM^ = 3 - ^ = 3 ^ S K = ^ n e n : 

SsMN = ^ M N . S K = I ; SAMN = ^ M N . A K = ^ 
2 2 2 2 

do ban kinh hinh c l u npi tiep: r = 3V 7 i 
s,p 1+2V2 + V3' 

J>an 18. 33: Cho tu- di$n ABCD vd-i AB = CD = c, AC = BD = b, AD = BC = a. 
) Tinh ban kinh mat c lu ngogi tiep tu- di^n R. 

I Chung minh r ing c6 m^t cau npi tiep hinh tu- di?n. Tinh ban kinh mat 
nOi t i lp r. 

9) H iwng d i n giai •., , x , r 
tu- di^n ABCD la mOt phin cua hinh chu- nh|t vd-i 3 kfch thu-6c m, n, p 

" c6 h$: 


